
In-line measurement of the dielectric permittivity of materials during
additive manufacturing and 3D data reconstruction

Lukas Fiebera,∗, Syed S Bukharia, Yingwei Wua, Patrick S Granta

aDepartment of Materials, University of Oxford, Parks Road, Oxford OX1 3PH, United Kingdom

Abstract

Additive manufacturing (AM) techniques are used increasingly for the direct fabrication of mi-

crowave devices, such as graded index lenses and dielectric resonator antennas, which have spatially-

varying dielectric properties (i.e. relative permittivity) that are difficult to manufacture using tra-

ditional methods. However, there is no effective method to characterize the spatial distribution of

permittivity within the printed component, either during manufacture or once the component is

complete. Therefore it is not possible to confirm the extent to which the manufactured spatial dis-

tribution of permittivity meets the intended design. We report the integration of a novel split ring

resonator (SRR) surface mapping technique directly into an AM process to make non-destructive

in-line measurements of the local relative dielectric permittivity (εr) within 3D objects as they

are formed. We then reconstruct these data into 3D dielectric “images” of the printed component.

Detailed insights into the dielectric imaging principle, data processing/analysis, as well as limita-

tions and opportunities related to the technique are described. The work aims to accelerate the

design-make-test cycle for advanced microwave devices, and suggests the possibility for real-time,

closed-loop control of dielectric properties during AM.
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Highlights

• Non-destructive dielectric imaging during additive manufacturing.

• 3D characterization of relative dielectric permittivity within printed devices.

• Integrated, in-line quality control technique for AM processes.
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1. Introduction

Despite significant progress in the utility, flexibility, speed and accuracy of additive manu-

facturing (AM) or 3D-printing technologies, a common, un-met requirement described in review

papers and by practitioners is the desire for greater availability of real-time data associated with

the evolution of properties within a printed part [1, 2]. For example, in the case of powder bed

fusion techniques (such as selective laser melting (SLM) that use metallic powders and a laser to

selectively fuse the powder), the in-situ real-time distribution of temperature both at fine scale

in/near the beam/powder interaction volume, and at the macro-scale over the entire developing

three dimensional (3D) object [3–6], is considered useful to understand and ultimately control the

tendency for defects such as voids and pores, stresses and distortion, and surface finish [7]. More

generally, real-time data could be used to: (a) verify the integrity of parts manufactured by AM

(i.e. for quality control (QC) or quality assurance) [8, 9]; and (b) facilitate reactive manufacturing

and to close the loop for dynamic error mitigation by response to live production data [10, 11].

1.1. Characterization of material properties in AM processes

Measurement or metrology systems used in AM processes are generally used to either monitor

the manufacturing system parameters (such as bed/nozzle temperatures, deposition speed or rhe-

ological properties of extrudates [9, 12, 13]), or characterize the properties of the printed part (e.g.

relating to the internal distribution of mechanical material properties [14]). The latter techniques

may be further classified as: (a) in-line/in-situ or ex-situ (e.g. integrated strain sensors [14] or

post-print X-ray tomography (XRT) analysis [15]), (b) destructive or non-destructive [8, 16], and

(c) direct or indirect (e.g. using a proxy such as mechanical impedance for identifying build de-

fects [17]). Different techniques may also be needed for different material classes [18, 19], speed of

measurement (e.g. high-speed optical sensing for material jetting [20] or thermography for electron

beam melting [10]), and depend on the property of interest, such as strain and temperature [21],

tensile properties [22] or surface roughness [23].

In terms of integrating these metrology systems directly into AM processes, challenges include:

(a) spatial restrictions – the physical space available to place sensors in the apparatus, especially

near the deposition/build zone, is often severely constrained; (b) temporal penalty – acquiring

data may be relatively slow so the production rate is undermined; (c) material restrictions – many

characterization techniques are restricted to certain material classes e.g. metals [8, 18]; and (d)
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data analysis – there is limited understanding of the relationships between the properties that can

be measured in the AM environment and the final component properties that are required.

In this paper we investigate the relative dielectric permittivity (εr) of just-printed polymers in

real-time. The local permittivity and its spatial distribution is of interest because εr along with

the relative magnetic permeability (µr) control the refractive index (n) of the material according

to n =
√
εrµr. The spatial control of the refractive index allows the single-operation, direct

fabrication (using AM) of novel optical devices for microwave or radio frequency (RF) applications

[16, 24, 25]. We note that εr may also be a useful proxy measurement of printed properties in

other non-metallic AM applications, for example in detecting printing voids. For the examination

of metallic materials, other parameters are of interest (since εr →∞ for metals) and therefore other

probes would be needed, beyond the scope of this work. Although there are various well-known

characterization techniques for measuring εr, their incorporation in-line with an AM process has

not been reported, and most are unsuitable for the AM environment.

1.2. Additive manufacturing of radio frequency devices

Microwave or RF devices that rely on the controlled spatial variation of electro-magnetic (EM)

properties include invisibility cloaks, graded index lenses or dielectric resonator antennas [26–29].

However, engineering progress towards realizing such devices has been slow due to the limitations

imposed by conventional manufacturing approaches that are required, for example, to create peri-

odic resonant structures (e.g. metals or ceramics) at sub-wavelength spacing and at large scale [30].

Because AM forms parts incrementally, layer-by-layer, it provides an opportunity to overcome these

conventional limitations by depositing/building different materials at different locations and with

sufficient, sub-GHz wavelength spatial resolution. For example, fused filament fabrication (FFF)

has been used to print selectively in different places a variety of particulate composite materials,

each with a different εr to form a graded index lens [16]. Other approaches include inkjet printing

(IJP) or assembly of heterogeneous metal-polymer composites [31]. Moreover, as we show in this

work the layer-by-layer nature of AM can be exploited to allow measurement of each layer, or each

track within a layer, in-line and throughout build [11, 14], and then reconstructing these data in

3D.
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1.3. Electro-magnetic characterization techniques

Techniques for characterizing the EM properties of dielectric materials and devices have been

reviewed frequently [32–34] and may generally be classified as: (a) resonant or non-resonant (e.g.

split post dielectric resonator (SPDR) [35] or parallel plate capacitors [36]), (b) free-space or guided

(e.g. scattering patterns [37] or waveguide measurements [38]), and (c) reflection or transmission

(e.g. a 1-port coaxial probes [39] or 2-port striplines [40]). Other attributes of EM characteriza-

tion techniques include: (a) the sampled frequency range (e.g. narrow- or broad-band), (b) the

required resolution, (c) sample preparation requirements (e.g. surface roughness/finish or sample

dimensions), (d) the nature or type of the material (i.e. solids, gels or liquids), (e) destructive or

non-destructive (i.e. requiring physical modification/contact with the sampled part), and (f) cost.

Only very few of the available EM characterization techniques may be considered suitable

for easy, direct integration into AM processes. Common limitations include: (a) danger of cross-

contamination and damaging of the printed part through probe contact; (b) the need for controlled

ambient EM environments; and (c) stringent requirements on surface roughness and other geometric

tolerances. Here we select a novel approach to measuring the spatial εr distribution of a solid

surface based on a two dimensional (2D) mapping technique using a split ring resonator (SRR)

[19]. The SRR technique may be classified as resonant, free-space and transmission-based and does

not intrinsically suffer from the limitations (a) to (c) above. The SRR technique is a narrow-band

resonant method, and if the printed material is expected to show permittivity as a strong function

of frequency, other resonant ring sizes (frequencies) could be employed.

1.4. Current work

In this paper, we show proof-of-concept (PoC) for a non-destructive, non-contact dielectric

imaging technique, in-line with an AM process to characterize the spatial distribution of the rela-

tive dielectric permittivity (εr) within a printed part. An in-house developed 2D dielectric imaging

technique based on a split ring resonator (SRR) [19] is extended to operate without physical con-

tact (non-destructive) and is integrated into a bespoke hybrid-AM machine. 2D dielectric “images”

of each printed layer are recorded and processed to reconstruct the relative dielectric permittivity

(εr) distribution in 3D. We suggest how this approach may accelerate the RF device design cy-

cle, facilitate the fabrication of RF devices with complex, useful wave-material interactions, and
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form the basis for future work on closed-loop, feedback-controlled AM of parts with heterogeneous

dielectric properties.

2. Materials & methods

2.1. Hybrid additive manufacturing

A bespoke, hybrid-AM machine was designed, built and commissioned allowing for up to 9

complementary AM and in-line characterization techniques to be automated into a single, numer-

ical control (NC) operation [41]. The machine is shown in Figure 1a and key features are labelled

(i) to (v) as follows: (i) an in-house built split ring resonator (SRR) module (see Appendix A.1

for a sub-assembly drawing) connected to (ii) a vector network analyzer (VNA) (ZNB20, Rohde

Schwarz, Germany) and (iii) a computer running custom control software. Multiple (iv) fabrication

modules including fused filament fabrication (FFF) extrusion heads were installed for the purpose

of fabricating multi-material devices on (v) a temperature controlled build platform. The primary

parameters describing the geometry and operation of the split ring resonator (SRR) probe are

shown in Figure 1b and c.

Custom printing software was developed to allow for the simultaneous control of the hybrid-AM

machine and the VNA, i.e. to send, receive and log commands or queries to/from the various micro-

electronic and measurement sub-systems. The software provided a platform to interact with all

system components and also allowed for: (a) debugging of control commands and queries (i.e. the

g-Code), (b) manual machine control (e.g. for calibration purposes), (c) analysis and visualization

of production/characterization data and (d) identification of unusual parameters in case of faulty

system components. A screenshot of the printing host graphical user interface (GUI) is shown in

Appendix A.2.

3D demonstrator components for AM were designed in computer aided design (CAD) software

(SolidWorks 2017) before being exported as surface geometries (STL files). Open source slicing

software (Slic3r v1.3.0) was used to generate a layer-by-layer, machine interpretable code (g-Code),

which was thereafter automatically modified by the printing software (post-slicing modifications)

to reflect calibration values and to include the additional tool-paths necessary to automatically

characterize (using the SRR probe) the component as it formed. AM parts were fabricated using

a FFF hot-end (TitanAero from E3D, UK with a � = 0.6 mm brass nozzle) using commercially
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A photograph of the \ gls{HAMM} showing: (a) the \ gls{SRR} connected to (b) a 
\ gls{VNA}, (c) a control computer running the \ gls{HAMapp}, (d) functional 

modules including \ gls{FDM} hot-ends and (e) the temperature controlled build 
platform.
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Figure 1: (a) A photograph of the hybrid-AM machine showing: (i) the SRR probe connected to (ii) a VNA, (iii) a

control computer, (iv) functional modules including FFF hot-ends and (v) the temperature controlled build

platform. (b-c) The primary geometric and operating parameters used for the SRR probe.
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available polymer filament (Natural polylactic acid (PLA) from Spoolworks, UK) with εr = 2.71±

0.06 at print speeds of 30 mm s−1, and nozzle/build-platform temperatures of 192 ◦C and 40 ◦C

respectively. Consistent with previous work, the εr of printed PLA was assumed to be independent

of temperature over the range used in this study and at frequencies in the low GHz spectrum [42].

2.2. Electro-magnetic characterization techniques

Figure 2 schematically illustrates the operating principle of the SRR probe: (a) two magnetic

field (~H field) probes (RF-R 50-1, Langer EMV, Germany) were placed at equal distance from a

single Cu split ring resonator (SRR), at a separation distance s = 8 mm and connected to a VNA

using flexible coaxial cables (1 m SMA-SMA, Langer EMV, Germany); (b) the probes induced an

electric field (~E field) across the SRR and its fundamental resonant frequency (f0) in free space

was evaluated by searching for the local maximum in transmission (S21) over a frequency sweep

f ∈ [1.5, 1.9] GHz at specified resolution ∆f < 1 MHz; (c) f0 was then influenced by the presence

of an introduced material with εr > 1 in the fringing ~E field across the SRR air gap that resulted

in; (d) a shift in f0 that was recorded by the VNA. Finally, (e) contributions related to the sample

εr were isolated from other factors and, (f) by post-processing of the SRR resonant frequency map

f0(~x); a (g) spatial permittivity map εr(~x) was obtained.

For validation, the intrinsic relative dielectric permittivity of the printed PLA filament was

also measured using conventional Nicolson-Ross-Weir (NRW) waveguide methods according to

[43]. Reflection and transmission data was collected from a 2 mm thick sample (printed using FFF,

100 % infill) which was placed in a rectangular waveguide (No. 18094-SF40, Flann, UK) operating

in mode TE1,0 over the frequency range 12 to 18 GHz.
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Schematic illustration of the \ gls{SRR} operating principle depicting: (a) the \ gls{SRR}, (b) 
the electric field \ gls{Efield}, (c) the \ gls{Efield} under the influence of a material 

\ gls{er}$>1$, (d) the shift in resonance frequency measured, (e) a sub-set of parameters 
influencing the resonance frequency, (f) an equivalent circuit that can be used for and (g) the 

resulting spatial permittivity map after isolation. 
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Figure 2: A schematic illustration of the SRR operating principle depicting: (a) the SRR, (b) the ~E field in free

space and (c) under the influence of a material εr> 1, (d) the resulting shift in resonant frequency ∆f0, (e) a

sub-set of parameters influencing the resonant frequency, (f) an equivalent circuit for interpreting the frequency

shift, and (g) the resulting spatial permittivity map.
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2.3. Simulation

Full-wave EM simulations of the SRR system were conducted in Comsol Multiphysics. The

geometry of the SRR probe was derived from a CAD model with dimensions comparable with the

experimental set-up shown in Figure 1. The ~H field probes were modelled as simplified, planar

(2D) rings of �10 mm, equi-distant from the SRR with a probe-probe separation distance s = 8 mm

and lumped port impedances of 50 Ω to model the coaxial, SMA connectors used. The SRR was

modelled as an ideal, perfect electric conductor in free space (without the SRR holder, see Ap-

pendix A.3), and all surfaces were considered to be perfectly flat. The quasi-infinite, spherical

finite elements model (FEM) boundary was defined as a perfectly matched layer (PML). The FEM

mesh size was limited to < λ/5, and areas of interest (e.g. between the SRR gap and sample) were

refined by a factor of 4 to provide mesh-independent solutions. The SRR resonant frequency f0

was determined numerically using a coordinate search f ∈ [1.5, 3] GHz, maximizing for the port

transmission parameter S21, i.e. f0 at max(S21), to an optimality tolerance of S21,dB < 0.005 (ap-

proximately equal to the nearest 1 MHz to match the VNA sweep resolution used in experiments).

Appendix A.3 shows that the transmittance response S21(f) of the simplified, simulated SRR probe

matched the experimental data closely, with experimental and simulated values of f0 matching to

within ±2 MHz.
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3. Results and discussion

The key steps involved in measuring the spatial distribution of relative dielectric permittivity

(εr) within printed parts were: (i) the resonant frequency (f0) of the split ring resonator (SRR) was

measured (i.e. sampled at discrete locations layer-by-layer and in-line with AM), (ii) a deblurring

post-processing step was applied to enhance the spatial resolution, and finally (iii) an extraction

model was applied to obtain a 3D, spatial εr(~x) map of the printed object. Figure 3 schematically

shows steps (i) to (iii) above, alongside corresponding 3D contour maps of experimental data show-

ing the resonant frequency for: (a) an empty build platform, termed fref (~x), (b) an arbitrary 3D

shape (PLA, 100 % infill), termed f0(~x), and (c) the same shape after deblurring, termed f0d(~x).

Note that the 3D data presented in Figure 3 is a reconstruction of successive X-Y imaging planes

incrementing in the Z direction.

Workflow overview

XY

Z

(a) Empty volume
!"#$ %

(c) Deblurred map
!&' %

(b) During print
!( %

(i) Measure (ii) Deblur (iii) Extract

Additive manufacture

In-line characterization

Spatial )* map

i ii

Resonant frequency !0
[GHz]

1.70 1.82

Demonstrator
object

All dimensions 
in [mm]

Figure 3: A schematic flowchart of the steps (i-iii) involved in the non-destructive, in-line dielectric

characterization technique and 3D contour maps of resonant frequency (f0) data for: (a) an empty build fref (~x)

(free space), (b) during manufacture of the demonstrator object, showing the permittivity contribution of the

printed part f0(~x), and (c) the sample data after deblurring f0d(~x).
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3.1. Measurement – In-line sampled frequency map

Figure 4a shows a photograph of the SRR probe in relation to a printed demonstrator during

the later stages of fabrication. Figure 4b, c and d show raw, unprocessed experimental resonant

frequency data from in-line measurement: (b1) is a Y-Z plane in free space showing only the

(weak) permittivity influence of the build platform, i.e. fref (~x), and (b2) is the same Y-Z plane

but now with the additional contribution/influence of the printed object, i.e. f0(~x); (c) is a X-Y

plane of f0(~x), and (d) is the reconstructed data in 3D showing the location of the preceding 2D

sections shown in (b) and (c). The local resonant frequency was influenced by: (a) a contribution

from the just-printed part (referred to as peripheral contributions), (b) the native or intrinsic f0

of the SRR probe (described in Appendix B), and (c) other contributions from the overall ambient

environment/system (described in Appendix C).
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Figure 4: (a) A photograph of the SRR probe during operation and (b-d) raw, unprocessed experimental resonant

frequency data from in-line measurements: (b1) a Y-Z plane showing only the contribution of the build platform,

(b2) the same Y-Z plane with additional contributions from the printed part, (c) a X-Y plane of the frequency data

in (b2) and (d) a 3D contour map showing the location of the cross-sections in (b) and (c).
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3.1.1. Peripheral contributions

Permittivity dependence. While both the intrinsic f0 of the SRR, and any ambient environ-

ment/systematic contributions were considered to remain constant throughout sampling, the shift

in f0 with position, i.e. f0(~x) in Figure 4, was attributed to a change in the local environment (i.e.

the peripheral conditions) sampled by the SRR. This arose due to distortion of the fringing fields

associated with the induced ~E field across the SRR gap (schematically illustrated in Figure 2c)

when close to materials with a permittivity different from air. This may be interpreted as a change

in total ring capacitance (contribution of Ceff in Figure 2f), and leads to the measured shift in f0.

By simulating the SRR close to an ideal, quasi-infinite material with user-specified, varying EM

properties (εr ∈ [1, 50]), a logarithmic relationship between f0 and εr was established:

∂f0
∂εr
∝ Me

εr
(1)

where Me was a best-fit coefficient dependent on the SRR geometry. Data to support Equation (1)

is shown subsequently in Figure 8b. The non-linearity of Equation (1) shows that with increasing

permittivity, the absolute sensitivity of the technique decreases.

Probe-sample separation distance. Both simulation and experiment showed the SRR resonant

frequency was sensitive to the probe-sample separation distance (q). Equation (2) below expresses

the relationship between f0 and q that was established by simulating a quasi-infinite sample (i.e.

all sample dimensions exceeding the sampling volume size) with εr ∈ [1, 10] for q > 0.05 mm:

∂f0
∂q
∝ exp(Mq × qn)

q1−n
(2)

where n = 0.1 and Mq < 0 were best-fit coefficients. Data to support Equation (2) is again shown

subsequently in Figure 8c. In other words, the closer the SRR was to the sample (i.e. q → 0), the

more noticable (larger ∆f0) the contribution of the sample to the frequency shift (i.e. a stronger

signal). However in practice, when the SRR was too close to the printed part (q < 0.2 mm),

inevitable surface printing imperfections (e.g. stringing, blobs and zits) came into physical contact

with the SRR, invalidating readings by possible deformation of the SRR. Appendix B provides an

indication of the sensitivity of f0 to changes in ring geometry. Therefore, a probe-sample separation

distance q ∈ [0.5, 1]mm was identified as a reasonable compromise between attaining sufficient
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signal strength (dynamic range) while preventing occasional surface undulations from touching the

SRR. The probe-sample separation distance used for all data shown here was q = 0.5 mm.

Surface roughness. Given the comments above, the surface roughness of printed parts using

optimized printing parameters was evaluated using whitelight confocal microscopy (NanoFocus

µSurf) as Ra = 0.7 µm parallel to the print direction and Ra = 6.4 µm perpendicular to the print

direction. The effect of typical surface roughness on the SRR signal was therefore considered

to be negligible due to the large difference in roughness length scale when compared with the

probe-sample separation distance (q) ∼ 0.5 mm.

Automatic calibration. Let f0,air be the intrinsic resonant frequency of the SRR in free space

and f0,bed the resonant frequency of the SRR at a separation distance q between the SRR and the

build platform (see Figure 1c for a definition of q). Simulations indicated that for q = 0.5 mm,

the shift in f0 compared to the native f0,air of the SRR in free space (i.e. the dynamic range

DRbed = f0,air−f0,bed) should equal DRbed = 140 MHz. In order to accurately and repeatably reach

the chosen probe-sample separation distance of 0.5 mm in practice, the build platform approached

the SRR in small increments (Z-steps of > 3.4 µm) while monitoring the shift in f0. Once DR =

140 MHz was reached, with knowledge of f0,air and f0,bed, the best-fit coefficients Me and Mq

in Equations (1) and (2) could be obtained. Experiments showed that the desired probe-sample

separation distance could be achieved repeatedly to within ±5 µm. The calibration process is shown

schematically in Appendix A.4.
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Sampling volume. The signal (f0) recorded at point ~x was not only influenced by the dielectric

properties of the desired sampling point directly below the ring split, but also by the aggregate

contribution of a large, weighted sampling volume that influenced the ~E field. Figure 5a shows

the simulated SRR sampling volume, which was approximately hemi-spherical. It is this sam-

pling volume effect that explains the blurring in the f0 maps at the object edges in Figure 4.

The sampling volume in Figure 5a was modelled as a distribution directly proportional to the

simulated magnitude of the ~E field within a dielectric material (i.e. a 3D, point spread function

(PSF) ∝ |~E|). The shape/dispersion and in particular the penetration depth (in the vertical Z-

axis) of the sampling volume was a function of the material εr (a higher εr resulted in a more

shallow sampling volume). The sampling volume associated with a SRR operating at wavelength

λ ∼ 15 cm (2 GHz in free space) was approximately λ/11 (i.e. ranging from −7 to 7 mm in the PSF

in Figure 5a). This provided a good estimate of the default spatial resolution of the characteri-

zation technique, i.e. the minimum achievable distance between two fully decoupled measurements.

– Width !
– Air gap "
– Radius #

– Thickness ℎ
– Orientation

Systematic
– VNA resolution ∆&
– Spatial accuracy ∆'
– Surroundings (bed, frame …)
– Meshing
– Antenna

Peripheral contributions
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- Permittivity of sample ()
- Previous layers + bed

– Separation distance *
– Anisotropy of material
– Surface roughness #+
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Electric field
strength ,

X [mm]Y [mm]

–
Z 

[m
m]

(b)(a)

Desired 
sampling 

point

Magnitude of PSF
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Intrinsic frequency

Figure 5: (a) A 3D contour-plot of simulation data showing the sampling volume (linearly proportional to the

magnitude of the induced ~E field within the sample, i.e. point spread function (PSF) ∝ |~E|) for an ideal,

quasi-infinite material with εr = 3, and (b) an overview of the primary factors influencing the resonant frequency

(f0) of a SRR.
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3.2. Deblurring – Improving spatial resolution

To account for the blurring and to enhance the spatial resolution of the resonant frequency map

f0(~x) (i.e. step ii in Figure 3), a post-processing method referred to as deblurring was developed

and entailed: (a) the expansion and enhancement of f0(~x) in space, (b) 3D deconvolution thereof

using a single, approximated point spread function related to the shape of the sampling volume

shown previously, and (c) contraction of the expanded, deconvoluted map to generate a refined

frequency map f0d(~x) matching the original size of f0(~x).

To enhance the sampling resolution despite the relatively large PSF (comparable in size with

the object features), it was imperative to taper the edges of the data set. This was necessary

to minimize the ringing effect induced by deconvolution [44]. To preserve information near the

edges of f0(~x), the data set was expanded/extrapolated before being tapered. Figure 6 shows an

expanded data-set (prior to deconvolution) and highlights how data from an empty volume scan

(fref in Figure 3), alongside f0,air and f0,bed (from the automatic calibration process described in

Section 3.1), was used to extrapolate the data.

The PSF from Figure 5a was used to deconvolute the newly expanded, tapered frequency map

from Figure 6 in a single iteration. It should be noted that the sampling volume in Figure 5a was

truncated to consider only the contribution of already printed layers (i.e. the materials beneath

the SRR and the surface of the sample at the time of measurement) and to ignore the contribution

of air above the surface of the sample, resulting in an asymmetric PSF (but more computationally

efficient) where the PSF= 0 for all locations where Z > 0. Figure 7a shows a plot of f0 as a

function of X for the X-Z section shown in Figure 7b, indicating the effect of deconvolution in

the resulting maps for f0,d(~x). With reference to the labels in Figure 7, deconvolution led to: (i)

a reduction in the range of resonant frequency within a single material, and (ii) much improved

dielectric isolation of the build-platform contribution.

To quantify the improvement in spatial resolution due to deblurring, consider the SRR with

resonant frequency f0,air in free space, and with f0,s when in proximity to a large sample (εr > 1

and all dimensions exceeding the size of the PSF). The dynamic range (DR) for this system is

defined as DR = |f0,air − f0,s|. We define the spatial resolution of the SRR technique as the step

(in ~x) required to resolve a 10 % shift in f0 when transitioning across a physically sharp interface

between the sample and air, i.e. ∆f0 = 0.1×DR. Using this definition, for a sample with εr = 10,
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build platform buffers alongside extrapolation of edges using reference data for an empty scan (fref ).
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deblurred f0d data) at different heights and (b) the location of the X-Z sections taken from the 3D reconstruction.

deblurring achieved a spatial resolution improvement of at least ×1.6, from ±6.4 mm or λ/11 to

±4.0 mm or λ/18 where λ is the resonance wavelength of the SRR. Figure A.5 shows supporting

simulation data to assess the spatial resolution limit of an ideal SRR. It should be noted that the

spatial resolution was dependent on εr because the simplified PSF function used in deblurring was

itself related to the fringing ~E fields of the SRR, which were again dependent on εr.
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3.3. Extraction – Interpreting the resonant frequency

A model to translate the frequency maps to relative dielectric permittivity (εr) maps (i.e. step

iii in Figure 3), while taking into account the SRR probe-sample separation distance q, was derived

from Equations (1) and (2). The extraction model is expressed in Equations (3) and (4) below and

is shown graphically in Figure 8:

f0d = f0,air −DR× exp
(
Mq × q0.1

)
(3)

DR = Me ln(εr) (4)

where f0,air is the intrinsic resonant frequency of the SRR in free space (see Appendix B), DR is the

dynamic range as a function of relative dielectric permittivity (εr), q is the sample-SRR separation

distance, and Mq and Me are sensitivity factors related to q and εr respectively. Combining

Equations (3) and (4) yields:

ln(εr) =
f0,air − f0d

Me × exp (Mq × q0.1)
(5)

The extraction model allowed for an extraction curve (i.e. εr(f0) at constant q, see label i

in Figure 8a) to be deduced for any specified experimental set-up. The dynamic range DR in

Equation (4) is a logarithmic best-fit over a sample permittivity range εr ∈ [1, 50] and is shown

for q ∈ [0.5, 2]mm in Figure 8b. The relationship between resonant frequency f0 and probe-sample

separation distance q is shown in Figure 8c.

Figure 9 shows a 3D spatial εr(~x) map of a printed demonstrator with deliberately varying local

fill density to provide a range of local εr, between air (εr,air = 1) and printed PLA (εr,PLA = 2.71).

The demonstrator, shown in Figure 9a and b, comprised a �20 mm sphere (100 % infill) centered

within a 40 mm cube (25 % infill). The dimensions of printed features could be deduced from the

εr map in Figure 9c and d to an accuracy of ±2 mm. The average εr measured for the 25 % dense

box around the sphere was 1.46, in excellent agreement with a Wiener’s formula based estimate of

1.43 [45], and suggested a typical accuracy of approximately 5 % for materials in this permittivity

range. Although the work in this paper has used PLA only, the FFF process benefits from a very
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wide and increasing range of commercial polymer and polymer-composite filament materials, all of

which could be investigated in their printed form using the in-line SRR probe approach.
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Figure 9: Photographs showing (a) a printed object with varying infill density, and (b) the dielectric imaging

module/sensor and object during the later stages of fabrication. Experimental data showing (c) the measured

spatial permittivity map εr(~x) using SRR measurements of f0 only, and (d) a typical X-Z planar cross-section of

εr(~x).
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4. Conclusions and outlook

The layer-by-layer nature of AM processes presented an opportunity to integrate a non-destructive,

compact surface-based characterization technique in-line with device fabrication. Using data ob-

tained during manufacture, it was straightforward to reconstruct 3D images of the spatial distribu-

tion of relative dielectric permittivity within a printed part. Data was recorded using a non-contact,

sub-wavelength EM characterization technique based on a split ring resonator (SRR). In princi-

ple, the real-time assessment of local material properties could provide a near immediate proxy

for quality control, at least in terms of the permittivity design. The imaging principle and its

limitations have been discussed in detail and proof-of-concept (PoC) experimental data presented.

The methodology shown here could be easily extended to integrate other surface-based tech-

niques in-line with AM processes. In particular, the non-contact/non-destructive nature of the

dielectric imaging technique may offer opportunities for other AM applications e.g. for monitoring

deposition, curing or defects in soft materials, or mapping property changes due to combinations

of materials. However, the resolution of the current technique, even after post-processing, was

insufficient to detect sub-mm features or small printing defects. Where high spatial resolution is

needed, the time penalty from point-by-point scanning over a surface may become significant. For

the parameters and apparatus used in this paper, the time to acquire each data point, including

the time taken to move in X and Y was approximately 1 s. However, both constraints are likely

amenable to further optimization through hardware/software improvement.

This proof-of-concept study has shown that there are some generic challenges related to in-

tegrating characterization techiques into AM, and in particular include: (a) the need for open,

accessible control software that readily allows for plug and play sensor integration and data sam-

pling, (b) a greater range of characterization probes compatible with a wider range of materials

and AM processes, and (c) the need for sensor/hardware/software strategies that avoid slow point-

by-point scanning of the printed area. Specifically with respect to 3D dielectric imaging using

a SRR in-line with AM described in this paper, a proof-of-concept demonstration of closed-loop

feedback control, i.e. immediately responding to potential (relatively large) printing defects, could

now be realistically considered. The investigation of other EM material properties, such as the di-

electric loss tangent, may be considered by, for example, relating the quality factor of the resonant

transmission signal S21 to the loss tangent in an analogous manner to the method described in this
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paper for relating f0 to εr. Furthermore, increasing the operating frequency of the SRR system

(i.e. using a smaller ring) will lead to improved spatial resolution and may allow the detection of

smaller printing defects. The resonant ring dimensions used here were primarily for convenience

derived from our prior work on developing the SRR concept [19] and for proof-of-concept, while

Appendix B describes how the geometry can easily be varied to explore different frequencies and

spatial resolutions.
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Appendices

A. Supplementary figures

A.1. Split ring resonator module
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Figure A.1: Engineering drawing of the SRR module sub-assembly.
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A.2. Hybrid additive manufacturing application
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SRR data
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devices
{
{ {II
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Figure A.2: Screenshot of the GUI for the hybrid-AM app showing (i) the status dashboard and activated

functional modules, (ii) connected devices, (iii) module specific tabs for inputting parameters and (iv) live 3D

contour plots of the SRR data during print.
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A.3. SRR transmittance response

Comparison of experimental and simulation data.
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Figure A.3: A comparison of the transmission parameter S21 between (a) simulation and (b) experiments for a

SRR in free space (εr = 1) and in proximity to the build platform (εr = 5.6).
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A.4. Automatic calibration of SRR probe-sample separation distance
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Figure A.4: (a) The influence of probe-bed separation distance q on the SRR resonant frequency and (b) a

screenshot of the control software GUI for initiating the automated SRR calibration process.
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A.5. Deconvolution

Sample permittivity !"

x +

Spatial
resolution

SRR(a)

Extrapolated Data recorded

10% of D.R.

Dy
na

m
ic 

ra
ng

e 
(D

.R
.)

!" = 10
Spatial 

resolution in X - [mm] + [mm]

Simulation 5.5 7.8

Deconvoluted 3.5 4.5

(b)

!" = 1

Extrapolated

Re
so

na
nt

 fr
eq

ue
nc

y &
0

[G
Hz

]

Distance from step ' [mm]

No
rm

ali
ze

d 
PS

F

X [mm]

1 10

(c)

(d)

b +

Sampling 
volume

Figure A.5: (a) Simulation data showing the spatial resolution limit of the SRR in the x-axis, (b) a schematic of

the experimental setup used for simulation, (c) the PSF used for deconvolution and (d) an indication of the impact

deconvolution had on spatial resolution.
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B. Geometric factors influencing the intrinsic resonant frequency of a SRR

The intrinsic resonant frequency of the SRR (i.e. f0 for an ideal, singly split ring resonator

in free space with permittivity and permeability ε0 and µ0 respectively, excluding any peripheral

contributions) may be modelled as an equivalent electronic L-C circuit as expressed in Equation (6).

The total capacitance of the resonating system Ctot is given by Equation (7): the sum of the

parallel plate capacitance Cgap (across the air gap), and the capacitance of the SRR surface Cring.

The magnetic inductance L as well as Cgap and Cring may be expressed analytically from [46],

see Equations (8) to (10), as a function of geometric SRR parameters (ring width w, thickness

h, internal radius R and air gap g, defined in Figure B.1b). Figure B.1 shows a plot of the

analytical equations for geometric parameters comparable to those used for the in-line dielectric

characterization technique. Rm was defined as the average radius of the SRR (Rm = R+ w/2).

f0,air =
1

2π
√
LCtot

(6)

Ctot = Cgap + Cring (7)

Cgap = ε0

(
hw

g

)
+ ε0(h+ w + g) (8)

Cring = 2ε0

[
h+ w

π
ln

(
4R

g

)]
(9)

L = µ0Rm

[
ln

(
8Rm

h+ w

)
− 1

2

]
(10)
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(a) The resonance frequency of the \gls{SRR} in free space as a function of 
geometric parameters, (b) from \cite{Sydoruk2009}.

Analytical formulation for the resonant frequency of split rings
O. Sydoruk,1 E. Tatartschuk,1 E. Shamonina,1,a! and L. Solymar2
1Erlangen Graduate School in Advanced Optical Technologies, University of Erlangen-Nuremberg,
D-91052 Erlangen, Germany
2Electrical and Electronic Engineering (EEE) Department, Optical and Semiconductor Devices Group,
Imperial College, London SW7 2BT, United Kingdom

!Received 11 November 2008; accepted 13 November 2008; published online 6 January 2009"

A simple approximate expression is derived for the resonant frequency of a singly split single ring
that is among the first microwave resonators designed to be small relative to the wavelength. In
addition to the usual gap capacitance the concept of surface capacitance is introduced. The surface
capacitance is determined analytically by two different methods, first using analytical expressions
for the electric field of a split cylinder, and second by using conformal mapping. Taking two
practical examples the resonant frequency, found analytically, is shown to agree with that obtained
by numerical simulations. The model could be used for studies of the resonant properties of split
rings in the terahertz region. © 2009 American Institute of Physics. #DOI: 10.1063/1.3056052$

I. INTRODUCTION

Split rings, or rather split cylinders, were among the first
microwave resonators designed to be small relative to the
wavelength. They appeared in the cavity magnetron which
played such prominent role in Second World War radar !see,
e.g., Ref. 1". Split ring geometries were also used as sub-
wavelength magnetic resonators in studies of electron spin
and nuclear magnetic resonance. The first one was probably
that of Hardy and Whitehead2 who introduced the term of
split-ring resonator !SRR". These were followed by various
geometries !see, e.g., Refs. 3 and 4". The recent upsurge of
interest in split rings in the field of metamaterials is due to
the realization that metamaterials comprising split rings may
have negative values of effective permeability.5,6 Negative
permeability is closely related to the problems of negative
refraction and perfect imaging.7,8 A number of split-ring-
based geometries were studied in the metamaterial context,
both theoretically and experimentally: among them single
rings !SR",9–11 double rings,12–17 broadside coupled
rings,17,18 complementary split rings,19 and multiply split
rings.10,20 Also due to progress in nanofabrication, split-ring
based metamaterials in the terahertz band became a reality.21

Our main interest is in the SR, more precisely the singly
split SR, shown in Fig. 1!a" but for making certain compari-
sons we shall show here #Fig. 1!b"$ the doubly split double
ring where R is the inner radius, c is the inter-ring separation,
w is the thickness, g is the gap width, and h is the height.
This is the resonator used in most metamaterial studies. It is
known by its acronym, SRR. For the ring of Fig. 1!a" we
shall use the acronym SR.

The most important property of any resonator is its reso-
nant frequency. Nowadays that could be obtained by one of
the numerical packages available. Nevertheless it still mat-
ters if one can have an approximate analytical expression for
the resonant frequency, based on the understanding of the

physics, and which is valid for a wide range of parameters.
Such an expression was obtained by Marques et al.12,17 for
the SRR. As seen in Fig. 1!b" there are two types of capaci-
tances: the gap capacitance, and the inter-ring capacitance,
divided into two parts by the gaps. The simple argument of
Marques et al. was that these two capacitances in series rep-
resent the total capacitance, C, and there is in addition an
inductance, L, taken as the average inductance of the two
rings. The resonant frequency is then simply given as

f0 =
1

2!%LC
. !1"

This simple physical picture was further generalized by
Shamonin et al.14,15,22 who assumed, and showed it analyti-
cally, that the two gap capacitances can be regarded as being
added in parallel to the inter-ring capacitance.

The question naturally arises whether the resonant fre-
quency of the split ring of Fig. 1!a" can also be obtained by
such simple analytic expressions. At present there are some
simulations available !see, e.g., Refs. 9 and 10", rigorous
formulations in terms of infinite series,11,23 and also an em-
pirical formula23 but no simple approximate expressions. The
main problem is to find the capacitance. The inductance of a
ring !a small split makes little difference" may be obtained
from formulas in reference books !see, e.g., Ref. 24" which
we shall take as

a"Author to whom correspondence should be addressed. Electronic mail:
ekaterina.shamonina@aot.uni-erlangen.de.
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FIG. 1. Subwavelength resonators for magnetic metamaterials: the singly
split SR !a" and the doubly split double ring !SRR" !b".
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Figure B.1: (a) The intrinsic resonant frequency (f0) of a SRR in free space as a function of geometric parameters,

(b) definition of geometric parameters (schematic from [46]) and (c) default geometric parameters used.
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C. Considerations related to the SRR system

The control system (e.g. meshing distribution/density and NC parameters) as well as the cali-

bration of the SRR system (e.g. mechanical offset, perpendicularity to the probe to the print-bed)

influenced the quality of 3D SRR measurements (i.e. the raw data: fref (~x) and f0(~x) in Figure 3).

Meshing. A series of time-saving measures, shown in Figure C.1, were implemented in the au-

tomated meshing process to speed up the sampling: (a) a coarse, 9-point mesh and skipping of

sampling layers for the empty volume scan fref (~x), and (b) a variable mesh density with a high

resolution core (where the print part was) and a coarse perimeter. To generate a map with uniform

denisty, data points were interpolated using a spline algorithm. Applicable metadata (e.g. the size

and location of the printed part) was automatically extracted from the g-Code.

Electro-magnetic shield and equivalent bed permittivity. The build platform was comprised

of a glass plate (4 mm thick borosilicate glass, εr= 4.6 [47]), a heated silicone bed with internal

electronics (heaters, sensors, wiring) and mechanical fixtures, (Al bars, insulation material, etc.).

Figure C.2a shows that the recorded f0 was noticably influenced by the silicon bed and fixtures

which may be interpreted as unwanted background noise (∼ 25 % of the dynamic range DRbed for

εr ∈ [1, 5]). An EM shield (Cu foil) was inserted between the silicon bed and glass plate to reduce

this effect (see Figure C.2b). The introduction of Cu with very high relative dielectric permittivity

(εr→∞) and the influence this had on the reference frequency f0,bed was considered. To simplify

the extraction model, the build platform was considered to have an equivalent permittivity of

εr= 5.6 (see Figure C.3).
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Figure C.1: Schematic illustration of the meshing process.
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Experimental data for an XY-scan of SRR resonance frequency for an empty 
build-plate showing: (a) build plate, consisting of a glass plate and heated bed, 
not parallel to build-plate motion, (b) the addition of a copper shield as electric 

conductor and (c) build plate with copper shield parallel to motion.
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Figure C.2: Experimental data for an XY-scan of SRR resonant frequency f0 for an empty build-plate showing: (a)

build plate, consisting of a glass plate and heated bed, not parallel to build-plate motion, (b) the addition of a

copper shield as electric conductor and (c) build plate with copper shield parallel to motion.
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Figure C.3: (a) Simulation data showing the resonant frequency (f0) as a function of separation distance q for (b)

various build-plate configurations: (i) a borosilicate glass plate with a Cu shield and (ii) a simplified build platform

of quasi-infinite thickness with an overall equivalent permittivity of εr = 5.6.
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