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2 Abstra
tThis work is devoted to the study of the nonlinear evolution of perturbations of Hagen-Poiseuille or pipe 
ow. We make use of a solenoidal spe
tral Petrov-Galerkin method forthe spatial dis
retization of the Navier-Stokes equations for the perturbation �eld. For thetime evolution, we use a semi-impli
it time integration s
heme. Spe
ial attention is given tothe expli
it treatment and eÆ
ient evaluation of the nonlinear terms. The hydrodynami
stability analysis is fo
used on the streak breakdown pro
ess by whi
h two-dimensionalstreamwise-independent perturbations transiently modulate the basi
 
ow, resulting in apro�le whi
h is linearly unstable with respe
t to three-dimensional perturbations. Thisme
hanism is one possible route of transition to turbulen
e in sub
riti
al shear 
ows.1 Introdu
tionHydrodynami
 instability of pipe 
ow remains one of the unsolved problems of fundamental
uid dynami
s. Pipe or plane Couette problems belong to a parti
ular familiy of shear 
owswhi
h are usually termed sub
riti
al. From a mathemati
al point of view, these 
ows arelinearly stable, i.e., the spe
trum of the linearized Navier-Stokes operator around the basi
 
owalways lies on the stable half of the 
omplex plane. Therefore, any in�nitesimal perturbationadded to the basi
 
ow must eventually de
ay. Nevertheless, these 
ows be
ome turbulentin the laboratory. Pipe 
ow, for example, be
omes turbulent in experiments for Re � 2200or higher (Darbyshire & Mullin, 1995). Experimental and numeri
al eviden
e suggest thattransition in pipe 
ow is extremely sensitive to the size and stru
ture of the perturbations.Pipe 
ow instability di�ers from that of other 
lassi
al 
ows su
h as Taylor-Couette or Rayleigh-Benard where the basi
 pro�le be
omes unstable by means of a lo
al bifur
ation (Drazin &Reid, 1981). In those problems, the instability is 
hara
terized by a sharp 
riti
al value ofthe 
ontrol parameter, the Reynolds number or the Rayleigh number, above whi
h the basi

ow be
omes linearly unstable. In that 
ase, the agreement between experimental results andnumeri
al simulations is very good. Besides, in these problems, the 
ow is 
on�ned to a �nitesize domain, i.e., they are en
losed 
ows. Pipe 
ow is a prototype of open 
ow and its study ismore 
ompli
ated. In open 
ows, the perturbations are eventually adve
ted downstream andthey leave the domain, making it impossible sometimes to determine the laminar-turbulent
hara
ter of the dynami
s for long times. Another diÆ
ulty arises when the open 
ows aremodelled numeri
ally by arti�
ially assuming periodi
ity in the streamwise dire
tion of the
ow.The numeri
al simulation of pipe 
ows is not a new matter. This problem has been pre-viously simulated by di�erent numeri
al s
hemes in the re
ent past. Among other works, weshould mention (Boberg & Brosa, 1988), (Leonard & Reynolds, 1988), (O'Sullivan & Breuer,1994), (Priymak & Miyazaki, 1998), (Shan et al., 1999) and (Komminaho, 2000). In (Meseguer& Trefethen, 2000), the linear stability and transient growth of perturbations in pipe 
owwere studied by means of the linearization of the Navier-Stokes equations. In that work, itwas found that streamwise-independent vorti
es were optimally ampli�ed by linear nonnormalme
hanisms. It has long been known that streamwise vorti
es are 
ru
ial in the transitionto turbulen
e of sub
riti
al shear 
ows (S
hmid & Henningson, 2001). These two-dimensionalstru
tures grow transiently and modulate the basi
 
ow, leading to a new velo
ity pro�le whi
h
ontains streaks, i.e., regions where the 
ow attains high or low relative speeds. This new 
ow
ontains saddle points and, in a transient sense, is linearly unstable with respe
t to three-dimensional perturbations (Reddy et al., 1998). We refer the reader to the re
ent monograph



3(S
hmid & Henningson, 2001) on stability of shear 
ows for details.The main goal of this work is to study the nonlinear time evolution of perturbations in pipe
ow. We fo
us our attention on the initial stages of transition to turbulen
e; the study of fullydeveloped turbulent 
ow is beyond our s
ope. For this purpose, we use the spe
tral methodformulated in (Meseguer & Trefethen, 2000) for the spatial dis
retization of the linear Navier-Stokes operator and we formulate a pseudospe
tral (
ollo
ation) method for the 
omputationof the nonlinear terms. For the time integration, we use a semi-impli
it (or linearly impli
it)s
heme.The study is stru
tured as follows. In x2, the problem is formulated physi
ally. In thisse
tion we obtain the nonlinear partial di�erential equations whi
h di
tate the evolution of theperturbations. In x3 we provide a brief summary of the spe
tral method used to dis
retizethe linear part of the equations. In x4, the time mar
hing method is explained in detailand spe
ial emphasis is given to the expli
it evaluation of the nonlinear terms. Se
tion x5is a standard 
onvergen
e test, where the a

ura
y and 
omputational 
ost of di�erent timemar
hing s
hemes are 
ompared. A 
omparison with previous numeri
al 
omputations ofstreamwise perturbations is provided in se
tion x6. Finally, in x7, we fo
us our attention onthe streak breakdown route to transition.2 The nonlinear initial value problemWe 
onsider the motion of an in
ompressible vis
ous 
uid of kinemati
 vis
osity � and density�. The 
uid is driven through a 
ir
ular pipe of radius a and in�nite length by a uniformpressure gradient, �0, parallel to the axis of the pipe. The motion of the 
uid is governed bythe in
ompressible Navier-Stokes equations�tv + (v � r)v = ��0� ẑ �rp+ ��v (2.1)r � v = 0; (2.2)where v is the velo
ity ve
tor �eld, satisfying the no-slip boundary 
ondition at the wall,vpipe wall = 0; (2.3)and p is the redu
ed pressure. We formulate the problem in 
ylindri
al 
oordinates. Thevelo
ity of the 
uid is pres
ribed by its radial (r̂), azimuthal (�̂) and axial (ẑ) 
omponentsv = u r̂ + v �̂ + w ẑ = (u ; v ; w); (2.4)where u, v and w depend on the three spatial 
oordinates (r; �; z) and time t. A basi
 steadysolution of (2.1), (2.2) and (2.3) is the so-
alled Hagen-Poiseuille 
owvB = (uB ; vB ; wB) = �0 ; 0 ; ��0a24�� �1� �ra�2�� ; pB = �0z + 
; (2.5)where 
 is an arbitrary 
onstant. This basi
 
ow is a paraboli
 axial velo
ity pro�le whi
honly depends on the radial 
oordinate (Bat
helor, 1967). The velo
ity of the 
uid attains amaximum value UCL = ��0a2=4�� at the 
enter-line or axis of the 
ylinder.Hen
eforth, all variables will be rendered dimensionless using a and UCL as spa
e andvelo
ity units, respe
tively. The axial 
oordinate z is unbounded sin
e the length of the pipe



4is in�nite. In what follows, we assume that the 
ow is axially periodi
 with period b. Thisassumption, though physi
ally arti�
ial, enables us to study many phenomena for an in�nitepipe provided b is not too small. In the dimensionless system, the spatial domain 
 of theproblem is 
 = f (r; �; z) j 0 � r � 1; 0 � � < 2�; 0 � z < Qg (2.6)where Q = b=a. In the new variables, the basi
 
ow takes the formvB = (uB; vB; wB) = (0 ; 0 ; 1� r2): (2.7)Finally, the parameter whi
h governs the dynami
s of the problem is the Reynolds numberRe = aUCL� : (2.8)For the stability analysis, we suppose that the basi
 
ow is perturbed by a solenoidal velo
ity�eld vanishing at the pipe wallv(r; �; z; t) = vB(r) + u(r; �; z; t); r � u = 0; u(r = 1) = 0; (2.9)and a perturbation pressure �eldp(r; �; z; t) = pB(z) + q(r; �; z; t): (2.10)On introdu
ing the perturbed �elds in the Navier-Stokes equations, we obtain a nonlinearinitial-boundary problem for the perturbations u and q:�tu = �rq + 1Re�u� (vB � r)u� (u � r)vB � (u � r)u; (2.11)r � u = 0; (2.12)u(1; �; z; t) = 0; (2.13)u(r; � + 2�n; z; t) = u(r; �; z; t); (2.14)u(r; �; z + lQ; t) = u(r; �; z; t); (2.15)u(r; �; z; 0) = u0; r � u0 = 0; (2.16)for (n; l) 2 Z2, (r; �; z) 2 [0; 1℄ � [0; 2�) � [0; Q) and t > 0. Equation (2.11) des
ribes thenonlinear spa
e-time evolution of the perturbation of the velo
ity �eld. Equation (2.12) isthe solenoidal 
ondition for the perturbation, and equations (2.13){(2.15) des
ribe the homo-geneous boundary 
ondition for the radial 
oordinate and the periodi
 boundary 
onditionsfor the azimuthal and axial 
oordinates respe
tively. Finally, equation (2.16) is the initialsolenoidal 
ondition for the perturbation �eld at t = 0.For the linear stability analysis, 
arried out in (Meseguer & Trefethen, 2000), we negle
tedthe 
onve
tive nonlinear term (u � r)u. The linearity of the operator arising in the stabilityanalysis allowed us to de
ouple the various axial and azimuthal modes. As a result, the problemwas greatly simpli�ed be
ause its integration in spa
e and time was redu
ed to the independent
omputation of the evolution of ea
h periodi
 axial-azimuthal mode. This pro
edure involvedthe integration of one-dimensional initial-boundary problems involving the radial variable only.In the present 
ase, the term (u �r)u in (2.11) will 
ouple di�erent axial and azimuthal modesby means of 
ertain sele
tion rules.



53 Spe
tral Petrov-Galerkin s
heme: summaryFollowing (Meseguer & Trefethen, 2000), hen
eforth referred to as M&T, we dis
retize theperturbation �eld u in (2.11)-(2.16) by a spe
tral approximation uS of order L in z, order Nin �, and order M in r,uS(r; �; z; t) = LXl=�L NXn=�N MXm=0 alnm(t)�lnm(r; �; z); (3.1)where �lnm are trial bases of solenoidal ve
tor �elds of the form�lnm(r; �; z) = ei(2�lz=Q+n�)vlnm(r); (3.2)satisfying r ��lnm = 0 (3.3)for l = �L; : : : ; L, n = �N; : : : ; N and m = 0; : : : ;M . The trial bases (3.2) are analyti
,periodi
 in the axial and azimuthal dire
tions, and satisfy homogeneous boundary 
onditions,�lnm(1; �; z) = 0; (3.4)at the wall. Therefore, equations (2.12){(2.15) are identi
ally satis�ed by our spe
tral approx-imation. The spe
tral Petrov-Galerkin s
heme is a

omplished by substituting expansion (3.1)in (2.11) and proje
ting over a set of test ve
tor �elds	lnm(r; �; z) = ei(2�lz=Q+n�)~vlnm(r); (3.5)satisfying r �	(1;2)lnm = 0: (3.6)Expli
it expressions for the trial and test �elds, vlnm, ~vlnm, 
an be found in Appendix A.Overall, the proje
tion s
heme is summarized by(	lnm ; �tuS) = �	lnm ; 1Re�uS � (vB � r)uS � (uS � r)vB � (uS � r)uS� ; (3.7)for l = �L; : : : ; L, n = �N; : : : ; N and m = 0; : : : ;M , where the inner produ
t (�; �) is thevolume integral over the domain of the pipe:(a;b) = Z Q0 Z 2�0 Z 10 a� � b rdr d� dz: (3.8)We have not in
luded the pressure term rq of (2.11) in the proje
tion s
heme (3.7). One ofthe advantages of our method is that the pressure term is 
an
elled in the proje
tion, i.e.,(	lnm ; rq) = 0; (3.9)see (Canuto et al., 1988) or (Leonard & Wray, 1982), for example.
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Figure 1: Sparse stru
ture of operators A lnmpqr and B lnmpqr for l = p = 1 and n = q = 1, withM = 32 radial modesOn
e the proje
tion has been 
arried out, the spatial dependen
e has been eliminatedfrom the problem and a nonlinear dynami
al system for the amplitudes alnm is obtained.Symboli
ally, this system readsA lnmpqr _apqr = B lnmpqr apqr � blnm(a; a); (3.10)where we have used the 
onvention of summation with respe
t to repeated indi
es. The dis-
retized operator A appearing in (3.10) is the proje
tionA lnmpqr = (	lnm ; �pqr) = 2�QÆlpÆnq Z 10 ~v�lnm � vpqrrdr; (3.11)where Æij is the Krone
ker symbol. The inner produ
t (3.11) reveals another advantage of theGalerkin s
heme. First, due to the linearity of the time diferentiation operator �t and theFourier orthogonality in the periodi
 variables, the axial and azimuthal modes de
ouple. Theoperator B in (3.10),B lnmpqr = �	lnm ; 1Re��pqr � (vB � r)�pqr � (�pqr � r)vB� ; (3.12)satis�es the same orthogonality properties in the periodi
 variables. Se
ond, the fun
tions~vlnm(r) and vpqr(r) are made of shifted Chebyshev polynomials in the radial variable. As aresult, those operators A lnmpqr and B lnmpqr with di�erent axial indi
es (l 6= p) or di�erent azimuthalones (n 6= q) are identi
ally zero. The remaining operators with l = p and n = q have a bandedstru
ture due to the pseudo-orthogonality properties of the shifted Chebyshev basis used inthe radial variable. In �gure 1 we have represented the sparse stru
ture of both operators forthe parti
ular 
ase l = p = 1, n = q = 1.The quadrati
 form blnm(a; a) appearing in (3.10) 
orresponds to the proje
tion of thenonlinear 
onve
tive term (	lnm ; (uS � r)uS) : (3.13)



7For 
omputational eÆ
ien
y, this term has to be 
al
ulated via a pseudospe
tral method. Thedetails of this 
omputation will be analyzed in the next se
tion. Finally, the initial valueproblem is pres
ribed by the 
oeÆ
ients alnm(0) representing the initial ve
tor �eld u0S givenby alnm(t = 0) = �	lnm ; u0S� : (3.14)The next se
tion will deal with the integration in time of the initial value problem (3.10)-(3.14).In our spe
tral analysis, we used 
omplex Fourier expansions in the axial and azimuthalvariables. The main motivation for this was simpli
ity in the orthogonality properties of theinner produ
ts in the proje
tion s
heme. In order to avoid redundant 
omputations, we still
an take advantage of the fa
t that our ve
tor approximation (3.1) is a real obje
t, i.e.,u�S = uS; (3.15)where * stands for 
omplex 
onjugate. From (3.1), 
ondition (3.15) implies thata�l; �n; m ��l; �n; m = a�lnm ��lnm; 8m: (3.16)Sin
e the elements of our trial basis (3.2) satisfy��l; �n; m = ��lnm; 8m; (3.17)the 
onjugation rule (3.17) implies thata�l; �n; m = a�lnm; 8m; (3.18)whi
h 
onsiderably redu
es the number of independent degrees of freedom, the 
omputational
ost and storage.4 Time mar
hing and eÆ
ient 
omputation of (uS � r)uS4.1 OverviewThe spe
tral spatial dis
retization of the Navier-Stokes equations leads to a system of odeswhi
h is sti� (Iserles, 1996). A sti� system is 
hara
terized by the presen
e of modes with vastlydi�erent time-s
ales. This pathology leads to stability problems in the time dis
retization.Expli
it time integration s
hemes fail in the presen
e of sti�ness (Hairer & Wanner, 1991).The development of numeri
al algorithms for the solution of sti� systems is an a
tive resear
harea where new methodologies appear frequently. In spe
tral dis
retization of nonlinear pdes,the more standard pro
edures are based on semi-impli
it, also 
alled linearly impli
it methods,where the linear part is integrated impli
itly and the nonlinear terms are treated expli
itly(Boyd, 1999).To over
ome sti�ness in our parti
ular problem, di�erent methods su
h as Strang Splitting(SS) or Exponential Time Di�eren
ing (ETD), have been applied, see (Yosida, 1990) or (Cox& Matthews, 2001). Among the di�erent methodologies used, we found impli
it ba
kwardsdi�eren
es 
ombined with expli
it Adams-Bashforth s
hemes the most suitable for our problem.We pro
eed to formulate the s
heme that has been used for most of the 
omputations 
arriedout in this work.



84.2 Linearly impli
it time integrationLet �t be the time step and t(k) = k �t; k = 0; 1; 2; : : : the time array where we approximateour amplitudes a(t) 1 from the original system (3.10). In our notation, a(k) = a(t(k)) is theapproximation of a(t) at t = t(k) and b(k) is the nonlinear quadrati
 form appearing in (3.10)evaluated at t(k), i.e., b(k) = b(a(k); a(k)). The fourth-order Ba
kwards Di�erentiation/Adams-Bashforth method, hen
eforth referred as BD4AB4 (Cox & Matthews, 2001), is(25 A � 12 �t B ) a(k+1) = A �48a(k) � 36a(k�1) + 16a(k�2) � 3a(k�3)���t �48b(k) � 72b(k�1) + 48b(k�2) � 12b(k�3)� ; (4.1)for k = 3; 4; 5; : : : . The initial value a(0) is pres
ribed by the initial 
ondition and the �rst threeamplitudes a(1;2;3) are obtained by a fourth-order Runge-Kutta expli
it method, hen
eforthreferred as RK4 (Hairer & Wanner, 1991), given bya(k+1) = a(k) + 16 (�+ 2� + 2
 + �) ; (4.2)where A � = �t B a(k) � �t b �a(k); a(k)�A � = �t B �a(k) + �=2� � �t b �a(k) + �=2; a(k) + �=2�A 
 = �t B �a(k) + �=2� � �t b �a(k) + �=2; a(k) + �=2�A � = �t B �a(k) + 
� � �t b �a(k) + 
; a(k) + 
� ; (4.3)for k = 0; 1; 2. From equations (4.1) and (4.3), we see that we need to evaluate expli
itlythe nonlinear term at di�erent previous stages, i.e., to evaluate b(a; a) in (4.1) for the pre-
omputed amplitudes a(k), a(k�1), a(k�2) and a(k�3), and in (4.3) for a(k), a(k)+�=2, a(k)+�=2and a(k) + 
. The next se
tion is devoted to the eÆ
ient 
omputation of b by means of ade-aliased pseudospe
tral or 
ollo
ation method.4.3 Evaluation of nonlinear terms: pseudospe
tral methodIn this se
tion, we study how to evaluate the non-linear termblnm = (	lnm; (uS � r)uS) = Z Q0 Z 2�0 Z 10 	�lnm � (uS � r)uS rdr d� dz; (4.4)where uS is given by the expansion (3.1). This term plays a very important role in the timeintegration s
heme sin
e a high per
entage of the 
omputational time is used here. Manyreferen
es on spe
tral Galerkin methods ta
itly mention the pseudospe
tral te
hnique for theeÆ
ient 
omputation of nonlinear terms. A detailed analysis of this pro
edure 
an be foundin (Boyd, 1999) in a general framework. The standard pro
edure for the 
omputation ofthe nonlinear adve
tive term is summarized in the diagram of �gure 2. Basi
ally, on
e the
oeÆ
ients alnm (top left of the diagram) of uS are known, we evaluate uS in the physi
alspa
e (top arrow going from left to right in the diagram). The gradient of the ve
tor �eld,ruS, and the 
onve
tive produ
t, (uS �r)uS , are also 
omputed in the physi
al spa
e (verti
alarrows downwards, on the right). Finally, the physi
al produ
t is proje
ted onto the dualFourier-Chebyshev spa
e (bottom arrow, from right to left). We pro
eed to explain in detailea
h one of the three 
omputational stages.1To avoid 
umbersome notation, we temporarily suppress the indi
es 
orresponding to the spe
tral dis
retiza-tion.
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fourier-
hebyshevspa
e physi
alspa
e-

�
? ?D r D � D z?
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Figure 2: Pseudospe
tral 
omputation of nonlinear terms. The abbreviations fft, ifft andmmstand for Fast Fourier Transform, Inverse Fast Fourier Transform and Matrix Multipli
ation,respe
tively.(I) Evaluation of uS in physi
al spa
eThe �rst stage of the algorithm is to evaluate the sum (3.1)uS = LXl=�L NXn=�N MXm=0 alnm(t)�lnm(r; �; z) = LXl=�L NXn=�N MXm=0 alnm ei(n�+2�lz=Q)vlnm(r) (4.5)over the three-dimensional grid(rk; �j ; zi) = � 
os( �k2Md ) ; 2�Nd j ; QLd i � ; (4.6)for k = 0; : : : ;Md � 1, j = 0; : : : ; Nd � 1 and i = 0; : : : ; Ld � 1. The values Md, Nd andLd are the numbers of radial, azimuthal and axial points, respe
tively, needed to de-alias the
omputation up to the spe
tral order of uS. For 
oarse grid 
omputations, the 
onvolutionsums whi
h appear when evaluating the non-linear terms may generate low aliased modes,(Canuto et al. , 1988). This phenomenon o

urs when using a low resolution grid to 
omputethe Dis
rete Fourier Transform (dft) over the periodi
 axial or azimuthal domains. A similarproblem arises in the non-periodi
 (radial) dire
tion, although in this 
ase it is related to apoorly resolved quadrature. One way to eliminate aliasing up to the established spe
tral orderis the 
elebrated Orszag 32�rule. For 
onve
tive nonlinearitites, the aliasing error is eliminatedup to order (L;N;M) ifLd � 32(2L+ 1) ; Nd � 32(2N + 1) ; Md � 3M: (4.7)The dire
t evaluation of (4.5) over ea
h point of the grid (4.6) would require O(LMN)operations. Overall, the total 
omputation of uS would imply a total number of operations



10of order O(L2N2M2). Nevertheless, we 
an substantially redu
e the number of operations bymeans of the te
hnique of Partial Summation (Boyd, 1999). We outline here the three basi
steps.(I. I) Evaluation over radial linesWe evaluate uS (u for simpli
ity) over the radial grid rk:uk(�; z) = u(rk; �; z) = LXl=�L NXn=�N ei(n�+2�lz=Q) MXm=0 alnmvlnm(rk)| {z }�(k)ln ; (k = 0; : : : ;Md � 1):(4.8)We have put a bra
e under the sum for the radial modes in (4.8) and we have identi�ed itby the quantity �(k)ln . The total number of operations needed to 
ompute the �-
oeÆ
ients isO(M2LN).(I. II) Evaluation over radial { azimuthal planesThe se
ond step is the evaluation of uk(�; z) over the azimuthal gridujk(z) = u(rk; �j ; z) = LXl=�L ei2�lz=Q NXn=�N MXm=0 alnmein�jvlnm(rk)| {z }�(jk)l ; � j = 0; : : : ; Nd � 1k = 0; : : : ;Md � 1 � :(4.9)We take advantage of the �rst partial summation when 
omputing the element �(jk)l identi�edin (4.9) by means of the pre-
omputed �(k)ln 
oeÆ
ients�(jk)l = NXn=�N ein�j MXm=0 alnmvlnm(rk) = NXn=�N ein�j�(k)ln : (4.10)In this 
ase, the number of operations required for the 
omputation of the 
oeÆ
ients �(jk)l isO(N2ML).(I. III) Evaluation over radial { azimuthal { axial 3D gridThe last stage is the evaluation of ujk(z) over the axial grid ziuijk = u(rk; �j ; zi) = LXl=�L ei2�lzi=Q�(jk)l = 0� [vr℄ijk[v�℄ijk[vz℄ijk 1A ; 0� i = 0; : : : ; Ld � 1j = 0; : : : ; Nd � 1k = 0; : : : ;Md � 1 1A ; (4.11)whi
h needs O(L2NM) operations.Overall, the 
omputational 
ost needed for the previous three stages isO�LNM(L+N +M)�; (4.12)



11to be 
ompared with O(L2N2M2) for dire
t summation. The quantity appearing in (4.12) 
anbe further improved by using the fft in z and �, and the f
t (Fast Cosine Transform) in r.In that 
ase, the 
omputational 
ost would beO�LNM ln(LNM)�: (4.13)Nevertheless, we will make use of matrix multipli
ation in all the transformations. The reasonis that although the fft or f
t are more eÆ
ient when the dimension of the problem is high,for low moderate spatial resolution mm is still faster than on 
urrent pro
essors (Boyd, 1999).Nevertheless, we emphasize that f
t is still appli
able here and of very pra
ti
al importan
efor future purposes su
h as high performan
e dns simulation of fully developed turbulent 
ow.(II) Evaluation of ruS and produ
t in physi
al spa
eThe next step in the 
omputation of (uS � r)uS is to 
al
ulate the radial, azimuthal andaxial derivatives of uijk given by (4.11) over the three dimensional grid (4.6). The azimuthaland axial derivatives are a

omplished by means of the di�erentiation matri
es D � and D z (seeAppendix B), respe
tively, applied over the 
omponents of the velo
ity �eld obtained in (4.11),[��vr℄ijk = [D � ℄ii0 [vr℄i0jk ; [��v�℄ijk = [D � ℄ii0 [v�℄i0jk ; [��vz℄ijk = [D � ℄ii0 [vz℄i0jk ; (4.14)[�zvr℄ijk = [D z ℄jj0 [vr℄ij0k ; [�zv�℄ijk = [D z ℄jj0 [v�℄ij0k ; [�zvz℄ijk = [D z ℄jj0 [vz℄ij0k : (4.15)For the radial derivative, we make use of the Chebyshev di�erentiation matrix D r , suitable forthe half radial Gauss-Lobatto grid (see Appendix B). We apply partial summation te
hniquesover the sum �ruijk = LXl=�L NXn=�N MXm=0 alnmei(n�j+2�lzi=Q)D
r vlnm(rk); (4.16)where the operator D
r is expli
itly given in Appendix B. The 
omputational 
ost of theradial, azimuthal and axial derivatives is given by the same quantity (4.12). Finally, we usethe expli
it expression of the nonlinear term in 
ylindri
al 
oordinates (Tritton, 1988) for the
omputation of the point-to-point produ
t[(uS � r)uS℄ijk = 0BBBBB� [vr℄ijk[�rvr℄ijk + [ 1rk ℄[v�℄ijk[��vr℄ijk + [vz ℄ijk[�zvr℄ijk � [ 1rk ℄[v�℄2ijk[vr℄ijk[�rv�℄ijk + [ 1rk ℄[v�℄ijk[��v�℄ijk + [vz℄ijk[�zv�℄ijk + [ 1rk ℄[v�℄ijk[vr℄ijk[vr℄ijk[�rvz℄ijk + [ 1rk ℄[v�℄ijk[��vz℄ijk + [vz℄ijk[�zvz℄ijk
1CCCCCA :(4.17)(III) Proje
tion onto Fourier-Chebyshev spa
eThe nonlinear term blnm appearing in (3.10) is the proje
tion of (uS � r)uS over the dualspa
e spanned by the 	lnm fun
tions de�ned in (3.5),blnm = (	lnm ; (uS � r)uS) = Z Q0 dz Z 2�0 d� Z 10 rdr e�i(2�lz=Q+n�)~vlnm � [(uS � r)uS℄: (4.18)



12The volume integral in (4.18) involves two Fourier transforms in z and � and a Chebyshevtransform in r. The former two 
an be exa
tly 
al
ulated by means of matrix multipli
ationand the last one by means of Gauss-Lobatto quadrature, although the f
t is also an alternative.For that purpose, we use the values [(uS �r)uS℄ijk previously 
omputed in (4.17). The dis
reteversion of the Fourier-Chebyshev transform (4.18) isblnm = Ld�1Xi=0 Nd�1Xj=0 Md�1Xk=0 e�i(n�j+2�lzi=Q) rk wk ~vlnm(rk) [(uS � r)uS℄ijk ; 0� l = �L; : : : ; Ln = �N; : : : ; Nm = 0; : : : ;M 1A ;(4.19)where wk are the Gauss-Lobatto weight 
oeÆ
ients for the quadrature in the radial dire
-tion. The dire
t evaluation of the sum (4.19) would require O(L2N2M2) operations. For
omputational eÆ
ien
y we use partial summation te
hniques.5 Validation of the numeri
al s
heme5.1 Convergen
e analysisThe spatial 
onvergen
e of the Petrov-Galerkin method was already tested in (Meseguer &Trefethen, 2000) for linear stability analysis. The method provided spe
tral a

ura
y in all
ases studied. For the nonlinear time-dependent problem, we have solved the same initialvalue problem by means of three di�erent s
hemes. In all 
ases, we have 
onsidered the samespe
tral resolution in spa
e, the same initial 
ondition for the amplitudes and the total timein the integrations. Figure 3 
aptures the essential features of the 
onvergen
e of the threedi�erent time mar
hing s
hemes. The �rst one, SS2, is the 2nd order linear-nonlinear StrangSplitting. The se
ond and third ones, BD2AB2 and BD4AB4, are the se
ond and fourthorder Ba
kwards Di�eren
e / Adams-Bashforth methods, respe
tively. The plot represents theabsolute error of the Fourier 
oeÆ
ients a�tlnm(T ) in the L2-normk�(�t)k2 = 0�Xl;n;m j a�tlnm(T )� a�t0lnm(T ) j21A1=2 ; (5.1)at the end of the run (t = T = 50), as a fun
tion of �t, where the referen
e time step is�t0 = 6:6 � 10�3.As mentioned in the overview, we also 
onsidered ETD s
hemes for the integration of theproblem. These s
hemes have been su

esfully applied in one-dimensional nonlinear pdes, atleast when the stru
ture of the linear operator is diagonal and nonsingular (Cox & Matthews,2001). Even though our linear operator is nonsingular, its eigenvalues are very 
lose to theorigin and the resulting exponential time di�eren
ing mappings are not well-
onditioned. Tosum up, we 
on
lude that linearly impli
it methods su
h as BD4AB4 are the most suitablefor the time integration of this problem. Hen
eforth, all the 
omputations presented will be
arried out with the BD4AB4 s
heme.6 Comparison with previous works: streamwise streaksIn this se
tion, we study the nonlinear evolution of streamwise independent perturbations.This evolution has been studied re
ently by (Zikanov, 1996). Zikanov analyzed the nonlinear
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Figure 3: Absolute error (5.1) for the three di�erent time mar
hing s
hemes. The three 
urvesrepresent the error obtained for the same initial value problem in the interval t 2 [0; 50℄. In allthree 
ases, the spe
tral resolution was the same: M = 6, N = 5, L = 0.evolution of perturbations independent of the streamwise 
oordinate. From the equation ofthe perturbation (2.11), it is straightforward to see that an initial streamwise independent �eldremains independent of z for all time t > 0, i.e., the nonlinear terms preserve their streamwisesymmetry.We de�ne the energy of an arbitrary ve
tor �eld u as the inner produ
tE(u) = 12 Z Q0 dz Z 2�0 d� Z 10 rdr u� � u: (6.1)With the previous de�nition, a straightforward 
al
ulation leads to the energy of the Hagen-Poiseuille 
ow, EHP = �6Q: (6.2)Hen
eforth, we will normalize the energy of the perturbations with respe
t to the basi
 quantityEHP. We de�ne the relative energy, or more brie
y just \energy", of an arbitrary perturbationu as the ratio "(u) = E(u)EHP : (6.3)



14For the 
omparison with the 
omputations 
arried out by Zikanov we 
onsider a perturbationof energy "0 with initial 
ondition u0S in (3.14), whi
h is pres
ribed by the amplitudesa0lnm = alnm(t = 0) = � A0 l = 0; n = �1; m = 00 otherwise � (6.4)where A0 is a real 
onstant su
h that "(u0S) = "0. This is equivalent to 
onsidering thesimplest non-axisymmetri
 streamwise-independent �eld, with azimuthal wavenumber n = 1.Following Zikanov's spe
i�
ations, we have 
omputed the evolution of the initial 
ondition(6.4) for di�erent initial energies. In �gure 4 we have plotted the G(t) growth fa
tor of theperturbation, de�ned as G(t) = "(t)"0 : (6.5)This quantity has been originally 
onsidered in (Boberg & Brosa, 1988) and (S
hmid & Hen-ningson, 1994) in the transient growth analysis of pipe 
ow.
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Figure 4: Growth fa
tor G(t) for di�erent initial energies for Re = 3000. This plot wasgenerated using N = 9 azimuthal modes, M = 6 radial modes and �t = 0:1, but furtherexperiments show that it is 
onverged to plotting a

ura
y.In all 
ases studied, the agreement with Zikanov's 
omputations is very good (see �gure5). As long as the initial energy goes to zero, the nonlinear e�e
ts be
ome negligible and thedynami
s is governed by the linear nonnormal me
hanism. This is 
learly seen in the top
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Figure 5: Original �gure from (Zikanov, 1996). Energy growth fa
tor G(t) for Re = 3000. Theinitial energies are the same as in �gure 4. The numeri
al method for these 
omputations wasa hybrid 2nd order �nite di�eren
es s
heme in r 
ombined with spe
tral Fourier method in �.For the time integration, Zikanov made use of a �rst order impli
it Euler method for the linearterms and a se
ond order expli
it Adams-Bashforth for the nonlinear part.
urve (for "0 = 1 � 10�5), where the ampli�
ation fa
tor rea
hes a maximum value of G � 620for t � 143. This is in agreement with the former linear analysis 
arried out in (S
hmid &Henningson, 1994) or in (Meseguer & Trefethen, 2000), where the maximum ampli�
ationfa
tor was Gmax � 649 for t � 147 . In �gure 6 we have plotted the modulated axial 
ow,wB + wS, at t = 0, t = 17, t = 75 and t = 150, for "0 = 1 � 10�2. Figure 7 re
overs the
omputations 
arried out by Zikanov for the same initial energy and Reynolds number. We
an observe the formation of streaks by the lift-up e�e
t, where high speed axial 
ow is drivento low axial speed regions near the wall (Landahl, 1980). By the same rule, the axial speedof the 
ow at the axis is 
onsiderably diminished (see, �gure 8). The �rst important featureof this transient 
ow is the presen
e of saddle points in its pro�le. This would lead to aninvis
id instability when perturbing the 
ow with three-dimensional disturban
es. The se
ondis that this transient regime is almost steady, as we observe more 
learly from the bottom
urve in �gure 4, where the amplitude of the perturbation is almost 
onstant for a long periodof time. Nevertheless, this \long term" behaviour is only apparent. In a typi
al experiment(Darbyshire & Mullin, 1995), where � = 1 � 10�2 
m2 � s�1 (water) and a = 1 
m (pipe radius),
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Figure 6: Formation of streaks for the Re = 3000 and "0 = 1 � 10�2. Modulated axial 
owwB + wS at: (a) t = 0, (b) t = 17, (
) t = 75 and (d) t = 150.the dimensional unit of time is� = aUCL s: = a2�Re s: � 1Re=100 s: ;where (�t)dimensional = � (�t)nondimensional: (6.6)Therefore, the streaks appearing in �gure 6d, for nondimensional time t = 150, would a
tuallyappear after 5 se
onds in the experiments, approximately. This feature provides the 
ow theproperty of being potentially unstable when in�nitesimal sdv perturbations are present. Thisstability analysis 
an be 
arried out by linearizing the Navier-Stokes equations in a neighbour-hood of the transient modulated 2D-
ow. This is Zikanov's approa
h; he studied the linearevolution of three-dimensional perturbations on
e the streaks were already developed. Zikanovobserved transient exponential growth of sdv for some range of axial wavenumbers. This isa 
lear indi
ation that the transient 
ow is linearly unstable and that this me
hanism mayeventually lead to turbulent regimes.
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Figure 7: Original �gure taken from (Zikanov, 1996). Modulated axial 
ow at t = 150 and�0 = 1 � 10�2, for Re = 3000. Compare with �gure 6(d).7 Streak breakdownIn this se
tion we study the nonlinear evolution of three-dimensional perturbations. For thispurpose, we 
onsider the same kind of two-dimensional streamwise-independent disturban
es
onsidered in the previous se
tion. In order to trigger instability of the streaks generated by thetwo-dimensional vorti
es, we add smaller three-dimensional sdv perturbations and we explorethe potential destabilization of the 
ow as a fun
tion of the 2d and 3d energies. The initial
ondition that we 
onsider in this 
ase isa0lnm = alnm(t = 0) = 8<: A0 l = 0; n = �1; m = 0A1 l = �1; n = 0; �1; m = 00 otherwise 9=; ; (7.1)where A0 and A1 are suitable real 
onstants so that the energy of the 2d and 3d modes isdistributed as follows:"(�0 n 0) = "2D0 ; for n = �1; and "(��1 n 0) = "3D0 ; for n = 0; �1; (7.2)for pres
ribed values "2D0 and "3D0 . In �gures 9 and 10, we have plotted the time evolution of theenergies 
orresponding to the streamwise-independent ("2D) and sdv ("3D). The 
omputationshave been made for Reynolds numbers in
reasing from Re = 1000 to Re = 3000. In ea
h 
ase,three independent integrations have been 
arried out, always starting with "2D0 = 1 � 10�2 and"3D0 = 1 � 10�4, "3D0 = 1 � 10�6 or "3D0 = 1 � 10�8. For Re = 1000 (�gure 9, top), the streaksdo not appear, and the two and three dimensional energies de
ay. We observe that the three-dimensional perturbations evolve almost identi
ally in the three independent integrations. Thisis be
ause the nonlinearities are still negligible at that stage and the evolution me
hanism isbasi
ally linear. For Re = 2000 (�gure 9, bottom), the streaks already appear and we observefor the �rst time the instability of the three-dimensional perturbation for the 
ase "3D0 = 1�10�4.
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Figure 8: Time evolution of the axial velo
ity at the 
enter axis for "0 = 1 � 10�2, Re = 3000.The 
omputation 
orresponds to the same time evolution 
arried out in �gure 6.Nevertheless, this destabilization is only transient and the perturbations eventually de
ay. ForRe = 2500 (�gure 10, top), only the smallest sdv, for "3D0 = 1 � 10�8 , is not able to destabilizethe streak. The other two initial 
onditions 
learly trigger transition. Finally, for Re = 3000(�gure 10, bottom), all the sdv disturban
es su�er an exponential instability, leading alwaysto the streak breakdown phenomenon. In �gure 11, we have 
arried out another 
omputationfor higher Reynolds number, Re = 4000, and lower amplitude of the initial perturbation"2D0 = 1 � 10�3. In the �rst 
ase (top �gure 11), we see that three independent streamwisedependent perturbations of energies "3D0 = 1 �10�10; �9; �8, are not strong enough to destabilizethe streak. The threshold energy for this instability me
hanism is of order 10�7, see �gure 11,bottom. In �gure 12 we have represented the axial velo
ity of the 
ow at the 
enter of thepipe for Re = 5000. In the initial stages, we observe a similar behaviour to the evolution seenin �gure 8. The di�eren
es appear as soon as the axial velo
ity has de
reased approximatelyby 50%. O

asionally, this 
haoti
 evolution may eventually de
ay. We should enhan
e thetime integration interval in order to de
ide whether what is observed is a
tually a transitionto turbulen
e or not. This problem not only arises in the numeri
al integrations, but also inthe experiments, where turbulent stru
tures may be adve
ted downstream and leave the pipe,making it impossible to determine whether the 
ow is laminar or turbulent. To 
on�rm theexisten
e of an strange attra
tor, di�erent dynami
al aspe
ts of the problem su
h as Liapunovexponents, Fourier-time analysis or Poin
ar�e se
tions should be studied (Wiggins, 1990). Ithas been suggested that turbulen
e (or 
haoti
 evolution) in pipe 
ow, even for relatively highReynolds numbers, is only a transient phenomenon (Brosa, 1989). In any 
ase, the answer toall these questions is far beyond our purposes in this work.
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Figure 9: Time evolution of the energy of 2d (thi
k 
urves) and 3d (thin 
urves) perturbationsfor di�erent values of Re. For these 
omputations, the aspe
t ratio was Q = � (i.e., the lowestnonzero axial wavenumber is k = 2). We used M = 14 modes in r, N = 7 in � and L = 1 inz. The time step is �t = 5 � 10�2. In ea
h one of the 
ases, we have not found any qualitativedi�eren
e when in
reasing the spe
tral order.
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Figure 10: Same as �gure 9, for Re = 2500; 3000.
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Figure 11: Time evolution of the energy of 2d (thi
k 
urves) and 3d (thin 
urves) perturbationsfor Re = 4000. At the top, the three-dimensional perturbations are too weak to destabilize thestreak. At the bottom, a three-dimensional perturbation of energy 10�7 triggers instability.The spe
tral and time resolution in these 
omputation was the same as in �gures 9 and 10.
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Figure 12: Axial velo
ity at the 
enter line for "2D0 = 1 � 10�3, "3D0 = 1 � 10�5, Re = 5000.8 Con
lusionsA three-dimensional unsteady solenoidal spe
tral method has been developed in 
ylindri
al
oordinates for the numeri
al study of linear and nonlinear transitional dynami
s in pipe 
ows.A pseudospe
tral algorithm has been developed for the eÆ
ient 
omputation of the nonlinearterms. Di�erent time integration s
hemes have been tested. Linearly impli
it methods seem tobe the most suitable to deal with the sti�ness of the equations. The algorithm provides spe
trala

ura
y in spa
e and fourth order a

ura
y in time. The numeri
al results for the nonlinearevolution of streamwise perturbations are in a very good agreement with previous works. Thestability of the transient two-dimensional 
ows has been studied by perturbing those stru
tureswith very small three-dimensional disturban
es. Even for 
oarse spatial resolution, the resultsare 
onsistent with the streak breakdown pro
ess whi
h is found in other sub
riti
al shear
ows. a
knowledgmentsThis resear
h was supported by the Engineering and Physi
al S
ien
es Resear
h Coun
ilof the United Kingdom under Grant GR/M30890.Appendix A Solenoidal basesIn what follows, we de�nehm(r) = (1� r2)T2m(r); gm(r) = (1� r2)hm(r); D = ddr ; D+ = D+ 1r (A.1)



23where T2m is the Chebyshev polynomial of degree 2m and r 2 (0; 1). We begin with the trialfun
tions �lnm(r; �; z), distinguishing two 
ases depending on whether n is zero or nonzero.Case n = 0. The basis is spanned by the elements�(1)l0m = ei 2�Q l zv(1)lnm = ei 2�Q l z0� 0rhm(r)0 1A ; (A.2)
�(2)l0m = ei 2�Q l zv(2)lnm = ei 2�Q l z0� �2�Q i l rgm(r)0D+[rgm(r)℄ 1A ; (A.3)ex
ept that if l = 0, the third 
omponent of �(2)lnm is repla
ed by hm(r).Case n 6= 0. In this 
ase, the basis is spanned by the elements�(1)lnm = ei(n �+ 2�Q l z)v(1)lnm = ei(n �+ 2�Q l z)0� �i n r��1 gm(r)D[r� gm(r)℄0 1A ; (A.4)

�(2)lnm = ei(n �+ 2�Q l z)v(2)lnm = ei(n �+ 2�Q l z)0� 0�i2�Q l r�+1 hm(r)i n r�hm(r) 1A ; (A.5)where, following the regularization rules proposed in (Priymak & Miyazaki, 1998),� = � 2 (n even)1 (n odd): (A.6)Mathemati
ally speaking, the pure imaginary fa
tors in �(2)lnm 
ould be dispensed with, but weleave them in so that the basis fun
tions have a desirable symmetry property: if l and n arenegated, ea
h basis fun
tion is repla
ed by its 
omplex 
onjugate, i.e.,h�(1;2)lnm i� = �(1;2)�l; �n; m : (A.7)For the test fun
tions 	lnm(r; �; z), we 
ould take the same basis. However, the resultingmatri
es appearing in (3.11) and (3.12) would be dense, whereas they 
an be made to bebanded if one 
hooses the proje
tion bases as follows.Case n = 0.	(1)l0m = ei 2�Q l z~v(1)l0m(r) = ei 2�Q l z0� 0hm(r)0 1A 1p1� r2 ;	(2)l0m = ei 2�Q l z~v(2)l0m(r) = ei 2�Q l z0� �2�Q i l r2gm(r)0D+[r2gm(r)℄ + r3 hm(r) 1A 1p1� r2 ; (A.8)



24ex
ept that the third 
omponent of the ve
tor in 	(2)l0m is repla
ed by rhm(r) if l = 0.Case n 6= 0.	(1)lnm = ei(n �+ 2�Q l z)~v(1)lnm(r) = ei(n �+ 2�Q l z)0� i n r�gm(r)D[r�+1 gm(r)℄ + r�+2hm(r)0 1A 1p1� r2 ;	(2)lnm = ei(n �+ 2�Q l z)~v(2)lnm(r) = ei(n �+ 2�Q l z)0� 0�2�Q i l r�+2hm(r)i n r�+1 hm(r) 1A 1p1� r2 ; (A.9)ex
ept that the third 
omponent of the ve
tor in	(2)lnm is repla
ed by r1��hm(r) if l = 0, where� = � 0 (n even)1 (n odd): (A.10)These ve
tor �elds in
lude the Chebyshev fa
tor (1 � r2)�1=2 so that the produ
ts betweenthe test and trial fun
tions 
an be exa
tly 
al
ulated via Gauss-Lobatto quadrature, leadingto banded matri
es. We note that the radial variable runs from 0 to 1, and not from �1 to 1,as would expe
ted by using Chebyshev polynomials.Appendix B Di�erentiation matri
esIn the radial 
oordinate, we 
onsider the Gauss-Lobatto pointsrk = � 
os��kN � ; k = 0; : : : ; N; (B.1)where we will assume that N is odd. The spe
tral di�erentiation matrix is given by
(D r )ij =

8>>>>>>>>>>><>>>>>>>>>>>:
(1 + 2N2)=6 i = j = N�(1 + 2N2)=6 i = j = 0� xi2(1� x2i ) i = j ; 0 < i < N(�1)i+j 
j
i(xj � xi) i 6= j ; (B.2)

where 
j = 1 for 0 < j < N and 
0 = 
N = 2, see (Boyd, 1999) or (Trefethen, 2000). The ve
torfun
tions �(1;2)lnm satisfy 
ertain parity properties in the radial variable dis
retized in (B.1). Theradial, azimuthal and axial 
omponents are either even or odd fun
tions of r. Therefore, weonly need to 
onsider the positive part of the gridr+k = � 
os��kN � ; k = N + 12 ; : : : ; N: (B.3)



25For arbitrary even, fe(r), or odd, fo(r), fun
tions satisfyingfe(rk) = fe(rN�k); fo(rk) = �fo(rN�k); k = 0; : : : ; N � 12 ; (B.4)the di�erentiation matri
es whi
h provide the �rst derivatives�dfedr �r=r+i = (D er )ij fe(r+j ); �dfodr �r=r+i = (D or )ij fo(r+j ); (B.5)are obtained from the Chebyshev matrix (B.2):(D er )ij = (D r )ij + (D r )i N�j; (D or )ij = (D r )ij � (D r )i N�j ; i; j = N + 12 ; : : : ; N: (B.6)The radial derivative of an arbitrary element vlnm(r) of the trial basis is given byddrvlnm(r) = D 
r vlnm(r); (B.7)where D 
r = 0� D or D or D er 1A ; (n even); (B.8)or D
r = 0� D er D er D or 1A ; (n odd): (B.9)For the periodi
 azimuthal grid �j = 2�N j; j = 0; : : : ; N � 1; (B.10)we use the standard periodi
 di�erentiation matrix(D � )ij = 8><>: (�1)i+j2 sin (i�j)�N ; i 6= j0; i = j ; (B.11)where we assume that N is odd, see (Fornberg, 1996).Finally, for the periodi
 axial gridzi = QN i; i = 0; : : : ; N � 1; (B.12)we make use of the di�erentiation matrix(D z )ij = 8><>: 2�Q (�1)i+j2 sin (i�j)�N ; i 6= j0; i = j : (B.13)
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