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Abstract

In this thesis we present a novel approach to sensor-based motion planning developed using the mathemat-
ical tools provided by the field of nonsmooth analysis. The work is based on a broad body of background
material developed using the tools of differential topology (smooth analysis), that is limited to simple cases
like a point or circular robot. Nonsmooth analysis is required to extend this background work to the case

of a polygonal robot moving amidst polygonal obstacles.

We present a detailed nonsmooth analysis of the distance function for arbitrary configuration spaces
and use this analysis to develop a planner for a rotating and translating polygonal mobile robot. Using
the tools of nonsmooth analysis, we then describe a one-dimensional nonsmooth roadmap of the robot’s
freespace called the Nonsmooth Critical Set + Nonsmooth Generalised Voronoi Graph (NCrRir+NGVG)
where the robot is equidistant to a number of obstacles, in a critical configuration or passing between
two obstacles. We then use the related field of nonsmooth control theory to develop several provably
stable control laws for following and exploring the nonsmooth roadmap. Finally, we implement a motion
planner in simulation and for a real polygonal mobile robot, thus verifying the utility and practicality of

the nonsmooth roadmap.
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Nomenclature

s,V Normal weight indicates a scalar or matrix and bold indicates a vector.
Vv = [vy, vy, v;] Vector components are indicated with subscripts.
viva = vy — v Commonly used short form of vector difference.

a,a; The closest (witness) point on the robot A to the obstacle B, indexed if there are multiple obstacles

B;. a can also be the follow term of the control system.
A, A(q) The set of points occupied by the robot, in configuration q.
Ak An accessibility region for obstacles B;, B; and B;.

b,b;  The closest (witness) point on the obstacle B to the robot A, indexed if there are multiple obstacles

B;. b can also be the correction term of the control system.
B, B; The set of points occupied by an obstacle, indexed accordingly if there are multiple obstacles.
bndy(S) The boundary of the set S .
C Configuration space.

CB, CB; The set of points in configuration space C occupied by a configuration space obstacle, indexed

accordingly if there are multiple configuration space obstacles.
Crree  The portion of configuration space C not occupied by configuration space obstacles CB,—freespace.
cl(S) The closure of the set S.
co{S} The convex hull of the set §.
Cr Reachable configuration space in a bounded workspace.
D(q) The minimum distance function. D(q) = min;{d;(q)}.

di(q) The single object distance function between the convex robot A and the convex obstacle B;.
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da(6) The diameter function for the convex polygon A.

Ey The set of minima and maxima of d#(6). ¥ denotes a single minimum or maximum.
DY, DY, A diameter extrema edge and a diameter extrema node. DY, = DY, N Reve.

dim(S) The dimension of the set S.

dist(x;, x3) The distance between two points x; and x;.

f:X — Y A map taking points in the domain X to the range Y.

Fa The reference frame of the robot ‘A.

Fw The world (workspace) reference frame.

GVG The Generalised Voronoi Diagram.

1 Identity matrix.

int(S) The interior of the set S.

K, K¢xy The set of critical points of the function f(x).

K. The set of critical points of the function f(x) satisfying f(x) = c.

Kij, Ki"’;. The set of critical configurations (K;; € K) where the robot is equidistant to obstacles B; and B;
and the subset (K,."’;. C K;;) where A is oriented in diameter extrema 4.

min S, min; S The minimum element of the set S, indexed if S has a finite number of elements.

Ns(x) Normal cone to the set § at point x.

nbhd(S) A neighbourhood of the set §'.

NCr+NGVG The Nonsmooth Critical Set + Nonsmooth Generalised Voronoi Diagram.

Af The Penrose pseudo-inverse of the matrix A.

Null (A) The nullspace of the matrix A.

P, P The set of closest points between the robot A and the obstacle B, and the subset P C P of extremal

points (vertices of P).
s The projection operator onto a set S.

q The configuration of the robot A. In § E(2) this corresponds to the q = (x, y, 8) coordinates and in
SE(3)to the q = (x,y,z, ¢, 0, {¥) coordinates.

qs, q; The start and goal configurations.

Rs0y The composite rotation matrix composed of the Euler rotations R4,Rg and R,.
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R The real numbers.
Y The roadmap. R = Rgyve + R + Rp.-

Reve The set of configurations where the robot A is equidistant to three (roadmap segment) or four

(roadmap node) obstacles. Rgyg = (Ui, kIF i jk) U (U,-, ik I i jk[).
Ry The set of critical configurations.
Rp The set of diameter extrema edges. Rp = U;, ,;,92)}"}.
St The unit circle.
SE(2) SE(2)is equivalent to R*> x S O(2).
SE3) SE(3)is equivalentto R? x S 0(3).

S O(n) The Special Orthogonal Group of n X n rotation matrices in R” with orthonormal columns/rows
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7(7) A path in configuration space.
U The location of the witness point a in the coordinate frame F4.
i% The workspace of the robot A.

Sij> Sijx» Sijui The sets of configurations where the robot A is equidistant to B; and B, (and B, and B, if

appropriate).

ISij, ISijk, 1Siju The invertible sets of configurations where the robot A is equidistant to B; and B; (and

By and B, if appropriate).

IF ij, IF ijk, TF iju The invertible sets of configurations where the robot A is equidistant and closest to B;

and B; (and B; and B; if appropriate).
df(x) The generalised gradient of f(x).
Vf(x) The gradient of (smooth) f(x).
f°(x;e) The generalised directional derivative of f(x) in direction e.
f'(x; e) The directional derivative of f(x) in direction e.
Z The set of points of the function f(x) satisfying f(x) = c.
fls The function f restricted to the set S.

(v1, v2) The inner product of v; and v,. Throughout the paper, the inner product is equivalent to the dot

product v; - v, and the multiplication vlvg :
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{xt}, Xk A sequence and an element of the sequence.
A\B Difference of set A and set B.

AUB Union of set A and set B.

AN B Intersection of set A and set B.

A = B Material Implication—A implies B.

A & B Mutual Implication—A implies B, B implies A.
VA3B For all A there exists a B.

A C B A is contained in, or equal to, B.



“The beginning is the most important part of
the work.”

Plato

Introduction

The robot motion planning problem is to determine a suitable path for a robot that avoids collisions with
obstacles in its environment. Consider the maze shown in Figure 1.1(a). In the top left corner is a robotic
mouse and in the bottom right corner is a piece of cheese representing the goal of the mouse. Robot motion
planning is the field that answers “How do we program the mouse to find the cheese?” More formally, the
motion planning problem for a robot A in an environment ‘W occupied by a finite number of obstacles B;

can be stated as:

Definition 1.1 (Latombe [38]) Given an initial position and orientation (configuration) g and a goal con-
figuration q, of the robot A, generate a path 7 specifying a continuous sequence of configurations of A
avoiding contact with the obstacles B;, starting at q, and terminating at q,. Report failure if no path exists.

O

An answer to the mouse and cheese example which should be familiar to most readers is the use of a graph
structure to systematically examine all pathways (see Figure 1.1(b)). However, now consider the mouse
in the environment shown in Figure 1.2 in which we have a bounded area filled with several differently
shaped obstacles. In this more general case, the direct use of a graph search is not immediately apparent

and so more complex algorithmic tools are required.

Of course we are not always programming robotic mice, and in fact the motion planning problem is

a large class of problems. First consider the case of a mobile robot moving about in a laboratory. If the
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The first step of many classical motion planners is to generate the configuration space for the problem
at hand, given the geometry and location of the robot and obstacles. At this point the motion planning
problem is reduced to planning the motion of a point q amidst n-dimensional obstacles C8B;. The most
influential planners have been based on three basic methodologies: (i) potential fields, (ii) cellular decom-
positions of free space, and (iii) roadmaps of free space. Potential based planners typically operate by
applying an artificial potential to the point q that tends to draw the robot toward the goal while at the same
time pushing it away from obstacles. Cellular decomposition-based planners divide the free space into a
number of cells. Since the connectivity of these cells is easily determined, motion planning is reduced to
the problem of searching the connectivity graph from the cell containing the start q; to the cell containing
the goal q,. Roadmap-based planners generate a one-dimensional roadmap which represents the topology

of free space, as demonstrated by the following formal definition

Definition 1.3 (Choset [10]) A roadmap R is a union of one-dimensional curves such that for all start

and goal configurations q;, q, € Cy., there exists a path between g, and q, if and only if

1. There exists a path from q; € Cjr.. to some q; € R (accessibility),
2. There exists a path from q; € Cjree to some q,, € R (departability),

3. There exists a path in R from qj to q; (connectivity). O

This thesis is concerned with the construction of a roadmap based on sensed distance measurements.

As a general rule (counter examples always exist) potential-based planners are not complete while
roadmap and cellular decomposition-based planners are. The primary advantage of the potential-based
planners is they tend to be much faster than the other classes of planner for large degree-of-freedom robots,
since the time complexity to generate the roadmap/decomposition is exponential in the number of degrees

of freedom.

A number of subclasses of the mover’s problem exist. These include cases where the obstacles are
moving, where there are multiple robots, and where the robot is able to move the obstacles. These problems
are usually handled by modifying the definition of configuration space to include dynamic quantities like
time or velocity. This thesis is only concerned with the case of a finite number of stationary obstacles and

a single robot.



§1 p-23

1.2.2 Sensor-Based Motion Planning

If the robot does not know the location of obstacles in its workspace, then it must be augmented with
sensors that allow it to determine the state of its environment. The sensor-based planner incorporates this
information into the planning process. Sensor-based planners fall into two main categories: heuristic and
non-heuristic. A non-heuristic planner is defined as one that is provably complete. Heuristic planners on
the other hand are not provably complete in that they may fail to find a path, even if one exists. Heuristic
planners often equip the robot with a set a behaviours (follow a wall, avoid cluttered spaces) but tend to

fail when they encounter some obstacle configuration the designer didn’t envision.

Complete sensor-based planners are guaranteed to find a path to the goal if one exists. Classical motion
planners have this ability because they are able to look at the environment as a whole, but sensor-based
planners typically only have access to those parts of the environment that they have already explored. The
crux of the problem is to sense enough of the environment to ensure completeness. The most influential
planners have been based on three basic methodologies: (i) potential-based planners, (ii) bug-like planners
and (iii) roadmap generating planners. The potential-based planners typically generate a potential field
with a single global minimum generated from sensed obstacles. As more obstacles are sensed, the potential
is updated, always ensuring a single global minimum exists that drives the configuration point toward the
goal. The bug-like algorithms model the robot as a point and equip it with simple behaviours, combined
with a higher level of control that tells the robot when to switch between the behaviours. The roadmap
generating planners use sensor input to construct a roadmap that represents the connectivity of free space.
Planners of this type typically use stereo imaging cameras, range finders and/or sonar to detect obstacles
and generate a roadmap based on the obstacles’ locations. One possible variant in R? [65] is to use the
sensors to follow obstacle boundaries and detect which obstacles are within line of sight of each other.
A roadmap may then be created that consists of boundary segments and segments connecting mutually
visible obstacles. The resulting roadmap can then be used for motion planning. One drawback of such
a technique is that portions of the roadmap corresponding to boundary segments tend to guide the robot
unnecessarily close to the obstacles. In terms of safety and path robustness, it is generally favourable to
maximise the distance between the robot and the obstacles. We term the sensor-based planning methods
that satisfy this requirement distance-based roadmaps. This thesis is devoted to the development of a
complete distance-based roadmap for planning the motion of a convex polygonal mobile robot with a

configuration space of S E(2).
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1.2.3 Motion Planning and Distance

A number of algorithms exist that construct a roadmap based on workspace distance measurements [60,
59, 12, 13, 40, 15, 34]. These algorithms typically use workspace distance measurements to construct
a one-dimensional roadmap that tends to maximise the distance between the robot and environmental
obstacles. Rimon and Canny present one such planner [60, 59] which was the first provably correct sensor-
based planner for arbitrarily large configuration spaces. This algorithm differs quite dramatically from the
method used in this thesis, so a detailed description is left until Section 2.2.2. Our technique is most closely
related to the work of Generalised Voronoi Diagram (GVG) work of Choset et. al. [12, 13, 15, 40], so we

begin with a short introduction of this work.

The main building block of our analysis and algorithm is the single object distance function

di(q) = min |la—b]|
acA(q)
bEB,’
which is the minimum distance between the convex robot A and a single convex obstacle B;. In [12, 13]
and in this thesis, the GVG roadmap is constructed from sets of configurations equidistant to several
obstacles—the number of obstacles required to generate a one-dimensional roadmap depending on the
characteristics of the configuration space of the robot. The sets of configurations equidistant to multiple
obstacles and the dimension of these sets are determined using the techniques of differential topology [24],

which we now discuss in the context of [12, 13] which applies to a point robot A in R2.

It is known [16] that the distance function between a point and a convex set is smooth, or everywhere
differentiable. Because of this differentiability, the set M; = {(q,r) € CxR : d;(q) = r} (the graph of d;(q))
is actually a smooth manifold of dimension dim(C) embedded in a space of dimension dim(C) + 1. Figure
1.6(a) shows graphs of the seven single object distance functions di(q), - - - ,d7(q) for the seven convex
obstacles By, - - - , B7 in Figure 1.2 (point robot A). These graphs are two-dimensional smooth manifolds
embedded in a three-dimensional space. We can determine the set of points equidistant to two obstacles B;
and B;, and the dimension of this set, by considering the intersection of M; and M;. As shown in Figure
1.7(a), the intersection of two smooth manifolds M; and M; with dimension dim(M;) = dim(M;) = m is
a itself a smooth manifold with dimension dim(M; N M;) = m — 1, as long as they intersect transversely
[24]. The graphs of d;(q) and d;(q) can be shown to intersect transversely if Vd;(q) and Vd;(q) are linearly
independent, which is the case for all the B;’s in Figure 1.2. The intersection M; N M; is a set in a

space with one more dimension than C so in order to determine the set of configurations equidistant to
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FIGURE 1.7: INTERSECTION OF SMOOTH MANIFOLDS AND NONSMOOTH SETS. (A) THE INTERSECTION OF TWO SMOOTH
MANIFOLDS M; AND M, WITH DIMENSION dim(M;) = dim(M3) = m 1S A ITSELF A SMOOTH MANIFOLD
WITH DIMENSION dim(M; N M3) = m — 1. (B) WHAT ABOUT THE INTERSECTION OF TWO NONSMOOTH
SETS S| AND S2 WITH DIMENSION m?

1.3 Outline of This Thesis

The remainder of the thesis is comprised of a previous work chapter (§2), four chapters that comprise the
bulk of our results (§3-§6) and a chapter of conclusions and possible future work (§7). Chapters 3 through
6 have been written in such a way that they progress from purely theoretical to experimental in a smooth

way.

Chapter 3 begins the foray into nonsmooth analysis with a large background section, given that most
readers are likely unfamiliar with the concepts. We then proceed to develop some tools we use in subse-
quent chapters, and present a detailed nonsmooth analysis of the distance functions d;(q). Chapter 4 begins
the application of nonsmooth analysis to robot motion planning by carefully describing and outlining the
construction of a nonsmooth roadmap which encodes the connectivity of § E(2), thus enabling the develop-
ment of a complete motion planning algorithm by fully exploring this roadmap. Chapter 5 presents some
nonsmooth control theory and uses it to develop stable control laws for exploring the nonsmooth roadmap
presented in Chapter 4. Finally, in Chapter 6, we present the results of simulations and experimental trials
using a mobile robot. The success of these trials validates the theory presented in the previous chapters,

and the experiments with a mobile robot validate the practical utility of the methods outlined.

There are a number of Appendices (§A-§D) that include several important derivations and supporting
material. Appendices A through C present a number of mathematical derivations utilising nonsmooth
analysis and Appendix D in particular presents an overview of the experimental apparatus used for the

experiments described in Chapter 6.



“If I have seen further it is by standing on the
shoulders of giants.”

Sir Isaac Newton

2

Relation to Previous Work

2.1 Classical Motion Planning

In this section we highlight important previous results when the location of the obstacles is known a priori.
We address the potential field-based, roadmap-based and cellular decomposition-based methods discussed

in Section 1.2.1.

2.1.1 Potential Field-Based Methods

Potential based planners (see Khatib [35] and Latombe [38]) model the robot as a point in configuration
space under the influence of an artificial potential function. The potential function U : C — R maps the
configuration space to a value representative of the environment. The potential is typically comprised of
two parts (i) Urp : C — R which acts to repel the robot from obstacles and (ii) Uy, : C — R which acts
to attract the robot toward the goal. Figure 2.1 gives an example for the environment shown in Figure 1.2.
U, is inversely proportional to the distance from the obstacles and Uy is a potential with a single global

minimum at the goal. A path is found by gradient descent of U = Uy, the sum of U,, and Ugy,.

Potential based planners have a major drawback in that during the gradient descent, the planner has

the potential’ to become trapped in a local minimum. Methods for dealing with local minima have been

Isorry...
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Generalised Voronoi Graph (HGVG) of Choset [12]. The GVG is a one-dimensional roadmap of an n-
dimensional free space Cyr.. Defined in a similar way to the Voronoi graph, a point in the GVG is
equidistant to n obstacles in a n-dimensional space. When n = 2, the GVG and Voronoi graph are one and
the same. However when n > 2, the GVG is not guaranteed to be connected—it is not a true roadmap.
So, the HGVG was defined to recursively connect disconnected parts of the GVG. Although developed
for use in a sensor-based planning scheme, these graphs are easily constructed from an a priori known

environment.

2.1.2.3 Silhouette

The silhouette method was developed by Canny [7]. Given a semi-algebraic formulation of a single con-
figuration space obstacle CB (possibly obtained from motion constraints as in [38]), the algorithm traces
out maxima and minima curves of the so-called “slice function” A(q) = q;, where g; is one of the co-
ordinates, on the surface of CB. At points called critical points these maxima and minima curves may
disappear or appear. At critical points, the algorithm is called recursively on a lower dimensional slice of

the configuration space, ensuring connectivity of the resulting map.

Lin and Canny developed the Opportunistic Path Planner [42, 43] in somewhat the same vein as the
silhouette of Canny. However, instead of tracing local extrema on the surface of the configuration space

obstacle itself, local maxima are traced on a potential function defined as the minimum distance D(q) from

the robot A to obstacles By, - - - , B, in its environment.
D(@= min |la-b| (2.1)
acA(Q

beBUB,U--UB,

The trace of a local maximum is termed a ridge curve and the ridge curves lie in connected parts of free
space termed freeways. The ridge curves alone do not necessarily define a connected roadmap of free
space, as they are not necessarily connected. In order to connect disconnected ridge curves, so-called
bridge curves are added at critical points where freeways split or join. These bridge curves act to connect
ridge curves in disconnected freeways. Bridge curves are also added at points where ridge curves appear or
disappear—the bifurcation points of the distance potential function. Figure 2.4 gives an example roadmap
generated by the Opportunistic Path Planner. This planner has subsequently been modified to enable
sensor-based exploration of n-dimensional configuration space [60, 59] (discussed in detail in Section

2.2.2), based on the simplifying assumption that D'(q) is smooth, which this thesis clearly shows is not true
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nodes may be difficult to connect to each other. Another planner in this vein is Ariadne’s Clew Algorithm

by Bessiereand et. al. [3].

2.2 Sensor-Based Motion Planning

This section addresses previous results in sensor-based planning. The emphasis is on complete algorithms,
but notable heuristic algorithms are mentioned at the end as well. A great overview of non-heuristic mobile
robot path planners is given by Rao, Kareti, Shi and Iyengar [57]. Although a few years old now, it does

outline many important techniques.

2.2.1 The Bug-Algorithms

The algorithms Bucl and Buc2 by Lumelsky and Stepanov [49] were the first complete sensor-based
algorithms that relied only on local sensor data—no world model is generated. In these algorithms the
robot operates in a planar environment and initially has no knowledge of its environment. It then moves
directly toward the target until it contacts an obstacle. Once it hits an obstacle, it follows its boundary until
it is able to move toward the goal again. These algorithms are globally complete and based only on local
sensor information (position and contact sensors). Figure 2.8(a) gives an example of a path generated by
Bua2 for the environment of Figure 1.2. The robot has two modes of behaviour, motion toward the target
along the line joining the start q, to the goal q, and boundary following, along with a higher level of
control that determines when to switch between the two modes. Whenever it is not following a boundary

it is travelling on the line between q; and q,.

Bucl and Bug2 have been used by Lumelsky [47] for path planning of two-link robots in completely
unknown environments. Assuming the robot is covered in a contact sensitive skin, the manipulator is able
to follow the boundary of configuration space obstacles just like a mobile robot moves around workspace
obstacles. Lumelsky and Sun [50] present a general framework for two-DOF planar manipulators based
on touch sensitive manipulators following the boundary of virtual obstacles on a parameterisation of the
joint space (i.e a torus (S' x § 1Y for the case of a robot with two revolute joints). Sun and Lumelsky
examine the problem for the case of a three link planar manipulator [64]. In this case however, the final
link is a sliding link, and the problem is reduced to a simpler case. The Buc algorithms were also applied
to the case of a two-link manipulator by Li, Ma and Tso [41], although this is a somewhat incomplete,

partial result. Lumelsky and Cheung [46] examine the automation of obstacle avoidance in tele-operation.
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3DBuc by Kamon, Rivlin and Rimon [32] is a bug-like algorithm for a point robot moving amidst
3-dimensional polyhedral obstacles. Again, the algorithm has basic motion toward goal and boundary fol-
lowing behaviour, but the boundary following behaviour is complicated by the infinite number of direction
choices when an obstacle is detected. The algorithm uses a range finder to incrementally construct the

obstacle’s boundary segments, and determine if a point exists where motion toward the goal can continue.

2.2.2 Distance-Based Roadmap Building Algorithms
2.2.2.1 The Generalised Voronoi Graph

Recent important developments in sensor-based planning are the Generalised Voronoi Graph (GVG) and
Hierarchical Generalised Voronoi Graph (HGVG) of Choset [12]. The GVG and HGVG are retract-like
sets in C (whose elements are configurations equidistant to several obstacles) which represent the connec-
tivity of the workspace—like any roadmap should. Choset has shown how the GVG is easily constructed
with a mobile robot and realistic distance sensors (sonar ring) [13]. In this work, distances are measured
in configuration space, so the application of these techniques is limited to circular mobile robots. This
work was meant as a first step in a systematic sensor-based framework for multi-link manipulators. The

progression was to be as follows:

point robot in R"—completed in [12, 13].
rod shaped robot in R? (configuration space of § E(2))—completed in [15].
rod shaped robot in R? (configuration space of R* X §1 x §1)—completed in [40].

polyhedral robot in R* (configuration space of § E(3))—not completed.

R

. a chain of polyhedra in R3—not completed.

The cases of rod-shaped robots in R? and R? were examined by Choset [15] and Lee, Choset and Rizzi
[40] respectively, however these works use the simplifying assumption that single object distance function
di(q) for a rod-shaped robot is smooth. This thesis shows that di(q) for a convex robot A and convex
obstacle B; (the rod is convex) is in fact nonsmooth, so the analysis based on differential topology used in

these works is not strictly correct.

Figure 2.9 shows the incremental construction of the GVG in R? at some point before fully exploring
the workspace. Tick marks represent the direction to the closest obstacle (since points on the GVG are
equidistant to two obstacles, there are two ticks at each point). The incremental construction is based on

two properties: (i) the robot can follow edges equidistant to two obstacles based on sensor measurements
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FiGURE 2.9: CoNSTRUCTION OF THE GENERALISED VORONOI GRAPH (GVG). TICK MARKS REPRESENT THE DIRECTION
TO THE CLOSEST OBSTACLE.

and (ii) the robot is able to detect points where GVG edges meet. These meet points occur when the robot
is equidistant to more than two obstacles (or more than n + 1 obstacles in R"). This second requirement (ii)
is accomplished with a meet point detector, which is a primary difference between Choset’s incremental

GVG construction and the sensor-based planner of Rimon and Canny described below.

2.2.2.2 The Distance Silhouette

Rimon and Canny [60, 59] have also presented a complete sensor-based planner based on incremental
construction of a roadmap. This algorithm was indeed the first provably correct sensor-based planner for
arbitrarily large configuration spaces. This planner is a sensor-based version of the Opportunistic Path
Planner (OPP) [42]. OPP was based upon the construction of ridge curves that maximise the distance
to obstacles in the environment. Since these ridge curves are not necessarily connected, in order to have
a topology representing roadmap, we connect ridge curves with bridge curves through critical points on

configuration space obstacles and bifurcations of the ridge curves.

The sensor-based version of OPP is based on two properties: (i) the robot can follow ridge curves
that are the maximum of some distance potential and (ii) the robot is able to detect critical points. (ii) is
accomplished through the use of a critical point detector and minimum passage detector that signify when
to start generating a bridge curve. The implementation of these sensors is briefly discussed for the highly
simplified case of an elliptical mobile robot, however, a general implementation of the critical point sensor
is not addressed, and is a major drawback of the algorithm. Another major drawback of this technique is
that it assumes the distance function D(q) is a smooth function, which it is not [11, 16]. This assumption
leads to some very elegant proofs of completeness based on the bifurcation theory of smooth functions,

but hinders practical application of the algorithm. A main contribution of this thesis is a detailed analysis
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Yu and Gupta [66] present an incremental construction of the environment for a multi-link manipulator
with a range sensor. Sensor measurements are made in the workspace with the range sensor. At each iter-
ation, the range finder takes a snapshot, landmarks are placed randomly in the free space and surrounding
area and the robot finally moves to a new accessible landmark. Connected landmarks in free-space may
eventually represent the connectivity of free-space. Jung and Gupta developed an hierarchical oct-tree-
based representation for storing distance data collected with the range finder [29]. This data structure is

used in [66] to represent the environment.

Zeller and Schulten [67] use an external camera which views the robot and adjacent obstacles. Images
are processed using a neural network which generates a topology representing network. This network is
used to plan the motion of the end effector in order to avoid obstacles. The planner is based on a diffusion

process.

Another recent development is the D* (Dynamic A¥) algorithm by Stentz [63]. This algorithm assumes
a small amount of initially sensed information and generates a optimal path based on this information
(using A¥). As the robot proceeds it will detect new obstacles, at which point the graph must be modified,
weights adjusted etc. The D* algorithm generates the optimal path at each step, based on its knowledge at
that step. This likely doesn’t correspond to the globally optimal path (i.e. using A* when all obstacles are

known).

2.2.4 Potential Functions and Sensors

Connolly and Grupen adapted a harmonic potential based planner [19] for use with a mobile robot with
the ability to detect obstacles [20]. As obstacles are discovered, the harmonic potential is updated to
drive the robot away from newly discovered obstacles. Because the new potential is still a solution to
Laplace’s equation, the robot is always guaranteed to find the goal if a path exists. This method has the
drawback that at each iteration where new obstacles are discovered, there is significant computational cost

to re-calculating the potential function as new obstacles are detected.

2.2.5 Snake Like Robots

Motion planning for snake-like robots must almost be sensor-based by default. Snake-like robots are
referred to as hyper-redundant, meaning they have a very large number of degrees of freedom. This large

number of degrees of freedom makes classical planners explode in term of time complexity (generating
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configuration space obstacles has exponential time complexity in the number of degrees of freedom),
so sensor-based methods are the only choice. The first serious study of snake-like robots was done by
Chirikjian [9]. Reznik and Lumelsky [58] developed a planner for a snake like manipulator (i.e. one end is
fixed). They assume the robot is able to sense obstacles on any point of its body (with a sensitive skin), and
present a planner to move the head from start to goal in an initially unknown environment. Their method
hinges on moving the head according to VisBua21 algorithm [48] and moving the body with a tractrix
motion® while avoiding collisions with environment. Henning has also applied the GVG to snake robot
motion planning [26]. In this algorithm, the head of the robot generates the GVG and the remainder of the
robot follows the GVG.

2.2.6 Heuristic Algorithms

The Vector Field Histogram method by Borenstein and Koren [4] is another practical heuristic method
for motion planning of mobile robots. This approach is based on a discretisation of configuration space
where each pixel is assigned a value based on the probability that it is occupied by an obstacle. So, the
more sensor readings taken, the more accurate these pixel probabilities become. Since this is a discrete
method, the memory requirements increase polynomially with discretisation resolution (x? in 2D and x°

in 3D, where x is the inverse of the pixel width) .

3 A tractrix motion is such that a large motion of the head leads to progressively smaller motion in preceding links.



“The world, indeed, is like a dream and the
treasures of the world are an alluring mirage!
Like the apparent distances in a picture, things
have no reality in themselves, but they are like
heat haze.”

Buddha

Nonsmooth Analysis of the Distance

Function

In this chapter we present a detailed nonsmooth analysis of the distance function D(q)
D(q) = min{di(q)}

defined as the pointwise minimum of a finite number single object distance functions d;(q) (i is the obstacle
B; index). Those d;(q)s that attain the minimum distance D(q) can be indexed by the set I(q) = {i : di(q) =

D(q)}, a notation used throughout this thesis.

di(q) = min [ja - b]
acA(q)
bEBi

where q € C and A(q) is the set of points occupied by the robot at configuration q. Nearly all previous
work that deals with realistic robot models has failed to appreciate that the distance function d;(q) between
convex bodies is not everywhere differentiable. In fact, d;(q) is both nonsmooth and non-convex (in C =
S E(2) and C = S E(3)), so the usual tools of differential topology are not strictly applicable. Nonetheless, a
detailed understanding of the distance function is vital to the robotics community, and this chapter presents

the most realistic analysis to date. Our analysis is based on the nonsmooth notions of weak slope and

p.41
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generalised gradient, the former never having been used in robotics. These are powerful tools, especially
when working in finite dimensional spaces, and we believe are of such general purpose that smoothness

assumptions may no longer be needed for a wide range of robotics problems

3.1 Preliminaries

Since most readers are probably not familiar with the tools of nonsmooth analysis it is worth devoting
some time to introducing the most important (to this thesis that is) concepts. We begin with the generalised

gradient.

3.1.1 Clarke’s Generalised Gradient

Definition 3.1 Let X be an open subset of a Banach space E, and ¢ : X — R be a locally Lipschitz
continuous function where x € X and w € X. The generalised directional derivative, denoted ¢°(x; e), is

defined as

forall e € E : ¢°(x; €) = limsup oW + t‘;) — ¢(w).
WX
t—0+

The most important attribute of ¢°(x; e) with regards to our analysis is that it is upper semicontinuous
(u.s.c.) in x,e [16]. So, when ¢°(x;e) < 0, #(x + re) < @(x) for small enough 7 (¢ tends “downhill” in
direction e). In fact, ¢ tends “downhill” in direction e for all y € nbhd(x). “uphill” in direction e implies
¢°(x;e) > 0, but the converse is not true. We use this property extensively when exploring the critical
points of D(q) in Section 3.2.3. The generalised directional derivative is used to define the generalised

gradient.

Definition 3.2 The generalised gradient of ¢(x) defined above, denoted d¢(x), is the set
do(x) = {a € E : ¢°(x;e) > (a,e) forall ec E).

where E’ is the dual space of E. O

Comment 3.3 The reader should at this point realise that § E(2) (and S E(3)) are not Banach spaces since
they are not linear. However, since S ! is a manifold, we can operate through the tangent space TS E(2) of

S E(2) and the dual of the tangent space (tangent bundle/tangent dual globally). For example, we calculate
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#°(x; e) and d¢(x) in R", and through the existence of a diffeomorphic map ¥ : S E(2) — T(SE(2), we

preserve the critical aspects of d¢(x) (i.e compactness etc.) in S E(2). m

In motion planning, the domain C of d;(q) and D(q) has dimension equal to the number of degrees
of freedom of the robot. A physically realisable robot must certainly have a finite number of degrees of
freedom n, so the domain has a finite dimension of dim(C) = n. Let’s consider finite dimensional spaces
in general. If X is finite dimensional, we have the following useful property, based on Rademacher’s
Theorem, which states that a Lipschitz function on an open subset of R” is differentiable almost everywhere

(non-differentiable set has measure zero). In the following, cof{} denotes convex hull.

Corollary 3.4 Let X be finite dimensional, let S be any set of Lebesque measure 0 in X and let Q4 C X

be the set of points where ¢ fails to be differentiable. Then the generalised gradient is given by
0p(x) = coflim Ve(x;) : x; = X, X; € S, X; & Qy}. [ ]
where {x;} is any sequence with accumulation point lim x; = x.

This alternative definition of the generalised gradient says that d¢(x) is given by the convex hull of all

the gradient limits approaching x. Consider this example

Example 3.5 Consider the function graph ¢(x) = —|xj| — |x2| + 1 shown in Figure 3.1(a). An arbitrary
sequence {X;} with x; — X is shown in Figure 3.1(b). The limit of the gradient vectors of this sequence of
points lim Vé(x;) is shown to be (1, —~1). The convex hull of the limits of all possible sequences gives the

generalised gradient. In this case d¢(x) = cof(1, 1), (-1, 1),(~1,-1), (1, —1)}, which is a square region.

The well established results of convexity theory [1], in particular the separation theorem, are used in
a number of critical proofs since d¢(x) is compact and convex [16]. We now present a third, and final,

formulation of the generalised gradient based on the normal cone of the epigraph.

Definition 3.6 The normal cone of a set C C R” at a point x € C, denoted N¢(x) is given by

Ne(x) = cl(cofd lim I% 120, L C at X, % — X, v; = 0)) 3.1)

1

where v; = X; — X. o
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B A L

FIGURE 3.2: EPIGRAPH OF ¢(x) GIVEN BY EQUATION 3.3 AND THE NORMAL CONE Nepi 4(Xx) AT x = 3. THE GENER-

ALISED GRADIENT IS THE SET 0¢(3) = [%, %].

The generalised gradient is an extremely powerful tool given that a Calculus exists to determine the
generalised gradient of function sums, multiplications, compositions etc. We next present several basic
rules of the generalised gradient calculus that we use in this thesis. The interested reader can refer to [16]

for more examples.

Corollary 3.9 (Scalar multiplication) For any scalar A, one has

AAf)(x) = A0f(x) ®

Corollary 3.10 (Finite Sum) If ¢(x) is expressed as a finite sum of functions ¢;(x) + - - - + ¢,(x) then the

generalised gradient satisfies
9D ) € D Afi(x)
i=1 i=1

where the right hand side denotes the set of all points { obtainable as a sum )" | {;, where each ¢; belongs

to d¢i(x). [}

Corollary 3.11 (Products) If #(x) is expressed as a product of two functions ¢;(x)¢,(x) then the gener-

alised gradient satisfies

3(142)(X) C $1(x)02(X) + $2(x)d¢1(x) (3.4)

where ¢;(x)0¢;(x) denotes a multiplication of every element of d¢;(x) by ¢,(x) and sum has the same



§3 p.46

meaning as in Corollary 3.10. .

Corollary 3.12 (Chain rule) If #(x) is expressed as a composition of two functions ¢ = goh with h: X —

R” and g:R” — R then the generalised gradient satisfies

d(x) € cl(co{ )’ adi : & € Bhi(x), @ € Ig(h(X)))) (35
where the sum has the same meaning as in Corollary 3.10 and co denotes convex hull. ]

The distance function D(q) is a pointwise minimum function, so it’s useful to have a ‘calculus’ rule for
functions of this type as well. Theorem 3.13 presents a very useful rule for determining d¢(x) of pointwise

minimum functions.

Theorem 3.13 (Pointwise minimun) If ¢(x) is expressed as the pointwise minimum of a finite number

of functions ¢#(x) = min;{f;(x)} then the generalised gradient satisfies

dp(x) C cofdfi(x) : i € I(x)} = cof U di(x)} (3.6)

iel(x)

where I(x) is the set of indices where f;(x) = ¢(x) and co{} denotes the convex hull of a set of vectors.

Proof We have the following for the pointwise maximum function @p.x(x) = max;{fi(x)} [16]
OPmax(X) C cofdfi(x) : i € 1(x)}
Since min;{f;(x)} = — max;{—f;(x)} we have

ap(x) = 9(- mtfdx{-fz(X)})
= —d(max{-f;i(x)}) (by Corollary 3.9)
C —co{-dfi(x) : i € I(x)} (by Equation 3.6)

= co{df(x) : i € I(x)} (property of convex hull) [ ]
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3.1.2 The Weak Slope

In subsequent sections, ¢ : X — R is an everywhere continuous function taking points in its domain X to

the real numbers R. We assume X is a complete metric space with metric d.

Definition 3.14 (Canino and Degiovanni, [6]) Let ¢:X — R be a continuous function. For every x € X
we denote by |dé|(x) the supremum of the os in [0, o) such that there exists § > 0 and a continuous map

H : Bs(x) % [0, 6] — X such that

Vv € Bs(x),Vt € [0,6] : dist(H(v,?),v) < ¢
Vv € Bs(x),Vt € [0,6] : ¢(H(v,1)) — ¢(v) < -0t (3.7

The extended real number |d¢|(x) is called the weak slope of ¢ at x. o

The weak slope is directly related to the gradient, when the gradient exists. In the smooth case, we

have Corollary 3.15.

Corollary 3.15 (Canino and Degiovanni, [6]) If X is a C! differentiable manifold and ¢ is a C! function,
ldg|(x) =I| Vox)|I. =

Heuristically, if |[d¢|(x) > 0, we can map a nbhd(x) (nbhd() denotes neighbourhood) “downhill”” con-

tinuously. Consider the following two examples, the first being less formal than the second:

Example 3.16 Consider the function plot ¢(x) = —|x;| — |x2| + 1 shown in Figure 3.1(a). The figure shows
“rubber sheets” centred at two points ¢(x,) and ¢(xp). We have |d¢|(x,) = 0, since every point of the sheet
cannot be stretched downhill without “poking a hole” in it (changing the topology). |d¢|(xp) > 0 since we

can stretch all points “downhill” without “tearing” the rubber sheet. m]

Example 3.17 Consider the function graph of ¢(x) = —|x — 1| + 1 in Figure 3.3(a) in which we desire to
determine |d¢|(1), where ¢ is not differentiable in the classical sense. We need to determine the supremum
of the os in [0, o0) such that Equations 3.7 are satisfied. If o = 0, the continuous function H(v,#) = v
(no motion) satisfies the requirements. However, if oo > 0, no continuous function can be found. To see
this, consider without loss of generality the case where x = 1 maps to the right (#(1,#) — 1 > 0) in Figure
3.3(a). For any ¢, we can construct an e-neighbourhood around (1, ¢) that does not contain points in any
é-neighbourhood around x = 1, thus no continuous transformation exists. The same applies if x = 1 maps

left. The weak slope is thus [d¢|(1) = 0. O
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FIGURE 3.3: EXAMPLE OF THE WEAK SLOPE AT NON-DIFFERENTIABLE POINT X = 1 OF THE FUNCTION ¢ = —|x— 1|+ 1.
(rop) THE GRAPH OF ¢ AND (BOTTOM) SHOWS THAT NO CONTINUOUS ‘DOWNHILL MAPPING HH(V,t)
EXISTS SINCE IT IS IMPOSSIBLE TO MAP POINTS IN A O-NEIGHBOURHOOD OF X = 1 TO POINTS IN AN
€-NEIGHBOURHOOD OF (1, f). IN THIS EXAMPLE, THE WEAK SLOPE Is |d¢|(1) = 0.

An important note about the weak slope is that it satisfies our intuitive notions of “downhill”, which is

important for determining the critical points of D(q).

Definition 3.18 If |[d¢|(x) = 0, then x is considered a critical point of ¢. Other points are called regular

points of ¢. O

Recall that a critical point p € X of a smooth function ¢ : X — R occurs when the partial derivatives
are all zero

0p ~_.._9 \_
a—xl(p)— —axn(p)—O

Most readers will be familiar with the smooth concepts of local maximum, local minimum and saddle-
points—types of smooth critical points. It turns out that these concepts all translate intuitively to nons-
mooth examples, and the reader should verify to himself/herself that the weak slope is zero in all these

cases. Figure 3.4 should help with this exercise.

Definition 3.19 A real number c is called a critical value of ¢ if the set ¢™1(c) = {x € X; ¢(x) = ¢}
contains at least one critical point. All other real numbers, even those ¢ ¢ Range(¢), are referred to as

regular values. O

We now present some notation used to represent various subsets of X.

K. ={x e X; ¢(x) = c,|dg|(x) = 0}
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also a compact set [55].

It was noted in [21] that a critical point theory based on the generalised gradient cannot be developed.
The function ¢ : R — R defined by ¢(x) = x — V2 was used as an example. This function obeys (PS)
and has a critical point at the origin. However, the generalised gradient in this case evaluates to the empty
set d¢(0) = @. For Lipschitz functions with a finite dimensional domain, the notions of weak slope and
the generalised gradient are closely related, with each suitable for tackling different issues in nonsmooth

analysis.

We now present a critical theorem! that links the notions of weak slope and generalised gradient for

the case of Lipschitz functions defined on a finite dimensional domain R”.

Theorem 3.21 |d¢|(x) = 0 (x is a critical point) if and only if 0 € d¢(x).

Proof This is not true in general (i.e. infinite dimensional domains), since by Theorem 2.17 [21] we have
ld¢|(x) > min{l|x||: @ € 9(x)}

which only gives one implication direction. However, if the domain X is finite dimensional, we have
equality in the above relation and the theorem follows. Recall from Corollary 3.4 the alternate definition

of the generalised gradient
Ap(x) = co{lim V(x;) : X; = X,X; € 5, X; ¢ Qgp}

Let the minimum norm element of d¢(x) be {. Now, there must exist a sequence of points {x;} with
X; — X such that xhinrx Vé(xi) = ¢. By the continuity of the norm operator (in a finite dimensional space)
liln) Il Vo(xp) 1=l k( l. Within any delta neighbourhood Bs(x), by Corollary 3.15, there exist points X
::'h;re ldé|(xx) =]l Vé(xz) || so by definition of the weak slope for any € > 0, there exists § > 0 where

ldé|(x) <||Vo(xx) || +€ for all x; € Bs(x). Since lirr; I Vé(xp) 1= € || for at least one sequence we have
X—
ld¢l(x) < min{l|a||: & € dp(x)} =l ¢l

so the theorem follows. ]

1|dg|(x) and A¢(x) are actually defined in complete metric spaces and Banach spaces respectively, so Theorem 3.21 requires R”
as the domain. We assume C is charted to R"
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1
X2 X

X1 X3

(a) (b)

FIGURE 3.6: LINEAR CHANGE OF COORDINATES RESULT IN FULL-RANK OG(X). WITH THE ORIGINAL SET OF COOR-
DINATES (X1,X2) IN (A), SOME ELEMENTS OF g'(X); HAVE A NON-ZERO X; COORDINATE, LEADING TO
ELEMENTS OF 0G(X) THAT ARE NOT FULL-RANK. BY APPLYING A CHANGE OF COORDINATES, LEADING TO
NEW COORDINATES (X1, X2) IN (B), WE ENSURE THIS IS NO LONGER THE CASE.

element of the generalised Jacobian® d¢(x) is invertible, then ¢ maps a neighbourhood of x € R” homeo-

morphically onto a neighbourhood of y = ¢(x). n

In the smooth case [24], ¢ can be shown to map a neighbourhood of x € R” diffeomorphically (a smooth
homeomorphism) onto a neighbourhood of y = ¢(x). The proof of Theorem 3.24 is thus quite similar to

the proof using diffeomorphisms[24]—we just lack smoothness.

Definition 3.23 The canonical subinersion :R* — R! is the standard projection of R* onto R! for k > I,

in which (x1, -, x¢) = (x1,++ , x). O

Theorem 3.24 If y € R is a regular value of ¢:R” — R, then the preimage ¢~1(y) is a set with dimension
dim(¢~'(y)) = n - 1.
Proof By Theorem 3.21, if y is a regular value, then |d¢|(x) > O for all x € Z, and so 0 ¢ d¢(x) for all

x € Z,. Consider the trivial local parameterisation diagram where g = ¢

R"L)R

T

R”L)R

We seek to modify g and apply the Local Inversion Theorem. Define G : R* — R” by G(x) = (g(x), x2,

2The generalised Jacobian is an analogue of the generalised derivative for vector valued functions. i.e. for F : R* — R™,
J0F(x) = coflim JF(x;) : X; — X,X; ¢ QF), where QF is the set where F is not differentiable. Compare this to Equation m.
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-+, Xn), Where x = (x1,- -+, x,).

We now show that all elements of dG(x) are invertible. We know from [16] that G(x) C dg' (x) X - - - X
dg*(x), where the latter denotes the set of all matrices whose i row belongs to the generalised gradient
of the coordinate function dg'(x) (g'(x) = g(x) and g'(x) = x;,i € {2,--- ,k}). Since dg!(x) is invertible
(invertible means 0 ¢ dg'(x)), we can have a linear change of coordinates so that dg!(x) always has a

nonzero x; coordinate g!(x); (see Fi gure 3.6), and the elements of G(x) have the full-rank form

og'(x); Og'(x); -+ Og'(X) |
0 0 1

By construction g = 70 G, s0 g o G} is the canonical submersion 7. The following local parameterisation

diagram commutes.

R”L)R

G“T TI

R" —— R
Locally, ¢(x) is equivalent to the canonical submersion 7 (the projection of R” onto its first component),
so select local coordinates around x € R” and y € R where y corresponds to O and ¢(x;, -, x,) = x;. Let
V denote the neighbourhood of x in coordinate system (x1, - - - , x,). Then (¢ 0 G™)~1(y) N V is the set of
points where x; = 0, a relatively open subset of ¢! having dimension n — 1. By the arbitrariness of x,

dim(¢~1(y)) = n - 1. -

The previous Theorem applies to functions defined on R”, and has a global flavour to it, in that y = ¢(x)
is a regular value. We actually desire a more local Theorem since our distance measurements are just that—
local. Just because the robot is in a regular configuration q with D(q) = d doesn’t mean all configurations

with D(q) = d are regular. We have the following for any set S locally homeomorphic to R”.

Corollary 3.25 If x € § is a regular point of ¢ : § — R, with #(x) = y, then the preimage ¢~'(y) has
dimension dim(¢~1(y)) = n — 1 in a neighbourhood of x.

Proof If x is a regular point of §, then there exists a continuous transformation H(v, ¢) satisfying Equa-
tions 3.7 in a neighbourhood Bs(x) (X = § in the notation of Equation 3.7). Let G: § — R”" be a local

homeomorphism between S and R*. Since H(v, £) is continuous, so is GoH and thus G(x) € R”" is a regular
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Alg) Aq)

FIGURE 3.7: THE DISTANCE FUNCTION d;(q) 18 LipscHrrz IN S E(2) anp S E(3). THE FIGURE SHOWS A CONVEX
OBSTACLE B; AND THE ROBOT IN TWO CONFIGURATIONS A(q;) AND A((2). THE LIPSCHITZ CONDITION
IMPLIES THE DISTANCE CHANGES LESS THAN THE MAXIMUM DISTANCE MOVED BY ANY PARTICULAR POINT
ON THE ROBOT. THE TRIANGLE INEQUALITY IN EQUATION 3.10 1S SHOWN IN DOTTED LINES.

point of g = G~! o ¢ where ¢c(G(x)) = y. By Theorem 3.24 ¢5‘ () has dimension n — 1 in a neighbour-
hood of G(x), and since homeomorphism preserves dimension, G~ (¢! (»)) N Bs(x) = ¢~ (y) N Bs(x) has

dimensionn - 1. ]

3.2 Nonsmooth Analysis of the Distance Function

The robot A will usually operate in an environment with a finite number of convex obstacles B;. Assume
A and the B;s are all convex and compact. Furthermore, assume that the B;s enclose, or bound, a subset
of the workspace. This ensures that there are ‘enough’ obstacles to construct a roadmap in the following
chapter. The ‘reachable’ configuration space C, C S E(2) or S E(3) is then also bounded. For the remainder

of this thesis, assume q € C,. We start with Lemma 3.26 which shows that D(q) can never reach +oo.

Lemma 3.26 D(q) is a function bounded from above and below (totally bounded).
Proof By convention, the individual d;(q)s (and thus D(q)) are bounded below by the value zero. Since
the robot operates in a bounded workspace, the individual d;(q)s (and thus D(q)) are bounded above by a

finite distance. L

The generalised gradient is defined only for Lipschitz functions, so we evidently must show that d;(q)
and D(q) satisfy the Lipschitz condition. The Lipschitz condition requires that the domain X be a metric

space. From now on, assume that the metric d(q;, qz) on C is the so called “maximum distance metric”

d(q:,q2) = max [la(q:) — a(q)l|
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which corresponds to the maximum distance moved (in the ambient Euclidean workspace ‘W = R? or R?)

by any of the points in A.

Lemma 3.27 di(q) satisfies the global Lipschitz condition |d(q;) — di(q2)| < d(q1 — q2).
Proof By definition, di(q;) >||a;(q;) — b1 ]|. As well,

di(q2) < llai(qz) — byl
< llai(qz) —ai(qu)ll + llai(q:) — by || (triangle inequality) (3.9)
< d(qr - q) +di(q)

where a;(q;) is the closest point on the robot in configuration q;, and a;(q) is the location of that same
point in configuration q; (it may no longer be the closest point). Since we can switch roles of q; and q;

we get the condition |d;(q;) — di(q2)] < d(q; — q2). [ |

Lemma 3.28 D(q) is a locally Lipschitz function.

Proof D(q) is locally Lipschitz since a function g(x) = min;{f;(x)} expressed as the maximum (or mini-
mum) of a finite number of locally Lipschitz functions fi(x),- -, f,(x) is itself locally Lipschitz ([16] p.
47). [ |

The Lipschitz condition places an upper bound on the nearest distance change |D(q1) — D(q2)| when
the robot moves from configuration q; to q;. More importantly for our use, when given a desired change
in the minimum distance |D(q;) — D(qy), the Lipschitz condition implies a lower bound on the motion
required in configuration space d(q; — q2) required to effect the distance change. It is also important that
d;(q) and D(q) satisfy the Palais-Smale condition (PS) because nearly all the critical point literature, both
smooth and nonsmooth, is developed in the context of functions that satisfy (PS). Analysing critical points

that occur at infinity is a non-trivial thing.

Theorem 3.29 D(q) satisfies (PS).
Proof Since C, is compact, any sequence ¢, C C, has a convergent subsequence and D(q) thus satisfies

(PS). [ |

The (PS) condition also ensures that D(q) is proper (see the Glossary for a definition of a proper map) and

that the set D(K) is closed in the reals. This immediately gives Lemma 3.30.
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Lemma 3.30 The set of critical points K of D(q) is a compact set in C,.

Proof The (PS) condition immediately implies that each critical level K, is compact and that D(K) is
closed in R, but says nothing about the set of all critical points K. However, since D(q) is bounded and
D(K) is closed, D(K) is also compact. C, is closed, so by the continuity of D(q), D™!(K) = K is a closed
set. K is compact by the compactness of a closed subset of a compact metric space C,, so the lemma

follows. ]

The planner developed in subsequent chapters operates by constructing a roadmap that connects all
components of the critical set K. Now, if a planner based on searching for interesting areas of configuration
space (the set K) is to terminate, we must know a priori that K has a finite number of components. Consider
what we know about our function D(q); it is Lipschitz, totally bounded, the critical set K is compact, as
are the individual sets K. These characteristics however are not sufficient to guarantee a finite number of
components in K. Consider the function ¢:[-1,1] - R

x%sin(1/x), -1<x<landx#0
#(x) =
0, x=0

where Ky = {0} U {2/m,2/37,2/5m, - - -}, which has an infinite number of components. Since the indi-
vidual K,s are disjoint compact sets, we know the distance between each set must be positive. However,
in order to establish a finite number of critical sets in configuration space, we need to show that all the K,s
are in fact disconnected. We use the notation K; to represent a single disjoint connected component of K.
The individual K;s may or may not be subsets of the same K.s. We present the following as a proposition,

and leave the proof until the end of Section 3.2.3.

Proposition 3.31 Each K; is disconnected from | i K ; (union of all K ;s not equal to K. [

This Proposition leads immediately to a proof that K consists of a finite number of disconnected compo-

nents.

Lemma 3.32 There are a finite number of critical level set components Ky, K,

Proof We use proof by contradiction. By definition of the critical set, K = |J; K;, and by Proposition
3.31, each K; is disconnected from |J j#i K ;. Assume there are an infinite number of K;s. Since each
critical level set is disconnected, we can construct an open cover of K using the sets C;, such that each K;
is contained in one and only one C;. Since each K; is disconnected from the rest of K, C; is simply any

epsilon neighbourhood nbhd(K;) such that nbhd(K;) N | i K ; = @. By construction, each C; contains
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FIGURE 3.8: GRADIENT OF DISTANCE IN S E(3). a AND b ARE THE CLOSEST POINTS ON THE ROBOT ‘A AND OBSTACLE
B; RESPECTIVELY. A ARE THE COORDINATES OF @ IN A’S COORDINATE FRAME 7. Fay IS THE WORLD
COORDINATE FRAME.

only one K;, so any finite collection of C;s necessarily misses some K;s. This contradicts the fact that K is

compact, in that every infinite open cover must have a finite open cover. L

3.2.1 Generalised Gradients of the Distance Functions dd;(q) and dD(q)

In this section we develop expressions for the gradient of the distance function of a free floating convex
body with the usual six degrees of freedom. The gradient Vd;(q) derived in this section plays a critical
role in calculation of the generalised gradients dd;(q) and dD(q). These results and proof are constructed

in S E(3), but the results are also applicable to § E(2) by discarding the z, 6 and i terms.

Figure 3.8 shows the environment used to determine the generalised gradient. The (single) points on
the robot A and obstacle B; closest to each other are a = [a,, ay,a]” and b = [by, by, b,]” respectively.

We use the additional notation 4 = [a,, &y, a,]7 to represent the coordinates of a in A’s coordinate frame

Fa. The minimum distance then is given by

d(@) = /(@z = bo)? + (@, — by)? + (a; = b (3.10)

Letr = [x,,z]7 be the location of the origin of Fz with respect to F4y. To parameterise the rotational
degrees of freedom, we choose the Euler angle parameterisation of S O(3) with the three angles ¢, 6 and
¥ (see [38] for an excellent description). ¢ represents a rotation about the z-axis of F resulting in a new
coordinate frame ¥, , 6 represents a rotation about the y-axis of 7'; leading to another new coordinate frame

?_,;' and i represents a rotation about the z-axis of T;" resulting in the final configuration of A’s coordinate
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frame. Using the shorthand notation ¢ = cos and s = sin, the composite rotation matrix is given by

Rsoy = RyR4Ry

| 0 0 1 -s0 0 coO

[ cpclcy — sgpsy  ~chpcOsy — spcy
= spclcy + chsy  —spcOsy + chpey
—sfcy sOsy

cp -s¢ O cd 0 s6 || cy
= s¢ cp O 0O 1 0 sy

We use the notation R;; to represent the nine entries of the composite rotation matrix. This helps keep

the subsequent matrix formulae to a reasonable size. The world coordinates of 4 are denoted U = Rsp,4

and the world coordinates of a are

a = r+U

x+aRy + &lez + &ZR13

y+ &xR21 + &szz + &2R23

Z+axR3; + flyR:;z + a,R33

The main result of this section is the following theorem. This theorem has in fact been verified for the

case of a point robot in [16], and although rather intuitive is not a trivial matter. In the follow Theorem,

the notation (a — b), indicates the x-component on the vector (a — b).
Theorem 3.33 Vd;(q) exists and is equal to the 6 X 1 vector

(a-b),
(a-— b)y
1 (a—b),

Vdi = =
9= 7w (U x (a - b)),

R;'(U x (a - b)),

| (R;'R; (U x (a~b))), |

(3.11)

if and only if there are single unique points a and b on the robot A and obstacle B; respectively, such that

la~b|l=di(q) >0
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Proof (IF) Appendices A and B establish that Vd;(q) exists and is equal to Equation 3.11 if there are

single unique points a and b on the robot A and obstacle B; respectively.

(ONLY IF) Without loss of generality, assume there are multiple closest points on the robot. Figure 3.10

and Lemma 3.34 in the following section show that dd;(q) contains multiple points, so Vd;(q) does not

exist. ]

It is worth noting that the same gradient result can be obtained using standard calculus differentials if
(a - b) is assumed perpendicular at a (resp. b) to the tangent space T,bndy(A) (resp. Tpbndy(B))) of the
boundary of A (resp B;) at all configurations q. This is the approach taken in [15] for S E(2), in which the

single object distance function d;(q) is incorrectly assumed everywhere differentiable.

3.2.2 Multiple Closest Points

By Theorem 3.33, when there are multiple closest points on the robot A, the generalised gradient dd;(q)
must not be a singleton. When determining the dd;(q) we must remember to address the fact that, by
convexity of A and the B;s , there will be an infinite number of closest points if more than one closest
point exists. We denote these closest points a,(q) indexed by #+ € T where T is an abstract indexing
space (with an infinite number of points by necessity). We denote by dist(a,(q), B;) the minimum distance
between a,(q) and B; and note that by definition dist(a,(q), B;) = d;(q) for all r € T. We then have the

following alternate definition of d;(q)
di(q) = min{dist(a,(q), B;) : a,(q) € A, dist(a[(q), B) = di(q)} (3.12)
Lemma 3.34 The generalised gradient when there are multiple closest points is given by

ddi(q) = co{Vdist(a,(q), B)) : a,(q) € A, dist(a[(q), B:) = di(q)}

Proof Since B; is convex, the point distance function is everywhere differentiable, so dist(a,(q), B;) is

everywhere differentiable and Vdist(a,(q), B;) exists. We also note

miin{fi} =- mlax{‘fi}
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dist(a,,, B)"\ | /dist(a,,, B)
th? e atc‘? ﬂ
B, di(q) r~
O le_ ..
b,2 at(;
-6 +6
(a) (8)

F1GURE 3.10: d;(q) CAN HAVE NONSMOOTH POINTS. (A) A ROBOT A AT CONFIGURATION q = [x,y,6]T WITH A NUM-
BER OF CLOSEST POINTS TO THE OBSTACLE B;. IF A ROTATES CLOCKWISE (RESP. COUNTERCLOCK WISE)
THE CLOSEST POINT BECOMES &;, (RESP. ;) AND THE DISTANCE TO THE CLOSEST POINT ON THE OB-
STACLE by, (RESP. by)) 1s dist(a,,(q), B;) (Resp. dist(a,,(q), B;)). (B) A GRAPH OF dist(a,,(q), B:)
AND dist(a,, (q), B;) ALONG WITH d;(q) FOR § WITH X, y HELD CONSTANT. WE CAN SEE THAT d;(q) 1§
NONSMOOTH AND NON-CONVEX AT CONFIGURATION (.

subset P is sufficient to determine the first three terms. The fourth term (Uxaby — Uyab;) is handled with
the assistance of Figure 3.9(b) which shows a different view of Figure 3.9(a). Without loss of generality
assume ab, = 0, and since ab, is a constant we need only address the term U’, = a,(q) — [x,y,z]7. Itis
easily seen that U, achieves a minimum at extremal point a,,(q) and maximum at the extremal point a,(q)
such that U} < U ! < U%. Thus it is sufficient to consider only the extremal points for the fourth term. The
fifth and sixth terms are handled similarly. Since the linear change of coordinates of ¥y is arbitrary, the

lemma follows. ]

Lemma 3.35 does not apply if P is not a convex polygon (or line segment), so we assume from now on

that A and all B;s are convex polytopes or polygons.

3.2.3 Detection of Critical Points

Recall that a critical point p € X of a smooth function ¢ : X — R occurs when the partial derivatives are
all zero

0p _ .9 . _
a—xl(p)— —axn(p)—O

Since both the d;(q)s and D(q) may have nonsmooth points, we need to address where nonsmooth critical
points can occur. Although d;(q) is in general nonsmooth, it does not have any nonsmooth (or smooth)
critical points in Cy.. since Theorem 3.33 establishes that the generalised gradient dd;(q) never contains

the point 0, since a — b is always a single nonzero value. By Theorem 3.21, all of the points of d;(q) are
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regular. On the other hand, the distance function D(q) is a pointwise minimum function, so the generalised

gradient satisfies

aD(q) C co{ddi(q) : i € I(q)) (3.13)

In [16], the inclusions in the generalised gradient calculus are shown to be equalities if the functions d;(q)
are “regular” in the sense that the generalised derivative is equivalent to the standard directional derivative

(see [16]). By Lemma 3.36, d;(q) is not “regular”, so dD(q) may not be strictly equal to the convex hull.

Lemma 3.36 In general, d;(q) is nonsmooth and non-convex.

Proof Figure 3.10 shows an example of a nonsmooth point of d;(q) with respect to the angle coordinate
6. Figure 3.10(a) shows the robot in configuration (x,y,8 = 0). If A rotates clockwise (resp. counter-
clockwise) the closest point becomes a,, (resp. a,,) and the distance to the closest point on the obstacle
b,, (resp. by,) is dist(a,(q), B;) (resp. dist(a,(q), B;)). We can see di(q) is nonsmooth and non-convex in
Figure 3.10(b), which shows a “slice” of d;(q) through the 6 coordinate. [}

We can now present one of the more important results in this chapter. Theorem 3.37 provides a useful

way to detect critical points of D(q) based on local single object distance measurements.

Theorem 3.37 0 € dD(q) if and only if 0 € co{dd;(q) : i € I(q)}
Proof We show that equality holds in Equation 3.13 despite the non-regularity of d;(q)—the theorem

immediately follows. Consider the following alternate definition of D(q)
D(q) = min{dist(a,(q), B:) : a,(q) € A, dist(a,(q), B;) = D(q)}

Since B; is convex, the point distance function is everywhere differentiable, so dist(a,(q), B;) is everywhere

differentiable and Vdist(a,(q), B;) exists. We also note
min(f} = - max{~f]

By the smoothness of fi(q) = dist(a,(q), B:) and Corollary 3.9, d min;{f;(q)} = d max;{fi(q)}. Since C is
finite dimensional, and dist(a;(q), B;) is differentiable, by application of Theorem 2.8.6 in [16] we have

dD(q) = co{Vdist(a,(q), B;) : a[(q) € A, dist(a,(q), B)) = D(q), i € I(q)}
= co{ddi(q) : i € I(q)} by Lemma 3.34
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and the theorem follows. ]

To detect if the current configuration q is critical, we simply measure the distance d;(q) to each of the
obstacles, determine the n nearest obstacles, determine the individual generalised gradients dd;(q) and take

the convex hull. If the convex hull contains 0, Theorem 3.21 and Theorem 3.37 tell us q is critical.

Let’s finally return to showing that Kp(q has a finite number of disconnected components. The proof
relies on the fact that 0 ¢ dd;(q), which we hadn’t established yet in Section 3.2 and the structure of Vdi(q),

when it exists. The proof is again based on the notion of ‘downhill’.

Lemma 3.38 The standard directional derivative 4;(q, €) = 0 only if d7(q, —e) = 0.

Proof We recall the alternate definition of d;(q) in Equation 3.12, and recall Lemma 3.34 which estab-
lished that dd;(q) is equal to the convex hull of the gradient vectors Vdist(a,(q), 8;). Now, by definition
of the pointwise minimum function, if one dist(a;(q), B;) goes ‘downhill’ in direction e, then d;(q) also
goes ‘downhill’ (d!(q,e) < 0) in direction e. So, d;(q,e) < 0 whenever there exists a { € ddi(q) such
that (e, {) < 0. As well, by the upper-semicontinuity of d;(q, €), di(q) also goes ‘uphill’ (d;(q,€) > 0) in
direction e whenever d;(q, —e) < 0. This only leaves those directions e satisfying d;(q, —e) = O that can

possibly have di(q, e) = 0. [

Proof of Proposition 3.31: The most straightforward method to show a set K; is disconnected is to con-
struct a neighbourhood such that nbhd(K;) N K = K;. We use this approach. The configuration q is an

arbitrary point in K;. There are two cases which are proved in similar ways:

Case 1. q € int(co{dd;(q) : i € I(q)})

When q € K; is in the interior of the convex hull, we know that for every direction e, there exists an
element ¢ € dd;(q) for some i that satisfies (¢,e) < 0. This means that at least one dist(a,(q), B;) goes
‘downhill’ in direction e for every e € R”, and does so for a finite distance € by the upper semicontinuity
of the generalised directional derivative. By definition of the pointwise minimum function, D(q) must also
then go downhill in every direction e for a finite distance. If this is the case, K; = q is simply a point, and

setting nbhd(K;) to the standard e-nbhd of q will suffice for some small € since nbhd(q) N K = K.

Case 2, q € bndy(co{dd;(q) : i € I(@)})

For each d;(q), let the set A; be defined as the set

A; ={e:d;(q;—e) =0} (3.14)
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B

A;
(a) (B)

FiGURE 3.11: THE SET K; HAS A NEIGHBOURHOOD SATISFYING nbhd(K;) N K = K;. (A) GENERALISED DERIVATIVE
dd;(X) ALONG WITH THE SET OF DIRECTION A; f7(x; —€) = 0. f/(x;€) = 0 oNLY [F e € A;. (B) Rosor
A IN A CRITICAL CONFIGURATION. (C) GENERALISED DERIVATIVES dd;(q) AND 0d j(q) (CORRESPONDING
TO (B)) ALONG WITH SETS OF DIRECTIONS A; AND A ; WHERE d;(q; —€) = 0 AND d’(q; —€) = 0.

Lemma 3.38 established that 4/(q; €) = 0 only if e € A;. This allows us to conclude that the only possible
directions e that d;(q) can remain at the same value are in A;. The function D(q) can then only remain at
the same value in direction e only if e € (;¢/q) Ai- Furthermore, the existence of the sin and cos terms
in Vd;(q) tell us that d;(q) will not stay at the same level if the ¢, 6 or § terms of e are non-zero. This
means that those directions e where (i) € ¢ Nicq Ai and (ii) ey, €5, €, # 0 result in D(q + €e) # D(q)
for all 0 < € < &, where 6 is a small number whose existence is ensured by the upper semicontinuity
of di(q). Only purely translation motions where (e, ab;) = 0 for all i € I(q) can stay in K;. If motion
in a purely translational direction e satisfying (e, ab;) = 0 causes one of the ab;s to no longer satisfy
(e,ab;) = 0, then we know by the upper semicontinuity of di(q) that it does so for some small distance.
We can thus construct a standard e-neighbourhood of q that satisfies nbhd(q) N K = nbhd(q) N K;. We
can then construct a neighbourhood of the whole critical set component nbhd(K;) = Uqex, nbhd(q) which

satisfies nbhd(K;) N K = K. =

Figure 3.11(a) shows the set A; (see Equation 3.14) of possible directions where di(q) does not change
value. Figure 3.11(b) shows A in a critical configuration. Figure 3.11(c) shows the generalised gradi-
ents dd;(q) and 4d;(q) corresponding to Figure 3.11(b) and the two sets of directions A; and A; where
d;(q;—e) = 0 and d;(q; —e) = 0. Notice the critical set extends only in directions where A; N Aj # @ and
the motion is purely translational. The neighbourhood nbhd(K;) in this case is an e-neighbourhood of the

line segment K;.
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3.3 Summary

In this chapter we developed a detailed nonsmooth analysis of the distance functions d(q) and D(q). Our
approach was to provide information useful to the development of sensor-based motion planning algo-

rithms, but to not dwell on the application of our results—that is left for subsequent chapters.

After our initial introduction of some of the techniques and definitions used in nonsmooth analysis, we
proceeded to present a nonsmooth preimage theorem similar in vein to smooth variants used in differen-
tial topology. These preimage theorems will be used in subsequent chapters to help define a nonsmooth
roadmap used for sensor-based motion planning. A nonsmooth analysis of the distance functions d;(q)
and D(q) was then presented which among other things gave an expression for Vd;(q) when it exists, gave
a method to calculate dd;(q) using a finite subset of the closest points P, and most importantly gave a
method to calculate dD(q) and determine if q is critical, despite the non-‘regularity’ of d;(q). Finally,
it was shown that the set of critical points K has a finite number of disjoint components, so a planning
algorithm developed based on searching for these components can be guaranteed to terminate in finite

time.

Throughout this chapter we have assumed that our distance measurements are exact and without error.
In a real robotic system, distance measurements will of course be affected by sensor accuracy, noise, res-
olution and other real-world issues. However, in order to tackle the problem of dealing with a nonsmooth
distance function, we are constrained to use nonsmooth analysis, which does not at the moment accommo-
date such issues. From a practical standpoint these issues are simply accommodated by the development

of a control system robust to these issues, as in Chapter 5.



“The road goes ever on and on down from the
door where it began. Now far ahead the road
has gone and I must follow if I can. Pursu-
ing it with weary feet until it joins some larger
way, where many paths and errands meet -and
whither then, I cannot say.”

J.R.R. Tolkien

Sensor Based Roadmap for Convex
Polygonal Robot in SE(2) Moving
Amidst Convex Polygonal Obstacles

Figure 4.1(a) shows a typical problem. A mobile convex robot A must search for a path through an
environment cluttered with some finite number of unknown convex obstacles B;. A is equipped with
sensors that allow it to measure the minimum distance d;(q) to each of the B;s and determine the minimum
distance to all obstacles in its environment D(q). In this chapter, we describe a roadmap of C ¢re, which we
have termed a Nonsmooth Critical Set Generalised Voronoi Graph (NCRr+NGVG), based on a nonsmooth
analysis of the distance function D(q). Figure 4.1(b) illustrates the general idea. The Figure shows a two-
dimensional bounded, and thus compact, configuration space C with several configuration space obstacles
CB;. We have shown in Chapter 3 that there are a finite number of critical sets K; of the workspace
distance function D(q) scattered throughout Cfr... A system of one-dimensional segments R-x (solid
lines) is constructed to connect the critical sets. Notice that Rk does not form a connected roadmap
in this example. To establish a fully connected roadmap of Cy,.. we construct a second system of one-
dimensional segments Ry (dashed lines) lying within the critical sets. The set R = R_x U Rx comprises

the NCrRI+NGVG.
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dd(q) — 8d(q)

/ |0di(q)

Gi

-adj(QH_ ¢ |

ddj(q)

FIGURE 4.2: (d; — d;)(q) 15 REGULAR IF dd;(q) N 0d (q) = @. IN THIS EXAMPLE, Od;(q) AND dd;(q) DO NOT
INTERSECT, SO WE CAN FIND TWO CLOSEST POINTS (; AND (j ON THE RESPECTIVE SETS. LEMMA 4.1
SHOWS THAT THE SUM 0d;(q)+(—3d ;(q)) THEN DOES NOT CONTAIN THE ORIGIN, AND THUS ( IS REGULAR.

two-equidistant set (similar to the two-equidistant surface of [12])
Sij={q e SE?2): di(q) =dj(q) > 0} (4.1)

which is equivalent to the preimage (d; — d j)‘1(0) of the function (d; - d;)(q):SE(2) - R.

In Section 4.1.2 we will be using the Nonsmooth Preimage Theorem 3.24 to show that the segments of

Reve are one dimensional. In order the use Theorem 3.24, we need to know when (d; — d )(q) is regular.

Lemma 4.1 q is a regular point of (d; — d;)(q) if dd;(q) N dd;(q) = @.
Proof Recall that 0 € d(d; — d;)(q) (q is critical) if and only if (d; — d;)°(q;e) > O for all e. So, if q is
regular, there must exist a direction e such that (d; — d;)°(q; e) < 0 and (d; — d;)°(q; —e) > 0. By definition

of generalised directional derivative

(di—d)°(q;e) < d;(q;e)+(—d))°(g;e)!
= d(q;e) +d3(g; —e) “2)

(di—dj)°(q;—e) = (dj—d)°(q;e)
~di(y +te) +dy(y),
t

> d3(q;e) + lim inf
> dj(q;e) 356‘?

= di(g;e) - d;(g;e)’ (4.3)
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(a) (8) (©)

FIGURE 4.3: (o) SHOWS A CONFIGURATION WHERE 8d;(q) N 0d;(q) # @, SO WE CAN SAY NOTHING ABOUT REGU-
LARITY OF . THE ALGORITHM IGNORES THESE CONFIGURATIONS. (B) SHOWS A CONFIGURATION WHERE
X AND y COORDINATES OF Od;(q) AND 3d j(q) DIFFER, SO IS REGULAR. (C) SHOWS ANOTHER REGULAR
CONFIGURATION WHERE 6 COORDINATES OF 3d;(q) AND dd ;(q) DIFFER.

Since dd;(q) and dd j(q) do not intersect, and are both compact [16], there exist two points ¢; € dd;(q)
and ¢; € 0d(q) that attain the minimum distance between dd;(q) and dd(q). That is

»Cill= min |a,bl]
G, €5l Jin lla,b|
bedd;(q)

Take the direction e = (; — (;, so by the Separation Theorem [1] ({;,e) < (C s e). We also have (by
convexity of dd;(q) and dd(q))

d;(q;e) = (Ce)
d(ge) = ((j.e)
d(q—e) = —(¢pe)

so the right hand side (RHS) of Equation 4.2 is strictly negative and the RHS of Equation 4.3 is strictly

positive, so (d; — d;)(q) is regular at q. [

We next introduce the invertible two-equidistant set 1S;; which is the subset of S;; where (d; — d;)(q)

is regular.

1Sij = {q € Sij : 0di(q) N dd(q) = @}

Yim sup(f(y) + g(3»)) < limsup f(y) + lim sup g(y)

y—x y—x y—x
2lim sup f(y) + liminf g(y) < limsup(f(y) + g(»))
y—x yox y-x

3limsup - f(y) = — li;rl’ inf f(7)

y—x
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This is the set of points equidistant to two obstacles B; and B;, such that the generalised gradient d(d; —
d;)(q) is invertible. Theorem 3.24 tells us that the dimension of IS;; is dim(ZS;;) = dim(C) — 1 = 2.
Consider the following example which highlights the fact that dim(ZS;;) = 2.

Example 4.2 Figure 4.3 shows various cases for a square robot A and two square obstacles B; and B;.
Figure 4.3(a) shows the case where ddi(q) N ddj(q) # @, and we can thus say nothing about critical-
ity/regularity of q. We can see this corresponds to those cases where a non-convex obstacle is decomposed
into several convex obstacles. There is no point following roadmap segments equidistant to two such ob-
stacles (if they even exist) since there is surely no gap between them for the robot to move through. Figure
4.3(b) shows a regular configuration since the x and y coordinates of the generalised gradients dd;(q) and
dd;(q) differ (8 coordinates are the same). Likewise, Figure 4.3(b) shows a regular configuration where
the 6 coordinates of the generalised gradients differ (x and y coordinates are the same). The reader should
verify in their own mind that dim(ZS;;) = 2 by considering the possible motions of A in Figures 4.3(b)

and (c) such that equidistance is maintained with 8B; and B;.

4.1.2 Robot Equidistant to Multiple Obstacles

To construct the NCRi+NGVG, we further define lower dimensional subsets of S;; and 1S;;. We start with

the three-equidistant set

Sik = (qe€8ij:diq) =diq) =dq)}
= S,‘j NSy N Sjk

which is equivalent to the preimage (d; — d)"1(0) of the function (d; — di)(q) : Sij = R. To determine
the dimension of the roadmap segments, we need to determine at which points (d; — dx)(q) is regular. In
Section 4.1.1 we determined the regularity of (d;—d;)(q) based on the definition of the generalised gradient
and the intersection of convex sets dd;(q) and ddi(q). As noted in Chapter 3, the generalised gradient is
defined for a domain X that is a Banach space, which S;; certainly is not (S;; is not a complete linear space
at nonsmooth points). In order to establish regularity we need to use the definition of weak slope, which is

valid for complete metric spaces®.

Consider the function ¢:R” — R defined on a n-dimensional metric space R". Take the m-dimensional

4Any subspace Y of a metric space X with metric d: X X X — Ris also a metric space with the induced metric dy(x,y) = d(X,y)
forallx,yeY.
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subset ¥ of R" (m < n) and denote the function ¢ restricted to Y with ¢y and the function ¢ restricted to

the boundary bndy(Y) with ¢lpnay(r)

Theorem 4.3 If x is a regular point of ¢(x) then x € bndy(Y) is a regular point of Plongyry if £t +v # 0
for all ¢ € d¢(x) and v € Ny(x)\07.

Proof Assume +( + v # 0 for all { € d¢(x) and v € Ny(x)\0. We know that 0 ¢ d¢(x) since X is a
regular point of ¢(x) so there must exist a direction e € X such that ¢°(x; €) < 0 and so ¢ tends “downhill”
in direction e. To show regularity of the point x € Y it is sufficient to show the existence of a continuous

mapping (v, #) that maps points in Bs(x) N bndy(Y) “downhill” (see Definition 3.14).

Assume first that Ny(x) contains only one direction, and thus bndy(Y) is locally like a manifold of
dimension kK = m or a manifold boundary of a k = m + 1 dimensional manifold (see Figure 4.4(a)). In
either case, a local diffeomorphism (a chart in the terminology of [24]) ¥ : Y — R* exists between a
neighbourhood of x and the tangent space Txbndy(Y). Now, there exists a direction e in Txbndy(Y) such
that ¢°(x;e) < 0, for if there wasn’t, we could find elements +¢ + v = 0, a contradiction. By upper
semicontinuity of the generalised directional derivative, ¢°(y;e) < O for all y € nbhd(x). We define the
continuous transformation H : Bs(0) x [0,6] — T xbndy(Y) (maps points v € Bs(0) C Tyxbndy(Y) to
Txbndy(Y))

H (V,0) =te

and set H(v,t) = w1 o H (¥,1) o ¥ in a neighbourhood of x. By the continuity of ¥, Y1 and H, His a

continuous transform satisfying Equations 3.7.

Now we need to address those points x € Y where the normal cone contains more than one direction.
We first note that by Rademacher’s Theorem®, the set Q C bndy(Y) where Ny(x) contains more than
one direction has Lebesque measure zero, and so the previous paragraph applies almost everywhere in
bndy(Y). Define a hyperplane H such that H N Nonayry = H N =Nondyr) = 0 which contains a direction e
such that ¢°(x; €) < 0. Now by definition of the normal cone, the projection operator 7 : bndy(Y) — H
is a homeomorphism in a neighbourhood of x. Define H : B5(0) x [0,6] — H as in the smooth case and
let H(v,t) = 7r;11 o H(¥,t) o my in a neighbourhood of x. By the continuity of 7rH,7r;11 and H, H is a

continuous transform satisfying Equations 3.7. [

Consider the following example.

5The element 0 € Ny(x) tells us nothing about the local structure of bndy(Y)
6This is not actually a direct consequence of Rademacher’s Theorem, but rather uses the relationship between the normal cone
and the distance function, to which Rademacher’s Theorem applies. See [16] for details.
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FIGURE 4.6: CAsE WHEN dim(JF ;jx;) # 0. IN THIS CASE, THE SET IF; jki 1S ONE DIMENSIONAL, SINCE d;(q) =
dj(q) = di(q) = dr(q) FOR A RANGE OF ORIENTATIONS.

face
IFije = {q € cl(ISjx) : di(q) < di(@) VI # i, j, k}

By Corollary 3.24, dim(IS;) = 1, so IF;j are edges of NCRI+tNGVG.

In the smooth case [14], zero-dimensional subsets of IS; equidistant to B;, B;, By and B, are defined
when V(d; — d;)(q) is not a member of the subspace spanned by V(d; —d;)(q) and V(d; — di)(q). Analogues
to transversality etc. exist in nonsmooth analysis, but to avoid choking this thesis with definitions, we

simply define the invertible four-equidistant face IF ;j; as the intersection of the appropriate IF ;s
IF i =IF i N IF iy N IF ju

and assume dim(JF ;) = O so that IF;, are vertices of NCrrr+NGVG. This assumption is equivalent
to the “no four points are co-circular” assumption used in the Voronoi diagram literature [12]. A set of
four obstacles that violate this assumption are shown in Figure 4.6 in which IF i, IF ;ji, IF ju intersect
in such a way that dim(ZF ;;) = 1. In practise it is quite easy to modify a search algorithm to recognise

this case and follow only the appropriate invertible three-equidistant face IF ; j.

We can now fully define the Rgyg—a very critical component of our NCrir+NGVG roadmap.
Reve = (Ui, ikdF ijk) U (Ui, ik LF ijkl)

Rove is the set of one-dimensional edges equidistant to three B;s and the zero-dimensional vertices
equidistant to four B;s (see Figure 4.9(a)). In the next section we address how A initially moves onto

the Rgvg if it is not equidistant to several obstacles to begin with.
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4.1.3 An Accessibility Retraction onto Rgye

In this section we show it is possible to access Rgy from any q € Cyy.., using a retraction-like transforma-
tion. Retractions are useful in that they preserve the connectivity of their domain [38], allowing planning

to be performed in the image of the retraction.

Lemma 4.6 For all configurations q in Cy., there exists a continuous path 7(f) onto the graph/set of
equidistant configurations Rgvg.

Proof Assume the robot A’s orientation 8 remains constant so that all d;(q)s can be considered smooth
with configuration space C = R2. Firstly, from start configuration q;, find the closest obstacle B; (assume
without loss of generality that d;(q) < d;(q) for all j # i) and move away in direction Vd;(q) = a;—b;, until
equidistant to two obstacles B; and B; at a configuration denoted by q;;. We are assured that an obstacle
B; will be found since Vdi(q) # 0 for all q € C as d;(q) has no critical points (A will not get stuck in a
local minimum of d;(q) before finding B;). Secondly, find the next closest obstacle B and move toward it
while maintaining equidistance with obstacles B; and B;, until equidistant to all three obstacles B;, B; and
B, at a final configuration denoted q; . This is done by projecting Vd;(q) — Vdi(q) onto the tangent space
of 18;; (move in the direction 71, z5,,(Vdi(q) — Vdi(q))), which exists because the single object distance

functions are smooth when rotation is restricted.
If upon following the second step any of the following occurs

1. The robot becomes “jammed”—d;(q) = 0
2. A arrives at a local minimum while moving toward B,—nr, 15,(Vdi(q) — Vdi(q)) = 0
3. We find some B, closer than By—d;(q) = d;(q) = dn(q) < di(q)

4. The obstacle By is no longer visible

then return to q;; and find the next closest B, # By and repeat. In § E(2), a bounded environment contains

enough B;s that this process terminates. 7(¢) is the path generated by the above process. [

Our definition of accessibility differs from that in [14] which incorrectly assumes A can access a
specific segment IF ; 5 when A(q;) is initially closest to B;, B; and By. In Figure 4.7(a), we show a case
where A became “jammed” whilst moving toward B;. The robot then moved back to q;; and moved
toward B,, eventually terminating at q;j, € IF ;j,. The path described in Lemma 4.6 will form the basis of

the required retraction H defined on an accessibility region.

Definition 4.7 An accessibility region A;j is the set of initial configurations q; that result in a final
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necessary condition that d;(q) = d for all q € K;. Define the function f;: IS;; — R as
fil@)=di(q)—-d

Level sets of fj(q) represent motion that doesn’t change dj(q). Since dj(q) = d is only a necessary
condition for q € K, we also know that K. C fj‘l(O). We bound the dimension of K; by using the

Nonsmooth Preimage Theorem 4.3 to determine the dimension of the preimage fj‘l(O) of which K; is a

subset.

Lemma 4.10 The dimension of the critical set K is less than or equal to one (dim(K) < 1).

Proof Recall that the dimension of the invertible two-equidistant set dim(ZS;;) = 2. By the calculus of
the generalised gradient df;(q) = dd;(q), so +df;(q) N Nzs,()\0 = @. Applying Theorem 4.3, we see
that q is regular and so by Theorem 3.24, we know the dimension of the preimage dim( fj‘1 (0)) = 1. Since
dj(q) = c is only a necessary condition for q € K, we know that K, C fj‘1(0), and thus the dimension of

the critical set dim(K) < 1 as well. [}

In S E(2) we have the unique result that Ry = K. Since the dimension of the critical set dim(K) < 1,
we know the dimension of any disconnected component K; of K; (and K) is also dim(K;) < 1. Figure
4.8 shows an example of a critical configuration and shows that the critical set component K; is a one

dimensional line segment.

4.3 Connecting it all Together

To this point, we have fully defined the subset Rx € R consisting of critical configurations (Rx = K),
and the subset Rgvg C R consisting of configurations where the robot is equidistant to some number of
obstacles. It turns out these two sets do not define a fully connected roadmap. Figure 4.9(a) shows the
roadmap segments corresponding to several invertible three-equidistant sets ZS;j. In other equidistance
based roadmaps, the GVG in particular, three-equidistant sets (roadmap segments) meet at four-equidistant
sets (roadmap vertices). In this case however, there is no configuration where the robot is equidistant to four
obstacles while at the same time having those four obstacles within line-of-sight or not being in collision
with an obstacle. Figure 4.9(b) shows a few configurations sampled from the five disjoint components
K; of the critical set K. In this case all K;s have dimension one. Since Rgyc and Rk are not necessarily

connected, there are still elements of R-x that need to be defined. In this section we present our approach.
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FiGURE 4.11: TWO DIAMETER EXTREMA EDGES Z)f’;. FOR TWO EXTREMAL ORIENTATIONS ¥ = 0° anp 3 = 270°.

Definition 4.12 The diameter function of a convex polygon A is a mapping d#:S! — R that maps the

orientation 6 of the polygon to distance d #(6) between two parallel supporting lines of constant orientation.

(See Figure 4.10(a)) o

There are a finite number of local minima/local maxima of d#(6)—Figure 4.10(b) shows the finite number
of local extrema for the polygon A in Figure 4.10(a). We denote this finite set of local extrema with

E‘ﬂz {01 te ,071}'

The structure connecting K;; to Rgye is termed a diameter extrema edge, denoted Z)?j. Let the angles
@; (resp. ¢;) between the vector ab; (resp. ab;) and the orientation vector [cos(6 + ), sin(6 + ?]7 be given

by

abiy(q) )
Do) _g-9
ab;(q)

$i(q) = 9+0—tan‘1(

¢i(q) = tan™ (

ab jy(q) )
ab jx(q)

The diameter extrema edge is defined to be the preimage® Z)?j = f;(0) of £;j:1S;; — R given by

fii(@) = ¢i(@) — ¢;(q)

abyy(q) .1 [abiy@)
= tan™! (Lq) +tan"! (—i’-— ~20-28 4.4)
abix(q) ab jx(q)
9We should note that the diameter extrema edge D;?j is equivalently described by the zero preimage f,.;l(O) of several different
functions—f;; = tan™! (%)— 6-3+7% and fij = bix coslz;;b‘y sinf _ abjx wslg;:jb"y 29 for example. We’ve decided to concentrate
ix—a0 jx

on Equation 4.4 because it lends itself most easily to a clear and informative analysis. In particular, it is easiest to show the set f; L)
has dimension dim(fi;l(O)) = 1 using Equation 4.4, even though fi;l(O) is the same for all examples
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a;

(8)

FIGURE 4.14: A PATH EXISTS BETWEEN B; AND B j WHERE A HAS AN ORIENTATION OF U} WITH RESPECT TO THE
SUPPORT LINES. (A) A PATH BETWEEN B; AND B WITH AN ORIENTATION OF MINIMUM DIAMETER WITH
RESPECT TO THE SUPPORT LINES. (B) IF A IS IN AN ORIENTATION 1 OF EXTREMAL DIAMETER, THERE ARE
TWO POINTS @; AND @; SUCH THAT @;@; IS PERPENDICULAR TO THE SUPPORT LINES.

notation to represent the minimum distance between two obstacles B; and B;

dist(8;, B;) = min ||b; — b;]|
b,'EB,'
bjGB j
For each pair of points b; and b; that attain the minimum distance, there are two points a; and a; on A.

Let b;b; (resp. a;a;) be the vector from b; to b; (resp. a; to a;).

Lemina 4.14 A collision free path 7(¢) exists between obstacles B; and B; if and only if
dist(B;, B;) > da(9) for some ¥ € Ey

In other words, a path exists if and only if the distance between the obstacles is greater than some diameter
extrema value.

Proof (IF) If dist(B;, B;) > da(?) for some ¥ € Ejz, we can construct a path as follows (see Figure
4.14(a)): Let b; and b; be the closest points on B; and B; respectively. By the Separation Theorem, we
can define two supporting lines perpendicular to b;b;. (i) From the start configuration q; well clear of
the obstacles, rotate the robot until dz(6) = dx(¥) < dist(B;, B;) with respect to the support lines. (ii)
Translate the robot to a position midway between the supporting lines. (iii) Translate the robot parallel to

the supporting lines. (iv) Once clear of the obstacles, translate and rotate to the goal configuration qg.

(ONLY IF) If dist(B;, B,) < da(?) for all # € Ej, then all possible paths result in a configuration q where
A(Q) N B; # @ or A(q) N B; # @—a collision. -
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Lemma 4.15 If the robot A is in an orientation ©# of extremal diameter ¢ € Eg, then there exists two
points a; and a; on the boundary bndy(A) such that || a; — a i ll= da(¥) and a;a; is perpendicular to the
supporting lines.

Proof Assume on the contrary that no such points exist (see Figure 4.14(b)). Then we have a point &; at
the left (resp. right) of the contact point(s) on one support line, and a point & ; at the right (resp. left) of the
contact point(s) on the other support line. Using a coordinate system with the x-axis parallel to the support
lines, we know the rate of change of the y-coordinate with respect to orientation of each point to be

dz’ ax’

] J
— =|Ir;|l cos6;, —= =||r;|| cosb;
9,- 9j

Now, both terms are never simultaneously zero, otherwise &; and 4; are vertically opposite each other, a
.. . , y a’ ) . .
contradiction. For all locations of P’s reference frame, (% and % are different, so we can pick a rotation
i J
direction leading to an orientation & near ¢ such that dp(3) < d7"(6) or dp(8) > d7%*(6), a contradiction.

Denote by Ki"';. the subset of critical points K;; where the orientation coordinate gg = ¥.

Lemma 4.16 If a collision free path 7(¢) exists that takes the robot A between the obstacles B; and B;,
then there exists a collision free path 745(¢) between B; and B; containing the set Kg C 7(¢) foreach ¢ € Ey
satisfying d#(%) < dist(B;, B)).

Proof If there exists a path 7(f), then we must have dist(8;, B;) > 0. Since dist(8B;, B;) > 0, by the
Separation Theorem, we can construct two supporting lines perpendicular to b; —b; as in Lemma 4.14. We
also know by Lemma 4.14 that a path 7’/(¢) exists such that A passes between B; and B; with an extremal
diameter with respect to the support lines. By Lemma 4.15 there are two points a; and a; such that a;a;
is perpendicular to the supporting lines as well, hence there is at least one configuration q. where a;b; is

parallel to a;b; and ||b; — a;||=||b; — a;||= di(q) = d;(q).

We now show ¢, is in fact critical, and thus a member of K;’;.. In order to be critical, there must exist
points ; € dd;(q.) and {; € dd;(q,) such that {; = —¢j, otherwise the origin will not be contained in the
convex hull co{dd;(q.), ddj(q.)}. Recalling Equation 3.11 for the gradient Vd;(q) (we need only consider
terms 1,2,4), we need only to find two points on bndy(A) where Vdi(q.) = —Vd(qc). For points a; and a;
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we immediately have

(@i —by)x=~(aj—bj),

(a;— b))y =—(a; - b)),

With a suitable change of world coordinates, such that either the x or y axis is aligned with the supporting

lines (assume x-axis is aligned so that (a; — b;), = 0), we immediately have U’ = U Jand
Uy(a; - b)), = ~Ui(a; - b)),

and thus q. is a critical configuration. Since the selection of g, € K,."’;. is arbitrary, the path T5(¢) = 7'(?)

must contain the set Kf’}, so the lemma follows. ]

We now show that the set Ki'j. U Z)f’;. forms a connected roadmap segment between B; and B;.

Lemma 4.17 If a collision free path 7(z) exists that takes the robot A between the obstacles B; and Bj,
then the roadmap segment constructed by the union of the diameter extrema edge Z):.’j and the set of critical
configurations Ki'; forms a connected path 7(f) between obstacles B; and B; for all ¢ € Ej satisfying
da(9) < dist(B;, B)).

Proof The set DY U K} is connected. By Lemma 4.16, the existence of the path 7(f) establishes the
existence of a path T4(¢) through the set Kg. for each & € Ej satisfying da(9) < dist(8;, Bj). The set
1);?]. ] Ki"’;. thus forms a connected path between B; and B; for each & € Ey satisfying da(3) < dist(B;, B;)-

Finally, we show that some Kg U D}"} is sufficient to connect two adjacent accessibility regions Aj; jk,

ﬂiﬂ.

Theorem 4.18 Let two configurations q; and qa in the invertible three-equidistant faces 7 ;jx and IF ;;
respectively also be members of the diameter extrema edge Z);?j (or KZ.), and implicitly members of ad-
jacent accessibility regions A;x and Ay q1 and qq are path connected if and only if the union of the
diameter extrema edge Z):?j and the critical set KZ. is connected for some ¢ € Ey.

Proof (IF) If the union D, U K? is connected then there exists a path 7() = DY U K], between the

configurations q; and qa.

(ONLY IF) Let 7(f) be a continuous path between configurations ¢; and g,. By Lemma 4.17, the existence
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IF i and IF j. It was shown that Rgye is not sufficient for complete motion planning, so we next defined

the critical set graph Rg.

Rk is the subset of the NCRit+NGVG where D(q) is critical. The critical set graph Rx was shown to
be equal to the entire critical set K by showing that the dimension of K is less than or equal to one. It was

also shown that Rgyg U R is not sufficient for complete motion planning, so we next defined the set of

diameter extrema edges Rp.

The diameter extrema edges Z);?j were defined as the zero preimage of a function f;;(q) that tends to
keep the angle between the witness vectors ab;/ab; and the support lines of orientation ¢ equal. Utilising
a detailed analysis of the generalised derivative df;;(q) in Appendix C, we showed that Z):.’j is in fact

one-dimensional and forms a component of NCri+NGVG. The union of all the Z)}’js is the graph Rp.

Finally, it was shown that the set R = Rgvg URx URp is sufficient for the complete sensor-based motion
planning problem. This was accomplished by first showing Rgyc to be sufficient for planning within the
accessibility regions A; by showing a retraction exists that takes A;; onto an invertible three-equidistant
face IF ;. Secondly, the set Ry U Rp was then shown to connect adjacent accessibility regions (Lemma

4.17), thus ensuring R forms a connected roadmap of freespace.



“Of all men’s miseries the bitterest is this: to
know so much and to have control over noth-
ing.”

Herodotus

Following Roadmap Segments using

Nonsmooth Control Laws

In this chapter we present a number of nonsmooth control laws that allow the robot A to explore the
nonsmooth roadmap NCrRir+NGVG defined in Chapter 4. After briefly reviewing some relevant concepts
from control theory in Section 5.1 and reviewing a smooth control law on which our technique is based in
Section 5.2 we begin examining the four control laws. In Section 5.3 we present a nonsmooth control law
that allows A to follow an invertible three-equidistant face I'F ;x, in Section 5.4 we present a nonsmooth
control law that allows A to localise an invertible four-equidistant face J7 ; 4, in Section 5.5 we present a

nonsmooth control law that allows A to follow a diameter extrema edge D7, in Section 5.6 we present a

ij?
nonsmooth control law that allows A to follow a critical set edge Ki"’;.. Finally, in Section 5.7 we examine
the stability of the four control laws in previous sections. Let us start with the promised review of control

theory.

5.1 Short Overview of Applicable Control Theory

In this section we briefly describe the concepts of a standard control system and stability, and provide a

few useful definitions that enable us to understand the nonsmooth control laws presented in Sections 5.3,

p-88
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5.4and5.5.

The standard control system is given by

x(#) = f(t,x(1), u(®))

where f:RXR"XR™ — R”, ¢ is time, x(¢) is position, X(¢) is x(¢)’s derivative with respect to time, and u()
is the control function. When there are no control inputs u(¢) and x(¢) has no explicit time dependency (as

is the case in our work), then the system

x(f) = f(x()) .1

is referred to as an autonomous differential equation. A trajectory x(-) of the differential equation is taken
to mean an absolutely continuous x : [a,b] — R”" which, together with x(¢), satisfies 5.1. In the classi-

cal theory of differential equations, f(x(#)) must be continuous, however the nonsmooth control theory

outlined in [17] makes no such requirement.

A point X is an equilibrium point of the system 5.1 if x(¢#) = X for all # > a. In other words, if at time a
the system is in configuration %, and X is an equilibrium point, then the system will remain in configuration
% indefinitely. The equilibrium point X = 0 is said to be stable if, for any € > 0, there exists 6 > 0, such that
|x(0) ||< & implies ||x(¢)||< € for all # > 0. In other words, the system trajectory can be kept arbitrarily close
to the equilibrium point by starting sufficiently close to it. Stability can be verified by using the simple and

very commonplace notion of Lyapunov functions. Suppose that smooth V(x) exists such that:

e Positive definiteness: V(x) > 0 for all x e R”

e Infinitesimal decrease: (VV(x), f(x)) < O for allx e R”

It follows that X = 0 is stable [17].

In [17], the notion of Lyapunov stability is extended to include nonsmooth V(x), which we use in
Section 5.7 to verify the stability of our nonsmooth control laws. This is accomplished by modifying the

infinitesimal decrease property to

(¢, f(x)) < 0forall ¢ € V(x) and for all x € R". (5.2)
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3.2 Overview of Existing Smooth Control Law

In this section we give a brief overview of the control law used in [13] to allow a point robot A to follow
Generalised Voronoi Diagram (GVG) [12] segments and localise GVG nodes, which our control laws are
based upon. The general approach is based on numerical root following, which is a technique used to trace

the (one-dimensional) root set of a vector-valued function. The function of interest is

(di — d2)(q)
G(g = : (5.3)
(d1 - dn)(@)
which has roots that coincide with the GVG—i.e. G(q) = 0 if and only if di(q) = dj(q) = - - - = dn(q). The

smooth control law states that a point robot A at configuration q should make a step in direction ¢

q = aNull (VG(Q)) + BVG(9)'G(g) (.4)
where VG(q)' is the Penrose pseudo-inverse [13] of VG(q) defined as

VG(@)' = VG(@) (VG(@VG(@T)™

The term BVG(q)'G(q) acts to draw the robot onto the GVG (correction term) and the term aNull (VG(q))
tends to draw the robot along the GVG (follow term). For general n, VG(q)'G(q) has the property

VG(@VG(g)" = I (identity matrix)

so the correction term acts to simultaneously take (d; — d2)(q), - - - , (d1 — d»)(q) closer to zero as long as
B is negative and (VG(q)VG(q)T)™! exists—which is the case when all rows of VG(q) are nonzero and
linearly independent. The follow term is a member of the nullspace of G(q) and so acts to simultaneously

keep (di — d2)(q), - - - , (d1 — dy)(q) at the same value.

In Figure 5.1 we illustrate the case when n = 2 and A is following a GVG segment generated by B;

and B;. When n = 2, the control law becomes

(di - d))(@)
V(d, - d2)(@)

q=aV(di—-d)@" +B
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cofNull (¢) : ¢ € dG(q)}
o(d; - di)(q)

d(d; - dj)(q)

%

a(d; - di)(q)

co{¢' : ¢ € 0G(q)}G(q)
o(d; - d;)(q)
(a) (8)

FIGURE 5.2: EXPLANATION OF NONSMOOTH CONTROL TERMS 2 AND 3b. IN THIS EXAMPLE, ALL ELEMENTS OF O(d; —
d;)(q) AND 3(d; — di)(q) ARE NONZERO AND LINEARLY INDEPENDENT. (A) THE seT A = co{Null ({) :
¢ € 0G(q)} (scALED To FIT IN FIGURE). (B) THE seT B = co{¢T : ¢ € G(q)}G(q) (SCALED TO FIT IN
FIGURE) WHEN (d; — d;)(q) AND (d; — di)(q) ARE POSITIVE.

5.3 Following Three-Equidistant Edges 17 ;

In this section we present a control law that allows A to follow an invertible three-equidistant face IF ; j.
We recall that 7F;  is defined as the set of configurations where di(q) = d;(q) = di(q) < di(q) for all

l # i, j, k. This is also equivalently described as the zeros of the vector valued function G(q)

di—d;
G(q) = ( pICY,
di — di)(q)

In contrast to the point GVG, this G(q) is composed of nonsmooth terms (d; — d;)(q) and (d; — d;)(q),
so G(q) is itself a nonsmooth function. The control law developed for following IF ; is as follows: at

configuration q, A makes a step in the direction

q=ca+pb (5.5)
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where the vector a satisfies

1. a € co{Null ) : ¢ € 3G(q)}

2. (a,0,;) <0forall o, € (d; - d,)(qQ)0(d; — d,)(q), forallz € {j,--- ,k} (5.6)

and the vector b satisfies

L becol¢: ¢ €8G(Q)G(q)
2. (b, 0, > 0 for all o, € (d; — d,)(q)d(d; — d,)(q), forallz € {j,-- ,k} (5.7)

As in the smooth case, the a term is a follow term and the B term is a correction term.

Recall that in the smooth case (see Figure 5.1), the action of the follow term in Equation 5.4 is to
move the robot so that, locally, there is no change in the value of the components of G(q). Similarly, the
follow term in Equation 5.5 acts to minimise the change in the components of G(q) at nonsmooth points.
Also recall that in the smooth case the correction term in Equation 5.4 acts to move the robot so that the
components of G(q) simultaneously get closer to zero. Similarly, the correction term in Equation 5.5 acts
to move the robot so that as many components as possible of G(q) simultaneously get closer to zero. When

D(q) is smooth, Equation 5.5 is equivalent to Equation 5.4 (the hulls are singletons).

The existence of vectors a and b satisfying Equations 5.6 and 5.7 is not immediately obvious, so we

must explore this a bit further. Let us first examine the vector a.

Lemma 5.1 There exists a vector a that satisfies (1) and (2) in Equation 5.6.
Proof Let us note in general that for an arbitrary vector-valued function G(x) = [g1(%), -+, gn1®)]7,

there does not exist a vector a satisfying

1. 4 € cofNull (¢) : ¢ € 3G(q)}

2. (&,0,) < 0forall o, € gn(x)dgn(x), forallze {1,---,n-1}

To see this, consider a function G(x) with 0 € int(dg;(x)). For any a € R", (&, o1) > 0Oforall oy €

g1(x)dg1(x). This proof thus relies critically on the nature of the d;(q)s in S E(2).

Firstly, the set A = co{Null({) : ¢ € dG(q)} exists if and only if Null (¢) exists for all ¢ € dG(q).
Null (¢) exists if and only if the rows of ¢ are non-zero and linearly independent. The first (resp. second)

row of ¢ is an element of d(d; —d)(q) (resp. (di—di)(@)). Since ddi(q) Nddj(q) = @ foralli # j, we know
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0 ¢ d(d; —dj)(q) forall i # j (recall Lemma 4.1). By definition of IF ; 4, all elements of d(d; — d;)(q) and
d(d;—di)(q) linearly independent. Since elements of d(d;—d )(q) and 9(d; —dy)(q) are linearly independent

nonzero vectors, the existence of A is assured and (1) is satisfied.

Secondly, a component & € A is by construction equal to the nullspace of two vectors o j € 0(di—d;)q)
and o« € 0(d; - di)(q) and thus i is perpendicular to +o ;j and to. Now, since elements of d(d; — d;)(q)
and d(d; — di)(q) are linearly independent and 0 ¢ +d(d; — d (), £0(d; — dr)(q) we can choose points
o ; € bndy((d; — d;)(q)d(d; — d;)(q)) and o € bndy((d; — di)(q)3(d; — di)(q)) which, along with the origin,
define a hyperplane with normal vector i that satisfies Equation 5.6. If this wasn’t the case, then we could
find linearly dependent elements of d(d; — d;)(q) and 8(d; — di)(q)—a contradiction. Letting a = #, (2) is

thus satisfied and the lemma follows. Figure 5.3(a) illustrates a vector a that satisfies Equations 5.6. =

Now we present a similar proof for vector b

Lemma 5.2 There exists a vector b that satisfies (1) and (2) in Equation 5.7.
Proof Firstly, the set B = co{¢' : ¢ € 0G(q)}G(q) exists if and only if ¢T exists for all ¢ € 3G(q). ¢!
exists if and only if rows of { are non-zero and linearly independent. Using the exact same argument as in

Lemma 5.1, the existence of B is assured and (1) is satisfied.

Secondly, because d(d;—d;)(q) is convex and compact, there is a cone of directions H; where (C X4 j> >
0 for all o; € H;j and ¢; € d(d; — d;)(q). Similarly, there is a cone of directions Hy where ((x, o) > 0
for all o € Hy and { € d(d; — dr)(q). Now, we must have H; N Hy # @, since otherwise we could find
linearly dependent elements of d(d; — d;)(q) and (d; — di)(q)—a contradiction. By definition, the set B is
contained in H; N Hy, so letting b be an arbitrary member of B satisfies (2) and the lemma follows. Figure

5.3(b) illustrates a vector b that satisfies Equations 5.7. [

Lemmas 5.1 and 5.2 ensure the existence of vectors a and b, ensuring that the control law of Equation
5.5 is valid. Howeyver, existence is not enough to ensure that the control law can be implemented. The
sets d(d; — d;)(q) etc. may have an infinite number of points, so we need to ensure that vectors a and b
can be found by considering finite subsets of d(d; — d;)(q) and d(d; — di)(q), ensuring a computer can find

solutions quickly and efficiently. The proofs of Lemmas 5.1 and 5.2 provide the answer.

In Lemma 5.1, the vector a is the normal to a hyperplane through the origin and points o j and o in the
boundary of the sets (d; — d;)(q)(d; — d;)(q) and (d; — dy)(q)3(d; — di)(q) respectively such that Equation
5.6 is satisfied. Now, we can also see that o ; and o need only be members of the support points (vertices)

of their corresponding sets in order to satisfy Equation 5.6. Considering the subset of A constructed from
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d)(q)

a(d; - di)(q)

VA
a(d; - d;)(q) o(d; - dj)(q) \/

(a) (8)

FIGURE 5.3: ILLUSTRATION OF THE PROOFS OF LEMMAS 5.1 AND 5.2. (a) THE VECTOR @ € A DESCRIBES A HYPER-
PLANE THROUGH THE ORIGIN AND TWO POINTS 0 ; € d(d; — d;)(q) AND o7 € d(d; — di)(q) SUCH THAT
d(d; —d,)(q) AND 8(d; — d;)(q) LIE ENTIRELY ON ONE SIDE OF THE PLANE. (8) THE conE Hj (RESP. Hy)

WHERE <Cj, er> > 0ForR ALLOj € H; aND ( € 3(d; — d;)(q) (ResP. {(k, k) > O FOR ALL 07 € H;
AND (i € d(d; — di)(q)) AND A vVEcTORD € BC H i N Hy. Rerer 10 FIGURE 5.2 TO SEE THAT a € A
AND b € B.

the vertices of d(d; — d;)(q) of d(d; — di)(q) is sufficient to find a suitable vector a. Similarly, since the
vector b can be any member of the set B, it is sufficient to consider only those elements of B constructed
from vertices of d(d; — d;)(q) and 8(d; — di)(q). In order maximise the amount of correction, it is suitable

to select the vector b that results in the each element of G(q) decreasing the fastest.

5.4 Localisation of NCrRiT+-NGVG Nodes

In this section we present a control law that allows A to localise an invertible four-equidistant face IF; jkl-
We recall that IF ; y; is defined as the set of configurations JF ;5 N IF ;; N IF ji; and is assumed to be

one-dimensional. This is also equivalently described as the zeros of the vector valued function G(q)

(di —dj)(q)
G(q) = [(d; — dr)(q)
(di — d))(q)
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Since the IF ;3 is one-dimensional, the follow term in Equation 5.5 is not needed. The control law used

to follow localise IF ;jx,; is thus

where the vector b satisfies
1. b e co{¢t : ¢ € 0G(q))G(q)
2. (b,0;) > 0for all o, € (d; - d,)(q)8(d; — d;)(q), forallz e {j,---,1} (5.9)

The assumption that I'F ;j, is one dimensional is equivalent to assuming all elements of (d; — d))(qQ)
are linearly independent from (d; — d;)(q) + (d; — di)(q) (recall from Chapter 4). Since (d; — d;j)(q) and
(d; — di)(q) are linearly independent, we know 0 ¢ (d; — d;)(q) + (d; — dx)(q). We can thus use exactly the

same argument as in Lemma 5.2 to show that a vector b exists that satisfies Equations 5.9.

5.5 Following Diameter Extrema Edges

In this section we present a control law that allows A to follow a diameter extrema edge Z)?j. We recall
that Z):.’j is defined as the one-dimensional set of configurations where the witness vectors ab; and ab;
have the same angle between themselves and the orientation vector [cos(d + B), sin(@ + P)]T. This is also

equivalently described as the zeros of the vector valued function G(q)

Gl =
fii(@)

;- d;)(q)]

Where f;;(q) = tan™! (Z_%%)Han'l (%)—20—20 as described in Chapter 4. The control law developed
9

for following D ! is the same as for following IF ;jx
i=caa+pb (5.10)

but with a special caveat. In the case for following IF k. the proofs of Lemmas 5.1 and 5.2 were based
partially on the fact that 0 ¢ (d; — d:)(@) for all n € {j,---,n), thus ensuring that the sets A and B
exist. Recalling the proof of Lemma 4.13 that establishes Z):.’j is one-dimensional—which is based on the

calculation of df;;(q) in Appendix C—we know that 0 can in fact be an element of df;;(q) (see Case 9
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in Appendix C). To accommodate this, we simply remove the element 0 from consideration. In Section

5.7.2, we will see this has no effect on the stability of the control law of Equation 5.10.

Denote the two rows of an element { € dG(q) with {; € d(d; — d;)(q) and (> € df;;(q). In Equation
5.10, the vector a satisfies

1. a € co{Null({) : ¢ € 3G(q), (> # 0}
2. (a,01) <0forall oy € (d; - dJ)(q)a(d, - d])(q)
3. (a,0;) < Oforall o; € £;;(q)0f;;(q) (5.11)

and the vector b satisfies

1. b e cof¢T : ¢ € 0G(q), ¢z # 01G(q)
2. (b,o1) = 0 forall oy € (d; — d;)(@)0(d; — d;)(q)
3. (b, 02) > 0 for all o2 € f,(@If(Q) (5.12)

Notice that we only use elements ¢ with a second row that is nonzero {2 # 0. With this restriction,
elements of d(d; — d;)(q) and 9f;;(q) \ 0 are nonzero and linearly independent so A and B exist, and the

vectors a and b exist by the exact same arguments as in Lemmas 5.1 and 5.2.

5.6 Following Critical Set Edges

In this section we present a control law that allows A to follow a critical edge Ki"’;.. We recall that Kg. is
defined as the subset of critical configurations where the distance D(q) = d remains constant. This is also

equivalently described as the zeros of the vector valued function G(q)

G(Q =

d; - d,-)(q)]
fil®

Where f;;(q) = dj(q) — d as presented in Chapter 4. The control law developed for following K}"} is the

same as for following D,
i=aa+pb (5.13)
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where the vector a satisfies

1. a € co{Null (¢) : ¢ € 4G(q))
2. (a,01) < Oforall o € (d; - d;)(q)d(d; — d;)(q)
3. (a,02) < Oforall o3 € £,(q)dfi(q) (5.14)

and the vector b satisfies

1. b ecof¢t : ¢ € 8G(q)}G(q)
2. (b,o1) 2 O forall oy € (d; — d;)(q)0(d; — d;)(q)
3. (b,02) 2 0 for all o, € f;(q)fj(q) (5.15)

In this case, 0 ¢ df;(q) so elements of d(d; — d)(q) and df; are nonzero and linearly independent so A

and B exist, and the vectors a and b exist by the exact same arguments as in Lemmas 5.1 and 5.2.

57 Stability

In this section, we examine the stability of the four control laws developed in Sections 5.3, 5.4, 5.5, and
5.6. Section 5.7.1 deals with the first two cases, and Sections 5.7.2 and 5.7.3 deal with the remaining cases

respectively.

5.7.1 Stability of Following I¥ ;;; and Localising 77 ;i

In this section, we examine the stability of following three-equidistant edges IF ;x and localising three-

equidistant nodes IF ; ju;, both of which are zeros of a function G(q) of the form

di - dj)(q)
G(q) = : (5.16)

(di — dn)(q)
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Let us consider the following positive definite Lyapunov candidate function V(q)

1
V(g) = EG(q)TG(q)

1
= 5@ - d)@* + -+ (di - dn)(@))

which is a measure of the ‘distance’ from the NCRiINGVG. The generalised gradient of V(q) is calculated

using the calculus rules in Chapter 3 and is given by

oV(q) = (d; - d)(Q0(d; - dj)(@) + - - - + (di — dn)(@)O(d; — d,)(qQ)

We recall equation 5.2 which tells us in order to show stability, we need to show that ({,q) < O for all

¢ € 0V(q) and for all q € C.

Theorem 5.3 The control law q = aa + Bb is stable for G(q) of the form of Equation 5.16

Proof Take an arbitrary element GT¢ € dV(q). G7¢ can be decomposed into a vector sum of the form

d; = d))( Qo+ +(d;i — dn)(q)o,, Where o, € 0(d; — d;)(q) forall z € {j,--- ,n}. We consider the terms

aa and Sb separately.

(ea). According to Equation 5.6, {a,0;) < 0 for all o, € (d; — d;)(q)3(d; — d;)(q), s0 as long as & > 0,
(¢, aa) < Oforall € 0V(q).

(Bb). According to Equation 5.7, (b, o;) > 0 for all o € (d; — d.)(@)9(d; - d,)(q), so as long as 8 < 0,
(¢,pb) <0 forall ¢ € dV(q).

Since (¢, @a) < 0 and (¢,Bb) < 0, we have (¢, aa +pb) < 0 for all ¢ € dV(q) and for all q € C, so the

lemma follows. .

5.7.2 Stability of Following D,

In this section, we examine the stability of following a diameter extrema edge Z)}’., which is equivalent to

zeros of

G(q) = (5.17)

@—@@]
fii(@)
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Let us consider the following positive definite Lyapunov candidate function V(q)

1
V(g) = EG(q)TG(q)

1
= > ((di = d))@) + (@)

which is a measure of the ‘distance’ from the diameter extrema edge Z):.’j. The generalised gradient of V(q)

is calculated using the calculus rules in Chapter 3 and is given by

V(Q) = (di — d)(Qd(d; — d)(@) + fi;(Qdfii(q@)

To show stability, we need to show that ({,q) < O for all { € dV(q) and for all q € C. We recall that in
control law of Equation 5.10 we ignored the element 0 € df;;(q). However, the proof of stability requires

that we consider all elements of df;;(q), so this is highlighted in the proof as a ‘special case’.

Theorem 5.4 The control law q = @a + Sb is stable for G(q) of the form of Equation 5.17.

Proof Take an arbitrary element GT¢ € dV(q). GT¢ can be decomposed into a vector sum of the form

(di—dj)(@)o1 + fij(@)o or (d; — d;)(q)o; + 0 (special case), where o1 € d(d; — d;)(q) and o2 € 3f;j(@\O.

We consider the terms @a and Sb separately.

(ea). According to Equations 5.11, (a,o;) < 0 for all oy € (d; — d;)(q)0(d; — d;)(q) and a,02) < 0
for all o2 € f;j(q@)0fij(q)\0 or o2 = 0 (special case). So, as long as @ > 0, (¢,aa) < 0 for all
¢ € V().

(Bb). According to Equations 5.12, (b, ;) > 0 for all oy € (d; — d;)(q)d(d; — d;)(q) and <(b,02) > O
for all o2 € £;;(q)df;j(q)\0 or o2 = 0 (special case). So, as long as 8 < 0, (¢,pb) < 0 for all
¢ € V(@)

Since (¢, @a) < 0 and {{, 8b) < 0, we have ({,@a + b) < 0 for all ¢ € 9V(q), forallq € C. [

5.7.3 Stability of Following K,

In this section, we examine the stability of following a diameter extrema edge K}";., which is equivalent to

zeros of

@ —d,-)(q)] 518

G(Q =
fi(@
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Let us consider the following positive definite Lyapunov candidate function V(q)

1
Vig) = EG((I)TG(‘])

1
= 5(d-d @+ f(@?)

which is a measure of the ‘distance’ from the diameter extrema edge Z):?j. The generalised gradient of V(q)

is calculated using the calculus rules in Chapter 3 and is given by

V(q) = (d; — d;}(q)d(d; - d;)(@) + f(DIf(@)
To show stability, we need to show that (¢, q) < 0 for all ¢ € V(q) and for all q € C.

Theorem 5.5 The control law q = @a + b is stable for G(q) the form of Equation 5.18.

Proof Take an arbitrary element G7¢ € dV(q). GT¢ can be decomposed into a vector sum of the form

(di — dj)(@)o1 + fi(@Q)o, where o1 € d(d; — d;)(q) and o, € dfj(q). We consider the terms aa and Bb

separately.

(aa). According to Equations 5.14, (a, 1) < 0 for all oy € (d; — d;)(q)0(d; — d;)(q) and (a, o2) < O for
all o5 € fj(q)dfi(q). So, as long as @ > 0, ({,@a) < 0 for all { € dV(q).

(Bb). According to Equations 5.15, (b, o1} > 0 for all &1 € (d; — d;)(q)9(d; — d;)(q) and (b, o2) > O for
all o2 € fi(q)Af;(q). So, as long as 8 < 0, (¢, Bb) < O for all ¢ € aV(q).

Since (¢, @a) < 0 and (¢, 8b) < 0, we have ({,aa + Sb) < 0 for all { € dV(q), forallq € C. [

5.8 Summary

In this chapter, we presented novel nonsmooth control laws for following the invertible three-equidistant
faces IF ;j, localising the invertible four-equidistant faces IF ;jx;, following the diameter extrema edges
Z)f’}, and for following a critical set edge KZ.. These control laws were based loosely on smooth control
laws developed in the context of the point GVG, in that the control term ¢ had a “follow” term ea and
a ‘correction’ term Bb, but the analysis was notably different. In the smooth case, the terms @a and Sb
are immediately available directly from the definitions of nullspace and Penrose pseudo-inverse. In the
nonsmooth case, we must check all vertex pairs of the appropriate generalised gradients in order to select

the vectors a and b.
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Equations 5.6 and 5.7 for selecting appropriate vectors a and b to follow JF % (and the associated
equations for localising 7F ;i and following Z);.’j and K;’}) come directly from the definition of stability
in Equation 5.2. Given the Lyapunov function candidate V(g), the controls laws were developed so that
Equation 5.2 was satisfied. Using this technique, we successfully developed three stable control laws that

allow a real robot to fully and completely explore the NCrir+NGVG developed in Chapter 4.



“It is often said that experiments must be made
without preconceived ideas. That is impossi-
ble. Not only would it make all experiments
barren, but that would be attempted which
could not be done.”

Henri Poincare

Simulations and Experiments

In this chapter we describe the simulations and experiments used to verify the utility of the techniques
developed in the previous chapters. In Section 6.1 we describe a graph search algorithm developed to
explore the NCrir+NGVG and in Section 6.2 we describe a simulator developed to test the algorithm—
and the results of those tests. Finally, in Section 6.3 we describe the results of some experimental trials

with a real robot.

6.1 Graph Search Algorithm

In Chapter 4, we described a mathematical structure NCrir+NGVG that represents the connectivity of
free space, but have not yet described how to explore this structure. Since the NCrir+NGVG is equiva-
lently expressed as a graph (JF ;i and D}’}k are nodes and JF ;% and Z)}"} are arcs), any number of graph
search algorithms could be used. The notable A* algorithm [25], which is guaranteed to return a shortest
length path if one exists, is commonly used in robotics, since shortest length paths tend to minimise energy
consumption and execution time. However, when used for sensor-based exploration, A* has several draw-
backs. First of all, A* is based on two weights g(q) and h(q) [38] assigned to each node q, which are used
to decide which arc to examine next. g(q) represents the length of the path from the start node g, to q in
the current search and h(q) represents a heuristic estimate of the path length between g and the goal node

q,- If h(q) is based on a poor heuristic, the algorithm tends to explore more of the graph than necessary. In

p-103



§6 p.104

EQuISEARCH()
1 from g, climb onto the nearest JF ;%

2 PpusH(q, equiOPEN)

3 while size(equiOPEN) > 0

4 do node < HEAD(equiOPEN)

5 move to node

6 EXPLORENODE(node)

7 while size(diamOPEN) > 0

8 do node « 1aL(diamOPEN)

9 move to node

10 EXPLORENODE(node)

method method operation
PUSH(node,list) push node onto tail of list.
REMOVE(node,list) remove node from list.
HEAD(list) remove and return the head of list.
TAIL(lis?) remove and return the tail of lisz.

FiGURE 6.1: PSEUDOCODE FOR EQUISEARCH() AND DESCRIPTIONS OF BASIC METHODS USED IN THE PSEUDOCODE.

sensor-based motion planning, where the graph is unknown at the start of exploration, very few cues can
be used to generate a sensible heuristic weight (q), so the robot tends to explore inefficiently. Secondly,
the length-optimality of A* refers only to the length of the final path generated. While searching for this
length-optimal path, A* spends a great deal of time returning to nodes to look for a shorter path. When
implemented by a real robot A, this adds to the total length of the path A must follow while exploring. So,
in addition to the A* solution, we have developed an algorithm geared toward the unique graph structure

of the NCRir+NGVG that generates sensible, if not length-optimal, paths.

Our algorithm, which we have called EQuiSEARCH(), searches the graph in a modified depth-first man-
ner. Starting at the start node g, the robot first climbs onto an invertible three-equidistant face IF
and then proceeds to fully explore it. As it does so, it keeps track of newly discovered four-equidistant
nodes JF ;j and diameter extrema nodes Z):.’jk that have unexplored three-equidistant faces I ;% emanat-
ing from them in the list equiOPEN and new IF juys and Z)f’}ks that have unexplored diameter extrema
edges Z)f’} emanating from them in the list iamOPEN. After each three-equidistant face JF ;  is explored,
we proceed to pop and explore every Dz.k in diamOPEN, in turn, before starting to explore another node
in equiOPEN. In a sense, we are examining the three-equidistant faces JF ;jx in succession. The search is
finished when equiOPEN and diamOPEN are both empty. The completeness of EQuISEARCH() is assured
since it is simply an exhaustive depth first search. Figure 6.1 gives pseudocode for EQuiSEarcH() and Fig-
ure 6.2 gives pseudocode for two helper functions expLoreENODE() and ExpLoREARC(). The table in Figure

6.1 gives a few elementary list operations used in our pseudocode.
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EXPLORENODE(node)
1 for each of node’s unexplored JF ; jx.s
2 do for each direction dir of IF
3 do exPLOREARC(JF i, dir)
4 return to node
pusH(node, equiCLOS ED)
for each of node’s unexplored Z)}’js

5
6
7 do for each direction dir of Z);?j
8
9
0

do EXPLOREARC(D?J., dir)
return to node

10 pusH(node, diamCLOS ED)

EXPLOREARC(arc, dir)
1 while no collision
2 do move along arc in direction dir

3 if a ZF ;i or Z);?jk is discovered
4 then node « IF ;ji or D?‘k
5 update node’s visitec{ arc information
6 if all node’s IF ;jxs have been explored
7 then rReMoVE(node, equiOPEN)
8 pusH(node, equiCLOS ED)
9 else pusH(node, equiOPEN)
10 if all node’s DY;s have been explored
11 then reMmove(node, diamOPEN)
12 pusH(node, diamCLOS ED)
13 else pusH(node,diamOPEN)

FIGURE 6.2: PSEUDOCODE FOR HELPER FUNCTIONS ExPLORENODE() AND EXPLOREARC().
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using a higher order terms (i.e. position information from a few timesteps back/forward).

It is useful to contrast the results of the real trials with the simulations. Because the stepsize in a
simulation can be made arbitrarily small, the simulated PPRK can be made to follow the three-equidistant
faces I'F ;jx and diameter extrema edges 1);?]. arbitrarily closely, thus more closely representing a continuous
control system. Notice in the experimental trials that the PPRK does not follow J¥ ;% and 2):.’]. as closely as
the simulations, so in practise the PPRK is unable to follow JF ;% and Z)?} when the distances d;(q), d;(q)
etc. are below a certain threshold. In our experiments, this threshold was about 5 cms—about 10 pixels in
a grabbed image of 640 x 480 pixels. As well, the existence of fish-eye distortion in the camera system
causes the true distance between the robot and the obstacles to differ somewhat from the distance in the
grabbed image. This also affects the ability of the PPRK to follow roadmap segments where di(q), d;(q)
are below the threshold. The threshold mentioned above takes into account this distortion as well. Finally,
the control system had a tendency to oscillate a great deal more when using the PPRK due to the nature of
selecting @ and 8. These oscillations appear in Figure 6.7 as places where the PPRK tended to ‘linger’—a
high density of polygons in a particular area. It is quite evident nonetheless that the NCrr+NGVG can be

followed by a real robot and that the theory developed in the preceding chapters is of practical importance.

6.4 Summary

In this chapter we have implemented simulated and real robotic systems that explore the NCrRr+NGVG
described in Chapter 4 using the nonsmooth control laws developed in Chapter 5. Firstly, a specialised
depth-first search called EQuiSearcH() was developed for exploration of the NCRi+NGVG, and was subse-
quently shown in simulation to be more suitable for sensor-based exploration than the A* algorithm. This
is due to A*’s requirement for a good heuristic estimate h(q) of the distance to the goal and it’s general
backtracking behaviour when looking for shorter paths. Secondly, a software system was developed to
simulate a polygonal shaped robot A in an environment cluttered with polygonal obstacles B;. The sim-
ulations were used to fine-tune behaviour of the control algorithms (determine suitable a (following) and
B (correction) terms) and to determine suitable tolerances and thresholds required to detect NCrir+NGVG
nodes. Finally, once satisfied with our implementation of EQuiSearcH() and the control algorithms, we
implemented a real robotic system based upon the Palm Pilot Robot Kit (PPRK). Using a closed-loop vi-
sual servoing control system, the PPRK was able to explore the NCrir+NGVG for a number of test cases,

verifying the practicality of the theory developed in the preceding chapters.



“The strongest arguments prove nothing so
long as the conclusions are not verified by ex-
perience. Experimental science is the queen of
sciences and the goal of all speculation.”
Roger Bacon

Conclusions

The theory of sensor-based motion planning, although examined in previous works, has always been hin-
dered by the simplifying smoothness assumptions on the distance functions d;(q) and D(q). This thesis’
main contribution is an examination of the problem from the point of view that we simply should not use
an assumption that is obviously incorrect, and that we need to approach the problem from a different angle.
We have shown that nonsmooth analysis provides a new approach to study the problem and provides the
necessary tools to construct a topology representing network of freespace—the main goal of all motion

planning algorithms.

The key to the usefulness of nonsmooth analysis, and in particular the generalised gradient, being so
useful is its highly geometric nature in finite dimensional configuration spaces. The convex hull is such a
widely used concept in computational geometry, solid modelling and robotics, that practitioners have little
difficulty grasping the basics. The calculation of the generalised gradient can be tedious (see Appendices A
and C), but is not particularly difficult to accomplish. As well, nonsmooth analysis allows the development
of theorems analogous to the smooth variants, in our case the tremendously powerful preimage theorems,
since one needs only to extend the notion of a normal vector of a manifold to the normal cone of a set. It

is for these reasons that we believe nonsmooth analysis should find many applications in robotics.

Our implementation of a real robotic system that implements the theory developed in this thesis further

illustrates the practicality and utility of the underlying analysis.
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7.1 Future Work and Possible Improvements

In this thesis, we have presented a detailed nonsmooth analysis of the distance function D(q) for arbitrary
configurations spaces, but have only presented a planning algorithm for S E(2). Therefore, a key topic of
future research must be to extend these techniques to higher dimensional configuration spaces in much the

same way that [40] extended [15] using the smoothness assumptions. This is obviously a very difficult

problem.

The key improvement we envision is to equip the robot with on-board distance sensors, so that it is
able to explore beyond the confines of the ceiling camera’s field-of-view. Two possibilities for on-board
distance sensor are sonar or a laser range finder. Given our algorithm’s requirement for reasonably accurate
distance measurements, a sonar setup is probably less useful that the range finder, given it’s poor angular
resolution. Given that commercially available range finders are of generally the same size as our Palm
Pilot robot, a new, larger mobile robot will need to be purchased. In addition, the new mobile robot must

be equipped with a proper on-board processing system so that it can deal with the large quantity of sensor

data supplied by the range finder.



SA

Generalised Gradient of the Single

Object Distance Function dd;(q) in
SE(3)

In this section we develop expressions for the generalised gradient dd;(q) of the single object distance
function d;(q)between a convex polyhedral robot A and a convex polyhedral obstacle B; . These deriva-
tions are new to the literature and are essential tools used to climb onto and follow Rgy; segments in
configuration space C. Figure A.1 shows the environment used to determine dd;(q). The distance function

used is the minimum distance between all points on the robot A and obstacle B;
di(q) = min [la-b||
acA(q)
bGB,’

where q € S E(3) and A(q) is the set of points occupied by the robot at configuration q. The points on

the robot A and obstacle B; closest to each other are a = [a,, a), a,)7 and b = [b,, by, b,)7 respectively.

We use the additional notation & = [ay, &), a,]" to represent the coordinates of a in the robot’s coordinate
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FiGURE A.1: GRADIENT OF DISTANCE IN S E(3). a AND b ARE THE CLOSEST POINTS ON THE ROBOT A AND OBSTACLE
B; RESPECTIVELY. 4 REPRESENTS @ IN A’S COORDINATE FRAME Fz. Fqy IS THE WORLD COORDINATE

FRAME.

frame ##. The minimum distance then is given by

di(q) = \/(bx —-a;)* + (by - ay)2 + (b, — a,)?

Let [x,y,z]7 be the location of the origin of Fz with respect to F4y’s origin. To parameterise the

rotational degrees of freedom, we choose the Euler angle parameterisation of S O(3) with the three angles

&, 6 and ¥ (see [38] for an excellent description). ¢ represents a rotation about the z-axis of ¥ resulting in a

new coordinate frame 7';, 6 represents a rotation about the y-axis of 7-;‘ leading to another new coordinate

frame 7:;(' and ¢ represents a rotation about the z-axis of _‘7';{' resulting in the final configuration of the

robot’s coordinate frame. Using the shorthand notation ¢ = cos and s = sin, the composite rotation matrix

is given by

Ry

Rs;RsR,

P coclcy — spsy
s¢clcy + cPpsy
I —sOcyr

[ Rii Ru R
Ry1 Ry Ry
| Rs1 Rz Rss

—cPcOsy — spcy
—sPpcOsy + chpcy
sOsy

coso
sps6
cl
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where

cp -s¢ O @ 0 s6 ey -sy O
Rs=|s¢ cp O Ry=1 0 1 0 Ry=| sy cy O
0 0 1 -s60 0 c6O 0 0 1

We use the notation R;; to represent the nine entries of the composite rotation matrix. This helps keep the

subsequent matrix formulae to a reasonable size. The world coordinates of a are

[ Rii Rz Rz || Oy
a = (y|+| Ry Rn Ryp || &
| 2 R3y1 Rz R3y || a
x+aRy + &lez + &ZR13
= y+ ayRy + flyR22 + a,R»3 (A.1)
| 2+ a,R3 + &yR:;z + a,;R33

Using the calculus of the generalised gradient presented in Chapter 3, we know dd;(q) is a subset of the

right hand side of

1
adi(q) < m((bx — a,)(8by — day) + (b, — ay)(0by — Oay) + (b, — a;)(0b; — day))

The generalised gradient terms day, db, etc. can themselves be found to be subsets of sets using the
calculus of Chapter 3. Since elements of the rotation matrices R;; are smooth, we know OR;j = VR;j. By a

similar argument dx = Vx, dy = Vy and 0z = Vz and so we have

fa, C Vx+ 0a,R11 + @, VR + 621le2 + &yVRlz + 0a,R13 + @xVR13
6ay - Vy + 0a,Ry + a,VRy + a&szz + &yVRzz + a&sz:; + a,VRy3

da, C Vz + da,R31 + axVRa + 6&yR32 + &yVR32 + 0a,Rs3 + a,VR33 (A2)

It turns out we cannot simply determine the individual generalised gradients (0dy, 0b; etc.) and plug
these into Equations A.2 because the terms a,, by etc. are in fact nonsmooth and nonconvex in general.
To see these terms are nonsmooth and nonconvex, consider Figure A.2 which shows the terms ay, b, and
ab, as a vertex of A moves to the right (increasing x). A nonsmooth point occurs at the x-coordinate of

B;’s vertex. At those points where these terms are nonsmooth, the calculus of the generalised gradient
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B; B,
b |Ng,(b)
ab,
. . — X . g .
A A
(a) (8)

FIGURE A.2: a,, by AND aby ARE NONSMOOTH IN GENERAL. (A) A VERTEX OF THE ROBOT A IS THE CLOSEST POINT TO
THE OBSTACLE B; (THE FIGURE SHOWS A POLYGONAL A/B; IN S E(2)). As THE VERTEX MOVES RIGHT
(INCREASING X), A NONSMOOTH POINT OF b, AND ab, OCCURS AT THE X-COORDINATE OF THE VERTEX.
GRAPHS OF @y, b, AND ab, ARE GIVEN TO FURTHER ILLUSTRATE THE NONSMOOTH POINT. (B) by IS
NONSMOOTH WHEN a — b IS NOT IN THE INTERIOR OF Ng, (D), AS IS THE CASE FOR a1 — b.

will result in a set of points for the right hand side of Equations A.2, so dd;(q) cannot be said to contain
a single point when there is a single closest point on A and B;. In order to show dd;(q) contains a single
point when there is a single closest point a on A and a single closest point b on B;, we need a different
approach. To determine dd;(q) we recall Corollary 3.4 which gives the following expression for d¢(x) for

a finite dimensional domain.
dp(x) = co{lim Vi(xz) : xx — X, Xx € S, Xx & Q)

and present Lemma A.1.

Lemma A.1 The terms day, day, 0a,, 0by, Ob, and b, all contain a single point (a, etc. are smooth) if

and only if there is a single closest point a on A and a single closest point b on B; such that

1. a — b is in the interior of Ng,(b); and

2. b — a is in the interior of Nz(a). (A.3)

Proof (IF) Figure A.2(b) shows the meaning of Conditions A.3. The witness vector a; — b is in the
interior of Ng (b) but a; — b is not. Let there be two single closest points a on A and b on B; satisfying

Conditions A.3. For two convex polytopes A and B;, there are a number of ways these single points can
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exist—vertex-vertex, vertex-edge, vertex-face and edge-edge. The other combinations edge-face and face

face always lead to multiple closest points, by the convexity of A and B;. Let us consider each case in

turn.

a is a Vertex of A and b is a Vertex of B;

This is the simplest of the cases. Because the closest points a and b satisfy Conditions A.3, there exists a

neighbourhood nbhd(q) where the closest point b on B; does not change so
0by = 0by = 0b, = 0

which all contain a single point, so b, by and b, are smooth. Likewise, the closest point 4 on A does not

change in A’s frame so

Substituting into Equations A.2

da, =Vay = Vx+a,VRy + &yVRlz + a,VRi3
day =Va, = Vy + 8,YRa + & VR + 8;VRx

oa, =Va, = Vz+a,VR3 + flyVR32 + a,VR33

Since the gradients Vay, Va, and Va, exist, ax, ay and a; are smooth.

a is on an Edge or Face of A and b is a Vertex of B;

Again, because the closest points a and b satisfy Conditions A.3, there exists a neighbourhood nbhd(q)

where the closest point b on B; does not change so

which all contain a single point, so by, b, and b, are smooth. However, the closest point 2 may change,
so we need to show it does so smoothly. Because the closest points a and b satisfy Conditions A.3, there
exists a neighbourhood nbhd(q) where the closest point a remains on an edge or face. We show smoothness

by showing the directional derivative &'(x; ) = X ”?“"’(q) = 4°(x;e) for every direction e € C [16). The
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location of b in A’s frame is given by
b =Ry} ,(b-[xy2")

Define by Hz :R? — R3 the map that takes a point b to the closest point & on the convex set A. It is

known [16] that this a continuous and smooth function. The location of 4 is then

Since Hx, Rg"lﬁ‘w, b and [x,y,z]” are all smooth, we have &'(x; e) = 4°(x; e) is equal for all e € RS [16], so

iy, 8, and a; all contain one element, and ay, &y and &, are smooth. Substituting into Equations A.2

6ax =Vax =Vx+Va,R; + &xVRll + V&lez + flyVRlz + V&ZR13 + a,VR13
6ay =Va, = Vy + Va,Ry1 + a,VRy1 + Vflszz + flyVRzz + Va,Ry + a,VR23

da, =Va, = Vz+ Va,R3 + a,VR31 + VayRs3; + ayVR3; + Va,R3; + a,VR33

Since the gradients Va,, Va, and Va; exist, a,, ay and a, are smooth. We also make the observation that

. . . O a a T . .
since the vector ab is perpendicular to an face/edge of A and the vector Ry,0y aaix‘, %’-, %%] is constrained
to lie in the face/edge of A (in fact all partial vectors of all 6 coordinates are constrained to lie in the

face/edge of A) we know

oa, 04, da,|" .
<R¢,g,¢ [—Bt—’ —a—iy, —672] ,a—-b> =0forallie€ {x,y,2,0,9,¢}

ais a Vertex of A and b is on an Edge or Face of 5;

Using the same arguments as the previous case, we know
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and
ob, =Vb,
db, =Vb,
0b, =Vb,
and

db, 0b, ob,|" .
5 3 5 ,a—b)=0forallie {x,y,z,0,¢,y¢}

a is on an Edge of A and b is an Edge of B;

This is the trickiest of the cases, since both of the closest points & and b may change during any in-
finitesimal motion. However, because the closest points a and b satisfy Conditions A.3, there exists a
neighbourhood nbhd(q) where the closest points remain on the edges of A and B;. There are only two
directions v; and v, that b can move (both a parallel to the edge of B;), with v{ = —v,. We know then that

b(w + te) — b(w) = b(q + ze) — b(q) for w € nbhd(q) and ¢ sufficiently small. This leads immediately to:

b(w + te) — b(w)

b°(q; e) = limsup

woq t
t—0*
_ o b@+ ) b
t—0* t
=b'(q;e)

and so b(q) is smooth. Using the same argument as the previous case, 4 = H y((RE}ﬁ, w(b(q) —[x,y,2]")) is

thus smooth as well.

db, =Vb,
db, =Vb,
0b, =Vb,
da, =Va, = Vx + Va,R1 + &;VR1 + Va,Riz + & VR1z + VaRi3 + 8:VRi3
da, =Va, = Vy + Va,Ry + a;VRu + VéyRy + VR + Va Ry3 + 4y VR

Oa, =Va, = Vz + Va,R3; + a,VR3 + V&yR32 + &yVR:;z + Va,;R33 + a,VR33
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B, B; B; Bi
A
(S) AlQ) [A(q + t€)
L L
(a) (8)

FIGURE A.3: ILLUSTRATION OF MEASURE ZERO SETS S| AND § 2. (A) IT 1S POSSIBLE TO GET OUT OF THE SET S| OF
MULTIPLE CLOSEST POINTS WITH AN INFINITESIMAL ROTATION. (B) IT IS POSSIBLE TO GET OUT OF THE SET
S 2 WHERE THE SINGLE CLOSEST POINTS VIOLATE CONDITIONS A.3 WITH AN INFINITESIMAL TRANSLATION.

Again, since the gradients Va,, Va, and Va, exist, ay, a, and a, are smooth.

(ONLY IF) Let there be two single closest points a on A and b on B; that do not satisfy Conditions
A.3. For some small motion of A, a closest point a/b will switch to an edge/vertex/face, and the velocity
(direction of point motion) of the point will necessarily stop or change direction, leading to a nonsmooth
da or db term. To illustrate, Figure A.2(b) shows that b, is nonsmooth when a — b is not in the interior of

Ng,(b) ]

A.1 The Final Step

Recalling Equation A.3 from earlier in this appendix, we can see that dd;(q) can be determined by
dd(q) = co{lim Vdi(qe) : qx — q, Qi ¢ S, qx ¢ Q4,}

By definition, the sequence points g, cannot be elements of the set of nondifferentiable points €2, other-
wise Vd;(qx) would not exist to take the limit of. More importantly for our problem is the fact we can also
exclude qx from any set S of measure zero when taking the limits lim Vd;(qx). Lemmas A.2 and A.3 are

used to construct a set § appropriate to our needs.

Lemma A.2 The set of configurations S ; where there exists a set of multiple closest points P has measure
zero in C,. |

Proof If there are multiple closest points, then those closest points must lie on edges a of A and b of B;.
For a particular edge-edge combination a,b, the set of configurations §1,, where the exist multiple closest
points corresponds to a constant orientation hyperplane (if A rotates, there will no longer be multiple

closest points), which has measure zero. Since there are a finite number of edge-edge combinations, the
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set §1 = UgpS1,, has measure zero as well. .

Lemma A.3 The set S of configurations where there exists a single closest point a on A and a single

closest point b on B; such that Conditions A.3 are violated has measure zero in C,.

Proof For a particular vertex-vertex combination a,b, the set of configurations S»,, where the exists a
single closest point a on A and a single closest point b on B; such that Conditions A.3 are violated,
correspond to motion where a is constrained to a line segment. Configurations resulting from motion

satisfying this constraint are known [38] to be a measure-zero submanifold of S E(2). Since there are a

finite number of vertex-vertex combinations, the set S = UgS 1,, has measure zero as well. n

Setting S = S U S2, we can now show d;(q) is smooth whenever a single closest point a on A and a

single closest point b on B; exist by showing that all gradient limits approach a single point {
lim Vdi(qi) = ¢ forall qx — q. Gk ¢ 5, Qk ¢ €,
This single point is then the gradient ¢ = Vd;(q). The gradient term lim Vd;(qx) (in long form) is

Vdi(qy) = di(qe) " (bx — az)(0bs — day) + (by — a,)(Oby — Oay) + (b; = az)(0b; — 0az))
= di(qe) " ((bx — a)(Vby — Vay) + (by = a))(Vby = Vay) + (b, = az)(Vb; — Var)
= di(qe) ' (bx — ax)(Vby — (Vx + VayR11 + axVRy1 + VayR12 + &,VR12 + Va;Ri3 + a:VR13))+
(by — ay)(Vby — (Vy + VaxRa + a,VRy1 + VayRy + 8,VRy + VaRy3 + a,VR23))+

(bz - az)(Vbz - (VZ + V&ngl + &xVR31 + VflyR32 + &yVR:;z + V&2R33 + &xVR33)))

It the above equation we must note that all the terms are calculated at gy, since q is the accumulation point

of the limit. A number of cancellations occur in the above equation, the first being

(by — a)Vby + (by — ,)Vby + (b; = a)Vb; = 0
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since either Vb, = Vb, = Vb, = 0, or the components <[%, %, %]T, a-— b) =Oforalli € {x,y,2,6,9,¥}.

Similarly,

(bx — ax)Va,Ry; + (by - ay)VayRyz + (b, — a;)Va Rz +
(bx — ax)Va, Ry + (by - ay)V&yR22 + (b, — a;)Va,Ry3+

(b, - ay)Va,R3; + (by - ay)V&yR32 + (b, — a;)VaR33 =0

since either Va, = Va, = Va, = 0, or the components <R¢,9,¢[‘%, aaii’, %]T,a - b) =0 foralli €

{x,y,2,6,¢,y}. The remaining term

(ax — by)(Vx + a,VR1 + a,VRy2 + a,VRy3)+
(ay - y)(Vy +a,VRy + flyVRzz + &XVR23)+

(az - bz)(VZ + &xVR;;l + flyVR32 + &xVR33)

is a smooth function, and so lim Vd,(qx) = ¢ for all g4 — q. Appendix B gives details of the calculation

of ddi(q) = Vd;(q) for this smooth case.
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Gradient of the Single Object Distance
Function Vd;(q) in SE(3) (smooth case)

In this section we develop expressions for the gradient of the distance function Vd;(q). Figure B.1 shows

the environment used to determine the Vd;(q). The gradient Vd;(q) has components U Y iy

ox ° &8y az
ddi{(q@) ddi(q) 0ddi(q)
26 ° @9 9y

. The x, y and z components are all determined a similar manner, while the ¢, 6 and

component require a bit more mathematical acrobatics. We start with the x component of the gradient.

odiq) _ _1 s _Bax) | (%2 9B L - Qb_z_a_as)
ax d,-(q)((b"'“")(ax ax)+(by “y)(ax ax ) PO\ 5 ax)

which can be considered a inner product of the form

od(q _ 1
ox  d(Q

<(b— a), L (b —a)) ®.1)
ox

The partial derivatives of a are determined from Equations Al

p.124
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FiGURE B.1: GRADIENT OF DISTANCE IN S E (3). a AND b ARE THE CLOSEST POINTS ON THE ROBOT A AND OBSTACLE

B; RESPECTIVELY. 4 REPRESENTS @ IN A’S COORDINATE FRAME Fa. Fay IS THE WORLD COORDINATE
FRAME.

da, o4, oa oa,

— = 1+ 2R+ a3
aa)’ 6ax aé\ly 6&2
G T okt fetgoks
6a2 aax da da
— = —=Ry+—= ]
Ox Ox 31 + E® Ry + o R33 (B.2)
Substituting into Equation B.1
by - ax % 1 %:Ru+ 2R + %Ry
ddi(q) _ 1 ab, | 2, o s
Ox - d,(q_) by T | & 01- R21 + ax R22 + Bx R23 ( X))
b; - a; = 0 aa,R31 + o 2R + R

It is readily apparent that the vector (b — a) is orthogonal to the tangent spaces of the boundary of the

3bx ab}’ abz]T

obstacle B; at b as well as the robot A at a. The vector [F7, 52, 5

, or the vector of partial fractions
with respect to any of the degrees of freedom for that matter, is an element of the tangent space of the
boundary of B;. As well, R¢,g,,,,[%‘;’, aa'i’, ‘?xl] is an element of the tangent space of the boundary of A.
So, these terms disappear from inner product of Equation B.3. The resulting inner product of (b — a) and

[-1,0,0] is

dd(q) 1
dx  diq)

(ax— byx)

Using the same approach, we determine
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adi(q) 1

d  d; (q)( =)
ddi(q) 1
9 - dx )( -b,)

The gradient components corresponding to the rotational degrees of freedom require a bit more work.

Let us first consider a"g;q).
ddi( 1 ob, oa db, da, da
3= T )(a¢ a¢) ©r= “y)(arf%) ©: Z)( 29 a¢))

Since the R;;’s are dependent on ¢, we need to apply the multiplication rule to the partial derivatives with

respect to ¢. The resulting terms are more complicated than the x components in Equation B.2.

6ax 6&,, 6R11 aay 6R12 6az 6R13

= —=R — + —R —R 5 —
59 £y nt+a 59 Y 12+ ay—/—— £y 6¢ 13+a; Y
6ay 6&x 6R21 6&y 5R22 6az 6R23
— = 2R L A A 4 =R h —=2
3¢ £y 21 +a ary +6¢ 2+t ay—/— 3¢ 6¢ 23+ 4, 3¢
6&2 6ax 3R31 aay 5R32 6az 5R33
_— = = —R —R a,———
39 39 Ry +a ¢ +6¢ 32+ ay—— 59 6¢ 33+ 4, a6

Once again, the inner product of Equation B.1 can be split into a number of components.

5 by —ay %l:; 6&,R11 + R12 + ¢ R13 &xag(; + Ayag‘;z + Azag‘;a
di(q) 1 ab

_ y _ aa, 6az _ 6R21 6R22 6R23

5¢ = di(q) by—ay '\ B R21 + R22+ R23 ax a¢ +ay 36 +az 36

ob aa, A~ ORyy | A ORn | ~ OR3

b, - a, 3 Fg R + a¢ % Ry + a¢ 2R3 a, %2 5 + Ay + A

(B4)
Using the same reasoning regarding (b — a) being orthogonal to the tangent spaces of the boundaries of
both A and B;, the first two components of the right hand side of the inner product in Equation B.4 are

nullified. Expanding the partial derivatives of the R; j’s, we are left with the following
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pag 1 | T || Aot chs9) ~lsheliy = chep) - 8L545)

56 d,-(q)< by—ay |,| —acdcOcy ~ spsy) + b, (cdchsy + spcyy) — a(cPsb) > (B.5)
b; - a, 0

The second term of the inner product in Equation B.5 looks very similar to Rggy4. In fact, if we set
U = Ryyp,4, then it can be represented as a transformation QU, where Q is some 3 x 3 transformation

matrix. In the case of the ¢ component of the gradient, the inner product of Equation B.5 is equal to

i T, ]
sd@ 1 be—a, | | 0 1 0| Ry Rz R || &
a¢ = di(q) by—ay -1 00 R21 Ry R23 fly
| b,—a; | | O O O ]| Ru Rn Ru || &
a T i
1 bo-a, | [ 0 1 0l U,
i R R
L bz_az 11 0 0 0 11 UZ

1
= d_i(_q—((b —a)xU),

1
= Z@(U X (a—b)),

f—

The ¢ component of the gradient is equal to the scalar z component of the cross product of U and (a - b).
The 6 and ¥ components of the gradient are determined in similar manners. However, in these cases the

transformation matrix Q is dependent of ¢ and (¢.6) respectively.
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6d(q) 1 by—ay 1 0 0 -c¢ 1 Rii Rz Rps ay
l —
00 diq) by -ay 0 O -s¢ || Ra Rn Ry || &
| b;—a; | | cp s¢ O || Ry Ry Ra || &
- T, 1
. by —ay W 0 0 -c¢ U,
= m by - a, 0 0 -s¢ U,
L b, —a, ] ] cp s 0 L U,
= ( )(R;I«b 2) x 1)),
- TR Ux@-b),
The 6 component of the gradient is equal to the y component of the vector U x (a — b) transformed by the
matrix R;l.
AT i
bx — dy 0 co —S¢S0 1 R11 R12 R13 flx
odi(q) 1 A
a‘ﬁ di(q) by - ay —cl 0 C¢S9 R21 R22 R23 ay
] bz —a; ] L S¢S0 —C¢S9 0 | R31 R32 R33 flz
i T, ar
b, —a, W 0 cl —s¢s6 Ux
1
= m b, - a, —ch 0 cpso U,
| b,—a; | | s¢s6 —cgs6 O | U,
1 R-IR:!
= d_-(_cﬁ( s Ry ((b—a)x 1)),
1 lo-
E'G)'(R(;IR (U x (a-b)),
i

The ¢ component of the gradient is equal to the z component of the vector U x (a — b) transformed by the

. p-lp-1
matrix Re R¢ .

The gradient of the distance function d;(q) is the 6 X 1 vector
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(a-b)
Vaiq) = _1_ (Ux (a-b)),
T A@| ®iUx@-by),

| R;'R;'(Ux (a-b)),

As noted in [15], the distance gradient reflects the lack of bi-invariance of all metrics in S E(2) and
S E(3). A left-invariant metric in § E(3) is one for which given any two points p;, p> € § E(3), the distance
between the points d(pi, p2) is the same as d(Tp;, Tp;) for all T € SE(3). This means changing the
location of the world coordinate frame %4y does not affect the metric. A right-invariant metric in S E(3) is
one for which given any two points p;, p, € § E(3), the distance between the points d(pi, p2) is the same
as d(p1T, p2T) for all T € S E(3). This means changing the location of the robots local coordinate frame

Fa does not affect the metric. It can be shown that no metric in § E(3) can be left and right-invariant, or

bi-invariant.
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Calculation of 0f;;(q) in SE(2)

abiy(q) )
abix(Q)

tan™! (Z—Zfi%) — 26 - 249 for a convex polygonal obstacle B; and a convex polygonal robot A. Let’s first

In this appendix we are going to calculate the generalised gradient 8f;;(q) of f;j(q) = tan™! (

review the notation used in this Appendix. The closest points between the robot A and the obstacle B;
are a and b respectively. When addressing the closest points between A and multiple obstacles B; and
B;, the points will be subscripted accordingly (i.e. a;, a;, b;, b;). The components of these closest points
are denoted a = [ay,a,]” and b = [by, by (a; = [aix, ay]" and b; = [byy, byl" if specifying a particular
obstacle). Finally, the witness vector is ab = a—b (ab; = a,—b; and ab; = a;-b; if specifying a particular
obstacle).

Recall Lemma A.1 from Appendix A which states that 2, 2,2 & & and & exist if the vectors ab

and ba defined by the single closest points a and b are in the interior of the normal cones to A and B;. In
Sections C.1 and C.2 we determine the partials of a and b when the conditions of Lemma A.1 are satisfied.

This information is summarised in Table C.1.

oa da g da

We consider the two cases when a is a vertex of A (b is either a vertex of or on the edge of B;) and a is on

and edge of A (b is implicitly a vertex of B;).

p.130
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For the partials with respect to 8, we recall (from Appendices A and B) the notation 4 which represents

the coordin i ’ ; A —_
ates of a in the robot’s coordinate frame % and Ry = [U,, U,]T which is the vector from the

origin of F# to & in the world coordinate frame Fy .

T
day day|" _ . (%) + Rosanldn &]7) = ((x,y]" + Rolds &1")
36’ 860 860 50

= lim (Re+s9 ~ Ro)lay, &y]T
66-0 o0

—-sind -cosf| -
= [y, ay]

[ cosd —siné

0 -1l||cos® =—sin@| -
= , [Gx, ay)

tl 0 ||sind cosé
=[_UyaUx]T

C.1.2 ais on an Edge of A

To determine the partials when a is on and edge of A, we recall the transformation between a in the world

frame F+ and 4 in the robot’s frame
— P.A T
a=Red+ [x,y]

which allows us to determine the following transform between the partials in frames Fw and &

= = %4+ Ry— + —[x,y} foralli ,y,0 1
T 6ia 0% 6i[xy] orallie{x,y,6} (C.1)
We will take limits of 54 to determine the partials %% etc. and use Equation C.1 to determine % etc. We
use the notation e = [—ab,, ab,]T to represent a vector parallel to the edge of A and thus perpendicular to

ab (i.e. (e, ab) = 0). We use the notation b (resp. &) to represent the location of b (resp. ) in frame Fa.
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Let us first address the partials with respect to x

6x ’ ax 6x-0 6x
Guew = b)- &,
. é
= Jim " 62 (project 64 onto &)
R_l b— T —_ -1 _- T . _1
i Ra'®=lx+ 8%y~ Ry'b~ Loy -Ry'e
ox—0 ”e” 6x 0
_ o Ry'(=[6x,00")-Rj'e
8x0 lell 6x 6
0xab,

= Y p-lr T
S Sxab P | aby, ab;]

—R-1 —ab; abab, !
% 1llab|[2’ ||ab ]2

and after transforming according to Equation C.1

2o 2 T[i o B abab]
Ox’ ox | lab 2’ ||ab]?

Likewise for the partials with respect to y

=2, 2| = lim —>—=R,"'[-aby,ab
[6y 6y} AT 5y flablE @ | aby abs]
_ -1 abxaby _abi

T
=R ,
? [ llab|i> " ||lab IIZ]

and after transforming according to Equation C.1

2l

ab,ab, ab? r
dy’ Ay

lab|2’ " llab|?
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Likewise for the partials with respect to 6

laﬁx da, ]T _ i Ritgo(U = ab) — Ry (U - ab)) - Ry'e
66—-0

_—, = -1
36" 96 lell 60 Roe
Lo o1
R, 1o (U - ab) - R,'[~ab,, ab,]"
= e R;'[-aby,ab,]"
_—ab-(U-ab)__, -
=R [abyabi]

and after transforming according to Equation C.1

ab-(U-ab)]"

[6ax Bayr =[ ab-(U—ab) )
! O ab P

ay’ dy lab|Z

b db oo db
C2 5% and 5/

We consider the two cases when b is a vertex of B; (a is either a vertex of or on the edge of A) and b is on

and edge of B; (a is implicitly a vertex of A).

C.2.1 bisa Vertex of B;

This is the most trivial case where all partials evaluate to zero.

_[2x by
“ 100 66

[abx %}T_[abx a_blr

T
===, = [0,0]”
ox’ 0x dy’ dy ] (0,01
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C.2.2 Dbison an Edge of B,

To determine the partials with respect to x when b is on and edge of B;, we simply project [%ﬂ %]T for
x *> dx

the case when a is a vertex of A onto the edge of B;.

T
ot 28]
ax’ dx| ~  JelP
- [I,O]T * [_aby; abx]T
llab ||?
[ aby  —abab, .
lab|[2’ |lab |2

[—aby, ab,}’

Likewise for the partials with respect to y

db, 0b,17 [0,1]T - [-aby,ab,]T
[ )’] = [ Dy ] [—aby,abx]T

dy’ Oy llab |2
—ab,ab, abi
llab|?> " ||ab|?

T

=

Likewise for the partials with respect to 8

T
[abx aby]T [0y Us] - -aby,abi"

gbx Ty T
30" 50 [ab|P [~aby, ab}
_[—- yab% — Urab,ab, U,ab,ab, + U,ab? T
liab |2 ’ l|ab |2

C.3 Calculation of d(tan™! (%) +tan~! (%i%) - 20 - 29)

Recall from Appendix A that the terms ay, by etc. can in general be nonsmooth, even when a single closest

points a on A and b on B; exist. We show in this section that tan™! (ZZ—?%) + tan™! (ﬁi g) - 20 -2 is

also nonsmooth, and describe its structure. We first note that the partials of the constant 0(29) = 0 and the

partial of the orientation 4(26) = [0, 0, 2]7 are both singletons, so the nonsmoothness is a consequence of
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TABLE C.1: VALUES OF VARIOUS PARTIAL DERIVATIVES FOR VERTEX AND EDGE WITNESS POINTS.

a is a vertex of A

da,
M 1 % 0
X X
da, gay
— 0 —_ 1
dy dy
Qa_x -U aay
80 y F Us
ais on an edge of A
da L ab; day ab,ab,
ax ||ab |2 dx llab ||
% ab,ab, Oa, { abi
dy llab |2 Ay l|ab |2
day . ab - (U - ab) % —ab ab - (U — ab)
89 ¥ llab|? 06 *_llab]?
b is a vertex of B;
a%; ) , "
ox g
5b, by
— 0 —_— 0
dy d
b, 0 ob 0
aa a0
b is on an edge of B;
b, ab; b, —ab,ab,
Ox ||ab [|2 O0x I abil2
ob, —abyab, Oby, abs,
Ay fjab 112 dy llab |2
ob, -—Uyab:—Usabsaby 0b, Uyabsaby+U wab?
36 lab |2 36 Jlab ]2

the nonsmoothness of ay, by

etc. By the calculus of the generalised gradient we know

0
-1 n-1
ab;y 2 (ab,-y (ab,-y) (abjy)
ij — 0 +]1+ 0 -

i@ < {1 * (ab,-x) ) abix abj, ab jx 0
2

0

abixaabiy - ab,-y(?ab,-x + abjxaabjy - ab,-yaabjx ~lo

2 2 7) 2
ab; + ab;y abj, + aby,
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TasLe C.2: THE NINE CASES USED TO DETERMINE Of;i(Q).

case a; b; a; b;
1 vertex vertex vertex vertex
2  vertex vertex vertex edge
3  vertex vertex edge vertex
4  vertex edge vertex vertex
5 vertex edge vertex edge
6 vertex edge edge vertex
7 edge vertex vertex vertex
8 edge vertex vertex edge
9 edge vertex edge vertex

the values in Table C.1.

ab;,Vab;, — abyVabi, N abjVabj, — ab jyVab jx _
llab; ||? llab; |2

lim fij(qi) =
2

abix ([0,1, Uinl" — [017) + abyy ([1 0,-Uy| - [0]T)

|| ab; |2
T T O
aby (0.1, U] - (017 ) + by, ([10.-us] - 01"
_ ~lo
llab; >
2
—aby ~aby, | |0
! b + 1 b 0
T e—— . a .x —
rab 2| %% | llabjz| ©
U,--ab,- Uj‘abj 2
C.3.2 Case2
—ab,'y 0
1
o f - =10
lim ﬁ](qk) ” abi ”2 ab’x

U,' . ab,- 2



3¢ p-139

C.3.3 Case3

{ —'db,'y 0 0
. 1
lim fij(qe) = ——— |+ — -
! lab 2 | “%% | " Jab P 0 0
Ui; - ab; —U;-ab;+ |lab;|*| |2
C.34 Cased
—abjy 0
) 1
lim f;;(qe) = W abj, |—10
J
Uj . abj 2
C.3.5 CaseS
0
lim f;;(qx) = — |0
2
C.3.6 Caseb6
0 0

) 1
lim f;j(qe) = u—a'b—j“u—z -10

—-U,--ab,-+ Ilab,-llz 2

C.3.7 Case7

0 —ab,-y 0
: 1 1
im 60 = | O "Fam| T
~U; - ab;+ [|ab;|? U;-ab;| |2
C.3.8 Case8
0 0

li (qe) = ! -10
m A = b, P

—U; - ab;+ llab;|?| |2
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C.39 Case9

0 0 0

1
b ~lo
0 ab, [P 0

—U; - ab;+ |jab; |2 —U;-ab;+ ||ab;|?| |2

lim fij(qe) =

l|ab; |2



Visual Servoing of the Palm Pilot Robot

In this chapter we describe the experimental apparatus designed and constructed by the author, from

scratch, to verify the theory in the bulk of the thesis.

D.1 The Robot

The mobile robot used for our experiments is the Acroname Palm Pilot Robot Kit (PPRK) developed and
licensed by Carnegie Mellon University [52]. A photo of the PPRK is shown in Figure D.1. Figure D.1(a)
shows a top-down view of the PPRK and Figure D.1(b) shows a profile view. In Figure D.1(a) we can see
the PPRK’s innards through the clear acrylic top panel. Spaced equally around the circumference of the
PPRK are three omni-wheels which allow rolling motion transverse to the rotation direction. The wheels
are attached to readily available servo motors which have been modified to allow a full 360° degrees of
rotation. The velocity of each wheel is under the open-loop control of a small, programmable interface
controller-based servo controller. This servo controller is meant to receive signals via a serial link with a
Palm Pilot PDA (purchased separately), but is equally able to communicate serially through any RS-232

link. Since each wheel is controlled individually and can roll transverse to the rotation direction, the PPRK

is capable of holonomic motion.

p.141









3D p.144

D.2  The Visual Servoing System

The control laws developed in Chapter 5 are of the form q = @a + b, where q is the desired velocity.
In order to implement this law, we need to know the configuration q of the PPRK, the distance d;(q) to
each obstacle B;, and the witness points a; and b, for each B;. The apparatus used to facilitate this is a PC
framegrabber-based visual servoing system. The system comprises (I) a ceiling-mounted CCD camera,
(II) a control PC running Linux which is equipped with a framegrabber, (III) a serial connection with the

PPRK and (IV) appropriate cabling and connections. (I) and (IV) are self-explanatory, but (II) and (III)

bear some further explanation.

D.2.1 (I)- Control PC

The control PC has four main tasks: (i) determine the configuration q of the PPRK, (ii) determine the
distances d;(q), d;(q) etc. to obstacles in the environment, (iii) implement our planning algorithm based on
this configuration and distance information, and (iv) control the PPRK’s motion via the serial connection

discussed in Section D.2.2. (iii) is self-explanatory, but the rest bear some further explanation.

D.2.1.1 (i) — Determining the PPRK’s Configuration

To determine the configuration of the PPRK, we placed a black and white pattern on top of the PPRK
and determined the configuration of the pattern from the image snapped by the framegrabber. The pattern
selected was a white semi-circle, which contrasts nicely the dark surface of the workspace. For each
640 x 480 bitmap image supplied by the framegrabber (see Figure D.3(a)) we first threshold the image into
a black and white image (see Figure D.3(b)) and then use a “cross” transform [61] to detect edges in the
thresholded image (see Figure D.3(c)). In the resulting edge image, the white semi-circle pattern appears
as a black semi-circle outline, consisting of an arc feature and a straight line feature. The centre of the arc
feature corresponds to the position (x,y) of the PPRK and is detected using the Hough circle transform.
The orientation of the line feature corresponds to the orientation # of the PPRK and is detected using the

Hough line transform. The Hough transform warrants a brief explanation.

The Hough transform is a “point-to-curve” transformation from the image space to a suitable parameter

space. Take this standard parameterisation of a circle with fixed radius r (we know the radius of the
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and integral gains were tuned by trial and error until satisfactory curve following was achieved.

D.2.2 (III) - Serial Connection with PPRK

Communication with the PPRK is effected via a 9600 baud serial link with the control computer. Since
the PPRK cannot reasonably drag a serial cable along as it explores its environment, we opted to use
a wireless serial link of some description. By far the least expensive of the available options is to use
infrared (IR) diodes, like those used in a remote control. Several kits exist for implementing an IR serial
link, and each has little practical difference, barring baud rate, from the others. Since the PPRK is only
capable of communicating at relatively low rates (< 19,200) baud, we chose the HSDL-8000 IR evaluation
kit, which consists of a pair a IR transceiver modules. Since a single transmitter is unable to cover the
entire workspace, an array of IR diodes was attached to the ceiling and driven by the amplified output of
the transmitter module. This array is able to cover the entire workspace and allow the receiver-equipped

PPRK to move about over the entire field of view of the camera (the effective workspace of the PPRK).



Glossary

B

Banach space A normed linear space which is complete in the norm-determined metric.

C

convex function A function f(x) is convex on an interval [a, b] if for any two points x1,x; € [a,b],

fFGOa + x2)) < 5(F(x1) + f(x2)).
convex hull The convex hull of a set § of points is the intersection of all convex sets containing S .

convex set A set § in R” is convex if it contains all the line segments connecting any pair of its points.

D

diffeomorphism A differentiable (smooth) homeomorphism.

dual space If X is a normed linear space, then the dual space X" is the space of all bounded linear

functionals that can operate on elements of X.

H

holonomic niotion A robot capable of holonomic motion if its instantaneous velocity has no non-holonomic
constraints. A non-holonomic constraint is such that instantaneous velocities are constrained

to a subset of velocity space. i.e. a car can move backwards and forwards, but not sideways.

homeomorphism Continuous, one-to-one, onto, and having a continuous inverse.
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infimum The infimum of a set S is the greatest lower bound of S.

L

Lebesque measure Very imprecisely, a mathematical analogue of volume.

lim inf liminf f(x) = sup inf :

fx Sup i /™

lim sup limsup f(x) =inf sup f(x).
820 0<|k-yli<s

Lipschitz function A function f: X — Y is Lipschitz (of order k) if |f(x1) — f(x2)| < klx1 — x| for all

x1,x2 € X.

P

PID controller A PID controller is a controller with Proportinal, Integral and Derivative terms. Ifeis

the error in the system, the action of the controller is Kpe + K} f edt + KD%.

positive definite A function f(x) is positive definite at the origin if f(x) > O for all x # 0 and f(0) = 0.

R

Rademacher’s theorem If a function f : R* — R is Lipschitz on an open subset U, then it is differen-

tiable almost everywhere (in the sense of Lebesque measure) on U.

regular function A function f(x) is said to be regular if the generalised directional derivative fo(x;e)

and the directional derivative f’(x; e) are equivalent.

S

separation theorem If A and B are disjoint, compact convex subsets of R”, then there exists an X € R”

such that max{(a, x) : a € R"} < min{(b,x) : R"}.

support points A support point a € A of a convex, compact set A C R” satifies (a,e) > (b,e) for all

b € A for some e € R".
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supremum The supremum of a set S is the least upper bound of S.

T

triangle inequality If x;,x, € X be vectors, then the triangle inequality states that || x; || — | x2 [I<l|
x + x|l x| + [l x2 ).

U

upper semicontinuous A function f(x) is upper-semicontinuous if and only if f(x) > lim sup f(xy,).

n—o0
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