The Internal Structure of
Irreducible Continua

With a Focus on Local Connectedness and Monotone Maps

UNIVERSITY OF

OXFORD

David Harper
Merton College
University of Oxford

A thesis submitted for the degree of
Doctor of Philosophy

Trinity 2017



Acknowledgements

I am hugely grateful to Rolf Suabedissen for all the advice and encouragement
he has given me over the last three years. I would also like to thank Robin, Peter,
Rob and Max for making the department such an interesting place to work and for
providing so many good ideas and good conversations. Thanks also go to Heather,
Peter, Helen and Mark without whom I would never have been able to undertake a
DPhil in the first place. Most importantly, to my wife Hester, who has supported me

in every possible way during my studies, and to whom I dedicate this thesis.



Abstract

This thesis is an examination of the structure of irreducible continua, with a
particular emphasis on local connectedness and monotone maps. A continuum is
irreducible if there exist a pair of points such that no proper subcontinuum contains
both, with the arc being the most basic example. Being irreducible has a number
of interesting implications for a continuum, both locally and globally, and it is these
consequences we shall focus on.

As mentioned above, the arc is the most straightforward example of an irreducible
continuum. Indeed, an intuitive understanding of an irreducible continuum would be
that it is structured like an arc, with the points of irreducibility at either end joined
by a subspace with no loops or offshoots. In Chapter 2 we will see that for a certain
class of continua this intuition is well founded by constructing a monotone map from
an irreducible continuum onto an arc. This monotone map will preserve much of the
structure of our continuum and as such will provide an insight into that structure.

We will next examine a generalisation of irreducibility which considers finite sets
of points rather than just pairs. A number of classical results will be re-examined in
this light in Chapter 3. While the majority of these theorems will be shown to have
close parallels in higher finite and infinite irreducibility there will be several which do
not hold without further conditions on the continuum. Such anomalies will be par-
ticularly prevalent in continua which have indecomposable subcontinua dominating
their structure. In Chapter 4 monotone maps will be constructed for finitely irre-
ducible continua similar to the map to an arc mentioned previously. Chapters 7 and
8 will generalise irreducibility further to the infinite case and we will again construct

monotone maps preserving the structure of our continuum.
1

Along with the arc, another highly significant irreducible continuum is the sin -
continuum. Chapter 5 will focus on this continuum, which will be the basis for
a nested sequence of continua. A number of results concerning continuous images
of these continua will be presented before using the sequence of continua to define
an indecomposable continuum. This continuum will be investigated, and it will be
shown that the union of our nested continua form a composant of the indecomposable

continuum.



In Chapter 6 we will turn to the question of compactifications. If a space X is
connected then any metric compactification of X will be a continuum. This chapter
will answer the question of when a compactificaion is an irreducible continuum, with
the remainder of the compactification consisting of all of the irreducible points. A
list of properties will given such that a continuum has such a compactification if and
only if it has each property on the list. It will also be demonstrated that each of these
properties is independent of the others.

Finally, in Chapter 9 we will revisit the idea of structure-preserving monotone
maps, but this time in continua which are not irreducible. Motivated by the fibres of
the maps in previous chapters, we will introduce two categories of subcontinua of a
continuum X. The first will be nowhere dense subcontinua which are maximal with
this property and the second will be subcontinua about which X is locally connected
and which are minimal with this property. Continua in which every point lies in a
maximal nowhere dense subcontinuum will be examined, as well as spaces in which
every point lies in a unique minimal subcontinuum about which X is locally connected.
We will also look at the properties of monotone maps arising from partitions of X into
such subcontinua, and will prove that if every point of X lies in a maximal nowhere

dense subcontinuum then the resulting quotient space will be one dimensional.
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Chapter 1

Introduction

We will begin this thesis by studying a range of classic results in the field of continuum
theory and irreducibility. These results will give an overview of the subject and should
help familiarise the reader with a number of underlying concepts integral to the thesis.
Indeed, a number of the theorems presented here are so fundamental to the study of
irreducibility that later chapters would be unrecognisable without them, in particular
Theorem 1.1.7. These results will focus mainly on points of irreducibility and their
composants. The notation that will be used throughout this thesis will also be laid
out in this section.

In their paper, [BE77], Bennett and Fugate gave three definitions of subcontinua
which could be thought of as lying at the end of a decomposable continuum. All
three of these, but particularly end continua and E-continua, are abstractions of the
notion of a point of irreducibility to apply to subcontinua. Studying the irreducible
points of a continuum can provide valuable insight into the whole space, as well as
maps between continua, and the same is true of these analogous subcontinua. In this
section a number of definitions and classic theorems will be set out which explore the
interactions between these various types of subcontinua and their properties.

We will then briefly discuss monotone maps and quotient maps on continua.
Monotone maps will be central to much of the thesis and this section will include
some highly useful results that highlight the link between irreducibility and mono-
tone maps which motivates so much of the later chapters. Quotient maps are similarly
important as they can be used to reduce the complexity of a continuum while pre-
serving relevant properties and indeed the construction of a quotient map is the main
focus of Chapters 2, 3 and 4.

We will end this chapter by examining which pairs of connected topological spaces

can occur as the composant complements of a continuum. It will be proved that there



are no restrictions on continua, so any pair of continua can exist as E-continua of a

continuum.

1.1 Basic Definitions and Results

A continuum will be defined as a compact connected metric space. A decomposition
of a continuum X is a pair of proper subcontinua A, B such that X = AU B.
A continuum is decomposable if a decomposition of it exists, and indecomposable
otherwise. It is irreducible if there exist a pair of points p,q € X such that no proper
subcontinuum of X contains both points, in which case we write X = irr(p, ¢). Both
p and ¢ are called points of irreducibility of X. If no such pair of points exist then X

is called reducible. A Peano continuum is a continuum which is locally connected.

Definition 1.1.1. The composant of a point x € X is the set

k(x) == {y € X[X # irr(z,y)}

An equivalent definition is that x(z) is the union of all proper subcontinua containing
x. It is often the case that lots of points in X have the same composants, and as
such we will usually talk about the composants of a continuum. The composants of

a continuum are the set of all distinct composants of points in the continuum.

The complements of composants are as important as the composants themselves,

particularly in decomposable continua. As such we will use the following notation.

Definition 1.1.2. For a non-degenerate continuum X with X = irr(p, q) let

Ap) =X\ r(q)

and let
AX) ={X \ k(2)[z € X, k(z) # X}

be the set of non-trivial composant complements of X.

Our focus will be on the complements of composants in decomposable spaces. The
usual notation for a decomposition of a space X is to label the subcontinua as A and
B. We will later see that an irreducible, decomposable continuum has exactly two
non-empty composant complements, and in such a decomposition one will lie in A\ B
and one will lie in B\ A. Thus, they will usually be denoted by a and b, even though

they are subsets and not points in X.



Theorem 1.1.3. [Nad92, 5.4] Let X be a continuum and let U be a nonempty,
proper, open subset of X. If K is a component of U, then K NOU # (. Equivalently,
Kn(X\U)#0.

Theorem 1.1.4. [Nad92, 5.20] For all continua X and points x € X the composant

k(z) is connected and dense.

Proof. Since it is a union of connected sets which all intersect at x, x(z) must be

connected. Its closure is therefore a subcontinuum of X. Suppose that x(z) is not

dense, so there exists y € X \ x(x). Since X is regular there exists an open set U
with

rE)

x)
Let K be the component of x(x) in U. By Theorem 1.1.3 we have that K \ U is

non-empty, so K # k(x). As y is not a point of K we have that K is a proper

CUCUCX\{y}

subcontinuum of X containing x but is not contained in the composant of x. This is

a contradiction, and as such x(x) must be dense. ]
Theorem 1.1.5. [Nad92, 11.4] For all continua X and x € X, X \k(x) is connected.

While we know that the complement of a composant is connected, it may not be
a continuum. Theorems 1.1.7 and 1.1.8 will give us an easy counterexample, but first

a theorem giving a sufficient condition for compact complements of composants.

Theorem 1.1.6. [Nad92, 11.40] If X is a hereditarily decomposable continuum and
x € X is a point of irreducibility then \(x) is compact, and therefore a continuum.

Proof. Suppose X = irr(z, ') and consider A(z). This is a subcontinuum of X so it

is decomposable. If it is a singleton then the same must be true of \(x), so \(x) is

compact. Otherwise let A\(z) = AU B be a decomposition. As both A and B are
proper subcontinua of A(x) it must be that both intersect A(z) non-trivially. This
is because if, say, AN A(x) = ) then A\(z) C B and the same is true of the closure.
If A\(z) # A(z) then there exists a point y € A(z) N k(z'). Suppose without loss of
generality that y € A. Then there exists a proper subcontinuum X’ C X which
contains y and z’, so X' U A is a proper subcontinuum of X which intersects A(z) and

contains z’, which is a contradiction. Thus A(z) = A(z), meaning it is compact. [

The next theorem is a fundamental result in continuum theory, which will inform
much of what is to come. It categorises continua based on the number of composants,

and the subsequent theorems add more detail to what these composants will be.



Theorem 1.1.7. [Nad92, 11.6] A non-degenerate, decomposable, reducible continuum
has precisely one composant. A non-degenerate, decomposable, irreducible continuum
has precisely three composants. A non-degenerate indecomposable continuum has un-

countably many composants.

For a decomposable, irreducible continuum the three composants will all intersect
each other. For example, the unit interval [0, 1] is a decomposable continuum irre-
ducible between 0 and 1. The composant of 0 is [0, 1) and the composant of 1 is (0, 1].
The composant of any other point is the whole of [0, 1].

Theorem 1.1.8. [Nad92, 11.17] Let X be a continuum. If X is non-degenerate and

indecomposable then the composants of X are mutually disjoint.

Proof. Take two intersecting composants, K = k(p) and L = k(q), with z € K N L.
Taking x € K we will show that x € L to give K C L and by symmetry K = L.
Let A, B and C be proper subcontinua of X with p,x € A,p,z € B,q,z € C. Let
D =AUBUC. Then D is a continuum, and as it is clearly decomposable we have

that D is a proper subcontinuum of X. Thus x € L, which completes the proof. [l

Example 1.1.9. Using Theorems 1.1.7 and 1.1.8 it is easy to see that if X is irre-
ducible and indecomposable then the complement of a composant is not a continuum.
Let K = X\ k(x) for some z. Since the composants are mutually disjoint, K contains
each composant except k() which means K is dense. Since it is a proper subset of

X, K cannot be closed and is therefore not compact and not a continuum.

Theorem 1.1.10. [Nad92, 11.2] Let X be a continuum. If v € X and X is not

irreducible between x and some other point then k(z) = X.

Proof. Let y € X. Since X # irr(z,y) we know that there is a proper subcontinuum
Y C X containing x and y. Thus y € k(z). O

Theorem 1.1.11. [Nad92, 11.10] Let X be a continuum. If X is decomposable then
there exists © € X such that k(z) = X.

Proof. Let X = A U B for proper subcontinua A and B. Since X is connected
AN B # (). Take a point x in this intersection. X is not irreducible between z and

any other point, as witnessed by A and B, so k(z) = X. O

Lemma 1.1.12. Let X be an irreducible, decomposable continuum with A(X) =
{a,b}. Thena# X #b.



Proof. Take a decomposition X = AUB. Since A and B are both proper subcontinua
of X it cannot be that either one of them intersects both a and b. Therefore without
loss of generality we can assume that a C A and b C B. Since A is a subcontinuum
it is a closed subset of X, which implies that @ C A. Since it forms part of a
decomposition it cannot be that A = X, which proves a is not a dense subset of X,

and an identical proof shows the same is true of b. O

Theorem 1.1.13. Let X be a non-degenerate irreducible continuum. Let p,q € X
such that X = irr(p,q), which implies X # r(p) # k(q) # X. If x € X(p),y € \q)
then X = irr(x,y).

Proof. Suppose C C X is a subcontinuum containing x,y. If either p or ¢ is in C'
then by the definition of composants C' = X. Let D = W This is a subcontinuum,
and asz € CND, CUD is a subcontinuum. We have p,y € CUD so CUD = X.
Applying Lemma 1.1.12 gives us that D is a proper subcontinuum so ¢ ¢ D. This

implies ¢ € C, which proves C' = X and X = irr(z,y). H

1.2 Continua Lying at the Edge

We will now turn to definitions of various subcontinua which lie, in a way, at either
end of an irreducible decomposable continuum, along with a number of theorems
connecting them. Of course lying at the end does not have a strict definition, but you
would expect a subcontinuum described like this to be non-separating (its complement
is connected) and to contain some points of irreducibility if any exist. The subcontinua
we will look at do indeed meet these criteria. The three types of subcontinua have
progressively stricter conditions, so all end continua are terminal continua and all E-
continua are end continua. Naturally more can be said about E-continua than about
end or terminal continua. However, E-continua do not always exist, whereas every
irreducible decomposable continuum has end and terminal subcontinua. It is also
often easier to prove a subcontinuum is terminal or an end continuum, and then use
some of the theorems below to show it is an E-continuum than to prove this from the
definition of an E-continuum. Proof outlines to some of the theorems are included

for the sake of completeness.

Definition 1.2.1. If X is a continuum and K is a subcontinuum, we call K a terminal
subcontinuum provided that for all decompositions X = AUBif ANK # (0 # BNK
then X = AUK or X = BUK.



Example 1.2.2. The subarc [0, z] C [0, 1] or two legs of a triod are examples of ter-
minal continua. Another would be any subcontinuum of the sin(%) continuum which
intersects {0} x [0, 1]. It is easy to see from this definition that for any continuum X,

X is a terminal subcontinuum of itself.

Theorem 1.2.3. [BF77, 1.5] Let X be a continuum. If K C X is a terminal sub-
continuum and L is a subcontinuum of X containing K then L is also a terminal

subcontinuum.

Proof. Let X = AU B be a decomposition of X with ANL # () # BN L. Let
A'=AUL,B"= BUL. Then A" and B’ are continua, and X = A’ U B’. Now
ANK =K = B NK since K C L. Because K is terminal there cannot be a
decomposition of X with K a subset of both subcontinua, so it must be that one of

A’ or B’ is equal to X. Thus L is a terminal subcontinuum. m

The following two theorems best show how a terminal subcontinuum can be
thought of as being at the end of the continuum it is contained in. First however
will be a proposition which will be used both in the proof of Theorem 1.2.5 and
throughout the thesis.

Proposition 1.2.4. [Nad92, 6.8] Let T be a connected topological space and let C
be a connected subset of T' such that T'\ C' is disconnected and can be expressed as
T\C = A|B. Then AUC and BUC are connected. Hence, if T and C' are continua,
AUC and BUC are continua.

Theorem 1.2.5. [BF77, 1.3] Let X be a continuum and K a subcontinuum. If K is

a terminal subcontinuum then it is non-separating in X, i.e. X \ K is connected.

Proof. Suppose X \ K is not connected. Let U,V be disjoint open subsets of X such
that X \ K = UUV. Then K UU and K UV are proper subcontinua of X by
Proposition 1.2.4. These subcontinua form a decomposition, but this decomposition
contradicts the fact that K is terminal. O]

Theorem 1.2.6. [BF77, 1.8] Let X be a decomposable, irreducible continuum and K
a subcontinuum. Then K is terminal if and only if there exists p in K and q in X
such that X = irr(p, q).

Proof. For the forwards direction, let K be terminal and X = irr(p, ¢) for some points
p,q € X. Suppose neither p nor ¢ were in K, and X is not irreducible between p or

q and a point of K. Let k € K. There exist proper subcontinua A, B of X such that



p, k€ Aand q,k € B. As X is irreducible between p and ¢ we have that AU B is a
decomposition of X. However, p ¢ BUK and q ¢ AU K, which is a contradiction as
K is terminal.

For the other direction, suppose X = irr(p,q) and p € K. Take a decomposition
X = AU B with both A and B intersecting {p}, so p € A and p € B. Without
loss of generality let ¢ € A. Then by irreducibility of X we have that A = X and in
particular AU {p} = X. This means that {p} is a terminal subcontinnuum of X. As
{p} C K we can apply Theorem 1.2.3 to see that K is terminal. O

Definition 1.2.7. If X is a continuum and K is a subcontinuum then K is called an
end continuum providing there is no decomposition X = AU B such that AN K #
0#BNK.

Example 1.2.8. Both {0} and {1} are end continua of [0, 1]. Any subcontinuum of

{0} x [0,1] in the sin 1 continuum is an end continuum.
Terminal and end continua are related through the following theorem.

Theorem 1.2.9. [BF77, 1.11] If X is a continuum and K a subcontinuum then K

1s an end continuum if and only if K is a terminal continuum with empty interior.

Proof. Suppose K is an end continuum. It is clear from the definitions that K is also
a terminal continuum. Thus X \ K is connected by Theorem 1.2.5, and L = m
is a subcontinuum of X. We have that X = K U L and that K intersects L by the
connectedness of X. As K is an end continuum it cannot be that K and L form a
decomposition, which means L = X and therefore K has empty interior.

Now suppose K is a terminal continuum with empty interior. Let X = AU B for
subcontinua A, B. Suppose ANK # () # BN K. We will show that one of A, B must
equal X, which implies there are no decompositions of X where both subcontinua
intersect K and that K is an end continuum. As K is terminal we can say without
loss of generality that AU K = X. Then X \ A is an open set contained in K, but
K has empty interior. Thus A = X, which completes the proof. O

Theorem 1.2.10. [BF77, 1.16] Let X be a continuum. A subcontinuum K C X is an
end continuum if and only if there exists p € X such that for all g € K, X = irr(p, q).

Finally, we introduce the E-continuum, which will be central to the rest of the

thesis.



Definition 1.2.11. If X is a non-degenerate continuum and K a subcontinuum
then K is called an E-continuum if there exists x € X such that K = X \ s(z).
Equivalently, if A(X) = {a,b} then a and/or b are E-continua if and only if they are

compact.

Note that K must be a subcontinuum, not just the complement of a composant.
There exist decomposable, irreducible continua with composants whose complements

are not compact.

Example 1.2.12. Let Y be any indecomposable continuum, and let X be the con-
tinuum formed by taking a quotient of two disjoint copies of Y, Y; and Y5, which
identifies a single point y € Y; to the corresponding point in Y5, and has no other
non-trivial equivalence classes. For any = € Y, let ;(z) be the composant of z
in Y; and k(x) be the composant of z in X. If x € Y] and ki(x) # k1(y) then
k(x) = Y1 URa(y). Then X \ k(x) = Y3 \ ka(y), which is not compact as we saw in
Example 1.1.9. The continuum X is clearly decomposable as X = Y; U Y5.

The link between E-continua and end continua can be seen in the following two
theorems, but first we will need a definition and a lemma. The lemma will be impor-
tant throughout this thesis as it highlights a link between indecomposable subcontinua

and the existence of E-continua, which will come up a number of times.

Definition 1.2.13. A topological space (T, 7) is locally connected at a subspace A
if for all U € 7 with A C U, there exists V € 7 such that A C V C U and V is

connected.

Lemma 1.2.14. [BF77, 1.22] Let X be a continuum and suppose X = irr(p,q). Then

the following are equivalent:
1. Xp) is a continuum.
2. X(p) is continuumwise connected.
3. For all subcontinua K C X if KNk(q) # 0 # KNX(p) then K is decomposable.

Theorem 1.2.15. [BF77, 1.25] Let X be a continuum with X = irr(p,q). A subcon-
tinuum K C X is an E-continuum if and only if it is a maximal end continuum i.e.

it 1s an end continuum and s not properly contained in any other end continuum.



Proof. Let K be an E-continuum, K = A(p). From Theorem 1.2.10 it is clear that K
is an end continuum. Let L be a subcontinuum of X which properly contains K. As
LNk(q) # 0 there is a proper subcontinuum X’ C X such that ¢ € X’ and X'NL # (.
Then X = L U X’ since ¢ € L U X’ and this subcontinuum is not contained in (q).
This means that L does not have an empty interior as X \ X’ C L, so by Theorem
1.2.9 it is not an end continuum. Thus K is a maximal end continuum.

Now let K be a maximal end continuum. By Theorem 1.2.10 there is a point
x € X such that X is irreducible between x and every point of K, so K C X \ x(z).
If K is not an E-continuum then X \ x(x) cannot be an E-continuum by maximality
of K. Thus by Lemma 1.2.14 there exists an indecomposable subcontinuum L with
LNnk(x) # 0 # L\ k(z). Infact X \ k(z) € Lso K C L. As it is a proper
subcontinuum, K must be contained in a composant of L. The composants of L
are not compact as they are all disjoint (Theorem 1.1.8) and dense (Theorem 1.1.4).
Thus there exists a point y in the composant and a proper subcontinuum Y C L
containing y and intersecting K. Let M = KUY, so M is a proper subcontinuum
of L which properly contains K. Since L is indecomposable the composants of L
have empty interior, so M has empty interior in L and therefore in X. K is a
terminal subcontinuum so M is as well by Theorem 1.2.3, and since it has empty
interior Theorem 1.2.9 tells us that M is an end continuum, which contradicts the

maximality of K. Thus K must be an E-continuum of X. ]

Theorem 1.2.16. [BF'77, 1.30] The E-continua of X are precisely the end continua

at which X 1s locally connected.

Proof. Suppose K is an end continuum of X and X is locally connected at K. As
K is an end continuum we can apply Theorem 1.2.10 to see that there exists a point
v € X with K C X\ k(). Let y € X\ K. Let U beopen, K CU CU C X\ {x,y}.
Without loss of generality we can assume U is connected. By Theorems 1.2.9 and
1.2.3 we know that U is a terminal continuum of X, so by Theorem 1.2.5 we know
that V = X \ U is connected. The closure of V is a subcontinuum contained in X \ K
which contains z,y so y € k(x). From this we can deduce that x(z) = X \ K and
that K is an E-continuum.

Now suppose K is an E-continuum. By Theorem 1.2.15 we know that K is an
end continuum of X. Let X = irr(p,q) and K = A(p). Let U be an open subset of X
containing K. Let V' be an open subset such that K CV C V CUandq ¢ V. As K
is connected it must lie in a component of V. Let L be the closure of this component.

Since K C L Theorem 1.2.3 tells us that L is a terminal continuum, so by Theorem



1.2.5 X \ L is a subcontinuum which contains ¢. It is terminal as {q} is terminal
(Theorem 1.2.3). Thus X \ X \ L is connected, and K C X \ X \ L C V C U. This
completes the proof. O

The previous theorem, and the definition of being locally connected at a subset,
are very different from saying that X is locally connected at every point of the subset.

The next theorem demonstrates this.

Theorem 1.2.17. If X is a decomposable continuum and a € A\(X) is non-degenerate

then X is not locally connected at any point in a.

Proof. Suppose there exists x € a such that X is locally connected at z. Let y be
any other point of a. As X is Hausdorff, we can find disjoint open sets U,V in X
such that x € U,y € V. Since X is locally connected at x, we can assume that U is
connected. X \ a is a composant of x, so it is dense and therefore intersects U. Let
b be the other element of A\(X). There exists a proper subcontinuum X’ of X which
intersects both b and U. U is a continuum as U is connected, and y ¢ U U X’. Thus
we have a proper subcontinuum U U X’ of X which intersects both a (at z) and b.

This is a contradiction, which gives us our result. O]

Remark 1.2.18. The set a is not necessarily compact in the previous theorem.

1.3 Monotone Maps and Quotient Maps

This thesis will focus extensively on monotone maps and quotient maps and often on
monotone quotient maps. The following theorems will be used extensively throughout
the thesis with Theorem 1.3.3 in particular being a strong motivating factor for our

interest in monotone maps.

Definition 1.3.1. Let S and T be topological spaces and let f : S — T be a
continuous map. Then f is called monotone if for each point ¢t in 7" we have that

f7Y(t) is connected.

Proposition 1.3.2. Let X and Y be continua and let p : X — Y be a monotone

map. Then for each connected subset C of Y we have that p~(C) is also connected.

Proof. Let C' be a connected subset of Y and express C' = p~}(C) as UUV for U
and V disjoint C’-clopen subsets. For each point ¢ € C' we have that p~1(c) is a

connected subset of C’ so must lie entirely in U or entirely in V. Since X and Y are
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compact and Hausdorff we have that p(U) = p(U), with the same true for V. Thus
C = p(U) U p(V) with these sets disjoint and

A0) =p0) NC=pT)Np(C") = pT* NC') = p(U)

This gives us that p(U) is C-closed, and the same argument applies to p(V'). Since C'
is connected, one of p(U) or p(V') must be empty, meaning one of U or V' is empty.

Hence p~!(C) is connected. O

Theorem 1.3.3. Let X and Y be non-degenerate continua, let p : X — Y be a
surjective monotone map and suppose X s irreducible. Then Y s also irreducible.

Further if p and q are points of X with X = irr(p,q) then Y = irr (p(p), p(q)).

Proof. Let Y/ C Y be a subcontinuum of Y containing p(p) and p(g). By applying
Proposition 1.3.2 we have that X’ = p~1(Y”) is connected so it must be a subcon-

tinuum of X. This subcontinuum contains p and ¢ so by the irreducibility of X
we have that X’ = X. Now Y’ = p(X’) and p is surjective, so Y’ = Y. Thus

Y =irr(p(p), p(q)). O

Theorem 1.3.4. [Nad92, 3.4] Let X be a continuum and let C be a partition of X.
The quotient space induced from this partition is a continuum if and only if it is
Hausdorff.

1.4 Constructing Continua with given Composant
Complements

This section will present several theorems concerning which spaces can appear in the
set A(X) for a decomposable, irreducible continuum X. By Theorem 1.1.7, the set will
consist of two connected subspaces of X, but other than that we do not yet have much
information about them, or whether certain combinations are possible. The following
theorems will provide answers to these questions, with Theorem 1.4.3 settling the
question of combinations and Theorem 1.4.4 giving us that every continuum can

appear as an E-continuum.

Theorem 1.4.1. [Nad92, 3.20] Let X and Y be disjoint continua, let A be a subset
of X and let f: A —=Y be a continuous map. Let Z be the quotient space of X UY
in which every point x € A is identified with its image f(x) in'Y. Then Z is a

continuum.
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Proposition 1.4.2. Let X and Y be disjoint irreducible, decomposable continua and
let N(X) = {a,b} and \(Y') = {V/,c}, with b and I/ homeomorphic. Suppose b is

compact. Then there exists a decomposable continuum Z such that \(Z) = {a, c}.

Proof. Define Z as the quotient of X UY where the points in b C X are identified
with the corresponding point in b C Y. Then Z is a continuum by Theorem 1.4.1,
and it is clearly decomposable, for example into the images of X and Y. Let x € a
and y € ¢. Let Z' C Z be a continuum containing x and y. If Z/Nb = () then
Z'NX =Z"N(X\b) which is therefore a clopen subset of Z’. Since Z’ is connected
this cannot happen, thus Z’ Nb # 0.

Now consider the quotient space obtained from Z by mapping Y to a point,
and let ¢ be the quotient map. As the map is continuous and the image is clearly
Hausdorff we can apply Theorem 1.3.4 to see that the image of Z is a continuum.
Let r : X — ¢(Z) be the restriction of ¢ to X, taking b = X NY to a point. Since
X is irreducible and r is monotone we can apply Theorem 1.3.3 to show that r(X) is
irreducible between any point of @ and the image of b. Note that r(X) = ¢(Z). Since
q(Z') is a subcontinuum containing = and the image of b it must be the whole of r(X).
Thus Z' N X O X \ b, and as this is dense in X and Z N X is closed, X = 7' N X.
Similarly, Z'NY =Y so Z' = Z. From this we can see that x(z) C Z \ c.

For the other inclusion, let z € Z\ ¢. If 2z € X then X is a proper subcontinuum of
Z containing x and z. Otherwise let 2’ € b, and let Y’ be any proper subcontinuum of
Y containing z and z’. Then X UY" is a proper subcontinuum of Z containing x and
z. Thus we have that k(z) = Z \ ¢. By symmetry we can see that A(Z) = {a,c}. O

Theorem 1.4.3. Suppose for topological spaces a,b there exists decomposable, irre-
ducible continua X,Y such thata € A\(X),b € A(Y). Then there exists a decomposable
continuum Z such that N(Z) = {a, b}

Proof. Let X = k(z) Ua. Consider the continuum X’ created by attaching a unit
interval I to X by identifying 0 and x. Then we claim that A(X') = {a, 1}. Clearly
X’ is decomposable. If A is a subcontinuum containing 1 and intersecting a then
ANTis a subcontinuum of I containing 0,1 so equals I. Similarly AN X = X, so we
have that A = X’. Thus X’ is irreducible between 1 and any point of a.

If 2/ € X'\ a then there are two options. If 2’ € I then I is a proper subcontinuum
of X’ containing 2/, 1. If ' € X then pick any proper subconinuum of X containing
2', x and take the union of this with I to get a proper subcontinuum of X’ containing
', 1. Thus k(1) = X'\ a.

12



Let 2’ now be an element of X'\ {1}. If 2/ € X then X witnesses that z’ is in the
composant of any element of a, else X U [0, '] witnesses this. Thus the composant of
any element of a is X'\ {1}.

Applying the same to Y and b gives us a pair of decomposable continua X', Y’
with k°(X’) = {a, 1} and A(Y’) = {b, 1}. Then by applying Proposition 1.4.2 we have

our desired result. O

We now know that any combination is possible as long as the two spaces in question
appear as the complement of a composant in some continuum. This is obviously also
a necessary condition. It makes sense to next try to find out what such spaces could
be. Fortunately the following theorem of Martinez-de-la-Vega and Minc gives us
our answer as far as compact spaces are concerned. Since we will be focusing on

E-continua this result is sufficient.

Theorem 1.4.4. [MndlVM14, Theorem 1] For each non-degenerate continuum P
there are uncountably many topologically distinct compactifications of [0, 00) each with

P as the remainder.

Corollary 1.4.5. Let P be a non-degenerate continuum and let X be a compactifi-
cation of [0,00) as in Theorem 1.4.4. Then AN(X) = {0, P}.

Proof. Let q : X — X/p be a quotient map whose only non-degenerate fibre is P.
Then X/p is a one point compactification of [0,00), so it is homeomorphic to the
unit interval. Let f : X/p — [0,1] be a homeomorphism, with f o ¢(0) = 0 and
foq(P)={1}. Let g = foq. The map g is monotone between continua so by
Proposition 1.3.2 given any subcontinuum C' of [0, 1] we have that ¢g~!(C) is also a
continuum.

Let X’ C X be a subcontinuum containing 0 and intersecting P. Then g(X’) is
also a continuum, containing 0 and 1, so must be the whole of [0,1]. This implies
that g7'([0,1)) = [0,00) € X’. This set is dense so it follows that X’ = X. Thus for
any point p € P we have that X = irr(0, p).

Now let z € X \ ({0} U P) = (0,00). The interval [0, z] shows that x € x(0). Let
y = g(z) and let C' = [y, 1]. Then g~*(C) is a subcontinuum of X containing P and
x, so given p € P we have that x € k(p). Thus k(0) = [0,00) and k(p) = X \ {0}.
From this we can conclude that A\(X) = {0, P}. O

Theorem 1.4.6. Let a and b be a pair of continua. There exists a continuum X such
that \(X) = {a,b}.
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Proof. 1f both a and b are non-degenerate then this is a simple corollary to Theorems
1.4.3 and 1.4.4 as well as Corollary 1.4.5. If a is a singleton then take a compacti-
fication X with b an E-continuum as in Theorem 1.4.4, then a is homeomorphic to

{0} € A(X). The unit interval proves the case where both a and b are singletons. [
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Chapter 2

A Monotone Map To An Arc

This chapter begins the study of local connectedness and monotone maps as related
to irreducible continua. It will introduce a class of continua called almost hereditarily
decomposable continua which will be the focus of this chapter, while links to hered-
itarily decomposable continua will be highlighted throughout. The main motivation
behind this definition is Proposition 2.1.11. Our interest is in irreducible continua

and their E-continua, which this property is clearly closely linked to.

Definition. A continuum X is almost hereditarily decomposable if every indecom-

posable subcontinuum of X has empty interior in X.

It is clear from this definition that any hereditarily decomposable continuum will
also be almost hereditarily decomposable as, if X is a hereditarily decomposable con-
tinuum then it is vacuously true that each indecomposable subcontinuum has empty
interior. As such the majority of statements about almost hereditarily decompos-
able continua immediately hold for decomposable continua. Attention will be drawn
whenever this is not the case, or whenever the proof for the almost hereditarily de-
composable case is significantly different to the hereditarily decomposable one.

For every non-irreducible point x in a continuum X a pair of subcontinua will be
defined which can be thought of as being the two halves of the continuum split by
x. Properties of these subcontinua will briefly be examined to categorise whether z
is a cut point and whether X is locally connected at x. Next these subcontinua will
be used to define an order on X, which will in turn lead to a monotone map onto
another continuum. This map and its image form the major result of the chapter,

namely the following theorems.

Theorem. Let X be an almost hereditarily decomposable, irreducible continuum.

Then there exists a monotone map 7 : X — I onto an arc.
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Theorem. The map in the previous theorem is universal amongst monotone maps to
arcs in that for each monotone map p : X > 1 there exists a continuous map f: 1+ 1

such that fom = p.

2.1 Referenced Theorems

The following results from other authors will be used in this chapter.

Sam B. Nadler Jr, Continuum Theory, an Introduction

These results can be found in [Nad92].

Lemma 2.1.1 (3.2). If a Hausdorff space is a continuous image of a compact metric

space, then it is metrizable.

Proposition 2.1.2 (6.3). Let T be a connected topological space and let C' be a

connected subset of T' such that T\ C' is disconnected, T\ C' = A|B. Then AUC and
BUC are connected. Hence, if T' and C are continua, AUC and BUC' are continua.

Theorem 2.1.3 (8.23). Every (non-degenerate) Peano continuum is arcwise con-

nected.

Theorem 2.1.4 (11.8). Let X be a non-degenerate continuum such that X is irre-
ducible between p and q. If A and B are subcontinua of X such thatp € A and q € B
then X \ (AU B) is connected.

Proposition 2.1.5 (11.9). If X is a continuum which is irreducible between p and

q, then, for any subcontinuum Y of X, the interior of Y in X is connected.

Theorem 2.1.6 (11.17). If X is a nondegenerate indecomposable continuum then the

composants of X are mutually disjoint.

Proposition 2.1.7 (11.20). A nondegenerate continuum X is indecomposable if and
only if there are three points of X such that X is irreducible between each two of these

three points.
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D.E. Bennett and J.B. Fugate, Continua and their non-separating
Subcontinua

These results can be found in [BF77].

Theorem 2.1.8 (1.3). Fach terminal subcontinuum of a continuum X is non-separating
m X.

Theorem 2.1.9 (1.8). Suppose that X is irreducible and K is a subcontinuum of X.
Then K s terminal if and only if X is irreducible between a pair of points, one of
which belongs to K.

Theorem 2.1.10 (1.22). Suppose that X is a continuum and p € X. The following

are equivalent:
e X\ k(p) is closed;
o X\ k(p) is a continuum;
e X\ k(p) is continuum-wise connected;

o If K is a subcontinuum of X such that K N (X \ k(p)) # 0 and K N k(p) # 0,

then K is decomposable.

Proposition 2.1.11 (1.23). Suppose that M is a continuum such that each inde-
composable subcontinuum has empty interior. Then for each p € M, M \ k(p) is a

continuum.

Theorem 2.1.12 (1.30). The E-continua of X are exactly those end continua at

which X s locally connected.

Ryszard Engelking, General Topology

These results can be found in [Eng89].

Theorem 2.1.13 (Kuratowski-Zorn Lemma, page 8). In a partially ordered set in

which every chain has an upper bound, every element has a maximal element above
it.

Theorem 2.1.14 (3.1.13). Every continuous one to one mapping of a compact space

onto a Hausdorff space is a homeomorphism.
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Theorem 2.1.15 (3.2.B). The map

o

flz) = Z% where © = {x;}

=1

defines a continuous map from the Cantor set onto the unit interval.

Proposition 2.1.16 (6.1.11). Let T' be a topological space and let C' be a connected
subspace of T. For each subspace A satisfying C C A C C, the subspace A is con-

nected.

Theorem 2.1.17 (6.1.19). The intersection of a decreasing sequence of continua is

a continuum.

2.2 Characterising Local Connectedness

In this section we will introduce two sets of subcontinua P, and Q, for any point
x of X which is not a point of irreduciblity, and look at whether x is a cut point
or a point of local connectedness using these subcontinua. The sets of subcontinua
cannot be defined usefully for points of irreducibility but fortunately these questions
can be answered anyway. The answers to these questions for irreducible points will
be presented first before moving on to non-irreducible points. A number of lemmas

proved in this section will be important throughout the chapter.

Definition 2.2.1. A point p € X is a necessary point of irreducibility if there exists
g € X such that X = irr(p,q) and for all x € X \ {p}, X # irr(x,q). This is
equivalent to the existence of a point g of X such that x(¢) = X \ {p} or to {p} being

an E-continuum of X.

Proposition 2.2.2. Let p be a point of irreducibility of a decomposable, irreducible
continuum X . Then X 1is locally connected at p if and only if p is a necessary point
of irreducibility of X.

Proof. 1f p is a necessary point of irreducibility of X then {p} is an E-continuum.
Since X is locally connected at its E-continua (Theorem 2.1.12) it must be locally
connected at p.

Now suppose p is not a necessary point of irreducibility of X. Let ¢ € X such that
X =1irr(p,q) and let r € X \ {p} such that X = irr(r,q). Since X is Hausdorff there
exists an open set U with p € U,r ¢ U. Suppose there exists a connected open set

V such that p € V' C U. Since k(q) is dense it intersects V. Thus there is a proper
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subcontinuum C' C X such that ¢ € C and C NV # (). Since X = irr(r, ¢) it cannot
be that r € C. Then C' UV is a subcontinnuum of X which contains p and ¢ but not
r. This contradicts the irreducibility of X between p and ¢. Thus no such V exists,
and X is not locally connected at p. O]

Definition 2.2.3. Let T be a connected topological space and x € T. Then x is a
cut point of T"if T'\ {x} is disconnected.

Proposition 2.2.4. Let X be an irreducible continuum and suppose that p is a point
of irreducibility of X. Then p is not a cut point of X.
Proof. There exists a point ¢ € X with X = irr(p,q). Then k(¢) € X \ {p} C X.

Since k(q) is connected and X = k(q), X \ {p} is also connected by Proposition
2.1.16. [

We now introduce P, and Q,, based on the following theorem.

Theorem 2.2.5. [Nad92, 4.35] Let X be a continuum and x,y € X be distinct points.

There ezists a subcontinuum Y C X such that Y = irr(x,y).

Proof. Let C(z,y) be the set of all subcontinua of X containing x and y. We have that
X € C(z,y) so in particular C(x,y) is not empty. The set C(x,y) is partially ordered
by reverse inclusion, so if K and L are elements of C(x,y) then K < L if L C K.
Given any chain K; in C(z,y) we have that K = () K; is a continuum by Theorem
2.1.17, which implies that every chain has a maximal element above it. By applying
Lemma 2.1.13 we have that there must be some maximal element M of C(x,y) which

will be a continuum with M = irr(z, y). O

Definition 2.2.6. Let X be a decomposable, irreducible continuum. Let p,q € X
such that X = irr(p,q). Let z € X not be a point of irreducibility. Define sets of

subcontinua of X as follows.
P, ={C C X|C is a subcontinuum of X, C' = irr(p,z)}

Q, ={D C X|D is a subcontinuum of X, D = irr(z,q)}

By Proposition 2.2.5 there exist subcontinua C, D C X such that C' = irr(p, z) and
D = irr(z, q) so neither P, nor Q, are empty sets. We will denote typical elements

of these sets P, and @), respectively.
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Example 2.2.7. Here we have examples of P, and (), in bold. Note that in this case

P, and Q, both consist of a single subcontinuum.

Py ——q

It is worth noting that for any z, any P, € P, and any @, € Q, we have
X = P, U(Q,. This is because P, U @, is the union of two continua which intersect
at z, so is a continuum. It contains p and ¢ so since X = irr(p,q) we have that
X =P UQ,.

Although it is the case in Example 2.2.7, it is not always the case that p and ¢ are
necessary points of irreducibility. Since these two points are used in the definition of
P, and Q, respectively it is important to check whether a different choice of, say, p
would lead to a different definition of P,.

Proposition 2.2.8. The sets P, and Q, do not depend on the choice of p and q. If
P € Xp) and ¢ € A\(q) were used in Definition 2.2.6 this would produce the same sets
P, and Q,.

Proof. Suppose there exists points p,p’,q € X such that X = irr(p,¢) and also
X =irr(p,q), with p # p'. Let P, C X be a subcontinuum with P, = irr(p, z), we
will show that P, = irr(p/, ). Since Q, # X we have that p’ ¢ @, which implies that
p € P, as X = P, UQ,. Take a subcontinuum C C P, containing p’ and z. Then as
X =irr(p/,q) and z € C N Q, we have that C' U @, is a continuum, and is therefore
the whole of X. By the irreducibility of X it cannot be that p € @, so p € C. Since
P, = irr(p,z) it must be that C' = P, meaning P, = irr(p’,z). This proves that a
different choice of p will produce the same set of subcontinua P,, and the same is

true of q. n

We shall now use P, and Q, to characterise the points of X at which X is locally

connected.
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Proposition 2.2.9. Let x € X not be a point of irreducibility and suppose there exist
subcontinua P, € P, and Q. € Q. such that x is a necessary point of irreducibility
of P, and of Q.. Then X 1s locally connected at x.

Proof. First we will show that P, N Q, = {z}. Suppose otherwise, with y witnessing
this. Then P, # irr(p,y) so there exists a proper subcontinuum Y; C P, containing
p and y. As it is a proper subcontinuum of P, it cannot contain both p and z, so
x ¢ Yy, Similarly, there exists Y5 C @), containing ¢ and y but not x. Then Y; UY; is
a subcontinuum of X containing p and ¢ but not containing x. This contradicts the
irreducibility of X.

Now let U C X be an open set with € U. As z is a necessary point of
irreducibility of P, and @), both subcontinua are locally connected at x by Theorem
2.1.12. Since U N P, is a P,-open set containing = there exists a connected P,-open
subset U, satisfying € U, C U N P,. Define U, similarly. As = € U, N U, we have
that V' := U, U U, is connected. Since P, N Q), = {z} we have

XAV =(BAV)U(Q\V) = (P \Up) U(Qe \ Uy)

which is the union of two compact sets, so is compact. Thus X \ V' is closed, and V'
is open, connected, contains z and is contained in U. Thus X is locally connected at
T. O

Lemma 2.2.10. Let X be an almost hereditarily decomposable continuum irreducible
between points p and q. Let x be a point of X which is not a point of irreducibility
and let P, € P, Q. € Q.. One of the following holds.

e For each y € P, N Q, we have P, = irr(p,y).
e For each y € P, N Q, we have Q, = irr(y, q).

Proof. Suppose neither condition holds. Let Y C P, be a proper subcontinuum with
YNQ,#0, peY. Let ZC Q, also be a proper subcontinuum, Z NP, # (), g € Z.
Since x ¢ Y U Z we have that Y U Z # X, so it cannot be a subcontinuum as it
contains p and ¢. Thus Y N Z = (). By Theorem 2.1.4, X \ (Y U Z) is connected, so
C:=X\(YUZ)is a continuum. We know Y NQ, # 0 so Y UQ, is a continuum.
It contains p and ¢ so must be the whole of X, and similarly X = Z U P,. From this
we have that X \ Z C P, and X \ Y C @,, implying X \ (YU Z) C P, NQ, and
therefore C' C P, N Q.
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From the definition of C' we have X =Y UC U Z and it has already been shown
that Y N Z = (), so since X is connected and all three sets are closed, we have that
CNY#D#CNZ. Letye CNY,ze CNZ. We know that x € C.

Suppose C # irr(z,y) and let C" C C witness this. Then YUC" is a subcontinuum
of P, containing p and x so Y UC’" = P,. Since C' C P, we have that C'\ C' C Y.
This set is C-open so there exists X-open U such that C NU = C'\ C’. As C is the
closure of X \ (Y U Z) it must be that U N (X \ (Y U Z)) # 0. This is a subset of
UNC CY which is a contradiction. Thus C' = irr(x,y). By symmetry, C' = irr(z, 2).

X is almost hereditarily decomposable and C' contains the non-empty open set
X\ (YUZ), so Cis decomposable. This means that C' # irr(y, z) by Proposition 2.1.7.
Let K C C witness this and note that as C' = irr(z, y) it must be that © ¢ K. Then
Y U K U Z is a subcontinuum of X containing p and ¢ but not x, which contradicts
the fact that X is irreducible between p and gq.

Therefore one of P, and @), is irreducible between p or ¢ respectively and each
point of P, N Q. n

Lemma 2.2.10 introduced a property which will be used extensively throughout

this chapter, so we shall give it a name.

Definition 2.2.11. Let # € X not be a point of irreducibility of x. We say that x is
p-sided if there exists P, € P, and ), € Q, such that the first condition of Lemma
2.2.10 holds. We say that x is g-sided if there exists P, € P, and @, € Q, such that

the second condition of Lemma 2.2.10 holds.

Example 2.2.12. The following continua give an example of x which is p-sided but
not g-sided, and of = as both p-sided and ¢-sided. The intersection P, N, is in bold.

In the previous examples both P, and Q, consist of only a single set. Definition
2.2.11 leaves open the possibility that there might exist two pairs P,, @, and P., Q)
such that the first pair fulfil the first condition of Lemma 2.2.10 but not the second,
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while P/ and @) satisfy the second condition but not the first. Fortunately the
following two lemmas show that this cannot be the case. The first of these lemmas

will be particularly important.

Lemma 2.2.13. Suppose X is an irreducible continuum, x € X is not a point of
wrreducibility and there exist subcontinua P, € P, and Q, € Q, witnessing that x is
p-sided. Then P, is unique, in that P, = {P,}.

Proof. Suppose P! € P, is not equal to P, to get a contradiction. Since both are
irreducible between p and w, it must be that P, ¢ P, ¢ P,. As P, UQ, = X we
have that P, \ P, C Q.. Similarly, P, \ P, C Q,, so (P, NP)UQ, = X. As P, is
irreducible between p and each point of P, N Q, we have that P, \ P, C Ap,(p), and
therefore P, N P, D kp,(p). Since this is a dense subset of P, and is contained in the
closed subset P, N P, of P!, we have that P, C P,. This contradiction gives us the

result we need. O

Lemma 2.2.14. Suppose X is an irreducible continuum, x € X is not a point of
wrreducibility and there exist subcontinua P, € P, and Q, € Q, witnessing that x is
p-sided. Then for each Q)), € Q, we have that P, and Q. satisfy the first condition of
Lemma 2.2.10.

Proof. Suppose there exists Q). € Q, contradicting this. Then @, N kp,(p) # 0 so
there exists C' € P, such that C N Q! # 0 and p € C. It follows from this that
C'U Q! = X as the left hand side is a continuum containing p and ¢. Now @, C X
but CNQ, = 0so Q. C Q. This contradicts the fact that both @, and @/, lie in
Q- L

The next three lemmas will be used to prove that the converse of Proposition 2.2.9
holds, that if X is locally connected at x then x is a necessary point of irreducibility
of P, and @),.

Lemma 2.2.15. Let X be an irreducible, almost hereditarily decomposable continuum
and let x € X not be a point of irreducibility. If x is p-sided and P, = {P,} then

Ap, () is compact.

Proof. Suppose for a contradiction that Ap (z) is not compact. Then Theorem
2.1.10 gives us that there exists an indecomposable subcontinuum C' C P, such that
Ap,(x) € C and CNkp,(p) # 0. There exists a proper subcontinuum D C P, which

contains p and intersects C, so U := P, \ D is a P,-open set contained in C'. Then
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there exists U’ an X-open set with U = U’ N P,. As x is p-sided and U € Ap,(z) it
must be that U\ Q, = U \ @, is non empty. Since U’ \ @, is X-open, and contained
in C this implies that C' has non-empty interior. This contradicts that X is almost
hereditarily decomposable. O]

Remark 2.2.16. This proof is much simpler for a hereditarily decomposable con-
tinuum. If X were hereditarily decomposable then P, would be as well, and the
compactness of Ap, (z) would follow immediately from Theorem 2.1.10. This argu-

ment would not actually use the fact that x is p-sided, so would also apply to Q.

Lemma 2.2.17. Let Y be an irreducible continuum with Y = irr(p,q). Let C be a
subcontinuum of Y which intersects A(p). Then either \(p) C C or C' C X(p). If A(p)

s a proper subset of C then it lies in the interior of C.

Proof. Suppose C ¢ A(p). There exists a point y in C' N x(g). Take a proper sub-
continnum K C Y containing g and y. As it is a proper subcontinuum we have
that K N A(p) = 0. However, C'U K is a subcontinuum of Y containing p and ¢, so
Y =CUK. Thus A\(p) C C.

To see that A(p) lies in the interior of C' note that A(p) C Y \ K C C and that
Y \ K is an open set. O

Lemma 2.2.18. Suppose X is an almost hereditarily decomposable continuum, v € X
is not a point of irreducibility and x is p-sided. Let P, = {P,} and let A be a subset
of Py with A€ Ap,(z). If A is disconnected then so is AU \p, ().

Proof. Suppose A U Ap,(z) is connected but B = A\ Ap,(z) is disconnected. Let
B = U UV for disjoint B-clopen U, V. Since AU Ap,(x) and Ap,(z) are connected
we have that U U Ap, (z) and V U Ap,(x) are also connected by Proposition 2.1.2. As
U C B C kp,(p) we have that there exists a proper subcontinuum Y C P, which
contains p and intersects U. Then YUU U Ap, (z) = YUUUMp, () as by Lemma 2.2.15
we have that Ap, (z) is compact, and therefore closed. Since this is a subcontinuum
of P, containing p and z, we have that P, = Y UU U Ap,(z). Thus V C Y, and
P, =Y UV UMp,(z) = Y UAp,(x). However, this gives a contradiction as Y is a
proper subcontinuum containing kp, (p), which is dense in P,.

Thus we have that B is connected. If BN Ap, (7) # () then Ap,(v) C B by Lemma
2.2.17. This would imply B C A C B, which gives A as connected by Proposition
2.1.16. If instead BN Ap,(x) = () then B and \p, () are clopen subsets of AU Ap, (),
which is a contradiction. Thus we have that if A is disconnected then AU Ap, () is

as well. O
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Whether a point is p-sided or ¢-sided is not particularly interesting in its own right,
but the property is very useful for proving other results as it gives a strong assumption
to start from. The following proposition, giving the converse of Proposition 2.2.9, is

an example of such a proof.

Proposition 2.2.19. Let X be an almost hereditarily decomposable continuum with
X =irr(p,q). Suppose x is not a necessary point of irreducibility of at least one of

P, and Q.. Then X is not locally connected at x.

Proof. We know by Lemma 2.2.10 that  must be either p-sided or g-sided. If x were
p-sided and a necessary point of irreducibility of P, then P,NQ, = {x}. Thus z is also
g-sided, and from the conditions of the theorem not a necessary point of irreducibility
of (),. It must therefore be the case that for at least one of p or ¢, x is not a necessary
point of irreducibility of the corresponding P, or ), but is correspondingly p-sided
or ¢g-sided. Without loss of generality we will assume that z is p-sided and not a
necessary point of irreducibility of P,.

Let 2,y € Ap, (p) be distinct. Let U be a P,-open set with z € U,y ¢ U. We know
from the proof of Proposition 2.2.2 that U witnesses that P, is not locally connected
at x. Let V be an X-open set with U = V N P,. For any X-open V' C V containing
x we have that U' = V' N P, is disconnected, so U’ U Ap, () is also disconnected by
Lemma 2.2.18. Let U’ U Ap,(p) = C U D with Ap,(p) C D, as Ap,(p) is connected.
Then V' =CU(DNU)U(V'NQ,). All three of these are closed subsets of V' and
cCNDONU)=0=Cn(V'NQ,),as C C P, and P, NQ, C Ap,(p) C D. Thus V'

is disconnected, which proves that X is not locally connected at x. O

We shall now use the subcontinua P, and (), to prove two results related to the

cut points of X.

Proposition 2.2.20. Let X be a continuum, X = irr(p,q) and let x € X not be a
point of irreducibility of X. Then x is a cut point of X if and only if P, N Q, = {z}.

Proof. If P, N Q, = {z} then X \ {z} = (P, \ {z}) U (Q. \ {z}), with the terms on
the right hand side disjoint and closed in X \ {z}. Thus z is a cut point of X.
Suppose y € (P, N Q) \ {z}. Since X is a point of irreducibility of P, and Q,
it is not a cut point of either by Proposition 2.2.4. Thus P, \ {z} and @, \ {z}
are connected, intersect at y, and have as their union X \ {z}. Hence X \ {z} is

connected, and z is not a cut point of X. O

Corollary 2.2.21. If x is not a cut point of X then either x is a necessary point of

wrreducibility of X, or X s not locally connected at x.
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Proof. 1f x is a point of irreducibility then Proposition 2.2.2 tells us that x is either
a necessary point of irreducibility or X is not locally connected at x. Otherwise
Proposition 2.2.20 tells us that P, N Q. # {z}, which means that x is not a unique
point of irreducibility of either P, or (), depending on whether x is p-sided or ¢-sided.
Then Proposition 2.2.19 tells us that X is not locally connected at x. O]

2.3 An Order on an Irreducible Continuum

In this section we will consider an almost hereditarily decomposable, irreducible con-
tinuum X. Using the sets of subcontinua P, and Q, defined above, an order on X
will be constructed which will be the basis of the proof of the central result of this
chapter, that a universal monotone map exists from X to an arc.

We will start by proving a number of further results concerning subcontinua P,
in P, and @, in Q.. We have already seen in Proposition 2.2.8 that the subcontinua
P, and @), do not depend on the choice of p and ¢. It is unfortunately not the case
that they are unique as the following example shows, but throughout this section we

will see that they are unique enough for our purposes.

Example 2.3.1. The two subcontinua highlighted in bold below are the two distinct

elements of P,.

Lemma 2.3.2. Let X be an irreducible continuum and let x,y € X not be points of
irreducibility. If x is p-sided, P, = {P,} and y € P,, then for each P, € P, we have
P, CP,.

Proof. Let Q, € Q, and suppose P,NQ, # (. Then P,UQ, is a continuum containing
p and ¢, so it is equal to X. Thus P, \ @, C P,, implying xp,(p) C P,. This is a
dense subset of P, and P, is compact so this implies P, C P,. Since p,y € P, we
have that P, = P,.

If on the other hand P,NQ, = 0 then as P, UQ, = X we have that P, C P,. [

Lemma 2.3.3. Let X be an irreducible continuum and let x € X not be a point of
irreducibility. If x is p-sided with P, = {P,} and there exists a subcontinuum C' C X
with x,p € C then P, C C.
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Proof. By Theorem 2.2.5 there exists a subcontinuum C” C C' which is irreducible
between p and x. Clearly ¢’ € P, and from Lemma 2.2.13 we have that P, is unique,
so P, =C"CC. O

Lemma 2.3.4. Let X be an almost hereditarily decomposable, irreducible continuum
and let v € X not be a point of irreducibility. Suppose x is p-sided but not q-sided, with
P, ={P.}. Let Q. € Q, and suppose A\, () is not compact. Then Mg, (x) C Ap,(z).

Proof. As in Lemma 2.2.15, apply Theorem 2.1.10 to get an indecomposable subcon-
tinuum D C @, with Ag,(x) C D and let U be the interior of D in @),. We have that
U is non-empty and from Proposition 2.1.5 we know that U is connected. Thus U
is a subcontinuum of D intersecting every composant, so U = D by Theorem 2.1.6.
Now let U = U’ N Q, for some X-open set U'. As D has empty interior in X and
U'\ P, CU C D it must be that U" \ P, = (). From this we have that U C P,, so
U = D C P,. By the definition of D we know Ag.(x) € D C P, and as z is p-sided

it follows that Ag, (z) C Ap, (). O

Note that in all of the preceeding lemmas, P, could be replaced by @), and the
result would still hold.

We will now define an order on our continuum X and prove various results related
to it.

Definition 2.3.5. Let X be an irreducible continuum and let p,q be points of X
with X = irr(p,q). Given z,y € X define an order as follows; z < y if and only if
x € Xp),y € Aq) or for some P, € P, and @, € Q, we have P, U@, = X. The
third condition is equivalent to the requirement that P, N Q, # 0.

The first thing that must be checked is whether this order changes based on which
subcontinua P, and @), are chosen for each x. The following proposition shows that
this is not the case, so this order is truly a property of X, and not an arbitrary

pattern.

Proposition 2.3.6. The order defined in Definition 2.3.5 does not depend on which
P,,P,.Q, and Q, are chosen.

Proof. Suppose P, P, € P, are two distinct subcontinua. As both are irreducible
and they are not equal to each other, we have that P, € P, ¢ P,. Let y € X and
Qy € 9, be such that P,UQ, = X, which would imply y < z. Then ) # P.\ P, C Q,
which means P,NQ, # 0 and P,UQ, = X. Thus given any y for which P, witnesses

x >y, P, witnesses the same. By symmetry, this proves the result. O]
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We will now prove a number of lemmas concerning this order.

Lemma 2.3.7. Let X be an almost hereditarily decomposable, irreducible continuum

and x € X. Then x < x, i.e. the order is reflexive.

Proof. If © € A(p) or A(q) then this is immediate, otherwise it is clear that for any
P, in P, and Q, in Q, we have P, N Q, # ) so x < x. O

Lemma 2.3.8. Let X be an almost hereditarily decomposable, irreducible continuum.

If v,y € X then at least one of x <y and y < x holds.

Proof. 1f either of x or y are points of irreducibility of X then this is clear. Otherwise
take appropriate subcontinua Py, ., P, and Q. X = P, UQ,; soy € P, or y € Q.
Ifye P, then PL,UQ,=Xsoy <z Ifye@,then P,UQ, =X sox <y. O

Lemma 2.3.9. Let X be an almost hereditarily decomposable, irreducible continuum

and x,y,z € X. The order is transitive, so if v <y < z then z < z.

Proof. We shall assume = < y and y < z, and seek to show that x < z. If x € A(p)
or z € A(q) then this clearly holds, so consider when neither x nor z are points of
irreducibility. Take P, € P,, P, € P,,Q, € Q, and Q, € Q,. If z € Q, or v € P,
then P, N Q, # 0 so x < z. Suppose neither of these things are true. We know that
PUQ,=X=P,UQy,s0x€Q,and z € P,

Suppose y is p-sided. Since z € P, P, C P, by Lemma 2.3.2. As X is connected,
P.NQy#0, and P.NQ, € P,NQ, which is a subset of Ap,(y) as y is p-sided. This
implies that P, = P, so P, UQ, = X.

If instead y is ¢-sided then we can repeat the same argument but with z in place

of z and ¢ in place of p. n

We have shown that our order fulfils almost all of the requirements for it to be
called a total order. It is not a total order however as it may not be antisymmetric,
as can be seen in Example 2.2.7. Take the point x as well as any other point on the

same vertical line to be y. Then these are two distinct points with x <y and y < x.

Lemma 2.3.10. Let X be an almost hereditarily decomposable, irreducible contin-
uum. Suppose x,y € X are not points of irreduciblity, and x <y andy < x. If x is
p-sided with P, = {P,} then for each Q, € Q, we have Ap,(x) N Ag,(y) # 0. If x is
q-sided with Q, = {Q.} then for each P, € P, we have Ap,(y) N Ag, (x) # 0.
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Proof. We only need to prove the case where x is p-sided, as the symmetry of the

problem means an identical proof will work for the other case. We have that
X=PUQ,=FP,UQ,=P,UQ,=PFP,UQ,

which implies
X=(P,NP)U(Qs:NQy)

Thus A= P, NP,NQ,NQ, # 0 by the connectedness of X. We will consider two
cases, y is p-sided and y is g-sided. As we are assuming x is p-sided we must properly
check each case, and cannot further appeal to the symmetry of the situation.

Suppose y is p-sided. Then A C Ap, ()N Ap,(y) C Ap, ()N P, so C = P,UAp,(x)
is connected. We are working under the assumption that x is p-sided so from Lemma
2.2.15 we know that Ap, () is compact, and therefore C' is a continuum containing p
and z. Thus P, C C by Lemma 2.3.3. This implies xp,(p) C P,, which is dense in
P, so P, € P,. The same argument gives us that P, C P, which implies P, = P,.
Thus y € Ap,(x) N Ag, (y)-

Suppose now that y is g-sided. Then A C Ap,(z) N Ag,(y). This completes the
proof. O]

We will now show that a weak converse is also true.

Lemma 2.3.11. Let X be an almost hereditarily decomposable, irreducible contin-
uum. Let x,y € X not be points of irreducibility. If x is p-sided with P, = {P,} and
for some Q, € Q, we have Ap,(x) N A, (y) # 0 then x <y and y < x. If x is g-sided
with Q, = {Q.} and for some P, € P, we have Ap,(y) N A, (x) # 0 then x <y and
y<uw.

Proof. Again we only need to show that this holds for the case where x is p-sided.
It is clear in this case that P, N Q, # 0 so P, UQ, = X and y < z. We will again
consider the two cases where y is p-sided or ¢-sided, but in this instance this reduces
to a single case.

Suppose y is p-sided, we will see that we can assume it is ¢-sided. Take a subcon-
tinuum P, in P,. Then P, C P, UQ, so P, \ @, C P,. This implies xp,(p) C P,
which in turn implies P, C P,. If P, = P, then P,UQ, = X so x < y and we are
done. Otherwise P,NAp,(z) = 0. As X = P,UQ, we have that A\p,(z) C @Q,. Since =
is p-sided we have by Lemma 2.2.15 that A\p, (z) is a continuum. Now Ap, (z) does not
contain y and intersects Ag, (y) which means that Ap, () C Ag,(y) by Lemma 2.2.17.
Thus for any proper subcontinuum C' C @), containing ¢ we have that « ¢ P, U C so
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P,UC C X \ {z} # X. This in turn implies that P,NC =0 so P,NQ, C Ag,(v).
Thus y is g-sided.

Now we can simply assume that y is ¢-sided. Take a subcontinuum @, in Q,. If
x € P, then P,UQ, = X and we are done. If on the other hand z € @, then @, C Q,
by Lemma 2.3.2. From our initial assumption we have that Ap,(x) N Ag,(y) # 0
and x is p-sided while y is ¢-sided. By applying Lemma 2.2.15 again we have that
C = Q. UMp,(z)UAg,(y) is a continuum. C' contains ¢ and y so @, € C' by Lemma
2.3.3. Further, kg, (q) € @z U Ap,(z) € Cso Qy C QU Ap,(2). If Qp = Q, then we
are done. If not then since @, C @, it must be that A, (y) € Ap,(z). Thus y € P,
so P, C P,, again by Lemma 2.3.2, and as it intersects Ap, (v) we have that P, = P,,
so P,UQ, = X and x < y. This completes the proof. O

Lemma 2.3.12. Let X be an almost hereditarily decomposable, irreducible contin-
uum. Let x,y,z € X not be points of irreducibility. Suppose v < y,z and y,z < x,
and that both y and z are p-sided. Let P, = {P,} and P, = {P.} and let Q, € Q,.
Then y € Ap,(2) U A, (z). If both are g-sided then y € Ap,(x) U A, (2).

Proof. We will again just prove the case where both points y and z are p-sided.
Applying Lemma 2.3.10 to z and = gives us that Ag,(x) N Ap,(2) # 0. Applying
the same lemma to y and x gives us that ) # g, () N Ap,(y) C Ao, (x) N P,. Let
C = P,U M\, (%) UMp.(2), then as z is p-sided we have that C' is a continuum and
contains p and z. By Lemma 2.3.3 it follows that P, C C. Further, P, C P, U \q, ()
as the dense subset kp_(p) must lie in the right hand side. Similarly, P, C P,U\g, ().

It is clear that if y € Ag, (z) then the lemma holds. Suppose y ¢ Ao, (z). Then

y € P, and P, C P, by Lemma 2.3.2. Since the relation < is transitive (Lemma
2.3.9), z <z and = < y implies that z < y so for any @), € Q, we have

0+P,NQ.=P,NP.NQ,C P,NAp(2)

Thus P, = P, so y € Ap,(2).

We must finally consider the case where y € Ag, () \ Ag, (). This of course
implies that g, (x) is not compact, so by Theorem 2.1.10 there exists D C @, which
is indecomposable and has Ag,(x) € D. D has non-empty interior in ), by Lemma
2.2.17. Let U be the interior of D in Q),. As X is almost hereditarily decomposable
and X = P, U@, it must be that U C P,. From Proposition 2.1.5 we have that
U is connected as ), is irreducible. Thus U is a subcontinuum of D. It cannot
be contained in any single composant of D as it has a non-empty interior and each

composant is dense. Since each proper subcontinuum is contained in a composant, it
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must therefore be that U = D, which implies D C P, and in turn y € P,. We can
then apply the same argument as for the case where y ¢ Ao, (). ]

Remark 2.3.13. Lemma 2.3.12 is less complicated to prove for hereditarily decom-
posable continua as all of the A\p, (z) are already closed. This removes the need to

consider the case y € Ao, (z) \ Ag, (7).

Note that in the previous lemma the choice of x was arbitrary and any point

satisfying 2’ <y, z and y, z < 2’ will do, including y or z.

Lemma 2.3.14. Let X be an almost hereditarily decomposable, irreducible contin-
uum. Let x,y € X not be points of irreducibility. Suppose x is p-sided with P, = { P, }.
Suppose further that P, € P,. Then y is p-sided.

Proof. Suppose y is not p-sided. Take @), € Q, and z witness this i.e. z € P, NQ,
but P, # irr(p,z). Then each P, € P, is a subset of P, and P, U@, = X. Since
Ap,(x) € P\ P, C @, it must be that @, C @, for each choice of @), € Q,. This
is because P, N Q, C P, N Ap,(z) = 0 and X = P, U Q,. We therefore have that
Q2 U Ap,(7) is a subcontinuum of @,. It contains both ¢ and y so it is equal to Q,,.
Thus P, UAp,(2) UQ, = X so P,UMAp,(z) = P,. As Ap,(z) has empty interior in P,
it must be that P, = P, and this is a contradiction. O

2.4 Constructing The Monotone Map

In this section we will create an equivalence relation from the order defined in Section
2.3 and will show that the corresponding quotient map is a universal monotone map
from our continuum X onto an arc. This will involve proving that each equivalence

class is a continuum and that the image of the quotient map is locally connected.

Definition 2.4.1. Let X be an almost hereditarily decomposable, irreducible con-
tinuum. Let < be the order on X defined in Definition 2.3.5 and let z,y € X. Then
we say x ~ y if z <y <z, and denote z.. := {y € X|z ~ y}.

Proposition 2.4.2. Let X be an almost hereditarily decomposable, irreducible con-

tinuum and let ~ be as in Definition 2.4.1. Then ~ is an equivalence relation.

Proof. From Lemma 2.3.7 we have that ~ is reflexive. From Lemma 2.3.9 we have
that ~ is transitive. It is clear from the definition that ~ is symmetric. Thus ~ is

an equivalence relation. O
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Proposition 2.4.3. Let X be an almost hereditarily decomposable, irreducible con-
tinuum and let ~ be as in Definition 2.4.1. Let x € X. Then x. is a subcontinuum
of X.

Proof. If x € A(p) or x € A(q) then the set x., is just the E-continuum of X containing
x.

If x is not a point of irreducibility then from Lemmas 2.3.10 and 2.3.11 we have
that

z. = {y € X|yis p-sided, there exists Q, € Q, with Ap,(y) N Ag,(z) # 0}
U{y € Xy is ¢-sided, there exists P, € P, with Ap,(x) N Ag,(y) # 0}

From this and Lemma 2.3.12 it is clear to see that

([ Ap, () U, () U Ap, (1) Ty ¢ A, (2),y is p-sided
Ap,(Y) N A, () # 0

Ap, () U g, () UXg.(2) Jz ¢ Ap, (), z is g-sided
T =9 Ap, (1) N Aq.(2) # 0

Ar, () U g, () UAp, () UAg.(2) both

| Ar. () U g, (2) neither

In the first of these four cases € Ap,(x) N Ag, () and Ap,(y) N Ag, (x) # 0 so this
union is connected. The other cases can be similarly shown to be connected as well.
We know that Ap,(y) and Ag,(z) will be compact whenever they appear in these
unions, as y is p-sided and z is ¢-sided (Lemma 2.2.15). If both Ap,(z) and Ag, ()
are compact then x. is the union of finitely many compact sets, so is compact. If
one of Ap (x) or Ag,(x) is not compact then applying Lemma 2.3.4 gives us that
Ap, () U Ag, () is equal to the compact set Ap, () if = is p-sided and g, (x) is x is

g-sided. Either way, x. is compact and therefore a continuum. O

Definition 2.4.4. Let X be an almost hereditarily decomposable, irreducible con-
tinuum and let ~ be as in Definition 2.4.1. Define 7 : X +— X/~ to be the quotient
map corresponding to the equivalence relation ~. Define the open interval between

x~ and y. as follows.
(s ) = {2 € Xufe € 2 <y, 20 A 2oy
Define closed and half open intervals similarly.

32



Note that as a direct corollary of Proposition 2.4.3 we have that the map w is
monotone, as the pre-image of a point is an equivalence class x.. We shall now
investigate the structure of X/~ starting by looking at the order induced from X and
<.

Proposition 2.4.5. Let X be an almost hereditarily decomposable, irreducible con-
tinuum, let ~ be as in Definition 2.4.1 and let w be as in Definition 2.4.4. We say
T <y~ if and only if x <y. This is a well defined total order.

Proof. The order is well defined as if ' € z. and x < y then as 2/ < z and < is
transitive (Lemma 2.3.9) we know 2’ < y. It is clear the order on X/~ is antisymmetric
asif x. <y. <zx.thenz <y <xrsoz~yand z. = y.. We can then apply
Lemmas 2.3.7, 2.3.8 and 2.3.9 to complete the proof. O

We can now consider the two natural topologies on X/~, the quotient topology
and the order topology. We will show that these topologies are in fact the same, and

that X/~ is a continuum.

Lemma 2.4.6. Let X be an almost hereditarily decomposable, irreducible contin-
uum. For any x. # pw,w_l([pw,xw)) 1s open in X. Similarly, for any xr. F#
g, 7 H((2n, go]) is open in X.

Proof. We will show that ﬁ’l([pw,xN)) =X\ (Q:Uzx.). Ifye W’l([prN)) then
y # x and P,NQ, = 0. This means y ¢ Q, and clearly y ¢ z..

Now suppose y € X\ (Q.Uzx.). Asy ¢ x. we have by Lemma 2.3.8 that precisely
one of <y and y < x holds. Since P, U@, = X and y ¢ @, we have that y € P,
which means that P, N Q, # 0, so y <z and z £ y, meaning y € Wﬁl([pw, IEN>)

An identical argument shows that 77 ((z,¢.]) = X \ (P, Uz.). O

Note that by applying Theorems 2.1.8 and 2.1.9 we have that the pre-images of

these sets are connected.
Proposition 2.4.7. The space X/~ endowed with the order topology is Hausdorff.

Proof. Let z.,y~ € X/~ be distinct points. Without loss of generality we can suppose
that z.. < y.. Now 7 ([p~,z.]) Um ! ([y~,q~]) is the disjoint union of two closed
subsets of X and as X is a continuum there must therefore be some point z not
in either pre-image. This implies z < z < y. Consequently, .. € U = [p~, z..) and
Yy €V = (z-,q-]. Both U and V are order-open subsets of X/~ and they are disjoint,
so this completes the proof. O
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Corollary 2.4.8. The quotient topology on X/~ is the same as the order topology.

Proof. The sets [p~,z.) and (z.,¢q.] form a subbasis for the order topology on X/~
and Lemma 2.4.6 implies they are both open in the quotient topology. Let Y be the
space X/~ endowed with the quotient topology and let Z be X/~ endowed with the
order topology. Lemma 2.4.6 implies that the identity map id : Y + Z is continuous,
and id is clearly a bijection. Since Y is compact and Z is Hausdorff we have from

Theorem 2.1.14 that id is in fact a homeomorphism. O

Having shown that these two topologies are the same they will now be used inter-
changeably. This will make it much easier to work with X/~ as the open sets for the

order topology are far more straightforward with a well understood basis.

Lemma 2.4.9. Let x..,y~ € X/~ be distinct points with x.. < y.. Then 7! ((xN, yN))

18 connected.

Proof. Consider first the case where neither x. nor y. are equal to p. or g.. Then
T (ze,ye)) = (X\(QzUz2)) N (X \ (PyUy~)). This is the complement in X of a
pair of continua, one containing p and the other containing ¢, so by Theorem 2.1.4 it
is connected. If on the other hand one of x., y. is p. or g. then the pre-image is also

connected by the same argument but with an E-continua in place of say P,Uy.. O
Proposition 2.4.10. The space X/~ is a continuum.

Proof. This result is an immediate consequence of Lemma 2.1.1 and Proposition 2.4.7.
O

We are now in a position to prove the first of this section’s two major results.
Theorem 2.4.11. The space X/~ is an arc.

Proof. We have already seen that the basic open sets (z-,y~), [p~,z~) and (x.,q.]
have connected inverse images under 7 in Lemma 2.4.9. Since 7 is continuous we
have that (z.,y~) = W(?T_l((flfw,yN))> is also connected. Any space with a basis
of connected sets is locally connected, which means that X/~ is a Peano continuum.
Specifically X/~ is arcwise connected by Theorem 2.1.3. As 7 is monotone, Theorem
1.3.3 implies X/~ is irreducible between p., and g.. There exists an arc I C X/~ which

contains these two points, and by irreducibility we have that X/~ = 1. O

This section began with the claim that we would construct a universal mono-
tone map from our hereditarily decomposable continuum X onto an arc. We have

constructed a monotone map from X to an arc, so must now show that it is universal.
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Definition 2.4.12. Let f : S — T be a continuous map between topological spaces.
Let F be a collection of continuous maps g : S — T, with f € F. Then f is universal
amongst F maps if for each g € F there exists a continuous h : T' — T} such that

hof=g.

In order to show that 7 is universal amongst monotone maps onto arcs we must

first prove the following lemmas about the equivalence classes of ~.

Lemma 2.4.13. Let T be a topological space and let K, ..., K, be closed subsets of
T with empty interiors. Then K1 U---U K, has empty interior in T'.

Proof. We will prove this by induction on n. The base case n = 1 is trivial. Suppose
this is true for n = m and let Ky,..., K,,11 be closed, nowhere dense subsets of T
Then K' = K; U ---U K, has empty interior and is closed. Let U be a T-open set
with U C KUK,11. Then U\ K C K,,;1 s0 U\ K = (. Thus U C K, implying
U=0. Thus K; U---U K,,,; has empty interior. O

Lemma 2.4.14. Fach equivalence class x.. has empty interior.

Proof. The result holds for z.. = p. or ¢. as these are E-continua of X. From the
proof of Proposition 2.4.3 we know that if x is not a point of irreducibility then x.
is the union of finitely many subcontinua of X of the form Ap, (y). Each such set has
empty interior in their respective P, or (),, so must have empty interior in X. By

Lemma 2.4.13 it follows that x. has empty interior. O

Theorem 2.4.15. The map m : X — X/~ is a universal monotone map from X to

the unit interval.

Proof. Let p : X — I be another monotone map. If the image of p is a singleton
then there clearly exists a map f : I + I such that f om = p so suppose this is
not the case. Without loss of generality p is surjective. We will first show that p
preserves equivalence classes. Let © € X and suppose p(x.) is non-degenerate. Then
as p(z.) is an interval we can say p(z~) = [, 5] for some 0 < a < f < 1. As pis
a monotone map between continua we have by Proposition 1.3.2 that p~! ([O, a]) and
p! ([ﬁ ) 1]) are both subcontinua of X. One will contain p and the other ¢, depending
on which was mapped to 0 by p and which to 1. Then p=([0,a]) Uz. U p~([8,1])
is a subcontinuum of X containing p and ¢, so must be equal to X. Therefore the
open set p_l((a, ﬁ)) lies in ., which contradicts Lemma 2.4.14. From this we can

deduce that for each z € X the subcontinuum p(z.) C [0, 1] is a singleton.
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Now define a map f : X/~ — I by f(z.) = p(x). We have just shown that
this map is well defined, and it is clear that f om = p. Now let U C I be an
open set. Since p~!(U) is open and consists of whole equivalence classes we have that
! (ﬂ' (p‘l(U))) = p~(U), which implies 7(p~'(U)) is open in the quotient topology
of X/~. As this is equal to f~}(U) we have that f is continuous, which completes our

proof. ]

Remark 2.4.16. It is worth pointing out that f is monotone. Given any y € 1 we
have that f~(y) = 7(p~'(y)). Since p is monotone and 7 is continuous, f~!(y) must

be connected.

2.5 The Fibres of 7

We will now turn our attention back to the equivalence classes of ~, which are also
the fibres of m. We will see that m can be thought of as collapsing sets of non-
locally connected points of X to singletons while leaving the locally connected points
alone. First we will look at the link between these fibres and local connectedness and
then a continuum will be constructed such that every fibre is non-degenerate. The
existence of such a continuum negatively answers whether each equivalence class is
a component of the set of non-locally connected points or whether the set of locally
connected points is dense in X, both of which have been the case in every example

we have seen so far.

Proposition 2.5.1. Let p: X — Y be a surjective monotone map between continua.

Y s locally connected if and only if X s locally connected about each fibre of p.

Proof. We will first prove the forwards direction, so suppose Y is locally connected
and let y € Y. Let U C X be an open set with p~!(y) C U. Consider the subspace
A ={z €Yl|p'(z) C U} and suppose that A is not open. Then there exists an
injective sequence (z,) € Y \ A such that (z,) converges to some z € A. There also
exists a sequence (x,) € X \ U such that p(z,) = 2, for all n. Since X is a compact
metric space this sequence must have a convergent subsequence (z,,) converging to
some point . Since p is continuous and p(x,, ) = z,, converges to z it must be that
x € p~Y(z) C U, which is a contradiction as U is open. Thus we have that A is
open, so there exists a connected open set V such that y € V C A. Then p~1(V)
is a connected open set with p~'(y) C p~*(V) C U, which proves that X is locally
connected at p~(y).
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We will now prove the reverse implication, so will assume that X is locally con-
nected about each fibre p~!(y). Let y € Y and let U C Y be an open set containing
y. Since p~!(y) is connected it must be contained in a component of V = p~1(U).
Let C be this component. Given any z € C,p~*(p(z)) is a connected subset of V
so lies in C', which means that C' = p‘l(p(C)). As X is locally connected at each
p~*(p(z)) there exists connected open V;, such that p~*(p(z)) €V, CV, and as V,

is connected if x € C' then V,, C C. This implies that C' = J__. Vi, so C' is open.

zeC

YAp(X\C) = {z€Y|z¢p(X\C)}

= {z€Y|p ' (x)N(X\C) =0}
= {z€Y[p'(z) CC}
= p(C)

This implies that p(C') is an open set, which means it is a connected open set

satisfying y € p(C) C U and thus Y is locally connected at y. O

Corollary 2.5.2. Let X be an almost hereditarily decomposable, irreducible contin-
uum, and let ~ and 7™ be as in Definitions 2.4.1 and 2.4.4 respectively. Then X 1is

locally connected about each equivalence class of ~.

Proof. We have from Theorem 2.4.11 that « is a monotone map onto a locally con-
nected continuum, namely an arc. By applying Proposition 2.5.1 it follows that X is
locally connected about each of the fibres of 7, which are the equivalence classes of
~. m

Lemma 2.5.3. Let X be a continuum, C' C X a subcontinuum and let p : X — X/c
be the natural quotient map to a quotient space. Then X/c is locally connected at the

point p(C) if and only if X is locally connected about C.

Proof. First note that X/c is a continuum by Lemma 2.1.1. The proof of this lemma
is almost identical to Proposition 2.5.1, indeed the forwards direction is identical.
For the reverse direction take U an open subset of X/c containing p(C'), and let
V = p~Y(U). There exists connected open W with ¢ C W C V. Since the only
non-degenerate fibre of p is C' we immediately have that p—* (p(W)) = W, meaning
p(W) is an open set. Since W is connected and p is continuous we have that p(W) is
also connected, and clearly p(C) € p(W) C U. This completes the proof. O

Proposition 2.5.4. Let X be an almost hereditarily decomposable, irreducible con-

tinuum and let ~ be as in Definition 2.4.1. Then X s locally connected at x if and

only if x.. = {z}.
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Proof. One direction is simple, if .. = {z} then by Corollary 2.5.2 we have that X
is locally connected at x. For the other direction, suppose X is locally connected at
x. If x is a point of irreducibility then by Proposition 2.2.2 z is a necessary point of
irreducibility of X, and is therefore an E-continuum. Since both E-continua of X are
equivalence classes it follows that z. = {z}.

If x is not a point of irreducibility then by Proposition 2.2.19 we have that x is
a necessary point of irreducibility of some P, in P, and ), in Q,. Recall that x
must be p-sided or ¢-sided, so P, N @), must lie in either Ap (x) or Ag,(z). Both
of these sets are equal to {z}, so it follows not only that P, N Q, = {x} but also
that x is both p and ¢-sided. Now let y € X \ {z}. Since X = P, U @, we can say
without loss of generality that y € P,. Then by Lemma 2.3.2 we have that P, C P,
and as P, # irr(p,y), Py # P,. Thus o ¢ P, so P,NQ, C (P, \ {z})NQ, = 0.
Therefore y < x so y »~ x. Applying the same argument to a point z € @), gives us
that z. = {z}. O

Lemma 2.5.5. Let Y be an almost hereditarily decomposable continuum and let Q)
be a subcontinuum of Y. Let p:Y +— Y/q be the natural quotient map. Then Y/q is

almost hereditarily decomposable.

Proof. Let C' C Y/q be a subcontinuum with non-empty interior. Let U be this
interior. It follows that U \ p(Q) is also open, non-empty and that p= (U \ p(Q)) is
a subset of p~1(C). We will define two transfinite sequences of subcontinua of Y to
show that C'is decomposable. These sequences will be denoted A, and B,, and will
be chosen such that for any a, p(A,) U p(B,) = C. Let Ag = By = p~(C). Suppose
the sequences have been defined for all ordinals up to and including «. If both
p(As) # C and p(B,) # C then these two continua prove that C' is decomposable.
Otherwise relabel them so that p(A,) = C and take a proper decomposition of A,
into Ay41 U Baq1. If v is a successor ordinal define A, = 1, - A,. This will be a
continuum by Theorem 2.1.17 and as p(A,) = C there is no need to define B,.

Note that if o < 5 then A, 2 Az so all of these subcontinua are distinct. Each
is a closed subset of Y, of which there are at the most 2¥. This means the sequence
must terminate at some point so there is an « such that p(A,) = C but p(Ass1) # C
and p(Ba+1) # C. Then C = p(Aat1) U p(Bas1) is a proper decomposition of C'
which proves that ¥/ is almost hereditarily decomposable. O

Proposition 2.5.6. Let X be an almost hereditarily decomposable, irreducible con-
tinuum and let ~ be as in Definition 2.4.1. Let A C x.. be a proper subcontinuum of

Z~. Then X is not locally connected about A.
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Proof. Suppose it were the case that X is locally connected about A. Let Y := X/a
and let p : X — Y be the quotient map with only one non-degenerate fibre, namely
A. Then Y is almost hereditarily decomposable by Lemma 2.5.5 and irreducible by
Theorem 1.3.3 so Theorem 2.4.11 gives us that there is a monotone map 7y : Y +— L.
From Lemma 2.5.3 we know that Y is locally connected at the point p(A) and by
Proposition 2.5.4 we know that the point p(A) is also an equivalence class. We also
have that my o p : X +— I is a monotone map onto an arc, as the composition of
monotone maps between continua is monotone (Proposition 1.3.2). This means by
Theorem 2.4.15 that there exists a continuous map f : I — I such that myop = fory,
where mx : X +— I is the universal monotone map for X from Theorems 2.4.11 and
2.4.15. Let a = my(p(A)) and consider the pre-images of a. We know that the
pre-image under 7y o p is A. However, (f o mx)~ () intersects z. and since x.. is a
fibre of 7x it must be that z. C (f o mx) *(«). Thus it follows that .. C A C z...
This means A was not a proper subcontinuum of z., so X is not locally connected

about any proper subcontinua of the equivalence classes of ~. O

The points of local connectedness are clearly important to the structure of X, so
it is natural to wonder if they are, for example, a dense subset or whether the non-
trivial fibres of 7 are the components of the set of non-locally connected points. This
is not the case however, as irreducible, almost hereditarily decomposable continua
exist which are not locally connected at any of their points, as the following example
shows. The continuum constructed will in fact be hereditarily decomposable. We will

first need to prove a lemma, which will be very similar to Lemma 2.5.5.

Lemma 2.5.7. Let Y be a hereditarily decomposable continuum and let p 'Y — Z

be a monotone map onto a continuum Z. Then Z s hereditarily decomposable.

Proof. Let C C Z be a subcontinuum. We will define two transfinite sequences of
subcontinua of Y to show that C'is decomposable. These sequences will be denoted
A, and B,, and will be chosen such that for any a, p(A,) U p(B,) = C. Define
both Ay and By to be equal to p~!(C). Suppose the sequences have been defined for
all ordinals up to and including . If p(A,) # C # p(B,) then these two continua
prove that C' is decomposable. Otherwise relabel them so that p(A,) = C and take
a proper decomposition of A, into A,i1 U Bay1. If v is a successor ordinal define
Ay =Naey Aa- This will be a continuum and as p(A,) = C there is no need to define
B,.

Note that if « < 3 then A, 2 Agso all of these are distinct. Each is a closed subset

of Y, of which there are at the most 2. This means the sequence must terminate
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at some point so there is an « such that p(A,) = C but p(Ass1) # C # p(Bas1)-
Then C = p(Ant1) U p(Bay1) is a proper decomposition of C' which proves that Z is
hereditarily decomposable. O

Example 2.5.8. This continuum will be constructed in a similar way to the Cantor
set, or rather the product of a Cantor set with the unit interval. We will define a
sequence of nested continua K, and take their intersection to get K, then take a
quotient of K to get the continuum we want which we will denote X.

Let K; be a unit square [0, 1] x [0, 1]. Form K by deleting the middle third of K
except for the horizontal line [%, 5] x {1}. So K5 = [0,1] x [0,1]\ (3, 2) x [0,1). Form
K3 similarly by deleting the middle third from each of the two rectangles in Ky and
leaving a horizontal line, except this time the horizontal line has 2" coordinate 0.
Keep going in this fashion to define each of the K,,, alternating whether the horizontal

lines are at the top or the bottom.

K, Ko K

B ER I

Now by Theorem 2.1.17 K := )

nested continua. Define an equivalence relation on K by taking as the non-degenerate

newKn 18 @ continuum as it is the intersection of
equivalence classes the horizontal lines. Let X be the corresponding quotient space
and f : K — X the quotient map. All of the equivalence classes are closed, and any
pair is contained in disjoint open sets consisting of whole equivalence classes so X is
a continuum (Lemma 2.1.1). Since they are all connected, f is monotone.

We will show that K is irreducible between any point with 15 coordinate 0 and any
with 1% coordinate 1. Since f is monotone this will prove that X is also irreducible.
Let L C K be a subcontinuum intersecting {0} x [0,1] and {1} x [0,1]. If p is the
projection onto the 1% coordinate then as p(L) is connected, p(L) = [0,1]. This
implies that every horizontal line must lie in L as p maps injectively onto their image.
Since no two horizontal lines intersect it must be that every vertical line must also lie
in L with the possible exceptions of the ones at 0 and 1. However since L is a closed
subset of K these must also lie in L, as they are in the closure of the other vertical
lines. Thus L = K which proves that K, and by extension X are irreducible.

We will show that K is hereditarily decomposable. Let Y C K be a non-degenerate

subcontinuum and consider ply : Y +— I If the image of Y is a singleton then Y
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must be contained in one of the vertical lines, which means that Y is an arc so is
decomposable. If p(Y) = [«, 5] for a < 3 then let v € (o, ). From the irreducibility
of K we have that p~! ((oz, B)) CY Cp't ([a, B]), and it easily follows from this that
YNp~'([a,7]) and YNp~' ([, B]) are both subcontinua of ¥ forming a decomposition
of Y. Thus K is hereditarily decomposable, and by Lemma 2.5.7 so is X.

Finally, we will show that X is not locally connected at any point x € X by
showing K is not locally connected about any of the horizontal lines and applying
Proposition 2.5.1. The only non-degenerate fibres of f are the horizontal lines. Let
z € X and let U be the ball of radius 1/3 around f~!(x). Then as f~!(z) is either
a point or a horizontal line this ball cannot meet both the horizontal lines with 274
coordinate 0 and the ones with 2" coordinate 1. Without loss of generality say that
U misses the lines of 2°¢ coordinate 1. Take any open subset V of U, then consider
p(V). Given any horizontal line, p maps injectively onto the image so p(V') cannot
contain the image of any horizontal line with 2"¢ coordinate 1. These missing line
segments mean that p(V') cannot be connected, meaning V' also cannot be connected.
Thus K is not locally connected about any fibre of f, so X is not locally connected

anywhere.

It seems worth considering the map 7 : X + [ where 7 is monotone universal and
X is as in the previous example. Let p,q € X be points of irreducibility, p the image
of something in K with 1% coordinate 0 and ¢ of something with 15 coordinate 1.
Given z € X if x = f(2') and 2’ is an end point of the Cantor set then depending
on whether 2’ is approximated from the left or the right by the rest of the Cantor
set there are two options for P, and Q.. If it is approximated from the left then P,
consists of all of K to the left of 2’ including the vertical line containing x’, and @,
consists of everything to the right and a line segment of the vertical line containing
2’ between x’ and a horizontal line. If 2’ is approximated from the right then these
continua are the other way around. From this we can see that x. is the union of
two vertical lines which in K are joined by a horizontal line. These end points are a
dense set so their image defines the map 7. Each vertical line is mapped to a single
point, they all map in order and two lines either side of a “gap” both map to the
same place. If ¢ : C'— I is the standard map from Theorem 2.1.15 of the Cantor set
onto I, ¢(>_ 52) = agf and p: C x I — C a projection then 7 can be thought of
like ¢ o p, mapping the horizontal lines to the obvious places.

The final result of this section concerns unicoherence, and generalises a result from
a paper by Miller (Corollary 2.4 in [Mil50]). In this paper Miller took a very different

approach in constructing a partition of a hereditarily decomposable continuum, but
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the resulting partition is the same as the one arising from ~. Miller proved the
result for hereditarily decomposable continua, I will do so for almost hereditarily

decomposable continua.

Definition 2.5.9. Let X be a decomposable continuum. Then X is unicoherent if
whenever A and B are proper subcontinua of X with X = AU B, then AN B is

connected.

Theorem 2.5.10. Let X be an almost hereditarily decomposable, irreducible contin-
uum. Let ~ and 7 be as in Definitions 2.4.1 and 2.4.4 respectively. If each fibre of w

15 unicoherent then so is X.

Proof. First let C'C X be a subcontinuum with 7(C) = [0,a]. Let U = 77 ([0, ).
Then U is an open set contained in C. U is a decomposable, irreducible continuum
with k(p) = 771((0,a)), so U Na~!(a) is connected and in fact an E-continuum.

Suppose C' N7~} (a) is disconnected, into say M and N. Since U C C we have
that U N7~ %(a) € M or N, so without loss of generality say it lies in M. As
C CUU7T Ha) we have that C' = (U U M) U N which is a decomposition of C' into
disjoint closed sets. This contradiction gives us that C' N7 !(«) is connected. It is
also a continuum.

Now let X = A U B for proper subcontinua A and B. Let m(A) = [0,a] and
m(B) = [B,1]. If « # B then ANB =743, a) U(AN7 () U (BN7*(8)) which
is clearly connected by a similar argument to the previous paragraph. If a = § then
ANB C 71 Ha). Now 7} (a) = (ANna~'(a)) U (BN7*(«)) and each of these are
continua, so this is a decomposition of 771(a). As 7~!(«) is unicoherent it must be
that ANB = (AN7!(a)) N (BN '(a)) is connected. Thus X is unicoherent. [
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Chapter 3

Finite Irreducibility

3.1 Referenced Theorems

The following results from other authors will be used in this chapter.

Sam B. Nadler Jr, Continuum Theory, an Introduction

These results can be found in [Nad92].

Lemma 3.1.1 (3.2). If a Hausdorff space is a continuous image of a compact metric

space, then it 1s metrizable.

Theorem 3.1.2 (5.4). Let X be a continuum and let U be a nonempty, proper,
open subset of X. If K is a component of U, then K N OU # (. FEquivalently,
Kn(X\U)#0.

Proposition 3.1.3 (6.3). Let T be a connected topological space and let C be a
connected subset of T such that T'\ C is disconnected, say T\ C' = A|B. Then AUC
and B U C are connected. Hence, if T and C are continua, AU C and BU C are

continua.

Theorem 3.1.4 (11.8). Let X be a non-degenerate continuum such that X is irre-
ducible between p and q. If A and B are subcontinua of X such thatp € A and g € B
then X \ (AU B) is connected.

Theorem 3.1.5 (11.17). If X is a nondegenerate indecomposable continuum then the

composants of X are mutually disjoint.
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D.E. Bennett and J.B. Fugate, Continua and their non-separating
Subcontinua

These results can be found in [BF77].

Theorem 3.1.6 (1.3). Fach terminal subcontinuum of a continuum X is non-separating
m X.

Theorem 3.1.7 (1.8). Suppose that X is irreducible and K is a subcontinuum of X.
Then K s terminal if and only if X is irreducible between a pair of points, one of
which belongs to K.

Theorem 3.1.8 (1.22). Suppose that X is a continuum and p € X. The following

are equivalent:
o X\ k(p) is closed;
o X\ k(p) is a continuum;
e X\ k(p) is continuum-wise connected;

e If K is a subcontinuum of X such that K N (X \ k(p)) # 0 and K N k(p) # 0,

then K is decomposable.

Theorem 3.1.9 (1.30). The E-continua of X are exactly those end continua at which

X s locally connected.

Ryszard Engelking, General Topology

These results can be found in [Eng89].

Lemma 3.1.10 (Kuratowski-Zorn Lemma, page 8). In a partially ordered set in
which every chain has an upper bound, every element has a mazximal element above
it.

Theorem 3.1.11 (2.1.7). A space X is hereditarily normal if and only if for every
pair of separated subsets A, B of X there exist disjoint open sets U and V with A C U
and B C V. A pair of subsets are separated if ANB =0 = AN B.

Theorem 3.1.12 (3.1.1). A Hausdorff space is compact if and only if every fam-
ily of closed subsets of X which has the finite intersection property has non-empty

intersection.
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Theorem 3.1.13 (6.1.19). The intersection of a decreasing sequence of continua is

a continuum.

Theorem 3.1.14 (6.1.23). In a compact Hausdorff space X the component of a point

x € X coincides with the quasicomponent of the point x.

3.2 Introducing n-irreducibility

The following is a generalisation of the idea of irreducibility. For a continuum X
classical irreducibility considers whether there exists a pair of points p,q € X such
that no proper subcontinuum contains both. We will consider whether there exists a
finite collection of points py,...,p, € X such that no proper subcontinuum contains
all n. Generalisations of related concepts, such as terminal or E-continua will also be
introduced and a number of classic results about irreducible continua will be adapted
to m-irreducible continua.

When defining what it means for a continuum to be irreducible about finitely many
points the most obvious thing to consider is whether a proper subcontinuum contains
all of them. This is of course necessary, but it is not enough for a useful definition.
Consider for example the unit interval [0,1] and let z € (0,1). Then no proper
subcontinuum of [0, 1] contains the trio of points 0, x and 1, but it’s clear that the point
x is contributing nothing to this situation. A generalisation of irreducibility ought to
depend equally on each point and should lead itself to a definition of composants, with
the interaction of points of irreducibility and composants being as close as possible
to the classical case. To achieve this and to avoid situations like the unit interval we

will use the following definition of finite irreducibility.

Definition 3.2.1. Let n > 3 and let py,...,p, € X. We say that X is n-irreducible
about pi,...,p, if and only if no proper subcontinuum of X contains all of the
points, but for all 1 < i < n there exists a proper subcontinuum C; € X such that
Ply- -y Pic1,Pit1s -« - Pn € Ci. This is written X = irr(pq,...,pn). We say that X is
n-irreducible if there exists pq,...,p, € X such that X = irr(py,...,p,) and we say
that X is finitely irreducible if there exists some n such that X is n-irreducible.

If there exist points p1,...,p, € X such that no proper subcontinuum of X

contains all of these points we write X = min(py,...,p,) and say that X is minimal
about the points pi,...,p,. There may or may not be proper subcontinua of X
containing each set of p1,...,pi—1,Pit1,- -, Dn-
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Under this definition [0,1] = min(0,z,1) but [0,1] # irr(0,z,1) as no proper
subcontinuum contains 0 and 1. Definition 3.2.1 is also compatible with the classical
definition of irreducibility as if X = irr(p,q) then {p} is a proper subcontinuum
containing p but not ¢, with {¢} acting similarly.

It is clear that if a continuum X is irreducible in the classical sense about points p
and ¢ then it satisfies every condition of finite irreducibility except for the requirement
that n > 3. The definition insists that n > 3 partly to differentiate finite irreducibility
from ordinary irreducibility and partly because this is the only case for which the
subcontinua C; can be singletons. We would have to handle the case n = 2 separately
in the proof of a number of results, many of which have already been proved by other
authors or in earlier chapters for this case. The case n = 2 would also contradict the

following theorem.
Theorem 3.2.2. Let X be an n-irreducible continuum. Then X s decomposable.

Proof. Let X = irr(py,...,pn). Note that n > 3. Let A be a proper subcontinuum
of X containing ps,...,p, but not p; and let B be a proper subcontinuum of X
containing pq,ps,...,p, but not py. Since p3 € AN B we have that AU B is a
continuum, and as p1,...,p, € AU B it follows that X = AU B. n

When studying this newly defined property, we will first show the link between
X =min(py,...,p,) and finite irreducibility and then move on to define composants

for a finite number of points.

Proposition 3.2.3. Let X be a continuum with X = min(py,...,p,). Then there
exists integers ki, ..., ky such that X =irr(pry, .- -, Dk, )-

Proof. Let Ay = {p1,...,p.} and define sets Aq,..., A, inductively such that the
points p;i1,...,p, lie in A; and no proper subcontinuum of X contains A;. Suppose
A; has been defined. If a proper subcontinuum of X exists containing A; \ {p;+1} then
let A;y1 = A;, otherwise let A,y = A; \ {pis1}. No proper subcontinuum of X can
contain A,, and for any p; € A,, we have that p; € A; which means that there exists a
proper subcontinuum of X containing A; 1 \ {p;} 2 A, \ {p;}. Thus X is irreducible

about the set A,. The subsequence of points can be constructed from here. O

Definition 3.2.4. Let z4,...,x,, € X. Then define
K(x1,...,xm) = {z € X|3C € X a subcontinuum s.t. x,xy,...,z, € C}
The subset k(x1,...,2,,) is called the composant of z1, ..., x,.
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Having defined composants for finitely many points, rather than just one, we will
now show that a number of results about composants in the classical sense remain

true when considering the finite case.

Proposition 3.2.5. Let X be a continuum. For any collection of points x4, ..., 2, €

X the set k(xq,...,2,) is either empty or connected and dense.

Proof. Suppose that k(z1, ..., x,,) # 0. It is clear then that k(x1, ..., z,,) is the union
of all proper subcontinua of X which contain x4, ..., x,,, so it is connected. If it were
not dense then it must be closed, else the closure would be a proper subcontinuum
containing xy,...,z,. Let Y be a point not in k(z1,...,z,) and U be an open set
with

(21, 2,) CUCTU C X\ {y}

Let K be the component of U containing x(zy,...,2,) By Theorem 3.1.2 we have
that K N X \ U is non-empty, so in particular K is not a subset of k(x1,...,Z,).
But K C X \ {y} so K is a proper subcontinuum of X with z,...,x,, € K. This

contradiction implies k(x1, ..., z,,) must be dense. ]

Definition 3.2.6. Suppose X is a continuum and X = irr(py,...,p,). Then for
1 <1 < n define the set A\(p;) = X \ k(p1, ..., Pi—1,Dit1,---,Pn). Note that p; € A\(p;)
and p; ¢ \(p;) for any j # i. In cases where it would otherwise be ambiguous which
points define the composant, this set will be denoted A(p;|p1,. .., Pi—1,Pit1;---sPn)-
In cases where it would otherwise be ambiguous which continuum is being considered,
this set will be denoted Ax(p;).

Proposition 3.2.7. Let X be a continuum and X = irr(py,...,pn). Then for each
1 <i <mn, the set X(p;) is connected

Proof. Let A(p;) = M U N for disjoint subsets M, N clopen in A(p;). Without loss
of generality let p; € M. By Theorem 3.1.11 there exist disjoint X-open sets U
and V' containing M and N respectively. Let P be the component of p; in U.
By Theorem 3.1.2 we have that P\ U # () and as N C V we know PN N = )
so PN k(p1,...,Pi-1,Dis1,---,Pn) # 0. From this we have that there exists a

subcontinuum Y C X containing py,...,Pi—1,Pit1,---,Pn and intersects P. Thus
Y U P is a subcontinuum of X, containing p, ..., p, and not intersecting N. Since
X =irr(py,...,pn) it must be that X = Y U P, so N = ). From this we have that
A(p;) is connected. O
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We will now show that the counterpart to Lemma 2.2.17 also holds for the finite
case. The proof is nearly identical to the case with just two points of irreducibility.
This proposition has a pair of corollaries which begin to show that Definition 3.2.1
is an accurate generalisation of irreducibility, as we see it preserves some of the basic

notions of irreducible points and composants.

Proposition 3.2.8. Let X be a continuum, C' C X be a subcontinuum and suppose
X =irr(p1,....pn)- IFCNXp) #0 and C € Np;) then M(p;) C int(C).

Proof. Let x € C'\ A(p;). Since x € X \ M(p;) = &(p1,...,Di—1,Dit1,---,Dn) there
exists D C X a subcontinuum containing pi,...,p;—1,Pit1,---,Pn and z. As it
is a proper subcontinuum, D N A(p;) = @ and C' U D is a continuum containing
D1y« Pie1,Pit1s- - -, Pn and intersecting A(p;). This implies that C U D = X, and
therefore A(p;) € X \ D C int(C). O

Corollary 3.2.9. Let X be a continuum with X = irr(py,...,p,) and suppose i # j.
Then X(pi) N A(p;) = 0.

Proof. Suppose for contradiction that A(p;) N A(p;) # 0. Since X = irr(p1,...,pn)
there exists a proper subcontinuum C' C X containing py,...,0;—1,Pi+1,.--,Pn. Lhen
C intersects A(p;) so contains it by Proposition 3.2.8, which means it intersects A(p;)
and therefore contains that. This is a contradiction as C' therefore would contain

P1, ..., Pn but is a proper subcontinuum of X. O

Remark 3.2.10. It is clear to see from the proof of this Corollary that for distinct

pi, p; we have A\(p;) N A(p;) = 0. This is because A\(p;) C C and C'is a closed subset

of X, so A(p;) € C. Then if A(p;) N A(p;) # @ we would be able to apply Proposition

3.2.8 and reach the same contradiction.

Corollary 3.2.11. Let X be a continuum and let X = irr(py,...,pn). Let qi,...,q
be points of X and suppose for all 1 <i < n we have q; € X(p;). Then it must be that
X =irr(qr, .-, qn)-

Proof. Any continuum containing each ¢; will contain A(p;) by Proposition 3.2.8 so will
contain p;. Thus no proper subcontinuum of X contains ¢y, ...,q,. Given C; C X
containing pi,...,pi—1, Pit1, - .., Pn We again have that for j # i, A\(p;) € C; and
C;inApi) = 0. Thus ¢1,...,¢i-1,Gi+1,---,qa € C; and ¢; ¢ C;. This proves that
X =irr(qy, .-, qn). ]

Proposition 3.2.12. Let X be a continuum with X = irr(py,...,p,). Then the
subset X \ |J;_, A(pi) is dense in X.

48



Proof. Let U C |JA(p;) be an X-open set. Since each A(p;) does not intersect the
closures of the other A(p;) from Corollary 3.2.9 we have that UNA(p;) = U\U,; Ap;)-
This means that U N A(p;) is also an X-open set, so it must be empty by Proposition
3.2.5. This is true of every 1 < i <mnso U = 0. m

Next we will prove a theorem which is vital if we wish to regard n-irreducibility
as an intrinsic property of a continuum. If Theorem 3.2.13 did not hold then any
discussion of the composants or the E-continua of a continuum X would be impossible,
as X would have different sets of composants or E-continua depending on whether

you were considering it as n irreducible or m irreducible.

Theorem 3.2.13. Let X be a continuum and suppose both that X = irr(py,...,pn)
and that X =irr(q1,...,qm). Then n =m.

Proof. For each 1 <i <nlet J; = {j|1 <j<m,q € k(p1,-..,Di-1,Dit1s---,Pn)}
For each j € J; there exists a proper subcontinuum C;; of X containing ¢; and

DPls--sDie1sPit1y--->Pn- HC = UjeJi C;,j then C'is a proper subcontinuum of X, as it

does not contain p;, so C' cannot contain gy, . . ., ¢,,. Thus each A(p;|p1, ..., pi—1, Dit1, - --

must contains some ¢;. All of the A(p;|p1, ..., Di—1,Pit1,- .., Pn) are disjoint by Corol-
lary 3.2.9, so each g; lies in at most one A(p;). This gives us that n < m and by

symmetry n = m. L]
The proof of this theorem leads to the following obvious corollary.

Corollary 3.2.14. If X = irr(p1,...,pn) and X = irr(q,...,q,) then there exists
o € S, such that \(¢;) = ANDo@s))-

We are now in a position to prove the following proposition, showing that the two
intuitive definitions of a composant are one and the same, namely Definition 3.2.4

and the set of points x with X # irr(z, p1, ..., Di 1, Dit1,-- - Pn)-

Proposition 3.2.15. Let X be a continuum with X = irr(py,...,p,). Then for each
i we have \(p;) ={z € X|X =1irr(x,p1,. -, Pi—1,Pis1s---+Pn)}

Proof. Let A = {x € X|X = irr(z,p1,...,Pi—1,Pit1,---,Pn)}. It is clear that A(p;)
contains A so we only need to show that A\(p;) is a subset of A. Suppose there ex-
ists x € Ap;) \ A. As & € A(p;) we can apply Proposition 3.2.8 to see that no
proper subcontinuum of X contains x and py,...,p;_1,Pit1, - - -, Pn and therefore X =
min(z, py, ..., Pi-1, Pitl,- -, Pn). Asx & Ait must be that there is some j such that no

proper subcontinuum of X contains x,p1,...,Pi—1,Dit1, - Dj—1,Pj+1,- -, Pn. Lhus
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X = min(x,p1, ..., Dim1,Pit1,- - - s Dj—1, Pj+1, - - - Pn)- Applying Proposition 3.2.3 im-
plies X is k-irreducible for some k < n. This contradicts Theorem 3.2.13. O]

Throughout this section we have seen that there can only be one n € N such that X
is n-irreducible, and that X is n-irreducible if and only if there is a unique collection
of n disjoint connected subsets of X such that no proper subcontinuum intersects
them all, with X = irr(p,...,p,) if and only if the set {p;,...,p,} contains one
point from each of these disjoint connected subsets. All of this portrays Definition
3.2.1 as a true generalisation of irreducibility, carrying over the fundamental aspects

of irreducibility which make it an interesting property of continua.

Monotone and Quotient Maps

We will end this section with a number of results concerning monotone maps or

quotient maps and how they interact with n-irreducibility.

Proposition 3.2.16. Let X and Y be continua and let X = irr(py,...,ps). Suppose
there exists a monotone surjection p: X — Y. Then'Y =min(p(p1),...,p(pn))-

Proof. Suppose C' C Y is a subcontinuum of Y containing p(p1), ..., p(p,). Then
p~1(C) is a subcontinuum of X by Proposition 1.3.2 and contains py, ..., p,. Thus
p~1(C) = X and as p is surjective we have that C =Y. O

Unlike in Proposition 1.3.2 we cannot say that Y is irreducible about the images

of the p;, merely that it is minimal. The following example demonstrates this.

Example 3.2.17. Let X be the subset T x {0} U{1/2} x I of T?>. Consider the points
p1=(0,0),p2 = (0,1) and p3 = (1/2,1) and let p : X ~ I be the projection onto the

first coordinate.

DP3

p
p1 $pz p(p1) ps) p(p2)

While X = irr(py, p2, p3) we have that the image of X is an arc, irreducible between

p(p1) and p(p2) but not about the images of all three points.
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The following two lemmas prove parallel results about hereditarily decomposable
and almost hereditarily decomposable continua. It is not possible to simply apply
the almost hereditarily decomposable result to hereditarily decomposable continua as
it would not guarantee that the image would be hereditarily decomposable, merely
almost hereditarily decomposable. Additionally, the result for hereditarily decompos-

able continua is stronger than the almost hereditarily decomposable version.

Lemma 3.2.18. Let Y be a hereditarily decomposable continuum and let p:Y — Z
be a weakly confluent map onto a continuum Z, meaning each subcontinuum of Z is

the itmage under p of a subcontinuum of Y. Then Z is hereditarily decomposable.

Proof. Let C' be a non-degenerate subcontinuum of Z. Take C t be the collection
of subcontinua K of Y with p(K) = C and order C by reverse inclusion. Since p is
weakly confluent we have that C is not empty. Given any chain K; of continua in C
let K = () K;, then by Theorem 3.1.13 we have that K is a continuum. Since C is
ordered by reverse inclusion we can deduce that p(K) = () p(K;) =Y, so KiC and
every chain lies under a maximal element. By Lemma 3.1.10 there exists a maximal
element M € C. As Y is hereditarily decomposable we have that there exist proper
subcontinua A and B of M with M = AUB. As M is maximal under reverse inclusion,
neither A nor B lie in C which means p(A) and p(B) are proper subcontinua of C.
As p(M) = C we have that p(A) U p(B) = C, meaning C' is decomposable. O

Corollary 3.2.19. Lemma 3.2.18 applies to monotone maps.

Proof. This follows immediately from the fact that every monotone map is weakly

confluent. O]

Lemma 3.2.20. Let Y be an almost hereditarily decomposable continuum and let
Q C X be a subcontinuum. Let p:Y +— Y/q be the natural quotient map. Then Y/q

18 almost hereditarily decomposable.

Proof. Let C' C Y/q@ be a subcontinuum with non-empty interior. Let U be this
interior. It follows that U\ p(Q) is also open, non-empty and p~*(U\ p(Q)) C p~(C).
The proof now proceeds exactly as for Lemma 3.2.18. At any stage in the induction
if p(A,) = C then p~ (U \ p(Q)) € A, meaning A, has non-empty interior, so
it is decomposable. This is the only adaptation required, so it follows that C' is

decomposable and Y/q is almost hereditarily decomposable. ]
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This final lemma will be used numerous times to reduce the relatively compli-
cated case of finite irreducibility to the far more straightforward case of a continuum

irreducible between a pair of points.

Lemma 3.2.21. Let X be an n-irreducible continuum with X = irr(p1,...,pn). Let
C, D C X be disjoint proper subcontinua with p,...,p, € CUD andlet p : X — X/c,p
be the quotient map to the quotient space X/c,p, so the only two non-degenerate fibres
of p are C and D. Then X/c.p is a continuum with X/c.p = irr(p(C), p(D)). If
D = {p;} for some 1 <i < n then p(Ax(pi)) = Axse(p(pi))-

Proof. To see that X/c,p is a continuum we only need to show it is Hausdorff and
apply Lemma 3.1.1. However since there are only two non-degenerate fibres of p and
X is normal it follows immediately that X/c,p is Hausdorff.

From Proposition 3.2.16 we have that X/c,0 = min(p(p1), ..., p(ps)). There are
only two distinct points in the set {p(p1),...,p(pn)}, so we can instead express this
as X/c,p = min (p(C), p(D)). There is no difference between being minimal about a
pair of points and being irreducible between them, so X/c,p = irr (p(C), p(D)).

To show that p()\X(pi)) = )\X/C(p(pi)) first let © € Kx(P1,-- -, Pi—1,Pit1s---»Pn)
and take K C X witnessing this. Then p(K) is a proper subcontinuum of X/c which
contains p(C) and p(z), which implies p(z) ¢ Axc(p(p;)). From this we can conclude
that p(Ax(pi)) 2 Axse (p(pi))-

For the reverse inclusion, let y € xx/c (p(C)) and let L be a proper subcontinuum
of X/c witnessing this. We have that p~'(L) is a proper subcontinuum of X which
contains C' and p~'(y). Thus p~*(y) N Ax(p;) = @ and as such y ¢ p(Ax(p;)). This
gives us that p(Ax(pi)) € Ax/e(p(pi)), so these two sets are equal. O

3.3 Terminal and End Continua

In their paper [BE77] Bennett and Fugate worked extensively with terminal continua,
end continua and E-continua. The ideas of terminal and end continua are closely re-
lated to irreducibility, and E-continua are directly defined by irreducibility. It there-
fore makes sense to investigate these notions in the new setting of n-irreducibility,
adapting the definitions suitably. A number of the results from [BF77] will also be
proved in this context, particularly ones which relate to whether or not a subcontin-
uum is terminal.

The definitions of terminal and end continua are based around decompositions

of a continuum X into proper subcontinua A and B. As with irreducibility, a new
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condition must be added when switching from two subcontinua to n subcontinua

which would always be satisfied for just two.

Definition 3.3.1. Let X be a continuum. The subcontinua Ay,..., A, form an n-
decomposition of X providing X is an essential sum of the A;’s, i.e. X = A;U---UA,
and for aﬂ1SiS’n,X#A1U"'UA1;1UA1'+1U"'UAR.

Definition 3.3.2. Let K be a subcontinuum of a continuum X. K is n-terminal if
whenever Ay, ... A, is an n-decomposition of X with A; N K # () for all i then there
exists 1 < j < n such that X = K U U#j A;.

Note that it is possible for a subcontinuum K to be n-terminal for multiple values
of n. We will primarily be interested in the minimum value of n for which K is

n-terminal, but several of the following results involve non-minimal values of n.

Example 3.3.3. The following continuum gives an example of a 4-terminal sub-

continuum on the left in bold and a 3-terminal subcontinuum on the right in bold.

The following proposition provides an equivalent definition of an n-terminal con-

tinuum which will be useful in proving further results, as seen in the corollary.

Proposition 3.3.4. A subcontinuum K of X is not n-terminal if and only if there
exists an n-decomposition Ay, ..., A, of X with K C (i, A;.

Proof. Only the forward direction needs to be proved, so let By,..., B, be an n-
decomposition of X witnessing that K is not n-terminal. Define A, = K U B;.
Then it is clear to see that these A;’s satisfy the conditions in the statement of the

proposition. O

Corollary 3.3.5. If K is an n-terminal subcontinuum of a continuum X and L is a

subcontinuum of X containing K then L is n-terminal.

Proof. We will instead prove the contrapositive, that if L is not n-terminal then nei-
ther are any of the subcontinua of L. Let A; be an n-decomposition as in Proposition
3.3.4, witnessing that L is not n-terminal. Then K C L C (), A;. This implies that
K is not n-terminal, again by Proposition 3.3.4. [
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Since a continuum X can contain multiple n-terminal subcontinua for various
different values of n (see Example 3.3.3) we should investigate what range these
values of n can take. While the question of minimal n-values will be answered in a

later section we are in a position to cover maximum n-values here.

Proposition 3.3.6. Let X be a continuum and K C X be a subcontinuum. If K is

n-terminal then K is m-terminal for all m > n.

Proof. Let m > n and suppose for contradiction that K is not m-terminal. By
Proposition 3.3.4 there exists a decomposition Ay, ..., A, with K C (", A;. Define
A=A, A, =A,1and let A, = -, Ai. Now A/ is a continuum as it is the
union of continua A; each of which intersect at K. The subcontinua A}, ..., A} form
an n-decomposition of X with K C (), A;, so K is not n-terminal by Proposition

3.3.4. This contradiction completes the proof. O]

We will now introduce n-end continua and briefly examine their relation with

n-terminal continua. In Section 3.5 n-end continua will be studied more exhaustively.

Definition 3.3.7. A subcontinuum K C X is an n-end continuum if and only if no
n-decomposition Ay, ..., A, of X exists such that for all 1 <i < n,A; N K # (.

Proposition 3.3.8. Let X be a continuum and K C X a subcontinuum. If K is

n-end it 18 n-terminal.

Proof. 1If K is n-end then the condition to be n-terminal is vacuously met, as there

are no decompositions Ay, ..., A, which each intersect K. O

Example 3.3.9. Any subcontinuum of a simple closed curve is a 3-terminal subcon-
tinuum. Any point in a simple closed curve is a 3-end subcontinuum. Note that a

simple closed curve is not n-irreducible for any n.

Theorem 3.3.10. If X is a continuum with X = irr(py,...,p,) then each {py} is an

n-end continuum.

Proof. Suppose X = A; U---U A, such that each A; is a continuum and for some
k each A; contains p;. Every p; must lie in some Aj, so by relabelling we have that
D1y Pp € A= U;:ll A;. Since each A; contains p; they must all intersect non-
trivially and it follows that A is a continuum. As X = irr(py,...,p,) we have that
A= X. Thus Ay,..., A, was not an n-decomposition of X. O

Corollary 3.3.11. Let X be a continuum with X = irr(py,...,p,) and let K be a
subcontinuum of X. If for any 1 <1 < n we have p; € K then K is n-terminal.
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Proof. By Theorem 3.3.10 we have that {p;} is an n-end continuum, so by Propoisition
3.3.8 we have that {p;} is an n-terminal continuum. Finally by Corollary 3.3.5 we

have that K is also n-terminal. O

In their paper [BF77] Bennett and Fugate placed a lot of emphasis on non-
separating and non-cutting subcontinua as well as the link to terminal and end con-
tinua. This relationship becomes more complicated when abstracting to the finite
case, and will be covered in some detail in the next section. For now we will prove

the following result which helps to characterise n-terminal continua.

Proposition 3.3.12. Let X be a continuum with X = irr(py,...,p,). If K is a non-
cutting (complement is continuumuwise connected) subcontinuum of X it must contain

some p; and is therefore n-terminal.

Proof. Let P ={i|]l <i<n,p;¢ K},let k € Pandforanyi € P let X; C X\ K be
a continuum containing p;, p. Let X' =J,cp X, so X’ is a continuum. Since X' is
contained in X \ K it cannot be the whole of X so cannot contain all of the p;. This
means P # {1,...,n}. Therefore some p; lies in K, which in turn implies that K is

n-terminal by applying Corollary 3.3.11. [

Note that just as with standard irreducibility, there exist n-terminal continua that

are cutting as the following example shows. In this example K is non-separating.

Example 3.3.13. Let X be the continuum below, with K highlighted in bold.

D2

P

b3
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Now X = irr(p1, p2,p3, ps) and as p; € K we can apply Corollary 3.3.11 to see that
K is 4-terminal. The subspace X \ K is not continuumwise connected however as
any subcontinuum of X containing ps and ps would need to contain the top left and

bottom left corners of the central square, both of which lie in K.

It has been mentioned before that there can be multiple m-terminal subcontinua
with different values of m in the same continuum, and in Proposition 3.3.6 we saw that
a subcontinuum can be m-terminal for multiple values of m. The next proposition
will put a cap on the size of m for which it is noteworthy to say that a subcontinuum

is m-terminal.

Proposition 3.3.14. Let X be a continuum with X = irr(py,...,p,) and let K be a

subcontinuum of X. Then K is (n+ 1)-terminal.

Proof. Let Ay, ..., A,y1 be an (n+1)-decomposition of X such that each A; intersects
K. There exists a map o : {1,...,n} — {1,...,n + 1} such that p; € A,;. Then
X'= KU, Ao is a continuum containing each p;, which means X’ = X. Thus
K is (n + 1)-terminal. O

3.4 Terminal Subcontinua and Complements

As has previously been mentioned there are a number of results in the paper [BF77]
which explore the relationship between subcontinua such as terminal or end continua
and whether or not their complements are connected. In this section we will explore
analogous results for n-terminal continua. In order to do so we will also prove a

number of lemmas that will be useful throughout the discussion of n-irreducibility.

Proposition 3.4.1. Let X be a continuum. If K is an n-terminal subcontinuum of

X then X \ K has at most n — 1 components.

Proof. Suppose X \ K has n components and let X \ K = U; U---U U, for each U;
open and pairwise-disjoint. Then each K U U; is a continuum by Proposition 3.1.3 so
X =L, (KUU;) is an n-decomposition of X which contradicts Proposition 3.3.4.
Thus no such expression for X \ K exists, which in turn implies that X \ K has at

most n — 1 components. ]

In Chapter 2 extensive use was made of Theorem 2.2.5, which states that given any
continuum X and any two distinct points z and y in X there exists a subcontinuum
Y C X with Y = irr(z,y). We shall now prove an analogous statement for finitely

many points.
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Lemma 3.4.2. Let X be a continuum with xq,...,x,, € X. Then there exists a

subcontinuum Y C X such that Y = min(zy,...,xy).
Proof. Let C(z1, ..., x,) be the set of subcontinua of X containing 1, . .., x,, and or-
der C(x1,...,x,) by reverse inclusion. This set is non-empty as it contains X. Given

a chain of continua K; € C(z1,...,x,) let K = [ K;. Then by Theorem 3.1.13 we
have that K is a continuum and clearly z1,...,z,, € K,so K € C(x1,...,%y). Thus
every chain lies below a maximal element, and by Lemma 3.1.10 there exists a max-
imal element M of C(z1,...,%,,). This continuum must have M = min(zy,...,z,,)

as it is maximal under reverse inclusion. O

Remark 3.4.3. Lemma 3.4.2 is weaker than Theorem 2.2.5 as we cannot say that
Y =irr(zy,...,x,). This is because Y may not have proper subcontinua containing
each set {x1,...,2;_1,%i41,...,2,}. For example, take any three points in a simple
closed curve. Any subcontinuum is an arc, so will not be irreducible about all three
points. However given any pair of these three there exists an arc irreducible between

the pair of points and containing the third and so minimal about the trio.

Although Lemma 3.4.2 is weaker, it can be strengthened under an additional

assumption as will now be shown.

Lemma 3.4.4. Let X be a continuum. If X =irr(p1,...,pn), each X(p;) is compact
and Y is a subcontinuum of X with Y = min(py,...,pm) then Y =irr(py, ..., pm).

Proof. We need to show that for any 1 < ¢ < m there exists a proper subcontinuum
of Y containing py,...,pi—1,Pit1,---,Pm- 1t is only necessary to prove this for i = m.
Let Z C X be a subcontinuum containing py, . . ., Pm—_1, Pmii, - -->Pn- Let Uz = X\ Z
and note that as X = irr(py,...,p,) and py,...,p, € Y UZ we have that X =Y U Z
and Uz C Y. This open set is connected, as if Uy = VU W with V and W disjoint
open and p,, € V then Z UV is a continuum by Proposition 3.1.3 and contains
Plye-sPn,s0 ZUV =X and W = 0. As X =Y U Z we have that U; C Y.

Claim. Each component of Y N Z has non-trivial intersection with Uy.

Let K be a component of Y N Z, we will prove that K N U, # 0. By Theorem
3.1.14 K is a nested intersection of (Y N Z)-clopen sets, K = (Qu. If KNU; =0
then (Q, N Uz) = 0. Each (Y N Z)-clopen set is X-closed, so each Q, N Uy is

also closed. X is compact so if the nested intersection of closed sets is empty we can
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infer from Theorem 3.1.12 that there is some Q, with Q, N U; = 0. But then as
Y=(YNZ)UUy,

Y\Qa:(YOZ)\QQUUZ\QCX:(YQZ)\QCVUU_Z

Thus we have that m N Qo = 0 which means @, is Y-open. @, is compact
so it is also Y-closed, meaning (), is a proper non-trivial clopen subset of Y. Y is
connected so this contradiction gives us that K N Uy # (), which proves the claim.
Let p : X +— X/z be the quotient map onto the quotient space X/z. We can
apply Lemma 3.2.21 to show that X/z = irr (p(pm),p(Z)) and that p()\(pm)) is an

E-continuum of X/z.
Claim. Uy is irreducible between p,, and any point of Z N Uy

Let L C Uy contain p,, and intersect Z. Then p(L) = X/z which in turn implies
that p= (%/z\ p(Z)) C L. Note that Uy = p~(X/z\ p(Z)) and consequently Uy C L.

This proves our claim.
Claim. Uy is decomposable.

We have that A(p,,) is an E-continuum of X/z and thus X/z is decomposable by
Theorem 3.1.8. Let X/z = C'U D for proper subcontinua C, D, and without loss of
generality let p(Z) € C and p(p,,) € D.

We will show that p(Z) is not a cut point of C'. Suppose C'\ p(Z) =V UW for
disjoint V, W, each clopen in C'\ p(Z). One of them, say V', must intersect D. Thus
DUV Up(Z) is a continuum containing p(Z) and p(p,,), which by irreducibility is
the whole of X/z. This in turn implies that W C D. Applying the same argument
we get that V' C D, so X/z\ D = p(Z). This is a contradiction as a continuum
has no isolated points. Thus C'\ p(Z) is connected. As p is monotone we have that
p~H(C'\ p(Z)) is a subcontinuum of X. Now U, = p~1(C'\ p(Z)) U p~ (D). This is

a proper decomposition so Uy is decomposable.

So far we have that each component of Y N7 intersects U, and these intersections
lie in the complement of a composant & of Uz. This is a composant in the classic
sense, of a continuum irreducible about a pair of points. Thus (Y N Z) U m is a
continuum contained in Y and containing pi,...,p,_1 but not p,,. This completes
the proof. n

Corollary 3.4.5. Let X be a continuum with X = irr(py,...,p,) and suppose each
A(pi) is compact. There exists a strictly descending chain C; 2 Ciyq of subcontinua
of X such that C; = irr(pi,...,pn)-

o8



Proof. Let Cy = X, then supposing C4,...,C} are defined, let Cy 1 be a proper
subcontinuum of Cj, such that Cyi1 = irr(pgi1, ..., Pn), in accordance with Lemmas
3.4.2 and 3.4.4. O

The following example will crop up throughout this section and the next one. It
is an excellent example of the unusual and unexpected behaviour that can arise when

a continuum has indecomposable subcontinua which dominate its structure.

Example 3.4.6. The assumption of compactness in Lemma 3.4.4 is essential. As a
counterexample let X7, X5, X3 and X, be indecomposable continua and let X be a
continuum obtained by taking the union of all four such that X; has one point in
common with X, and one in common with X, but none in common with X3 and
similarly with the other three continua to form a sort of square. Let p; be a point of

X, which is not in the composants of the points X; shares with its neighbours.

Then X = irr(py, pa, p3, p4). Let Y C X be a subcontinuum with Y = min(py, p2, ps).
Then Y = X1 U X2 U X3 soY = irr(pl,pg).

The last few lemmas and corollaries have depended on A(p;) being compact. This
of course makes A(p;) an analogy to an E-continuum. E-continua will be discussed in
the following section in more detail, but we will look at a few results here related to

complements and connectedness.

Theorem 3.4.7. Let X be a continuum with X = irr(py,...,p,) and let U be an
open subset of X such that for some i, A\(p;) C U and \(p;) is compact. Then there
exists a connected open set V such that \(p;) CV C U and X \'V is connected.

Proof. Let C; C X be a subcontinuum with pq,...,pi—1,Dit1,...,0n € C; so that
Ui = X \ C; contains A\(p;). Let p : X — Y = X/c; be the quotient map to the
quotient space X/c;. By applying Lemma 3.2.21 we have that Y = irr (p(pi),p(Cl-))
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and p(A(p;)) is an E-continuum of Y. Thus Y is locally connected at p(A(p;)) so there
exists a connected open subset V’ of Y such that p(A\(p;)) C V' CUNU; and Y # V.
If V=p (V) then

Ap)) SV CUNU; CU

and V is a connected open set. Now X \ V = p~ (Y \ V') and since V' contains
a point of irreducibility it is a terminal subcontinuum of Y (Theorem 3.1.7) and its

complement is connected by Theorem 3.1.6. Consequently, X \ V is connected. [

Proposition 3.4.8. Let X be a continuum with X = irr(p,...,p,) and suppose each
A(pi) is compact. For 1 < i < n let U; be an open set containing A(p;). Then there
exist Vi, ..., V, connected and open with X \|J;_, V; connected and for each 1 <i<n
we have V; C U;.

Proof. Shrink the U; if necessary so that they each have disjoint closures. Take a
descending chain C1, . .., C,,_; of subcontinua of X such that C; = irr(p;, ..., p,) asin
Corollary 3.4.5. For 1 <i <n—2let V; C C; be an open set with A\(p;) C V; C U;NC;,
which is guaranteed to exist by Theorem 3.4.7. In C,_;, take any connected open
subsets V,,_1, V,, whose existence is guaranteed as C),_; is locally connected about its
E-continua A(pn_1), A(p,) by Theorem 3.1.9. Let A; = C;\(Ci UV;) for 1 < i < n—2.
From Lemma 3.2.21 we can see that A; is the preimage under p; : C; — Ci/cyy, of the
complement of a pair of disjoint terminal subcontinua, namely p;(Cy;1) and p(V;),
and is therefore connected by Theorem 3.1.4.

In each C; there exists a proper subcontinuum containing all but one of the
Dis - - -, Pn, for any particular p;. The image of this under the quotient map p; clearly
shows that A; must lie in this subcontinuum, unless p; is the point being excluded.
Thus A; must also be contained and as a result, A; cannot intersect any A(p;) for
J # . Consequently, each V; can be chosen such that AN 7] = () whenever i < j.

Now consider C'= X\, Vi = (Coo1 \ (Va1 UV,))U AU+ - - U Ay From the
previous paragraph we know that A,,_ limits onto (C,,_; \ (V.41 UV},)) so their union
is connected. Said union is Cy,_5 \ (V,_o U V,,_1 UV,). Again, A,_3 must limit onto

this, so their union is connected, and so on until we conclude that C'is connected. [J

Proposition 3.4.9. Let X be a continuum with X = irr(py, ..., p,) and suppose each
A(pi) is compact. Then K = X \ U, A(p;) is continuumwise connected.

Proof. Let x,y € K. Let U; be open sets for 1 < i < n such that A(p;) C U; and
z,y ¢ U;. Take V; as in Proposition 3.4.8 and let C = X\ J;_,; Vi. Then C is
a continuum containing x and y. Finally, C' C K as each A(p;) is separated from
X\ U, V; by the open set V;, proving it is not in the closure C. O
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Example 3.4.10. The space in Example 3.4.6 also shows that the compactness as-
sumption is required for Proposition 3.4.9. In fact if K were defined for the space in

Example 3.4.6 it would not even be connected, much less continuumwise connected.

The next proposition seems like something which ought to be obvious and yet it
is only now that we find ourselves in a position to prove it. In the classical case of
irreducibility this would not even be a question; the very definition of irreducibility
and composants makes the whole thing trivial. It is therefore reassuring that we
can indeed prove it, at least when the A(p;)’s are compact. Yet again, Example 3.4.6

provides a counterexample if the requirement that the A(p;)’s are compact is dropped.

Proposition 3.4.11. Let X be a continuum and suppose X = irr(py,...,p,) with
each A(p;) compact. Then given any v € X \|J._, AM(p;) and any k € {1,...,n} there
is a subcontinuum Y C X such that x € Y and p; € Y if and only if j = k.

Proof. Take an open set U containing A(py) such that the closure of U does not
intersect any other A(p;). Using Theorem 3.4.7 take V' C U a connected open subset
containing A(py). Since X \ J;_, A(p;) is dense by Proposition 3.2.12 there exists
a point y € (X \ U/, AM(p;)) NV and by Proposition 3.4.9 a subcontinuum X’ C
X\ UL, A(p;) containing = and y. Then Y = X’ UV is the desired continuum. [

We end this section with a characterisation of k-terminal subcontinua of an n-

irreducible continuum. This is an extension of Corollary 3.3.11.

Proposition 3.4.12. Let X be a continuum with X = irr(py,...,p,) and let each

A(pi) be compact. Then a subcontinuum K C X is k-terminal for minimal k if and
only if {p1,-. ..o} \ K| =k — 1.

Proof. We will prove the reverse direction first. Take an n-decomposition X = X; U
.-+ U X} and suppose each X; N K # (). By relabelling we can say py,...,pr_1 ¢ K.
Each point p; for 1 < ¢ < k — 1 must lie in some X; so again with some relabelling
we can say that py,...,pr1 € X7 U---U X,_;. Then XjU---U X1 UK is a
subcontinuum containing p1, ..., p, so must be the whole of X, which proves that K
is k terminal. For minimality, suppose k > 1 and let z € K \ |J_, A(p;). Take P; as
in Proposition 3.4.11 for 1 <4 < k — 1. Then X = |J/"'(K U P,) which proves that
K is not (k — 1)-terminal.

The forwards direction is now trivial. Let [{pi,...,p,} \ K| = [. Then by the

previous part, K is [-terminal for minimum [ which implies that [ = k. O
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It is worth noting that as a consequence of Proposition 3.4.12 we have that every
n-irreducible continuum with compact A(p;)’s has a subcontinuum K which is k-

terminal for each k& > 2.

3.5 End Continua and E-Continua

In this section we will introduce n-E-continua and investigate the links between ter-
minal, end and E-continua. A number of results will be proved which give criteria
for an n-terminal continuum to be n-end, and for an n-end continuum to be an n-
E-continuum. A common assumption in the statements of propositions will be that
each A(p;) is compact. Where possible these results will be proved without this as-
sumption because it obviously stifles the use of a theorem proving something is an

E-continuum if you must first assume the space has a full set of E-continua.

Proposition 3.5.1. Let X be a continuum with X = irr(py,...,p,) and let K C X be

an n-terminal continuum which has empty interior. Then K is an n-end continuum.

Proof. Let X = A;U---UA, for subcontinua A; such that each intersects K. Since K
is n-terminal we can say without loss of generality that X = KUA;U---UA,,_;. Then
X\ (A1 U---UA,_) is an open set which lies in the interior of K, which is empty.
Thus X = A;U---UA,,_;. From this we can conclude that no n-decomposition of
X exists with every subcontinuum intersecting K, and in turn that K is an n-end

continuum. N

Proposition 3.5.2. Let X be a continuum with X = irr(py,...,p,) and let K C X
be an n-end continuum. Suppose each A(p;) is compact. Then K is an n-terminal

continuum with empty interior.

Proof. 1t is clear that K is n-terminal from Proposition 3.3.8. If K had non-empty
interior then it would intersect X \ |J;_; A(p;) by Proposition 3.2.12. Let x witness
this and let P; be subcontinua of X as in Proposition 3.4.11, so for 1 < i,5 < n we
have z € P, and p; € P, if and only if i = j. Clearly by irreducibility X = (J_, P,
and each P; intersects K. The collection of P; form an n-decomposition of X so this
contradicts the fact that K is an n-end continuum. This contradiction gives us that

K must have an empty interior.

]

We shall see in the following example that the assumption of compactness was

essential in the statement of Proposition 3.5.2.
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Example 3.5.3. Let X be the continuum defined in Example 3.4.6. We will show
that X is a 4-end continuum, despite not having empty interior. Take a decompo-
sition X = A; U Ay U A3 U Ay with each A; intersecting X; non-trivially. As it is a
decomposition we have that () # X \ (A2 U A3 U Ay) C Aj, so A; does not have an
empty interior, and the same is true of each other A;.

Let p3 € A; for some 7. Since A; N X # () it must be that either X, U X3 C A; or
X3 U X, C A;. Without loss of generality suppose it is the first option. Let p; € A,
and py € Ay, for some 7, k not necessarily distinct from each other or 7. As A,NX; # 0
it must be that X, C A;. As A; has non-empty interior it cannot be that A; C X,
so it follows that X; C A;. Therefore X = A; U A; U A, which contradicts the fact
that X = A; U Ay U A3 U Ay is a decomposition. We can conclude that X is a 4-end

continuum.

Corollary 3.5.4. Let X be a continuum with X = irr(py,...,p,) and K C X a
subcontinuum. If K C X(p;) for some 1 < i < n then K is an n-end continuum. If

K is an n-end continuum and each \(p;) is compact then K C \(p;) for some i.

Proof. For the first statement suppose K C A(p;). This has empty interior so K does
as well. Any {x} C A(p;) is n-terminal by Proposition 3.3.8 and Theorem 3.3.10 so
by Corollary 3.3.11 K is n-terminal. Thus K is an n-end continuum by Proposition
3.5.1.

Suppose now that K is an n-end continuum and each A(p;) is compact. The proof
of Proposition 3.5.2 shows that if K intersects X \ |J;_; A(p;) then it cannot be n-end,
so K must lie in (), A(p;). Each of the A(p;) is closed in (;_, A(p;) so since K is
connected it must be contained in one of them.

O

We will now formally introduce n-E-continua and begin investigating the condi-
tions under which a subcontinuum is an n-E-continuum. Bennett and Fugate proved
a number of theorems relating to this, and I will generalise their results to the setting

of finite irreducibility.

Definition 3.5.5. Let X be a continuum with X = irr(py,...,p,) and let K C X be
a subcontinuum. Then K is an n-E-continuum provided K = A(p;) for some p; € X.
Since each X can only be n-irreducible for one n € N we shall refer to these continua

as E-continua whenever it will not cause confusion.
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Lemma 3.5.6. Let X = irr(py,...,p,). Then X(p;) is an E-continuum i.e. A(p;) is
compact if and only if for any subcontinuum K such that KNA(p;) # 0 and K € \(p:),

K is decomposable.

Proof. For the forwards direction suppose A(p;) is compact and let K be a counterex-
ample i.e. an indecomposable subcontinuum of X with KNA(p;) # 0 and K € A(p;).
The composants of K are continuumwise connected, disjoint and dense by Theorem
3.1.5. The first of these properties implies that if one of the composants intersects
K(P1,- -+ sDi1,Pit1,- - -, Pn) then it must be contained in K(p1,...,Pi—1,Pit1s---,Pn)-
From Proposition 3.2.8 we have that A(p;) € K and as K ¢ A(p;) we know that
this is a strict inclusion. As A(p;) is a proper subcontinuum of K it is contained
in a composant of K, and since it is compact it cannot be the whole of this com-
posant, so the composant containing A(p;) intersects, and is therefore contained in,
K(P1y- -y Pic1,Pit1s - - -»Pn). This is a contradiction, so no such K can exist.

For the reverse direction suppose the condition holds, but A(p;) is not compact. Let
K = X(p;). We know that K is decomposable so let K = AU B. Clearly it is not the
case that A(p;) C A or A(p;) € B. By our assumption A(p;) cannot contain both A and
B so without loss of generality let A € A\(p;). Since ANK(p1, ..., Di—1,Pit1s---+Pn) # 0
there exists a proper subcontinuum C' C X containing py,...,Pi—1, Pit1,- - -, Pn and
intersecting A. Then A U C'is a proper subcontinuum of X, as it does not contain
BN X(pi), with p1,...,pi—1,Pis1,---,Pn € AUC and some point of A(p;) in AU C.

This is a contradiction, so we have that A(p;) must be compact. O

We will use this lemma to prove the first of several results linking E-continua and

end continua.

Proposition 3.5.7. Let X be a continuum with X = irr(py,...,pn) and let A(p;)
be compact, and therefore an E-continuum of X. Then X(p;) is a maximal n-end

continuum.

Proof. If Ay,..., A, is an n-decomposition of X with each A; N A(p;) non-empty then
by Proposition 3.2.8 we have that A\(p;) € A; for each 1 < j < n. For each k # 1,
pr, must lie in some A;. Taking these at most n — 1 subcontinua to be Aj,... A,
then by the irreducibility of X it follows that X = (J;_, A}. Thus A(p;) is an n-end
continuum.

To see that A(p;) is maximal, consider a subcontinuum K of X with A(p;) C K. Let
C; be a proper subcontinuum of X with py, ..., pi—1, Pit1,--.,Pn € C; and C;NK # ().
We know from Propositions 3.4.1 and 3.4.12 that X \ C; is connected and it must
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contain A(p;), so by Lemma 3.5.6 it must be that we can decompose m into
non-empty proper subcontinua A; U By. Suppose A(p;) € A;. It cannot be that
X\ A; CC; as then X\ C; C Ay so m C A;, which contradicts that A; U By is
a decomposition of m We further have that C; N A; = 0, else X = C; U A; by
irreducibility, which would again imply X \ C; C A;.

Repeat this same argument with C; U B; in the place of C; to create a new
decomposition Ay U By C A;, and then finitely many times more until we have
A,UB, CA,_1. Then

X=A,UB,UB, 1U---UByUC(;

From the construction of each pair A; and B; we have that this is an (n + 1)-
decomposition. Each subcontinuum intersects K non-trivially, with all except C;
being contained in K. Thus K is not an n-end continuum, so A(p;) is a maximal

n-end continuum. O

Proposition 3.5.8. Let X be a continuum and X = irr(py,...,p,). Suppose each

A(pi) is compact. Then every maximal n-end continuum in X is an E-continuum.

Proof. This follows immediately from Corollary 3.5.4. Each n-end continuum K must
lie in some A(p;). By Proposition 3.5.7 we have that A(p;) is an n-end continuum and
K is maximal, so K = A(p;). O

Example 3.5.9. A continuum similar to the one defined in Example 3.4.6 will again
show the necessity of compact A(p;) in the statement of Proposition 3.5.8. Let X
be the continuum defined and let X’ be constructed from X by attaching an arc
[0, 1] with the only point of intersection being to identify p; and 1. It is clear that
X" =irr(0, pa, p3,ps). Let x = 1/2 € X'. We shall show that {z} is a maximal 4-end
continuum.

To show that it is a 4-end continuum let X = A;UAsUA3UA, for four subcontinua
and suppose x € ﬂle A;. Without loss of generality let p3 € A;. As x € A, it follows
that A; N X; # 0, which in turn implies that either X,, X5 C A; or X5, X, C A;.
Either way, A; contains two of the four points of irreducibility. Two of Ay, A3 and
Ay will contain the others, so the union of this pair with A; will be the whole of X.
Thus Ay, As, A3 and A4 do not form a decomposition, so {x} is a 4-end continuum.

We must now show that {x} is maximal. Let K be a subcontinuum of X’ con-
taining . We can take a subarc of [0, 1] lying in K and containing z, so let this be
[, 8] with « # 0,5 # 1. Let 2’ € (o, ). Then

X' =1[0,0] U[e,2TU [, Bl U ([B,1] U X)
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This is a decomposition of X’ into four subcontinua, each intersecting K so K is not

a 4-end continuum.

The previous example shows how unusual finite irreducibility can become once
indecomposable subcontinua start to arise prominently. The subcontinuum {z} is a

4-end continuum which cannot in any way be described as lying at the end of X.

Proposition 3.5.10. Let X be a continuum with X = irr(py,...,p,). Then each

E-continuum of X 1s a non-cutting n-end continuum.

Proof. Suppose A(p;) is compact. By Proposition 3.5.7 we have that A(p;) is an n-
end continuum, and it is clear from the definition of A(p;) that its complement is

continuumwise connected. O

Proposition 3.5.11. Let X be a continuum with X = irr(py,...,pn) and suppose
each A(p;) is compact. Let K C X be a non-cutting n-end continuum. Then K is an

E-continuum.

Proof. From Corollary 3.5.4 we know that K C A(p;) for some 1 < i < n. If K #
A(p;) then take x € A(p;) \ K and consider X \ K. Take a subcontinuum C' C
X \ K containing z and some point of k(p1,...,pi—1,Pit1,--.,Pn). Take a second
subcontinuum D intersecting C' and containing pq,...,pi—1,Pit1s---,Pn. LThen C'U
D C X\ K is a proper subcontinuum of X containing py,...,pi—1,Pit1,- - -, Pn and
a point of A(p;) which is a contradiction. Thus X \ K is continuumwise connected if
and only if K = \(p;). O

Example 3.5.12. We shall construct a continuum similar to that of Example 3.4.6
to prove the necessity of the compactness assumption in Corollary 3.5.11. Instead of
four indecomposable continua, this time only take three and again take a union of
them with each pair intersecting at a single point. Let these indecomposable continua
be X;, Xy and X3 and the points of intersection be x; 9, ;3 and x93, chosen so that
212 and x; 3 lie in different composants of X, and the same for the other pairings.
Let p; € X; lie in a third composant. Take two such continua and join them together

by an arc as shown below.
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Denote this continuum as X and let X' = X; U X5 U X3. Then X = irr(py,...,ps)

and X’ is a 6-end continuum. It is not, however, an E-continuum.

Example 3.5.12 also proves that there are n-end continua about which X is locally
connected which are not E-continua. This is again in contrast to the classical case of

irreducibility.

Proposition 3.5.13. Let X be a continuum with X =irr(py,...,p,) and let K C X
be a subcontinuum. K is an E-continuum if and only if K is non cutting and has

empty interior.

Proof. The forwards direction is obvious as the complement of an E-continuum is a
composant, which is continuumwise connected and dense. For the reverse, assume K
is non-cutting and has empty interior. If for each 1 < i < n there exists z; € A(p;) \ K
then take a subcontinuum C; C X \ K containing z; and z;. The union of these is
a proper subcontinuum of X which intersects every A(p;), contradicting that X is
irreducible. Therefore there must be some i with A(p;) C K.

If KNk(pry-- yPic1,Dit1s--->Pn) # O then there exists a subcontinuum D C X
intersecting K and containing p1, ..., pi—1, Pit1s---,Pn- Then X = KUD so X\ D C
K. This is an open set, but K has empty interior. It follows that K C A(p;), so
K = Api)- 0
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Chapter 4

Finite Irreducibility and Monotone
Maps

4.1 Referenced Theorems

The following results from other authors will be used in this chapter.

Sam B. Nadler Jr, Continuum Theory, an Introduction

These results can be found in [Nad92].

Lemma 4.1.1 (3.2). If a Hausdorff space is a continuous image of a compact metric

space, then it 1s metrizable.

Proposition 4.1.2 (9.27). Let X be a non-degenerate tree. Then, a point p € X is
a non-cut point of X if and only if p is an end point of X.

Theorem 4.1.3 (9.28). A continuum X is a tree if and only if X has only finitely

many non-cut points.

Theorem 4.1.4 (10.10). A continuum X is a dendrite if and only if the intersec-
tion of any two connected subsets of X is connected. In particular, dendrites are

unicoherent.

Theorem 4.1.5 (11.8). Let X be a non-degenerate continuum such that X is irre-
ducible between p and q. If A and B are subcontinua of X such thatp € A and g € B
then X \ (AU B) is connected.

Corollary 4.1.6 (11.20). A nondegenerate continuum X is indecomposable if and
only if there are three points of X such that X is irreducible between each two of these

three points.
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4.2 Monotone Maps to n-ods

In this section we will create a monotone map from an almost hereditarily decom-
posable n-irreducible continuum onto an n-od much like the monotone map from an
almost hereditarily decomposable irreducible continuum onto an arc in Chapter 2.
An n-od is the cone over an n-point discrete space, or equivalently the union of n
arcs, each intersecting at one end point. For this section we will denote by X an
almost hereditarily decomposable continuum with points pq,...,p, € X such that
X = irr(py,...,pn). We will begin, as previously, by defining relevant irreducible
subcontinua of X and proving properties about these subcontinua. This section will
again focus on almost hereditarily decomposable continua with the assumption that
every result will immediately hold for hereditarily decomposable continua. Where

this is not the case the results will be proved separately.

Proposition 4.2.1. Let X be an almost hereditarily decomposable continuum with

X =irr(p1,...,pn). Then each X(p;) is compact.

Proof. Any subcontinuum K properly containing a A(p;) must have non-empty inte-
rior by Proposition 3.2.8. From Lemma 3.5.6 we know that if A\(p;) were not compact
then it would lie in an indecomposable subcontinuum, which would not have empty

interior. Thus it must be that each A(p;) is an E-continuum. O

Definition 4.2.2. Let X be an almost hereditarily decomposable continuum with
X = irr(py,...,pn). Let z lie in X and let = not be a point of irreducibility of X.
Define sets of subcontinua of X as follows.

73; = {C CX|C=irr(p;,x),Vj#ip; ¢ C}
Q. = {CCX|C=min(x,p1,...,Pi-1,Pit1s---,Pn)}

To see that each P! is non-empty take subcontinua Y; as in Proposition 3.4.11 and

apply Theorem 2.2.5 to define a subcontinuum P! of Y; such that P! = irr(x, p;) and
p; € P! if and only if i = j. To see that Q' is non-empty simply apply Lemma 3.4.2.

Proposition 4.2.3. Let X be an almost hereditarily decomposable continuum with
X =irr(py,...,pn). Let x € X and let x not be a point of irreducibility of X. Let
Q' € Q. Suppose that Q% # irr(z,p1,...,Pi—1,Pit1,---,Pn). It must be the case that

Q; = irr(pl, ey Pie1y ity - - ,pn).

Proof. 1t Q% # irr(z,p1,...,Pi_1,Pit1s---,Pn) then as Q' is minimal about this set

we must either have that Q' = min(py,...,pi_1,Dit1,---,Pn) Or that for some j # i,
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QL = min(z,p1, ..., Pic1,Pit1s-- -y Dj—1,Dj+1,-- - Pn)- In the first case we can apply
Lemma 3.4.4 to reach our conclusion, so we will show that the second case cannot
occur.

Let C' C X be a proper subcontinuum containing p1,...,p;—1,Pjt+1, - - .,Pn and let
p: X — X/c be the quotient map to a quotient space. From Lemma 3.2.21 we have
that X/c = irr(p(C), p(p;)) and that p(A(p;)) is an E-continuum of X/c. It is therefore
clear that p(Q%) = X/c as it contains both points of irreducibility p(C) and p(p;).
Apply Lemma 3.2.20 to see that X/c is almost hereditarily decomposable and apply
Theorem 2.4.11 to get a monotone map 7 : X/c + L. Let 7(p(p;)) = 0,7(p(C)) =1
and 7(p(z)) = aand let U = (70p)~1[0,/2). If Q% \ U is disconnected then express
it as disjoint compact sets A and B. Let Y := X/c¢\ (77([0,@/2))) and consider that
Y = p(A) U p(B), so Y \ p(C) = (p(A) \ p(C)) U (p(B) \ p(C)). This implies that
Y \ p(C) is disconnected, but Y \ p(C) is the inverse image under 7 of a connected
set, [a/2,1). Since 7 is monotone this is a contradiction.

We have shown that Q% \ U is connected, so must be a continuum. It contains
the points pi,...,pi—1,Dit1, - Pj—1,Pj+1,- - -, Dn as well as x. This proves that for
any j # 4, QL # min(z,p1, ..., Di—1,Pit1s- -+ DPj—1,Dj+1, - - -, Pn), thus completing our
proof. O

Proposition 4.2.4. Let X be an almost hereditarily decomposable continuum with
X =irr(p1,...,pn). Let x € X not be a point of irreducibility and let 1 <i <mn. Let
P! be an element of Pi and Q' an element of QL. Then one of the following holds.

o Vy € PNQ;, Py =irr(y, p)
i vy € P; N levQ; = min(y7p17 -y Pi—1, Pit1s - - 7pn)

Proof. Suppose for contradiction that neither are the case and let subcontinua ¥ C P!
and Z C Q° witness thisi.e. YNQ" # 0 # ZNP' but p1,...,pi—1,Pis1,---,Pn € Z and
p; € Y. Since they are proper subcontinua it must be that z ¢ YU Z so X # Y U Z,
which in turn implies Y NZ = ). Let p : X — X/z be the natural quotient map. Now
from Lemma 3.2.21 we know X/z = irr(p(p;), p(Z)) so by Theorem 4.1.5 we have that
X/z\ (p(Y)Up(Z)) is connected. Since p is monotone we also have that X \ (Y U Z)
is connected. Let C' = X \ (YU Z). Cis a continuum. As Y UQ. = X = ZU P!
we have that X \'Y C Q% and X \ Z C P!, which in turn implies that C' C P! N Q%.
Since X =Y U ZUC and Y and Z are disjoint it must be that CNY # 0 #CN Z.

Let y and z lie in these intersections.
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Suppose C' # irr(z,y) and let C" C C witness this. Then YUC" is a subcontinuum
of P! containing p;,z so Y UC’" = P!, Since C C P! we have that C'\ ¢’ C Y. This
set is C-open so there exists X-open U such that CNU = C \ C'. As C is the
closure of X \ (Y U Z) it must be that UN X \ (Y U Z) # 0. This is a subset of
UNC CY which is a contradiction. Thus C' = irr(z,y). An identical argument gives
that C' = irr(z, 2).

Now suppose C' # irr(y, z) witnessed by C’. As C' = irr(z,y) it must be that
x ¢ C'. Consequently, z ¢ C' UY U Z which is a continuum containing py, ..., p,.
This contradiction gives us that C' = irr(y, z). Since C'is irreducible between each pair
of z,y, z it must be indecomposable by Corollary 4.1.6, but X is almost hereditarily
decomposable and the open set X \ (Y U Z) lies in C. Therefore, C' ought to be

decomposable and this contradiction completes the proof. O]

Definition 4.2.5. A point x is p;-sided if the first option from Proposition 4.2.4
holds for some P! € P! and Q! € Q', and Q' -sided if the second option holds. It is
possible for a point to be both p;-sided and Q' -sided.

Proposition 4.2.6. Let X be an almost hereditarily decomposable continuum with
X =irr(p1,...,pn). Let x € X not be a point of irreducibility. If x is p;-sided then

the set P! has only one element.

Proof. Let P!, P € P! and suppose these two continua are distinct and that P’
witnesses that z is p;-sided to get a contradiction. Since both are irreducible, it must
be that P! ¢ P! ¢ Pi. Take Q) € Q). As P:UQ!. = X we have that P!\ P! C Q.
Similarly, P\ P! C Qi, so (P:NP))UQ. = X. As P! is irreducible between p; and
each point of P! N Q. we have that P/ \ P! C Api(z), and therefore P.N P D Kpi (Pi)-
This is a dense subset of P/ and is contained in a closed subset P/ N P, so we have

that P! C P!, This contradiction gives us the result we need. O

Lemma 4.2.7. Let X be an almost hereditarily decomposable continuum with X =
irr(py,...,pn). Let © € X not be a point of irreducibility. If x is p;-sided then each
Pl e Pl and Q. € Q) witness this.

Proof. Suppose P! € P! and Q! € Q! witness that z is p;-sided. From Proposition
4.2.6 we have that P! is the only element of P:. Suppose Q' € Q' is distinct form
QL. If PINQ% ¢ Api(x) then there exists a proper subcontinuum C' ¢ P! with p; € C
and C'N Q% # 0. From this we have that CN Q% = 0 and that C UQ’, = X, implying
that Q° C ch This is a contradiction as CNQ; = min(z, p1, ..., Pi—1,Pit1, - - -5 Pn), thus

proving our result. O]
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A number of the following propositions parallel similar results from Chapter 2.
While they have been split into two to handle to difference between P! and Q¢ the
proofs are often nearly identical for these two cases. We will start by showing that

Definition 4.2.2 does not depend on the choices of p;.

Proposition 4.2.8. Let X be an almost hereditarily decomposable continuum with
X =irr(py,...,pn). Let x € X not be a point of irreducibility and let p' be in A(p;)
and P. € P.. Then p' € P! and P! = irr(p/, x).

Proof. Take Q% € Q. We know that Q! is a proper subcontinuum of X, so p’ ¢ Q.
As PIUQ! is a subcontinuum of X containing py, ..., p, it follows that X = P:UQ"
and p’ € P!. Take a subcontinuum C' C P! containing x and p’. Then X = C'U Q},
so p; € C, meaning C' = P!. Thus P! = irr(p/, z). O

Proposition 4.2.9. Let X be an almost hereditarily decomposable continuum with
X =irr(p1,...,pn). Let x € X not be a point of irreducibility and for each j # i let
qj € Mp;). Then for each Q. € Q. we have that qi,...,¢i-1,Git1,---,qn € Q. and
Q. =min(z,q1,...,q).

Proof. Take P! € P:. We know that the only point of {pi,...,p,} lying in P! is p;
so by Proposition 3.2.8 none of the ¢; lie in P.. As P! U@} is a subcontinuum of X
containing pi, ..., p, it follows that X = P: U Q" and ¢; € Q' for each j # i. Take a
subcontinuum C' C Q¢ containing x and q1, ..., @1, @it1, - - -, Gn- Then X = CUP! so
p; € C for each j, meaning C'= Q. Thus Q. = min(x,q1, ..., ¢i—1,Qit1s--->Gn). [

Corollary 4.2.10. Let X be an almost hereditarily decomposable continuum and
suppose X = irr(p1,...,pn). Let x € X not be a point of irreducibility. If x is p;-
sided and z,p; € C' for some subcontinuum C C X then the unique element P! in P?

s a subcontinuum of C'.

Proof. Reapplying Theorem 2.2.5, there must be a subcontinuum of C' which is ir-
reducible between x and p; which must be P! since P! is unique by Proposition
4.2.6. O]

Proposition 4.2.11. Let X be an almost hereditarily decomposable continuum with
X =irr(py,...,pn). Let x € X not be a point of irreducibility. If x is Q' -sided and
there exists Q' in Q% with Q' = irr(z,p1,...,Pi—1,Pit1,---,Pn) then QL = {Q"}.

Proof. The proof is identical to the one for Proposition 4.2.6. ]
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Corollary 4.2.12. Let X be an almost hereditarily decomposable continuum with
X = irr(py,...,pn). Let x € X not be a point of irreducibility. Suppose x is Q' -
sided and there exists Q' € Q' with Q. = irr(x,p1,...,Pi—1,Dit1,---,Pn). For any
subcontinuum C C X containing T, p1, ..., Pi—1, Pit1, - - - Pn we have that Q' C C.

Proof. The proof is identical to the one for Corollary 4.2.10. [

We will now define an equivalence relation on X, again mirroring the approach
taken with classical irreducibility. In Chapter 2 this was done by first defining an
order with the points of irreducibility as maxima and minima, then taking points z
and y to be related if x < y < x. Such an order will not exist for an n-irreducible
continuum because every E-continuum ought to lie at an extreme of the order but it
is not possible to assign each as a maximum or a minimum. Instead we will define

the relation on its own, rather than using an order.

Definition 4.2.13. Let X be an almost hereditarily decomposable continuum with
X = irr(p1,...,pn). For two points x,y € X we have that z ~ y if and only if
z,y € X(p;) for some ¢ or for all i there exists P, € P., P, € P, Q. € Q. and
Q}, € Q) such that P,UQ;, = X = P, UQ:.

The requirement that P U Qi = X is equivalent to P, N Q; # 0. This second
condition will be very useful in further proofs. The definition is seemingly determined
by the choices of P! etc, but as the next proposition will show this is not the case,

making ~ a well defined relation.

Proposition 4.2.14. Let X be an almost hereditarily decomposable continuum with
X =irr(p1,...,pn) and let ~ be as defined in Definition 4.2.13. This relation does

not depend on which elements of Py, Q., P, or Q, are chosen.

Proof. Suppose P! and P! are two distinct elements of Pi. As both are irreducible
and they are not equal to each other, we have that P! ¢ Pi ¢ Pl Lety € X
and Q) € Q! be such that P! UQ! = X. Then § # P!\ Pi C Q! which means
PINQ;, # 0 and P;UQ, = X. An identical argument gives the same result for

L sz and from this we can conclude that if P},... P*" QL ... Q" give x ~ y then

sodo Pl,... . P" QL ... .Q" O

The proof of the next theorem is slightly more complicated than the proof of
its counterpart in Chapter 2. This extra complexity arises from the uncertainty of

whether Q° = irr(2,p1, ..., Di1,Dit1s--->Pn) OF QL = irv(p1, ..., Di 1, Dit1s---+Dn)
(see Proposition 4.2.3).
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Theorem 4.2.15. Let X be an almost hereditarily decomposable continuum with
X =irr(p1,...,pn) and let ~ be as defined in Definition 4.2.153. The relation ~ is an

equivalence relation.

Proof. 1t is clear to see that ~ is reflexive and symmetric. Suppose x ~ y and y ~ z
for three distinct points z,y,z € X. If any one of them lies in A(p;) for some i then
all three must do so and x ~ z. Suppose none of them lie in an E-continuum of X.

We only need to show that for all i and any P! € P. Q' € Q', we have that
P'UQ! = X because = and z can be interchanged freely. If z € P! or x € Q" then
this is the case so let us consider when z ¢ P! and z ¢ Q. Since z ~ y and y ~ z we
know for all P, € P; and all Q;, € Q} that P, UQ% = X = P;UQ}. Thus without
loss of generality we can say z € P, and z € Q.

If y is p;-sided then P; C B by Corollary 4.2.10. Since X = P, U@, we have that

0#PinQ, C PiNnQ, S Ap(y)

Therefore P; = P} which gives us that P, U Q% = X.

If y is Q;-sided and Q! = irr(y, p1,...,Pi—1,Pit1,---,Pn) then use the same argu-
ment as for y being ps-sided. If Q} = irr(py, ..., pi—1,Pit1,. .-, Pn) then as z € Q, we
have that Q;, € Q.. Proposition 4.2.14 and the fact that P, U Q; = X give us that
PiUQ = X. O

Definition 4.2.16. Let X be an almost hereditarily decomposable continuum with
X = irr(p1,...,pn) and let ~ be as defined in Definition 4.2.13. Let z € X. We

denote by x. the equivalence class of x under ~.

In order to study the equivalence classes we will split X into various subsets and
consider the equivalence classes of points in each of those subsets. It will turn out
that each subset is the union of whole equivalence classes and that the interactions

between the subsets will create the n-od structure we are hoping to map to.

Lemma 4.2.17. Let X be an almost hereditarily decomposable, n-irreducible contin-
wum with X = irr(py,...,p,) and let x € X not be a point of irreducibility. Suppose
there exists Q) € Q% with Q' = irr(x,p1, ..., Di—1,Pis1,--->Pn) and this is witnessed
by Q D Pry-- s Dic1sDitts-- > Pn With QNP = 0. Let p: X — X/q be the natural quo-
tient map. Then X/q is almost hereditarily decomposable and X/q = irr (p(p;), p(Q))-

Proof. From Lemma 3.2.20 we know that X/q is almost hereditarily decomposable.
From Lemma 3.2.21 we have that X/q = irr(p(p:), p(Q))- O
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Proposition 4.2.18. Let X, z,Q",Q and p be as in Lemma 4.2.17 and ~, x. be as
in Definitions 4.2.13 and 4.2.16. By applying Theorem 2.4.11 let m : X/q — 1 be a
monotone quotient map onto an arc. Then x. is homeomorphic under p to the fibre

of ™ containing p(x).

Proof. First suppose y is in (). Then there exists a choice of Q’y CQandasQNP =0
we have that P, UQ} # X and x ~ y. This implies that z.. C X \ @ and that p|,_
is a homeomorphism.

Now take a point y ¢ Q. Since X/@ = p(Q7) = p(Qg/) for any j # ¢ and any
(5, € Q,Q% € Q) it must be that € @),y € (. Thus we only have to check when
X = P,uQ;, = P,uUQ.,. We have that P; N Q;, # 0 if and only if p(P}) N p(Q;) # 0,
and also that P; N Q% # 0 if and only if p(P}) N p(Q%) # 0. The first of these is
because P does not intersect () which is the only non-trivial fibre of p. The second
is because p(P;) is a continuum and if it contains p(Q) then it must be the whole of
X/q, so either way it intersects p(Q") somewhere other than p(Q). This proves that
x ~ y if and only if they are similarly related in X/q i.e. if they are in the same fibre
of . O

Definition 4.2.19. Let X be an almost hereditarily decomposable continuum with

X =irr(py,...,pn). Define subsets of X as follows.

Mi = {LEEX’VQQQ; Withpl,...,pi,l,piﬂ,...,pnEQwehaveQﬂP;#@}

Note that in the definition of M; it does not matter which Q% € Q! is chosen. If there
exists Q' witnessing that = € M; and another Q' € Q! with Q C Q' containing
Dl Di1,Pist,-- > Pn then consider the intersection Q N Pi. If this is the empty
set then as X = P! U Q" we have that Q C Q. However, this contradicts that Q¢
witnesses # € M;. Thus it must be that @ N P’ # ) and that Q; also witnesses
x € M;.

For a similar reason it does not matter which P! is chosen. Again if P! witnesses
that € M; and P! € P, Q C Q. € Q. with py,...,Pi—1,Pit1,. .-+ Pn € Q then as
PiUQ = X it must either be that P! intersects Q non-trivially or P’ is a proper
subcontinuum of P!. Since P! = irr(p;, ) with both of these points lying in P? it
must be that P! N Q # 0.
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It is not necessary for QY = irr(py,...,pi_1,Pit1,---,Pn) in order for x € M;, but
if this is not the case then x will be p;-sided. It may help to consider M as a subset of
X lying almost in the middle, whose points are not particularly close to any one of the
p; compared to the others. It should come as no surprise given this perspective that
M will be the preimage of the central point of our n-od, when we come to construct

the map.

Proposition 4.2.20. Let X be an almost hereditarily decomposable continuum with
X =irr(py,...,pn). Let ~ be as in Definition 4.2.13 and let M be as in Definition
4.2.19. Given any x € M we have that x.. = M.

Proof. If y € .. but y ¢ M then y ¢ M; for some 1 < ¢ < n. Let P! € P!,
Q! € Q' and Q C Q' witness this. Applying Proposition 4.2.18 gives us that
T = y. = (mo p)~t(a) for some a < 1 This in turn implies that there exists
P! C (mop)7'([0,0]) so P.NQ = (. From the comments in Definition 4.2.19 we
can conclude that « ¢ M; and x ¢ M. We have therefore shown that if z € M then
z. C M.

Now let ,y € M. For any 1 < i < n, if P,NQ;, = 0 then Q}, C Q. which
contradicts the fact that x € M;. Thus P’ N Q; # () and by symmetry Pyi NQ. #0.
This gives us that  ~ y, completing the proof. O]

Proposition 4.2.21. Let X be an almost hereditarily decomposable continuum with
X =irr(p1,...,pn). Let ~ be as in Definition 4.2.13 and let M be as in Definition
4.2.19. M 1s compact

Proof. Since X is a compact metric space this is equivalent to the claim that M is a
closed set. Let x € M \ M and for some i let Q C Q! € Q! witness that = ¢ M;.
Let p, m be as in Proposition 4.2.18 with [0, 1] as the image of 7, (7 0 p)(Q) = 1. As
PN Q = ( it cannot be that 1 € (7 o p)(P’), so in particular (7 o p)(z) # 1. Let
(mop)(z) <a< B < (mop)(Q). Then U = (wop)~'([0,)) and V = (wop)~*((5,1])
are connected open sets separating P¢ and Q. Let Y = U. Y is a continuum but as
x € U it must be that U, and Y, intersect M, say at y. But there exists a sz CY
and Y N Q = () which contradicts that y € M. Thus it must be that M = M i.e. M

is compact. O

Having established one unusual equivalence class, the remaining classes will all be
much simpler. The complement of M consists of n sets each of which can be easily
handled by Proposition 4.2.18.

76



Lemma 4.2.22. Let X be a continuum with X = irr(py,...,p,). Let C be a proper

subcontinuum of X containing p1,...,pPi—1,Pit1;---,Pn- Lhen X \ C is connected.

Proof. Let p : X — X/c be the natural quotient map to the quotient space X/c. By
Lemma 3.2.21 we have that X/c = irr (p(C), p(p;)). By Proposition 2.2.4 we have that
X/c\ p(C) is connected, and as p is monotone it follows that X \ C' is connected. [

Lemma 4.2.23. Let X be a continuum with X = irr(py,...,pn). Let C and D be
subcontinua of X with C and D both irreducible about py,...,Di—1,Pis1,---,Pn- Lhen
X\C=Xx\D.

Proof. If C' = D then this result is trivial. If they are not equal then as both of them
are irreducible about pi,...,pi—1,Pit1, ..., ps it must be that C ¢ D ¢ C. From
this we have that D\ C' # (), which implies that D N (X \ C) # . From Lemma
4.2.22 we have that X \ C is a continuum which means DU X \ C is a subcontinuum
of X containing py,...,p,. This means X = D U X—\C and in turn implies that
X\ D C X\ C. Taking the closure we see that X \ D € X \ C. By symmetry we
have that the same result holds with C' and D swapped, so X \ C = X \ D. O

Lemma 4.2.24. Let X be an almost hereditarily decomposable, n-irreducible con-
tinuum with X = irr(py,...,p). Let Y; © X be a proper subcontinuum such that
Y; = irr(p1, . . s Picts Pists - - Pn) (Lemma 3.4.4) and let Z; = X \'Y;. Then Z; is a
continuum and for all x € Y; N Z;, Z; = irr(x, p;) and X \ M; = kz,(p;).

Proof. The subset Z; is a continuum by Lemma 4.2.22. It is well defined in that it
does not depend on the choice of Y; by Lemma 4.2.23.

Let z € Y;N Z; and let Z/ C Z be a subcontinuum containing  and p;. Then
x€Y;NZ soY;UZ is a continuum containing py, ..., p,, which means it must be
X. It follows that X \'Y; € Z’ and since Z' is compact Z; C Z'. Thus Z; = Z' which
gives us that Z; = irr(z, p;).

We need to show that Z; is almost hereditarily decomposable. Let C' C Z; be
indecomposable and let V' C X be X-open such that VN Z; CC. Then VN (X \Y;)
is an X-open set with VN (X \Y;) CVNZ CC. Since X is almost hereditarily
decomposable it must be that C' has an empty X-interior, so VN (X \ Y;) = 0. This
implies that V' NZ; is a Z;-open set which does not intersect the Z;-dense subset X'\ Y},
meaning V N Z; = () and C has empty interior. Therefore Z; is almost hereditarily
decomposable.

Since Z; is almost hereditarily decomposable and irreducible we can apply Theo-

rem 2.4.11, so let 7; : Z; — I be the universal monotone map onto the unit interval
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with 7(p;) = 0,m(Y; N Z;) = 1. Let x € Y;. Then Y; € Q' which clearly implies that
r € M;. Now let x € 771(1). We have that Z; € P.. Given any Q C Q' containing
Ply ooy Pic1s Pitls -+ Pn if QN Z; = () then Q C Y, so Q = Y; which in turn implies
Q N Z; # (. Thus it must be that Z; N Q # 0. From this we get that z € M;, so
X \ M; C kz(p;). For the other inclusion let m;(z) = a < 1. This gives us that
there exists P! € P! with P! C 7; '[0,a]. For each Q) € Q! we therefore have that
Y; C QL. As Y;N P! = () we have that x € X \ M; which completes the proof. O

Remark 4.2.25. Each M; must be closed, as kg, (p;) is an open subset of Z; and is
contained in X \ Y; C Z;, an open subset of X. This gives an alternative proof that

M is compact.

Corollary 4.2.26. Let X be an almost hereditarily decomposable continuum with
X =irr(p1,...,pn). LetY; and Z; be as in Lemma 4.2.24. If x € Z; \ kz,(p;) then
x e M.

Proof. We know that x € M; by Lemma 4.2.24. Consider ¢ : X +— X/y; and note that
X/y, = irr (o(p;),0(Y;)) by Lemma 3.2.21. For any j # ¢ and any Q C Q4 € QI with
Pis---yDj—1,Dj+1s - - - » Pn € Q we have that o(Q) = X/vi. This implies £z, (p;) C @ and
as Q is closed, Z; C Q. Thus x € Q and for each P/ € PJ we have that Q N PJ # (),
so x € M;. [

Corollary 4.2.27. Let X be an almost hereditarily decomposable continuum with
X =irr(p1,...,pn). Let ~ be as in Definition 4.2.13 and let Y;, Z; be as in Lemma
4.2.24 and let © € Kz, (pi). Then x. C k. (pi) and x~ is a continuum. Indeed if

m; » Zi v~ 1 is the monotone map from Theorem 2.4.11 then x. is a fibre of ;.

Proof. From Lemma 4.2.24 we have that = ¢ M; from which we can deduce that
Q% # irr(p, .., Dic1,Dis1s--->Pn). Taking m; @ Z; — [0, 1] from Theorem 2.4.11, let
7;(z) = a < 1. Then P! can be chosen to lie in 7; *([0,a]), so P: NY; = (. This in
turn implies Y; € Q".

By applying Proposition 4.2.18 we have that x. is homeomorphic to the equiva-
lence class of the image of = in X/y;, which will be a continuum. Let p : X — X/v,.
The restriction of p to Z; is a map which only affects one of the E-continua of Z;, so
the equivalence classes in kx/y, (p;) will be homeomorphic to fibres of ;. This means

that x. is a fibre of 7; and lies in Kz, (p;). O

We have now found all of the equivalence classes, namely M and the equivalence

classes of the Z; lying in kz,(p;) corresponding to an application of Theorem 2.4.11 to
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Z;. We know that all of the equivalence classes are compact and with the exception
of M we know they are all connected. The following lemma will be used to show that

M 1is also connected.

Lemma 4.2.28. Let X be an almost hereditarily decomposable, n-irreducible contin-
wum with X = irr(py,...,pn). Let Z; be as defined in Lemma 4.2.24. For i # j we
have that kz,(p;) N kz,(p;) = 0.

Proof. The proof is simply the manipulation of various sets. Note that xz (p;) = Z;.
rz;(pj) = 2\ Mj € M,

Z; € M;

M; U (X \ Z;)
(X\M;) N Z;
Kz, (pi) N kg, (p;) =0

X
0

Ly ey

[]

Proposition 4.2.29. Let X be an almost hereditarily decomposable continuum with
X =irr(p1,...,pn) and let M be as defined in Definition 4.2.19. M is connected.

Proof. Let M = AU B for disjoint closed A and B. From Lemmas 4.2.24 and 4.2.28
we have that M = (_;, M; = X \ U,_, £z (p;) and that each Az (Y;) lies in M. Here
Az, (Y;) is the E-continuum of Z; containing Y;NZ;. As these E-continua are connected
they must each lie wholly in one of A or B. Let A" := AU J{rz (pi)| 2 (Vi) C A}
and define B’ similarly. Now X = A’UB’ and both A’ and B’ are closed and disjoint,
with closure again a corollary of Lemma 4.2.28. Since X is connected one of A" and

B’ must be empty, which implies that one of A and B must be empty. n
We are now in a position to prove the major theorem of this section.

Theorem 4.2.30. Let X be an almost hereditarily decomposable continuum with

X =irr(py,...,pn). There exists a monotone map 7 from X to an n-od.

Proof. Let ~ be as in Definition 4.2.13 and let w : X + X/~ be the natural quotient
map. Fach fibre of 7 is either M by Proposition 4.2.20 or a fibre of some m; : Z; — 1
by Corollary 4.2.27. From Proposition 4.2.21, Corollary 4.2.27 and Proposition 4.2.29
we have that these are all continua. For any 1 < i < n it is clear that 7|z, = m; so
7(Z;) is an arc. Each of these n arcs all intersect at m(M) and nowhere else by Lemma

4.2.28, so X/~ is the union of n arcs all meeting at a point, which is an n-od. O]
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Corollary 4.2.31. X is locally connected at each fibre of m.
Proof. Any n-od is locally connected, and by Proposition 2.5.1 we have our result. [

Lemma 4.2.32. Let X be an almost hereditarily decomposable, n-irreducible contin-
uum with X = irr(py,...,pn). Let ~ and M be as in Definitions 4.2.18 and 4.2.19.
Let x ¢ M, then x.. has empty interior.

Proof. Each such z. is also an equivalence class of some Z; under the equivalence
relation defined in Definition 2.4.1. Thus intz(z.) = @ by Lemma 2.4.14 and it
follows that intx(z.) = 0. O

When dealing with classical irreducibility in Chapter 2 we not only constructed
a monotone map to an arc, but proved that it was universal. The same will be done
here, followed by an example to show that it is only universal amongst monotone

maps to n-ods and not other k-ods.

Theorem 4.2.33. Let X be an almost hereditarily decomposable continuum with
X =irr(pr,...,pn). let m: X — X/~ be as in Theorem 4.2.30. The map 7w : X +— X/~

1s universal amongst monotone maps to n-ods.

Proof. Let p: X — Y be another monotone map to an n-od Y. We will first show
that p preserves equivalence classes. Let m € Y be the point of order n. Since the
map is monotone Y = min (p(pl), o ,p(pn)) so the end points of the stalks of YV
are each the image of some p;. As n-ods are n-irreducible it must therefore be that
Y =irr (p(p1), -5 p(Pn))-

Given any subcontinuum X’ C X contained in some kz,(p;) we have that X \ X’
has at most two components so p(X \ X’) has at most two as well, which means that
X' # p~'(m). From this we have that p~*(m) N M # (.

Now let z € X and suppose p(x) # m. Then p(z) must lie in one of the stalks of
Y, say the one ending in p(p;). Define a trio of subcontinua of Y as follows. Firstly, if
p(z) = p(p;) then A = {p(x)} and B =Y. Otherwise let A = irr (p(z), p(p;)) and B =
min (p(z), p(p1), - - -, p(Pi=1), P(Pit1), - - -, p(pn)). Either way, let C be the (n — 1)-od
containing every stalk except the one with p(z) in it. Now pick P!, Q° and Q such that
Py Cp'(A), @, Cp '(B) and Q C p~1(C) with Q@ = irr(p1, ..., Pi-1,Dit1, - Pn)-
Then p(Q) N p(PY) =0 so @ N P = (. This gives us that z ¢ M so p(M) = {m}.

Now let .. C kyz(p;) for some x and i. The image of this is a subcontinuum
of Y so if it is non-degenerate it must have non empty interior. This would imply,

via the irreducibility of X, that x. has non-empty interior which contradicts Lemma
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4.2.32. This is because if Y3, ...,Y,, are the components of Y \ p(z.) then we have
that X =z . Up {(Y))U---Up 1 (Y,,), and so X \ p~}(Y})U---Up~(Y,,) is an open
subset of x.. This subset is non-empty as its image under p is not the whole of Y.
This implies that p maps z. to a single point, so we have shown that p preserves
equivalence classes.

Now define f : X/~ +— Y by f(z.) = p(z). As we have just seen this map is well
defined and clearly f om = p. To check that f is continuous let U be an open subset
of Y and note that f~'(U) = w(p~*(U)). Since p preserves equivalence classes we
have that 7! (W(p_l(U))> = p~1(U). This is open so it follows that f~(U) is open,

so f is continuous. This completes the proof. O

It is worth pointing out that the map f is monotone, as f~!(y) = 7(p~'(y)). Now

7 is continuous and p monotone, so it follows that f is monotone.

Example 4.2.34. Below is a continuum X with X = irr(py, pe, ps, p4). The subcon-
tinuum M is highlighted in bold.

y4i D3

D2 P4

We can define a monotone map p : X — Y where Y is a triod by quotienting the

bold subcontinuum of the following diagram to a point.

y4i D3

D2 P4

Since the image of M under p is not a singleton there cannot exist a map f : X/~ +— Y
such that fom = p.

We shall end this section by proving a result analogous to that of Miller, similar
to Theorem 2.5.10.
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Theorem 4.2.35. Let X be an almost hereditarily decomposable continuum with
X =irr(p1,...,pn). Let w be as in Theorem 4.2.30. The continuum X is unicoherent

if each fibre of m is unicoherent.

Proof. Let X = AU B. If either A or B do not intersect M, say A, then A must
be contained in the inverse image of one of the stalks of X/~. Let this stalk contain
pi- Let Y C X be a subcontinuum such that Y = irr(p1,...,pi—1,Pit1,---,Pn) and
let p : X — X/y. Then X/y = irr (p(p;), p(Y)) by Lemma 3.2.21 and is almost
heredetarily decomposable by Lemma 3.2.20. Furthermore, X/y = p(A) U p(B) and
ANB = p(A)Np(B) since ANY = 0. If 7’ : X/y +— T is the usual universal monotone
map then each fibre of 7/, with the possible exception of the one containing p(Y'),
will be unicoherent as they will be homeomorphic to fibres of 7. This is enough to
see that p(A) N p(B) is connected, and therefore AN B is as well.

Now suppose A and B both intersect M. By considering the stalks of X/~ which A
intersects we can see that A\ M is the union of finitely many connected A-open sets
Ui,...,U,.. For any k, U, is irreducible with Uy \ U, € M as one of the E-continua.
If AN M is disconnected, into say D and E, then each U, must intersect one of
D or E and be disjoint from the other. Relabel so that Uj,..., U, intersect D and
Ui, ..., Uy intersect E. Now A= (DUJ;_, U;) U(FUU._,,, U;) which implies A
is disconnected. This contradiction gives us that A N M is connected, and the same
with B.

Now consider AN B, assuming both A and B intersect M. Since X = AU B we
have that M = (ANM)U (BN M) and as M is unicoherent we have that AN BN M
is connected. The inverse image of each stalk of X/~, not including the central point
m = w(M), lies in either A or B (or both). Say one, X’ lay in A. Let the continuum
Y be defined as X \ X’ and consider p : X — X/y. Then BN X’ is homeomorphic to
p(B)\ p(Y) which is connected. Furthermore, BN X’ C (BNX')U(ANBNM). From
here it is clear that A N B is connected as it consists of AN B N M and n connected

sets each limiting onto it. O

4.3 Monotone Maps to Trees

In the previous section we took an almost hereditarily decomposable, n-irreducible
continuum and constructed a universal monotone map to an n-od. This can be seen
as analogous to the map from Chapter 2 but there is a key difference. Not every

equivalence class from Definition 4.2.16 has empty interior, in contrast to Lemma
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2.4.14. The only one which might have non-empty interior is M, defined in Definition
4.2.19. The following example demonstrates this.

Example 4.3.1. Let X be the continuum shown below.

b1 b3

D2 D4

Then it is clear that X is not just almost hereditarily decomposable, but in fact hered-
itarily decomposable. It is also clear that X = irr(py, ps, p3, p4). In this continuum
the set M is the central arc between two branch points and is the only non-trivial
equivalence class. This equivalence class is shown in bold below, as well as the image
of X under the map from Theorem 4.2.30.

D1 P3

D2 P4

This example raises another issue. In Chapter 2 we discussed local connectedness
and the fact that the equivalence classes are the minimal subcontinua such that X is
locally connected about them. In this way the map could be thought of as collapsing
each non-locally connected bit of X to a point. This is clearly not the case here as
X is in fact locally connected everywhere. Part of the underlying structure of X has
been removed because M is such a comparatively large equivalence class.

In this section we will construct a different map, this time with the image a tree.
In doing so the structure of X will be better preserved and the properties of the
equivalence classes will be more in line with those of Chapter 2. To do this we will

define a new equivalence relation, first on the Z; from Lemma 4.2.24. Next these
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Z; will be quotiented away and we will see that the resulting continuum is almost
hereditarily decomposable and m irreducible, for m < n. We will repeat this process

until we have covered every part of X.

Definition 4.3.2. Let X be an almost hereditarily decomposable, n-irreducible con-
tinuum. We shall define a number of continua, maps and relations which will be used
throughout this section. This definition is recursive, so at each stage assume that ~;

has finitely many non-degenerate equivalence classes, each a continuum.

1. Let Xy = X, X1 = Xx/~,. Each Xj is almost hereditarily decomposable by
repeatedly applying Lemma 3.2.20.

2. Let py; : Xj — X, be the composition of natural quotient maps p; ;41 : X; —
XiJrl = Xi/Ni for k <1

3. As pr_1x is a monotone map, we can take points pf, ... ,pﬁk in Xy such that
X, = irr(ph, ... ,p,’ik)
4. Let Y;* and ZF be subcontinua of X} as defined in Lemma 4.2.24.

5. Define z ~, y if and only if x = y or x € Zf,y € ZF, ZF N Z} # 0.
Keep defining these until X is 2-irreducible or X;, = (J*, ZF.

We shall now prove a pair of lemmas which give us that the sequence of continua
X}, defined in Definition 4.3.2 is finite.

Lemma 4.3.3. Taking the definitions from Definition 4.3.2, let Y;; C X be a

subcontinuum with Y; ; = irr(pf,p?) as in Theorem 2.2.5. Then the only points of

{pf,..., 0k} lying in Yi; are pf and p.

Proof. Suppose some py € Y;; for | # i,j. Let C be a proper subcontinuum of Xj
containing pf, ..., pJ_y,Pfyys-- -, Pk, and not containing pf. We will first show that p}
is not a point of irreducibility of Y; ;. Let K = Ay, (pF). If p¥ € K and K is compact
then C'U K is a continuum containing p¥, ..., pﬁk so is the whole of X. This implies
X, \ C C K and that K has non-empty interior. However, K has empty interior in
Y ; so must have empty interior in X}, leading to a contradiction. If instead K is not
compact then by Lemma 3.5.6 there exists an indecomposable subcontinuum L of Y} ;
such that K C L. The same argument implies that L has non-empty interior in X
which contradicts the fact that X} is almost hereditarily decomposable. Therefore it

must be that pF is not a point of irreducibility of Y; ;.
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Let p : X} — Xx/c be the quotient map to the natural quotient space. By Lemma
3.2.21 we have that Xx/c = irr (p(p}), p(C)) and by Lemma 3.2.20 we have that Xx/c
is almost hereditarily decomposable, so by Theorem 2.4.11 there exists a universal
monotone map m : Xrx/c +— I. Let D and E be proper subcontinua of Y;; with
D = irr(pf,pf) and E = irr(ph, p;). Then p(D) = Xi/c = p(E) by the irreducibility
of Xx/c. Let a € I not be a point of irreducibility, and let d € D be such that
7o p(d) = a. Take e € E similarly. Neither d nor e are points of irreducibility of
D or E respectively so let D’ C D be a proper subcontinuum containing p¥ and d,
and define £’ similarly. Then D U (7o p)~'(«) U E is a proper subcontinuum of Y; ;
as it does not contain pf. However, p¥ and p? both lie in this subcontinuum, which
contradicts the irreducibility of ¥; ;. Thus it cannot be that pf € Y; ;. O

Lemma 4.3.4. Take the definitions from Definition 4.5.2 and let k > 1. Each \x, (p¥)

contains the image of more than one pffl.

Proof. Suppose some \x, (pF) contains the image of pf,_l but no others. Consider the
continuum @ = p,;iLk(Uj’l# Y;1). From Lemma 4.3.3 we have that p} ¢ U1z i s0
it follows that Z ' NQ = (). For all z € Z;"\ K}Z(c,—l(pf;_l) we have Z~' = P! with
() witnessing that = ¢ M. This contradicts Lemma 4.2.24. O

Corollary 4.3.5. Take the definitions from Definition 4.3.2. For each k with Xy

defined we have that nxy1 < ng. This implies the sequence is finite.

Proof. As the map pgx+1 is monotone we have that X,y = min (p(p}),. .., p(pk)))
and by Proposition 3.2.3 we can reduce this set to one about which X, is irreducible.
By Lemma 4.3.4 we have that each point of irreducibility must be the image of at
least two points of irreducibility of Xy, so not only is ng, 1 < ng, it is in fact at most
half of ny. O

We will now define a new equivalence relation on X. As has been mentioned
earlier this will involve the images of points in the various X. It is worth considering
the map pgrs1 as removing the composants r 4k (pF) from Xj and then shrinking the

corresponding E-continua to a point.

Definition 4.3.6. For x,y € X we have x ~ y if and only if one of the following
holds

e =Y
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e There exists k such that p x(z) # p1x(y) and both lie in ZF for some 4, neither
are points of irreducibility of Z* and they are related in ZF using the relation

for 2-irreducble spaces defined in Definition 2.4.1.

e There exists k such that p1x(2) # p1u(Y), pras1(T), pric1(y) € Ax,., (PFT) for

some 7 and if py () or pyx(y) lie in Z} for any j then they do not lie in 4 (pf).
J

o There exists k such that py x(x) # p1x(y), Xi is the union of the subcontinua
ZF and and py () and p; (y) are related in X} under the equivalence relation
defined in Definitin 4.2.13.

Define the equivalence class of x under this relation to be z..

The second of these three criteria states that there comes a point where both z
and y lie in the composant of some ZF and they are related in Z*. The third states
that there comes a point where they lie in the E-continuum of some p¥™ and if they
are the image of some Z]'-“ then they were in the E-continuum of Z]’-“ not containing
p;?. The fourth criterion states that points whose images are distinct in the final
continuum are related if and only if they would be related under the relation from

Section 4.2.

Example 4.3.7. In the following continuum = ~ z’ and y ~ y'. The points x and
are related due to the second criteria, and the points y and v’ due to the third. The
space X = X; is shown first, then the space X5 below with the images of y and 3/
identified.

i —1
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We will now prove that the equivalence classes are as expected, namely that they

are continua about which X is locally connected.

Proposition 4.3.8. Tuke the definitions from Definition 4.3.2. Let ~ be as in Defi-

nition 4.3.6. The equivalence classes of ~ are continua.

Proof. Observe that each py 111 is a homeomorphism on Xj \ |J ZF. If an equivalence
class x. arises as a result of the second of the three options then it is homeomorphic
to the class of py (z) in ZF. This is a continuum, so ~ is also a continuum.

If x. arises from the third of the options then it is homeomorphic to

A= ik (M, )\ U )

=

where J is the subset of {1,...,n} of indicies such that the corresponding ZJ’»C

is mapped into Ax,,, (pi*).

Prsr (Ax, L (pf*h) is connected and if A were disconnected into B U C' then each
K+ (p}) limits on either B or C' but not both. This implies that one of B or C is
J

empty, so A is connected.

The set A is closed and therefore compact. Also,

If z. arises from the fourth option and not the third then we have that it is home-
omorphic to the equivalence class of p; x(z) under the relation defined in Definition

4.2.13, which we know is a continuum. Thus x. is also a continuum. O
Proposition 4.3.9. X is locally connected at each x...

The proof is in two halves and the second of these gets quite complicated with a
lot of not particularly clear notation. It does not provide much insight, at least in
my opinion, so afterwards there will be a worked example of how to construct the

connected open set.

Proof. Let U be an open set containing x... We will again consider separately the two
ways an equivalence class can arise. If x. corresponds to points of reducibility of some
Z} then shrink U to miss all Z} and let Uy = p15(U). Uy is open and contains py o(~).
Keep doing this until you get to Uy € Xj. Now p1x(z) C Kz (%) \ Ax, (p¥) which is
an open set, so shrink Uy to lie in this. Since ZF is locally connected at p; x(z.) take
connected open V with py(x.) CV C Uy V is ZF-open and lies in the Xj-open
subset £ zx (pF), so V is Xj-open. Then x. C pl_}g(V) C U and pfi(V) is open and

connected.
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Now consider the other case, where

2= pib Pk Qoo @) ) N U s ()

jed

where J is the subset of {1,...,m;} of indices such that the corresponding ZjC is
mapped into Ax, +1(pf“). Do as before, shrinking U and mapping forward until you
get U, C X} with Uy and open set containing p; x(z~). Shrink Uy to avoid any ij,

for j' ¢ J. Let Ups1 = prit1(Ug). Since p,;}Hl(UkH) = U, U Leijzf(pf) we have
that Uy, is open. It contains /\XHI(pr) = p1x+1(z~) about W;lich Xjq1 18 locally
connected so let V be a connected open set with Ax,,,(pf™) € V C Upi1. Define
V' = prp(V)NUg and let Y = X\ 'UJ Kk (p}). Define a new equivalence relation for
points of Y by x ~' y < x ~p y in XZE Now Y/~ 2 X1 1 so let A be the inverse image
of V under this map. A is connected as the map is monotone and V is connected.
For all j € J,ZF NV is Z}-open and contains the E-continuum Z} \ Kk (ph), so there
is a continuum C; C ZJ containing p¥ such that ZJ \ C; is connected and lies in V.
Let V"' =V'\U,¢, C; = AUU,c,(ZF\ C;). The first expression of V” gives that it is
open and the second gives that it is connected. Thus pii(V” ) is open and connected
and z.. C pl_’llg(V”) CcU.

If z. arises from the fourth option but not the third then we have that its
image under p;; lies in Xj and does not contain any of the points p’f,...,pﬁk.
From Corollary 4.2.31 we have that X} is locally connected about p;j(z.). As
Xesetminus{p,. .. ,p’fbk} is an open set and p;j is monotone it follows that X is

locally connected about x.. O]

Example 4.3.10. This example will be of how to find a connected open subset in
the manner described in the previous proposition. The various important subsets will
be highlighted in bold.

W\M‘_ N WW‘ o W“ Uy
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\/Wm Shrunken U;
fll— = . |_ V|_
\/\M” . pra(e) pra(x) pra(x)

W \/W«'_ I

8
3

Corollary 4.3.11. Tuke the definitions from Definition 4.3.2. Let ~ be as in Defi-

nition 4.3.6. Then X/~ is locally connected.
Proof. This is a direct consequence of Proposition 4.3.9 and Proposition 2.5.1. O]

Lemma 4.3.12. Let p: Y — Z be a monotone map between compact spaces. Then
for all z € Z, Z \ {z} is disconnected if and only if Y \ p~'(z) is disconnected.

Proof. If Y\ p~'(2) is connected then as Z \ {z} is the continuous image of this it
must be connected. If Z \ {z} is connected then as Y \ p~!(z) = p~(Z \ {z}) and p

is monotone it must be that Y\ p~!(z) is connected. O

This lemma will be used a number of times, firstly to prove that X/~ is a continuum

and then to show that it is a tree.

Proposition 4.3.13. Take the definitions from Definition 4.3.2. Let ~ be as in
Definition 4.3.6. Then X/~ is Hausdorff.
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Proof. Let x,y € X and let x ~ y. We need to show that there exist disjoint open
sets U and V consisting of whole equivalence classes with z € U and y € V. If
neither x nor y ever lie in a Z¥ then they must be in the final X}, and this must be an
irreducible continuum in the classical sense. The equivalence classes z. and y. are
homeomorphic to the corresponding classes in Xy, and it was proved in Proposition
2.4.7 that there exists a point z € X not related to either p; ;(z) or p1x(y) such
that removing the equivalence class of z from X} would split this continuum into two
components and that one of p; x(x) and p; x(y) would lie in each. Let 2’ € X be such
that p;x(2') = 2. By applying Lemma 4.3.12 we know that X \ 2/, is disconnected,
and that x and y lie in different components. Further, these two components consist
of whole equivalence classes and are open sets.

Now suppose that one of p; x(x) € ZF or pix(y) € ZF holds and that this is the
smallest k for which this is true. We saw in the proof of Lemma 4.2.24 that ZF is
almost hereditarily decomposable so let ¢ : ZF +— T be the universal monotone map
with o(pF) = 0 and let ¢’ = p1; 0 0. If both pyx(x) and pix(y) lie in ZF then let
a € (o'(x),0'(y)) or @ € (0'(y),0'(x)). Then (0/)7'(a) is an equivalence class of
~, and removing it from X splits the space into two components as before. If only
p1x(7) lies in ZF and o/(z) < 1 then choose a € (¢/(x),1) and proceed as before. If
only p;x(y) € ZF then do the same thing.

We must finally consider the case where p1(x) € ZF and pi(y) € ZF, both
lying in the E-continuum of these subcontinua which gets mapped to 1. It cannot
be that X, is the union of some ZF’s as ¥ = y, and the E-continua of all the ZF’s of
the final X} are related. Thus the points py y+1(x) and py x41(y) are both points of
irreducibility of X, ;. Again as x ~ y they must lie in distinct E-continua. We can
then repeat what was done in the previous paragraph for when only one of the points
lies in the ZF. [

Corollary 4.3.14. Take the definitions from Definition 4.3.2. Let ~ be as in Defi-

nition 4.3.6. Then X/~ is a continuum.

Proof. Apply Lemma 4.1.1 and note that compactness and connectedness are pre-

served under continuous maps. O]

We will now see that this continuum is in fact a tree. To do this we will look at

the cut points of X/~.

Lemma 4.3.15. Tuke the definitions from Definition 4.3.2. Let ~ be as in Definition
4.8.6. If x € X is not a point of irreducibility then X/~ \ {x.} is disconnected.
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Proof. By Lemma 4.3.12 this is equivalent to X \ z. begin disconnected. If py x(x.)
is homeomorphic to 7F () for a # 0,1 then X, \ p1k(z~) is disconnected as it can
be expressed as Wffl([(), @) U <sz U Wffl((oz, 1])> As this is the image of X \ z.
under py x, it follows that X \ z. is also disconnected.

If x., instead arises from Ax,,,(pf™") then

Xi\ pri(re) = pl:,i—s—l(XkJrl \ )\XkH(PfH)) U U Kk (pf)
jeJ
where J is the set of indicies with pyx41(Z%) € Ax,,, (pi™"). This is again disconnected
and the image of X \ z. under py .

If x. arises as a result of the fourth possibility and not the third, then by Lemma
4.3.12 we have that p; x(x.) disconnects Xg, as its image in the corresponding n-od
would be a cut point. Applying Lemma 4.3.12 again gives us that z. disconnects
X. [l

It is an immediate corollary to this lemma that if z is not a point of irreducibility
and z. = {z} then x is a cut point of X. We also know that no point of irreducibility
can be a cut point of X. This does not characterise cut points however, as the

following example shows.

Example 4.3.16. Let X be the continuum below. Then X is hereditarily decompos-
able and 3-irreducible. The point z is a cut point, but the bold arc is z. so {x} # z~.

We are now in a position to prove the major theorem of this section.

Theorem 4.3.17. Let X be an almost hereditarily decomposable, n-irreducible con-

tinuum. There exists a monotone surjection from X to a tree with n end points.

Proof. Take the definitions from Definition 4.3.2. Let ~ be as in Definition 4.3.6. Let
7 : X +— X/~ be the natural quotient map; we will show that X/~ is a tree. The point
x~ € X/~ is not a cut point if and only if x. = p; for some i, so X/~ has precisely n
non-cut points. By Theorem 4.1.3 it is a tree and by Proposition 4.1.2 the end points
are the p; . O
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We have constructed a monotone map from an almost hereditarily decomposable,
n-irreducible continuum onto a tree. As before, we will now prove that this map is

universal amongst monotone maps to trees. This includes maps to trees other than
X /N_

Lemma 4.3.18. Tuke the definitions from Definition 4.3.2. Let ~ be as in Definition
4.3.6. Every x. has empty interior.

Proof. There exists k such that p; x(z.) = x.. This set has empty interior in X,

cither because it does in Z/ or because it lies in the closure of
k k
Kier1 \ Ay (071 U U K7k (p5)
J

Since we can find an open set U containing x., such that p; ; is a homeomorphism on

U, we have that x. has empty interior. O]

Theorem 4.3.19. Take the definitions from Definition 4.3.2. Let ~ be as in Defini-

tion 4.8.6. The map 7 : X — X/~ is universal amongst monotone maps to trees.

Proof. Let T be a tree and let p : X +— T be a monotone map. For any z € X
if p(z.) is non-degenerate then it is a subcontinuum and has non-empty interior.
Let T\ p(z.) have m components. We know m is finite as T is k-irreducible for
some k by applying Proposition 3.2.16 and Proposition 3.2.3. Let Cy,...,C,, be
the inverse images of these components under p. Then z.. UJ", C; is a continuum
and intersects each equivalence class, so must contain pq,...,p,. This means that
X =z,UJ", Ci. f U C p(x.) is the (non-empty) interior then p=*(U)NC; = 0 for
each 7, so p~}(U) C z~. Thus x. has non-empty interior which contradicts Lemma
4.3.18. From this contradiction we can deduce that p preserves equivalence classes.
Define f : X/~ — T by f(z~) = p(x). We have just seen that this is well defined
and clearly f om = p. To check that f is open let U be an open subset of T and
note that f~*(U) = w(p~'(U)). Since p preserves equivalence classes we have that
! (W(pfl(U))) = p~1(U). Since this is open it follows that f~!(U) is open, so f is

continuous. This completes the proof. O]

We will finish this section by again proving a similar result to that of Theorem
2.4 of [Mil50].

Theorem 4.3.20. Let X be an almost hereditarily decomposable, n-irreducible con-
tinuum and let ™ be as in Proposition 4.3.19. X is unicoherent if each fibre of 7 is

unicoherent.
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Proof. Let T'="TyU---UT, where each T; is an arc and the only end or branch points
of T contained in T} are the two end points of T}. Let X; = 7~ }(T}). Let X = AUB
for proper subcontinua A and B. A similar argument as in Theorem 4.2.35 gives us
that if A or B intersect the inverse image of a branch point then this intersection is
connected, and thus if both of them intersect the same one, 771(b), then AN 7~(b)
and B N 7~1(b) form a decomposition and therefore have connected intersection.

For z,y € X define z ~; y if and only if 7(x) and 7(y) lie in the same component
of T\ T;. We will consider X/~;, which can be thought of as the inverse image of 7T
with the preimages of the ends of 7; shrunk to a single point. Now X/~; is 2-irreducible
and the union of 4/~;, and B/~,. By applying Lemma 3.2.20 twice we have that it is
almost hereditarily decomposable so by Theorem 2.4.11 it has a monotone map to an
arc. This monotone map from X/~, will have as its fibres a pair of singletons and the
fibres of m mapping to the interior of T}, so X/~; is unicoherent by Theorem 2.5.10.
AN BN X; contains a homeomorphic copy of their intersection in X/~; without the
points of irreducibility (call this C'). The rest of it consists of the intersection of ANB
with the inverse images of the end points of T}, both of which must be connected and
intersect the closure of C. Thus A N B N X; is connected.

Suppose A N B was not connected and relabel the X;s such that the subsets
ANBN(Xy,...,Xs)and AN BN (Xgi1,...X,) are disjoint and compact. Then the
images of these sets witness that 7(A) N7 (B) is disconnected, but 7' = 7w(A) U n(B).
However, every tree is a dendrite so by Theorem 4.1.4 T" is unicoherent. Therefore it

must be that AN B is connected, which in turn implies that X is unicoherent. O

4.4 1/n-homogeneous Spaces

In this section we will use the map from Theorem 4.3.17 to look at the structure of
our continuum. In particular we will use it to investigate the homeomorphisms from
X to itself.

Definition 4.4.1. Let X be a space and Aut(X) = {f : X — X|f is a homeomorphism}
with composition as the group operation, and the natural group action on X. X is

1/k-homogeneous if the action of Aut(X) on X has precisely k orbits.

We will see that there is a link between the 1/k-homogeneity of an almost hereditar-
ily decomposable, n-irreducible continuum X and of the tree it maps on to. Through-
out this section X will be an almost hereditarily decomposable, n-irreducible contin-

uum and 7 : X — T will be the universal monotone map onto a tree T
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Definition 4.4.2. Let f : X — X be a homeomorphism. Since 7o f : X +— T is a
composition of monotone maps, it is monotone. Thus by the universal property of 7
and T (Theorem 4.3.19) there exists a map g : 7'+ T such that mo f = go .

This correspondence will be key, as we will see that ¢ is also a homeomorphism. As
the homeomorphisms of trees are easier to study than those of more general continua

this correspondence allows us to more easily study the homeomorphisms of X.

Lemma 4.4.3. Let C' C X be a subcontinuum, w(C') non-degenerate. Then C' has

non-empty interior.

Proof. T\7(C) has finitely many components. Let Ay, ..., A,, be the closures of these
components. Since 7(C) is non-degenerate, int (7(C)) # 0 so T # J;, A;. This in
turn implies X # ", 7 1(4;). Now C U, 77 (4;) is a continuum containing
P1,-- -y Pn S0 it is equal to X. Thus C' O X \ U, 77 1(A;) # 0 which means C has

non-empty interior. [

Proposition 4.4.4. Let f : X — X be a homeomorphism and let g be as in Definition

4.4.2. The map g is a homeomorphism.

Proof. We know that ¢ is continuous, and it is surjective as 7 o f is surjective. As
it is a continuous map between compact T, spaces it preserves closed sets, so all we
need to check is that it is injective. Suppose g(x) = g(y) for distinct z = 7(2’) and
y =7(y"). Then gom(z') = g on(y') which implies 7o f(2') = mo f(y'). This means
that f(2') and f(y') are in the same equivalence class of X. Define C' = f~(f(z')~),
which is a continuum as it is homeomorphic to an equivalence class. Clearly 2/, y € C
so 7(C') is a non-degenerate continuum. We can apply Lemma 4.4.3 to see that C' has
non-empty interior. This in turn implies f(C) = f(z')~ has non-empty interior which

contradicts Lemma 4.3.18. Thus g is injective, and therefore a homeomorphism. [
Theorem 4.4.5. If T' is Y/k-homogeneous and X is 1/i-homogeneous then k < [.

Proof. Let z,y € X be distinct points and f : X — X a homeomorphism with
f(x) =y. Let g : T +— T be the corresponding homeomorphism from Definition 4.4.2
and Proposition 4.4.4. Then g(m(z)) = 7(f(z)) = 7(y). This means that the orbits
of Aut(X) = {f: X — X|f is a homeomorphism} lie in the inverse images under 7
of the orbits of Aut(7) = {g : T+ T|g is a homeomorphism}, so F' has at least as
many orbits as G. O]

While every homeomorphism f : X — X induces a homeomorphism g : T" +— T,

the reverse is unfortunately not true as the following example shows.

94



Example 4.4.6. Not every homeomorphism ¢g : T" +— T corresponds to a home-
omorphism f : X — X. For example, let X be the sinl/z continuum expressed
as {(z,sin(Yz))|z € (0,1]}, let T = [0,1] and g(z) = 1 — 2. A homeomorphism
f X — X with gor = 7o f would need to map {0} x [0,1] to (1,sin(1)), so clearly

it cannot exist. In this example 7" is 1/2-homogeneous and X is 1/4 homogeneous. The

orbits in X are

o {(Lsin(1))}

o {(z,sin(Y/x))|z € (0,1)}
e {(0,0),(0,1)}

e {0} x(0,1)

While there may not be a strict lifting, the homeomorphisms of 7' can still tell
us a lot about the homeomorphisms of X. We know that the only homeomorphisms
f X — X that can exist are the ones which induce a homeomorphism of 7', which
in turn informs us that the image of an equivalence class under f must also be an
equivalence class, in fact a homeomorphic one. We also know that f must map points
of irreducibility to other points of irreducibility, corresponding to the fact that a
homeomorphism on 7" must map end points to other end points. The same also holds
for equivalence classes which in 7" have order m for some fixed m, which must be
mapped to other such equivalence classes.

In Example 4.4.6 we saw a continuum which was /s-homogeneous, with the cor-
responding tree being only !/2-homogeneous. This discrepancy does not always exist,

as the following example shows.

Example 4.4.7. There exist a continuum X and a corresponding tree 7', with 7
non-trivial, such that both X and T" are 1/n-homogeneous for the same n. Take X to
be a compactification of an open interval such that the remainder is a pair of circles.
The two orbits of this continuum are the original open interval and the pair of circles,
so it is 1/2-homogeneous. The corresponding tree 7" is the closed unit interval, which

is also 1/2-homogeneous.
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4.5 Topological Dynamics

The definitions and notation in this section are taken from [Vril4]. As previously
mentioned in Proposition 4.4.4, every homeomorphism f : X +— X induces one
g : T+ T such that mo f = gom. Thus if (X, f) is a dynamical system with f
a homeomorphism then (7, g) is a factor of this system and ¢ is a homeomorphism.
This second system will be simpler then the first, but will share some of the same
properties. In the cases of these properties it will be easier to show they exist in the
system (7T, g) and thus deduce they exist in (X, f), than it would be to prove they
exist in (X, f) from scratch. Where properties can hold in one system but not the
other this will be shown via an example. This section will focus on the topological
properties of systems and not properties related to metrics as there is no link between
the metrics of X and T and the map w. The first results are an expansion on the

following proposition of [Vril4]. Undefined terms will be defined below.

Proposition 4.5.1. [Vril], 1.5.4] Let ¢ : (X, f) — (Y, g) be a morphism of dynam-
ical systems, let x € X and let A C X. Then;

1. ¢(Og(z)) = Oy4(d(x)), hence ¢(Op(x)) C Oy(p(x)) with equality if the orbit

closure O¢(x) of x is compact.

2. If the point x is periodic under f then the point ¢(x) is periodic under g and the
primitive period of ¢(x) is a divisor of the primitive period of x. In particular,

if x is invariant under f then ¢(z) is invariant under g.

3. If the set A is invariant under f then the set ¢(A) is invariant under g. Simi-

larly, if the set A is completely invariant under f then so is ¢(A) under g.

4. If the orbit of a point x converges under f in X to the point z € X (or has limit
point z) then the orbit of the point ¢(x) converges under g to ¢(z) (or has limit

point ¢(z) ).

5. If the orbit of x is dense in X then the orbit of ¢(x) is dense in ¢(X). In
particular, a factor of a transitive system is transitive and a factor of a minimal

system 1s minimal.

6. If the set A is minimal under f and ¢(A) is a closed subset of Y then the set

¢(A) is minimal under g.

7. If 9(X) is dense in'Y and (X, f) is topologically ergodic then (Y, g) is topologi-
cally ergodic.
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It will be used several times that if X is a sin(:) continuum then 7 : X — T
is the projection onto the 1% coordinate, and 7' is a unit interval. In these cases T'
will be instead denoted I. For this chapter it will be assumed that X is an almost

hereditarily decomposable, finitely irreducible continuum.

Definition 4.5.2. Let (S, h) be a dynamical system and let = € S. Then z is called

a periodic point if there exists n € Nt such that h"(x) = z.

Proposition 4.5.3. Let (X, f) be a dynamical system and let x € X be a periodic
point. Then w(x) is a periodic point of (T,g).

Proof. Let n € Nt be such that f"(z) = 2. Then ¢"(n(z)) = 7(f"(z)) =7(z). O

Proposition 4.5.4. There exists a dynamical system (X, f) such that a non-periodic

point © € X has periodic image w(x) € T.

Proof. Let X be the sin(+) continuum and define a homeomorphism f : X — X to be
f(z,y) = (¢, y|ly|), where 2’ lies in the same half period of the sine curve as x, either
positive or negative, and has sin(+0 = yly|. If 2 = 0 then so does z’. Now (0,1) is a

non-periodic point of f but its image under m is not just periodic but invariant. [

Definition 4.5.5. Let (S, h) be a dynamical system and let A C S. The set A is
invariant if A(A) C A and completely invariant if h(A) = A.

Proposition 4.5.6. Let (X, f) be a dynamical system and let B C T be (completely)

invariant. Then A = n=Y(B) is also (completely) invariant.

Proof. Let « € A. Then 7(z) € B implies g o m(z) € B which in turn implies
7o f(r) € B. From this we can deduce that f(z) € A. Thus A is invariant.

Now suppose B is completely invariant i.e. g(B) = B. Let © € A. There exists
y € B such that g(y) = m(z). Now gon(f(z)) =mo f(f(x)) = m(x) so since g
is injective y = m(f~*(x)). From this we have that f~!(z) € A so f(A4) = A. O

Proposition 4.5.7. There exists a dynamical system (X, f) and points z,2’ € X
such that the orbit of w(x) converges to w(x') but the orbit of x does not converge to

.

Proof. Again take X to be the sin(%) continuum. Define f by ”shifting” each period
one to the left and doubling the length of the rightmost section of the curve. Take
as x any point not in the final loop, its orbit will converge to the point (0,y) with
the same 2"-coordinate as z. Thus the orbit of 7(x) converges to 0 € I but there are

clearly elements of 771(0) to which z does not converge. [
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Remark 4.5.8. The same holds for limit points.

The next diagram illustrates the map f from Proposition 9.3, with each coloured

section being mapped onto the next.

Definition 4.5.9. Let (S,h) be a dynamical system and let € S. The point z
is called transitive if for each non-empty open subset U C S and for each n € N
there exists k > n such that h*(z) € U. A system is called transitive if it contains a

transitive point.

Proposition 4.5.10. Let (X, f) be a dynamical system. Suppose every open subset
of X contains a fibre of w. If w(x) is transitive in (T, g) then x is transitive in (X, f).

Proof. Let U C X be an open set and let y € T be such that 7' (y) C U. We will
construct an open set V' C U consisting of whole equivalence classes.

Let A= {z € T|='(2) C U}. We know that y € A. Suppose y is not in the
interior of A. Then there exists a sequence y,, converging to y with each y,, ¢ A. For
each n let x, belong to 7~ !(y) \ U witnessing this. There must be a point 2’ € X
such that some subsequence x,,, converges to z’. As 7 is continuous 7(z,, ) converges
to w(«'). Since 7(x,, ) = Yy, , this implies that m(2’') = y and that 2’ € U. Since U is
an open set and no tail of z,, lies in U, this is a contradiction. It must therefore be

that y lies in the interior of A, and in particular that A has non-empty interior. Let
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V' be the inverse image under 7 of the interior of A, so V' is a non-empty open subset
of X consisting of whole equivalence classes and V C U.

Let k be a positive integer. As m(x) is transitive there exists n > k such that
g"om(z) €V. Now g"om =mo f" som ' (g"om(x)) lies in 7~*(V') C U and contains
f™(z). Thus x is transitive. O

Definition 4.5.11. Let (S,h) be a dynamical system and let A € S. The set A is
called minimal if it is non-empty, closed, invariant and whenever B C A is closed and
invariant either B = () or B = A. The system (S, h) is minimal if S is minimal as a

subspace of itself.

Remark 4.5.12. No system (X, f) can be minimal if X is almost hereditarily de-
composable and n-irreducible. Since f is a homeomorphism the subspace | J;_; A(p;)

is closed and invariant.

Proposition 4.5.13. There exists a dynamical system (X, f) and a minimal subset
B C T such that A = 7—Y(B) is not minimal.

Proof. Use the same example as in Proposition 4.5.7. The point 0 € T is invariant
and therefore a minimal subsystem, but its inverse image is the system (I, id) which

is obviously not minimal. O

Definition 4.5.14. Let (S, h) be a dynamical system. Then (S, h) is ergodic if for
any pair of non-empty open sets U, V' C S there exists n € N such that h*(U)NV # ().
The system is weakly mixing if (S xS, hx h) is ergodic. The system is strongly mixing
if for for any pair of non-empty open sets U,V C S the set {n € N|f"(U)NV # (}

has finite complement.

Proposition 4.5.15. Let (X, f) be a dynamical system. Suppose every open set
U C X contains a fibre of m. Then the system (X, f) is ergodic if and only if (T, g)

1S.

Proof. First suppose (T, g) is ergodic. The proof will be similar to Proposition
4.5.10. Let U,V be open subsets of X and take open subsets U’, V' C T such that
71 (U") C U,xYV') C V. Take n such that g"(U’) NV’ # 0, then it is clear that
0# 7 (g"(U")) Na (V') C f(U)N V. Thus (X, f) is ergodic.

Now suppose (X, f) is ergodic. Let U,V C T be open sets, so 71 (U) and 71 (V)
are open subsets of X. There exists n such that f"(7='(U)) N7~ *(V) # 0. Thus
O#x(f (= (U)) N7 (V) = g"(U)NV. Thus (T, g) is ergodic. O
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Corollary 4.5.16. Suppose every open set U C X contains a fibre of m. Then the
system (X, f) is weakly mizing if and only if (T, g) is.

Proof. The proof is identical to that of Proposition 4.5.15, with 7 x 7 as the map
between X x X and T' x T and taking basic open sets U; x Uy and V; x V5 in place
of U and V. ]

Corollary 4.5.17. Suppose every open set U C X contains a fibre of w. Then the
system (X, f) is strongly mixing if and only if (T, g) is.

Proof. We saw in the proof of Proposition 4.5.15 that f™ (7~ *(U)) N7 (V) = 0 if
and only if ¢g"(U) NV = (. The proof is clear from this fact. O
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Chapter 5

1

On sini continua

The sin(%) continuum is probably the most fundamental irreducible continuum other
than the unit interval. This chapter of the thesis will study a nested family of continua
similar to the sin % continuum. The family is constructed recursively by adding a half
open interval to the previous continuum. This interval will limit onto the previous
continuum in the same way that a half open interval limits onto a closed interval in the
sin% continuum. Each of these continua will be decomposable and irreducible with
a pair of E-continua. Results relating to mapping properties and the E-continua will
be presented first, and then the continua will be used to construct an indecomposable

continuum.

5.1 Referenced Theorems

The following results from other authors will be used in this chapter.

Sam B. Nadler Jr, Continuum Theory, an Introduction

These results can be found in [Nad92].

Theorem 5.1.1 (2.4). An inverse limit of continua is a continuum. Also, an inverse

limit of non-empty compact metric spaces is a compact metric space.

Lemma 5.1.2 (2.6). Let {X;, f;}32, be an inverse sequence of metric spaces, with
inverse limit X. For eachi=1,2,... let m; : X — X; be the i™ projection map. Let
A be a compact subset of X. Then, {m;(A), fi|mit1(A)}52, is an inverse sequence with

onto bonding maps and

Wm{m;(A), filmip1(A)} = A= X NI mi(A)
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Lemma 5.1.3 (3.2). If a Hausdorff space is a continuous image of a compact metric

space, then it 1s metrizable.

Theorem 5.1.4 (8.18). A Hausdorff continuum X is a Peano continuum if and only

if X is the continuous image of 1.

Theorem 5.1.5 (8.23). Any Peano continuum is arcwise connected.

Ryszard Engelking, General Topology
This result can be found in [Eng89].

Proposition 5.1.6 (6.1.11). Let T be a topological space and let C' be a connected
subspace of T. For each subspace A satisfying C C A C C, the subspace A is con-

nected.

5.2 A Nested Sequence of Continua

In this section we will construct the nested sequence of continua and present a number
of results on their mappings. First we need a function which can produce the necessary
limiting behaviour. While the construction of these continua are motivated by the
sin% continuum, that function will not work as it maps the half open interval to the
closed interval. We will need to compose our map with itself, so we need a map
s:(0,1] — (0,1]. In order to produce the limiting behaviour needed we require that
as = approaches 0, s(x) moves ever more rapidly over more of (0,1]. The function I

use is given below, although there are plenty of others which would also work.

Definition 5.2.1. For n € w\ {0} define s, : [=, 2] = (0,1] by
1 1
o(2) = 4n? (x—=)(x— 1
sp(x) =4n’(n + 1) (x n)(:c n—i—1>+

This satisfies s,(+) = s,(-57) = 1 and min(s,,) = —5. Define the continuous function

s :(0,1] = (0, 1] by piecing together these functions. It is clear to see that s satisfies

the properties mentioned above.
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Definition 5.2.2. Let A™ C I" be a sequence of continua defined as follows:

A' is the unit interval, which can be thought of as (0, 1].
If A" ={(f(v),y)|y € (0,1]} for some f : (0,1] — [0,1]*"* then

A= {(f(s(2)), 5(2). 2)]z € (0, 1]}

Equivalently,

A" ={(s" Yxyp), ..., s(xn), )|z € (0,1]}

It is worth noting that A? is homeomorphic to the sin% continuum. For n = 1,2 the
following results, or an analog, are well established so in the interests of clarity they

will be omitted from this theorem.
Theorem 5.2.3. For alln > 3,
1. A™ is a continuum

2. If B* .= {(f(y),y)|ly € (0,1]}, A" = B" and 7 : B™ + [0,1]""! is the projection
onto the first (n — 1) coordinates, then w(B™) = B"!

3. A" = (A"t x {0})u B”
4o AMA") = {A"1 {11}
Proof. The point (f(1),1) will be denoted as 1 where there is no ambiguity.

1. B™ is the continuous image of (0, 1] so it is connected, meaning A™ is as well by
Proposition 5.1.6. As a closed subset of [0, 1]", A" is compact and metric, and

therefore a continuum.

2. Tt is clear from the definitions that = maps into B"~!. Since s : (0,1] — (0, 1]

is a surjection we have that 7 is as well.

3. Suppose the statement is true for n — 1 and let (z,y,2) € A"\ B", with z rep-
resenting multiple coordinates. It is clearly the case that z < 0 or z > 1 easily
leads to a contradiction, so z € [0, 1]. If z # 0 then (z,y,2) € B» NR*! x [z, 1]

However, this is the closure of a closed set, so (z,y, z) € B" giving a contradic-

tion. Thus we have that z = 0. Now suppose (z,y) ¢ A""'. There exists an
open set U C R"! such that (z,y) € U and UN A" ! = (). Then U x R is an
open set containing (z,y,0) and not intersecting B", which is a contradiction.
Thus we have that A” C B" U A" x {0}. Now consider (f(y),y,0) for some
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y € (0,1]. Let € > 0. Note that for all n > i, y lies in the image of s,. Let

m > i, 1. There exists z € [m+r1, <] such that s,,(z) = y. Then we have that

MU@MMMU@@M%@&D22§%<6

Thus we have that B" U A"~ ! x {0} C A"™. Proof by induction on n completes
the proof.

4. Let m, denote projection onto the n'® coordinate. Let X be a subcontinuum
of A" containing 1 and intersecting A"~! x {0}. Then m,(X) is connected and
contains 0 and 1, so equals [0, 1]. Thus B™ C X and since X is closed we have
X = A™. Thus A" is irreducible between 1 and any point of A"~'x{0}. Further,
given any two points, at least one not from these sets, it is easy to construct a
proper subcontinuum containing both: let their n'* coordinates be o < 3. If
a = 0 then A" N (R"! x [0, A]) is such a continuum, else A" N (R"™! X [a, 1]) is.

Therefore r(1) = A"\ (A"7! x {0}) and x((f(y),y,0)) = A"\ {1}
[l

Proposition 5.2.4. Any continuous non-degenerate Hausdorff image of A™ is a de-

composable continuum.

Proof. We know that the Hausdorff image of a continuum is a continuum by Lemma
5.1.3. We shall prove this proposition by induction on n. First, let X be a continuous
image of A'. From Theorem 5.1.4 we have that X is a Peano continuum. If X were
indecomposable it could not be locally connected at any of its points, as any non-
dense open set U would intersect every composant, so U being connected would imply
U is a proper subcontinuum intersecting two distinct composants. Now suppose any
image of A"™1 is decomposable. Let f : A" — X be a continuous surjection. Suppose
there exists y € (0,1) such that

FA A (0. x [0,0]) # X

Either the image of the other half of A", which is homeomorphic to an arc, completes
the decomposition, or is equal to the whole of X, making X a Peano continuum.
If no such y exists however, then for all x € X and for all y € (0,1) we have
that f~*(z) N7, '([0,y)) # 0. Thus we can find a sequence y,, such that for each
m € w, f(Ym) = = and 7, (ym) < % As A™ is a compact metric space this sequence
has a subsequence which converges, say to y'. Then 3’ € A" ! x {0} and f(y) = .
Thus X = f(A"! x {0}), so by the inductive hypothesis X is decomposable. O
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The next three results are lemmas which will be used in the proof of Theorem
5.2.8. Lemmas 5.2.6 and 5.2.7 are very similar and are used to handle two different

cases in the proof of the theorem.

Lemma 5.2.5. Any continuous Hausdorff image of the half open interval (0,1] is

arcwise connected.

Proof. Let f : (0,1] — X be a continuous surjection, and let =,y € X. Take points
2’y € (0,1] such that f(z') =z, f(y') = y. We can suppose without loss of generality
that 2’ < 3. Then z,y € Y := f([2,1]). From Theorem 5.1.4 we have that Y is a
Peano continuum which means it is arcwise connected by Theorem 5.1.5. Thus there
exists an embedding ¢ : [ < Y such that i(0) = x,i(1) = y. Then when considered
as a map into X it is clear that ¢ is continuous, injective and an isomorphism onto
its image, so it is an embedding into X. Thus there is an arc in X with end points

x,1, which proves the lemma. O

This lemma will clearly generalise to any space which can be expressed as the

nested union of arcwise connected spaces.

Lemma 5.2.6. Any continuous Hausdorff image of A™ can be expressed as the union
of m < n arcwise connected subspaces Py, ..., P, such that for all k, P, = Uz‘gkpi
and Pk g Pkfl.

Proof. The proof will be done by induction. The base case n = 1 is equivalent to the
claim that all Peano continua are arcwise connected, which we know from Theorem
5.1.5.

Suppose the inductive hypothesis is true for A" and let g : A" — X be a
continuous surjection. Let Y := A"\ A", Then g restricts to a continuous surjection
glan :+ A™ — g(A™), and we can apply the hypothesis to this to get Py,..., P, for
m < n. Let P,4; := g(Y). The subspace Y is homeomorphic to (0,1] so we know
from Lemma 5.2.5 that P,,,; is arcwise connected. We also know this is true for Py
for k < m. Since g(A™) is compact it is also closed, which means the closure condition

is met for all the P except possibly P,,.;. However,

m+1

Py =g(Y)29(Y)=g(A") =X = U B

This gives everything except the condition that P, € P,,. If this is not the case
then simply omit P, from the list, and P, ..., P, will satisfy the conditions of the

lemma. O
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Lemma 5.2.7. Any continuous Hausdorff image of A™ can be expressed as the union
of m < n arcwise connected subspaces P, ..., P,, such that for each pair of integers
k#1, P, 2 U<, P and PN P =,

Proof. This proof will be similar to the previous lemma, with the base case identical.
Suppose the result holds for A™ and let g : A" — X be a continuous surjection, with
arcwise connected @)1, ..., Q, satisfying the conditions of the inductive hypothesis
for the restriction g|an : A" — g(A™). Let Qi1 = g(A"™\ A") and define

M:{k::lu?m,—'—lleQO'-‘rl?é@}

Now let P, = @, for minimum « ¢ M, P, = Qg for minimum § ¢ M U {a} and so
on, with the final subspace being P, = (J;cp Q-

If two arcwise connected spaces have a non-trivial intersection then their union
is also arcwise connected, so P,, is arcwise connected, and each of the other P, are
arcwise connected by construction. For k,[ < m distinct with P, = Q,, P, = Qs we
have from the inductive hypothesis that P, N P, = Qo N Qs = 0. Further, we have
that U, Pi € U ., @y C Qo = P.. If k # m then by construction P, N P,, = 0.
Finally,

P 2 g(ATT\ A,) 2 g(AvT\ A7) = g(A™) = | J P,
<m

O

The next theorem concerns irreducible images of A™. The proof begins by showing
that one of the elements of A\(X) must be a singleton. It then considers two cases,
whether or not the second one is a singleton. In each case we conclude that X is the

image of A* for a smaller k or that the other element of A(X) is the image of AL,

Theorem 5.2.8. Let g : A" — X be a surjection for n > 2 and X an irreducible
continuum. Either X is the continuous image of A* for some k < n or \(X) consists

of a singleton and a continuous image of A"~1.

Proof. Suppose that X is not the continuous image of A* for any & < n. Define
Y = g(A" ! x {0}). Let A(X) = {a,b}. IffanNY # ( # bNY then since Y is
a subcontinuum, Y = X which is a contradiction. Without loss of generality let
bNY =0. if anY = @ then both a and b lie in the image of A"\ A"~!, which is
homeomorphic to a half open interval. By taking an arc with end points in a and b,
then taking the image of this arc under g we see that X is the image of an arc, so is

the image of A'. Thus we can assume a N'Y # ().
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Suppose b is not a singleton. Pick two points z,y € b. Both ¢g~!(z) and g~ '(y)
are compact sets, so their projections onto the last coordinate are compact. Let 2/, 1/
be the minima of these sets respectively. Without loss of generality let 2’ < /. Then
g(A"N(R"! x[0,2'])) is a proper subcontinuum of X since it does not contain y, but
it intersects both a and b. This is a contradiction, which gives that b is a singleton.
From now on b will represent the unique element of X such that x(b) = X \ a. If
V' :=min m,(g (b)) then g(A™ N (R"* x [0,b])) = X. Since V' # 0 we can assume
without loss of generality that ¥ = 1 and b = g(f(1),1). We will now consider two

cases, namely whether or not a is a singleton.

Case 1: Suppose a is not a singleton, and let x € a,z = g(y, z) for y € [0,1]""! and
z € [0,1]. Then as X = irr(x,b) we have that X = g(A" N[z, 1] x R"™!) and since X
is not the image of the unit interval (A!) we have that z = 0 and therefore a CY

From Lemma 5.2.6 we can express Y as the union of arcwise connected sets
Py,...,P, for m < n—1. Suppose for some k, aN P, # 0 and P, € a. Let
x €an Py € P\ aand let Z be a proper subcontinuum of X containing b and y.
As Py is arcwise connected there exists i : [ < P, such that i(0) = z,i(1) = y. Then
Z Ui(I) is a continuum containing x and b which is therefore X. Let 2’ € a \ {z},
then as Z is a proper subcontinuum of X containing b it must be that 2’ ¢ Z. We
therefore know that 2’ € i(I) and thus can find o with 2’ = i(«). Then since 7 is
injective we have that Z Ui([a, 1]) is a proper subcontinuum, as it does not contain
x = 1(0). It intersects a at 2’ and contains b, which gives a contradiction. Therefore
we can conclude that if a N Py, # () then P, C a.

If P, Na = ( then there exists a proper subcontinuum X’ of X which contains b
and intersects P,. Further, X'UP; is a continuum. Consider two situations. Situation
one is if X’ U P, = X. For any [ > k we have that

P¢P.=PNX#0=P ¢a=PnNa=10

Since this is true of all [ > k we have that « C P, U --- U Pi_;.

Situation two is if X’ U P, # X. In this case as for all [ < k, P, C P, we have that
P,Na= 0. This implies that a C Py, U U P,.

Suppose {k € {1,...,m}|laNP, =0} # (. Let a be its minimal element and 3 be
its maximal element. Let X, and Xz be proper subcontinua of X containing b and
intersecting P,, Ps respectively. As a is minimal we know that X, U P, = X since
it is not the case that for all I < a, FNa=0. Thusa C P, U---U P,_;. Similarly
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we have that X5 U Py # X and therefore a C Pgyy U -+ U P,,. This gives our final

contradiction, from which we see that

a=PU---UP, =Y =g(A" ' x {0})

Case 2: We will now consider a to be a singleton. As with b, a will now be a point
of X instead of a subset. Using Lemma 5.2.7 we can express X = J;-, P; for arcwise
connected P;, with P, N P; = () for i # j and Py, 2 |J,., . We know from the
construction of the P, that b € P,,. If a € P,, then sincg P, is arcwise connected
there exists ¢ : I < P, such that i(0) = a,i(1) = b. Since the image of I under ¢
is a subcontinuum of X we have that X = i(Il), so unless n = 1 this contradicts the
initial assumption that X is not the continuous image of A* for k < n.

Suppose a € P, for a # m. Suppose further that P, is not a singleton. Then there
exists X’ € X a proper subcontinuum with b € X' X' N P, # (). Let x € X' N P,,
let i : I — P,,i(0) = a,i(1) = x. Then since X’ Ui(I) is a continuum containing a
and b we have that X = X’ U (). Since P,y; N P, = () we have that P,y; C X',
implying that P, is a subset of X’ and therefore P, is a subset of X’ as well, which
is a contradiction.

Therefore P, = {a}. From its construction in Lemma 5.2.7 we know that P,
contains the image of some AF\ A"~ and therefore since singletons are closed and
AR\ AF1 s a dense subset of A* we have that g(A*) = {a}. We will now show that
X is the image of A",

Let w(xq,...,2,) = (0,29, ..., x,) be the projection onto the last n—1 coordinates.
On {z|zy # 0}, 7 is a bijection with inverse (0, xo, ..., z,) — (s(z2),za,...,2,). Thus

I and

we can define a continuous function h : A"™' — X as follows: h|,,z0 = gom™
hlgy—=0 = a. Then h is a surjection and ¢ = hom. If U is an open subset of X
then h=Y(U) = ﬂ(g_l(U)). We have that ¢ is continuous and 7 is a projection, so
h~Y(U) is open, making h continuous and X the continuous image of A"~!. This final

contradiction completes the proof of the theorem. O

Definition 5.2.9. A continuum X is arc-like if for all € > 0 there exists a map
fe : X = T such that for any pair of points z,y € X satisfying f(x) = f(y), the

distance between x and y in X is less than e. Such a map is called an e-map
Proposition 5.2.10. Fach A™ is arc-like.

Proof. This shall be proved by induction on n. Indeed, we will show the very slightly

stronger claim that each is witnessed by a map that sends the point (..., s(1),1) to
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1. Since A! is the unit interval, the base case is trivial. Suppose A" is arc-like, and

for all € > 0 this is witnessed by f. : A" — I. Fix € > 0. Pick z. < § such that

s(z.) =1, and let m : A" — A™ be the projection onto the first n coordinates. We

will construct a map g : A" = 1. Let g|anxjoe] = %fg o, and let g. map the rest

3
_ 1 .

z,x" € g-'(y) for some y. If y > 3 then x = 2’. Otherwise,

of A" linearly onto [%,1]. This map is continuous as %f; on(...,1,x) = %. Let

2

d(z,2') <o+ d(w(z), (1))
< 545
< €
Thus g, is an e-map from A" to I for arbitrary e, which proves that A" is arc-like
for all n. O

5.3 An Indecomposable Continuum

We have discussed the spaces A™ as a nested sequence of continua, each defined
recursively containing the previous one. It is natural then to consider the union of

all of them in ¥, or rather its closure to get a continuum.

Definition 5.3.1. Consider each A™ as a subspace of [ with the metric d(x,y) =
> 27"2, — yo|. Each A" is therefore seen as A" x {0}*\". Let A := ], A" and
AY = A,

A is connected as it is the nested union of connected spaces. This means that

A% is also connected, and is therefore a continuum.
Lemma 5.3.2. Let L = {x € (0,1]*|For all n, s(xp41) = ©,}. Then AY = A UL.

Proof. Let x € A\ A* and suppose x ¢ L. Either there is an n € w such that
$(Zpy1) # T, or there is a coordinate of z which is a zero, or both. Either way there
exists n € w such that (z1,...,z,) ¢ A". Let o, be the projection onto the first n
coordinates. Then for any k € w,0,(A%) C A", which implies that o,(A4>*) C A™.
Thus o, }(I"\ A™) is an open subset of I“ containing x but not intersecting A>, which
is a contradiction. We therefore have that AY C A U L

Now let x € L and let U be a basic open subset of I which contains x. Without
loss of generality say that U restricts the first n coordinates. Then (zy,...,z,,0,...)
is an element of A*°NU, so A*°NU is non-empty and x € A¥. Thus AUL C A¥. [
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We have that A“ is the union of A* and an inverse limit on (0, 1]. It could also

be seen as a generalised inverse limit on [0, 1] with bonding map given by the graph
of A%

Proposition 5.3.3. A“ is arc-like.

Proof. Fix e > 0. Let N € w such that X,>y27" < 5. Let fc: AN = T be an $-map,
whose existence is guaranteed by Proposition 5.2.10, and let 7 : A“ — A" be the
projection map and g, : A“ — I be the composition of f< and 7. If 2,2’ € g- ' (y) for
some y € I then

d(z,2") < Tpsn2™" +dy (7(2), 7(2))) < % n % <e

Thus g, is an e-map for arbitrary e, which proves that A“ is arc-like. n

Most of the rest of this section will focus on the composants of A¥. We will see
that A“ is an indecomposable continuum and that A* is a composant of it. It is
unusual for an indecomposable continuum to have such an easily defined composant,
for example if you consider the pseudoarc there is no comparable expression for the

composants.

Lemma 5.3.4. Let C C A% be a subcontinuum and suppose {k € w|C N A* ¢ AF-1}
is unbounded. Then C' = A“.

Proof. Let m € {k € w|C' N A* ¢ A*1} and let m,, : A — I be the projection onto
the m™ coordinate. Since C' is a continuum, 7,,(C) = [0,a] for some o > 0. Let
x € An,—1 and take a sequence (g )kew € Am With m,(2) € (0,¢] and zp — z. Then
for each k € w there exist y, € C such that m,,(yx) = T (zx). Since each of the first
(m — 1) coordinates of a point of A, are defined by the m'" when it is non-zero we
have that the projection of y; onto A,, is x;. There is a convergent subsequence of
(yx) which converges to a point y. By the continuity of projections, the projection of
y onto A,, is equal to z, which also implies m,,(y) = 0. Since y has a coordinate of
value 0 it must lie in A* and every subsequent coordinate must also be 0, so y = x.
Since C' is closed we have that © € C. This means that A,,_; C C. As this is true of
every m in {k € w|C N A* ¢ AF'} we have that A~ C C. Since C is closed we have
that A¥ C C and therefore C = AY. O

Theorem 5.3.5. A“ is indecomposable.
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Proof. Let A = C' U D for two subcotinua C, D. Then as A* C C' U D, one of C'
or D satisfies the conditions of Lemma 5.3.4. Thus one of C' and D is equal to A¥,
which completes the proof. O

Proposition 5.3.6. A is a composant of A“

Proof. Let x,y € A>*. By the definition of A there are n,m € w such that z €
A" y € A™. Without loss of generality let n < m. Then z,y € A™ which is a
proper subcontinuum of A“. This proves that A* is continuumwise connected, so is
contained in some composant of A“.

Let C' be a subcontinuum of A“ which intersects both A* and L. We will show
that {n € w|C N A" € A" '} is unbounded, and apply Lemma 5.3.4. We can
assume this set is non-empty as C' N A>® # () so C N A™ # () for some m. Thus if
{n € wlCnN A" ¢ A" '} = () then replace C' with C'U A™ and note that the first
continuum is equal to A% if and only if the second one is.

Let CNA" ¢ A1 Let ¢ = (z1,...,%n41,0,...) € A"\ A" Since C is
connected and intersects L we know that for any k € w the projection onto the
k™ coordinate satisfies m,(C) = [0, ] for some ap > 0. Given any point p €
(0,1],s7!(p) contains 0 in its closure. Using all of these properties we can define a
sequence (z) € C' N L such that for all n, m(zx) = x1,...,T1(2k) = Tpy1 and

Tngo(2k)s -+ o s Thant1(26) < 27%. Then we have that

k o0
d(z, ) < Y 27F 27D 4 N g
i=1 i=ntk+2
The right hand side tends to 0 as k — oo, so # € C. Thus {n € w|[CNA" € A" '} is
unbounded, which means C' = A“. This proves that any proper subcontinuum which

intersects A% is contained in A*°. Therefore A% is a composant of A“. n

We will now investigate the remaining composants of A“, namely those lying in L.
Central to this is the observation that L is an inverse limit in which every coordinate
space is (0,1] and every bonding map is s. We will look into what a continuum
contained in L could look like, and extrapolate what the composants are from this.

Recall Lemma 5.1.2. If C' is a compact subset of L then it is defined by its
projections. For the rest of this section if C' is a compact set, or a subcontinuum,

then let C,, := m,(C).

Lemma 5.3.7. Let C' be a compact subset of L, or indeed any inverse limit of metric

spaces. Then C' is a continuum if and only if each C, is a continuum.
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Proof. Since projections are continuous, if C'is a continuum then so are all of the C,,.
Any inverse limit in which all of the coordinate spaces are continua is itself a

continuum by Theorem 5.1.1, so if each (), is a continuum then so is C. O]

It is a straightforward algebraic manipulation to see that if z > % then

o+ 1+ (n+1)z—1

n

S (@) = 2n(n + 1)
Given any continuum [z,y] C (0, 1] we therefore have that if m,, m, are respectively
the minimum integers such that —- <z, —- < y then
sz = Usy'([zy)
new

= U s ([z0))

n>my

= U s'zyhu U st (=)

my<n<mg n>my
)y )y
2n—|—1—\/n+ m +1+,/"Jr
- my<LnJ<mz n+1
- Dz —1]
2n+1—,/ 2n+1—,/ (n+ 1)z
n
U
n>Um n(n+1) n+1

+
/( lz—1 /( )y
2n—|—1—i— n—i— )T 2n—+ 1+ n+
Uy

N> n+1 n+1

While the specific subsets do not look particularly useful, the important point here is
that the inverse image of a copy of the interval [z,y] in (0, 1] consists of a countable,
infinite union of disjoint copies of I, all but finitely many of which surjects under s
onto [z,y|. Thus constructing a continuum C' in L is equivalent to choosing an [z, y]
to act as C, then choosing one of the countably infinite components of s~*(C}) which
sujects onto C; to be Cs, then one of the components of s71(Cy) to be Cs, and so
on. In some cases it would be possible to take as C,; only a subcontinuum of a
component of C,,. However, since we are investigating the composants of A¥ it makes

sense to look at subcontinua which are as large as possible. For this same reason, we
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will also only consider continua of the form [z, 1] for C}, and we can further simplify
by restricting x to be the reciprocal of some natural number. Thus two elements z
and y of L lie in the same composant of A“ if and only if there exists n € w such that
x1,y1 € Dy = [%, 1] and for all m € w, x,, and y,, belong to the same component of
s (D,,_1), which then becomes denoted D,y,.
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Chapter 6

Compactifications

In this chapter we will look at irreducibility and compactifications. In particular
we will focus on compactifications whose remainder consists entirely of points of
irreducibility. Studying the properties of spaces with such compactifications will

provide an insight into the structure of irreducible continua.

6.1 Referenced Theorems

The following results from other authors will be used in this chapter.

Sam B. Nadler Jr, Continuum Theory, an Introduction

These results can be found in [Nad92].

Lemma 6.1.1 (3.2). If a Hausdorff space is a continuous image of a compact metric

space, then it 1s metrizable.

Theorem 6.1.2 (5.4). Let X be a continuum and let U be a nonempty, proper,
open subset of X. If K is a component of U, then K N OU # (. FEquivalently,
Kn(X\U)#0.

Proposition 6.1.3 (6.3). Let T' be a connected topological space and let C be a
connected subset of T' such that T'\ C' is disconnected, T\ C = AU B. Then AUC
and B U C are connected. Hence, if T and C are continua, AU C and B U C are

continua.

Theorem 6.1.4 (11.17). If X is a nondegenerate indecomposable continuum then the

composants of X are mutually disjoint.
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D.E. Bennett and J.B. Fugate, Continua and their non-separating
Subcontinua

This result can be found in [BF77].

Theorem 6.1.5 (1.30). The E-continua of X are exactly those end continua at which

X is locally connected.

Ryszard Engelking, General Topology

These results can be found in [Eng89].

Theorem 6.1.6 (3.5.8). For every Tychonoff space X the following conditions are

equivalent.
1. The space X 1is locally compact.

2. For every compactification c¢X of the space X the remainder ¢X \ X is closed
n cX.

3. There exists a compactification cX of the space X such that the remainder
cX \ X is closed in cX.

Corollary 6.1.7 (6.1.11). Let T' be a topological space and let C' be a connected sub-
space of T. For each subspace A satisfying C C A C C, the subspace A is connected.

K. D. Magill, n-point Compactifications

This result can be found in [Mag65].
Theorem 6.1.8 (2.1). The following statements concerning a space X are equivalent:
1. X has an n-point compactification.

2. X 1s locally compact and contains an n-star; a compact subset K whose comple-
ment is the union of n mutually disjoint, open subsets {G;}I, such that K UG;

1s not compact for each i.
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Max Pitz, Topological reconstruction and compactification
theory

These results can be found in [Pit15].

Theorem 6.1.9 (3.1.4). If a space X has a maximal N-point compactification vX
and vX s any other finite compactification then v X <vX.

Corollary 6.1.10 (3.1.5). If X has a mazimal N-point compactification then all

N-point compactifications of X are equivalent.

6.2 Irreducibility and Remainders

Suppose that Y is an irreducible, decomposable continuum with a full set of E-
continua. The subset consisting of the union of all the E-continua has an empty
interior, so if Y’ is the complement of this set then we know that Y’ is dense in Y.
This holds regardless of whether we are considering classical irreducibility or finite
irreducibility. Another way of saying this is that Y is a compactification of Y. In this
chapter we will look at the properties of such a space Y’. We will also investigating
which properties a space X must have in order to have a compactification which is an
irreducible continuum with a full set of E-continua. This will conclude with a set of

necessary and sufficient conditions arising as the intersection of these two approaches.

Definition 6.2.1. A space X is open ended if for all closed and connected proper
subsets A, B C X such that AU B = X, neither A nor B is compact.

Lemma 6.2.2. Let X be a connected space with metric compactification vX. Then

vX is a continuum.

Proof. X is connected, so its closure in a space is connected by Corollary 6.1.7, and
it is dense in 7X. As it is a compactification vX is clearly compact, and we have
stated that it is metric. O

Definition 6.2.3. A space X is said to be densely irreducible if it is not compact, is

continuumwise connected, locally compact and open ended.

The following theorem shows that we can safely narrow our focus to densely
irreducible spaces, as any space with an irreducible continuum as a compactification,

whose remainder is the set of E-continua, must have these properties.
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Theorem 6.2.4. Let Y be a decomposable, n-irreducible continuum. Suppose that
Y = irr(p1,...,pn) and each X(p;) compact. Let Y' be the set of non-irreducible
points of Y. Then Y’ is non-compact, locally compact, continuum-wise connected and

open ended.

Proof. It is immediate that Y’ =Y \ (A(p1) U--- U A(p,)). This clearly shows that
Y’ is an open subset of Y. Since Y is connected, Y’ cannot be closed and is therefore
not compact. Now Y is a dense subset of Y so Y is a compactification of Y’ which
also gives us that Y’ is locally compact by Theorem 6.1.6.

For proof that Y’ is continuumwise connected see Proposition 3.4.9.

Let A, B be closed connected subsets of Y’ such that Y = AU B. Suppose that
A is compact. Then A" = A which implies A U B =Y. No point p; can lie in
A sopi,...,p, € B implying B =Yand B=B NY' =Y’ Thus Y’ is open
ended. O

Note that if X is densely irreducible then being continuumwise connected implies
that it is also connected. We will first see some of the properties of a compactification

of such a space, in particular looking at the points of irreducibility of v.X.

Proposition 6.2.5. If X is a densely irreducible space and vX a metric compactifi-

cation of it then vX is decomposable.

Proof. X is a proper continuumwise connected subset of vX. If X were indecompos-
able then the composants would form a partition (Theorem 6.1.4). Since X is locally
compact, Theorem 6.1.6 gives us that it is an open subset of 7.X. This means that
it would have to intersect each of the composants of 7.X, which would imply there is
a proper subcontinuum of X intersecting two distinct composants of yX. This is a
contradiction as indecomposable continua are irreducible between any pair of points

from distinct composants. n

Proposition 6.2.6. Let X be a densely irreducible space and suppose there exist two
proper closed connected subsets A, B of X such that X = AU B. Then these can be

extended to a decomposition of v X for any metric compactification vX of X.

Proof. Let A" = TX, and B = B"". Since A and B are connected, A" and B’ will
be as well by Corollary 6.1.7, which makes them continua. X # A = AN —AnX
which means that A’, and by symmetry B’, are proper subcontinua of vX. Now
AUB =AUB" =X = ~vX, so A" and B’ form a decomposition of v.X. ]
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We will now look at the points of irreducibility of v.X, and show that all of them
must lie in the remainder y.X \ X.

Lemma 6.2.7. Let X be a densely irreducible space, vX a metric compactification
of X and suppose v X = irr(p1,...,pn). Let AX(p;) € v X \ X. Then X(p;) is an

n-E-continuum, and is a component of vX \ X.

Proof. X is locally compact, so by Theorem 6.1.6 we have that vX \ X is a closed and
compact subset of vX. Let K be the component of vX \ X containing A(p;). Since
components are closed (Corollary 6.1.7) we have that K is closed in vX \ X and is
therefore compact and a continuum. As K is a subset of 7X \ X and X is a dense
subset of vX we know that K has empty interior so by applying Proposition 3.2.8
we can therefore deduce that A(p;) = K, which proves that A(p;) is a component of
vX \ X and is compact. O

Theorem 6.2.8. Let X be a densely irreducible space and vX a metric compact-
ification of X. If vX is n-irreducible, then all of its points of irreducibility lie in
X\ X.

Proof. Let vX = irr(py,...,pn). Since X is continuumwise connected it cannot
be the case that py,...,p, € X, or indeed that each A(p;) intersects X. Suppose
p1,---,pr € X and for each i > k we have A\(p;) N X = (). From Lemma 6.2.7 we
have that for each i > k, A(p;) is an E-continuum of 4X so in particular X is locally
connected at A(p;) by Theorem 6.1.5. Suppose = € 7.X \ (X UAprg1) U -+ U )\(pn)).
Then as 7.X is normal we can construct disjoint open sets Uy1,...,U,,V such that
A(p;) C U; and x € V. By local connectedness we can assume each U; is connected.
Each U; intersects X so we can take finitely many subcontinua Ki,..., K,, of X
such that (J, K; UJj_, U; is connected. Let C' be the closure of this union. Then
take subcontinua C,...,C, C X each intersecting C' and with p; € C;. Let K =
CUCU- - -UCY},. Thisis a subcontinuum of v X containing py, .. ., p, but not containing
x, which is a contradiction. Thus we have shown that Y X \ X = A(pg1)U---UAX(pn)-

We will now consider a pair of proper subcontinua A and B such that p; € A
and po,...,p, € B. We know that B exists as vX = irr(py, ..., pn). For A, take any
subcontinuum of X such that p; € A and AN B # (). Now 7X = AU B and this is a
proper decomposition.

Define By = B and B; = B;_1\A(pr+i). These are all non-empty and intersect X as
B cannot lie entirely in X \ X. We will show by induction that each B; is connected.
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The base case i = 0 is trivial, so suppose B;_; is connected and let B; = UUV for dis-
joint B;-open subsets U and V. Since B; = B;_1 \ A(pk+:), and both B;_; and A(px)
are connected, we have that UU(pk;) and VU (pg4i) are connected by Proposition
6.1.3. Let C' C vX be a proper subcontinuum, py, ..., Pkri_1,Prritt,---Pn € C. One
of U and V must intersect X so assume it is U. Take K C X a subcontinuum in-
tersecting both C' and U. Then C'U K U U U A(pg4) is a continuum, and is equal to
CUKUUUM(ppy). Since this contains py, . .., p, it must equal vX, and as VU = ()
it must be that V' C C'U K. The same argument then gives us that U C C U K.
Consequently (C'U K) U A(pg+i) = vX, which is a contradiction as these are disjoint

closed sets and v.X is connected. Thus B; must be connected.

The above induction shows that B,_;, = B N X is connected. From this we have
that X = (X NA)U(XNB)=AU(XNB). Now A is a continuum and X N B is
a connected X-closed set, so this contradicts the fact that X is open ended. Thus it
must be that py,...,p, ¢ X. ]

Proposition 6.2.9. Let X be a densely irreducible space and let vX be a metric
compactification of X. If vX is n-irreducible then vX \ X has precisely n components.

Proof. We know from Theorem 6.2.8 that all points of irreducibility lie in vX \ X.
Each A(p;) is a component of yX \ X so there are at least n components. Now suppose
there are more than n components. This means that yX \ X # A(p1) U--- U A(pn),
so take a point x witnessing this. Take open sets Uj,...,U,,V containing A(p;)
and z respectively. Since 7.X is normal we can assume these open sets are pairwise
disjoint. From Theorem 6.1.5 we know that vX is locally connected about each A(p;)
so we can assume each U; is connected. Each U; intersects X so take subcontinua
C; of X such that C;NU; # 0 # C; N U, for each i between 1 and n — 1. Then
C=CiU---UC,_1UU,U---UU, is a continuum. As z € V it does not lie in U; for
any 1 <14 <n and as it is not in X it cannot be in any of the subcontinua C;. Thus
C'is a proper subcontinuum of vX which contains py, ..., p,. This is a contradiction,

SO no such x can exist. O

It is worth noting that the converse is not true, and there exist metric, decom-
posable compactifications of spaces, with exactly n components in their remainder
which are not n-irreducible. For example, take the two point compactification of a

triod without its end points.
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6.3 Finite Compactifications

We have shown that it is necessary for a space to be continuumwise connected, non-
compact, locally compact and open ended in order to have an irreducible decom-
posable compactification whose points of irreducibility are precisely the elements of
the remainder. We have also proved a number of results in the opposite direction,
that if a space with these properties has an irreducible compactification then the
remainder will be precisely the union of the E-continua of the compactification. We
will now consider finite compactifications. First it will be shown that this question
can be rephrased in terms of only finite compactifications, which are much simpler
than general compactifications. A link between maximal finite compactifications and
irreducible finite compactifications will be examined and we will find a new pair of
properties that our underlying space must possess. This section will conclude with
the proof of the chapter’s major theorem, a list of necessary and sufficient conditions
for a space to have in order that it has an irreducible metric compactification whose

remainder is the set of irreducible points.

Proposition 6.3.1. If an n-point compactification of a densely irreducible space X

18 1rreducible, then it is maximal.

Proof. 1f a finite compactification aX is not maximal then by the proof of Theorem
6.1.9 it is the continuous image of a larger finite compactification §.X with this map
the identity on X. As 0.X has more than n components in its remainder we can see
by applying Proposition 6.2.9 that it is not n-irreducible, or indeed minimal about a
set of n points. Let ¢,...,q, be points in the remainder of §X which are mapped
to the points pq, ..., p, in the remainder of «X. There exists a proper subcontinuum
C C 0X containing qi,...,¢,. Since C' C X it must be that X € C so the image
of C' is a proper subcontinuum of aX containing all points of the remainder, which

means «X is not n-irreducible. O

Theorem 6.3.2. If a densely irreducible space X has a metric irreducible compact-
ification with n E-continua then it has a metric irreducible n-point compactification.
Conversly if X has an irreducible metric n-point compactification then every metric

compactification whose remainder has n components is n-irreducible.

Proof. Let vX be a metric, n-irreducible compactification of X and let vX = irr(py, ...
with each A(p;) compact. Now take a monotone map ¢ : vX +— aX which maps each

E-continuum to a point and is a homeomorphism on X. Since yX is normal and there
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are only finitely many non-degenerate fibres of ¢ it follows that the quotient space aX
is Hausdorff, so by Lemma 6.1.1 it is a continuum. X is dense in vX so it is dense in
aX, making aX a compactification of X, and therefore decomposable by Proposition
6.2.5. Since ¢ is monotone we have a.X = min (q(pl), e ,q(pn)) by Proposition 3.2.16.
For any 1 < ¢ < n there exists C; € vX containing py,...,pi—1,Pit1,- .., Pn and not
intersecting A(p;). This C; can not contain the whole of X so ¢(C;) is a proper sub-
continuum of aX. Tt is clear that ¢(C;) contains q(p1), ..., q(pi—1), 4(Pix1), - - -, q(Pn)-
Thus aX = irr(p1,...,pn)-

For the second statement let v.X again be a metric compactification with n compo-
nents K1, ..., K,. Define an equivalence relation whose only non-degenerate equiva-
lence classes are the components Ky, ..., K,, and let p be the resulting quotient map.
Call aX the image of p. As before it is clearly Hausdorff so it must be a continuum.
The map p|x is a homeomorphism so aX is a compactification, as X is densly em-
bedded in it. It is an n-point compactification with remainder {p(K;),..., p(K,)}.
Since X has an irreducible, hence maximal by Proposition 6.3.1, n-point compactifi-
cation and since, by Corollary 6.1.10, maximal finite compactifications are unique up
to homeomorphism it must be that aX is homeomorphic to an irreducible n-point
compactification, and is therefore irreducible itself.

Let C' C vX be a subcontinuum containing a point p; from each of the K;’s. Then
p(C) is a subcontinuum of aX containing a X \ X, so p(C) = aX. Thus p(X) C p(C)
and consequently it must be that X C C'. Since X is dense and (' is closed we have
C =~X and vX = min(py,...,p,). Now let C; C aX be a proper subcontinuum
containing p(Ki),...,p(Ki—1), p(Kiy1), ..., p(K,). As it is a proper subcontinuum
we have that p(X) ¢ C; which implies p~!(C;) is a proper subcontinuum of X
containing py, ..., Pi—1, Pitl,---sPn. Lhus vX =irr(py, ..., pn)- O

Lemma 6.3.3. Let aZ be a mazximal finite compactification of a locally compact space
Z with remainder {p1,...,pn}. Let U be a connected open set which contains a point

pi and suppose for each j # i we have p; ¢ U. Then U \ {p;} is connected.

Proof. Suppose otherwise, and let U \ {p;} = U; U U for disjoint open sets Uy, Us.
Let V; be disjoint open sets each containing the corresponding p; and with only
V; intersecting U non-trivially. Let Vi=V,nZ = V;\{p;} for j # i and let
U =U,NV,Ul=U,NV;. Since U is connected both U; and Us must contain p; in
their closure by Proposition 6.1.3, so U; # () # U}. Define
K=Z\(UuU,uV{U...V. UV ,uU---uV,)

n
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Since K is the complement in aeZ of an open set containing py, . .., p, we have that K
is compact. If KUV} is compact then aZ\ (KUV") is open, so {p;} = V;NaZ\ (KUV})
is also open, which is not the case.

Now suppose K UU/ is compact. Then it is a closed set of aZ, and so we have that
UN(KUU]) = U] is a closed subset of U. As it is also an open subset of U this contra-
dicts that U is connected. From this we have that {U7, Uy, V{,... .V | Vi |,...V}
forms an (n + 1)-star of Z, which by Theorem 6.1.8 implies that Z has an (n + 1)
point compactification. This contradicts the maximality of aZ so U \ {p;} must be

connected. N

Remark 6.3.4. It is clear that can also be applied to a compactification vZ whose
remainder has n components. There is a natural quotient map from vZ to aZ and

this map clearly allows us to apply Lemma 6.3.3 to vZ.

The pair of propositions following the next provide us with two new necessary

conditions for our underlying space X.

Lemma 6.3.5. Let X be a space and let Uy, ..., U, be a mazximal n-star of X with
K =X\UU;. Let aX = XU{p1,...,pn} be a finite compactification with p; € EaX.
Then U; U {p;} is an open subset of aX for each i.

Proof. We know that U; is open in aX as it is an open subset of X, and X being
locally compact means that it is an open subset of each of its compactifications
by Theorem 6.1.6. Thus if U; U {p;} is not an open subset then it must be that

pi € aX \ (U; U{p;}). It follows that p; € U, U; = Ujﬂﬁj since X is dense and
K is compact. Let V be an aX-open set containing p; with K NV = () and for all

j#i,p; ¢ V. Such a V exists as aX is regular and K U{p1,...,Pi1,Pit1,--->Pn} i
a closed subset.

We will show that U \V, ..., Ui i \V, U1 \V,..., U \V, VU, V\ (U;U{p}) is
an (n+1)-star of X. It is clear that these sets are all disjoint and all lie in X'. The first
n of them are clearly open and V'\ (U; U{p;}) = (VN U, U)\{pi}=Vn U;z U
which is also open.

The union of these sets is (J,,;(U; \V)_U)z/ \ {p:}. This set contains {J,,; U; so
its X-complement L lies in K UU;. Thus L°° C K UU; U {p:}. But as p; € V and
VN L = 0 we have that faX C KUU; C X. Since L is a closed subset of X it follows
that L = L™ and as such L is compact.

This means that we have indeed constructed an (n + 1) star, which contradicts
the maximality of Uy, ..., U,. This contradiction in turn implies that U; U {p;} must
be an open subset of a.X. n
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Proposition 6.3.6. Let Y be a decomposable, n-irreducible continuum and suppose
Y = irr(p1,...,pn) with each A(p;) compact. Let Y' be the set of non-irreducible
points of Y. Let Uy, ..., U, be open subsets of Y' which form an n-star. Then there

exist connected open subsets V; C U; which also form an n-star of Y'.

Proof. Let Y = irr(py,...,pn) and let A(p;) C U;. By applying the same argument
as in Lemma 6.3.5 we have that U; U A(p;) is an open subsets of Y. From Theorem
3.4.7 we know that Y is locally connected at its E-continua. Thus there are connected
open sets V; with A(p;)) CV; CU;. Let W; =V, NY’' =V, \ A(p;). By Lemma 6.3.3
we know that the W; are connected, and it is clear from their construction that they

form an n-star. O

Proposition 6.3.7. Let Y be a decomposable, n-irreducible continuum and suppose
Y =irr(py, ..., pn) with each N(p;) compact. LetY' be the set of non-irreducible points
of Y. Let C be a closed, connected, non-compact subset of Y'. Then Y'\ C has at

most n — 1 components.

Proof. 1f C'=Y” then this proposition is clearly true. Otherwise there is some p; € o’
meaning C' is n-terminal by Corollary 3.3.11. This implies that Y \ C has at most
n—1 components by Proposition 3.4.1, one for each p; not in C. By applying Lemma

6.3.3 we see that Y’ \ C also has at most n — 1 components. ]
We are now in a position to prove the major result of this chapter.
Theorem 6.3.8. Let X be a topological space satisfying the following criteria
1. X 1s locally compact
2. X 1s continuumwise connected
3. X 1s not compact
4. X 1s open ended
5. X has a mazimal n-star for n > 2

6. For any closed, connected, non-compact subset C C X, X \ C has at most n— 1

components.

7. For any open sets Uy, ..., U, C X which form an n-star, there exist connected

open subsets Vi, ..., V, with V; C U; which also form an n-star.
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Then any metric compactification of X whose remainder has precisely n components
will be an n-irreducible, decomposable continuum. Further, the remainder of this
compactification will consist of precisely its points of irreducibility.

Conwversely, if X is a space with an n-irreducible metric compactification then X

must have all of the properties listed.

Proof. To prove the final statement, see Theorem 6.2.4, Proposition 6.3.1, Theorem
6.3.2 and Propositions 6.3.6 and 6.3.7.

We only need to show that an n-point compactification X of X is irreducible
about the points pq,...,p, of the remainder. This requires showing that no proper
subcontinuum of aX contains pq,...,p, and that a proper subcontinuum contains
D1y -y Pie1,Pitls - - -, Pn for each i. Then we can apply Theorem 6.3.2.

Let C' C aX be a proper subcontinuum containing py, ..., p, and let z € a X'\ C.
Let U; be disjoint open subsets of X each containing their respective p; with = ¢ U;
for each 7. Then Uy \ {p1},..., U, \ {pn} is an n-star of X, so there exists connected
Vi C U; \ {p:} which form an n-star by Condition 7. By applying Theorem 6.1.2 we
have that each component of C' N X must have some p; in its closure, which in turn
implies that each component must intersect some V;. Let C' = (CNX )UVlXU- : -UVHX.
Each ViX is connected and each component of C'N X intersects one of them, so C’
must be connected. If it were not, say C' = A U B then we have that C C AU B,
with these sets disjoint and both intersecting C' non-trivially.

By Condition 6 we have that X \ C’ has at most n — 1 components K, ..., K,,.
Now Eax cannot contain any of the p;’s. This is because p; € V; U {p;} C aX \ K;
and by Lemma 6.3.5 this is an open set. Thus Eax lies in X. Since there are
finitely many of them and by Condition 2 X is continuumwise connected, there exists
a subcontinuum K C X with K; C K for each j. Now X = K U (C' N X) and this
is the union of two connnected closed sets, one of which is compact. This contradicts
Condition 4, so there canont be a proper subcontinuum of aX containing py, ..., p,.
Hence, X = min(py,...,pn)-

Now we will show that for each p; there exists a proper subcontinuum of aX
containing pi,...,Pi—1,Pitl,---,Pn- As before let Uy, ..., U, be disjoint open sets
containing their respective p;’s and let V; C U; \ {p;} be connected open sets forming
an n-star. Then V/ = V; U {p;} is a connected open set for each i. By Condition
2 there exist subcontinua Cj; C X intersecting V; and V| non-trivially. Let C' =
Ujkzi Cik U U, V). Then C'is a continuum containing pi, ..., pi—1, Pit1, - - -, Pn- 1t
does not contain p; as each U; is disjoint from U; and each Cjj lies in X. Thus

aX =irr(p1,...,pn)- ]

124



6.4 Redundancies

We have shown that if X is a metric space then X has a compactification which is an
irreducible continuum whose remainder consists of each of its E-continua if and only
if

1. X is locally compact

2. X is continuumwise connected

3. X is not compact

4. X is open ended

5. X has a maximal n-star and the corresponding n-point compactifiation is metric

6. If C' C X is closed, connected and non-compact then X \ C' has at most n — 1

components.

7. For any maximal star {Uy,...U,} in X there exists a star {V1,...,V,} such
that each V; is connected and V; C U;.

These properties have been expressed such that each is a property of a space that
does not require that space to have any of the others in order to make sense. The list
is long, and several of the properties seem to be closely related. Thus we will try and
reduce the list by showing that some properties can be deduced from a combination
of the others. We will also look at examples of spaces which do not have the right
kind of compactifications and see which properties they lack, to get an idea of what
must necessarily be on our list. For example if a space had six of the seven and did
not have the right kind of compactification then the seventh property is independent
of the first six.

A space can only have a finite compactification if it is locally compact, which
means it is impossible to discuss Property 5 fully if Property 1 does not hold. As
such we will first show that Property 1 is independent of the other six, as far as
these six make sense, so that for the rest of this section we can focus solely on locally

compact spaces.

Example 6.4.1. Recall the indecomposable continuum A“ defined in Chapter 5 with
composant A®. Let X be the space attained by attaching a half open interval [0, 1)
to A by identifying the point 0 € [0,1) with the point z = (0,0,...) € A*. By
applying Theorem 6.1.6 we can see that X is not locally connected as Y := [0, 1]U A¥
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is a compactification of it in which X is not an open set. Both [0,1) and A* are
continuumwise connected so X is also continuumwise connected. It is clear that X is
not compact as for example [0, 1) is a closed subset which is not compact.

Let X = AU B for A and B closed connected subsets and suppose A is compact.
Then Y = AUB' so every composant of A“ other than A* must lie in B and as
such, the whole of A must lie in B Since A is compact we also have that 1 € B"
and because B is connected it must be that [0,1] C B". Thus we have shown that
Y = EY, which implies that X = B 'NnX=B"=B. Thus X is open ended.

The space X has a two star consisting of (0.8,1) and A~ U [0,0.2). To show that
this is maximal we must show that A> does not have a two star as if X had a three
star it would induce a two star in A*>°. For a contradiction let U, V' form a two star of
A% with K = A®\ (UUV) compact. Let m, : A“ — I be the projection onto the n®
coordinate. We will first see that if m,(K N A,,) C [0, ] then a,, must tend to 0 as
n tends to infinity. If it did not then there would exist € > 0 such that for arbitrarily
large n, there exists x,, € A, N K such that the distance between x and A,,_; is greater
than €, implying that z,, does not lie in the e-ball about A,_1, B(¢, A,—1). Since K is
compact the sequence x,, converges to some point x € K. Now z € A,, for some m,
which means = € B(e, A,,) which for all n > m is a subset of B(¢, A,). No tail of the
sequence {xy}rewo lies in this open set, which contradicts the fact that the sequence
converges to x.

Now suppose both U and V' are non-empty, with x € U and y € V. Take basic
opensets t €Uy X --- x U, x ' CU and y € V; x --- x V,,, x I\ C V. Without
loss of generality we can assume n = m and s(U;) = U;_1, and the same for V;’s. As
U, and V,, are both open subsets of I we have that there exist 2’ and y’ non-zero
lying in U, and V,, respectively. Take k € w such that % < 2',y and an arbitrarily

1

large N such that my(Ay N K) does not contain ;. Then the component of 1 in

An \ K contains [1,1] in its projection and lies in U U V. As it is connected we can
say without loss of generality that it lies in U. The set of N'*! coordinates of this
1
L
inductively we have that the set of n'® coordinates of U also contains [%, 1], so there
exists a point u € U with n™ coordinate y' € V,,. The 15 to (n — 1)™ coordinates of

component includes [+, 1] so the set of (N — 1) coordinates do as well. Continuing

u must lie in V; to V,,_; respectively as s(V;) = V;_1, so u € V. Since U and V are
disjoint this is a contradiction. Thus no such 2-star can exist, so no 3-star of X can
exist and X has a maximal 2-star.

Let C' C X be closed, connected and not compact. We need to show that X \ C
is connected. Suppose X \ C' = U UV for disjoint open U and V. It clearly cannot
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be the case if U and V are non-empty that A~ C C or that A~ N C = (). Suppose
C' N A were not compact. Then cnas" ¢ A and as C'N A must be connected,
this continuum must be the whole of A*. We have already established that A~ ¢ C
so this is a contradiction. Now it must be that [0,1) C C in order for C' to not
be compact. This means that UUV C A®. Y = U UV UC, and as C N A% is
compact we have that A« \ A> C U UYV. This set is dense in A¥ so A C U UV.
Now C'UU and C'UV are both connected by Proposition 6.1.3, and it is clear that
CuU\(0,1) and CUV'\ (0, 1) will also be connected. The closures of these two sets
in A“ form a proper decomposition of A, which is indecomposable (Theorem 5.3.5).
This contradiction gives us that X \ C' must be connected.

Let U; and U, form a 2-star in X, with K = X \ (U; U Us). We will construct
connected open subsets V; and V5 which form a 2-star. One of U; N A% and U N A™®
must have compact closure in X as seen above, so without loss of generality suppose
this is Uy N A*°. Then 1 € EY so there exists some € > 0 with (1 —¢,1) C U;. Set
Vi=(1—-¢1). Let Vo = Uy \ [0,1) and express Vo = W U W’ for disjoint open sets
W and W’. One of W or W’ must have compact closure or they would form a 2-star
in A®. As AY = A~ N (KU UQ)Y =(A*NK)U VQY and K is compact we have that
AY = VQY U (K N A®). Tt follows from this that if, say, W does not have compact
closure in X then W' = A“. This implies W' C W™ which is a contradiction. Thus

V5 must be connected.

Thus we have shown that X satisfies every property except for the first, so Prop-

erty 1 is independent of the other six.

The next example will show that continuumwise connectedness is independent of

the other properties.

Example 6.4.2. Let X = (0,1) U (2,3) as subsets of the real line and let aX =
[0,1] U [2,3] be the closure. It is clear that X satisfies every condition except for

continuumwise connectedness. Indeed X is not even connected.

Remark 6.4.3. If X is compact then there is no point discussing its compactifications
and many of the other conditions cannot be reasonably discussed. As such we will

not consider whether the compactness of X is dependent on the other properties.

We will now show that being open ended is a consequence of the other conditions.

First a lemma.

127



Lemma 6.4.4. Let X be a locally compact space with a metric, maximal finite com-
pactification X = X U{p1,...,pn} and suppose aX is locally connected at each point
pi. Suppose X satisfies Condition 6. Let Uy, ..., U, be an n-star. Then there exists
an n star Vi, ..., V, with each V; connected, V; C U; and X \V, connected.

Proof. Let aX be a finite compactification with p; in the closure of U;. We will show
that such a V; can be constructed for U, and by symmetry the rest of the proof
follows immediately. As aX is metric it is first countable, so there exists a local basis
of py, denoted {Wy, Wy, ...}, of connected open sets with Wy 3 C W, for all k. We
can insist that Wy C U; U {p;} for all k so to prove the lemma we need to show that
one of the W), satisfies the conditions required for our V;. If aX \Wk is disconnected
then so is X \WX, so we shall assume for contradiction that for each k, aX \ W},
is disconnected.

We have from Lemma 6.3.3 that Wi\ {p1} = WirNX is connected. Thus Wen X
is a closed, connected, non-compact set so its complement has at most n — 1 compo-
nents. It follows that aX \ W} also has at most n — 1 components as the points p;
cannot be components. Thus we can express aX \ Wy = Cf U--- U C%  where each
CF is a component.

Define DF = C**' N W,. These will each be non-empty as if one were then
the corresponding C’f“ would be a component of aX which is impossible. Since
Wi\ Wip1 € aX \ Wiy1 we have that Wy \ Wiy = D’fU~-~UDfnkH.

We will now show that there can only be finitely many CF which do not contain
any C’J]?_l. Suppose there were infinitely many, each with a different value of k. Call
these E1, F», ... with corresponding k1, ks, . ... By removing the intervening sets from

our local basis we can assume that k;; 1 = k; + 1. Then
E = (a)(\l/tf_kl)uElu---uEn:C{“u---u(),’j;k1 UE,U---UE,

The right hand side is a disjoint union. When E is considered as a subset of X \ Wy,
it is clear that E, is a clopen subset of E. Next considering E\ E, = ENaX \ Wy, _,
it is clear that E,_; is a clopen subset of this clopen subset of E. Thus E,_ is also
a clopen subset of E/. Repeat this to see that each Fj; is a clopen subset of E. It then

follows that CJ* U--- U Cy’fjkl is a clopen subset of E and the C*' are the components
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of it. Thus we have that E has more than n components. Now note that
E = (aX\W,,)UE,U---UE,
= aX\ (Wi, \(B1U---UE,))

= aX\(WyaU U DMUE,---UE,)
Di1£E,

= aX\(W,u U DMUE,---UE,)

Dfl?fEl
Now we have that Wy, UJm g
repeat this for each subsequent k; to see that £ = aX \ K where K is a continuum

DI is a continuum by Proposition 6.1.3. We can

containing p;. This contradicts the fact that £ has more than n components.

Thus we have concluded that there are only finitely many sets C* which do not
contain an earlier le-, and in fact there cannot be n such sets. Therefore we can
discard from our local basis any W), with such a C¥ and still be left with a local basis.
This means that if & < [ then m; > my. Since this means my, is a descending sequence
of natural numbers there exists some K such that for all k¥ > K we have m; = my.
By discarding every W; with [ < K we now have that for every set Wj in our basis,
the set aX \ W}, has the same number of components, say m. A minor relabelling
means we can express these as CF,... C% and can say that if k < [ then CF C C..
Since aX is metric we have that {p,} = Nre; Wi = Nrey Wi. We now have that

aX \{p} = aX\,fjka

= U()éX\Wk
k=1

= JCru---uck
k‘;loo

= Juct

From the definition it is clear that each CF is an open set, being an open subset of
aX \ Wj.. This implies each [ ;7 , CF is also open, so we have shown that o X \ {p;} is
disconnected. On the other hand X C aX \ {p;} C X so it cannot be disconnected
without contradicting Corollary 6.1.7. We have arrived at our final contradiction, so
we can conclude that the lemma is true and that there exists a connected open set
Vi C Uy with X \ V; connected. O

Lemma 6.4.5. Let C be a closed, non-compact subset of a locally compact space Z.

Then C' is locally compact.
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Proof. Take any compactification vZ of Z, say the Stone-Cech compactification. In
order to show that C' is locally compact consider C"” . This is a compactification of
C. In this compactification C' = Z ﬂ@z, and as Z is an open subset of vZ we have
that C'is an open subset of "%, This gives us that C' is locally compact by Theorem
6.1.6. O

We are now in a position to prove that the fourth condition, being open ended, is

redundant.

Proposition 6.4.6. Let X be a space with each condition except for being open ended.

Then X is open ended.

Proof. Suppose X = AU B where both A and B are closed and connected, and where
A is compact. Take an n-star U, ..., U, such that U; N A = (). Condition 7 implies
that aX is locally connected about each p; so we can apply Lemma 6.4.4. We can
therefore assume each Uj; is connected and X \UZ is also connected. We will show that
we can construct A’ and B’ closed and connected, A’ compact, such that X = A'UB’
and B\ U/~ U; is connected.

Let B; be the closure of a component of B\ U, not lying in U, 21 U,. This intersects
Uy. For every other component K let K' = K\ U,,; U;. As X \ Uy is connected it
must be that AN K’ is non-empty. Let A; be the closure of the union of A with every
such K’. Note that this is compact as it is a subset of X \ |JU;.

Now suppose for ¢ = 1...k we have defined A; to be a continuum and B; to be
a continuum intersecting U; and B,;_;. Let Bj11 be the closure of a component of
B\ Uy, which contains a point of By, \ Uiz U;. This intersects U;,,. Define A;, in
the same way as before.

We can now define A’ = A;U---UA, and B’ = (B,UU,)U- - -U(B,UU,). These are
both closed sets and A’ is compact. They are the union of intersecting connected sets
so are both connected. X = A’U B’ by construction. B’\U;:ll U;,=BU---UB,UU,
which is connected as the union of intersecting connected sets. Thus we have our
construction.

Now consider X \ (B"\ U, U;). This is the complement of a connected, closed,
non-compact set so can have at most n — 1 components. However, it is equal to the
disjoint union (A\ B")U (U; \ B')U---U(U,_; \ B'). Each of these is a non-empty set
and they are all closed as subsets of X \ (B'\ =] U;). This contradicts Condition
6, which gives us our conclusion that X must be open ended. O]
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We have now seen that local compactness and continuumwise connectedness are
both independent of the other properties, that compactness cannot be meaningfully
discussed and that open endedness is redundant. The following two examples show
that Properties 6 and 7 are independent of the rest. Neither space is open ended but

as we have shown this to be redundant this is not a problem.

Example 6.4.7. This space is the Warsaw Circle with two points removed.

The space is clearly not compact and is locally compact with a maximal 2-point

compactification. It is continuumwise connected and in fact arcwise connected as
any two points can be joined by following around the circle and avoiding the sin(%)
part of the space. The complement of any connected closed non-compact subspace
is connected. The intersection of a subcontinuum of the two point compactification
with X is also connected. The only condition which fails is Condition 7 as any open
sets Uy and U, forming a 2-star will contain infinitely many components from the

sin() curve.
The next example shows that Condition 6 is independent of the others.
Example 6.4.8. The space X is shown on the left and on the right, highlighted in

bold, is a closed, connected, non-compact subset with disconnected complement.

It is clear that this space satisfies every condition except for the 6.

We can now conclude that a space X has an irreducible compactification with the
remainder as the set of irreducible points if and only if X meets each of the following

criteria, and that each condition is independent of the others.

1. X is locally compact
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(\V)

. X is continuumwise connected
. X is not compact
. X has a maximal n-star and the corresponding n-point compactifiation is metric

If C' C X is closed, connected and non-compact then X \ C has at most n — 1

components.

For any maximal star {Uj,...U,} in X there exists a star {V},...,V,,} such
that each V; is connected and V; C Uj.

132



Chapter 7

Infinite Irreducibility

This will be similar to the start of Chapter 3, generalising classical results about

irreducibility to the infinite case.

7.1 Referenced Theorems

The following results from other authors will be used in this chapter.

Sam B. Nadler Jr, Continuum Theory, an Introduction

These results can be found in [Nad92].

Lemma 7.1.1 (3.2). If a Hausdor{f space is a continuous image of a compact metric

space, then it 1s metrizable.

Theorem 7.1.2 (5.4). Let X be a continuum and let U be a nonempty, proper,
open subset of X. If K is a component of U, then K NOU # 0. Equivalently,
KN (X\U)#0.

Proposition 7.1.3 (6.3). Let T be a connected topological space and let C' be a
connected subset of T' such that T'\ C' is disconnected and can be expressed as AU B.
Then AUC and BU C are connected. Hence, if T and C' are continua, AU C and

B UC are continua.

Proposition 7.1.4 (11.14). If X is any nondegenerate continuum, then the com-
posant k(p) of any point p € X is a union of countably many proper subcontinua of

X, each of which contain p.

Theorem 7.1.5 (11.17). If X is a nondegenerate indecomposable continuum, then

the composants of X are mutually disjoint.

133



D.E. Bennett and J.B. Fugate, Continua and their non-separating
Subcontinua

These results can be found in [BF77].

Theorem 7.1.6 (1.3). Fach terminal subcontinuum of a continuum X is non-separating
m X.

Theorem 7.1.7 (1.22). Suppose that X is a continuum and p € X. The following

are equivalent:
o X \ k(p) is closed;
e X\ k(p) is a continuum;
o X\ k(p) is continuum-wise connected;

e If K is a subcontinuum of X such that K N (X \ k(p)) # 0 and K N k(p) # 0,

then K is decomposable.

Theorem 7.1.8 (1.30). The E-continua of X are exactly those end continua at which

X is locally connected.

Ryszard Engelking, General Topology

These results can be found in [Eng89].

Lemma 7.1.9 (Kuratowski-Zorn Lemma, page 8). In a partially ordered set in which

every chain has an upper bound, every element has a mazximal element above it.

Theorem 7.1.10 (2.1.7). A space is X is hereditarily normal if and only if for every
pair of separated subsets A, B of X there exist disjoint open sets U and V with A C U
and B C V.

Theorem 7.1.11 (3.1.1). A Hausdorff space is compact if and only if every fam-
ily of closed subsets of X which has the finite intersection property has non-empty

intersection.

Proposition 7.1.12 (4.3.6). A topological space is metrizable by a totally bounded

metric if and only if it is a reqular second countable space.

Theorem 7.1.13 (4.3.27). Every metric on a compact space is totally bounded.
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Theorem 7.1.14 (6.1.19). The intersection of a decreasing sequence of continua is

a continuum.

Theorem 7.1.15 (6.1.23). In a compact Hausdorff space X the component of a point

x € X coincides with the quasicomponent of the point x.

7.2 Defining infinite irreducibility

The following is a further generalisation of the idea of irreducibility to the infinite case.
The definitions will be similar to the finite case but there will be several differences in
the results. Before giving the final definition we will first explore some of the issues
which can arise from generalising from the classical case to the infinite case. We
will denote this more basic definition as X = IRR(A), so X = IRR(A) if no proper
subcontinuum of X contains A. The same property will be denoted X = min(A)
once a more appropriate definition of irreducibility is introduced.

When working with finite irreduciblity we had that whenever a subcontinuum
X = min(py,...,p,) then there exists some subset {p},...,p.} C {p1,...,pn} with
X =irr(p),...,pl,) (Proposition 3.2.3). The next few examples will be of continua
with infinite subsets about which no proper subcontinuum exists. Each of them will
demonstrate that this is not a meaningful definition of infinite irreducibility, either
because the subset shows us nothing about the structure of X or because it cannot
be reduced to a set with the second property, that for each point a € A there is a

proper subcontinuum containing A \ {a}.

Example 7.2.1. Every continuum is separable so given a continuum X let D be
a countable dense subset. An intuitive definition of irreduciblity, that a continuum
is irreducible about a set if no proper subcontinuum contains it, would give us that
X = IRR(D). All subcontinua are closed so any subcontinuum containing D must
contain D = X.

The preceding example shows that the simple definition is not good enough to
tell us anything about the structure of our continuum. Connectedness is completely
irrelevant as the existance of D is guaranteed by X being compact and metric, and
there are no proper closed sets let alone subcontinua containing D. There can also
clearly be no hope for minimality or unique cardinality.

The next example, using the same definition, demonstrates another problem.
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Example 7.2.2. Let X =[0,1] and let A = {27"|n € w}. Then A can be thought of
as 1 and a sequence converging to 0. Any subcontinuum containing A must contain
A so contains 0 and 1. Since X = irr(0, 1) we have that X = IRR(A4).

With the exception of 1, every point in A would be called redundant. There
are no proper subcontinua containing all but one of these points. Yet removing all
these redundant points gives a set A’ with X # IRR(A’). It is clear that the points
themselves are unimportant and all that matters is that they converge to 0, which is
the real point of irreducibility. It would seem sensible to insist on A being a closed

set, but the next example will show that this can also lead to problems.

Example 7.2.3. Let X be the harmonic fan below.

D1
D2
b3
Y2

Poo

If A={p1,ps,...,} and A’ = AU{ps} then we have that A = A’. Now X = IRR(A’)
but also X = IRR(A). This means that the point p,, is redundant because again it
is the limit of the sequence < p, >. However unlike Example 1.2 none of the points

p; are redundant.

Example 1.3 has shown that simply requiring the set A be closed is not enough

to guarantee that the set can be minimal. The following propersition solidifies this.

Proposition 7.2.4. Let X be a continuum. If X = IRR(A) for an infinite closed set
A then A is not minimal, meaning there exists some proper subset B C A such that

X = IRR(B).

Proof. Since A is a closed subset of X it must be compact. Infinite compact sets
cannot be discrete so there must be a non-isolated point a € A such that A = A\ {a}.
Now if Y C X is a subcontinuum with A\ {a} C Y then since Y is closed a € Y. It
follows from the irreducibility of X that Y = X. Thus we have that X = IRR(A\{a})

and that A was not minimal. O]
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We therefore have that closed sets will not be the way to go. The following final
example will show that even a proper closed set may not have a minimal (not closed)

subset.

Example 7.2.5. Let X be the union of a simple closed curve and an arc whose only
point of intersection is one of the end points of the arc, and call this point z. Let
A C X be the simple closed curve and the other end point of the arc, which is clearly
closed and not equal to X. Any subcontinuum of X containing A must be equal to
X. Take a subset B of A such that no proper subcontinuum of X contains B. Then
B must contain the simple closed curve as if it did not then consider a continuum
Y consisting of B, the arc, and a segment of the simple closed curve joining  to B.
Then the segment can be chosen such that ¥ C X and B C Y. Thus we have that
B contains a dense subset of the simple closed curve. Since X is T; it is clear that
no dense set is a minimal dense set. This means that B is not a minimal irreducible

set by our intuitive definition of irreducibility.

At this point it seems hopeless to try and turn any intuitively irreducible set
into one without redundancies, so it seems the only option is to insist on the lack of

redundancies from the beginning, in the definition of irreducibility.

Definition 7.2.6. Let A be an infinite subset of a continuum X. We say that X is
oo-irreducible about A if and only if no proper subcontinuum of X contains A, but for
all a € A there exists a proper subcontinuum C, C X such that A\ {a} C C,. This
is written X = irr(A). We say that X is co-irreducible if there exists some infinite
A C X such that X = irr(A).

If there exists A C X such that no proper subcontinuum of X contains all of A
we write X = min(A) and say that X is minimal about A. There may or may not be

proper subcontinua of X containing each set A \ {a}.

This definition immediately yields the following proposition which gives us that a

continuum cannot be oo-irreducible about subsets of different sizes.

Proposition 7.2.7. Let X be a continuum with X = irr(A). Then A is countable

and discrete.

Proof. Let a € A and let C C X be a proper subcontinuum containing A\ {a}. Then
a € X\ C which is an open set. This means that AN (X \ C) = {a} is an open subset
of the subspace A. Since this is true of every point a € A it follows that A is a discrete

subspace. X is a compact metric space so it is second countable by Proposition 7.1.12
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and Theorem 7.1.13, which means every subspace of X is also second countable. The

only second countable discrete spaces are the countable ones, so A is countable. [

We will now define composants of X for the irreducible case in the same manner

as before.

Definition 7.2.8. Let X be a continuum and let A’ C X be an infinite subset. Then
define

k(A") = {x € X|3C a proper subcontinuum of X s.t. A'U{z} C C}
This set is called the co-composant of A’.

It is usually clear from context whether we are discussing a finitely irreducible or
an oo-irreducible continuum. If it is clear then the space will just be called irreducible

and the co-composants will just be called composants.

Proposition 7.2.9. Let X be a continuum. For any subset A’ C X the set k(A') is

either empty or connected and dense.

Proof. Suppose that £(A’) is not empty. It is clear that x(A’) can be thought of as the
union of all proper subcontinua of X which contain A’, so it is the union of connected
intersecting sets, which makes it connected. If it were not dense then it must be
closed, else the closure would be a strictly larger, proper subcontinuum containing
A’. But even if it were closed, take a point © € X \ k(A’) and an open set U such
that k(A’) C U and # ¢ U. Let K be the component of U containing x(A’). By
Theorem 7.1.2 we have that K \ U # 0 so K ¢ x(A’). However, z ¢ K so K is a
proper subcontinuum of X containing A’ but not contained in the composant of A’.
This contradiction indicated that x(A’) is dense. O

Definition 7.2.10. Let X be a continuum and suppose X = irr(A). Then for each
a € A the set Ayg(a) = X \ k(A \ {a}). If it is not ambiguous then this will just be
denoted A(a). Note that for each a € A we have that a € \(a).

Proposition 7.2.11. Let X be a continuum with X = irr(A). For each a € A the

set A(a) is connected

Proof. Let AM(a) = M U N for disjoint subsets M, N clopen in A(a). Without loss of
generality let @ € M. By Theorem 7.1.10 there exist disjoint X-open sets U and V'

containing M and N respectively. Let P be the component of a in U. By Theorem
7.1.2, P\ U # () and it is clear that PN N = 0 so PN x(A\ {a}) # 0. From this
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we have that there exists a subcontinuum Y C X containing A\ {a} and intersecting
P. Thus Y U P is a subcontinuum of X, containing A and not intersecting N. Since
X = irr(A) it must be that X = Y U P, so N = (). From this we have that \(a) is

connected. O

Proposition 7.2.12. Let X be a continuum, C C X a subcontinuum and suppose
X =1irr(A). Suppose C N Aa) # 0 and C € X a). Then A(a) C C, and in fact lies

in the interior of C.

Proof. Let x € C'\ A(a). There exists a proper subcontinuum D C X containing
A\ {a} and z. As it is a proper subcontinuum, D N A(a) = @ and C U D is a
continuum containing A \ {a} and intersecting A(a). This implies that C U D = X,
and therefore A(a) € X \ D C int(C) C C. O

Corollary 7.2.13. Let X be a continuum with X = irr(A) and let a,b € A be distinct
points. Then A(a) N A(b) = 0.

Proof. Suppose for contradiction that A(a) N A(b) # 0. Let C be a proper subcontni-
uum of X containing A\ {a}. Then C' intersects A(b) at b so contains it, which means

it intersects A(a) and therefore contains that. This is the desired contradiction. [

Remark 7.2.14. It is clear to see from the proof of this Corollary that for distinct

a,b we have \(a) N A(b) = 0, since C' would contain the closure of A(b).

Corollary 7.2.15. Let X be a continuum. If X = irr(A) and for all a € A we pick
bo € A(a) then X =irr({b,|la € A}).

Proof. Any continuum containing each b, will contain each A\(a) so will contain each a.
Thus no proper subcontinuum of X contains {b,|a € A}. Given C, C X containing

A\ {a} we have that for any o' # a,\(d’) C C, and C, N A(a) = 0. Therefore
{t,|a’ € A\ {a}} CC, and b, ¢ C,. This proves that X = irr({b,|a € A}). O

Proposition 7.2.16. Let X and Y be continua, let X be infinitely irreducible with
X =irr(A) and let p: X — Y be a monotone surjection. Then'Y = min(p(A)).

Proof. The proof is identical to Proposition 3.2.16. O

Lemma 7.2.17. Let X be an oo-irreducible continuum with X = irr(A). Suppose
there exists disjoint proper subcontinua C, D C X with A C CUD. Letp: X — X/c,p
be the quotient map to the quotient space X/c,p, so the only two non-degenerate fibres
of p are C and D. Then X/c.p is a continuum with X/c.p = irr(p(C), p(D)). If
D = {a} for some point a in A then p(Ax(a)) = Ax/e(p(a)).
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Proof. The proof is identical to Lemma 3.2.21. O

Theorem 7.2.18. Let X be a continuum with X = irr(A) and X = irr(B). There
exists a bijection f: A — B such that for all a € A, Aa(a) = Ap(f(a)).

Proof. Take a point a € A, we will define its image f(a). We have by Proposition
7.2.11 and Remark 7.2.14 that m is a proper subcontinuum of X so it cannot
contain the whole of B. There is therefore a point b € BN k(A \ {a}) so take a
proper subcontinuum C' C X with b € C, A\ {a} C C and consider the monotone
map p : X + X/c. We have from Lemma 7.2.17 that X/c = irr(p(C), p(a)).

Note that the composant of p(C') is the image under p of K(A\{a}). By Proposition
7.1.4 we have that x(p(C)) = U2, K; for a nested sequence of continua K; each
containing p(C), and that every proper subcontinuum of X/c containing p(C') must
lie in some K;. For each K;, p~!(K;) is a proper subcontinuum of X so there exists
some b; € B with b; ¢ p~!(K;). We will show that one of these b; must lie in A4(a).

If there are only finitely many distinct b; and all of them lie in k(A \ {a}) then
there is a proper subcontinuum of X containing all of them as well as A\ {a}. The
union of this with C' will contain the whole of B but not a, which is a contradiction.
We can now suppose there are infinitely many distinct b;, none in A4(a), and show
this leads to a contradiction. Let D C X be a proper subcontinuum of X containing
B\ {b1}. Then D intersects C' as C' contains some point of B which is clearly not b;.
Thus p(D) is a subcontinuum of X/c¢ containing p(C') and is a proper subcontinuum
as it does not contain p(by), so it must lie in some K;. However, p(D) contains the
image of every b; except for b; and the way the sequence was defined implies that the
whole of it does not lie in any K;. Thus we have a contradiction and it must be that
some b; lies in A4(a). Define f(a) to be this point.

We shall show now that the map f is well defined and a bijection. To show it is
well defined we must show that only one point of B can lie in each As(a). This is
clear however from Proposition 7.2.12; as if two points by, by € B both lie in A4 (a)
then it would be impossible for a continuum to contain one and not the other. Since
X =irr(B) we have that f is well defined. As the collection of A4(a) are disjoint by
Corollary 7.2.13 we have that the map f is injective, as no b can lie in two of them.
No proper subcontinuum of X can contain {f(a)la € A} C B, which implies that
{f(a)la € A} = B and the map f is surjective.

All that is left to prove is that A4(a) = Ag(f(a)). Since f is a bijection we only
need to show that Ap (f(a)) C Ma(a), then apply the same argument to f~'. Let
z € Ag(f(a)) and let K C X be a subcontinuum containing = and A \ {a}. Then

140



for each a’ € A\ {a} we have that K N As(a’) # () which by Proposition 7.2.12
gives us that A4(a’), and in particular f(a’), must lie in K. Thus B\ f(a) C K and
KNAp ( f (a)) # () as it contains z. This gives us that K = X, and consequently
z € Aa(a). Thus A\g(f(a)) € Aa(a), completing the proof. O

We earlier defined a composant k(A \ {a}) as the union of all proper subcontinua
containing A\ {a}. It follows that no proper subcontinuum of X contains A\ {a} as
well as a point x € A4(a). While this does not directly prove that X =irr({z} U A\

{a}), we are now in a position to show that this is the case.

Proposition 7.2.19. Let X be an co-irreducible continuum with X = irr(A) and let
a € A. Then Na) ={z € X|X =irr({z} UA\ {a})}

Proof. 1t is clear that A(a) 2 {z € X|X = irr({z} U A\ {a})} so we only need to
prove the other inclusion. Take a point z € A(a) and let A’ = {z} U A\ {a}. If
C C X is a subcontinuum containing A’ then it intersects A(a) but is not contained
in it so by Proposition 7.2.12 we have that A(a) € C. Therefore A C C and as
X = irr(A) we have that C' = X. Now let ' € A\ {a} and let D C X be a proper
subcontinuum containing A\ {a'}. Then DNA(a) # 0 and D € A(a) so z € A(a) C D
by Proposition 7.2.12. We therefore have a proper subcontinuum containing A’\ {a'}.
All that is left to show is that there is a proper subcontinuum containing A’ \ {z},
but we know a proper subcontinuum exists containing A\ {a} and by again applying
Proposition 7.2.12 it is clear that x does not lie in such a continuum. This completes
the proof. n

We have seen that if a continuum is oo-irreducible then there exists a unique set
of infinitely many disjoint subspaces such that X = irr(A) if and only if A contains
precisely one point from each subset, namely the sets A(a).

At this point in the study of finite irreducibility, terminal and end continua were
introduced. These concepts cannot be meaningfully generalised to oco-irreducibility.
This is because these definitions are tied up with decompositions of a continuum
and for the finite case there was a meaningful difference between a decomposition
Ay, ..., A, and some subset Ay, ..., A;_ 1, Aivq, ..., Ay, namely the number of sub-
continua. This is no longer the case for co-irreducibility, as removing one object from
an infinite set does not change its size. Some of the results can however be interpreted
in a different light to avoid talking about terminal or end continua, and these results
will be presented here. First however, will be an example of an infinitely irreducible
space which illustrates the problems trying to view terminal continua in an infinite

setting.
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Example 7.2.20. Let X be the harmonic fan below.

y4i

D2

3
T Da

Now X = irr({p;|i € w}), with po not a point of irreducibility as no proper subcon-
tinuum of X contains every other p;. Let K be an arc containing p; and half of the
corresponding arm of X. For 2 < n < oo let A, be the arc in X with p; and p, as

end points.

b1 P1
As

D2 D2
B A
1 4 1 4

K

The subcontinuum K seems an ideal candidate to be a terminal continuum as it
contains a point of irreducibility and is confined to the vicinity of this point, not
reaching the branch point of X or containing any other irreducible points. Note
however that K N A, # 0 for each n, that X = (J'_° A, and that X is not the
union of any subcollection of these arcs. It would therefore seem like this is a valid
decomposition of X, with each subcontinuum intersecting K. However, the union of
K with all but one of these arcs, say A,, will not be the whole of X as it will not
include p,. It seems that despite being an ideal candidate, K has failed to fulfil the

natural condition to be called an infinitely terminal continuum.

Proposition 7.2.21. Let X be an oco-irreducible continuum with X = irr(A). If K

is a non-cutting subcontinuum with non-empty interior then AN K # ().

Proof. We have that U := X \ K is a continuumwise connected set. Take any point
x € U, then for each a € ANU there exists a continuum C, C U with x,a € C,. Let
C = m. Since each C, contains x we have that Uae 4 Cq is connected, which
implies that C' is a continuum. Clearly AN U C C. However, C C U which is not
the whole of X as K has non-empty interior. Thus C is a proper subcontinuum of
X, which means A ¢ C. There must therefore be some point a € AN K. n
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Note that the requirement that K has non-empty interior is essential. Also note
that the converse is not true, and that there exist subcontinua intersecting A which

are cutting. Examples of each are shown below as subcontinua of the fan in Example

7.2.20.

K is cutting, intersects A

K has empty interior and is non-cutting

Proposition 7.2.22. Let X be a continuum with X = irr(A). Then X \ |

1s dense.

A a)

a€A

Proof. Let L = |J,.4A(a) and let U C L be an open set. We know that each

composant is dense from Proposition 7.2.9 so each A(a) has empty interior. We also

a€A

know that X = irr(B) if and only if there is precisely one point of B in each A(a)
from Theorem 7.2.18. To prove that L has empty interior we will show that for each
a’ € A, \(d’) is an open subset of L and consequently U N A(a) is an open subset of
X. If Ma') were not open in L then it intersects mL at say x. Let C C X
be a proper subcontinuum containing A \ {a’}. Then for each a # &’ we have that
A(a) N C # () so by Proposition 7.2.12 we have that A\(a) € C. This in turn implies
that m C Cas Cisclosed. Thus x € C'and CNA(a") # () so again A(a’) C C,
which contradicts that X = irr(A) and that C' is a proper subcontinuum of X. This
contradiction gives us that each A(a’) is indeed an open subset of L and U N A(a’) is
an open subset of X. Since k(A \ {da'}) is dense we have that U N A(a’) = (). This
is true of every @’ € A so U N L = (), meaning that L does indeed have an empty

interior and its complement is dense. O

7.3 Irreducible Subcontinua and Local Connected-
ness

This section will focus on minimal or irreducible subcontinua of a continuum. There
will also be a number of results related to open sets containing A(a) and their comple-
ments. We will reintroduce the definition of an E-continuum, but without definitions
for terminal and end continua we will be unable to look at adaptations of results from
[BE77] as we did for n-irreducibility in Chapter 3.
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Definition 7.3.1. Let X be a continuum and let A C X be an infinite subset with
X =irr(A). Let a € A. If A(a) is compact then it is an co-E-continuum. Where it is

unambiguous A(a) will just be referred to as an E-continuum.

Proposition 7.3.2. Let X be an co-irreducible continuum and let A C X be such that
X =irr(A). Let a € A. Then X a) is compact if and only if for each subcontinuum
K of X with K N X(a) #0 and K € Xa), K is decomposable.

Proof. First suppose A(a) is compact and let K be a counterexample i.e. an inde-
composable subcontinuum of X with K N A(a) # 0 and K € A(a). The composants
of K are continuumwise connected, disjoint and dense by Theorem 7.1.5. Suppose
one of the composants kg (z) intersects k(A \ {a}). Take a proper subcontinuum C
of X containing A \ {a} and intersecting ky(x). For each point y € ki (z) there is a
subcontinuum D such that y € D and C'N D # (). Now D has empty interior in K so
must have empty interior in X, meaning X # C U D and y € k(A \ {a}). From this
we can conclude that if k(A \ {a}) intersects a composant of K then it must contain
that composant.

From Proposition 7.2.12 we have that A(a) € K and as K € \(a) we know that
this is a strict inclusion. As A(a) is a proper subcontinuum of K it is contained in a
composant of K, and since it is compact it cannot be the whole of this composant, so
the composant containing A(a) intersects, and is therefore contained in, k(A \ {a}).
This is a contradiction, so no such K can exist.

For the reverse direction suppose the condition holds, but A(a) is not compact.

Let K = A(a). We know that K is decomposable so let K = C' U D. Clearly it is
not the case that A(a) € C or A(a) C D as A(a) is dense in K. By our assumption
A(a) cannot contain both C' and D so without loss of generality let C' ¢ A(a). Since
CnNk(A\{a}) # 0 there exists a proper subcontinuum F C X containing A\ {a} and
intersecting C'. Then C'U FE is a proper subcontinuum of X, as it does not contain
D, with A\ {a} € C'UE and some point of A\(a) in C'U E. This is a contradiction,

so we have that A(a) must be compact. O

Lemma 7.3.3. Let X be a continuum and let B C X. Then there exists a subcon-
tinuum Y C X such that Y = min(B).

Proof. If X = min B then we are done. Otherwise let C(B) be the set of subcontinua
of X containing B, partially ordered by reverse inclusion. As X contains B we
have that X € C(B), and in particular that C(B) is not empty. Given a chain of
continua K; € C(B) let K = () K;. Then by Theorem 7.1.14 we have that K is a

144



continuum which will contain B. Thus every chain in C(B) lies under a maximal
element. Applying Lemma 7.1.9 gives us that there is a maximal element M of C(B).
Now M is a subcontinuum of X and as it is a minimal element of C(B) it must be

that M = min(B). O

Remark 7.3.4. We cannot say that Y = irr(B) since Y may not have proper sub-
continua containing each B\ {b}. As an example, take any convergent sequence along
with its limit point to be B. Then no proper subcontinuum of Y can contain the

sequence without the limit point.

Lemma 7.3.5. Let X be a continuum. If X =irr(A), each A(a) is an E-continuum,
B C A is not a singleton and Y = min(B) then Y = irr(B).

Proof. We need to show that for any b € B there exists a proper subcontinuum of Y
containing B \ {b}. Let Z C X be a proper subcontinuum containing A \ {b}. Let
Uz = X \ Z. This open set is connected, as if Uy = VUW with b € V then ZUV is
a continuum containing A by Proposition 7.1.3, so W = (). By irreducibility we have
that X =Y UZsoU; CY.

Claim. Each component of Y N Z has non-trivial intersection with Uy.

Let K be a component of Y N Z. By Theorem 7.1.15 K is a nested intersection
of (Y N Z)-clopen sets, K = (Qa. If KNU; = 0 then (Qa N Uz) = () Each
(Y N Z)-clopen set is X-closed, so each Q,NUy is also closed. X is compact so if the
nested intersection of closed sets is empty we can infer that there is some Q, N Uy
which is also empty by Theorem 7.1.11. But then as Y = (Y N Z) U Uy,

Y\Qazo/ﬂz)\QaUUZ\Qa:(YﬁZ)\QaUU_Z'

Thus we have that mﬂ Q« = 0 which means @, is Y-open. @, is compact so it is
also Y-closed, meaning @), is a proper non-trivial clopen subset of Y. Y is connected
so this contradiction gives us that K must intersect U, non-trivially, proving our
claim.

Let p : X — X/z. Lemma 7.2.17 gives us that X/z = irr (p(b), p(Z)) and that
p(A(b)) is an E-continuum of X/z.

Claim. Uy is irreducible between b and any point of Z N Uy,

Let L C Uy contain b and intersect Z. Then p(L) = X/z which in turn implies
that p='(%/z \ p(Z)) C L. Since Uz = p~'(¥/z\ p(Z)) this implies Uz C L. Thus

L = U,, which proves our claim.
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Claim. U is decomposable.

As was mentioned above, p(A(b)) is an E-continuum of X/z and thus X/z is de-
composable by Theorem 7.1.7. Let X/z = C'U D for proper subcontinua C, D, and
without loss of generality let p(Z) € C. We will show that p(Z) is not a cut point
of C. If C'\ p(Z) =V UW for disjoint clopen V, W then one of them, say V', must
intersect D. By Proposition 7.1.3 V U p(Z) is a continuum and thus D UV U p(Z)
is a continuum. By irreducibility of X/z we have that D UV U p(Z) is the whole of
X/z, which in turn implies that W C D and applying the same argument we get that
V € D, soX/z\ D = p(Z). This is a contradiction as a continuum has no isolated
points. Thus C'\ p(Z) must be connected, and p~'(C'\ p(Z)) must be connected as
well since p is monotone. We know that Uy = p='(C'\ p(Z)) U p~*(D) and both of

these sets are proper subcontinua. This is a decomposition so Uy is decomposable.

So far we have that each component of Y N Z intersects U, and these intersections
lie in the complement of a composant x of Uy. This is a composant in the classic
sense, of a continuum irreducible about a pair of points. Thus (Y N Z) U m is
a continuum contained in Y and containing B \ {b} but not b. This completes the

proof. O

For the following corollary it will be useful to recall Proposition 7.2.7. In par-

ticular, we could apply to corollary to an enumeration aj,as,... of A with each
Ap=A\A{ay, ..., a}.

Corollary 7.3.6. Let X be a continuum with X = irr(A) and suppose each A(a) is
an E-continuum. Let Ay 2 As D ... be a strictly descending family of subsets of A.

Then there exists a strictly descending chain Cy 2 Cy D ... of subcontinua of X with
C, =irr(A,).

Proof. We define the sequence by induction. Let C; be as in Lemma 7.3.3, with
Cy; = min(A;). Then suppose C,_; has been defined and apply Lemma 7.3.3 again
to find C,, C C,,_; with C,, = min(4,). By Lemma 7.3.5 we have that for each
n,C, = irr(A4,). O

We will now look at open sets containing A(a), focusing on local connectedness

and the connectedness of complements.

Theorem 7.3.7. Let X be a continuum with X = irr(A) and let U be an open subset
of X such that for some a € A, X\(a) C U and A(a) is an E-continuum. Then there
exists a connected open set V such that A(a) CV C U and X \'V is connected.
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Proof. Let C, C X be a subcontinuum with A\ {a} C C,. Let U, = X \ C,. Define
an equivalence relation on X such that C, is the only non-trivial equivalence class,
and let p : X — Y := X/c, be the resulting quotient map. Clearly p is continuous
and monotone, and Y is a continuum by Lemma 7.1.1. Y is irreducible, in the classic
sense, between p(a) and p(C,) by Proposition 7.2.17 with p(A(a)) an E-continuum.
The set p(U N U,) is an open subset of ¥ containing p(A(a)). Thus Y is locally
connected at p()\(a)) by Theorem 7.1.8 meaning there exists a connected open subset

V' of Y such that p(A(a)) CV' Cp(UNU,) and Y # V. If V = p~ (V') then
Ma) SV CUNU,CU

and V is a connected open set. X \ V = p~'(Y \ V’) and since V' is a terminal
subcontinuum of Y its complement is connected by Theorem 7.1.6. Consequently,
X \ V is connected. O

Lemma 7.3.8. Let X be a continuum with X = irr(A) and suppose for each a € A
we have that \(a) is an E-continuum. Take an ordering ay,as,... of A. For each
a, let U, be an open set containing A(ay,). Then there exist V,, connected and open,
Ma,) CV,, C U, such that for all n we have X \ J;_, Vi connected.

Proof. We will order A as ai,as, ... and construct the V,, recursively. As we saw in
the proof of Proposition 7.2.22, A(a) N{U,, A(@') = 0 so we have that each U, can be
shrunk to ensure they are all disjoint. Let C7, Cs, ... be a nested sequence of continua

as in Corollary 7.3.6, with C,,_1 = irr(ay,, an.1,...). Suppose Vi, ..., V,_1 have been
defined and in such a way that C,,_; C X \ U;:ll V..

We have from Proposition 7.2.12 that A(a,) C int(C,,_1). Take U}, to be the open
set U, Nint(C,,_1) \ C,, and by Theorem 7.3.7 take V,, to be open and connected with

Ma,) €V, CV, CU'. Then

=

AUV = G\ T 0 (AT G

1

.
I

Every component of ((X \ U V) \ Cp—1) limits on to C,_; and as V,, C int(C,,_1)
it follows that X \ J_, V,, is connected. O

Theorem 7.3.9. Let X be a continuum with X = irr(A) and suppose for each a €
A we have A a) is an E-continuum. Then K = X \ |J

connected.

wea Ma) s continuumuwise
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Proof. Let x,y € K. Let ai,as,... be an ordering of A and take U, be open sets
such that Aa,) C U, and z,y ¢ U,. For each n take V, as in Lemma 7.3.8 and
define C = (02, X \ U, Vi. Each X \ JI_, V; is connected, so their closures are as
well. This means C' is the nested intersection of continua, making C' a continuum
(Theorem 7.1.14). Since z,y ¢ U, we know that they are not in any V,, so must lie
in C. Finally, C C K as each A(a,) lies in the open set V,, and

V,nX\JVi=0 so V,nX\|JVi=0 so V,nC=0
=1

i<n

]

Proposition 7.3.10. Suppose X is a continuum with X = irr(A) and each \(a) is
compact. Then given any v € X \ |J,cq4 A(a) and any a € A there is a subcontinuum
Y C X such that x €Y and Y N A = {a}.

Proof. Take an open set U containing A(a) such that the closure of U does not in-
tersect A(a') for any @’ € A\ {a}. Take V' C U a connected open subset contain-
ing A(a). Since X \ |J;_, A(a) is dense by Proposition 7.2.22 there exists a point
y € VNX\U,eaA@) and by Theorem 7.3.9 a subcontinuum X' C X \ {4 A(@)
containing = and y. Then Y = X’ UV is the desired continuum. O]
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Chapter 8

Infinite Irreduciblity and
Monotone Maps

This chapter will proceed in a similar way to Chapter 4. We will start with an almost
hereditarily decomposable continuum X which is irreducible about some infinite set of
points A. By defining irreducible subcontinua for each non-irreducible point z € X
an equivalence relation will be defined on X and we will see that the correspond-
ing quotient space is a fan, by which we mean a dendrite with exactly one branch
point and countably many end points. By adapting the equivalence relation a second

quotient map will be constructed with a dendrite as its image.

8.1 Referenced Theorems

The following results from other authors will be used in this chapter.

Sam B. Nadler Jr, Continuum Theory, an Introduction
These results can be found in [Nad92].

Lemma 8.1.1 (3.2). If a Hausdorff space is a continuous image of a compact metric

space, then it 1s metrizable.

Proposition 8.1.2 (4.14). Let X be a compact metric space. If (A;)icw 1S a sequence
of nonempty subsets of X then there exists a subsequence A;; such that lim(A;;) exists

and is compact.

Proposition 8.1.3 (4.18). Let X be a compact metric space. Then every sequence
of subcontinua of X has a subsequence converging to a subcontinuum of X and thus
every convergent subsequence of subcontinua of X has a subcontinuum of X as its

limit.
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Theorem 8.1.4 (5.4). Let X be a continuum and let U be a nonempty, proper,
open subset of X. If K is a component of U, then K NOU # 0. Equivalently,
Kn(X\U)#0.

Theorem 8.1.5 (10.2). A continuum X is a dendrite if and only if any two points
of X are separated in X by a third point of X.

Proposition 8.1.6 (10.6). Every subcontinuum of a dendrite is a dendrite.

Theorem 8.1.7 (10.10). A continuum X is a dendrite if and only if the intersec-
tion of any two connected subsets of X is connected. In particular, dendrites are

unicoherent.

Theorem 8.1.8 (11.8). Let X be a non-degenerate continuum such that X is irre-
ducible between p and q. If A and B are subcontinua of X such thatp € A and g € B
then X \ (AU B) is connected.

Proposition 8.1.9 (11.20). A nondegenerate continuum X is indecomposable if and
only if there are three points of X such that X is irreducible between each two of these

three points.

D.E. Bennett and J.B. Fugate, Continua and their non-separating
Subcontinua

These results can be found in [BF77].

Theorem 8.1.10 (1.22). Suppose that X is a continuum and p € X. The following

are equivalent:
o X \ k(p) is closed;
e X\ k(p) is a continuum;
e X\ k(p) is continuum-wise connected;

e If K is a subcontinuum of X such that K N (X \ k(p)) # 0 and K N k(p) # 0,

then K is decomposable.

Proposition 8.1.11 (1.23). Suppose that M is a continuum such that each inde-
composable subcontinuum has empty interior. Then for each p € M, M \ k(p) is a

continuum.
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Ryszard Engelking, General Topology
This result can be found in [Eng89].

Theorem 8.1.12 (6.1.9). Let {Cs}ses be a family of connected subspaces of a topo-
logical space X. If there exists an sy € S such that the set Cy, is not separated from

any of the sets Cy then the union |J,.4 Cs is connected.

8.2 Monotone Maps Onto A Fan

We will begin by proving the following proposition, which parallels Proposition 8.1.11.

Proposition 8.2.1. Let X be an almost hereditarily decomposable, oo-irreducible
continuum. Let A C X with X =irr(A) and let a € A. Then A(a) is compact.

Proof. The proof is a straightforward application of Proposition 7.2.12 and Proposi-
tion 7.3.2 O

Definition 8.2.2. Let X be an almost hereditarily decomposable continuum and
suppose X = irr(A). Let z € X not be a point of irreducibility and let B C A.
Define two sets of subcontinua as follows.

PE = {C C X|C is a subcontinuum, C' = min(B U {z})}

Q8 = {C C X|C is a subcontinuum, C = min(A \ BU {z})}
From Lemma 7.3.3 we know that both of these sets are non-empty. If B = {a} then
these sets will be denoted P¢ and Q2. A typical element of each will be denoted
PB € PB and QP € OB. Note that QF = PP,

Proposition 8.2.3. Let X be an almost hereditarily decomposable continuum and
suppose X = irr(A). Let x € X not be a point of irreducibility and let B C A. Let
PB e PB. Either PB =irr(BU {z}) or P =irr(B).

Proof. If there does not exist ¥ C PZ containing B then PP is a minimal subcon-
tinuum of X containing B, which by Lemma 7.3.5 means P? = irr(B). Suppose
otherwise, that there does exist Y C PP containing B.

All that is left is to show that for each b € B there exists Y C PP containing
{z} U B\ {b}. This will be identical to the proof of Lemma 7.3.5 but with Z chosen
to contain {x} U A\ {b}. Such a continuum Z exists as x ¢ \(b). O

Based on the definition of QF it clearly follows from Proposition 8.2.3 that the
same result holds for QF € Q8 and A\ B. We will now prove a number of results

similar to the p-sidedness results from Section 4.2.
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Proposition 8.2.4. Let X be an almost hereditarily decomposable space and suppose
X =irr(A). Let x € X not be a point of irreducibility and B C A. Let PP € PE and
let QB € QF. Then one of the following holds.

e Wy PPAQE, PP~ min(y, B)
o Vye PENQB QF =min(y, A\ B)

Proof. Suppose neither are the case and let subcontinua Y € P2 and Z C QP witness
thisie. YNQZ #£0# ZnN P8 with BCY and A\ B C Z. Since they are proper
subcontinua it must be that ¢ YUZ so X # Y UZ, which in turn implies Y NZ = 0.
Let X/(v,z) be the quotient space whose only non trivial equivalence classes are Y and
Z,and let p : X — X/y,z be the natural quotient map. Applying Lemma 7.2.17 gives
us that X/v,z = irr(p(Y), p(Z)) so by Theorem 8.1.8 we have that X/v.z\ (p(Y)Up(Z))
is connected. Since p is monotone we also have that X \ (Y U Z) is connected. Let
C=X\(YUZ). Cisa continlum. As Y UQP = X = ZU PP we have that
X\Y C QP and X\ Z C PB, which in turn implies that C C PZ N Q5. Since
X =YUZUC and Y and Z are disjoint it must be that CNY # 0 £ CNZ. Let y
and z lie in these intersections respectively.

Suppose C' # irr(z,y) and let C" C C witness this. Then Y UC" is a subcontinuum
of P8 containing BU {x} so Y U’ = PZ. Since C C P? we have that C'\ C' C Y.
This set is C-open so there exists X-open U such that C NU = C'\ C’. As C is the
closure of X \ (Y U Z) it must be that UN X \ (Y U Z) # 0. This is a subset of
UNC CY which is a contradiction. Thus C' = irr(z,y). An identical argument gives
that C' = irr(x, 2).

Now suppose C' # irr(y, z) witnessed by C’. As C' = irr(z,y) it must be that
x ¢ C'. Consequently, x ¢ C'"UY U Z which is a continuum containing A. This
contradiction gives us that C' = irr(y, z). Since C' is irreducible between each pair of
x,y, z it must be indecomposable by Proposition 8.1.9, but X is almost hereditarily
decomposable and the open set X'\ (YUZ) lies in C'. This final contradiction completes
the proof. n

Definition 8.2.5. Let X be an almost hereditarily decomposable space such that
X = irr(A). A point = which is not a point of irreducibility is B-sided if the first
option from Proposition 8.2.4 holds. It is possible for a point to be both B-sided and
A\ B-sided.
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Proposition 8.2.6. Let X be an almost hereditarily decomposable, oo-irreducible
continuum with X = irr(A) and let B C A. Let x € X not be a point of irreducibility.
If x is B-sided, witnessed by PP € PP with PP = irr(BU{z}), then the set P2 only

has one element.

Proof. Suppose PP and PP are distinct elements of P2 with PP satisfying the first
condition of Proposition 8.2.4 and P? = irr(B U {z}) and note that this implies
that for all y € PP N QP PP = irr(y, B). Since both subcontinua are minimal
about B U {z}, it must be that P? ¢ PP ¢ PP, As PP UQP = X we have that
PB\ PP C QF. Similarly, P2\ PP C QB so (PPN PPYUQP = X. As PP is
irreducible between B and each point of PZ N QP we have that PP\ PZ C Aps(B),
and therefore kp5(B) € PPN PP Since this is a dense subset of P” and is contained
in a closed subset P2 N PE of PP, we have that PP C PP. This contradiction gives

us the result we need. O

Proposition 8.2.7. Let X be an almost hereditarily decomposable, oo-irreducible
continuum with X = irr(A). Let B C A and let x not be a point of irreducibility. Let
PB be in PP and let y € PB. There exists PyB in Pf such that PyB CPB Ifzis

B-sided and P} = irr(B U {xz}) then P C PP holds for each P} in P).

Y

Proof. For the first part of this proposition we can apply Lemma 7.3.3 to PZ to find
the PyB we want.

Now suppose that z is B-sided and that P? = irr(B U {z}). We have that
X =PPuUQ?, sosuppose BF NQF # 0. Then X = PP UQ? so

kpp(B) € PP\ Q) =X\ Q) =P\Q} P/

As rps(B) is a dense subset of P and P is compact it follows that P’ C PBf.

Then as BU{y} € PP we have that P’ = P,. This completes the proof. O
We will now define our equivalence relation on X.

Definition 8.2.8. Let X be an almost hereditarily decomposable continuum and let
A be an infinite set of points of X with X = irr(A4). Let x,y € X. Let z ~ y
if and only if for some a € A we have z,y € A(a), or if for all @ € A we have
Pru@y =X =PUQy.

Note that as P? = min({x,a}) it is clear that in fact P* = irr(x,a). Also note
that Pg U Q% = X is equivalent to Py N Q% # (.
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Proposition 8.2.9. Let X be an almost hereditarily decomposable, oo-irreducible
continuum with X = irr(A) and let ~ be as defined in Definition 8.2.8. This relation

does not depend on which elements of P, QZ,P; and QZ are chosen.

Proof. Suppose P* and P? are two distinct elements of P?. As both are irreducible
and they are not equal to each other, we have that P* ¢ P* ¢ P?. Let y € X and
Qy € Qf be such that PfUQS = X. Then () # P\ P* C Q; which means ﬁ;m@g #0
and Py UQy = X. An identical argument gives the same result for 3, Q3 and from
this we can conclude that if for all @ € A the subcontinua P¢ and Q¢ give © ~ y then

so do any other choices for these subcontinua. O

Having shown that this relation is well defined we will now prove that it is an

equivalence relation.

Theorem 8.2.10. Let X be an almost hereditarily decomposable, co-irreducible con-
tinuum with X = irr(A) and let ~ be as defined in Definition 8.2.8. The relation ~

1 an equivalence relation.

Proof. It is clear to see that ~ is reflexive and symmetric. Suppose x ~ y and y ~ 2
for three distinct points z,y,z € X. If any one of them lies in A(a) for some a € A
then all three must do so and = ~ z. Suppose none of them lie in an E-continuum of
X.

Let a € A and take P¢ € P¢ and Q¢ € Q%. We only need to show that PfUQ? = X
as x, z and a can be interchanged freely and from Proposition 8.2.9 the choice of P
and Q7 is irrelevant. If z € Py or x € Q¢ then this is the case so let us consider
when z ¢ P and x ¢ Q7. Since x ~ y and y ~ z we know that for all Py € Py and
Qy € Q’; we have that P} U Q7 = X = Py U ;. Thus without loss of generality we
have that = € P’ and 2z € Q.

If y is {a}-sided then from Proposition 8.2.7 P¢ C P;. Since X = Py U Q we
have that

0#PrNQy < PNy S Ap(y)

Therefore Py = P; which gives us that P; U Q7 = X.

If y is Q;-sided and Q = irr({y} U A\ {a}) then use the same argument as for y
being {a}-sided. If Qy = irr(A\ {a}) then as z € Q we have that Q) is an element of
Q7. Proposition 8.2.9 and the fact that Py U@, = X give us that Py UQ? = X. [

Definition 8.2.11. Let X be an almost hereditarily decomposable, oo-irreducible
continuum with X = irr(A) and let ~ be as defined in Definition 8.2.8. Let x € X.

We denote by z.. the equivalence class of x under ~.
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In order to study the equivalence classes we will split X into various subsets and
consider the equivalence classes of points in each of those subsets. It will turn out
that each subset is the union of whole equivalence classes and that the interactions

between the subsets will create the fan structure we are hoping to map to.

Lemma 8.2.12. Let X be an almost hereditarily decomposable, oco-irreducible con-
tinuum with X = irr(A) and let x € X not be a point of irreducibility. Suppose there
exists Q% in Q% with Q¢ = irr({z} U A\ {a}). Suppose this is witnessed by Q, so
A\ {a} CQ C Q% and that QN P? = (. Let p : X — X/q be the natural quotient
map. Then X/q is almost hereditarily decomposable and X/q = irr(p(a), p(Q)).

Proof. From Lemma 3.2.20 we know that X/q is almost hereditarily decomposable
and from Lemma 7.2.17 we know that X/q = irr (p(a), p(Q)). O

Proposition 8.2.13. Let X, x,Q%, Q and p be as in Lemma 8.2.12 and ~, .. be as
in Definitions 8.2.8 and 8.2.11. By applying Theorem 2.4.11 let m : X/Q — I be a
monotone quotient map onto an arc. Then x. is homeomorphic under p to the fibre

of ™ containing p(x).

Proof. First suppose y is in (. Then there exists an element Q) of Qy with Q € Q
and as QN P? = () we have that PrnQy = (). This implies that x ~ y, that . C X\Q
and that pl,_ is a homeomorphism.

Now take y ¢ Q. Since X/Q = p(Q%) = p(Q}) for any b € A\ {a} it must be that
T € Qg, y € Q. Thus we only have to check whether X = P2 U Qy, = by UQ5. We
have that Py N Qy # 0 if and only if p(Pg) N p(Q5) # 0, and also that Py N Qg # 0 if
and only if p(Py) N p(Q4) # 0. The first of these is because Py does not intersect @,
which is the only non-trivial fibre of p. The second is because p(P}) is a continuum
and if it contains p(@Q) then it must be the whole of X/@, so either way it intersects
p(Q%) somewhere other than p(@Q). This proves that x ~ y if and only if they are

similarly related in X/q i.e. if they are in the same fibre of 7. m

Definition 8.2.14. Let X be an almost hereditarily decomposable, oo-irreducible

continuum with X = irr(A). Define subsets of X as follows.
M, :={x € X|VQ C Q% with A\ {a} C Q we have Q N P # 0}
M= ()M,

acA
Note that in the definition of M, it does not matter which Q% € Q% is chosen. If there

exists Q2 witnessing that 2 € M, and Q% € Q% with Q C Q% containing A\ {a}

155



then consider the intersection ¢ N P2. If this is the empty set then as X = P* U Q%
we have that () C Q4. However, this contradicts that Q% witnesses z € M,. Thus it
must be that Q N P% # () and that Q2 also witnesses z € M,.

For a similar reason it does not matter which P¢ is chosen. Again if P? witnesses
that 2 € M, and P* € P?, Q C Q* € Q* with A\ {a} C Q then as P*UQ = X
it must either be that }3;1 intersects () non-trivially or p:f is a proper subcontinuum
of P?. Since P* = irr(a,z) with both of these points lying in P? it must be that
PINQ # 0.

It is not necessary for Q¢ = irr(A \ {a}) in order that = € M,, but if this is not
the case then z will be {a}-sided. As it was in Section 4.2, M is the set of points that
are not particularly close to any of the points of irreducibility but instead lie in the
middle of X. Indeed the set M is again an equivalence class and will be the preimage

of the branch point of the fan when we construct our map.

Proposition 8.2.15. Let X be an almost hereditarily decomposable, co-irreducibile
continuum with X = irr(A). Let ~ be as in Definition 8.2.8 and let M be as in
Definition 8.2.14. Given any x € M we have that x.. = M.

Proof. Let x € M. If y € v but y ¢ M then y ¢ M, for some a € A. Let Py € Py,
Q; € Q@ and @ C Qy witness this. Applying Proposition 8.2.13 to y gives us that
Yy~ = (m o p)~}(«) for some o < 1 This in turn implies that there exists an element
P* € P* with P* C (7o p)~([0,a]) so P*NQ = 0. Thus z ¢ M, and = ¢ M. This
contradiction shows that if x+ € M then z.. C M.

Now let y € M, let a € A and let P and @y be elements of Py and Qf respectively.
It PpNQy = () then @y C Q7 which contradicts the fact that z € M. Thus PyNQy # 0
and by symmetry P NQ5 # (). This gives us that y € z., completing the proof. [

Proposition 8.2.16. Let X be an almost hereditarily decomposable, oo-irreducible
continuum with X = irr(A). Let ~ be as in Definition 8.2.8 and let M be as in
Definition 8.2.14. M 1is compact

Proof. Let x € M \ M and for some a let Q C Q% € Q2 witness that z ¢ M,. Let
p, ™ be as in Proposition 8.2.13 with [0, 1] as the image of m, (7 0 p)(Q) = 1. As
PeN@Q = 0 it cannot be that 1 € (7 o p)(P%), so in particular (7w o p)(x) # 1. Let
(mop)(x) < a < § < (10p)(Q). Then U = (rop)~'([0,)) and V = (w0 )~ ((3, 1))
are connected open sets separating P and Q. Let Y = U. Y is a continuum but as
xr € U and € M it must be that U, and Y, intersect M non-trivially. Let y € YN M.
There exists an element P of P with P CY. Now Y NQ = () which contradicts

Yy
that y € M. Thus it must be that M = M i.e. M is compact. O]
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Having established one unusual equivalence class, the remaining classes will all be
much simpler. The complement of M consists of countably many sets each of which
can be easily handled by Proposition 8.2.13. In order to do this we will introduce two

new types of subcontinua of X and explore their relation with M and the sets M,.

Lemma 8.2.17. Let X be an oo-irreducible continuum and A C X a subset with
X =irr(A). Let a € A and let C' be a proper subcontinuum of X containing A\ {a}.
Then X \ C' is connected.

Proof. Let p: X — X/c be the natural quotient map to the quotient space X/c. By
Lemma 7.2.17 we have that X/c = irr (p(C), p(a)). By Proposition 2.2.4 we have that
X/c\ p(C) is connected, and as p is monotone it follows that X \ C' is connected. [

Lemma 8.2.18. Let X be an oo-irreducible continuum and A C X a subset with
X =irr(A). Let a € A and let C and D be subcontinua of X with C and D both
irreducible about A\ {a}. Then X \ C =X\ D.

Proof. If C' = D then this result is trivial. If they are not equal then as both of them
are irreducible about A\ {a} it must be that C ¢ D ¢ C. From this we have that
D\ C # ), which implies that D N (X \ C) # 0. From Lemma 8.2.17 we have that
X\ C is a continuum which means D U X \ C is a subcontinuum of X containing
A. This means X = DU X \ C and in turn implies that X \ D C X \ C. Taking
the closure we see that X \ D C X \ C. By symmetry we have that the same result
holds with C' and D swapped, so X \ C' = X \ D. ]

Lemma 8.2.19. Let X be an almost hereditarily decomposable, oco-irreducible con-
tinuum with X = irr(A). For each a € A let Y, € X be a proper subcontinuum such
that Y, = irr(A\ {a}) and let Z, = X \'Y,. Then for all x € Y, N Z,, Zy = irr(z, a)
and X \ M, = kz,(a).

Proof. Let x € Y,NZ, and let Z' C Z, be a subcontinuum containing x and a. Then
x€Y,NZ soY,UZ is a continuum containing A, which means it must be X. It
follows that X \ Y, C Z’" and since Z’ is compact Z, C Z'. Thus Z, = Z’ which gives
us that 7, = irr(z, a).

We need to show that Z, is almost hereditarily decomposable. Let C' C Z, be
indecomposable and let V' C X be X-open such that VN Z, C C. Then VN (X \Y,)
is an X-open set with VN (X \Y,) CVNZ, CC. Since X is almost hereditarily
decomposable it must be that C' has an empty X-interior, so VN (X \Y,) = 0. This

implies that V N Z, is a Z,-open set which does not intersect the Z,-dense subset
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X \ Yy, meaning VN Z, = () and C has empty interior. Therefore Z, is almost
hereditarily decomposable.

Since Z, is almost hereditarily decomposable and irreducible we can apply Theo-
rem 2.4.11, so let m, : Z, — I be the universal monotone map onto the unit interval
with 7(a) = 0,7(Yo,NZ,) = 1. Let x € Y,. Then Y, is an element of Q% which clearly
implies that x € M,.

Now let z € 7~ 1(1). We have that Z, € P?. Given any @ C Q% € Q% containing
A\ {a} we have that if Q N Z, = 0 then Q C Y, so @ = Y, which in turn implies
QN Z, # 0. From this contradiction we infer that = € M,, so X \ M, C kz,(p,). For
the other inclusion let m,(x) = o < 1. This gives us that there exists P¢ € P¢ with
P C 1,'0,a] so Y, C Q% and Y, N P* = (. This gives us that z € X \ M, which
completes the proof. O

Note that in the previous lemma the choice of Y, was unimportant, as the sub-

continuum Z, was the true focus and Lemma 8.2.18 showed that Z, is well defined.

Remark 8.2.20. Each M, must be closed, as kz,(p,) is an open subset of Z, and is
contained in X \ Y, C Z,, an open subset of X. This gives an alternative proof that

M is compact.

Corollary 8.2.21. Let X be an almost hereditarily decomposable, co-irreducible con-
tinuum with X = irr(A). Let Y, and Z, be as in Lemma 8.2.19 for some a € A. If
x € Zy \ Kz,(pa) then x € M.

Proof. We know that z € M, by Lemma 8.2.19. Consider ¢ : X — X/v, and note that
X/y, = irr (0(a),0(Y,)) by Lemma 3.2.21. For any b € A\ {a} and any Q C Q’, € O}
with A\ {6} € @ we have that o(Q) = X/v,. This implies kz, (a) C @ and as @
is closed, Z, C Q. Thus z € Q and Q N P? # (). Therefore x € M,, and as b was
arbitrary it follows that x € M. m

Corollary 8.2.22. Let X be an almost hereditarily decomposable, co-irreducible con-
tinuum with X = irr(A). Let ~ be as in Definition 8.2.8, let Yo, Z, be as in Lemma
8.2.19 and let x € kz,(a). Then x. C kz,(a) and x. is a continuum. Indeed if

To @ Zg — 1 is the monotone map from Theorem 2.4.11 then x.. is a fibre of m,.

Proof. From Lemma 8.2.19 we have that = ¢ M, which implies that Q¢ # irr(A\{a}).
Taking 7, : Z, — [0,1] from Theorem 2.4.11 with 7,(a) = 0, and let 7,(z) = a < 1.
Then there exists P% in P¢ lying in 7, ([0, @), so P*NY, = (. This in turn implies
Yo C Q5
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By applying Proposition 8.2.13 we have that x. is homeomorphic to the equiva-
lence class of the image of x in X/v,, which will be a continuum. Let p : X — X/v,.
The restriction of p to Z, is a map which only affects one of the E-continua of Z,, so
the equivalence classes in rx/y, (a) will be homeomorphic to fibres of 7,. This means

that = is a fibre of 7, and lies in Kz, (a). O

We have now found all of the equivalence classes, namely M and the equivalence
classes of the Z, lying in kz,(a) corresponding to an application of Theorem 2.4.11 to
Z,. We know that all of the equivalence classes are compact and with the exception
of M we know they are all connected. The following lemma will be used to show that

M is also connected.

Lemma 8.2.23. Let X be an almost hereditarily decomposable, oco-irreducible con-
tinuum with X = irr(A). Let Z, be as defined in Lemma 8.2.19. For a # b we have

that kz,(a) N kg, (b) = 0.
Proof. The proof is simply the manipulation of various sets. Note that kz, (b) = Z,,.

Y. CM, = X=Y,UY,CM,UM,
Kz, (b) = Zy \ M, C M,
Zy € M,
MaU(X\Zb):X
(X\Ma)mZb:q)
22(0) N i (B) = 0

R

Proposition 8.2.24. Let X be an almost hereditarily decomposable, co-irreducible
continuum with X = irr(A). Let M be as in Definition 8.2.14. Then M is connected.

Proof. Suppose that M = K U L for disjoint closed K and L. Each Z, has an E-
continuum as its intersection with M so each intersection must lie in K or in L.
Define K" = K U|J{kz,(a)|Z, N K # 0} and L' similarly. Now X = K’ U L’ and the
two sets are disjoint.

Suppose K’ were not closed. There exists a sequence (a,,) C A such that for all n
we have Z, C K’ and that each Z,, contains a point x,, forming a sequence whose
limit lies in L. By Proposition 8.1.2 the sequence (Z,, ) has a convergent subsequence
(Yx) and by Proposition 8.1.3 the limit of this subsequence is a continuum. Call it Z.
Since each Z, intersects K so does Z. There is a subsequence of (x,,) corresponding
to (Yx) so the limit of this subsequence lies in Z, meaning Z N L' # (). Moreover

L'\ L is an open set as the union of open kz,(a) and L'\ L does not intersect any of
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the Z,, so Z N L # (). This also implies that Z C M. Thus we have that K and L
disconnect Z which is a contradiction.

Thus it must be that K’ is closed and by symmetry so is L'. As X is connected
one of K" and L' must be empty, implying one of K and L are as well. Therefore M

is connected. [l

For the following theorem recall that we are using the word fan to refer to dendrites

with a single branch point and countably infinitely many end points.

Theorem 8.2.25. Let X be an almost hereditarily decomposable, co-irreducible con-

tinuum. There exists a monotone map 7 : X — F where F' is a fan.

Proof. Let 7 be the quotient map X — X/~, with ~ as defined in Definition 8.2.8.
Then F' := X/~ is the union of |A| arcs each intersecting at a single point 7(M) and
nowhere else. Thus F' is a fan if and only if it is a dendrite. We will use Theorem
8.1.5 to show this. Let z.. and y., be distinct points of F'. They cannot both be 7(M)
so without loss of generality x. lies in one of the arcs, call it K. If both z. and y. lie
in K then suppose without loss of generality that x. lies closer to the image of the
E-continuum of X. Take a point z. in K which is not an end point and separates ..
from y. if y. lies K, or otherwise separates x.. from the end point of K which is not
the image of an E-continuum.

Let U be the component of K \ {z.} containing x... Then U is an open subset of
K and 7~ !(U) is an open subset of X \ Y, for some a € A. As X \ Y, is an X-open
subset, we have that 771(U) is also X-open, and therefore U is F-open. This implies
that U is an (F'\ {z.})-clopen subset which contains z., but not y., so . and y.
are separated in F' by z.. Thus by Theorem 8.1.5 F' is a dendrite, and therefore a
fan. O

The following diagram depicts an example of F.
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We will end this section by proving another analogue to the result of Miller.

Theorem 8.2.26. Let X be an almost hereditarily decomposable, co-irreducible con-
tinuum and let ™ be as in Theorem 8.2.25. X is unicoherent if each fibre of m is

unicoherent.

Proof. Let X = K U L for a pair of proper subcontinua K and L and let m be
the branch point of the fan F. Suppose one of these continua, say K, does not
intersect M := 7w~ !(m). Then m(K) must lie in one of the stalks of F. Let F’ be the
subcontinuum of F' consisting of every other stalk and let Y = 7=!(F”). Consider the
monotone map p : X — X/y. By Lemma 7.2.17 X/y is 2-irreducible and is almost
hereditarily decomposable by Lemma 3.2.20. Let #’ : X/y — I be the universal
monotone map corresponding to an application of Theorem 2.4.11; its fibres are the
same as for m, with the exception of the E-continuum containing p(Y'). As K does
not intersect Y this is enough to apply Theorem 2.5.10 to give us that p(K) N p(L)
is connected. This is homeomorphic to K N L as seen by p, so K N L is connected.

Now suppose both K and L intersect 7 (m). We will first show that K N M is
connected. Write K N M = D U E for disjoint compact D and E. By considering
the stalks of ' we can see that K \ M is the union of open, connected sets U,,a € I
for I C w. For any 3, U is irreducible with Uz \ Us C M as one of its E-continua.
Each Us must intersect one of D or E and be disjoint from the other. Define D’ =
DU J{UslUs N D # 0} and define E’ similarly. D’ is closed as its closure would
consist of itself and the limit of the {Us|Us N D # 0}, which would be a continuum in
K N M intersecting D so would lie in D. Similarly £’ is closed and as K = D'U E’ it
must be that one of them, and one of D and E, is empty. Thus K N M is connected,
asis LN M.

Now consider K N L, assuming both K and L intersect M. Since M = (KN M)U
(LN M) and M is unicoherent we have that K N L N M is connected. The inverse
image of each stalk of F', not including the point m, lies in either K or L (or both,
and can intersect both). Say one, X', lay in K. Let the continuum Y be defined as
X\ X" and consider p : X + X/y. Then LN X' is homeomorphic to p(L)\ p(Y') which
is connected. Furthermore, LN X’ C (LN X')U (K N LN M). From here it is clear
that K N L is connected as it consists of K N LN M and a collection of connected sets

each limiting onto it. O]
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8.3 Monotone Maps Onto Dendrites

In Section 4.2 one of the problems with mapping onto an n-od was that a lot of the
structure would be lost, specifically the equivalence class M being much larger than
the rest and all of its internal structure being reduced to a point. This lead us to
investigate mapping onto trees instead to preserve this structure. The problem is
even more pronounced for oo-irreducible continua. We know from Proposition 7.2.7
that if a continuum X is irreducible about an infinite set A then A is countable. The
fan defined in Theorem 8.2.25 is characterised by the number of end points it has,
which will be one for each point a € A. This means that the maps constructed in
Theorem 8.2.25 all have the same image, regardless of which co-irreducible continuum
it is applied to. This is clearly a huge loss of information, so we will again construct
a different equivalence relation whose corresponding quotient map preserves more of
the structure of our initial space. In Section 4.3 we used trees so here we will use

dendrites.

Definition 8.3.1. A continuum C'is a dendprite if it is a Peano continuum containing

no simple closed curves.

Definition 8.3.2. Let X be an almost hereditarily decomposable, oo-irreducible
continuum with X = irr(A). For two points x,y € X we have that z ~ y if and
only if z,y € A(a) for some a € A or for all non-empty B C A and for some
PP e PP Qe QF PP e PP and Q) € QF we have PP UQ} = X = PP UQ?.

The difference between this and Definition 8.2.8 is that every subset of A will be
considered, not just the singletons. In the following example, the central line will
be characterised under this equivalence relation when you take B to be the points of
irreducibility on the left. Under Definition 8.2.8 this line could not be so characterised

and would be contained in M.

Example 8.3.3. The continuum below is irreducible about the set of end points of

the two fans.
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We will start similarly to how we did for maps to fans, with a number of key results
about the relation ~. Some of the proofs will be very similar to their counterparts

from the previous section.

Proposition 8.3.4. Let X be an almost hereditarily decomposable, oo-irreducible
continuum with X = irr(A). Let ~ be as defined in Definition 8.3.2. This relation

does not depend on which elements of P5, f,Pf or QyB are chosen.

Proof. Suppose PP and PP are two different subcontinua of X, each elements of PZ.

As both are minimal about B U {z} and they are not equal to each other, we have

that PP ¢ PP ¢ PP. Let y € X and Q¥ € QF be such that PP U QP = X. Then
BB\ pB B whi BB ~ OB BB | OB — ot

0 # PP\ PP’ C Q; which means P; ﬂNQy # 0 and P UQ,) = X. An identical

argument gives the same result for Q2 Q2 and from this we can conclude that the

choices of PP and P do not determine whether or not x ~ y. O

Theorem 8.3.5. Let X be an almost hereditarily decomposable, co-irreducible contin-
uum with X = irr(A). The relation ~, as defined in Definition 8.3.2, is an equivalence

relation.

Proof. 1t is clear to see that ~ is reflexive and symmetric. Suppose x ~ y and y ~ z
for three distinct points x,y,z € X. If any one of them lies in A(a) for some a € A
then all three must do and x ~ z. Suppose this is not the case.

Let B C A be a proper non-empty subset and let P? € PZ and QF € QF. We
need to show that P? U QP = X as the symmetry of the theorem means we could
then swap z and z to have our result. If 2 € PZ or z € QP for any elements of PP
and QF then this is the case for that pair so let us further assume that neither of
these occur. Since x ~ y and y ~ z we know that Pf Ul =X ="PrPBu QyB SO we
have that z € Pf and x € Qf

First suppose that y is B-sided. If P’ = irr(B) then P’ € P which by applying
Proposition 8.2.9 gives us that P’ U QP = X. If PP # irr(B) then by Proposition
8.2.3 we have that P’ = irr(B U {y}). Since X = PP U QF we have that

0#P’NQ;CP’NQy CAps(B)

Therefore PP = P which gives us that PP UQF = X.

If y is not B-sided it must be A\ B-sided and if Q}} = irr({y} U A\ B) then use the
same argument as for y being B-sided. If QyB =irr(A\ B) then as z € Qf we again
have that Qf is an element of Q8. Proposition 8.3.4 and the fact that P? U Qf =X
give us that PP U QP = X. O
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Definition 8.3.6. The equivalence class of a point z will be denoted by z..

The following lemma and other results like it were not necessary for finite ir-
reducibility because it was immediate that the union of finitely many closed sets is
closed. We will now have to deal with infinite collections of closed sets more frequently

because our continuum X is not finitely irreducible but oo-irreducible.

Lemma 8.3.7. Let K,, be a sequence of sets converging to a set K. Let L be a closed
set. Then K, U L converges to K U L.

Proof. First take a point z in lim(K,, U L). If = lies in L then it clearly lies in K U L.
If it does not lie in L then take any open set U > z. U \ L is also open and contains
x so must intersect each element of a tail of (K,, UL). As U\ L cannot intersect L
it must intersect each element of a tail of the sequence (K,,), implying = € K.

Now let z € KUL. If x € L then every open set containing it will intersect L and
therefore a tail of (K, U L). Otherwise x € K and every open set around « intersects
a tail of (K,) and therefore a tail of (K, U L). Thus z € lim K,, U L. O

Proposition 8.3.8. Let X be an almost hereditarily decomposable, oo-irreducible
continuum with X = irr(A). Let ~ be as defined in Definition 8.3.2. For any x € X,

T 18 a closed set.

Proof. 1f © € A(a) for any a € A then z.. = A(a), which is compact by Proposition
8.2.1. Otherwise, let y € < and let z; be a sequence of points in x. converging to y.
We will show that y € z.. Let B C A. We only need to show that P’ UQL = X for
some 1’ € . and some P € PP and QF € QF, and the symmetry of the problem
along with the fact that ~ is transitive will give us our proof. If for any 2’ € z. and
QL € QF we have y € QF then P’ U QLD = X so we shall consider the case where
for all 2’ € z. and all QF € Q8 y ¢ Q5.

We will first inductively define a subsequence (y,) of () and corresponding PJ.
Define y; = x; and suppose vy, ...,y, have been defined with y,, = x,,. Since y €
X\ QP € Pl and as X \ Q] is an open set there must be a tail of (x}) lying in
Pﬁ . Pick one of these points with index greater than m to be y,, ;. There exists an
element P’ € PP  with P’ ~C PP. Thus we have a new sequence (y,) in .
converging to y and a nested sequence of continua (Pﬁ ).

By Proposition 8.1.2 there exists a convergent subsequece of (P)) and by Propo-
sition 8.1.3 it converges to a continuum. Without loss of generality we can assume

that the sequence itself is convergent and call the limit P. For any x’ € x.. and any
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n we have that 2’ ~ y,, and therefore that ngi UQE = X. By applying Lemma 8.3.7
we have that P U Q5 = X.

It Pe 735 then clearly we are done. If this is not the case then as y € P this
means we can assume P # min(B) and by Lemmas 7.3.3 and 7.3.5 we can take a
proper subcontinnum C' C P such that C' = irr(B). Let p : BP — Fj/c be the
natural quotient map and call the image D. Now D = irr (p(C), p(y1)) by Lemma
7.2.17 and is almost hereditarily decomposable by Lemma 3.2.20, so let 7 : D + [0, 1]
be the universal monotone map attained by applying Theorem 2.4.11. Define «,, so
that m o p(P2) = [0, ). Let v =70 p(y), so () converges to cv.

It is clear that m o p(P) = m o p(P) = [0, and from this we can deduce that
int (p(P) \ p(PP)) = 0. As C # P we have that o p(P) # 0 so p(P) \ p(BP) is

homeomorphic to P \ Pf ie. P\ Pf also has empty interior. Now for any 2’ € .,
X\ (PPUQZ) = (PUQ)\ (P UQL) C P\ R}

As the left hand side is an open set and the right hand side has empty interior it must
be that X \ (PyB UQE) =0 or rather X = PyB U QB This completes our proof. [

Corollary 8.3.9. The set x.. is compact.

Our intention is to construct a monotone map out of the equivalence relation ~.
In order to do this we must obviously prove that each equivalence class is connected,

which we will do with the help of the following lemma.

Lemma 8.3.10. Let X be an almost hereditarily decomposable, oco-irreducible con-
tinuum with X = irr(A). Let ~ be as defined in Definition 8.3.2. Let x,y € C where

C' is a subcontinuum of X with empty interior. Then x ~ y.

Proof. Forany B C Aand any PP € PP and Q) € Q7 we have that PPUCUQ[ = X
as it is a continuum containing the whole of A. Thus X \ (P7 UQ?) € C. This is an
open set and C' has empty interior, so X = PP U Qf. The same is true if z and y are

swapped around and as the choice of B was arbitrary this implies that x ~ y. O]

Proposition 8.3.11. Let X be an almost hereditarily decomposable, co-irreducible
continuum with X = irr(A). Let ~ be as defined in Definition 8.3.2. Each equivalence

class x.. 1s connected.

Proof. Let z,y € X such that x ~ y. If either is a point of irreducibility of X then
x~ is an E-continuum so is connected. Otherwise by applying Theorem 2.2.5 consider

a subcontinuum C of X such that C' = irr(x,y). We will show that C' C z., to prove
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that z. is continuumwise connected, and therefore connected. To do this, take a
point z € C' and a proper non-empty subset B C A. We will show that for some
PB € PB and QF € QF we have PP UQP = X, by the symmetry of the problem the
same argument will indicate that PP U QF = X and therefore 2 € .

Clearly if for any P? € PP we have 2 € P? then our argument is complete so
suppose this is never the case. Then as x ~ y we have that X = PB U QyB for any
choices of PP and QF, so z € Q. Again if Q] € QF then we are done so assume
this is also not the case.

If C' is indecomposable then it must have empty interior so by Lemma 8.3.10
we would have that = ~ z. If 2z € Ac(y) and Ao(y) is compact then again by
Lemma 8.3.10 y ~ z and we are done, and if A\c(y) is not compact then by Theorem
8.1.10 it lies in an indecomposable continuum, so once more Lemma 8.3.10 would
give z € ... We can therefore assume C' # irr(x, z) and by the same arguments can
assume C' # irr(y, z).

Apply Theorem 2.2.5 twice to get proper subcontinua D, E C C' with D = irr(z, 2)
and E = irr(y,z). Let PP € PP and QF € QF with QF C Q7 for some Q} € QF.
Let N = PPUQ?B, which we are assuming is a proper subset of X. Let p : X + X/~ be
the natural quotient map with two non-degenerate fibres, P? and Q5. Note that p is
a monotone map. From Lemma 7.2.17 we know that X/~ = irr (p(PF), p(QF)) and by
applying Lemma 3.2.20 twice we have that X/~ is almost hereditarily decomposable.
Thus we have from Theorem 2.4.11 that there exists monotone 7 : X/n — [0, 1]. Let
K = (70p)~1((0,1)). Then K is a continuum and if p € K N P? and ¢ € K N QP
then K = irr(p, q). This is because if K’ C K contained p and ¢ then 7o p(K') would
be the whole of [0,1] so (7o p)~*((0,1)) € K.

We can see from the irreducibility of X about A that X = PPUDUQP. As QF
is a proper subcontinuum of Qf we can deduce from this that y € PZ. We also have
that p(D) = p(E) = X/~ by irreducibility, and from this it is clear that K C D and
K C E. Let L, be the component of x in D N PP and let L, be the component of y

in EN PP. The intersection L, N K must be non-empty or L, would be a component

of D, which cannot be the case. This intersection is in K N PZ which is itself a subset
of Ai(p). The same is true of L,. Consider the continuum L, U Ag(p) U L,. This
is a proper subcontinuum of C' as it does not contain z, but it contains both x and
y which contradicts that C' = irr(x,y). This contradiction indicates that one of the
earlier cases must occur, each of which implied that z € ... Thus C' C z., so =, is

continuumwise connected and therefore connected. O
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Theorem 8.3.12. Let X be an almost hereditarily decomposable, co-irreducible con-
tinuum with X = irr(A). Let ~ be as defined in Definition 8.3.2. Let m: X — X/~.

Then X/~ is a dendrite.

Proof. We must prove that X/~ is Hausdorff to show that it is a continuum, by Lemma
8.1.1, then prove that it is a dendrite via Theorem 8.1.5. Finding a cut point will
satisfy both of these requirements as the resulting disjoint open sets will be the unions
of equivalence classes. Take x. and y. distinct. If either of these are E-continua of
X, say ., then let Y be a proper subcontinuum of X irreducible about A\ A\(x), by
Lemmas 7.3.3 and 7.3.5. From Lemma 8.2.19 we can see that the continuum X \ Y
is irreducible between x and any point of Y it contains and, with the exception of
the E-continua X \ Y \ k(x), it has the same equivalence classes for the map from
Theorem 2.4.11. As the image of this map is an arc it is clear that one of these classes
separates x.. from either Y or y. in X—\Y and therefore separates x.. from y. in X.

We will now suppose that neither . nor y. are E-continua of X. There must
exist a proper non-trivial subset B C A and subcontinua P? € PP and Q8 € QF
such that PPN Qf = (). Let p be a quotient map from X to a continuum Y with the
only non-degenerate fibres being P and Qf Note that if the images under p of two
sets intersect in Y at a point other than p(PF) or p(Q[) then the two sets intersect
in X. By Lemma 3.2.20 Y is almost hereditarily decomposable and by Lemma 7.2.17
we have that Y = irr (p(P2), p(Qf)) Thus from Theorem 2.4.11 we have that there
is a monotone map 7wy : Y — L.

We will show that with the exception of the E-continua, the fibres of 7y are the
images under p of equivalence classes of ~. Let ¢ and d lie in the same fibre of 7y, so
if C, is a subcontinuum irreducible between p(P?) and ¢, and D, is a subcontinuum
irreducible between p(Q}) and d then C, N D, # 0, and the same for Cy and D,. Let
B’ C A and let P and @ be sets as in Lemma 7.3.3 for B'U{p~!(c)} and B'U{p~'(d)}
respectively. Then if B’ # B or A\ B it is clear that one of p(P) or p(Q) is the whole of
Y, so contains ¢ and d and thus PNQ # (. If B" = B then we can find C, C p(P) and
D, C p(Q) so again PN # 0. An identical argument can be applied if B’ = A\ B,
but with D, C p(P) and Cy, C p(Q). Thus if ¢ = p(¢’) and d = p(d’) then ¢ ~ d'.

Now suppose ¢ and d’ are two points of X whose images ¢ = p(c’) and d = p(d’)
do not lie in an E-continuum of Y, and ¢ ~ d'. Let C,,C,, D, and D, be as in the
last paragraph. There exists a choice of P? € PZ which is a subcontinuum of p=*(C,)
and QF C p~Y(D,). As ¢ ~ d' it must be that these intersect. As ¢ and d do not lie
in an E-continuum of Y we have that C, and D, both contain one E-continuum and
do not intersect the other, so p~!(C,) N p~"(D,) does not lie in PP U Q. Tt follows
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from this that C, N D, # 0 and similarly C, N D, # 0. Thus ¢ and d lie in the same
fibre of 7y, and the fibres of my other than the E-continua are the homeomorphic
images of equivalence classes of ~.

Every point of an arc other than the end points is a cut point, so by applying
Lemma 4.3.12 every fibre of 7wy except the E-continua is separating in Y. This implies
that its preimage under p is separating in X by the same lemma. This preimage is
an equivalence class z.. By Proposition 8.3.11 we have that each equivalence class
is connected so if X \ z. = U UV then both U and V are the unions of whole
equivalence classes and without loss of generality .. C U and y. C V. From this we
have that X/~ is Hausdorff so by Lemma 8.1.1 it is a continuum. We have shown that
7(2z~) disconnects 7(z~.) and 7(y~) in X/~ so by Theorem 8.1.5 we have that X/~ is a
dendrite. O

Corollary 8.3.13. The map 7 is monotone and X is locally connected about each

T .

Proof. That 7 is monotone is immediate from Proposition 8.3.11 and that X is locally

connected about the fibres follows from Proposition 2.5.1. m

Here we reach a divergence from Section 4.3 on maps to trees. While in that
instance each equivalence class has an empty interior, the same is not true for oo-
irreducible continua, in part because an infinite collection of components in the com-
plement of an equivalence class can intersect that class in enough places that no
proper subcontinua can avoid them. The next example shows such an equivalence

class.

Example 8.3.14. Let Y be the continuum constructed in Example 2.5.8, and con-
sider my : Y + I, the universal monotone map onto the unit interval. For each point
k/2" there is a vertical line in Y mapped to k/2". Define X by attaching a line of
length 1/2 to an end point of the vertical line of Y mapped to 1/2, lines of length 1/4
to end points of vertical lines mapping to 1/4 and 3/4, and so on. Choose the points
of intersection to all be in the image of [0, 1] x {0} so they all lie "at the bottom” of Y.
The continuum X is hereditartily decomposable as Y is hereditarily decomposable
and adding these arcs to Y will not change this. This implies that X is also almost
hereditarily decomposable.

We will now show that X is irreducible about the set of end points of the arcs we
have attached to Y and that Y is an equivalence class of the resulting equivalence

relation, as defined in Definition 8.3.2. Let p : X +— Y be the projection of each
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attached line onto the point it is attached to. Let X’ C X contain the set A of end
points of these attached lines. Then 7y o p(X’) clearly contains both end points of I,
so p(X') contains a pair of points p and ¢ such that Y = irr(p, ¢). This in turn gives
us that p(X’) =Y and it clearly follows that X’ = X. It is immediate that for each
a € A there is a proper subcontinuum C, C X with A\ {a} C C,; simply take Y and
every attached line except for the one ending in a.

Since each attached line lies ”at the bottom” of Y we have that X \ Y can only
hit the parts of Y with pre-image in [0, 1] x {0}. Therefore Y has non-empty interior
in X. Let y1,y2 be distinct points of Y and let B be a proper non-empty subset of A.
Then PZ contains B so (my 0 p)(PFP) must contain 7y o p(B) and 7y o p(B). Similarly
(my 0 p)(QF) must contain 7y o p(A\ B). Thus (my 0 p)(PZUQPE) contains my o p(A)
and as my op(A) is a dense subset of I we have that T = 7y 0 p(PZ) Uy op(QF). Since
these are compact sets and I is connected there must exist a € my op(P2)Nmy op(QF).
Thus both p(PP) and p(QF) intersect my' (@) and one of them must contain the whole
fibre. This implies one of PP or Qf contains the whole fibre, and that these two
continua intersect non-trivially. As this is true for every set B C A it gives us that
x ~ gy. From this we know that Y lies in an equivalence class of ~ thus proving that

there is an equivalence class with non-empty interior.

We will now see another inconsistency between finitely and oo-irreducible con-
tinua. The map from a finitely irreducible continua to a tree was universal amongst
monotone maps to trees, as we saw in Theorem 4.3.19. The same does not hold for
oo-irreducible continua being mapped onto dendrites, as the following example shows.

This example is a similar continuum to the one in Example 8.3.14.

Example 8.3.15. Let X be the continuum in R? consisting of a horizontal line
[0,1] x {0} and vertical lines {k-27"} x [0,27"] for each integer n and each positive
odd k < n. Define a set A as

A={(k-27",27")|n € w,k < n positive, odd}

Thus A is the set of end points of the vertical lines.
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Let f be the projection onto the first coordinate. If ¥ C X is a subcontinuum
containing A then Y must clearly contain each vertical line, and must contain f(A).
This is a dense subset of [0,1] x {0} so Y = X. Thus X = min(A), and it is clear to
see that in fact X = irr(A).

Since X is hereditarily decomposable it is almost hereditarily decomposable. It is
also locally connected. Given a point € X and an open set U > z, if the second
coordinate of x is non-zero then U can be shrunk to miss the horizontal line and every
vertical line except the one containing x. It is then clear that U can be further shrunk
to an open set about x which is connected. If z lies on the horizontal line then take
€ > 0 such that B(x,e) C U. This set will be connected as if a vertical line intersects
B(z, €) then said intersection will include (k- 27",0).

Consider the relation ~ on X. For each point x not on the horizontal line we have
that z.. = {x}, witnessed by taking as B a singleton, specifically the end point of the
vertical line containing z. Let 2 = (,0) and y = (3, 0) be points of X and let B C A

be a proper non-trivial subset. Then P? contains B so must contain f(B) and f(B).
Similarly @} must contain f(A\ B). Thus PP U Q) contains f(A) and as f(A) is
a dense subset of [0,1] x {0} we have that the horizontal line lies in PZ U Q5. Tt is
clear that every vertical line must lie in P UQ[ so PP UQPF = X. Thus  ~ y, and
the horizontal line is the only non-degenerate equivalence class of ~.

As has already been proved, X is locally connected. It does not contain any simple
closed curves so X is a dendrite. If 7 : X +— X/~ were universal amongst monotone
maps to dendrites then there would exist a map g : X/~ — X such that g o 7 is the
identity map on X. This is because the identity is a monotone map from X to a
dendrite, namely itself. Such a map ¢ cannot exist however, as 7 is not injective.

Therefore 7 : X — X/~ is not universal.

We end this section as we have done previously, with a result on unicoherence.
Unlike the previous results this one does hold for co-irreducible continua, although
it will be harder to prove than in previous cases. This is because, unlike for trees,
dendrites can have points which separate them into infinitely many components.
Where previously we could partition such a set and know it was closed this is no
longer possible. Instead, to prove it is closed we will have to consider the limits of
the components, and show that such a limit will lead to contradictions if it does not

stay in the right half of the partition.

Lemma 8.3.16. Let X be an almost hereditarily decomposable, oo-irreducible con-
tinuum with X = irr(A). Let ~ be as defined in Definition 8.3.2. Let m: X +— X/~.
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LetY C X be a subcontinuum. For each x € Y we have that x.. CY or xz. is an end

point of m(Y') or a branch point of X/~.

Proof. Let x € Y be such that z. is not an end point of 7(Y) or a branch point
of X/~. This implies that z.. does not lie in X/~ \ 7(Y). Let {D,} be the collection
of components of X/~ \ 7(Y) and let X, = 7~ '(D,). By Theorem 8.1.4 each D,
intersects (') so it follows that each X, intersects Y. Thus Y U7~ 1(X/~\ 7(Y)) is
a continuum which intersects every equivalence class, including all of the E-continua.
This means that it must be the whole of X. As x. is not a branch or end point we
have that = ¢ X/~ \ 7(Y) so 2. N X, = () for each o. Thus 2. C Y. This completes

the proof. O
Theorem 8.3.17. If each equivalence class x.. is unicoherent then so is X.

Proof. Let K and L be proper subcontinua of X with X = K U L. Note that
X/~ =7(K)Umn(L) and that dendrites are unicoherent by Theorem 8.1.7 so

m(K)Na(L) is connected = a*(m(K)Nm(L)) is connected
= 7 ' (m(K)) N7 !(x(L)) is connected

Now m'(m(K)) = K U {z.|z~ is a branch or end point of 7(K)}, and a similar
statement is true for L. We will show that K N x. is connected for each x, which
will imply that (K Nz.) U (L Nz.) is a decomposition and therefore K N L Nz is
connected.

If KNz =0 or xz. C K then clearly K N x. is connected. If neither of these
hold then x. € X/~ is either an end point of w(K) or a branch point of X/~ by
Lemma 8.3.16. If it is an end point of m(K) then consider K’ = n=1(7w(K) \ {z-}).
It is clear from the map 7 that K’ Nx. is an E-continuum so is connected. Suppose
KNz, = MUN for disjoint compact M and N. Then K’ N x. must lie entirely in
one or the other so without loss of generality say K’ Nz C M. Then (K'UM)UN
is the union of K along with each equivalence class K intersects other than z.. This
union must be connected by Theorem 8.1.12 and the two sets (K’ U M) and N are
compact and disjoint. It must therefore be that N = (), which in turn implies K Nz

is connected.

Now suppose x. is a branch point of X/~ and not an end point of m(K). Let
Dy, D, ... be the components of 7(K)\ {z.} and let K; = 7=1(D;). Then as before,
x~ is an end point of w(K;) so K; Nz is connected. Suppose K Nz = M U N for

disjoint compact M, N. Each K; can only intersect one of M or N, so we can define
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Ky = MUU{K;|K; " M # 0} and Ky similarly. Now K = Kj; U Ky with these
two sets disjoint, so we will show that both are closed.

Let y € Ky \ Ky There exists a sequence (y,) C (J{K;|K;iN M # (0} which
converges to y. As each K; is compact we can assume without loss of generality that
each y, lies in a different K;, call it K; . By Proposition 8.1.3 we have that there is a
convergent subsequence of (K ) with limit a subcontinuum C. As each K, intersects
M so too does C, and y € C. Suppose there exists z € C'\ x.. By Proposition 8.1.6
we have that 7(K) is a dendrite, so is locally connected about z. but for every open
subset U containing z., and every open subset V' of U \ {z.} containing z. we have
that V intersects infinitely many D; so cannot be connected. This contradiction gives
us that C' C z., so C' is a continuum contained in M U N. We know C'N M # () and
as y ¢ M C Ky we have that C N N # (). This final contradiction proves that both
Ky and Ky are closed subsets of K so one must be empty, implying one of M and
N is empty. Consequently we have that K N x. is connected for each x € X, and a
parallel result holds for L.

If KNL=UUYV for disjoint (K N L)-clopen subsets U and V' then each set
KNLNz. must lie entirely in one of U or V. Define U’ = 7~ !((U)) and V’ similarly.
Both U and V' are compact, so U’ and V' are as well. Then 7~ (7(K)) N7~ (7 (L)) =
U'NV’ and these two sets are disjoint and closed. By connectedness one of them must

be empty, implying one of U and V must be empty and that K N L is connected. [

172



Chapter 9

Maximal and Minimal Subcontinua

In previous chapters we have constructed equivalence relations whose equivalence
classes are all subcontinua of our continuum X, and used these to create monotone
maps. These maps turned out to have a number of illuminating properties through
which we could examine the structure of X. It therefore seems natural to ask why
these subcontinua were so fundamental to the structure of X and whether anything
similar exists in other continua. This chapter will look at the properties of these

subcontinua and examine them in the context of non-irreducible continua.

9.1 Referenced Theorems

The following results from other authors will be used in this chapter.

Sam B. Nadler Jr, Continuum Theory, an Introduction

These results can be found in [Nad92].

Lemma 9.1.1 (3.2). If a Hausdorff space is a continuous image of a compact metric

space, then it is metrizable.

Proposition 9.1.2 (4.18). Let X be a compact metric space. Then every sequence
of subcontinua of X has a subsequence converging to a subcontinuum of X, and thus

every convergent sequence of subcontinua of X has a subcontinuum of X as its limit.

Theorem 9.1.3 (5.4). Let X be a continuum and let U be a nonempty, proper,
open subset of X. If K is a component of U, then K N OU # (. FEquivalently,
Kn(X\U)#0.
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Proposition 9.1.4 (6.3). Let T' be a connected topological space and let C be a
connected subset of T' such that T'\ C' is disconnected, T\ C = AU B. Then AUC
and B U C are connected. Hence, if T and C are continua, AU C and B U C are

continua.

Theorem 9.1.5 (8.26). Any connected open subset of a Peano continuum is arcwise

connected.

Theorem 9.1.6 (11.17). If X is non-degenerate and indecomposable then the com-

posants of X are mutually disjoint.

Ryszard Engelking, General Topology

These results can be found in [Eng89].

Lemma 9.1.7 (Kuratowski-Zorn Lemma, page 8). In a partially ordered set in which

every chain has an upper bound, every element has a mazximal element above it.

Theorem 9.1.8 (2.1.7). A space is X is hereditarily normal if and only if for every
pair of separated subsets A, B of X there exist disjoint open sets U and V with A C U
and B C V.

Proposition 9.1.9 (3.1.5). Let U be an open subset of a topological space X. If a
family {Fs}ses of closed subsets of X contains at least one compact set - in particular,
if X is compact - and if (\,og Fs € U then there exists a finite set {sy,52,..., 5} €8
such that (\;_, Fi, C U.

Theorem 9.1.10 (3.9.3). In a é’ech-complete space the countable union of nowhere

dense sets has empty interior.

Theorem 9.1.11 (4.3.6). A topological space is metrizable by a totally bounded metric

of and only if it is a regular second countable space.
Theorem 9.1.12 (4.3.27). Every metric on a compact space is totally bounded.

Theorem 9.1.13 (6.1.9). Let {Cs}ses be a family of connected subspaces of a topo-
logical space X. If there exists an sy € S such that the set Cy, is not separated from

any of the sets Cy then the union |J,. 4 Cs is connected.

ses

Theorem 9.1.14 (6.1.19). The intersection of a decreasing sequence of continua is

a continuum.
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Theorem 9.1.15 (6.1.23). In a compact Hausdorff space X the component of a point

x € X coincides with the quasicomponent of the point x.

Theorem 9.1.16 (6.3.3). A space X is locally connected if and only if the components

of all open subspaces of X are open.

Theorem 9.1.17 (7.1.12). For every non-empty locally compact paracompact space

X the condition dim(X) = 0 is equivalent to X being totally disconnected.

9.2 Continua which are Full of Maximal Nowhere

Dense Subcontinua

Proposition 9.2.1. For the equivalence relations defined in Definitions 2.4.1 and
4.8.6, each equivalence class has empty interior and is mazximal amongst subcontinua
with this property. Thus if C' is a continuum and x.. T C' for some v € X then C

does not have empty interior.

Proof. The proof is basically identical to the proof that the map 7 is universal. An
example of the proof for a map 7 : X +— T with T a tree is given, the proof for a map
to an arc is identical.

From the construction of the equivalence classes z. it is clear that they have
empty interior (Lemma 4.3.18). Let n(z) =t and z. = 7~ '(¢t) C C. Then 7(C) is a
non-degenerate subcontinuum of 7" so has non empty interior. There are finitely many
components of 7'\ 7(C'), let their closures be denoted T7, ... Ty. Since 7(C') has non-
empty interior T # |JI_, T;. If X; = 7~ (T}) then it follows that X # Jf_, X;. Each
X, is a continuum as 7 is monotone. By irreducibility we have that X = C'U Ule X;

and so X \ ", X; C C. This is an open set so C' has a non-empty interior. O

Each of these subcontinua are maximal amongst nowhere dense subcontinua of
X and X can be expressed as the disjoint union of them all. In this section we will
study continua who can also be expressed as such a union to see what this implies
about the structure of X.

Definition 9.2.2. A continuum X is said to have a full set of maximal, nowhere
dense subcontinua if for each point x € X there is a subcontinuum A, containing x
which is maximal amongst continua with empty interiors. Such a continuum will be
said to be an FMND continuum.

For this section if X is an FMND continuum, unless specified otherwise, the

maximal empty interior subcontinuum containing a point x will be denoted A, .
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Lemma 9.2.3. Let T be a topological space, let C' be a closed subset of T' and let D
be a subset of T. Then C'U D has non-empty interior if and only if at least one of C

or D has non-empty interior.

Proof. 1t is clear that if one of C' or D has non-empty interior then so does C' U D.
For the other direction let U be an open set with U C C' U D. Then

U=UnC)u(U\C)

If U\ C is non-empty then this is an open set contained in D, so D has non-emprty
interior. If U\ C' is empty but UNC' is not, then UNC = U C C so C has non-empty
interior. If both U N C and U \ C are empty for all choices of U then the only open
subset of C'U D is the empty set, so C'U D has empty interior. m

Proposition 9.2.4. Let X be an FMND continuum and let x € X. The subcontin-

uum A, 1s unique.

Proof. If A, and B, were two such distinct examples of maximal nowhere dense
subcontinua containing x then neither one can contain the other and A, U B, is a
continuum properly containing A, and B,. It follows from the maximality of A, and
B, that A, U B, has non-empty interior, which by Lemma 9.2.3 gives us that one of
A, or B, has non-empty interior. This contradicts their definition, so it cannot be

that there are two such distinct subcontinua. O

Proposition 9.2.5. Let X be an FMND continuum. The collection of subcontinua
{A,|z € X} forms a partition of X into subcontinua.

Proof. Let y € A,. Then A, is a maximal nowhere dense subcontinuum of X con-
taining y, so by applying Proposition 9.2.4 we have that A, = A,. This in turn gives
us that no two maximal nowhere dense subcontinua can intersect, or each would act
as A, for any point y in the intersection, contradicting Proposition 9.2.4. Each z lies

in some A, so the set {A,|r € X} is indeed a partition. O

For any of the equivalence relations defined in previous chapters we have that the
continuum X is locally connected about their equivalence classes. This was important
as it lead to the quotient space being locally connected and therefore easily under-
stood. Fortunately, the maximal nowhere dense subcontinua also have this property.
In the following proposition the continuum does not need to be FMND, as the result
holds for any maximal nowhere dense subcontinua regardless of whether there are

some points of X which do not lie in one.
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Proposition 9.2.6. Let X be any metric continuum and let C' be a subcontinuum,
int(C) = 0 and for every subcontinuum D C X properly containing C', D has non-

empty interior. Then X s locally connected at C'.

Proof. Suppose it is not, witnessed by an open set U. Consider the components of
U\ C. There must be infinitely many of them, and indeed countably many of them
U; limiting on to C. Let K; = U;. By Proposition 9.1.2 there exists a convergent
subsequence of {K;} so without loss of generality let {K;} converge to a continuum
K. 1t is clear that K intersects C' non-trivially. By applying Theorem 9.1.3 we have
that for each 4, K; \ U is non-empty so take a point y; in this set. The sequence {y;}
has a convergent subsequence which converges to a point y so y must lie in K. Since
no point y; lies in U it cannot be that y € U, and therefore y ¢ C' This in turn implies
that int(K) # 0.

Since int(K) is an open set in the limit K there must exist N € N such that
for all n > N we have K, Nint(K) # 0. Furthermore, as K,, = U,, we have that
U, Nint(K) # 0. Let U = J,,»y Un and express U" as AU B for disjoint U’-clopen
sets A and B. Each U, is connected so each must lie wholly in A or wholly in B,
which means one of A or B must contain a subsequence of {U;}. Suppose this is A.
By applying Theorem 9.1.8 we can take disjoint X-open sets V and W with A C V
and B C W. Since for each n > N we have that U, Nint(K) # 0 it follows that if
B is non-empty then there must be a point of K in B. This point lies in W so there
exists M € N such that for all m > M, W N K,, # (). This contradicts the fact that
W NA =0, soit must be that B is empty. From this we can conclude that U’ is
connected. However, each U; is a component of U \ C and U’ C U \ C, so it cannot
be that U’ is connected. This final contradiction proves that no such U can exist and
that X is locally connected about C'. O

Remark 9.2.7. If C' is defined as in Proposition 9.2.6 then any subcontinuum D
which intersects C' but is not contained in it has non-empty interior. This is because
C'UD is a continuum, so will have non-empty interior. By applying Lemma 9.2.3 we

have that D also has non-empty interior.

Remark 9.2.8. This gives a proof that a continuum is locally connected about its

E-continua which does not use global properties of the space.

The continua considered in Chapters 2, 4 and 8 were all almost hereditarily de-
composable. As is shown below, this is a necessary condition of being FMND, but

not a sufficient one.
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Proposition 9.2.9. Let X be an FMND continuum. X is almost hereditarily decom-
posable.

Proof. Let C' C X be an indecomposable subcontinuum and let x € C. Every proper
subcontinuum of C' has empty interior in C' and therefore in X. If B is any proper
subcontinuum of C' containing x then A, U B has empty interior by Lemma 9.2.3, so
A, UB = A,. Thus the composant of x in C' must lie in A, and as this is dense in C
and A, is closed, C' C A,. This gives int(C) C int(A,) = 0. O

Remark 9.2.10. The converse is not true. A unit square is almost hereditarily de-
composable (proof below) but does not have maximal empty-interiored subcontinua.
We can see this as for any A C X with empty interior, pick any point in X \ A
and add an arc from A to that point. This new continuum also has empty interior
by Lemma 9.2.3. For a non-locally connected example, take the product of a sin%

continuum with an arc.

To prove that the unit square, and indeed any Peano continuum, is almost hered-

itarily decomposable we will make use of the following well known result.

Lemma 9.2.11. Let X be a continuum. X is decomposable if and only if it has a

proper subcontinuum with non-empty interior.

Proof. First suppose that X is decomposable, with X = A U B an example of a
decomposition. Then as both A and B are proper subcontinua of X we have that
X \ A is a non-empty open subset. This open subset lies in B, so B is a proper
subcontinuum with non-empty interior.

Now suppose X is indecomposable. Each proper subcontinuum of X lies in one
of the composants of X, which are disjoint by Theorem 9.1.6. As each composant is
dense they must all have empty interiors, which implies each proper subcontinuum

has empty interior. O

Proposition 9.2.12. Let Y be a locally connected continuum. Then Y is almost

hereditarily decomposable.

Proof. Take a proper subcontinuum X C Y with non-empty interior U. Let x € X be
a point of that interior. Then there exists a connected open subset V' such that x €
V CV C U. This implies that V is a proper subcontinuum of X, and as it contains
V' it has non-empty interior. By Lemma 9.2.11 we have that X is decomposable, and

in turn that Y is almost hereditarily decomposable. O
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As we did previously, we will use this partition (Proposition 9.2.5) of our con-
tinuum to define a quotient map onto a new space. Various properties of this space
will be examined and used to deduce results about the underlying structure of our

original continuum.

Definition 9.2.13. Let X be an FMND continuum and for each x € X let A, be
the maximal nowhere dense subcontinuum of X containing x. We shall denote by L

the quotient space and 7 : X — L the quotient map corresponding to the partition
{A; |z € X}.

Example 9.2.14. Let X be an FMND continuum. The quotient space L defined
in Definition 9.2.13 is not necessarily a continuum. We shall construct an example
similar to Example 8.3.14 to demonstrate this. Let Y be the continuum defined in
Example 2.5.8. Consider the monotone map 7y : Y +— I and let y;, be the point of
7y (k- 27") which would have second coordinate 1 in K, so each point yj, lies "at
the top” of Y. For each n # 1 and each odd k < 2" attach an arc to Y with end
points vy, and yx42, such that the maximum distance between the arc and Y is 27",
Call this arc Iy ,,.

Y

Attach the arcs in such a way that for distinct n and m and for all k£ and [, the arcs
Iy, and I;,, are disjoint. Finally, for each arc I, add a half open interval to the
continuum limiting on to I, so that the half open interval and I, form a sin(%)
continuum and the whole of the half open interval lies within a distance of 27" of
Ii.,. Call the whole space X.

Note that Y is an FMND continuum. If a point lies in Y and its fibre of my does
not contain any points ¥y, then this fibre is a maximal nowhere dense subcontinuum
of X. For a point yj,, the subcontinuum consisting of each fibre W;l(l -27") and

the arcs joining them together forms a maximal nowhere dense subcontinuum of X
1

containing Y. Each point in the half open intervals forming sin(;) continua is a

maximal nowhere dense subcontinuum, so we have that X is an FMND continuum.
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Let z and y be two points in Y and let A, and A, be their corresponding maximal
nowhere dense subcontinua. Let U be an open subset of X with A, C U and for
each z € X if A,NU # () then A, C U. There exists some N € N such that for all
n > N there exists odd k < n such that that 7' (k-27") N U # (. This implies that
Ay, CU. Theset J,sn U, 7, (k-27") is dense in Y and lies in U, which implies
that A, is in the closurg of U. From this we can conclude that the quotient space L
defined in Definition 9.2.13 is not Hausdorff, as every open subset of L containing A,

will contain A, in its closure. Hence L is not a continuum.

Although the quotient space L is not necessarily a continuum the cases where it
is a continuum will give us a useful insight into the structure of X. We will next
present a number of results concerning FMND continua for which the quotient space

L is a continuum.

Example 9.2.15. The following space is an example of an FMND continuum and
the corresponding map w. Highlighted in bold is the only non-degenerate maximal
nowhere dense subcontinuum. The map 7 takes this subcontinuum to a point and

maps X onto a simple closed curve.

The continuum X is not in any way irreducible so this map could not be produced

by any of the theorems from Chapters 2, 4 and 8.
Theorem 9.2.16. Let X be an FMND continuum and L be as in Definition 9.2.13

with L a continuum. Then L is a Peano continuum.

Proof. From Proposition 9.2.6 we have that X is locally connected about each fibre
of m. By applying Proposition 2.5.1 we in turn have that L is locally connected about

each of its points, so is a locally connected continuum. O

180



The following lemma will show that an FMND continuum is not just locally con-
nected about each maximal nowhere dense subcontinuum, but that the corresponding
connected open set can be chosen to be a union of A,’s and to be continuumwise con-

nected.

Lemma 9.2.17. Let X be a continuum and let C be a partition of X into subcontinua
with X locally connected about each C' € C and the corresponding quotient space a
continuum. Let U be an open subset of X. Suppose there exists C € C such that
C C U. Then there exists an open subset V with C" C V C U such that V s

continuumuwise connected.

Proof. Define Y = X/c,m : X — Y as the quotient space and quotient map respec-
tively. Define U’ := |J{C € C|C C U}. We know that Y is locally connected as X is
locally connected about each fibre of 7 (Proposition 2.5.1). We will first show that U’
is open. Since U’ = 7! (W(U/)) we know that U’ is open if and only if 7(U’) is open.
If this were not the case there would exist a sequence of points y, € Y such that for
all n,y, ¢ m(U’) but that y, — y for some y € 7(U’). Let C,, € C be the inverse
image of y,, under 7. Since each y,, is not in m(U’) we know that each C,, € U, so take
x, € C, \U. Then {z,} is a sequence in a compact space X, so it has a subsequence
which converges to some z. Since 7 is continuous it must be that y, — m(x) so
n(z) =y. But y € 7(U’) so x € m'(y) C U. This gives us a contradiction as x lies
in the open set U, but the convergent subsequence of x,, does not ever intersect this
open set. Thus it must be that 7(U’) is open, and by extension U’ is open.

Now take V' to be the component of C' in U’. Since the map 7 is monotone, the
components of 7(U’) are the images of the components of U’, and the components of
U’ are the inverse images of the components of 7(U’). As w(U’) is an open subset of
Y, and as Y is locally connected, the components of m(U’) are also open (Theorem
9.1.16). This gives us that V' is an open set with open image in Y. Take two points
p,q € V. Then by applying Theorem 9.1.5 we have that there is an arc I C 7(V)
containing 7(p) and 7(g). Let K = 7~ (I). Since 7 is monotone K is a continuum,
and we know p,q € K C V. Thus V is continuumwise connected. It is also open and
from the construction it is clear that C' C V C U. O

Corollary 9.2.18. The statement of the above lemma holds for an FMND continuum
X with the collection of maximal, empty interior subcontinua as the partition if said

partition s Hausdorff.
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Proposition 9.2.19. Let X be an FMND continuum and suppose L is a continuum.
Let U C X be a connected open set with the property that for each x € U, we have

that A, CU. Then U is continuumuwise connected.

Proof. We know that 7=! (7 (U)) = U so (U) is an open subset of L. By applying
Theorem 9.1.5 to this open, connected subset we have that 7(U) is arcwise connected.
Then inverse image under 7 of any such arc will be a continuum contained in U, so

U is continuumwise connected. O

Corollary 9.2.20. Let X be an FMND continuum and suppose L is a continuum.
Let x be a point of X. Then each component of X \ A, is open and continuumuwise

connected.

Proof. Each component of X \ A, is connected and for any y in such a component
A, must also lie in that component. Each component is therefore the inverse image
of a component of L\ 7(x), and as L is locally connected these components are open
by Theorem 9.1.16. Now apply Proposition 9.2.19. O

We shall next prove that, as in Chapters 2, 4 and 8, the continuum L is one
dimensional. In fact there is a stronger result, as seen in the following lemma, but

for our purposes we are more interested in its application to FMND continua.

Lemma 9.2.21. Let f : Y — Z be a continuous surjection between compact metric
spaces such that for every non-degenerate subcontinuum Z' C Z we have that f~*(Z')

has non-empty interior. Then dim(Z) < 1.

Proof. Let z € Z and let U C Z be an open set containing z. Let d be a metric on
Z and B(x,r) the open ball of radius  about x under this metric. Let € > 0 be such
that B(z,e) C U. Suppose for contradiction that for each 6 € (0,€) we have that
0B(z,6) is not zero dimensional. Since 0B(z,0) is a compact metric space we can
apply Theorem 9.1.17 to see that it cannot be totally disconnected, so there must be
a non-degenerate subcontinuum Cs C 0B(z, ).

Now for all 2 € Cs we have that d(z,z') = 6, so for § # ¢’ it follows that
Cs N Cy = (. Consequently {f~1(C5)[d € (0,€)} is a disjoint collection of subsets of
Y. For each § we have that f~'(Cjs) has non-empty interior. These interiors form an
uncountable set of pairwise disjoint open subsets of Y. However, Y is compact and
metric so it is second countable by Theorem 9.1.11 and Corollary 9.1.12. This means

that no such collection of open sets can exist, as each must contain a basic open set.
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This contradiction gives us that there exists some 0 such that 0B(z,J) is zero
dimensional, which in turn implies that dim(z) < 1. As z was an arbitrary point of
Z it follows that dim(Z) < 1. O

Theorem 9.2.22. If X is an FMND continuum and L is as in Definition 9.2.13 with

L a continuum then dim(L) = 1.

Proof. To prove that X satisfies the conditions of Lemma 9.2.21 we only need to show
that the inverse image of a non-degenerate subcontinuum of L has non-empty interior.
If L' C L is such a continuum and X’ = 7~!(L’) then it is clear that X’ does not lie
in any of the fibres of 7, which are precisely the maximal nowhere dense subcontinua
of X. Thus X’ has non-empty interior, so by Lemma 9.2.21, dim(L) < 1. Since L is

a non-degenerate continuum it cannot be zero dimensional, so dim(L) = 1. O

Proposition 9.2.23. If X s FMND and L is as in Definition 9.2.13 with L a

continuum then L is hereditarily decomposable.

Proof. Suppose for contradiction that an indecomposable subcontinuum C' C L ex-
ists. There are uncountably many composants of C' and by Theorem 9.1.6 they are
pairwise disjoint. They are all dense, so none of them are singletons. Thus there
are uncountably many disjoint, non-degenerate subcontinua of C'. We can repeat the
same argument as in Lemma 9.2.21, that the inverse images of these continua give rise
to an uncountable collection of disjoint open subsets and that this is a contradiction

in a second countable space. O

It would seem reasonable to suppose that L has no non-degenerate nowhere dense
subcontinua. The map 7 : X +— L after all has taken each such subcontinuum of
X and shrunk it to a point. This is not the case however, as the following example

shows.

Example 9.2.24. Let Y be the continuum constructed in Example 2.5.8, and con-
sider 7y : Y +— I the universal monotone map onto the unit interval from Theorem
2.4.11. For each point k/2" there is a vertical line in Y mapped to k/2". Define X
by attaching a line of length 1/2 to an end point of the vertical line of Y mapped to
1/2, lines of length 1/4 to end points of vertical lines mapping to 1/4 and 3/4, and
so on. Choose the end points to either all be at the "bottom” of ”Y” or all be at the
"top”. Then X is FMND and the non-trivial maximal nowhere dense subcontinua

are precisely those of Y. If m, : X — L is the map induced from X being FMND

183



then L is the continuum below. Clearly the horizontal line, which is the image of Y,

has empty interior in L.

RRRNRNRNNNNEEE

These leads to the question of whether or not L is FMND. While there is not yet

a proof or counterexample for this, we do have the following proposition.

Proposition 9.2.25. Let X be an FMND continuum and suppose that L is also an
FMND continuum. Let 7, : L — L' be monotone map corresponding to Definition
9.2.18 with L' also a continuum. Then there are no non-degenerate subcontinua of L'

with empty interiors.

Proof. Let C' C L' be a non-degenerate subcontinuum. C'is an uncountable subset of
L' so 7;'(C) is the union of uncountably many maximal nowhere dense subcontinua.
We have shown in the proof of Lemma 9.2.21 that there are at most countably many
non-degenerate maximal nowhere dense subcontinua of L. Let U be the interior of
7. 1(C), we know U is non-empty as C' is not a singleton. Now by Theorem 9.1.10
we have that the union of the non-degenerate fibres of 7y in C' has empty interior,
so U must contain a point [ which is a fibre of 7. By Lemma 9.2.17 there exists
a non-empty open subset V' C U with V consisting of whole fibres of 7. Thus
7. (7 (V)) = V so m,(V) is an open subset of L'. Further (V) C C, so C has

non-empty interior. O

It would be useful to know the circumstances under which a continuum is FMND.
We have already seen that an FMND continuum must be almost hereditarily decom-
posable but that this is not enough to guarantee being FMND (Proposition 9.2.9 and
Remark 9.2.10). The following example shows that being hereditarily decomposable

is not enough to ensure that a continuum is FMND.
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Example 9.2.26. Let X be the Cantor fan, which is the cone over the Cantor set
C. Any subcontinuum of X will either be contained in an arc, so will be an arc
itself, or will be homeomorphic to a cone over some subset of C. Either way such a
subcontinuum will be decomposable, so X is hereditarily decomposable. Let z € X
be the base point of the cone, and let {z.|c € C'} be the set of end points of arcs in
X. As C has no isolated points each arc from = to x. is nowhere dense in X. If X
were FMND then each of these arcs would have to lie in A,. However, their union is

the whole of X, and X clearly does not have an empty interior as a subset of itself.
Thus no such A, exists and X is not FMND.

It is worth noting that the continuum X in Example 9.2.26 is one dimensional.
From Theorem 9.2.22 we know there is a link between FMND continua and one
dimensional continua, but as we saw in the example X is hereditarily decomposable
and one dimensional but is not FMND.

We will now look at a few results concerning FMND continua arising as subcon-

tinua or images of FMND continua.

Proposition 9.2.27. Let X be an FMND continuum and U C X an open connected
subset of X. Then U is an FMND continuum.

Proof. For each z € U define

B, = U{C C Ulx € C a subcontinuum, intz(C) = 0}

If we can show that B_IU has empty interior then this will prove that U is FMND.
Note that A, = (J{C C X|z € C a subcontinuum ,intx(C) = 0} = A,. If C is
a subcontinuum which is part of the union defining B, then intx(C) = 0, else the
intersection of this interior with U would give int7(C') # 0. Thus B, C A,, and
indeed B_xU CA, Let V= intU(EU) and suppose V' is not empty. Then VN U # ()
as V is open in U, and V NU is an X-open set contained in EU and therefore in A, .

This cannot be the case, so it must be that V = (), which completes the proof. O

Corollary 9.2.28. Let B, be the maximal nowhere dense subcontinuum containing

x in U. Then B, is the component of A, NU containing .

Proof. Let C be the component of z in A, N U. We have shown in the proof of
Proposition 9.2.27 that B, C A, and since B, is connected it must lie in C. Since
C C A, it must have empty interior in X, and we saw in the proof of Proposition
9.2.27 that this implies C' has empty interior in U. Thus C' C B, as € C. Hence
C =B,. m
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Proposition 9.2.29. Let X be an FMND continuum with L Hausdorff and let' Y be
a subcontinuum of X such that there are at most countably many x with A, NY # ()
and A, €Y. Then Xy is an FMND continuum.

Proof. Let p : X — X/y be the usual monotone map. We will prove the proposition by
considering B, = |J{C C X/v|y € C,int(C) = 0}. If y = p(z) then first consider the
case A, NY = () and note that p x\v is a homeomorphism. Given any subcontinuum
C C A, with empty interior in X it is clear that p(C) has empty interior in X/y,
so p(A;) € B,. Conversely, let D be a subcontinuum of X/y with empty interior
containing y. If p~'(D) does not have an empty interior then it must contain Y, so
p(Y) € D. Take disjoint open subsets U and V' of D containing p(A,) and p(Y)
respectively and consider the component K of U containing p(A,). By Theorem
9.1.3 we have that K # p(A;). Now K lies in D so it has an empty interior in
X/y, but p~*(K) properly contains A, so does not have empty interior in X. This
is a contradiction as p is a homeomorphism on X \ Y, which contains p~'(K). Thus
we have that p~!(D) has empty interior so lies in A,. We have therefore shown that
B, = p(A;), implying that each y satisfying A,-1,)NY = ( lies in a maximal nowhere
dense subcontinuum of X/y.

Now consider B,yy. Suppose for some z € X, A,NY # (). Take any subcontinuum
C C A, containing x. Then

intx(C) =0 therefore inty(C'\Y)=
therefore intx, (p(C) \ {p(Y)}) =0
therefore  intx, (p(C)) =0

This gives us that p(C) C B,y so p(Az) € Byy). As the B,’s partition X/v it is clear
that Byy) = Uy, myz P(Az) = p(Ua,ny0(Az)). This is equal to p(ﬂ'_l(ﬂ'(Y))) S0
it must be compact as L is Hausdorff. To show it has empty interior, let U C By,
be an open subset of X/y. For each maximal nowhere dense subcontinuum of X
which intersects Y but is not contained in Y take a point z,,, so we have a countable,
possibly finite, set of points x, with A, NY # 0 and A,, € Y. The set U \ p(Y) is
an open subset of X/y. If U is non-empty then so is U \ p(Y') as p(Y) is a singleton,
so U ¢ p(Y). Then p='(U \ p(Y)) is an open set contained in |JI, A,,, which by
the Theorem 9.1.10 has empty interior. Thus U = ().

We have shown that each B, is compact and nowhere dense, so X/y is FMND. [

It is not the case that given any FMND continuum X and any monotone map

p: X — Y that Y is an FMND continuum as the following example shows. In
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this example the map is similar to in Proposition 9.2.29, but the subcontinuum in

question intersects uncountably many sets A, without containing them.

Example 9.2.30. Consider the continuum X constructed in a similar way to Exam-
ple 2.5.8, but with two copies one on top of the other. Take as the continuum K; as
below and let K be the intersection of all of them. Let X be the image of K where

each horizontal line is reduced to a point.

K, Ky e

Let X; correspond to the upper copy of the continuum from Example 2.5.8 and let
X, correspond to the lower one. X is FMND as both X; and X5 are and a maximal
subcontinuum of one can only intersect the corresponding subcontinuum in the other,
so this union forms the maximal nowhere dense subcontinuum in X. Let p: X — Y
be a monotone map whose only non-degenerate fibre is X;. We will show that Y is
not FMND. Let y € Y be the point with y = p(X;) and consider what A, would need
to include. For each end point of the Cantor set the corresponding vertical line in X5
intersects X, so the image of this line under p contains y. Thus each such vertical
line must lie in A, as each has empty interior. These lines form a dense subset of
Xs, so form a dense subset of Y. As A, is closed it would follow that A, =Y. This
clearly contradicts that A, ought to have empty interior, so no such A, can exist and
Y is not FMND.

The equivalence relations defined in Chapters 2 and 4 lead to monotone maps
which were universal to the corresponding set of continua (Theorems 2.4.15 and
4.3.19). While it is possible for the map 7 defined in Definition 9.2.13 to be uni-
versal, and indeed has been in a number of example so far, this is not always the

case.

Proposition 9.2.31. Let X be an FMND continuum. Suppose there exists v € X
such that A, can be expressed as the disjoint union of proper subcontinua, with X
locally connected at each such subcontinuum. Let C be this collection of subcontinua
and suppose the partition {Ayly ¢ A,} UC is Hausdorff. Then mx : X +— Lx is not

universal amongst monotone maps to locally connected continua.
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Proof. As the partition {A,ly ¢ A,} UC of X is Hausdorff it defines a quotient
map p : X — Y to a continuum by Lemma 9.1.1. This map is monotone and X is
locally connected about each fibre of p, so Proposition 2.5.1 gives us that Y is locally
connected. However, this map cannot factor through 7y : X — Ly because A, € Lx
would need to be mapped to more than one point, namely each p(C') for C € C. Thus

mx : X — Lx is not universal. L]
An example of such a continuum is below.

Example 9.2.32. Let X be the below continuum and let A be the horizontal line.

RRRNRNRNNNNEEE

A is the only non-degenerate maximal nowhere dense subcontinuum of X. How-
ever, X is locally connected so each singleton is a sucontinuum of X about which X is
locally connected. Thus A can be expressed as the union of these singletons, satisfy-
ing the criteria of Proposition 9.2.31. In this case he map witnessing that 7 : X +— L

is not universal is the identity map on X.

9.3 Minimal Locally Connected

Another property of the equivalence classes of Definition 2.4.1 and Definition 4.3.6 is
that they are minimal subcontinua about which X is locally connected, and they are
unique in this regard. This is also frequently the case for Definition 8.3.2, although
as Example 8.3.14 shows there are some counterexamples. We shall investigate such
minimal subcontinua, as well as their interactions with the subcontinua of the previous

section.

Theorem 9.3.1. Let X be a continuum. Given any point x € X there exists a sub-
continuum C' such that x € C', X is locally connected at C' and for each subcontinuum
D C C with x € D, we have that X is not locally connected about D.
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Proof. Let x be a point of X and let C(x) be the set of subcontinua C' of X containing x
such that X is locally connected about C, and let C(x) be ordered by reverse inclusion.
Since X is locally connected about itself, we have that X € C(x) and that C(z) is
non-empty. Let v be a limit ordinal and for each a@ < 7 let C,, € C(x), so that these
continua form a chain in C(z). Let C, = () ,c, Co. This will be a continuum by
Theorem 9.1.14 and if C,, C U for some open set U then by Proposition 9.1.9 there
exists some « such that C,, C U. By local connectedness of X at C, there exists
connected open V such that C;, C C, €V C U. Thus X is locally connected at C,
and C, € C(x). This gives us that every chain in C(x) has an upper bound. We can
therefore apply Lemma 9.1.7 to see that C(x) contains a maximal element, which will

therefore satisfy the conditions of this theorem. O]

Example 9.3.2. The subcontinuum defined in Theorem 9.3.1 is not necessarily
unique. Let A and B be two copies of the sin% continuum. Pair off the local max-
ima and minima of the sin curve as well as the end points of the non-degenerate
E-continua and take a quotient of this relation to be the space X. Then X is locally
connected at the images of the two E-continua, both of which are minimal with this

property. Thus either of the points in their intersection prove this proposition.

Remark 9.3.3. The space above is hereditarily decomposable and the minimal con-
tinua have empty interior, so it does not seem likely that adding extra conditions
to X or C will guarantee uniqueness. It also proves that the maximal subcontinua
with empty interior defined in Section 9.2 are not necessarily minimal subcontinua at

which X is locally connected.

Remark 9.3.4. It is reasonable to ask whether for each maximal nowhere dense
subcontinuum A, there exists some y € A, such that A, is the union of each minimal
subcontinuum of X containing y about which X is locally connected. However, if
the continuum in Example 9.3.2 were constructed with three sin(%) continua not two

then it would witness that this is not the case.
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As mentioned above, these minimal subcontinua are of interest because of the role
they play in irreducible continua. In an irreducible, almost hereditarily decomposable
continuum X each point z has a unique minimal subcontinuum containing X about
which X is locally connected, as we saw in Proposition 2.5.6. We shall consider other

continua with this property.

Lemma 9.3.5. Let X be a continuum, v € X and K C X a subcontinuum. Suppose
X is locally connected about K and x € K. Then there exists a subcontinuum C' with
x € C C K such that C satisfies the properties of Theorem 9.3.1.

Proof. The proof is almost identical to that of Theorem 9.3.1. We simply redefine
C(x) to be the collection of subcontinua of K containing = about which X is locally
connected, and note that K € C(x) so C(x) is not empty. The rest of the proof
proceeds identically. O

Corollary 9.3.6. Let X be an FMND continuum, and let © € X. Let A, be the
maximal nowhere dense subcontinuum of X containing x. Then there exists a sub-
continuum C of X with x € C C A, with C satisfying the properties of Theorem
9.3.1

Proof. This is a straightforward application of Proposition 9.2.6 and Lemma 9.3.5. [J

Proposition 9.3.7. Let X be a continuum and suppose for each x € X there is a
unique subcontinuum M, satisfying the conditions of Theorem 9.53.1. For all x € X
and ally € M,, M, C M,.

Proof. By applying Lemma 9.3.5 we have that there exists a subcontinuum C' of M,
satisfying the properties of the theorem and containing y. Since M, is unique it must
be that M, = C and consequently M, C M,. O

It will often be the case that if y € M, then M, is not just a subset of M, but
these two continua are in fact equal. The next example shows that this is not always

true.

Example 9.3.8. Let X be the continuum shown, with points x and y labelled.
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Let S1,5,,... be the sin% continua which make up X, with S; the top one con-
taining x. For the point x, the continuum M, consists of the whole of the vertical
line on the right. This is because M, must contain the non-degenerate E-continuum
of S; as this contains x. This intersects the corresponding E-continuum of Sy, so M,
must contain that, and the same is true of each of the S,. It must therefore contain
y, as M, is closed.

Now let U be an open set containing y. There exists N € N such that for all
n > N we have S, C U. Let z be the top point of the non-degenerate E-continuum
of Sy, so {z} = Sy_1 N Sy. Take a subset V = (U~ Sn) \ {z}. It is clear that
V =X\ Ufj:_ll Sk, so V is open. It is also clear that y € V C U. Finally as
Proposition 2.2.4 implies z is not a cut point of Sy we have that V' is connected by
applying Theorem 9.1.13 to the sets T,, = S, U ... Sy41 U Sy \ {z}.

From this we have shown that X is locally connected at y, so the only subcontin-
uum M, is {y}. This is despite the fact that y € M,.

For an example of a continuum with M, N M, # () but with neither contained in
the other, consider two copies X; and X5 of the continuum X above and take as Y
the union of these two continua, intersecting at the points y; and y» corresponding
to y. If x; € X; corresponds to = then we have that M,, N M,, = {y1} = {y2}.

The following two examples show that there can be infinite ascending chains M,, C
M,, C ... and infinite descending chains M,, 2 M,, 2 ... of minimal subcontinua

=

about which X is locally connected.

Example 9.3.9. In this example we will construct a continuum X with an infinite,
strictly ascending chain of subcontinua M,, C M,, C ... satsifying the conditions
of Theorem 9.3.1. The continuum X will consist of a nested union of continua, each
similar to the continuum in Example 9.3.8. The highest sin% continuum in one will
act as the vertical line in the next, with infinitely many Sin% continua limiting onto

it. Let X; be the continuum from Example 9.3.8 and let S} be the various sin 1
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continua in X;. Let X, C I? x [0,1/2] be X; with infinitely many sin < continua

limiting onto S}, each refered to as S7. Keep defining X,, in this fashion with X,, C
2 x [0,1/2] x -+ x [0,1/2"71]. Let the vertical line in X; be denoted L.

—=

Now let z € S?"\ X,_; and consider M,. There is some m such that z € S™"

so the non-degenerate E-continuum of S™*! must lie in M,. This will intersect S

and St so their non-degenerate E-continua must also lie in M,. Repeating this
we have that the whole of S C M,. This means that S}~! intersects M,, so the
same argument gives us that S?~' C M,. Continuing this process gives us that
Stu---uUSP C M, and M, also contains L. Let this subcontinuum be denoted
K:=SU---USUL.

Let U be an open subset of X with K C U. There exists a value of M > 1 such
that for each m > M we have that S C U. Let U’ = (U\(S{U- - -USIT) )N X0
Then U’ is an open subset of X as U\ (S{T?U---US%2) lies in the interior of X, .
The component of U’ containing K will be the union over k& < n+1 of the components
of U'N SF containing the non-degenerate E-continuum of SF, so this component will
be an open set. Thus X is locally connected about K which means K = M,. We
have shown that for each point x € ST we have that M, = S{ U---U S} U L. Thus if

we take a sequence of points z,, with each lying in S} then M,, C M,, C ....

=

Example 9.3.10. We wil now construct a continuum X by taking the union of

infinitely many copies of the continuum from Example 9.3.8 arranged in a line.




Let L be the horizontal line containing the points xq, xs, ... and x and let [z,,, 2]

be the subarc of L between z,, and x,,. Let y be a point of [z,_1,x,] and consider
1

containing y, which will intersect the adjacent E-continua and therefore contain these.

M,,. This subcontinuum will have to contain the E-continuum of the sin = continuum
Repeating this gives us that M, contains the whole of [x,,_1, z,|. The same argument
can then be applies to [z, Z,41], and by a simple induction we have that M, contains
[z,_1,x]. The continuum X is locally connected about this subset of L, so it is
equal to M,. From this we can conclude that M,, 2> M,, 2 M,, 2D ... is a strictly

descending chain of subcontinua.

As we did with FMND continua, we can use the minimal subcontinua from Theo-
rem 9.3.1 to define monotone maps onto locally connected continua. This will not be
as simple as for FMND continua however, as the minimal subcontinua about which
X is locally connected do not form a partition of X, are not always unique and can

intersect each other both with and without being contained in each other.

Proposition 9.3.11. Let X be a continuum such that for each point x in X there
s a unique subcontinuum M, satisfying the conditions of Theorem 9.3.1. Let L be a
locally connected continuum and let p : X — L be a monotone map. Then for all x

the 1tmage of M, under p is a singleton.

Proof. Let x be a point of X and let y = p(z). We need to show that p(M,) = v.
However, by Proposition 2.5.1 we have that X is locally connected about p~!(y) and
by applying Lemma 9.3.5 we have that there exists a subcontinuum K of X with
r € K C p~Y(y) such that X is locally connected about K and K is a minimal
subcontinuum with this property. Since M, is unique we have that K = M, and

therefore M, C p~'(y). Thus p(M,) = y, which completes our proof. O

Proposition 9.3.12. Let X be a continuum and suppose for each x € X there is a
unique subcontinuum M, satisfying the conditions of Theorem 9.53.1. Suppose further
that there exists a set P C X such that P = {M,|x € P} is a partition of X with the
corresponding quotient space Hausdorff. This partition defines a monotone map from
X onto a locally connected continuum, and this map is universal amongst monotone

maps to locally connected continua.

Proof. Define a quotient map o : X — L where the fibres of ¢ are the continua M,
with x € P. This is monotone and X is locally connected at each M, so the image L

is locally connected by Proposition 2.5.1. We will show that this map is universal.
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Let p: X — Y be a monotone map onto a locally connected continuum Y. By
applying Proposition 9.3.11 we have that p(M,) = y so we can defineamap f : L — Y
by f(I) = p(o7*(1)). It is clear from the construction that f oo = p. To show that f
is continuous take an open set U C Y. Then f~H(U) = o(p~*(U)). Call V = p~(U),
then V is an open set consisting of whole fibres of o. Thus ¢~!(o(V)) = V which
means that o(V') is open under the quotient topology. Thus f is a continuous function

which proves that ¢ : X + L is universal. O

Corollary 9.3.13. Let X be an FMND continuum and suppose for each x € X
there exists a unique minimal subcontinuum M, containing x such that X is locally
connected at M,, and suppose A, = M,. Then the map defined in Definition 9.2.13
18 universal amongst monotone maps to locally connected continua provided that L

itself is a continuum.

Proof. We have from Proposition 9.2.5 that the subcontinua A, form a partition of
X. Thus the whole set X will fulfil the requirements of P in Proposition 9.3.12 so

the corresponding map 7 : X +— L is universal. O

Remark 9.3.14. The map in Corollary 9.3.13 will not necessarily be universal if
each M, is merely a subcontinuum of A, instead of being equal to it as the following

example shows.

Example 9.3.15. Define X C [0,1]* as [0, 1] x {0} UU,,c., Up, oaafk/2"} x [0,1/27].

RRRNRNRNNNNEEE

This continuum is locally connected, so for each point x there exists a unique
M, = {x}. However, the line [0, 1] x {0} is a subcontinuum. It has empty interior as
the vertical lines clearly limit on to every point (k/2",0), which forms a dense subset
of [0,1] x {0}, meaning the vertical lines contain the whole of the horizontal line in
their closure. Thus for any = on the horizontal line M, = {z} but 4, = [0,1] x {0}.
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The monotone map 7 as described in Corollary 9.3.13 will have the horizontal line
as its only non-degenerate fibre. The image of this map will be homeomorphic to the

fan

The identity map ¢d : X — X cannot factor through 7, so 7 is not universal.

This chapter started by considering the equivalence classes of the equivalence rela-
tions defined in Chapters 2, 4 and 8 and asking which properties of these subcontinua
led to Theorems 2.4.11, 4.3.17 and 8.3.12. We introduced two properties, the first
having a full set of maximal nowhere dense subcontinua and the second having unique
minimal subcontinua about which X is locally connected. If a continuum is FMND
then we immediately know a great deal about its structure as a result of Theorem
9.2.22, but we have nothing to say about universality. In contrast the second prop-
erty leads to a number of universality properties but very little can be said about
structure. It would certainly not be possible to place limits on the dimension of a
monotone image, as for each n € N we have that [0, 1]™ is a continuum with unique
minimal subcontinua, namely the singletons. We will end this chapter with a theo-
rem and two corollaries which tie together the FMND property, universal maps and

dimensions.

Theorem 9.3.16. Let X be a continuum and let mx : X — Lx be a monotone
surjection onto a locally connected continuum. Suppose Tx is universal amongst such
maps. Let p: X — Y be a monotone surjection onto a continuum Y. Then Y has a

universal monotone map onto a locally connected continuum my Y — Ly.

Proof. Define F = {p(nx'(1))|l € Lx} to be the images of the fibres of 7y under p.
Using F define an equivalence relation ~ on Y by taking the transitive and sequential
closures of the sets in F. This means that if there exist y, € Y with y ~ y, for all n,
Un — Yoo then y ~ y.

We will first show that each equivalence class is a continuum. Let y € Y and let y.

denote the equivalence class under ~. Let A; = 73! <7TX (pfl(y))> and let By = p(A;).
For all ordinals « define A,;1 = 7" (ﬂ'X (p_l(Ba))) and let Byy1 = p(Aqyq1). For
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a limit ordinal v define B, = m A, does not need definning in this case.
Each B, is a continuum and is a subset of y. as y. is sequentially and transitively
closed. Each subcontinuum of Y is also a closed subset of Y so there are at most 2/¥!
subcontinua. Thus the transfinite sequence B, must terminate at some point. Such
a termination can only occur when B, = y. for some «, which proves that y. is a
continuum.

We now define Ly = Y/~ and 7wy to be the quotient map. Ly is locally connected
as Y is locally connected about each equivalence class of ~ (Proposition 2.5.1). We
know this because their inverse image under p is connected and consists of unions of
fibres of mx, so X is locally connected about them. Let f : Lx — Ly be induced
from 7y o p by universality of 7x.

Let M be a locally connected continuum and let o : Y — M be monotone. Let
g : Lx — M be induced from oo p by universality of wx. Consider {o~(m)|m € M}.
This is a partition of Y into continua. Furthermore, we have that gomx = gop, so each
p(mx' (1)) must lie in some o~ (m). This means that the partition {o~!(m)|m € M} is
refined by {y-|y € Y} i.e. for each y € Y there exists m € M such that y. C o' (m).
This is another way of saying that ¢ preserves the equivalence classes of ~. Now recall
that fomy = my o p. Given any I’ € Ly we have that

g(f1 (1)) = U  gomx(e) = U  oop@)= |J oW

z€p~1(y),yeny () z€p~1(y)yeny () yery (1)
We have shown above that for all y € m;'(I') the image o(y) will be the same, so
g(ffl(l’)) is a singleton.

Because of this we can define h : Ly — M by h(l') = g(f~*(’)). From the
construction we have that homy = o, so all that is left is to show that h is continuous.
Let U C M be an open set. Then h'(U) = 7y (67'(U)). Let V = o71(U), we
know V' is open. It only contains whole equivalence classes of ~ so we know that
Ty (my(V)) = V. This gives us that h='(U) = 7y (V) is open under the quotient

topology, and thus A is continuous. O

Corollary 9.3.17. Let X,Y be as in Theorem 9.3.16 with monotone maps wx, Ty

onto Lx and Ly. Then Ly is a monotone image of Lx.

Proof. 1t is clear from the construction in the previous theorem that f : L — L’ is

monotone. O

Corollary 9.3.18. Let X,Y be as in Theorem 9.53.16 with monotone maps wx, Ty
onto Lx and Ly. If X is FMND with wx the map from Definnition 9.2.13 then

dim(Ly) =1 or Ly is a singleton.
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Proof. The map fowy : X — L’ satisfies the conditions of Lemma 9.2.21. Since

L' is a continuum it can only be zero dimensional if L’ is a singleton, otherwise

dim(L) = 1. O

197



Chapter 10

Open Questions

Finite Irreducibility

Question. In Sections 3.4 and 3.5 we saw a number of theorems which required each
subset A(p;) to be compact. Counterexamples with non-compact sets A(p;) were often
similar to the continuum in Example 3.4.6. This continuum contains points p1, p2, p3
and p4 such that X = irr(py, pa, ps3, p4), which implies that for each 1 < i < 4 there
exists a proper subcontinuum of X containing each point except p;. However, every
subcontinuum Y C X containing p; and p3 must also contain one of ps or ps. Suppose
the definition of n-irreducibility were changed to require that for each proper subset
P C {p1,...,pn} there exists a subcontinuum Y of X such that Y N {py,...,p,} = P.
Would the compactness assumption of these theorems still be required under this new
definition?

1

On sin = continua

Question. Are the composants of A, all homeomorphic? Are the composants other

than A* homeomorphic to each other? Is the composant of (1,1,...) unique?

Compactifications

Question. Can a similar list of conditions be found such that any space X satisfying
each condition will have a compactification vX which is oo-irreducible and whose
remainder consists of the irreducible points of X7 In the introduction of Chapter 7
we have seen that X will not be locally compact as if X = irr(A) then A is not a

closed set.
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Maximal and Minimal Subontinua

Question. Are there properties of continua, other than irreducibility, such that any
continuum with these properties must also be FMND? Similarly, are there properties
of a continuum X which guarantee that each point x € X lies in a unique minimal

subcontinuum of X about which X is locally connected?

Question. If X is a FMND continuum and 7 : X — L is the corresponding quotient
map, can conditions be placed upon X to guarantee that L is Hausdorff, and therefore
a continuum? One obvious example would be if the partition {A,|x € X} is upper
semicontinuous, but are there any which relate more directly to the structure or

properties of X7

Question. If X is a FMND continuum and 7 : X — L is the corresponding quotient
map, if L is Hausdorff is L an FMND continuum?

Question. Suppose X is an FMND continuum such that for each point x € X there
is a unique minimal subcontinuum x € M, C X with X locally connected about M,.

Under what circumstances do we have that A, = M,?
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