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Abstract

Aim of this paper is to provide new characterizations of the curvature dimen-
sion condition in the context of metric measure spaces (X,d, m). On the geometric
side, our new approach takes into account suitable weighted action functionals
which provide the natural modulus of K-convexity when one investigates the con-
vexity properties of N-dimensional entropies. On the side of diffusion semigroups
and evolution variational inequalities, our new approach uses the nonlinear diffusion
semigroup induced by the N-dimensional entropy, in place of the heat flow. Under
suitable assumptions (most notably the quadraticity of Cheeger’s energy relative to
the metric measure structure) both approaches are shown to be equivalent to the
strong CD*(K, N) condition of Bacher-Sturm.
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CHAPTER 1

Introduction

Spaces with Ricci curvature bounded from below play an important role in
many probabilistic and analytic investigations, that reveal various deep connections
between different fields.

Starting from the celebrated paper by BAKRY-EMERY [13], the curvature-
dimension condition based on I'-calculus and the I's-criterium in Dirichlet spaces
provides crucial tools for proving refined estimates on Markov semigroups and
many functional inequalities, of Poincaré, Log-Sobolev, Talagrand, and concen-
tration type (see, e.g. [36, 37, 38, 12, 9, 14]).

In the framework of optimal transport, the importance of curvature bounds
has been deeply analyzed in [44, 26, 53]. These and other important results led
STURM [51, 52] and LOTT-VILLANI [42] to introduce a new synthetic notion of
the curvature-dimension condition, in the general framework of a metric-measure
space (X,d, m).

In recent years more than one paper has been devoted to the investigation of
the relation between the differential and metric structures, particularly in connec-
tion with Dirichlet forms, see for instance [35], [34], [50], [6] and [7]. In particu-
lar, under a suitable infinitesimally Hilbertian assumption on the metric measure
structure (and very mild regularity assumptions), thanks to the results of the last
two papers we know that the optimal transportation point of view provided by
the LOTT-STURM-VILLANI theory coincides with the point of view provided by
BAKRY-EMERY when the inequalities do not involve any upper bound on the di-
mension: both the approaches can thus be equivalently used to characterize the
class of RCD(K, o0) spaces with Riemannian Ricci curvature bounded from below
by K € R. More precisely, the logarithmic entropy functional

(1.1) Upo (1) ::/ ologodm if u=opm<m,
X

satisfies the K -convexity inequality along geodesics (is)s¢[o,1] induced by the trans-
port distance Wy (i.e. with cost equal to the square of the distance)

(12 Unolta) < (1= 5 Ueolto) + sUoc(pr) — Ty 5(1 = )13 0, )

if and only if T'y(f) > K T'(f).

A natural and relevant question is then to establish a similar equivalence when
upper bounds on the dimension are imposed; more precisely one is interested in the
equivalence between the condition

(13) Ta(f) 2 KT(f) + 3 (LS)?

(where L is the infinitesimal generator of the semigroup associated to the Dirichlet
form) and the curvature-dimension conditions based on optimal transport. In the

1



2 1. INTRODUCTION

dimensional case, the logarithmic entropy functional (1.1) is replaced by the “N-
dimensional” Rény entropy

(1.4)
Un () ::/ UN(g)dm:N—N/ o'~ % dm if p=om+pt, ptLm
b'e X
Except for the case K = 0, which can be formulated by means of a geodesic

convexity condition analogous to (1.2), the case K # 0 involves a much more
complicated property [52, 10], that gives raise to difficult technical questions.

Aim of this paper is precisely to provide new characterizations of the curva-
ture dimension condition in the context of metric measure spaces (X,d,m). On
the geometric side, our new approach takes into account suitable weighted action
functionals of the form

1
(L5) AD (;m) = / / g(s,6)0" " (2, 5)0 (x, 5) dm ds,
0 X

where ps = psm, s € [0,1], is a Wasserstein geodesic, g is a weight function and
¥ is the minimal velocity density of p, a new concept that extends to general
metric spaces the notion of Wasserstein velocity vector field developed for Eu-
clidean spaces [3, Chap. 8]. Functionals like (1.5) provide the natural modulus of
K-convexity when one investigates the convexity properties of the N-dimensional
Rény entropy (1.4). On the side of diffusion semigroups and evolution variational
inequalities, our new approach uses the nonlinear diffusion semigroup induced by
the N-dimensional entropy, in place of the heat flow. Under suitable assumptions
(most notably the quadraticity of Cheeger’s energy relative to the metric measure
structure) both approaches are shown to be equivalent to the strong CD*(K, N)
condition of BACHER-STURM [10].

Apart from the stated equivalence between the LOTT-STURM-VILLANI and the
BAKRY-EMERY approaches, our results and techniques can hardly be compared
with the recent work [29] of ERBAR-KUWADA-STURM, motivated by the same
questions. Instead of the Rény entropies (1.4), in their approach an N-dependent
modification of the logarithmic entropy (1.1) is considered, namely the logarithmic
entropy power

(1.6) (1) = exp (- (1))

and convexity inequalities as well as evolution variational inequalities are stated in
terms of 8, proving equivalence with the strong CD*(K, N) condition. A concep-
tual and technical advantage of their approach is the use of essentially the same
objects (logarithmic entropy, heat flow) of the adimensional theory. On the other
hand, since power-like nonlinearities appear in a natural way “inside the integral”
in the optimal transport approach to the curvature dimension theory, we believe it
is interesting to pursue a different line of thought, using the Wasserstein gradient
flow induced by the Rény entropies (in the same spirit of the seminal OTTO’s paper
[43] on convergence to equilibrium for porous medium equations). The only point
in common of the two papers is that both provide the equivalence between the dif-
ferential curvature-dimension condition (1.3) and the so-called strong CD* (K, N)
condition; however, this equivalence is estabilished passing through convexity and
differential properties which are quite different in the two approaches (for instance
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some of them do not involve at all the distorsion coefficients) and have, we believe,
an independent interest.

Our paper starts with Chapter 2, where we illustrate in the simple framework of
a d-dimensional Euclidean space the basic heuristic arguments providing the links
between contractivity and convexity. It builds upon the fundamental papers [45]
and [27]. The main new ingredient here is that the links are provided in terms of
monotonicity of the Hamiltonian, instead of monotonicity of the Lagrangian (see
[39] for a related discussion of the role of dual Hamiltonian estimates in terms of the
so-called Onsager operator). More precisely, if S; : R? — R is the flow generated
by a smooth vector field § : R¢ — R?, and if C(x,y) is the cost functional relative
to a Lagrangian £, then we know that the contractivity property

C(Six, Sty) < C(z,vy) for all ¢ > 0,

is equivalent to the action monotonicity
ds
dt

(1.7) (z(t), w(t)) <0

whenever z(t) solves the ODE

d
Salt) = f(x()
and w solves the linearized ODE
d
() = Df((t))w(?)
(in the applications w arises as the derivative w.r.t. s of a smooth curve of initial
data for the ODE). In Chapter 2 we use duality arguments to prove the same
equivalence when the action monotonicity (1.7) is replaced by the Hamiltonian
monotonicity

d
(18) S (1), 9() 0,
where now ¢ solves the backward transposed equation
d
(1.9) #() = —Df(®)Te(),

see Proposition 2.1. Lemma 2.2 provides, in the case when f = —VU and £, H
are quadratic forms, the link between the Hamiltonian monotonicity and another
contractivity property involving both € and U, see (2.19); this is known to be
equivalent to the convexity of U along the geodesics induced by C.

In the context of optimal transportation (say on a smooth, compact Rie-
mannian manifold (M, g)), the role of the Hamiltonian is played by H(g,¢) :=
5 [x |De|20dm, thanks to BENAMOU-BRENIER formula and the OTTO formalism:

1 .
(1.10) L(o,w) := 5/}( D20 dm, —divg(0Vyp) = w.

In other words, the cotangent bundle is associated to the velocity gradient Vg¢ and
the duality between tangent and cotangent bundle is provided by the possibly de-
generate elliptic PDE —divy(oVyp) = w. With a very short computation we show
in Example 2.3 how the BAKRY-EMERY BE(0, 00) condition corresponds precisely
to the Hamiltonian monotonicity, when the vector field is (up to the sign) the gradi-
ent vector of the logarithmic entropy functional. If the entropy U(om) = [U(p) dz
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satisfies the (stronger) MCCANN’s DC(N) condition, then the same correspondence
holds with BE(0, V), see Example 2.4. In both cases the flow corresponds to the
diffusion equation

(1.11) o= 2,P(0)
with P(p) := oU’(0) — U(p), which is linear only in the case of the logarithmic
entropy (1.1).

The computations made in Examples 2.3 and Example 2.4 involve regularity
in time and space of the potentials ¢ in (1.10), whose proof is not straightforward
already in the smooth Riemannian context. Another difficulty arises from the de-
generacy of the PDE —divg(0Vyp) = w, which forces us to consider weak solutions
@ in “weighted Sobolev spaces”. Keeping in mind these technical difficulties, our
goal is then to provide tools to extend the calculations of these examples to a non-
smooth context, following on the one hand the I'-calculus formalism, on the other
hand the calculus in metric measure spaces (X, d, m) developed in [5], [6], [30] and
in the subsequent papers.

Now we pass to a more detailed description of the three main parts of the paper.

Part 1

This first part, which consists of Chapter 3 and Chapter 4, is written in the
context of a Dirichlet form € on L?(X,m), for some measurable space (X, B) en-
dowed with a o-finite measure m. We adopt the notation H for L?(X, m), V for
the domain of the Dirichlet form, —L for the linear monotone map from V to V’
induced by &, P; for the semigroup whose infinitesimal generator is L.

We already mentioned the difficulties related to the degeneracy of our PDE; in
addition, since we don’t want to assume a spectral gap, we need also to take into
account the possibility that the kernel {f : &(f, f) = 0} of the Dirichlet form is
not trivial. We then consider the abstract completion V¢ of the quotient space of V
and the realization V% of the dual of V¢ as the finiteness domain of the quadratic
form €% : V' — [0, 00| defined by

SENL0) = supll, f) — SE(L D).
fev

Section 3.2 is indeed devoted to basic functional analytic properties relative to the
completion of quotient spaces w.r.t. a seminorm (duality, realization of the dual,
extensions of the action of L). The spaces V, V¢ and their duals are the basic
ingredients for the analysis, in Section 3.3, of the nonlinear diffusion equation
(1.12) %Q*LP(Q) =0
(which corresponds to (1.11)) in the abstract context, for regular monotone nonlin-
earities P; the basic existence and uniqueness result is given in Theorem 3.4, which
provides also the natural apriori estimates and contractivity properties.

Chapter 4 is devoted to the linearizations of the diffusion equation (1.12). We
first consider in Theorem 4.1 the (backward) PDE

d
P (o)L =1

which is the adjoint to the linearized equation and corresponds, when ¥ = 0, to the
backward transposed ODE (1.9) of the heuristic Chapter 2. Existence, uniqueness
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and stability for this equation is provided in the class W12(0, T; D, H) of L%(0,T; D)
maps with derivative in L2(0,7T;H), where D is the space of all f € V such that
Lf € H, endowed with the natural norm.

In Theorem 4.5 we consider the linearized PDE

(1.13) Cw=L(P(ou)

since (1.13) is in “divergence form” we can use the regularity of P’(o) to provide
existence and uniqueness (as well as stability) in the large class W12(0, T; H, D ) of
L*(0,T;H) maps with derivative in L?(0,T; D% ). Here D is the space of all £ € D/
such that, for some constant C, |(¢, f}| < C||Lf|lm for all f € D (endowed with
the natural norm provided by the minimal constant C'). In Theorem 4.6 we prove
that the PDE is indeed the linearization of (1.12) by considering suitable families
of initial conditions and their derivative.

Part 11

This part is devoted to the metric side of the theory and builds upon the papers
[5], [41], [6], [27] with some new developments that we now illustrate.

Chapter 5 is mostly devoted to the introduction of preliminary and by now
well estabilished concepts in metric spaces (X,d), as absolutely continuous curves
¢, metric derivative ||, p-action Ap(y) = [|¥|Pdt, slope |Df| and its one-sided
counterparts [D* f|. In Section 5.2 we recall the metric/differential properties of
the map

Quf(@) 5= il f) + 5 d(ey) X,

given by the Hopf-Lax formula (which provides a semigroup if (X,d) is a length
space). Section 5.3 and Section 5.4 cover basic material on couplings, p-th Wasser-
stein distance W), absolutely continuous curves w.r.t. W, and dynamic plans.
Particularly important for us is the 1-1 correspondence between absolutely con-
tinuous curves g in (Z(X),W,) and time marginals probability measures 7 in
C([0,1]; X) with finite p-action @, (7) := [ Ap(y) dmw(y), provided in [41]. In gen-
eral only the inequality [f[” < [|4:|” d7(v) holds, and [41] provides existence of
a distinguished plan 7r for which equality holds, that we call p-tightened to p;.
Section 5.5 introduces a key ingredient of the metric theory, the Cheeger energy that
we shall denote by Ch and the relaxed slope |D f|,, so that Ch(f) = 5 [ [Df[% dm.
The energy Ch is by construction lower semicontinuous in L?(X,m); furthermore,
under an additional quadraticity assumption it has been shown in [6, 30] that Ch
provides a strongly local Dirichlet form, whose Carré du Champ is given by

0 2¢
Motivated by the necessity to solve the PDE —divg(oVyp) = ¢, whose abstract
counterpart is

(114) [ erenam=ie.p)  vrev.
X
in Section 5.7 we consider natural weighted spaces V, arising from the completion

of the seminorm ,/ f + oI'(f) dm, and the extensions of I' to these spaces, denoted
by I',. In connection with these spaces we investigate several stability properties

which play a technical role in our proofs.
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Chapter 6 provides a characterization of p-absolutely continuous curves ps :
[0,1] = Z(X) in terms of the following control on the increments (where |D*¢| is
the usc relaxation of the slope |Dy|):

‘/ sodus—/ o dp
X X

Any function v in LP(X x (0,1),m ® £1) will be called p-velocity density. In
Theorem 6.6 we show that for all p € (1,00) a p-velocity density exists if and only
if iy € ACP(]0,1]; Z(X)) (see also [32] for closely related results). In addition we
identify a crucial relation between the unique p-velocity density © with minimal L?
norm and any plan 7 p-tightened to p, namely

(1.15) 0(yi,t) = || for m-ae. v, for L'-ae. t € (0,1).

t
s/ / ID*¢lvdpydr ¢ € Lipy(X), 0<s<t<1.
s X

Heuristically, this means that even though branching cannot be ruled out, the metric
velocity of the curve v in the support of 7w depends only on time and position of
the curve, and it is independent of 7.

In Chapter 7 we use the minimal velocity density v to define, under the addi-
tional assumption pg = gsm, the weighted energy functionals

1
(1.16) Aq (u;m) ::/ /D(s,gs)ﬁpgsdmds,
0o Jx

where Q(s,7) : [0,1] x [0,00) — [0,00] is a suitable weight function (the typical
choice will be Q(s,r) = w(s)Q(r) with Q(r) = rP'(r) — P(r)). Notice that when
£ =1 we have the usual action fol Jx 7 dps ds = Ap(p), which makes sense even
for curves not made of absolutely continuous measures. If 7 is a dynamic plan p-
tightened to g (recall that this means <7, (7) = A, (1)), we can use (1.15) to obtain
an equivalent expression in terms of 7r:

As(im) = / /X (5, 04(712))4al? dre () ds.

In Theorem 7.1 we provide, by Young measures techniques, continuity and lower
semicontinuity properties of p — Aq (u; m) under the assumption that the p-actions
are convergent.

In Chapter 8 we restrict ourselves to the case when p = 2 and Ch is quadratic.
For curves pus = psm having uniformly bounded densities w.r.t. m we show in
Theorem 8.2 that (45)se(0,1) belongs to AC?([0, 1]; (2(X), Wa)) if and only if there
exists £ € L%(0,1;V’) satisfying, for all f € V,

d
g/xfgsdmzﬂs(f) in 2'(0,1).

In addition ¢, € V|, for #'-a.e. s € (0,1) and they are linked to the minimal
velocity v by €*(ls, ls) = fX |Us|?0s ds. Thanks to this result, we can obtain by
duality the potentials ¢4 associated to the curve, linked to ¢5 by (1.14).

In Chapter 9 we enter into the core of the matter, by providing on the one hand
a characterization of strong CD*(K, N) spaces whose Cheeger energy is quadratic
in terms of convexity inequalities involving weighted action functionals and on the
other hand a characterization involving evolution variational inequalities. These
characterizations extend (1.2), known [6, 2] in the case N = oco: the logarithmic
entropy and the Wasserstein distance are now replaced by a nonlinear entropy and
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weighted action functionals. Section 9.1 provides basic results on weighted con-
vexity inequalities and the distorsion multiplicative coefficients U,(f)(é) (see (9.15)),
which appear in the formulation of the CD*(K, N) condition. Section 9.2 intro-
duces the basic entropies and their regularizations. In Section 9.3 we recall the
basic definitions of CD(K, c0) space, of strong CD(K, 0c0) space (involving the K-
convexity (1.2) of the logarithmic entropy along all geodesics) and Proposition 9.8
states their main properties, following [48]. We then pass to the part of the theory
involving dimensional bounds, by recalling the Baker-Sturm CD*(K, N) condition
which involves a convexity inequality along Ws-geodesics for the Rény entropies Uy,
defined in (1.4) and the distortion coefficients a%)/M (6), see (9.44), for all M > N.
Theorem 9.15 is our first main result: it provides a characterization of strong
CD*(K, N) spaces in terms of the convexity inequality

(1.17) Un () < (1 — ) Uy (o) + tUn (1) — KAY (usm)  for every ¢ € [0, 1].

Here Ag\t[)(,u; m) is the (¢, N)-dependent weighted action functional as in (1.16) given
by the choice Q) (s,7) := g(s,t)r /N, where g is the Green function defined in
(9.1), so that

1
AD (4 m) = / /X g(s.8)0" /N (2, )% (z, )0 dm ds.

Comparing with the CD*(K, N) definition (9.44), we can say that the distortion
due to the lower bound K on the Ricci tensor appears just as a multiplicative
factor, and that the distortion coeflicients O'%)/ () are now replaced by the (t, N)-
dependent weighted action functional. Hence, K and N have more distinct roles,
compared to the original definition. Let us mention that a convexity inequality in
the same spirit of (1.17) was also obtained in [29, Remark 4.18], the main difference
being that in the present paper Uy is the Reny entropy functional (1.4) while in
[29] a similar notation is used to denote the logarithmic entropy power (1.6).

Our second main result is given in Theorem 9.21 and Theorem 9.22. More precisely,
in Theorem 9.21 we prove that in strong CD* (K, N) spaces whose Cheeger energy is
a quadratic form, for any regular entropy U in McCann’s class DC(N) the induced
functional U as in (1.4) satisfies the evolution variational inequality

1d+
2 dt
where S is the nonlinear diffusion semigroup studied in Part I, w(s) = (1 — s),
Q(r) = P(r)/r = U'(r) = U(r)/r and {us,+}sc[o,1) is the unique geodesic connect-
ing uy = Sgom to v. The proof of this result follows the lines of [6] (N = oo,
m(X) < oo) and [2] (where the assumption on the finiteness of m was removed)
and uses the calculus tools developed in [5], in particular in the proof of (9.83). In
Theorem 9.22, independently of the quadraticity assumption, we adapt the ideas
of [27] to prove that the evolution variational inequality above (for all regular en-
tropies U € DC(N)) implies the strong CD*(K, N) condition. Moreover we can
use Lemma 9.13 to get the CD(K, 00) condition and then apply the characteriza-
tion of RCD(K, c0) spaces provided in [6] to obtain that Ch is quadratic. Hence,
under the quadraticity assumption on Ch, the strong CD*(K, N) condition and the
evolution variational inequality are equivalent; without this assumption, as in the
case N = o0, the evolution variational inequality is stronger.

(1.18) W3 (Stom,v) +U(Scom) < U(v) — KAug (i i;m),
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Part II1

This last part is really the core of the work, where all the tools developed in
Parts I and II are combined to prove the main results. The natural setting is pro-
vided by a Polish topological space (X, 7) endowed with a o-finite reference Borel
measure m and a strongly local symmetric Dirichlet form € in L?(X, m) enjoying a
Carré du Champ T : D(€) x D(€) — L'(X,m) and a I'-calculus. All the estimates
about the BAKRY-EMERY condition discussed in Chapter 10 and the action esti-
mates for nonlinear diffusion equations provided in Chapterll do not really need
an underlying compatible metric structure. In any case, in Chapter 12, they will
be applied to the case of the Cheeger energy (thus assumed to be quadratic) of the
metric measure space (X, d, m) in order to prove the main results of the paper. Let
us now discuss in more detail the content of Part III.

In Chapter 10 we recall the basic assumptions related to the BAKRY-EMERY
condition and we prove some important properties related to them; in particular, in
the case of a locally compact space, we establish useful local and nonlinear criteria
to check this condition. More precisely, we introduce the multilinear form I'y given
by

Pafg9) i3 [ (T(19) Lo =T(La)o ~T(0. L)) dm.

with (f,g,¢) € Dy(L) x Dy(L) x D« (L), where we set Vo, := VN L®(X,m),
Do := DN L®(X, m),

Di»(L):={feDNLP(X,m): Lf € LP(X,m)}  p€[l,00],
Dy(L)={feD: Lf eV}

When f = g we also set

1
Lafip) = Talf fi) = [ (5T Lo =T Lf)p) dm.
The I's form provides a weak version (see Definition 10.1 inspired by [12, 15]) of
the Bakry-Emery BE(K, N) condition [13, 11]
(1.19)

T2 (f; ) ZK/XF(f)soder%/X(Lf)dem, Y(f,¢) € Dy(L)xDre= (L), > 0.

We say that a metric measure space (X,d, m) (see Section 5.5) satisfies the metric
BE(K, N) condition if the Cheeger energy is quadratic, the associated Dirichlet form
& satisfies BE(K, N), and any f € V., with F(f) € L*°(X,m) has a 1-Lipschitz
representative.

In Section 10.1, by an approximation lemma, on the one hand we show that
in order to get the full BE(K, N) it is enough to check the validity of (1.19) just
for every f € Dy(L) N Dy (L) and every nonnegative ¢ € Dp~(L). On the
other hand, thanks to the improved integrability of I' given by Theorem 10.6, in
Corollary 10.7 we extend the domain of T'y to the whole (Dy,)? and we give an
equivalent reformulation of the BE(K, N) condition for functions in this larger
space. Local and nonlinear characterizations of the BE(K, N) condition for locally
compact spaces are investigated in Section 10.2: in Theorem 10.10 we show that
in order to get the full BE(K, N) it is enough to check the validity of (1.19) just
for every f € Dy(L) N Dre (L) and ¢ € Dr (L) with compact support, and in
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Theorem 10.11 we give a new nonlinear characterization of the BE(K, N) condition
in terms of regular entropies, namely

(120) TP+ [ AL Am = K [ T(f) Plo)am.

X
This last formulation will be very convenient later in the work in order to make
a bridge between the curvature of the space and the contraction properties of non
linear diffusion semigroups.

Chapter 11 is devoted to action estimates along a nonlinear diffusion semigroup.
The aim is to give a rigorous proof of the crucial estimate briefly discussed in the
formal calculations of Example 2.4. To this purpose, in Theorem 11.1 we prove that
if ot (resp. ¢¢) is a sufficiently regular solution to the nonlinear diffusion equation
Orot —LP(p:) = 0 (resp. to the backward linearized equation 9y + P’ (0¢) L = 0)
then the map t — €,,(p¢) = [ ptI‘(gpt) dm is absolutely continuous and we have
(1.21)

dil/ pel (i) dm = To (5 Ppy)) —|—/ R(p))(Lpy)?dm  ZL'-ae. in (0,7).

t2 [y x
Notice that this formula is exactly the derivative of the hamiltonian % / Pl (gpt) dm
along the nonlinear diffusion semigroup. It is clear from (1.20) and (1.21) that
the metric BE(K, N) condition implies a lower bound on the derivative of the
hamiltonian, more precisely in Theorem 11.3 we show that the metric BE(K, N)
condition implies

—1/ pel (1) dm > K/ P(0,)T'(¢p1) dm ZL'ae. in (0,7),

at2 Jy X

and its natural counterparts in terms of the potentials ¢; (introduced in Part II)
associated to the curve g;m. The inequality (1.22) should be considered as the
appropriate nonlinear version of the Bakry-Emery inequality [13] (see also [7] for
the non-smooth formulation, and [15] for dimensional improvements) for solutions
0t, pr—¢ to the linear Heat flow

il/ ptF(got) dm > K/ gtf‘(cpt) dm Plae. in (0,7),

dt2 [y x

which characterizes the BE(K, c0) condition. In this case, due to the linearity of
the Heat flow and to the self-adjointness of the Laplace operator, the backward
evolution p; can be easily constructed by using the time reversed Heat flow and it
is independent of p.

In the last Chapter 12 we combine all the estimates and tools in order to prove
the equivalence between metric BE(K, N) and RCD*(K, N). To this aim, in Sec-
tion 12.1 we show some technical lemmas about approximation of Ws-geodesics via
regular curves and about regularization of entropies. Section 12.2 is devoted to the
proof of Theorem 12.8 stating that BE(K, N) implies CD*(K, N). This is achieved
by showing that the nonlinear diffusion semigroup associated to a regular entropy
provides the unique solution of the Evolution Variational Inequality (1.18) which
characterizes RCD*(K, N). In the same Chapter we prove the facts of independent
interest that BE(K, N) implies contractivity in W5 of the nonlinear diffusion semi-
group induced by a regular entropy (see Theorem 12.5), and that BE(K, N) implies
monotonicity of the action Ay computed on a curve which is moved by a nonlinear
diffusion semigroup (see Theorem 12.6).

(1.22)

(1.23)
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The last Section 12.3 is devoted to the proof of the converse implication, namely that
if (X,d, m) is an RCD*(K, N) space then the Cheeger energy satisfies BE(K, N).
The rough idea here is to differentiate the 2-action of an arbitrary Ws-curve along
the nonlinear diffusion semigroup and use the arbitrariness of the curve to show
that this yields the nonlinear characterization (1.20) of BE(K, N) obtained in The-
orem 10.11. The perturbation technique used to generate a sufficiently large class
of curves is similar to the one independently proposed by [16].

Acknowledgement. The quality of this manuscript greatly improved after the
revision made by the reviewer, whose careful reading has been extremely helpful
for the authors.
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Weighted energy functional induced by 9, (7.4)
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Green function on [0, 1], (9.1)
Distorted convexity coefficients, (9.15)
Entropy function
and the induced entropy functional, (9.27), (9.28)
Pressure function induced by U, (9.27)
Nonlinear diffusion semigroup associated to an entropy U
Entropies satisfying the N-dimensional
McCann condition, Def. 9.14
Curvature dimension conditions, Sect. 9.3
Curvature dimension conditions, Sect. 9.3
Riemannian curvature dimension condition, Def. 9.19
I'; tensor and Bakry—Emery curvature dimension condition,
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CHAPTER 2

Contraction and Convexity via Hamiltonian
Estimates: an Heuristic Argument

Let us consider a smooth Lagrangian £ : R? x R — [0, 00), convex and 2-
homogeneous w.r.t. the second variable, which is the Legendre transform of a
smooth and convex Hamiltonian H : RY x (R%)* — [0, 00), i.e.

21) L(zw)= sup (w,p)=Hz,p),  H(z,9)= sup (p,w) — L(z,w);

pe(RI)* weR?

‘We consider the cost functional
(2.2)

C(xzg,x1) := inf { /01 L(z(s),i(s))ds : 2 € CH([0,1];RY), x(i) = x4, i = 0, 1}

and the flow S; : RY — R? given by a smooth vector field f : R? — R?, i.e. 2(t) =
S¢(Z) is the solution of

d

(2.3) 32 =f@®),  2(0)==z.

We are interested in necessary and sufficient conditions for the contractivity of the
cost C under the action of the flow S;.

As a direct approach, for every solution x of the ODE (2.3) one can consider
the linearized equation

(2.4) (1) = Dia(t)u(t)

It is well known that if s — Z(s) is a smooth curve of initial data for (2.3) and
x(t,s) := S+Z(s) are the corresponding solutions, then d,x(t, s) solves (2.4) for all
s, i.e.

(2.5)

w(t,s) := %x(t,s) satisfies %w(t,s) = Df(z(t, s))w(t,s), w(0,s)=z(s).

It is one of the basic tools of [45] to notice that S satisfies the contraction
property
(2.6) C(SpZo,SrZ1) < C(Zo,Z1) for every Zg,Z; € RY, T >0
if and only if for every solution z of (2.3) and every solution w of (2.4) one has
d

(2.7) &L(x(th(t)) <0.

As we will see in the next sections, in some situations it is easier to deal with the
Hamiltonian H instead of the Lagrangian £. In order to get a useful condition, we

13



14 2. CONTRACTION AND CONVEXITY VIA HAMILTONIAN ESTIMATES

thus introduce the backward transposed equation

(28) S o(t) = ~Dix(t) (1)

It is easy to check that w'(t) = A(t)w(t) and ¢'(t) = —A(t)Te(t) imply that the
duality pairing (w(t),¢(t)) is constant. Hence, choosing A(t) = Df(z(t)) gives

(2.9) t— (w(t), p(t)) is constant, whenever w solves (2.4), ¢ solves (2.8).

In the next proposition we assume a mild coercitivity property on £, namely

Lz, w) > ~(|z])|w|? with hm/ VA(r)

for some continuous function v : [0,00) — (0,00). Under this assumption, by
differentiating the function ¢ — f ‘x ((Ot)) || V(r)dr, it is easily seen that

1
(2.10)  sup|z,(0)] —|—/ L(xn(8),Zn(s))ds <00 = sup I[Iéal)]( |zn| < o0.
n 0 n [0,

PROPOSITION 2.1 (Contractivity is equivalent to Hamiltonian monotonicity).
The flow (Si)¢>0 satisfies the contraction property (2.6) if and only if

(2.11) %%(m(t),gp(t)) >0 whenever x solves (2.3) and ¢ solves (2.8).

Notice that the monotonicity condition (2.11) can be equivalently stated in
differential form as
(2.12)

(Ha (2, 0),(2)) — (Ho(2,9), Di(x())Tp) 2 0 for every = € RY, ¢ € (RY)".

PROOF. Let us first prove that (2.11) yields (2.6). Let z € C!([0,1];R¢) be a
curve connecting o to Ty, let z(t, s) := Si&(s) and w(t, s) := dsx(t, s). The thesis
follows if we show that

(2.13) L(z(T,s),w(T,s)) < L(z(s),z(s)) for every s € [0,1], T >0,

since then

1 1
G(x(T,O),x(TJ))g/O L(x(T,s),w(T,s))dsg/O L(z(s),2(s))ds

and it is sufficient to take the infimum of the right hand side w.r.t. all the curves
connecting xy to .
For a fixed s € [0,1] and T' > 0 we consider a sequence @, (s) such that

(214) [/(.’E(T, S)a w(Ta 8)) = nlLII;o<w(T, S), @n(s» - J‘f((E(T, 5)7 @n(s))a

and we consider the solution ¢, (t,s) of the backward differential equation with
terminal condition

O on(t,9) = ~Dfa(t,s)Tgnlt,s), 0SEST, oulTs) = puls).

)
By (2.5) and (2.9) we get (w(T, s), @n(s)) = (w(0,s), (0, s)). In addition we can
use the monotonicity assumption (2 11) to get

H(x (T, 5), pn(s)) = H(Z(s), on(0, 5))-
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It follows that

<w(T7 S>7 @n(s» - :H(x(Tv 5)7 @n(‘s» (w(O, 8)7 ‘pn(07 S)> - f}f(f(s), 9071(07 S))

<
< L(2(s),w(0,s))

and passing to the limit as n — oo, by (2.14) we get (2.13) since w(0, s) = Z(s).
In order to prove the converse implication, let us first prove the asymptotic
formula

€(z(0), %(9))

(2.15) lim = £(2(0),#(0))

510 2
for any curve s — xz(s) right differentiable at 0. Indeed, notice first that the
inequality
C(z(0),z(0
lim sup M < L(x(0),£(0))
510 Y

immediately follows considering an affine function connecting x(0) and x(J). In
order to get the liminf inequality, notice that for any curve s — y(s) and any
vector ¢ one has

| ew.anas= [ (6.0) =916, 9) as
— (1)~ 0)0) — [ 3(u() ) d,
0

so that choosing an almost (up to the additive constant ¢%) minimizing curve y =
x5 : [0,1] — R? connecting z(0) to z(J) and replacing ¢ by d¢ with § € (0,1), the
2-homogeneity of H yields
C(z(0), z(d ) —z(0 !
02 1) 0
Since (2.10) provides the relative compactness of 25 in C([0, 1]; R%) and since v > 0,
it is easily seen that x5 uniformly converge to the constant 2(0) as § | 0. Therefore,
passing to the limit as 6 | 0 we get
C(z(0), z(9))
52
and eventually we can take the supremum w.r.t. ¢ to obtain (2.15).

If (2.6) holds and x(t) and ¢(t) are solutions to (2.3) and (2.8) respectively, we
fix to > 0 and w € R such that

(2.16) H(z(to), p(to)) = (w, ¢(to)) — L(z(to), w).

We then consider the curve s — z(tg) + sw and we set x(¢,s) = S¢—y, (z(to) + sw),
so that w(t) = 0sz(t, s)‘szo is a solution of (2.4) with Cauchy condition w(ty) = w.
For t >ty we can use twice (2.15) and (2.9) once more to obtain

H(a(t), () > (), w(t)) — lim SEE0:2(E:0))

lilgli%nf > (2(0), ) — H(x(0), ¢)

510 02
(2.6) . C(z(to,0),z(to,9))
> J—
> (plt0), w) —tigg 00

= (p(to), w) — L(a(to), w) “2¥ H(a(to), p(to)). 0
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We can refine the previous argument to gain further insights when I, £ are
quadratic forms and f is the gradient of a potential U. More precisely, we will
suppose that

(217)  L(ew) = 5 (6(w,w), H(r,p) = 5o H)g), HE) =Gl

and G(z) are symmetric and positive definite linear maps from R¢ to (R%)*, smoothly
depending on x € R?. The vector field f is the (opposite) gradient of U : R? — R
with respect to the metric induced by G if
(2.18)

(G(z)f(x), w) = (=DU(z),w) for every w € R?, i.e. f(x) = —H(z)DU(x).

In [27] it is shown that U is geodesically convex along the distance induced by the
cost C if and only if
(2.19)

(20, 511) + t(U(Si(1)) — U(@0)) < C(Fo,71) for every 7o, 71 € RY, ¢ > 0.
Here is a simple argument to deduce (2.19) from (2.11).

LEMMA 2.2. Let £, H, | be given by (2.17) and (2.18). Then (2.11) yields
(2.19).

PROOF. Let us consider a curve Z(s) connecting Zo to Z; and let us set

y(t,s) :=Se(Z(s)), x(t,s):=y(st,s), z(t,s):= %y(t,s), w(t,s) := %x(t,s),

so that (2.18) gives
(2.20) w(t,s) = z(st,s) + tf(x(t, s)) = z(st, s) — tH(z(t, s)) DU (z(t, 5)).
Clearly for every ¢t > 0 the curve s — x(t, s) connects Ty to S;Z; and therefore

C(i‘o,Stisl)S/O L(a(t, 5), wit, ) ds,

U(StZ1) —U(Zo) = /0 (DU (z(t,s)), w(t,s)) ds.
It follows that

€0, Sean)+t (U (Si(a1)) — Ula) )
< /01 (L(x(t, s),w(t, s)) +t(DU(x(t, s)), w(t, s)>) ds.

For a fixed s € [0, 1] the integrand satisfies

(2.21) L(x(t,s),w(t,s)) + t(DU(x(t,s)), w(t,s))
= ws&‘i)*w +tDU ((t, 5)), w(t, s)) — H(xz(t, 5),v)

= sup {p,w(t,s)) —H(x(t,s), o —tDU(z(t,s))).
pE(R)*
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Substituting the expression (2.20) and recalling (2.17) we get
(pyw(t, s)) — H(x(t, s), o — tDU(x(t, 5)))
= (p, 2(st, s)) — t{p, H(z(t, 5))DU (x(t, 5))) — H(x(t, 5), o — tDU(z(t, 5)))
= (g, 2(st,8)) — H(z(t, ), p) — t*H(x(t,s), DU (x(t, 5)))
< (g, 2(st, 5)) — H(z(t, 5), 0)-

Choosing now an arbitrary curve ¢(s) and solutions (7, s) of

Sr(rs) = ~Di(y(T, ) Telrs), 0TS st lstys) = pls)

we can use the monotonicity assumption and (2.9) to obtain

<§0(8), Z(Stv S)> - :H:(x(ta 5)3 ‘P(S)) < <90(Oa S)a Z(Oa 8)> - j‘f(l’(o, 3)7 90(03 5))
= <<P(07 S), ’LU(O, 5)> - fJ-((x(O, 8)7 90(07 S))
< L(Z(s),w(0, s)).

Since ¢(s) is arbitrary and w(0,s) = Z(s), considering a maximizing sequence
(pn(s)) in (2.21) we eventually get

©(z0,Si21) + 1 (U(S:(21)) ~ U(a)) g/o £(&(s), 7 (s)) ds

and taking the infimum w.r.t. the initial curve £ we conclude. O

In order to understand how to apply the previous arguments for studying con-
traction and convexity in Wasserstein space, let us consider two basic examples. For
simplicity we will consider the case of a compact Riemannian manifold (M?,d, m)
endowed with the distance and measure associated to the Riemannian metric tensor
g.

EXAMPLE 2.3 (The Bakry-Emery condition for the linear heat equation). In
the subspace of smooth probability densities (identified with the corresponding
measures) the Wasserstein distance cost €(go,01) = $W3(0om, 01m) is naturally
associated to the Hamiltonian

1
(2.22) H(o.0) = [ IDeliodm.

In fact the Otto-Benamou-Brenier interpretation yields

(2.23) C(o, 01) = inf { /1 L(os,05)ds : s+ ps connects gy to 91},
where 0
(224) Slow)i= 3 [ DeBodm.  —divy(eVp) = w.
ie.
(2.25) Lo, w) :sup/ pwdm — %/ |D<p|§gdm.
¢ Jx X

In other words, the cotangent bundle is associated to the velocity gradient V¢
and the duality between tangent and cotangent bundle is provided by the possibly
degenerate elliptic PDE

(2.26) —divg(oVyp) = w.
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If we consider the logarithmic entropy functional Us () := [y olog odm, then its
Wasserstein gradient flow corresponds to the linear differential equation

(2.27) 0= Dg0

and thus the backward equation (2.8) for ¢ corresponds to
(2.28) —p=—Agp.

Evaluating the derivative of the Hamiltonian one gets

1d
-— Dyy|2d
2dt/XQt| Pt[g dm

1
=5 [ Avapaian+ [ o(DenD(-Agp0)ydm
X X

d
—9‘( =
dt (Qt;‘Pt)

1
= / Qt(§Ag|Dsﬁt|§ - <D<PtaDAg<Pt>g) dm.
X

Since ¢ > 0 and ¢ are arbitrary, (2.11) corresponds to the Bakry-Emery BE(0, 00)
condition

1
Ta(p) i= 5A[Difg — (Dpr, DAgpi)g >0 for every ¢,

It is remarkable that the above calculations correspond to the Bakry-Ledoux
[15] derivation of the I's tensor: if P, denotes the heat flow associated to (2.27), it
is well known that

d 2
> — >
'y >0 <+ P (P5|DPt,Sgp\g) >0

or, in the integrated form,

1d

d
~— [ Poo|DPi_solsdm = —H(Pso,Pi_sp) >0 for every ¢, 0 > 0.
2d8 b'e

ds

Thus the combination of the forward flow Psos and the backward flow P;_ ¢ in the
derivation of 'y tensor corresponds to the Hamiltonian monotonicity (2.11).

EXAMPLE 2.4 (The Bakry—Emery condition for nonlinear diffusion). If we apply
the previous argument to the entropy functional U(e) = [y U(e) dm, we are led to
study the nonlinear diffusion equation

(2.29) %Q = AgP(0) with P(o) := oU'(0) — U(p).

The corresponding linearized backward transposed flow is

d
(2.30) FTA (O ¥
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and, setting R(p) := oP’'(0) — P(0), we get

d
—X
dt (Qt?@t)

_1d
Co2dt Jy

1
=3 [ AsP@)Dadn— [ 0(Dpn DI (0)Bg00)s dm
X X

0:/Dep [ dm

_ / P(00)Ta () dm + / P(0r) (Dgy, DA )
X X
- /X Qt<D90taD(P/(Qt)Ag¢t)>B dm
:/XP(Qt)FQ(th)dm-l-/X(—P(Qt)+Qtpl(9t))(A990t)2dm
—/ Ag‘ﬂt<D@taDP(9t)>gdm+/P/(Qt)Ag@t<D‘Pt’D9t>9dm
" X

=/ P(Qt)rz(%)dm‘*‘/ R(Qt)(AWQQdm'
X X

If U satisfies McCann’s condition DC(N), so that R(p) > —+P(o), and the
Bakry-Emery condition BE(0, N) holds, so that Iy(p) > +(Agp)?, we still get
$H(0.0) 2 0.

ExaMPLE 2.5 (Nonlinear mobilities). As a last example, consider [28] the case
of an Hamiltonian associated to a nonlinear positive mobility h

(2.31) H(o,p) = %/Xh(Q)Ileﬁdm

under the action of the linear heat flows (2.27) and (2.28): with computations
similar to those of the previous examples we get

d 1d
— =-—— Dey|?
dt%(gt,%) 2dt/Xh(Qt>| @il dm

1
=§/ h’(gt)AthIDthEdm—/ h(0t){(Dwt, DAgpr)) g dm
X X

:% /X Ag(hlor))Depy % dm — /X h(01){Dgi, DAgpr))g dm

1

~ 5 [ (Dl D
X

1
:/ h(Qt)F2(¢t)dm—§/ " (0¢)Doel; IDg¢ |2 dm.
X X

If h is concave and the Bakry—Ernery condition BE(0,00) holds, we still have
%9—((@, ) > 0. According to Proposition 2.1, this property formally corresponds
to the contractivity of the h-weighted Wasserstein distance W}, associated to the
Hamiltonian (2.31) along the Heat flow, a property that has been proved in [24,
Theorem 4.11] by a different method.






Part 1

Nonlinear Diffusion Equations and
Their Linearization in Dirichlet
Spaces






CHAPTER 3

Dirichlet Forms, Homogeneous Spaces and
Nonlinear Diffusion

3.1. Dirichlet forms

In all this first part we will deal with a measurable space (X, B), which is
complete with respect to a o-finite measure m : B — [0,00]. We denote by H
the Hilbert space L?(X, m) and we are given a symmetric Dirichlet form & : H =
L2(X,m) — [0, 00] (see e.g. [17] as a general reference) with proper domain

(31) V=D(&):={feL*(X,m):&(f) <o}, with V. :=VnNL>®X,m).
V is a Hilbert space endowed with the norm

(3-2) I = 11172 ) + €3

the inclusion of V in H is always continuous and we will assume that it is also dense
(we will write V & H); we will still denote by E(+,-) : V — R the symmetric bilinear
form associated to €. Identifying H with its dual H', H is also continuously and
densely imbedded in the dual space V’, so that

(3.3) VEH=H &V s astandard Hilbert triple

and we have
(3.4) (f,9) :/ fgdm whenever f € H, g€V
X

where (-,-) = (-, )y denotes the duality pairing between V' and V, when there
will be no risk of confusion.

The locality of € and the I'-calculus are not needed at this level: they will play
a crucial role in the next parts. On the other hand, we will repeatedly use the
following properties of Dirichlet form:

(DF1) Ve is an algebra, €'2(fg) < |[fllo€'?(9) + lgll€'*(f) [ 9 € Ves,

if P:R — R is L-Lipschitz with P(0) = 0 then the map f+ Po f
DF2
( ) is well defined and continuous from V to V with &(Po f) < L2 &(f),

(DF3)
if P, : R — R are Lipschitz and nondecreasing with P;(0) =0, ¢ = 1,2, then
E(Prof,Pyof)>0 forevery feV.
We will denote by —L the linear monotone operator induced by &,

(3.6) L:V—=V, (—Lfg):=¢&f,g) forevery f,geV,

23



24 3. DIRICHLET FORMS, HOMOGENEOUS SPACES AND NONLINEAR DIFFUSION

satisfying
2
(3.7) [(Lf,g)|” < &(f, f)€(g,9) forevery f, g€V,
and by D the Hilbert space
(3.8)

D:={f€eV:Lf €M} endowed with the Hilbert norm || f[[3 := || f||3 + [[Lf|Z
Thanks to the interpolation estimate
(3.9) lellv < Cllelli/* llelly  for every o € D,

which easily follows by the identity (o, 0) = — [ « 0Lodm, the norm of D is equiv-
alent to the norm || f||% + ||Lf||%-
We also introduce the dual quadratic form €* on V', defined by

(3.10) %e*(u) =sup (L. f) - %E(f,f).

It is elementary to check that the right hand side in (3.10) satisfies the parallelogram
rule, so our notation €*(¢, ¢) is justified (and actually we will prove that £*, when
restricted to its finiteness domain, is canonically associated to the dual Hilbert
norm of a suitable quotient space; see the following Section 3.2 for the details).

The operator L generates a Markov semigroup (Py);>0 in each LP(X,m), 1 <
p < oo: for every f € H the curve f; := P, f belongs to C*((0, 00); H)NC?((0, 00); D)
and it is the unique solution in this class of the Cauchy problem

d . :
(3.11) Eft =Lfy t>0, ltlfg fe=f strongly in H.
The curve (f;)i>0 belongs to C([0, 00); H) if and only if f € D and in this case

S f
(3.12) lgfgl ;

=Lf strongly in H.

(Py)i>0 is in fact an analytic semigroup of linear contractions in H and in each
LP(X,m) space, p € (1,00), satisfying the regularization estimate

1 1
(3.13) S IPefllE + t€(PLf) + £2(ILPfI < SIIfIIE - for every ¢ > 0.
The semigroup (P;)¢>0 is said to be mass preserving if

(3.14) /Ptfdm:/fdm Vvt >0  forevery f € L' N L*(X,m).
X X

Since (P4);>0 is a strongly continuous semigroup of contractions in L!(X, m), the
mass preserving property is equivalent to

(3.15) / Lfdm=0 forevery f € DN LY (X, m) with Lf € L'(X, m).
X

When m(X) < oo then (3.14) is equivalent to the property 1 € D(€) with £(1) = 0.
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3.2. Completion of quotient spaces w.r.t. a seminorm

Here we recall a simple construction that we will often use in the following.
Let N be the kernel of € and L, namely

(3.16) N::{feV:8(f7f):0}:{feV:Lf:0}.

It is obvious that NV is a closed subspace of V and that it induces the equivalence
relation

(3.17) f~g <= f—geN.

We will denote by V= V/~ the quotient space and by f the equivalence class of
f (still denoted by f when there is no risk of confusion); it is well known that we

can identify the dual of V with the closed subspace N+ of V', i.e.
(3.18) V =NL={teV: ({,f)=0 forevery f e N}.

Since € is nonnegative, we have &(f1, 1) = &(fo, go) whenever fy ~ f; and go ~ g1,
so that € can also be considered a symmetric bilinear form on %7, for which we retain
the same notation. The bilinear form € is in fact a scalar product on V so that
it can be extended to a scalar product on the abstract completion Ve of %7, with
respect to the norm induced by €. The dual of Ve will be denoted by (Ve)'.

In the next proposition we relate (Ve)’' to V' and to the dual quadratic form
&* in (3.10).

PROPOSITION 3.1 (Basic duality properties). Let V, &, V be as above and let

Ve be the abstract completion of V w.r.t. the scalar product €. Then the following
properties hold:

(a) (Ve) can be canonically and isometrically realized as the finiteness domain
of &* in' V', endowed with the norm induced by £*, that we will denote as
Ve.

(b) If £ € V¢ and (f,) is a mazimizing sequence in (3.10), then the corre-
sponding elements in Ve strongly converge in Ve to f € Ve satisfying

(319) SECO =01~ SEG ), ELO =€)

(c) The operator L in (3.6) maps V into Vi ; it can be extended to a continuous
and linear operator Le from Ve to Vi and —L¢ : Vg — V{ is the Riesz
isomorphism associated to the scalar product & on V.

(d) (6, —Lf) = (L, f) for allL €V, fEV.

PROOF. (a) The inequality 2|{¢, f)| < E(f, f) + E*(¥, £), by homogeneity, gives
1, )] < (E(F, F))Y2(E*(£,£))'/2. Hence, any element ¢ in the finiteness domain
of €* induces a continuous linear functional on V and therefore an element in
(Ve)’, with (dual) norm less than (€*(¢,¢))'/2. Conversely, any £ € (V¢) induces a
continuous linear functional in Q/, and then a continuous linear functional ¢ in V,
satistying [€(f)| < [|€]|¢vy (E(f, ))'/2. By the continuity of &, £ € V'; in addition,
the Young inequality gives £*(¢,¢) < ||€||%VS)/.

(b) The uniform concavity of g — (¢, g) — %8(9, g) shows that E(f, — fin, fn —
fm) = 0 as n, m — oo. By definition of Ve this means that (f,) is conver-
gent in Ve. Eventually we use the continuity of (¢,-) in V¢ to conclude that
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the first identity in (3.19) holds. The second identity follows immediately from
2(E(f, ))P(ENL 0N = E(f, f) + €7 (L, 0).

(c) By (3.7), L can also be seen as an operator from V to Ve, with [[Lf[ly; <
(E(f, f))V/? for all f € V. It extends therefore to the completion Ve of V. Denoting
by Lg¢ the extension, let us prove that —Lg is the Riesz isomorphism.

We first prove that —Lg is onto; this follows easily proving that, for given
¢ € Vi, the maximizer f € Vg given by (b) satisfies ¢ = —L¢ f. Since V is dense in
Ve, we obtain that

(3.20) {E €Ve: £=—Lf for some f € 37} is dense in Vz.

Computing &*(=Lf,-Lf) for f € V and using the definition of & immediately
gives &*(—Lf,—Lf) = &(f,f). By density, this proves that —Lg is the Riesz
isomorphism.

(d) When ¢ = —Lg for some g € V it follows by polarization of the identity
&*(—=Lh,—Lh) = E(h, h), already mentioned in the proof of (c). The general case
follows by (3.20). O

We can summarize the realization in (a) by writing

(3.21) Ve =D(E)={teV': [{{,/)] <CVE(f f) forevery f eV}
According to this representation and the identification H = H’, f € H belongs to
Ve if and only if there exists a constant C' such that

[ foaml <c(ewn)” e

If this is the case, we shall write f € HNV{.

REMARK 3.2 (Identification of Hilbert spaces). In the usual framework of the
variational formulation of parabolic problems, one usually considers a Hilbert triple
as in (3.3) V.C H = H' C V' so that the duality pairing (¢, f) between V' and V
coincides with the scalar product in H whenever ¢ € H. In this way the definition
of the domain D of L as in (3.19) makes sense. In the case of Vg, V{ one has to be
careful that Vg is not generally imbedded in H and therefore H is not imbedded in
V¢, unless € is coercive with respect to the H-norm; it is then possibile to consider
the intersection HN'Vg (which can be better understood as H' NV¢). Similarly, V
is imbedded in Vg if and only if V¢ is dense in V', and this happens if and only if
N = {0}, i.e. £ is a norm on V.

The following lemma will be useful.

LEMMA 3.3. The following properties of the spaces H, V and Vg hold.
(a) A function f € H belongs to V if and only if

(3.22) ’/X FLgdm| < C(E(g,g))l/z Vg € D.

(b) {Lf: f e D} is dense in V¢ and, in particular, HN'V is dense in Vg.

Proor. (a) If f € V we can integrate by parts and conclude via Cauchy-
Schwartz inequality by choosing C' = &(f, f)*/2. To show the converse implication
first of all note that the property (3.22) is stable under the action of the semigroup
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(P)i>0. Thus we can argue by approximation by observing that if f € D one can
choose g = f; then integrate by parts on the left hand side to obtain &(f, f) < C2.
(b) Let us consider an element ¢ € Vg such that

(U, Lf)=0 forevery feD.
Applying Proposition 3.1(d) we get
(£, fy =0 for every f e D.
Since £ € V' and D is dense in V we conclude that ¢ = 0. O

3.3. Nonlinear diffusion

The aim of this section is to study evolution equations of the form

d
3.23 —o—LP(p)=0
(3.23) g () =0,
where P : R — R is a reqular monotone nonlinearity satisfying
(3.24) PecCYR), P(0)=0, 0<a<P/(r)<a ! foreveryr>D0.

The results are more or less standard application of the abstract theory of monotone
operators and variational evolution equations in Hilbert spaces [18, 19, 20, 21],
with the only caution described in Remark 3.2 and the use of a general Markov op-
erator instead of a particular realization given by a second order elliptic differential
operator.

If Hy, H; are Hilbert spaces continuously imbedded in a common Banach space
B and T > 0 is a given final time, we introduce the spaces of time-dependent
functions
(3.25)

Wi2(0,T; Hy, Ho) = {u e WY2(0,T;B) : ue L2(0,T; Hy), i € LQ(O,T;HO)},
endowed with the norm

(3.26) HUH%/VLZ(O,T;Hl,Ho) = ”u”%Q(O,T;Hl) + ||M|%2(0,T;HO)-

Denoting by (Ho, H1)g,2, ¥ € (0,1), the family of (complex or real, [40, 2.1 and
Thm. 15.1], [54, 1.3.2]) Hilbert interpolation spaces, the equivalence with the so-
called trace Interpolation method [40, Thm. 3.1], [54, 1.8.2], shows that

(327) if Hy < Hy then W"“?(0,T;Hy, Ho) < C([0,T7; (Ho, H1)1/2,2),

with continuous inclusion.
As a possible example, we will consider W12(0,7;V,V{) (in this case V and
V/ are continuously imbedded in V') and W12(0,T; D, H). Since [40, Prop. 2.1]

Ve CV, (V,V)1)90 =H, and (D, H)q /22 =V,
we easily get
(328)  W"(0,T;V,Vg) = C([0,T];H), ~ W30, T;D,H) < C([0,T}; V),
Let us fix a regular function P according to (3.24): we introduce the set
(3.29)  ND(0,T) := {g e Wh2(0,T;H) N CL([0, T]; V) : Plo) € LQ(O,T;D)}.
Notice that
(3.30) ND(0,T) c C([0,T7; V).
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Indeed, if o € ND(0,T) then by the chain rule P(p) € W12(0,T;D,H), so that
P(o) € C([0,T); V) thanks to (3.28). Composing with the Lipschitz map P~!
provides the continuity of ¢ in V thanks to (DF2).

THEOREM 3.4 (Nonlinear diffusion). Let P be a regular function according to

(3.24). For every T > 0 and every p € H there exists a unique curve 9 = Sg €
Wh2(0,T;V, Vi) satisfying

d
(3.31) T LP(0) =0 Z'-a.e.in (0,T), with oy = 5.
Moreover:
(ND1) For everyt > 0 the map g +— S0 is a contraction with respect to the norm
Vi, with
t
(3.32) IS:8" — S:2°|13; + 2a / / Sr0" —S,0°)? dmdr < [|" — 2%[1F;.-
0o Jx
(ND2) If W € CHY(R) is a nonnegative convex function with W (0) = 0, then
t
(3.33) / W(o:) dm +/ E(P(or), W' (o)) dr = / W(g)dm Vt>0.
X 0 X
Moreover, for every conver and lower semicontinuous function W : R —
[0, o0
(3.34) / W (0r) dm < / W () dm.
b'e X

In particular, Sy is positivity preserving and if 0 < ¢ < R m-a.e. in X, then
0< o0 <Rm-a.e in X for everyt > 0.
(ND3) If 5 € V then o € ND(0,T) C C([0,T]; V) n C1([0,T]; V{) and

1
(3.35) }llir% E(gﬂ_h — gt) =LP(o;) strongly in Vi, for allt > 0.
—

(ND4) The maps Sy, t > 0, are contractions in L* N L2(X, m) w.r.t. the L*(X,m)
norm and they can be uniquely extended to a CO-semigroup of contractions
in LY(X,m) (still denoted by (S¢)¢>0). For every p; € LY(X, m), i =1,2,

(3.36) / (S¢02 — St01)+ dm < / (02 — 01)+ dm  for every t > 0.
b'e X

In particular S is order preserving, i.e.
(3.37) 01 <02 = Si01 <Si02 foreveryt>D0.

Moreover, if g € L™ (X, m) with bounded support, then S;g — Finally, if Py
18 mass preserving then

(3.38) / S;odm = / odm for every g € L*(X,m), t>0.
X X

We split the proof of the above theorem in various steps. First of all, we
introduce the primitive function of P,

(3.39) V(r):= /OT‘P(,Z) dz,
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which, thanks to (3.24), satisfies

1
(3.40) %rQ <V(r) < 57“2 Yr > 0.

We adapt to our setting the approach of [19], showing that the nonlinear equation
(3.31) can be viewed as a gradient flow in the dual space V{ driven by the integral
functional V : V' — [0, 00| defined by

/ V(o)dm if o € H,
p's
+o0 if o e V'\H,

(3.41) V(o) :=

associated to V.

Since H is not included in V in general, if ¢ is a solution of (3.31) with an
arbitrary ¢ € H only the difference o; := p; — 9, will belong to Vg; therefore it
is useful to introduce the family of shifted functionals V, : V' — [0,00], n € H,
defined by

(3.42) V(o) :==V(n+ o), for every o € V',

Notice that, thanks to (3.40), V, is finite on H. Dealing with subdifferentials and
evolutions in V¢, we consider the restriction of V,, to V¢, with D(V,)) := V¢ NH and
we shall denote by 9V, (-) the E*-subdifferential of V,,, defined at any o € D(V,)
as the collection of all £ € V{ satisfying

&l ¢—0) <Vy(C) = Vylo) V(e D(Vy).

In the next lemma we characterize the subdifferentiability and the subdifferential
of V,.

LEMMA 3.5 (Subdifferential of V). For every n € H the functional V,, : Vi —
[0,00] defined by (3.42) is convex and lower semicontinuous. Moreover, for every
o € D(V,) we have

(3.43) tedVy(o) <= Plo+n) eV, {=-LP(oc+n).

In particular OV, is single-valued in its domain and D(0V,) ={c € H: P(c+n) €
V}.

Proor. The convexity of V,, is clear. The lower semicontinuity is also easy to
prove, since V,(0,) < C < oo and o, — ¢ weakly in V¢ imply that ¢ € H and o,
weakly converge to o in H, by the weak compactness of (o,,) in the weak topology
of H.

The left implication < in (3.43) is immediate, since by Proposition 3.1(d) and
the fact that ( —o € HN'Vg

8*(—LP(0+77),Cf0):/XP(0+77)(C*0)‘1“‘
:/XP(J-FU)((C-F?])—(U‘H?))dm

< [ (Ve m=Vie+n)dm =) = V,(o),

where we used the pointwise property P(z)(y—z) < V(y)—V () for every z, y € R.
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In order to prove the converse implication =, let us suppose that ¢ € 9V, (o);
choosing ¢ = o + e, with o € HN V¢, we get

EX(l,p) <e? (Vn(o +ep)— Vn(a)) < /X Plo+n+ep)pdm.

Passing to the limit as € | 0 and changing ¢ into —¢ we get
8*(5,(,0):/XP(0+77)Lpdm for every p € HN Vg.
Choosing now ¢ = —Lf with f € D we get
- [ P msam < ey (e0.0)

so that Lemma 3.3(a) yields P(o + n) € V. Therefore (using Proposition 3.1(d)
once more in the last equality), we get

eE-Lf) = - [ Pernlidn=eP@+n.f)
X
= —(LP(o+mn),f) =& (-LP(o +n),-Lf)
for all f € D, and this proves that ¢ coincides with —LP (o + 7). O

PrOOF OoF THEOREM 3.4. Let o € H and let n € H be any element such that
o := p—n € V; (in particular we can choose 1 = g, so that ¢ = 0; as a matter of fact,
1 plays only an auxiliary role in the proof and the solution ¢ will be independent
of ). Setting oy := o, — 1, the equation (3.31) is equivalent to

(3.44) %0 —LP(c+n)=0, ie. %0 +0V,(c) 20, with o¢=oa7,
where 0V, is the subdifferential of V,, characterized in (3.43).
Proof of existence of solutions and (ND1). Since Lemma 3.3(b) provides the density
of the domain of V, in V{, existence of a solution o € C([0,77]; V) satisfying
LP(oc + 1), &0 € L2(0,T;V;) (and thus P(o + 1) € L?(0,T;V)) follows by the
general theory of equations in Hilbert spaces governed by the subdifferential of
convex and lower semicontinuous functions [19], so that ¢; := oy +n satisfies (3.31).
Since P(p) € L*(0,T;V) and P satisfies the regularity property (3.24), we also get
0 € L*(0,T;V); since 0 € L*(0,T;V{) C L*(0,T; V') we deduce ¢ € C([0,T7; H)
by (3.28).

The abstract theory also provides the regularization estimates

(345) t|[LP(o +m)l% = t&(P(ar), Plar)) < / V(g)dm  for every ¢ >0,
X

(3.46) lim 2 9t _ LP(o;) in Vi for every ¢ > 0,
h10 h
and the fact that the semigroup S; : p — ¢, is nonexpansive in V{. If g € V (so
that ¢ € D(9V,;)) the limit in (3.46) holds also at t = 0. Since 9V, is single-valued,
this proves (3.35).
In order to prove (3.32) we simply consider two solutions Q{ = U{ +n,j=1,2
(we can choose the same 7 since p' — p? € V{), and we evaluate the time derivative
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of $&*(of — 0?), obtaining

d1l,,, 4 oy d1
&58 (Qt—Qt)—ag

(3.47) _ /X (0! — &2)(P(}) — P(¢?)) dm

< —alloy = 172 mys

€ (0y —0f) = € (0y — o}, LP(o) — LP(¢}))

where a is the constant in (3.24).
Proof of (ND2). We consider the perturbed function We(r) := W(r) + eV (r),
r € R, e > 0, and we can apply Lemma 3.5 to the integral functional W;, defined
similarly to 'V, with W¢ instead of V; by denoting by G the derivative of W and by
G®(r) := G(r) +eP(r) the derivative of W¢, the Vg-subdifferential 9W;, can then
be represented as —LG® (o +n) as in (3.43) and its domain is contained in D(9V,).
If o is a solution of (3.44), the chain rule for convex and lower semicontinuous
functionals in Hilbert spaces yields

g/ we( )dm—iW (a)——S*(i LG (o + 1))

T R TR A T

= —&"(LP(ot +1n),LG"(0r + 1)) = —E(P(01), G(01))-

We can eventually integrate with respect to time and pass to the limit as € | 0 to
obtain (3.33).

The inequality (3.34) follows now by (DF3) and by a standard approximation
procedure, e.g. by considering the Moreau-Yosida regularization of W. Choosing
now W(r) := (r — R)% with R >0 or W(r) := (R —r)% with R <0, we prove the
comparison estimates w.r.t. constants.

Proof of (ND3). We already proved (3.35); let us now show that %Q € L2(0,T;H)
if g € V. This property follows easily by (3.32) applied to the couple of solutions
of := o; and o? := g;, 1, since it yields

2a (T—h ) 1 ) AL
i ] o= ernlacem dt < g5 llen — el < (5 [ lldhel
2
wdt) < |LP@)

= (& [ 1epteol,

where we used the fact that the map ¢ — ||LP(g;)| -
&

The regularity &0 € L*(0,T;H) yields P(o) € L?(0,T;D) and therefore P(p) €
Wh2(0,T;D,H), so that the map t — P(g;) belongs to C([0,T]; V) by (3.28). The
differential equation (4.19) then yields o € C1([0,T]; V).

Proof of (ND/). For every 7 > 0 and p € H let us consider the resolvent equation

(3.48) find o’ € H with P(¢’) € D such that o' — TLP(¢") = 0.

2
)

— &(P(9), P(g) for every h € (0,T),

2
Ve

is nonincreasing.

By introducing the resolvent operators J,, : Vi — D(9V,), 7 > 0 and n € H,
defined by J,, := (I +79V,)~ !, Lemma 3.5 shows that whenever o —n € V{ a
solution o' € H with ¢’ —n € Vi can be obtained by setting

(3.49) 0 =Jrn(0—n)+n.

In particular, the choice 7 := o ensures the existence of a solution to (3.48). We
will show that the solution o’ of (3.48) is in fact unique and independent of the
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choice of 7 in (3.49). More precisely, we will show that if a couple ¢} € H, i = 1, 2,
solves (3.49) with data p; € H one has

(3.50) / (o} — 9’2)+dm < / (01 — Q2)+ dm for every o1, 0o € H.
X X

The monotonicity inequality (3.50) can be proved by introducing an increasing
sequence of smooth maps approximating the Heaviside function:

fnecl(R; [071])7 anO in (—O0,0),
0< fi(r)<n, fu(r)T1 foreveryr > 0.

Since P(0;) € D and f, is Lipschitz with f,,(0) = 0, f.(P(0}) — P(0b)) € L* N
L>(X,m)NV. We thus get by (3.49) and the positivity of f,

] (6 = a1 (Pleh) = Pl) dm+ 72 (£ (P(ch) = P(e5)). Ple) — Pl2b)
= /X(Ql — 02)fa(P(01) — P(03)) dm < / (01— 02) , dm.

X

By neglecting the positive contribution of the Dirichlet form & thanks to (DF3), we
can pass to the limit as n — oo by the monotone convergence theorem observing
that (0} —05) fn (P(07)—P(0h)) T (01 —0h)+ asn — oo; when (01—02)+ € L' (X, m)
we thus obtain (3.50).

Recalling (3.49) and the exponential formula S;(0) = n+1limy, o0 (J¢/n,,)" (6—1)
strongly in Vi and weakly in H for some n € H with g — n € V£, we obtain (3.36),
the L'-contraction of and the order preserving property (3.37).

Let us now consider the operator

A:p— —LP(p) defined in

(3.51) D(A) == {p € L' N L*(X,m) : LP(g) € L' N L*(X, m)}

and its multivalued extension obtained by taking the L (X, m)-closure of its graph:
(3.52) Ap:= {f cL*(X,m):3p, € D(A): 0, =0, Ao, =& in Ll(X,m)}.

If o € D(A) it is easy to check by (3.50) that Ap = {Ap} and the resolvent
J; := (I + 7A)™! of A coincides with the map J, : o0 — ¢ induced by (3.48)
on L' N L*(X,m). Since L' N L?(X,m) is dense in L'(X,m), it follows by (3.50)
that A is an m-accretive operator in L!(X, m). By Crandall-Liggett Theorem the
limit S(p) := limn_mo(]t/n)"g exists in the strong topology of L(X,m) uniformly
on [0,7] and provides the unique extension of (S;);>o to continuous semigroup of
contractions in L'(X,m). In particular, for every o € L' N L?(X, m) the sequence
(J¢/n)™0 converges strongly to S¢(o) in L*(X, m).

In order to check the mass preserving property (3.38) in the case when P is
mass preserving, it is therefore sufficient to prove that J, is mass preserving on
L'NL2(X,m), i.e.

(3.53) / g'dm:/ odm whenever (3.49) holds.
X X

Eventually, (3.53) follows by integrating (3.49) and recalling (3.15). O

For later use, we fix some of the results obtained in the last part of the above
proof in the next Theorem.
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THEOREM 3.6. Let P be a regular nonlinearity according to (3.24); the operator
A defined by (3.52) and (3.51) is m-accretive in L1 (X, m) with dense domain, its
resolvent J,; == (I + TA)~! is a contraction satisfying (3.50) for every oi = J.0;.
For every ¢ € L' N L?(X,m) J.o provides the unique solution ¢ of (3.48) and
the solution o = Sto of (3.31) can be obtained by the exponential formula o =
limy, 00 J?/ng as strong limit in L'(X,m).

We only considered nonlinear diffusion problems associated to regular monotone
functions P as in (3.24), since they provide a sufficiently general class of equations
for our aims. Nevertheless, starting from Theorem 3.4 and adapting its arguments,
it would not be difficult to prove existence and uniqueness results under more
general assumptions. The next result is a possible example in this direction: a
proof can be obtained by the same strategy (we omit the details, since we need
only Theorem 3.4 in the sequel); notice that the fact that S; preserves L>° bounds
allows to modify the behaviour of P for large densities, so that its primitive function
V has a quadratic growth and its domain coincides with L?(X, m) when m(X) < oo.

THEOREM 3.7 (Nonlinear diffusion for general nonlinearities). Let P € C°(R)
be a nondecreasing function and let us suppose that m(X) < oco. For every g €
L>®(X,m) there exists a unique curve o = Sg € WH2(0,T;VE) N L>(X x (0,T))
with P(p) € L*(0,T; V) satisfying (3.31). (St)i>0 is a semigroup of contractions in
Vi and in L*(X,m) and properties (ND2), (ND4) still hold.






CHAPTER 4

Backward and Forward Linearizations of
Nonlinear Diffusion

In this Chapter we collect a few results concerning linearization of the nonlinear
diffusion equations of the form studied by Theorem 3.4.

The linearized PDE discussed in the next proposition corresponds to (2.8) of
the heuristic Chapter 2, while the evolution semigroup is provided by the non-
linear diffusion equation of Theorem 3.4. Recall the notation W12(0,T; D, H) =
L%(0,T;D) n WH2(0,T;H), (3.29) for ND(0,T), and that, according to (3.28) and
(3.30),

(4.1) ND(0,T) C C([0,T];V),  W"?(0,T;D,H) — C([0,T]; V).

THEOREM 4.1 (Backward adjoint linearized equation). Let P be a regular
monotone nonlinearity as in (3.24) and let o € L?(0,T;H).

For every @ € V, T > 0 and ¢ € L?*(0,T;H) there exists a unique strong
solution p € WH2(0,T; D, H) of

d _
(4.2) PP le=¢,  pr=0
(BA1) For allr € [0,T], the solution ¢ satisfies

T T
1 ., 1 1 , 1o, _
. dmdt + =E(pr, 0r) = dmdt + =E(p, p).
43) /r /X Pl(@)w‘ ! 2 (erser) /r /X P/(Q)wp ' 2 (#.)

(BA2) If ¢ € L>*(X,m) and ¢ = 0, then ¢; € L>(X,m) with |os| < [|@]Loe (x,m)
m-a.e. in X for every t € [0,T].
(BA3) If o™ — 0>, Y™ — > in L%(0,T;H), " — ¢ in V and ©", n €
N U {oc}, are the corresponding solutions of (4.2), then @™ — > strongly
in W2(0, T; D, H).
REMARK 4.2 (Forward adjoint linearized equation). By time reversal, the pre-
vious Theorem is equivalent to the analogous result for the forward linearized equa-
tion

(4.4 CC- Pl =y e OTH),  G=(eV,

that admits a unique solution ¢ € W2(0,T; D, H).
The following lower semicontinuity result will often be useful.

LEMMA 4.3. LetY be a Polish space endowed with a nonnegative o-finite Borel
measure n, let w, € L*(Y,n) and Z, € L*(Y,n), Z, > 0. If w, — w in L*(X,n)
and Z, — Z pointwise n-a.e. in'Y, then

(4.5) liminf/ Zn|wn|2dn2/ Z|w|*dn.
Y Y

n—oo

35
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PROOF. Let us first assume that n(Y) < oo; by Egorov’s Theorem, for every
0 > 0 we can find a n-measurable set Bs C Y such that n(Y \ Bs) < d and Z,, —» Z
uniformly on Bs. Since ||wy,||r2(y,n) < C independent of n we obtain

liminf/ Zn|wp | dn > liminf/ Zp|wp | dn
Y n— oo Bs

n—oo

> —C?limsup || Z, — Z|| Lo (Bs,m) + hminf/ Z|wy|*dn > / Z|wl|? dn.
n— o0 n—00 Bs Bs
By letting 6 | 0 we obtain (4.5). When n(Y’) = oo, since n is o-finite, we can find an
increasing sequence Yy 1Y of Borel sets with n(Y;) < co. By the previous claim,
we get
liminf [ Z,|w,|*dn > liminf/ Z|wn|? dn > / Z|w|?*dn
n—oo [y, v

n— oo Y

for every k € N. As k — oo we recover (4.5). O

PROOF OF THEOREM 4.1. Let us fix the final time 7" and set o := P’ (or—¢),
gt := Yr_¢. We can thus consider the forward equation

(4.6) %ft —oLfy =g¢ in(0,7), fo=Ff=¢,

where « is a Borel map satisfying (with a the positive constant in (3.24))
1
(4.7 0<a<a< S m® Zae in X x (0,7).

In order to solve (4.6) we use a piecewise constant (in time) discretization of the
coefficients ay: we introduce a uniform partition of the time interval (0,7 of step
7:=T/N given by the intervals I}V := ((k — 1)7,k7], k=1,..., N and we set

1 .
al = — o, dr, al =ao iftery,
T I}i\f

so that a < & < a~!. Applying standard result for evolution equation in Hilbert
spaces (in particular we write the PDE as the gradient flow of & w.r.t. the
L?(X,1/alYm) norm when g = 0 and in the inhomogeneous case we use Duhamel’s
principle) we can find recursively strong solutions f € WH2(IN; D, H) of

1 d 1 .
—Nd—f;iv—LféVZng m Ilivv fg((k_l)T)):fﬁl((k_l)T)a

agy dt oy,

with the convention f&¥(0) = f. Defining the function fN(t) := fN(t) if t € I},
we easily check that fN € W2(0,T;D,H), that fV is a strong solution of the
differential equation

(4.8)

(49) S e LN =g i (0,7),

and that it satisfies the apriori energy dissipation identity
(4.10

)
T d N 1NN_/S/LQN 1,

Since 1/aY > a and f € V, this shows in particular that f~ is uniformly bounded
in WH2(0,T; D, H). Since a¥ — «a in L?(0,T;H) we can then easily pass to the
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limit as N — oo (see also the more detailed argument below), obtaining (4.6). Since
(4.6) holds in the strong form, we can also write it as

gt .
—— Lfi == 0,T
Qi dtft ft o ln( ) )7
and then the energy identity corresponding to (4.3) follows by multiplying both
sides by df;/dt. This proves (BA1). B
When g = 0 and f € L™ (X, m) satisfies |f| < F m-a.e. in X, a standard
truncation argument based on (4.8) yields the recursive estimate

£ BTl o xmy < IS @l poe )y < W22 (B = D7) | oo (xxmy  for tin I,

and therefore |fV(¢)| < F m-a.e. in X for every t € [0,T]; this estimate passes to
the limit as N — oo providing the statement (BA2).

Let us now prove the last statement (BA3); we thus consider a sequence a™
satisfying the uniform bounds a < o™ < a~! and the limit a” = a® m ® Z'-a.e.
in X x (0,T), and corresponding solutions f™ of

d
(.11) STt —atLft =gt 0) = 7,

with f* — f> strongly in V and g" — ¢ strongly in L?(0,T;H). Using the
energy identity (4.3) it is easily seen that (f") is bounded in W12(0,T;H) and
in C([0,T]; V); we can also use the PDE (4.11) to show that (f,) is bounded in
L?(0,T;D). Hence, possibly extracting a suitable subsequence (still denoted by
f™), we can assume that f* — f° in W12(0,7;D,H), so that & f* — & £ and
Lf™ — Lf* in L?(0,T;H). Since for every s € [0,7] the linear operator f=f(s)
is continuous from W12(0,7;D,H) to V thanks to (4.1), we also obtain the weak
continuity property f"(s) — f*(s) in V for every s € [0,7]. In particular f*
satisfies (4.11) with n = oo.
Taking also Lemma 4.3 into account, it follows that

liminf &(/"(5), () > &(/(5), 1< (5));

S 1 2 S 1 2
liminf/ / L4 dmdrz/ / —(ifﬂ dmdr
n—oo [ Xa” dt 0 XOZOO dt

and

. P d o
J;H;o//andtf imar = [ [ £ amer

so that by (4.3) we obtain

s 1
n—)oo x

//——foodmerr;E(foo %)

1

Cam + (7). ()

d n
&f 2

a dt

2 1
:/0 La?’af“‘ dmdr -+ S€(/(s), /< (5)).
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We conclude (see Remark 4.4 below) that L %f” — ,/Q%C%f“’ strongly in

L?(0,T;H), so that we can use the strong convergence and the uniform bounded-
ness from below of a™ to conclude that f® — £ strongly in W12(0,T;D,H). O

REMARK 4.4. We will repeatedly use the following simple property, valid for
sequences (ay,), (b,) of nonnegative real numbers: if

liminfa, >a, liminfb, >b, limsup (a,+b,) < (a+Db),

n—oo n—oo n—oo
then
lim a, =a and lim b, = b.
n—oo n—oo

The next proposition provides existence and regularity for the linearization of
the nonlinear diffusion equation of Theorem 3.4.
In the statement we will make use of the space D', the dual of D, and

(4.12) D} := {z e : (4, f)| < C|ILfllu for every f € ]D}.

Since D <% V we have H <% V' <9 I/ with continuous and dense inclusions;
the duality pairing between D' and D is an extension of the one between V' and
V and of the scalar product in H, and we will still denote it as (-,-) whenever no
misunderstanding are possible. Denoting by [|€||p, the least constant C' in (4.12), D¢
is also a Hilbert space, precisely it can be identified with the dual of the pre-Hilbert
space one obtains endowing D with the norm ||Lf|g, smaller than the canonical
norm of . Arguing as in Section 3.2, we can and will identify D} with the finiteness
domain in D’ of the lower semicontinuous functional

1 1
(4.13) Sl =sup 6.y~ 5 [ L am.
feD X
By duality, any element i € H induces an element Lh € D, via the relation

o (LA, flp = /X h Lf dm.

We shall also make use of the space W12(0,T;H,D;), fitting in our framework
because both H and Dj embed into the space I’. Since D} — D’ and the duality
formula for complex interpolation yields (H,D'),,, = V', (3.27) yields
(4.14) W20, T;H,D}) — WH2(0, T; H, D) — C([0, T]; V).

THEOREM 4.5 (Forward linearized equation). Let P be a regular monotone
nonlinearity as in (3.24) and let p € L*(0,T;H).
(L1) For every w € Vi, T > 0 there exists a unique solution w € W12(0,T;H, D} )

of

d
(4.15) v = L(P'(o)w), wo =
in the weak formulation (recall (4.1) and (4.14))
(4.16) Vl<ws,ﬂs>v—/0 /X (8t19t+P’(gt)L19t>wt dmdt =y, (w,90)y, Vs € [0,T),
for every 9 € WH2(0,T;D,H). In addition, the function w satisfies

t
1 1
@y [ [ PP dndr+ Judf = Jlolt, e 0.1
0 JX

g
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and, for every solution ¢ of (4.2) with ¥ =0 one has

(4.18) v (We, pr)y = v (@, o)y

(L2) If w = L{ for some ( € V, then wy = L for every t € [0,T], where ¢ €
W12(0,T; D, H) is the solution of (4.4) with ¢ = 0.

(L3) Ifo™ — 0™ in L*(0,T; H), @" — 0™ in V{ and w™, n € NU{cc}, are the cor-
responding solutions of (4.15), then w™ — w™ strongly in W12(0, T;H, D} ).

PROOF OF THEOREM 4.5. Let us first show the second claim: if wy = L{; €
Wt2(0,T;H;D;) for the solution ¢ € Wh2(0,T;D;H) of (4.4) and if ¥ is any
function in W2(0, T; D, H) we have

vlwe, Ve)y = o (LG, Ue)y = —E(Cr, Vy),

so that ¢ — , (wy, ¥)y is absolutely continuous in [0, 7] and for £'-a.e. t € (0,T)
its derivative is given by

_%g(g, 9,) = /X (LQ 9, + L, g't) dm = /X wy (ﬁt + P'(0) Lq‘}t) dm.

A further integration in time yields (4.16). In this case (4.17) is a consequence of
(4.3) with ¥ = 0, by noticing that

S(Cmft) = 8*(wtawt) = Hth%fé{a ét = P,(Qt)wt-

The uniqueness of the solution to (4.16) is clear thanks to (4.18).

The general result stated in the first claim for arbitrary w € V{ follows by the
linearity of the problem, the estimate (4.17), and the density of the set {L.{ : ¢ € V}
in V¢, see Lemma 3.3(b).

The proof of (L3) is completely analogous to the proof of (BA3) in Theorem 4.1:
the weak convergence of w” to w™ in W12(0,T;H, D} ) follows by the a priori es-
timate (4.17), the linearity of the problem w.r.t. w for given ¢ and the uniqueness
of its solution. Strong convergence can then be obtained by standard lower semi-
continuity arguments and Remark 4.4, by passing to the limit in (4.17). (Il

THEOREM 4.6 (Perturbation properties). Let us suppose that P is a regular
monotone nonlinearity as in (3.24). Let p. := 0+ ew. with 9, 0- € L2NL*> (X, m),
0. uniformly bounded in L*> N L> (X, m), and w. — w strongly in V} ase | 0. Let
Ot (resp. o) be the solutions provided by Theorem 3.4 with initial datum p. (resp.
0) and set
Oe,t — Ot
—

Then for every t > 0 there exists the limit lim. o w. s = wy strongly in Vg, the limit
function w belongs to W2(0, T;H,D}) and satisfies (4.15).

PROOF. By the Lipschitz estimate (3.32) of S : V — L2(0,T; H)NL>(0,T; V¢)
we know that (w.) is bounded in L?(0, T;H) and in L>(0,T’; V{), in particular this
gives 0. — o in L?(0,T;H). We can then find a subsequence ¢, | 0 such that
we, — w weakly in L?(0, T; H) and weakly* in L>(0,T’; V{).

Since P € C!(R) and there exists a constant R > 0 such that |o.| < R, |o| < R,
we can use the inequalities (depending on the parameter § > 0 and on the fixed
constant R)

(4.19) |P(0:) — P(0) — P'(0)(0c — 0)| < dloc — o] + Cslo- — ol*,

We t =
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and the uniform bound of e~!(p. — ¢) in L?(0,T;H) to obtain
(4.20) en ' (P(o-,) — P(0)) = P'(0)w weakly in L*(0,T;H).

In fact, since P is Lipschitz, e !(P(0.) — P(p)) is also uniformly bounded in
L?(0,T;H) thus we can use a bounded test function ¢ € L?(0,T;H) to charac-
terize the weak limit in (4.20). For such a test function, denoting by F an upper
bound of e71||p- — QHLz(O ;) We have

‘// Ploc) = P(0) _ pr(py2=2 - )Cdmdt‘

< S E||¢|lr20,7m) + e Cs E* sup (|

thus showing (4.20) as ¢ > 0 is arbitrary.
Let us now consider for every ¢t > 0 and @ € V the solution ¢ of (4.2) with final
condition ¢; = ¢ and arbitrary ¢» € L?(0,T;H), thus satisfying (by the Leibniz

rule)
/ We, (pdm =¢e~ / / QE 7" - ( r))LWr + (Qa,r - Qr)‘;br) dmdr

+/ wg(podm.
X

Since ¢, Ly € L2(0,T;H) we obtain that for every ¢ > 0 the sequence (we, ¢)
converges weakly in V’ (and thus in V¢, since it is uniformly bounded in V¢) and
the limit w; will satisfy

(4.21) (wy, @ //wrwrdmdr—k/ W dm.

Choosing in particular ¢ = 0, the previous formula identifies the limit, so that
Wy = wy for Llae. t € (0,T) and moreover the limit does not depend on the
particular subsequence (g,,). Since % is arbitrary, we also get that w satisfies (4.15)
in the weak sense of (4.16).

In order to prove strong convergence of w. to w in Vg for every ¢ € [0,T] and
in L2(0,T;H), we start from (3.47) written for o' := g and 0? := g.. Since

lim inf ée*(g(t) — 0=(t), ot) — (1)) = lim inf €7 (we (£), we (1)) 2 €7 (w(t), w(t)),

and the limit w satisfies (4.17), by the argument of Remark 4.4 it is sufficient to
prove that

¢
(4.22) hr?})nf—// (0—o0e)( P(Qe))dmdsz//P’(g)|w|2dmds.
0 Jx

Setting

P(p) — P(p- .
o (0) — P(oe) if 0 £ o
g = 0 — Q¢
P'(0) if 0 = o,

we obtain a family of nonnegative and uniformly bounded functions that satisfies
Z., — P'(0) m@L1-ae. in X x (0,T) whenever g., — om®.Z!-a.e. in X x(0,7T).
On the other hand

(0~ 0)(P(0) ~ Plor)) = Zeluef?
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We conclude by applying Lemma 4.3 to a subsequence (g,) on which the liminf in
(4.22) is attained and convergence m ® £!-a.e. in X x (0,T) holds.
O

Let o € ND(0,T) be the solution provided by Theorem 3.4 with initial datum
0 € V. By applying Theorem 4.6 to the difference quotients
1
€
and using the strong differentiability of ¢ — o; with respect to V¢ (see (3.35)) we
obtain the following corollary.

(Qt+s - Qt)

COROLLARY 4.7. Let o € ND(0,T') be the solution provided by Theorem 3./
with initial datum o € VN L®(X,m). Then w:= o is a solution to (4.16), with
initial datum w = LP(g).
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CHAPTER 5

Preliminaries

5.1. Absolutely continuous curves, Lipschitz functions and slopes

Let (X,d) be a complete metric space, possibly extended (i.e. the distance d
can take the value +00). A curve 7 : [a,b] — X belongs to AC?([a,b]; (X,d)),
1 < p < oo, if there exists v € LP(a, b) such that

(5.1) d(v(s),v(t)) < / v(r)dr for every a < s <t <b.

We will often use the shorter notation AC?([a,b]; X) whenever the choice of the
distance d will be clear from the context. The metric velocity of ~y, defined by

o 400+ 1), y(r)

hao |h| ’

(5:2) 71(r) =

exists for #*-a.e. r € (a,b), belongs to LP(a,b), and provides the minimal function
v, up to .Z -negligible sets, such that (5.1) holds. We set

b .
(5.3) A7) /a [¥|P(r)dr if v € ACP([a, b]; X),

400 otherwise.

Notice that d?(y(a), (b)) < (b—a)P A, (7).

A continuous function v : [0,1] — X is a length minimizing constant speed
curve if Ai(y) = d(7(0),7(1)) = [¥](t) for L1-ae. t € (0,1), or, equivalently, if
Ap(y) = dP(v(0),~(1)) for some (and thus every) p > 1. In the sequel, by geodesic
we always mean a length minimizing constant speed curve.

The extended metric space (X,d) is a length space if
(5.4)

d(xg,x1) = inf {Al(’y) cy € AC([0,1]; X), ~(@) = xl} for every g,z € X.

The collection of all Lipschitz real functions defined in X will be denoted by Lip(X),
while Lip, will denote the subspace of bounded Lipschitz functions.

The slopes [D¥ |, the local Lipschitz constant |Dyp| and the asymptotic Lips-
chitz constant |[D*y| of ¢ € Lip,(X) are respectively defined by

(5.5) IDFpl(z) = lim sup M)(()))7 IDel(z) := lim sup W7
i _ le(y) — ()| _ . .
(5.6) [D*¢l(x) == hg}j;p T I;F(}Llp(ﬁ B, (),

45
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with the convention that all the above quantities are 0 if x is an isolated point.
Notice that |[D*y| is an u.s.c. function and that, whenever (X, d) is a length space,

(5.7)  |D*|(x) = limsup |De|(y), Lip(¢) = sup |Dp(z)| = sup [D*¢(x)|.
y—x rxeX z€X

For ¢ € Lip,(X) we shall also use the upper gradient property

(5-8) p(v(1)) — (7(0))] S/O Dl (v(#))[¥(#)] dt

whose proof easily follows by approximating |D*p| from above with the Lipschitz
constant in balls and then estimating the derivative of the absolutely continuous

map ¢ o7.
2. The Hopf-Lax evolution formula

Let us suppose that (X,d) is a metric space; the Hopf-Lax evolution map
Q: : Cp(X) — Cp(X), t > 0, is defined by Qo f = f and

. d*(y, )
(5.9) Quf () == ylg(f(y) t— >0
‘We shall need the pointwise properties
(5.10) igl{ff < Qif(x) <supf foreveryxe X, t>0,
X
(5.11) ——Qt f(z) > |D Q:f|*(z) foreveryx € X, t>0

(these are proved in Proposmon 3.3 and Proposition 3.4 of [4], d*/dt denotes the
right derivative).

When (X, d) is a length space (Q;):>0 is a semigroup and we have the refined
identity [5, Thm. 3. 6]

(5.12) Qt flz) = 7|DQtf| (z) foreveryz e X, t>0.
Inequality (5.11) and the length property of X yield the a priori bounds

(5.13) Lip(Q.f) <2Lip(f) ¥t>0,  Lip(Q.f(z)) <2 [Lip(f)]* Vz € X.

5.3. Measures, couplings, Wasserstein distance

Let (X,d) be a complete and separable metric space. We denote by %(X) the
collection of its Borel sets and by £2(X) the set of all Borel probability measures
on X endowed with the weak topology induced by the duality with the class Cp(X)
of bounded and continuous functions in X. If m is a nonnegative o-finite Borel
measure of X, 929¢(X, m) denotes the convex subset of the probabiliy measures
absolutely continuous w.r.t. m. Z2,(X) denotes the set of probability measures
€ Z(X) with finite p-moment, i.e.

/ dP(z,z) du(z) < oo for some (and thus any) zp € X.
X

=

f (Y,dy) is another sparable metric space, r : X — Y is a Borel map and p €
P (X ), ryu denotes the push-forward measure in (YY) defined by ryu(B) :=
wu(r~—Y(B)) for every B € B(Y).
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For every p € [1,00), the LP-Wasserstein (extended) distance W, between two
measures fig, p1 € P(X) is defined as
(5.14)
WE(p1, p2) = inf {/

dP(z1, xe) dp(z1, 22) : p € Z(X x X), wéu = m},
XxX

where ¢ : X x X — X, i = 1,2, denote the projections 7'(zy,z2) = x;. A
measure g with 7T§/J, = p; as in (5.14) is called a coupling between p; and po. If
w1, o € Pp(X) then a coupling p minimizing (5.14) exists, Wp (1o, 1) < oo, and
(Z,(X),W,) is a complete and separable metric space; it is also a length space if
X is a length space. Notice that if X is unbounded (£(X),W,) is an extended
metric space, even if d is a finite distance on X.

The dual Kantorovich characterization of W), provides the useful representation
formula (here stated only in the case p = 2)

1 .
(5.15) *Wf(uo,m):sup{/ deul—/ @duorweLlpb(X)},
2 X X

where (Q¢)t>0 is defined in (5.9).

5.4. Wy-absolutely continuous curves and dynamic plans

A dynamic plan 7 is a Borel probability measure on C([0,1]; X). For each
dynamic plan 7 one can consider the (weakly) continuous curve p = (js)sejo,1] C
P (X) defined by p(s) = (es)ym, s € [0,1] (we will often write p, instead of
w(s) and we will also use an analogous notation for “time dependent” densities or
functions); here

(5.16) es : C([0,1]; X) — X, es(y) :=7(s)

is the evaluation map at time s € [0, 1].
We say that 7 has finite p-energy, p € [1, ), if

(5.17) i) i= [ A,0)dm() < .

a condition that in particular yields v € ACP([0,1]; X) for w-almost every ~. If for
some p > 1 the dynamic plan 7 has finite p-energy, it is not hard to show that the
induced curve g belongs to ACP([0,1]; (£(X),W,)) and that

(5.18)

1
sl < / 4alP dr () for Z1-ace. s € (0,1), so that / o P ds < o7, (),
0
where |/s] denotes the metric derivative of the curve p in (F(X),W,). Notice
that the second inequality in (5.18) can also be written as A,(u) < 7, (7). The

converse inequalities, which involve a special choice of 7r, provide a metric version
of the so-called superposition principle, and their proof is less elementary.

THEOREM 5.1 ([41]). For any p € ACP([0,1]; (P(X),W,)) there exists a dy-
namic plan m with finite p-energy such that

1
(5.19) pe = (e)ymw  for every t € [0,1], / |fee|P dt = <, (7).
0
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We say that the dynamic plan = is p-tightened to p if (5.19) holds. For this
class of plans equality holds in (5.18), namely

(5.20) |fes|? = / |9|P dme () for L -ae. s € (0,1).

Focusing now on the case p = 2, the distinguished class of optimal geodesic plans
GeoOpt(X) consists of those dynamic plans whose 2-action coincides with the
squared L2-Wasserstein distance between the marginals at the end points:

(5.21) ™ € GeoOpt(X) if h(m) = Wi(uo, 1), pi = (e;)ym.
It is not difficult to check that (5.21) is equivalent to
(5.22)

m-a.e. 7y is a geodesic and (eg,eq)y7 is an optimal coupling between (9, 1.

It follows that @ € GeoOpt(X) is always 2-tightened to the curve of its marginals,
and that a curve p € Lip([0, 1]; (P2(X), W2)) is a geodesic if and only if there exists
7 € GeoOpt(X) having g has curve of marginals (Theorem 5.1 is needed to prove
the “only if” implication).

Finally, when a reference o-finite and nonnegative Borel measure m is fixed, we
say that w € 22(C([0,1]; #(X))) is a test plan if it has finite 2-energy and there
exists a constant R > 0 such that

(5.23) pr = (e )y =pm < m, o <R m-ae. in X for every t € [0, 1].

5.5. Metric measure spaces and the Cheeger energy

In this paper a metric measure space (X,d, m) will always consist of:

e a complete and separable metric space (X, d);
e a nonnegative Borel measure m having full support and satisfying the
growth condition

(5.24)  m(B,(xg)) < AeP™  for some constants A, B > 0, and some zo € X.

The Cheeger energy of a function f € L?(X,m) is defined as
(5.25)

Ch(f) := inf{linrgigf%/x IDful2dm: f, € Lipy(X), fo — fin L2(X,m)}.

If f € L*(X,m) with Ch(f) < oo, then there exists a unique function |Df|, €
L?(X,m), called minimal weak gradient of f, satisfying the two conditions

(5.26)

Lip,(X)NLA(X,m) > f, = f, IDful =G in L*(X,m) = |Df], <G m-ae.

Chi) = 5 [ IDsfE am.

In (5.25) we can also replace |D f| with |D* f| since a further approximation result of
[4, §8.3] (see [1] for a detailed proof) yields for every f € L?(X, m) with Ch(f) < oo
(5.27)

3/, € Lipy(X) N LA(X,m): fu— f, [D"ful = [Df]w strongly in L2(X,m).
We will denote by W2(X,d, m) the vector space of the L?(X, m) functions with
finite Cheeger energy endowed with the canonical norm

(5.28) 11502 x.a,my = N 122 (x.m) + 2C(S)
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that induces on W2(X,d, m) a Banach space structure. We say that Ch is a
quadratic form if it satisfies the parallelogram identity

(5.29) Ch(f + g) + Ch(f — g) = 2Ch(f) +2Ch(g) for every f,g € W ?(X,d, m).

In this case we will denote by &€ the associated bilinear Dirichlet form, so that
Ch(f) = %8(]", f); if B is the m-completion of the collection of Borel sets in X, we
are in the setting of Section 3.1; keeping that notation, H = L?(X, m) and V is the
separable Hilbert space W12(X,d, m) endowed with the norm (5.28). Under the
quadraticity assumption on Ch it is possible to prove [6, Thm. 4.18] that (5.29) can
be localized, namely

(5.30) D(f + )%, + [D(f — 92 = 2D +2|Dgl2, m-ac. in X.

It follows that
(5.31)

1 1 D 2 —|DfI?
(£,9) = T(.9) = 2ID(f + g)f2 — 3ID(f — g)f3, = tim P00 = DI

is a strongly continuous bilinear map from V to L'(X,m), with I'(f) = [Df]3.
The operator T' is the Carré du Champ associated to € and & is a strongly local
Dirichlet form enjoying useful T'-calculus properties, see e.g. [17, 7, 49], and the
mass preserving property (3.14) (thanks to (5.24)). In the measure-metric setting
we will still use the symbol L to denote the linear operator —A : V — V' associated
to &, corresponding in the classical cases to Laplace’s operator with homogenous
Neumann boundary conditions. We also set

(5.32) D:={feV: Lf €H},

the domain of L as unbounded selfadjoint operator in H, endowed with the Hilber-
tian norm || f||3 := || fl|3 + ILf||%. The operator —L generates a measure preserving
Markov semigroup (P¢):;>0 in each LP(X,m), 1 < p < oo.

Recall that the Fisher information of a nonnegative function f € L'(X, m) is
defined as

(5.33) F(f) == 4€(V/F,V/F) = 8Ch(\/F) = /{f>0} F(ff) dm

with the usual convention F(f) = +o0o whenever /f € WH2(X,d, m).

5.6. Entropy estimates of the quadratic moment and of the Fisher
information along nonlinear diffusion equations

In this section we will derive a basic estimate involving quadratic moments,
logarithmic entropy, and Fisher information along the solutions of the nonlinear
diffusion equation (3.23) in the metric-measure setting of the previous section 5.5.
In order to deal with arbitrary measures satisfying the growth condition (5.24), we
follow the approach of [5]: we will derive the estimates for a reference measure with
finite mass and then we will extend them to the general case by an approximation
argument. A basic difference here is related to the structure of the equations, which
are not L? gradient flows; we will thus use the L!-setting by taking advantage of
the m-accretiveness of the operator A of Theorem 3.6.
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Let us first focus on the approximation argument. Taking (5.24) into account,
we fix a point ¢ € X and we set

1/2
(5.34) V(z) == (a +bd?(x, xo)) . Vi(z) == V(@) Ak,
for suitable constants b:= B+ 1, a > (log A)+ so that
(5.35) / e V@) qm = Qbe*a/ re*br2m(BT(f)) dr < e*“A/ 2re™" dr < 1.
b's 0 0

As in [5, Theorem 4.20] we consider the increasing sequence of finite measures
(5.36) mg:= eV = Bom, my = Gym= evimo, B = e\/i_vz7 k € Np.

Notice that §j is a bounded Lipschitz function and 3, ! is locally Lipschitz. The
map

(5.37) Yi: 0+ 0/Br isan isometry of L*(X, m) onto L' (X, my).

We will denote by Chy, the Cheeger energy associated to the metric measure space
(X,d, my); by the invariance property [5, Lemma 4.11] and (5.30) Chy, is also associ-
ated to a symmetric Dirichlet form € in L?(X, my), inducing a selfadjoint operator
Ly, with domain Dj, C L?*(X,m;). We fix a map P : R — R as in (3.24) and we
define the m-accretive operator A;, in L'(X,my) as in (3.52), by taking the clo-
sure of the graph of Ay := —Lj o P defined by (3.51). We eventually consider the
realization of Ay in L'(X,m)

(5.38) Ay =Y ALY

since Y} are isometries, gk is m-accretive in L' (X, m) and it generates a contraction
semigroup (S¥);>o by Crandall-Liggett Theorem as in Theorem 3.4(ND4). Notice
that for every g € L'(X, m) with

(5.39) Yio € L*(X,my) ie. / eV’ g% dm < oo
X

(in particular when g belongs to L?(X,m) and has bounded support), setting
of = SFp the curve Yjof is a strong solution of the equation v/ — LyP(u) = 0
in W12(0,T;Vy, V¢, ) and for every entropy function W as in Theorem 3.4 (ND2)
we have

(5.40)
[ wiposan+ [ epiek/o). Wk /sy ar = [ W(e/60sdm.
X 0 X

THEOREM 5.2. For every g € L'(X,m) we have

(5.41) llle SFo=Si0 strongly in L*(X,m)

and the limit is uniform in every compact interval [0,T].

PRrROOF. By Brézis-Pazy Theorem [22, Thm. 3.1], in order to prove (5.41) it
is sufficient to check the pointwise convergence of the resolvent operators J¥ :=
(I+7Ar) " to ), =T +7A)1in LY(X,m), ie.

(5.42) llle JEf =1 f strongly in L'(X,m) for every 7 >0, f € L*(X,m).
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Since J¥, J, are contractions, for every g € L*(X,m) we have

[Ef—drfllor < 1Ef—dg+dEg—Jrg+drg—Jrfllpr <2/ f —gllpr + 1959 —I-gll 1

so that by an approximation argument it is not restrictive to check (5.42) for f €
L' N L?(X,m) with bounded support.
Let f* = Jkf € L'(X,m); recalling Theorem 3.6, it is easy to check that
=Y fk = fk/ﬂk € L?(X, my) is the solution of

hF — LyP(hF) = f/8, in L*(X,my).

If we denote by P~ : R — R the inverse function of P, then ¥ = P(h¥) belongs
to Dy C L?(X, my) and solves

(5.43) PRy — L2k = f/ﬁk.

Introducing the uniformly convex function V*(r fo x) dz which still sat-
isfies the uniform quadratic bounds (3.40), the solutlon to problem (5.43) can be
characterized as the unique minimizer in L?(X,my) of the uniformly convex func-
tional

(5.44) 2 OF(2 /V* ) dmy, + Chy(z /fzdm

Arguing as in the proof of [5, Theorem 4.18] it is not difficult to show that z*
converges strongly to z, in L?(X,mg) C L?(X,m), where 2, is the unique minimizer
of

(5.45) z— ®(z) ::/ V*(z)dm + Ch(z / fzdm,
X
with
(5.46) / dm;c —/ V*(z ﬂk dm—>/ (z:)dm as kT co.

Since every subsequence n — k(n) admits a further subsequence n +— k’(n) along

k'(n)

which z7 — z, converges my (and thus m)-a.e., the Lipschitz character of P

yields A¥ ™ oh, m-a.e.; since By — 1 uniformly on bounded sets we also get
FM) £ omeae.
When f > 0 the order preserving property (3.49) shows that f* > 0 and the

mass preserving property yields

(5.47) /Xffdm:/thdmk:/dem:/Xdem

so that ff/(") — f- strongly in L!(X, m). Since the sequence n +— k(n) is arbitrary,
we conclude that f* — f, strongly in L'(X, m) as k — oo. When f has arbitrary
sign, we still use the monotonicity property to obtain the pointwise bound |f¥| <
J%| f| and we conclude by applying a variant of the Lebesgue dominated convergence
theorem. (]

We consider now the logarithmic entropy density Uso(r) := rlogr, r > 0 and
for given nonnegative measures p € #(X) and k € Ng, we set

(5.48) uk (u) = / Uso(0/Br)Br dm = / olog(o/Br)dm, p=pm <K m;
X X
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we will simply write U, (1) when k = co and By, = 1; we will set UX_ (1) = +oo if
1 is not absolutely continuous w.r.t. m. The inequality

(5.49) Uso(r) > 1 — e —r? foreveryveR, r>0,

and (5.35) show that the negative part of the integrand in (5.48) is always integrable
whenever p € 2(X) and k < oo with

(5.50) Uk (w) +/ VZdu > 0.
X

When k = oo and p € P5(X) we also have

(5.51) Uno (1) + / V2 dp = UK () + / V2du > 0.
X X

Moreover, if ur = orpm is a sequence of probability measures with gx — o strongly
in L'(X,m) with g = om € P5(X), by [3, Lemma 9.4.3] and writing U*_ (1) +
/ ¥ V% dpy as the relative entropy of py with respect to the finite measure my we
have

(5.52) lim inf UX, (1) + / VZdpge > Uso (1) + / V2 dp.
k—o0 X b'e
Even easier, since the sequence Vj, is monotonically increasing, we have
(5.53) liminf [ Vidu, > / V2 du.
k—oo Jx X
Finally, defining the relative Fisher information in (X,d, m) as in (5.33) by
(5.54) Fr(0) := 8Chy(v/0/Bk)
and observing that ||\/o/Bk| r2(x,m,) = fX odm, [5, Proposition 4.17] yields
(5.55) lim inf Fx(ox) > F(0).
k—o0

THEOREM 5.3 (Entropy, quadratic moment and Fisher information). In the
metric-measure setting of Section 5.5, let p € L' (X, m) satisfying i = pm € Po(X)
and U (i) < 00, and let p be the corresponding solution of the nonlinear diffusion
equation (3.31) according to Theorem 3.4. Then there exists a constant C' > 0 only
depending on a, B of (3.24) and (5.24) such that for everyt € [0,T| the probability
measures py = ogm belong to P2(X) and satisfy

t
(5.56) uoo(ut)+2/ V2dﬂt+i/ F(pr)dr§e0t<um(ﬂ)+2/ V2dﬂ).
X 2 0 X

PRrROOF. By a standard approximation argument, the L'-contraction property
of Theorem 3.4 (ND4) and the lower semicontinuity of entropy, quadratic momen-
tum and Fisher information (5.52), (5.53), (5.55), it is not restrictive to assume
that p also belongs to L?(X, m) and has bounded support. By Theorem 5.2, it is
also sufficient to prove the analogous inequality

a t
651 k) +2 [ Vi +3 [ Rphar <o (U +2 [ Viaa),
X 0 X

where pf := SFg and uf = ofm.
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Since Uy, does not satisfy the conditions of (ND2) of Theorem 3.4, we cannot
immediately compute its derivative along the solution of the nonlinear diffusion
equation as in (3.33); we thus introduce the regularized logarithmic function

(5.58) W.(r) := (r4e)(log(r+e)—loge) —r = Uso(r4€)—Ul (¢)(r+e)+e, & >0,
satisfying

1
r+e

(5.59) W.(0) =W.(0)=0, W./(r)=Ilog(r+e)—loge, W.!/(r)=

Applying (5.40) to W, we obtain
(5.60)

/ W (b Bi) e dm + / Ex(P(c"/Br), W (gt /Br)) dr = / W.(2/64) e dm.
X 0

Standard T-calculus (see e.g. [17]) and the fact that of /B, € D(Chy) for almost
every ¢ € [0,T] yield

( (Qt/ﬁk) (Qt /ﬁ ) =

T(oF /B, of / Br)
= Qf L+ €

7 T(0F /Br. 0F / Br)-

Setting W2(r) := rlog(r + ) and W2(r) := e(log(r + €) — log¢) and using the fact
that [y of dm = [ odm and W2(r) > 0, (5.60) yields

(5.61) /W (oF/Br) ,Bkdm+a// ‘//%;Jr‘/f’“)ﬁ dmdr

(5.62) < [ (wXe/s) + w2(@/80)) pudm.
X
We observe that
Wsl(r) <r(r+e-1), Wsl(r) L Us(r), Wf(r) <, hﬁ)l Wf(r) =0,

_P'(of)
/ﬂ+
B

so that we can pass to the limit in (5.61), (5.62) as € | 0 obtaining

(5.63) U ) +a | CFuleh) dr < UL (7).

0
We now compute the time derivative of t — [ V2 duf obtaining

(?t V2d,ut—28k( (o /ﬁk ), Vi) < \// V2l (0F /Br)ViBr dm

4vb N2 8b
< D2 (Fueh) [ viau) " <SRl + 5 [ Vi
X a Jx

Integrating in time and summing up with (5.63) we obtain

ub 2 [ Via+ 3 [ R e <uim vz [ vias

+§—2 0 (/Xvidu’;)dr.

Since UK (uf) +2 [ VZduf > [ Vi duf Gronwall Lemma yields (5.57) with C :=

8(13;1). O
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5.7. Weighted I'-calculus

In the metric-measure setting of Section 5.5, consider a nonnegative function
0 € L>®(X,m). Any f € LP?(X,m) obviously induces a function in L?(X,n), with
n = pm, that we shall denote f ; in the following we will often suppress the symbol
“when there will be no risk of ambiguity.

Consider now the symmetric and continuous bilinear form in V x V

(5.64) &o(f.9) = /X oT(fig)dm [ geV,

which induces a seminorm: we will denote by V, = Vg, the abstract Hilbert spaces
constructed from €, as in Section 3.2, namely the completion of the quotient space
of V induced by the equivalence relation f ~ g if €,(f — g, f — g) = 0, with respect
to the norm induced by the quotient scalar product. If ¢ € V then its equivalence
class in V, will be denoted by ¢, (or still by ¢ when there is no risk of confusion),
whereas we will still use the symbol €, to denote the scalar product in V,. By
locality, if ¢, ¢ € V with ¢ =1 m-a.e. on {p > 0} then ¢, = 1),. In the degenerate
case when o = 0 m-a.e., then V, reduces to the null vector space and everything
becomes trivial.

Notice that the quadratic form %EQ is always larger than the Cheeger en-
ergy Ch, induced by the measure n = pm, in the sense that for every f € V
%Eg(f) > Chn(f), see also Lemma 5.5 below. When o = 1, V; corresponds to the
homogeneous space Ve associated to € already introduced in Section 5.5.

The following two simple results provide useful tools to deal with the abstract
spaces Vj,.

LEMMA 5.4 (Extension of I' to the weighted spaces V,). Let o € LY (X, m),
and let (vn) C 'V be a Cauchy sequence with respect to the seminorm of V,, thus

converging to ¢ € V,. Then F((pn) is strongly converging in L'(X, om) to a limit
that depends only on o and ¢ and that we will denote by I,(¢). When ¢ = ¢, for

some ¢ € V then I,(¢) = F((p) om-a.e. in X. The map
(5.65) L(6.6) = 1T(6 + ) — 116 — )

is a continuous bilinear map from V, to L'(X, om) and (5.64) extends to V, as
follows:

(5.66) £,(6,0) = /X Ty, 9)dm b €V,

PROOF. The convergence of I‘(gpn) in L'(X, om) and the independence of the
limit follow from the obvious inequality

/ ‘le) B F(%)‘ odm = / (¢ — ¢2)1/2F(¢1 + ¢2)1/2 odm
X X
< |lth1 = ally, 191 + ¥2llv,,

for every 91, Y2 € V. When ¢ = ¢, then we can choose the constant sequence
©n = ¢, thus showing that I,(¢) = I'(¢) om-a.e. in X. It is immediate to check
that T,(-) satisfies the parallelogram rule, so that the properties of I, (-,-) defined
in (5.65), and (5.66) follow from the corresponding properties of I' and €, in V. O



5.7. WEIGHTED I'~-CALCULUS 55

The following lemma shows that when the weight o satisfies a mild additional

regularity assumption, then I},(p,) = F(ap) coincide with the minimal relaxed slope
relative to the measure gn.

LEMMA 5.5 (Comparison with the weighted Cheeger energy). Let n = om
where o € L (X, m) is a nonnegative function satisfying \/o € V, and let Ch, be
the Cheeger energy induced by n in L?(X,n) with associated minimal weak gradient

D |uw,n. For every ¢ € V we have ¢ € D(Chy) with |D@|wn =T (¢); in particular,
one has the identifications

e

|D<)5|w,n = F(QO) = FQ(QDQ) n-a.e. m X.

PRrROOF. By the previous Lemma, setting ¢ = ¢,, with ¢ € V, we have I,(¢) =

—

I'(p) n-a.e. On the other hand, [2, Thm. 3.6] yields I'(¢) = |D@|y,n n-ae. in
X. O

LEMMA 5.6 (Stability). Let oy € LY (X, m), t € [0,1], be a uniformly bounded
family, continuous with respect to the convergence in m-measure, let o € L3°(X, m)
and let By : V — 'V be a family of linear operators satisfying

(5.67) / QtF<Bt(p) dm < C/ QF(L,O) dm for every t € [0,1], ¢ €V,
X X
(5.68) t— Byp € C([0,1]; V)  for every p € V.

Then B; can be extended by continuity to a family of uniformly bounded linear
operators from 'V, to'V,, such that

(5.69) Eo, (Btd) < Ey(9), for everyt €0,1], ¢ €V,
(5.70) t— 0T, (Brg) € C([0,1]; L' (X, m))  for every ¢ € V.

PROOF. Assumption (5.67) shows that for every t € [0, 1] the operator B; is
compatible with the equivalence relations associated to V, and V,,, so that it can be
extended by continuity to a linear map between the two spaces, still denoted B; and
satisfying (5.69). Given any ¢ € V,, choosing (¢,,) C V such that the corresponding
elements (), converge to ¢ in V,, the estimate (5.67) shows that g,I,, (B, ) con-
verges uniformly in time to g;I},, (B:¢) in L'(X, m), so that the continuity property
(5.70) follows from the continuity of each curve ¢t — ¢,I,, (Bipn)- O

Finally, we discuss dual spaces, following the general scheme described in Sec-
tion 3.2, see in particular Proposition 3.1. The space Vé is the realization of the
dual of V, in V. It can be seen as the finiteness domain of the quadratic form

1., 1
(5.71) ESQ(Z, £) :=sup (¢, p) — 589(@,90), eV,
eV

We shall denote by €3(-,-) the quadratic form on Vé induced by €. We denote
by —A, the Riesz isomorphism between V, and V), and by —Aj its inverse. It is
characterized by

(5.72) ¢p=—AU <= E,p,¢)=(l,1h) forevery €V,

Notice that it is equivalent in (5.72) to require the validity of the equality for
all ¢ € V; in this sense, (5.72) corresponds in our abstract framework to the weak



56 5. PRELIMINARIES

formulation of the PDE —div(oV¢) = £ in (2.26), and —Aj} is the solution operator.
Since —A, is the Riesz isomorphism, we get

(5.73) EQ(L,0) = E (AL, ALL).
Correspondingly we set
(5.74) Ly (0) :=T,(A;¢) whenever £ € V.

It is clear that I} : V] — L'(X, om) is a nonnegative quadratic map.

LEMMA 5.7 (Dual characterization of I';). For every £ € V' and ¢ € L (X, m)

let us consider the (possibily empty) closed convex subset of L?(X, om) defined by
(5.75)

G(o,l) == {g € L*(X, om) : |(£,¢)] < /Xg\/F(go) odm for every ¢ € V}.

Then £ € V, if and only if G(o, () is not empty; if £ € V, then /T3 (£) is the element
of minimal L*(X, om)-norm in G(o, ).

PRrROOF. If g € G(p,¥) then

1/2
(£,6) < lgllzzx.om (ol ) for every p €V,
so that £ € V) and

(5.76) /XFQ*(Z)Qdm:E’;(E,é) g/ g% odm.

Conversely, let us suppose that £ € V; and let ¢ = —A7}¢; (5.72) yields

(69| < / IT,(6, )] odm < / To(6) /To() edm  for every 1 € V

so that \/I‘g*(é \/F € G(p,¢). Combining with (5.76) we conclude that

[ (¢) is the element of minimal norm in G(p, £). O

The following lower semicontinuity lemma with respect to the weak topology
of V' will also be useful. Remembering the identification (3.21), the lemma is also
applicable to sequences weakly convergent in V{.

LEMMA 5.8. Let p, — ¢ in L=°(X, m) be nonnegative and assume that £, — /
in'V'. Then

(5.77) liminf & (€n,6n) > E5(E,0).

n— oo

If moreover o, — o also in the strong topology of L*(X,m) and
(5.78) limsup &}, (€, ln) < EH(E,£) < 00

n—roo

then for every continuous and bounded function @ : [0,00) — [0,00) we have

n—oo

(5.79) tim [ QoI (b)on de = / Q)T (0) o dm.
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ProOOF. Concerning (5.77), for every ¢ € V, we have

1 . 1 C ook
t.9) =5 [ ar(e)am= tim (it =5 [ 0T () dm) < mine&;, (61,0,

Taking the supremum with respect to ¢ € V we get (5.77).

Let us consider the second part of the statement and let us set g, = /I (£5),

hp = gnon. Since h,, is uniformly bounded in L?(X,m), possibly extracting a
suitable subsequence we can assume that h, weakly converge in L?(X, m) to h.
Since the measures h,,m, o,m weakly converge respectively to hm and pm and the
densities g, of h,m w.r.t. o,m satisfy sup,, ||gn|lz2(x,0,m) < 00 We can apply a
standard joint lower semicontinuity lemma (see, for instance [3, Lemma 9.4.3]) to
write h = go for some g € L?(X, om), with

(5.80) / g* odm < lim inf/ 9 on dm.
X n—oo X

Passing to the limit in the inequalities

|<en,¢>|g/Xq/r;n(en)\/r(w) gndmzthm/r(zp) dm for every ¢ € V,
we get
|<€,1/)>|§/Xh\/f‘(¢) dm:/Xg\/F(w)Qdm for every ¢ € V,

which shows that g € G(g, ). On the other hand, (5.78) and (5.80) yield
/ g* odm < 1iminf/ g2 op dm = liminf &) (45, 0,) < E,(L,0) = / Iy (£)odm,
X n—oo [y n—00 X

so that Lemma 5.7 gives g = | /T, (£).
Setting now m,, = g,m, m = om, we know that limsup,, [ g2 di,, < [, ¢* dm,
and (5.79) can be written in the form

lim Q(gn)gidﬁln:/ Q(Q)deﬁl.
X X

n—oo

This convergence property can be proved writing the integrals in terms of the
measures 6, := (0n,gn)sMy, which converge in Z5(R x R) to 6 = (o, g)sm, using
the test function (u,v) — Q(u)|v|?. O






CHAPTER 6

Absolutely Continuous Curves in Wasserstein
Spaces and Continuity Inequalities in a Metric
Setting

In this Chapter we extend to general metric spaces some aspects of the results
of [3, Chap. 8]. Even if we will use only the case p = 2, we state some results in
the general case for possible future reference.

Let (X,d) be a complete and separable metric space; we set X = X x [0,1]
and define & : C([0,1], X) x [0,1] — X by &(v,t) := (y(t),t). For every dynamic
plan 7 we consider the measures

(6.1) A= .,2”1“ T =T QA fi :=8&(7) € 2(X x [0,1]).

0,1’

Notice that the disintegration of fi with respect to time is exactly ((e:)y7)ic(0,1]5
i.e. 1 admits the representation

1
(6.2) ﬂ:/ pedA(t)  with = (ey)pr.
0
If 7 has finite p-energy for some p € (1, 00), the Borel map (v,t) — v(v,t) := |§|(¢)
(defined where the metric derivative exists) belongs to LP(C([0,1]; X) x [0, 1], %),

so that the mean velocity v of 7w can be defined by
(6.3) &(¥ ) =vi with ve LP(X, ), wvlz,t)= / [3¢] d7es ()

(here (74,t)(, nex C Z(C([0,1]; X)) is the disintegration of 7 w.r.t. its image /).
More precisely, Jensen’s inequality gives

(6.4) /5{ P dp < Ap(w).

In the next definition we make precise the concept of a square integrable velocity
density for a curve of probability measures: differently from [3], here we can consider
only the “modulus” of the velocity field, but this already provides an interesting
information in many situations.

DEFINITION 6.1 (Velocity density). Let u € C([0,1]; Z(X)), i := [ped) €
P(X). We say that v € L1(X, i) is a velocity density for j if for every ¢ € Lip, (X)
one has

©5) | [ odu- [ wan,
X X

S/ [ID*plvdp  for every 0<s<¢<1.
X x(s,t)

59



60 6. ABSOLUTELY CONTINUOUS CURVES AND CONTINUITY INEQUALITIES

The set of velocity densities is a closed convex set in L'(X, /i), and we say that v
is a p-velocity density if v € LP(X, ji). We say that 7 € LP(X, fi) is the minimal p-
velocity density if U is the element of minimal LP(X , ft)-norm among all the velocity
densities.

REMARK 6.2 (Lipschitz test functions with bounded support). We obtain an
equivalent definition by asking that (6.5) holds for every test function ¢ € Lip, (X)
with bounded support: in fact, fixing zg € X and the family of cut-off functions

(6.6) Yr(x) = n(d(z,20)/R) where n(y) =(1—(y—1)4)4,
every ¢ € Lip,(X) can be approximated by the sequence ¢, := ¢ - ,; if v €

Ll(X, ii) satisfies (6.5) for every Lipschitz function with bounded support, we can
use the dominated convergence theorem to pass to the limit as n — oo in

’/ wndﬂt—/ on dits
X X

since

<[ pelvdpesuwlel [ vdf,
X X (s,t) (B2n (x0)\Bn(x0)) X (s,t)

ID*pul(2) < ID"6l(2) (@) + 51D 91X, o115, o) (@)

For p € (1,00), we are going to show that the minimal p-velocity density exists
for curves p € ACP([0,1]; (Z(X), W,)) and that it is provided exactly by (6.3), for
every dynamic plan with finite p-energy 7 tightened to u. Heuristically, this means
that for a tightened plan 7 associated to p, while branching may occur, the speed
of curves at a given point at a given time is independent of the curve and given by
the minimal p-velocity. The starting point of our investigation is provided by the
following simple result.

LEMMA 6.3 (The mean velocity is a velocity density). Let w be a dynamic
plan with finite p-energy and let p, fi, v be defined as in (6.1), (6.2), (6.3). Then
v € LP(X, 1) is a velocity density for .

PrOOF. Immediate, since for all ¢ € Lip,(X) the upper gradient property of
|ID*¢| yields

[ odu = [ pdn= [ (w60) = ela(s)) dm)
</ / D"l ()1 dr ()

- / ID* ol (1(r))¥ (7, ) d (7, 7)
C([0,1]; X)) x (s,t)

= / ID*p|vdfi. O
X x(s,t)

The next Lemma shows that we can use a velocity density even with time-
dependent test functions.

LEMMA 6.4. Let p € C([0,1); (X)), fp := [ d) € P(X) and let v €
LY (X, i) be a velocity density for p. Then p € AC([0,1]; (21 (X), W1)) and for
every ¢ € Lip,(X) one has
(6.7)

/ ordpy — / wsdps < / (0F¢r + ID*p|v) dit for every 0 < s <t <1,
X X X x(s,t)
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where
. 1
(6.8) Of or(x) = limsup — (@rin(x) — or(x)).
nio D

PRrOOF. If ¢ is 1-Lipschitz then |[D*¢| < 1, so that from (6.5) and the dual
chacracterization of W we easily get
t
< / m(r)dr, where

Wilps, pie) = sup ‘/tidut—/xwdus
m(r) ::/ vdu,, sothat m € L'(0,1).
X

©€Lip,(X), Lip(p)<1

If we consider the map n(s,t) := [ « ¢sdue and we call L the Lipschitz constant of
<p,weeasﬂygetforeveryOSsgs <1, 0<t<¥ <1

tl
In(s',8) — (s, 0)] < LIs' — s, |ﬂaﬂ—w@¢ﬂ§L/'mwmn
t

so that we can apply [3, Lemma 4.3.4] to get the absolute continuity of ¢ — n(t, t)
with

. 1 , 1
(6.9) (t,t) < limsup E/ ¢rd(pe — pre—p) + limsup E/ (Prn — pr) dpsy.
X X

an T ho R0

Choosing a Lebesgue point of t — fX |D*p|vdp: and applying Fatou’s Lemma we
conclude that we can estimate from above the derivative of ¢ — 7(¢,t) by

/ O pr dps + / ID*@ifvr dpue.
X X
Since t — n(t,t) is absolutely continuous, by integration we get the result. O

THEOREM 6.5 (The metric derivative can be estignated with any velcN)city den-
sity). Let p € C([0,1]; (X)), i == [ dX € P(X) and let v € LP(X, 1) be a
p-velocity density for u, for some p € (1,00). Then p € ACP([0,1]; (Z(X), W)))
and

(6.10) e | < / vPduy  for M-a.e. t € (0,1).
X

PrROOF. We give the proof in the case p = 2, the general case is completely
analogous. With the notation of Kuwada’s Lemma [5, Lemma 6.1], denoting by
Q¢ the Hopf-Lax evolution map given by (5.9), one has

*Wz (fss p1t) = sup / Qi dus — / pdps  0<s<t<1
p€ELip, (X) X
Setting ¢ = ¢t — s and recalling that (5.11) gives
D*Qr ) 2
0 Quup <~ (0,0

the inequality (6.7) yields

D~ Qr © .
/Qupdut—/ wdps < // | /Z " +|D Qr/g<,0|’03+7«) dptsr dr
X

< 5/ / ’Ui-ﬁ-r d:uS-‘rT‘ drra
0 JX
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where we used that 2|D*Q,. /| vsqr < [D*Q,00|? /€ + (02, . We conclude that

1.5 1 ¢ 9
— < — —
5 W5 (s, pit) 3 (t—-s) ,/5 (/ v dur) dr,

that yields first the 2-absolute continuity of the curve t — py in (P5(X), Wa). Also
inequality (6.10) follows, because we have

) . W3 (tesn, i) th
? = lim 2SR / / =/ 7
el = Jim == < fim v dpr ) dr U de
for M-a.e. t € (0,1). O

THEOREM 6.6 (Existence and characterization of the metric velocity density).
[M.1] A curve p € C([0,1]; (X)) belongs to ACP([0, 1]; (2(X), Wp)), p € (1,00),
if and only if p admits a velocity density in LP(X, fi). In this case thgre exists

a unique (up to fi-negligible sets) minimal p-velocity density v € LP(X, i) and

(6.11) | fee|P :/ P dus  for A-a.e. t € (0,1).
X

[M.2] If w is a dynamical plan p-tightened to p and the mean velocity v of 7 is
defined as in (6.3), then © = v fi-a.e. in X and

(6.12) (0,0 = BIE) for 7-ace. (1,1).
In particular, the velocity of curves depends 7-a.e. only on (v(t),t) and it is
independent of the choice of .

PrROOF. The characterization of ACP([0,1]; (#»(X),W,)) in terms of the ex-
istence of a velocity density in LP (X' , i) follows in the only if part from the combi-
nation of Theorem 5.1 with Lemma 6.3, and in the if part from Theorem 6.5. The
existence and the uniqueness of the minimal p-velocity density is a consequence of
the strict convexity of the LP-norm.

If  is a dynamic plan p-tightened to p and v is defined in terms of (6.3), we
can combine (6.4) and Theorem 6.5 (which provides the sharp lower bound on the
LP norm of velocity densities) to obtain that v is the minimal p-velocity density
and that || = [, vf dp; for M-a.e. t € (0,1), so (6.11) follows. Combining this
information with (5.20) yields

/ of dpy = / [%¢|P dar () for A-a.e. t € (0,1),

so that, recalling (6.3), we get

/ (/ |9¢| A7t 4 ’Y) dji(x,t) :/X/|’.Yt|pd7~"m,t(’y) dji(z, 1),

It follows that, for fi-a.e. (x,t), || is 7, -equivalent to a constant. By the defi-
nition of v, this gives (6.12) with v in place of . Using the coincidence of v and ©
we conclude. (]



CHAPTER 7

Weighted Energy Functionals along Absolutely
Continuous Curves

Let m be a reference measure in X such that (X,d,m) is a metric measure
space according to Section 5.5, and set m := m ® A, with A = $1|[071]. Let Q :
[0,1] x [0,00) — [0, 00] be a lower semicontinuous function satisfying

(7.1) liJl}JlrQ(s,r) =0 for every s € [0,1].

Our typical example will be of the form
(7.2) Q(s,7) = w(s)Q(r).
We fix an exponent p € (1, 00) and we consider a curve u € ACP([0, 1]; (Z(X), W,,)).

We denote i = fol s dX(s) € Z(X) (namely the probability measure whose second
marginal is A and whose disintegration w.r.t. the second variable is us, s € (0,1)),
and by v € LP(X, i) the minimal p-velocity density of u. We suppose that

~ ~ d s
(7.3) o=om<&m, sothat o(s,-)=0:()= ad

for d-a.e. s € (0,1),

where dv/dm denotes the Radon-Nikodym density of the measure v with respect
to m. Then we introduce the functional

(7.4) Aq(pu;m) = /f( (s, 05)vP di = /)"( 09(s, 0s) VP dm.

We omit to indicate the dependence on p in the notation of the functional Ag,
since p will be fixed throughout this Chapter. Notice that when Q(s,r) = 1 we
have the usual action [ v dfi = Ap(p), the functional is independent of m and it
makes sense even for curves not contained in &%°(X, m).

If 7 is a dynamic plan p-tightened to p (recall that this means o7, (7) = A, (1)),
thanks to (6.12) we have the equivalent expression

1
(75) Aalpsm) = [[ 20s.0.6NRI ) s dm(y).
0
THEOREM 7.1 (Stability of the weighted action). Let (u,) be a sequence in
ACP([0,1]; (2 (X),W,)) with fi, = gpm < m, such that
(7.6) lim 0, = 0 strongly in L'(X, )

n— oo

and, writing QoM =: floo =: fol too($) dA(s), one has

(7.7) limsup A, (pn) < Ap(too) < 00.
n—0o0

Then

(78) liminf Ag (Mn§ m) > AQ(,U/oo;m)
n— oo
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and, whenever 9 is continuous and bounded,
(7.9) Jim Ag(pn;m) = Aq (Hoo; m).

PROOF. In this proof we are going to apply standard facts from the theory of
Young measures, we follow [3], even though the state space therein is a Hilbert
space, because the vector structure plays no role in the results we quote, the Pol-
ish structure being sufficent. Up to extraction of a subsequence, (7.6) and equi-
continuity in the weak topology yield

(7.10) Uns = Jhoo,s Weakly in P(X) for every s € [0,1].

We can apply [3, Thm. 5.4.4] first to the sequence (fi,,vy), with v, equal to the
velocity densities of p,. We find that the family of plans v,, := (¢ x v,)4fi, has a
limit point v+, in (X x [0, 00)) whose first marginal is ji., and satisfies (redefining
v, to be the subsequence converging to v,)

n—oo

(7.11) / [P dvoo(z, s,y) < liminf/ yl? dvn(z,5,y) < Ap(ioo)-
X x[0,00) X x[0,00)
If (Va,5) (s, 51ex € £([0,00)) is the disintegration of e W.r.t. jico, setting

Voo (2, 8) ::/ ydug s(y),
0

we obtain from the previous inequality and Jensen’s inequality that v belongs to
LP(X, /7'00)7 with ||U00||ip(j(’ﬂoo) S ‘AP(IU’OO)'

For every ¢ € Lip,(X) and 0 < r < s < 1, we can use the upper semicontinuity
of |D*p| to pass to the limit in the family of inequalities corresponding to (6.5)

’/ ‘Pdﬂn,s*/ Sad,un,r S/ |D*¢|Undﬂn
X X X x(r,s)

- / D"l (2)y dvn (2, 5, y),
X X (r,s)x[000)

’/ ‘Pdﬂm,s*/ o dpioo,r S/ ID* 0] Voo dfico-
X x(r,s)

It follows that v is a p-velocity density for the curve fioe, so that |[ve ||?

obtaining

>
LP(X fioe) —
Ap(ieo) and since we already proved the converse inequality, equality holds If vl

is the minimal p-velocity density, from the equality [|vZ||? Lo (R o) = A, (poo) we get

Voo = v%,. Denoting now by (z,y,7) = (z,s,y,7) the coordinates in X x [0, 00) x
[0, 00), let us now consider the plans o, := (Z,y, 0n(Z))iVn = (Z, 05 (Z), 00 (Z))3fin €
P (X x [0,00) x [0,00)). From (7.6) we obtain the existence of ¢ : [0, 00) — [0, o0)
with {(r) — +o0 as r — oo such that

sup/( r)on(Z,y,r )—sup/ onC(on) dm < oo,
neN neN

so that o, are tight (the marginals of o, with respect to the block of variables
(Z,y) are v, thus are tight). We can then extract a subsequence (still denoted by
o) weakly converging to o, whose marginal w.r.t. (Z,y) is V.
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The strong L' convergence in (7.6) also shows that for every ¢ € Cyp(X x R)
one has

/ (1) doo(@y,r) = lim [ (@ r)don(@ y,7)

n—oo

= lim C(:C Qn( ))Qn( )dm(

n—0o0

:/Xg(:z,goo(:z))gw /Cm 000 () dfioo (),

so that (2 X 0oo)gfleo is the marginal w.r.t. (Z,7) of 0.
Hence, disintegrating o, with respect to v, we obtain

O oo (dT,dy,dr) =0, _z)(dr) x vi(dy)dpec (T).
Since the map (Z,y,7) — Q(s,m)y? is lower semicontinuous and nonnegative in

X x [0,00)2, assuming (with no loss of generality) 1 = sup Q, we get

liminf Ag(ueim) = liminf / (s, )y do (7,9,7) > / Qs, )" dooe (7,9, 7)

n—oo n—oo

/~ (5, 0002, ditse > Agy (j100: m).
X

By applying this property with Q and 1 — £, since Agq(u;m) = Ap(p) when Q =1
and (7.7) holds, we can use Remark 4.4 to obtain (7.9). O






CHAPTER 8

Dynamic Kantorovich Potentials, Continuity
Equation and Dual Weighted Cheeger Energies

In this Chapter we will still consider a metric measure space (X, d, m) according
to the definition of Section 5.5 and we will focus on the particular case when

(8.1) p =2 and the Cheeger energy Ch is quadratic (see (5.29)),

so that V = W12(X,d, m) is a separable Hilbert space; we will also consider con-
tinuous curves (s)seo,1] € &(X) with uniformly bounded densities w.r.t. m, i.e.

(8'2) we C([Oa ”; '@(X)L Hs = 0sM, R:= sup ||Qs||L°°(X,m) < Q.

S
Our main aim is to show that the weighted energies €,, (or better, their dual
forms €7 ) provide a useful characterization of the minimal 2-velocity of absolutely

continuous curves p in (P2(X), Wa), now not only in the form of inequality as in
(6.5), but in the form of equality, see (8.5).

LEMMA 8.1 (Absolute continuity w.r.t. Vi). Let pu be as in (8.2) and let v €

L*(X, 1) be a velocity density for p, i.e. satisfying (6.5). Then for every ¢ € V
one has

(8.3) ‘ / v (0t — 0s) dm‘ < / Dplwvdis  for every 0<s<t<1.
X X X (s,t)

In addition o : [0,1] — L} N L°(X,m) has finite 2-energy with respect to the V;
norm, more precisely

(8.4) llos — QtH%;S/ < R(t— s)/ vidji for every 0 < s <t < 1.
X X (s,t)

PRrROOF. In order to prove (8.3) we simply approximate ¢ with a sequence of
Lipschitz functions ¢,, strongly converging to ¢ in L?(X,m) such that |[D*¢,| —
D] in L?(X,m) and we pass to the limit in (6.5), using the fact that u; = gym
with uniformly bounded densities.

By (8.3) it follows that

fe=oneam|= [/ [ e am) ([ st aram)"
SR1/2</X‘D¢|3U dm)l/z /st (/va grdm)lm o,

and since ¢ is arbitrary we obtain (8.4). d

THEOREM 8.2 (Dual Kantorovich potentials and links with the minimal veloc-
ity). Let us assume that Ch is a quadratic form and let 1 be as in (8.2). Then u

67



68 8. DYNAMIC KANTOROVICH POTENTIALS

belongs to AC?([0,1]; (P (X), Wa)) if and only if there exists £ € L*(0,1; V") such
that

(8.5) / v (0r — ps)dm = / (e(r),p)ydr for every p € V,

and, recalling the definition (5.71) of &},

(8.6) /’yr (1) dr < oo,

In particular £(r) € V] for £*-a.e. v € (0,1) and, moreover, it is linked to the
minimal velocity density v of p by

(8.7) /X v? o, dm = &, (L(r), L(r))  for ZLa.e re(0,1),

(8.8) =T, (¢r) tr-a.e. in X, for Lt-a.e. r € (0,1),
where ¢, = —A é( ) €V, is the solution of (5.72) with £ = £(r).

ProOF. If u € AC?([0,1]; (Z(X),Ws)) then the existence of £ and (8.5) fol-
low immediately by Lemma 8.1, Theorem 6.6 and the fact that V' is a separable
Hilbert space. Differentiating (8.3) with v equal to the minimal velocity density in
a Lebesgue point for s — fX |Dg|vs0s dm and for a countable dense set of test
functions ¢ in V we get
(8.9) &, (L(r), L(r)) < / v? o, dm for Z'-ae. r € (0,1),

X
which in particular yields (8.6).

In order to prove the converse implication (and that equality holds in (8.7), as
well as (8.8)), let us start from p as in (8.2), satisfying (8.5) and (8.6) for some
¢ € L?(0,1;V’). Let us consider v € Lip(X) with bounded support, the solution
br = —Ayl(r) €V, of (5.72) with £ = {(r) and 9, the equivalence class associated
to ¢ in V, , so that

WW@:/W%@M%Mm

Now observe that (8.5) and (8.6) yield for every 0 < s <t <1

L@ww—éwwsg

! 1/2 s
slﬂﬁmmm ID*| dmdr

0Ly, (&r, %y, dm‘ dr
X

since for ¢ € Lip,(X)
L, (¢,) =T(¢¥) = Dy|2, < [D*¥[* p,m-ae. in X.

In view of Remark 6.2, we see that v, = (F&\((br))l/ “isa velocity density for the
curve p. Applying Theorem 6.5 and (5.73) we get u € AC%([0,1]; (2 (X), Ws)). In
addition, since

/ﬁ@m:/mwmmwﬁawmrﬁuwwm>
X X

for #t-a.e. 7 € (0,1), comparing with (8.9) we obtain that ¢ is the minimal velocity
density v, thus obtaining (8.7) and (8.8). O



CHAPTER 9

The RCD*(K, N) Condition and Its
Characterizations through Weighted Convexity
and Evolution Variational Inequalities

9.1. Green functions on intervals

We define the function g : [0, 1] x [0,1] — [0, 1] by

(9.1) g(s,t) :== {(1 —t)s ifs <01,

t(l—s) ifselt1],
so that for all ¢ € (0,1) one has

2

(9.2) —@g

(s,t) =6 in 2'(0,1), g(0,t) =g(1,t) = 0.

It is not difficult to check that (see e.g. [55, Chap. 16]) the condition «” > f can
be characterized in terms of an integral inequality involving g.

LEMMA 9.1 (Integral formulation of u” > f). Letu € C([0,1]) and f € L'(0,1).
Then

(9.3) u'>f in 2'(0,1),

if and only if for every 0 <rg <r <1 andt € [0,1] one has
(9.4)

uw((1=t)rg+tr1) < (1 —t)u(rg) +tu(ry) — (1 —rg)? /0 F((1—8)rog+sri)g(s,t)ds.

PRrROOF. In order to prove the implication from (9.3) to (9.4) it is not restrictive
to assume u € C2([0,1]) and f € C([0,1]). The proof of (9.4) follows easily from
the elementary identity

u((1—=t)ro+try) = (1—t)u(re) +tu(ry) — (r1 —ro)? /0 ' ((1—8)ro+sr1)g(s,t)ds.

Concerning the converse implication, we choose 1 :=r+ h, ro =r — h and t = %
obtaining

%u(r +h)+ %u(r —h)—u(r) > 4h2/0 f(r—h+2hs)g(s,1/2)ds.
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Multiplying by 2h~2 and by a nonnegative test function ¢ € C°(0,1) we get after
an integration

%/O w(r) (C(r + B) + C(r — h) — 2(r)) dr

> 8/01 g (s, 1/2)(/01 F(r = h+ 2hs)C(r) dr) ds.

Passing to the limit as A | 0 we obtain

/OluC”dr>8/01g(8,1/2)d5/01der:/Olf(dr. 0

In the next lemma we show that functions satisfying the weighted convexity
condition (9.4) are locally Lipschitz, this will allow us to apply Lemma 9.1.

LEMMA 9.2. Let® C R, © # {0}, be a Q-vector space and letu : (0,1)ND — R
satisfy (9.4) for some f € L} (0,1), for every ro, 11 € (0,1)ND, t € [0,1] such
that (1 —t)rg + try € ©. Then u is locally Lipschitz in (0,1), more precisely for
every closed subinterval [a,b] C (0,1) there exists C > 0 such that
(9.5) |u(z) — u(y)| < Clz —y| vz, y € (a,b)ND.

PRrROOF. Since the statement is local and © is dense, we can assume with no
loss of generality that f € L*(0,1), that 0, 1 € ® and that (9.4) holds rg, 74, 71 €
[0,1] ND, with ry := (1 — t)rg + try. First of all note that (9.4) is equivalent to the
following control on the incremental ratios: for every rg, r¢, 71 € [0,1] ND one has

(9.6) u(re) — u(ro) < u(ry) — u(ry) 1L —To / flrs)g(s,t)d

T —To - T — Ty B t(1—1t)
Observing that 0 < g(s,t) < ¢(1 —t), we can easily estimate the remainder in the
last inequality by

2=t [ srgtenas] < [ 1501ar = 1l
70

Given a < b € (0,1) N D, for every z, y € D N (a,b), x < y, we want to use
(9.6) iteratively in order to estimate the difference quotient |u(z) — u(y)|/|z — y|-
Applying (9.6) with 7o =0, r; = z, rs = a we obtain

u(a) —u(0)  wu(z) — ula)

93) U < B S 1 s

(9.7)

Analogously, choosing ro = a, 11 =y, r+ = z in (9.6) yields

(9.9) ue) —ul@) “@; —4) ) s

Putting together (9.8) and (9.9) we obtain the desired lower bound

uly) —ulw) o 6D =10 g4y,
y—x “

Along the same lines one gets also the upper bound

uly) —u(z) _ u(l) —u(d)
y—x - 1-0

+2[[ fllz1(0,1)-

Since the last two estimates hold for every z, y € ® N (a,b) with x # y, the proof
is complete. [
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The next lemma provides a subdifferential inequality, in a quantitative form
involving f.

LEMMA 9.3. Suppose that u € C([0,1]) satisfies u” > f in 9'(0,1) for some
f € L*0,1). Then, setting u'(04) := limsup, o (u(t) — u(0))/t, we get
1
(9.10) u(1) —u(0) —/(04) > / f(s)(1 —s)ds.
0

PRrROOF. Notice that by (9.4)

1
u(®) = u(0) < t(u(1) ~ u(0) - [ F(o)gs.t)ds.
0
Dividing by ¢ and passing to the limit as ¢ | 0, since lim; ot 'g(s,t) = 1 — s
pointwise in (0,1] and 0 < t71g(s,t) < (1 — s), we get (9.10). O
A similar result holds for the solutions u of the differential inequality
(9.11) uwe C([0,1]), v +rku<0 in 2(0,1), k € R.

In this case, choosing [ro,r1] C [0,1] with 6 =r; —r¢ € (0,1], we can compare the
function ¢ — u((1 — t)ro + tr1), which solves w” + ké%w < 0 in 2’(0,1), with the
solution of the Dirichlet problem

(9.12) v +K6%v=0 in(0,1), v(0)=u(rg), v(1) =u(r),
given by
9.13)  w(t) = u(ro)w + u(m)ssli((o;t)) if 102 = w? € (0,72),

and by

sinh(w(1 —t)) sinh(wt) i RE2 = —w? <0

sinh(w) ulr) sinh(w)
observing that the comparison principle gives u((1 — t)rg + tr1) > v(t) for every
t € 10,1].

By introducing the factors

(9.14) v(t) = u(rg)

400 if k62 > 72,

sin(wt) if k0% = w? € (0,7?)
9.15 1) (5) = { Sn(w)
(9:15) 7 0=, if 5 = 0,

sinh(wt)

S i 162 = —w?
sinh(w) i we <0,

the solution v of (9.12), thanks to (9.13) and (9.14), can be expressed in the form
v(t) = oD (ry — ro)u(rg) + o (ry — ro)u(ry)
and the following result holds (see for instance [55, Thm. 14.28]):

LEMMA 9.4. Let u € C([0,1]) nonnegative and k € R. Then v’ + ku < 0
in 2'(0,1) if and only if for every t € [0,1] and for every 0 < ro < r < 1 with
k(r1 —ro)? < w2 one has

(9.16) u((1—=t)ro+try) > a,&l_t)(rl —ro)u(ro) + U,Ef)(rl —ro)u(ry).
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In the same spirit of Lemma 9.2, where we proved that “weighted convex”
functions are locally Lipschitz, next we show that functions satisfying the concavity
condition (9.16) have the same regularity; this will allow to apply Lemma 9.4.

LEMMA 9.5. Let ® C R be a Q-vector space with ® # {0}. Let k € R and let
uw:[0,1]ND — R satisfy (9.16) for every ro, r1 € [0,1] ND with k(ry —rg)? < w2
and t € [0,1] such that (1 —t)ro +tr1 € ©. Then the following hold.

(a) There exists g = eo(k) > 0 with the following property: if

(9.17) sup  u(ne) < oo,
neNn<| 1]
for some € € (0,60) ND, then sup,cpno,1) w(r) < oo.
(b) There exists g = €9(k) > 0 with the following property: if
(9.18) sup  |u(ne)| < oo,
nEN,nSL%j
for some e € (0,60) ND, then sup,.cpno,1 [u(r)] < oo.
(¢) If in addition u : [0,1]ND — R is locally bounded then u is locally Lipschitz
in (0,1), i.e. for every r € (0,1) N D there exist ¢, C > 0 such that
[r—e,r+¢] C[0,1] and

(9.19) lu(z) —u(y)| <Clx —y| Ve, ye€lr—er+end.

PROOF. For simplicity of notation we can assume Q C .

(a) Assume by contradiction the existence of a sequence (s,) C (0,1) "D such
that u(s,) — 4o00. Clearly there exists § € [0,1] such that, up to subsequences,
Sp — 8; let us start by assuming s = 0, without loss of generality we can also
assume that s,, € [0,e/4] for every n € N (g9 will be chosen later just depending on
k). Applying (9.16) with ro = s,,, 1 = € and 7, = 2¢ we get

(9.20) u(e) > o) (22 — 5,) u(sy) + o) (26 — s,) u(2e),

Wheretnzfe%ss"n—)%asn%oo.

By a Taylor expansion at 0 of the function r — U,glft")(r) it is easy to see that

1
(9.21) o7t (26 — 5,) = (1 — t,) + 0x(£0) > 7
provided g9 = go(k) > 0 is chosen small enough. But then, observing that

inf,, a,(f")(2s — $p) u(2e) > —oo, combining (9.20) and (9.21) we get

1
u(e) > Zu(sn) + o) (26 — 5,)u(2e) — +oo  asn — +oo,

contradicting (9.17). If instead s, — 1, applying (9.16) with ro =1—2¢, 1, =1—¢
and r; = s,, with analogous arguments we get

1
uw(l—e) > o) (s, — (1 —2))u(l — 2) + Zu(sn) — 400 asn — 400,

contradicting (9.17). Finally, if lim, s,, = § € (0,1) we can repeat the first argu-
ment with 0 replaced by § thus reaching a contradiction. The proof of the first
statement is then complete.

(b) Let 9 = eo(k) > 0 be as above. Since by the first statement we already
know that u is uniformly bounded above, here it is enough to prove a uniform bound
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from below. Applying (9.16) to ro = ne and r; = (n+1)e for every n € NN[0, [ 1],
we get that
u(r) > o7 (e)u(ne) + ol (e)u((n+1)e) > —C  sup  |u(ne)| > —oc0,
neN,n< \_%j
for every r € [ne,(n+ 1)e] N D, for some C > 0 independent of n. Applying the
same argument to ro = L%Ja r1 = 1 we also obtain a uniform lower bound on
[[£],1]ND and the conclusion follows.

(¢) Since the statement is local and © is dense, we can assume with no loss of
generality that u : [0,1] "D — R is bounded, that 0, 1 € © and that (9.16) holds
for every rg, r1 € [0,1]ND with k(r; —rp)? < 7% and t € [0,1]NQ. First of all note
that (9.16) is equivalent to the following control on distorted incremental ratios:
for every rog, r1 € [0,1]ND, t € [0,1] N Q with x(r; —r9)? < 72 it holds

u(ry) — ﬁag_t) (r1 — o) u(ro) %a,(f) (r1 — 1) u(ry) — u(ry)

(9.22) 2 )
Tt —To =Ty

where 7 := (1 —t)rg +tr; €[0,1] N D.

Given r € (0,1)ND, € > 0 with ¢ < min{r,1 — r} and 4ke? < 72, and
z,y €EDN[r—e,r+e], x <y, we want to use (9.22) iteratively in order to estimate
the difference quotient |u(x) — u(y)|/|x — y|. We will prove that this is possible
provided ¢ is sufficiently small.

At first apply (9.22) with 9 =0, 7y = x, r;, = —¢. Noting that 1 —¢ = "L’*(;%) <
Cye, with a first order Taylor expansion at ¢ = 1 of the explicit expression (9.15) o
1

J,g_t)(x) one checks the existence of C, > 0, e, > 0 satisfying (with the above

—t
choice of t = t(z, 1))
1
(9.23) ma,gl_t)(x) <C, forallz €lr—e,r+e¢], for every € € (0,&,).

Analogously, possibly enlarging C,. and reducing ¢, we can also achieve

(9.24)

%ag)(x) - 1‘ < Cp(x — (r—¢)) for every € € (0,¢,).

The combination of (9.22), (9.23) and (9.24) gives

u(r —e) + Cr|u(0)] > u(z) —u(r —e)

(9.25) r—e¢ z—(r—e)

—C, forevery € € (0,e,) ND.

Observing that |%U,(.f) (y—(r—ce)) —1] < Cpt(y — (r —¢€)), applying (9.22) with
ro=r—¢,1T1 =19, s =x, yields

waw) —ulr—e) , o - wly) —ul@)
x—(r—e) y—x

Putting together (9.25) and (9.26) we obtain the desired upper bound
uly) —u(z) _ ulr —¢) + Crlu(0)]

y—x o r—e

(9.26) , for every € € (0,&,) N D.

+ 2C,.

Along the same lines one gets also the lower bound

uly) —ule)  ulr+e)—uly) ,  ~Colu(l) = ulr+2)

—2C,.
y— - (r+e)—y - 1—(r+e)
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Since the last two estimates hold for every z, y € D N [r —e,r + €] with x # y, the
proof is complete. ([

9.2. Entropies and their regularizations

Let (X,d, m) be a metric measure space as in Section 5.5. We consider contin-
uous and convex entropy functions U : [0, 00) — R with locally Lipschitz derivative
in (0,00) and U(0) = 0. We set
(9.27)

P(r):=rU'(r)=U(r), Q(r):=r"'P(r) € Lip,,.(0,00), R(r):=7rP'(r)—P(r).

The induced entropy functional is defined by
028 Ul = [ Ule)dm+ U'loop(X) it u=gmtut, ptLm,
X

where U’(00) = lim,_,o U’(r). Since U(0) = 0 and the negative part of U grows
at most linearly, U is well defined and with values in (—oo, +00] if p has bounded
support, more general cases are discussed below.

We say that P is regular if, for some constant a = a(P) > 0, one has

(9.29) P e CY[0,00)), P(0)=0, 0<a<P(r)<a ' foreveryr>0.

Notice that in this case @, extended at 0 with the value P’(0), is continuous in
[0,00) and it satisfies the analogous bounds

(9.30) a<Q(r)<a! forevery r>0.

When P is regular, we still denote by P : R — R its odd extension, namely
P(—r) := —P(r) for every r > 0.

Once a regular function P is assigned, a corresponding entropy function U can
be determined up to a linear term by the formula

(9.31) Ur) = r/lr P(,f) ds,

s
so that (9.29) yields
(9.32) a|rlogr| <|U(r)| < aflyrlogr| for every r > 0.

Motivated by (9.31), we call the entropies U satistying U(1) = 0, normalized. Notice
that P uniquely determines the normalized entropy U. Thus in the case of regular
P, the asymptotic behaviour of U near » = 0 or r = co is controlled by the one of
the logarithmic entropy functional U, associated to Uy, namely

(9.33) Uso(r) :==rlogr, Px(r)=r, Qx(r)=1 Ru(r)=0.

In particular, using (5.24) one can prove that U(u) is always well defined, with
values in (—oo, +o0], if p € P(X), see [5, §7,1]. The choice of the base point 1 in
the integral formula (9.31) provides, thanks to Jensen’s inequality, the lower bound
U(p) > 0 whenever m € Z(X). In addition, we shall extensively use the lower
semicontinuity of the entropy functionals (9.28) w.r.t. convergence in H5(X), see
for instance [55].
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REMARK 9.6 (Regularized entropies). Let P € C1((0,00)) with P'(r) > 0 for
every r > 0 and 0 = P(0) = lim, o P(r). It is easy to approximate P by regular
functions: we set for 0 < e < M < oo
(9.34)

P.(r) ifo<r<M,
P.(r):= P(r+¢)—P(¢), P.y(r) =
(r) = P(re)=P(e) eaa (7) {Pg(M)—I—(r—M)PE’(M) if > M.
Notice that
(9.35) rP.(r) — P.(r) = R(r +¢) — R(¢) + e(P'(¢) — P'(r + ¢)).

Besides (9.33), our main example is provided by the family depending on N €
(1,00)

Un(r) = Nr(1— 1= YN), Py(r) == UN Qu(r) = VN,
(9.36) Ly

Ry(r)= — N = —NPN(T)

together with the regularized functions Py . and Py a as in (9.34).
Notice that a simple computation provides:

1
(9.37)  Ry.(r) = —NPN75(’I“) + &(Py . (0) = Py (1)) for every r € [0,00),
so that the concavity and the monotonicity of Py . give
(9.38)
1 1 1
—NPN@(T) +(1- N)el_l/N > Rye(r) > —NPN,E(T) for every r € [0, 00).

The entropies corresponding to Uy, according to (9.28), will be denoted with
UN:

(9.39) Un (1) ::N—N/ o'~ dm if p=om+pt, ptLlm
X
In particular Uy (1) = [ Un(0) dm whenever = om is absolutely continuous.

9.3. The CD*(K, N) condition and its characterization via weighted
action convexity

In this section we start by recalling what does it mean for a metric measure
space to have “Ricci tensor bounded below by K € R and dimension bounded above
by N € (1, 00]”, this corresponds to the the so-called curvature dimension conditions
CD(K, N) or to the reduced curvature dimension conditions CD* (K, N). First, let
us recall the notion of CD(K, 00) space introduced independently by Lott-Villani
[42] and Sturm [51] (see also [55] for a comprehensive treatment).

DEFINITION 9.7 (CD(K,00) condition). Let K € R. We say that (X,d,m)
satisfies the CD (K, 0o) condition if for every pu; = g;m € D(Us) N HPo(X), i =0, 1,
there exists a Ws-geodesic (f15)se[o,1] connecting g to p1 such that

(9:40) Uoo(ps) < (1*S)uoo(uo)+suoo(u1)*§5(1 — 85)W3(ko, ) Vs €(0,1).

If morever (9.40) is satisfied along any geodesic ps connecting pip to py, we say that
(X,d,m) is a strong CD(K, c0) space.
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It is well known that smooth Riemannian manifolds with Ricci curvature boun-
ded below by K are CD(K, co)-spaces; one reason of the geometric relevance of such
spaces is that they form a class which is stable under measured Gromov-Hausdorff
convergence (for proper spaces see [42], for normalized spaces with finite total
volume, see [51], for the general case without any finiteness or local compactness
assumption see [33]).

In strong CD(K,c0) spaces (X,d,m), quite stronger metric properties have
been proved in [48]; we list them in the next proposition.

PROPOSITION 9.8 (Properties of strong CD(K, co) spaces). Let (X,d, m) be a
strong CD(K, 00) space and let 19 = gom, 11 = oym € P(X, m)N P5(X). Then:
[RS1] There exists only one optimal geodesic plan ® € GeoOpt (o, 1) (and thus

only one geodesic connecting po, f11);

[RS2]  is concentrated on a set of nonbranching geodesics and it is induced by a
map;

[RS3] all the interpolated measures p1s = ()37 are absolutely continuous w.r.t. m;
if moreover g, 1 € D(Us), then us have uniformly bounded logarithmic
entropies Ueo (fts)-

[RS4] if 00, 01 are m-essentially bounded and have bounded supports, then the in-
terpolated measures p1s = psm = (es)ym have uniformly bounded densities.
More precisely the following estimate holds:

-2
(9.41) sl (x.my < €272 max{ || ool Loe (x,m)» 011122 (x.m) }-
where D := diam(supp go U supp 01) and K~ := max{0,—K}.

As bibliographical remark let us mention also [31] about existence of optimal
maps in non branching spaces; also note that [RS4] is well known [55, Thm. 30.32,
(30.51)], [6, §3] as soon as the branching phenomenon is ruled out. Remarkably,
this property holds even without the non-branching assumption [46].

REMARK 9.9. Notice also the following general fact, holding regardless of cur-
vature assumptions: if pg, p; € Z(X) have bounded support, then there exists a
bounded subset E of X containing all the images of the geodesics from a point of
supp po to a point of supp p1; in particular we have that supp[(es)y7] C E for every
s € [0,1] and every w € GeoOpt(ug, p1).

LEMMA 9.10. (X,d,m) is a strong CD(K, 00) space if and only if every couple
of measures pig, 1 € D(Uso) N Po(X) with bounded support can be connected by a
Way-geodesic and (9.40) is satisfied along any geodesic connecting pg to 1.

PROOF. Let us first prove that every couple po, 1 € D(Us) N P2(X) can be
connected by a Wa-geodesic. For Z € X fixed and N sufficiently big, we can define
the measures Y := %,LLZ‘LBN(.%') € P (X).

By choosing a constant C' > B (recall (5.24)), we can introduce the normalized
probability measure m € (X))

m:= 1e_Cdz(“”’”?)n‘t with z::/ e_CdQ(z’j)dm(x);
z b'e

and the corresponding relative entropy functional Uso, satisfying the identity

(9.42) Uoo () = Uno (1) — C/X d*(x,z) dp — log z.
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Let us denote by g;, )V the densities of y;, ul¥ w.r.t. m. From cy 1 1 it is easy to
check that Wa(u?, p;) — 0 and || — ;|| 1 (x,m) — 0 as N 1 oo. Since 5 < cy' i,
the uniform bound

—e 1 < N log(aN) < 6Y (log §; — logen) < endi(log d:i)+ — en log ey d;

and the fact that m(X) is finite yields Uso (1Y) = Uoo (11s) as N 1 0o and therefore,
by (9.42), Uso (1Y) = Uoo (115) as N — oo.
Since 1 have bounded support we can find a Wa-geodesic (u¥ )sefo,1) connect-

ing them and satisfying the corresponding uniform bound
(9.43)

K
Uoo (157) < (1= 8)Uoo (1) + sUoo (') = 55 (1 = $)W3 (g, 1) Vs € (0,1),

which in particular shows that Us () < S < oo for every s € [0,1] and N
sufficiently big. Since the sublevels of U, are relatively compact in Z(X) and
the curves [0,1] > s +— uY are equi-Lipschitz with respect to Wa, we can extract
(see e.g. [3, Prop. 3.3.1]) an increasing subsequence h — N(h) and a limit geo-
desic (p1s)seqo,1] such that uiv(h) — ps weakly in #(X) as h — oo. In particular
(Ms)se[o,l] is a geodesic connecting g to 1.

Let us now prove that (9.40) holds along any geodesic connecting g, 1 €
D(Us) N P2(X). Let s = (es)ym be a geodesic induced by 7 € GeoOpt(po, f11);
we consider
Tpi={y e C0,T;X): 4(0.1) C Br(®)}, cp=n(Tx), =F:= éer
and pff = (ey)ym’; since w8 € GeoOpt(ud, uff), (15)sef0,1) is a geodesic and the
measures i have bounded support in Br(z). Thus for every R > 0 one has that
ué%, pl uf satisfy (9.40); arguing as in the previous step, we can pass to the limit as
R — oo using the facts that Wa(uf, us) — 0 for every s € [0, 1], Uso (1) — Uoo (1)
if i = 0,1, and liminfr_, oo Uso (1) > Uso(i1s) and we obtain the corresponding
inequality for po, ts, f1- O

Next, let us recall the definition of reduced curvature dimension condition
CD*(K, N) introduced by Bacher-Sturm [10].

DEFINITION 9.11 (CD*(K, N) condition). We say that (X,d, m) satisfies the
CD*(K, N) condition, N € [1,00), if for every pu; = oym € £%(X,m), i = 0,1,
with bounded support there exists w € GeoOpt(ug, 111) such that
(9.44)

B M/ (Ug/]? (d(%’%))go(%)ivM + UE}M(d(’YO’71))91(71)71””) dm(v)

for every s € [0,1] and M > N, where pus = (e5)y7, the coefficients ¢ are defined
in (9.15) and U, is defined in (9.39).

If moreover (9.44) is satisfied along any ® € GeoOpt(ug, n1), we say that
(X,d, m) satisfies the strong CD* (K, N) condition.

REMARK 9.12. Definition 9.11 coincides with the original definition of CD* (K, N)
spaces given in [10]. Note that the additional terms in the right hand side of
(9.44) are due to our definition of entropy as Uas(om) := M [, o(1 — o ¥)dm =
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M- M [, o'~ dm, while the one adopted in [10] was - Iy o'~ dm (for ab-
solutely continuous measures). This convention will be convenient in our work in
order to use regularized entropies and analyze the corresponding non linear diffusion
semigroups.

It can be proved that a strong CD*(K, N)-space is also a strong CD(K, o)
space, and thus properties [RS1-4] hold, see Lemma 9.13 below, whose proof in-
cluded for completeness follows the lines of [52, Prop. 1.6]. Conversely, every
CD*(K, N) space satisfying [RS1-4] is clearly strong. Therefore a CD* (K, N) space
is strong if and only if [RS1-4] hold.

LeEMMA 9.13. If (X,d, m) satisfies the (strong) CD*(K, N) condition for some
K eR, N €[1,00), then (X,d,m) is a (strong) CD(K, c0) space.

Proor. By Lemma 9.10 it is sufficient to prove (9.40) along every Ws-geodesic
(t4s)sef0,1] induced by 7 € GeoOpt(po, 1) with ps supported in a bounded set and
wi € D(Us), i =0, 1.

Let us first notice that for every r > 0

lim Un(r) =Usx(r), N — Ux(r) is increasing for all r € (0, 00)
N—o0

If us = osm, since us is supported in a bounded set with finite m-measure, it is
then not difficult to prove that

(9.45) A}im Un(pts) = Uso(p15)  for every s € [0,1].
— 00

The second important property concerns the coefficients U,(f)(é): if K >0
(9.46)

M( (s) (5)) Kssm (VK /M§) — sin(/K/Msd) ﬁK(s?’—s)—l—o(l)

S—0
K/M (K /M) sin( ,/K/M(s 6

as M 1 oo, and a similar property holds when K < 0.
We thus get

Uns(ps) — (1 = s)Uns (po) — sUnr(p1)
<M/((5 UK/M ('YOaVl)))Ql_l/M('Yl)

+(1—s— ag/M)(d(%,%))) /M(VO)) dr(7)

and passing to the limit as M 1 oo by applying (9.45) and (9.46) we obtain

Uaca) = (1= s (o) + Uoc2) < =51~ 5) [ lom) d()

K
= *55(1 - S)Wf(uo,m)-
O

Let us also introduce a more general class of natural entropy functionals, used
for instance in Lott-Villani’s approach of CD spaces [42, 55] (compared to [55],
we add a few more regularity properties on P). They will play a crucial role in the
next chapters.
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DEFINITION 9.14 ([55, Def. 17.1]). Let U : [0,00) — R be a continuous and
convex entropy function, with U(0) = 0 and U’ locally Lipschitz in (0,00). We
say that U belongs to McCann’s class DC(N), N € [1,00], if the corresponding
pressure function P = rU’ — U satisfies P(0) = lim, o P(r) = 0 and r — rvLP(r)
is nondecreasing, i.e.

(9.47) R(r)=rP'(r)— P(r) > —%P(r) for Z'-ae. r > 0.

We say that U is regular and write U € DC,..4(N) if, in addition, U is normalized
and P is regular according to (9.29).

If P is regular, we can also write P € DC(N) (resp. P € DC,4(N)) if the
corresponding normalized entropy U belongs to DC(N) (resp. DCyeq(N)). Directly
from the convexity inequality 0 = U(0) > U(r) —rU’(r), it is immediate to see that
P is nonnegative. Moreover, the function V : (0,00) — R defined by

(9.48) V(r) :=rNU(™") is convex and nonincreasing.

The last condition is actually equivalent to U € DC(N).

Before stating the next result, we introduce a family of weighted energy func-
tionals taylored to a pressure function P as in § 9.2: if Q(r) := P(r)/r, we consider
the weight Q) (s,7) := g(s,t)Q(r), where g is the Green function defined in (9.1).

We adopt the notation of Chapter 6. If u € AC?([0,1];(2(X),Ws)) with
= om < m and v is its minimal 2-velocity density, we set

(949) AR (mm) = Age (mm) = /X g(5,1)Q(o(x, 9))v*(z, 5) dji(x, 5).

In the following theorem we relate the CD* (K, N) condition, defined in terms of the
distortion coefficients o/, to a modulus of convexity along Wasserstein geodesics
of the entropies induced by maps U € DC(N), very much like in the case N = co.
The main difference is that the modulus of convexity is not the squared Wasserstein
distance, but the action Ag) (u;m) of (9.49).

THEOREM 9.15. Let us assume that [RS1-4] hold. The following properties are
equivalent:
[CD1] (X,d,m) is a strong CD*(K, N) space, for some K € R and N € [1,00).
[CD2] For every pp = gom, p1 = gym € P(X, m) with densities o; m-essentially
bounded with bounded support, the geodesic (it)ic(o,1] connecting o to pu
satisfies (with Qn(r) = r~YN as in (9.36))

(9.50) Un () < (1= U (o) + tUn (1) — KAG) (m)  for every t € [0,1).

[CD3] For every po = gom, 1 = o1m € P(X, m)NPo(X), the geodesic (pit)iefo,1]
connecting po to u1 satisfies (9.50).

[CD4] For every pp = gom, 1 = oym € Z%(X,m) N P(X) and every U €
DC(N), the geodesic (f1¢)tejo,1) connecting pio to 1 satisfies

(9.51) Ulpe) < (1 —6)U(po) + tU(p1) — Kﬂg)(,u;m) for every t € [0,1].

[CD5] For every po, 1 € P%(X, m) N Po(X) and every regular U € DCpey(N)
the geodesic (f1¢)tcjo,1) connecting po to py satisfies (9.51).



80 9. THE RCD*(K, N) CONDITION

REMARK 9.16. If in Theorem 9.15, in all the items [CD3],[CD4],[CD5], the
measures fio, 41 are assumed to be with bounded support, then the equivalence
with [CD1],[CD5] holds with the same proof. Since in the last part of the paper
we will work with measures which may not have bounded support, it will be useful
to have the stated form with the extension of [CD3],[CD4],[CD5] to measures in
Py(X).

PRrROOF. The implications [CD4] = [CD3] = [CD2] and [CD4] = [CD5] are
trivial.
We will prove [CD1] = [CD2] = [CD3] = [CD4] = [CD1] and [CD5] = [CD2].

[CD1] = [CD2]. Let po = gom, u1 = om € P%(X,m) with densities p;
m-essentially bounded with bounded support. By [RS1-4] there exists a unique
geodesic iy = (eq)y7 connecting po to w1, it is made of absolutely continuous
measures with bounded densities and it is given by optimal maps: gm = p; =
(T})gpt0. Since 7 is concentrated on non-branching geodesics, we can apply [10,
Proposition 2.8 (iii)] to infer that for every ¢ € (0,1) there exists a Borel subset
E; C supp po with po(X \ E;) = 0 such that

(952)  (w) 2 of 3 ([, Ta(2)) 20 (@) + ofg)  (d(@, T1 (@) 0 (2), V€ B,

where 04(x) := (g;l/N o Ty)(x). Moreover, by [47, Theorem 1.2], the convexity
property (9.44) holds for all intermediate times (note that in this case one could
argue directly by knowing that the Ws-geodesic is unique). It follows that, for any
fixed countable Q-vector space ® C R, there exists a Borel subset Ep C supp po
with po(X \ Ep) = 0 such that for every x € Eg, every 19,71 € [0,1] N D and
t € 10,1 N Q it holds

(9-53) 0y, (2) > o3 (d(T, (2), T, (2))) 00y () + 00 (d(Try (), T, (2))) Oy, (),

where 7 := (1 — t)rg + tr;. For the moment simply choose ® = Q and, fixed some
n € N, define

§:={m/n: meNm<n}

By Lemma 9.18 below we have that the map § € r — 0,.(z) is uniformly bounded
in [0,1] for every x € E, where E C Eyp satisfies ug(F) = 1. Observe also that
d(Tyo (z), Try (z)) = (r1—7ro)d(x, Ty (x)) is uniformly bounded since we are assuming
1; to have bounded support, ¢ = 0, 1. Choosing n € N large enough in the definition
of §, by Lemma 9.5(b) we infer that the map Q € r +— 0,.(z) is uniformly bounded
for every x € E. But then part (¢) of Lemma 9.5 applied to the function [0,1]NQ >
r — 0.(z) € RT gives that such a map is locally Lipschitz, so it admits a unique
continuous extension [0,1] 3 ¢t — 0;(z) € RT.
Observing now that

O (AT (), T (2))) = i 0 (0 = ro)d(a Ta(@)) = o0y (4 = 7o),

Lemma 9.4 implies that the continuous map ¢ — 0.(z) satisfies the differential
inequality

2

d? - K -
(9.54) @Dt(o:) < fﬁdz(x,Tl(:c)) o(x) in 2'(0,1), for every z € E.
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But then, Lemma 9.1 gives
(9.55)

Dt(x)z(1—t)5o(x)+t51(x)+%/0 3. (2)d2(z, T1 () g(s, 1) ds V¥t € [0,1], Va € E.

We now claim that for every ¢ € [0,1] it holds 9; = ?; pg-a.e. If it is not the case
then there exists ¢ € [0,1] and a subset Fj C supp o with po(Fr) > 0 such that

(9.56) 07(x) # 05(x) = lim 9, (x) Yax e Fy, t, € QN[0,1] with ¢, — .
n—oo

But choosing ® = {q1 + q2f : q1,92 € Q}, we get that there exists a subset
E% C supppo with po(X \ Ef) = 0 such that the inequality (9.53) holds for
every x € Ef; therefore, repeating the arguments above, Lemma 9.5 yields that
the function [0,1] N®D > r + 0,(x) € RT is locally Lipschitz for every x € EZ.
This is in contradiction with the discontinuity (9.56) at ¢, since po(F7) > 0 and
po(X \ Ep) =0.

Integrating now (9.55) in dpg(x), since by construction po(X \ F) = 0 and
0, = 0; po-a.e, we get (9.50). Indeed

= _ _ [ —un _ [ g 1 .
O0sdpo = [ 0pdpo = [ o oTydug= | o Ydm=1- NUN(/M),
E E X X

and

(9.57) /O 1 { /X 0, (x)d?(z, Tl(sc))d,ug(x)} g(s,t)ds

/01 [ /X as(x)dQ(x,Tl(z))duo(x)] g(s.1) ds

1

1
-/ [ / 95N<x>v2<x>dus<x>} (s, 1)ds
0 X
_ /X g(s,)Qn (o(z, 5))0*(x)di(x, 5)
(9.58) =AY (1 m),

where we used the fact that, since the plan w € GeoOpt(ug, 111) is concentrated on
constant speed geodesics and recalling (6.12), the minimal 2-velocity v is constant
in time and given by v(z) = d(x, T1(z)). In particular, (9.58) implies that whenever
ASL (p;m) is finite then the function s +— d4(z)d?(z, T1(x))g(s, ) is integrable, and
therefore s — 04(x) € L, .((0,1)), for pp-a.e. x € X.

[CD2] = [CD3]. Let us start by assuming that po = gom, g1 = o1m, ggm =
pe = (Ty)gpo = (eq)ym are as in the above implication, ie. g;, ¢ = 0,1, are m-
essentially bounded with bounded support, so that by hypothesis we know that
e satisfies (9.50). For any Borel subset A C supp po with po(A) > 0, consider

the localized and normalized measure pf' = m oL A = mxf; o and its
push forwards p! = (T; t)w(j‘. By cyclical monotonicity of the measure-theoretic
support, it is well known that m(XA oeg)m € GeoOpt(ud, ust) so that pf is

the Wa-geodesic from pf' to pi' with essentially bounded densities o' satisfying
o o Ty = xao0: 0 Ti. Applying (9.49) and (9.50) to the geodesic u* gives the
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localized convexity inequality

/ADthOZ(1—t)/ADodu0+t/AaldMO
K 1 )
+ N/A/o O5(x)d*(x, Th(z)) g(s,t) ds duo(x),

for every t € [0, 1], where ?;(x) := (Q;l/N o T;)(x) as before. The arbitrariness of
the Borel set A implies that for all ¢ € [0, 1] one has
(9.59)

0 (x) > (1 —t)og(z) + to1(z) + %/0 0, (x)d?(z, Th () g(s,t)ds, for pg-a.e. .

Now let instead p; = gm € L%(X,m)N P5(X), i = 0,1, and oym = p; =
(T¥)gpo = (er)pm be the unique Wh-geodesic joining them. Consider the approxi-
mating geodesic uf = oFm given by Lemma 9.17 below. Since of are m-essentially
bounded with bounded support, (9.59) holds for uf by assumption. It follows that
there exists Ej ¢ C supp uf C supp o with p&(X \ Ex+) = 0 such that

(060)  0f(a) > (1 - 1f(a) + 0} (a) + / ok () (2. T (x)) (5. £) s,
0

for every x € Ej, where 0¥(z) = (oF o T})~%/N(x). Without loss of general-
ity we may also assume Ej; C {oF > 0}. Defining E; := Mien Ek,¢; by using
Lemma 9.17(4), we get that F; C supp po and po(X \ E¢) = 0. Moreover, observe
that (9.60) is still true for the renormalized measures cj of, since the constants
just simplify from both sides thanks to the homogeneity of the entropy. But then,
Lemma 9.17(3) implies that for pp-a.e. = € E one has 0¥(x) = 9;(z), provided
k is large enough. Passing to the limit for & — oo, we conclude that (9.59) holds
and the thesis follows by integration in dpg(z) as in the implication [CD1] = [CD2].

[CD3] = [CD4] Let pu; = oom € Z(X,m) N P5(X), i = 0,1, and gym =
pe = (Ti)gpo = (eq)pm be the unique Ws-geodesic joining them. Observing that
the restriction to a subinterval [rg,r1] C [0, 1] of a geodesic is still a geodesic, the
localization argument of the implication [CD2] = [CD3] ensures that for every
r0,71,t € [0,1] one has

O (2) = (1 = 1)0p, (7) + 0, (z)
(9.61)

K 1
+ N(Tl —r0)2/ Drs(:v)d2(:1c7T1(m))g(s,t) ds pp-a.e. x,
0

where 1y := (1—t)ro+try as before. Note first of all that if K = 0 the proof is simpler
since the non-linear term in all the convexity inequalities just disappear. If K # 0
we first claim that for pg-a.e. € X the function s — d4(z) belongs to L}, .((0,1)).

By Lemma 9.18, we know that for pg-a.e. x € X it holds g(x),01/2(),01(z) €
(0,00). Specializing (9.61) to ro = 0,7y = 1,¢t = 1/2 we get for ug-a.e. x

2(p (x 1/2 1
w (A 504 () ds+/1/2(1 — $)0,(z) ds> <0y 5(x) < 0.

In particular, if K > 0, we get that s — 04(z) belongs to L} .((0,1)) for ug-a.e. z.

loc

Also, if K < 0, we may assume that ASL (u;m) < oo otherwise the thesis of [CD4]
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trivializes, and then by (9.58) we get that s — 04(z) € L},.((0,1)). From (9.61)
it follows that for any fixed countable Q-vector space ® C R, there exists a Borel
subset En C supp po with po(X \ Ep) = 0 such that (9.61) holds for every z € Exp,
every ro,r1 € [0,1]ND and ¢t € [0,1] N Q. Since s — d,(z) in an element of
L}, .((0,1)) for pg-a.e. x, choosing simply ® = Q, for every fixed x € E := Eg,
we can apply Lemma 9.2 to the function [0,1]NQ 3 r +— 0,(z) € RT and infer
that such a map is locally Lipschitz; thus it admits a unique continuous extension
[0,1] 2 ¢t — d;(x) € RT satisfying (9.55). Lemma 9.1 gives then
d? _

(9.62) @Dt(x) < deQ
Given now U € DC(N), recalling (9.48) and taking (9.62) into account, we get the
following chain of inequalities in distributional sense

2 2 2
SV = Vi) Qi@uo V) L)

(z,T1(x)) 0¢(x) in 2'(0,1), for every z € E .

de?
K_ . < L
> N () d*(x, T1(x)) V' (0i(x)) in 2°(0,1), for every x € E.
Applying again Lemma 9.1, this time with u(t) := V(0,(z)), we obtain
V(0i(x)) < (1 =)V (00(x)) + V(01 (x))

K (' ) =
+ N/o 05(z) d°(z, Th (z)) V' (0s(x)) g(s, ) ds,

for every € E. With the same argument as in the proof of [CD1] = [CD2], we
have that for every ¢ € [0,1] it holds 0;(x) = 04(z) = (gt_l/N o Ty)(x) for po-a.e. .
The desired inequality (9.51) follows then by integrating (9.63) in duo(z), since by

construction po(X \ E) = 0. Indeed, recalling that V(d,(z)) = V(Q{l/N oTy(xz)) =
U(ot0oT(x))

(9.63)

00Ty We have

[verdn = [ Vo= [ HeoBa, - [ U0 g,
_ U(Qt) _ _
= [ S atm) = [ Ut dm = i)

For the action term in (9.51) observe that, since the plan @ € GeoOpt(uo, f11)
is concentrated on constant speed geodesics and recalling (6.12), the minimal 2-
velocity v is constant in time and given by v(z) = d(x,T1(z)). Therefore, noting
that Q(r) = —%r’%V’(r*%) for #1-a.e. r € (0,1), we obtain
K b _
v L[ o) e 1) v s, 0| uola)
E LJo
! 1
= K/ [/ v? (1) —04(2) V'(Ds(:c))d,uo(:c)} g(s,t)ds
o L/x N

= K/O1 [/X 0% (2)Q(0s(x)) d,us(x)] g(s,t)ds = *KAS) (p;m).

[CD4] = [CD1]. Let po = gom, 1 = om € P%(X,m) with densities p;
having bounded support, so in particular u; € P5(X). By [RS1-4] there exists a
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unique Wa-geodesic py = (ey)y7 from p to w1, it is made of absolutely continuous
measures and it is given by optimal maps: oym = p; = (T})s0. Choosing U = Uy,
we get that p, satisfies (9.50) by assumption. Localizing in space and time as above,
we obtain (9.61), namely

O () Z (1= £)op, () + t01(2)

K

1
+ ﬁ(rl - ro)2/0 0, (2)d?*(z, T1(2)) g(s,t)ds  po-a.e. .

It follows that, for any fixed countable Q-vector space ® C R, there exists a Borel
subset Eg C supp po with po(X \ Ep) = 0 such that (9.61) holds for every x € Eq,
every ro,71 € [0,1]ND and t € [0,1] N Q. Since by assumption po and p; are
bounded with bounded supports, it follows that ASL (u;m) is finite; thus, from
(9.58), we get that the map s — 04(z) is an element of L] .((0,1)) for po-a.e.
x € X. Therefore choosing ® = Q, for every fixed z € E := Eg, we can apply
Lemma 9.2 to the function [0,1]NQ > 7 — 0, (z) € RT and infer that such a map is
locally Lipschitz, so it admits a unique continuous extension [0,1] 3 ¢ — 0;(z) € R
satisfying (9.55). Lemma 9.1 gives then (9.54) and Lemma 9.4 yields

(9.64)

du(x) > o33 (d(w, T1(2))) %o () + o) (d(w, Ty (2))) 31 (x), ¥ € E, ¥t € QN [0, 1],

Arguing as in the implication [CD1] = [CD2], we get that for every ¢t € [0,1] one
has 0; = 0y, po-a.e. in X. Integrating (9.64) in dug(z) gives (9.44) for Uy; since
for every M > N one has Uy, € DC(N), the argument for any other M > N is
completely analogous: just replace N with M in the formulas above.

[CD5] = [CD2]. Let p; = gim € 2%(X, m) with p; m-essentially bounded
having bounded supports, ¢ = 0,1, and ggm = p; = (Ty)s0 = (er)y7™ be the
unique Ws-geodesic joining them. Under our working assumptions we have that g,
t € [0,1], are uniformly m-essentially bounded with uniformly bounded supports.
Given the N-dimensional entropy U(r) := Nr(1 —r~'/N) with associated pressure
P(r) == r'=VN for every k € N call Py the regularized pressure P := P/, , where
P, i, was defined in (9.34). Called Uy the regularized and normalized entropy
associated to Py as in (9.31), observe that

(9.65) Py — P and Uy, — U uniformly on [0, R] for every R € R,
Since Uy € DC,q(N), by assumption for every k € N we have

/ Upo) dm < (1—t)/ Uk(go)dm—&—t/ Us(o1) dm
supp pt sSupp po

(9.66) [ 1 | L Al) @) ani)| g(s.0)ds.

where we used that Q(r) = P(r)/r by definition. Recalling that g; are uniformly m-
essentially bounded with uniformly bounded supports, we infer that m (|J, supp(s))
< oo and the uniform convergence (9.65) allows to pass to the limit in (9.66),
obtaining (9.50). O

LEMMA 9.17. Let (X,d,m) be a strong CD(K,c0) space, so that [RS1-4] hold.
Consider p; = om € 2(X,m) N P5(X), i = 0,1, and let # € GeoOpt (o, 111)
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be the plan representing the Wa-geodesic pm = py = (e)ym = (T3)4(10) from po to
H1.

Then there exist sequences of measures uf = okm € 229¢(X, m) and constants
ci T 1 such that the curve ofm := uf := (T})s(uf) is the Wa-geodesic from uf to u¥
and it satisfies the following:

(1) of are m-essentially bounded and with bounded support, i = 0,1;

(2) crof < o; m-a.e.in X for every t € [0,1];

(3) for every t € [0,1] it holds ¢y, p¥(z) = pi(x) for m-a.e. x € X, for k large
enough possibly depending on x;

(4) pk = toppo with oy T 1, po-a.e. on X.

PRrROOF. Fix a base point & € supp po, call By, := B(Z) the ball of center Z and
radius k € N. For every k € N consider first the densities @’5 = xp, min{k, oo} and
the push forward measures iif := (T});(ofm). Since clearly gk < g and gk = go on
{z € By : oo(z) < k}, and since by assumption T} is pg-essentially injective, we
have
(9.67) om:=pal <pu; and gF =0 on Ti({z € By : oo(z) < k}).
Consider now §f := xp, min{k,g¥}. Using again the po-essential injectivity of
T; and observing that gf < gf < pi, we can define jif = (77 ');(gfm). By
construction we have

(9.68)
gom = fig < gpm < po and g = go on Ty (T (Bi N {max{eo, &} < k}));

in particular we have that g¥ < k and supp g¥ C By, i = 0, 1. Moreover, for m-a.e.

x we have gk (x) = go(z) for k large enough (possibly depending on z).

Setting c := il (X), b = c; i and pf = (T})3 (k) we get the thesis. O

LEMMA 9.18. Let pg € P(X) and let T : supppo — X be a po-essentially
injective map such that gym := pq = Ty(po) € (X, m). Then
(9.69) po({x € supp o ¢ 01(T'(x)) = 0}) = 0.
In particular, given py = oem = (T3)g(po) a Wa-geodesic as in [RS1-3], for any
finite subset § C [0, 1] we have

(9.70) no({w € supp po : min o (T;(x)) > 0}) = 1.

PROOF. Let us consider the set A := {& € supppo : 01(T(z)) = 0}. Since by
assumption pq = Ty(po) and T is po-essentially injective, we have that T' is pq-a.e.
invertible and po = (T71)4(p1). It follows that

po(A) = 1o (T~ (T(A))) = ur (T(A4)) = /T L adm=0

since, by definition of A, we have p; = 0 on T'(A). This proves the first statement.
The second one is an easy consequence of the finiteness of §; indeed, called

Ay = {z €supp po : or(Tr(x)) = 0},

by the first part of the lemma we have that po(A,) = 0 for every r € §. Denoted
with

for every r € S} ,

S|

Cr = {x €supp po ¢ 0r(T,(v)) >
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using the finiteness of § we have

Ua.=x\{ 4

neN reg

We conclude that | J C,, is of full pg-measure and the proof is complete. O

neN

9.4. RCD(K,c0) spaces and a criterium for CD*(K, N) via EVI

Let us first recall the definition of RCD(K, c0) spaces, introduced and charac-
terized in [6] (see also [2] for the present simplified axiomatization and extension to
o-finite measures); in the statements involving the so-called evolution variational in-
equalities, characterized by differential inequalities involving the squared distance,
the entropy and suitable action functionals, we will use the notation

dr C(t+h) — (1)
9.71 —((t) := lim = 7
(9.71) o=l nsup A
for the upper right Dini derivative.

DEFINITION 9.19 (RCD(K, 0o) metric measure spaces). A metric measure space
(X,d,m) is an RCD(K, c0) space if it satisfies one of the following equivalent con-
ditions:

(RCD1) (X,d,m) satisfies the CD(K, c0) condition and the Cheeger energy is qua-

dratic.
(RCD2) For every pu € D(Us) N P2(X) there exists a curve pp = Hep, t > 0, such
that
(9.72)
1d+ K.,
§EW2 (e, ) + Uoo () < Uoo(v) — EWQ (e, v) forevery t >0, v € D(Ueo).

Among the important consequences of the above property, we recall that:

(1) RCD(K, c0) spaces are strong CD(K, co) spaces and thus satisfy proper-
ties [RS1-4].

(2) The map (H;):>0 is uniquely characterized by (9.72), it is a K-contraction
in P5(X) and it coincides with the heat flow Py, i.e.

(9.73) H:(om) = (P;o)m for every om € D(Uy) N Pa(X).

(3) Lipschitz functions essentially coincide with functions f € V with [Df|,, €
L*>°(X,m), more precisely (recall that, according to (3.1), Vo stands for
VNL®(X,m)):

(9.74)
every f € Vo, with |Df], <1 m-a.e. in X admits a 1-Lipschitz representative.

(4) The Cheeger energy satisfies the Bakry-Emery BE(K, c0) condition: we
will discuss this aspect in the next Chapter 10.

We will show that a similar characterization holds for strong CD* (K, N) spaces.
In order to deal with a general class of entropy functionals U with entropy

density satisfying the McCann condition DC(N) and arbitrary curvature bounds

K € R, for every p € AC%([0, 1]; (Pa(X), Wa)) with p, < m for £ -a.e. s € (0,1)



9.4. RCD(K, 0c0) SPACES 87

we consider the weighted action functional associated to Q(s,r) = w(s)Q(r) as in
(7.4), with w(s) :=1—s:

(9.75) Aq; (p,m) == Ay (p;m) = /}2(1 —8)Q(o(x, 8))v?(x, s) dji(x, s).

If (X,d, m) is a strong CD(K, c0) space then for every ug, 1 € £%(X, m) we can
also set

(9.76)

Awg (o, 13 m) := Ayg(p;m),  with p the unique geodesic connecting pg to fig.

Since w(l — s) + w(s) = 1, we obtain the useful identity
(9.77) Aq (o, 13 m) = Aw (o, 13 m) + Awg (B, po; m).

We will need the following Lemma, proved in the case of the logarithmic entropy in
[2, Thm. 3.6]. The proof is analogous for regular entropies U”, since their second

derivative U” still diverges like z71.

LEMMA 9.20. Let U € DC,.cy(N) and let o € VN L (X, m) be satisfying

/ oU" (0)*T(g) dm < oo.
X

Then U'(p) € V, and
/ Lo(U'(0), ») Pm=/ L(P(o),¢) VepeV.
bl X

THEOREM 9.21. Let (X,d,m) be a strong CD*(K, N) space and let us suppose
that the Cheeger energy Ch is quadratic as in (5.29). Let U € DC,¢4(N), P, Q as
in (9.27), A :=inf,>o KQ(r) and let (S;)i>0 be the flow defined by Theorem 3.4.
Then S; induces a A-contraction in (P2(X), Ws) and for every p = om € D(U) N
P5(X) the curve p := (Sto)m satisfies

+
079 LW )+ W) < Uw) — KAy ()
for every v € D(U) N P5(X), t > 0.

PRrROOF. The proof of (9.78) follows the lines of [2] (where the case U = Uqo
was considered), which extends to the o-finite case the analogous result proved with
finite reference measures m in [6]. All technical difficulties are due to the fact that
m is potentially unbounded, the proof being much more direct for finite measures
m.

Specifically, first the proof is reduced to the case of measures p = pm and v
with o € L*(X,m) and v with bounded support. First of all, notice that the
combination of Theorem 3.4 and Theorem 8.2 ensures that the curve ¢t — p; is
Wh-absolutely continuous. Then, using the dual formulation (5.15) of the optimal
transport problem, and (3.35) one can show that for .#!-a.e. t > 0 one has (see [2,
Thm. 6.3])

d1

(9.79) agwf(ut,u) = */XF(@typ(Qt))dm

for any optimal Kantorovich potential ¢; € V from u; to v, and the existence of
potentials with this property is ensured by the boundedness of the support of o
(see [2, Prop 2.2]).
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On the other hand, one can also use the calculus tools developed in [5, 6] to
estimate (see [2, Thm. 6.5])

(9.80) U(w) — Ue) — K Ags (s v,m) > — /X T, (01, U'(01))or dm

for some optimal Kantorovich potential ¢; from p; to v. Using Lemma 9.20, whose
application is justified by Theorem 5.3, to combine (9.79) and (9.80) gives (9.78).
In turn, the proof of (9.80) goes as follows. First of all one notices that

o1 s
(9.81) lim < AG (.3 m) = Agy (i, v, m),

where s — pg, is any constant speed geodesic joining p; to v. Indeed, setting
ts,t = 0s,m and denoting by v ¢(x) the minimal velocity density of u. ., we can
use the expression (9.1) of g to write

A i) = [
1
+/ (177’)5/ Q(gr,t)vfﬁtgmdmdr.
s X

Since the first term in the right hand side is o(s) (recall that @ is a bounded
function), by monotone convergence we obtain (9.81).
Now, by the convexity inequality (9.51) one has

S

(1 - S)T/ Q(Qr,t)vf,tgr,t dmdr
X

1 —
(9.82)  UE) = U(w) — liminf gKAg(u_,t;m) > lim sup Wlpts.r) = Ulpe)

sl0 S

In addition, if g; decays sufficiently fast at infinity, one can estimate the directional
derivative of U as follows:

(9.83)
u s -Uu . s,t
limsupM > hmsup/ Ul(Qt)udmZ/ Ty, (0, U'(01)) 0t dm,
50 s si0 JXx s X

where in the last step we used Theorem 8.2. The combination of (9.82) and (9.83)
gives (9.80), taking (9.81) into account. Then the decay assumption on g; is re-
moved by an approximation argument, recovering (9.80) in the general case. This
concludes the proof of (9.78).

Since geodesics have constant speed, from (6.11) we obtain the identity

1
1
/O(lfr)/va’tgmdmdr:§W22(,ut,u).

Hence, from (9.78) we get the standard EVI condition (9.72) with U replaced by
U and K replaced by A, and it is well-known (see for instance [3, Cor. 4.3.3]) that
this leads to A-contractivity. O

Conversely, we can now prove adapting the proof of [27] that the infinitesimal
version of (9.78) leads to the strong CD* (K, N) condition.

THEOREM 9.22. Let (X,d,m) be a strong CD(K,00) metric measure space.
Suppose that for every U € DC,eq(N) and every i = om € Po(X) with o €
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L (X, m) with bounded support there exists a curve uy = Sy € Po(X), t > 0,
such that

2 _ 2(5
(9.84) lim sup JV2 (s ”>2h Wi Y) ) < U(w) — KA (i, 7, m)
h10

for every v = om € P(X) with o € L>®(X,m) with bounded support. Then
(X,d,m) satisfies the strong CD*(K, N) condition and the Cheeger energy is qua-
dratic.

PROOF. We prove the validity of [CD2] of Theorem 9.15. So, let us fix ug, p1 €
D(U) with bounded densities and support and let (is)sejo,1] be the geodesic con-
necting po to pq. Notice that in virtue of [46, Thm. 1.3] we have that pus = gsm
with g5 m-essentially bounded with bounded support. For a given s € (0, 1), let
st = Sips be the curve starting from fi = ps and satisfying (9.84).

Choosing v := po and taking the right upper derivative at t = 0 (still denoted
for simplicity by d*/dt) we get

1d+
R W3 (ts,2, 10)|,_o + Ulps) = Ulho) < —KAq; (s, o, m).

Similarly, choosing v := uq, we get

1d+
% W3 (st 1),y + Uls) = U(pn) < =K Ags (s, pr, m).

Let us observe, as in [27], that

d+ 2 2
yr ((1 — §)W3 (ths,t, po) + sW3 (us,t,ul)) o, 20

since the inequality (a + b)? < a?/s +b?/(1 —
(1= $)W3 (st 0) + W3 (us,e, 1) > 5(1 = )W3 (po, 1)
(1 )W2 (IU’SHU’O) +SW22(IU/SHU’1)

Hence, taking a convex combination of the two inequalities with weights (1 — s)
and s respectively, we obtain

(1= 8)U(po) + sU(p1) = Ups) = (1 = 8) K Aqs (s, po, m) + sK Aqs (s, pr, m).
Now observe that (for ©, = [ Q(o,)v2dp,, s(1—&) =)

s) gives

1 s
AQ%(M&HO;‘“)ZSQ/ 95(175)(1—5)(15:/ O, rdr

and, analogously, that (for ©, as above, s 4+ (1 — ) =

Aq; (s, 1, m) = (1 —s) /95+(1 se(l=§)d¢ = /9 (1-r)d

so that the definition (9.1) of g gives

(1 —9)Aq; (us, po,m) + sAq; (s, 1, m /@ 1—srdr+/ O,s(1 —r)dr

:/0 @rg(r,s)drzflg (p;m).
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This proves that (9.51) holds for every pg, p1 € D(U) with bounded densities and
support; taking Remark 9.16 into account, we then get that [CD2] holds and there-
fore (X,d,m) is a strong CD*(K, N) space. It remains to show that the Cheeger
energy is quadratic; by applying the characterization of RCD(K, 0o) spaces recalled
in Definition 9.19 it is sufficient to check that (9.84) yields (9.72) as a particular
case. In fact, we can choose the regular entropy Usx(r) := rlogr € DC,4(N)
with Q@ = 1, and observe that the associated weighted action on constant speed
geodesics is nothing but half of the standard 2-action:

1
Ame(uo,m;m):/ /(1—S>U2($,S)dusd8
0 Jx
1

. 1
= [ sl s = 5w

where in the second equality we recalled (6.11) and in the last one we used that
(t4s)sef0,1] is a constant speed geodesic. O
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CHAPTER 10

The Bakry-Emery Condition

In this Chapter we will recall the basic assumptions related to the Bakry—Emery
condition and we will prove some important properties related to them. In the case
of a locally compact space we will also establish a useful local criterium to check
this condition.

10.1. The Bakry-Emery condition for local Dirichlet forms and
interpolation estimates

The natural setting is provided by a Polish topological space (X, 7) endowed
with a o-finite reference Borel measure m and a strongly local symmetric Dirichlet
form € in L?(X,m) enjoying a Carré du Champ T': D(&) x D(€) — L*(X,m) and
a I-calculus (see e.g. [7, § 2]). All the estimates we are discussing in this section
and in the next Chapter 11, devoted to action estimates for nonlinear diffusion
equations, do not really need an underlying compatible metric structure, as the one
discussed in [7, § 3]. We refer to [7, §2] for the basic notation and assumptions;
in any case, we will apply all the results to the case of the Cheeger energy (thus
assumed to be quadratic) of the metric measure space (X,d, m) and we keep the
same notation of the previous Section 5.5, just using the calculus properties of the
Dirichlet form that are related to the I'-formalism.

In the following we set Voo, := VN L®(X, m), Dy, := DN L>®(X,m),

(10.1) Di»(L):={feDNLP(X,m): Lf € LP(X,m)}  p€[l,00],
' Dy(L)={feD: Lf eV},

endowed with the norms

(10.2) [l = 71l + 1f = Ll enzocemys 10, = 1F 12 0em + ILFIZ,

and we introduce the multilinear form I'y given by
(10.3)

T (f, g5 0) :=%/X (F(f,g) Lso—l“(f,Lg)so—F(gny)cp) dm (f,g,¢) € D(T2),

where D(T'3) := Dy(L) X Dy(L) X Dy~ (L). When f = g we also set

(104)  Talfig) = Lol i) = [ (5T L =T (1 Lf)0) dm,
so that

(10.5) Ty(f,g:0) = il“z(f +9;0) — il“a(f —g:¢).

T'; provides a weak version (inspired by [12, 15]) of the Bakry-Emery condition
(13, 11].

93



94 10. THE BAKRY-EMERY CONDITION

DEFINITION 10.1 (Bakry-Emery conditions). Let K € R, N € [1,00]. We
say that the strongly local Dirichlet form & satisfies the BE(K, N) condition, if it
admits a Carré du Champ I' and for every (f,¢) € Dy(L) X D (L) with ¢ > 0
one has

(10.6) Lafip) > K [ T(7) pdm+ 5 [ (L1 pdm.

We say that a metric measure space (X, d, m) (see Section 5.5) satisfies the met-
ric BE(K, N) condition if the Cheeger energy is quadratic, the associated Dirichlet
form & satisfies BE(K, N), and
(10.7)

any f €V, with I'(f) € L>®(X,m) hasa 1-Lipschitz representative.

REMARK 10.2 (Pointwise gradient estimates for BE(K,00)). When N = oo,
the inequality (10.6) is in fact equivalent (see [7, Cor. 2.3] for a proof in the abstract
setup of this section) to either of the following pointwise gradient estimates

(10.8) F(Ptf) < e 2Ktp, (I‘(f)) m-a.e. in X, for every f € V,

(10.9)
2Lk ()T (P.f) < P.f? — (Ptf)2 m-a.e. in X, for every t >0, f € L*(X,m),

where I denotes the real function

t 1ok .
Ik (t) :== / KT dr = K(e ) KD,
0 t if K=0.

It will be useful to have different expressions for I's(f;¢), that make sense
under weaker condition on f, ¢. Typically their equivalence will be proved by reg-
ularization arguments, which will be based on the following approximation result.

LEMMA 10.3 (Density of Dy(L)N Dy (L)). The vector space Dy(L) N Dpe (L)
is dense in Dy(L). In addition, if f € Dr»(L), p € [1,00] satisfies the uniform
bounds cy < f < ¢q m-a.e. in X for some real constants ¢y, c1, then we can find an
approzimating sequence (f,) C Dy(L) N Dy (L) converging to f in Drr(L) with
fo— finVandLf, = Lf in L>NLP if p < oo (in the weak* sense when p = 00),
as n — oo and satisfying the same bounds cy < fr, < ¢ m-a.e. in X.

PRrOOF. The proof of the density of Dy(L) N Dr (L) in Dy (L) has been given
in [8, Lemma 4.2]. In order to prove the second approximation result, we introduce
the mollified heat flow
(10.10) H°f = é/ Prf k(r/e)dr,

0
where k € C2°(0,00) is a nonnegative regularization kernel with fooo k(r)dr =1.

Setting f,, := H/"f, since f € L? N L>(X,m) it is not difficult to check that
fn € Dy(L) N D (L). In addition, ¢y < f,, < ¢1, since the heat flow preserves
global lower or upper bounds by constants.

We then use the fact L is the generator of a strongly continuous semigroup in
each LP(X,m) if p < 0o (and of a weak*-continuous semigroup in L*°(X,m)). O

An immediate corollary of the previous density result is the possibility to test
the condition BE(K, N) on a better class of test functions.
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COROLLARY 10.4. If (10.6) holds for every f € Dy(L) N Dy (L) and every
nonnegative ¢ € Dy (L), then the BE(K, N) condition holds.

A first representation of I'; is provided by the following lemma, whose proof is
an easy consequence of the Lebniz rule for T', see [8, Lemma 4.1].

LEMMA 10.5. If f € Dy(L) N Dr~ (L) and ¢ € Dy~(L) then
(10.11) La(fi0) = / (%F(f)Lgp +LIT(f,0) + <p(Lf)2> dm.
X
Recalling (10.5) we also get

1
(1012) Ta(fgi) = 5 [ (P(0)Lo+ LIT(9.¢) + Lo T(£,) + 2017 Lg) dim.
Notice that (10.11) makes sense even if f, ¢ € Dy, provided I‘(f) and I‘(f, <p)
belong to L?(X,m). This extra integrability of I' is a general consequence of the
BE(K, o) condition.

THEOREM 10.6 (Gradient interpolation, [8, Thm. 3.1]). Assume that BE(K, o0)
holds, let X\ > K_, p € {2,00}, f € L?> N L*>(X,m) with Lf € LP(X,m). Then
I'(f) € LP(X, m) and

(10.13) [Tz xm) < ell fllzoexmy IAf = Lf 2o (xm)

for a universal constant ¢ independent of \, X, m, f (¢ = /27 when p = 00).
Moreover, if fn, € Doo with sup,, || fulles(x,m) < o0 and f, — f strongly in D,
then T'(fn) = T(f) and T(fn — f) — 0 strongly in L*(X, m).

An important consequence of Theorem 10.6 is that D, is an algebra, also
preserved by left composition with functions h € C?(R) vanishing at 0: this can be
easily checked by the formula

(10.14)  L(fg) = fLg+gLf +2T(f,9),  L(h(f)) = W' (FILf +H"(/)(f)

using the fact that F(f), 1"(]‘7 g) € L%(X,m) whenever f, g € D..

Thanks to the improved integrability of I' given by Theorem 10.6 and to the
previous approximation result, we can now extend the domain of I'y to the whole
of (Dso)3.

COROLLARY 10.7 (Extension of I'y). If BE(K, o) holds then IT's can be extended
to a continuous multilinear form in Doy X Doo X Do by (10.12) and BE(K, N) holds
if and only if

1 1
1045) [ (GEUILe+LIT(L0) + (1= eLh)?) dm> K [ T(7) pam.
is satisfied by every choice of f, ¢ € Do with ¢ > 0.

PRrROOF. Notice that (10.12) makes sense if f, g, ¢ € Dy, since F(f), F(g), and
I’(Lp) belong to L?(X, m) by Theorem 10.6, and that it provides an extension of I'y
by Lemma 10.5.

In order to check (10.15) under the BE(K, N) assumption whenever f, ¢ € D,
@ > 0, we first approximate f,¢ in Do, with elements in Dy(L) via the Heat
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flow, and then we apply Lemma 10.3 with a diagonal argument to find f,, ¢, €
Dy (L) N Dy (L) with ¢, > 0 such that (10.6) and (10.11) yield

| GPUDLon+ LET (ron) + (1 = Phpn(L1, ) dm > K [ T(1,) i

Since, up to to subsequences, we can assume

Jn = [y on — @ strongly in D and m-a.e.,  [[@nllzo(x,m) < [0l (x,m)
Il frllooe (x,m) < N fllee(xm), |Lfnl < g m-a.e. for some g € L*(X,m)

with g independent of n, we can apply the estimates stated in Theorem 10.6 to pass
to the limit in the previous inequality as n — oo.

Conversely, if (10.15) holds for every f, ¢ € Dy, with ¢ > 0, it clearly holds for
every f € Dy(L)N Dre (L) and nonnegative ¢ € Dy (L), thus with the expression
of I's given by (10.4), thanks to Lemma 10.5. We can then apply Corollary 10.4. O

10.2. Local and “nonlinear” characterization of the metric BE(K, N)
condition in locally compact spaces

When (X, d, m) is a locally compact space satisfying the metric BE(K, 0o) con-
dition, the I's form enjoys a few localization properties, that will turn to be useful
in the following.

Let us first recall that if (X, d, m) satisfies the metric BE(K, co) condition, then
(X,d) is a length space and the Dirichlet form & associated to the Cheeger energy
is quasi-regular [49, Thm. 4.1].

In the locally compact case, the length condition also yields that (X, d) is proper
(i.e. every closed bounded subset of X is compact) and thus geodesic (every couple
of points can be joined by a minimal geodesic), see, e.g., [23, Prop. 2.5.22].

A further important property (see e.g. [8, Remark 6.3]) is that & is regular,
ie. VN C.(X) is dense both in V (w.r.t. the V norm) and in C.(X) (w.r.t. the
uniform norm). In particular, by Fukushima’s theory (see e.g. [25, 17]), every
¢ € V admits a &-quasi continuous representative ¢ uniquely determined up to &-
polar sets and every linear functional £ : V — R which is nonnegative (i.e. such that
(¢, ) > 0 for every nonnegative ¢ € V) can be uniquely represented by a o-finite
Borel measure p; which does not charge E-polar sets, so that (¢, p) = fX @ dyy for
every ¢ € V. We refer to [8, Sect. 5] for more details. We will often identify ¢ with
¢, when there is no risk of confusion.

Before stating our locality results, we recall two useful facts, obtained in [8]
and slightly improving earlier results in [49]. See Corollary 5.7 for statement (i),
and Lemma 6.7 of [8] for statement (ii) (more precisely, the statement of [8, Lemma
6.7] deals with a Lipschitz cut off function x with Lx € L*°(X, m) and F(X) € Voo,
but since X is built of the form n o f with 7 constant near 0, from Lemma 10.8(i)
below and (10.14) one can get also LX € V..)

LEMMA 10.8. Let us suppose that (X,d, m) satisfies the metric BE(K, 0o) con-
dition for some K € R.

(i) For every f, g € Dra(L) we have I'(f,g) € V and the bounded linear
functional

(10.16) VBQ@H/X(—%F(F(f)aSO)+Lfr(f7<ﬁ)+((Lf)2_KF(f))‘P)dm
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can be represented by a finite nonnegative Borel measure denoted by F;K[f],
satisfying

(10.17) Ty(fip) — K /X I(f)pdm = /X dT5 c[f]

for every f € Dpa(L) N L*>®(X,m) and ¢ € Do, where in (10.17) we use
the extension of Ta(f; @) provided by Corollary 10.7.

(ii) If (X,d) is locally compact, then for every compact set E and every open
neighborhood U D E there exists a Lipschitz cutoff function X : X — [0, 1]
such that supp(X) C U, X = 1 in a neighborhood of E, LX € Vo, and
I(X) € Voo

COROLLARY 10.9 (Locality w.r.t. ¢). Let K € R and N < oco. Let us sup-
pose that (X, d) is locally compact and that (X,d, m) satisfies the metric BE(K, o)
condition. If (10.6) holds for every f € Dy(L) N Dpe(L) and every nonnegative
¢ € Dr (L) with compact support, then (X,d,m) satisfies the metric BE(K, N)
condition.

PROOF. We argue by contradiction: if BE(K, N) does not hold, by Corol-
lary 10.4 we can find f € Dy(L) N Dp(L) and a nonnegative ¢ € Dy (L) such
that

K/ wdm—%/ (Lf)*pdm < 0.

Since Dy(L)NDpe (L) C Dpa(L)NL*° (X, m) we can apply the representation result
(10.17), thus obtaining that the measure

pi= g5 elf] = 2 (Lf)*m

has a nontrivial negative part. Since X is Polish, we can find a compact set E such
that u(E) < 0; approximating E by a sequence of open set U,, | F, Lemma 10.8(ii)
provides a corresponding sequence of nonnegative test functions X,, € Dy (L) such
that

lim Xpndp = pu(E) < 0.

n—oo b'e
Choosing n sufficiently large, since ¢X,, has compact support and belongs to D« (L),
this contradicts the assumptions of the Corollary. O

THEOREM 10.10 (Local characterization of BE(K, N)). Let us suppose that
(X,d,m) satisfies the metric BE(K, 00) condition for some K € R, and that (X,d)
is locally compact. If (10.6) with N < oo holds for every f € Dy (L) N Dy(L) with
compact support and for every nonnegative p € Dy (L) with compact support and
with infg,pp f @ > 0, then (X,d, m) satisfies the metric BE(K, N) condition.

PRroOOF. By the previous Corollary, we have to check that (10.6) holds if f €
Dy(L)N Dy (L) and ¢ € Dy (L) nonnegative with compact support. Choosing a
cutoff function X € D (L)N Dy(L) with compact support, values in [0, 1] and such
that X = 1 on a neighborhood of supp(y) as in Lemma 10.8(ii), it is easy to check,
using Theorem 10.6, the locality properties of I'; L as well as the computation rules

Xf €Do, L(Xf)=XLf+2I(X,f)+ fLX, L(Xf) =XLf on supp(e),
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that Xf € Dre (L) N Dy(L) C Dpa(L) N L*®(X, m) and that

Ty(frp) — K /X D(f)pdm = Ta(f; Xg) — K /X I'(f)Xpdm =

- /X (- %F@(f)’X‘P) +LIT(f,x0) + (Lf)*xp = KT(f)Xp) dm

- /x (- %F(F(Xf)’w) + LOCH) T (XF. ) + (LX) = KT (xf)e ) dm
=T x(Xfi0) = lsiﬁ)ll“ZK(Xf;%),

where 1. = ¢ +eX and X € Dy (L) is another nonnegative cutoff function with
compact support such that X = 1 in an open neighborhood of supp(Xf). Since by
assumption I'; ;- (X f;9:) > 0 we conclude. O

THEOREM 10.11 (A nonlinear version of the BE(K, N) condition).
If the BE(K, N) condition holds and P € DC(N) is regular with R(r) = rP'(r) —
P(r), then for every f € Do, and every nonnegative function ¢ € Vo, with P(p) €
Dy we have

(10.18) Ty (f: P(g)) + /X R(g) (Lf)?dm > K /X I(f) P(g) dm.

Conversely, let us assume that (X,d, m) is locally compact and satisfies the metric
BE(K, 0o)-condition. If (10.18) holds for every function P = Py, €, M > 0 as
in (9.34) and (9.36), every f € Dy(L) N Dy~ (L) with compact support and every
nonnegative ¢ € Dy (L) with compact support and infg,p,, 5 > 0, then (X, d, m)
satisfies the metric BE(K, N) condition.

PRrOOF. The inequality (10.18) is an obvious consequence of BE(K, N) (in the
form of Corollary 10.7) since P € DC(N) yields R(r) > — = P(r) .

In order to prove the second part of the statement, we apply the previous
Theorem 10.10: we fix f € Dy(L) N Dre(L) and ¢ € Dpe (L) nonnegative, both
with compact support and satisfying inf{p(z) : € supp(f)} > 0; with this choice
of f and ¢ we need to prove (10.6).

We fix € > 0 and we set ¢ = Pﬁ}s(ga); since ¢ is bounded, ¢ € Dy~ (L) and
therefore we can choose M > 0 sufficiently large such that ¢ < M and consequently
¢ = Py m(@). Applying (10.18) with this choice of f and ¢ and recalling the
inequality (9.38) we get

Nuifio) -y [o@Pans (1= ) [ wpranz i [ o(7)pan

Passing to the limit as € | 0 we get (10.6). O



CHAPTER 11

Nonlinear Diffusion Equations and Action
Estimates

In this Chapter we give a rigorous proof of the crucial estimate we briefly
discussed in the formal calculations of Example 2.4. The estimate requires extra
continuity and summability properties on I‘(g) and F(cp), that will be provided by
the interpolation estimates of Theorem 10.6.

We will assume that P is regular according to (9.29), we introduce the functions
R(z) = zP'(2) — P(2) and Q(r) := P(r)/r, and we recall the definition of the I'y

multilinear form
1 2
Ts(p;0) = /X <§LQF(90) dm + o(Ly)” + (o, @)Lw) dm

whenever o, ¢ € D, with F(g), F((p) € H. Recall that, under the BE(K, 00)
assumption, f € Dy, implies I'(f) € H. Notice also that P(9) € L*(0,T;D) and
0 bounded imply F(P(g)) € L%(0,T;H), so that the regularity of P and the chain
rule yield I'(¢) € L*(0,T; H).

THEOREM 11.1 (Derivative of the Hamiltonian). Assume that BE(K, 0o) holds.
Let 0 € ND(0,T), o € WH2(0,T; D, H) be bounded solutions, respectively, of

(11.1a) 0o —LP(p) =0
(11.1b) Op+ P'(0)Lp =0

with T'(0), T'(p) € L*(0,T;H). Then the map t — &,,(¢r) = [ pil (o) dm is
absolutely continuous in [0,T] and we have

(11.2)
i} = ; 2 La.e. in

The proof is based on the following Lemma:

LEMMA 11.2. Assume that BE(K,00) holds. Let o € ND(0,T) and ¢ €
W12(0,7T;D,H) be bounded with I‘(g),I‘(go) € L2(0,T;H). Then, for every n €
C2°(0,T) we have
(11.3)

1 /T d T d 1
5/0 /X&(Qﬂlt)l“(%) dmdt:/o 77t/X (QtLSDt &(pf,JrF(Qt,(pt) &%> dm dt.

99
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PROOF. Let us consider the functions ¢§ := e~* fos Gir dr: t— f are differ-
entiable in V with $¢f = e~ (pi4e — ¢¢), so that

1

d i d
§A9t&(r(@t)) dm:/XQtF(dtsﬁu%)d

d d
Z—/XQtLSOfasﬁfdm—/XF(Qt,%) dt‘ﬂt dm.

For every n € C2°(0,T) we thus have

//dt oime)T <Pt)dmdt

d
:/0 m(/ oLyt T % dm+/ (01, #5) awfdm) dt.

In order to pass to the limit as € | 0 in the last identity, we observe that < TPE 7 @ 4o,
and that Lp® — Lo strongly in L?(0,T;H). Moreover, it is easy to Check that the

convexity of ¢ — \/F(() yields

1 €
(11.4) I(4f) < g/ I (pi4r)dr m-ae. in X, for every t €[0,T — ¢,
0

so that the convolution inequality fOT et [5 w(t4r)drdt < fo t)dt, for ¢ > 0,

gives
[ [ wrmazt [ [ ) amar
S/OT/X(F(SDt))Qdmdt.

Since @i — @ strongly in V as e | 0, we have I‘(gpf) — F(got) pointwise in L (X, m),

hence
T—e 9 T 9
lim inf / (F(5))* dmdt > / / () dmar.
€0 Jo X 0o JXx

This, combined with (11.5), yields the strong convergence of I'(¢°) x(0,7—c) to I'(¢)
in L2(0,T; H). The above mentioned convergences are then sufficient to get (11.3).
(]

(11.5)

PROOF OF THEOREM 11.1. The map t + &,, (¢;) is continuous since ¢ — g; is
weakly* continuous in L (X, m) and t — I‘(got) is strongly continuous in L!(X,m)
(thanks to Theorem 10.6). For every n € C2°(0,T), using the differentiability of o
in L?(0,T;H) we have

/OTth(%) e dt = / /gf or) dm—ntdt
:_5/0 /}(E(gtnt)F(got)dmdt—i-Q/o /X(agt)ntl"<<pt) dmdt
_;/OT/X;t(gmt)F(cpt)dmdtJr;/OTm(/XLP(gt)F(%) dm) dt.
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On the other hand, (11.3) yields

_*/ / G (¢¢) dmdt
:/ 77t/ QtP,(Qt)(L(pt)2+F(Qt,gpt) P/(Qt)L(,Dt) dm dt
[t

)(Lr)” + T(P(0r), 1) Lepr ) dmdt

+/0 m/XR(Qt)(cht)2dmdt.

Combining the two formulas, we get (11.2). O

THEOREM 11.3 (Action and dual action monotonicity). Let us assume that the
BE(K, N) condition holds, and that P € DC,.4(N).

(i) If 0 € ND(0,T),p € WH2(0,T; D, H) are bounded solutions of (11.1a,b) then
the map t — [ Qtl"(gat) dm is absolutely continuous in [0,T) and we have

d1

7/ pel (1) dm > K/ P(0:)T(¢p1) dm Loa.e. in (0,T).
b's X

11. —
(11.6) dt 2

(ii) Setting
(11.7) A= inf KQ(r) > —o0,

>0
if w € Wh2(0,T;H,D}) is a solution of (4.15) with w € Vy C Vg, then
wy € V) for all t € [0,T], with

(11.8) &, (ws,ws) < e_zA(s_t)EZt (w,wy)  for every 0 <t <s<T.

(iii) If moreover ¢ = —Aj (wi) €V, is the potential associated to wy according
o (5.72), i.e.

(11.9) €0, (01,C) = (wi, G} for every C €V,

we have

(11.10) llnifoup 1h(Szt(wt,wt)—é'zt_h(wt,h?wt,h)) < —K/X Q(o1) 0Ty, (¢r) dm

PROOF. Since BE(K, N) holds (and thus in particular BE(K, o0)) we can apply
(11.2) of Theorem 11.1, since the interpolation estimate (10.13) and the regularity
properties of ¢ and ¢ yield I'(0),I'(¢) € L?(0,T;H). The estimate (11.6) follows
then by the combination of (11.2) with Theorem 10.11.

For 0 <t <s<T,let us now call Bs; : Voo = Vo the linear map that to each
function @ € V, associates the value at time ¢ of the unique solution ¢ of (11.1b)
with final condition ¢ = @, given by Theorem 4.1. If (11.6) holds and A is defined
as in (11.7) we have

(11.11) /thf(wt)dmse‘“(s‘”/X@sF(@) dm,
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so that
(=0 1y o As=D) 5y _ %895 (oMt 5 o= Als=1) 5)
= (ws, @) —e 0 %895@, 2) "= (wi, B.a) — e‘QA(S‘“%EQS (@ 9)
(11§11) (wi, Bsp) — %5& (Bs,t9, Bs,19) (521) %8; (we, we).

Taking the supremum with respect to ¢ € V,, we get (11.8).
Similarly, we can choose a maximizing sequence (¢,) C Vo, in

1., 1
789t(wt7wt) = Sup <wt,§0> - 7891(50790)7
2 906\/00 2
so that ¢, converge in V,, to the potential ¢ = —A
(4.18) we have

5 (wt). Recalling (11.6) and

1 1
<wta§0n> - 5891,(4;%#/771) < <wt—hth,t—h80n> - §Egt,h (Bt,t—hQOn,Bt,t—hQOn)

t
—K/t_h/XQ(QT)QTF(Bm(pn) dmdr.

Passing to the limit as n — oo and recalling Lemma 5.6 we get

1

N 1
53& (we, we) < (wi—p, By t—nde) — §egt,h(Bt,t7h¢taBt,tfh(bt)

t
-k /t—h /X Q(‘Q’")Q’"P@r (Bt,r(bt) dmdr

=2
Dividing by h and passing to the limit as h | 0, a further application of Lemma 5.6
yields (11.10). O

COROLLARY 11.4. Let us assume that the BE(K,N) holds, and that P €
DCreg(N). If o € ND(0,T) is a nonnegative bounded solution of (3.31) with
Vo eV then w, := %Qt satisfies
(11.12) € (wy,wy) < e 2MEx(wo,wo) < da 2 e TE(1/0,/0) < o0
with a given by (3.24).

1 t
< Szt_h(wt,h,wt,h) - K/ / Q(or)orLy, (Br¢r) dmdr.
t—h JX

PROOF. Since wg = LP(g), we have for every ¢ € V
o) = E(P@.9)= [ P@r(ee)dn
— 2 P(OVET(Va.y)dn
X

< 2a7%&(V2,\0) + %E@(%so),

which yields €%(wo,wo) < 4a~2E(1/2, /). Since, thanks to Corollary 4.7, w solves
(4.15), we can apply (11.8) to obtain (11.12). O



CHAPTER 12

The Equivalence Between BE(K, N) and
RCD*(K, N)

12.1. Regular curves and regularized entropies

Let us first recall the notion, adapted from [7, Def. 4.10], of regular curve.
Recall that £(,-) stands, in this metric context, for Cheeger’s energy, here assumed
to be quadratic.

DEFINITION 12.1 (Regular curves). Let ps = gsm € H5(X), s € [0,1]. We say
that u is a regular curve if:
(a) There exists a constant R > 0 such that g < R m-a.e. in X for every s € [0, 1].
(b) p € Lip([0,1]; #3(X)) and in particular (8.4) and the identification between
minimal velocity and metric derivative yield o € Lip([0, 1]; V¢).
(€) gs := /05 € V and there exists a constant E > 0 such that €(gs,gs) < E
for every s € [0,1] (in combination with (a), this yields that g5 € V and also
E(0s, 0s) < 4RE are uniformly bounded).

The next approximation result is an improvement of [7, Prop. 4.11], since we
are able to approximate with curves having uniformly bounded densities (while
in the original version only a uniform bound on entropies was imposed). This
improvement is possible thanks to [46, Thm. 1.3].

LEMMA 12.2 (Approximation by regular curves). Let (X,d, m) be a RCD(K, c0)
space and po, g1 € Po(X). Then there exist a geodesic (js)sejo,1) connecting po to
pr in Po(X) and regular curves (juf)seo,1)] with pf = ofm, n € N, such that
(12.1)

1
i, Waliifos) =0 for every s € [0,1), Tmsup [ [72[?ds < W30, ).
0

n— oo n—oo

Moreover, if u; = pym, i =0, 1 then

(12.2) nl;rr;o lloi — oillLr(xm)y =0 fori=0,1,
and
(12.3) nh_}rrgo U(ps) = Ulps) fori=0,1 and for all U € DC,4(N).

Finally, if 0;, i =0, 1, are m-essentially bounded with bounded supports then s =
osm for each s € [0, 1] with (0s)sejo,1) uniformly m-essentially bounded with bounded
supports, and for all s € [0,1] it holds

(12.4) o7 — o5 strongly in LP(X,m) for all p € [1,00) and in weak %-L>°(X,m).

PROOF. First of all we approximate p;, i = 0, 1, in %5(X) by two sequences
v = olm with bounded support and bounded densities o € L*>°(X,m). When-

2
ever o = gom (resp. U(up) < 0o) we can also choose v so that o — g; strongly

103
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in L*(X, m) (resp. W(v*) — U(u;)) as n — oo. Applying [46, Thm. 1.3] we can
find geodesics (1 )seo,1] in P2(X) connecting v to vi* with uniformly bounded
entropies and densities o satisfying sup,ejo 11 |05 || Lo (x,m) < 00 for every n € N.
By setting 7y = v, if s € [0,n/(n+ 1), 77 = o1 if s € [n/(n+ 1),1],
we may also assume that v™ is constant in a right neighborhood of 1. Since
v € AC%(0,1; Z,(X)), we can then apply the same argument of [7, Prop. 4.11]
(precisely, an averaging procedure w.r.t. s and a short time action of the heat
semigroup, to gain V regularity) to construct regular curves v™* = ¢™Fm, k € N,
in the sense of Definition 12.1 approximating v™ in energy and Wasserstein dis-
tance as k — oo. Notice also that the construction in [7, Prop. 4.11] provides
the monotonicity property U(I/?’k) < U(vM), i = 0,1, thanks to the convexity of
U and to fact that U decreases under the action of the heat semigroup, so that
[|oTk — o7l (x,m) = 0 and U(™*) = U(v?) as k — oo by the lower semicontinu-
ity of U. A standard diagonal argument yields a subsequence u? := v*» satisfying
the properties stated in the Lemma.

If the starting measures satisfy p; = o;m with g; m-essentially bounded with
bounded supports, then by [46, Thm. 1.3] there exists a Wa-geodesic pus = gsm
for each s € [0,1] with (0s)se[0,1) uniformly m-essentially bounded with bounded
supports. Recalling the regularity and continuity properties of the heat semigroup
proved in [6, Thm. 6.1] (see also [2]), we obtain that the approximations p? (de-
fined above by an averaging procedure w.r.t. s and a short time action of the
heat semigroup) converge in L'(X, m) and are uniformly bounded in L (X, m);
the claimed convergence (12.4) follows. O

Given U : [0,00) — R continuous, with U(0) = U(1) = 0 and U’ locally
Lipschitz in (0,00), with P(r) = rU’(r) — U(r) regular, we now introduce the
regularized convex entropies U, € C%([0,00)), € > 0, defined by

_7 TP(s) ' P(s)
(12.5) Uelr) == (”“)/0 (5 +2) ds”/o Grep®

= r TP s+e TP s
- /1 CEE /O GreR ™
that satisfy (since P(0) = 0)
P(s) P(r)

(12.6) U:(0) =0, UL(0) = _/0 (s +e)? r+e’

Notice that, since U is normalized, for every R > 0 there exists a constant Cr such
that

ds, Ul(r) =

(12.7)  min{U(r),0} < U (r) Vre]0,1], 0<U.(r) <Cgrr ¥rel[l,R],
moreover one has the convergence property
(12.8) lm U (r) = U(r).

el0

We also set

(12.9) Z(r) = /OT P\'/(gs) ds,

so that (3.24) gives
(12.10) 2ay/1 < Z(r) < 2a /1.
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LEMMA 12.3 (Derivative of the regularized Entropy). Let (0s)sejo,1) be uni-
formly bounded densities in W2(0,1;V,VZ). Then the map s — fX U:(gs)dm 1is
absolutely continuous in [0, 1] and

d d
(12.11) —/ Ue(os)dm = g, (=—o05,Ul(0s))y  for L -a.e. s € (0,1).
ds Jx ds
PrOOF. The convexity of U, yields

/ U:(0s) dm —/ Us(or)dm < / Ul(0s)(0s — o) dm
X X X
< S(Ué(gs))lﬂe*(gs - 97-)1/2
< sup U] &(05)"?€* (05 — o)/,
so that (3.24) and the last identity in (12.6) give
(12.12)
1
‘ / UE(QS) dm_/ UE(QT) dm‘ < —max (E(st Qs)1/27 E(Qra Qr)l/Q)g*(Qs_Qr)l/2~
X X ac

This shows the absolute continuity (see [3, Lem. 1.2.6]). The derivation of (12.11)
is then standard. g

LEMMA 12.4. Let ¢ € Vo, be nonnegative.
(i) o €V ifand only if Z(o) € V if and only if f{g>0} 07 'T(P(g)) dm < oo. In

this case
I'(P(0)) . ,
(12.13) &(Z(0), Z(0)) = /{Q>O} Tdmz IEIJ%I/X ol (Ul(0)) dm.

(ii) If Z(0) € V then LP(o) € V,, Ul(0) — Ay(LP(0)) inV, as e ] 0 and
(12.14) liﬁ)l QF(UE/(Q)) dm = / F(Z(Q)) dm = &7 (LP(0), LP(0))-
0 Jx X
Motivated by this, we will call U'(0) € V, the limit A} (LP(g)) of Ul(0) in V,.

(iii) If pus = osm, s € [0,1], is a regular curve, then s — U(us) is absolutely
continuous and

d d
(12.15) gu(us) = <£95, U'(es))y, —for ZLeae s€(0,1).
(iv) If Z(p) € V, o = S0, BE(K, N) holds and A is defined as in (11.7), then
(12.16) Z(0r) €V, &(Z(er), Z(0r)) < e *ME(Z(0), Z(0))  VE2>0.

In particular, if p = om € Po(X) then t — oym is a Lipschitz curve in [0,T)]
with respect to the Wasserstein distance in Po(X) with Lipschitz constant

bounded by e\ /E(Z(0)).

PROOF. The proof of the first claim is standard, see e.g. [5, Lemma 4.10].
In order to prove (ii), let us first notice that

(12.17) Eo(LP(0),LP(0)) < E(Z(0), Z(0))-
In fact for every ¢ € V there holds
—(LP(0),¢) = /X P'(o)T (0, ) dm = /X VoT(Z(o), p) dm

< &(Z(0), Z(0)"/?€ (0, 0)' /2.
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On the other hand, choosing as test functions ¢, := —U/(p), taking the last identity
in (12.6) into account we get

Eo(0erp2) = /X ol (U2()) dm < /X (0+)(U(2))*I (o) dm < E(Z(0). Z(0)),

LP(0).¢) = [ T(P(2).UL() dm

— [ Ar(P@) a1 £(2(0.2()) as= Lo
xo0te

This shows that {¢¢}eso is an optimal family as e — 0, thus we can apply Propo-
sition 3.1(b) to obtain that ¢. converge in V, to a —A}(LP(g)), and that (12.14)
holds.

In order to prove (12.15) we pass to the limit as € | 0 in the identity obtained
integrating (12.11)
(12.18)

t
d
/ U: (o) dm—/ U-(gs)dm = /V, (—o0rUl(0r))y dr forevery 0 <s<t<1.
X X s erdr er

Indeed, in the left hand side it is sufficient to apply the dominated convergence
theorem, thanks to the uniform bounds of (12.7) and (9.32). Since the curve p is
regular, the modulus of the integrand in the right hand side is bounded from above
by
1 1...,d d
28(2(97’)7 Z(QT)) + QEQT(dT Or, d’l"
so that we can pass to the limit thanks to (ii).
The inequality (12.16) follows by (11.12), the fact that &0, = LP(g;) and
(12.14).
In order to prove the last statement, we apply Theorem 8.2, the estimate (12.14)
which provides an explicit expression of the metric Wasserstein velocity, and (12.16).
O

or) < C for every r € [0,1],

12.2. BE(K, N) yields EVI for regular entropy functionals in DC(N)

THEOREM 12.5 (BE(K, N) implies contractivity). Let us assume that metric
BE(K,N) holds and that P € DC,y(N). If A is defined as in (11.7), then the
nonlinear diffusion semigroup S defined by Theorem 3.4 is A-contractive in P2 (X),
i.e. for all po = om, vy = om € P5(X) one has

(12.19) Walpe,ve) < e M Wa(po,vo)  with iy = (Seo)m, vy = (Sio)m.

PrOOF. We assume first that o and o are the extreme points of a regular
curve iy = gsm. We set psr = 0s,m, with o5, = S¢0,. Since i is Lipschitz with
respect to Wy and g5 are uniformly bounded, s — g5 is also Lipschitz and weakly
differentiable with respect to Vi: we set wg s 1= 0505+

By Kantorovich duality,

1
(12.20) §W22(U0,ta,ul,t) ZSUP{/ Q1<Pdul,t—/ @dﬂo,t}
X X

where ¢ runs among all Lipschitz functions with bounded support. If ¢ is such
a function with Lipschitz constant L, setting ¢, := Qsp, the map n(s,r) =
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Jx s dpry is Lipschitz: in fact, recalling that
Lip(ps) 2L, sup |ps(x) — or(2)| < 2L%|s — 7]
rzeX

we easily have

n(s,r) =n(s', )l <2L%|s =8|, n(s,r) —n(s,r")| < 2Ly/m(S) [los,r — 05, Il

where S is a bounded set containing all the supports of ¢, s € [0,1]. From (5.12)
we eventually find

d

1 Sﬁsd,ufst<77/ Deps|? dps. ¢ + (W t, s)-

Denoting now by r + ¢, , the solution of the backward linearized equation (4.2)
(corresponding to (11.1b)) in the interval [0,¢] with final condition ¢s; = s,
recalling Corollary 4.7 we get by (4.18) of Theorem 4.5 and (11.6) of Theorem 11.3
<ws,ta ‘Ps> = <ws,07 903,0> = / Ps,0 0sp0s dm,
X
[ el = [ Dol dp.
b'e b'e

and therefore the relations (6.11) and (8.7) between minimal 2-velocity and metric
derivative, together with Lemma 8.1, give

1
1
/ ¥1 dlu’lvt 7/ %0 du(),t S/ (7 5/ ‘D<Ps|i; d/us,t + <ws,t7§05>) ds
X X 0 X
1
S/ ( ) ?udus"‘/ (6895)905,0(11“) ds
0 X

E X
1 1
< 56—2At/ |ﬂs|2d3o
0

Taking now the supremum with respect to ¢ we get

W2((Sigm, (Se)m) < e~2M / a2 ds.

Using Lemma 12.2 and the contraction property of S; in L'(X, m) we obtain the
same bound for an arbitrary couple of initial measures. O

Let us recall the notation (see (7

Ag(p;m / / Q(0s)v2ps dmds

for the weighted action of a curve p; = gsm w.r.t. m, where vy is the velocity
density of the curve.

THEOREM 12.6 (Action monotonicity). Let us assume that metric BE(K, N)
holds, and that P € DC,cq(N). Let ps = psm, s € [0, 1], be a regular curve and let
tst = 0sM with o5 = (St0s). Denoting by p. ¢ the curve s — ps1, we have

t1

1
(1221) 7./4,2(/14 tl) + K AQ(# t;m )dt S i‘AQ(luwto) 0 S to S tl S 1.

to
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PRrROOF. It is sufficient to prove that the map t — Az(u.+) is absolutely con-
tinuous and satisfies for every t>0

(12.22) limsup — (.Ag(u ) — Ag(u.’t,h)) < —KAg(p.¢;m).
hl0 2h

Let us fix t > h > 0; thanks to Theorem 3.4 and Theorem 4.6, the curves o.;
and g.;_p are Z'-a.e. in (0,1) differentiable in V', with derivatives w,; € V/
ws t—h € VQ t—h"

Recall also the relations (8.7) and (8.8) of Theorem 8.2, linking the minimal
velocity density of a regular curve v, = g,m, its V' derivative £, and the potential
¢r = —AZS (ZS)

By (8.7) we get

Os,t’?

1 1
g (Aalw.0) = Aaliei)) = 5 [ (85 (wan ) =€, (i) ds.
Recalling (11.8) and the definition (11.7) of A, one has

SZS,t(ws’t7wsvt) B SZs,t—h (wsvt_h7w37t_h) < (672 )Ezb t—h (ws,t—haws,t—h)

which is uniformly bounded (using (11.8) once more) by C(t)h, if b < t/2. Therefore
the curve ¢ — Aa(u.¢) is absolutely continuous; moreover, applying (11.10), (8.7)
and Fatou’s Lemma we get

hn}}foup (A2(u ) — Az (p. - h)) < K/ /Q 0s,¢)0s,tV5  dmds,
where v. ; is the minimal velocity density of p. ;. g

Let us now refine the previous argument. In this refinement we shall use the
weighted action

Aiaq(p;m / / sQ(0s)v2ps dmds,

where id(s) = s. Notice that the weighted action appearing in the EVI property
(9.78) is Aug(p;m), with w(s) = 1 — s; in other words A, (u; m) corresponds to
the s-time reversed weighted action A;qq(1; m).

THEOREM 12.7 (Action and energy monotonicity). Let us assume that metric
BE(K,N) holds and that P € DC,¢q(N). Let pis = gsm, s € [0,1], be a regular
curve and let ps = 0s4m with 95+ = (Sst0s). Denoting by pu. ¢ the curve s — i 4,
we have

1 ¢ 1
(1223) i‘AZ(M.’t) + tu(ﬂl,t) + K/ AidQ(u.m;m) dr S 5./4.2(/1.70) -+ tU(/L070).
0

PROOF. Since by assumption U is continuous and convex, by (3.34) we already
know that the map ¢ — U(uq ) is nonincreasing; thus it is sufficient to prove that

(12.24) hngfoup o (A2(H ) = -A2(,U‘,t—h)) < Ulpo,0) — W(pa,e) — KAiag(p. s m).

We thus fix 0 < h < t. Recalling Theorem 6.6 and Theorem 8.2, we have

(12.25) Aaz(p. 1) / &y, . (0s0s,t) ds, 2(k-t—n) / € n(0s0s—n)ds.
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It is easy to check that for every 7 > 0 the curve s — ps+—pn4- is Lipschitz in
Po(X) and s+ gs4—n- is Lipschitz in V¢, since for every 0 < s; < s9 <1
l[0s1,t—htr = sy t—ntrllvg < 1|05y t—htr = Ssir0sst—nllvy
+ ||S(‘}1T9527t—h - QSQ,i—h—‘rTHVé
< |losy,t—n = 0s5,t—nllvy + C7(s2 — 1),

for some constant C' independent of s1, sy and 7, where in the last inequality we
used the contractivity (3.32) of S in V¢ and Theorem 3.4 (ND3).
A similar argument shows the Lipschitz property with respect to the Wasserstein
distance:
W2(,usl,t—h+7'7 HSQ,t—h+‘r) S W2 (Msl,t—h-‘r'ra (SS1TQS2,t—h)m)
+ W2 ((5517052,t—h)m7 MS2,t—h+T)
< e MWy (1 t—hy Msnt—n) + C' T(52 — 51),
where we applied (12.19) and point (iv) of Lemma 12.4: notice that, along the
regular curve us, = psm, the quantity €(,/0s,+/0s) is uniformly bounded, so that
E(Z(0s,t—h); Z(0s,t—r)) is also uniformly bounded by (12.16).
For every r € [0, 1], u € [0,1], also the curves s — 0 ,. := S;,,05,+—n are regular:
we set z¢, := Js04,.. We have
Otk Osyr "
lim —————— = uLP(oy,) foreveryue[0,t], s,rel0,1].
k—0 k ’

Since g;"s = 05, it follows that the derivative of s +— g, in V¢ is

8st,t = 0s (SshQs,t—h) = Zzs + hLP(Qs,t)~

0 .
s / U(0s,)dm =y, (z?s + hLP(0s.4), U'(gs,t»V Zlae. in (0,1).
X 0s,t

0s,t

For every s € [0, 1], let 7, € V be an optimal sequence for Js0; ¢, thus satisfying

1 * 1 h n 1 n
§8Qs,t (8595,757 ast,t) - nh—>néo V;S,t<zs75 +hLP(Qs7t)7 st’t>ves,t - 9 /X QS,tr@s,t ((ps,t) dm.
Let vyt := —U'(0s,¢) € Vp,, and 7, := ¢, — hv, ;. We get
n 1 n
\ <Z£L,s + hLP(QS,t)7 ‘ps,t>VQ - 5/ sttrgs,t ((ps,t) dm
es,t st x
1
= Ak ALP(0u ) 0+ hoaddy, 5 /X 0T, (U0, + hvs ) dm
0 h n 1 n n
= _ha U(KQ&t) dm—i—V’g <Zs7s7ws,t>\/g . iggs,t( 5,t7¢s,t)
X s,t s,t
h2
+hy (LP(0st), Vo), — h/ 0s,tLp. (V5 4, vs,t) dm — j/ 05,4 T (vs,¢) dm
05t 2s,t X x
< b2 [ Ulou)dmty (P gty — e, (0000
Ly s U Rs,50 Vs, T 90t \ Vst Psit)
= Js . Os,t Vi, Vo8 VstV 9 st it ot

where we used Lemma 12.4 (ii) to get the second equality, and to simplify the third
and second to last terms in order to obtain the last inequality. We observe that
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o+ 1s an optimal sequence for z? : we will denote by 1), ; its limit in V . and by
¢s,¢ the limit of f ;. They are related by
(1226) (bs,t = ws,t + h’l}s’t.
Passing to the limit in the previous inequality we obtain
(12.27) 55;3 (0:00:0:000) < —hos / (0s,4) dm + 2823 (22l

Observe that u — of . := S 0st—n and u > z¢, 1= Js0¢ . satisfy respectively
aupg,r = TL(P(QZ,T))’ auzg,r = TL(P/(QZ,T)Z;T)v

where the second equation follows from Theorem 4.6. Setting r = s we get
aug’:,s = SL(P(Q;S)L auzg,s = SL(P/(QE,S) Z:l:,s)‘

Let now Bg}r be the operator, given by Theorem 4.1, mapping ¢ € V into the
solution (s, of

d
(1228) ECS,T = _SP/(QS,T)LCS,T re [Ovt]v Cs,t = C

Theorem 11.3 and the fact that zg’s = 050s,t—h and oy ¢ = 0s,t—h+u yield
1 * h *
5 [Sgs,t (Zs 51 %s, 5) Egb —h (ast,t—ha ast,t—h)}

2
_Ks / / Q00r)00rTy. (B (the)) dmdr.
t—h JX

Using the estimate

Do (B ($00)) < (14 00T, (B (600) + 17 (14 2 )T (B, (0,0))

and the uniform bound
/ QS,TFQS,T(B (Us t)) m < C/ Qs t 0Os, t(vs,t) dm S C/a
X

Lemma 5.6 eventually yields

hn]_}foup 2h (82< t (Z'g7s’ ZZS) o SQs,t—h (asgsvt_h’ as@s,t—h))

7K5/XQ(Qs,t)gs,trgs,t(gbs,t) dm

Combining this estimate with (12.27), we get

1
1 (8* 83 ,65 S 8* as S,t— ,63 S,t— )
m;foup o Qs’t( 0s,t,0s0 ,t) 05t ,( Os,t—h; Us0Os,t h)

< KS/QQsthtFQSt<¢st m_f/UQSt

By recalling (12.25) and Theorem 8.2, the integration w.r.t. s in (0,1) of the last
inequality gives (12.24). O
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THEOREM 12.8 (BE(K, N) implies CD*(K, N)). Let us suppose that (X,d, m)
is a metric measure space satisfying the metric BE(K, N) condition. Then for every
entropy function U in DCpcq(N) and every i = pm with o m-essentially bounded
with bounded support, the curve py = (Sio)m is the unique solution of the Evolution
Variational Inequality (9.84). In particular (X,d, m) is a strong CD*(K, N) space.

PRrOOF. Under the above conditions, one can apply [7, Cor. 4.18] to obtain that
(X,d,m) is an RCD(K, c0) space, in particular the assumptions of Lemma 12.2
are satisfied. Now let S; be the solution of the nonlinear diffusion semigroup of
Theorem 3.4 and let 7 = om with o m-essentially bounded with bounded support;
we consider a family of regular curves ué") = an)m approximating a geodesic
from 7 to ji in the sense of Lemma 12.2 and we set ug? = (Ssr0™)m. Applying

(12.23) of Theorem 12.7 we get

1 n n
(12.29) 5A2(< )+ (" +K/ HAsao(u;m) dr < Ag(( )+ U ().

Dividing by ¢t > 0 and letting n — oco,t | 0 we get
(12.30)

lim sup lim sup
tl0 n—00

As () = Az (1) | K[ n
( St o 0 —‘,—u(u/&g) + ?/ ‘AZdQ(M(,T‘);m) d'r
0

< lim sup U( u(()no) )-
n— oo

Next we pass to the limit in the different terms, setting ps+ = (Sst0s)m. First of
all, combining (12.1) with the lower semicontinuity of the 2-actions and recalling
that .y is a Wa-geodesic we get

1 1
hmsuphmsup?t(./lg(u )7‘/4,2(#_(’%))) > hmsup2—t<fl2(u 1) — Ag(u.70)>

tlo  n—ooo 10
1
(12.31) > lim sup 2—(W2 (7, p14) — Wi (7, ﬂ))
10

In virtue of (12.3) and of the lower semicontinuity of the entropy we also get

(12.32)  liminflim inf U(uy )) > hmlnfU(ul > UR), lim U(M(()ng) = U(D).
n—ro0 ’

tl0 n— o0

Regarding the term with the integral of the actions we claim that the joint limit as
t ] 0,n — oo exists with value

(n)
12. T = Sy )
(12.33) g t/ AidgQ(p-'sm) dr = Aiaq (7, i1 m).
In order to prove (12.33), we first show that
(12.34) lim Ao t)v m) = Ajgo(p;m) = Ajao(D, i m).
tl0,n—o00

In order to show the convergence we wish to apply Theorem 7.1, let us then verify
its assumptions.
Recalling that by Lemma 12.2 we have o™ — o, strongly in LY(X,m) for every

s € [0, 1], using the L!-contractivity and L!-continuity of the semigroup proved in
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Theorem 3.4 (ND4), we obtain

timsup flos = o7 122 eomy < limsup (Jlos = otller ceam + llose = 007 12 xm) )

tl0,n—o00 n—00,t}0

< limisoup |05 — 0s,¢ll L1 (x,m) + limsup ||os — 0™ || 11 (x.m) = 0,
t

n—oo

which in turn implies (by dominated convergence)
(12.35) g,(jtl) — 0. asn — o00,t ] 0, strongly in L*(X, ).

Now let (t,,)nen be any sequence with ¢, | 0. First of all, by the lower semiconti-

nuity of the 2-actions we have liminf,, AQ(M(ZLZ) > As(p.0). On the other hand, by
Theorem 12.6 we have

t
As(uy) < —2K / Aq(uf;m) derAW%))

< 2|K|(sup |Q)) / Ao d8+f{2(u 0)

which, by Gronwall Lemma, implies sup,¢/q 1 Ag(p&t )< C=C(p., K,sup|Q))).
Therefore, again by Theorem 12.6 we get

tn
lim sup.Ag(u_(Z) < lim sup ( —2K

n— oo n— oo

Ag(p. s m) dt + Az(u.(,%)))

< lim sup (C’(u KSUP\QD)t + Az (p. “ )))

n— oo

= lim SupAz(p_(f(L))) = Aa(p.0)-

n— oo

It follows that lim,, o As (,u tn) Aa(p. o) for any sequence t,, | 0 and then
hm .AQ( ) .AQ(/.L 0)

n—00,t.0

We can then apply Theorem 7.1 and obtain the claim (12.34) and then (12.33).
Putting together (12.31), (12.32) and (12.33) we obtain

(12.36) 11m¢sup—(wz (1.,7) = WE (i1, 7)) + W() + KAiaq (7, ism) < U(P).

t
Recalling that w(s) = 1 — s, and that p1; = (Sto)m = p, the last identity is
equivalent to

(12.37) hrgi%up (Wz (he,7) — Wf(ﬂyﬂ)) + U(R) + KAwg (i, 7;m) < UD).

This proves (9.84); therefore the strong CD*(K, N) property, is an immediate
consequence of Theorem 9.22. (]

12.3. RCD*(K, N) implies BE(K, N)

In this section we will assume that (X,d, m) is an RCD*(K, N) space and we
will show that the Cheeger energy satisfies BE(K, N). By [7] we already know that
BE(K, 00) holds.

In the following, we consider an entropy density function U = Uncm €
DCreq(N) of the form given by (9.36) through the regularization (9.34) and we
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will denote by (S¢)i>o0 the nonlinear diffusion flow provided by Theorem 3.4 and
satisfying the EVI property (9.78) by Theorem 9.21.

LEMMA 12.9. Let us = psm be a Lipschitz curve in Po(X) such that s —
Enty(us) is continuous. For a given integer J, consider the uniform partition
0 =350 <58 < - < sy =1 of the time interval [0,1] of size 0 :== J~ ' and
the piecewise geodesic il = olm, s € [0,1], obtained by glueing all the geodesics
connecting fis;_, to ;.

Then Q{) — o¢y i LM(X x [0,1],m® Z*).

PROOF. First of all, since .y is a Lipschitz curve in &2,(X), it is clear that the
geodesic interpolation converges, i.e. u{) — p(y in C°([0,1], P2(X)). Therefore
for every s € [0,1] we have pu — p, weakly and thus (see for instance [3, Lemma
9.4.3])

(12.38) Entp, (1s) < 1i}ninfEntm(,u;]), Vs €[0,1].
—00
On the other hand it is not difficult to prove also the converse inequality
(12.39) Entp, (1s) > limsup Enty, (1), Vs € [0, 1].
J—o0

Indeed, the K-geodesic convexity of the entropy along geodesics ensured by the
RCD(K, o0) condition yields
(12.40)

J t1—1)
Entm(ﬂ(lft)sﬁrtsj“) < (1—t)Entw (ps;) +tEntm (ps,,,) — K B
for all ¢ € [0,1]. Since the maps s +— Enty(us) € RT and s — ps € P9(X) are
continuous, we get (12.39) by passing to the limit as J — oo in (12.40).

From the convergence u{) — p(y in C°([0,1], P5(X)) we infer that the family

W22 (Msj y Msjiq )7

{1, 115} se(0,1),7en is tight. The thesis then follows from the following Lemma 12.10
combined with the Dominated Convergence Theorem. O

We next state a well known consequence of the strict convexity of the function
t+— tlogt on [0,00) (see e.g. [56, Theorem 3]).

LEMMA 12.10. Forn € N, let pym = py, € ZP(X) and om = p € P(X) be
such that
o Ly — p weakly in P(X),
e Enty(un) — Enty (1) as n — oo.
Then 0, — o strongly in L*(X,m).

LEMMA 12.11. Let ps = osm be a Lipschitz curve in Po(X) with s — o
continuous w.r.t. the L'(X, m) topology and sup, l0s|lLoe(x,m) < 0. Then, defining
Hst = OstM with Os,t = (Stgs); one has

1d*
(12.41) §EA2(’“‘¢) < —KAg(u.4;m)  for every t > 0.

PROOF. The L'(X,m) contractivity of S ensures that s — g5, t > 0 are equi-
continuous in L*(0, 1; L' (X, m)), while the embedding (3.28) provides the continuity
of t — g, when s is fixed; combining these properties we know that (s,t) — 0,
is continuous w.r.t. the L'(X, m) topology. In addition, it is easily seen that the
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L*(X,m) norms of g, are uniformly bounded, and s — s+ = g, ,m is a Lipschitz
curve in Po(X).

For a fixed integer J we consider the uniform partition 0 = sg < 51 < -+ <
s7 = 1 of the time interval [0, 1] of size o := J~!, and the corresponding piecewise
geodesic approximation ,uSJ’t of fs¢.

Summing up the Evolution Variational Inequality (9.78) for us, ,; and test
measure /i, + and the corresponding one for j; ; and test measure p;_, ; we use
the Leibniz rule (3, Lemma 4.3.4] to get that ¢ — W3 (us,_, 4, 1s,,) is locally
absolutely continuous in [0, 00), and that

1d
thW2 (:U’S] 1 t7MSJ ) < -K (‘AWQ(/Jsjfhta,uij,t;m) +~AwQ(st,t>/1'sJ;1,t§m))

for j =1,...,J and Z'-a.e. t > 0. Denoting by uj{t the piecewise geodesic curve
as in the previous lemma, we obviously have

J
1
‘A2(N’J,t) = ; Z WQQ(Mijl,fMMSj,t)?

Jj=1

while (9.77) gives

J
Z( w@ ,usJ 1,taMsJ,t7 )+-AwQ(MSj,taUsj,1,t§m))~

J=1

‘A :ut,

Q\'—‘

We end up with

1d
(12.42) 5&./42( ) < —KAg(p!y;m) for Lt-ae. t >0,
or, in the equivalent integral form,
1 J 1 J e J
(1243) §A2(u_’t2) — i‘AQ('U",tl) <-K AQ(,U,’t,m) de 0<t; <ts.
ty

By Lemma 12.9, we know that the curves ,uj{t converge to the curves u. ; in L'(X x
[0,1],m® .Z1) as J — oo. This enables us to apply Theorem 7.1 (notice that (7.7)
holds because the piecewise geodesic interpolation does not increase the action), so
that we can pass to the limit as J 1 oo in (12.43) and use (7.9) to get

(12.44)

1 1 2
§~A2<M-,t2> - §~A2(M-,t1> < —K/ Ag (g3 m)dt forall0 <t; <ty <T.
ty
([

COROLLARY 12.12. Under the same assumptions and notation of the previous
Lemma 12.11, if A is defined as in (11.7) then

(12.45) Ag(p.) < e MAy (o) for every t > 0.

In particular, if L is the Lipschitz constant of the initial curve (us)sepo,1] in the
metric space (Po(X), Wa) and s+ 05, € C1([0,1]; V') then

(12.46) €h (05051,05001) < *MI2 Vs e[0,1], VE>0.
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PROOF. The action estimate (12.45) follows easily by (12.41) and the fact that
the definition of A gives —KAg(p.r;m) < —AAz(p. 1).

By repeating the estimate above to every subinterval of [0, 1], the identity
(8.7) of Theorem 8.2 and the equality (6.11) between minimal velocity and metric
derivative yield

€5, (00000, 0u00s) S e ML Plaes e [0,1], Vi >0,
The thesis (12.46) then follows by the lower semicontinuity of the map
s Ezs‘t (asg&ta as@s,t)

ensured by Lemma 5.8, since the maps s + 0505, — 05, are continuous in V’
and weak*-L>° (X, m) respectively. O

We can now prove the implication from RCD*(K, N) to BE(K, N); we adopt
a perturbation argument similar to the one independently found in [16].

THEOREM 12.13. If (X,d, m) satisfies RCD*(K, N) then the metric BE(K, N)
condition holds.

PROOF. Let us first remark that (X,d, m) satisfies the metric BE(K, c0) con-
dition and that (X,d) is locally compact; in order to check BE(K, N) we can thus
apply Theorem 10.11.

We fix f € Dy(L) N Dp(L) with compact support and p = om € P(X)
with compactly supported density ¢ € Dy (L) satisfying 0 < rg < ¢ m-a.e. on the
support of f. With these choices, our goal is to prove the inequality

(12.47) Ty(f; P(0)) + /X R(g) (Lf)? dm > K /X I'(f) P() dm.
We define
¢ :=—oLf —T(o, f).

Since ¢ and f are Lipschitz in X, recalling Theorem 10.6 and Lemma 10.8 one has
1 € Vo, and

(12.48) || < ap for some constant a > 0.
In addition, ¥ has compact support and
(12.49) / dem:/ ol(f,¢)dm V(eV, / P dm =0,
X b's X
1., 1 1
(12.50) FE00 1) = 5805 ) = (. f) =5 [ o (r)am.
We then set g5 := o + s, so that ds0s = ¥, and we observe that (12.48) gives
(12.51) (1—as)o<os <(1+as)e.

This, together with (12.49), implies that osm € £(X) for s € [0, 1/a]; moreover,
(12.51) also gives (1 —as)E,(p) < E,.(v) < (1+as)€,(p) for all ¢ € V, so that by
duality we get

(12.52) (1+as)™ &5 (1, 9) < & (¥,9) < (1 —as) €44, ).

It follows that g is Lipschitz in %25(X) by Theorem 8.2 and

(12.53) lim &, (1, %) = E5(1, %) = Eo(f, ).
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We set ¢! := Sios, w! := 950', o' = Sio. Recall that, thanks to Corol-
lary 4.7, t — w! belong to W12(0,T;H,D;) C C([0,T]; V') and solve the PDE
Oyw = L(P'(pl)w) of Theorem 4.5 with the initial condition @ = ds0s = 1. The
contraction property of S in L'(X, m) and the integrability of ¢ yield
(12.54)

oy = o'l (x.m) < llos = ollLrxm) = sl¥llLr(xm) Vs € (0,1/a), Vt €[0,T).
Combining Theorem 4.5, the estimate (12.46) and (12.52) we also get

ef2At
(12.55) sup &% (wh,wi) < ——
0<szs % 1 -

Theorem 4.5(L3) in combination with (12.51) and (12.54) also shows that
(12.56) lim sup ||w! —wh|yy =0 forevery T >0 and lim ||w’ — 4y, = 0.
sl0 0<t<T € s,tJ0 €

e, y) Vt>0, VS € (0,1/a).

Combining the lower semicontinuity property (5.77) with (12.55), (12.56) and re-
calling (12.50), we get

(12.57) lim €5, (wg, wy) = E5(¥,9) = E,(f, f);

s,t0 @
we are then in position to apply Lemma 5.8 and infer that
(12.58) i [ QUet)eir; (wh) dm = [ Qo)er(f)dm
5,640 J x s X

Moreover, by (12.54) and (12.56) we can find a nondecreasing function (0,1) > t —
S(t) > 0 with S(¢) < #2, such that

lim sup ¢t |wh —wh|v: =0, lim sup ¢t Yol — o1 =0,
i swp ¢~k — wily i s 17—
so that
. ORI 1,
(12.59) bim : Flws =, fyds =lim - {wo — 1), f)
and
S(t)
12. li =1 — o)l
(12.60) tlg)l / I'(f)dmds 1m/ (0" — o)T'(f) dm,

provided the limlts in the right hand sides exist. Eventually, (12.50), (12.52) and
1—as> 3 yield

iagsw ¥) < <1+2as> Z(w,w>:<w7f>—§ /X oL (f) dm + as E5(4, )

so that the bound S(t) < t? yields

S(t)
(12.61) % ]g & () ds < (¥, f) — %/}(@F(f) dm + %atQEQ(f,f).

Combining Theorem 8.2 and Lemma 12.11 (applied to the rescaled curves in the
interval (0,S5(t))) we get

1 S(t S(t
5][ &, ( ds+K/ ][ /Qgé wy) dmdsdr
0

(12.62)
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so that (12.61) and the very definition of €y vield

][ ( /F( f)dm d3+K/][ /QQSQTF* ") dmds dr
<

(W, f) - ; [ er () dm+ Sare (1.,
and, dividing by ¢t > 0,

]és(t)(1< ¥, f) - ;/ %(9 — o)l (f)dm)ds
HK][ ][S(t/Q () dmdsdr < Stae, (. ).

Passing to the limit as ¢ | 0 and recalling (12.58)7 (12.59) and (12.60) we eventually
get

. wp = L o' —o
(1263) im0 ) = Stim [ 20 am K [ Qo)er(f)dm <o

Observe now that

1

Hub—v.5) = f WP ). Har= f P L

- ][ (wh, P (gf)LS) dr

We can then pass to the limit since wi — 9 in V&, P'(gf) — P’'(¢) in V (thanks to
(3.30)) with uniform L* bound and Lf € V,,. We get, by the definition of v, that

(12.64)

lim (b = 0./) = (0. P (@) == [ (eP(LIP +T(Plo). ) L) .

tl0 t
Similarly, since 1 (o' — 0) = LP(g) in V', T'(f) € V and P(o) € Ds, we obtain

t_
(12.65) lim | =1(f) dm:/XLP(g)F(f) dm.

Combining (12.63) with (12.64) and (12.65) we obtain
(12.66)
- [ P@eLh? +T(Po). HLF + GLP@T (1) dm <~k [ P

X
and finally (12.47) is achieved. By applying Theorem 10.11 we then get BE(K, N).
(Il
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