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Abstract

The mod p representation associated to an elliptic curve is called split/non-
split dihedral if its image lies in the normaliser of a split/non-split Cartan
subgroup of GLy(F,). Let X}y (p) and X7, ..(p) denote the modular curves
which classify elliptic curves with dihedral split and non-split mod p representa-
tion, respectively. We call such curves (split/non-split) Cartan modular curves.
It is well known that X (p) is isomorphic to the curve Xg (p?). On the other
hand, the curve X;]';n_split(p) is distinctly different from any of the classical mod-
ular curves. Despite this apparent disparity, it is shown in this thesis that the
jacobian of X, . (p) is isogenous to the new part of the jacobian of X7 (p?).

The method of proof uses the Selberg trace formula. An explicit formula
for the trace of Hecke operators is derived for both split and non-split Cartan
modular curves. Comparing these two trace formulae, one obtains a trace
relation, which in combination with the Eichler-Shimura relations allows us to
conclude that the L-series of the two abelian varieties in question are the same,
up to finitely many L-factors. The result then follows by Faltings’ isogeny

theorem.
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Chapter 1

Introduction

Let E be an elliptic curve defined over a number field K. The galois group
Gal(K|K) acts on the K-points of E. In particular, this action leaves stable
the p-torsion points of E, denoted E[p]. Hence, one obtains a representation
pEp : Gal(K|K) = Aut(E[p]) = GLy(F,), called the mod p representation of
E.

Let p be an odd prime. It is known from the theory of complex multipli-
cation that the mod p representation of an elliptic curve over Q with complex
multiplication has image lying in the normaliser of a (split/non-split) Cartan
subgroup of GL»(TF,), if it is irreducible. Such a mod p representation is called
(split/non-split) dihedral. Conversely, one may ask whether these are the only
elliptic curves over Q with dihedral mod p representation (see [Ser72], sec-
tion 4.3).

There exist modular curves X}, (p) and X} (p) defined over Q which
classify elliptic curves with split and non-split dihedral mod p representation
in the sense that the Q-rational points of X} (p) and X «plis(P) correspond
to elliptic curves over Q with split and non-split dihedral mod p representation
[DR72]. The above question can therefore be rephrased by asking whether the
non-cuspidal Q-rational points on the modular curves X (p) and X% :.(p)
arise only from elliptic curves over Q with complex multiplication.
If genus of X\ (p) or X i (p) is zero, then it has infinitely many Q-
rational points. Thus, the question has a negative answer in this situation,
which occurs for p = 3,5,7. Only X[ ..(p) achieves genus one and this
occurs for p = 11. It can be shown that X split(11) is the elliptic curve 121E in
[BK72] and that its Mordell-Weil group has rank one. Thus, there are infinitely
many elliptic curves over Q with non-split dihedral mod 11 representation. For
all other values of p, Xs‘;ht( ) and X7 oplit(P) have genus greater than one
so there are only finitely many elliptic curves over Q with dihedral mod p
representation by Faltings’ Theorem. Hence, in these cases it is plausible that
the non-cuspidal rational points arise only from elliptic curves over Q with
complex multiplication, although it may be possible for some exceptions for
occur for small values of p. Indeed, in [Ser72], it is asked whether this is the

case for p > 19.
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Because of the isomorphism X (p) = X (p?), the methods of [Maz77]
[Maz78] can be used to tackle this problem in the split case. In [Mom84], some
progress has been made in this direction. However, Mazur states in [Maz77]
that the non-split case does not seem to be approchable by known methods. In
an effort to understand Xl'l';n_spm(p), we prove the following Theorem:

Theorem 1 The jacobian of X:on_sp,it(p) is isogenous to the new part of the
jacobian of X (p?).

The method of proof uses the Selberg trace formula. We calculate an explicit
formula for the trace of Hecke operators acting on the space of weight two cusp
forms of XF . (p) and X nepiie(P). Subsequently, we obtain the following trace
identity:

Theorem 2 For n prime to p,

tr(Tn | S2(Tron.spie(P))) = (T | S2(I'g ())") (1.1)

By the Eichler-Shimura congruence relations, one sees that the L-series of
J(XT (p)) and J(Xg (p?))™™ are the same except possibly for the L-factor

non-split
at p. Thus, J(X} (p)) and J(X (p?))"*™ are isogenous by Faltings’ isogeny

non-split
Theorem [Fal86].

The technique of making the Selberg trace formula explicit for Hecke op-
erators is well-known for the unit group of an Eichler order of level N with
character x in an indefinite quaternion algebra over Q [Hij74]. Two new as-
pects are involved in deriving an explicit trace formula for If ;, (p) = T'¢ (p?) and
F:’on_split(p). Firstly, these two Fuchsian groups do not arise as the unit group of
an order in an indefinite quaternion algebra, but rather as a normaliser exten-
sion of a unit group. This introduces some minor adjustment terms in the usual
calculation of the trace formula for unit groups. Secondly, the order arising in
the non-split case does not resemble an Eichler order. As a result, the method
for obtaining the quantities ¢} (e, t) is more complicated in the non-split case.

The trace relation originates from an observation of Birch [Bir94], following
genus calculations in [Che94], that the genus of Xf _ ..(p) is precisely the
genus of X (p) less the genus of Xo(p). Subsequent computations by the
author using modular symbols confirmed that the action of Hecke operators on
the space of weight two cusp forms in each case was the same for some small
primes. It has also come to the recent attention of the author that there are
references in the literature to the modular curve X;l';n_split(p). Gross in [Gro80]
p. 66 quotes [Lig77] and states that Ligozat observes the isogeny in Theorem 1.
Also, Darmon in [Dar93] states that Elkies observes a variant of the isogeny in
question.

Edixhoven [Edi95] has recently given an alternate and more enlightening
proof of the isogeny in Theorem 1 based on the representation theory of GLy(F, ).
His method and some of its consequences will be discussed in the concluding

chapter.
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The curves Xs";)lit(p) and Xr'l';n_split(p) also classify those elliptic curves which
Wiles stated in his original Cambridge lectures to be the first class of elliptic
curves which he proved to be modular, referred to as the CM-case. The subse-
quent paper [Wil95] however (due to certain technical difficulties), only deals
with the ordinary CM-case, which excludes those elliptic curves classified by
Xr-ltm-split(p)'

Finally, there has been some recent interest in X:on_split(p) due to its appear-
ance in the application of the Shimura-Taniyama-Weil conjecture to variants of
the Fermat equation. In particular, knowledge about the Q-rational points on

X onspiit(P) Would strengthen the results obtained in [Dar93] [Rib80).

1.1 Modular curves associated to Cartan sub-
groups

For an odd prime p, we define in this section a class of modular curves associated
to Cartan subgroups of GL;(F,), as smooth projective curves over C.
For A € I, let 0 be the following matrix in My(F,):

0y = (f’\ 3) (1.2)

We define Hj(p) to be the subgroup F,[0,]* = (F, + F,0,)* of GLy(F,). It is
easily seen that two subgroups H,(p) and H)/(p) are conjugate if and only if
(%) = (’\;') With this in mind, we make the following definition:

Definition 1.1.1 A subgroup of GLy(F,) which is in the conjugacy class of
Hy(p) is called a non-split Cartan subgroup, a unitriangular subgroup, a split
Cartan subgroup, accordingly as (-;l) =-1,0,1.

The normalisers of the above subgroups can be described in the following
way:

Lemma 1.1.1 Let HY (p) denote the normaliser of Hy(p). Then

Hy(p) LIwHA(p) i (3) =-1
H} (p) = | Haerx waHa(p) i (3) =0
Hi(p) [TwHr(p) # (3) =1

where
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A subgroup in the conjugacy class of Hy (p) is called the normaliser of a
non-split Cartan subgroup, a Borel subgroup, the normaliser of a split Cartan
subgroup, accordingly as (%) = —1,0,1. It is a well-known fact that these three

types of subgroups give all the non-exceptional proper maximal subgroups of
GL3(FF,) (see section 2 of [Ser72]).

It is sometimes convenient to use the following more canonical descriptions
of the subgroups Hj (p):

i. (the normaliser of a non-split Cartan subgroup)

0= {5 2)- (30 2)riems0 ()1

There is really no natural choice for A unless p = —~1 (mod 4), in which
case we set A = —1. In most contexts, the choice of A does not matter and
we use the notation N'(p) to refer to N4(p) with some choice of quadratic
non-residue A.

ii. (a Borel subgroup)

B(p) = {(g 2) |a,d€lE‘;,‘,beIE‘p}

iii. (the normaliser of a split Cartan subgroup)

w={(5 ¢ ) ser]

From above, we also get canonical descriptions T5(p), U(p), T'(p) of non-split
Cartan, unipotent, split Cartan subgroups.

Suppose H is a subgroup of GL(F, ). Let T'g(p) be the congruence subgroup
of SL2(Z) which reduces modulo p to H N SLy(F,). The compact Riemann
surface Xg(p) = I'u(p)\H* is a smooth projective curve over C.

Our case of interest is when H is the normaliser of a Cartan subgroup of
GL(F,). We note that if H and H’' are conjugate subgroups of GLy(F,), then
Xu(p) is isomorphic to Xg:(p) as curves over C. Hence, the isomorphism class
of Xy(p) only depends on the conjugacy class of H in GLy(F,). However, to
fix things, we prefer to use a particular choice of subgroups in the definition
below:

Fr-ll-on-split,)\ (p) = FN; (») (p)
X :;n-split,,\ (p) = F:on-split,)\ (P\$" (1 4)

Fstzlit(p) = FN(p) (P)
X:E,lit(P) = F:plit(P)\ﬁ*- (1.6)
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We call Xnon split, y(p) and X +

T iie(p) Cartan modular curves.
For later reference, we also make the following definitions:

Fnon-split,)\(p) - FT;‘(p) (p) (17)
Xnon-split,)\(p) = Fnon—split,)\(p)\f.)* (18)
Lepiie(P) = Tr(5)(p) (1.9)
Xsplit(p) = Fsplit(p)\f)* (110)
To(p) = Ta(x)(p) (1.11)

Xo(p) = To(p)\$H* (1.12)

The choice of quadratic non-residue A in 1.3, 1.7 above will often be omitted in
contexts where it does not matter

The genus of X (p) and X ..(p) can calculated either using classical
methods [Che94] or the trace formula (see section 5.2) as

1 -3
Iopie(P) = 57(p* = 8p +11 —4(7)) (1.13)
Ghmoic(p) = (7 —10p + 23+ 6(2) +4(=2)). (1.14)
non-split 2% P P .
Also, in [BT92] a table for the genera of X ..(p) and X} (p) are given for

p < 349.

Using the Riemann-Hurwitz formula, it can be shown that there is no cov-
ering map from Xspht( ) to XTI oplit(P) for large enough primes p. Hence, the
homomorphism of jacobians which we are considering does not seem be given

in a straightforward way.

1.2 Moduli spaces of elliptic curves

The purpose of this section is to discuss the existence of a -model for the
smooth projective curves over C, X1 oplic(P) and Spllt( ), and to give a mod-
ular interpretation of the K-rational points of this @-model. With this aim
in mind, we briefly review some formalism regarding moduli problems and the
general representability results of Drinfeld.

Some formalism

A geometric point of a scheme X is a morphism Spec(Q) — X where Q is
an algebraically-closed field. Given an S-scheme X/S and a geometric point
Spec(2)/S of S, the fibre product X x5 Spec(Q) is called a geometric fibre.

Definition 1.2.1 An S-scheme E/S together with an S-section of E/S is
called an elliptic curve if:
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i. The structure morphism E — S is proper and smooth.

. The geometric fibres of E/S are connected (necessarily smooth) curves of
genus one.

Let C be a subcategory of (Sch). We denote by (EIl)/C the category of
elliptic curves in C defined over variable base schemes in C whose morphisms
are pull-back squares in C. Although we discuss moduli problems for elliptic
curves in C = (Sch), the formalism extends equally well other choices of C
(for instance, C = (Var/C) or C = (Sch/S) where S is a fixed scheme). By
convention, we set (Ell) = (EIl)/(Sch) and (Ell)/(Sch/S) = (Ell)/S.

Definition 1.2.2 A moduli problem P for (Ell) is a contravariant functor
(Ell) — (Sets).

Definition 1.2.3 Let P be a moduli problem for (Ell). The contravariant
functor

Mop : (Sch) — (Sets)
S+ isomorphism classes of (E/S, ¢) where ¢ € P(E/S).

is called the moduli space associated to P.

Definition 1.2.4 A moduli problem P is rigid if for each E/S and ¢ € P(E/S)
there are no automorphisms of E/S which fiz ¢.

The functor P is representable if and only if the functor Mp is representable
and P is rigid. Indeed, if P is representable by E/M, then M represents My
and it is easily seen from the universal property of pull-back squares that P
is rigid. On the other hand, if M represents Mp, then the elliptic curve E/M
which is associated to the identity of Mp(M) = Homs.)(M, M) represents P,
where rigidity of P ensures that the desired isomorphism of functors is injective.

Definition 1.2.5 Let P be a rigid moduli problem on (Ell). A scheme M is
called a fine moduli scheme for P if it represents the moduli space Mp.

There is a weaker definition of fine moduli scheme given in [Mum94] which
excludes the rigidity condition. The example of Y (N)/{%1} discussed in the
next section gives an example where these two notions differ.

Often a fine moduli scheme for P does not exist and one has to consider the
next best approximation:

Definition 1.2.6 Let P be a moduli problem on (Ell). A pair (M,a) con-
sisting of a scheme M and @ natural transformation of functors a : Mp(-) —
Hom(-,M) is called a coarse moduli scheme for P if:

i. The natural transformation o is bijective on algebraically-closed fields ).
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i. If (M, ') is another such pair and o satisfies the above property, then
o factors through o uniquely.

So a coarse moduli scheme for P is a scheme M which represents the moduli
space Mp on algebraically-closed fields  and which is universal with respect
to this property. Of course, every fine moduli scheme is a coarse moduli scheme.

Level N-structures

Let E/S be an elliptic curve. Given a section ¢ € E[N](S) and an integer m,
we note that m - ¢ is only dependent on the congruence class of m in Z/NZ.
Also, given a section t € E[N](S), its image ¢(S) can be considered as a Cartier
divisor on E.

A Drinfeld basis over S for E[N] is then a pair of sections ¢;, ¢; € E[N](S)
which satisfy

S a-4i(S)+b-45(S) = EIN] (L.15)

a,bEL/NT

as Cartier divisors of E[N].

Let p*(N) be the group scheme Z[X]/(®n(X)), where ®y(X) is the N-th
cyclotomic polynomial.

There are two moduli problems which can be formed using the notion of a

Drinfeld basis:

E(N): (Ell) — (Sets) (1.16)
E/S +— the set of Drinfeld bases over S for E[N]
EP™(N) : (Ell)/u*(N) — (Sets) (1.17)

E/S/u*(N) — the set of Drinfeld bases ¢ over S for E[N] (1.18)
such that the Weil pairing en(¢) is the structure morphism of S/u*(N)

We denote by Y(N) and Y***(N), the moduli spaces associated to £(N)
and £°"(N). The Weil pairing ey gives a natural transformation of functors
env : Y(N) — p*(N) by sending an isomorphism class (E/S, ) to en(¢) €
w(N)(S)-

Theorem 1.2.1 (Drinfeld) For N > 3, there exists a fine moduli scheme Y (N)
for E(N). The characteristic zero geometric fibres of Y(N)/Spec(Z) are smooth

curves.
Corollary 1.2.1 Let Y(N) be the fine moduli scheme given in Theorem 1.2.1.
i. The Weil pairing en gives Y (N) the structure of a p*(N)-scheme.
i. Y(N)/u*(N) is a fine moduli scheme for £°"(N).

4ii. The characteristic zero geometric fibres of Y(N)/u*(N) are smooth con-
nected curves.
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For a discussion of these results, see sections 6, 7 of [MW84] and chapters 4,
5, 9 of [KM85].

The p*(N)-scheme Y (N)/u*(IN) given above represents the functor Yer(N)
on (Sch/p*(N)). TIts Spec(C)-fibres can be interpreted as follows: Let o :
Spec(C) — p*(N) be a morphism (such a morphism is given by a choice
of embedding Z[X]/(®n(X)) = Z[{] — C and hence a specific choice of
primitive N-th root of unity). The pull-back of Y(N)/u*(N) along o gives
a smooth connected curve in (Sch/C), which we denote by Y (N),/Spec(C).
The curve Y(N),/Spec(C) is seen to represent the functor Y**(N) which as-
signs to a scheme S € (Sch/C), the isomorphism classes of (E/S, ¢) such that
en(¢) € p*(N)(S) is the structure morphism of S/Spec(C) composed with
o. For instance, if § = C, then Y:*"(N)(S) gives the isomorphism classes of
(E/Spec(C), ¢) such that ex(¢) is the primitive N-th root of unity determined
by the morphism o.

Level H-structures

Associated to a subgroup H of GLy(Z/NZ) are the following two moduli prob-
lems:

Eu(N) : (Ell) — (Sets) (1.19)
E/S + the set of Drinfeld bases over S for E[N]|/H
EM(N) : (Ell)/p3(N) — (Sets) (1.20)

E/S/uz(N) — the set of Drinfeld bases ¢ over S for E[N]/H
such that en(¢) is the structure morphism of S/u}(N)

where
i. a Drinfeld basis ¢ over S for E[N]/H consists of the data (¢;, ¢;) where

(a) t;: T; — S is an étale morphism
(b) ¢; is a Drinfeld basis over T; for (E xg T;)[N]

(c) ¢; = ¢; when considered as Drinfeld bases over T; x5 T} for (E X5
(Ti xs T;))[N]

(d) S =Uiti(T3)
and we identify two Drinfeld bases ¢ and ¢’ over S for E[N]/H if and

only if for each T; x5 T} we have étale morphisms uy,;; : Uy;; = Ti X5 T}
such that

(a) @i = hy, ;¢ for some hy;; € H when considered as Drinfeld bases
over Uy ; for (E xg Uk;;)[NV]

(b) Ti x5 T} = Uupi;(Uks;)
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(in fancier language, a Drinfeld basis over S for E[N]/H is a Drinfeld
basis for E[N] locally for the étale topology and we identify two Drinfeld

bases ¢ and ¢’ if and only if locally for the étale topology we have ¢ = he'
for h € H)

ii. pg(N) is the quotient of u*(N) by H where the action of H on pu*(N) is
given by the determinant map.

For a discussion of level H-structures, see [DR72], Chapter 4, section 3.
Since GL2(Z/NZ) acts on the isomorphism classes of (E/S,¢) where ¢ €
E(N)(E/S), we also obtain an action of GLy(Z/NZ) on the functor Y(N)
and hence on the fine moduli scheme Y (V) given by Theorem 1.2.1. By the
properties of the Weil pairing ey, the action of GLy(Z/NZ)on Y (N) and u*(N)
are compatible with the structure morphism of Y (N)/u*(N).

Corollary 1.2.2 Let Y(N) be the fine moduli scheme given in Theorem 1.2.1
and suppose H is a subgroup of GL,(Z/NZ).

i. The quotient scheme Yy(N) = Y(N)/H ezists and is a coarse moduli
scheme for Eg(N).

ii. The characteristic zero geometric fibres of Yu(N)/Spec(Z) are smooth
curves.

Corollary 1.2.3 Let Yy (N) be the coarse moduli scheme given in Corollary 1.2.2.
i. The Weil pairing ey gives Yg(N) the structure of a pi(N)-scheme.
6. Yu(N)/p(N) is a coarse moduli scheme for EF™(N).

iii. The characteristic zero geometric fibres of Yy (N)/u3(N) are smooth con-
nected curves.

For a discussion of these results, see sections 6, 7 of [MW84] and chapters 7,
8 of [KMS5].

Using the fact that Yy (N)/uf(N) is a coarse moduli scheme for £¢"(N),
one can interpret the Spec(C)-fibres of Yy (N)/u3(N) to a certain extent. Let
og : Spec(C) — uf(N) be a morphism. The pull-back of Yg(N)/uk(N)
along o gives a smooth connected curve in (Sch/C), which we denote by
Yi(N),, /Spec(C). The Spec(C)-points of Yg(N), /Spec(C) correspond to
isomorphism classes (E/C, ¢), where ¢ is an H-equivalence class of bases for
E[N] and en(¢) is the H-equivalence class of primitive N-th roots of unity
determined by the morphism og.

Let I = £1. The moduli spaces Yi(N) and Y(N) are isomorphic because
(E/S,$) = (E/S,—¢) by the —1 automorphism of E/S. Thus, £/(N) is a
moduli problem whose associated moduli space YVi(N) is representable but is
not rigid.
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Representability in (Var/C)

One can be completely concrete so as to work with (Var/C) instead of (Sch)
and (Ell)/(Var/C) instead of (Ell). In doing so, we can relate the scheme
Y(N) with the classical complex analytic description. This will be done in
the following way: We show that the disconnected modular curve Z(N) =
(T(N)\$) x pu*(N)(C) is a coarse moduli C-variety for the functor E(N) in
the sense that the conditions of 1.2.6 are satisfied, but we only require that
a be a bijection on the field C. If Y(N)/Spec(C) is the Spec(C)-fibre of
Y(N)/Spec(Z), then Y(N)/Spec(C) is a coarse moduli scheme for £(N) on
(Ell)/(Var/C). By the universal property of Z(N), there exists a morphism
B : Z(N) — Y(N)/Spec(C) which is seen to be bijective on C. Since we are
working in (Var/C), this implies that 3 is an isomorphism.

Let first us consider the case of P(1). This moduli problem assigns to an
elliptic curve E/S a fixed one element set. Thus, M(1) is the functor which
assigns to a variety S, the isomorphism classes of elliptic curves E/S.

Classically, one constructs I'(1)\$* as a compact Riemann surface which
then inherits the structure of a unique smooth projective curve in (Var/C),
which in this case is isomorphic to the projective line by the classical j-function.
The open Riemann surface Z(1) = I'(1)\$) is then isomorphic to the affine line
Spec(C[j]). To show that Z(1) is a coarse moduli scheme for P(1) by hand, we
need to address the following points.

First of all, one requires a natural transformation of functors o : M(:) —
Hom(:, Z(1)). This amounts to assigning to an isomorphism class of E/S, a
morphism o(E/S) : S — Z(1). This assignment must be natural in the sense
that if o : §' — S and E’/S’ is the pull-back of E/S along o, then we have
a(E'|S")=a(E/S)oo.

The main point in constructing « is the ability to obtain a Weierstrass
model for any E/S. By a Weierstrass model for £/S, we mean an open cover
S = U,U), such that

i. Uy = Spec(R,) where R,

ii. E |y, /U 2 Spec(Ry\[X,Y]/(Y? — (4X® = g2, X — ¢3,1)))/Spec(R)) for
some ¢2.x, g3 € Ry

The desired morphism from S to Z(1) = Spec(C[j]) is then given by the ex-
pression of the j-invariant in terms of the coeflicients g;3, 93, € Ry. That is,
we define a morphism on j : S — Spec(C[j]) by defining it on the open sets
g : Uy = Spec(Ry) — Spec(C[7]), which amounts to defining a C-algebra ho-
momorphism 7y : C[j] — R and hence expressing j in terms of elements in
R,. The particular expression we take is nothing but j = g5 ,/(g3 , — 2743 ,).
Note that the discriminant A = g5 , —27¢3 , is invertible in R, since E |y, is
an elliptic curve over Uy = Spec(R,). One can check that this defines a mor-
phism 7 : S — Spec(C[j]) and that this association gives us the desired natural
transformation a.
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Now, by construction of Z(1),
o(Spec(C)) : M(1)(Spec(C)) — Hom(Spec(C), Z(1))

is bijective (see section 1.2 for more details). We have therefore obtained a pair
(Z(1), ) which satisfies the first property of 1.2.6 for 8 = C. We now need
to check that Z(1) is universal with respect to this property. One way to do
this would be to construct an elliptic curve E/Z(1) whose fibre at a C-point of
Z(1) is in the isomorphism class of elliptic curves it is supposed to represent.
Then, if (M, o/) is another pair which satisfies the first property of 1.2.6 for
1 = C, one obtains a-morphism o/(E/Z(1)) : Z(1) = M/, and hence a natural
transformation of functors 8 : Hom(-, Z(1)) — Hom(-,M'). The property of
the fibres of E/Z(1) allow us to deduce that o/ = B0 on C. Since we are
working in (Var/C), this implies that &/ = 80« on all of (Var/C) and that 3
is uniquely determined.

The problem is therefore reduced to finding a family £/Z(1) as above. One
can certainly come close to writing down such a family:

. : 2 3 J J

E/Z(1) : Spec(C[7][X,Y]/(Y* — (X° — 27J.———_ 1728X + 54j———_ 1728)) (1.21)
However, E/Z(1) is not an elliptic curve since for j = 0,1728 the fibres are
not elliptic curves. Moreover, it is not possible to write down an elliptic curve
E/Z(1) with the required property: any such elliptic curve is a twist of the one
given above, but by inspection of the Weierstrass equations for the twists of the
above family one sees that it is not possible to twist the above family so that
its fibres are elliptic curves for all j-invariants.

We can remedy this problem in the following way. Let G be a finite group
which acts on S € (Var/C) in such a way that the quotient ¢ : § — S/G exists
and the inverse image of a C-point in S/G is the G-orbit of a C-point in S.
Suppose that S/G = Z(1) and that we have an elliptic curve E/S with the
property that two C-fibres E; and E; are isomorphic if and only if the two C-
points s and ¢ of S lie in the same G-orbit. Also, if s is a G-point of S, then E;
is in isomorphism class of elliptic curves represented by the point ¢(s) € Z(1).

Now suppose (M/,¢’) is another pair satisfying the first property of 1.2.6
for O = C. If we have all of the above, then using o/, we obtain a morphism
o(E/S) : § = M. Moreover, it is clear that this morphism is G-equivariant
so by the universal property of quotients, we see that a(E/S) factors through
a unique morphism 8 : Z(1) — M'. One can then check that the existence of
B gives (Z(1), ) the desired universal property.

Thus, it remains to show such a E/S exists. We take

S = Spec(C[j,7'/3, (j — 1728)"/%)) (1.22)

which is easily seen to be isomorphic to the elliptic curve Spec(C[T,U]/(U? —
(T3 — 1728)) (i.e. make the substitutions T° = j, U? = (j — 1728)). There is
an action of {£1, £(3,£(;'} on S such that S/G = Spec(C[j]) exists and the
inverse image of a C-point is the G-orbit of a C-point.
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We define E/S to be

E/S : Spec(C[T, U, X, Y]/(Y? - (X® — 21T X + 54U), U? — (T° — 1728)))
(1.23)

It is not hard to check that £/S has the desired properties. For instance, E
has j-invariant equal to 7% = j. Thus, Z(1) is a coarse moduli C-variety for
P(1).

One can imagine a similar argument to show that Z(N) = (T(N)\$) x
p*(N)(C) is a coarse moduli scheme for £(N), again working in (Var/C) and
(Ell)/(Var/C). Let Y2 = 4X3 — g, X — g3 be an elliptic curve over S and let
¢:Z/NZx Z/NZ = E[N] be a basis over S for E[N]. For a € Z/NZ x Z/NZ,
we define the Fricke invariants as:

o= ngﬁ - ( X-coordinate of ¢(a)) (1.24)
i = gA—% - ( X-coordinate of ¢(a))? (1.25)
73 = 9A—3 ( X-coordinate of ¢(a))®. (1.26)
Note that
f2* = 43(j_—1172_8_)(f‘?)2 (1.27)
12 = w1 (1.25)

It is a fact that the function field of X (V) is C(j(7), fa(7)) where j(7) and
fa(7) are the invariants of the elliptic curve £, = C/ < 1,7 > with ¢ taken
to be the basis (1/N,7/N) (see Proposition 6.9 in [Shi71]). The coordinate
ring of the affine curve Y (N) is the subalgebra C[j(7), fo(7)] of C(j(7), fo(7)).
Thus, given (E/S, ¢), we can define a morphism § — Y(N) in a way similar by
using the invariants 7, f¢. In case that Aut(E/S) = p4, e, we use the Fricke
invariants f>¢, >, respectively.

As a result of the above discussion, we obtain:

Lemma 1.2.1 Let Y(N) be the fine moduli scheme given in Theorem 1.2.1.
The Spec(C)-fibre of Y(N)/Spec(Z) is isomorphic to (I(N)\$) x u*(N)(C).

Lemma 1.2.2 Let Y(N)/u*(N) be the fine moduli scheme given in Corol-
lary 1.2.1. The Spec(C)-fibre of Y (N)/u*(N) along a morphism o : Spec(C) —
p*(N) is isomorphic to T(N)\$.

Lemma 1.2.3 Suppose H C GLy(Z/NZ). Let Yy(N) be the coarse moduli
scheme given in Corollary 1.2.2. The Spec(C)-fibre of Yy (N)/Spec(Z) is iso-
morphic to (Ca(N)\H) x pi(N)(C).

Lemma 1.2.4 Suppose H C GLy(Z/NZ). Let Yu(N)/u3(N) be the coarse
moduli scheme given in Corollary 1.2.3. The Spec(C)-fibre of Yi(N)/pl(N)
along a morphism og : Spec(C) — p3(N) is isomorphic to Ly (N)\ 5.
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C-points of Y(N)

In this section, we consider the disconnected modular curve Z(N) = ([(N)\$)x
p*(N)(C) and the natural transformation of functors o : Y(N)(-) — Hom(-, Z(N))
which gives it the structure of a coarse moduli scheme for £(N). Again, we work
in (Var/C) and (Ell)/(Var/C). We show that a is bijective on the field C.
Given (E/C, ¢), we can represent it in the form (C/ < wy,w; >, (w1,wq) P)
where < wy,ws >= Zwi+Zw, is a lattice in C and P is a matrix in GL:(Z/NZ).

We can make this representation a bit more canonical by choosing a basis so
10

that P = (O d)' Furthermore, the pair (C/ < wy,w; >, (w1/N,d - wy/N)) =
(C/ <1,7>,(1/N,d-7/N)) where T € H.

It is not hard to check that two pairs (C/ < 1,7 >,(1/N,d - 7/N)) and
(C/ < 1,7 >,(1/N,d - 7'/N)) are isomorphic if and only if 7 and 7 are
equivalent under a transformation in I'(N) and d = d’ € (Z/NZ)* = u*(N)(C).

Thus, given an isomorphism class (E/C, ¢) € Y(N)(C), we can associate to
it a point on Z(N), namely, write the isomorphism class (E/C, ¢) in the form
(C/ <1,7>,(1/N,d-7/N)) and send it to the point (7,exp?*"*¥/N) € Z(N)(C).
By the remarks above, this defines a bijection between Y(N)(C) to Z(N)(C).
This is precisely the association given by the functor a. Therefore, « is bijective

on the field C.

K-points of Yy (N)

Suppose H C GL(Z/NZ)is a subgroup containing +1 and det(H) = (Z/NZ)*.
Let Yg(N)/Spec(Q) be the Spec(Q)-fibre of Yy (N)/Spec(Z). The Spec(C)-
fibre of Yz (NN)/Spec(Q) is isomorphic to the smooth connected curve Ty (N)\H
by Lemma 1.2.3. Thus, Yy(N)/Spec(Q) provides a Q-model for the curve
La(N)\H.

We wish to interpret the K-points of Yy (NN)/Spec(Q) where K is a field
extension of Q. We know that Yz (NN)/Spec(Q) is a coarse moduli scheme for
En(N), considered as a functor on (Ell)/Q. Therefore, the set Vi (N)(Spec(K))
consists of the isomorphism classes of pairs (E/ K, [¢]i) where ¢ € Eg(N)(Spec(K))
(note: ¢ is defined over K!). Let o : Spec(C) — Spec(K') be a morphism. Con-
sider the following diagram in (Sch/Q):

Yu(N)(Spec(K)) —— Hom(Spec(K), Yr(N))

l l (1.29)

Yu(N)(Spec(K)) —— Hom(Spec(K), Yi(N))

We note that o on the bottom is a bijection as Yz (V) is a coarse moduli
scheme for £g(N). Also, since Y(N)/Spec(Q) is a Q-model for its Spec(K)-
fibre, we see that o : Hom(Spec(K), Yg(N)) — Hom(Spec(K), Yi(N)) is an
injective map. Thus, we see that two pairs (E/K, [¢]g) and (E'/K, [¢']g) when
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considered as K-points of Yyz(N)/Spec(Q) under « are equivalent if and only if
they are isomorphic over K. Thus, this is the sense in which Yu(N)/Spec(Q)
fails to represent Vg (N) on (Sch/Q).

On the other hand, a(Spec(K)) is surjective so given a K-rational point
P of Yg(N), there is exists a pair (E,[¢]lg) € Vu(N)(Spec(K)) to which it
corresponds, [DR72], Chapter 6, section 5, Proposition 3.2. The main idea of
the proof is to consider the pair (E, [¢]r) € Vi (N)(Spec(K)) which corresponds
to the point P. One can construct an obstruction class associated to this pair
in H*(Gal(K | K), Autgz(E, [¢]x)) which is trivial if and only if (E,[¢]m) can
be defined over K, [Gir71], section 7.3. The argument in [DR72] then shows
the cohomology group above is trivial.

The surjectivity of a(Spec(K)) can also be seen in a more bare-handed
approach. As before, a K-rational point P of Yy(N) corresponds uniquely
to a K-isomorphism class (E,[¢]x) € YVu(N)(Spec(K)). Since P maps to
a K-rational point of Y (1), we see that the j-invariant of F is K-rational.
Therefore, by a suitable K-isomorphism, we may assume that E is defined over

K. The actions of Gal(K | K) on Yg(N)(Spec(K)) and Yu(N)(Spec(K)) are

compatible with the morphism a(Spec(K)). Therefore, since P corresponds to
a K-rational point of Yg(N)(Spec(K)), we see for all 0 € Gal(K | K) that
(0% = [(l[#la where [] : un/v = Autx(E), { € pn/v, and v is the intersection
of H and the image of Aut(F) in Aut(E[N]). Hence, we obtain a representation
p:Gal(K | K) = pn/v. Since £1 € H, v contains at least +1. For simplicity,
let us consider the case n = 4. If p is trivial, then (F,[¢]y) is already defined
over K, otherwise v = {£1} and p is surjective to ps/{£1}. Let ¥ : E — Ep
be the isomorphism defined over K from E/K to a twist Ep/K. One can easily
check that

$(8)° = [1(¢7) = [Cllp(o)](¢) (1.30)

for ¢ € Gal(K | K) where (, is the 1-cocycle associated to the twist Ep. Let
L = K(+/Dy) be the quadratic extension associated to p. If we consider the
particular twist D = Dy, it is easy to see that [(,][p(c)] = 1. Hence, the
twisted pair (Ep/K, [¢(¢)]x) is defined over K.

The description of the K-points of Yy (/N)/Spec(Q) above can be reinter-
preted in terms of galois representations. A K-point of Y (NN)/Spec(Q) is a
pair (E/K,[#]x). Since it is defined over K, we see that for all o € Gal(K | K),
(E/K,[#lu)’ = (E/K,[#]n). The condition [¢]; = [¢]y means that the
Gal(K | K) representation on E[N] lies in the subgroup H C GL,(Z/NZ).

Finally, we note the following curious phenomenon. Consider the following

two subgroups:
() asn

{3 9)
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The Spec(C)-fibre of Y1(N)/Spec(Z) and Yp(N)/Spec(Z) are, respectively:

Yi(N)/Spec(C) = (T1(N\5) x u*(N)(C) (1.33)
Yo(N)/Spec(C) & (Tp(N)\5). (1.34)

We note that I'p = I'r so that Y7(V) consists of ¢(N) copies of Yp(N)/Spec(C).
Since Yp(N)/Spec(C) has a Q-model, it follows that Y;(V)/Spec(C) also has
a Q-model, even though it is most naturally defined over Q((y).

Compactifications

It will be convenient to consider compactifications X(N), Xg(N), X(N)/p*(N),
Xu(N)/pg(N) of the modular curves Y(N), Yg(N), Y(N)/u*(N), Ya(N)/u (N).
One can describe the extra points in the compactification as corresponding to
Néron polygons with level structure up to a certain equivalence relation [DR72],
but we content ourselves with noting that the Spec(C)-fibres of X(N), Xz (N),
X(N)/w*(N), Xu(N)/uk(N) are smooth projective curves over C given by

X(N)  (CNV\H') x #*(V)(C) (1.35)
Xu(N) : (Ca(N\HY) x uiz(N)(C) (1.36)
X(N)/w*(N) : T(N)\S' (L.37)
Xir(N)/i(N) : Tr(N)\9" (1.38)

where $* = H U Q U {o0}.

1.3 Complex multiplication points

The general philosophy behind the study of rational points of Xg(N) is that
for large N, the only non-cuspidal rational points of Xy (N) should arise from
complex multiplication curves. In this section, we discuss how elliptic curves
with complex multiplication give rise to rational points on the curves Xg(p)
where p is a prime.

Proposition 1.3.1 Let E be an elliptic curve defined over L with complex
multiplication by a mazimal order v in K. Then the Gal(L|L) representation
on E[p] has image lying in:

the normaliser of a non-split Cartan subgroup if p is inert int
a Borel subgroup if p is ramified in ¢
the normaliser of a split Cartan subgroup if p is split in ¢

Proof. Let M = L - K and let End(E) = t be an order in K. Since the
action of galois commutes with the action of t on E[p], we see that E[p] can be
considered as a (t/pr)[Gal(M|M)]-module. Since E[p] is a free rank one t/pt-
module, the image of the mod p representation of Gal(M|M) lies in (t/pt)*.
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However, (t/pt)* = (F,)%, (Fy[e])*, (F,*)* depending on whether p is inert,
ramified, split in v. It follows that the image of the mod p representation of
Gal(M|M) lies in a non-split Cartan, unitriangular, split Cartan subgroup of
GL3(F,). Therefore, the image of the mod p representation of Gal(Z|L) lies in
the normaliser of these subgroups. O

Consider the case of H a Borel subgroup of GLy(F,). The modular curve
Xu(p) is then the modular curve Xo(p). From the general philosophy alluded
to above, for p large enough the non-cuspidal Q-rational points of Xy(p) should
only arise from complex multiplication curves over Q. However, there are only
finitely many Q-isomorphism classes of elliptic curves over Q with complex
multiplication and in order for such a curve to give rise to a Q-rational point
of Xo(p), p must be ramified in the CM-fields of these curves. This restricts
p to a finite number of primes which divide the discriminants of the CM-fields
involved. Hence, in this case, we see that for p large enough, there should not
be any non-cuspidal Q-rational points on Xo(p). Indeed, this should be the
case once p is larger than the largest discriminant of a CM-field of an elliptic
curve over Q, that is, p > 163. This is the famous result of Mazur [Maz78].

On the other hand, if H is the normaliser of a (split/non-split) Cartan
subgroup of GLy(F,), then an elliptic curve defined over Q with complex multi-
plication in K will give rise to a Q-rational point of Xy (p) if p is split/inert in
K. Thus, in this case, Xg(p) will in general have some non-cuspidal Q-rational
points arising from complex multiplication curves, though by the general phi-
losophy, these should be the only ones for p large enough. Momose has made
obtained some results using methods of Mazur in the split case [Mom84]. A
related result of Serre [Ser72| states for a fized elliptic curve over Q, its mod p
galois representation has image GLy(F,) for p larger than some bound which is
dependent on the elliptic curve. This bound can be made explicit [MW93].

There exists a class of modular curves which have more refined modular
interpretations, called “twisted modular curves” in [Maz77]. Given a mod p
representation p, it is possible to associate to a certain Q-twist X,(p) of Xp(p)
such that the Q-points of this twisted modular curve correspond to the Q-
isomorphism classes of elliptic curves F over Q such that pg, = p. In particular,
let S be the set of elliptic curves over Q which have complex multiplication in
K where p is inert. The Q-points of the twisted modular curves X, where
E € § give all elliptic curves over Q with mod p representation isomorphic
to a (non-split) complex multiplication mod p representation. If the general
philosophy about the Q-points of X . (p) is to be believed, then for p large
enough, the only Q-point on X, , should arise from E itself. A more detailed
description of this class of twisted modular curves is described in [SR95]. They
are used in the final stages to Wiles’ proof of Fermat’s Last Theorem to deal
with the case of reducible mod 3 representations.



CHAPTER 1. INTRODUCTION 18

1.4 Double coset operators on Fuchsian groups

Let I be a Fuchsian group of the first kind. Then Xr = I'\§)* is a compact
Riemann surface. Associated to I is its vector space of weight k cusp forms
Sk(T'). In this section, we will describe some natural linear operators on S (I)
which we call double coset operators. We will also interpret these operators
geometrically in case of &k = 2.

Action on S(T")

To define a double coset operator on Si(I'), we start with a double coset I'§T
where § € GLy(R)*. From the Lemma below, we see that if § lies in the com-
mensurator [ of T (i.e. those elements in GL,(R)* which conjugate I' to a group
which is commensurable with I'), the double coset I'6T* can be decomposed into
a finite union of cosets UycaI'dA. We define the linear operator ©(I'éT’) as:

@k(F(SF) : Sk(F) - Sk(l“) (139)
f e det(8)F*1Y " f o (1.40)

It is easily checked that ©(I'6T") sends Si(T') to itself and is thus a linear
operator on the vector space Si(I')(see Proposition 3.37 in [Shi71]). We call
the linear operator ©(I'6I") a double coset operator. The definition of ©(I'6T")
does not depend on the choice of A by invariance of f € Si(T') by T.

Lemma 1.4.1 Let § € GLy(R)* and let ' be a Fuchsian group. The following
are equivalent:

i. T'OT = Uxeal'6A where A C T and the cosets ['éA are all distinct.

ii. A forms a complete set of inequivalent representatives for (I'N§~16)\T.

Proof. Note firstly that A\, ) € T, ['6A = ['6) if and only if (T N§IT)éA =
(TNEITE)N.

Suppose that I' = Uyea([ N §-'T9)A. Multiplying on the left by I'§ we
obtain T6T = Uxea(T6T NT'6)A = Useal'dA. By the opening remark, all these

cosets are distinct.
Suppose that TOI' = Uxeal'dA where A C T' and the cosets ['6)A are all

distinct. By the opening remark, A forms an inequivalent set of representatives
for I N 6~'T'8\I". On the other hand, for any A € I', I'éA occurs in I'6T" so that
A forms a complete set of inequivalent representatives. O

Define T(T') to be the free Z-module generated by the set of double cosets
T'6T where § € I'. One can define a multiplication on 7(T') by extending Z-
linearly the following rule:

6T -T¢'T =Y Tad'T

a€T
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where ['6T' = U,eyT'a. The resulting multiplication is well-defined, associative,
and Z-linear so that 7/(I') becomes a Z-algebra (see section 3.1 in [Shi71]).
The map which sends ['éT" to ©(L'6T) defines a representation O of the
Z-algebra T (I') to the Z-algebra End(Si(T)). We will often abuse notation and
not make this representation explicit.
The map which sends I'6T to the integer |[['N §~'T'6\I'| defines a represen-
tation deg: 7(T') — Z.

Action on S3(T")

The action of double coset operators on S(I') can be interpreted as endor-
mophisms of J(Xr), essentially because S,(T') is the cotangent space to the
complex torus associated to J(Xr).

Let § € I'. The map z + 671(2) induces a morphism w;s from Xjrs-1r to
Xrns—1rs. Hence, we have the following diagram:

we
Xsrs-iar — Xrns-1rs

’”l "21 (1.41)

X X

Define T5 as the endomorphism of Div(Xr) given by m,ws*my*. The fact the
ws is a morphism means that T factors to an endomorphism ©(75) of J(Xr).
The following Lemmas are easily verified:

Lemma 1.4.2 Let A be a complete set of inequivalent representatives for (I' N
§TITO\TL. The endomorphism Ts of Div(Xr) is explicitly given by:

T5(Tz) = » Té)z. (1.42)

AEA
Lemma 1.4.3 Letv;,vy2 € I'. Then Ts = T.,,5,, as endomorphisms of Div(Xr).

Given a double coset I'dT', one can associate to it a well-defined endomor-
phism Tpsr of Div(Xr) by Lemma 1.4.3. The endomorphism ©,(Trsr) of J(Xr)
it induces coincides with the endomorphism ©4(I'éT") of S3(I") defined in the
previous section under the identification of S3(I') with the cotangent space of
J(Xr).

More generally, suppose that I'; and I'; are commensurable so that they
both have the same commensurator. In weight & = 2, the double coset oper-
ator ©(T'16T2) can be interpreted as a divisorial correspondence from Xr, to
Xr,. Such a correspondence is called a modular correspondence and induces
a homomorphism from J(Xr,) to J(Xr,). Formally, all homomorphisms of
jacobians arise from a divisorial correspondence. One may ask whether the
isogeny under investigation is given by a linear combination of modular corre-
spondences. Recent work by Edixhoven (to be discussed in the conclusion) has
answered this in the affirmative.
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1.5 Arithmetic congruence groups

In this section, we define a certain class of Fuchsian groups of the first kind
called arithmetic congruence groups and discuss the notion of a Hecke operator
on them. This class of Fuchsian groups is derived from indefinite quaternion
alge.bras over Q and includes the groups '} (p) and Tf, _..(p) for which we
are interested in obtaining an explicit trace formula.

Quaternion algebras, orders, unit groups

A central simple algebra B of dimension four over Q is called a quaternion
algebra over Q. On B, there is an anti-automorphism of order 2 (z + z) as well
multiplicative and additive maps to Q, called the reduced norm (z + n(z)) and
reduced trace (z — t(z)), respectively. Similarly, one can consider quaternion
algebras over an arbitrary field F', but we restrict our attention to the cases of
F = Q, and the completion F' = Q, of Q at a place v.

By Wedderburn’s Theorem, a quaternion algebra B over field F' is isomor-
phic to M,(F) or a division quaternion algebra. With this in mind, we say
that a quaternion algebra B over Q is split or ramified at a place v of Q if
B, is isomorphic to M3(Q,) or a division algebra over Q,, respectively. It is
a fact that B is ramified at a finite number of even places v and one defines
the discriminant of B to be the product of p, where v runs through the places
where B ramifies.

Let B be a quaternion algebra over Q. Unlike fields over Q, the set of
integral elements of B does not form ring. As a replacement, one considers
Z-modules of rank 4 which are subrings of B. Such an object is called an order
of B. Any order of B is contained in a maximal order, though this may not
be unique. There is a similar notion of orders in quaternion algebras over Q,,
where v is finite place. For v = oo, we set by convention Z.,, = Q. so that
orders in B, are just By, itself.

Lemma 1.5.1 Let R be an order in a quaternion algebra B over Q. The units
of R are given by

R* ={z € R |n(z) € Z*} (1.43)
Proof. This follows from the fact that z — Z preserves orders. O

Let R*t be the elements in R* with positive reduced norm. By the above
Lemma, R* consists of the elements in R of reduced norm one. We call this
group the unit group of R (not to be confused with the units of R). The unit
group of R will often be denoted it by I's.

Adelisation of quaternion algebras

It is useful to analyse quaternion algebras B over Q by considering the local
quaternion algebras B, = B ®q Q, for each place v of Q. Indeed, one knows
that B, & M(Q,) for all but a finite number of even places v of Q.
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Given an order R in B, its localisations R, = R ®z Z, are orders in B,.
The correspondence between orders R and collections of local orders {R,} is
characterised by the following two Lemmas:

Lemma 1.5.2 Let R and R’ be orders in a quaternion algebra B over Q. Then
R, = R,, for all but a finite number of places.

Proof. Since R and R’ are both Z-modules of rank 4, RN R’ is of finite index
in R and R'. For places v not dividing [R: RN R'] and [R' : RN R'], we have
R,=R,. O

Lemma 1.5.3 Suppose B is a quaternion algebra over Q. Let {R,} be a col-
lection of local orders R, where v runs through all places of Q. If there exists
an order R' such that R, = R, for all but a finite number of places v, then there
erists an unique order R whose localisation at v is R, for all places v.

Proof. Refer to Lemma 5.2.4(3) in [Miy89]. O

Consider the example of B = M,(Q). It is easily checked that M(Z) is
an order in B. Since My(Z), = My(Z,) for all places v of Q, we see that if
R is an order in B, then R, = My(Z,) for all but a finite number of places v.
Conversely, if {R,} is a collection of local orders such that R, = M,(Z,) for all
but a finite number of places v, then there exists an order R whose localisation
at a place v is R, for all places v.

In general, we have:

Corollary 1.5.1 Let B be a quaternion algebra over Q and let R be an order
in B. Then R, is a mazximal order in B, for all but a finite number of places
v.

Proof. Maximal orders in B exist, so the result follows from Lemma 1.5.2. O

Lemma 1.5.4 Let B, be a quaternion algebra over Q, where v is a finite place.
i. If B, is split, then all mazimal orders of B, are conjugate to Mz(Z,).
ii. If B, is ramified, then there is a unique mazimal order S, of B,.

Proof. If B, is split, then B, = M3(Q,). Any order R, lies in End(A) where
A is a lattice in Q2. Thus, by a suitable change of basis (which is uniquely
determined up to conjugation by GL3(Z,)), we may assume End(A) = M,(Z,).

If B, is ramified, then B, is a division algebra. The unique maximal order
of B, is given by

S,={z € B, |n(z) € Z,}.
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The adelisation By of a quaternion algebra B over Q is an object which
allows us to analyse B locally in a way which reflects the properties in listed in
the Lemmas above. It is defined as the restricted topological product of the B,’s
with respect to the open subrings R,, where R is an order in B. The resulting
topological ring does not depend on the choice of R (essentially because of
Lemma 1.5.2). Similarly, the adelisation By of B* is the restricted product
of Bj with respect to the subgroups R, where again the resulting topological
group does not depend on the choice of R. Note that one can embed B into By
using the diagonal map. Also, it is sometimes useful to consider the adelisation
of Ba, By over finite places only, denoted B3, B;;’O, respectively, and we will
often use the decompositions, By = Bo,x B3 and B = BX x B{° to distinguish
between the cases of finite and infinite places.

Using adelisations, Lemmas 1.5.2 and 1.5.3 can be summarised as

Lemma 1.5.5 Given an order R in B, the product of local orders Ry = By, X
H#m R, is contained in By. Conversely, given a product of orders Ry =

B, x Hv¢oo R, which is contained in By, R = Ra N B is an order of B.

Arithmetic congruence groups

Definition 1.5.1 A quaternion algebra B over Q is called indefinite or definite
if B is isormorphic to M3(Qy) or a division algebra over Qu, respectively.

Definition 1.5.2 Let B be an indefinite quaternion algebra over Q. Let I'{ be
an open compact subgroup of BY® and let T = B* N (BXt xT%). We call T
an arithmetic congruence group.

Remark 1.5.1 We note that it is possible for an arithmetic congruence group
I’ to arise from different open compact subgroups of BA’O. However, it will
usually be clear from the context which open compact subgroup we are taking,
so we will suppress this dependence.

Lemma 1.5.6 Let B be an indefinite quaternion algebra over Q and suppose
T is an arithmetic congruence group in B*. Then there exist orders RC S in
B satisfying

F'rRCcT CTls.

Proof. (For the proof, we will use the Lemmas below describing the open com-
pact subgroups of BX*.)

Since I is an arithmetic congruence group, I' = B* N (BX* x I'Y) for some
open compact subgroup of B,°. By Lemma 1.5.9, there exists a finite set
of finite places P such that I', = R}, for v ¢ P and T, is an compact open
subgroup of B for v € P, where R, denotes the localisation at v of an order
R'. Since I', is an compact open subgroup of B for v € P, by Lemma 1.5.7
and 1.5.8, there exist orders R and S. such that R)* C T, C §”*. Let S
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be the order such that S, = R, forv ¢ Pand S, = S” for v € P. Let R
be the order such that R, = R} for v ¢ P and R, = R/ for v € P. Then
F'r CT = B*nN(B%T xTY) C T's so that T is an arithmetic congruence
group. (]

Lemma 1.5.7 Suppose v is a finite place of Q. Then T, is a compact subgroup
of B if and only if

i. (B, split) T, can be conjugated to lie in GLy(Z,) as a closed subgroup.

i. (B, ramified) T, lies in S as a closed subgroup, where S, is the unique
mazimal order of B,.

Proof. Suppose B, is split. Let A be a lattice in Q2. By compactness and
the fact that Aut(A) is an open subgroup of B, we see that [, and Aut(A)
are commensurable. Thus, we can form a I',-invariant lattice A’ so that [, is
contained in Aut(A’), which is conjugate to GLy(Z,).

Suppose B, is ramified. We note that det(T',) C Z; since I', is compact
and det : BX — QY is continuous. By the description of the maximal order
Sy in B, given in the proof of Lemma 1.5.4, we see that I', C S,. Therefore,

I'y C S).
For the converse, we note that GL3(Z,) and S are compact subgroups of
B in each respective case. O

Lemma 1.5.8 Suppose that v is a finite place of Q. Then T, is an open sub-
group of BX if and only if Ty contains R} for some order R, in B,

Proof. We simply note that a basis for the topology on By is given by {z- R |
z € BX} where R, is any order in B,. O

Lemma 1.5.9 ' is an open compact subgroup of B;:’O if and only if

g =]]rx ] B (1.44)

veP vgP

where P is a finite set of finite places, R, denotes the localisation at v of an
order R, and T', is a open compact subgroup of B .

Proof. A basis for the topology on By ¥ is given by

uP)=[Jur <] R: (1.45)

veP vg¢P

where P runs through finite sets of finite places, U} is an open subgroup of
BX, and R, denotes the localisation at v of an order R.

Since I'Q is an open set, it is a union of basis sets U(P) as above. By
compactness, it is in fact a finite union of such sets. The result then follows by
noting that ', is a compact open subgroup of B for all finite places v. O
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If B is an indefinite quaternion algebra over Q then ¢ : B ®g R & M;(R)
for some isomorphism ¢. Under the isomorphism ¢, B can be viewed as a
subalgebra of M;(R). In this way an arithmetic congruence group T' of BX
can be identified with a Fuchsian group of the first kind: The group I is by
Lemma 1.5.6 a subgroup of a unit group of finite index. Since unit groups of
orders in indefinite quaternion algebras are well-known to be Fuchsian groups
of the first kind (see Theorem 5.2.13 in [Miy89]), it follows that I' is a Fuchsian
group of the first kind.

Definition 1.5.3 Let I' be an arithmetic congruence group. Let P be the set
of finite places v such that ', # SX where S, is a mazimal order in B,. By
Lemma 1.5.9 and Lemma 1.5.1, P is a finite set. We define the level of T to

be N =], cpv.

Lemma 1.5.10 Let I' be an arithmetic congruence group of level N. Then
there exist orders R C S such thatI'r C T' C 's and R, = S, is mazimal in
B, if and only if v | N.

Proof. Let R C S be a choice of orders such that 'y C I' C I's. By Lemma 1.5.2
and 1.5.1, there exists a finite set of finite places P such that forv ¢ P, R, = S,
is maximal in B,. If v € P is such that I, = S,’,X, where S! is a maximal order
in B,, then we modify R and S so that R, = S, = S,. The resulting R and S
has the desired property. O

For later reference, we quote the important

Theorem 1.5.1 (Strong approzimation) Let B be an indefinite quaternion al-
gebra over Q and let TS be an open compact subgroup ofBlf;’0 such that n(T',) =
ZY for all finite places v. Then

BX = B* - (BX* x [[ Tw)- (1.46)
v#£oo

Proof. The proof of Theorem 5.2.11 in [Miy89] for I{ = R also works for a
general compact open subgroup. |

Definition 1.5.4 A strong arithmetic congruence group I' is an arithmetic con-
gruence group such that n(T',) = Z for all finite places v.

Some examples

Let us give some examples of (strong) arithmetic congruence groups:

i. Let B be an indefinite quaternion algebra and suppose R is an order in
B. Then I'y = [],4c, B is an open compact subgroup of BX° so that
[' = B*N BX* x I'§ is an arithmetic congruence group of B*. In fact,
by Lemma 1.5.1, I is the unit group I'r of R.
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il.

iii.

iv.

Let B = M,(Q). Consider the following subset of M(Z):
a b
Rar) = { (2 §) le=0 (o)}

It is easily checked that R = Rgy(p) is an order in B. The unit group
I' = T'p is an arithmetic congruence group of level p.

Let B = M5(Q) and set R = R(1) = My(Z). The unit group I' = 'y is
an arithmetic congruence group of level 1.

Let B = M3(Q) and consider the following subset of My(Z):

Rnon-split A (p) = {(z Z) € My(Z)|a=d (modp),c=Ib=0 (modp)}

where (;’D\-) = —1. The set Rnon-split,a(p) is an order in B: It is clear
Ruon-split, A (p) is a subring of B so the only point to check is that it is a
Z-module of rank 4. For this, we note that

(10 01 0 p 00
Rnon—split,)\(p) =7 (0 1) ® Z (X 0) ® Z (0 0) O] Z (O p)

where X is any element of Z such that A = A (mod p).

The unit group I'g is an arithmetic congruence group of level p and is in
fact the group Tnon-spiit,x(p) given in section 1.1.

1 0
0 -1
compact subgroup of BY so that [' = B* N BX* x I'{ is an arithmetic
congruence group of level p which is in fact the group Fjl-on-split,)\(p) given

in section 1.1.

Let T} = JI,.0 By UwRy where w = ( ) Then I'§ is an open

Let B = M>(Q) and consider the following subset of M;(Z):

Rassp) = {(2 ) € Ma(2) [b=c=0 (mod )}

The set Repnit(p) is an order in B: It is clear Rx(p) is a subring of B so
the only point to check is that it is a Z-module of rank 4. For this, we
note that

10 0 p 00 00
Rsplit(P)=Z(0 0)®Z<0 0>€BZ(P 0>€BZ(O 1>'

The unit group ['r is an arithmetic congruence group of level p and is in
fact the group Tspii(p) given in section 1.1.

1 0
0 -1
compact subgroup of B} so that I' = B* N BX* x '} is an arithmetic
congruence group of level p which is in fact the group F:;lit(p) given in
section 1.1.

Let I} = [loz00 B UwR] where w = ( ) Then T} is an open
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Hecke operators

In this section, we define Hecke operators on strong arithmetic congruence
groups.

Lemma 1.5.11 Let B be an indefinite quaternion algebra over Q and let T’ be
an arithmetic congruence group in B*. The commensurator of ' contains BX.

Proof. A proof can be seen from the special case given in Lemma 3.10 of [Shi71].
O

Thus, for 6 € B*, the double coset ['éT" defines a double coset operator O (I'T)
on Si(I).

Let B be an indefinite quaternion algebra over Q with discriminant D and
let T' be a strong arithmetic congruence group in B* with level N.

Let I | m be two positive integers such that (Im, DN) = 1. Write [ =
[Legv™ and m = [],¢0 v where e, < f, # 0. For v € @, we see that
I'y = S, where S, is a maximal order in B, & M,(Q,). By Lemma 1.5.4, S, =
a; ' My(Z,)a, for some o, € GLy(Q,), which is unique up to multiplication on
the left by GLo(Z,).

Define (8,), € By as follows:

d, =1 forv e Q

5, = ay (UO” v?cu) oyt forv € Q.

By Theorem 1.5.1, there exists an element § € B* such that (,), = (8), -
where v € BX™*. Define T, to be the double coset I'6T". This double coset is
well-defined and does not depend on the choice of a, nor é. Furthermore, for
n a positive integer such that (n, DN) = 1, we define the n-th Hecke operator

to be the formal sum T = 3150, 1m=n Lim-

Let R, S be orders such that ' CT' C I's and R, = S, is maximal in B,
if and only if v { N (see Lemma 1.5.10). We note that the § given by strong
approximation above is such that § € U,eqwR, where I' = Uy eqwl'r.

Remark 1.5.2 Since & can be taken to lie in R, we see that T;,, = T'éT is
contained in Sy, the elements in S with reduced norm n = Im. Similarly, T,, is

contained in S,.
The following two Lemmas are easily deduced from their classical counter-

parts.

Lemma 1.5.12 For m, n, p prime to DN, the Hecke operators satisfy the
following relations:
Ton = T Ty, for (m,n) =1
Tpre = Tpe+1 + pr,pre—l
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Proof. c.f. Lemma 4.5.7. in [Miy89]. .

Lemma 1.5.13 Forn = len p°® prime to DN,

1— pep+l
deaT,) = [T 22
=P
pln
Proof. One uses the relations given above and an inductive argument. O

We call the subalgebra T(I') = Z[T, | (n,N) = 1] C T(I') a Hecke algebra.
It has a representation Oy into End(Sk(T")).



Chapter 2

The Trace formula for Hecke
operators

The Selberg trace formula is a general formula from analysis which gives, under
suitable hypotheses, the trace of an linear operator acting on a Hilbert space.

Let I' be a Fuchsian group of the first kind. For & > 2, the vector space
of cusp forms Si(I') together with the Petersson inner product is a finite-
dimensional Hilbert space (see Theorems 2.1.5 and section 6.3 of [Miy89]).
There are natural linear operators I'6I' which act on Si(T') (see section 1.4).
The Selberg trace formula can be used to calculate the traces of these operators
and in this particular context, it reads:

Theorem 2.0.2 Let I’ be a Fuchsian group of the first kind and let T'6I" be a
double coset operator. Then

tr(T'6T | Si(T) |—1/ (z; )dv(z) (2.1)

T\% aersr

where
Z([) = center of T
k(z;a) = det(@) " Ki(az, 2)j(a, 2) *S(2)*
k—1 z2y — 29 -k
Kz, 22) = =5 ( 2 )

Proof. See the proof of Theorem 6.4.2 in [Miy89]. O

For k = 2, there are some complications in convergence of the sum ) .o %(2, @)
which add an extra term deg(T'dT') to the trace formula above. Refer to [Eic57]
[Eic72] for a treatment of this case and the case k > 2 above which uses the
slightly different viewpoint of generalised abelian integrals.

The above formula for the trace of I'd' can be simplified by an integral
calculation so it involves only sums. We shall content ourselves with quoting

28
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some standard sources for this part as they are valid for quite general Fuchsian
group of the first kind.

If I is a strong arithmetic congruence group rather than an arbitrary Fuch-
sian group of the first kind, then there is a distinguished class of linear operators
T, on Si(T') called Hecke operators (see section 1.5). By an algebraic calcu-
lation, the above trace formula can be put into an explicit form which is in
principle calculable. We will illustrate this algebraic calculation for a certain
class of strong arithmetic congruence groups. The calculation is a modification
of the one done in section 6.5 in [Miy89] for unit groups of orders in quaternion
algebras over Q.

2.1 Integral calculation for Fuchsian groups of
the first kind

Theorem 2.1.1 Let I be a Fuchsian group of the first kind and let ['ST be a
double coset operator. Suppose that T'ST" satisfies the following condition:

Condition 2.1.1
There is an element g € GLy(R) with det(g) = —1 such that g~'T'éT'g C I'éT.

Then the Selberg trace formula for T'6T on Si(I') can be simplified to the fol-
lowing form:

tr(D6T | Si(T)) = t* + 6(k) (2.2)
#o—lim 3 Mol 29
o€lsT//T
deg(TéT) if k=2
= 2.4
5(k) {0 otherwise (2.4)
(21y(D\5)sgn(a)*det(a)*/>!  if a € T6T
moG if o € 4T
=\ o5 minllcalnal) 2.5
R P faersrre 0
| £5gn({a )k det(a)¥/> if o € T6TPe
1/1Z(T)| if o € T
1/2|0(e)| if o € T6T®
= 2.6
{e) 1/1Z(D)| if a € [§The (2.6)
L1/1Z(T)| |m(e)|"™  if & € T6TP*
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where

['6T'//T' = elements of [T up to conjugation by T
I'6T° = scalar elements of I'6T
I'6T° = elliptic elements of ['éT

['6T™° = hyperbolic cuspidal elements of T6T
['6I'”° = parabolic cuspidal elements of I'§T
v(I'\$)) = volume of T'\$H
Ca» N = eigenvalues of « in any order and not necessarily distinct
sgn(a) = sgn(({q) (this is well-defined if « is not elliptic)
I'(c) = those elements in T which centralise o

m(a) = a number which depends on «//T to be explained below

Proof. Refer to Theorem 6.4.10 in [Miy89] for a detailed derivation in the case
k > 2. For k = 2, see the statement in [Miy89] and [Hij74]. A proof can be
found in [Sai71], who in turn cites [Eic57] for a derivation in the case which
pertains to us. Also, [Miy89] refers to [Ish73] for an alternative proof from
[Eic57] based on a certain limiting process. O

There is also a version of the above Theorem in the case that I'6I' does not
satisfy condition 2.1.1. See Theorem 6.4.9 in [Miy89].

We now explain in more detail the various components and terms involved
in the above trace formula:

First of all, we recall the definitions of scalar, elliptic, hyperbolic, parabolic,
cuspidal elements of GLy(R)*.

Lemma 2.1.1 Let Q C k C R be a field. Then the GLy(k)-conjugacy classes
of elements in My(k) are represented uniquely by elements of the following type.

(6\ ?\) where A € k (scalar)

( On 1) where t* — 4n < 0 (elliptic)

( 0 1) where t* —4n > 0 (hyperbolic)

—n

( 0 1) where t* — 4n = 0 (parabolic)
—n

Proof. This follows from the Frobenius normal form for M;(k). See p. 347 of
[Coh82]. O

Corollary 2.1.1 Elements g € GL(R)* can be classified according to their
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action on ) as follows:

scalar if g fizes all points in CU {oo}

elliptic  if g has two fized points, one in §H and the other in H
hyperbolic if g has two fized points in R U {oco}

parabolic if g has one fized point in RU {oo}

Proof. Let k =R in Lemma 2.1.1. a

Definition 2.1.1 An element g € GLy(R)* is called cuspidal (with respect to
T') if at least one of its fized points is a cusp of T.

For instance, if I' is a congruence subgroup of SLy(Z), then the cusps of T' are
precisely QU {oo}. Thus, an element of GL;(R)* is cuspidal with respect to T’
if one of its fixed points lies in Q U {oo}. On the other hand, if I is the unit
group of an order in an indefinite quaternion algebra over Q which is a division
algebra, then I' has no cusps and there are no elements of GLy(R)* which are
cuspidal with respect to I'.

Lemma 2.1.2

GLz(R)+ ==

00,0 T
GLy(R)} = R* - SO:(R)
Proof. See Lemma 1.3.2 in [Miy89]. O

Lemma 2.1.3 Suppose that a is elliptic/parabolic so that it has a unique fized
point z in HURU {oo}. The group I'(a) is precisely the group of elements T',.

Proof. Suppose v € I' centralises a. Then 7 is also elliptic/parabolic and has
the same fixed point z in $ U R.

Suppose v € I',. Then both v and « lie in the subgroup of elements in
GL,(R)} which are elliptic/parabolic. This subgroup is abelian by Lemma 2.1.2
so that v and o commute with each other and v lies in I'(). O

We explain the term m(a) arising in the case of o parabolic. Let z be the
unique fixed point of @ in R. By Lemma 2.1.3, ['(a) = I',. Let o € SLy(R)
such that o(z) = co. Then

oT(a)o™ =ol,07!
=T,

a0 ()
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w=(§ )

_ T
=

for some A > 0 and

for some ¢, 7. We define
m(a)

Thus, the quantity m(a) measures the power of the translation z — z+h which
o represents. Note that the definition of m(a) is independent of the choice of
o since o is determined up to multiplication on the left by matrices of the form

(g alil) 2.7)

and the expression defining m(a) does not change when ¢ is multiplied on the
left by such a matrix.

Lemma 2.1.4 Let a and 3 be elements of GLy(R)*.

i. If a and B are GLy(R)-conjugate, then they are of the same type (i.e.
elliptic, hyperbolic, parabolic).

. If a and B are GLy(R)™-conjugate and elliptic/parabolic, then they are
not GLy(R)*-conjugate.

ii. If a and B are GLy(R)™-conjugate and hyperbolic, then they are also
GLy(R)*-conjugate.

Proof. See Lemma 1.3.5 in [Miy89]. O

We note that k(a) only depends on the GLy(R)-conjugacy class of o as
it is only determined by the type of o and its characteristic polynomial (see
Lemma 2.1.4 above). As for [(a), we have the following Lemma:

Lemma 2.1.5 Let o and 8 be elements of GLy(R)*. Suppose there exists a
o € GLy(R) such that o = 07'fo and T'(a) = o~ 'T(B)o. Then l(a) = I(B).

Proof. The only non-trivial case to check is when « is parabolic where it follows
directly from the definition of the quantity m(a). O

In particular, if & and 8 are I'-conjugate, then [(a) = [(3) so the quantity {(a)
only depends on the I'-conjugacy class of a as suggested by the trace formula.

We can decompose the set ['éT'//I' into four parts, I'éT°//T', I'éT¢//T,
P5Fh’c//F, I'6T?°//T and correspondingly we have t& = t° 4 ¢¢ 4 the + P,
The sets [6T°//T, ['6T¢//T, T6T™°/ /T are finite whereas the set [ST?¢//T is
infinite (see section 2.2). Thus, the limit above is really needed only for the
term tP° and it is in this case that the quantity {(«) depends on s.
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We will be mainly interested in the case & = 2. Here, the trace formula
reads:

tr(DST | So(Xr)) = t* 4 deg(T'6T) (2.8)
T _ T
t¥ = - lim > ko)) (2.9)
aelél'//T
' =v(T\H) if a € [T°
1 if o« € [oT®
k) = { :
(@) millielitel) - if o g IsTe (2.10)
2 if @ € T6TP*
1/12(T)| if o« € [6I°
1/2|0 i ;
(o) = | /2|T(e)| TfaEFJI‘h @.11)
1/1Z(D)| if o € T6T™
L1/ |1Z(D)] |m(a)|"*  if @ € T6TPe

2.2 Algebraic calculation for arithmetic con-
gruence groups

In this section, we consider the trace formula in Theorem 2.1.1 for Hecke op-
erators 7,, on strong arithmetic congruence groups I'. The trace formula in
Theorem 2.1.1 is stated for a double coset operator. However, the Hecke oper-
ator T, for a strong arithmetic congruence group I is a sum of the double coset
operators T}, so by the additivity of the trace formula, we can simply replace
the double coset I'6T" in the trace formula by T, = Ujjm>o0,im=n'é1mI’. We will
perform an algebraic calculation to make this trace formula for T, explicitly
calculable for strong arithmetic congruence groups I' which satisfy

Condition 2.2.1
There exist orders R, S such that T CI' CT's and T' C N(R) = {é§ € B* |

§~'R6 = R}.

Some facts about orders

We first recall some facts about quadratic algebras (i.e. an algebra of dimension
2 over a field) and orders in quadratic algebras.

Lemma 2.2.1 Let K be a quadratic algebra over Q. Then K is isomorphic to
one of the following:

an imaginary quadratic field

K= QxQ |
a real quadratic field

Qle] where €2 =0
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Proof. If a € K —Q, then K = Q[a]. The different types of minimal polynomi-
als of o which can arise correspond to the different types of quadratic algebras
which occur. O

Corollary 2.2.1 Let B be an indefinite quaternion algebra over Q which we
consider as being embedded in My(R) under some fized isomorphism ¢ : B R0
R = M3(R). Let a € B be a non-scalar with characteristic polynomial X? —
tX +n. Set D =1>—4n. Then K = Q[q] is a quadratic algebra over Q of the
following type:

an tmaginary quadratic field if o is elliptic

K- QxQ if o is hyperbolic and D is a square in Q
a real quadratic field if o is hyperbolic and D is not a square in Q
Qle] where 2 =0 if a is parabolic

where the terms scalar, elliptic, hyperbolic, and parabolic refer to the type of
considered as an element of My(R) (see Lemma 2.1.1).

Lemma 2.2.2 Let K be a quadratic algebra over Q.

i. If K is not Q[e], then the ring of integers of K is an order. This order
contains all orders of K and is called the mazimal order of K. It is given

by
Ok if a is elliptic
tk = Z X Z if o is rational hyperbolic
Ok if a is irrational hyperbolic

i. If K = Q[e], then the ring of integers is given by Z + Qe (which is not a
finitely-generated Z-module).

Proof. The case of K # Q[¢] is well-known. For K = Q[e], the result is easily
verified. |

Lemma 2.2.3 Let K be a quadratic algebra over Q.
i. If K is not Q[e], then every order in K is given by Z + ftx, where f is
a positive integer.

w. If K is Q[e], then every order in K is given by Z + Z fe, where f is a

positive rational number.
Proof. The proof of Lemma 6.6.1 in [Miy89] works for Q in place of Q,. O

The number f is uniquely determines the order and is called the conductor
of the order. If K is not Q[e], then for an order v in K, the conductor of ¢ is
equal to the index [tk : t].

Finally, we quote the following Lemma for later reference.
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Lemma 2.2.4 Let B be a quaternion algebra over Q and suppose a € B — Q.
The elements in B which commute with o are given by the elements in Q[a].

Proof. See Lemma 5.2.2(3) in [Miy89]. O

The trace formula in terms of B

We now follow the algebraic calculation given in [Miy89] with some modifica-
tions to obtain an explicit formula for the traces of Hecke for the class of strong
arithmetic congruence groups which satisfy condition 2.2.1. To make explicit
the assumptions used in this algebraic calculation, we list them below.

Condition 2.2.2
i. B is an indefinite quaternion algebra over Q with discriminant D which
we regard as being contained in M,(R).

ii. T' is a strong arithmetic congruence group of level N' in B*.
iii. N is a multiple of N’

iv. R C S are orders of B such that 'r CI' C I's and R, = S, is maximal
in B, if and only if v{ N’ (see Lemma 1.5.10).

v. M is a positive integer such that M - S C R (note: N | M)
vi. [ C N(R)={é€ B*|é'R§ = R}
vii. n is prime to DN

We allow N to be larger than the level of I so that we can write down a common
trace formula in chapter 3 for Tf, _ ..(p), Ty (), To(p), T'(1), even though
the levels differ.

In section 2.1, a formula for the trace of I'6I', and hence T,,, was given. We
now wish to make this formula more explicit. Consider the term

=l 2, K@)

a€Tn//T

Since k(c) is invariant under conjugation by B*, we have

Yo k@)= ), K@ D> U

a€Tn//T a€Tn//B* BE(TnNC(a))//T
o ko) D>, UB)
@€Sn//BX BE(TnNC(a))//T

where

C(a) = {6aé™' | § € B*}. (2.12)
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Let S, denote the elements in S with reduce norm n. By remark 1.5.2, T,, C S,,.
We can replace T,, by Sy, in the outer sum since if @ € S, but is not B*-conjugate
to an element in T,,, then T,, N C(a) = 0 anyways.

Consider

C(a,t) = {§ad™" | § € B*,Qo] N6™'R =t} . (2.13)

Since Q[a] N 6~' RS is an order in Qo] for any § € BX, we have that C(a) =
U C(e,¥). Moreover, if 8 € C(e,t) and B € C(o,v), then t = ¥ so the
union is disjoint. Also, C(a,t) is closed under conjugation by I' because of the
hypothesis I' C N(R) in 2.2.2.

Lemma 2.2.5 Ifv B Z[Ma], then T, N C(a,t) = 0.

Proof. Suppose that 8 € T, N C(a,t) # 0. Since T,, C S, we have that 8 € S
so by the defining property of M, M3 € R. Thus, we have M3 € §té~! and
hence Mo € t. Therefore, t D Z[Ma]. d
Lemma 2.2.6 Ift % Z[a], then (T, N R) N C(a,t) = 0.

Proof. Suppose that 8 € (T, N R) N C(a,t) # 0. Then B € §té~! and hence
a € t. Therefore, t D Z[a]. O

Thus, it suffices to consider only those orders t D Z[Ma] in the inner sum
of 2.2.1. If [(B) only depends on t and not on the particular 8 € T,, N C(q, ),
then the sum can be rewritten as:

DR CO N D (¢)

a€Sn//BX BE(TnnC(a))//T
= Y k@) > () (T.nC(ev)//T]. (2.14)
a€Sn//BX ©DZ[Ma]

Lemma 2.2.7 Let ' be an arithmetic congruence group. If B and ' are ele-
ments of T, N C(a,t), then I(B) = 1(F').

Proof. The strategy is to show that there is an element ¢ of B* which conju-

gates ['(8) to I'(8’) and B to 8’ so we can apply Lemma 2.1.5.
Write [' = Uy,eqwl'r where 2 is a complete set of inequivalent representa-

tives for I'/T'g. Then

re)=Qpnr
= UwegQ[,B] N (.UFR

since one knows that the elements in B which commute with 8 are precisely
the elements in Q[8] (see Lemma 2.2.4).

Next, note that {(8) does not depend S if « is hyperbolic so from here on
we assume that o is either elliptic or parabolic. In these two cases, we see that
every element in Q[3] has non-negative norm. Therefore,
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I'(8) = UueaQ[B] Nwlr
= UwEQQ[/B] NwR*

Consider the set a = Q[B] N wR for a fixed w € Q. We can assume without
loss of generality that a is not contained in §té~!. Now, as Q[B] N R = &té~",
a is a dté~'-module. Moreover, o' = M - a is an ideal of §té~1. Since M is
invertible in Q[8], we see that a = ﬁa’ . Thus, aN Q is a fractional ideal of Q
which means that it is the Z-module generated by a rational number 3f Where
(m, M) = 1. One knows that the denominators of this fractional ideal has
denominators in M exactly because a is not contained in §td~! whereas M - a
is.

Let z € a. The reduced norm n(z) lies in fractional ideal a N Q = ()
since conjugation preserves a. The only way n(z) can be £1 is if m = £1. This
cannot happen because it would imply that #+1 lies in RNwR, a contradiction as
this would mean that w lies in R*, contrary to our assumption that a ¢ dté=1.
Since there are no elements in a with unital reduced norm, it follows that
Q[B] N wR* is empty. Therefore, I'(8) is in fact just §t*§~1. Therefore, we
see that given 3 and £, then ¢ = §71§’ conjugates I'(3) to ['(3') and 8 to F'.
Therefore, by Lemma 2.1.5, I(3) = [(5). O

Remark 2.2.1 The main point of Lemma 2.2.7 is that Q[B] N T is no larger
than Q[B] N R* = §t*§~1. However, if we consider this locally at v | N, one
finds that Q,[B] N[, may be larger than Q,[B] N R (see Lemma 3.1.8).

If a € TP¢//B*, then there are infinitely-many orders t containing Z[{N¢/|
so the set T%¢//T is infinite. On the other hand, there are only finitely many
a € T¢//B*,Th¢//B*, and there are only finitely-many orders t containing
Z[Mc] in this case so that T'//T and T¢//T are all finite. For more details,
see section 3.7.

Since an arithmetic congruence group satisfies condition 2.1.1, we have
therefore shown

Proposition 2.2.1 Under the hypotheses and definitions of 2.2.2 and Theo-
rem 2.1 we have

tr(T, | Sx(T)) = t* + §(k)
= > ka) Y U)-[(T.nClar))//T].
a€Sn//BX% tDZ[Ma]
The trace formula in terms of B,

In this section, we work in the same situation outlined in 2.2.2. We now localise
the calculation and express the trace formula in terms of the adelisation By of
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B. If a € S, and t is an order in Q[o], we let

t, =t Qg Z, (215)
ta =tQ®z Za (2.16)
Cu(a) = {6as™' | § € BX} (2.17)
Ca(a) = {5a5'1 |6 € B}:} (2.18)
Cy(a,t) = {60[5"1 | 6 € BY,Q,[a]Nnd RS = tu} (2.19)
Ca(a,t) = {5a5'1 |6 € BX,Qala] N6 RAS = tA} (2.20)
where by convention we set Z,, = Q. = R. We also define
Ty = BXt x I'. (2.21)

Lemma 2.2.8 i. The map
0:C(a)//T — Ca(a)//Ta
arising from the natural inclusion v : C(a) — Ca(e) is surjective.
5. For any g € Cp(a,t), |07 (g//Ta)| = ht(t) where

g//Ta = the orbit of g under conjugation by I'y
h*(t) = h(x)/w(x)
h(t) = |Qala]*/ex™ - Qlo]|

w(t) = a quantity to be explained below.

Proof. We will use the notation -//T" or -//I's to denote the orbit of - under
conjugation by ' or 'y, respectively. The proof of this Lemma is based on
Lemma 6.5.2 of [Miy89].

Let g be an element of Ca(c). Then g = hah™! for some h € Bf. Strong
approximation holds for I'} by the hypotheses 2.2.2 on I' so we can write h =
~6 where v € Ty and § € B*. Hence 6(6ad'//T) = g//T'a so 0 is indeed
surjective.

Let g be an element of Ca(a,t). Then g = hah™ for some h € B where
QA[OI] N h~1Rph = ta. Now,

of™//Ta =g//Ta
< fat™' =yhah 'y for some vy € Ty
< ¢ l'yhah™'y71¢ = o for some y € T'y
> ¢ € (TahQe]*) N B*

where the last equivalence uses the fact that the centraliser of o is Qafa]* (see
Lemma 2.2.4). Thus, we have

Mg/ /Ta) = {6a™" | € € (TahQala]*) N B*}.
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Similarly,

€af™//T =nan™'//T
— TQla)* = IQla)™.

Hence, we see that
07 (g//Ta) = T\(TahQa[e]*) N B*/Q[a]*.

Write h = 44 by strong approximation, where v € 'y and § € BX. Then we
see that

671 (9//Ta) = T\(TadQalo]*) N B* /Qla]*
=T\(Ta - Qa[6ad™1*) N B*/Q[éad ™).

The last equation can be seen by writing an element ¢ € T'y6Qafe]* = TAQa[dad™1]%6

as £ = ¢'8. We then see that ¢(ad=)¢'™//T' = 7/(§ad~V )y~ //T if and only
if TE'Qpldad™]* = 'y Qaldad]*.

Let E = Qa[dad~1]%. If z € E, then by strong approximation there exists
v € Ts such that vz € (['p - E) N B*. On the other hand, suppose that
z1,z2 € Qa[dad™1]* and 71,72 € T'a. Then

IyiziENB* =TyzEN B* < z12;' € (ENT4) - (EN B*).
Hence, we see that

87'(g//Ta) = E/(ENTa)-(EN BX)
= QA[(Sa(s_l]x/(QA[(SOt(S-l] N FA) . Q[5a5‘1]x
= Qa[a]*/(Qale] N67'Tad) - Qo] .

Because g € Ca(a,t), we see that Qafa] N6 1RAé = t so that Qafa] N
IR S = ¢, Hence, |67 (g)| = h*(t) = h(r)/w(t) where

w(t) = [Qa[e] NEITAS : £ 7] (2.22)

Remark that w(t) does not depend on the choice of § above as ¢ is determined
up to 'y N B* =T and I' normalises ['s.

At finite v not dividing N, [, = RX so that Q,[a]NéT',6 =¢X. At v = oo,
Qula] N§1BXTS = t%t. At v dividing N, Q,[a] N §7'T,¢ contains t with
index at most [[', : RY]. Thus,

w(t) = [[[Qle] n67'Ty8 : ] < [T : RX]. (2.23)

u|N v|N

d
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Lemma 2.2.9 Let S be a subset of BX which is invariant under conjugation by

['. Let Sp be a subset of By invariant under conjugation by T'y and satisfying
SaN B* = 8. The natural map

0:(SNC(e)//T — (SaN Ca(e))//Ta

is surjective and |0~'(g)| = h*(x) for any g € (Sa N Ca(a,t))//Ta.

Proof. Let g € (Sa N Ca()//Ta. By Lemma 2.2.8, there exists an ¢’ € C(a)
such that ¢’ = y~'gy where v € T'y. However, any such ¢’ lies in Sy N B* so
g € SN C(a). Hence, 0 is surjective.

Suppose in addition g lies in (Sa N Ca(a,t))//Ta. Any element in C(a)//T
which maps to g under 6 must in fact lie in S, so that 6~!(g) has all A*(t)
possible elements. O

Since S = T,, N C(a,t) and Sy = (T,,)a N Ca(a,t) satisfy the hypotheses of
Lemma 2.2.9, we see that

|<Tnno<a,r)>//r|=h+<t)-|(( 2)a N Cale8))/ /Tl
= 470 [T N ol /Tl

Therefore, the desired sum is finally simplified to

Y ka)l(e) =
a€Sn//T
Yo k@) > Ukt H| wNCy(e,v)//Ty|  (2.24)

a€Sn//BX ©DZ[Ma]

and we obtain

Proposition 2.2.2 Under the hypotheses and definitions of 2.2.2 and Theo-
rem 2.1, we have

tr(T, | Se(T)) = & + é(k)

= Y ka) Y K Hl o,t))//Tu|.

a€Sn//BX* ©DZ[Ma]



Chapter 3

Calculation for Cartan modular
curves

3.1 Overview

In this chapter, we calculate an explicit trace formula for Hecke operators T =
T,on T =Tt (p), L. (p). According to the algebraic calculation given

non-split,A ) - split
in section 2.2, an explicit determination of the trace formula for I' in the form

of 2.2.2 amounts to a calculation of
¢t (a,t) = (T, N Cu(a, 1))/ /Ty |

for each place v.

Hijikata’s results in [Hij74] give explicit representatives for this set in the
case when I' = [y(p). In fact, he considers I' = ['¢(V) together with a character
x of (Z/NZ)*. We modify his calculation to the case I' = T, (p), Tiie (p)-

The method is based on Miyake’s [Miy89] detailed expositiorgrg;pi-ilti?ikata’s work.
To fix notation for the rest of the chapter, let
i. p be an odd prime
ii. B= M(Q)
ii. I'= F:on-split,)\(p)’ F:;m(P)a To(p), ['(1)
iv. R = Ruon-split(P), Rsptit(P), Ro(p), B(1)
v. S = M,y (Z)
vi. T = T,, where n is prime to p
vii. ¢,(a,t) = [(Tu N Cy(a,t))/ [ RY]|
viil. ¢t (e, t) = [(Tu N Cy(e, 1))/ /Tl

41
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From the discussion in section 1.5, we see that the hypotheses of 2.2.2 are
satisfied so that the form of the trace formula given in 2.2.2 is valid for T'. In
the context above, N' = N = M = p for T} splitn (P)s Tope(P), To(p), and
N'=1|N =M =p for T(1).

Lemma 3.1.1 Suppose v # p. Then

v#oco 1
linti
cH(a,t) = a elliptic | 2
v =00 o hyperbolic 1

a parabolic 2

Proof. For v { poo, Iy, = R, is conjugate to the maximal order My(Z,) so by
Theorem 6.6.7 of [Miy89], c}(a,t) = 1. For v = oo, see calculation (6.6.1) in
[Miy89]. O

Thus, the distinguishing factor in the trace formula for T' is ¢f(a,t) whose
determination will be the goal of this chapter.
Let T, =TNRand T, =T NwR so that T = T, Il T,, (because n is prime

to p).

Lemma 3.1.2 IfT,NCp(a,t) # 0, then ezactly one of (T,),NCy(a, t), (T.),N
Cp(e, t) is non-empty. If the former holds, then t, D Z,[a]. If the latter holds,
then t, = Zy[pa].

Proof. Suppose that 3 € T, N Cy(a,t) # 0. Then B = §aé~* for some § € B*
where Q,[8] N R, = §t,67'. Now, 3 € R, if and only if o € t,. Hence, either
(T,)p N Cy(e, t) is non-empty and o € ¢, or (T,), N Cp(a, t) is non-empty and
o & tp.

Suppose we are in the latter case. We always have that pa € R, so that
pa € t,. Since there are no orders between Zy[a] and Z,[pa], we have t, =

Z,[pa]. O
As we would like to make a comparison between the traces of Xspht( ) and

Xr.ltm-spllt( p), the trace formulae should at this stage at least have the same form.

In order for this to be true, the quantity At (t) should be the same irrespective
of whether we are in the split or non-split case.

Lemma 3.1.3 Suppose I' = T}, ..\(p ),F;';,h-t(p). Let « € S, and t be an
order in Q[a]. If T, N Cy(e,t) # O then

{h Y ift, D Zo]

h(¥)/2 if v, = Zypa]. (3:1)
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Proof. Let B € T, N Cy(a,t) so that B = dad* and Q,[a] N §~1R,é = t, for
some 6 € B*. Recall the situation in Lemma 2.2.8: If we let ¢ in the Lemma to
be B, then the ¢ above corresponds to a choice of § in the Lemma. Therefore,
it suffices to show that [Qp[a] N 7'T,¢ : Qy[a] N6~ RY 6] = 1,2 accordingly as
t, D Zylal, t, = Z,[pal.

Suppose t, D Zy[a]. The proof of Lemma 3.1.2 shows that 8 € R, so that
Q,[B]NwR, D pR,. AsT, = RY LwRY, it follows that Q,[8]NT, = Q,[4] NRY
so w(t) = 1.

Suppose t, = Zy[pa]. The proof of Lemma 3.1.2 shows that 8 € (T,), N
Cp(a,t). Therefore, 8 € Q,[8]NT, but B & Q,[B]N RY. Hence, w(r) =2. O

3.2 Standard elements in C,(c, )

In order to determine the size of

(T, N Cy(e, 1))/ /T

we first define some standard elements in Cy(,t). It will turn out that these
standard elements will be sufficient to form a complete set of representatives.
First define

Dy(t,n,p) = {g € (Zo + P'R,) — (Z, + P"" R,) | t(g) = t,n(g) =, (3.2)
g and a are of the same type (i.e. scalar, elliptic, hyperbolic, parabolic)}.
(3.3)

Lemma 3.2.1 Suppose that t, D Z,la] and [t, : Zy[a]] = p?. Then
g € Cp(a,t) <> g € Dy(t(a),n(a),p)
Proof. (See Lemma 6.6.3 in [Miy89].) First note that

g € Cp(a,t)
<= g =d6ad™! for some § € B* and Q,[g] N R, = dt,67".

Now,

Qg N R, = bt~
= [QlglN R, : Zylg]] = p*
= Zylg) = Zp+ PP Q9] N R,
< g€Z,+p’R,and g ¢ Z,+ p""'R,.

As g = 6aé™! for some § € B* if and only if ¢(g) = t(a) and n(g) = n(c) and
both g and o are of the same type, we obtain the desired result. O

Corollary 3.2.1 Suppose that t, D Zy[pa] and [, : Z,[pa]] = p?. Then

g € Cp(a,t) < p-g € Dy(p-t(a),p’ - n(e),p)
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Proof.
g € Cp(a,1)
<= p-g € Cylpa,)
<> p-g € Dy(p-t(a),p* - n(a),p)
where the last equivalence follows from Lemma 3.2.1 as applied to pa. O

Hence, to determine elements in Cp(a,t), it suffices to determine elements
in Dy(t,n,p). Let

o 0 u
Geu=E+p (ﬁ(g) Ju t‘(g)) (3.4)
where
(&) = —f(€)/p* (3.5)
t(&) = (t —28)/p’ (3.6)

where f(z) = 2? — tz +n. By construction, the element g ,, has the same norm
n and trace t. Hence, provided the matrix

lies in R, but not in pR,, the element g;, will lie in D,(¢,n, p). Thus, one can
construct some standard elements g, in Cp(e, t) by Lemma 3.2.1.

3.3 Counting Lemmas

We give some technical Lemmas which will be used in the following two sections.
It may be useful to refer to them during some of the calculations to follow.

Lemma 3.3.1 Let f(z) = 2° — tz + n € Zy[z] and suppose ¢ € Z, satisfies
f(€) =0 (mod p*). Then

t—2¢6=0 (modp/¥?) <= A(f)=0 (mod p). (3.8)
Proof. This follows from the fact that A(f) = (¢ — 2¢)* (mod p). O

Lemma 3.3.2 Let f(z) = 22—tz +n € Z,[z]. Suppose that A(f) = p°d where
ptd. The number of solutions to f(z) =0 (mod p°) modulo p* is given by

52 € p"—ff/ﬂ

ro(v,6,€,d) = §odd 0 (3.9)
d<e 5 even [pe_d_;]p.,_(e—s/z)

where [£] denotes the number of solutions to z? = d (mod p®) and the expres-

e

sions p’~ (/21 p#=(«=8/2) are defined to be 1 when v — (e —§/2) <0, v — [¢/2].
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Proof. This is a routine calculation. O

Lemma 3.3.3 Assume p is an odd prime. Letr(a, 3) = I{x €F, | (%"—ﬁ) = 1}
where a # 0. Then

(p-1)/2 if()=-1
H=1 {p-1 if(§)=0
ref) =) -1z if (B = -1
& =-1 <0 if ) =0
\ (p+1)/2 i) =1
Proof. This is a routine calculation. O

Lemma 3.3.4 Assume p is an odd prime. Let f(z) = a.z® + bz + ¢, € F,[z]
and suppose A(f.) = ae® — B where a # 0. The total number of distinct roots
of fe(z) as € varies through F, is

o [

where r(a, ), [;)d;] are as in Lemma 8.3.2, Lemma 3.3.3, respectively.

Proof. This is a routine calculation. O

3.4 The case of non-split Cartan

Assume now that R = Ruon-spiitA(p) and T' =T . \(p). If g¢ . satisfies the
following conditions

u=p5w
6=0,1
O<w<p

A(€) = Au?  (mod p'+?) (3.10)

t(6)=0 (mod p)
a(€) # Au?  (mod p2+5) or {(£) #0 (mod p?)
then the r¢, of the previoué section will lie in R, but not in pR, so g¢,, will lie in

D,(t,n,p). The following Lemma shows that the set of elements g, , satisfying
condition 3.10 forms a complete set of representatives for D,(t,n,p)// Ry.

Lemma 3.4.1 Let g € Dy(t,n,p). Then g is RX -conjugate to an element g,
for some &, u satisfying 3.10.
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Proof. Suppose that g € D,(t,n,p) and write

_fa b
9=\¢c d/°

Now, g € Z, + p°R, and g ¢ Z, + p**'R, so g satisfies all of the following
conditions

b=0 (mod p*)

c=0 (mod p”)

a—d=0 (modp"*)
(c=Ab)/p* =0 (mod p)

and at least one of the following conditions

b#£0 (mod p°th)
c#0 (mod pt)
a—d#0 (mod pt?)
(e~ M)/p £0 (mod )

First suppose that b # 0 (mod p**2). Rewrite g into the following form:
_fa b
9= \c d
0 b
=ael+ (c d— a)

=al +p° (2 (d —bc’t)/p">

where b = b/p” and ¢ = c/p’. Put & = p’b” so that b’ € ZX. Note that
0<d§<1. Since " =u+kp’ =u(l+ %p") for some 0 < u < p, the following

matrix
1 0
h= (o 1+ sp"rl)

liesin RX. Conjugating g by this matrix allows us to assume b’ = p’b” where 0 <
b" < p so that ¥ is among the finite set of possibilities listed in condition 3.10.

On the other hand,

fla)=a*—ta+n
=a’ - (a+d)a+ (ad — be)

= —be.

Therefore, ii(a)/b’ = ¢ and {(a) = (t—2a)/p” = (d—a)/p*. Hence, A~ gh = g,
where a, b’ satisfy 3.10.
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Suppose that ¢ Z 0 (mod p?*%). Conjugating g by the matrix

01 y
(A O)eR,,

replaces the entry b by ¢/) so we can revert to the previous case.
Now, assume that b = ¢ = 0 (mod p**?) but a —d # 0 (mod p**?). Conju-

gating g by the matrix
11 y

replaces the entry b by 25(a—d+b—c) # 0 (mod p**?) so we can again revert
to the first case.

The case b = ¢ = (a — d) = 0 (mod p*?) and (c — Ab)/p*** # 0 (mod p)
cannot happen for the former conditions imply (¢ — Ab)/p**! =0 (mod p). O

Having established that the elements g; ,, form a complete set representatives
for D,(t,n,p)//Ry, the next step is to determine when two g¢.’s are RJ-
conjugate. The answer is given in the next three Lemmas.

Lemma 3.4.2 The clements g¢o and g are R -conjugate only if u = v

(mod p) and (¢’ - £)/p” = 0 (mod p)

Proof. The elements g¢,, and g+ are conjugate if and only if r¢, and re +
(£ — £)/p°I are conjugate. Note however that any RX-conjugate of re, is
congruent to r¢, modulo p. This follows from the fact an element of R, is fixed
modulo p by conjugation by an element of RY. Hence, we have that v’ = u

(mod p) and (¢ — §)/p? =0 (mod p) as required. O

Lemma 3.4.3 If u,u’ are prime to p, then g, and g are R -conjugate if
and only if u =" and (& — €)/p” =0 (mod p).

Proof. Necessity was proven in the Lemma 3.4.2. Suppose v = v’ and (¢ —
€)/p” =0 (mod p). Consider the matrix

((é’ . (1)) € Ry

A routine calculation shows this matrix conjugates ge, to ger o a
Lemma 3.4.4 The elements ge puw and ge pur are R -conjugate if and only if
A(e) = (A(€)/p* + M)’ + 4d*( + ef(€')/p — A(€)) /)

is a square modulo p, where e = (§' — &) /p**!. If particular, if e = 0 (mod p),
then ge pw and gerpw are Ry -conjugate.
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Proof. Let u = pw,u' = pw'. We compute those h € BX which centralise Jerut-
Remark that h centralises g, if and only if it centralises the matrix

e = (ﬁ(;)/“’ f(uﬁl')> |

= (2 )

we obtain the following four equations from the condition hres gy = rer yih.

Writing

b€ ' = el
au' 4+ bt(¢') = du’

di(&)/u' = an(€) /v + ct(¢)
cu’ + di({) = bn(¢') /u' + di(¢)

A simple calculation then shows that h has the form

= (st ovsilee)

((6’ — é)/p”u (1))

conjugates g¢ t0 geru, and the matrix

(0 i)

conjugates ge,, t0 ger . Thus, the general element in B* which conjugates ge .,

The matrix

to ger e has the form

@)= (¢ gupn 1) (0 i) (o assierper) =
(o ey m(E e — v+ €Y )

The elements g¢ , and ge,. are Ry -conjugate if and only if there exist a, b such
that the matrix c(a,b) lies in R;. The matrix ¢(a,b) lies in RY if and only if
a,b € Z, and the following system of two equations holds:

a(u'[u—1) +b((& — &)/p’u+E¢)/u) =0 (mod p) (3.11)
a(€ — )/p'u+b(R(€)/uu' —A) =0 (mod p) (3.12)
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There exists a non-trivial solution to this system if and only if the determinant
of the above linear system is zero. This determinant is easily calculated as:

E=w"w? (v - w)(@(E)/P - dww') — (e + HE)/p)w'}  (3.13)

where € = (¢ — €)/p**!. The equation = = 0 (mod p) is a quadratic equation
in the variable w with discriminant

A(e) = (a(¢)/p” + M"*)? + (e + ef(¢) /p — A(€)/p%) (3.14)
Thus, g, and g¢w are RY-conjugate if and only if A is a square modulo p. [

We are now ready to compute the quantities ¢,(a, v)[ X, e (p)] and
C+(Ol t)[ non-split, )\(p)]

Proposition 3.4.1 Let a € S,. Assume that t, D Z,[a]. Put [, : Zy[a]] = p*,
D = A(a), d = D/p*, p = ord,(d). Then

/

~

2 i =-1
p<2 40 if (9 =0
0 f(H=1
cp(a7t)[X:on-split,)\(p)] = < Fp _ ;f (pzf (%) = —1
u22 {p-1 if (@) =0
P if (1) =1

\

Proof. In this case, we have T, N Cp(a,t) = (o), N Cp(a,t) = Cp(a,t) by
Lemma 3.1.2. Hence, we will determine the size of Cy(e, t)//RX. By Lemma3.4.1
and Lemma 3.2.1, the elements g, satisfying condition 3.10 give a complete
set of representatives for C,(a,t)//R).

Recall condition 3.10 and note the following two equivalences:

n(f)/u= Au (mod p) (3.15)
= f(O) =€ —tE+(n+p*I?) =0 (mod p**+?)

(3.16)

(6)=0 (modp) & t—2(=0 (mod p’*) (3.17)

where 6§ = v,(u) = 0,1. If £, u satisfy these conditions, then by Lemma 3.3.1,
D = p**Au? (mod p2p+1+‘s) and hence d = Au? (mod p1+5)
Assume that p < 2. If there exist ¢, u satisfying condition 3.10 with v,(u) =
1, then D =0 (mod p?*?) and hence d = 0 (mod p?). Since p < 2, we deduce
there are no elements g¢, with v,(u) = 1 in this case. If (%) = —1, then
there are two u’s prime to p such that d = Mu? (mod p). Moreover, since the
discriminant of the polynomial f(z) in condition 3.15 is equal to D —p*? Au? =
(mod p?*!), there is precisely one root { € Z, modulo p**! of f(z) for each
u by Lemma 3.3.2. Hence, by Lemma 3.4.3, cp(a t,) = 2. If ( ) = 0,1, then
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co(@,tp) = 0 as there are no u’s prime to p such that d = Mu? (mod p) in these
two cases.

Suppose p > 2. If there exist ¢,u satisfying condition 3.10 with v,(u) = 0,
then D = p* A’ (mod p?*!) and hence d = Au? (mod p). This implies that
d is prime to p, a contradiction. Hence, there are no gen’s with u prime to
p in this case and we can assume that u = pw where w is prime to p. Note
when v,(u) = 1, the conditions 3.15 and 3.17 on ¢ are independent of w. There
are p values of { modulo p”*? satisfying these two conditions for each w by
Lemma 3.3.2. Hence, a priori there are p(p—1) distinct g¢ 5.,’s by Lemma 3.4.4.
However, some of these g¢.’s are R)-conjugate and some of them may lie in
Z,+ p**' R, (refer to condition 3.10).

Let us first fix a g¢r py satisfying all the conditions of 3.10. We shall count
the number of distinct elements g¢ ,,, in the orbit of g s under conjugation
by R;. According to Lemma 3.4.4, g¢ p is R,-conjugate to gerpy if and only
if A(e) is a square modulo p where € = (¢ — £)/p**1. Note that A(e) has the
form ae? — B where

a = 4w’
B = 162w (M *H(¢)* /p* — (A(¢')/p* — Mw'®)?)
e = e+ (&) /p.

Observe that 8 # 0 (mod p) unless #(¢')/p = 0 (mod p) and 7A(¢')/p? = Iw'
(mod p). This cannot happen as ger s Was assumed to satisfy the conditions
of 3.10.
As € varies through F,, the total number of roots to = =0 (mod p)is p+1
by Lemma 3.3.4. We must be careful however to eliminate any pairs (£, w)
with w = 0 since these are excluded by condition 3.10. Looking back on the
conjugation relation 3.13, we see this will occur if and only if

e+ ef(¢)/p—-n(€)/p* =0 (mod p).
This equation has a solution if and only if

(&) +4a(€))/p* = (£* — 4n)/p*** = D[p*"** = d/p’
is a square modulo p. When (%) = —1,0,1, the number of (¢, w) withw = 0is
therefore 0,1,2, respectively, and hence the orbit size is p+1,p,p—1, respectively.
We now consider the question of determining those g¢ ., which lie in Z, +
p*t'R, (and hence do not satisfy all the conditions of 3.10). This amounts to
counting the number of g¢,, with u prime to p and [t, : Z,[a]] = p**'. Recalling
the calculation done for the case u < 2, we see there are 2 or 0 such g¢p,’s

depending on whether (ip;ﬁ) = (M) = —1,or 0,1.

p
We now have enough information to compute ¢,(e, t). If (i/:—z) = —1, then
there are p(p — 1) — 2 = p? — p — 2 g¢ s satisfying condition 3.10. The orbit
under conjugation by RX of any particular element has size p+1. Hence, there
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are P- 2 conjugacy classes of elements. If (d/ ) = 0 or 1, then there p(p — 1)
gg,pw s satisfying condition 3.10. If the former case occurs, then the orbit size
is p and hence there are p — 1 conjugacy classes. If the latter case occurs, then
the orbit size is p — 1, and there are p conjugacy classes. o

Proposition 3.4.2 With the same hypotheses as in Lemma 3.4.1, we have

(1 if (%) =-1
p<2 {0 if(H=0

0 if(9)=1
c;-(a’t)[X:on-split,)\(p)] = 9 >L f( )L =
2 if () =-

/

N

p22 (5t zf(J—)—O
\ |5 Zf(d/’”)‘1

Proof. The involution w acts on (T, N Cy(a,t))//RY. To determine the size of
(T, N Cp(er,t))/ /T, it suffices to count the fixed points of this action. In the
case p < 2, the involution w does not fix any g¢.’s, so ¢f (a, t) = cp(a, t)/2.

Suppose ¢ > 2. As in the previous Lemma, the standard representatives
gew for Cp(a,v)// RS in this case satisfy u = pw where w = 1,... ,p— 1. From
the proof of 3.4.4, we see that g¢ . and wge puw™' are R)-conjugate if and only
if == 0 (mod p). This is equivalent to

7(€)/p* + M =0 (mod p). (3.18)

For each fixed w’, the condition 3.18 is a quadratic equation in ¢'. As w' varies
through F,, we see by Lemma 3.3.4 that the total number of roots to this
quadratic equation is p+ 1 if (d/ P ) +1, and 0 otherwise. Now, w’ = 0 causes
3.18 to be soluble if and only if (d/: ) = 1. Therefore, as v’ varies through Fx,
the total number of roots to this quadratic equation is p+1,0,p— 1, accordingly
a/p’y
as (—p—) =-1,0,1.
We note that any two g¢ . satisfying 3.18 are R)-conjugate. Hence, there
is one fixed point if (d/sz) = %1 and none otherwise. Thus, for (%) = —1,
2 - 2
cf(a,t) = ! =1 2=l For (d—/;,p—) =0, ¢f(a,t) = &1, For (é/—:L) =1,
-1 +
ey (at) =5 +1=" O

From Lemma 3.2.1, a determination of T, N Cp(a,t)//RY in the case of
t = Z,[pa] therefore reduces to a determination of those elements g¢,. € Dy(p -
t(a), p? - n(a),0) which satisfy g¢.u/p € (Tu)p, up to Bj-conjugacy.
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Proposition 3.4.3 Let o € S,. Assume that t, = Z,pa]. Put d = A(a).
Then

t#0 (modp) 0

if (8) = —
c;'(a, t) [X:on-split,)\(p)] = c,,(oz, t)[X:on-split,)\(p)] = t=0 (mod p) ; Z; EZ; -0 !
1 i (g) = 1.

Proof. In this case, T, N Cp(e,t) = (To,)p N Cp(a,t) by Lemma 3.1.2. By

Lemma 3.2.1, g € Cy(a,t) if and only if p- g € D,(p - t(), p? - n(a),0).
Suppose gew € Dp(p - t(),p® - n(a),0). By the argument given in the

beginning of Lemma 3.4.1, it follows that d = Au? (mod p). As u > 2, u

cannot be prime to p and hence u = pw for w=1,... ,p— 1.

We now count the number of g¢ ., (up to ¢ (mod p*?)) such that g¢ . /p €
(To)p-

Note that

_( ¢/ w
Gl = (ﬁ(s>/p2w é/p+ t‘(g)/p)
For g¢ pw/p to lie in (T,),, we must have

t=0 (mod p)
& —pté +p’n —p" 2w’ =0 (mod p°)

As w varies through FX, the total number of roots ¢ to the quadratic equation

aboveis p+1,0,p—1 accordingly as (%) = —1,0,1. Thus, there is one g¢ »/p €

(T.,), up to RY-conjugacy if (%) = +1 and 0 otherwise (as the orbit size of g¢ py,

under conjugation by R is precisely p+1,0,p— 1 accordingly as (g—) =—-1,0,1.
As there is at most one element in T, N C,(a,t)// R, we see that

¢f (e, 1) = cp(e,x).

3.5 The case of split Cartan

Since Xqpnie(p) = Xo(p?), one can attempt to derive an explicit trace formula
for Xy.(p) = X (p?) in terms of the known formulae for Xo(p?). However,
we shall directly calculate an explicit trace formula for Xs‘;m(p). This approach
has the advantage of putting X} (p) on a more equal footing with X .(p)
so that the trace formulae can be more transparently compared. In addition,
since X*. (p) covers X (1) whereas X (p®) does not, the calculation is of a

split
more standard nature.
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Assume now that B = Repie(p) and [' = T'F

aotic(P)- If € satisfies the following
conditions,

fa(§) =0 (mod p**?)

t—26=0 (mod p), (3.19)

then the element g¢ = g¢,, defined by

—exp( 0 P
S
will lie in D,(¢,n, p).

Lemma 3.5.1 Let g € Dy(t,n,p). Then g is I'y-conjugate to an element g
satisfying 3.19.

Proof. Suppose that g € D,(¢,n,p) and write

o= (2 0):

Now, g € Z, + p’R, and g ¢ Z, + p**'R, so g satisfies all of the following
conditions

and at least one of the following conditions

b#0 (mod p”*?)
cZ0 (mod p”*?)
a—d#0 (mod p”*)

First suppose that b # 0 (mod p*?). By a modification of the argument in
Lemma 3.4.1, we see that g is R -conjugate to some g satisfying condition 3.19.

Suppose that ¢ # 0 (mod p**?). Conjugating g by w € I', replaces the
entry b by c so we can revert to the previous case.

Now, assume that b = ¢ = 0 (mod p**?) but a —d # 0 (mod p***). Conju-

gating g by the matrix
1 p x
(6 2)em

replaces the entry b by p(a —d)+b—p?c # 0 (mod p**?) so we can again revert
to the first case. 0O
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Thus, the elements g¢ and wgew™! satisfying condition 3.19 form a complete set
of representatives for D,(t,n,p)//RX.

We also note that an element g G Dy(t,n,p) is RZ-conjugate to an element

ge for some ¢ satlsfymg 3.19 if and only if b # 0 (mod P ora—d # 0

(mod p#*1) as it is only in the -case when ¢ # 0 (mod p**?) that we need to

conjugate by an element of I',. We therefore obtain the following two Lemmas:

Lemma 3.5.2 Elements g¢ and ge are Ry -conjugate if and only if £ = ¢
(mod p*+2).

Lemma 3.5.3 Elements g; and wgew™ are R} -conjugate if and only if

fo(€') #0 (mod p**3) ort—2¢' 20 (mod p**')
and £ =t—¢ (mod p”*?)

We are now ready to compute the quantitites ¢,(, t)[ Xy, (p)] and ¢ (e, v)[ X 1. ().

Proposition 3.5.1 Let o € S,. Assume that t, D Z,[a]. Put [t, : Z,[c]] = p*,
D = A(e), d = D/p*, p = ord,(d). Then

( 4

0 i@ =-1
p<2 {0 i (H=0
2 (=1
cola, t)[X;;ht( )] =4 (p (pz)-f (%) =1
p>2 (p+1 if (1) =0
. \p+2 Zf(i;i)_

Proof. In this case, we have T, N Cp(a,t) = (T5)p N Cp(a,t) = Cp(a,t) by
Lemma 3.1.2. Hence, we will determine the size of Cy(c,t)// R

If 4 < 2, then by Lemma 3.3.2 the number of { modulo p**? satisfying
condition 3.19 is 0,0,2, accordingly as (%) = —1,0,1. An element wgew™! is not
RX-conjugate to some ge if and only if

fa(€) =0 (mod p**?)

t—26=0 (mod p”*") (3.20)

by Lemma 3.5.3. There are no such £ by Lemma 3.3.2 so that ¢,(a,t) = 0,0,2
accordingly as (i—) =-1,0,1.

Suppose g > 2. The number of ¢ modulo p?*? satisfying condition 3.19
is p. The number of £ modulo p?*? which satisfy 3.20 is 0,1,2, acccordingly
as (d/:) = —1,0,1. Thus, ¢)(,t) = p,p + 1,p + 2 accordingly as (d/Tp) ;
~1,0,1
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Proposition 3.5.2 With the same hypthotheses as in Lemma 3.5.1, we have

( ,0

p<1 <0 if(f=0
1

(a t:)[")(.spht( )] = 9 >p 5

HL o if (42
p>1 qE gf(dey =
3 ) =1

\ \

Proof. The involution w acts on (T, N Cy(a,t))//RY so to determine the size
of (T, N Cp(ey, t)) / /T it suffices to count the fixed pomts of this action.
Now, wgew™! is Rx-conjuga,te to g¢ by Lemma 3.20 if and only if

fa(€) #£0 (mod p**?)
t—26=0 (mod p°t?).

If 4 < 2, then there are no ¢’s which satisfy

fa(€) #0  (mod p**?)
t—26=0 (mod p°*?) (3:21)

Hence, there are no fixed points in this case, and ¢ (o, t) = c,(e, )/2.

If u = 2, then there is one ¢ modulo p**? which satisfies 3.21. If u > 3, then
there is one ¢ modulo p**? which satisfies

f(6) =0 (mod p**?)

t—26=0 (mod pt?) (3.22)

Hence, there is one fixed point if 4 = 2 and none otherwise. Therefore, for
2
(d/Pz.) = ~1, cf(a,1) = el 42 =2 For (——d/p) =0, ¢f(a,t) = 2L, For
P ) » 2

() = 1, ctae) = 222 41 = 52 -

Proposition 3.5.3 Let a € S,. Assume that t, = Zypa]. Put d = A(c).
Then

t#£0 (modp) O

1 (@) =-1
o Ol = eIt = £, o g [y T

Proof. In this case, T, N Cp(e,t) = (To,), N Cp(a,t) by Lemma 3.1.2. By
Lemma 3.2.1, g € Cp(a,t) if and only if p- g € D,(p - t(e), p? - n(a),0).
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Suppose g: € Dy(p - t(c),p? - n(a),0). We count the number of g; (up to ¢

(mod p?)) such that g¢/p € (T.,),. Note that

_( ¢&/p 1
9/p= <ﬁ(§)/p2 §/p+t_(§)/P>

For g¢/p to lie in (T,,),, we must have additionally

0 (mod p)
0

t
£ (mod p?).

(3.23)
(3.24)

There is one £ modulo p? satisfying these conditions. As¢ =0 (mod p), (d) # 0.

Furthermore, there are no ¢’s which satisfy

fa(§)=0 (mod p
t—26=0 (mod p°*?).

2p+3)

s0 all wg;w™"’s are RX-conjugate to the element g¢ above.

3.6 The case of Borel

From the table on p. 266 of [Miy89], the local invariants ¢} (a

T'o(p), I'(1) can be obtained as:

Proposition 3.6.1 Let o € S,. Assume that v, D Zy[a]. Put[t, :

D = A(a), d = D/p*, u = ord,(d). Then

( (0 i (%) =-1
p<l {1 f (@ =0
2 if(H=1
¢t (e, t)[Xo(p)] = ¢ (o Zj: EZ/T’”) = -1
p>1 ¢2 if(d_/;‘z‘)zo
\ 2 () =1

Proposition 3.6.2 Let a € S,. Assume that t, = Zy[pa]. Then
¢; (e, t)[Xo(p)] = 0.

Proposition 3.6.3 Let a € S,. Assume that t, D Z[a]. Then
cf (e, 0)[X(1)] = 1.

Proposition 3.6.4 Let o € S,,. Assume that t, = Z,[pa]. Then

¢f (e, t)[X(1)] = 0.

,t) for T =

Zp[a]] = pp;
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3.7 Explicit form of the trace formula

Following [Miy89] section 6.8, we give an numerically computable form of the
trace formula in situation being considered in this chapter for weight k = 2.

We make more explicit the main term ¢¥ of the trace formula in the form
of 2.2.2:

t= = —lm " k(@) > Uwht) - [[ch(er). (3.25)

s—=0t
a€Sn//BX* ©DZ[Ma) v

By Lemma 2.1.1, a complete set of representatives for S,//B* excluding
scalars is given by the matrices
0 1
-n t

where t € Z. By construction, ¢(a¢) = ¢ and n(a) = n. Now, « is elliptic,
hyperbolic-cuspidal, parabolic-cuspidal accordingly as A(a) = ¢% — 4n is nega-
tive, a positive square, a positive non-square, zero. We now consider the inner
sum according to the four cases above. Note that ¢ (e, t) = 2,1,2 accordingly
as a € T¢, T™¢, TP and cf(a,t) = 1 for v { Moo (see Lemma 3.1.1).

If o is scalar, then n is necessarily a square and o must be

()

Now,
K@) = 7o\
l(e) =1/|Z(T)|
so that
£ = 4—:17;v(F\5§*). (3.26)

Note that T°//T is easy to calculate directly so that it is not necessary to break

it up any further as in the other cases.

If o is elliptic, then K = Q[e] is an imaginary quadratic field. Write 2 —
4n = m?dg so that [tx : t] = m. The inner summation is over orders t in
K such that txg D t D Z[Ma], or in other words, orders t; with conductor f

dividing mM. Now,
k(a)=1
I(eg) = 1/2|f|
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so that we have

1= — Z a)th;)h*’ tf 2H atf

t€Z,t2—4an=m2dy,dx <0 flmM v|M
ht(x
- Z Z (e7) Hc (a,tf). (3.27)
tGZ,t2—4n=m2dK,dK<0 flmM | f | ’U]M

If o is rational hyperbolic, then K = Q x Q is a product of two fields. Write
— 4n = m? so that [tx : t] = m. The inner sum is then over orders ty with
conductor f dividing mM. Now,

_ min(|al, [7a])
k(a) - ICa - nal
h(ts) = ¢(f)
I(es) =1/|2(T)|

so that we have

th=— 3 @) Urp)h*(xs) - It (ety)

t€Z,t2—4n=m2 flmM v|M

— Z mlll'lcigal Ina Z Hc a tf 3 28)

tE€Z,t2—4n=m? flm M v|M

If o is parabolic, let 7 be the unique eigenvalue of o so that ¢ = 2n and
n = n% Then K = Q|a] = Q[¢] where € = a — 7 satisfies €2 = 0. If t = Z[M¢],
then by Propositions 3.4.3, 3.5.3 and the fact that (n, M) = 1, we see that
c¢H(a,t) = 0 for v | M. Hence, in the inner sum, it suffices to sum over orders
in K containing Z[c]. An order in K containing Z[a] = Zle] is of the form
t=Z+ 1Ze where [ is a positive integer. Now, k(a) = h+( t)) = h(r ) =

and a routine calculation shows that {(t!) = L?—%,;LT Therefore we have

pe—tim Y k@)Y HORE 2] e

s—0+

t€Z t2—4n=0 I=1 v|M
= — lim Z s In”™ i H-Qc*(a, )
s—0+ 4 |Z | [st1 v
teZ,t2—4n=0
s+1
s |nl * —-(s+1) P
= — li —~ X 1-— 1 x (a,t
- 51_1,%1 Z 9 IZ(F)| H( H Z pp(s+1) p )
teZ,t2—4n=0 ptM p|M p=0

(3.29)

For the subgroups under consideration, ¢ (o, t*") does not depend on p in the
case of a parabolic: if « is parabolic, the quantity u is effectively equal to co no
matter what p is, so that c;(a,'cpp) is a fixed value as it takes on a fixed value
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once pu > 3 (refer to Propositions 3.4.2, 3.5.2). Thus, the above expression is
equal to

s+1

P = — sl_i,%i Z %||ZI(F)|C(S +1) x ch(a,Z[e])

tEZ,t2~4n=0 v|M

1_|n|
= 5 |Z(F)| X HC:(O[,Z[E])

t€Z,12~4n=0 v|M

|
=12 " I ¢ (e, 2[e). (3.30)

v|M




Chapter 4

The Jacobians of Cartan
modular curves

In this chapter, the main result of this thesis is deduced from the trace cal-
culations of the previous chapter. The main idea of the proof is consider the

two abelian varieties J(X,  1(p)) and J(XF (p?))**™ defined over Q and the
Hecke algebra T = Z[T, | (n,p) = 1]. The T-modules S3(Tf,  (p)) and
Sa(TF (p*))"*™ are semi-simple and have the same traces by Theorem 2. Thus,
they are isomorphic T-modules. By Eichler-Shimura, it follows that the L-series
of the two abelian varieties above are the same, up to finitely-many L-factors.
Faltings’ isogeny Theorem then implies that the two abelian varieties in ques-

tion are isogenous over Q.

4.1 The new part of J(X; (p?))

Consider the decomposition
S2(To(p?)) = S2(To(p*)™" ® Sa(Lo(p®))° (4.1)

where S5(Lo(p?))° is the vector space generated by the two inclusions of
S2(To(p)) into S3(Lo(p?)). The decomposition above is defined via the Pe-
tersson inner product and is stable under the action of Hecke. There is thus
a corresponding decomposition of the jacobian J(Xo(p?)) into a new and an
old part which is stable under the action of Hecke. From Atkin-Lehner theory
[AL70], there is a basis for S3(Io(p?))"*™ which consists of eigenforms for all
Hecke operators. Furthermore, there is a basis for S3(T'o(p?))*® which consists
of eigenforms for T, and W, such that the eigenvalue for W), is 1 for half of forms
in the basis and —1 for the other half, and the eigenvalues for T;, correspond
to their eigenvalues as eigenforms on Sa(I'o(p)). Explicitly, if {fi(2)... f;(2)}
is a basis for S3(To(p)), where g is the genus of Xo(p) and the f;(z) are eigen-
forms for all T, then {fi(2) £ fi |r, (2),...,fs(2) £ fy IR, (2)} is a basis

for $3(To(p?))* with the required property, where R, = (g 2) . The sign in
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fi(z)x fi | R, (#) determines its eigenvalue for the operator W,,. Refer to Lemma
26 in [AL70] and the comments thereafter for more details.

The old part of the J(Xg (p?)) therefore consists of one copy of S3(I'o(p))
so we have

Lemma 4.1.1

tr(Tn | 52T (p))"") = t(Tw | S2(T§ (#))) ~ t(Tw | S2(To(p))).

4.2 Comparison of trace formulae

The following table summarises the calculations done in chapter 3. Refer to the
hypotheses of Propositions 3.4.2, 3.5.2, 3.4.3, 3.5.3 for further explanation of
the terms used in the table.

I‘r.il-on-sl:rlit: (p) F:;)lit (p) FO (p) r ( 1)
t, D Zyla] |u<?2 (@) =-1 1 0 0 1
@ =0 0 0 1 1
(9 =1 0 1 2 1
w22 () =-1| 2ol2 |1
( /pp2) pil piS
() =1 7 5 2 1
t, = Zy[pa] | t £ 0 (mod p) 0 0 0 0
t =0 (mod p) (;i-’)=—1 1 1 0 0
(9 =0 0 0 0 0
4 =1 1 1 0 0
y4
Table 4.1: Calculation of ¢ (e, t) for X} 1.(p), X (p), Xo(p), X(1)
By inspection of the table, we obtain
& (0, 8) [ X spiie(P)] = (5 (@ )X Ee(P)] = € (2 ¥)[Xo(P)]) = &5 (e, ¥)[X ((14)]2-)

so that
01X (0] = EO1X ()] — 101 Xo(p)]) = tV[X(1)] (4.3)

non-split

where (-) = (e), (h, ), (p, ).

From the discussion in section 3.7,
1
°[Xr] = —v(C\% 4.4
E[Xe) = o(T\5) (4.4
Therefore, using the fact that

o(T\$*) = =

- 37[F(1) : T (4.5)
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and [F(l) : P] = p(p—l)/?,p(p+1)/2,p+l, LiorT'= F:on-split(p)7 F:;)lit(p)a Po(p), F(l),
we see that

£ [ X on-spiie ()] — (°[ X e (P)] — £°[Xo(p)]) = [ X (1)]. (4.6)
Thus,

(X Yonespiie(P)] = (5[ X (p)] — £E[Xo(P)]) = £°[X (1)) (4.7)

so that

6r(Tn | S2(Tonspiie(P))) = (t2(Tn | S2(Tiie(p))) — tr(Tn | S2(To(p))))  (48)
= tr(Tn | 55(T(1))) =0

for all n prime to p. By Lemma 4.1.1 and the fact that X (p®) = X2 (p), we
obtain

Theorem 2 For all n prime to p,

tr(Tn | S2(Tpnapiie(P))) = tr(To | S2(TF (p%))").

4.3 The Eichler-Shimura relations

Let T be a strong arithmetic congruence group in B* = GL(Q) of level N.
Consider the modular curve Xr. The modular curve Xt has a proper smooth
model over Z[1/N] so the reduction Xr/F, of Xr modulo g gives a smooth
curve over F, for gt N (see [Igu68] or [KM85]). Similarly, J(Xr) has a proper
smooth model over Z[1/N] so the reduction Jr/F, of J(Xr) modulo g gives an
abelian variety over F, for ¢ { N. The Hecke operator T, can be considered as an
endomorphism of J(Xr) which can be reduced mod ¢ to give an endomorphism

T, of J(Xr)/F,.

Theorem 4.3.1 (Eichler-Shimura) Let T' be a strong arithmetic congruence
group in BX = GLy(Q) of level N. Let Xr be the corresponding modular curve
over Z[1/N]. For ¢{ N, we have

T,=F,+V,<q> as endomorphisms of J(Xr)/F,

where F, and V, are the Frobenius and Vershiebung endomorphisms on J(Xr),
and < q > is the endomorphism of J(Xr) induced by letting the matriz (g 2) €
GL2(Z/NZ) act on Xr.

Proof. See Theorem 7.9 in [Shi71]. O
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If ', contains all scalars for p | N, then the diamond operators act trivially.
We will assume this is the case in the sequel as T, . (p), TE1(p), To(p), T(1)
all have this property.

For an abelian variety A defined over Q, the L-factor at a prime ¢ is defined
to be

Ly(A, X) = det(1 — F, X | T(A))™ (4.10)

where X = ¢ and [ is any prime. The Eichler-Shimura congruence relation
allows one to express the L-factor of J = J(Xr) at a prime ¢ { N in terms of
the action of the Hecke operator T, on S»(T") [BSD72). We briefly recall this
process:

Suppose q # l. From the identity F,V, = V,F, = g, we see that

det(1 — T, X + ¢X? | Ty(7)) = det(1 — F, X | Ty(7T)) - det(1 — V, X | Ty(7))
= det(1 — F,X | T(7))?
= det(1 — F,X | Ty(J))? (since | # q)

= Lq(Aa X)z

where the equality det(1 — F, X | Ti(J)) = det(1 — V, X | Ty(J)) follows from a
calculation in [Wei48].
On the other hand,

det(1 — T, X + ¢X?* | Ti(J)) = det(1 — T, X + ¢X?* | T((J)) (since [ # q)
= det(1 — T, X + ¢X* | H**(J,C) ® H"~(J,C))
= det(1 — T, X + ¢X* | H"*(J,C))?

where we use the fact that the [-adic cohomology is isomorphic to two copies of
the complex cohomology (Hodge decomposition). Since H**(J,C) = H°(J,Q!(J)) -
H°(Xr, ' (Xr)) = S3(T'), the L-factor at ¢ for J is therefore

Ly(J, X) = det(1 — T,X + ¢X? | S5(T)). (4.11)

Thus, by choosing [ | N in the above argument, we see that the action of the
Hecke algebra T = Z[T, | (n,N) = 1] on S3(Xr) determines the L-factors of
J(Xr) at primes ¢{ N.

What has been said above also applies to any quotient of J(Xr) which is
stable under the action of Hecke by replacing Sy(T') by a suitable subspace. For
instance, the L-factors of J(X{ (p?))™™ at primes q # p are determined by the
action of the Hecke algebra T = Z[T,, | (n,p) = 1] on S2(T'¢ (p*))™".

- +
4.4 The Jacobian of X __.(p)
Consider the Hecke algebra T = T (T} .ii(P)) & T(TF(p?)) = Z[Tn | (n,p) =
1]. The T-modules Sy(T'},, pie(P)) and S2(TF (p?))™™ are semi-simple as there
is a basis for S3(T'}; (p)) and S5(Tg (p?))"™ consisting of eigenforms for T.

non-split
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Lemma 4.4.1 Let M be a finite-dimensional vector space over C. Suppose we
have a representation of a ring R

p:R— End(M)

which gives M the structure of a semi-simple R-module.
Then the character x of p

x:R—>C
s tr(p(r)

determines the representation p up to isomorphism.
Proof. This is a well-known principle. O

Since the two semi-simple T-modules Sy(I'f,  :(p)) and So(TF(p?))™"
have the same characters by Theorem 2, they are isomorphic T-modules by
the above Lemma. By the discussion in the previous section, we then see that

the L-factors of J(XJ, . 1(p)) and J(X§ (p*))™" are the same for all g # p.
Therefore, by Faltings’ isogeny Theorem [Fal86], the two abelian varieties above

are isogenous over Q.

Theorem 1 The jacobian of X, .(p) is isogenous to the new part of the
jacobian of X (p?).

4.5 A trace relation in higher weights

The quantities ¢} (e, t) do not depend on the weight of the space of cusp forms
on which the Hecke operators act. Hence, a similar trace relation holds for the
space of cusp forms of higher weight:

tI‘(Tn | Sk(FrTon-split(p))) - tI‘(Tn l Sk(F(l))
= 2(T, | S(Thy(p)) — (T | Sa(To(p)) (4.12)

for all n prime to p. In general, Sx(I'(1)) is non-zero for higher weights so the
trace relation now asserts that the trace on Si(I'}, cpie(P)) excluding level 1
old forms is the same as the trace on Si(I'}y;,(p)) excluding level p old forms.
It would be interesting to interpret this trace relation geometrically, especially
in terms of Edixhoven’s setting [Edi95].

Magzur’s approach to studying the rational points on Xo(p), a certain quo-
tient of Jo(p) called the Eisenstein quotient was used. An essential property
of this quotient is that it is non-trivial and has finite Mordell-Weil group. The
isogeny between J(X i(p)) and J (X (p?))"" shows that such behaviour
does not occur in the non-split case, at least conjecturally: J(Xg (p®))*™ de-
composes up to isogeny into a product of simple abelian varieties defined over
Q whose L-series have negative e-factors. Thus, standard conjectures predict
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that each factor has positive rank and J(X, ;(p)) does not have any non-
trivial quotients with finite Mordell-Weil group. Thus, one cannot even begin
to apply Mazur’s approach. Notice in the case of X;;lit(p), one can get around
this because of the old part in Xg (p?) & X}, (p). Indeed, Mazur describes a
surjective map from J(XJ;,(p)) to Jg (p) which Momose exploits in his study
of rational points on X}, (p).

If one descends to Xo(p) to study the points on X:;)lit(p), the trace rela-
tion above suggests that one should descend to X(1) to study the points on
Xr'l"on_spm(p). However, in order to get something non-trivial from X (1), one has

to consider cusp forms of higher weight whose geometry less well-understood.



Chapter 5

Examples

5.1 Cartan modular curves of genus <1

The Cartan modular curves X .. (p) and X} (p) have genus zero precisely
when p = 3,5,7, and in each case a Q-rational point exists on the curve.

Suppose X = I'\H* is a genus zero Cartan modular curve as above. The
existence of a Q-rational point on X means that the function field of X is of
the form Q(¢). The function ¢ is called a hauptmodul of X.

Since X is a finite cover of X (1), the function field Q(t) is a finite extension
of Q(7). This implies that there is a relation of the form

. P(®)

=20 (5-1)
where P(z), Q(z) are polynomials in Q[z]. As entertainment for the reader,
these relations will be computed explicitly in the spirit of Fricke and Klein,
though details will only be provided in the non-split case since the calculation
in the split case is of a more standard nature [Bir72].

The hauptmodul ¢ is unique up to a Q-Mobius transformation. Hence,
it is necessary to normalise it uniquely before attempting to find its relation
with 7. This can be done in a number of ways: one can, for instance, specify
its value on three distinct points, or its value on two distinct points and the
leading coefficient of its g-expansion. Whatever the method of normalising ¢,
one is still left with the following problem: only certain normalisations of ¢ are
allowed. An arbitrary normalisation of ¢ will in general give a hauptmodul for
X over C: it will generate the function field of the curve over C, but it will
not in general generate the function field of the curve over Q. Hence, although
j would still be a rational function of such a ¢, the coefficients of this rational
function would in general lie in C. To get a proper normalisation, one needs to
know more about the desired hauptmodul {.

Lemma 5.1.1 Let (p) be the modular function of level p and suppose H is a
subgroup of GLy(F,)/{£1} = Gal(F(p)|Q(5)). Let u(p) be the fized field of H
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and suppose ty be a primitive element for the extension Fg(p)|Q(j). Consider

the group
10
p-{(} %) 1acr) "

Then the field generated by the coefficients of the g-expansion of ty is the subfield
of Q(¢y) given by the fized field of the group det( DN H) C FY = Gal(Q(()|Q).

Proof. A matrix of the form

(fl) ?l) acts as d € F) = Gal(Q((,)|Q) on the

g-coeflicients of ¢{g. This follows from F(p) being generated over Q(5) by the
Fricke functions f, and that the action of such a matrix on a Fricke function
fa is as described by inspection of the g-expansion of f,. Note that the ¢-
coefficients of 5 lie in Q((,) so this makes sense. Such a matrix therefore fixes
the field of g-coefficients of ¢y if and only if it lies in H. O

Remark 5.1.1 Although j and f, have convergent g-expansions, the general
element in Q(4, fu) will not. Even so, the description of the action of matrices
in D on elements in Q(J, fo) still holds.

Corollary 5.1.1 Lett be a hauptmodul for a genus zero Cartan modular curve
over Q. The field generated by the coefficients of the g-expansion of t is Q,
Q({p + ¢p) in the split, non-split case, respectively.

3

Lemma 5.1.2 Suppose that j = ’\gﬁ% where t is a hauptmodul for a genus zero

subgroup T of I'(1), P(z) and Q(z) are monic polynomials in Q[z], and A € Q.
Let K denote the field generated by the coefficients of the g-expansion of t. If
deg(P) = deg(Q), then K = Q(ao) where ao is a root of Q(z). Otherwise,
K = Q(\%) where h is the width of the cusp co.

Proof. Let p = [['(1) : T). f t = a_1¢™* + a0+ @19+ a2¢* + ... where a_, # 0,
then deg(P) = p and deg(Q) = p — h. Substituting the g-expansions of ¢
and j into the equation jQ(t) = AP(t), and equating powers of g, we see that
a_y = 1//\% and a, is a polynomial with Q-coefficients in a_1,ag,... ,an—; for
n > 0. Hence, K = Q()\lﬁ).

If t = ag+a19+a2q*+... where ag # 0, then deg(P) = deg(Q) = p. Again,
by substituting the g-expansions of ¢ and j into the equation jQ(t) = AP(t),
we see that ag is a root of Q(z) and a, € Q(ao, ... ,an-1) for n > 0. Therefore,
K = Q(ao) where ag is a root of Q(z).

" Ift = aiq + asq® + ..., then deg(Q) = p and deg(P) = p — h. By the
substitution ¢ — 1/¢, we can reduce to the first case. O

Corollary 5.1.2 The coefficients of the q-expansion of t lie in Q if and only
if t has a normalisation with t(c0) = 0o and A is an h-th power.
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Proof. Suppose that j = ,\%E% where deg(P) = deg(Q). Since the coefficients

of the g-expansion of ¢ lie in Q, @(z) must have a root a in Q by the proof
of Lemma 5.1.2. By the substitution ¢ — 1/(¢f — a), a normalisation with
t(0o) = oo is obtained. If on the other hand deg(P) = u — h and deg(Q) = u,
the substitution ¢ — 1/t gives the desired normalisation.

Conversely, suppose ¢ has a normalisation with ¢(co) = oo and ) is an A-th
power. By Lemma 5.1.2, the g-coefficients of ¢ lie in Q. O

The above Corollary provides a starting point for finding the correct nor-
malisation. By Lemma 5.1.1, the field of g-coeflicients of ¢ in the non-split case
is precisely Q({, + {,), which is strictly larger than Q for p = 5,7. Hence, in
these two cases, ¢ does not have a normalisation with ¢(co) = oco. Indeed, the
covering relation

: P(¢)

J a() (5.3)
must have the property deg(P) = deg(()) where each root of Q(z) generates the
field Q(¢, + (). Any two primitive elements of the extension Q((, +(,)|Q differ
by a Q-Mobius transformation if p = 5,7 (since the degree of the extension
is £ 3). Now, X:;n_spm(p) has 2, 3 cusps respectively when p = 5, 7, so
Q(z) is a 5™, 7" power of some degree 2, 3 polynomial. Because of the above
remark, a suitable Q-Mobius transformation allows us to assume that these two
polynomials are z2 + z + 1, 23 + 22 — 2z — 1, respectively.

One can now find a suitable normalisation (keeping in mind the restrictions
and deductions outlined above) for t. From the fundamental domain of I, one
can deduce how the finite cover X — X(1) branches. This in turn allows us to
set up a system of non-linear equations which determine the desired covering
relation between 7 and ¢{. The method described works in principle, but the
system of equations which one must solve is usually too large to be done even
on a computer. Hence, in practice one must try to reduce the size of resulting
system of equations any which way one can. To reduce the number of variables,
one should always try to choose a normalization which places a known value
at a branched point. Also, if the covering factors through an intermediate
curve, then one can compute the relation in two steps, keeping in mind the
intermediate hauptmodul may have to be normalised in two different ways to
obtain the smallest system of equations for each of the two covering relations
in the factorisation.

The non-split case: For p = 3, the direct approach works. For p = 5,
we use the factorisation Xponspnt(3) — Xa,(5) — X(1) and the covering
Xnon-split(5) = Xihon epnie(8)- For p = 7, we use the factorisation X eeoin(7) =
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Xs ()= X (1). The relations obtained are

j=n3 (5.4)
. 4(2ns + 1)(ns + 1)%(6n2 + 21ns + 19)3
_ ((4nf + 5n7 + 2)(n7 + 3n7 + 4)(n] + 1017 + 4)(3n7 + 1))° (5.6)

(n3 4+ n? —2n; - 1)7

where ns, ns, ny are the hauptmoduln of X:on_split(p) for p = 3,5,7, respectively.
One can verify these covering maps independently. To check they are correct
over C, it suffices to verify that the covering relation factors in a way which
corresponds to how the points 7, p, 00 branch. To check they are correct over
Q, we can proceed as follows: Let m,(7) be a hauptmodul for X, .(p) over
Q. If we can find three points 7, 73, 73 € * such that both m, and n, take on
three distinct Q-values, then it would follow that m, and n, are related by a
Q-mobius transformation, and hence n, is also a hauptmodul for X} _.(p)
over Q. By the modular interpretation of X,;';n_split(p), it is easy to find such
7 from CM-points. It is then a matter to check the corresponding value of n,
is rational. For instance, consider p = 7. For 71, 73, 75 corresponding to elliptic
curves over Q with CM by —8, —11,—16, respectively, one obtains a Q-point
on X::)n-split('?) and hence my takes on Q-values for these 7. The j-invariants of
these curves are known to be 20, —323,663. If one substitutes these values of j
into the covering relation above and solves for the corresponding values of nz,
one obtains at least one Q-value for n; in each case. Therefore, by the above
discussion, n7 is also a hauptmodul for X;fon_split(7) over Q.

The split case:

((s3 —9)(s3 +3))°

J= 3 (5.7)
3
. ((s3 = 5)(s2 + 555 +10)(s5 +5))° (5.8)
I = (s + 5s5 + 5)°
_ ((s2— 5574 8)(s} — 5s7+ 1)(s7 — 557 + 857 —Tsr + 7)(s7 + 1))3s7 (5.9)
1= (s3 —4s243s7 +1)7 '

where s3, 55,57 are the hauptmoduln of X, (p) in the case of p = 3,5,7,
respectively.

The modular curves Xypiit(p) and Xnon-spiit(p) have genus zero precisely when
p = 3,5. However, these genus zero curves may still lack Q-points. Hence, the
function field of these genus zero curves are generated by a hauptmodul only
after some finite extension of Q. For instance, consider the case of Xyon-spiit(3)-
One model for its function field is Q(ns, f) where nz and f satisfy f2 +n3 +
12n3 + 144 = 0. Notice this defines a non-singular conic which does not have a
rational point. Moreover, f is not a hauptmodul for the curve. On the other
hand, over Q(i), the curve has a rational point and hence has a hauptmodul ¢
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whose covering relation is of the form

24+ (1 + 3t + (1 + 34)

ng = —6 P+i+1

(5.10)

Note the following curious phenomenon. The curves X, ;;lit(?’) and Xyon-split(3)

are isomorphic over Q since they have the same fundamental domains. However,
they are not Q-isomorphic. Hence, to distinguish between these two curves, one
must pick out the correct Q-model in a Q-isomorphism class of curves. This
does not occur for larger p as the values of genus then begin to differ.

Modular curves associated to Cartan subgroups have genus one in only three
cases: Xnon-split(7), Xeplit(7), X:cm_spm(ll). Using the degree 2 cover

Xnon-split(7) — Xx-ll:)n-split(’?) (5 1 1)

one can identify the elliptic curve Xpon-spiit(7) as 49B in the tables of [BK72].
Clearly, Xqpit(7) is the strong Weil curve 49A, so that these curves are 2-
isogenous.

Given this description of Xpon-spiit(7), one can go a bit further. The invariant
differential can be expressed in terms of explicit functions on the original curve
so that one can compute its g-expansion. This differential should correspond
up to a scaling factor to the newform on Xnen-spiit(7). Below are the first 13
terms of its g-expansion after rescaling so a; =1

a1 =1 (5.12)
az=—(¢+1) (5.13)
a3 =0 (5.14)
as=—C (5.15)
as =0 5.16)
ag =0 5.17)
a7 =0 5.18)

(18:—3

(
(
(
(
as =3(¢C+1) (5.20
(
(
(
(

ap =10 .
ajy = 4( 5.22
a3 =0 5.23

a3 =0

where ¢ is a root of z3 + 2% — 2z — 1. The original coefficient a; obtained from
the computation was

a; = .63952400384496630287392562289: (5.25)

so the analogue of Manin’s constant in the case of X} (p) is not one.

non-split
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One can try to compute the equations for X _..(11) and X} (11) in the
spirit of Fricke and Klein. However, we note that the cycloidal 11 subgroup
only contains the normaliser of a split Cartan subgroup (because As does not
have an element of order 6!). Thus, it would be difficult to compute an equation
since there are no intermediate curves in the non-split case. Although one may
try to compute the curve from scratch in the split case, we already know what
it must be from the known tables, namely, the strong Weil curve 121D. The
elliptic curve Xt oplic(11) has been identified as lying in the isogeny class of
121D by computing the first few terms of its L-series using modular symbols
as well as the trace formula, so X _..(11) is the 11-isogenous curve 121E
(as they cannot be Q-isomorphic and there are only two curves in this isogeny

class).

5.2 A sample calculation of the trace formula

To illustrate the explicit trace formula in 3.7, the trace of T} and T3 will be
calculated by hand for X:(m-spht(p)- In fact, we have implemented the trace
formula on computer for both X .. (p) and Xspht( ). The traces obtained
for X1 . (p) have agreed with tables [BK72] for various n and p.

split

The trace of T}
We calculate the terms t°, t, ¢, tP° in the trace formula for 7} on I' =

1-‘r.il-on-split (p ) .

1

= o(0\9) = I'(1) : 1) = ooplp— 1) (5.26)

—t* = Z Z fsz (Ot tf2dK)

fszI

t€Z,12—4=m2d,d5 <0 flpm
ht(t_s) o h*(tpea) o ] 2h+(t_3) ot
= o] -y (a,t_4) + ——_It—p2~4| Cp (o, t_p2.4) + T p (a,t_3)
~ 11—(‘7“)+1( (4 )+gl—(-;—‘°’)
1 2 8P T\ p 6 2
1 -4 -3
=—@Bp—-6{— 1} —4|—)+7) (5.27
24( d ( p ) ( p ) ) (5:27)
the = (5.28)
e =21 (5.29)
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Therefore, tr(Ty) = to + 5 + 2 +t{ + o(1) is

1 1 -3
g:on-split(p) 2 (p - 1OP +23 + 6( P ) + 4(7) )- (530)

Note we have made simplications which make the above formula incorrect for
p=23.
A similar calculation for ' = T} .(p) yields

1 -3

where p # 2,3.

The trace of T,

We calculate the terms t°, ¢, t*¢, ¢ in the trace formula for 7, on ' =
L} epiic(P). Since 2 is not a square, t° = tP° = 0, so it is only necessary to
calculate the terms #° and ™

SRR I Y UET

t€Z,12—8=m2dy ,dx <0 flpm f2dKl

+ . h+ 2. h+ —
_P8)  riaeg) _lt( p |8) g 42 o)
-p2.8

[t_s] ? |e_7]
h+
+2 It( N 1) ccf (a,t_y)

Therefore, tr(T}) = t° + o(2) is
(T | o) = 12 +2(2) +2(5) + (3) #8630

Note we have made simplications which make the above formula incorrect for

p=2,3,T.
A 51m11ar calculation for I' = '} j;,(p) yields

ol | ) = §r-2() - (T) +4 639)

for p # 2,3,7.



CHAPTER 5. EXAMPLES 73

1200

Figure 5.1: Fundamental domain for X :(3)
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Figure 5.2: Fundamental domain for X\, :.(5)
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Figure 5.3: Fundamental domain for X7\ ..(7)
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Figure 5.4: Fundamental domain for Xpon-sphit(3) and X5 (3)



Chapter 6

Conclusion

6.1 Edixhoven’s work

The proof given in this thesis of Theorem 1 does not exhibit the isogeny between
J( X nepie(p)) and J(Xg(p?))™™ in a concrete way. A description of Hecke
actions on the reduction of the modular curves involved [Edi89] may yield a
more geometric explanation [Edi94] of the phenomenon. Recently however,
Edixhoven [Edi95] following up [Edi94] has given a more enlightening proof of
the results in this thesis which is based on the representation theory of GLo(F,).
His proof in principle gives the isogeny in question explicitly, though it would
still be interesting to pursue this in more detail.

The starting point for his proof is the fact that X (p) covers both X, | _..(p)
and X[y, (p) and has an action of G = GLy(F,). We work in the category of

abelian varieties defined over Q up to isogeny. For two isogeny classes A, B we
let Hom(A B) = Hom(A, B) ® Q. If e is an idempotent in End(A) then e has
a kernel and image by Poincaré reducibility and we have A ~ ker(e ) x im(e) .
In this category, each object is naturally a Q-module.

By the G-action on J(X(p)), one obtains a representation

p:G — Aut(J(X(p))). (6.1)
This yields a representation of the associated group algebra Q[G]
p : Q[G] — End(J(X(p))) (6.2)

By the representation p, idempotents in Q[G] give a product decomposition of

N

J(X(p)). For instance, if H is a subgroup of G, then the element

Z (6.3)

hGH

is an idempotent in Q[G] One sees that J(X (p)) decomposes into ker(p(pry)) x
im(p(pre)) ~ J' % J(XH( )), where J(Xu(p)) is the jacobian of Xx(p) and

7
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J' is the complementary abelian variety given by Poincaré reducibility. In
particular, p(prg) has trivial image since J(Xg(p)) = J(X(1)) = 0. Thus,
the representation p factors through Q[G] = Q[G]/(prg). Consequently, if
H - H' = G, then the element Pty + P is also an idempotent in Q[G]. Also,
note that two idempotents in Q[G] which are @@x —conjuga,tg_}ijaﬁe isomorphic
kernels and hence give the same product decomposition of J(X(p)).

The key point in Edixhoven’s proof is to show that prys + prg is @[ﬁ]x—
conjugate to pTy. These two elements are idempotents in Q[G] so the relation
above induces a Q-isogeny

N e TN

T (X ponesptie(P)) X J(Xo(p)) ~a J(X(p))- (6.4)

The method for proving that the two idempotents above are @[—G_r< -conjugate is
to show they have the same rank (i.e. their images are of the same dimension) in
every irreducible factor. This is done using the character table of G = GLy(F,)
and a case by case verification. In each irreducible factor, two idempotents of
the same rank are conjugate, so we obtain the desired result.

One can interpret Edixhoven’s argument in terms of modular forms. To do
this, we work in the category of abelian varieties defined over C up to isogeny.
Consider fibre X(p),/Spec(C) of X(p)/u(p) along a morphism o : Spec(C) —
(p). The finite cover X (p),|X (1) has galois group SLy(F,)/{£1}. Applying
Edixhoven’s argument to G = SLy(F, ), the idempotent prsy: + sz is Q[G]x-
conjugate to the idempotent prsy, where SH denotes group H N SL, (F,).

Let Y cq a9 € Q[G] — Q[G] be an element which conjugates Brsn'+DTsB
to prgy. The isogeny ¢ : J(Xsn'(p)o) X J(XsB(p)s) = J(Xsn(p)s) is then
explicitly descibed as

(z1,22) = Y g - g(ta(21) + ta(22)) (6.5)

geG

where t1 1 J(Xsni(p)s) = J(X(p)o), t2 : J(XsB(p)s) = J(X(P)o)-

Let I'y = I qpiic(p) and T2 = I} (p). For an element g € G, let g be an
element in SLy(Z) which reduces mod p to g. The double coset I';gT's induces
a homomorphism from J(X  (p)) to J (X3e(p). In terms of the diagram
below, this homomorphism corresponds to the correspondence T = m1,,wg"my*

(see section 1.4).

X 7, X
gl g~? ikl VY [a 1 Y

ml ml (6.6)

sz XFI
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Note that

Xr, Z¢ Xsni(p)e (6.7)
XFz g‘C XSN(p)a' (68)
Xr,ngri3-t = Xg-1r,50r, (6.9)
¢ X(p)s (6.10)

and the map
wy : X(p)o = X(p)o (6.11)
2z g 'z (6.12)

corresponds to reducing g~! modulo p to an element in G and then letting it
act on X(p)o.

Consider the injection ¢ : J(Xsni(p)s) = J(Xsni(p)s) X J(XsB(p)s). By
the above discussion, the homomorphism f o ¢ : J(Xsn(p)s) = J(Xsn(p)s) is
seen to be the modular correspondence:

> oy - Tygls. (6.13)
g€eG

In other words, the modular correspondence above moves a modular form on
X nepie(P) =c¢ Xsni(p)s to a modular form on XEi(p) =c Xsn(p)s corre-
sponding to the isogeny in question. The image consists precisely of the new
forms on Xs‘;m(p). Similarly, one has a homomorphism in the opposite direc-
tion which is surjective and has kernel precisely the old forms on X:On_split(p).
If f is a newform on X, (p) and if one knew how to obtain the g-coefficients
of f at the various cusps of Xs';lit(p), then it would be possible to obtain the
g-coefficients of the corresponding newform on X, r:.(p), provided one knew
the element u. This would in principle give the correspondence between the
fourier coefficients and eigenvalues of an eigenform on X:;n_split(p), though the
relationship will not be as transparent as in the I'o(V) case.

6.2 Relation to Shimura curves

One may also ask what other non-trivial relations exist between the jacobians
of arithmetic congruence groups. A more mysterious relationship exists in the
following case: Let ', be the unit group of a maximal order in the quaternion
algebra over Q which is ramified at precisely two finite primes p # q. The curve
Xpo = I'po\$ has the modular interpretation of classifying abelian surfaces
with endomorphism ring containing the order defining I',,. These Shimura
curves do not have cusps and are hence already compact. It is shown in [Shi65]
using the trace formula that the zeta function of the new part of the jacobian
of Xo(pq) is the same as the zeta function of the jacobian of the curve X, 4, so
that the corresponding abelian varieties are isogenous by [Rib80].
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The Shimura curve X, , figures in many important guises. On one hand,
the isogeny described can be thought of as an example of a geometric realisa-
tion of the Langlands’ functoriality conjecture. Briefly, this conjecture relates
automorphic forms on two different semi-simple reductive algebraic groups G,
G": given a L-homomorphism p : G — G'F between the (galois form) L-groups
of G and G, one can move an automorphic form from G to G'. In the case
of G = D* (D a quaternion algebra) and G’ = GL,, the so called Jacquet-
Langlands’ correspondence characterises the forms on GL; which arise from
forms on D*. In our case of interest, this correspondence sends an eigenform
on I' to a eigenform on T'y(pg) (with the same eigenvalues of Hecke). Further-
more, the forms which actually arise in this manner are the new forms on ['y(pq).
The curve X, , is also used in Ribet’s proof [Rib90] of Shimura-Taniyama-Weil
implies Fermat’s Last Theorem: to show that a mod [ representation p which is
apriori modular of level Mp is really modular of level M if p is a prime dividing
N exactly and p is finite at p, one needs to pass to modular forms on this
Shimura curve. One already knows by a result of Mazur [Maz85] that if p # 1

(mod [), then this is true (so without loss of generality we may assume that N
is prime to /). The idea is to reduce to this case: Ribet shows that p is modular
of level Mpq for a suitable auxilliary prime ¢ # 1 (mod /). Then, using the
relationship between modular forms on I'o(Mpgq) and suitable analogue I', (M)
of the Shimura curve described above (one needs to add in level M-structure),
he shows that p is modular of level Mq. This follows from the mysterious Drin-
feld switch: in passing from I'o(Mpq) to ', 4(M), the primes p and g appear to
be switched so that the Hecke action on certain character groups of Jo(Mpq)
mod ¢ are equivalent to those of J, (M) mod p and vice versa. However, since
g # 1 (mod 1), the result of Mazur shows that p is modular of level M.

Although the trace formula calculation for X, , seems to be easier than the
one for Xr‘ltm_split(p), this isogeny appears to be more mysterious in the follow-
ing sense. According to a result of Takeuchi [Tak77], two arithmetic Fuchsian
groups I'; and T, arising from orders in quaternion algebras @1 and @), are
commensurable if and only if there is an isomorphism between ); and @), sat-
isfying some additional technical conditions. Since T, and I'o(pg) arise from
non-isomorphic quaternion algebras, they are therefore not commensurable.
Thus, unlike X:on_spm(p) and X:;)lit(p) which are covered by X(p) finitely, the
obvious candidate for a finite cover of X, and Xo(pq), namely I' N I'g(pq)\H*
does not work. With regard to this, we make the following remark. Formally,
a homomorphism of jacobians ¢ : J(Cy) =+ J(C?) is induced by the correspon-
dence given by a divisor D on C3 x Cy. Thus, if a non-trivial homomorphism ¢
exists, a finite cover of both C; and C; exists. Indeed, if the genus of Xo(pq) is
greater than one, then by the classification of Riemann surfaces, we see that it
has a model I'\§) where T' is a Fuchsian group of the first kind with no elliptic
nor parabolic elements. This Fuchsian group I is unique up to conjugation by
SLy(R). By introducing level structures, it is possible to find a sgbgroup [pq(N)
of I'p, which has no elliptic elements (it already lacks parabolic elements). It
would seem that a finite cover of X, , and Xo(pg) is then TN T, (N)\$. If one
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could describe T' more concretely, it may be possible to generalise Edixhoven’s
construction to this setting.

6.3 Final remarks

The identification of the jacobian of X+ split(P) UP to isogeny as the new part

non-
of the jacobian of X:F',lit(p) still leaves open several questions and avenues of
exploration. One may ask what the kernel of this (minimal) isogeny is.
We have been mainly interested in Xl‘ltm_split(p), but our calculations also
show a similar result for the jacobian of X, ,on.spiit(p), namely, that it is isogenous
to the new part of the jacobian of Xyt(p). This follows from the fact that

¢z (0, t)[Xnon-splie(p)] = (e, ©)[ X oprie(P)] (6.14)
c;'(a, t) [XSPIit(P)] = ¢p(a, t)[X:;-;lit(p)]- (6.15)

This result could have been proved with less effort as I' = [non-split(p), Dsprie(p) is
the unit group of an order in M,(Q) so the modifications of the trace formula for
normaliser extensions of unit groups in 2.2.2 are not necessary. Also, implicit
in our calculations is an explicit trace formula for X (p?).

The modular curve X%, ...(p) does not seem to possess a Hecke operator
at p. It would be interesting to investigate this further as well as look into the
possibility of a twisting operator [AL70] for X[\ . (p).

Finally, one would hope that this description of the jacobian of X;,':m_split(p)
will help in the determination of its non-cuspidal rational points. Unfortunately,
the relation of jacobians implies that something very different is going on for
non-split Cartan modular curves. Indeed, since their jacobians are isogenous to
the new part of the jacobians of X (p?), their jacobians conjecturally do not

have any non-trivial quotients with finite Mordell-Weil group.
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