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Fast, slow, and metacognitive
thinking in AI
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Inspired by the ”thinking fast and slow” cognitive theory of human decision making, we propose a
multi-agent cognitive architecture (SOFAI) that is based on ”fast”/”slow” solvers and a metacognitive
module.We then present experimental results on the behavior of an instance of this architecture for AI
systems thatmake decisions about navigating in a constrained environment.We show that combining
the two decision modalities through a separate metacognitive function allows for higher decision
quality with less resource consumption compared to employing only one of the two modalities.
Analyzing how the system achieves this, we also provide evidence for the emergence of several
human-like behaviors, including skill learning, adaptability, and cognitive control.

AI systems have seen great advancement in recent years in many applica-
tions that pervade our everyday life.While these successes can be accredited
to improved algorithms and techniques, they are also usually tightly linked
to the availability of vast datasets and computational power1. Huge progress
has been made with recent transformer-based architectures, leading to
generative AI capabilities such as thosemanifested in large languagemodels
and image/video generation systems.However, it is generally acknowledged
that AI still lacks many capabilities which would naturally be included in a
notion of (human) intelligence, such as generalizability, adaptability,
robustness, explainability, causal analysis, abstraction, common sense rea-
soning, metacognition, and ethical judgement2,3.

To have these capabilities, humans employ a complex and seamless
integration of learning and reasoning, supported by both implicit and
explicit knowledge4. This integration is related to the so-called ”thinking fast
and slow” theoryofhumandecisionmaking5, according towhichbothkinds
of knowledge, andboth intuitive/unconsciousprocesses anddeliberate ones,
support creating an internal model of the world and making high-quality
decisions based on it.

In this paper, we describe an AI multi-agent architecture that is
inspired by this cognitive theory, with the aim of building AI systems that
make high-quality decisions with limited resources through emerging
behaviors that resemble some of the aforementioned human capabilities,
including skill learning, cognitive control, and adaptability6.

The proposed architecture, called SOFAI, for Slow and Fast AI, ingests
incoming problem instances that are solved by either System 1 ("fast”)
agents (also called “solvers”), that react by exploitingonlypast experience, or
by System 2 ("slow”) agents, that are deliberately activated when there is the
need to reason and/or search for solutions of higher quality beyond what is

expected from the System 1 agents. Figure 1 shows a schematic description
of the SOFAI architecture.

System 1 (S1) solvers act solely by leveraging past experience (gen-
erated by them or by other solvers), thus they do not systematically reason
about incoming problem instances. Just like human’s System 1, they rely
on implicit knowledge (that is, training data in AI terms). On the other
hand, System 2 (S2) solvers may exploit both implicit and explicit
knowledge (that is, symbolic representations in AI terms) and employ
multi-step systematic reasoning processes such as, for example, search,
logical inference, sequential sampling, chain of thought, etc. S2 solvers
typically engage in deeper reasoning that involves multiple steps, with
their complexity often scaling with the size of the input problem. This
explains why S2 solvers are generally computationally slower than
S1 solvers, thereby motivating the use of the terms ‘fast’ and ‘slow’ to
distinguish between them. However, before being able to make decisions,
S1 solvers need to learn from available data, thus, they need additional
offline time to do that. For example, an LLM or anotherML solver has the
characteristics of an S1 solver, while a symbolic planner or a search
algorithm has the features of an S2 solver.

Given the need to arbitrate between these two kinds of solvers, SOFAI
also includes a separate and centralizedmetacognitive agent.Metacognition
is considered an essential component of human intelligence and refers to the
ability to reflect upon one’s own thinking to efficiently use the available
resources and improve decision making7–9. SOFAI’s metacognitive agent
assesses the quality of candidate solutions proposed by S1 solvers and then
decides whether to invoke an S2 solver. In other words, the metacognitive
agent does not choose between just using S1 solver and just using S2 solver,
but between S1 solver and then S2 solver, or just S1 solver. Both phases are
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basedonan analysis of resource availability, past experiencewith the solvers,
and expected solution quality.

Besides this online arbitration function, the metacognitive agent also
performs two other important offline functions: learning and reflection.
Learning from past actions and their feedback is used to update the
S1 solvers and the relevant models. Every time a new decision is made, all
relevant information (the decision itself, its quality, its impact on the world,
which solver made it, etc.) is stored in SOFAI’s models of Self, Others, and
the World. Without this capability, SOFAI would be confined to its initial
state, and its behavior would have no opportunity to evolve.

On the other hand, reflection employs counterfactual reasoning to
simulate alternative modalities for past decisions and to possibly adjust
internal parameters to promote a better behavior in the future. SOFAI
utilizes S2 solvers to solve previously encountered problem instances (that
may have been solved by S1 solvers or by a combination of S1 solver and
S2 solver) and compares the decision quality of simulated and real past
decisions: if an S2-only approach exhibits better performance, the para-
meters of the arbitration functionwill steer themetacognitive agent towards
the engagement of S2 solvers. This function is necessary to allow SOFAI to
adapt over time to the capabilities of the available S1 and S2 solvers.

Other approaches to the design of AI systems inspired by the dual-
system theory have also been published in recent years10–18. These approa-
ches have attempted to integrate fast and slow thinking systems, but often
done so by adopting the so-calledCommonModel of human cognition19, an
approach in which System 1 and 2 are not clearly distinct but are compo-
nents of procedural, declarative and working memory20–22. In these models,
the distinction between System 1 and System 2 is emergent, not explicit: fast
and slow processes arise from how various cognitive components interact.
For instance,ACT-R23,24 canmodel fast heuristic behavior through instance-
based learning and deliberative rule-based reasoning via its production
system. A differentmodel, CLARION25 explicitly distinguishes implicit and
explicit knowledge modules. In these cases, the dual-process distinction is
embeddedwithin rich, complex cognitive architectures,where the System1/
2 split is not always cleanly modularized but often distributed across
interacting subsystems. Some approaches frame dual-process theory as a
psychological interface shaping human trust in AI10, without proposing a
concrete implementation; others instead provide a practical instantiation of

dual-process (e.g., with reinforcement learning) but lack explicit
arbitration11.

Models like MRPC13 and EXIT15 exploit fast-reactive and slow-
predictive components (e.g., reflexive vs. planning controllers or neural
networks vs. tree search), their arbitration is either hard-coded or lacks
adaptive self-monitoring.

In contrast, in SOFAI architecture, System1 and System2 are not traced
back to the Common Model and are more neatly separated. Rather than
distributing System 1 and System 2 across complex interacting subsystems,
SOFAI implements amore explicit andmodular separation between fast and
slow reasoning processes providing a practical instantiation of dual-process
control and introducing a learnable metacognitive mechanism that governs
solver selection and adapts via reflection. This explicit, adaptive separation of
reasoning modes distinguishes SOFAI as a functional architecture that both
reflects and extends dual-process theory in computational agents.

To assess SOFAI’s behavior, we focus on an instance of the SOFAI
architecture that is asked to generate trajectories in a gridwithpenalties over
states, actions, and state features. SOFAI’s decisions are at the level of each
move from one grid cell to another. Therefore, a trajectory made of several
moves will involve several calls to SOFAI, each of which can use either an
S1 solver or an S2 solver.

The experimental results compare SOFAI’s computational efficiency to
that of approaches that solely use S1 or S2 solvers, showing that SOFAI is
faster, with comparable or higher decision quality, meaning that it smartly
uses the available solvers tominimize the resources (e.g., time) employed in
the solution process.

We also examine how SOFAI can achieve this efficiency, exploring the
emergence of human-like capabilities, with particular focus on three
of them:
• Skill learning, the human ability to leverage experience to internalize

some decision processes, that pass from System 2 to System 1. Typical
examples of skills that go through this process in humans are driving or
reading.

• Adaptability, the human ability to recognize one’s capabilities and
limitations in order to use these capabilities optimally to make deci-
sions. For example, visually impaired people learn to use other senses
(e.g., touch) to complete tasks (e.g., reading).

Fig. 1 | The SOFAI architecture and the interplay between the various components, with a focus on Real Time metacognition.
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• Cognitive control, the human ability to recognize when a scenario is
high-risk or is subject to behavioral constraints, and to act accordingly
and more carefully. For example, for humans completing a relatively
simple math operation (e.g, sum of double-digit numbers) in a high-
stakes context (e.g.,math exam)usually requires engaging a slow solver.

Our experiments show that SOFAI performs well on all three cap-
abilities. More precisely:
• Skill learning: Initially, SOFAI usesmostly S2 solvers, and later shifts to

utilizing mostly S1 solvers when sufficient experience over moves and
trajectories is collected.

• Adaptability: Given several versions of the S1 solvers, with different
levels of competence, SOFAI tunes their use tomake sure that solution
quality is kept sufficiently high.

• Cognitive control: In a high-risk scenario, SOFAI employs solvers in a
risk-averse fashion, and subsequently makes decisions that violate
fewer constraints.

Results
In order to asses the performance of the system, we run different experi-
ments. Results in Fig. 3, Tables 1 and 2 are from experiments run on a
MacBook Pro (13-inch, 2017), CPU 3.5GHz Intel Core i7, RAM8GB 2133
MHz LPDDR3, using Python 3.7. All experiments in the appendix were
conducted on anAppleMacBookPro equippedwith anM3 chip and 16GB
of RAM, using Python version 3.11.5. In our experiments, we generated
10 scenarios at random, each of which corresponds to a grid. A scenario has
18 constrained cells chosen at random. Starting and goal states are distinct
and they are chosen at random among the set of non-constrained cells.
During the generation, we enforce they are at least 2 cells apart from each
other in any direction. This is done to ensure that the minimum length of a

trajectory is at least 2. Moreover, in each scenario used in experiments
reported in this section, four actions are constrained at random.

Experimental setting: SOFAI for grid navigation
In this paper, we show an instance of SOFAI that aims to find a sequence of
moves (that is, a trajectory) in a grid froman initial state to anunknowngoal
state. The grid has constraints over states andmoves.When amove violates
a constraint (either because there is a constraint upon the move itself or on
the state where themove ends up), a penalty is imposed to the agent26,27. For
each state in the grid, there are up to eight possible moves (up, down, left,
right, and the four diagonalmoves, but somemaynot be available if the state
is at the border of the grid). The grid environment is non-deterministic: a
move to go to a state may actually takes us to another state, with prob-
ability 10%.

The SOFAI agents only know the current state in the grid but do not
know the constraints or the position of the goal state. The aim is to generate
trajectories that minimize length and computational time, and maximize
the overall reward (intended as the sum of all penalties and rewards accu-
mulated during the trajectory).

Figure 2 shows an example of a constrained grid used in our experi-
ments. For the experiments described in this paper, we have chosen to use a
penalty of−50 for each violated constraint,−4 for eachmove, and a reward
of +10 when a trajectory reaches the goal state. We adopt an already
established reward configuration frompriorwork, which has been shown to
yield robust performance across similar tasks28,29. The reward function
design is intended to emphasize short trajectories with minimal constraint
violations.

For the S1 solver, we have chosen a simple reinforcement learning
agent that, at every step, chooses the move with the maximum expected
reward of the trajectories starting with that move. To calculate this, the
S1 solver uses theModel of Self, which includes all previousmoves and their
rewards. If we are in an unexplored grid state, the S1 solver chooses a move
from the available ones with a uniform distribution. We developed five
versions of the S1 solver, parametrized by the level of randomness of the
solver’s decisions. Each version chooses a random move with probability
pRand and amove thatmaximizes the expected rewardwith a probability of
1− pRand. Thus, pRand = 1 yields a completely random S1 solver, while
pRand = 0 leads to a deterministic S1 solver.

For our S2 solver, we have chosen a reasoning engine based on the so-
called Multi-attribute Decision Field Theory (MDFT) model28,30, that pro-
vides a multi-step sequential sampling method to make decisions starting
from a set of possible options, their attributes, and preferences over such
attributes. In MDFT, deliberation is modeled as a sequential accumulation

Table1 |AverageperformanceofS1solver, S2solver, andSOFAIover trajectors’ reward (that is, penaltiesaccumulatedover the
moves), length, and time (in milliseconds) to generate it

pRand = 1 pRand = 0.75 pRand = 0.5 pRand = 0.25 pRand = 0

S1 solver Avg. Time (ms) 0.34 (0.56) 1.50 (1.29) 1.59 (1.35) 1.32 (1.22) 26.28 (110.19)

Avg. Reward −3244.77 (2,320.64) −1280.35 (1,220.32) −721.18 (838.84) −452.64 (652.03) −621.68 (891.34)

Avg. Length 73.91 (51.08) 31.16 (28.07) 18.73 (19.85) 12.15 (15.30) 21.55 (33.29)

S2 solver Avg. Time (ms) 235.84 (337.64) 235.84 (337.64) 235.84 (337.64) 235.84 (337.64) 235.84 (337.64)

Avg. Reward −208.07 (436.69) −208.07 (436.69) −208.07 (436.69) −208.07 (436.69) −208.07 (436.69)

Avg. Length 11.47 (16.25) 11.47 (16.25) 11.47 (16.25) 11.47 (16.25) 11.47 (16.25)

SOFAI Avg. Time (ms) 206.91 (323.62) 147.82 (251.05) 110.34 (223.74) 69.55 (186.78) 99.61 (239.41)

Avg. Reward −213.22 (463.57) −179.07 (319.69) −146.21 (267.56) −121.50 (191.13) −156.37 (283.48)

Avg. Length 12.10 (17.35) 10.90 (14.11) 10.12 (13.32) 9.44 (11.93) 16.31 (27.82)

Each column is related to a version of the S1 solver with a degree of randomness given by variable pRand: pRand = 1means that the S1 solver is completely random, while pRand = 0means that the solver
always selects themost promisingmove. TheS2solver is insteadalways the same, and this is reflectedby showing thesamenumbers in all fivecolumns for theS2 solver rows.Best values for other rowsare
highlighted in bold. The average and standard deviation (shown in parentheses) are over 10 grids and 500 trajectories per grid. SOFAI outperforms or otherwise performs comparably to the S2 solver on all
criteria. Moreover, it does better than all stances of the S1 solver except for time.

Table 2 | Average number of violated constraints and
trajectory reward, and percentage of S2 solver use, for very
low and very high risk aversion (ra = 0 and ra = 1)

ra = 0 ra = 1

Violated Constraints 1.7520 (3.2495) 0.9361 (2.1726)

Reward −201.4358 (266.6511) −121.4951 (191.1319)

Perc. usage S2 0.2243 (0.1914) 0.3431 (0.3214)

The S1 solver used for these results is the one with pRand = 0.25. Numbers in parenthesis show the
standard deviations over 10 grids and 500 trajectories per grid.
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of preferences for the available options, with attention shifting dynamically
across their attributes.

For the grid environment, the options are the available moves (up to 8
in each state). For eachmove in each state, we consider two attributes, which
represent an estimate of the quality of the move in the constrained grid and
in the same grid without constraints. The preferences coincide with these
estimates, thatwe generate by leveraging reinforcement learningmachinery.
In particular, they are the Q-values returned by running the Q-learning
algorithm on the constrained and unconstrained grids.

The reason why we consider also a hypothetical grid without con-
straints is tomodel the best environment in terms of the trajectory’s reward
and length. The preferences between the moves’ attributes model the
expected quality of the moves in the two grids: in the constrained grid, the
aim is to satisfy the constraints (and therefore possibly generate longer
trajectories), while in the hypothetical unconstrained grid, the aim is to
reach the goal without considering the constraints (and therefore possibly
generating shorter trajectories thatmay, however, violate some constraints).
MDFTallows us to achieve a compromise between these two aims, that is, to
maximize constraint satisfaction (and thus maximum reward) and mini-
mize length.

Finally, the metacognition (MC) module in SOFAI is an agent that
determineswhich solverwillmake the nextmove (real-timeMC), compares
past trajectories with S2-only simulated ones to possibly update its real-time
behavior (reflectiveMC), and stores eachnewly executedmove in themodel
of Self (learning MC).

Details about the S1 solver, theMDFTmodel, and the way it is used to
build the S2 solver, as well as the behavior of themetacognitivemodule, can
be found in the Methods section.

Experimental results
Here we show the results from our experiment with the described instance
of SOFAI.

SOFAI outperforms S1 solver or S2 solver alone. SOFAI generates
trajectories in the grid, so the quality criteria that we have chosen are
related to properties of a trajectory: its length, its reward (measured as the
penalty accumulated from violated constraints), and the time required to
generate it. In Table 1, we compare SOFAI to both S2 solver and to each of
the different types of S1 solver with five values of randomness (pRand),
namely {0, 0.25, 0.5, 0.75, 1.0}, over 500 generated trajectories in 10 grids.
It is possible to see that SOFAI outperforms or otherwise performs
comparably to the S2 solver on all criteria. Moreover, it does better than
all instances of the S1 solver except for trajectory time, for which, as

expected, the S1 solver is always faster. Therefore, SOFAI performs better
than using the S2 solver or the S1 solver alone, in almost all of the
considered criteria. It can be noticed that the S1 solver alone utilizes
significantly more time at pRand = 0 than at other values. The increased
time consumption at pRand = 0 is primarily due to the nature of the
operations performed by S1. At higher values of pRand, the S1 solver
frequently selects random actions (a lightweight operation that typically
takes only a few milliseconds). In contrast, when computing the best
action, the S1 solver needs to compute themax expected reward, which is
more time-consuming. At pRand = 0, these max expected reward com-
putations are executed at every step. Additionally, since trajectories tend
to be longer on average at pRand = 0, the cumulative time required
increases substantially compared to settings where random actions
introduce more variability and avoid getting stuck in dead ends.

SOFAI adjusts to the capabilities of theS1 solver. Asmentioned above,
we built five different types of S1 solvers with five values of randomness
(pRand), namely 0, 0.25, 0.5, 0.75, and 1.0. If pRand= 1, the S1 solver chooses
its moves completely randomly, whereas if pRand= 0 it is deterministic and
chooses the move with the best expected reward. This was done to evaluate
whether the metacognition module could adapt to the varying quality of
moves provided by each version of the S1 solver while maintaining a high
standard in thefinaldecision.Whatwe see inTable1 is that SOFAI—through
itsmetacognitivemodule—is able to produce high quality trajectories (where
quality ismeasured by time, reward, and length) independently of the version
of S1 solver provided. As expected, the S1 solver is the fastest solver, but the
quality of its trajectories can be quite poor. On the other hand, evenwhen the
S1 solver is completely random(pRand = 1), SOFAI is able to compensate for
the sub-optimal moves coming from the S1 solver and produces decisions
that improveon the timeof theS2 solverwhile performingonly slightlyworse
in terms of length and reward.

This indicates that SOFAI can adapt to the characteristics of the
S1 solver we plug in, and use it less or more depending on its capabilities, in
order to keep making decisions of high quality in a short time.

Skill learning in SOFAI. In Fig. 3, the x-axis shows the number of
trajectories already generated, while the y-axis shows the percentage of
usage of S1 (orange line) or S2 (blue line) solvers in making the indi-
vidual moves in each trajectory. The five parts of the figure show the
behavior of SOFAIwith the five different versions of the S1 solver, from
a completely random S1 solver (pRand = 1) in the far left to an S1 solver
with no randomness at the far right (pRand = 0). When the S1 solver is
completely random (leftmost figure), SOFAI keeps using mostly the
S2 solver, and even increases its employment after about 250 trajec-
tories.When the S1 solver includes some informed decisions (shown in
the other four parts of the figure), its use increases over time and even
goes above the percentage of use of the S2 solver when the randomness
of the S1 solver is below 0.5. The transition time (measured by the
number of generated trajectories) from predominantly using the
S2 solver to mostly using the S1 solver decreases as the S1 solver
becomes less randomized, reaching nearly zero when the randomness
level is pRand = 0.25.

In Fig. 3, it can be noticed that the trend of graphs gets broken at
pRand = 0.0, while with values of pRand > 0, SOFAI appears to use s1more
times. This observed deviation can be attributed to the deterministic
behavior of the S1 solver at lower values of pRand. Specifically, when
pRand = 0.0, the S1 solver always selects the best action, eliminating any
stochasticity or exploration. This rigidity can cause the S1 solver to become
trapped in behavioral loops, limiting its adaptability. In such cases, SOFAI’s
reflection mechanism identifies these limitations and compensates by
increasing reliance on the S2 solver. This reflection encourages the use of the
S2 solver when errors in the S1 solver are detected. As a result, the system
activates the S1 solver less frequently at pRand = 0.0 than at slightly higher
values, where some degree of exploration still allows the S1 solver to avoid
repetitive failure modes.

Fig. 2 | Example of the constrained grid decision scenario (left part of the figure).
Black squares represent states with penalties. Penalties are also generated when the
agent moves top left, bottom left, right, and bottom right (see black squares in top
right grid), and when it moves to a blue or a green state (see black squares in bottom
right of the figure). The red lines describe a set of trajectories generated by the agent
(all with the same start point S0 and end point SG). The strength of the red color for
each move corresponds to the number of trajectories employing such a move.
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When the S1 solver has no randomness at all (rightmost graph), the
transition occurs after about 150 trajectories, with the reflecting MC
impacting on the results through the reflection phases.

Cognitive control in SOFAI. Cognitive control is the psychological process
that enables the employment of cognitive processes to producemore accurate
results while suppressing automatic, but less reliable, responses.

In SOFAI, we introduce a risk aversion parameter (ra) to indicate the
critical importance of accurately solving the problem at hand. Humans can
often cognitively control their behavior tobemore carefulwhenaproblem is
more critical. In Table 2 we evaluate the cognitive control capabilities of
SOFAI by comparing the number of violated constraints and reward of two
versions of SOFAI, with risk aversion 1 and 0, respectively. It is easy to see
that a high risk aversion leads SOFAI to a minimal constraint violation,
while a low risk aversion generates a high level of constraint violation. This
brings the MC module to choose the solver that produces fewer violations
and is likely to produce more accurate results. In fact, with ra = 1 SOFAI
adopts the S2 solver more frequently than with ra = 0.

Ablation analysis. The tolerance parameter (see line 2 of the MC real-
time algorithm) plays a key role in balancing performance and compu-
tational efficiency by controlling when the more resource-intensive
S2 solver is invoked. Specifically, the S2 solver is used only when the
reward accumulated so far is non-negligibly lower than the average
reward observed in the same state, thus avoiding unnecessary compu-
tational overhead. In resource-rich scenarios or when stricter perfor-
mance guarantees are desired, the tolerance can be reduced—or even
removed—to make the system more aggressive in consulting the
S2 solver. In order to assess the contribution of this parameter, we per-
formed an ablation study varying the value of the tolerance. As expected,
lower tolerance values reduce the frequency of S2 solver activation,
leading to faster computation but degraded trajectory quality. In contrast,
higher tolerance values increase S2 solver usage and yield improved
outcomes in terms of reward, trajectory length, and constraint violations,
although at a higher computational cost. Additionally, the results
demonstrate that the reflection phase consistently enhances performance

across all metrics and tolerance settings, confirming its effectiveness in
improving the agent’s decision-making capabilities. All the results are
reported in the appendix.

Discussion
Our primary hypothesis was that SOFAI could outperform both the S1 and
S2 solvers individually. This hypothesis is confirmed by the experimental
results observed in the grid navigation instance while utilizing the SOFAI
architecture. This indicates that integrating S1 and S2 solvers through
SOFAI’s centralized metacognition module can enhance decision-making.
As Table 1 indicates, on average, SOFAI leads to better performance than
the S2 solver alone on all counts, and better than the S1 solver alone on two
outof threekeymetrics. This is due to the ability of the real-timeMCmodule
to orchestrate between different solvers and decide on the best one to adopt,
given the goals of saving time, avoiding constraint violations, and max-
imizing reward.

The experimental results also show emerging behaviors that can be
observed in animal and especially human thinking: adaptability, skill
learning, and cognitive control.

Indeed, humanbeingshave the ability to leverage cognitive resources to
best deal with incoming tasks. In our experiments, SOFAI shows itself to be
able to do just that: when offered parterre of S1 and S2 solvers, SOFAI
dynamically adapts its decision-making process to leverage the strengths of
the available solvers, ensuring the best goal-driven outcomes. Once again,
the metacognitive module is primarily responsible for this behavior. The
capabilities of the metacognition module allow SOFAI to decide how to
behave with different solvers of the same kind, such as the five different
versions of the S1 solver with different degrees of randomness (see Table 1).
This shows that SOFAI is able to adapt in dealing with the available solvers/
resources.

Humans have the ability to learn new skills and internalize them to the
point of using themalmost unconsciously (a la S1 solver style). Skill learning
is a fundamental aspect of psychology and refers to the process of acquiring,
developing, and mastering specific abilities. In the cognitive psychology
literature, there are currently various cognitive theories about how skill
learning happens in humans (e.g.,31). Partly drawing from this literature, in

Fig. 3 | Average percentage of use of the S1 and S2 solvers in SOFAI over 10
different grids, with 5 versions of the S1 solver with different levels of random-
ness (pRand). The x-axis shows 500 trajectories, generated over time. When the

S1 solver has access to some informed decisions, its use (invocation) increases over
time and even goes above the percentage of use (invocation) of the S2 solver (when
the randomness of the S1 solver parameter choice—pRand—is below 0.5).
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SOFAI we define skill learning as the ability to go from a reasoning process
such as the one typical of S2 solvers to the experience-based type of problem
solving typical of S1 solvers. In our experiments, our goal was to examine
whether SOFAI could learn new skills in an adaptive way. Indeed,
depending on the task at hand and the types of S1 solvers at its disposal,
SOFAI can transfer knowledge from the S2 solver’s decisions to the S1 solver
by gradually adopting the faster S1 solver to solve the tasks that only the
S2 solver was initially able to solve successfully. Figure 3 indicates that
SOFAI is able to transition over time to using the S1 solver more than the
S2 solver, a behavior that mirrors human skill learning.

Following the approach that sees intelligent thinking as showing
flexibility and adaptability in the production of goal-oriented behavior, we
believe that SOFAI displays traits of intelligence at least in the ways it is able
to leverage its own resources in an effective and adaptable way. These
encouraging results suggest that, as it happens for humans, leveraging dif-
ferent thinking modalities (endowed with different ”values” and char-
acteristics) can produce efficient, adaptable, and resource-aware AI
architectures.

Methods
Thinking fast and slow in humans
Human intelligence has been studied by focusing on at least two levels: the
field of cognitive science focuses on themindwhile the field of neuroscience
focuses on the brain. Both approaches have been adopted in artificial
intelligence (AI) research over the years and led to many cognitive archi-
tectures with interesting emerging behavior, see for example4. In this study,
we propose an approach inspired from knowledge of the humanmind, and
we therefore focus on what cognitive theories tell us about how a human
mind reasons andmakes decisions. In particular, we focus on the ”thinking
fast and slow theory”, defined by D. Kahneman in his book “Thinking, Fast
and Slow”5. In choosing to leverage this cognitive theory, we are inspired by
its versatility and adaptability, as well as the fact that AI techniques can be
broadly categorized into two main classes: data-driven approaches, which
align with “thinking fast,” and knowledge-based approaches, which can be
considered as a form of “thinking slow”.

According to Kahneman’s theory, human decisions are supported and
guided by the cooperation of two kinds of capabilities, that for the sake of

simplicity are called systems: System 1 or “thinking fast,” provides tools for
intuitive, imprecise, fast, and often unconscious decisions, while System2or
“thinking slow”, handlesmore complex situationswhere logical and rational
thinking is needed to reach a complex decision (depicted in Fig. 4). System1
is guidedmainly by intuition rather thandeliberation. It gives fast answers to
simple questions. Such answers are sometimes wrong, mainly because of
unconscious bias or because they rely on heuristics or other shortcuts, and
usually do not come with explanations32. However, System 1 is able to build
models of the world that, although inaccurate and imprecise, can fill
knowledge gaps through experience, allowing us to respond reasonably well
to the many stimuli of our everyday life.

When the problem is too complex for System 1, System 2 kicks in and
solves the task at hand with access to additional computational resources,
full attention, and sophisticated logical reasoning. A typical example of a
problemhandled by System2 is a complex arithmetic calculation or amulti-
criteria optimization problem. In order to engage System 2, humans need to
be able to recognize that a problem goes beyond a threshold of cognitive
difficulty and therefore identify the need to activate more systematic rea-
soning machinery5,33. This recognition comes from another part of human
cognition called ”meta-cognition”, which is the ability to think about our
own thinking and assess our level of knowledge and skills for a specific task3
4–36.

When a problem is recognized by metacognition as being new and/or
difficult to solve, it is usually diverted to System237. Theprocedures System2
adopts become part of the experience that System 1 can later use with little
effort. Thus, over time, some problems, initially solvable only by resorting to
System 2 reasoning, can become manageable by System 1. This phenom-
enon is called ”skill learning”5. A typical example of skill learning is reading
text in our own native language: we start by using only System 2 and then
gradually we rely solely on System1.However, this does not happenwith all
tasks. An example of a problem that never passes to System 1 is finding the
correct solution to complex arithmetic questions. System 1 never acquires
the skill to solve those.We call ”Real-TimeMC” this form of metacognitive
activity that allows us to choose the best decision modality (System 1 or
System 2) to make a decision.

Psychologists, anthropologists, and cognitive scientists seem to agree
that this cognitive flexibility generally allows us to adopt the most effective

Fig. 4 | A graphical representation of System 1 and
System 2 characteristics.
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method to solve problems35. Moreover, this cognitive architecture may
provide us with a way to achieve value alignment: while System 1may drive
us to act instinctively, metacognition is able—often by leveraging the
insights of System 2—to override this instinct and force us to act according
to values and goals that are not yet embedded in our automatic reactions.
Just think of the impulse of eating a large piece of cake: here our metacog-
nition is (often) able to override System 1 to direct us to make a more
rational decision, adopting System 2’s insight that eating too much sugar is
not good for our health. Metacognition is also used to reflect upon past
experiences35. Such intervention can be done in a counterfactual mode,
simulating what would have happened if we had acted in a different way, or
in a learning mode, to use information about past decisions to improve
future ones.

Thinking fast and slow in AI—the SOFAI architecture
SOFAI (for Slow and Fast AI) is a multi-agent AI architecture (see Fig. 1)
that takes inspiration from the dual-process cognitive theory of human
decision-making. The design choices for SOFAI are not intended to mimic
what happens in the human brain at the neurological and physiological
level, but rather to simulate the interaction of the two modalities in human
decision-making. The goal is to build a general software architecture that
can be instantiated to specific decision environments, that can perform
better than each of the twomodalities alone in terms of both decision quality
and time to take the decision, and can also show some of the emergent
behaviors we see in humans, such as skill learning.

SOFAI always includes agents that behave as “fast (S1) solvers”, that
solve problems by relying solely on past experience, hence usually employ a
data-driven approach. SOFAI may also have “slow (S2) solvers”, that solve
problems by reasoning over them, hence usually employ a symbolic rule-
based approach. In this architecture, S1 and S2 solvers are solving the same
task, though they do it in different ways. The architecture also includes a
metacognitive agent (MC) that has three distinct modalities: real-time,
reflective, and learning metacognition.

All these agents are supported by models of the world (that is, the
decision environment), models of possible other agents in the world, and a
model of Self (that is, of themachine itself, including all past decisions,which
agent made them, and their quality), all updated by the MC agent. Notice
thatwe do not assume that S2 solvers are always better (on any performance
criteria) than S1 solvers, or vice versa, analogously to the case in human
reasoning32. Some tasksmay be better handled by S1 solvers, especially once
the system has acquired enough experience on those tasks, and others may
be more effectively solved by S2 solvers. Also, different solvers may have
different strengths and characteristics. For instance, some aremore efficient,
others are more accurate. It is the role of the MC module to decide which
values to prioritize by setting the values of the parameters in its choice-
matrix (Algorithm 1 below).

In the SOFAI architecture, we assume there is an essential asymmetry
between S1 and S2 solvers: while S1 solvers are automatically triggered by
incoming problem instances (analogously to human System 1, which is
activated by default), S2 solvers are never engaged to work on a problem
unless the metacognition explicitly calls them up. Incoming problem
instances first trigger one or more S1 solvers. Once an S1 solver has solved
the problem, the proposed solution and the associated confidence level are
provided to themetacognitive agent. At this point, MC starts its operations.

Here is an explanation of how the MC module operates. If SOFAI is
endowed with a S2 solver able to solve a task, real-time MC will choose
between adopting the S1 solver’s solution or engaging an S2 solver. In this
case, to make its decision, the MC agent assesses the current resource
availability, the expected resource consumption of the S2 solver, the
expected reward for a correct solution for each of the available solvers, as
well as the solution and confidence evaluations coming from the S1 solver.

In order tonotwaste resources at themetacognitive level, theMCagent
also includes two assessment phases (see Algorithm 1): the first one faster
and more approximate, similar to a rapid, unconscious metacognition in
humans38,39, while the second one (to be used only if needed) ismore careful

and resource-costly, analogous to our conscious introspective process40. As
shown in Algorithm 1 below, both instances of MC are algorithmic in
nature.

Besides the real-time activities, the MCmodule also operates between
problem solving phases, through the reflective and the learning MC mod-
ules. Reflective MC simulates S2-only solutions for previously solved pro-
blem instances, comparing them to the actual solutions, and possibly
modifying its internal parameters to make better real-timeMC decisions in
the future. Finally, learningMCupdates themodels and the S1 solvers based
on the recently accumulated decision experience. While real-time MC
decides which solver to use to solve a specific problem instance, reflective
MC updates the real-time MC’s parameters through counterfactual rea-
soning, and learning MC updates solvers and models. The only part of the
SOFAI architecture that is not necessarily updated over time is the
S2 solvers,whichdonot rely on experience but rather reason about the given
problem instance to find a solution.

Metacognition algorithms

Algorithm 1.MC Real-time
Input (Action a, Confidence c, State s, Partial Trajectory t)
1: trustS1 ←min(c, percNoViolation(S1))
2: if reward(t) < 0.95 ⋅ avgReward(s) or trustS1 ≤ ra then
3: expCostS2 expTimeS2

remTime
4: if (expCostS2 > 1) then
5: return a
6: end if
7: if random > (1 − ϵ ⋅ (1− ra)) then
8: With probability 0.5 a ← engageS2(s)
9: return a
10: end if
11: if (expRewS2(s, ra)− expRew(s, a, ra

)) ≥ expCostS2− reflection then
12: a ← engageS2(s)
13: end if
14: end if
15: return a

Algorithm 2.MC Reflection Phase
Input (Percentage p, Trajectories S)
1: end ← ∣S∣
2: start ← end� (1 − p)
3: newS ;
4: for all ti ∈ S[start: end] do
5: newti ← allS2(ti)
6: newS ← newS ∪ {newti}
7: end for
8: scoreDiff ¼PjSj

i ðscoreðS½i�Þ � scoreðnewS½i�ÞÞ
9:maxDiff ¼PjSj

i jscoreðS½i�Þ � scoreðnewS½i�Þj
10: reflection ¼ scoreDiff

maxDiff
11: return reflection

Wenow illustrate in detail the operation of real-timemetacognition (which
arbitrates between S1 and S2 solvers) and of reflective metacognition.

Algorithm1 shows thepseudo-code for real-timeMC.Givenanactiona
selectedby theS1 solver, its confidencec, the current state of the grid s, and the
partial trajectory already generated t, real-timeMCdecideswhether to return
the proposed action or to engage the S2 solver and return the action decided
by this solver. To do that, first, in line 1, it computes the trust in the S1 solver
(trustS1) as the minimum value between the solver’s confidence (c) and the
percentage ofmoves done by the S1 solver in the past that did not violate any
constraint (percNoViolation). In line 2,MC checks if it can simply return the
move proposed by the S1 solver or it should consider engaging the S2 solver.
This is done by checking two conditions: whether the reward accumulated by
thecurrent trajectory t isworse than the average rewardup to the current state
s (with a small tolerance, set to 0.95 in our experiments), and if the lever of
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trust in S1 solver is not higher than the risk aversion in the current decision
environment.Risk aversion (ra) is a parameterwithin theSOFAIarchitecture
that signifies the potential severity of decision outcomes, highlighting the
importanceofmakingaccuratedecisions toavoidnegative consequences. If at
least one of these two conditions is satisfied, MC considers the use of the
S2 solver; otherwise, it just returns theS1 solver’smove (line14). Lines3-4-5-6
check if the systemhas enough time to run the S2 solver. SOFAI is assumed to
start with a certain time allocation, which is consumed every time some
operation is done (remTime). Line 3 computed the expected cost of the
S2 solver (expCost(S2)) as the expected time to run it divided by the SOFAI
remaining time. Line 4 checks if there is no time to execute the S2 solver. In

this case,MC returns the S1 solver’smove. Line 7-8-9 choose between S1 and
S2 solvers with a very small probability, which becomes smaller with the
increase of the risk aversion level. This is done to ensure some exploration in
choosing the solver touse. Line10 is the core comparisonof thepros andcons
of returning the move a proposed by the S1 solver or engaging the S2 solver.
On the one hand, at the left of the inequality, we have the difference between
the expected reward of engaging the S2 solver in the current state and the
actionproposedby the S1 solver.Notice that the expected rewarddepends on
the risk aversion, since a high value of this parameter is used to amplify the
penalties of the violated constraints. If we expect the S2 solver to give a higher
reward, on theother hand,wehave topay aprice,which is the cost of running

Table 3 | Ablation analysis, varying the value of the tolerance with 3 constrained actions

pRand = 1 pRand = 0.75 pRand = 0.5 pRand = 0.25 pRand = 0

S1 solver Avg. Time (ms) 0.34 (0.56) 1.61 (1.7) 1.59 (1.51) 1.69 (1.95) 11.24 (26.2)

Avg. reward −2452.34 (1760.79) −1010.94 (916.45) −575.27 (602.68) −424.45 (551.9) −833.13 (1017.25)

Avg. length 75.92 (52.1) 33.62 (28.43) 20.81 (19.24) 17.26 (19.04) 38.86 (43.27)

Avg. Viol. Constr. 22.39 (31.98) 9.2 (15.0) 5.21 (9.37) 3.77 (8.07) 7.05 (14.96)

S2 solver Avg. Time (ms) 63.03 (47.54) 63.03 (47.54) 63.03 (47.54) 63.03 (47.54) 63.03 (47.54)

Avg. reward −40.26 (54.48) −40.26 (54.48) −40.26 (54.48) −40.26 (54.48) −40.26 (54.48)

Avg. length 7.11 (4.98) 7.11 (4.98) 7.11 (4.98) 7.11 (4.98) 7.11 (4.98)

Avg. Viol. Constr. 0.38 (0.89) 0.38 (0.89) 0.38 (0.89) 0.38 (0.89) 0.38 (0.89)

Avg. Perc. Use S2 1.0 (0.0) 1.0 (0.0) 1.0 (0.0) 1.0 (0.0) 1.0 (0.0)

SOFAI t2 = 0.5 Avg. Time (ms) 20.98 (45.71) 21.98 (31.78) 20.96 (38.43) 15.0 (35.53) 8.31 (14.51)

Avg. reward −2346.9 (1805.86) −629.67 (461.66) −290.84 (224.91) −137.4 (128.97) −41.39 (74.11)

Avg. length 73.84 (53.03) 24.64 (16.67) 15.45 (10.48) 11.88 (9.63) 9.5 (14.32)

Avg. Viol. Constr. 21.37 (31.45) 5.6 (7.97) 2.45 (3.63) 0.99 (1.73) 0.09 (0.34)

Avg. Perc. Use S2 0.07 (0.14) 0.11 (0.14) 0.13 (0.15) 0.13 (0.15) 0.11 (0.17)

SOFAI t2 = 0.95 Avg. Time (ms) 64.54 (49.35) 49.6 (44.47) 36.4 (41.39) 27.31 (39.38) 11.97 (23.42)

Avg. reward −429.75 (249.84) −262.42 (148.05) −160.82 (110.41) −104.1 (92.81) −38.42 (59.74)

Avg. length 20.56 (11.26) 15.13 (8.43) 12.26 (7.52) 11.44 (9.0) 8.81 (11.7)

Avg. Viol. Constr. 3.67 (4.59) 2.16 (2.66) 1.22 (1.69) 0.66 (1.11) 0.09 (0.34)

Avg. Perc. Use S2 0.37 (0.18) 0.33 (0.18) 0.31 (0.2) 0.25 (0.2) 0.15 (0.19)

SOFAI t2 = 1 Avg. Time (ms) 63.99 (45.47) 51.53 (46.53) 37.43 (34.95) 27.33 (29.9) 12.45 (24.25)

Avg. reward −415.18 (238.82) −244.34 (143.5) −148.84 (98.86) −95.99 (87.81) −40.58 (65.57)

Avg. length 19.96 (10.79) 14.6 (7.9) 11.88 (6.59) 11.06 (8.19) 9.23 (12.97)

Avg. Viol. Constr. 3.55 (4.41) 1.99 (2.5) 1.11 (1.52) 0.59 (1.04) 0.09 (0.34)

Avg. Perc. Use S2 0.38 (0.18) 0.37 (0.18) 0.33 (0.2) 0.27 (0.21) 0.16 (0.19)

SOFAI REF t2 = 0.5 Avg. Time (ms) 23.05 (34.68) 24.93 (36.73) 23.26 (40.2) 21.12 (39.04) 13.34 (36.48)

Avg. reward −2381.86 (1838.78) −648.65 (481.49) −277.1 (216.26) −127.33 (120.01) −46.14 (95.83)

Avg. length 74.12 (53.68) 25.48 (17.77) 14.8 (10.25) 11.48 (8.87) 9.92 (19.21)

Avg. Viol. Constr. 21.72 (31.91) 5.76 (8.18) 2.34 (3.42) 0.9 (1.56) 0.13 (0.43)

Avg. Perc. Use S2 0.07 (0.14) 0.12 (0.13) 0.17 (0.13) 0.2 (0.15) 0.16 (0.18)

SOFAI REF t2 = 0.95 Avg. Time (ms) 69.57 (46.45) 53.75 (47.52) 43.31 (47.55) 37.31 (44.43) 18.96 (27.24)

Avg. reward −397.6 (242.45) −241.46 (142.31) −153.55 (108.12) −94.0 (91.56) −44.29 (80.56)

Avg. length 19.49 (11.02) 14.65 (8.38) 11.9 (7.49) 10.27 (7.6) 9.79 (16.51)

Avg. Viol. Constr. 3.38 (4.24) 1.96 (2.42) 1.16 (1.57) 0.61 (1.08) 0.11 (0.37)

Avg. Perc. Use S2 0.42 (0.18) 0.41 (0.19) 0.39 (0.21) 0.38 (0.23) 0.24 (0.23)

SOFAI REF t2 = 1 Avg. Time (ms) 70.05 (52.97) 55.03 (43.44) 46.51 (40.27) 37.26 (42.37) 19.32 (38.7)

Avg. reward −351.27 (211.5) −231.46 (148.21) −141.93 (96.43) −92.06 (93.35) −42.21 (75.94)

Avg. length 18.2 (10.48) 14.34 (8.13) 11.5 (6.62) 10.19 (6.91) 9.31 (15.05)

Avg. Viol. Constr. 2.96 (3.67) 1.87 (2.4) 1.06 (1.41) 0.59 (1.15) 0.11 (0.36)

Avg. Perc. Use S2 0.45 (0.18) 0.43 (0.2) 0.44 (0.22) 0.39 (0.24) 0.24 (0.24)

The analysis is performed with and without the reflection phase. ”SOFAI REF” refers to agents that employed the reflection phase.
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the S2 solver. So, itmakes sense to choose theS2 solver only if this difference is
higher than theexpectedcost.Note that the costof running theS1 solver isnot
considered here, since the S1 solver has already computed a move. The
variable reflection is used to convey the results of anMC reflection phase (see
Algorithm 2): its value is positive when the trajectories generated during the
MC reflection phase (that uses only the S2 solver) are better than those
actually generated by the SOFAI system. If so, its impact in line 10 is to
increase the probability that MC activates the S2 solver.

Algorithm 2 describes the steps of reflective MC, which considers a
percentage (given by input parameter p) of the previously generated

trajectories (in set S), identified in lines 1-2-3, recomputes them using only
the S2 solver (lines 4-5-6-7), and compares the simulated S2-only trajec-
tories with the actual trajectories generated by SOFAI. This is done in line 8
by computing the sum of the differences of the scores of each pair of
trajectories (and the old one and the corresponding S2-only newly gener-
ated). The score of a trajectory is computed (not shown in the algorithm) by
multiplying its reward (that is, a negative number derived by the accumu-
lated penalties for the violated constraints) by its length. A higher score
signifies a trajectory that violates fewer constraints or is shorter. Line 10
normalizes the score difference computed in line 8 by dividing it by the

Table 4 | Ablation analysis, varying the value of the tolerance with 4 constrained actions

pRand = 1 pRand = 0.75 pRand = 0.5 pRand = 0.25 pRand = 0

S1 solver Avg. Time (ms) 0.35 (0.58) 1.86 (2.8) 1.76 (1.98) 1.64 (1.81) 12.84 (28.13)

Avg. reward −2907.86 (2037.73) −1191.58 (1075.82) −667.58 (685.78) −503.05 (640.36) −1234.33 (1252.34)

Avg. length 76.37 (51.88) 33.08 (28.34) 19.85 (18.27) 16.38 (18.27) 44.8 (44.61)

Avg. Viol. Constr. 27.38 (38.57) 11.22 (18.17) 6.27 (11.08) 4.69 (9.72) 11.21 (20.24)

Avg. Perc. Use S2 0.0 (0.0) 0.0 (0.0) 0.0 (0.0) 0.0 (0.0) 0.0 (0.0)

S2 solver Avg. Time (ms) 101.44 (169.59) 101.44 (169.59) 101.44 (169.59) 101.44 (169.59) 101.44 (169.59)

Avg. reward −157.71 (403.54) −157.71 (403.54) −157.71 (403.54) −157.71 (403.54) −157.71 (403.54)

Avg. length 10.36 (16.88) 10.36 (16.88) 10.36 (16.88) 10.36 (16.88) 10.36 (16.88)

Avg. Viol. Constr. 2.62 (7.4) 2.62 (7.4) 2.62 (7.4) 2.62 (7.4) 2.62 (7.4)

Avg. Perc. Use S2 1.0 (0.0) 1.0 (0.0) 1.0 (0.0) 1.0 (0.0) 1.0 (0.0)

SOFAI t2 = 0.5 Avg. Time (ms) 21.46 (91.87) 23.2 (89.83) 22.23 (85.58) 18.25 (76.27) 29.1 (79.05)

Avg. reward −2774.78 (2073.07) −885.94 (692.48) −414.21 (386.4) −232.24 (279.32) −206.19 (334.74)

Avg. length 74.0 (52.83) 27.84 (22.22) 16.14 (16.47) 13.33 (16.01) 46.58 (74.59)

Avg. Viol. Constr. 26.08 (37.73) 8.22 (12.07) 3.76 (6.06) 1.95 (3.85) 0.24 (0.84)

Avg. Perc. Use S2 0.05 (0.12) 0.08 (0.13) 0.1 (0.13) 0.12 (0.14) 0.08 (0.15)

SOFAI t2 = 0.95 Avg. Time (ms) 71.37 (102.1) 51.99 (95.65) 36.68 (81.2) 28.42 (83.68) 34.24 (94.08)

Avg. reward −1064.19 (837.54) −499.03 (403.23) −297.01 (280.31) −210.63 (331.71) −216.38 (374.74)

Avg. length 35.26 (25.64) 19.56 (15.58) 14.49 (13.68) 13.4 (17.58) 44.31 (71.31)

Avg. Viol. Constr. 9.76 (14.43) 4.5 (6.67) 2.59 (4.25) 1.72 (4.33) 0.4 (2.35)

Avg. Perc. Use S2 0.24 (0.19) 0.23 (0.18) 0.23 (0.19) 0.21 (0.2) 0.11 (0.17)

SOFAI t2 = 1 Avg. Time (ms) 70.18 (98.2) 53.73 (92.78) 37.75 (70.75) 27.76 (74.61) 33.54 (82.87)

Avg. reward −961.34 (842.16) −508.3 (443.72) −295.28 (327.13) −212.42 (346.64) −206.07 (338.09)

Avg. length 32.41 (25.45) 20.01 (16.23) 14.54 (14.4) 13.72 (17.53) 44.39 (70.8)

Avg. Viol. Constr. 8.8 (13.85) 4.58 (7.16) 2.57 (4.69) 1.72 (4.47) 0.31 (1.04)

Avg. Perc. Use S2 0.27 (0.2) 0.25 (0.19) 0.25 (0.2) 0.2 (0.2) 0.12 (0.18)

SOFAI t2 = 0.5 Avg. Time (ms) 25.34 (86.55) 28.35 (90.77) 22.98 (80.01) 21.83 (78.09) 48.99 (120.86)

Avg. reward −2715.53 (2071.2) −844.74 (678.13) −394.37 (338.52) −219.35 (272.97) −215.78 (369.58)

Avg. length 72.56 (52.83) 27.0 (22.38) 15.84 (15.07) 12.58 (14.97) 42.17 (70.03)

Avg. Viol. Constr. 25.52 (37.12) 7.83 (11.53) 3.56 (5.4) 1.85 (3.73) 0.35 (1.09)

Avg. Perc. Use S2 0.06 (0.12) 0.11 (0.12) 0.13 (0.13) 0.16 (0.14) 0.14 (0.18)

SOFAI REF t2 = 0.95 Avg. Time (ms) 74.04 (107.44) 55.34 (91.41) 43.46 (89.32) 34.49 (80.98) 57.17 (129.44)

Avg. reward −1051.17 (805.78) −467.02 (402.35) −292.19 (311.38) −195.66 (326.78) −210.71 (362.23)

Avg. length 34.53 (24.86) 19.18 (15.87) 14.62 (14.8) 12.58 (17.8) 41.86 (69.07)

Avg. Viol. Constr. 9.66 (13.88) 4.18 (6.38) 2.53 (4.47) 1.6 (4.07) 0.4 (1.35)

Avg. Perc. Use S2 0.25 (0.19) 0.29 (0.19) 0.29 (0.21) 0.28 (0.22) 0.21 (0.23)

SOFAI REF t2 = 1 Avg. Time (ms) 78.4 (103.24) 57.74 (103.71) 42.06 (84.09) 35.67 (86.01) 55.4 (121.75)

Avg. reward −905.98 (670.01) −454.15 (391.36) −286.52 (332.94) −207.31 (350.91) −216.19 (358.61)

Avg. length 31.35 (22.58) 18.93 (16.25) 14.26 (15.09) 12.75 (17.18) 43.72 (71.68)

Avg. Viol. Constr. 8.27 (11.6) 4.05 (6.13) 2.49 (4.61) 1.71 (4.47) 0.38 (0.9)

Avg. Perc. Use S2 0.28 (0.19) 0.31 (0.2) 0.29 (0.22) 0.28 (0.23) 0.22 (0.25)

The analysis is performed with and without the reflection phase. ”SOFAI REF” refers to agents that employed the reflection phase.

https://doi.org/10.1038/s44387-025-00027-5 Article

npj Artificial Intelligence |            (2025) 1:27 9

www.nature.com/npjAI


maximumscoredifference obtainedby taking the sumof the absolute values
(line 9) and generates the value for the ”reflection” variable, which is used in
Algorithm 1.

S2 in SOFAI and MDFT
The instanceof SOFAIwepresented above for our experimentshasonlyone
S2 solver, which is based on the Multi-alternative Decision Field Theory
(MDFT)30. This theorymodels preferential choice as amulti-step sequential
sampling process simulating a the decision maker engaging in an in depth
deliberation process duringwhich they attend to specific attributes to derive
comparisons among options and update their preferences accordingly.
Ultimately, the accumulation of those preferences informs the decision
maker’s choice. More specifically, in MDFT, an agent is confronted with
multiple options and equipped with an initial personal evaluation for them
along different criteria, called attributes.

Given set of options O = {o1, …, ok} and set of attributes A = {A1, …,
AJ}, the subjective value of option oi on attribute Aj is denoted by mij and
stored inmatrixM. In our grid setting, there is oneMmatrix for each cell of
the grid, the options are the available moves, and the attributes are the
estimated quality of each move with respect to maximizing constraint
satisfaction and minimizing trajectory length.

Attention weights are used to express the attention allocated to each
attribute at a particular time t during the deliberation. We denote them by
vectorW(t) whereWj(t) represents the attention to attribute j at time t. We
adopt the common simplifying assumption that, at each point in time, the
decision maker attends to only one attribute30. Thus, Wj(t)∈ {0, 1} and
∑jWj(t) = 1, ∀ t, j. In our setting, we have two attributes, so at any point in
time twe will haveW(t) = [1, 0], orW(t) = [0, 1], representing attention on
constraint satisfaction or length minimization. The attention weights
change across time according to a stationary stochastic process with prob-
ability distributionw, wherewj is the probability of attending to attributeAj.
In our setting, the attention weights model the preferences over the two
attributes (maximizing constraint satisfaction and minimizing trajectory
length). For example, defining w1 = 0.55 and w2 = 0.45 would mean that at
each point in time, we will be attending to constraint satisfaction with
probability 0.55 and to length minimization with probability 0.45.

In our setting, for each state reached by a trajectory, we define the
weights for the MDFT instance corresponding to that state by computing
the normalized difference between the length of the current trajectory and
the average expected length for trajectories reaching that state. This is the
first attention weight (the one referring to minimizing trajectory’s length),
the other one being the complement to 1 of this weight.

Contrast matrixC is used to compute the advantage (or disadvantage)
of an option with respect to the other options. In theMDFT literature30,41,42,
C is defined by contrasting the initial evaluation of one option against the
average of the evaluations of the others. In our setting, we adopt this stan-
dard contrast matrix.

At anymoment in time, each option is associated with a valence value.
The valence for option oi at time t, denoted vi(t), represents its momentary
advantage (or disadvantage) when compared with other options on some
attribute under consideration. The valence vector for k options o1,…, ok at
time t, denoted by column vector VðtÞ ¼ ½v1ðtÞ; . . . ; vkðtÞ�T , is formed by
V(t) =C ×M ×W(t).

Preferences for each option are accumulated across the iterations of the
deliberationprocess until a decision ismade.This is donebyusingFeedback
MatrixS, which defines how the accumulated preferences affect the pre-
ferences computed at the next iteration. This interaction depends on how
similar the options are in terms of their initial evaluation expressed in M.
Intuitively, the new preference of an option is affected positively and
strongly by the preference it had accumulated so far, while it is inhibited by
the preference of similar options. This lateral inhibition decreases as the
dissimilarity between options increases.

At any moment in time, the preference of each option is calculated by
P(t+ 1) = S × P(t)+V(t+ 1) where S × P(t) is the contribution of the past
preferences and V(t+ 1) is the valence computed at that iteration. Starting

withP(0) = 0, preferences are then accumulated for either a fixed number of
iterations (and the optionwith the highest preference is selected) or until the
preference of an option reaches a given threshold. In our setting, we choose
to use a threshold.

Ablation analysis
In Tables 3 and 4, we report all the results about the experiments. All
experiments in the appendix were conducted on an Apple MacBook Pro
equippedwith anM3 chip and 16GB of RAM, using Python version 3.11.5.
For SOFAI, we varied the value of the tolerance reported as t2. In the table,
“SOFAI REF” refers to agents that employed the reflection phase. It can be
noticed that, as expected, smaller tolerance values lead to fewer S2 solver
calls, resulting in lower average computation times but reduced perfor-
mance in terms of trajectory length and accumulated reward. Conversely,
increasing the tolerance results in more frequent use of the S2 solver,
yielding better trajectories (i.e., higher rewards, shorter lengths, and fewer
constraint violations) at the cost of greater computational effort. Moreover,
our results show that the reflection phase itself significantly improves the
overall performance of the system. When the reflection mechanism is
adopted, we observe consistent improvements across all evaluationmetrics,
regardless of the tolerance setting. This confirms the utility of reflection in
enhancing the agent’s decision-making capabilities.

Data availability
All data, including the grids onwhichwe run the experiments, are generated
within our project and are available at https://github.com/aloreggia/sofai.

Code availability
The code described in this paper for all the experiments is publicly available
under MIT License at the following link https://github.com/aloreggia/sofai.
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