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1.1. The trigin of First rassage ey

golgtion Theory

B b

Hapn

In 19%7, Bros nt and mersl

mathsmatical formulstion of percolati

then much work hes been done in this

this that the problem of first passag

fried

first arose, fore presenting the

general form, its mode of growth from

theory is illustrated by examples (1.

infTeoted tree

BOTEOVer, an as

ercclation theory is concermed with

ot

An extension of the above exanpl

-
£ s

sxample 1.1, suppose that insteszd

(indevendently

neighbour ) a probability p of infectin

that wnder these conditionse disesse from 1
to more than I trees.

ey presented the Tirst

on theory. since

fiel was Trom
theory
nost

ordinery percolation

1 1.2/,

A P

wXample l.d.1. oupposs the trees in s large orchard are
plented 2% the intersections of m squere lettice, that the
distance betwsen itrees la such as t0 make 1t possible for

8 Gilsemeed tree 10 infect ouly its 4 nearest neighbours, sand

for sach

the probability ¥, (p),

will spread

¥

8

¢ 1w

of there being a




probability structure on the spread of infectlion there
is a random process goveruing the time of infectiom.

That 1, & glven trse once infec

neizhbvouring tree unitil time n

non-negzative random veriable independently but identleally

PE
i

e

percoclation theory

Let g be a connected

= countable set of arce [1.94 and nodes

iﬁ»@‘a where F.. is the intersection of 1., 1.. For

/l @L@; 1 o

given 1, J, ¥;. may or may not exist, 70 each arc 1,
]

which does exist we assizn a non-negative randtm variable

uy drawn from & distributicn “i and we wmay resgard 'Qi’ a8
the time taken for a particle to travel along the arc ii’
in its most genersl form, Tiret passsge percolation theory
ig concerned with the shortest $ime of travel beiween two

distinguished nodes of Bay P, s This shoritest

time iz egazlled the Tirst ¥ oand o and

is cenoted by t(F, 4. That t(F, 4, is & random variable
will be shown rigorously in chapter 2. Leviously the

distrivution of +(F,y) will depend on which clstributions
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ﬁi nre used, The bulk of the work below is devoted %0

determining »

operties of tb

first passsge tlmes 1in

certein 1ldeslised situations,

1.2, The vhortest Houte Iroblem

A well known problem in graph theory is

Exemple 1,2.1. The thortest Houte Froblem

"riven a connected graph g with nodes 2x,§~
ares iliﬁj #which
&t

exleting arc a number of(l,.) > O which is called the
bl * ]

2y or may not exist we assign 10 esch

Bt

"length® of 1,.; find a path M from a vertex x_  to vertex
.

sth 2 o

€; ghould be as smell

4
o
=
o
by
o
vy
i3
Lo
gt
e
L
©
(2 d
E
oot
@
gt
ot

This problem has many applications, for exsmple let
L be o set of localities and U & set of roads connecting
these locallities, e shall suppose that all road intsr-
sectione have been included in 1. FPor a glven rosd 1, the
number ¢{l) wmay signify its length in =miles, the cost of
travellling over 1it, or the time taken to travel this road
{with due allowance made for traffic conditions), Then

we can look for the shortest,

or gulckest means
of travelling between two towns. In each of these problens

we would have to solve (l.2.1).

percoletion problems on s graph are




merely the extension of (l,z.l)

e{l) may be a

%

selecting the shortest route in

chtainad, These are discussed in a review article by

Jiebenson {1960, it ie an interesting and
much more diffleult uroblen t0 declde a) 1f there exists
an optimel general strategy wheun the "lengths’ are random
varisbles and b)) what 1s this strateszy

An extension of {(1.,2.1) is the determinstion of the

th . , _ t o .
k" best route through a network.  Solutions of this
2

problen have lmportent spplicatious, if for any reason

the shortest (best) route is unasvailsble, then alternste
routes are desirabvle. ur, it masy be acceptable in sone
problems 10 use any route whose "length® ls within say
L0 of thes shortest route. auch alternste routes are
useful in road traffic studlies, %o determine the routes
that motorists may use, another uee is in determining
slternste message roputes 1in communication networks. This
problem is reviewed by follack (1961). The problem of

bh . , : ,
aﬁ passagze percoelation theory is however treated omly

es used in considering first
. ; O & ¢ .
passage times are saslly extsnded %o k paesage times,

It will be noticed that many of the sypplications for
which the shortest route problem is a model are more

theory. For
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in traffic ocroblems the time 1o travel a given

roead is more mcourately describved by s rendom variable

drawn from a sample distrivution than by = constant.

This 1is mentioned by Tulke: {1%6% ) and he points
out that this rendonised version of the shortest route

sroblem is & wodel Tor the warehousing problem with

random costs, and also has several other dynamic program—

ming applicatlions

i.2. PERT hetworks and Uriticsal raths.

(et 21) introduced the concept of

1T network, se a technigue for messuring and controll-
ing development wrogre

B s

#isslle rrogramme.

veen introduced by vast Litera-

sprung up {(see

network is a directed, acyclic graph. in

the

s network is viewed sm representing

.w.

g paertial ordering of the many individual 'jobs' (arocs of

the network ) that together compx 'project' (the

conmplete network ), the partial ordering coming from the

s
“

reguirement that all inwsrd polunting jobs at & node must

be completed before any outward pointing job at the node




Jobs are

asslgned

duretion tines

are asslgned lengths ), the length of the

iongest peth from the origin to the terminsl represents

the dursetion time of

is called o oritiesl

Lne

gptimation of

o

the entire

vath,

f the fundsmental pro

gsual practice in this

randon vari

rivution,

)’L
E

time ) and a mode (mos

details see Jlark (.

The

is then ©

The

optinistic

g
fr

relation betw

é’zf
m

defined by

and pessim

stimation of the expected

the ezpscted critieal

N
[N
e

R ok A such a path

obleme in this work iz the

situation iz to

+
o0
L
Fou

B

S5
@
s,

Urawn

path lengh. ihe

asspune that the

from o Pete dist-

(difference between the most

tic estimates of a Jjob's duration

g
likely Jjob time ). For Turther

arried out by reslscin

and thus reducing ths

te problsam®,

weyelie, (which

{1962 ) has

san bhls

ceriticsl path length

g the random path length

is

crgilen 1o &

T




problem

strae @@mg could

route pr

tion of

secondly

om & directed meyelic gr
be Tox for

robles

this

many of the techulgues

provided the sraph 1s

=3

of the slgorithms

1.2.1) can

TouLe

. Henee if a general

the randomised shortest

use

d in first possage
¢ the critlcal path

rassace

o

be an arb
nedge

with pro

gach arc,

is suppl

the

4

inary percolstion

reley (1957, may be def

vitrary connected

3y

bablility l-p, »

where p is

iedé at the origin and

i

2

probability

e

W

can

baslc problem 0f perco.

{the origin), let each src of
respectively, independe

T - T A
a Tized constant

G

Cergolation

ined by Eroadbent

s follows. et

iy

St

s

be a specified

o

g be closed or open
ntly for

=

(4]
-

ol

v St

y ‘flow? ong open

" F o o 2 3 £ TS 2% o
et fluid will spread

origin 1o at least § nodes of the graph g.
¥.{p) is a non-decreasing function of p such
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theory.

Let the arcs of g have 'length'® O or 1 with probabil

vy, and l-p respectively. e the expected Tlrst psssage

time betwesn X, and Xy is the ezpected nminimum number of

arcs of g which have 10 be ‘opened' for flulé frem x_ %0

resch i, . Alternatively & ‘igi} is the probebility that

#

(o]
=
)

gogod review of ordinary percolation theory and

ite many physleal applications see Frisch asnd Hamnersley

{1963, Une refinement of ordinary percolstion which =»
&

be more tractable when studied by flirst passc

is the c=se where the probability 'y’ varies, scecording
as the arc is 'horisontal' or ‘vertical'. This very

difficult problem has so far only been studied by Fauldon

leh, Pirst rFamsage Yereolstion Theory and its delation

to denewsl Theory

In example (1.1.2) instead of studying the first

ity




passage time of infection between two trees of the orchexd
we could egually well @Qﬁ%iﬁ&? the ‘inverss' problem:
“what 1s the maximum distance infection will have spread
in time < ¢V, This "maximum distance” problem 0u =&
graph is a generalisation of ordinary reuewal theory; for

let the underlying have nodes at the non- negatl

integer points of the real line, while its arcs are merely
directed lines connecting (1,0) to {(i+1,0). If these
are given non-~negative' lengthe independently from a fixed
distribution U ﬁﬁ%ﬁ-%b@ expected maximum distsnce itravel-
led in time < t is exactly the renewal function associasted
with U (see . L. Smith 1958).

This problem is trested in chapter 5 and 1t will be

seen that "renewsl type * theorems hold for various regular
& &

1.6, Lpidenics

Yeét samother application 6f first passzge percolation
theory is as a model for the spread of epldemics, It is
obvious that because of the ‘statlic' nsture of the nodes
of the graph Tirst psseage percolastion is not a model for

.

th 4 of local epldemics, However, by considering

W

gpres

Qp&

n B given countyry and

oo

sch node of the graph as a towmn

el
B

the rate of svread of infection as some nmeasure of the
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The gensral one-dimensional growith proce

of

B new infection

spreads along a

&

from nelgh

%

hbour to neighbour wit

in time gt V%ﬁbylgt

iz & well-known and much discussed problem.

is known h

problem wh

through the

it 18

Lasori

able to expect the spreesd

lawa over

of Tirst p

atisl distril

gwever asbout the corresponding two

ere infectlion spresds under the

polnts of a plane lattice.
that in the

well known one=0lner
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infe

a2

@

plane lattice to be eguivelent to
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Yethemstical Formulation of the Iroble

a general comnected graph 'g' is formulated ns

2

A G g e i gn oy £ £ P e Ten e ey g
passage percolation theory for

T
@&%%%iyg

and some genersl theorems are proved.

¢

8ce {j%J Fo, b )

der a comtably infin

independently assign a non negative random varliable gi

T
called the

delfines o

may be represented by an infinite vector w = {ala

PR

an associated distribution gi” This &i is

time coordinste of ii’

configuration of time coordinates on g which

time state of g. The set of all possible tinme

5 T z/’ - 2 9 B ; ?i;%,;lg«i we
> i

nerealfter

7

&
= Ll. 1 ess L. is any connected path of &
i, I &

connected 1f and only if », . exists
B

4t &
= 132y aasy n~l) then the time coordinsite of 1

b

urq
&4

path will slwaye mean a connected path.
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. ER S S o g o g g v [ P
is any non=-null set of paths on g, the

I R P B o B v g o g
of ¥ under w is defined by

e
#
T g
i
ﬁk
Ry
o
Flaa
‘b“n
o
£
L

exlst an r, ¢ B such that ﬁ{xggw} = b (w)

e Tirst passage

to exiet abeclutely or to exist with probability 1. In

the latiter cass fivp can be replaced by the relevent

subset of probablliity 1.

of thip segtlion the existence of the route of

times considered will be assumsd,

infinite cartesian product of the

of subsets ﬁij?w derived from the ; Foy and I

ies the induced probability

iroef. Let v be any path of K: 1 5 (1, 5, 15 4 +ee
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of security we present

GUNJECTURE 4,1.14. It is easily realised that many

distributions U exist which induce time states w on

the lattice for which t,n(© ) is not nmonotonic in n for

fixed m, w. However, it seems a reasonable conjecture (or
even intuitively obvious), that
(4.1.14)  7(0,n) < T(O,n+l) (n > 0)
This result we cannot prove.

This closes for the momenf our discussion of Etmn(mé;'
In later chapters we shell study the process more closely
for specified U distributions (the uniform rectangular, the

exponential, etc. ).

4;2. The Cylinder rrocess emn(EO).

Apart from its own intrinsic interest, the study of
the stochastic process Z’mn(“°)§ 1s essential if the
problem of absolute first passage theory is to be solved.
it will be seen that the process although not subadditive,
possesses properties of a subadditive nature, which lead
one to believe that the definition of subadditive processes
(3.1.1. = 3.1.4.) could well be extended s0 as t0 include
processes such as isﬁn(“ng"

The cylinder time a[}m.y}, X = nj MJ is defined for

¥y any positive, negative or zero integer by
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(.4"2-1-) 8[(moY)v X = nj ‘*’J = iﬁf t[(.muy)v(ﬂ’k)i ”"J

where k runs through the integers (-oo, oo ).
More loosely, s[km,y), X = nj g] is the cylinder time
between (m,y) end the line % = n. By Theorem 2.1.3. this
¢ylinder time is a random variable on (J),F,f).

Define amn( w) to be s[(m,O), L = nj w(] 5 Then
[amn(as) : aon}J is a gZ=parameter stochastic process on
(£2,7,7). By definition, for all w = J)

Thus S(m,n)

i

hémn(“’) exlsts, and satisfies

: (4.243.) 0 < S(myn) s Mmyn) < (n-n)u.

Li By fhe principle of equivelence under latersl shift (2.2.1.),
[ we see that smn( w ) and a[fm,y). X = n; w} are identically
distributed. In particular the distribution of amn(ua)
depends only on (n=m), However, although conditions

(341.2. -~ 4,.) are satisfied, it is not possible to say in
general that

(4.2.4,) B (@ )+ ‘T‘np(“ ) > &, pl e )

and hence zsmn(”°)§ is not a subadditive process.

However, we do have

THeORLY 4,2.5., For eny distribution U, the fungtion S(m,n)

satisfies
(4.2:5.) S(myn) + 8(u,p) > S(myp) (m <n < p)
Proof: Let ryy» the route of amn(ta) meet L = n at

= (nyyy)s [/ The existence of ry will be proved in
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chaptei 8 7. Let £( ) be the first passage time from P
to X = p over cylinder paths whose firet arc is from (n‘.yl)
to (znl,yl). f(w) is a random varisble on (J2 'oF,.P). 1te
distribution depends on the distribution of time co-ordinates
of the arcs in the strip bounded by X = n, X = p,

Hence f( w ) has the distribution of Bl'lp( w ). If r,
is the route of f(~), by = simple application of the
connection lemma (2.3.2.)
(4:2.6.)  ap(w) + £(w) > s(e)  (@<ns< p)
Hence taking expected values of (4.2.6.), since Ef(w) = S(n,p),
we have the required result (4.2.5.)

Since gsmn( W ')j is s stationary process, S(m.n) méy be
written in the form h(n-m). By Theorem 4,2.%, h(t) is a
subadditive function on the integers end hence (Hille. Gh.6)

(4.2.7.) inf S(myn) _ #*(U) = 1im S(m,n

The time constant /\A-(U) is dependent oniy on U, From (4.2.3.)
it satisfies
(4.2.8,) 0 < /\&Q(U) S MU) g U €
The main result of this section is
IHEOREM 4.2.9. For any distribution U, the time constants
/\L(U), /M*(U) are egual

Theorem 4,2.9, has very important mathematical consequences

in this work. Physically it may be interpreted as follows,
If fluid ie supplied at r collinear nodes of the lattice and
the fluid can only flow along arcs of the lattice, the time
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of flow along any arc being a random variable, then the expec—
ted time to 'wet' a specified node is asymptotically indepen=~
dent of r,

Proof of Theorem 4.2.9.

Let x, be a prescribed integer., Let ot (w) be s, (w)e
0 _ Xq O,xo

Let its route ry meet the line X = Xy at Pi = (xo,hl(co)).

Let si () be the cylinder first passage time from Py to
0

the line X = €xy over paths whose first are links P, to

(xo“‘l!hl( w ) )e

1

Let r, be the route of 32 (w), and let r, meet X = 2x,. at
2 X, 2 0
P, 8 (2x0y0y (w5 ) + hy(w)).  Similarly define sio( o) to be

the first passage time, under the same conditions, from 1
continuing in this way it is possible to define sequences

E 3 (@ }1 1 iriiﬁml’ fhy( )szzzl

for n, any poaitivevinteger, such that

a) E i (‘°)§i 1 forms a sequence of independent, identically
distributed rendom variables having the distri-

O’XO( » ).

bution of s
b) zriigzl is a sequeﬁce of paths on the lattice such that
Ty aTomes el is a connected path from the origin

to X = nxo
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c) ihi(m{f?gl i1s a sequence of integer valued, symetriec,
identically gistributed random variables,
Define E(w) by K(w) = 2, h, (w).
=1

Let r, be the straisht line path on the lattice from F =
(ax,, N(v)) to (nx,,0). Let 1, be the arc from (nx,0)
to (nx0+l,0).

Yow Ty*To% sus » r, conneets the origin to », T,
econnects P to (nxo,o) and 1 connects (nxo,O) to (nx0+1,0).
Hence Ty#To ® o0y # rn“ro'lo ls a connected cylinder path
from the origin to the point (nxo+l, 0). Hence by the

inclusion lemma
(1) to,nzo+l (w) < B(ry # T4 cos wrp v r, w1l ,0)

n
= ;Z/ t(ri,w ) + t(ro.LO) + t(lo,uD)
i=l

b 4

n
= 7 aio (0) + lrgew) + (1 - ).
i=l

Consider now t(r,« ). It is the sum of |N(w)| indepen~
dent random variables, each with mean U, and they are all
independent of N(»),

Theorem 8,2.15. we prove
(2) E|by(w)] < e

and in corollary 8.2.2%. show that

.




[

- |
EIN)| = & fiZ.—.-l hi(w){j
n\
< E ;Zlv(hi(w)J
= .n:;]hi(w)} = W,

Hence by the theory of a random number of rendom variables

Et(ro,LO) exists and satisfies

-

(5) Et(rgyn) = 85 |Nw)
Consider now the gquantity & IN(w)I . By Schwartz's Inequality

(6) ['m]m(w))] 2 < ﬁ(lﬁ(w)!aj

E (2 hy(w))?
R o Y

Since each h;(w) has zero mean and hi(w). hj(w) are indepen—
dent (1 # j),

o n - -

(7) ._ [E’N(vo)l ] . s E /| hi (w) =n Eh;.(W)
e 7
'e (8) B t(ry,w) < nf ﬁ):\shf(w)}z

Now taking expectations of (1) we get since E t(10,60)~= u




|
2

(9) T(0y nxp+l) < nm 8(xy) + Eni[?xhl‘?(w):lq- Ts

Dividing (9) by nx, end teking the limit as n-> @ with N
fixed, we now get
(10) /VL(’U) < s(O,xo) / X,

For any & > 0, an x,. can be originally chosen such that

0
(11) }A“(U) < 5(0y x,) /10 '</LL*(U) + £

Hence by the arbitrariness of €, (11) and (10) show that
/M(U)‘ s/u*([}). which with (4.2.8.) proves the required
result (4.2.9.) |

the Convergence ss n > of the Rendom Variable aon(bOJ/n

That z 'On(mj is not a eubadditive process prevents
us meking use of the theorems of chapter 3 when studying the
oon#ergenoe as n > o of aOn(va)/n. Nevertheless results
.analogoua to those obtained for tm(w) are true for the
amn(»a) process, The methods of proof are very aimilar to
 those used in chapter 3, and as a result will be postponed
- until Appendix I,

Since aOn(vO) = 'ton(w) for all w, we have in view of
Theorem 4+1.10. the immediate result

4-2010.) Pl 1lim "‘3) < (U = 1
‘ | 32w ot < p0)]

By methods similer to that used to prove Theorem 3.41.we have

THEOREM 4,2.11. A8 > @ the random variable sOn(D)/n

converges with probability 1 to the time constant /u
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Proof: var aon(m) - Eaﬁn(m) - [A(o,n)} 2

By (4.3.7.) we have
(1) var a, ,.(s) < E[to,n('*‘) ¢ty on(R) v ggy s t(J_l)n'w&J é

- 4%(0yn))
= Jvar ¥, (W) + [T(o,n - A%(0yjn)

Hence

(2) z:fz:gxﬂiifl < i, var tg%(w) . T2$°!nl ~ Azgagjg)
n=J J n n ncj

Py Theorems 4.1.13. 4.3.6. the }imit a8 n>w of the r.h.s.
of (2) is zero

Heuce

(3) lim var a_ _ .(9)/m€j® = 0
‘J’i.‘l 3
=00 ‘

Jince this holds for any j we have proved the required
results. Notice that the stipulation that the U distribu~
tion has a finitg variance is necessary for nt;n(m) to
exist.

An immediate corollary to this result is

CORULLARY 4.3.11. Provided the U distribution has finite

variance, the random variable aon(w)/h converges in

mean sjuare to u(iJ) as n—->o
. i

Proof: Pollows from Theorem 3.5.1.
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"elementary reach theorem":-

THEOREN 5.2.6. As t >o00, Y(t) satisfies

(5.2.6,) lim Y(t)/t = AU) < @
t>w

where A(U) is a constant depending only on the distribution 3
.H& :
The proof of Theorém $.2.6. will follow from some
lemmas which we shall prove below, First, however, for
each node A of the lattice define a y-reach function
yt(A, W ) In other words yt(A, w ) has the value thO)
would take if the lattice were shifted by a horizontal
then vertical translation so that 4 became the origin. By
‘the principle of eguivalence under lateral shift therefore
we have

LEMMA 5.2.7. Por fixed 4, yt(A,us) obeys the same probe-

ability law as yt(w).

LENMMA 5.2.8. The .function Y(t) satisfies

froof. Let t;, t, be fixed, Let yti(m) = m;  Then by
definiton
(w) s %

S
°,By :

7...; (1)

Let ry be the route of s (w); (r, must exist since the
0,1y 1




U distribution is bounded); Let the endpoint of ry be
P= (m '2 ) ﬁow 1t will be notioed that yfl(m) is
determined only by the time coordinates of the arcs lying
inside the strip bounded by X = 0, L = ml + 1. uet 1l be

it

‘the horizontal arc llnking f to-“l" (m1 + 1, z) Since
the time cooruinates of the arcs of the lattice are < Ul;
we may write
t(r 1, @ ) - 't(rl,«o).‘+ (1, ©)
s % + 0 | (2)
Consider now the random variable ytz(ﬁ', W)e Let its
value be Mg . Then there must exist a cylinder path r,

from P' to X = o+ My 4 l,'suoh'that
t(rzglﬂ)) < t2 : L (3)

Hence, consider the connected cylinder path rl«l.r2 which

+m, + l N Then

links the origin 1:0X=ml 2

Therefore

Ve, v t, + U (®) = m emy, 4+ 1
1+t + 4

= Vg (R) sy, (Pryw) 41 (8)
1 é
Consider now the expected value of ytz(r‘.cé}. ¥' is a

Bl

random node., cince the U distribution is bounded, for

given t2, P' can Dbe only one of a finite set of nodes
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and ;Vm(fw-g)(w) s mlm-€)/U, (wedlg)  (5)

Hence taking expectations . s . ,
- [Ym( - a)(w)Jz < mzk‘(\Q-\Dm) ¢ 2 (ju- e) P(\Qa)
M 73

s o s mf(p-c)?y R (asmy) (6)
Let to = (mo-—l')(/bx- E e Let tl = to. Then let my be
defined in terms of %, by equation (1). Then since yt(w)

is increasing in t for fized w .

<

ytl(w) = yml(/u-a)(w)‘

bince %, > t, implies m > m,, by (6)

2 \ 2
- ytl(“) & L[yml(}&- a)(“))J
s m®em® (pee)®y gt

Simce. by (1) ¢; > (m=l)(pm= &)

'E.Vfl(w) B m12[1+ (/M—E)z?/UfJ R
tlz (ml-l)2 (/u- £ )< 17 %

S MR, o(eh ).
Taking the limit as tl—? ®, since ¢, \Z y ¢an be made
arbitrarily emall we get

ln 2y 2(0)4% < 2
. >

since 1im Y(t)/t = p ") we have the result that

t>o0

(504‘3.) lim wvar (yt(w)/t) = 0
t>mw
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froblems in'ueometrical Probability Associated

with First rassage Percolation

Fundamental problems associated with the study of first
passage theory on a graph g are the following. boes there
exist an algorithm fqr determining the route of any first
passage time? Doeg thies optimal route exist? The se
problems are the main problems associsted with FERT networks
(Chapter 1). In Chapter 6 we gave an algorithm for travel
between a point and a line on the square lattice, which
reduced the expected time of travel considerably. However,
we make no claim that this is a good algorithm, (it is just
the best we can do). 'he magnitude of the reduction in
expected travel time produced, however, is sufficient to
Justify an enqguiry into this problem.

- In Chapter 7 we considered the effect of limitations
on the set of pathe over which first passage times are taken.,
before limitations such as are imposed in Chapter 7 are
Justified we need to find out more esbout the nature of the
route of these first passage tines, This is the purpose
of this chapter.

vur first 3roblem is t0o consider the existence of the
route of the first passage times. Then we shall study an

important geometpical problem associated with these routes.

s sasiati




8.1. The Existence of a Route of a First Fassage Time

Eefore we can logically discuss properties of the
route of a first passage time it is obviously necessary to
consider whether or not this route exists. Irivially when
we are dealing with a first passage time over a finite set
of paths on any graph g the route of this first passage time
mugt exist. The rcute is & 'random connected path' on the
graph g. To show that the route of th(w) existe when R is
en infinite set of paths is however quite difficult. Here
we shall let our greph g be the sjuare lattice and consider
the existence of the routes of the first passage times
ton(w), aon(w) and bon(»o).

"irst notice that when the time co-ordinates uy of the
arcs li of the lattice satisfy the bounding restriction
(8elals) 0 =V, sy < U <= w
then since the first passage times satisfy

(8.1.2.) nly < ?”O.u(”")' bon(uo), tou(w), aon(oo) < Uy

we need only consider the first passage times over paths
with not more than m arcs, where
(6.1.3.) mUy < =l
Since we are now considering first passage times over only
a finite set of paths, the route of each first passage time
exists for all o ,

If, however, the distribvution U is nof bounided as in

(6.1.1.) we can only partly solve the problem.
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IS < m o £ { | .
THECREM 8,1.4,. The routes of tou(m), 80n w) exist with

probability 1.

CUNJECTURE €,1.5. The routes of aoh(uw, bon(m) also exist

with probability 1 even when U is an unbounded

distribution.

Intuitively, Conjecture 8.1.5, is appealing. However it
will probably need a 'mew' ldea to prove it as there seems
10 be no way of extending the proof of (8.1.4.) to cover
(8.,1.5.) also. That Conjecture €.1.5, holds for bounded
U ie yet another exanmple of the simplifying effect of
bounding thé distribution U.

Before proving Theorem 8.,1.4, we insroduce the concépt

. n
of a barrier. wet iuig be the time coordinates of the
i=1

arcs of the straight line path r_  which links the origin to

0
(1n,0). vefine V by

(8.1.6.) V = méx uy (1 <1 < n)

Then trivially

(86.1.7.) t(rJ,bo) < aVv

Let m be any positive integer. Ve say there is a barrier

at Y = m if each of the 2n(n«l) arcs in the rectsngle

defined ﬁy Y=my Y=m2n, X =0, L =n has time coordinate
not lese than V/2. Similarly there is a barrier at Y = -m
if each of the 2n(n+l) arce in the rectangle defined by

Y= emy Y =">m=2n, X = 0, X = u has time coordinste not

less than V/2, Let the event &, uenote the presence of




a barrier at Y = m, Then since

(8.1.8,.) P (a given arc has time coordinate > V/2) = k > 0
where k is a constant depending on the distribution U. , .
(8.1,9.) P(B) = k&BB1) _ 0 > (for all m)
Notice that if Ly Ocecurs (m > 0), any path r which crosses
Y=m Y = m:2n must satisfy

(8,1.10.) t(ry,w) > 20V/2 = nV > t(ro,w)

Proof of Theorem 8.,1.4.

since ¥, is a path linking the origin to (n,0) the event
bm(”) k_, implies that the routes of ton(b), and son(w) exist
and lie inside the rectangle bounded by Y = * (m+2n). Hence

4 Dm = hm() E_po for eny positive integers M, M, (M=m+2nM' )

(8,1.11,) P (route of ¢t (w) exists) > P(U D)
on moy W

MI
> J._y( & - " )
I’L;é mexrn

Now from (8.1.9.) since are independent events

..4m’ Q_m

(8.1.12,) f(bm) = (92 > 0 (for any integer m)

Lenote byn§2 -0 _ the event complementary to Do Then

ial

s Y M
(b olel3.) LJ(r‘L:JO Dm, ‘rn ) = l)(go(&—ﬂ‘kbm 21‘11) )
. ! ‘ - .

= 1=-2() (§]-p )

r=0
Jince the events on the rizht hand side of (8.1.13.) are

mFZrn)

mutually independent inasmuch as they depend on the time
coordinates of disgoint'aete of ares,by (8.1.11. = 13.)

(8.1.14.) » (route of t () exists) > 1 - (1-6)*'
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and as M' > @) the right hand side of (£.1.14.) tends to 1
since by (8.1.12,) o > 0. This completes the proof for
ton(w). The adjustment necessary to inclﬁae gon(w) is
trivial. |

8.2, The Helght Problem

If r is the route of tOn(w) define hn(w), to be the maximum
deviation of r from the x-axis. Precisely hn(w) = max|y|
such that P = (x,y) belongs to the route r. The determina-

tion of any property of hnﬂo) is called the height problem.

It is almost completely unsolved.

hn(aﬁ,is a non-negativelinteger valued random variable
on (5),7,2). ‘e will illustrate its mathematical importance
below, First we mention a relation between the t- and s-
processes.

THEORuM 8.2.1. The expected values 7(0,n), 5(0,n) satisfy

for any m,n, positive integers
(8.2.1.) T(Oymyn) = S(0;n) + 8(0,m)

Proof: Let r be the route of t (<) and let r meet the

O,msn
liﬁe X=n at a point)f. Let Tyy Ty be the portions of r

which run from (0,0) to P and from (m+n,0) to P respectively.
Then |
(8.2.2,)

(=) t(r, w)

t,
O ’m"-n

= t(rlsm) + t(rr‘r""‘:’)

Now inspection instantly shows that t(rl,bo) = ean(bo)




89

while t(rz,w ) >_°m+n,n(w)' By stationarity s

()

has the distribution of su-mﬁ@) and hence taking expected
’

Ml ,n

values of (8.,2.2,.) we have
(8.2.3.) ?(0ymsn) = 8(0,m) + 8(0,m)

which completes the proof of the theorem,

| COROLLARY 8.2.4. For m,u, any integers = O, the absolute

first pessage times a (<), b, () setisfy for all n

(8.2.4.) A(Cymsnn) = B(O,m) 4+ B(O,u)
Lfroof: This is exactly the same =s in (8.2.1.) if we every-
where repléce t, 8, by 8y b, respectively.

Lven though the 't' and 's' processes have the same
time constant [A(U), Theorem 6.2.1. does not give us any.
more information about the error term 7(Q,n) = n/%(U). If
however it is known with probability 1 that hn(w) < f(n)
where f(n) is a function only of n, then it is easily proved
that
(8.2.5.) (O0mn) + T(Oym) = T(Oymsn) + uf(nm).
‘Hence if we could show that f(n) was 0(n3/4) for example
(which intuitively is a fair conjecture), then we could apply
the theory of generalised superadditive functions (Hammersley
1962) to obtain
:' (8.2.6.) T(Oyn) < Mmoo uf(n) = JUSIS O(n3/4)
Such a result as (8.2.6.) would be a major step forward.
It would enable us to prove a strong law of convergence for

ton(w)/h without making esny stipulations about the higher
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| moments of the U distribution and would improve most of our
past results.

1 Although we state

QORJECTURE B.2.7. ~ h_(w) < £(n) = 0(n*/*) with prob-

ability 1 as n > @

the complete lack of success we have had in attacking this
height problem prompts the statement of a much weaker

CUNJLCTURE €,2,8. H(n) = Eh (») satisfies for all U

distributions

(8.2.8.,) lim H(n)m = O
n>@

in attack on the height problem through the method of

coneidering first passage times in pipes of restricted width
as in (7.2.) has so far proved fruitless. Une ielation at
our disposal concerns nm(w), the number of arcs in the route
of tOm(w). This is
(8.2.9.) m+ 2 (w) < n () (wed2 )
The truth of (£.2.9.) is not hard to see. Since, however,
.it seems highly doubtful that an(w} ~ m, while (6.2.8.)
is intuitively appealing, the inequality (£.2.9.) we suggest
is very wéaﬁ.

‘Hnother 'height problem' is to determine hﬁ(w), which
is defined to be | y| where P = (n,y) is the point where
the route of son(w) meets the ordinate x = n. ‘e will not

go into the detalls of the importance of hg(w). It suffices




) 8

to say that ite relationship to h (@) is 80 close that any
result proved for hx(«) would produce a correspondingly

il
gimilar result for hn(w). hﬁ(O) is a measure of the dif-

ference between tOn(w) aud'aon(w). By the inclusion lenima,

#(w)

| b
if r, is the path from (n,hx(~)) to (n,0) end {ui}isl

are the time coordinstes of the arcs of r..

¢}
_ , hw(w)
8.2.10, \ ; éf
(8.2.10.) 9 (w) < ton(w) < 8, (w) = 1n, X uy

and taking.expected values of (8.2.10.) by (Feller (1957) p.268)

we have
(8.2.11.) (0Oyn) = T(Oyn) s 8(Oyn) .+ UH#(n)
where H#(n) = Ehz(w) |

Another result which would .follow from a partial
solution of the height problem is Conjecture 4.4. 4, Yor
let the route of bOn(wU meet X = n at P = (n,y) and define
hg(w),s | ¥| . Then by dropping a perpendicular from P
'to (n,0) we have by a simple combination of the comnection
and inclusion lemmas, that
(8.2.12.) B(O,m) + HERI(w) > A(O,n)

Since 1lim A(Oyn)/n = M, if we could show that lim mhb(w)/h = 0
n
n->w n>w

we would prove that lim B(O,n)/n also equals .,
n->w

Une result which has been tacitly assumed so far is
that the expected value of the height function exists. Ve
close this section by proving this result which is essential

for the proof of Theorem 4.,2.9.
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Notice that if the U distribution is bounded as in
8.l.l.) the variables hn(w)’ hﬁ(w) satisfy for allw, n,

(8.2.13) UG('A; i hf;(w)) =< l‘U.L
(8.2.14.) Uu(n ' Zhn(w“ =< ulfl
and hence hn(wi, hg(w} are bounded random variesbles whose
expectation necessarily exists.

'he truth of (€.2.13.) follows by letting r be the
iout« of sunfw). Then obviouely the number of arcs nﬁ(w)
in r satisfies

ng(w) = n + ha(x),
Hence in the extreme casge t(r,w) = sqn(w) = Uo(n+hz(w))

end (8,2.13.) now follows, imilarly for (8.2.14.).

THEOREM £.2.15. For all distributions U which have a

finite mean the expected values of hx(w) and hﬁ(uﬂ
‘ S St -

exist.
rroof: ie prove the theorem Tor rrba) with n fixed. The

modification necessary to prove the result for h:(w) is

Z P[hh(w) - 1.,J
r
Z‘!: [‘f“h(ua) o r] : (2 _[hh(h))>IJ

I=cn+l

triviel.

(8.2.16.) .hn(uo)

It is obvious that )

(8.2417.) | [}u(w) > rAl} < &k [hn(w) > ?] (r > 0)

4




Hence applying this to the expression on the right hand side

Of (E‘okolbo) we Obtfii"i

) , 2 , PO
(8.2.18.) . f P [hu(w)> Ij < 2n2§ﬁ:[hn(w) >'2jne{]
j=1 |

r=2n+l
Let k; be the event that there is no barrier at each of ¥ = 1,

Y = 2—11‘]., Y = 4'n’l' seey esny Y = ?(J—l)nl
Let A_. be the event that there is no barrier at each of
Y ) .

Y==1, 7Y = -(2n‘l), Y = -(4“-#1), eoey Y = -Z(J-l)u-l. That is

for j any positive integer define Aj’ 4_3 by

" p J-l |
(8.2.19.) A = g:% (j?J"*;nr:l}

J
J=1 -
(8,2.20.) A_, = (()=E ., )
-J g:L —-enr=l
where .-, is the event defined in the proof of Theorem 8.1.4.
Now if hn(w) > 2Jn+l either 4, or A 3 must occur hence
& o -
{BaBells ) Lubz hr(w) = 23u+l] . A, U A
i N -U‘
Now by (8.1.9.) we have
(Bu2o22)  2(ay) = Fla_y) = (1-9) (8 > o)
v

Since Ay and A_j depend on the time coordinates of disjoint
sets of arcs they are independent and
(8:2.23.) P(h (w) > 2jnil) < P(Ayu g

< 2(1-6)¢

Hence applying this to (8.2.18.)

(6.2.24.) 7 (b () > ) < 2 2, 2(1-6)
: r=2in+l . J=d
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&

some Uonjectures from a Simulation of First Passage rercolation

Here we discuss results obtained from an experiment on
a Ferrentl ¥ercury Computer in which we simulated first
pasesge pereolation on the square lattice. Zecause of the
yitude of the @rﬁ%xam we could only work on = comparatively
gmall sectlon of the lattice and only for the case when the
underlying U distribution is the stondardised rectangular

distribution,

sl ietails of Nethod

worde of the computing store represent each node and
arc of the lattice strip vounded by x = U, ¥ = 39, vy = £ 16,
Let {1 ? | be the arce of the lattice section which Link
the ﬁfi%iﬁ @Q ¥y E (051}, b oE {1,@}, By= (0y=1) respec-
tively. To each li we asslin a peseudo=randon number Uy
in the range (0.1.). This represents the time coordinate

of li’ The node %i is now &%taiﬁﬁ%i% in tine Yy in the

sense that the Tirst passage time to it from the origin is

certainly < Uy . #e now insert the ocartesien coordinates

together with 1%s atfainoble %ime wuw, in an gitalnable

Let u, be the minimum attainable time in the attainable

list. Then the first passsgze time from the origin to Py



mgﬁ%? this configuration of time coordinates must be uy
and we say that By ds en attained node, %@m@@% the entry
{f%,ukj from the attsinable list,
Let Ezgié . be the srce of the lattice section which
g=

have Py 28 an endpoint and which have not yet been assigned
time coordinates, &@gi@nbﬁiﬁ% @@&géiﬁ@t@% Ewéiiml to

these ares, Then if 13 links gk with %3, %2 iz attainable
in tine Uyos Ve Insert (@j§§%@?é} in the sttainsble list.

%

search this list for the node R which hes minimum attainable

tinme t,» say, and remove any entries of the form (H,t).

Then t_ must be the first passage time from the origin to i

and the first passesge time from the origin to sny other

node of the lattice section cannot be less than t@. RHise
our new sitained node., “e asslgn time coordinates to those
- arcs from § which lesd to nodes which are not yet attained
nodes, insert these new attainable rnodes in the attainable
list and repeant the progess with our next new attained node
until each node of the lattice is attained. This gives us
first passage times from the origin to each point of the
lattice for a configuration of tine coordinates induced by
the standardised rectengular ﬁi%tfi%ﬁ%i&ﬂ;

Kotice that for a node to be an attainable node it
must number amcng i%é nelghbours at lesst one attained
node, Thus the attainsble list contains up to 4 @ﬁ%rigé

corresponding to a single node 4 (4 is unusual but feasible ).



if A is the new sttained node at any etage we must remove
2ll entries of the form (4,%) Trom the attainsble 1ist,
This involves yet snother sesrch of the sttainsble list.
Since the size of this list quickly %&&@m@@ 80 large that
searching takes up the bulk of the time we introduce a time
Baving stratified search routine.

This @ivides the attaineble list iuto 40 subsets By

Ihese subsets B, are celled compertments., /n entry of the

sttainable list is 2 member of Ei if it corresponds 10 =
node of the lattlce which lies on X = 4.  iesocisted with
each compariment Ei is & computer word Cyy called the index
of Ei* ﬁi contains the y-coordinate and attaineble time of
that node belonging to the set %i which has minimum attain-
able time. 1f there is no pittainsble node on 1 = i {(thet
im, «i is empty ), then &i,iﬁéi&aﬁﬁa this,

This means that when sesrching we have to examine only

the 40 words “1’ seiect that Qi which contsins the minimun
' ©
attainable time and then search the compartment @i removing

o
any entries which have the same y-coordinate as the newly

selected attained node and at the same time senrch for a new
entry to insert in QiQ‘ Since sny compartzent usually
containeg 8t nost 5 %ﬁﬁfi@%, thiz means thet = double Beareh
of the whole sttainsble list is reduced to sz single sesrch
thr@ugﬁ approximately 45 words,

For exsm

ole, suppose that st a particulsr time there



are ezeotly 3 entries in eanch of

fhis means that the atitsinable list contains 120 entries,
4 double search would involve 240 comparisons. Ey the
above method we need only loock at 43 words,

Ihis method has the further advantage that it is now
very easy to find the first psessge time from the eorigin
t0 each of the lines X = 1.

“hen all nodes have been atteined, we store the
required first pascage times, snd repest the process 100
times using different random number generators,

Lven with this gtrﬁﬁifigﬁ gearch routine the time ang
storage r@iuzr@ zsente of this problem are excessive. 1o
gonduct the experiment on a larger scale in a reasonable
time it is necessary to discover some ingenious technique
similar to that discovered by Hemmersley (1563) for ordinary

percolation probsbilities

From this simulstion we obtaln realisstions of the
139 ,,
gmm%mwﬁgt(w§3}, Q%JW; . %mmgggmjmm
=l L Jri=l

ﬁﬁ{m} are the first passage times from the origin to (n,0)

and x = n respectively, 1t (w) differs very slightly from
ij inssmuch se we do not demand that the first arc of

the route of t w) is horizontal, It can easily be seen

that

(9.3.1.)  1(0,n)
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A.l

APPENDIX 1

Proof of Some Theorems on the convergence as n —> ® of the
Stochastic Process s (w)/n

on

To Prove Theorem 4,2.11.

Lefine f(~) by

(1) £(v) = r& - lim inf son(w)/h
I~ o ;

By (4.2.10,)

(2) f[f(w)z OJ ‘zl

Since for all n, w, aon(w) = ton(w)

£3) @ =8 sgn(m)/ha’ < B tgn(w)/ha a > l)
Ae was shown in the proof of Theorem 4.1.11. the existence
of the right hand side of (3) is implied by the existence of

an ath moment of the underlying U distribution. Hence under

the hypotheses of Theorem 4.2.11. aQn(w}/n is a wniformly

integrable sequénoe of random variables and hence applying
| Fatou's Lemma (Doodb #,629)

4) E lim inf - (U
( I nm_>$o 8on(w)/n e (U)

Hence

(3) BEf(x) = 0

By Halmos (P,104), (2) end (5) imply that

(6) P [f(w) - 0] = 1

which with (4.2.10.) proves the required result

(7) Pllim s_(w)/n = = 1
[n~>CO o s ,AJ




10 Prove Theorem 4.2,12.

This follows trivially from the proof of a corresponding

result for ton(m)

wu-smﬁw) = ;iagﬂw) - '[uﬂhn) e

. of R ) 2
< E ton(w) u(\),]l)’

= var t (w) + [T(O,n)Jz - [S(O.n)Jz

Hence since lim T(Oyn)/n = 1lim 5(0,n)/n = f&(CO
n-> o >0

lim var SOn(»o)/'n2 = lim var ton(wﬂ/hz + fAz -~ /Mz

n-w n>00
The result now follows trivially by Thecrem 4.1.13.

Since also

&(04n)

E M e +/UL2"2(U\

I n I

'son(w) 2 u-sin(w)
- f,& -

n

1 2 s " ¢
= = var s_ (w) + - 21 5(0,n) + | 8000
it follows that aon(w)/h converges in mean square to fA es

n%wo



A-3

APPLEDIX 2

To Prove that the keach Punction xt(wz is a Measurable

Stochastic ‘rocess

Ey Doob (1953) it is sufficient to sﬁow that xt(w) is a
measurable function on the product space J2 x 7 where S)
is the phase space, and T is the interval (0, ). Since
xt(“’) ie an integer valued random variable it is sufficient
to show that '

A, = [(w,e) : xs(w) < o]

is a measurable subset of () x T for any positive integer
c.
Now by definition of a reach function
c [
(1) A, = | (y8) 1 2 (w) < sJﬂ () J[(wye)st, (»)> aJ
v :1;)1[ - n=c+ -
Consider the set

2) N t. (W) = = (@y8) & inf t(r,») < ]
(2) [8) ¢ tg0) < 8] = [ (o iaf 4(r of

where R is the set of cylinder lattice paths which Join the
origin to (n,0). R is a countable set (since only self

avoiding paths may be considered). Hence

(3) [(w,s) ¢ inf t(r,») < aJ B U[(w,a) t t(r,») < »

r<R re R ]
Let r be any fixed lattice path, define

g (w,8) = t(r,w)

82( WeB) = =8,




Aok

il

Then gl(AJ,a) is a measurable function on \f2 and hence on
J) x Ty since it is independent of s. Trivially gg(uD,s)
is a measurable function on \YZ x T. Hence, gl(us,s) +

gz(ua,a) ie a measurable function on JS) x 7. In particular

[(w».a) t g (w,ys) +.82(‘~5;8) < Oj

is a measuraﬁla sub set of \f2 X2
lience {(u;,a) b, w0) < .J is a measurable subset
of S)x T for any r« By (1), (2) and (3) this implies that
A, 15 a measurable subset of 52 x 1,

This is true for any integer c¢ and thus the reguired
result is proved.

A similar result may be proved for yt@o) by exactly the
same method.

By Helmos (F,142) this theorem implies the truth of
Theorem 5.1,3.
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Estimates of lbg f(n).

Figure 3. £(n)=10G(n) =10 {T(r) - S(n)

17

o] 8 Figure 3. /
o
Ve
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‘3’/./ e Estimates of log f(n).
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— y=08x+0114
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Frequency percent.
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First passage time from origin to x=39.

Figure 4 Frequency histogram for the first passage
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