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1 Introduction

In this paper we will derive an a priori error bound for the second-order nonlinear
damped wave equation

Pu 0

i T g (a(w) =Ab(u) + f(x,1), (1.1)
with given initial and boundary conditions that we will specify in a moment. That
is, given a finite element test space V), (which we will define more specifically later),
we consider the semi-discrete analogue of (1.1) on V}, namely the problem of finding

up, 2 (0,T] — Vj, such that

<%’X> * (%(“ (1)) 7X> +(Vo(un), Vx) = (f,x)  Yx €V, (1.2)

given initial values for wj, and dup/dt approximating the initial conditions for u and

au/at in Vh.

Our work will show that the problem (1.2) has a locally unique solution, and that, if
m — 1 is the degree of the piecewise polynomials in V}, then the optimal L, () error
estimate

max [l (£) — un (1) || < C (u) b
t€[0,17]

holds, under the assumption that m > 1+ d/2 for @ C R% and for an appropriate choice

of initial approximations.

The motivation for studying the nonlinear damped wave equation in the form of (1.1)
comes from the nonlinear wave dielectric interaction problem, derived from the full non-
linear Maxwell’s equations by assuming linear polarisation (Bloom [3]). This is described
by the nonlinearly damped nonlinear wave equation for the electric displacement D:

D 4 (D)D) = A (D)D), (13)

subject to appropriate initial and boundary conditions, where v (|D|) = Ao+ D, A; >
0, and n (|D|) = o (¢ (|D]) |D]) g« (|D]), with o and g both positive and differentiable on
the set of positive real numbers. The approach here follows that of Makridakis, who in
[7] studies finite element methods for a class of problems of nonlinear elastodynamics,
semi—discretised in space using standard Galerkin methods.

2 Problem Formulation

Let © be a bounded domain in R? with Lipschitz continuous boundary 9. Then, for
1 <p<oo, L,(R) will denote the usual Lebesgue space of real-valued functions with



norm H-HLP(Q). For p = 2, we will omit the subscript, writing ||-|| for H-HLZ)(Q), and for
p = oo we will write ||-||__ for H'HLOO(Q)' We define the Ls (Q) inner product (-,-) by

(u,0) = /Qu(x)v(x) dx,

for u,v € Ly (). Further, for k£ a non—negative integer, let sz (Q) denote the classical
Sobolev space equipped with the norm H'Hwk(ﬂ) and the semi-norm |'|Wk(Q)' For p =2
r r

we write H* () for WJ (). Also, HY () denotes the closure of the space of infinitely
smooth functions with compact support in € in the norm of H* (Q).

We will make use in this paper of Poincaré’s inequality:
There exists a positive constant Cpei,, depending only on m and on the dimensions of
the domain €2, such that

ol[Fm@) < Cooin Y 1D70l* = Cooin [0]37m(q (2.1)
|o|l=m

Yo e Hi' ().
Proof See Adams [1]. =

Let 7' > 0. In the cylindrical domain € x (0,7'], we consider the second-order nonlinear
damped wave equation given by

Pu 0
Tt S () = Ab(w) 4 [ (x.1), (2.2
subject to the initial conditions
du
w(-0)=wuo(-) and —-(0)=ui() on, (2.3)

and the homogeneous Dirichlet boundary condition
u=0 on 092 x]0,T], (2.4)

where a« € C*(R), b € C*(R), f € C*([0,T]; H* (V)N H} (), uop € H*(Q) N
H} (), vy € H>(Q)N H (), and ¥ (u) > My > 0, where ¥/ (u) denotes db/du. For an
existence and uniqueness theorem for the nonlinear wave equation, of which (2.2)—(2.4)
is a special case, see Chen & von Wahl [4].

Let V,, C H} () denote a finite element test space consisting of piecewise polynomials
of degree k = m — 1 on a quasi-uniform subdivision 7 of Q C R% where m > 2. Then
there exist positive constants Ciny1, Cinve and Cinys such that for all y € V,

Ixlloe < Cineah™? |1, (2.5a)
IVl < Cinezh™ ¥ ]loos (2.5b)

IVl < Ciawsh™ X (2.5¢)



Proof See Ciarlet [5], p.142. m

Define h by h = max h., where h, is the diameter of x (for example, the longest side of
KE

the triangle if d = 2).

We recall that there exists a positive constant C,q, independent of h, such that, for
ve HH Q)N H™(Q),

inf |jv —vp|| < Cah™[v]pm@). (2.6)
UhEVh

We also note that, denoting by I : HJ (Q) — Vj, the standard finite element interpola-
tion operator, there exist positive constants C,s and C3, independent of A, such that,

for v e Hy (Q)N H™(Q),

v — Tl < C*th_d/2|v|Hm(Q)7 m > d/2, (2.7a)

Vo — VI < C*3hm_d/2_1|v|Hm(Q) m>d/2+1; (2.7b)
see Brenner and Scott [2] p. 105 for a proof of these results.

We shall assume in the analysis that the solution to (2.2)—(2.4) belongs to the function
space C? ([0, T]; H™ (Q) N Hy (), with m > d/2 4+ 1,k =m — 1.

We approximate (2.2)—(2.4) by a semi—discrete Galerkin finite element method of the
following form:

Find uy, (t) € V3, 0 <t < T, such that

@TX) + (% (un)) a><> +(Vb(un), VX)) = (f (1), X) (2.8)
for all Y € V},, and

U, (70) :u?L () € Vi, W(?O) :u}L () € Vi; (29)
the precise choice of uf and ul in V}, will be given below in Section (4.1).
Throughout the rest of this paper we will denote du/dt and 9%u/dt* by @ and i respec-
tively, etc..

3 Preparation

In this section we recall Banach’s Fixed Point Theorem, which is our main tool in both
the proof of the existence of a locally unique solution to (2.8)—(2.9) and in the derivation
of the a priori error estimate. We also define the sets that will be needed in the analysis,
and we give some error estimates for a nonlinear projection operator.

First we recall that a mapping M : X — X is a contraction on a metric space X = (X, /()



if there exists a positive real number a < 1 such that, for all x,y € X, {(Ma, My) <
al (z,y).

Theorem 1 (Banach’s Fixed Point Theorem) Consider a metric space X = (X, (),
where X # 0. Suppose that X is complete and let M : X — X be a contraction on X.
Then M has precisely one fixed point.

Proof See Rudin [9]. m

For Vj, as defined above, let I1#w be the nonlinear projection of w € H} () onto Vj,
defined by
(Vb (II}'w) — Vb(w),Vx) =0 Yy € V. (3.1)

We note that Dobrowolski & Rannacher [6] and Rannacher [8] have shown that (3.1)
has a locally unique solution I'w € Vj, for & > 0 sufficiently small.

Then define the space Y by
Y i= € ([0, 7): HE () 1 CL ([0, 7] L (2)).

Also, let J C Y denote the set defined by

7= {o 011 = Vi e (150~ a0

tel0,T]

Hlo () = I (1) ) < Cu(u) A7 (3.2)

In (3.2), C.(u) = Cy is a positive constant independent of h, and h < hg; both C, and
ho will be specified later.

We note that the set 7 is not empty, since [I#'u € J. Also, if a sequence
{vn}zozl C j
converges in Y to v € Y, we note that v € 7. Hence, J is a closed subset of Y.

Finally, for ¢,1 € 7, let { be defined by

0(6,0) = max (16() = O]+ 16() = ¥ () e - (33)

tel0,T]
We note that then Y = (Y, () is a complete metric space.
In the a priori analysis we will make use of the following results:

Lemma 2 (Projection Estimate) For m > 2 and V}, as given above, there exists a
positive constant Cpoji (w) such that the following inequality holds for w € Hg () N
H™(Q):

i — T3] < Copogs () ™. (3.4)



Proof This result is proved by Dobrowolski & Rannacher [6] and Rannacher [8]; it follows
from (2.6). =

Further, for the analytical solution u such that w (¢),u (¢),4(¢) € Hy () N H™(Q), we
put

Corojt = trer%(?%(] Cprojt (u (t)) ) (3.5&)

Cprojz = max Cprog (U (1)), (3.5b)
tel0,T]

Chrojs = trer%(?%(] Chrojn (1 (1)) - (3.5¢)

4 A Priori Error Analysis

In this section we prove the a priori error bound for ||u (t) —uy (¢) || as given in Theorem
3 below. In the process of deriving this bound, we establish the existence of a locally
unique solution to (2.8)—(2.9).

Theorem 3 Let u be the solution of (2.2)—(2.4) (such that the constants Cprojr, Cproj2
and Cproja defined above exist, i.e. w € C*([0,T]; H (Q) N H™(Q))). Assume also that
m > 14d/2, where m = k+ 1, with k the degree of the piecewise polynomial functions
in Vi,. Assume also that the initial values uf),u; €V, have been chosen such that

[y () = T (5 0) | gy + [ () = 1Y (- 0)| < Cingh™, (4.1)

where 1 is the solution to (3.1). Then the semi-discrete problem (2.8)-(2.9) has a

locally unique solution that satisfies

masx [Ju (1) = s (1) ]| < G (w) A7, (1.2)

te[0,71]

where C, (u) = C, isa positive constant and h < hg; both C, and ho will be fized later.
We note that, in general, the condition

HU?L ( Hzlu < Cinihm

Ol 10
can only be satisfied by choosing uf = 1w (-,0).
Proof First we consider the weak form of (2.2), so that

(1, x) + (@ (u), x) + (Vb (u), Vx) = (f,x)  ¥x € Vi (4.3)

subtracting (2.8) from this gives

(it = i x) + (@ (u) = @ (u)x) + (Vb () = Vb(uy) . VX) = 0 ¥x € Vi



We then use (3.1), the definition of the nonlinear projection operator Hzlu, to give

(i — i, x) + (@ (u) — a(up), y) + (Vb (Hzlu) ~ Vb (uh),Vx) =0 YyeV, (44
Now, we can simplify the nonlinear terms in the following way:

Bl i) = -fa(w) ()

_ %[(u—uh)/ola’(Ouh—l—(l—O)u)dO],

and similarly
Vo (1) = Vb () = ¥ [(Hz’u ~ ) /1 v (Gu + (1 - 6) 13w do] .
0

Also, let § = u — 1T and & = Hu — up; then (4.4) becomes
. 9 1
(ﬁ-l-f»() + (% [(n-l—{)/ a' (Qup, + (1 — 0)u)d0] ,X)
0

1
+ (v [5/ b (0uh +(1-6) Hz’u) do] ,VX) —0 VY€V
0
We now define a mapping A on the set 7 as follows:

If ¢ € J, then the image uy := N (¢) is given by the relations

ug (0) = up (-) and i (- 0) = uj (), (4.5)
and wg (t) € Vj, for 0 < t < T such that

(i+éa)+ (5 [nv 0 [ @0+ 1-0r0a) )

1
+ (v [g(é/ b (0¢+ (1-6) H;”;lu) do] ,VX) =0 (4.6)
0
Vx € Vi, where £y = Hzlu — Ugp.

In order to complete the proof of Theorem 3, it suffices to show that A/ has a unique fixed
point in J. Indeed, if v, is this fixed point, then v, satisfies (2.8)(2.9), and as v, € J, the
approximation property (3.4) implies that

t) — 1) < h™.
i u(t) = v, ()] < C ()

We will establish the existence of a unique fixed point in 7 by showing that the pair N, 7
satisfies the assumptions of Banach’s Fixed Point Theorem, given above in Theorem 1. That
is, we will show that

(a) N(J)C T,
(b) N is a contraction with respect to £ (-,-), where, for ¢, ¢ € 7, ( is defined by (3.3).

In the next two sections we will establish (a) and (b) above in turn.



4.1 Existence of a Fixed Point of A in J

In this first section, we establish (a). That is, we show that, given ¢ € J, then uys € J, where
ug := N (¢), for A the mapping defined by (4.5) and (4.6) above.

We firstly note that, provided certain Lipschitz conditions are satisfied, A is a well-defined
mapping; the relations (4.5) and (4.6) define uy : [0,7] — V}, uniquely as the solution of an
initial value problem for a second—order system of linear ODEs.

To simplify the presentation of the nonlinear terms, we introduce the following notation:

b (Hg’u, ¢) - /1 b (0¢ +(1-6) Hg’u) a8, (4.7a)
0
and
1
a (u, ) := / a (06 + (1 —6)u)deé. (4.7b)
0
Then we choose y = éb in (4.6), giving
1d . . s . a .
Sl = = (inés) = (V¥ (15w 0) €6, VEs ) - (g (u,qb)n,@s)

- (i) - (g 16)606) - (o (10)60.,)
_ (b’ (Hg’u, ¢) Vés, vé(b) : (4.8)

We now integrate in time from 7 = 0 to ¢. In particular, the final term in (4.8) can be simplified
as follows:

[ (o) vevi)ar = 3 [ (v (mi'0.) 5 96F ) ar

- % (¢ (5, 0) , IVE4I?) t

0

1 ! d / nl 2
_5/0 (%b (Hh uv(b) 7|V£¢| ) dr.

Then, noting that b’ () > My > 0 for t € [0,T], we see that (4.8) becomes

€617 + Mol V€1 < 1L+ 11 + ...+ VI + VL], (4.9)

where the I, I1,...,VII terms are defined and simplified below:
¢ ¢
“2 [ (s ar < [ (1P + 107 ars
0 0

2 /0 t (Vb’ (Hg’u, ¢) £, vé(b) dr

1

II



_ 9 (Vb’ (Hz’u,¢) £¢,V£¢) ‘; 42 /Ot (% {Vb’ (Hz’u,¢) 54 vg(b) dr

= 2(V (0| _ (0. V& (0)) — 2 (V¥ (15'u.0) &, V6,

42 /Ot (Vb’ (Hg’u, ¢) €5, V£¢) dr +2 /Ot (%w’ (Hg’u, ¢) £, vg(b) dr

< 201165 (0)[] V€4 (0) || + 2CuIEo]| V&)
! - 12 2 ! 2 2
+Cy / oIl + IV&l12| dr + € / 1€ |12 + 11V€4[1%]
where
C; = max C;(#), i=1and 2, with
6€[0,1]
Ci(8) = b (6 1—0) I u) [|eo v 1—6) VI ul o
1(0) = max [ (69 + (1= 6) 1) o max 0V + (1~ 6) VILu]
and
— " _ ; _ nl ;
C2(8) = max (16" (86 + (1 = 6) T3] 0 mase (169 + (1~ 6) 1

X max] 10V + (1 — ) VI u||o

telo, T

+ max 16" (0¢+(1 — g) 117! ) oo max Hev¢+ (1 - 60) VI i .
telo,T tefo,T

We will estimate the values of these constants, and the others found below, later on. Next we
bound ||€4])* as follows:

Jeol? = o @)+ [ € arl? <2 [l O 41 [ & arlP]

then
2 nl 2
s O = [1m3u (0) = us (0)
nl 0 2
= HHhu(O)—uh‘ , from (4.5),
< CERP™. from (4.1),
and

2 t - 2 t - t -
< ( / uww) <t [ WalPar <7 [P

t .
dr
0
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Hence, using (4.1) to bound ||V, (0)]| too, we see that

02T 202(2
w < e+ 200 [ par 4 28y gvg e
frois ) i , ,
vn [ Il +Iv€] ar + o [ gl + 197 dr

for some é > 0 that will be specified later, and for all ¢ € [0,7].

Next,
Lo ! 2 21 112
m o= =2 [ (gaorné)ars [ [l + i)
0 0
where
C3 = max C3(0), with
6elo,1]
_ " _ i _ g .
Cs(0) = max |a" (66 + (1 —0)u )\!mtgg§]\!0¢+(1 0) ] oo;
t . i .
Vo= 2 [ (dweid)ar < [ [l + GNP
0 0
where
Cy J&%ﬁﬁ%”“ (06 + (1 —0)u)|
tro ! 2 : 2
Vo= 2 [ (g woreé)ar<a [ [l 16l ar
0 0
t L o,
VI = 2 [ (oo ds) ar <20, [ JlPar
0 0
Lo
_ / nl 2 Yo nl 2
VI = (¥ (13e0)| L vs o) + [ (mb (Hhu,¢),|m|)dr
13
< G+ Co [ VEPar
where
C5 = max‘b’(0¢+(1—0)nz’u) H
96[0,1] t=01loco
and
Cs = max Cg(0), with

0€[0,1]
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— " _ nl J B nl »
Co(8) = max " (69 + (1= 6) 1T} ) [l max (106 -+ (1= 6) T .

Before we proceed further, let us estimate the values of the constants C1— Cg; this gives us the
restrictions on h and m that are required by Theorem 3.

Let Cy = Cy (u) be defined by

2 2
C? =20, [3C§rojT + C2. (201 + % + 05)] , (4.10)

where the constant C'7 is specified later. Also, define Cj,y by
Ciny := max{Ciny1, Cinv1Ciny2, Cinv1Cinva}, (4.11)
where Ciny1, Cinve and Cinys are as given in (2.5), and define Cppoj by
Cproj 1= Max{Cproj1, Cproj2, Cprojs}s (4.12)

where Cproji, @ = 1,2,3, are as given in (3.4) and (3.5).

Let
- maX¢elo,T] [|e]] o M)
(0*2 + CinvC*l) maXte[O,T] |U|Hm(Q) + C(invc(proj + C(invc(* ’
T maX¢elo,T] [|e]] o Y=z
(0*3 + CinvC*l) maXte[O,T] |U|Hm(Q) + C(invc(proj + C(invc(* ’
- masepoy il o
(0*2 + CinvC*l) maXte[O,T] |U|Hm(Q) + C(invc(proj + C(invc(* ’
f};* - maXsepo 1] HUHOO 1/(m—d/2-1)
(0*3 + CinvC*l) maXte[O,T] |U|Hm(Q) + C(invc(proj + C(invc(* ’
and

hy = min{ﬁ,ﬁ*,%,ﬁ*,l}.

In the rest of this paper, we will assume that h < hy and m > 14 d/2. Then we can bound
the various components that make up the constants C;, ¢ = 1,...,6, as follows:

Looking firstly at the components of C, (s, Cs and Cg, namely those involving the nonlinear
projection Hzlu, we have

166 + (1 = ) ulloe = (1107w + 66 — I;'u) o

IN

M oo + (16 = T ullo,  as 6 € [0,1],

IN

lulloo + 171l + ll6 = 105 ul oo,

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)
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asn=1u-— Hzlu.
Now, incorporating Z"u, the interpolant of u as defined above, we have

illso = Hlu =T ulloo < [lu—T"ulloo + 174 — T} ul| o

< u— T ulloo + Ciuah ™M — ). by (2.50),

IN

lu = T uloo + Cinen (11w = Tl + [Ju = 1031w ) 12

IN

((0*2 + Cinvlc*l) |u|Hm(Q) + CiHVlCPI‘ojl) hm—d/27

by (2.6), (2.7a) and (3.4).
Also,
¢ — T u|oe < Cinyth™ V2| — TP u|| < Ciny1 CLh™ Y2,

from (3.2), as ¢ € J. Hence we see that

166+ (1 =T ullee < flulloo + ((Coo+ ChaniCot) [l ey

—I'Cinvlcprojl + Cinvlc*) hm_d/2

< .
>~ trer%&)j(“] HuHoo ‘I’ ((0*2 ‘|’ CIHVC*I) |u|Hm(Q)
+CinyCproj + CinyCo) B~ Y2 from (4.11) and (4.12),
= max ||ul|e + (:) max ||u||s, from (4.13),
te[0,71] h te[0,T]
< 2 max ||ul|eo,

tel0,T]
ashgﬁandm> 1+4d/2.
Working now on the second component of (7, a similar argument means that
1656 + (1 = 0) VI ulloe < [V allos + [V7llc + V6 = VI oo
then, as before, we have

IVillee < IVe = VI"ulloo + VT = VI ]

IN

IV = V2" e + CinaCinz (1 = Tl| + = T3] ) B2

IN

(Cs [l gy + Cimt Cin (ot [l gy + Cprosn ) ) 74271,

by (2.6), (2.7b) and (3.4).
Also, (2.5), (3.2a) and (3.2b) mean that

HV¢ - VHZIUH S Cinvlcinv2hm_d/2_lc*-



Hence

10V6+ (1= 0) VIfullee < ([Vulloo + (Cus [0l gy

+ i (Cot [t gy + Cpro) + CineCa ) B2,

so that
1656+ (1= 6) VI'ulloe < mas [Jullo + [ Vulloc]
tel0,T]
as before, now using (4.14), the definition of .

In exactly the same way, we can show using (3.5a) and %, defined by (4.15), that

; _ nl - . . .
166+ (1= )il < mas flifloo + ((C*z + Ciny Car) [ )
‘|‘CinvCproj + C(invc(*) hm_d/2
h m—d/2
= max [|u|ls + (:) max ||@|eo
te[0,1] h te[0,T]
< 2 max || co-

tel0,T]

For the final component of (1,5, (s and Cg, we have

IN

16V6 + (1~ 6) VII} i IVilloo + I Villoc + 1V = Vlyilo

IN

‘|‘CinvCproj2 + C(invc(*) hm_d/2_17
from (2.5a), (2.5b), (3.2) and (3.5a). As h < h*, we have

10V + (1= 6) VIIFYi]|oo < max [|Jilloc + [|Vitl|oo] -
tel0,T]

The components of C's and C4y can be bounded in exactly the same way, as

166+ (1 =) ullec = [lut8(d—u)ll, <llulle +1¢—ull,, asbel0,1],

A

< lallye + il + | = 3|

etc., as before.

Overall then, we can write C;, ¢ = 1,...,6, as follows:

13
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Ci = max V" (()| max [lJulloo + [[Vullec]

tel0,T]
Cy = 2 b it | oo oo Villso
) max B (€)| max [lilloe mas lullo + [Vl

b oo + IV U]|s],
+max ()] mae [l + |Vl

C = 2 " ! 0y
3 mCaXICL (C)Itrer%%HUH

€1 = max|d ()],

Cs = max|V'(¢)],

O = 2 % 1| o
6 mgXI (C)Itr&%HUH

where

€] <2 max [|u]|oo.
tel0,T]

We now put all of the expressions for I, II,...,VII above into (4.9) to give

I€611% + (Mo = 8) [IVE)1° < T max, I 7 e

2 2
+O3s (201 + % + 05) h*"

t
+3/ [(Cy + Co) €l + (C1 + Co + Co) [ Vo)
0

2027 ;
R O R

We then choose § < My, and use Poincaré’s inequality (2.1) to give, for 0 <t < T,
F 12 2 2 12 (12
1™+ Meollerr () = CsT max, Ll + 10l + [15311°]

9 2
+CSCi2ni (201 + % + 05) h?m

t
+@/M@+@wwﬁua+@+%www
0

20T :
(14290 e o i 3 ] o
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where
1

fent
min 4§ 1,
C(poin

SN2 2 2 12 (12
1™+ Mo llbrr(y = CoT max, [l + 1l + [15711°]

Cs =

Gronwall’s inequality gives

9 2
e (201 + Xy 05) pem,

where

C7 = Cgexp (CsCyT),

for
20T
)

Cg:max{02+03,1—|— ‘|‘01+CS+C§‘|‘QC4‘|‘02701‘|‘C2‘|‘C6}-

Finally, as n = u — I17'u, we can use (3.4) and (3.5) to obtain

.12 202
H&sH + 16l ) < Cr [3C§rojT +C2; (201 + =1+ 05)] B2

so that we obtain our required result

€l + 11€oll 11 (@) < CB™,
using (4.10), the definition of C.,.

That is, we have shown that V' (7) C J, for h < hy, defined by (4.17), and for m > 1+ d/2.

4.2 Establishment that A\ is a Contraction Mapping

In this second section we establish (b), the contractivity of A, as detailed on p. 7. That is, we
show that there exists a positive real number a < 1 such that, for ¢, ¥ € 7,

LN (9), N (4)) < al(,¢),
with € as defined by (3.3).

Before we continue, we note that, since a’,a”, k', k" and k" are Lipschitz—continuous, there
exist positive constants C'r1— Crs such that

|a’ (u,0) = a' (u, )| < Crale — ¢l (4.18a)
" (u,¢) —a" (u,9)| < Cralg — 4|, (4.18b)
(10w, 0) = (3w, )| < Cralo - ¢, (4.18¢)
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IN

Cralé — ¢l (4.18d)

|b// (Hzlu, (b) " (Hzlu, ¢) |

o (1030, 0) =" (W', 0) | < Crslo — ¢, (4.18¢)

where O’ (Hzlu,qb) and a’ (u,¢) are as defined before by (4.7), and we define the other terms
as follows:

and

a’(u,¢) = /01 a’ (0 + (1 — 6)u)do,

b (Hglu, ¢)

1
/ v (66 + (1 - 6)11;'u) 6,
0

and

b (Hz’u, ¢) = /1 b (0¢ L (1-9) Hz’u) d.

0

We prove the first inequality above, namely (4.18a); the others follow in exactly the same
manner.

We firstly note that, by definition,

d (u.6) - d (u, ) = / [ (86 + (1= 8) u) — ' (64 + (1 — 6) u)] df

[ [ @o-ov107 0o+ -1+ (- 0yu)dras,
so that

o (u, ¢) = o’ (u, )| < 5 |¢ ¢] max max [la”(0[r¢+ (1 —7) ]+ (1= 0)u)e-

6,7€[0,1]t€[0,T]
Working on the argument of ¢” as before, we have

107+ (1 =)o+ (1= ulls < Nlulloo +[ITo+ (1= 7) ¥ — uflo

[elloo + 1140 = ulloo + ¢ = ¥l

IN

IN

lulloo + 15w = ulloo + (1% = 0 oo

16 = T3 ulloo + 1 — T3 ul| oo
Now, as in the previous section,
HHZZU - uHoo S ((0*2 + Clnvlc*l) |U|Hm + CIHVICPTOJ1> hm d/2

and we also have that, from (2.5a),

A

16— 3t ulloe + 200 = Tl ulle < Cinn (116 = T ul] 4+ 210 = T ) B =2

3C(invl C* hm_d/2

IN
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by (3.2), as ¢, € J.

Hence overall we have
‘|‘Cinvlcproj1 + 3Cinvlc*) hm_d/27

Now define h and hy by

( maxepo,77 [|4]oo )1/(m—d/2)
(0*2 + Cinvlc*l) maXtE[O,T] |u|Hm(Q) + Cinvlcprojl + 3C(invlc(*

and

hy := min{h,1}. (4.19)
Throughout the rest of this paper we will assume that h < min {hy, ho}. Then
1076+ (1 = 7) ]+ (1 = 0) ull, < 2|lull,

so that )
|a/(u,(b) — a’(U,¢)| < §mgx‘a//(c)‘ b — |,

where |(| < 2max,c[o 77 ||ul|,, as before.
Hence we see that (4.18a) is proved, with

1
Cor = Smax [a” Q)]

The proof of (4.18b) follows in exactly the same way, with the same restrictions on h and m,
so we do not give it here.

The proofs of (4.18¢)—(4.18e) also follow immediately, as
lotro+-mui+a-omt] <l + | = a4 e -3t

—|—H¢—HZZUH + HQ#—HZZUH , etc..

o0

Moving on to the proof of the contraction itself, we firstly differentiate out some of the terms
in (4.6) to give

(i+0x) + (0 (0,00 (1+66) 1) + (e 0 4 €00
+ (0 (W5, 0) Vg, Vi) + (W0 (170, 0) €4, V) = 0 (4.20)

VX e V.

Now let N (¥) =: uy, and &y = P u—u,. We consider (4.20) with ¢ € J and ¢ € J, and take
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the difference. We simplify each of the five resulting terms separately, denoting them by I,.. ., V:

I = (57+§¢7X) - (7'7'+5w7><) = (liy — fig, X);

n o= (o (w0) (n+&)x) = (¢ (w) (i +&) )

= (@) (n+s) x) = (« (we) (1 +) x)

(@ wo) (i +8) x) = (o (ww) (i +E) )

= (@ (.0) (g = itg) ) + ([ (0, 8) = @ (w,)] (74 €0) ) 5
m = (g o+ &) - (5 w6 .x)

= (G o =) + (g [0 ) - @ (0] (6001
Vo= (¥ (13, 0) Ve, V) = (o (131w, 4) VEy, Vy)

= (b’ (Hzlu, q§) V (uy — ug) ,Vx) + ({b’ (Hzlu, q§) — (Hzlu, Qb)} VEy, Vx) :
Vo= (Vb’ (Hz’u,¢) 5¢,vx) - (Vb’ (Hz’u,¢) @,VX)

(90 (11510, (uo— ), 9x) + (7 [1 (10,8) —  (1050,)] €0, 9
Amalgamating all these terms gives

0 = (i — g )+ (@ (w,0) (it = 1) ) + ([ (,0) = @ (w,)] (74 &) )
(g 0000 (= ) ) + (1 (00— o 0] (14 €001 )
(0 (10300, 0) ¥ (g = g, VX) + ([0 (10300, 0) = 0 (030, 0)] VS, Wy
(0 (150, 6) s — 00, 5) 4 (3 [ (150,0) — 8 (1050,0) 0, 95

VX e V.
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We now choose x = 1, — 14, and, writing © for uy — ug, we have

S0 = —2(«(1,66,0) ~2 ([« (w) ~ o' (w)] (i1 +,).6)

-2 (0 (0:000.6) —2 ([0 (0.6) = o (0 )] (14 60).0)

2 [ ( u ¢)—b’ (H u ¢)}vgw,v©)—2(w (Hzlu,qﬁ)@,v@)

v [ ( ) _y (Hglu, m £0, v@) _9 (b’ (Hglu, ¢) Vo, v@) .

(4.21)

We now integrate (4.21) in time from 7 = 0 to ¢. In particular, the final term of (4.21) can be

simplified as follows:
t J
V(I ¢), = VO 2) dr
/0 ( ( & ) T

/Ot (b’( u¢)V® V@)d
(¢ i) w07

—/Ot (%b’( ),|V®|2) dr

0(-,0)=0(-,0)=0, (4.22)

Then we note that, from the definition of A/,

so that, with &' () > My > 0 for ¢ € [0,77] as before, (4.21) becomes
1912 + Mo||[VO|)? < [T+ [TI| + ...+ |VIIT]|, (4.23)

where the I,..., VIII terms are defined and simplified below. Working on each of these terms
in turn, we have

. t
I = —2/ (a’(u,¢)®,®) dr < 010/ 1o]]*dr,
o 0
where

I = —Q/Ot([a’(u,qb)—a'(u,lb)] (77+£¢),®) dr

IN

t - -
20 [ o= ol Il - EulllBllar.  from (4.15a)
0
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where

where

and

013

IN

t . -
W &lo - 1P + 1) ar

I = —Q/t (%a (u,¢)0, @) dr
0

IN

e [ [hei? + 6] or
0

Ciy1 = max [max la” (8¢ + (1 — 6) )"mt§g§]"0¢+(l_0)d"m]?

6elo,1] [telo,T

d

vV = —Q/Ot (5 [ (u, @) — a' (u,¥)] (74 &y) )dT

= [ ([ {1 =) (s 1 013)

+a" (w,0)0 (6= 9) b a0 (4 £,),0) dr

IN

1
[ I+ €ulillo = vl + ChaChll] ar

1
b [ [+ colialio = o1+ chl612] ar

= max max [|0¢+ (1 — )i

6elo,1]t€0,T]

"0 1-0 o0}
6’%1[%)%];6%3)12]“@ (¢ + ( Ju) |

<2 [ ([ (13t0.0) =¥ (050, 0)] ¥, 70) r

2 ([b’ (Hglu, ¢) —y (H;}lu, w)} Ve, V@)
12 /Ot ([b’ (Hglu, ¢) —y (Hglu, m Vi, V@) dr

+2 /Ot (/1 {b// (Hzlu’ Cb) (0(;5 +(1-0) Hzlﬂ) -0 (Hzlu, 1&) (0¢ +(1-6) Hzld)

0



_ (H;;lu, ¢) (0q5 +(1-8) H;;la) 4o (H;;lu, ¢) (0q5 +(1-8) Hz’a)] a9
% VE,,VO)dr

< 2013l = Pl [ VE eIV Ol

t
201 / 16— 1| [Véslocl| VO dr
0
t
120Ch / 16— || || V€]l T O d
0

t - -
120y / 16— | [VEs el VO 1 dr
0

IN

Chago— wEve . +alvol?

+ [ Jlo= wIPIvEE, + CElvolR) ar

+ [ o= PNV + CLCHIVOIR] dr
v [ 1= BFIvEE + ChIvolr] dr

for some 6 > 0, where

C — maxX max 0¢~—|— 1—0) 74| o
14 06[371]156[& ]H ( ) 10 |
and
C = x [|0" (60 + (1 — 0y 11 o)
1 erél[%,)i] tg%(?,T] | ( v )L u) oo

VI = -2 /Ot (Vb’ (Hg’u,¢) @,VO) dr
- 9 (Vb’ (Hzlu,qb) @,V@) +2/t (Vb’ (Hzlu,qb) @,wa) dr
0

+2 /Ot (% [Vb’ (Hzlu,qb)} @,VG)) dr

£ £
2016101 V0] + 2C1s [ ] IV0]dr +2C17 [ o] [70]dr,
0 0

IN
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where
C; = max C;(8), 1 =16,17, with
6ef0,1]
9) = V' (6 1—0) M) || 9 1—6) VI ul| o
Cio(8) = max " (06 + (1 =)} ) o max 6V + (1~ 6) VIIflu|
and
— " _ ; _ nl
Cur(8) = max [ (0 + (1= )T o mas 166+ (1= )10

v 1—6)VIIH ||
Xf&&%{]” ¢+ ( ) VI |

b (06 + (1 - 0) 1 u) |l OV + (1 —60) VI o -
+ max 07 (66 4+ (1= )T ) [l max 996+ (1~ ) VI3

Now, © (-,0) = 0, from (4.22), so that

t 2 oo 2 t
o= [oar| < ([[e]) <7 [ 1610
0 0 0

[161ar 450l + [ [Crl01 + il +21vol] dr

and hence

2
VI < 016

for & > 0 as before. Next,
Vit = 2 [ (% ¥ (1%.0) - ' (1)) €. 70) ar
= 2[5 (n5ne) - ¥ (1) . 50)
w2 [ (v (mn.0) - v (W0 0)] €5,70) ar
v2 [ (5 [o (n.0) - v ('0.0)] €. v0 ) ar

C3,C3
—E e = vlPlE % + ol el

IN

02
+ 521V = VEIPllgll + 81Vo?

t -
+ [ [lo= vl + chctiver?
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+ [ (190 - VoI + chivel] ar
1

+ [ 1o = wlPeul + CHCEITOIP] ar
t . .

+ [ 1= dPIeulE + IOl ar
1

+ [ 1o = vlPleuli + CHCRITOIP] ar
1

+ [ (196 - VoI + chiIvel] ar

t
T / [IV6 = VIR el + CLIVO|?] dr

with 6 > 0 as before, where

s

Cis(0)

Ci9(0)

Cao(0)

Cy(0)

and

Ca2(0)

Finally,
VIII =

where

(93 = max

max C;(0), 1 =18,...,22, with
6€[0,1]

Ir%ax 16V + (1 — 0) VI || oo,
tefo

Y 1—60) VI s 06 + (1 — 0) 1M 4| oo
fé%??” ¢+ (1—0) VI u| tgg§]\!¢+( )ALy ]

max 6V + (1-0)V 117l mas 0" (00 + (1= ) ") e
telo

Ir%ax 10V + (1 — 0) VI | oo,
tefo

1 _ i _ nl -
max (86 4 (1= )T ) [l max 16+ (1= )T i

/t (ﬁb’( by ¢) |V®|2) dr < C /tHVG)HQdT
0 8t 9 >~ 23 o 9

6elo,1] [telo,T

| 87 (06 -+ (1= 0)103'0) 1 e 106+ (1= )1

23
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To ensure that the constants C'jg—Ca3 are independent of h, we put exactly the same restrictions
on h and m as we did before in the proof of (a), namely we require A < min {hq,hs} and
m > 14 d/2, where hy is as defined by (4.17) and hy by (4.19). We then note that all the
constants C'1g— Cy3 have the same components as the constants C1— Cy found before, and, as
¥ € J, they can therefore be approximated in exactly the same way. We omit the details here.

We now put all the above into (4.23), to give
t
1011 + (Mo — 48) [[VO]* < / [024\!@\!2 + Cos[|Of + Cael | VO?| dr
0

C? C3,0%
+2L2j6 — pIPVEI, + L6 — v,

2
015

H;

IV - Volllel
t - -

+ [ [2llo — GIPIEE + 116 - DIPIEE
0

H¢ = BlPIE 12 + lle = LIPIVE 2

H¢ = BIPIVENZ + ll6 — IV EN
+HIVe = VEIPIE I + Vo = Vo€l %
HIVe = VEP(IE N + lln+ EullZlle = I

Hin + Eull2 1 = DI1P + (19 + EullZll¢ — vl | dr,
(4.24)

where
Co = C11-|-01277

czrT
Cos = Cr+Chi+Cri+ CiaCly+ Cla+ Clg + 15%’

and

Cas = 01%3 + 012401%4 + 30125 +2+4 Cos + 012801%4 + 012901%5
+C3 + a1 Cly + C3,.

Looking now at the terms on the right-hand side of (4.24), we note that all but the first three
terms there can be bounded by some constant multiplied by

2(m—d/2-1) N2 2
h nax, 16 = 21" + |0 = ¢ll5q)|-



For example,

01%3 2 2 CLS 2 2
Lo IV < “2AVE max o - vl
< CLSCIHVICIHVth(m—d/Q 1) C? max H(b ¢H2
] t€[0,7]
! y 2 2 2 2
Vo -V dr < T \Y \Y
[ 196 =ViPlear < T ma 61 max V6 - Vi
S T012nv1012nv3h2(m_d/2_1)03 max H¢ - QLH27

and

¢
I ulillo - eltar < T ma llg+ ol ma 16— ol
0 tel0,T] telo, T
< T max {Hu— T oo + [[TI 0 — | r max |6 — ||?
= ielo 1] h Uljco h Plloo te
<27 mac [l = 2, + G = w2 | ma )16 = ¢
tel0,T]
S 2T {((C*Q ‘|‘ Clnvlc*l) |u|Hm ‘|’ CIHVICPTOJ1>
‘I’Clnvlc ] h2(m—d/2)

S 2T {((C*Q ‘|‘ Clnvlc*l) |u|Hm ‘|’ CIHVICPTOJ1>

—I_CIHVIC ] h2(m—d/2—1)7

where in each case we have used the fact that u, € J.

Overall, then, we can write (4.24) as
13
IO1F + (M~ 40) [VOIF < [ [CadOIF + Cosl| O + Canl| VO] dr
0

FOh 2 (16— 1P 4 (16— bl ey

where (57 is a known constant such that

027 = 027 (67 C(157 C(187 CL37 CL47 C*v C(projv C(invv T) .

25



26

Choosing 6 < My/4 and using Poincaré’s inequality (2.1) and Gronwall’s inequality gives

1O11° + 111173 (q) < Cash®" =421 max |6 = Gl* + 16 = ¥l | -

t€[0,T]

where

Cig = CyrCy9exp (CSOT) )
for

1
Cao = ,{ A&—M}
min<1l, ——
C(poin

and

O3 = Cy maX{CM, 0257 026}-

Finally, therefore, we take i < hs where h3 is defined by

1\
hy = | —
3 (028) 9

1 .
o(m—dj2—1)

this is, in fact, where our requirement that m > d/2+ 1 rather than m > d/2+ 1 (which would
have sufficed until now) comes in.
This restriction on h gives the required result, namely that

max (1001 +110 (1) lx(@y) < @ max (19 = & (O +116 (1) = @ ey

t€[0,17] tefo

h 2(m—d/2-1)
a = (h_) < 1.
3

Hence, for h < hg := min{hq, ha, ha}, we see that (a) and (b) hold. Thus, by Banach’s Fixed
Point Theorem, there exists a unique uy € J such that N (up) = us.

where

Qg =

where

This establishes the existence of a unique solution to (2.8)—(2.9). To obtain the Ly () error
bound of the form of (4.2), we proceed as follows:

Since up, € J, then, from (3.2),

max ||u, — || < Cu (u) ™,
te[0,71]

for m > d/2+ 1 and h < hg, where C, and hg were defined above. Therefore,

max ||u— uy|| < max |lu— w4 max HH w— up|
te[0,71] te[0,7]

< Cprojl (u) "+ Oy (u) hm,
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from (3.4). This completes the proof of Theorem 3, by setting C, (u) = Cprot (1) +C (u). m

This completes the work of this paper, which has been two—fold. Firstly, we have given
an existence and uniqueness result for the solution to the semi—discrete analogue of the
second—order nonlinear wave equation, as given by (2.8) and (2.9). Secondly, we have
derived an optimal a priori error estimate, of the form

_ < m
ma [l (1) = s (1) || < € () ™,

under certain restrictions on A and m that have been detailed above. The extension to
the fully—discrete approximation to the nonlinear damped wave equation would follow
along the same lines as those of Makridakis, who in [7] studies single-step fully-discrete
methods that have temporal accuracy of order 2, 3 or 4.
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