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1. Introduction

McFadden’s random utility model of multinomial choice and its subsequent modifications (cf. Berry and Haile, 2021 and Gandhi
and Nevo, 2021 for up-to-date surveys) have gained enormous popularity among applied economists. This paper is concerned with
the micro-theoretic underpinning of such models, and in particular, on the question of ‘integrability’, i.e. which choice probability
functions are logically consistent with a random utility model, in the tradition of Block and Marschak, 1960; Falmagne, 1978 and
McFadden and Richter, 1990. Apart from obvious theoretical interest, this question has practical implications for empirical modeling
of individual demand as well as predicting aggregate demand and welfare on counterfactual budget-sets that arise from a new tax or
subsidy or changes in choice-sets due to addition or elimination of choice-options. In particular, any utility distribution that rational-
izes a given demand dataset can be used, in addition to shape restrictions implied by economic theory, to construct nonparametric,
theory-consistent bounds on such counterfactuals.

There has been comparatively more work on integrability in empirical demand models with continuous goods, cf. Lewbel, 2001.
More recently, Dette et al., 2016 and Hausman and Newey, 2016 have derived integrability conditions for choice of a single continuous
good. The multinomial discrete choice case differs fundamentally from the single continuous good setting because the price of different
alternatives are generically distinct, unlike continuous choice where the per unit price is typically constant across choices.
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In the present paper, we first show that in multinomial choice settings that allow for nonparametric unobserved heterogeneity and
arbitrary income effects, there is a set of shape restrictions on conditional choice probability functions which together are sufficient
for integrability. The proof of this result is constructive, and the rationalizing utility functions are obtained by inverting solutions of a
system of linear, homogeneous partial differential equations (PDEs). The way in which PDEs arise here is unrelated to Roy’s Identity
(cf. Mas-Colell et al., 1995, Proposition 3.G.4); the partial derivatives appearing in the PDE are of the average demand function, not
the indirect utility function. Together with an additional restriction, the above conditions are then shown to be both necessary and
sufficient for the additive random utility model (ARUM) of McFadden. In our analysis of integrability, we leave the joint distribution
of unobserved heterogeneity terms nonparametric. Unlike the computationally intensive algorithmic approach of McFadden and
Richter, 1990, further investigated in Kitamura and Stoye, 2016 and Deb et al., 2021, our conditions are closed-form and analytical,
and can therefore be imposed on choice probability functions during estimation; they are also global, in the sense that their forms
do not depend on how many and which budget sets happen to be observed in a specific dataset. On the other hand, MR and KS’s
approach work under unrestricted heterogeneity, whereas our set-up is the model with additive heterogeneity but also covers more
flexible models like the widely-used random coefficient setting (e.g. mixed logit) which, conditional on observed covariates, have an
additive structure.

For binary choice with general (i.e. non-additive) heterogeneity, Bhattacharya, 2021 provided a set of necessary and sufficient
conditions for integrability. For more general multinomial choice, Daly and Zachary, 1978 provided a set of closed-form, global
conditions under which closed-form choice-probability functions can be justified as having arisen from preference maximization by
a heterogeneous population. Konning and Ridder, 2003 formalized these results and provided further clarifications. These conditions
were independently derived in Armstrong and Vickers, 2015, who improved upon the Daly-Zachary results by including an outside
option in the choice set. In all of these results, a key condition for integrability is a symmetry condition on choice probabilities.
As a corollary of our main result, we show that in the multinomial setting, Daly-Zachary’s symmetry condition is equivalent to the
absence of income effects, i.e. that conditional choice probabilities do not depend on the decision-makers’ income. The “necessity”
part is easy to show, but showing “sufficiency”, i.e. that symmetry implies absence of income effects is non-trivial. Fosgerau et al.,
2013 derived conditions for choice probabilities to be rationalizable by a random utility model that is additive in both unobserved
heterogeneity and income, i.e. essentially assuming quasi-linear preferences. In particular, they consider a set-up where utilities are of
the form U; = m; +€;, where m; is the deterministic part of utility and ¢; is the researcher-unobserved idiosyncratic component, and
derive conditions on the relationship between choice probabilities and the m;’s that are sufficient for integrability. Our integrability
results may be viewed as a generalization of the Fosgerau et al. result to a set-up where utilities are of the form U; = h; (m j) +¢;
where h; (-)’s are unknown sub-utility functions. Further, we show how these integrability results can be used to nonparametrically
identify the underlying preference distributions (i.e. the functions 4, (-)’s and the joint distribution of the ¢;’s) from the empirical
choice-probabilities. A key restriction delivering this identification result — viz. invertibility of sub-utilities in the numeraire due to non-
satiation — is based on economic theory, as opposed to statistical assumptions. This is in the spirit of existing results on identification
of multinomial choice models, which rely on different assumptions, e.g. utilities being linearly separable in a covariate with large
support, cf. Matzkin, 1993. More recently, Allen and Rehbeck, 2019 consider multinomial models with additive heterogeneity, and
show how to identify the deterministic utility functions underlying the observed choice behavior; they do not separately show how
to obtain the distribution of unobserved heterogeneity. More importantly, Allen and Rehbeck, 2019 does not deal with integrability
issues, i.e. which choice probability functions are rationalizable by an additive random utility model, which is the main concern of the
present paper. An important distinguishing feature of our set-up is that the arguments of choice-probability functions, viz. price and
income, arise from budget constraints and they play important roles in the proof of integrability and the identification strategy via
shape-restrictions on the choice probability functions. This is in contrast to mathematical/statistical approaches to identification of
multinomial choice models (e.g. Matzkin, 1993; Lewbel, 2000; Fosgerau et al., 2013; Chernozhukov et al., 2019; Allen and Rehbeck,
2019) which treat the arguments of choice-probabilities in a more abstract way. From a purely methodological standpoint, achieving
nonparametric identification by solving PDEs appears to be novel in the discrete choice literature.

Next, we discuss the empirical usefulness of our results by showing how they can be used (a) to analyze random coefficient models
that are popular in applied work, e.g. McFadden-Train’s mixed logit or the BLP model, and (b) to calculate theory-consistent bounds
for demand and welfare on counterfactual budget sets, e.g. those resulting from prospective introduction of new taxes and subsidies,
price-changes due to mergers and potential changes in choice sets e.g. due to removal of alternatives. We are not aware of any result
in the literature that provides entirely nonparametric bounds for choice probabilities on counterfactual budget sets in multinomial
settings.

The plan for the rest of the paper is as follows. Section 2 discusses integrability for multinomial choice in presence of arbitrary and
unknown income effects, and presents Theorem 1, the key result of this paper, followed by a discussion of Daly-Zachary’s symmetry
condition and its connection with lack of income effects. Section 3 discusses four further points, viz. the implication of the integrability
result for nonparametric identification of preference distributions, incorporation of covariates into the analysis, the applicability of
these results to random coefficient models and using these results to calculate bounds on counterfactual choice probabilities. Section 4
concludes. A short appendix at the end presents two mathematical results on partial and ordinary differential equations that are used
in this paper, as well as proofs of the main results.

2. Set-up and key results

Consider a setting of multinomial choice, where the discrete alternatives are indexed by j =0, 1,..., J, individual income is y, price
of alternative j is p;; if alternative 0 refers to the outside option, i.e. not buying any of the alternatives, then p, = 0. The support of
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price and income are assumed to be R, XR, . Let the utility from consuming the jth alternative and a quantity z of the numeraire? be
given by W (z,e j) where W (-,e j) is not necessarily linear, and its functional form is unknown to the analyst, and ¢; is unobserved
heterogeneity in the consumer preferences. The consumer’s problem is max o, sy.. W; (z,e j), subject to the budget constraint
z <y—p;, where y is the consumer’s income, p; is the price of alternative j faced by the consumer. If W; ( € j) is strictly increasing
(i.e. non-satiation in the numeraire), then we can rewrite the consumer problem as max;co s} W; (a i€ j), where a; =y - p;,
ap = y3 A leading subcase of our set-up is the Additive Random Utility Model (ARUM), where WJ (a i, € j) =h 7 (a j) +¢j, with the
functions A (-) being strictly increasing.

Denote the probability of choosing alternative j € {0,...,J } ata= (ao, .a J) by g; (a). In words, if we randomly sample individuals
from the population, and offer the vector a to each sampled individual, then a fraction g, (a) will choose alternative j, in expectation.
For clarity of exposition, our analysis suppresses covariates other than price and income, since ‘integrability’ results involve price
and income effects on demand. One can add other covariates as additional arguments of choice probabilities in all our results. Also,
we first express all our results in terms of a; =y — p;, ay =y, instead of the standard p;’s and y. Here q, acts as the continuous
numeraire. Subsequently, we re-state our results in terms of choice probabilities reparametrized as functions of prices and income.
Lastly, throughout the paper, we will assume continuous differentiability of the choice probability function in prices and income to
sufficient orders and, to avoid repetitions, not include this separately each time among the conditions for our results.

Main Result: The key question in this paper is what restrictions on choice-probabilities are imposed by utility maximization in
the above setting of multinomial choice that allows for arbitrary and unknown income effects (corresponding to W (-,e j) being
nonlinear in the first argument). We now state and prove our main result, viz. that two shape-restrictions and an invariance condition
on the choice probability functions {q ; (~)}, Jj €{0,...,J} are necessary and sufficient for existence of a set of utility functions and a
joint distribution of unobserved heterogeneity, such that individual maximization of these utilities will produce {q ! (-)}, j€{0,...,J}
as the choice-probabilities. These three conditions are as follows:

Condition (C)
(i) For each j=0,1,...,J, and each a, ¢ ; (@) is strictly increasing in a I and strictly decreasing in a; for k # j and continuously
differentiable in each argument over R’+!;
(ii) %q ; (@) / %qm (a) depends only on a;, a,,, and is of the form
m j

0 0
qu (a)/d_aqu @=G, (GM) /Gj (aj)’

for some functions G, (), G, (-) > 0, for all j # m.
0]

(iii) for each r =0,1,...J, the Jth order cross partial derivatives mqr

(a) exist, are continuous, and satisfy

J o’
=D dagday ...0a,_10a,,|...0ay q-(@)20.
Condition C(i), sometimes stated as good 0 being a gross substitute for every other good, corresponds to preferences being non-

satiated in the quantity of numeraire. Indeed, if choice probabilities are generated by the structure
(a)= 1< W.l(a;,e)> max W, (a,.€) ¢ dF (g), (€8}
9 @ / { /( J ) re{0,1,..J \{j} ( )} ©
%

where W, (,¢€) are strictly increasing and continuous, and their distributions sufficiently smooth (in particular, ‘ties’ occur with
probability zero), then condition C(i) must hold. Condition C(i) is the key shape-restriction we work with for both integrability
and identification results. For this, the meaning of the arguments of choice probabilities, viz. income and the different prices, are
important, unlike in more abstract discrete choice models like Matzkin, 1993 and Allen and Rehbeck, 2019, who are concerned solely
with identification, and therefore do not require arguments of the choice probability functions to have any substantive meaning or
for the functions to satisfy shape restrictions.

Condition C(iii) is related to the existence of a non-negative probability density function for unobserved heterogeneity. The
relationship will be clarified in the proof of Lemma 1 below. For models with parametrically specified heterogeneity distributions,
condition (iii) was previously used to recover underlying utility functions (cf. McFadden, 1978 just above Eqn. 12, and McFadden,
1981).

Condition C(ii) represents the fundamental empirical content of a preference distribution characterized by additive unobserved
heterogeneity (or one that is observationally equivalent to it). See the next subsection for how the additive heterogeneity model leads
to this condition. Note that Condition C(ii) has no relation with the Independence of Irrelevant Alternatives (IIA) property. Indeed,
the model above will not have the IIA property if the ;s are correlated across alternatives (i.e. across j), but it will continue to satisfy
(47), since uncorrelatedness of s was not used to derive (47).

2 It is natural to think of the numeraire as composite of all other goods, denominated in dollars. In particular, when a consumer chooses j = 0, i.e. the outside
option, then she spends all her income on consumption of other goods.

3 The support of the variables a ; are taken to be R, as income minus price can be negative. In particular, an individual consumer’s income can be low enough so
that one or more options cost more than this level of income. For example, a luxury car or vacation package can cost well above a fast-food worker’s salary.
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Under smoothness, an empirical implication of C(ii) is that

0

0 d .
a—ak {E‘Ij (a)/aTQm(a)} =0 for k # j,m,

J
02 F) 9

In{ =4, @/ - =0 for all j # m.
da;oa,, { ! (aamqj (a)/aaqu(a)>} orall j#m

The following result demonstrates that C(i)-C(iii) also constitute a sufficient condition for the choice probabilities to be generated
by a preference structure with additive unobserved heterogeneity.

Theorem 1. Assume that Conditions C(i), C(ii) and C(iii) hold. Then there exist strictly increasing, continuously differentiable utility functions
h; () : R—>R, and J dimensional unobserved heterogeneity ( Uy, U J) with strictly positive joint density on a support ¥ C R”, such that
forall j=0,1,..,J.

q; (ao,al,...,al) =Pr [nk#jl {hj (aj) +v; 2 hy, (ak) + Uk}] . 2)
Conditions C(i), C(ii) and C(iii) are also necessary for (2) to hold (proof in Appendix).

The proof of Theorem 1 will utilize the following lemma, whose proof appears in the Appendix. This lemma and its proof will be
referenced several times in the main text below. So we introduce it here for ease of reference.

Lemma 1. Suppose conditions C(i) and C(iii) are satisfied by the choice-probabilities {q ! (a)}. Additionally, it holds that (ii’) for any pair
of alternatives j # m and any a satisfying %qm (a) # 0, the ratio %q ;(@)/ %qm (a) does not depend on ay, for k & {m,j}, and has
i m j

uniformly bounded derivatives with respect to a,, and a;. Then there exist random variables V = (Vos Visoos Vit Vg 1 - Vi ) With support
VY C R’ and a joint distribution function F (-), and ‘utility’ functions w ; (a, v j) RXV; >R, such that w; ( v j) are strictly increasing

and continuous, w,, (am, v,) =a,, and

q; (ao,a],...,aJ) =/nk¢j1 {wj (aj,uj) > wy (ak,uk)}dF(v)
y

for each j =0,1,...J. Thus the utility functions {w f (a, v })} and heterogeneity distribution F rationalize the choice probabilities {q I (a)}
(proof in Appendix).

Further Points: Two further points are worth noting in the context of Theorem 1. Firstly, note that an additive heterogeneity
specification for utilities W; (a s €)=h ; (a j) +¢, which is shown below to be equivalent to Condition C(ii), implies an invariance of
choice ordering over alternatives across consumers. For example, if in a budget situation (a), individual i chooses alternative 1 and
individual k chooses alternative 2, then

hy (al) +e;>hy (az) + &y, hy (al) +e, <hy (az) + &y .
=€, — &> hy (az) —hy (‘11) > €1, — Eop-

Therefore, for any other budget set (b), it cannot be the case that

h, (bz) +ey > My (bl) +¢ey;.and hy (bl) +e1,>hy (b2) + &y

i.e. in no budget situation can it be the case that individual i chooses alternative 2 and individual k£ chooses alternative 1. Via its
equivalence with additive heterogeneity, condition C(ii) has therefore the same implication for choice. However, this implication
pertains to two individuals choosing in multiple choice situations, and, as such, does not restrict behavior in a single cross-sectional
setting.

Secondly, the utility function for each alternative j, viz. h ; (a j) +ej, constructed in the proof of Theorem 1, consists of a scalar het-
erogeneity ¢;. However, the individual demand function for alternative j, denoted by Q; (-,-) has J separate sources of heterogeneity,
ie.

Qj(a,V)=1{wj (aj.v;) > max (a,,u,)}

:Qj ap,ap,...ay, U1, Up,...,Ug
J dimensional heterogeneity

Thus, we have rationalized a (J + 1) dimensional choice probability function via a J-dimensional heterogeneity distribution.
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2.1. Motivation for C(ii) and Daly-Zachary’s Symmetry

To see where condition C(ii) comes from, suppose the utility from consuming the jth alternative and a quantity z of the numeraire
be given by h; (z) +¢;. The {e I }, which represent unobserved heterogeneity in preferences, are allowed to have any arbitrary and
unspecified joint distribution in the population (subject to the resulting choice probability functions being smooth). When £, (-) are
nonlinear, the conditional choice-probabilities will depend on income, i.e., there are non-zero income effects. Then it can be shown
by a series of steps (see Appendix, proof of Theorem 1) that

(a:)

aia[ q; (a) h; (al)

P
a0l (a) _h

~~

3

Condition (3) was independently derived in Allen and Rehbeck, 2019 for the purpose of identifying the functions h;{ (-), when the
additive structure for utilities A, (z) + ¢; is known to have produced the data. Daly-Zachary’s symmetry conditions are simply a special
case of (3), viz. that for any two alternatives k,/ € {0, 1,....J }, k # 1,4

)
0_alqk (a)= 94, q,(a). 4

Indeed, the classic random utility model of multinomial choice (McFadden, 1981) assumes that the systematic part of the utility from
consuming the jth alternative at income y and price p; is given by

h;(a;) =a;, (5)

where a; = y—p; as above. Income effects are zero since demand depends on the a’s via the differences a; —a, = (y - p;) — (y — py) =
Py — p;- Then (3) with A, (aj) =a;, ie. h;. (aj) =1 implies

i)
afh (a) B

2

=1, (6)
30 U @)

for all a. This shows that in the random utility model with no income effects, Daly-Zachary’s symmetry condition holds. In fact, in
the above set-up, symmetry implies absence of income effects. This can be shown simply as a special case of the steps, based on
solving linear homogeneous PDEs, as outlined in the proof of Lemma 1 in the Appendix. In particular, (32) in the proof of Lemma 1
specializes in this case to

J
0 0
g @+ ) -—g()=0, @
00, k=01 0ak
leading to the “characteristic” Ordinary Differential Equations:

dak

—=1Lk=0,..01-1,1+1,..,J, ®
da

with generic solutions a;, —a; =¢;, k=0,.... — 1,/ +1,..., J. This means that general solutions to (7) are of the form

g, (@)= H' (ao —a;,a;—a,....a;_ — a;,a;,1 — a;,...dy — a,) s )
where H'!(-) is any arbitrary continuously differentiable function. Thus ¢, (a) depends on the (J + 1)-dimensional argument
(ag.ay,a,,...ay) through a J-dimensional vector

(00 —a;,ay —a;,ay) —ap,....a_| —a;,a,, —4a,...a; — a,) .

That (9) is a solution to (7) can also be verified directly by partially differentiating the RHS of (9), and verifying that it satisfies (7).

Finally, note that

(ap—aj.ay—ay,.oai_ —aj, a1, — ay,...ay — a;)

4 Daly-Zachary defines choice probabilities as functions of price and income, g (po,pI s Dy y). This is equivalent to our notation of ¢; (ao,a1 s ...aJ) with a; =y,
a, =y —py,....,d; =y — py, in that one can move back and forth between the two notations, since
q; (a(,,a] s m,aj) =g; (ao —ay,ay — ay,...,ay — aJ) , and

G, (P1-P2s-sDs¥) =5 (.Y = P1sY = Py ¥ = Dy ) -

“Slutsky symmetry” in Daly-Zachary’s notation is that 0§, /dp; = dg;/dp, for all j # k (if alternative 0 is the outside option, then the corresponding condition is
04,/0p; = 9g;/dy), which is identical to (4) in our notation.
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= (PI,PI ~P1ssP1 = P1-15>P1 — Pi415 Py —PJ) s

and so (9) implies that ¢, (a) does not depend on income. Since / is arbitrary, it follows that symmetry implies absence of income
effects.

2.2. Conditions in standard form

Above, we have expressed choice probabilities and the conditions for our results in terms of the a;s, as opposed to p;s and y, since
it is more natural to impose monotonicity of a function in its arguments, rather than on combination of derivatives with respect to
arguments. If choice probabilities are instead expressed in the standard form with income and prices as arguments, one has

qj (ao,LIl,A..,lZJ) = qj (ao,ao —ap,..., a4 —aJ)
=4, (y:p1,0s) =3, (00D 10)

Then the shape restrictions, i.e. condition C(i) become: for each j = 1,...J, 9g; (y,p) /0pj <0, 9g; (p.y) /0p, >0 for all k # j, and

Z,{=1 9g; (y,p) /0p; +0q (v, p) /0y <0forall j =1,...J. The forms of these expressions bear similarity to Slutsky inequality conditions
in standard, deterministic demand analysis for continuous goods. An important difference with the standard continuous case is that
our condition is

J

Y 0d; (3,p) /opy + 0, (3, p) /0y <O, an
k=1

in contrast to the standard case with J continuous goods, where the Slutsky negativity condition (cf. Varian, 1992 page 121) is

J
Y 04; (. /0pi + d; (.p) X G (3.p) /0y <O. (12)
k=1

The inequality (11) can be given an axiom of revealed preference type interpretation. To see this easily, let J =1 (i.e. a situation
of binary choice), and note that (11) is equivalent to

0 _
el (y+a,p +a)<0 (13)

for all a. This means that if both price and income rise by the same amount, then the fraction of consumers choosing 1 cannot increase.
This is because by choosing 1, every consumer would get exactly the same utility as buying 1 in the initial situation, but because
they have more income, choosing the 0 (not buying) option can give some consumers higher utility than when income was lower.
The same idea applies to the case where J > 2.

As for Condition C(ii), note from (10) that

aqj (ao,al,...,a

J
3 ) = Z 0g; (¥, p) /opy + 04, (y.p) /0y as
4 k=1

9q; (ag-ay,...ay)

=0q; (y.p) /op; for all k #0. 15)
da;

Therefore, Condition C(ii) becomes: (A) for all j =1,2,...,J,

1., 04; (. ) /9p, +0g; (7. p) /0y
9g, (y.p) /0p;

9q;(y,p)/0py

depends on (y,p) only via (y,y — p;), i.e. via (y,p;); and (B) for all j,k=1,2,...,J with j #k, 93 -p)/9p;

depends on (y, p) only via

(y=pey—p))-
Finally, condition C(iii) is: for all r=1,2,...,J,

J
¥ [ o
&l 9py [9py.-0p,_10p,1.-0p;

q,(»,p)| 0.

3. Implications and further points
3.1. Identification
Theorem 1 can be used to identify utilities and the heterogeneity distributions nonparametrically from choice-probabilities ob-

served in a dataset. Nonparametric identification of multinomial choice models (without any discussion of integrability) has been
studied previously in the econometric literature, cf. Matzkin, 1993, 2007. Since our proof of integrability presented in Theorem 1 is
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constructive, it provides an alternative and novel way to obtain identification by solving PDEs. Unlike Matzkin, 1993, our identifi-
cation strategy does not rely on identification-at-infinity type arguments nor on linear separability in a regressor with large support
(cf. Matzkin, 2007), and instead requires smoothness. Allen and Rehbeck, 2019 provided an alternative way to prove identification
using results from convex analysis.

Remark 1. We emphasize here that the integrability results presented above are the key contributions of our paper. The identification
analysis is presented as a corollary thereof, and shows that one can analyze the two problems in a theoretically unified way.

Specifically, our identification approach is as follows. Suppose that the choice-probabilities are generated by maximization of the
utilities u ;= {h ; (a j) +¢; }, j=0,...,J, where the utility functions A ; () are strictly increasing and continuous and hence invertible,
but otherwise unknown and the joint distribution of the &’s is unknown. Observe that an observationally equivalent utility structure

is where utility for the Oth alternative is a, and that for the jth alternative is hal h; (a j) +e;—€|=w; (a 5,0 j), in that these
——
vj
utilities will produce exactly the same choice probabilities as the {u f }s (note that the w j (a 5V j) are not necessarily additive in the
unobserved heterogeneity v j). In other words, we have to normalize the utilities {h i (a j) +eé; }, j=0,...,J for identification. Here,

we set wy (ag,vg) = ap and w j (a 50 j) to be strictly increasing in the numeraire a; and invertible in the v; for all j # 0. The goal

is to identify the functional forms w ; (a 5 U j) and the joint distribution of the v ;’s. We continue to assume that the functions g ; (@)
are smooth (have derivatives of required orders), and that the joint distribution of the v;’s admit a positive density on a connected
support.

Let a and ¢ ; (@) be as above. We can identify the w i (a 5V j) functions and the joint distribution of (vl, ) J) from the {q I (a)},

as follows. First, note that

90 @) =Pr (20 {a0 > w; (;,0;) }) =Pr [0 {v; <; (a;.90) }] (16)
where w; (aj,ao) denotes the inverse of w, (aj,uj) W.r.t. v; at aq (i.e. w; (aj,a)j (aj,ao)) = a;). Therefore,
d d
()_ajqo (a)= 0_ajwj (aj,ao) X F; (col (al,ao) s @ (aJ,aO)), a7

where F; (-) denotes the derivative of the joint distribution function of v w.r.t. its jth element. On the other hand,

q; (@) =Prw; (aj,uj) > ag, w; (aj,vj) > w, (al,vl),...wj (aj,vj) >wy (ay,vy)

=Pr[Uj > w; (aj,ao) ,U <@ (al,wj (aj,uj)) ,Uy <oy (aJ,wj (aj,vj))
o  or(apw(apey)  op(agwa; )
= / / / f(Ul,...,vJ)dUJ...dvldvj,
@;(aj.a0) e e

and therefore, by the chain-rule, the first fundamental theorem of calculus, and using w, (a @) (a s ay)) = ay, we have that

oy (a.a0) @y (ay.ap)

0 0
a_aoqj (a):—%wj (aj,ao)x / f(vl,...,UJ)dUJ...dvl
0
= —awj (aj,ao) X F; (‘01 (al,ao),...,wJ (aj,ao)) , (18)

and thus from (17) and (18), we have that

dw . 0w ; iy
_90y (apa0) 0o, (ay.00) =2 g @/ L. 19
J

da, oda; da,

The RHS of (19) is nonparametrically identifiable from the data, and under the hypothesis of the model, is solely a function of a;, and
aj, which is a testable implication.® If this implication is not rejected, denote the RHS of (19) as ¢ ; (a s ao). Then solve the PDE

da)j (aj,ao) N 6wj (aj,ao)

da, da;

tjo (a).a9) =0,

5 Allan and Rehbeck, 2019 note that this provides overidentifying restrictions for utility indices.
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uniquely for the w ! (-,-)’s as outlined in the proof of Lemma 1 in the Appendix (see in particular (33) and (34)), where @ ! (a s ao) is
strictly increasing in a, and strictly decreasing in a;, and obtain the w; (a 50 j) by inverting the solution w; (a s ao)’s w.r.t. g, and
the joint distribution of v using (16). Thus the values of w; (a 5V j) and the joint distribution of {U j}’s are point-identified at those
{U j}s that equal w; (a j,ao) for some a;, a, in the support of the a;’s. In particular, if the support A of the a;’s is rich enough that

qy (a) takes all values in [0, 1] on .4, we can define the support of the v’s as

V={w (a,ap),...0(as,ay) : (ag.a,,..a;) € A}

and by (16), the values of w I (a 5 U j) and the joint distribution of {v j}’s are point-identified on all of V.

The route to identification outlined here can be challenging to implement fully nonparametrically in a finite dataset, as it involves
estimating partial derivatives and numerically solving PDEs. This may be viewed as the cost of eschewing alternative routes to
identification such as utilizing a special regressor with large support and/or using identification-at-infinity type methods.

3.2. Incorporating covariates

In our discussion above, choice probabilities ¢ 5 () defined in Section 2, correspond to so-called “average structural function”, cf.
Blundell and Powell, 2003, in the sense that the integral in (1) is with respect to the marginal distribution of unobserved heterogeneity,
rather than the distribution conditional on price and income. Estimating these from a non-experimental dataset might be non-trivial
when observed budget sets (i.e. price and/or income) are correlated with unobserved individual preferences across the cross-section
of consumers. A common empirical assumption is that budget sets and preferences are independent, conditional on a set of observed
covariates. Hence it is useful to see how to adapt the above results to the presence of covariates.

Suppose in addition to price and income, we also observe a vector of characteristics z; for each alternative j =1,...,J, and a set

J
of individual specific covariates x. Assume that the choice-probabilities are generated by maximization of the utilities

Uy = {ho (ao,x) +£0}, u; = {hj (aj,zj,x) +ej},j =1,..,J, (20)

where h(a,x) and each h i (a, z j,x) are strictly increasing and continuous in a, and hence invertible. Then an observationally

equivalent utility structure is where utility for the Oth alternative is a, and that for the jth alternative is

hy'|h; (a;

0 i J,Zj,X)+£j—60,X = w; (aj,zj,x,uj), 21)

——
Yj

which is in general not linear or separable in v;. Working off this normalization, and essentially repeating the same steps as above

holding z g and x fixed, lead to the conclusion that for each z g and x,

ow; (a;,ay,z:,x) Oow;(a; ay,z;,x
_ /(/ 0>%j )/ 1(1 0>%j )ELQj(a7z’x)/£q0(aazax)~ (22)
J

da, da; da,

The RHS of (22) is observable from the data, and for each fixed z X, 18 solely a function of g, a i which is a testable implication. If
this implication is not rejected, denote the RHS of (22) as ¢ f (a 5 A5 Z s x), just as above. Then for each fixed z;, solve the PDE

aa)j (aj,ao,zj,x) N da)j (aj,ao,zj,x)

day da, t; (aj.09,2;,%) =0,

to obtain the @ ; (a a0, 2, x), invert w.r.t. g, to obtain the utilities w g (a 5 V)5 Zjs x) and the joint distribution of v using the analog
of (38), where we utilize the inverse of w j (a 55005 25 x) w.r.t a;, analogous to (37). If even conditional on covariates, independence
of preferences and budget sets is suspect, then one needs to employ either a ‘control function’ type strategy (cf. Blundell and Powell,
2004; Imbens and Newey, 2009) or impose a ‘special regressor’ type structure (Lewbel, 2000) to estimate the average structural

functions which, in our context, are the structural choice-probabilities ¢ 5 () defined in (1).
3.3. Empirical implications: bounds on counterfactuals

A key empirical implication of our results is that they can be used to obtain bounds for predicted demand on counterfactual budget
sets. We demonstrate how to construct such bounds in the two leading cases of interest, viz. price changes and elimination/addition
of alternatives.

Price Changes: Denote the support of observed price and income in the data by .4 (a discrete set), and suppose we have to predict
demand for alternative 1 at a counterfactual a’ = (a{), a’l R a’J) & A. Such counterfactual budget sets may arise due to potential price
changes, e.g. those caused by taxes and subsidies or firm-mergers. To predict this counterfactual demand, let A; denote the set of
values of a;’s that appear in A, and A ;;, denote the collection of values taken by the pairs {a Ak }, J # k that appear in .A4. Condition
(i) of Theorem 1 yields the following bounds:
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LB, (a') =sup {q; @) : &) <a,, o <a) forall k) }
acA
UB,; (a’) =;ng4{4, (a): a; 2a;, a Za;c for all k;éj}, 23)

These bounds in turn will provide bounds for welfare calculations corresponding to changes in prices (cf. Bhattacharya, 2018). The
lower bound in (23) can be calculated by (i) selecting those observations for which &’ < a ] and g; < a;( for all k # j, a one-line
command in STATA, (ii) then calculating (nonparametrically) the choice probabilities at the selected a’s, and (iii) picking the largest
of them. Analogously for the upper bound. Manski, 2007 derives bounds on counterfactual choice probabilities using McFadden-
Richter, 1990 type inequalities, while Tebaldi et al., 2023 provide an empirical application of such bounds under the assumption of
quasilinear utilities.

To get simultaneous bounds on {q ! (a’ ) }, j=0,...,J, we have to impose the constraint that the sum of lower bounds and the sum

of upper bounds over j =0, 1,...J must equal 1. This amounts to finding the set of § I (a’ ), j=0,...,J such that
J
LB (a') <q; (') <UB; (2), X g, (a') =1, (24)

where LB I (a’ ) and UB J (a’ ), defined in (23), are point-identified and satisfy the shape restrictions of Theorem 1 (i). Note that
(24) is a set of linear equality/inequality constraints in §; (a/ ) and can be computed using simplex methods. Molinari, 2020 dis-
cusses several substantive econometric problems that have such linear structure. The bounds (24) on demand in turn provide bounds
for money-metric welfare effects corresponding to changes in prices of the products, or addition and elimination of options, since
welfare expressions for such cases e.g. the average compensating variation, are closed-form functionals of choice probabilities, cf.
Bhattacharya, 2018. The bounds in (24) are sharp because the choice probabilities {q ;@)U (a’ ) }j=0,m ;on AU {a’ } where §; (a’ )
satisfies (24), satisfy the shape-restrictions of Lemma 1, and can therefore be rationalized by the same ﬁtility functions and hetero-

condition C(i) that has any empirical content for demand on AU {a’ }.6 This argument is identical to Bhattacharya, 2021 Proposition
1.

Remark 2. Allen and Rehbeck, 2019 derive bounds for {g; (a") } when a’ ¢ A by assuming the additive structure w; (a;,v;) =

Jj=0,...J J

J
heterogeneity are parametrically specified, and the values of these parameters are known from the observed choice probabilities. In
contrast, the bounds in (24) do not require such parametric restrictions on the utility indices w ; ().

w; (a j) +v; and also assuming that w; (a; ) is known even if a’ ¢ A. This is possible if w ; () and the joint distribution of unobserved

Change in Choice Sets: From an initial situation described by the set-up, suppose alternative J is eliminated from the choice-set.

Then the choice probability g; (a\ {J}) of alternative j € {0,1,2,...,J — 1} can be obtained as follows. First the utilities w; (a 5V j)

and the joint distribution F, (Ul, LUy, J) are obtained by applying Lemma 1 to the original choice probabilities when the entire
choice set was available. Then the joint distribution F,_| (vy,..vy_1) is obtained as

lim F, (vy,0s,....,0;_1,0
iy v(l 2 -1 J)

Finally, the choice probability g, (a\ {J}) of alternative j € {0,1,2,...,J — 1} is obtained as

J-1
// H l{wj (aj,uj) > wy (“k’Uk)}dFv,J (v,0521)- (25)
o k0K

If gy (a) does not take values in all of [0, 1] on the support of the a’s, then the joint distribution of the v’s is identified on a subset of
its support (where the CDF remains bounded away from 0 and/or 1), then one can obtain a lower bound for (25) by integrating over
that smaller subset. i.e. draw v’s from the identified part of the distribution, for each such draw compute 1 {w ; (a 5 U j) > wy ( ay, Uk) }
for all k # j, and then average over many draws.

3.4. Random coefficient models

The scope of our main result extends beyond models with additive heterogeneity, and covers the more general specification
of ‘random coefficients’ for individual preferences which is popular in empirical IO, e.g. the mixed logit model of McFadden and
Train, 2000 or BLP, 1996. In fact, McFadden and Train, 2000 show that essentially all choice probability functions generated via
utility maximization can be approximated arbitrarily well by an appropriately defined mixed multinomial logit model. Such random

6 Conditions C(ii) and C(iii) arise from the additive unobserved heterogeneity. The additivity implies rank invariance, as explained under “Further Points” following
Lemma 1, above. As such, it adds no restriction on behavior in a single cross section. Further, C(ii) and C(iii) restrict local behavior, related to smoothness of the choice
probability function, and as such, have no implication for demand prediction for an isolated, counterfactual budget set.
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coefficient models posit that utility from an alternative is a linear index of its characteristics, where the coefficients in the index are
individual specific. Specifically, utility of the ith individual from choosing the jth alternative is given by

K

Ujj =m0+ Z ZjiMie + MipU (yi _pj) ’
k=1

wherez; = {z 15 2K }j: ...y Tepresents a vector of K observed characteristics of alternative j, and (n; 105 it s MiK > M p) is arandom
coefficient vector where 7, > 0 with probability 1 (reflecting non-satiation in the quantity of numeraire), and U (-) is a potentially

nonlinear, unknown sub-utility function.” Then

U; >Uy
K K
S Mijot Z Zjphi + iU (yi - Pj) > Mo + Z 2y i + iU (yi - Pl)
k=1 k=1
Nijo < 7 7 a n
ij ik il0 ik
@U(yi—pj)+—+2zjkL>U(y,«—p,)+'—+Zz1k;
Mip 2 Mip Hip 4= Hip
——— [ —
€ji(z) ei(2)
which amounts to choice based on the utility functions U ( yi—D j) +ej (2 j). Therefore, for each realization of z = {z g }j=l  » the
conditions and thus conclusions of Theorem 1 hold; the only difference is that the choice probabilities appearing in the statement

of the theorem will have to be defined conditional on z = {z g }j=1 ;- Similarly, the identification argument of Sec 4.1 will work

conditional on z, implying that the joint distribution of {s ji (z j) }, j=1,...,J is exactly identified® while U (-) may be over-identified.
For example, one would expect the characteristics of alternatives viz. z to remain identical across consumers in a single market (e.g.
the frequency of various modes of public transport are likely to be identical across individuals in the same locality). Then the
q; (;z)’s and their partial derivatives are identified via the variation in income y, and hence ingy=yand a; =y—p; for j=1,...J,
across individuals in the same market and, additionally, any variation in price within and across markets with the same observed
z’s. Applying the identification argument outlined in Section 3.1, one obtains the distribution of {e i (z j)}, j=1,...,J conditional
on each realization of z and the utility indices. These objects will yield bounds on choice probabilities when the budget set takes
counterfactual values due to potential policy interventions, by applying (23) or (24) conditional on the z’s.

Note further that knowledge of the distribution of the (suitably normalized) #’s will allow one to bound choice probabilities
when not only the budget set but also covariates take counterfactual values. If the number of markets is large, the distribution of random
coefficients is identical in each market, and there is sufficient independent variation of the z’s across markets, then one can identify
the distribution of the normalized #s from the distribution of the ¢; (z j)’s by using the Cramer-Wold theorem (cf. Billingsley 1995,
Theorem 29.4, Beran and Hall, 1992). To see this, let the value of z ; in market m be denoted by z;.", and denote ¢ ji (zj) = yl.’z;",
where z}" is observed, and the object of interest is the distribution of the unobserved random coefficients y which are the normalized
values of the #’s. Then, using Lemma 1, we obtain the joint distribution of (y’ zf', .., y' z?) in market m, and therefore the marginal of
y’z'l". Doing this in each market gives us the marginal distribution of each of the projections {y’z'l" }, m=1,..., M. Now applying the
approach of Beran and Hall, 1992 as M — oo identifies the distribution of y under appropriate regularity conditions. The precision

of the corresponding estimator can be increased by using information on all J alternatives, i.e. {y’ z;." } m=1,..M,j=12..J.

We conclude this subsection with the observation that Lemma 1 also applies to more general models e.g. where utilities are given
by

Uiy =nipU (v = pj2;) +5i (), (26)

where Nip > 0 with probability 1, and the unobserved & it (z j) is not necessarily linear in z e Condition (ii) of Theorem 1, conditional
on observed covariates, is therefore a testable implication of all such models.

4. Conclusion

This paper provides a unified analysis of integrability and identification in multinomial discrete choice models. It establishes
closed-form shape-restrictions on choice-probability functions, under which multinomial choice probabilities can be rationalized via
random utility models. These conditions are shown to be necessary and sufficient for the additive random utility model of McFadden.
Our results apply equally to random coefficient models like mixed logit — widely used in IO applications — because conditional
on observed characteristics, these are observationally equivalent to models with additive heterogeneity. Our theoretical results are
obtained via application of the classical theory of partial differential equations, whose use in economics and econometrics is relatively

7 If U (-) is linear, then income drops out of choice probabilities, which is a strong and testable restriction.
8 Fox, 2021 derives identification results for distribution of random coefficients in multinomial choice models, in presence of a covariate with large support. Our
condition C(iii) can be thought of as an alternative to the large support assumption which also delivers identification.

10
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novel. The key empirical implications of our results are that they lead to (a) nonparametric identification of random utility models
using economic theory as opposed to statistical assumptions, (b) specification of multinomial choice models in applied work that is
consistent with economic theory while allowing for nonparametric utility functions, unobserved heterogeneity and income-effects,
and (c) calculation of theory-consistent nonparametric bounds for demand and welfare on counterfactual budget sets, e.g. those
arising from price change (say, due to a tax or subsidy, firm-mergers etc.) and changes in the number of available alternatives.

5. Appendix

We state two basic results from the theory of partial and ordinary differential equations that are used to prove Lemma 1. We will
use the notation C! to indicate a function that is once continuously differentiable.

Result 1 (cf. Zachmanglou and Thoe 1986 Theorem 4.1): Consider the linear homogeneous PDE

J
7]
Y02 o, @7)
j=1 Xj

wherex R/, g (1) are C ! functions from R” to R, and do not vanish simultaneously on a domain Q, with g (x) = 1. Then a general
solution to (27) is given by

e ) =¢ (hy (X),..hy (%)), (28)

where ¢ (-) is any arbitrary C' function, and for j = 2,...J, the functions A ; () satisfy that h 5 (x)=c;, where ¢ ;§ are constants are
general solutions to the ordinary differential equations
ﬁ: dX2 - = de ) (29)
I &K g (X

Discussions: The ODE (29) are known as the “characteristic equations” of the linear PDE (27), and existence of a solution to the
PDE (27) amounts to existence of a solution of the ODE (29), cf. Courant, 1962, Chapter 1.5, I1.2 and Zachmanglou and Thoe 1986
Theorem 4.1. In (28), ¢ (-) can be chosen to be strictly increasing in both arguments. A unique choice of ¢(-) is pinned down by
boundary conditions; in our application, these amount to equating ¢ (h2 (x),...hy (X)) to observed choice probability functions. For
a geometric idea behind this method of solving PDEs, we refer the reader to Courant and Hilbert 1962, page 30.

The second result states the Picard-Lindelof theorem that establishes conditions for existence of a unique solution to a first-order
ODE such as the characteristic ODEs (29). See, for example, Coddington, 1961, Chapter 5.8, Corollary 1.

Result 2 (Picard-Lindel6f Theorem): Suppose that a function g : R X R — R is continuous and Lipschitz on R. Then the ordinary
differential equation n’ (x) = g (x, n(x)) with initial condition n (xo) = ng has a unique solution n(-) : R — R on any interval I containing
X, with n(-) being C'.

Discussion: This result is proved by showing that under the assumptions of the lemma, the map n(-) : - fx’; g(s,n(s))ds for any

arbitrary x is a contraction, thereby ensuring, via the Banach fixed point theorem, the existence of n (-) satisfying

X

n(x):n(x0)+/g(s,n(s))ds.

X0

Example: As a closed-form example of the above method, consider the PDE

=0.

00'(x1,x2,x3) do (xl,xz,x3) 06(x1,x2,x3)
+ X, + X3
0x 0x, 0x3
The characteristic curve (29) will satisfy the ODEs
dx; _dx, dx;

1 X, x3
valentl dx, dxs
or, equivalently, — =x,, — =x
q Y, dX] 2 dxl 3>

implying general solutions of the form

c (xl,xz,x3) =¢|x; —In (xz), x;—In (x3) ,
——
hy (%) h3(x)

for any arbitrary smooth ¢ (,-).

Proof of Lemma 1

11
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Proof. WLOG take m =0, and use condition (ii’) of the Lemma to define
tio (av,ao)Eiqz(a)/qu(a)>0, (30)
SR day da;

where the positivity is a consequence of condition C(i).
Now, because Z{:o g;(@=1, differentiating both sides w.r.t. a,, gives

J
d 0
—_— —q; =0. 31
0aoqo(a)+; 709 @ 31

Substituting (30) in (31), we get the linear, homogeneous, partial differential equation in g (-):

J
d 9
a—%qo(a)+;aT‘jqo(a)xtj0 (aj.a9) =0, (32)

which is exactly of the form (27), with x = (ao,al, ...,aJ), g (X)=t; (aj, ao) Jj=0,...J and ¢, (a) = 6 ().
Therefore, this PDE can be solved via the method of characteristics (see Result 1 above), giving the characteristic Ordinary
Differential Equations:

da;

d_aO:zjo (aj,ao), (33)
for j =1,..,J. Using the Picard-Lindeldf theorem (Result 2 above), we obtain the general solutions of the ODE (33) given by
; (a;,ay) =constant,” where ; (a;.,ay) is differentiable, and satisfies

dw; (aj,ao) . ow; (aj,ao)

oa, da;

10 (aj.a9) =0. B4

w;(a;,aq ow;(a;,a .
% / % < 0 and therefore, we can choose a solution

P
Recall that C(i) implies 7, (a j,ao) > 0, so from (34), we have that -
J
; (a s ao) that is strictly increasing in a, and strictly decreasing in a; while satisfying (34).
A general solution ¢, (a) is therefore of the form
g0 (@) = Hy (@) (ay,a0) @, (a3, a0) .0y (ag,a9)), (35)

where H (-) can be chosen to be strictly increasing and C' in each argument, with continuous Jth order cross partial derivatives
and taking values in [0, 1]. Since ¢, (a) is observed, the exact functional form of H, (-) is pinned down by (35), for any set of solutions
®; (-,-) to the ODEs (33). This corresponds to the so-called “initial condition” in the PDE nomenclature. In particular, given any a,
the value of Hy (x,,x,,...x;) at any vector (x,x,,...xs) is given by

H, (x,,xz, ...xJ) =q (ao,b] (x],ao) ,..by (x,,ao)) s (36)
where b i (x s ao) is defined by the solution b to

w; (b.ay) =x; (37)
In this construction, the choice of a, is immaterial. That is, for two choices a, # a6,

qo (ao,b] (xl,ao) ,..by (xJ,aO))

=H, (a)l (bl (xl,ao) ,ao) , ) <b2 (xz,ao) ,ao) s @) (bJ (x,,ao) ,ao)) from (35)

=H, (xl,xz,..,xj)

from (36)

=T H () (by (x1,05) @) @3 (by (x0.0)) ah) sy (b (.p) )

from (35)

= "¢ (aé),bl (xl,aé)),...bl (xJ,a{))). (38)
Having obtained the ; (-, -)’s from (33) and (35), let 17j denote the co-domain of ; () (i.e. the set of images of ; (-,+) as the

arguments of w ; (+,+) vary over their support) and for each j=1,...J and v € 1_7j, construct the function w J (a 5 U j) by inversion, i.e.

wj (a;,0;) ={ag : @; (aj,a9) = v;}, (39)

9 As a clarifying example, the ODE :—i = 2x has the solution y = x? + const, or equivalently, @ (x, y) = y — x*> =constant.

12
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which is well-defined by the inverse function theorem as w; (a s ao) is invertible in its second argument. Note that by construction,
w; (a 50 j) is strictly increasing and continuous in a;. The w; (-.-)’s will play the role of ‘utilities’ in our proof of integrability. Set

wy (ag, vy) = aq.
We now show how to construct the distribution of heterogeneity. Let

J

- d d
Vj =vj n{ o; (aj,ao) : H{a—a()wj (aj,ao) X awj (aj,ao)} #0 >,
J

j=1

and let V = XI{= lvj. Now, given any vector v = (Ul, v U J) €V, define the cumulative distribution function at ve V as

F(v1,.05) =4qq (ag,ay,nay), (40)

where the vector (ao,al,...,al) satisfies v, =w; (aj,ao), for each j =1,...J. It follows from (35) and (38) that this function is well-
defined. The above CDF implies the density function f : ¥V — R*:

f (Ul,...,UJ)
FU
3a;..0a, 10 (‘10’ a1 ""aJ) |u,-:w, (aj.a), j=1...0
= 7 (41)

Hia)- (a- aq ) |
. laaj i (4> 8o uj=wj(aj,a0),j=l,.“.l
j=

o/-1

S A A, o4 qO (a0>als -»a .l) | o= ( . ) i=1....J
daj...0a;_10a .da 0a vi=w;laj.ag), j=1,...
_ o k—100)41--0ay day j=®j\4j ,foranyke{l,...,J}

| |_a a)-(a- a )|
aa; Vi \%p> 0 vj=mj(aj,a0),j=1,mj
j=1

dwk(ak,ao)
L S P _ % x L g, (ap.ay,...ay)
daj...0ay_10ay,...0ay ooy (ag.ap) day kR0 1o B
dag
——
does not depend on aj...ax_.a54...ay vi=w:(a:.a
i=w;(a;a
= ~ =i (e ),from (19)
J
H@“’j (a.a9)
Jj=1 vj=w; (aj,ao),j=|,4...]
anl
9a; aak | Oags;0ay @aoqk <a0’”1""’al)|u,:w,(aj,a0),j=1,4.41
dao
XH{; )lv =w; (aj ay), j=1...J
dak
o 94 (apap.ay)]
__ 9ay..0a4_1 0y .00y 3aoqk 04 A7) lvy=w;(a;.a0), j=1.-.d 42)
2 o (ay.a H ag) | .
dag Wy \ Ay, O da j» %0 Uj:(l)/(aj,ao),j:l,m.]
J=1.j#k

.. ceey o . J J . . 0 0
Condition C(iii) implies (—1)’ x d”/ g (ay, ...,a;)/day...day is non-negative and P (aj.a9) <0, and 3o @i (aj.ay) >0 on P, each
of the above expressions has numerator and denominator of the same sign, and is thus non-negative.

We now show that the above construction of w g (+,-) (cf. (39)) and the joint density of heterogeneity (38) and (42) will indeed
produce the original choice probabilities. To see this for alternative 1, consider the integral

/1 {wl (aj,vy) >, max | wg (ak,vk)}f (01,0250 ) duy..dvy
J

=/1 [Ul > w (al,ao) sNkeqa,..0y1 {Uk <y (ak,wl (al,vl))}] f (01,02,...,vl)dul...va
%

Consider the substitution (vy,v,,..05) = (x1,%;,...x;) given by v; =, (a;,x;) (so that x; = w, (a;,v,)), and for k =2,...,J
v = wy, (x;, x| ), which transforms the above integral to

13
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® oo f al,xl , Wy (xz,xl),..,a)J (xJ,xl))
J
/ ()(ul ay.x)) XH()w/(xj,xl) dxjy..dxydx,
0x ox;
ap 4 k=2
© 0o f al,xl),wz (xz,xl)...,coj (xj,xl))
J
:// / X( 1)] 1 dwll()al,xl) XHd(l)jng,xl) dXJ...dXdel
ay ap ay *1 k=2 xj

—(=1y"'x // /{ ax1ax2 S a1 (x1,ap, %3, .. )}de...dxzdxl,by(42)

ay ap ay

=1’ x // /{dxlaxz 0xJ q1 (x1,a1,%p,..x )}dxj‘..dxzdxl

ap ap ay

aJ
:///{mql (Xl,al,Xz,...XJ)}dXJ...dXZdXI

=q (ao,al,az,...al). (43)

Exactly analogous steps for j =2,...J, and using (42), lead to the conclusion that for all j > 1,

/1 {wj (aj.v;) > N, L (ak,vk)}f (01,09, .0) dvy...dvy

=q; (ag.ay,ay,...a5).

Also, note that

/1 {aozk ngf”wk (ak,vk)}f(Ul,uz,.,.,vl)dvl,..dUJ

wl(al ﬂo w.l(aj ao)

/ / f (v, 09, .05) doy..dv,
0

substitute v; — x; satisfying v; = w; (x;,4)
ow; (x),ay) dwy (x;,ay)

=//.../f(601 (x1,a0) @y (x,a0)) ox, 0x;

© 00 [ s , 9 ’
// /( D’ Xf(a)l (xl,ao) (xj,ao)) @ (xl ao)... @7 (xJ ao) dxj..dx

0x dxy

dxj..dx

a; a ay

ay
aJ
/ 7&(1]...00” qo (ao,al,...(xj) |a|:x|,..4a_,:xl dxj...dx,, by (41)
[se]

=4, (ao,al, ...a,) .
Thus we have shown that a population endowed with our constructed w; ( U j) as utilities, together with the joint density of
heterogeneity given by (38) would indeed produce the choice probabilities {qj G, )} foreach j=0,1,..J. [

Proof of Theorem 1

Proof. Necessity: Observe that the choice probability for the Oth alternative is given by
qp (@)
=Pr (njz0 {ho (a0) +€0> h; (a;) +¢;})

=Pr 40 {ho (a0) = h; (a;) > ¢; —&o}]
oo (ho(ag)=hy(ar))+eo  (ho(ao)~hy(as))+eo

= / / / g(e) Hds (44)

—00 —00 —00

14
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Therefore, by the first fundamental theorem of calculus and chain-rule,

0
a—ll)o (@)
€0 €0
+ho(ag)  +ho(ao)
o —hy(az) —hy(ay) 7
_h' al / / / g eo,ho (ao) —hy (al) +60,52,...6J) Hdsj. (45)
e =
J#1
Similarly,
£) 3
+hy(ar)  +hy(ar)
oof —ho(a0) —hy(as) 7
Q (a)=/ / / g (@ [ ]ae; |z,
—o0 - - 5:(])
implying by the first fundamental theorem and chain-rule that
0
a—aoih (a)
hy (a] ) hy (al)
) —hz(a2)+51 —h,(a_,)+51 ( ) < )
__p hy(ay) —ho(ag) £y,
=—h (ao) / / / g ( €1 nsent) dey..deyde (46)
so+ho (ag)

o —hy(ay)  so+hg(ag)~hy(ay)

m
= —h6 (ao)/ / g(so,so—h] (a]) + hy (ao),52,...£J)d£J...dszds0

=
<
—

)
(=)
N
S

W ( )0_a|qo (a), using (45),

1
where the second equality 2 follows by substituting so =k, (a,) — hg (ag) + €, in (46). The same argument can be repeated for any
other pair of alternatives / # k, to obtain

=

g ® K (o) 47)
Za@ A (@)

for all a, and it is clear that the RHS of (47) has the same form as stated in condition C(ii). Next, Condition C(i) follows from the fact
that

q; (ao,al,..., =Pr [mk#jl{h +v > hy (ak)+uk}]

=Pr [N 1 {v; = v 2 Iy (a) = h; () }]
where the functions 4, (-) are strictly increasing, and v; — v, have a continuous joint density. Finally, C(iii) holds because
aJ
dayoa,...0a,_y0a,,,...0a;
aJ
- dayoa,...0a,_i0a,,...0a;

q,(a)

(Pr [Nz 1 {0, = 1y (@) + B, (a,) 2 0 }])

0 Up—hy a0)+h, ) v,—h,(a_,)+h,(a,)

o’
U1 Uy) |dvy.dvgd
~ Gagoa,...0a,_;0a,,,.0a, / / / I (09 01505) |dvgdvgdv,

—00

=1 (v, = ho () +hy (a,) s 00, — by (ag) + y (a,)) X (=1 < [] 2} (@) »
k#r
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where the first term denotes the joint density of (UO, ) J) evaluated at the arguments specified, and the last product term is non-
negative because the h; (-)’s are strictly increasing and continuously differentiable.

Sufficiency: WLOG take m =0, and let G, (a;) and G, (ag) be the primitive integrals of G; (a;) and G (ay), i.e. %GJ» (a;) =
J

J

derivatives. Then, by exactly analogous steps that led to (35) in the proof of Lemma 1, we have that condition (ii) of Theorem 1, viz.
] 0 .

0 (a) /aqum (@) =G, (a,) /G, (a;) has a general solution of the form

q@=H (G, (a)) = Gy (ag) .-Gy (ay) = Gy (ag)) s

where H () is an arbitrary smooth function mapping R’ — [0, 1]. In particular, we can take H (-) to be nondecreasing in each
argument, and we have that G (), j=0,...,J are strictly increasing and continuous. Following exactly analogous steps to the proof
of Lemma 1, we get that g, (a) is rationalized by the utility functions w (ao,n) = ay, w; (a j,n) = Ga 1 (G g (a j) -0 j), with the CDF

G, (a;) and ddToG_O (ag) = Gg (ay); note that G; (a;) and G, (ap) are strictly increasing and continuous since they have strictly positive

for the joint distribution of the unobserved heterogeneity # = ( Up,s U J) given by

Fn (U],Uz,...,UJ) =4y (ao,G_l_] (G_O (ao) + Ul) s G-;l (G-O (ﬂo) + UJ)) (48)
=H (vy,..,v5) (49)

Just as in (38), the choice of a; is immaterial here. Note further that the above model is observationally equivalent to one where

utilities are given by W, (ao,r,) =G, (ao), W, (aj,n) =G; (aj) - v;, j=1,..J, with the joint CDF of n = (v1,...,v;) still given by
(49). This is precisely the ARUM model. That these distributions imply

q; (@) =Pr[n;,; W; (ajJI) > W (ak,"l)]
forall j=0,...,J can be established following the exact same steps as in the proof of Lemma 1 above, with w; (a s ao) replaced by
G, (a;) = Gy (ag) everywhere. []
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