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ABSTRACT

The methods of Scott-Strachey semantics are applied to the
problem of writing programs for parallel computers, using serial
languages such as are in common use, with compilers which
attempt to discover and exploit potential parallelism in
independent sections of program.

A mathematical model of a parallel computer 1is first
developed in detail, and in chapters 1 and 2 three basic
conditions are derived which together ensure determinacy of
operation in a parallel machine, first in purely semantic terms,
then in a form more related to the syntactic structure of a
language.

The remaining chapters apply these basic conditions to three
actual languages, showing how the conditions can be reduced to
purely syntactic (hence compiler evaluable) tests. Chapter 3
uses a very simple language +to introduce the techniques
required. Chapter 4 adds procedures, with all the complexity
they involve. Chapter 5 considers the rather more fruitful
area of arrays and loops.

The result, in all but the most trivial cases, is a rather
complicated set of conditions which, while they produce the
desired effect, suggest that today's commonly used languages are

not the most suitable method of exploiting parallel computers.
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CHAPTER Q: INTRODUCTION

"'"What 1is the use of a book,' thought Alice, 'without
pictures or conversations?'"

Alice's Adventures in Wonderland: Chap 1.

The rapidly increasing quantity of work that is being found
for computers to do, together with the realisation that there
are physical limits on the speed at which a computer can be made
to operate which are likely soon to make themselves felt, has
led to the development of, and considerable growth of interest
in, multi-processing computers; i.e., machines with several
processing units (of similar or different kinds) which can act
simultaneously, often on a common set of data. The earliest
use of such machines gave each processor a separate program to
execute, which it did completely independently of the other
processors. This is not a very interesting technique, since it
is wvirtually equivalent to using a number of small, completely
separate computers, and it also has the disadvantage of
requiring large quantities of storage for many programs to be
available at one time. More recently, the problem of applying
a large number of interacting processors to different parts of a
single program has been considered. Needless to say, this
poses considerable problems, not least for the programmer.
Geller and Weinberg [ 12] suggest the principle: "Parallel is

more natural than serial, unless proved otherwise", with +the

corollary: "Unordered 1s more natural than ordered, unless
proved otherwise"; unfortunately, this very easily becomes:
"Chaos is more natural than order...", which may sometimes be

true, but it is hardly desirable! The problem with a program
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with interacting parallel processes is that the result may well
depend on the relative timings of the interactions, so that two
runs of the same program with +the same data may produce
different results. This problem rarely occurs with serial
programs, since, although some programming languages do not
define the order of certain operations (e.g. evaluation of
subexpressions), most implementations of these languages in
practice do. Furthermore, the problem is worse than that of
simply reordering commands or expressions of a program; for
instance, the two statements:
X 1= X + 1 X 1= x + 2

can be executed serially in either order and will always give
the same result; if, however, they are executed in parallel,

the outcome may be to increment x by 1, 2 or 3!

It seems only reasonable then, that a programmer should be
able to be sure that any program he writes is at least
determinate - his Jjob is difficult enough even with such
assurance, One can distinguish three approaches to programming
parallel computers:

i) The wuse of languages with explicit manipulation of

parallel processes, but where the constructions used are

guaranteed to produce determinate results, e.g. Data flow
languages [ 2] [11] [16]. Unfortunately, it is not at all clear
how best to do this, and the work in this area 1is in early
stages - most of it is in the state where "programs" consist of
flowcharts which then have to be hand-coded into a machine code.
Also, this approach has a tendency (at least in its current
state of development) to produce languages very much oriented to

particular hardware (most of which does not exist). So, while
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this approach may have considerable promise for the future, it
will not be considered further here.

ii) The wuse of parallel languages (or serial languages

extended to contain parallel features) whose constructs are not

such as to guarantee determinate behaviour. The advocates of
this approach (see [3] [12] [25] [37]) do not seem to be
concerned about guaranteeing determinacy. But since the

language does not guarantee it, and by the philosophy outlined
above it is unreasonable to expect the programmer to do so, the
only alternative is for the compiler to check that any instance
of a parallel constuct is in fact deterministic. This makes
the definition of what is a valid program hnduly complicated,
and the method has little to commend it over the third approach.

iii) The wuse of conventional serial languages with a
compiler which is capable of deciding that certain sections of a
program, although not specified as such by the programmer, are
in fact independent, and can be executed in parallel. This
inevitably makes the compiler rather large and slow, but the
approach has (at least at present) the two-fold attraction that
not only are a great many existing programs written in such
languages, but also serial programming is (comparatively) well
understood.

The basis of the difference between the first two approaches
and the last one is the question of which is more effective at
finding and exploiting potential parallelism in a problem,
computer or human programmer. The ideal answer is almost
certainly a carefully balanced combinationj; the third method is
unlikely to discover all the potential parallelism of an
algorithm, and hasn't a hope of finding a better algorithm for

the same problem; on the other hand, there 1is much that a
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machine can do, and do it more thoroughly and reliably. Having
said that, the remainder of this work will be devoted to the
consideration of approach (iii) - the automatic discovery, i.e.
by a compiler, of parts of a sequentially expressed algorithm
which can be executed concurrently while retaining the

determinacy of the algorithm.

Much work has already been done in this area; a survey of
some of it, together with some other aspects of parallel
processing, may be found in [u]. Many people have considered
arithmetic expressions to see how they can be rearranged, using
the commutativity, associativity and even d&stributivity of the
operators, +to make the best use of parallelism [6] [7] [9] [1u]
[17] [18] [24] [28) [31) [ 36}. Indeed, quite an inordinate
amount of effort seems to have been expended in this particular
area, bearing in mind that most programs only contain very

short, simple expressions. The other main area of work has

been in discovering whole statements or blocks of statements

which are independent and can therefore be exceuted
concurrently. [5] [8] [14] | 29] have considered this aspect;
[24] takes several special cases where this technique can

usefully be employed, the most interesting and profitable of
which 1s the case of loops where different iterations of the
loop can be executed in parallel; see also [20] [30]. Kuck et
al [19] have found some quite encouraging empirical results
concerning the wusefulness of these techniques in terms of the
speed~up of programs.

The approach used herein will be somewhat different; most
of the work described above was pragmatic (except for some of

the more esoteric work on expressions) in that it was directed
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to extracting the maximum amount of parallelism from existing

programs (usually written in Fortran). The present work is
more rigorous; starting from a formal description of a
language's semantics and a semantic model of a parallel

computer, methods are developed to find which sections of a
program can be evaluated concurrently. Moreover, the analysis
will follow the recursive structure of the program, so that a
hierarchy of possible parallelism may be detected, rather than
the single level that is generally only possible when analysing
Fortran programs. Transformations of the program, as in [ 20]
[24], will not be considered, nor will questions of scheduling
arbitrary numbers of tasks on a fixed numb;r of processors (see
{11), or of how large and numerous tasks should be to make
optimum use of any given machine. One of the implications of
this approach is that there is little point 1in considering a
language like Fortran, or even Algol - their semantic

descriptions are clumsy, and many interesting features are

either absent or obscured behind irrelevant quirks of the

language. Instead, three languages have been designed to
exemplify +the methods. Between them they (hopefully) include
most of the significant features of existing languages,

including ones like the sharing of one memory location by +two
different identifiers - an important problem which has been
almost totally forgotten or ignored =~ [ 8] and [14] mention it in
passing, but then ignore it.

The first, described in chapter 3, has only very basic
features, and dits potential for parallelism is small - the
opportunities appearing in, for example, compound expressions
(which are rarely complex enough to allow much parallel

activity) and the sequencing of commands in a block (which are
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rarely completely independent). It does, however, serve toO
introduce the steps and techniques required to prove the desired
results.

Chapter U4, with the second language, considers procedures
and some of their associated problems. Unfortunately, the
opportunities for parallelism are not significantly more, but
this chapter attempts to consider realistically some of the
complexity involved in applying the methods to familiar types of
language.

The third language (see chapter ©5) branches out in a
different direction, and by considering loops in more detail, an
area of considerably greater promise for useful parallelism is

explored.

The methods for describing the semantics are essentially
those of Scott-Strachey semantics as expounded in [ 23]3; details
of notation, etc., will be discussed as required.

For +the purpose of modelling it, a parallel-processing
computer can be envisaged as a number of independent processing
units, (all similar, or each with a different special function,)
probably some common storage, (this can be thought of as one of
the processors, but it is convenient not to,) and some means of
communication between pairs of. processors and between processors
and the store. The action of each processor (though not
necessarily the time it takes for that action) is a known
function purely of the communications it has sent and received
in the past. Thus the ' action of the machine is entirely
determined by the state of the store and communication lines.

The (not unreasonable) assumption must be made that the

hardware of the machine prevents from happening simultaneously
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two or more communications which clash (e.g. attempts by two
different brocesses to access the same memory location); and
clearly two communications which have no connection with each
other may be considered one at a time, even though they occur
simultaneously.

Thus it is reasonable to consider communications one at a
time, as 1if nothing else were happeniﬁg; and, with each
communication, any computation done by the processor (since its
last communication) as if squashed into the time since the last
communication of the whole machine.

Thus each processor may be considered as executing a
sequence of transformations of the state of the machine, which
is interleaved with similar sequences from other processors.
Of course, later transformations may well depend on the state of
the machine which is being affected by all the processors, and
therefore on the transformations executed by other processors

and the way in which they are interleaved.

So much for a general description of the model. The next
chapter will develop the model in detail and prove some results
about conditions in terms of abstract semantics; chapter 2 will

give further general results; and chapters 3, 4 and 5 will

describe the three exemplary -languages and develop syntactic

(i.e. compiler-usable) conditions for the use of parallelism,




CHAPTER 1: SEMANTIC CONDITIONS

"'If everybody minded their own business,' the Duchess
said, in a hoarse growl, 'the world would go round a
deal faster than it does.'"

Alice's Adventures in Wonderland: Chap 6.

1.0 Introduction and Notation

This chapter will be concerned with defining the details of
the semantic model, and with deriving three basic conditions
which ensure the determinacy of parallel computation. Later
chapters will replace these semantic conditions by syntactic
ones which can be applied directly (by a compiler) to a program

text.

The mathematical structures used will be complete lattices;
for a detailed discussion of these, their wuse in programming

language semantics, and their construction from recursive

equations, see [23]. The notation used herein will be similar
to that of [23]. Lambda notation will be widely used in
defining functions. Semantic domains will be denoted by single

- .-upper-case Roman letters, and their -elements. by - corresponding.___
lower-case Greek letters, using primes and subcripts to
distinguish different elements of the same domain, thereby
usually eliminating the need to state explicitly to which domain

an object belongs; thus €,e’,¢ ,e{ will all be understood to be

0
elements of E, ¢ of F, etc., but note the three cases 6¢C, ncH,
and, because of the special function (so to speak) of A in

defining functions, oel. When elements of anonymous domains

are required, their functionalities will normally be given
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explicitly. The one exception to the unrestricted use of
primes and subscripts will be in the case of the domain K:

since three similar domains K, K’ and K" are required, K,K

05
etc. will be used for elements of K, K',Ké, etec. for K', and
K",Kg etc. for K", Italicised names will be used for specific

functions, and (occasionally) specific atomic objects (eg True,
False). With reference +to domains, +, x, = (indicating
continuous functions - see [23]), ¢ have their wusual meanings,
[] are used for bracketting, and {} are used to enclose a
specific enumeration of the elements of a domain. Precisely
what definitions of + and x are adopted is largely irrelevant,
though care needs to be taken occasionally to ensure that all
the functions used are continuous.

Finite lists of elements of a domain D will be denoted by

*

) eD*; such lists can be specified either, as in the case of

products, by a sequence enclosed in the special brackets (),
eg. <61,62,...,6v>
or by wuse of the symbol ¥ which is used similarly to the

summation symbol )} of conventional mathematics,

Vv
eg % § =(6¢ ,62,... v

#8% denotes the number of components of 6*; selection of the
1th element is denoted by G*Ll, often abbreviated (when this is

not ambiguous) to § 6*tv denotes the list produced by

L3

removing the first v elements of 6*; 6:A6; denotes the
concatenation of 6: and 6;, and A is wused for multiple

concatenation in the same way as ¥ and ); §<8” indicates that §

is a component of 6*; §¥\&X

- e *
1\, denotes the list formed from 61 by

omitting all the components of 6; wherever they occur; note

that 1if P§ d1s a continuous predicate, then (V6<6*,P6) and
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(36<6*,P6) are also continuous. The expression V€, 5 €, where T
is an element of the truth value domain T, takes the value €, if
t=True, €, if t=False, L if T=1, and T if =1=7. If &e[A-B],
then d&[B/a)] denotes (Aa'’.o=a’'-B,8a’). In describing many
functions, a recursive equation will be given, in the hope that
this will be clearer than, but easily reformulated as, a precise
definition in terms of the least fixed point operator Fix, tO
which the given eqguation will be considered equivalent. In the
statement of lemmas and theorems, '"free" variables should of
course be assumed to be implicitly universally quantified over
the appropriate domains; and within proofs, the symbols £ and &
will denote the left- and right-hand sides respectively of the
result to be proved. Parentheses () and {} will be wused
(hopefully) to make the parsing of expressions unambiguous and
as clear as possible: the author apologises for any lapses in

this respect.
[

1.1 Basic Domain Structures

This section will describe the basic semantic domains and
manipulating functions which form the foundation of the model,
~and will prove a number of basic reults about these furnctions,———

First, veN and 1e¢l will normally denote non-negative and
positive integers respectively.

A domain S is needed to model the "state" of the machine -
this corresponds to the store of serial semantics - it will have
components representing the memory of a serial machine, but also

others unique to parallel semantics. However, there is no need
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to discuss the detailed structure of § at this stage.

These states are manipulated by elements of a domain C of
"commands", onto which programs and parts of programs will be
mapped by the semantic functions. The effect of any such 0eC
is to apply a sequence of indivisible primitive operations to a
state o. However, in the presence of other commands being
executed in parallel with 6, the second and subsequent
operations produced by 6 will in general depend on what other
commands do in between. Hence it will not do to have ©
represented simply as a list of "primitive" state
transformations, but rather as an object which, when applied to

i

a state 00, gives a new state Oy transformed from %, by a

single primitive operation, together with another command which
represents the rest of what 6 has to do. The second command
will later be applied to another state which will be o4 with

(possibly) some operations from other commands applied to it.

It is, of course, necessary to allow this process to stop. So
C is made to include a special "termination" element et. (cf
Plotkin's [26] domain of resumptions where the result of
applying a state 1is either another (final) state or an
intermediate state and another resumption. But it is

convenient in the present work to have the terminal command
explicit, rather than have . the situation where every command
does at least one operation.) Also, to compare different
interleavings of parallel commands, lists of operations are
required rather than simply lists of transformed states. This
leads to a domain C with structure:
C = [S-[[5+51xC11+{0,)
(note that (A0.6=6t) is a continuous function).

The final state after executing a command 6 from initial
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state o, in the absence of any simultaneous activity, is given

by the function Outcome:

Outcomebo =

(6=6t > 0, (M¥,0" .Outcomeb'(yo))
(60))

(x will be wused exclusively +to denote elements of [S-S]).
Alternatively, the complete list of operations produced by 6 can

be found by means of the function Expand:

ExpandBo = ) §
(6:6t > (), (My,8" {x) "Expand® ' (x0))
(60))

while the 1list of operations and the final result are related

by:

Applyx’o =
(#x =0 = o, Apply (X +1)(x,0)) .

This is satisfactory provided that x* is finite in length.
However, if the program represented by 6 does not terminate, the
situation is more complicated; ‘if X" is restricted to being a
finite 1list, then the Expansion of a non-terminating command
will simply be 413 but this is not very helpful (though, of
course, neither is a non-terminating command!) and there is no
particular reason why X* should not be allowed to be infinite in

length. The choice 1s not considered vital, since it 1is

generally more profitable to be concerned with programs which at
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least manage to complete something. Indications will, however,
be given throughout this chapter of what needs to be done to
cope with lists of infinite length.

Two useful relationships between the functions defined above

are shown in the following obvious lemmas.

Lemmag 1.1.1:

Apply (Expand®0)c = Qutcomebo

Proof

by induction on v=#(Expandbo).

If 6=Gt

then L=Applyl) o=0=8,

If exet,
let (x,0" =60 3
so Expand6o=Cyx) "Expandb'(xo) ;

so #(Expand®'(xo))=v=-1 ;

so £ Apply { x) "Expand® ' (xo))o
= Apply(Expand® ' (xo)) (xo)
= Qutcome®'(xo) by inductive hypothesis

= Qutcomebo

=ﬁ. »

(The case v=® requires a simple application of fixed point
induction (see [23]) using essentially the same inductive step.)

QED
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Lemma 1.1.2:

Apply (x;"X3) = APPLyX,°ApplyX) .
Proof

by induction on v=#x;,

ie assuming true for Xi* when #X{*<v,

show that Vo, Apply(x]"x,)o=Applyx, (4pplyx;o) -

If v=0
then £:Applyx;0

and ﬁ:AppZyxE(AppZy()G)=Applyx20 .

If v>0 (but finite)

then £

AppZy(x:AXZ)O

= Apply ((X]"X3) T (X x4 1)o)

= Apply((xzfl)"xg)((X:ll)c) since vx1
= AppZyX;(AppZy(xifl)((XI¢1)O))

by inductive hypothesis

*
= Applyx, (Applyx;o)

]

a .

If v=o then both sides are 1.

QFD

When several commands acting in parallel are considered, two

more domains are needed. First, a domain P of I'process
identifiers" - a flat lattice of elements which are
distinguishable but have no other special significance. They

are used in lists of distinct elements, as index sets for 1lists

of commands. Thus 1if 61,...,6 are v elements of C, and i is

\Y

list of v distinct elements of P, a compound object 6" can be
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created, such that, for 1s<i<v, LN indexes 61 - this will be

written simply as e“*nlze . This compound object will taken as

1
an element of [P*x[P-C]], although [P*xC*] or [PxC]” would do
just as well. This formulation has +the advantage that the
index list ®” and the correspondence between each 6 and its

index are explicit, but is slightly clumsy in that the value of

the second component is irrelevant for values of w not in the

index list. However, such values will never be needed, and the
above example will be written as e"*:<w*,xn1.el>. This
notation will also be wused for elements of the form
X " e[P x[P>[$>517]].

Second, a domain Z of "Scheaules", ’whose elements are
infinite lists of process identifiers. These will define the

way 1in which parallel commands are interleaved, in a manner
similar to Milne's prescriptive rosters [22); thus the first
element of a schedule which indexes a non-terminal command
determines the next command for consideration, and this
procedure 1s repeated using the tail of the original schedule,
ie with elements up to and including the chosen process deleted.
Schedules, of course, model the indeterminacy of a parallel
computer caused by the variable relative timings of
interactions. It must be emphasized that, in spite of the
connotations which the worq usually has, a schedule is not a
device for imposing a certain pattern of operation, but rather a
mathematical technique for describing what happens. The aim of
this chapter is to show that, wunder certain conditions, a
program is determinate, ie. its result is independent of the
schedule(s) used. In order to ensure that anything waiting to

be done does get done eventually, the following definition is

needed:
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Definition
A schedule r is Fair in ™ if
* .
for every m<w” and integer 1O>O -
there is some 121, s.t. rii=7x

Hereafter, all schedules will be taken to be fair in the
appropriate .

The effect of executing the commands of an indexed list o"*

in parallel, according to a schedule g (which is fair in ﬁ*),

and then continuing with a command 6, is given by the function

. ¥
Combine:

Definition
AreTeﬂ* =

(Vﬁ<ﬂ*)(6“*ﬁ=9t)

Chooseeﬁ*g =

m

(A, (e = 68" 18 False) = {®w,rt1), Chooseeﬂ*(c+1))

t,
(zi1)

Combineeﬂ*ce =
(AY’@TG'"* - 0, )\O.()\(TT,C’) ;()\(X,e') _(X,Combineeﬂ*[el/rn]cle) )

*

(6" "mwo))

(Chooseeﬁ*c))

Here, the purpose of Choose is to pick out the first wusable
process ® from a schedule, according to the criterion that the
corresponding command is non-terminal (and, of course, that 7 is

in the appropriate index list), assuming that there is such a
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non-terminal command, ie unless AreT6 . The following lemma

- guarantees that Choose always has this effect.

Lemma 1.1.3:
If ~AreTd™”
then Chooseeﬂ*g = {(gir, gtV
where 1 1is the least integer s.t. m=g¢1 satisfies

m<1* and e“*ﬂzet . (1)

Proof

Since ~AreT9“*,

m*
ﬂien

and by Fairness of g, 31 s.t. gdi=7 j

there is at least one m<m" s.t., ©
so proceed by induction on least 1 s.t. gl1 satisfies (1).

If 1=1 then from definition of Choose,

L=Czyl,0tD) =@

If 1>1 then either ~(gl<m’ ) or 6" (gd1)=0. ;
Yo} £:Choose6“*c'
where g'=¢gtl
but least integer 1’ s.t. r'V1' satisfies (1) is 1-1
so by inductive hypothesis,

L Chooseeﬂ*g' -

i

(ghiuf,g'+uh

(gii,gctu) .

QED

Having discovered how to combine a number of commands in
parallel, 1little can be done without a method of keeping track

of what one of them is doing. This is done by the function
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Detail, which picks out the primitive operations done by process

7 from an Expansion of a Combination of 6.

Definttion
Detaileﬂ*cﬁc =

n*

(07 "m=06_ > ), (Mnm', 7 . (Mx,8" . (a=n' > {y, )

t
Detaileﬁ*[e'/ﬁ'lc'w(xc))
(6™ o))

(Chooseeﬂ*c))

The base for many later inductive proofs will depend on the
fact that Expansions and Details have zero Hength precisely when
the corresponding command is terminal. This is obvious for
Expand, but slightly less so for Detatl, so it merits another

lemma:

Lemma 1.1.4:

If wenm”

then #(Detat16" ¢mo)=0 = 8" m=6. .
Proof
= immediate from definition of Detatl.

= By Fairness of g, there is some 1 s.t. gli=m.

Now proceed by induction on 1 the least such integer.

07
Suppose #(Detail®" ¢mo)=0 and eﬁ*wret
and let <n’,c’)=0hooseew*c

and (x,e')=6ﬂ*

n'o
e, T ~ o A TH
then Detail® ~gmo=(m=m'>x) ,{)> ) Detail6 [O6'/w'lrz'n(xo)

but #(Detail0" gwo)=0 ;



hence w=w7' and #(Detaileﬂ*EG’/ﬂ']c'ﬂ(xc))zo 3

but by 1.1.3,

(m',c" =(gi1,gt) for some (ESDR

but since w=z7n', 1<iO H
hence g'l{1’=1 for 1'=1O-1<1O 3
hence by inductive hypothesis, e"*[e'/w']n:et ;

ie e"*n=et H

contradicting original assumption.

Hence #(Detaileﬁ*cﬂc)zo = e"*n:et .

QFD

Given the expansions produced by Detail for each process,
they can be mixed together again, using the same schedule, with

the function M7z, which works very much like Combine:

Definition

Emptyx " =
(Vﬁ<ﬁ*)(#x*“*=0)

SeZectx*ﬂ*C =
(AT, (rem” = #x*“*xo, False) = {w,pt1 , Selectx*w*(cfl))
(gi 1) -

Mixx*ﬂ*c =

M

Empryx™ ™ > O (Kme ) T D e O I /) )

(Selectx*ﬂ*c))

Select and Empty have purposes precisely analogous to Choose

and AreT, but acting on operation lists instead of lists of
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commands. This suggests the following lemma precisely

analogous to 1.1.3.

Lemma 1.1.5:

If ~Emptyx*ﬂ*

then Selectx*ﬂ* = (gdr,5tv
where 1 is the least integer s.t. m=rd1 satisfies
r<®* and #Cx" ™m0 .
Proof

is so similar to that of 1.1.3 that it is omitted.

QED

Another function which will temporarily be useful gives the

total length of a list of lists of operations.

Definition

LengthSumy "+ = § T

It features in the following lemma which demonstrates the
rather obvious fact that +the 1length of a Mixture of state

transformation lists is independent of the schedule used.

Lemma 1.1.6:
#(Mizy ") = LengthSumx*ﬂ* .
Proof

. . * %
by induction on v=LengthSumy .

If v=0 then Emptyx*“* 3
so Mixx*ﬂ*c=(> H

ie £=0 .



If v>0 then ~Emptyx*

The

QFED

the
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m*x
H

let <ﬂ',c')=SeZectx*“*C

and X,*W*=X*ﬂ*[x*ﬁ*ﬂ'+1/ﬂ'] :

* T % z * T

then LengthSumy! = #x o+ (#X*ﬂ*ﬂ'—i)

* !
T<T ,27

) *#X*w*ﬂ)—i
TeT

= v=1 3

so by inductive hypothesis,

#(Mioy " g =v-1
so £ = #((X*ﬂ*ﬂ’¢1)“Mixx’*T*C')7
= 1+(v=-1) j
SRV

infinite case is easily proved by showing that, for any v,

Nilkd

LengthSumx*ﬂ*zv = #(Mixx* z)zv .

Not surprisingly, Combining commands together and Expanding

result gives the same answer as extracting their Details and

then Mixing the resulting lists together with the same schedule;

thus giving an important alternative formulation of the business

of Combining parallel computations.

Theorem 1.1:

Expand(Combineer*ceo)oo =
Mix(ﬂ*,KW.Detaileﬂ*gﬂoo)C“Expandeool

where g, = Outcome(Combineeﬂ*get)Uo .
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Proof

by induction on v:#(Mix<ﬁ*,kﬂ.DetaiZeﬂ*§ﬂ00>C)

First note that

v=0 ¢ Vﬁ<ﬂ*, Detaize"*;ﬂcoz() (1.1.6)

T*

N Vw<n*, 8" m=0 (1.1.4)

t
e Aperd"” 5

So if v=0 then AreTo ;

L=Ey ;
SO Empandeooo H

and ﬁ=Expand6001:£

i = =
since 01 Outcomeetoo 00

If v=0 then ~AreT6"
let (ﬂ',c’)zchooseeﬂ*c

and 1 s.t. (mt,gh=Cgb ot ) (which exists by 1.1.3)
and <X,G')=6w*ﬂ'00
and X*ﬂ*=<ﬂ*,xﬁ.DetaiZBﬂ*cﬂoo) H

*
now for any mwe<m ,

6" =0, * #(x " w)=0 (1.1.4) ;

t

so ¥i<1 since by 1.1.3, c¢1<ﬂ* = e”*(c¢1>=et R

09
gbi<n = #(x

* T %

(g¥1))=0 3
* T * .
whereas cl10<ﬂ and 8 (cglo)zet :
S0 #(X*“*(cilo))io R

hence by 1.1.5,

m

Selecty "r=mt, g

so £ = (x)“Expand(Combineeﬂ*[e'/n']c’eo)(xc) ;

Tk A %

and & Miwx* 5" Xq

where x;:Empandeooi s

(X*ﬂ*ﬂ'¢1)ANixX'*ﬂ*C'AXS
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W*=X*ﬂ*[x*ﬂ*'ﬂ"+1/'ﬂ"]

where x'*

=(ﬂ*,kﬂ.ﬂ=ﬁ'*(Detailen*Cﬂ'Uo)Tla
Detaild" gmo )

:(ﬂ*,Aﬂ.ﬁ=ﬂ'+DetaiZe'ﬂ*c'w'(xco),
Detaileﬂ*cﬂco)

where 6'" =" [g'/71"]
=(ﬂ*,kw.DetaiZG'“*c'ﬂ(xco)) 5
but #(Mix<w*,xn.petaize'“*c'w<xoo>>;0)

T ey+1)

=# ((Mizy™
=y=1 3

and also ¢© =0utcome(Combineew*cet)oo

1 ;

=0utcome(00mbine6’W*c’et)(xco) ;
$0 by inductive hypothesis,
R:<X>“Expand(Combinee'ﬁ*g’60)(Xoo)

=L .,

For the infinite case, the same inductive step is used to show
that for any v, #£>v<#® and the first v components of £ and &
are equal,

QED

1.2 Checking the Basic Operations

The significance of theorem 1.1 lies in the fact that ¢
occurs only once on the LHS, but twice on the RHS (as well as
the implicit occurrence in 01). This represents the fact that
variations of schedule may make themselves felt in two ways.
First, (corresponding to the occurrence as an argument of

Detatil,) the actual list of operations for any one process may
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change since interacting processes may cause the intermediate
states to be different, Second, interleaving the 1lists of
operations in different ways can obviously produce different

results if the operations are not commutative.

The first of these is dealt with by designing the semantics
of any programming language under consideration so that the
result of any given program is either the "right" one (ie, the
unique one given by serial execution) or a special error value
which will denoted by 2.

The function (Conts, which is used in the semantic equations
whenever the contents of a iocation in t%e store is required,
provides a good example of how this is done. Conts requires
two arguments - a location in the store, a, and an '"expression
continuation", «k, which takes a (stored) value as argument and
gives an element of C. The result is another element of C.
Assuming the existence of a primitive function Fetchao which
finds the contents of a location o in the store part of the
state o0, the simple definition of Conts, adequate for serial
semantics, 1is:

Contsok = A0.k(Fetchuo)o
However, as described in chapter 0, Conts must indicate that it
has communicated with the store, and yet it has made no change
to it, so one might try:

Contsako = (Ao'.o! ,k(Fetchao)) .
But this gives no indication as to what part of the store was
accessed, or why, nor does it satisfy the condition described
above. So Conts is in fact defined as

Contsoko = { CheckFetcha(Fetchao) ,k(Fetckao))

where CheckFetchaB = (Ao'.Fetchao'=8-0',?)
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This means that if Contsako is applied to another state o', the
result depends only on whether the contents of o in ¢! 1is the
same as in o. If so, then all is well and the program
continues correctly; if not then CheckFeteh ensures that the
result 2 is immediately produced.
In general then, every (non-terminal) command will be
required to satisfy a condition of the form:
for all 01,0255
either 6o,=60, or (602¢1)01=;
and in either case 601¢2 satisfies a similar condition;
and also, since this condition is not much use if the result is
always 2: | ‘ b
(601¢ 1)01¢i
Unfortunately this condition is recursive but not

continuous, and so cannot be defined using Fix. However, the

following form of definition is possible:

Definition
For each integer v20
0ecC is v-Consistent if one of the following holds:
i) v=0 3
ii) 6=6t ;

iii) for all o© o

12 72° .

a) (Gcl¢2) is v'-Consistent for all v’'<v ;

#2) 3

and b) (6o, 41)o,#2 (provided o,

. - 5
and <) either 60 =60, or (6o ¥1)o,=2 .

8 is Consistent if it is v-Consistent for all v=20,

Note that if 6 is vO—Consistent, then it is v-Consistent for
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O<vsv . Furthermore, by the following lemma, this definition

is adequate to describe the criterion mentioned above.

Lemma 1.2.1:
® is Consistent iff
either e=et 5
or for all Gys O,
a) (601¢2) is Consistent;

1::;) ;-

1 = =7
and c) either 60,=60, or (602¢1)01 2.

and b) (ecl¢1)01¢; (provided o

Proof

-

Trivial definition chasing.

QED

The definition is obviously extendable to indexed lists of

commands, thus:

6" is Consistent iff Vﬂ<ﬂ*, 6"*r is Consistent.
Two small lemmas concerned with Consistency are now
required. The first expresses the fact that if the same

schedule is used in both Detail and Mix, (which is equivalent by

theorem 1.1 to using Combine,) then the result is never ? - a

»

property which is inherited from, and is the only justification
for (1ii)(b) of Consistency. The second demonstrates that
Detail produces a result very like Exzpand applied to a single
command, except that the intermediate states in general vary out

of the control of the process under consideration.
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Lemma 1.2.2:
If 6" is Consistent
then Outcome(Combineeﬂ*cet)oo z 2
(provided o =2).
Proof

by induction on v=#(Expand(Combineeﬂ*cet)co) .

If AreT8"* +then Combineeﬁ*zetzet 3

so £=0utcomeetoo=cozi H
Otherwise,
let (ﬁ,g')zchooseeﬂ*g
and (x,e'):ew*wao ;
then £:0uteome(00mbineew*[6’/W]ﬁ’et)(xco) ;
but #(Expand(CombineG"*cet)00)
= #((x)”Expand(Combineeﬂ*[e'/ﬂ]C'et)(xoo))
- 1+#(Expand(00mbineeﬂ*[6'/ﬂjg’et)(xoo)) ;
and 0' is Consistent, so 8™ [0!/w] is Consistent ;
and Xcoz; H
so by inductive hypothesis

Outcome(COmbineeﬂ*[e’/w]g’et)(xoo)z; .

(If v=« then £=L¢i) N

QED
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Lemma 1.2.3:

Given 6=0, 3

If eg* is Consistent, eg*n:e, %o is fair in 7", Tem
then Detail®" ¢ w0, = (60 V1) “Detaile ¢ mo

for T * . .
o1 some 01,02,c1,61 satisfying

m*

%

is Consistent, () is fair in ﬂ*, ez*ﬂ=901¢2
Proof
Since o is fair in ﬂ*, Jr s.t. gotlzﬂ H

Proceed by induction on least such integer L

ie assume true for any CO s.t. coilzn for some 1<y 5
T*
= +
by 1.1.3, Chooseeo %o (c0¢1,c0.1) r

. * T*
for some 1<1, since c0¢10<ﬂ and 60 (collo)xet

If 1=1,5 ie CO¢1=W

« g AT
then Detatleo Coﬁoo

_ ~ L .
= (600¢1> Detazlﬁo [600l2/ﬂ](CO+1)W((600¢1)00) ;

which is of the required form, with 0,50,

If 1< then ﬂ'=§0¢1¢w H

05

g T _ A L
sO Detail® conoo-Detazle2 coﬂo

0 3

T3

“*[e *ﬂ’0012/ﬂ'] which is Consistent

M*
where 92 -60 0

and CO=CO+1

_ m* _, .
and 03—(60 T 00¢1)00 5
T*

so 62

. . . *
m™=0, cé is fair in 7w ,
and cé¢1'=ﬂ where 1'=10—1<1O 5
hence by inductive hypothesis,

3 I £
£—(601¢1) Detaalei ClﬂOQ .

QED

This leads to the essential consequence of Consistency -
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that only one "correct" (je not ?) answer can be obtained by

varying the schedule argument. of Detqil.

Theorem 1.2:

For fixed 7, o, and Consistent e“*,

T* *
as 61T s &g O, vary (for each mem ) s.t.
* . . . * * *
for each w<rw , gﬂ is fair in w , eg =0 T

m* .
and 61T Consistent,

there is (at most) one value of X*ﬂ

AETE A 220" )
={m ,AT.Detaz - CWﬂOﬂ
. * . * %
and one corresponding value of y =Mixy 'S

for which Applyx*aii .

Hence as Lq varies, there is at most one value of
*_ . * s, N TR
X “Mix{® ,AW.Detatll® ClﬂO)CQ
*
for which Applyyx o#2 .
Proof

- m* .
For 1=1,2, let eﬂl’cﬂ1’0ﬂ1 satisfy the hypotheses
~k'n'*__ * . T*
and let X, =(T7 ,Aﬁ.Detalleﬁ1§w1ﬂoﬂ1)

* . *'n-*
and X1=MLxX1 z 3

* *
Then use induction on v=Min(#x1,#X2) >
ie assume that

. * *
if #x1<vvand #x2<v S
*

* 7 _ Ll * -~ * ;’)
then x4 X, or-Applyx,0=2 or Applyx,0=2 .

First, note that for each ﬂ‘ﬂw, and 1=1,2,

*
#(Xtﬂ*ﬂ)=0 < #(Detailezlcﬂlﬂ0ﬂ1)=0
'n'*
= 1.4
<« eﬂlw Ot (by 1 )
™ _ .
< 0 ﬂ—et > (1)

*
Hence #XI=O © ({r'1r<1r*,f;f()(:'rf m)=0) (by 1.1.6)
® (Vﬂ<w*,ﬂ&zﬂ*ﬁ)=0)

*
* #X,=0 3
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so if #xz=0 result is trivially true;

SO assume #szO:#x; 5

then ~AreT6'* and ~Emptyxzﬂ* and ~Emptyx2w* H
now let (ﬂ',;'):SeZectx:“*g 3

but from 1.1.5 and (1),

(ﬁ',C'>:SeZectXZﬂ*C 5
=1o) XT = Mixxtﬂ*c
= (X*ﬂ*ﬁ'ii)AMixx{*ﬂ*g’
where X{*“*:X:ﬂ*[xt“*ﬁ’Tl/ﬂ’] ;
XM*_, g AT '
but ¥ ! o= Detazleﬂ,lcﬁ,lw Oty

(o™

m'o il)”DetaiZGﬂ*c mlg!
1 IR 1
for some 01,0{,81*,c1 satisfying

T+ & . . . *
91 is Consistent, L fair in 7w ,

m

and ef*n':e *ﬂ’cllz

(by 1.2.3);

Hence X'*W*z(ﬂ*,lﬂ.DetaiZG'W*C' o ! )
1 TL CTL Tl

T T*
where 6! "w=0!""T
M 1

T * * T* T *
where 6{ 7w JAm.m=1">0 ﬂollQ,e ™3

and Xtii:eﬂ*ﬂ'clilzeoclil say

0917959,

then X;¢1:X;¢1 : . e

and eiﬂ*=95ﬂ* 5 )

so by inductive hypothesis,

*

(since x{*:MixX{*ﬂ g’:xt+1 has length 1 less than X:) R

. T
either X’*ﬂ*=x'*” 5
1 2
ie for m=w',
* T * [ T pRTH kTR
= = = m
Xg "X T X2
TR F L) N ’*“*'n':< 1y o ,»‘:'rr*_rr,_ * Mk _,
and x, w0 b X Xy X, =X, T3

*'IT*_ * T
ie X1 T ;
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or Applyx:c=AppZyxi*((x:t1)0)=; ;
or Applyx20=AppZyxé*((x;¢1)0)=; .

If 6001¢6002
then for at least one of 1=1,2, 6001¢600 5

so by Consistency, (6001¢1)0=; 5
ie (Xtii)o:i 5
hence AppZyxtc;; .

(If one of X;aX; has infinite length, then this proof still

if both have infinite length, so

holds, since v remains finite;

v=w, then the proof has to be modified as in 1.1.)

QFD

1.3 Mixing the Basic Operations

now to the ways in which different interleavings of
concept of

Turning
the primitive operations affect +the result, a
equivalence of y lists will be introduced which, while not
insisting on equality of differently interleaved lists, will

that the same result is always obtained;_.

nevertheless ensure
then a simple condition on the individual operations will ensure

that this equivalence holds.

First, though, two functions are needed to examine the

workings of Mixz in more detail. They are:
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MixMapx*“*c<ﬂ,1> =
(Mar,gh J(m=w'a1=1) -1,
1+MixMap(x*n*[x*ﬂ*ﬂ'+1/ﬂ’])g'(w,(wzﬁ'+1-1,1)>)

'IT*C)

(Selecty”
UnMixMapX*ﬂ*;1 =
(Mm,z"h o1=1 - (7,1,
(Mmr,ah Anlym=m>1"+1,1" )
(UnMixMap(x*“*[x*ﬁ*ﬂfl/ﬂ])C'(l—i)))

kS

(Selectx* z)

These provide a mapping between {(m,1) index pairs for 1lists of
lists of x's and indexes for the corresponding Mixed 1lists, as

shown by the following two lemmas.

Lemma 1.3.1:

If ﬂ<ﬂ*, 1s1os#x*ﬂ*ﬂ
and X* = Mixx*ﬂ*C
and L MixMapx*ﬂ*c<ﬂ,1O>

then 1) 15115#x* )

ii) (m) = UnMixﬁlapx*ﬂ*Cll ;
* T *

110) xMhy o= XM T e

Proof
* T % —
If Emptyx , then no such Lo exists;
SO assume ~Emptyx*ﬂ* 5
let <ﬂ’,c')=SeZectx*ﬂ*C 5

and proceed by induction on 1

.

i
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Case 1: w=w' and 1O=1:

Then by definition of MixMap, 11=1 3

so i) 151ls#x* since by 1.1.6, #x" = [ *x*"*ﬂ > 0 3
T
ii) UnMixMapx*ﬂ*C11 = UnMixMapy " ¢l
= (m!,1)
= (ﬂ,lo) 3
i11) T, o= x4l
S
= X*ﬂ*ﬂ¢10
Case 2: mw=zmw' or 1O>1:
let x'*“*zx*ﬂ*[x*ﬂ*ﬂ’fl/ﬂ’]
and x'*:Mixx'*ﬂ*C':X*Ti

and let '=(q=Tt =1
n 1 (w=m 1, ,10)

T *

and 1{:MixMapx’* c'<ﬁ,16> 5

then from definition of MiaMap, 11=1i+1 ;

'*T]'*

Now Vﬂ0<ﬂ*, #x wo=(n0:ﬁ'+#(x*ﬂ*ﬂ0)—1,#(x

and if w=m', 1O>1 ;

* T *
T™)

so 13165#(X’
and also #X'*=#X*“1 H

hence by inductive hypothesis,
‘ 1) iélis#x'* 5 7

SO 1525115#x* 5

i

ii) (ﬂ,lé) UnMixMapx'*ﬂ*C'li

UnmixMapx'*ﬂ*c'(xl-l) H

SO UnMixMapx*ﬂ*g1l = <w,ﬂ=ﬂ'»16+1,16>

<ﬂ,10) ;

iid) xt e o= x Mt

* T *

ﬂo)) ;

33
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¥

X *11

o oyt XX '
X ﬂilo

* T *

= X ™1 .

QED

Lemma 1.3.2:

* m*

If x° = mizx "¢
and 1s1is#x*

and (ﬂ,lo) = UnMixMapx*ﬂ*gll

then i) we<w” and 151os#x*ﬂ*ﬂ ;

ii) v, o= MixMapX*ﬂ*C(ﬂ,lo) ;

* T *

iii) X*lll = X T,

Proof
This can be proved in a similar way to 1.3.1, but it is
simpler in the finite case to observe that, considered as a

T

mapping from the set {(ﬂ,10):ﬂ<ﬂ*Als1Os#X* *1} to {11:13115#X*},

MixMapX*ﬂ*c is injective (since by 1.3.1, UnMixMapx*ﬂ*C is its
inverse); however, since by 1.1.6, these sets are equinumerous,
this implies that MizMapy " ¢ is bijective.

Hence 1, is the image of an element in the first set, and by

1.3.1(ii), this element is precisely <w,1o).

Hence (i), (ii) and (iii) follow from 1.3.1(iii).- - - - —

-»

QED

The next lemma shows that M{x preserves the order of

operations within any one process.
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Lemma 1.3, 3:

* M*

If w<r™ and 1511,125#(x )

w

then <, ® MixMapx* *C(ﬂ,ll) < MixMapx*“*C<ﬂ,12)

Proof

Assume ~Emptyy”"", since otherwise there is nothing to prove

and use induction on 1,

let ¢:MixMapx*ﬂ*c

and y=UnMizMapy "¢ ;

let <ﬂ',§'):SeZectx*ﬂ*C

and X'*ﬂ*=x*ﬂ*[x*ﬂ*ﬂ’+1/ﬂ’]
and ¢'=MizMapy' " ¢’
and y'=UnMizMapy ' ¥

z!' .
Case 1: w=1' and 11:1:
then ¢(ﬂ,11)=1 H

o) = 1
s 1<, 1,>

= ¢(ﬁ,12> 1+¢’<ﬂ,(w=ﬂ’+12—1,12D

v

2 by 1.3.1(1)
= ¢<ﬂ,12)>1
= ¢<ﬂ,11><¢<ﬂ,12> ;
and ¢(ﬂ,11)<¢(ﬂ,12) = ¢<n,12>>1
= 12¢1 since 7=7'
= 1,.>b, .

2 1

Case 2: w=7' and 11>1:

then ¢<w,11>

14wy, ~D)

< 14wy, -1 by inductive hypothesis



< ¢<ﬂ,12> ;
and conversely,
¢(ﬂ,11)<¢<ﬂ,12) = 1+¢’<w,11-1><1+¢'<n,12—1)
= ¢'(ﬁ,11-1><¢’<ﬂ,12—1)
= 11—1<12-1 . by inductive hypothesis
= ‘L1<12 H
Case 3: mzmw':
1<, = ¢<W,11>:1+¢’(ﬂ,11><1+¢'<ﬂ,12)=¢(ﬂ,1£
¢(1T,11)<¢<Tr,12) = 1+¢’<1r,11)<1+¢'(1r,12)
=
1<,
QED

When lists of primitive operations are interleaved in
different ways, it is obviously too much to expect the resulting
lists +to be identical, but it will be enough to insist that the
results of Applying them are the same. Furthermore, the
resulting 1lists will, of course, contain the same operations,
though not in the same order. This prompts the definition of

equivalence of y lists:

Definition x: ~ X;
iff X; is a permutation of X;

and Applyx;=ApPlyX, -

It is obvious that = is an equivalence relation.
To guarantee that this equivalence holds, conditions need to

be imposed upon the lists to be Mixed.
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Definition
X" is Miscible if
*
Vﬂl,ﬂ2<ﬂ s.t. w1¢n2
- *MTx * T *
and ¥i 1, s.t. 1s1ls#(x wl) and 13125#(x ﬂ2)
* T % * %
ﬂ1¢11 and y ﬂ2¢12 commute.
The following theorem shows that this condition is indeed

sufficient.

Theorem

1.3:

If x*™ is Miscible

then for any ¢,¢' fair in %,

Proof
let
and
and
and

let

for

i)

ii)

iii)

iv)

Mixy L~ Mixzy™

* T * m

' .

$=MixMapy*" ¢

* T *

Y=UnMixMapy d

x*:MixX*ﬂ*g

similarly for ¢'>¢'>X'* using ' instead of ¢ ;

N:#x’* H

v=0,1,...,%, ¢v and wv will be defined satisfying:
* * T % -

T<T A 1S10S#X WVA‘11—¢V(?,IOX
P 15115N A (ﬂ,10>=%v11 5

If men” and 1511,12s#x*ﬂ*ﬂ

then 11<12 < ¢v<ﬂ,11)<¢v(ﬂ,12) 3

Fisv, o=y’ 3
If X: is given by

#X::N and

* T %
for 15113N, X:¢11=X ﬂ¢10
where (w,10>:wv11 H
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then xtzx*

Taking ¢O=¢ and w0=w,

(1) is satisfied (by 1.3.1 and 1.3.2);

(ii) is satisfied (by 1.3.3);

(iii) is vacuously true;

(iv) is true since XSZX* (by 1.1.6, 1.3.1, 1.3.2);

for 1<v<N, assume ¢v-1’w have been constructed

v-1
satisfying (i) - (iv);
let (', =y'v

and v'=¢ (m',1h

V-1
Now consider any 1<V s.t. ¢V_1(W'1)sv—l ;
then by (i) and (iii),
w'(¢v_1(w'1))=¢v_1(¢
o' (Pr)
¢y Co,_ (WD)
¢ QURRD

<V 3

oot (P

SO 1

fl

I

v-1

so if 12v then ¢v_1(w'1)2v 5 (1)
and similarly ¢'(wv_11)2v ;
_ in particular, Vv'=¢ .,
Furthermore, suppose 3Iv" s.%t.
v<v"<v’ and wv_lv"¢1:n' ;
then by (ii), since wv_lv'¢1:wv_lv"¢1:ﬂ',
wv—l
so by 1.3.3, ¢'(wv-1vu><¢'(wv—1vl) H

v"¢2<¢v_1v’¢2 H

but then by (1),
vs¢'(wv_lv")<¢'(wv_1v'):v 5

which is a contradiction.

(Ppr'vi>v . ) e



Hence if vsgu"<y?

then NSRS L L (2)
so by Miscibility of y*"* and definition of Xo 1>
Xs_ilv' and x:_iiv” commute
So let wv=11.(1=v - wv_lv',
v<isv! o wv_i(l-l),
Vyqt)
and ¢V=k(w,1).<¢v_1(ﬂ,1>:v' > vV,
vs¢v_1<n,1)<v' - ¢v_1(w,1)+1,
Py M1y 5
Then:
(i) follows from the definition of ¢, and ¥
and from the corresponding result for ¢v-1 and wv—i H
(ii) follows similarly except in the cases where
¢v_1<ﬂ,11):v' and vs¢v_1<ﬂ,12)<v’

or with 1y and 1, interchanged ;

but these cases are impossible by (2) ;
‘e R i} St
(iii) for 1<v, wvl wv_lt Yo
and for 1=v, wvlz(ﬂ',l'):w'v ;

(iv) for 15113N,

* _ *
BRI AR ,
wlg’

=(11=v > v', v<115v’ > 1,=1, 1)

where 12:¢v_1(w

*

so X: is a permutation of Xy-q

and if X; denotes first v-1 components of X:_1

*

and XE denotes components v to v'-1 of Xy_1q

and X=X3_1¢V'



* * A A KA K
then Xy=Xg, (x) Xg XY 5
but y commutes with each component of XE 5
so (using 1.1.2) Applyx;ox = onppZyxE 5
*
S0 Applyx, = ApplyXy°ApplyxgeX°APPlyX,
= A A *o oA 7 *o *
PPLYX\ °X°APPLYXgoAPPLlYX,
= Applyxy_,
*A * *
SO XYFXy 17X 3
But from (iii) and (iv), X;=X'* 5

* *
Hence y'"=~y" .

For the infinite case, Applyx*zl since #X*zw,
and the permutation is given by MixzMap and UnMixMap in the same
way as in the finite case.

QFED

1.4 The Conditions for Equivalence

Having examined separately the various effects of using
different schedules, the pieces can now be put together, and
parallel execution compared with sequential. The aim of +this

section is to summarise the (semantic) conditions for

equivalence of serial and parallel computation.

First, the results of the last three sections can be

combined into the following lemma:
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Lemma 1.4.1:

If 6™* and eo are Consistent (and oogi)
and (ﬂ*,Xﬁ-DetaiZOW*CHO) is Miscible for all ¢ fair in 7~
and 1if Cl’ ;2 are fair in 7%

then Expand(Combineeﬂ*cleo)oo ~ Expand(Combineeﬂ*CQGO)Oo

Proof

Consider first the case eoze

Now

For 1:1,2,

let X:ﬂ*=<ﬂ*,Kﬂ-Detaileﬂ*ClﬂO)

and *: . *T *
X4 Maxxl 5
and let y*-Mizy™"* :
XS szxi C2 5

+
then £:XI and Q:X; (by 1.1);
but by 1.3,
* . * T % . * T * *
= ~ = 5 - (1
Xy =Mixx) L, Mz C,=Xg 3 (1)
but by 1.2,
ith NN
either y =x
X 7
or ApplyX,0,=2
*
r =7
or Applyx 0 .,=2 3
but APPZHXZOO = Outcome(Combinee“*;Qet)oo (by 1.1.1)
z 2 (by 1.2.2);

and AppZyX;oO APPZHXIUO (by (1))

z 7 (similarly);

consider the general case:
For 1=1,2,
*
let gl:AppZyxlco

:0utaome(€ombineeﬂ*§19t>00 5



then from above, 01=02;
ie E =E p
xpand6001 prandGOOQa
but (using 1.1 twice),
Expand(Combineeﬂ*cleo)oo
_ o m* A .
= Expand( Combine® Ctat)oo Expand® o ;
and Expand(Combineeﬂ*clet)oanxpand(Combinee“*CQQt)co 3

SO L =~ R .

QFED

Next special schedules will be investigated which mimic
serial operation. First, an obvious lemma indicating how a
schedule can be made to force the whole of one command to be
done before any of the others start. Note that in the case of
non-terminating commands, the schedule in 1.4.2 and the Serial
Schedules introduced later are not Fair, so the criterion of
Fairness has to be weakened in this case +to allow schedules
which consist entirely of a single no<w* after a certain point.
This has the effect that lemmas 1.1.4 and 1.2.3 are no longer
true in general, but they are still true if modified to vrefer
only to Ty which turns out to be sufficient to prove the

remaining results.

Lemma 1.4.2: . .
If men”
and £=#(Expand(eﬂ*ﬂ)oo) is finite
and 01=0utcome(e“*w)oo
and ¢ satisfies
for 1<1<8, ¢gi1=7

then Expand(Combineeﬂ*ceO)Go =

Expand(@ﬂ*ﬂ)OOAExpand(Combineeﬂ*[et/ﬂ](CTQ)00)01 .
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Proof

by induction on &.

If 2=0, then 6" r=6. and 0,=0

t so result is trivial.

03

If 2>0, then by 1.1.3, Chooseeﬂ*cz(w,c+1)

bl

let (X,e’)zeﬂ*ﬂoo 3

so £:(X>“Expand(Combinee’ﬂ*(cfl)(xco))

p Tk _

where 6 6" [0/ ] 5

but #(Expand(ew*ﬂ)oo):#(<x)“Empand(e'“*)(xoo)) ;
SO #(Expand(e'ﬂ*ﬂ)(xco))zl-i 3

and 01=0utcome(6’ﬂ*ﬂ)(xoo) ;

and for 1<i1<2-1, (zt1)ii=w 3

so by inductive hypothesis,
L = (X)“Expand(e’ﬂ*ﬂ)(xoo)

”Expand(Combinee'ﬂ*[et/ﬂ](c+1+(£~1))60)01

It

Expand(eﬂ*ﬂ)OOAExpand(Combineeﬂ*[Gt/n](QTZ)GO)Ol

The infinite case requires a similar modification to theorem 1.1

QFED

This prompts the following definition:

Definition
For any 9, and Consistent 8""
for lsvs#n™
-t ﬂ*
let OV—Ouucome(e\ nv)ov_1

and £V=#(Expand(eﬁ*ﬂv)ov_l)



and for Osv<iin™

let L =
Vv
1

IHe~—<
o

A Serial Schedule for 8" and S is a schedule Lo fair in 7,

which satisfies
for 1 * =
svg#n, for Lv_1<1va, cs¢1 LN
It is now possible to link the various results which may
come from executing commands in parallel with the unique,
well-defined result of executing them sequentially in the given
order; more specifically to relate the following two very

different definitions (in which y denotes an element of [C~(C]):

* %
Run T e =
pY

Combine(ﬂ*,kﬂl.ylet)(NewScheduZeﬂ*)e

* %
Runsy mTo =

Fia(Ap. A0, 1s#y” > v (Y(1+1)6),0)10

The first of these uses all the mechanism set up in this chapter
_to describe the parallel execution of a _list of commands,
(NewSchedulen” produces an drbitrary schedule which is Fair in
7*,) and the second uses the continuation facility to describe
their serial execution. (Note that the 7~ argument in Runs is
redundant - it is included only for compatibilty with Runp.)

The use of continuations in Run is indilcative of the need
to allow for jumps - one of the commands in a list destined for
parallel execution cannot be permitted to jump to some point

external to itself, and carry on, since 1in the serial case,
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subsequent commands may never be executed, whereas in the
parallel case, they will probably have already started, and
there is no way of stopping them.

Thus a concept of "JumpFreeness" needs to be introduced.
Unfortunately, although it is easy enough (at any rate in a
well-structured language) +to check syntactically whether a
section of program contains a jump out of the section, it is
generally impossible to tell whether or not a section will
terminate with an error - some potential errors are checkable at
compile time, but others invariably are not - eg the possibility
of running out of storage space. So any useful definition of
JumpFree needs to allow for the possibility of error. Without
going into details of the structure of the state at this stage,
it will be assumed that after any error, the state ¢ satisfies
the predicate ErrorSeto.

A slightly simplified JumpFree condition can now be defined
as follows (a rather stronger one will be needed in the next

chapter):

Definition
ye[C~C] is X-JumpFree if
¥o, either ¥6 Ea:pand(ve)cozEa:pand(Yet)oO“Expandec1
or ¥ Oi=0utcome(y8)od and ErrorSeto,

where 01:0utcome(yet)co .

The equivalence defined in 1.3 needs similar extension to

cope with error:
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Definition
Two commands 6,50, are X-Equivalent wrt 9 if

either & ~
Expandeioo Expandezco

or ErrorSet(Outcomeelco) and ErrorSet(OuteomeGQOO)

Finally, the +three conditions described above can

combined to give the desired equivalence.

Theorem 1.4:
If the components of Y*(e[C%C]*) are X-JumpFree
and #Y*=#ﬂ*, .

and 60 and eﬂ*=(ﬂ*,xﬂl.y16t> are Consistent,

and (ﬂ*,Aw.DetaiZGﬂ*cﬂo) is Miscible for all ¢ fair in "

then Runsy*ﬂ*eo and Runpy*w*eo are X-Equivalent wrt any o

Proof

let C=NewScheduZeW*

and Cs be a Serial Schedule for 8" and Oy 3
Expand(Combineeﬂ*ceo)oo

* )
then Expand(RunPY m 60)00
. T*
~ Expand(Combine® CSGO)GO
(by 1.4.1) 3
*
For USVS#ﬂ*, let eg =9ﬂ*[9t,...,et/ﬂi,...,ﬂvj
and let ¢=Ff;:c(;\q;.me.1s#y*+yl(xpr(1+1)e),_e>
E -
(so Run_y eo-w1eo) ;
then it suffices to show (by induction on #1°-v) that
. m*
Combtneev (CSTLv)GO and W(v+1)60
are X-Egquivalent wrt o,
. T* N
let £ denote Expand(Combzneev (CSva)GO)Ov

and ® Expand(w(v+1)60)0v 3

If v=#w* then AreTeg* }
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be



SO [L=F =
xpandeoov a .

If v<#n” ;

let 7= :
m Tr\)+1 ?

- e .
then 2v+1—#(Expand(ev ﬂ)dv) ;

- TT* 3
and 0v+1—0utcome(6v ﬂ)Ov ;

and for 1<1s£v (CSTLv)¢1=w H

+1°
so by 1.4.2,

b]

B % N . T*
£—Expand(ev ﬂ)GV Expand(Combzneev+1(cSTLv+1)eo)0v+1

but by inductive hypothesis,

. T *
Combzneev+1(CS+Lv+l)eo and w(v+2)60

are X-Equivalent wrt Gv+1 5

. * T* ~
hence if y _Expand(ev ﬂ)Ov Empand(w(v+2)eo)cv+l

=Expand(yv+16 )cv“Expand(w(v+2)eo)ov+

t 10
then either fay”
or ErrorSet(AppZyx*ov)

and ErrorSet(AppZy£0v) ;

but R:Expand(yv+1(w(v+2)60))6v 5
so by X-JumpFreeness of Yoe1?
either @ ~ y~
or ApplyacvappZyx*oV and ErrorSeﬁ(AppZyX*ov) H
hence either wa*%ﬁ

or ErrorSet(AppZy£ov) and ErrorSet(AppZyﬂdv) ;

. T * +1

hence Combineb (Cs+Lv>eo and (v )60

are X-Equivalent wrt g, 3

in particular, for v=0,

Combineeﬂ*cse and Runsy*w*eo are X-Equivalent wrt Oy 3

0



QED

ie Runpy*w*eo and Runsy*ﬂ*eo are X-Equivalent wrt o

0
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CHAPTER 2: DEVELOPMENT OF SYNTACTIC CONDITIONS

"First it marked out a race-course, in a sort of
circle... There was no 'One, two, three, and away!'
but they began running when they liked, and left off
when they liked, so that it was not easy to know when
the race was over. However, when they had been running
half an hour or so, the Dodo suddenly called out, 'The
race is over!'"

Alice's Adventures in Wonderland: Chap 3.
2.0 More Notation and Domains

The last chapter having found semantic conditions on the use
of parallelism, i.e. for the equivalence of Run and Runp, this
chapter will be concerned with starting to replace these
conditions by syntactic ones, i.e. ones which can be applied by
a compiler. The details of specific languages will not be
considered until chapters 3, 4 and 5, but the techniques will be

introduced, and some useful general results proved.

The notation used will again largely follow [23]: three
letter names will be given to syntactic domains, e.g. Com Exp
Dec, and elements thereof will be denoted by corresponding upper
case greek letters - O E A. Again, subscripts and primes will
be used to distinguish different elements of the same domain,
and ¥ will indicate (usually finite) lists. In semantic
equations, syntactic entities will be enclosed in the special
brackets [ 1. New notation will be used for domains (e.g.
states and environments) which are products - instead of
identifying the components by use of the subscripting operator

4, each component will have a wunique name which will be

specified in the definition of the domalin structure thus:



D = namea.D = x nameb;DB x ... x namen:D .
These names will be used to select components by enclosing them
in the "textual" brackets [ ], thus if 6eD above, S[namei]eD .
This means that domains can be modified by adding, removing or
changing components without affecting references to other
components, and similar domains with some of the same components
can use the same selectors.

The use of [.../...] to indicate substitution will be

extended to include these names, thus

1f 68, ,6,,...8) D

then S[&!/namei] = (6, ,...,8, _,,85,8 . ,...,80
and if D1 = A-B
then §[B/namei/al = (8,,...,(Qat azar=B,8 art),. .., 06

and the operator ~ will indicate that the new value 1is to be
appended to a list, e.g.
if D = AT
then 8[a”/namei] = <& ... ¢ "6 ,...,8)
and if D= A-B”
then S8[B"/namei/al = (..., (rar.a=at=(f "6 ar § ar), ..)
As in the last chapter, & and B may be replaced by equal
lengthed 1lists, (the elements of a” being distinct,) to denote
multiple substitution/appending.
Lastly note one anomalous use of . if T is a predicate on
some domain W, then ¥ will denote the predicate on W given by:
T*w* = Vls#w*,Twl
Next, some new semantic domains. The domain L of locations
is a flat lattice whose (proper) elements correspond roughly to

memory locations in a real computer. (In fact, there is no

reason why there should be a 1-1 correspondence between members
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of L and actual memory addresses, though it 1is wusually
convenient to think of them in this way.) Then the model of
the machine's store will be (or at least will contain as one
component) a mapping from L to some set of possible storable
values.

For the domain T of truth values, a flat lattice with True
and False as 1its (only) proper elements is usually adequate;
though for the few results which require fixed point inductions,
a two point lattice is used, where True is identified with 1 and
False with 7. Note that 1 will be used both for elements of T
and also for predicates, i.e. functions with range T.

The domain E represents all the possible values which can be
produced as the result of evaluating an expression; it will
normally be the sum of several basic domains, though 1its exact
form varies from language to language. It will, however, be
assumed that L is one of its summands. Lists of expressions E*
and lists of lists E*" will be needed, as will the domains
K=[E~C] K'=[E">C] Kr=[E**~C]  which  will  furnish
"continuations" for the semantic equations dealing with
expressions and declarations.

Lastly, the domain H of environments, whose main function is
to give the current meaning or denotation of identifiers which
have been defined in a program. It will also be convenient for
an environment to have a component which is member of P, to say
which process 1s executing the particular section of program
under consideration. The denotation of an identifier may be
either a data item or a continuation of some sort, depending on
the context in which it is required. Only the latter will
needed for the purposes of this chapter, so the structure of the

environment domain will be:
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H = proc:P x cont:[Ide~C] x

Before leaving the subject of domains, the domains P and S
need closer examination. In the last chapter it was Just
assumed that P was a flat lattice (to ensure that equality is
continuous). It 1is now necessary to introduce some structure
on P other than its 1lattice structure. When a process 1s
executing a task, it is liable to be called upon to spawn
arbitrarily many "offspring" processes to perform subtasks. To
control this, P is given a tree structure, whereby each element
has a (countably infinite) number of (next generation)
offspring. This makes P countably infinite in size, though
of course only finitely many processes will ever be wused, but
this seems to be the simplest way of organising it - an
alternative might be to have a pool of processes (kept as part
of the state) and allow the tree structure to be built up as
they are used. The notation m,<m, will be used to signify that

1 2

i is an ancestor (at any level) of

1 and m_ &m, to signify

23 1=y

that Ty and m, are incomparable with respect to this ordering.

Hence in particular, 1if m, spawns T

M <, An important property of the processes used to execute

a set of tasks 1in parallel is that they are incomparable

, as a sub-process, then

according to this ordering, which, because of the tree
structure, implies that descendants of any two are also
incomparable. Thus it will be tacitly assumed hereafter that

*

any 1list of processes 1 has the property that all its
components are distinct and incomparable. In particular, the
results of NewProes will always satisfy this property.

One problem with a model of a parallel machine with a common
store is that several parallel tasks may each claim new areas of

store as working space, and exactly which locations each process
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is assigned will depend on the relative timings of their
activities. In practice, of course, this doesn't matter in the
least since one storage location is as good as any other, but it
makes foredifficulties with equivalence proofs. One way round
the difficulty is to demand weaker conditions +than -equality,
which allow locations to be permuted (consistent, presumably,
with some sort of map indicating which locations have been
claimed by which process). A somewhat simpler, 1f apparently
rather artificial, method which will be used here, 1is to
"preassign" a number of locations to each process (probably 0 to
most of them), and to allow a process to claim only locations
which "belong" to it. (This does not debar other processes
from wusing the location once claimed.) Thus a function
ownere[L»P] will be assumed to exist, which defines this
relationship; and the function New which claims a new location
will take a process identifier as one argument (as will the
predicate StoreFull which checks whether any locations are
available) and return as result a location whose Owner is the

given process (assuming one exists). i.e.

¥no, unless StoreFullmno

oa=Newno satisfies Ownera=7

Use will also be made of the fact that StoreFullno and Newmwo

depend only on the values of ofarea]a for o such that Ownera=7.

As for §, it will have as one component, as mentioned above,
a mapping from L to storable values V. This domain V 1is
similar to E in that it is the sum of other basic domains,

though the summands of E and V need not be the same, since e.g.
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not all expressions need have values that can legitimately be
stored. Most languages also require the concept of whether a

location is being used for anything, or whether it is free to be

claimed for some new use. This appears as a mapping from L to
T. The parallel processing features of the model require two
more components - one which tells whether a process has been

used for anything, and one where a process may leave its results
for its parent process to look at later. This primitive system
turns out to be all that is needed in the way of direct process
communication. Lastly, any program may go wrong, so there must
be some way of indicating that an error has been detected, and
it is convenient that this should be another component of the
state; furthermore, 1t is irrelevant for this investigation
precisely what sort of error has occurred, so it will be
sufficient to use an element of T which will just show whether
or not an error has been found. The definition of ErrorSet
should now be obvious. Errors have to be remembered in this
way, rather than simply stopping the program immediately, so
that any parallel processes can be stopped at some suitable
point. Thus the structure of S 1is:

S = area:[L-T] x store:[L»V] x use:[P>T] x res:[P»E] x err:T

Note +the following special elements - the termination

elements of K K' K" given by:

Kt = A€ et
' _ x

ki = AE .Gt

k!l = Ae** 8
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and the special error command:
Error = Xo.(SetError,Gt)

where SetError = Ao.ol[True/err)

2.1 The Eval Series of Functions

In the 1last chapter, two forms (one for serial and one for
parallel processing) of a function Run were given, which acted
on elements of [C-»C] which would be produced from sections of a
program. Now that environments have been introduced, this can
be taken one stage nearer the original program by defining
functions Ewval which take arguments in [H-C-C]. Not only is
this form more convenient for use in the semantic equations
which typically define functions of the form [Com—»H-C-C], but it
can also be extended to include arguments from [H»K»C] and
[H=K'>C]. Furthermore, since most versions of Eval will need
to manipulate processes explicitly, the environment (including
as it does the current process) also needs to be explicit.
Eval will therefore be a polymorphic function with
functionalities

[[H->C>C]*~H>C~>C] [[H-K>C] >H-K'>C] [[H-K'->C]"~H-K"-C].

The definitions of the first two of these will be given below,
the third will be identical to the second except for obvious
minor modifications to the variables. Most of the results of
this chapter will be stated and proved for the second case only:
the third requiring only trivial modifications, and the first
simply requiring the omission of certain parts referring to
elements of E.

All versions of Eval can be defined in terms of one of other
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of the versions of Run, though for the first two, Run needs to

be made polymorphic also, viz:

L
Runsy T k' =

Fiz (XY . Ak’ 1spy™ - YI(A€.¢(1+1)(A€*.K'((E)AE*))), K'() )ik!
and similarly for RunSY*W*K".

The simplest form of Evql just applies Run _ in the obvious

way:
) #o”
Evale né = Run_( ¥ p.nX)oe
s 1
1=1
* #p*
Evallp nk' = Run_( ¥ p n){)«k!
87 21 t

This corresponds to the usual method of serial processing; it

1s not, however, very helpful for comparison with parallel

operation, in which sub-processes must be initiated and
communicate +their vresults. So the next stage is to introduce
into Eval operations for manipulating elements of P: there are

three operations required - claiming of new processes (the
function W~NewProeswvo returns a list of v distinct processes n°
which are not marked as used in 0, and which are all offspring
of w); communicating of results by means of the special
component of the state; and fetching a list of results out of
the state again. It will also be necessary, as indicated
above, for a parent process to check whethep any of its
offspring has found an error, since in the parallel situation a
process may discover an error and stop, but it cannot affect its
siblings' operation. (Aborting of one process by another

requires a very complicated mechanism both to model
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theoretically and also to implement, and doesn't seem necessary,
§0 it is not considered.)

Hence four types of primitive operation are needed: the
first for putting a value calculated by a process into the space
reserved for it in the [res] component of the state; the other
three for ensuring Consistency when new processes are claimed,
when results are fetched from the state, and when the parent

process checks to see if an error has been detected.

Definitions

Signalmeoc = ole/res/w]

CheckProcsmn™c = (NewProcsm(#n*)o=n" > o[True /use/n" 1, 2)

CheckResultsn e*c = (Resultsm g=g" - g, 2)

CheckErrorto = (oferr]=t1 - o, 2)

*

#
Resultsn o =
1

(0[[res]]7r1 )

o> =3

1
Resultwo = of[res]mw

and NewProcsmvg glives some 1*eP” satisfying
#n¥=v
the components of m° are distinct and incomparable
(by the tree ordering on P);

)

*
and Vﬂ1<ﬂ > MM

and True™ denotes a list of #n” copies of True.



Evalzp*ne =

. #p*
CZaszrocs(nﬂprocﬂ)(#p*){kﬂ*.RunS( ¥ pln[ﬂl/procj)n*e}
1=1

*
Evalzp nk' =
ClaimProes (nlproc])(#p™)
* #p* *
{Am .Runs( ¥ AK.pln[ﬂl/pPOC](XEO.(Signalﬂle,KE)))ﬂ
1=1

{Ae*.UnZessError(Ao.<CheckResuZtSN*e*,K'e*>)}}

where (ClaimProcsmvyo = (An*.<0heckPr003ﬂﬂ*,yﬂ*))

(NewProcsmvao)

UnlessError6c = (AT.(CheckErrorT,(T*Gt,G)))

(aferr])

Note that, at this stage, apart from putting the process
identifier into the environment and the lack of Consistency
introduced by CheckResuZtsﬂ*e*, no use has been made of the
processes; primitive operations have been added which
manipulate the '"process" part of the state, but these have no
significant effect on the normal running of a program.

The next stage, however, is to make use of these "process"
components to remove the need for the '"expression" and

"expression list" versions of Run, viz.

Evalap*neo = EvaZQQ*neo
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EvaZap*nK'o =
ClaimProcs (nlproc]) (#p™)
#o”

Qm*.RunS( * Ae.pln[ﬂl/pTOC](XEO.(Signalﬂ1€,6)))ﬂ
1=1

*

{UnZessError(Ao.(Ae*.(CheckResuZtsw*e*,K’e*>)

(Resultsm o))}}

This change restores Consistency (see 2.2), and as will be seen
later, Eva12 and E'vaZ3 are to all intents and purposes
equivalent.

Finally, the p:rallel version EvaZLL is obtained simply by

replacing Runs by Run_ in the definition of Evala.

As indicated by theorem 1.4, conditions have to be imposed
on the use of Runp, and therefore similarly on the parallel
version of Eval. As will be demonstrated in the next chapters,
sufficient conditions can be expressed purely in terms of
syntactic objects. Then two new functions can be defined which
take a list of syntactic elements as first parameter, one
executes them sequentially, the other wuses the syntactic
conditions to decide whether to execute them sequentially or in
parallel. These functions will inevitably be specific to one
syntactic domain and one semantic functionj; at this stage they
will be described with reference to a general semantic function
X acting on elements £ of a general syntactic domain XxX.

For the present, these functions will be defined in terms of
(unspecified) predicates on the syntactic domains, known as
P-Tests, which will ensure that the hypotheses of theorem 1.4
hold. Chapters 3, 4 and 5 will then develop non-trivial

P-Tests (the constant False function is always a P-Test, but not
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a very useful one!) for the three example languages. Before
defining P-Tests, generalised versions of Expand, Outcome and
Apply are required, which allow for other operations to be
happening simultaneously with the command under consideration,
by taking an explicit 1list of (not necessarily primitive)
operations representing the action of all other processes; and
also an extension of the concept of JumpFreeness, which not only
uses these new functions, but also allows for expression and

expression list continuations.

Definitions
DeveZopGx*G =
(820, ~ ), (Mx,8" () "Developd’ (x"+1)(x, *x0))
(60))

Consequenceex*c =
(6=6t - g, (A(x,e').Consequencee'(x*Tl)(xloXO))

(60))

Digesty ' x o =

(#x'*=0 > 0, Digest(x' +1) (X +1)(x *x!0))

Analogous results to those of section 1.1 are easy to prove, eg:

* . * *
Consequenceby © Digest(Developby o0l)x O

H

. * * . * *x
Digest(xz“x:)x* ngestxz(x Tv)ongestxlx

*
where v=#x1
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Definition
Ye[K-K] is JumpFree if
Vx*,oo,e,
either Je’, vk, Develop(YKe)x*oo =
Develop(YKte)x*oO"DeveZop(Ke’)(X*T\))c1
or DeveZop(yKe)x*oo is independent of k, and ErrorSeto,

where 01=Consequence(the)x*oo

and v=#DeveZop(YKte)x*Go

and similarly for ye[C-C] [C-K] [K»C] etc.

Note that Expand, Outcome and Apply are special cases of
Develop, Consequence and Digest respectively, and that JumpFree
implies X~JumpFree.

It will be shown later (2.3.1) that Detail <can also be
viewed as a special <case of Develop; hence the hypotheses
imposed on Expansions and Details in theorem 1.4 follow from

similar conditions on Developments.

A provisional definition can now be given of a P-Test,
(though it will be refined slightly in section 2.3,) and the

result of 1.4 rephrased in terms of it.

Definition
A P-Test for the functions Xle[Xxx*H*C*C] (1212v) wrt 1! is a
function te[Xxx >H>T] which satisfies:
PEXeXxx*,1%,z,n,0 s.t.
#2*=¢r", 1'n and each ﬂ1>nﬂpP0Cﬂ
tL2%]n = for ls<isv if nlzn[nl/proc]

X1“51H”1 is Jumpfree and preserves Consistency;



T* . . .
is Miscible

and either X*
or ErrorSet(AppZy(Mixx*ﬂ*g)c)
where X*ﬂ*=(ﬂ*,kﬂ.Detailew*QﬂO)

Tr*_ * [od .
and 6 " =(T ,Aﬁl.Xlﬂ_lﬂnlet) ;

and similarly for Xle[Xxx*H+K+C]

. T * * —_ N
with 6 "=(mx ,Aﬂl.Xlﬂzlﬂnl(Aeo.(Szgnalﬂle,et)))

Then for any set of functions

Xle[Xxx»H»C+C] + [Xxx=H-K~-C] + [Xxx=>H-K'->C]

*

#=
XEvaZSﬂ: In = EvaZS(llelﬂ_lﬂ)n
*
XE ) =
valpﬂ In
. g=* i 4" i
(t[Z n - Evalu(lflxlﬂzlﬂ)n, Eua13(1§1X1ﬂ51D)n

Theorem 2.1:
If XEvaZp is defined in terms of a P-Test 1 wrt T’
then for any Consistent yYe[C+K'+K"”] and n s.t. t'n ,
(XEvaZSﬂE*ﬂnw) and (XEvaZpHE*Hnw) are X-Equivalent.
Proof
For any 04
let £=Expand(XEvaZSﬂE*Hnw)oo
and ﬁ=Expand(XEvaZpﬂE*an)oo
If t[E" In2True

*

#
Expand(EvaZs( X
1=1

(1]

then &

XlﬂElﬂ)nw)oo
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If 102" In=True ;
let w=nlproc] and v=#:z"
and ﬂ*=NewPPOCSﬂVOO 5
for 1<isv
let p =x [E 1]
and n1=n[n1/pF0C]

and Y =P N,

If yeC

then by definition of P-Test,

each Y, is JumpFree;

ew*z(ﬂ*,Kﬁl.Y16t) is Consistent;

and for any g fair in w*, and o'

(n*,kw.DetaiZe“*cnc') is Miscible;
hence either both ErrorSet(AppZyLOo)
and ErrorSet(AppZyRoo)

or £

Expand(EvaZap*nw)oo

<CheckProcs1m*)"Expand(RunSY*ﬂ*lp)c1

where 01:CheckPr003ﬂn*oo

2

(CheckProcsnﬂ*)“Empand(RunPY*w*w)ol
= Expand(EvaZup*nw)co

=~ f ;

If however yYeK’ (the proof for YeK” is similar);
let Y{:Ae.yl(xeo.(Signalwle,6>) ;
again, each Y, is JumpFree,
so either Expand(YlK)OO is independent of «
and ErrorSet(Outcome(Yth)GO) ;

in which case, Expand(Y{e)oo is independent of 6

b]
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or let €. be s.t.
= ~ o]
¥k, Expand(y k)o = Ezpand(y k )0, Expand (ke )0,
where 01=0utcome(Yth)oo ;

then for any o,

Expand(y{e)co Expand(yl(xeo.(Signalwle,e)))00

Expand(Yth)oo“

Expand(%o.(Signaanel,e))01

Expand(let)oo”<SignaZﬂ1€1>“Expand602

where 02

Szgnalnlelcl

Outcome(Y{St)oo

! ~ .
Expand(ylet)oo Expandeo2 ,
hence in either case Y{ is JumpFree;
also Aeo.(Signaane,et> is certainly Consistent;

T

* * .
so 8 =T ,Awl.y;et) is too;

also by definition of P-Test,

*“*=(n*,Xw.DetaiZGW*cnoo> is Miscible
’ﬂ'*_ * ' .

where 6 =(T7 ,Aﬂl.ylet) ;

hence the y{ satisfy the hypotheses of 1.4,

and the result follows as in the case YeC.

QED

2.2 Preservation of Consistency

The next few sections will introduce techniques for ensuring
that the conditions of theorem 1.4 are satisfied, wusually by
introducing syntactic conditionsj; and at the same time various
results will be proved about the various versions of FEval, to

the effect that they preserve certain desirable properties.
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The first and easiest condition is that of Consistency; the
semantic functions are all designed to produce universally
Consistent results, and a simple application of structural
induction on the main syntactic categories, together with the
following theorem, suffices to prove Consistency with no extra
conditions needing to be imposed.

First, note the following obvious extensions of Consistency

to expression continuations and environments:

k (or k') is v-Consistent if

ke (k'e*) is v=Consistent for all ¢ (e*);

n is v-Consistent 1f

nlcont]lI] is v-Consistent for all T.

Lemma 2.2.1:
If each Y, preserves v-Consistency and 6 1s v-Consistent
then Runsy*n*e is v-Consistent.
Proof
let § = Fiz(Ay. a8 1<#y” > v ($(1+1)0), 8) 3
then it will be shown, by induction on (#Y*-l), that

for each 1, Y18 1is v-Consi.tent.

if 1>#Y*

then Y16=6 which is v-Consistent.

if IS#Y*
then by induction, y(1+1)6 1s v-Consistent;

sO Y16 = Yl(w(1+1)6) is v-Consistent;



hence Y16 is v-Consistent for all 121;

in particular, RunsY*n*ezwle is v-Consistent.

Lemma 2.2.2:

If each Y, preserves v-Consistency and 6 is v-Consistent

then Runpy*n*e is v-Consistent.

Froof

let e"*=<n*,xn1.Ylet> which is v-Consistent;

let r=NewSchedulen”

and let e'=Runpy*n*6=00mbineeﬂ*c6 ;

then (by induction on v) 6’ is v-Consistent, since:

if AreTew*, then 6'=6 which is v-Consistent;

if v=0 then the result is immediate from the definition;

otherwise take any o

12 9y

let (n,g'>=Chooseeﬂ*c

and (X1,61)=e“*ﬂ01 (for =1, 2);

S0 6'01=<xl,Combineen*[el/n]c'e) ;

then a) by v-Consistency of o™ T, 61 is (v-1)-Consistent;

b)

c)

S0 e“*[ei/nJ is (v-1)-Consistent;
so by inductive hypothesis

Combineen*[ei/ﬂlc'e is (v-1)-Consistent;
ie 6'01¢2 is (v-1)-Consistent;
(6’0, ¥1)0, =x,0,%2 from v-Consistency of 8" 1 ;
from v-Consistency of eﬂ*n,
either Xq =Xy and 6,=08, 3

in which case 9'01=6'02 5
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or =7
X201 = 2

. . ) _ =l? .
in which case (9 02¢1)01—x201 25

Hence 6' is v=-Consistent.

QED

Theorem 2.2:
EvaZ3 and EvaZ4 preserve Consistency-
ie if p* satisfies:
for 1si<#p™ and all v-Consistent n and 6 (or K) s
plne (or pan) is v-Consistent;
and if n and 8 (or k') are v-Consistent
then Evalp*ne (or Evalp*nK') is v-Consistent.
Proof
consists of the simple verification that:
1) if k' is v-Consistent, then so is
UnZessError(kO.(CheckResuZtsﬂ*e*,K’eﬂ
where € =Resultst @ 3
2) if 6' is v-Consistent, then so is (Aeo.(Signaane,e')) H
and therefore so 1is pln[ﬂl/procj(Aeo.(Signalnle,e')) ;

3) ClaimProcs preserves Consistency;

and application of the appropriate lemma (2.2.1 or 2.2.2).

QED
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2.3 Termination

The next stage is to examine more carefully in what possible
ways a piece of program may finish its execution. It will be
shown that there are three basic ways - "normal" termination, so
that the rest of the program (the continuation) is then executed
as usual; a jump to some point external to the section under
consideration, and it is assumed that this point can be
designated in some way by an identifier; or detection of an
error, in which case it doesn't really matter what happens next,
though pragmatically it is desirable that execution should cease
as soon as possible so that the error can be investigated.
Which of these three possibilities occurs in any given
situation, and the set of possibilities which may arise from a
given program section, can be registered as follows, using two

special new symbols v and ?

Definition

Ie[Ide+{V}+{?}] is a Terminator for p,n',x*,oo

where pe[H-K-C] and n'lcont]=xI.0_ ;
if ¥n satisfying n'=n[AI.6t/cont],

YK, Develop(an)x*oo

Develop(pn'Kt)x*oo"DeveZope'(X*T\))o1

where v=#DeveZop(pn'Kt)x*oo

- 1 * .
and ol-Consequence(pn Kt)x 0y
and if I=V then 8'=xke for some e independent of n,«k;
if Ielde then 6'=nlcontjl[I] ;

if I=? then 6'=8, and ErrorSetcl H

and similarly for pe[H-C-C] andpe[H->K'~C]



Definition
I*elde® is a T-List for pe[H-K-C] if
¥n' :X* »0

0 satisfying n'ﬂcontﬂle.et,

some I<I* or v or ? is a Terminator for p,n',x*,co

Clearly, if p has an empty T-List, then pn is JumpFree for
all n. So the definition of a P-Test can now be modified to
replace the JumpFree condition by the slightly stronger one of
an empty T-List; since this condition is stronger, all the
previous results still, of course, hold, but the new version

allows lemma 2.3.2 to take the fairly simple form it does.

Definition
A P-Test for the functions Xle[Xxx*H*C*C] (1<1<sv) wrt T’ 1is a
function Te[Xxx**H*T] which satisfies
VE*eXxx*,n*,g,n s.t. #E*z#n*, T'n and each n1>nﬂprocﬂ
Tﬂi*ﬂn = for 1l<i<v if n1=n[“1/Pr0CJ,
() is a T-List for XlﬂElﬂ
and XlllEl]]n1 preserves Consistency;

* . . .
n is Miscible

and either x*
or ErrorSet(AppZy(Mixx*ﬂ*c)o)
where x*ﬂ*z(ﬂ*,AN.Detaileﬂ*;ﬂo)

*

T*_ = .
and 6 =7 ,Anl.Xlﬂ_lﬂnlet) ;

and similarly for Xle[Xxx*H*K*C]

. m* * = .
with 6 =1 ,Anl.Xlﬂ_lﬂnl(Aeo.<Szgnalﬂle,et)))

The rest of this section is devoted to showing that T-Lists

are preserved by Run and Eval.



Lemma 2.3.1:
If I¥ is a T-List for each P,
. . #p* | *
then it is a T-List for p=kn.RunS(1§191ﬂ)ﬂ
Proof
let wn=Fix(Aw.A16.13#9**p1n(w(1+1)6),6) ;
then p=An.wnl 3
so it suffices to show (by induction on #p*-l) that

I* is a T-List for p{zkn.wnl

If 1>#p* then p{=Xn8.6 5

for which v is trivially a Terminator for any n',x*,oo

If 1<#p” then p{zkne.pln(wn(1+1)e) 5
Take any n’,x*,oo s.t. n'[[cont]]=>\I.et 3
and in what follows n will always satisfy
n'=n[AI.6t/contJ 5
let 11 be a Terminator for p1’n"Xtoo 5
then ¥n,6, Develop(p{ne)x*co
Develop(pln(wn(1+1)6))x*o

0
* ~ *
DeveZop(pln'et)x g, Develop®'(y Tvl)cl ;

If IieIde then 6'=nﬂcontﬂﬂllﬂ 5
*
SO Develop(p{n'et)x*oo=DeveZop(pln'et)x Gy

and Develop(p{ne)x*o = DeveZop(p{n'et)x*o

0 0

"Develop(n[[contl][[llll)(x*l\)l)o1 ;

* . . f ' ' *
S0 Il<I is a Terminator for pl,n s X ,GO.

if I1=? then 6'=6t and ErrorSet01 H

=Ye) Develop(p{n'et)x*cozDeveZop(pln'et)x*co 3



Yo) DeveZop(p{ne)x*00=DeveZop(p{n'et)x*GO 5

and ErrorSet(Consequenee(p{n'et)x*oo) 5

. . *
s0 ? 1is a Terminator for p{,n',x 204 3

if Il=/ then e'=¢n(1+1>e 5
but by inductive hypothesis,

* -1,1 ' .
I" 1s a T-List for Pleq 3
*

so let I2 be a Terminator for p{+1,n’,x' 04

where X'*:X*+V1 5

then DeveZop(p{ne)x*oo

- ' * A P *
= DeveZop(pln et)x 9y Develop(wn(1+1)6)x g,

= Develop(pln'et)x*oo“DeveZop(p' ne)x' o

1+1 1

= DeveZop(pln'et)x*oo“DeveZop(p' n'et)x'*c

1+1 1

“Develope"(x’*TvQ)oz
where if IQeIde then e"=nﬂcontﬂﬂl2ﬂ ;
if 12:/ then 6"=0

if IQ=? then 6"=6t and ErrorSet02 5

so in particular,

Develop(p'n'e )y c
1 t 0

_ ’ oA ' ' P * .
_Develop(pln et)x 9, Develop(p1+1n et)x o
so Develop(p{ne)x*oo

- 1t oA ney*
= Develop(pln et)x 9, Developt"(x T(v1+v2))02

where v +v2=#DeveZop(p{n'et)§ g

1 (0]

_ ) * .

and 02-Consequence(pln et)x Gy 3

hence 12 is a Terminator for p{,n',x*,oo

Hence I* is a T-List for p{ H

so in particular I* is a T-List for pi:An.Runs(*pln)w*
1

QED



2.3
Lemma 2.3.2:

If () is a T-List for each o,

*
then it is a T-List for p=An.Run (#; oy
Pi=1 !

Proof

let n' satisfy n'lcontl=aI.0,

and n satisfy n':n[AI.et/contJ

then Vx*,o since () 1is a T-List,

03
* 0 _ ' * .
Develop(plnet)x oo-DeveZop(pln et)x gy
for each 1,
- r - !

let el-plnet and el-pln et

and e"*=<n*,xn1.el> and e'“*:<n*,xn1.e{> H
then pn:Combineeﬂ*c

and pn'=Combine6'ﬂ*C

where ;:NewScheduZeﬂ* H

so now show by induction on vz#Develop(Combineeﬂ*cet)x*oo
that if Vl,x'*,o, DeveZope1x'*0=DeveZOp6{X'*O
then VX*,GO,OO, DeveZop(CombineGﬂ*ceo)x*oo
= DeveZop(Combinee'ﬂ*ceo)x*co
First note that
(8,20, < (¥x",0, #(Developelx*0)=0) ;
— - .
SO (el_et) < (el-et) 5
Now consider any X*,eo,ooz
If AreT®"" then ApeTd' ™" H

so £=() =/ .

Otherwise:

let <n1,;'>=0hoosee”*c 5
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then because of (1), (ﬂl,c')zchoosee'“*c H

l't =
et (x,0 6100

ad ' 1y —g1t
and {(x',6" 6100

and ef*:e"*[e/nlj
pTx_ o Tk .
and 61 =6 [6'/ﬂ1] 3
then DeveZop(Combineeﬂ*ceo)x*oo
=<x>“DeueZOp(COmbineef*c'eo)(x*+1)(xloxoo)

but Developelx*oo=(x>“Develope(x*fl)(xloxoo) 5

SO X=x' 3
and Vx'*,cl, let XO:AO.Ol
then DeveZopGx’*o1 = (Developel((xo)"X’*)oo)fl

A gk
=(DeveZope{(<XO) X! )OO)+1

DeveZope'x’*O1 5
and #DeveZop(Combineej*c’et)(x*fl)(xloxco)zv-l H
so by inductive hypothesis,
DeveZop(Combineeq*c'60)(x*+1)(xloxoo)
= DeveZop(CombineG{ﬂ*c'60)(x*+1)(x10x00) H
hence Develop(Combineew*ceo)x*o

0

= DeveZop(Combinee’W*CGO)X*OO ;

Thus ¥6, DeveZop(pnG)X*GO:DeveZop(pn'e)x*oo 5
but also (cf 2.4.7),
Develop(pn'6)x*00=DeveZOp(pn'Gt)x*co"DeveZope(x*T\))c1
where Vz#(Develop(pn'Gt)x*co)
and 01=Consequence(pn’St)x*oo ;
so DeveZop(pne)x*o():DeveZop(pn’Gt)x*oo"DeveZope(x*T\))c1 5
ie ¥ is a Terminator for p,n',x*,oo ;

hence () is a T-List for p.

QED



2.3 H
Theorem 2.3:
If 1% is a T-List for each Py
then it is a T-List for Evalp*
where Eval may be Eval3

or, if each P, has an empty T-List, EvaZu.

Hence if I* is a T-List for each X1ﬂ51n
then it is a T-List also for XEvall =]
Proof
for l1szi<#p”
let p{zxne.plnl(kec.(Signalﬂle,e))
where n1=n[ﬂ1/Pr0C] H
let I1 be a Terminator for pl,n{,x*,co
where n{:n'[ﬂl/proc] 5

then ¥n,0, Develop(p{ne)x*oo

Develop(plnl(keo.(Signalnle,e »)X*OO

= ! * ~ ’ *

= Develop(plant)x 9, Develop8'(y +v)01
where V,0y have the usual form
and if Il=/, 8'=(Xxo. Gignalﬂlel,e))

for some €,

if Ilelde, 6! nlﬂcontﬂﬂllﬂ

nﬂcontﬂﬂllﬂ 3

: ) r - .
if I1 7, O et and ErrorSetcl 3

so if Ilz/,
Pt * o2 ' *
Develop(pln et)x 9, DeveZop(plant)x 9,

and I1 is a Terminator for p{,n',x*,oo 3
if 11:/’
then DeveZop(p{ne)x*oo=x'*“Develope(x*f(v+1))02

* * A .
where x' =DeveZop(p1n{Kt)x 9, (Szgnaln153

b



QED

. . . *
so again I1 is a Terminator for p{,n',x 9,

* . N
Hence I" is a T-List for each p{ 5
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and therefore also for p:An.Run(p{n)n* (by 2.4.1 and 2.4.2);

so for any n',X*,co,
where 01=(X1(CheckProcsﬂﬂ*OO)) 5
then ¥n,k’, DeveZop(EvaZp*nK')x*GO
= (xo)“Develop(pneo)(x*+1)01
where xO:CheckPrOGSHN*
and eo=(Ao.(CheckResuZtSN*e*,K'e*))
where e*=ResuZtsn*00
=(XO)"Develop(pn'et)(x*fl)ol"DeveZope'(X*Tv)a2
if I#/ then
DeveZop(EvaZp*n'K%)x*ooz(XO)“Develop(pn’et)(x*+1)01 5
and it follows that I is also a Terminator for
EvaZp*,n',x*,GO 5

if I=v then Develop(EvaZp*nK')x*oO
= <X0>“X'*“(Xé)”DeveZop(K’e*)(x*T(v+1))03
where X'*zDeveZop(pn'et)(x*+1)01
and XO:CheckResuZtsn*e*
for some &* (independent of k’,n);
and again it immediately follows that
I is a Terminator for Evalp*,n',x*,o

0

Hence I* is a T-List for Evalp*

let I be a Terminator for p,n',x*fl,ol
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2.4 Regularity

A useful step in discovering whether Expansions (or
Developments) are Miscible 1is a mechanism for imposing
conditions both on any values produced as the result of a
computation, and also on the sorts of primitive operations which
can be used. This 1is done by defining the property
"Regularity". Conditions on the result of evaluating an
expression can obviously be applied only if the expression 1is
successfully evaluated and does actually give a result, so the
definition has a form similar to that of JumpFree or Terminator,
but its significance 1lies in the introduction of qualifying

predicates.

Definition
Ye[K®K] is Regular wrt T>T/ 5T, sT, if

Vx*,oo,e s.t. T,€ and T*X*,

1

either 3Je! s.t. T2€' and

YK, DeveZop(YKE)X*oozx’*“DeveZop(Ke’)(X*Tv)ol

* *
and t' x'

where x'*zDeveZop(YKte)x*oo

and v=#x’*

and 01=Digestx'*x*oo

=Consequence(YKte)X*co 5

or DeveZop(YKs)x*oO is independent of «k ;

and similarly for ye[K»K'] [K'=K] [K'=»K'],
vye[C»K] [C~K'] wrt T T,
vye[K»C] [K'>C] wrt T,T',TQ,
and ye[C~C] wrt T,7'.



The predicates imposed on state transformations will usually

have the effects of

a) restricting the processes whose results the operation can
change;

b) ensuring that certain things, such as the discovery of an
error or the claiming of a new location are not "forgotten".

Thus they will usually take one of the forms:

Invariantn =
Ax:(Vﬂo,((3ﬂ1<n*,sn) = (Resultm(xo)=Resultmo)) A
¥o,(ErrorSetc = ErrorSet(xa)) a

Vao,(cfareala = (yo)[areaja))

Subvariantnt =
Ax.(Vwo,(~(3ﬂ1<n*,<ﬂ) = (Resultmn(xo)=Resultmo)) A
¥o,(ErrorSeto = ErrorSet(xc)) A

Vao,(ofarea]a = (xo)[area]a))

Note that both Invariantﬂ*x and Subvariantﬂ*x imply

VO(ReSuZtSﬂ*(X0)=Result3ﬂ*0)

The predicates imposed on expression values will often
depend on the environment, and 1in order that Eval preserves
Regularity with respect to such predicates, they will have to be

constrained to satisfy the following condition:
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Definition
The predicates Tn are H-Monotonie if

for any n, m'2nlproc] and ¢

if n'=nlw'/proc]

then 1 E =1
n' n®

Before embarking on results about the preservation of
Regularity by Eval, it is appropriate to include a lemma for
later use: the Regularity condition provides a useful basis for
the proposition (promised in 2.1) that, wunder suitable

conditions, Detail is a special case of Develop.

Lemma 2.4.1:
If p* satisfies:
for any n', each pln' is Regular wrt
(Invariant{n'[procl) ), (Subvariant{n'[proc]) ) H
and eﬂ*z(n*,Aﬂl.pl(n[ﬂl/proc])6t>
then for each 1,
Jx*,x' s.t. (Invariant(n1>)*x* and Invariant(nl)x’
and Detaileﬁ*cn10=DeveZop(eﬂ*nl)x*(x’c)
Proof
For ea h 1, let T, denote (Invariant(n1>)
and T{ denote (Subvariant(ﬂ1>) H
The Regularity condition implies
if T:X'* then T{*(Develop(eﬂ*nl)x’*o) H (1)
So for any 6"* and ¢ satisfying (1) and for any 1,

. . 7 . m*
proceed by induction on v=Detail® gmw. o

If 6" 7 =6, then £=() =R .
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Otherwise induct also on 1, = least integer s.t. C¢10=ﬂ1
let (ﬂ',c'):Chooseeﬂ*g
=gi1r, gt for some 1'510
and (x,8" =6""1'g
and 8'"*=8" (6" /n1) H
then 6'™ and (xo) satisfy (1) ;
for if ﬂlxﬂ'
then DeveZop(e'ﬂ*ﬂl)x'*(xo)zDeveZop(Gﬂ*nl)x'*(xc) H
and if ﬂ1=ﬂ'
then Develop(e'“*ﬂl)x'*(xo):

(Develop(e“*ﬂl)((XO.O)“x'*)o)Tl H

so if ﬂlzﬂ'

then £

Detaile“*cﬂlc

(x)“DetaiZe’“*c'ﬁl(xo)

(x)"DeveZop(G'ﬂ*nl)x*(x'nxo)

(by v inductive hypothesis)

for some X*>X' s.t. T*X* and ty'’

1

DeveZOP(en*ﬁl)((x')AX*)O 5

and if ﬂlxﬂ'

then £ Detailen*gﬂlc

Detaile'n*c’ﬂl(xo) ;
but also 151'<10, sO c'&(lo—l')=ﬂ1 ;
hence by L inductive hypothesis,

L Develop(e'“*nl)x*(x'oxo)

it

*
for some Y ,x' as above

Develop(eﬂ*ﬂl)x*(x"o)

where y"=x'ox 3

and since by (1) Subvarianti{w')yx, and so Ty ;



SO TXH

QED

Two more lemmas, which will be needed later when finally
assembling the different properties to prove the equivalence of
serial and parallel execution, show that the serial forms (only)
of Run and Eval preserve the =~ equivalence of Expansions. Note
that the parallel versions do not have this property since the
interleaving of different processes' operations could, as
mentioned in 1.2, produce different operations.

Although they have little relation to the rest of this
section, it is convenient to include these lemmas here, as they
depend on Regularity. Also, one of them depends on results
proved further on in this section, and so should logically come
later, but it appears here in the interest of getting the minor
results out of the way before starting on the major work of the

section.

Lemma 2.4.2:
If y*,y'*e[C*C] satisfy #Y*=#Y'*
and for each 1,
Y, and y{ are Regular wrt 1,1’
for some 1,71’ satisfying t(\c.0o)
and ¥9,0, Expand(yle)o ~ Expand(y{e)c
then ¥1°,0,0, Expand(RunSY*w*e)o ~ Expand(Runsy'*n*e)o
Proof
let y=Fiz(Ayp.a10.1<#y” > v (y(1+1)6), 8)
and y'=Fiz(Ap . A0, 1Ay’ = 7Y (141)0), 0)
then it will be shown (by induction on #Y*—l) that

Expand(Y10)o = Ezpand(yP'18)o (1)



If 1>#y" then L=Fxpandbo=Q

If 1<#y”

then £

Expand(yl(w(1+1)6))o 5

but by Regularity of Yo

either yo, Expand(yle)0=Expand(ylet)o"Expandeo1

or ¥o, Expand(yl8)0=Expand(y16t)0

where 01=0utcome(ylet)0 5

and similarly for Y{: with the same g, -

Furthermore, the same case holds for both Y, and Y{ ;

since otherwise eg,

¥o, Expand(ylet)o

Q

Expand(y{et)o

Q

Expand(y{e)o

~ Expand(yle)o

2

Expand(Ylet)o"Expandeo1 3

hence #Expandeolzo ie e:et 5

so either £

or

L

I

2

~

~

Expand(ylet)o"Expand(w(1+1)6)01

Empand(y{et)o“Expand(w’(1+1)6)01

(using inductive hypothesis)

Expand(Y{(w'(1+1)e))0

&

>

Expand(ylet)o

Expand(Y{et)o

Empand(y{(w'(1+l)6))o

&

5
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hence (1) holds for all 121;
putting 1=1 gives desired result.

QED

Lemma 2.4.3:
If * ,* ’ . * ’* '
P 5P 5NysNg satisfy #p =#p and noﬁprocﬂ=noﬂprocﬂ
and for each i, ¥n,n', PN and p{n' are Regular
(wrt some T,T',Tl s.t. 1(A0.0))
and VK,O,Wl, Expand(plan)G ~ Expand(p{n{K)O
- T=nt
where n, nO[nl/procJ and n! no[nl/procj
then ¥k',0, Expand(EvaZap*noK')o ~ Expand(EvaZsp'*néK')o
Proof
let ﬂ=noﬂpr0cﬂ
and ﬂ*=NewProcsn(#p*)o H

let Y1=Ae.p1nl(XeG.<Signalﬂla,e)) 5

but Aeeo.(Signaane,e) is Regular wrt suitable predicates;
§0 Y, is Regular and hence (by 2.4.6) RunSY*ﬂ* is Regular;

and similarly for y{ etc.

Furthermore, as in 2.4.2, P, and p{ satisfy the same
alternative of the Regularity condition.

so either Je s.t.

Empund(yle)c Expand(plnl(keo.(Signaane,e>))0

Expand(plant)c“<SignaZwle>“Expandeol

Q

Expand(p{n{Kt)o“(Signalﬂle)“Expandeoi

e

Expand(y{e)o 3

since 01=Szgnalﬂ1€(0utcome(plant)o)
— > t !
-Stgnalﬂle(Outcome(plant)o)

:O‘jf ;



or Expand(yle)o

Expand(plant)c

Q

Expand(p{n{Kt)c

¢

Expand(y{e)o ;
hence by 2.4.2,

Empand(Runsy*ﬂ*e)c ~ Expand(Runsy'*ﬂ*e)o 5

again, this implies that Runsy*ﬂ* and Runsy’*ﬂ* satisfy
the same alternative of Regularity;

. . * ' _ A L ~
ie either Expand(EvaZSQ n K )00 = (xo) Expand(RunSY L et)c1

Expand6002
2 ~ '* * ~
(xo) Expand(RunSY m Gt)cl

Expand6002

~ A
Expand(EvaZsp ngx )00

where xozcheckProcsww*
917%0%
=0ut (R *n*8 )o
0,=0utcome (Run_y m 8 )0,

and eozUnZessError(...) 5

1!

* ' ~ * ok
or Expand(EvaZap n,K )00 <XO> Expand(RunSY m et)c1

2

(XO)"Expand(}?unsy’*'rr*et)o1

Q

PX o
Expand(EvaZap ngK )00

QED

The next few lemmas show that the property of Regularity can
be combined with that of JumpFree with the expected effect, and

is preserved by function composition and by both forms of Run.



2.4
Lemma 2.4.4:

If ye[K~»K] is Regular wrt t,1',7 and JumpFree

1°%9

then Vx*,oo,e satisfying 1,¢ and T*X*,

1

either 3Je’ s.t. T2€' and

Develop(yKe)x*oo = X'*"Develop(Ke')(x*’i'v)c1

with X'*,v,cl as in definition of Regular,

or Develop(yKe)x*o is independent of «

0
and ErrorSeto1
Proof
Take any x*,oo,e s.t. T*X* and T, €
If the first alternative of Regularity is satisfied
then there is nothing more to prove;
Similarly if the second alternative of Regularity
and the second of JumpFree are satisfied.
So suppose the first alternative of Regularity

and the second of JumpFree:

then P, o,k DeveZOp(YK1€)X*OozDeveZOP(YK2€)X*O

2°? 0o’

but Je! s.t. for 1=1,2,
* * ~
Develop(YKle)x 00=Develop(th€)x 9,
DeveZop(Kle')(x*Tv)cl 3
hence Develop(Kie')(x*'l'\))olzDeveZop(Kzs')(x*f\))c1 3
in particular,
Develop(Kle')(X*Tv)olzDeveZop(Kte')(X*Tv)01=<) ;
which implies K, =Ke 3

contradicting arbitrary choice of Ko

QED



2.4
Lemma 2.4.5:

If Yle[K*K] is Regular wrt T,T',Tl,TQ

and YQE[K*K] is Regular wrt THT 5T, T,

then Y oY is Regular wrt T,T',Tl,T

2 3 3

and similarly for other possible functionalities of Y0¥y
Proof

Consider any x*,co,e s.t. T*x* and T,€ 3

* *
let Xl-DeveZop(Ythe)x Oy
then either 3Je? s.t. T2€' and

¥K, Develop(yl(YQK)e)x*o =XI“DeveZop(y2Ke’)x’*o

0 1

where X'*=X*+(#XI)

d =C ( )y o
an 01— onsequence YthE X 0

*

and T'*Xl 5

*_ ' ' * )
now let x2-DeveZop(Y2Kt€ )X o, s
either 3Je” s.t. T3€" and

¥k, Develop(Y2K€')X'*01=x§“DeveZop(Ke")x"*02

where X"*=X'*T(#X;)
*
— ] !
and GQ—Consequence(YQKte Yx o,

*x
and T'*X2 5

. . * * . K
so in particular, DeveZop(Yl(YQKt)e)x 042X, X5

_ . * '* . * X
and g, = Digestx, X (Dtgestxix 00)

Digest(xIAX;)X*OO

*
Consequence(Yl(YQKt)e)x Gy 5

so ¥K,

DeveZop(yi(YQK)e)ooz(XI“X;)“Devezop(Ken)Xn*c

where X"*=X*+#(XIAX2)

and T’*(x;“x;) >

2
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QED

86

or DeveZop(Y2Ke’)x'*o is independent of k ;

1

. *
ie VKl,KQ, DeveZop(Yl(YQKl)e)x 04

* A '  *
X4 DeveZop(Y2K1€ )X g,

* ' '*
X, Develop(y, k,e’)x' o,

DeveZop(Yl(YQKz)e)x*oo

and DeveZop(Yl(YQKt)E)X*OO=XIAXZ E

so T'*(DeveZop(yl(Yth)e)x*co) 5

or DeveZop(YlKe)x*o is independent of k ;

0

* *
SO VKl,KQ, DeveZop(yl(YQKl)e)x OO:DeveZop(Yl(Y2K2)€)x 4
and DeveZop(Yl(Y2Kt)€)x*oO=Develop(Ythe)x*oo=x: ;

'* *
SO T (DeveZop(Yl(YQKt)s)x 00)

Lemma 2.4.6:

If y'e[c-C]"
and each Y, is Regular wrt 1,1’

then Runsy*ﬂ* is Regular wrt t,1’.

Proof

for

and

let Y=Fiz(Ap.A10.1=#y >y (P(1+1)8).8) ;

then (by induction on #Y*-l) Y1 1s Regular wrt T,T’.
if 1>#Y* then Y1=16.6 which is trivially Regular;

if 13#7* then w1=Y1°w(1+1) 2
but Y, is Regular wrt t,T' by hypothesis;
and y(1+1) is Regular by inductive hypothesis;

so by 2.4.5, Y1 is Regular wrt t,1' ;3



in particular, Runsy*ﬂ*zwl is Regular wrt T,1'.

QED

Lemma 2.4.7:
If t,1! satisfy

Vx*,oo, Ty = t'*(DeveZopelx*oo)

and e“*=<n*,xn1.63

then Combineeﬂ*g is Regular wrt t,t’ and Jumpfree;

hence Runpy*ﬂ* is Regular wrt t,T1' and JumpFree.
Proof

By induction on v (vz#DeveZop(Yet)x*o and y=Combined" z),

0
the following slightly stronger property wll be proved:
¥e, DeveZop(Ye)x*oosz”DeveZope(x*fv)ol
,**
and Tt X4

(with X: and o, as in definition of Regular).

If AreTo"”
then y=A0.6, which trivially satisfies the condition since
v=0 and 6,39,
Otherwise:
let <ﬂ,§'):0hooseeﬂ*c
and <X,6’)=6ﬁ*ﬂ00 3
also let 8'"*=e""[8"/m]
and Y’=Combinee'ﬂ*c' 5
then ¥6, Y600=<X,Y'e) H
o) Develop(ye)x*ooz<x)”DeveZop(Y'e)(x*Ti)(xloxoo) ;
S0 #Develop(y'6)(x*+1)(xloxoo)=v-1 ;
so by inductive hypothesis,

Develop(y'e)(x*Ti)(Xloxao) = xi*“DeveZope(x*Tlf(v—l))01



and T'*X{*
* *
where x /" =Develop(y'6 )(x Ti)(x1°X00)
*
and 01=Consequence(y'6t)(x Tl)(X1°X00)
=Consequence(¥6t)x*00 H

SO DeveZop(Ye)x*o <X>"xi*“DeveZop6(X*+v)01

0

= X'*"Develope(x*f\))c1
where X’*=Develop(yet)x*00 5

also X<Develop(e“*n)x*oo so t'x 3

* *
hence ' '

QED

The next stage is to extend the results about Run to apply
also to Ewval; but this is considerably complicated by Eval's
use of the res component of the state to keep results from
processes: 1t is clearly essential to be certain that the

values produced by a set of offsyring processes are the same as

those supplied to the parent process to continue its
computation. The next two lemmas show that both versions of
Run cause essentially the correct results to be left. The
preservation of Regularity by Eval follows. Note that, since

EvaZ4 is only for application to objects satisfying a P-Test,
and which are therefore JumpFree, 2.4.9 can hypothesise

JumpFreeness as well as Regularity.

Lemma 2.4.8:
If 1,1’ satisfy
¥, TXVT'X = ¥o,(Resultsm (x0)=Resultsm o)
and each yl is Regular wrt t,t'’ and some Tl

and Y{=k6.(keo.(signalﬂle,e))

= ov !
and Y1 Yl Yl



then Y=(RunSY"*ﬂ*oUnZessError) satisfies

Vx*,co s.t. T x

either ¥e, DeveZop(Ye)X*oozx’*"Develope(x*'l'\))c1

with x'*,v,c as in definition of Regular

1

and for each 1, Tl(ResuZtnlol)
or DeveZop(Ye)x*GO is independent of 0.

Proof
let wzFix(Aw.Ale.15#Y*+Yf(w(1+1)6),6) 5

then show by induction (on #y*-1) that Y1 satisfies: (1)

VX*,OO s.t. T*X*

either ¥0, DeveZop(tple)x*oo=x'*"DeveZope(x*Tv)c1

and for l=<i'<1-1 Resultﬂ1,01=ResuZtW1,0

0
and for i<ti's<#y”, Tl,(Resuthl,ol)
or DeveZop(wle)x*oo is independent of 9
If 1=#Y*+l then w19t=et 5
80 0,20, ;
and condition on results becomes
for 1SI'S#Y*, ResuZtnl,olzResuZtnl,oo 5
which is trivially true.
It 1s#y*
then w1=Y1“Y{OW(1+1) 5
so, by Regularity of Yo for any X*,OO s.t. T*X*,

either Je s.t. T, € and

¥0, Develop(y18)x" 0 xt“DeveZOP(Y{(w(1+1)6)€)(x*+v1)01

0

* A ~ *
X, ¢x? "Develop (Y (1+1)8)(x +v2)02

where xtzDeveZOp(Yth)X*oo

and Xlzsignalnle

*
and vl-#x1



and
and

and

v2=v1+1

0. =Conse (y k) o
= quence(y K )X O,

T,%X,0q 3

but by inductive hypothesis, y(1+1) satisfies (1);

so either

ve, DeveZop(wlﬁ)x*oo=X:"(x’:)"x"*"DeveZope(x*'l'\)s)c3

and
and
SO,

¥o,

and

and

and

or Vel,eg, DeveZop(wlel)x*o

*
or V61,62, DeveZop(wlel)x o

where x"*=DeveZop(w(1+1)6t)(x*+v2)02

tor 1s¢'<, Resultﬂ1,03=ResuZtﬂ1,o

for 1+1s1'S#Y*, Tl,(ResuZtﬂl,oa) ;

2

substituting for et,

DeveZop(wle)x*c():x'*"Develope(x*'l'vs)a3

where X'*,vs,os satisfy the conditions of (1);

for 1<1'<1-1, ReSuZtﬂl,o

Resultm_,o0
1

3 2

Resultnl,ol

Resultﬂl,oo

. * *
since t' <X1) 5

Resultmw_ o, = Resultm_ o, = €
1 3 1 2

so 1. (Resultn_ao_)
1 173

for 1+ls1’<#y”™, Tl,(ReSuZtﬂl,Gs) H

0
X, x,) "Develop (Y(1+1)8 ) (X tv, )o,

1]

X:“(X1>“Develop(w(1+1)62)(x*+v2)02

*
Develop(w162)x Gy 5

0

Develop(w162)x*oo 3

Hence Y1 satisfies (1) for 151s#y*+1 H

90

DeveZop(YI(Y{(w(1+1)61)))x*00

DeveZop(Yl(Y{(w(1+1)62)))x*00



Putting 1=1 gives required form for RunSY"*W* 3

so for any x*,oo s.t. T*X*,

either ¥g Develop(Ye)x*00=DeveZop(w1et)x*00“
DeveZop(UnZessErrore)(x*'l'\))c1

and for all 1, Tl(ResuZtnlol) ;

but if ErrorSetOl
then Develop(UnZessErrore)(x*'l'\))c1 =
(CheckError True) ;

SO DeveZop(Ye)x*c 1s independent of 6 ;

0

otherwise:
DeveZop(UnZessErrore)(x*'l'\))o1 =
(CheckError FaZse)“Develope(x*fv+l)02

where o, = CheckError FaZseo1 =0,

so ¥6, DeveZop(Ye)x*oozx'*“DeveZope(x*Tv')01

* .
where x'",v',0, are as in (1);

1

and for all 1, Tl(ResuZtﬂlﬁl) ;

or DeveZop(wIG)x*o is independent of 0;

0

hence so is DeveZop(Ye)x*Go

QED

Lemma &£.4.9:
If the hypotheses of 2.4.8 are satisfied and also
¥x, txvVt'x = (¥o, ErrorSetc = ErrorSet(yc))
and each Y, is JumpFree
then (Runpy”*ﬂ*°UnZessError)

satisfies the conclusions of 2.4.8.
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Proof

* % S *
For any 6" ,n" ,z fair in =",

let e"*=<n*,xn1.el>
and Y=Combine6"*c 5
and first show by induction on v=#DeveZop(Y8t)x*0 that
if each 6 satisfies: (1)
for any G,X*,
if X’*zDeveZopelx*O
then Vx<x'*,Vﬂ<(w*\<W1)),bu',Resultn(x0')=ResuZtﬂo'
and either if #y'* > 0
then ¥o!, Tl(ResuZtﬂl((x'*i(#x’*))o'))
or ErrorSet(Consequenceelx*c) 5
then Vo,x* s.t. T*X*,
0’=Consequence(yet)x*o satisfies: (2)
either for each 1,
if 61=6t
then ReSuZtﬂlo'=Resuthlo

otherwise Tl(ReSuZtﬂlO') 5

or ErrorSeto’

For if Arere"”
then Y6t=6t 5

so (2) is trivially satisfied.

Otherwise let (ﬂl,c'>:0hooseeﬂ*c
and (y,6" =0" "7 o
and e'"*ze"*[e'/"1]
and Y'=Combinee'ﬂ*c' 5
then YetO:<X’Y'eL) 3

SO 0'=Consequence(y6t)x*o



=Consequence(y'et)(x*fi)(X1°X0) 3
but for ﬂ<(ﬂ*\(ﬂ1)),

Resultn(xloxo)

Resultm(xo)
. *x *
since 1 ¥

Resultmo

since X<Developelx*o 5

Now if 6’=6t
then X'*=Develop61x*o=(x) 5
so by (1),
either ErrorSet(Consequenceelx*o) 5
SO ErrorSet(xloxo) 5
SO ErrorSetc!'
or rl(ResuZtnl(xo)) 5
hence Tl(ResuZtﬂl(xloxc)) H
also, 6' trivially satisfies (1) ;
and #DeveZop(Y'et)(x*Tl)(xloxo)=v-1 5
so by inductive hypothesis,
either ErrorSetc’
or for 1'#1, 1if 91'=6t
then Resultwl,0’=Resultn1,(xloxc) 5
otherwise Tl,(ReSuZtﬂl,O') H
and Resultﬂlo’=Resultﬂ1(x1°x6) H
hence for 1’21,
if el,=6t
then Resultwl,o'=ResuZtﬁ1,o

and Tl(Resuthlc') 3

which implies (2) since elzet

14
If 6 :et
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9y

then X'*=(x)"DeveZope’(x*Tl)(X1°X0) >
so for any X"*,co, let onko'.co H

then Develope’X"*oo:DeveZopel((XO>“X"*)G”;

so condition (1) for 8' follows from condition for 61 5
so again by inductive hypothesis applied to y'et s

either for 1'=z1,

if 8 ,=0,

then Resultﬂl,o'=ResuZtﬂ1,(Xloxc)
otherwise TI,(Resuthl,o')

and Tl(ResuZtﬂlo') 5

hence since elzet

if 6 =6,

then Resultnl,o'zﬁesultﬁl,o
otherwise Tl,(Resuthl,o') H

or ErronrSeto’! ;
Thus (1) = (2);

Now each Y, is Regular wrt T,T',Tl, and JumpFree;
so by 2.4.4,

Vx*,ao s.t. T X »

elither 351 s.t. T1€1

*
and ¥k, DeveZop(YIK)x g, =

Develop(Yth)x*oo"DeveZop(Ksl)(x*'h))c1

or DeveZop(YlK)x*o is independent of «

0

and ErrorSetol 5

ie either ¥6, DeveZop(qu)X*oo =

X'*“(X'>“Develope(x*f(v+l))02
!*—- *
where ¥ —DeveZop(Yth)x 9,
and X’:Signalﬂle1



and 02:X'01 5
so ¥8, DeveZop(qu)x*oo=x”*“DeveZop6(x*+v1)02

where X"*=Develop(Y¥6t)x*00

etc;

- * *
SO, since Tt' Yy’

Develop(yfet)x*oozx’*A(x') satisfies (1);
and also #Develop(Yfet)x*GO >0 3
(4 .
sO y{etzet 5

or ¥6, DeveZop(Yfe)x*oo DeveZop(Yl(Y{e))x*oo

DeveZop(Ylet)x*oo ;

SO DeveZop(Yge)x*o is independent of 8

0
and T'*(Develop(yqet)x*co) ;

*
n
also Consequence(Ylet)X 9,

Consequence(Yl(Y{(et))x*oo

Consequence(let)x*oo

= 01 5

S0 ErrorSet(Consequence(Yget)x*co) 5

sO again (yqet> satisfies (1);
and furthermore (unless ErrorSetGo) Y;otzet

=M
Thus for each 1, el-ylet

satisfies (1) and 6,26, 3
* * %
so for any o,x s.t. T X ,
0'=Consequence(Runpy"*ﬂ*et)x*o satisfies
for each 1, Tl(Resuthlo')

or ErrorSetc'

but from 2.4.7,

¥e, Develop(Runpy"*ﬂ*e)x*0=x"*“Develope(x*fv)o'



where x"*=DeveZop(Runpy"*ﬂ*et)x*c H
SO ¥6, DeveZop(ye)X*ozx"*“Develop(UnZessErrorG)(X*Tv)c’ 3
but if ~ErrorSetoc’
then for each 1, Tl(ResuZtﬂld') H
so Develop(ye)x*czx"*“<x)”Develope(x*f(v+1))01
where y=CheckError False
and 01=X0'=0' H
S0 Develop(ye)x*0=DeveZop(Yet)x*o“DeveZope(x*Tv)c'

where v and o’ satisfy the required conditions;

otherwise

Develop(y8)x™ o "™ CheckError True)

Develop(Yet)x*o 5

which is independent of 8 ;
and Consequence(yet)x*c = CheckError True o' = a'! ;
le} ErrorSet(Consequenee(Yet)x*c)

QED

Theorem 2.4:
If p*,n satisfy
for any o, if w=n[proc] and 1*=NewProcst(#p*)o
each pln' is Regular wrt (Invariantn’), (Subvariantn’),
and some H-Monotonic Tin?
where n'=n[n1/procJ 5
then Evalp'n is Regular wrt (Invariantn”™), (Subvariant{m )

and (Ae”*. ¥, )

Tlnel
where Eval may be EvaZ3 or, if each 91”' is Jumpfree, Evalu.
Proof

let T:(Invariantn*)

and T':(Subvariantﬂ*)



and t"=(Subvariant{m ) ;

97

Y,7P n, clearly satisfies the hypotheses of 2.4.8 and 2.4.9;

1 T
" .
SO Y=Runy" n*OUnZessError satisfies the conclusion;
- * *x x
1e for any X029, s.t. 1 Xg
*

let 7 =NewProcsn(#p*)00
and 01=CheekProcsﬂﬁ*c

0
* *
and X1=XOT1 5
then either ¥6, Develop(ye)xI 1:XI*ADeveZop6X;02
'*= *
where yx Develop(yet)xlol
*= * '*
and ¥, xlf(#x )
*
and OQ—Consequence(YSt)xlo1 3
and for each v, T €
i,
where e*=ResuZt3ﬂ*02 ;
hence by H-Monotonicity,
for each 1, Tlnel 5
SO Develop(EvaZp*nK')xgoo =
~ '*A A ) * *
(xq) "X (x2> Develop(xk'e )x303
where X1=CheckProcswﬂ*
and X2=CheekResuZtsw*€*
* *
and x3=x2+1
and 03=X202=02 5
S0 Develop(EvaZp*nK')xgoo =
* ' * ~ P * * .
Develop(Evalp nKt)xOoo Develop(k'e )X303 ;5
and for each 1, val H
furthermore, by 2.4.6 and 2.4.7,
yet is Regular wrt T,T1' 3
SO T'*X'* H
50 T"*X'* ;

and x, and x, certainly satisfy 1" ;
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or DeveZop(yG)xzo1 is independent of 6 ;
so ¥k', Develop(EvaZp*nK')x300=X1"X'*
which is independent of k' ;

* *
and as above, " y'"

and T”xl 3

Hence Evalp*n is Regular wrt T,T",(E*.Vl,Tlel)

&ED

Corollary
For any n, if each XIHEIH satisfies
for any n,_ s-t. nﬂprocﬂsnlﬂprocﬂ

X1HE1Hn1 is Regular wrt (Invariant(nlﬂprocﬂ)),

(Subvariant(nlﬂprocﬂ>) and some H-Monotonic Tin
1

then XEvallz*]n is Regular wrt (Invariant{nlproc]) ),
(Subvariant{ nlprocl) ) and (Ae*.Vl,Tlnel)
Proof
Take any n and let w=n{proc] ;
and take any o ;

let w¥=zNewProesm(#E™)o

and n1=n[w1/pr0CJ H

then since Invariantn*x = Invariant(nl)x
and Subvariant<ﬂ1)x = Subvariantﬂ*x,

each X1ﬂ51Bn1 is Regular wrt (Invariantn™), (Subvariantn’™),
and T 5
i,
Yo} EvaZ(*XlﬂEIB)n is Regular wrt (Invariantn ),
1

(Subvariant{ m ), (Ae™. ¥, )

T €
mn

for Eval = Eval,, or if euch X [Z ] is JumpFree, Eval,;



and in particular for Eval = t[="In ~ Eval, , Evals
where 1 is a P-Test for the X1 3
ie XEvaZﬁE*Hn is Regular wrt (Invariant{m ),

(Subvariant{mw ), (Ae*.Vl, )

T, €
in 1

. . . *

since Invariant{m x = Invariantm ¥

QFED

2.5 The Primitive Operations

The last property needed of Eval concerns the operations
which can be produced as a result of using it, with a view to
the satisfaction of the Miscibility condition of theorem 1.4,
This section will show that these operations are essentially
those produced by the component commands, as would be expected,
together with a certain restricted collection of
process-manipulating operations; and thence that the operations
produced by wusing Eval satisfy certain conditions, provided of
course that the operations produced by the individual commands
satisfy them also.

But first, the types of operation which will be encountered
must be enumerated, by means of the following definitionj; and

the subsequent lemma indicates how they relate to each other.

Definition
A state transformation is a Permitted Operation 1f it has one of
the following forms:

1) Xo.o

2) SetError

3) CheckErrort



2.5 100

4) Putap

5) CheckFetchop
6) CheckNewma

7) CheckFullm

8) CheckProcswn”
9) Signalme

10) CheckResultsn e™

Lemma 2.6.1:
If X4 and X, are Permitted Operations then they commute
except possibly in the following cases:
1) One is either SetError or CheckFullm ;
2) One is PutaB1 and the other is Puta82 or CheckFetcha82 H
3) One is ChecklNewra, and the other is CheckNewmo . ;

1 2

4) One is CheckProcswnI and the other is CheckProcsxn; ;

5) One is Signal®we, and the other is either Signalme

1 2

or CheckResultsm €  with me<m"
Proof
(Ao.0) commutes with anything,

so types (1), (2) and (7) can be disregarded.

The remainder are conveniently clissified as being of one
of the forms:
i) Ao.yo ;

or ii) Xo.(¢o>yo,2) .

If one (say Xl) is of type (i) and the other of type (ii),

then x, X Ao.w1(¢20*w20,;)

2

g,2 3

Ao.¢20ﬂw1w2

while Xp°Xq = X0-¢2¢10*¢2¢103; 5

1
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so x, and X, commute if

Vyov,=v,°9, and 9,00, =0, . (1)

If both are of type (ii),

i

then x ox, = A0. (¢, (¢,0°¥,0,2)>y, ($,07¥,0,2),2)

Ao.((¢20A¢1w20)»w1w20,;) H

80 X, and X, commute if

¢1°1p2=¢1> ¢2°q}1=¢2 and w1°¢2=w2°w1 ° (2)

If both are of type (i),
then each is either Putals1 or Signalﬂle1 5
which only fail to commute if

either both are PutalB1 and a, =0,

or both are Signal'rrle1 and m =m, .
If X4 is of type (i) and X5 of type (ii) (or vice versa),
If x,=Puto, B,
then w1=xo.0[81/store/a1] 5
but for all possible forms for Xy
w2 does not affect the [store] component,
hence ¢1°w2=w2°wl 5
and the only ¢, which depends on the [store] component
occurs for X2=CheckFetcha282 5
and in this case,

$,°¥,0 = (Fetcha2(0[81/store/a1]):82)

1

¢20 if a,#o, 3
Similarly if x1=SignaZn151,
the only x, which does not commute with X4 is

CheckResuZtSﬂ*e* where n1<n* .
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If both are of type (ii),

then the only cases in which (2) does not hold are when

(at least) one of ¢, 5 ¥ and (at least) on of ¢, ¥

13

refer to the same component of the state,

2

so consider each component in turn:

[err]
each X1:CheckErrorT1 H
=1e] w1=XO.O 5

so (2) trivially holds.

[store]
each x1=0heckFetchotlB1 H

so again wlzxo.c and (2) holds.

[areal
each x =ChecklNewrw o  and assume T_=7_ ;
1 11 1 2
for any ag,
if StoreFuZZﬂla
then X1°=i 5
:? M
SO X2(X10) 23
also X2°=i or X20=0[True/use/a2] 5

so xl(x20)=;
Similarly if StoreFuZZﬂ20

Otherwise if Newm o=a, for 1=1,2 ;
so that Owneralzﬂl, hence a ®a,
then Xlozo[True/area/alj 3
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and by properties of StoreFull and New,
~StoreFuZZﬂ2(o[True/area/al])
and Nean(o[True/area/al])=Newn20=a2 H
SO x2(x10)=0[(True,True>/area/(al,az)] H

otherwise Xl(x20)=x2(xlc)=i

Hence X4 and X, commute if T,
[use]

each x1=0heckPr003ﬂ1ni H

and a similar argument shows that X4 and X4 commute

so long as mET,
[res]

*x %
each x1=0heckResuZt31rle1 5
S0 again ¢1=A0.0 and (2) trivially holds.

QED

Now for the results about Eval. As previously, two lemmas
are first needed about the two versions of Run, and then these

are combined to give a result about either form of Evaql.

Lemma 2.6.8:
If Y*,ﬂ*,x*,ﬁ satisiy
each Y, is Regular wrt (Invariant(ﬂl)) and some T
. * k%
and (Invariantm ) ¥
. *x ok *
and if x<Develop(Run_ Y T Gt)x o
then for some 1,
*
X<Develop(Y16t)x101

for some X:,o1 s.t. (Invariant(wl))*x: .
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Proof
let wzFix(Xw.Alﬁ.IS#Y**Y1(¢(1+1)6),e) 5
then it suffices to show (by induction on #Y*-l) that
if X<Develop(w16t)x*o

then X$D@U€ZOP(Y119t)X:yOI; for some 1’21

If 1>#y* then w16t=6t 80 no such x exists;

and result is vacuously true.

If 1<#y" then w16t=Y1(w(1+1)9t) H
so by Regularity of Y,

and since (Invariantﬂ*)*x*, so (Invariant(w1>)*x* R

either Develop(wlet)x*o DeveZop(Yl(w(1+1)et)x*o

DeveZop(Ylet)x*o 5

so X<Develop(w16t)x*0 = x<DeveZop(Y16t)x*o H
or DeveZop(wlet)x*o=DeveZop(Y16t)x*0“DeveZop(w(1+1)6t)x'*0’
for some x'* satisfying (Invariantw*)*x'* 5
but by inductive hypothesis,
X<Develop(w(1+l)et)x'*o' =
X<DeveZop(Y1,et)x:,01, for some 1'>1+1 ;
hence X<Develop(wlet)x*o =

X<Develop(Y1,et)xT,ol, for some 1’21 ;

Putting 1=1 now gives the required result.

QED
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Lemma 2.656.3:

If Y*>ﬂ*,x*,00 satisfy ,

each Y, is Regular wrt (Invariant(ﬂl)),T1

where T1=>\X-((V1TC7aReSuZtTT(XC’)‘Res"‘z't'"0 = HISﬂ) A

(Vo ,ErrorSetc = FrrorSet(xo)) A
(¥oao,olusela = (xo)[usela))
and (Invariantn™ ) x*
and if X<DeveZop(RunPY*ﬂ*et)x*oo
then for some 1,
X<Develop(ylet)x:01
for some xt,ol, s.t. (Inuariant(n1>)*x:
Proof
let eﬂ*z(n*,kﬂl.61>
where el=ylet
and c:NewScheduZeﬂ* 3
Now show by induction on #DeveZop(Combineen*c6t)x*co,
that if X<Develop(Combineeﬂ*cet)x*oo

then for some 1, X<DeveZop61x:(x{00)

where Invariant(nl)x{

If AreT8" then Combineew*cetzet 3

so no such y exists.

Otherwise let (wl,,g'>=choose6“*g

and <x',6')=6“*ﬂ1,00 5

then Develop(Combineen*cet)x*oo

= (X')‘DeveZop(CombineS'ﬂ*c'et)(x*fi)(xlox'oo)

where o' 6™ 0/, ) 5

1 !
so either x=yx' in which case X<Deve20p61,x*00 5

or X<DLueZop(CombineG'“*C'Gt)(x*fl)(xlox'oo) 5

105
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§0 by inductive hypothesis,
x<DeveZope{x:(x{oxlox’00) for some 1 (2)
where 6{=(1=1’*6',61) H
but if 1=1?
then (X')ADeveZope{x:(x{oxlox'oo)
= Develop61(<x{oxl)“xi)oo
where Invariant<ﬂ1>x{
and Invariantﬂ*xl so Invariant(n1>x1 5
=1o) Invariant(nl)(x{oxl) 3
while if 1=z1!
then Invariant(ﬂ1>x{ and Invariant(n1><1 >
and by Regularity, TI,X' 5
1) Invariant(nl)x' ;
so Invariant(ﬂ1>(x{ox1°x') 5

so (2) gives required form.

Hence (1) holds;
i <D lop® y f *
ie x<Develop6 x o for some 1,x ,0,

QED

Lemma 2.6.4:

If p*,n,x*,o satisfy

0
¥n', each pln' is Regular wrt (Invariant{(n'[proc])),

(Subvariant{n'[procl) ) and some T{
and (Invariant(nﬂprOCﬂ))*x* ;
. * *
and if y<Develop(Evalp nKé)x g,
where Eval may be E'vaZ3
or, 1if PN is JumpFree for all n, EvaZLF H

then either X<Develop(pln[ﬂl/pr‘ocjmt)x’:o1

* ‘ . * *
for some 1,X .0  s.t. (Invarzant(nl)) X,
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where n*=NewProcsw(#p*)oo H
or x has one of the following forms:
i) CheckProcsnn™ where m=nf proc] and Vﬂ1<ﬂ*,ﬁ<ﬂ1 5
ii) Signalwle where nIIpY‘oc]]<1r1 5
iii) CheckResultsn™e* where Vn1<n*,nﬂPV0Cﬂ<ﬂ1 5
iv) CheckErrort
Proof
let w=n[proc]
and n*=NewPr003ﬂ(#p*)oO (so Vﬂ1<ﬂ*,ﬂ5ﬂl)
and n1=n[n1/proc3
* #p*
and y = T Ae.plnl(xeo.(Signalnle,e))
and T, be as in 2.5.3;
then DeveZop(EvaZp*nKé)x*oo
= (CheckProcsﬂn*)“DeveZop(RunY*n*eo)(x*+1)01
where 60=UnZessErr0r(AO.<CheckResuZtSN*e*,et))
where e*=Resultsn”o
and 01=X1<CheckPPOCSﬂﬂ*OO) 5
hence either y=(CheckProcsmn”) which satisfies (i)
or X<Develop(Runy*1r*eo)(x*+1)01 5
but CRUN is Regular wrt (Invariant(n1>),
(Subvariant(nl)), T{

!

and therefore wrt (Invariant(wl)), T T,

while Ae.kec.(SignaZwle,e) is certainly Regular

wrt (Invariant(ﬂl>), T T{ ;
so Y, is Regular wrt (Invariant(n1>), T

and therefore wrt (Invariant(m ), (Subvariant{mw ) ;
so by 2.4.6 and 2.4.7, Runy™n* is Regular wrt

(Invartant{m ), (Subvariant{m ) ;

so either Develop(RunY*n*eo)(x*Tl)o1
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= DeveZop(Runy*Tr*et)(X*H)ci"DeveZoper’*G2
for some x'*,02 3
or DeveZop(Runy*ﬂ*eo)(x*+1)61
= Develop(Runy*n*et)(x*+1)01 5
in either case,
either X<DeveZop(RunY*1r*6t)(x*“l'i)o1 (1)

or x<DeveZopeox’*o (2)

5 3
but in case (1), by 2.5.2 and 2.5.3,
X<Develop(ylet)xto1
for some 1,x:,01 s.t. (Invariant(nl>)*x:
. *
-Develop(plnl(keo.(Szgnalnle,et)))Xlo1 5
but N is Regular,
. *
so either DeveZop(Ylet)xlo1
* A .
= Develop(plant)xlc1 (SzgnaZHIER
for some €. s.t. 1t'e.
1 11
* *
or DeveZop(Ylet)xlol—DeveZop(plant)xlo1 ,
in either case,
either X<DeveZop(p1n1Kt)x:01

or X=(Signaln1€1) which satisfies (ii);

while in case (2),
if ErrorSeto,
then DeveZopGox'*02=(CheckError True)
and if ~Err0r$et02
then Developeox'*02
= ( CheckError False) ~ CheckResultsm &™)
where e*=ResuZtsn*(xi02) 5

so y=(CheckErrort) which satisfies (iv);

or x=(CheckResuZt3ﬂ*€*) satisfying (iii);
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QED

The previous result can be tidied up by introducing the
complex and rather more stringent condition which the operations
produced by the semantic equations will be required to satisfy,
even though this condition depends on parts of the environment
which have different structures for the different languages
considered in chapters 3 to 5. Because of this, the condition
will be defined in terms of the predicate Denotede[D-I1de=H-T]
which checks whether the identifier denotes the given wvalue in
the given environment. The only significant property of this
function from the point of view of theorem 2.5 is that it

doesn't depend on the [proc] component of the environment.

Definition

* 1Y if

A primitive state transformation ¥ is Sanctioned by n,Il, ”

it is a permitted operation and

1) if y is PutoaB then
either Denotedaln for some I<II
or nlproc]<Ownera ;

2) if x is CheckFetchaB then
either Denotedoaln for some I<I;
or nlprocl<Ownera ;

3) if x is CheckNewma then
nlproclsw=0wnera ;

4) if y is CheckFullm then
nlproclsm 3

5) if y is Stgnalme then
nlprocl=sm ;

6) if x 1is CheckResultst € then



2.5 110

V1r1<1r*,nllproc]]<1r1 H
7) if x is CheckProcsmr® then

nlproclsr and Vﬂ1<ﬂ*,n[pr0Cﬂ<ﬂ1 5

Theorem 2.5:
For any n, if p* satisfies

Vﬂl,xf,o1 s.t. (Invariant(nl))*xt,

each component of DeveZop(plant)X:O1

* *

1’I2

is Sanctioned by n,.I
where n1=n[W1/PV0C] 5
and ¥n', each pln’ is Regular wrt (Invariant{n'[proc]) ),
(Subvariant{n'[proc]) ) and some T{ 3
then Vn,x*,o s.t. (Invariant(nﬂprocﬂ))*x*,

each component of DeveZop(EvaZp*nKé)x*oo

*

1s Sanctioned by n,II,IQ.

Proof
let w=nlproc}

and n*zNewProcsn(#p*)oO

and n1=nrw1/proc]

and let X<DeveZop(EvaZp*nKé)x*oO 5

then by 2.5.4,

either for some 1,)(:,01 s.t. (Invariant<n1>)*xt

*
X<Develop(p1nln<t)x101 H
*I*;

hence by hypothesis, x is Sanctioned by ”1’11’ )

but since LA this implies that
X 1s Sanctioned by n,II,I; ;
or x has one the forms (i) to (iv) of 2.5.u4,

all of which are Sanction2d by n and any II,I;

QED



CHAPTER 3: A VERY SIMPLE LANGUAGE

"I only took the regular course... Reeling and
W?lthlng, of course, to begin with, and then the
different branches of Arithmetic - Ambition,

Distraction, Uglification and Derision."

Alice's Adventures in Wonderland: Chap 9.

In this chapter, the first of three example languages is
described, and syntactic (ie compiler-checkable) conditions are
found on the use of parallelism. The language will be known as
ELM (Elementary Language Model) and it will have only very basic
facilities =~ definitions of simple variables, assignments,

simple loops, tests and grouping of commands into blocks.

The proofs of many of the theorems in this and the next two
chapters are 1long, cumbersome and repetitive, as they involve
consideration of many very similar cases. Parts of these will
therefore be given in outline only, where they are similar to

other parts which are given in detail.

3.0 Description of ELM

The syntax of ELM requires six syntactic domains: a domain
Bas of objects representing basic constants (eg numerals); a
domain Ide of identifiers; a domain Ope of (diadic) operators
(+ = etc). It will be assumed without further discussion that
elements of these domains can be recognised and distinguished,

and also that there exist functions Be[Bas-»B] and We[Ope-V V]

which define the meanings of constants and operators. The
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remaining three domains are recursively defined in terms of each

other. The domain Com of commands of the language is a sum of
six types representing: i) assignment, ii) grouping of a list
of commands into a block (which is 1labelled with some

identifier), 1iii) an "escape" command which jumps to the end of
the enclosing block with the appropriate identifier, iv) the
"while" loop, v) conditional command, and vi) association of a
declaration with a command. Expressions, of the domain Exp,
can also be of six types: i) a basic constant, ii) an
identifier, iii) two subexpressions connected by an operator,
iv) a subexpression together with a command to be executed
before it, v) a conditional expression, and vi) association of a
declaration with an expression. The last domain Dec of
declarations has only three forms: i) declaration of an
identifier to denote a constant value which cannot thereafter be
changed by assignment, ii) declaration of an identifier to
denote a new location whose contents are initialised to a
specified value, and iii) combination of these in simultaneous
declarations. Constructions such as bracketted expressions and
monadic operators could easily be included, but they add nothing
new and only encumber the semantic equations and proofs. In
common with [23}, details of syntax analysis - unambiguous

parsing, precedence of operators, etc. - are disregarded.

The form of jumps available by the labelled block/escape
mechanism is obviously more vrestricted than the traditional
label/goto mechanism, but together with suitable loop
constructions, it seems to be quite adequate for most purposes,
and it simplifies many of the semantic equations, at the same

time demonstrating many of the techniques required to handle
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full jumps, and indeed probably clarifying some of the issues

involved.

A few new semantic domains are also needed. First, a
domain B of basic values, eg numbers, characters, truth values
(as distinct from their representations in a program). The
other new domain is D, which contains all those values which
identifiers are allowed to denote; like E and V, it is a sum of
other value domains, in this case L+8B. Further details must
also be given of domains which were incompletely specified in
the last chapter. Thus E=L+B and V=B, indicating that
"pointer" variables are not permitted, as L is not a summand of
V. For the environment H, apart from the components described
in chapter 2, one will be needed to indicate the current
denotation of each identifier as a "variable", hence:

H = proc:P x var:[Ide-D] x cont:[Ide~C]

The semantics of ELM can now be defined (see Appendix 1).
The functions Ce[Com-H-C>C], Ee[Exp-H-K»C] and De[Dec»H->K’~(C]
are the principal semantic functions for the domains Com, Exp
and Dec respectively; I and Re[Exp-H-»K-C] are wused for
evaluating expressions in L-mode and R-mode using the functions
Lv and Rv respectively; (Rv may seem unduly complicated, since
the final case can never occur in ELM, but the more general form
will be needed in the next chapter;) Ie[Dec~Ide”] gives a 1list
of +the identifiers defined in a given declaration. Note the
use of CheckFeteh, CheckNew and CheckFull to ensure Consistency.
The reason for +the use of Break in the equation for the while
loop is to allow induction to be used in proofs, as will become

apparent in due course. Four different versions of Eval are
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used: CEval, REval and DEval apply C, R and D respectively to
all their arguments, and LREval always has a pair of expressions
as arguments, and applies L to the first and R to the second.
The purpose of (ClaimProcs in the two [let A in ...] clauses will
be clear in 3.5 - it concerns only the "Ownership" of newly

claimed locations.

3.1 Consistency of ELM

It will now be shown that the semantic equations for ELM
always produce commands which are Consistent. The proof, 1like
most of the remaining theorems, will make use of structural
induction on the syntactic categories, by which, 1in proving a
result for a certain syntactic object, it 1is assumed inductively
to be true for all strict subexpressions. Since Com, Exp and
Dec are mutually recursive, it is necessary to prove the results
for ¢, E, L, R and D simultaneously. In fact, the situation is
usually rather more complicated, because in one case, (the while
loop,) the induction would require the inductive hypothesis to
be applied not to a strict subexpression but to the whole
expression. Thus a double induction is required - first on
some integer measure v (which in this case is the parameter of
Consistency, and later will be the length of a "Development"),
and then on the syntactic structure. Thus, on the assumption
that the result is true for measure less than v, the structural
induction shows it to be true for all cases of measure v; this
inductive step then shows the result is true in all cases. In
practice, this means that in proving the case of a syntactic

element £ and measure Vv the inductive hypothesis will assert

09
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that the result is true for all cases of measure <v0 and for all

I

cases of proper components of Z and measure vo.
First, some preliminary lemmas are needed to show the
Consistency of the subsidiary functions. The main theorem then

follows.

Lemma 3.1.1:
For any v>0,
If 6 is (v-1)-Consistent
then 6'’=UpdateaB6 is v-Consistent;
Hence if 6 is Consistent, so is 6'.
Proof
e'xet, so take any 0.5 Oy
a) 6'01¢2=<Puta8,6)¢2=6 which is (v-1)-Consistent;

b) (e'olll)olzputasclz; (provided o, =22) ;

1
c) 6'01=<Puta8,e>=e'02 H
ie 6' is v-Consistent.

QED

Lemma 3.1.2:
For any v»>0,
If ¢ is (v-1)-Consistent
then 6'=Contsak is v-Consistent;

Hence if « is Consistent, so is 68'.

Proof

Take any a o

12 993

let eleetchaol

and 82=Fetcha02 3

a) e:oi¢2=Kgl which is (v-1)-Consistent since k is;
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b) ' = = 5
(o 01$1)01 CheckFetchaelol-O1 5
e) if €,7€,
then 6'01=<CheekFetcha€1,Kef
=<CheckFetcha82,K€Q
=e'02 5
otherwise (6'02¢1)01=CheckFetcha€201=é 5
ie ' is v-Consistent.
QFED

Lemma 3.1.3:
For any v>0,
If k is v-Consistent
then 6=NewLoernk is v-Consistent;
Hence if k is Consistent, so 1is 8.
Proof
Take any 045 055
If StoreFuZZer1
then a) (601¢2)=6t which is v-Consistent;
b) (eclll)01=CheckFuZZn01=01 5
c) If StoreFullmo,
then 601=<CheckFuZZﬂ,6t)=602 H
otherwise (602l1)01=CheckNewﬂ(Neww02)01=; ;
otherwise, let a, =Newmo, 3
a) (601¢2)=Ka1 which is v-Consistent;
b) (601¢1)01=Check1\lew1ra101=o1 H
c) If StoreFullmo,
then (602¢1)01=CheckFuZZﬂ01=; 3
otherwise let a,=Newmo, ;3
if a, =0,
then 601=(CheckNewﬂai,Ka1)

116
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=(CheckNewwa2,Ka2)

=902 H

otherwise (eozl1)01=CheckNewna201=é 5
ie § is v-Consistent.

QED

Lemma 3.1.4:
For any wv>0,
If k is v-Consistent
then so are Lwvk and Rvk ;
Hence if k is Consistent, so are Lvk and Rvk.
Proof
Take any ee¢k 3
if eeL then Lwke=ke which is v-Consistent;

if not then Lvke=Error which is v-Consistent;

if eel then Rvke=Contsex which is v-Consistent by 3.1.2;
if eeV then Rvke=ke which is v-Consistent;
otherwise Rvke=Error which is v-Consistent.

QED

Theorem 3.1:

If eO,K ,Ké,n are v-Consistent

0
then CHO]nGO, EﬂEBnKO, LﬂEHnKO, RﬂEHnKO and DﬂAHnKé
are v-Consistent;
Hence if 60 etc are Consistent, so are CEOBneo etc.
Proof
by induction on v and on the syntactic structure.

First observe that the »results for I and R follow

immediately from that for E and 3.1.4.



Case ﬂEl 1= EQH
let K'=(A(a,8).Updatea860)
which is v-Consistent by 3.1.1;
but by structural induction,
L[Eln and RﬂEzﬂ preserve v-Consistency;
hence by 2.2,

Cﬂ@ﬂn60=LREvaZ(ﬂE1ﬂ,[EQB)nK' is v-Consistent.

Case [§I 0F §IJ
since n and 60 are both v-Consistent,
n’=n[60/cont] is also v-Consistent;
but by structural inductive hypothesis,
each C[Olﬂ preserves v-Consistency;
hence by 2.2,

C[Oﬂn90=CEvaZﬂO*ﬂn'eo is v-Consistent.

Case [while E do Oiﬂ

The recursive nature of the semantic function in this
necessitates the use of induction on v.

Let 61=Cﬂenn60 3

then by inductive hypothesis, 6, is (v-1)-Consistent;

hence Breake1 is v-Consistent;

118

case

(The presence of Break thus allows the inductive step

to be made; this is the only reason for including itj)

so by structural induction,
62=Cﬂ®1ﬂn(3reak61) ,
K=X€.€*62,60 ,

and 61=R[EHnK

are all v-Consistent.
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Case [if E do 0,1
60 is v-Consistent;
80 by structural induction,
SO is cﬂelﬂneo 5
he i = ;
nce so is k, (Ae.e*cﬁelﬂnﬁo,eo) 3

and so 1is Cﬂ@ﬂneozRﬂEHnKl

Case [escape I]

n is v-Consistent, so nlcont]lI] is.

Case [let A in Glﬂ
Consistency of n depends only on its [cont] component;
so., since n is v-Consistent,
so is nLe*/var/I[Al] for any e” 5
also ClaitmProcs preserves Consistency,
by an argument similar to 3.1.3;

so the result follows from structural induction.

Case [B]
Case [I] :

result follows immediately from v-Consistency of Koo
Case ﬂEl Q EQH :

result follows from structural induction on RﬂElﬂ and R[Ezﬂ

and from 2.2.

Case [0 before Elﬂ

Case IIE1 - Ez’ Ean

result follows immediately from structural induction.
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Case [let A in E ]

exactly as case [let A in Glﬂ.

Case [I E]

immediate from structural induction.

Case [I = E]

k4, 1s v-Consistent, so by 3.1.1,

0

K1=(Aa.Updateae(K’(a))) is v-Consistent for any e ;
so by 3.1.3,

K2=(Ae.NewLocnK1) is v-Consistent (n=nlprocl) ;
so by structural induction,

DﬂAHnK6=RﬂBHnK2 is v-Consistent.

Case [a, and A,
immediate from structural induction and 2.2.

QFED

3.2 Termination in ELM

The T-List condition of a P-Test 1is a 1little more
complicated than that of Consistency, since obviously not all
sections of a program can be expected to be JumpFree. It is,
however, a simple matter to search through a piece of program
text listing all the jumps (ie escape commands) which are not
"bound" by enclosing blocks with the same label. This is
precisely what the function Jumpse[Com+Exp+Dec]~Ide” does, and

it is straightforward, if laborious, to show that this function
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has the desired effect.

Lemma 3.2.1:
If I* is a T-List for E[E]

then it is a T-List also for L[E] and R[E].

Proof

Take any n’,x*,oo s.t. n'l[cont]]=>\I.6t

and assume that n always satisfies n’=n[kI.6t/cont] 5

let 01=Consequence(EﬂEﬂn'Kt)x*co

and XI:DeveZop(EﬂEBn'Kt)x*oo

and X;=Develop(RﬁEHn’Kt)x*co

and X'*=X*+(#XI) 5

now since I* is a T-List for E[E] ,
Y or ? or some I<I* is a Terminator for EﬂEH,n’,x*,oo 5
ie a) Je, ¥n,K,

Develop(E[EIn(Rvk))x o

Develop (RIEInk) x*o

0 0

X:"Develop(}?vne)x'*o1 5

if eel

then DeveZop(Rer)x'*o1

= (CheckFetcheB>"Develop(KB)(x’*fl)c2

where B=Fetch€01

and 02=CheckFetch8801=01 H
SO x;=xz“(checkFetcheB) 5

SO ¥NsKs DeveZOP(EﬂEHnK)x*OO=x;“DeveZop(KB)X"*GQ

* *
where X"*=X*+(#XI+1)=X TEx,) 3
hence ¥ is a Terminator for RﬂEn,n',X*,oo 3
if eeV

then Develop(Rer)X’*o1 = DeveZop(Ke)x'*o1 :

* *
5O X27Xy
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and Develop(RIIEllnK)x*o():x;"DeveZop(Ke)x'*o1 ;

hence again, v is a Terminator for R[E], etc.
if eélL+V

then DeveZop(Rer)x'*ciz(SetError) 3

so X;=XI“<SetError) 3

SO ¥n,K, DeveZop(R[EﬂnK)x*oo=x;

and ErrorSet(Consequence(RﬂEﬂn'Kt)x*oo) H

ie ? is a Terminator for R[E], etc.

or b) ? or some I<I* is a Terminator for EﬂE],n',x*,oo 3
in which case it immediately follows that
RﬂEﬂ,n',x*,oo have the same Terminator.

Thus, in either case, I* is a Terminator for RﬂE],n',x*,Go

The proof for L[E] is similar except that the conditions on
€ in case (a) are rearranged.

QFED

Theorem 3.28:
For any OQeCom, EeExp, AeDec,
Jumps[ 0] is a T-List for C[0O] 3
Jumps[E] is a T-List for E[E]l, LIE] and R[E] ;
Jumps[A] is a T-List for D[A]
Proof
The results for L[E] and R[E] follow from that for E[E] and
from 3.2.1.
For the others, take any n',x*,co s.t. n'[[cont]l:)\I.et and
assume that n always satisfies n'=n[AI.et/cont] 5

Then use induction on v=#(DeveZop(Cﬂ@Bn'et)x*oo) etc. and on



the syntactic structure.

Case ﬂEl i= Ezﬂ

let II:JumpsﬂE I and I*zJumpsﬂE I 3
1 2 2
then from inductive hypothesis,

I" = I "~ I  is a T-List for LﬂElﬂ and for RﬂE2ﬂ 5
*

so by 2.3, I" is a T-List for LREval<[E 1,IE, D)

the remainder of the proof proceeds as in 3.2.1.

Case [§I o §I1
For each 1,

let I::Jumpsﬂelﬂ 5
, 70
and let I"'= A I

then I* is a T-List for each Cﬂ@lﬂ ;
hence by 2.3, I* is a T-List for CEvall0*] 3

now suppose I is a Terminator for CEvaZHG*H,n',X*,OO 5
then ¥n,0, DeveZop(CﬂGﬂne)x*oo

DeveZop(CEvaZﬂO*Hnoe)x*co

where nozn[e/cont/IJ

XI”DeveZop(noﬂcontﬂﬂIﬂ)(X*Tv)ol

where XIzDevelop(CEvaZﬂO*Hn'et)x*oo

X;“Develope(x*fv)ol

1l

. *
hence v is a Terminator for ¢[@],n',x 204 3

DeveZop(CII@]]n'et)x*oo"DeveZope(x*Tv)o1

123

3

but any other Terminator for CEvall0*] etc is easily shown

to be a Terminator also for clel etc.

Hence I\ D is a T-List for cl@l
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Case [while E do 91ﬂ
let I =Jumps|E]

and I =Jumpsﬂelﬂ

* N ¥ P ¥

*
9 H
* . .
then I is a T-List for R[E] and C[Olﬂ 3

and I =Jumps{while E do ®1H=I:“I

If ? or some I<I” is a Terminator for RﬂEB,n',X*,OO

then it is also for Cﬂ@ﬂ,n',x*,oo 5

So suppose vV is a Terminator for RﬂEﬂ,n',x*,co ;

then Je, ¥n,6,

Develop(Cﬂ@Hne)x*co

DeveZop(RﬁEBn{AE.Eﬂcﬂelﬂn{Breake'},6})x*0

0

il

x’*"Develop(e-*cllelﬂn{Breake'},6))(201

where X'*=DeveZop(R[Eﬂn'Kt)x*oo 3

If e=False

then Develop(cﬂeﬂne)x*oo

* A *
= x' Developexlc1

DeveZop(Cﬂ@ﬂn'Gt)x*oo“DeveZopex;ol ;
so ¥ is a Terminator
If e=True
then DeveZop(CﬂOﬂne)x*co
_ 1*aA ' * .
=y DeveZop(CﬂOlﬂn(Breake ))Xiol }
so., as above, 1f ? or some I<I* is a Terminator for
C[@lﬂ,n',xz,ol, then it is also for CﬂOﬂ,n',x*,oO 3

. 3 *
so suppose v is a Terminator for Cﬂ@lﬂ,n',xlol ;

ie ¥n,06, DeueZop(CﬂOﬂne)x*Go

* A

- I*’\ 4 *
= x' “x" "Develop(Break® )xzo2

" ' *
where x" =Develop(Cl0, ]n 0,.0%,9,



* A

= x!
but #(DeveZop(CﬂOHn'et)X;OB)
< #(DeveZop(Cl[O]]n'et)x*co) - ¥ ro.0)
< v=-1 3
hence by inductive hypothesis,
Y, ? or some I<I* is a Terminator for

Cﬂeﬂ,n’,x;,% ;

and Cﬂ@ﬂ,n',x*,oo have the same Terminator;

Hence v, ? or some I<I* is a Terminator for Cﬂeﬂ,n',x*,o

ie I is a T-List for cioj.

Case [escape I]
For any n,6,

DeveZop(CﬂOﬂne)x*co = DeveZop(n[contﬂﬂIﬂ)x*oo 3
and DeveZop(CﬂOHn'et)x*oo = ()

SO DeveZop(CﬂO]ne)x*co

= DeveZop(Cﬁ@ﬂn'et)x*GO“Deveop(nﬂcontﬂﬂIﬂ)X*OO

ie I is a Terminator for Cﬂ@ﬂ,n',x*,oo H
so (1) =Jumps[ O] is a T-List for C[0O]

Case [H]
let e€=B[B] ;
then ¥n,K,

DeveZop(EﬂEﬂnK)x*oo

Develop(Ke)x*o

0
DeveZop(EHEﬂn'Kt)x*oo“Develop(Ke)x*o

0 5
so V¥ is a Terminator for EﬂEﬂ,n’,X*,oo :
so () 1is a T-List for E[E]
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x"*"(Ao.o)"Develop(C[[G]]ne)x;c3 3

>
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Case [I]

similar to case [B] with e=n'{varjl{Il=nlvarllI]

All other cases are easily proved from the structural inductive

hypothesis and theorem 2.3, using arguments similar to those of

3.2.1.

QED

3.3 Regularity of ELM

The next important property i1is that all the semantic
equations define functions which are Regular. As with
Consistency, this property will be shown to be satisfied without
the constraints of any syntactic conditions. The proof of
Regularity dis in fact only required as part of the process of
discovering which primitive operations are used, as described in
the next section; indeed, the results of this section and the
next are inextricably linked, as one case of theorem 3.3 depends
on results in theorem 3.4, so that a completely rigorous proof
would require the inductions of 3.3 and 3.4 to be done together.
The two sections have, however, been treated separately for the

sake of simplicity and clarity.

The importance of theorem 3.3 (which otherwise is very
similar to. but weaker than, the results of the last section)
lies in the predicates which constrain the values produced by
expressions and declarations. These play an important role in
the <classification of operations in the next section. Some of

them simply ensure that the semantics 1s sufficiently correct to
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produce values in the expected domains - eg, any value produced
by L is a L-value (or location) and any value produced by R is a
R-value (specifically, an element of V). Others embody
important properties of the language, viz, any location produced
by a declaration is a newly claimed one - local to the process
which evaluates the declaration; and any location produced as
the result of evaluating an expression is either local to the
process, or is to be found in a certain small, syntactically
defined area of the envifonment. More precisely, the syntactic
function IdeVale[Exp~Ide*] is defined (see Appendix 1) which
gives a list of identifiers one of which will denote any
non-local location which may be the result of the given

expression.

The predicate Denoted dintroduced in 2.5 is wuseful 1in
expressing some of the predicates. Its definition in ELM is,
of course, simply:

DenoteddIn = (S§=nf[var]lI])

Lemma 3.3.1:
For any TOE[E»T] and t,1'e[[S~»S]-T] ,

Lv 1s Regular wrt t, 1!, (Ae.eeL=Toe), (Ae.eeLAroe)

Proof

Take any X*,o y€ S.t. T*X* and (eeL=TOe) H

0

If eel

en
th TOE

and ¥k, LvKe=KE

so DeveZop(Ler)x*oo = X'*“Develop(Ke)x*oO

where X’*:Develop(LvKte)X*00:<) ;



3.3 128

and ¢ satisfies (EeLATOE) 5

and T'*X'*

If e¢L
then ¥k, Lvke=Error which is independent of k 3

so DeveZop(Ler)X*o is independent of «k ;

0

Thus the conditions of Regularity are satisfied.

QED

Lemma 3.8.2:

For any T,T',TO s.t. for any ael, BeB, T'(CheckFetchaB) ,

Rv 1is Regular wrt 1, t', T (Ae.eeV)

0°
Proof

Take any X*,oo,e 5
If eel

then let e':FetcheoOeV=B 5

then ¥k, ReroO=<CheckFetchee',Ke') ;

SO ¥k, DeveZop(Rer)x*oo
(CheckFetchee')"Develop(Ke')(x*'l'l)cs1

where olzxi(checkFetchee'oO)

DeveZop(RvKte)x*Go"DeveZop(Ke')(x*Tl)o1 ;

and T’*(DeveZop(RvKte)x*oo) 5

If €eB
then ¥k, RVKE=KE 3
SO ¥K, DeveZop(Rva)X*GO = X'*“DeveZop(Ke)x*co
where X'*:Develop(RvKte)x*00=(> ;

so 1’ ¥ 5
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Otherwise Rvke=Error which is independent of k ;

hence DeveZop(Rer)x*o

0

is independent of k ;

In any case, the conditions of Regularity are satisfied.

QED

Theorem 3.3:

For any 0, E, A and ﬁ,

if w=nlproc]

and t=Invariant{m

and T'=Subvariant{m

and TOn:Aa.((HI<IdeVaZﬂEH, DenotedaIn)v(nlprocl]<ownera)) ,

then ¢[6]n
E[E]n
LLEDn
R[E]n

D[ Aln

where

Proof

Results for L

is
is
is
is

is

Regular
Regular
Regular
Regular

Regular

n

wrt t,T’
wrt ! = . ;
T, T ,Tln (Xe EEL=TOne) 3
' - .
Wrt T,T ,Tzn (Ae.eeLATOne) 5
wrt r,r',TSn:(Ae.EeV) H
wrt T,T',Tun

Pis1',(

T n=(l€*.V1,((sleLAnﬂprOCHSOwnersl)VeleV) A

€ =e_,d =1=1"))
T '

and R follow immediately from that for E

and 3.3.1 and 3.3.2,

For the others, take any X*,o

0

s.t. T*X*, and proceed by

induction on v=#(DeueZop(CﬂOﬂnet)x*co) etc and on the

syntactic structure.

Note that =

On’Tln’T2n’T3n’T4n

2.4 is applicable.

are H-Monotonic, so corollary
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Ca .=
se [E, := E|
from induction and corollary 2.4,

LREUaZ(ﬂElﬂ,ﬂEQB)n is Regular wrt

T, T', (A(a,B).T2na A TSnB) 5

and y=A0.X a,B .UpdateaB6 satisfies

*x %

Vx*,co,(a,B) s.t. T X

¥o, Develop(ye(a,8>)x*00

Develop (UpdateoB8)yx o

0
(PutaB)"DeveZopG(x*'l'l)o*1

where 01=X1(Puta800)

Develop(yet<a,8))X*OO"DeveZope(x*Tl)o1
and t'(PutaB) ;
so Y 1is Regular wrt t,7',1"” for any 1"

Hence by 2.4.5, C[O]n is Regular wrt 1,t’'.

Case [§I 0" §I]
¥6, the inductive hypothesis and corollary 2.4 show that
CEvaZﬂO*ﬂne is Regular wrt T,T'

where nezn[e/cont/I] 5
* x

ie Ve,x*,oo s.t. T X

either ¥6°', DeveZop(CEvaZﬂO*Hnee’)x*o
0
= X'*“Develope’xzol (1)

where x'*:Develop(CEvaZﬂO*Bneet)x*oo

and XI=X*+(#X'*)

* *
and Ol-Consequence(CEvaZﬂG Hneﬁt)x %,

* x
and t! x'

or DeveZop(CEvaZﬂO*ﬂnee’)x*o is independent of 8' ; (2)

0
but by 3.2 and 2.3, CEvall0*] has a T-List I” 5

*x  *

so take any x*,oo s.t. T X

and let n':n[AI.Gt/cont] ;
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then there are four cases to consider:

1) Vv is a Terminator for CEvaZEG*ﬂ,n',X*,OO

in which case, since n'=ne[AI.et/cont] for any 6 ,

¥6,0', DeveZop(CEvaZﬂO*Hnee')X*o = x’*"DeveZope'xIG1

0

which is not independent of 9’ 5
hence (1) holds, so T’*X'*

>

in particular,

¥, DeveZop(CﬂOHne)x*oO Develop(CEvaZﬂO*Hnee)x*o

0
_ ’*A *
= X Developexlo1

and DeveZop(CﬂOBn9t>X*00=X'*

ii) I<I* and I is a Terminator for CEvaZﬂO*D,n',x*,OO

then 9, DeveZop(Cﬂ@Bne)x*oo

DeveZop(CEvaZﬂO*Hnee)x*o

0

1*A *
X Developexlo1

where X’*=Develop(0EvaZHO*ﬂn'et)x*co 5

and DeveZop(Cﬂ@ﬂnet)X*Oo = x'"

Unfortunately, the Regularity of CEval[0%] is insufficient,
in this case, to show that T'*X'*

However, the results of 3.4 applied to each Cﬂ@lﬂ, together
with 2.5, show that yx'”* satisfies (Subvariant{ n[proc]) ) as

required.

iii) I'<I™ is a Terminator for CEvaZﬂO*H,n',X*,GO (I'=21)

then DeveZop(CﬂOﬂnG)x*oo

DeveZop(CEvaZﬂO*ﬂneﬁ)x*o

0

X'*"Develop(ne[[contI]ﬂI']])XIO1
= X'*ADeveZop(n[[cont]][[I’]])xIc1

which is independent of 6.



iv) ? is a Terminator for CEvaZﬂG*H,n',x*,OO

then ¥o, DeveZop(CﬂOHnG)X*oozDeveZop(CEvaZﬂO*ﬂn'et)X*Oo

which is independent of 9.

Case [while E do Olﬂ

Again, the recursive nature of the semantic equations

this case necessitates the use of induction on v.

Since by structural induction,

RIE]ln is Regular wrt T,T’,T1 for some Ty

*

either ¥6, Develop(c[O0In6)yx o 5

0 DeveZop(RﬂEHnKl)x o

DeveZop(RﬂEﬂnKt)x*oo

where K1=(A€.e*0ﬂ@1Hn(Break(CﬂOBn6)),6) H

SO DeveZop(CﬂOHnG)x*o is independent of 6 ;

0

or de s.t. T € and

Ve, Develop(cﬂeﬂne)x*oo

DeveZop(RﬂEHnKl)x*o

0
* A *
= y! DeveZop(Kis)xlo1

* *
where x! =DeveZop(RﬂEﬂnKt)x g,

etc.
so if e=False
then DeveZop(CﬂODne)x*oo
= x’*“DeveZopexzol

Develop(CH@ﬂnet)x*oo“DeveZopex;ol ;

while i1f e=True
then ¥6, DeveZop(Cﬂ@ﬂne)x*co
* A *

= x! Develop(cﬂelﬂnel)xlo1
where 61=Break(0ﬂeﬂn6) ;

but Cﬂ@lﬂn is Regular wrt t,1’ ;

132

for
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either DeveZop(Cﬁ@lﬂnel)chl is independent of 6, 3

hence Develop(ClO]n6)x* 0. is independent of 8

0
*
or ¥8,, DeveZop(CﬂOlﬂnel)xlol
"*A *
X Developelx202
n* _ x .
where ¥ -DeveZop(Cﬂ@lﬂnGt)xlcl 5
so ¥6, DeveZop(Cﬂ@ﬂne)x*oo
*A *I\ ~ *
= X' "x" " (Ag.o) Develop(cﬂeﬂne)x303
* *
where X3=X2+1 H
but then #DeveZop(ClI@IIne)x;G3 < v-1 3
so by inductive hypothesis,
either DeveZop(C’[[@]]ne)X;O3 is independent of 6 ;
hence so is DeveZop(Cﬂ@Hne)x*oo 3
or DeveZop(CﬂOHne)xgcs
* N * .
= DeveZop(CﬂOHnet)X303 Developexuoq H
SO DeveZop(Cﬂ@ﬂne)x*oo
* A *
= DeveZop(CﬂOHnet)x a4 Develope)(qol+ 5
furthermore X'*: X”*, (Ao.o) and

DeveZop(ClIO]]nBt))(S*o3 all satisfy Tr* 5

S0 T'*(Develop(cﬂeﬂnet)x*co)

Case [escape IJ
¥9, clolnd = nlcont]lI]
which is independent of 6 ;

so ¥6, DeveZop(Cﬂ@Hne)x*co is independent of 8

Case [let A in Olﬂ

follows immediately from structural induction and 2.4.5, the

conditions imposed on the results of D being irrelevant.



3.3
Case [B]
let e=B[B] ;
since ege¢B, it certainly satisfies Tln 5
and ¥k, DeveZop(EﬂBﬂnK)X*oo = X'*“DeveZop(Ke)x*oO
where X’*=DeveZop(EﬂEﬂnKt)x*00=<> 5
so trivially T'*X'*
Case [I]
let e=nlvar][I] ;
then since IdeVall[E]=(D ,
€ satisfies TOn and therefore also Tln 5
and Regularity follows as in previous case.
Case ﬂEl Q EQB
by structural induction and corollary 2.4
and definition of IdeVal,
REvaZ(ﬂElﬂ,ﬂEQH)n is Regular wrt T,T',Tgn ;
but for any e*,
e=WlQle*eB and so satisfies Tln H
hence (Ak.Ae .k WLQle™)) is Regular wrt T,T',T;n,Tln 5

so by 2.4.5, E[Eln 1s Regular wrt T,T',Tln

Case [0 before Eiﬁ
E_]

2?2 73
Result follows imediately from structural induction

Case ﬂEl - E
definition of IdeVal.

Case [let A in Elﬂ

by structural induction, D[ Aln is Regular wrt T,T',Tun ;

so either DeveZop(DﬂAﬂnK')x*oo is independent of k! 5

134

and
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hence DeveZop(EﬂEﬂnK)x*oo is independent of «;

* *
or dJe s.t. T e and

4n
¥k, DeveZop(EﬂEﬂnK)x*co = X'*“Develop(EﬂElﬂn'K)xzol

where X'*zDeveZop(DﬂAﬂnKé)x*oo

and n’=n[e*/var/IﬂAHJ H

now let t!,7f be as 1, ,,1

0°T4 on , but referring to El 5

in
then by induction, EﬂElﬂn’ is Regular wrt T,T',T{ 5
but if I<IdeVaZﬂE1H >
then either I<IdeVal|E]
or I<I[A] ;
but if I<I[A]
then a=n'ﬂvarﬂﬂ1ﬂ<e* H
hence Tun<d) 3
ie if ael, then nlproc]<Ownera ;
otherwise, a=n'[var][Il=nfvarl[I] ;
and also n'[proc]=n[proc] ;
hence (TédAdéL) =
((3I<IdeVallE}, DenotedaIn)v(n[procl<oOwnera)) ;
ie TIQ = Tin® 3
hence EﬂElﬂn' is Regular wrt T,T',Tln ;
hence by 2.4.5, E[E]n is Regular wrt T,T',Tin
Case [I = E]
by structural induction, R[E]n is Regular wrt T,T',TSn 5
let y=Ak'.AB.NewLoem(la.UpdateaB(x'{a)))
where mw=n[proc] ;

Take any 8 s.t. 1, B 3

3n

If StoreFuZZnoo

then ¥k', YK'BGO=(CheckFuZZﬂ,8t> ;
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SO Develop(yK'B)x*oo = ( CheckFullm
which is independent of k! 5
otherwise let a:NewnoO 5
then Ownera=w ;
S0 DeveZop(YK’B)X*oo
(X')"DeveZop(UpdateocB(»U(oc)))(x*'l‘l)c1

where y'=CheckNewta

- oy !
and 01—()(1 X )00

(X'>"(X")"Develop(|<’<oc))(X*TZ)U2
where y"=Pytaf
- o n .
and 02-(x2 X )01 5
so T'x!' and T'yx"

g0 T'*(Develop(yKés)X*oo) ;
Hence result follows from 2..4.5.

Case [I = E]

RIE]n is Regular wrt t,t’,7

5

3n
so either 3Je s.t. T3n€ ie ge V
and ¥k, DeveZop(RﬂEBnK)x*oo = x’*“DeveZop(Ke)xzol

where X'*zDeveZop(RﬁEHnKt)x*ao ;
so ¥k', DeveZop(DﬂAﬂnK')x*oo = X'*ADeveZop(KNs))on1

where '*=Develop(DﬂAﬂnK')x*o ;
X t 0

or Develop(R[E]lnk)x* o . is independent of « 5

0
o) DeveZop(DﬂAHnK')x*oo is independent of k!
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C
ase ﬂAl and 4]
By induction and corollary 2.4,
DEvaZ(DﬂAlﬂ,DﬁAQH)n is Regular

* * * *
wrt T,T',(X(el,ez).r JELAT "62)

4n'"1 “"un

where n’:n[nl/procJ
and n"=n[n2/proc]
and nlprocl<n_,w_ and w_ =n_ ;

172 1 2

so for o <e* o, <e”
1 1272 272

< .
ni_Owneral and WQSOwnePGQ 3

SO O, =0 N
1772

and by H-Monotonicity of Tt

b

4n
* A % .

TLm(e1 62) ;
ie D[A] is Regular wrt T,T',Tun

QED

3.4 Operations Produced by ELM

The last property required of the semantics of ELM concerns
what basilc operations are produced. Section 2.5 introduced the
ten permitted types of operation and described the Sanction
condition.

The model has been designed so that individual processes
never interact except either by the process result mechanism
(the [res] component of the state), which is carefully
controlled so that operations on the same result position happen
in a well defined order, or by trying to access the same storage
location. To detect the latter syntactically, two sets of
functions are needed, IdeLe[[Com+Exp+Decl]>Ide™] which gives a

list of identifiers denoting all the locations used in L-mode in
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a section of program, and IdeR and RIdeR (with the same
functionality) which give corresponding lists for locations used
in R-mode. Since one of the characteristics of ELM is that it
allows no sharing, checking for Miscibility is simply a matter
of wverifying that the 1lists produced by these functions for
different (potentially parallel) commands have no element in
common, unless it occurs only in the R-mode list of both.

The following theorem shows that these two sets of functions

achieve the desired effect.

Theorem 3.4:
For any n,x*,o satisfying:
for each I, n[cont]J[I] is either et or Error
and (Invariant{nlprocl ) x™ ;
then
any X<DeveZop(CﬂOﬂn6t)x*o is Sanctioned
by n,IdeL[0] ,IdeR[0O] ;
any X(Develop(EﬂEBnKt)x*c by n,IdeLl[E] ,IdeR[E]
any X<Develop(LﬂEﬂnKt)x*o by n,IdeLlE],IdeR[E] ;
any X<Develop(RﬂE]nKt)x*o by n,IdeLlE] ,RIdeR[E] ;
and any X<DeveZop(DﬂABnK{)X*o by n,IdeL[A] ,IdeR[A]l
Proof
by induction on v:#DeveZop(CﬂGHnet)x*o and on syntactic
structure.
Most cases follow from the inductive hypothesis by the
following kind of argument:
¢c[e]n etc is Regular (by 3.3);
hence each operation ¥ produced by © is produced by one
of its components;

it is therefore Sanctioned by n and the lists found by
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applying 1deL etc to one of the components;
but IdeL[0] and IdeR[6] are obtained by concatenating

such lists;y

hence y is Sanctioned by n,IderL[0],IdeR[O]

let TOn etc be as in theorem 3.3, and consider the cases

which do not fit into the pattern described above.

Case ﬂEl P = E2ﬂ

by Regularity of LﬂElﬂn and RﬂEQH and by 2.4,

either Develop(CﬂGﬂnet)x*o

DeveZop(LREvaZ(ﬂElﬂ,HEQH)nKé)X*O
~ *
DeveZop(UpdateaBet)xic1
where T2na and T3n8
Develop (LREval([E 1,[E D) nk!)x o™ Putap) ;

or DeveZop(CﬂOHnet)x*o

= DeveZop(LREvaZ(ﬂElﬂ,HE2H>nK£)x*G ;

so in either case, if X<Develop(€ﬂ®ﬂnet)x*o
either y=(PutaB)
where ael
and since T2na,
either 31<IdeVaZHE1HsIdeLH@ﬂ s.t. Denotedaln

or nlprocl <Ownera ;

ie x 1s Sanctioned by n,IdeL[ 0l ,Ider[O] ;

*
or x<Develop(LREval{lE 1,FE I nk{)x o;
but by inductive hypothesis,
Vx’,ﬂ',n',x'*,o' s.t. (Invariant(w'))*x'* n'=nlw'/proc]

? '* !
X'<DeveZop(LﬂE1ﬂn Kt)X Y
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= X' is Sanctioned by n',IdeLlE,] ,IdeR[E,]

= X' is Sanctioned by n',IdeL[ 0] ,IdeR[ O] ;

and similarly,
*
x'<DeveZop(RﬂE2ﬂn'Kt)x o
= x' is Sanctioned by n',IdeLﬂEQH,RIdeRﬂEQH
= x' is Sanctioned by n',IdeL[ 0] ,7der[ O] ;

sO0 by 2.5, y is Sanctioned by n,IdeL[0] ,IdeR[ 0]

Case [§I oF §1]
let n'=n[et/cont/I] 3
by inductive hypothesis,
if X<DeveZop(C[[GI]]n{6t)x’:o1
where n{=n’[w1/pr0C]
and (Invariant(nl))*xt
then x is Sanctioned by n{,IdeLﬂ@lﬂ,IdeRﬂélﬂ 5
so x 1s Sanctioned by n{,IdeLﬂOH,IdeRﬂ@ﬂ 3
hence by 2.5,
if X<Develop(0ﬂ6ﬂn6t)x*o = DeveZop(CEvaZﬂe*ﬂn'et)x*o
then y is Sanctioned by n',IdeL[0O],Ider[0O] ;
but Sanction does not depend on the [cont] component ;

so x 1s Sanctioned by n,IdeL[0],IdeR[0O]

Case [while E do 0,1
Again this case requires the double induction.
R[E]n and Cﬂ@iﬂn are Regular, so by the usual argument,
if X<Develop(0ﬂ®ﬂn6t)x*o
then one of the following holds:
i) x<DeveZ0p(R[EﬂnKt)x*o 5
so0 x is Sanctioned by n,IdeL[E],RIdeR[E] 3

and therefore by n,IdeL[0],IdeR[0O] ;
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.. *
ii) x<DeveZop(Cﬂ@1Hnet)x101 3
so x 1is Sanctioned by n,IdeLﬂOlﬂ,IdeRﬂOlﬂ H
and therefore by n,IdeL[0],Ider[0] 5
iii) x=(Xo.o) which is Sanctioned by anything;
iv) D *
X < eveZop(C[[O]]net)XQO2
where #Develop(Cﬂ@ﬂnet)x;OQSv-l ;
hence by v induction,

X 1s Sanctioned by n,IdeLl0],IdeR[0O]

Case [escape I]
Cﬂ@ﬂnet is either 6. or Error ;
SO only possible y is SetError

which is Sanctioned by anything.

Case [let A in 61H
by 3.3 and inductive hypothesis,
if x<Develop(clelne )x"o
and <ﬂ1,ﬂ2):NewProcs(nﬂprocﬂ)Zo 3
then a) x:(CheckProcs(ﬂﬂPPOCﬂ)(nl,nz)) ;
which is Sanctioned by n,etc.
or b) X<Develop(DﬂAﬂnK{)x*0 5
in which case x is Sanctioned
by n[nl/procJ,IdeLﬂA]] sIdeR[ Al
and therefore by n,IdeLl 0] ,Ider[ 0] ;
or ¢) 3e” s.t. T4n€*
and X<Develop(0ﬂ®1ﬂn’6t)X;01
where n'=n[e*/var/IﬂAH][wQ/proc] ;
hence x is Sanctioned by n',IdeLﬂelﬂ,IdeRﬂelﬂ 5

ie x is a Permitted Operation and
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1) if y is PutaB

then either HI<IdeLﬂ91H s.t. Denotedoaln’
or n'[proc] <Ownerao ;

ie one of the following holds:

a) I<IdeLﬂelﬂ and I<#[A]
so a=n'[var][I]<e* ;
so nlproc)sn’lproc] <Ownera ;

b) I<IdeL[®1B\IﬂAﬂ 5
so I<IdeL[0Q] 3
and o=n'[var]{I]=nlvarlI] ;

c) nlproclsn'lproc]<ownera ;

hence either 3I<IdeL[O] s.t. Denotedoln

or nfproc] <Ownero ;

2) if x is CheckFetchaR
then either 31<IdeRﬂelﬂ s.t. Denotedoln’
or n'[procl<Ownera ;
and as above, this implies
either 3I<IdeR[0O] s.t. Denotedaln

or nlproc]s<sOwnero ;

3) if x is any of the other permitted forms,
then since nlproc)sn’[proc] ,
the conditions of Sanction carry over,

ie y is Sanctioned by n,IdeL[0O],IdeR[0O] ;
The results for [ and R follow from that for F since:

Either Develop(LﬂEﬂnKt)x*o=DeveZop(EﬂE]nKt)X*o

or DeveZop(LHEHnKt)x*0=Develop(EﬂEﬂnKt)x*0“<SetError) ;
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so if x<DeveZop(LﬂEﬂnKt)x*o
then either X<DeveZop(EﬂEﬂnKt)x*0
or x=(SetError) ;
and in either case y is Sanctioned

by n,IdeLlE] ,1der[E] ;

Also,

either DeveZop(RHEHnKt)x*o=DeveZop(EﬂEHnKt)X*O
or Develop(R[EHnKt)x*0=DeveZop(EﬂEBnKt)x*o“(CheckFetchaB)
where ael and Ton® 3
so if X<DeveZop(RﬂEHnKt)x*o
then either X<Develop(EﬂEBnKt)x*0 5
in which case x is Sanctioned by n,IdeLl[E],IdeR[E] ;
or y=(CheckFetchoB) ;
which is Sanctioned by n,IdeLlE],IdeVallE]
since TOna ;
so in either case,

x 1s Sanctioned by n,IdeL[E] ,RIdeR[E]

since RIdeR[El=IdeR[E] "IdevallE]

Case [B]
Case [I]
DeveZop(EﬂEﬂnKt)X*o=<> ;

so no such y exists.

Case [let A 1in Elﬂ

is similar to case [let A in Oiﬂ
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Case [I = EJ
by 3.3, R[E] is Regular ;
so if X<DeveZop(DﬂAﬂnKé)x*c
then either x<DeveZop(RﬂE]nKt)x*o 5
in which case x is Sanctioned
by n,IdeL[E] ,RIdeR[E] ;
and therefore by n,IdeL[A] ,IdeR[A] ;
or X<DeveZop(NewLocn(Aa.UpdateozBGt))xIO1
for some.Be B
where mw=n[proc}) ;
so x is one of (CheckFuZZﬂ), (CheckNewrna), (PutaB)
(where a=Newn01 ie Ownera=m) ;

all of which are Sanctioned by n and any ide lists.

QED

3.5 The Syntactic Conditions for ELM

All that now remains to be done is to piece together the
results of previous sections, and to formulate the required
syntactic conditions.

After what has been said in 3.2 and 3.4, the conditions
needed are fairly obvious: to ensure JumpfFreeness, the result
of applying Jumps to each of the program sections must be an
empty list; to ensure Miscibility, the identifier lists
introduced in 3.4 must have no element in common, unless it is
only in the R-mode lists. The second of these is formulated in
the form of the predicates CSeparable etc below.

To complete the picture, two constraints have to be imposed

on the environments. The first, Share-Free, guarantees the
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assertion made earlier that ELM does not allow two identifiers
to share the same location. The second, P-Strict, embodies
another significant property of the semantic definition of ELM
used, namely that all locations available to a section of
program through the environment were claimed by a process

incomparable with the current one,

Definitions

. . - x K * *
DLSJOlnt1112 = (V11<Il, VIQ<I2, leIQ)

CSeparable[0”] -=

Yi,1'<#0", (1=1' v Disjoint(IdeL[0 1>(1derlo ,1"1der[0_,]1))
1 1 1

RSeparablelE*] =

Vi,1'<#E™, (1=1" v Disjoint(IdeLlE 1)(IdeLlE ,]"RIdeRIE 1)
and similarly for LRSeparable

Definition
n is Share-Free if
VIl,IQeIde

nﬂvarBﬂIlﬂznﬂvarHHIQHeL = 11=12

n is P-Strict if
¥Ieclde

nl varll I] =ael = Owneraznlprocl]
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Lemma 3.5.1:

If CSeparable[ 0] and 6“*:(n*,kﬂl.cﬂelﬂn[wl/proc]eg

and Vﬂ1<ﬂ*, nfprocl<m,

and n is Share-Free and P-Strict

then x*ﬂ*z(ﬂ*,kﬂ.DetaiZOﬂ*5ﬂo> is Miscible

or some component of some x*"*71 is SetError or CheckFullm'
Proof

by 2.4.1, 3x/,x} s.t. (Invariant(wl))*xt and

X*ﬂ*=(ﬂ*,Aﬂl.Develop(Cﬂelﬂn[ﬂl/procjet)xt(xio)) ;

*
take any T oM <™ s.t. mET s
and let x,x' be any component of

* T * * T* .
X T.osX T+ respectively;

Case 1: x is (PutaBl) and x' is (PutaBQ) or (CheckFetchaBz) 5
then a) a=n[var][I] for some I<IdeLﬂOlﬂ ;
and a=nfvar][I’] for I'<IdeL[®1,ﬂ“IdeRﬂ®l,ﬂ 5
but by Separability, I=zI' ;

which contradicts Share-Freeness of n ;

or b) a=nfvar][I] for some I<IdeLﬂOIB 5
and T ,<Ownera j
but nﬂprocﬂ<n1,;
so nf[proc]<Ownera ;

which contradict the P-Strict condition;

or c) nlsOMnera ;
and a=n[var][I] for some I<IdeLﬂ®l,ﬂAIdeRﬂ61,ﬂ

which leads to the same contradiction as b;

or d) nlsOwnera

H
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and nl,sOwnera H
which is impossible by tree structure of P

and incomparability of ™ and T3
Hence this case is impossible.

Case 2: y is (Signalwel)
and x' 1is (SignaZnsQ) or (CheckResultsn e”) where m<m ;
then Sanction implies that
TS and TS

which is impssible as in Case 1d.
Case 3: yx 1is (CheckNewﬂal) and x' is (CheckNewﬂaz) 3
Again, Sanction implies the impossible conditions

T ST and T e ST

Case 4: y is (CheckProcswnI) and x' is (CheckProcswn;) 5

which is impossible as in case 3.
Case 5: one of x, x' is (SetError) or (CheckFullw') .

Case 6: any other combination;

in which case, by 2.5.1, x and x' commute.

Thus y ' is Miscible unless case 5 holds.

QED
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Lemma 3.5.2:

(XO*n.CSeparabZeﬂO*ﬂ A V1,#Jumpsﬂ®lﬂ=0)

is a P-Test for ¢ wrt (An.n is Share-Free and P-Strict).
Proof

For any G*,n,

If cSeparable[ 0] then by 3.5.1,
*“*=<v*,xn.DetaiZ(n*,xﬂl.Cﬂ@lﬂn[nl/procjet)cwo)
either is Miscible
or satisfies ErrorSet(AppZy(Mimx*ﬂ*c)o) 5
by 3.1, each Cﬂ@lﬂn[ﬂl/procj preserves Consistency;
and by 3.3, for each 1,

if Jumpsﬂ@lﬂz()

then () is a T-List for CHOIH

QED

These lemmas lead (at last!) +to the main theorem, which
asserts that parallel execution of an ELM program, subject to
the syntactic constraints described above, does indeed 1lead to
"correct" results - ie the same as produced by serial execution.
The ubiquitous and troublesome possibility of error has to be
allowed for, but for the purposes of this investigation it has
been assumed that if an error is detected, then so long as an
error is detected however the program is executed, nothing else

matters! - a considerable simplification, but one without

which the work would be unmanageable.
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Theorem 3.5:
If ng and np are Share-Free and P-Strict and satisfy
¥Ilelde, Expand(nsﬂcontﬂﬂlﬂ)owExpand(npﬂcontHﬂIB)0
and npzns[npﬂcontﬂ/cont] s
and EmpandesozExpandepo
and ye, Expand(KSe)ozExpand(er)o
and ye*, Expand(Kée*)ozExpand(Kég*)o
then csﬂeﬂnses and cpﬂeﬂnpep are X-Equivalent wrt o;
and LSHEDnSKS and LPHEHnPKP are X-Equivalent wrt o;
etc
where CS,LS and CP,Lp etc denote the semantic functions
using the serial and parallel forms of CEval etc

and using the P-Test of 3.5.2.

Hence ¥6,0 and Share-Free, P-Strict n,
Outcome(CsﬂOHnG)c = Outcome(CPHGBnG)o
or both sides have ErrorSet ;
and similarly for E,L,R,D.
Proof

by structural induction.

Case [§I 0" §I]

let né=nSEGS/C0nt/I]

and né:np[ep/cont/lj ;

SO né and né satisfy the same hypotheses as Ng and n_
so Expand(csﬂ@ﬂnses)o

= Expand(EvaZs(TCSHGIH)néSS)G

!
~ Expand(EvaZs(fCPﬂelﬂ)npep)a
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by induction and 2.4.3

~ F ok TN !
xpand ((t[ 0 Bnp Eval, , Evals)(§0pﬂelﬂ)np9p)0

~

~ F d(c .
xpan pﬂ@ﬂnpep)o

Case [let A in Olﬂ
let <n1,n2)=NewProcs(nﬂprocn)2o
and né:ns[ﬂl/prOC]
and né=ﬂP["1/Pr0C] 5

DSﬁAﬂné and DpﬂABné are Regular wrt t1,1',T by 3.3 3

yn'
(Note Tun, does not depend on [cont] component so is
the same for né and né;)
and by inductive hypothesis,
¥e',0, Expand(DS[AﬂnéK')o ~ Expand(DpﬂAﬂnéK’)o ;
SO as in 2.4.2 and 2.4.3, DsﬂAﬂné and DpﬂAﬂné satisfy
the same alternative of Regularity;
moreover, by choosing k' so that (XE*.Expand(K'e*)o) is
an injective mapping from E* to [$ S]%,
eg (Ae*c.(CheckResuZtSH*e*,et)) for some 7w
i1t can be seen that, if they satisfy the first alternative,
then it is with the same ¢ 5
hence either Je” s.t. Tune* and
Expand(CSﬂOanes)o
=(x)"Expand(DSIIA]]néK{)o"Expand(C'sllelﬂné’@s)o2
where GQ:Outcome(DSﬂAﬂnéKé)(xc)
and n:nsﬂprocn=npﬂprocﬂ
and X=CheckProcsn(w1,ﬂ2)
and ng:nsts*/var/IﬂAﬂ][w2/proc] ;
but for all Ielde,
if I<I[A] then a=n/[varj[If<e” ;

SO ﬂlsOwnera 5
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. . -
le since TR,
n2?0wnera ;
otherwise a:ng[varuﬂlﬂznsﬂvarﬂﬂlﬂ 5
50 since ng is P-Strict,
T20wnerao
and <, 3
then ﬂ220wnera 5
so ng is P-Strict;
also, for any Il,IQEIde, s.t. II::I2 )
and for 1=1,2, a1=ngﬂvarHﬂIIBeL 5
if I1,12<IﬂAﬂ
then a, and a, are distinct elements of ¢ H
hence alzaz 5
if I1<IﬂAﬂ but ~IQ<IHAB (or vice versa)
then a1<e* =1e) w<w150wnera1 5
but a2=nsﬂvarﬂﬂl2ﬂ sSo ~n50wnera2 5
SO a, A, ;
if ~Il<IﬂAﬂ and ~I2<IﬂAﬂ
then alznsﬂvarﬂﬂllﬂ 5
so by Share-Freeness of ng s a =, 3

hence ng is Share-Free ;
and similarly for ng 5

! X~ .
hence Expand(csllelllnées)c2 Expand(cp[[(al]]nl’j'ep)o2 5

SO Expand(CSﬂ@Hnses)O ~ Expand(CpﬂOﬂnpep)o 5

or Expand(CSﬂOﬂnses)O
= Expand(DSﬂABnéKé)c

~ Expand(DpﬂnﬂnéKé)o
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~ F
xpand(CPHGanep)o
QED

Compiler-usable conditions have now been found (lemma 3.5.2)
for the very simple case of ELM. Although this language does
not display great potential for parallelism, it demonstrates the
sort of conditions necessary. It is worth noting the
similarity and differences between the conditions derived here
and those derived by others, although they are expressed in a
somewhat different form. The concept of Separability
corresponds to the basic conditions of independence as in eg
[24] , and could be extended to the slightly more sophisticated
conditions of eg [8]; while the addition of the Jumps condition
enables the present work to more generally applicable, rather
than requiring certain Ccommon combinations of language
constructions (eg blocks of assignment statements) to be picked
out, and the analysis applied only to these. The conditions
will now be extended, in the next two chapters, to cover some

more useful constructions.



CHAPTER 4: A LANGUAGE WITH PROCEDURES

"'What fun!' said the Gryphon... 'It's all her fancy,
that: they never executes nobody, you know.'"

Alice's Adventures in Wonderland: Chap 9.

The second language can now be developed, by adding
facilities to ELM. It will be known as POPLAR (Procedure
Oriented Programming Language, Allowing Recursion) since its
main feature is that it allows functions to be defined and used.
Subroutines could also be added, but they only complicate the
equations, and add nothing, since a function can do all that a
subroutine can, and has the added complexity of returning a
result. The opportunity has alsoc been taken to introduce a
problem which is often (though not necessarily) associated @ith
procedures, namely "sharing" - by which two different
identifiers simultaneously denote the same location. The
relative simplicity of the conditions found in the last chapter
depends on the complete prohibition of this common phenomenon
from ELM.

This chapter will be very similar in form to the last, and
proofs concerning POPLAR will not be repeated where they are the

same as, or similar to, their ELM counterparts.
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4.0 Description of POPLAR

The syntax of POPLAR is very like that of ELM, but with a
few additions. There is a new syntactic domain Fun of function

declarations, and a subsidiary domain Spe for specification of

parameter calling modes; also, the domains Com and Exp are
extended to allow function declarations and calls. A function
declaration consists of (i) an identifier to denote the

function, (ii) a list of identifiers for the formal parameters,
(iii) a list, equal in length to the last, of specifiers giving
the modes of the parameters, and (iv) an expression forming the
body of the function. Functions may be recursive, but for the
sake of simplifying the already complicated semantics, mutually
recursive functions are not included - they should not add any
significant problems. Unlike simple values, functions may not
be stored, but only denoted directly by identifiers - as 1is the
case in most existing languages. The effect of allowing stored
functions is that no syntactic conditions can possibly be found
whenever such a function is involved, since a compiler has, 1in
general, no means of telling what such a function may be doing.
Other features such as the ability to pass functions out of the
scopes of their free variables have been considered, but they
make the conditions, already complicated, quite prohibitively
so, thus, although interesting and significant features, they
are excluded. Indeed, even the passing of functions as
parameters of functions has been omitted for this reason.
Parameters may be evaluated either in L-mode or in R-mode,
indicated respectively by the specifiers 1lv and rvj; in neither
case is a new location used, but the formal parameter identifier

is made to denote the L- or R-value produced. There is no
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point in allowing "call by value" where the actual parameter is
evaluated 1in R-mode and assigned to a new location, since this
1s equivalent to a combination of other constructs which are
allowed. Algol's "call by name" has been ignored as being far
too outlandish and complicated, and most other variations in

calling modes are too similar to these four +to merit separate

mention.

The semantic domains show rather more differences. There
is inevitably a domain F of function values, which are not, as
in many semantic systems, evaluated at the time of declaration
and given a form like [E*»K-C], but are represented in an
unprocessed, syntactic form comprising (i) the formal parameter
list, (4ii) the specifier list, (iii) the expression forming the
body, (iv) a considerably reduced environment which consists
only of the [var] component of the environment at the
declaration of the function, and (v) a '"generation" or
declaration level whose form and purpose is described further
below. This 1is done for several reasons. Firstly, the
statement and proof of many of the theorems is thereby
simplified, since the proof of a certain condition wusually
requires that any fuctions in the current environment also
satisfy a similar condition. If the wusual "evaluated"
representation of functions is used this means that all the
theorems have to be encumbered with complicated restrictions on
environments (which are obviously goling to be satisfied);
whereas, if an unevaluated form 1is wused, a simple induction
allows the result to be proved with no unnecessary conditions.

The other main reason for this representation arises from a

more fundamental problem. The mathematical theory underlying
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this work has been only briefly mentioned, but one important
consideration is that in order to define the semantic equations,
many of which are highly recursive in nature, every function
used must be continuous. This usually causes few difficulties,
since most of the commonly used building blocks produce
continuous results; but the important exception is the =
operator which is not necessarily continuous. Even this has
not caused any trouble yet, since the only use of equality in
recursively defined equations has been in the
Consistency-ensuring state transformations CheckFeteh etc., in

which it was applied to elements of the domains T, V, L, P and E

all of which were flat lattices - on which equality is always
continuous. POPLAR, however, expects E to include functions,
and domains like [E*»K~>C] are far from flat. The problem, very

roughly, arises from the fact that domains like [E*»K>(C] include
all possible functions from E* and K to c, including
"infinitely" complex ones, whereas the only such functions which
ever occur are those produced by algorithms which are 1in some
sense finite - represented by a finite number of syntactic
symbols. Such considerations suggest the sort of
representation of functions described above, with the partial
environment further purged to a free variable 1list - with a
finite number of entries. It is Dbeyond the scope of the
present work to consider this problem in more detail, so having
indicated the problem and the direction of its solution, it will
hereafter be ignored - the only cases where function values

would cause trouble having been disallowed for other reasons

(see above).

The domains D and E are extended to include F as a summand,
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but since stored functions are not permitted, V remains simply

as B.

The other changes are concerned with +the environment.
Firstly, by the time a function is used, the denotations of some
of 1ts free variables may have been hidden by subsequent
declarations of the identifiers involved, so that the function
1s liable to access locations not available from the current
environment in the normal way. It is, however, useful to have
a complete 1list of possible denotations of each identifier, so
the [var] component of H becomes [Ide»D*]. Thus the normal
denotation of an identifier I will now be given by nl[var][I]i1,
the remaining components never being used in the semantic
equations, but being required in some of the results to be
proved Dbelow. As will Dbecome apparent in section 4.4, this
formulation has its snags, but it will suffice.

Secondly, a new domain G of "syntactic environments" is

introduced to cope with the new features of POPLAR. It has
three components - one to deal with sharing, and two relating to
functions. (The same three components are also added to H, but

no conversion will be specified; instead, when n,no,n' etc. are
given, y,yo,y' etc. will be taken, by convention, to denote
their respective projections into G.) The point of these new
components is that they contain purely syntactic information.
Thus a compiler can produce and use them to check the conditions
of a P-Test, since these conditions are no longer context-free,
ie independent of the environment, as was the case with ELM.
It is, though, important that the P-Test depends only on the
syntactic environment.

The new components are as follows:
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(i) The [gen] component is an integer which gives the current
"generation" or declaration level. Since a function can only
have free variables declared at the same level as itself or at
an outer level, the concept of generation is important when
checking the '"correctness" of +the syntactic environment, by
avoiding the confusion caused by declarations which cause holes
in the scopes of some of the free variables of a function.

(ii) The [ fn] component gives, for each identifier and each
generation, information about any function which may be denoted
by that identifier at that generation. This information itself
has four components - two free variable 1lists, one each for
variables used in L- and R-mode (note that "Free Variable List",
as used here, 1s a 1list of identifiers which may denote
locations, and it includes free wvariables of any functions
called within the body under consideration); the formal
parameter list; and the parameter specification list.

(iii) The [sharel component is a list of identifiers which may

share a denoted location with another identifier.

A few new operators will be needed and are conveniently
defined here:
For any £1,525X=[Ide*D*]

g,CE, if

¥l, dv, Elﬂ1ﬂ=€2ﬂlﬂ+v

For any II,I;eIde*
* * .
IlsI2 if

vI, I<II = T<I
and IIEI; if I%<I

ie if ¥I, I<I



The detailed semantics of POPLAR can be found in Appendix 2.
The functions ¢, E and I are extended to include the new
constructions, and new functions are introduced: Fe[Fun*H*K';C]
which processes function declarations and uses Ge[Fun-H-F] to
dissect a single declaration and pack it wup into a F-value;
Se[Spe-Exp-H>K-C] which selects the appropriate function (L or
R) for evaluating parameters; and Aec[Exp-H-K~»C] which evaluates
an expression expecting to find a function value as result. A
fifth form of Eval is used - SEvql which has an extra argument

£* and applies suzlﬂ to the 1th component of its next argument.

4.1 Consistency of POPLAR

There 1is very little to be done to show the Consistency of
the commands produced in POPLAR. All the results of 3.1 hold.
so it remains only to prove the result for F (which is trivial,
since F immediately applies its continuation without doing any
computation), for 4 (which is almost identical to the proof for

L), and for the new syntactic categories.

Theorem 4.1:
If GO,KO,Ké,n are v-Consistent
then ¢[0]né > Z[E]Ink, LIE]nk >R [Elnk,, A[EInk,
DﬂAﬂnKé and F[@ﬂnKé are v-Consistent.
Proof
by induction on v and on the syntactic structure.

Most cases are exactly as in Theorem 3.1.
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The Consistency of AﬂEﬂnKo follows from that of E[EHHKO in
exactly the same way as with L.

’_ ' * *
Fﬂ@HnKO-K0¢ for some ¢

so Consistency follows immediately.

Case [1et ¢ in Olﬂ

Case [let ¢ in Eln
The result follows immediately from the induction hypothesis
and the observations that LRﬂElﬂ preserves Consistency (just
as L, R, and 4) and that the Consistency of environments

depends only on their [cont] components.

Case ﬂEl[E*]H
Since this case involves using a syntactic element which 1is

not a component of E the structural induction 1s not

1°
sufficient, so as in the case of the while loop, the induction
on v 1is required.

The occurrence of Break in ApplyFn allows the inductive step
to be made, in a similar manner to the while loop (see 3.1).
The remainder of the proof follows easily from the structural

induction.

QED
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4.2 Termination in POPLAR

There is again very li.tle to do to show that Jumps provides
a T-List in POPLAR, since both the new constructs are Jumplfree -
declaration of a function because it has no computation to do,
and application because jumps out of functions are prohibited in
POPLAR. Were that not so, another component would have to be
added to the [fn] part of the environment to indicate where any
particular function might Jump to; the information thus
provided would then have to be incorporated by Jumps whenever a

function was applied, “just as IdeL and IdeR do (see section

‘+.L+).

Theorem 4.2:
For any 0, 4, E,
Jumps[ 0] is a T-List for C[0] ;
Jumps[E]} is a T-List for E[E], LIE], RIE], ALE] 3
Jumps[A] 1is a T-List for D[A]
Proof
Mostly as 3.2.
Result for A follows from that for E in the same way as for

L and R.

Case [let ¢ in 61ﬂ
¥n,6,%" 505
Develop(Cﬂ@ﬂne)x*O:DeveZop(Cﬂ@lﬂnle)x*o
for some ny ;
but by inductive hypothesis,

I*zJumpSﬂeiﬂ is a T-List for Cc[o, ] 3
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ie v, ?, or some I<I* is a Terminator for
clo,l, n [AI.0 /cont], x*, o
hence vV, ?, or some I<I* is a Terminator for
cltel, n[AI.et/contJ, x*, (o JS

so I¥ is a T-List for clol

Case [let ¢ in Elﬂ

is similar.

Case ﬂEllE*]B

This case again requires double induction,

first on v=#(DeveZop(EHEﬂn'et)xgoo) 5

By structural induction,
JumpsﬂElﬂ is a T-List for AHE1H ;

hence either ? or some I<JumpsﬂE1HsJumpsﬂEB is a Terminator
for ALE D,n',x;»0, 3

and hence for EﬁEH,n',XS,OO 3

Y is a Terminator for AﬂElﬂ,n',Xg,co 5

sO J¢,¥Nn,K» Develop(AﬂElﬂnK)x*oo =

or

' * oA * .
DeveZop(AﬂElﬂn Kt)XOGO Develop(K¢)X101 5
so if HE"z#¢l params]
then Develop(EﬂEﬂnK)xgoo =
' * ~ .
DeveZop(AﬂElﬂn Kt)xooo) ( SetError)
so ? is a Terminator;
otherwise DeveZop(EﬂEHnK)xzoo
' *Loa At
DeveZop(AﬂElﬂn Kt)XOOO (¥ ~x
where X:(CheckProcsw<ﬂ1,w2>)
and m=n'l proc]

and nlzn[nl/proc]
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and x'*=DeveZop(SEvaZ[Z*HHE*HniK')xzol
where K':(Ad*.AppZyFn[Elﬂn2¢6*K) 5
but by structural induction,
It:JumpsﬂElﬂ is a T-List for L[EIB and RﬁElﬂ 5
and hence for SHZIBHEIH 3
so by 2.3,

*JumpsﬂEIB is a T-List for SEvaZHZ*HﬁE*H 5
1

so either ? or some I<*JumpsﬂE1ﬂsJumpsﬁE] is
1

a Terminator for EﬂEB,n',xg,co
or Develop(E[EBnK)xzoo = X"*"Develop(K’G*)X;G2
for some &”
= x"*”(AO.O)"Develop(R[[E']]naK)x;O3
where E’=¢[body] ;
but #(Develop(RﬂE'ﬂnsK)xgoa)sv—l 5
so by v induction,
Jumps[E'] is a T-List for R[E'] 3
but if some I<Jumps[E'] is a Terminator for
RﬂE'ﬂ,né,x;,oa 5
then DeveZop(RlIE']]naK)X;G3
= XZ*"DeveZop(%lIcont]][[I]])x:o4
= X’l’*"DeveZop(Error)X:oLF ;
so ? is also a Terminator;

hence v or ? is a Termiantor for EﬂEﬂ,n',X;,oo :

Thus Jumps[E] is a T-List for E[E]

QED
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4.3 Regularity of POPLAR

As in the last two sections, showing that the semantics of
POPLAR produces Regular results requires very little addition to
the corresponding proof for ELM. The main addition is the
function AIdeVal which has a very similar purpose to IdeVal,
except that it produces a list of identifiers which may denote
function values rather than locations. Its definition 1is
identical to that of IdeVal except for one case, reflecting the
fact that a function application can return a location as
result, Dbut not another function. A new Regularity condition
is added for A[E] which makes use of this new function, and the
result for E[E] is correspondingly extended.

The changed structure of H results in a modified definition
of Denoted:

DenoteddIn = (Jr<#nlvarjlI] st S=nlvarllI]} 1)

Theorem 4.3:
For any 0, E, A, n,

if ty1',7T are as in theorem 3.3

On’Tun

and Tén:A¢.(3I<AIdeVaZﬂEH, DenoteddIn)

then ¢[0ln is Regular wrt T,T'

E[Eln is Regular wrt T,T',Tln

— ! .
where Tln-ke.((EeLATone)v(EEV)v(eeFAtone)) 3

LIEln is Regular wrt T,T',Tznzke.(EELATOne) 5

RIE]ln is Regular wrt 1,T',T n=)\E:.(E:eV) 5

3

A[LEln is Regular wrt T,T',Tsnzke.(eeFAréne) ;

Dl Al n is Regular wrt T,T',Tun



4.3 165
Proof
Very similar to that of 3.3, but with the addition of
the new syntactic categories,
the possibility of values in F,
and the result for 4 ;

and with the slight change in the structure of H.

The result for A follows from that for E,
together with the fact that (\ke.eeF-ke,Error) is Regular

wrt t,t',1",(Ac.ecFat”e) for any 1"

Case [1I]
let e=nl[var]l[I]J¢1 ;
then since I<IdeVallE] and I<AIdeVallE],
Tin€ is certainly true;
so, since ¥k, E[Elnk=ke, Regularity follows trivially.

Case [let ¢ in E I
let ¢*=Fiz(ao .Gl ol (nl¢"~/var/Il el 1) (nlgen]+1))
and n'=NoteAbsl &l (n[¢ ~/var/I[¢) 1)(nl gen] +1) ;
then EﬂEﬂnK:LRﬂElﬂn'K 5
hence either DeveZop(EﬂEﬂnK)x*oo is independent of «k ;
or Je st (€ELATgn,E)V(€€V)

and ¥k, Develop(E[EﬂnK)X*o = DeveZop(LRﬂElﬂn'Kgx*c

0 0

~ DeveZop(Ke)x'*o1

where Tgn is Ton with E replaced by E1 ;
but IdeVaZﬂEB=IdeVaZﬂElﬂ

and nlprocl=n'lprocl

and egelLveeV = (Denotedeln ® Denotedeln’) ;

hence ¢ satisfies (EeLATOnE)V(EEV) 5
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ie Tin€ -

Case uEl[E*]B

As in the case of the while loop, this case requires the
second induction on v=#(DeveZop(EﬂEHnKt)x*cO) to cope with the
occurrence of E' which is not a component of E. The presence
of Break in ApplyFn is used in the same way to invoke the Vv
induction, otherwise it follows from the structural induction
that:

E[E]ln is Regular wrt 1,1’',

T3T]

and therefore wrt T,T',Tln

QED

4.4 Operations produced by POPLAR

The results of the last three sections are fairly simple
extensions of their ELM counterparts, but it is in examining the
operations produced that the major changes arise. The first
difficulty is that the functions IdeL and IdeR can no longer be
context free, since when they come across a procedure

application they must refer in some way to the definition of the

procedure +to discover its free variables. On the other hand,
they must still be compiler evaluable. This 1s where the
syntactic environments come in - they preserve sufficient

information about any function denoted by a particular
identifier for a compiler to check the P-Test conditions even
when procedure applications are involved. For this reason,

functions are not allowed to be stored, since then the
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conditions cannot be checked until run time when it is
discovered exactly which function is being applied.

It is vital, of course, that the syntactic part of the
environment keeps in step with the denotation part. In fact,
though, the syntactic part may contain information about more
functions than are to be found in the denotation part. The
reason for +this is that when a procedure is applied, the
denotation environment has to be pruned down to the state it was
in at the declaration of the procedure; however, the compiler
may not know precisely which procedure is being used (eg because
of conditional expressions), so it cannot prune the syntactic
part correspondingly, but has to make do with the same one.
This means also that the syntactic environment must contain the
required information also for the "declaration environment" of
any procedure which may be applied. This is conveniently
achieved by having all such "declaration environments" contained
in the main environment, 1in +the sense that all of the
denotations of an identifier in the procedure's environment are
its denotation also in the main one.

All this is summed up in the following definition. Note
the use of the generation mentioned in the introduction to this
chapter to prevent '"expecting too much" of the syntactic
environment, in eg the case where a declaration causes a hole in

the scope of a free variable of a function declared at an outer

level.
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Definition
n 1s Fn-Compatible if
¥I,0=(I",2",E,&,w st Denoted¢In,
IdeL[E]yv = y[fn]lI]vl1free] )
RIdeR[E]yv = y[fn]lI]vlrfree] ,

*

z

yIfnllI]vlspe] ,

*

I Yyl fn]lI]vlpar] ,

v < nfgen] ,

£ C nfvar] ,

and ¥I’,¢'=(I'", 2! ,E7,£7,v" st J1', E[I']411=¢",
g£'C¢ and v's<v ,

and ¥I,v'>nlgen], yIfnJLIJv'=C({) 5¢) 4() ()

This condition is complicated, so some lemmas are needed to
show it is preserved by the kinds of transformations performed
on environments in the semantic equations, before the main
result of the section which shows that IdelL and IdeR still
perform the function for which they were designed - to Sanction

the primitive operations.

Lemma 4.4.1:
If n is Fn-Compatible,

then ¥v'2v,¥E,

i

FreeLVallE]lyv' = FreeLVal[E]yv 3

\

FreeRVallE]yv' = FreeRVall[E]yv ;

2

IdeL[E]Jyv' = IdeL[E]yv ;

IdeR[E]}yv' = IdeR[E]yv 3

vV

RIdeR[E]yv' = RIdeR[E]Yv ;3
with equality if v=n[gen]

and similarly for © and A (IdelL and IdeR only).
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Proof
from definition of FreelVal,

FreeLVal[E]yv' =

\)I
FreeLVal[E]yv™ A ( A LYEFnI[I] [ 1free])
1=v+l T<I

where I*zAIdeVaZﬂEB
> FreeLVal[E]yv ;
while if is>n[gen],

then ( A LHEENILID [ 1free]) =0
I<I

so equality holds if v=2n[gen] 3
similarly for FreeRVal ;

Result for IdelL (IdeR) follows by structural induction using
result for FreeLVal (FreeRVal) in case ﬂEllE*]] 5
Result for RIdeR is immediate from that for IdeR

QED

Lemma 4.4.2:

If n is Fn-Compatible

and @=[I'[I'*;z'*1=E"]

and v=nfgen]+1

and ¢ =¢[e](nl¢ ~/var/I[¢]11)v

and n'=Notedbs[&](nl¢""/var/I[e]Dv

then for any 1<v and any E,
FreeLVallE]lYy'1=FreeLVallE]y1 ;
FreeRVal[E]y'1=FreeRVall[E]yLr 5
IdeL[Ely"'\=IdeL[E]v1 3
IdeR[E]y'iv=IdeR[E]Y1 ;

RIdeR[E]Y'"1=RIdeR[E]Y1 ;
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and for any E,
FreeLVall[E]}yvsFreeLVall[E]ly'vsFreeLVall E]lyv"IdeLlIE'lyv ;
FreeRVallElYv<FreeRVallEly'v<FreeRVallElYv "RIdeRIE']YVv ;
IdeLlElyvsIdeLlElY'vs<IdeLlE]yv*IdeLl[E'lyv ;
IdeR[E]yvsIdeRI[E]y'vs<IdeRIE]Yv"IdeR[E']lYyv ;
RIdeR[ElYvsRIdeR[ElY'v<RIdeRlElyv RIdek .'lyv ;
and hence n' is Fn-Compatible.
Proof

First part by structural induction on E.

for FreeLVal
Case [I]
for i1<v,

FreeLVallE]y'1

1"

vy fn]ll I} 1free]
= yI fnllI][ 1freel

= FreeLVallElvy1 3

and FreeLVallEly'v = y'Il fnllI])Vl1free]
vyl fnllIlvl 1freel "(I<I[ @]>IdeLlE']yv,() )

= FreeLVallE)yv™(I=I"-IdeLl[E'lyv,{()) .
The other cases require simple applications of the induction.

Similarly for FreeRVal.

The results for Idel etc. are easily proved by structural

. x
induction, using the results FreeLVal etc. 1n case HEl[E 11

Second part:
*
Consider any I,1 st n'lvarllIlv1=¢=<I",27,E,E,v" F 3
then by definition of n/,

either ¢=n[var]HI]¢11 for some PR
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so v'snl[gen]<v ;
so by first part,

IdeL[E]y'v' = IdeL[E]yv'

YIfn]l[I]v'[1freel

Y'[fnl[I}v'[1free] ;
and similarly for RIdeR ;

also Z*

yIfnllIlv'[spel - y'ILfnllIlv'[spel ;
yIfnl[I]v'l[par] - y'IfnllI]v'l[spe] ;

*

and I

and v' < v = n'[gen] ;
and & € nf[var] € n'[var] ;
and ¥I",1", st gﬂI"ﬂl1"=<I"*,Z"*,E",g",v")eF,
gr"Cg and v"<v' by corresponding result for n;
and ¥I and v1>n'ﬂgenﬂ,
v Vo3
S0 y’ﬂfnﬂﬂlﬂv1=yﬂfnﬂﬂ1]vl=((),(),(),()) H

or ¢<¢* ie ¢*=(¢ and I<I[¢] ie I=I' ;
hence I7=I'" etc.
and v=v' ;
SO IdeLﬂEﬂvaIdeLﬂEﬂy'vSIdeLﬂEﬂyv“IdeLﬂE'ﬂvaIdeL[EﬂYv

since E=E' ;

IdeL[E'"]yv

ie IdeL[E]Jy'v

y'IfnllI]vl1free]
by definition of n’ ;3

similarly for RIdeR ;

also £ =3'"=y'[fnllIlvispel ;

and I*=It'"=y'[fn][I]vIpar] ;

and v=n'[gen] ;

and E=n'fvar] ;

and VIH’ 1” S-t glIIIIﬂ¢1":¢I':( IH* ,ZII* ,E",glf,\)")
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o"=n'Ivar][I"]4 " ;
so either ¢"=¢
or ¢"=nlvar][1"]¥ 1] 3
in either case,
g"Cn'fvar]=£ and vi<n!fgen]=v 3
and ¥I and v1>n'ﬁgenﬂ,

Y'ﬂfnﬂﬂlﬂv1=YﬂfnﬂﬂIﬂv1:((),(),(),()) H

Hence n' is Fn-Compatible.

QED

Lemma 4.4.3:
If n is Fn-Compatible
and ¢:(I*,Z*,E,£,v) satisfies gcnfvar]
and each 615L+V H
then n':NoteAppnﬁEH(n[E[G*“/I*]/var][XI.Error/cont])
is Fn-Compatible.
Proof
let I,1 be st nf[varllIli=¢ =CT ", 2t BN, 87 ,v" eF 3
then n'ﬂvarﬂ:g[é*“/l*] 5
so elther ¢':gﬂ1ﬂ¢11 for some PR
in which case ¢':nﬂvarnﬂlﬂi12 for some 1,
so by Fn-Compatibility of n and since y=Y',
IdeL[E’By'v'Ey'ﬁfnﬂﬂIﬂv'ﬂlfreeﬂ 5
and similarly for RIdeR ;
also £ =y'[fnliIlv'Ispel ;
and I =y'[fnllI]v’Lpar] ;
and v'<nlgen]=n'fgen] ;3
and g'cecn’var] ;

and if E'ﬂI"I]ll"mb" then g”gg' :
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or ¢'<6* 3

which is impossible since each 615L+V

QED

The corresponding result to theorem 3.4 can now be proved.
Again, only the cases that are different from the ELM version
need be considered. In particular, one subtle change in the
definitions of the functions IdeL and IdeR may be noted - the
cases [let A in Olﬂ and [let A in Elﬂ no longer remove the
declared identifiers from the list obtained from @1 and El'
This is a rather unfortunate consequence of replacing the single
denotations of the [var] component of ELM environments by 1lists
of denotations. It 1is a considerable set-back, since it
prevents the compiler from recognising that variables declared
local to a program section cannot possibly cause interference
with other sections of the progran. A possible resolution of
this would be to ban from the language declarations which cause
holes in scope, ie which redeclare previously declared
identifiers; then the D* form of environment would no longer be
needed and the problem would not arise. POPLAR, however, has
the D¥ form, and so will require that identifiers used for local
variables in parallel tasks are distinct. This 1is not an
intolerable constraint, since a preprocessing phase could be
conceived which would transform the identifiers of a program to
avoid such clashes, while keeping essentially the same
semantics. This would not work, however, in the case where

different iterations of a loop are to be considered for parallel

execution, as in the next chapter.
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Theorem 4.4:
If the conditions of theorem 3.4 are satisfied
and also n is Fn-Compatible,
then any x<DeveZop(C[®Hnet)x*c is Sanctioned by
nsIdeL[ 0] yv,IdeR[0O] YV
where v=MaxGenns<n[gen]

and MaxGenn=Mazx ( Max (y[genl)) ;
I ¢.DenotedoIn

and similarly for E, L, R, 4 and D.

Proof

Case [let ¢ in Elﬂ
let v’'=nlyen]
and (¢ =Fiz(A¢p* .Gl el (nlo™~/var/I[e] 1) (v’+1))
and n'=Notedbs[ o] (n[¢ " ~/var/I[]1)(v'+1)
and let ¢ be [I[I*;2"]=E'] ;
then by Fn-Compatibility, vsv'
and EﬂEﬂnKt=EﬂElﬂﬂ'Kt
and MaxGenn'=Max{MaxGenn,v'+1)=v'+1 3
hence X<DeveZop(EﬂEHnKt)x*0 is Sanctioned by
n’,IdeLﬂElﬂy'(v'+l),IdeRﬂElﬂY'(v'+l) ;
but IdeLﬂElﬂy’(v'+1)sIdeLﬂElﬂy(v'+l)AIdeLﬂE'ﬂY(v'+1) (4.4.2)
sIdeLﬂEluyv'AIdeLﬂE'ﬂyv' (4.4.1)
<IdeL{E]lyv'
and similarly for IdeR ;
also, ¥a,Il, Denotedaln = Denotedaln’
since ¢¢£L
and n’[proc]=nfproc] ;
thus each X<DeveZop(EﬂEﬂnKt)X*o is Sanctioned by

n.IdeLlE]yv,IdeR[E]YV
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Case [El[E*]]

Again the induction on #(Develop(E[EﬂnKt)X*c) needs to be

invoked.
If x<DeveZop(E[E]nKt)x*0
then by Regularity, one of the following holds:
(1) X<DeveZop(A[E1]nKt)x*o ;
so x 1s Sanctioned by n,IdeL[Elﬂyv,IdeR[Elﬂrv H
(2) x is SetError ;
(3) X<Develop(SEvaZ[Z*][E*]niKé)xzol
where I =¢fspecl
where ¢ satisfies 15n¢
and n1=n[n1/proc]
and n[pr‘oc]<7r1 5
but by structural induction,
any x'<DeveZop(L[E1ﬂn'Kt)x*0 is Sanctioned by
n',IdeL[Elﬁyv,IdeR[Elﬂyv 3
and similarly for R[Elﬂ H
so any X’<DeveZop(S[lelElﬂn'Kt)x*c is Sanctioned by
n',IdeL[ElﬂY\),RIdeR[ElﬁY\) H
hence, by 2.5, x is Sanctioned by

nl,AIdeL[EIEYv,ARIdeR[Ellyv 3
1 1

and therefore by n,IdeLlEYyv,1ueRLE} YV 3
() X<DeveZop(AppZyFn[E1]n2¢6*Kt)x;02
where for each 1, (GleLATOnSI)V(51€V)
and n2=n[ﬂ2/pr0c]
and n[proc]ar2 5
ie x=A0.0
or X<Develop(R[E’ﬂn'Kt)(x;+1)02
where n':NoteAppn[E1](n2[€[G*A/I*]/var][AI.Error/cont]);

hence ¥ is Sanctioned by n',IdetlE'}y'v",RIdeRIE ' y' V"



where v"=MaxGenn'<v’

b
ut T5n¢

SO HI<AIdeVaZ[E1] st DenoteddIn

bl

and n is Fn-Compatible;

SO IdeL{E'}y'v" <IdeL[E'}y’'v!

N

y'Ifn]{Ilv'[1free]

IN

Y Lfn]lI]v I 1free]

IA

YIfnliIiv'l 1free]

IA

FreeLVaZ[El]yv'

< FreeLVaZ[Llﬂyv

< IdeL{Elvyv
and similarly IdeR{E']y’'v"<IdeR[E}yv 3
also ggn[var] 5
so for any o, if Denotedoln’,
then either a:g[Iﬂ'll for some 1

1
:nlvarB[I]¢12 for some 1,

2
or a<é” 5
so if x 1is PutaB,
then either Denotedaln’
for some I<IdeL[E'}y'v"<IdeL[EJyv 3
in which case,
either Denotedoln with I<IdeL[Ejyv
or a:dl for some 1;
so either nfproc]<Ownero
or 31<IdeVaZ[E1ﬂ st Denotedoln
or nfproc]<Ownera ;
hence either Denotedaln for some I<IdeL[EJ]yv
or nfprocjsOwnero ;

and similarly for CheckFetchaB ;

176



Thus x is Sanctioned by n,IdeL[E]yv,IdeR[E]Yv

QED

4.5 The Syntactic Conditions for POPLAR
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Having established that the semantic and syntactic equations

for POPLAR satisfy essentially similar relationships to those of

ELM, with the proviso of Fn-Compatibility of environments, the

parts can now be assembled in the same sort of way.

difference still to be encountered is that environments
longer, of course, be expected to be Share-Free.
[share] component mentioned in 4.0 comes

weaker condition of Share-Compatibility is used.

condition remains as in chapter 3, 1its

slightly modified to take into account the

of H.

Definition

n is Share-compatible if
ETEEPLAPERPY

nﬂvarﬂﬁllﬂi11=nﬂvarﬂﬂl2ﬂ¢12 =

(11=12 v I1<nﬂshareﬂ v 12<nﬂsharen)

Definition
n is P-Strict if
VI,IQ

nfvar]lIlit=ael = Owneroazn[proc]

definition

different

The main

can no

Instead, the

and the

The P-Strict
being only

structure

The functions CSeparable etc can now be defined as for ELM,
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but allowing for this weaker condition.

Definition

CSeparablel 0¥ ]y

Vl,l',(1=1'vShareDisjoint(IdeLﬂOlﬂy(YﬂgenB))

(IdeLﬂOl,ﬂy(yﬂgenﬂ)“IdeRﬂel,ﬂy(yﬂgen]))Y)

where ShareDisjointIIIEy:
~(3I h * -
(3 1,12, Il<IlA12<I2A(Il 12v11<yﬂshare]v12<yﬂshareﬂ))

Lemma 4.5.1:

as lemma 3.5.1 but with CSeparablel 0”1y
and n is P-Strict and Share-Compatible.
Proof

as 3.5.1 except for case la,

when g=nlvar]l{I]J¥1 for some I<IdeLﬂ91H and some 1 3

and a=nlvar)l[I’']¥1' where I'<IdeLﬂ®1H“IdeRﬂ61H ;

so by Share-Compatibility,
I1=I2 or Il<nﬂshareﬂ or 12<n[shareﬂ H

which is precisely contradicted by the condition
cSeparablel 0*1y

QED

Useful P-Tests can now be established for POPLAR, as they
were for ELM.
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Lemma 4.5.2:

*
(X@"n.CSeparablel 0" [yavis#e™,#Jumps[© 1=0) is a P-Test

for ¢ wrt (An.n is Share-Compatible and P-Strict).

Proof

QED

as 3.5.2,

Theorem 4.5:

If Ng and np are Share-Compatible (instead of Share-Free),
and also Fn-Compatible,

and otherwise the same conditions are satisfied as in 3.5,
then the conclusions of theorem 3.5 also hold,

together with similar conclusions about 4 and F.

Proof

By structural induction, mainly as in 3.5.

Case [let A in 61]

The proof is as in 3.5, except that ng and ng must be chown
to be Share-Compatible and Fn-Compatible rather than
Share-Free, and the proof of P-Strictness requires minor

modifications to deal with D* instead of D.

let ng=ns[e*“/var/IﬂAHJEHQ/procJ H

for any I,1, if I<I[A] ,
then if 1=1 then ngﬂvarﬂﬂ1ﬂ¢1<e* 5
and if 1>1 then ngﬁvarﬂﬂ1ﬂ¢1=nsﬂvarﬂﬂlﬂ$(1-1) 5
otherwise ngﬂvarﬂﬂlﬂ¢1—nsﬂvarﬂﬂIBl1 ;

and P-Strictness follows in each case as in 3.5;



L
2010 %,

st nglvarllI 41 =a el for 1=1,2;

consider any leI

If II<IEAH and v =l
for both 1=1,2,

then a0, are distinct elements of e*, SO A, #0

1 2
If (1) holds for 1=1 but not for 1=2 (or vice versa),

*
then a1<e so n<n250wnera 5

but a2=n8ﬂvarﬂﬂ12ﬂ¢1é

where 15-(I2<IﬂAﬂ*12—1,12) ;
SO ~ws0wnera2 5
80 a,#a, 3
If (1) holds for neither 1=1 or 2,
_ 2 .
then al-nsﬂvar‘MIIJHl1 ;
so by Share-~Compatibility of Ng»
if a =0,
either Il<nsﬂshareﬂzngﬂshareﬂ

- n .
or 12<nsﬂshareﬂ-nsﬂshareﬂ ;

Hence ng is Share Compatible;

and similarly for ngznp[e*“/var/IﬂAﬂ][wQ/prOCJ H

Fn-Compatibility of ng is obvious, since as e e[L+V]™,

for any ¢eF, Iclde,

Denoted¢InS g Denoted¢lng

Case [let & in Olﬂ

3
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(1)

This is similar to the above case, except that the first two

possibilities for 11,12,11,12 cannnot occur since none of the

denoted objects being "added" to the environment are locations,
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and 4.4.2 gives the required Fn-Compatibility.

Case ﬂEl[E*]]
This case proceeds similarly to the others, except that

again the double induction (first on #Expand(EﬁEﬂnKt)c) needs to

be invoked.

As before, Regularity and structural induction imply that
either Expand(ESﬂEBnSKS)o:Expand(AsﬂElﬂnSKt)o
zExpand(Apl[El]]npKt)o
zExpand(EP[[E]]npr)o
or Expand(ESﬂEﬂnSKS)c=Expand(AS[E1ﬂnsKt)o“(SetError)
%Expand(ApﬂElﬂnpKt)o“<SetError)
zExpand(EpﬂEﬂnpr)o
or Expand(ESﬂEﬂnsKs)o=
Expand(ASﬁElﬂnSKt)o“(x)“
Expand(SEvaZSﬂZ*B[E*ﬂné{ké*.AppZyFnﬂElﬂng¢6*KS})ol
where x=(CheckProcsm(m ,m,))
and w=nsﬂpr0cﬂ
and LR
and néznstnl/procj
and ng:nsLWQ/procJ
for some ¢=(I*,Z*,E’,£,v)
st T5n5¢ and #E"=#1"
le EI<AIdeVaZHE1ﬂ st Denoted¢1ns 3
but either Expand(SEvaZSHZ*ﬂﬂE*HnéKé)ol

= Ewpand(SEval _[L JIE" Inlk{)o,

2

Expand(SEvaZpﬂZ*BHE*BnéK£)01

Q

* X .
Expand(SEvaZpﬂE ILE Hnﬁké)cl H

' ~ ( ! :
so that Exzpand(E_[E]nl!x_ )c Expand.EpﬂEﬂnpr)G H
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or Expand(SEvaZSﬂZ*HHE*HnéKé)cl
- * * ' o1 A o
Expand(SEvaZSHZ I1LE DnSKt)ol Expand(KSG )02
where 6% satisfies
for l1<i<#s™

if lelv then T2n

1if lerv then T3ns

ie Expand(ESﬂEBnSKS)O

* A *
Xg Expand(AppZyFnﬂElﬂng¢6 KS)O2

i

X;"<)\0.0)"E:npand(Rl[E']]n'KS)c2
where n'=NoteAppnﬂE1Hn"
and n":ng[g[ﬁ*A/I*]/var][kI.Error/cont] 5
by Fn-Compatibility of ng» ggnsﬂvarﬂzngﬂvarﬂ 5
and n'[varl=n"lvar] ;
so Denotedoln' = (Denotedalnsvu<6*) 5
so 1f ael and Denotedaln’,
then either Denotedalns 3
SO OwneraxXm ;
hence 0wnera%n2:n’ﬂprocﬂ 5
or a<s” 5
S0 TQnéa 3
hence either Denotedal'né
for some I'<IdeVallE 1 3
in which case the previous case again holds
or wlznéﬂprocHSOwneru ;
SO T, .2O0wnera

2
hence n' 1s P-Strict;

liow consider any I'zI" and a st
Denotedol'n' and Denotedaln'

then either Denotedal'ns and Denotedal"ns 5
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so by Share-Compatibility of ngo»
either I'<nsﬂsharensn'ﬂshareﬂ
or I"<nSUShareﬂsn'ﬂshareﬂ 3
or for at least one of I',I" - gay I' -
I'<I” and q<§* H
specifically, 31 st I'le’ azél and ZI=1V 3
so IL'<LPqramsI™y” 5
but by Fn-Compatibility of ng» since Denoted¢InS
z =plspel ;
I*=ylpar] ;
and vsnsﬂgenﬂzn"ﬂgenﬂ
where w:YSﬂfnﬂﬂIﬂvzy"ﬂfnﬂﬂIBv H
so I'<ShareList(AIdeVaZﬂE1B)Y" 3
so I'<n’[share] ;

so n! is Share-Compatible;
n' is Fn-Compatible by 4.4.3;

Result now follows immediately from induction.

QED

The simple conditions of chapter 3 have now been extended to
include procedures - the results are not very promising! They
are so complicated that any compiler-writer might be excused for
shirking the task of implementing them. More will be said
about this in chapter 6. Meanwhile, the next chapter will

consider different language extensions.



CHAPTER 5: A LANGUAGE WITH ARRAYS AND LooPs

"Alice couldn't help pointing her finger at Tweedledum,

and saying 'First Boy!' 'Next Boy!' said Alice,
passing on to Tweedledee... The next moment they were
dancing round in a ring. This seemed quite natural

(she remembered afterwards)."

Through the Looking Glass: Chap 4.

The last of the three example languages will now be
described. It is called APPLE (Array-Processing Programming
Language Example). The important feature of this language
concerns an area which promises to give some of the best results
in terms of efficient usage of parallel computers - namely the
processing of different iterations of a loop concurrently.
Since consideration of the sort of conditions involved, as for
example derived in the last two chapters, indicates that such a
loop may not assign to any simple free variable, the only way in
which a parallel loop can do anything useful 1s to contain
references to objects which denote different locations in
different loop iterations; in other words, arrays or more
complicated data structures must inevitably also be included.

One effect of introducing arrays into POPLAR is to duplicate
the sharing problem - indeed, the sharing of arrays is slightly
worse than that of locations, since it can occur with psrameters
called by R-value as well as those called by L-=value;
furthermore, matters become even more confused 1if an array
element is used as an actual reference parameter, since then
"mixed" sharing may occur - the denotation of one identifier
being the same as a component of the denotation of another.

To avoid repeating much of the complex work of chapter U4,

therefore, APPLE has none of the features introduced by POPLAR,
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but instead uses ELM as a basis.

The form of the results in this chapter follows much the
same pattern as for chapters 3 and 4, and there will be very
little that is new (except for trivial modifications of
functionalities) in  the proofs, which will therefore be

generally even more skeletal than in the previous chapters.

5.0 Description of APPLE

The syntactic domains of APPLE are slightly extended
versions of the ELM ones; each of Com, Exp and Dec has just one
new category. Com has a new form of loop - the for loop -
which 1s more suitable for parallel processing than the while
loop, both because the control variable provides a means of
guaranteeing that locations accessed in different iterations are
distinct, and also because it can be guaranteed to have a finite
number of iterations, and furthermore, a number known before the
loop is entered. (This is not true eg of Algol for loops, but
it is in APPLE, since the limits are evaluated only once and the
"econtrol variable" cannot be changed within the loop body-)
Dec allows an identifier tc be declared to denote a new array of
arbitrarily many dimensions = the wupper Dbounds for the
subscripts are given by the 1list of expressions in  the
declaration, and for simplicity, the lower bounds are all taken
to be 1. The new category in Exp allows an array element to be
referenced. It is also necessary to define Bas a little more,
and demand that it includes a domain Nml of numerals which
represent integers; thus it will be assumed that B[N] 1is an

integer. Also, Ope will be expected to contain at least the
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arithmetic operators + and «x.

The major change to the semantic structure in APPLE is a new
domain R of arrays., An array has two components - a list of
positive integers giving the upper bound for each subscript, and
a list of locations with length equal to the product of the
upper Dbounds. The details of the mapping from a list of
subscripts to the corresponding location are not important, and
are left to the unspecified function GetArrayLoce [R*1*~L]; the
only relevant properties of this function are:

i) if peR and 1” is a valid subscript list,
ie if IndrrayRangep1™
where InArrayRangep1*=
(#1*=#pﬂboundsﬂ)A(V1s#1*,lsllspﬂboundsﬂl1)

then GetdrrayLocpr <pllocs]l ;

and ii) if 1* and 1* both satisfy InArrayRangeplt

1 2

* *
and 2
1%,

then GetArrayLocplIzGetArrayLocpl;

It will be assumed without detailed proofs that two
different arrays do not share any locations, and also that an
array cannot share a location with a simple variable. (This
can happen in a language which allows an identifier to be made
to denote an already existing L-value, eg by parameter call by
reference, but not in APPLE.)

New arrays are claimed with the aid of the function NewLoes
which behaves very like NewLoc except that it takes an extra
argument - a non-negative integer - and returns (if possible) a
list of the appropriate number of locations. These locations
are all different, and all have the same Qwner, so the function

Owner can naturally be extended to apply also to arrays.
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As with functions in the last chapter, E and D are extended

to include R as a summand, but V is not.

To cope with arrays in the syntactic conditions, a new
"semi-syntactic" domain J is introduced, which replaces Ide as
the domain from which results of IdeL etc are taken. Its use

will be described in detail later.

The environment will not require all the mechanism of
POPLAR's syntactic environments, but it does need one simple
"syntactic" component: 1it:[Ide-T] which serves to indicate
whether an identifier is a constant (denotes an element of B) or
a variable (denotes an element of L or R). Hence the following
compatibility condition:

Definition
n is Lit-Compatible 1if

¥Ilelde, n[1itl{I] # nlvar]liI]eV

The detailed semantics of APPLE appear in appendix 3. A
new semantic function ¢ is used to deal with for loops; it has
the same functionality as (¢, but with two extra parameters - the
control variable I, and its value 1 for the particular iteration
concerned. A corresponding version of Eval - QEval is used
which requires a P-Test with slightly different functionality -
see section 5.5. The function ¥ 1s partially defined

corresponding to the partial specification of Qpe.
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5.1 Consistency of APPLE

The extension of theorem 3.1 to APPLE is extremely trivial -
the result for @ follows immediately from that for ¢, and the

proofs for the new syntactic categories follow exactly the same

patterns as in 3.1.

Theorem 5.1:

k!, n are v-Consistent

09 O,
then Cﬂenneo, Qﬂlﬂtﬂenneo, E[EInKk , Z[ElInk,, RIE]nk

If 60, K

and DﬂABnKé are v-Consistent.
Proof
as for theorem 3.1.

QED

5.2 Termination in APPLE

The remarks of 5.1 apply equally to the results about
termination, and for the same reasons, SO noO further comment is

necessary.

Theorem 5.2:
Jumps[©] is a T-List for c[o] and Q[Ilr [0O] ;
Jumps[E] 1s a T-List for E[El, LIE] and R[E] ;
Jumps[A] is a T-List for D[A] .

Proof

similar to 3.2.

QED
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5.3 Regularity of APPLE

As intimated at the beginning of the chapter, the mechanism
used for ELM and POPLAR of producing lists of identifiers
representing possible values of an expression, and possible free
variables of a program section, is inadequate to deal with
arrays. In APPLE, therefore, more complicated lists are used,

in which the components are elements of the domain J and can

either be simple identifiers - denoting simple variables as
previously - or elements of the domain [IdeX[I*+{?}]*]. The
latter form is used for array elements: the identifier denotes

the array being accessed, and each component of the form

*
[I"+{?}] represents one subscript. (1 will be wused for
elements of this sum, even 1in the case =20 The
representation 1is relative to a list of identifiers I": if the

subscript is a linear expression in elements of 1* only, then .
is the corresponding list of coefficients, with the constant at
the end; otherwise V=2, The list I" (all of whose components
must denote constants) is given as a parameter to the functions
Ideval, IdeL, etc., and will include for loop control variables
and constant free variables of a loop body. This
interpretation of the elements of J referring to array elements
is embodied in the following definition, which can then be
combined with the simple variable case to give a complete
interpretation of J 1in the definition of the APPLE form of

Denoted (which now requires I* as an extra argument).
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Definition
oel is Array-Denoted by ¥=(I,1**) and I* in n if
p=n[var][IJeR
and InArrayRangepl*
and a:GetArrayLocpl*
where 1* satisfies:
A R
and for 1315#1*,
either 1?:?

or #1t=#I*+l (=v say)

)+

v=1
and 11:1§=1(81'X111’ 1V

where 8 =nfvar][I ]

Denotedo¥nl™ =

(Yelde A e=n[var][¥]) v

(Yed A € is Array-Denoted by ¥ and I* in n).

The list I” appears as a parameter in all the results for
this and the next section with the constraint that all its
components are different. (This constraint could be removed,
but there is no particular reason to do so, and doing so forces
extra complications on the equations.) There is one exception
to this rule: in order to preserve the condition that each
component denotes a constant, (the analysis becomes almost
impossible if uncontrolled changes are allowed to variables in
subscript expressions during the loop,) when a new declaration
is encountered, I* must be "purged" of any identifiers which are
given non-constant denotations by the declaration. This cannot
be done by simply omitting the offending identifiers if they

occur in the list, since this would result in the mismatching of



5.3 191
coefficients at an outer level; instead they are replaced by a
special dummy variable IO which is not allowed in programs and
therefore causes no confusion if it is duplicated in I*, since

its coefficient will always be zero. This is summarised in the

following:
Definition
Distinctl” =

41*-0 v <<Il=10 v ~11<<1*+1)> A Distinet(I™t+1))

The proof of Regularity is now straightforward, most of it
being similar to 3.3. To deal with Array-Denotation, a lemma
is first required to show that IdeSub, which is used by IdeVal
to evaluate one subscript of an array element, behaves as
expected. The main thecorem then follows, only three cases
being significantly different from previous work = the case that
accesses an array element, and the two declaration cases which
change +the environment, in which the conditions on I* must be

shown still to hold.

Lemma &6.8.1:
If yI<I”™, nlvarllI]eB (1)
and Distinctl”
and 1*=1deSublE]L 1] =2
then #1%=#I+1=v say,
and R[Eln is Regular wrt t,T' and
#T™
(Ae.e=1§1(nﬂvarﬂﬂIIDX11)+1v) (2)

where t=Invariant{ nl procl) , t'=Subvariant(nlprocl
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Proof
by structural induction and cases of E.

let € denote RHS of (2);

Case [I]
RIE]lnk=Rvc(nfvari[I])

=k(nfvar])[ Il because of (1);

. * *
but since 1 2?7, I<I

LV
and 1 = ¥ (I=Ilﬁl,0) 5

1=1
so for 1<1<v, 11=(I=I1ﬁ1,0)
and 1v=0 3

80 €,= ) (nlvar]LI]) ;
1.1 =1

1

but I<I* and DistinetI and I cannot be IO 5
SO IlzI for precisely one 1 ;

hence e =n[var]lIl] 3

=4o) RﬂEBnK=K€O 5

and Regularity follows immediately-

Case [N]
R[E]nk=x(BIN]) ;
and for 1<i1sv, 11=0 5
and 1V=BﬂNﬂ ;
1o} eO=BﬂNﬂ 5

and again Regularity follows trivially.

Case [IxN]
let g=nfvarll{I]eB ;
then by above two cases,

REval([I],[IN])n is Regular wrt t,t' and



(A(el,EQ).el=BA82=B[Nﬂ) H

so R[IxN]n is Regular wrt T,T',(xg.e:wﬂxﬂ(s,B[Nﬂ>) 5

ie wrt 1,7',(Ae.e=BxBIN]) ;
but as in case [I] ,
11=BHNH for precisely one value of 1i<v ,
and 11=0 for all other values of 1 ;

SO gozstﬂNﬂ 3

hence R[IxN]n is Regular wrt T,T',(AE.EzeO)

Case [NxI]

is similar.

Case HE1+E2ﬂ

let 1'*=IdeSublE 1[I"]
and 1"*=IdeSub[E2ﬂﬂI*ﬂ 5
1o} 1'*¢?¢1"*

and #1*=#1'*:#1"*

and for 1515#1*, 1171{+1q
and by induction,

RﬂElﬂn is Regular wrt T,T',(As.e=€6)

I
where eéz Z (nﬂvarﬂﬂllﬂxl{)+16 ;

and similarly for RLE In 3

hence REvaZ(ﬂElﬂ,ﬁE2H>n is Regular wrt

T, 7!, (X € ,62>.€ —e!Ae =€g) :

1 170 2
S0 RﬂE1+E2Hn is Regular wrt t,7',(Ae,e=¢€

'+
0

Yy
EZO 5

193
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#1*
but egt+¢gn= ' " ' "
0% €0 1§1<nﬂvarMIlnx(11+11>>+<1v+1v>
=€O -
QED

Theorem 5.3:
Exactly as theorem 3.3 except that
T0n=(Xa.(nﬂprocﬂ50wnera) v
(VI" st each nlvar][I leBadistinctI”,
1y<IdeVallE][I"] st Denoteda¥nI™))
Proof
The presence of the I* parameter makes no difference except
in the case [let A in Elﬂ, because of the need to preserve
the condition that each nﬂvarﬂﬂIIBeB.
The only other case which need be considered is the new one

[I4E*] .

Case [I+E”]
Consider any I*¥ st each nﬂvarﬂﬂTlﬂeB and Distinetl”™ 5
then IdeVal[E] has precisely one component, viz Wz(I,l**)
where 1t=IdeSubﬂElﬂﬂI*ﬂ for 1<1<#E"
and #1""=#E" 5
so for each 1,
if 1?:? then by lemma 5.3.1,
#1*

R[E In is Regular wrt T,1’,(e.e= ) (Bl,xl
1'

)+ ;
! 1v> ?

and if lt=? then by induction,

RﬂElﬂn is Regular wrt t,1',(Ae.True) ;
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so REEIHn is Regular wrt t,1’,

( * o
] _ .
Aeor =2 v es %,(81'X111’)+11v) 3
so REvallE*]n is Regular wrt
) * * #I*
T,1', (Ae FL (= ve = T (B )L D) s

hence E[IVE*]n is Regular wrt t1,1’,

Y1)

(X . * *= * *:? *: * =
o.de ,#e =#E AV1>(11 v(#11 #1 +1Ae1 %,(81'XI11' -

ra=GetdrrayLoc(nlvarllI1)e™) ;
ie wrt 1,7',(Aa.0 is Array-Denoted by ¥ and I* in n) ;
hence E[IVE™]n is Regular wrt T,T',(AE.EeLATOne)
Case [let A in Elﬂ
let I'*=1[Al ;

It is sufficient to observe that if ¢  1is st

*

0
pl Aln is Regular wrt T,T',(Xe*.e*zez)
(and if the first alternative of Regularity can ever
occur),

then for each 1,

' * .

II<PurgeﬂI Ital = €,,€8 3

for if A is [I = E]) or [I = array E”]

then E;:(E) where egel+R 3

but Puryel I¥10Al=Nu12Zfyl T 1T

so ~I<PurgelI*10al ;

and if A is [I = E]

then Eg:(E) where eeB ;

and if A 1is ﬂAl and AQH

then result follows from induction;
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hence if I* satisfies each nﬁvarﬂﬂllﬂeB

then I"*zPurgeﬂI*ﬂﬂAB satisfies each n'ﬂvarﬂﬂlqﬂeB
where n'=n[€;/var/IﬂAH][NewLitﬂAﬂ/]it/I[Aﬂ] 3

and result follows inductively.

QED

5.4 Operations Produced by APPLE

The only new complication introduced by APPLE at this stage
is the necessity to have I* as an extra parameter in most of the
functions. This means that the property Sanctioned is replaced
by I*-~Sanctioned which is defined in exactly the same way except
that I* is appended to the arguments of Denoted, and that IdelL,

IdeR, etc have an extra parameter.

Theorem 6.4:
For any n,x*,c,I* satisfying the same conditions as in 3.4
and also each nﬂvarﬂﬂllﬂeB and DistinetIl™
then any x<DeveZop(Cﬂ@ﬂnet)x*c iz Sanctioned by
n,IdeL[©1[1*],Ider[O1II"] ;
and similarly for the other semantic functions.
Proof
follows from 5.3 in exactly the same way as 3.4,

except for the extra parameter I* in all the functions.

QED
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5.5 The Syntactic Conditions for APPLE

Ananlogous results to those for ELM and POPLAR have now been
proved for APPLE in the previous sections, but they involved the
parameter I* which could be arbitrary (subject to the
constraints of Distinctness and constant denotations). This
parameter must now be chosen so that the resulting conditions
are useful. Since the aim is to show that (in suitable cases)
the locations accessed in different iterations of a loop are
different, the one thing that is guaranteed to Dbe different,
namely the control variable, is clearly an essential component.
It is, in fact, advisable to make the list as long as possible
in order to acquire complete information about as many array
references as possible; certainly all the free variables (a
misnomer here!) which are constant should be included, as ‘these
can be guaranteed to have the same value for each array
reference.

This leads to the definition of QSeparable, which 1s
intended to provide the Separability part of a P-Test for for
loop evaluation. It uses a list I* whose first component is
the control variable of the loop, and it depends on the function
NonCoincident which ensures that, for two given array element
references in different loop iterations, there is at least one
subscript which has a different value in the two references.
No definition is given at this stage of NonCoineident, but only
conditions sufficient to give QSeparable its required

properties. The satisfaction of these conditions 1is the

subject of the next section.
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Definition
@Separable[ I][ 0] =

~3I'<IdeL[O]J() A

(V(I',l**)<IdeLﬁGHﬂI*ﬂ,

1
W(I7,05%) «IdeLlOII 11" TdeRIOIII"] st T/=I7af1)" =#1," ,
NonCoincidenttI*lz*)

where I =(I) “(Literal (IdeR[O}¢> d(n[T1it])\ D)

. *
and Literall Y=(I*=<)*(>,(Yﬂllﬂ*<11),())“Literal(l*fl)y)

where NonCoincident satisfies

.. *
NonCotnczdenttI 1;*

*x K
313#11 st 17

27z *
117 %y

* * *
and Vl{,lé,l st 1{21£A#1 =#1 1-1=v-1,

v=1

’ -— ’
1Ix Uxi, 4+ L

)x1
1 1l 211 L=

1111"—1211"

The other forms of Separable are similarly redefined, but
without any references to a control variable.

Since APPLE allows no sharing, the property of
Share-Freeness is reinstated - although slightly modified, as is

P-Strict, to allow for elements of R as well as those of L:

Definition
n is Share-Free if

¥I,,I,, nlvar]{I J=olvarflI,Jel+R = 1,21, -
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Definition
n is P-Strict if

¥I, nlvarl[Il=eel+R = Ownereznlprocl

Also needing slight modification is the definition of P-Test
which will now accept a function taking a single command as

parameter, instead of a list.

The process of putting together the entire conditions can
now be completed as in previous chapters = the details are only
given for the new and most complicated case - evaluating for

loops with QFval.

Lemma 6.6.1:
If @Separablel 111 0]
and 6“*=<n*,kﬂl.QﬂIBtﬂeﬂn[ﬂl/procjet>
and Vﬂ1<n*, ni[pr‘OC]]<'n1
and n is ShareFree, P-Strict and Lit-Compatible,
then the conclusion of 3.5.1 holds.
Proof
let I* be as in the derfinition of QSeparable ;
then certainly, VIl<I*, nﬁ]itHﬂILH=True ;
and so since n is Lit-Compatible,

nﬂvarﬂﬂllﬂev ;

hence the proof follows that f 3.5.1 with the parameter ™

added where appropriate, except for case laj

in which case Denotedoﬂ{’n1 for VeIderl G11I7]

and DenotedaW'nl, for W'<IdeLH6HEI*H“IdeRﬂODHI*B
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where nlzn[1/var/I][True/1it/I] 5
Inspection of the definition of IdelL shows that whether or
not an element of Ide is a component of IdeL[OJII*] is
independent of I* ;
hence Y¢Ide ;
so since locations cannot share with components of arrays,
¥Y'¢lde also;
hence W:(I",1**> and W':(I',l’**) H
so since different arrays cannot share elements,
nlﬂvarn[I"ﬂ=n1,[varﬂﬂI'ﬂ:peR 5
so I"zIz1" ;
so nfvarj[I”}=nlvar][I']=p 3

ie by Sharefreeness, I1"=1!

and also #1**=#pﬂboundsn=#1'** 5

so by QSeparability, NonCoincident 1™ 1t™™ ;

. . . . . . *
let 1" be as in definition of NonCoincident1” 11

and 1¥,1'”" as in the definition of Array-Denoted
for 1** and 1'"" respectively;

* *
then 11"¢?¢1{" H
v-1
SO 1 _p»4= z (8 XV o
1 G 1 1
1f=1

)+
1! 1111\)

where Blznlﬂvarﬂﬂllﬂ

and v=#I%+1 ;
but Il=I by definition of ¥
and IlzI for 1>1
SO 81:1 s

and for 1>1, Bl=nﬂvarﬂﬂ11ﬂ 5

v-1
SO =1X1 + ( X Y+ ;
11n 1 1" 12_2 61' 111111 1y ?
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1

' ' .
(811x111117)+1 >

V-
and similar o 1fx!
ly ton=1 ><11"1+1§’: 1"y

=2

SO 11"—1{"¢0 by NonCoincidence since 121! ;

which is a contradiction since
GetArrayLocp1*=a=GetArrayLocp1'*

QED

Lemma 6.65.2:
For any I,
(Aon.g@Separablel I1[ 6] A#Jumps[ 0] =0)
is a P-Test for {Q[I]ti}
wrt (An.n is ShareFree, P-Strict and Lit-Compatible).
Proof
as for lemma 3.5.2.

QED

Theorem 5.65:

as theorem 3.5.
Proof

as for theorem 3.5,

QED

5.6 Algorithms for Satisfying the Conditions

There was an important omission from the last section, which
reveals where much of the complexity of dealing with arrays and
loops lies, namely the function NonCoinecident was not defined,
but only certain conditions were imposed on it. To complete

the picture, this section will discuss algorithms for satisfying
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these conditions.

The conditions, as in 5.5, are applied to the subscript
lists of two array element occurrences in different iterations
of a loop. To be suitable for consideration, a subscript has
to Dbe a linear combination of the members of a certain set of
variables; this set includes the control variable of the 1loop,
which is certain to have a different value for the two
occurrences, and free variables of the 1loop which remain
constant for the duration of the loop; also, there 1is no
particular reason to exclude other variables which may change
their wvalues during the loop. Non-linear subscripts could
possibly be considered in certain cases, but the complexity of
analysis and the amount of computation required, together with
the observation (which should be taken as a reasonable
hypothesis rather than a proved fact) that such expressions

rarely occur, suggest that it is not worth including them.

Thus the subscripts to be considered will all take the form:

%alKX1+BKY+§Y1KZI+6K

where {X1} are fixed free variables

and Y is the control variable

and {Zl} are other variables, including the control
variables of nested loops.

The corresponding xth subscript of the other array element will

be:

ry! ' ' '
%a{KX1+BKY +§Y1Kzl+6K

since the X1 are the same.
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The conditions require that there is some k such that

%(alK-a{K)X1+(BKY—SéY')+§(Y1KZ1—Y{KZ{)+(6K—6é)z0 (1)

for any XI,Y,Y’,Zl,Z{ such that YzY'.

This can be considerably simplified by demanding (as is often
the case) that all the corresponding coefficients (though not
necessarily the constant term) are equal. Then (1) simplifies

to:

" -
B Y +§Y1qu+(aK 8120 (2)

for any ¥Y"20 and any Zq

General methods for satisfying (1) or even (2) involve
complex algebraic techniques which are beyond the scope of the
present work. However, a few simple steps can be enumerated
which will be effective in many actual situations.

1) In many cases there will be some k for which BKzO but
each Y1K=0 and Gszé, so (2) is clearly satisfied.

2) On the assumption that only integer variables are
permitted, the condition that (6K—6é) is not divisible by
HCF(BK’{YlK}) also ensures that (2) is satisfied.

3) If neither of these works, eliminate some variables

between the expressions for different k, and try again.

These should suffice in most practical cases. Indeed, it

may well be that far simpler conditions are enough.

Parallelism conditions have now been established for the
third and last of the languages to be discussed. As with the
procedure language, the conditions are fairly complicated; on
the other hand, the gain to be expected from using them is much

larger, as loops with many iterations can be completed 1in
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roughly the time needed to execute the body once.



CHAPTER 6: CONCLUSION

"y have answered three questions, and that is enough,'’
Said his father, 'Don't give yourself airs!

Do you think I can listen all day to such stuff?
Be off, or I'll kick you downstairs!'"

Alice's Adventures in Wonderland: Chap 5.

The most striking general point about the results of the
last three chapters must be their extreme complexity, especially
when any but the most trivial language constructs are involved;
indeed, several facilities, notubly the possibility of storing
anything except "basic" values, have not been included either
because they make the conditions for parallelism prohibitively
complicated or because no positive syntactic conditions are in

general possible when they are permitted.

It 1s worth reviewing some of the main areas where
difficulties 1lie, and considering some practical aspects of
language design which could ameliorate the situation.

1) Sharing 1is a feature which can occur in most existing
languages, though it probably does not occur in most programs -
which is just as well for many who have done work in this field,
since they almost all ignore it, giving it at most a passing
mention. But this does suggest that, while sharing 1itself 1is
not a particularly useful feature for the majority of programs,
(indeed, its use is liable to make programs more obscure,)
eliminating it completely from any language of reasonable power
is rather difficult. Constructions which explicitly introduce
sharing - eg a declaration by L-value as in [23] or Fortran's

EQUIVALENCE (which, especially if combined with COMMON, can be
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quite horrific) - can, of course, easily be dispensed with (or
not considered in the first place). "Freezing" of free
variables either at the declaration of, or on entry to, a
procedure has been mooted in contexts other than parallel
processing, and it goes a long way to solving the problem, at
least 1in the way it appeared in chapter 4. But this still
leaves the possibility of clashes between parameters called by
reference (or worse, by name - imagine trying to subject
Jensen's device to this sort of analysis), and without resorting
to extremely arbitrary restrictions on the use of reference
parameters, or abolishing completely a useful capability, there
is no obvious way of eliminating it.

2) The ability to redclare an identifier, thus causing a
hole in its scope, was seen in chapter 4 to cause complications.
As with sharing, this does not seem to be a very useful feature,
and again, it probably causes more confusion than anything else.
Moreover, it is quite easily prohibited.

3) Procedures, as well as often introducing or aggravating
the sharing problem, cause trouble inherently as was seen 1in

chapter 4, since they are likely to change variables which do

not appear explicitly in their calls. However, one of the
techniques mentioned above - namely the freezing of free
variables - also solves this problem, at least to the extent

that information about procedures does not need to be kept by
the compiler, although it probably has to be assumed (for want
of further information) that all the actual parameters may be
called by reference. If this is unsatisfactory, or if one 1is
constrained to working with an existing language which doesn't
do this, then the other easy method 1s never +to consider

sections of program containing procedure calls for parallel
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processing. Unfortunately, this has the grave disadvantage of
putting a high premium on the minimal use of procedures.

4) Various features available in some of the more
sophisticated current languages wreak havoc with the detection
of parallelism. Pointer variables, whereby locations can
themselves be stored, constitute one such, since it is generally
impossible to keep track, at compile time, of anything which is
stored. Storing procedures, and also the ability to pass a
procedure out of the scope of its free variables, as for example
may happen if functions can return procedures as results, turn
the sort of analysis which was required for POPLAR from a
difficult exercise into a virtually impossible one; although
they matter less if the approaches described in (3) are used.

5) All the conditions described so far have been concerned
with the possibility of different processes accessing the same
storage location. Another area where indeterminacy may arise
is that of input and output; these impose constraints similar
in many ways to those relating to the store, but the question of
1I/0 has been fairly universally ignored, both here and in other
work. This may be reasonable when considering the sort of
program which does a small amount of input at the beginning, a
small amount of output at the end, and a large amount of
computation in the middle; but not for programs which do
continual input or output; indeed, 1in such cases, totally
different techniques and languages may well be more appropriate,
especially when for example similar computations have to be
performed on many different pieces of data, with more or less

communication between them.

If I/0 is ignored, the problem lies essentially in
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synchronisation when more than one assignment 1s made to one
variable in a program, An interesting and apparently rather
drastic way of attacking this problem at the root involves the
so-called "Single Assignment" languages, investigated in [10]
and [33], in which a program may contain only one assignment to
any one variable. Since this means the assignment statement
becomes 1in effect an initiulising declaration, it is perhaps
more sensible to think of these as "Assignment-free" languages.
Then since any variable (now a misnomer) cannot change its value
after its initial declaration, any section of program may with
impunity be allowed to start execution as soon as all its free
variables have been declared. (This has affinities with Data
Flow architectures [2], [11], [16] and such languages may well
be appropriate for programming such machines, and conversely,
Data TFlow machines may be most suitable for implementing
assignment-free languages.)

0f course, one cannot get very far by starting from a
language like Fortran or Algol and simply removing the
assignment statement (or replacing it by initialising
declarations). Two major areas which would cause problems are
assignments to free variables of loops and complex branching
control structures, and assignments to components of data
structures, The first requires some new constructions in the
language, such as iteration operators which would correspond
roughly to the summation, multiple product, and quantifying
operators of conventional mathematics and others such as '"the
least value (in a given range) such that..." and even "the
unique value such that...", Indeed, these operators, together
with the sort of generalised switches suggested by [12] and

[ 35] , could be useful in multiple-assignment languages which are
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destined for parallel analysis, especially if the expressions
involved could be guaranteed to have no side effects. It is
worth noting that a loop whose body fails only the JumpFree
condition can often be reformulated as a "least value" 1oo0p
followed by a JumpFree loop, both of which can be executed in
parallel. Data structures provide a more difficult problem,
one way round which would be to make a modified copy of a
structure rather than assigning to a component, but this would
inevitably be regarded as intolerably inefficient in terms of

time or storage space (or both).

Some interesting points about programming techniques arise,
even within the confines of a given language. Many of the
features consequent on the concept of "Structured Programming"
appear to make inherent parallelism easier to detect; eg the
use of regular control structures like if, while and for instead
of wunbridled gotos makes isolation of possible subtasks easier;
and proper block structuring, with variables which are only
needed local to a bleck being declared as such, makes detection
of independence far simpler. (cf [8] and [ 30] where a lot of
work is done attempting to detect the use of the same variable
for independent purposes 1in different blocks - ie overcoming
poor programming practice.)

Taking this a stage further, it seems that the "higher the
level" of programming language, the better. This should not be
surprising, since a high level language requires the programmer
to make fewer decisions about implementation details, and such
details are just those which are drastically different when one
is confronted with a parallel computer. (It is interesting to

note in passing that [ 29], which explores parallelism exposure
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techniques in Algol, claims that the overheads of the parallel
analysis to be insignificantly small; while [13] admits that
the work on exposing parallelism in Fortran requires vastly
increased computation times, to the extent that a simple ad hoc
heuristic algorithm has been devised to decide whether it is
worth bothering to analyse a particular program for parallelism
at all, in terms of the expected speed-up.)

There is a limit to how far this can be taken, however. As
[32] points out, for many problems there are some algorithms
which work better on parallel machines, and completely different
ones which are better on sequential machines; but the day when
a programmer's job will be to specify an abstract problem rather
than a specific algorithm for its solution, so the machine can
select its own algorithm to make best use of its resources, 1is
far in the future, if indeed it ever comes. Nevertheless, a
higher level of problem specification i1s wundoubtedly a wuseful
goal, and 1t would make the distinction between the three

approaches described in chapter 0 rather less relevant.

In conclusion then, rigorous methods of programming language
semantics have been applied to a practical problem of exposing
potential parallelism in non-parallel languages. The results,
unfortunately, are complicated and not encouraging for the
styles of language which exist and are being designed today.

There is a need for languages designed with the <claims of
parallelism in mind. The trend must be towards making fewer
assumptions about the nature of the machine involved, and the
use of higher level conecepts rather than the ad hoc addition of
low level, explicitly parallel constructs to languages never

designed for any but sequential machines; but as long as
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languages anything like those commonly used today are wused on
highly parallel computers, the sorts of considerations described

above will be virtually indispensable.



ApPENDIX 1: DEFINITION OF ELM

"Its chief merit is its Simplicity - a Simplicity so
pure, so profound, in a word, so simple, that no other
word will fitly describe it. The meagre outline, and

baldness of detail, of the present Chapter, are adopted
in humble imitation of this great feature."

The New Belfry of Christ Church, Oxford.

Syntactic Domains:

B ¢ Bas

© ¢ Com

A ¢ Dec

E ¢ Exp

I ¢ Ide

2 e Ope

i e = El .= EQ
§T 0% 41
while E do 91
if E do 01
escape I
let Ao in @1

s s = I = E

I

it
1

E1 9] E2
0 before Ll

By = By By

et A in E1
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Semantic Domains:

K'=
KM=

o

N < -~ W

[S=[[S>S1xC11+ {0}
L+B
L+B

proc:P x var:[Ide»D] x cont:[Ide~C]
E->C

E**"’C

store:[L»V] x area:[L=T] x res:[P»E] x use:[P>T] x err:T

p-
[$-S]
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Semantics:

LREUaZ(ﬁElﬂ,ﬂE2B>n(k(a,B).Updatease)

C[§I 0% $§IIn6 =

CEval[0*](nr6/cont/I1)6

Clwhile E do Olnne =

Fiz(A0'.R[E]n{Xe.e ~ Cﬂelﬂn(Breake’), 6})

clif E do o Iné =

R[Eln{Xxe.e - cuelnne, 6}

Clescape I]nb6 -

nfcont]1]

cllet A in @1Hn6 =
ClaimProcs(n[proc])2{an”.D[AlnLw, /proc]

{Ae*.Cﬁeln(n[e*/var/I[Aﬂ][w2/proc])e}}
E[B]nk =
«(B[B])

E[I]nk =

k(n[varllIl)

ELE, @ E Ink =

* *
REvaZ(ﬂElﬂ,ﬂEQD)n(Xe k(W[QTe™))
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E[ o before ElnnK =
Cﬂ@ﬂn{EﬂBlﬂnK}
EI[E1 + E

x EsﬂnK =

RﬁElﬂn{Ae.e - EHEQHHK, EHESDnK}
Ellet A in Elﬂnm =

CZaimProcs(nﬁprocB)2{xﬂ*.DﬂABn[ﬂ1/proc]

{Ae*.EﬂElﬂn[e*/var/IﬁAH][nz/proc]K}}
plI = Elnk’ -
R[Eﬂn{le.NewLoc(nﬂprocﬂ){Aa.Updateae{K'(w 11}

D[[I = E]]nK, =

RIEIn{rxe.x e}

! —
DIIA1 and AQHHK =

* % R PR
DEvaZ(DﬂAlﬂ,DHAQB)n{k<€1,€2).K (el 52)}
I[I = E] = (D
Il I = El = (D

Il s, and 4,1 = IﬂAlﬂ“IﬂAzﬂ

LIEInk = ElEl n(Zvk)
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RIEfnk = E[E]n(Rvk)

Lvke (eel » ke, Error)

Rvke (ecl - Contsex, €cV - ke, Error)

UpdateaBOo = (Putaf,d)

Contsako = { CheckFetcho(Fetchoo) sk(Fetchao))

CheckFetchaBo = (B=Fetchao ~ o, 2)

Putofo = o[B/store/o]

Fetchog ofstore]o

Breakbo

(X9.0,60)

NewLoemko StoreFullmno —~ <CheckFuZZw,et>,

(CheckNewt (Newng) ,k(Newnwo))

CheckFullmwo (StoreFullmo — SetErrorc, 2)

(StoreFullmo - 2,

CheckNewrnoo

a=Newng - Useao, 2)

Useas = o[True/area/a]
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Syntactic Equations:

IdeVall B] )

IdeVallI] (D

IdeVaZ[[E1 Q E2B = ()

IdeVall® before Elﬂ IdeVazﬂE1D

n

IdeVaZ[[E1 - E2, E 1

3 IdeVaZﬂEQH ~ IdeVaZﬂEaﬂ

IdevValllet A in Elﬂ IdeVaZﬁElﬂ \ Il Al

IdeL[[E1 t = EQB

i

IdeLﬂElﬂ ~ IdeVaZﬁElﬂ ~ IdeLﬂEzﬂ

*

#0

A Iderlo ]
1

1:1

Tderf sI ©* $I

IdeLlwhile E do elﬂ . IderLlEl ~ IdeLlo,]
IdeLlif E do elﬂ = IdeLlE] © IdeLﬂ@lﬂ

7deLl escape Il = ©)

IdeLl let A in eln - Iderl sl ~ (rdezlo,l A I[ A1)

1deLl Bl = €
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IdeL[I] = ¢
IdeL[E, @ E ] = IdeL[E;] " IdeL[E,]

IdeL[© before E ]

IdeL[0o] ~ IdeLﬂBlﬂ

IdeL[E, » E,, E,]

IdeL[let A in E ]

IdeL[A] ~ (IdeL[E;]1 \ I[AD)

IdeL[I

E] = IdeL[E]

i
n

IdeL{I = E] = IdeL[E]

IdeLIIA1 and AQH = IdeL[Alﬂ " IdeLﬂAQH

IdeR[[E1 1= EQH = IdeRﬂElﬂ ~ RIdeRﬂEQB
. #o"
IdeR[8I © §I] = A IdeRﬂOlﬂ
1=1

IdeR[while E do 0,1 = RIdeR[E] ~ IdeR[0,]

IdeRr[if E do olﬂ - RIdeR[E]} IdeRﬂ@lﬂ

IdeR[escape I] = O

Ider[1et A in 0,1 = IdeR[A] ~ (Ider[0,] \ IfAa])

IdeLﬂElﬂ ~ IdeLﬂEQB ~ IdeLﬂE3B
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IdeR[ B] )

IdeR[I] O

IdeR[[E1 Q E2] = RIdeRﬁElﬂ ~ RIdeRﬂE2B

IdeRl o before Elﬂ

IdeRr[0] ~ IdeRﬂElﬂ

IdeR[[E1 - E E 1

02 B RIdeRﬂElﬂ ~ IdeRﬂEQB ~ IdeRﬂEsﬂ

IdeR[1let A in Elﬂ

Iderl Al © (IdeRﬂElﬂ \ Il al)

IdeRlI E]

i
1l

RIdeRIE]

IdeR[I E] RIdeRLE]

it
u

IdeRﬂA1 and AQH = IdeRﬂAiﬂ IdeRﬂA2ﬂ

RIdeRIE] = IderRlE] *~ IdeVallE]

JumpslE_  := El

JumpsﬂElﬂ n JumpsﬂE2ﬂ

40"
A Jumpslo ] \ (D
1=1

Jumpsl §I % $I]

Jumpslwhile E do 0.1 = Jumps[El ° Jumpsl 0,1

Jumpsl if E do Glﬂ = Jumps[E] * Jumpsﬂ@lﬂ
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Jumps[escape I] = (D
Jumps[let A in Olﬂ = Jumps[A]) © Jumpsﬂ@lﬂ

Jumps[ B] @)

Jumps[ 1] O

Jumps[[E1 Q EQB = Jumps[Elﬂ JumpsﬂEzﬂ

Jumps[© before Elﬂ Jumps[0] ° JumpsﬂElﬂ

Jumps[[E1 - EQ, Esﬂ

JumpsﬂEiﬂ ~ JumpsﬂEzﬂ o JumpsﬂEsﬂ

Jumpsflet A in E_]

1 Jumps[A] © JumpsﬂElﬂ

Jumps[1 E] Jumps[E]

Jumps[E]

(il

E]

Jumps[I

Jumpsl[A1 and AQB - Jumps[Alﬂ JumpsﬂAQB



ApPENDIX 2: DEFINITION oF POPLAR

"In its case it lay compactly,

Folded into nearly nothing;

But he opened out its hinges,

Pushed and pulled the joints and hinges
Till it looked all squares and oblongs,
Like a complicated figure

In the second book of Euclid."

Hiawatha's Photographing.

Syntactic Domains:

B ¢ Bas

O ¢ Com

A ¢ Dec

EeEXP

$ €

Fun

::= E := E
1 2
§1 0° I
while E do 01
if E do 01
escape I

let A 1in 61

let ¢ in @1
'::I:E
I = E
A and A2
= B
I
E1 9 E2

o before E1

E1 - EQ, E3

let A in E1

let & in E1
*

EllE ]

HE— I[I*;z*]

1l
n5]
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I ¢ Ide
2 ¢ Ope
L e Spe

1v

rv

223
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Semantic Domains:

N > L - w © =

K=

[S+[[S+51xC11+{6,)

L+B+F

L+B+F

params:Ide™ x spec:Spe* x body:Exp x env:X x gen:N
fn:[Ide-N-[1free:Ide"xrfree:Ide*xspe:Spe”xpar:1de*]] x

gen:N x share:Ide”

proc:P x var:[Ide-D"] x cont:[Ide~C] x G

store:[L-V] % area:[L~T] x res:[P-»E] x use:[P»T] x err:T

[Ide-D"]
b=
[s-s]
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Semantics:

CuEl .= EQI'T]G =

LREval( |IE1]] ,IIE2]|) n(xM a,B .UpdateoBd)

clsI " §Ilno =

CEvall0*] (n[6/cont/I11)6

clwhile E do Olﬂne =

Fix (A8 '.RI[EIn{)e.e C[[Ollln(BreakB'), e})

clif E do Olﬂne =

RIEIn{Xre.e Cﬁ@lﬂne, 0}

clescape Iln® =

nl contll Il
cllet A in elﬂne =
CZaimProcs(nUProcﬂ)2{Aﬂ*.DﬂADn[ﬂ1/proc]

{Ae*.Cﬂelﬂ(n[e*/var/IﬁAﬂ][wQ/proc])e}}

cllet ¢ in elﬂne

Fl ol nire™. ﬂelﬂ(NoteAbsﬂ@B(n[¢*“/var/Iﬂ®]])(n[genﬂ+1))6}

El Bl nk =

« (Bl B])

E[I]lnk =

k(nlvarll 11+ 1)

225
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E[E, @ E Ink =

REuaZ(ﬁEln,nE2ﬂ>n(xe*.K(qune*))

E[© before ElﬂnK =

cLOIn{EIE, Jnk)

R[E,In{Xe.e - ELE,Ink, EﬂEsﬂnK}

E{Tet A in ElﬂnK =
CZaimProcs(nﬂprocﬂ)Q{AH*.DﬂAﬂn[wl/prOCJ

{Ae*.E[Elnn[e*/var/IﬂAﬂ][nQ/procJK}}

Eflet & in ElﬂnK =

Fﬁ@ﬂn{K¢*.LRﬂE1B(NoteAbsﬂ@ﬂ(n[¢*“/var/IﬂQHJ)(nﬂgenﬂ+1))K}

E[E,[E"]]Ink =
AﬂElHn{X¢.#E*¢#¢[paramsﬂ -+ Error,
CZaimProcs(nﬂprocﬂ)2{Aw*.SEvaZ(¢[specﬂ)[E*nn[nl/procJ

(16" .ApplyFnlE Inlm,/procles «}}}
p[I = EJnk' =
R[E]n{re.NewLoc(n[proc]) {Aa.Updateac{x Ca) }}}

pII = EJuk’ =

R[E]ln{Ae.x'(e) }
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DﬁAl and 4,Ink! =

DEvaZ(DﬂAlﬂ,D[A2D>n{A(ej,eZ).K'(E;AEZ)}

Flolnk’ = k' (Fiz(Ae*.clel (nf¢*~/var/Ilel 1) (nlgenl+1)))

Gl Il I*',Z*] = Elnqv = ((I*,Z*,E,nﬂvar]] , V)

Il T E] = (D

I (D

E]

H

Il A, and A2ﬂ = IﬂAiﬂ“IﬁAzﬂ

LI Elnk FIEIn(Lvk)

It

E[ El n(Rvk)

RIEl nk

LRIElnk - E[Eln{re.eelveeV > K€, Error}

A[ElInk = E[Eln{re.eefF ~ KE&» Error}

Lvke = (eel > K&, Error)

Rvke = (eel 7 Contsek, €eV > KE, Error)

UpdateaBbo = ( PutoB,
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Contsako = (CheckFetcha(Fetchao) ,k(Fetehao))

CheckFetchaBo = (B=Fetchoo - o, 2)

PutaBo = o[B/store/a]

Fetchoo

cgfstore]a

Breakbo

{(Ag.0,6)

NewLoemKao

StoreFullmg - (CheckFuZZn,et),

(CheckNewn(Newno) ,k(Newno))

CheckFullmno

tt

(StoreFullme - SetErrorc, 2)

CheckNewwao (StoreFullmo — 2,

a=Newno - Useoao, 2)

Useoao = o[True/area/ol

NoteAbsﬁI[I*;Z*] = Elnv =
n[IdeL[E]yv/fn/I/v/1freel
[RIdeR[E]yv/fn/I/v/rfree]
[g*/fn/1/v/spel
[I*/fn/I/v/par]

[v/gen]
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ApplyFnlE)n( I*,2",E',E,W 6"« =

229

Break(RﬂE'ﬂ(NoteApanEH(n[EEG*A/I*]/var][lI.Error/cont]))K)

NoteAppnlEln =

nlShareList(AIdeVallE]l)y/share]

ShareListI™y =
vl gen]
A A (AY.LParams (Y[ par] ) (yl spel))
I(I v:l
(yI fnllIDv)
LParams1™3* =
#z™

A (T =1y =<y, ()
1=1 t !



A2 230

Syntactic Equations:

IdeVal[B] = ¢

i

IdeVal[I] (D

il

IdeVaZl[E1 9) E2ﬂ = 0O

IdeVal[© before E, 1l IdeVaZﬂElﬂ

IdeVaZl[E1 - EQ, EBH

IdeVaZﬂEQH ~ IdeVaZﬂEsﬂ

IdeVal[let A in Elﬂ IdeVaZﬂElﬂ \ I[A]

il

IdeVall[let ¢ 1in Elﬂ IdeVaZﬂElﬂ

IdeVaZﬂEl[E*]ﬂ =

AIdeVal[B] '

AIdeVal[I] (D

AIdeVallE, @ E,] = O

it

AIdeVal[© before Eiﬂ AIdeVaZﬂEiﬂ

AIdeVaZI[E1 - E2, ESD AIdeVaZHEQH ” AIdeVaZEEaﬂ

AIdeVall[let A in Elu

AIdeVaZﬂElﬂ \ I[A]
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AIdeValllet & in Ell] = )

AIdeVaZEEllE*]H = ()

FreeLVallE]yv A

I<AIdeVallE]

[

yIfnll I1+[ 1free]
1

FreeRVallE]yv

v
A A y[fnll Il rfree]
I<AIdeVallE] 1=1

v
SpeeVallE]lyv = A A vl follID [ spel
I<4IdeVallE] 1=1

IdeLﬂE1 = E2ﬂyv IdeLﬂElﬂyv ~ IdeVaZﬂElﬂ n IdeLﬂE2ﬂyv

#o”
A IdeLﬂOlﬂYv
1=1

IderLl §T 0% §Ilyv

IdeLlwhile E do Oiﬂyv = IdeL[Elyv © IdeLﬂOlﬂyv
IdeL[if E do OlﬂYv = IderLlE]lyv © IdeLﬂOlﬂYv
IdeLl escape Ilyv = €

IdeLl et 4 in Glﬂyv

IdeLl Alyv © IdeLﬂ@lﬂvv

rdeLl 1let & in Olﬂyv IdeLl d] yv © IdeLﬂ@lﬂYv
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IdeL[B]lyv = ()

IdeL[I]yv )

IdeL[E; @ E, }yv = IdeLLE 1yv ~ IdeL[E,lvv

IdeL[© before Elﬂyv

IdeL[O]yv * IdeLﬂElﬂyv

IdeLI[E1 -+ EQ, E3ﬂyv IdeLﬂElﬂyv ~ IdeLﬁE2ﬂyv ~ IdeLﬂE3ﬂyv

IdeL[let A in Elﬂyv IdeL[Alyv © IdeLﬁElﬂyv

IdeL[let & in Elﬂyv IdeL[®]yv ~ IdeLﬂElﬂyv

IdeLﬂEl[E*]ﬂyv

*
#E
IdeL[Elﬂyv ~ A (IdeLﬁElﬂyv ~ IdeVaZ[EIH) ~ FreeLVaZﬂElﬂyv
1=1
IdeL[I = Elyv = IdeL[E]yv
IdeL[I = E]yv = IdeL[E]yv

IdeLlAy and A2ﬂyv = IdeLﬂAlﬂyv ~ IdeLﬂAQByv

Tder[I(I%;2) = Elyv = IdeLlEIYY

IdeRI[E1 1= E2ﬂyv = IdeRﬂElﬂYv ~ RIdeRﬂEQHYv
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*

#
IdeR[§I 0" §Ilyv = A IdeR[© 1yv
1:1

IdeRrlwhile E do 0,1yv = RIdeR[E}yv ~ IderlO 1yv
Ider[if E do olﬂyv = RIdeR[Elyv ~ IdeRﬁOlﬂYv
IdeRlescape IJyv = O

IdeR[let A in elﬂyv - IdeR[Alyv © IdeRﬁelﬂyv
IdeR[1et & in Glﬂyv - Iderl&lyv ~ IdeRﬂ@lﬂyv

O

IdeR[ Bl yv

IdeR[Ilyv = O

IdeREE1 Q E2ﬂyv = RIdeRHElﬂyv ~ RIdeRﬁEQHYv

n

IdeRr[ © before Elﬂyv IderRlOlyv © IdeRﬁElﬂyv

RIdeRﬂElﬂyv ~ IdeRﬁE2ﬂyv ~ IdeRﬁEsﬂyv

11

IdeRl[E1 - E2, E3ﬂyv

IdeR[let A in ElﬂYv - IdeR[Alyv © IdeRﬂElﬂyv

Ider[ 1et ¢ in Eiﬂyv Iderl ¢} yv ~ IdeRLE lyv

"

IdeRﬂEllE*]HYV

*

#
IdeRﬂElﬂyv ~ A RIdeRﬂElﬂyv ~ FreeRVaZﬂElﬂyv
1=1
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IdeR[1I

Elyv

IdeR|1I Ejyv

IdeR[A; and A Dyv =

TdeR[I[I%31"] = E]yv

RIdeR[E]yv = IdeR[E]

Jumps[[E1 1= E2B Ju

RIdeR[E]yv

RIdeR[E]yv

IdeRﬂAiﬂyv ~ IdeRﬂAQByv

= IdeR[ElYv

yv ~ IdeVallE]

mpsﬂElﬂ ~ JumpsﬂE2n

40"

"

Jumps[§I 0% $I]
1-_—

Jumps[while E do 0,]

Jumps[if E do 0,1 =

Jumps[escape 1] = (1

Jumps[let A in 0,1

Jumps[let & in 0,]

Jumps[B] =

A Jumpsﬂ@lﬂ \ (D

1

= Jumps[E] 7 Jumpsﬂeiﬂ

Jumps[E] * Jumps[@lﬂ

)

Jumps[A] 7 Jumpsﬂ@lﬂ

Jumpsﬂ@lﬂ

234



A2 235

Jumps[I] = ()

JumpsIIE1 Q E2D = JumpsﬂElﬂ ~ JumpsﬂEzﬂ

1

Jumps[© before Elﬂ Jumps o] * JumpsﬂElﬂ

I

JumpsﬂEl - E2, E3 JumpsﬂElﬂ ~ JumpsﬂE2H ” JumpsﬂE3H

i

Jumps[let A in Elﬂ Jumps[ Al © JumpsﬂElﬂ

Jumps[let @ in Elﬂ = JumpsﬂElﬂ
* #E*
JumpsﬂEl[E 11 = JumpsﬂElﬂ ~ A JumpsﬂElﬂ
1=1
JumpslI = E] = JumpslE]
Jumps[I = E] = JumpslE]

Jumps[[A1 and AQH = JumpsﬂAlﬂ Jumps[AQH



ApPENDIX 3: DEFINITION oF APPLE

"Dreaming of apples on a wall,
And dreaming often, dear."

Puzzles from Wonderland.

Syntactic Domains:

B ¢ Bas
6 ¢ Com ::= El i = E2
§I 0F §I
while E do 61
if E do 61
escape I
let A 1n e1
for I from E1 to E2 do O1
AeDeC :I:E
I =EL
I = array E”
A1 and A2
E ¢ Exp = B
I
E1 £ E2

o before E1
El -> EQ, E3
et A 1n E1

IE”
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Semantic Domains:

[S-[[s>s]xC1I+10,)
= L+B+R

<D
m

o o w
1l

e ¢ E = L+B+R

neH = proc:P x var:[Ide~D] x cont:[Ide~C] x lit:[Ide-T]

J = [Idex[1*+{2}]" ]+Ide

p e R = bounds:I* x locs:L”

G e S = store:[L-V] x area:[L-T] x res:[P~E] x use:[P-T] x err:T

Te T
v = B
g e L = P"

X € [S-S]
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Semantics:

CﬂEl T = EQﬂnO =

LREvaZ(ﬂElﬂ,HE2H>n(k(a,B).UpdateaBe)

cl§I 0* §Ilne =

CEvallo*]l (nre/cont/I])6

clwhile E do elﬂne =

Fix(A8'.R[Eln{rxe.c = Cﬂ@lﬂn(Breake'), 61})

clif E do ®1Hn6 =

RIEIn{re.e » clo,In6, 6}

clescape Ilnd =

nlcontllI]

cllet A in elﬂne =
CZaimProcs(nﬂprocB)Z{An*.DﬂAﬂn[ﬂl/proc]
{Ae*.Cﬂelﬂn[a*/var/IﬂAﬂ][NewLitﬂAﬂ/]it/IﬂAﬂ][ﬂ2/proc]e}}

¢l for I from E1 to E_ do elﬂne =

2
REuaZ(ﬂEiﬂ,ﬂE2H>n{A<51,52>-QEvaZ<€1,€2>ﬂIﬂﬂ91ﬂn9}

lIldeln =

cloelnpi/var/I1[True/11t/1]

E[ Bl nk =
k(B[ B] )
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E[[ Il]r']l( =

k(nlvar]fI])

REvaZ(ﬁElﬂ,ﬁE2ﬂ)n(Xe*.K(WﬂQﬂe*))

E[© before ElﬂnK =

Cﬂ@ﬂn{EﬂElﬂnK}

RﬂElﬂn{Ae.e > ELE,Ink, EﬂEaﬂnK}

E[let A in ElﬂnK =
CZaimProcs(nﬂprocﬂ)Z{Aﬁ*.D[ADn[ﬂl/proc]

{Ae*.EﬂEiﬂn[s*/var/IﬂAﬂ][NewLitﬂAﬂ/]1t/IﬂAB][w2/proc]K}}

EIT+E*Ink =
(Ae. e€R-7,

REvaZﬂE*Hn{Ae*.InArrayRangeee*»K(GetArrayLocee*),?})

(nfvarllIl)

D[I = Elnk’ =

RﬂE]n{Ae.NewLoc(nﬂprocﬂ){Aa.Updateas{K'<a)}}}

DI[I = E]nk’ =

R[EIn{re.k'(e)}
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D[I = array E*Jnk' =
REval[E*In{)e*.NewLocs(n[proc])(Ie*)(Aa

DLA, and A Ink' =

1

* * * A Kk
DEval<DuA1n,DﬂA2n>n{x<el,e2>.K'(sl e2)}

Wﬂ+ﬂ(€1,e2)

]

™
+
™

{]

™
X
m

WHXH<51,€2)

I[I = E] = <D
I[I = E] = (D
I[I = array E¥] = (D

IﬂA1 and A2H = IﬂAlﬂ“IHAQH

L[E]nk = E[E]In(Lvk)

R[E]nx = E[E]In(Rvk)

{True)

i
It

NewLit[I E]

E] (False)

]
"

NewLit[1

k(e ,a™ )}

241
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NewLit[I = array E*] = (False)
NewLitﬂAl and A2u = NewLitnAln“NewLitﬂAzﬂ

Lvke (eel = ke, Error)

Rvke (eeL = Contsek, eeV = ke, Error)

UpdateaBOo = { Putaf,9

Contsakd = { CheckFetcha(Fetchoo) ,k(Fetchoo))

CheckFetchaBa = (B=Fetchao = o, 2)

Putopfo = o[B/store/n]

Fetchao ol storela

Break6o (AC.0,0

NewLocT®KO StoreFullwo — <CheckFuZZﬂ,et),

{ ChecklNewn(Newno) ,k(Newna))

CheckFullmg (StoreFullms = SetErrorc, 2)

(StoreFullmo = 2,

3}

CheckNewrnao

a=Newwo > Useao, 2)

Useao = o[ True/area/al
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Syntactic Equations:

IdeVall[ BJ[ I*] ()

IdeVallIIII*] = (D
IdeVaZﬂE1 Q EQHHI*B = ()
IdeVall© before E1BHI*H

*
IdeVaZIIE1 EQ, ESBHI 1

Idevall let A in EIHKI*H

IdeVaZﬂElﬂﬂI*ﬂ

IdeVaZﬂE2HﬂI*H ~ IdeVa1ﬂE3nﬂ1*n

IdeVazuE1n<pupgen1*uuAn> \ If Al

#E™
TdeVall TVE*ILI™] = (I, % IdeSubﬂElﬂﬂI*H>>
1=1

HI®+1

(I<I™>

i

TdeSubl IIII™]

¥ (I:Ilﬁi,o),?)

1=1

BI™
TdeSubINILI™]

1=1

TdeSublN x IIII™]

TdesSublT » NIII™I]

(I<I™ %

( % (0))~BIND

HI%+1
(I:Il+BHN],0),?)
1=1

243
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IdeSub[[E1 + EQBHI*H =

#1
(

1

+1

H > %
(Y

(IdeSubﬂElﬂﬂI*ﬂ¢1+IdeSubﬁE2BﬂI*D¢1))

for all other cases:

IdeSub[E][I*] = 2
Purge[I*][I = E] = I*
Purgeﬂl*ﬂ[I = E] =

Purge[I*]II = array E¥] = Wullifyl[I"101]

PurgeﬂI*]ﬂAl and AQH = Purge(PurgeﬂI*ﬂﬂAlﬂ)ﬂA2ﬂ

Fullify[IT10I] =
. *
(#1%=0 - <), (I=I1,-1,,I) "Wullify(I +1)[I])

IdeL[E, := E,III"] =
*
IdeLﬂElﬂﬂI*ﬂ ~ IdeVaZﬂElﬂﬂI*B " IdeDlE,I[I"]

#e” .
IdeL[SI ©° $I101I7] = IflIdeLﬂelﬂﬂI ]

fder[while E do © I1[T"] = IdeZ[EJ[I"] * IdeL[0,11I"]

rden[if E do 0,1[1"1 = IdeL[EJII"] ~ IdeL[®,]11"]
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Iderlescape IJII*] = O

IdeLllet A in elﬂﬂl*ﬂ =

IderLlAllI*] -~ (IdeLﬂ@lﬂ(PurgeﬂI*BﬂAﬂ) \ Il al)

IdeLl for I from E1 to E2 do Olﬂﬂl*ﬂ =
IdeLﬂElﬂﬂI*] A IdeL[EQHHI*] ~ IdeLﬂ@lﬂﬂI*ﬂ

IdeLIBILI*] ()

1}

IdeL[II[I™] ()

TdeLlE, @ EQHHI*B = IdeLﬁElﬂﬂI*ﬂ ~ IdeLﬂEQHﬂI*ﬂ

IdeLl © before Elﬂﬂl*ﬂ Iderloll 1] * IdeLﬂEiﬂﬂI*H

IdeL[E1 > E» ESH[I*B

IdeLﬂElﬂﬂI*ﬂ 8 IdeLﬂEQHHI*ﬂ ~ IdeLﬂEgﬂﬂI*B

Iderllet A in Elﬂﬂl*ﬂ =

IderLl AL I*] (IdeLﬂElﬂ(PurgeﬂI*ﬂﬂAﬂ) \ Il al)

4B~
IdeLITVE*ILI*] = A IdeLﬂElﬂﬂI*H
1=1

IdeLl ENI I7]

Iderl I = ENI*]

EILI*] IdeLIEILI7]

n

IdeLl I



A3 246

#E™
IdeLlI = array E*J[I*] = A IdeL{E J[I"]
1=1

IdeLA, and A J(1%) = IdeZla, JIT"1 " IdeL{A,1[T"]

IdeR[E, := E2ﬂﬂI*n = IdeRﬁElﬂﬂI*ﬂ 2 RIdeRﬁEQBHI*H
* * #O* x
IdeR[§I 0" $IJ[I") = A IdeR[6 JI17]
1=1

IdeR[while E do Olﬂﬂl*ﬂ - RIdeR[EJLI*] * IdeR[Olﬂ[I*D
IdeR[if E do eluql*n = RIdeR[E]J[I™] * IdeR[OlﬂﬂI*ﬂ
IdeR[escape IJII*] = O

IdeR[let A in eluul*n -

IdeR[AI[IT] ° (IdeRE@lﬂ(PurgeﬂI*ﬂﬂAﬂ) \ I[A])

IdeR[for I from E, to E  do Olnﬂl*ﬂ =

RIdeRﬂElﬂﬂI*ﬂ A RIdeRﬂEQHﬂI*H 8 IdeRHOlﬂﬂI*ﬂ

IdeR[B]II™1 )

¢

n

TdeR[IJII™]
IdeRIE, @ E III7] = RIdeR[E [[1"] " RIdeR[E,J[1"]

rder[© before E_1[17] = IdeR[O11I"] " IdeR[E 1[1"]
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> *
IdeRIE, ~ E , E_JII*] -

RIdeR[E 1[1*] TdeRIE I[T*] * IdeRIE JI1"]

IdeR[1let A 1in ElﬂﬂI*] =

IdeR[AJ[I*] -~ (IdeRLE 1 (PurgelI"11a1) \ Il[AD)

H#E™
IdeRITVE*JLI*] = A RIdeRIE |
1=1

IdeRII = EILI*] = RIderIE]I[I*]

IdeRLI = EJ[I™] = RIderRIEII[I]
4L

IdeRII = array E¥JII*] = A RIdeRlIElll[[I*]]
1:1

IdeRlA, and AQDHI*E - IdeRﬂAlﬂﬂI*ﬂ ~ IdeRﬂAQBﬂI*B

RIdeRIEIII*] = IdeRIEIII™] ~ IdevallEIII™]

JurnpslIE1 = E2]] = JumpslIEl]] JumpslIEQ]]
#o™

Jumpsl §I 0" $I1 = A Jumpsﬂ@l]] \ (D
1=1

Jumps[while E do 61]] = JumpslE] ~ Jumpsl 6,1
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Jumps[if E do ©,] = Jumps[E] " Jumpsl0,]
Jumpsf escape I] = (D
Jumps[let A in 0,1 = Jumpsl[A]l © Jumps[0,]

Jumps[ for I from E  to E do 0,1 =

2
JumpsﬁElﬂ " Jumps[E2ﬂ ~ Jumpsﬂ@lﬂ

Jumps[ B] )

n

Jumps[I] = )

Jumps[[E1 Q E2ﬂ = Jumps[Elﬂ JumpsﬂEQH

Jumps[© before Elﬂ

Jumps[ 0] 7 JumpsﬂElﬂ

1

Jumpsl[E1 - EQ, E_]

3 JumpsﬂElﬂ JumpsﬂEQH JumpsﬂEsﬂ

Jumps[let A in E_]

" Jumps[A] © JumpsﬂElﬂ

#E™
JumpsﬂIlE*B = A JumpsﬂElﬂ
1=1
Jumps[l = E] = Jumps{E]
Jumpsl[l = E] = Jumps(E]
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#E™
Jumps[I = array E*] = A JumpsE 1
1=1

Jumps[[[\1 and A,1 = Jumps[A, 1l © Jumpsla,]
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