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21 IntroductionIn this paper we will derive an a priori error bound for the second{order nonlineardamped wave equation @2u@t2 + @@t (a (u)) = �b (u) + f (x; t) ; (1.1)with given initial and boundary conditions that we will specify in a moment. Thatis, given a �nite element test space Vh (which we will de�ne more speci�cally later),we consider the semi{discrete analogue of (1.1) on Vh, namely the problem of �ndinguh : (0; T ]! Vh such that�@2uh@t2 ; ��+� @@t (a (uh)) ; ��+ (rb (uh) ;r�) = (f; �) 8� 2 Vh; (1.2)given initial values for uh and @uh=@t approximating the initial conditions for u and@u=@t in Vh.Our work will show that the problem (1.2) has a locally unique solution, and that, ifm � 1 is the degree of the piecewise polynomials in Vh, then the optimal L2 (
) errorestimate maxt2[0;T ]ku (t)� uh (t) k � C (u)hmholds, under the assumption that m > 1+d=2 for 
 � Rd, and for an appropriate choiceof initial approximations.The motivation for studying the nonlinear damped wave equation in the form of (1.1)comes from the nonlinear wave dielectric interaction problem, derived from the full non-linear Maxwell's equations by assuming linear polarisation (Bloom [3]). This is describedby the nonlinearly damped nonlinear wave equation for the electric displacement D:@2D@t2 + @@t (� (jDj)D) = �(
 (jDj)D) ; (1.3)subject to appropriate initial and boundary conditions, where 
 (jDj) = �0+�2 jDj2 ; �i >0, and � (jDj) = � (� (jDj) jDj)� (jDj), with � and � both positive and di�erentiable onthe set of positive real numbers. The approach here follows that of Makridakis, who in[7] studies �nite element methods for a class of problems of nonlinear elastodynamics,semi{discretised in space using standard Galerkin methods.2 Problem FormulationLet 
 be a bounded domain in Rd with Lipschitz continuous boundary @
. Then, for1 � p � 1; Lp (
) will denote the usual Lebesgue space of real{valued functions with



3norm k�kLp(
). For p = 2, we will omit the subscript, writing k�k for k�kL2(
), and forp =1 we will write k�k1 for k�kL1(
). We de�ne the L2 (
) inner product (�; �) by(u; v) := Z
 u (x) v (x) dx;for u; v 2 L2 (
). Further, for k a non{negative integer, let W kp (
) denote the classicalSobolev space equipped with the norm k�kW kp (
) and the semi{norm j�jW kp (
). For p = 2we write Hk (
) for W k2 (
). Also, Hk0 (
) denotes the closure of the space of in�nitelysmooth functions with compact support in 
 in the norm of Hk (
).We will make use in this paper of Poincar�e's inequality:There exists a positive constant Cpoin, depending only on m and on the dimensions ofthe domain 
, such thatkvk2Hm(
) � Cpoin Xj�j=m kD�vk2 = Cpoin jvj2Hm(
) (2.1)8v 2 Hm0 (
).Proof See Adams [1]. �Let T > 0. In the cylindrical domain 
� (0; T ], we consider the second{order nonlineardamped wave equation given by@2u@t2 + @@t (a (u)) = �b (u) + f (x; t) ; (2.2)subject to the initial conditionsu (�; 0) = u0 (�) and @u@t (�; 0) = u1 (�) on 
; (2.3)and the homogeneous Dirichlet boundary conditionu = 0 on @
� [0; T ] ; (2.4)where a 2 C3 (R) ; b 2 C4 (R) ; f 2 C2 ([0; T ] ;H2 (
) \H10 (
)) ; u0 2 H4 (
) \H10 (
) ; u1 2 H3 (
) \H10 (
), and b0 (u) �M0 > 0, where b0 (u) denotes db=du. For anexistence and uniqueness theorem for the nonlinear wave equation, of which (2.2){(2.4)is a special case, see Chen & von Wahl [4].Let Vh � H10 (
) denote a �nite element test space consisting of piecewise polynomialsof degree k = m� 1 on a quasi{uniform subdivision T of 
 � Rd, where m � 2. Thenthere exist positive constants Cinv1; Cinv2 and Cinv3 such that for all � 2 Vhk�k1 � Cinv1h�d=2k�k; (2.5a)kr�k1 � Cinv2h�1k�k1; (2.5b)kr�k � Cinv3h�1k�k: (2.5c)



4Proof See Ciarlet [5], p.142. �De�ne h by h = max�2T h�, where h� is the diameter of � (for example, the longest side ofthe triangle if d = 2).We recall that there exists a positive constant C�1, independent of h, such that, forv 2 H10 (
) \Hm (
), infvh2Vh kv � vhk � C�1hmjvjHm(
): (2.6)We also note that, denoting by IH : H10 (
)! Vh the standard �nite element interpola-tion operator, there exist positive constants C�2 and C�3, independent of h, such that,for v 2 H10 (
) \Hm (
),kv � Ihvk1 � C�2hm�d=2jvjHm(
); m > d=2; (2.7a)krv �rIhvk1 � C�3hm�d=2�1jvjHm(
) m > d=2 + 1; (2.7b)see Brenner and Scott [2] p. 105 for a proof of these results.We shall assume in the analysis that the solution to (2.2){(2.4) belongs to the functionspace C2 ([0; T ] ;Hm (
) \H10 (
)), with m > d=2 + 1; k = m� 1.We approximate (2.2){(2.4) by a semi{discrete Galerkin �nite element method of thefollowing form:Find uh (t) 2 Vh; 0 < t � T , such that�@2uh@t2 ; ��+� @@t (a (uh)) ; ��+ (rb (uh) ;r�) = (f (x; t) ; �) (2.8)for all � 2 Vh, and uh (�; 0) = u0h (�) 2 Vh; @uh@t (�; 0) = u1h (�) 2 Vh; (2.9)the precise choice of u0h and u1u in Vh will be given below in Section (4.1).Throughout the rest of this paper we will denote @u=@t and @2u=@t2 by _u and �u respec-tively, etc..3 PreparationIn this section we recall Banach's Fixed Point Theorem, which is our main tool in boththe proof of the existence of a locally unique solution to (2.8){(2.9) and in the derivationof the a priori error estimate. We also de�ne the sets that will be needed in the analysis,and we give some error estimates for a nonlinear projection operator.First we recall that a mappingM : X ! X is a contraction on a metric spaceX = (X; `)



5if there exists a positive real number � < 1 such that, for all x; y 2 X; ` (Mx;My) ��` (x; y).Theorem 1 (Banach's Fixed Point Theorem) Consider a metric spaceX = (X; `),where X 6= ;. Suppose that X is complete and let M : X ! X be a contraction on X.Then M has precisely one �xed point.Proof See Rudin [9]. �For Vh as de�ned above, let �nlh w be the nonlinear projection of w 2 H10 (
) onto Vhde�ned by �rb ��nlh w��rb (w) ;r�� = 0 8� 2 Vh: (3.1)We note that Dobrowolski & Rannacher [6] and Rannacher [8] have shown that (3.1)has a locally unique solution �nlh w 2 Vh for h > 0 su�ciently small.Then de�ne the space Y byY := C �[0; T ] ;H10 (
)� \ C1 ([0; T ] ;L2 (
)) :Also, let J � Y denote the set de�ned byJ := �v : [0; T ]! Vh : maxt2[0;T ]�k _v (t)� _�nlh u (t) k+kv (t)��nlh u (t) kH1(
)� � C� (u)hm	 : (3.2)In (3.2), C� (u) = C� is a positive constant independent of h, and h � h0; both C� andh0 will be speci�ed later.We note that the set J is not empty, since �nlh u 2 J . Also, if a sequencefvng1n=1 � Jconverges in Y to v 2 Y , we note that v 2 J . Hence, J is a closed subset of Y .Finally, for �; 2 J , let ` be de�ned by` (�; ) := maxt2[0;T ]�k _� (t)� _ (t) k+ k� (t)�  (t) kH1(
)� : (3.3)We note that then Y = (Y; `) is a complete metric space.In the a priori analysis we will make use of the following results:Lemma 2 (Projection Estimate) For m � 2 and Vh as given above, there exists apositive constant Cproj1 (w) such that the following inequality holds for w 2 H10 (
) \Hm (
): kw ��nlh wk � Cproj1 (w)hm: (3.4)



6Proof This result is proved by Dobrowolski & Rannacher [6] and Rannacher [8]; it followsfrom (2.6). �Further, for the analytical solution u such that u (t) ; _u (t) ; �u (t) 2 H10 (
) \Hm (
), weput Cproj1 = maxt2[0;T ]Cproj1 (u (t)) ; (3.5a)Cproj2 = maxt2[0;T ]Cproj1 ( _u (t)) ; (3.5b)Cproj3 = maxt2[0;T ]Cproj1 (�u (t)) : (3.5c)4 A Priori Error AnalysisIn this section we prove the a priori error bound for ku (t)�uh (t)k as given in Theorem3 below. In the process of deriving this bound, we establish the existence of a locallyunique solution to (2.8){(2.9).Theorem 3 Let u be the solution of (2.2){(2.4) (such that the constants Cproj1; Cproj2and Cproj3 de�ned above exist, i.e. u 2 C2 ([0; T ] ;H10 (
) \Hm (
))). Assume also thatm > 1 + d=2, where m = k + 1, with k the degree of the piecewise polynomial functionsin Vh. Assume also that the initial values u0h; u1h 2 Vh have been chosen such that

u0h (�)��nlh u (�; 0)

H1(
) + 

u1h (�)��nlh _u (�; 0)

 � Cinihm; (4.1)where �nlh u is the solution to (3.1). Then the semi{discrete problem (2.8){(2.9) has alocally unique solution that satis�esmaxt2[0;T ]ku (t)� uh (t) k � eC� (u)hm; (4.2)where eC� (u) = eC� is a positive constant and h � h0; both eC� and h0 will be �xed later.We note that, in general, the condition

u0h (�)��nlh u (�; 0)

H1(
) � Cinihmcan only be satis�ed by choosing u0h = �nlh u (�; 0).Proof First we consider the weak form of (2.2), so that(�u; �) + (_a (u) ; �) + (rb (u) ;r�) = (f; �) 8� 2 Vh; (4.3)subtracting (2.8) from this gives(�u� �uh; �) + (_a (u)� _a (uh) ; �) + (rb (u)�rb (uh) ;r�) = 0 8� 2 Vh:



7We then use (3.1), the de�nition of the nonlinear projection operator �nlh u, to give(�u� �uh; �) + (_a (u)� _a (uh) ; �) + �rb��nlh u��rb (uh) ;r�� = 0 8� 2 Vh: (4.4)Now, we can simplify the nonlinear terms in the following way:_a (u)� _a (uh) = @@t [a (u)� a (uh)]= @@t �(u� uh)Z 10 a0 (�uh + (1� �) u) d�� ;and similarlyrb��nlh u�� rb (uh) = r ���nlh u� uh� Z 10 b0 ��uh + (1� �) �nlh u�d�� :Also, let � = u��nlh u and � = �nlh u� uh; then (4.4) becomes��� + ��; �� + � @@t �(� + �)Z 10 a0 (�uh + (1� �) u) d�� ; ��+ �r �� Z 10 b0 ��uh + (1� �) �nlh u� d�� ;r�� = 0 8� 2 Vh:We now de�ne a mapping N on the set J as follows:If � 2 J , then the image u� := N (�) is given by the relationsu� (�; 0) = u0h (�) and _u� (�; 0) = u1h (�) ; (4.5)and u� (t) 2 Vh for 0 < t � T such that��� + ���; ��+ � @@t �(� + ��)Z 10 a0 (�� + (1� �) u) d�� ; ��+�r ��� Z 10 b0 ���+ (1� �) �nlh u� d�� ;r�� = 0 (4.6)8� 2 Vh, where �� = �nlh u � u�.In order to complete the proof of Theorem 3, it su�ces to show that N has a unique �xedpoint in J . Indeed, if vh is this �xed point, then vh satis�es (2.8){(2.9), and as vh 2 J , theapproximation property (3.4) implies thatmaxt2[0;T ]ku (t)� vh (t) k � C (u)hm:We will establish the existence of a unique �xed point in J by showing that the pair N ;Jsatis�es the assumptions of Banach's Fixed Point Theorem, given above in Theorem 1. Thatis, we will show that(a) N (J ) � J ,(b) N is a contraction with respect to ` (�; �), where, for �;  2 J , ` is de�ned by (3.3).In the next two sections we will establish (a) and (b) above in turn.



84.1 Existence of a Fixed Point of N in JIn this �rst section, we establish (a). That is, we show that, given � 2 J , then u� 2 J , whereu� := N (�), for N the mapping de�ned by (4.5) and (4.6) above.We �rstly note that, provided certain Lipschitz conditions are satis�ed, N is a well{de�nedmapping; the relations (4.5) and (4.6) de�ne u� : [0; T ] ! Vh uniquely as the solution of aninitial value problem for a second{order system of linear ODEs.To simplify the presentation of the nonlinear terms, we introduce the following notation:b0��nlh u; �� := Z 10 b0 ��� + (1� �) �nlh u�d�; (4.7a)and a0 (u; �) := Z 10 a0 (�� + (1� �) u) d�: (4.7b)Then we choose � = _�� in (4.6), giving12 ddtk _��k2 = ����; _���� �rb0��nlh u; �� ��;r _���� � @@ta0 (u; �) �; _�����a0 (u; �) _�; _���� � @@ta0 (u; �) ��; _��� � �a0 (u; �) _��; _�����b0 ��nlh u; ��r��;r _��� : (4.8)We now integrate in time from � = 0 to t. In particular, the �nal term in (4.8) can be simpli�edas follows:Z t0 �b0 ��nlh u; ��r��;r _��� d� = 12 Z t0 �b0 ��nlh u; �� ; @@t jr��j2� d�= 12 �b0 ��nlh u; �� ; jr��j2�����t0�12 Z t0 � @@tb0 ��nlh u; �� ; jr��j2� d�:Then, noting that b0 (�) �M0 > 0 for t 2 [0; T ], we see that (4.8) becomesk _��k2 +M0kr��k2 � jIj+ jIIj+ : : :+ jVIIIj+ jVIIj ; (4.9)where the I, II,...,VII terms are de�ned and simpli�ed below:I = �2 Z t0 ���; _��� d� � Z t0 hk��k2 + k _��k2i d� ;II = �2 Z t0 �rb0 ��nlh u; �� ��;r _��� d�



9= �2�rb0 ��nlh u; �� ��;r������t0 + 2 Z t0 � @@t hrb0��nlh u; �� ��ir��� d�= 2�r b0 ��nlh u; �����t=0 �� (0) ;r�� (0)�� 2�rb0��nlh u; �� ��;r���+2 Z t0 �rb0 ��nlh u; �� _��;r��� d� + 2 Z t0 � @@trb0��nlh u; �� ��;r��� d�� 2C1k�� (0) k kr�� (0) k+ 2C1k��k kr��k+C1 Z t0 hk _��k2 + kr��k2i d� + C2 Z t0 �k��k2 + kr��k2�d�;where Ci = max�2[0;1]Ci (�) ; i = 1 and 2; withC1 (�) = maxt2[0;T ] kb00��� + (1� �) �nlh u� k1 maxt2[0;T ]k�r� + (1� �)r�nlh uk1and C2 (�) = maxt2[0;T ] kb000��� + (1� �)�nlh u� k1 maxt2[0;T ] k� _�+ (1� �)�nlh _uk1� maxt2[0;T ] k�r�+ (1� �)r�nlh uk1+ maxt2[0;T ] kb00��� + (1� �) �nlh u� k1 maxt2[0;T ]k�r _�+ (1� �)r�nlh _uk1:We will estimate the values of these constants, and the others found below, later on. Next webound k��k2 as follows:k��k2 = k�� (0) + Z t0 _�� d�k2 � 2 �k�� (0)k2 + k Z t0 _�� d�k2� ;then k�� (0)k2 = 


�nlh u (0)� u� (0)


2= 


�nlh u (0)� u0h


2 ; from (4:5);� C2inih2m; from (4:1);and 



Z t0 _�� d�



2 � �Z t0 k _��kd��2 � t Z t0 k _��k2d� � T Z t0 k _��k2d�:



10Hence, using (4.1) to bound kr�� (0)k too, we see thatII � 2C1C2inih2m + 2C21T� Z t0 k _��k2d� + 2C21C2ini� h2m + �kr��k2+C1 Z t0 hk _��k2 + kr��k2i d� + C2 Z t0 �k��k2 + kr��k2�d�;for some � > 0 that will be speci�ed later, and for all t 2 [0; T ].Next, III = �2 Z t0 � @@ta0 (u; �)�; _��� d� � Z t0 hk�k2 + C23k _��k2i d�;where C3 = max�2[0;1]C3 (�) ; withC3 (�) = maxt2[0;T ]ka00 (��+ (1� �) u) k1 maxt2[0;T ]k� _�+ (1� �) _uk1;IV = �2 Z t0 �a0 (u; �) _�; _��� d� � Z t0 hk _�k2 + C24k _��k2i d�;where C4 = max�2[0;1] maxt2[0;T ] ka0 (�� + (1� �) u) k1;V = �2 Z t0 � @@ta0 (u; �)��; _��� d� � C3 Z t0 hk��k2 + k _��k2i d� ;VI = �2 Z t0 �a0 (u; �) _��; _��� d� � 2C4 Z t0 k _��k2d� ;VII = �b0 ��nlh u; �����t=0 ; jr�� (0)j2�+ Z t0 � @@tb0 ��nlh u; �� ; jr��j2� d�� C5C2inih2m + C6 Z t0 kr��k2d�where C5 = max�2[0;1]


b0���+ (1� �) �nlh u����t=0


1and C6 = max�2[0;1]C6 (�) ; with



11C6 (�) = maxt2[0;T ] kb00���+ (1� �) �nlh u� k1 maxt2[0;T ]k� _�+ (1� �) �nlh _uk1:Before we proceed further, let us estimate the values of the constants C1{ C6; this gives us therestrictions on h and m that are required by Theorem 3.Let C� = C� (u) be de�ned byC2� = 2C7 �3C2projT + C2ini�2C1 + 2C21� + C5�� ; (4.10)where the constant C7 is speci�ed later. Also, de�ne Cinv byCinv := maxfCinv1; Cinv1Cinv2; Cinv1Cinv3g; (4.11)where Cinv1; Cinv2 and Cinv3 are as given in (2.5), and de�ne Cproj byCproj := maxfCproj1; Cproj2; Cproj3g; (4.12)where Cproji; i = 1; 2; 3, are as given in (3.4) and (3.5).Let bh =  maxt2[0;T ] kuk1(C�2 + CinvC�1)maxt2[0;T ] jujHm(
) + CinvCproj + CinvC�!1=(m�d=2) ; (4.13)bh� =  maxt2[0;T ] kuk1(C�3 + CinvC�1)maxt2[0;T ] jujHm(
) + CinvCproj + CinvC�!1=(m�d=2�1) ; (4.14)eh =  maxt2[0;T ] k _uk1(C�2 + CinvC�1)maxt2[0;T ] j _ujHm(
) + CinvCproj + CinvC�!1=(m�d=2) ; (4.15)eh� =  maxt2[0;T ] k _uk1(C�3 + CinvC�1)maxt2[0;T ] j _ujHm(
) + CinvCproj + CinvC�!1=(m�d=2�1) ; (4.16)and h1 = minnbh;bh�;eh;eh�; 1o : (4.17)In the rest of this paper, we will assume that h � h1 and m > 1 + d=2. Then we can boundthe various components that make up the constants Ci; i = 1; : : : ; 6, as follows:Looking �rstly at the components of C1; C2; C5 and C6, namely those involving the nonlinearprojection �nlh u, we havek�� + (1� �) �nlh uk1 = k�nlh u+ �(�� �nlh u)k1� k�nlh uk1 + k���nlh uk1; as � 2 [0; 1] ;� kuk1 + k�k1 + k���nlh uk1;



12as � = u��nlh u.Now, incorporating Ihu, the interpolant of u as de�ned above, we havek�k1 = ku��nlh uk1 � ku� Ihuk1 + kIhu� �nlh uk1� ku� Ihuk1 + Cinv1h�d=2kIhu� �nlh uk; by (2:5a);� ku� Ihuk1 + Cinv1�ku� Ihuk+ ku� �nlh uk� h�d=2� �(C�2 + Cinv1C�1) jujHm(
) + Cinv1Cproj1�hm�d=2;by (2.6), (2.7a) and (3.4).Also, k���nlh uk1 � Cinv1h�d=2k���nlh uk � Cinv1C�hm�d=2;from (3.2), as � 2 J . Hence we see thatk��+ (1� �) �nlh uk1 � kuk1 + �(C�2 + Cinv1C�1) jujHm(
)+Cinv1Cproj1+ Cinv1C�)hm�d=2� maxt2[0;T ] kuk1 + �(C�2 + CinvC�1) jujHm(
)+CinvCproj+ CinvC�)hm�d=2; from (4:11) and (4:12);= maxt2[0;T ] kuk1 + �hbh�m�d=2 maxt2[0;T ]kuk1; from (4:13);� 2 maxt2[0;T ]kuk1;as h � bh and m > 1 + d=2.Working now on the second component of C1, a similar argument means thatk�r�+ (1� �)r�nlh uk1 � kruk1 + kr�k1 + kr�� r�nlh uk1;then, as before, we havekr�k1 � kru�rIhuk1 + krIhu �r�nlh uk1� kru�rIhuk1 + Cinv1Cinv2�ku� Ihuk+ ku��nlh uk� h�d=2�1� �C�3 jujHm(
) + Cinv1Cinv2�C�1 jujHm(
) + Cproj1��hm�d=2�1;by (2.6), (2.7b) and (3.4).Also, (2.5), (3.2a) and (3.2b) mean that


r�� r�nlh u


1 � Cinv1Cinv2hm�d=2�1C�:



13Hencek�r�+ (1� �)r�nlh uk1 � kruk1 + �C�3 jujHm(
)+Cinv �C�1 jujHm(
) + Cproj�+ CinvC�� hm�d=2�1;so that k�r� + (1� �)r�nlh uk1 � maxt2[0;T ] [kuk1 + kruk1] ;as before, now using (4.14), the de�nition of bh�.In exactly the same way, we can show using (3.5a) and eh, de�ned by (4.15), thatk� _�+ (1� �)�nlh _uk1 � maxt2[0;T ]k _uk1 + �(C�2 + CinvC�1) j _ujHm(
)+CinvCproj+ CinvC�)hm�d=2= maxt2[0;T ]k _uk1 + �heh�m�d=2 maxt2[0;T ]k _uk1� 2 maxt2[0;T ]k _uk1:For the �nal component of C1; C2; C5 and C6, we havek�r _�+ (1� �)r�nlh _uk1 � kr _uk1 + kr _�k1 + kr _�� r�h _uk1� kr _uk1 + �(C�3 + CinvC�1) j _ujHm(
)+CinvCproj2+ CinvC�)hm�d=2�1;from (2.5a), (2.5b), (3.2) and (3.5a). As h � eh�, we havek�r _� + (1� �)r�nlh _uk1 � maxt2[0;T ] [k _uk1 + kr _uk1] :The components of C3 and C4 can be bounded in exactly the same way, ask�� + (1� �) uk1 = ku + � (�� u)k1 � kuk1 + k�� uk1 ; as � 2 [0; 1] ;� kuk1 + k�k1 + 


�� �nlh u


1 ;etc., as before.Overall then, we can write Ci; i = 1; : : : ; 6, as follows:



14 C1 = max� jb00 (�) j maxt2[0;T ] [kuk1 + kruk1] ;C2 = 2max� jb000 (�) j maxt2[0;T ]k _uk1 maxt2[0;T ] [kuk1 + kruk1]+max� jb00 (�) j maxt2[0;T ] [k _uk1 + kr _uk1] ;C3 = 2max� ja00 (�) j maxt2[0;T ] k _uk1;C4 = max� ja0 (�) j;C5 = max� jb0 (�) j;C6 = 2max� jb00 (�) j maxt2[0;T ]k _uk1;where j�j � 2 maxt2[0;T ]kuk1:We now put all of the expressions for I, II,. . . ,VII above into (4.9) to givek _��k2 + (M0 � �) kr��k2 � T maxt2[0;T ] �k�k2+ k _�k2 + k��k2�+C2ini�2C1 + 2C21� + C5� h2m+ Z t0 �(C2 + C3) k��k2 + (C1 + C2 + C6) kr��k2+ �1 + 2C21T� + C1 + C3 + C23 + 2C4 + C24� k _��k2� d�:We then choose � < M0, and use Poincar�e's inequality (2.1) to give, for 0 � t � T ,k _��k2 + k��k2H1(
) � C8T maxt2[0;T ] �k�k2 + k _�k2 + k��k2�+C8C2ini�2C1 + 2C21� + C5� h2m+C8 Z t0 �(C2 + C3) k��k2 + (C1 + C2 + C6) kr��k2+�1 + 2C21T� + C1 + C3 + C23 + 2C4 + C24� k _��k2� d�;



15where C8 = 1min�1; M0 � �Cpoin � :Gronwall's inequality givesk _��k2 + k��k2H1(
) � C7T maxt2[0;T ] �k�k2+ k _�k2 + k��k2�+C7C2ini�2C1 + 2C21� + C5� h2m;where C7 = C8 exp (C8C9T ) ;for C9 = max�C2 + C3; 1 + 2C21T� + C1 + C3 + C23 + 2C4 + C24 ; C1 + C2 + C6� :Finally, as � = u� �nlh u, we can use (3.4) and (3.5) to obtain


 _��


2 + k��k2H1(
) � C7 �3C2projT + C2ini�2C1 + 2C21� + C5�� h2m;so that we obtain our required resultk _��k+ k��kH1(
) � C�hm;using (4.10), the de�nition of C�.That is, we have shown that N (J ) � J , for h � h1, de�ned by (4.17), and for m > 1 + d=2.4.2 Establishment that N is a Contraction MappingIn this second section we establish (b), the contractivity of N , as detailed on p. 7. That is, weshow that there exists a positive real number � < 1 such that, for �;  2 J ,` (N (�) ;N ( )) � �` (�;  ) ;with ` as de�ned by (3.3).Before we continue, we note that, since a0; a00; k0; k00 and k000 are Lipschitz{continuous, thereexist positive constants CL1{ CL5 such thatja0 (u; �)� a0 (u;  ) j � CL1j��  j; (4.18a)ja00 (u; �)� a00 (u;  ) j � CL2j��  j; (4.18b)jb0��nlh u; ��� b0 ��nlh u;  � j � CL3j��  j; (4.18c)



16 jb00��nlh u; ��� b00��nlh u;  � j � CL4j��  j; (4.18d)and jb000��nlh u; ��� b000��nlh u;  � j � CL5j��  j; (4.18e)where b0 ��nlh u; �� and a0 (u; �) are as de�ned before by (4.7), and we de�ne the other termsas follows: a00 (u; �) := Z 10 a00 (�� + (1� �)u) d�;b00��nlh u; �� := Z 10 b00��� + (1� �)�nlh u� d�;and b000��nlh u; �� := Z 10 b000��� + (1� �) �nlh u� d�:We prove the �rst inequality above, namely (4.18a); the others follow in exactly the samemanner.We �rstly note that, by de�nition,a0 (u; �)� a0 (u;  ) = Z 10 �a0 (��+ (1� �) u)� a0 (� + (1� �) u)�d�= Z 10 Z 10 (�� � � )a00 (� [��+ (1� �) ] + (1� �) u) d�d�;so thatja0 (u; �)� a0 (u;  ) j � 12 j��  j max�;�2[0;1] maxt2[0;T ]ka00 (� [��+ (1� �) ] + (1� �) u) k1:Working on the argument of a00 as before, we havek� [�� + (1� �) ] + (1� �) uk1 � kuk1 + k��+ (1� �) � uk1� kuk1 + k � uk1 + k��  k1� kuk1 + k�nlh u� uk1 + k ��nlh uk1+k�� �nlh uk1 + k ��nlh uk1:Now, as in the previous section,k�nlh u� uk1 � �(C�2 + Cinv1C�1) jujHm(
) + Cinv1Cproj1� hm�d=2;and we also have that, from (2.5a),k�� �nlh uk1 + 2k ��nlh uk1 � Cinv1�k���nlh uk+ 2k ��nlh uk�hm�d=2� 3Cinv1C�hm�d=2



17by (3.2), as �;  2 J .Hence overall we havek� [��+ (1� �) ] + (1� �) uk1 � kuk1 + �(C�2 + Cinv1C�1) jujHm(
)+Cinv1Cproj1+ 3Cinv1C�)hm�d=2;Now de�ne �h and h2 by�h := � maxt2[0;T ] kuk1(C�2 + Cinv1C�1)maxt2[0;T ] jujHm(
) + Cinv1Cproj1+ 3Cinv1C��1=(m�d=2)and h2 := minf�h; 1g: (4.19)Throughout the rest of this paper we will assume that h � min fh1; h2g. Thenk� [��+ (1� �) ] + (1� �) uk1 � 2 kuk1 ;so that ja0 (u; �)� a0 (u;  ) j � 12 max� ��a00 (�)�� j��  j ;where j�j � 2maxt2[0;T ] kuk1, as before.Hence we see that (4.18a) is proved, withCL1 = 12 max� ��a00 (�)�� :The proof of (4.18b) follows in exactly the same way, with the same restrictions on h and m,so we do not give it here.The proofs of (4.18c){(4.18e) also follow immediately, as


� [��+ (1� �) ] + (1� �) �nlh u


1 � kuk1 + 


�nlh u � u


1 + 


 ��nlh u


1+ 


� ��nlh u


1 + 


 � �nlh u


1 ; etc::Moving on to the proof of the contraction itself, we �rstly di�erentiate out some of the termsin (4.6) to give��� + ���; ��+ �a0 (u; �)� _� + _��� ; ��+ � @@ta0 (u; �) (� + ��) ; ��+�b0��nlh u; ��r��;r��+ �rb0 ��nlh u; �� ��;r�� = 0 (4.20)8� 2 Vh.Now let N ( ) =: u and � = �nlh u�u . We consider (4.20) with � 2 J and  2 J , and take



18the di�erence. We simplify each of the �ve resulting terms separately, denoting them by I,. . . ,V:I = ��� + ���; ��� ��� + �� ; �� = (�u � �u�; �) ;II = �a0 (u; �)� _� + _��� ; ��� �a0 (u;  )� _� + _� � ; ��= �a0 (u; �)� _� + _��� ; ��� �a0 (u; �)� _� + _� � ; ��+�a0 (u; �)� _� + _� � ; ��� �a0 (u;  )� _� + _� � ; ��= �a0 (u; �) ( _u � _u�) ; ��+ ��a0 (u; �)� a0 (u;  )� � _� + _� � ; �� ;III = � @@ta0 (u; �) (� + ��) ; �� � � @@ta0 (u;  ) (� + � ) ; ��= � @@ta0 (u; �) (u � u�) ; ��+ � @@t �a0 (u; �)� a0 (u;  )� (� + � ) ; �� ;IV = �b0 ��nlh u; ��r��;r��� �b0 ��nlh u;  �r� ;r��= �b0 ��nlh u; ��r (u � u�) ;r��+ �hb0 ��nlh u; ��� b0 ��nlh u;  �ir� ;r�� ;V = �rb0��nlh u; �� ��;r��� �rb0 ��nlh u;  �� ;r��= �rb0��nlh u; �� (u � u�) ;r��+ �r hb0 ��nlh u; ��� b0��nlh u;  �i � ;r�� :Amalgamating all these terms gives0 = (�u � �u�; �) + �a0 (u; �) ( _u � _u�) ; ��+ ��a0 (u; �)� a0 (u;  )� � _� + _� � ; ��+� @@ta0 (u; �) (u � u�) ; ��+ � @@t �a0 (u; �)� a0 (u;  )� (� + � ) ; ��+�b0 ��nlh u; ��r (u � u�) ;r��+ �hb0��nlh u; ��� b0 ��nlh u;  �ir� ;r��+�rb0 ��nlh u; �� (u � u�) ;r��+ �r hb0 ��nlh u; ��� b0 ��nlh u;  �i � ;r��8� 2 Vh.



19We now choose � = _u � _u�, and, writing � for u � u�, we haveddtk _�k2 = �2�a0 (u; �) _�; _�� � 2��a0 (u; �)� a0 (u;  )� � _� + _� � ; _���2� @@ta0 (u; �)�; _��� 2� @@t �a0 (u; �)� a0 (u;  )� (� + � ) ; _���2�hb0 ��nlh u; ��� b0��nlh u;  �ir� ;r _�� � 2�rb0 ��nlh u; ���;r _���2�r hb0 ��nlh u; ��� b0 ��nlh u;  �i � ;r _��� 2�b0 ��nlh u; ��r�;r _�� :(4.21)We now integrate (4.21) in time from � = 0 to t. In particular, the �nal term of (4.21) can besimpli�ed as follows:Z t0 2�b0��nlh u; ��r�;r _��d� = Z t0 �b0 ��nlh u; �� ; @@t jr�j2� d�= �b0 ��nlh u; �� ; jr�j2����t0� Z t0 � @@tb0 ��nlh u; �� ; jr�j2� d�:Then we note that, from the de�nition of N ,� (�; 0) = _� (�; 0) = 0; (4.22)so that, with b0 (�) �M0 > 0 for t 2 [0; T ] as before, (4.21) becomesk _�k2 +M0kr�k2 � jIj+ jIIj+ : : :+ jVIIIj ; (4.23)where the I; : : : ;VIII terms are de�ned and simpli�ed below. Working on each of these termsin turn, we haveI = �2 Z t0 �a0 (u; �) _�; _�� d� � C10 Z t0 k _�k2d�;where C10 = 2 max�2[0;1] maxt2[0;T ]ka0 (��+ (1� �) u) k1;II = �2 Z t0 ��a0 (u; �)� a0 (u;  )� � _� + _� � ; _�� d�� 2CL1 Z t0 k��  k k _� � _� k1k _�kd�; from (4:18a);



20 � Z t0 hk _� + _� k21k��  k2+ C2L1k _�k2i d� ;III = �2 Z t0 � @@ta0 (u; �)�; _�� d�� C11 Z t0 hk�k2 + k _�k2i d�;where C11 = max�2[0;1]� maxt2[0;T ] ka00 (�� + (1� �) u) k1 maxt2[0;T ]k� _� + (1� �) _uk1� ;IV = �2 Z t0 � @@t �a0 (u; �)� a0 (u;  )� (� + � ) ; _�� d�= �2 Z t0 �Z 10 n�a00 (u; �)� a00 (u;  )� �� _� + (1� �) _u�+a00 (u;  )� � _�� _ �o d� (� + � ) ; _�� d�� Z t0 hk� + � k21k��  k2+ C2L2C212k _�k2i d�+ Z t0 hk� + � k21k _�� _ k2 + C213k _�k2i d�;whereC12 = max�2[0;1] maxt2[0;T ] k� _�+ (1� �) _uk1andC13 = max�2[0;1] maxt2[0;T ] ka00 (� + (1� �) u) k1;V = �2 Z t0 �hb0 ��nlh u; ��� b0��nlh u;  �ir� ;r _�� d�= �2�hb0 ��nlh u; ��� b0��nlh u;  �ir� ;r��+2 Z t0 �hb0 ��nlh u; ��� b0��nlh u;  �ir _� ;r��d�+2 Z t0 �Z 10 hb00 ��nlh u; ���� _� + (1� �)�nlh _u�� b00��nlh u;  ��� _ + (1� �) �nlh _u�



21� b00 ��nlh u;  ��� _� + (1� �) �nlh _u�+ b00��nlh u;  ��� _� + (1� �) �nlh _u�i d��r� ;r�)d�� 2CL3k��  k kr� k1kr�k+2CL3 Z t0 k��  k kr _� k1kr�kd�+2CL4C14 Z t0 k��  k kr� k1kr�kd�+2C15 Z t0 k _�� _ k kr� k1kr�kd�� C2L3� k��  k2kr� k21 + �kr�k2+ Z t0 hk��  k2kr _� k21 + C2L3kr�k2i d�+ Z t0 �k��  k2kr� k21 + C214C2L4kr�k2�d�+ Z t0 hk _�� _ k2kr� k21 + C215kr�k2i d�;for some � > 0, whereC14 = max�2[0;1] maxt2[0;T ] k� _�+ (1� �) �nlh _uk1and C15 = max�2[0;1] maxt2[0;T ] kb00�� + (1� �) �nlh u� k1;VI = �2 Z t0 �rb0��nlh u; ���;r _��d�= �2�rb0��nlh u; ���;r��+ 2 Z t0 �rb0��nlh u; �� _�;r�� d�+2 Z t0 � @@t hrb0 ��nlh u; ��i�;r�� d�� 2C16k�k kr�k+ 2C16 Z t0 k _�k kr�kd� + 2C17 Z t0 k�k kr�kd�;



22where Ci = max�2[0;1]Ci (�) ; i = 16; 17; withC16 (�) = maxt2[0;T ]kb00��� + (1� �) �nlh u� k1 maxt2[0;T ]k�r� + (1� �)r�nlh uk1and C17 (�) = maxt2[0;T ]kb000���+ (1� �) �nlh u� k1 maxt2[0;T ]k� _�+ (1� �) �nlh _uk1� maxt2[0;T ]k�r�+ (1� �)r�nlh uk1+ maxt2[0;T ]kb00��� + (1� �) �nlh u� k1 maxt2[0;T ]k�r _� + (1� �)r�nlh _uk1 :Now, � (�; 0) = 0, from (4.22), so thatk�k2 = 



Z t0 _�d�



2 � �Z t0 


 _�


�2 � T Z t0 k _�k2d�;and henceVI � C216T� Z t0 k _�k2d� + �kr�k2 + Z t0 hC216k _�k2 + C217k�k2 + 2kr�k2i d�;for � > 0 as before. Next,VII = �2 Z t0 �r hb0��nlh u; ��� b0 ��nlh u;  �i � ;r _�� d�= �2�hrb0 ��nlh u; ��� rb0��nlh u;  �i � ;r��+2 Z t0 �hrb0 ��nlh u; ��� rb0��nlh u;  �i _� ;r��d�+2 Z t0 � @@t hrb0 ��nlh u; ���rb0 ��nlh u;  �i � ;r��d�� C218C2L4� k��  k2k� k21 + �kr�k2+C214� kr�� r k2k� k21 + �kr�k2+ Z t0 hk��  k2k _� k21 + C218C2L4kr�k2i d�



23+ Z t0 hkr�� r k2k _� k21 + C215kr�k2i d�+ Z t0 �k��  k2k� k21 + C219C2L5kr�k2� d�+ Z t0 hk _�� _ k2k� k21 + C220kr�k2i d�+ Z t0 �k��  k2k� k21 + C221C2L4kr�k2� d�+ Z t0 hkr _�� r _ k2k� k21 + C215kr�k2i d�+ Z t0 �kr��r k2k� k21 + C222kr�k2�d�;with � > 0 as before, whereCi = max�2[0;1]Ci (�) ; i = 18; : : : ; 22; withC18 (�) = maxt2[0;T ]k�r� + (1� �)r�nlh uk1;C19 (�) = maxt2[0;T ]k�r� + (1� �)r�nlh uk1 maxt2[0;T ]k� _� + (1� �) �nlh _uk1;C20 (�) = maxt2[0;T ]k�r� + (1� �)r�nlh uk1 maxt2[0;T ]kb000�� + (1� �) �nlh u� k1;C21 (�) = maxt2[0;T ]k�r _� + (1� �)r�nlh _uk1;andC22 (�) = maxt2[0;T ]kb000�� + (1� �) �nlh u� k1 maxt2[0;T ]k� _ + (1� �) �nlh _uk1:Finally,VIII = Z t0 � @@tb0 ��nlh u; �� ; jr�j2� d� � C23 Z t0 kr�k2d�;where C23 = max�2[0;1]� maxt2[0;T ]kb00��� + (1� �) �nlh u� k1 maxt2[0;T ]k� _� + (1� �) �nlh _uk1� :



24To ensure that the constants C10{C23 are independent of h, we put exactly the same restrictionson h and m as we did before in the proof of (a), namely we require h � min fh1; h2g andm > 1 + d=2, where h1 is as de�ned by (4.17) and h2 by (4.19). We then note that all theconstants C10{ C23 have the same components as the constants C1{ C9 found before, and, as 2 J , they can therefore be approximated in exactly the same way. We omit the details here.We now put all the above into (4.23), to givek _�k2 + (M0 � 4�) kr�k2 � Z t0 hC24k�k2 + C25k _�k2 + C26kr�k2i d�+C2L3� k��  k2kr� k21 + C218C2L4� k��  k2k� k21+C215� kr�� r k2k� k21+ Z t0 h2k��  k2k� k21 + k _�� _ k2k� k21+k� �  k2k _� k21 + k��  k2kr� k21+k� �  k2kr _� k21 + k _�� _ k2kr� k21+kr�� r k2k _� k21 + kr��r k2k� k21+kr _�� r _ k2k� k21 + k� + � k21k��  k2+k� + � k21k _�� _ k2 + k _� + _� k21k��  k2i d�; (4.24)where C24 = C11 + C217;C25 = C10 + C2L1 + C11 + C2L2C212 + C213 + C216 + C216T� ;and C26 = C2L3 + C214C2L4 + 3C215 + 2 + C23+ C218C2L4 + C219C2L5+C220 + C21C2L4 + C222:Looking now at the terms on the right{hand side of (4.24), we note that all but the �rst threeterms there can be bounded by some constant multiplied byh2(m�d=2�1) maxt2[0;T ] hk _�� _ k2 + k��  k2H1(
)i:



25For example,C2L3� k��  k2kr� k21 � CL3� kr� k21 maxt2[0;T ]k��  k2� CL3C2inv1C2inv2� h2(m�d=2�1)C2� maxt2[0;T ]k��  k2;Z t0 kr _��r _ k2k� k21d� � T maxt2[0;T ]k� k21 maxt2[0;T ]kr _��r _ k2� TC2inv1C2inv3h2(m�d=2�1)C2� maxt2[0;T ] k _�� _ k2;andZ t0 k� + � k21k��  k2d� � T maxt2[0;T ]k� + � k21 maxt2[0;T ]k��  k2� T maxt2[0;T ]hku��nlh uk1 + k�nlh u� u k1i2 maxt2[0;T ] k��  k2� 2T maxt2[0;T ]hku� �nlh uk21 + k�nlh u� u k21i maxt2[0;T ] k��  k2� 2T h�(C�2 + Cinv1C�1) jujHm(
) + Cinv1Cproj1�2+C2inv1C2��h2(m�d=2)� 2T h�(C�2 + Cinv1C�1) jujHm(
) + Cinv1Cproj1�2+C2inv1C2��h2(m�d=2�1);where in each case we have used the fact that u 2 J .Overall, then, we can write (4.24) ask _�k2 + (M0 � 4�) kr�k2 � Z t0 hC24k�k2 + C25k _�k2 + C26kr�k2i d�+C27h2(m�d=2�1) hk _�� _ k2 + k��  k2H1(
)i ;where C27 is a known constant such thatC27 = C27 (�; C15; C18; CL3; CL4; C�; Cproj; Cinv; T ) :



26Choosing � < M0=4 and using Poincar�e's inequality (2.1) and Gronwall's inequality givesk _�k2 + k�k2H1(
) � C28h2(m�d=2�1) maxt2[0;T ]hk _�� _ k2 + k��  k2H1(
)i ;where C28 = C27C29 exp (C30T ) ;for C29 = 1min�1; M0 � 4�Cpoin �and C30 = C29maxfC24; C25; C26g:Finally, therefore, we take h < h3 where h3 is de�ned byh3 := � 1C28��0 ;where �0 = 12 (m� d=2� 1) ;this is, in fact, where our requirement thatm > d=2+1 rather than m � d=2+1 (which wouldhave su�ced until now) comes in.This restriction on h gives the required result, namely thatmaxt2[0;T ]�k _� (t) k+ k� (t) kH1(
)� � � maxt2[0;T ]�k _� (t)� _ (t) k+ k� (t) �  (t) kH1(
)� ;where � = � hh3�2(m�d=2�1) < 1:Hence, for h < h0 := minfh1; h2; h3g, we see that (a) and (b) hold. Thus, by Banach's FixedPoint Theorem, there exists a unique uh 2 J such that N (uh) = uh.This establishes the existence of a unique solution to (2.8){(2.9). To obtain the L2 (
) errorbound of the form of (4.2), we proceed as follows:Since uh 2 J , then, from (3.2), maxt2[0;T ]kuh ��nlh uk � C� (u) hm;for m > d=2 + 1 and h < h0, where C� and h0 were de�ned above. Therefore,maxt2[0;T ]ku� uhk � maxt2[0;T ] ku� �nlh uk+ maxt2[0;T ]k�nlh u� uhk� Cproj1 (u) hm + C� (u)hm;
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