


Abstract

The construction of a non-separable reflexive Banach space on which every operator is the
sum of a scalar multiple of the identity operator and an operator of separable range is
presented.

Using a result of Rao, a sufficient condition is given for Banach spaces with smooth norms to
be decomposable.

It is shown that operators on Banach spaces of co-dimension one in their biduals are the sum
of a scalar multiple of the identity operator and a weakly compact operator. The Banach
spaces of bounded operators L(1', 1?) (1<p<co) and L(1%,17), 1 <p<r< p' < o, where 1/p +
1/p' = 1, are shown to be primary.

The spaces of bounded diagonal operators and compact diagonal operators on a semi-
normalized Schauder basis B, the multiplier algebras Ly(X, B) and Ku(X, B), are introduced and
studied. New examples of these multiplier algebras are presented and a theorem of Sersour is
extended. A necessary and sufficient condition is given for ¢, to embed in Ky(X, B). A
sufficient condition is given on a semi-normalized Schauder basis B of a reflexive hereditarily
indecomposable Banach space Y to ensure that Ky(Y, B) has the RNP. It is shown that the
algebra Ly(X, B) is semisimple and that on the algebra Ky(X, ) derivations are automatically
continuous.

By representing diagonal operators as stochastic processes a general method of constructing
multiplier algebras is given. A non trivial multiplier invariance for the normalized Haar basis of
L'[0,1] is proved.
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Introduction

This thesis is concerned with the problem of whether there exists an infinite dimensional
Banach space X on which every operator T : X — X is the sum of a scalar multiple of
the identity and a compact operator.

There are two reasons for asking this question. The first is that on such a Banach space
every operator would have pleasant spectral properties. The second reason, and the more
important one from the point of view of this thesis, is that there is a sense in which such
a Banach space would have “few” operators.

It follows from the axiom of choice, by means of the Hahn-Banach theorem, that any infi-
nite dimensional Banach space is well endowed with linear functionals. As a consequence
it is always possible to construct finite rank operators on an infinite dimensional Banach
space.

If one considers the closure of the space of finite rank operators on a Banach space X in
the operator norm topology, the resulting space is determined entirely by the linear and
topological properties of the Banach space X. For instance, if the Banach space X has a
Schauder basis, then the closure of the space of finite rank operators in the operator norm
topology coincides with the space of compact operators on X. In this case the Banach
space X has few operators if every operator on X is o f the form Al + K, where A is a
scalar, I is the identity operator and K is a compact operator.

Recently Barnes [1] has shown that any Banach algebra of bounded operators on a Ba-
nach space X which contains the finite rank operators must contain the ideal of nuclear
operators with continuous inclusion. Therefore a more extreme few operators question is
whether there exists an infinite dimensional Banach space on which every operator is the
sum of a scalar multiple of the identity and a nuclear operator. By Barnes’ result such a
Banach space would have as few operators as the axioms of set theory al low a Banach
space to possess.

Other few operators questions may be asked. Is there a non separable Banach space X
on which every operator is the sum of a scalar multiple of the identity and an operator
of separable range? Is there a non reflexive Banach space on which every operator is
the sum of a scalar multiple of the identity and a weakly compact operator? Is there a
Banach space on which every operator is the sum of a scalar multiple of the identity and
a strictly singular operator?

Thus it is natural to search for a Banach space X where every operator is a small per-
turbation of a scalar multiple of the identity, where the notion of smallness will depend
on the properties of the Banach space X.

A more general approach to this class of problems is to consider how the linear and
topological properties of Banach spaces X and Y determine the linear and topological
properties of the space of bounded operators between X and Y, L(X,Y). The few
operators questions which arise in this setting include the following. Is there a pair
a Banach spaces X and Y such that every bounded, linear operator from X to Y is
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compact and every bounded, linear operator from Y to X is compact? Is th ere a pair
of Banach spaces X and Y such that every operator from X to Y is nuclear and every
bounded operator from Y to X is nuclear?

A very important class of operators in the space of bounded operators on a Banach space
X is the idempotents or projections, i.e. the operators P : X — X such that P? = P,
In [2] it was shown that Hilbert spaces are characterized among the Banach spaces by
having the property that every closed subspace is the range of a bounded projection. The
range of a projection on a Banach space X is closed and is said to be a complemented
subspace of X. Therefore Hilbert spaces are very rich in proj ections. A Banach space
X would have as few projections as possible, and is said to be indecomposable, if there -
is no projection P : X — X such that rank (P) = rank (I — P) = co.

It is also true that if Banach spaces X and Y are abundant in projections, then it is
possible to study the closed subspaces of X,Y or even L(X,Y) which are the ranges of
projections on these spaces. When the Banach spaces X and Y are rich in projections

it is the case that L(X,Y) is “large ” in some sense. For instance many complemented
subspaces of L(X,Y) may in fact be isomorphic to L(X,Y),X* or Y.

It is a result of Mazur that every infinite dimensional Banach space contains a subspace
with a Schauder basis. ([4], p.7). Therefore, for such a subspace, the space of diagonal
operators may be investigated.

For a Banach space X with a Schauder basis 8 = (e,)%2,, the space of diagonal operators
on B, L4 X, B), consists of operators T : X — X where Te, = A e, for all n for some
scalars A,. The richness of the structure of the space Ly(X, 3) depends on the properties
of the Schauder basis § and the few operators questions asked for L(X) can easily be
modified to this setting.

Banach spaces which are rich in projections include those which have unconditional
Schauder bases. (A Banach space X has unconditional Schauder basis 8 = (e,)2, if
L4(X,B) can be canonically identified with the Banach space {*°). In these spaces, any
sequence consisting of zeros or ones in Ly(X, 8) corresponds to a projection on X. For a
Banach space X with an unconditional basis it is natural to ask whether every operator
on X is of the form D + K, where D is a diagonal operator on 3 and K is a compact
operator.

An important theorem which underlies several results in this thesis is due to Ramsey [3].
The version we use in Chapter 4 can be stated as follows.

Think of the integers as ordinals so that each integer n is the set consisting of its prede-
cessors and n € m means n < m. By [n](") we mean the set of all subsets of n of size
r. By [n] we shall mean [n]("), i.e. simply n itself. A k-colouring of a set S is a map ~
of S into a set {c;,cs,...,ck} of k colours. If v is a k-colouring of L") then M C [ is
said to be monochromatic of 7 is constant on M(?). We now state a version of Ramsey’s
theorem.

Given natural numbers k,r and m there is a natural number n such that for any k-



colouring of [n](") there is a monochromatic m-subset of [n)].

The results of Chapter 1 depend on a very powerful anti-Ramsey theorem for colourings
of graphs on the first uncountable ordinal w;. In Chapter 3 results due to Gowers are
presented which rely heavily on topological Ramsey theory.

Another important result used extensively in Chapter 4 is Pelczynski’s decomposition
theorem. If a Banach space X is complemented in a Banach space Y and Y is comple-
mented in X and both X and Y are isomorphic to their Cartesian squares, X = X § X
and Y 2 Y @Y, then X is isomorphic to Y. This result enables us to study the richness
of the structure of certain spaces of bounded operators.

Chapter 2 of this thesis is a brief survey of few operator results in finite dimensional
Banach spaces and contains no original material. Similarly Chapter 3 represents a survey
of very important recent results on hereditarily indecomposable Banach spaces and with
the exception of Theorem 3.35 contains no new results. The remainder of the thesis
represents the author’s own contribution to the subject, except for Chapter 4, Theorem
4 which is due to J. Bourgain and F. Delbaen. Original results are italicised and known

results are not. The results discussed in the thesis represent recent progress on problems
which were open for many years.
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Chapter 1

A non-separable Reflexive Banach space
on which there are few operators

0. Introduction

In [1], using an axiom of set theory in addition to ZFC, the {y, condition, Shelah
constructed a non separable space on which every bounded linear operator is the sum
of a scalar multiple of the identity operator and an operator of separable range. In [2],
Shelah and Steprans obtained this result without the use of ¢y, or any other additional
set theoretic axioms.

Lindenstrauss identified the following large class of Banach spaces which are rich in pro-
jections [4], [5].

Definition 1 A Banach space has the separable complementation property if every sepa-
rable subspace is contained in a separable and complemented subspace.

Reflexive spaces [4],[5] and more generally weakly compactly generated spaces [6] are
known to have the separable complementation property. (Recall that a Banach space is
weakly compactly generated if it is the closed linear span of a weakly compact subset.)

The aim of this chapter is to observe that it is possible to modify the construction of
Shelah and Steprans [2] to give a non separable weakly compactly generated Banach
space on which every bounded linear operator is the sum of a scalar multiple of the
identity operator and an operator of separable range and then to construct a reflexive
Banach space with this few operators property.

Since these spaces have the separable complementation property there is a sense in which
they have as few operators as their linear and topological properties will allow.

1. Notation

As in [2], the integers will be thought of as ordinals so that n € m means n < m. By [X]*
and [X]<* is meant the set of all subsets of X of size A and of size less than X respectively.
By XY we mean the set of functions from Y to X. In particular R“1) is the real vector
space of all real “w;-tuples”.

If X C wy, Ix denotes the characteristic function of X.



2. The Construction of Shelah and Steprans.

Given H C [w]<“ and G C [w,]<“, define || - ||»,, on R“1) by

-

Iz llp= sup{(}_ lz(a)P")

a€H

: H e H}

Given K C [[w1)?]%”, define || - ||x,, on R“1) by

Iz llep= Sup{( Y lz(a) - w(ﬁ)l”) - K e K}

{a,8}€K

If we define || - ||n.x, on R“) by

I Z [lxcp= max{]| T {loo, | = 12,05 Il T llic.5]

and take X,(#,K) to be the completion of the space R“1), then X,(H,K) is a Banach
space under the norm || - ||% kp-

Shelah and Steprans considered the case p = 1 and chose G, H and K to satisfy

(A) Each element K of K can be written as K = {{az;,a;41} : j € n} where ag < o <
oo < Qop-t

B)If Ge€G,H € Hand K € X then
#(GNH)<1

#(GNUK) < 2.
#(HNUK) < 2.

(
(a)
(b)
(c)
(C) If K, K* € K then #{a € w; : 38 # B' with {,8} € K and {o,3'} € K'} < 5.
(D) If ({c, Be})eew, is a disjoint family in [w;]? then for every n € w there exists
(a) an injection ¢ : n — w, such that {aym): m € n} € G and {By(m) : m € n} € H.

(b) and injection % : n = w); such that

{{aw(m),ﬂ¢(m)} :men}eK

The proof of the existence of G,H and K depends on an extension of a powerful anti-
Ramsey result of Todorcevic [9].

Lemma 1



Let I be a set of cardinality X;. There exists a function F' : [w;]> —= I such that for every
disjoint family ({a°(¢), @*(¢)})¢ews in [wi1]?, for every m € w and every pair of functions
fo, f1 : [m]? — I there exists an injection ¢ : m — wj such that F({a*(¢())), a*(o(k))}) =
fu({7,k}) for u € {0,1} and each {j,k} € [m]*.

To define G, H and K, Shelah and Steprans consider a function
F = (Fo,F): [w1]2 — {0,1,2} x [w1]<R°
as in Lemma 1.

Then
g={Ac€ [w]®: Fo(B)=0, VB¢ [A)?}

H={Acw]: R(B) =1, VBelA]’}
and K in [[wi)?]<™ lies in K if and only if

K = {{c°,al } : m € n} for some n € w, where

m? m

af < o Viene K,u€ve?2
Fo({e?,0}) = Fo({aj,a4}) =2, Vj €k € n.

F({e},0q}) = F({ej ei})
= U{{aa}}:i1€3},Vijeken

To prove (D) for K, the next lemma, which we shall use later, is employed.

Lemma 2 Let ({a?,a}})ceu, be a family of mutually disjoint sets in [w1]?. Let F :
[w1]? = {0,1,2} x [w)]<™ be the function given by Lemma 1. Let m € {0,1,2} be given.
There exists an injection ¥y, : w — w; such that

Fo({a*(¥m(5)), @*(¥m(K))}) = m

and

Fi({a"(¥m(4)), o (¥m(k))})

= U{{a’(¥m(3)), &' (¥m (i)} : ¢ € 7},
whenever u € {0,1} and j € k € w. |



Proof We shall define 9,, recursively for m € {0,1,2}. At stage n suppose that v, is
defined and that there exists uncountable A, such that

Fo({a*(¥m(7)), a*(¥m(k))})
= Fo({a"(¥m(s)),a¢}) = m, andFi({a"(¥m(3)), a*(¥m(k))})

= Fl({a“(d)m(j)),a’c‘}) = U{{ao(d)m(i))’al(d’m(i))} 11 € ]}

whenever u € {0,1},( € A, and j € k € n.

CLAIM There exists ( € w;, such that theset {n € A, : F({a!,a%}) = (m, U{e®(¥m(5)), (¥ (5))
7 € n}) Vu € {0,1} is uncountable.

If the CLAIM is false, we can find uncountable I' C A, such that, for all {¢,n} € [I]?
there exists u € {0,1} with F({a,o¢}) # (m, U{{e®(¥m(5)), ' (¥n(4))} : j € n} =4,

say.

Consider the family of disjoint sets ({af,a;})cew,. Define fo, fi : [{0,1}]* — T by
f0{{0,1}) = f1({0,1} = 6.

By Lemma 1 there exist an injection X : {0,1} — I such that F({a*(X(7)),a*(X(k)}) =
8, Vu € {0,1} and each {j,k} € [{0,1}])%. This is a contradiction, so the CLAIM is true.

Now define ¥,,(n) to be any ( € w, predicted by the CLAIM.
The proof of Lemma 2 is now complete.O

Let X; denote the space X;(H,K) which is considered in [2] and X, denote the space
X2(H,K).

3. Properties of X; and Xs.
As in [2] the properties of G,H and K imply the next result.

Lemma 3 Let || - || denote the norm of X, or X;. If y is a vector supported on a set
G € G and z is a vector supported on a set UK, where K € K, then

lylI€2lyllo and ||z |[< 10| 2 [loo -

Proof From property (B) we have that
#(GNH)<1 and (GN(UK')) <2

for any H € H and K! € K.



So, |
|y llne<Ilyllna = sup{(X en l¥(@)]): H € H}

IN

sup{]| y lo #(GN H) : H € H}

IN

¥ fleo

lyllce<llylica < sup{d(apext ly(@) —y(B)]: K' € K}

IA

sup{2_ (a.syec: [l (@)| + ly(B)I] : K € K}
< sup{)_ || ¥ |l #(GN(UK?)): K' € K}

< 2]y leo -

So, using the definition of the norm || - ||, we have

Iy lo<Ny <21 y lleo -

For the vector z,

I 2 l2<ll 2 lug = sup{Y,epl2(a)l : H € H}
< sup{]| z [l #(H N (UK)) : H € H}

< 22 lw
Iz llc2<ll 2 llen = sup{(X (o ppex 12(@ = 2(B)| : K* € K}

< sup{)iapexai(lz(@)] +|2(B)]) : K € K}
By property (C), if K, K' € K then
#({a € wy : 38 # By with {a,0} € K and {o,('} € K'}) <5,

and so we may write

| 2z |lx2< sup{2 || z ||o #({@ € wy : 38 # B! with {a,3} € K and

{a,'} e K'}): K' €K'} <10 2 ||oo -

Thus,
|z lo<Il 2[[<10 || 2 [l

and we are done.O



Theorem 4 Let X be X, or X,. Every bounded linear operator on X,T : X = X, can
be expressed as T = AI + S where X is a scalar and S has separable range.

Proof of Theorem 4

In the case X3, the proof is as follows. The proof for X; may be found in [2].

Let T : X, — X, be a bounded linear operator.

Let eq = I(4) for each o € w;.

CLAIM 1 For any 4 € w, there exists {( € w; such that (Te,)(y) =0 for all @ > (.

If CLAIM 1 were false, there exists 4 € w; such that for all { € w; there exists a(() > ¢
such that |(Teq(¢))(7)| > 0. Taking T to be {a(() : ( € w1}, because a(() > (V( € wy, T
has cardinality R;.

Also, I is the countable union ' = U{{a(() : {( € wy,|(Teq))(7)| 2 7} : 7 > 0,7 € Q},
and so for some r > 0, the set A = {a(({) : { € w1, |(Teq(¢))(7)| = r} is uncountable.

Fix n € N. We may as well write A = {a({) : ( € wy}. Using lemma 2, we can find an
injection ¢ : w — A such that every finite subset of {a(¢(m)) : m € w} lies in G.

Let G = {a(¢(m)) : m € n} € G and consider y € R(“?) defined by
y(a) = sign((Te,)(v)) if « € G and y(a) =0if a € G.

Then,
TNyl x,

v

| Ty Iix.

I Ty [leo
(Ty)(M)|
ZQEG |(Tea(7)]

™m

| VAR AV

IV

Sowe have Vn e NJ|| T || v 2| T ||| ¥ llx,> rn, ie. || T ||> rv/7.
For sufficiently large n this is a contradiction, so CLAIM 1 is true.

With a view to a contradiction, suppose now that T is not of the form D + S where D is
diagonal on (€q)aew, and S is of separable range.

CLAIM 2 There exists a family of disjoint two element subsets {a((),5(¢)}¢ew, of wi
such that

[(Tea(e))(B(C))] > 0 V(¢ € wr,

Suppose CLAIM 2 is false. Also suppose that for each { € w; there exists n = n({) > ¢
such that

|(Te,)(7)| > 0 for some vy = 7({) > { with vy # 7.

10



The condition ¥(¢) # 7(¢) allows us to extract an uncountable subfamily from ({7(¢),7(¢)}¢eun
which satisfies CLAIM 2. So, if CLAIM 2 is false, there exists ( € w;, such that for all

n> ¢ (Te,)(B)=0VB>C( B#n.

For each n > ( there exists a scalar 7, and some g, lying in the closed linear span of
{ea: a € (} such that

Tey=rp €+ gn.
Let us define a linear mapping D : X — X by

(D)(e) = {S“x(a)’ fazc

If also {II¢}cew, is the sequence of basis projections associated to (€a)acw,, We have

T=D+ HcT + TH( - H(TH(.
Since II; is of separable range, T = D + S where D is diagonal and S is of separable
range. We have assumed that T does not have this form so CLAIM 2 holds.

Using CLAIM 1 and the fact that every element z has countable support we may assume

in CLAIM 2 that (Teq())(8(n)) = 0 whenever ¢ # 7. Also {{a((),B(¢)} : ¢ € w } =

U{{a(¢), B(¢)} : | Tea()(B(C)| = 7, { € wr,r > 0,7 € Q}, and so we may as well suppose
that there exists r > 0 such that

|(Teai))(B(O) 27, V(€ wr.

Using 2D, given n € N, we find an injection ¢ : n — w, such that
G = {a(p(m)) :m € n} € G and H = {B(p(m)) : m € n} € H.

Then
2| T 2| Tlg ||x,

> (L pen |(Ie)(B))?

> \/nr.

This is a contradiction for n sufficiently large.

It follows that every operator on Xz has form S + D, where S is of separable range and
D is a diagonal operator on {€a}acu, -

Consider the diagonal operator D. Let us suppose
(Dz)(a) = Aa)z(a), Ya € w,, for scalars {Mea)}aew; -
CLAIM 3 There exists ¢ € w; such that for all n! > 7 > ¢, A(n) = A(n').

11



CLAIM 3 asserts that the family {A(a)}ac., is eventually constant. If it were false. for

every ( € w) there exist n' > n > ( such that |A(n) — A(n')| > 0. As before, we can find
r > 0 and mutually disjoint two element subsets ({a(¢), 8({)})¢ew, In [w1]? such that

[Me(€)) = A(B(O))] 2 7 V(€ wy.

Let n € N be given. By 2(D), there exists an injection ¥ : n — w; such that

K = {{a(y(m)), B((m))} : m € n}

lies in K.
| Dl ks 2 (Zmen (Plu)(@((m))) = (Dluge))(B((m))) )%
= (L men [Ma((m))) = MB(¥(m)))[*)2
> \/nr
So,

5|1 D > rv/n.

Again this is a contradiction for sufficiently large n and the proof of Theorem 4 is
complete.0

Some further properties of X; and X, are inherent in the construction.

Proposition 5 If X is X; or X3, then X contains isomorphic copies of ¢,. In particular
X is non reflexive. Also X1 contains isometric copies of £!.

Proof Consider an uncountable family ({af, a{})¢ew, in [w1]?. By Lemma 2, we can find
an injection ¢ : w — w; such that for all {j,k} € [w]?,

F({e (), a@(®)}) =0
Thus, the set Cy = {(e°(¥(7)) : j € w} is such that every finite subset lies in G.

If (éa)acu, denotes the basis {I(4)}acd,, then it is easily checked that {eso(y(j)) : 7 € w}
is a copy of the standard ¢, basis in X.

If H € H is given, then

m-—1 m—
SIS ool € 3 el ¥ oty
a€H k=0 k=0 a€H

Since, G = {a(¢(k)) : k € m} € G and #(G N H) < 1, the expression

Y eawien(@)

ac€H

takes a non zero value for at most one k € m, and this value is 1.

12



So,
Z | Z ckea(u(k)(@)| < sup{|ck|: k € m}

a€H k=0
It follows that for 1 < p < oo,

m-—1

1) creaquiey lmp< sup{lex| : k € m}
k=1
Consider now, K = {{’70,71},{72,’73}, ey {‘sz-z,’hp—l}} € K.

Then "
(Z”Zolzk Y exleatun)(123) = €aton(12i+0))
< Sy ekl 020 (eauen(V25) + €atu(r (Y2i+1))

< Yik ledl#({a((k))} N (UK)).
Since G = {a(¥(k)) : k € m} € G, #(G N (UK)) < 2, so the expression #({a(v(k))} N

(UK)) takes the non zero value 1 at most twice, so that

m-—1

I Z ckea(u(k) llxp< 2supffck| : k € m}
k=0

Thus in X; or X, we have

sup{|ce| 1 k € m} <|I ko creaquiin |
< 2sup{|ck| : kK € m}

We can also find, by Lemma 2, an injection ¢ : w — wj such that for all {j,k} € [w]?,

fo({a®((5)), (0 (k))}) = 1.

Thus, the set C; = {a®(¢(j)) : j € w} is such that every finite subset lies in H. Then,
for any n € N,

| 255 exeanioqen s
> Y en | rey Creao(p(k))(@)]

where H = {a®(p(k)) : k € m} € H.
= Y7 | Th5 crear(oqi(@(8(1)))]
= ZT:OI ICJl

It follows that, || Z;-"z_ol cj€ao(s(i)) X1 = Z;':Ol lc;| and {eqa0(4(j)) : 7 € w} is an isometric
copy of the standard ¢' basis and we are done.O -

Proposition 6 The Banach space X, s not weakly compactly generated.
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Proof A Banach space X is weakly compactly generated if and only if there exists a
reflexive space R and a bounded linear injection 7' : R — X such that T(R) is norm
dense in X [10].

Consider (€4)aecw, 10 Xi. If X; is weakly compactly generated there exists 7, € R. R

reflexive, such that

| T(ra) — ea i< 5

where T : R — X, is a bounded linear injection.

Since w; is uncountable and w; = U{{a € w; || 7o ||< n}:n € N} we can find M < oo
and an uncountable set I in w; such that | r, ||< M Va € T.

By a similar argument to the Proof of Proposition 5, we can find countable I'y = {e,, :
k € w} such that {eq,} is a copy of the standard £' basis in X;. So,

FT I 3 okmy e 20 2y 6T () |l
=H Zk:l ckeak - Zk:l ck(eak - T(rak)) ”

>l Z;Ll Ck€ay || - | 2 k=1 k(T (ray) — €ay) |l
2 ?[, =1 lex| — Zk:l k] || Tray — €y |
Z 2 Zk:l lckl'

So,
1 & " -
SOl SIT I Y exray IS MT | Y el
k=1 k=1 k=1

Thus, (r4,), is a copy of the standard ¢' basis in R. This is impossible since R is
reflexive and so X, is not weakly compactly generated.Q.

Proposition 7 If X is a Banach space and is either of X; or X,, then X is not tsomorphic
to a dual space.

Proof

If X =2 Y™ for some Y, since by Proposition 5 ¢y embeds in Y*, by a result of Bessaga and
Pelczynski, Y contains a complemented copy of ¢! and so X contains a complemented
copy of £%; (cf.[12], Proposition 2. e.8). So, there is a subspace Z of X such that

Xl Z

Since £*° = f® @ €°, we have X (P> HZ =(* P X.

So X is the direct sum of two non separable summands. This is impossible by Theorem
4. So X is not isomorphic to a dual space.O.

In fact the Banach space X3 is weak]y compactly generated.

Proposition 8 The space X, is weakly compactly generated. It therefore has the separable
complementation property.

14



Proof Consider the mapping T : ¢,(w;) — X, given by
(Tz)(a) = z(a).

Then,
I T(z) %< 2 [ 2 |ley ()

T is an injection and T(£*(w;)) is dense in X;. Therefore X, is weakly compactly
generated.O.

Therefore X, is a Banach space satisfying the conclusion of Theorem 4 but which also
has the separable complementation property.

4. A Reflexive Example.

We shall construct our reflexive example using an interpolation method introduced in

[10].

The Banach space X; with its norm || - || contains £;(w;) as a dense subspace. Define a
Banach space Y as follows: let |- |, be the Minkowski functional of the set
2" Ball (£2(wy)) + 27*(Ball(X2)) for n > 0. Let Y be given by

Y ={y€bw+Xe:)ylv= (D lyl2)"/* < o0}

It is shown in [10] that Y is a reflexive Banach space when endowed with norm || - ||y
and that £3(w;) C Y C X, with continuous inclusions.

Notice that |w|, < rif and only ifw = z+2, with z € X, and z € £5(w;) with || z ||< 27"r
and || z ||2< 2™r

The crucial observation is lemma 4. First observe that by property (D) we can construct
sets in G of size n for any n € w.

Lemma 1 Let G, = {ax: 1 < k<2042 4+ ... 4+ 2%} be an element of G where n > 0.
If y ts a vector of the form

2042444247

y=801+2'2'1—? Z €a,

p=1 k=204244...424(P=1) 41
(i.e. y has the form
16 terms 256 terms
P . ~ P,
= (1 L] 1 1 : )
—_— ,4,47 ,4’ 167 16 ) ’ 22ﬂ’ ’227‘:
24n terms )

and is supported on G, € G), then || y ||y < 2.

15



Proof We can first of all split y as z + z where

20424 4. 424

~~ 1
$=Z'22—p Z €a,

r=1 k=20 424 4...424(P=1) 4]

and

Z = €q,.

This shows that |y|o < 1.
This same splitting shows, since || z [|[< 2 || z |lo= 3 and || z [l2=1 < 2 that |y|, < 1.

For j > 2, consider

y = z;+ z; where
2042444 24P
I; = Z::_j '2%5 k=20 424 4. 424(p—1) 41 €
20424 4.4 2%

zZj = €aq Tt Zp—l 227 Zk =204244.424(P-1) 41 €
Since || z; [|[€ 2 || z; || (by Lemma 3) <2° 27+1 and || zi ll2= (14 Z-;_i g:: 1/2 _ = /7 we
have that .

lyl; < 279 max(2,/7)

and so

1 1 < J
lylly< (1+1+Z+1€+Z;'22_i)1/2<2’
J=
as required.O.

We require one further lemma which is similar to lemma 4. By property (D) we can
construct a set K € K of size n for n € w.

Lemma 2 Let .
Kn = {{akn@k} ;1 S k S 5(24 +28+ +24n)}
be an element of K where n > 0. If w is a vector of the form

%(24+...+24P)

n

1
w = -éz—p Z (eak + eﬁk)
p=l k=1 (244 +24(P=1)) 41
(i.e. w has form
16 t&rms
1 1 1 1 1 1 1 1 1
= ( 7401) /BI,ZQ%ZMB%"' 1Za’ Zﬂa ’ é;;aa%ﬂa"' 755;0’2?1)
24n terms
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and is supported on UK,, K, € K) then

| wlly <12

Proof We can split w as w = zo + 2o where zo = 0. It is clear that |w|o < 1.
Also, by Lemma 3, || zo ||< 10 || zo |lo= 7 and || zo ||z= 0, which shows that lw|, < 2.

If we split w = z; + z; where

; L(244...42%P)
2; = ;:1 2_;; Z;:%(24+...+24(P—1))+1(eak + eﬁk)
. n 1 L(2%4.-42%P)

I; = Zp=j+1 22p Z;=%(24+...+24(p-—1))+1(eak + eﬁk)

Then, 10
1 .5
” Z; HS 10 ” Z;j HOOS 92;j+2 = 95+1 5;]

and || z; [|l2= V7.

Then, for 7 > lw|j+1 < glﬁmax[m,\/ﬂ so that

25 100 100 100 >
< —
||w||y_(1+4+4+16+64+ +§

We can now state the main result of this chapter.

Theorem 10

Every bounded linear operator on Y, T :Y =Y, can be expressed as T = A\ + S, where
A is a scalar and S has separable range.

Proof

Let T :Y — Y be a bounded linear operator.

Let e, = II{qy for each a € w,

CLAIM 1 For any 7 € w; there exists ¢ € w; such that (Tex)(y) =0 for all o > (.

If CLAIM 1 were false, there exists v € w; such that for all ¢ € w, there exists a({) > ¢

such that |(Tea(e))(7)| > 0. Taking I to be {a(¢) : ¢ € w1}, because o(() 2 (V( € w, T
has cardinality R;.

Also, T is the countable union I' = U{{e(() : { € wi, (Teae))(¥)| 27} :r > 0,r € Q},
and so for some r > 0, the set A = {a({) : ( € wy, |(Tea(¢))(¥)| = 7} is uncountable.

Fix n € N. We may as well write A = {a({) : ( € w1}. Using lemma 2, we can find an
injection ¢ : w — A such that every finite subset of {a(p(m)) : m € w} lies in G.

17



Let G = {a(¢(m)) : m € n} € G and consider y € R(“!) defined by

. k 20424 4...424p .
Yy = mgn(Tea(w(l))(V))ea(w(l)) + Zp_.:l ‘22—,, r=204244...24(p=1) 41 Slgn(Tea(w(r))('7))ea(v(r))

where n is chosen to be equal to 20 + 24 4 28 4+ 216 4 ... 4+ 24 for some k € N.

By Lemma 8, || y ||y < 2 and so

2T N2 Ty lly = |l Ty llx,

> || Ty |l

2 |[(Ty)(7)l

k 20424 4.4 24P
= |(Tea(w(1))(7))| + Zp:l 5% Zr=§°+;4:..+24(p—1)+1 |T€a(<p(—,))(7)|

k 24p
—>- r+ Zp:l 22Pr
> 2%kp

For sufficiently large &, this is a contradiction, so CLAIM 1 is true.

With a view to a contradiction, suppose now that T is not of the form D 4+ S where D is
diagonal on (€,)aew, and S is of separable range.

CLAIM 2 There exists a family of disjoint two element subsets {a((), 5({)}¢ew, of w1

such that

|(Tea(y)(B(O))] > 0VC € wy.

Suppose CLAIM 2 is false. Also suppose that for each { € w, there exists n = n({) > ¢
such that |(Te,)(v)| > 0 for some v = v({) > ¢ with v # 7.

The condition v # 7 allows us to extract an uncountable subfamily from ({v(¢),7({)})¢eo,
which satisfies CLAIM 2. So, if CLAIM 2 is false, there exists ( € w;, such that for all

n2>((Te,)(B)=0VB8>(, B#n.

For each n > ( there exists a scalar r, and some g, lying in the closed linear span of
{ea : a € (} such that
Ten=1n-€n+ gy

Let us define a linear mapping D : X — X by

Tax(a)’ fa>(

(Dz)(a) = {o fa<(

18



If also {II¢}¢en, is the sequence of basis projections associated to (eq)ac.,, We have

T =D + 1T + T, — I TI,.

Since II; is of separable range, T = D + S where D is diagonal and S is of separable
range. We have assumed that T does not have this form so CLAIM 2 holds.

Using CLAIM 1 and the fact that every element z has countable support we may assume
in CLAIM 2 that (Tey())(8(n)) = 0 whenever ( # n. Also {{a(¢),B8({)} : ¢ € w1} =

U{{a(¢),B8()} : | Tear)(B({))| 2 7, ( € wr,r > 0,7 € Q}, and so we may as well suppose
that there exists r > 0 such that

[(Tea()(B(E) 27, V( € wr.

Using 2D, given n € N, we find an injection ¢ : n = w, such that

G = {a(e(m)):m € n} € G and H = {B(p(m)) : m € n} € H.
Let y be defined by

ko 20424 4. 4247
Y= eaoay + ) 2% > Cale(r))-
p=1 r=204244...424(P=1) 41

where n is chosen to be 2° + 24 + ... + 2% for some k € N.

By Lemma 4, || y |[y< 2 and so

2 T2 Ty vy 2l Ty x> (Zpen [(Ty)(B)?)*

O

= ([(Tea(¢(1)))(ﬂ(¢(l)))|2 + Z:=1 23_': Zi:&ﬁ;ﬁ(‘:—l)u I(Tea(¢(s)))(ﬂ(go(s))|2)

k
> (r*+ ZI;=1 7‘2'3%)%

rvk+1

This is a contradiction for k sufficiently large.

It follows that every operator on Y has form S + D, where S is of separable range and
D is diagonal on {eq}acw,-

Consider the diagonal operator D.

Let us suppose

(Dz)(a) = Ma)z(a), Va € wy, for scalars {A(a)}acw; -

19



CLAIM 3 There exists ( € w; such that for all n! > n > ¢, A(n) = AMnt).

CLAIM 3 asserts that the family {\(@)}ac., is eventually constant. If it were false. for
every ¢ € wy there exist n' > 7 > ( such that [A(n) — A(n')] > 0. As before, we can find
r > 0 and mutually disjoint two element subsets ({a((), B(¢)})¢ew, 1n [w1]? such that

[AMa(€)) = AB(EON) 2 7 V(€ wy.

Let n € N be given. By 2(D), there exists an injection 1 : n — w; such that

K = {{a(¥(m)), B(s(m))} : m € n}

lies in K.

Let w be an element of R“1) of the form

%(24+...+24P)

1
w=3, 9% > €a(u(s))

p=1 s=%(24+...+24(p-1))+1
where n = %_(24 +284+... 4 24k)
for some k € N.

It follows from Lemma 9 that || w ||y < 12.
12| D ||2ll Dw |ly 2| Dw ||x,
2 (Lmen [(Dw)(a($(m))) = ((Dw)(B(x(m))))[*)1/*

= (Tha i T ey Ma((5)) = A () P

k - L
S (Zp:l .2%24;’ 1r2)2

k
> Y

This is a contradiction for sufficiently large k and the proof of Theorem 10 is complete.O.
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Chapter 2
Finite Dimensional Spaces with Few Operators

The Minkowski compactum M, is the set of all equivalence classes of isometric n-
dimensional Banach spaces. It is a compact metric space when endowed with the metric
log d(-,-) induced by the Banach-Mazur distance d(-,-) where

dX,Y)=mf{||T||.||T""||: T: X — Y is an isomorphism }.

The problem of computing the diameter of the compactum arises naturally. Let us define
dM,) =sup{d(X,Y): X,Y € M,}.
By a result of F. John [1], it is well known that
d(X,2) < /n,¥X e M,
and so d(Mj,) < n.

However an exact estimate for d(M,,) was not obtained for over thirty years. In 1980
Gluskin [2] proved the following result.

Theorem 2.1

There exists an absolute constant ¢ > 0 such that
dM;,) >cn,¥VneN

Gluskin’s proof depends on a construction of elements of M,, which are quotients of £)
spaces and uses measure theory in a crucial fashion in the selection of random Banach
spaces of finite dimension.

Another problem which was known to the Polish school of analysts in the 1930’s in Lwéw
was the finite dimensional basis problem: is there an absolute constant K such that every
finite dimensional space has a basis with basis constant at most K? (The basis constant
of a Banach space X is given by b(X) = inf{b((ei)$2,) : (€i)$2; is a Schauder basis of X},
where b((€;)%2,) is the basis constant of the Schauder basis (€;)$2,.)

Motivated by the methods of his previous results Gluskin [3] answered this question
. negatively. In fact he proved:

Theorem 2.2

For any n there exists an n-dimensional space X such that the operator norm of any

n

projection P, of rank at most %, on X is such that

rank P
vnlogn
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where ¢ > 0 is an absolute constant. For such a space the basis constant exceeds c lo;n'

At around the same time and independently, Szarek [4] using similar methods constructed
n-dimensional Banach spaces whose basis constants exceeded c!'\/n, where ¢! > 0 is some
absolute constant.

By (e1, €2, - ,em) we mean the standard unit basis of R™.

Identify a normed space B by its unit ball and write || - || g for the norm generated by an
absolutely convex body B C R™.

For a Hilbert space H and its subspace F' denote by Pr the orthogonal projection of H
onto F. If dimH = m and |- | is the Hilbert norm, then by a Gaussian variable with
distribution N(0,1, H) we mean an H-valued random variable g with density

—m|z|’

5 )

tg(z) = (5=)% exp(

Y| 3

against Lebesgue measure.

The Gaussian variable g can also be expressed as
=Y
—= 2 _"ihi,
\/T—Tl- 1=1
where v; are independent real Gaussian variables with N(0,1) distribution on some prob-
ability space (Q2, F,P) and (h;) is an orthonormal basis of H.
It is easily established that

L E(lgl?) = 1
2. PlweQ:

N

<l|g(w)] €£2] > 1— €™, c an absolute constant

3. If E is another Hilbert space, V : H — E an isometry onto and Ejy a k-dimensional

subspace of E, then
/m
-E- PEo Vg

is a Gaussian variable with distribution N (0,1, Eo).

Let n be given g1, g2, ... ,gm be Gaussian variables with distribution N(0,1,£2) on some
probability space (Q,F,P). For each w € Q denote B,(w) the absolutely convex hull of
the set

{61’ €2,° " ,€ny 91,92, " " agm}-
Identify B,(w) with the normed space (R", || - ||,,) Whose unit ball is Bn(w).

It may be observed that each B,(w) is a quotient of £} for some N.
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It was shown in [5] that with high probability the spaces B,(w) posesses certain properties
including a few operators property: operators of sufficiently small operator norm are in
some sense a small perturbation of a scalar multiple of the identity.

We require first a definition

Definition 2.3

A linear operator T : R®* — R™ satisfies the mixing condition (M) if there exists a
subspace H C R™,dim H > k such that | Pg.Tz ||2> a|| z ||, for z € H.

A normed space X satisfies the Grothendieck theorem with constant C if and only if
m(T) K C || T | forall T € L(X,Y) for any normed space Y, where m,(-) is the one-
absolutely summing norm. (An operator T : X — Y is one-absolutely summing if there
is a constant C such that for all finite subsets (z;) in X > ||Tz:|| < Csup{d_ |z*(z:)| :
z* € X*,||lz7|] < 1}).

If H is a Hilbert space and T € L(H) is compact denote by (s;(T))S=# the sequence of
s-numbers of T} i.e. the eigenvalues of (T*T)/?

, counted with multiplicity and arranged
in non increasing order.
The quasi-norm || - ||¢, is defined as

dimH

I T llce="Y _ min(s;(T),1
5=1

Let E be an n dimensional normed space. The volume ratio of F is defined to be

vr(E) = inf {(V\:)oll((B;)))% : D C Bg is an ellipsoid } ,

where Bg is the unit ball of E.

The important properties of the spaces { B (w) : w € 2} were.established by Szarek [5].
Theorem 2.4

Given ¢ € (0,1) for n sufficiently large the set of w € §) which satisfy

(i) Ba(w) is isometric to a quotient of £ with N < 2n,

i) 1 o<l - Do <I - I

(iii) vr(Bn(w)) < C, where C is an absolute constant.

(iv) Bn(w) satisfies the Grothendieck theorem with constant C', C an absolute constant.
(v) if || T ||(Bnt)) < €(8)v/n, then || T — Al ||, < én for some A € R,

has probability at least 1 — €", for some 0 < € < 1.

Condition (v) is the required few operators property.
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It states that if an operator on B,(w) has sufficiently small operator norm, then it is
a perturbation of a scalar multiple of the identity by an operator of small quasi-norm
| - llc,- Moreover the probability of this event for the spaces B, (w) is asymptotically one
as n tends to infinity.

The existence of n-dimensional spaces satisfying results similar to Theorem 2.4 led to a
string of counter examples in both finite dimensional and infinite dimensional Banach
space theory.

The space constructed in Theorem 2.4 solves the finite dimensional basis problem ([3]

[4])-

Definition 2.5 Given a finite dimensional Banach space E, the asymmetry constant,
S(E), is the infimum of all numbers ¢ with the following property: there is a group G
of invertible operators on E such that sup{|| g ||: g € G} < ¢ and for u : F — E the
condition ug = gu for ¢ € G implies u = cIg for some scalar c.

9

In [9] using random spaces Mankiewicz showed that for each n there exists an n-dimensional
Banach space E such that s(E) > c¢\/n where ¢ > 0 is an absolute constant. In [10]

Mankiewicz gave further results along these lines and investigated the subspace mixing

condition for operators.

Szarek proved in [5] that given n there exists a 2n-dimensional real normed space X such
that whenever Y is an n-dimensional complex normed space and Yg is Y treated as a real
space, then the Banach-Manzur distance d(X, Yg) > cy/n where c is a constant.

Szarek also shows in [5] that given n there exists an n dimensional space Y over C such
that Y admits a second complex multiplication (denote the resulting space Y) where
d(Y,Y) > cn, ¢ a numerical constant.

Bourgain [11] then constructed an infinite dimensional real Banach space with two com-
plex structures which are not complex isomorphic.

In [12], Szarek constructed an infinite dimensional super-reflexive real Banach space which
does not admit complex structure. Moreover this space is not isomorphic to the Cartesian
square of any Banach space.

Mankiewicz [13] showed that there exists a separable superreflexive (real or complex)
Banach space X such that the Banach algebra L(X) admits a homomorphism onto the
Banach algebra C(GN). This provides a complex example of a Banach space not isomor-
phic to any Cartesian square.

Further results on random spaces and random matrices are contained in [14] and [15).
However the most spectacular result obtained using randomly consructed finite dimen-
sional was proved by Szarek in [16]: there exists a Banach space with the bounded
approximation property that fails to have a Schauder basis.

More recently [17] Mankiewicz and Szarek have investigated limitations of the random
approach adopted above. Amongst other results they show that a “generic” d-dimensional
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quotient of £} contains a C-complemented subspace C-isomorphic to f:, k > cV/d, either
forp=1lorp=2.
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Chapter 3

The Distortion Problem and Hereditarily
Indecomposable Banach Spaces

In this chapter we shall first of all review the construction of Banach spaces, by Gowers
and Maurey, which have few operators. Their results turn out to be related to a long
standing open problem in the geometry of Banach spaces whose solution has recently

been obtained. [1],[2].
Definition 3.1

For A > 1 an infinite dimensional Banach space X is A-distortable if there exists an
equivalent norm |- | on X such that for all infinite dimensional subspaces Y of X,

sup{'i| :y,2€ S(Y)} > A

2|

[N.B. for a Banach space X, we denote
S(X)={zeX:z|=1}and ball(X)={z € X : || z ||< 1}.]

An infinite dimensional Banach space X is said to be distortable if X is A-distortable for
some A > 1.

The “distortion problem” for an infinite dimensional Banach space X is whether X is
distortable or not.

An infinite dimensional Banach space X is arbitrarily distortable if X is A-distortable for
all A > 1.

R.C. James [3] proved that the Banach space ¢y and £' are not distortable. Milman [4]
showed that if an infinite dimensional Banach space X is not distortable then X contains
a subspace isomorphic to ¢g or £, 1 < p < co. In fact Milman studied a somewhat wider
class of stability problems.

Definition 3.2

A function f : S(X) — Ris oscillation stable on X if for all infinite dimensional subspaces
Y of X and for all € > 0 there exists an infinite dimensional subspace Z of Y with

sup{|f(y) — f(2)| 1y, 2 € S(Z2)} < e

A function f : S(X) — R is finitely oscillation stable if for all infinite dimensional
subspaces Y of X and for all ¢ > 0 there exists a subspace Z of Y of arbitrarily large
finite dimension with

sup{|f(y) - f(2)| : 9,z € S(Z)} <
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It may be shown that X does not contain a distortable infinite dimensional subspace Y
if and only if for every equivalent norm || - || on X, || - ||: S(X) — R is oscillation stable.

Theorem 3.3 Let X be a Banach space. Every Lipschitz (or even uniformly continuous)
function f: S(X) — R is finitely oscillation stable.

Theorem 3.4 There exist Lipschitz functions on unit spheres of Banach spaces which
are not oscillation stable.

Tsirelson [5] was the first to construct an infinite dimensional Banach space which failed
to contain ¢ or £P for some 1 < p < oo. Figiel and Johnson [6] described the dual T of the
space displayed by Tsirelson and showed that it also had this property. In [7] an explicit
distortable norm is displayed for T. Theorem 3.4 follows from the work of Tsirelson [5]
and Milman [4].

In [8] Gowers proved a result for the space co.

Theorem 3.5

Every uniformly continuous function f : S(cp) — R is oscillation stable.
The proof depends heavily on combinatorial arguments.

Schlumprecht [9] was the first to construct a space S which was arbitrarily distortable.
The space S is a space of sequences = for which || z ||s is finite, where || z ||s is defined
by the expression

14
1
lzlls=max(| z ||y  sup  —= > | Eex ]
1=1

£225 <5, <--<E, p(£)

where ¢(€) = log,(1+¢); E1 < E; < --- < E; means that E; is a finite subset of N which
max E; < minE;y;,1 <i:<fandifz =) o, a;e; where {e;} are the standard sequences,
and £ C N then Ez = ), pae;.

Theorem 3.6 The Banach space S with norm given by || - ||s above is arbitrarily
distortable.

The results stated so far show that the distortion problem for arbitrary Banach spaces
essentially reduces to the distortion problem for the space £ (1 < p < o0).

Odell and Schlumprecht solved this problem in [1].
Theorem 3.7
The spaces £° (1 < p < oo) are arbitrarily distortable.

Odell and Schlumprecht used the space S to prove Theorem 3.7. We now give a sketch
of their argument.

It may be shown that an infinite dimensional uniformly convex space X is distortable if
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there exist asymptotic separated sets, C, D C S(X); the sets C, D are separated if
dlC,D)=unf{||z—y|:z€C,ye D} >0

and a set C is asymptotic if d(C, S(Y)) = 0 for all infinite dimensional subspaces Y of X.
A distorted norm is given on such X by the closed convex hull of C U (—C) U d ball(X)
for some § > 0. The Mazur map M, : S(£') — S(£?) is given by

M,((z:)Z,) = (sign(z:)|z:[7 )2,

The mapping M, is a uniformly continuous bijection with uniformly continuous inverse.
It follows that M, preserves the separated sets property. A further argument shows that
M, preserves asymptotic sets. By consideration of the Mazur map M,, it is shown that

{P(1 < p < o) is distortable if and only if S(€') contains a pair of separated asymptotic
sets.

After these preliminaries, the first step in Odell and Schlumprecht’s proof was the next
result.

Theorem 3.8

If X is an infinite dimensional Banach space with an unconditional basis then S(X) and
S(£') are uniformly homeomorphic if and only if X does not contain £7°’s uniformly.

The difficult direction in proving Theorem 3.8 is the “if” direction.

If X has a 1-unconditional normalized basis (€;)2, then we define |z| = Y2, |aile; where
z=Y%2 ae. Then S(X)* ={ze€ S(X):z=|z]}jand X* ={z € X : z=z[}. I h
is a fimtely supported element in S(¢')* and y = )_yie; € X* we define an entropy map
E(h,y) = 3 h;log(y:) where by convention 0log0 = 0.

It turns out that there is a unique z € S(X)* having the same support as h and max-
imizing E(h,-) on S(X)*. Define Fx(h) to be that z. It further transpires that if X is
uniformly convex and uniformly smooth then the map Fx extends to a uniform homeo-

morphism between S(¢!) and S(X).

One obstacle remains: the map Fx does not trivially preserve asymptotic sets. Odell and
Schlumprecht overcame this as follows.

In the arbitrarily distortable space S there are sets Ay C S(S) and A} C S(S*) with
¢x | 0 such that

(i) Ak is asymptotic in S Vk

(i) |z5(ze)] < Emin(k,e) If k # £ and z} € A} and z; € A,

(iii) For all k and z € A there is z* € A} with z%(z) > 1 — &.
Define a sequence of sets By C S(¢£') by setting

==

Z’kO.’L'k

zl(lzel) -

. zx € Ag,z} € Af and |z}|(|zk|) > 1 — €}
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where 5" a;ef 0 Y bie; is the element of ¢! given by (a;b;)32;.

By considering the map Fs., Odell and Schlumprecht show that each Bi is asymptotic
in £'. Therefore the sets Cx = M,(Bx) C S(£7) (1 < p < 00) are also asymptotic.

The set Ci is unconditional means that |z| € Cy if and only if z € Cx. The set Cy is
spreading means that if £ = (z;){2, € Ck then

(0,01'” ,0,1‘1,0,"‘ ,0)32"”0,1'3"") € Ck,

no matter where the 0’s are placed.

An infinite dimensional Banach space X is sequentially arbitrarily distortable if there
exists a sequence of equivalent norms |- | <|| - || and € | 0 so that for all ¢, € N and all

infinite dimensional subspaces Y C X there exists y € Y, |yli; = 1 and |y|x < €min(io.k) 1f
k # 0.

To be precise Odell and Schlumprecht prove.

Theorem 3.9 The sets Cr C S(£!) are unconditional, asymptotic and spreading. Also
for some sequence ¢ | 0

(|zkl, |zel) < €min(k,e) if £ # £ and zx € Cy and z, € Co.

To show that £? is sequentially arbitrarily distortable and so arbitrarily distortable, we
set

lz|x = sup{(y,z) : y € Cx U ¢ ball(¢*)}.
The proof for p # 2 is very similar.

In [10] Maurey and Rosenthal constructed an infinite dimensional Banach space with a
Schauder basis which is weakly null but has no unconditional subsequences. By com-
bining ideas from [10] and Schlumprecht’s paper [9], Gowers and Maurey independently
constructed an infinite dimensional reflexive Banach space X with a Schauder basis which
contains no unconditional basic sequences, [11],[12]. We give a brief outline of their ap-
proach and of some of the properties of this space.

In [11] three definitions of the norm of X are given. We give two which reveal clearly
that the space X is a Tsirelson type contruction.

Let coo be the finitely supported sequences. If £ C N then, E : coo — cqo 15 given by
E(Z a,-e,-) = Z ae;

1=1 1€E

The range of a vector z,ran(z) is the smallest interval containing its support. For finite
subsets of N E and F, we write E < F provided max(E) < min(F). We write z < y to
mean ran(z) < ran(y). If z; < z3 <23 <+ < Zn, We shall say that z,,z,--- ,z, are
successive. Let @ = {(zn)2 : | supp((zn)i)| < 00,22 €@ Vn € N, Jea] < 1,¥n € N},

Let J = {j1,J2,73, - } be such that ji < j2 < j3 < ... and loglogn > 4m? whenever
m,n € J,m < n.
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Let f :[0,00) = [0,00) be given by
f(t) = log,(1 +1t), ¥Vt > 0.
We assume that f(7,) > 256.
Define K C J and L C N by
K = {5,735}
L = {52476 "}

Consider an injection o from the collection of finite sequences of successive elements of @

to L such that, if z;, 23, -+ , z, is such a sequence, S = o(z1, 22, -+ ,25) and z = > ._, 2,
Ll

then 35 f(S%)7 > |supp(2)|.

Let Y = (coo, ]| - ||) be a normed space. For m € N.

We define A* (Y) = {f e Y*: g = ﬁn'jzy;lfi such that f; < f, < -+ < fn. and
| fill<1, Vi}.
For k € N, let T'Y be the set of sequences g1, gz, - - - g« such that g; € Q for each 7,9, €

A;-‘zk(Y) and gi+1 € A} Y) for each 1 < 1 < k — 1. These are called special
sequences.

(gl g2, vgi)(

For k € N, let B;(Y) be the set of functionals of the form f(;) T Zle g; such that
(g1, -+ ,gk) € Y. These are called special functionals. Let Xo = (coo, || - |lo) where

| z llo=]| = |le==. For N >0 set
1 n
12 llzns= Sup{mz | Eiz [|xy:n € N,Ey < B3 < -+- < En}
1=1

Vsup{lg(Ez)|: k € K,g € Bi(Xn),E C N}

where in the supremum the sets E; are intervals of integers.

The sets By (Xn) increase with N so || - ||xy<I - llxnys- Also, || < [l xy <[l - ||ler; so we may
define || - || by,
2 l= lim = lx, -

The norm on X may be defined implicitly.

1 n
|z =l = lle Vsup{-j;(-n—)z | Eiz|:2<neN,E; < E;<E3<---<E,}
=1

Vsup{lg(Ez)| : k € K,g € Bi(X),E C N}.

To prove that X has no unconditional basic sequences, several technical lemmas are
proved about a crucial class of sequences in X.

Definition 3.10
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n

Given z € X we say that « is an £} -average with constant C if || z ||[=landz =} _,
for some sequence z, < z, -+ < z, of non zero elements of X such that || z; ||< %Vi.

X,

A vector z is an £} vector with constant C if it is a positive multiple of an ¢} -average.

A sequence r; < z; < -+- < z, is a rapidly increasing sequence of ll-averages or R.1.5.,
for f of length N with constant 1 + € if z4 is an lf,llk +-average with constant 1 + ¢ for each
E,m > 2(1+ OMy(X)f}(1), and

61

-Q-f(nk)

for k=2,--- ,N. Where ¢! = min(e,1) and M;: R — R is given by

[ S

> | supp(zk-1)|

M;(t) = f~1(36t%), Vt € R.
In fact Gowers and Maurey prove a stronger property than that so far stated.
Definition 3.11

A Banach space X is hereditarily indecomposable (H.I) if every closed subspace Y of X
1s indecomposable.

Using an inductive argument, for two infinite dimensional subspaces Y and Z of X such

that Y N Z = 0, Gowers and Maurey construct, for every § > 0 vectorsy € Y and z € Z

such that & | y + z ||>]| y — z |- From this it follows that the projection from Y + Z to
5—1

Y has operator norm at least (1 — é)>-, and so X is hereditarily indecomposable.

The vectors y and z are constructed by inductively defining a pair of sequences z,,--- , z\
and z},z3, - , T} where y1,Z,,--- ,Txisa R.I1.S. of length k and =7, z3,--- , z} is a special
sequence of length k. Additional properties of these sequences ensure that

~1)

| &

1>z 1> (k)7 (

=1
| 5 (=1)"'z; ||< (1 + 2€)k f(k)~! and when i is odd z; € Y, when i is even z; € Z.

Taking y € Y to be the sum of the odd numbered z;’s and z € Z to be the sum of the
even numbered z;’s, we have

1 1 1
ly+zl2 3f(R)7 ly -2z 51y -2l

and the proof is complete.

Gowers and Maurey then go on to study operators on hereditarily indecomposable spaces
of C. Their theorem is as follows.
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Theorem 3.12

If X is a complex hereditarily indecomposable Banach space then every bounded linear

operator T on X can be written T = Al + 5, where A € C and S is a strictly singular
operator on X.

The spectrum of T is finite or consists of A and a sequence (A,) of eigenvalues with finite
multiplicity converging to A. O.

We recall a definition.

Definition 3.13 An operator S : X — X on an infinite dimensional Banach space X is
strictly singular if the restriction of S to any infinite dimensional subspace of X is not an
isomorphism.

Gowers and Maurey also prove Theorem 3.12 for the real case of the example X they
constructed.

Proof of Theorem 3.12

The proof of Theorem 3.12 proceeds by several definitions and lemmas.
Definition 3.14

For a complex Banach space X and an operator T mapping X into itself, A € C is
infinitely singular for T if there exists for every € > 0 an infinite dimensional subspace Y.
of X such that the restriction of T — AI to Y: is of operator norm at most e.

A complex number ) is not infinitely singular for T if and only if T'— Al is an isomorphism
on some finite co-dimensional subspace of X. This property will remain unaffected by a
sufficiently small perturbation so if we define

Fr = {) € C : X not infinitely singular for T'},
then Fr is an open subset of C. Also if A € Fr, then ker(T — AI) is finite dimensional.

Lemma 3.15

If A € Fr and if (z,,) is a bounded sequence such that (T — Al)z, is norm convergent,
then (z,) has a norm convergent subsequence and the image of T — Al of any closed
subspace of X is closed.

Proof Consider S = T — M and let Y be some finite co-dimensional subspace on which
S is an isomorphism. Let Z be a subspace of X such that X =Y & Z and suppose
Tp = Yn + 2n Where y, €Y, 2, € Z.

Since Z is finite dimensional and z, is bounded, Sz, = Syn + Sz,, we can pass to a
subsequence such that Sz, converges; consequently the corresponding subsequence Sy,
is norm convergent. Since S is an isomorphism on Y, y, converges. Passing to a further
subsequence we may assume z, converges, so () converges as required.
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If Fis a closed subspace of X, F = FNY + G, where G is finite dimensional. So,
S(F)=S(FNnY)+ S(G). Since S is an isomorphism on Y, and FNY is closed in
Y,S(FNY) is closed so S(F') is also closed.O.

Lemma 3.16 If A € 0sp(T) N Fr, then ) is an eigenvalue of T with finite multiplicity.

Proof The complex number A € dsp(T') is an approximate eigenvalue of T. That is to
say there exist (z,),|| z. ||= 1 with (T — Al)z, —» 0 as n = oo. By Lemma 3.15, (z,)
has a convergent subsequence and so the limit of this sequence is an eigenvector with
eigenvalue A. Also the eigenspace of A, ker(T' — AI) is finite dimensional since A € Fr by
a previous observation, so A has finite multiplicity.O.

Lemma 3.17
If A € sp(T) N Fr then A is an isolated point of sp(T).

Proof The set Fr is open, so it suffices to show that A is an isolated point of 8 sp(T")N FT.
Suppose not, then 3X, € dsp(T) N Fr such that A\, — X with A, # A Vn. The complex
numbers A, liein Fr, so each A, is eigenvalue, by Lemma 3.16. If z, is such that || z, ||=1
and Tz, = A,z then since (T — Al )z, = (A, — A)z, converges to 0 as n — 0o, we may
assume by Lemma 3.15 that (z,) is norm convergent to some z with || z ||= 1 such that
Tz = Az.

Let Y be the closed subspace of X generated by the sequence (z,). Let U be the restriction
of T— A to?Y.

Then U(Y) C Y and UY is dense in Y. Also, (T — AI)Y = UY and X € Fr, so by
Lemma 3.15, UY is closed and so UY =Y. However,z € Y so YoNkerU is not {0} and
ker U is finite dimensional. Thus Y can be written as a direct sum Yy +Y; and UY; =Y,
so given small enough ¢ > 0, (U —el)Y; =Y. When € # 0,(U — e]l)Y = Y, and so
ker(U — eI) # {0}, for small enough ¢ > 0. This contradicts the fact that A € 9sp(T).C.

Lemma 3.18

Let S be a bounded linear operator from X to itself. If sp(S) = {0}, provided X is
infinite dimensional, then 0 is infinitely singular for S.

Proof If 0 € Fs and X is infinite dimensional, then S is an isomorphism on some infinite
dimensional subspace Z of X of finite co-dimension in X. If necessary replacing S with
kS for some k € C, we may assume || Sz ||>|| z || for every z € Z.

Define subspaces (Z,)2o by Zo=2,Z,=2ZNSZ, - Zky1 = Z N SZk. Then each Z, is
an infinite dimensional subspace of X. If z € Z, || z ||> 0 then z = S*z; for some 2z € Z
and 0 <|| zo ||<|| S*20 ||, so || S*¥ ||> 1Vk. So the spectral radius of 5 exceeds 1. This

contradicts the fact that sp(S) = {0}.
Lemma 3.19 |

If X is infinite dimensional then Fr # C.
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Proof If Fr = C, by Lemma 3.17 every point in sp(7T) is isolated and so the spectrum
of T, sp(T) is finite. Let us suppose sp(T) = {A1,A2,- - ,An}. Let us consider

P(z)=1I7,(z—-X), VzeC.
For A # 0, we have
P(z) = A =12, (z — p:) where g; € sp(T)V1 <1 <m.

It follows that (P — A)(T) = p(T) — Al is invertible if A # 0. So, Sp(P(T)) = {0}.
However X is infinite dimensional, so by Lemma 3.18, 0 is infinitely singular for P(T).
So there exists (z,), || z» ||= 1 such that (P — A)(T)z, = 0 as n = oo,

If we write, P(T) = (T — A )P,(T) and repeatedly apply Lemma 3.15, we prove that
some sequence of (z,) is convergent. This is impossible so Fp # C.O.

To complete the proof of Theorem 3.12, suppose X is hereditarily indecomposable. Since
Fr # C, there exists at least one Ao € C such that Ao is infinitely singular for T

Since Ao is infinitely singular for T, for every ¢ > 0 there is an infinite dimensional

subspace Y of X such that || T|ly — dolly ||< e

If T — Mol is an isomorphism on some subspace Z, say || (T — Aol)z ||> 4 || z || for all
2€ Z. Let e = —f,[— and consider Y as in the paragraph above. For y € Y and z € Z, we

have
T+ ly+2zll = (T = X)(y—2)|
> 6zl —€ellyll
> Szl =5l z 1+l y+21l

That 1s, 5 5
(L= Iz IS AT+l + 30 Ty + 2101

This contradicts the fact that X is hereditarily indecomposable. So (T — Ao[) is not an
isomorphism on any infinite dimensional subspace of X, so T — Aol is strictly singular.

By Lemma 3.17 the spectrum of T is finite or consists of a sequence of eigenvalues
converging to Ag.

If T has a finite spectrum, then if A € 0sp(T) N Fr, A is isolated in sp(T) by Lemma 3.17.
Consider the spectral projection @ associated with A. Then Y’ = QX is finite dimensional,
since ) is not infinitely singular for T and by the spectral mapping theorem. For a finite
spectrum, one value A € sp(T') must be infinitely singular.

This completes the proof of Theorem 3.12.0.
A corollary of Theorem 3.12 may also be stated.
Corollary 3.20

A complex hereditarily indecomposable Banach space X is not isomorphic to any proper
subspace.
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A long standing question asked by Banach is whether every Banach space X is isomorphic
to the direct sum X @ R (in the real case) or X @ C in the complex case. This is the
hyperplane problem for Banach spaces. Corollary 3.20 answers the hyperplane conjecture
negatively. Gowers [13] gave a second construction of a space which solved this problem.

Theorem 3.21

There exists an infinite dimensional Banach space with an unconditional basis which is
not isomorphic to any of its proper subspaces.

The definition of the norm of the space of Theorem 3.21 is very similar to that of Theorem
3.12.

In the description of the norm of Gowers and Maurey’s hereditarily indecomposable Ba-
nach space, let the set J be such that if m,n € J then logloglogn > 2m. Define a norm
on cgg by the implicit equation |

12 ll=l 2 llo Vsup{7ts Sey || Bz 2 <n € N,
Ei< E; < - < E,}Vsup{|z*(z)|: k € K,z* € Bi(X)}.

where the supremum for the sets Ex now can be over arbitrary sets Fy < E; < --- < Ej
and not just for intervals Fy. This fact ensures that the resulting Banach space has an
unconditional basis.

In the proof of Theorem 3.21 Gowers again uses the notion of R./.S. sequence and also a
result of Casazza.

Theorem 3.22 Let X be a Banach space with a basis with the property that whenever
(y») and (2,) are two sequences in X such that y, < zn < yn41 (with respect to the
basis), they are not equivalent. Then X is not isomorphic to any proper subspace.

In [14], Gowers and Maurey also establish a few operators result for the Banach space of
Theorem 3.21.

Theorem 3.23

There exists an infinite dimensional Banach space X with unconditional basis (€)%,
such that every bounded linear operator T' from X to itself may be written 7' = § + D,
where S is a strictly singular operator and D is a diagonal operator on (en);%;.

The ideas outlined above have also enabled Gowers to construct further examples of
Banach spaces with surprising properties.

Definition 3.23

A Banach space X satisfies the Schroeder-Bernstein conjecture if given a Banach space
Y, if Y is isomorphic to a complemented subspace of X and X is isomorphic to a com-
plemented subspace of Y, then X is isomorphic to Y.

Gowers [15] next constructed a Banach space X which contains no co, ' or reflexive sub-
spaces. In [16] he solved the Schroeder-Bernstein problem for Banach spaces by showing
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that this space X is isomorphic to its cube but not its square: X = X @& X @& X but
X EXoX.

So far the results discussed have consisted mainly of counter-examples to long standing
questions in Banach space theory. However Gowers [17] finally established a positive
result.

Theorem 3.24

Let X be an infinite dimensional Banach space. Then X contains an infinite dimensional
subspace with an unconditional basis or an infinite dimensional hereditarily indecompos-
able subspace.

The statement of Theorem 3.24 allows another long standing problem in Banach space
theory to be settled.

Definition 3.25

An infinite dimensional Banach space X is homogeneous if it is isomorphic to all of its
closed infinite dimensional subspaces.

Schlumprecht had shown in [9] that any homogeneous Banach space is decomposable. In
[37] the next theorem was proved.

Theorem 3.26

If X is an infinite dimensional Banach space all of whose subspaces have an unconditional
basis, then X is hereditarily ¢2.

If X is homogeneous, it is decomposable and so by Theorem 3.24 X must contain an
unconditional basic sequence, and being homogeneous X must have an unconditional
basis. Since X is homogeneous, by Theorem 3.26, X must be isomorphic to ¢2. For a
historical review of the homogeneous space problem see [18].

In [19] Gowers commenced a study of the combinatorial ideas underlying [17].
Definition 3.27

A subset A of a topological space is analytic if it is the continuous image of a complete
separable metrisable topological space.

If Ais a subset of N“ in the product topology and either A or its complement contains
all infinite subsets for some X € N, then A is said to be a Ramsey set.

This property holds for open, analytic or Borel subsets of N“ in the product topology (cf.

[20]))-

Let X be a Banach space with basis (e,)22,. A generalized block basis is a sequence of
pairs (Zn, An) Where z, < z2 < --- are vectors of norm one and A, € [0,1] Vn.

Let > (X) be the set of all infinite generalized block bases of the basis (e,)q2

n=1"
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Let 0 C Y (X) be arbitrary and consider a two player game between players A and B.
At the nth stage, A chooses a block subspace X,, C X infinite dimensional and B chooses
a pair ¢, = (z},A,) with z}, € X,,. Player A aims to contruct a sequence (z,.z5,--) € ¢
and B aims to prevent this.

A strategy for A is a function ¢ which, given any finite block basis z,,z,, -+ ,z, and any
subspace Y C X, gives £ = p(z1, - z,;Y) € Y.

The strategy ¢ i1s a winning strategy for A if, given a sequence X;, X3, - of subspaces
of X, the sequence (z,,z,,- ) defined by z; = ¢(¢; X1), Zn+1 = @(Z1,...Zn; Xn41} is in
o.

Let A = (61,02,--) be a sequence of positive scalars and o C > (X), then o, is the
set of block bases (z1,z3,---) € > (X) such that there exists (y;,y2,---) € o with
| yn — zn ||< 8n Vn.

Denote by o_x the set ((0°))§.
Definition 3.28

A set 0 C ) (X), for a Banach space X with basis (€,)%%,, is weakly Ramsey if, for
every A > 0, either X has an infinite dimensional block subspace Y such that every
sequence (y1,Y2, ) € Y (X) consisting of vectors in Y is an element of (¢€)a, or X has
a subspace Y such that A has a winning strategy for oa, provided all of B’s moves are

subspaces of Y.

Two topologies can be defined on > (X). First take the norm topology on X, then the
product topology: we call this N. Second take the discrete topology on X, then the
product topology: we call this D.

Gowers theorem can now be stated.

Theorem 3.29 Let X be a Banach space with a basis (e,)3,. Every N-analytic subset
of ) (X) is weakly Ramsey.

Using Theorem 3.29, Gowers gave a new proof of Theorem 3.24 which we now sketch.
Proof of Theorem 3.24.

Without loss assume X has a bimonotone basis. If X contains no unconditional block
basic sequence, then every block subspace contains a block basis z,,z;,--- such that
| z; ||> 10~ Vi and given k 3n < m such that

1Y zill> kY (=Dl

t=n 1=n

The set of such sequences is a G5 set for N and so is N analytic. By Theorem 3.29,
player A has a winning strategy in a subspace W for producing sequences like this with
k replaced by % By considering strategies for player B of form Y, Z,Y,Z,)Y, Z,- - with
Y, Z arbitrary subspaces of W, it may be shown that the sequence produced by A gives
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foralle > 0 elementsy € Y and z € Z with e || y+2z ||>| y— 2 || and so W is hereditarily
indecomposable.O.

Gowers then goes on to to give a classification of Banach spaces.

Definition 3.30

An infinite dimensional Banach X space is minimal if every infinite dimensional subspace
of X has a further subspace isomorphic to X.

Two infinite dimensional Banach spaces X and Y are totally incomparable if no infinite
dimensional subspace of X is isomorphic to a subspace of Y. |

An infinite dimensional Banach space X is quasi-minimal if it does not contain a pair of
totally incomparable infinite dimensional subspaces.

Let Y < Z mean Y embeds isomorphicallyin Z. WriteY ~ ZifY < Zand Z <Y. Then
given a Banach space X,~ defines an equivalence relation on the infinite dimensional
subspaces of X. If X is quasi-minimal there is a collection ( of infinite dimensional
subspaces of X such that the set ( is partially ordered by <, if Y, Z € ( then there exists
W € ( such that Y > W and Z > W and every infinite dimensional subspace of X has
a subspace isomorphic to a subspace in (. Moreover the existence of such a collection (
implies that X is quasi-minimal. (Take ( to consist of a representative member of each
equivalence class under ~).

As a result, if a quasi-minimal space X has a minimal subspace Y, then Y embeds in
every infinite dimensional subspace of X. Therefore, X has a minimal subspace if and
only if ¢ has cardinality one for every choice of (.

If ¢ has cardinality greater than one, we say that X is strictly quasi-minimal.

It may be shown that if [(| > 1, then ( is uncountable.

Also an infinite dimensional hereditarily indecomposable space is quasi-minimal.
We now state Gowers final result.

Theorem 3.31

Let X be an infinite dimensional Banach space. Then X has an infinite dimensional
subspace Y with one of the following properties, which are mutually exclusive and all
possible:

(i) The space Y is hereditarily indecompsable and therefore every operator from a sub-
space Z of Y into Y is a strictly singular perturbation of a scalar multiple of the inclusion
map.

(ii) The space Y has an unconditional basis and every isomorphism between block sub-
spaces W and Z of Y is a strictly singular perturbation of some invertible diagonal
operator on Y.
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(1i1) The space Y has an unconditional basis and is strictly quasi-minimal.
(iv) The space Y has an unconditional basis and is minimal.

It should be mentioned that Schlumprecht showed that the space S of [9] is comple-
mentably minimal: every finite dimensional subspace of S contains a subspace isomorphic
to S and complemented in S. [21]. It was also shown that Tsirelson’s space T contains
no minimal subspace [22]. '

Odell and Schlumprecht also solved another open problem in the circle of ideas of this
chapter [23].

Brunel and Succheston proved a result which allowed the notion of spreading model to

be defined. [24]
Proposition 3.32

Let (z,)S2, be a bounded sequence in a separable Banach space E. There exists a
subsequence (z1)%, of (z,)%%, such that, for all £ € E, for all K > 1 and scalars

(al,"‘ ’ak)_-_—_a’

L(z,a) = kli*r?o | £+ a1z, + azz,, + - + axz;, ||
exists whenever n; < ny < --- < nj tends to infinity.

Let (e;)2, be the canonical basis of R™N. Let us suppose we can extract a bounded
subsequence by Propostion 3.32, we set

lz+) aei||= L(z,a)Vz € E,Ya € R™.

This defines a semi-norm for E x R,

It may easily be shown that this seminorm defines a norm on E x R™ if and only if the
sequence (zl) does not converge in E.

Definition 3.33

A sequence (z}) such as in Proposition 3.32 for which the seminorm above is a norm is
called a spreading sequence. If (z,);, is a spreading sequence in a separable Banach
space E the completion of E x R®™ for the norm described above is the extension of E

defined by the sequence (z,)3%.,. Denote it by F.

The closed subspace of F generated by the sequence (e;):2, is the spreading model defined
by the sequence (z,)3%,.

It had been widely conjectured that every infinite dimensional Banach space X had a
spreading model which contained ¢g or £°(1 < p < o). However the following result is
true. [23]

Theorem 3.34
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There is an infinite dimensional Banach space X which has no spreading model which
contains ¢y or £° (1 < p < o0).

The space is a modification of Schlumprecht’s space S [9] along the lines of Gowers’ space
in [15].

For an extensive study of spreading models we refer to [24].

Further results on hereditarily indecomposable Banach spaces have been found by Fer-
enczi [31]. In particular he has constructed a uniformly convex hereditarily indecom-
posable space [32] and studied the K-theory of the algebra of bounded operators of two
of the spaces constructed by Gowers and Maurey [31]. Properties of Cp-groups and Cp-
semigroups of operators on hereditarily indecomposable Banach spaces were studied in
[35]. Further results on hereditarily indecomposable Banach spaces can be found in [34],
[33). In [33] hereditarily indecomposable Banach spaces were shown to be precisely those
spaces X where every bounded operator T : Y — X mapping a subspace Y into X has
form T = My + S, where ) is a scalar, 1y : Y — X is the inclusion mapping and S is
a strictly singular operator. This result clarifies the few operators property enjoyed by
hereditarily indecomposable Banach spaces. It has also been announced that the final
version of [14] contains an example of an indecomposable Banach space that is not hered-
itarily indecomposable. In [38] it is shown that a hereditarily indecomposable Banach
space is arbitrarily distortable.

A Positive Result

To complete this chapter we give our own result which yields a condition for a Banach
space to be decomposable.

Theorem 3.35

Let X be a Banach space such that X and X* have Fréchet differentiable norms. If there
is a basic sequence (z,)%, in X such that X, = [T1,22, -+ ,Tm] is complemented by a
projection P, : X = X, with || I — P ||= 1, Vm € N, then the space Y = [z,]|32, is
complemented in X.

If Y is of infinite co-dimension in X, then the Banach space X is decomposable.
Proof of Theorem 3.35
In [27], Rao proved the equivalence of the following properties:

(i) X is strictly convex, reflexive and if a sequence (z,) C X weakly converges to z € X
and || z, ||| z || as n = oo, then ||  — z, || = 0 as n — oo.

(i) X* has Fréchet differentiable norm.
We may therefore suppose that X is strictly convex and reflexive.

For any non empty closed convex subset C of X, define n(z,C) = {y € C |z -y ||=
inf{|| z—z|: 2 € C}}
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When X is strictly convex, the set valued map n(z,C) takes values the empty set or
singleton sets, so z — m(z,C) defines an indempotent mapping, provided =(z,C) is non
empty for all z € C. We prove a simple lemma on this mapping.

Lemma 3.36

If X is a strictly convex Banach space and C is a finite dimensional subspace comple-
mented by a projection P : X — C with || I — P ||= 1, then Pz = n(z,C)Vz € X. In
particular 7(.,C) is a bounded, linear mapping.

Proof Since C is finite dimensional, a well known result from the theory of Hilbert
spaces gives that 7(z,C) is non empty for all z € C. Therefore z — m(z,C) defines an
idempotent mapping on X, since X is strictly convex. For z € X,

I (I = P)(z —n(z,C)) [|=] z - Pz ||,

(I — P)(n(z,C)) =0 for m(z,C) € C.
Therefore
(I = P)(z—n(z,CHI| < |II=Pl|:lz~n(z,C)|
= [[z=n(z,C) ]
< llz=Pz|,

since Pz € C, by the definition of #(z,C).

Thus, given z € X
| z—Pzl=|z-n(z,C) | .

Since X is strictly convex, m(z,C) is uniquely defined so that,
Pz = n(z,C), Vz € X,
as required.O.

For a sequence of non empty, closed convex sets {C,} in X, Mosco [28] made the following
definitions s — liminf C, = {z € X : 3z, € C,, for almost all n and z,, — z in norm as
n — 0o}

w— limsupC, = {z € X : 3 as subsequence {C,:} of {C.} and z,1 € C,1 Vn' and
z,1 — z in the weak topology as n' — oo}

If s —liminf C, = w — liminf C,, the common value is denoted lim C,,.

In [29] the next result is proved. It supersedes an earlier version from [27].

Proposition 3.37

If X is a Banach space such that both X and X~ have Fréchet differentiable norm, for
any sequence of non empty closed convex sets {C,} in X, the following are equivalent:

(i) lim C,, exists and is non empty.
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(i1) there exists non empty, closed convex C such that d(z, C,) tends to d(z,C) as n — oc.
(ii1) m(z,C,) is a norm convergent sequence for every z € X.

If we consider C,, = [z},Z3, -+ ,z,) and C = [(z,)%,], since (z,)%2, is a basic sequence
property (ii) of Proposition 3.37 holds; so using Lemma 3.36 we can define P : X — C
by

Pz = lim n(z,C,) = lim P,r.

n—o0 n—oo

The mapping P is clearly a linear indempotent onto C'. By the Banach-Steinhaus theorem,
P is continuous and we are done.O

Deville has shown that if the norm of a Banach space X is C*®, then X contains an
isomorphic copy of #7 and so is not hereditarily indecomposable. Deville has also shown
that a space X such that both X and X* have C* bump functions must be a Hilbert
space. [36).

This prompts the following question.

Question 3.36 How smooth need the norm of a Banach space X be before the space X
1s decomposable and are smoothness conditions sufficient on their own to imply that a
space is decomposable?
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Chapter 4
Spaces of Bounded Operators.

1. Two Few Operator Problems.

It is well known to Banach space theorists that for certain pairs of Banach spaces X and
Y, the space of bounded linear operators from X to Y, L(X,Y), coincides with the space
of compact operators from X toY, K(X,Y). (e.g. Take X = 7)Y = 09,1 < g < p < 00).
The following question has been raised.

Question 1 Is there a pair of Banach spaces X and Y such that L(X,Y) = K(X,Y)
and L(Y, X) = K(Y, X).

The solution of this problem has been known for some time now, but has never been
published. The short proof below was communicated by F. Delbaen. It is due to J.
Bourgain and F. Delbaen.

Lemma 2 Let X be any Banach space.

An operator T : 2 — X is compact if and only if | Te, || 0 as n — oo for any
orthonormal sequence (e,) in £2.

Proof cf [1], p.46.

A Banach space is somewhat reflexive if every infinite dimensional subspace contains an
infinite dimensional reflexive subspace.

Let 1 < A < o0 and 1 < p < co. A Banach space is called a £, ) -space if given a finite
dimensional subspace B of X there is a finite dimensional subspace of E of X containing
B and an invertible linear map T : E — £3mE sych that || T |||| T ||< A

A Banach space is said to be a LP space if it is a £, -space for some A > 1.

Lemma 3 ([2), Lemma 5.9) Let X be an example of a somewhat reflexive L space with
X* isomorphic to £' as constructed by Bourgain and Delbaen in [2].

Let (z,) be a weakly null sequence in X with || z, ||> . We can extract a subsequence
(znx) such that

N
1> zn, I> CNP,
k=

where the constant C and exponent p > 1 depend on é and the parameters used in the
construction of the £ space X. The constant C and exponent p are both independent

of the arbitrary integer N and of the weakly null sequence (7).

Proof This is [2], lemma 5.9. We may assume 1 < p < 2 by varying the parameters in
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the construction of X.0O.

Theorem 4

There exists a £L®-space X which is somewhat reflexive and such that X* = ¢! so that

L(X,0%) = K(X,*) and L(€*, X) = K (€%, X).

Proof Take X to be a L*-space of Bourgain-Delbaen constructed to satisfy Lemma 3.

Let T : X — €2 be a bounded linear operator. Since T* : 2 — X*, where X~ = ¢!, maps
£2, a reflexive space, into an ¢! copy, the adjoint T* is compact and so T is compact.

So L(X, £2) = K(X, ).

Let T : £* — X be a bounded linear operator. If T is not compact, by Lemma 2, there is
an orthonormal sequence (z,) in €2 such that y, = Tz, is not norm null. The sequence
(yn) must be weakly null, so by considering a subsequence (y,, ) we have || y,, ||> ¢ >0
for some §. By Lemma 3 there exists C! < oo and 1 < p < 2 such that

N N
C'IITINZ 2D ym, =l > Tzn, [|> CNv.

k=1 k=1
So there is a constant D such that for all N,
N% > DN,
Since 1 < p < 2 this is a contradiction and so T must be compact.
Hence L(£%,X) = K(£,X).0
A second question has also been considered by Banach space theorists.
Question 2

Is there a Banach space X for which some proper closed ideal of operators contained in
L(X), the Banach algebra of bounded linear operators on X, is complemented in L(X)?

In particular is the ideal of compact operators on X, K(X), ever complemented in L(X)?

In (3] it was shown that for X = J, the James space, L(X) admits a non trivial multi-
plicative linear functional and so L(X) has an ideal of co-dimension one. In fact such an
ideal of operators can be explicitly identified.

Lemma 5 (Gantmacher, cf [4], p.21).

An operator T : X — Y between Banach spaces X and Y is weakly compact if and only
if T*(X*)CY.

Theorem 6 If X is a Banach space of co-dimension one in its bidual, then every operator
on X is of the form AI + W, where X is a scalar, I is the identity operator on X and W
is a weakly compact operator.
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Proof We have that X** = X @ Y, where Y is a one dimensional space. Consider the
projection P : X** — Y onto Y along X. If T : X — X is an arbitrary bounded linear

operator, since P o T**/y maps one dimensional space Y onto itself there exists a scalar
A such that

Po T“Iy = /\Iy
The mapping P o (T — Alx)* maps X** onto Y and in fact
Po(T - Alx)™ =0.

It follows that (T — Alx)**(X**) is contained in (f — P)(X™") = X i.e. (T —Ax)"*(X*) C
X and so by Lemma 5, T — Alx is weakly compact. O.

Thus, for the James space J, the ideal of weakly compact operators W(J) is of co-
dimension one in L(J).

G. Emmanuele has studied the complementation of the space of weakly compact operators
between Banach spaces X and Y, W(X,Y), in the space of bounded operators L(X,Y)
in [5).

2. The Banach Space L(¢},¢P),1 < p < oo, is primary.

The space of bounded linear operators between ¢! and a Banach space X can be explicitly

identified.

Proposition 7 Let X be any Banach space, then the space L(£',X) is isometrically
isomorphicto (X @ X B X B -+ )ew.

Proof Let (e,)%2, denote the standard basis of £'. Define a mapping from L(£!, X) to

(X®X @ - )ew by
T — (Te'n);l.ozl

Then, the mapping is linear and

sup || Te, |lx<|| T |l

so the mapping is bounded. Also, if Te, =0, for all n € N, then T = 0, so the mapping
is injective. If z = >0 zqe, € £', then

I T(z) [I=Nl Y zaTen [I<|| = |l supy, || Ten |Ix

n=1

So that
| T ||=sup || Tex ||x -

If (yu)2, E(X X D )eo define S: €' - X by Sen = yn. Then S is bounded with

| S ||=sup || yn ||x

and under the mapping the image of S is (y»)3%; € (X ® X @ - - )¢, so the mapping is
an isometric isomorphism.O.
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We shall now study the projections on the space of bounded operators L(f!,¢?) for 1 <
p < oo.

A Banach space X is said to be primary if, when X is isomorphic to Y & Z, then X is
1somorphic to Y or X is isomorphic to Z. In [6] Blower proved that L(¢?) is primary. We
shall modify Blower’s arguments to show that L(£*,¢P),1 < p < oo, is primary.

2.1 A Finite Dimensional Decomposition
We first express L(£',£P) as a direct sum of finite dimensional subspaces.
Proposition 8
Let (ny) be a sequence in N with sup, ny = co. Then,
L(8,6) = (2,8, )em.

Proof By Proposition 7 we have that

LB PV (PP D ).
It is obvious that (©22,¢P )4~ is complemented in L(£}, £P).
CLAIM The space (BS2,¢P )¢~ contains a complemented copy of £7.

To prove the CLAIM, let P, denote the basis projections of the standard basis (e,)3%,
in £7. Let S be subspace of (BS%, )~ given by

~

S= {(Zn)azy : PaZnt1 = 2o,V n € N},
If (yn)o2, =y Eg', P,yn+1 = y» and so considering the y, as elements of ¢7,
[Yn| < |yn41] on N,
up [| yn g < oo-

So since every montone increasing sequence of real numbers bounded above converges,
there exists unique y € £P such that P,y = y, for all n.

If we define ¢ : £ =3 by
P(y) = (Pay)mers

then v is bounded linear and onto §
Let ¢ : (®5%,£2 )4 — £P be given by
(99((%);21), n) = LIM(z,,n),

for all n € E”l,% + le = 1, where LIM denotes a Banach limit. Then ¢ is bounded and

linear and ¥ o @ is a projection of (G°%,4F ) onto ¥(¢F) =S and ¢ o 9 is the identity
mapping onto £°. So £ is a complemented subspace of (D24} )ee.
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= (@ ,fP)4o. If we consider a partition of N into infinite sets (Ni)g2,, then
(Brzi(Bmen, P, )e= e, and so we can find a subspace W of L such that

L=(LOLLD )= W,

since (Pmen, fP, )e contains a complemented copy of (62,7 )~ = L for any infinite set

Ng.

Therefore,

LelL LO(LBLS ) ®W)

(LOLBLD ) @ W

e 1 1R

L.
So that

(LOLBLD - e (LOLD - )= DL

(LOLD ) D((LOLD -+ )ee & W)
(LeL)a(LeL)@ - )e)dW
(LOLBLD - ) W

L.

1 1R 1R 1R

IfL°= (PO DL D)o, for any partitition of N into infinite sets Ny,

L° (@2?_—1(@memep)ew )eoo

(L°L LD )

R

since (Bmen, P )ee = L°.
By Pelczynski’s decomposition method we have that
Lo = L(,0) = (B2, )ew = L

To finish the proof observe that given ng with sup, ng = oo, L®® = (®72,4%, )¢ is com-
plemented in L and L is complemented in L%. An argument similar to that used for L,

shows that
LOO t__—\_J (LOO @ LOO @ . )[w.

Applying Pelczyriski’s decomposition theorem gives L = L°° which is the required
result.0.

2.2 A Finite Dimensional Result.

Let M, be the set of n x n matrices endowed with the £, norm. By Proposition 8, we
have that for a sequence (nx) in N with sup, nx = oo,

L 8°) = (@52, My, e
Definition 9
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Let 0 = {01,03,-- ,0n} and 7 = {1, 73, -+ , 72} be two subsets of {1,2,3,--- . N} of
size n. Let A = [a;;] and B = [b;;] be matrices in M,. Define J,, : M, — My by

a;, ifk'———O’,',g:TJ’

0, otherwise

(Sor(A))ke = {

Let K,, : My = M, be defined by

(K (B))u = b 1),7(4)

Observe that K, ,J, . = I, the identity map on M, and J,,K,, = P,, is a projection
onto J,,(M,). Let us call P,, a block projection of order n.

Proposition 10 Given n,e > 0 and K < oo there exists Ny such that if N > N, and
T € L(My,My) with | T ||< K, then there exist disjoint subsets o, 7 of {1,2,--- , N} of
size n and a constant ¢ such that

| KorTJsr—cl, ||<e.
Therefore, one of K, .TJ, . or K,.(In — T)J, - is invertible.

Proof Let ¢ > 0 be given Divide D = {z € C: |z| < K} into finitely many disjoint
subsets Vi of diameter ;5. Define a colouring on pairs of {1,2,--- , N} by

{1,7} = k if (Teyj, e5) € Vi
where 1 < 3.

[e;; = € ® e; is the usual matrix unit and we consider the £ — E”l, where % + pl—l =1,
duality].

By Ramsey’s theorem [7], we can find an index K and a large monochromatic subset o,
of {1,2,---, N} whose colour is K. Let ¢ be any non zero point in Vk.

Let § > 0 be given to be specified later. Consider the 2-colouring of the quadruples of o,
given by {1,7,k,£} is bad if i < k < j < £ and |[(Te;;, exe)| > 6.

By Ramsey’s theorem there is a large monochromatic subset o, of o;. If o5 is a bad
monochromatic subset of gy, let £ < 7 < £ be the three largest elements of ¢, and 7 range
from the smallest element of o, to the largest element o, smaller than k. For suitable
complex numbers ¢; with |e;| = 1,

” T(Z 6161.7 |> Z Tez_neke
6(lo2| — 3)

However, || 3. ciei; ||= (lo2] = 3);7 and hence K > 6§(|o| — 3)' "

Since 1 < p < oo, by a suitable choice of N we ensure that o3 is good. Continuing in this
way we obtain a large subset o3 of o2 such that

[(Tei;, exe)l < 6
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whenever ¢, 5,k and £ are distinct elements of o3 with max{7, k} < min{j,¢}.

For the case i = k < j < £, consider the two colouring of triples of o3 given by
{l,],e} is bad if 1 < 7 < ¢ and |(Te,-j,e,~g)| > J.

Ramsey’s theorem gives a large monochromatic set. If p is a bad monochromatic subset,
fix ¢+ as small as we can, £ as large as we can and let j range through the bad subset so
that : < 7 < £. For suitable complex numbers ¢; with |¢;| = 1 we have

L
1) eiess [1= (lol = 2)7
J

while
| 225 Tejeis || > 2, €5(Tess, eie)
> 4(lo] - 2).
This ensures that we have a large good monochromatic subset g4 of 3. The cases 1 =
k <€ < jand: < k < j =/ are dealt with similarly.

In conclusion, there is a large subset o5 of o4 such that when (z,7) and (k, £) are distinct
pairs in o5 with max{:,j} < min{k, ¢} then

|(Te,-,-, ekg>| <é.

We split up o5 by taking the first n elements to form ¢ and the last n to form 7. The
construction of ¢ and 7 gives

[(Teij, ei5) — ¢ < 72
We can write
| (Ko,rTJo,r — cln) Z(i,j) aijei; ||
” Z(i,j) a'ij(<TeU.',T,'a er‘ﬂ’j) - C)eij “
| Z(i,j) aij Z(k,l);(k,e);&(i,j)(Teae,f,,eak,n)ekl |
n? max |a;;| 55 + n*é max |a;;|
%max |a,-j|,

INIA + IA

where ¢ = 4—;7 ensures the above holds. So we have
| KorTJsr—cln ||< €.

The final statement follows by considering Neumann series to obtain inverses of the op-
erators, noticing that ¢ was chosen to be non zero.O.

2.3. A Local Result.

We shall call operators T € L(M), where M = (@72, My)e=, diagonal operators if T
has form T = @2, Tk where T, € L(M,, M.,). The analysis reduces to a study of these

diagonal operators.

We shall say that an operator S : X — Y between Banach spaces X and Y factors
through an operator R : X; — Y; between Banach spaces X1 and Y;, if there exist
operators U: X = Xjand V : Y, =Y such that

S=VRU

59



If an operator S; : X — Y factors through R; : X; — Y] and an operator S; : X — Y
factors through R; : X; — Y), we shall say that the factorizations coincide provided there
exist operators U : X — X, and V : Yy = Y such that

Sl = VRIU
and52 = VRzU

Lemma 11

Given € > 0 and a bounded, linear operator T : M — M there is a bounded linear
operator T on M such that

(1) T' may be factored through T and I — T! may be factored through I — T and the
factorizations coincide.

(2) T' is almost diagonal in the sense that || T' — D ||< ¢ where D is diagonal.
To prove lemma 11 we also need to prove a further lemma.
Lemma 12

Given n € Nye > 0 there is an N'(n,€) such that if N > N!(n,¢) and FE is an n-
dimensional subspace of My there is a subspace F of My and a block projection q of
order n of My onto F such that

|l gz ||[< €]z || forz € E.

Proof Let ¢ > 0 and n € N be given. Let E be an n-dimensional subspace of M,,,, where

m will be chosen later to be sufficiently large. By a volume argument we can find an £

net ri,Z,,- -,z of the unit sphere of £ where L depends only on € and n. Consider
the natural projections Q, onto the m? n x n blocks of M,,,. We have

L= ZnquEZZu@uw

k=1 r=1

by a blocking property of the E” norm on M,

If we let m be sufficiently large that L < m?(£)?, we have

m2

L
1
>_— r p
P2 =33 Q]

k=1 r=1

So for some 7,1 < r < m?,

L
(572D 1 Q=lp
k=1

We can choose our q of the lemma to be this @, since (zx) is an § net for the unit sphere

of £.O.
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Definition 13

Let I be any subset of N. We introduce projections on M.

Ty, ]EI

0, otherwise

(Pi(z)); = {

for £ = (z,) € M.

Pk($1,$2,"‘) = (xlvx27"'v$kv0’0"")
Rk($1,$2,"‘) = (0707 ’0)$k+1v1:k+2";)
Pk($1,$2,"‘) = (0,0,"',$k,0,0,"')-

Proof of Lemma 11
We need to select T such that

€ €
| PnT" Poy < ) I p-T' R, || < on
2 2

Given an infinite subset I of N;m € I and € > 0, we can select a proper infinite subset J
of I such that m # J and || p TPy ||< €.

This is possible because of the fact that for each n,p, is finite rank. If ¢ > 0 and F
1s a finite dimensional space with S € L(M, F) there is an infinite subset of N such
that || SP; ||< e. It suffices to consider the case F = C so that S € M*. We can
partition N into infinitely many disjoint subsets ¢ and to each subset ¢ there corresponds
S, =SP, € M*. Since M is formed from an ¢* direct sum,

1) +S,lI<2,

for any choice of signs and so || S, ||< € for some choice of .

Define recursively an increasing sequence of integers my, a decreasing sequence ([j) of
infinite subsets of N and block projections gx on M,,, such that

(1) g is of order k

(ii) if = € Py T (D521 9s(Mm,)) then || gi(z) < 5 |l z |
(iii) mg € Iy — Ix41, and

(V) | Pmi T Priy, IS 3%

Lemma 12 can be used to satisfy conditions () and (:2), while the remark of the above
paragraph gives (iii) and (iv).

Introduce the mapping ri : My — qi(Mn,) as the natural isometry and let

T' = (&g ax)T(Drs)-
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Then || T ||<|| T || and I = (®r; qi)(®ri). Hence T! factors through T and I — T
factors through I —T. Moreover the factorizations coincide. Also since || p.T' Pa-1 ||< 5=
and || poT' R, ||< & we see that if D = ®p,T'p, then

|T' - Dl<e

where D is diagonal and the proof of Lemma 12 is complete. O.
2.4. The Main Result.

We can now prove our main result.

Theorem 14 The Banach space L(£',¢7) (1 < p < 00) is primary.

Proof Let us recall that M is isomorphic to L(£!,¢P). Let P : M — M be a projection.
Using the notation used above let P =T.

By Proposition 10 we can find an increasing sequence of integers n; and boundéd maps
Un,, Vn, where || Un, ||< 4 and || V5, ||< 4 such that Diagram 1 (see Appendix) commutes,
where @n, = p,,JTan for all j or Qn = pn,(I = T)py, for all j

We conclude that there are bounded mappings U!, V! such that Diagram 2 (See Ap-
pendix) commutes where D' = D or D' =1 — D.

A perturbation argument combined with lemma 12 gives bounded maps U,V such that
Diagram 3 (see Appendix) commutes, where T** =T or T"' =1 - T.

Hence, (®;Mp,)e= is isomorphic to the subspace T U(®;Mn,)e= of T''(M) comple-
mented by the projection T*''UV. However (@;Mn, )¢ is 1somorph1c to M.

We have that there exist spaces W and Z such that

™M) = MoW
M TV M) & Z

e 1R

So,sinceME(M@M@'“)ew

T*Y(M) OMBM - )
O (T"M)82)@(T'M)D2) & e

(T“(M) ST(M) &)= & 27,

H 1R 1R

for some space Z!. So that
T (M) & TH(M) THM) & (THM) B )= & 2
(THM)STHM)D - )ee B Z'

T M)

R 1R IR

and (Tll(M) D TII(M) P )eeo ~ TII(M) ) (T”(M) @ )[w
Z' @ (THM) T M) @ Jeo & (TH(M) B )
7' (THM)® (THM)) & (TH(M) @ TH(M)) &+ )
Z'® (THM)BTHM) D -+ e

T M).

R 1 1R R
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So that by Pelczyniski’s decomposition method, T'' (M) is isomorphic to M and we are
done. O.
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3. The Banach Space L(¢*,{"), 1 < p <1 < p' < o where %-i— ;,1—1 =1
is primary.

3.1 A Finite dimensional Decomposition.

Let W, be the space of n x n matrices endowed with the operator norm of L(¢%,Z},).

ny n

Proposition 15

Let (nx) be a sequence in N with sup, ny = oo. Then,

L(£7, ) = (@, Wi e

forl < p<r<oo.

Proof

Let (en)22, be the standard basis of £7 (or £7). Let (PP)s2, be the basis projections in
P;1 < p<oo.

Define a mapping ¢ : (652, Wk)e, = K(£°,£) by

((T)2), ) = Y (P, — P, )Tw(PE, — PR, )z,

for z € P, where m; is chosen so that P, =0,m; =1 and mr = my_; + k.

Then, given (T,)%, € (@32, Wh)e, and z € £

| S rems1(Pry = Pr)Te(Ph, = PR, )z le

= (S | (P = Pr,)T(PR, — L, )z ) |
< suppyrchen | (Pry = Pry JTe(Phy = PRl) I (ke I (PR = P, )z lee)”
< SUPp41<k<n | Tk | (ZLmH | (Ph, — P#;k_,)x %)%

since ]l < p<r <oo.

a4

< sup | Te|ll=ll
m+1<k<n

Therefore, the operator 0((Tr)3%,) is a well defined element of K(¢7,¢") for (T,)52, €
(B2 Wi)eo-

Let Q : K(¢»,&") = K(£°,£") be given by

o0

Q(T)(z)=Y (P, — Pn, )T(Ph, — Pl )z

k=1
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for z € ¢7,

Then,

(Z:=l+m H (PTrr.‘Lk - Prrr-lk_l)T(P:tk - P‘rflk-l )I H;')%

S Supm-l-lSkSn H (P;lk - P;lk_l )T(P‘rflk - Pfr’xk_l) H (Z:zm-{-l “ (Prrr)l.k - P‘rzr)lk_l)‘r H;P)%
S supm-{-lSkSn ” (PT'T.‘tk - Pfr;lk_l )T(Pf‘:lk - P’fz:l.k_l) “ (ZZ:m-{-l H (P‘rflk - P'lf”lk—l )I ”Z’);

sincel < p<r < oo,

< sup || (Pn, — P, TP, —PL )il zlle

Mk~ Mk e
m+1<k<n ! k=l

— 0 as m,n — oo since T € K(£P,¢") and (e,)2, is a basis of £".

So Q(T) is well defined and it is easily seen that Q* = @ and || Q(T) ||I<|| T ||. Also,
Q(K(£P,£)) is contained in @((®52,Wk)e,) and if T € o((B,Whr)e, ), then Q(T) = T.
So K(£7,£") contains a complemented copy of (&3, Wk).,. If we consider double duals,
we see that L(¢P,£") contains a complemented copy of (B2, Wi)seo.

Let W = (&2,Wk)eo. Let X, be the natural mapping used to identify W, with
PrL(£P,£7)PP and Xpy1(wn © 0) = Xp(wy) for all w, € W, Let ¢ : W — L(£P,07)
be given by

(¥((wn)az1)ésm) = LIM(Xn(wn )€, n)

for £ € P,n € ¢ where % + ;17 =1, where LIM denotes a Banach limit.
If p: L(£P,€") = W is given by
o(T) = (PR TPR)%,

then ¢ and 1 are bounded, linear mappings. In fact ¥ o ¢ is the identity on L(¢?,£") and
@ o1 is a projection of W onto ¢(L(£?,£")).

Thus L(¢?,£") is isomorphic to a complemented subspace of W.

If we consider a partition of N into infinite sets Nk, we see that
W = (@z‘;l(@mENka)l“ )l°°
So there exists a subspace Z of W such that

WEWOWE-- ) & Z.

Therefore,

WaeWw WoWeWe: e Z
WOWSW: ) &2

1 2%

e 1R
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So that

WeaWeWD - o WOEWB: ) &W
WEWD - ) &(WEWG - e Z
(WeW)gWeW)g: - ) e Z

W.

(I Oa | P | P 174

If L =L(¢,0), let (M), be a partition of N into infinite sets with min My > k. If
Py, is the projection in ¢? given by

o0
p
PMk(E Tie;) = E T;€;

then T~ Pj, T Py, maps K(¢?,{) onto a copy of K(¢?,{"). By essentially repeating the
same argument as given at the start of this proof, we can see that (K (¢,£7)® K(¢°,0") ®
+++ )¢ 1s a complemented subspace of K(¢?,£"). By considering double duals, we can find
a subspace Z! of L such that

L2(LOLOLD ) B Z".
Repeating an argument used for W gives,
L=Z(LOLBLP- ).
By Pelczynski’s decomposition method
L=LP, YW = (B2, Wi)es.

If sup, ny = oo, then W,y = (@52, Wha, )t~ is complemented in W and W is comple-
mented in W,,). Repeating an argument used for W for W(,,) shows that

Wine) E Wink) @ W) @ -+ oo
and so by Pelczynski’s decomposition method, Wn,) = W, and we are done.
3.2. The Main Result
The proof that L(£?,€") is primary can now proceed almost verbatim as that for L(£', 7).
There are two points where the proofs differ.
Proof of Proposition 10

The proof proceeds as above, except now when considering sets o2, the estimate

1
1) eieis = (lozl = 3)#T,

where % + ;17 = 1, guarantees the existence of a large subset o3 of o, such that

|(Teij, exe)| < 6.
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whenever 1, j, k and ¢ are distinct elements of o3 with max{7, k} < min{z, £}.

Similarly when considering the set g, the estimate

1> ejeis 1= (o] — 2)7

J
ensures a large good monochromatic subset p4 of ps.

The rest of the proof now proceeds as before.O.

To prove Lemma 11 we also need Lemma 12. Here we need to take a little more care
than before.

Proposition 16

Let 1 <p<r<oo. Let A= (ai;){%-, be a bounded linear mapping from {7 to £". Then

LAl O a7 )

tg

Al Q2 el

— i 1 1,1 _
for t = min(r,p') and s+ or=1

and also

If A: f? — {7 is a bounded linear mapping and r < p', then

Q- lagl)r <nrl Al

Proof If z = (z;) € £, by Minkowski’s inequality

4zl = (SUZ, e |
< (TUT sl Vi, fesl)?

r

So, ||A”< Z Z laul ;f

Ifr> Plv H : ”(p‘ Z“ : “l" SO,

'1!0-

)7

)

(T, lais)
(%, lasl™)
= (Zt Zj Iaij|pl)

IV
R Y

'U._l,_

Hp! 2l <l lers so

1|-

'9"-‘

(TAZ; lasl”)7)
(X lesl )
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If r < p! then

Yo el =) Il Ae; <[l A " n
L J

and we are done.

Modified proof of Lemma 12

Let ¢ > 0 and n € N be given.

Let E be an n-dimensional subspace of W,,,,,, where m will be chosen later to be sufficiently
large. By a volume argument we can find an § net z,,z,, -,z of the unit sphere of E
where L depends only on € and n.

Consider the natural projections @), onto the m? n x n blocks of W,,,. We have

L L
1
L=) Nzl (£(z))’
212 oy 2
where £(zj) is the || - ||: norm on the space of matrices Wy,.

m?2

1 L
) 2 2 Qe

k=1 s=1

by the blocking property of the | - ||; norm.

2

L m
Z P EN

k=1 s=1

Choose m sufficiently large that Ln < (5)'m, where t > 1.

Then there is some s,1 < s < m? such that

L
Z | Qi lI'< ()"

Since zi is an £-net for the unit sphere of E, we may choose this (), to be the required ¢
of the lemma.O.

The rest of the proof of Lemma 11 proceeds as before verbatim, only replacing M with
W and M, with W,,. The remainder of the proof of the main result is also unchanged.

We have proved.

Theorem 17

Let 1 < p <r < p' < oo where % + pl—, = 1. The Banach space L({P, ") is primary.
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Closing Remarks

The Ramsey theory technique used here was introduced by Blower [6]. The method of the
rest of the proof was first used by Bourgain [8] to prove that H* is primary. Subsequently
Miiller used it to prove that BMO is primary [9)].

The decomposition of Banach spaces as £*° sums of finite dimensional subspaces may
also have relevance for another problem. Pfitzner has shown that C=-algebras have Pel-
czynski’s property (V) and so L(£?) is a Grothendieck space.

If co > p > 2,7 embeds isometrically in L'[0,1] [cf. {10], p.167], and so £, is a quotient
of £°. Thus L(£*,6P) = (LP & LP @ --- )= is a quotient of £2°. Since £ has (V) and (V)
is inherited by quotients, L(£*,£P) has (V') and so is a Grothendieck space for p > 2.

Question 18

For which 1 < p < r < oo is the Banach space L(¢?,£") a Grothendieck space?

The primarity of tensor products of {7 spaces has been studied in [11).
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Chapter 5
Spaces of Diagonal Operators

1. Introduction

Let 8 = (en)sr, be a Schauder basis of a Banach space X. We say that 8 is semi-
normalized if

0 < irnlf | en < sup || €, ||< o0.
n

Let X be a Banach space having a semi-normalized Schauder basis (e,)%,, which we

n=1»

denote by 3. Denote K4(X,3) and L4(X, B) the following spaces of operators:

Ki(X,8)={T € K(X) : 3(M)2,An scalars, with Te, = A\,e, Vn}
Lg(X,8) ={T € L(X) : 3(An)S%  An scalars, with Te, = Ase, Vn}k;

i.e. Lq(X,B) is the space of diagonal operators on 8 and K4(X, 3) is the space of compact
diagonal operators on f3.

These spaces have been studied in {1] and [2]. They are closed subspaces of K(X), the
space of compact operators on X, and L(X), the space of bounded operators on X,
respectively.

The purpose of this chapter is to continue the study of these spaces initiated in [1] and
[2]. In particular we shall be interested in similarities between the properties of K(X)
and L(X) and the properties of K4(X, 3) and Ly4(X,3). Our motivation is the following

question.

Question 1 Let X be a Banach space with a seminormalized Schauder basis 8 = (e,)%2,.
Is there a semi-normalized Schauder basis 8' of X such that there is a diagonal operator
in Ly(X,B) not of the form AJ 4+ K, where K is a compact diagonal operators and X is
a scalar?

We recall some notation from [1].

o0

If X is a Banach space with a basis § = (e,)2,, let X = spler : n > 1]: ie. the space
generated in X* by the sequence (e},)5%, biorthogonal to (e,);2,. Also denote by X, the
space

X={(an)22y ssup || S exex ||< oo}
n k=1

The space ;( is a Banach space with the norm

n
I (@) I=sup || Y e |Ix
n k=1

and X embeds naturally in )} .
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For a semi-normalized basis 8 = (en)3%, of a Banach space X, we define operators

€n: X - X by

o0

e'n(z Tk€k) = Tp€n.

k=1

Let w denote the vector space of all scalar sequences. By a sequence space we mean a
linear subspace of w.

Let S be a sequence space. The y-dual of a sequence space S is the sequence space S5”
given by

S = {(Bx) scalars : sup | Z Bia;| < oo for all (a,) € S}.

A sequence space S is y-perfect if 7" = §.

A sequence space S is a BK space if it is a Banach space and the co-ordinate functionals
are continuous on S; ie. T, = (agn)),x = (a;) € S, limpye0 ZTn = T imply limp00 agn) =
Q;.

Define a multiplication operation on w by

(Ak)-(ea) = (Mkpee)-

Under this multiplication and its other operations, w is an algebra. A BK-algebra is
BK-space which is a sub-algebra of w.

2. Some Previous Results.

In this section we recall some results from [1] and [2] which we shall use throughout the
sequel.

Proposition 2 (1] Let 8 = (en)nz; be a semi-normalized Schauder basis of a Banach
space X. Then (&,)%2, is a Schauder basis of K4(X,B).

n=1
Also, the basic sequences (€,)5%,, (€})nz; and (€,), are equivalent.

Proposition 3 [1] Let f = (e,)32, be a semi-normalized Schauder basis of a Banach space

n=1

X. The space Ly(X, ) can be identified with I;d (X, 8) under a natural isomorphism.

Let e,(n € N) denote the sequences (6pn)52, and e the sequence (1,1,1,1,...) in w.
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Proposition 4 [2].

A sequence space S is the sequence space associated to the space of diagonal operators
on a semi-normalized Schauder basis 8 of a Banach space X, Ly(X, ), if and only if S
is a y-perfect BK-algebra containing each e,(n € N) and e.

It was shown in [29] that a sequence space S is associated to a Schauder basis of a Banach
space if and only if S contains all unit vectors e, and there exists a y-perfect BR -space
T such that the closed span of (e,) in T is S. In this case T = S™.

Thus to construct spaces of diagonal operators it is necessary to find a BK-algebra where
(en)22, is a Schauder basis in S and the sequence (1,1,1,---) liesin S.

Henceforth we shall refer to spaces satisfying Proposition 4 as multiplier algebras.
Proposition 5 [2]

If X is a Banach space with semi-normalized Schauder basis 8 and S is the sequence
space associated with Ly(X, ) and Sy the sequence space associated with K4(X, 3), then

bv C S§ C ¢
bvo € So C co,

with continuous inclusions.

We make one further remark.

Proposition 6 [1]

Let X be a Banach space with semi-normalized Schauder basis 3.
The Banach space Ly(X,[3) is isomorphic to a dual space.

Proposition 6 was an observation of Sersouri in [1]. An early observation of Figa-
Talamanca was that the space of multipliers on the trigonometric basis of LP(T), M,,1 <
p < 00, is isometric to a dual space [25].

3. Examples

The first question raised in [1] is the construction of some examples of spaces of diagonal
operators. The examples given in [1] are £, bv and J™ where J is the James space.

Example 7

Consider the summing basis in ¢, (2,)3%, = 81 Where

n
Zn = E €:,
=1

where (e;)%2, is the standard basis of c..

If A:c, = ¢, lies in La(Co, B1), Azn = Anzn Vn, then || A || can be explicitly computed.
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Proposition 8 If T : ¢! — ¢! is a bounded linear operator then
| T [|=sup || Ten |l -

Also, if T : ¢, = ¢, is a bounded linear operator then

o0
IT [|=sup || T*en la=sup Y _ | < en, Tey > |

Proof cf. [3], p.175.

Using the relations
€n = 2Zp— Zp_1, N> 2.

We can compute
A lI= 1l + D0 1 = Al
=1

Thus La(c,, B1) can be identified with bv.O.

Example 9 Consider a sequence of real numbers (t,) such that

0<ta<l, limt,=1, @It =0.

n—+00
Define (z,) in ¢, by
= Z ;)ei,n € N,
Lindenstrauss (cf. [4], p.634) observed that ()3, = B, is a monotone conditional basis
of ¢,.

If A:c, = c, is a diagonal operator 3; with Az, = A,z, Vn, using
1

€n = ;‘,—x" — ZTp4y, VR EN

and Proposition 8, we find
I All= sup[Z A5 = At (T te) + ).

The space of diagonal operators L4(co,B2) is identified with a space of sequences of
weighted bounded variation.

Example 10 In 5], Holub and Retherford consider the following shrinking basis, 83, for

Co:
Iy = €

Tn (=1 e + 2j=a(-1 )~ IL_e] n 22
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The co-efficient functionals in £, (f2), are given by

hH =e+e
—- n—1
fo =ent+ 2 eny,n>2

IfA: €' — £ is given by Af, = A fa,Vn € N, we can compute || A || using Proposition
2.2 as

=1
| A ||= max[|A, |+Z-—|>\ — Ninly sup[|/\ |+(n-1)2]|xj - XAal]

=1 1=n

By results in [1], (Z,)%, and (f,)%, are equivalent Schauder bases and moreover are
shrinking. Once more, the space of diagonal operators Ly(c,,33) is a space of sequences
of weighted bounded variation.

Example 11 (cf. [5]).
Let (fn)2, be the basic sequence in ¢! given by

1

fn = €n — 5(6211 + 62n+1),n ezt

Define integers v;(n) by
Yo(n) =n
and v;4+1(n) = [ZJ‘(P)__‘I‘]

2

Define z,, in ¢y by

= Z 2 €v5(n)

j=0
where e; = 0 for 1 < 0.

Then (z,)%, is a basis for ¢ with co-efficient functionals (f.)52,. We shall compute the
multipliers on (z,)32;.

Consider T : ¢ — ¢o of the form Tz, = A,z, Vn € N. It can easily be shown that

Te; = Ae;
T62 = Agez
Te3 = ‘;'(/\3 - /\1)81 + /\363
Te4 = ’12"(/\4 - /\1)61 + )\464

and generally

Te, = A n€yo(n) +Z] 12: 'VJ 1(n) —"\‘n‘(ﬂ))e’b‘(n)

Using Proposition 8 we find
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2Jn+2)+1_2

1T = sup[l/\ |+ Z > = Al

k=2In427-1
Example 12

The convergence field of the strong convergence method is the Banach space [cs| defined
by

[es] = {(zk), Z |zk| = o(1) ( = o0) and ixk exists }

27 Sk<2-7+1 k=1

The norm on [cs] is defined by

| lles= SUPIZMI +sup Yzl

J 21 <k< 204!

It is easily established that the standard basis (e,)%, is a Schauder basis of [cs]. In [26]
it was shown that the multiplier algebra of this basis is the space {v, where

o= o= @i L, ma, e os(e)] + 2 les(s) — s (a)l < o)
oz

is endowed with the norm

1
| z ||le= max |zi—aj(z |+Z|% z)—ajp( )|+S‘%P|aj($)|aai(x)=§ Z Tk

21<k<g214!
i I 21 <k<20+1

It has been shown that (zx)$2, lies in £v if and only if

o0
Z Ix/\k - x'\k+l| < oo
k=1

for every lacunary sequence of integers (Ax). [Recall a sequence of integers is lacunary if
there exists ¢ > 1 such that Axy; > Ak for all k.

We can also show that the space fv is isomorphic as a Banach space to none of the
multiplier algebras so far exhibited.

Let Z = (@%4£3%)n be endowed with the norm

(o]

oo —_
|2z li= 2, max,, 2
n=

Let &/ = Y g chezrs € in fv for j 2 0.

Define P : fvo — £vo by P((zx)2,) = D 20 a;(z)d.
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Then,

“ P(:z:) Il evo Sup, |a_, )|+ E =0 |QJ

” I ”(v .

IN N

Also, P*(z) = P(z) Vz € fv.

Observe that

= aj41(z)]

| and lev= sup ch|+ Z lc; = cinl.

j=1 7=0

Therefore, in £vo, ()%, spans a copy of buy. If (z;)%2, € bup, then

oo o0

P(Y zd) =Y z;d
3=0 1=1
so the projection P is onto [dJ o In fvg. Also,

=) > (2 = aj(2))es

=0 0

Let

Then,
(I — P)(fvp) C W.

fweW,then (] - P)(w) =w, so (I - P)(W)=W.
Forz e W,
|2 llew= - maxza| =] 2 |1
J=0
So W is complemented in vy and
fvg = buy @ W.
Let Q : Z — Z be given by

Q) =D (2 — ajx))ex

J=0 2

| Q(z) llz

D oo Maxy |Tk — aj(z)|

Also @Q*(z) = Q(z).

W={r€eZ:0aj(z)=0, VjeZt}.

<
< QZﬁomaxz, lzel =2z ||z

fweW,Qw)=wand Q(Z) C W, so W is closed in Z. Observe that for z € Z

o0

(I-Q)z) =) aj(z)d.

1=0
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In Z,
1Y i llz= ) lel,
3=0 1=0

o (d’)%2, spans a copy of £'.

If (c;)2, € &, then z = 372 ¢;d” € [d7]2, and

(I-Q)(z) =
so [d’]%2, is complemented in Z.

Therefore
Z =028 =0 W
Since by is isomorphic to £!, we have
220 W Xbvg @ W = luy.
That is vy = (B52ol5% )er -

Notice that since fv, contains ¢!, the multiplier basis (€,)S%, is not shrinking and since
fv contains £%° uniformly fvo is not of finite cotype.

Example 13

For ¢ > 1, let
= {( M) M € N, deyr > ghi}

For ¢' > g, Ayt C A,. The set of all lacunary sequence is Ug>1 A = A say.

If || - ||a is the norm of a multiplier algebra M, define || - ||ma, by

| (zk)pey lIMa,= sup | (za) llm
(Ak)EAg

for ¢ > 1.

Then if
Mp, = {(z1)52s Il (2&) l[Ma, < 00},

M (g > 1) is a multiplier algebra and bv C M,, C fv.

If

| ()2 Ima= sup |l (zx) M
(Ak)el\

and
M = {(z&)52s Il (zk) [IMa < 00},

M, is a multiplier algebra and bv C Mx C {v.
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Example 14

It is well known that under certain orderings the matrix units (e; ® ;)75 _; form Schauder
bases of K (¢?) for 1 < p < oo. Using Grothendieck’s inequality, the spaces of diagonal
operators on these bases are observed in [24], Chapter 5, to be isomorphic to [',(¢€*,£*),

the space of all operators from £' to £*° which factor through L*.

We now consider method of producing new examples of spaces of diagonal operators from
existing spaces of diagonal operators.

Theorem 15

Let M} and MZ be the sequence spaces associated to the spaces of compact diagonal

operators K4(Y1,51) and K4(Y2,0,) on semi-normalized Schauder bases B3, and B,. That
1S

Mol = Kd()/i’ﬁl)
Mg = Kd()/2,/82)

Let Zg = (M}, M2)g.1 be the interpolation space obtained by the real interpolation method.

Then there ezists a Banach space Ys and a semi-normalized Schauder basis B3 such that

Zy = Ku(Ys,Ps)
SO’ A Ld(YEB,ﬁS)-

Proof As a consequence of the main result of [2], and the fact that the bases are semi-
normalized we have

bv,
and by,

Mo
Mg

1NN

Co,

with continuous inclusions.

Therefore, M3 and M¢ form an interpolation couple of Banach algebras with compatible
multiplication. By a result of Lofstrom, (16],p.79, Exercise 12), (Mg, M32)s., is a Banach
algebra under pointwise multiplication of sequences, ie. a BK-algebra.

Each e, lies in Zy since
| en l|zo< max]]] en llag: [l €n llng]

for all n.

Since the span of e, is dense in both bvg and ¢ it is dense in Z;. In L(Zs),

|l ér+-+é:Zg— Zs | |
<maxl|&+---+&:Yi=N |, e+ -+ Yo Yo ]
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by a simple interpolation property
< K < o0,
for some uniform constant K since 3, and (3, are Schauder bases of Y; and Y5.

Thus (e,)5%, is a Schauder basis of Z; and so by the main result of 7], 74 is a y-perfect

BK algebra containing each e,. Also Z, contains the sequence

(1,1,1,1,...), since

sup, || e1+ €24+ + e |z
sup, max[|| e; + -+ + €a |lagg, || €1+ -+ + en [Ia2]

max[sup, || €1+ -+ €n [lpg,5up, Il €1+ + en [Iag]
C <o

ININA A

for some universal constant C since M} and MZ are spaces of compact diagonal operators.

So 2 o= Lq(Y3, 33) for some Banach space Y, and semi-normalized Schauder basis (3 by
the main result of [2], and Zs = Ky(Y3,83s).0.

By an exactly similar proof and using a result of Caldéron ([6], p-104) we can also consider
the complex method of interpolation.

Theorem 16

Let M? and M] be the sequence spaces associated to the spaces of compact diagonal
operators K4(Y1,01) and K4(Ya,B2) on semi-normalized Schauder bases (3; and [3,.

Let Yy = (M{’, Mg)[g]. Then there is a Banach space Y3 and semi-normalized Schauder
basis (33 such that

}70 Ld(Yéyﬂ3) and
}/0 = Kd(}/37/33)-

Example 17

The interpolation spaces Zg = (bvg,co)g;1 are spaces of compact diagonal operators for
some semi-normalized Schauder basis. Also by [8], Zp is of cotype max(1i5,2] for 8 # 3
and cotype 2 +¢, Ve > 0 for 6 = 7 and by [38] £! embeds in Zs, so the multiplier basis 1s

not shrinking.

A result of Montgomery-Smith [39] shows that cotype is not in general preserved by the
complex interpolation method.

It would be interesting to know if the next result also holds for the spaces K(X) and
L(X) instead of K4(X,B8) and L4(X, B).

Theorem 18
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Let X be a Banach space with a semi-normalized Schauder basis (e,)32, = 5.
The space Ky4(X,B) has type p if and only if Ly4(X,B) has type p.

Also K4(X,8) has cotype q if and only if L4(X,B) has cotype gq.

Proof We give the proof for type. The argument for cotype is analogous.

Let us suppose that K4(X,3) has type p with constant C. Let (z;)’, lie in Lqa(X, B) if
z; = (c},ch, 5, ... ), then

m
| zi llz,=sup || > cie; Il
m j=1

([15nwmrita) <c(Suarr)

VI o
for zi = ) 7", ci.€; € Ka.

So that,

By renorming X if necessary we may assume that (e,)7Z; = f is monotone, so that

(€,)%%, is monotone. Thus,

| zi lg= lim |27 -

Taking limits of both sides of the above inequality and applying the dominated conver-
gence theorem, we have

(A | Zr.-(t)xi “2Ld> <C (Z | z: ||”> P

and so Lq4(X, ) has type p.0.
The following two questions are raised in Theorem 18.

Question 19 Is there a Banach space X such that L(X) is not finitely representable in
K(X)?
Question 20 Is there a Banach space X and a semi-normalized Schauder basis § of X

such that Ly(X, B) is not finitely representable in K4 X,06)?

If X is reflexive with the compact approximation property K(X)** is isomorphic to L(X)
and L(X) is always finitely representable in K(X) by local reflexivity. Also if X is
reflexive with a semi-normalized Schauder basis B, La(X,B) = K4(X,B)* and so by local
reflexivity Lq(X,3) is finitely representable in Kai(X,B8). (cf. [9], p.33)

It is not known if there is an infinite dimensional Banach space X such that either K(X)
or L(X) have finite cotype or non trivial type. This is relevant to the results of Section

5.

Theorem 21
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There is a continuum of mutually non isomorphic multiplier algebras.

Proof

The spaces Zy of Example 17 are multiplier algebras each having the same cotype as Z;

for0<f0<1,ie. rnax[;i—o,Z],G # % and 2+ ¢, V5o for 8 = % Thus the Zy are mutually
non isomorphic.O.

We shall return to the construction of families of multiplier algebras in Chapter 6.

4. An Analogue of Sersouri’s Theorem

The main result of [1] is that if (e,)32, is shrinking or boundedly complete, then (€;,)>

n=1
is shrinking. Similar results can be obtained by considering wider classes of Schauder
bases.
Definition 22

A Schauder basis (e;)2, is of type we if e; converges weakly to zero. (This notion has
also been called semi-shrinking).

A Schauder basis (e;)2, of Banach space X is of type (wcp)* if e converges weakly to
zero in X*. [This notion has been called semi-boundedly complete].

A Schauder basis (e;)2, is of type (swcp) if some subsequence (e,,) is of type we.
A Schauder basis (e;)2, is of type (swco)* if some subsequence (e,,) is of type (wco)*.
Theorem 23

Let (€;)2, be a seminormalized basis of a Banach space X. If (e;)2, is of type weo or of
type (wep)* then (€,)3%, is of type wco.

Proof Consider the injective tensor product X @ X*.

For each element v of (X ® X *)* there is a measure p on the product S x T of the weak-*
compact spaces S = ball X*, T' = ball X** such that

vz ®z) = / )

Since e; is (wco) or (wep)*, the sequence (y*,e;)(y*", €]) tends to zero for all (y*,y™*) €
S x T. Hence, v(e; ® €7) — 0 as ¢ — oo by Lebesgue’s dominated convergence theorem.

Thus, (&), is of type (wco).0.

Example 24 In [1], Sersouri remarked he could not find an example of a semi-normalized
Schauder basis, (e,), such that (€,)2, is shrinking but (en)s%, is neither shrinking nor
boundedly complete.

Let (en)2%; be a semi-normalized unconditional basis of a Banach space X which contains
both co and £!. Then (€,)%, is equivalent to the standard basis of ¢p and so is shrinking.
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However (e,)>, can neither be shrinking nor boundedly complete (cf. [9]). p.21-22
Theorems 1¢.9 and 1c.10).

Indeed if we take X = (co @ £})¢~ and let
I2an-1 = (envo)a neN
I2n = (0’ e‘n)a ne N
then (z,)3%, is unconditional and (£,)%2, is equivalent to the standard ¢y basis so is of
type (weco). However (z,)52, is neither of type weg or of type (wep)*.
However we can obtain a converse in the next result.

Theorem 25

Let (e;)2, be a semi-normalized Schauder basis of a Banach space X. Then (&;)2, is of
type (swco) if and only if (e;)2, is either of type (sweo) or of type (sweo)”

Proof
If e,. = 0 weakly, then by Theorem 23, €, — 0 weakly. So (€,)32, is of type (swcp).
If e; — 0 weakly, then by Theorem 23, (€, )i=1 is of type (wcp) and so (€,)5%, is of type

(swey)- "

If (e;®e)2, = (&), is of type (swco), then e, ®e;, — 0 weakly in X ® X If (€. )2,
is not weakly null, there exists z** € X** and a subsequence (e}, ) of (e}, ) such that

2™ (s )| > 1 VEkeN.

Since (en, ® €5.) = 0 weakly for every z* € X7,

|(z* ® ) (em, ® €5, )]
EACENERC=N]
|z*(ems )]

AV

50 em, is of type (weg). That is (e:)i2; is of type (swep)-

Similarly if (en,)%2, is not weakly null, then (€)%, is of type (sweo)™.0.

1=1
Corollary 26

If (z,)2, is a semi-normalized unconditional basic sequence in a Banach space X, then
(,)%, has a (weo) (ie. semi-shrinking) subsequence or a (weo)* (ie. semi-boundedly
complete) subsequence.

Proof The multiplier basis (£,)%%, is equivalent to the standard basis of ¢y so is (wcp)

*x

and hence (swco). By Theorem 25, the basic sequence (zn)%, is (sweg) or (swep)*.O.

Gowers [29] has constructed a Banach space with no shrinking or boundedly complete
basic sequences. Corollary 26 prompts a natural question.
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Qu‘esftion 27. Is there a Banach space X which has no semi-normalized (wco) (ie. semi-
shrinking) or (weo)™ (ie. semi-boundedly complete) basic sequences?

Clearly a Banach space answering Question 27 would have no semi-normalized uncondi-
tional basic sequences.

5. The Containment of ¢; in K;(X,f).

In [1] Sersouri observes that the space of compact diagonal operators is uncomplemented
In the space of diagonal operators if it contains a copy of co. This result also holds for
the space of compact operators K(X) on a Banach space X and the space of bounded
operators on X, L(X). ({10], [11]).

Using ideas originating in work of Feder [12], [13], Emmanuele gave a necessary and
sufficient condition for the containment of ¢o in K(X) [10]. Emmanuele proved that cq
embeds in the space of compact operators on a Banach space X if and only if there is a

non compact operator 7' : X — X and compact operators Ty, such that T'(z) = ZTn(x),
n=1

for all z € X; where the expression ZT,,(:C) converges unconditionally to T'(z) for each

n=1
z e X.

Definition 28

An operator T € Ly4(X,[3), where X is a Banach space and [ is a semi-normalized
Schauder basis of X, has an unconditional, compact multiplier ezpansion with respect to

B if and only if

(o]

T(z)=)Y Tu(z), Vze€X

n=1

where each T, € K4(X,3) and ) .., Tn(z) converges unconditionally to T(z) for each
z € X.

In analogy with Emmanuele’s result [10] we have the following.
Theorem 29
Let X be a Banach space with a seminormalized Schauder basis (3.

The space co is isomorphic to a subspace of Ky4(X,B) if and only if there ezists a non
compact diagonal operator in Lq4(X,B) which has an unconditional compact multiplier
ezpansion with respect to (3.

Proof Let 3 be (e,)%, and suppose c; embeds isomorphically in Kq = Kq(X, 8).

The bases 8! = (&), and (e,)%, are equivalent, by a result from [1], so we may
consider instead the space K] = Ky(Kjy, 8').

Let (ks) be a copy of the standard basis of ¢o in K; and let (k};)32, be its co-efficient
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functionals.

By Proposition 1.a.12 of [9], since (k,)%, is a weakly null basic sequence, we may assume
that k, 1s a block basic sequence of (€,)2,, say

n=1»

Pn+1
k, = Z ajéjVneN

J=pn+l
where p; < ps < p2 < ... .

Define T,, € L(Kjy) by

Pn4+i
T.o= ) (&) ® a6
J=pPn

Each T, is a compact multiplier in Ay given by

Pn41

Tn—- Z ajzj

J=pn+l1

For ( = (C,) € > and z € Ky,

| SN e G Ta(=) |l

N n - —
H Zn::M-i-l C" ?:;:;-{-l(e.’l')‘(x)ajej ”
_ N Pn+1 5.
- ” (Zn:M-{—l Cn j=pn+1 aJeJ) ) (:E) ”

N n _ n _
I (Cmeprer Gn o1 365) - (2ns +1(€5)7(2)€5) |l

= || (N 1 Gka) - (2 1(€) (2)E5) |l

< |l SN Gka | PR (€) ()6

< C suppy1<n<N 1¢al ] ?’:’Z}m(éj)'(x)éj -
for some constant C, since (k,)3%, is equivalent to a standard basis of co.

This final expression tends to zero as M, N — oo since z € Ky and (€,)%%, is a basis of
K.

So for each = € K the series > oo, Tn(z) converges unconditionally and defines an
element T'(z) of X.
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The mapping T in L(K,) is linear and bounded since there exists constant C such that

| SV Ta(z) | = | 0, P (6) (2)as6; |
= || (Th, S ai6)  (2) |
ISM ka2

< Clizd,

IN

since (k)% is a standard cg basis.

The operator T lies in Lyg(Kq4,8'). Let (l;:,,)‘ denote the Hahn-Banach extension of (k)
to the whole of Kj.

Suppose T is compact. Then T is compact and (T"(( »)*))2, is sequentially compact.
However for n > m

(T‘((l}n)‘) - T*((km)‘)’ f;;lrn+l+l éf)

= ((kn)" = (km), 0ot TE)

I
——~
—

?r‘

( ) Zt-— f:-'.;:".’,l-{'-l ?:;g-*—l aJ e_J (ér)>
= (k)" = (k)" 41 2Tt 935)

((kn)* = (km)"s Zramss r)

(k k‘ Er—m+lk) |
(k Zr—m+l k >
(k7. kn)

i

il

il

1
Therefore, . )

inf || T((k)") = T((kn)) 11> 0
and so T is not compact.

The operators T, in K correspond to diagonal operators S, in K4 given by

Pn4l

Sp = Z a;€; = kn.

J=pn+1
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If we define S € Ly(X,8)\Ka(X,B) by

oo

S@)=)_ Salv), VyeX

n=1

then S is well defined and Z Sa(y) converges unconditionally to S(y) by similar argu-
n=1

ments as used for T and (T5,).
This completes one half of the proof.

Let us now suppose that there exists T € Ly(X, B)\K4(X, B) such

(e @)

T(z)=Y Tu(z), Vz€X

n=1

where each T,, € K4(X, ) and > o>, Tu(z) converges unconditionally to T(z) for each
z € X.

Let S.(z) = Y. _, Tu(z), then (S,) is not a Cauchy sequence in L(X), else T would be
compact.

Thus, there exists n > 0, sequences (mg), (ng)... in N with mi; < ng < mg4; such that

Nk

| Smy = Sm lI=ll D Tpll>n YkeN

p=mx+1

Let F be the field of finite subsets of N and their complements. Define G : F — K4(X, )
by

G(A) — ZkGA(Smk - Sﬂk) if A finite
> rema(Sny — Sm,) if A infinite

Since T = 3__ T, is an unconditional compact expansion, the set {G(A): A€ F}lisa
bounded subset of Kq4(X,8).

If AI,Az € fand A] ﬂAz = @ then

G(A1NAy) = G(A1) + G(A2),

since if A;jNA; = 0 either A, or A; is finite. In the first case, G(A1UAz) = G(A1)+G(A2)

trivially. In the second case

G(AI) + G(A2) = ZkeA,(Smk - Snk) + EkeN\AQ(Sﬂk - Sm )

= ZkE(N\A2)\A1)(Snk - Smk) + EkeN\(Aqu)(Snk - Smk)
= G(Al U Ag)
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Therefore G is a bounded, finitely additive vector measure which is not strongly additive

§ince | S, = Sm, |21 >0 VkeN. By ([14], p.20, Theorem 2), the space co embeds
isomorphically in K4(X,3), and the theorem is proved.O

The characterization of when ¢y embeds in Ky4(X, 3) allows further results to be proved.

We shall say that a semi-normalized Schauder basis 3 of a Banach space X has Property
Mo if Ly(X,8) Nco = Ka(X,B). Property My is enjoyed by unconditional bases. The
examples given earlier in this chapter show that the standard bases of bvy, J and lvo
enjoy Property M, as does the summing basis of co.

Theorem 30

Let B = (€,), be a weakly null (ie. (weo)) semi-normalized Schauder basis of a Banach
space X. Suppose B has Property My. If co embeds isomorphically in K4(X, (), then
B = (e,)%2, has an unconditional subsequence. .

Proof If ¢ — K4(X,B), by Theorem 29 there exists a non compact operator T €
Lq4(X,B). Let us suppose

Ten = )‘nen, Vne N7

where )\, are scalars. Moreover, T has an unconditional compact multiplier expansion

() T(z)=) Tu(z), VzeX

n=1

where each T, € K4(X, ) and the convergence in (x*) is unconditional for each z € X.

Also, the proof of Theorem 29 shows that we may assume T, has the form

Pn+1l

T, = Z a;€;

J=pn+l
for py < p2 <pz3<---.

Since T is non compact, and since 3 has Property Moy, there is a subsequence (my )2,
such that infi |Am,| > 0. With out loss we may assume that at most one m lies in each

interval
{pr,px + L,pk + 2, s Pk41 — 1}; by taking another subsequence if necessary.

Let Xi = [ém,]f2;- The operator T|x, maps X; into X; and is non compact. We may

also write -

T(xl) = Z e:nk(Trk(xl))emk

k=1
for some subsequence (r¢) of N, where the convergence is unconditional for each z; € Xi.

An operator S : Z = Y is lucid if there exist sequences (z:) in Z* and (y») in Y such
that

S(z) = Z 25 (2)yn, V2 €Z
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where the series converges unconditionally.

In [30] it was shown that lucid operators are precisely those which factor through a Banach
space with an unconditional basis.

Thus, the operator T'|x, is lucid, so there is a Banach space U with an unconditional
basis (un)s2, and a factorization as in Figure 1 (See Appendix).

Since T'|x, is non compact and T'|x, = 5251, S; is non compact. So for some subsequence
(nk)jz, of (m)2,, infx || Sien, ||> 0. Since (Sie,, )2, is weakly null, (Sie,, )32, can
be taken to be a block basis of the unconditional basis (u,)2,, by ([9] p.7, Proposition
1.a.12). Therefore (S;en, )52, is an unconditional basic sequence. Now,

If m = infi |As, | and A; = inf, || en ||, By = sup, || €. ||,

| Tew |l (ITUB: _

lew I = A

Thus the sequence {A,, }$2, lies in the compact set

[Ane| <

{z€C:0<m§|z|§ﬂ%<oo}.
1

By the Bolzano-Weierstrass theorem, {An, }32, has a convergent subsequence. Using the
Cauchy condition we can choose a further subsequence {),, }f2, such that

1
Agx — ’\qk+1| < k2’ VkeN.

Then,

21 1 2

I/\qk A

k=1

Thus the sequence {'\—1;} lies in bv and so is a bounded multiplier on the basis {eg, }§2,.

Let X, = [e,,]),- Let S3: X2 = X, be given by

For signs 0 = %1, scalars (ck)iz;

| > ey ckbreq, ||
= || Sa(k; ckbroieq) |l
< | Ss I orey cxbroneq, |l
= || Ss ||l T(Xh; cxbeeq,) |l
= || Sz ||l S251 Zk= ceOreq,) ||
= || Ss ||l S2 11l xz; ckOkSreq, |l
< K | Ss )l S2 I 2k exSieq s
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where K is the unconditional constant of (Sien, )52,

SEUS NS SIS cueq |-

k=1

Therefore, (e,, )22, is an unconditional basic sequence and the required result is proven.O.

Example 31

Consider the uniformly convex Banach space E with normalized monotone basis 3 =
()52, so that no subsequence of 3 is an unconditional basic sequence, constructed by

Maurey and Rosenthal ([31], p.231). Then ¢, does not embed isomorphically in A4(E, 8)
provided 3 has Property M,.

In fact the methods of the proof of Theorem 30 yield another result.
Theorem 32

Let X be a Banach space with a semi-normalized Schauder basis § = (e,)%, which has
Property M.

If S € Ly(X,B) is strictly singular then S is compact.
Proof Let S: X — X be given by

Se, = Ae,, VneN
where )\, 1s a scalar.

If S is not compact since 3 has Property Mj, there exists a subsequence {m} so that

O<m= irklflx\mkl.

Then {Am, }$2, lies in some compact set and so by Bolzano Weierstrass, some subsequence
of {A\m,} converges. By applying the Cauchy condition, there is a further subsequence
(nk) such that

1
I’\nk - ’\nk+xl < ﬁ
So that,
il | < i < 0o
k=1 ’\"* Anit: 6m?

Therefore the sequence {-1}32, is of bounded variation and so is a bounded multiplier

of the basic sequence {e,, }2,. Let X; = [e5,]52,. If 51 is the multiplier on [e,, ], given
by ()52, then for scalars (c).
Nk

I i cken | = 11 S1(kzy Sk Anieny) ll
I 1 I S22 cxems) |

ISl S I S ckem, ||
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So that, S|x, is an isomorphism on X; and hence S is not strictly singular.O.

Corollary 33

If X is a hereditarily indecomposable Banach space and 8 = (e,)%., is a semi-normalized

Schauder basis of X which has Property My, then every element of Lq(X,3) is of the
form AI + K, where X is a scalar and K is an element of Ky(X, ().

Proof Every operator on a hereditarily indecomposable Banach space is of the form
M + S, where S is a strictly singular operator. If T € L4(X,3), then T = Al + S,

where S is a strictly singular element of Ly(X, (). By Theorem 32, S is an element of
Kd(Xaﬁ)'D'

Example 34

If X is a reflexive hereditarily indecomposable Banach space with semi-normalized Schauder

basis 3 which has Property My, then Lq(X,8) = Ku(X, 3) & sp(I).

Therefore Ly(X,B) is a separable Banach space which is isomorphic to a dual space, and

so both L4(X, ) and K4(X, (), have the RN P.

Therefore to answer the main question of [1] it suffices to find a semi-normalized basis of
a reflexive hereditarily indecomposable Banach space which has Property Mo.

If we consider spaces of compact operators several results are also known. If we consider
the special L= space Y constructed in [36] with Y™ isomorphic to ', K(Y) is isomorphic

to ! @ Y = K(co,Y). By a result of Diestel and Morrison [33], since Y has RNP,
K(co,Y) and so K(Y) has RN P and does not contain co. ([35]).

A bounded subset A of a Banach space E is limited if for every weak x null sequence
(z2) in the dual space E*,z}(z) — 0 uniformly for z in A. If every limited subset of E
is relatively norm compact then E has the Gelfand-Phillips property.

In [32], Emmanuele shows that the £ space X constructed in [36] such that X has
the Schur property is such that L(X) has the Gelfand-Phillips property. Therefore, £*°
does not embed in L(X) and c¢o does not embed in K(X). It should be noted that
if a Banach space is separable, it has the Gelfand-Phillips property. Further spaces of
compact operators which do not contain ¢o are given in [34].

The following questions arise naturally.

Question 35 Is there a reflexive Banach space X such that ¢y does not embed in K(X)
or such that K(X) has the RN P? |

Question 36

Is there a Banach space X such that L(X) is separable?
6. Banach Algebra Properties of K4(X,8) and La(X, f).

Our first theorem concerns Ly(X, §).
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Theorem 37

Let X be o Banach space with semi-normalized Schauder basis B = (e,)™= Then

Li(X,B) is a semisimple Banach algebra and the character space of I\'d(X,B;:ils.homeo-
morphic to N.

Proof Let ¢ : K4(X,8) — C be a multiplicative functional. If z2 = ¢ € K4(X,0), then
p(z?) = p(z)? = ¢(z) so p(z) € {0,1}.

Thus for m # n,

e(ém+€,) = Oorl

and (€n) = Qorl

For a € K4(X,8) we must have

for some m e‘ N.

The spectrum of Ky(X, 3) is {(€m)* : m € N}.

Consider A = sp(/) ® Ka(X,5) and ¢ on A, if ¢ =0 on Ky4(X,3) and ¢ # 0 on A then
Kuo(X,B) Ckerp C 4,

so Kq(X,B) = kerp. So the spectrum of A is {(€,,)* : m € NU {oo}} where

(€x)(a) = lim (€m)"(a)

m——00

for all @ € A.

Since A has an identity its spectrum is compact. Also ¢ — ¢(€,,) is weak-* continuous
on K4(X,B)* or A*, and since {0,1} is discrete the spectrum of Ky(X, ) is discrete and
continuously embedded in the spectrum of A. The one point compactification is minimal
so the spectrum of A is homeomorphic to NU{oo}. If one considers the mappings defined
on Ly(X,B) by S — (e:, Se,), then these are clearly characters. Also if (e}, Se,) = 0 for
all n, then S = 0. Therefore the characters of Ly(X, ) separate the points of Ly(X, 3)
and by ([22], p-83) Lq(X, ) is semisimple. O

The proof of Theorem 37 shows that if X is a Banach Spaces with a semi-normalized
basis 3 and every multiplier on 3 is of the form Al + K, where A is a scalar and K is
a compact multiplier, then the spectrum of L4(X,3) is homeomorphic to NU {oo}, the
one point compactification of N. If 3 is unconditional, Ly(X, 8) is [** and the spectrum
of Lq(X, ) is homeomorphic to BN, the Stone-Cech compactification of N.

Question 37(a)
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Which topological spaces are homeomorphic to the spectra of multiplier algebras Ly( X, 3),
where 3 is a semi-normalized Schauder basis of a Banach space X?

Let A be a Banach algebra. A Banach space X is a A-bimodule if X is a bimodule with
respect to the bilinear maps (a,z) — a.z from A x X into X and (a,z) — z.a from A x X
into X. A derivation from A into X is a linear map D : A — X such that

D(a.b) = a.Db+ Da.b for a,b € A.

The continuity of homomorphisms and derivations on Banach algebras of operators has
been extensively studied (cf. [16], [17], [18], [19], [20], [21]).

It is well known (cf [16]) that if all homomorphisms on a Banach algebra A are continuous

then all derivations from A are continuous. In general the converse of this statement is
false. ([23]).

We prove an automatic continuity result for the derivations from the algebra of compact
multipliers on a semi-normalized Schauder basis.

Theorem 38

Let X be a Banach space with semi-normalized Schauder basis f = (e.)7,. The deriva-
tions from K4(X, ) are continuous.

Proof Let X be a Banach K4(X,8) bimodule and D : K4(X,8) = X be a derivation.
Let £(D) = {a € K4(X,B) : b+ D(ab) is continuous}
For b € K4(X, B),

D(b &) = D((€:)"(b)én) = (&) (b)(Dén).

Since (€,)* is continuous for all n, €, € L(D) for all n. The smallest ideal which contains
each &, in Ka(X,B) is Ka(X, B) itself. Since £(D) is a closed ideal of Ka(X,B) for any
derivation D, K4(X,3) = L(D).

Since K4(X, ) has a bounded approximate identity (€1 + €2+ -+ €)%, given T;, = 0
as n — oo in K4(X,B), by Cohen’s factorization theorem ([22], 11.12), there exists
R € K4X,B) and S, in Ku(X,B) with T, = RS, and S, — 0 as n — oo. Since
R € L(D), the mapping S = D(RS) is continuous and so D(T,) = D(RS.) — 0 as
n — oo. It follows that the derivation D is continuous.O.

Dales and Woodin ([23]) have shown under the continuum hypothesis (CH) there exist
discontinuous homomorphisms on co. Thus, under this hypothesis, homomorphisms need
not be continuous on the algebra of compact multipliers of a semi-normalized Schauder

basis.

A natural question is:
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Qu.estion 39 If X is a Banach space with a semi-normalized Schauder basis 3, are
derivations from L4(X,3) automatically continuous?

It should be noted that a derivation of a semisimple commutative Banach algebra into

itself is continuous and hence zero (cf. [22], p.95). In the section above we have considered
derivations into general bimodules.

In [18] a James type space E was considered and it was shown that there are discontinuous

derivations on L(FE), the algebra of bounded operators on E. By Theorem 38, derivations
are continuous on the James space J.

If D: A— X is given by
D(a)=a.z—z.a,Va€ A

for some z € X, then D is called an inner derivation.

A Banach algebra A is amenable if, for every Banach A-bimodule X, every continuous
derivation D : A — X* is inner.

Question 40 If X is a Banach space with semi-normalized Schauder basis B3, under what
conditions is either K4(X,8) or L4(X, ) amenable?

In [37] it was shown that under symmetrized approximation property A on X, the algebra
K (X) of compact operators on X is amenable.
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Chapter 6

A Construction of Families of Multiplier Algebras
and a Multiplier Invariance for the Haar Basis.

Introduction

In Chapter 5 the properties of multiplier algebras of diagonal operators on semi-normalized
Schauder bases in Banach space were investigated. Although some examples were given,
the extent of known examples is still small. In the first part of this chapter a general
method is given for the construction of multiplier algebras.

In the second part of this chapter invariances of the form D.E = E are considered for
sequence spaces D and E. In particular a non trivial multiplier invariance is proved for
the normalized Haar basis of the Banach space L[0,1].

1. Lindenstrauss Bases

Lindenstrauss [4] considered an explicit quotient mapping of ¢! onto L'[0,1]. Let Q :
¢t — L0, 1] be given by
Qeznsk-1 = 2" Lk wn),

for 0 < k< 2",n €Z.

The kernel of @, kerQ is the subspace D of £! which is spanned by the basic sequence
(en — %(e2n+l + €2n+2))nzo-

It is shown that D has no unconditional basis and is not isomorphic to a dual space. Let
fn =€n — §(e2n+1 + 62n+2),n € Z*.

The basis (fr)ozo 1N ¢! has the following properties [5):
A) [f2]%, has no unconditional basis.

B

[f]%2, is not isomorphic to a dual space.

(A)

(B)

(C) ([fa]%20)" is isomorphic to £
(D) (

If (z;)%2, is a Schauder basis for a Banach space X with co-efficient functionals ( f?);“;o
which satisfy conditions (A), (B), (C) and (D) then (z;)i2, is a Lindenstrauss basis for

X.

Holub and Retherford [5] showed that co has a Lindenstrauss basis.

[f]20) is complemented in no dual space.

This is the basis (zn)%, for ¢y considered in Example 11 of Chapter 5. The co-efficient

n=1

functionals of (z.)%, are (fn)3, in £
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In Chapter 5, the operator norm of a multiplier A : ¢g — ¢ given by
Az, = M\z,, VneZ®

was shown to be

22n427%1 -2

I A Y= suplida] + Z Yo = Awall

=1 k=2In+421-1

An immediate consequence of the evaluation of || A || for a multiplier A on (z,)%2, and of
the equivalence of the multiplier bases (£,)%, and (f,)%%, is the following Proposition.

Proposition 1

Let (M), and (ui)i, be sequences of scalars. Then

In422+1
Sup‘REN[I/\ﬂ#‘n + Z]—l 27 i:Ztn+21—2l /\k#kl]
2n42711 -2 +1_
< SuPn“’\nl + Eoil 2—11' k:2-|;n+21—1 | Ak = ’\[k/2]|] Supn“#n + Z; =1 211 i]-—n;;i:-m 21 pl]

and there ezists a constant K such that

In423+1 o .
< K sup,[|Aa] + 2252, ol i:zti-zi-zl | Ak — A[%]”“#ll + |p2| + D 02, lpn — %#[ﬂ_;_lll]

Proof These inequalities are restatements of

o0 (o o] o0
IS Anstnza llo <Y Ann 1 D 02 lle
n=1 n=1 n=1

and

IS Anpnfa lle <l Y Aafn lizall 2 infa Nl ©
n=1 n=1 n=1

2. A Stochastic Approach
Let (An), be the dyadic o-algebras on [0,1]: that 1s



and in.general A, has atoms I,k * k41)'0 < k < 2". Consider the Lebesgue
probability measure P on [0,1).

Cons.ider the dyadic tree consisting of nodes 7 = {(n,k) : n > 0,0 < k < 2"} and
consider a function A : T — F, F is the field of scalars. Define raerofn va—riables (Xn)22,
by setting )
k k+1
o on

If the dyadic tree 7 has nodes enumerated as in Tree 1 (see Appendix) then the pro-

cess (X,)2, is adapted to the filtration (An)%%,. Let T(nx) denote the subtree of T
commencing at node (n, k) |

X, (w) = A(n, k), Yw € |

)n>0,0< k<2

The multiplier norm of the Lindenstrauss basis of co described in section 1 above, and in
Chapter 5, Example 11, can be expressed as

sup || E[1Xal + Y _1X5 — Xiral 4] lleo

i1=n

where Agnix = A(n, k) for n > 0,0 < k < 2" ie. the enumeration of (A;)%%, is as in Tree
2 (see Appendix).

We set out the calculation of this expression below.

We can write

Xo= Y Mn,k)lg,,

0<k<2m

Therefore,

| Xn| + 252, [ X5 — Xinl . |
= 20§k<2ﬂ |/\(n’k)lll(n,k) + Zj:n Zogk<2n+l A0, ['2']) =27 + L, E)NLiG+,k)

For f defined on 0, 1],

= Y (;

0<k<2n

dPI
(I(n,k))) In,kf fo

So,

E(| Xn| + 2 j2n X5 — Xjs1||An] >
- ToaerPmB+ g 2 RGN AGF LA

ogp<t!
{p:(J+1vp)€7?n,k) }

Since P(I(nk) = =V(n,k)eT.
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Thus:

sup,, E[| Xa| + Zj?_-n 1 X5 = Xj4114n] o
= Sup(n,k)ET["\(n’kH + Ej.;n 2J+11—n Z: |)\(]7 [g]) - )‘(] + la P)H

.05p<2J+1
{P(54+1,P)ET(n 1)}

This is the same expression as calculated in Chapter 5, Example 11
The above observation can be generalized.

Theorem 2

Let (An)2, be a filtration of [0,1) with each A, consisting of a finite number m, of atoms

eg An={I"I2,-- I" Y.

Y mn

Given a scalar function on the tree
Lian) = {(n,k) :n €Z%, 1 <k <ma},
X : Zia,) — F, define a process (X.)azo by
Xn(w) = A(n, k),

forwe If,n>0,1 <k <mn. Let Tia,) (nk) be the subtree of I 4,) commencing at node
(n, k).

The following expressions all define norms of multiplier algebras where
M =A0,k) 1<k<mg

/\mn+k = /\(TL + lvk)v 1 <k <map forn >0

sup, || EllXa| + Xj2n X5 = Xjs1|lAn] [l (A)
sup{ || E[(|Xp0|2 + 2;’;1 Iij — Xp 41 |2)%|Apo] loo: Po < p1 < p2 < -} (B)
sup, || £520 1X; = Xjsal + [ Xal llo (C)
sup, { |l [Z?;S Iij — Xpin 2+ |Xp,~.|2]5 loo :Po <P < Pnyn 2 0} (D)

Proof To show the result holds, if e, is the sequence (8ps)7%, In w, we need to show that
(€4), is a semi-normalized Schauder basis under each of expression (A),(B),(C),(D);
this proves that the resulting sequence space is y-perfect [3]. We then need to show that
each of the expressions defines a BK-algebra in w and that each e, and e = (1,1,1,- )

lies in this B K-algebra.

(A) We can write
Xo= Y Ak)limk

1<k<mn
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Therefore

[ Xl + 3052, 1X5 — X;11]

= ZISkSmn |A(n?k)l][1(n,k) + E;x;n ZlSkSmn+l I)\(]’ kl) - )\(] + 1) k)IHI(‘H,)'k)
where (j,, k') is the predecessor in the tree Tan) of (74 1,k).

For f defined on [0,1)

il Y (gr—) [ seen.,

1<k<my, I(n k) I(n,k)
So,
E[lXal+ 2252, 1X5 — X111l An]
= Dickgma A E) + 252 > Trf—%le))|A(],Pl) ~ A7+ 1,y
1Spsmp4 ( (j,p‘))
{P:(4+1,P)EL(ap) (n,k) }
Thus,
sup, || E|X.| + Z;.;n | X5 = X4l An] oo
o P(I; . .
= SUP(n kyer AR, K)| + 2052, > %ﬁ%lk(],p‘) - A7 +1,p))
Jp

' 1<pSmppg
{P:(3+1.p) €T 4,),(n.k) }

It is easily seen that each e, (n € N) and e = (1,1,1,...) has finite expression (A).
Moreover the expression clearly defines the norm of a BK-space.

If (An)3%, is as enumerated in the statement,

n=]

I ()i = sup || E[Xal + > 1X; = X1l An] [lco,
j=n
then it is also very clear that,
n+l

n
1D Meer 1N Aeer I,
k=1 k=1

So that (ex)$2, is a Schauder basis in the space and the condition, sup || Z Akek ||< o0
n k=1
defines the sequences in the space. If (A.)7Z; and (us)7%, liein the space, for (n, k) € T 4,

P(I; . . : ,

TR D - S ﬁ%lz\(y,pl)p(y,pl) SAG Lo+ 1,9)

<p<m, ' .

{p=(j+;,p)€l’(:,.l),(n,k)} IP’(I )
fore) (7+1.p) -1 .
<o) oo DRI+ EZ, D Py PEP) = AT+ LA
1<pSmn4 !

{p:(3+1,p)€L(Ap),(n,k)} Bl )

100 o IR+ 552, 30 oy ) -G+ 1)

1<p<mn4
{p:(3+1,p)EL(ap),(n,k) }
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Since, the supremum norm is dominated by the expression (A)

b

P(I(;+1,5))
sup  [|A(n, k)||p(n, k)|+ SU6re) g ey -
(nk)€Z(4p) Z 1<,,§n+1 P(I;m) 1A, P (G, P )= AG+1, p)u(i+1, )]

{P (G+1.2)€T( AL, (n,k) }

P(Ier) .
<2 sup [IA(n,k)|+ AN, ) = AG + 1,p)]]
(nvk)GI(An) Z 1<p§n:n+1 P([(J'pl))

{p (7+1.P)€L(Ap),(n k) }

= P(l112), . .
x sup [|p(n, k)] + — P u (G, pY) — (G + 1, )]
(n,k)E€Z( 4,) Jz:; ISPSZMM.: IP’(I(J}p‘ )) ]

{P:(3+1,P) €T A (n,x) }

Thus the expression (A) defines a multiplier algebra.
The proof for (B) is similar.

We consider the expression (D). Clearly each e, and e = (1,1,1,---) lies in the space
defined by (D).

If (X5)52 is the process defined by (A,)32, and (Y,)32, is the process defined by (p,)
then

n=1"

(Z520 1 X5, Y5, = Xp, . Y, [P 41X, Y5, )2

< \/_ Zg—o ‘Xp - pJ+1|2 + IXpnlz)SuPn | Ya lloo

+\/_( IYP pJ+1 ? + Ian|2)% sup,, || Xn ||eo

<2V2 H [ o 1Xp, = Xo, I+ 1Xeu 212 Nlooll (2050 1Y5, = Yos 2 + (¥ 22 o -

Thus the expression defined by (D) is a BK-algebra. It is clear that

n+1

[ Z Aeex [I<]] Z e |

and that the condition sup,, || D -, Arex ||< oo is the same as expression (D) being finite,
o (D) defines a multiplier algebra. The proof for (C) is similar.O.

Example 3 By varying the filtration clearly many examples can be constructed.
Let (A,) be the filtration given by
A, has atoms {[0, Z;), (&, %), ... ,["n—’—l-,l)}

Let (Z,)%%, be defined by
Zn(w) = )‘n!+k]IIn,k(w)
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where I, = [%, Hlyn>0and 0 < k < n!

n!

Then
sup | E[|Za] + ) 1Z, = Z,a ]l An] oo
Jj=n
1s the multiplier norm
> m! am]
SllpH/\mI + Z (m + -)' Z: ‘)‘k - A11:”
m j=1 J " k=pm.;

where we refer to Tree 3 (See Appendix) for the underlying tree. The points p., ; and

qm,; are the first and last nodes of the jth level of the subtree commencing at node m
and )} is the predecessor in the tree of Ax.O.

Example 4 Consider the basic sequence in ¢! given by
f; = €np — (1 - T)62n+1 — T€2n42,
for0O<r<1,n2>0.

Let P be the Lebesgue measure on [0,1) and consider the filtration (An)s2, of {0,1),
where

Ap has atoms {[0,1)}
A, has atoms {[0,7),[r,1)}
A, has atoms {[0,72),[r?, ), [r,2r — r?),[2r — r%,1)} etc.

Thus A, has atoms {I,x : 0 < k < 2"}, where In41,2¢ and Inyy2k41 cover I disjointly
in the ratio r : r — 1, as shown in Tree 4 (See Appendix).

If Q" : £* — L'[0,1] is defined by

(P(In k)~ L,

Q" eanpk-1

then since L'[0,1] = CUU,L'([0,1), As,P)),

Q" is a quotient mapping of £! onto L'[0,1), since the functions (P(In)) 'Ly, , are the
extreme points of the unit ball of L([0,1), A, P), and the unit ball of L'([0,1), A.,P) is
the closed convex hull of its extreme points. Also the conditions of the first lemma stated
in [4] are satisfied, so ker Q" is not complemented in any dual Banach space.

However, ker Q" is spanned by the basic sequence [fr]e2.,. If we consider v;(k) as defined

r

in Chapter 5, Example 11, then we can study the sequence (z7,)7%, 1n co given by

I = Z rPU)(1 — r)Q(j)e.,j(n).

=0
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where p(n) and g(n) are as determined by Tree 5 (See Appendix).

Then (z])%2, has co-efficient functionals (f)%%,. The arguments of [5] may be adapted
jco shf)w that (z})5%, is a basis of cg. Then the multipliers (A,)%2, of (z7)%, may be
identified using the technique of Chapter 5, Example 11. )

Thus if
Az, = Azl, n>0

n?

then
oo Vn422t1_2

I All=supldal +D_ >, rI =) O — Ay,

1=1 k=21n421-1

where s(n, k) and t(n, k) are as determined in Tree 6 (See Appendix) and we can show
that this can be written

sup || E{|Xa| + ) 1X; = XjallAn] floo -
j=n
using the same method as Chapter 6, Section 2.

Since (f7)%, does not span a space complemented in a dual space and '/ ker Q" is

n/n=0

isomorphic to L![0,1], the arguments outlined in [4] show that (z7,)52, (0 <7 < 1) isa
Lindenstrauss basis of cg.

In [5] it was asked: “how many Lindenstrauss bases with mutually non isomorphic co-
efficient spaces ¢y does admit?”

We have shown.
Proposition 5

There is a continuum ¢ of Lindenstrauss bases of co whose co-efficient functionals form
basic sequences in £ which span subspaces isomorphic to D.

This follows from [20], p.108, Theorem 2.1.8.
3. The Haar Basis and Multiplier Invariances

Consider the space w of all scalar sequences. By an FK space we mean a subspace
of w with a complete metrizable locally convex topology with continuous coordinate
functionals f, : (zx)2; — Zn. An FK space whose topology is defined by a norm is

called a B K-space.

Let e, be the sequence with 1 as the kth co-ordinate and 0 elsewhere and ¢ the subspace
of w which consists of all finitely supported sequences.

For sequences = = ()52, and y = (yk)3z; We define a multiplication in w by

20y = (ThYk)r=1

101



For subsets A and B of w we define
AoB={zoy:z € A,y € B}.

Conditions have been obtained on an F K space F which ensure that multiplier invariances
of the form

E=DoFE
hold for specific FK spaces D. (e.g. 7], [8], [9], [10], [11], [12], [13)).

We recall for convenience some details from Chapter 5, Example 12.

The convergence field of the strong convergence method ([14]) is the space [cs] defined by

o0
[es] = {(zk)52, : Z |zk| = o(1) as j — oo and Zxk exists }
21Sk<21+1 k=1

The space [cs] is complete under the norm
| (zk)3z1 llies)= sup | kal +sup DN
" 2 <k<2H
and (en)%2, is a Schauder basis for [cs].

It was shown in [15] that the multiplier algebra of (e.)5%; in [cs] is the space fv defined
by

— w . — —
to = {(zh)is D, max, ok — o4z |+Z|aJ aj41(z)| < 00}
J

=1 .
where a;(2) = 35 Yg;ckzr+1 Tk, the space fv is a BK space under the norm

I =D, 1z, lox = el |+Z|aJ - aj41(2)] + sup |ay()

The space fuvg is defined as £v N co.

A sequence of integers is lacunary if there exists ¢ > 1 such that
Ak+1 > qAk

The space fv is the space of sequences (zx)52, for which

oo
Z lx/\k - ‘r/\k+ll <o
k=1

for all lacunary sequences of integers (Ax )5, It may also be shown that £v is isomorphic
as a Banach space to (®,=ofon)e -

Definition 3.1
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Let s" = Y i1 €k A sequence z in an FK space containing ¢, E, has property 4B if
{s™ 0z} | form a bounded subset of E.

A sequence z has property AK if it has AB and s" - ¢ converge to r in E.

If each element of a space has AB, we say E has AB. Similarly for property AR
Let H={h€w:hr=0o0r hy =1 for all k}.

Let d” = 3 5ncheantr k(n > 0).

A sequence = has property [AB] in E if and only if z has property AB in E and {Ho
d’ 0 z}%, is a bounded subset of E.

A sequence z has [AK] in E if and only if it has both [AB] and AK in E.
Similarly E has [AB] or [AK] if each element of E has the property.
The next result is from [13].

It has never been published. The proof given differs from that of [13] in that use is made
of the identification of {v as a multiplier algebra.

Theorem 6 Let £ be an F K-space containing . The space E has property [AB] if and
only if F =4vo E.

The space E has property [AK] if and only if E = fygo E.

Proof First observe that the sets {|| s ||&.: n € N} and {|| hod™ |jen: h € H,m > 0} are
bounded in the BK-space fv. In fact if 2™ < n < 2m+1

| 8" llew=max[|1 — am],|aml] + |1 — an| + |am| +1 < 4
If m>0and h € H,

| hod™ |low= max |hx — an|+2lam] + |an| < 5.
2m$k<2m+l

Suppose now that £ = fv o E. Given y € fv and z € E define T;(y) = zoy. By
the closed graph theorem each mapping T3 is continuous and maps £v into E. The sets
{s"oz}2, = {Tu(s")}2, and {T,(Hod’): he H,j > 0} = {(Hod’z)}2, are bounded
subsets of F for each r € E.

Thus E has [AB].

Let E be an FK space containing ¢ which has property [AB].

Since e = (1,1,1,1,...) € v, E=e. EC{lvo E.

Let y € fvo and = € E. Given a continuous seminorm p on E, consider

p(s> oyoz—s*""loyoxz).
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We have

n_ m_
s lyozx—s¥ " lyoz

-1
= ?=m Z2J§k<21+l YeZr€k

= j=-m Zz:gk<2:+1 (ye — o;(y))zrex + ;1 a;(y) 22151«2]“ Trer
= ;:1171 Z:2J$k<21+1 (yx - aj(y))xkek

+ Ciim(@i(y) - i (y))s?

411 2m—1_1

T+ an(y)s? T g — a1 (y)s -z

Define a seminorm pg| on E by

pig|(z) = sup p(hoz) for z € E.
heH

A simple argument shows that for each z,y € o,

pe(zoy) <4 | T || piEy(Y)-
Thus,

p(s¥ loyoz—sloyoxz)

<4 Z’-‘:;‘ MaXy ckc+t |Yk — a;(y)|pe|(d’z)

+sup; p(s'2){ X2y 125(¥) — @ (¥)] + len(®)] + lam-1(y)]}

< 4sup; p|15|(dJ 0 z) Z]"m maXz;<k<21+! lyk — a;(y)]

+sup;p(s’ oz {ZJ_m—l loi(y) — a1 (Y)] + lan(y)] + lam—1(y)[}

The sequence (e,)$%, is a Schauder basis of the algebra of compact multipliers fvy and
y € fvg, so

n-—1

2, max, lve— o)+ ,~ Zl le;(y) = a1 (W) + lan(y)] + [am-1(y)]
j=m —m—

— 0 as m,n — oo.

Since E has [AB],sup; pjg|(d’z) < oo and sup; p(s’z) < 00,50 {s*" loyoz}2, isa
Cauchy sequence in E. Since E is complete and an F K-space, yo z lies in E. Therefore,
tvo 0o E C E. However, fv = fvg @ sp(e), so E ClvoE C E+eoE = E. That is

fvo E = E as required.

If E is an F K-space containing  such that E = fvgo E. We define a map T.(y) =z oy
for each z € E and y € fvo, the argument outlined before shows that E has [AB].

Let z € E. Since E = fvgo E, z = z oy where = € fvg and y € E. Since the mapping T,
is continuous from fvp to E, for any continuous seminorm p on E,
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p(s"oz—2) =p(stzoy—=zoy)
= p(Ty(s"z — 1))

— 0 as n — oo, since = € fvg and (e,)%2, is a Schauder basis of fvg, so s"z — z — 0 as
n — 0o.

So E has AK and [AB], that is E has [AK].

If E'is an F'K-space containing ¢ has [AK], then E has [AB] and we have shown that
fvoo E C E. Since E has [AK] it has AK, and by a result of Garling [7], E = bvg o E.
However fvg is an algebra of compact multipliers on a Schauder basis so bvy C fvy and
hence, E = bvgo E Clvgo E C E; i.e. E ={vyo E as required.O.

Consider now the Banach space L'{0,1]. The normalized Haar functions are defined

hi(t) = 1, Vte[o,1)
ha(t) = Ip1(2) = I y(t), vt € [0,1)
h2n+k(t) - QnH(t)[%?‘,%‘ﬁ) - 2nn(t)[%i_i_'%2i_r), Vt E [0, 1).

It is well known that the Haar functions define a monotone Schauder basis for L![0, 1].
(cf. [21], p.6).

Theorem 7

Let E be the BK -space associated with the normalized Haar basis of L'[0,1]. Then E has
property [AK].

Therefore
E bvg o E
and FE v o F.

That is the spaces vy and fv comprise of multipliers of the normalized Haar basis of
L'[0,1].

Proof Since the Haar basis is a Schauder basis of L!{0, 1] its co-ordinate space certainly
has property AK.

CLAIM Given f = 5.%_ ¢mhm € L'[0,1], the set

2"-1

{Z iC2n+kh2n+k -n _>_ 0}

k=0
is bounded in the L![0,1] norm

The claim is true because the functions hgn,honyy, - , hons1_; are disjointly supported,
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and so
| Sheg, Eeanskhonik I
=|| Zi;};l Czn+kh2"+k ||Ll
:H Son+1_3 O f — 8on_ O f HLl
<2 f il

Thus F has AK and [AB], so that F has [AK] as required.O.
The multiplier invariances £ = fvg o E and E = fv o E follow from Theorem 6. O.

It would be interesting to find a better multiplier result for the normalized Haar basis on
L'[0,1]. In the space L?[0,1],1 < p < oo, the Haar system is also a monotone Schauder
basis. It is a deep result due to Paley [16] that in this case the Haar system is an
unconditional basis of L?{0,1], 1 < p < oo, and so its multiplier algebra is £>°. Burkholder
[17], [18], [19] has used martingale methods to discover the unconditional constant of the
Haar basis in L?[0,1] and connections with certain boundary value problems. It would
be interesting if such techniques could be applied to the space L*[0,1].
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Chapter 4

Diagram 1
Q
N(Ilj)
> M
N(l’lj) N(nj)
U v
Ilj v nj
M M
Ilj = nJ
I
Diagram 2
Dl
M > M
U! V!
o M o M
(J' nj)l‘” 9(1 nj)1°°
I
D'=D or D'=I-D
Diagram 3
T]l
M > M
U \Y
o M o M
( ] Ilj)loo g ( } Ilj)loo
I
=T or T=1-T
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Chapter §

Figure 1

Tx
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Chapter 6

Tree 1
(0.0) (n.k)
(LO)/\ .
(2,0)/\ (2.1) (2,2)/\ (2.3)
(3,0) @3.1) (3,2) 3.3) 3.4 3.3 (3.6) 3.7
Tree 2
A 2"+ k
A2 /\
/ }\ /M\ /M\
}\'8 )\'9 }\'10 }vll )\'12 }\'13 }\'14 }\'15
Tree 3
A
A2
/l}\s\ /[M\
As As A7 Asg Ao /MoN
A1 Az Az Aia

112



Tree 4

Ik
I 1.2k I n+1,2k+1
o | |
= T =1
r 1-r

Tree 5

i

O\ P
NN NN

8 9 10 11 12 13 1

2 3
5

A R
(+) ) (A-) (+/\(-) ¢ 0O

If m = 2°+k where n> 0, 0 <k < 2" is a node of the tree.

Then p(m) is the number of plus signs on the branch joining node 1 and node m
(including node m), as shown in Tree 5.

Also g(m) = n-p(m).
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Tree 6

1 Main Tree
/2\ /3\
4 5 6 7
8 9 10 11 12 13 14 15
n Subtree commencing at
node n

s(n,k) is the number of plus signs on the branch joining node n and node k
(including node k but excluding node n) as shown in the subtree above.

t(n,k) is the number of minus signs on the branch joining node n and node k
(including node k but excluding node n) as shown in the subtree above.

114






