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Boundary States of the Potts Model on Random
Planar Maps

Max Atkin, Benjamin Niedner and John Wheater

Abstract We revisit the 3-states Potts model on random planar triatigns as a
Hermitian matrix model. As a novelty, we obtain an algebraiove which encodes
the partition function on the disc with both fixed and mixeéhdpoundary condi-
tions. We investigate the critical behaviour of this modwed &éind scaling exponents
consistent with previous literature. We argue that the aonél field theory that de-
scribes the double scaling limit is Liouville quantum gtsgndoupled to theA,, D4)
minimal model with extende®#3-symmetry.

1 Introduction

Matrix models provide a powerful tool for defining quantunagty partition func-
tions in two dimensions. The conformal field theories ddsag their critical points
generically correspond to Euclidean quantum gravity adgng with conformal
matter [1] . The spectrum of the theory is then determinedhbycbnsistent bound-
ary states and as a result, the computation of such bount#gs using matrix
models has been of continued interest[2,13] 4, 5]. In thigrdmrtion, we shall con-
sider this problem for the 3-states Potts model coupled doity; whose partition
function can be written as thé(N) x Zs-invariant matrix integral
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. 3 3
Z(N,c,g) = / [ e M= VOO 2 XXi] (1)
P i=

where we have s&f(x) = cx?/2+ gx®/3 and theX; areN x N Hermitian matrices.
This matrix model was first partially solved in| [6], followdxy the more detailed
investigations|[[7, 18,19]; related results have been obthfnrem combinatorial ap-
proaches [10, 11].

To find the relevant observables in this matrix model, we tivé¢ in flat space,
the critical point of the 3-states Potts model is describgdhle (A4,D4) minimal
model, the simplest model in which the presence of an additioigher-spin current
extends the Virasoro algebra to t#g-algebra. Its conformally invariant boundary
states were classified in[12,]13] and are listed in Table &ttuey with their discrete
counterparts. Accordingly, we introduce the generatimgfion for triangulations
of the disc with fixed color on the boundary,

R Ky k1_ 1 1
Wi (X) = N k;(tr X% =N <trx_ X > . 2
We see from Tablg 1 that the continuum limit of these obséegathould correspond
to the 3 stated, ¢ andy. The mixed-color boundary conditiossc ando™ may
be imposed by considering

1 1 .
W+(X)_N<trx—(x;+xj)> , i #j. 3)
The remaining boundary conditiofsandN correspond to operators not contained
in the bulk spectrum ofA4,D4); these will not be discussed herein. The purpose
of this note is then to compute the functiofi$ (2) (3) agdadl. In the next
section, we shall demonstrate that this can be achievedjoyrieg the saddle point
equations to have a consistent analytic continuation slimit.

Table 1 Boundary states in théAs,D4) minimal model, their decomposition A4, As) Vira-
soro modules, their conformal weights their Z3 chargeq, and the corresponding microscopic
boundary conditions

(A1,D4) (As,As) h q
1 (1L1) (1L1)®(15 03 0 %X
F (L2 (1,20@(1,4) 1/8,13/8 - X +X%+Xs
v (1,3 (1,3 2/3 +1 X
p' (1,4 (1,3 2/3 —1X3
e (21 (21)@(3,1)2/57/5 0 X+Xs
N (22) (2,2)®(2,4) 1/40,21/40 —
o (23 (23 1/15 +1 X3+ X3
o’ (2,4 (2,3 1/15 —1 %+ X2

1 Note that whilst on the disc, the individual boundary coiadis that form an orbit under thss
action are indistinguishable, this will generally not be tfase for higher topologies.
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2 Discrete Solution

In this section, we determine the disc partition functiorithwoundary conditions
corresponding to the orbifdl, ¢, @'} and{¢, 0, '} under the action df3 in Table
[I for generic values of the couplingandg. Consider the change of variables

c+1 1 c+1

so that the resolvent of, coincides with the expressiol] (3) for the disc partition
function with boundary conditioo™ up to a shift inX, which leavesZ invariant.
We may pickw. (X) andws(x) as representatives of ea€horbit. In these variables,
the integrand in({[1) is GaussianX , which can hence be integrated out, leaving us
with an integral over just two matrices. Upon gauge-fixingi{N)-symmetry, we
can then carry out the integral over the unitary group udiegvell-known result
[14]. Denoting the respective eigenvalues@fandXs by xi+ andxg, i=1...N,the
resulting saddle point equations read

i
B - (et Aoy ) e
X, ox., Sx, — X+ KX
i
M) (L ngerdtspy -1 (50)
X, 0%z kil AX—x

Here, U, andU; are polynomials of degree 3 with coefficients determined )
and [3). Since the left-hand side bf (5) is holomorphic, theva equations can be
analytically continued to the complex plane for atyOn the other hand, fad —
oo, individual expressions on the right-hand side will depdboanch cuts located at
the support of the densities of eigenvalues. To determiiedinalytic continuations,
we follow [15] in introducing the functions

19 19
— lim =-Z_ Indete% = lim =—Ind e
X0 =M Nge M| =M g e
i = _
(6)

Let us denote the spectral densityofby p,, whose support we assume connected.
It was shown in[[15] that foN — oo,

1. 3y € R such that the functiorg(x) is analytic onC \ (—, y] Usuppp..,
2. its discontinuity across sugp. coincides with that ofv, (x) and
3. itis the functional inverse o, (x).

By the symmetry of the definition§l(6), the analogous statesapply tox; (x).
Furthermore, lek(x) (resp.xi (x)) be the function obtained by analytic continua-
tion through supp. onto the next sheet. Using proper{iés 1 @hd 2 above, the large
N limit of equations[(b) foix ¢ (—o, y] Usuppp, can then be written as
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UL () = X5(X) 4 W () + W (—X) (7a)
U3(X) = X (X) + Ws(X) . (7b)

These equations determine the desired disc partitionifumein terms of the multi-
valued functionxs(x) and its inversews(x) follows straightforwardly from[{(Zb),
andw; (x) may be obtained as the solution to the Riemann-Hilbert protdefined
by propertie§1l and 2, with the condition tvat (x) = x 1+ &(x2) asx — w as a
consequence of the definitidd (3).

It remains to determine the functieg(x). To this purpose, note first that property
allows us to writel(7b) ad;(x3(x)) = wa(x3(X)) +x, which when expanded about
X = oo gives the asymptotic behaviott./x of x3(x) on the initial sheet[{6) and
another sheet connected to it througheo, y]. We may then usé_(¥a) to determine
the cut structure and asymptotic behaviour on all othertsh®ecircling around the
various branch points. The result of this procedure is degiin Fig.[1. We thus
make an ansatz that the functieg{x) takes values on an algebraic cldhes,

C = {(x3,X+)|Q(x3, X+ ) = 0}, (8)
5

Qlxa,x:) = [ (xa— x50 (x4)) - 9

Demanding that the coefficientsxf themselves be polynomialsxa fixesQ(xs, X, )
up to 10 unknown functions of the coupling constants. Thekaowns are fully de-
termined if we restrict to solutions for which the genus @& tlurve vanishes: in that
case, we may parametrigeby two rational function€P*\ {z} — %. The poles;

of these functions will correspond to the asymptotic region each sheet a§(x).
For concreteness, we may position these poles at the cah@aimts 0, 1 ando
using a conformal transformation afA possible parametrisation then reads

Fig. 1 Analytic structure of x5 Ox

the functionxz(x). Horizontal | (34)

lines depict sheets, vertical x3" Ox

lines cuts. Of the latter, double :” 3 =y 02
lines correspond to finite cuts ||: f’z) 3

on the real axis and single | X3 OvX

lines to cuts that extend to

x(31) 0 —yX

2 Closely related generating functions were proven to saditsfebraic equations if [10]. We expect
similar theorems to hold in our case.
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P o > B
X (2) = —Ezk(izofkl) . x%(@)= —E(kzﬁﬁlk)z :

These functions are single-valued on the punctured Riersphare and cover’
exactly once. Demanding that their Laurent expansion abach pole reproduce
the appropriate asymptotic behaviour, we obtain 4 conutjper pole allowing us
to solve for the 12 unknowns, B, k= 0...5. This completes our solution for the
disc partition functions with fixed and mixed boundary caiuahis.

(10)

3 Critical Behaviour

To explore the phase diagram of the model, we do not need ve $ot the coef-
ficients in [10) explicitly. Instead, we note that the poksitritical exponents are
determined by the multiplicity of the singularity at thetletige of the spectral den-
sity, which controls the large-order behaviour of the gatieg functionw, (x). As
we letg andc approach their critical values, the various branch pointthe curve
merge so that at the highest critical poi#itwill exhibit a single singularity. Its
multiplicity is fixed to 5 if the genus o¥ vanishes. This results in the conditions

am+n

mQ(X(g,XJF):O, m+n<5, (11)

giving the critical values; = 2+ /47, gc = v/105/2 in agreement with [,16];
the singularity is located at; ¢ = 0, X3¢ = —0gz }(4+ c¢)/2. To find the scaling
behaviour ofw, (x) near this point, it is useful to resolve the branch pointg g
the change of variable§) = y(1— 2?). We also introduce the auxiliary function

X !
(Q=P@)- [ aP ) ragsupe,), @2
Z(suppps) (¢
whereP({) is a polynomial of degree 4 and we integrate over the imagéef t
support ofp obtained by selecting the positive branct{¢x). For a suitable choice

of coefficients inP, (Zd) then has the equivalent homogeneous form

2Ref(Q)+ F(=0)+ F(v/1-{?)+ f(-v/1-72) =0, e (suppps). (13)

If we parametrise the vicinity of the singularity &0 coshp so thatf({) O
cosHug), we find that[(IB) implies p = +4n+ 20m with n € {1,2} andm € Z.
Taking into account the upper bound grimplied by the degree of leads to the
conclusion thatu = 12/5 for g = g, ¢ = ¢; and hence that at the critical point,
w, (X) has scaling exponent/b. Indeed, the corresponding value of the string sus-
ceptibility ys = —1/5 agrees with that found for fixed boundary conditidi$ 96, 8
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4 Discussion

In this contribution, we computed the partition function fioe 3-states Potts model
on the randomly triangulated disc with both fixed and mixedrztary conditions.

By requiring that the larg®&l saddle point equations possess a consistent analytic
continuation, we found that both boundary conditions camrended in a single
algebraic curve and determined the scaling behaviour adideepartition functions

at the highest critical point from its singularities. As exped, the resulting value of
the string susceptibilitys= —1/5 is independent of the chosen boundary conditions
and consistent with Liouville quantum gravity coupled tonfarmal matter with
central charge = 4/5. Given the symmetries of the model, the identification ef th
latter sector with théA4, D4) modular invariant hence appears justified.

The algebraic curvé]8) forms part of the initial data fordtmgical recursior [16]
which enables systematic computation of filNteorrections to various observables.
Of particular interest would be the computation of cylindenplitudes between
different boundary states to probe the spectrum of the wouath theory beyond the
planar limit. This would allow a check of the conjecture méanl¢l7] that in the
presence of gravity, not all states in Talle 1 are indepeﬁdﬂe intend to address
these and related issues in a forthcoming publication.
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