
SENSOR-BASED MOTION PLANNING VIA NONSMOOTH
ANALYSIS

by

Shawn Rusaw

B.Sc. Engineering Physics, University of Saskatchewan, Canada, 1994 

M.A.Sc. Engineering Science, Simon Eraser University, Canada, 1998

A THESIS SUBMITTED IN PARTIAL FULFILLMENT

OF THE REQUIREMENTS FOR THE DEGREE OF

DOCTOR OF PHILOSOPHY IN COMPUTING



Abstract

In this thesis we present a novel approach to sensor-based motion planning developed using the mathemat­ 

ical tools provided by the field of nonsmooth analysis. The work is based on a broad body of background 

material developed using the tools of differential topology (smooth analysis), that is limited to simple cases 

like a point or circular robot. Nonsmooth analysis is required to extend this background work to the case 

of a polygonal robot moving amidst polygonal obstacles.

We present a detailed nonsmooth analysis of the distance function for arbitrary configuration spaces 

and use this analysis to develop a planner for a rotating and translating polygonal mobile robot. Using 

the tools of nonsmooth analysis, we then describe a one-dimensional nonsmooth roadmap of the robot's 

freespace called the Nonsmooth Critical Set + Nonsmooth Generalised Voronoi Graph (NCRir+NGVG) 

where the robot is equidistant to a number of obstacles, in a critical configuration or passing between 

two obstacles. We then use the related field of nonsmooth control theory to develop several provably 

stable control laws for following and exploring the nonsmooth roadmap. Finally, we implement a motion 

planner in simulation and for a real polygonal mobile robot, thus verifying the utility and practicality of 

the nonsmooth roadmap.
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Nomenclature

s, v Normal weight indicates a scalar or matrix and bold indicates a vector. 

v = [>*, vy , vz] Vector components are indicated with subscripts. 

vj \2 = vi - \2 Commonly used short form of vector difference.

a, a, The closest (witness) point on the robot 3( to the obstacle S, indexed if there are multiple obstacles 

Sj. a can also be the follow term of the control system.

31,3i(q) The set of points occupied by the robot, in configuration q. 

&ijk An accessibility region for obstacles $,, Sj and &k-

b, b, The closest (witness) point on the obstacle !B to the robot &, indexed if there are multiple obstacles 

Si. b can also be the correction term of the control system.

S, Si The set of points occupied by an obstacle, indexed accordingly if there are multiple obstacles. 

bndy(5) The boundary of the set 5. 

C Configuration space.

CS, CBi The set of points in configuration space C occupied by a configuration space obstacle, indexed 

accordingly if there are multiple configuration space obstacles.

C/ree The portion of configuration space C not occupied by configuration space obstacles C$,—freespace.

cl(5) The closure of the set 5.

co{5} The convex hull of the set S.

Cr Reachable configuration space in a bounded workspace.

D(q) The minimum distance function. D(q) = min,{J,(q)}.

flf,-(q) The single object distance function between the convex robot 31 and the convex obstacle £,.
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The diameter function for the convex polygon ft.

E& The set of minima and maxima of d^(9). & denotes a single minimum or maximum. 

£)?., £)* A diameter extrema edge and a diameter extrema node. D^-k = £>^- n 'Rove- 

dim(5 ) The dimension of the set 5 . 

dist(xi, X2) The distance between two points xi and X2. 

/ : X   » Y A map taking points in the domain X to the range Y. 

J&. The reference frame of the robot ft. 

T<w The world (workspace) reference frame. 

GVG The Generalised Voronoi Diagram. 

7 Identity matrix. 

int(5 ) The interior of the set S . 

K, Kf(X) The set of critical points of the function /(x). 

Kc The set of critical points of the function /(x) satisfying /(x) = c.

Kij, Kf. The set of critical configurations (Ktj c K) where the robot is equidistant to obstacles Si and Sj 

and the subset (Kf. c K^) where ft is oriented in diameter extrema #.

min 5 , min, 5 The minimum element of the set 5 , indexed if 5 has a finite number of elements.

NS (x) Normal cone to the set 5 at point x.

nbhd(5 ) A neighbourhood of the set 5 .

NCRrr+NGVG The Nonsmooth Critical Set + Nonsmooth Generalised Voronoi Diagram.

A* The Penrose pseudo-inverse of the matrix A .

Null (A) The nullspace of the matrix A.

P, P The set of closest points between the robot ft and the obstacle B, and the subset P c P of extremal 

points (vertices off).

KS The projection operator onto a set S .

q The configuration of the robot ft. In 5 £(2) this corresponds to the q = (x, y, 0} coordinates and in 

5 E(3) to the q = (x, y, z, <j>, 9, ^) coordinates.

The start and goal configurations.

The composite rotation matrix composed of the Euler rotations R^Re and R^.
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R The real numbers. 

n The roadmap. <R - 'Rove + KK + KD-

<RGVG The set of configurations where the robot Jft is equidistant to three (roadmap segment) or four 

(roadmap node) obstacles. RGVG = (VijtZFijk) U

RK The set of critical configurations.

RD The set of diameter extrema edges. RD = U;;,j,0®fj-

S 1 The unit circle.

5 E(2) 5 E(2) is equivalent to R2 x 5 0(2).

5 £(3) 5 E(3) is equivalent to R3 x 5 0(3).

5 O(ri) The Special Orthogonal Group of n x n rotation matrices in R"2 with orthonormal columns/rows 

and a determinant = +1.

r(f) A path in configuration space.

U The location of the witness point a in the coordinate frame ^.

'W The workspace of the robot Jft.

•Sij, Sijk, Stjki The sets of configurations where the robot 3\. is equidistant to .&, and Sj (and 2$k and S/ if 

appropriate).

ISijki The invertible sets of configurations where the robot J?l is equidistant to Si and Sj (and 

and S/ if appropriate).

, ZFijki The invertible sets of configurations where the robot 3{ is equidistant and closest to St 

and Sj (and Sk and S/ if appropriate).

d/(x) The generalised gradient of /(x).

V/(x) The gradient of (smooth) /(x).

/°(x; e) The generalised directional derivative of/(x) in direction e.

/'(x; e) The directional derivative of /(x) in direction e.

Zc The set of points of the function /(x) satisfying /(x) = c.

f\s The function / restricted to the set S.

(YI, ¥2) The inner product of YI and \2- Throughout the paper, the inner product is equivalent to the dot 

product YI • \2 and the multiplication
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[\k\, x* A sequence and an element of the sequence.

A \ B Difference of set A and set B.

A U B Union of set A and set B.

A n B Intersection of set A and set B.

A ^ B Material Implication—A implies B.

A o B Mutual Implication—A implies B, B implies A.

VABfi For all A there exists a B.

Ac B A is contained in, or equal to, B.



"The beginning is the most important part of 
the work."

Plato

Introduction

The robot motion planning problem is to determine a suitable path for a robot that avoids collisions with 
obstacles in its environment. Consider the maze shown in Figure 1.1 (a). In the top left corner is a robotic 
mouse and in the bottom right corner is a piece of cheese representing the goal of the mouse. Robot motion 
planning is the field that answers "How do we program the mouse to find the cheese?" More formally, the 
motion planning problem for a robot & in an environment *W occupied by a finite number of obstacles Si 
can be stated as:

Definition 1.1 (Latombe [38]) Given an initial position and orientation (configuration) qs and a goal con­ 
figuration qg of the robot &, generate a path r specifying a continuous sequence of configurations of 3\. 
avoiding contact with the obstacles &,, starting at q^ and terminating at qg . Report failure if no path exists.

An answer to the mouse and cheese example which should be familiar to most readers is the use of a graph 
structure to systematically examine all pathways (see Figure l.l(b)). However, now consider the mouse 
in the environment shown in Figure 1.2 in which we have a bounded area filled with several differently 
shaped obstacles. In this more general case, the direct use of a graph search is not immediately apparent 
and so more complex algorithmic tools are required.

Of course we are not always programming robotic mice, and in fact the motion planning problem is 
a large class of problems. First consider the case of a mobile robot moving about in a laboratory. If the

p.17



p.18

(B)

FIGURE 1.1: How DO WE PROGRAM THE MOUSE TO FIND THE CHEESE? (A) A MAZE. (B) THE GRAPH USED TO FIND
THE PATH.

FIGURE 1.2: MORE GENERAL PATH PLANNING PROBLEM. How DO WE PROGRAM THE MOUSE TO FIND THE CHEESE? IT
IS NOT AS OBVIOUS AS IN THE CASE OF THE MAZE IN FlGURE 1.1.

goal/target of the robot is to move across the lab, then it must be given the ability to avoid tables and chairs 

on its traversal of the room. One method to do this, which is referred to as classical motion planning, 

is to pre-program the location of all the obstacles and walls before planning. So, when it comes time 

to plan a path across the room, the planner need only concern itself with the a priori known location of 

obstacles. However, if an unexpected obstacle appears in a location the robot does not expect (e.g. a chair 

falls over or a person gets in the way) the planner may fail to avoid that obstacle. To enable the robot to 

avoid unexpected obstacles we need to equip it with sensors and adjust the planner to incorporate sensor 

information in the planning process. This is an example of a sensor-based motion planning.
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(A)

FIGURE 1.3: Two EXAMPLES OF ROBOTS WITH DIFFERENT CONFIGURATION SPACES. (A) A FREE-FLOATING SATELLITE. 
(B) AN ADEPTONE ROBOT.

1.1 The Configuration Space

The concept of configuration space was introduced by Lozano-Perez and Wesley [45]. The basic notion 
of the configuration space was to transform the problem of planning the motion of a physical robot in 
a physical workspace to planning the motion of a one-dimensional point representing the configuration 
of the robot around an n-dimensional space populated by mathematical transformations of the physical 
obstacles (n is the number of degrees of freedom of the robot).

Consider a free-floating body such as the satellite 3{ in Figure 1.3(a). If we attach a coordinate frame 
Jft to the satellite, then its position with respect to another fixed (world) coordinate frame ^VH/ is given by 
six numbers, three representing translational motion x, y, z and three representing rotational motion 0, 6, i// 1 . 
Since its position is uniquely defined by six numbers, the satellite is said to have six degrees of freedom 
(DOF). Next consider the configuration space of a multi-link manipulator in Figure 1.3(b). The position 
and orientation of the end effector of a n-link manipulator is given by the angles of the joints 9i,..,9n . So, 
the configuration space is n-dimensional and points in the space correspond to a unique orientation of the 
robot's end effector. A path in the configuration space corresponds to a continuous motion of the robot.

Obstacles &i in the environment impose additional constraints on the motion of the robot such that 
J?l n Si: = 0. That is, the robot cannot interpenetrate any of the obstacles. Physical obstacles Sj are trans-

'The Euler angles are a common representation of the three rotational degrees of freedom
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FIGURE 1.4: CONFIGURATION SPACE FOR A TRANSLATING TRIANGULAR ROBOT.

formed to n-dimensional forbidden regions in configuration space called configuration space obstacles and 

denoted CSt . The region of configuration space not occupied by configuration space obstacles is referred 

to &sfree space Cfree - Motion planning consists of finding a continuous path r(t) that lies entirely in free 

space Cfree from the start configuration qs to the goal configuration q^.

Two examples of configuration space are given in Figures 1.4 and 1.5. Figure 1.4 shows a two- 

dimensional configuration space for a triangular mobile robot. In this case, the robot can only translate 

with its position given by (x,y), so the configuration space is R2 . The configuration space obstacles in this 

case are equal to the Minkowski difference of the obstacles Si and the robot 3\.

W/Bb e Sit 3a e ft : x = b - a}

The Minkowski difference operator can be thought of as "gluing" a reflected copy of the robot to every 

point of the obstacle. The resulting configuration space obstacles (hashed regions) represent forbidden 

regions for the origin of the robot's coordinate frame. Notice that the robot cannot pass between S\ and 

#2 since CB\ and CS2 are overlapping. Figure 1.5(b) shows a two-dimensional configuration space for 

the two-link planar manipulator shown in Figure 1 .5(a). In this case, each joint can take a range of angles 

given by S l = [0, 2;r), using modulo 2n arithmetic to deal with wrapping joint angles. Since there are 

two joints, the configuration space is given by S 1 x S 1 — the surface of a torus. Figure 1.5(b) shows a 

"flattened" configuration space. In both cases, the configuration space obstacles CB\ and CS2 represent 

those configurations where the robot & is colliding with the workspace obstacles Si and S2 . Finally, note 

that the configuration space obstacles in these figures are of dramatically different shape, indicating the 

different nature of the robots' configuration spaces.
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360°

(A) 

FIGURE 1.5: CONFIGURATION SPACE OF A TWO-LINK MANIPULATOR. (A) THE PLANAR MANIPULATOR 3\. AND TWO
OBSTACLES $, AND Sj. (B) THE 'FLATTENED' CONFIGURATION SPACE (GENERATED FROM A BITMAP REP­ 
RESENTATION OF SOME OF OUR EARLY EXPERIMENTAL RESULTS).

1.2 Introduction to Motion Planning Techniques

In this section we introduce techniques used in classical and sensor-based motion planning. Section 1.2.1 
introduces the major classes of classical motion planning and Section 1.2.2 outlines various techniques that 
have been used for sensor-based motion planning. Section 1.2.3 discusses sensor-based motion planning 
in the context of distance measurements and sets the stage for the analysis and algorithm presented in this 
thesis. We first begin with a definition of completeness.

Definition 1.2 A motion planning algorithm is complete if it is guaranteed to find a solution if one ex­ 
ists and otherwise indicate that no path exists. This contrasts with heuristic planners which cannot be 
guaranteed to find a solution, even if one exists. n

This thesis deals primarily with complete motion planners since the planner developed in subsequent 
chapters is complete. The terms complete, exact and non-heuristic are used interchangeably in the motion 
planning literature.

1.2.1 Classical Motion Planning

The classical motion planning problem has historically been called the Piano Mover's Problem or the 
Generalised Mover's Problem in reference to the problem movers have when trying to move furniture 
from room to room. For example, how do the movers get a grand piano through a narrow doorway? In this 
type of problem, the location of obstacles is known a priori. The planner thus has full knowledge of the 
environment and is able to plan accordingly.
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The first step of many classical motion planners is to generate the configuration space for the problem 

at hand, given the geometry and location of the robot and obstacles. At this point the motion planning 

problem is reduced to planning the motion of a point q amidst n-dimensional obstacles CS/. The most 

influential planners have been based on three basic methodologies: (i) potential fields, (ii) cellular decom­ 

positions of free space, and (iii) roadmaps of free space. Potential based planners typically operate by 

applying an artificial potential to the point q that tends to draw the robot toward the goal while at the same 

time pushing it away from obstacles. Cellular decomposition-based planners divide the free space into a 

number of cells. Since the connectivity of these cells is easily determined, motion planning is reduced to 

the problem of searching the connectivity graph from the cell containing the start q^ to the cell containing 

the goal qg. Roadmap-based planners generate a one-dimensional roadmap which represents the topology 

of free space, as demonstrated by the following formal definition

Definition 1.3 (Choset [10]) A roadmap <R is a union of one-dimensional curves such that for all start 

and goal configurations q,, q^ e C/ree , there exists a path between q^ and q^ if and only if

1. There exists a path from q, e Cfree to some q^ e 'R (accessibility),

2. There exists a path from % e Cfree to some q^ e *R (departability),
3. There exists a path in 7? from q's to q^ (connectivity). a

This thesis is concerned with the construction of a roadmap based on sensed distance measurements.

As a general rule (counter examples always exist) potential-based planners are not complete while 

roadmap and cellular decomposition-based planners are. The primary advantage of the potential-based 

planners is they tend to be much faster than the other classes of planner for large degree-of-freedom robots, 

since the time complexity to generate the roadmap/decomposition is exponential in the number of degrees 

of freedom.

A number of subclasses of the mover's problem exist. These include cases where the obstacles are 

moving, where there are multiple robots, and where the robot is able to move the obstacles. These problems 

are usually handled by modifying the definition of configuration space to include dynamic quantities like 

time or velocity. This thesis is only concerned with the case of a finite number of stationary obstacles and 

a single robot.
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1.2.2 Sensor-Based Motion Planning

If the robot does not know the location of obstacles in its workspace, then it must be augmented with 

sensors that allow it to determine the state of its environment. The sensor-based planner incorporates this 

information into the planning process. Sensor-based planners fall into two main categories: heuristic and 

non-heuristic. A non-heuristic planner is defined as one that is provably complete. Heuristic planners on 

the other hand are not provably complete in that they may fail to find a path, even if one exists. Heuristic 

planners often equip the robot with a set a behaviours (follow a wall, avoid cluttered spaces) but tend to 

fail when they encounter some obstacle configuration the designer didn't envision.

Complete sensor-based planners are guaranteed to find a path to the goal if one exists. Classical motion 

planners have this ability because they are able to look at the environment as a whole, but sensor-based 

planners typically only have access to those parts of the environment that they have already explored. The 

crux of the problem is to sense enough of the environment to ensure completeness. The most influential 

planners have been based on three basic methodologies: (\) potential-based planners, (ii) bug-like planners 

and (iii) roadmap generating planners. The potential-based planners typically generate a potential field 

with a single global minimum generated from sensed obstacles. As more obstacles are sensed, the potential 

is updated, always ensuring a single global minimum exists that drives the configuration point toward the 

goal. The bug-like algorithms model the robot as a point and equip it with simple behaviours, combined 

with a higher level of control that tells the robot when to switch between the behaviours. The roadmap 

generating planners use sensor input to construct a roadmap that represents the connectivity of free space. 

Planners of this type typically use stereo imaging cameras, range finders and/or sonar to detect obstacles 

and generate a roadmap based on the obstacles' locations. One possible variant in R2 [65] is to use the 

sensors to follow obstacle boundaries and detect which obstacles are within line of sight of each other. 

A roadmap may then be created that consists of boundary segments and segments connecting mutually 

visible obstacles. The resulting roadmap can then be used for motion planning. One drawback of such 

a technique is that portions of the roadmap corresponding to boundary segments tend to guide the robot 

unnecessarily close to the obstacles. In terms of safety and path robustness, it is generally favourable to 

maximise the distance between the robot and the obstacles. We term the sensor-based planning methods 

that satisfy this requirement distance-based roadmaps. This thesis is devoted to the development of a 

complete distance-based roadmap for planning the motion of a convex polygonal mobile robot with a 

configuration space of S E(2).
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1.2.3 Motion Planning and Distance

A number of algorithms exist that construct a roadmap based on workspace distance measurements [60, 

59, 12, 13, 40, 15, 34]. These algorithms typically use workspace distance measurements to construct 

a one-dimensional roadmap that tends to maximise the distance between the robot and environmental 

obstacles. Rimon and Canny present one such planner [60, 59] which was the first provably correct sensor- 

based planner for arbitrarily large configuration spaces. This algorithm differs quite dramatically from the 

method used in this thesis, so a detailed description is left until Section 2.2.2. Our technique is most closely 

related to the work of Generalised Voronoi Diagram (GVG) work of Choset et. al. [12, 13, 15, 40], so we 

begin with a short introduction of this work.

The main building block of our analysis and algorithm is the single object distance Junction

= mn a -

which is the minimum distance between the convex robot ft. and a single convex obstacle Bf . In [12, 13] 

and in this thesis, the GVG roadmap is constructed from sets of configurations equidistant to several 

obstacles — the number of obstacles required to generate a one-dimensional roadmap depending on the 

characteristics of the configuration space of the robot. The sets of configurations equidistant to multiple 

obstacles and the dimension of these sets are determined using the techniques of differential topology [24], 

which we now discuss in the context of [12, 13] which applies to a point robot ft. in R2 .

It is known [16] that the distance function between a point and a convex set is smooth, or everywhere 

differentiable. Because of this differentiability, the set M, = {(q, r) e CxR. : J,(q) = r} (the graph of d,(q)) 

is actually a smooth manifold of dimension dim(C) embedded in a space of dimension dim(C) + 1. Figure 

1.6(a) shows graphs of the seven single object distance functions d\(q), • • • ,d-j(q) for the seven convex 

obstacles S\, • • • , &i in Figure 1.2 (point robot ft). These graphs are two-dimensional smooth manifolds 

embedded in a three-dimensional space. We can determine the set of points equidistant to two obstacles Si 

and Sj, and the dimension of this set, by considering the intersection of Af, and M/. As shown in Figure 

1.7(a), the intersection of two smooth manifolds M, and Mj with dimension dim(M,) = dim(M,) = m is 

a itself a smooth manifold with dimension dim(M, n M,) = m - 1, as long as they intersect transversely 

[24], The graphs of J,(q) and dj(q) can be shown to intersect transversely if Vd,(q) and Wy(q) are linearly 

independent, which is the case for all the S,'s in Figure 1.2. The intersection M, n Mj is a set in a 

space with one more dimension than C so in order to determine the set of configurations equidistant to
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FIGURE 1.6: POINT DISTANCE df(q) FROM THE SEVEN INDIVIDUAL CONVEX OBSTACLES. (A) THE DISTANCE FUNCTION
FOR ALL SEVEN OBSTACLES B\, • • • ,$7. (B) THE SEVEN CONVEX OBSTACLES AND THE SET OF POINTS 

EQUIDISTANT TO #5 AND ST. (c) THE SET 7Tc(Ms D MI). (D) THE GENERALISED VORONOI DIAGRAM

(GVG)

Si and Sj we need to project M, n M; onto C. Let nc(M( n M/) denote this projection. In this case, 

dim(Mj) = dim(M;) = m = 2 and thus dim(M, n Afy) = dim(^c(M n Af/)) = m - 1 = 1. Thus in R2 , 

the GVG is constructed of one-dimensional roadmap arcs where the point robot 3\. is equidistant to two 

obstacles and zero-dimensional roadmap nodes where 3( is equidistant to three or more obstacles.

The intersection of the graphs of */s(q) and d-j(q) is shown in Figure 1.6(b) and the projection nc(Ms n 

MI') is shown in Figure 1.6(c). The projection nc(Ms n M7 ) comprises part of the entire GVG shown in 

Figure 1.6(d). Since the GVG is the set of points closest to two or more obstacles, the entire set TTcCMsOAfy) 

is not a part of the GVG—only the part that is closest to £5 and $7. The intersection of each graph in 

Figure 1.6(a) with every other graph results in a one-dimensional roadmap that can be used for motion 

planning.

This elegant analysis based on the intersection of manifolds turns out to be of little use when consider­ 

ing the single object distance function J/(q) for the case of a convex obstacle BI and a convex robot 3\. with 

configuration spaces of SE(2) or 5 £(3). In these cases, t/,(q) is in fact nonsmooth for a subset of C(see 

Chapter 3). The sets of points equidistant to several obstacles, and in particular the dimension of these 

sets, can no longer be determined with an application of differential topology. Consider the intersection of 

two two-dimensional sets 5, and Sj that are not manifolds in Figure 1.7(b). How does one determine the 

dimension of 5, n Sj! A primary contribution of this thesis is to show how to determine the dimension of 

5, n Sj, and in turn apply this to developing a one-dimensional roadmap of configuration space.
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(B)

FIGURE 1.7: INTERSECTION OF SMOOTH MANIFOLDS AND NONSMOOTH SETS. (A) THE INTERSECTION OF TWO SMOOTH
MANIFOLDS MI AND MI WITH DIMENSION dim(Mi) = dim(A/2) = W IS A ITSELF A SMOOTH MANIFOLD

WITH DIMENSION dim(Mi n A/2) = m - 1. (B) WHAT ABOUT THE INTERSECTION OF TWO NONSMOOTH
SETS 5 i AND S 2 WITH DIMENSION ml

1.3 Outline of This Thesis

The remainder of the thesis is comprised of a previous work chapter (§2), four chapters that comprise the 
bulk of our results (§3-§6) and a chapter of conclusions and possible future work (§7). Chapters 3 through 
6 have been written in such a way that they progress from purely theoretical to experimental in a smooth 
way.

Chapter 3 begins the foray into nonsmooth analysis with a large background section, given that most 
readers are likely unfamiliar with the concepts. We then proceed to develop some tools we use in subse­ 
quent chapters, and present a detailed nonsmooth analysis of the distance functions </,-(q). Chapter 4 begins 
the application of nonsmooth analysis to robot motion planning by carefully describing and outlining the 
construction of a nonsmooth roadmap which encodes the connectivity of S E(2), thus enabling the develop­ 
ment of a complete motion planning algorithm by fully exploring this roadmap. Chapter 5 presents some 
nonsmooth control theory and uses it to develop stable control laws for exploring the nonsmooth roadmap 
presented in Chapter 4. Finally, in Chapter 6, we present the results of simulations and experimental trials 
using a mobile robot. The success of these trials validates the theory presented in the previous chapters, 
and the experiments with a mobile robot validate the practical utility of the methods outlined.

There are a number of Appendices (§A-§D) that include several important derivations and supporting 
material. Appendices A through C present a number of mathematical derivations utilising nonsmooth 
analysis and Appendix D in particular presents an overview of the experimental apparatus used for the 
experiments described in Chapter 6.



"If I have seen further it is by standing on the 
shoulders of giants."

Sir Isaac Newton

Relation to Previous Work

2.1 Classical Motion Planning

In this section we highlight important previous results when the location of the obstacles is known a priori. 
We address the potential field-based, roadmap-based and cellular decomposition-based methods discussed 
in Section 1.2.1.

2.1.1 Potential Field-Based Methods

Potential based planners (see Khatib [35] and Latombe [38]) model the robot as a point in configuration 

space under the influence of an artificial potential function. The potential function U : C —> R maps the 
configuration space to a value representative of the environment. The potential is typically comprised of 

two parts (i) Urep '• C —> R which acts to repel the robot from obstacles and (ii) Uatt : C —> R which acts 

to attract the robot toward the goal. Figure 2.1 gives an example for the environment shown in Figure 1.2. 

Urep is inversely proportional to the distance from the obstacles and UM is a potential with a single global 

minimum at the goal. A path is found by gradient descent of U = Utot , the sum of Urep and Uatt .

Potential based planners have a major drawback in that during the gradient descent, the planner has 

the potential 1 to become trapped in a local minimum. Methods for dealing with local minima have been
1 sorry..

p.27
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'rep u,att — Urep Uatt

FIGURE 2.1: POTENTIAL-BASED PATH PLANNER. THE DRIVING POTENTIAL Utot is A SUM OF A POTENTIAL REPELLING
THE ROBOT FROM THE OBSTACLES Urep AND A POTENTIAL ATTRACTING THE ROBOT TO THE GOAL Uatt- THE 

PATH CAN BE FOUND WITH A GRADIENT DESCENT OF U = Utot-

proposed including randomised escape from local minima (see Latombe [37]) and using a global learning 

strategy to improve performance over successive trials (see Faverjon and Tournassoud [23]). Connolly 

[19] presented a novel complete path planning algorithm based on potential functions that are solutions to 

Laplace's equation—the so called Harmonic Potential Functions. Solutions to Laplace's equation are nice 

in that they have no local minima, however finding a solution is computationally expensive, requiring an 

iterative calculation to converge to a solution.

2.1.2 Roadmap-Based Methods

A roadmap 7? in free space Cfree is a collection of one dimensional curves in Cfree that represent the 

topological connectedness ofCfree - That is, a path exists from the start qs e Cfree to the goal q^ e Cfree if 

and only if there exists a path from q5 to q# in the roadmap ofCfree . Once the roadmap is constructed, a 

standard graph search can be made from q.s to q^. If a shortest path is required, then an appropriate graph 

search is the well-known A* algorithm [25]. There are three primary types of roadmap that are used for 

motion planning: visibility graph, retraction and silhouette.

2.1.2.1 Visibility Graph

The visibility graph (see Latombe [38] and Lozano-Perez and Wesley [45]) is a graph used for environ­ 

ments with polygonal and polyhedral obstacles. The nodes of the graph consist of vertices of the obstacles 

as well as the start and goal positions. Arcs of the graph are edges of the obstacles and straight line seg­ 

ments between all vertices that do not pass through any obstacles. An analogy for R2 and R3 is that arcs are 

drawn between nodes that can "see" each other. Figure 2.2 gives an example for the environment shown



§2 p.29

FIGURE 2.2: NODES OF THE ROADMAP CONSIST OF THE VERTICES OF THE OBSTACLES AS WELL AS THE START AND GOAL 
POSITIONS. ARCS ARE STRAIGHT LINE SEGMENTS CONNECTING THE NODES WHICH DO NOT GO THROUGH 
THE OBSTACLES.

FIGURE 2.3: THE ROADMAP CONSISTS OF ALL POINTS WHOSE MINIMAL DISTANCE TO THE BOUNDARY OF FREE SPACE
bndy(Cfree ) IS ACHIEVED WITH TWO OR MORE POINTS IN bndy(C/ree ).

in Figure 1.2. A path is found using a standard graph search from node qs to node q^. 

2.1.2.2 Retraction

reeA retraction of free space Cfree (see 6'Dunlaing and Yap [54, 53]) is a continuous transformation of C/, 
onto a one-dimensional subset 7? of Cfree - The image of the retraction 7? is the roadmap.

Figure 2.3 shows a common retraction used for motion planning—the Voronoi graph. The Voronoi 
graph is the set of points whose minimal distance to the boundary of free space bndy(Cfree) is achieved by 
two or more points in bndy(C/rec). In the plane, the graph arcs are straight line segments or parabolic arcs 
equidistant to two polygon edges or a polygon edge and polygon vertex respectively. Nodes of the graph 
are points equidistant from three or more different points in bndy(C/ree). In the plane R2 , the Voronoi 

graph is always connected.

The most relevant recent development is the Generalised Voronoi Graph (GVG) and Hierarchical
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Generalised Voronoi Graph (HGVG) of Choset [12]. The GVG is a one-dimensional roadmap of an n- 

dimensional free space Cfree - Defined in a similar way to the Voronoi graph, a point in the GVG is 

equidistant to n obstacles in a n-dimensional space. When n = 2, the GVG and Voronoi graph are one and 

the same. However when n > 2, the GVG is not guaranteed to be connected — it is not a true roadmap. 

So, the HGVG was defined to recursively connect disconnected parts of the GVG. Although developed 

for use in a sensor-based planning scheme, these graphs are easily constructed from an a priori known 

environment.

2.1.2.3 Silhouette

The silhouette method was developed by Canny [7]. Given a semi-algebraic formulation of a single con­ 

figuration space obstacle CB (possibly obtained from motion constraints as in [38]), the algorithm traces 

out maxima and minima curves of the so-called "slice function" /i(q) = q,, where q; is one of the co­ 

ordinates, on the surface of C!B. At points called critical points these maxima and minima curves may 

disappear or appear. At critical points, the algorithm is called recursively on a lower dimensional slice of 

the configuration space, ensuring connectivity of the resulting map.

Lin and Canny developed the Opportunistic Path Planner [42, 43] in somewhat the same vein as the 

silhouette of Canny. However, instead of tracing local extrema on the surface of the configuration space 

obstacle itself, local maxima are traced on a potential function defined as the minimum distance D(q) from 

the robots to obstacles B\, • • • ,Sn in its environment.

D(q)= mm ||a-b|| (2.1)

The trace of a local maximum is termed a ridge curve and the ridge curves lie in connected parts of free 

space termed freeways. The ridge curves alone do not necessarily define a connected roadmap of free 

space, as they are not necessarily connected. In order to connect disconnected ridge curves, so-called 

bridge curves are added at critical points where freeways split or join. These bridge curves act to connect 

ridge curves in disconnected freeways. Bridge curves are also added at points where ridge curves appear or 

disappear — the bifurcation points of the distance potential function. Figure 2.4 gives an example roadmap 

generated by the Opportunistic Path Planner. This planner has subsequently been modified to enable 

sensor-based exploration of n-dimensional configuration space [60, 59] (discussed in detail in Section 

2.2.2), based on the simplifying assumption that D(q) is smooth, which this thesis clearly shows is not true
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\ slice direction

FIGURE 2.4: OPPORTUNISTIC PATH PLANNER ROADMAP. THE RIDGE CURVES ARE THOSE POINTS AT THE MAXIMUM OF 
THE POTENTIAL FUNCTION AND THE BRIDGE CURVES ARE USED TO LINK POSSIBLY DISCONNECTED RIDGE 
CURVES. THE BRIDGE CURVES ARE GENERATED AT CRITICAL AND BIFURCATION POINTS.

in general.

2.1.3 Cellular Decomposition-Based Methods

The cellular decomposition methods (see Latombe [38]) split free space Cfree into a collection of cells. 
By keeping track of which cells share common boundaries, one constructs a connectivity graph for the 
environment whose nodes are the cells and arcs correspond to cells sharing a common boundary. A path 
may be found by searching this graph from the cell (node) that contains the start qs to the cell that contains 
the goal qg. There are two classes of cellular decomposition method: exact and approximate.

2.1.3.1 Exact Cellular Decomposition

Exact cellular decomposition methods split the free space into cells whose union is equal to free space 
Cfree- One such exact decomposition for an environment with polygonal obstacles is the trapezoidal de­ 
composition (see Latombe [38]). In this method, vertical lines are drawn through the vertices of the 
obstacles resulting in trapezoidal cells. Figure 2.5(a) shows a trapezoidal decomposition and Figure 2.5(b) 
shows the resulting connectivity graph. Another similar decomposition (see Chazelle [8]) splits free space 

into a collection of convex polygonal cells.

The Voronoi diagram in Figure 2.3 can also be interpreted as an exact cellular decomposition. Each cell 
of the Generalised Voronoi decomposition is denned as the set of points nearest to a particular obstacle, 

and cell connectivity is determined from the edges of the Voronoi graph.
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(A) 

FIGURE 2.5: TRAPEZOIDAL EXACT CELLULAR DECOMPOSITION. (A) TRAPEZOIDAL EXACT CELLULAR DECOMPOSITION.
THE CONFIGURATION SPACE IS SPLIT INTO ADJACENT TRAPEZOIDS. (B) PATH IN CELLULAR DECOMPOSITION 

IS FOUND BY SEARCHING A GRAPH OF CONNECTED CELLS. THIS GRAPH CORRESPONDS TO (A).

2.1.3.2 Approximate Cellular Decomposition

In approximate cellular decomposition methods the free space Cfree is decomposed into cells of pre-defined 

shape. For example pixels in two dimensions, or voxels in three dimensions. A very common decomposi­ 
tion is the 2m-tree for an m dimensional configuration space (see Jackins and Tanimoto [28] and Jung and 
Gupta [29]). In two dimensions and three dimensions, the 2'"-tree decomposition has the more familiar 

names quad-tree and oct-tree respectively. Figure 2.6 shows a quad-tree decomposition of the environ­ 
ment shown in Figure 1.2. In the figure, C is recursively subdivided into rectangles. If a rectangle is free 

of obstacles (white cells in figure) or entirely within an obstacle (black cells in figure) then the recursion 
on that cell ends. Cells that lie partially within an obstacle (grey cells in figure) are further subdivided. At 

pre-defined resolution the recursion ends. Path planning is done with the connectivity graph of the white 
cells. Because the decomposition is only approximate, this decomposition may obscure paths that are finer 
than the resolution of the quad-tree—very narrow channels being commonly affected.

2.1.4 Planners That Don't Use Configuration Space

Recently, a great deal of attention has been directed toward path planners that don't explicitly use con­ 

figuration space. Since the computation of configuration space obstacles is exponential in the number of 

degrees of freedom [38], if this computation can be avoided then there may be substantial time speedup 

in the resulting algorithms. The crux of these algorithms is that in order to determine if a configuration 
q is within a forbidden region CB, it is often faster to perform some type of software collision detection
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FIGURE 2.6: QUAD-TREE APPROXIMATE CELLULAR DECOMPOSITION. CELLS THAT AREA WHITE (RESP. BLACK) ARE 
ENTIRELY OUTSIDE (RESP. INSIDE) THE OBSTACLES. GREY CELLS ARE PARTIALLY INSIDE AND OUTSIDE THE 
OBSTACLES.

FIGURE 2.7: PROBABILISTIC ROADMAP OF CONFIGURATION SPACE

(i.e. with the geometric models of robot and obstacles) than to explicitly generate CS. Assuming the 

models of the robot and obstacles are polyhedral, several collision detection algorithms may be suitable, 

Cohen et.al.'s I-COLLIDE algorithm [18], Mirtich's V-Clip algorithm [51] and Cameron's Enhanced-GJK 

algorithm [5] all being popular.

Although collision detection-based planners have existed for some time (see Dupont and Derby[22]), 

the first widely accepted planner in this genre was the Probabilistic Roadmap (PRM) by Kavraki and 

Latombe [33]. This planner first generates many random nodes (configurations) that are evenly distributed 

throughout C. Each node is tested to see if it is a valid, non-colliding configuration with a software collision 

detection, and colliding nodes are removed. The next stage of the algorithm is to connect the remaining 

nodes together that have a valid path between them. This may be done with a straight line test to see 

if a path exists between the two. The resulting graph can then be searched using a standard graph search 

algorithm. Figure 2.7 gives an example probabilistic roadmap of the environment shown in Figure 1.2. The 

nodes are spread randomly in free space and connections are made with collision detection tests. Since 

nodes are spread randomly, narrow channels in configuration space will often have few nodes, and these
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nodes may be difficult to connect to each other. Another planner in this vein is Ariadne's Clew Algorithm 
by Bessiereand et. al. [3].

2.2 Sensor-Based Motion Planning

This section addresses previous results in sensor-based planning. The emphasis is on complete algorithms, 

but notable heuristic algorithms are mentioned at the end as well. A great overview of non-heuristic mobile 

robot path planners is given by Rao, Kareti, Shi and lyengar [57]. Although a few years old now, it does 
outline many important techniques.

2.2.1 The Bug-Algorithms

The algorithms BUG! and Buo2 by Lumelsky and Stepanov [49] were the first complete sensor-based 
algorithms that relied only on local sensor data—no world model is generated. In these algorithms the 
robot operates in a planar environment and initially has no knowledge of its environment. It then moves 
directly toward the target until it contacts an obstacle. Once it hits an obstacle, it follows its boundary until 
it is able to move toward the goal again. These algorithms are globally complete and based only on local 
sensor information (position and contact sensors). Figure 2.8(a) gives an example of a path generated by 
Buo2 for the environment of Figure 1.2. The robot has two modes of behaviour, motion toward the target 
along the line joining the start q^ to the goal q^ and boundary following, along with a higher level of 
control that determines when to switch between the two modes. Whenever it is not following a boundary 

it is travelling on the line between q, and q^.

Buol and Buo2 have been used by Lumelsky [47] for path planning of two-link robots in completely 
unknown environments. Assuming the robot is covered in a contact sensitive skin, the manipulator is able 
to follow the boundary of configuration space obstacles just like a mobile robot moves around workspace 
obstacles. Lumelsky and Sun [50] present a general framework for two-DOF planar manipulators based 
on touch sensitive manipulators following the boundary of virtual obstacles on a parameterisation of the 
joint space (i.e a torus (S 1 x S 1 ) for the case of a robot with two revolute joints). Sun and Lumelsky 
examine the problem for the case of a three link planar manipulator [64]. In this case however, the final 
link is a sliding link, and the problem is reduced to a simpler case. The BUG algorithms were also applied 
to the case of a two-link manipulator by Li, Ma and Tso [41], although this is a somewhat incomplete, 
partial result. Lumelsky and Cheung [46] examine the automation of obstacle avoidance in tele-operation.
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(A) (B) 

FIGURE 2.8: EXAMPLE PATHS OF THE BUG ALGORITHMS. (A) EXAMPLE OF THE Buo2 ALGORITHM. ROBOT MOVES
TOWARD TARGET AND AROUND OBSTACLES WHEN THEY ARE DISCOVERED. (B) EXAMPLE OF THE VlsBuG 

ALGORITHM. ROBOT MOVES TOWARD TARGET AND AROUND OBSTACLES WHEN THEY ARE DISCOVERED.

The operator uses a remote manipulator to move the robot, however when the robot is near an obstacle, it 

modifies its path so as to avoid collision. The modified path is generated with a bug like algorithm for a 

two-link manipulator [47]. The robot is covered in an infra-red detecting skin that allows it to follow the 
surface of obstacles.

The contact sensor-based bug algorithms were further modified to take advantage of more complex 

range sensor data. VisBuo21 and VisBuo22 by Lumelsky and Skewis [48] use a range finder with variable 

range. In VisBuo21 the range finder is used to find shortcuts to the paths that would have been generated 

by Buo2. Figure 2.8(b) gives an example of a path generated by VisBuo21 for the environment of Figure 

1.2.

Kamon and Rivlin [31] and Kamon, Rimon and Rivlin [30] developed DiSTBuo and TANGENTBUG re­ 

spectively to "specifically exploit range data". These algorithms use the basic behaviour of motion toward 

target and boundary following like the other BUG algorithms but use more optimal decisions based on the 

range sensor data. In DisTBuo the boundary traversing direction is chosen based on sensor data (this di­ 

rection is fixed in the BUG algorithms) and the robot is able to reverse the local direction when it has made 

a poor initial choice. In TANGENTBUG they introduce the notion of Local Tangent Graph (LTG) which is 

related to the Tangent Graph of Liu and Arimoto [44]2 . They use the LTG to determine the locally opti­ 

mal direction to follow a boundary and decide when they've followed a boundary in the wrong direction. 

TANGENTBUG has been used for a planetary rover by Laubach, Burdick and Matthies [39]. They address a 

lot of practical issues like the requirement for an omni-directional range sensor and limited accuracy of a 

dead reckoning systems.
2 the Tangent Graph has been proved to contain the shortest path from start to goal in the plane R2
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SDBuo by Kamon, Rivlin and Rimon [32] is a bug-like algorithm for a point robot moving amidst 

3-dimensional polyhedral obstacles. Again, the algorithm has basic motion toward goal and boundary fol­ 

lowing behaviour, but the boundary following behaviour is complicated by the infinite number of direction 

choices when an obstacle is detected. The algorithm uses a range finder to incrementally construct the 

obstacle's boundary segments, and determine if a point exists where motion toward the goal can continue.

2.2.2 Distance-Based Roadmap Building Algorithms 

2.2.2.1 The Generalised Voronoi Graph

Recent important developments in sensor-based planning are the Generalised Voronoi Graph (GVG) and 

Hierarchical Generalised Voronoi Graph (HGVG) of Choset [12]. The GVG and HGVG are retract-like 

sets in C (whose elements are configurations equidistant to several obstacles) which represent the connec­ 

tivity of the workspace—like any roadmap should. Choset has shown how the GVG is easily constructed 

with a mobile robot and realistic distance sensors (sonar ring) [13]. In this work, distances are measured 

in configuration space, so the application of these techniques is limited to circular mobile robots. This 

work was meant as a first step in a systematic sensor-based framework for multi-link manipulators. The 

progression was to be as follows:

1. point robot in R"—completed in [12, 13].

2. rod shaped robot in R2 (configuration space of 5 £(2))—completed in [ 15].

3. rod shaped robot in R3 (configuration space of R3 x S 1 x S l )—completed in [40].

4. polyhedral robot in R3 (configuration space of S £(3))—not completed.

5. a chain of polyhedra in R3—not completed.

The cases of rod-shaped robots in R2 and R3 were examined by Choset [15] and Lee, Choset and Rizzi 

[40] respectively, however these works use the simplifying assumption that single object distance function 

df(q) for a rod-shaped robot is smooth. This thesis shows that J,(q) for a convex robot 3( and convex 

obstacle Bt (the rod is convex) is in fact nonsmooth, so the analysis based on differential topology used in 

these works is not strictly correct.

Figure 2.9 shows the incremental construction of the GVG in R2 at some point before fully exploring 

the workspace. Tick marks represent the direction to the closest obstacle (since points on the GVG are 

equidistant to two obstacles, there are two ticks at each point). The incremental construction is based on 

two properties: (i) the robot can follow edges equidistant to two obstacles based on sensor measurements
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FIGURE 2.9: CONSTRUCTION OF THE GENERALISED VORONOI GRAPH (GVG). TICK MARKS REPRESENT THE DIRECTION
TO THE CLOSEST OBSTACLE.

and (ii) the robot is able to detect points where GVG edges meet. These meet points occur when the robot 

is equidistant to more than two obstacles (or more than n +1 obstacles in Rw ). This second requirement (ii) 

is accomplished with a meet point detector, which is a primary difference between Choset's incremental 

GVG construction and the sensor-based planner of Rimon and Canny described below.

2.2.2.2 The Distance Silhouette

Rimon and Canny [60, 59] have also presented a complete sensor-based planner based on incremental 

construction of a roadmap. This algorithm was indeed the first provably correct sensor-based planner for 

arbitrarily large configuration spaces. This planner is a sensor-based version of the Opportunistic Path 

Planner (OPP) [42]. OPP was based upon the construction of ridge curves that maximise the distance 

to obstacles in the environment. Since these ridge curves are not necessarily connected, in order to have 

a topology representing roadmap, we connect ridge curves with bridge curves through critical points on 

configuration space obstacles and bifurcations of the ridge curves.

The sensor-based version of OPP is based on two properties: (i) the robot can follow ridge curves 

that are the maximum of some distance potential and (ii) the robot is able to detect critical points, (ii) is 

accomplished through the use of a critical point detector and minimum passage detector that signify when 

to start generating a bridge curve. The implementation of these sensors is briefly discussed for the highly 

simplified case of an elliptical mobile robot, however, a general implementation of the critical point sensor 

is not addressed, and is a major drawback of the algorithm. Another major drawback of this technique is 

that it assumes the distance function D(q) is a smooth function, which it is not [11, 16]. This assumption 

leads to some very elegant proofs of completeness based on the bifurcation theory of smooth functions, 

but hinders practical application of the algorithm. A main contribution of this thesis is a detailed analysis
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FIGURE 2.10: CONSTRUCTION OF ROADMAP BASED ON SILHOUETTE OF DISTANCE FUNCTION.

of the nonsmooth nature of D(q).

Figure 2.10 shows the incremental construction of this roadmap at some point before completion. From 
the start point, the first encountered ridge curve was fully explored and a detected critical point was used 
to generate a bridge curve to a second partially explored ridge curve.

2.2.2.3 Other Distance-Based Algorithms

Another very recent related development in distance based roadmap generation is the EquiDistance Dia­ 
gram (EDD) of Keerthi et. al. [34]. Developed in the context of a sensorless algorithm, the EDD algorithm 
seems to be the first that can generate a one-dimensional roadmap for arbitrary configuration spaces. How­ 
ever, the authors again use the simplifying assumption that df<(q) is smooth, and use an analysis based on 
differential topology. The authors allude to the fact that the algorithm may be "sensorised", but the issue 
of connecting disconnected portions of the EDD in a sensor-based manner is not addressed.

2.2.3 Other Map Building Algorithms

Taylor and Kriegman [65] presented a complete planner for a mobile robot in the plane equipped with 

a vision system. In their method, the robot circumnavigates the obstacles and then creates an adjacency 
graph between obstacles within line of sight of each other. Another similar method is due to Kortenkamp 

and Weymouth [36]. In their technique, a mobile robot in the plane equipped with a vision and a sonar 

sensor is able to generate a topological map of the environment, representing the connectivity of Cfree— 

thus being a complete planner. The planner's major drawback is that it relies on a very simplified world 

model of rectangular obstacles.
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Yu and Gupta [66] present an incremental construction of the environment for a multi-link manipulator 

with a range sensor. Sensor measurements are made in the workspace with the range sensor. At each iter­ 

ation, the range finder takes a snapshot, landmarks are placed randomly in the free space and surrounding 

area and the robot finally moves to a new accessible landmark. Connected landmarks in free-space may 

eventually represent the connectivity of free-space. Jung and Gupta developed an hierarchical oct-tree- 

based representation for storing distance data collected with the range finder [29]. This data structure is 

used in [66] to represent the environment.

Zeller and Schulten [67] use an external camera which views the robot and adjacent obstacles. Images 

are processed using a neural network which generates a topology representing network. This network is 

used to plan the motion of the end effector in order to avoid obstacles. The planner is based on a diffusion 
process.

Another recent development is the D* (DYNAMIC A*) algorithm by Stentz [63]. This algorithm assumes 

a small amount of initially sensed information and generates a optimal path based on this information 

(using A*). As the robot proceeds it will detect new obstacles, at which point the graph must be modified, 

weights adjusted etc. The D* algorithm generates the optimal path at each step, based on its knowledge at 

that step. This likely doesn't correspond to the globally optimal path (i.e. using A* when all obstacles are 

known).

2.2.4 Potential Functions and Sensors

Connolly and Grupen adapted a harmonic potential based planner [19] for use with a mobile robot with 

the ability to detect obstacles [20]. As obstacles are discovered, the harmonic potential is updated to 

drive the robot away from newly discovered obstacles. Because the new potential is still a solution to 

Laplace's equation, the robot is always guaranteed to find the goal if a path exists. This method has the 

drawback that at each iteration where new obstacles are discovered, there is significant computational cost 

to re-calculating the potential function as new obstacles are detected.

2.2.5 Snake Like Robots

Motion planning for snake-like robots must almost be sensor-based by default. Snake-like robots are 

referred to as hyper-redundant, meaning they have a very large number of degrees of freedom. This large 

number of degrees of freedom makes classical planners explode in term of time complexity (generating



§2____________________________________________________p.40

configuration space obstacles has exponential time complexity in the number of degrees of freedom), 

so sensor-based methods are the only choice. The first serious study of snake-like robots was done by 

Chirikjian [9]. Reznik and Lumelsky [58] developed a planner for a snake like manipulator (i.e. one end is 

fixed). They assume the robot is able to sense obstacles on any point of its body (with a sensitive skin), and 

present a planner to move the head from start to goal in an initially unknown environment. Their method 

hinges on moving the head according to VisBuo21 algorithm [48] and moving the body with a tractrix 

motion3 while avoiding collisions with environment. Henning has also applied the GVG to snake robot 

motion planning [26]. In this algorithm, the head of the robot generates the GVG and the remainder of the 
robot follows the GVG.

2.2.6 Heuristic Algorithms

The Vector Field Histogram method by Borenstein and Koren [4] is another practical heuristic method 

for motion planning of mobile robots. This approach is based on a discretisation of configuration space 

where each pixel is assigned a value based on the probability that it is occupied by an obstacle. So, the 

more sensor readings taken, the more accurate these pixel probabilities become. Since this is a discrete 

method, the memory requirements increase polynomially with discretisation resolution (x2 in 2D and x3 
in 3D, where x is the inverse of the pixel width).

3 A tractrix motion is such that a large motion of the head leads to progressively smaller motion in preceding links.



"The world, indeed, is like a dream and the 
treasures of the world are an alluring mirage! 
Like the apparent distances in a picture, things 
have no reality in themselves, but they are like 
heat haze."

Buddha

Nonsmooth Analysis of the Distance 

Function

In this chapter we present a detailed nonsmooth analysis of the distance function D(q)

D(q) = min(4(

defined as the pointwise minimum of a finite number single object distance functions df(q) (i is the obstacle 

Si index). Those d,(q)s that attain the minimum distance D(q) can be indexed by the set /(q) = {/ : dt(q) = 

D(q)}, a notation used throughout this thesis.

rf,-(q) = min ||a - b||

where q e C and J7l(q) is the set of points occupied by the robot at configuration q. Nearly all previous 

work that deals with realistic robot models has failed to appreciate that the distance function d{ (q) between 

convex bodies is not everywhere differentiate. In fact, rf,-(q) is both nonsmooth and non-convex (in C = 

5 £(2) and C = 5 £(3)), so the usual tools of differential topology are not strictly applicable. Nonetheless, a 

detailed understanding of the distance function is vital to the robotics community, and this chapter presents 

the most realistic analysis to date. Our analysis is based on the nonsmooth notions of weak slope and

p.41
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generalised gradient, the former never having been used in robotics. These are powerful tools, especially 
when working in finite dimensional spaces, and we believe are of such general purpose that smoothness 
assumptions may no longer be needed for a wide range of robotics problems

3.1 Preliminaries

Since most readers are probably not familiar with the tools of nonsmooth analysis it is worth devoting 
some time to introducing the most important (to this thesis that is) concepts. We begin with the generalised 
gradient.

3.1.1 Clarke's Generalised Gradient

Definition 3.1 Let X be an open subset of a Banach space E, and 0 : X -» R be a locally Lipschitz 
continuous function where x € X and w e X. The generalised directional derivative, denoted 0°(x; e), is
defined as

0(w + ?e) — 0(w) for all e € E : 0°(x; e) = lim sup —————————. n
w-»x t

The most important attribute of 0°(x; e) with regards to our analysis is that it is upper semicontinuom 
(u.s.c.) in x,e [16]. So, when 0°(x;e) < 0, 0(x + fe) < 0(x) for small enough t (0 tends "downhill" in 
direction e). In fact, 0 tends "downhill" in direction e for all y e nbhd(x). "uphill" in direction e implies 
0°(x; e) > 0, but the converse is not true. We use this property extensively when exploring the critical 
points of D(q) in Section 3.2.3. The generalised directional derivative is used to define the generalised 

gradient.

Definition 3.2 The generalised gradient of 0(x) defined above, denoted <90(x), is the set

<90(x) = {a e E : 0°(x;e) > (a,e> for all e e E}.

where E' is the dual space of E. o

Comment 3.3 The reader should at this point realise that S E(2) (and S £(3)) are not Banach spaces since 
they are not linear. However, since S l is a manifold, we can operate through the tangent space TqS E(2) of 
5 E(2) and the dual of the tangent space (tangent bundle/tangent dual globally). For example, we calculate
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0°(x;e) and d<f>(\) in R", and through the existence of a diffeomorphic map ¥ : SE(2) -» TqSE(2), we 
preserve the critical aspects of d0(x) (i.e compactness etc.) in 5" E(2). n

In motion planning, the domain C of d,(q) and D(q) has dimension equal to the number of degrees 
of freedom of the robot. A physically realisable robot must certainly have a finite number of degrees of 
freedom n, so the domain has a finite dimension of dim(C) = n. Let's consider finite dimensional spaces 
in general. If X is finite dimensional, we have the following useful property, based on Rademacher's 
Theorem, which states that a Lipschitz function on an open subset of R" is differentiable almost everywhere 
(non-differentiable set has measure zero). In the following, co{} denotes convex hull.

Corollary 3.4 Let X be finite dimensional, let 5 be any set of Lebesque measure 0 in X and let £!</, c X 
be the set of points where 0 fails to be differentiable. Then the generalised gradient is given by

d<p(x) = coflim V0(x,-) : x,- -> x, x, g S, x,- £ Ci$}. • 

where {x,} is any sequence with accumulation point lim x, = x.

This alternative definition of the generalised gradient says that <90(x) is given by the convex hull of all 

the gradient limits approaching x. Consider this example

Example 3.5 Consider the function graph 0(x) = -|*il - 1*21 + 1 shown in Figure 3.1 (a). An arbitrary 
sequence {x#} with x^ -» x is shown in Figure 3.1(b). The limit of the gradient vectors of this sequence of 
points lim V0(x,-) is shown to be (1, -1). The convex hull of the limits of all possible sequences gives the 
generalised gradient. In this case <90(x) = co{(l, 1), (-1,1), (-1, -1), (1, -1)}, which is a square region.

The well established results of convexity theory [1], in particular the separation theorem, are used in 
a number of critical proofs since d(f>(x) is compact and convex [16]. We now present a third, and final, 
formulation of the generalised gradient based on the normal cone of the epigraph.

Definition 3.6 The normal cone of a set C c R" at a point x € C, denoted Afc(x) is given by

Afc(x) = c\(co{A lim p- : A > 0, v,- ± C at x,-, x« -* x, v, -> 0}) (3.1)l vil

where v, = x/ - x. n
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{x/}, x«

._ Aa

(A) (B)

FIGURE 3.1: (A) WEAK SLOPE is VISUALISED USING "RUBBER SHEETS". (B) <90(xfl) is CONVEX HULL OF GRADIENT 
VECTOR LIMITS. d0(xfl) = co{(l, 1), (-1,1), (-!,-!), (!,-!)}

Definition 3.7 The epigraph of a function 0: R" -> R, denoted epi 0, is the set

epi0 = {(x, r) € X x R : 0(x) < r) 

i.e. the set of points above the graph of 0. n

We now have the following alternate definition of the generalised gradient based on the geometric 

notions of the normal cone and epigraph [16]. We use this formulation exclusively in Chapter 4.

<90(x) = (C : (C, -1) e Nepi</,(x, 0(x))}

which is the set of £s where (£, -1) is a member of the normal cone to the epigraph 

following example.

Example 3.8 Figure 3.2 shows the epigraph of the function

jc<3

jc- x>3

(3.2)

. Consider the

(3.3)

and the normal cone Afepi0(*) at x = 3. The generalised gradient is the set d<j>(x) = {£ : (£,-1) e 

K*))K which can be determined by subtracting x = 3 from the set of x values where hyperplane

y = 0(3) - 1 (dashed line) coincides with A/epi^(3). In this example 50(3) = [|, |].
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FIGURE 3.2: EPIGRAPH OF ¢(X) GIVEN BY EQUATION 3.3 AND THE NORMAL CONE Nepit/J(X) AT X = 3. THE GENER­

ALISED GRADIENT IS THE SET 8¢(3) = [~, ~]. 

The generalised gradient is an extremely powerful tool given that a Calculus exists to determine the 

generalised gradient of function sums, multiplications, compositions etc. We next present several basic 

rules of the generalised gradient calculus that we use in this thesis. The interested reader can refer to [16] 

for more examples. 

Corollary 3.9 (Scalar multiplication) For any scalar ;!, one has 

8(;!f)(x) = ;{8 f(x) • 

Corollary 3.10 (Finite Sum) If ¢(x) is expressed as a finite sum of functions ¢1 (x) + ... + ¢n(x) then the 

generalised gradient satisfies 
n n 

8(L: ¢i)(X) ~ 2: 8J;(x) 
i=1 i=1 

where the right hand side denotes the set of all points ( obtainable as a sum L:7:1 (i, where each (i belongs 

• 
Corollary 3.11 (Products) If ¢(x) is expressed as a product of two functions ¢1 (X)¢2(X) then the gener­

alised gradient satisfies 

(3.4) 

where ¢i(x)8¢/x) denotes a multiplication of every element of 8¢/x) by ¢i(X) and sum has the same 
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meaning as in Corollary 3.10. •

Corollary 3.12 (Chain rule) If 0(x) is expressed as a composition of two functions 0 = g o h with h : X — > 

R" and g : R" -> R then the generalised gradient satisfies

ft : (i € 0/n(x), or e <%(/i(x))}) (3.5) 

where the sum has the same meaning as in Corollary 3.10 and co denotes convex hull. •

The distance function £>(q) is a pointwise minimum function, so it's useful to have a 'calculus' rule for 

functions of this type as well. Theorem 3.13 presents a very useful rule for determining <90(x) of pointwise 

minimum functions.

Theorem 3.13 (Pointwise minimum) If 0(x) is expressed as the pointwise minimum of a finite number 

of functions 0(x) = min,{yj(x)} then the generalised gradient satisfies

50(x) c co{3/,(x) : i € 7(x)} = co{ [J <90( (x)} (3.6)
te/«

where 7(x) is the set of indices where /i(x) = 0(x) and co{} denotes the convex hull of a set of vectors. 

Proof We have the following for the pointwise maximum function 0majc(x) = max,{./i(x)} [16]

,(x) : i e 7(x)} 

Since min,-{/-(x)} = - max,-{-/-(x)} we have

= -d(max{-/(x)}) (by Corollary 3.9)
i

c -co[-dfi(x) : i e 7(x)} (by Equation 3.6) 

= co{dfi(x) : i e 7(x)} (property of convex hull)
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3.1.2 The Weak Slope

In subsequent sections, $ : X -> R is an everywhere continuous function taking points in its domain X to 

the real numbers R. We assume X is a complete metric space with metric d.

Definition 3.14 (Canino and Degiovanni, [6]) Let 0 : X -> R be a continuous function. For every x e X 

we denote by \d<f>\(x) the supremum of the <rs in [0, oo) such that there exists 6 > 0 and a continuous map 

<H : B6(x) x [0, 6] -* X such that

Vv e B6(x), W 6 [0, 6] : dist(7f (v, 0, v) < f 

Vv e fl*(x), W e [0, <5] : 0CK(v, *)) - 0(v) < -at (3.7)

The extended real number |d0|(x) is called the weak slope of 0 at x. n

The weak slope is directly related to the gradient, when the gradient exists. In the smooth case, we 

have Corollary 3.15.

Corollary 3.15 (Canino and Degiovanni, [6]) If X is a C1 differentiable manifold and 0 is a C 1 function, 

k/0|(x)=||V0(x)||. •

Heuristically, if |d0|(x) > 0, we can map a nbhd(x) (nbhd() denotes neighbourhood) "downhill" con­ 

tinuously. Consider the following two examples, the first being less formal than the second:

Example 3.16 Consider the function plot 0(x) = -\x\\ - \X2\ + 1 shown in Figure 3.1(a). The figure shows 

"rubber sheets" centred at two points 0(xa) and 0(x&). We have |d0|(xa) = 0, since every point of the sheet 

cannot be stretched downhill without "poking a hole" in it (changing the topology). \d<f>\(\b) > 0 since we 

can stretch all points "downhill" without "tearing" the rubber sheet. n

Example 3.17 Consider the function graph of (f>(x) = -\x - 1| + 1 in Figure 3.3(a) in which we desire to 

determine \d<f>\(\), where 0 is not differentiable in the classical sense. We need to determine the supremum 

of the crs in [0, oo) such that Equations 3.7 are satisfied. If cr = 0, the continuous function <H(v, f) = v 

(no motion) satisfies the requirements. However, if cr > 0, no continuous function can be found. To see 

this, consider without loss of generality the case where x = 1 maps to the right (<H(l,i) - 1 > 0) in Figure 

3.3(a). For any t, we can construct an ^-neighbourhood around ?/(!, f) that does not contain points in any 

^-neighbourhood around x = 1, thus no continuous transformation exists. The same applies if x = 1 maps 

left. The weak slope is thus |rf#|(l) = 0. n
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FIGURE 3.3: EXAMPLE OF THE WEAK SLOPE AT NON-DIFFERENTIABLE POINT x = 1 OF THE FUNCTION 0 = -\x- 1| + 1. 
(TOP) THE GRAPH OF 0 AND (BOTTOM) SHOWS THAT NO CONTINUOUS 'DOWNHILL' MAPPING *H(v, f)
EXISTS SINCE IT IS IMPOSSIBLE TO MAP POINTS IN A ^-NEIGHBOURHOOD OF X = 1 TO POINTS IN AN 
6-NEIGHBOURHOOD OF *//(!, f)- IN THIS EXAMPLE, THE WEAK SLOPE IS |d0|(l) = 0.

An important note about the weak slope is that it satisfies our intuitive notions of "downhill", which is 
important for determining the critical points of D(q).

Definition 3.18 If \d<f>\(x) = 0, then x is considered a critical point of 0. Other points are called regular 

points of 0. a

Recall that a critical point p e X of a smooth function 0 : X -* R occurs when the partial derivatives 

are all zero

Most readers will be familiar with the smooth concepts of local maximum, local minimum and saddle- 
points — types of smooth critical points. It turns out that these concepts all translate intuitively to nons- 
mooth examples, and the reader should verify to himself/herself that the weak slope is zero in all these 
cases. Figure 3.4 should help with this exercise.

Definition 3.19 A real number c is called a critical value of 0 if the set 0~*(c) = {x e X; 0(x) = c] 
contains at least one critical point. All other real numbers, even those c £ Range(0), are referred to as 

regular values. n

We now present some notation used to represent various subsets of X.

Kc = (xeX; 0(x) = c, |^0|(x) = 0}
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(f>(Xi,X2 ) = ~X- <t>(x\,x2 ) = -x*

<f>(Xi,X2 ) = 

(A) - LOCAL MINIMUM

<!>(X\,X2 ) = -\X\\-\X2\ 

(B) - LOCAL MAXIMUM

(/>(X\,X2) = \Xi\-\X2\ 

(C) - SADDLE POINT

FIGURE 3.4: (A) SMOOTH AND NONSMOOTH LOCAL MINIMUM. (B) SMOOTH AND NONSMOOTH LOCAL MAXIMUM, (c) 
SMOOTH AND NONSMOOTH SADDLE-POINTS (OR 'MOUNTAIN-PASS' POINTS). IN ALL THESE FIGURES, 

= 0.

Kc is referred to a critical set at level c. The set of all critical points is denoted K, where K = VKC . 

Sometimes K^) is subscripted to identify the function. The set of all points in X at level c is denoted by

and is referred to as a preimage or level set of 0. Note that Kc c 0~ ! (c).

The Palais-Smale condition (referred to as condition-C in some literature) denoted (PS), is vital to es­ 

tablishing the compactness of Kc , since it ensures no critical points occur at infinity and that 0(/Q is closed. 

Nearly all the critical point literature, both smooth and nonsmooth, assumes that 0 obeys (PS). From a 

planning point of view, ensuring critical points don't occur at infinity is important, since a physically 

realisable robot cannot possibly explore to infinity.

Definition 3.20 Say that 0 verifies the Palais-Smale condition (PS), if any sequence {xn } satisfying 

limn 0(xn) = c and limw |0|(xn) = 0 has a convergent subsequence. D

The (PS) condition provides a way to build some "compactness" into the functional <f>. Indeed, the (PS) 

condition implies that each Kc is a compact set, and that each disjoint connected component of each Kc is
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also a compact set [55].

It was noted in [21] that a critical point theory based on the generalised gradient cannot be developed. 

The function 0 : R -> R defined by 0(*) = x - ^ was used as an example. This function obeys (PS) 

and has a critical point at the origin. However, the generalised gradient in this case evaluates to the empty 

set 30(0) = 0. For Lipschitz functions with a finite dimensional domain, the notions of weak slope and 

the generalised gradient are closely related, with each suitable for tackling different issues in nonsmooth 

analysis.

We now present a critical theorem 1 that links the notions of weak slope and generalised gradient for 

the case of Lipschitz functions defined on a finite dimensional domain R".

Theorem 3.21 |d0|(x) = 0 (x is a critical point) if and only if 0 6 <90(x).

Proof This is not true in general (i.e. infinite dimensional domains), since by Theorem 2.17 [21] we have

|d0|(x) > min{||a||: a e d0(x)}

which only gives one implication direction. However, if the domain X is finite dimensional, we have 

equality in the above relation and the theorem follows. Recall from Corollary 3.4 the alternate definition 

of the generalised gradient

d0(x) = coflim V0(x,-) : x,- -» x, x,- g 5, x, g D^}

Let the minimum norm element of <90(x) be £. Now, there must exist a sequence of points {x*} with 

x,t — > x such that lim V0(xjt) = £. By the continuity of the norm operator (in a finite dimensional space)
x*-»x

lim || V0(Xfc) ||=|| C II- Within any delta neighbourhood B6(x), by Corollary 3.15, there exist points x*
*t-»x
where |d0|(X)t) =11 V0(x^) || so by definition of the weak slope for any e > 0, there exists 6 > 0 where 

\d(f>\(x) <|| V0(xfc) || +e for all x* e Bs(x). Since lim || V0(x*) ||=|| £ || for at least one sequence we have

so the theorem follows.
1 \d(f>\(\) and d<f>(x) are actually defined in complete metric spaces and Banach spaces respectively, so Theorem 3.21 requires R" 

as the domain. We assume C is charted to R"
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(A)

FIGURE 3.5: THE PREIMAGE THEOREM ALLOWS us TO DETERMINE THE DIMENSION OF A PREIMAGE (f)~ l (c) FOR REGULAR 
VALUES OF c. (A) GRAPH OF 0(x) IN EQUATION 3.8. 0(x) HAS A CRITICAL VALUE c = 0 AND A REGULAR 
VALUE c = 0.5. (B) PREIMAGES (/>~ l (0) (SOLID BLACK) AND 0-1 (0.5) (DASHED LINE). THEOREM 3.24
TELLS US THAT dim^^O.S)) = 1, BUT TELLS US NOTHING ABOUT du

3.1.3 Nonsmooth Preimage Theorems

We are now going to develop a nonsmooth preimage theorem that we will use extensively in the remainder 

of this thesis. For a function 0 : X — » R, recall that the preimage of a function value c e R is the set 

0-1 (c) = {x e X : 0(x) = c}. The preimage theorem provides a way to determine the dimension of <f>~ l (c) 

based on whether or not c is a critical or regular value. Consider Figure 3.5(a) which shows a graph of the 

function
x\ < -1 

-1 < *i < 1

x\ + I

0

xi - 1 1 < jci < 2

-x\ + 3 jci > 2

0

x2 <-l

-1<JC2 <

I<x2 <2

x2 >2

(3.8)

For Equation 3.8, the value c = 0 is a critical value since the set <f>~ l (Q) contains critical values (a square 

plateau). Figure 3.5(b) shows 0-1 (0) a$ a square region and a solid black looping segment. Notice in 

particular that dim(0~ 1 (0)) = dim(X). On the other hand, the value c = 0.5 is a regular value since the set 

0-1 (0.5) doesn't contain any critical points. Figure 3.5(b) shows that 0-1 (0.5) (dashed line) has dimension 

dim(0~ l (0.5)) = dim(X) -1. The following preimage Theorem 3.24 says that whenever c is a regular value, 

the dimension of $~ l (c) is one less than the dimension of its domain. We start by presenting Theorem 3.22 

which allows us to develop a nonsmooth preimage theorem, similar to the smooth variants in [24].

Theorem 3.22 (Local Inversion Theorem [56]) If 0: R" -> R" is locally Lipschitz continuous and each
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X2

(a) (b) 

FIGURE 3.6: LINEAR CHANGE OF COORDINATES RESULT IN FULL-RANK dG(x). WITH THE ORIGINAL SET OF COOR­
DINATES (X\,X2) IN (A), SOME ELEMENTS OF g 1 (x)l HAVE A NON-ZERO X\ COORDINATE, LEADING TO 
ELEMENTS OF 5G(x) THAT ARE NOT FULL-RANK. BY APPLYING A CHANGE OF COORDINATES, LEADING TO 
NEW COORDINATES (x\, Xi) DM (B), WE ENSURE THIS IS NO LONGER THE CASE.

element of the generalised Jacobian2 <90(x) is invertible, then 0 maps a neighbourhood of x e R" homeo- 
morphically onto a neighbourhood of y = 0(x). •

In the smooth case [24], $ can be shown to map a neighbourhood of x e R" diffeomorphically (a smooth 
homeomorphism) onto a neighbourhood of y = 0(x). The proof of Theorem 3.24 is thus quite similar to 
the proof using diffeomorphisms[24] — we just lack smoothness.

Definition 3.23 The canonical submersion n : R* -> R' is the standard projection of R* onto R' for k > /, 
in which (*i, •••,**)-» (*i, •••, xi). n

Theorem 3.24 If y e R is a regular value of <f> : Rn -» R, then the preimage 0~ 1 (v) is a set with dimension 
dim(0-1 (v)) = n-l.
Proof By Theorem 3.21, if y is a regular value, then \d<f>\(x) > 0 for all x € Zy and so 0 g d0(x) for all 
x e Zy. Consider the trivial local parameterisation diagram where g = <j>

6W Y

'I I'
gRn ° ^ ra ————> K.

We seek to modify g and apply the Local Inversion Theorem. Define G : R" -» R" by G(x) = (g(x), x2 ,
2The generalised Jacobian is an analogue of the generalised derivative for vector valued functions, i.e. for F : R" -» Rm , 

= co{limyF(Xi): x/ -» x, x,- ^ fif}, where Hf is the set where F is not differentiate. Compare this to Equation •.
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••• ,*„). wherex = (*!,-•• ,*„).

We now show that all elements of dG(x) are invertible. We know from [16] that 5G(x) c dg l (\) x • • • x 

<9g*(x), where the latter denotes the set of all matrices whose Ith row belongs to the generalised gradient 

of the coordinate function dg'(x) (g l (x) = g(x) and #'(x) = xt ,i e {2, • • • ,&}). Since dgl (\) is invertible 

(invertible means 0 £ dgl (x)), we can have a linear change of coordinates so that dg l (x) always has a 
nonzero x\ coordinate gl (x)\ (see Figure 3.6), and the elements of dG(x) have the full-rank form

0

0 0

0

1

By construction g = n o G, so g o G" 1 is the canonical submersion TT. The following local parameterisation 
diagram commutes.

7-1 1 I'

Locally, 0(x) is equivalent to the canonical submersion n (the projection of R" onto its first component), 
so select local coordinates around x e R" and y e R where y corresponds to 0 and 0(jci, • • • , xn) = x\ . Let 
V denote the neighbourhood of x in coordinate system (jci, • • • , xn). Then (0 o G" 1 )" 1 ^) n V is the set of 
points where x\ = 0, a relatively open subset of 0-1 having dimension n- I. By the arbitrariness of x, 

= n - 1. •

The previous Theorem applies to functions defined on R", and has a global flavour to it, in thaty = 0(x) 
is a regular value. We actually desire a more local Theorem since our distance measurements are just that — 
local. Just because the robot is in a regular configuration q with D(q) = d doesn't mean all configurations 
with D(q) = d are regular. We have the following for any set 5 locally homeomorphic to R".

Corollary 3.25 If x e S is a regular point of <f> : S — » R, with 0(x) = y, then the preimage 0~ 1 (y) has 
dimension dim(0~ 1 (y)) = n - 1 in a neighbourhood of x.
Proof If x is a regular point of 5 , then there exists a continuous transformation ?/(v, f) satisfying Equa­ 

tions 3.7 in a neighbourhood B6(\) (X = S in the notation of Equation 3.7). Let G : S -> R" be a local 
homeomorphism between S and R". Since ̂ (v, f) is continuous, so is Go'H and thus G(x) e R" is a regular
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FIGURE 3.7: THE DISTANCE FUNCTION d,(q) is LIPSCHITZ IN SE(2) AND SE(3). THE FIGURE SHOWS A CONVEX
OBSTACLE Si AND THE ROBOT IN TWO CONFIGURATIONS ^l(qi) AND flfa)- THE LlPSCHITZ CONDITION 

IMPLIES THE DISTANCE CHANGES LESS THAN THE MAXIMUM DISTANCE MOVED BY ANY PARTICULAR POINT 

ON THE ROBOT. THE TRIANGLE INEQUALITY IN EQUATION 3.10 IS SHOWN IN DOTTED LINES.

point of 0G = G~ l o 0 where <pc(G(x)) = y. By Theorem 3.24 ^(v) has dimension n - 1 in a neighbour­ 
hood of G(x), and since homeomorphism preserves dimension, G~ l (^(y)} n Bs(\) = 0~ 1 (y) n Bs(x) has 
dimension n- 1. •

3.2 Nonsmooth Analysis of the Distance Function

The robot 3{ will usually operate in an environment with a finite number of convex obstacles Si. Assume 
3\. and the SjS are all convex and compact. Furthermore, assume that the $,s enclose, or bound, a subset 
of the workspace. This ensures that there are 'enough' obstacles to construct a roadmap in the following 
chapter. The 'reachable' configuration space Cr £ SE(2) orSE(3) is then also bounded. For the remainder 
of this thesis, assume q e Cr . We start with Lemma 3.26 which shows that D(q) can never reach ±00.

Lemma 3.26 D(q) is a function bounded from above and below (totally bounded). 
Proof By convention, the individual d,(q)s (and thus D(q)) are bounded below by the value zero. Since 
the robot operates in a bounded workspace, the individual d,(q)s (and thus D(q)) are bounded above by a 

finite distance. •

The generalised gradient is defined only for Lipschitz functions, so we evidently must show that di(q) 
and D(q) satisfy the Lipschitz condition. The Lipschitz condition requires that the domain X be a metric 
space. From now on, assume that the metric d(qi, q2) on C is the so called "maximum distance metric"

= max ||a(qi) - a(q2)||
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which corresponds to the maximum distance moved (in the ambient Euclidean workspace <W = R2 or R3 ) 

by any of the points in 3\..

Lemma 3.27 d((q) satisfies the global Lipschitz condition K(qO - d,(q2)| < d(q\ - q2). 

Proof By definition, d{(qi) >||ai(qi) - bi ||. As well,

^ Ilai(q2) - ai(qi)|| + ||ai(qi) - bi || (triangle inequality) (3.9) 

- q2 )

where ai(qO is the closest point on the robot in configuration qi, and ai(q2) is the location of that same 

point in configuration q2 (it may no longer be the closest point). Since we can switch roles of qi and q2 

we get the condition \dt(qi) - d,(q2)| < d(q\ - q2). •

Lemma 3.28 D(q) is a locally Lipschitz function.

Proof D(q) is locally Lipschitz since a function g(x) = minz {/(x)} expressed as the maximum (or mini­ 

mum) of a finite number of locally Lipschitz functions /i(x), • • • , fn (x) is itself locally Lipschitz ([16] p. 

47). •

The Lipschitz condition places an upper bound on the nearest distance change |D(qO - D(q2)| when 

the robot moves from configuration qi to q2 . More importantly for our use, when given a desired change 

in the minimum distance |D(qO - D(q2)|, the Lipschitz condition implies a lower bound on the motion 

required in configuration space d(q\ - q2) required to effect the distance change. It is also important that 

di(q) and D(q) satisfy the Palais-Smale condition (PS) because nearly all the critical point literature, both 

smooth and nonsmooth, is developed in the context of functions that satisfy (PS). Analysing critical points 

that occur at infinity is a non-trivial thing.

Theorem 3.29 D(q) satisfies (PS).

Proof Since Cr is compact, any sequence qn c Cr has a convergent subsequence and D(q) thus satisfies

(PS). •

The (PS ) condition also ensures that D(q) is proper (see the Glossary for a definition of a proper map) and 

that the set D(K) is closed in the reals. This immediately gives Lemma 3.30.
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Lemma 3.30 The set of critical points K of D(q) is a compact set in Cr .

Proof The (PS) condition immediately implies that each critical level Kc is compact and that D(K) is 

closed in R, but says nothing about the set of all critical points K. However, since D(q) is bounded and 

D(K) is closed, D(K) is also compact. Cr is closed, so by the continuity of D(q), D~ l (K) = K is a closed 

set. K is compact by the compactness of a closed subset of a compact metric space Cr , so the lemma 

follows. •

The planner developed in subsequent chapters operates by constructing a roadmap that connects all 

components of the critical set K. Now, if a planner based on searching for interesting areas of configuration 

space (the set K) is to terminate, we must know a priori that K has a finite number of components. Consider 

what we know about our function D(q); it is Lipschitz, totally bounded, the critical set K is compact, as 

are the individual sets Kc . These characteristics however are not sufficient to guarantee a finite number of 

components in K. Consider the function 0: [-1,1] —» R

x2sin(l/x), -1 < x < 1 and* ^ 0 

0, x = 0

where K^ = {0} U {2/n, 2/3/r, 2/5n, •••}, which has an infinite number of components. Since the indi­ 

vidual Kcs are disjoint compact sets, we know the distance between each set must be positive. However, 

in order to establish a finite number of critical sets in configuration space, we need to show that all the Kcs 

are in fact disconnected. We use the notation KI to represent a single disjoint connected component of K. 

The individual Kt s may or may not be subsets of the same Kcs. We present the following as a proposition, 

and leave the proof until the end of Section 3.2.3.

Proposition 3.31 Each Kf is disconnected from (J^,- Kj (union of all KjS not equal to Ki). •

This Proposition leads immediately to a proof that K consists of a finite number of disconnected compo­ 

nents.

Lemma 3.32 There are a finite number of critical level set components K\,--- ,Kn . 

Proof We use proof by contradiction. By definition of the critical set, K = |J/ KI> and by Proposition 

3.31, each KI is disconnected from \Jj#Kj. Assume there are an infinite number of /fys. Since each 

critical level set is disconnected, we can construct an open cover of K using the sets C,, such that each Kj 

is contained in one and only one C/. Since each Ki is disconnected from the rest of K, C, is simply any 

epsilon neighbourhood nbhd(£,) such that nbhd(^,) fi U;*/ Kj = 0. By construction, each C, contains
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FIGURE 3.8: GRADIENT OF DISTANCE IN 5£(3). a AND b ARE THE CLOSEST POINTS ON THE ROBOT J?l AND OBSTACLE
Si RESPECTIVELY. 3 ARE THE COORDINATES OF a IN J?l'S COORDINATE FRAME Tft. f<w IS THE WORLD 

COORDINATE FRAME.

only one Kt , so any finite collection of C,s necessarily misses some £,s. This contradicts the fact that K is 

compact, in that every infinite open cover must have a finite open cover. •

3.2.1 Generalised Gradients of the Distance Functions ddi(q) and dD(q)

In this section we develop expressions for the gradient of the distance function of a free floating convex 

body with the usual six degrees of freedom. The gradient W,(q) derived in this section plays a critical 

role in calculation of the generalised gradients ddfa) and <9Z)(q). These results and proof are constructed 

in 5 £(3), but the results are also applicable to 5 E(2) by discarding the z, 0 and ^ terms.

Figure 3.8 shows the environment used to determine the generalised gradient. The (single) points on 

the robot 3\. and obstacle 3i closest to each other are a = [ax, ay , az] T and b = [bx , by , bz] T respectively. 

We use the additional notation a = [ax, ay , az] T to represent the coordinates of a in J?Ts coordinate frame 

Jft. The minimum distance then is given by

(ay - by)2 + (az - bz)2 (3.10)

Let r = [x, y, z] T be the location of the origin of ̂  with respect to f'w- To parameterise the rotational 

degrees of freedom, we choose the Euler angle parameterisation of 5 0(3) with the three angles 0, 0 and 

^ (see [38] for an excellent description). 0 represents a rotation about the z-axis of ̂  resulting in a new 

coordinate frame T^ , 9 represents a rotation about the >>-axis of ̂  leading to another new coordinate frame 

7^' and if/ represents a rotation about the z-axis of ̂ ' resulting in the final configuration of Jfl's coordinate
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frame. Using the shorthand notation c = cos and s = sin, the composite rotation matrix is given by

C0 -50 0

50 C0 0

0 0 1

cB 0 sO

0 1 0
-s9 0 c6

aj/ -si// 0
si// cif/ 0

0 0 1

sQsifs —c<j)c9s\l/ — sfal// c<j>s9
c<f>si// —s<t>c9s\l/ + c(f>c\]/ s<f>s9

-s9c\j/ s9s\l/ c9

We use the notation /?// to represent the nine entries of the composite rotation matrix. This helps keep 
the subsequent matrix formulae to a reasonable size. The world coordinates of a are denoted U = /?0,0,^a 
and the world coordinates of a are

a = r + U
X + t

The main result of this section is the following theorem. This theorem has in fact been verified for the 
case of a point robot in [16], and although rather intuitive is not a trivial matter. In the follow Theorem, 
the notation (a - b)* indicates the jt-component on the vector (a - b).

Theorem 3.33 exists and is equal to the 6 x 1 vector

(a - b), 

(a - b)y 

(a - b)z

(Ux(a-b))z
(3.11)

if and only if there are single unique points a and b on the robot Jft and obstacle £, respectively, such that 

lla-b||=rf/(q)>0
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Proof (IF) Appendices A and B establish that Vd,(q) exists and is equal to Equation 3.1 1 if there are 
single unique points a and b on the robot ft and obstacle Sf respectively.

(ONLY IF) Without loss of generality, assume there are multiple closest points on the robot. Figure 3.10 

and Lemma 3.34 in the following section show that <%(q) contains multiple points, so VJ,(q) does not 
exist. •

It is worth noting that the same gradient result can be obtained using standard calculus differentials if 
(a - b) is assumed perpendicular at a (resp. b) to the tangent space Tabndy(3() (resp. rbbndy(£,)) of the 

boundary of 31 (resp Sf) at all configurations q. This is the approach taken in [15] for 5 E(2), in which the 
single object distance function J,(q) is incorrectly assumed everywhere differentiable.

3.2.2 Multiple Closest Points

By Theorem 3.33, when there are multiple closest points on the robot 31, the generalised gradient d</,-(q) 
must not be a singleton. When determining the cW,(q) we must remember to address the fact that, by 
convexity of 31 and the $,s , there will be an infinite number of closest points if more than one closest 
point exists. We denote these closest points a,(q) indexed by t e T where T is an abstract indexing 
space (with an infinite number of points by necessity). We denote by dist(ar(q), Si) the minimum distance 

between a, (q) and £, and note that by definition dist(a,(q), Si) = d,(q) for all t e T. We then have the 

following alternate definition

di(q) = min{dist(a,(q), Si) : a,(q) e ft, dist(a,(q), Si) = d{ (q)} (3.12) 

Lemma 3.34 The generalised gradient when there are multiple closest points is given by

ddi(q) = co{Vdist(a,(q),£,) : a,(q) e ft, dist(a,(q), Si) = dt(q)}

Proof Since Sf is convex, the point distance function is everywhere differentiable, so dist(a,(q), Si) is 

everywhere differentiable and Vdist(a,(q), Si) exists. We also note

} = - max{-y;}
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Si
ft

^5
NS^

a/,(q)
a*(q)

a. Ka, u(

a,2 (q)-t
(A) (B)

FIGURE 3.9: THE ROBOT 3( MAY HAVE MULTIPLE CLOSEST POINTS TO THE OBSTACLES $,. (A) A ROBOT IN 5 £(3) WITH
A SET OF POINTS P EQUIDISTANT FROM THE OBSTACLE Sj AND THE SET P OF EXTREMAL POINTS OF P. (B) 

THE SAME CONFIGURATION FROM A DIFFERENT VIEWPOINT. THE FOURTH GRADIENT TERM Uxaby — Uyabx 

ACHIEVES A MINIMUM OVER P AT POINT a;j (q) AND A MAXIMUM AT POINT a;-,(q). IT IS SUFFICIENT TO

CONSIDER ONLY THE extremal points OF P WHEN DETERMINING THE GENERALISED GRADIENT.

By the smoothness of ft (q) = dist(af(q), £,-) and Corollary 3.9, 5min,{/(q)} = 5max,{/(q)}. Since C 

is finite dimensional, the Lemma follows from the differentiability of dist(a,(q), Si) and application of 

Theorem 2.8.6 in [16] •

Lemma 3.34 states that the generalised gradient is determined by taking the convex hull of an infinite 

number of single point gradient vectors. One may ask if it is possible to determine the generalised gradient 

di(q) using a finite number of points, since it is impossible to determine the convex hull of an infinite 

number of points in a reasonable time. Figure 3.9(a) shows a typical problem in S E(3) with a cuboid 

robot Jft and a cuboid obstacle Si. The shaded area P on the face of Jft is the set of points a,(q) e P that 

are distance dt(q) from the obstacle. We now show that the generalised gradient can be calculated using 

only the points a,(q) that are extremal points of P (a subset of the support points of P). These extremal 

points are either the vertices of the polygonal area P or endpoints of the line segment P. We use the 

notation P to represent this finite subset of P. For each a, (q), there is a corresponding b,(q) representing 

the corresponding closest point on the obstacle.

Lemma 3.35 ddt(q) = co{Vdist(a,(q),S/);a,(q) e P}
Proof Equation 3.11 is used to determine Vdist(a, (q), Si) by substituting a, = a,(q) and b, = b,(q). 

Without loss of generality we can apply a linear change of coordinates to the world frame T'w such that 

one of the primary axes is parallel to a - b and the other two are perpendicular, so that all but one of abx, 

aby and abz are zero (recall abx = (ax - bx) etc.).

The first three terms (abx , aby and abz) of Equation 3.11 are equal for all a,(q), so certainly the finite
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°

r
a

(A)

FIGURE 3.10: d,(q) CAN HAVE NONSMOOTH POINTS. (A) A ROBOT ft AT CONFIGURATION q = [x,y, B] T WITH A NUM­ 
BER OF CLOSEST POINTS TO THE OBSTACLE S{. If ft ROTATES CLOCKWISE (RESP. COUNTERCLOCKWISE) 
THE CLOSEST POINT BECOMES a/2 (RESP. 3,,) AND THE DISTANCE TO THE CLOSEST POINT ON THE OB­ 
STACLE b,2 (RESP. b,,) is dist(a,2 (q),S/) (RESP. dist(a,,(q), £,-)). (B) A GRAPH OF dist(a,2 (q),S/) 
AND dist(a,,(q), Si) ALONG WITH d,(q) FOR 9 WITH x,y HELD CONSTANT. WE CAN SEE THAT t//(q) is
NONSMOOTH AND NON-CONVEX AT CONFIGURATION q.

subset P is sufficient to determine the first three terms. The fourth term (Uxaby - Uyabx) is handled with 
the assistance of Figure 3.9(b) which shows a different view of Figure 3.9(a). Without loss of generality 
assume abx = 0, and since aby is a constant we need only address the term U'x = a,(q) - [x,y,z]T . It is 
easily seen that Ux achieves a minimum at extremal point a,, (q) and maximum at the extremal point a,2 (q) 
such that Ux <U*X < Ux . Thus it is sufficient to consider only the extremal points for the fourth term. The 
fifth and sixth terms are handled similarly. Since the linear change of coordinates of f^y is arbitrary, the 
lemma follows. •

Lemma 3.35 does not apply if P is not a convex polygon (or line segment), so we assume from now on 
that ft and all Sf s are convex polytopes or polygons.

3.2.3 Detection of Critical Points

Recall that a critical point peXofa. smooth function 0 : X -> R occurs when the partial derivatives are 
all zero

Since both the d,(q)s and D(q) may have nonsmooth points, we need to address where nonsmooth critical 
points can occur. Although d,(q) is in general nonsmooth, it does not have any nonsmooth (or smooth) 
critical points in Cfree since Theorem 3.33 establishes that the generalised gradient drf,-(q) never contains 
the point 0, since a - b is always a single nonzero value. By Theorem 3.21, all of the points of J,(q) are
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regular. On the other hand, the distance function D(q) is a pointwise minimum function, so the generalised 

gradient satisfies

<9D(q) c co{&/( (q) : i € 7(q)} (3.13)

In [16], the inclusions in the generalised gradient calculus are shown to be equalities if the functions rf,-(q) 

are "regular" in the sense that the generalised derivative is equivalent to the standard directional derivative 

(see [16]). By Lemma 3.36, dt(q) is not "regular", so <9D(q) may not be strictly equal to the convex hull.

Lemma 3.36 In general, dt(q) is nonsmooth and non-convex.

Proof Figure 3.10 shows an example of a nonsmooth point of c?,(q) with respect to the angle coordinate 

0. Figure 3.10(a) shows the robot in configuration (x,y,d = 0). If Jft rotates clockwise (resp. counter­ 

clockwise) the closest point becomes a,2 (resp. a,,) and the distance to the closest point on the obstacle 

b,2 (resp. b,,) is dist(a/2 (q),S,) (resp. dist(a/,(q), Si)). We can see o?,(q) is nonsmooth and non-convex in 

Figure 3. 10(b), which shows a "slice" of d,(q) through the 6 coordinate. •

We can now present one of the more important results in this chapter. Theorem 3.37 provides a useful 

way to detect critical points of D(q) based on local single object distance measurements.

Theorem 3.37 0 G dD(q) if and only if 0 e co{5d,-(q) : i e 7(q)}

Proof We show that equality holds in Equation 3.13 despite the non-regularity of </,(q) — the theorem

immediately follows. Consider the following alternate definition of D(q)

D(q) = min{dist(a,(q),£,) : a,(q) e #, dist(a,(q), Si) = D(q)}

Since Sf is convex, the point distance function is everywhere differentiable, so dist(a,(q), Si) is everywhere 

differentiable and Vdist(a,(q), Si) exists. We also note

By the smoothness of /-(q) = dist(a,(q), Si) and Corollary 3.9, amin,-{/-(q)} = dmax,-{y;-(q)}. Since C is 

finite dimensional, and dist(a,(q), Si) is differentiable, by application of Theorem 2.8.6 in [16] we have

<9D(q) = co{Vdist(a,(q),£,-) : a,(q) € ft, dist(af(q), Si) = D(q),i e 7(q)} 

= co(ddi(q) : i e /(q)} by Lemma 3.34
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and the theorem follows. •

To detect if the current configuration q is critical, we simply measure the distance d,(q) to each of the 

obstacles, determine the n nearest obstacles, determine the individual generalised gradients <%(q) and take 

the convex hull. If the convex hull contains 0, Theorem 3.21 and Theorem 3.37 tell us q is critical.

Let's finally return to showing that #o(q) has a finite number of disconnected components. The proof 

relies on the fact that 0 & <%(q), which we hadn't established yet in Section 3.2 and the structure of VJ,(q), 

when it exists. The proof is again based on the notion of 'downhill'.

Lemma 3.38 The standard directional derivative d('(q, e) = 0 only if d°(q, -e) = 0. 

Proof We recall the alternate definition of rf,(q) in Equation 3.12, and recall Lemma 3.34 which estab­ 

lished that ddt(q) is equal to the convex hull of the gradient vectors Vdist(a,(q),S( ). Now, by definition 

of the pointwise minimum function, if one dist(a,(q), Si) goes 'downhill' in direction e, then dt(q) also 

goes 'downhill' (*/-(q, e) < 0 ) in direction e. So, d't (q, e) < 0 whenever there exists a £ € ddt(q) such 

that (e, O < 0. As well, by the upper-semicontinuity of d°(q, e), d,(q) also goes 'uphill' (d't (q, e) > 0) in 

direction e whenever d°(q, -e) < 0. This only leaves those directions e satisfying d°(q, -e) = 0 that can 

possibly have d'( (q, e) = 0. •

Proof of Proposition 3.31: The most straightforward method to show a set KI is disconnected is to con­ 

struct a neighbourhood such that nbhd(/L( ) n K = Kt . We use this approach. The configuration q is an 

arbitrary point in Kt . There are two cases which are proved in similar ways:

Case 1. q e int(co{<%(q) : i e 7(q)})

When q € KI is in the interior of the convex hull, we know that for every direction e, there exists an 

element £ e ddf(q) for some i that satisfies {£, e) < 0. This means that at least one dist(a,(q), Si) goes 

'downhill' in direction e for every e e R", and does so for a finite distance e by the upper semicontinuity 

of the generalised directional derivative. By definition of the pointwise minimum function, D(q) must also 

then go downhill in every direction e for a finite distance. If this is the case, Kt = q is simply a point, and 

setting nbhd(^) to the standard enbhd of q will suffice for some small e since nbhd(q) n K - Kt .

Case 2. q e bndy(co{&//(q): i € /(q)})

For each d,(q), let the set A, be defined as the set

e) = 0} (3.14)
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st

®j
(A) (B) (C)

FIGURE 3.11: THE SET K{ HAS A NEIGHBOURHOOD SATISFYING nbhd(^) n K = K( . (A) GENERALISED DERIVATIVE
ddf(x) ALONG WITH THE SET OF DIRECTION A, f°(X; -e) = 0. f?(\; e) = 0 ONLY IF C e A,. (B) ROBOT 

Jft IN A CRITICAL CONFIGURATION, (c) GENERALISED DERIVATIVES <%(q) AND ddj(q) (CORRESPONDING 

TO (B)) ALONG WITH SETS OF DIRECTIONS A, AND Aj WHERE d°(q, -e) = 0 AND d°(q\ -e) = 0.

Lemma 3.38 established that d'( (q; e) = 0 only if e € A,. This allows us to conclude that the only possible 

directions e that d,(q) can remain at the same value are in A,. The function D(q) can then only remain at 

the same value in direction e only if e e D/e/cq) A(. Furthermore, the existence of the sin and cos terms 

in Vdi(q) tell us that d,(q) will not stay at the same level if the <f>, 9 or & terms of e are non-zero. This 

means that those directions e where (i) e £ Plie/cq)^! and (u) £<t»to, fy 2 0 result in D(q + ee) + D(q) 

for all 0 < 6 < 6, where 6 is a small number whose existence is ensured by the upper semicontinuity 

of di(q). Only purely translation motions where (e, ab,-> = 0 for all i e 7(q) can stay in £,-. If motion 

in a purely translational direction e satisfying (e, ab,> = 0 causes one of the ab,s to no longer satisfy 

(e, ab,> = 0, then we know by the upper semicontinuity of di(q) that it does so for some small distance. 

We can thus construct a standard e-neighbourhood of q that satisfies nbhd(q) n K = nbhd(q) n £,. We 

can then construct a neighbourhood of the whole critical set component nbhd(AT,) = Uqe& nbhd(q) which 

satisfies nbhd(^) n K = Kt . •

Figure 3.1 l(a) shows the set A,- (see Equation 3.14) of possible directions where df(q) does not change 

value. Figure 3.11(b) shows Jft in a critical configuration. Figure 3.11(c) shows the generalised gradi­ 

ents ddt(q) and ddj(q) corresponding to Figure 3.11(b) and the two sets of directions A, and Aj where 

d°(q, -e) = 0 and d°(q, -e) = 0. Notice the critical set extends only in directions where A, n A;- =£ 0 and 

the motion is purely translational. The neighbourhood nbhd(£,) in this case is an e-neighbourhood of the 

line segment Kf .
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3.3 Summary

In this chapter we developed a detailed nonsmooth analysis of the distance functions d(q) and D(q). Our 

approach was to provide information useful to the development of sensor-based motion planning algo­ 

rithms, but to not dwell on the application of our results—that is left for subsequent chapters.

After our initial introduction of some of the techniques and definitions used in nonsmooth analysis, we 

proceeded to present a nonsmooth preimage theorem similar in vein to smooth variants used in differen­ 

tial topology. These preimage theorems will be used in subsequent chapters to help define a nonsmooth 

roadmap used for sensor-based motion planning. A nonsmooth analysis of the distance functions <//(q) 

and D(q) was then presented which among other things gave an expression for Vd,(q) when it exists, gave 

a method to calculate ddj(q) using a finite subset of the closest points P, and most importantly gave a 

method to calculate <9D(q) and determine if q is critical, despite the non-'regularity' of d/(q). Finally, 

it was shown that the set of critical points K has a finite number of disjoint components, so a planning 

algorithm developed based on searching for these components can be guaranteed to terminate in finite 

time.

Throughout this chapter we have assumed that our distance measurements are exact and without error. 

In a real robotic system, distance measurements will of course be affected by sensor accuracy, noise, res­ 

olution and other real-world issues. However, in order to tackle the problem of dealing with a nonsmooth 

distance function, we are constrained to use nonsmooth analysis, which does not at the moment accommo­ 

date such issues. From a practical standpoint these issues are simply accommodated by the development 

of a control system robust to these issues, as in Chapter 5.



"The road goes ever on and on down from the 
door where it began. Now far ahead the road 
has gone and I must follow if I can. Pursu­ 
ing it with weary feet until it joins some larger 
way, where many paths and errands meet -and 
whither then, I cannot say."

J.R.R. Tolkien

Sensor Based Roadmap for Convex 

Polygonal Robot in SE(2) Moving 

Amidst Convex Polygonal Obstacles

Figure 4.1 (a) shows a typical problem. A mobile convex robot Jft must search for a path through an 

environment cluttered with some finite number of unknown convex obstacles St. & is equipped with 

sensors that allow it to measure the minimum distance d,(q) to each of the S,s and determine the minimum 

distance to all obstacles in its environment D(q). In this chapter, we describe a roadmap of Cfree , which we 

have termed a Nonsmooth Critical Set Generalised Voronoi Graph (NCRir+NGVG), based on a nonsmooth 

analysis of the distance function D(q). Figure 4.1(b) illustrates the general idea. The Figure shows a two- 

dimensional bounded, and thus compact, configuration space C with several configuration space obstacles 

CSi. We have shown in Chapter 3 that there are a finite number of critical sets KI of the workspace 

distance function D(q) scattered throughout Cfree - A system of one-dimensional segments <R^K (solid 

lines) is constructed to connect the critical sets. Notice that R^K does not form a connected roadmap 

in this example. To establish a fully connected roadmap of Cfree we construct a second system of one- 

dimensional segments RK (dashed lines) lying within the critical sets. The set *R = <R^K U RK comprises 

theNCRrr+NGVG.

p.66
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X>4

Si

v)

7
(A} (B)

FIGURE 4.1: (A) TYPICAL EXAMPLE IN SE(T). (B) THE NCRrr+NGVG IN A 2D CONFIGURATION SPACE (DOESN'T 
MATCH (A))

4.1 The is Equidistant to Several Obstacles

In the previous chapter, we built up a powerful set of mathematical tools that allow us to begin developing 
a sensor-based planner that considers the nonsmooth aspects of the single-object distance function dt(q). 
In this thesis we will consider only 5 £(2), and leave 5 £(3) for further study.

This section outlines our approach to constructing the roadmap R consisting of regular configurations 
R^K and critical configurations ^ as shown in Figure 4.1(b). In line with previous work with distance 
based roadmaps [12, 34], our approach is to first present a subset of <R^K that consists of one-dimensional 
sets where the robot ft is equidistant to some number of obstacles. We denote this set by 'Rove- In 
Section 4.1.1 we examine the case when ft is equidistant to two obstacles Sf and ®j using the concept of 
the generalised gradient. In Section 4.1.2 we examine the case when ft is equidistant to more than two 
obstacles using the concept of the weak slope.

4.1.1 Robot Equidistant to Two Obstacles

Like the Generalised Voronoi Graph [12] and EquiDistance Diagram [34], part of our roadmap is con­ 
structed from the union of one-dimensional sets in Cfree where the robot is equidistant to some number of 
obstacles. However, since the single object distance function dt(q) is in general nonsmooth, our analysis 

is drastically different.

In Section 3.2.3 we noted that no nonsmooth (or smooth) critical points of the single object distance 
function </,(q) occur in C/«. This indicates that all nonsmooth (or smooth) critical points must occur at 
configurations where the robot is equidistant to at least two obstacles. We start with the definition of a
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&f,(q) - ft/Kg)

ddj(q}\

FIGURE 4.2: (df - rf/)(q) is REGULAR IF <%(q) n ddj(q) = 0. IN THIS EXAMPLE, <%(q) AND ddj(q) DO NOT
INTERSECT, SO WE CAN FIND TWO CLOSEST POINTS £/ AND £; ON THE RESPECTIVE SETS. LEMMA 4.1 
SHOWS THAT THE SUM 6di(q) + (-ddj(q)) THEN DOES NOT CONTAIN THE ORIGIN, AND THUS q IS REGULAR.

two-equidistant set (similar to the two-equidistant surface of [12])

tj = (q e 5 E(2): rf,(q) = rf/q) > 0} (4.1)

which is equivalent to the preimage (df - dj)~ l (Q) of the function (dt - dj)(q) :SE(T) -> R.

In Section 4.1.2 we will be using the Nonsmooth Preimage Theorem 3.24 to show that the segments of 
one dimensional. In order the use Theorem 3.24, we need to know when (d{ - d/)(q) is regular.

Lemma 4.1 q is a regular point of (d( - dj)(q) if <%(q) n ddj(q) = 0.
Proof Recall that 0 e d(di - d/)(q) (q is critical) if and only if (rf, - d/)°(q; e) > 0 for all e. So, if q is 
regular, there must exist a direction e such that (dt - <f/)°(q; e) < 0 and (J, - d,)°(q; -e) > 0. By definition 
of generalised directional derivative

< d°(q; e) + (-rfy)°(q; e) 1

(4.2)

(4.3)
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(A) (B) (c)

FIGURE 4.3: (A) SHOWS A CONFIGURATION WHERE <%(q) n ddj(q) + 0, so WE CAN SAY NOTHING ABOUT REGU­ 
LARITY OF q. THE ALGORITHM IGNORES THESE CONFIGURATIONS. (B) SHOWS A CONFIGURATION WHERE
X AND y COORDINATES OF eW,(q) AND ddj(q) DIFFER, SO q IS REGULAR, (c) SHOWS ANOTHER REGULAR 
CONFIGURATION WHERE 9 COORDINATES OF ddf(q) AND ddj(q) DIFFER.

Since &/,(q) and dd/(q) do not intersect, and are both compact [16], there exist two points £/ e 
and £; e ddj(q) that attain the minimum distance between <H(q) and eW/(q). That is

110,011= min II a, b ||

Take the direction e = C; - 0« so bv me Separation Theorem [1] <0,e> < (Cy» e)- We also nave 
convexity of <%(q) and ddj(q))

= <0,e>

so the right hand side (RHS) of Equation 4.2 is strictly negative and the RHS of Equation 4.3 is strictly 
positive, so (d, - d/)(q) is regular at q. •

We next introduce the invertible two-equidistant set JSy which is the subset of <S,7 where (dt - dj)(q) 
is regular.

ij = {q 6 .S/y : &/,-(q) n ^(q) = 0}

1 lim supC/O') + gCy)) < lim sup f(y) + lim sup g(y) y-*x y-*x y->x
2limsup/(y) + liminf g(y) < limsup(/Cy) y-tx y~*x
3 lim sup-/(v) = -liminf/Cy)
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This is the set of points equidistant to two obstacles £, and £/, such that the generalised gradient d(dt - 

<f/)(q) is invertible. Theorem 3.24 tells us that the dimension of IStj is dim(J*S(; ) = dim(C) -1=2. 

Consider the following example which highlights the fact that dimCIS,;) = 2.

Example 4.2 Figure 4.3 shows various cases for a square robot 3{ and two square obstacles Sf and Sj. 

Figure 4.3(a) shows the case where &/,-(q) n ddj(q) £ 0, and we can thus say nothing about critical- 

ity/regularity of q. We can see this corresponds to those cases where a non-convex obstacle is decomposed 

into several convex obstacles. There is no point following roadmap segments equidistant to two such ob­ 

stacles (if they even exist) since there is surely no gap between them for the robot to move through. Figure 

4.3(b) shows a regular configuration since the x and y coordinates of the generalised gradients d</,-(q) and 

ddj(<fi differ (0 coordinates are the same). Likewise, Figure 4.3(b) shows a regular configuration where 

the 6 coordinates of the generalised gradients differ (x and y coordinates are the same). The reader should 

verify in their own mind that dim(J*Sj; ) = 2 by considering the possible motions of & in Figures 4.3(b) 

and (c) such that equidistance is maintained with Si and Bj.

4.1.2 Robot Equidistant to Multiple Obstacles

To construct the NCRir+NGVG, we further define lower dimensional subsets of *S,; and ISij. We start with 

the three-equidistant set

n

which is equivalent to the preimage (di - 4)~ ] (0) of the function (df - 4)(q) : «5y -> R. To determine 

the dimension of the roadmap segments, we need to determine at which points (dt - <fc)(q) is regular. In 

Section 4. 1. 1 we determined the regularity of (dt - rf/)(q) based on the definition of the generalised gradient 

and the intersection of convex sets <%(q) and &/,-(q). As noted in Chapter 3, the generalised gradient is 

defined for a domain X that is a Banach space, which Sy certainly is not (Sy is not a complete linear space 

at nonsmooth points). In order to establish regularity we need to use the definition of weak slope, which is 

valid for complete metric spaces4 .

Consider the function <f> : R" -» R defined on a n-dimensional metric space R" . Take the m-dimensional

4 Any subspace Y of a metric space X with metric d: X x X -» R is also a metric space with the induced metric dy(\, y) = d(\, y) 
for all x, y € Y.
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subset Y of Rn (m < n) and denote the function <f> restricted to Y with 0|y and the function <f> restricted to 
the boundary bndy(F) with

Theorem 4.3 If x is a regular point of 0(x) then x e bndy(K) is a regular point of ^Ibndydo if ±C + " * ® 
for all C e <90(x) and i/ e Afr(x)\0 5 .

Proof Assume ±£ + i/ * 0 for all £ 6 <90(x) and v € WK(X)\O. We know that 0 £ <90(x) since x is a 

regular point of 0(x) so there must exist a direction e e X such that 0°(x; e) < 0 and so 0 tends "downhill" 

in direction e. To show regularity of the point x € K it is sufficient to show the existence of a continuous 

mapping ^(v, r) that maps points in fl<j(x) n bndy(F) "downhill" (see Definition 3.14).

Assume first that Ny(x) contains only one direction, and thus bndy(F) is locally like a manifold of 

dimension k = m or a manifold boundary of a k = m + 1 dimensional manifold (see Figure 4.4(a)). In 

either case, a local diffeomorphism (a chart in the terminology of [24]) V : Y -> R* exists between a 
neighbourhood of x and the tangent space rxbndy(F)- Now, there exists a direction e in Txbndy(Y) such 
that 0°(x; e) < 0, for if there wasn't, we could find elements ±£ + is = 0, a contradiction. By upper 

semicontinuity of the generalised directional derivative, 0°(y;e) < 0 for all y e nbhd(x). We define the 

continuous transformation # : /fc(0) x [0, 6] -> Txbndy(Y) (maps points v e BS(Q) c Fxbndy(F) to 

Txbndy(y))

, 0 = *e

and set 7Y(v, 0 = ^P' 1 o ^(v, 0 o Y in a neighbourhood of x. By the continuity of ¥, ̂ P" 1 and Tif, *H is a 

continuous transform satisfying Equations 3.7.

Now we need to address those points x € Y where the normal cone contains more than one direction. 

We first note that by Rademacher's Theorem6 , the set Q c bndy(K) where NY (x) contains more than 

one direction has Lebesque measure zero, and so the previous paragraph applies almost everywhere in 
bndy(T). Define a hyperplane H such that H n A^ndydo = H n ~Nbndy(r> = 0 which contains a direction e 

such that 0°(x; e) < 0. Now by definition of the normal cone, the projection operator nH • bndy(K) -> H 
is a homeomorphism in a neighbourhood of x. Define <f( : B6(Q) x [0, S\ -> H as in the smooth case and 

let *H(v, 0 = it~£ o -//(v, i) o 7T# in a neighbourhood of x. By the continuity of 7TH , rtfi and <K, *7/ is a 

continuous transform satisfying Equations 3.7. •

Consider the following example.
5The element 0 € Wy(x) tells us nothing about the local structure of bndy(K)
6This is not actually a direct consequence of Rademacher's Theorem, but rather uses the relationship between the normal cone 

and the distance function, to which Rademacher's Theorem applies. See [16] for details.
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(A) (B)

FIGURE 4.4: x e bndy(K) is A REGULAR POINT OF ^Ldyoo IF ±C + v ± 0 FOR ALL C, e d0(x) AND i/ e Wy(x)\0. 
(A) CASE WHERE A^ndy(K) CONTAINS ONLY ONE DIRECTION, THE THUS bndy(F) is A SMOOTH MANIFOLD
BOUNDARY. WlTH THE d(f>(x) GIVEN, IT IS EASY TO SEE THAT POINTS MAP "DOWNHILL" IN A DIRECTION 

THAT IS A MEMBER OF THE TANGENT SPACE. (B) CASE WHERE bndy(K) IS NONSMOOTH AND 

CONTAINS A RANGE OF DIRECTIONS.

Example 4.4 Figure 4.5(a) shows an example for the function 0(x) = 0.5 yx2 +y2 - x\ given by a cone 

rotated about the ,y-axis restricted to the boundary of the set Y = {(x,y);y-\x\ > 0}. In this case, Ny(0)\0 

(arrowheads) and 50(0) (shaded oval) have elements that sum to 0 (are linearly dependent). By Theorem 

4.3 we cannot say if x = 0 is regular or critical. In this case it turns out to be a critical point, since 

0lbndy(y)(x) (solid line on the cone) attains a global minimum at x = 0. Figure 4.5(b) shows an example for

the function 0(x) = 0.5 ->/x2 + y2 - y given by the same cone rotated about the ;t-axis. Since Ny(0)\0 and 

+50(0) have no elements that sum to 0 (are linearly independent), x = 0 is a regular point of 0|bndy(K)(x), 

and hence is not a local minimum/maximum. n

In Theorem 4.3 it is important to note the use of the normal cone Afy(x), rather than Nbndy(F)(x)' when 

determining if points in 0|bndy(r> are regular. The normal cone M>ndy(y)(x) in Figure 4.4(b) is equal to R", 

which is less than informative about the local structure of bndy(K). It turns out that there is no elegant if 

and only if proof regarding the criticality/regularity of d,(q) at points q e C. This is due to the lack of 

"regularity" (in Clarke's sense) of the single object distance functions </,-(q). In the following, Y = {x : 

0-1 (x) < c} n B6(x) for some c e R and some regular neighbourhood B6(x). In order to use Theorem 4.3, 

we need the following Lemma which relates the normal cone and the generalised gradient for a function 

0(x) at a regular point x7 .

Lemma 4.5 Wy(x) c [Ad<p(\) : A > 0}

'Although this appears to be a classical result based on implicit references to it in [16], the proof is the authors own interpretation.
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0lbndy(y)(x) --....,.. 0lbndy(F)(x).

(B)(A)

FIGURE 4.5: DETERMINING IF A POINT x is REGULAR. (A) GRAPH OF 0(x) = 0.5 ^x2 + y2 - x RESTRICTED TO THE
BOUNDARY OF THE SET Y = {(*,y); V - |*| > 0}. THE NORMAL CONE Afy(O) (ARROWHEADS) AND 50(0)

(SHADED OVAL) HAVE PROPORTIONAL POINTS, so WE CANNOT SAY IF x is REGULAR (IT HAPPENS TO BE 
CRITICAL). (B) GRAPH OF 0(x) = 0.5 ^x2 + y2 -ym WITH Afy(O) AND 50(0) HAVE NO PROPORTIONAL
POINTS AND X IS THUS A REGULAR POINT.

Proof Recall that the generalised gradient 50(x) is related to the normal cone of the epigraph Nep^(x, 0(x)) 
by Equation 3.2. Let Nepi<f,(x, 0(x)) be the set constructed as per Equation 3.1 using only sequences 
{x,-,0(x,-)} such that x, £ Y. We then have Nepi0(x,0(x)) c Afepi0(x,0(x)). Letting TTR* be the projec­ 
tion operator onto R" (recalling Nep[^ c R" x R) we have 7TRnWepi0(x, 0(x)) c 7TR«Afepi0(x, 0(x)). As well, 
since ^R«{X,, 0(x,)} = {x,} we have Afy(x) = n^Nepi^(x, 0(x)). Finally, by direct consequence of Equation 
3.2 we have n^nNepi^,(x, 0(x)) = {/I50(x)) : A > 0}, from which the lemma follows. •

Lemma 4.5 does not apply if x is critical. To see this, consider the functions <p\(x,y) = 0 and <f>2(x,y) = 
x2 +y2 . Both functions have (0,0) as a critical point, but have level set normal cones {0} and R2 respectively.

We can now use Theorem 4.3 and Lemma 4.5 to determine when (dt - </*)(q) is regular. Set 0(x) = 
(di - dj)(q), c = dj(q) and Y = {q : (dt - <//)(q) < c}. Applying Theorem 4.3, we then have a subset of the 

three-equidistant set that is not critical is termed the invertible three-equidistant set

ISijk = (q e JStj : ±C + ^ ^ 0 for all C e d(df -

v e (Ad(di - dj)(q) : A > 0}}

which is those points equidistant to £,, Bj and Sk having d(dt - dj)(q) and d(dt - <fc)(q) with non-zero 
linearly independent elements. The set of points closest to Bit !Bj and Sk is the invertible three-equidistant



FIGURE 4.6: CASE WHEN dim(^Tyw) * 0. IN THIS CASE, THE SET
= <4(<l) = <4(q) FOR A RANGE OF ORIENTATIONS.
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is ONE DIMENSIONAL, SINCE

: rf,(q) < rf/(q) V I* i, j, k}= {q €

By Corollary 3.24, dim(ZSyfc) = 1, so Xfijk are edges of NCRir+NGVG.

In the smooth case [14], zero-dimensional subsets of ISijk equidistant to Si, Bj, Sk and Si are defined 

when V(d{ - d/)(q) is not a member of the subspace spanned by V(df - dj)(q) and V(W, - <4)(q)- Analogues 

to transversality etc. exist in nonsmooth analysis, but to avoid choking this thesis with definitions, we 

simply define the invertible four-equidistant face TFijki as the intersection of the appropriate

n n

and assume dim(J!T/;/t;) = 0 so that Tfiju are vertices of NCRir+NGVG. This assumption is equivalent 

to the "no four points are co-circular" assumption used in the Voronoi diagram literature [12]. A set of 

four obstacles that violate this assumption are shown in Figure 4.6 in which JT^tjk, fftji, 2FjM intersect 

in such a way that dimCZIF'//*/) = 1. In practise it is quite easy to modify a search algorithm to recognise 

this case and follow only the appropriate invertible three-equidistant face Tfijk-

We can now fully define the 'Rcvc — a very critical component of our NCRir+NGVG roadmap.

KGVG = u

RGVG is the set of one-dimensional edges equidistant to three S,-s and the zero-dimensional vertices 

equidistant to four Sfs (see Figure 4.9(a)). In the next section we address how ^ initially moves onto 

the RGVG if it is not equidistant to several obstacles to begin with.
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4.1.3 An Accessibility Retraction onto

In this section we show it is possible to access <RGVG from any q e Cfree , using a retraction-like transforma­ 

tion. Retractions are useful in that they preserve the connectivity of their domain [38], allowing planning 

to be performed in the image of the retraction.

Lemma 4.6 For all configurations q in Cfree , there exists a continuous path r(t) onto the graph/set of 

equidistant configurations 'Rove-

Proof Assume the robot ft's orientation 6 remains constant so that all <af,(q)s can be considered smooth 

with configuration space C = R2 . Firstly, from start configuration q,, find the closest obstacle St (assume 

without loss of generality that dt(q) < dj(q) for all ;' * i) and move away in direction VJ,(q) = a, - b«, until 

equidistant to two obstacles $, and Sj at a configuration denoted by q,; . We are assured that an obstacle 

Sj will be found since W,(q) * 0 for all q € C as </,(q) has no critical points (ft will not get stuck in a 

local minimum of d,(q) before finding Sj). Secondly, find the next closest obstacle Sk and move toward it 

while maintaining equidistance with obstacles S{ and Sj, until equidistant to all three obstacles Si, Sj and 

Sk at a final configuration denoted q,-#. This is done by projecting Vd,(q) - V<4(q) onto the tangent space 

of IStj (move in the direction ^rqjSj; (Vfif,(q) - V<4(q))), which exists because the single object distance 

functions are smooth when rotation is restricted.

If upon following the second step any of the following occurs

1. The robot becomes "jammed" — di(q) = 0

2. ft arrives at a local minimum while moving toward Sk — 7rrqjs,7 (Vd,(q) - V^(q)) = 0

3. We find some Sn closer than Sk—di(q) = dj(q) = dn(q) < dk(q)

4. The obstacle Sk is no longer visible

then return to q,; and find the next closest Sn 2 Sk and repeat. In 5 £(2), a bounded environment contains 

enough Sfs that this process terminates. r(f) is the path generated by the above process. •

Our definition of accessibility differs from that in [14] which incorrectly assumes ft can access a 

specific segment Tf^ when ft(qi) is initially closest to Si, Sj and S^ In Figure 4.7(a), we show a case 

where ft became "jammed" whilst moving toward Sk. The robot then moved back to q,; and moved 

toward Sn , eventually terminating at q,;w e Ffijn- The path described in Lemma 4.6 will form the basis of 

the required retraction H defined on an accessibility region.

Definition 4.7 An accessibility region ftyk is the set of initial configurations q, that result in a final
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'jammed"

(B)

FIGURE 4.7: (A) ACCESSING THE <Rcvc- THE ROBOT Jft BECAME "JAMMED" WHEN MOVING TOWARD $# AND so MOVED
TOWARD Sn INSTEAD. (B) ACCESSIBILITY REGION ^t,-yn FOR THE THREE OBSTACLES Si, Sj AND $„.

configuration q,;jt in the invertible three-equidistant face 
Lemma 4.6.

when following the path r(t) described in

Figure 4.7(b) shows accessibility region ̂ ijn . The union of all the J^s is equal to freespace U}^~2 U^J1", 
e- Lemma 4.8 presents the desired continuous retraction H: ̂ jk X [0, 1] -

Lemma 4.8 There exists a continuous map H : J%t x [0, 1] -> JJFy* describing path from an initial con­ 
figuration q, in the accessibility region Jft,^ to a final configuration q,^ in the invertible three-equidistant

Proof It is known8 that the transformation H(q, t) generated by gradient descent is continuous. For 
this reason, the transformation H\ : ^ijk x [0, 1] -» ISij that takes q, e 3{ijk (t - 0) to qj; 6 ISij 
(t = 1) is continuous. Likewise, by the continuity of the projection operator ^rqJ5,; » the transformation 
#2 : ISij x [0, 1] -» Ifij that takes qi; e IS{j (t = 0) to qijk e J!T^ (/ = 1) is also continuous. The 
composite transformation H = HI o H\ is the continuous transform that satisfies the lemma. •

It is important to note that H is not a global retraction, but still satisfies the "retraction-like" properties in 
[38]. The fact that a retraction exists of the accessibility region && onto the invertible three-equidistant 
face Ifijk allows us to reduce planning within Jfl,-^ to planning within Tfijk-

8Define a smooth function /: X -» R that takes points x in a manifold X to the reals. The gradient V/(x) points in the direction 
of most rapid increase of /(x), when it is nonzero. We denote by 0,(x) the maximal flow generated by -V/(x) (what we follow in 
Lemma 4.6) and note that $<Mx) = -V/(0,(x)). It is a well known fact that the one parameter flow generated by gradient descent is 
continuous.
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FIGURE 4.8: A ROBOT ft IN A CRITICAL CONFIGURATION q = [xc,yc , 0C ] T . IT is EASY TO SEE THE ROBOT CAN ONLY
REMAIN IN A CRITICAL CONFIGURATION and REMAIN DISTANCE dj(q) = d FROM THE OBSTACLES &{ AND
!Bj IF rr MOVES ALONG THE ONE-DIMENSIONAL SEGMENT GIVEN BY y = yc , 9 = 6C . THE CRITICAL SET
COMPONENT Ki HAS DIMENSION LESS THAN OR EQUAL TO ONE.

Theorem 4.9 Two configurations qi and q2 in an accessibility region ftijk are path connected in the acces­ 
sibility region &ijk if and only if //(qi , 1) and H(q2 , 1) are path connected in the invertible three-equidistant

Proof (IF) By Lemma 4.8, qi and H (qi , 1) are path connected in ftijk and q2 and H(q2 , 1) are also path 
connected in ftijk . If as well H(qi, 1) and H(q2 , 1) are path connected in the Ffijk c ftijk , then certainly 

qi and q2 are path connected in ft^.

(ONLY IF) Let r(t) describe a continuous (connected) path lying entirely in ftijk with r(0) = qi and 
r(l) = q2 . We know the transformation of this path H(r(t), 1) lies in Ifijk . The image H(r(t\ 1) is also 
connected since the image of a connected set (r(0) under a continuous transformation (//(•, 0) is also a 

connected set, so H(q\ , 1) and H (q2 , 1) are certainly path connected in Tfijk . •

Theorem 4.9 tells us we can plan within ftijk using only J^ijk , but we still require proof that paths 

exists between adjacent accessibility regions. The critical set graph RK connects some cases.

4.2 Critical Set Graph <RK

We now define the graph KK consisting of critical configurations. First of all, we know the set of critical 
configurations AT is a subset of J<S,; since the robot ft must be equidistant to at least two obstacles St and 

Sj to be critical. As well, in addition to the condition d{ (q) - dj(q) = 0 for all q e ISijt we have the
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necessary condition that dj(q) = d for all q e Kd . Define the function fj-.ISij -» R as

- d

Level sets of /)(q) represent motion that doesn't change <//(q). Since d/q) = d is only a necessary 

condition for q e K, we also know that Kc c /^(O). We bound the dimension of Kd by using the 

Nonsmooth Preimage Theorem 4.3 to determine the dimension of the preimage /^(O) of which Kd is a 

subset.

Lemma 4.10 The dimension of the critical set K is less than or equal to one (dim(£) < 1). 

Proof Recall that the dimension of the invertible two-equidistant set dim(J*S(;) = 2. By the calculus of 

the generalised gradient d//(q) = &//(q), so ±d/,(q) n #jsy(q)\0 = 0. Applying Theorem 4.3, we see 

that q is regular and so by Theorem 3.24, we know the dimension of the preimage dimC/r^O)) = 1. Since 

dj(<ti = cis only a necessary condition for q e K, we know that Kc c fr l (Q), and thus the dimension of 

the critical set dim(K) < 1 as well. •

In SE(2) we have the unique result that <RK = K. Since the dimension of the critical set dim(AT) < 1, 

we know the dimension of any disconnected component Kt of Kd (and K) is also dim(^,) < 1. Figure 

4.8 shows an example of a critical configuration and shows that the critical set component Kt is a one 

dimensional line segment.

4.3 Connecting it all Together

To this point, we have fully defined the subset RK c R consisting of critical configurations (ft# = #)> 

and the subset <Rcvc £ *R consisting of configurations where the robot is equidistant to some number of 

obstacles. It turns out these two sets do not define a fully connected roadmap. Figure 4.9(a) shows the 

roadmap segments corresponding to several invertible three-equidistant sets ISijk- In other equidistance 

based roadmaps, the GVG in particular, three-equidistant sets (roadmap segments) meet at four-equidistant 

sets (roadmap vertices). In this case however, there is no configuration where the robot is equidistant to four 

obstacles while at the same time having those four obstacles within line-of-sight or not being in collision 

with an obstacle. Figure 4.9(b) shows a few configurations sampled from the five disjoint components 

K{ of the critical set K. In this case all /L,S have dimension one. Since KGVG and flfc are not necessarily 

connected, there are still elements of #_,*• that need to be defined. In this section we present our approach.
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S<

(A)

FIGURE 4.9: PORTIONS OF THE ROADMAP <R. (A) ROADMAP SEGMENTS CORRESPONDING TO THREE-EQUIDISTANT SETS 
'Rove- (B) CRITICAL SET K WHICH CORRESPONDS RK . <Rcvc AND <RK DO NOT COMPRISE A CONNECTED
ROADMAP OF FREESPACE Cfree-

(T n
9

(A) (B)

FIGURE 4.10: (A) d&(0) is GIVEN BY THE DISTANCE BETWEEN TWO PARALLEL SUPPORT LINES OF THE POLYGON 3\. IN
ORIENTATION 9. (fi) dff((B) HAS A FINITE NUMBER OF LOCAL MINIMA AND MAXIMA.

Let us first show that RCVC is sufficient to connect critical sets K^ equidistant to three obstacles $,, Sj 
and 8k .

Lemma 4.11 The set of critical configurations equidistant to three obstacles £//* is a subset of *RGVG n K 

for all i,j,k e {!,..,«}.
Proof If the robot 3\ is in a critical configuration q e K equidistant to three or more obstacles £,-, Sj, &k, 

• • •, Bn , it must certainly be equidistant to three obstacles Si, Sj and &k- Since Jft is equidistant to three 

obstacles, q must be a member of 'Rove, and the lemma follows. •

More importantly is the existence of a path from sets of critical configurations KIJ equidistant to two 

obstacles Sf and Sj onto the RGVG graph. This path is based on jTTs diameter
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FIGURE 4.11: Two DIAMETER EXTREMA EDGES £)?. FOR TWO EXTREMAL ORIENTATIONS # = 0° AND # = 270°.

Definition 4.12 The diameter function of a convex polygon ft is a mapping d#:S l -> R that maps the 
orientation 6 of the polygon to distance dft(0) between two parallel supporting lines of constant orientation. 
(See Figure 4.10(a)) n

There are a finite number of local minima/local maxima of d^(6) — Figure 4. 10(b) shows the finite number 
of local extrema for the polygon ft in Figure 4.10(a). We denote this finite set of local extrema with

The structure connecting Ktj to <RGVG is termed a diameter extrema edge, denoted £)?.. Let the angles 
(pi (resp. £,-) between the vector ab, (resp. ab/) and the orientation vector [cos(0 + #), sin(0 + #)]T be given 
by

The diameter extrema edge is defined to be the preimage9 £>J = /^(G) offij: R given by

j
(4.4)

9We should note that the diameter extrema edge fl is equivalendy described by the zero preimage /^(O) of several different
£ for example. We've decided to concentratefunctions-^- = tan"' j-fl-*+ f and /, =

on Equation 4.4 because it lends itself most easily to a clear and informative analysis. In particular, it is easiest to show the set fr. l (Q)
has dimension dim(fr. l (0)) = 1 using Equation 4.4, even though ./^(O) is the same for all examples
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(A) (B)

FIGURE 4.12: THE DIAMETER EXTREMA EDGE D^ is ONE DIMENSIONAL. (A) IT is POSSIBLE TO PLACE Jft's REFERENCE 
FRAME Jfr SUCH THAT U, • ab/ = Uy • ab; = 0 AND (U,- x ab,)z - (U/ x ab/)z > 0. (B) AN
EXAMPLE THAT SHOWS EVERY ELEMENT OF d/J/(q) IS LINEARLY INDEPENDENT FROM EVERY ELEMENT OF

d(di - dj)(q) (DOESN'T MATCH (A)).

Figure 4.11(a) shows two Djs for obstacles Si and Sj. The diameter extrema edges act to take 3( 

between $, and Sj such that it remains equidistant to them (d,(q) = d/(q)) and tends to keep the angles 

between the vectors ab, and ab; and the support lines equal. We now show the dimension of the diameter 

minima edges dim(£)^.) = 1, so !Df. does indeed form an edge of our nonsmooth roadmap NCRir+NGVG.

Lemma 4.13 The dimension of the diameter extrema edge D^. is dim(2)^) = 1 .

Proof We use Lemma 4.3 to determine that q e ISij is regular when

±C + v * 0 for all C e d/i/q), v e {Ad(dt - </y-)(q) : A > 0} (4.5)

In Appendix C we give details of the calculation of d/i/(q), and show that 5^; (q) is constructed from the 

convex hull of the limit vectors lim V^-(q^) for nine cases (see Table C.2). In all cases, for each q e JSy, 

|| abz ||=|| ab, || so we can simply replace all occurrences of this term with || ab ||. We should also note that 

in general, the convex hull of all nine terms simultaneously does not satisfy Equation 4.5. However, by 

placing the origin of ̂  such that U, • ab, = 0 and U, • ab; = 0 (see Figure 4.12(a)) we can guarantee that 

the 0 coordinate of the limit vectors lim Vyj; (q^) is strictly negative for cases 1-8 and zero for case 9. This 

placement of ̂  also guarantees that (U, x ab,)z - (U, x ab;)z (the 6 coordinate of d(dt - rf/)(q)) is greater
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ab,

ab/

(A) (B)

FIGURE 4.13: THE DIAMETER EXTREMA EDGE £>?. MAY BE TWO DIMENSIONAL IF ab, = +ab/. (A) WHEN ab, = ab,
ft WILL NOT FIT BETWEEN Si AND Bj ANYWAY, (fi) WHEN ab, = -ab, THE ROBOT MAY BE ABLE TO 

ROTATE WITHOUT CHANGING THE ANGLE BETWEEN ab,/ab, AND THE SUPPORT LINES.

than or equal to zero. In addition, the x and y coordinates of the limit vectors (denoted fx , fy) satisfy

fx(abix - abjx) + fy(abix - abjx) > 0

for all nine case as long as ab, * ±ab,. Thus, for any A > 0, there are no elements C e ±d/j,<q) and 

v € {Ad(di - d,)(q) that satisfy C,=-v (the 6 coordinates always sum to a nonzero value), and the lemma 

follows. Figure 4.12(b) shows a typical example, gives an idea of the shape of d/i,(q), and shows that 

every element of d/i;(q) is linearly independent from every element of d(di - dj)(q). •

An important thing to notice is that the proof of Lemma 4.13 is invalid if ab, = ±ab,. If ab, = ab, 

(see Figure 4.13(a)), £>J cannot be used to take ft between £, and Sj since £>J may be two dimensional. 

However, when ab, = ab,, ft will not fit between £, and Sj anyway. If ab, = -ab, (Figure 4.13(b)), 

as ft rotates and translates, the angle between [cos0,sin0]T and ab,/ab, does not change, and £>f;. is 

two-dimensional.

4.3.1 Connecting the Critical Set K and the Diameter Extrema Edges

Notice in Figure 4.11 that the diameter extrema edge £>J does not form a connected roadmap segment 

between the obstacles St and % since in the narrow gap ab, = -ab;. In this section we finally show 

how D* connects with the critical set K, and finally fully define the roadmap K. We first introduce some
';
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FIGURE 4.14: A PATH EXISTS BETWEEN Si AND Sj WHERE ft HAS AN ORIENTATION OF # WITH RESPECT TO THE
SUPPORT LINES. (A) A PATH BETWEEN Sj AND Sj WITH AN ORIENTATION OF MINIMUM DIAMETER WITH 

RESPECT TO THE SUPPORT LINES, (fi) IF ft. IS IN AN ORIENTATION # OF EXTREMAL DIAMETER, THERE ARE 

TWO POINTS a, AND 3, SUCH THAT a,a; IS PERPENDICULAR TO THE SUPPORT LINES.

notation to represent the minimum distance between two obstacles Si and Sj

= min
b,e3,

For each pair of points b, and by that attain the minimum distance, there are two points a,- and ay on 

Let b,by (resp. a/ay) be the vector from by to b, (resp. a; to a,).

Lemma 4.14 A collision free path r(f) exists between obstacles .2?, and Sj if and only if

dist(£,, Sj) > for some & £ E&

In other words, a path exists if and only if the distance between the obstacles is greater than some diameter 

extrema value.
Proof (IF) If dist(2?,, B y) > d^(&) for some & e E&, we can construct a path as follows (see Figure 

4.14(a)): Let b, and by be the closest points on BI and Sj respectively. By the Separation Theorem, we 

can define two supporting lines perpendicular to b,by. (i) From the start configuration qs well clear of 

the obstacles, rotate the robot until d&(0) - d&(ff) < dist(S,, $y) with respect to the support lines, (ii) 

Translate the robot to a position midway between the supporting lines, (iii) Translate the robot parallel to 

the supporting lines, (iv) Once clear of the obstacles, translate and rotate to the goal configuration q^.

(ONLY IF) If dist(£,, £y) < da(ff) for all # € E#, then all possible paths result in a configuration q where 

iBi*0 or ft() n Bt ± 0 — a collision. •
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Lemma 4.15 If the robot Jfl is in an orientation ft of extremal diameter & e E& , then there exists two 

points a, and a; on the boundary bndy(jTl) such that || a, - a, ||= d#(ft) and a,a, is perpendicular to the 

supporting lines.

Proof Assume on the contrary that no such points exist (see Figure 4.14(b)). Then we have a point a, at 

the left (resp. right) of the contact point(s) on one support line, and a point a; at the right (resp. left) of the 

contact point(s) on the other support line. Using a coordinate system with the x-axis parallel to the support 

lines, we know the rate of change of the y-coordinate with respect to orientation of each point to be

day day
— ̂  =|l r, || cos ft, — ̂ =||r;

Now, both terms are never simultaneously zero, otherwise a, and a; are vertically opposite each other, a 

contradiction. For all locations of P's reference frame, -^ and -^- are different, so we can pick a rotation
(/; Oj r

direction leading to an orientation ft near ft such that dP(ft) < dfn (G) or dP(ft) > d™ax(6), a contradiction.

Denote by Kf. the subset of critical points Kfj where the orientation coordinate qe = ft.

Lemma 4.16 If a collision free path r(f) exists that takes the robot JH between the obstacles St and Bj, 

then there exists a collision free path r&(i) between Si and Sj containing the set Kf. c r(f) for each ft e E& 

satisfying da(ff) < dist(£,, Bj).

Proof If there exists a path r(t), then we must have dist(S,, Sj) > 0. Since dist(£z , BJ) > 0, by the 

Separation Theorem, we can construct two supporting lines perpendicular to bj - b; as in Lemma 4.14. We 

also know by Lemma 4.14 that a path r'(?) exists such that ^ passes between St and Sj with an extremal 

diameter with respect to the support lines. By Lemma 4.15 there are two points a, and a; such that a/a; 

is perpendicular to the supporting lines as well, hence there is at least one configuration qc where a,b, is 

parallel to a;-b,- and ||b,- - a,- ||=||b;- - a;-||= dt(q) = dj(q).

We now show qc is in fact critical, and thus a member of Kf.. In order to be critical, there must exist 

points C e <%(qc) and £; € ddj(qc) such that £; = ~C; , otherwise the origin will not be contained in the 

convex hull co{^,(qc), dd/(qc)}. Recalling Equation 3.11 for the gradient W,(q) (we need only consider 

terms 1,2,4), we need only to find two points on bndy(^l) where Vd,(qc) = -VJ;(qc). For points a, and a/
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we immediately have

(a,- - b/k = -(a;- - bj)x 

(a/ - b,-)y = -(a;- - bj)y

With a suitable change of world coordinates, such that either the x or y axis is aligned with the supporting 

lines (assume *-axis is aligned so that (a, - bt)x = 0), we immediately have U'x = UJX and

l/ite - b,), = -U - bj)y

and thus qc is a critical configuration. Since the selection of qc e Kfj is arbitrary, the path T#(0 = r'(t) 

must contain the set K, so the lemma follows. •

We now show that the set K* u £>J forms a connected roadmap segment between S( and S/.

Lemma 4.17 If a collision free path r(f) exists that takes the robot 3\. between the obstacles .£, and Sj, 

then the roadmap segment constructed by the union of the diameter extrema edge D^ and the set of critical 

configurations Kfj forms a connected path r(f) between obstacles Si and Sj for all & e E# satisfying

Proof The set D^. U Kfj is connected. By Lemma 4.16, the existence of the path r(f) establishes the 

existence of a path r&(t) through the set Kfj for each & e E# satisfying d^fl) < dist(S,,S;). The set 

f U Kfj thus forms a connected path between £, and Sj for each # e E# satisfying da(ff) < dist(S( , Sj).

m

Finally, we show that some Kf U £)* is sufficient to connect two adjacent accessibility regions

Theorem 4.18 Let two configurations qi and qi in the invertible three-equidistant faces JT^ijk and TFiji 

respectively also be members of the diameter extrema edge D?. (or Kfj), and implicitly members of ad­

jacent accessibility regions J^* and Jft/y/. qi and q2 are path connected if and only if the union of the 

diameter extrema edge £>f. and the critical set Kfj is connected for some & e E$.

Proof (IF) If the union £)f U Kf. is connected then there exists a path r(t) = £)J. U Kfj between the 

configurations qi and qz-

(ONLY IF) Let r(t) be a continuous path between configurations qi and q2- By Lemma 4. 17, the existence
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FIGURE 4. 15: DIAMETER EXTREMA EDGE Df. PLUS CRITICAL SET Kf,. THE UNION OF THE TWO SETS CREATES A
CONNECTED ROADMAP SEGMENT BETWEEN THE OBSTACLES Si AND Sj.

of a path r(f) establishes the existence of a set ftf. U D between Bt and Bj for each & e E# satisfying.

We can now finally describe the entire roadmap NCRir+NGVG. Denote the set of all diameter extrema 
edges RD

<RD = \Ju

and let NCRir+NGVG = <RGVG U K* U RD . By Lemmas 4.11 and 4.17, NCRrr+NGVG connects and 
contains all £/s. By Theorems 4.9 and 4.18, NCRrr+NGVG represents the connectivity of Cfree and can 
thus be used for complete sensor-based planning.

4.4 Summary

In this Chapter we used the mathematical tools presented in Chapter 3 to develop a mathematical graph 
structure called termed the Nonsmooth Critical Set Generalised Voronoi Graph and denoted NCRir+NGVG.
The NCRrr+NGVG consists of the union of three components KGVG^ RK and KD-

RGVG was defined as the union of one dimensional roadmap segments and zero dimensional roadmap 
nodes consisting of configurations where the robot ft is equidistant to three and four obstacles respectively. 
We constructed <RGVG by first defining an invertible two-equidistant face JTy where ft is equidistant to 
two obstacles using the concept of the generalised gradient. We then proceeded to define the invertible 
three-equidistant face IFijk where ft is equidistant to three obstacles using the notion of weak slope. The 
invertible four-equidistant face ISijU was then defined to be the zero dimensional intersection of TFijk ,
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iji and IF $&. It was shown that <Rcvc is not sufficient for complete motion planning, so we next defined 

the critical set graph RK-

<RK is the subset of the NCRir+NGVG where D(q) is critical. The critical set graph <RK was shown to 

be equal to the entire critical set K by showing that the dimension of K is less than or equal to one. It was 

also shown that <Rcvc U RK is not sufficient for complete motion planning, so we next defined the set of 

diameter extrema edges T?D-

The diameter extrema edges £)?. were defined as the zero preimage of a function /; (q) that tends to 

keep the angle between the witness vectors ab,/ab; and the support lines of orientation & equal. Utilising 

a detailed analysis of the generalised derivative 5/; (q) in Appendix C, we showed that £)?. is in fact 

one-dimensional and forms a component of NCRir+NGVG. The union of all the £)s is the graph RD-

Finally, it was shown that the set 'R = 'RGVG^^K^'^D is sufficient for the complete sensor-based motion 

planning problem. This was accomplished by first showing 'Rcvc to be sufficient for planning within the 

accessibility regions Jfl//* by showing a retraction exists that takes tfijk onto an invertible three-equidistant 

face Tfijk- Secondly, the set <RK U !/?D was then shown to connect adjacent accessibility regions (Lemma 

4.17), thus ensuring R forms a connected roadmap of freespace.



"Of all men's miseries the bitterest is this: to 
know so much and to have control over noth­ 
ing."

Herodotus

Following Roadmap Segments using 

Nonsmooth Control Laws

In this chapter we present a number of nonsmooth control laws that allow the robot 3{ to explore the 

nonsmooth roadmap NCRrr+NGVG defined in Chapter 4. After briefly reviewing some relevant concepts 

from control theory in Section 5.1 and reviewing a smooth control law on which our technique is based in 

Section 5.2 we begin examining the four control laws. In Section 5.3 we present a nonsmooth control law 

that allows 3( to follow an invertible three-equidistant face TFijk, in Section 5.4 we present a nonsmooth 

control law that allows 3\. to localise an invertible four-equidistant face IFiju, in Section 5.5 we present a 

nonsmooth control law that allows JH to follow a diameter extrema edge £)?., in Section 5.6 we present a 

nonsmooth control law that allows 3\ to follow a critical set edge Kf.. Finally, in Section 5.7 we examine 

the stability of the four control laws in previous sections. Let us start with the promised review of control 

theory.

5.1 Short Overview of Applicable Control Theory

In this section we briefly describe the concepts of a standard control system and stability, and provide a 

few useful definitions that enable us to understand the nonsmooth control laws presented in Sections 5.3,
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5.4 and 5.5.

The standard control system is given by

where / : R x R" x W -» R", t is time, x(f) is position, x(i) is x(f)'s derivative with respect to time, and u(f) 

is the control function. When there are no control inputs u(t) and x(t) has no explicit time dependency (as 

is the case in our work), then the system

(5.1)

is referred to as an autonomous differential equation. A trajectory x(-) of the differential equation is taken 

to mean an absolutely continuous x : [a, b] -> R" which, together with x(t), satisfies 5.1. In the classi­ 

cal theory of differential equations, f(x(t)) must be continuous, however the nonsmooth control theory 

outlined in [17] makes no such requirement.

A point x is an equilibrium point of the system 5. 1 if x(t) = x for all t > a. In other words, if at time a 

the system is in configuration x, and x is an equilibrium point, then the system will remain in configuration 

x indefinitely. The equilibrium point x = 0 is said to be stable if, for any e > 0, there exists 8 > 0, such that 

|| x(0) || < 8 implies || x(f) \\< e for all t > 0. In other words, the system trajectory can be kept arbitrarily close 

to the equilibrium point by starting sufficiently close to it. Stability can be verified by using the simple and 

very commonplace notion of Lyapunov functions. Suppose that smooth V(x) exists such that:

• Positive definiteness: V(x) > 0 for all x e R"

• Infinitesimal decrease: <W(x), /(x)> < 0 for all x e R"

It follows that x = 0 is stable [17].

In [17], the notion of Lyapunov stability is extended to include nonsmooth V(x), which we use in 

Section 5.7 to verify the stability of our nonsmooth control laws. This is accomplished by modifying the 

infinitesimal decrease property to

<C, /(x)> < 0 for all C e dV(x) and for all x e Rn . (5.2)
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5.2 Overview of Existing Smooth Control Law

In this section we give a brief overview of the control law used in [13] to allow a point robot ft to follow 

Generalised Voronoi Diagram (GVG) [12] segments and localise GVG nodes, which our control laws are 

based upon. The general approach is based on numerical root following, which is a technique used to trace 

the (one-dimensional) root set of a vector-valued function. The function of interest is

(di - 4

(5.3)

which has roots that coincide with the GVG—i.e. G(q) = 0 if and only if </,-(q) = <//(q) = • • • = dn (q). The 

smooth control law states that a point robot ft at configuration q should make a step in direction q

q = aNull (VG(q)) + )8VG(q)tG(q) (5.4) 

where VG(q)* is the Penrose pseudo-inverse [13] of VG(q) defined as

VG(q)f = VG(q)7(VG(q)VG(q)rr1

The terni)8VG(q)1'G(q) acts to draw the robot onto the GVG (correction term) and the term orNull (VG(q)) 

tends to draw the robot along the GVG (follow term). For general n, VG(q)fG(q) has the property

VG(q)VG(q)f = I (identity matrix)

so the correction term acts to simultaneously take (d\ - */2)(q), • • • , (d\ - </n)(q) closer to zero as long as 

ft is negative and (VG(q)VG(q)r)-1 exists—which is the case when all rows of VG(q) are nonzero and 

linearly independent. The follow term is a member of the nullspace of G(q) and so acts to simultaneously 

keep (di - d2)(q), • • • , (d\ - dn}(<\) at the same value.

In Figure 5.1 we illustrate the case when n = 2 and ft is following a GVG segment generated by Bt 

and Sj. When n = 2, the control law becomes

(dt - rfy)
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FIGURE 5.1: ILLUSTRATION OF THE 'FOLLOW' TERM aNull (VG(q)) AND THE 'CORRECTION' TERM)8VG(q)tG(q) IN
THE SMOOTH CONTROL LAW. QrNull (VG(q)) POINTS ALONG THE GVG SEGMENT AND ySVG(q)tG(q) 

POINTS TOWARD THE GVG (jF ]3 < 0).

where the follow term is simply a vector aV(di - d2)(q)-i perpendicular to V(d\ - d2)(q) and the correction 

term is the vector ' ' When w = 3, a GVG segment is defined by equidistance to three obstacles

S{, Bj and $#, and the follow term is a vector perpendicular to both V(f/, - dj)(q) and V(d, - dk)(q)—the 

follow term is effectively the cross product V(d, - d/)(q) x V(di - <4)(q).

When in the vicinity of a GVG node, a similar control law is used to localise the node. Since a GVG 

node when n = 2 is equidistant to three obstacles !B{ , Sj and Sk, the function G(q) used for localisation is

given by
(di - di)((\ G(q) = "" 
(di - 4)(q)

Since a GVG node is zero-dimensional, the follow term is of no use, and we have only a correction term

in the control law
q= )8VG(q)tG(q)

Notice that in the smooth case, both the nullspace VG(q)r and Penrose pseudo-inverse VG(q)f exist 

if and only if the rows of VG(q) are nonzero and linearly independent. In [13] this was shown to be true 

for the smooth case, and in the following section we extend to the nonsmooth case. Effectively, we show 

that all elements of <9G(q) have rows that are nonzero and linearly independent - a somewhat expected 

result. Let us begin our examination of the nonsmooth control laws in 5 £(3) based on the smooth law just 

presented.
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co{Null(C):CedG(q)}

(A)

co{CT : C e <9G(q)}G(q)

(B)

FIGURE 5.2: EXPLANATION OF NONSMOOTH CONTROL TERMS ora AND/3b. IN THIS EXAMPLE, ALL ELEMENTS OF d(di - 
dj)(q) AND d(di - dk)(q) ARE NONZERO AND LINEARLY INDEPENDENT. (A) THE SET A = co{Null (£) : 
C e dG(q)} (SCALED TO FIT nsr FIGURE). (B) THE SET B = co{£f : £ e dG(q)}G(q) (SCALED TO FIT IN 
FIGURE) WHEN (d, - d/)(q) AND (d, - ̂ )(q) ARE POSITIVE.

5.3 Following Three-Equidistant Edges

In this section we present a control law that allows 3\. to follow an invertible three-equidistant face ffijk- 
We recall that Tfijk is defined as the set of configurations where J,(q) = dj(q) = <4(q) < di(q) for all 
/ + i, j, k. This is also equivalently described as the zeros of the vector valued function G(q)

G(q) =

In contrast to the point GVG, this G(q) is composed of nonsmooth terms (di - d/)(q) and (di -

so G(q) is itself a nonsmooth function. The control law developed for following TFijk is as follows: at

configuration q, &. makes a step in the direction

q = ora+/?b (5.5)
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where the vector a satisfies

1. aeco{Null(C):CedG(q)}

2. (a, <TZ > < 0 for all <rz e (dt - </z)(q)d(4 - dz)(q), for all z e {;, •••,*} (5.6)

and the vector b satisfies

1 : C e <3G(q)}G(q) 

2. <b, crz > > 0 for all <rz e (4 - dz)(q)d(di - dz)(q), for all z e {;,-•-, *} (5.7)

As in the smooth case, the a term is a follow term and the/? term is a correction term.

Recall that in the smooth case (see Figure 5.1), the action of the follow term in Equation 5.4 is to 

move the robot so that, locally, there is no change in the value of the components of G(q). Similarly, the 

follow term in Equation 5.5 acts to minimise the change in the components of G(q) at nonsmooth points. 

Also recall that in the smooth case the correction term in Equation 5.4 acts to move the robot so that the 

components o/G(q) simultaneously get closer to zero. Similarly, the correction term in Equation 5.5 acts 

to move the robot so that as many components as possible of G(q) simultaneously get closer to zero. When 

D(q) is smooth, Equation 5.5 is equivalent to Equation 5.4 (the hulls are singletons).

The existence of vectors a and b satisfying Equations 5.6 and 5.7 is not immediately obvious, so we 

must explore this a bit further. Let us first examine the vector a.

Lemma 5.1 There exists a vector a that satisfies (1) and (2) in Equation 5.6.

Proof Let us note in general that for an arbitrary vector-valued function G(x) = [gi(x), • • • ,gn-i(x)]T ,

there does not exist a vector a satisfying

1.aeco{Null(C):CedG(q)}

2. (a, <rz ) < 0 for all az e gh(*)dgh(x), for all z e {1, •• • , n - 1}

To see this, consider a function G(x) with 0 e int(d£i(x)). For any a e RM , (a,<7i) > 0 for all <TI e 

gi(x)dgi(x). This proof thus relies critically on the nature of the d,(q)s in S £(2).

Firstly, the set A = co{Null(0 : C e dG(q)} exists if and only if Null(C) exists for all C e <9G(q). 

Null (C) exists if and only if the rows of C are non-zero and linearly independent. The first (resp. second) 

row of C is an element of d(dt - dj)(q) (resp. d(</,-rf*)(q)). Since &/,-(q)n&/X<l) = 0 for a11 * * •/• we know
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0 £ d(di - dj)(q) for all i * ; (recall Lemma 4.1). By definition of JTyt, all elements of d(d( - dj~)(q) and 

d(di-dk)(q) linearly independent. Since elements of d(4-<//)(q) and <9(</,-<4)(q) are linearly independent 

nonzero vectors, the existence of A is assured and (1) is satisfied.

Secondly, a component a e A is by construction equal to the nullspace of two vectors a-j e d(</,— <//)(q) 

and O-A; e 3(rf/ - <4)(q) and thus a is perpendicular to ±<r; and ±trk . Now, since elements of d(dt - d/)(q) 

and d(4 - 4)(q) are linearly independent and 0 g ±d(J, - £//)(q), ±d(d, - 4)(q) we can choose points 

a-j e bndy((4 - <//)(q)d(</,- - rf/)(q)) and o-* e bndy((</, - dk)(q)d(di - 4)(q)) which, along with the origin, 

define a hyperplane with normal vector a that satisfies Equation 5.6. If this wasn't the case, then we could 

find linearly dependent elements of d(dt - dj)(q) and d(dt - 4)(q)— a contradiction. Letting a = a, (2) is 

thus satisfied and the lemma follows. Figure 5.3(a) illustrates a vector a that satisfies Equations 5.6. •

Now we present a similar proof for vector b

Lemma 5.2 There exists a vector b that satisfies (1) and (2) in Equation 5.7.

Proof Firstly, the set B = co{Cf : C e dG(q)}G(q) exists if and only if £f exists for all £ € dG(q). Cf 

exists if and only if rows of £ are non-zero and linearly independent. Using the exact same argument as in 

Lemma 5.1, the existence of B is assured and (1) is satisfied.

Secondly, because d(di-dj)(q) is convex and compact, there is a cone of directions Hj where 

0 for all a-j e Hj and £_/ e d(di - dj)(q). Similarly, there is a cone of directions Hk where {&, a-*) > 0 

for all ak € Hk and £* e d(d, - *4)(q). Now, we must have Hj n //* =£ 0, since otherwise we could find 

linearly dependent elements of d(W, - d/)(q) and <9(d, - ̂ )(q) — a contradiction. By definition, the set B is 

contained in Hj n #*, so letting b be an arbitrary member of B satisfies (2) and the lemma follows. Figure 

5.3(b) illustrates a vector b that satisfies Equations 5.7. •

Lemmas 5.1 and 5.2 ensure the existence of vectors a and b, ensuring that the control law of Equation

5.5 is valid. However, existence is not enough to ensure that the control law can be implemented. The 

sets d(di - d/)(q) etc. may have an infinite number of points, so we need to ensure that vectors a and b 

can be found by considering finite subsets of d(dt - dj)(q) and d(d{ - dk)(q), ensuring a computer can find 

solutions quickly and efficiently. The proofs of Lemmas 5.1 and 5.2 provide the answer.

In Lemma 5. 1 , the vector a is the normal to a hyperplane through the origin and points a-j and ah in the 

boundary of the sets (dt - dj)(q)d(di - dj)(q) and (dt - dk)(q)d(di - dk)(q) respectively such that Equation

5.6 is satisfied. Now, we can also see that cry and ak need only be members of the support points (vertices) 

of their corresponding sets in order to satisfy Equation 5.6. Considering the subset of A constructed from
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a

d(di - dk)(q)

(A) (B)

FIGURE 5.3: ILLUSTRATION OF THE PROOFS OF LEMMAS 5.1 AND 5.2. (A) THE VECTOR a e A DESCRIBES A HYPER- 
PLANE THROUGH THE ORIGIN AND TWO POINTS (Tj £ d(dt - dj)(q) AND (Tk £ d(di ~ <4)(q) SUCH THAT
d(di - dj)(q) AND d(di - dj)(q) LIE ENTIRELY ON ONE SIDE OF THE PLANE. (B) THE CONE Hj (RESP. H^)
WHERE (£j, (TjJ > 0 FOR ALL (Tj € Hj AND £; € d(d, - dj)(q) (RESP. {&, O>) > 0 FOR ALL (Tk £ Hk
AND & e d(di - *4)(q)) AND A VECTOR b e B c Hj^ n Hk . REFER TO FIGURE 5.2 TO SEE THAT a 6 A
AND b € B.

the vertices of d(di - dj)(q) of d(d, - dk)(q) is sufficient to find a suitable vector a. Similarly, since the 
vector b can be any member of the set B, it is sufficient to consider only those elements of B constructed 
from vertices of d(di - dj)(q) and d(dt - ̂ )(q)- In order maximise the amount of correction, it is suitable 
to select the vector b that results in the each element of G(q) decreasing the fastest.

5.4 Localisation of NCwi+NGVG Nodes

In this section we present a control law that allows 3\ to localise an invertible four-equidistant face TFiju. 
We recall that J^y« is defined as the set of configurations TFifr n FFiji n FFju and is assumed to be 
one-dimensional. This is also equivalently described as the zeros of the vector valued function G(q)
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Since the Tfijkl is one-dimensional, the follow term in Equation 5.5 is not needed. The control law used 

to follow localise Ifiu is thus

(5.8) 

where the vector b satisfies

2. <b, <TZ > > 0 for all <rz e (d{ - dz)(q)d(di - dz)(q), for all z e {;,•••,/} (5.9)

The assumption that Tfiju is one dimensional is equivalent to assuming all elements of (dt - rf/) 

are linearly independent from (of, - d,)(q) + (dt - <4)(q) (recall from Chapter 4). Since (dt - dj)(q) and 

(di - <4)(q) are linearly independent, we know 0 g (dt - dj)(q) + (dt - 4)(q). We can thus use exactly the 

same argument as in Lemma 5.2 to show that a vector b exists that satisfies Equations 5.9.

5.5 Following Diameter Extrema Edges

In this section we present a control law that allows 3\ to follow a diameter extrema edge £)*.. We recall..

that £)?. is defined as the one-dimensional set of configurations where the witness vectors ab, and ab; 

have the same angle between themselves and the orientation vector [cos(0 + #), sin(0 + #)]r . This is also 

equivalently described as the zeros of the vector valued function G(q)

Where ̂ (q) = tan- 1 ( J^+tan-1 (^||)-20-2# as described in Chapter 4. The control law developed 

for following Dj. is the same as for following JFtjk

x = aa+/3b (5.10)

but with a special caveat. In the case for following JJTyt, the proofs of Lemmas 5.1 and 5.2 were based 

partially on the fact that 0 g (<// - </z)(q) for all n € [j, • • • ,n}, thus ensuring that the sets A and B 

exist. Recalling the proof of Lemma 4.13 that establishes £>J is one-dimensional — which is based on the 

calculation of <9/iy(q) in Appendix C — we know that 0 can in fact be an element of dfij(q) (see Case 9
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in Appendix C). To accommodate this, we simply remove the element 0 from consideration. In Section 

5.7.2, we will see this has no effect on the stability of the control law of Equation 5.10.

Denote the two rows of an element C e dG(q) with Ci 6 d(dt - </;)(q) and & e d/j/q). In Equation 

5.10, the vector a satisfies

1. a e co{Null (0 : C e <5G(q),C2 * 0}

2. <a, <TI> < 0 for all (TI e (</,- - dj)(q)d(di - </y-)(q)

3. (a, 0-2) < 0 for all <r2 € ^(q^/q) (5.11)

and the vector b satisfies

2. <b, o-i ) > 0 for all <n e (</,- - dj)((\)d(di - J/)

3. <b, 0-2) > 0 for all <r2 e ^(q)^(q) (5.12)

Notice that we only use elements £ with a second row that is nonzero £2 =£ 0. With this restriction, 

elements of d( J, - d/)(q) and d/,/q) \ 0 are nonzero and linearly independent so A and B exist, and the 

vectors a and b exist by the exact same arguments as in Lemmas 5.1 and 5.2.

5.6 Following Critical Set Edges

In this section we present a control law that allows ft to follow a critical edge K?.. We recall that Kfj is 

defined as the subset of critical configurations where the distance D(q) = d remains constant. This is also 

equivalently described as the zeros of the vector valued function G(q)

Where /j/q) = d/(q) - d as presented in Chapter 4. The control law developed for following K*. is the

x = aa+/3b (5.13)
same as for following D®.
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where the vector a satisfies

1. aeco{Null(C):Ce5G(q)}

2. <a, o-i > < 0 for all o^ 6 (^ - dj)(q)d(di - dj)(q)

3. (a, <r2 > < 0 for all cr2 e fj(q)dfj(q) (5. 14)

and the vector b satisfies

2. (b, <TI) > 0 for all en e (d, - dj)(q)d(di - dj)(q)

3. (b, <72 > > 0 for all a2 e fj(q)dfj(q) (5.15)

In this case, 0 £ d/j(q) so elements of d(dt - d/)(q) and 5/; are nonzero and linearly independent so A 
and B exist, and the vectors a and b exist by the exact same arguments as in Lemmas 5.1 and 5.2.

5.7 Stability

In this section, we examine the stability of the four control laws developed in Sections 5.3, 5.4, 5.5, and 

5.6. Section 5.7.1 deals with the first two cases, and Sections 5.7.2 and 5.7.3 deal with the remaining cases 

respectively.

5.7.1 Stability of Following %Fijk and Localising ITijkt

In this section, we examine the stability of following three-equidistant edges J!Ty* and localising three- 

equidistant nodes J!Tyw, both of which are zeros of a function G(q) of the form

G(q) =

t - dn)(q)

(5.16)
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Let us consider the following positive definite Lyapunov candidate function V(q)

which is a measure of the 'distance' from the NCRir-tNGVG. The generalised gradient of V(q) is calculated 

using the calculus rules in Chapter 3 and is given by

= (di - dj)(q)d(di - rfy)(q) + • • • + (dt - 4)(qW - dn)(q)

We recall equation 5.2 which tells us in order to show stability, we need to show that <£,q) < 0 for all 

C e dV(q) and for all q e C.

Theorem 5.3 The control law q = aa +/3b is stable for G(q) of the form of Equation 5.16

Proof Take an arbitrary element GrC e dV(q). GT £ can be decomposed into a vector sum of the form

(d{ - dj)(q)(Tj + • • • + (di •,- dM)(q)cr,,, where crz e d(d, - dz)(q) for all z e [j, • • • , n}. We consider the terms

ora and/?b separately.

(ora). According to Equation 5.6, (a, crz) < 0 for all <rz e (di - dz)(q)d(di - ̂ z)(q), so as long as a > 0,

<C,aa)<OforallCedV(q). 

08b). According to Equation 5.7, (b, <rz) > 0 for all crz 6 (dt - dz)(q)d(di - dz)(q), so as long asyS < 0,

<C,j6b> < 0 for all C e <9V(q).

Since <C, ora) < 0 and <C,y8b> < 0, we have «, aa +/3b} < 0 for all C e 3V(q) and for all q € C, so the 

lemma follows. •

5.7.2 Stability of Following £>?

In this section, we examine the stability of following a diameter extrema edge Df;., which is equivalent to 

zeros of

(5.17)



M _________ ________________________ p. 100

Let us consider the following positive definite Lyapunov candidate function V(q)

which is a measure of the 'distance' from the diameter extrema edge £)J. The generalised gradient of V(q) 

is calculated using the calculus rules in Chapter 3 and is given by

<9 V(q) = (dt - dj)(qW4t ~ </y)(q) + fij(<tidfij(ti

To show stability, we need to show that (£, q) < 0 for all £ e dV(q) and for all q e C. We recall that in 

control law of Equation 5.10 we ignored the element 0 € d/iy(q). However, the proof of stability requires 

that we consider all elements of d/jy(q), so this is highlighted in the proof as a 'special case'.

Theorem 5.4 The control law q = ora + /3b is stable for G(q) of the form of Equation 5.17.

Proof Take an arbitrary element Gr£ e dV(q). Gr£ can be decomposed into a vector sum of the form

(d( - </;)(q)<ri + fij(q)(T2 or (dt - </y)(q)<n + 0 (special case), where <j\ e d(d{ - d/)(q) and cr2 e 3^-(q)\0.

We consider the terms ora and/?b separately.

(ora). According to Equations 5.1 1, (a, cr\} < 0 for all cr\ e (</,- - dj)(q)d(di - dj)(q) and <a, cr2 > < 0

for all 0*2 e ^;(q)^;(q)\0 or cr2 = 0 (special case). So, as long as or > 0, (C,»a> ^ 0 for all

C e aV(q). 

08b). According to Equations 5.12, <b, <n> > 0 for all a\ € (di - dj)(q)d(di - dy)(q) and <b, cr2 ) > 0

for all cr2 e fij(q)dfij(<l)\Q or o-2 = 0 (special case). So, as long asyS < 0, (C,/?b> < 0 for all

C e 5V(q). 

Since <C, ora> < 0 and <C,/?b> < 0, we have <C, aa +/3b)<0 for all C e <9V(q), for all q e C. •

5.7.3 Stability of Following K$

In this section, we examine the stability of following a diameter extrema edge Kfjt which is equivalent to 

zeros of

G(q) = (5.18)
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Let us consider the following positive definite Lyapunov candidate function V(q)

which is a measure of the 'distance' from the diameter extrema edge £>f. The generalised gradient of V(q).

is calculated using the calculus rules in Chapter 3 and is given by

/y(q)a//q) 

To show stability, we need to show that (C,, q) < 0 for all £ e 5V(q) and for all q e C.

Theorem 5.5 The control law q = aa +/3b is stable for G(q) the form of Equation 5.18.

Proof Take an arbitrary element GT C, e dV(q). GT C, can be decomposed into a vector sum of the form

(di - dj)(q)(Ti + fj(q)(T2 where cr\ e d(c?, - d/)(q) and cr2 e d//(q). We consider the terms ora and /2b

separately.

(ara). According to Equations 5. 14, (a, o^) < 0 for all cr\ e (dt - dj)(q)d(di - dj)(q) and (a, cr2) < 0 for

all <72 € fj(q)dfj(q). So, as long as a > 0, (C, oa> < 0 for all C e dV(q). 

08b). According to Equations 5. 15, <b, 0-1 > > 0 for all <TI e (f/( - dj)(q)d(di - dj)(q) and <b, <r2) > 0 for

all (T2 e fj(q)dfj(q). So, as long as/3 < 0, <C, W < 0 for all C e <9V(q). 

Since <£, ora) < 0 and <C/?b) < 0, we have (C, aa +(3b)<0 for all C e 3 V(q), for all q e C. •

5.8 Summary

In this chapter, we presented novel nonsmooth control laws for following the invertible three-equidistant 

faces ZFijk, localising the invertible four-equidistant faces TFijki, following the diameter extrema edges 

£)f., and for following a critical set edge Kf.. These control laws were based loosely on smooth control 

laws developed in the context of the point GVG, in that the control term q had a 'follow' term ora and 

a 'correction' term /?b, but the analysis was notably different. In the smooth case, the terms ora and fib 

are immediately available directly from the definitions of nullspace and Penrose pseudo-inverse. In the 

nonsmooth case, we must check all vertex pairs of the appropriate generalised gradients in order to select 

the vectors a and b.
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Equations 5.6 and 5.7 for selecting appropriate vectors a and b to follow TFijk (and the associated 

equations for localising JTijki and following !Df. and £*) come directly from the definition of stability 

in Equation 5.2. Given the Lyapunov function candidate V(q), the controls laws were developed so that 

Equation 5.2 was satisfied. Using this technique, we successfully developed three stable control laws that 

allow a real robot to fully and completely explore the NCRir+NGVG developed in Chapter 4.



"It is often said that experiments must be made 
without preconceived ideas. That is impossi­ 
ble. Not only would it make all experiments 
barren, but that would be attempted which 
could not be done."

Henri Poincare

Simulations and Experiments

In this chapter we describe the simulations and experiments used to verify the utility of the techniques 

developed in the previous chapters. In Section 6.1 we describe a graph search algorithm developed to 

explore the NCRir+NGVG and in Section 6.2 we describe a simulator developed to test the algorithm— 

and the results of those tests. Finally, in Section 6.3 we describe the results of some experimental trials 

with a real robot.

6.1 Graph Search Algorithm

In Chapter 4, we described a mathematical structure NCRrr+NGVG that represents the connectivity of 

free space, but have not yet described how to explore this structure. Since the NCRir+NGVG is equiva- 

lently expressed as a graph (TFijki and Dfjk are nodes and TFifr and £>J. are arcs), any number of graph 

search algorithms could be used. The notable A* algorithm [25], which is guaranteed to return a shortest 

length path if one exists, is commonly used in robotics, since shortest length paths tend to minimise energy 

consumption and execution time. However, when used for sensor-based exploration, A* has several draw­ 

backs. First of all, A* is based on two weights g(q) and h(q) [38] assigned to each node q, which are used 

to decide which arc to examine next. g(q) represents the length of the path from the start node qs to q in 

the current search and /i(q) represents a heuristic estimate of the path length between q and the goal node 

qg. If h(q) is based on a poor heuristic, the algorithm tends to explore more of the graph than necessary. In

p. 103
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EQUISEARCH()
1 from qs , climb onto the nearest
2 PUSH(q, equiOPEN)
3 while &UE(equiOPEN) > 0
4 do node <— HEAD(equiOPEN)
5 move to node
6 EXPLORENODE(node)

7 while sizE(diamOPEN) > 0
8 do node <- j^diamOPEN)
9 move to node

10

method_______method operation_________ 
pvsn(node,lisf) push node onto tail of //£?. 
REMQ\E(node,list) remove node from /wf. 
HEAD(/ZS?) remove and return the head of list. 
TML(lisf)______remove and return the tail of list.

FIGURE 6.1: PSEUDOCODE FOR EQUISEARCH() AND DESCRIPTIONS OF BASIC METHODS USED IN THE PSEUDOCODE.

sensor-based motion planning, where the graph is unknown at the start of exploration, very few cues can 
be used to generate a sensible heuristic weight /i(q), so the robot tends to explore inefficiently. Secondly, 
the length-optimality of A* refers only to the length of the final path generated. While searching for this 

length-optimal path, A* spends a great deal of time returning to nodes to look for a shorter path. When 
implemented by a real robot ft, this adds to the total length of the path ft must follow while exploring. So, 
in addition to the A* solution, we have developed an algorithm geared toward the unique graph structure 

of the NCRTT+NGVG that generates sensible, if not length-optimal, paths.

Our algorithm, which we have called EQUISEARCH(), searches the graph in a modified depth-first man­ 
ner. Starting at the start node q,, the robot first climbs onto an invertible three-equidistant face Ffijk 
and then proceeds to fully explore it. As it does so, it keeps track of newly discovered four-equidistant 
nodes J!Ty« and diameter extrema nodes !Dfjk that have unexplored three-equidistant faces TFijk emanat­ 
ing from them in the list equiOPEN and new JTyws and £>?^s that have unexplored diameter extrema 
edges £>f. emanating from them in the list diamOPEN. After each three-equidistant face Ifijk is explored, 
we proceed to pop and explore every ®fjk in diamOPEN, in turn, before starting to explore another node 

in equiOPEN. In a sense, we are examining the three-equidistant faces Ifijk in succession. The search is 
finished when equiOPEN and diamOPEN are both empty. The completeness of EQUISEARCH() is assured 

since it is simply an exhaustive depth first search. Figure 6.1 gives pseudocode for EQUISEARCH() and Fig­ 
ure 6.2 gives pseudocode for two helper functions EXPLORENODE() and EXPLOREARC(). The table in Figure 

6.1 gives a few elementary list operations used in our pseudocode.
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EXPLORENODE(node)

1 for each of node's unexplored IFi^s
2 do for each direction dir of FFijk
3 do EXPLOREARc(J!F,7fc, dir)
4 return to node
5 pusn(node, equiCLOS ED}
6 for each of node 's unexplored £)]*. -s
7 do for each direction dir of £)f.
8 do EXPLORE ARC(D?, dir)
9 return to node

10 pusH(noofe, diamCLOS ED)

	:, dir)
1 while no collision
2 do move along arc in direction dir
3 if a Iftjki or Dfjk is discovered
4 then node <— -£F,yjy or D^
5 update node's visited arc information
6 if all node's JfijkS have been explored
7 then REMOVE(node, equiOPEN)
8 pusH(node, equiCLOS ED)
9 else pusH(node, equiOPEN)

10 if all node's D^5 have been explored
11 then REMOVE(node, diamOPEN)
12 pusn(node, diamCLOS ED)
13 else pusn(node, diamOPEN)

FIGURE 6.2: PSEUDOCODE FOR HELPER FUNCTIONS EXPLORENODE() AND EXPLOREARC().
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(A) (B)

FIGURE 6.3: Two SNAPSHOTS OF OUR SIMULATOR IN ACTION. (A) EXPERIMENTAL RESULTS USING THIS ENVIRONMENT 
ARE IN FIGURE 6.4. (B) EXPERIMENTAL RESULTS USING THIS ENVIRONMENT ARE IN FIGURE 6.5.

6.2 Simulations

A simulator was written to explore the NCRir+NGVG using the nonsmooth control laws of Chapter 5 and 

to examine the behaviour EQUISEARCH() and A* in a highly controlled manner. Using idealised models of 

the robot, environment and control system, the simulator allowed us to work the kinks out of code that 

would eventually be used to control a real robot. The simulator and planning code were written as distinct 

modules so that when the time came, the simulator module could be replaced by the control code for a 

real robot with a minimum of effort. Two snapshots of the simulator exploring two different environments 

shown are shown in 6.3.

6.2.1 Results

The results of several representative experiments are shown in Figures 6.4 and 6.5. In Figure 6.4, the 

environment is the same as in Figure 6.3(a) but each of the four cases uses a different convex polygonal 

Jfl. In all cases, the three-equidistant faces If^ are in the corners and ends of the channel and are all 

similarly shaped. One key difference between Figure 6.4(b) with short rectangular ^ and Figure 6.4(c) 

with a longer rectangular 3\ is that, in Figure 6.4(c), R is unable to turn a full 360° in the corners of the 

channel. In Figure 6.5 the environment is the same as in Figure 6.3(b), but again the two cases use different 

3\s>. In this case, notice that the NCRrr+NGVG is more 'net-like' since many more Djs meet up with a 

given ITijk.
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= D

FIGURE 6.4: SEVERAL EXAMPLES OF EXPERIMENTAL TRIALS. IN ALL CASES THE ENVIRONMENT is THAT IN FIGURE 
6.3(A).

6.2.2 Comparison EQUISEARCH to A* Algorithm

We compared EQUISEARCH() to A* one the basis of total distance travelled by the robot (both translational 

and rotational) while exploring NCRir+NGVG. We first ran EQUISEARCH() to generate a complete roadmap 

NCRrr+NGVG for several combinations of environment and robot shape, some of which are shown in 

Figures 6.4 and 6.5. During these searches, as each node (Tfi^i or !Dfjk) was first created, a note was 

made of the distance the robot had travelled up to that point. Then, for every node q e NCRir+NGVG, A* 

was run to see what distance the robot would have travelled while searching for the shortest path from q, 

to q. In all of our trials, A* generated total motions at least three times the length of those generated by 

EQUISEARCH(). This is substantially longer than paths generated by EQUISEARCH(), and verifies the utility of 

EQUISEARCH() for exploring the NCRrr+NGVG.
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FIGURE 6.5: SEVERAL EXAMPLES OF EXPERIMENTAL TRIALS. IN ALL CASES THE ENVIRONMENTS is THAT IN FIGURE 
6.3(B).

6.3 Experiments with a Real Robot

In order to fully demonstrate that exploration of the NCRrr+NGVG is in fact practically feasible, we need 
to fully implement our techniques in a real robot. Verification by simulation is useful for working the kinks 
out of the techniques, but is just not sufficient to show conclusively that the contributions of this thesis are 

useful. This section does this.

The mobile robot used for our experiments is the Acroname PPRK (Palm Pilot Robot Kit) developed 
and licensed by Carnegie Mellon University [52]. A photo of the PPRK is shown in Figure 6.6(a). The 
PPRK is a simple robot that accepts RS232 (serial) data to control three omni-wheels, which allow motion 
transverse to the rolling direction, in an open-loop manner. By controlling the velocity of each wheel 
individually, the PPRK is able to move holonomically. To obtain closed loop control of the PPRK's 
velocity, and thus enabling the PPRK to implement the control laws of Chapter 5, we close the control 
loop with a camera and off-board control computer (see Figure 6.6(b)). The visual-servo loop created is 
described in Appendix D, so we don't go into any detail in this chapter. Suffice to say we can implement 
the control laws in Chapter 5 by controlling the PPRK's velocity q at a given moment. The camera system 
is also used to determine the distance 4(q) between the PPRK and obstacles in its environment. The fine 

details of this procedure are also detailed in Appendix D.

6.3.1 Results

The results of three representative experiments are shown in Figures 6.7. In both figures, a snapshot of the 
environment is shown in (a), a diagram showing the results of a simulation is shown in (b), and a diagram
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camera

images

control computer
\

control signals

(A) (B)

FIGURE 6.6: SCHEMATIC OF THE EXPERIMENTAL APPARATUS. (A) THE ACRONAME PPRK (PALM PILOT ROBOT Krr) 
ROBOT. (B) THE CLOSED-LOOP CONTROL RELATIONSHIP BETWEEN THE ROBOT #, CAMERA AND CONTROL 
COMPUTER.

representing the motion of the PPRK during an actual trial is shown in (c).

A key observation made during the actual experiments, and one well understood by anyone with even 

a basic knowledge of digital control systems, is that a system that is stable under a continuous control law 

(as in Chapter 5) may not be stable under the same law when control inputs and outputs are generated at 

discrete time intervals — with the performance being worse the longer the time interval. In our system, the 

sample rate is constrained to the relatively slow framerate of the video system — 25 samples per second1 . 

In addition, the control signals sent to the PPRK are subjected to a significant time lag due to a rather 

slow 9600 baud serial connection. Since the field of nonsmooth digital control systems does not yet exist, 

determining suitable values for the follow gain a and correction gain/? is subject to an element of trial and 

error. By trial and error, we determined that to obtain satisfactory curve following, the gains must satisfy 

|/3| > \a\, although if |/?|/|or| is too large, the system tends to oscillate badly.

Another factor that may have lead to the marginal stability of the control system was the use of a first 

order numerical integrator to solve q = aa + fib = /(q(0)- In our discrete system, used the simplistic 

approximation q = ^^- for velocity, and our solver was effectively

which is the well known Euler method. Some improvement in the stability may have been realised by

1 We were unable to compensate for this by slowing the robot down since the PPRK's servo motors had a fixed gearing which was 
incompatible with very slow speeds.
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RAW IMAGE

RAW IMAGE

RAW IMAGE

SIMULATION

(A) - EXPERIMENT #1 (3\ = V/)

SIMULATION 
(B) - EXPERIMENT #2

SIMULATION

(c) - EXPERIMENT #3

EXPERIMENT

EXPERIMENT

EXPERIMENT

FIGURE 6.7: THREE EXPERIMENTAL TRIALS.
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using a higher order terms (i.e. position information from a few timesteps back/forward).

It is useful to contrast the results of the real trials with the simulations. Because the stepsize in a

simulation can be made arbitrarily small, the simulated PPRK can be made to follow the three-equidistant

faces Fftjk and diameter extrema edges £)* arbitrarily closely, thus more closely representing a continuous

control system. Notice in the experimental trials that the PPRK does not follow OF^ and £>*. as closely as

the simulations, so in practise the PPRK is unable to follow J!Fy* and £>?. when the distances dt(q), dj(q)

etc. are below a certain threshold. In our experiments, this threshold was about 5 cms—about 10 pixels in

a grabbed image of 640 x 480 pixels. As well, the existence of fish-eye distortion in the camera system

causes the true distance between the robot and the obstacles to differ somewhat from the distance in the

grabbed image. This also affects the ability of the PPRK to follow roadmap segments where J,-(q), dj(q)

are below the threshold. The threshold mentioned above takes into account this distortion as well. Finally,

the control system had a tendency to oscillate a great deal more when using the PPRK due to the nature of

selecting a and/3. These oscillations appear in Figure 6.7 as places where the PPRK tended to 'linger'—a

high density of polygons in a particular area. It is quite evident nonetheless that the NCRir+NGVG can be

followed by a real robot and that the theory developed in the preceding chapters is of practical importance.

6.4 Summary

In this chapter we have implemented simulated and real robotic systems that explore the NCarr+NGVG 

described in Chapter 4 using the nonsmooth control laws developed in Chapter 5. Firstly, a specialised 

depth-first search called EQUISEARCH() was developed for exploration of the NCRir+NGVG, and was subse­ 

quently shown in simulation to be more suitable for sensor-based exploration than the A* algorithm. This 

is due to A*'s requirement for a good heuristic estimate h(q) of the distance to the goal and it's general 

backtracking behaviour when looking for shorter paths. Secondly, a software system was developed to 

simulate a polygonal shaped robot J{ in an environment cluttered with polygonal obstacles $,. The sim­ 

ulations were used to fine-tune behaviour of the control algorithms (determine suitable a (following) and 

ft (correction) terms) and to determine suitable tolerances and thresholds required to detect NCRir+NGVG 

nodes. Finally, once satisfied with our implementation of EQUISEARCH() and the control algorithms, we 

implemented a real robotic system based upon the Palm Pilot Robot Kit (PPRK). Using a closed-loop vi­ 

sual servoing control system, the PPRK was able to explore the NCRir+NGVG for a number of test cases, 

verifying the practicality of the theory developed in the preceding chapters.



"The strongest arguments prove nothing so 
long as the conclusions are not verified by ex­ 
perience. Experimental science is the queen of 
sciences and the goal of all speculation."

Roger Bacon

Conclusions

The theory of sensor-based motion planning, although examined in previous works, has always been hin­ 

dered by the simplifying smoothness assumptions on the distance functions dt(q) and D(q). This thesis' 

main contribution is an examination of the problem from the point of view that we simply should not use 

an assumption that is obviously incorrect, and that we need to approach the problem from a different angle. 

We have shown that nonsmooth analysis provides a new approach to study the problem and provides the 

necessary tools to construct a topology representing network of freespace—the main goal of all motion 

planning algorithms.

The key to the usefulness of nonsmooth analysis, and in particular the generalised gradient, being so 

useful is its highly geometric nature in finite dimensional configuration spaces. The convex hull is such a 

widely used concept in computational geometry, solid modelling and robotics, that practitioners have little 

difficulty grasping the basics. The calculation of the generalised gradient can be tedious (see Appendices A 

and C), but is not particularly difficult to accomplish. As well, nonsmooth analysis allows the development 

of theorems analogous to the smooth variants, in our case the tremendously powerful preimage theorems, 

since one needs only to extend the notion of a normal vector of a manifold to the normal cone of a set. It 

is for these reasons that we believe nonsmooth analysis should find many applications in robotics.

Our implementation of a real robotic system that implements the theory developed in this thesis further 

illustrates the practicality and utility of the underlying analysis.

p.112
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7.1 Future Work and Possible Improvements

In this thesis, we have presented a detailed nonsmooth analysis of the distance function D(q) for arbitrary 

configurations spaces, but have only presented a planning algorithm for 5 E(2). Therefore, a key topic of 

future research must be to extend these techniques to higher dimensional configuration spaces in much the 
samewaj ' r '~ ' *"" ' ' ._...... ~~ ..

problem.

future research must be to extend these techniques to higher dimensional configuration spaces in much the 

same way that [40] extended [15] using the smoothness assumptions. This is obviously a very difficult

The key improvement we envision is to equip the robot with on-board distance sensors, so that it is 

able to explore beyond the confines of the ceiling camera's field-of-view. Two possibilities for on-board 

distance sensor are sonar or a laser range finder. Given our algorithm's requirement for reasonably accurate 

distance measurements, a sonar setup is probably less useful that the range finder, given it's poor angular 

resolution. Given that commercially available range finders are of generally the same size as our Palm 

Pilot robot, a new, larger mobile robot will need to be purchased. In addition, the new mobile robot must 

be equipped with a proper on-board processing system so that it can deal with the large quantity of sensor 

data supplied by the range finder.



Generalised Gradient of the Single 

Object Distance Function ddi(q) in
SE(3)

In this section we develop expressions for the generalised gradient ddt(q) of the single object distance 
function J,(q)between a convex polyhedral robot 3( and a convex polyhedral obstacle Si . These deriva­ 
tions are new to the literature and are essential tools used to climb onto and follow <Rcvc segments in 
configuration space C. Figure A.I shows the environment used to determine <9d,(q). The distance function 
used is the minimum distance between all points on the robot Jft and obstacle Si

= mm ||a -
ae,7I(q) 
beS,

where q e 5 £(3) and ft(q) is the set of points occupied by the robot at configuration q. The points on 
the robot 3\ and obstacle St closest to each other are a = [ax, ay , az] T and b = [bx, by , bz] T respectively. 
We use the additional notation a = [ax, ay , az] T to represent the coordinates of a in the robot's coordinate

p. 114



§A p.115

FIGURE A.I: GRADIENT OF DISTANCE IN SE(3). a AND b ARE THE CLOSEST POINTS ON THE ROBOT tf. AND OBSTACLE
Si RESPECTIVELY, a REPRESENTS a IN J?Ts COORDINATE FRAME Jft. f'W IS THE WORLD COORDINATE 
FRAME.

frame J&. The minimum distance then is given by

(by - (bz - az)

Let [x,y,z]T be the location of the origin of J& with respect to (F<w's> origin. To parameterise the 

rotational degrees of freedom, we choose the Euler angle parameterisation of 5 0(3) with the three angles 

0, 9 and ^ (see [38] for an excellent description). 0 represents a rotation about the z-axis of ̂  resulting in a 

new coordinate frame !^, 6 represents a rotation about the y-axis of ̂  leading to another new coordinate 

frame J^ and ^ represents a rotation about the z-axis of ^' resulting in the final configuration of the 

robot's coordinate frame. Using the shorthand notation c - cos and s = sin, the composite rotation matrix 

is given by

C(f>c\f/ s<f)s6 

sOsi// cG
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where

c(j> -s(f) 0

S(f> C0 0

001

R* =
cO 0 sO

0 1 0

-sO 0 c6>

R^ —
C(^ -s^r 0

sfi c\li 0

0 01

We use the notation Rtj to represent the nine entries of the composite rotation matrix. This helps keep the 

subsequent matrix formulae to a reasonable size. The world coordinates of a are

a =
X

y
z

#11 #12 #13

#21 #22 #23

#31 #32 #33 a7

h ayR22 + azR23 

z + axR3 i + ayR32 + azR33

(A.1)

Using the calculus of the generalised gradient presented in Chapter 3, we know dd,(q) is a subset of the 

right hand side of

ddt(q) C - ax)(dbx - dax) + (by - ay)(dby - day) + (bz - az)(dbz -

The generalised gradient terms dax , dbx etc. can themselves be found to be subsets of sets using the 

calculus of Chapter 3. Since elements of the rotation matrices R^ are smooth, we know dRij = VRy. By a 

similar argument dx - Vx, dy = Vy and dz = Vz and so we have

aVRdax c jc ajn axn

day c Vy + daxR2i + axVR2i + dayR22 + ayVR22 + dazR23 + axVR23

daz c (A.2)

It turns out we cannot simply determine the individual generalised gradients (dax, dbx etc.) and plug 

these into Equations A.2 because the terms ax, bx etc. are in fact nonsmooth and nonconvex in general. 

To see these terms are nonsmooth and nonconvex, consider Figure A.2 which shows the terms ax, bx and 

abx as a vertex of ft moves to the right (increasing x). A nonsmooth point occurs at the x-coordinate of 

fl,-'s vertex. At those points where these terms are nonsmooth, the calculus of the generalised gradient
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ah*

(B) 

FIGURE A.2: ax , bx AND abx ARE NONSMOOTH IN GENERAL. (A) A VERTEX OF THE ROBOT ft is THE CLOSEST POINT TO
THE OBSTACLE Si (THE FIGURE SHOWS A POLYGONAL ft/Si IN 5 E(2)). As THE VERTEX MOVES RIGHT

(INCREASING *), A NONSMOOTH POINT OF bx AND abx OCCURS AT THE ^-COORDINATE OF THE VERTEX. 
GRAPHS OF ax , bx AND abx ARE GIVEN TO FURTHER ILLUSTRATE THE NONSMOOTH POINT. (B) bx is
NONSMOOTH WHEN a - b IS NOT IN THE INTERIOR OF Ns,.(b), AS IS THE CASE FOR HI - b.

will result in a set of points for the right hand side of Equations A.2, so <9d,(q) cannot be said to contain 

a single point when there is a single closest point on ft and St. In order to show ddf,(q) contains a single 

point when there is a single closest point a on ft and a single closest point b on St , we need a different 

approach. To determine dd,(q) we recall Corollary 3.4 which gives the following expression for <90(x) for 

a finite dimensional domain.

= co{lim

and present Lemma A. 1.

Lemma A.I The terms dax , day , daz , dbx, dby and dbz all contain a single point (ax etc. are smooth) if 

and only if there is a single closest point a on 3( and a single closest point b on Si such that

1. a - b is in the interior of Nsfo); and

2. b - a is in the interior (A.3)

Proof (IF) Figure A.2(b) shows the meaning of Conditions A.3. The witness vector a2 - b is in the 

interior of NSi (l>) but ai - b is not. Let there be two single closest points a on ft. and b on Si satisfying 

Conditions A.3. For two convex polytopes ft and Sh there are a number of ways these single points can
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exist— vertex- vertex, vertex-edge, vertex-face and edge-edge. The other combinations edge-face and face 

face always lead to multiple closest points, by the convexity of J{ and St . Let us consider each case in 

turn.

a is a Vertex of ft and b is a Vertex of fBt

This is the simplest of the cases. Because the closest points a and b satisfy Conditions A. 3, there exists a 

neighbourhood nbhd(q) where the closest point b on St does not change so

dbx = dby = dbz = Q

which all contain a single point, so bx , by and bz are smooth. Likewise, the closest point a on Jft does not 

change in Jft's frame so
dax = day = daz = 0

Substituting into Equations A.2

dax =Vax =

day =Vay = Vy + axVR2i + ayVR22

daz =Vaz = Vz + axVRu + ayVR32

Since the gradients Vax , Vay and Vaz exist, ax , ay and az are smooth.

a is on an Edge or Face of 3( and b is a Vertex of Bt

Again, because the closest points a and b satisfy Conditions A.3, there exists a neighbourhood nbhd(q) 

where the closest point b on £, does not change so

dbx = dby = dbz = Q

which all contain a single point, so bx, by and bz are smooth. However, the closest point a may change, 

so we need to show it does so smoothly. Because the closest points a and b satisfy Conditions A.3, there 

exists a neighbourhood nbhd(q) where the closest point a remains on an edge or face. We show smoothness 

by showing the directional derivative a'(x; e) = «(q+ftM(q) = £o (x; e) for eyery direction e e c [16j The
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location of b in Jfl's frame is given by

Define by H& : R3 -» R3 the map that takes a point b to the closest point a on the convex set 3(. It is 

known [16] that this a continuous and smooth function. The location of § is then

Since H^, RQ^, b and [x, y, z]T are all smooth, we have a'(x; e) = a°(x; e) is equal for all e e R6 [16], so 

dax , day and daz all contain one element, and ax, ay and az are smooth. Substituting into Equations A.2

dax =Vax =

day =Vax = Vv + VaxR2i + axVR2i + VayR22 + ayVR22 + VazR23 + axVR23

daz =

Since the gradients Va*, Vay and Vaz exist, ax, ay and az are smooth. We also make the observation that
T

since the vector ab is perpendicular to an face/edge of J?l and the vector RWJ, [ jj- , -^ , -^ ] is constrained 

to lie in the face/edge of ^ (in fact all partial vectors of all 6 coordinates are constrained to lie in the 

face/edge of &) we know

a is a Vertex of ft and b is on an Edge or Face of $,

Using the same arguments as the previous case, we know

dax = day = daz = 0
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and

dbx =Vbx 

dby =Vby 

dbz =Vbz

and

9 dbx dby dbz ] T \ ~dT' ~di' ~di\ ' a ~ b/ = Ofor a11 ' € {x,y,z,o,<f>,M

a is on an Edge of Jft and b is an Edge of £,

This is the trickiest of the cases, since both of the closest points a and b may change during any in­ 

finitesimal motion. However, because the closest points a and b satisfy Conditions A.3, there exists a 

neighbourhood nbhd(q) where the closest points remain on the edges of 3( and S^. There are only two 

directions YI and \2 that b can move (both a parallel to the edge of 2?,-)» with YI = -\2- We know then that 

b(w + te) - b(w) = b(q + te) - b(q) for w e nbhd(q) and t sufficiently small. This leads immediately to:

.o, x r b(w + fe) - b(w) b (q; e) = lim sup —————————
w— »q t
t->0+

b(q + te) - b(q)= lim —————————
(^0+ t

= b'(q;e)

and so b(q) is smooth. Using the same argument as the previous case, a = H^(/?^(b(q) - [x,y, z]T)) is 

thus smooth as well.

dbx =Vbx

dby =Vby

dbz =Vbz

dax =Vax =

day =Vay = Vy + VaxR2i + axVR2i

8az =Vaz = Vz + VaxR3 i + axVR3 i + VayR32



§A p.121

(A)

L

(B)

L

FIGURE A3: ILLUSTRATION OF MEASURE ZERO SETS Si AND S 2 . (A) IT is POSSIBLE TO GET OUT OF THE SET Si OF
MULTIPLE CLOSEST POINTS WITH AN INFINITESIMAL ROTATION. (B) IT IS POSSIBLE TO GET OUT OF THE SET 

S2 WHERE THE SINGLE CLOSEST POINTS VIOLATE CONDITIONS A. 3 WITH AN INFINITESIMAL TRANSLATION.

Again, since the gradients Vax , Vay and Vaz exist, ax, ay and az are smooth.

(ONLY IF) Let there be two single closest points a on ft and b on £, that do not satisfy Conditions 
A.3. For some small motion of ft, a closest point a/b will switch to an edge/vertex/face, and the velocity 
(direction of point motion) of the point will necessarily stop or change direction, leading to a nonsmooth 
da or <9b term. To illustrate, Figure A.2(b) shows that bx is nonsmooth when a - b is not in the interior of

A.1 The Final Step

Recalling Equation A.3 from earlier in this appendix, we can see that dd,(q) can be determined by

q, S,

By definition, the sequence points q& cannot be elements of the set of nondifferentiable points Orfp other­ 
wise Vrf,-(qjO would not exist to take the limit of. More importantly for our problem is the fact we can also 
exclude q* from any set S of measure zero when taking the limits lim V</,-(q*). Lemmas A.2 and A.3 are 

used to construct a set S appropriate to our needs.

Lemma A.2 The set of configurations S i where there exists a set of multiple closest points P has measure 

zero in Cr -
Proof If there are multiple closest points, then those closest points must lie on edges a of ft and b of Si. 
For a particular edge-edge combination a,b, the set of configurations S iab where the exist multiple closest 

points corresponds to a constant orientation hyperplane (if ft rotates, there will no longer be multiple 

closest points), which has measure zero. Since there are a finite number of edge-edge combinations, the
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set 5 1 = (Ja,bS \ab has measure zero as well. •

Lemma A.3 The set S 2 of configurations where there exists a single closest point a on ^ and a single 

closest point b on ^ such that Conditions A.3 are violated has measure zero in Cr . 

Proof For a particular vertex- vertex combination a,b, the set of configurations S 2ab where the exists a 

single closest point a on ^ and a single closest point b on Bt such that Conditions A.3 are violated, 

correspond to motion where a is constrained to a line segment. Configurations resulting from motion 

satisfying this constraint are known [38] to be a measure-zero submanifold of 5 £(2). Since there are a 

finite number of vertex- vertex combinations, the set 5 1 = Ua>fcS \ab has measure zero as well. •

Setting 5 = 5 1 U 5 2, we can now show d/(q) is smooth whenever a single closest point a on 9\. and a 

single closest point b on &i exist by showing that all gradient limits approach a single point £

= £ for all qk -> q, qk £ S, qk < 

This single point is then the gradient £ = Vd,(q). The gradient term lim W/Cq*) (in long form) is

- ax)(dbx - dax) + (by - ay)(dby - day} + (bz - az)(dbz - da,}}

- ax)(Vbx - Vax) + (by - ay)(Vby - Va,) + (bz - az)(Vbz - Vaz))

- ax)(Vbx - (Vx + VaxRn + axVRn + VayRn + ayVRl 

(by - ay)(Vby - (Vy + VaxR2i + axVR2i + VayR22 + ayVR22 

(bz - az)(Vbz - (Vz + VaxR3 i + axVR3l + VayR32 +

It the above equation we must note that all the terms are calculated at q*, since q is the accumulation point 

of the limit. A number of cancellations occur in the above equation, the first being

(bx - ax)Vbx + (by - ay)Vby + (bz - az)Vbz = 0
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since either Vbx = Vby = Vbz = 0, or the components ([fs ̂ f-, ^f, a - b) = 0 for all i e [x,y, z, 9, <f>, #}. 
Similarly,

(bx - ax)VaxRn + (by - ay)VayRi2 + (bz - az)VazRl3 + 

(bx - ax)VaxR2l + (by - ay)VayR22 + (bz - az)VazR23 + 

(bx - ax)VaxR3l + (by - ay)VayR32 + (bz - az)Vaz/?33 = 0

since either Vax = Vay = Vaz = 0, or the components (/^[fs ̂ , f^]T ,a-b) = 0 for all i e 
{jc, y, z, 9, (j>, ^}. The remaining term

(ax - bx)(Vx + axVRu + ayVRn + axVRl3 )+ 

(ay - by)(Vy + axVR2l + ayVR22 + axVR23 )+ 

(az - bz)(Vz + axVR3l + ayVR32 + axVR33)

is a smooth function, and so lim V^(q^) = <^ for all 
of ddt(q) - Vf/,(q) for this smooth case.

q. Appendix B gives details of the calculation



Gradient of the Single Object Distance 

Function Vd|(q) in SE(3) (smooth case)

In this section we develop expressions for the gradient of the distance function Vrf,(q). Figure B.I shows 

the environment used to determine the Vc/,(q). The gradient W,(q) has components ^^, ^^, ^j^-, 

^P' ^6^' ^wT - The *» y an£* z components a1"6 all determined a similar manner, while the 0, 9 and ty 

component require a bit more mathematical acrobatics. We start with the x component of the gradient.

ldbx dax \ Idby day \ \/^ ^ 
I dx dx I y y \ dx dx) z \ dx dx

which can be considered a inner product of the form

i ((b - a),A(b _ a)
dx <*i(q) dx

The partial derivatives of a are determined from Equations A. 1

p. 124
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FIGURE B.I: GRADIENT OF DISTANCE IN SE(3). a AND b ARE THE CLOSEST POINTS ON THE ROBOT ft AND OBSTACLE
&i RESPECTIVELY, a REPRESENTS 3 IN Jfl's COORDINATE FRAME J&. <F<W IS THE WORLD COORDINATE 
FRAME.

Substituting into Equation B.I

dax
dx 
day
dx 
daz
Hx

dax

~dx

dax day da^
dx dx dx 

day da,
+ ^^22 + ~

ox dx

+ ^32 + ~i
dx dx

(B.2)

bx -ax
by — tty

bz -az
y

lx
~dx

. ~dx .

—

1

0
0

—

d&*

(B.3)

It is readily apparent that the vector (b - a) is orthogonal to the tangent spaces of the boundary of the 
obstacle St at b as well as the robot tf. at a. The vector [f-f, ^, ̂ ]r , or the vector of partial fractions 
with respect to any of the degrees of freedom for that matter, is an element of the tangent space of the 
boundary of Bt . As well, R0,0^[ff, |£, f£] is an element of the tangent space of the boundary of #. 
So, these terms disappear from inner product of Equation B.3. The resulting inner product of (b - a) and 

[-l,0,0]r is

1
dx

(ax - bx)

Using the same approach, we determine



§B p. 126

dy

The gradient components corresponding to the rotational degrees of freedom require a bit more work. 

Let us first consider ..
O(p

d(f> 50

Since the /?,/s are dependent on 0, we need to apply the multiplication rule to the partial derivatives with 

respect to 0. The resulting terms are more complicated than the x components in Equation B.2.

da* 
50
dCLy"50

50

50

50

d<f>

5tf,
+

* 50 50 
A 5fl2i dflj

7?12

+ fl,

50
5*31 dav

d<t> 50

50

50 + 50
5/?23

A 5fl32 5az 5fl33 + flv-r— + -^-*33 + az ——
d<t> 50 d(f>

Once again, the inner product of Equation B.I can be split into a number of components.

bx -ax

by — dy

b7 -a7

dbx 
d(j> 
dby da, 

d<t>

ax 

ax

flr

a

fl^

8<t>

z d<f>

_ t«*23.
"z 30
A 3fl33az~^f

(B.4)

Using the same reasoning regarding (b - a) being orthogonal to the tangent spaces of the boundaries of 

both ft. and £,, the first two components of the right hand side of the inner product in Equation B.4 are 

nullified. Expanding the partial derivatives of the 7?,/s, we are left with the following
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d(f>

bx -ax

by — dy

b7 -a7

ay(s<f>c6sif/ -

-ax(c<f)c6c\l/ -

az(s<f>sO) 

az(c(j)s9)

0

(B.5)

The second term of the inner product in Equation B.5 looks very similar to R^.^a. In fact, if we set 

U = R^e.^a, then it can be represented as a transformation QU, where Q is some 3x3 transformation 

matrix. In the case of the 0 component of the gradient, the inner product of Equation B.5 is equal to

d<t>

1
<£(q)

bx -ax

by — CLy

bz -az

bx -ax

by — CLy

bz -az

i

T

0 10
-100

000

0 1 0 '
-100

000

' Rn

/?21

/?31

ux
Uy

. U* .1 ( (b-a)x U)z

/TT KX /« U\\

ax

a
.a

The 0 component of the gradient is equal to the scalar z component of the cross product of U and (a - b). 

The 9 and ^ components of the gradient are determined in similar manners. However, in these cases the 

transformation matrix Q is dependent of 0 and (0,0) respectively.
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4(qj

1
di(q)

bx -ax

by — dy

bz -az

bx -ax

by — dy

bz -dz

1

T

0 0 -c0

0 0 -50

C0 50 0

#11 #12 #13

#21 #22 #23

#31 #32 #33

ax

dy

dz

0 0 -c0

0 0 -50

C0 50 0

ux
Uy

uz

4(q)

The d component of the gradient is equal to the y component of the vector U x (a - b) transformed by the 

matrix RT 1 .

~d7ti

1
^z(q)

bx -ax

by - dy

bz -az

bx -ax

by — dy

bz -az

I

T

0 C0 -5050

-C0 0 C050

5050 -C050 0

0 C0 -5050

-C0 0 C050

5050 -C050 0

#11

#21

#31

ux
Uy

Uz

R: 1 ((b-a)xU))z

The 0 component of the gradient is equal to the z component of the vector U x (a - b) transformed by the 

matrix R^RT 1 .

The gradient of the distance function d/(q) is the 6 x 1 vector
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(a-b) 

(U x (a - b))z

As noted in [15], the distance gradient reflects the lack of bi-invariance of all metrics in 5 £(2) and 

S E(3). A left-invariant metric in S E(3) is one for which given any two points pi,p2 ^S E(3), the distance 

between the points d(pi,p2) is the same as d(Tpi,Tp2) for all T e 5E(3). This means changing the 

location of the world coordinate frame f'w does not affect the metric. A right-invariant metric in 5 E(3) is 

one for which given any two points p\, p2 e 5E(3), the distance between the points d(pi,p2) is the same 

as d(p\T, p2T) for all T € 5 £(3). This means changing the location of the robots local coordinate frame 

Jft does not affect the metric. It can be shown that no metric in 5 £(3) can be left and right-invariant, or 

bi-invariant.



Calculation of dfjj(q) in SE(2)

In this appendix we are going to calculate the generalised gradient 5/j;(q) of /y(q) = tan' 1 (J 

tan" 1 (^(q)) - 20 - 2# for a convex polygonal obstacle Si and a convex polygonal robot ft. Let's first 

review the notation used in this Appendix. The closest points between the robot ft and the obstacle St 

are a and b respectively. When addressing the closest points between & and multiple obstacles Bt and 

Sj, the points will be subscripted accordingly (i.e. a,-, a; , b,, b;). The components of these closest points 

are denoted a = [ax,ay] T and b = [bx,by] T (a, = [aix ,aiy]T and b,- = [bix ,biy] T if specifying a particular 

obstacle). Finally, the witness vector is ab = a - b (ab/ = a, - b, and ab; = a; - by if specifying a particular 

obstacle).

Recall Lemma A.I from Appendix A which states that f|, |*, |J, J|, g and § exist if the vectors ab 

and ba defined by the single closest points a and b are in the interior of the normal cones to ft and $,. In 

Sections C. 1 and C.2 we determine the partials of a and b when the conditions of Lemma A. 1 are satisfied. 

This information is summarised in Table C. 1.

£*- £*• anrt ^ ailCI

We consider the two cases when a is a vertex of ft (b is either a vertex of or on the edge of £,) and a is on 

and edge of ft (b is implicitly a vertex

p.130
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W 6x w dy ^r' 60
FIGURE C.I: DETERMINING PARTIAL DERIVATIVE OF a WHEN A SINGLE CLOSEST POINT EXISTS.

C.I.I a is a Vertex of ft

Figures C.l(a), (b) and (c) show the case where a is a vertex of 3{. We determine the various partial 

derivatives by adding a small component 6x, 6y or 66 to the configuration of 3( to arrive at a new location 

for the closest point anew . The resulting change in the location of the closest point 6a = anew - a is used 

to determine the partial derivative in the limit as 6x, 6y or 66 goes to zero. Let us first consider the partials 

with respect to x

dax day ]— — ,— -\ = hm 
ox ox 6x

.. (a + (6x, 0]r) - a = hm ———— - ————
6x->0 OX

..= hm
OX

=[l,0

Likewise for the partials with respect to y

da
dy'dy

= lim
6y

=[0, I
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For the partials with respect to 0, we recall (from Appendices A and B) the notation a which represents 

the coordinates of a in the robot's coordinate frame ft and Rga = (Ux , Uy] T which is the vector from the 

origin of ft to a in the world coordinate frame f'w-

ae' , y
<J0-»0

j.
<50-»o

ax, ay] T
66

- sin 6 - cos 6 

cos 9 - sin 9
[ * A ~\T ax,ayy

0 -1 

1 0
cos 6 - sin B 

sin 0 cos 0
[ax ,ay] T

=l-Uy , Uj

C.1.2 a is on an Edge of J\

To determine the partials when a is on and edge of JH, we recall the transformation between a in the world 

frame 7% and & in the robot's frame ̂

which allows us to determine the following transform between the partials in frames J^ and J^

da 8R0— = — 0-si + r nT . „ . + -[x,y]T for all i e 
i oi

(C.I)

We will take limits of da to determine the partials fx etc. and use Equation C.I to determine f| etc. We 

use the notation e = [-aby, abx] T to represent a vector parallel to the edge of ft. and thus perpendicular to 

ab (i.e. <e, ab) = 0). We use the notation b (resp. e) to represent the location of b (resp. e) in frame J&.
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Let us first address the partials with respect to x

6x-*Q

~ 6) ' C „

(project s* °nt°
lie ||fc 
'-R« l e

-Ve

= lim
6x || ab ||

>-i
llabH2 ' ||ab|p

and after transforming according to Equation C.I

da
dx ' dx

1- abxaby
l|ab|p'||ab||

Likewise for the partials with respect to y

dax d T
, 8y dy\

-8yab

, \abxaby -ab2x

and after transforming according to Equation C.I

~dax dayY \abxaby _ ab2x 
~dy~'~dy~\ "ll|ab||2> l|ab|p
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Likewise for the partials with respect to 6

dax dax y ~dJ'~d9 -Rg l (U-ab))-R- l e _ {

0 1 

-1 0
l|ab||2 

_-ab (U-ab) .——— [-a

-Rji-aby^bJ

and after transforming according to Equation C.I

dax da (U-ab) , ab (U-ab)
||ab| |ab|

9 _n j•^ ' ana

We consider the two cases when b is a vertex of $, (a is either a vertex of or on the edge of ft) and b is on 

and edge of Si (a is implicitly a vertex of ft).

C.2.1 b is a Vertex of £z

This is the most trivial case where all partials evaluate to zero.

dbx db dbx

' dx \ ~ I dy ' dy \ [ 69 ' 69



C.2.2 b is on an Edge of St

To determine the partials with respect to x when b is on and edge of St , we simply project [|f , ^ for 

the case when a is a vertex of ft onto the edge of Sh

da ~ T

ell2

[l,0]T -[-aby,abx] T r 1 ————NbF————t-«*y.«*J

abl -c

Likewise for the partials with respect to y

dby T [Q,l] T .(-aby,abx] T r~5~"' ~S~ = ———— „ . ,, 0 ———— [-abv,abx] 
dy dy\ ||ab||2 y>

= -abxaby ab2x
' J

Likewise for the partials with respect to 9

dbx dbyY [-Uy,

J 

— Uyir '

J r «L x,i. 1?*
,, ab |,2 [-^,«*J

zftj - Uxabxaby Uyabxaby + Uxab2x

C.3 Calculation of «t«ur' (gf ) + tan'' (|jf ) - 2^ -

Recall from Appendix A that the terms ax , bx etc. can in general be nonsmooth, even when a single closest 

points a on ft and b on Bt exist. We show in this section that tan' 1 (-jg^) + tan-1 (^j^) -20-20 is 

also nonsmooth, and describe its structure. We first note that the partials of the constant 5(20) = 0 and the 

partial of the orientation 8(29) = [0, 0, 2] T are both singletons, so the nonsmoothness is a consequence of
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TABLE C. 1: VALUES OF VARIOUS PARTIAL DERIVATIVES FOR VERTEX AND EDGE WITNESS POINTS.
a is a vertex of ft.

dax
dx 
dax
dy 
dax
de

dax
dx 
dax
dy 
dax
de
dbx
dx 
dbx
dy 
dbx
flfl

dbx
dx 
dbx
dy 
dbx
d9

1 

0

~Uy

day
8Xday~fy
day
df)

0 

1

ux
a is on an edge of 3\
a%

Hab|p 
abxaby
l|ab|p 

L ab (U - ab)

day
dx
ddy

abxaby
IlablP 

, «*£
dy ^ ||ab|p 
day ab • (U - ab)

aby HablP de wx ilablP
bis a

0 

0 

0
b is on

aby
IlablP 

—abxaby

vertex of &t
dby

fa dby
dy 
dby
de

an edge of B
dby
dx 
dby

IlablP dy 
-Uydby - Uxabxaby dby

IlablP dO

0 

0 

0

i
-abxaby
IlablP 
ab\

IlablP 
Uyabxaby + Vxdb2x

IlablP

the nonsmoothness of ax , bx etc. By the calculus of the generalised gradient we know

d I

abixdabiy - abiydabix abjxdabjy - abjydabjx _
~-————————-——— + ————TT ! TT
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(A) - NONSMOOTH fij(q) (B) - CASE 5 (c) - CASE 8

FIGURE C.2: EXAMPLES OF lim/;(qfc) FOR SEQUENCES q* -» q. (A) y;7(q) is NONSMOOTH. (B) ^(q*) APPROACHES
WITH VERTEX-EDGE AND VERTEX-EDGE WITNESS POINTS (CASE 5). (c) ^(q*) APPROACHES WITH EDGE- 

VERTEX AND VERTEX-EDGE WITNESS POINTS (CASE 8).

Since this is a bit intractable, we return to the definition of the generalised gradient <90(x) as the convex 

hull of the gradient vector limits

S,xk

Recalling the approach used in Appendix A we let the set 5 = 5 1 U 52 be the union of the sets of points 

S i where the witness vectors ab/ba violate Conditions A.3 (i.e. are not in the interior of the normal cone) 

and 52 where Jft and .0, share multiple closest points.

Sequences q& where Vax(qk), ^bx(v^) etc. exist can be broken into a nine subcases where the witness 

points a, and b, (resp. a; and by) are either vertex-vertex or vertex-edge combinations. The nine cases 

are enumerated in Table C.2. In the following sections we calculate limyj/q^) for the nine case using the 

entries in Table C.I. Figure C.2(a) shows a case where ftj(q) is nonsmooth, and Figures C.2(b) and (c) 

show a few Jft(qjO for sequences q* -> q. (b) shows an example of Case 5 and (c) shows an example of Case 

8. The most interesting aspect of this analysis is that /;(q) can in fact be nonsmooth in all coordinates at 

the same time, unlike d,(q) which is smooth in x and v. The generalised gradient d/i/q) is then determined 

by taking the convex hull of the appropriate limit terms.

C.3.1 Case 1

In all cases, all the terms ax , bx etc. are smooth and thus all the gradient limits lim Va^Cty), lim Vbx(qk) 

converge to single points Vax(q), Vfc^q) for all sequences q*. lim /i/q*) is thus easily determined by using
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TABLE C.2: THE NINE CASES USED TO DETERMINE dfu(q)

case a, b,
1
2
3
4
5
6
7
8
9

vertex
vertex
vertex
vertex
vertex
vertex
edge
edge
edge

vertex
vertex
vertex
edge
edge
edge

vertex
vertex
vertex

vertex
vertex
edge

vertex
vertex
edge

vertex
vertex
edge

vertex
edge

vertex
vertex
edge

vertex
vertex
edge
vertex

the values in Table C. 1.

ton A

C.3.2 Case 2

- abiyVabix jy - abjyVabjX
I2 l|ab;-||2 

abix ([0,1, Uix]T - [0]r) + abfy ([1,0, -U^ - [Of

abjy ([0,1, Ujx]T - [Of) + abjy ([l. 0, -Ujy] T - [0]r ) ^
llabyll2——————————— -

0
0
2

,112 abix 
U( ab,

.112 abjx 

j ab;

abix 

i ab,
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C.3.3 Case 3

-abiy

abix

U, ab,

0

0
-Ur ab;-+||ab;|

0

0

2

C.3.4 Case 4

|| ab;,112 abjx 
U; ah,

C.3.5 Case 5

C.3.6 Case 6

0
0

-U;-ab;+||ab;|

C.3.7 Case 7

0

0

-abjy

abjx

U; ab

0

0

2

C.3.8 Case 8
0
0

-Urab/+||ab/|
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C.3.9 Case 9

0

0
-Urab,+ ||ab|||2 .

1
+ llabyll2

0
0

-U;-ab;+||ab;||2

—
0

0
2



Visual Servoing of the Palm Pilot Robot

In this chapter we describe the experimental apparatus designed and constructed by the author, from 

scratch, to verify the theory in the bulk of the thesis.

D.I The Robot

The mobile robot used for our experiments is the Acroname Palm Pilot Robot Kit (PPRK) developed and 

licensed by Carnegie Mellon University [52]. A photo of the PPRK is shown in Figure D. 1. Figure D. l(a) 

shows a top-down view of the PPRK and Figure D.l(b) shows a profile view. In Figure D.I (a) we can see 

the PPRK's innards through the clear acrylic top panel. Spaced equally around the circumference of the 

PPRK are three omni-wheels which allow rolling motion transverse to the rotation direction. The wheels 

are attached to readily available servo motors which have been modified to allow a full 360° degrees of 

rotation. The velocity of each wheel is under the open-loop control of a small, programmable interface 

controller-based servo controller. This servo controller is meant to receive signals via a serial link with a 

Palm Pilot PDA (purchased separately), but is equally able to communicate serially through any RS-232 

link. Since each wheel is controlled individually and can roll transverse to the rotation direction, the PPRK 

is capable of holonomic motion.

p.141
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battery pack 
rvo controller!

IR proximity sensor

(A) (B)

FIGURE D.I: THE ACRONAME PALM PILOT ROBOT KIT (PPRK) ROBOT. (A) LABELLED PHOTOGRAPH SHOWING THE
MAIN PARTS OF THE PPRK. (B) PHOTOGRAPH OF THE PPRK FROM AN ALTERNATE ANGLE.

D.I.I Calibrating the PPRK

Out of the box, the PPRK's control software comes with default servo velocity control parameters that are 

equal for each servo. These parameters effectively constitute a simple model of the servo

Si = /(V,)

where v, is the resultant velocity achieved when a control signal s, in the range integer range [0,255] is 

sent to the servo controller board. Upon establishing a communication link with the PPRK for the first 

time, it was immediately apparent that the default model parameters were not accurate enough. Near 

v, = 0, for two of the servos, a control signal that was meant to cause a positive velocity in fact generated a 

negative velocity, and the maximum v, for each servo varied ±20% from the velocity given by the default 

model—we needed to generate our own models.

To generate models for each servo individually, we needed the ability to measure the servo velocity v, 

for a given control signal j,-. To obtain this velocity measurement, we attached a HEDS-5140 optical code 

wheel with 500 cycles/revolution to the shaft of the servo. When the code wheel rotates in conjunction 

with a HEDS-9140 optical encoder, the outputs of the HEDS-9140 pulse with a frequency proportional 

to rotation rate of the HEDS-5140. This frequency was measured using a frequency counter, and logged 

via a serial link with the frequency counter. The frequency was then converted to a velocity using the 

500 cycles/revolution factor of the optical code wheel. This system allowed us to send various control
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Servo #lat,5 Volts Servo #2 at, 5 Volts

velbcity rad/sec ' 
(A)

Servo #2 at 5 Volts

velbcity rad/sec '
(B)

velbcity rad/sec ' 
(B)

FIGURE D.2: EXPERIMENTALLY DETERMINED SERVO VELOCITY MODELS. A VERY GOOD FIT TO THE DATA WAS FOUND
USING A 6-DEGREE POLYNOMIAL 5V'(v) AND A 4-DEGREE POLYNOMIAL sf(v). THE VELOCITY COORDINATE 

OF THE INTERSECTION OF THE TWO CURVES IS USED TO SEPARATE THE DOMAIN OF VELOCITIES.

signals to the servo controller board and measure the resulting velocity in an automated manner. The data 

collected during these tests is shown in Figures D.2(a) through D.2(c). A very good fit to the data (•) 

was found using the 6-degree polynomials s]"(v) and 4-degree polynomials ,sjv(v) given in Equations D.I 

through D.3, which are also plotted in Figures D.2(a) through D.2(c).

jf(v) = 0.017v6 + 0.333v5 + 2.39v4 + 8.17v3 + 13.5v2 + 12.lv + 128 

jf(v) = 0.0683v4 - 0.545v3 + 1.62V2 + l.Olv + 129

= jf (v) at (0.105,129) (D. 1)

jj(v) = 0.0185v6 + 0.357v5 + 2.56v4 + 8.79v3 + 14.7v2 + 13.lv + 123 

4v(v) = 0.0719v4 - 0.639v3 + 2.04v2 + 0.419v + 124 

s(v) = v (v) at (0.099,125) (D.2)

jj(v) = 0.0203v6 + 0.381v5 + 2.63v4 + 8.54v3 + 13.3v2 + 11.3v + 125 

4v(v) = 0.0906v4 - 0.869v3 + 2.84v2 - 0.445v + 127 

j*(v) = v (v) at (0.109,127) (D.3)

The intersection point of the two polynomials s]"(v) = sf(v) is used to determine which polynomial to 

use when calculating control signal st to drive the wheels at velocity v«. Using these modified models, we 

were able to precisely control the instantaneous velocity of the PPRK.
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D.2 The Visual Servoing System

The control laws developed in Chapter 5 are of the form q = aa + /3b, where q is the desired velocity. 

In order to implement this law, we need to know the configuration q of the PPRK, the distance </,-(q) to 

each obstacle 8it and the witness points a, and b, for each 8t . The apparatus used to facilitate this is a PC 

framegrabber-based visual servoing system. The system comprises (I) a ceiling-mounted CCD camera, 

(II) a control PC running Linux which is equipped with a framegrabber, (III) a serial connection with the 

PPRK and (IV) appropriate cabling and connections. (I) and (IV) are self-explanatory, but (II) and (III) 
bear some further explanation.

D.2.1 (I) - Control PC

The control PC has four main tasks: (i) determine the configuration q of the PPRK, (ii) determine the 

distances d,(q), dj(q) etc. to obstacles in the environment, (iii) implement our planning algorithm based on 

this configuration and distance information, and (iv) control the PPRK's motion via the serial connection 

discussed in Section D.2.2. (iii) is self-explanatory, but the rest bear some further explanation.

D.2.1.1 (i) - Determining the PPRK's Configuration

To determine the configuration of the PPRK, we placed a black and white pattern on top of the PPRK 

and determined the configuration of the pattern from the image snapped by the framegrabber. The pattern 

selected was a white semi-circle, which contrasts nicely the dark surface of the workspace. For each 

640 x 480 bitmap image supplied by the framegrabber (see Figure D.3(a)) we first threshold the image into 

a black and white image (see Figure D.3(b)) and then use a "cross" transform [61] to detect edges in the 

thresholded image (see Figure D.3(c)). In the resulting edge image, the white semi-circle pattern appears 

as a black semi-circle outline, consisting of an arc feature and a straight line feature. The centre of the arc 

feature corresponds to the position (x, y) of the PPRK and is detected using the Hough circle transform. 

The orientation of the line feature corresponds to the orientation 6 of the PPRK and is detected using the 

Hough line transform. The Hough transform warrants a brief explanation.

The Hough transform is a "point-to-curve" transformation from the image space to a suitable parameter 

space. Take this standard parameterisation of a circle with fixed radius r (we know the radius of the
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(c) (D)

FIGURE D.3: FINDING THE PPRK POSITION VIA THE HOUGH CIRCLE TRANSFORM. (A) RAW GRAYSCALE IMAGE CAP­ 
TURED BY THE FRAMEGRABBER. (B) BLACK AND WHITE THRESHOLDED IMAGE, (c) EDGES DETECTED IN 
THE THRESHOLDED IMAGE USING A "CROSS" TRANSFORM. (D) HOUGH CIRCLE TRANSFORM (ACCUMULATOR
REPRESENTATION) OF THE EDGES IMAGE (WHITE-»BLACK = EMPTY-»FULL).
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FIGURE D.4: ILLUSTRATION OF THE HOUGH CIRCLE TRANSFORM. (A) HOUGH CIRCLE TRANSFORM OF A SINGLE PIXEL. 
(B) HOUGH CIRCLE TRANSFORM OF MULTIPLE PIXELS. THE MAXIMUM m THE (a, b) SPACE CORRESPONDS
TO THE CENTRE OF THE DETECTED CIRCLE FEATURE.

semicircle).
(x - a)2 + (y - b)2 = r2

For each black pixel at (x, y), there is a set of circles of radius r that contain (x, y). This set of circles is 

represented by a curve (in this case another circle) in the (a, b) parameter space (see Figure D.4(a)). When 

the image contains several black pixels, each pixel has a set of circles that contain it, and may be a member 

of several such sets of circles, in which case the curves in the (a, b) space intersect. A circle feature is 

detected by creating a suitably discretised accumulator representation of the (a, b) space, where all cells 

are initialised to zero. For each black pixel in the image, cells intersecting the curve in the (a, b) space 

are incremented, and the maximum over the entire accumulator is taken to be the centre of the detected 

circle feature. In Figure D.4(b), the four black image pixels are all members of the detected circle feature 

indicated by the intersection of four curves in the accumulator. Figure D.3(d) shows an example of the 

Hough circle transform of an actual image, where the centre of the semi-circle is the darkest point in the 

image (white-»black = empty-»full).

The orientation 6 of the line feature is detected using the standard parameterisation

x cos 6 + y sin 9 = p

where the meanings of p and 9 are illustrated in Figure D.5(a). As in the case of the Hough circle transform, 

we use an accumulator to tally up the number of curves that intersect (x, y), but in the case of the Hough 

line transform, the optimal dimensions of the accumulator cells are not intuitively obvious. If the cells are 

too small, the transform is inefficient, but if they are too large, the transform is inaccurate. We used the 

techniques in [27] to select an appropriate discretisation of the (p, 0) space.
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FIGURE D.5: FINDING THE PPRK ORIENTATION VIA THE HOUGH LINE TRANSFORM. (A) THE PARAMETERISATION USED
IN THE HOUGH LINE TRANSFORM. (B) BOUNDED PORTION OF IMAGE FlGURE D.3(c) CENTRED AT THE 
MAXIMUM OF THE HOUGH CIRCLE TRANSFORM, (c) SAME BOUNDED PORTION, BUT WITH THE ARC FEA­ 
TURE REMOVED. (D) HOUGH LINE TRANSFORM OF THE BOUNDED IMAGE WITH NO ARC FEATURE. THE
MAXIMUM OF THE HOUGH LINE TRANSFORM OCCURS AT (p, 0) = (0, 1.5)

Assuming we have already detected the circle feature, we first crop the portion of the edge-detected 
image that bounds the PPRK to reduce the amount of image that must be analysed (see Figure D.5(b)). 
We then remove the arc feature by 'painting' a white circle of radius r on this cropped image (see Figure 
D.5(c)) and determine the Hough line transformation of the cropped image. Figure D.5(d) shows the 
accumulator of the Hough line transform of the cropped image, with a maximum at (p, 6) = (0,1.5).

D.2.1.2 (ii) - Determining the Distance d;(q) to Each Obstacle and the Generalised Gradient

Since our algorithm depends on both the PPRK and obstacles having convex polygonal boundaries, we 
need to determine the location of the vertices of the convex PPRK and obstacles from the grabbed image. 
Now, it is possible to determine this information in an automated manner, however, since this is not a thesis 
on image analysis, we opted to simply input the location of the PPRK and obstacle vertices manually. This 
is accommodated through the user interface we developed for experimental trials, which is shown in Figure 
D.6. The interface allows the user to input the approximate location of the vertices using the mouse.

Given the location of the vertices entered by the user and the detected configuration of the PPRK, we 
can calculate the distance dt(q) between the PPRK and the obstacles £, using a software collision detection. 
We opted to used Cameron's Enhanced-GJK [5] algorithm and software to accomplish this, since it also 
provides the location of the witness points (closest points) a, e 3\ and b, e Si on the PPRK and obstacle 
being tested. It is worth noting that fish-eye distortion causes the true distance to differ somewhat from the 

software detected distance.
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FIGURE D.6: SNAPSHOT OF THE USER INTERFACE USED IN EXPERIMENTAL TRIALS.

We determine the generalised gradient eW,-(q) by determining if any edges of the PPRK and £, are 
parallel, and if they are, taking the convex hull of the gradients of the points a,(q) in the set P c P

ddt(q) = co{Vdist(a,(q),S,) : a,(q) 6 P, dist(af (q), (D.4)

as per Lemma 3.35. We use the software packages qhull [2] to calculate the convex hull in Equation D.4. 
To deal with non-simplex sets (convex hulls with no volume) we add a few extra points a small e distance 

from the points in P.

D.2.1.3 (ii) - Controlling the PPRK

The velocity of the PPRK was measured by observing the relative change in position during subsequent 
frames of captured video. A PID controller was used to control the velocity, and the proportional, derivative
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and integral gains were tuned by trial and error until satisfactory curve following was achieved.

D.2.2 (III) - Serial Connection with PPRK

Communication with the PPRK is effected via a 9600 baud serial link with the control computer. Since 

the PPRK cannot reasonably drag a serial cable along as it explores its environment, we opted to use 

a wireless serial link of some description. By far the least expensive of the available options is to use 

infrared (IR) diodes, like those used in a remote control. Several kits exist for implementing an IR serial 

link, and each has little practical difference, barring baud rate, from the others. Since the PPRK is only 

capable of communicating at relatively low rates (< 19,200) baud, we chose the HSDL-8000 IR evaluation 

kit, which consists of a pair a IR transceiver modules. Since a single transmitter is unable to cover the 

entire workspace, an array of IR diodes was attached to the ceiling and driven by the amplified output of 

the transmitter module. This array is able to cover the entire workspace and allow the receiver-equipped 

PPRK to move about over the entire field of view of the camera (the effective workspace of the PPRK).



Glossary

B

Banach space A normed linear space which is complete in the norm-determined metric.

convex function A function f(x) is convex on an interval [a,b] if for any two points x\,x2 e [a,b],

convex hull The convex hull of a set S of points is the intersection of all convex sets containing S . 

convex set A set S in R" is convex if it contains all the line segments connecting any pair of its points.

D

diffeomorphism A differentiable (smooth) homeomorphism.

dual space If X is a normed linear space, then the dual space X* is the space of all bounded linear 

functionals that can operate on elements of X.

H

holonomic motion A robot capable of holonomic motion if its instantaneous velocity has no non-holonomic 

constraints. A non-holonomic constraint is such that instantaneous velocities are constrained 

to a subset of velocity space, i.e. a car can move backwards and forwards, but not sideways.

homeomorphism Continuous, one-to-one, onto, and having a continuous inverse.
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I

infimum The infimum of a set 5 is the greatest lower bound of 5.

Lebesque measure Very imprecisely, a mathematical analogue of volume.

liminf liminf/(x) = sup inf /(x).
<j>oO<IMII«r

Mm sup limsup/(x) = inf sup /(x).

Lipschitz function A function / : X -» Y is Lipschitz (of order k) if |/(jcO - /(jc2)| < k\xi - x2 \ for all 

x\,x2 e X.

PID controller A PID controller is a controller with Proportinal, Integral and Derivative terms. If e is 

the error in the system, the action of the controller is Kpe + KI f edt + KD^.

positive definite A function /(x) is positive definite at the origin if /(x) > 0 for all x ^ 0 and /(O) = 0.

R

Rademacher's theorem If a function /: W -> R is Lipschitz on an open subset U, then it is differen- 

tiable almost everywhere (in the sense of Lebesque measure) on U.

regular function A function /(x) is said to be regular if the generalised directional derivative /°(x; e) 

and the directional derivative /'(x; e) are equivalent.

separation theorem If A and B are disjoint, compact convex subsets of R", then there exists an x e R" 

such that max«a, x): a e R"} < min{(b, x): R").

support points A support point a e A of a convex, compact set A c R" satifies (a, e) > (b, e) for all 

be AforsomeeeR".
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supremum The supremum of a set S is the least upper bound of 5.

triangle inequality If x\,X2 e X be vectors, then the triangle inequality states that || *i || - || x2 \\<\\

u
upper semicontinuous A function f(x) is upper-semicontinuous if and only if f(x) > lim sup /(

n—»oo
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