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Abstract

Ocean mesoscale (10-100km) turbulence is integral to the complex and
interconnected climate system. Many of the assumptions made in classi-
cal turbulence theory are inappropriate for describing the characteristic
features of geophysical flows. In particular, when the fluid flow is both
forced and dissipative. With increased interest in stochastic parameteri-
zation of ocean eddies, it becomes pertinent to consider what the statistics
of ocean turbulence should look like as well as consider what statistical
physics concepts can be used to further the theoretical understanding of
the ocean mesoscale. In this thesis, we examine mesoscale turbulence
from both a theoretical and empirical perspective employing both ideal-
ized models and realistic ocean model data. The statistical nature of a
turbulent barotropic jet is explored empirically in the context of an ide-
alized model as well as for realistic ocean model data. Additionally, an
entropic and statistical mechanics framework is investigated in the con-
text of force-dissipative flow. It is shown that: ocean jets which exhibit
strong mixing barriers have a profound effect on the statistics, leading
to multi-modal probability distributions and pointing to the importance
asymmetry and extreme values in the statistics; an eddy-mixing entropy,
which quantifies turbulent disorder, is a useful metric in describing turbu-
lent motions and evidence is found for the maximization of this entropy
in a forced-dissipative fluid flow. Further, across the separate studies pre-
sented in this thesis, it is shown that Lagrangian information is useful
in distinguishing large-scale coherent structures from the more stochastic
small-scale turbulence; and high-order Casimir invariants of motion are
important for describing forced-dissipative geophysical flows in a statisti-
cal mechanics framework.
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Chapter 1

Introduction

1.1 Motivation

Geostrophic turbulence is of interest to a wide range of scientific fields, including

meteorology, oceanography, climate science and planetary science. Perhaps most

strikingly, geostrophically turbulent flow is characterized by the plethora of large-

scale and long-lived fluid-flow phenomena within the Earth’s and atmosphere (e.g.,

stratospheric polar vortex, jet stream) and ocean (e.g., Kurishio and Gulf Stream ex-

tensions, Agulhas rings, Antarctic Circumpolar Current). Beyond our planet we find

spectacular examples of the emergent phenomenology of geostrophic turbulence such

as Saturn’s polar hexagon (Godfrey, 1988), Jupiter’s Great Red Spot (Hide, 1961)

and now Jupiter’s many other features which have been vividly exposed by the recent

JUNO observations (Bolton et al., 2017; Kaspi et al., 2018). These phenomena have

inspired equally varied and interesting approaches in the attempt to understand the

emergent physics driving them, including: dynamical systems approaches to western

boundary extensions (Dijkstra and Ghil, 2005); general relativity inspired interpre-

tations of ocean rings (Haller and Beron-Vera, 2013); and statistical modeling of

Saturn’s hexagon (Farrell and Ioannou, 2017), to give only a few examples. These
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fascinating, and often puzzling, phenomena continue to give cause for us to improve

our fundamental theoretical description of geostrophic turbulence in order to under-

stand these features in their own right as well as to understand their consequences

for planetary weather and climate.

One of the distinguishing differences between oceanic and atmospheric geostrophic

turbulence is the typical length scale of eddies. The length scales of eddies are set

by the (baroclinic) deformation radius which is of order 40km for the ocean and of

order 1000km for the atmosphere (e.g. Salmon, 1998). We see that accurately repre-

senting geostrophic turbulence within the atmospheric component of a comprehensive

coupled climate models requires less computational power compared to the oceanic

component. Currently, the eddies which make up ocean mesoscale (on scales of 10-

100km) turbulence lie beyond the computational reach of modern climate models

which typically have an ocean resolution of 100km (e.g. Fox-Kemper et al., 2014).

Thus, it becomes necessary to parameterize the effect of eddies on the large scale

flow.

An additional difficulty in understanding geostrophic turbulence arises from its

complex interactions across a wide range of scales. As has been mentioned, geostrophic

turbulence is characterized by its interaction with large scales but equally exhibits

strong interactions with the smaller-scale ocean mixed layer whereby it can influence

other components of the climate system such as ocean-atmosphere coupling and bi-

ological production (e.g. Lapeyre and Klein, 2006; Lapeyre et al., 2006; Lévy, 2008;

Sasaki et al., 2014).

The problem of strong interactions between length and time scales is a generic

feature within the highly complex climate system as a whole: there is no ‘spectral

gap’. That is, the climate system exhibits activity and interactions at all conceivable

temporal and spatial scales, which requires innovative and sophisticated theoretical

modeling approaches (e.g. Majda and Klein, 2003). Although geostrophic turbulence
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is better resolved in the atmospheric component of climate models, compared to

the ocean component, there remains computational limitations in representing other

turbulent flows such as convection and clouds (e.g. Schneider et al., 2017). In addition,

interactions occur between regimes governed by a wide range of physical, chemical

and biological processes (Peixóto and Oort, 1984).

Although we will concentrate the ocean mesoscale within this thesis, it should be

remembered that this is a somewhat arbitrary distinction in scales which is not cleanly

respected by nature. Additionally, it should be noted that the theoretical nature of

this work allows much of the intuition formed in this thesis to have relevance to

geostrophically turbulent systems beyond the ocean.

1.2 Ocean mesoscale turbulence

Ocean mesoscale turbulence plays an important role in setting the dynamical and

thermodynamical balances in the Earth’s ocean basins. This makes geostrophic tur-

bulence an important ingredient in understanding the global ocean circulation (e.g.

Marshall et al., 2002); its feedback onto the climate system (e.g. Lovenduski et al.,

2007; Munday et al., 2014); and understanding the effect of geostrophic turbulence

on the global heat and carbon dioxide uptake of the ocean (e.g. Marshall and Zanna,

2014). Ocean jets such as the Gulf Stream, Kuroshio Extension, as well as the jets

embedded within the Antarctic Circumpolar Current, represent some of the most

turbulent regions of the ocean (e.g., Stammer and Wunsch, 1999). Such jets have

an important influence on the large scale circulation of the ocean and atmosphere.

For example, Scaife et al. (2011) highlight that model representation of winter at-

mospheric blocking is greatly improved when the horizontal resolution of the North

Atlantic ocean is increased, thereby improving the representation of the Gulf Stream.

From a hydrographic survey, Bower et al. (1985) determined that water masses are
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mixed across the Gulf Stream at depth, but that the Gulf Stream acts as a barrier

towards the surface where the jet is strongest, inhibiting exchange of tracers between

the sub tropical and subpolar gyre.

The particular focus of this thesis will be the Southern Ocean where we also

find turbulent ocean jets playing an important role in mediating ocean large scale

mixing. Ferrari and Nikurashin (2010) and Klocker et al. (2012) show the suppression

of mixing, and consequently the transport of heat and salt, across jets within the

Antarctic Circumpolar Current. This suppression of mixing can be attributed to the

tendency of strong jets to form mixing barriers, regions of high potential vorticity

gradient which eddies have difficulty penetrating.

Moreover, mesoscale eddies plays a leading order role in setting the stratifica-

tion and the transport of the Antarctic Circumpolar Current (Karsten et al., 2002).

Mesoscale eddies are uniquely important in the Southern Ocean for several reasons.

As discussed in Rintoul et al. (2001) turbulent eddies are required to explain the

balance of heat fluxes in the Southern Ocean via a southwards eddy flux of heat.

This balance is related to the momentum balance of the Antarctic Circumpolar Cur-

rent, which is closed by eddy fluxes (Johnson and Bryden, 1989). In the Southern

Ocean zonal momentum is input at the surface, due to wind stress, and removed at

the bottom, due topographical form stress; consequently, eddies are needed to flux

momentum from the surface to the abyss. One particular phenomenon associated

with Southern Ocean eddies will be discussed in the following section and provides

an example for why improved understanding of the ocean mesoscale is necessary.

1.2.1 The Southern Ocean and eddy saturation

A particular illustration of the importance of mesoscale eddies for the climate sys-

tem is eddy saturation (Straub, 1993; Hallberg and Gnanadesikan, 2001; Tansley and

Marshall, 2001; Hallberg and Gnanadesikan, 2006; Munday et al., 2013), where the
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Antarctic Circumpolar Current volume transport does not change significantly with

increased wind-stress strength. The study of Munday et al. (2013) looks at an ide-

alized Atlantic/Southern Ocean system and shows clearly the cost of not explicitly

resolving ocean eddies by considering the response of steady state transport to wind-

forcing in simulations with varying levels of eddy representation. In Figure 1.1 the

Figure 1.1: Right - set up of closed basin coupled with circumpolar channel. Left
- plot of the response of mean circumpolar current to changed wind forcing. Blue
- eddies are parameterized. Red - eddies are barely resolved. Green - eddies are
partially resolved. Figure reproduced from Munday et al. (2013)

response of the Southern Ocean transport to increased wind forcing is given for three

different resolutions: eddies not resolved (blue), eddies barely resolved (red) and ed-

dies partly resolved (green). In the cases where the eddies are not resolved the eddies

are parametrized by the usual Gent-McWilliams parameterization scheme (Gent and

McWilliams, 1990; Gent et al., 1995). Figure 1.1 clearly shows that resolved eddies

can change the mean flow’s response to changed forcing as compared to parameter-

ized eddies; the resolved eddies render the mean circumpolar transport insensitive

to increased wind forcing whereas parameterized eddies exhibit a strong response.

Behaviour such as this makes an improved understanding of geostrophic turbulence

a key priority in considering the ocean’s role in the complex climate system.
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1.2.2 Stochastic Parameterization

The discussion in previous sections show that there is a need to improve the param-

eterized representations of mesoscale turbulence in ocean models. The ocean eddy

parameterizations are examples of a turbulent closure. The turbulence closure prob-

lem, which comes from the non-linear advection term in the Navier-Stokes equation,

is one of great unsolved problems in classical physics.

Currently, the parameterizations typically used in ocean and climate models are

variants of that developed by Gent and McWilliams (1990) and Gent et al. (1995)

at a coarse resolution. Recent studies have explored the possibility of a stochastic

approach (Berloff, 2005; Porta Mana and Zanna, 2014; Grooms et al., 2015; Zanna

et al., 2017) for ocean models. There are several motivations for adopting a stochastic

approach.

Non-eddy resolving

Eddy permitting

Figure 1.2: The blue box has enough eddies within to allow the mean to be statistically
representative. The red box is close to the typical eddy size leaves the average within
the box sensitive to the fluctuations of the turbulent flow.

• The fact that stochastic noise is added to the model provides a natural ensemble

just by running the model several times (Buizza et al., 1999). This is useful

in the context of climate prediction where measures of model uncertainty are

difficult to obtain.

• It is known that the addition of noise to non-linear models can cause changes

in their mean (Gardiner, 2004). In fluid models this can be used to mimic the
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effect of small-scale and fast turbulent motions. Thus it is important to get the

small scale variation right to ensure a correct large scale mean behaviour.

• As the resolution in models approaches the eddy permitting regime, we break

the assumptions of time and length scale separation required for the valid use of

a deterministic parameterization (e.g. Gent and McWilliams, 1990; Gent et al.,

1995). For a deterministic parameterization to work, we need there to be many

eddies contained in the grid-cell to ensure that a mean is representative of their

behaviour. In the case where the grid-cell is near the typical size of an eddy

(for example, the deformation radius) then the effect of the large scale flow

will vary wildly as individual eddies pass through the grid-cell as schematically

demonstrated in Figure 1.2.

In light of these advantages of describing and parameterizing eddies stochastically it

is important to study ocean mesoscale turbulence from a statistical and theoretical

perspective.

1.3 Approach of this thesis

The two examples discussed in this motivational chapter highlight the need for a more

sophisticated statistical theory for the ocean mesoscale. In this thesis I will take an

empirical approach, considering what ocean mesoscale turbulence statistics should

look like and which statistical features are important to understand dynamically and

to reproduce, as well as a theoretical approach where fundamental turbulence theories

are considered.

In this thesis I will employ a combination of methodologies including idealized nu-

merical simulations, comprehensive ocean models constrained by observational data

as well as heuristic theoretical analysis. By employing these methodologies in conjunc-

tion with each other I am able to consider general organizing principles of geostropic
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turbulence while also testing their validity in both idealized and comprehensive sim-

ulations.

The structure of this thesis is as follows. In Chapter 2, the relevant background

from geophysical fluid mechanics is given and the numerical considerations for the

barotropic channel model used in this study is presented. In Chapter 3, statistical

theories of turbulence are briefly reviewed and their relevance to the ocean mesoscale

is discussed. In Chapter 4, a study of the statistical nature of jets in an idealized

barotropic channel ocean is presented and is also published in David et al. (2017). In

Chapter 5, a study of potential vorticity statistics derived from the Southern Ocean

State Estimate is presented exploring how the intuitions formed in Chapter 4 can be

used to understand a more realistic ocean model. In Chapter 6, a study of an eddy-

mixing entropy is presented and the utility of an equilibrium statistical mechanics

theory of geophysical turbulence is considered in the context of a forced-dissipative

flow. In Chapter 7, the results of this thesis are summarized, the common themes of

Chapters 4, 5 and 6 are elucidated and areas worth consideration for future work are

highlighted.
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Chapter 2

Geophysical fluid dynamics

background

2.1 Introduction

Geophysical fluid dynamics is the study of rotating and stratified fluid motions of

planetary oceans and atmospheres. Geophysical fluid dynamical models, of varying

degrees of approximation, range from the primitive equations, appropriate for mod-

eling oceans and atmospheres in climate and weather models, to highly simplified

quasi-geostropic models, appropriate as theoretical thinking tools for the study of

geostrophic turbulence. In this chapter, the concepts and models of geophysical fluid

dynamics relevant for this thesis are presented.

In Section 2.2, the concept of potential vorticity is introduced and its fundamental

importance to geophysical fluid dynamics is highlighted. In Section 2.3, the quasi-

geostrophic approximation is outlined and various quasi-geostrophic models are intro-

duced. In Section 2.4, we examine the conserved quantities of ideal quasi-geostrophic

dynamics. In Section 2.5, the Hamiltonian formulation of ideal quasi-geostrophic dy-

namics is explored. In Section 2.6, the particular geophysical fluid model used for
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Figure 2.1: Two surfaces of constant neutral density γn enclosing a circulation, Γ,
about a closed loop. Figure modified from notes by M. McIntyre.

much of this thesis is presented along with some numerical considerations. In Section

2.7, some results from geophysical fluid dynamics are presented with respect to the

potential vorticity fronts, jets and mixing barriers.

2.2 Potential vorticity

On a fundamental level the material conservation of potential vorticity emerges from

Noether’s theorem of classical mechanics, corresponding to a fluid parcel relabeling

symmetry of the Lagrangian (e.g. Salmon, 1998). This is an expression of the fact

that the physics is invariant with respect to the arbitrary way we may choose to

label fluid parcels. For example, we could ‘name’ all the fluid parcels according to

their starting positions or we could equivalently use their finishing position. Potential

vorticity conservation is an expression of Kelvin’s circulation theorem combined with

thermodynamics. Its generic validity means that potential vorticity conservation

holds for a hierarchy of successively approximate ocean models.

In geophysical fluid mechanics, potential vorticity is a quantity proportional to

the absolute circulation integrated between two isentropic1 surfaces, see Figure 2.1,

and is given by

Q =
(ω + f) · ∇σ

ρ
, (2.1)

where ω is the three-dimensional relative vorticity; f = 2Ω sin θ, is the Coriolis pa-

1This entropy here is the thermodynamic entropy of a fluid associated with molecular motions.
It should not be confused with the eddy mixing entropy which I discuss in this thesis; this will be
discussed in detail in Chapter 3
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rameter; σ is an isentropic thermodynamic variable; and ρ is the in-situ density.

In other words, the potential vorticity is a projection of the absolute vorticity,

that is the sum of the relative vorticity and the vorticity due to the Earth’s rotation,

onto the the ‘thermodynamic vertical’, the direction normal to a surface of constant

thermodynamic entropy. Equivalently in an geophysical context, neutral density2

(ocean) or potential temperature (atmosphere) can be used instead of entropy.

2.3 Quasi-geostrophic dynamics

In this thesis I will be mainly interested in fluid motions in which the dominant bal-

ance is geostrophic, thus making quasi-geostrophic dynamics an essential theoretical

tool for studying turbulence in this regime. In quasi-geostrophic dynamics poten-

tial vorticity also plays an important role. However, the approximating assumptions

must be understood in order to understand the difference between quasi-geostrophic

potential vorticity and the aforementioned Ertel potential vorticity. The assumptions

of quasi-geostrophic dynamics are given in Vallis (2006):

• The Rossby number is small. The Rossby number is a non-dimensional number

which gives the relative importance of the advective term and the Coriolis term

in the Navier-Stokes equation in a frame of reference rotating with angular

velocity Ω. The Rossby number, Ro, is given by

Ro ∼ |(u · ∇)u|
|Ω× u| ∼

U

f0L
, (2.2)

where, L and U are the characteristic length and velocity scales respectively,

f0 = 2Ω sin θ0 is the constant approximation to the Coriolis parameter and θ is

the latitude.

2The details of neutral density will be further discussed in Chapter 5.
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• The length scale is comparable to the deformation scale, Ld = NH/f0 where,

N =
(
− g
γn

∂γn
∂z

) 1
2

is the Brunt-Väisälä buoyancy frequency of the, stratification

of the mean neutral density, γn; H is the characteristic depth; and f0 is the

constant approximation to the Coriolis parameter. Specifically we require that

(
L

Ld

)2

Ro = O(Ro). (2.3)

• Variations in the stratification will be small compared to the background strat-

ification.

• Variations in the Coriolis parameter are small. So if f = f0+βy then |βL|/|f0| =

O(Ro).3

• The characteristic time scale is given by T = L/U .

Once these approximations have been applied, the quasi-geostrophic potential

vorticity, q, has a Lagrangian tendency given by

Dq

Dt
= F +D, (2.4)

where the Lagrangian (material) derivative is denoted as

D

Dt
≡ ∂

∂t
+ u · ∇, (2.5)

and u is the geostrophic velocity of the flow, such that the streamfunction, ψ, is

related to the velocity by u = ∇ × (ψk). The potential vorticity, q, takes different

forms depending of the level of approximation applied and will be discussed below.

On the right hand side we have dissipation, D, and forcing, F ; when these are both

3The Coriolis parameter is given by f = 2Ω sin(θ), where Ω is the angular velocity of the earth
and θ is the latitude. Assuming a spherical Earth we have, β = 2Ω cos(θ)/R⊕, where R⊕ is the
radius of the Earth.
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zero we refer to the system as ideal. The simplicity of (2.4), an implicit equation

in only one variable4, q, and its ability to capture a lot of ocean and atmospheric

dynamical behaviour makes the quasi-geostrophic equation an important theoretical

tool in geophysical fluid dynamics.

The form that the potential vorticity takes depends on the level of approxima-

tion applied to the background stratification of the flow. Assuming a continuous

background stratification, the potential vorticity takes the form

q = ∇2ψ + βy +
∂

∂z

(
f 2
0

N2

∂ψ

∂z

)
(2.6)

where q and ψ are functions of vertical coordinate, z. The first term in the quasi-

geostrophic potential vorticity is the relative vorticity of the flow; the second term is

the variation in the Coriolis parameter, represented up to linear order by the term

βy; and the third term is a vortex stretching term where ∂ψ
∂z

can be interpreted as the

buoyancy anomaly.

It should be noted here that quasi-geostrophic potential vorticity is materially

conserved along depth surfaces, unlike Ertel potential vorticity which is materially

conserved along isentropic surfaces. However, under the quasi-geostrophic approx-

imation the background, or time-mean, isentropic surfaces are aligned with depth

surfaces to leading order and anomalies in the stratification are assumed to be small;

consequently, the physical interpretations of Ertel potential vorticity can, to a good

approximation, be carried over to quasi-geostrophic potential vorticity in many sit-

uations. If necessary, it is also possible to formulate quasi-geostrophic dynamics in

isentropic coordinates (Berrisford et al., 1993) and the two formulations, isopycnal

surface and depth surface, yield approximately equal quasi-geostrophic potential vor-

ticity. Additionally, it is of practical convenience that the gradient of Ertel potential

vorticity on isopycnal surfaces are proportional to gradients of quasi-geostrophic po-

4That is, u and ψ can be derived diagnostically from knowledge of q.
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tential vorticity along depth surfaces.

The continuously stratified case is in practice approximated by the multi-layer

quasi-geostrophic potential vorticity

qi = ∇2ψi + βy +
f 2
0

Hi

(
ψi−1 − ψi
g′i−1

− ψi − ψi+1

g′i

)
, (2.7)

where; f0 is the 0th order approximation to the Coriolis parameter; g′i = g(ρi+1 −

ρi)/ρ0 is the reduced gravitational acceleration which takes into account the effect of

buoyancy with ρ0 being a reference density; and subscripts denote the layer which

each variable is on.

When there is barotropic flow (e.g. for the shallow water approximation) the

potential vorticity is further simplified to

q = ∇2ψ + βy − ψ

L2
BT

, (2.8)

where LBT =
√
gH
f

is the barotropic, or external, deformation radius. For the model

used in this thesis we make another level of approximation and assume a rigid lid,

removing the ageostrophic vortex stretching term, to obtain

q = ∇2ψ + βy. (2.9)

The simplicity of this model makes it an attractive model for studying fundamental

statistical theories of turbulence while retaining the form of potential vorticity mate-

rial conservation, (2.4), shared by more complex models. The numerical considera-

tions for solving this model along with the choices of the forcing, F , and dissipation,

D, are given in Section 2.6.

An important distinction to made between barotropic and baroclinic quasi-geostrophic

dynamics is that the former does not contain any available potential energy while the
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latter does. This means that barotropic instabilities takes energy from the kinetic en-

ergy of the large-scale flow while baroclinic instabilities take energy from the available

potential energy. Because of this distinction, baroclinic models (two-layers or more)

can exhibit a Lorenz energy cycle which is a robust feature of realistic geophysical

flow (Lorenz, 1955). Despite this phenomenological deficiency, studying barotropic

flow remains an important starting point as the lack of baroclinic effects allows us to

study eddy-mean flow interaction without the complications of having to understand

potential and kinetic energy partitions. In addition, although ocean mesoscale tur-

bulence is largely baroclinic in nature, barotropic instability plays an important role

in the large scale dynamics of turbulent ocean jets (Waterman et al., 2011).

2.4 Invariants of motion

It is important to note that the ideal dynamics of barotropic flow conserves the

following quantities. In ideal flow, within a closed domain, the energy

E =
1

2

∫
d2x (∇ψ) · (∇ψ) (2.10)

is conserved, where the integral is taken over the spatial domain of the fluid, repre-

senting a global conservation of an invariant of motion. Global conservation should

not be confused with material conservation; for example, energy is described as being

globally conserved while potential vorticity is described as being materially conserved.

In addition, ideal flow conserves the integral of any function of potential vorticity

C =

∫∫
d2x c(q), (2.11)

where c is an arbitrary function. These quantities are called Casimirs (e.g. Salmon,

1998). We are primarily interested in the polynomial Casimirs which we will denote
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as

Cn =

∫∫
d2x qn. (2.12)

Two Casimirs of particular physical importance are the circulation, n = 1, and the

enstrophy, n = 2. Alternatively, all Casimirs can be conserved simultaneously by

conserving the global potential vorticity distribution

Π(q) =
1

A
dA(q)

dq
(2.13)

where A(q) is the area of the domain occupied by points with a value of potential

vorticity less than q, and is therefore a cumulative distribution function; and A is the

total area of the domain.

2.5 Hamiltonian formalism

In the absence of forcing and dissipation, quasi-geostrophic dynamics can be re-cast

under a Hamiltonian formalism, where the equations of motion are written in terms

of the energy (or Hamiltonian) of the system. We include a discussion here as it is

an important foundation of the statistical mechanics theory introduced in Chapter

3 as well as giving an alternative interpretation of the conservation of the Casimir

invariants of motion.

Hamiltonian mechanics is usually applied to single or multi-particle systems.

There are subtle complications when this formalism is extended to continuous media.

This is the subject of the final chapter of Salmon (1998) and a review of Hamiltonian

fluid mechanics is given in Morrison (1998). The Hamiltonian form of barotropic

quasi-geostrophic dynamics (Zakharov and Piterbarg, 1988, and references therein)

is given by

∂q

∂t
= {q,H}NC , (2.14)
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where H is given by

H[q] = −1

2

∫
ψ(q − βy)dx (2.15)

which is the energy, as given in Section 2.4. In fact the evolution of an arbitrary

functional of q, for example, A[q] is given by

∂A

∂t
= {A,H}NC . (2.16)

The bracket above is known as the non-canonical Poisson bracket and is defined by

{F,G}NC =

∫
q

{
δF

δq
,
δG

δq

}
dx, (2.17)

where, {A,B} = ∂xA∂yB − ∂xB∂yA. The term ‘non-canonical’ here refers to the

fact that the formalism has changed from that used for particle dynamics where the

Poisson bracket satisfies three conditions:

• antisymmetry, {A,B} = −{A,B},

• Jacobi identity, {A, {B,C}}+ {B, {C,A}}+ {C, {A,B}} = 0,

• non-singularity, {A,B} 6= 0,

where A, B and C are independent, non-constant functionals. In the non-canonical

case the non-singularity condition has been lifted and now we can find functionals,

C[q], such that

{C,A}NC = 0, (2.18)

for all A[q]. One such A would be the Hamiltonian itself and thus by (2.16) these

Cs are conserved quantities. These turn out to be the Casimirs given in (2.12) and

(2.13). Understanding the Hamiltonian structure of these objects underlies the work

described in Section 3.3 and the implications of this Hamiltonian structure on the
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phase space of two-dimensional flow is discussed in Zeitlin (1991). The Hamiltonian

formalism for the baroclinic case is presented in Holm (1986).

2.6 The barotropic channel model

The non-dimensional, prognostic equation to be solved, in Chapters 4 and 6, is

∂q

∂t
= −{ψ, q} − r∇2ψ − νh∇6ψ − ∂yτ(y), (2.19)

where ψ is the streamfunction; τ(y) is the zonal wind stress which varies only with

meridional coordinate y, with a maximum strength given τ0; r is the linear drag

coefficient; and νh is the hyper-viscosity. Although we will refer to τ as the wind stress,

τ is, more correctly, the wind stress normalized by density and depth. Linear drag

is included to remove momentum at large scales and the hyper-viscosity is included

in order to preferentially damp enstrophy at small scales. The potential vorticity is

given by

q = ∇2ψ + βy, (2.20)

where ∇2ψ is the relative vorticity and βy is the planetary vorticity. In this study we

refer to q as the potential vorticity, and to the global integral of q2 as the enstrophy,

in order to facilitate comparison with studies that incorporate baroclinicity; however,

in the barotropic model the potential vorticity is identical to the absolute vorticity.

The non-dimensional parameters of the above model are given in terms of their
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dimensional counterparts, denoted by ∗, as

νh =
ν∗h
UL3

, (2.21)

β =
β∗L2

U
, (2.22)

r =
r∗L

U
, (2.23)

τ0 =
τ ∗0L

U2
, (2.24)

where, U and L are a characteristic velocity and length scale respectively.

The numerical code used is a modified version of that developed for the freely

decaying turbulence problem in Esler (2008a,b) and, originally, Esler and Haynes

(1999). The model is solved using a quasi-spectral method, decomposing into Fourier

modes in the zonal direction making use of the periodicity. In the meridional direction

a finite difference method is used. The first obvious difference is that the original code

solved for two-layer quasi-geostrophic dynamics whereas the modified code solves for a

barotropic flow with a rigid lid. Secondly, a wind stress forcing has been added which

required an alternative boundary condition to be applied to ensure the solution is

consistent with momentum conservation. The domain geometry is given in Figure

2.2. The boundary conditions follow those specified in McWilliams (1977) requiring

Lx

Ly/2

�Ly/2
0

x

y

Saturday, 24 September 16

Figure 2.2: Geometry of the model domain, consisting of a zonal channel of meridional
width Ly and zonal extent Lx. The wind-stress, τ , is zonal and varies only with the
meridional coordinate, y.

an integral momentum balance to be applied at each time-step. The no normal flow

condition is written

∂xψ|N,S = 0, (2.25)
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where the subscripts refer to the northern and southern boundaries respectively. To

calculate the hyper-viscosity term we need two boundary conditions. To ensure no

boundary stress we use the free slip conditions,

∇2nψ|N,S = 0, (2.26)

where n = 1, 2, ensuring that the stress at the boundary is zero and that the hyper-

viscous term also does not produce a boundary moment sink. Finally, the momentum

conserving condition is written

ψ|N,S = ±Γ(t)

2
, (2.27)

where Γ(t) is spatially constant along the north and south boundaries and evolves

temporally through the integral momentum balance,

dΓ

dt
= −

∫
d2x

[
r
∂ψ

∂y
+ τ

]
, (2.28)

which is exactly the form of boundary condition used in Treguier (1989). For the

equivalent boundary condition for a barotropic channel with a finite deformation

radius (no rigid lid approximation), see Appendix A.

2.7 Dynamics of jets, potential vorticity steps and

mixing barriers

Having considered idealized models of geophysical fluid dynamics we now consider

how some of the intuition developed for these models inform our knowledge of ocean

turbulence. One of the important features of ocean mesoscale turbulence, mentioned

in Section 1.2, is its contribution to the suppression of mixing. This suppression

20



of mixing can be attributed to the tendency of strong jets to form mixing barriers,

regions of high potential vorticity gradient which eddies have difficulty penetrating.

The tendency for strong jets to form mixing barriers is, in fact, a consequence

of the turbulence which sharpens the jets and maintain strong potential vorticity

gradients by providing up-gradient fluxes of momentum (Starr, 1968). Evidence for

this jet sharpening behaviour has a long history in baroclinic (e.g. Fultz et al., 1959)

and barotropic (e.g. Sommeria et al., 1989) jets which is comprehensively reviewed

in Dritschel and McIntyre (2008). The highly anisotropic picture we have formed

from these studies is that of a potential vorticity step corresponding to the jet itself,

sharpened by the eddies, with regions of homogenized potential vorticity to either

side of the jet within which the eddies act more diffusively.

However, as we shall see in Chapters 4 and 5, the potential vorticity ‘staircase’

paradigm discussed above is too restrictive to describe the wealth of regimes of be-

haviour encountered in idealized models and the ocean alike. In Chapter 4, the

distinction will be made between jets which exhibit mixing barrier behaviour and jets

that do not. In Chapter 5, a further distinction is needed to separate out potential

vorticity fronts which are not concomitant with mixing barriers. For these reasons

we define the usage in this thesis of the following terminology.

• Potential vorticity front: is a region of high potential vorticity gradient sepa-

rating regions with differing potential vorticity.

• Mixing barrier: is a potential vorticity front which inhibits mixing across the

front.

• Jet: is a region of high mean velocity, often well aligned with the zonal direction.

Although it is clear that these three features of oceanic flow are linked it is important

to distinguish them to ensure clear discussion.
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Chapter 3

Statistical theories of geostrophic

turbulence

3.1 Introduction

In this chapter I briefly introduce the theoretical concepts relevant to the study of

ocean mesoscale turbulence. In Section 3.2, the homogeneous turbulence paradigm is

introduced and its limitations for studying large scale ocean turbulence are discussed.

In Section 3.3, an equilibrium statistical mechanics (Miller-Robert-Sommeria the-

ory) of two-dimensional and geophysical turbulence is introduced. Although Miller-

Robert-Sommeria theory does not suffer from all of the inhibiting assumptions of ho-

mogeneous turbulence theory, it is not clear how applicable Miller-Robert-Sommeria

theory is in the context of forced-dissipative flow. In Section 3.4, the difference

between a thermodynamic and information theoretic interpretation of entropy is dis-

cussed. In Section 3.5, the various applications of statistical physics and information

theory to climate science are discussed.
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3.2 The homogeneous turbulence paradigm

3.2.1 Three-dimensional turbulence

To start our discussion of turbulence the three-dimensional theory of Kolmogorov

(1941) is considered, which is arguably the most famous result in the theory of turbu-

lence. The prediction of Kolmogorov (1941) is that under a certain set of assumptions,

the energy spectrum of three-dimensional turbulence can be written as

E(k) = Cε
2
3k−

5
3 , (3.1)

where ε is the rate of energy dissipation per unit volume; k = |k| is the magnitude of

the wavenumber; and C is Kolmogorov’s universal constant. Figure 3.1 gives a visual

Figure 3.1: Schematic of the Kolmogorov (1941) picture of turbulence. Energy is
added at the stirring (forcing) length scale, small wavenumbers or large length scales,
and is removed at the dissipation length scale. The dissipation length scale at high
wavenumber, kν can be inferred from Kolmogorov theory using dimensional argu-
ments. Between the stirring and dissipation scales we assume an inertial region where
energy is transferred between wavenumbers at a rate ε. Image from Vallis (2006).

description of the theory. To understand this equation let us examine its assumptions.
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• Incompressible fluid flow, ∇ · u.

• Homogeneous and isotropic turbulence. Homogeneity allows us to think about

the turbulence through Fourier methods which require an infinite domain, while

writing E ≡ E(k) only makes sense if the turbulence is isotropic, and hence

radially symmetric in Fourier-space. Without isotropy E becomes a function of

k = (kx, ky, kz).

• Inertial range. It is assumed that there exists a range of length scales (or

wavenumber) for which the fluid does not feel the effect of forcing (stirring)

or dissipation. The picture here is that forcing acts at large length scales,

dissipation acts at small length scales and has no affect at intermediate length

scales, which are known as the inertial range.

• Turbulent cascade. It is also assumed that energy is transferred between length

scales within the inertial range via non-linear interactions. Mathematically

these are triad interactions between Fourier modes which become apparent when

the non-linear term of the equation of motion is represented in Fourier-space.

Physically these triad interactions can be thought of as eddies colliding and

producing subsequent eddies. Inherent to the cascade is the idea that only

eddies of similar sizes can interact and thus the transfer of energy becomes a

local process in Fourier-space. Although it is common to use the terminology

‘cascade’ to mean a transfer of energy (or other quantity) between any scales,

I will use the term ‘cascade’ to formally mean a local transfer in Fourier space

throughout this thesis.

Utilizing these assumptions, Kolmogorov was able to proceed using simple dimen-

sional arguments to derive (3.1). Kolmogorov reasoned that the energy spectrum

should only depend on the rate of energy transfer due to the cascade, ε, which is a

constant within the inertial range. Therefore, given the dimensions of the relevant
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variables

[E(k)] = L3T−2, (3.2)

[ε] = L2T−3, (3.3)

[k] = L−1, (3.4)

[ν] = L2T−1, (3.5)

the only possible form of the energy spectrum is given by (3.1), and the characteristic

length scale where dissipation becomes dominant is given by the Kolmogorov scale

kν = ε
1
4ν−

3
4 . (3.6)

A major inconsistency in Kolmogorov (1941) was pointed out in a famous footnote

of Landau and Lifshitz (1987). Simply stated (e.g. Salmon, 1998): if we have two

equal-volume turbulent systems which exhibit a Kolmogorov spectrum, each with a

different dissipation rate, that is

E1(k) = Cε
2
3
1 k
− 5

3 , (3.7)

E2(k) = Cε
2
3
2 k
− 5

3 , (3.8)

then a composite (averaged) system with dissipation rate

ε =
1

2
(ε1 + ε2), (3.9)

and energy spectrum

E(k) =
1

2
(E1(k) + E2(k)), (3.10)
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does not itself have a Kolmogorov spectrum, that is

E(k) 6= Cε
2
3k−

5
3 . (3.11)

Although there have been experimental results consistent with the Kolmogorov

spectrum, as well as theoretical attempts to circumnavigate the Landau objection,

Kolmogorov (1941) cannot be considered an universal theory of turbulence.

3.2.2 Two-dimensional turbulence

Figure 3.2: Schematic of the theory of two-dimensional turbulence. Similar to the Kol-
mogorov picture, but now with two dissipation length scales, one at small wavenum-
bers and the other at large wavenumbers, and two inertial ranges. We see a transfer
of energy from the stirring length scale to large scale dissipation - the inverse cascade.
Enstrophy is transferred from the stirring length scale to small scale dissipation - the
forward cascade. Image from Vallis (2006).

Similar arguments can be made in the case of two-dimensional turbulence (Kraich-

nan, 1967) for which the assumptions stated in the previous sections are adopted.
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Since in two-dimensions we have the additional conserved quantity 1 of enstrophy the

picture becomes more complicated. Enstrophy is given by

C2 =

∫
dk k2E(k), (3.12)

represented in Fourier-space. If we force the system at a wavenumber kf then because

of the additional constraint of having to conserve enstrophy we can deduce that no

energy can be transferred to small scales in the limit of small viscosity. This implies

that the energy is transferred to wavenumbers smaller than kf (larger length scales).

Thus, to have a steady state turbulence we must have a second source of dissipation

at large length scales. Following this reasoning, we have the situation of two turbulent

cascades a direct cascade of enstrophy to small scales with an energy spectrum,

E(k) = C1η
2
3k−3, (3.13)

and an inverse cascade of energy to large scales with an energy spectrum,

E(k) = C2ε
2
3k−

5
3 . (3.14)

Here, ε is the energy transfer rate per unit volume as before and η is the enstrophy

transfer rate per unit volume, see figure 3.2. The above results rely on the same

assumptions as the three-dimensional case in addition to the added assumption of

the secondary source of dissipation at large length scales. Again, as in the case of

three-dimensional turbulence, the theory for two-dimensional turbulence contains an

internal inconsistency. It can be shown (Salmon, 1998) that an energy spectrum of

the form (3.13) necessarily breaks the assumption of locality in Fourier-space. As

with the three-dimensional case, by modifying the theory this issue can be surpassed

1As was discussed in Chapter 2, there are in fact an infinite number of additional conserved
quantities: a subject which we will return to in this thesis, Chapter 7.
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Figure 3.3: Schema of two layer geostrophic turbulence. Wavenumber increasing
left to right. Energy transfer is shown by solid arrows while enstrophy transfer is
shown by dashed arrows. Image from Vallis (2006). k0 and kD represent the typical
wavenumbers of the large and small scale dissipation respectively, while kR is the
typical wavenumber of barotropization.

but its details go beyond the scope of this discussion.

3.2.3 Application to the geophysical flows

Figure 3.3 gives a picture of how the work of Charney (1971) is applied to geostrophic

turbulence in a quasi-geostrophic model with multiple baroclinic modes. By look-

ing at how a quasi-geostrophic model can be decoupled into barotropic and baro-

clinic modes, Charney (1971) claimed that baroclinic modes behave like the three-

dimensional homogeneous turbulence while the barotropic mode behaves like the two-

dimensional homogeneous turbulence. The baroclinic mode is forced by the wind at

large length scales and energy cascades down to small length scales to be dissipated.

The barotropic mode is forced by a process of barotropization where energy is trans-

ferred to the barotropic mode at length scales around the deformation radius. Energy

is then transferred to large scales and is thought to be then dissipated by boundary

layer friction, while enstrophy is transferred to small length scales to be dissipated by
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viscosity. For a more detailed discussion the reader is referred to Vallis (2006) and

Salmon (1998).

It is not clear how applicable the homogeneous turbulence paradigm is to the study

of geophysical flows. Apart from incompressibility, which is a good approximation for

geophysical flows, all the other assumptions presented in Section 3.2.1 are manifestly

violated in the ocean mesoscale: the ocean mesoscale is highly inhomogeneous and

anisotropic; with atmospheric forcing acting at a very wide range of time and length

scales it hard to argue for the existence of an inertial range; and there is evidence

that geostropic turbulence exhibits a direct transfer of energy from small to largest

length scales (e.g. Nazarenko, 2011). In addition the study of Tung and Welch (2001)

has found serious flaws in the arguments of Charney (1971), including a reliance on

the result of Fjørtoft (1953) which is now known to be erroneous (Merilees and Warn,

1975). This calls into question the paradigm represented in Figure 3.3.

For the rest of this thesis I will follow a way of thinking about fluid turbulence

which moves away from this turbulent cascade picture. This will involve an equi-

librium statistical mechanics approach which allows us to lift the assumptions of

homogeneity and isotropy as well as the assumption of a turbulent cascade.

3.3 Miller-Robert-Sommeria statistical mechanics

3.3.1 Statistical mechanics and turbulence

The first example of the application of statistical mechanics to two-dimensional tur-

bulence comes from Onsager (1949), who proposed a model of singular point vortices.

The statistical mechanics of point vortices has received much attention since then.

Studies by Kraichnan (1967) and Kraichnan and Montgomery (1980), led the way

towards continuous vorticity fields through utilizing the invariance of energy and en-

strophy in variational problems. Geostrophic flows over topography were tackled
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using this methodology: in Salmon et al. (1976) via the maximization of an entropy;

and independently in Bretherton and Haidvogel (1976) via a phenomenological mini-

mum enstrophy principle. Other contributions are given in Carnevale et al. (1981) and

Carnevale (1982) which gives an alternative framework for the discussion of entropy

evolution by calculating the entropy in terms of the energy spectrum of discretized

dynamics.

In the early 1990s, work was published which led to a theory of equilibrium statis-

tical mechanics of two-dimensional and geophysical flows (Miller, 1990; Robert, 1990,

1991; Robert and Sommeria, 1991; Miller et al., 1992). We refer to this theory as the

‘Miller-Robert-Sommeria statistical mechanics’. Miller-Robert-Sommeria theory pro-

duces an equilibrium statistical mechanics (variational problem for finding the most

probable macro-state of a closed system) of two-dimensional or quasi-two-dimensional

flow which relies on the underlying Hamiltonian structure of the dynamics; applies

to continuous vorticity fields; and conserves the mean-field energy and all Casimirs

of the flow.

Reviews of Miller-Robert-Sommeria statistical mechanics are given in Sommeria

(2001), Majda and Wang (2006), Chavanis (2009) and Bouchet and Venaille (2012).

The strength of the Miller-Robert-Sommeria theory is that the work of Onsager

(1949), Kraichnan and Montgomery (1980), Salmon et al. (1976) and Bretherton

and Haidvogel (1976) are contained within this framework as particular limits or

simplifications. This equilibrium/ideal (no forcing, no dissipation) theory has been

used to suggest a statistical mechanical explanation for: the formation of ocean rings

and jets (Venaille and Bouchet, 2011); the dynamics of the stratospheric polar vortex

(Prieto and Schubert, 2001; Yasuda et al., 2017); Jupiter’s Great Red Spot (Turk-

ington et al., 2001; Bouchet and Sommeria, 2002); bottom trapped ocean currents

(Venaille, 2012); the vertical structure in stratified quasi-geostrophic flow (Merryfield,

1998; Schecter, 2003; Venaille et al., 2012); as well as the global ocean circulation and
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its associated density profiles is presented by Salmon (2012).

3.3.2 Eddy-mixing entropy

The entropy used in Miller-Robert-Sommeria statistical mechanics, the eddy-mixing

entropy, is not the same as the thermodynamic entropy associated with molecular

motions. The eddy-mixing entropy is a measure of the disorder of the large scale tur-

bulent flow, and depends on the choice of coarse-graining which distinguishes between

the large scales and the small scales of the flow. To formally define the eddy-mixing

entropy we follow the approach presented in Jung et al. (2006). To proceed we will

define two sub-systems of the full flow.

• A micro-cell which is the smallest scale over which the details of the flow are

important. The micro-cell is equivalent to the grid-cell for a high resolution

numerical simulation. We think of each micro-cell as being characterized by

only one value of the potential vorticity.

• A macro-cell which is comprised of a number of micro-cells and is related to

a choice of some coarse graining scale. The macro-cells should be chosen to

exploit some dynamical symmetry of the system. In our case we, for the most

part, choose zonal bands exploiting the zonal symmetries of the barotropic

channel model used apart from in Section 6.5.2 where we choose contours of

instantaneous streamfunction.

The macro- and micro-cells used in this study are schematically illustrated in Figure

3.4.

Having defined the macro-cells as such, it is possible to define an eddy-mixing

entropy by counting the number of ways to arrange the micro-cells of a particular
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Micro-cell
Macro-cell

x

y

Figure 3.4: Geometry of domain. wind stress, τ , in this study points from left to right.
Lx and Ly are the longitudinal and latitudinal extents of the domain respectively.
Macro-cells (blue) and micro-cells (red) in this study. Exploiting zonal symmetry,
zonal bands are used as macro-cells whilst micro-cells are the grid-points within.

binned value of potential vorticity into the macro-cells. This gives the expression

S = lnW = ln
∏
I

M (I)!∏
rM

(I)
r !

(3.15)

for the eddy-mixing entropy, where M (I) is the number of micro-cells in the Ith macro-

cell and M
(I)
r is the number of micro-cells with the rth value of potential-vorticity bin

in the Ith macro-cell. This counting method is adapted from Lynden-Bell (1967)

where it was used to study the statistical mechanics of stellar systems.

For large numbers of micro- and macro-cells we can take the continuous limit to

get

S[ρ] = −
∫

d2xdq̃ ρ(q̃|x) ln(ρ(q̃|x)), (3.16)

in terms of the probability distribution function, ρ. In words, ρ is the probability of

measuring a value, q̃, of the potential vorticity at the point x in the domain. It is

important to note that in this expression x has taken the place of I in labeling the

macro-cell. The coordinate x should be interpreted as a coarse-grained or smoothed

coordinate. The q̃ is not the potential vorticity field, q(x), but a random variable

representing the result of a measurement of potential vorticity. It is important to

note the difference between the probability distribution, ρ(q|x), used here and the

full probability distribution of the system, p[q(x)].2 We interpret ρ as a marginal dis-

tribution of p and they only become equal when neighbouring macro-cells become

2Square brackets denote a functional here.
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statistically independent, which is the case for the ideal theory; this is discussed in

more detail in Section 6.6. The eddy-mixing entropy is the sum over the continu-

ous information entropies associated with the distribution of potential vorticity in

each macro-cell. The method of numerically determining these entropies is given in

Appendix C and is used throughout this study.

3.3.3 Maximization of entropy

The main result of Miller-Robert-Sommeria theory is the mean-field variational prob-

lem given by

δS

δρ
+ α

δ

δρ

(
−1

2

∫
d2xdq̃ 〈ψ〉q̃ρ− E

)
− δ

δρ

(∫
d2xdq̃ γ(q̃)ρ− Π(q̃)

)
= 0, (3.17)

for the maximization of entropy given the constraints imposed by the invariants of

motion E and Π. Here α and γ(q) are Lagrange multipliers and can be interpreted

as the sensitivities of the entropy, S, to the energy, E, and global potential vorticity

distribution, Π, respectively. The averaging operator 〈〉 is defined as an average over

a macro-cell

〈f(q̃)〉 =

∫
dq̃ f(q̃)ρ(q̃|x), (3.18)

and leads to spatially-dependent averages. The variational problem, (3.17), is anal-

ogous to the variational problem used to derive the Boltzmann distribution in the

statistical mechanics of gases. However, for molecular dynamics energy is the only

relevant invariant. The variational problem uses the mean-field energy

E = −1

2

∫
d2x 〈ψ〉〈q̃〉, (3.19)

which is often used as an approximation of condensed matter physics. In Miller-

Robert-Sommeria equilibria, however, the mean-field energy becomes equal to the

33



exact energy due to the non-local nature of the vortex interactions. The form of the

variational problem presented here has been rigorously justified using large-deviation

theory by Boucher et al. (1999).

The distribution which solves (3.17) is given by

ρ(q̃|x) =
1

Z exp (−α〈ψ〉q̃ − γ(q̃)) , (3.20)

where Z is the partition function. The spatial dependence of the distribution comes in

through the average of the streamfunction defined through the solution of the Poisson

equation

∇2〈ψ〉 = 〈q̃〉 − βy. (3.21)

Equilibria which are the solution of (3.17) are characterized by a functional de-

pendence between the averaged potential vorticity and the averaged streamfunction

〈q̃〉 = f(α〈ψ〉). (3.22)

The function f can be proved to be monotonic and is related to the partition function

through

f(α〈ψ〉) =
δ

δ(α〈ψ〉) lnZ. (3.23)

In the special case where we are only interested in systems which only conserve en-

ergy and enstrophy, often argued in the case of discretized dynamics, the equilibrium

distribution becomes

ρ(q̃|x) =
1

Z exp
(
−α〈ψ〉q̃ − q̃2

)
, (3.24)

where γ2 is now the Lagrange multiplier corresponding to the enstrophy C2; the

function, f , becomes linear

〈q̃〉 = − α

2γ2
〈ψ〉, (3.25)
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and the variance of potential vorticity becomes

〈q2〉 − 〈q〉2 =
1

2γ2
. (3.26)

We present this special case here as the study of Jung et al. (2006) reproduce this

result in a rotating annulus experiment of barotropic flow. One of the aims of Chapter

4 is to attempt to verify this result in a numerical simulation, and to test its sensitivity

to forcing. In addition, numerical tests of Miller-Robert-Sommeria theory have been

attempted (e.g. Wang and Vallis, 1994; Qi and Marston, 2014; Dritschel et al., 2015),

however, it is difficult to produce a numerical model which is representative of ideal

dynamics. In Chapter 6, the question of the utility of the equilibrium statistical

mechanics approach in forced-dissipative models will be considered.

3.4 Thermodynamic versus information entropy

In Bayesian statistics and information theory the principle of maximum entropy states

that given prior information about a system, the probability distribution function

which best represents our state of knowledge is the one for which the Shannon infor-

mation entropy

S = −
∑
i

ρi ln ρi (3.27)

is maximal, where ρi is a discrete probability distribution function. Information

entropy was introduced in Shannon (1948) and the maximum entropy method was first

introduced in Jaynes (1957a) and Jaynes (1957b). The maximum entropy method is

an important method of Bayesian statistics and information theory. The information

entropy shares a close link with the Gibbs entropy which shares the same expression,

(3.27), up to a constant of proportionality. Both the Shannon entropy and the Gibbs

entropy can be interpreted as measures of uncertainty or information content.
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In physics there exists an alternative interpretation of entropy and its relationship

with the aforementioned interpretation it not always clear. In this interpretation the

entropy is considered to be a measure of disorder and is given by the Boltzmann

entropy

S = kB lnW, (3.28)

where W is the number of possible microscopic configurations of the system which

would yield the same macroscopic observables. The leap from the Boltzmann entropy

to the Gibbs entropy can be easily made by interpreting the probability distribution,

ρi, as a frequential probability. However, the Shannon entropy should be interpreted

(and often, so is the Gibbs entropy) according to Bayesian statistics. This leads to

confusion over understanding concepts such as the second law of thermodynamics. A

recent study which highlights these issues and proposes a formalism which resolves

the tension between the two interpretations, uncertainty versus disorder, is Bartolotta

et al. (2015) where a Bayesian formulation of the Second Law of Thermodynamics is

proposed. In this thesis I will use the two interpretations of entropy interchangeably

and thus in various sections I will talk of the eddy-mixing entropy as being both a

measure of disorder and as a measure of uncertainty or information.

3.5 Other applications of entropy and statistical

mechanics to climate problems

At this stage it is appropriate to consider how the statistical mechanics presented

above differs from various other applications of statistical physics ideas in climate

science.

One of the ways entropic thinking has been used to understand the climate system

is by consideration of the Maximum Entropy Production Principle (MEPP) which is
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reviewed in Martyushev and Seleznev (2006). An attractive hypothesis for dealing

with systems far from equilibrium, the MEPP often leads to controversy over the many

fields of science where it has been applied. In climate science, its use to understand

latitudinal temperature variational has had some success but fails to take into account

important dynamical factors as it is a purely thermodynamical theory (e.g. Paltridge,

1975).

Whereas the MEPP theory of climate uses a thermodynamical entropy, informa-

tion entropy has proved an useful tool for a variety of problems across an immense

range of scientific fields, from the study of ant language (Ryabko and Reznikova,

2009), to quantifying the production of information about the climate from ice cores

(Garland et al., 2016), to providing a measure of predictability in the context of

climate modeling (Schneider and Griffies, 1999).

Statistical physics also gives a formalism for predicting the response of systems in

equilibrium to small external forcing, the fluctuation-dissipation theorem (Nyquist,

1928), and its application for the climate has been proposed by Leith (1975). Since

then the fluctuation-dissipation theorem has been considered for studying geophysical

fluid dynamics (e.g. Lutsko et al., 2015) and various climate problems (e.g. Gritsun

and Branstator, 2007; Ring and Plumb, 2008). The fluctuation-dissipation theorem,

suffers from the assumption that systems are perturbed from an equilibrium state,

which is not applicable to the climate system in general. Recently a generalized

form of linear response theory has been derived (Ruelle, 1998, 2009), much like the

fluctuation-dissipation theorem but applicable far from equilibrium. This theory can

be used to understand the climate response to forcing and provides an invaluable

tool for investigating possible climatic tipping-points (e.g. a transition to a snowball

earth) (Lucarini and Sarno, 2010; Lucarini et al., 2010).

Having seen the various applications of statistical physics to climate science it is

possible to classify them in the following ways.
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• Applications of equilibrium and non-equilibrium thermodynamics at a planetary

scale (e.g. Paltridge, 1975).

• Applications of information theory, for example, time-series analysis and pre-

dictability (e.g. Schneider and Griffies, 1999).

• Statistical mechanics of stochastic or chaotic dynamical systems, where the

climate is interpreted as a high-order dynamical system (e.g. Lucarini et al.,

2010).

• Statistical mechanics of turbulence, where a statistical mechanics approach is

used to describe the turbulent motions of a continuous fluid (Miller-Robert-

Sommeria statistical mechanics).

The final approach is the one followed throughout this thesis.
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Chapter 4

The statistical nature of barotropic

ocean jets

4.1 Introduction

This chapter presents the published results of David et al. (2017). The goal of this

study is to understand the statistics of forced-dissipative ocean jets and how these are

influenced by the dynamics of a mixing barrier. We explore the sensitivity of the jet

statistics to forcing and dissipation and show that self-similarity exists across a wide

range of parameters, describing the characteristic statistical signature of a mixing

barrier.

To address this goal, we examine the mean state of the flow and its variability

in the presence of forcing and dissipation using mean, standard deviation and higher

order moments such as skewness and kurtosis. We will also compare and contrast

these statistics to the predictions of equilibrium statistical mechanics. The energy

and enstrophy conserving theory considered in this study is that presented in Jung

et al. (2006). Jung et al. (2006) differs from other tests of equilibrium statistical me-

chanics (e.g. Qi and Marston, 2014; Dritschel et al., 2015) in that it derives a spatially
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Skewness < 0 Skewness > 0

Skewness = 0

Kurtosis > 3

Kurtosis = 3

Kurtosis < 3

Figure 4.1: Left : examples of positively skewed (red) and negatively skewed (blue)
distributions compared with a normal distribution (black). Right : examples of lep-
tokurtic (red), kurtosis greater than three, and platykurtic (blue), kurtosis less than
three, distributions compared with a normal distribution with a kurtosis of three
(black). All distributions shown have a mean of 0 and a standard deviation of 1.

coarse-grained version of the theory in order to test the theory in a barotropic rotating

annulus laboratory experiment. When only energy and enstrophy are conserved, the

relationship between mean potential vorticity and the mean streamfunction is linear,

(3.25), while the standard deviation is constant, (3.26), with respect to streamfunc-

tion according to equilibrium statistical mechanics. These predictions are derived in

Jung et al. (2006) and are consistent with other interpretations of the theory (e.g.

Salmon et al., 1976). Understanding these relationships in a forced-dissipative sys-

tem, however, remains an open problem which we will discuss during the course of

this study.

In addition to understanding how the mean and standard deviation relations

change in the presence of forcing and dissipation, it is important to consider higher

order moments of the flow, such as skewness and kurtosis, which exist only when

the potential vorticity distribution is non-Gaussian. As illustrated schematically in

Figure 4.1, different values of skewness and kurtosis of the probability distribution

characterize asymmetry and intermittency (extreme events) in turbulent flow. These

moments have been shown to be important in describing the statistics of passive

tracers (e.g., Bourlioux and Majda, 2002). The character and nature of skewness
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and kurtosis in turbulent geophysical flows have been considered by Thompson and

Demirov (2006) and Hughes et al. (2010). In particular, Hughes et al. (2010) establish

a mechanistic link between skewness and kurtosis and the large scale dynamics of jets,

allowing these authors to use these moments to identify mixing barriers. In a highly

non-linear dynamical system such as the ocean, we might expect extreme events in

active tracers such as potential vorticity to have an impact on the mean large-scale

circulation and to be sensitive to forcing and dissipation.

In this chapter, we study the potential vorticity statistics of a barotropic jet in a

reentrant channel, varying the strength of forcing, the linear drag coefficient, and the

direction of forcing. These experiments are used to pursue the following aims:

• To understand the dependence of the statistics of a turbulent flow on forcing

and dissipation in the presence and absence of a mixing barrier.

• To establish a statistical picture of mixing barriers with a simple statistical

model which will inform the stochastic parameterization of eddy-mean flow

interaction.

• To distinguish between the statistics of eddies and the statistics of waves.

The results are restricted here to barotropic flows, an understanding of which is a

prerequisite for understanding more complex flows with baroclinicity.

The structure of the chapter is as follows. In Section 4.2, the numerical experi-

ments are presented. In Section 4.3, the dynamics of the west/eastward jet asymmetry

is discussed. In Section 4.4, the mean and standard deviation of potential vorticity

are calculated as a function of time-averaged streamfunction in order to contrast with

the equilibria of the ideal dynamics, and a self-similar response to forcing and dissipa-

tion is discussed. In Section 4.5, the higher order moments of skewness and kurtosis

are similarly considered. A clear link is made between the presence of a meander-

ing mixing barrier and a characteristic skewness/kurtosis behaviour. In Section 4.6,
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the importance of the meandering mixing barrier in determining the statistics of the

flow is further considered, and the statistics calculated on instantaneous contours of

streamfunction in order to follow the large scale meanderings of the mixing barrier

in a quasi-Lagrangian sense. In Section 4.7, there is a further discussion of: joint po-

tential vorticity and streamfunction statistics; the importance of mixed distributions;

and implications for stochastic parameterization. Finally, Section 4.8 contains some

concluding remarks.

4.2 Numerical experiments

For the domain geometry given in Figure 2.2, two parameters are varied across a wide

range of experiments, labeled A through to U. In the first group of experiments, A-G,

the strength of forcing, τ0, is changed holding the linear drag coefficient, r, constant.

The meridional variation of the wind stress is kept the same for all experiments,

τ = τ0sech2
(y
δ

)
(4.1)

where δ is a constant controlling the width of the wind forcing. In the second group of

experiments, H-N, the linear drag coefficient, r, is changed while holding the forcing

strength, τ0, constant. Finally the third group of experiments is a repeat of the

first but with the direction of the forcing reversed. The parameters for all three

experiments are given in Table 4.1 with the parameters which are held constant for

all experiments are given in Table 4.2.

4.3 Linear stability and west/east asymmetry

During this study we will refer to jets as any peaked zonal mean flow whereas the term

mixing barrier will refer to any region of high potential vorticity gradient which con-
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simulation ID Wind stress Linear drag Timestep, dt
strength, τ0 coefficient, r

A 0.005 0.005 0.001
B 0.01 0.005 0.001
C 0.02 0.005 0.001
D 0.04 0.005 0.001
E 0.08 0.005 0.001
F 0.16 0.005 0.001
G 0.32 0.005 0.001
H 0.08 0.0008 0.0005
I 0.08 0.0009 0.0005
J 0.08 0.001 0.001
K 0.08 0.002 0.001
L 0.08 0.003 0.001
M 0.08 0.004 0.001
N 0.08 0.005 0.001
O -0.005 0.005 0.001
P -0.01 0.005 0.001
Q -0.02 0.005 0.001
R -0.04 0.005 0.001
S -0.08 0.005 0.001
T -0.16 0.005 0.001
U -0.32 0.005 0.001

Table 4.1: List of experiments and non-dimensional parameters. Note that simula-
tions N and E are identical.

Parameter Value
Meridional extent, Ly 5π/2
Zonal extent, Lx 20π
Number of zonal grid-points, M 1024
Number of meridional grid-points, N 128
Time-step, dt 1× 10−3

Output frequency 1
Total time of output 1× 104

Hyper-viscosity, νh 2× 10−6

Wind stress width parameter, δ 0.4
Beta parameter, β 0.2

Table 4.2: Fixed parameters of model simulations.
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Figure 4.2: Snapshots of potential vorticity from the statistically steady state for
simulations D and R. Simulation D, eastward wind stress, has strong cross-channel
potential vorticity gradients forming a mixing barrier which meanders due to persis-
tent travelling Rossby waves. Simulation R, westward wind stress, does not show the
same behaviour but instead exhibits mixing across the channel.

sequently prohibits transport across it. A major dynamical difference is seen between

the jets in simulations A-G (with varying forcing strength) and the jets in simulations

O-U, with reversed forcing. This difference is evident in the snapshots of potential

vorticity for simulations D and R, shown in Figure 4.2 for illustrative purposes as

the flow is typical for the respective experiments: A-G and O-U. The main difference

to observe is the clear loss of the narrow region of high cross-flow potential-vorticity

gradient along with the concomitant large scale Rossby wave. This is a persistent

structure in the eastward jet case for all forcing strengths but is not at all apparent in

the westward propagating jet. It would not be correct to say that mixing barriers do

not form at all in the reversed forcing experiments, this can be seen in a snapshot from

simulation U in Figure 4.3. While there is no barrier prohibiting mixing across the

channel, we do see mixing barriers which wrap themselves around two large coherent

eddies, partially isolating potential vorticity within the two eddies. The topologically
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Figure 4.3: Snapshots of potential vorticity from the statistically steady state for
simulation U which has a westward wind forcing. Here we do not see a large-scale
mixing barrier prohibiting mixing across the channel, but we do see mixing barriers
wrapped up around two large coherent eddies.

distinct nature of these mixing barriers changes the barriers’ influence on the statis-

tics as a function of time-averaged streamfunction, which is zonally symmetric. A

schematic representing the various flow regimes simulated in this study is given in

Figure 4.4.

This drastic difference between the two experiments implies that the dynamics

are not symmetric with respect to a change in the sign of forcing. It can be seen from

equations (2.19)-(2.20) that changing the sign of forcing is equivalent to changing

the sign of β combined with a reflection in the meridional (y) axis. Making such a

transformation leads to a drastic difference in the resulting statistically steady state

flow. The presence and absence of this mixing barrier will form a large part of the

discussion in the following sections.

The Rayleigh-Kuo inflection-point criterion (Rayleigh, 1880; Kuo, 1949) states

that a necessary condition for barotropic instability of a zonal flow is that the merid-

ional potential vorticity gradient changes sign, i.e.,

β − ∂2U(y)

∂y2
= 0 (4.2)

somewhere in the domain where U(y) is the zonally symmetric velocity profile of
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A-G 
H-N
O-U

Figure 4.4: Schematic of the various flow regimens simulated in this study as a
function of the non-dimensional wind stress strength, τ0, and linear drag coefficient,
r. The regimes are classified by inspection where mixing barriers are defined as
persistent, strong potential vorticity gradients; strong eddies are defined as persistent
large eddies; and weak eddies are defined as smaller transient eddies.

46



a) b)

c) d)

Figure 4.5: a) and b) schema of the potential vorticity profile at the time of meeting
the Rayleigh-Kuo criterion (4.2) for eastward and westward jets respectively. Dashed
line: βy. c) and d) plots of the second derivative of the velocity profile at the time of
meeting the Rayleigh-Kuo criterion; the dashed indicates the value β. Westward jets
meet the Rayleigh criterion in the centre. Eastward jets meet the Rayleigh criterion
in the flanks. In each case the black dots indicate where the criterion is met.

the mean jet. While (4.2) is a necessary global condition for instability, in practice,

instability often occurs in the locality that (4.2) is met (e.g., Waterman and Jayne,

2012; Waterman and Lilly, 2015). During spin up, the zonally symmetric forcing

profile adds to the zonally symmetric flow until (4.2) is satisfied. Until this condition

is satisfied the flow remains linear and the total potential vorticity input over time,

t, is given by −∂yτ(y)t, and corresponding momentum input of τ(y)t. Figure 4.5

shows the potential vorticity profile and the second derivative of U at the time where

Rayleigh-Kuo criterion is just met. There are two points to note here. Firstly, we can

see analytically that the westward jet reaches the Rayleigh-Kuo criterion first, that

is, (4.2) is satisfied for smaller τt in a westward jet. Secondly, the westward jet first
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satisfies the Rayleigh-Kuo criterion (4.2) in the centre of the channel (y = 0) whereas

the eastward jet satisfies the Rayleigh-Kuo criterion on its flanks, with the background

potential vorticity gradient being reinforced at the centre of the eastward jet, through

an up-gradient potential vorticity flux associated with the homogenization by the

instabilities either side (Dritschel and McIntyre, 2008). It is these very same regions

in which the linear condition for instability (4.2) is first satisfied that nonlinear eddies

emerge and erode the background potential vorticity gradient in Figure 4.3. Thus,

while the linear instability condition is not valid in the fully nonlinear, turbulent

regime, it is nonetheless successful in predicting the initial regions of eddy stirring and

subsequent emergence of mixing barriers in the adjacent regions where the background

potential vorticity gradient is enhanced.

In the following sections, the statistics of the eastward and westward jets are

compared and contrasted in order to isolate effects associated with strong mixing

barriers.

4.4 Scaling of the mean and standard deviation

In this section we consider the relationship between the mean potential vorticity, 〈q〉,

and the time-averaged streamfunction, ψ, as well as the relationship between the

standard deviation of potential vorticity and the time-averaged streamfunction. The

angled brackets, 〈〉, imply an average over all points in time and space coincident with

a contour of time-averaged streamfunction. For the numerical simulations presented

here it is important to note that the time-averaged streamfunction is zonally symmet-

ric since the simulations are run for a sufficiently long time in steady state. Therefore

there is a one to one mapping between meridional distance and time-averaged stream-

function. We include, for reference, the dependence of the mean potential vorticity

and the time-averaged streamfunction on meridional distance for simulations A-G in
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Figure 4.6: Time-averages for simulations A-G: a) time-averaged potential vorticity
against meridional distance and; b) time-averaged streamfunction against meridional
distance. Note, given a sufficiently long time the time-averages become zonally sym-
metric.

Figure 4.6.

In Figure 4.7a the 〈q〉 − ψ relations for the forcing experiments, A-G are shown.

To view the 〈q〉−ψ relation on the same scale, the time-averaged streamfunction has

been rescaled by its average steady state boundary value Γ. Similarly the standard

deviation, SD(q), as a function of time-averaged streamfunction is presented in Figure

4.7b where

SD(q) = 〈(q − 〈q〉)2〉. (4.3)

We see a characteristic functional dependence of both the mean and the standard

deviation on the time-averaged streamfunction. There is a stark contrast between

these relations and those predicted by the equilibrium energy-enstrophy statistical

mechanics, which predicts a linearly varying mean and a constant standard deviation,

see Section 3.3.3 (e.g. Salmon et al., 1976; Jung et al., 2006). However, the mean

potential vorticity dependence on streamfunction bears resemblance to the tanh-like

relations ubiquitous in the generalized equilibrium Robert-Sommeria-Miller theory

(Venaille and Bouchet, 2011). This implies that these statistics require more than

knowledge of the energy and enstrophy to be explained. A detailed consideration

for the applicability of statistical mechanics theory to forced-dissipative flow is left
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Figure 4.7: a) Mean potential vorticity against normalized time-averaged streamfunc-
tion. b) Standard deviation of potential vorticity against normalized time-averaged
streamfunction. The streamfunction is normalized by it’s steady state boundary
value, Γ, which is the integrated zonal momentum. Each plot shows the results from
seven experiments each corresponding to a doubling of the forcing strength from the
previous. The data from panels a and b are rescaled with respect to their norm
to give; c) the average across all seven experiments of the rescaled mean potential
vorticity as the solid-black curve; d) the average across all seven experiments of the
rescaled standard deviation of the potential vorticity as the solid-black curve. In both
c and d the dashed-red curves give the standard error.

for future studies. Here we highlight the generic nature of these statistics and their

behaviour over a wide range of forcing and dissipation.

Figure 4.7c and d shows that the mean and standard deviation of potential vor-

ticity display a self-similar dependence on the normalized streamfunction when both

the 〈q〉−ψ relation and the SD(q)−ψ relation are rescaled by their l2-norm. The red

dashed lines in Figure 4.7c and d gives the error in this self-similarity which is found

to be small. Interestingly it is possible to relate the normalization factors for 〈q〉 and

SD(q) to the enstrophy of the flow. Assuming zonal symmetry in the time-mean, we
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can define a mean flow enstrophy as

C2[〈q〉] = Lx

∫
dy 〈q〉2 (4.4)

and an eddy enstrophy as

C2[q
′] = Lx

∫
dy
[
〈q2〉 − 〈q〉2

]
(4.5)

where q′ = q− 〈q〉2, C2[q] = C2[〈q〉] +C2[q
′] and Lx is the zonal extent of the domain

and enters through integrating over the zonal direction.

For the mean, the normalization factor is given as the l2-norm of the curves in

Figures 4.7a and b, which is written as

QMean =

√∫
dy 〈q〉2 =

√
C2[〈q〉]
Lx

, (4.6)

while for the standard deviation the normalization factor is similarly given as

QSD =

√∫
dy [〈q2〉 − 〈q〉2] =

√
C2[q′]

Lx
. (4.7)

We find that the 〈q〉−ψ relation and the SD(q)−ψ relations are self-similar over

a wide range of eastward forcing strengths (Figure 4.7), but not when the magnitude

of the dissipation is varied, or the sign of the forcing is changed, causing the jet to

flow in the opposite direction (Figure 4.8). The perturbed dissipation experiments,

if anything, show limited response in the mean while there is a scaled, although less

clean, response in the standard deviation of the potential vorticity. Although there

is still a partial self-similarity the collapse is found to be less clean. We suggest that

this difference is related to the fact that scale dependence of the forcing is unchanged

when its strength is varied, it always acts at the first zonal wavenumber. On the other

51



Mean Standard Deviation
a) b)

d)c)

H
I
J
K
L
M
N

O
P
Q
R
S
T
U

Figure 4.8: The mean (a and c) and standard deviation (b and d) as functions of
time-averaged streamfunction are shown for the dissipation (a and b) and reversed
forcing (c and d) experiments.

hand, the linear drag term interacts strongly with the flow over a different range of

scales as the linear drag coefficient is varied. Investigating this effect would require

additional experiments in which the width of the wind stress profile is varied as well

as the structure of the wind forcing; this is not explored further here.

An interesting feature of the experiments in which the dissipation is varied (Figure

4.8a and b) is the asymmetry in the SD(q) − ψ relation about ψ = 0 for the low

dissipation simulations, in particular H and I. We can see a clue to the resolution of

this puzzle in Figure 4.9 which shows a snapshot of steady state potential vorticity

for simulation H, the simulation with the lowest linear drag coefficient. We find that

a large coherent eddy has emerged in bottom half of the domain. A similar eddy can

also be seen in simulations I and J, see Figure 4.4; in the case of J the eddy appears

in the upper part of the domain. It is unclear why this eddy forms when the friction

is decreased.
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Figure 4.9: Snapshot of steady state potential vorticity for simulation H, r = 0.0008.
A large eddy with very negative potential vorticity is persistent in the bottom half of
the domain.

When the direction of the forcing is reversed, the mean and standard deviation

dependence on the time-averaged streamfunction is drastically altered and again there

is some self-similarity, although this is much less clear than for the eastward jets. The

main physical difference in the reversed forcing experiments is the loss of the clear

mixing barrier formed through Rossby wave dynamics. When the forcing is reversed

the instabilities are strong enough to ensure that a persistent Rossby wave is broken

up and this changes the nature of the flow in a significant manner.

In summary, it is found for eastward forcing that the mean and standard deviation

of the potential vorticity scales with forcing and that the dependence of the mean

and standard deviation on the time-averaged streamfunction is self-similar over a large

range of forcing strengths. The 〈q〉−ψ relation is self-similar when the streamfunction

is scaled by the total through channel momentum and the potential vorticity is scaled

by the square root of the mean field enstrophy. The SD(q)−ψ relation is self-similar

when the streamfunction is scaled by the total through channel momentum and the

potential vorticity is scaled by the square root of the eddy enstrophy. Thus, for

this experimental set-up it is possible to empirically deduce the mean and standard

deviation given that we know the enstrophy behaviour of the flow. It is inconclusive

whether the mean scales with dissipation but there is clear response in the standard

deviation to changed dissipation, although the self-similarity is not as clean. We see
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a changed behaviour in the reversed forcing experiment and leave a full description of

this flow regime for future work. In the following sections we concentrate on describing

the statistical phenomenology for the forcing experiments, A-G, referring to the other

experiments when pertinent to the argument.

4.5 Skewness, kurtosis and jet meandering

Gaussian statistics can be characterized using only knowledge of the mean and stan-

dard deviation. When the statistics are non-Gaussian it becomes important to con-

sider higher order statistics. We will here consider the 3rd and 4th order centred and

standardized moments, the skewness and kurtosis1, given respectively as

S =
〈(q − 〈q〉)3〉

SD(q)3
(4.8)

and

K =
〈(q − 〈q〉)4〉

SD(q)4
. (4.9)

The skewness is a measure of how asymmetric or lopsided a statistical distribution

is about its mean while the kurtosis is a measure of ‘peakiness’. A high kurtosis

implies a distribution which has a sharp peak with fat tails, a low kurtosis implies

small tails but a flat peak2. Figure 4.1 illustrates these moments schematically. Plots

of the skewness and kurtosis against normalized time-averaged streamfunction are

given in Figure 4.10a and b, for the simulations A-G. Contrasted with the scaling

behaviour of the mean and standard deviation, for central values of the normalized

time-averaged streamfunction, −0.4 < ψ/Γ < 0.4, the skewness and kurtosis display

invariance with respect to changed forcing. Not only is the skewness and kurtosis in

1Note that in some literature the term kurtosis is used to mean what is described here as the
excess kurtosis, K − 3.

2This picture relies on having an uni-modal distribution with one peak.
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Figure 4.10: a) skewness of potential vorticity as a function of time-averaged stream-
function. The line S = 0 is shown and represents statistics which is symmetric about
its mean. b) kurtosis of potential vorticity as a function of time-averaged stream-
function. The lines K = 3 and K = 1 are shown. A kurtosis of 3 corresponds to a
Gaussian distribution, a kurtosis greater than this is referred to as leptokurtic and
while a kurtosis of greater than three is referred to as platykurtic. A kurtosis of 1 is
the smallest possible kurtosis and corresponds to an unbiased coin toss. In c and d
the skewness and the kurtosis are given respectively from the bimodal distribution,
(4.10), and the trimodal distribution, (4.12). The parameters used are d = 10 and
c = 0.6.

the jet core behaviour fixed with respect to forcing strength, but this behaviour can

interpreted employing the results of Hughes et al. (2010) who show that a change in

sign of skewness coincident with low kurtosis values is indicative of a mixing barrier.

This is shown both in the relative vorticity anomaly data inferred from altimeter

observations as well as in a two-layer quasi-geostrophic model in a doubly periodic

channel. In this study, the same skewness/kurtosis behaviour is seen in a barotropic

model in a singly-periodic channel.

Central to the argument of Hughes et al. (2010) is the idea that a jet which acts

as a mixing barrier leads to a step in potential vorticity with homogenized values
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of potential vorticity on either side of the barrier. This potential vorticity staircase

paradigm for jets is reviewed in Dritschel and McIntyre (2008) and paints a picture

(along with the references therein) in which mixing or homogenization of potential

vorticity either side of a jump in the value of potential vorticity acts to reinforce the

mixing barrier and to amplify the jump in potential vorticity. This feedback leads

us to a picture where an observer standing at the centre of the jet, defined by either

ψ = 0 or y = 0, would see the value of potential vorticity flip from negative to positive

as the mixing barrier meanders past due to non-linearities or Rossby waves.

With the potential vorticity step picture in mind, we can explain the skew-

ness/kurtosis behaviour shown in Figure 4.10. A kurtosis of K = 1 is described

as sub-Gaussian. Kurtoses of greater than three are described as leptokurtic and

kurtoses of less than three are described as platykurtic. In Figure 4.10, the skewness

plot is marked with the line S = 0. The kurtosis plot is marked with the K = 3 line

corresponding to a Gaussian distribution and the K = 1 line which corresponds to

an unbiased coin toss or the unbiased Bernoulli process, a stochastic process where

the random variable can take one of two values. We see a distinct change in the

value of skewness for a time-averaged streamfunction of around zero. The skewness

behaviour is consistent across all forcing strengths for a range of −0.4 < ψ/Γ < 0.4,

which we refer to as the core of the jet. For larger values of normalized time-averaged

streamfunction the skewness becomes more varied across the different simulations.

Coincident with the described behaviour of skewness we see similar consistency in the

kurtosis for the range −0.4 < ψ/Γ < 0.4. The kurtosis in the core of the jet is predom-

inately platykurtic and we also see the kurtosis becoming close to sub-Gaussian. This

skewness/kurtosis behaviour is consistent with the findings of Hughes et al. (2010)

and can be interpreted as due to a flip in the value of potential vorticity as the mixing

barrier meanders, through the action of passing Rossby waves.

In fact, we can go further than the above discussion and consider a simple ana-
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lytical model for the skewness and kurtosis used by Hughes et al. (2010). This model

describes the statistics as Gaussian either side of a step in the value of potential vor-

ticity, with the meandering of the jet represented as a Bernoulli process. Thus, the

centred probability distribution for the potential vorticity is given by the sum of two

normal distributions scaled by factors, a and 1 − a and separated by d times their

standard deviation, σ. The parameter, a, is a decreasing function of meridional dis-

tance to represent the decreasing probability of observing positive potential vorticity

as the jet is crossed. The probability distribution is

ρ(q) = (1− a)N (q, aσd, σ) + aN (q, (a− 1)σd, σ) (4.10)

where

N(q, µ, σ) =
1√

2πσ2
exp

(
−(q − µ)2

σ2

)
, (4.11)

is the normal distribution as a function of potential vorticity, q, which is treated as

a random variable. The distribution is parameterized by a mean, µ, and standard

deviation, σ. By making the mean of each of the Gaussian peaks depend on a we

ensure the total distribution has zero mean, giving us the centred statistics we need

to calculate the skewness and kurtosis. The skewness and kurtosis corresponding to

this distribution is shown in Figure 4.10c and d respectively. These analytically de-

rived curves bear a striking resemblance to the observed behaviour as a function of

streamfunction shown in Figure 4.10a and b (and also for the corresponding curves

in Figure 4.11 for the dissipation experiment only). The observed behaviour of skew-

ness/kurtosis is more variable near the boundary, suggesting that the simple statistical

model presented here is most appropriate near the core of the jet.

This simple model is able to qualitatively reproduce the skewness/kurtosis be-

haviour extending away from the centre of the jet. We can intuitively explain the

high peaks in kurtosis at large values of streamfunction; as one of peaks gets very

57



small the kurtosis it appears as a very large skewed tail of the larger peak leading

to a high value of kurtosis. However, as the height of the smaller peak goes to zero,

the kurtosis must go to three; that is, the kurtosis of a normal distribution. Due to

the close similarity between the analytical curves and the model diagnosed curves,

it is tempting to forget that the former is plotted as a function of normalized time-

averaged streamfunction, ψ/Γ, while the latter is a function of the weighting factor, a.

Thus the resemblance suggests a close relationship between a and ψ/Γ, both mono-

tonic functions of meridional distance, although the establishment of a quantitative

relationship remains an open problem.

One matter of concern lies in the fact that when we plot the distribution of

potential vorticity for a given time-averaged streamfunction the statistics is trimodal,

Figure 4.12, unlike the bimodal distribution, (4.10). To take account of this, the

calculation of Hughes et al. (2010) is modified by a central Gaussian peak of height

weight, c, giving a probability distribution of

ρ(q) =
1

1 + c

[
(1− a)N (q, aσd, σ)

+ cN (q, 0, σ)

+ aN (q, (a− 1)σd, σ)
]
. (4.12)

The results of this calculation is also shown in Figure 4.10. The trimodal nature of

the statistics observed in some of the experiments will be discussed further in Sections

4.6 and 4.7. However it is clear from Figure 4.10 that the addition of a central peak

does not change the qualitative story.

In a barotropic channel, we have observed a change in sign of skewness across a

jet, this, combined with a low kurtosis, is indicative of a mixing barrier. A highly

simplified model describing the statistics of the jet meandering as a Bernoulli distribu-

tion with superimposed small-scale Gaussian noise gives surprisingly good qualitative
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Figure 4.11: The skewness (a and c) and kurtosis (b and d) as functions of time-
averaged streamfunction are shown for the dissipation (a and b) and reversed forcing
(c and d) experiments. Again the S = 0 line is shown for the skewness and the K = 3
and K = 1 for the kurtosis.

agreement with the observed skewness and kurtosis across the jet over a wide range

of forcing and dissipation.

Figure 4.11 shows how this behaviour changes in the dissipation and reversed forc-

ing experiments. For the dissipation experiments, Figure 4.11a and b, we see a similar

picture to the forcing experiments for all but the two lowest dissipation parameters.

These outliers are linked to the clear asymmetry in the standard deviation shown in

Figure 4.8b. For the other dissipation parameters we see a crossing of the S = 0 line

coincident with platykurtic kurtoses close to K = 1. The real difference is seen in

the reversed jet experiment (Figure 4.11c and d). Here the skewness behaviour is in

the opposite sense, now going from positive to negative, and the values differ greatly

between the different (reversed) forcing strengths. In the core of the jet the kurtosis is

leptokurtic for all simulations and does not display the near sub-Gaussian behaviour
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in the other two experiments.

The drastic change of the skewness/kurtosis behaviour can be understood when

we realize that in reversing the direction of forcing, resulting in a east to west rather

than a west to east jet, we have changed the jet dynamics, as discussed in Section 4.3,

causing the mixing barrier to be broken up. This allows the potential vorticity to be

mixed in the north-south direction, resulting in a jet without a mixing barrier, destroy-

ing the coin-toss like picture and the corresponding signal in the skewness/kurtosis

behaviour. When the mixing barrier is present the skewness/kurtosis behaviour can

be explained by a mixed distribution; this will be discussed further in Section 4.7. We

have shown here that in a barotropic re-entrant channel that the presence of a mixing

barrier results in a characteristic skewness/kurtosis across jet behaviour. When the

mixing barrier is removed, the skewness/kurtosis behaviour does not persist.

4.6 Streamfunction-following statistics

In the previous section we saw that the skewness/kurtosis behaviour can be partially

explained through a simple statistical description in the presence of a mixing barrier

and that the observed skewness/kurtosis behaviour is indeed characteristic of a mixing

barrier. In this section, we consider the dependence of the statistics on the coordinate

system in which the statistics are calculated. We consider three frames of reference,

leading to three methods of time-averaging:

• Eulerian time-averaging, in which the statistics are calculated along the zonally-

symmetric, time-mean streamfunction contours.

• Galilean transformed time-averaging, in which the statistics are calculated along

the non-zonally symmetric time-mean streamfunction contours in a frame of

reference moving at the phase speed of the dominant Rossby wave. Further

details of this methodology as well Rossby wave spectra, identifying waves other
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than the dominant wave, are presented in Appendix B,

• Streamfunction following time-averaging, in which the statistics are calculated

along the instantaneous streamfunction contours.

In the interests of brevity, we present results only for the experiments with the changed

forcing strength, A-G.

We start by considering in more detail the statistics of the flow for a particular

simulation. Figure 4.12 shows the various ways to view histograms of the potential

vorticity for simulation D from the forcing experiment. At the top of the figure

the joint histogram for potential vorticity and streamfunction is shown for all zonal

distances and times on the y = 0 (or approximately the ψ = 0 line). The histogram is

trimodal, looking like a mountain range with three peaks running in a fairly straight

q − ψ line. We see here three distinct statistical populations in q and ψ. Below

in Figure 4.12 are histograms of potential vorticity using various ways of taking the

statistics. On the left we have shown the histogram of potential vorticity for all zonal

distances and times on the ψ = 0 line. This is equivalent to the joint histogram

above where we have marginalized out the streamfunction. We see that although the

marginalized histogram has three peaks the joint histogram tells us that each peak

corresponds to different values of instantaneous streamfunction.

In what follows, it will be shown that the two side peaks correspond to the regions

of homogenized potential vorticity either side of the potential vorticity step. This

gives rise to the skewness/kurtosis behaviour considered in Section 4.5. In the middle

plots, we consider how moving to a frame of reference travelling at the wave-speed

of the most dominant Rossby wave may affect the statistics. In this way we hope to

remove much of the meandering of the jet that is due to the dominant Rossby wave

passing through the channel. This yields the Galilean transformed time-averaged

streamfunction shown in Figure 4.12 (bottom-middle). Despite changing the relative

size of the three peaks discussed previously, this method of taking the statistics is
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Figure 4.12: This figure shows different ways to look at the statistics in the middle
of the jet for forcing experiment D. Top - joint histogram of potential vorticity and
streamfunction at the central meridional distance (close to the ψ = 0 line). Middle row
- three histograms of potential vorticity with the statistics sampled in different ways.
Bottom row - streamfunction in various frames of reference are plotted illustrating the
ways the statistics were sampled for the middle histograms. Left column - statistics
taken from positions defined by the time-averaged streamfunction, ψ = 0 contour,
these positions are fixed in time. Middle column - statistics taken from positions
defined by the Galilean transformed time-averaged streamfunction, ψGT = 0 contour,
these positions are also fixed in time. Right column - statistics taken from positions
defined by the instantaneous streamfunction, ψ = 0 contour, these positions are
allowed to change with time. The scale for the distribution above is omitted as it
can be normalized away and we are only interested in the shape of the distribution
at present.
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Figure 4.13: a) the mean, b) standard deviation, c) skewness and d) kurtosis as
functions of instantaneous streamfunction are show. Here the statistics has been
sampled along contours of streamfunction for all times.

insufficient to remove the tri-modality of the histogram. If however, we use the

instantaneous streamfunction ψ = 0 as the spatial ordinate for taking the statistics

we completely remove the two side peaks in the distribution giving rise to an unimodal

histogram. Thus by explicitly moving with the meandering jet we have drastically

altered, and simplified, the structure of the potential vorticity distribution. This also

proves that the the two side peaks, apparent when the statistics is viewed from an

Eulerian perspective, are due to the large scale meandering of the mixing barrier

and are distributions of the regions of homogenized potential vorticity either side.

This leaves only the potential vorticity statistics within the strong potential vorticity

gradient itself as can be seen in Figure 4.12.

Figure 4.13 shows the first four moments considered in previous sections now

as a function of the normalized instantaneous streamfunction. The behaviour of the
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mean is qualitatively unchanged from that observed in Section 4.4, while the standard

deviation displays major qualitative differences. For the lower forcing strengths A-

E the standard deviation is suppressed around ψ = 0 while for the two highest

forcing strengths the central standard deviation is enhanced. The variation between

simulations in the skewness and kurtosis is very large and it is hard to discern a

consistent behaviour. However it clear that characteristic behaviour indicative of

a mixing barrier is now lost and the kurtosis is on the whole leptokurtic and does

not show the low (close to K = 1) kurtosis behaviour when the statistics was taken

on contours of time-averaged streamfunction. The change of sign of skewness is no

longer coincident with low kurtosis values. Thus, we have shown that this behaviour

disappears when the mixing barrier is removed either through changing the physics

or by moving into a frame of reference of the instantaneous streamfunction.

At this point it is worth considering how these statistics, given in Figure 4.13,

correspond to the prediction of equilibrium statistical mechanics theory. An equilib-

rium, energy-enstrophy, theory (Salmon et al., 1976; Jung et al., 2006) predicts that

the mean will be linear with respect to streamfunction, the standard deviation will

be constant, the skewness will have value, S = 0, and the kurtosis will have value,

K = 3. We see that these four criteria are approximately met in the centre of the

jet for the lowest strength of forcing. This suggests agreement with the results of the

equilibrium theory when forcing is weak and the meandering of the mixing barrier has

been taken into account. This chimes with the study of Jung et al. (2006) in which

they moved into the frame of reference of their large scale Rossby wave to observe

their statistics. We suggest that the reason this procedure does not work here is the

absence of any significant scale separation in contrast to the experiment of Jung et al.

(2006). This could be due to various factors including: strength of dissipation; length

scale of forcing; and strength of the β-term.

The joint histograms agree with the interpretation of separate statistical popula-
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tions either side of zero streamfunction and is consistent with presence of a mixing

barrier. Here we considered one example of the joint q-ψ statistics but will consider

the histograms for other simulations further in Section 4.7. Although containing much

Lagrangian information the streamfunction-following frame of reference is not equiva-

lent to following a Lagrangian trajectory for a time-varying streamlines, we will refer

to such a frame of reference as quasi-Lagrangian. We have shown that performing

the statistical analysis in a quasi-Lagrangian frame of reference removes the multi-

modal nature of the distribution simplifying the statistics but at the cost of a more

complicated time-averaging. In addition, the simulation with lowest forcing strength

gives an approximate agreement with Jung et al. (2006) in both the quasi-Lagrangian

frame and the reversed forcing statistics. It could be argued that as the strength of

forcing is reduced the statistics tends to the (energy-enstrophy) equilibrium statistical

mechanics prediction, but only when the mixing barrier is removed.

4.7 Discussion

In this discussion we will draw together the results from the previous sections by con-

sidering: joint distributions of potential vorticity and streamfunction; the concept of

mixed distributions and their importance to describing mixing barriers3; implications

for stochastic parameterizations; and the application to the Southern Ocean. In this

way we are able to highlight some key implications of the results of this study.

4.7.1 Joint probability distributions

To highlight the statistical nature of mixing barriers it is fruitful to consider the q−ψ

joint histograms for all the forcing strengths in simulations A-G, given in Figure

3Due to an unfortunate combination of terminology from different fields the prefix ‘mix’ here
should be understood in different ways; in the former case ‘mixed’ refers to a mix of continuous and
discrete random variables, in the latter case ‘mixing’ refers to turbulent mixing.
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Figure 4.14: Plots of the joint histograms of potential vorticity and streamfunction
for the forcing experiment, simulations A-G. Colour scale gives the number of counts
in each of the 100 × 100 bins. Brighter - more counts. Black - zero counts. White -
maximum counts.

4.14. As with the example given in Figure 4.12 we have plotted the joint counts of

potential vorticity and streamfunction for 100× 100 bins, with the width set by the

range of the data. As mentioned, the distributions are a mixture of bimodal and

trimodal; A and G are bimodal; B and F have a weak central peak; C, D and E

are trimodal. As described previously we see the clear separation of the statistical
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populations consistent with the picture of a meandering potential vorticity step, but

further to this we see interesting features of the statistics.

Firstly the question is raised of what causes the existence of the third peak seen in

B-F, centered at 0. From examining the details of the flow evolution it appears that

this central peak coincides with the emergence of a spatially narrow region in the core

of the jet where the potential vorticity gradient is weakened coming to zero (or even

a weakly negative value). This narrow homogenized region appears intermittently

within the otherwise strong potential vorticity gradient associated with the channel

Rossby wave. This can be seen in the snapshot from simulation D, Figure 4.2. While

difficult to observe in noisy snapshots of potential vorticity, this becomes apparent

when the potential vorticity is plotted against streamfunction as the streamfunction’s

latitudinal gradient (or zonal velocity) has its largest magnitudes near the centre of

the jet, see Figure 4.12, D. Secondly we notice that the areas of high bin count are

elongated in the streamfunction direction, giving the same value of mean potential

vorticity for many values of streamfunction: apparent in the data from simulations C-

G. This quite clearly demonstrates the potential vorticity homogenization paradigm

discussed in, for example, Esler (2008a,b). Indeed, the potential vorticity step with

adjacent regions of homogenization is made very apparent when the flow is viewed as

a potential vorticity/streamfunction joint distribution.

4.7.2 Mixed distributions

We have shown that the statistics of potential vorticity in the presence of a mix-

ing barrier are described by mixed distributions, a sum of distributions of random

variables. Mixed distributions are distributions corresponding to random variables

created by a random choice of other random variables. In other words, they are a

convolution of discrete and continuous random variables. Here, the discrete random

variable represents the regions separated by the mixing barrier and the continuous
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random variable represents the statistics of the homogenized regions. The full Eule-

rian statistics is then given by randomly selecting which side of the mixing barrier

we are standing through a Bernoulli trial. The simple models (4.10) and (4.12) are

examples of mixed distributions. This opens up the possibility of using Gaussian

Mixture Modeling methods to analyse the statistics of meandering mixing barriers.

These methods have been used in atmospheric dynamics (Hannachi, 2007) to con-

sider weather regimes and also, more recently, in oceanography (Maze et al., 2017)

to classify hydrographic profiles.

An important consequence of the mixed nature of these distributions is that they

are difficult to reconstruct from a maximization of information entropy given knowl-

edge of a modest number of moments. If we assume that we know that the first N

moments

〈xn〉 =

∫
dxxnρ(x) (4.13)

of a probability distribution, ρ, then maximization of information entropy

S[ρ] = −
∫

dxρ ln ρ, (4.14)

gives a probability distribution of the form

ρ =
1

Z exp

(
N∑
n=1

αnx
n

)
, (4.15)

where the αn are the Lagrange multipliers used in the maximization of entropy (e.g.

Mead and Papanicolaou, 1984).

Mixed distributions such as (4.10) and (4.12) cannot be inferred in this way

through only knowledge of the measured moments. The maximum entropy distri-

bution, (4.15), can be used to approximate multimodal distributions such as (4.10)

and (4.12) but this requires N to be very large (example calculations suggest N needs

68



to be as high as 100), considerably beyond what is available from data. Essentially

this comes from the difficulty of representing a bimodal distribution by the exponen-

tial of a Taylor expansion: a very large number of terms would need to be kept to

capture two well separated peaks. The maximum entropy method of approximating

probability distribution functions was successfully used in Porta Mana and Zanna

(2014) to fit the diagnosed distribution of a stochastic parameterization where the

distributions considered were unimodal; this method of fitting probability distribution

functions would be inappropriate for use in the case considered in this study.

4.7.3 Stochastic parameterization

The results in this study have important consequences for the way we approach the

stochastic parameterization of ocean mesoscale turbulence. If we parameterize the

Eulerian eddy forcing tendency, then it is essential that we do this in a way that will

lead to a mixed probability distribution for potential vorticity in the presence of a

strong mixing barrier. It is therefore prudent to both take into account higher order

cumulants as well as spatial correlations as these are required to describe the structure

of jets. This is the approach followed in stochastic structural stability theory (e.g.

Farrell and Ioannou, 2003) and in the cumulant expansion method (e.g. Marston

et al., 2008); by solving prognostic equations for statistical cumulants of the flow

it is possible represent eddy-mean flow interactions which respect the steady state

structure and dynamics of turbulent jets.

An alternative interpretation of the results presented in this study is that a

stochastic parameterization should be implemented in a Lagrangian sense, allowing

the noise to be simpler in structure: monomodal instead of the multimodal statistics

seen in a Eulerian frame. Recently parameterizations have been developed which

modify the Lagrangian tendencies rather than the Eulerian tendencies (Holm and

Nadiga, 2003; Holm and Wingate, 2005; Porta Mana and Zanna, 2014; Zanna et al.,
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2017); Porta Mana and Zanna (2014) do this by stochastically modifying the La-

grangian tendency of potential vorticity in a quasi-geostrophic model. We can see

this by considering the potential vorticity equation

Dq

Dt
= D + F + η, (4.16)

where D, F and η are the dissipation, forcing and stochastic noise respectively. In this

formulation the noise can only influence the Eulerian tendency of potential vorticity.

However, the parameterization introduced by Porta Mana and Zanna (2014) can be

written as

Dq

Dt
= D + F + κ∇2

(
Dq

Dt

)
(4.17)

where κ is now a stochastic noise with a negative mean value. By rewriting as

(
1− κ∇2

) Dq
Dt

= D + F, (4.18)

we can see that the additive noise in (4.16) cannot be distinguished from a perturba-

tion of the Eulerian tendency only, whilst the multiplicative operator in (4.18) can.

This makes parameterizations of this form an advantageous framework for a stochas-

tic treatment as the potential vorticity distributions become simpler when viewed in

a Lagrangian frame of reference, see Section 4.6.

4.8 Concluding remarks

The relationships between streamfunction and the various statistics we have diag-

nosed in this study cannot be explained by equilibrium energy-enstrophy statistical

mechanics theories, contrary to the result of Jung et al. (2006) who found good agree-

ment with a barotropic rotating annulus experiment. Whether more general versions

of the theory can be used to explain the generic statistical characteristics of this flow
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will require a deeper understanding of the response of the statistics to forcing and

dissipation. In this study we explored the phenomenology of these statistics over a

wide range of forcing and dissipation strengths. We have shown that the mean and

standard deviation of the potential vorticity as a function of time-averaged stream-

function exhibits self-similar behaviour for barotropic flow across a wide magnitude

range of eastward wind stress. The self-similarity is also observed when the dissipa-

tion is perturbed and when the direction of wind stress is reversed, although in these

cases self-similarity is less clear. As the self-similarity is stronger for eastward forc-

ing, and consequently eastward mean flow, we infer that this self-similar behaviour

is influenced by the emergent mixing barrier that forms in the present set of numeri-

cal experiments. Additionally, by relating the scaling factor of this self-similarity to

the global enstrophy of the flow, we have related the dependence of the mean and

standard deviation of potential vorticity to the global balanced quantities of the flow

in a statistically steady state. Importantly, this reduces the problem of determining

the mean and standard deviation to only needing to know a single quantity: the

enstrophy (or eddy enstrophy in the case of the standard deviation). Further work

will be needed to fully determine the range of parameter space for which this self

similarity behaviour exists. It is also clear that the implications of this result have

not been fully elucidated with respect to eddy-mean flow interaction in a statistically

steady state jet. In future work it is important to relate this self-similar scaling to

the imposed parameters of the model such as the wind stress strength.

The behaviour of skewness and kurtosis as a function of time-averaged stream-

function is characteristic of a mixing barrier and a simple statistical model was used

to paint a statistical picture of a mixing barrier. Any potential stochastic parameter-

ization must respect the multimodal, and mixed, statistics of a mixing barrier along

with its consequent skewness and kurtosis behaviour. This highlights the importance

of understanding the influence of highly non-Gaussian noise on the mean flow. It has
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been shown that the statistics is no longer multimodal when viewed from a frame

of reference moving with the barrier itself. This suggests a separation between the

statistics due to the diffusive eddies in the homogenized regions of potential vorticity

and the statistics of the barrier meandering, that is, the statistics of the large scale

Rossby waves. This also highlights the potential importance of Lagrangian thinking

when attempting to parameterize eddy statistics.

We have argued that the results presented here have important implications for

stochastic parameterizations as well as being an useful tool for the study of ocean jets

and their influence on mixing. Despite the increased complexity of comprehensive

ocean models, the statistical picture we have painted relies on the existence of a mixing

barrier rather than on the barotropic nature of the dynamics. For this reason, we

anticipate that our results should have much broader applicability to baroclinic flows

(cf. Hughes et al., 2010) it will be important to relate the neutral density dependence

of the statistics to the depth dependence of the statistics; we expect strong mixing

barriers forming near the surface but not at depth, consistent with observations of the

Gulf Stream (Bower et al., 1985), observation-constrained data in the Southern Ocean

(Abernathey et al., 2010), and idealized numerical calculations (Esler, 2008a,b). The

extension of these ideas to a realistic ocean model is the subject of Chapter 5.

In conclusion, we have presented a simple yet useful description of the statistics

of a barotropic jet with a mixing barrier over a wide range of forcing and dissipation

strengths. The jet meandering can be described by Bernoulli statistics while the

diffusive turbulence either side is described by a superposed small-scale noise. This

way in which the mixing barrier separates the statistical populations of potential

vorticity either side can be considered not only as a statistical model of mixing barriers

but as a expression of what a mixing barrier is in a statistical sense. We hope that

the statistical picture of mixing barriers presented here can provide a foundation for

future work on the stochastic representation of eddies and their dynamics in ocean
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models.
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Chapter 5

Statistical perspectives on the

Southern Ocean

5.1 Introduction

In this chapter I will consider how the statistics considered in Chapter 4 can teach us

about potential vorticity fronts, jets and mixing barriers in a realistic representation

of the Southern Ocean. As discussed in Chapter 1, the Southern Ocean plays a key

role within the global ocean circulation and eddies play a singular role, as it is only

through eddies that large scale Southern Ocean dynamical balances are maintained. It

is therefore pertinent to understand the interactions between these turbulent motions

and the larger-scale Antarctic Circumpolar Current.

As a requisite to understanding the potential vorticity structure of the Antarctic

Circumpolar Current it is important to locate potential vorticity fronts and to deter-

mine their nature. In order to pursue this goal it important to carefully define the

terminology used, as discussed in more detail in Section 2.7, but repeated here for

clarity:

• A potential vorticity front is a region of high potential vorticity gradient sepa-
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rating regions with differing potential vorticity.

• A mixing barrier is a potential vorticity front which prohibits mixing across the

front.

• A jet is a region of high mean velocity, often well aligned with the zonal direc-

tion.

As we found in Chapter 4, where jets were found both with and without mixing

barriers; we find that in the complicated potential vorticity structure of the Southern

Ocean, it is important to make the distinction between the three terms above.

In this study we consider the utility of potential vorticity statistics in understand-

ing the location and nature of potential vorticity fronts diagnosed from the Southern

Ocean State Estimate (SOSE). Further, we consider the relationship of these statis-

tics to measures of eddy diffusivity in order to understand the influence of mean flows

on the eddies. The specific aims of this chapter are as follows:

• To use skewness/kurtosis, as in Chapter 4, to locate potential vorticity fronts

within SOSE by using simple statistics viewed in various frames of reference.

• To interpret the relationship of these potential vorticity fronts to mixing barriers

and jets.

• To test the relationship between the kurtosis of potential vorticity and eddy

diffusivity.

A summary of the chapter is as follows. In Section 5.1.1 a short literature review

is given on identifying jets and potential vorticity fronts in the Southern Ocean. In

Section 5.1.2, a short literature review is given on the suppression of mixing by mean

flows in the Southern Ocean. In Section 5.2, SOSE data is introduced and described.

In Section 5.3, simple statistics of the Southern Ocean flow are computed at the

surface, at depth and on neutral density surface, the implications of these statistics for
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fronts, jets and mixing barriers are discussed. In Section 5.4, a calculation of isopycnal

(neutral density) Osborn-Cox (eddy) diffusivity is presented and its relationship to

the simple statistics is discussed. In Section 5.5, distributions of potential vorticity

on neutral density surfaces are considered. In Section 5.6, some concluding remarks

are given.

5.1.1 Potential vorticity front identification

There have been various other methodologies proposed to identify Southern Ocean

jets, three of which are introduced below:

• Gradient threshold methods. Here jets are searched for by looking for locations

where the sea surface height gradient exceeds some threshold (Graham et al.,

2012; Chapman, 2014).

• Contour methods. Jets are located by fitting contours which pick out continuous

contours of high sea surface height gradient (Volkov and Zlotnicki, 2012).

• Probability distribution function methods. Jets are located by looking for spa-

tially bimodal distributions of sea surface height (Thompson et al., 2010), sim-

ilar to Hughes et al. (2010) who consider temporal statistics. We expect a sea

surface height to be bimodal in the region of jets as high sea surface height

gradient, or a step, is related to high velocity through geostrophic balance.

Both gradient threshold methods and contour methods rely on taking the gradient of

ocean fields which reduces the effective resolution as well as amplifies noise. Contour

methods however, have the advantage of unifying a dynamical and hydrographical

perspective of ocean jets. Probability distribution function methods are simpler but

do produce a spatially or temporally coarse-grained picture of ocean jets. For a full

review of the literature and the advantages and disadvantages of each method the

reader is referred to the extensive discussion in Chapman (2014).
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While the method of Hughes et al. (2010) is not the only method of jet detection

from sea surface height data and is perhaps not the most effective (one major disad-

vantage, for example, is that it relies on temporal statistics and therefore does not

allow for tracking jet locations in time), it has the advantage of relying on simple po-

tential vorticity temporal statistics, allowing for an examination of the flow at depth

and in the complex geometry of isopycnal surfaces.

5.1.2 Mixing suppression by mean flows

Mixing by mesoscale eddies in the Southern Ocean has received much attention (Mar-

shall et al., 2006; Shuckburgh et al., 2009b; Abernathey et al., 2010; Sallée et al., 2011;

Naviera Garabato et al., 2011; Abernathey and Marshall, 2013) and, in particular,

the question of the how mean flows suppress this mixing (Ferrari and Nikurashin,

2010; Klocker et al., 2012).

Bower et al. (1985), found that the Gulf Stream suppresses mixing in the surface

flow while permitting mixing across the jets at depth. The paradigm of Dritschel and

McIntyre (2008) is that the inhomogeneous nature of geostrophic turbulence leads to

self rectifying jets and the formation of a potential vorticity front1 which prohibits

mixing across it. Ferrari and Nikurashin (2010) and Klocker et al. (2012) argue that

as the background flow decays with depth it reaches a level where zonal velocity

becomes equal to the Rossby phase speed leading to the breakdown of the mixing

barrier.

5.2 The Southern Ocean State Estimate

Due to the sparsity of in-situ observations, we calculate the statistics from the South-

ern Ocean State Estimate (SOSE) (Mazloff et al., 2010), a numerical model at 1/6◦

1Often referred to as a ‘potential vorticity front’ or the ‘potential vorticity staircase’.
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(a)

(b)

A

A
B
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C
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D
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E

E

Figure 5.1: a) Time-mean surface relative vorticity and b) bathymetry (depth) of
the Southern Ocean. The locations of geographical regions which are relevant to
this study: A, the region of the Agulhas current retroflection (as it encounters the
Antarctic Circumpolar Current) with Agulhas rigs propagating north-west from the
region towards the South Atlantic; B, the region of the Kerguelen Plateau; C, the
region of the Campbell Plateau; C, the approximate region of the DIMES experiment
(Gille et al., 2007), passing through the Drake Passage; E, the region of the Malvinas
western boundary current and its extension.

resolution, constrained to fit, as closely as possible, a wide range of observational data

which include: altimetry observations of sea surface height; ARGO float profiles; as

well as observations from elephant seals. It is important to note that SOSE data

is not observational data; SOSE data is derived from a numerical ocean model and

subject to the caveats normally associated with ocean models, such as issues with

numerical convergence. There are many sources of uncertainties contained within

SOSE, including structural errors in the model, resolution errors in the model as well

as observational measurement errors. However, SOSE is found to be an improved

representation of the observational data compared to the often used World Ocean

Atlas 2001 (Mazloff et al., 2010).

Figure 5.1a shows the time-mean surface relative vorticity characterizing the typ-

ical flow found from SOSE. In order to contextualize this flow geographically the
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bathymetry is given in Figure 5.1b.

Hughes et al. (2010) showed that the skewness and kurtosis of relative vorticity

can be used to identify strong jets from altimetry observations; we will compare the

results of Hughes et al. (2010) to the skewness/kurtosis diagnosed from SOSE surface

relative vorticity.

Using data from the SOSE we can also look for this skewness/kurtosis signatures

at depth. This will be done in both a Eulerian2 sense and in a frame of reference fol-

lowing time-varying neutral density surfaces (Jackett and McDougall, 1997), a means

of producing a surface on which motions are approximately adiabatic. Isopycnal po-

tential vorticity dynamics is analogous to ideal quasi-geostrophic dynamics, used in

Chapters 4 and 6, as they are both statements of the material balance of potential

vorticity between its sources, sinks. We will take statistics on 5-day mean neutral

density surfaces of the Ertel potential vorticity

Q =
(ω + f) · ∇γn

ρ0
, (5.1)

where ω is the three-dimensional relative vorticity, f is the planetary vorticity, γn is

the neutral density, and ρ0 is the reference density under the Boussinesq approxima-

tion. By calculating the potential vorticity from Southern Ocean State Estimate data

and interpolating onto 5-day mean neutral density surfaces we are able to compute

the skewness and kurtosis as functions of longitude, latitude in both depth and neu-

tral density coordinates. The time period of the integration is from 1st of January

2005 until 31st of December 2010.

2At a fixed point in longitude, latitude and depth.
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a) b)

Figure 5.2: a) Skewness and b) kurtosis of surface relative vorticity (de-trended and
with seasonal cycle removed) in the region of the Agulhas current retroflection for the
whole time period.

5.3 Simple potential vorticity statistics: skewness

and kurtosis

5.3.1 Surface statistics

We begin by considering the statistics of the surface flow in order to draw a direct

comparison with the work of Hughes et al. (2010). Figure 5.2a and b give the skewness

and kurtosis of the surface relative vorticity respectively; the data have been de-

trended and the seasonal cycle has been removed by subtracting the mean for each

month. Shown, is the region of the Agulhas retroflection where the fronts can be seen

in the simple statistics.

Following Hughes et al. (2010) and Chapter 4 we look for positive-to-negative

skewness feature concomitant with a high-low-high kurtosis feature as an indicator

of a meandering potential vorticity front. As per Hughes et al. (2010), we argue that

relative vorticity, as well as potential vorticity, will exhibit a front in the core of a jet.

The skewness/kurtosis features are identified by inspection according to the criteria:

1) a skewness feature is a strong negative (approaching S = −1) next to a strong

positive (approaching S = 1) while a kurtosis feature should be a platykurtic region
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(1 < K < 3) flanked by leptokurtic regions (K > 3); 2) the skewness and kurtosis

features are concomitant; 3) a feature is extended in space, predominantly in a zonal

direction; 4) a feature is consistent with our expectation of where strong currents

should be. This methodology is somewhat subjective and this should be considered

a caveat for the work presented in this chapter. In future work, it would be advan-

tageous make this procedure automatic but this is unnecessary for the current study

where we are interested in understanding the underlying statistics from a physical

perspective.

The resulting skewness/kurtosis maps display a noisy structure and it not possible

to locate all the expected Antarctic Circumpolar Current fronts from the simple

diagnostic. A weak signal can, however, be identified to the south of South Africa in

the vicinity of the Agulhas Current retroflection (Figure 5.1 and Figure 5.2). Three

features with positive-negative skewness and high-low-high kurtosis are worth noting:

1) a strong and narrow signal extending southwards from where the Agulhas Current

detaches from topography; 2) a weaker signal in the retroflection region where the

Antarctic Circumpolar Current and the Agulhas current merge; and 3) a strong and

clear signal associated with the formation of Agulhas rings as they drift into the South

Atlantic. This third skewness/kurtosis feature, associated with coherent eddies rather

than meandering fronts, is not discussed in Hughes et al. (2010) nor in Chapter 4,

and indicates the important influence that various coherent structures in geophysical

flows have on higher order statistics of the flow.

By identifying the jets in the Agulhas retroflection region we have been able to

reproduce the result of Hughes et al. (2010) who find the strongest skewness/kurtosis

signal here. The skewness/kurtosis diagnostics of Hughes et al. (2010) give a stronger

(and cleaner) signal for the Agulhas Current retroflection, as well as identifying further

jets within the Antarctic Circumpolar current using satellite altimetry data (Le Traon

et al., 1998). There are a few possible explanations for the discrepancy. Although

81



the altimetry data only has a horizontal resolution roughly equivalent to 1◦ , we must

remember that the SOSE data is from a numerical simulation (constrained by data)

in an eddy permitting regime; by not fully resolving the mesoscale ocean turbulence

we expect that the fronts within the SOSE simulation may not be as sharp and

that the fronts may exhibit reduced meandering compared with observational data.

In addition, the SOSE time-series is six years long, substantially shorter than the

available observational data from altimetry. It is also not clear what the effect is

of including modifying surface boundary conditions, via optimization, as is done for

SOSE. The modified surface forcing changes the potential vorticity at the surface

likely leading incorrect flow structures.

5.3.2 Eulerian statistics

SOSE data allows us to consider potential vorticity statistics directly (i.e. not simply

relative vorticity statistics) as well as consider the depth structure of these statistics.

Diagnosing the potential vorticity defined by equation (5.1), we can compute the

Eulerian skewness and kurtosis at depth; that is, statistics derived from the point-

wise time-series in an Eulerian coordinate system. Figure 5.3 shows various statistics

of pertinent quantities associated with the Antarctic Circumpolar Current. Skewness

is not shown here for brevity as it is found that in all places where there is a high-low-

high kurtosis feature, a concomitant positive-negative skewness feature is present.

Figure 5.3a shows a horizontal cross-section of kurtosis at a depth of 328m. Here

we see two kurtosis (high-low-high) features, one south of Australia and another west

of the Drake Passage, indicating the presence of a meandering potential vorticity front.

Vertical cross-sections of these kurtosis are given in Figure 5.3b and c (longitudes,

143.4◦ and 288.2◦) displaying the depth structure of this feature. By comparing with

the time-mean zonal velocities, Figure 5.3f and g, at the same longitudes we see that

the kurtosis feature is concomitant with a region of high time-mean zonal velocity:
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a)

b) c)

d) e)

f) g)

Figure 5.3: a) A horizontal cross-section of potential vorticity kurtosis at depth z =
−328m. b) A vertical cross-section of potential vorticity kurtosis at longitude of
143.4◦. c) A vertical cross-section of potential vorticity kurtosis at longitude of 288.2◦.
d) A vertical cross-section of time-mean zonal velocity at longitude of 143.4◦. e) A
vertical cross-section of time-mean zonal velocity at longitude of 288.4◦. f) A vertical
cross-section of time-mean zonal potential vorticity at longitude of 143.4◦. g) A
vertical cross-section of time-mean zonal potential vorticity at longitude of 288.2◦.

a jet. The kurtosis feature is only present near surface whereas the time-mean zonal

velocity extends to depth and has an equivalent barotropic nature; that is, while

not formally barotropic the flows are characterized by structures with a deep vertical

extent. To establish that the kurtosis feature is picking out a meandering potential

vorticity front we plot the time-mean potential vorticity, shown in Figure 5.3f and

g. We see that there is indeed a potential vorticity front between a high potential
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a) b)

Figure 5.4: Detailed plot of high-low-high kurtosis feature in a vertical cross-section at
longitude a) 143.4◦and b) 288.2◦. Contours of time-mean neutral density are shown.

vorticity tongue coming down from the surface and a region of low potential vorticity

to the north of the jet. The low region of potential vorticity is associated with the

formation of mode water, a weakly stratified water mass formed by a deep winter

mixed layer which is capped by the shallower summer mixed layer (Hasson et al.,

2012).

Similarly to in Chapter 4, we find a high-low-high kurtosis signature associated

with a jet (region of high time-mean zonal velocity) and a potential vorticity front. We

now consider whether this kurtosis feature indicates a barrier to adiabatic mesoscale

eddy mixing. In order to do this we consider the kurtosis feature in more detail.

Figure 5.4 gives a closer image of the kurtosis for both latitudinal cross-sections and

overlaid with contours of the time-mean neutral density. We interpret such a feature,

following Chapter 4 and Hughes et al. (2010), as a property of a moving potential

vorticity front as the kurtosis is indicative of a bimodality in the full time series

of potential vorticity at each point in space. It is apparent that the high-low-high

kurtosis feature is aligned approximately along the neutral density contours, especially

for Figure 5.4a (144.4◦), and implies that the potential vorticity front and its motion

is perpendicular to the time-mean neutral density surfaces. That is, the motion of the

potential vorticity front is dominated by the motion of the isopycnal surface itself.
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This alignment with the time-mean neutral density surfaces explains why these

skewness/kurtosis features cannot be seen in the statistics of depth integrated flow;

the normal to the neutral density surface is closely aligned to the vertical (due to the

ocean’s aspect ratio), the potential vorticity front is lost when an integral in depth is

taken.

Importantly, the fact that the potential vorticity front is in a direction perpendic-

ular to the time-mean isopycnal excludes the possibility that these potential vorticity

fronts are also mixing barriers. Mesoscale eddy mixing is, to a good approximation,

adiabatic (e.g. Iselin, 1939; Montgomery, 1940); therefore, the potential vorticity front

needs to be seen in isopycnal coordinates in order to imply a prohibition of mesoscale

eddy mixing along the surface.

5.3.3 Neutral density statistics

When potential vorticity statistics are viewed in an Eulerian frame of reference we

have shown that it is possible to identify meandering potential vorticity fronts at

depth associated with jets. However, it not possible to associate these features with

mixing barriers. To examine whether the simple statistical diagnostics considered

here can be used to identify mixing barriers as well as potential vorticity fronts we

will consider statistics on the instantaneous neutral density surface in this section.

Maps of skewness and kurtosis are given for two neutral density surfaces in Fig-

ure 5.5. Figure 5.5a and b have several features of this type (highlighted in boxes)

and corresponds to regions of high potential vorticity gradient within the Antarctic

Circumpolar Current as well as the Malvinas current (east of South America, Figure

5.1). Although weaker in other places the skewness/kurtosis feature seems to extend

through the whole domain. Looking at Figure 5.5c and d, this is more apparent; now

a connected feature can be seen circumnavigating the Southern Ocean. The feature

in Figure 5.5c and d, has shifted south compared to Figure 5.5a and b; the southward
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migration of the skewness/kurtosis feature can be seen very clearly when additional

density surfaces are examined.

Cross-sections of the kurtosis and skewness in density coordinates are shown in

Figure 5.6. From this we can see the skewness/kurtosis feature is global, being extant

for most latitudes. Figure 5.7a and b compare the summer/winter isopycnal potential

vorticity for neutral density, γn = 27.2kg m−3; when the evolution of potential vortic-

ity is inspected on the neutral density surface, it is observed that as the outcrop moves

from north (winter) to south (summer), low potential vorticity is deposited while a

potential vorticity front remains at the location of winter outcropping throughout the

course of the year, until the isopycnal outcrops the following winter. For each neutral

density surface, the sharp drop-off in kurtosis north of the longitudinally-extended

high-low-high feature (see Figure 5.5b) corresponds to the most northerly point of

outcropping; this is shown in Figure 5.7c where the kurtosis is plotted with regions,

which outcrop at any point in the SOSE time-series, masked out. When location

which outcrop are masked out we lose the distinctive high-low-high kurtosis feature

which was seen in Figure 5.5b. We can, therefore, conclude that the strong circumpo-

lar high-low-high kurtosis feature seen in Figure 5.5 is associated with seasonal and

inter-annual variability of outcropping and the formation of high potential vorticity

at the base of the mixed layer. Once again potential vorticity kurtosis is able to

identify a potential vorticity front; however, this front cannot be associated with a

jet embedded within the Antarctic Circumpolar Current but with with seasonal and

inter-annual mixed layer dynamics.

5.4 Osborn-Cox diffusivity

Interestingly if we examine the region roughly considered by the DIMES experiment

(Gille et al., 2007), see Figure 5.1, we find a remarkable qualitative similarity between
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a)

b)

c)

Figure 5.7: a) Typical snapshot of potential vorticity on neutral density surface,
γn = 27.2kg m−3, during winter. b) Same is plotted during the subsequent summer (6
months later). c) Map of kurtosis where all points which outcrop at any time during
the time-series have been masked out. Now, we do not see the longitudinally-extended
high-low-high feature.

the kurtosis signal seen in Section 5.3.3, caused by seasonal and inter-annual variation

of the outcropping, and the isopycnal effective diffusivity, a Lagrangian measure of

eddy enhancement of down-gradient diffusion, as reported by Abernathey et al. (2010)

for the γn ≈ 27.2kg m−3 neutral density surface. This suggests that one needs to

carefully consider the influence of the seasonal variation in neutral density surfaces

before assigning dynamical causes for the regions of enhanced and reduced eddy

diffusivity. In this section we consider an Eulerian measure of eddy diffusivity to

quantify the nature of mixing on the neutral density surface.

89



Many studies (e.g. Marshall et al., 2006; Shuckburgh et al., 2009a,b; Abernathey

et al., 2010; Ferrari and Nikurashin, 2010; Sallée et al., 2011; Naviera Garabato et al.,

2011; Klocker et al., 2012; Abernathey and Marshall, 2013) have used various methods

to quantify eddy mixing in the Southern Ocean. In Hughes et al. (2010) a correla-

tion was found between the kurtosis of potential vorticity and effective diffusivity

(Nakamura, 1996) in a two layer quasi-geostrophic model. It is important therefore

to consider eddy diffusivities in order to test the picture formed from our analysis of

skewness and kurtosis in the preceding sections.

In this study we will compare the diagnosed isopycnal kurtosis to the Osborn-

Cox diffusivity (Osborn and Cox, 1972; Abernathey and Marshall, 2013) of potential

vorticity. We choose Osborn-Cox diffusivity, instead of effective diffusivity, for its: 1)

local nature, making it a more appropriate comparison to Eulerian kurtosis; and 2)

the comparative ease of computation allowing us to be confident with the results with

a complex geometry, complex topography as well as with a complex structure in the

potential vorticity distribution (see Section 5.5). The Osborn-Cox diffusivity is related

to effective diffusivity through an integral along a tracer contour (Nakamura, 1996);

the Osborn-Cox diffusivity is interpreted as an Eulerian measure of eddy diffusivity.

The form of the Osborn-Cox diffusivity can be found by considering the tracer

variance budget in the Eulerian-mean framework and separating out the part of the

eddy-flux which is down-gradient and associated with irreversible mixing and is found

to be

κoc = κ
|∇̃Q′|2

|∇̃Q|2
, (5.2)

where κ is the small-scale potential vorticity diffusivity used in the model; tildes

denote the two-dimensional gradient taken along the neutral density surface; and the

over-line denotes the isopycnal time-mean while the primes denote deviations from

this mean. For a full derivation see, for example, Nakamura (2001).

In order to compute the Osborn-Cox diffusivity we relate the isopycnal two-
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dimensional gradient, ∇̃, to derivatives in the horizontal and vertical

∇̃Q(x, y, γn) = ∇Q(x, y, z)|z=zγ +
∂Q(x, y, z)

∂z

∣∣∣∣
z=zγ

∇zγ(x, y), (5.3)

where zγ is the depth of the neutral density surface, and∇ denotes the horizontal two-

dimensional gradient. The correction due to the curvature of the isopycnal is small

but we include this in the computation for completeness. For a primitive equation

model, such as SOSE, it is difficult to determine the value of κ as potential vorticity

is diagnosed and not a prognostic variable. We therefore define the eddy enhancement

factor, ε, as

ε =
κoc
κ

=
|∇̃Q′|2

|∇̃Q|2
(5.4)

which is a non-dimensional number which gives the factor by which eddies enhance

the small-scale diffusivity. This factor can be interpreted as a ratio between the local

length-scales of eddy-perturbed to time-mean contours which leads to a measure of

the efficiency of mixing (Abernathey and Marshall, 2013).

Figure 5.8 compares the eddy enhancement factor, ε, with the kurtosis for neutral

density surface, γn = 27.2kg m−3. We find low values (ε = 1, no eddy enhancement of

mixing) in regions associated with jets and coherent structure: paths of Agulhas rings;

Agulhas Current retroflection; and Malvinas Current extension. The enhancement of

mixing is, on the whole, higher in the region south of the most northerly outcropping,

see Figure 5.7c.

It can be seen that the regions of low ε do not occur where the strongest high-

low-high kurtosis signal can be found (associated with the seasonal and inter-annual

variability of outcropping) but rather occurs further north in the core of the Antarctic

Circumpolar Current; this is consistent for all values of neutral density. Weaker high-

low-high kurtosis features (longitude 300◦to 350◦,latitude -50◦to -40◦) can seen which

are concomitant with low mixing enhancement, for Figure 5.8 this is particularly clear
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a)

b)

K

Figure 5.8: a) Map of the eddy enhancement factor ε on a neutral density surface.
b) Map of kurtosis of potential vorticity on a neutral density surface. The neutral
density surface for a and b is γn = 27.2kg m−3.

in the Malvinas Current extension.

5.5 Distributions of potential vorticity

5.5.1 Global distributions of potential vorticity on neutral

density surfaces

To further understand the nature of the potential vorticity front presented in Section

5.3.3 we turn to global potential vorticity distributions on the instantaneous neutral

density surface. Figure 5.9 shows histograms of potential vorticity on four neutral

density surfaces, γn = (26.71, 26.96, 27.22, 27.48)kg m−3. The histograms use all tem-

poral and spatial data for each surface. We find that when we split the data into

depth classes of z > −200m and z < −200m, consistent with a typical value of the

winter mixed-layer depth in SOSE, we see a marked distinction in the shape of the

histograms. This result suggests that the global potential vorticity statistical popu-
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lation can be separated into sub-populations implying that the distributions shown

in Figure 5.9 can be best described as mixed distributions such as those described in

Section 4.7.2.

The distributions shown in Figure 5.9 are considerably different from those pre-

sented in Chapter 4, with the two statistical sub-populations which have drasti-

cally different statistics. The statistics of potential vorticity for z > −200m have

a broad structure ranging from 10−12 m−1s−1 to of order 10−8 m−1s−1, there is a peak

at Q = 10−12 m−1s−1 with a plateau region extending over a number of orders of

magnitude where the counts are approximately uniform (plots are on a log-log scale).

This should be contrasted with the distribution of the z < −200m sub-population

of potential vorticity. Here we see a much narrower distribution with the potential

vorticity peaking slightly below 10−10 m−1s−1, which is consistent across a wide range

of neutral density surface. The asymmetric tail towards lower potential vorticity,

after experimentation with various choices of sub-sampling in depth, is found to

be associated with an imperfect separation into independent sub-populations of the

potential vorticity statistics.

When we consider the variation between the neutral density surfaces we see that

the separation of the two sub-populations of potential vorticity becomes less distinct

on lighter surfaces. An asymmetric low potential vorticity tail persists in the lower

sub-population (z < −200m), suggesting that the potential vorticity does not effec-

tively mix all the way down the neutral density surface. The low potential vorticity

tail in the z < −200m distribution becomes more pronounced with decreasing neutral

density while the cut off at high potential vorticity remains a robust feature for all

values of neutral density. For the z > −200m sub-populations the distribution is

flatter for lighter surface, consistent with a picture of enhanced surface mixing.

In Chapter 4 we found mixed sub-populations of homogenized potential vortic-

ity statistics leading to mixed probability distributions (Section 4.7.2). Is this same
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behaviour seen in the potential vorticity statistics considered here? In order to under-

stand the implications of mixing on a neutral density surface we consider the following

thought experiment in the long-time asymptotic limit of strong diffusive mixing.

Consider the diffusive mixing of potential vorticity in two regions. Region A has

imposed values of potential vorticity at the boundaries, QLOW and QHIGH; region

B has no imposed values of potential vorticity at the boundaries but has a no-flux

condition at the boundary. The temporal evolution of potential vorticity in each

region, A and B, is given by

∂Q

∂t
= ∇ · (κ∇Q). (5.5)

If we assume a spatially constant diffusivity κ, the long time spatial distribution is a

solution of Laplace’s equation

∇2Q = 0. (5.6)

Due to the differing boundary conditions the solution will be very different in the two

regions, schematically represented in Figure 5.10. In region A, the spatial distribution

of potential vorticity will become linear and the corresponding probability distribution

will become an uniform distribution. In region B, the spatial distribution of poten-

tial vorticity will become uniform and the corresponding probability distribution will

become a Dirac-delta function.

We can use the thought experiment described here to qualitatively understand

the distribution in the two regions, z > −200m and z < −200m, on the neutral

density surface. The upper region of the neutral density surface, z > −200m, should

be compared with region A in the thought experiment. At the surface of the ocean

we expect the potential vorticity to be low due to very small vertical gradients of the

neutral density, ∂zγn ≈ 0, while at the base of the (winter) mixed-layer we expect

the potential vorticity to be be very high as the vertical neutral density gradients

become very high due to the interface between the unstratified mixed-layer and the
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Figure 5.10: Spatial distribution of potential vorticity and the corresponding probabil-
ity distribution under strong diffusive mixing for region A, with prescribed boundary
values, and region B, with no prescribed boundary values.

stratified abyssal ocean. In summer, the outcrop recedes south leaving the region of

high potential vorticity and an associated front, see Figures 5.3.3 and 5.7. Near the

surface however, the potential vorticity must remain low. This sets up imposed values

of potential vorticity at the surface and base of the z > −200m region, determined

by the large-scale stratification and mixed layer dynamics. We can see the effect of

diffusive mixing in the flat plateau in the histograms plotted in Figure 5.9.

The lower region of the neutral density surface, z < −200m, should be compared

with region B in the thought experiment. Away from the influence of the mixed layer

we expect the spatial distribution of the potential vorticity to be homogenized, one

value of potential vorticity for all spatial points, as in region B of the thought exper-

iment. We can see this tendency in Figure 5.9: with increasing neutral density the

z < −200m sub-population becomes more homogenized as the distribution becomes

narrower.

Thus, in a very different way to Chapter 4, the distributions in Figure 5.9 represent
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mixed distributions, formed from two well-mixed sub-populations of the potential

vorticity statistics, where the higher distribution is spread out between the boundary

values of potential vorticity and the deeper region is homogenized in the sense of

Chapter 4.

5.5.2 Geographic variation in potential vorticity distributions

To gain more insight into the isopycnal potential vorticity statistics at depth, z <

−200m, we consider two-dimensional histograms of potential vorticity jointly with

longitude, n(Q, x|γn), latitude, n(Q, y|γn), and depth, n(Q, z|γn); these are shown in

Figure 5.11 for the same four neutral density surfaces as in the previous section.

Looking at the plots of n(Q, z|γn) and n(Q, y|γn), Figure 5.11, we see increased

homogenization and a narrowing of the distribution with depth. This is consistent as

you look at the denser neutral density surface as well as when you descend down to

deeper locations on the surface.

The histogram with longitude, n(Q, x|γn), shows the same effect, with the spread

in values of potential vorticity decreasing with an increase in the value of neutral

density. It is also possible to understand particular oceanographic features by com-

paring Figure 5.11 to the potential vorticity on the neutral density surface. The

Drake Passage is clearly seen in the histograms as a ‘gap’ in the statistics where the

ocean becomes narrow. It is also possible to associate regions where the distribution

are skewed to higher potential vorticity values with the Agulhas Retroflection and

the Malvinas Extension; regions where the distributions are skewed to low potential

vorticity values can be associated with regions of mode water. The statistics often

exhibit transitions, for example a positive to negative skew, at topographical features

such as the Campbell Plateau and the Drake Passage (Figure 5.1).

The joint histograms given in Figure 5.11 confirm the conclusions of the simi-

lar analysis of Thompson et al. (2010) that topography plays an important role in
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determining the structure of potential vorticity distributions.

5.6 Concluding remarks

In the results presented in Section 5.3 it is shown that the skewness/kurtosis of

potential vorticity (or relative vorticity in the case of the surface flow) can be used

to qualitatively locate potential vorticity fronts in the Southern Ocean. We can

determine the nature of these fronts by inspecting the character and structure of the

flow. It is found that the identified potential vorticity front can be classified in three

ways.

• Potential vorticity fonts which are jets and mixing barriers. These features can

be seen in both the surface statistics of relative vorticity, Section 5.3.1, and the

neutral density statistics, Section 5.3.3. The signals from the skewness/kurtosis

are weaker than those found in Hughes et al. (2010) but are consistent topo-

graphically fixed features; for example, the Agulhas Current retroflection and

the Malvinas Current extension.

• Potential vorticity fronts which are jets but are not mixing barriers. When the

statistics are calculated at fixed depth it is not possible to infer a mixing bar-

rier as stirring from geostrophic eddies is adiabatic to a good approximation.

When we compare the observed skewness/kurtosis feature with time-mean neu-

tral density surfaces, Figure 5.4, it becomes clear that the identified potential

vorticity fronts are not barriers to geostrophic mixing.

• Potential vorticity fronts which are not jets but are potentially mixing barriers.

When we consider the statistics on neutral density surfaces we see another

type of potential vorticity front at the base of mixed layer. The characteristic

skewness/kurtosis signal is associated with seasonal and inter-annual variability
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in the outcropping of the neutral density surface. Although this front is related

to the base of the mixed layer and not Antarctic Circumpolar Current jets, it is

possible that this front is nevertheless a mixing barrier, prohibiting the mixing

of potential vorticity down the neutral density surface.

As well as considering simple statistics of the potential vorticity, the Osborn-Cox

diffusivity was calculated on neutral density surfaces. It was found that there is a

qualitative similarity between regions of high and low kurtosis and regions of high and

low eddy enhancement. This is particularly clear were we find topographically fixed

jets (Malvinas extension, Agulhas retroflection) as well as in the track of Agulhas

rings propagating into the South Atlantic. Within the main portion of the Antarctic

Circumpolar current, however, the region of low eddy enhancement is found immedi-

ately north (or below) the potential vorticity front situated at the base of the winter

mixed-layer. This suggests that the Antarctic Circumpolar Current provides a cap

contributing to the persistence of this potential vorticity front during summer as the

outcrop retreats southward.

Further evidence is found for a partial barrier to mixing associated with the bottom

of the mixed-layer when we consider the global distribution of potential vorticity on

neutral density surfaces. It is found that the full statistics can be partially decomposed

into two sub-populations classified by depth, z > −200m and z < −200m, with

the decomposition improving for denser (and deeper) neutral density surfaces. It is

argued that each of the two sub-populations can be thought of as well-mixed with

the very disparate distributions coming from constraints on the potential vorticity

due to stratification structure of the Southern Ocean. This rather crude analysis and

identification of sub-populations could be improved by an unsupervised classification

method (e.g. Maze et al., 2017) although the highly non-Gaussian nature of the

z > −200m statistics will make a Gaussian Mixture Model approach unfeasible.

When the joint distributions of potential vorticity with longitude, latitude and
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depth (z < −200m) on neutral density surfaces are considered, we find that the

potential vorticity becomes more homogeneous at depth and that topographic features

play an important role in determining the potential vorticity structure of the Antarctic

Circumpolar Current.

The results presented in this study highlight the complexity of Southern Ocean

potential vorticity structure, the importance of the interaction between the mixed-

layer and abyssal ocean in considering mesoscale mixing, as well as the the utility of

simple statistics in disentangling complex, multi-faceted oceanographic flow.
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Chapter 6

Eddy-mixing entropy as a measure

of turbulent disorder in barotropic

ocean jets

6.1 Introduction

In this chapter we consider the concept of entropy in the context of dissipative and

forced-dissipative ocean flow. The powerful theory of equilibrium statistical mechan-

ics is limited in usefulness when tackling non-ideal fluids; incorporating the effect

of forcing and dissipation on entropy is essential in addressing the extent to which

entropic ideas can be applied to the problem of mesoscale ocean turbulence. Inspired

by the Miller-Robert-Sommeria theory we follow here a heuristic approach, akin to

that followed in Jung et al. (2006), in order analyse entropy in the context of forced

and dissipative numerical simulations. The aims of this chapter are as follows.

• To determine the impact of forcing and dissipation on the evolution of entropy

in a turbulent barotropic jet, analytically and numerically.
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• To test the maximum entropy principle1 and to understand the utility of this

principle in the context of an idealized forced-dissipative turbulent jet.

• To use the maximum entropy principle as a means to formulate a relationship

between dynamically balanced quantities and the statistics of the flow.

In Section 6.2, we describe the numerical experiments. In the previous chapter,

Section 3.3.2, we introduce the eddy-mixing entropy and define the key concepts in

this study. In Section 6.3, we derive analytical expressions for the influence of constant

forcing and linear drag on the entropy as well as consider the case of a Gaussian

stochastic forcing. In Section 6.4.1, we diagnose the entropy for a freely-decaying

turbulent jet and use this to test the predictions of Section 6.3; in Section 6.4.2, we

repeat the diagnosis for a forced-dissipative turbulent jet and consider entropy as

a balanced dynamical quantity. In Section 6.5, we consider the maximum entropy

principle and relate it to the ideas developed in the subsequent parts of this study.

Evidence is given in support of the maximum entropy principle and we discuss this in

relation to forced-dissipative flow. In addition the mathematical problem of obtaining

the statistics of the flow from the assumption of maximum entropy is presented and

the maximum entropy statistics are calculated and compared with simulations. In

Section 6.6, we discuss the mean-field approximation for energy and its relation to

the maximum entropy statistics. In Section 6.7, the study is concluded with some

closing remarks.

6.2 Numerical experiments

Two numerical experiments are performed using the above model. For the details of

the model, see Section 2.6.

1Not to be confused with the similarly named maximum entropy production principle.
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Simulation Wind stress Linear drag Timestep, dt
ID strength, τ0 coefficient, r

Freely-decaying experiments
D1 0.000 0.0008 0.0005
D2 0.000 0.0009 0.0005
D3 0.000 0.0010 0.0010
D4 0.000 0.0020 0.0010
D5 0.000 0.0030 0.0010
D6 0.000 0.0040 0.0010
D7 0.000 0.0050 0.0010

Forced-dissipative experiments
FD1 0.005 0.0050 0.0010
FD2 0.010 0.0050 0.0010
FD3 0.020 0.0050 0.0010
FD4 0.040 0.0050 0.0010
FD5 0.080 0.0050 0.0010
FD6 0.160 0.0050 0.0010
FD7 0.320 0.0050 0.0010

Table 6.1: List of experiments and non-dimensional parameters.

The first experiment is a freely-decaying unstable jet in which the initial jet has

a velocity profile

u(y) = u0sech2(y), (6.1)

with u0 = 10. The unstable jet evolves freely under the action of hyper-viscosity and

varying strengths of linear drag.

The second experiment is a forced dissipative turbulent jet spun up from rest with

varied strength of the wind stress. The wind stress profile is kept the same for all

simulations as,

τ = τ0sech2
(y
δ

)
, (6.2)

but the magnitude of the jet is varied by changing the value of τ0. δ is the width

parameter and is fixed for all simulations. Table 6.1 gives the values used in the

different simulations. The parameters which are held constant for both experiments

are given in Table 6.2; these parameters were extensively tested for both this study
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Parameter Value
Meridional extent, Ly 5π/2
Zonal extent, Lx 20π
Number of zonal grid-points, nx 1024
Number of meridional grid-points, ny 128
Time-step, dt 1× 10−3

Output frequency 1
Total time of output 1× 104

Hyper-viscosity, νh 2× 10−6

Wind stress width parameter, δ 0.4
Beta parameter, β 0.2

Table 6.2: Fixed parameters of model simulations.

and David et al. (2017) to ensure numerical convergence.

6.3 Analytical model for evolution for entropy

The fundamental quantity that we are interested in is the eddy mixing entropy given

by (3.16) in Section 3.3.2. In this section we derive a tendency equation for this

entropy. We are not able to derive a full theory as the effects of the non-linear

or non-local terms in the vorticity equation, (2.19), Section 2.6, do not seem to be

analytically tractable. Nevertheless it is possible to derive analytical expressions for

the entropy evolution due to the remaining linear and local terms in the vorticity

equation: the wind stress curl and the linear drag.

Ignoring the non-local (hyper-viscous) and non-linear (advection) terms we have

the following equation for the evolution of potential vorticity:

∂q

∂t
= −r(q − βy) + g(y) (6.3)

where g(y) = −∂yτ(y) is the constant (in time) forcing.

Equation (6.3), ignoring the non-local and non-linear terms, leads to the following
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partial differential equation for the probability distribution function, ρ,

∂ρ

∂t
=

∂

∂q̃
[r(q̃ − βy)ρ]− g(y)

∂ρ

∂q̃
. (6.4)

The two terms on the right hand side of equation (6.4) were also derived in Kazantsev

et al. (1998) but here we consider the effect of these terms on the entropy. We can

write the entropy tendency as

Ṡ = −
∫

d2xdq̃ ρ̇ ln ρ, (6.5)

where the dot represents differentiation with respect to time. By substituting equation

(6.4) into (6.5) we can derive (see Appendix D) the influence of these terms on the

entropy, yielding

Ṡ = P − Ar, (6.6)

where we have now included the effect of advection and hyper-viscosity as the residual,

P ; and A is the area of the domain. As the hyper-viscosity is small in our numerical

calculations, we will take the liberty of referring to P as the advective production of

entropy.

Notably, (6.6) does not have an explicit dependence on the zonally symmetric

forcing as a constant wind stress only shifts the distribution in each zonal band and

the entropy is invariant to these shifts. The linear drag leads to a remarkably simple

term which is minus the drag coefficient, that is a perpetual and constant sink of

entropy. There is an important caveat to the numerical results presented in this study;

in a realistic ocean simulation high frequency noise will introduce a source of entropy

from its fast time-scale variability analogous to the introduction of a stochastic noise

term in the potential vorticity equation; we include the influence of white stochastic

noise on the evolution of the probability distribution and entropy in Appendix D.
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Figure 6.1: Entropy as a function of time for different values of linear drag coefficient,
simulations D1, ...,D7. A - We find that exponential growth of barotropic instabilities
lead to a very fast growth in the entropy. B - The entropy reaches a maximum value
which is insensitive to the value of the linear drag coefficient. This is followed by a
decrease in entropy at a rate greater than the contribution of the linear drag. This
implies that this decrease is due to the eddies themselves. C - At long time the
entropy decay is linear and is explained by the linear drag. For the lowest values of
linear drag coefficient a persistent Rossby wave emerges causing a secondary increase
in the entropy before the long-time behaviour is seen.

6.4 Entropy in the numerical simulations

6.4.1 Eddy-mixing entropy in freely-decaying turbulence

As seen in (6.6) the entropy tendency has no explicit dependence on the forcing.

However, the forcing will contribute to determining the behaviour of the advective

production of entropy, P . To illuminate the effect of forcing we first consider the

evolution of entropy in the absence of forcing: freely decaying unstable flow.

We begin by examining the evolution of entropy for short times as the instabilities

grow then decay shown in Figure 6.1. In region A of Figure 6.1, the entropy increases

very quickly concomitant with the exponential growth of eddy energy through shear

instability in the jet. There is little spread in rate of the entropy growth in simulations

D1, ...,D7 with changed drag parameter. This growth is arrested for all experiments

at a maximum value in region B for the same time and where the maximum is also not
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greatly changed with the differing linear drag coefficient. The entropy then decreases,

in the period B to C, towards its asymptotic behaviour. The rate of decrease is greater

than can be explained by the sink of entropy due to linear drag, Ar. This means that

in the period between B to C the advective production of entropy must become

negative and acts as a sink of entropy.

There is an interesting difference between simulations D1, ...,D3 and the other

simulations. These low drag simulations see a second increase in entropy (Figure 6.1,

near Time = 1000) toward the long-time behaviour as well as an oscillation about

the long time behaviour. These effects can be illuminated by examining the flow, at

low linear drag coefficient a persistent Rossby wave forms causing an increase in the

disorder as compared to laminar flow as well as the observed oscillations.

In freely-decaying turbulence the eddies will ultimately die away through the ac-

tion of linear drag and hyper-viscosity causing the advective production of entropy,

P , to tend to zero at long times. In this case equation (6.6) tends to the asymptotic

solution for the entropy evolution

S(t) ≈ −Art+K for long times, (6.7)

where K is a constant of integration. We can test this hypothesis in a simulation of

a freely decaying unstable jet as for long times we would expect the activity of the

eddies to asymptotically decay to zero. We compare this prediction with the first

numerical experiment described in Section 6.2 and shown in Figure 6.1. We see a

striking agreement between the long time behaviour, to the right of C, predicted by

(6.7) and the slopes diagnosed from the simulations. Figure 6.2 shows the agreement

between the predicted and the measured long time slope of the linear entropy decrease

which is found to be near exact.
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Figure 6.2: Measured slope of long time linear decay of the entropy, diagnosed from
simulations D1, ...,D7, plotted against the predicted slope. The agreement is near
perfect.

6.4.2 Eddy-mixing entropy in forced-dissipative turbulence

We now turn our attention to the entropy evolution in the forced-dissipative experi-

ments FD1, ...,FD7. We start by considering the entropy for short times, comparing

it to snapshots of the potential vorticity. As an example we consider experiment

FD3. Figure 6.3 shows the evolution of entropy as the system evolves to a statisti-

cally steady state. Initially, in region A, the flow is near laminar with only the small

initial perturbation. We see that this corresponds to a low value of entropy. Once

instabilities begin to grow the corresponding growth of entropy is fast and grows to

a maximum value much like the evolution in the freely-decaying simulations. At the

maximum of entropy, region B, the turbulence has covered the whole domain with

small scale eddies. As these eddies mix the potential vorticity we see a slump in the

entropy. When we examine the flow at the bottom of the slump, region C, we see

that a large scale Rossby wave has emerged propagating on a sharp potential vortic-
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Figure 6.3: Evolution of entropy during spin-up of forced-dissipative flow. A - Initially
laminar flow with small perturbation. As the flow becomes unstable the eddy-mixing
entropy increases rapidly. B - Entropy reaches a global maximum at the point where
turbulence has spread across the whole domain. Disorder is at small scales. C -
Coincident with the emergence of a large scale Rossby wave the entropy decreases.
Subsequently the entropy fluctuates around a balanced time-mean value.
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ity gradient corresponding to a mixing barrier. This decrease of entropy, or disorder,

in the system allows us to describe the way in which energy has condensed at large

scales in an entropic sense. The concomitance of this decrease in entropy with the

emergence of large scales leads to a novel interpretation of well known inverse cascade

phenomena: the emergence of coherent large scales can be described as the decrease

of entropy in this system.

At longer times the entropy fluctuates around a balanced steady state value.

This behaviour of entropy is the same for all the forced-dissipative simulations,

FD1, ...,FD7, shown in Figure 6.4a, much like statistically steady state balance of

energy, shown in Figure 6.4b. Both the time-mean entropy and energy increase with

the wind stress strength in steady state as well as exhibit fluctuations about this mean

(although the energy fluctuations are suppressed in Figure 6.4b due to the logarithmic

scale). The balanced steady state behaviour of the entropy is explained, according to

the reasoning of Section 6.3, by the competition between the advective production of

entropy and the constant sink due to linear drag, that is

P − Ar = 0, (6.8)

where the over-line denotes the time-mean in statistically steady state. It is important

to note that, because−r is a merely a negative number, both the increase and decrease

in the entropy fluctuations arise from the advective production, P . That is, eddies

can act as both a source and a sink of entropy. It is important to note that the action

of P as a source and a sink must be associated with the presence of dissipation which

allows there to be fluctuations in otherwise conserved global quantities such as energy

and entropy which exhibit inverse and direct transfers between scales.

Although the time derivative of entropy has no explicit dependence on forcing, the

forcing does supply energy to the turbulent motions by sustaining the eddy production
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Figure 6.4: (a) Evolution of entropy in simulations FD1, ...,FD7. We see that entropy
behaves as a balanced quantity in a statistically steady state: in the time mean
the sources of entropy are equal to the sinks of entropy. (b) Evolution of energy
in simulations FD1, ...,FD7 shown on a logarithmic scale. Like entropy the energy
is balanced in a statistically steady state. The energy takes a longer time than the
entropy to reach steady state balance.
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of entropy, unlike in the case of the freely-decaying experiment. The forcing implicitly

sets the maximum and steady state value of entropy. We will further consider how the

entropy is related to other well-known dynamical quantities in the following section.

6.5 Relation to the maximum entropy principle

6.5.1 Time evolution of entropy and the maximum entropy

principle

In what has been discussed so far we have considered the derivative of entropy with

respect to time. Now we consider its relation to the maximum entropy principle

which is at the core of the equilibrium statistical mechanics theory of ideal geophysical

flow (Jung et al., 2006). In order to achieve clarity in our discussion we define the

following terminology. For the purposes of this study it is useful to restrictively define

equilibrium as a maximum entropy state of the ideal flow (i.e. MRS theory). For

forced-dissipative systems, we refer to the long-time behaviour as a (non-equilibrium)

statistically steady state.

The maximum entropy principle states that the entropy should be stationary with

respect to variations in the probability distribution, ρ, given appropriate dynamical

constraints. We can relate the time derivative of the entropy, S, to the functional

derivative using the relation

dS

dt
=

∫
d2xdq̃

∂ρ

∂t

δS

δρ
. (6.9)

Assuming that the system is in a maximum entropy state constrained by the value of
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energy and N polynomial Casimirs we have that the variational problem

δS

δρ
+ α(t)

δ

δρ

(
−1

2

∫
d2xdq̃ 〈ψ〉q̃ρ− E(t)

)
−

N∑
n=1

γn(t)
δ

δρ

(∫
d2xdq̃ q̃nρ− Cn(t)

)
= 0, (6.10)

is satisfied, where α and γns are Lagrange multipliers and where E(t) and Cn(t) are

the time varying values of energy and Casimirs. Substituting this condition into (6.9),

we relate the time derivative of entropy to that of energy and the Casimirs:

dS

dt
= α∗(t)

dE(t)

dt
+

N∑
n=1

γn(t)
dCn(t)

dt
, (6.11)

where α∗ ≡ −α, and the detailed derivation of equation (6.11) is given in Appendix

E. This equation says that if the entropy is maximal under some constraints then the

evolution of the entropy can be entirely explained by the evolution of the quantities

constraining it. We can split the time evolution of the Lagrange multipliers into

temporal mean and fluctuations such that α∗(t) = α∗ + α∗
′
(t), and similarly for the

other Lagrange multipliers. Assuming that the deviations in the Lagrange multipliers

are small, which we will address in more detail in due course, and integrating (6.11),

we can write an approximate relation for the time evolution of entropy in terms of

the time evolution of energy and the Casimirs, giving

S(t) ≈ α∗E(t) +
N∑
n=1

γnCn(t) +K, (6.12)

where K is a constant of integration. This expression relies on two assumptions.

Firstly, the entropy is maximized constrained by the value of energy and the Casimirs

at any point in time; in other words, the system is in a quasi-equilibrium state defined

as a non-equilibrium statistically steady state where the time scales for changes in
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the balanced quantities is larger that the time the eddies take to drive the system to

maximum entropy. Secondly, the fluctuations in the Lagrange multipliers (sensitivi-

ties of the entropy) are small. We now turn to testing the relation, (6.12), in order

to test these assumptions.

6.5.2 Reconstruction of entropy evolution

We can test equation (6.12) by regressing the diagnosed time evolution of entropy

onto the time evolution of energy and the other conserved quantities, the Casimirs,

and comparing the reconstructed entropy time series against the diagnosed entropy

time series. It was found the this procedure does not give a good reconstruction when

the spin up is included in the time series, however there is good agreement when we

only consider the statistically steady state: it is likely that the time dependence of

the Lagrange multipliers is large during spin up but not in the statistically steady

state.

An example is given in Figure 6.5 for simulation D6. Figure 6.5 shows the re-

construction of the entropy time series using only the first two Casimirs, circulation

and enstrophy, in addition to the energy as well as using Casimirs up to tenth or-

der. The correlation for the first two Casimirs is 0.73, and when ten Casimirs are

used the correlation is 0.93. This is a striking agreement and provides evidence that

the turbulence acts to maximize entropy given time-varying constraints, according to

equation (6.12), at each point in time in statistically steady state. That is, we find

evidence that the system is in a quasi-equilibrium state as defined above. It must be

noted that the quasi-equilibrium approximation is likely not to hold during spin-up.

The analysis has been repeated for all forced-dissipative simulations FD1, ...,FD7

and including differing numbers of Casimirs. Figure 6.6a shows the correlation be-

tween reconstructed and diagnosed entropy time series as a function of number of

Casimirs for FD1, ...,FD7. We see a marked increase in the correlation with increased
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Figure 6.5: Reconstruction of the entropy evolution using relation (6.12). Top -
using only the first two Casimirs, circulation and enstrophy. Bottom - using first
ten Casimirs. Both show significant correlation with the two Casimir reconstruction
clearly matching the low frequency fluctuations, however but failing to capture the
high frequency fluctuations. The ten Casimir reconstruction performs substantially
better.
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Figure 6.6: (a) Correlation between the diagnosed and reconstructed entropy time
series following the relationship (6.12). Entropy is calculated on zonal bands for simu-
lations FD1, ...,FD7. We see a clear improvement with number of Casimirs included.
This improvement is quantitatively different for each simulation. (b) Correlation
between the diagnosed and reconstructed entropy time series following the relation-
ship (6.12). Entropy is calculated on instantaneous streamfunction for simulations
FD1, ...,FD7. We see a clear improvement with number of Casimirs included. This
improvement is quantitatively different for each simulation but now all simulations
show high correlation of greater than 0.7 with only four Casimirs. This is to be
contrasted with a).
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numbers of Casimirs. This shows the importance of higher order Casimirs in this

statistical mechanics approach. It is also apparent that odd power Casimirs do not

contribute significantly to increasing the correlation. We test the significance of these

correlations by comparing with correlations produced by reconstructing the entropy

from ‘synthetic’ time series for the energy and Casimirs. These ‘synthetic’ time series

are produced randomly such that they have the same power spectra as the diagnosed

time series. It is found that correlations derived from the model data lie beyond

the 99th percentile of an ensemble of ‘synthetic’ data. In this way we can reject the

null-hypothesis that the observed correlations are due to statistical over-fitting. A

detailed description of this significance test is given in Appendix F.

We can repeat this analysis, now calculating the entropy along instantaneous

streamfunction contours. This means that the macro-cells defined in Section 3.3.2

become contours of streamfunction rather than zonal band as has been used up to

now. The entropy will change as a consequence of this transformation but the energy

and Casimirs will not - this implies that only the projection in (6.12) of the entropy

evolution onto the energy and Casimirs that will change. The correlation of the

reconstructed entropy with the diagnosed entropy for this choice of macro-cell is

shown in Figure 6.6b.

The main point to note here is that the correlation is higher, and converges quickly,

for fewer Casimirs. The fourth order Casimir seems to be of particular importance

with all simulations having a correlation of greater than 0.7 if four Casimirs are used.

This agrees with the observation of David et al. (2017) that viewing potential vorticity

distributions in a more of a Lagrangian sense acts to simplify the statistics requiring a

reduced number of moments to describe the local probability distribution of potential

vorticity. The particular importance of the fourth order Casimir here is in contrast to

the study of Abramov and Majda (2003) who found that, in their numerical set-up,

no Casimir above order three was relevant; this indicates that the particular Casimirs
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which are most important depend heavily on the particulars of any given system (i.e.

domain geometry and nature of forcing).

The fact that it is possible, to a large extent, to reconstruct the statistically steady

state time series for entropy using the corresponding dynamically balanced quantities

of the flow is tantalizingly suggestive that in a statistically steady state of a forced-

dissipative flow the eddies push the system into a quasi-equilibrium: a non-equilibrium

statistically steady state which nonetheless maximizes entropy at each point in time

with time varying constraints. That is, although not in a true equilibrium (ideal flow

with maximal entropy), the rate at which eddies push the entropy to its maximum

allowed value is much faster than the time scales over which the conserved quantities

are changing and is analogous to the quasi-static approximation in thermodynamics.

As we saw in Sections 6.4.1 and 6.4.2, the eddies can act as a source or sink

of entropy. Indeed, the fact that the balanced quantities such as energy (Figure

6.4b) fluctuate at all is due to the turbulence, if there were no non-linearities then

we would have steady flow and no fluctuations. We suggest that the eddies play

a double role, simultaneously maintaining the quasi-equilibrium and modulating its

constraints. Further work, over a wider range of parameters, is required to obtain

firmer evidence for the maximum entropy principle at work.

6.5.3 Solving for the Lagrange multipliers

Solving the variational problem, (6.10), gives us a probability distribution in terms

of a set of unknown Lagrange multipliers, in this section we describe the method

for determining these from knowledge of the energy and Casimirs of the flow. To

determine the Lagrange multipliers it is necessary to solve the non-linear simultaneous

equations

−2E = − ∂

∂α

∫
d2x lnZ(α, γ1, ..., γN) (6.13)
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for the energy constraint and

Cn = − ∂

∂γn

∫
d2x lnZ(α, γ1, ..., γN) (6.14)

for each Casimir constraint. Here Z is the local normalization, or the partition

function, of the probability distribution given as

Z =

∫
dq̃ exp

(
−α〈ψ〉q̃ −

N∑
i=n

γnq̃
n

)
, (6.15)

thus, Z is constructed such that

∫
dq̃ ρ(q̃|x) = 1. (6.16)

Determining the Lagrange multipliers for given values of N constraints is numerically

difficult and its solution is not tackled in this study.

However, we can proceed by reducing the dimensionality of the problem. Ironically

this is achieved by first considering the case of infinite dimensions. Constraining the

entropy of the flow the first N polynomial Casimirs of the flow is a truncated version

of the exact constraint. To constrain by all Casimirs of the flow we constrain by

the global potential vorticity distribution discussed in Section 6.2. The constraint is

given by

Π(q̃) =

∫
d2x ρ(q̃|x), (6.17)

and the Lagrange multiplier becomes a function of q̃, γ(q̃). The corresponding varia-

tional problem

δS

δρ
+ α

δ

δρ

(
−1

2

∫
d2xdq̃ 〈ψ〉q̃ρ− E

)
− δ

δρ

(∫
d2xdq̃ γ(q̃)ρ− Π(q̃)

)
= 0, (6.18)
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now gives the solution

ρ(q̃|x) =
1

Z exp (−α〈ψ〉q̃ − γ(q̃)) , (6.19)

for the probability distribution. Substituting (6.19) into (6.17) we obtain the expres-

sion

Π(q̃) = e−γ(q̃)
∫

d2x
e−α〈ψ〉q̃

Z . (6.20)

The integral here is a function of potential vorticity only and we can write γ(q̃) in

terms of Π and the integral. This allows us to eliminate the Lagrange multiplier

corresponding to the Casimir constraint leaving us with only α to find. Eliminating γ

from (6.19), we obtain the probability distribution in terms of the Lagrange multiplier,

α, and the global distribution, Π:

ρ(q̃|x) =
1

Z(x)
∫

d2x
(
e−α〈ψ〉q̃

Z(x)

)Π(q̃)e−α〈ψ〉q̃. (6.21)

A numerical method can be constructed for the two-dimensional problem of opti-

mizing the values of α and Z simultaneously thus finding the maximum entropy

distribution from only knowledge of global quantities. The details of the numerical

method is given in Appendix G and the results of this methodology follow.

6.5.4 Reconstruction of statistics

In this section we reconstruct the statistics from the maximum entropy distribution,

(6.21), by optimizing for the Lagrange multiplier, α. The resulting values for α in

simulations FD1, ...,FD7 are shown in Figure 6.7. We see that the value of α has a

strong dependence on the strength of wind stress and time. Figure 6.7a shows the

evolution of α during spin up, we see a strong reduction in the value of α at short

times with the value of α fluctuating about a statistically steady state value for long
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Figure 6.7: (a) Shows the evolution of log10 α with time. We see a very quick re-
laxation to a steady state value with fluctuation around this value in steady state
being small. (b) Shows the steady state mean value of α against the strength of the
wind stress. We see at low forcing have a very high sensitivity of entropy to energy
while at high forcing the sensitivity is low. (c) Shows mean value of α against wind
stress strength, now on a log-log scale. We see a near power-law behaviour with an
approximate slope of −1.7.

times. In steady state the fluctuation around the time-mean value is very small, this

supports the assumption made in Section 6.5.2 to derive equation (6.12). Also shown

is the dependence of the time-mean value of α on the wind stress strength in Figure

6.7b and c. The steady state sensitivity of entropy to energy is drastically decreased

with the strength of wind stress suggesting that the entropy of the system becomes

insensitive to perturbations in energy at high wind stress. Figure 6.7c displays a

near power-law dependence of α on τ0 with an exponent of approximately −1.7, the

explanation of this feature is left for future work. The increased insensitivity of

entropy to energy variations at high wind stress has an interesting parallel to the

concept of eddy saturation (e.g. Munday et al., 2013) which will be discussed briefly

in Chapter 7 as an avenue for future consideration.

Interpretations of the Lagrange multiplier, α, come with a caveat; the numerically

determined value of α is only as accurate as the maximum entropy hypothesis and,

in particular, the mean field approximation for the energy. To test the accuracy of
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these devices we compare the reconstructed statistics from the distribution, (6.21),

and the diagnosed statistics from the numerical simulations.

Figure 6.8 shows diagnostics comparing the maximum entropy distribution eval-

uated using (6.21) with the statistics diagnosed from the numerical simulation itself,

that is, the ‘truth’. In short, despite displaying encouraging qualitative agreement

with the simulations, the maximum entropy distribution does not fully capture the

quantitative statistical details of simulations FD1, ...,FD6. Figure 6.8a shows a com-

parison between the reconstructed and diagnosed 〈q〉 − 〈ψ〉 relation for simulation

FD6. The maximum entropy reconstruction shows good qualitative agreement but

seems smoothed compared to the diagnosed relationship. Also for simulation FD6,

Figure 6.8b compares the SD(q)−〈ψ〉 relation and we see that the quantitative agree-

ment is poorer. The standard deviation is underestimated in the centre of channel

while being overestimated in the flanks. It must be noted that the maximum-entropy

reconstruction of these statistical represents a drastic improvement over the energy-

enstrophy constrained theory.

Figure 6.8c and d compare the diagnosed and reconstructed skewness and kurtosis

for simulation FD7. While giving qualitatively consistent features, the reconstructed

skewness and kurtosis display significant deviations near to the boundary. In addition,

Figure 6.8e and f compares the probability distribution, predicted and diagnosed, for

simulations FD4 and FD5 at y = 0 and y = 2.01 respectively. In Figure 6.8e the

trimodal nature of the distribution is successfully captured but we can see that the

maximum entropy distribution overestimates the weight of the central peak compared

to the side peaks. In Figure 6.8f, we again can see a good qualitative agreement

but in the details there are deficiencies. Many of the ways in which the maximum

entropy statistics deviates from the simulations can be interpreted as a degradation

of the strong persistent mixing barrier which the simulations FD1, ...,FD6 exhibit.

The statistical nature and consequences of this mixing barrier has been extensively
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Figure 6.8: Diagnostics testing reconstructed maximum entropy statistics. (a) Com-
parison of the time-averaged mean potential vorticity against time-averaged stream-
function for simulation FD6. (b) Comparison of the time-averaged standard devia-
tion of potential vorticity against time-averaged streamfunction for simulation FD6.
(c) Comparison of the time-averaged skewness of potential vorticity against time-
averaged streamfunction for simulation FD7. (d) Comparison of the time-averaged
kurtosis of potential vorticity against time-averaged streamfunction for simulation
FD7. (e) Comparison of the maximum entropy probability distribution and the diag-
nosed distribution from simulation FD4, distributions are evaluated for the centre of
the channel, y = 0.(f) Comparison of the maximum entropy probability distribution
and the diagnosed distribution from simulation FD5, distributions are evaluated for
the centre of the channel, y = 0.
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studied, for this model, in David et al. (2017).

In summary, the maximum entropy distribution, (6.21), produces an encouraging

qualitative reproduction of the flow statistics. However, the quantitative reproduc-

tion is still lacking despite the suggestive evidence for the entropy being maximized

presented in Section 6.5.2. The derivation of the maximum entropy distribution relies

on two main assumptions in the equilibrium, Miller-Robert-Sommeria, statistical me-

chanics: a) maximization of entropy; and b) the mean field approximation. We argue

that the deficiencies of the maximum entropy distribution presented in this numerical

experiment can be attributed to the break-down of the mean field approximation in

a forced dissipative system. This will be discussed in detail in the following section.

6.6 The mean-field approximation

A possible reason for the lack of success of the predicted probability distribution

function, (6.21), is that the maximum entropy principle is not at work. Nevertheless,

we believe that the analysis presented in Section 6.5.2 provides sufficient evidence

to look for other reasons why (6.21) fails to quantitatively capture the statistics.

In this section we consider the mean field approximation of Miller-Robert-Sommeria

equilibrium statistical mechanics. The energy of the flow is given as

E[q] = −1

2

∫
dxψ(x)(q(x)− βy), (6.22)

because of the presence of ψ it is not clear how make the necessary substitution to

write E as a functional of ρ allowing us to tackle this constraint analytically. We

rewrite the energy as

E[q] = −1

2

∫ ∫
dxdx′ (q(x)− βy)G(x,x′)q(x′) (6.23)
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where G(x,x′) is the Green’s function of the differential operator defined by, q =

∇2ψ + βy. Now, by swapping the potential vorticity field for its average value, and

defining 〈q̃〉 ≡ ∇2〈ψ〉+ βy, we get;

EM [ρ] = −1

2

∫
dx 〈ψ〉(〈q̃〉 − βy). (6.24)

This step is the mean-field approximation, often used in models of condensed matter

physics. In essence, we are saying that, rather than considering the interaction en-

ergy between all pairs of potential vorticity patches, we consider that each patch of

potential vorticity only feels mean effect of all other patches.

For an ideal fluid in statistical equilibrium, the mean-field approximation ceases

to be approximate and becomes exact due to the non-local aspect of the Green’s func-

tion, G (Bouchet and Venaille, 2012); for example, two-dimensional vortex dynamics

had a logarithmic Green’s function leading to long-range vortex-vortex interactions.

The mean-field formulation, however, necessitates two related properties of ideal equi-

libria: a) that the mean eddy potential vorticity flux is zero, ∇ · 〈u′q′〉 = 0, which

is a consequence of the equilibrium-state q-ψ relation, 〈q〉 = f(〈ψ〉); and b) that

neighbouring macro-cells of the flow are uncorrelated. These properties are funda-

mentally linked with the mean field approximation and are manifestly not satisfied

in a forced-dissipative statistically steady state. Therefore, we suggest that while the

maximization of entropy might be an useful organizing principle in forced-dissipative

flow, the mean-field approximation remains only a crude approximation. We propose

two potential avenues for future study to tackle this problem.

• It may be possible to find a coarse-graining (i.e., macro-cells) which is partially

Lagrangian to reduce difference between E[q(x)] and EM [ρ(q̃|x)]. This is the

approach taken in Jung et al. (2006) which produces good agreement between

experiment and equilibrium theory by moving into a frame of reference moving
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at the phase speed of a large scale Rossby wave. However, this is unlikely to

work in the presence of multiple wave modes as is the case with simulations

FD1, ...,FD6, see discussion in David et al. (2017).

• Alternatively, we speculate that a perturbation method could be applied to

the mean-field approximation to yield a more realistic probability distribution.

However, precisely how this might be achieved remains to be determined and is

subject of future work.

Indeed, it may be that a combination of the two approaches will provide the means

of deriving forced-dissipative statistics from the maximum entropy principle.

6.7 Concluding remarks

In this study we have shown how an eddy mixing entropy can be used as a measure of

turbulent disorder. By deriving the influence of forcing and linear drag, we were able

to use entropy to describe the turbulence in a freely-decaying and forced-dissipative

flow. The evolution of entropy describes the three stages of the eddy life cycle and

eddy-mean interaction: growth of instability, formation of large scale coherent struc-

tures and steady state fluctuations. In particular, the eddy production of entropy,

which has been focus of much theoretic inquiry, can be explicitly computed from data.

This will inform work on stochastic parametrization by describing the disorder in a

turbulent jet in a way that links to both statistical physics and information theory.

The relationship between the temporal evolution of entropy and the maximum

entropy principle was considered in Section 6.5. Under the assumption of maximum

entropy it was found that the time evolution of entropy was set by the time evolution

of its constraints. Suggestive evidence was found that the entropy is maximized in the

model simulations considered in this study. It is clear that if a variational problem

can be used to infer the statistics then the number of Casimir constraints has to be
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large.

With this evidence for the maximum entropy principle being a physically mean-

ingful candidate for describing the behaviour of turbulence in the system studied here,

we considered the problem of inferring the sub-grid scale statistics. This is equivalent

to inferring the Lagrange multipliers, used in the maximum entropy variational prob-

lem, from the constraints applied. We presented the mathematical formulation of this

problem in Section 6.5 and showed how the dimensionality could be reduced given

knowledge of the global potential vorticity distribution. Further, we reconstructed the

maximum entropy statistics from knowledge of the energy, global potential vorticity

distribution, and zonal mean streamfunction as a functions of time. We find that

although the maximum entropy statistics reproduces qualitatively representative fea-

tures of the flow, quantitative agreement is an improvement on the energy-enstrophy

theory, but is not yet in complete agreement. In Section 6.6, the mean-field approx-

imation was discussed as a potential culprit for the quantitative disagreement and

avenues for future investigation were proposed.

In this chapter we have presented eddy-mixing entropy as both a descriptive tool

and a dynamically balanced quantity in a barotropic turbulent jet. We have also

demonstrated the relationship between the statistical mechanics of forced-dissipative

flow and well-known globally balanced quantities such as the energy and enstrophy of

the flow. In doing so we were able to provide evidence for the action of the maximum

entropy principle at work in a forced-dissipative system. The question of the use-

fulness of statistical mechanics theories, such as the Miller-Robert-Sommeria theory,

in understanding the statistically steady states of two-dimensional and geophysical

turbulence has received much attention (e.g. Wang and Vallis, 1994; Jung et al., 2006;

Qi and Marston, 2014; Dritschel et al., 2015) but remains somewhat unclear. By ex-

plicitly considering the evolution of eddy mixing entropy in a forced-dissipative model

we are able to demonstrate the importance and utility of eddy mixing entropy in the
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study of forced-dissipative geophysical turbulence, opening the door to revisiting the

application of statistical mechanics to ocean mesoscale eddy parameterizations (cf.

Kazantsev et al., 1998).
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Chapter 7

Conclusion

7.1 Summary of results

Here we summarize the key results of this thesis, presented in Chapters 4, 5, and 6.

In Chapter 4, a study of potential vorticity statistics in a barotropic channel ocean

was presented. It was found that jets concomitant with strong mixing barriers ex-

hibit multi-modal and mixed probability distributions with self-similar consequences

for low-order statistical moments over a wide range of forcing strength. The charac-

teristic skewness/kurtosis behaviour can understood when the large-scale motion of

the mixing barrier is modeled as a Bernoulli process. When the influence of the mix-

ing barrier is eliminated, either by exploiting dynamics (jets with no mixing barrier

behaviour) or diagnostically (streamfunction following frame of reference), the char-

acteristic multi-modal nature of the statistics can be removed. In agreement with

previous studies (e.g. Hughes et al., 2010), this points to the utility of skewness and

kurtosis in identifying ocean jets as well in providing an important characterization of

jet and mixing barrier statistics in an idealized context. In particular, an important

relationship is found between mixing barriers in the dynamics and mixed probability

distributions in the statistics.
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In Chapter 5, the results of Chapter 4 were considered in the context of a realistic,

observation constrained, ocean model, SOSE. It was found that potential vorticity

skewness and kurtosis can be used to identify potential vorticity fronts at depth,

although, the identified fronts could not always be associated with jets and mixing

barriers simultaneously. By considering statistics of potential vorticity in different

frames of reference, three categories of potential vorticity front were identified: 1)

potential vorticity fronts associated with the topographically localized features of the

Agulhas retroflection and Malvinas extension; 2) potential vorticity associated with

the boundaries between the core of the Antarctic Circumpolar Current and mode

water to the north; and 3) potential vorticity fronts formed by the entrainment of

high potential vorticity at the base of the deep winter mixed layer. Evidence is

presented (Osborne-Cox diffusivity and statistical sub-populations) that these latter

fronts act as partial barriers to mixing along neutral density surfaces, becoming more

impermeable on denser surfaces.

In Chapter 6, a study was presented of the applicability of eddy-mixing entropy

and the maximum entropy principle in a forced-dissipative barotropic channel ocean.

It was found that the eddy-mixing entropy acts as a dynamically balanced quantity

with sources provided by the eddies, via linear instability, and sinks provided by both

the eddies, via the emergence of large-scale structures, and the constant effect of linear

drag. Further, evidence was found that eddies act to maximize the entropy despite

the forced-dissipative nature of the flow, potentially providing a useful means of rec-

onciling equilibrium statistical mechanics theory with more realistic non-equilibrium

turbulent flow. This provides an important first step towards an ocean mesoscale

parameterization based on a statistical mechanics theory of turbulence.

In this concluding chapter we will consider in detail two common themes which

have formed part of the discussion of the three chapters summarized above (Sections

7.2 and 7.3). In Section 7.4, some additional considerations for a statistical mechanics
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theory of the ocean mesoscale are given. In Section 7.5, some final remarks are given.

7.2 The importance of Lagrangian information

The importance of Lagrangian information is a common theme that has emerged

throughout this thesis, specifically in Chapter 4 (streamfunction following statistics,

Section 4.6), Chapter 5 (neutral density following statistics, Section 5.3.3), and Chap-

ter 6 (instantaneous streamfunction contours as macro-cells, Section 6.5.2). Discussed

in this section are some further considerations for how Lagrangian or quasi-Lagrangian

statistics are important for understanding ocean mesoscale statistics.

7.2.1 Galilean transformed mean and Rossby wave spectra

In Chapter 4, a Galilean transformed mean methodology is used in an attempt to

remove the multi-modal nature of the statistics along streamfunction contours. In

addition to the results presented in Chapter 4, Rossby wave spectra were found, given

in Appendix B (Figures B.1, B.2 and B.3), which display some interesting features of

the Rossby wave dynamics. We highlight these features here.

• The fact that we see distinct peaks in the spectra is a consequence of the nec-

essary quantization of the waves due to the period boundary conditions.

• By considering secondary peaks in the spectra it is found that the underlying

dispersion relation is multi-valued with Rossby waves with the same wavenum-

ber leading to multiple wave speeds, pointing to a complex interaction between

waves and time-varying background flow.

• As can be seen comparing Figures B.1, B.2 and B.3 the structure of the spectra

changes radically as the wind stress strength is varied, in contrast to the high
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degree of self-similarity observed in the spatial statistics presented in Chapter

4.

Understanding these Rossby spectra in their own right offers an interesting avenue

for future work on wave-mean flow interactions but also may provide a means of

deriving a time-averaging method which incorporates large-scale flow structures by

decomposing the flow onto a set of the most influential propagating Rossby waves.

7.2.2 Topology and coherent structures

In the previous section, and in Chapter 4, the influence and characteristics of propa-

gating Rossby waves were considered. Also of importance are other typical coherent

structures of geostrophic turbulence such as coherent eddies. The effect of these

coherent eddies in the form of Agulhas rings was seen in Chapter 5 where the drift-

ing ocean rings have a characteristic signal in simple statistics of the Ertel potential

vorticity.

The simulations of the barotropic model used in this thesis also exhibit flow

regimes which contain coherent eddies, for example, see Figure 4.4. Indeed, when

the analysis of Chapter 6, Sections 6.5.3-6.5.4, is applied to flows containing a co-

herent eddy, the optimization for the Lagrange multiplier fails. This is because the

mean-field energy approximation is not appropriate when defined with a zonal mean

and applied to a flow containing with topologically distinct coherent eddies which

contain much of the energy. In a recent study, Frishman et al. (2017), highlight the

importance of the topological distinction between jets and propagating coherent ed-

dies; while both lead to zonally symmetric long-time average flow, the latter cannot

be explained using commonly used theoretical arguments, including the maximum

entropy principle.

A possible means of consistently treating coherent eddies within a statistical me-

chanics framework might come from the methodology of Stanley (2017). When
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topologically distinct regions of an ocean neutral surface, defined by closed pres-

sure contours, are identified an exact geostrophic streamfunction can be found. This

methodology could be extended to identify topologically distinct regions which are

characterized by a potential vorticity/streamfunction relation suggestive of the result

of Miller-Robert-Sommeria (see Section 3.3.3). The methodology of Stanley (2017) is

also an attractive avenue for empirically analyzing coherent eddies in simple models

as well as extending the statistical mechanics formalism to realistic ocean models.

7.3 The importance of higher order Casimirs

The study of two-dimensional and geostrophic turbulence has been dominated by the

idea that there are two invariants of motion which need to be considered: energy and

enstrophy. This idea begins with the formulation of Kraichnan theory (Kraichnan,

1967, 1971; Leith, 1968; Batchelor, 1969) and has been used to formulate equilibrium

statistical mechanics-like theories (Salmon et al., 1976; Bretherton and Haidvogel,

1976; Jung et al., 2006). The reasoning for ignoring the infinitely many other invari-

ants of motion lies in the robustness of quadratic invariants (energy and enstrophy):

the non-linear term in the equations of motion continues to conserve quadratic in-

variants under spatial or Fourier truncation.

Other studies show how higher order Casimirs are important to describe flow

statistics (Abramov and Majda, 2003) as well as argue that these invariants exhibit

turbulent cascades (Polyakov, 1993; Falkovich and Hanany, 1993; Eyink, 1996) al-

though the question of whether the cascades are inverse or direct is unresolved. More

recently, Bowman (2013) was able to find evidence for a direct cascade of the fourth

order Casimir, C4, in a sufficiently high resolution simulation of two-dimensional tur-

bulence.

In this thesis evidence is found that supports the notion that it is important to
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consider the behaviour of higher order Casimirs, especially in forced-dissipative flow.

In forced-dissipative flow, the robustness of Casimirs (or a lack thereof) does not

matter. We can see this by considering the evolution of the global distribution of

potential vorticity, Π(q), the conservation of which is equivalent to conserving all of

the infinite number of Casimirs. By integrating the tendency equation for ρ, (6.4), in

Chapter 6 the tendency of Π is

∂Π

∂t
=

∫
d2x

(
∂

∂q̃
(r(q̃ − βy)ρ)

)
−
∫

d2x

(
∂τ

∂y

∂ρ

∂q̃

)
(7.1)

where all notation is as defined in the previous chapters. Note that, with typical

boundary conditions, the advective term does not have an explicit effect on the evo-

lution of Π, that is, probability cannot be fluxed out of the domain. It is clear that

in general one cannot infer that higher order Casimirs, which are the raw moments

of Π defined as

Cn =

∫
dq qnΠ(q), (7.2)

become unimportant. This is because the input of each moment of equation (7.1)

will depend on the particular spatial structure of the forcing, τ , even in a truncated

numerical model. With the addition of the drag term we can see how any moment

can be maintained in a dynamical balance and will be relevant for the turbulent flow

statistics.

In Chapter 4 we found evidence of this behaviour in multi-modal global probability

distributions. While not shown explicitly their multi-modal nature can be inferred by

inspection of Figure 4.14. These require a high number of Casimirs (raw moments)

to be described, see discussion in Section 4.7.2. Further, the evidence of statistical

sub-populations within the potential vorticity statistics on a neutral density surface

in Chapter 5, Section 5.5 again suggests the need for a large number of Casimirs to

describe the dynamically relevant global probability distribution function.
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Additionally, important evidence of the relevance of high order Casimirs is pre-

sented in Chapter 6 in an entropic framework. It is found that a large number

of Casimir constraints are needed to the temporal evolution of entropy, under the

assumption of entropy maximization, in a forced-dissipative flow. Again this can

be related to the multi-modal structure of the global potential vorticity distribu-

tion, which is the dynamical quantity which constrains the entropy maximization in

Miller-Robert-Sommeria statistical mechanics.

Thus, one of the conclusions of this thesis is that high order Casimirs are essential

when constructing a statistical theory of the ocean mesoscale characterized by multi-

modal distributions of potential vorticity as a consequence of potential vorticity fronts,

jets, mixing barriers and coherent eddies.

7.4 Towards a statistical theory of the ocean mesoscale

7.4.1 Entropy production

One of the ways that has been suggested to extend equilibrium statistical mechanics to

forced-dissipative geophysical flow is via the Maximum Entropy Production Principle

(MEPP). Kazantsev et al. (1998) propose the use of a MEPP methodology to derive

a sub-grid parametrization for barotropic geophysical flows. Here we will discuss

how the results presented in Chapter 6 deviate from the proposal of Kazantsev et al.

(1998).

In Chapter 6 an equation for the entropy tendency was derived, equation (6.6).

Based on the empirical evidence that entropy fluctuated around a steady time-mean

value at long time we can write that

P = r (7.3)
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in a forced-dissipative statistically steady state, where the over-line denotes a time-

mean. This implies that the time-mean advective production of entropy is completely

determined by the linear drag coefficient. This reduces the usefulness of the MEPP in

a forced-dissipative flow as the steady state advective production of entropy behaves

in such a way to balance its sinks (and sources see Appendix D). An interesting

extension to the work presented here would be to consider the situation where there

is an additional source of entropy via the addition of stochastic noise.

The relationship given in (7.3) suggests an interesting parallel with the recent

model of eddy saturation Marshall et al. (2017) where it was found that, in an idealized

Southern Ocean, the volume transport scales with the linear drag and the Eady

growth rate becomes directly proportional to the linear drag coefficient under these

conditions. Curiously, equation (7.3) shows that the advective production of entropy

is set by the linear drag coefficient, prompting the questions: 1) Is the advective

production of entropy proportional to the barotropic linear shear instability growth

rate in the model considered in this thesis? This can be approached in two ways;

analytically by considering the evolution of entropy in the linearized equations of

motion and numerically, by solving for the linear modes for the background states

evaluated from the non-linear model. 2) Would the advective production of entropy

be proportional to the Eady growth rate if the analysis of Chapter 6 were applied

to a two-layer quasi-geostrophic model? To begin with, it would be essential to

repeat much of the analysis of Chapter 6 in the case of a two-layer model before

considering the relationship to the Eady growth rate. These questions are left for

future consideration.

7.4.2 Extension to more realistic flows

A key question which arises from the work presented in this thesis and in particular

Chapter 6 is: how do statistical mechanics theories translate to the real ocean?
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The statistical mechanics theory presented here has been extended to: the three-

dimensional axisymmetric Euler equations (Naso et al., 2010; Thalabard et al., 2014,

2015); shallow water equations (Warn, 1986; Weichman and Petrich, 2001; Renaud

et al., 2016); as well as the Boussinesq equations for stratified turbulence (Venaille

et al., 2017). All these studies, however, retain the inherent deficiency of assuming

ideal flow. The results presented in Chapter 6 gives a preliminary route, for the first

time, to considering the case of forced-dissipative flow.

In order to extend the results of Chapter 6 some important questions must be

addressed. For example, to what extent is the system in quasi-equilibrium (Section

6.5.2)? Can the approximate quasi-equilibrium behaviour be seen in different flows

(e.g. plumes in stratified turbulence)? An obvious framework in which to start to

answer these questions is that of baroclinic quasi-geostropic dynamics as it contains

an internal deformation radius which is crucial for representing baroclinic geostrophic

eddies.

7.5 Concluding remarks

Ocean mesoscale turbulence is highly inhomogeneous, anisotropic, forced, dissipa-

tive, exhibits non-Gaussian statistics and is characterized by non-linear interactions

across disparate length-scales. The traditional homogeneous turbulence paradigm

is unsuitable for describing large-scale ocean turbulence as it assumes homogeneity,

isotropy, an inertial range and a turbulent cascade. Miller-Robert-Sommeria statis-

tical mechanics, on the other hand, does not make these assumption apart from the

prohibitive assumption of no forcing and no dissipation.

This thesis combines empirical analysis, obtained from simplified numerical ex-

periments and a realistic ocean model, with theoretical considerations in order to

identify the essential properties a theory of the ocean mesoscale must have. In ad-
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dition to the particular results presented in each of Chapters 4, 5 and 6 evidence is

presented for two important factors that should be considered when describing the

ocean mesoscale: 1) Lagrangian or quasi-Lagrangian frames of reference are key to

distinguishing large-scale coherent structures (mixing barriers, coherent eddies) from

the smaller scales which act more stochastically; and 2) higher order Casimirs are

necessary to describe the multi-modal potential vorticity distributions, arising from

coherent structures, as well as playing an important role in the maximum entropy

principle.

The ocean mesoscale is an integral component of the climate system as a whole.

However, its numerical representation lies beyond computational power for the fore-

seeable future, making a more sophisticated theoretical description a pressing concern

for science. The results presented in this thesis represent a contribution toward the

development of such a theoretical understanding of the ocean mesoscale.
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Appendix A

Boundary condition for finite

deformation radius

McWilliams (1977) argues that if we are to derive the quasi-geostrophic equations via

a small parameter expansion of the primitive equations then we had better ensure

that the boundary conditions are consistent under the same expansion. In simply-

connected domains the complications arising from this are trivially satisfied. However

in multiply connected domains additional mass and momentum constrains must be

satisfied as an additional prognostic equation. The description presented here follows

from the work of Nadeau (personal communication).

The first step in applying boundary condition (2.27) is to realize that we can write

our streamfunction as

ψ = ψ̃ +
Γ(t)h(y)

2
. (A.1)

ψ̃ is the solution to the inhomogeneous equation

∇2ψ̃ − ψ̃

L2
D

= ζ (A.2)
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with Dirichlet boundary conditions of

ψ̃|N,S = 0. (A.3)

ζ = q− βy is the relative vorticity. h(y) is the solution to the homogeneous equation

∇2h− h

L2
D

= 0 (A.4)

and satisfies the Dirichlet boundary condition

h|N,S = ±1, (A.5)

and can be precomputed at model initialization.

The shallow water quasi-geostrophic momentum equations can be written as

∂ug
∂t

+ ug · ∇ug − f0va − βyvg = −g∂ηa
∂x
− κug − νh∇4ug + τ (A.6)

for the zonal direction, and

∂vg
∂t

+ ug · ∇vg + f0ua + βyug = −g∂ηa
∂y
− κvg − νh∇4vg (A.7)

for the meridional direction. The velocity and surface elevations have been decom-

posed into a part which is in geostrophic balance, denoted by the g subscript, and a

part representing the small ageostrophic deviations, denoted by a subscript. Let us

consider the balance of zonal momentum along a latitude band, l. We get the integral

balance

∮
l

dx

[
∂ug
∂t

+ ug · ∇ug − f0va − βyvg + g
∂ηa
∂x

+ κug + νh∇4ug − τ
]

= 0. (A.8)
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Taking the integral and applying appropriate boundary conditions many terms drop

out and we get

∮
l

dx

[
∂ug
∂t

+ ug · ∇ug − f0va + κug + νh∇4ug − τ
]

= 0. (A.9)

The term which gives the trouble here is is the f0va term which is not easily calculated

in a potential vorticity model. To access this term we need to integrate the mass

balance equation over the area under the l. Doing this yields the integral balance

D

Dt

∫∫
A

dAη =

∮
l

dx [Hva + vgη] , (A.10)

where we define the surface height is given by h = H + η. Rearranging, multiplying

by f0 and using the definition of the streamfunction in this model

ψ =
gη

f 2
0

, (A.11)

we get the expression

∮
l

dx f0va =
D

Dt

∫∫
A

dA
ψ

L2
D

−
∮
l

dx
∂ψ

∂x
ψ. (A.12)

Substituting this back into (A.9) we get a closed evolution equation

D

Dt

∮
l

dx
∂ψ

∂y
+

∫∫
A

dA
ψ

L2
D

 =

∮
l

dx

[
κ
∂ψ

∂y
+ νh

∂5ψ

∂y5

]
(A.13)

for the momentum balance along l. By substituting the decomposition, (A.1), into

this equation we can solve for the boundary condition at each time-step thus ensuring

momentum conservation for all times in the model.
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Appendix B

Galilean transformed mean and

Rossby wave spectra

Here, we examine, in more detail, the Galilean transformed mean employed in the

statistical analysis of Chapter 4.

A key step in the analysis of Jung et al. (2006) is to move into a frame of reference

moving at the phase speed of a large-scale barotropic Rossby wave which dominates

the flow via a Galilean coordinate transformation defined by

u′ = u− vph, (B.1)

x′ = x− vpht, (B.2)

y′ = y, (B.3)

t′ = t. (B.4)

Under Galilean transformations, potential vorticity transforms like a scalar, that is

q′ = q, (B.5)

while the streamfunction, which is not a scalar, depends on the velocities which are
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now reduced by vph, giving

ψ′ = ψ +
vph
2
y, (B.6)

as the correct streamfunction in the new frame of reference. In moving into a frame

of reference with speed vph, the Rossby wave is ‘frozen out’ when the Eulerian time-

average is taken. All propagating Rossby waves with non-zero phase speed in a given

frame of reference will always average out, giving a zonally symmetric time-average

with a sufficiently long time average.

In Chapter 4, the analysis of Jung et al. (2006) was repeated but failed to remove

the multi-modality from the statistics, associated with the large-scale meandering of

the mixing barrier due to Rossby waves. This failure can be explained by the complex

behaviour of Rossby waves in the simulations used in Chapter 4, manifested in two

ways.

Firstly, we note that the Rossby wave dispersion relation with uniform background

flow is insufficient to describe the observed wave propagation. In this simple case the

dispersion is

ω = Uk − βk

k2 + l2
, (B.7)

where U is a background zonal velocity, k is the zonal wavenumber, l is the meridional

wavenumber. This gives a corresponding phase speed of

vph = U − β

k2
, (B.8)

in the case of a zonally propagating Rossby wave (l = 0). When the flow is inspected

to determine the wavenumber, k, and we compute the phase speed, we find that the

latter is radically different from the observed phase speed. The assumption of uniform

background flow is too restrictive to obtain an accurate dispersion relation for the

simulated Rossby waves.

Secondly, by empirically searching for the phase-speed of the dominant Rossby
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Figure B.1: Spectrum of root mean square difference between time mean and trans-
formed time mean against test wavespeed for run A. We see peaks due to higher and
lower wavenumber Rossby waves to either side of the dominant peak.

wave, an intricate spectrum of Rossby waves is uncovered. The method selects a range

of Galilean transformations and measures the deviation of the resulting time-average

potential vorticity from the zonally symmetric case; examples of the resulting Rossby

wave spectra are shown in Figures B.1, B.2 and B.3. In Chapter 4, the largest peak is

used to determine the dominant Rossby wave speed giving the Galilean transformed

mean used in the analysis.
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Figure B.2: Spectrum of root mean square difference between time mean and trans-
formed time mean against test wavespeed for run D. This is one of the messiest of
the spectra with large peaks near to the most dominant.
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Figure B.3: Spectrum of root mean square difference between time mean and trans-
formed time mean against test wavespeed for run G. For lower wavenumbers the
peaks have become broader and it becomes consequently easier to find the dominant
Rossby wave.
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Appendix C

Numerical computation of entropy

It is important to note the difference between the discrete, or Shannon, entropy

S = −
∑
i

ρi ln ρi, (C.1)

and the continuous, or differential, entropy we use in this study

S = −
∫

dx ρ(x) ln ρ(x). (C.2)

One of the clear differences between these two entropies is that the continuous entropy

can become negative whereas the discrete entropy is never less than zero. On the other

hand the continuous entropy can be negative and indeed tends to negative infinity

for the asymptotic limit of a delta-function. This means that we need to be careful

when numerically evaluating an estimator for the continuous entropy. Näıvely using

the standard discrete approximation for the integral in (C.2) leads to calculating a

quantity proportional to the discrete entropy, (C.1). To find an approximation for,

(C.2), we must evaluate the quantity

S ≈ −∆x
∑
i

ρi ln ρi + ln ∆x, (C.3)
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where ρi becomes a histogram approximation to the distribution ρ(x). However this

method of approximation was found to be biased and introduced a systematic error

into the results presented in this study.

Instead, we used a sample-spacing estimator for the distribution leading to an

improved numerical approximation for the continuous entropy (Vasicek, 1976; Beirlant

et al., 1997). The sample-spacing estimator relies of the idea that when the data is

ordered, from smallest to largest value, then the reciprocal of the difference between

two samples, separated by m spaces, is an estimator for the probability density. Using

this, the following expression is found for the entropy

S ≈ 1

N −m
N−m∑
i=1

ln

(
N + 1

m
(x(i+m) − x(i))

)
, (C.4)

where, N is the number of samples; m is the spacing size; and x(i) represents the

ith ordered sample. This method was used to evaluate the entropy throughout this

study and is found to be considerably better than more näıve methods. The simpler

methods proved to have a strong dependence on the choice of histogram bin width

rendering them unusable for quantitative comparison with theory.
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Appendix D

Effect of stochastic white noise on

eddy-mixing entropy

Ignoring the non-local and non-linear terms but now including a white Gaussian noise,

η, the potential vorticity equation

∂q

∂t
= −r(q − βy) + g(y) + η, (D.1)

represents an Ornstein–Uhlenbeck process (e.g. Gardiner, 2004) and the correspond-

ing probability distribution satisfies the Fokker-Planck equation,

∂ρ

∂t
=

∂

∂q̃
[r(q̃ − βy)ρ]− g(y)

∂ρ

∂q̃
+
〈η2〉

2

∂2ρ

∂q̃2
, (D.2)

where 〈η2〉 is the variance of the noise.
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We can derive the entropy tendency by substituting equation (D.2) into

dS

dt
= − d

dt

∫
d2xdq̃ ρ ln ρ, (D.3)

= −
∫

d2xdq̃

[
∂ρ

∂t
ln ρ+

∂ρ

∂t

]
, (D.4)

= −
∫

d2xdq̃
∂ρ

∂t
ln ρ− d

dt

∫
d2xdq̃ ρ, (D.5)

= −
∫

d2xdq̃
∂ρ

∂t
ln ρ, (D.6)

where the final step comes from the normalization condition on the distribution, ρ.

We rewrite (D.2) as

∂ρ

∂t
= r

∂(q̃ρ)

∂q̃
− h(y)

∂ρ

∂q̃
+
〈η2〉

2

∂2ρ

∂q̃2
, (D.7)

where

h(y) = rβy + g(y). (D.8)

Substituting, we obtain

Ṡ = −
∫

d2xdq̃

((
−h(y)

∂ρ

∂q̃
+ r

∂(q̃ρ)

∂q̃
+
〈η2〉

2

∂2ρ

∂q̃2

)
ln ρ

)
. (D.9)

We take each term separately in order to simplify the above expression. The first

term is simplified, integrating by parts, as

∫
d2xdq̃

(
−h(y)

∂ρ

∂q̃
ln ρ

)
=

∫
d2xh(y)

∫
dq̃

∂ρ

∂q̃
ln ρ, (D.10)

= −
∫

d2x

(
h(y)

(
[ρ ln ρ]+∞−∞ −

∫
dq̃

∂ρ

∂q̃

))
(D.11)

= 0. (D.12)

We can see that the integral above is zero from the fact that both ρ and ρ ln ρ vanish
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at ±∞. The second term can also be simplified, integrating by parts twice, as

∫
d2xdq̃

(
r
∂(q̃ρ)

∂q̃
ln ρ

)
= r

∫
d2x

(
[q̃ρ ln ρ]+∞−∞ −

∫
dq̃ q̃

∂ρ

∂q̃

)
(D.13)

= −r
∫

d2x

(
[q̃ρ]+∞−∞ −

∫
dq̃ ρ

)
(D.14)

= Ar, (D.15)

where A is the area of the domain. Here, we have, in addition to the appropriate

boundary conditions, used the normalization condition for ρ. The third and final

term, from the stochastic noise, cannot be simplified further. Thus, the corresponding

equation for the entropy tendency becomes

Ṡ = P − Ar +
〈η2〉

2

∫
d2xdq̃

∂2ρ

∂q̃2
ln ρ, (D.16)

where we have reintroduced the non-local and non-linear terms via the advective

production of entropy, P .

Thus, any increase in entropy must arise through the effect of turbulence or

stochastic forcing. In the absence of turbulence, the stochastic noise term will solely

act to spread out the probability distribution and will consequently act as a source of

entropy. In this case we would expect there to be a stationary solution for the entropy

evolution in the case of no eddies where the source of entropy due to stochastic noise

balances the sink of entropy due to linear drag. This can be tested by numerically

solving the linear equation of motion, (D.1), and comparing with the steady state

solution of the Fokker-Planck equation, (D.2), and its corresponding entropy.
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Appendix E

Time-evolution of maximal entropy

Suppose that entropy is maximized, constrained by time-varying energy and N poly-

nomial Casimirs. The variational problem to be solved is given by

δS

δρ
+ α(t)

δ

δρ

(
−1

2

∫
d2xdq̃ 〈ψ〉q̃ρ− E(t)

)
−

N∑
n=1

γn(t)
δ

δρ

(∫
d2xdq̃ q̃nρ− Cn(t)

)
= 0. (E.1)

taking the functional derivative of the constraints we obtain

δS

δρ
= α(t)〈ψ〉q̃ +

N∑
n=1

γn(t)q̃n. (E.2)

The factor of 1
2

has disappeared from the first term because

δ

δρ

∫
d2xdq̃ 〈ψ〉q̃ρ =

δ

δρ

∫∫
d2xd2x′dq̃dq̃′ q̃′ρ(q̃′|x′, t)G(x,x′)qρ(q|x, t) (E.3)

= 2〈ψ〉q̃ (E.4)
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where G is the Green’s function for the potential vorticity inversion. To find the

entropy tendency, we substitute this variational problem into the relation

dS

dt
=

∫
d2xdq̃

∂ρ

∂t

δS

δρ
, (E.5)

giving

dS

dt
=

∫
d2xdq̃

∂ρ

∂t

[
α(t)〈ψ〉q̃ +

N∑
n=1

γn(t)q̃n

]
. (E.6)

Rearranging and pulling out time derivatives we obtain

dS

dt
=
α(t)

2

d

dt

∫
d2xdq̃ 〈ψ〉q̃ρ+

N∑
n=1

γn(t)
d

dt

∫
d2xdq̃ q̃nρ, (E.7)

and identifying the integrals with the constraints which they are, by construction,

equal to, we obtain

dS

dt
= −α(t)

dE(t)

dt
+

N∑
n=1

γn(t)
dCn(t)

dt
. (E.8)

We note that because of the implicit dependence on time of 〈ψ〉 we have used the

fact that

1

2

d

dt

∫
d2xdq̃ 〈ψ〉q̃ρ =

∫∫
d2xd2x′dq̃dq̃′ q̃′ρ(q̃′|x′, t)G(x,x′)q

∂ρ(q|x, t)
∂t

. (E.9)

For ease of presentation we define α∗ ≡ −α, completing the derivation for the entropy

tendency

dS

dt
= α∗(t)

dE(t)

dt
+

N∑
n=1

γn(t)
dCn(t)

dt
. (E.10)
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Appendix F

Significance testing

To exclude the possibility of statistical over-fitting of the entropy steady state fluctu-

ations, in Section 6.5.2, we perform a significance test for the correlations observed.

Firstly, cross-validate the regression by using half the data to train the regression

while validating on the other half. We also create an ensemble of ‘synthetic’ time

series which have the same power spectra as the diagnosed energy and Casimir time

series. This is done using a MATLAB function, ebisuzaki.m, which is available as

part of the WEACLIM toolbox by Vincent Moron, available on the MathWorks file

exchange. This method follows the significance test of Ebisuzaki (1997). We test

the case using energy and 10 Casimirs to reconstruct to entropy evolutions, we cross-

validate both the reconstruction by diagnosed time series as well as the ensemble

of reconstructions from ‘synthetic’ time series. The results are given in Figure F.1,

where we have plotted the mean cross-validated correlation for the diagnosed time

series, c, given as

c =
c1 + c2

2
, (F.1)

where c1 is the correlation between the reconstructed and diagnosed entropy for the

second half of the data, trained on the first half; c2 is defined vice versa. Also plot-

ted are the percentiles for the ensemble of 1000 mean cross-validated correlations
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Figure F.1: Red line - mean cross-validated correlation between diagnosed and re-
constructed entropy as a function of wind stress strength. Black lines - percentiles
for the ensemble of mean cross-validated correlations from ‘synthetic’ time series of
energy and Casimirs.
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produced from the ‘synthetic’ time series. This clearly shows that the observed cor-

relations lie beyond the 99th percentile of the ensemble and excludes the possibility

of statistical over-fitting.
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Appendix G

Reconstructing maximum entropy

statistics

We have seen, from Chapter 6, equation (6.21), that the partition function can be

written as

Z(x) =

∫
dq̃

 Π(q̃)e−α〈ψ〉q̃∫
d2x

(
e−α〈ψ〉q̃

Z(x)

)
 , (G.1)

which is an implicit equation for Z. Writing R(q̃,x) = exp(−α〈ψ〉q̃) we can recast

equation (G.1) as an iterative relation for the i + 1 approximation for the partition

function

Zi+1(x) =

∫
dq̃

 Π(q̃)R(q̃,x)∫
d2x

[
R(q̃,x)
Zi(x)

]
 . (G.2)

Starting with Z1 = 1, we can produce an approximation for the partition function

which normalizes the probability distribution, ρ, to a better than 1% accuracy after

20 iterations.

Using this methodology we are able to reduce the problem of determining the

Lagrange multipliers to a one-dimensional problem of determining α by optimizing

for the mean-field energy, EM . Using a MATLAB numerical minimization function

(fminsearch), we can optimize α in order to match the energy of the flow, that is,
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by minimizing the cost function

L =

∣∣∣∣EM − 1

2

∫
d2x 〈ψ〉〈q̃〉

∣∣∣∣ , (G.3)

for given EM , N and 〈ψ〉 which are diagnosed from the simulations.
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parfait. Comptes Rendus de l’Academie des Sciences 1, 311:481–515.

Robert, R. (1991). A maximum-entropy principle for two-dimensional perfect fluid

mechanics. Journal of Statistical Physics, 65:531–553.

172



Robert, R. and Sommeria, J. (1991). Statistical equilibrium states for two-dimensional

flows. Journal of Fluid Mechanics, 229:291–310.

Ruelle, D. (1998). General linear response formula in statistical mechanics, and

the fluctuation-dissipation theorem far from equilibrium. Physics Letters A,

245(3):220–224.

Ruelle, D. (2009). A review of linear response theory for general differentiable dy-

namical systems. Nonlinearity, 22(4):855.

Ryabko, B. and Reznikova, Z. (2009). The use of ideas of information theory for

studying language and intelligence in ants. Entropy, 11(4):836–853.

Sallée, J. B., Speer, K., and Rintoul, S. R. (2011). Mean-flow and topographic con-

trol on surface eddy-mixing in the Southern Ocean. Journal of Marine Research,

69:753–777.

Salmon, R. (1998). Lectures on Geophyical Fluid Dynamics. Oxford University Press.

Salmon, R. (2012). Statistical mechanics and ocean circulation. Commun. Nonlinear

Sci. Numer. Simulat., 17:2144–2152.

Salmon, R., Holloway, G., and Hendershott, M. C. (1976). The equilibrium statistical

mechanics of simple quasi-geostrophic models. Journal of Fluid Mechanics, 75:691–

703.

Sasaki, H., Klein, P., Qiu, B., and Sasai, Y. (2014). Impact of oceanic-scale inter-

actions on the seasonal modulation of ocean dynamics by the atmosphere. Nature

communications, 5:6636.

Scaife, A. A., Copsey, D., Gordon, C., Harris, C., Hinton, T., Keeley, S., O’Neill,

A., Roberts, M., and Williams, K. (2011). Improved Atlanic winter blocking in a

climate model. Geophysical Research Letters, 38(L23703).

173



Schecter, D. A. (2003). Maximum entropy theory and the rapid relaxation of three-

dimensional quasi-geostrophic turbulence. Physical Review E, 68(6):066309.

Schneider, T. and Griffies, S. M. (1999). A Conceptual Framework for Predictability

Studies. Journal of Climate, 12.

Schneider, T., Teixeira, J., Bretherton, C. S., Brient, F., Pressel, K. G., Schär, C.,

and Siebesma, A. P. (2017). Climate goals and computing the future of clouds.

Nature Climate Change, 7(1):3.

Shannon, C. E. (1948). A mathematical theory of communication. The Bell Systems

Technical Journal, 27(3):379–423.

Shuckburgh, E., Jones, H., Marshall, J., and Hill, C. (2009a). Robustness of an

effective diffusivity diagnostic in oceanic flows. Journal of Physical Oceanography,

39(9):1993–2009.

Shuckburgh, E., Jones, H., Marshall, J., and Hill, C. (2009b). Understanding the

regional variability of eddy diffusivity in the pacific sector of the southern ocean.

Journal of Physical Oceanography, 39(9):2011–2023.

Sommeria, J. (2001). Two-dimensional turbulence. In New trends in turbulence

Turbulence: nouveaux aspects, pages 385–447. Springer.

Sommeria, J., Meyers, S. D., and Swinney, H. L. (1989). Laboratory model of a

planetary eastward jet. Nature, 337:58–61.

Stammer, D. and Wunsch, C. (1999). Temporal changes in eddy energy of the oceans.

Deep-Sea Res. II, 46:77–108.

Stanley, G. J. (2017). The topology of neutral surfaces and their exact geostrophic

stream function. Manuscript in preparation.

174



Starr, V. P. (1968). Physics of negative viscosity phenomena. McGraw-Hill.

Straub, D. N. (1993). On the transport and angular momentum balance of channel

models of the antarctic circumpolar current. Journal of Physical Oceanography,

23(4):776–782.

Tansley, C. E. and Marshall, D. P. (2001). On the dynamics of wind-driven circum-

polar currents. Journal of Physical Oceanography, 31:3258–3273.

Thalabard, S., Dubrulle, B., and Bouchet, F. (2014). Statistical mechanics of the 3D

axisymmetric euler equations in a taylor–couette geometry. Journal of Statistical

Mechanics: Theory and Experiment, 2014(1):P01005.

Thalabard, S., Saint-Michel, B., Herbert, E., Daviaud, F., and Dubrulle, B. (2015).

A statistical mechanics framework for the large-scale structure of turbulent von
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