
A RIGOROUS EXAMINATION OF
SEQUENTIALLY EXPRESSED ALGORITHMS

To REVEAL THEIR CONCURRENCY HIERARCHIES

C.M.Jones 

(St. Peter's College, Oxford)

A thesis submitted for the degree of Doctor of Philosophy 

University of Oxford July 1977



ABSTRACT

The methods of Scott-Strachey semantics are applied to the 

problem of writing programs for parallel computers, using serial 

languages such as are in common use, with compilers which 

attempt to discover and exploit potential parallelism in 

independent sections of program.

A mathematical model of a parallel computer is first 

developed in detail, and in chapters 1 and 2 three basic 

conditions are derived which together ensure determinacy of 

operation in a parallel machine, first in purely semantic terms, 

then in a form more related to the syntactic structure of a 

language.

The remaining chapters apply these basic conditions to three 

actual languages, showing how the conditions can be reduced to 

purely syntactic (hence compiler evaluable) tests. Chapter 3 

uses a very simple language to introduce the techniques 

required. Chapter 4 adds procedures, with all the complexity 

they involve. Chapter 5 considers the rather more fruitful 

area of arrays and loops.

The result, in all but the most trivial cases, is a rather 

complicated set of conditions which, while they produce the 

desired effect, suggest that today's commonly used languages are 

not the most suitable method of exploiting parallel computers.
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CHAPTER 0:' INTRODUCTION
'"What is the use of a book, 1 thought Alice, 'without 
pictures or conversations?'"

Alice's Adventures in Wonderland: Chap 1.

The rapidly increasing quantity of work that is being found 

for computers to do, together with the realisation that there 

are physical limits on the speed at which a computer can be made 

to operate which are likely soon to make themselves felt, has 

led to the development of, and considerable growth of interest 

in, multi-processing computers; i.e. machines with several 

processing units (of similar or different kinds) which can act 

simultaneously, often on a common set of data. The earliest 

use of such machines gave each processor a separate program to 

execute, which it did completely independently of the other 

processors. This is not a very interesting technique, since it 

is virtually equivalent to using a number of small, completely 

separate computers, and it also has the disadvantage of 

requiring large quantities of storage for many programs to be 

available at one time. More recently, the problem of applying 

a large number of interacting processors to different parts of a 

single program has been considered. Needless to say, this 

poses considerable problems, not least for the programmer. 

Geller and Weinberg [12] suggest the principle: "Parallel is 

more natural than serial, unless proved otherwise", with the 

corollary: "Unordered is more natural than ordered, unless 

proved otherwise"; unfortunately, this very easily becomes: 

"Chaos is more natural than order...", which may sometimes be 

true, but it is hardly desirable! The problem with a program
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with interacting parallel processes is that the result may well 

depend on the relative timings of the interactions, so that two 

runs of the same program with the same data may produce 

different results. This problem rarely occurs with serial 

programs, since, although some programming languages do not 

define the order of certain operations (e.g. evaluation of 

subexpressions), most implementations of these languages in 

practice do. Furthermore, the problem is worse than that of 

simply reordering commands or expressions of a program; for 

instance, the two statements:

x : = x + 1, j x : = x + 2

can be executed serially in either order and will always give 

the same result; if, however, they are executed in parallel, 

the outcome may be to increment x by 1, 2 or 3!

It seems only reasonable then, that a programmer should be 

able to be sure that any program he writes is at least 

determinate - his job is difficult enough even with such 

assurance. One can distinguish three approaches to programming 

parallel computers:

i) The use of languages with explicit manipulation of 

parallel processes, but where the constructions used are 

guaranteed to produce determinate results, e.g. Data Flow 

languages [ 2] [ 11] [ 16] . Unfortunately, it is not at all clear 

how best to do this, and the work in this area is in early 

stages - most of it is in the state where "programs" consist of 

flowcharts which then have to be hand-coded into a machine code. 

Also, this approach has a tendency (at least in its current 

state of development) to produce languages very much oriented to 

particular hardware (most of which does not exist). So, while
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this approach may have considerable promise for the future, it 

will not be considered further here.

ii) The use of parallel languages (or serial languages 

extended to contain parallel features) whose constructs are not 

such as to guarantee determinate behaviour. The advocates of 

this approach (see [3] [12] [25] [37]) do not seem to be 

concerned about guaranteeing determinacy. But since the 

language does not guarantee it, and by the philosophy outlined 

above it is unreasonable to expect the programmer to do so, the 

only alternative is for the compiler to check that any instance

of a parallel constuct is in fact deterministic. This makes
» 

the definition of what is a valid program unduly complicated,

and the method has little to commend it over the third approach.

iii) The use of conventional serial languages with a 

compiler which is capable of deciding that certain sections of a 

program, although not specified as such by the programmer, are 

in fact independent, and can be executed in parallel. This 

inevitably makes the compiler rather large and slow, but the 

approach has (at least at present) the two-fold attraction that 

not only are a great many existing programs written in such 

languages, but also serial programming is (comparatively) well 

understood.

The basis of the difference^ between the first two approaches 

and the last one is the question of which is more effective at 

finding and exploiting potential parallelism in a problem, 

computer or human programmer. The ideal answer is almost 

certainly a carefully balanced combination; the third method is 

unlikely to discover all the potential parallelism of an 

algorithm, and hasn't a hope of finding a better algorithm for 

the same problem; on the other hand, there is much that a
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machine can do, and do it more thoroughly and reliably. Having 

said that, the remainder of this work will be devoted to the 

consideration of approach (iii) - the automatic discovery, i.e. 

by a compiler, of parts of a sequentially expressed algorithm 

which can be executed concurrently while retaining the 

determinacy of the algorithm.

Much work has already been done in this area; a survey of 

some of it, together with some other aspects of parallel 

processing, may be found in [ 4] . Many people have considered

arithmetic expressions to see how they can be rearranged, using
j

the commutativity, associativity and even distributivity of the 

operators, to make the best use of parallelism [6] [7] [9] [14] 

[17] [18] [24] [28] [31] [36]. Indeed, quite an inordinate 

amount of effort seems to have been expended in this particular 

area, bearing in mind that most programs only contain very 

short, simple expressions. The other main area of work has 

been in discovering whole statements or blocks of statements 

which are independent and can therefore be executed 

concurrently. [5] [8] [14] [29] have considered this aspect; 

[ 24] takes several special cases where this technique can 

usefully be employed, the most interesting and profitable of 

which is the case of loops where different iterations of the 

loop can be executed in parallel; see also [ 20] [ 30]. Kuck et 

al [ 19] have found some quite encouraging empirical results 

concerning the usefulness of these techniques in terms of the 

speed-up of programs.

The approach used herein will be somewhat different; most 

of the work described above was pragmatic (except for some of 

the more esoteric work on expressions) in that it was directed
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to extracting the maximum amount of parallelism from existing 

programs (usually written in Fortran). The present work is 

more rigorous; starting from a formal description of a 

language's semantics and a semantic model of a parallel 

computer, methods are developed to find which sections of a 

program can be evaluated concurrently. Moreover, the analysis 

will follow the recursive structure of the program, so that a 

hierarchy of possible parallelism may be detected, rather than 

the single level that is generally only possible when analysing 

Fortran programs. Transformations of the program, as in [20]

[24], will not be considered, nor will questions of scheduling
t 

arbitrary numbers of tasks on a fixed number of processors (see

[ 1] ), or of how large and numerous tasks should be to make 

optimum use of any given machine. One of the implications of 

this approach is that there is little point in considering a 

language like Fortran, or even Algol - their semantic 

descriptions are clumsy, and many interesting features are 

either absent or obscured behind irrelevant quirks of the 

language. Instead, three languages have been designed to 

exemplify the methods. Between them they (hopefully) include 

most of the significant features of existing languages, 

including ones like the sharing of one memory location by two 

different identifiers - an important problem which has been 

almost totally forgotten or ignored - [ 8] and [ 14] mention it in 

passing, but then ignore it.

The first, described in chapter 3, has only very basic 

features, and its potential for parallelism is small - the 

opportunities appearing in, for example, compound expressions 

(which are rarely complex enough to allow much parallel 

activity) and the sequencing of commands in a block (which are
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rarely completely independent). It does, however, serve to 

introduce the steps and techniques required to prove the desired 

results.

Chapter U, with the second language, considers procedures 

and some of their associated problems. Unfortunately, the 

opportunities for parallelism are not significantly more, but 

this chapter attempts to consider realistically some of the 

complexity involved in applying the methods to familiar types of 

language.

The third language (see chapter 5) branches out in a 

different direction, and by considering loops in more detail, an 

area of considerably greater promise for useful parallelism is 

explored.

The methods for describing the semantics are essentially 

those of Scott-Strachey semantics as expounded in [23] ; details 

of notation, etc., will be discussed as required.

For the purpose of modelling it, a parallel-processing 

computer can be envisaged as a number of independent processing 

units, (all similar, or each with a different special function,) 

probably some common storage, (this can be thought of as one of 

the processors, but it is convenient not to,) and some means of 

communication between pairs of. processors and between processors 

and the store. The action of each processor (though not 

necessarily the time it takes for that action) is a known 

function purely of the communications it has sent and received 

in the past. Thus the   action of the machine is entirely 

determined by the state of the store and communication lines.

The (not unreasonable) assumption must be made that the 

hardware of the machine prevents from happening simultaneously
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two or more communications which clash (e.g. attempts by two 

different processes to access the same memory location); and 

clearly two communications which have no connection with each 

other may be considered one at a time, even though they occur 

simultaneously.

Thus it is reasonable to consider communications one at a 

time, as if nothing else were happening; and, with each 

communication, any computation done by the processor (since its 

last communication) as if squashed into the time since the last 

communication of the whole machine.

Thus each processor may be considered as executing a 

sequence of transformations of the state of the machine, which 

is interleaved with similar sequences from other processors. 

Of course, later transformations may well depend on the state of 

the machine which is being affected by all the processors, and 

therefore on the transformations executed by other processors 

and the way in which they are interleaved.

So much for a general description of the model. The next 

chapter will develop the model in detail and prove some results 

about conditions in terms of abstract semantics; chapter 2 will 

give further general results; and chapters 3, 4 and 5 will

describe the three exemplary -languages and develop syntactic 

(i.e. compiler-usable) conditions for the use of parallelism.



CHAPTER 1: SEMANTIC CONDITIONS
"'If everybody minded their own business,' the Duchess 
said, in a hoarse growl, 'the world would go round a 
deal faster than it does.'"

Alice's Adventures in Wonderland: Chap 6.

1.0 Introduction and Notation

This chapter will be concerned with defining the details of 

the semantic model, and with deriving three basic conditions 

which ensure the determinacy of parallel computation. Later 

chapters will replace these semantic conditions by syntactic 

ones which can be applied directly (by a compiler) to a program 

text.

The mathematical structures used will be complete lattices; 

for a detailed discussion of these, their use in programming 

language semantics, and their construction from recursive 

equations, see [ 23]. The notation used herein will be similar 

to that of [ 23] . Lambda notation will be widely used in 

defining functions. Semantic domains will be denoted by single 

-upper-case Roman letters, and their -elements -by_corresponding-, 

lower-case Greek letters, using primes and subcripts to 

distinguish different elements of the same domain, thereby 

usually eliminating the need to state explicitly to which domain 

an object belongs; thus e,e',e ,e' will all be understood to be 

elements of E, <}> of F, etc., but note the three cases 6eC, neH, 

and, because of the special function (so to speak) of X in 

defining functions, acL. When elements of anonymous domains 

are required, their functionalities will normally be given
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explicitly. The one exception to the unrestricted use of 

primes and subscripts will be in the case of the domain K: 

since three similar domains K, K' and K" are required, IC » K 0 > 

etc. will be used for elements of K, K'.,K', etc. for K f , and 

K",K" etc. for K". Italicised names will be used for specific 

functions, and (occasionally) specific atomic objects (eg True , 

False). With reference to domains, +, x, ->  (indicating 

continuous functions - see [23]), e have their usual meanings, 

[] are used for bracketting, and {} are used to enclose a 

specific enumeration of the elements of a domain. Precisely 

what definitions of + and x are adopted is largely irrelevant, 

though care needs to be taken occasionally to ensure that all 

the functions used are continuous.

Finite lists of elements of a domain D will be denoted by 

6 eD ; such lists can be specified either, as in the case of 

products, by a sequence enclosed in the special brackets < > ,

ejj, (6 .6 , . . , , 6 )^LJ *« J r\ 7 ?..

or by use of the symbol X- which is used similarly to the 

summation symbol J of conventional mathematics,

v 
eg. % 6 =< 6 ,<5 ,. . . ,6 >

_ . \ 12 V

#6 denotes the number of components of 6 ; selection of the
,4,

ith element is denoted by 6 -l.i , often abbreviated (when this is 

not ambiguous) to S ; 6 tv denotes the list produced by 

removing the first v elements of S ; 6 ""6 denotes the 

concatenation of 6 and 6 , and A is used for multiple 

concatenation in the same way as X and J; 6<6 indicates that 6 

is a component of 6 ; 6 \6 denotes the list formed from 6 by 

omitting all the components of 6 wherever they occur; note 

that if PS is a continuous predicate, then (FS<6*,P6) and
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(3<$«S ,P<5) are also continuous. The expression T"^ e -|» e 2 where T 

is an element of the truth value domain T, takes the value E I if 

f=True t e 2 if t = False , i if T = ±, and T if T = T. If 6e[A-*B], 

then 6[$/a] denotes (Aa'. a = a f -*3 ,6a') . In describing many 

functions, a recursive equation will be given, in the hope that 

this will be clearer than, but easily reformulated as, a precise 

definition in terms of the least fixed point operator Fix, to 

which the given equation will be considered equivalent. In the 

statement of lemmas and theorems, "free" variables should of 

course be assumed to be implicitly universally quantified over 

the appropriate domains; and within proofs, the symbols £ and <R 

will denote the left- and right-hand sides respectively of the 

result to be proved. Parentheses () and {} will be used 

(hopefully) to make the parsing of expressions unambiguous and 

as clear as possible: the author apologises for any lapses in 

this respect.

1.1 Basic Domain Structures

This section will describe the basic semantic domains and 

manipulating functions which form the foundation of the model, 

"and will prove a number of basic "reults about the~se functionsT  
>

First, veN and lei will normally denote non-negative and 

positive integers respectively.

A domain S is needed to model the "state" of the machine 

this corresponds to the store of serial semantics - it will have 

components representing the memory of a serial machine, but also 

others unique to parallel semantics. However, there is no need



1.1 11
to discuss the detailed structure of S at this stage.

These states are manipulated by elements of a domain C of 

"commands", onto which programs and parts of programs will be 

mapped by the semantic functions. The effect of any such 8eC 

is to apply a sequence of indivisible primitive operations to a 

state a. However, in the presence of other commands being 

executed in parallel with 6, the second and subsequent 

operations produced by 6 will in general depend on what other 

commands do in between. Hence it will not do to have 8 

represented simply as a list of "primitive" state

transformations, but rather as an object which, when applied to
*

a state a , gives a new state a , transformed from a by a 

single primitive operation, together with another command which 

represents the rest of what 6 has to do. The second command 

will later be applied to another state which will be a with 

(possibly) some operations from other commands applied to it. 

It is, of course, necessary to allow this process to stop. So 

C is made to include a special "termination" element 6. . (cf 

Plotkin's [26] domain of resumptions where the result of 

applying a state is either another (final) state or an 

intermediate state and another resumption. But it is 

convenient in the present work to have the terminal command 

explicit, rather than have > the situation where every command 

does at least one operation.) Also, to compare different 

interleavings of parallel commands, lists of operations are 

required rather than simply lists of transformed states. This 

leads to a domain C with structure:

c = [s->[[s-s]xc]] + {e t }
(note that (A0.6=0 ) is a continuous function).

The final state after executing a command 6 from initial
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state a, in the absence of any simultaneous activity, is given 

by the function Outcome:

OutcomeQa -

(6 = 6 t -> a, (A<x,e f > .Outcomee f (xa)) 

(60))

(X will be used exclusively to denote elements of [S-»S]). 

Alternatively, the complete list of operations produced by 6 can 

be found by means of the function Expand:

ExpandQo = ' *

(6 = 9 -» <> , U< x>6 '>  < X> "Expand® ' (x°» 

(6a))

while the list of operations and the final result are related 

by:

This is satisfactory provided that x i- s finite in length.

However, if the program represented by 6 does not terminate, the

' ' . *
situation is more complicated: if x is restricted to being a

finite list, then the Expansion of a non-terminating command 

will simply be J.; but this is not very helpful (though, of 

course, neither is a non-terminating command!) and there is no 

particular reason why x should not be allowed to be infinite in 

length. The choice is not considered vital, since it is 

generally more profitable to be concerned with programs which at
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least manage to complete something. Indications will, however, 

be given throughout this chapter of what needs to be done to 

cope with lists of infinite length.

Two useful relationships between the functions defined above 

are shown in the following obvious lemmas.

Lemma 1.1.1:

Apply(ExpandQa^a = OutcomeQo . 

Proof

by induction on v=# (ExpandQo).

if e=e t
then £ =Apply<. > a-a-fi.

if e*e t ,

let < x,e '> =6a j

so ExpandQo-< x> "ExpandQ ' (xa ^ >

so #(ExpandQ ' (xa))=v-l ;

so £ = Apply « y) ~Expand6 ' (x° ') ) cr

= Apply (Expand® ' (x^» (xa)

= Outcome 6 ' (x<? ) by inductive hypothesis

= fl.

(The case v = °° requires a simple application of fixed point 

induction (see [23]) using essentially the same inductive step.) 

QED
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Lemma 1.1.2:

Apply Cxl"x*2 ) = APP l y**2 o Apply \*i '
Proof

by induction on v = #x? >

ie assuming true for x.f* when #x'* <v j

show that Fa, Apply (x*"x 2 )a=Applyx*2 (Apply y^a) .

If v=0

then £=AppZyx*2 <3 

and &

If v>0 (but finite)

then £ = 4ppZz/(x*"x 2 )cr

since v>l

by inductive hypothesis

If v = <» then both sides are i.

When several commands acting in parallel are considered, two 

more domains are needed. First, a domain P of "process 

identifiers" - a flat lattice of elements which are 

distinguishable but have no other special significance. They 

are used in lists of distinct elements, as index sets for lists 

of commands. Thus if 6 ,...,0 are v elements of C, and TT* is 

list of v distinct elements of P , a compound object 6^* can be
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created, such that, for l<i<v, IT indexes 6 - this will be 

written simply as Q^*i\ =6 . This compound object will taken as 

an element of [P*x[P-»C]], although [P*xC*] or [PxC]* would do 

just as well. This formulation has the advantage that the
"&

index list TT and the correspondence between each 0 and its 

index are explicit, but is slightly clumsy in that the value of 

the second component is irrelevant for values of w not in the 

index list. However, such values will never be needed, and the 

above example will be written as 6 7T *=< TT* , ATT .6 >. This 

notation will also be used for elements of the form

x* 7r * e [P*x[p-[s->s]*]].

Second, a domain Z of "schedules", whose elements are 

infinite lists of process identifiers. These will define the 

way in which parallel commands are interleaved, in a manner 

similar to Milne's prescriptive rosters [ 22] j thus the first 

element of a schedule which indexes a non-terminal command 

determines the next command for consideration, and this 

procedure is repeated using the tail of the original schedule, 

ie with elements up to and including the chosen process deleted. 

Schedules, of course, model the indeterminacy of a parallel 

computer caused by the variable relative timings of 

interactions. It must be emphasized that, in spite of the 

connotations which the word usually has, a schedule is not a
*

device for imposing a certain pattern of operation, but rather a 

mathematical technique for describing what happens. The aim of 

this chapter is to show that, under certain conditions, a 

program is determinate, i,e. its result is independent of the 

schedule(s) used. In order to ensure that anything waiting to 

be done does get done eventually, the following definition is 

needed:
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Definition

A schedule £ is Fair in TT* if
JL

for every TT<TT and integer * n >0 

there is some x^i s.t. £J-i=7r

Hereafter, all schedules will be taken to be fair in the

  j_ *
appropriate 'IT .

The effect of executing the commands of an indexed list 6 

in parallel, according to a schedule £ (which is fair in IT ) , 

and then continuing with a command 6, is given by the function 

Combine :

Definition

ChooseQ £ =

* ^ '"*UTT.(IT<TT -»• STT^, False) -* <7r,£tl> , ChooseQ ( £tl ) )

IT ~k
Combined £6 =

6, Aa.(X<TT,£'> .(X<x,6'>   < X >CombineQ** [ 6 ' /TT] £ ' 6> )

Here, the purpose of Choose is to pick out the first usable 

process if from a schedule, according to the criterion that the 

corresponding command is non-terminal (and, of course, that IT is 

in the appropriate index list), assuming that there is such a
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• TT "fc
non-terminal command, ie unless AreTQ . The following lemma 

guarantees that Choose always has this effect.

Lemma 1.1.3: 

If 

then

where i is the least integer s.t. 77=^4-1 satisfies

TT<TT and 0 TT*6, . (1)

Proof
TT *

Since ~y4re!T6 ,

^ 7T ̂there is at least one 7r<fr s.t. 6 7T*9.
M

and by Fairness of £, 3i s.t. <;-l"i = TV ; 

so proceed by induction on least i s.t. ?! \ satisfies (1).

If \=1 then from definition of Choose ,

£=< c;i,eti> =« .

If i>l then either ~Cc^l-«Tr*) or e^* (c-H) =9 t ;

so

where £'=?tl ;

but least integer i f s.t. ^ H i ' satisfies (1) is i-l 

so by inductive hypothesis,

TT ̂X =

= < f * i ' c 'ti f >

Having discovered how to combine a number of commands in 

parallel, little can be done without a method of keeping track 

of what one of them is doing. This is done by the function
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Detail^ which picks out the primitive operations done by process

IT from an Expansion of a Combination of 6^*.

Definition 

Detail® 1** C.T\O =

Detail^* IQ f /ir'K 'ir(xcf) )

(Choose^*r,} )

The base for many later inductive proofs will depend on the
j

fact that Expansions and Details have zero length precisely when

the corresponding command is terminal. This is obvious for 

Expand , but slightly less so for Detail , so it merits another 

lemma:

Lemma 1.1.4:
-TJT * 
If TT<7T

IT •&• TT *then VtDetailQ £ira) = 0 * 6 ir = 0 t . 

Proof

<= immediate from definition of Detail.

By Fairness of C, there is some i s.t. c4-i = fr.

Now proceed by induction on i , the least such integer.

TT * 7T A
Suppose HtDetailQ CTra) = 0 and 6

and let < IT ' , £ '> =

and < x,6 f > ^

then Z?etaiZ9CTrcJ=(TT-TT'^< x> ,<> )"Detail \_Q ' /TT ' ] ? 'TT

but # (Detail®**
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hence ir*ir f and ft (Detail^*[_ Q '/IT ' ] c ' ir(xa)) = 0 ; 

but by 1.1.3,

< TT' ,C '> =< & i ,£ti> for some I<T Q ; 

but since TT^TT ', i<i ; 

hence Z'l\' = i\ for \' = i -KI ;

hence by inductive hypothesis, 9^*11 9 ' /IT ' ]TT=6 ; 

ie e 1T *7T = e t ; 

contradicting original assumption.

Hence # (Detail^*^o ) = 0 -» e ir *ir=9 t .

Given the expansions produced by Detail for each process, 

they can be mixed together again, using the same schedule, with 

the function Mix , which works very much like Combine:

Definition
*TT* 

Empty x

* TT*Select^ r, =

, Se

*7T*

0

Select and Empty have purposes precisely analogous to Choose 

and /IreT, but acting on operation lists instead of lists of
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commands. This suggests the following lemma precisely 

analogous to 1.1.3.

Lemma 1.1.5:

Tf V _LIf ~£mptz/x 

then S

where i is the least integer s.t. TT = C^ satisfies

TT<IT and # C, w 

Proof

is so similar to that of 1.1.3 that it is omitted.

QED
j

Another function which will temporarily be useful gives the 

total length of a list of lists of operations.

Definition
*Tf* r ,, *7T*T , i ,-r * Tf * rLengthSumx - L

TT^TT

It features in the following lemma which demonstrates the 

rather obvious fact that the length of a Mixture of state 

transformation lists is independent of the schedule used.

Lemma 1,1.6:

Proof
* TT*

by induction on v = LengthSurnx

"}~ IT "Jc

If v = 0 then Emptyx •>
... *1T*so

ie £=0 .
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If v>0 then

let < TT' ,£'> ^

and

then

= ( I

= v-1 5 

so by inductive hypothesis,

so £ -

+ (0X**** '-1 )

The infinite case is easily proved by showing that, for any v,

*fr* _ x

QED

Not surprisingly, Combining commands together and Expanding 

the result gives the same answer as extracting their Details and 

then Mixing the resulting lists together with the same schedule; 

thus giving an important alternative formulation of the business 

of Combining parallel computations.

Theorem 1.1:

Expand(Combine®

Mix( TT* ,XTT .Detail®^* >Q Q
TT "&

where a = Outcome (Combine® ?8. )a
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Proof

by induction on v = # (Mix( TT* ,Xir .Detai lQ'n*^a > £ ) .

First note that

* (1.1.6)

'ir=e t (1.1.4)

7T "faSo if v=0 then AreTQ

so £=ExpandQ a ;

and R=ExpandQ A a =£ (j i
since o =OutcomeQ a =a .

TT ^If v^O then

let < IT' ,£ ') ^

and i s.t. < TT ' ,? '> =< ?l i ,?ti > (which exists by 1.1.3)

and < x ,e f > -0 7r *7r'a 0
^.' IT ^t ^t "ft "ftand x =^ T iXv. DetailB

jr *now for any fr<TT ,

) = 0 (1.1.4) ;
^ TT it

so ^<1, since by 1.1.3, ^\<^ => 6

, , * j n 17 * / I \ owhereas £l i <TT and 0 (5^i f) ) ;!; 0. ; 

so # (

hence by 1.1.5,

Select**** t,

so £ = < x>

and ft = A/i A

where X
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where x' = X ^X ^ 

/ *= \ TT , ATT . TT = 7T
u

TT Vc
DetailQ CITO Q >

>

where 6 ' = &*[: 6 ' /TT ' ] 

= < it* ,\n. DetailQ f1T *C ' u(xa
h)T.]~h -W ^ i'-* — / «» "v »- T-» _ j. _. .• -T /-» F TT* .

and also a =0utcome (Combined 1**r,Q . )a
J. L U t

7T it=0utcome(Combined 1 ?'6 )(xa ) ; 

so by inductive hypothesis,

<R=< x> "Expand(Combines '^*Z, ' Q )(xa 0 )

For the infinite case, the same inductive step is used to show 

that for any v, #£>v<#(R and the first v components of £ and R 

are equal. 

QED

1.2 Checking the Basic Operati-ons

The significance of theorem 1.1 lies in the fact that 5 

occurs only once on the LHS, but twice on the RHS (as well as 

the implicit occurrence in a ). This represents the fact that 

variations of schedule may make themselves felt in two ways. 

First, (corresponding to the occurrence as an argument of 

^) the actual list of operations for any one process may
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change since interacting processes may cause the intermediate 

states to be different. Second, interleaving the lists of 

operations in different ways can obviously produce different 

results if the operations are not commutative.

The first of these is dealt with by designing the semantics 

of any programming language under consideration so that the 

result of any given program is either the "right" one (ie, the 

unique one given by serial execution) or a special error value 

which will denoted by !,•

The function Conts , which is used in the semantic equations
»

whenever the contents of a location in the store is required,

provides a good example of how this is done. Conts requires 

two arguments - a location in the store, a, and an "expression 

continuation", K, which takes a (stored) value as argument and 

gives an element of C. The result is another element of C. 

Assuming the existence of a primitive function Fetchaa which 

finds the contents of a location a in the store part of the 

state a, the simple definition of Conts, adequate for serial 

semantics, is:

ContsaK = Xa . K (Fetchao^a .

However, as described in chapter 0, Conts must indicate that it 

has communicated with the store, and yet it has made no change 

to it 3 so one might try:

ContsaKO = < Aa ' . a ' ,K (Fetehaa )> .

But this gives no indication as to what part of the store was 

accessed, or why, nor does it satisfy the condition described 

above. So Conts is in fact defined as

ContsaKa - ( CheokFetcha(Fetcha,a ) , K (Fetahaa )>

where CheckFetchaft = (Xa ' . Fetchaa ' = $-*a ' ,1) .
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This means that if Contsa<o is applied to another state a', the 

result depends only on whether the contents of a in a' is the 

same as in a. If so, then all is well and the program 

continues correctly; if not then CheckFetch ensures that the 

result 2= is immediately produced.

In general then, every (non-terminal) command will be 

required to satisfy a condition of the form:

for all a ,a eS

either 6a. =9a or (6a.*l)a =_?
1 2. 2 1  

and in either case 6a 12 satisfies a similar condition;

and also, since this condition is not much use if the result is
t

always j^:

(0all)a *1 . i i  
Unfortunately this condition is recursive but not 

continuous, and so cannot be defined using Fix. However, the

following form of definition is possible:
/

Definition

For each integer v>0

8eC is ^-Consistent if one of the following holds: 

i) v=0 ; 

ii) 6=6 t ; 

iii) for all c^ , a^ ,

a) (6a 12) is v'-Consistent for all v f <v ; 

and b) (Oa^Da.^ (provided a^) ; 

and c) either 9o =9a 2 or Oa^Da.^ .

0 is Consistent if it is v-Consistent for all v>0.

Note, that if 0 is v -Consistent, then it is v-Consistent for
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U - V - V 0» Furthermore, by the following lemma, this definition 

is adequate to describe the criterion mentioned above.

Lemma 1.2.1:

6 is Consistent iff

either 6=8. ;

or for all 0 , a ,

a) (80 4-2) is Consistent;

and b) (6a,4-1)0 .*•!_ (provided a *_?_) ; 11   1  

and c) either 60 =60 or (60 4-1)0 ^ . 

Proof

Trivial definition chasing. * 

QED

The definition is obviously extendable to indexed lists of 

commands, thus:

i is Consistent iff Fir-sir ,6 IT is Consistent.

Two small lemmas concerned with Consistency are now 

required. The first expresses the fact that if the same 

schedule is used in both Detail and Mix , (which is equivalent by 

theorem 1.1 to using Combine,) then the result is never ^ - a 

property which is inherited from, and is the only justification 

for (iii)(b) of Consistency. The second demonstrates that 

Detail produces a result very like Expand applied to a single 

command, except that the intermediate states in general vary out 

of the control of the process under consideration.
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Lemma 1.2.2:
IT "Je

If 6 is Consistent

then Outcome (Combine® 1** t®^ )a * ?
to =

(provided a ^). 

Proof

by induction on v = #(Expand(Combine®^*t,® )a ) .

7r *If ^eye then C'omMrtee£6 t ::e t J 

so £ = Outcome ® a =a ^2, '

Otherwise,

IT*

and < x,8 ') = 6**  j

then £.= Out come (Combine®"** [_® '/TT]£ '0 t ) (x^ ) ;

but ft (Expand (Combine® 11 * l,®^ )a )

- l + #(£1 «pa?2<i(C'omZjinee Tr *[e'/IT]? f 6 t )(xa o )) ;
7T ̂ t

and 9' is Consistent, so 6 [G'/ir] is Consistent ;

and Xa n x2= '

so by inductive hypothesis

Out come (Combine®^* I® '/TTK'e-L-HxO*.?-  
\- \J

(If v = ~ then JC = .L*?) 

QSC
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Lemma 1.2.3:

Given 0*0 ;

T jr ^7T* • ,, ... ,,71°* ~ . „ . . * *1± 0 is Consistent, 0 Tr = 0, £ is fair in TT , TKTT

for some a 1 ,a 2 , <; , 0^* satisfying

Q^ is Consistent, j; is fair in TT* , 0^*17= 0a 4- 2

Since £ Q is fair in IT*, 3i s.t. £ 4-i = ?r ; 

Proceed by induction on least such integer i ,

ie assume true for any z; s.t. r I i = ir for some i<i. n j 

by 1.1.3,

for some ^1 0 since ? 4- 1 <ir* and

If

TT "&
then Detail^ t, no

which is of the required form, with a =a

If i<i 0 , then ir'^5 0 'J- I^TT ;

so Detail®^* ̂ Q^O Q = Detail Q 1̂ * £,^3 ̂

where 0^*^ 0J* C 6 J*7r 'a * 2/ir ' 3 which is Consistent

and Ci=C 0 ti

and a 3 =C6j*ir'a 0 U)a 0 ^ 

so 02*7t=0, C^ is fair in TT* , 

and £'4-i' = ir where i'=i 0 -i<i 0 ; 

hence by inductive hypothesis , 

£ = < GcU) *

This leads to the essential consequence of Consistency -
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that only one "correct" (ie not ^ answer can be obtained by 

varying the schedule argument of Detail.

Theorem 1.2:

For fixed £ , a, and Consistent 0 71"* ,

as 6^ , £ , a vary (for each TT<TT*) s.t.
j- i * . „ . . * TT* TT*for each TT<TT , 5 is fair in TT , 6 TT= 0 TT

Tl TT

and 0 Consistent,
TT. 

- \ * TT* * TT*there is (at most) one value of Y =< TT ,\T\.Detail® C TTCT >A 7 TT TT TT 
* * fr*and one corresponding value of x = Mixx ?

*
for which Apply x a:*l.  

Hence as £., varies, there is at most one value of

X -Mix<-n ,ATT .Detail^ C 1 fTO>c 2
*

for which Apply-% $*]= •

Proof
TT* 

For i=l,2, let 0 ,£ ,a satisfy the hypotheses

and let x* 1T* = < ** » ^ff- P *

and x i

Then use induction on v= A/in (#Xi 9^X2 ̂  >

ie assume that
* * 

if #Xi <v and ^X2 <v _ _
* IT* * IT* *then Xl "X2 or-4ppZz/Xi0 = I or 

First, note that for each TT<TT , and i = l,2,

J 77 TT=0, (by 1.1.
TTl t

7T*TT=0t ; (1)

Hence #X = D ° ( K TT<TT , # ( x 'f ) = 0 ) (by 1.1.6)
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so if #x^=0 result is trivially true;

so assume ^X^O^X, >

then -AreTQ 1** and -Empty^* 1** and -Empty-y*'** \

now let < -n' ,$'*> =Seleot'

but from 1.1.5 and (1) ,

* ... *7T*
so =

, ,*TT* *TT* r .,> / ...where x{ =X X ^X 1 ir'tl/ir'] ; 

but xTT f = Detail® 1** ? , ir'a .
A \ IT' I 7T ' I IT ' I

= <e ir *Tr'a

for some a ,a',8 , £ satisfying

6 is Consistent, £ fair in TT' 

and 6 TT ' = 6 TT ' 0  !  2

(by 1.2.3) ;

*
Hence x^ TT , XTT.

where 6 ' 7r *TT=9 /7T *TT 
ir i i

where 6 '**=< TT* , ATT . Tr = Tr r ->0^"*Tra ^ 2 ,

and ]

If 6 a =( 

then

,   ,and 6,[ TT* _ ,TT*

so by inductive hypothesis,
ju Ju *rr a, ^[-

(since x( =^^x( C'-X^l has length 1 less than

. .. ,*TT* ,*TT*
either x.[ ^X^ » 

ie for TT^TT ' ,

and xir'^
* TT* _ * 7T*

i.e x i =X 2
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or Applyx*± 0 = 

or

If

then for at least one of i = l,2, 6 a 

so by Consistency, (0 0 cr 4-1)0=2= >

"

hence Apply \

JL. JU

(If one of x 1 »X 9 ^as infinite length, then this proof still 

holds, since v remains finite; if both have infinite length, so 

v=°°, then the proof has to be modified as in 1.1.) 

QED

1.3 Mixing the Basic Operations

Turning now to the ways in which different interleavings of 

the primitive operations affect the result, a concept of 

equivalence of x lists will be introduced which, while not 

insisting on equality of differently interleaved lists, will 

nevertheless ensure that the -same result is always - obtained.;_ 

then a simple condition on the individual operations will ensure 

that this equivalence holds.

First, though, two functions are needed to examine the 

workings of Mix in more detail. They are:
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•j- TT JL

MixMapx C< TT, x> =

TT '

^. *TT ^.

UnMixMapx £i =

(X< TT,£'> .! = !-*< 7T,1> ,

(X< IT' ,1 ') .< IT' ,7T = TT'^1 '+1,1 f >

These provide a mapping between <TT,I> index pairs for lists of 

lists of x' s an<3 indexes for the corresponding Mixed lists, as 

shown by the following two lemmas.

Lemma I.S.I:

TC * 1 Jl *~R*1± TT<7r , 1<i ^<ffX "R ' o A
* . *TT *and x = Mi,3cx £

*TT *and i = M^xMapx C< ^ , i > i u
then i) l<i <#x* i

JL. TT ^.

ii) <ir,l > = UnMixMapx '? 1 -, >
.... *, *IT* , 111) X ^ 1 = X 7rl' l o '

Proof
'it TT ^* «If Emptyx '? then no such i n exists; 

so assume
* TT Vr

let < Tr',C '> =SeZectx ' ? ; 

and proceed by induction on i
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Case 1: TT = -rr' and x =1:

Then by definition of MixMap , i =1 ;

so i) l<x<#x* since by 1.1.6, #x* = I

ii) UnMixMapx* 11 *^^ = UnMixMapx* 1**'<

= < TT' ,1>

Tr » l O ' 

iii) X*^ ± = X*^l

*TT*
= X

Case 2: TT^TT ' or i
^ , ,*7T* *TT* r *TT* . ,* i . Tlet x =X CX ff M/TT' ]

•Jt ^ 71* ^ ^and x' -Mixy^' ? f =X tl 

and let i ' = Cir^ir f ->\ -1 , i )
"% IT Aand \'=MixMapx f ?'<7r,i'> ;

then from definition of MixMap , \ =i'+l

, T * ,. , * IT * / (j;/Now FTT O <TT , #x % = (ir o = 7f f -^# (

and if TT = TT ' , i >1 ;

so l^i^^Cx'* 71 *^) ;

and also #x f * = ^X "^ >

hence by inductive hypothesis,

" i) l<i.[<#x'* i

so Is2<i <#x* » 

ii) <ir»i> =

J. *JT J.so '

iii) X ' 

so
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*7T*= x

QED

Lemma 1.3.2:

T-jr * . *fT*If X = M^xx

and l<i <#x
*

JL, *TT Jf

and < TT , i > - UnMixMapx <

_LT • S * JI *. II * TT *then i) TT<TT and l<i <#x ^ •>

ii) i = MixMapx ^v^ )

1 0 '... v * *TT* 
111) X *l. = X

This can be proved in a similar way to 1.3.1, but it is 

simpler in the finite case to observe that, considered as a 

mapping from the set {< IT , i > : TT<IT* A!<\ <//x* 1T *T"} to {i :l<i <#x*)> 

MixMapx C ^ s injective (since by 1.3.1, UnMixMapx C is its 

inverse); however, since by 1.1.6, these sets are equinumerous,

* TT *   >
this implies that MixMapx C 1S bijective.

Hence i is the image of an element in the first set, and by

l(ii), this element is precisely < TT , \ ) .

Hence (i), (ii) and (iii) follow from l.S.Kiii).- - ---  

QED

The next lemma shows that Mix preserves the order of 

operations within any one process.
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Lemma 1.3.3:

If TT<TT* and l^i l5 x 2 s^( X * 1T *TT)

then ^^2 * MixMapx* 1** t,< ff > O < MixMapy* 1** ?,< IT 5 T. 2 >  

ju «rr ju

Assume ~Empty% , since otherwise there is nothing to prove 

and use induction on i .
Jf *TT Ju

let '

^t 7T ^and \>

let < 1T f ,rp '> =

, ,*TT* *7T* r , , ^ / ,-,and x =X tX ir'tl/7r f ]
^t TT ^cand ''

^r 7T "ftand \>'

Case 1: TT = IT' and 

then <j)< TT , i > = 

so i <i_ => i.

> 2 by 1.3.1(1)

=> 4>< TT> i 1 > <cf>< TT, i 2 > 

and <j)< IT , i ) <4>< TT , i 2 > => «(>< TT,

snce

Case 2: IT-IT' and i^ 

if !.<!„

then (J)<TT,X I > = l + (j> f < rr , i 1 ~

i|)'<TT,i -1> by inductive hypothesis
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and conversely,

< IT,

i -l<i -1 by inductive hypothesis

Case 3 : TT*TT ' :

<|>< IT , I > «j»< IT , I > •* ! + ()>'< TT, I > <! + <{)'< TT, I >
•i. £. _L ^

When lists of primitive operations are interleaved in 

different ways, it is obviously too much to expect the resulting 

lists to be identical, but it will be enough to insist that the 

results of Apply ing them are the same. Furthermore, the 

resulting lists will, of course, contain the same operations, 

though not in the same order. This prompts the definition of 

equivalence of x lists:

Definition x^ ^ X^
 it ^

iff x is a permutation of x 9 

and Applyx^=Applyx*2 .

It is obvious that & is an equivalence relation.

To guarantee that this equivalence holds, conditions need to 

be imposed upon the lists to be Mixed.
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Definition

X* is Misoible if

VT\ ,7r <TT* S. t . IT *7T

37

and \ 1 >\ 2 s.t. 1<1 1 <#( X * 7T *TT 1 ) and 1

*ir* . , *IT*""i^ 1 ! and X 7T 2 'l' l 2 commute -

The following theorem shows that this condition is indeed 

sufficient .

Theorem 1.3:

If x* * is Miscible 

then for any 5 , £ ' fair in TT* , 

'

Proof
. 7f a..

let $=MixMapx 

and ^ = UnMixMa

j * , . *7T *and x -M-L,x\ 5

and similarly for (jj's

let N=#'* »

using 5' instead of

for v-0,1,...,^, <j) and ^ will be defined satisfying:
ju ju *TTT JU

A l<i <#x """ A l i =(') v^ Tr ' l o^

A ( TT

* *ii) If TT^TT* and l<i , i <#x Tr

then 1 1 <1 2  » 

iii) Fi<v, i^^i^^'i

(l) v < 'T* i 1 > <tt' v < "f »

iv) If x* i s given by

for

and

where < TT, i
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^r. * *then x~  

Taking (j> 0 = cf> and $ Q = ty t

(i) is satisfied (by 1.3.1 and 1.3.2);

(ii) is satisfied (by 1.3.3);

(iii) is vacuously true;

(iv) is true since XQ-X* (by 1.1.6, 1.3.1, 1.3.2);

for Isv^tf, assume <f> v _ 1 ,^ v _ 1 have been constructed

satisfying (i) - (iv); 

let < TT' , i '> =i|>'v 

and v ' = <(> < IT ' , i '> ; 

Now consider any \<N s.t. (f> (i|>'i)<v-l ;

then by (i) and (iii),

so i = <f> ' '

so if i>v then 4> v _ (ij; f x)>v ; (1)

and similarly <j)'C^v _ 1 O>v ;

in particular, v ' -<j> v _ 1 (^ ' v) >v _; . _ _ ._._ . _ .._____.. _ 

Furthermore, suppose 3v" s ,'t .

v<v"<v' and 4) v _ l v"l 1 =TT ' ; 

then by (ii), since ^v _ 1 ^ r l l=^ v _ 1 v"; l=ir ' ,

Vl V "l2<Vl V ' 12 ; 

so by 1.3.3, 4> f (^ v ^ 1 v")«J>'Ci(J v _.l v') ;

but then by (1) ,

v<()) f (^ v _ 1 v")<* f (^ v _ 1 v')=v ; 

which is a contradiction.
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Hence if v^v"<v'

then ip v"|l*ir' ; (2) 

ility of x

and X - ;v " commute »

so by Miscibility of x ** * and definition of x

So let =A\.(i=v -> ^.jV,

and 4> v =X{ TT,I> . (<j> v _ 1 < 7r,i

V<(b < TT,l) <V f -> 6 < TT,l) +1, v ~ J. V ~ _L

(f) v _ 1 < 7r > 1 > } ; 

Then :

(i) follows from the definition of <j> and \bT v r v
and from the corresponding result for <j> and i(j _ ; 

(ii) follows similarly except in the cases where

<{) v-l< 1T » l i > =v ' and v -*v-l{ 7T)1 2> <V '

or with i and i interchanged ;

but these cases are impossible by ( 2 ) ; 

(iii) for i<v> ty i-^i \=ty'\ ;

and for i =v , fy \ =< IT ' , i '> =ip ' v ; 

(iv) for l<i <N ,

Xy* l l = xj rl * l 2. . . . .... ....__.._.._„_._..

where ^ 2 = *v-l ̂ V 1 1 )

= Ci ± =v -* v', v<i a <v' ^ i 1 -l, T I ) j 

so x* i s a permutation of x* »

and if Y* denotes first v-1 components of xAa Av-i

and Xo denotes components v to v'-l of x* 

and =*v'

so that XXX^ X)
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then Y* = Y* A < Y> A Y* A Y* ;
A v Aa A' Ag Ay >

but x commutes with each component of XD '•>

so (using 1.1.2)

so

SO

But from (iii) and (iv), x^ = X f * i 

Hence v ' *«Y .

j, ju
For the infinite case, Applyx =J. since #x -°°>

and the permutation is given by MixMap and UnMixMap in the same

way as in the finite case.

QED

1.4 The Conditions for Equivalence

Having examined separately the various effects of using 

different schedules, the pieces can now be put together, and 

parallel execution compared with sequential. The aim of this
,*

section is to summarise the (semantic) conditions for 

equivalence of serial and parallel computation.

First, the results of the last three sections can be 

combined into the following lemma:
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Lemma 1.4.1:

If e 17 * and 6 are Consistent (and a #1 ) 0 o =
and < TT*, ATT. Detai lQ^*^a) is Miscible for all £ fair in TT *

and if £^, £^ are fair in TT*

then Expand (.Combine 6 11 * £ 6 ) a « Expand (Combine §* *£ 6 )a 

Proof

For i=l,2,

let *TT* . * . 
A i

and v*- A i

and let Y *^^a-Y c ,

Consider first the case 0 =9. ;0 t
then JE =X * and <R =X * (bV !.!>» 

but by 1.3,

* ... *TT*., ^,,, • *TT*,. * . /-IN= '

* *

but by 1.2,

either v*=v' A 2 A 3

71 *

or

or Applyx'

but Applyy*a = Outcome (Combine e 77 *? 6 t >a (by 1.1.1) 

# ^ (by 1.2.2) ;

and ^ppZz/x*a o = ^pp^i/x*^ 0 (by (1)) 

?! ?= (similarly) ;

80 x*=x* J

hence x *« x * ;

Now consider the general case:

For i = l,2,

, . * let

-OutcometCombineQ £ 6.)a J
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then from above, a =a ; 

ie Expand® ̂ a^ExpandQ a ; 

but (using 1.1 twice),

Expand( Combine^* t, 6 )a

= Expand!. Combine 6^*5 ^Q^) a "ExpandQ a > 

and Expand( Combine e 11 *?^) o Q *£xpand( Combine e 1T *C 2 6t ) O Q »

SO £ w (R .

Next special schedules will be investigated which mimic 

serial operation. First, an obvious lemma indicating how a 

schedule can be made to force the whole of one command to be 

done before any of the others start. Note that in the case of 

non-terminating commands, the schedule in 1.4.2 and the Serial 

Schedules introduced later are not Fair, so the criterion of 

Fairness has to be weakened in this case to allow schedules 

which consist entirely of a single TT <ETT after a certain point. 

This has the effect that lemmas 1.1.4 and 1.2.3 are no longer 

true in general, but they are still true if modified to refer 

only to IT , which turns out to be sufficient to prove the 

remaining results.

Lemma 1.4.2:^
-r j: * 
If Tr<TT

and £, = #( Expa,nd( 6 TT)O ) is finite 

and a.=Outoome(Q ir) cr 

and 5 satisfies

for l^i<£, £|I=TT

then Expand C Combine 6 56 ) a

0 )a
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Proof

by induction on Si.

If £=0, then 6 ir = 0 t and a =a , so result is trivial.

If £>0, then by 1.1.3, Choose 0 71 * £=< TT , i

-ii / d t \ A*^"^"

so £-< x> *Expand(CombineQ f1T * (?tl) (xa ^

where 6 ' U * = 0 1T * [ 6 ' 

but #C£'a

so E
TT ̂ t

and a ^Outcome (9 ' TT)(XO ) ; 

and for l<i<£-! 5 C?tD^i=7r ; 

so by inductive hypothesis , 

£ = < x> "ExpandlQ f7T *Tr) Cxa

Expand (CombineQ ' 1T *[e t/TrK?tlt(A-l ) ) 6 () )a 1

The infinite case requires a similar modification to theorem 1.1 

QED

This prompts the following definition: 

Definition
TT AFor any a and Consistent 0

^u

for 1<V:£#'/T

let a =OuioometQ - ^v^v-l 

and £ =
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and for O<;V<;#TT*

let x , .

A Serial Schedule for 6^* and a is a schedule 5 , fair in TT*,
u s

which satisfies

for l<v<#ir*, for L .<\<L , £ 4-i=ir .
V ~ 1 V S V

It is now possible to link the various results which may 

come from executing commands in parallel with the unique, 

well-defined result of executing them sequentially in the given 

order; more specifically to relate the following two very 

different definitions (in which y denotes an element of [C-»-C]):

 Run

Comb-ine(^ , ATT .y 6. > (NewSchedulew )

Run Y TT 6 =s '

The first of these uses all the mechanism set up in this chapter 

._tq _describe the parallel execution o_f_ _. ...a___l is ;t of command .§j 

(NewSchedulen* produces an Arbitrary schedule which is Fair in 

7r*>) and the second uses the continuation facility to describe 

their serial execution. (Note that the IT" argument in Run is
S

redundant - it is included only for compatibilty with Run .)

The use of continuations in Run is indicative of the need
S

to allow for jumps - one of the commands in a list destined for

parallel execution cannot be permitted to jump to some point

external to itself, and carry on, since in the serial case,
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subsequent commands may never be executed, whereas in the 

parallel case, they will probably have already started, and 

there is no way of stopping them.

Thus a concept of "JumpFreeness" needs to be introduced. 

Unfortunately, although it is easy enough Cat any rate in a 

well-structured language) to check syntactically whether a 

section of program contains a jump out of the section, it is 

generally impossible to tell whether or not a section will 

terminate with an error - some potential errors are checkable at 

compile time, but others invariably are not - eg the possibility 

of running out of storage space. .So any useful definition of 

JumpFree needs to allow for the possibility of error. Without 

going into details of the structure of the state at this stage, 

it will be assumed that after any error, the state a satisfies 

the predicate ErrorSeta.

A slightly simplified JumpFree condition can now be defined 

as follows (a rather stronger one will be needed in the next 

chapter):

Definition

ye[C-*Cj is X-JumpFree if

Va either VQ ExpandCyQ~)a =Expand(jQ.')o ^ExpandQa

or VQ a ^Outcome CyO)a - and ErrorSeta.

where a. ^Outcome CyO,)a .

The equivalence defined in 1.3 needs similar extension to 

cope with error:
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Definition

Two commands Q ±9 Q 2 are X-Equivalent wrt 0 Q if

either ExpandQ ± a Q

or ErrorSet(OutcomeQ^o ) and ErrorSettOutoomeQ a ) .

Finally, the three conditions described above can be 

combined to give the desired equivalence.

Theorem 1.4:

If the components of y*(e[C-*C]*) are X-JumpFree

and #y -#"ft >
i

7T "£ vt
and 6 and 6 = < TT , ATT .y 6 > are Consistent,

and < TT , XT\.Detail® CITO) is Miscible for all t, fair in TT

then Run y IT 8 n and Run y TT 6 are X-Equivalent wrt any a . s u p u u

Proof

let £- New Scheduler
TT ifc

and 5 be a Serial Schedule for 0 and a ; s u
* * x , / . TT*then Expand(Run y TT 6 A )0 n - Expand(CombtneQ ^0 )a

"D 0 U U U

»« Expand(CombineQ C 0.)a^s 0 0

(by 1.4.1) ;

* TT* TT* p n r\ / T

and let ijj-Fi.-c (Xi|). X10. i<//y'-*y (^( ̂  + 1) 6)» 9) 

(so

then it suffices to show (by induction on #ir -v) that

(£ tL )0 0 and ip( 

are X-Equivalent wrt a^ ;

TfV
let £ denote Expand(CombineQ^ 

and (R Expand(ty( v+1) 6^ )a,, ;

If V=//TT* then
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so £-ExpandQ a =ifl .

If V<#IT* ;

let TT = 7r : 
v + 1 »

TT -^
then H^ M ^=tt(Expand(Q^ ir)a ) ;

and a v+1 =0Mteon;e(e 7r *TT)a ;

and for l<is£ , (<; tL HI=TT ;

so by 1.4.2,

£-Expand(Q ir)a *Expand(CombineQ **(z, tL )9 ) a . ; v v r v+1 ^s v+1 0 v+1

but by inductive hypothesis,

,-, i . IT* / v , /   \Comb^neQ .(L tL . ) 0 . and \Kv+2)6 Av+1 s v+1 0 r 0

are X-Equivalent wrt a . ; H v + 1 '

hence if -^*-Expand( G 71"*^) a *Expand(-fy( v+2 ) 6 ) a

= Expand(j . 0 . ) a /s £'a;pa?id(i|j( v+2 ) 6 A ) a . ; r 'v+1 t v L Y 0 v+1

then either X^
-L,-,

or ErrorSet(Applyx a

and ErrorSet (Apply £a ) ;

but

so by X-JumpFreeness of y 1 >

either (R « x

or ApplyRo -Applyx Q and ErrorSet(Apply^ a ) ;

j.

hence either £«x W(^

or ErrorSet(Apply£a ) and ErrorSet(Applyfio ) ; 

hence Combined* ({, tL )9 and i|>(v+l)6 0

are X-Equivalent wrt a ;

in particular, for v=0,

1**!; 8 A and Run Y*T\*Q are X-Equivalent wrt a ;
S 0 S U Q
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ie Run Y*-n'i'Q and Run Y*ir*6 are X-Equivalent wrt a A . 
p 0 so 0

QED



CHAPTER 2: DEVELOPMENT OF SYNTACTIC CONDITIONS
"First it marked out a race-course, in a sort of 
circle... There was no 'One, two, three, and away!' 
but they began running when they liked, and left off 
when they liked, so that it was not easy to know when 
the race was over- However, when they had been running 
half an hour or so, the Dodo suddenly called out, 'The 
race is over!'"

Alice's Adventures -in Wonderland: Chap 2.

2.0 More Notation and Domains

The last chapter having found semantic conditions on the use

of parallelism, i.e. for the equivalence of Run and Run , this
s p

chapter will be concerned with starting to replace these 

conditions by syntactic ones, i.e. ones which can be applied by 

a compiler. The details of specific languages will not be 

considered until chapters 3, 4 and 5, but the techniques will be 

introduced, and some useful general results proved.

The notation used will again largely follow [23]: three 

letter names will be given to syntactic domains, e.g. Com Exp 

Dec, and elements thereof will be denoted by corresponding upper 

case greek letters - 6 E A. Again, subscripts and primes will 

be used to distinguish different elements of the same domain, 

and * will indicate (usually finite) lists. In semantic 

equations, syntactic entities will be enclosed in the special 

brackets I I. New notation will be used for domains (e.g. 

states and environments) which are products - instead of 

identifying the components by use of the subscripting operator 

;, each component will have a unique name which will be 

specified in the definition of the domain structure thus:
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D = namea : D x nameb : D 0 x x namen : D .
up v

These names will be used to select components by enclosing them 

in the "textual" brackets I ], thus if <$eD above, <5[ namei j eD t . 

This means that domains can be modified by adding, removing or 

changing components without affecting references to other 

components, and similar domains with some of the same components 

can use the same selectors.

The use of [.../...] to indicate substitution will be 

extended to include these names , thus

if 6=< 6 1 ,6 2 ,...6 v>£ D

then 6[6{/namei] = < 6 ± , . . . , 6 ; ^ , 6 ( , 6 i + 1 , . . . , 6 v>

and if D t = A+B

then 6C3/namei/aJ = < 6 1 ,..., (Xa '. a = a '->6, 6^ '),..., <$ v> 

and the operator " will indicate that the new value is to be 

appended to a list, e.g.

if D t = A*

then 6[a"/namei 1 = < 6 1 ,...,< a> "6 x ,..., 6 v>

and if D t = A-*B*

then 6Cg"/namei/aJ = < . . . , ( Xa' . a = a'-*< 6> "<5 ^a. ' , 6 ^a. '),...> . 

As in the last chapter, a and 3 may be replaced by equal 

lengthed lists, (the elements of ex being distinct,) to denote 

multiple substitution/appending.

Lastly note one anomalous use of : if T is a predicate on
* 1 1 * 

some domain W, then T will denote the predicate on W given by:

T*OO*

Next, some new semantic domains. The domain L of locations 

is a flat lattice whose (proper) elements correspond roughly to 

memory locations in a real computer. (In fact, there is no 

reason why there should be a 1-1 correspondence between members
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of L and actual memory addresses, though it is usually 

convenient to think of them in this way.) Then the model of 

the machine's store will be (or at least will contain as one 

component) a mapping from L to some set of possible storable 

values.

For the domain T of truth values, a flat lattice with True 

and False as its (only) proper elements is usually adequate; 

though for the few results which require fixed point inductions, 

a two point lattice is used, where True is identified with J. and 

False with T. Note that T will be used both for elements of T 

and also for predicates, i.e. functions with range T.

The domain E represents all the possible values which can be 

produced as the result of evaluating an expression; it will 

normally be the sum of several basic domains, though its exact 

form varies from language to language. It will, however, be 

assumed that L is one of its summands. Lists of expressions E 

and lists of lists E will be needed, as will the domains 

K=[E-»C] K' = [E*-*C] K"=[E**-C] which will furnish 

"continuations" for the semantic equations dealing with 

expressions and declarations.

Lastly, the domain H of environments, whose main function is 

to give the current meaning or denotation of identifiers which 

have been defined in a program. It will also be convenient for 

an environment to have a component which is member of P, to say 

which process is executing the particular section of program 

under consideration. The denotation of an identifier may be 

either a data item or a continuation of some sort, depending on 

the context in which it is required. Only the latter will 

needed for the purposes of this chapter, so the structure of the 

environment domain will be:
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H = proc:P x cont: [Ide->C] x ...

Before leaving the subject of domains, the domains P and S 

need closer examination. In the last chapter it was just 

assumed that P was a flat lattice (to ensure that equality is 

continuous). It is now necessary to introduce some structure 

on P other than its lattice structure. When a process is 

executing a task, it is liable to be called upon to spawn 

arbitrarily many "offspring" processes to perform subtasks. To 

control this, P is given a tree structure, whereby each element 

has a (countably infinite) number of (next generation) 

offspring. This makes P countably infinite in size, though 

of course only finitely many processes will ever be used, but 

this seems to be the simplest way of organising it - an 

alternative might be to have a pool of processes (kept as part 

of the state) and allow the tree structure to be built up as 

they are used. The notation TT <TT will be used to signify that 

TT is an ancestor (at any level) of TT ; and ir %ir to signify 

that IT and TT are incomparable with respect to this ordering. 

Hence in particular, if IT spawns IT as a sub-process, then 

IT <TT . An important property of the processes used to execute 

a set of tasks in parallel is that they are incomparable 

according to this ordering, which, because of the tree 

structure, implies that descendants of any two are also 

incomparable. Thus it will be tacitly assumed hereafter that 

any list of processes ir* has the property that all its 

components are distinct and incomparable. In particular, the 

results of NewProos will always satisfy this property.

One problem with a model of a parallel machine with a common 

store is that several parallel tasks may each claim new areas of 

store as working space, and exactly which locations each process
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is assigned will depend on the relative timings of their 

activities. In practice, of course, this doesn't matter in the 

least since one storage location is as good as any other, but it 

makes for* difficulties with equivalence proofs. One way round 

the difficulty is to demand weaker conditions than equality, 

which allow locations to be permuted (consistent, presumably, 

with some sort of map indicating which locations have been 

claimed by which process). A somewhat simpler, if apparently 

rather artificial, method which will be used here, is to 

"preassign" a number of locations to each process (probably 0 to 

most of them) , and to allow a process to claim only locations 

which "belong" to it. (This does not debar other processes 

from using the location once claimed. ) Thus a function 

Owner e. [L-*P] will be assumed to exist, which defines this 

relationship; and the function New which claims a new location 

will take a process identifier as one argument (as will the 

predicate StoreFull which checks whether any locations are 

available) and return as result a location whose Owner is the 

given process (assuming one exists). i.e.

, unless 

a,=Newna satisfies

Use will also be made of the fact that StoreFullva and New-no 

depend only on the values of a[[areala for a such that

As for S> it will have as one component, as mentioned above, 

a mapping from L to storable values V. This domain V is 

similar to E in that it is the sum of other basic domains, 

though the summands of E and V need not be the same, since e.g.
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not all expressions need have values that can legitimately be 

stored. Most languages also require the concept of whether a 

location is being used for anything, or whether it is free to be 

claimed for some new use. This appears as a mapping from L to 

T. The parallel processing features of the model require two 

more components - one which tells whether a process has been 

used for anything, and one where a process may leave its results 

for its parent process to look at later. This primitive system 

turns out to be all that is needed in the way of direct process 

communication. Lastly, any program may go wrong, so there must 

be some way of indicating that an error has been detected, and 

it is convenient that this should be another component of the 

state; furthermore, it is irrelevant for this investigation 

precisely what sort of error has occurred, so it will be 

sufficient to use an element of T which will -just show whether 

or not an error has been found. The definition of ErrorSet 

should now be obvious. Errors have to be remembered in this 

way, rather than simply stopping the program immediately, so 

that any parallel processes can be stopped at some suitable 

point. Thus the structure of S is:

S = area:[L-»T] x store: [L-"V] x use:[P-"T] x res:[P->E] x err:T

Note the following special elements - the termination 

elements of K K ' K" given by:

K.J = Xe*.9t
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and the special error command: 

Error - X0 .< SetError ,0 >

where SetError - \a.aiTrue/err ] .

2.1 The Eval Series of Functions

In the last chapter, two forms (one for serial and one for 

parallel processing) of a function Run were given, which acted 

on elements of [C-*C] which would be produced from sections of a 

program. Now that environments have been introduced, this can 

be taken one stage nearer the original program by defining 

functions Eval which take arguments in [H-»-C-»-C]. Not only is 

this form more convenient for use in the semantic equations 

which typically define functions of the form [Com-^H-^C-^C], but it 

can also be extended to include arguments from [H-^K-'-C] and 

[H-> K'-»-C]. Furthermore, since most versions of Eval will need 

to manipulate processes explicitly, the environment (including 

as it does the current process) also needs to be explicit. 

Eval will therefore be a polymorphic function with 

functionalities

The definitions of the first two of these will be given below, 

the third will be identical to the second except for obvious 

minor modifications to the variables. Most of the results of 

this chapter will be stated and proved for the second case only: 

the third requiring only trivial modifications, and the first 

simply requiring the omission of certain parts referring to 

elements of E.

All versions of Eval can be defined in terms of one of other
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of the versions of Run, though for the first two, Hun needs to 
be made polymorphic also, viz:

Run Y TT K ' = s

and similarly for Run

The simplest form of Eval just applies flwn in the obvious
o

way:

Eval p n6 = Run ( # p n><>93 l

p HK' = Run ( # p n)<><' S i=l l

This corresponds to the usual method of serial processing; it 
is not, however, very helpful for comparison with parallel 
operation, in which sub-processes must be initiated and 
communicate their results. So the next stage is to introduce 
into Eval operations for manipulating elements of P: there are 
three operations required - claiming of new processes (the 
function ^ewProcsirva returns a list of v distinct processes ir 
which are not marked as used in a, and which are all offspring 
of TT) ; communicating of results by means of the special 
component of the state; and fetching a list of results out of 
the state again. It will also be necessary, as indicated 
above, for a parent process to check whether any of its 
offspring has found an error, since in the parallel situation a 
process may discover an error and stop, but it cannot affect its 
siblings' operation. (Aborting of one process by another 
requires a very complicated mechanism both to model
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theoretically and also to implement, and doesn't seem necessary, 

so it is not considered. )

Hence four types of primitive operation are needed: the 

first for putting a value calculated by a process into the space 

reserved for it in the Ires] component of the state; the other 

three for ensuring Consistency when new processes are claimed, 

when results are fetched from the state, and when the parent 

process checks to see if an error has been detected.

Definitions

Signal-nea = a[e/res/fr]

CheekProcsifn* a = (NewProcsv( #TT* )a = ir

CheokResults-n £ a = (Results-^ a = e ->  a

CheekErrorta = (a|[errJ=T -* a, T)

ResultST(*a - X (a[resjTr

Result-no - alres]ir

and NewProes-nva gives some ir*eP* satisfying

the components of TT* are distinct and incomparable

(by the tree ordering on P);

and VT\ <TT , TT<TT ;

and True* denotes a list of #ir copies of True.
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Eval P*n6 =

#P* 
CZaimProas(r\l proc] )(#p*) {Air* .Run ( # p nCfr /procj)fr*0}

Eval p n<' =

ClaimProes ( ntt procjj ) ( #p )
a *

* #p * 
{ATT .Run Q ( % AK.p n[ir /proc 3 (Aea .< Signals e,Ke>))TT

{Ae . UnlessError(\a .< CheckResultsit*£* ,K 'e*> ) }} 

where ClaimProcsvvja = (Xv* .{ CheakProcsw* ,71**) ~)

UnlessErrorQa = ( AT .< CheckErrori , ( T-*6 , 9 )> )

(alerrl ) .

Note that, at this stage, apart from putting the process 

identifier into the environment and the lack of Consistency 

introduced by CheokResultsu e , no use has been made of the 

processes; primitive operations have been added which 

manipulate the "process" part of the state, but these have no 

significant effect on the normal running of a program.

The next stage, however, is to make use of these "process" 

components to remove the need for the "expression" and 

"expression list" versions of Run , viz.

Eval P*r\Qa = Eval P*n6a
O ^-



2.1 59

Eval p*i
O

)(#p*)

n it
wr .flun ( X XO.p n[TT /proc] (Xea .< Signals e,9> ))TT' 

s -i - -i l l l

. (Xe* .< CheckResultst\* e* ,K 'e > 

(Results^* a) ) }}

This change restores Consistency (see 2.2), and as will be seen 

later, Eval and Eval are to all intents and purposes
^- O

equivalent .

Finally, the parallel version Eval is obtained simply by

replacing Run by Run in the definition of Eval . S p 3

As indicated by theorem 1.4, conditions have to be imposed 

on the use of Run , and therefore similarly on the parallel 

version of Eval. As will be demonstrated in the next chapters, 

sufficient conditions can be expressed purely in terms of 

syntactic objects. Then two new functions can be defined which 

take a list of syntactic elements as first parameter, one 

executes them sequentially, the other uses the syntactic 

conditions to decide whether to execute them sequentially or in 

parallel. These functions will inevitably be specific to one 

syntactic domain and one semantic function; at this stage they 

will be described with reference to a general semantic function 

X acting on elements H of a general syntactic domain Xxx.

For the present, these functions will be defined in terms of 

(unspecified) predicates on the syntactic domains, known as 

P-Tests, which will ensure that the hypotheses of theorem 1.4 

hold. Chapters 3, 4 and 5 will then develop non-trivial 

P-Tests (the constant False function is always a P-Test , but not
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a very useful one!) for the three example languages. Before 

defining P-Tests, generalised versions of Expand , Outcome and 

Apply are required, which allow for other operations to be 

happening simultaneously with the command under consideration, 

by taking an explicit list of (not necessarily primitive) 

operations representing the action of all other processes; and 

also an extension of the concept of JumpFreeness , which not only 

uses these new functions, but also allows for expression and 

expression list continuations.

Definitions 

DevelopQx a =

(8 = 6 t -»• 0 , (X< x>6'> .< X> 

(60))

ConsequeneeQx o =

(6 = 6. -»  a, (A< x j6 '> .Consequence^ ' (x*tl ) (x 1 °Xa 

(60))

Analogous results to those of section 1.1 are easy to prove, eg 

ConsequenaeQ^*a = Digest (DevelopQx o)x o

Digest (x!^X*>X* = Digest^ (x*tv) °Diges tx^X* 

where \> = #x
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Definition

Ye[K->K] is JumpFree if

either g e ', T/< , Develop (Y<£ )x*<? 0
JL ^

cr ^.DeyeZop ( <e ' ) (x tv)a

or Develop (yKe)x*a is independent of K, and ErrorSeto 

where a =Consequence(^K e^x a n 

and \) = #Deve lop (yKe)x* a

and similarly for ye[C-*C] [C-»-K] [K->-C] etc.

Note that Expand, Outcome and Apply are special cases of 

Develop , Consequence and Digest respectively, and that JumpFree 

implies X-JumpFree.

It will be shown later (2.3.1) that Detail can also be 

viewed as a special case of Develop ; hence the hypotheses 

imposed on Expansions and Details in theorem 1.4 follow from 

similar conditions on Developments.

A provisional definition can now be given of a P-Test, 

(though it will be refined slightly in section 2.3,) and the 

result of l.U rephrased in terms of it.

Definition

A P-Test for the functions X^ e [Xxx--H->OC J (l<i<v) wrt T ' is a 

function re [Xxx^hh-T] which satisfies: 

K5*eXxx*,Tr*,i;5n } o s.t.

#5* = #ir*, r'n and each n ̂ >ntt procj 

Ttt H*J n  * for l^i<v if n^nCTT^proc]

X tt E I n is JumpFree and preserves Consistency;
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•Jr TT -Jf r -f

and either x is Miscible 

or Error Set (Apply (Mi

where x* 1T * =< ^ * J^T -DetailB^* c,-na) 

and e u *=< Tr*XTr.jr[5e>

and similarly for ^ e [Xxx->H->K->C]

IT ̂  ~k
wxth 6 =( 77 9 \ir.XlElT]

Then for any set of functions

* l e[Xxx-»-H-»-C-»C] + [Xxx^H^K^C] + [Xxx^H+K'^C]

XEval [H*ln = Eval r.( % X [E ])n s d i i

5 In

Theorem 2.1:

If XEval is defined in terms of a P-Test T wrt T' 
P

then for any Consistent ipe[C + K' + K"] and n s.t. t'n ,

(XEval I~*]]n^) and (XEval [H In^) are X-Equivalent

For any a , 

let £ = E:

and ®.= Expand(XEval IE

If

then (R = Expand(Eval r.( # ^ I n J ) n'l') od i i u

= £ .
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if T[5 In
let i\-r]l prod and v = #5*

, *ana ir =^VewPj?oc?sTrvo ;0 '
for l<i<;v

let p^^I-J 

and n =nCir /proc] 

and Y l =P i n i •

If 4>eC

then by definition of P-Test, 

each Y is JumpFree; 

9 =< TT ,Xir -Y 9.) is Consistent; 

and for any % fair in TT , and a'

< TT , Xrr .Detai 1§ f^-na') is Miscible;

hence either both ErrorSet(Apply£a )

and ErrorSet(ApplyRa ) 

or £ - Expand(Eval p*r\fy) a
o U

JL JLi J

= < C'/zecfeProcsiTTr > "Expand(Run Y ^
S

where a =Cl /ieefePro(3Sinr a
if if

** < CheckProcs-mt > ~Expand(Run Y ^

*> Expand(Eval p n^)a

* A ;

If however ipeK' (the proof for i^eK" is similar); 

let Y f =^9-Y ( Aea.< Signals ̂e ,Q> ) ; 

again, each Y is JumpFree,

so either Expand(Y^)^ is independent of K 

and EvrorSet(Outcome (Y t <t )o Q ) J 

in which case, Expand(y' 6)a is independent of 9 ;
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or let e^ be s.t.

VK, Expand^ <)o = Expand^ < )a "ffarpanddce^o^

where a -Outcome^ K.)a ; 

then for any 9 ,

£xpawd(Y l'6)a = Expand (y t (Aea .< Signals e,6>))a o 

= Expand(^ K )a "

Expand(\a .< Signals e ,9>)a 

= Expand(y K )a ^< Signals e > "ExpandQo 

where a = Signals e a

= Outcome (y '6.)a 

= £a;pan<i(Y'6 t )a "ffxpandea ; 

hence in either case Y' is JumpFree; 

also Aea.< Signals £56^) is certainly Consistent;

so 6 7T * = < TT* ,Air .Y*6 > is too; 

also by definition of P-Test,

X *=< IT* , Xir .Detail® *£TTO > is Miscible

7T Jt A
where 6 =<TT ,Afr .Y'6 t > j

hence the Y' satisfy the hypotheses of 1.4, 

and the result follows as in the case iJ;eC. 

QED

2.2 Preservation of Consistency

The next few sections will introduce techniques for ensuring 

that the conditions of theorem 1.4 are satisfied, usually by 

introducing syntactic conditions; and at the same time various 

results will be proved about the various versions of Eval , to 

the effect that they preserve certain desirable properties.
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The first and easiest condition is that of Consistency; the 

semantic functions are all designed to produce universally 

Consistent results, and a simple application of structural 

induction on the main syntactic categories, together with the 

following theorem, suffices to prove Consistency with no extra 

conditions needing to be imposed.

First, note the following obvious extensions of Consistency 

to expression continuations and environments:

K (or K') is v-Consistent if
~k "J{

<£ ( K ' e ) is v-Consistent for all e (e );

H is v-Consistent if

nlcontJIU is v-Consistent for all I.

Lemma 2.2.1 :

If each y preserves v-Consistency and 0 is v-Consistent

then Run j*T\*Q is v-Consistent. 

Proof

let ty = Fix (\ty.\\Q. \ <#J*  * y^Ci + De), 9) ;

then it will be shown, by induction on (#y -i) 5 that 

for each i, iju 9 is v-Consi^tent.

if i>#y*

then 4n9=0 which is v-Consistent.

if i<#y*

then by induction, ij;(i + l)9 is v-Consistent; 

so i{a0 - Y (4j(i + l)9) is v-Consistent;
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hence »Jn0 is v-Consistent for all i>l;

in particular, Run y*Tr*0 = i|>19 is v-Consistent.
s

QED

Lemma 2.2.2:

If each y^ preserves v-Consistency and 9 is v-Consistent 

t* 

Proof

then Run y*u*Q is v-Consistent.

IT * *
let 0 =< IT ,ATT .y 6.) which is v-Consistent;

let %=NewSohedule-n

and let 6 ' -Run y*ir* Q=CombineQ™* £0 ;

then (by induction on v) 0' is v-Consistent, since:

if AreTQ 1** , then 6' = 9 which is v-Consistent;

if v=0 then the result is immediate from the definition; 

otherwise take any a , a ;

IT *
let < TT,£ '> =ChooseQ C

and <Y ,e > =0 7T *-rra (for i = l, 2); *i ' i i
TT*

so 0'a =< x > Comb^neQ [0 /Tr]£'0> ;

then a) by v-Consistency of 0 IT, 6 is (v-1 )-Consistent;

so 0 7T *[0 /rrj is (v-D-Consistent;

so by inductive hypothesis

Combined [9 1 /irJc'9 is (v-1 )-Consistent;

ie 0'a 12 is (v-1)-Consistent;

IT*b) (0'a 11) a 1 =X-, a -i X 2= from v-Consistency of 0 IT ;

c) from v-Consistency of 0 IT,

either X 1 =X 1 and 9 i =9 2 '

in which case 0'a =0'a ;
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ori X 2 s 1 =l ;

in which case (0'a i 1 )a =x ? o =2, ;

Hence 9' is v-Consistent. 

QED

Theorem 2.2:

Eval and Eval preserve Consistency-o M-

ie if p satisfies:

for l^i<#p* and all v-Consistent n and 0 (or K) ;

p r)9 (or p r)K) is v-Consistent; 

and if n and 9 (or K') are v-Consistent
JU JU

then Evalp r\Q (or Evalp r)K f ) is v-Consistent. 

Proof

consists of the simple verification that:

1) if K' is v-Consistent, then so is

UnlessError(Xa .< CheokResultsw e ,K'e > 

where e -Results^ a ;

2) if 0' is v-Consistent, th^n so is (Aea .< Signa IT\ e, 9'> ) 

and therefore so is p nO /proc J (Xea.< Signals e, 0 '> )

3) ClaimProcs preserves Consistency;

and application of the appropriate lemma (2.2.1 or 2.2.2). 

QED
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2.3 Termination

The next stage is to examine more carefully in what possible 

ways a piece of program may finish its execution. It will be 

shown that there are three basic ways - "normal" termination, so 

that the rest of the program (the continuation) is then executed 

as usual; a jump to some point external to the section under 

consideration, and it is assumed that this point can be 

designated in some way by an identifier; or detection of an 

error, in which case it doesn't really matter what happens next, 

though pragmatically it is desirable that execution should cease 

as soon as possible so that the error can be investigated. 

Which of these three possibilities occurs in any given 

situation, and the set of possibilities which may arise from a 

given program section, can be registered as follows, using two 

special new symbols / and ?

Definition

Ie [Ide+{/}+{? } J is a Terminator for p,n',X J a 0

where p e [H-*K->-C] and n. ' I cent] = XI . 0 t ; 

if Vr\ satisfying n '-r\L XI - 9 / con t] ,

KK, Develop ( pn<)x a 0 -

Develop(pr} '<t ) \ a Q ~Deve lopQ ' (xtv)a 

where \>-#Deve lop ( pn ' < t ) X a 0 

and a = Consequence (pn'K.) X a 0 >

and if !=/ then 6'=K£ for some e independent of n,K; 

if lelde then 6 ' = nl cont] II] ; 

if 1 = 1 then 6 '=9 and ErrorSeta ;

and similarly for pe[H->C-»-Cj andpe [H-*K r --C] .
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Definition

I*elde*is a T-List for p e [H->K->C] if

W,X*»a 0 satisfying n 'I contj = XI . 6 t ,
* ^t

some I<I or / or ? is a Terminator for p,n'jX > a 0  

Clearly, if p has an empty T-List, then pn is JumpFree for 

all r| . So the definition of a P-Test can now be modified to 

replace the JumpFree condition by the slightly stronger one of 

an empty T-List; since this condition is stronger, all the 

previous results still, of course, hold, but the new version 

allows lemma 2.3.2 to take the fairly simple form it does.

Definition

A P-Test for the functions X e [Xxx-»H-»C-»C] (l<i<v) wrt T' is a

function Te [Xxx*-*H-*T] which satisfies

P~*eXxx* ,ir* ,C ,n s.t. #E* = #Tf*, T'n and each TT >ntt procj

Tl5*In =* for i<i<v if n =n[7r l /proc J ,

< > is a T-List for X I 5 I

and X I 5 I n preserves Consistency;
JU IT JU

and either x i s Miscible

or Erro^Set (Apply (Mix\ <;)o)

where y* 1^* =( n* >\i\ .Detail®

and

and similarly for X e

with e 77 *^ TT*,XTT .Jj Sjn^Xeo^ Signal* ̂ e^Q^ )> .

The rest of this section is devoted to showing that T-Lists 

are preserved by Run and Eval .
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Lemma 2.3.1:

If I* is a T-List for each p

then it is a T-List for p = \r\.Run ( # p n)ir* .
S _ j 1

Proof

let \[> =Fix ( Xty . X \ 0 . i <# p -*p n (ijj (i +1) 9 ) , 0 ) ; 

then p = ATI . ip 1 ;n
so it suffices to show (by induction on #p -i) that

^
I is a T-List for p'=Xn.^ i .

If i>#p* then p'=Xn6.9 ;

for which / is trivially a Terminator for any n'>X » a n

If i<#p* then pJsXne.p^Ctp (i+D6) ;

Take any n'»X*s a n s.t. n 'I contj = XI . 0 ; 

and in what follows n will always satisfy

n'=nCAI.0 t /cont] ;

let I be a Terminator for p ,n'jX»a 0 5 

then Vn»6j Develop ( p 'n9 )x a 0

= Develop (p i r\(\l> ( i + l) 0) ) x*cr Q

If I elde then 9 '=nl contH

so Develop ( p ' ?(' Q ^) \* o Q =Develop(p ^r\'Q^K* a Q 

and Develop ( p |n6) x* a Q = Deve lop ( p|n ' 0 t ) X* a 

"Develop(r}[ contH 1^ )(x*^ V 1 )a 1 

,,-*!* is a Terminator for p J , n ' , x* , a .

0

so

if I =? then 8'=0. and ErrorSeto 1 ;

so Develop (p'^'
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so Develop(p 'n6)x*<? -Develop (f>'^r\ '8 t )x ^ 0 J 

and ErrorSet (Consequence ( p 'n '9 )x cr ) ; 

so ? is a Terminator for p',n',x s o n j

if I =/ then Q'=\l> (i+l)9 ;1 n
but by inductive hypothesis, 

I is a T-List for p' ;

so let I be a Terminator for p f   ,r)',x'
2 1+1 j.

where x' -X ^ v -, » 

then Develop (p 'n6)x o

= Develop(o n'6 )Y 0 ^Develop (\b (i + l)6)Y f o rt^i't A o rrn A l

= Develop(p r\'Q )y* a "Develop (p* n9)x'*o 1

., / .~\*~ -, /. . \.* = Develop(p n 9 )v o Develov(o' n'9 )Y o rt i t A o r i+l t A 1

where if I elde then 6 "=nl con t] [ I ] ;

if I =/ then 6"=6 ;

if I =? then e"=6 and ErrorSeta ; 

so in particular,

Deve lop ( p ' r\ ' 6 , )x o

so Develop (p 'n9)x a 0

+v ) )a

where v +v =#£>eue20p(p{n'9 t )x a 

and a =C'onseqr Mence(p f Ti'9 )x*o ; 

hence I is a Terminator for p|,n',X*>o o  

Hence I* is a T-List for p{ ;

so in particular I* is a T-List for p'=Xr\.Run (^p n)ir'
-I- SI
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Lemma 2.3.2:

If <> is a T-List for each p

then it is a T-List for p> = Xr\.Hun ( # p n)fr*  

Proof

let n' satisfy n '[ contl = XI. 0 

and n satisfy r\' -=nL XI. 9 /cont J 

then FX 5 o n > since <> is a T-List,

for each \,

let 6 =p r)9 and 9' = p n'0

and 8 U *=< ir*,Xir i .e i > and 0 f7T * =< ir* ,Air i . 0 J> ; 

then pr\ = CombineQ 1**£ 

and pn ' =Combine 9' £

where ^=NewSoheduleT\* ;

so now show by induction on v=#Develop(Combine§ £9 )x o 

that if ^i,y'*,a,

* TT if if
then V\ ,0 ,a., Develop(CombineQ ^9 )x cf 

00 u u

= Develop(CombineQ ' r,Q 

First note that

X*°)=0) i

so (e l = e t ) «  (e; = e t ) ; (i)

Now consider any x »^n' a:

If AreTQ'"* then ----"' 7r *

so £=( > =(R .

Otherwise:

let < TT ,£'> =
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then because of (1), ( ir , 5 ') =ChooseQ f7r *<; ;

let < Xj 6> = Q l a Q

and < x',6') =6{a Q

and 6jr * = 9 7r *ce/7r i ]

and 6 1' 7r * = e' 7r *[0'/7r i ] ;

then Develop (Combined* LQ )Y*O
0 A 0

=< x> "Develop (Combine^* ? '6 ) (x*tl)<x 1 °XO 0 ) 

but Develop^ jf a Q = ( X> "£<2yeZope ( X *tl ) ( x 1 °X° 0 ) ; 

so X =X' J 

and FX'*,O I , let x 0 =^^.a l

then DevelopQ\'*o^ = (Deve lopQ ̂ « X Q> "x '* ̂ a 0 } fl

) tl

= Z?eyeZop9 'x '*o ;

and ^Develop (CombineQ 1!* i; 'Q ) (x*tl)^°Xa 0 )= v-l ; 

so by inductive hypothesis,

Develop (CombineQ 1!*!; '9)(x*tl)(x 1 0 X cO
7T * it= Develop(CombineQ ' £'6 n )(x tl)(x 1 °Xa n ) j

*rr ju .jt

hence Develop(CombineQ ^ 9 0 ^ x a n
TT ^t ^t= Develop(CombineQ ' C^^)x a « j00

* *Thus VQ , Deve lop (pr\Q )x o =Develop(pr\'Q)x o ;0 0
but also (cf 2.4.7) ,

£eue Zop (pn '9 )x o .-Develop (pr\'Q )x o ^DevelopQ(y tv)a.0 L U 1

where v = # (Develop( pn '9. )x a ) 

and a ^Consequence(pn'8 )x o ;
•^ * ^so Deve lop CpnQ ) X a =Deve lop (pn '9 )x cr ^Z^eye Zop6 (x tv)a ; 

ie / is a Terminator for p,n'>X 5 a n j 

hence <> is a T-List for p.

QED
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2.3

Theorem 2.2:

If I* is a T-List for each p

then it is a T-List for Evalp' 

where Eval may be Eval
O

or, if each p has an empty T-List, Eval .

Hence if I* is a T-List for each X I 5 ] 

then it is a T-List also for XEvallE*] . 

Proof

for l<i<#p*

let p'=An9.p n (Xea.< Signals e , 9> )

where r\ =r\L~n /proc] ; 

let I be a Terminator for p , n'jX > a n

where r\'-i\'L-n /proc] ; 

then Fn>9, Deve lop ( p 'r)Q )x o

= Develop(p n ( Aea.< Signals e,6 »)x

where v,a have the usual form 

and if I^A 9' = (Xa. <Signa Iv^e^ , 6>

for some e ; 

if I^Ide, 9' = n l IcontHi 1 I

- nIcontHl 1 ] ; 

if I^^j 6'=et and

so if I

and I is a Terminator for p^,n',x*,a Q ;

if I t =/,

then £eyeZ0p(p{n9)x*o 0 = X'*'x £) eueZop9(x*t(v+l) )a 2

where x ' *-Deve lop ( P i n|i<t ) X*o Q A< Signals e) ;
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so again I is a Terminator for p',n'»X > a 0 •

Hence I* is a T-List for each p' ;

and therefore also for p = An .Run ( p 'n )TT* (by 2. H.I and 2.4.2);

so for any r\',x*,a Q , let I be a Terminator for p,n',X*tl 5 o i

where c^ = (x 1 (CheckProas-mi* a ) ) ; 

then Kn,K', Develop (Evalf>*r\K ' )x* a 0 

= <X 0 > /N ^ey 

where \

and 6 =( Aa.< CheckResults-n* e* ,K ' e*> ) 

where e =^eswZtsiT a

pr\ '6 t ) ( xtl )a 1

if I*/ then

Develop(Evalp n'<^)x a 0 = < XQ^ ^Develop ( pn '6 ) ( x*tl )a ; 

and it follows that I is also a Terminator for 

Evalp* ,n' ,x* ,a ;

if !=/ then Z)eye £op (£lyaZp*n< ' )x a 0 

= < X 0 > "X'*"< XQ> "£ey
JU JU

where x f -Develop (pn '8. )(x tl)a
* Aand x,'-CheckResuits TT e 

for some e (independent of K f ,n); 

and again it immediately follows that 

I is a Terminator for Evalp* ,n ' ,X* > a 0 •

Hence I is a T-List for Evalp 

QED
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2.4 Regularity

A useful step in discovering whether Expansions (or 

Developments) are Miscible is a mechanism for imposing 

conditions both on any values produced as the result of a 

computation, and also on the sorts of primitive operations which 

can be used. This is done by defining the property 

''Regularity". Conditions on the result of evaluating an 

expression can obviously be applied only if the expression is 

successfully evaluated and does actually give a result, so the 

definition has a form similar to that of JumpFree or Terminator, 

but its significance lies in the introduction of qualifying 

predicates.

Definition

Ye[K-*K] is Regular wrt T,T',T ,T if

* j_ , * * FX »o j£ s.t. T e and T x 5

either 3e' s.t. T e' and
ju ju •*•

FK, Develop CYK£)X °n = x ' "Develop (<&'~) (\ tv)a

, * * and T' x

where x' -Develop(JK &) x o 

and v=#x r 

and a _

or Develop( yKe)x* a 0 is independent of K ;

and similarly for ye[K^K'] [K'->K] [K'^K'J,

'j wrt T,T',T I ,

wrt 

and Ye[C-*C] wrt T,T'.
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The predicates imposed on state transformations will usually 

have the effects of

a) restricting the processes whose results the operation can 

change ;

b) ensuring that certain things, such as the discovery of an 

error or the claiming of a new location are not "forgotten". 

Thus they will usually take one of the forms:

Invariants =

AX= (Vno , ( (3ir <7r*,<Tr) =»• (Resulfn(x° ) -Resulted) ) A 

Va , (ErrorSeta =» ErrorSet (xo ) ) A 

, (al area] a => (xo)tt area] a) )

Va.0, (a! areaja => (xa)I areaja))

Note that both Invariants x an(^ Subvariants x imply

(xo) -Results^ a) .

The predicates imposed on expression values will often 

depend on the environment, and in order that Eval preserves 

Regularity with respect to such predicates, they will have to be 

constrained to satisfy the following condition:
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Definition

The predicates T are H-Monotonia if

for any n, IT'>ntt proc] and e

if n' = n[ir'/proc]

then V e => V .

Before embarking on results about the preservation of 

Regularity by Eval , it is appropriate to include a lemma for 

later use: the Regularity condition provides a useful basis for 

the proposition (promised in 2.1) that, under suitable 

conditions, Detail is a special case of Develop.

Lemma 2.4.1:

If p satisfies:

for any n', each p n ' is Regular wrt

( Invariant r\ 'I procj) ) , (Subvar>iant< r\ '[ proc]> ) ; 
and 6 1T *=< ir*,XTr .p (nCTr /proc])0 > 

then for each i,
~ft ^t 'A'3x >X' s.t. (Invariant^ TT ) ) x an<^ Invariant TT > x f 

and DetatZe^*^^ a-Develop (6^*11 )x*(x' a ^ •

For ea h i, let T denote (Invariant** 77 ) )

and T' denote (Subvariant( IT > ) ; 

The Regularity condition implies

if T*X'* then T ' * (Deve lop ( 9 Tr *TT i ) x ' *a) ; (1) 

So for any 9^* and a satisfying (1) and for any i, 

proceed by induction on v^DetailQ ?TT a .

If e^ir =0^. then £=<> =<A .
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Otherwise induct also on i = least integer s.t. C^ Q = Tr l : 

let < TV' ,£»>

=< £•!• i ' ,£ti f > for some i'^i 

and < x ,9 ') =9^*11 'a 

and 9' =9 C9'/Tv'] ;
TT *

then 9'" and ( X a) satisfy (1) ; 

for if TV *TV '

then Develop(Q' TT )x' (x°) -Deve lop (9 TV )x' 

and if TV = TT'

then Develop(Q f7T *TV )x'*(x°) =

(.Develop (9 TV )((Xo.o) /N x' )o)tl 5 i

SO if TV =TV'

IT it
then £ = DetailQ CTV oi

= < x> "DetailQ f7r *c'ir (xa)

(by v inductive hypothesis)

* * * j . for some x >X s.t. T x an<^ T X

and if TV ^TT '
7T *

then £ = DetailQ ^ ̂a

= DetailQ '" *^ 'TV t ( xo) ; 

but also l^i'<i , so ^ f ; ( i -i ')=TV I ; 

hence by i inductive hypothesis, 

JC = Develop(Q ' 7f *TT i ) x* ( X ' °X°) 

for some x »X f as

where x"-X /0 X '•> 

and since by CD Subvariant( TV '> x > and so
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SO TX" •

QED

Two more lemmas, which will be needed later when finally 

assembling the different properties to prove the equivalence of 

serial and parallel execution, show that the serial forms (only) 

of Run and Eval preserve the » equivalence of Expansions. Note 

that the parallel versions do not have this property since the 

interleaving of different processes' operations could, as 

mentioned in 1.2, produce different operations.

Although they have little relation to the rest of this 

section, it is convenient to include these lemmas here, as they 

depend on Regularity. Also, one of them depends on results 

proved further on in this section, and so should logically come 

later, but it appears here in the interest of getting the minor 

results out of the way before starting on the major work of the 

section.

Lemma 2.4.2:

If Y*>Y'*e[OC] satisfy #y*=#y'* 

and for each i ,

y and y' are Regular wrt T,T'

for some T,T' satisfying t(Aa.a) 

and VQ,o, ExpancKy 6 ) a « Expand( Y [ 9 ) a

then ^fr*,6,a, Expand (.Run j TT 8)a « Expand(Run Y' ff 9)a •s s

Proof

let ty=Fix(Xty.X\Q. i<#y* -" Y t ( i/Ki + 1 > 0 ) > Q )

and ty'=Fix(Xty' .X\Q. i<#Y'* - Y( (4> ' ( i + l ) 0) , 6)

then it will be shown (by induction on #y*-i) that

Q)a * Expand( ty ' \ 6) a (1)
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If i>#y* then £ =ExpandQa=& .

If l<#y*

then £ = Expand(y (^d + l)9))a ;

but by Regularity of y )

either Va , Expand(y^Q )a=Expand(j 0 )o"ExpandQa

or Va , Expand(j Q')a = Expand(^ 8 )a 

where a = Outcome (y 0.)a ; 

and similarly for y', with the same a . 

Furthermore, the same case holds for both y and y' 

since otherwise eg,

VQ , Expand (y 0 ± )a « Expand(j'Q )a

Expand(j 0)o

« Expand(j Q .)a~Expa.ndQo ̂  ; 

hence ftExpandQo =Q ie 0=e ± ;

so either X = Expand(^ 6 ) a"Expand(\l>( i + l ) 0 )a 1 

« Expand (y ' 0 ± )a /v £'xpand(ij> ' ( i + l)0)a ;L

(using inductive hypothesis) 

'djj '( H-D0) )a

or jC = Expand(j 0 ,)a

'(if)' ( i + l)6) )a

<R ;
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hence (1) holds for all i>l;

putting i=l gives desired result. 

QED

Lemma 2.4.3:

If P*,p'*,n 0 ,n£ satisfy #p* = #p'* and n Q I procj =r\^[ prod 

and for each i, Vr},r}', p n and p'n' are Regular

(wrt some T,T',T s.t. T(Xo.a)) 

and fK,o,TT , Expand(p> n K)O *= Expand ( p 'n 'Oa

where n =n 0 Cir /procj and n'^n^Cir /proc] 

then VK',O, Expand(Eval p ri K')O ** Expand(Eval p' n'<')cf .
G U o U

Proof

let ir =

and TT =yi/ewProcsTT(#p )a ;

let y =X6.p n (Xea.< Signals e ,0) ) ;

but X6ea.< Signals e , 9> is Regular wrt suitable predicates; 

so Y is Regular and hence (by 2 . 4- . 6 ) Run Y ^ is Regular;
1 S

and similarly for Y' etc.

Furthermore, as in 2.4.2, p and p' satisfy the same 

alternative of the Regularity condition. 

so either 3e s.t.

Expandtj 6)a = Expand( p^n i ( Aea. < Signa.lv ̂ z , 0> ) ) a

- Expand(p r\ <t ) a /x < Signals e> "ExpandQa 

« £7xpand(p|n(K-t )G /x <5i9'naZ.TT e> "Expand 6a ' 

« Expandt Y '8)0 ;

since a -Signals e(0utoome( p n <t ) a) 

-Signals z(0utoome ( p 'n ' <. ) a)
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or Expand(Y t 6)a - Expand (p r\ K )a

«= Expand( p 'ri 'K ) a

* Expand^ '6)a ; 

hence by 2.4.2,

y*TT*0)a » Expand(Run y'*Tr*9)a ;

again, this implies that Run y* "f* and /?im y'*ir* satisfys s
the same alternative of Regularity;

ie either Expand (Eval p*r\ K')O = < x n > "Expand (Run J*-n*Q.)o
O \J \j U S L -L

a
**X > "Expand(Run y' TT 9 )a

U S L J.

Expands a 

Expand(Eval p' n'<')a
O U U

where

a =Outeome(Run y IT (
2. S

and 6 -UnlessErroT(. ..) ;

or Expand (EyaZp n n K f )o n = < \J "Expand(Run y ^ 9.)-) a 1
O U v/ L/ o L J.

» < x n> "Expand(Run y'*7r*9 )a
U S ~C 1

Expand(Eval p' nlK')a .
o U U

The next few lemmas show that the property of Regularity can 

be combined with that of JumpFree with the expected effect, and 

is preserved by function composition and by both forms of Run.



2.4 84 

Lemma 2.4.4:

If Ye[K-"K] is Regular wrt T,T',T ,T and JumpFree

then Kx*,a o ,e satisfying T e and T*X* , 

either 9e' s.t. T e' and

xcr = x ' "Develop (KE ' ) ( xtv )a 1 

with x'*» v J a 1 as i-n definition of Regular, 

or Develop (YKE)X*CJ is independent of K

and 

Proof

Take any x*> a n »e s.t. T*X* and T e .

If the first alternative of Regularity is satisfied

then there is nothing more to prove ;

Similarly if the second alternative of Regularity

and the second of JumpFree are satisfied.

So suppose the first alternative of Regularity

and the second of JumpFree:

then VK.jK , Develop(j£ 1 e)x 0 =Develop(^< c)x a n 5

but 3e f s.t. for i=l,2,

Q 
Develop(< e')(x tv)a ;

JL. -Jk

hence Develop ( K e ' ) (x tv)a -Develop ( K e ' ) (x tv)c ; 

in particular,

Develop (K e ') ( x*tv)o =Z)eye ̂ op ( <t e ') (x*tv)a =< > ; 

which implies K =K, ;

contradicting arbitrary choice of K . 

QED
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Lemma 2.4.5:

If Y 1 e[K-*K] is Regular wrt T,T f ,T 1 ,T 2

and Y 9 e[K-»K] is Regular wrt T,T',T ,T
•^ jC O

then Y 1 °Y 2 is Regular wrt T,T f ,T 1 ,T 3 ;

and similarly for other possible functionalities of Y^jY^- 

Proof

Consider any x*> a Q j£ s.t. T*X* and T e ;

let Xi = £eye£op(Y 1 K t e)x*a 0 ;

then either 3e' s.t. T e' and

if it if
¥< , Develop (y (y K)C)X a Q = X**Deve ̂ °P (Y 2 K£ ' )x ' a -i 

where x'* = X t(#x.,^

and a ^Consequence ( j K e )x cr

j f * * 
and T '

now
^ ^

let y^ -Develop ( Y 9 < t e ' )x ' ° 1 >

either 3e" s.t. re" and
O

if if if"VK , Develop(y KZ')x a i~X 2 -^^-t-^-^ 'A - 2

1_ I,* f*_L/'J/*\where x = X t(.#x 9 ^

and a =Consequence(Y K.C'^X' a -,

j . * *
and T f X 2 J

so in particular, Deve lop ( Y I ( Y 2 < -t ^ e ^ X ° 0 = X 1 

and a =

*. *

so

***"
where x " =X t#(x 1 "x 2 ) 

and T'*(x*"X 2 ) 5
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or Develop Cy <e ' )x '*o is independent of K ;

e

and * '*

so T' (DeyeZ0p(y 1 (y 2 K t )e)xcr o ) ; 

or Develop (Y K£)X*O O i s independent of K

so

and

so T' (Develop (j (j K.~

QED

Lemma 2.4.6: 

If *€C

and each y i s Regular wrt T,T' 

then Run y TT is Regular wrt T,T'.
O

let ij = Fix(X. Ai6. i<

then (by induction on #y -1) ^^ is Regular wrt T,T'

for if i>#y* then ijn-A6.9 which is trivially Regular;

and if i<#y* then ijn = Y I " i^Ci + l ) ;

but y is Regular wrt T,T' by hypothesis;

and tp(i + l) is Regular by inductive hypothesis; 

so by 2.4.5, ijn is Regular wrt T,T' ;
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in particular, Run j*-n*-\l)1 is Regular wrt T,T ; .
o

QED

Lemma 2.4.7:

If T ,T ' satisfy

IT * *
and 9 =< TT ,Air .6 >

7T ̂ t
then Combined £ is Regular wrt T,T' and JumpFree; 

hence Run j T\ is Regular wrt T,T' and JumpFree. 

Proof
«¥• JU

By induction on v ( v=#Deve lop (yQ. )x a n and j=CombineQ £ ) , 

the following slightly stronger property wll be proved: 

VQ ,
j . * *and T' x 1

(with XH an d a as in definition of Regular) .

If
then Y=^9.9, which trivially satisfies the condition since

v=0 and a. =a. . 1 0

Otherwise:
TT ^t

let < TT,C '> = (7/z0ose9 C 

and < x 5 6 '^ - 9 TTO ; 

also let 9' =6 [9 f /irl 

and ' ~ ' -• --«» 7T *'

then F6, Y9a Q =< x>Y'9> »

so Peyeiop(y9)x*o o -< X> "

so #Z?eyeZop(Y'6)(x*tl)(x 1 °X0 0 )=v-l ;

so by inductive hypothesis,

9 ( x *tl t( v-1 ) ) o
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and T f *x'*

where •%[* -Develop (Y'9 t )(x* + :1-^X :L 0 Xa Q^ 

and a ̂ Consequence (Y'9-t-Hx*tl)(x 1 0 X a 0

=Consequenae (jQ.^x a n J 

so Develop(vQ)x*3 Q = < X> "\[* ̂ Develops (x*tv )a

where x ' =Develop (y8 t )xa Q J 

also \<Develop (6 1T *Tr)x*a so T f x ; 

hence T ' '

QED

The next stage is to extend the results about Run to apply 

also to Eval ; but this is considerably complicated by Eval's 

use of the res component of the state to keep results from 

processes: it is clearly essential to be certain that the 

values produced by a set of of f sr ring processes are the same as 

those supplied to the parent process to continue its 

computation. The next two lemmas show that both versions of 

Run cause essentially the correct results to be left. The 

preservation of Regularity by Eval follows. Note that, since 

Eval^ is only for application to objects satisfying a P-Test, 

and which are therefore JumpFree, 2.4.9 can hypothesise 

JumpFreeness as well as Regularity.

Lemma 2.4.8:

If T,T' satisfy

and

JLi JU

KX, TX V T'X °* Va ytResultsif (xo^-Resultsv a) 

each y is Regular wrt T,T' and some T

and Y' = ̂ 9- (Xea.< Si^naZi^e, 6)

and Y"=Y °Y' 1 i ' \ ' i
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then Y= (Run v"*y*°UnlessError ) satisfies s
KX*,a s.t. T*X*,

either 76, Deve lop (yQ )x ° 0 = X' *Veve lopQ (x tv)a ;L

with x' ?v,a as in definition of Regular 

and for each \, T (Results a )

or Develop(jQ )x a is independent of 9.

Proof 

let

then show by induction (on #Y*-I) that 4u satisfies: (1)
rr * j_ * *^X >cr Q s.t. T x

either VQ , Deve lop (iju 0 )x*cr =x '*~DevelopQ (x*tv )a

, . ,a

and for i<i'<#y* 5 T ,(Resultv ,o ) 

or Peye Jop (i^i9)x a is independent of 9 .

If I = #Y +J- then ijJi9, =0 ; 

so o =o ; 

and condition on results becomes

for !<X'^#Y*J Results ,o -Results^ ,a , 

which is trivially true.

If I<#Y*

then iJn=Y "Y'
* **so, by Regularity of Y I ) for anY X^ a 0 s.t. TX,

either le s.t. re and

VQ, Develop(^>iQ')xo Q - x^Develop (Y( (^( i+l ) 9 ) e) (xtv )a

j^ Ju

where x t ^Develop ( Y l K t ) X ° 0 

and x -Signals e 

and v = #x*
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and » 2 =v +1 

and a -Consequence^ < )x*o

but by inductive hypothesis, i|j(i + l) satisfies (1); 

so either

VQ, Develop (W>\ a =x"< X> *Y""Deve lopB (xtv. )a
Oil o

where x"* = Deve lop (ijj ( i + l )6 ) (x*tv )a 

and ±ur l^i'si, Results ,o -Results ,a
1 O L ^

and for i+l<i'<#y* } T .(
1

so, substituting for 9 ,

and for i+l<i'<#y* } T .(Results ,a ) ;
1 1 O

• - A ~v^,,^,,^£,- NA 33

where x' ^o>°q satisfy the conditions of (1);
O O

and for l^i'<i-l, Results ,a - Results ,o
L o L Z.

- Results ,a 

= Results ,o 

since T ' (x ) '•> 

and Results a = Results o - e
1 o 1 2.

so T (Results a )
L L O

and for i + l<i'<#Y 5 T ,(Resulti\ ,a ) ;
1. L O

or

t 
*"< X x >

or

= Develop (\l>\Q)x* o n •>

Hence tpi satisfies (1) for l<i<#Y*
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Putting i=l gives required form for Run y" TT ;s

so for any x* ,a s.t. T*X*>

either VQ Develop (y6 )x*<? -Deve lop (\lilQ , )x*cr "0 "tO

Develop(UnlessErrorQ)(\ tv)a
X

and for all i, T (Results a ) ;

but if

then Develop (UnlessErrorQ') (x*tv)a =

< CheekError True) ; 

so Develop( y9>x a is independent of 6 ;

otherwise :

Develop (UnlessErrorQ ) (x*tv)a -

< CheokError False) "Develop® (x*tv + l )a 

where a = CheokError Falsea = a ; 

so 76, Develop (y6 )x* a 0 = X '* A^eye^op9 (x*tv ' )a

where x' » vf 3 cr 1 are as i-n d^j 

and for all i , T (Results a ) ;

or Develop ( ipi 6 ) x a n is independent of 0; 

hence so is Develop (yQ^X a 0 •

QED

Lemma 2, 4.9:

If the hypotheses of 2.4.8 are satisfied and also 

KX, TX V T'X =" (Va, ErrorSeta =>• ErrorSet(\a)') 

and each y i s JumpFree 

then (Run y"*7T oUnlessError')

satisfies the conclusions of 2.4.8.
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Proof

For any 0*,Tr*,<; fair in TT* ,

' i"i 

and Y

and first show by induction on \> = #Develop (y6 )x* a that

if each 9 satisfies: (1) 

for any a,x* , 

if x' -DevelopQ x a 

then KX<X '* 3 V7r<(iT*\< TT > ) , fro ' ,Resulti\ (\a ' ) -Result^a '

and either if #x' > 0

then yo', T i (flesuZt7r i (( X '*H#x'*))°')) 

or EprorSet ( Consequence 6 x 0) 5

then Ko,x* s.t. T*x* 5

a ' -Consequence ( y6 , )x cr satisfies: (2) 

either for each \ ,

if e i= e t
then Results a'-Resultv a 

otherwise T (Results a') ;

or

For if

then Y9 t = 9 t >

so (2) is trivially satisfied.

7T *Otherwise let < TT , £ '> -Choose 0 i
7T *and < x,e f > =6 v^a 

and 6' =0 [ 6 ' / TT ]
7T *and Y'=CombineQ' C j

then
. ' -t. . * so a ' =Consequenae (Y6--) X a
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= Consequence (y '9 t )(x*tl)(x 1 °Xa ) '•> 

but for ir<(7r*\< TT > ) ,
I

) = Resulti\(xa ^
* * since T Y

since \<Develop§ x a >

Now if Q '=6

then x f =DevelopQ X* a=< X> i 

so by (1),

either Evror>Set(ConsequenoeQ x cf) ; 

so ErrorSet (x 1 °Xa ^ >

so ErrorSeta' ; 

or T (Results (x a ^) 5

hence T (Results (x 1 °Xa )) 5

also, 9' trivially satisfies (1) ;

and #Develop(^'Q t )(x*tl) ( x^^ 0 X°) =^~ 1

so by inductive hypothesis,

either ErrorSeta'

or for i '#i, if 6 , = 9

then Results ,a '-Results ,(x 

otherwise T ,(Resulti\ ,a') ; 

and Results a '-Results 1 ^X 1 °X°) j 

hence for i'^i,

if e i; =e t
then Results ,a '-Results f a 

and T (Results a') ; 

which implies (2) since 9 ^9 .

if e f *e t
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then x'* = <X> ~2eyeZop6'(x*tl)(x 1 °X0> ;

so for any x"*,Q Q , let x Q =\a'.a Q J

then DevelopQ'x"*a ^DevelopQ « x 0 > ~X"* ̂ ° tT i

so condition (1) for 6' follows from condition for 0^ ;

so again by inductive hypothesis applied to y'9-f- >

either for ; '# i ,

if e i ,=6 t

then Result* ,a'-Result-K ,(x 1 °Xa )

otherwise T ,(Results ,a') 

and T (Results a') ; 

hence since 6 *0

if e lf =e t
then Results ,G '^Resultv ,a 

otherwise T ,(Resultv ,a f ) ; 

or

Thus (1) =* (2) ;

Now each y is Regular wrt T,T',T , and JumpFree;

so by 2.4.4,
* , * * KX ,a Q s.t. T x •>

either 9e s.t. x e 

and fK, 0
~Develop(Y K )/ a ~£>eueZ0p ( KG ) ( x tv)a 

or Develop(y K)X*O is independent of K 

and 1 '
ie either VQ ,

where x' =Develop(j K )x o

and x' -Signals e A y
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and O 2 =x'a 1 ;

so VQ ,

where \"* -Develop (y"6 )x ° 0 

etc;

so , since T '*x '*

e t )xa o = x'"< X f > satisfies (1); 

and also #Deve lop ( y"9 )x*^ 0 > 0 ;

so Y;'e t *e t ;

or f6, Develop (Y"9)x* 'o Q = ZJeye Zop ( y i (y{6 ) )x*o

so Develop (y"6)x O A is independent of 9 i o
^C "faand T' (Develop(j"Q )x cf ) ; 

also Consequence (y"9. )x o
if- Consequence (y (y '( 6.)) x cr 

= Consequence (y K,)X o 

= a 1 ; 

so ErrorSet (Consequence (y"6 . )x cr ) ;

so again (y"6 ) satisfies (1);

and furthermore (unless ErrorSeta ) y"o,^9

Thus for each i, 9 =y"6 i. satisfies (1) and 9 *9 ;
L L L, L L

* *so for any o,x s.t. T x >
•& it ito' = Consequence(Run y" IT 9 )x cr satisfies 

for each i, T (Results a') 

or ErrorSeta' ;

but from 2.4.7,

KG, Develop(Run Y"*TT* 9 ) x* a=X"* ~Veve lop 0(x* tv) a '
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where \"* ̂ Develop (Run Y"*T*9 t )X ° '•>

so VQ ,

but if ~ErrorSeta'

then for each i, T t (Results a ' ) ;

so Z)eyeZop(Y6)x*a = x"* /v < X> ~£eue lopQ (x*t (v

where ^CheckError False 

and a =xa '=a ' ;

so DeueZop(Y9)xa = i'eyeZop (Y9 )xo

where v and a' satisfy the required conditions;

otherwise

Develop (Y9)x ° = X" ^ CheokError True)

= Develop (jQ, )x ° j 

which is independent of 9 ;

and Consequence ( jQ . )x o = CheakError True a' = a' ; 

so ErrorSet (Consequence (Y9,)x a ^ •

Theorem 2.4:

If p*,n satisfy

for any a, if ir = nl[ proc] and ir =NewProcsit(#p )a
JU JL

each p n ' is Regular wrt (Invariants ), (Subvariantn ) } 

and some H-Monotonic T , 

where n ' =nCir i /proc J ;

then Evalp*r\ is Regular wrt (Invariants ), (Subvariant( TT> ) 

and (Xe*. V\ ,T e^

where ffyaZ may be Eval or, if each p i n' is JumpFree, Eval .

Proof

let T = (Irtvaj"£an£7T ) 

and T ' = ( Sub variants )
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and i"=(Subvariant( ir> ) ;

Y l =P i n i clearly satisfies the hypotheses of 2.4.8 and 2.4.9;

so Y=-ffw«Y" T °UnlessError satisfies the conclusion;

ie for any x*,a Q s.t. T*XQ ,

let TT -NewPpoos-n(#p* )a

and a =CheakProos-nn*a

and =
then either K 9 , Develop ( y6 )x*o l = X '*~Deve

where x' =Develop(.yQ )^*a 

and x* = X*t(# X '*) 

and a =Consequenae('YQ.')X-< o * 5 

and for each i , T e

where e -Results^ a ; 

hence by H-Monotonicity , 

for each i , T e ;

so Develop (Evalp

X 2 >

where X-i -CheckPvocsw 

and x = CheekHe suits TT e

and <Vx 2 o 2 = a 2 i 

so Develop (.Evalp nK')x 0 a 0 =

Develop (Eval p* ̂ nK^)x Q o Q *Develop (K 'e*)x*a ;

and for each i , T e ;oj i
furthermore, by 2.4.6 and 2.4.7,

y6 is Regular wrt T , T ' ; 
* *

SO T ' X 5

II* I*
S O T " X J

and ., and X 2 certainly satisfy T" ;
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or Develop (jQ^x*^ is independent of 9 ; 

so y<' t Develop (Evalp* r\< ' )x* ° 0 =x l"x ' 

which is independent of K ' ; 

and as above, T"*X'* ; 

and T "x 1 ;

Hence Evalp r\ is Regular wrt T ,T " , (e* . V\ ,T e )

QED

Corollary

For any n> if each X 15 I satisfies 

for any n s.t. nlprocl<n IprocJ

X [ E In is Regular wrt (Invariant n I procl> ),

(Subvariant( n ttprocP ) and some H-Monotonic T 

then XEvall E*J n is Regular wrt ( Invariant*, nl procj) ) , 

(Subvariant( ntt procj) ) and (Ae*.Vi,T e ) .

Take any n and let ir = nll prod ; 

and take any a ;
ju •&

let TT =^ewPrc>cs7r( #5 )a 

and Cir

i

then since Invariants x ^ Invariant^, s > x 

and Subvariant< s > x ^ Subvariants Xa

each Z IE In is Regular wrt (Invariants*), (Subvariants*) , 

and T ;

so Eval(%X IE I)n is Regular wrt (Invariants*), 
i

(Subvariant( s) ) , (Xe*.fi,T e^

M II TQ ,TllTTlT\P>->Qd TP^ixv? .
4'for £yaZ = Eval 3 > or if each J^I H^] is JumpFree ,
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and in particular for Eval = Ttt5*In •* Eval^, Eval

where T is a P-Test for the X ; 

ie XEvall H*In is Regular wrt (Invariant( ir> ),

(Subvariantt TT> ), (Xe*.Ki,T e )

since Invariant TT> x =* Invariants 

QED

*

2.5 The Primitive Operations

The last property needed of Eval concerns the operations 

which can be produced as a result of using it, with a view to 

the satisfaction of the Miscibility condition of theorem 1.4. 

This section will show that these operations are essentially 

those produced by the component commands, as would be expected, 

together with a certain restricted collection of 

process-manipulating operations; and thence that the operations 

produced by using Eval satisfy certain conditions, provided of 

course that the operations produced by the individual commands 

satisfy them also.

But first, the types of operation which will be encountered 

must be enumerated, by means of the following definition; and 

the subsequent lemma indicates how they relate to each other.

Definition

A state transformation is a Permitted Operation if it has one of

the following forms:

1) Xa.a

2) SetError

3) CheakErrori:
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5) CheckFetcha.$

6) CheokNewna

7) CheokFull-n

8)

9) Signalize 

10)

Lemma 2.5.1;

If X-, ar>d X 9 are Permitted Operations then they commute 

except possibly in the following cases:

1) One is either SetError or CheckFullTf ;

2) One is PutaB and the other is PutaQ or CheckFetchaR ;

3) One is CheokNewna. and the other is CheakNewna ; 

4-) One is CheckProcsw and the other is CheakProcsini j 

5) One is Signal^e and the other is either SignalTtz^ 

or CheokResultsit e with TT<TT

(Aa.a) commutes with anything,

so typet; (1), (2) and (7) can be disregarded.

The remainder are conveniently classified as being of one 

of the forms :

i) Ao . ^a ; 

or ii) Xa. (<J>a-»4;a, ?= ) .

If one (say X-,) is of "tYP 6 ^i^ and tne other of type (ii),

then X 1 °X 2 = Aa • ^i ( <f> 2 a"> ^2 0 '=)

while x 2 °X 1 =
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so x.^ and v commute if

0^ = ̂ ° and (>o = () . <1>

If both are of type (ii), 

then Xl °X 2 = ^°-(<t' 1 ('l>

= Xa. ((<() 2 aA (j) i ^ 2a)^ 1 4J 2 a,?= ) ; 

so x 1 and X 9 commute if

<*) 1 0 ^2 = (() 1' ^2°^1 = ̂ 2 and ^i°^2 = ̂ 2 0 ^l '

If both are of type (i),

then each is either Puta. B or Signa.lv e ;

which only fail to commute if

either both are Puta 3 and a -a.

or both are Signals e and i\ -T\ .

If x 1 is °f "type (i) and x 9 °f "^YP 6 (ii) (°r vice versa), 

If

then ip =Xa.a[3 1 /store/a ] ;

but for all possible forms for x 9 5

^ does not affect the I store! component,

hence \li^°\\) 2 = \l> 2 o ty ± ;

and the only <j> which depends on the IstoreJ component 

occurs for x 2 =CheakFeteha 3 2 ; 

and in this case,

a if a-

Similarly if X} =Si

the only x? which does not commute with x is

CheckResultsv e where ir •« TT
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If both are of type (ii),

then the only cases in which (2) does not hold are when

(at least) one of <j> . iL . and (at least) on of <J> 0 , ip 011 £ *•
refer to the same component of the state, 

so consider each component in turn:

tterrl :

each x =CheckErrori ; \ \
so \b = Xa. a ; i
so (2) trivially holds.

ttstorel :

each x -CheokFetGha 3 ; i 11
so again ijj =Xa.a and (2) holds, i

lareal :

each x -CheckNewn a. and assume TT *TT ;

for any a,

if StoreFull-n a

then X-, 0 -]^ »

so x 2 ( X 1 a)=I J

also X 2 a=i or \ 2 o=olTrue/use/a 2 ] ;

so x ^ X ^ ̂ ~— • 

Similarly if StoreFullv a .

Otherwise if Newn i O=a^ for i=l,2 ; 

so that Ownerct, ,- 1T 5 hence a 

then xo =
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and by properties of StoreFull and New , 

~StoreFuZl-n 2 (aLTrue/ area/ o^]) 

and Newit (a[True/&rea/a ])=Newn a = a. ;

30 X 2 ^X 1 ^)=a[< True ,TrMe> /area/< a. ,a > ] ; 

otherwise Xl <X 2 a ) =X 2 (x^ =1 •

Hence ^.^ and X 2 commute if "f .

each x =CheekProcs-n T\ ;

and a similar argument shows that x 1 and X 9 commute 

so long as TT , ^ir .

resj :

each x =CheckResults-n e ;

so again ty =Xa.a and (2) trivially holds.

QED

Now for the results about Eval . As previously, two lemmas 

are first needed about the two versions of Run , and then these 

are combined to give a result about either form of Eval.

Lemma 2 . 5 . 2 :

If Y*>T*>X*> a satisiy

each y is Regular wrt (lnvariant< TT ) ) and some T
* . * * 

and (.Invar^ant'n ) x

and if ^Develop (Run ̂  ir 8 t )x 

then for some i ,

*for some x > a s.t. (Invariant( IT > ) x •



2.5 104 

Proof

let 4i = Fia:(Ai|;.Xie. is# Y *^Y (4>( i + l) 8 ) ,6 ) ;

then it suffices to show (by induction on #y*-i) that 

if ^<Develop(ty\Q ,)x*cr 

then y<-Develop(-Y f6 t ^X*f° f f°r some i'>i .

If i>#y* then ^i6 t =6 t so no such x exists; 

and result is vacuously true.

If i<#y* then i|u 6 t = Y ; (* ( i + l ) 6 t ) ; 

so by Regularity of y

and since (Invariant IT ) x > so (Invariant( TT > ) x s 

either Develop (\^i\Q.')x ° = Develop(j (ip ( i + l ) 0 )x o

= Develop(j 6 )x o j 

so ^Develop (ipx0 )x*a =*

or Develop (1^16. )xa = Develop (y 0 )xo"£eye £op (ijj( i + l ) 6 .)x'cf'
JL. JLi JU JL.

for some x' satisfying ( Invariants ) x' j

but by inductive hypothesis,

'

X*Develop(-y » e t ^X*f a l f for some i f >i 

hence x <Deve ^-°P ̂ X0 t ̂ X ° "*

X<Develop (y f 9 t )x* f a 1 r for some i'>i

Putting i^l now gives the required result. 

QED
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Lemma 2.5.2:

If Y jfr >X*>o o satisfy

each Y X is Regular wrt (invariant IT > ) ,T 

where n =\. (

(Va ,ErrorSeta =* FrrorSet(xv)) A 

,a[ use]a =* (x<? )I use] a) )

and (Jnyariantir ) x 

and if x*Develop (Run Y*ff*9 t )x*° 

then for some i ,

'it Jr Jt
for some x j° > s.t. (Invariant IT > ) x

let e ir *=< Tr*,ATT .6 >

wliere 6 =y Q t 

and 5= New Scheduler ; 

Now show by induction on ^Develop (Combine® £6.._)x a n »
TT JU JU

that if \<Develop (Combined ?9 t )x ° 0

then for some i, x < ^eye ^°p9 X ^X' a n ^

where Invariant^ IT > x ' •

If 4re2'0 7T * then Combine9 /1T *^e t = 

so no such x exists.

Otherwise let (IT , ^') -ChooseQ^* r; 

and < X ',e f > =6 ir *Tr i ,a 0 ;
IT "it "Jt

then Develop(CombineQ ?9 t )x a 0

where 6 ' 7r * = 9 1 C 6 '/^ , J ;

so either x=X' in which case \<DevelopQ ̂ ,X*a Q ; 

or
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so by inductive hypothesis,

X*DevelopQ 'x* (x ' °X-, °X ' a 0 ) f°r some i (2)

where 9 ' = ( 1 = 1 '->6 ' ,0 ) ; 

but if T.= I'

then < x f >

where Invariant*, ir >x'

and Invariants x 1 so Invariant( IT > x 1 '•> 

so Invariant( TT > (x'°X 1 ) j 

while if \* i '

then Invariant*, ir >x' a.nd Invariant( IT > < ; 

and by Regularity, T ,x' j

so Invariant^ TT >x f j 

so Invariant^ ir > (x'°X 1 °X'^ > 

so (2) gives required form.

Hence (1) holds;

e x <Deve °P^ X a f°r some i,x

Lemma 2.5.4:

If p*,n,X*>a 0 satisfy

yn ' ) each p n' is Regular wrt ( Invariant( n ' II procj) ) ,

(Subvariant( n 'I procl) ) and some T' 

and (Invariant( ntt procj) ) x •>

and if x^Develop(Evalp n<^>X a 0 

where Eva I may be

or, if p n is JumpFree for all n a Eval ;

then either x^^^^ 6 ^ 0? ̂ P,nf 'f t / P>"OC J K >x a

for some i,x - cf s.t. ( Invariant( TT > ) * x*
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where i\* = NewProesT\ (#p* )o ; 

or x has one of the following forms: 

i) CheokProas-n-n where Tr = nil proc] and V"rr <TT ,TT<TT ; 

ii) Signals e. where n[ proc]] <TT ; 

iii) CheakResults-n* e* where Vn <TT* ,nl proc] <TT ;

iv) CheakErrori . 

Proof

let TT = nlIprocJ
•JC -Jr Jr

and TT = NeuProas-n(#p )a (so KIT <TT ,ir<Tr ) 

and nCTr

and y = % X9.p n (Aea .< Signals e,0> )

and T be as in 2.5.3;

then Develop(.Evalp*r\K'~)x*o
JL JL JL JL

= < CTjeckProcsTCTT > ^Develop (Runv TT 6 )(x tl)or i Q A ^

where 0 =UnlessError (Aa .< CheckResultsft*e* ,6 > )

where e -Results^ a
*and a =x. (C/iecAcPrc'csTrTr a^) ; 1 A l 0

hence either x- (.CheakProos-n'n ) which satisfies (i)

or ^Develop (Runy TT 6 )Cx tl)a ;o i
but p n is Regular wrt (Invariants TT > ) , 

(SubvariantS TT > ), T'

and therefore wrt (Invariants TT > ), T , T' ; 

while A0.Aeo.< Signals e,6) is certainly Regular

wrt (Invariants IT > ) , T , T' ; 

so Y i s Regular wrt (Invariants TT > ) , T

and therefore wrt ^Invariants TT> ) , (SubvariantS TT> ) ; 

so by 2.4.6 and 2.4.7, Runy* TT* is Regular wrt

(Invariants TT> ) , (SubvariantS TT> ) ; 

so either Develop (Runy TT 0 Kx*tl)a
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= Develop (Runy*-n*Q ) (%* -fDa 

for some x' s a >

or

**
Tre )(xtl)a

= Develop (Runy*i!*Q ) (x*tl)a ; 

in either case,

either ^Develop (Runj* -n* Q )(x*tl)a (1) 

or x*DevelopQ v'*a ; (2)

but in case (1), by 2.5.2 and 2.5.3,

. f

for some i ,x ,a s.t. (Invariant< TT > ) x

p n ( Aea .< Signals e,0 ,> ) ) x a > 

but p ri is Regular, 

so either Develop(y 9. )x cr

= Develop(p r\ x,)x cr A < Signals e. >

for some e s.t. r'e ;

or Develop(f 6, )x o =Z)eyeZop(p n K )x o ; 

in either case , 

either \<Develop(p n <t )x °, 

or \= (Signals e ) which satisfies (ii);

while in case (2), 

if ErrorSeta

then DevelopQ x' o =( CheokError True) ; 

and if ~ErrorSeta

then DevelopQ Q x' ° 2

= < CheckError False) A< CheakResults^

* i * t where e -Results^ (x/o ) ;

so x-^CheokErro^^^ which satisfies (iv);
* * \ • JT •or y^{CneaK.Resuls~bs"R e ) satisfying (111);
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QED

The previous result can be tidied up by introducing the 

complex and rather more stringent condition which the operations 

produced by the semantic equations will be required to satisfy, 

even though this condition depends on parts of the environment 

which have different structures for the different languages 

considered in chapters 3 to 5 . Because of this, the condition 

will be defined in terms of the predicate Denoted^ [D-»Ide->H-»T] 

which checks whether the identifier denotes the given value in 

the given environment. The only significant property of this 

function from the point of view of theorem 2.5 is that it 

doesn't depend on the Jproc]] component of the environment.

Definition

A primitive state transformation x i- s Sanctioned by n,I ,1 if

it is a permitted operation and

1) if x is Puta,& then

either DenotedalT\ for some 1*^ 

or nl procj ̂ Ownera ;

2) if x is CheckFetchaft then

either Denotedalr\ for some I^I- 

or ntt procJ^Ounerot ;

3) if x i s CheckNewva. then

4) if x is CheokFullv then 

nl[procJ<Tr ;

5) if x i- 3 Signalt\£ then 

nttprocj<7r ;

6) if x is CheckResultsv* t* then
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,nttprocl <TT

7) if x is CheckProcsv-n* then

nttprocI^TT and KIT <TT* ,nl procl <TT ;

Theorem 2.5:

For any n, if p* satisfies
* / * *KIT ,x, } CJ s.t. (Invar^ant\ TT > ) Y ,ill i A i

each component of Develop(p r\ K . )x*°

is Sanctioned by n ,!*,!*

where n =n[fr /proc] ; 

and Vr\', each p n' is Regular wrt (Invariant*, n 'I procj) ) ,
(Subvariant< n '[ proc]) ) and some T' ; 

then Pn>X*> a tj-t. ( Invariant nl procj) ) *x* j

each component of Deve lop (Evalp* r\<')y* a

is Sanctioned by n,I*,I . 

Proof

let Tr = nl procl

and IT =NewProes'n(#p )a

and n =nfTT /proc]
* \ *and let y<Deve lop (Evalp r)K')x a 5t 0

then by 2.5.4,

either for some i,x •> 0" s.t. (invariant if > ) x

hence by hypothesis, x is Sanctioned by n ,1 ,1 ; 

but since TT<TT , this implies that

X is Sanctioned by n,!^!* J 

or x nas one tne forms (i) to (iv) of 2.5.4,

all of which are Sanctioned by n and any I ,1* .

QED



CHAPTER 3: A VERY SIMPLE LANGUAGE
"'I only took the regular course... Reeling and 
Writhing, of course, to begin with, and then the 
different branches of Arithmetic - Ambition, 
Distraction, Uglification and Derision."
Alice's Adventures in Wonderland: Chap 9.

In this chapter, the first of three example languages is 

described, and syntactic (ie compiler-checkable) conditions are 

found on the use of parallelism. The language will be known as 

ELM (Elementary Language Model) and it will have only very basic 

facilities - definitions of simple variables, assignments, 

simple loops, tests and grouping of commands into blocks.

The proofs of many of the theorems in this and the next two 

chapters are long, cumbersome and repetitive, as they involve 

consideration of many very similar cases. Parts of these will 

therefore be given in outline only, where they are similar to 

other parts which are given in detail.

3.0 Description of ELM

The syntax of ELM requires six syntactic domains: a domain 

Bas of objects representing basic constants (eg numerals); a 

domain Ide of identifiers; a domain Ope of (diadic) operators 

(+ = etc). It will be assumed without further discussion that 

elements of these domains can be recognised and distinguished, 

and also that there exist functions BeLBas-^B] and Ve [Ope-»V*-»'V] 

which define the meanings of constants and operators. The
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remaining three domains are recursively defined in terms of each 

other. The domain Com of commands of the language is a sum of 

six types representing: i) assignment, ii) grouping of a list 

of commands into a block (which is labelled with some 

identifier), iii) an "escape" command which jumps to the end of 

the enclosing block with the appropriate identifier, iv) the 

"while" loop, v) conditional command, and vi) association of a 

declaration with a command. Expressions, of the domain Exp, 

can also be of six types: i) a basic constant, ii) an 

identifier, iii) two subexpressions connected by an operator, 

iv) a subexpression together with a command to be executed 

before it, v) a conditional expression, and vi) association of a 

declaration with an expression. The last domain Dec of 

declarations has only three forms: i) declaration of an 

identifier to denote a constant value which cannot thereafter be 

changed by assignment, ii) declaration of an identifier to 

denote a new location whose contents are initialised to a 

specified value, and iii) combination of these in simultaneous 

declarations. Constructions such as bracketted expressions and 

monadic operators could easily be included, but they add nothing 

new and only encumber the semantic equations and proofs. In 

common with [ 23] , details of syntax analysis - unambiguous 

parsing, precedence of operators, etc. - are disregarded.

The form of jumps available by the labelled block/escape 

mechanism is obviously more restricted than the traditional 

label/goto mechanism, but together with suitable loop 

constructions, it seems to be quite adequate for most purposes, 

and it simplifies many of the semantic equations, at the same 

time demonstrating many of the techniques required to handle
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full jumps, and indeed probably clarifying some of the issues 

involved.

A few new semantic domains are also needed. First, a 

domain B of basic values, eg numbers, characters, truth values 

(as distinct from their representations in a program). The 

other new domain is D, which contains all those values which 

identifiers are allowed to denote; like E and V, it is a sum of 

other value domains, in this case L+B. Further details must 

also be given of domains which were incompletely specified in 

the last chapter. Thus E = L + B and V=B, indicating that 

"pointer" variables are not permitted, as L is not a summand of 

V. For the environment H, apart from the components described 

in chapter 2, one will be needed to indicate the current 

denotation of each identifier as a "variable", hence: 

H = procrP x var: [Ide-»D] x cont: [Ide-*C]

The semantics of ELM can now be defined (see Appendix 1). 

The functions Cz [Com->-H->-C-C] , Ee. [Exp-»H-»K-»-C] and De [Dec-»H-»-K '-*C] 

are the principal semantic functions for the domains Com, Exp 

and Dec respectively; L and Re. [Exp-»H-*K-»C] are used for 

evaluating expressions in L-mode and R-mode using the functions 

Lv and Rv respectively; (Rv may seem unduly complicated, since 

the final case can never occur in ELM, but the more general form 

will be needed in the next chapter;) Ie[Dec-»I de*] gives a list 

of the identifiers defined in a given declaration. Note the 

use of CheckFeteh, CheekNew and CheokFull to ensure Consistency. 

The reason for the use of Break in the equation for the while 

loop is to allow induction to be used in proofs, as will become 

apparent in due course. Four different versions of Eval are
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used: CEval , REval and DEval apply C , R and £> respectively to 

all their arguments, and LREval always has a pair of expressions 

as arguments, and applies L to the first and R to the second. 

The purpose of ClaimProas in the two [let A in ...I clauses will 

be clear in 3.5 - it concerns only the "Ownership" of newly 

claimed locations.

3.1 Consistency of ELM

It will now be shown that the semantic equations for ELM 

always produce commands which are Consistent. The proof, like 

most of the remaining theorems, will make use of structural 

induction on the syntactic categories, by which, in proving a 

result for a certain syntactic object, it is assumed inductively 

to be true for all strict subexpressions. Since Com, Exp and 

Dec are mutually recursive, it is necessary to prove the results 

for C , Ey Ly R and D simultaneously. In fact, the situation is 

usually rather more complicated, because in one case, (the while 

loop,) the induction would require the inductive hypothesis to 

be applied not to a strict subexpression but to the whole 

expression. Thus a double induction is required - first on 

some integer measure v (which in this case is the parameter of 

Consistency, and later will be the length of a "Development"), 

and then on the syntactic structure. Thus, on the assumption 

that the result is true for measure less than v, the structural 

induction shows it to be true for all cases of measure v; this 

inductive step then shows the result is true in all cases. In 

practice, this means that in proving the case of a syntactic 

element 5 and measure v , the inductive hypothesis will assert
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that the result is true for all cases of measure <v and for all 

cases of proper components of H and measure v .

First, some preliminary lemmas are needed to show the 

Consistency of the subsidiary functions. The main theorem then 

follows.

Lemma 3.1.1:

For any v>0,

If 6 is (v-D-Consistent 

then 9' =Updatea&Q is v-Consistent; 

Hence if 9 is Consistent, so is 9'. 

Proof

6'*6. , so take any o , a ,

a) 9 'a I2=<Pwta3,9) I 2 = 9 which is (v-D-Consistent;

b) (9'a *Da 1 = PMta3a 1 *?= (provided a^jO ;

c) 9 '0 =< PutaB,9> =9 f a 2 ; 

ie 9' is v-Consistent. 

QED

Lemma 3. 2.2:

For any v>0,

If K is (v-D-Consistent 

then Q'=Contsa.K is v-Consistent; 

Hence if K is Consistent, so is 9'. 

Proof

Take any a , a ; 

let e =Fetcha.a 

and e =Fetahaa i

a) 6'0 ^2=<e which is (v-D-Consistent since K is;
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b) (e'o 1;i)o 1 =
c) if e.=£„

then 6 'a =< CheckFetehac .»<£ 1> 

=< CheakFetchae 2 }Ke 2> 

= 6'a 2 ;

otherwise (9 'a I Da =CheckFetchaz. a ••

ie 0 ' is v-Consistent.

Lemma 3.1.3:

For any v>0,

If K is v-Consistent 

then Q=NewLoai\K is v-Consistent; 

Hence if K is Consistent, so is 9. 

Proof

Take any a 1 , o 2 ;

If StoreFull-no^

then a) (9a 1 l2)=9. which is v-Consistent;

b) (Qa^lDa^CheckFullva^a^ ;

c) If StopeFullito 2

then Qa 1 =< CheokFuZl-n,Qt > =Qo 2 ; 

otherwise ( 9a 2 l 1) a 1 = CheakNewi\(Newna. 

otherwise, let a .=Newna. ;

a) (9a 1 4-2) = Ka 1 which is v-Consistent;

b) (ea. 1

c) If StoreFullva 

then (eall)a

otherwise let a. - 

if a = o'

then 0a1 = < C'?iecfe7i/eU7ra1 ,Ka 1 >



3.1 117

= < CheokNewna, ,<a >

otherwise (60.1 Do. = CheekNewna. n a. -1 ; 2 1 21 =
ie 6 is v-Consistent. 

QED

Lemma 3.1.4:

For any v>0,

If K is v-Consistent 

then so are LVK and RVK ; 

Hence if K is Consistent, so are Lv< and

Take any e e E ;

if eeL then Luice = Ke which is v-Consistent; 

if not then LvKC = Error> which is v-Consistent;

if eeL then Rv<e=ContseK which is v-Consistent by 3.1.2; 

if £eV then J?ui<e = Ke which is v-Consistent; 

otherwise RvK£=Error which is v-Consistent. 

QED

Theorem 3.1:

If 9J KK »n ^re v-Consistent

then ClelnS , £:lElnK 0 , LllElnKQ, ^lE]nK 0 and DlAlnK^ 

are v-Consistent;

Hence if 6 etc are Consistent, so are Cl 01 n9 etc. 

Proof

by induction on v and on the syntactic structure.

First observe that the results for L and R follow 

immediately from that for E and 3.1.4.
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Case IE 1 := E 2 J :

which is v-Consistent by 3.1.1; 

but by structural induction,

•^[E^J and tf[ E ] preserve v-Consistency; 

hence by 2.2,

<ttE-I,[E^l)n<' is v-Consistent.

Case [§1 0*

since n and 6 are both v-Consistent,

n ' = nC9 Q /cont] is also v-Consistent; 

but by structural inductive hypothesis,

each ClQ ] preserves v-Consistency; 

hence by 2.2,

C[Qlr\Q n = CEval[Q*]T] '6. is v-Consistent. 0 0

Case [ whi le E do 0 I :

The recursive nature of the semantic function in this case 

necessitates the use of induction on v.

Let e = <:|[0)n8- ; i o
then by inductive hypothesis, 0 is ( v-1 )-Consistent ;

hence BreakQ. is v-Consistent;

(The presence of Break thus allows the inductive step 

to be made; this is the only reason for including it;)

so by structural induction,

K=Xe. 

and 01 

are all v-Consistent.
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Case lif E do 01 :

6 is v-Consistent;

so by structural induction,

so is CttQ 1 ]ln6 0 ;

hence so is K I = (Xe . e-d 0^ n6 Q ,6 ) ; 

and so is

Case [escape IJ :

H is v-Consistent, so nlcontJIII is.

Case I let A in 01 :

Consistency of r) depends only on its IcontJ component; 

so, since r\ is v-Consistent,
JL JU

so is nCe /var/Jtt Al ] for any e ; 

also ClaimProcs preserves Consistency,

by an argument similar to 3.1.3; 

so the result follows from structural induction.

Case [B] : 

Case [I] :

result follows immediately from v-Consistency of K .

Case IE ft E 2 1 :

result follows from structural induction on /?! E J and fl[ E I 

and from 2.2.

Case I 9 before El : 

Case IE 1 -* E 2 , Egl :

result follows immediately from structural induction.
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Case I let A in E ] :

exactly as case [let A in 0 J .

Case [ I = EJ :

immediate from structural induction.

Case [I = EJ :

K^ is v-Consistent, so by 3.1.1,

K, = Qa. Updateaz (K '< a) )) is v-Consistent for any e ; 

so by 3.1.3,

K = (Xe ..fl/ewLocTTK ) is v-Consistent (ir = n|I procj ) ; 

so by structural induction,

Dl AI n<Q=^IE]| IK? i s v-Consistent.

Case IA ± and A 2 I :

immediate from structural induction and 2.2. 

QED

3.2 Termination in ELM

The T-List condition of a P-Test is a little more 

complicated than that of Consistency, since obviously not all 

sections of a program can be expected to be JumpFree. It is, 

however, a simple matter to search through a piece of program 

text listing all the jumps (ie escape commands) which are not 

"bound" by enclosing blocks with the same label. This is 

precisely what the function Jumpse [Com+Exp + Dec]-»-Ide does, and 

it is straightforward, if laborious, to show that this function
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has the desired effect.

Lemma 3.2.1:

If I* is a T-List for E{E]

then it is a T-List also for L[E] and fllE].

Proof

Take any r\',x*,a Q s.t. n '[ contl =XI . 6

and assume that n always satisfies n ' = nCXI . 9 /cont] ;

let a -Consequence (El EJ n '< . )x cr

and xN

and yf^
***and X '=xt(#x) i

now since I* is a T-List for

/ or ? or some I«I* is a Terminator for £t El ,n ' sX >°

ie a) je, Kn , K ,
* *

Develop (J?lElnK)x*° 0 = Develop (El E] n(^u<) ) X° 0

if eeL

then Deve lop (Rv <e) x ' ° 1

= < CheckFetahefr "Develop ( <B) ( x '*tl ) 

where 3=-fetchea

and a =

so X2 = X* 

so Kn 9 K,

where X " = 

hence / is a Terminator for 51 EJ , n ' , x* , a ;

if
JU Jb

then £>eye£<?p(flVKe)x' a .j_ = Develop ( KG) x ' o 1 ;
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and Develop
\J £, •*-

hence again, / is a Terminator for El EJ , etc. 

if e^L+V
Ju

then Deve lop (RVKC )Y ' a =< SetError} :1
* */\ 30 X 2 = X 1 < SetError) ;

0 2 
and ErrorSet (.Consequence (R[ E] r\ '<. )x*o ) ;

ie ? is a Terminator for #[E], etc.

JU JU

or b) ? or some I«I is a Terminator for £tEj,n'»X >° n > 

in which case it immediately follows that 

,n'>X j° n have the same Terminator.

Thus, in either case, I* is a Terminator for /?[El,n'»X » a 0

The proof for L|[E]] is similar except that the conditions on 

e in case (a) are rearranged. 

QED

Theorem 3. 2:

For any QeCom, EeExp, AeDec,

Jumps[Ql is a T-List for (710] ;

is a T-List for JF[E], L[E1 and j?[E] ;

is a T-List for 01 A] .

The results for £|[EJ and flttE] follow from that for fflE] and

from 3.2.1.

For the others, take any n ' > X > O 0 s • "t • n 'I cont] = XI . 9 and

assume that n always satisfies n ' = nC XI . 9 ± / cont] ;

Then use induction on v= # (Develop ( C[ 01 n ' 9 t ) x OQ ) etc. and on
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the syntactic structure.

Case

let I*=JwmpslE i ] and I*= Jumps [El ; 

then from inductive hypothesis,

I* = I* ~ I* is a T-List for LlE^ and for RlE^l ; 

so by 2.3, I* is a T-List for LREvaU I E 1 ,[ E J> ; 

the remainder of the proof proceeds as in 3.2.1.

Case [§1 0* £l] : 

For each i ,

let I =JumpslQ

*and let I*= A I

then I* is a T-List for each Cl Q I ;

hence by 2.3, I* is a T-List for CEvaHQ*l ;

now suppose I is a Terminator for CEval^Q J,n'>X j° n >

then 7n>6, Deve lop (Cl 01 r\Q )x*cJ Q

Develop(CEva.nQ*]r) Q Q)x*o Q

where n=n[ 6/ cont/I ] 

= x* "Develop (n Q I cont][ H )(x*tv)a 1

where ^* =Deve lop (CEvall 0*In'6 t )x* a 0

* 5hence / is a Terminator for Ct 01,n ' >x' 

but any other Terminator for CEvallQ I etc is easily shown 

to be a Terminator also for Cl 01 etc.

Hence I*\< I> is a T-List for Cl 0]
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Case [ whi le E do 0 J :

let I^ 

and I*

and I. -Jump si whi le E do 0 ] =I*"I* :
112

*
then I is a T-List for R{ E] and

If ? or some I«I* is a Terminator for Rl E] ,n ' ,x*>a 

then it is also for cl 01 ,n ' S X*> a >

So suppose »/ is a Terminator for fll EJ ,n ' ,x* ,a ; 

then 3e, Vr\ , 6 ,

Develop (Cl 01 n9)x*^

6 I r\{BreakQ ' },9)x*al

where x f =Deve lop (Rl EJ n '< t )x a 0 >

If c=False

then Develop (C[ 01 n9 )x o

so / is a Terminator 

If ^-True 

then

so, as above, if ? or some I«I is a Terminator for 

C'[0 1 I ,n' ,X* 5 0 1 , then it is also for C[ 0] ,n ' >X* »% J

so suppose / is a Terminator for C1 ! 0_L I ,n ' ,X* a1 >

le vr\, o ,

= K'* "K"* ^Develop (Break®')yJ2 Q 2

where x" = Deve lop (C"[ 0 ] n ' 9 ) x 1 cr
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- X f ~X" ^ Xcr.cf) "Deve lop (C\. 01 r|6 ) Xo ̂ o ' 

but # (.Develop (Cl 01 n '6 )x*o )

s v-1 ; 

hence by inductive hypothesis,

/, ? or some I<I* is a Terminator for

and C[ 01 ,n ' 5 X*>O Q have the same Terminator;

Hence /, ? or some I<I* is a Terminator for Cl 01 ,n ' 5 X*s° 

ie I* is a T-List for ClQ\ .

Case [[escape II : 

For any n 5 6,
Ju JU

Develop (,ClQ^r\Q~)x a - Deve lop (nl contl I II )x o ; 

and Develop (C[Q\T( '6 t )x* a 0 = <> 5 

so Z?eyeZop(Cl |[01ne)x*a

= Deve lop (.C\_ 0J ri '6 . ) x o ^Deveop (nl contl II I] )xt 0

ie I is a Terminator for C"|[01,ri'>X > a ^ j0
so (I> =JumpslQl is a T-List for

Case [bj :

let e=B[B] ;

then KrijKj
*Develop (EJE]nK)x ° û

so / is a Terminator for £"[E] ,n ' ,X* J a 0 ; 

so (> is a T-List for El El .
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Case [II :

similar to case [B] with e = n'[var][I]=n[var][I] .

All other cases are easily proved from the structural inductive 

hypothesis and theorem 2.3, using arguments similar to those of 

3.2.1. 

QED

3.3 Regularity of ELM

The next important property is that all the semantic 

equations define functions which are Regular. As with 

Consistency, this property will be shown to be satisfied without 

the constraints of any syntactic conditions. The proof of 

Regularity is in fact only required as part of the process of 

discovering which primitive operations are used, as described in 

the next section; indeed, the results of this section and the 

next are inextricably linked, as one case of theorem 3.3 depends 

on results in theorem 3.4-, so that a completely rigorous proof 

would require the inductions of 3.3 and 3.4 to be done together. 

The two sections have, however, been treated separately for the 

sake of simplicity and clarity.

The importance of theorem 3.3 (which otherwise is very 

similar to, but weaker than, the results of the last section) 

lies in the predicates which constrain the values produced by 

expressions and declarations. These play an important role in 

the classification of operations in the next section. Some of 

them simply ensure that the semantics is sufficiently correct to
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produce values in the expected domains - eg, any value produced 

by L is a L-value (or location) and any value produced by E is a 

R-value (specifically, an element of V). Others embody 

important properties of the language, viz, any location produced 

by a declaration is a newly claimed one - local to the process 

which evaluates the declaration; and any location produced as 

the result of evaluating an expression is either local to the 

process, or is to be found in a certain small, syntactically 

defined area of the environment. More precisely, the syntactic 

function IdeValt [Exp->I de*] is defined (see Appendix 1) which 

gives a list of identifiers one of which will denote any 

non-local location which may be the result of the given 

expression.

The predicate Denoted introduced in 2.5 is useful in 

expressing some of the predicates. Its definition in ELM is, 

of course, simply: 

Denoted6Ir\ = (6 = nl var] [ IJ )

Lemma 3.3.1:

For any T e[E-*T] and T , T 'e [ [S-»-S J-»T] ,

Lv is Regular wrt T, T', ( Ae . eeL=»T 0 e) , (Ae.eeLAT o e) .

Proof

* ,Take any x* ,o ,e s.t. T*X*

If £ £ L

then T e

and ^K,

so Develop CLy<e)x* a - X ' *"Deve lop ( ice) X* a Q 

where x ' * -Deve lop (Lyi<t e)x a 0 " <> '



3.3 128 

and e satisfies Ce e LAT e) ; 

and T '*x '* .

If E*fL

then VK , LVKZ^EFPOP which is independent of K ; 

so Develop(LvKt )x*% is independent of K ;

Thus the conditions of Regularity are satisfied. 

QED

Lemma 3.3.2:

For any T,T',T s.t. for any cteL, BeB, T ' (CheekFetehafr ) ,

Rv is Regular wrt T, T', T , (Xe.EeV) . 

Proof

Take any x ' a n > e 5

If EeL

then let E ' -Fetoh^a e V = B ;

then VK , j?yK£O -( CheakFetchee.' ,KE '> ;
*

so VK , Develop(RvKe )x o

= < CheakFetchze ') ~Develop (KE ' )(x*tl)a 

where a 1 =X 1 ^heekFetchze'a )

Zop ( KG ' ) ( x*tl

and T '* (.Develop

If eeB

then KK ,

so FK, OeyeZopC/?yK£)x*o o = X

where x ' * -Deve lop (Rv<t £>x 

f * » *SO T ' X '
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Otherwise Rv\<e=Error which is independent of K ;

hence Develop (PVK£)X* a Q is independent of K ;

In any case, the conditions of Regularity are satisfied. 

QED

Theorem 3. 3:

For any 0, E, A and n>

if Tr = ntt procj

and t = invariant( TT>

and T ' =Subvariant( TT>

and T =Aa. (Gl<Jde7aZ|[E]| , Denotedalr) ) v (nl proci <6>une?»a)) ,

then ClGIn is Regular wrt T,T' ;

fffEIn is Regular wrt T,T',T I -(Ae.eeL^T e) ;

L[E]|n is Regular wrt T,T',T ^(Ae.eeLAT e) ;

ffJEIn is Regular wrt T,T',T Q =(Ae.££V) ;o f]

Dl A]n is Regular wrt T,r',T 4

where T =(Ae .fi,((e eLAD!procj<0wnere )ve e V) A

ft, i ',(e^e i ,d. =>i=i ')) .

Proof

Results for L and R follow immediately from that for E 

and 3.3.1 and 3.3.2.

For the others, take any x j° 0 s.t. T x » and proceed by 

induction on v-# (Develop Ccl0]n6 ± )x*° 0 ) etc and °n the 

syntactic structure.

Note that T n ,T, »T 0r.»T ,T are H-Monotonic, so corollary uri in ^n ^n ^n
2.4 is applicable.
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Case IE : = E ] :

from induction and corollary 2.4,

LREvaU IE 1 1 ,IE ]> n is Regular wrt

T, T', (A< a,B> .T a A T B) ;z. \ \ o n
and Y=Ae.AXa,fi> .Updatea&Q satisfies 

yx*,cr o ,< a } 3> s.t. T* X*

¥Q, Develop(^Q( a , B> )x*° 0

= Develop (Updatea^Q >x o

0eueZope(x*tl)a 1

where a =x1

(xtl )a 1 

and T

so y is Regular wrt T,T',T" for any T" ; 

Hence by 2.4.5, Cl 91 n is Regular wrt T,T'.

Case I §1 G* fl] :

VQ , the inductive hypothesis and corollary 2.4 show that 

CEvall 0*1 n Q is Regular wrt T,T'

where n Q =nC 9/cont/I ] ;o
ie ye,x*,a s.t. T*X* »

*either VQ ' , Deve lop (CEvall 01 n Q 6 ' >xa
0 

xo (1)
•Jt J( "ifwhere x' =Deve lop (.CEvall Q In^S )x a

and X*-X*t(#x'*)

and a -Consequence (CEvallQ I ^Q 9 t ̂ X* a

j i * i *and T ' x •> 
*or Develop(.CEvanQ}r\ Q Q ')X° Q is independent of 0 ' ; (2) 

but by 3.2 and 2.3, CEvallQ*l has a T-List I* ;
* * * so take any x >° 0 s.t. T x

and let n ' =n C XI . 6 ± / con t ] ;
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then there are four cases to consider:

i) / is a Terminator for CEvall 0*1 ,n ' ,X* > a

in which case, since n ' = n 0 [ XI . 6 , /cont] for any 0 ,
0 t

re, 6', Z)eueZop(C'£yaZI0*]]n e e ')x*a Q - x '*~DevelopQ 'x*^

which is not independent of 6 ' ; 

hence (1) holds, so T'*X'* ; 

in particular,

ye, Develop (Cl 0] n6 )x* a 0 = Develop (CEvall 0*] n e 6 )x* a 0

and Develop (C[ 0In6 t )x* a n =X '* 

ii) I<I and I is a Terminator for CEvallQ I ,ri ' ,x >

then K0 3

where x '* -Deve lop (CEvall 0*1 n ' 6 )X* a 0 '•>

and DeyeZopCfll 01 n9 t )x*° 0 = X f

Unfortunately, the Regularity of CEvallQ I is insufficient,

in this case, to show that T'*X'*«

However, the results of 3.4 applied to each ClQ ], together 

with 2.5, show that x'* satisfies (Subvariant( nff procj) ) as 

required.

iii) I'*I* is a Terminator for CEvall 0J1 , n ' , X 3 o 

then ZJeyeZopCC'II 01 n9)x* a 0

n e I contHl'J 

nl[ contH I 'I )
which is independent of 8.
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iv) ? is a Terminator for CEvall 0*1 ,n ' ,x* »o :

then ye, Develop(C$.Q]r)Q)xa Q = Develop(CEval[Q*]r\ 'Q t )x° Q 

which is independent of 6 .

Case [ whi le E do 0 I :

Again, the recursive nature of the semantic equations for 

this case necessitates the use of induction on v.

Since by structural induction,

#[ E]) n is Regular wrt T,T',T for some T , 

either VQ , Develop (C\ 0] n6 )x* a 0 = Develop (R[ E] r)K^ >x a*

= Develop (fl|[E]lnK t )x* a 0

where K = (Xe . e-^C1 ! 0 ] n (Break (C[ 0] nO ) ) ,9 ) ; 

so Develop (C1 ! 01 n9 )x a n i s independent of 0 ; 

or 3e s.t. T e and

K0,

= Develop

where x ' * -Deve lop

etc .

so if €. = False 

then

= Develop (C\.Q 

while if ^-Tfue

then y0, Develop (.ClQl

where 6 =Break(ClQlr\Q) ;

but C'I01 ln is Regular wrt T,T' ;
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either Develop(.C[Q Jn9 , )x!° 1 is independent of 9 1 ; 

hence Deve lop (C[ 01 r\Q )x*a is independent of 6 ;

or

where x"* = ^evelop (Cl Q ± l r\Q t )x*<

so ye, Z?eweZop(C|[01n6)x*a

where x3 = X2 t:L 5 

but then ^Develop (C1 ! 01 n6 )x! a o - v ~ 1 5
O O

so by inductive hypothesis,

either Develop (ClQlr\§)y* a is independent of 6 ;
O o

hence so is Deve lop (.Cl 0] n8 )x a n » 

or Develop(Cl 0In9 ^Xq a o

so Develop (.Cl 0In9)x* a 0

- Develop (ClQ^r\Q t ')x*^Q 

furthermore x' > X" ? ^ Aa.a> and

Deve lop (ClQlr}Q t ~)x^o 3 all satisfy T'* ; 

so T'* (Develop (ClQ]r\Q)x*Q Q ) •

Case fescape I] :

KG, clelnQ = nlcontJUl
which is independent of 9 ; 

so K0 , Develop (.Cl 01 n9)x* a n i s independent of 9 .

Case [ let A in 0 ] :

follows immediately from structural induction and 2.4.5, the 

conditions imposed on the results of D being irrelevant.
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Case IB] :

let e = ,B|I BI ;

since e £ B, it certainly satisfies T ;

and VK, Develop(El E]n<>x*a = x '*"Develop (KG )x* a 

where v '* = Deve lop (fi1 ! EI n<^ )y*a =<> ;to
so trivially T'*X'* •

Case II] :

let e = nlvar]II] ;

then since Ide Vail E] =< I> ,

e satisfies T and therefore also T H ; On in '
and Regularity follows as in previous case.

Case HE n E ] :

by structural induction and corollary 2.4 

and definition of IdeVal,

REvaU IE ] ,IE ]> n is Regular wrt T,T',T* ; 

but for any e ,

e = J/ttft]e eB and so satisfies T. ;in
hence CX< . \&* . icCtfl Qj e* ) ) is Regular wrt T , T ' , T* , T ; 

so by 2.4.5, £tE]ri is Regular wrt 1,1',^.,

Case 10 before E I : 

Case IE^ -* E 0 , E ] :
1 Z 3

Result follows imediately from structural induction and 

definition of IdeVal.

Case I let A in E I ! :

by structural induction, Di A]n is Regular wrt T,T',T ; 

so either Deve lop (Z?I Al n^ ') X*° 0 is independent of K' ;



3 - 3 135

hence Deve lop (El E] r\< )x*^ 0 is independent of K;

or 3e* s .t. T, e* and 4n
VK, Develop (£H EJ HK ) X *'o Q = x ' *"Develop (E[ Ej n '< >X*° 1 

where x '*=Z)eye Zop (Z?I A] n«^ >X*a 0 

and n'=nCe*/var/j[AIJ ;

now let T^,T,[ be as T Q , ,t 1 , but referring to E ; 

then by induction, E&E^r\' is Regular wrt T,T',T' ; 

but if I*ideVal{E 1 ,

then either I*IdeVallEl 

or I<J[AI ; 

but if I-eJlAl

then a = n'I varH IJ <e* ; 

hence T < a) ;

ie if aeL, then nttprocj <0wnera ; 

otherwise, a=n 'I varl [ IJ =nl varH II ; 

and also n'Iprocj=nlprocl ; 

hence Ci'aAaeL) =*

(C3I<Ide7aZ|[EI , Denotedalr\) v (nl procl <0wnera) ) ; 

ie i^a =» T I a ;

hence El E In ' is Regular wrt T,T',T ; 

hence by 2.4.5, fitEjn is Regular wrt T,T',T

Case [I = El :

by structural induction, fllEJn is Regular wrt T,T',T ;o n
let J=\K' .\$.NewLooi\( \v..Updatea.$(<'( a) ))

where ir=nllpro c l '•> 

Take any B s.t. T q g ;

If StoreFullna Q

then FK', y<'^a=< CheckFullv ,
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so Develop (y< '3)x*a - ( CheckFullri 

which is independent of K' ;

otherwise let a = Newi\a ; 

then Owner>a=TT ; 

so Develop (y< '3)x*a

= < x'> *Develop(Updatea$(K'< a) ))(x*tl)a 

where x ' = CheakNewna. 

and o = ^X 0 X'^ (-^

where x" = -P"ta3

and a =(x °x"^° > 

so T 'x' and T'x" > 

so T' (Develop( YK^3)x a n ) j

Hence result follows from 2.4.5.

Case [I = EJ :

RlY.l\\ is Regular wrt T,T',T. ;JH
so either 3e s.t. i e ie ee V3n

and v< t Develop (J?IEJ n<) X^ a 0 = X ' *Deve lop ( KG ^X^
^u JUwhere x' -Develop C^ffEjn<t )X a n >

so KK', Develop(Dl A]nK '^X* a 0 = X ' *~Deve lop ( K '< s> 

where x ' *-Vevelop(Dl AIn<')x o ;

or Develop (tflEIn^X a is independent of K ;

0
so Develop(D[ Alntc' )x*° n is independent of K' .
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Case ttA 1 and A I :

By induction and corollary 2.H,

DEvaK Dl A I ! ,£>[ A 2 I> n is Regular

wrt T,T' ,(X< e* ,e*> . T ,£*AT ,,e* ) 

where ri^TiCir /proc] 

and n"=nCir 2 /proc] 

and n!procI<TT ,TT and TT ^TT ; 

so for a.<e* ,a <e*.

TT <0unera and IT <0ii;nera ; 

so a *a ; 

and by H-Monotonicity of T ,

/ * /s * \T 4n (£ i £ 2 ) '

ie Z?lAl is Regular wrt T,T',T 

$ffO

3.4 Operations Produced by ELM

The last property required of the semantics of ELM concerns 

what basic operations are produced. Section 2.5 introduced the 

ten permitted types of operation and described the Sanction 

condition.

The model has been designed so that individual processes 

never interact except either by the process result mechanism 

(the Iresl component of the state), which is carefully 

controlled so that operations on the same result position happen 

in a well defined order, or by trying to access the same storage 

location. To detect the latter syntactically, two sets of 

functions are needed, IdeL& [ [Com+Exp + Dec ]-*>! de ] which gives a 

list of identifiers denoting all the locations used in L-mode in
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a section of program, and ideR and RIdeR (with the same 

functionality) which give corresponding lists for locations used 

in R-mode. Since one of the characteristics of ELM is that it 

allows no sharing, checking for Miscibility is simply a matter 

of verifying that the lists produced by these functions for 

different (potentially parallel) commands have no element in 

common, unless it occurs only in the R-mode list of both.

The following theorem shows that these two sets of functions 

achieve the desired effect.

Theorem 3.4:

For any rux 9° satisfying:

for each I, nl cont]] [ I] is either 9 or

and (Invariant nil proc]> )*x* ; 

then 

any ^Develop (C"[ 01 r\Q )x*° i s Sanctioned

by \\,IdeLlQl

any ^<Deve lop (£1 EJ nK ± ) X*^ by n >IdeLl EJ ,IdeRlEl ;

any ^Deve lop (L|[EI r|Kt )x*o by n ,IdeLl EJ , IdeRl E\ ;

any ^Dei)elop (^?[EI n< t ) X* a bY n ,IdeLl EJ ,RIdeRlE\ 

and any ^Develop (Dl A I n<) X* a b V n >IdeLl AJ , Jcfe^I AJ .

by induction on \>-#Deue lop (Cl 01 n6t )x* a and on syntactic 

structure .

Most cases follow from the inductive hypothesis by the 

following kind of argument:

C[0]|n etc is Regular (by 3.3);

hence each operation x produced by 0 is produced by one

of its components;

it is therefore Sanctioned by n and the lists found by
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aPplying IdeL etc to one of the components; 

but ideLlQl and IdeRlQl are obtained by concatenating 

such lists; 

hence x is Sanctioned by n t ldeLl 0], IdeRl 01 .

T etc be as in theorem 3.3, and consider the cases 

which do not fit into the pattern described above.

Case IE := E I :

by Regularity of LIE In and fll E I and by 2.4, 

either Deve lop (Ct 01 n6 t )x* a

= Develop (.LREvaU I E I ,IE ]> nKJ)x* a 

"Develop (Updatea&Q . )x?cr

where T a and T 6 z n J n
- Develop tLREvaU [ E I ,IE ]> nK^)x*o /v < Puta& 

or Develop CC1 ! 01 n8 t )x* a

= Develop LLREvaU [E^l ,IE 2 I> nK^)x*a J

so in either case, if \*Deve lop (Ct 01 n6. ) x.

either x=^«*a3) 

where aeL 

and since T a,

either lI<IdeVall E J <IdeLl 01 s.t. 

or nl procl <0wnera ; 

ie x is Sanctioned by n> IdeLl 01 , IdeRl 01 i

or

but by inductive hypothesis,

Kx' »"f' »n' 5 x'*' a ' s-'t- ^ Invariant TT '> ) *x f * n ' -nCff '/ proc J
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=* X ' is Sanctioned by n ' -,IdeLl E^ ,IdeRl E ± 

=> X ' is Sanctioned by n ' ,IdeL\ QJ ,IdeRl 01 

and similarly,

=> X' is Sanctioned by n ' ,IdeL{ E } ^RldeRl 

=» X' is Sanctioned by n ' >IdeLl GJ ,IdeR\. Ql 

so by 2.5, x is Sanctioned by n -,IdeL\ GJ >IdeRl Ql

Case I§1 G*

let n'=nt6 t /cont/l] ; 

by inductive hypothesis, 

if

where n' = n'[7r /procj i i r
and (lnvariant< IT > ) x

then x is Sanctioned by r)',IdeL$.Q I ,IdeRlQ I ; 

so x is Sanctioned by n' ,IdeLl 01 ,IdeRl 01 ; 

hence by 2.5,

it ^tif x*Develop (CJ0]n9 t )X a - ^eye lop(CEvall 0 In'6.) 

then x is Sanctioned by n ' ,IdeLl 0J , Jde/?tt 01 ;

but Sanction does not depend on the IcontJ component;

so x is Sanctioned by n ,IdeLl 01, IdeEl GJ .

Case [while E do GI ] :

Again this case requires the double induction.

tflEJn and C{ 0 ,J n •are Regular, so by the usual argument,

if y*Develop (.C\ 0] n6 )x °

then one of the following holds:

so x i s Sanctioned by n>

and therefore by n ,IdeLl Ql , IdeEl 0] ;
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ii) x*Develop(ClQ i lr]Q t )-x*i a i ;

so x is Sanctioned by n ,IdeL[ 0 I ,IdeRlQ I I ; 

and therefore by n, IdeLl 01 ,IdeR[ 01 ; 

iii) x=(Xcr.a) which is Sanctioned by anything; 

iv) ^Develop (Ct 01 n8. )x*a

where #DeueZop(ctt01n6 ± )x*a <v-l ; 

hence by v induction,

X is Sanctioned by n ,IdeLl 01 ,Ide.ff|I 0J .

Case [escape IJ :

CiOlnQ.,- is either 0 or Error ; 

so only possible x is SetError

which is Sanctioned by anything.

Case diet A in 0 J :

by 3.3 and inductive hypothesis,

if x <^y f2Zc>p(C'|[0]]n9 t )x*a

and < IT ,TT > -NeuProcs (nl procj )2o ;

then a) x- tCheckProes (r\l procl )< TT , IT > ) ;

which is Sanctioned by n>etc. 

or b) x<Develop (Dl Al r\< ' )x a ;

in which case x i s Sanctioned

by n[TT 1 /procJ,JcfeLl Al ,IdeR{ A] ; 

and therefore by n ->IdeLl 01 ,IdeM 01 ; 

or c) ge* s.t. T^^e*

and ^Develop (ClQ^r\'Q t )\*^^

where n ' =nCe*/ var/1[ Al ][IT /proc ] ; 

hence x is Sanctioned by n ' ,IdeLl 0J , IdeRl 0J ; 

ie x i s a Permitted Operation and
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1) if x is Puta&

then either lI<IdeL[Q J s.t. Denotedalr] '

or n 'I procj ^Ownera ; 

ie one of the following holds:

a) I<IdeLlQ^\ and I<J[AI ; 

so a = n'[ var][I] <e* ; 

so nl proci ^n 'I procj <0wnera ;

b) I-iJdeLie.^UlAl ; 

so I*IdeLlQ] J 

and a = n 'I varH II =n![ varH II ;

c) nl P>"OCl <n 'I proci <0wnera ; 

hence either jI^JdeLlGJ s.t. 

or nl proc] ^

2) if x is CheckFetahafr

then either 3I< Jde^I 0 J s.t.

or n 'I proci <<9wnera 5 

and as above, this implies 

either 3I-* IdeR\ 01 s.t.

or ntt proci <

3) if x is anY °f "the other permitted forms, 

then since nl procj <n ' I procj , 

the conditions of Sanction carry over, 

ie x is Sanctioned by n ,IdeLl 01 , IdeR\ 0] ;

The results for L and R follow from that for E since:

Either Deve lop CLUE I n<t ) X o=Deve lop C^IEJ n<± ) X 

or

*



3.4 143

so if x<0eyeZop(L[Elnic t >x*o

then either x^Develop (El E] n< )x*a

or x= (SetError) ; 

and in either case x is Sanctioned

by n,IdeL[E] , IdeRl El ;

Also,

either Deve lop (Rl EJ n< ± }\ Q^Veve lop (El EJ n< ± >X* a

or £>eyeiopCJ?[ElnK t >Xcr = I) eyeZop(£'[ElnKt )xo'v < CheckFetahaft)

where aeL and T a ;On
so if x^eueZopCfllElnK-^x* 0

then either ^Veve lop (El EJ r\< )x* a 5

in which case x i- s Sanctioned by n , JjeLl EJ , IdeRl E] ; 

or •^

which is Sanctioned by n , JdeLl EJ , IdeVall EJ

since T a ; On
so in either case,

X is Sanctioned by n , IdeLl E] ,RIdeRl EJ 

since RldeRl E] =Ide/?tt E] "IdeKaZK E] .

Case IB1 : 

Case I I] :

DeveloptElEl r^K^x*^^ > 5

so no such x exists.

Case I let A in E ]

is similar to case list A in 01 .
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Case I I = E]| :

by 3.3, HlEl is Regular ;

so if x*Develop(D[ AIr|K|)x*o

then either x^Deve lop (R{ E] r\< t )x*a ;

in which case x is Sanctioned

by r\,IdeLlEl 9 RIdeRlE} ; 

and therefore by n ,JdeL[ A] 9 IdeRl A] ; 

or x*Develop(NewLoc-n(\a..Updatea.$Q ) ^X? 0 -, 

for some g£ B 

where TT = n[ procj ; 

so x is one of (CheckFulln) , (CheckNewita.') , (Putag)

(where a^^eWTra ie 

all of which are Sanctioned by n and any ide lists. 

QED

3.5 The Syntactic Conditions for ELM

All that now remains to be done is to piece together the 

results of previous sections, and to formulate the required 

syntactic conditions.

After what has been said in 3.2 and 3.4, the conditions 

needed are fairly obvious: to ensure JumpFreeness, the result 

of applying Jumps to each of the program sections must be an 

empty list; to ensure Miscibility, the identifier lists 

introduced in 3.4 must have no element in common, unless it is 

only in the R-mode lists. The second of these is formulated in 

the form of the predicates CSeparable etc below.

To complete the picture, two constraints have to be imposed 

on the environments. The first, Share-Free, guarantees the
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assertion made earlier that ELM does not allow two identifiers 

to share the same location. The second, P-Strict, embodies 

another significant property of the semantic definition of ELM 

used, namely that all locations available to a section of 

program through the environment were claimed by a process 

incomparable with the current one.

Definitions

CSeparablelQ*l =

Fi,i'<#G*, d = i' v Disjoint (ideLlQ^l ̂ (ideLlQ^ ,1"IdeRlQ^ ,1 ))

and similarly for LRSeparable

Definition

H is Share-Free if

Kl 1 ,I 2 eIde

nl

is P-Striet if 

Klelde

nl varltt II =a £ L => Ownera^nl procj
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Lemma 3 . 5.1:

If CSeparablel 0*1 and 6 1T *=< TT* , ATT ̂  .Ci 0 J nC ir /proc] 0 t> 

and FTT I <TT* , n[ prod <TT 

and n is Share-Free and P-Strict 

then x* 1T *=< TT* ,\v .Details 1** fna) is Miscible

or some component of some x*^*^ is SetError or CheckFullv' . 

Proof

by 2.4.1, 3x(,X* s.t. (Invariant ir > )*x* and

take any TT , IT ,<Ty* s.t. TT *TT , ; 

and let x?X' be any component of
*7T* *TT* . .X ff^X ^^ respectively;

Case 1: x is (Pwtag ) and x' is (Puta3 ) or (CheokF etchaft ) ; 

then a) a = nl var] [ I] for some I<ldeL[Q I ;

and a = n[varHI'I for I '<JdeL|[ 0 ,pldefl[ 0 ,] ;

but by Separability, 1*1 ' ;

which contradicts Share-Freeness of ri ;

or b) ot = nl var]I II for some I<IdeL$.Q I ; 

and IT f <0wnera. ', 

but nl procj <ir i , ; 

so ntt procj <0wnera ; 

which contradict the P-Strict condition;

or c) TT <0wnera ;

and a=nttvarIIII for some I«IdeLl0 ; , F IdeRl Q^ , I ; 

which leads to the same contradiction as b;

or d) TT <0wnera.
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and 77 f <0wner>a ;

which is impossible by tree structure of P

and incomparability of TT and ir , ;

Hence this case is impossible.

Case 2 : x is (Signalvz ) 

and x f is (Signa 

then Sanction implies that

TT <TT and TT , <TT ; 

which is impssible as in Case Id.

. JL -L.

and x f is (Signalize ) or (CheckResultsy e ) where TT<TT ;

Case 3: x is tCheckNewna. ) and x f is (CheckNewna. ) ;

Again, Sanction implies the impossible conditions

TT <TT and TT ,<TT .

Case 4 : x is (CheekProasifn ) and x' is (CheekProcstrn ) ; 

which is impossible as in case 3.

Case 5: one of x» X' i s (SetError) or (CheckFullv ' ) .

Case 6: any other combination;

in which case, by 2.5.1, x and X' commute.

Thus x* 1 i s Miscible unless case 5 holds. 

QED
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Lemma S.5.2:

(\Q*ri.CSeparable[Q*l A V\ ,#Jumps\Q ]=0)

is a P-Test for c wrt (Xn-n is Share-Free and P-Strict). 

Proof

For any 0*,n,

If CSeparablelQ*} then by 3.5.1,
^ 7T 'A* ^ *

X =< IT t \Tt.DetaiK IT ,Xir . Ct 0 InCir /proc ]6 > CTTO)

either is Miscible

or satisfies ErrorSet(Apply(Mixx*^*^ )o) ; 

by 3.1, each Cl 0 In [if /procj preserves Consistency; 

and by 3.3, for each i, 

if JumpslQ I =< >

then <> is a T-List for Cl 0 I .

QED

These lemmas lead (at last!) to the main theorem, which 

asserts that parallel execution of an ELM program, subject to 

the syntactic constraints described above, does indeed lead to 

"correct" results - ie the same as produced by serial execution. 

The ubiquitous and troublesome possibility of error has to be 

allowed for, but for the purposes of this investigation it has 

been assumed that if an error is detected, then so long as an 

error is detected however the program is executed, nothing else 

matters! - a considerable simplification, but one without 

which the work would be unmanageable.
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Theorem 3. 5 :

If n s and n are Share-Free and P-Strict and satisfy

[cont][Il)a

and n p=n s Cn IcontJ/cont] ,

and ExpandQ a^ExpandQ a s p
and ye, Expand (K e )a*=Expand(< e)as p
and Ke* 5 Expand(< 'e* )a**Expand(£ 'e* )as p
then £ [0Jne_ and C I Gin 6 are X-Equivalent wrt a;

Ppp

and £ J[E]n_K_ and L tE]n < are X-Equivalent wrt a;o ob p P P

etc

where C „,£ and C ,L etc denote the semantic functions s s P P
using the serial and parallel forms of CEval etc 

and using the P-Test of 3.5.2.

Hence KG,a and Share-Free, P-Strict n,

Outaome(C I0In9)a = Outcome(C I0Ins p
or both sides have Error-Set ; 

and similarly for E,L,H,D. 

Proof

by structural induction.

Case I§1 9*

let n'=n C6 /cont/l ]
o o o

and n'=n C8 /cont/I] ;

so n' an d n' satisfy the same hypotheses as n and n s p s p
so ExpandCC I 01 n 6^ ) a

S DO

^«-^ 3 (^s le l l)n^e s )a

Expand(Eval (%C I 0 ^ ]l )n '6 ) o 
i
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by induction and 2.4.3 

* Expand ( (T[ 0*1 n' -» Eval, , Eval}(*C [0 I )n'6)a, p - „ ~ „ ^ , "---g'-A^a-^ji'-ip-p-

* Expand(C I Oil n 6 )o . 
P P P

Case [let A in 0 ]

let < TT ,IT > =NewPr>oas (n|[ procj )2o 

and n' = n_Cfr/proc]
o o 1

and n ' -r\ [ TT

^ s [A]n s and D [ AJ n ' are Regular wrt T,T',T , by 3.3 ;

(Note T , does not depend on [contj component so is

the same for n' and n ' :) 's 'p'

and by inductive hypothesis,

VK',a, Expand(D [ Al n'K ' )a «* Expand(D [AJn'K')a ; s s P P
so as in 2.4.2 and 2.4.3, D I A]n ' and D I A]n ' satisfy

s s P P
the same alternative of Regularity;

moreover, by choosing K' so that (Ae* .Expand^ K 'e* )a) is

an injective mapping from E* to [S*S]*,
.JU -Jf -Jf -fa

eg (Xe a. < CheokResultsv e ,0 ) ) for some TT , 

it can be seen that, if they satisfy the first alternative,

then it is with the same e ;
A A

hence either 9e s.t. T e and4T)
Expand(C [QIn o 6 )a

S

[0 ln"8 )a
J-SS

where a -Outoome(D I AJ n r K') (
^ S S "C

>

and TT = n 0 I proc] =n T.tt procj s p
and ^-CheokProcsT\( TT , TT

and n" = H [e*/var/I([A] ][TT./proc] ;
S S z

but for all lelde,

if I<J[A] then a = n''I va r] [ I ] <e
o

so TT <0wnera ;

*
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ie since ir ^TT , 

TT

= " var I =
s

. 

otherwise a = n"J varH II =n

so since r\ is P-Strict,
S

and TT<TT ; 

then TT 

so n" is P-Strict;
o

also, for any I ,1 elde, s.t. I,*!- >

and for 1 = 1,2, a =n s'I var][ I ] eL , 
if I 1 ,I 2 <J[A]

then a and a are distinct elements of e
hence a 1 *a ; 

if I -s-TlIAI but ~I -<J|[ A I (or vice versa)

then a <e so 7T<Tr <0wnera ;

but a =n ttvarlJI I so ~ir<0wnera ;2. S 2. 2
so ot 1 *a 2 ;

if ~I <I[A] and ~I 2 <J|[Al 

then a =n IvarJII I ;IS 1

so by Share-Freeness of r) , a ^a ;
S 1 2.

hence n" is Share-Free ;

and similarly for n" j

hence Expand(CAQ.lr]''Q .)a * Expand(C I0.Jn"6 )o o ;S _L S S z. P-LDD2

so ^^^ ^S S o JJ

or ExpandiC ^
S O

= Expand(D c I Al n 'K ' ) ao ID L

~ ExpandiD lt\r\'<<3
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=* Expand(C 1 01 n 9 )o . 
P P P

Compiler-usable conditions have now been found (lemma 3.5.2) 

for the very simple case of ELM. Although this language does 

not display great potential for parallelism, it demonstrates the 

sort of conditions necessary. It is worth noting the 

similarity and differences between the conditions derived here 

and those derived by others, although they are expressed in a 

somewhat different form. The concept of Separability 

corresponds to the basic conditions of independence as in eg 

[ 24] , and could be extended to the slightly more sophisticated 

conditions of eg [ 8]; while the addition of the Jumps condition 

enables the present work to more generally applicable, rather 

than requiring certain common combinations of language 

constructions (eg blocks of assignment statements) to be picked 

out, and the analysis applied only to these. The conditions 

will now be extended, in the next two chapters, to cover some 

more useful constructions.



CHAPTER 4: A LANGUAGE WITH PROCEDURES
"'What fun!' said the Gryphon... 'It's all her fancy, 
that: they never executes nobody, you know.'"

Alice's Adventures in Wonderland: Chap 9.

The second language can now be developed, by adding 

facilities to ELM. It will be known as POPLAR (Procedure 

Oriented Programming Language, Allowing Recursion) since its 

main feature is that it allows functions to be defined and used. 

Subroutines could also be added, but they only complicate the 

equations, and add nothing, since a function can do all that a 

subroutine can, and has the added complexity of returning a 

result. The opportunity has also been taken to introduce a
«

problem which is often (though not necessarily) associated with 

procedures, namely "sharing" - by which two different 

identifiers simultaneously denote the same location. The 

relative simplicity of the conditions found in the last chapter 

depends on the complete prohibition of this common phenomenon 

from ELM.

This chapter will be very similar in form to the last, and 

proofs concerning POPLAR will not be repeated where they are the 

same as, or similar to, their ELM counterparts.
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4.0 Description of POPLAR

The syntax of POPLAR is very like that of ELM, but with a 

few additions. There is a new syntactic domain Fun of function 

declarations, and a subsidiary domain Spe for specification of 

parameter calling modes; also, the domains Com and Exp are 

extended to allow function declarations and calls. A function 

declaration consists of (i) an identifier to denote the 

function, (ii) a list of identifiers for the formal parameters, 

(iii) a list, equal in length to the last, of specifiers giving 

the modes of the parameters, and (iv) an expression forming the 

body of the function. Functions may be recursive, but for the 

sake of simplifying the already complicated semantics, mutually 

recursive functions are not included - they should not add any 

significant problems. Unlike simple values, functions may not 

be stored, but only denoted directly by identifiers - as is the 

case in most existing languages. The effect of allowing stored 

functions is that no syntactic conditions can possibly be found 

whenever such a function is involved, since a compiler has, in 

general, no means of telling what such a function may be doing. 

Other features such as the ability to pass functions out of the 

scopes of their free variables have been considered, but they 

make the conditions, already complicated, quite prohibitively 

so, thus, although interesting and significant features, they 

are excluded. Indeed, even the passing of functions as 

parameters of functions has been omitted for this reason.

Parameters may be evaluated either in L-mode or in R-mode, 

indicated respectively by the specifiers Iv and rv; in neither 

case is a new location used, but the formal parameter identifier 

is made to denote the L- or R-value produced. There is no



4.0 155 

point in allowing "call by value" where the actual parameter is 

evaluated in R-mode and assigned to a new location, since this 

is equivalent to a combination of other constructs which are 

allowed. Algol's "call by name" has been ignored as being far 

too outlandish and complicated, and most other variations in 

calling modes are too similar to these four to merit separate 

mention.

The semantic domains show rather more differences. There 

is inevitably a domain F of function values, which are not, as 

in many semantic systems, evaluated at the time of declaration 

and given a form like [E -»K-*C] , but are represented in an 

unprocessed, syntactic form comprising (i) the formal parameter 

list, (ii) the specifier list, (iii) the expression forming the 

body, (iv) a considerably reduced environment which consists 

only of the Ivar] component of the environment at the 

declaration of the function, and (v) a "generation" or 

declaration level whose form and purpose is described further 

below. This is done for several reasons. Firstly, the 

statement and proof of many of the theorems is thereby 

simplified, since the proof of a certain condition usually 

requires that any fuctions in the current environment also 

satisfy a similar condition. If the usual "evaluated" 

representation of functions is used this means that all the 

theorems have to be encumbered with complicated restrictions on 

environments (which are obviously going to be satisfied); 

whereas, if an unevaluated form is used, a simple induction 

allows the result to be proved with no unnecessary conditions.

The other main reason for this representation arises from a 

more fundamental problem. The mathematical theory underlying
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this work has been only briefly mentioned, but one important 

consideration is that in order to define the semantic equations, 

many of which are highly recursive in nature, every function 

used must be continuous. This usually causes few difficulties, 

since most of the commonly used building blocks produce 

continuous results; but the important exception is the = 

operator which is not necessarily continuous. Even this has 

not caused any trouble yet, since the only use of equality in 

recursively defined equations has been in the 

Consistency-ensuring state transformations CheakFetoh etc., in 

which it was applied to elements of the domains T, V, L, P and E 

all of which were flat lattices - on which equality is always 

continuous. POPLAR, however, expects E to include functions, 

and domains like [E^K^C] are far from flat. The problem, very 

roughly, arises from the fact that domains like [E "*K~*"C] include 

all possible functions from E* and K to C, including 

"infinitely" complex ones , whereas the only such functions which 

ever occur are those produced by algorithms which are in some 

sense finite - represented by a finite number of syntactic 

symbols. Such considerations suggest the sort of 

representation of functions described above, with the partial 

environment further purged to a free variable list - with a 

finite number of entries. It is beyond the scope of the 

present work to consider this problem in more detail, so having 

indicated the problem and the direction of its solution, it will 

hereafter be ignored - the only cases where function values 

would cause trouble having been disallowed for other reasons 

(see above).

The domains D and E are extended to include F as a summand,
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but since stored functions are not permitted, V remains simply 

as B.

The other changes are concerned with the environment. 

Firstly, by the time a function is used, the denotations of some 

of its free variables may have been hidden by subsequent 

declarations of the identifiers involved, so that the function 

is liable to access locations not available from the current 

environment in the normal way. It is, however, useful to have 

a complete list of possible denotations of each identifier, so 

the IvarJ component of H becomes [Ide-*D*]. Thus the normal 

denotation of an identifier I will now be given by n|[ varj 11] II, 

the remaining components never being used in the semantic 

equations, but being required in some of the results to be 

proved below- As will become apparent in section 4.4-, this 

formulation has its snags, but it will suffice.

Secondly, a new domain G of "syntactic environments" is 

introduced to cope with the new features of POPLAR. It has 

three components - one to deal with sharing, and two relating to 

functions. (The same three components are also added to H, but 

no conversion will be specified; instead, when njn 0 jn f etc. are 

given, y»Y >Y' e "t c * will be taken, by convention, to denote 

their respective projections into G.) The point of these new 

components is that they contain purely syntactic information. 

Thus a compiler can produce and use them to check the conditions 

of a P-Test, since these conditions are no longer context-free, 

ie independent of the environment, as was the case with ELM. 

It is, though, important that the P-Test depends only on the 

syntactic environment.

The new components are as follows:
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(i) The Igenl component is an integer which gives the current 

"generation" or declaration level. Since a function can only 

have free variables declared at the same level as itself or at 

an outer level, the concept of generation is important when 

checking the "correctness" of the syntactic environment, by 

avoiding the confusion caused by declarations which cause holes 

in the scopes of some of the free variables of a function, 

(ii) The Ifnl component gives, for each identifier and each 

generation, information about any function which may be denoted 

by that identifier at that generation. This information itself 

has four components - two free variable lists, one each for 

variables used in L- and R-mode (note that "Free Variable List", 

as used here, is a list of identifiers which may denote 

locations, and it includes free variables of any functions 

called within the body under consideration); the formal 

parameter list; and the parameter specification list. 

(iii) The [share! component is a list of identifiers which may 

share a denoted location with another identifier.

A few new operators will be needed and are conveniently 

defined here: 

For any ^ ,5 2 eX=[ Ide->D*]

^2 lf

VI, 3v, eHI=C[Iltv

**For any I , I elde

1^1* if

VI, I«lJ ^ I«lJ

and I^i; if I^I^lJ

ie if VI, I*I[ ° 1*1* T- -r *

2
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The detailed semantics of POPLAR can be found in Appendix 2. 

The functions C, E and I are extended to include the new 

constructions, and new functions are introduced: Fe [Fun-»H->K '-"C] 

which processes function declarations and uses Ge [Fun-»-H-*F] to 

dissect a single declaration and pack it up into a F-value; 

Se[Spe-»-Exp-*H->K->C] which selects the appropriate function (L or 

fl) for evaluating parameters; and A& [Exp-»H->K-»-C] which evaluates 

an expression expecting to find a function value as result. A 

fifth form of Eval is used - SEval which has an extra argument 

Z and applies 51E ] to the ith component of its next argument.

4.1 Consistency of POPLAR

There is very little to be done to show the Consistency of 

the commands produced in POPLAR. All the results of 3 . 1 hold. 

so it remains only to prove the result for F (which is trivial, 

since F immediately applies its continuation without doing any 

computation), for A (which is almost identical to the proof for 

I), and for the new syntactic categories.

Theorem 4.1:

If 6 >K >K',n are v-Consistent

then c[0ine 0 , £[Ejn.K 0 » £[EinK 0 ,.ff [E]n< 0 ,
v-Consistent.

Proof

by induction on v and on the syntactic structure. 

Most cases are exactly as in Theorem 3.1.
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The Consistency of 4|[E]|n.K follows from that of fflEInKg in 

exactly the same way as with L. 

F{ *}T\K'Q = K^* for some <f>*

so Consistency follows immediately.

Case [let * in 0 I :

Case Het $ in E I :

The result follows immediately from the induction hypothesis 

and the observations that LRlE 1 preserves Consistency (just 

as L, R t and A~) and that the Consistency of environments 

depends only on their Icont] components.

Case [E [ E*] I :

Since this case involves using a syntactic element which is 

not a component of E , the structural induction is not 

sufficient, so as in the case of the while loop, the induction 

on v is required.

The occurrence of Break in ApplyFn allows the inductive step 

to be made, in a similar manner to the while loop (see 3.1). 

The remainder of the proof follows easily from the structural 

induction. 

QED
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4.2 Termination in POPLAR

There is again very li,tle to do to show that Jumps provides 

a T-List in POPLAR, since both the new constructs are JumpFree - 

declaration of a function because it has no computation to do, 

and application because jumps out of functions are prohibited in 

POPLAR. Were that not so, another component would have to be 

added to the [ f nj part of the environment to indicate where any 

particular function might jump to; the information thus 

provided would then have to be incorporated by Jumps whenever a 

function was applied, just as ideL and IdeR do (see section

Theorem 4.2:

For any 0, A, E,

JumpslQl is a T-List for C\Q\ ;

JumpslEl is a T-List for s[E] , L[E] , R^E] , A{E} ;

JumpslQl is a T-List for D[AI . 

Proof

Mostly as 3.2.

Result for A follows from that for E in the same way as for

L and R. 

Case [let * in 0 :

Develop (ClQlriQ)-* a ̂

for some n ; 

but by inductive hypothesis,

Q is a T-List for
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ie /, ?, or some I«I* is a Terminator for

c[0 1 I, n 1 cxi.e t /cont], x*, a ;
hence /, ?, or some I<I* is a Terminator for

C10] , n[XI.6t /cont], x*> a ; 

so I* is a T-List for cl 01 .

Case I let $ in E ] 

is similar.

Case IE [ E*] I :

This case again requires double induction,

first on v = # (Develop (El El r\' 6 t ̂ \*Q o Q > '•>

By structural induction,

JumpslE I is a T-List for AlE J ; 

hence either ? or some I*Jump siE I <Jumpsl Ej is a Terminator

for 4IE 1 ] ,n',Xo»cy o ; 

and hence for fflE] ,n ' ,\* 5 a ; 

or / is a Terminator for 4l E J ,n ' ,x!% a 0 > 

so j^jFHjKs Develop(AlE^l nK)x*o Q =

Develop (AlE ̂l n ' < t ) \*Q G ̂ Develop (K<j))x*a i ; 

so if #E*##<|>|[ paramsl

then Develop(El E]HK)XQO =

E J

so ? is a Terminator; 

otherwise Deye Zop (£t El n<) XQ° O -

Develop (4ttE i ]n f Kt )Xoa o A< x> "x f 

where x=(^'^ec ^-P:r>OGS7r^ '"'^ ''"'o^ ^ 

and -n = T}'l procj 

and n =n[Tr /proc]
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and x'*=^eyeZop(5£'ua'i[E*IIIE*]n 1 <')x^ a 1 

where K' = (\6* .ApplyFn^E In 2 <)><$*K) i 

but by structural induction,

I^WwmpsIEJ is a T-List for LIE I and fllE^ ;

and hence for SI Z HE I ; 

so by 2.3,
* *J is a T-List for SEvall 1*1 IE*] ;

so either ? or some I «# Jumps IE I ^JumpslE] is
i

a Terminator for E\E\ ,n ' } XQ s a 0 

or Develop (SIEJ r|K)x a = ^"^^Develop (K ' 6* )X a

for some 6

= x" /'< Xa.a)

where E ' =<(>I bodyl ; 

but #(Z?ey 

so by v induction,

Jumps[E'l is a T-List for flIE'I ; 

but if some IfJumpslE'l is a Terminator for

then

lop (Error )Xn a u » 

so ? is also a Terminator; 

hence / or ? is a Termiantor for ElE] ,11 ' ,x*

Thus JumpslEl is a T-List for E[E1 .
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4.3 Regularity of POPLAR

As in the last two sections, showing that the semantics of 

POPLAR produces Regular results requires very little addition to 

the corresponding proof for ELM. The main addition is the 

function AldeVal which has a very similar purpose to IdeVal , 

except that it produces a list of identifiers which may denote 

function values rather than locations. Its definition is 

identical to that of IdeVal except for one case, reflecting the 

fact that a function application can return a location as 

result, but not another function. A new Regularity condition 

is added for 4IEJ which makes use of this new function, and the 

result for fitE] is correspondingly extended.

The changed structure of H results in a modified definition 

of Denoted' 

DenotedSIr] = (3 \<#r\l varJI II st 6 = nl var] [ IH i)

Theorem 4.3:

For any 0, E, A, n,

if T,T',T ,T are as in theorem 3.3 On ^r)
and T' = A<j>. (3I<AIdeVallEl , Denoted$~Lr\) 

then Ci 01 n is Regular wrt T,T' ;

filEIn is Regular wrt T,T r ,T lri

where T = Ae.((eeL.AT e) v( e e V ) v(e e FAT ' e)) ;

LlEln is Regular wrt T , T ', T 2 =Xe . ( eel AT 0n e) >

BlElr\ is Regular wrt T , T ', T =Ae. ( eeV) ;o n
^[Eln is Regular wrt T, T ', T =Ae. (eeFAT^e) ; 

Dl Aln is Regular wrt T,T',T .
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Proof

Very similar to that of 3.3, but with the addition of 

the new syntactic categories, 

the possibility of values in F, 

and the result for A ; 

and with the slight change in the structure of H.

The result for A follows from that for £,

together with the fact that ( AKE . e e F-»K£ ,Evror ) is Regular 

wrt T,T ' ,T",(Xe.eeFAT"e) for any T" .

Case [II :

then since ItldeVallE] and I*AIdeVall E] ,

T e is certainly true; 

so, since FK, £tEJnK=<e, Regularity follows trivially.

Case [ let $ in E J :

let <|)*=.Fia:(X<|> *.£[*! (nC4>*"/var/i[ $1 ]) (nl geni +1 )) 

and n ' =NoteAbs[ $1 (nC<j>*~/ var/11 $] ]) (nl geni +D ; 

then

hence either Develop(El Eln<)X*° 0 is independent of K 

or 3e st (eeLAT" ,e)v(eeV)

and VK, Z'eyeZopCfflE] n<)x* 0 0 = Develop (LRlE ̂l

A Develop ( KE)X' ° :L 

where T" is T n with E replaced by E ;on on i
but Id&VallEl =IdeVallE^

and nl procl =n'I proc]

and eeLveeV =*• (Denotedelt] ** Z?enotedeln') ;

hence e satisfies (eelAT e)v(eeV) ;
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le T i n e

Case [E 1 [E*]] :

As in the case of the while loop, this case requires the 

second induction on v=#(0ewe£op(E[E]nK >x*a > to cope with the 

occurrence of E' which is not a component of E. The presence 

of Break in ApplyFn is used in the same way to invoke the v 

induction, otherwise it follows from the structural induction 

that:

fflEJri is Regular wrt T,T',T 3 r|

and therefore wrt T,T',T Iri

QED

4.4 Operations produced by POPLAR

The results of the last three sections are fairly simple 

extensions of their ELM counterparts, but it is in examining the 

operations produced that the major changes arise. The first 

difficulty is that the functions IdeL and IdeR can no longer be 

context free, since when they come across a procedure 

application they must refer in some way to the definition of the 

procedure to discover its free variables. On the other hand, 

they must still be compiler evaluable. This is where the 

syntactic environments come in - they preserve sufficient 

information about any function denoted by a particular 

identifier for a compiler to check the P-Test conditions even 

when procedure applications are involved. For this reason, 

functions are not allowed to be stored, since then the
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conditions cannot be checked until run time when it is 

discovered exactly which function is being applied.

It is vital, of course, that the syntactic part of the 

environment keeps in step with the denotation part. In fact, 

though, the syntactic part may contain information about more 

functions than are to be found in the denotation part. The 

reason for this is that when a procedure is applied, the 

denotation environment has to be pruned down to the state it was 

in at the declaration of the procedure; however, the compiler 

may not know precisely which procedure is being used (eg because 

of conditional expressions), so it cannot prune the syntactic 

part correspondingly, but has to make do with the same one. 

This means also that the syntactic environment must contain the 

required information also for the "declaration environment" of 

any procedure which may be applied. This is conveniently 

achieved by having all such "declaration environments" contained 

in the main environment, in the sense that all of the 

denotations of an identifier in the procedure's environment are 

its denotation also in the main one.

All this is summed up in the following definition. Note 

the use of the generation mentioned in the introduction to this 

chapter to prevent "expecting too much" of the syntactic 

environment, in eg the case where a declaration causes a hole in 

the scope of a free variable of a function declared at an outer 

level.
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Definition

n is Fn-Compatible if

Fl,4>=< I* ,E* ,E,£,v> st Z>enotedcj>In,

= Ylfn][IIv|Ilfreel , 

v = yl[fn]|[l]v|[rfreel , 

= YlfnI[I]v[spe] , 

I = Ylfnjmivlpar] , 

v <, nttgenj , 

? £ nlvarl , 

and yl' ,^'=< I '*,!'*,£',£' } v f > st 3i f , 5( I ']* i '=<f> ' ,

5 'c^ and v ' <v , 

and Fl,v'>n[gen] , Y! fn]|[ II v'=« >,<>,<>,<» .

This condition is complicated, so some lemmas are needed to 

show it is preserved by the kinds of transformations performed 

on environments in the semantic equations, before the main 

result of the section which shows that IdeL and IdeR still 

perform the function for which they were designed - to Sanction 

the primitive operations.

Lemma 4.4.1:

If n i s Fn-Compatible, 

then Kv'^VjKE,

with equality if v>nttgenJ ;

and similarly for 9 and A (IdeL and IdeR only)
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Proof

from definition of FreeLVal,

v'
FreeLVallElv\>" A ( A y[ f n][ I] i[lf reel ) 

i=v+l I<I

where I=4Ide7aZ[[ El

while if i>nl genj ,

then ( A y[ f nil II i[ 1 f ree] ) =<> ;
1*1

so equality holds if v>n[gen] j 

similarly for FreeRVal ;

Result for IdeL (.IdeR) follows by structural induction using

result for FreeLVal (FreeRVal) in case [E [E*]l ;

Result for RIdeR is immediate from that for IdeR .

QED

Lemma 4.4.2:

If n is Fn-Compatible

and 4 = [I'[ I '*;£'*]=£']

and v=n[genl+l

and 4,*

and n'

then for any ;<v and any E,
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and for any E,

and hence n' is Fn-Compatible.

/

First part by structural induction on E

for FreeLVal : 

Case [II : 

for i<v,

FreeLVallElv'\ = y 'I f "H U illf reel

= YH fnllll i[ Ifree]

FveeRVall El YV^FreeRVallEl Y ' v<FreeRVall E] fv^RIdeRi E 'I 

I dell El jvzldeLl El Y ' \><IdeL[ E] yv^IdeLl E 'I YV ;

'v< IdeRl E] Yv"Ide#II E 'I YV j

and FpeeLVallEl Y'V = Y 'I f n l H !I vl 1 f ree]

Y[ fn][IIv[ lfreeK(I<J[*l-»JdeLlE f l YV,<>

'I YV,<> ) .

The other cases require simple applications of the -induction.

Similarly for FreeRVal.

The results for IdeL etc. are easily proved by structural

induction, using the results FreeLVal etc. in case lE^E ]I .

Second part:

Consider any I, i st n f IvarIIlH;=<j>=<I* 5 ^ >E,£,v f>eF '•>

then by definition of n ' »

either 4> = nl var] [ I] I \ for some 1 1 ;



so v'sn[gen]<v ; 

so by first part, 

IdeL[ElY'\>' =

lv'I Ifree]

l v'[ Ifreel ; 

and similarly for RIdeH ;

also I* = YlfnHIIv'Ispe] - y 'I f n] [ II v '[ spe] ; 

and I* = YlfnHII v'[par] - y'l f nHIJ v'[ spe] j 

and v' < v = n'lgen] ; 

and £ c nlvar] c n'lvar] ; 

and yi",i», st 51 1"] 4- i" = < I "* , Z"* ,E", ^", v") C F,

5"c^ and v"<v' by corresponding result for n; 

and VI and v 1 >n'[gen],

so

or <J)<4)* ie <}>* = <()>> and I^J[$] ie 1 = 1 ' ;
if if

hence I =1 ' etc.

and v=v' i

so JdeL[E]YV^IdeL|[E]Y'v<JdeI|[E]Yv'x IdeL[E']YV2JdeL|[E]YV

since E=E ' ; 

ie ldeL[E] Y 'v = IdellE'lYV

s Y'tfnll 1 ^! Ifree]

by definition of n ' j 

similarly for RIdeR ; 

also z*-E'* = Y'IfnHIIv|Ispe] , 

and I* = I'* = Y'[fn]II]v[par] ; 

and v^n'lgenj ; 

and 5=n'[var] ; 

and VI", i" st ^[ I "] I i "= ((>"=< I"* , 2"* ,E" , ?", v"> ,
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so either <j>" = <j)

or <j>"=nl varl[l"ll i" ;

in either case,

£"£n't varl=£ and v"<n'Igen]=v ; 

and yl and v >n'[gen]),

Y'IIfn]II]v 1 =Ylfn][I]\) 1 =«> ,0 ,0 ,<» ;

Hence n' is Fn-Compatible . 

QED

Lemma 4.4.3:

If TI is Fn-Compatible

and <j>-< I* ,i* ,E,5 ,v> satisfies ^Cnlvarl 

and each 6 eL+V ;

then n f =NoteAppn[El (nC^CS*^/!* ]/ var ] [ XI . 

is Fn-Compatible.

let I,i be st n'[varl|[IHi=<|>'=< I'*,E'*,E',C',v'> eF ;

then n'i[varI=C[<S*"/I*] i

so either <|>'=^ttIHi 1 for some \^ ;

in which case tj) ' =n[ varj I I]l i 2 for some i 2 ;

so by Fn-Compatibility of n and since Y-Y f > 

IdeLIE'lY f v'=Y'IfnIIIIIv'|[ 1 free I ;

and similarly for RIdeR ;

also Z*=Y'Ifn]|[IIv'IspeI ;

and I*=Y'Iff1 MIIv'IparI ;

and v'<n[genj=n f Igen] ;

and 5'cccn'Ivar] ;

and if £ ' 1 1 "] 1 1 " = 4>" then ^"c^' ;
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or <j>'«6* ;

which is impossible since each 6 £l_ + V . 

QED

The corresponding result to theorem 3. M- can now be proved. 

Again, only the cases that are different from the ELM version 

need be considered. In particular, one subtle change in the 

definitions of the functions IdeL and IdeR may be noted - the 

cases [let A in 01 and [let A in E I no longer remove the 

declared identifiers from the list obtained from 0 and E . 

This is a rather unfortunate consequence of replacing the single 

denotations of the [var] component of ELM environments by lists 

of denotations. It is a considerable set-back, since it 

prevents the compiler from recognising that variables declared 

local to a program section cannot possibly cause interference 

with other sections of the program. A possible resolution of 

this would be to ban from the language declarations which cause 

holes in scope, ie which redeclare previously declared 

identifiers; then the D* form of environment would no longer be 

needed and the problem would not arise. POPLAR, however, has 

the D* form, and so will require that identifiers used for local 

variables in parallel tasks are distinct. This is not an 

intolerable constraint, since a preprocessing phase could be 

conceived which would transform the identifiers of a program to 

avoid such clashes, while keeping essentially the same 

semantics. This would not work, however, in the case where 

different iterations of a loop are to be considered for parallel 

execution, as in the next chapter.
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Theorem 4.4:

If the conditions of theorem 3.4 are satisfied 

and also n is Fn-Compatible ,

then any -%*Deve lop (C[ 0J n6 t )x*a is Sanctioned by 

r\ ildeLl 0] YV t !deRl Q] yv

where v=MaxGenr\<r\^ genj 

and MaxGenr\-Max( Max

and similarly for E , L, ff, /I and D.

Case [ let $ in E 

let v' = nllgen]l 

and < (>>

and T)'=NoteAb8{W (nC ** A / var/ J[ $1 ])(v'+l)

and let $ be [ I[ I* ;Z*] =E '] ;

then by Fn-Compatibility , v<v'

and 5|[EJnKt = Sl E 1 ]n'Kt

and WaxGenn ' -Max( MaxGenr\, v ' + !> =v ' + 1 ;

hence ^Develop (ffJEJ n<t ) X* a is Sanctioned by

but IdeLlE1 ]Y'(v' + l)^JdeLlE 1 lY(v' + l) /v JdeL|[E'lY(v' + l) (4.4.2)

'lYV' (4.4.1)

and similarly for IdeR ; 

also, Ka,I, Denotedalr\ *»

since 4>^L ;

and n'lproc]l = ni[ procj ; 

thus each ^Develop (fffEJI n< t ) X* a is Sanctioned by
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Case IE 1 [E*]1 :

Again the induction on # (Develop (£t Ej n<. )x*a) needs to be 

invoked.

If x*Develop(ElE]r\K.)-x*a

then by Regularity, one of the following holds:

(1) x«0etfe£0pU[E 1 lnic t >x*a ;

so x is Sanctioned by r),IdeLlE lyv ,IdeR[E^] v\> ;

(2) x is 

C3) x

where £=<j>lsped

where d> satisfies T <j>5n

and n =n[TT,/proc] 

and nl prod <TT ; 

but by structural induction,

any x '<Deve lop (Li E ln'<t )x a i s Sanctioned by

and similarly for J?[ E ] ;

so any x ' <Develop (Si E HE Jn f <t )x*^ is Sanctioned by

hence, by 2.5, x is Sanctioned by

n ,AIdeL[E lyv.AflldefllE^YV j 
i l i

and therefore by n , JdeLl EJ y\>,laeRl EJ YV ; 

(4) ^Develop (Apply FnlE^ n 2 4>5*i<t ) X* a 2

where for each i, C6 ^L AT Q 6 ^ v( 6 ^ £ V) 

and n 2 = n[TT 2 /proc] 

and nl prod <TT ;

ie = ^ a '°

or

where n f =Jl/otedppnI El ( n 2 C ^C 6* "/I ]/ var ][ XI .Error I cont ]) ;

hence x is Sanctioned by n ' 9 IdeLl E 'i Y ' \>" ->RIdeR\. E f l Y ' v"
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where \>"=MaxGenr) ' <v ' ;

but T^* j

so ^ItAIdeVal{E } st Denotedtylr}

and n is Fn-Compatible;

so IdeL[E']Y'v" <IdeL{ E ' J y ' v '

JIv'[ Ifree] 

]v'l IfreeJ 

v'l Ifree] 

< FreeLVallE^jv' 

< FreeLVall •L 1 Y v

and similarly IdeRlE ' ] Y ' \>" <IdeR['E\ YV ;

also $;cn[var] ;

so for any a, if Denotedalr\ ' ,

then either a=£[I]'i for some i

=n[varl[I]li for some i 

or a<6* ; 

so if x i- s Pw^ctBs 

then either Denotedulr] '

for some I<JdeL[E ' ] Y ' v"<IdeL{E^ j\> ; 

in which case, 

either Denotedalr] with I 

or a=6 for some i;

so either nl proc] <0wnera

or lltldeVallE ] st

or n[ proc] <0wnera. ; 

hence either Denotedalr] for some I

or nl proc] <0wnera ; 

and similarly for CheckFetchaB ;
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Thus x is Sanctioned by n ,IdeLlE] yv 

QED

4.5 The Syntactic Conditions for POPLAR

Having established that the semantic and syntactic equations 

for POPLAR satisfy essentially similar relationships to those of 

ELM, with the proviso of Fn-Compatibility of environments, the 

parts can now be assembled in the same sort of way. The main 

difference still to be encountered is that environments can no 

longer, of course, be expected to be Share-Free. Instead, the 

[sharej component mentioned in 4.0 comes into play, and the 

weaker condition of Share-Compatibility is used. The P-Strict 

condition remains as in chapter 3 , its definition being only 

slightly modified to take into account the different structure 

of H.

Definition

r\ is Share-Compatible if

(I =1 v I *n[[share] v I^nll share! )

Definition

n is P-Strict if

I x=aeL => Ownera^r\l proc]

The functions CSeparable etc can now be defined as for ELM,
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but allowing for this weaker condition.

Definition 

CSeparablelQ*ly =

Vi , \ ' , ( i = x 'vShareDisjointddeLl Q ] y( Y I gen] ) )

CldeLll0 if ] Y ( Ylgen] )'*ldefl[0 ,] Y ( Yl gen] ) ) Y ) 

where ShareDisjointI*I*^=

~(3l l5 I 2 , I 1 <l*Al 2 <l*A(l l -l 2 vl 1 < Y[ share] v! 2<Y[ share]))

Lemma 4.5.1:

as lemma 3.5.1 but with CSeparablel 0*1 Y 

and ri is P-Strict and Share-Compatible.

as 3.5.1 except for case la,

when a = nl varll IH \ for some I*IdeLlQ I and some i ; 

and a = nl varlttl'H i' where I ' tldeLl 0^ "ideRl 0^ ; 

so by Share-Compatibility,

I =1 or I <nlsharel or I 2 <nlsharel ; 

which is precisely contradicted by the condition

CSeparablel 0*1 Y • 

QED

Useful P-Tests can now be established for POPLAR, as they 

were for ELM.
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Lemma 4.5.2:

(XQ r\.CSepavablelQ*l^f^v\<#Q* ,#<7umps[0 ] = 0) is a P-Test 

for C wrt (Xn-n is Share-Compatible and P-Strict).

as 3.5.2. 

QED

Theorem 4.5:

If n s and n are Share-Compatible (instead of Share-Free),

and also Fn-Compatible,

and otherwise the same conditions are satisfied as in 3.5,

then the conclusions of theorem 3.5 also hold,

together with similar conclusions about A and F.

Proof

By structural induction, mainly as in 3.5.

Case I let A in 0 ] :

The proof is as in 3.5, except that n" and n" must be showns p

to be Share-Compatible and Fn-Compatible rather than 

Share-Free, and the proof of P-Strictness requires minor 

modifications to deal with D* instead of D.

let n"=n C e*"/ var/l[ A] ][ TT /procJ ;
S S ^

for any I,i, if I<I[AI >

then if i=l then n"IvarjII]li«e* ;
S

and if i>l then n"I varj IIH \ = r\A va
S *3

otherwise n"tt varj [I] 11- nil varj [IJ11 ;s s
and P-Strictness follows in each case as in 3.5;
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consider any I 1 * I 2 »i 1 »i 2

st nglvarJl^Hi =<x £ L for i = l,2; 

If I «llA] and i = 1 (1)

for both i=l,2,

then o^ja are distinct elements of e*, so a *a ; 

If (1) holds for i=l but not for i=2 (or vice versa),

then a <e so it<tt <0wnera ;

but a =n Ivarlll Hi'
Z o 2. 2.

where !•'-(! <l[A]-*i -1, i ) ; 

so ~it<0wnera ; 

so a *a ;

If (1) holds for neither i=l or 2, 

then a =n I varMl Hi' ;
L S 1. T.

so by Share-Compatibility of r\ ,
o

if a =tx

either I <n II sharel =n"II sharel
_L o o

or I.-«n II sharej =n"I sharel ;
2 S S

Hence n" is Share Compatible;
O

and similarly for n" = n C e* A /var/Jl Al ] [TT 2 /proc] ;

Fn-Compatibility of n" is obvious, since as e* e [L+V] ,
S

for any <j>eF, Iflde,

] ° Denoted 4>In" •
S &

Case [ let * in 01 :

This is similar to the above case, except that the first two 

possibilities for I ,1 ,1 15 I 9 cannnot occur since none of the 

denoted objects being "added" to the environment are locations,



4.5 181 

and 4.4.2 gives the required Fn-Compatibility .

Case [E 1 [E*]] :

This case proceeds similarly to the others, except that 

again the double induction (first on #Expand(ElE] r\K, )a) needs to 

be invoked.

As before, Regularity and structural induction imply that 

either Expand(E [E] TIK^ ) a=Expand(A IE. ]n c,K.)a
& S S S 1 S T.

**Expand(A [E In K.)a

*Exand(E IE]n K ^ ap- -p p
ExpandtE [E]r\ K )a = Expand(-A IE In K. )a~< SetError)

S S S S 1 S U

s>Expand(A IE In <t )o~< SetError)

**Expand(E IEIn K ) r p"- 'p p
or Expand (£ IEJn^K^^o^ r s s s

£'a;pan(i(^ [E 1 In s Kt )o A < x> ^

where x~ (CheokProasvt IT 5 TT > ) 

and ir=n c lp^ocl
o

and Tr<TT , ?r

and n^ne^TT. /procJ
S ti> -L

and n"=n Lfr 0 /procJ
S S ^

for some <}>=< I* , Z* ,E ' , £ , v>

st T C d» and 5n s

but either Expand(SEval s IZ*]IE*Jn^K^)a1

= Expand(SEval IE HE In'<Z)°1
*• S b L J.

* ExpandCSffyaZ [Z*HE*]|npK-t)o1

P P P

so that ExpandtE IEIn'< )a*>Expand(E lEJn'x )a ;
S S S M s~ f~



4.5 182

or Expand(SEval IZ*][E*]n '<' )a
s s s 1

= Expand(SEval 11*1 [ E*I n 'icMa *Expand(K ' 6* )a
S S t 1 S ^

where 6* satisfies 

for l<i<#6*

if Z i= lv then T ,6 ;
s 

if Z =rv then T ,6 ;
s

ie Expand(E IEJn K )a s s s

>..or.
i S S 2.

Aa.a) .
S 2.

where n ' -NoteAppnl E J n" 

and n" = n"[C6* /'/I*]

by Fn-Compatibility of n 5 5c n II varj =n"I varj ;s — ~ s s

and n 'I var] =n"I var] ;

so Denotedalr} ' =* (Denotedalr]
o

so if aeL and '

then either
o

so

hence Ownera^ir =n '[ proc] ;

or a<6 ;

so T„^,a ;

hence either Denotedal 'r\ '
S

for some I ' <IdeVall El ;

in which case the previous case again holds 

or ir =n 'I prod <0wner a ;
1 S

so t\ ^Ovner a ;

hence n' is P-Strict;

consider any I'zl" and a st 

Denotedal ' r\ ' and Denotedal "r\ ' ; 

then either Denotedal ' n and Denoteda.1 "r\
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so by Share-Compatibility of n >
o

either I ' «n [ share] <n '[ share]
j

or I"«n II share] <n '[ share] ;
o

or for at least one of I', I" - say I' -

I '•*! and a<6* ;

specifically, 3i st I'=I , a =6 and £ =lv ; 

so I '<LParams~L*T.* ; 

but by Fn-Compatibility of n > since Denoted$Ir\
S Q

QED

and V^TI [ gen] =n'r tt gen] s
where \l> = j I f n] [ I] V = Y"[ f n] 1 1] v ;

o

so I '<ShareList(AIdeVallE^\ )y" ; 

so I '<n 'I share] ; 

so n ' is Share-Compatible;

n' is Fn-Compatible by 4 . H. 3 j

Result now follows immediately from induction.

The simple conditions of chapter 3 have now been extended to 

include procedures - the results are not very promising! They 

are so complicated that any compiler-writer might be excused for 

shirking the task of implementing them. More will be said 

about this in chapter 6. Meanwhile, the next chapter will 

consider different language extensions.



CHAPTER 5: A LANGUAGE WITH ARRAYS AND LOOPS
"Alice couldn't help pointing her finger at Tweedledum, 
and paying 'First Boy!' 'Next Boy!' said Alice, 
passing on to Tweedledee... The next moment they were 
dancing round in a ring. This seemed quite natural 
(she remembered afterwards)."

Through the Looking Glass: Chap 4.

The last of the three example languages will now be 

described. It is called APPLE (Array-Processing Programming 

Language Example). The important feature of this language 

concerns an area which promises to give some of the best results 

in terms of efficient usage of parallel computers - namely the 

processing of different iterations of a loop concurrently. 

Since consideration of the sort of conditions involved, as for 

example derived in the last two chapters, indicates that such a 

loop may not assign to any simple free variable, the only way in 

which a parallel loop can do anything useful is to contain 

references to objects which denote different locations in 

different loop iterations; in other words, arrays or more 

complicated data structures must inevitably also be included.

One effect of introducing arrays into POPLAR is to duplicate 

the sharing problem - indeed, the sharing of arrays is slightly 

worse than that of locations, since it can occur with parameters 

called by R-value as well as those called by L-value; 

furthermore, matters become even more confused if an array 

element is used as an actual reference parameter, since then 

"mixed" sharing may occur - the denotation of one identifier 

being the same as a component of the denotation of another.

To avoid repeating much of the complex work of chapter 4, 

therefore, APPLE has none of the features introduced by POPLAR,
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but instead uses ELM as a basis.

The form of the results in this chapter follows much the 

same pattern as for chapters 3 and 4, and there will be very 

little that is new (except for trivial modifications of 

functionalities) in the proofs, which will therefore be 

generally even more skeletal than in the previous chapters.

5.0 Description of APPLE

The syntactic domains of APPLE are slightly extended 

versions of the ELM ones; each of Com, Exp and Dec has just one 

new category. Com has a new form of loop - the for loop 

which is more suitable for parallel processing than the while 

loop, both because the control variable provides a means of 

guaranteeing that locations accessed in different iterations are 

distinct, and also because it can be guaranteed to have a finite 

number of iterations, and furthermore, a number known before the 

loop is entered. (This is not true eg of Algol for loops, but 

it is in APPLE, since the limits are evaluated only once and the 

"control variable" cannot be changed within the loop body.) 

Dec allows an identifier to be declared to denote a new array of 

arbitrarily many dimensions - the upper bounds for the 

subscripts are given by the list of expressions in the 

declaration, and for simplicity, the lower bounds are all taken 

to be 1. The new category in Exp allows an array element to be 

referenced. It is also necessary to define Bas a little more, 

and demand that it includes a domain Nml of numerals which 

represent integers; thus it will be assumed that BINJ is an 

integer. Also, Ope will be expected to contain at least the
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arithmetic operators + and x.

The major change to the semantic structure in APPLE is a new 

domain R of arrays. An array has two components - a list of 

positive integers giving the upper bound for each subscript, and 

a list of locations with length equal to the product of the 

upper bounds. The details of the mapping from a list of 

subscripts to the corresponding location are not important, and 

are left to the unspecified function GetArrayLoc& [R^I *~"L] ; the 

only relevant properties of this function are: 

i) if p £ R and i is a valid subscript list,

ie if InArrayRange pi

where InArrayRange pi* =

(#i*=# pi bo undsl)A(KI <#i*,l<i <p[boundsHi)

then Get Array Loo pi -epllocsl ; 
* j *and ii) if i and \ both satisfy InArrayRange pi

j * * 
1 1* 1 2

then GetArrayLoof> i ^ffet^rraz/Locpi

It will be assumed without detailed proofs that two 

different arrays do not share any locations, and also that an 

array cannot share a location with a simple variable. (This 

can happen in a language which allows an identifier to be made 

to denote an already existing L-value, eg by parameter call by 

reference, but not in APPLE.)

New arrays are claimed with the aid of the function NewLoos 

which behaves very like NewLoa except that it takes an extra 

argument - a non-negative integer - and returns (if possible) a 

list of the appropriate number of locations. These locations 

are all different, and all have the same Owner, so the function 

Owner can naturally be extended to apply also to arrays.
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As with functions in the last chapter, E and D are extended 

to include R as a summand, but V is not.

To cope with arrays in the syntactic conditions, a new 

"serai-syntactic" domain J is introduced, which replaces Ide as 

the domain from which results of IdeL etc are taken. Its use 

will be described in detail later.

The environment will not require all the mechanism of 

POPLAR'S syntactic environments, but it does need one simple 

"syntactic" component: 1 i t : [ I de-»T] which serves to indicate 

whether an identifier is a constant (denotes an element of B) or 

a variable (denotes an element of L or R). Hence the following 

compatibility condition: 

Definition 

H is Lit -Compatible if

] * nl varM lleV .

The detailed semantics of APPLE appear in appendix 3. A 

new semantic function Q is used to deal with for loops; it has 

the same functionality as C, but with two extra parameters - the 

control variable I, and its value x for the particular iteration 

concerned. A corresponding version of Eval - QEval is used 

which requires a P-Test with slightly different functionality - 

see section 5.5. The function W is partially defined 

corresponding to the partial specification of Ope.
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5.1 Consistency of APPLE

The extension of theorem 3.1 to APPLE is extremely trivial - 

the result for Q follows immediately from that for C, and the 

proofs for the new syntactic categories follow exactly the same 

patterns as in 3.1.

Theorem 5.1:

If 6 , K , K', n are v-Consistent 

then £[0Ine , «[I]iI01n8 0 , £[ElnK 0 » L[E]nK 0 » 

and Z?|[A]n<' are v-Consistent.

Proof

as for theorem 3.1.

QED

5.2 Termination in APPLE

The remarks of 5.1 apply equally to the results about 

termination, and for the same reasons, so no further comment is 

necessary.

Theorem 5.2:

JumpslQ] is a T-List for C[ 01 and gill il G>I ; 

is a T-List for £[£], L[EJ and 

is a T-List for PttAl .

Proof

similar to 3.2.

QED
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5.3 Regularity of APPLE

As intimated at the beginning of the chapter, the mechanism 

used for ELM and POPLAR of producing lists of identifiers 

representing possible values of an expression, and possible free 

variables of a program section, is inadequate to deal with 

arrays. In APPLE, therefore, more complicated lists are used, 

in which the components are elements of the domain J and can 

either be simple identifiers - denoting simple variables as 

previously - or elements of the domain [Idex[I*+{?}]*]. The 

latter form is used for array elements: the identifier denotes 

the array being accessed, and each component of the form 

[I +{?}] represents one subscript. d will be used for 

elements of this sum, even in the case i =?.) The 

representation is relative to a list of identifiers I : if the 

subscript is a linear expression in elements of I only, then i 

is the corresponding list of coefficients, with the constant at 

the end; otherwise 1*=?. The list I (all of whose components 

must denote constants) is given as a parameter to the functions 

IdeVal , IdeL* etc., and will include for loop control variables 

and constant free variables of a loop body. This 

interpretation of the elements of J referring to array elements 

is embodied in the following definition, which can then be 

combined with the simple variable case to give a complete 

interpretation of J in the definition of the APPLE form of 

Denoted (which now requires I* as an extra argument).
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Definition

aeL is Array-Denoted by Y=<I,i**> and I* in n if 

P = n[ varlUleR 

and InArrayRangepi* 

and Q.-GetArrayLoap\*

where i* satisfies: 
#i*=#i**

and for l<i^#i*, 

either i*=? 

or #i*=#I*+l (=v say)

v-1 
and CfxiHt

where 3 =n|[ varfl [ I I

e A e=n[ varJim ) v

A e is Array-Denoted by T and I* in n). 

The list I* appears as a parameter in all the results for 

this and the next section with the constraint that all its 

components are different. (This constraint could be removed, 

but there is no particular reason to do so, and doing so forces 

extra complications on the equations.) There is one exception 

to this rule: in order to preserve the condition that each 

component denotes a constant, (the analysis becomes almost 

impossible if uncontrolled changes are allowed to variables in 

subscript expressions during the loop,) when a new declaration 

is encountered, I* must be "purged" of any identifiers which are 

given non-constant denotations by the declaration. This cannot 

be done by simply omitting the offending identifiers if they 

occur in the list, since this would result in the mismatching of



5.3 191 

coefficients at an outer level; instead they are replaced by a 

special dummy variable I which is not allowed in programs and 

therefore causes no confusion if it is duplicated in I*, since 

its coefficient will always be zero. This is summarised in the 

following : 

Definition 

Distinot~L* -

The proof of Regularity is now straightforward, most of it 

being similar to 3 . 3 . To deal with Array-Denotation, a lemma 

is first required to show that IdeSub , which is used by IdeVal 

to evaluate one subscript of an array element, behaves as 

expected. The main theorem then follows, only three cases 

being significantly different from previous work - the case that 

accesses an array element, and the two declaration cases which 

change the environment, in which the conditions on I must be 

shown still to hold.

Lemma 5.3.1:

If ?l«l*, nlvarlllleB (l)

and DistinatI

and \*=IdeSublEUl**l *?

then #x*=#I*+l=v say,

and fltEln is Regular wrt T,T' and
#1 *

Ue.e= I (nlvarHl l*i .)+i ..) (2) 
i=l 1

where t:- Invariant nl procl> , T ' -Subvariant< nil procl) .
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Proof

by structural induction and cases of E.

let e Q denote RHS of (2);

Case II] :

n|[ var][l] >

= K(n[var]|[Il) because of (1); 

but since x**?, I<I*

and x* = H (1 = 1 -+1,0) ;

so for l^isv, i =(! = ! -»1,0)

and i =0 ;

so e n = Y (nlvarlllj) ;

but 3>I and DistinatI and I cannot be I ;

so I =1 for precisely one i ;

hence e 0 = nll varj [ IJ ;

so J?IE]nK = K£ 0 ;

and Regularity follows immediately -

Case [NJ :

and for I<x^v 5 i =0 ;

and x =B[NJ ;

so e Q =B[N] i

and again Regularity follows trivially.

Case [IxNJ :

let 3=nlvarllljeB ; 

then by above two cases,

REvaK [II ,[N]> n is Regular wrt T,T' and
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so flllxNln is Regular wrt T ,T ', (Xe .£ = (/[ x]< &,B[N]> )

ie wrt T,T ' ,(Ae.e=BxBlN] ) ; 

but as in case [ I]) ,

i i =B|[Nl for precisely one value of KV , 

and i =0 for all other values of \ ;

so e o

hence ^[IxNln is Regular wrt T ,T ' , (Xe . e = e ) .

Case iNxII

is similar.

Case IE +E ] :

let i'*=Jcfe5MZ>lE 1 ]|II*]l

and i"*=lde5uib[E 2 lII*l ; 
. * „ .. *

SO I ' #? * I "

and #i*=#i'*=#i"*

and for 151 <# i * , i - i ' + i "

and by induction,

RlE In is Regular wrt T , T ' , ( Xe. e = e |
#1*

where e'= £ (nl varl 11 I x i ')+i' 
0 i=l i i v

and similarly for ^[E o ln >

hence PEvaK I E ± } ,1 E 2 I> n is Regular wrt

so RlE +E 2In is Regular wrt T , T ' , ( Xe ,
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#1* 
but e' + e» = I

° i = l

QED

Theorem 5.3:

Exactly as theorem 3.3 except that 

T_ = (Act. (n[ procj <0unera) v

(.VI st each nlvarHI J e %*Distinot~L* ,

The presence of the I parameter makes no difference except 

in the case I let A in El, because of the need to preserve 

the condition that each nttvarJII J e B.

The only other case which need be considered is the new one 

IUE*] .

Case [IIE*1 :
^ it

Consider any I st each nlvarJIT IeB and DistinctI ; 

then IdeVa1\^\ has precisely one component, viz ¥=<I,i

where i*= IdeSublE 1[1*1 for l<i<#E*

and #i**=#E* ; 

so for each i,

if i*?;? then by lemma 5.3.1,
#1*

J?IE i Jn is Regular wrt T,T',(e.e= I (6 i , x \ ^ ^ f )+ i ^)

and if i =? then by induction,

R[E Jn is Regular wrt T,T ',(Ae. True ) ;
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so In is Regular wrt T,T',
#1* 

v e= I

so REvallE*lr\ is Regular wrt

#1

i 

hence £|[I4.E*In is Regular wrt T,T',

( Aa.3e*,#e*=#E* API, (i*=?v(#t* =#!*+! A £I =E ^ l » xi

Aa=Get;/4rrai/Loc(nI varll II )e*) ;

ie wrt TjT'>(Aa.a is Array-Denoted by y and I* in 

hence ff[HE*In is Regular wrt T , T ' , (Xe . e e LAT e)

Case [let A in E ] : 

let I'*=lUl ;

It is sufficient to observe that if e is st 

Vl Al n is Regular wrt T,T',(Xe*.e =e Q ) 

(and if the first alternative of Regularity can ever 

occur) , 

then for each i ,

for if A is [ I = E] or II = array E* 

then £*=< e> where e £ L + R ; 

but Pu.vett 1*1 II AlUtfuZH.fi/II 1*1 1 II ; 

so ~I<Pur^eII*II Al ;

and if A is 11 = El

then e*-< e> where £ £ B ; 
0

and if A is IA and A I

then result follows from induction;
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hence if I* satisfies each nttvarJII J e B

then I"*=Purgre[I*l[Al satisfies each r\' I varl [ I"] eB

where n'=nLeJ/var/J[ A] HflewLitI Al/m/H A] ] ; 

and result follows inductively. 

QED

5.4 Operations Produced by APPLE

The only new complication introduced by APPLE at this stage 

is the necessity to have I* as an extra parameter in most of the 

functions. This means that the property Sanctioned is replaced 

by I -Sanctioned which is defined in exactly the same way except 

that I* is appended to the arguments of Denoted , and that IdeL^ 

IdeR> etc have an extra parameter.

Theorem 5.4:

For any n,x*><3^* satisfying the same conditions as in 3.4

and also each nlvarHI IeB and Distinct^*

then any ^Develop (C{ 0] n9 t )x* a is Sanctioned by

and similarly for the other semantic functions.

Proof

follows from 5.3 in exactly the same way as 3.4, 

except for the extra parameter I* in all the functions.

QED
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5.5 The Syntactic Conditions for APPLE

Ananlogous results to those for ELM and POPLAR have now been 

proved for APPLE in the previous sections, but they involved the 

parameter I which could be arbitrary (subject to the 

constraints of Distinctness and constant denotations). This 

parameter must now be chosen so that the resulting conditions 

are useful. Since the aim is to show that (in suitable cases) 

the locations accessed in different iterations of a loop are 

different, the one thing that is guaranteed to be different, 

namely the control variable, is clearly an essential component. 

It is, in fact, advisable to make the list as long as possible 

in order to acquire complete information about as many array 

references as possible; certainly all the free variables (a 

misnomer here!) which are constant should be included, as these 

can be guaranteed to have the same value for each array 

reference.

This leads to the definition of QSeparable , which is 

intended to provide the Separability part of a P-Test for for 

loop evaluation. It uses a list I* whose first component is 

the control variable of the loop, and it depends on the function 

NonCoinoident which ensures that, for two given array element 

references in different loop iterations, there is at least one 

subscript which has a different value in the two references. 

No definition is given at this stage of NonCoinaident , but only 

conditions sufficient to give QSeparable its required 

properties. The satisfaction of these conditions is the 

subject of the next section.
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Definition

,
****

V{I" 9 \ > <jdeL[01[I l"rdefl[01[I I ,st I' = I"A#i =#i *
z 12

NonCoincident\ \ )

where !*=< I> A (Literal (IdeR{ 01 < > ) (n[ 1 i tl )\< I> ) 

and Literal~L*i= (!*=<> -*< > , (yl I 1 ll->< I-L > ,< > ) "Literal (I* tl )y)

where NonCoinoident satisfies

„ . . , ** **NonCo^nc^dent \ \ =>

•l* St hi* 7861 ^ 

and Ki ',i ' , i st \'*

v-1

The other forms of Separable are similarly redefined, but 

without any references to a control variable.

Since APPLE allows no sharing, the property of 

Share-Freeness is reinstated - although slightly modified, as is 

P-Strict, to allow for elements of R as well as those of L:

Definition

D is Share-Free if
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Definition

n is P-Striot if

KI, nl varI[II= ee L + R => Ounere^nl procl .

Also needing slight modification is the definition of P-Test 

which will now accept a function taking a single command as 

parameter, instead of a list.

The process of putting together the entire conditions can 

now be completed as in previous chapters - the details are only 

given for the new and most complicated case - evaluating for 

loops with QEval .

Lemma 5,5.1:

If QSeparalilel1.il 01

and e 7r *=< ir*, Ai^.gll II il 01 nCir^ proc]9t>

and FIT -«ir*, nl procl <ir

and n is ShareFree, P-Strict and Lit-Compatible ,

then the conclusion of 3.5.1 holds. 

Proof

let I* be as in the definition of QSeparable ;

then certainly, Kl^I*, nl 1 1 1] II I ^ =True ;

and so since n is Lit-Compatible,

hence the proof follows that f 3.5.1 with the parameter I 

added where appropriate, except for case la;

in which case Denoteda.^^ for V+IdeLl 011 1*1

and Denotedv.V'r\ , for f *IdeLl 0H I *\"IdeR\. 01II 1*1
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where n^nC i/var/I] [.True/ 1 it/I] ;

Inspection of the definition of IdeL shows that whether or 

not an element of Ide is a component of IdeLlQl\I*l is 

independent of I* ; 

hence f^Ide ;

so since locations cannot share with components of arrays, 

t"<!lde also;

hence T=<I",i**> and H" =< I', i '**> ; 

so since different arrays cannot share elements,

n l [var][l"l=n l ,[vari|[i'l=peR '•> 

so I"*I*I' ;

so nlvarl[l"i=n[var][l']=p ;

ie by ShareFreeness, !"=!'

and also # i** = #p[bounds]= #i'** ;

so by QSeparability, NonCoineident i i' ;

let i" be as in definition of NonCoineident i i' 

and i*,i'* as in the definition of Array-Denoted

for i** and \'** respectively; 

then \* H *1*T.[*, ; 

v-1

where g =n |[var]lI I l I

and v=#I*+l ;

but I =1 by definition of I* ; 

and I #1 for i>l ; 

so 3 =i ;

and for i>l, 3 t =nttvarjIIJ ; 

v-1



5.5 201

and similarly t ; w=l 'x i J,,^ Y C3, , xi J ^ , ) + i ;

S ° \"~ l I"* 0 by NonCoincidence since 1*1' ; 

which is a contradiction since

QED

Lemma 5.5.2:

For any I,

(\Qr).QSeparablel I] I 01 *.#Jumpsl 01 =0)

is a P-Test for [QlH 1}

wrt (Xn«n is ShareFree, P-Strict and Lit-Compatible) 

Proof

as for lemma 3.5.2. 

QED

Theorem 5.5:

as theorem 3.5. 

Proof

as for theorem 3.5. 

QED

5.6 Algorithms for Satisfying the Conditions

There was an important omission from the last section, which 

reveals where much of the complexity of dealing with arrays and 

loops lies, namely the function NonCoincident was not defined, 

but only certain conditions were imposed on it. To complete 

the picture, this section will discuss algorithms for satisfying
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these conditions.

The conditions, as in 5.5, are applied to the subscript 

lists of two array element occurrences in different iterations 

of a loop. To be suitable for consideration, a subscript has 

to be a linear combination of the members of a certain set of 

variables; this set includes the control variable of the loop, 

which is certain to have a different value for the two 

occurrences, and free variables of the loop which remain 

constant for the duration of the loop; also, there is no 

particular reason to exclude other variables which may change 

their values during the loop. Non-linear subscripts could 

possibly be considered in certain cases, but the complexity of 

analysis and the amount of computation required, together with 

the observation (which should be taken as a reasonable 

hypothesis rather than a proved fact) that such expressions 

rarely occur, suggest that it is not worth including them.

Thus the subscripts to be considered will all take the form:

where [X } are fixed free variables

and Y is the control variable

and {Z } are other variables, including the control

variables of nested loops.

The corresponding Kth subscript of the other array element will 

be :

7a' X +B'Y ' + IY' Z f + (S ' ^ IK i K A 'IK i K
\ !•

since the X are the same.
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The conditions require that there is some K such that

^ (a iK-a ;< )^ + ( V-e^')^(Y 1K z rY( K z;) + (6 K-6^),o (i)

for any x^ , I, J ' ,Z i ,zj such that Y*I'.

This can be considerably simplified by demanding (as is often

the case) that all the corresponding coefficients (though not

necessarily the constant term) are equal. Then (1) simplifies

to:

Z' + (6-SM*0 (2)

for any Y"*0 and any Z" .

General methods for satisfying (1) or even (2) involve 

complex algebraic techniques which are beyond the scope of the 

present work. However, a few simple steps can be enumerated 

which will be effective in many actual situations.

1) In many cases there will be some K for which 3 *0 but
Ix

each y =0 and <$ = <$ f j so (2) is clearly satisfied.
\ if* \£ t**

2) On the assumption that only integer variables are 

permitted, the condition that (6 -6') is not divisible by
is K

HCF($ ..{y )) also ensures that (2) is satisfied.
K I K

3) If neither of these works, eliminate some variables 

between the expressions for different K , and try again.

These should suffice in most practical cases. Indeed, it 

may well be that far simpler conditions are enough.

Parallelism conditions have now been established for the 

third and last of the languages to be discussed. As with the 

procedure language, the conditions are fairly complicated; on 

the other hand, the gain to be expected from using them is much 

larger, as loops with many iterations can be completed in
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roughly the time needed to execute the body once.



CHAPTER 6: CONCLUSION
"'I have^answered three questions, and that is enough,' 

Said his father, 'Don't give yourself airs!
Do you think I can listen all day to such stuff? 

Be off, or I'll kick you downstairs!'"

Alice's Adventures in Wonderland: Chap 5.

The most striking general point about the results of the 

last three chapters must be their extreme complexity, especially 

when any but the most trivial language constructs are involved; 

indeed, several facilities, notably the possibility of storing 

anything except "basic" values, have not been included either 

because they make the conditions for parallelism prohibitively 

complicated or because no positive syntactic conditions are in 

general possible when they are permitted.

It is worth reviewing some of the main areas where 

difficulties lie, and considering some practical aspects of 

language design which could ameliorate the situation.

1) Sharing is a feature which can occur in most existing 

languages, though it probably does not occur in most programs - 

which is just as well for many who have done work in this field, 

since they almost all ignore it, giving it at most a passing 

mention. But this does suggest that, while sharing itself is 

not a particularly useful feature for the majority of programs, 

(indeed, its use is liable to make programs more obscure,) 

eliminating it completely from any language of reasonable power 

is rather difficult. Constructions which explicitly introduce 

sharing - eg a declaration by L-value as in [23] or Fortran's 

EQUIVALENCE (which, especially if combined with COMMON, can be
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quite horrific) - can, of course, easily be dispensed with (or 

not considered in the first place). "Freezing" of free 

variables either at the declaration of, or on entry to, a 

procedure has been mooted in contexts other than parallel 

processing, and it goes a long way to solving the problem, at 

least in the way it appeared in chapter "4- But this still 

leaves the possibility of clashes between parameters called by 

reference (or worse, by name - imagine trying to subject 

Jensen's device to this sort of analysis), and without resorting 

to extremely arbitrary restrictions on the use of reference 

parameters, or abolishing completely a useful capability, there 

is no obvious way of eliminating it.

2) The ability to redclare an identifier, thus causing a 

hole in its scope, was seen in chapter H to cause complications. 

As with sharing, this does not seem to be a very useful feature, 

and again, it probably causes more confusion than anything else. 

Moreover, it is quite easily prohibited.

3) Procedures, as well as often introducing or aggravating 

the sharing problem, cause trouble inherently as was seen in 

chapter 4, since they are likely to change variables which do 

not appear explicitly in their calls. However, one of the 

techniques mentioned above - namely the freezing of free 

variables - also solves this problem, at least to the extent 

that information about procedures does not need to be kept by 

the compiler, although it probably has to be assumed (for want 

of further information) that all the actual parameters may be 

called by reference. If this is unsatisfactory, or if one is 

constrained to working with an existing language which doesn't 

do this, then the other easy method is never to consider 

sections of program containing procedure calls for parallel
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processing. Unfortunately, this has the grave disadvantage of 

putting a high premium on the minimal use of procedures.

4) Various features available in some of the more 

sophisticated current languages wreak havoc with the detection 

of parallelism. Pointer variables, whereby locations can 

themselves be stored, constitute one such, since it is generally 

impossible to keep track, at compile time, of anything which is 

stored. Storing procedures, and also the ability to pass a 

procedure out of the scope of its free variables, as for example 

may happen if functions can return procedures as results, turn 

the sort of analysis which was required for POPLAR from a 

difficult exercise into a virtually impossible one; although 

they matter less if the approaches described in (3) are used.

5) All the conditions described so far have been concerned 

with the possibility of different processes accessing the same 

storage location. Another area where indeterminacy may arise 

is that of input and output; these impose constraints similar 

in many ways to those relating to the store, but the question of 

I/O has been fairly universally ignored, both here and in other 

work. This may be reasonable when considering the sort of 

program which does a small amount of input at the beginning, a 

small amount of output at the end, and a large amount of 

computation in the middle; but not for programs which do 

continual input or output; indeed, in such cases, totally 

different techniques and languages may well be more appropriate, 

especially when for example similar computations have to be 

performed on many different pieces of data, with more or less 

communication between them.

If I/O is ignored, the problem lies essentially in
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synchronisation when more than one assignment is made to one 

variable in a program. An interesting and apparently rather 

drastic way of attacking this problem at the root involves the 

so-called "Single Assignment" languages, investigated in [10] 

and [ 33] , in which a program may contain only one assignment to 

any one variable. Since this means the assignment statement 

becomes in effect an initialising declaration, it is perhaps 

more sensible to think of these as "Assignment-free" languages. 

Then since any variable (now a misnomer) cannot change its value 

after its initial declaration, any section of program may with 

impunity be allowed to start execution as soon as all its free 

variables have been declared. (This has affinities with Data 

Flow architectures [ 2] , [11] , [16] and such languages may well 

be appropriate for programming such machines, and conversely, 

Data Flow machines may be most suitable for implementing 

assignment-free languages.)

Of course, one cannot get very far by starting from a 

language like Fortran or Algol and simply removing the 

assignment statement (or replacing it by initialising 

declarations). Two major areas which would cause problems are 

assignments to free variables of loops and complex branching 

control structures, and assignments to components of data 

structures. The first requires some new constructions in the 

language, such as iteration operators which would correspond 

roughly to the summation, multiple product, and quantifying 

operators of conventional mathematics and others such as "the 

least value (in a given range) such that..." and even "the 

unique value such that...". Indeed, these operators, together 

with the sort of generalised switches suggested by [ 12] and 

[35], could be useful in multiple-assignment languages which are
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destined for parallel analysis, especially if the expressions 

involved could be guaranteed to have no side effects. It is 

worth noting that a loop whose body fails only the JumpFree 

condition can often be reformulated as a "least value" loop 

followed by a JumpFree loop, both of which can be executed in 

parallel. Data structures provide a more difficult problem, 

one way round which would be to make a modified copy of a 

structure rather than assigning to a component, but this would 

inevitably be regarded as intolerably inefficient in terms of 

time or storage space (or both).

Some interesting points about programming techniques arise, 

even within the confines of a given language. Many of the 

features consequent on the concept of "Structured Programming" 

appear to make inherent parallelism easier to detect; eg the 

use of regular control structures like if, while and for instead 

of unbridled gotos makes isolation of possible subtasks easier; 

and proper block structuring, with variables which are only 

needed local to a block being declared as such, makes detection 

of independence far simpler. (cf [ 8] and [ 30] where a lot of 

work is done attempting to detect the use of the same variable 

for independent purposes in different blocks - ie overcoming 

poor programming practice.)

Taking this a stage further, it seems that the "higher the 

level" of programming language, the better. This should not be 

surprising, since a high level language requires the programmer 

to make fewer decisions about implementation details, and such 

details are just those which are drastically different when one 

is confronted with a parallel computer. (It is interesting to 

note in passing that [29], which explores parallelism exposure
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techniques in Algol, claims that the overheads of the parallel 

analysis to be insignificantly small; while [ 13] admits that 

the work on exposing parallelism in Fortran requires vastly 

increased computation times, to the extent that a simple ad hoc 

heuristic algorithm has been devised to decide whether it is 

worth bothering to analyse a particular program for parallelism 

at all, in terms of the expected speed-up.)

There is a limit to how far this can be taken, however. As 

[32] points out, for many problems there are some algorithms 

which work better on parallel machines, and completely different 

ones which are better on sequential machines; but the day when 

a programmer's job will be to specify an abstract problem rather 

than a specific algorithm for its solution, so the machine can 

select its own algorithm to make best use of its resources, is 

far in the future, if indeed it ever comes. Nevertheless, a 

higher level of problem specification is undoubtedly a useful 

goal, and it would make the distinction between the three 

approaches described in chapter 0 rather less relevant.

In conclusion then, rigorous methods of programming language 

semantics have been applied to a practical problem of exposing 

potential parallelism in non-parallel languages. The results, 

unfortunately, are complicated and not encouraging for the 

styles of language which exist and are being designed today.

There is a need for languages designed with the claims of 

parallelism in mind. The trend must be towards making fewer 

assumptions about the nature of the machine involved, and the 

use of higher level concepts rather than the ad hoc addition of 

low level, explicitly parallel constructs to languages never 

designed for any but sequential machines; but as long as
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languages anything like those commonly used today are used on 

highly parallel computers, the sorts of considerations described 

above will be virtually indispensable.



APPENDIX 1: DEFINITION OF ELM
"Its chief merit is its Simplicity - a Simplicity so 
pure, so profound, in a word, so simple, that no other 
word will fitly describe it. The meagre outline, and 
baldness of detail, of the present Chapter, are adopted 
in humble imitation of this great feature."

The New Belfry of Christ Churoh, Oxford.

Syntactic Domains:

B e Bas

0 e Com ::= E := E 

§1 0* $1 

while E do 0 

if E do 0 

escape I 

let A in 0

A e Dec ::= I = E 

I = E 

A 1 and A 2

E g Exp : : = B 

I

E l " E 2

0 before E

E l - E 2> E 3

let A in E 

I € Ide 

Si e Ope
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Semantic Domains:

3 e B

6 e C = [S->[[S-S]xC]] + {6 t }

6 e D = L+B

e e E - L+B

n e H = proc:P x var: [Ide-»D] x cont: [Ide->C]

\ e I

K e K = E-*C

K'e K'= E*-C

K"e K"= E**^C

a e L

v e N

TV e P

a e S = store: [L--V] x area:[L-*T] x res:[P-*E] x use:[P-*T] x err:T

T e T

V = B

C € Z = P- 

X ^ CS-S]
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Semanti cs :

LREvaH

0*

(nC6/cont/I])6

i le E do

c{if E do 0 1 ln8 =

{Xe.e -»• C[0ln6, 9}

I]n6 -

let A in 0 ]ne =

2 
REvaK

0 ] n(B3r>eake ' ) , 6})

)2 {XTT -D[ AJn[iv 1 /

[ir/ proc]) 6}
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ElG before E

fllE InUe.e •* E[EJHK, ElE I
J. z o

£t let A in E ]TIK =

ClaimProGs(r\l

Al ][ir 2 /proc]i<}}

Oil = ElnK 1 -

procl n\a..Updateae{<'( o>

Z3[I = ElnK' =

Ue.K'< e>

DttA 1 and
* *> '( *"F* 

: 1' £ 2 ' K 1 2

J[ I = E] = <

J[ I s E] = <

and A 2 I =
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LUKE = (e £ L

= (eeL ->• Contseic, eeV -»• KG, 

UpdateaBQa = <Puta3,6>

= < CheakFetaha.(Feteha.a') ,

-> a, 2=^

Putaga = a[3/store/a]

Fetched - a|[store]|a

= < Xa. a, 6)

- StoreFullifO -»• < CheckFullv 5 0 ^ > »

< CheakNewn(Newna)

CheokFull-na = (.StoreFullva -*• SetErrora, ?= )

CheckNewnao -

->• Useaa, ?= )

Useao = accrue/ area/ a]
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Syntactic Equations:

IdeVallH = <

E ] = 0

IdeVallQ before E ] = IdeVallE I

IdeVallE -> E , E J = IdeVallE A "
x ^ o z

A in E ] = IdeVallE 1 \ II

IdeLl §1 9* $11 - A IdeLlQ I

IdeLl while E do 01 - JdeLllE] "

JdeL[1f E do 0 ] = IdellEl A IdeLl Q

IdeLl escape II = < >

let A in 0 ] = JdeLUI A (IdeLl 6 1 I \ III Al )

IdeLl B] = 0
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Jumps! escape I] = < I>

let A in 0 I = Jumps! AJ " Jumps! Q] 

Jumps! BJ = <> 

Jumps [ I] - <>

Jump 8 {E ft E ] = Jumps[E i ] " JumpsIE 2 J 

JumpsJG before E^l = Jumps[QI " JumpsIE 1 I 

JumpsIE -* E , E 3 1 = Jumps|[E i ] " Jumps^E^ A Jumps[E 3 

Jumps[ let A in E ] = JumpsIAI " Jumps[E 1 ] 

JumpsII = E] = Jumps[E] 

Jumps!! = EJ = JumpsIEJ 

Jumps!A and A 2 1 -



APPENDIX 2: DEFINITION OF POPLAR
"In its case it lay compactly,
Folded into nearly nothing;
But he opened out its hinges,
Pushed and pulled the joints and hinges
Till it looked all squares and oblongs,
Like a complicated figure
In the second book of Euclid."
Hiawatha's Photographing. 

Syntactic Domains:

B e Bas

0 e Com ::= E I := E 2

§1 0* $1

while E do 0 

if E do 0 

escape I 

let A in Q^ 

let * in 0 

A e Dec ::= I = E

I 5 E

A and A 2

E e Exp : : = B

E l " E 2

0 before E

E -> E , E 
1 2' 3

let A in E 

let $ in E

Fun : : - I[ I ;£] = E



A2

I e Ide 

fl e Ope 

I e Spe : = lv 

rv

223
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Semantic Domains:

3 e B

e 6 c = [s-[[s->s]xc]] + {e t }
6 e D = L+B+F 

e e E = L+B+F

<j> e F = params:Ide* x spec:Spe* x body:Exp x env:X x gen:N 

Y e G = fn : [Ide->-N-»-[l free: Ide*xrf ree : Ide*xspe: Spe*xpar: Ide*]] x 

gen:N x share:Ide*

n e H = proc:P x var: [Ide-*D*] x cont: [ Ide->C] x 6

i e I

K e K - E-+C

K'€ K'= E*->C
JU .JU

K"e K"= E -*C

a e L

v e N

IT e P

a e S = store:[L-»V] x area:[L-»T] x res:[P-^E] x use:[P-*T] x err:T

T £ T

V = B

£ € X = [

C c Z = P-
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Semanti cs :

LREvaK [EI ,IE]> r\(\< a,B>

0*

6/ cont/I ] ) 6

Clwhi le E do 0 Iri6 =

01 n(Sreak6 ' ) , 6})

ci if E do 0 In6 =

In9, 6}

Cllescape II nO 

nlcontHll

ci let A in 0 1
)2{Xir*..D|[ Al nCi^ 

{Xe*.C[0 1](nCe*/var/J[Al ][ir 2 /proc]) 6

Ci let $ in 0 1

B] n< =

K(B[B]

K(nIvar][l]*D
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£[0 before E

let A in E^nic =

ClaimProes (ntt proc] ) 2 { ATT* .£>)[ AJ nC TT,/ proc]

£"11 let $ in

4|[E.L ]]r]{A(t>.#E*#<j>[params]] -*

C'ZaiwProcs(rilIpi"OCl)2{XTT*.5£'yaZ(4)IspecI ) [E* J nE ir 1 / proc J 

{ X 6 * . A p p I y F n [ E 1 J n [ TT 2 / p r 0 c J <j> 6 * < } } }

R[Elr\{\£.NewLoa(r\[ procl ) {\a..Updatev.z{K'( a.) }}}

D[I



I33) =

(I > = 13 = I U

a > = [a = i U

I*

>Y>U

= 4>U|[3V PUB TVI(7
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= < CheakFetahatFetchao) , K(f etc/ma)) 

CheokFetahufro = ($=Fetchaa -> a , ?= ) 

Putaga = a[B/store/aJ 

Fetahaa = a|[store]a 

< Xa.a,6>

NewLocitKd = StoreFulliJQ -+ < CheakFullv , 6 , > ,

< CheckNewn(New-na')

CheckFullifQ = (StoreFullva ->• SetErrora, ?= )

- (StoreFull-na -»• 2= , 

-* t/seaa,

Useaa - a[rrue/area/aj

n [lde£[E]YV/fn/I/v/lfree]

[E*/fn/I/v/spe] 

[I*/fn/I/v/par] 

Cv/gen]
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ApplyFnlE]r]< I* ,£* ,E ' ,5 »v> <s* K =

Break CfllE'] (JVoteAppn[E] (nE £[ 6* "/I* ]/ var ][XI .Error/ cont] ) ) K)

NoteAppnlEl n =

alllEl )y/sharej

yl
A A (X\|j.LParams(iJj|[ parl )(^I spe] ))

v=l

(yl fnMUv)

LPavamsI I

A (Z =lv -» < I > , <> >



A2 230 

Syntactic Equations:

AldeValj.!} = < I>

fl

before E ] =

AldeValllet A in E ± ] =

IdeVallQ before E I ! -

IdeVallE ± -» E 2 , E 3 ] =

IdeValllet A in E 1 J = JdeFaZIE 1 ] \ i[A]

IdeValllet « in E ± ] =
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AldeVall let $ in E I = <>

AIdeVallE^[ E*) I = <>

v 
FreeLVallEl yv A A yl f n][ Hit 1 f ree]

FreeRVallEl yv A A yl f "I I
I*AIdeVallEl i=l

v 
yv A A Y! f nl [ I] il spel

§1 0* $H YV = A IdeLlQ

IdeLl while E do 01 yv =

JdeLlif E do 0 J yv = IdeLlElyv A IdeLl Qj yv 

escape II yv = < >

IdeLl ~\et A in 0^ yv = IdeLl Al yv " IdeLl © 1 I yv 

IdeLl let $ in 0 ± I yv = IdeLl $1 yv " IdeLl 01 yv
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I = Elyv = RIdeEl~£>\i\>

and

iZ*] s E]yv =

§1 0* $11 = A JurnpalQ \ <

Jumpslwhile E do © 1 ] = 

Jumpsllf E do G1 1 = JumpsIE] 

Jumpsl escape I] = < I>

et A in 0 = Jumps IW " Jumps

in ©1 1 =

Jumps [Bl = <>
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Jumpsl II = (>

lE^ n E 2 J = JumpsllE^ " ./umpsIE J 

Jumpsl 0 before E^l = JumpslQl " Jumpsl E I

JumpslE -> E , E ] = JumpslE J " JumpslEj A JwmpslE J J. ^ o 1 2 o

Jumps! let A in E J = Jumpsl A I ~ JumpslE I 

Jumps! let $ in E ± l = JumpslE i ]

#E*

JumpslE [E ]1 = Jumps! E ] " A JumpslE I 
1 1 i=l l

Jumps!I = El = JumpslEl

JumpslI = El = JumpslEl

JumpslA and A 2 1 = Jumpsl A.^ " JumpslA 2 H



APPENDIX 3: DEFINITION OF APPLE
"Dreaming of apples on a wall, 
And dreaming often, dear."
Puzzles from Wonderland.

Syntactic Domains:

B e Bas

0 e Com : '• = E ± := E 2 

§1 0* fl 

while E do 0 ± 

if E do 0 1 

escape I 

let A in 0 ±

for I from E ± to E 2 do Q ± 

A £ Dec ::=!=£ 

I & E

I = array E* 

A I and A 2 

E e Exp ::= B 

I

E l " E 2

0 before E I

E l - E 2> E 3

let A in E I
I*E*



A3

I e Ide

N e Nml

ft e Ope ::

237
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Semantic Domains:

3 e B

6 e C = [S+[[S^S]xC]]+{0t }

6 e D = L+B+R

e e E = L+B+R

n e H = proc:P x var:[Ide+D] x cont: [ Ide->C] x lit: [Ide-»T]

i e I

J = [Idex[I*+{?}]*]+Ide 

K e K = E-»C 

K'C K'= E*^C
•*• *

<"e K"= E -^C

a e L

v e N

TT e P
JU ^

p E R = bounds:I x Iocs:L

a e S = store:[L->V] x area:[L->T] x res:[P^E] x use:[P^T] x err:T

T € T

V = B 

C £ Z = P-

x e ES-SJ
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Semantics:

LREvaK [El JE) n (A< a

cl §i 0*
i I(nC6/cont/l])e 

Ctwhi le E do 0

Ue.e •* C[ 0 ± ] r\(BreakQ ' ) , 6})

cl if E do
nUe.e -* ClQ ± }i\Q 9 9}

Cl escape UnO = 

ntcontllll

cl let A in e Jn.9 =

ClaimProas(r\l prod ) 2 UIT* .D[ A] nCfr 1 / proc ]

Ue .C[0 ln.Ce /var/II Al HffewLitI A] / 11 t/ll A] ][Tr 2 /proc]e}}

Ctfor 1 from E to E do 0 J r\6 =
X ^ -L

£ i' £ 2> [ I]111 G i

i en = 

Cl 01 nn

El B] n< =
K(BIBJ
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K(n[var][l|)

REvaK [E] ,[EI> n (Xe*.K(J/|[nie*))

before

E[ let A in E± ]nK =

ClaimProas (n[ proc] )2{Xir* .C

{ Xe*. £[ E I I nCe*/ var/II A] ][JVewLit[ Al/li t/j[ A]][ir 2 /proc]K}}

REvall'E InlAe . InArrayRangeee -+K(GetArrayLoc£e ),?})

) { Xot. Update ae {< '< a> }}}
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NewLitll = array E*l = (False)

and A J = NewL-itl A J "Newlitl A I

LUKE = (E £ L -»• KG,

KE,

CheckFeteha.(Fetchao) ,K

CheckFetcha&a = ($-Fetchao -*• a, ]J

= a[6/store/a]

Fetchaa = alstorela

BreakQa - < Xa.a,0>

, 6 >

- (.StoyeFullna - SetErroro, 1J

CheckNewi\a,a -

-* Useaa, ]_)

Useaa -
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Syntactic Equations:

IdeValUHl*} = < I>

IdeVallE ± ft E ][!*] - <>

IdeVallQ before E III*] = ldeVall£ ± UI*}

^ - E , E HI*] = IdeVallE Hi*] " IdeVallEjH*}
± 2 o £ o

et A in E ][!*] - Ids Val[E^ (Purgel 1*11 Al ) \ III A I

#E*

(1=1

#1 *

1=1

I*

x Nil I*] = (!<!*- * (1=1 -
1=1
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^ + E 2 ][I2 *

*
#!

X 
1 = 1

for all other cases 

IdeSub{E]iI*l = 1

= £]=!*

[I = E] = 

PMr0e[Il[I s array E] - Nullify^ I]! IJ

1 and A 2 1 = Purge (Purged I*H A ± ] ) [ A 2 1

(#I* = 0 - 0 ,

:= E 2 ][I*

Q* fl][l*l = A

E do G1 HI*1 = JdeLlEHI*] " rdeL[01 l[I*]

do
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JdeLttescape I][l*] = < >

IdeLl. let A in 9 HI*] =

IdeLlA][1*1 " (ldeL[0 l(Pwr0e[I*][A] ) \ I[ A] )

IdeLUfor I from E to E 2 do 0 HI*] =

1 Hl*] ^ IdeL[E 2 Hl*l ~ IdeL[

1*1 = 0

IdeLl I][ 1*1 = 0

IdeLl E Q E HI*1 = IdeL[E 1 Hl*l

IdeLlQ before El [1*1 = IdeLtt01[I*l A IdeL[E 1 H I*]

IdeLlE^ -* E , E HI*I -
1 2. o

; HI*] * IdeL[EJ[I*1 " IdeL[E ][I*1
± 2 3

IdeLl let A in E^II*] =

IdeLl All 1*1 A (IdeL|[El<PMrg'elII*nAl) \ I[ Al )

IdeL[IIE*l[I*l = A

= EH 1*1 = IdeLl EH 1*1

ideLlI = EH 1*1 = IdeLlEHl*]
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#E* 
s array £*][!*] = A ideLlE ][!*]

^ and A 2 1[I*1 = IdeL[A 1 HI*l " JdeL[A 2 HI*]

0* $I][I*] = A IdeRlQ HI*]

IdeRlfor I from E I to E 2 do

I*]

Ide/?[while E do 0 ][!*] = fl!cte/?IE] [ I*] A IdeRlQ^lI 

IdeflHf E do 0 1 1[I*1 = 

lde/?[escape I]|[I*] = <>

*

Idefl[let A in 01 1I[I*1 =

Jde/?[All[I*l A (Jde^[0l(Pur^e|II*nAl) \ HA])

fl E ][!*] = RldeRlE^UI*} " RldeR^E^ [ I*]

before E 1[I*1 -



A3

IdeRlE ± -* E 2 , E 3 ][I*] =

RIdeRlE ± Hl*l - ideRlE J[ I*

let A in E Hi*]

\ I[ A]

Jde5[I*E*][I*] , A

IdeRlI = EH 1*1 =

IdeRlI = EH

array E*JH*] = A RideRlE Hi*]

and A1U*1 = Jde/?lAHl*] " JdeM AJ[ I

RIdeRlEllI*l = Ideal EH I*] ~ IdeVallEllI*l

JumpslE := El = JuwpslE i I " Jumpsl E

#0* 
§1 0* $11 = A Jumpsl 01 \ < I>

Jumpsl while E do 0J = JumpslEJ " Jumpstt

247
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Jwmps[if E do 0 ] = Jumpsl E] A Jumps 10

JumpsI escape I] = < I>

Jumps! let A in 0 ] = JumpsIAl ~ Jumps 0

Jumps! for I from E to E do 0 ] =

Jumpsl BJ = < >

before E 1 = JumpslQ

Jumps I E 1 -> E 2 , E 3 ] = 

«7u777ps[let A in E ± ] = c/u?77ps|IA]

HE*] = A JumpsIE ; 
i=l

= El - Juwps[EI
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#E* 
JumpslI = array E*I = A JumpslE

^ and A ] - Jump si A I
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which a particle is raised. It consists of two 
letters, placed to the right of the symbol representing 
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'B.A.' the first degree; and so on, till we reach 
'M.A. 1 the second degree (the intermediate letters 
indicating fractions of a degree)."
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