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Abstract

The discovery of exoplanets represents one of the greatest scientific revolutions in
history, and exoplanetary science has rapidly become uniquely positioned to address
profound questions about the origins of life, and about humanity’s place (and future)
in the cosmos. Since the discovery of the first exoplanet over two decades ago,
the radial velocity (RV) method has been one of the most productive techniques
for discovering new planets. It has also become indispensable for characterising
exoplanets detected via other techniques, notably transit photometry. Unfortunately,
signals intrinsic to stars themselves – especially magnetic activity signals – can
induce RV variations that can drown out or even mimic planetary signals. Modelling
and thus mitigating these signals is notoriously difficult, which represents a major
obstacle to using next-generation instruments to detect lower mass planets, planets
with longer periods, and planets around more magnetically-active stars. Enter
Gaussian processes (GPs), which have a number of features that make them very
well suited to the joint modelling of stochastic activity processes and dynamical
(e.g. planetary) signals. In this thesis, I leverage GPs to enable the study of
smaller planets around a wider variety of stars than has previously been possible. In
particular, I develop a principled and sophisticated Bayesian framework, based on
GPs, for modelling RV time series jointly with ancillary activity-sensitive proxies,
thus allowing activity signals to be constrained and disentangled from genuine
planetary signals. I show that my framework succeeds even in cases where existing
techniques would fail to detect planets, e.g. the case of a weak planetary signal
with period identical to its host star’s rotation period. In a first application of
the framework, I demonstrate that Alpha Centauri Bb – until 2016, thought to
be the closest exoplanet to Earth, and also the lowest minimum-mass exoplanet
around a Sun-like star – was, in fact, an astrophysical false positive. Next, I use the
framework to re-characterise the well-studied Kepler-10 system, thereby resolving
a mystery surrounding the mass of planet Kepler-10c. I also use the framework
to help discover or characterise various exoplanets. Finally, the activity modelling
framework aside, I also present in outline form a few promising applications of GPs
in the context of modelling stellar signals and studying exoplanets, viz. GPs for
(i) enhanced characterisation of stellar rotation; (ii) generating realistic synthetic
observations, and modelling in a systematic way the effects of an observing window
function; and (iii) ultra-precise extraction of RV shifts directly from observed
spectra, without requiring template cross-correlation.
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A time will come when men will stretch out their
eyes. They should see planets like our Earth.

— Sir Christopher Wren, in his inaugural lecture as
Professor of Astronomy at Gresham College (1657).

1
Introduction

Contents
1.1 Context and motivation . . . . . . . . . . . . . . . . . . 1
1.2 Contribution . . . . . . . . . . . . . . . . . . . . . . . . . 6
1.3 Thesis structure . . . . . . . . . . . . . . . . . . . . . . . 9
1.4 A personal note . . . . . . . . . . . . . . . . . . . . . . . 10

1.1 Context and motivation

In September 1977, NASA launched Voyager 1, a robotic spacecraft on a mission

to study the Outer Solar System through flybys of Jupiter, Saturn, and Saturn’s

largest moon, Titan. In February 1990, having crossed the orbits of Neptune and

Pluto, and a decade after the successful completion of its primary mission, Voyager

1 was rotated to look back at Earth, and instructed to capture a final series of

images before its cameras were permanently powered down. The 60 frames thus

acquired formed a so-called ‘Family Portrait’ of the Solar System, and included

Venus, Earth, Jupiter, Saturn, Uranus, Neptune, and the Sun (itself just a single

pixel!), all set against a vast expanse of space.1

1Mercury was too close to the Sun to be seen. Mars was obscured by scattered sunlight, and
Pluto was too faint to be imaged.

1
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Figure 1.1: ‘Pale Blue Dot’: a photograph taken in 1990 by the Voyager 1 space probe.
The left panel shows the original photograph; the right panel is the same photograph,
but with contrast enhanced, and zoomed in to the upper right quadrant. The blue circle
encloses, among other pixels, a relatively bright speck of light, 0.12 pixels across: planet
Earth, as seen from a distance of 6 billion km. (Public-domain NASA image.)

.

One of the frames comprising the Family Portrait features a tiny, blueish-

white speck (just 0.12 px across, in an image comprising 640000 px), suspended

precariously among giant bands of sunlight scattered by the optics of Voyager 1 ’s

camera; see Fig. 1.1. This blueish-white speck – famously referred to as the ‘Pale

Blue Dot – is Earth, seen from a distance of approximately 6 billion km.

In a public lecture at Cornell University in 1994, the late Carl Sagan (at whose

request the Family Portrait series was captured in the first place) offered eloquent

reflections on the significance of this awe-inspiring image:

‘We succeeded in taking that picture, and, if you look at it, you see a
dot. That’s here. That’s home. That’s us. On it, everyone you ever
heard of, every human being who ever lived, lived out their lives. The
aggregate of all our joys and sufferings, thousands of confident religions,
ideologies and economic doctrines, every hunter and forager, every hero
and coward, every creator and destroyer of civilisations, every king and
peasant, every young couple in love, every hopeful child, every mother
and father, every inventor and explorer, every teacher of morals, every
corrupt politician, every superstar, every supreme leader, every saint
and sinner in the history of our species, lived there – on a mote of dust,
suspended in a sunbeam.
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‘[...] Our posturings, our imagined self-importance, the delusion that we
have some privileged position in the Universe, are challenged by this
point of pale light. Our planet is a lonely speck in the great enveloping
cosmic dark.

‘[...] To my mind, there is perhaps no better demonstration of the folly
of human conceits than this distant image of our tiny world. To me, it
underscores our responsibility to deal more kindly and compassionately
with one another and to preserve and cherish that pale blue dot, the
only home we’ve ever known.’

With these words, Sagan underscored the stark and poignant contrast between

the gravity we attach to human life and endeavour, and the objective tininess

and fragility of our planet (and by extension, humanity). The ‘Pale Blue Dot’

photograph has had a deep and lasting cultural impact, and it continues to be

celebrated nearly three decades after it was captured. Yet if this humbling vision

of our planet as a tiny dot set against the vastness of space did anything to shift

humanity’s view of Earth’s place in the Universe, an utterly profound rethinking

was to be precipitated within just a few years.

At the time that Voyager 1 captured the ‘Pale Blue Dot’ image, humans

didn’t know whether there were any planets orbiting stars other than the Sun (i.e.

exoplanets). Despite our millenia-old quest to understand our place in the cosmos,

the only planetary system we’d ever managed to observe or study was our own

Solar System. For some perspective, even until 2015, we had little idea what the

surface of dwarf planet Pluto looked like (see Fig. 1.2), and Pluto is five thousand

times times closer to Earth than Proxima Centauri, the closest star to the Sun.

Then, in 1992, the first confirmed detection of a planet outside the Solar System

was made, with the discovery of two low-mass bodies around PSR B1257+12, a

pulsar some 2300 ly from the Sun (Wolszczan and Frail, 1992). The first confirmation

of an exoplanet orbiting a main-sequence star followed in 1995, when a giant planet

was found on a 4 d orbit around the Sun-like star 51 Pegasi, just 50.9 ly from Earth

(Mayor and Queloz, 1995). And thus the exoplanet revolution began.
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Figure 1.2: The highest resolution images of Pluto circa early 2015 were unable to
resolve features smaller than several hundred km across, as in the Hubble Space Telescope
image on the left; yet even Pluto is thousands of times closer to Earth than the nearest
possible exoplanet! Knowledge of Pluto’s surface geology and composition came only in
July 2015, with the New Horizons spacecraft’s flyby. The colour-composite image on the
right was captured about 12, 500 km from Pluto, and in full 64-mp resolution resolves
details on scales of ∼ 1 km. (Public-domain NASA images.)

.

Fast forward to 2017, and quite remarkably, we now know of more than 3500

exoplanets orbiting more than 2600 different stars.2 Moreover, exoplanets are

no longer simply being discovered: we’re even characterising their atmospheres

(Seager and Deming, 2010), starting to infer spatial inhomogeneities on their

surfaces (Demory et al., 2016; Cowan and Fujii, 2017), hunting for exomoons

(Kipping et al., 2015), and more. Suffice it to say that this breathtaking progress

has been predicated on equally remarkable advances in scientific instrumentation,

astrophysical knowledge, computing power, and tools for statistical inference.

To date, the two most productive techniques for discovering and characterising

exoplanets have been transit photometry and Doppler spectroscopy, also known

as the radial velocity (RV) method. The former method is based on very regular,

high-precision monitoring of the brightness of distant stars; an orbiting exoplanet
2Based on counts as of 1 June 2017 from the NASA Exoplanet Archive, available online at

exoplanetarchive.ipac.caltech.edu.

exoplanetarchive.ipac.caltech.edu
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periodically eclipsing a star will cause minute, periodic dips in the brightness of

that star. The latter method is based on observing tiny but periodic Doppler

shifts in the light emitted by distant stars; the Doppler shifts are a consequence

of the gravitational tug of one or more massive bodies (e.g. exoplanets, other

stars) orbiting an observed star.

For many years, the RV method was responsible for far more exoplanet detections

than any other technique. More recently, however, transit photometry has taken the

lead, thanks to the spectacular success of NASA’s Kepler satellite. Nevertheless, the

two methods are strongly complementary: in particular, the RV method is generally

needed to constrain the masses (and by extension, likely compositions, scale heights

of potential atmospheres, etc.) of planet candidates detected via transit photometry.

Suffice it to say that humanity’s ideas about our place in the Universe would be

profoundly and irrevocably changed if we could confirm that our galaxy harbours a

population of planets just like the Earth around stars similar to the Sun — to say

nothing of the seismic shifts that would be triggered by discovering signatures of

extra-terrestrial life in the Universe. Given the limitations of the techniques and

instruments used to discover exoplanets, however, the overwhelming majority of

known exoplanets are much larger than the Earth, and orbit very close to their host

stars. Thus they are fundamentally different to the planets of our Solar System,

and true Earth-analogue planets remain elusive.

Modern telescopes, photometers, and RV spectrographs do make it possible,

in principle, to detect even the exquisitely tiny signals of Earth-like exoplanets.

Unfortunately, however, stars themselves present us with enormous obstacles to

detecting and studying these exoplanets.

Far from being static objects waiting patiently to be observed, typical stars are

moving relative to the Earth, oscillating (e.g. on account of turbulent convection

in their outer layers), covered in complex and continually-shifting patterns of

convective cells, and violently ejecting plasma into space. All stars rotate; the

faster rotators have stronger magnetic fields, which in turn lead to so-called ‘stellar

activity’ phenomena (i.e. phenomena related to the presence of magnetic fields)
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such as dark spots and bright faculae, which seem to appear stochastically, then

grow, persist for some time, and decay again. Long-term, cyclical variations in

magnetic activity levels complicate the picture yet further.

The upshot is that signals intrinsic to stars themselves can not only drown out

but – especially in the case of activity signals – even mimic the signatures of genuine

exoplanets. Thus it is imperative that we learn to understand and model all of

these stellar signals as well as possible if we are to detect and study the smallest

exoplanets, including potential populations of Earth-like exoplanets.

This, then, establishes the broad context for this thesis — the primary objective

of which is the development and application of improved techniques for modelling and

understanding the signals of ‘active’ stars (meaning, to a lesser or greater extent,

almost all stars), specifically to enhance our ability to detect and characterise

exoplanets around these stars.

1.2 Contribution

Much of the work in this thesis draws heavily on a type of stochastic process

model known as a Gaussian process, or GP; an in-depth introduction to GPs is

provided in the next chapter of this thesis. Importantly, GPs turn out to provide a

very convenient and powerful framework for placing probability distributions on

functions, rather than just on (say) the parameters of a given function.

Thus, if we’re able to formulate physically motivated prior distributions over

functions, then we can infer ‘optimal’ functions or models from real data. This

facilitates a far more principled, data-driven approach to modelling and model

selection than simply assuming a parametric model that might be grossly inadequate

or even somewhat arbitrary, and then optimising the parameters of that ad hoc

model. Unfortunately, that’s exactly the approach to modelling that most exoplanet

hunters have, until recently at least, had to adopt when confronted with stellar

activity signals in their data. In many cases, these ad hoc models have been as

crude as treating stellar activity signals as additive white (uncorrelated) noise.
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Given that stellar signals have been known to be mistaken for planetary signals,

the assumption of e.g. a white noise model is manifestly unfounded.

The most substantial scientific contribution contained in this thesis is a novel

framework I developed, based on an advanced application of GPs, for modelling

stellar activity signals jointly with exoplanetary signals in RV and other time

series data. My framework offers a number of advantages over more traditional

modelling approaches, including (1) eschewing ad hoc parametric models, and

instead allowing marginalisation over an infinitely-large family of competing activity

models; (2) allowing prior physical knowledge of a given star’s activity properties

to be incorporated into the modelling; (3) allowing multiple different types of

observational data to be modelled jointly, e.g. RV, photometry, and activity-sensitive

spectral line profile diagnostics; and, ultimately, (4) often allowing exoplanet signals

to be unambiguously disentangled from stellar ones, where existing modelling

approaches would’ve failed. In short, my framework represents a principled and

effective approach to detecting smaller planets around a wider variety of stars

than was previously possible.

The thesis also presents a number of significant applications, in each case focused

primarily on RV data, of the aforementioned GP framework.

In a first application, I use the framework (along with various other analytical

tools) to demonstrate that Alpha Centauri Bb – until early 2016, thought to be the

closest exoplanet to Earth, and also the lowest minimum-mass exoplanet around

a Sun-like star – is, in fact, almost certainly an astrophysical false positive. This

result has been of significant interest to the broader exoplanet community, and

has been featured widely in the popular media.

In a second application, I use the framework to re-characterise the Kepler-10

system, heretofore known to host at least two significant exoplanets: Kepler-10b,

the first confirmed rocky exoplanet, and Kepler-10c, which in turn has proven

something of an enigma. Initial characterisation of the latter planet suggested

a remarkably large mass, given its radius, and appeared to point to a new class

of denser planets with longer orbital periods. However, subsequent observations
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and analysis could not confirm Kepler-10c’s high mass; moreover, masses derived

using RVs from two different RV spectrographs were strikingly incompatible at a

3σ level. Through careful application of my GP framework, I present a plausible

resolution of the Kepler-10c mass discrepancy, fully reconciling the RVs from

different instruments, and incidentally, strengthening existing evidence for a third

planet in the Kepler-10 system.

In a third and final application, I use the framework to help detect and

characterise various exoplanets, viz. HD 175607b, Kepler-37d, and Kepler-538b.

HD 175607b is a non-transiting planet whose orbital period appears identical to

the rotation period of its host star; using the GP framework allows the stellar

signal to be identified, leading to a secure detection of the planet. At the time

of this analysis, HD1175607 held the distinction of being the most metal-poor

Sun-like star known to host a planet, and the discovery could have implications

for planet formation theories. Kepler-37d and Kepler-538b, on the other hand,

are both transiting super-Earths; I employ my GP framework to facilitate the

characterisation of these planets in the face of apparent activity signals from their

host stars. Both stars thus characterised contributed to the relatively small number

of long-period transiting planets with accurately constrained masses.3

A theme that features strongly (albeit unexpectedly) in the first and second

applications outlined above is the relevance of sampling, i.e. the conversion of a

continuous signal into a discrete one through a finite number of observations. In

both the α Cen B and Kepler-10 cases, I conclude that principled modelling of

stellar signals is by itself not enough to permit meaningful (let alone accurate) planet

detection and characterisation; a thorough understanding of the effects of a discrete

observing window (especially in the case of multiple interfering signals, e.g. stellar

plus planetary signals) is often also essential, as is rigorous model comparison. The

tests I suggest and the recommendations I make on the basis of these findings have
3Over the course of my doctoral studies, I also found various applications for the framework I

deemed not interesting or significant enough for inclusion in this thesis, such as straightforward
verifications of known planet parameters, as e.g. seemed to be the case when I applied the
framework to Proxima Centauri RVs (Anglada-Escudé et al., 2016).
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relevance to the analysis of existing time series data – not necessarily exoplanet-

related – as well as to the design of future observing programmes.

Finally, stellar activity and sampling considerations aside, the thesis outlines

a few other promising applications of GPs in the context of modelling stellar

signals and studying exoplanets: (1) using GPs to study stellar rotation; (2) using

GPs to generate realistic synthetic observations, e.g. to aid in devising optimal

observing strategies; and (3) using GPs to extract RVs directly from observed

stellar spectra, without requiring cross-correlation with a template spectrum. Given

length restrictions, and that all of these applications remain ‘works in progress,’

each application is sketched only very briefly. I expect that when developed to

maturity, the third application, in particular, will have the potential to make a

significant impact on the exoplanet field.

1.3 Thesis structure

The next chapter, Chapter 2, presents some background material relevant to

all that follows: an overview of exoplanetary science in general, and the radial

velocity technique in particular; a discussion of stellar signals, and how they

confound attempts to detect and characterise exoplanets; and a fairly detailed,

tutorial-style introduction to GPs.

Chapter 3 forms the core of this thesis, in which I develop and present a

new formalism, based on GPs, for the joint modelling of stellar activity and

exoplanet signals. This chapter is supplemented by two appendices appearing at

the very end of the thesis. Appendix A provides some additional mathematical

details underlying the GP framework, while Appendix B provides answers to

some frequently asked questions regarding GPs in general, and more specifically

the framework in Chapter 3.

Chapters 4, 5, and 6 are ‘application’ chapters, with each chapter featuring

the framework from Chapter 3 (supplemented by various statistical tools and

analyses) applied in a different manner. Chapter 4 focuses on the α Cen B

system, and demonstrates that planet candidate α Cen Bb is almost certainly



1. Introduction 10

a false positive; Chapter 5 re-characterises the Kepler-10 system, and resolves

the mass discrepancy involving Kepler-10c; and Chapter 6 sees various planets

characterised for the first time.

Chapter 7 outlines a few other promising applications of GPs in the context of

modelling stellar signals and studying exoplanets, and finally, Chapter 8 concludes.

Chapters 3 to 6 and Appendix A are based on material drawn from a number

of peer-reviewed papers (either published or, in one case, currently in prep.); the

details of the corresponding paper(s) are given at the start of each chapter. The

remaining material in this thesis is unpublished.

1.4 A personal note

Some of my earliest memories are of being perched as a toddler on my grandparents’

back porch in South Africa, and staring, utterly transfixed, at darkening twilight

skies. I stared and stared, and marvelled as glittering pinpricks of light started to

appear in the firmament – a ‘heaventree of stars hung with humid nightblue fruit,’ as

Joyce would have it. My parents and grandparents must have thought me a peculiar

child, but they humoured me, and helped me identify the Moon, planets (which

did not twinkle), and distant stars (which did). I had a vague sense that I was

witnessing something sublime, and as night fell, they usually had to drag me inside.

A couple of years later, I remember being mesmerised by an issue of Time

magazine I chanced upon while waiting to see a dentist. The magazine contained

stunning photographs – serene planets, glorious nebulae, baroque spiral galaxies

– beamed down from the then recently-repaired Hubble Space Telescope. I hated

visiting the dentist, but on that occasion I was adamant that I had to return as

soon as possible, so that I could glimpse those incredible photographs once more.

Seeing my enthusiasm, and perhaps eager to get rid of me with minimum fuss,

the dentist suggested that I keep the magazine.

The years wore on, and alas, there was little in my school education to convince

me that physics or mathematics (boxes sliding down frictionless planes? tangents

to circles?) were particularly interesting subjects. For a long time, I could probably
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have listed ten things in which I’d sooner have specialised than astronomy. Then one

day, quite unexpectedly, I encountered the ‘Pale Blue Dot’ photograph (Fig. 1.1),

and read Carl Sagan’s accompanying words. The photograph moved me profoundly,

and stirred in me the same visceral awe I’d last felt when poring over the Time

magazine years before. The image screamed at me: This puts everything into

perspective! How could anything be more interesting than this? And just think:

there could be an infinity of worlds out there!

By and by, I found myself studying astronomy, and I was absolutely thrilled

to learn not only of the genesis of exoplanetary science, but also of the breakneck

speed at which its frontiers of knowledge were (and still are) advancing. This thesis

embodies the small – though I hope useful – contribution I have made to the field

of exoplanetary science over the past few years.

Today, I can still scarcely believe how fortunate I am to have the opportunity of

carrying out research in one of the most awe-inspiring fields in science: a field in

which I find myself filled almost daily with the same child-like wonder I experienced

when sitting on my grandparents’ porch all those years ago. If there are other

‘pale blue dots’ out there in the vastness of the cosmos, I very much hope to

learn about them in my lifetime.



Nescire autem quid ante quam natus sis acciderit, id
est semper esse puerum.

To be ignorant of the past is to be forever a child.

— Marcus Tullius Cicero, from Orator Ad M. Brutum,
chapter XXXIV, section 120 (46 BCE).
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This chapter presents a selection of background material relevant to all that

follows: a broad overview of exoplanetary science in general, and Doppler spec-

troscopy in particular; a discussion of stellar activity signals, and how they confound

attempts to detect and characterise exoplanets through Doppler spectroscopy; and a

tutorial-style introduction to Gaussian processes. Given the importance of Gaussian

processes throughout the rest of this thesis, the latter introduction is fairly detailed.

Length considerations and the relatively broad scope of this thesis mean that

there are inevitably some subjects on which this thesis draws (e.g. linear algebra,

Bayesian inference, basic stellar astrophysics) but that cannot be covered as part

of this chapter’s background material. Similarly, there are a number of inherently

interesting subjects (e.g. theories of planetary formation and evolution) that are

connected only indirectly to the research presented in this thesis, and are therefore

also not covered in this chapter. Fortunately, there are many excellent books and

review papers covering all of these topics. Instead of padding this thesis with pallid

derivatives of these works, I refer the interested reader to a few of the resources

I have found most relevant and useful, listed below.

Exoplanetary science in general. The books Exoplanets (Seager, 2010, with

chapters contributed by 34 authors) and The Exoplanet Handbook (Perryman, 2011)

provide detailed reviews of all the major research themes in modern exoplanetary

science, from instrumentation and detection methods to planet formation, interiors

and atmospheres, dynamics, and more. Both books are now a few years old, though

I am not aware of any more recent works of similar scope. The NASA Exoplanet

Archive1 is an indispensable and regularly-updated online resource that catalogues

all published exoplanet detections, including links to data and literature relevant to

any given exoplanet. It also contains various useful visualisation tools.
1Available online at exoplanetarchive.ipac.caltech.edu

exoplanetarchive.ipac.caltech.edu
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Stellar astrophysics. An Introduction to Modern Astrophysics by Carroll and

Ostlie (2013) covers many topics in stellar structure and evolution, and modern

astrophysics more broadly. The book Solar and Stellar Magnetic Activity (Schrijver

and Zwaan, 2000) provides a comprehensive review and synthesis of the origin,

evolution, and effects of magnetic fields in the Sun and other cool stars. The journal

Living Reviews in Solar Physics2 is an excellent resource for general reviews and

articles on Solar and stellar activity.

Bayesian inference, data modelling, etc. The canonical resource on most

things Bayesian (and probability theory more broadly) is the tome Probability

Theory: The Logic of Science by Jaynes (2003). A more accessible, hands-on

treatment of many useful topics may be found in the book Bayesian Logical Data

Analysis for the Physical Sciences by Gregory (2005), which contains numerous

worked examples, usually with an astronomical flavour. The book Data Analysis:

A Bayesian Tutorial by Sivia and Skilling (2006) is more concise, but adds a useful

section on nested sampling.

Numerical methods. The first book I consult on numerical methods is almost

always Numerical Recipes: The Art of Scientific Computing by Press (2007), which

covers an enormous breadth of topics, including numerical analysis, signal processing,

basic data modelling and statistical analysis, linear algebra, and even some basic

machine learning. I find this book to be extremely useful and accessible, and given

its > 100, 000 citations as of 2017, I cannot be alone in this judgement!.

2.1 Exoplanets

How does one define a planet? According to the International Astronomical Union

(IAU), a planet is a celestial body that: (i) is in orbit around the Sun; (ii) has

sufficient mass to assume hydrostatic equilibrium (i.e. a nearly round shape); and
2Published by the Max Planck Institute for Solar System Research (MPS), and available online

at solarphysics.livingreviews.org/.

solarphysics.livingreviews.org/
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(iii) has ‘cleared the neighbourhood’ around its orbit.3 A non-satellite body fulfilling

only the first two of these criteria, e.g. Pluto, is classified a ‘dwarf planet’.

An extrasolar planet or exoplanet, then, may be loosely defined as a body in orbit

around a star other than the Sun, and satisfying criteria (ii) and (iii) above. Given

the difficulty in verifying observationally whether observed celestial bodies do satisfy

these two criteria, however, the IAU has to date adopted only a working definition

for an exoplanet, agreed in 2003, and subject to change as knowledge improves (Boss

et al., 2007). According to this working definition, objects with true masses below

the limiting mass for thermonuclear fusion of deuterium (∼ 13 MJ for objects with

Solar metallicity) orbiting stars or stellar remnants are to be regarded as exoplanets,

regardless of their formation history; the minimum mass and size for an extrasolar

body to be considered an exoplanet should be the same as used in the Solar System.

Substellar objects with true masses above the limiting mass for thermonuclear fusion

of deuterium are ‘brown dwarfs,’ regardless of how they formed or where they are

located. Finally, free-floating objects in young star clusters with masses below the

limiting mass for thermonuclear fusion of deuterium are not planets but rather

‘sub-brown dwarfs’ (or whatever analogous name is most appropriate).

Other authors favour a simpler definition based on formation history, e.g.

‘a planet is an end product of disc accretion around a primary star or sub-

star’ (Soter, 2006).

While devising a precise definition for an exoplanet is clearly a nontrivial matter,

within the confines of this thesis we can afford to be a little more cavalier, and can

regard an exoplanet simply as a planet orbiting a star other than the Sun, without

worrying too much about what we mean by ‘planet’ or ‘star’. At any rate, all of

the exoplanets we shall study in this thesis have masses which are not exotic by

the standards of the Solar System, and all will orbit main sequence stars.

With definitions out of the way, we now turn to planets themselves, starting

with a historical perspective.
3This somewhat contested definition was agreed at the IAU’s 2006 General Assembly in Prague.
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2.1.1 Exoplanets: a brief history

The earliest recorded evidence of debates over cosmic pluralism – also known as

the ‘plurality of worlds,’ or simply pluralism, i.e. the idea that there may be other

worlds like our own – comes from the time of Anaximander (c. 610—546 BCE), a

pre-Socratic Greek philosopher who supposed that worlds appeared and disappeared

for a while, and that some were born when others perished. Support for pluralism

came from a few other prominent Ancient Greek and Roman philosophers and

writers – including such luminaries as Anaxagoras, Democritus, Aristarchus of

Samos, Epicurus, and Lucretius – yet pluralism was rejected with greater effect

by Plato, Ptolemy and Aristotle, who argued that the Earth is unique and that

there could be no other systems of worlds. Their followers echoed these geocentric

views throughout antiquity and into the Middle Ages: a stance which dovetailed

neatly with later Christian ideas, with the result that pluralism was effectively

suppressed for over a millenium.

Some medieval Islamic and Chinese Scholars endorsed the idea of cosmic

pluralism. Imam Muhammad al-Baqir (676—733 CE), for example, wrote:

‘I swear by God that God created thousands and thousands of worlds
and thousands and thousands of humankind’;

while the The Adventures of Bulukiya, an Islamic Golden Age tale from the One

Thousand and One Nights (or Arabian Nights) depicted a cosmos comprising multiple

worlds, some larger than Earth, each with its own inhabitants.

Eventually pluralism was reasserted in the West, first tentatively by scholastics,

and then more seriously in the 16th century by followers of Copernicus, who had

formulated a heliocentric model of the Universe (likely independently of Aristarchus

of Samos, who had devised the same model eighteen centuries earlier), albeit one

preserving the Ptolemaic idea of the stars being fixed on a stationary sphere

surrounding the Sun. Proponents of Copernicus’ model included Kepler and

Galileo, although most educated Catholics of the time continued to subscribe

to geocentric models.
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Giordano Bruno (1548–1600), an Italian friar and polymath, was the first person

in the West to argue forcefully that objects theretofore conceived of as ‘fixed stars’

were in fact other stars like the Sun, potentially with other bodies orbiting them,

and receiving light and heat. Bettex (1965) quotes Bruno:

‘There are countless suns and countless earths all rotating round their
suns in exactly the same way as the seven planets of our system. We
see only the suns because they are the largest bodies and are luminous,
but their planets remain invisible to us because they are smaller and
non-luminous. The countless worlds in the Universe are no worse and no
less inhabited than our Earth. For it is utterly unreasonable to suppose
that those teeming worlds which are as magnificent as our own, perhaps
more so, and which enjoy the fructifying rays of a sun just as we do,
should be uninhabited and should not bear similar or even more perfect
inhabitants than our Earth. The unnumbered worlds in the Universe
are all similar in form and rank and subject to the same forces and the
same laws. Impart to us the knowledge of the universality of terrestrial
laws throughout all worlds and of the similarity of all substances in
the cosmos! Destroy the theories that the Earth is the center of the
Universe! Crush the supernatural powers said to animate the world,
along with the so-called crystalline spheres! [...] Take comfort, the time
will come when all men will see as I do.’

More than four centuries later, Bruno’s impassioned words still seem remarkably

prescient. Yet his views were to find little favour during his lifetime, and in fact

he was tried on several charges for heresy during the Catholic Inquisition, found

guilty, and burned at the stake.

In the centuries that followed Bruno’s tragic death, especially during the

Enlightenment, cosmic pluralism increasingly grew to be regarded as a mainstream

possibility, and was championed by philosophers such as John Locke, astronomers like

William Herschel, and even politicians including John Adams and Benjamin Franklin.

French astronomer Nicolas Camille Flammarion was a prominent proponent of

cosmic pluralism during the latter half of the nineteenth century, and his first book,

La pluralité des mondes habités (Flammarion, 1862) was a great success, seeing

33 editions published in its first 20 years. Flammarion was one of the first people

to advance the idea that hypothetical extraterrestrial beings could be genuinely

alien, rather than being simple variations of Earthly creatures.
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By the early twentieth century, the term ‘cosmic pluralism’ had grown archaic,

and the debates dominated for millenia by theological or philosophical specula-

tion had grown to be informed primarily by astronomical and biological insights.

Moreover, earnest scientific experiments seemed well within reach of providing, for

the first time in human history, direct answers to questions about the existence

of worlds beyond our Solar System.

Unfortunately, exoplanetary science suffered from a number of false starts. Early

claims based on astrometric observations were made for the discovery of invisible,

substellar companions to 70 Ophiuchi (Jacob, 1855; See, 1895), 61 Cygni (Strand,

1943), and Barnard’s star (van de Kamp, 1963), the closest star to Earth after

the stars in the α Cen system. All of these and similar early claims were sooner

or later shown to be false positives, however. The claim of a planet around the

70 Ophiuchi binary star system was disproved on the basis that a three-body system

with the claimed orbital parameters would have been highly unstable (Moulton,

1899), while the signals of the latter two ‘planets’ were shown to be artefacts caused

by the telescope and photographic plates used to observe the stars in question

(Hershey, 1973; Heintz, 1978).

In an influential 1952 paper, Otto Struve proposed a campaign of spectroscopic

measurements to detect the RV reflex motion of stars induced by one or more

orbiting planets (Struve, 1952). He noted that a Jovian-mass planet orbiting just

0.02 AU from a 1 M� star would induce a reflex motion of 0.2 km s−1, with period 1 d:

a signal that, at a stretch, might just have been detectable using the most powerful

spectrographs then in existence.4 Struve’s proposal led to the initiation of several RV

monitoring surveys over the next decades, including those of Campbell and Walker

(1979, Campbell et al., 1988), Latham et al. (1989b), and Marcy and Butler (1992).

Despite the efforts of these RV observers, the first confirmed exoplanet discovery

came courtesy of pulsar timing in 1992, when Aleksander Wolszczan and Dale
4Struve also noted that planets with edge-on orbits, as seen from Earth, would eclipse their

parent stars, leading to a periodic photometric signature. The two detection methods proposed in
Struve’s paper, viz. Doppler spectroscopy (the RV method) and transit photometry, are today by
far the most productive methods for detecting exoplanets.
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Frail observed minute variations in the regular signals from the millisecond pulsar

PSR 1257+12. Based on these variations, they inferred the presence of two Earth-

mass bodies orbiting the neutron star (Wolszczan and Frail, 1992). Their discovery

was quickly confirmed (Wolszczan, 1994), and today, Wolszczan and Frail are widely

regarded as having made the first confirmed detection of exoplanets, albeit planets

orbiting a degenerate stellar remnant rather than a main sequence star.

In fact, a few substellar objects we now believe to be genuine exoplanets were

discovered by the RV method in the late 1980s and early 1990s, but were not

recognised as planets at the time (Walker, 2012); these objects include γ Cephei Ab

and ε Eridani b (Campbell et al., 1988), and β Geminorum b (Hatzes and Cochran,

1993; Hatzes et al., 2006). An invisible companion to HD114762, discovered in

1989 (Latham et al., 1989a; Cochran et al., 1991), was found to have a minimum

mass of m sin i ∼ 11 MJ, though as of 2017 its orbital inclination and thus true

mass remain unknown, so its status as an exoplanet remains undecided.

A major breakthrough for RV planet searches and exoplanetary science more

generally came in 1995, when Michel Mayor and Didier Queloz used the ELODIE

spectrograph (Baranne et al., 1996) to discover the first exoplanet orbiting a main-

sequence star, viz. 51 Pegasi b, orbiting the G5V, Sun-like star 51 Pegasi (Mayor

and Queloz, 1995). Here, at last, was the first irrefutable answer to the question

of whether other worlds existed around stars like our own.

At the time of its discovery, 51 Pegasi b was regarded as something of an exotic

planet. With a minimum mass of ∼ 0.5 MJ, and a 4.23 d orbit just 0.05 AU from its

parent star, this ‘hot Jupiter’ planet challenged the conventional wisdom that giant

planets formed beyond the so-called ‘snow line’ where volatile compounds such as

water and ammonia would condense into solid ice grains. Lin et al. (1996) later

showed that the planet probably formed by gradual accretion of solids and capture

of gas at a much larger distance from the star (∼ 5 AU), and that it subsequently

migrated inwards through interactions with the remnants of the circumstellar

disc. Today, numerous other hot Jupiters have been discovered, and the paradigm
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of formation at a distance followed by inward migration (as opposed to in situ

formation) continues to hold currency (Triaud, 2016).

51 Pegasi b was to be the first of many planets discovered using the RV method,

and for many years the RV method was responsible for far more planet discoveries

than any other technique, until it was quite rapidly and dramatically surpassed

by the transit method, thanks to the unprecedented success of the Kepler space

observatory (Basri et al., 2005; Koch et al., 2010).

The first exoplanetary transit to be observed was that of HD 209458 b, in

1999 (Henry et al., 2000; Charbonneau et al., 2000), which had previously been

discovered through Doppler spectroscopy. Charbonneau et al. (2002) subsequently

detected the atmosphere of this planet, using in-transit spectroscopy which showed

a deeper transit around the sodium D1 and D2 Fraunhofer lines. Soon thereafter

it was also found to have an extended, evaporating upper atmosphere consisting

of hydrogen, carbon, and oxygen (Vidal-Madjar et al., 2003). HD209458 b thus

earned the simultaneous distinctions of being the first known transiting exoplanet,

the first planet detected through more than one method, the first observed to

have an (evaporating) atmosphere, and the first known to have an atmosphere

containing oxygen and carbon.5

It took until 2002 for another exoplanetary transit to be observed, and indeed

for the first exoplanet to be discovered through transit photometry, when OGLE-

TR-56b was discovered incidentally as part of a gravitational microlensing campaign

(Udalski et al., 2002; Konacki et al., 2003). The first planets discovered through

microlensing (OGLE-2003-BLG-235Lb, or MOA-2003-BLG-53Lb: Bond et al., 2004)

and direct imaging (2M1207b: Chauvin et al., 2004) followed soon thereafter.

Since the discovery of 51 Pegasi b in 1995, the number of known exoplanets has

increased exponentially over time, doubling every 27.3 months (as per ‘Mamajek’s

Law’: Mamajek, 2016). See Fig. 2.1. As of June 2017, there are around 3500

confirmed exoplanets orbiting some 2600 different stars, according to the NASA
5It later also became the first planet to have its orbital speed measured, determining its mass

directly (Snellen et al., 2010).
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Figure 2.1: Exponential growth over the past two decades in the number of known
exoplanets. (Image credit: NASA Exoplanet Archive.)

Exoplanet Archive; the Extrasolar Planets Encyclopaedia6 puts the count at a little

over 3600 confirmed exoplanets orbiting some 2700 different stars.7

Space does not permit a detailed review of significant exoplanets or planet-

hosting systems discovered over the past twenty-odd years – such a review could

easily fill an entire book. It is instructive, however, to consider some of the extrema

among known exoplanets and their stellar hosts, to gain a rough impression of the

remarkably wide range of properties they span. Table 2.1 summarises a few such

extrema for known exoplanets, and Table 2.2 for their stellar hosts.

2.1.2 Methods for detecting and studying exoplanets

Depending on one’s definitions, there are some ten or fifteen distinct methods which

have led to the succesful detection of at least one exoplanet. Of these methods, just

a few are responsible for the overwhelming majority of exoplanet discoveries; in

fact, just two methods are responsible for some 95% of all known exoplanets.
6Available online at exoplanets.eu.
7The Exoplanet Archive includes only published detections of bodies with minimum masses

≤ 30 MJ. The Extrasolar Planets Encyclopaedia uses a stricter mass cut-off of 20 MJ, but includes
detections that have been announced though not yet published in peer-reviewed journals.

exoplanets.eu
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Transit photometry, or the transit method, has led to the detection of ap-

proximately 2700 exoplanets (as of June 2017, some three quarters of all known

exoplanets), more than 85% of which were discovered by the Kepler space observatory

alone. The underlying principle is that whenever an exoplanet crosses (transits)

in front of its parent star’s disc, as seen from Earth, the observed disc-integrated

brightness of the parent star will dip by a small amount. The duration and depth

of the brightness dip in the star’s light curve will be determined by (amongst

other parameters) the radius of the planet relative to its parent star, while the

period between successive dips will be determined by the planet’s orbital period.

Advantages of studying transiting planets include that it makes it possible to

determine planets’ radii and, in some cases, even to study their atmospheres, by

studying starlight passing through the upper atmospheres of planets, and/or by

studying light observed during secondary eclipses when planets are blocked by their

parent stars (Seager and Deming, 2010). Disadvantages include the requirement

of near-perfect alignment between a planet’s orbital plane and the observer’s line-

of-sight (i.e. the planet’s orbit should be essentially perpendicular to the plane

of the sky), necessitating the observation of large numbers of stars; a danger of

false positives due to variability intrinsic to stars (e.g. stellar pulsations); and the

method’s inability to constrain the mass of a planet (Seager, 2010).

The next most productive technique for discovering exoplanets is the RV method,

i.e. Doppler spectroscopy, which has led to the detection of roughly 20% of all known

exoplanets. The method is based on observing tiny but periodic Doppler shifts in

the light emitted by distant stars, caused by the gravitational tug of one or more

orbiting bodies, e.g. exoplanets. A primary advantage of the RV method is its ability

to constrain a planet’s mass: if the inclination angle i of a planet’s orbital plane

relative to the sky is unknown, the RV method yields the planet’s minimum mass,

m sin i. In the case of transiting planets, however, where i is tightly constrained,

the RV method yields the true mass of a planet.8 A planet’s mass, in turn, provides

information about its likely composition, formation history, atmosphere scale height,
8True masses may also sometimes be inferred via stability analyses of multi-planet systems, or

in cases where a planet’s spectral lines can be distinguished from those of its host star.



2. Background material 25

and more. Therefore, apart from being an important technique for discovering

planets, the RV method is also indispensable for confirming the planetary nature

of candidates yielded by other techniques, including transit photometry (Bouchy

et al., 2005). Perhaps the biggest disadvantage of the RV method is that, as is the

case with transit photometry, variability intrinsic to stars themselves confounds

attempts to discover or study planets using RV data. The RV method is described

in more detail in the next section of this thesis.

In terms of productivity, the RV method is followed by gravitational microlensing

(& 45 detections), direct imaging (& 40 detections), and transit timing variations

(& 15 detections), with all other methods combined contributing fewer than about

25 confirmed exoplanets. Despite the relatively small number of planets contributed

by these detection methods, each is able to complement the RV and transit methods

in various ways. For example, direct imaging is particularly sensitive to bright

planets with face-on orbits (rather than edge-on orbits, as for the RV and transit

method) at large distances from their host stars, although in practice imaging

any planet directly entails overcoming enormous technical challenges (Traub and

Oppenheimer, 2010). Gravitational microlensing – based on the observation of a

mass (e.g. exoplanet plus host star) acting as a lens and warping the trajectory of

light from a background star – has the advantage of not requiring the observation

of any radiation from an exoplanet or its host star, enabling the detection of small

planets on large orbits around faint stellar remnants, extremely distant planetary

systems, and even free-floating (‘rogue’) planetary-mass objects (Sumi et al., 2011).

2.2 Doppler spectroscopy

The orbital motion of a single planet around a star causes the star to undergo

reflex motion about the system’s barycentre (centre of mass). This results in the

periodic perturbation of three observable properties of the star: its radial velocity,

angular (astrometric) position on the sky, and arrival time on Earth of some periodic

reference signal (e.g. pulsar beam). This section focuses on stellar radial velocities.



2. Background material 26

As for all 2-body (‘Keplerian’) orbits, the orbit of the planet around the system’s

barycentre will take the form a conic section in a two-dimensional plane: i.e., an

ellipse, parabola, or hyperbola. Assuming the orbit is closed, the orbit will form

an ellipse, which may be described in polar coordinates by:

r(t) = a(1− e2)
1 + e cos ν(t) , (2.1)

where r is the planet-barycentre separation; a is the semi-major axis of the ellipse;

e is the eccentricity of the orbit; and ν(t) is the true anomaly, the angle between

the periapsis (point of minimum distance from the barycentre) and the position of

the planet at any given time, as measured from the barycentric focus of the ellipse.

T0 defines the time at which the planet is located at a particular reference point,

usually taken to be periapsis. Additionally, a determines the planet’s orbital period

P via Kepler’s third law, i.e. P 2 = 4π2a3/G(M? +Mp). It may be shown (see e.g.

Perryman, 2011) that the true anomaly ν(t) will be given by

tan ν(t)
2 =

√
1 + e

1− e tan E(t)
2 , (2.2)

where T0 defines the time at which the planet is located at a particular reference

point, usually taken to be periapsis, and the so-called eccentric anomaly, E(t),

can be found by numerical solution of the following non-linear equation (usually

referred to as Kepler’s equation):

E(t)− e sinE(t) = 2π(t− T0)/P. (2.3)

A planet’s Keplerian orbit in three dimensions is fully specified by six parameters: a,

e, T0, i, Ω, and ω. The three angular parameters (i,Ω, ω) define the projection of the

two-dimensional orbit into the observed orbit, and depend solely on the orientation

of the observer relative to the orbit. The orbit inclination, 0 ≤ i ≤ π, defines the

inclination of the orbit with respect to a reference plane, with i = 0 corresponding

to a face-on orbit. The longitude of the ascending node, Ω, specifies the longitude

of the point where the planet crosses the reference plane while moving away from

the observer. Finally, the argument of periapse, ω, specifies the coordinate of the
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planet’s periapsis point relative to its ascending node, measured in the direction

of motion in the orbital plane.

The Keplerian parameters for the stellar reflex orbit around the barycentre will

be identical, except its a will be reduced by a factor of Mp/M? compared to the

planetary value, and its ω will differ from the planet’s value by π radians.

Geometric considerations reveal (see e.g. Lovis and Fischer, 2011) that the star’s

velocity along the observer’s line-of-sight, i.e. its radial velocity, will take the form

RV(t) = K [cos (ω + ν(t)) + e cosω] , (2.4)

with the RV semi-amplitude, K, given by

K =
(2πG
P

)1/3 Mp sin i
(M? +Mp)2/3

1
(1− e2)1/2 . (2.5)

If we assume a circular orbit with M? � Mp, we find K ≈ 12.5 m s−1 for a

Jovian-mass planet orbiting a Sun-like star, and K ≈ 9 cm s−1 for an Earth-mass

planet orbiting a Sun-like star.

Note that there are five observables related to a star’s Keplerian orbit which can

be fit for a single orbiting planet, on the basis of RV measurements alone: e, P , T0,

ω, and the combination K = K(a, e, P, i,M?,Mp). A systemic velocity parameter,

γ, is usually also included to describe the constant component of the star system’s

barycentre relative to the Solar System barycentre, and sometimes also a linear

trend parameter, d, to accommodate e.g. instrumental drifts and contributions from

massive, long-period companions: i.e., RV(t) → RV(t) + γ + d(t − T0).

In the case of n > 1 planets orbiting a star, the star’s total RV signal can usually

be very well approximated as a linear sum over n Keplerian terms of the form in

equation 2.4, leading to a total of 5n+ 2 parameters to be fit (including γ and d).

This approximation only breaks down in the case of relatively strong gravitational

interactions between planets, in which case n-body integrations will need to be

performed,9 with long-term dynamical stability enforced (e.g. Deck et al., 2014)
9The arising non-Keplerian dynamics includes a wealth of interesting phenomena such as

orbital resonances, transit timing and transit duration variations, and chaos (Fabrycky, 2010).
Such non-Keplerian effects become more significant with very high cadence data, e.g. space-based
photometry.
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The equations above provide a basic though fairly general framework for

describing Keplerian orbits, and for relating observed stellar radial velocities to

physical quantities of interest, e.g. stellar and planetary masses. For a useful

overview of various germane topics such as numerical challenges associated with

fitting Keplerians to RV data, RV planet detectability and selection effects, RV

observation scheduling, etc., refer to Perryman (2011).

2.2.1 Inferring RVs from stellar spectra

An instantaneous measurement of a star’s RV is given by the small, systematic

wavelength (Doppler) shift of the lines contained in the star’s spectrum. If a star

is receding with velocity v in the observer’s reference frame, at an angle θ relative

to the line-of-sight, the change in wavelength ∆λ := λem − λobs is related to the

recession velocity by the following expression for relativistic Doppler shift:

λobs = λem
(1 + β cos θ)√

1− β2 , (2.6)

where λobs and λem are the observed and emitted wavelengths, respectively, and

β := v/c. For v � c and θ � π/2, the expression reduces to (see Lang 1974,

equation 2.226):

RV = v cos θ ≈
(

∆λ
λem

)
c, (2.7)

with positive values conventionally indicating recession. It is worth noting that

special and even general relativistic corrections to the above expressions become

significant at the sub-m s−1 level, at which point wavelength shifts start to become

dependent, e.g., on the transverse stellar velocity and gravitational potential at

the point of emission (Lindegren and Dravins, 2003).

Information about the instantaneous Doppler shift is contained in the (typically)

many thousands of absorption lines present in high-resolution spectra of Solar-type

and M-dwarf stars. Most of this information can be concentrated into just a few

parameters by cross-correlation of the observed spectrum with a template spectrum,
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even in low signal-to-noise ratio (SNR) spectra. Formally, the cross correlation

between two functions f and g, (f ? g)(τ) may be defined as

(f ? g)(τ) :=
∫ +∞

−∞
f ∗(t)g(t+ τ)dt. (2.8)

The resulting cross-correlation function or CCF, f ?g, measures the linear correlation

between f and g as a function of the lag between them, τ , and is also known as

a sliding dot product. Thus, cross-correlating two stellar spectra in velocity space

allows the RV shift between them to be inferred. The technique was proposed by

Fellgett (1955), demonstrated in practice by Griffin (1967), and extended to échelle

spectroscopy using the CORAVEL instrument by Baranne et al. (1979). Some of

the limitations inherent in using an imperfect and fixed physical template may be

overcome by implementing cross-correlation numerically as a box-shaped mask of

emission lines (Queloz, 1995; Baranne et al., 1996), with weighting according to

relative line depths further optimising the SNR (Pepe et al., 2002b).

As the CCF is computed as an integral over all spectral lines, it may be

interpreted, roughly, as a mean or ‘concentrated’ line on which classic spectroscopic

analysis may be performed. In the absence of systematic line asymmetry, the shape of

the CCF is usually well approximated by a Gaussian, with any asymmetry reflecting

structure in the individual spectral lines. The location of the CCF’s peak will yield

the stellar RV; the CCF’s width will yield the stellar rotation velocity v sin i, and

its equivalent width will provide a metallicity estimate, provided the star’s effective

temperature is known approximately (Queloz et al., 2001; Santos et al., 2002).

In practice, a number of instrumental and data reduction challenges need to be

overcome to enable accurate extraction of a stellar RV signal from a spectrum. To

put things in perspective, measuring RVs with a precision of 1 m s−1 corresponds to

measuring wavelength shifts of order 10−5 Å, which for a modern, high-resolution

(R = 100 000) spectrograph represents about 1/1000th of a CCD detector pixel!

Accurate wavelength calibration (using, e.g. iodine gas absorption cells, thorium-

argon emission lamps, or laser frequency combs) is an obvious though non-trivial

prerequisite for accurate RV extraction. RV contributions from the Earth’s rotation
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and orbit around the Solar System barycentre (including gravitational perturbations

from the other planets) are significant at levels of 0.5 km s−1 and 30 km s−1,

respectively, and must be accounted for. Changes in ambient temperature and

pressure in the spectrograph translate into wavelength shifts due to the varying

refractive index of air; these shifts may amount to several hundreds of m s−1 during

a single night, so need to be corrected to high accuracy. Pixel-level detector

inhomogeneities, varying spectrograph slit illumination (due e.g. to changing

telescope focus or guiding), instrumental thermo-mechanical variations, and other

such effects can all lead to apparent RV variability at a level of tens to hundreds of

m s−1. Finally, all spectral features not related to a target star may induce spurious

RV signals. Important examples of spectral contamination include telluric lines

from Earth’s atmosphere, light from faint companions or background objects close

on the sky to the target, and diffuse moonlight, which superimposes a reflected Solar

spectrum onto the target star spectrum. For more on these and other technical

challenges, refer e.g. to Lovis and Fischer (2011) and Halverson et al. (2016).

2.2.2 Modern Doppler spectroscopy

Thanks to a number of technical developments, the precision of RV surveys has

been steadily improving. Whereas the spectrographs of fifty years ago produced RV

measurements with errors in excess of 1 km s−1 (nominal precision per measurement),

today’s so-called ‘second generation’ optical spectrographs can identify RV shifts

down to a few tens of centimetres per second – a remarkable feat, especially in

light of some of the enormous technical challenges alluded to above. Significant

examples of such second-generation spectrographs include the HARPS (High

Accuracy Radial Velocity Planet Searcher) spectrograph hosted by the European

Southern Observatory (ESO) 3.6 m telescope in Chile; its Northern hemisphere

component, HARPS-N, on the Italian 3.58 m Telescopio Nazionale Galileo telescope

on La Palma Island; and HIRES (High Resolution Echelle Spectrograph) at the

Keck telescopes in Hawaii.
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Figure 2.2: Between 1995 and 2017, more than 700 exoplanets have been discovered
via Doppler spectroscopy. Here, their masses (solid circles) or minimum masses (unfilled
circles) are plotted vs. discovery year, with their RV semi-amplitudes represented via the
colour scale. Plot based on June 2017 data retrieved from the NASA Exoplanet Archive.

The improving precisions of spectrographs has enabled the discovery of exoplanets

with ever-decreasing masses and longer periods; see Fig. 2.2. Indeed, the precision

of second-generation spectrographs should, in principle at least, already make it

possible to discover many Earth-mass planets orbiting in the habitable zones of their

host stars (Pepe et al., 2011a; Lovis and Fischer, 2011). This has motivated intensive,

multi-season monitoring campaigns on current state-of-the-art instruments, and

results from these campaigns are in turn bolstering the science cases for next-

generation instruments to be deployed on the world’s largest telescopes.

Third generation spectrographs are expected to have measurement errors below

10 cm s−1 (Halverson et al., 2016). Examples of such spectrographs include

ESPRESSO (Pepe et al., 2010), scheduled to come online at ESO’s Very Large

Telescope in 2017; and CODEX (Pasquini et al., 2008), with first light expected

circa 2025 on ESO’s Extremely Large Telescope, currently under construction.
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2.3 Stellar nuisance signals and exoplanets

Given that the HARPS and HARPS-N spectrographs (operational since 2003

and 2012, respectively) have both been shown to have short-term precisions of

∼ 30 cm s−1 and sub-m s−1 precisions over time-scales of months (Mayor et al.,

2003; Cosentino et al., 2014), one would expect that large numbers of Earth-

mass planets have already been discovered and/or characterised through Doppler

spectroscopy. Yet as of June 2017, as illustrated in Fig. 2.2, only a small handful

of exoplanets have had masses or minimum masses measured below ∼ 2 M⊕, with

the smallest measured RV semi-amplitudes being around ∼ 1 m s−1. So, where

are all the ‘missing’ low-mass planets?

Unfortunately, though we live in an age of RV instruments with ever-improving

precisions, better instrumentation has meant that exoplanet hunters are also

increasingly confronted by an obstacle that they could for many years ignore:

the contaminating presence of RV signals from stars themselves. This stellar

variability is arguably the most important and vexatious source of noise (or rather

nuisance signal) in modern RV data sets. And it is not only RV data sets which

are plagued by stellar nuisance signals: the Kepler mission’s failure to discover

the hoped-for numbers of habitable zone, Earth-sized planets is attributable in

large part to an underestimation of stellar variability, and its impact on planet

detection (Gilliland et al., 2011; Borucki, 2016).

A variety of different stellar phenomena give rise to RV signals on time-scales

ranging from minutes to several years. The most significant of these are discussed

below, ordered by time-scale, starting with the highest-frequency phenomenon.10

2.3.1 Stellar p-mode oscillations

Stars with convective outer layers, including the Sun, can excite p-mode (acoustic)

oscillations at their surfaces via turbulent convection (Leighton et al., 1962; Bouchy
10Some effects which do contribute RV signals have been omitted from this discussion, given

their negligible effect on planet searches. For example, coronal mass ejections contribute spike-like
RV signatures, while the relativistic gravitational red-shifting of stellar photons will generally vary
only weakly over time (Cegla et al., 2012). Neither effect would be liable to be confused with a
periodic RV signal due to an orbiting planet.
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and Carrier, 2001). The main restoring force at play is a pressure differential,

and the dynamics of the standing acoustic waves are determined by variations

in the speed of sound within stars; the local sound speed, in turn, depends on

the temperature and chemical composition of the stellar atmosphere (Aerts et al.,

2010). While studies of these p-mode oscillations can provide asteroseismologists

with valuable information about stellar interiors, the same oscillations give rise

to RV signals that confound planet-finding efforts.

Solar-like p-mode oscillations of the convective envelopes have typical periods of

a few minutes, and typical Doppler amplitudes per mode of a few tens of cm s−1

in RV; the superposition of a large number of simultaneously excited modes can

lead to RV signals of several m s−1 (Schrijver and Zwaan, 2000; O’Toole et al.,

2008; Michel et al., 2008). Oscillation frequencies scale with the square root of

mean stellar density, while their RV amplitudes scale with stellar luminosity-to-

mass ratio (Christensen-Dalsgaard, 2004). Therefore, low-mass, non-evolved stars

present easier targets for exoplanet search in terms of lower noise due to p-mode

oscillations. However, even in the most favourable cases, obtaining ∼ m s−1 RV

precisions requires averaging out p-mode oscillation signals by integrating exposures

over at least a few oscillation periods. Usually, an exposure time of 15 min is

sufficient to decrease the p-mode oscillation signal well below 1 m s−1 for dwarf

stars (Dumusque et al., 2011c; Lovis and Fischer, 2011).

2.3.2 Granulation phenomena

Granulation is the photospheric signature of convective flows in the external layers

of Sun-like stars. The ‘boiling’ granulation pattern comprises a large number of cells

showing bright upflows surrounded by intergranular lanes of darker11 downflows,

corresponding to hotter plasma welling up from deeper layers and cooler plasma

sinking downwards, respectively. See Fig. 2.3.

On the Sun, the typical vertical velocities of these convective flows are 1–2 km s−1.

However, the large number (∼ 106) of granules on the visible stellar surface means
11Since luminosity increases with the fourth power of temperature, in accordance with the

Stefan–Boltzmann law, small temperature differences produce enormous brightness contrasts.
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Figure 2.3: Granulation on the Solar photosphere, observed at high resolution with
the Swedish 1-m telescope at La Palma. A sunspot is visible in the top-right corner,
surrounded by convection cells with diameters ∼ 1500 km. Image credit: Institute for
Solar Physics/Vasco Henriques, www.isf.astro.su.se/gallery/images/2010/.

these velocity fields are effectively averaged out to a constant net blueshift of about

200 m s−1 (due to the more intense flux associated with large, bright upflows

compared to cooler, more compact downflows), with the remaining jitter due to

granulation being at the m s−1 level for the Sun, and likely less for K dwarfs

(Dravins, 1987; Michel et al., 2008; Mathur et al., 2011). The time-scale over which

individual granules evolve is about 10 min for the Sun. Apparent larger-scale

convection structures referred to as mesogranules and supergranules seem to be

characterised by slower plasma flows and evolution on time-scales of a few hours

up to about one day, although the nature and origin of these structures is subject

to debate and ongoing research (Rieutord and Rincon, 2010).

As with p-mode oscillations, granulation-related phenomena become significant

when aiming for sub-m s−1 RV precision, and observing strategies to minimise

their impact may be employed, e.g. taking 2 or 3 RVs per night, spaced by about

2 hours (Dumusque et al., 2011c).

2.3.3 Rotationally-modulated activity phenomena

Maxwell’s equations tell us (among other things) that moving charges give rise

to magnetic fields. In the Sun and other stars that are not fully radiative, an

inner radiative zone and an outer convective zone are separated by a thin layer

www.isf.astro.su.se/gallery/images/2010/
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called the tachocline. Here, strong shearing arises due to the transition between

the differentially-rotating convective zone and the uniformly-rotating radiative

zone. The complex motion of the electrically-conducting plasma in the tachocline

is hypothesised to give rise to, and to sustain, stellar magnetic fields (Tobias,

2002). Moreover, rotation and differential rotation lead to (though so-called omega-

and alpha-dynamo effects, respectively) stretching, winding, and twisting of a

star’s magnetic field lines, all of which results in very complex magnetic field

topologies (Schmitt, 1987).

Because magnetic fields, in turn, exert forces on stellar plasma, regions of

particularly intense magnetism at the surface of rotating Solar-type stars and M-

dwarfs can give rise to inhomogeneities in these stars’ atmospheres. These ‘active’

regions (so-called because they correspond to regions of intense magnetic activity)

include dark spots, and bright plages and faculae.

Dark spots correspond to areas ∼ 500–2000 K cooler than the surrounding stellar

photosphere, and tend to come in pairs associated with opposite magnetic field

polarities. The lower temperature, and hence luminosity, is a result of localised

magnetic suppression of convective energy transport. Faculae, on the other hand,

are small bright points found in photospheric intergranular lanes, also associated

with strong magnetic fields (Keller et al., 2004); they tend to be grouped into

networks, and have longer lifetimes than spots. Plages are large, bright areas in

the chromosphere, and seem to map closely to smaller underlying photospheric

faculae, although the exact relationship between faculae and plages is not yet

well understood. Spots are always surrounded by faculae and plages, but the

latter can exist without spots.12

While it is straightforward to imagine how a dark spot, say, might give rise

to stellar photometric variability, it is not necessarily as obvious why they would

give rise to apparent RV variability.

Consider that as a dark or bright active region moves across the observed

stellar disc, it breaks the flux balance between the redshifted and blueshifted
12For more on spots, faculae, plages, etc., see Schrijver and Zwaan (2000); Schrijver (2002); Hall

(2008).
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Figure 2.4: Illustration of how the flux deficit associated with a single dark spot on a
rotating stellar disc (left) induces asymmetries in spectral absorption lines (right), leading
to variations in measured RVs. At the instant pictured here, the dark spot is positioned
on the receding (redshifted) hemisphere of the stellar disc, leading to a net blueshift.

hemispheres (Dumusque et al., 2011b; Boisse et al., 2012); see Fig. 2.4. This

produces an asymmetry in the mean line profile, shifting its centroid by a small

amount, and thus generating apparent RV signals on time-scales comparable to

the stellar rotation period (Tassoul, 2000; Nielsen et al., 2013).

These surface inhomogeneities appear stochastically, and as they are carried

across the observed stellar disc by stellar rotation, individual active regions also

migrate across latitudes and evolve over time (grow, persist, decay, and eventually

disappear), meaning that their combined signal may be quasi-periodic (QP) rather

than strictly periodic, despite the smooth, periodic rotation of the star. Making

matters worse, it is known that active regions on other stars can attain sizes more

than an order of magnitude larger than those on the Sun, and can even exist

near the stellar poles (Strassmeier, 2009).

In fact, the major contribution to RV perturbations arises not directly from

the flux excess or deficit in the active regions themselves, but from the strong

magnetic fields associated with them, which in turn exert forces on the highly

ionised Solar plasma, leading to a localised suppression of the blueshift normally

associated with convective cells (Meunier et al., 2010).
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The strength of RV perturbations due to activity phenomena varies widely from

star to star depending mainly on their mean magnetic activity level, which in turn

depends mainly on stellar age for a given spectral type. Solar-type stars undergo

a continual decrease in rotational velocity due to magnetic braking as they age,

starting with typical rotation period of 1–2 d at 10 Myr, and slowing down to

20–50 d at 5 Gyr. The decline in equatorial angular velocity can be approximated as

Ωe ∝ t−1/2, where t is a star’s age (Skumanich, 1972; Tassoul, 2000). Accordingly, the

magnetic dynamo weakens with age, resulting in reduced surface magnetic activity.

Rotation rate also depends on spectral class, with most main sequence stars of

types between O5 and F5 being rapid rotators, with rotation velocity increasing with

mass. Typical rotation velocities are of order 190 km s−1 for O5 stars, 210 km s−1 for

B5 stars, 160 km s−1 for A5 stars, and 25 km s−1 for F5 stars (Allen, 1976). However,

as O-, B-, and A-type stars are fully radiative and lack convective envelopes,13

the onset of surface magnetic activity phenomena is only found in F-type stars,

which have shallow convective envelopes, and persists all the way through to the

coolest M-type stars, which are fully convective, though generally slowly rotating.

Typical M-dwarf rotation periods of a few weeks, and radii between 0.08 M� and

0.7 M�, translate into rotation velocities between about 0.1 and 3 km s−1 (Jenkins

et al., 2009; McQuillan et al., 2013a).

Stellar activity presents major difficulties for exoplanet searches around young

(. 1 Gyr) stars, with rotating active regions causing RV variability of order ∼

10 m s−1. Such difficulties have led most RV planet-search surveys effectively to

focus on older, slower-rotating, Solar-type stars; still, even chromospherically-quiet

Solar-type stars can be expected to have activity-induced RV signals of order

1–2 m s−1 (Isaacson and Fischer, 2010), i.e. an order of magnitude larger than the

RV signature of an Earth-mass planet orbiting in the habitable zone.

One possible observational approach to mitigating activity-related problems

is to conduct exoplanet searches in the infrared and near-infrared domain, where

the photospheric contrast of spots is lower than at visible wavelengths (Artigau
13A convective envelope is a necessary but not sufficient condition for signficant stellar magnetic

activity (Schrijver and Zwaan, 2000).
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et al., 2014; Quirrenbach et al., 2014), and where M dwarfs are also more luminous.

Another is to obtain dense sampling followed by averaging and binning of data

over time-scales similar to the stellar rotation period, since the power spectrum of

signals from rotating active regions becomes white at frequencies below the rotation

frequency (Lovis and Fischer, 2011). Such an approach has clear disadvantages,

however. It requires a large amount of telescope time, essentially throws away large

amounts of data in the binning process, and is only suitable for detecting planets

with periods much longer than the stellar rotation period. A preferable approach

would be to model the QP signals of rotating active regions jointly with planetary

signals, and to take into account their possible interference; see Sections 2.4 and 2.5.

2.3.4 Long-term magnetic activity cycles

The Sun undergoes a 22-year cycle, the Babcock–Leighton Solar dynamo cycle,

which corresponds to an oscillatory exchange of energy between toroidal and poloidal

Solar magnetic fields (Schrijver and Zwaan, 2000). This cycle gives rise to an 11-year

QP cycle characterised by an increasing and decreasing number and size of active

regions such as sunspots (as well as changes in the number of coronal mass ejections,

the levels of Solar radiation, etc.). During periods in the cycle corresponding to

minimum magnetic activity, the Solar disc may appear free of spots for months

at a time; during the maximum, up to about 0.5% of the entire Solar disc may

be covered in spots (Watson et al., 2011).

Other Sun-like stars exhibit similar long-term magnetic cycles. These long-

term modulations of activity levels and numbers of surface magnetic regions can

lead to variations in stellar-origin RV perturbations of up to tens of m s−1 over

the course of many years (Dumusque et al., 2011a; Gomes da Silva et al., 2012;

Meunier and Lagrange, 2013).

2.4 Spectroscopic activity indicators

While observational strategies can be devised to mitigate nuisance RV signals

associated with stellar oscillation and granulation (Dumusque et al., 2011c), activity-
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induced signals pose a much bigger challenge. Apart from the nontrivial amplitudes

associated with these signals, their periodic or QP nature means they can sometimes

mimic planetary RV signals, possibly even leading to false-positive planet detections

(e.g. Queloz et al. 2001; Desidera et al. 2004; Bonfils et al. 2007; Carolo et al.

2014; Haywood et al. 2014; Santos et al. 2014). Moreover, the associated time-

scales of these stellar signals can be comparable to those expected for planets: of

order days or weeks for rotationally-modulated activity, and of order years for

modulations due to long-term magnetic activity cycles. Therefore, in the regime

of small-amplitude RV variations associated with lower-mass planets, planetary

detection and characterisation rapidly becomes limited not by the quality of available

spectrographs, but rather by the presence nuisance signals which can be very difficult

to disentangle from putative planetary signals.

Hale (1908) was the first to observe Zeeman splitting of lines produced in

spots on the Sun, and thus deduced that these regions corresponded to strong

magnetic fields. Indeed, by precise measurement of Zeeman splitting across different

regions of the Sun, spatial variations in the strength of the Solar magnetic field may

be reconstructed in ‘magnetograms’ (Babcock, 1953). Unfortunately, given that

other stars are usually observed as unresolved point sources, neither photometry-

based active region maps nor magnetograms can easily be constructed. Zeeman-

Doppler imaging (ZDI) is a tomographic technique which combines time series

spectropolarimetry with the principle of maximum entropy to attempt to reconstruct

stellar magnetic fields, and yields the simplest magnetic field geometry among the

various solutions compatible with data (Marsh and Horne, 1988). However, the

technique tends to work best for young, rapidly-rotating, and very active stars

featuring significant Doppler broadening and large surface activity features – i.e.,

unlikely targets for exoplanet searches. Moreover, many fundamental questions

remain unaddressed about the reliability of ZDI inversions of complex field topologies

on cool stars (Kochukhov, 2016).

Fortunately, a number of activity-sensitive spectral parameters may often be

extracted easily and simultaneously with RVs from the stellar spectra. In particular,
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the width (full width at half maximum – FWHM) and degree of asymmetry of the

spectral lines (commonly measured from the CCF bisector), as well as chromospheric

activity indicators (e.g. logR′HK, which measures the amount of emission in the

cores of the Calcium ii H & K lines), are all sensitive to activity, but not to the

presence of planets. These commonly used ‘activity indicators’ are outlined below.

The S-index and R′HK

The Ca ii H and K lines, at 3 967 Å and 3 933 Å, are the strongest and broadest

lines in the visible Solar spectrum. The detailed formation of the H and K lines is

very complicated, given e.g. the nontrivial thermal profiles of stellar atmospheres,

though it turns out that emission in the core of these lines is a useful and widely-

used proxy for chromospheric magnetic activity levels (Linsky and Avrett, 1970;

Schrijver and Zwaan, 2000).14

The S-index is a dimensionless ratio of the emission in the cores of the H

and K doublet to that of two nearby, surrounding continuum bandpasses, and

may be expressed thus:

S = α
ΨH + ΨK

ΨV + ΨR
, (2.9)

where ΨH and ΨK refer to the fluxes in the H and K line cores, ΨV and ΨR

refer to the fluxes in the 20-Å bands on the violet and red sides of the H and K

lines, and α is a normalisation factor. The flux measured in the reference bands,

however, depends on spectral type, so the S-index cannot be used to compare

activity levels in stars of different type. For the same reason, the S-index cannot

be used to compare measurements between different instruments with different

transmission levels in different bandpasses.

The R′HK index was introduced (Middelkoop, 1982; Noyes et al., 1984b) to

quantify activity levels in a way that is independent of spectral type and instrumental
14Other fairly common radiative diagnostics of stellar activity include the H-α and Ly-α hydrogen

lines, and the Mg ii h and k lines. For various reasons these are less widely used than the Ca ii H
and K lines: e.g., the Mg ii h and k lines can only be observed from space, and trace circumstellar
and interstellar matter in addition to stellar magnetic activity (Schrijver and Zwaan, 2000).
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parameters. It measures the excess fraction of a star’s bolometric luminosity

radiated as chromospheric H and K emission:

R′HK = Ψ′H + Ψ′K
σBT 4

eff
, (2.10)

where σB is the Stefan-Boltzmann constant, Teff is a star’s effective temperature,

and the primes on the Ψ indicate that the fluxes (measured at the stellar surface,

rather than received by the observer) have had the chromospheric contribution of a

reference star subtracted. The R′HK is often used in logarithmic units, i.e. as logR′HK,

as it will appear in subsequent chapters of this thesis. Stars may be classified, for

example, as ‘very inactive’ (logR′HK < −5.1), ‘inactive’ (−5.1 < logR′HK < −4.75),

‘active’ (−4.75 < logR′HK < −4.2), and ‘very active’ if logR′HK > −4.2 (Maldonado

et al., 2010). The Solar value varies between about −4.85 and −5.0 as the Sun

moves between high- and low-activity phases.

CCF FWHM

The CCF FWHM indicates the width of the mean spectral line (as summarised

by the CCF) at the point where this line achieves half its maximum depth. In

the case of relatively rapidly rotating stars, Doppler broadening ensures that the

FWHM is determined largely by the projected stellar rotation velocity, i.e. v sin i.

Since younger, faster-rotating stars are associated with stronger magnetic activity,

the FWHM will give a general indication of the levels of magnetic activity of a

star. It may be shown that the FWHM of the CCF will change as e.g. a dark spot

crosses the stellar disc, in order to conserve the area enclosed by the line profile (see

Fig. 2.4), so that RV perturbations arising from starspot flux deficits on a rotating

star will therefore be correlated with variations in the FWHM (Haywood, 2015).

In addition to reflecting the rotation rate of stars, however, the CCF FWHM

also reflects thermal, collisional, and turbulent motions in the stellar photosphere,

and even Zeeman broadening effects (Desort et al., 2007). Thus, the CCF FWHM

in general will also depend on stellar parameters such as temperature, pressure,

surface gravity, etc. Rotational broadening ceases to be the dominant contribution
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to the CCF FWHM when v sin i � 10 km s−1(Dempsey et al., 1992), as would

be the case e.g. in typical M dwarfs.

CCF bisector

Another measure of the shape of the CCF is the bisector, which quantifies the

asymmetry of the spectral lines. Perryman (2011) defines the bisector as ‘the locus

of median points midway between equal intensities on either side of a spectral

line, thereby dividing it into two halves of equal equivalent width’. For a Gaussian

line profile, this would be a straight vertical line going through the middle of the

line profile. However, photospheric granulation in cool stars results in ‘C’-shaped

bisector, due to the superposition of a blueshifted line profile (due to bright upflowing

granules) and a less intense, redshifted line profile (due to darker downflows in

intergranular lanes); see Fig. 2.5. Active regions that reduce the net blueshift will

thus produce small distortions in the shape of the line bisector.

Many quantities have been defined in relation to the bisector, e.g. the bisector

velocity span (Toner and Gray, 1988), the bisector curvature (Hatzes, 1996), and

the bisector inverse slope (BIS: Queloz et al., 2001), the latter being used often

in subsequent chapters of this thesis.

2.5 Treating activity-induced RV variability

Assuming one or more ‘activity indicator’ time series (e.g. logR′HK, FWHM, BIS,

photometry, or perhaps even a direct measurement of disc-integrated magnetic field

strength) are available in parallel with stellar RV measurements, it remains to identify

any time-correlated variability in these ancillary time series, and thus to disentangle

stellar activity-induced variability in the RVs from other e.g. exoplanetary signals.

There has been considerable interest in recent years in developing techniques

for doing exactly this. A few of the most commonly used approaches are sketched

below, while the focus in the next chapter of this thesis will be the development of

a technique that improves on these existing approaches for disentangling activity

and planetary signals.
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Figure 2.5: Illustration of how surface granulation (left) affects the shape of the line
bisector (right). The line profile for the granulated star was obtained by summing a
blueshifted line profile to a less intense, redshifted one; note how the line bisector curves
upwards. Image based on a similar diagram from Haywood (2015).

2.5.1 Periodograms, and related methods

The ‘classical’ or Schuster periodogram (Schuster, 1898), based on the discrete-

time Fourier transform (DFT), is perhaps the most widely used of all tools for

characterising periodic variations in time series, and an enormous literature exists

on the subject. Unfortunately, it requires many samples of a signal with even time

sampling, making it unsuitable for e.g. low-cadence data containing sizeable gaps.

The Lomb-Scargle or least-squares periodogram generalises the Schuster pe-

riodogram to work with unevenly-sampled signals, by choosing a pair of lagged

sinusoidal basis functions that are mutually orthogonal with respect to the uneven

sampling (Lomb, 1976; Scargle, 1982). The Generalised Lomb-Scargle (GLS)

periodogram generalises this periodogram further by accounting for signals with

non-zero means (Zechmeister and Kürster, 2009).

The GLS periodogram is used very widely in exoplanet studies in general,

including in Doppler spectroscopy, where it is used to look for both both stellar

and planetary signals (e.g. Pepe et al., 2011a,b). For example, GLS analyses

are often used to estimate stellar rotation periods from activity-sensitive time
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series, e.g. logR′HK, and thus to ‘clean’ or ‘whiten’ the RVs. Unfortunately, despite

its computational efficiency and widespread currency, the GLS periodogram is a

fundamentally unsound tool for studying quasi-periodic stellar activity signals, or

even strictly periodic Keplerian signals.

At its core, the GLS periodogram assumes that any signal being studied comprises

a single sinusoid corrupted only by white, Gaussian noise. That is, it does not just

require a strictly periodic signal: it requires that the periodic variations to take the

form of a sine wave (a valid restriction in the case of a single planet on a circular

orbit). It cannot properly account for time-correlated noise or nuisance signals as

simple as, say, a linear trend, let alone more complex signals such as quasi-periodic

variations. Moreover, it cannot even account properly for the presence of more

than one interfering periodic signal. Of course, in exoplanet studies, multiple, non-

sinusoidal periodic signals (due to planets) might be simultaneously present with

quasi-periodic stellar activity signals, and all of these signals should be expected to

interfere in complex ways, as suggested in Fig. 2.6. Treating a complex interference

pattern as a single sine wave is liable to produce very misleading results; see also

Section 2.5.2 for more on the dangers of iterative fitting with single sinusoidal models.

Other popular, non-inference based methods for measuring periodic variations

include autocorrelation function or ACF analyses (e.g. Edelson and Krolik, 1988;

Scargle, 1989; McQuillan et al., 2013b), and wavelet transforms (e.g. Daubechies,

1990; García et al., 2014). While neither method requires sinusoidal signals, ACF

methods cannot account well for long-term signal evolution, and sometimes require

ad hoc devices for period estimation in ambiguous cases; wavelet methods, meanwhile,

hinge upon choosing an appropriate mother wavelet to describe a signal over a

range of transpositions and scales (Antonini et al., 1992).

A disadvantage of all these methods, including GLS analyses, is that they do

not provide any way of modelling correlated nuisance signals (e.g. due to binary

star interactions, intra-pixel contamination from other sources, stellar pulsations,

instrumental variability, etc.) jointly with the genuine stellar or planetary signals

of interest, and they do not provide principled ways of incorporating observational
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Figure 2.6: Interference between periodic signals. The plotted functions have the form
f =

∑N
i=1 sin(2πt/Pi + φi). In all three panels, N = 2, and P1 = 30 d; the respective

values of P2 are (a) 38 d, (b) 29 d, and (c) 61.5 d. No amount of ‘jitter’ (independent,
identically-distributed white Gaussian noise) could be added to a single sinusoid to explain
the observed interference patterns, and trying to model the signals in this way could lead
to nonsensical conclusions about the putative sinusoid’s amplitude or period. Such an
approach could yield even more misleading results when given N > 2 interfering signals.

uncertainties into the modelling (Angus et al., 2018). Moreover, they all reduce

activity-sensitive time series to point estimates of stellar rotation periods, without

providing period posterior probability distributions – nor do they provide any

guidelines about how a rotation period point-estimated from one or more activity

indicators should best be used to ‘clean’ an RV time series. Finally, they do

not provide any way of disentangling a planetary signal from a stellar signal in

cases where their periods are very similar; at best, they might prompt doubt

about detecting any planets with periods similar to a rotation period estimated

from activity indicator(s).

2.5.2 Pre-whitening

Pre-whitening entails carrying out a Fourier (or similar) analysis to find the strongest

period in a given signal, then subtracting a sinusoidal fit with this period from

the data, and repeating until the noise floor is reached (e.g. Queloz et al., 2009;

Hatzes et al., 2010; Hatzes, 2013); it is analogous to the Clean method derived

by Högbom (1974), which is widely used in radio astronomy. Pre-whitening is a

quick and widely-used method to reveal potential periodicities, whether stellar or
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Figure 2.7: Toy example of the perils of iterative fitting. Left: a signal comprising
two sinusoids with periods 20 d and 31 d, each with 1 m s−1 amplitude. The signal is
sampled, without noise, at 100 random times (black circles). Right: suppose we know
the periods and phases of the signals, but not their amplitudes. After subtracting the
best-fitting model for the 31 d signal, the residuals (a) are non-sinusoidal; and even after
subtracting the 20 d signal, (b), a ∼30 cm s−1 signal remains in the residuals. This is not
an ‘exoplanet buried in the noise’; it is just an artefact of our modelling. (Similar problems
may arise if we did not know the signals’ periods, and attempted to infer them iteratively.)
If, instead, we fit the 20 d and 31 d signals simultaneously rather than iteratively, thus
accounting for their mutual interference, the residuals (c) are completely flat.

planetary, present in RV data. For example, pre-whitening may be performed with

sinusoids with periods corresponding to an estimated stellar rotation period, and

harmonics thereof, thus ‘filtering’ (in principle) the RVs of stellar activity signals.

Unfortunately, a fundamental flaw in this approach is that it is tantamount

to assuming, at each iteration, that the signal to be fitted is in fact just a single

sinusoid plus uncorrelated Gaussian noise. Quasi-periodicity and non-sinusoidal

variations notwithstanding, if multiple interfering sinusoids are present, the period

and amplitude of any fitted sinusoid need not even correspond to a real signal

present in the data. Thus, by proceeding according to false assumptions, spurious

signals may be introduced into the data. A toy example of how such pre-whitening

(or iterative fitting in general) can mutilate even a simple data set is given in Fig. 2.7.
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2.5.3 Harmonic decomposition

Harmonic decomposition entails modelling stellar activity signals as sinusoids with

periods equal to the stellar rotation period (as estimated e.g. via a GLS or ACF

method) and varying numbers of harmonics (Boisse et al., 2011; Dumusque et al.,

2012). Additionally, a finite coherence time parameter can be included in the

modelling to allow, say, short-period signals to be preserved while filtering out

lower-frequency signals suspected to be due to stellar activity. The technique is

closely related to pre-whitening, although has the advantage of fitting multiple

sinusoids jointly rather than iteratively.

While it is true that even the signals of complex (though non-evolving) starspot

configurations can usually be modelled well with fewer than about five Fourier terms

(Jeffers and Keller, 2009), it is also true that any function at all, even aperiodic

ones, can be modelled with a Fourier decomposition, so ad hoc strategies need to

be devised to choose the number of harmonics used in the fitting. The method

also relies on a good prior rotation period estimate, and cannot help distinguish

between a stellar and planetary signal with similar periods.

2.5.4 Nightly offsets method

Suppose planets with orbital periods of hours or a few days orbit a star with a

rotation period of order several weeks, and that multiple RVs are measured on

most nights the star is observed. In such a case it is reasonable to assume that

on a given night, the stellar activity contribution to the RV signal is roughly

constant, and that variations occurring on a time-scale of hours are caused by

the orbital reflex motion of planet(s). This being the case, it is possible to fit

for nightly offsets due to slowly-varying activity or long-period planets, while also

fitting the short-period planetary orbits.

While this method has been used profitably in some systems (e.g. Hatzes et al.,

2010, 2011; Pepe et al., 2013), its applicability is clearly limited – to say nothing of

the information lost by introducing a large number of free parameters (equal to the
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number of observing nights) to force the activity signal to be artificially ‘ironed out,’

instead of modelling the activity-induced variations jointly with other signals.15

2.5.5 Linear correlation models

Some authors eschew harmonic analysis and instead fit simple linear or monotonic

correlations between the RV measurements and chromospheric activity or line shape

indicators (Boisse et al., 2009; Tuomi et al., 2014; Robertson and Mahadevan, 2014)

to try to remove stellar activity contamination from the RVs. While this approach

has the advantage of not being predicated on assumptions of sinusoidal or periodic

variability in the activity diagnostics, and indeed there do exist clear-cuts cases in

which strong, nearly-linear correlations between RVs and activity diagnostics have

been observed (Queloz et al., 2001; Dumusque, 2012), it is also simple to construct

examples of signals where such models will fail completely.

Suppose y = sin(t) and z = sin(t+ π/2); z can straightforwardly be modelled

as a phase shifted version of y (y implies z, and vice versa); yet both the linear and

rank correlation between these two signals is zero. Or if y = f(z) where f is an even

function, e.g. y = z2, the linear and rank correlation between y and z will again be

zero. These are toy examples, but the point is that linear and monotonic correlation

can capture only certain very basic types of dependence between observables. Indeed,

it is known that the correlations between RV variations and activity indicators

need neither be linear nor monotonic; e.g. plots of RVs vs. BIS often display an

eight-shaped pattern (Boisse et al., 2011; Figueira et al., 2013).

2.5.6 Analytical surface and spot modelling

Detailed analytical modelling of stellar surface features (Lanza et al., 2010; Boisse

et al., 2012) has the potential to explain perfectly all observed activity-induced

RV variability.
15Jaynes (2003) gives numerous insights on the virtues of data ‘free of detrending, seasonal

adjustment, pre-filtering, smoothing, or any other destructive mutilation,’ and offers the withering
remark that ‘probability theory, correctly applied, is quite capable of extracting all the relevant
information from the raw, unmutilated data and does best, with the least total computation, when
it is allowed to do so freely.’
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Unfortunately, these analytical models may contain enormous numbers (upwards

of hundreds) of free parameters,16 many of which are strongly degenerate (e.g. Russell,

1906; Jeffers and Keller, 2009; Kipping, 2012). Doppler imaging – analogous to the

more recently-developed ZDI, but based on mapping simple line distortions rather

than Zeeman splitting – may in some cases be able to offer constraints on spot

distributions, but the spot maps constructed through Doppler imaging themselves

suffer from degeneracy. Thus, robust exploration of spot model parameters is usually

not feasible, with model comparisons being essentially impossible.

Simplified spot models (e.g. Lanza et al., 2014, where only two spots are

modelled) have produced reasonable results. However, such relatively inflexible

approaches sacrifice precision, and remain ad hoc models – there is only so much a

model constrained to have exactly two spots, say, can possibly tell us about a stellar

surface covered in hundreds of evolving active regions on a differentially-rotating star.

2.5.7 The FF ′ method

Aigrain et al. (2012, hereafter A12) showed that there should exist a relatively

simple relationship between the photometric brightness and RV variations of a

spotted star. This leads to a straightforward method to predict the RV variations

from the light curve, with only two free parameters.

In particular, A12 shows that to first order, the RV perturbation ∆RVrot to

the star’s RVs incurred by the presence of spots on the rotating photosphere

can be written

∆RVrot = dΨ/dt
Ψ0

[
1− Ψ(t)

Ψ0

]
R?

f
, (2.11)

where Ψ(t) is the observed stellar flux, Ψ0(t) is the stellar flux for an unspotted

photosphere, and R? is the stellar radius. The parameter f represents the drop in

flux produced by a spot at the centre of the stellar disc, and can be approximated

as f ≈ 1−Ψmin/Ψ0, where Ψmin is the minimum observed flux, i.e. the flux during

maximum spot coverage. A12 also showed that the RV perturbation ∆RVconv due
16In addition to global stellar parameters such as inclination and rotation period, each spot or

active region should have (at minimum) a longitude, latitude, size, temperature and lifetime.
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to suppression of convective blueshift associated with spots or faculae – thought

to be the dominant source of time-correlated RV signal in the Sun – may be

approximated as

∆RVconv =
[
1− Ψ(t)

Ψ0

]2
δVcκ

f
, (2.12)

where δVc is the difference between the convective blueshift in the unspotted

photosphere and within magnetised areas, and κ is the ratio of this area to the

spot surface (typically κ � 1).

Because the method allows activity-induced RV perturbations (i.e. ∆RVrot +

∆RVconv) to be modelled using only the stellar flux and its time derivative as

basis functions, this method was named the FF ′ method. In other words, given a

high-cadence photometric time series of a spotted star, the variations in this time

series can be used to estimate the RV signal due to the spots (assuming no transiting

planets are present, or that their signals have been removed). Thus RVs can be

‘cleaned’ of stellar contaminants, possibly revealing residual exoplanetary signals.

In the method’s favour, it is simple and easy to implement, and has very few

free parameters. It also requires little prior knowledge of the star being modelled;

in particular, it does not require knowledge of a star’s rotation period, or active

region configurations. A12 demonstrated the method’s success at reproducing

Solar RV variations from photometry at the sub-m s−1 level, and at the ∼ m s−1-

level for Kepler targets. Its performance compares favourably with that of far

more complicated spot models.

Nevertheless, the FF ′ method remains a first-order model, and can only be

applied when simultaneous high-precision photometric and RV measurements

are available. The method also does not make use of information available in

spectroscopic activity indicators, e.g. logR′HK FWHM, BIS, etc.

2.5.8 Summary

Given the very strong interest in developing ways to mitigate the impact of activity,

it is not possible to give here a comprehensive discussion of the very many techniques
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that have been developed and applied in recent years. Some of the techniques not

discussed above include simple red-noise models (Tuomi et al., 2013; Feroz and

Hobson, 2014), apodised Keplerian periodograms (Gregory, 2016), and compressed

sensing techniques (Hara et al., 2017); see Dumusque et al. (2017) for a comparison

of some of these techniques.

In any case, it should be clear that all of the somewhat commonly-used techniques

discussed above suffer from a number of drawbacks, many shared between the

methods (and not always explicitly pointed out above for each method), e.g.

being based on overly restrictive or unrealistic assumptions, or on the other hand

being overly flexible; not allowing principled incorporation and propagation of

uncertainties; not allowing rigorous model comparison; relying in various ways on

ad hoc devices; neglecting to model potentially-relevant information; not being

able to disentangle stellar and planetary signals with identical periods; and so

on. The method developed in the next chapter of this thesis aims to address

these shortcomings.

2.6 Gaussian process regression

The preceding discussion about the shortcomings of traditional approaches to

modelling or mitigating stellar activity signals leads us very naturally to consider

Gaussian processes (GPs).

Whereas traditional regression methods are usually concerned with inferring

the parameters of a single function, GPs give us a powerful, non-parametric, and

data-driven way to perform Bayesian inferences about functions themselves.

Formally, a GP may be defined as a joint distribution over infinitely many random

variables, any finite subset of which has a consistent joint Gaussian distribution

(Rasmussen and Williams, 2006). As such, a GP is a distribution over functions

with a continuous domain, e.g. time or space.

This rather stark definition does not necessarily make it clear why GPs might

be useful, say, for modelling stellar activity signals. Therefore, the remainder of
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this chapter aims to provide a practical and relatively non-technical introduction17

to GPs, while elucidating their conceptual basis. We shall see that GPs represent a

convenient and powerful approach to modelling a wide variety of physical processes,

especially where more traditional or simplistic regression techniques18 fall short.

2.6.1 Parametric vs. non-parametric modelling

Suppose we have a data set of observations obtained as input-output pairs, D =

{(xi, yi)}ni=1 = (x,y); for example, each xi might represent an observation time,

and each yi might represent the luminance or radial velocity of a star. We concern

ourselves now with the regression problem of finding the relationship between the

inputs and outputs: this might take the form y(x) = f(x) + η, where f() is an

unknown function and η is an additive noise process.

As a concrete example, consider a small set of data samples at x = 0, 1, 2,

and associated observed values y = 0, 0.5, 1. Fitting a simple linear model to

the observations, of the form y = f(x) = ax+ b, gives rise to the curve shown in

Fig. 2.8(a). For suitably-chosen values of a and b, this model manages to describe our

data very well – exactly, in fact. This does not mean the linear model is necessarily

‘correct’. Fig. 2.8(b) shows an entire family of curves, generated using a polynomial

spline model. As is the case with the linear model, each spline curve passes exactly

through each of our observations, yet the curves differ significantly from each other

in interpolation and extrapolation, i.e. in regions without observations.

This simple example demonstrates that there will always exist many functions

that can explain equally well any data we have observed. How do we go about

choosing from the vast array of mathematical functions that give rise to such

explanatory curves?
17For a comprehensive textbook on GPs, refer to Rasmussen and Williams (2006).
18While the focus in the following discussion will be on GPs in the context of regression (i.e.

inferring relationships between variables), it may be noted that GPs have also found applications
in areas such as probabilistic classification, Bayesian quadrature, global optimisation, solution of
differential equations, and more (for a diversity of applications, see e.g. Gibbs, 1998; Kuss, 2006;
Osborne, 2010).
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Figure 2.8: Two simple examples of curve fitting. (a) Straight line fit to three
observations, denoted by black dots. (b) 12 cubic spline curves, each of which fits
the observed data as well as the straight line. All of these curves are similar to each other
near to the data, but vary significantly in regions far from the observations.

.

Given strong and precise prior knowledge of the system we’re observing, it

might be possible to reduce this infinite-dimensional function space to a single

function or family of functions. For example, suppose applying Newton’s second

law to a system leads to the equation of motion

d2y

dx2 = −ω2x; (2.13)

this equation governs the behaviour of a wide variety of idealised classical and

quantum systems, including simple pendula, undamped spring/mass systems, a

body undergoing uniform circular motion, resonant electric circuits, the vibrations of

atoms in a crystalline lattice, and more (French, 2001). Solution of this differential

equation tells us that the system’s motion will be described by a sinusoid of the form

y(x) = A cos(ωx+ φ). (2.14)

Thus the problem of choosing a function from an infinite-dimensional family of

functions is reduced to the much simpler problem of choosing values (finding the

probability distributions) for the parameters A, ω, and φ. Prior constraints on

some of these parameters may be informed by physical knowledge of the system;

additional constraints will come from the extent to which different parameter values

lead to a close match between model and data, i.e. from a likelihood function. Such
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modelling is referred to as parametric, in the sense that a finite number of unknown

parameters are to be inferred as part of the data modelling process.

Many simple physical systems are amenable to parametric modelling, and

accordingly, there is an enormous body of literature on parametric modelling

methods. Nevertheless, there are also many scenarios in which we might have little

or no prior knowledge regarding the most appropriate parametric model to use. Or

we might have prior knowledge that is motivated directly by physical considerations,

but is nevertheless difficult to build into any parametric model.

For example, suppose we are trying to model the photometric (or RV) signature

of multiple dark active regions on the rotating, unresolved disc of a given star. We

might know that the star takes about one month to rotate about its axis: given

persistent star spots, the smooth rotation should lead to an overall smoothness and

periodicity in the observed stellar signal. However, we also know that spots can

appear stochastically on the stellar disc, grow, persist for a lifetime of perhaps a

couple of rotation periods, and then decay until they disappear. Clearly this would

lead to a departure from true periodicity, since the changing spot configurations

would lead to an evolution of the ‘shape’ of the photometric signal, despite the

smooth underlying rotation. We might also know something about the typical

fraction of this star’s surface that is covered in spots (which would determine the

amplitude of photometric variations due to spots), as well as typical numbers of

distinct spots present on the star (which, when combined with effects such as

differential rotation and limb darkening, would determine the complexity of the

disc-integrated variations we’d observe).

It would certainly be possible to build a parametric model that’d fit any observed

photometric variations due to evolving spots on this rotating star. However, a

number of questions would immediately arise. Should such a model be based on

five, or ten, or a hundred spots? If a model with four spots suffices, how would we

know that what we’re really observing is not eight spots with slightly different sizes

or persistence lifetimes – or just three spots, but a more complicated pattern of

underlying differential stellar rotation? Which ad hoc scheme would we use to decide
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if we’re over-fitting our data, since a more complex model will generally permit a

better fit? How would we go about transforming our imperfect physical knowledge

of the star into sensible priors on all of the (possibly hundreds of) parameters in

our model? How would we decide which model to favour among arbitrarily many

different physical models, if all are equally plausible? Might it be possible that

all of the models we consider are inadequate? Clearly, in this example at least,

any attempt at parametric modelling would throw up a multitude of questions to

which there may be no straightforward or defensible answer.

Thankfully, however, it turns out that we can work specifically with the infinite

space of functions that have characteristics consistent with (in the stellar activity

example) our somewhat vague and difficult to parametrise prior physical knowledge.

Moreover, we can even contemplate probability distributions over this function

space, such that the work of modelling, explaining, and forecasting data is performed

by refining these probability distributions, in order to focus on regions of function

space that are strong contenders to model our data. As these functions are not

characterised by explicit sets of parameters to be inferred, this approach is known

as non-parametric modelling. A GP is a particularly powerful and convenient

example of such a non-parametric model.

In many contexts, and for the purposes of this thesis, it is useful to think of a

GP as a convenient way to formulate and work with probability distributions over

functions. To gain insight into the idea of probability distributions over functions

(rather than parameters of a function), as well as into the conceptual basis for GPs

specifically, it is useful to turn first to the multivariate Gaussian distribution.

2.6.2 Conceptual basis: the multivariate Gaussian

Consider a bivariate Gaussian distribution, defined for random variables x1 and

x2. The distribution is fully specified by a mean vector, µ, and a 2× 2 covariance

matrix, Σ, which we may visualise as a covariance ellipse corresponding to equal

probability contours of the joint probability distribution p(x1, x2). Fig. 2.9 represents

an example of a bivariate Gaussian distribution as a series of elliptical contours.
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Figure 2.9: A joint 2-dimensional Gaussian distribution (covariance ellipses) forms
marginal distributions, p(x1) and p(x2), that are in some sense ‘vague’ (black solid lines).
Observing x1 at the value indicated by the dashed line changes our beliefs about x2,
leading to a conditional distribution (black dash-dotted line). Knowledge of the covariance
lets us decrease uncertainty in one variable, based on an observation of the other.

The corresponding marginal distributions p(x1) and p(x2) are shown as projections

(solid lines) along the x1 and x2 axes. Now suppose that we observe one of the

variables, x1, at the location of the dashed vertical line in Fig. 2.9. The resultant

conditional distribution p(x2|x1), indicated by the dash-dotted curve, now looks

very different to the marginal distribution p(x2). Given the relationship between

the variables implied by and encoded in the covariance, knowledge of one variable

shrinks our uncertainty in the other.

To build a bridge between this simple example and a time-series analysis problem,

let us represent the same effect in a different format. Fig. 2.10 shows the mean

(black line) and ±σ (blue shaded region) for p(x1) and p(x2). Fig. 2.10(a) depicts

our initial state of ignorance, and Fig. 2.10(b) shows the situation after observing

x1, which changes the location and width of the distribution over x2.

Now for the key point: there is no reason for us to stop at just two variables. We

can extend this toy example to arbitrarily many variables, the relationships between

which will be defined by correspondingly large covariance matrices. Fig. 2.11 shows

the distribution for a 10-dimensional example in which noisy observations are made

at times (or locations) 2, 6, and 8. Fig. 2.11(a) shows the posterior mean and ±σ as

in the previous example. Fig. 2.11(b) extends the posterior distribution evaluation
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(a) (b)

Figure 2.10: The change in distributions on x1 and x2, as in Fig. 2.9, but represented
now in a form more familiar to time-series analysis. (a) The initial, vague, distributions;
the black line denotes the mean and the blue shading ±σ. (b) Distributions after observing
x1; the distribution over x2 has become less uncertain, and the predicted value of x2 has
also shifted.
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Figure 2.11: (a) The posterior distribution (the black line showing the mean and the
blue shading ±σ) for the case of 10 observations, with observations made at locations 2, 6
and 8. (b) Dense evaluation of the posterior in the interval [1, 10], showing how arbitrarily
dense evaluation gives rise to a ‘continuous’ posterior distribution with respect to time.

.

to an arbitrary number (thousands, say) of locations in the same interval: we note

now that the discrete distribution has become rather continuous. We can keep

extending this picture to the limit in which the locations of the xi are infinitely

dense (here on R), such that the infinite joint distribution over all of the xi is

equivalent to a distribution over a function space.19

As the locations of observations and points at which we wish to investigate the

function are not in any way constrained to lie on any predefined sample points, we
19After all, a continuous function may be thought of (loosely) as a mapping from an infinitely-

large input vector to an infinitely-large ouput vector.
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are now working in continuous time (or space) with a GP. Whereas a Gaussian

distribution N is specified by a mean vector and covariance matrix, a Gaussian

process GP will be specified by a mean function and a covariance function: in

principle, both infinite-dimensional objects – and a draw from this GP will be a

random function rather than a finite-dimensional random vector.

In practice, we shall not have to work with infinite-dimensional spaces; rather,

it will turn out to be sufficient (thanks to the remarkably expedient properties of

Gaussian distributions) to be able to evaluate the probability distribution at any

finite number of locations on the real line we may choose, and to incorporate any

of the finite number of observations we may have at other points.

To formulate a covariance over arbitrarily large sets, we define a covariance kernel

function, k(xi, xj), which provides the covariance element between any two arbitrary

sample locations, xi and xj. Because the covariance of xi with xj must be the

same as the covariance of xj with xi, we require k(xi, xj) = k(xj, xi); the additional

requirement that all linear combinations of random variables have non-negative

variances leads to the requirement that k(xi, xj) be a positive semi-definite function.

Thus, instead of having to specify an infinitely large covariance matrix, we shall

simply work with a ‘recipe’ for computing covariances of interest. For a set of

locations x = x1, x2, . . . , xn, we may define the covariance matrix thus:

K(x,x) =


k(x1, x1) k(x1, x2) · · · k(x1, xn)
k(x2, x1) k(x2, x2) · · · k(x2, xn)

... ... . . . ...
k(xn, x1) k(xn, x2) · · · k(xn, xn)

 . (2.15)

Provided k(xi, xj) is a valid i.e. positive semi-definite covariance function, K

will be a valid covariance matrix, i.e. K will be symmetric and will have non-

negative eigenvalues.

2.6.3 Learning an unknown function from data

Let us now return to the problem posed in Section 2.6.1, where we have a set

of observations D = {(xi, yi)}ni=1 = (x,y), and we wish to find the relationship
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between the inputs and outputs. Let us assume this relationship takes the form

yi = g(xi) + εi, (2.16)

where εi ∼ N (0, σ2), and we do not know the functional form of g(x). If we

have some prior knowledge about certain properties of g, however, we can place

a GP prior on the function g, with our prior knowledge about g built into the

covariance structure of the GP:

g ∼ GP(0, k). (2.17)

If we happen to know how to parametrise part of the relationship between y and x,

such that g(x) = µ(x) + f(x), we can then place the GP prior on f instead:

f ∼ GP(µ, k); (2.18)

we refer to µ(x) as the mean function of our GP. Note that our GP prior does not

depend on the observed (‘training’) data D; it serves to specify general properties

we believe function f to have, and we shall discuss how to choose a covariance

function and a mean function in Sections 2.6.4 and 2.6.5 respectively. Lastly, for

convenience, we can fold the uncorrelated observational noise into our covariance

function by transforming k(xi, xj) → k(xi, xj) + σ2δij; generalisation to the case

of different variances for different observations is straightforwardly achieved by

replacing σ2δij with σ2
i δij.

By construction, the entire function evaluation associated with the points in

x is now a draw from a multivariate Gaussian distribution,

p(y) = p(f(x)) = N (µ(x),K(x,x)), (2.19)

where f is our unknown function evaluated at locations x1, x2, . . . , xn; µ(x) is the

GP mean function, µ evaluated at the same locations; and K ∈ Rn×n, with

Ki,j = k(xi, xj).
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Suppose now we would like to evaluate the posterior distribution at some test

location, x∗, not included in x. We start by considering the joint distribution of the

observed data D, consisting of x and associated values y, augmented by x∗ and y∗:

p

y
y∗

 = N
µ(x)

µ(x∗)

 , [ K(x,x) K(x, x∗)
K(x∗,x) K(x∗, x∗)

] , (2.20)

where K(x, x∗) is the column vector formed from k(x1, x∗), . . . , k(xn, x∗), and

K(x∗,x) = K(x, x∗)T. Following some manipulation,20 we find that the posterior

distribution over y∗ is Gaussian, with mean and covariance given by

m∗ = µ(x∗) + K(x∗,x)K(x,x)−1(y− µ(x)), (2.21)

and

σ∗ = K(x∗, x∗)−K(x∗,x)K(x,x)−1K(x, x∗). (2.22)

By repeating this process not just for a single test datum but an arbitrary

set of locations outside our observations, x∗, we may evaluate the posterior

distribution y(x∗); using standard results for multivariate Gaussians, it may be

shown that the posterior mean and variance (conditioned on the known observations

y) will be given by

p(y∗|y) = N (m∗,C∗), (2.23)

with

m∗ = µ(x∗) + K(x∗,x)K(x,x)−1(y− µ(x)), (2.24)

and

C∗ = K(x∗,x∗)−K(x∗,x)K(x,x)−1K(x,x∗), (2.25)

where the shorthand notation for the covariance, K(a,b), is defined as:

K(a,b) =


k(a1, b1) k(a1, b2) · · · k(a1, bn)
k(a2, b1) k(a2, b2) · · · k(a2, bn)

... ... . . . ...
k(an, b1) k(an, b2) · · · k(an, bn)

 , (2.26)

20The standard formula for conditioning a joint Gaussian is
[

x
y

]
∼

N
([

µ1
µ2

]
,

[
Σ11 Σ12
Σ21 Σ22

])
→ (x|y = a) ∼ N

(
µ1 + Σ12Σ−1

22 (a − µ2),Σ11 − Σ12Σ−1
22 Σ21

)
.
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so that K(a,b) = K(b, a)T. It is easy to verify, by inspection of the above

equations giving the posterior distribution for a specific set of observations, the

more general result that placing a GP prior on f leads us to a GP posterior

distribution: f |D ∼ GP(µD, kD), with

µD(x) = µ(x) + K(x,x)K−1(y− µ(x)), (2.27)

and

kD(xi, xj) = k(xi, xj)−K(xi,x)K−1K(x, xj). (2.28)

Equation 2.27 provides us with a best posterior estimate for the function f , given the

prior GP(µ, k) and the observed data D, while equation 2.28 defines our uncertainty

in the posterior estimate.21 We are thus equipped with all the apparatus needed to

learn an unknown function from some observed data, to make predictions outside

of our observations, and even to place error bars on the function we have learned.22

Given the central role of covariance structure in defining the functions a GP may

generate, we now turn to the important question of how to choose a covariance kernel.

2.6.4 Choosing a covariance function

To know how to choose the functional form of the kernel k(xi, xj), let us consider

what the covariance elements tell us. In our example in Section 2.6.2 featuring

a simple bivariate Gaussian distribution, the diagonal elements of Σ tell us the

variance of the random variables x1 and x2 (informally, the variances determine

how far x1 and x2 are spread out from their mean). The off-diagonal elements, on

the other hand, determine the joint variability of x1 and x2. Independence would

imply zero covariance, while if greater values of x1 are associated on average with

smaller values of x2, say, their covariance would be nonzero and negative.
21Note that the posterior variance kD(xi, xj) is equal to the prior variance, k(xi, xj), minus a

positive term. The observed data provides us with additional constraints on the model f , so the
posterior variance is always smaller than the prior variance.

22It is worth reflecting that the remarkably expedient properties of multivariate Gaussian
distributions have enabled the analytic conversion of a prior distribution over an infinite dimensional
function space into marginal and conditional distributions over a finite-dimensional space.
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In the context of time series analysis – and much of this thesis will involve time

series analysis of astronomical data, especially RV data – a reasonable starting point

is to assume that the informativeness of past observations, in explaining current data,

should be a function of how long the past observations were made. For example, if we

observed a star to be unusually bright half an hour ago, we might reasonably expect

that it is likely to be at least somewhat bright at the present moment. Yet its recent

behaviour might not tell us very much about its behaviour a hundred years hence, or

its behaviour in the very distant past. From this starting point, we arrive at a family

of so-called ‘stationary’ covariance functions that depend only on |xi − xj|, i.e. the

Euclidean distance (in time or space) between observations, the most widely-used

example of which is the squared exponential (SE) covariance kernel.

Squared exponential (Gaussian) kernel

The SE covariance kernel is given by

kSE(xi, xj) = h2 exp
(
−(xi − xj)2

2λ2

)
; (2.29)

the kernel is governed by two so-called ‘hyperparameters,’ h and λ, which respectively

govern the output and input (length or time) scale of functions. These parameters,

and the parameters of GP covariance kernels more generally, are referred to as

hyperparameters as they govern the properties of a prior distribution, rather than

acting explicitly on the functional form of curves drawn from the distribution.

Functions drawn from an SE kernel will be infinitely differentiable, and will

exhibit smooth variations with a typical time (or length) scale of λ. Fig. 2.12 depicts

an SE kernel, and a few random functions drawn from it.

Stein (1999) notes that the very strong smoothness assumptions underpinning the

SE kernel may be unrealistic for modelling some physical processes, and advocates

using the Matérn class (below) instead.
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Figure 2.12: SE covariance kernel, as defined in equation 2.29, with h = 1 and λ = 5. (a)
2D representation of the corresponding covariance matrix K(x,x) with x = [−100, 100].
(b) 1D slice through this covariance matrix. (c) Three random functions drawn from a
zero-mean GP with this covariance kernel. Each random function is infinitely differentiable.

.

Matérn class of kernels

The Matérn class of covariance functions is defined by

kM,ν = h2 21−ν

Γ(ν)

(√
2ν|xi − xj|

λ

)ν
Bν
(√

2ν|xi − xj|
λ

)
, (2.30)

where h is the output scale, λ is the input scale, Γ() is the standard Gamma function,

and B() is the modified Bessel function of second order. The hyperparameter ν

controls the degree of differentiability of the resultant functions modelled by a GP

with a Matérn covariance kerel, such that they are only ν + 1
2 times differentiable.

As ν →∞, the functions become infinitely differentiable, and the Matérn kernel

becomes the SE kernel. At the other end of the spectrum, setting ν = 1
2 gives us
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the Ornstein–Uhlenbeck (OU) or exponential kernel:

kOU(xi, xj) = h2 exp
(
−|xi − xj|

λ

)
; (2.31)

this kernel looks almost identical to the SE kernel, but the functions it models

are not smooth. Instead, they are only once differentiable, and correspond to

the random motion of a massive Brownian particle under the influence of friction

(Bhattacharya and Waymire, 2009). Fig. 2.13 depicts an OU kernel, and a few

random functions drawn from it.

Rasmussen and Williams (2006) note that in the absence of explicit prior

knowledge about the existence of higher order derivatives, in practice it is probably

not feasible to use a finite set of noisy data to distinguish between finite values

of ν ≥ 7
2 and ν → ∞.

White noise

White noise with variance σ is represented by

kWN(xi, xj) = σ2δij, (2.32)

where δij is the Kronecker delta function (δij = 1 if i = j, otherwise δij = 0).

This kernel is usually used to account for uncertainty in observed data, and is

typically found added to other kernels. The use of a kWN kernel in isolation, along

with a zero-mean function, reduces a GP model to the special case of a simple

additive white Gaussian noise (AWGN) model; all functions generated by such

a GP will simply be white Gaussian noise.

Building new kernels from old ones

It turns out that the sum or product of valid covariance kernels will always yield

another valid covariance kernel. This property of covariance functions allow us to

move straightforwardly from one dimensional inputs (e.g. time) to a multidimensional

set of inputs (e.g. time and space). If we assume our input space has finite dimension

and use x(d)
i to denote the value of the input in the dth dimension at index point i,
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Figure 2.13: OU covariance kernel, as defined in equation 2.31, with h = 1 and
λ = 10. (a) 2D representation of the corresponding covariance matrix K(x,x) with
x = [−100, 100]. (b) 1D slice through this covariance matrix. (c) Three random functions
drawn from a zero-mean GP with this covariance kernel. Each random function is only
once differentiable.

then we can construct a covariance function that is the product of one-dimensional

covariances over each input:

k(xi, xj) =
∏
d

kd(x(d)
i , x

(d)
j ), (2.33)

where k(d) is a valid covariance function over the dth input. Because the product

of covariances is a valid covariance, the expression in equation 2.33 is a valid

covariance over the multi-dimensional input space.

For multidimensional outputs (e.g. a time series comprising measurements of

both a star’s RV and luminance), we may consider an artificial multidimensional

input space, [l, x], with x denoting time, say, and the label l being an index for the

outputs. As before, we can then exploit the property that a product of covariance
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functions is a covariance function in its own right, and write

k([lm, xi], [ln, xj]) = kx(xi, xj)kl(lm, ln), (2.34)

taking covariance function terms over both time and time-series label. This approach

allows us to model dependencies between multiple time series (Osborne, 2010), and

is used extensively in the next several chapters of this thesis.

Another useful result is that a valid covariance function under any arbitrary

(smooth) map remains a valid covariance function. For any function u : x→ u(x),

a covariance function k() defined over a range of x gives rise to a valid covariance

function k′() over the domain of u. We use this property in the next section to

transform the SE kernel into a periodic kernel.

Periodic kernel

Consider the mapping u : x → u(x), where

u(x) =
(
u(a)(x), u(b)(x)

)
=
(
cos

(
2πx
P

)
, sin

(
2πx
P

))
; (2.35)

this mapping of a one-dimensional input variable x into the unit circle gives us a

simple way to modify simple covariance functions to formulate prior distributions

over periodic functions. If we take the covariance over x to be the SE kernel

in equation 2.29, and use the identity (cos(x)− cos(x′))2 + (sin(x)− sin(x′))2 =

4sin2
(
x−x′

2

)
, we obtain

kper-SE(xi, xj) = h2 exp
−2sin2

(
π(xi−xj)

P

)
λ2

 . (2.36)

The covariance kernel kper-SE, first derived by MacKay (1998), models periodic

functions with overall amplitude defined by h and period P . The hyperparameter λ is

now a ‘roughness’ parameter, defined relative to P , and sets the harmonic complexity

of functions: large values of λ will lead to simple, sinusoidal variations, while smaller

values will lead to more complicated periodic functions, with more structure within

a single period. Thus kper-SE gives us a means of performing inference about periodic

functions with arbitrary complexity, without having to assume a simple and perhaps
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Figure 2.14: Periodic covariance kernel, as defined in equation 2.36, with h = 1, P = 50,
and λ = 0.125. (a) 2D representation of the corresponding covariance matrix K(x,x)
with x = [−100, 100]. (b) 1D slice through this covariance matrix. (c) Three random
functions drawn from a zero-mean GP with this covariance kernel. Each random function
is smooth, and satisfies f(x) = f(x+ nP ) ∀ x ∈ R, n ∈ Z.

.

overly restrictive parametric model such as a sinusoidal model. Fig. 2.14 depicts

this periodic kernel, and a few random functions drawn from it.

While kper-SE was obtained by transforming an SE kernel, it should be noted

that a periodic covariance kernel can be constructed from any kernel (e.g. a Matérn

kernel) through the mapping in equation 2.35. Nor is this mapping a unique way to

construct a periodic covariance, though it is probably the simplest. Valid positive

definite covariance kernels depending on cos |x − x′| rather than e− sin2 |x−x′| are

possible, for example, though the use of a cosine term might not be desirable

unless we wanted to model only those periodic functions that alternate between

positive and negative autocorrelation.
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Figure 2.15: QP covariance kernel, as defined in equation 2.37, with h = 1, P = 25,
λp = 0.75, λe = 50. (a) 2D representation of the corresponding covariance matrix K(x,x)
with x = [−100, 100]. (b) 1D slice through this covariance matrix. (c) Three random
functions drawn from a zero-mean GP with this covariance kernel. Each random function
is smooth, and satisfies f(x) ≈ f(x+ nP ) ∀ x ∈ R, n ∈ Z : |nP | . λe.

.

Quasi-periodic (locally periodic) kernel

We can obtain a kernel for modelling quasi-periodic (locally periodic) functions

simply by multiplying a periodic kernel with one of the basic stationary kernels

discussed earlier, with the latter kernel serving to specify the rate of evolution of

the periodic signal. For example, if we multiply kper-SE by kSE, we obtain

kQP-SE(xi, xj) = h2 exp
−sin2

(
π(xi−xj)

P

)
2λ2

p
− (xi − xj)2

2λ2
e

 ; (2.37)

the roles of hyperparameters h and P are unchanged from kper-SE; λe defines how

rapidly functions evolve, i.e. decay away from strict periodicity, while λp controls

the harmonic complexity of functions (to simplify notation, λp has been redefined
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to absorb a multiplicative constant).23 Thus kQP-SE gives us a means of performing

inference about functions which are governed by some sort of overall periodicity,

but whose shapes may evolve over time. This kernel is depicted in Fig. 2.15, and

will be used extensively in the next few chapters of this thesis, in order to model

the signals of evolving active regions on rotating stars.

Other considerations

While the preceding discussion touched on only a few examples of covariance

kernels, it is worth noting that in general, a broad range of function properties

may be conveniently encoded into a covariance kernel, and thus into a GP prior

over functions. These properties include typical length or time-scales for variations,

stationarity (translation invariance), isotropy or anisotropy (direction independence

or dependence), signal variance, noise variance, periodicity or quasi-periodicity,

degree of smoothness, abrupt changes in input or output scales, relationships

between observations and derivative or integral observations, and more.

2.6.5 Choosing a mean function

The mean function of a GP is usually used to account for whatever we expect a

function to do in the absence of any stochastic or hard-to-parametrise variation

accounted for by the GP’s covariance structure. Put another way, we usually choose

to build any deterministic, easily-parametrised physics into the mean function of

a GP. Thus the mean function of a GP typically accommodates the ‘traditional’

components of a physical model.

For example, consider the problem of trying to model the RV variations of

an active star that we suspect might host one or more orbiting planets (the next

chapter of this thesis will have much more to say about this problem). If using a GP

model, we might choose as a mean function a linear combination of N Keplerian

functions, to account for the stellar reflex motion induced by up to N orbiting

planets. Long term RV drifts, perhaps due to a binary stellar companion, might
23Section 7.1.3 of this thesis provides a more detailed discussion on how these hyperparameters

should be interpreted and constrained.
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be accounted for by a polynomial term in the mean function. Or if there are

no orbiting planets, a constant mean function might suffice. On the other hand,

any knowledge we have of the stochastic stellar activity signals would be more

conveniently encoded into the GP’s covariance function.

2.6.6 Hyperparameter and model inference

The role of inference in GP models is to refine vague distributions over many, very

different functions, to more precise distributions focused on functions that are most

compatible with our observed data. As the form of these functions is uniquely

controlled by the covariance hyperparameters, in practice, inference proceeds by

refining distributions over the hyperparameters. A major advantage of GPs over

other regression methods is that the hyperparameters (ergo the model function)

can be inferred directly and in a principled way from the observed data.

Suppose our covariance kernel function is controlled by some set of hyper-

parameters θ, and our mean function by parameters φ. From our underlying

assumption of Gaussianity, the log marginal likelihood for our observations y,

logL = log p(y|x,θ,φ), obtained by marginalising analytically over unobserved

function values, turns out to be given by the straightforward expression (Rasmussen

and Williams, 2006):

logL = −1
2 log det K(θ)− 1

2rTK−1(θ)r− N
2 log 2π, (2.38)

where r := y − m(φ) is a vector of residuals. The first term, −1
2 log det K(θ),

is a complexity penalty term, which measures and penalises the complexity of

the model; the second term plays the role of a goodness-of-fit measure, and is

the only term which depends on the observations y; and the third term is an

(uninteresting) log normalisation term. The trade-off between complexity penalty

and goodness-of-fit in GP regression is automatic, so there is no need to resort to

any external method to address questions of over-fitting.

As observations in the real world are always limited in accuracy and completeness,

deductive reasoning cannot be employed to prove or disprove a hypothesis about a
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given system, e.g. a distant star. Fortunately, the tools of Bayesian statistical

inference give us a principled framework for assessing the plausibility of one

or more competing models, and for estimating the model parameters and their

uncertainties (Jaynes, 2003).

To perform inference about θ and φ, we simply combine the likelihood in

equation 2.38 with a prior, p(θ,φ), and explore the posterior probability distribution

p(θ,φ|y) ∝ p(y|θ,φ)p(θ,φ). Indeed, the likelihood function in equation 2.38 can

serve as a straightforward, ‘drop-in’ replacement for a more traditional likelihood

function (which may not account for correlated nuisance signals, say).

Given some ‘training’ data, when the posterior distribution for a hyperparameter

is tightly concentrated around a particular value, authors often informally describe

the hyperparameter as having been ‘learned’ as having that value.24

In some applications, fixing θ and φ to their maximum likelihood values might

be justifiable (for example, in the case of tightly peaked likelihoods and relatively

flat priors, and where one is not interested in marginalising the parameters to

facilitate model comparison) to avoid the computational burden of exploring and

working with full hyperparameter posterior distributions. There are potentially

serious pitfalls inherent in such approximations, however, and so they should be

used with caution (Snelson, 2008).

To compute the Bayesian evidence for a given modelM0 – which we take to

mean a combination of a specific covariance kernel function and mean function,

not assuming any particular model parameters – we must integrate (marginalise)

over all model parameters. If we use the shorthand Φ0 to denote the combined

(hyper)parameters θ0 and φ0, the marginal likelihood or evidence for modelM0

will be given by:

p(y|M0) =
∫
p(y|Φ0,M0)p(Φ0|M0)dΦ0. (2.39)

Approaches to computing such integrals include Markov chain Monte Carlo (MCMC)

techniques, Laplace approximations, and Bayesian quadrature (Roberts et al., 2013).
24Such terminology has its origins in the field of machine learning; in fact ‘learning’ GP

hyperparameters is no different to inferring the parameters of any other model.
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The posterior odds ratio for modelM0 against a competing modelM1 requires

computing the ratio of marginal likelihoods for the two models, i.e. the so-called

Bayes factor (Gregory, 2005):

p(M0|y)
p(M1|y) =

∫
p(y|Φ0,M0)p(Φ0|M0)dΦ0∫
p(y|Φ1,M1)p(Φ1|M1)dΦ1

· p(M0)
p(M1) . (2.40)

Returning to the earlier example of trying to model the RV variations of an

active star we suspect to host one or more orbiting planets, modelM0 might be

‘GP with SE covariance kernel for stellar activity signals, and a constant mean

function’; M1 might be ‘SE covariance kernel for stellar activity signals, and a

Keplerian mean function for a single planet’; M2 might add a second Keplerian

to M1’s mean function; and so on.

2.6.7 An illustration of GP regression

As a simple and concrete demonstration of some of the ideas presented in the

preceding discussion, consider the function f(t), defined as follows:

f(t) := 2 sin
(

2πt
27

)
cos

(
2πt
27

)
+ e−|t|/100 · 2

5

5∑
j=−5

sin( 2πt
27+j/2) + t

50 . (2.41)

If we take t to be time in days, then f(t) describes the sum of a sinusoidal signal (with

period 13.5 d), a linear term, and 11 different sinusoids (with periods uniformly

spaced between 24.5 and 29.5 d) each of which has an exponentially-decaying

amplitude. For |t| . 100, f(t) will exhibit smooth, quasi-periodic variations; a GLS

periodogram of f(t) sampled densely on this domain will show a sharp peak at

13.5 d, and a broad complex of peaks around 27 ± 5 d.

Let us now use this function to synthesise a set of noisy observations made at

random times, D = {(ti, yi)}50
i=1, with ti ∼ N (0, 50), yi = f(ti)+σi, and σi ∼ N (0, 1).

These synthetic observations are shown in Fig. 2.16(a).

If we had no idea about the functional form of f(t), but nevertheless needed to

model the observations D, we could place a GP prior on f : f ∼ GP(µ, k). Hints

of periodic variation in our observations suggest using the QP kernel defined by

equation 2.37; we could add to our QP kernel a white-noise kernel (equation 2.32)
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Figure 2.16: (a) 50 noisy observations generated using the function defined in
equation 2.41. (b) Posterior predictive distribution for a GP conditioned on the noisy
observations in panel (a), with the blue line indicating the GP mean function, and the
shaded region ±σ. The red line shows the actual function f(t) from which the noisy
observations were generated.

.

to account for variance due to uncorrelated noise. The observations also suggest

some sort of simple, long-term trend, so we might adopt (somewhat arbitrarily)

a second-order polynomial mean function.25

We place flat priors26 on all covariance hyperparameters and mean function

parameters, and use an MCMC code to sample from the (hyper)parameter posterior

distributions. Maximum a posteriori hyperparameter values thus obtained suggest

an overall period, P , of approximately 28 d; an overall (mean-subtracted) amplitude,

h, of 2.1; a noise variance, σ, of 0.97; an inverse harmonic complexity, λp, of 0.37;

and a signal evolution time-scale, λe, of about 40 d.

We then use equations and to compute the GP posterior predictive distribution

for the function f ; this is plotted in Fig. 2.16, along with the generative (true)

function f(t), as defined in equation 2.41.

We see that the GP posterior mean looks very similar to the generative function,

both in regions between observations and when extrapolating beyond |t| & 100.
25A model comparison test would have told us that a simpler, linear mean function would have

sufficed.
26Of course we could expect better results by using more informative priors; to ensure our

model captures some sort of periodicity, we could enforce P < t50 − t1 (period shorter than
data baseline), and λe > P (function evolution time-scale longer than a single period). The GP
covariance amplitude and mean function parameters could also be straightforwardly constrained
e.g. by studying the overall scale of variation and zero-offset in {yi}.
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Of course, the GP model does not correctly reproduce every single bump and

wiggle in f(t), although such shortcomings are sensibly reflected in the GP posterior

uncertainty. Indeed, it seems remarkable how well our GP model permits inference

about f(t), given only a small number of noisy observations, limited prior knowledge,

and no assumptions about the parametric form of the complicated function f(t).

2.6.8 A few (dis)advantages of GP regression

Before turning in the next chapter to the development and application of a novel,

GP-based approach to modelling and mitigating stellar activity signals, it is worth

reviewing a few of the potential advantages and disadvantages of GP regression.

Some of the advantages have already been touched on in the preceding discussion,

and include the following.

1. GPs provide an analytically-tractable framework for formulating physically-

motivated prior distributions over functions, and for inferring unknown functions

(with error bars) in a data-driven way.

2. GP-based regression reduces the problem of function inference to one of inference

about a finite set of covariance hyperparameters. This is especially useful when

modelling stochastic and/or otherwise difficult-to-parametrise signals, in which

case GP-based modelling represents a principled alternative to treating the

signals as white noise, or to adopting ad hoc parametric models that may be

overly simplistic or unrealistically flexible.

3. GP regression may readily be accommodated within the broader framework

fo Bayesian inference; consequently, matters such as uncertainty propagation,

avoidance of over-fitting, and model comparison are all handled straightforwardly.

4. GPs allow multiple different types of inputs (time, space, etc.) and outputs to

be modelled jointly.

5. GPs facilitate continuous interpolation between, and extrapolation far from,

observations.
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6. GPs are easily combined with existing techniques: implementing GP regression

can be as straightforward as replacing an existing likelihood function with the

appropriate GP likelihood (equation 2.38) in a non-linear optimisation or MCMC

routine.

Despite their numerous advantages, there are, of course, a few disadvantages to

using GPs for regression. Some of these are outlined below.

1. Given N observations, each computation of a GP likelihood involves inverting

an N ×N matrix, which via Cholesky factorisation requires O(N3) operations

(Press, 2007). With this unfavourable scaling behaviour, naïve GP regression

quickly becomes unfeasible on a desktop computer when N is much larger than

a few thousand data points. Fortunately, a number of sophisticated schemes

for making GP regression feasible even on large data sets have already been

developed (Lázaro-Gredilla et al., 2010; Chalupka et al., 2012; Ambikasaran et al.,

2014); there are even GP-based methods whose computational requirements scale

linearly with the size of the data set (Reece and Roberts, 2010; Sarkka et al.,

2013; Reece et al., 2014; Foreman-Mackey et al., 2017). As of 2017, developing

fast methods for GP regression remains an area of intense research focus.
2. GP marginal likelihoods are, in general, not convex functions of the kernel

hyperparameters, and will instead typically be multimodal hypersurfaces (Tipping

et al., 2003). A related point is that there often exist degeneracies between

hyperparameters (Gibson et al., 2012). Therefore, great care needs to be taken

during the formulation of hyperparameter priors, and during hyperparameter

marginalising or posterior sampling. Simple local optimisation schemes in

particular are liable to produce misleading results (Snelson, 2008).
3. It usually but not always a straightforward matter to relate covariance hyperpa-

rameters to physical quantities of interest (in light e.g. of the aforementioned

degeneracies).
4. Despite the enormous flexibility of GPs, the assumption of Gaussian noise is not

always justifiable in real-world applications. For more details on workarounds in

the case of non-Gaussian noise, refer to Appendix B.



...man erst nach vielen vergeblichen Versuchen dazu
gelangt, und dann meistens auf beschwerlichen kün-
stlichen Wegen, während die einfacheren Methoden lange
verborgen bleiben.

...one only succeeds after many futile attempts; and even
then, it is often by some tedious and artificial process,
while the simpler methods may long remain concealed.

— Carl Friedrich Gauss, in preface to Mathematische
Abhandlungen (Eisenstein, 1847). 3
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is based on the paper entitled A Gaussian process framework for modelling stellar

activity signals in radial velocity data (Rajpaul et al., 2015).
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Abstract

To date, the radial velocity (RV) method has been one of the most productive

techniques for detecting and confirming extrasolar planetary candidates. Unfor-

tunately, stellar activity can induce RV variations which can drown out or even

mimic planetary signals – and it is notoriously difficult to model and thus mitigate

the effects of these activity-induced nuisance signals. This is expected to be

a major obstacle to using next-generation spectrographs to detect lower mass

planets, planets with longer periods, and planets around more active stars. Enter

Gaussian processes (GPs) which, we note, have a number of attractive features that

make them very well suited to disentangling stellar activity signals from planetary

signals. We present here a GP framework we developed to model RV time series

jointly with ancillary activity indicators (e.g. bisector velocity spans, line widths,

chromospheric activity indices), allowing the activity component of RV time series

to be constrained and disentangled from e.g. planetary components. We discuss

the mathematical details of our GP framework, and present results illustrating

its encouraging performance on both synthetic and real RV data sets, including

the publicly-available Alpha Centauri B data set.

3.1 Introduction

Much of the material that originally formed the introduction to this paper appears

in expanded form in Section 2.2 of this thesis; to avoid repetition, it has been excised

from this chapter. For the sake of continuity, though, we simply mention that the

original introduction sketched the role of Doppler spectroscopy in detecting and

characterising exoplanets, and noted that signals from stars themselves contaminate

RVs, confounding attempts to study exoplanets.

The original introduction emphasised an announcement that caused a particularly

significant stir in the exoplanet community: that of a planet around the star α Cen B

with an orbital period of ∼ 3.24 d, and a minimum mass similar to that of the Earth,

discovered using the HARPS instrument (Dumusque et al., 2012). If confirmed, this
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discovery would have been particularly remarkable not only because the minimum

mass of the planet is so low (at the time of writing, the lowest of any planet around

a Sun-type star), but also because the host star is the nearest Sun-like star to

our own system, and the RV semi-amplitude reportedly induced by the planet

(50 cm s−1) is the smallest to have been measured to date.

The introduction thus established the broad context for the present work,

the focus of which is a GP framework we developed for modelling the activity-

induced variations in RV time series, in order to disentangle activity from e.g.

planetary contributions

3.2 Stellar nuisance signals

This section has also been excised to avoid repeating material that now appears

in Section 2.3 of this thesis. For the sake of continuity, we note the corresponding

section published in Rajpaul et al. (2015) discussed the main physical phenomena in

stars giving rise to RV perturbations, especially those related to magnetic activity.

It also outlined existing strategies, and their significant disadvantages, for mitigating

stellar activity signals when attempting to study planets.

In the next section we introduce an extension of A12’s FF ’ method, already

discussed in Section 2.5.7. Our extension uses the same principles, but models the

RVs jointly with one or more activity indicators, e.g. logR′HK, BIS, photometry, etc.

The various time series are modelled as linear combinations of a single, underlying GP

and its time derivative, plus a separate noise term which is specific to each time series.

3.3 Proposed formalism

3.3.1 Formulation of the physical model

The physical model we propose to use is an extension of the FF ′ framework

introduced in A12, which can be used to estimate RV variations due to stellar

activity using photometry. In this framework, the fraction of the visible stellar

hemisphere that is covered in spots is represented by F (t). For the simplest case of
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a single, small, equatorial spot, F (t) represents the projected area of the spot, and

varies as cos(2πt/P ), where P is the rotation period. A12 then showed that the RV

perturbation due to activity (even for a non-equatorial spot) can be written as:

∆RV = Vr F (t) Ḟ (t) + Vc F
2(t), (3.1)

where the first term represents the rotational modulation signal, and the second

term the suppression of convective blueshift in magnetised regions. This remarkably

simple expression arises because the RV of the stellar surface varies as sin(2πt/P ),

which is proportional to Ḟ (t), whereas the projection of the convective upwelling

along the line of sight varies as cos(2πt/P ), which is proportional to F (t). Both

terms are multiplied by the projected spot area, which is proportional to F (t).

The two constants Vr and Vc can be related to physical quantities such as the

fractional coverage and contrast of spots and faculae, the stellar equatorial velocity

and the convective blueshift velocity, but are treated as free parameters for the

present purpose. Equation (3.1) was derived by considering a single active region,

but is used to describe the combined effect of all the active regions on the visible

hemisphere. Though this is a first-order approximation, A12 carried out a number

of tests of this formalism and showed that its performance was similar to that of

more sophisticated methods. A caveat, however, is that photometry is insensitive to

certain spot distributions, i.e. photometric signals will not always contain sufficient

information adequately to predict RV variations. This problem is addressed in

this thesis, where we propose to use more than one activity indicator to constrain

the activity component in RV variations.

We thus seek similar expressions to estimate RV variations due to stellar activity

using activity diagnostics other than photometry. We consider the case where

we have a chromospheric activity indicator and a line asymmetry measurements

available; for the sake of concreteness, we take these to be the logR′HK index, and

the inverse slope of the bisector of the cross-correlation function or simply BIS,

respectively, as is the case for HARPS data sets.
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As a first approximation, it seems reasonable to expect logR′HK to behave

as F 2(t), the convective blueshift suppression term, which is close proxy for the

fractional coverage of active regions. On the other hand, like the RVs, the BIS also

depends on the velocity of the stellar surface at the location of active regions, so

the expression for the BIS should include an additional F (t) Ḟ (t) term:

logR′HK = Lc F
2(t) (3.2)

BIS = Br F (t) Ḟ (t) +Bc F
2(t), (3.3)

where Lc, Bc and Bc are free parameters. Additionally, each time series will

have its own noise term, which is treated as white (this is discussed in more

detail in later sections).

Equations 3.2 and 3.3 relate two particular activity-sensitive observables (logR′HK

and BIS) to spot coverage, although analogous relations could be constructed for

other activity-sensitive observables. For example, the SHK chromospheric activity

index can be related to active region coverage in the same way as the logR′HK

index (Isaacson and Fischer, 2010). Similarly, FWHM data are usually very tightly

correlated with (if noisier than) logR′HK data – especially if there is a tight relation

between the size and location of the photospheric spots and that of the chromospheric

structures such as faculae – and so the same form of relation could be used.

3.3.2 Gaussian process framework

GPs provide a mathematically-tractable and very flexible framework for performing

Bayesian inference about functions. They are particularly suitable for the joint

modelling of deterministic processes with stochastic processes of unknown functional

forms (though with some known properties); they lend themselves very naturally to

rigorous error propagation; and they allow us to relax the usually quite restrictive

(e.g. linear) relationships which have been assumed in previous attempts at the

joint modelling of RV with ancillary times-series (Tuomi et al., 2014).

GP regression enables us to model complex stochastic processes by parametrising

the covariance between pairs of data points, rather than writing down an expression
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for the data themselves; deterministic components of the model can also be

incorporated as the mean of the GP. Mathematically, the prior joint distribution

of the outputs y (observables, in the case of our framework) is taken to be a

multivariate Gaussian,

p(y) = N (y; m,K). (3.4)

The mean vector m is given by

m = m(x;θ), (3.5)

where m is a mean function of the inputs x (observation times, for our framework)

with parameters θ. The elements of the covariance matrix K are given by

Kij = k(xi, xj;φ), (3.6)

where k is a covariance kernel function with parameters φ. The function k provides

the covariance element between any two sample locations or times, xi and xj.

The elements of m and K are, in the strict sense of the term, the parameters

of the model; however, the values of these parameters are controlled by a small

number of hyperparameters θ and φ, and in practice will never be inferred directly.

Gaussian distributions obey many convenient mathematical identities, which

allow us trivially to marginalise over unobserved function values – even in the

common case where there are an infinite number of such values. This remarkable

property enables us to write down a marginal likelihood Lm,k(θ,φ) for the data,

given a GP model:

log [Lm,k(θ, φ)] = −1
2rTK−1r− 1

2 log (det K)− n

2 log (2π) , (3.7)

where r = y−m is the vector of residuals of the data after the mean function has

been subtracted, and n is the number of data points. This process is known as GP

regression, and is described in more detail in textbooks such as Bishop (2006) and

Rasmussen and Williams (2006), as well as in the previous chapter of this thesis.

The free hyperparameters θ and φ can then be varied to maximise Lm,k; this process



3. A GP framework for modelling stellar activity signals in RV data 82

is known as Type-II maximum likelihood, or marginal likelihood maximisation

(Gibson et al., 2012). In so doing we refine vague distributions over many, very

different functions – the forms of which are controlled by θ and φ – to more precise

distributions which are focused on functions that best explain our observed data.

To compare models with different mean and covariance functions (m and k,

respectively), we must compute the model evidence for each model, which involves

numerical integration of the likelihood Lm,k and priors over hyperparameters θ and

φ. In practice, the computational cost of doing this can be extremely expensive.

Furthermore, formulating physically motivated, statistically proper priors for each

hyperparameter can be challenging. On the other hand, it is often both theoretically-

defensible and computationally-convenient (see Gibson et al., 2012) first to maximise

Lm,k with respect to all hyperparameters, next to fix the ‘uninteresting’ ones

(typically those in φ, which are often also degenerate) to their MAP values, and

lastly to marginalise fully over the remaining parameters of interest (typically those

in θ). This approximation avoids having to perform matrix inversion at every step

of marginalisation. In practice, this entails marginalising over planet parameters,

for example, but simply optimising the parameters of covariance kernels. We adopt

this approximation throughout this chapter, though discard the approximation

in later chapters of this thesis.

3.3.3 GP model for multiple time series

Again for the sake of concreteness, we consider the case of a HARPS-like data set,

where we might wish to model jointly three observables: RV perturbations ∆RV,

an activity index logR′HK, and the BIS. Further, to illustrate the way deterministic

components can be incorporated into the framework, we assume – as is the case for

the α Cen B data set, analysed in Section 3.4.4 – that we wish to model dynamical

effects in the RVs (binary motion, a possible planet, etc.).

In this case, we have N observations of one independent variable, time t, and

three dependent variables: ∆RV, logR′HK, and BIS. In order to treat all three as

different manifestations of a single underlying process, we re-arrange the data into
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3N observations of a two-dimensional input x = [t, l], and of the corresponding

output y, where y(l)(t) = ∆RV if l = 1, logR′HK if l = 2, and BIS if l = 3.

The baseline mean function is taken to be a second order polynomial, which in

this example would suffice to represent the motion of α Cen B around the centre

of mass of the α Cen binary system (Dumusque et al., 2012), for the RV data,

and a constant (DC offset) for the other time series,

m(x) = m(l)(t), (3.8)

m(1)(t) = a+ bt+ ct2, (3.9)

m(2)(t) = d, (3.10)

m(3)(t) = e, (3.11)

where θ = [a, b, c, d, e] are free hyperparameters. One or more Keplerian terms can

be added to the mean function to represent planetary signals, but this baseline

model has no planet.

A white-noise component (to encapsulate observational noise, and also activity-

induced and other stellar signals not captured by our model, arising e.g. from

pulsation) is incorporated in the covariance function as follows:

k(xi,xj) = k
(li,lj)
act (ti, tj) + σ2

li
δ(ti − tj) (3.12)

where σli is the standard deviation of the noise associated with each type of

observation, and δ(x) is the Kronecker delta function.

We next introduce a new latent (unobserved) variable, G(t) := F 2(t), which

represents the activity term, and is described by a zero-mean GP with covariance

function γ. Conveniently, we can then re-write equations (3.1), (3.2), and (3.3) as

∆RV = VcG(t) + Vr Ġ(t), (3.13)

logR′HK = LcG(t), (3.14)

BIS = Bc G(t) +Br Ġ(t), (3.15)
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where a factor 2 has been incorporated into the constants Vr and Br. We now

make use of the fact that any linear combination of a GP and its derivative1 is

also a GP; following Osborne (2010), the covariance between an observation of

G at time ti and an observation of Ġ at time tj is

γ(G,dG)(ti, tj) = ∂

∂t
γ(G,G)(t, tj)

∣∣∣
t=ti

, (3.16)

where γ(G,G)(ti, tj) is used to denote the covariance between (non-derivative) obser-

vations of G at times ti and tj. Similarly, the covariance between two observations

of Ġ at times ti and tj is

γ(dG,dG)(ti, tj) = ∂

∂t′
∂

∂t
γ(G,G)(t, t′)

∣∣∣
t=ti

∣∣∣∣
t′=tj

. (3.17)

Using the above notation, the individual covariance functions over the vari-

ous inputs can then be related to γ as follows (in the notation below, k(12)
act =

cov (∆RV, logR′HK), k(31)
act = cov (BIS,∆RV), etc.):

k
(11)
act (ti, tj) = V 2

c γ
(G,G)(ti, tj) + V 2

r γ
(dG,dG)(ti, tj)

+ Vc Vr
(
γ(G,dG)(ti, tj) + γ(dG,G)(ti, tj)

)
, (3.18)

k
(22)
act (ti, tj) = L2

c γ
(G,G)(ti, tj), (3.19)

k
(33)
act (ti, tj) = B2

c γ
(G,G)(ti, tj) +B2

r γ
(dG,dG)(ti, tj)

+ Bc Br
(
γ(G,dG)(ti, tj) + γ(dG,G)(ti, tj)

)
, (3.20)

k
(12)
act (ti, tj) = Vc Lc γ

(G,G)(ti, tj) + Vr Lc γ
(dG,G)(ti, tj), (3.21)

k
(13)
act (ti, tj) = Vc Bc γ

(G,G)(ti, tj) + VrBr γ
(dG,dG)(ti, tj)

+ Vc Br γ
(G,dG)(ti, tj) + VrBc γ

(dG,G)(ti, tj), (3.22)

k
(23)
act (ti, tj) = Lc Bc γ

(G,G)(ti, tj) + LcBr γ
(G,dG)(ti, tj). (3.23)

The final covariance matrix over the new input space is formed as the follow-

ing block matrix:

Kact =


k(11)
act k(12)

act k(13)
act

k(21)
act k(22)

act k(23)
act

k(31)
act k(32)

act k(33)
act

 . (3.24)

1In fact, any affine operator (including linear, derivative, and integral operators) applied to a
GP yields another GP. This enables our framework to exploit the well-known analytic identities for
conditioning and marginalising Gaussian distributions, and makes the problem computationally
tractable.
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Provided γ is a valid covariance function, Kact is guaranteed to be a valid covariance

matrix: in particular, it will be symmetric and positive semi-definite. In practice,

then, it is not necessary to compute the blocks k(21)
act , k(31)

act , and k(32)
act explicitly.

Thus, equipped with input vector x, output vector y, and covariance matrix

Kact, we are in a position to use the standard machinery of GP inference to model

all three time series jointly as manifestations of a single underlying GP. However,

it remains for us to choose the form of the covariance function, γ, defining this

underlying stochastic process.

3.3.4 Choice of latent covariance function

We now seek the simplest form for the covariance kernel function, γ, that satisfies

our beliefs and ignorance about the activity process we are modelling.

Squared-exponential covariance

For many time series, we expect the informativeness of past observations in

explaining current data to be a function of how long ago the past observations

were made (for example, we might expect two observations made minutes apart

to have similar values, but would not necessarily expect any connection between

observations made months apart); if this is the case, we can restrict our consideration

to stationary covariance functions which are dependent solely on |t− t′|. Such

covariance functions can be represented as the Fourier transform of a normalised

probability density function (via Bochner’s Theorem: Rasmussen and Williams,

2006), which can be interpreted as the spectral density of the process.

The most widely used covariance function of this class – indeed, probably the

most widely-used covariance function in GP inference – is the squared-exponential

or Gaussian kernel function, given by

γ(G,G)(t, t′) = h2 exp
[
−(t− t′)2

2λ2

]
. (3.25)

The hyperparameter h governs the output scale (gain/amplitude) of our function,

and λ controls the time-scale. In our problem the amplitude parameter h is not
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strictly necessary since G(t) is never directly observed, and h is absorbed by the

model parameters2 Vc, Vr, Lc, Bc, and Br, as in equations 3.1–3.3.

The popularity of this covariance function stems not only from its simplicity,

but also the fact that it is infinitely differentiable, meaning that a GP with this

covariance function will generate functions with no sharp discontinuities.

The squared-exponential covariance function is usually flexible enough to model

a wide range of smoothly-varying stochastic processes. However, as discussed in

Section 3.1, we expect RV data and ancillary time series to show evidence for

activity-induced variations on up to three distinct time-scales: years (magnetic

activity cycle), weeks/months (rotation), and days (oscillation, granulation). Thus

it makes sense to generalise the covariance function in equation (3.25) to explicitly

allow for multiple evolutionary time-scales:

γ
(G,G)
SE (t, t′) =

N∑
i=1

h2
i exp

[
−(t− t′)2

2λ2
i

]
; (3.26)

here, the hi’s control the relative amplitude of the N ≥ 1 components, each

with evolutionary time-scale λi.

We initially experimented (using both real and synthetic data; see Section 3.4)

with N = 3 separate additive terms, to describe possible variations on the short,

medium, and long time-scales discussed in Section 3.2. However, we rapidly found

that the longer time-scale term was invariably unnecessary: any reasonable choice

for the medium time-scale term had to be fairly flexible, since rotational signals

generally evolve from year to year, and so the longer term variations can be captured

by the medium time-scale term. On the other hand, we found a separate short

time-scale term was generally required: without it, the residuals in all time series

considered often exhibited obvious correlations.

Appendix A gives expressions for the covariance between observations of G and

its derivative Ġ, and between two observations of Ġ, for the case when G is defined

by a squared-exponential covariance function, as in equation (3.26).
2Note that because each of these five parameters only appears in the final covariance matrix

either squared or multiplied by one of the remaining four parameters, it is convenient to fix the
sign of one, say Vc > 0, to remove a degeneracy with respect to the signs of these parameters.
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Quasi-periodic covariance

While the squared-exponential covariance function given in the previous section is

both flexible and an obvious starting point when not given much information about

the stochastic process we are modelling, we can do better. In particular, we have a

physical reason to expect a degree of periodicity in the activity signals, since they are

modulated by the periodic rotation of the star. We therefore consider the following

QP covariance function for the latent process G(t) – as previously considered by

A12 to model observed variations in the Sun’s total irradiance, and by Haywood

et al. (2014) to model correlated noise in RV residuals following an application of

the FF ′ method – formed by multiplying3 a stationary kernel with a periodic one:

γ
(G,G)
SE (t, t′) = exp

{
−sin2 [π(t− t′)/P ]

2λ2
p

− (t− t′)2

2λ2
e

}
, (3.27)

where P and λp correspond to the period and length scale of the periodic component

of the variations, and λe is an evolutionary time-scale. While λe has units of time,

λp is dimensionless, as it is relative to P . Once again there is no need to introduce

an amplitude parameter, as this will be controlled for various time series by the

model parameters Vc, Vr, Lc, Bc, and Br, as in equations 3.1–3.3.

Examples of functions drawn from a GP with this quasi-periodic covariance

function are given in Fig. 3.1.

A word is in order about the interpretation of the hyperparameters. While they

could be related to spot persistence lifetimes, complexities of spot configurations,

autocorrelation function decay time-scales, etc., such direct interpretations are rarely

straightforward or well-grounded theoretically, especially because of degeneracies

between the hyperparameters. In the case of modelling differential rotation and/or

spot evolution, for example, the hyperparameter P might become almost irrelevant,

with a large value of λP and a very small value of λe allowing for complex, rapidly

evolving waveforms without any obvious characteristic periodicity. In future, an

in-depth study of how the values of these hyperparameters translate into physically
3As described in Rasmussen and Williams (2006), a valid covariance function under any

arbitrary (smooth) map remains a valid covariance function. Valid covariance functions can also
be constructed by adding or multiplying simpler covariance functions.



3. A GP framework for modelling stellar activity signals in RV data 88

-100 0   100 -100 0   100 -100 0   100 -100 0   100 

-100 0   100 -100 0   100 -100 0   100 -100 0   100 

Figure 3.1: Examples of functions drawn from a GP with a quasi-periodic covariance
function, as defined in equation 3.27, in each panel with different hyperparameter values
(three function draws per panel). The hyperparameter P sets a characteristic period for the
function’s variations, λP controls the complexity of variations or harmonic content within
one period, and λe controls the time-scale over which the (quasi-)periodic component
evolves; variations become strictly periodic as λe → ∞. In all cases, the function
amplitudes and offsets are arbitrary, with constant mean function.

interpretable properties, for example using the large sample of Kepler light curves

considered by Aigrain et al. (2015) – which in turn highlights the difficulty of

distinguishing between differential rotation and spot evolution – might be useful.4

In any event, the QP covariance kernel function defined in equation 3.27 is

physically-motivated (albeit not always easy to interpret straightforwardly) and

has only three hyperparameters; moreover, in tests with both real and simulated

data, we found it to produce as good or better results than a squared-exponential

covariance function with a similar number of hyperparameters. Therefore in all

subsequent discussion the QP covariance function will be assumed by default.

(We do however discuss the squared-exponential covariance function because it is

conceivable that there will be cases, though not considered here, where it might
4Section 7.1.2 of this thesis provides a more detailed discussion on how the QP covariance

hyperparameters should be interpreted and constrained.
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be a more appropriate choice than the QP covariance; alternatively, it might be

appropriate to generalise the function to include more than one QP component.)

Appendix A.2 gives expressions for the covariance between observations of G

and its derivative Ġ, and between two observations of Ġ, for the case when G is

defined by a squared-exponential covariance function as in equation (3.27).

Other possible covariance functions

There exists a wide variety of functions that can be used to specify the correlation

between pairs of inputs, and thence to generate a covariance matrix over a set of

observations and predicants. These functions can further be combined and modified

in a multitude of ways, giving one great flexibility in how functions are modelled.

In the preceding subsections, we considered two simple such functions that were

deemed adequate for the cases considered in this thesis chapter; however, it would

certainly be possible to replace these and use, within our same framework, other

covariance functions (e.g. Rasmussen and Williams, 2006).

For example, as an alternative to using a sum of squared-exponential kernels,

one might use a rational-quadratic kernel, given by:

γ(G,G)
rq (t, t′) = h2

(
1 + (t− t′)2

αλ2

)−α
; (3.28)

it may be shown that this is equivalent to a scale mixture of squared-exponential

kernels with different length scales, with the latter being distributed according to

a Beta distribution with parameters α and λ−2.

On the other hand, if one has reason to expect that the latent process being

modelled is not as smooth as functions drawn from a GP with squared-exponential

kernel, one could consider the Matérn class of covariance functions; see equation 2.30.

Though a Matérn covariance function with ν <∞ might be deemed more physically

realistic than a squared-exponential one, its use does of course come with the penalty

of some additional mathematical and computational complexity. For the purposes

of this work, then, we did not carry out any tests with these more sophisticated

covariance kernels; their use might, however, feature in future work.5

5Initial tests with the rational-quadratic kernel function led to very similar results to those
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3.3.5 Summary and appraisal of the framework

The key aspects of the above framework are sketched schematically in Fig. 3.2.

Though it may appear quite mathematically complex, especially to those unfamiliar

with GP regression, its underlying ideas are quite simple. To summarise:

1. we assume that the underlying stochastic process giving rise to activity signals

in observables (RVs and ancillary time series) can be described by a GP, with

suitably-chosen covariance function;6

2. we can then use physically-motivated though semi-empirical models to build

analytical links between this unobserved GP and available observables;

3. finally, with the addition of noise and deterministic components (e.g. dynamical

effects for the RVs), all observables can be modelled jointly as GPs, with the

ancillary time series serving to constrain any activity component of the RVs.

Our framework offers a number of advantages over existing approaches. First,

modelling all available activity-sensitive time series (line widths, asymmetries,

chromospheric activity indices etc.) jointly with RVs should allow tighter constraints

to be placed on activity signals in RVs, compared to exploiting only simple

correlations between RVs and (typically) one of these other time series. Secondly,

our general framework is flexible in that it uses GP draws (and derivatives thereof)

as basis functions to model available time series, rather than e.g. sinusoids or

other simple parametric models, the inappropriate use of which could lead to the

inadvertent introduction of correlated signals into model residuals. In the case our

GP framework, the properties of basis functions are informed in a more principled

way by the observables. Thirdly, our framework facilitates smooth interpolation

between observables, as well as extrapolation to future times (prediction). Lastly,

being based on GPs, the entire framework can be accommodated very naturally

when using the squared-exponential kernel. A rigorous approach to choosing between models with
different kernel functions would require computation of Bayes factors for all models considered, an
extension to this work we defer to future consideration.

6Given that a GP can in principle approximate arbitrary unknown functions, and that we
can encode whatever limited knowledge we do have of a stochastic activity process into a GP’s
covariance structure, this is not a restrictive starting point.
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Figure 3.2: Simplified, schematic sketch of our GP-based scheme for the joint modelling
of an RV time series with ancillary activity diagnostics. The unobserved, stochastic process
giving rise to activity-related RV variations (left panel) is assumed to be describable by
a GP. The way in which this propagates into observable time series (middle panels) is
computed analytically, using a simple physical model, and so all observed time series can
be modelled jointly. A noise model and deterministic physical component (right panel,
e.g. Keplerian model to describe exoplanet-induced RV variations) completes the basic
framework.

within the broader framework of Bayesian inference, allowing uncertainties to be

handled in a principled way: overly-complex models are automatically penalised,

nuisance parameters can be marginalised over, and rigorous model comparisons

can be performed (Rasmussen and Williams, 2006).

A possible disadvantage of our framework is that, in its current form, it can

only use the latent ‘activity’ GP and linear transformations thereof (including

derivatives) to generate the activity signals in observables; this is sufficient for

linking e.g. RVs and photometry via the FF ′ method, but the latter is only a

first-order model. Allowing for more general relationships between the latent GP

and the observables might be possible, although it is not immediately clear that
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doing so would result in a computationally or mathematically tractable framework.

Another potential disadvantage is that ‘vanilla’ GP regression is not well-suited

to modelling large data sets (N � 1000 observations): GP regression hinges

on matrix inversion, with naïve inversion algorithms scaling as N3. Fortunately

there do exist a number of approximation techniques which hold great promise for

allowing efficient GP regression on larger data sets (Lázaro-Gredilla et al., 2010;

Chalupka et al., 2012; Ambikasaran et al., 2014; Foreman-Mackey et al., 2017). In

the case of time series analysis, there exist very efficient O(N) approaches for GP

regression based on approximate re-interpretation as filters (Reece and Roberts,

2010; Sarkka et al., 2013; Reece et al., 2014).

It should be noted that this is not the first instance of GPs being used to model

temporally-correlated stellar nuisance signals: Hou (2014) presented a framework

for using GPs to model stochastic stellar oscillations in RV data, while Barclay et al.

(2014) used GPs to model photometric granulation signals in a Kepler-91 data set.

The only published instances (to our knowledge) of GPs being used specifically to

model stellar activity signals are the work of Haywood et al. (2014), who used a

GP to mitigate the effects of active regions without photometric counterparts in

the CoRoT-7 system, and the work of Grunblatt et al. (2015), who used a GP to

model activity in Kepler-78 data sets. In both cases, GPs with QP kernels were

first trained on photometric data, after which a GP model with the same covariance

properties was used to model available RV data. The framework we have presented

may be seen as a more general and flexible version of the aforesaid approach, in

the sense that our framework allows all available activity-sensitive time series to be

modelled simultaneously (rather than iteratively), and does not necessarily require

simultaneous RV and photometry data. When both RV and photometric data

are available, the FF ′ formalism is built directly into the modelling; unlike the

FF ′ method, however, our framework would not require all active regions to have

photometric signatures in order to constrain their RV contributions, provided at

least one other activity-sensitive time series (e.g. BIS) were available.
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3.4 Tests and applications

3.4.1 Simulated data using naïve physical model

As a first test of our GP framework, we used a number of different functions (e.g.

polynomials; sinusoids; wavelets; function draws from GPs; etc.) to generate a

range of synthetic time series to represent possible latent, activity-driving processes;

we included periodicities and correlations on many different time-scales, to test

our model’s ability to deal simultaneously with the three different time-scales for

variations discussed in Section 3.2. These time series were densely-sampled and

noise-free. We then used the relations in equations (3.13), (3.14), and (3.15) to

simulate ∆RV, logR′HK and BIS ‘observables,’ computing derivatives numerically

using finite-difference approximation where applicable. In other words, we generated

the observables we would obtain for arbitrary activity processes, assuming the

physical model we used to link the activity process to observables corresponded

exactly to reality.

Using a number of different covariance functions (including those discussed in

Section 3.3.4), our general findings were the following.

1. By performing unconstrained optimisation of the free parameters in model

likelihood functions Lm,k(θ,φ), all observed time series could be modelled very

accurately, with fits that appeared ‘exact’ upon visual inspection (though in

fact with small residuals consistent with numerical error due to finite precision

arithmetic, matrix inversion, derivative approximations, etc.).7

2. In all such cases, the fitted model’s latent process (GP) was also correspond-

ingly close to the latent process used to generate the observables. In cases

where the latent process used to generate the observables was itself a GP, the

hyperparameters of this latent process could be recovered accurately.
7Multi-modality did not seem to pose a significant problem with the likelihood functions in

question: a single run of a simple Nelder-Mead (‘downhill simplex’) algorithm often sufficed to
locate globally-optimal solutions, though in a few cases the algorithm did benefit from multiple
starting locations.
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3. Imposing constraints on the hyperparameters of chosen mean and covariance

functions led to the expected changes in fits. For example, constraining the

evolutionary time-scale λe (for the QP covariance kernel) to be longer than a

certain time prevented physically unrealistic, short time-scale ‘contortions’ in the

fits. Similarly, forcing a finite period parameter P (again in the QP covariance

kernel), with long evolutionary time-scale λe, led to poor fits when the simulated

observables contained no actual periodicities.

4. When adding white Gaussian noise to the simulated observables, the quality of

fits remained good – as measured by a reduced chi-square statistic – provided

that the estimated amplitudes of the added noise were reasonable.

In sum, all aspects of the modelling worked as expected; we established that the

analytical aspects of (if not the physical assumptions underlying) our framework

were watertight, and that when this framework was implemented numerically,

we could indeed jointly model multiple time series generated by an unobserved

stochastic process and its derivative.

3.4.2 Simulated data from SOAP 2.0

SOAP (Spot Oscillation and Planet) 2.0 is a software package developed by

Dumusque et al. (2014a) that simulates the effect of stellar spots and plages on

RV and photometry; it extends an older code, SOAP, developed by Boisse et al.

(2012). The tool is available online at http://www.astro.up.pt/soap2.

In brief, the original SOAP code works by dividing up a simulated stellar disc

into tens of thousands of resolution elements, with a CCF (representing the typical

spectral line) for each element then being modelled by a Gaussian. Each CCF is

Doppler-shifted according to the projected rotational velocity, and weighted by a

linear limb-darkening law. In this way, the non-spotted emission of the visible disc

may be computed in photometry and in RV. SOAP then calculates the positions of

rotating surface inhomogeneities, which are defined by their latitudes, longitudes,

and sizes; the weighted CCF and flux for cells inside the inhomogeneities are added

to (in the case of bright spots or plages) or removed from (in the case of dark spots)

http://www.astro.up.pt/soap2
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those of the non-spotted star. Finally, SOAP delivers the integrated spectral line,

the flux, the RV, and the BIS as a function of stellar rotational phase.

SOAP 2.0 extends SOAP by considering, additionally, the inhibition of convec-

tive blueshift inside active regions, the limb brightening effect of plages, a quadratic

limb darkening law, a realistic active region contrast, and the resolution of the

spectrograph used for the (simulated) observations.

A number of stellar, spot, and spectral parameters can be provided as inputs to

the SOAP 2.0 code, and the code allows up to four active regions (each specified

by a size, brightness, latitude and longitude) to be included in one simulation.

The SOAP 2.0 code does incorporate simplifications in its modelling: for

example, the observed spectrum of a plage is considered to be the same as that of a

spot, and some of the stellar physics included in the modelling is informed only by

Solar photosphere and spot spectra, which are assumed to be representative of all

quiet photosphere regions and active regions. It also does not include long-term

magnetic activity cycles in its simulations. Its output nevertheless provides a far

more realistic set of test cases than those considered in Section 3.4.1 – especially

because it does not impose any ad hoc constraints on the functional relationship

between photometric, RV and BIS time series. Moreover, Dumusque et al. (2014a)

showed that SOAP 2.0 manages to reproduce the activity-induced variation on the

early-K dwarfs HD 189733 and α Cen B; modelling the activity-induced variation

on the latter star with our new GP framework is considered in Section 3.4.4.

Given the wide range of possible outputs we could generate from SOAP 2.0

(and then modify in various ways), we adopted the following scheme in order to

make a systematic study of how our GP modelling framework could be applied

to realistic data.

1. Generate noise-free, densely-sampled outputs for a number of different spot

configurations, and perform fits to these outputs (modelling photometric flux

in place of logR′HK, i.e. using the FF ′ model; see Section 3.3.1). Based on

these results, select a few qualitatively different configurations – including the

configuration for which the poorest fits are obtained – for further study.
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2. Study the residuals from the fits in the selected noise-free cases, and examine

how much additive white noise – i.e. the σli terms in equation (3.12) – should be

allowed in the various time series to ensure that activity is accurately constrained

in RVs.

3. Repeat the fitting as above (now allowing for additive white noise in the GP

model), but this time modifying the SOAP code’s output to include observational

noise, realistic time sampling, etc.

4. Repeat the fitting as above, but with the injection of a Keplerian signal into

the RVs, and study whether the Keplerian signal can be disentangled from the

activity signal.

It should be emphasised that although this resembles a principled approach to

studying our modelling framework using the SOAP 2.0 tool, we did not attempt to

make a comprehensive study of (amongst other things) the inter-related effects of

different levels of observational noise, different time samplings, different Keplerian

amplitudes, periods or phases, etc. Apart from being beyond the scope of this

work, such an all-encompassing study would likely have been misguided, given that

both our model and the SOAP 2.0 tool incorporates simplifying assumptions which

are not easily quantified. As such, discrepancies between SOAP output and our

GP models would not necessarily represent shortcomings of our model; conversely,

good agreement between SOAP output and our model would not necessarily imply

equally good agreement could be expected with real observational data. Rather,

the purpose of these tests was to ascertain whether our framework would work

at all with fairly realistic simulated data, to understand how the σli terms in our

model should be constrained, and to get a conservative though quantifiable estimate

of the possible shortcomings of our model.

We found that by allowing proportionately more additive noise (the σli terms

in equation 3.12) in the ancillary time series than the RV time series – in effect,

attaching less weight in the fitting to these time series, though still using them to

constrain the latent process’ hyperparameters – we were generally able to obtain

RV residuals that resembled white Gaussian noise. In other words, we were only
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interested in modelling activity-induced variations in ∆RV accurately, and we could

achieve this goal provided we ‘loosened’ the assumed relationships between ∆RV and

ancillary, activity-sensitive time series (see Section 3.3.3). When we did not allow

for any white-noise in any of the time series, or set equal upper bounds on the

white noise in all time series (effectively giving equal weight to all time series),

we generally ended up with better fits to the ancillary time series, poorer fits for

∆RV, and correlated residuals in all time series.

In particular, we deduced the following approximate upper bounds to allow on

the σli terms, if we wanted to ensure white Gaussian RV residuals:

• σ∆RV: up to 5% of rms(∆RV);

• σflux: up to 10% of rms(flux);

• σBIS: up to 20% of rms(BIS).

Constraining the additive white noise in terms of the root mean square (rms)

variability of a given time series reflects the fact that there are certain features in

these time series that our model cannot capture accurately (e.g. an inflection point

in the flux time series, when none exists in ∆RV), regardless of the details of the

scaling, offsets, etc. of the time series in question. These constraints are simply

upper bounds on σli , and serve to quantify the extent to which our framework fails

to model all three time series simultaneously; in practice, the values of σli will

usually be smaller than these upper bounds, and will be determined by optimisation

or marginalisation, as for any of the other free parameters in our framework.

To illustrate our findings, we consider the two representative configurations of a

single spot (spot radius 10% of the stellar radius) at latitude φ = 45◦, and of four

equally-sized spots (each with radius 5% of the stellar radius) at φ = 0◦, 30◦, 45◦, 60◦,

equally spaced in longitude. These configurations are representative of cases that

were particularly easy and difficult, respectively, to model with our GP framework.

In both cases, the observed star in the simulation had Solar parameters (5778 K

effective temperature, 5115 K spot temperature, 25.05 d rotation period, Solar

limb darkening coefficients, etc., as per Dumusque et al., 2014a), and the simulated
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instrument resolution (115,000) corresponded to a HARPS-like instrument. The

observations we simulated were noise-free, and spanned three rotation periods

(approximately 75 d), with uniformly randomised temporal sampling.

We used a QP covariance kernel, and placed non-informative priors on all free

model parameters. Uniform priors were used for parameters with known scales

(e.g. P , expected to correspond to a stellar rotation period; or Vr and Vc, which set

the amplitude for RV variations), while scale-invariant Jeffreys priors were used

for all other parameters (e.g. λP, λe). We then studied maximum a posteriori

(MAP) fits of our GP model to the simulated data. Typical computation time (on

a modern laptop) was of the order of a few minutes to obtain a MAP solution,

using a single run of a Nelder-Mead (downhill-simplex) algorithm. We established

(probable) global optimality by making sure downhill-simplex runs from different

starting points converged to the same optimum.

Fig. 3.3 shows results for the ‘easy’ (one-spot) configuration, while Fig. 3.4 shows

results for the ‘difficult’ (four-spot) configuration. In both cases, the ∆RV time

series could be modelled extremely accurately (rms of residuals of the order of

0.01 m s−1 in both cases). The ancillary time series were, necessarily, modelled

less accurately – especially in the case of the four-spot configuration, where the

equatorial spot contributed the most problematic features to the ancillary time

series. The magnitude of the σli terms (additive white noise) used in the modelling

is indicated by the size of the ±σ posterior uncertainties plotted in these figures.

We next considered using more realistic time sampling and adding noise to the

simulated observations. To do so we used temporal sampling taken directly from the

publicly-available α Cen B data set from Dumusque et al. (2012), which featured

nearly four years’ worth of data, with gaps of several months between observing

seasons. We also added white Gaussian noise to the SOAP 2.0 output: for each

time series, the noise was scaled to be the same fraction of the rms variation of the

time series itself as was the corresponding α Cen B noise estimate.

Again we found that we could model ∆RV very accurately: for both spot

configurations, the rms of ∆RV residuals was marginally smaller than the rms of the
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Figure 3.3: GP model MAP fit to noise-free SOAP 2.0 data, based on a simulation of
a single rotating spot at latitude φ = 45◦, and radius 10% of the stellar radius. The dots
indicate the simulated observations; the solid lines are model posterior means, and the
shaded regions denote ±σ posterior uncertainty. The posterior uncertainty in each time
series is directly related to the amount of additive noise (σli terms) favoured in the MAP
model.

observational noise, indicating that our fits were limited only by our (simulated) noise

floor. Figs. 3.5 and 3.6 show results for the ‘easy’ and ‘difficult’ spot configurations,

as before. Despite the gaps in the observational coverage, the fitted models accurately

recovered the structure of the periodic variations in all time series (with the exception

of a few outlier points, reflecting our model’s inability to reproduce very sharp

changes in one time series when another changes less sharply, since all time series

are modelled with combinations of a single function and its first derivative). It is

worth emphasising that when the data to be modelled include observational noise,

the σli terms in our model serve to account for both this noise and any features
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Figure 3.4: GPmodel MAP fit to noise-free SOAP 2.0 data, based on a simulation of four
rotating spots (each with radius 5% of the stellar radius) at latitudes φ = 0◦, 30◦, 45◦, 60◦,
equally spaced in longitude. The dots indicate the simulated observations; the solid lines
are model posterior means, and the shaded regions denote ±σ posterior uncertainty. The
posterior uncertainty in each time series is directly related to the amount of additive noise
(σli terms) favoured in the MAP model.

in the ancillary time series that our model cannot accurately reproduce. We could

artificially split the white-noise terms in the covariance matrix into ‘observational’

and ‘model imperfection’ components, although this would not affect in any way

the practical implementation of our model.

Finally, having ascertained that our framework allowed activity-induced RV

variations to be modelled accurately in isolation, we turned our attention to planet

injection tests. We wanted to answer the question: Could we use our framework

accurately to disentangle activity-induced RV variations from other injected (non-

activity) signals, e.g. planetary signals? Our general finding was that, as expected,
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Figure 3.5: GP model MAP fit to SOAP 2.0 data, based on the same one-spot
configuration as in Fig. 3.3, but this time with time sampling and noise levels taken from
a real HARPS data set. Each time series is split into four panels, to avoid plotting large
gaps where no data are present. Residuals in the ∆RV time series are plotted below the
simulated data and fitted model, but for the sake of clarity, with an arbitrary vertical
offset from the main time series.

modelling the ancillary, activity-sensitive time series in conjunction with ∆RV did

indeed allow the activity component of ∆RV to be very well constrained, but –

crucially – without the non-activity RV signals being subsumed by the same GP

model. Broadly speaking, we found that it became more and more difficult to

disentangle injected Keplerian signals from activity signals as the amplitude of

the injected signals grew smaller relative to the activity signals (and, of course,

relative to observational noise). Having a Keplerian signal with a period very similar

to that of the activity signal generally did not make disentangling activity and

injected signal any more difficult, provided the amplitude of the Keplerian signal
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Figure 3.6: GP model MAP fit to SOAP 2.0 data, based on the same four-spot
configuration as in Fig. 3.4, but this time with time sampling and noise levels taken from
a real HARPS data set. Each time series is split into four panels, to avoid plotting large
gaps where no data are present. Residuals in the ∆RV time series are plotted below the
simulated data and fitted model, but for the sake of clarity, with an arbitrary vertical
offset from the main time series.

was not also much smaller than the activity signal.

To illustrate these findings, we present as examples three qualitatively-different

Keplerian signals injected into the ∆RV time series arising from the ‘difficult’

four-spot configuration considered earlier. The activity-induced ∆RV variations

arising from this configuration had a semi-amplitude of 1.65 m s−1, and a period of

25.05 d. We simulated observational noise using the α Cen B template as before,

and we used time sampling corresponding to only one season of the α Cen B data,

spanning approximately half a year (such that the simulated data sampled about

seven stellar rotations).
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The injected Keplerian signals we consider have the following properties (where

K is the RV semi-amplitude, and PK is the period of the variations; we use PK to

distinguish this period from the period hyperparameter P in our QP covariance

kernel): (i) K = 1.4 m s−1, PK = 10.0 d; (ii) K = 1.4 m s−1, PK = 25.05 d; and

(iii) K = 0.28 m s−1, PK = 25.05 d. Other orbital parameters were identical in all

three cases; in particular, eccentricity was fixed at e = 0.1. Case (i) corresponds to

an orbiting planet which induces an RV signal with amplitude comparable to the

activity signal, and with a period that is not close to the stellar rotation period

or any of its harmonics. Case (ii) adds the complication of the planet having a

period very similar – identical, in fact – to the period of the rotational activity

signal, while case (iii) goes one step further by representing a planetary signal with

period identical to, but amplitude five times smaller than, the activity signal.

Fits to data including these injected signals are presented in Figs. 3.7, 3.8, 3.9 (the

Keplerian component was included in our GP model through its mean function; non-

informative priors were placed on all Keplerian orbital parameters). MAP parameter

estimates for selected Keplerian orbital elements in the planet injection tests, along

with ±σ posterior uncertainties, are presented in Table 3.1. All parameter inference

was performed using the MultiNest nested-sampling algorithm (Feroz and Hobson,

2008; Feroz et al., 2009, 2013), with the GP hyperparameters first fixed at their

MAP values, as per the computational approximation motivated in Gibson et al.

(2012). Typical computation time to obtain posterior distributions for physical

parameters, using MultiNest on a modern laptop, and using MultiNest’s

default convergence criteria, was of the order of tens of minutes. Posteriors were

generally unimodal, although in general, of course, this would depend on the model

in question, the data sampling, etc.

In cases (i) and (ii), the fitted Keplerian amplitudes and periods agree with the

true values to within a small fraction of a percent. In case (iii), the absolute errors in

the fitted values are larger (e.g. the recovered amplitude is a little smaller than the

true amplitude), but of course one could never expect perfect fits given an imperfect
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Figure 3.7: GP model MAP fit to SOAP 2.0 data, based on the same four-spot
configuration as in Fig. 3.4, with time sampling and noise levels taken from one season of
a real HARPS data set, plus an injected Keplerian signal. Here the injected signal has an
amplitude comparable to, but period different from, the rotationally-modulated activity
signal. The top panel shows the model fit to the ∆RV time series, including residuals (fits
to ancillary time series not shown here); the middle panel shows the Keplerian component
of the fit (open circles represent injected signal before noise was added); and the bottom
panel shows the normalised LS periodogram of the ∆RV residuals, along with false alarm
probability thresholds. The dashed grey peak in the periodogram around 10.0 d indicates
the significant excess power that remains in the ∆RV residuals when performing a fit
without a planet (the rest of the power spectrum remains qualitatively similar, and for
clarity is not included in full).



3. A GP framework for modelling stellar activity signals in RV data 105

0 20 40 60 80 100 120 140 160

-4

-2

0

2

0 20 40 60 80 100 120 140 160

-2

-1

0

1

2

5 10 15 20 25 30 35 40 45 50

0

5

10

15

20

25

Figure 3.8: As for Fig. 3.7, but with the injected planetary signal now with period
identical to that of the rotationally-modulated activity signal.

model, noise, and discrete time sampling. Nevertheless, it is reassuring that the

true values do still lie within the ±2σ credible intervals around the MAP values.

In all cases, the rms of the ∆RV residuals was of the order of 0.2 m s−1. The LS

periodogram8 of the ∆RV residuals Figs. 3.7, 3.8, and 3.9 all show significant peaks

at 6.5 d: we interpret this as the fourth harmonic of the activity signal, as this feature
8We computed normalised LS periodograms based on the implementation described by Press

(2007); false alarm probabilities were estimated by randomly permuting the original data, keeping
observation times fixed.
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Figure 3.9: As for Fig. 3.8, but with the amplitude of the injected planetary signal now
several times smaller than that of the activity signal (periods once again identical).

remained present in the ∆RV residuals even when the injected Keplerian signal had

a period that is not similar to the stellar rotation or any of its harmonics, e.g. as in

case (i). This is a reflection of our GP activity model’s inability to reproduce the

activity signal in its full harmonic complexity; in informal terms, the GP model

does not capture perfectly every last ‘bump and wiggle’ of the activity signal.

Nevertheless, by using the ancillary activity indicators to aggregate information on

the activity signal’s period, shape, and phase, it succeeds at reproducing the RV

signal of the activity very well, and indeed to much better than first order.
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The only other significant peaks in the periodogram of the residuals, clustered

around 1 d, arise from the window function (time sampling) in the α Cen B data set.

In cases (i), when we did not include a Keplerian component in the modelling,

the power spectrum of the ∆RV residuals contained significant excess power at

10.0 d, i.e. the planet’s period - a telltale sign that the periodic ∆RV variations

could not be explained by rotational activity alone. When not including a Keplerian

component in cases (ii) and (iii), visual inspection of the periodogram of residuals

did not by itself point clearly to the presence of a planet with period 25.05 d

(the same as the stellar rotation period); however, the reality of the Keplerian

components could be inferred by the significant improvement in the likelihoods

of the models (approximated e.g. using Bayesian Information Criteria – BIC; see

Section 3.4.3) that included a planet.

Thus we have demonstrated that our GP framework is able to disentangle

activity signals from Keplerian signals, even when the Keplerian signal has a

period identical to that of the activity signal, and an amplitude much smaller than

the activity signal (close to the noise floor, in fact). Although the example we

presented featured imperfect removal of the activity signal from the ∆RV data

(since the residuals contained a signature of one of the activity signal’s harmonics),

the ancillary time series served the role of constraining very tightly the activity

component in the ∆RV time series, allowing the Keplerian signal to be modelled

accurately. Presumably, a more physically-realistic incarnation of our GP framework

(see Section 3.5) will allow activity signals to be even more tightly constrained by

the ancillary time series. We also note that the harmonic of the activity signal was

not present in the ∆RV residuals when modelling the signal arising from the same

configuration but with more data, as in Fig. 3.6, where nearly four years’ worth

of data were included in the modelling. Nevertheless, the presence of a correlated,

periodic artefact of the activity signal in the RV residuals in this test underscores

the importance of accurate activity modelling, and the dangers of hastening to

a planetary interpretation of signals in residuals. It would be worth checking, in
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future work, whether a Bayesian model comparison test would clearly penalise and

disfavour a model that included a second Keplerian component to explain this signal.

We conclude the discussion of our SOAP 2.0 tests by noting the following

shortcomings of these tests, along with possibilities for future extensions.

1. Though the covariance kernel we used can naturally accommodate QP signals (see

Fig. 3.1), our simulations did not include any spot evolution, e.g. migration across

latitudes, growth, and decay; the SOAP 2.0 code does not directly facilitate

such evolution. In principle, though, activity signals arising from different

spot configurations could be combined, perhaps with large gaps in between the

different signals, to simulate evolving active regions. Long-term magnetic cycles

could be simulated in a similar fashion.

2. Non-informative (uniform and Jeffreys) priors were placed on all model param-

eters/hyperparameters. Improved fitting could be expected if we were to use

priors informed by a better understanding of e.g. the hyperparameters of our

QP covariance kernel, or more physically-motivated priors for Keplerian signals

(see also Section 7.1.2 of this thesis).

3. We did not include any plages in the active regions simulated by SOAP 2.0. At

the time of writing, the SOAP 2.0 code’s output appeared to include a non-

trivial amount of high-frequency noise when including plages in the simulations.

Preliminary tests with a smoothing filter applied to the SOAP 2.0 output suggest

that even when plages are included, the activity components in ∆RV time series

can still be modelled accurately, although the large residuals in the ancillary

time series in these tests underscore the simplicity of the physical model used

in our framework. Complications arising from the use of smoothing filters

notwithstanding, these tests suggest the need for a better understanding of the

shortcomings of the physical model (ultimately to be replaced, hopefully, by a

more sophisticated one) currently incorporated into our GP framework.
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Table 3.1: MAP parameter estimates for selected Keplerian orbital elements in the
planet injection tests, along with ±σ posterior uncertainties. Parameter inference was
performed using the MultiNest nested-sampling algorithm, with non-informative priors
placed on all GP mean function (Keplerian) parameters.

Semi-ampl. K [m s−1] Period PK [d] Eccentricity e
Model Truth Model Truth Model Truth

(i) 1.400± 0.045 1.40 9.9941± 0.0086 10.0 0.118± 0.016 0.10
(ii) 1.372± 0.070 1.40 25.09± 0.26 25.05 0.1050± 0.0081 0.10
(iii) 0.334± 0.047 0.28 25.10± 0.89 25.05 0.1051± 0.0080 0.10

3.4.3 The planet around Gliese 15 A

Howard et al. (2014) – hereafter H14 – reported the discovery of low-mass planet

orbiting Gl 15 A, part of the Gl 15 binary system, based on RVs from the Eta-Earth

survey using HIRES. They characterise Gl 15 Ab as a planet with minimum mass

M sin i = 5.35±0.75 M⊕, based on an RV semi-amplitude of K = 2.94±0.28 m s−1.

The planet has an orbital period PK = 11.4433 ± 0.0016 d, and an orbit that is

consistent with circular. The detection and characterisation of Gl 15 Ab was based

on data with a 15-yr baseline (January 1997 through December 2011).

Gl 15 A itself is a modestly-active, M2 V dwarf. Over their 15-yr baseline,

H14 detected a 9 ± 2.5 yr activity cycle with a semi-amplitude of ∼ 0.05, in the

dimensionless units of SHK (derived similarly to logR′HK), which represents a ∼ 10%

fractional change; this variation may be a magnetic cycle analogous to the solar cycle.

On shorter time-scales, they detected a strong periodicity in SHK measurements

with period near 44 d, which they interpreted as rotationally-modulated activity.

The fact that they also detected these ∼ 44 d modulations in optical photometry

and RV time series supported this interpretation. On the other hand, the 11.44 d

RV signal was not detected in photometry or SHK, strengthening the planetary

interpretation of the 11.44 d signal.

Since the 11.44 d period of Gl 15 Ab could easily be mistaken for the fourth

harmonic of the ∼ 44 d stellar rotation period, H14’s publicly-available data set

provides an interesting test case for our GP model: an obvious (though perhaps
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unfounded) concern in this case would be that the GP activity model would simply

absorb the planetary signal.

Accordingly, we modelled the 15 years of data published by H14, comprising

117 RV and SHK measurements, 59 of which were taken in the 2011 season (BJD

>2,455,500). As for our earlier tests, we used a QP covariance kernel for the

latent process driving activity; we also included a linear RV trend in both our

single-planet and planet-free models, to account for the ∼ 2 m s−1 yr−1 acceleration

of Gl 15 A by its companion Gl 15 B.

When we did not include a Keplerian component in the mean function for the

∆RV time series, the LS periodogram of the residuals contained multiple significant

peaks, including one at around 11.4 d, indicating that the putative planetary signal

was not absorbed by the activity model: since this periodic modulation was not

present in the SHK time series, our model did not allow it in the ∆RV time series.

On the other hand, when including a Keplerian component with circular orbit in

the ∆RV mean function, the quality of the fit improved significantly, and an LS

periodogram of the residuals indicated that no significant periodicities remained.

Using BIC as a first-order approximation to Bayes factors (Berger and Pericchi, 1996;

Raftery, 1999), our single planet model was strongly preferred with ∆BIC = 27;

H14 arrived at the same conclusion, with ∆BIC = 24.

Our GP model, one-planet fit to H14’s data is presented in Fig. 3.10, while

detailed diagnostics of the ∆RV residuals (rms: 0.69 m s−1) are presented in Fig.

3.11. Our MAP estimate for the ∆RV semi-amplitude of the planetary signal was

K = 2.22±0.36 m s−1, and our estimate for its period PK = 11.4431±0.0010 d. H14

obtained K = 2.94± 0.28 m s−1, and PK = 11.4433± 0.0016 d; thus our approach

to modelling H14’s data set led us to detect a planet with period and amplitude

consistent with those derived by H14, to within our respective 95% (2σ) credible

intervals for these parameters. The MAP estimate of the period hyperparameter

in our QP covariance kernel was P = 43.8 ± 0.9 d, which is consistent with the

∼ 44 d stellar rotation period derived by H14.
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Figure 3.10: GP model MAP fit to the publicly-available Gl 15 A data from H14. The
fit was performed to the full 15 years of data, comprising 117 observations; since most of
the observations were made during the 2011 season (BJD >2,455,500), however, only data
from this season are plotted here. The dots indicate H14’s data (with estimated errors,
where applicable); the solid lines are model posterior means, and the shaded regions
denote ±σ posterior uncertainty.

We did not consider any multiple-planet models. We defer such analyses of

this and other data sets to future work, in which we aim to leverage a better

understanding of appropriate priors over our GP model’s hyperparameters to

perform more rigorous Bayesian model comparison.

3.4.4 The Alpha Cen B data set

The announcement by Dumusque et al. (2012) of the detection of a planet around

the modestly-active, K1 V star α Cen B caused a major stir in the exoplanet

community: at the time of announcement, the claimed planet α Cen Bb would

have been the closest (distance: 1.34 pc) exoplanet to Earth ever discovered, and

the lowest-minimum-mass planet detected around a Solar-type star. In particular,



3. A GP framework for modelling stellar activity signals in RV data 112

-5000 -4000 -3000 -2000 -1000 0

-3

-2

-1

0

1

2

-2 -1 0 1 2

0

5

10

15

20

25

1 2 4 8 16 32 64 128

0

5

10

15

Figure 3.11: Diagnostics of the ∆RV residuals for Gl 15 A, after subtracting our MAP
GP model (stellar activity, plus binary orbit and one planet). The top left panel contains
the residuals plotted as a function of time, spanning some 15 yr; the top right panel
contains a histogram of the residuals (rms: 0.69 m s−1); and the bottom panel shows the
normalised LS periodogram of the residuals, along with false alarm probability thresholds.

the planet was claimed to have an orbital period of 3.24 d, and a minimum

mass of 1.13 ± 0.09 M⊕.

Dumusque et al. (hereafter D12) obtained 459 HARPS RV data points, along

with ancillary FWHM, BIS and logR′HK time series, over a period of 4 years. The

D12 RVs are dominated by a long-term linear trend, which is due to the orbit of

α Cen B around the centre of mass of the αCen binary system. Once this trend is

subtracted, a gradual rise and fall over the 4-yr span of the observations is evident,

as well as variability on shorter time-scales. D12 interpreted the gradual rise and

fall as a signature of the star’s activity cycle, and the QP variations on time-scales

of a few weeks as caused by the rotational modulation of star spots. Lastly, there
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are short-term variations evident in all time series. These variations are correlated

in time, with a time-scale of a few days, as well as with each other (across all

three time series), albeit in a somewhat complex way. It is unclear whether these

variations might be due to activity, observational noise, or a combination of both.

Of course, in the case of the RV data in isolation, a part of this variability could

also be explained by a planetary companion with a relatively short orbital period.

In any event, D12 used a variety of mathematical transformations to try to ‘filter’

out many sources of RV variance – including starspots, photospheric granulation,

and binary motion due to the presence of companion star α Cen A – to isolate the

putative planet’s RV signal. The amplitude of the binary-motion signal they removed

was of the order of hundreds of m s−1; the combined amplitude of the nuisance signals

ascribed to stellar activity they removed was of the order of 10 m s−1; and the final,

claimed planetary signal they isolated had a semi-amplitude of about ∼ 0.5 m s−1.

For comparison, the long-term precision of HARPS is 0.8 m s−1 (Mayor et al., 2003).

However, the detection was a contentious one, with a number of authors calling

into question the planet’s existence (see e.g. Hatzes, 2012, 2013). Some of the possible

reservations about the approach used by Dumusque et al. include the following.

1. Short-term stellar rotational activity was dealt with by fitting sinusoidal waves

at the rotational period of the star, and a variable number of harmonics. The

constraint that all activity-induced variations should be strictly sinusoidal is very

hard to motivate physically (Lanza et al., 2001; Brinkworth et al., 2005), and

subtracting multiple sinusoids from the ∆RV time series opens the possibility of

inadvertently introducing periodic signals (or harmonics thereof) that were not

present in the original data. See also Fig. 2.7 on pg. 46.

2. Available activity-sensitive time series (BIS and logR′HK) were not jointly mod-

elled with the ∆RV time series – even though it is in the logR′HK time series

that the rotational signal was most prominent. Instead, a low-pass smoothing

filter was applied to the logR′HK time series; it was then simply noted that the

smoothed time series looked similar to the ∆RV time series, and the shape of
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this smoothed time series was then used to fit the RV variations in order to

mitigate the effects of long-term activity.

3. Each of the four observing seasons was fitted independently of the others, thus

ignoring any information about possible long-term trends/correlations in the

time series, and resulting in a model with almost four times as many degrees of

freedom as might have been the case if all seasons were modelled simultaneously.

4. The model used to fit the ∆RV time series alone, without a planet, contained

23 free parameters, and the combined fit for activity and a planet contained at

least 26 free parameters. The question of possible over-fitting was not addressed

in either case. For comparison, our baseline/planet-free GP model – discussed

below – models multiple time series simultaneously, yet contains significantly

fewer free parameters than D12’s model.9

5. No rigorous model comparison was performed to quantify the evidence for the

existence of the planet, i.e. the extent to which a planetary model is (or is not)

preferred.

Given that our GP framework for modelling activity would allows us, in

principle, to avoid all of these limitations, we decided to apply it to the publicly-

available D12 data set.

As in all previous tests, we used a QP covariance kernel for our latent process.

We modelled all 459 data points in each of the ∆RV (corrected for binary motion,

and with residual DC offset removed for each season), logR′HK and BIS time series

jointly using this single latent process and its derivative.10 Error estimates were

published by D12 for the ∆RV and logR′HK time series; these estimates were

included in our modelling. Though not directly provided, BIS errors were estimated

(following D12’s prescription) using provided photon-noise estimates. Finally, as

before, non-informative priors were placed on all model (hyper)parameters.
9A more meaningful application of Occam’s razor would require marginalisation over the full

volumes of respective model parameter spaces.
10The FWHM data are noisier than, but very tightly correlated with, logR′HK, and thus are

unlikely to contain useful extra information. Both can be seen as proxies for the integrated spot
coverage of the visible hemisphere. On the other hand, the BIS also depends on the velocity of
the stellar surface at the location of the spots (or active regions).
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Our baseline GP model did not incorporate any Keplerian component in the

mean function for the RVs. In total, the combined model for all three time series

contained 14 free (hyper)parameters – in particular, it should be noted that all

three time series across all four observing seasons were fitted using this same model.

This stands in contrast to the approach used by D12, where the activity signal

in each of the four seasons was fitted independently, since the model they used

required that stellar features did not evolve significantly during the time considered,

whereas spots and plages and spots are known to evolve on a time-scale of a few

rotations. The MAP fit using this model is presented in Fig. 3.12, while detailed

diagnostics of the ∆RV residuals are presented in Fig. 3.13.

The ∆RV residuals appear to be normally-distributed, with rms 0.70 m s−1.

The power spectrum of the ∆RV residuals in Fig. 3.13, devoid of any significant

peaks save for a complex of peaks tightly clustered around 1.00 d, suggests that the

∆RV variations can be explained as arising from activity alone. As noted in Section

3.4.2, the peaks around 1.00 d arise from the window function in the α Cen B data set.

In particular, there are peaks at f1 = 0.97 d−1 and f2 = 1.03 d−1; these peaks appear

in the power spectra of both the model and the observations, and may be interpreted

as the first-order aliases of the 1/37.8 d−1 rotational frequency. A third peak appears

only in the ∆RV residuals, but not in the model or the observations: this may be

interpreted as a beat frequency arising during the computation of residuals, on

account of interference between the other two closely-spaced frequencies.11

When we did include a Keplerian component in the mean function for the RVs,

we were unable to extract any significant (non-activity) signal. Even when forcing

the Keplerian signal to have a period of close to 3.24 d, the MAP solution favoured

a Keplerian signal with an arbitrarily small (within the bounds of a Jeffreys prior)

amplitude. Conversely, when forcing the Keplerian signal to have an amplitude

of about ∼ 0.5 m s−1, the MAP solution favoured either a very short (PK � 1 d)

or very long (PK � 1 yr period), so that this signal essentially became a DC
11To understand the beat phenomenon, it is useful to recall the trigonometric identity:

sin(2πf1t)± sin(2πf2t) = 2 sin
(

2π f1±f2
2 t

)(
2π f1∓f2

2 t
)
.
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Figure 3.12: GP model MAP fit to the publicly-available α Cen B data from D12.
All four seasons, comprising some 459 observations, were fit simultaneously, i.e. using a
single latent process and set of (hyper)parameters. The dots indicate D12’s data (with
estimated errors, where applicable); the solid lines are model posterior means, and the
shaded regions denote ±σ posterior uncertainty.

offset to the ∆RV time series. Furthermore, our non-detection of the planetary

signal was also robust against different choices of covariance kernel functions (e.g.

squared exponential, rational quadratic). Nor did allowing for somewhat tighter

or looser links between the RVs and the activity-sensitive logR′HK and BIS time

series, by modifying the priors on the three σli terms in our model, allow us to

detect a 3.24 d Keplerian signal in the data.

In summary, using the activity-sensitive logR′HK and BIS time series to constrain
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Figure 3.13: Diagnostics of the ∆RV residuals for α Cen B, after subtracting our MAP
GP model (stellar activity plus binary orbit). The top left panel contains the residuals
plotted as a function of time; the top right panel contains a histogram of the residuals
(rms: 0.70 m s−1); and the bottom panel shows the normalised LS periodogram of the
residuals, along with false alarm probability thresholds.

the activity component of the RV time series suggests that all of the significant

variation in the RV time series can be explained as being induced by stellar activity,

without requiring any additional Keplerian component.

We do not claim that this finding proves that the claimed planet α Cen Bb

definitely does not exist. However, the difficulty we have in recovering the signal

as something unrelated to activity underscores just how important it is to model

activity carefully and robustly, if we are to detect and characterise planets at the sub-

m s−1 level. In subsequent work, we aim to make a more rigorous and comprehensive

study of D12’s α Cen B data set. We would like to investigate in which situations

our planet-free models lead to a signal with a 3.24 d period in the RV residuals.
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Figure 3.14: Demonstration that the predictions of a semi-parametric GP model can
subsume those of D12’s model as a special case. The grey squares correspond to the
publicly-available α Cen B data from D12, after removing binary and long-term magnetic
cycle contributions, while the black circles are predictions from D12’s published activity
model, for the same times as the real observations. Draws from a GP model (a few
examples of which are plotted) fitted to the noisy data can be found such that they
essentially interpolate D12’s model predictions; for clarity, only one observing season is
shown here, but the interpolation holds true for the other seasons as well. Indeed, it is
straightforward (though not necessarily useful or desirable, and ignoring considerations of
over-fitting) to find hyperparameters that will force a GP model to agree exactly with
D12’s activity model, for arbitrarily-many observing times.

This should happen at least in some cases, since our GP framework should be able

to reproduce the model of Dumusque et al. as a special case – even if only with a

non-optimal model (see Fig. 3.14), and/or when loosening significantly the links

between the ancillary, activity-sensitive time series and the RVs. Concurrently, we

would like to undertake detailed studies of planetary detection limits using both our

GP framework and a model akin to that used by Dumusque et al., for synthetic data

similar to the α Cen B data set. Lastly, we would like to perform rigorous Bayesian

model comparison (planet versus no-planet models) in order to draw definitive

conclusions about whether the data really suggest the presence of a planetary signal.

These analyses will form the focus of the next chapter of this thesis.
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3.5 Discussion and conclusions

Stellar activity can induce RV variations that can drown out or even mimic planetary

signals, and it is notoriously difficult to model and thus mitigate the effects of these

activity-induced nuisance signals. This is expected to be a major obstacle to using

next-generation spectrographs to detect lower and lower mass planets, planets with

longer periods, and planets around more active stars. We have presented here a

new framework for modelling RV time series jointly with one or more ancillary,

activity-sensitive time series (including photometry, line widths, chromospheric

activity indices, line asymmetries, etc.), with a view to better constraining activity

signals in RVs, and thus better detecting and characterising possible planets.

Our framework treats the underlying stochastic process giving rise to activity

signals in all available observables (RVs and ancillary time series) as being described

by a GP, with suitably-chosen covariance function. We then use physically-motivated

and empirical models to link this GP to the observables. With the addition of noise

and deterministic components (e.g. dynamical effects for the RVs), all observables

can be modelled jointly as GPs, with the ancillary time series thus serving to

constrain the activity component of the RVs.

We demonstrated the performance of our framework using both synthetic

(Sections 3.4.1 and 3.4.2) and real (Sections 3.4.3 and 3.4.4) data. We started

by noting that our framework can model all available time series jointly, and exactly,

in the simplest case where the physical/empirical relationships between all time

series holds exactly. Next, using more realistic data simulated using the SOAP 2.0

tool (including noise and realistic time sampling), we showed that our framework

does a good job of constraining activity signals in RV data, provided we allow for

additive white-noise terms in each time series we model; these additive noise terms

may be interpreted as accounting for the extent to which our assumed relationships

between the time series does not hold exactly, observational noise notwithstanding.

We also showed that the framework can be used to disentangle activity and planetary

signals – even when the planetary signal is weaker than and has a period identical

to the activity signal – thus serving its intended purpose.
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Moving to real data, we applied our framework to the Gl 15 A system: we were

able to disentangle activity and planetary components in a HIRES RV data set,

and obtained a fitted planetary model which was consistent with one published

by Howard et al. (2014). Finally, we turned our attention to the much-discussed

α Cen B data set: we showed that, contrary to the analysis of Dumusque et al.

(2012), we were able to attribute the observed RV variations to stellar activity,

without requiring a planet.

Although our framework hinges, at least partly, upon a number of approximations

and empirical relationships, its performance appears promising, and it offers many

advantages over existing approaches to mitigating activity in RV data sets. It

is flexible; though algebraically non-trivial, it is conceptually simple, and makes

few assumptions about the properties of the underlying processes inducing activity

signals in observables; it facilitates smooth interpolation between observables, as well

as extrapolation to future times; and lastly, the entire framework is accommodated

very naturally within the broader framework of Bayesian inference. As such, we

hope that our new framework will form a useful addition to the toolbox of those

confronted with mitigating stellar activity signals in RV data sets.

An investigation of ways in which our framework could be improved would

represent a natural extension to this work. Some possibilities worth studying

include the following.

1. Developing a more realistic relationship between RV and ancillary time series,

especially the BIS time series – perhaps based on theoretical considerations, or

perhaps through empirical means, e.g. by studying simulated data. Preliminary

tests suggest the inclusion of a curvature term (second derivative of the latent

process) could be helpful for more accurately coupling the RV and BIS time

series. Though it would add significant algebraic complexity, it would only add

one free parameter to the overall model.

2. Performing more comprehensive studies of planet detection rates and false-

positive rates under our framework.

3. Extending the SOAP 2.0 tests to include plages and spot evolution.
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4. Investigation of a more physically-motivated GP covariance function, e.g. a

function from the Matérn class of covariance functions, which are differentiable

only a finite number of times, and have the squared exponential function as a

smooth limiting case (Rasmussen and Williams, 2006).

5. Investigation of more physically-motivated priors for all model (hyper)parameters,

with a view to computing Bayes factors and performing rigorous model compari-

son. The latter will require marginalisation over GP hyperparameters, rather

than fixing them at their MAP values.

6. Using raw, high-resolution spectra to construct a quantity that is a more sensitive

proxy to stellar activity than ones currently in widespread use (BIS, logR′HK,

etc.). An artificial neural network might be useful for machine-learning such a

quantity from a large data set.

7. Investing including a GP component to model correlated instrumental noise,

rather than forcing such noise to be artificially absorbed by an additive white-

noise component, as is the case in our current framework.

In tandem with the above, as discussed in Section 3.4.4, we would like to present a

far more detailed and rigorous analysis of the much-discussed α Cen B data set. We

would like to investigate in which situations our fitted planet-free models lead to a

signal with a 3.24 d period in the RV residuals (this should happen at least in some

cases, since our framework should be able to reproduce the model of Dumusque et al.

as a special case); we would like to undertake detailed studies of planetary detection

limits using both our GP framework and a model akin to that used by Dumusque

et al., for synthetic data similar to the α Cen B data set; and we would like to

perform Bayesian model comparison (planet versus no-planet models) in order to

draw definitive conclusions about whether the data really suggest the presence of a

planetary signal. These analyses form the focus of the next chapter of this thesis.



It is far harder to kill a phantom than a reality.
She was always creeping back when I thought I had
despatched her. Though I flatter myself that I killed
her in the end, the struggle was severe...

— Virginia Woolf, from a 1931 paper read to The
Women’s Service League, published in the collection

The Death of the Moth, and Other Essays (1942).

4
‘Killing’ a planet: the case of Alpha Cen B

Contents
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . 123
4.2 An apparent planetary signal . . . . . . . . . . . . . . . 125
4.3 A closer look at the window function . . . . . . . . . . 129
4.4 The true origin of the planetary signal . . . . . . . . . 132
4.5 Discussion and conclusions . . . . . . . . . . . . . . . . . 135

This chapter is based on the Letter entitled Ghost in the time series: no planet

for Alpha Cen B (Rajpaul et al., 2016) – as of June 2017, the most-cited output

from my doctoral research. My analysis depends directly on the GP framework

presented in the previous chapter, and builds on the analysis in Section 3.4.4, though

space constraints meant this fact was mentioned only somewhat parenthetically

the original letter. My GP framework is first used to learn the properties of

activity signals associated with Alpha Cen B, and is thence used to generate

realistic synthetic data for exposing the shortcomings of the model used to claim

the existence of the planet Alpha Cen Bb. Given the significance of former planet

candidate Alpha Cen Bb, the results presented in this chapter have also enjoyed

wide coverage in the press and popular media.
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Abstract

We re-analyse the publicly available radial velocity (RV) measurements for α Cen B,

a star hosting an Earth-mass planet candidate, α Cen Bb, with 3.24 d orbital

period. We demonstrate that the 3.24 d signal observed in the α Cen B data almost

certainly arises from the window function (time sampling) of the original data. We

show that when stellar activity signals are removed from the RV variations, other

significant peaks in the power spectrum of the window function are coincidentally

suppressed, leaving behind a spurious yet apparently-significant ‘ghost’ of a signal

that was present in the window function’s power spectrum ab initio. Even when

fitting synthetic data with time sampling identical to the original data, but devoid

of any genuine periodicities close to that of the planet candidate, the original model

used to infer the presence of α Cen Bb leads to identical conclusions: viz., the 3σ

detection of a half-a-metre-per-second signal with 3.236 d period. Our analysis

underscores the difficulty of detecting weak planetary signals in RV data, and the

importance of understanding in detail how every component of an RV data set,

including its time sampling, influences final statistical inference.

4.1 Introduction

Astronomical observations of the K1 V star α Cen B have been conducted for over

150 years. Astrometric observations date back to the 1800s, and the RV velocities of

both α Cen A and α Cen B have been tabulated since 1904 (Pourbaix et al., 2002).

The announcement by Dumusque et al. (2012) of the detection of a planet around

the modestly-active α Cen B generated exceptional excitement in the astronomy

community: at the time of announcement, the claimed planet α Cen Bb would

have been the closest exoplanet to Earth ever discovered (distance: 1.34 pc), and

the lowest-minimum-mass planet detected around a Solar-type star.1 The claimed
1As noted in Section 2.1.1, as of June 2017, the closest known exoplanet to Earth is

Proxima Cen b, whose discovery was announced almost a year after the results in this chapter
were first published online.
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planet has an orbital period of 3.2357± 0.0008 d, and an estimated minimum mass

of 1.13± 0.09 M⊕, inferred from an RV semi-amplitude of 0.51± 0.04 m s−1.

Dumusque et al. (hereafter D12) obtained 459 HARPS RV data points, along

with ancillary line width (full width at half maximum), bisector inverse slope (BIS)

and chromospheric activity (logR′HK) time series, over a period of 4 years. The RVs

are dominated by a long-term linear trend, due to the orbit of α Cen B around

the centre of mass of the αCen binary system. Once this trend is subtracted,

a gradual rise and fall over the 4-yr span of the observations is evident, as well

as variability on shorter time-scales.

D12 used a variety of mathematical transformations to try to filter out many

sources of RV variance, including starspots, photospheric granulation, and binary

motion due to the presence of companion star α Cen A. The amplitude of the binary-

motion signal they removed was of the order of hundreds of m s−1; the combined

amplitude of nuisance signals ascribed to stellar activity was of order a few m s−1; and

the final, putative planetary signal they isolated had a semi-amplitude of ∼ 0.5 m s−1.

For comparison, HARPS’ long-term precision is 0.8 m s−1 (Mayor et al., 2003).

The detection, however, was a contentious one, with some voicing reservations

about the modelling approach used to infer the planet’s presence (e.g., Hatzes, 2012,

2013). For example, short-term rotational activity was modelled using sinusoidal

waves at the rotational period of the star, and a varying number of harmonics –

essentially, a truncated Fourier series. This is not necessarily a good approximation in

the case of an evolving rotation signal (e.g., Lanza et al., 2001), and subtracting such

a model from the ∆RV time series opens the possibility of inadvertently introducing

periodic signals, or harmonics thereof, into the power spectrum. Secondly, available

activity-sensitive time series (BIS and logR′HK) were not jointly modelled with the

∆RV time series, even though the rotational signal was strongest in the logR′HK

time series. Instead, a low-pass smoothing filter was applied to the logR′HK time

series; this smoothed signal was noted to look similar to the ∆RV time series,

and then used to mitigate the effects of long-term activity in the ∆RV time series.

Thirdly, each of the four observing seasons was fitted independently of the others,
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possibly discarding information about long-term correlations in the time series,

and resulting in a more complex model than would likely have been the case if

fitting were performed for all seasons simultaneously. The model used to fit the

∆RV time series alone, without a planet, contained 23 free parameters, which raises

the question of possible over-fitting. These potential reservations aside, however,

the signal D12 extracted certainly did seem to bear many of the hallmarks of

a real planetary signal, including a coherent phase over four observing seasons,

and low false alarm probability (FAP).

In the previous chapter, we attempted (Rajpaul et al., 2015, hereafter R15) to

address some of the aforementioned reservations by applying to the D12 data set a

GP framework that we developed to model RV time series jointly with ancillary,

activity-sensitive time series, allowing the activity component of an RV signal to be

disentangled from dynamical components. This modelling framework uses GP draws

and derivatives thereof as basis functions to model available time series in a flexible,

data-driven way, rather than e.g. sinusoids or other simplistic parametric models.

Moreover, the entire framework is accommodated very naturally within the broader

framework of Bayesian inference, allowing uncertainties to be handled in a principled

way: overly-complex models are automatically penalized, nuisance parameters can

be marginalized over, and rigorous model comparisons can be performed. Using

this framework, we showed that the observed RV variations could be satisfactorily

modelled as stellar activity alone, without requiring a planet. Yet we did not claim

that α Cen Bb does not exist, in part because that analysis did not provide any

definitive explanation for the origin of the 3.24 d signal uncovered by D12.

We present here a re-analysis of D12’s data, and argue that the 3.24 d signal

almost certainly arises from the window function (time sampling) of the original data.

4.2 An apparent planetary signal

To probe the origins of the planetary signal claimed by D12, we implemented

exactly the planet-free model published by D12, and used it to fit the original

observations. We optimised model parameters using multiple runs of a Nelder-Mead
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algorithm, and obtained marginally better goodness-of-fit statistics than those

published by D12 (likely because D12 approximated the optimisation problem as

a linear one; X. Dumusque, pers. comm., 2015). Nevertheless, our RV residuals

corresponded almost exactly to those published by D12, and the 3.24 d signal

appeared, with the expected > 3σ significance.

Studying the power spectra of the periodic components of D12’s model (see

Section 4.4), in combination with varying levels of noise, proved inconclusive;

none of these components appeared to give rise to 3.24 d periodicities. This was

consistent with D12’s own bootstrap tests to ascertain whether the 3.24 d signal

was introduced during the process of eliminating stellar signals. We next ran a

Bayesian model comparison test of D12’s baseline model versus D12’s planet model.

We placed uniform priors on all parameters, with prior domains set arbitrarily to

10 times the ±1σ confidence intervals published by D12; model evidences (Z) were

computed using the MultiNest nested-sampling algorithm (Feroz and Hobson,

2008; Feroz et al., 2009, 2013). The planet model was favoured very strongly over

the simpler baseline model, with a Bayes factor of the order of 105. Moreover, logZ

for the planet model increased approximately linearly when artificially increasing

the number of data points used in the modelling (up to a maximum of 459).

However, some further tests suggested – without proving outright that α Cen Bb

does not exist – that a planetary origin for the 3.24 d signal is unlikely. These

tests are sketched below.

First, we injected into D12’s RV observations different 0.51 m s−1 sinusoidal

signals, with random phases, and periods uniformly distributed between 3.24±2.0 d,

excluding 3.24± 0.2 d. We considered 100, 000 such signals. In 87% of cases, the

normalised least-squares/Lomb-Scargle (LS) power at the period of the injected

signal was, after first subtracting the dominant binary signal from the data, higher

than the power of the strongest signals between 3.24 ± 0.02 d. (For a given

period P , the LS periodogram of a signal f(t) represents a test statistic for the

corresponding problem of testing between two hypotheses: viz. that f(t) represents
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Figure 4.1: Illustration of a few 0.51 m s−1 signals, injected into D12’s published
residuals, which are more robust to removal of data points than D12’s signal. Solid
markers correspond to points where signals first exceed 1% and 10% false alarm probability
(FAP) thresholds.

white Gaussian noise, versus a coherent sinusoidal signal with period P , based

on a fit using a least-squares metric.)

Secondly, we considered 100, 000 sets of random Gaussian noise, drawn at

times identical to D12’s observations, and with standard deviations on each point

corresponding to D12’s HARPS error estimates. We found that 18% of these noise

signals contained more normalised LS power specifically at 3.24± 0.02 d than was

present in D12’s binary-subtracted observations. Moreover, all of these time series

of noise contained at least one signal between 2 d and 10 d with lower FAPs than

any signals between 3.24 ± 0.02 d in D12’s binary-subtracted data.

Thirdly, we found that the statistical significance of D12’s 3.24 d signal could

be destroyed by removing as few as 12 (non-random) points from the residuals.

These points were distributed through all four observing seasons, and happened

to correspond to unusually large amplitude residuals (> 2.5 m s−1). On the other

hand, it was a straightforward exercise to find injected signals with amplitude and



4. ‘Killing’ a planet: the case of Alpha Cen B 128

-600 -400 -200 0 200 400 600

-4

-3

-2

-1

0

1

2

3

4

5

0

2

4

6

8

10

12

14

16

18

20

Figure 4.2: Illustration of the points which, when removed from D12’s observations,
‘destroy’ the 3.24 d signal in the published residuals. The colour-coded order in which
points are to be removed corresponds to Fig. 4.1; e.g. removing points 1–12 will suffice to
boost the signal’s FAP above 10%.

period similar to D12’s signal, but which were twice as robust to data points being

removed. See Fig. 4.1 and Fig. 4.2; cf. Hatzes (2013).

Fitting the original data using the framework described in R15 proved puzzling.

Our best-fitting GP models had no 3.24 d signal in the residuals; curiously, however,

we found that the presence of the 3.24 d signal seemed to be sensitive to how we

fitted the long-term binary signal in the data (e.g. subtracting it before fitting the

rest of the model, versus fitting everything simultaneously), as well as to whether

we binned observations to one point per night (by default, we did not bin any data).

This motivated us to look beyond our activity models – and in particular, to make

a closer study of the window function for D12’s observations.
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4.3 A closer look at the window function

If a signal is sampled at discrete times, the so-called window function (i.e. vector

of discrete sampling times) imprints periodicities on the signal, and the LS pe-

riodogram of the window function gives us information about the significance of

these periodicities associated with sampling. At first glance, the LS periodogram

of the window function for D12’s data set is devoid of interesting features. It is

dominated by a tight cluster of peaks around 1 d, arising due to periodicities in

the observing times imposed by the Solar and sidereal day. The strongest feature

(at 0.9978 d) has an LS FAP tens of thousands of times lower than any other

peak at periods shorter than a few months.

However, when masking off this ‘over-saturated’ region of the power spectrum,

the following become apparent. First, the strongest feature between (just over) 1 d

and approximately two weeks is a complex of peaks around 3.249 d, including a

peak at 3.236 d. Secondly, on time-scales between (just over) 1 d and approximately

three months, the three strongest peaks in the power spectrum are consistent with

Prot ± 2σ or Prot/2± σ, where Prot is a stellar rotation period for α Cen B derived

by D12, and σ is the uncertainty on the period (D12 derived slightly different

rotation periods for different observing seasons, which they attributed to differential

rotation of α Cen B). See Fig. 4.3.

It seems a remarkable coincidence that the peaks around 3.249 d correspond

(within 20 min) to the period of D12’s planet candidate, and that they happen to

be the most significant peaks in a sizeable region of the power spectrum. Ordinarily,

the formal FAPs (> 99%) of these peaks might lead to them being ignored. However,

it is a further coincidence that the power spectrum contains significant structure

at periods consistent with the stellar rotation period, Prot, and its first harmonic.

By ‘whitening’ the power spectrum and removing these periodicities (e.g. by fitting

and removing sinusoids at these periods, exactly as was done with D12’s model),

the statistical significance of the peaks at 3.24 d can be enhanced. Indeed, as Fig.

4.4 confirms, the ∼ 3.24 d signals can readily be boosted above a 3σ significance

threshold simply by suppressing ‘rotational activity’ signals in the window function.
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Figure 4.3: LS power spectrum of the window function of D12’s observations. The
arg max of the power spectrum on three non-trivial domains corresponds to the period of
D12’s planetary candidate (left panel), the estimated rotation period of α Cen B (right),
and the first harmonic of the rotation period (middle).

Of course, the window function contains no real rotational activity signals, except

as an unfortunate numerical coincidence.

To probe further the extent to which the window function gives rise to ∼ 3.24 d

periodicities, we computed the LS power spectra for 10, 000 polynomials with degree

< 10, and uniformly-random coefficients, all with time sampling identical to D12’s

observations. In every case, the strongest periodicity between about 1.1 d and

13.5 d was found at 3.249 d. When fitting and subtracting a polynomial from one

of these randomly-generated polynomial ‘observations,’ the power spectrum was

flattened out (as expected, since exact fits were possible). However, when first

adding non-white noise to the polynomials (e.g. random walk noise, periodic and

quasi-periodic signals, GP draws, or combinations thereof) and then fitting and

subtracting a polynomial, we observed different behaviour.

In cases where the injected noise signals ‘drowned out’ the polynomial signals (i.e.

the window function imprinted on a polynomial), the power spectra of the residuals
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Figure 4.4: LS power spectrum of the ‘whitened’ window function, obtained by removing
from the window function four fitted sinusoids with periods constrained to lie between
Prot ± 2σ or Prot/2± σ (ranges taken from D12’s best-fitting model), and unconstrained
amplitudes and phases. For comparison, D12’s activity model included eight different
sinusoidal components. The dotted/dashed black lines correspond, from top to bottom,
to 0.1%, 1%, and 10% FAP thresholds, as in Fig. 4.3.

tended to match closely those of the injected signals. However, in other cases where

the injected signals’ contribution to the total signal variance was much smaller than

the polynomial contribution, the original polynomials could be fit well, but not

perfectly. This meant that the residuals still contained a small signal bearing the

imprint of the window function, so very often in these cases the most significant

period (usually between 1.1 d and 13.5 d) in the residuals turned out to be 3.249 d,

or a period very close to (within 1% of) 3.249 d. This was not surprising, as our

earlier test confirmed that virtually any polynomial with the same sampling as D12’s

observations would have in its power spectrum a 3.249 d signal as a local maximum.

Slight (< 1%) deviations from 3.249 d in the latter tests could be attributed to

biases in the power spectrum introduced by the injected signals. Furthermore, when

suppressing other, more significant components of the window function (as before;
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see Fig. 4.4), the significance of the ∼ 3.24 d signals could be boosted.

4.4 The true origin of the planetary signal

D12’s baseline model used to fit the RVs contained three components, which

modelled, respectively: (1) the binary signal; (2) long-term magnetic activity; and

(3) stellar rotational activity. Component (1) comprised a polynomial, second order

(quadratic) in time, with the same three coefficients used for all observing seasons.

Component (2) was proportional to the low-pass filtered logR′HK series; the only

free parameter here was a scaling factor to convert the logR′HK to ∆RV variations.

Component (3) included sinusoidal terms, different for each season; in total, it

contained 19 free parameters. D12 also considered a model with an added sinusoid

term, (4), to describe a possible zero-eccentricity planetary contribution to the

∆RV time series. This took the form ∆RVplanet = K1 sin(2πt/P ) +K2 cos(2πt/P );

equivalently, ∆RVplanet = K sin(2πt/P + φ). All components of the model were

fitted simultaneously.

When computing the LS power spectrum of component (1) of the best-fitting

model, i.e. the polynomial component, the normalized LS power at 3.25± 0.1 d was

found to be 99.3% of the normalized power from the raw ∆RV observations (which

included a binary signal, long-term magnetic activity variations, rotational activity,

and unknown contributions). In fact, we had to inject into the raw ∆RV observations

sinusoids with semi-amplitudes of the order of tens of m s−1 (assuming periods of the

order of a few days) to obtain comparable LS power to that observed at 3.25± 0.1 d.

This suggests the following scenario: a signal at ∼ 3.24 d was present in the

original observations; however, it arose not from a planet, but from the window

function. As with the tests described at the end of Section 4.3, D12’s imperfect

model meant that the imprint or ‘ghost’ of the window function remained in the

model residuals. Moreover, because other significant components of the window

function happened to be suppressed when removing stellar activity, i.e. through

model component (3), the ∼ 3.24 d signals end up being boosted in the window

function’s imprint on the residuals.
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To test this scenario, we generated synthetic observations as follows. Components

(1) and (2) of D12’s original model, with free parameters set at their MAP values,

were taken to represent (a) binary, and (b) long-term magnetic variations. We

then used the framework from R15 to train a GP with quasi-periodic covariance

kernel on the ‘observed’ rotational activity (∆RV observations minus binary and

magnetic activity models), in tandem with logR′HK and BIS observations. We took

the posterior mean of the GP for the ∆RV series to represent rotational activity,

(c). Finally, components (a), (b), and (c) were co-added with white Gaussian

noise to form a set of synthetic observations.

We avoided using component (3) of D12’s model to synthesise the rotational

activity: otherwise the synthetic observations would have been generated entirely

by D12’s original model, and it would have been naïve to expect anything but

an excellent fit, with white, Gaussian residuals (see Section 4.3). Instead, using

a GP allowed us to synthesise observations with the same covariance properties –

(quasi)periodicities, evolution time-scales, smoothness, noise levels, etc. – as the

observed rotational activity, regardless of the extent to which D12’s simple harmonic

model might have failed to describe such variations. Furthermore, the GP framework

meant that any periodicities not also present in the ancillary time series (i.e. logR′HK,

BIS) would not be captured by the ∆RV model. We confirmed that the power

spectrum of component (c) of our model was free of any significant periodicities on

time-scales of a few days; and it certainly contained no signals near 3.24 d.

We next used D12’s model to fit our baseline set of synthetic observations – to be

quite clear, a set of observations synthesized only from non-planetary components

of D12’s model, a conservative activity model for the original observations, and

white noise. As before, uninformative priors were placed on all parameters in D12’s

model, and parameter inference was performed using MultiNest.

The strongest feature in the power spectrum of the residuals from the MAP fit

was a significant peak at ∼ 3.236 d, with estimated FAP of 0.04%; see Fig. 4.5. When

adding a zero-eccentricity Keplerian (sinusoidal) component to D12’s overall model,

we obtained an RV semi-amplitude for the Keplerian of K = 0.46± 0.03 m s−1, and
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Figure 4.5: LS power spectrum of the residuals from synthetic, planet-free data (with
realistic covariance properties, and time sampling identical to D12’s data), obtained from
a MAP fit with D12’s original model. In spite of all, a strong signal appears at 3.2358 d,
corresponding to D12’s planet candidate. The dotted/dashed black lines correspond, from
top to bottom, to 0.1%, 1%, and 10% FAP thresholds, as in Fig. 4.4.

a period of 3.2358± 0.0002 d. As before, the more complex sinusoidal model was

strongly favoured over the baseline model, with a Bayes factor of ∼ 105.

We repeated these tests 10 times using different ‘observations,’ synthesized by

perturbing the MAP parameters from components (1) and (2) of D12’s model,

within their 1σ confidence intervals; by using different GP draws for the rotational

activity model, within a 1σ envelope of the GP posterior mean function; and by

using different seeds when generating additive white Gaussian noise. In each case,

a significant signal appeared at ∼ 3.236 d in the residuals, and when including

a Keplerian in the model, a MAP period consistent with 3.2358 (within 1σ) was

obtained. However, a range of semi-amplitudes was obtained – the smallest was

K = 0.33± 0.03 m s−1, and the largest, K = 0.53± 0.04 m s−1. For comparison,

the planet claimed by D12 had best-fitting parameters K = 0.51 ± 0.04 m s−1,

and P = 3.2357 ± 0.0008 d.
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It is exceptionally implausible that synthetic data simply with the same time

sampling and activity-related covariance properties as D12’s data set, but no planet,

would consistently lead to the detection of the same planet claimed by D12, if

indeed D12’s planet were real. We thus conclude that the 3.24 d signal that D12

originally recovered was most likely nothing more than a ‘ghost’ of the window

function, amplified during the modelling process to non-trivial significance levels.

4.5 Discussion and conclusions

We have demonstrated that the 3.24 d signal observed in the α Cen B data almost

certainly arises from the window function of the original data. When stellar activity

signals are filtered out from the RV variations, other significant peaks in the

power spectrum of window function are coincidentally suppressed, leaving behind

a spurious yet apparently-significant ‘ghost’ of a 3.24 d signal that was present

in the window function’s power spectrum ab initio.

We showed that even when fitting synthetic data that have the same time

sampling as the original data, but that are by design devoid of any genuine

periodicities close to the period of the planet candidate, the original model used

to infer the presence of α Cen Bb leads to identical conclusions: viz., the 3σ

detection of a half-a-metre-per-second signal with 3.236 d period. Central to our

analysis was the use of R15’s GP framework, for generating realistic synthetic

data for fitting with D12’s model.

Our analysis underscores the difficulty of detecting weak planetary signals in

RV data, and the importance of understanding in detail how every component of

an RV data set, including its time sampling, influences final statistical inference.

In future attempts at detecting low-mass exoplanets in RV data sets, it would

be prudent to study the window function of the observations carefully. A planet

candidate should be treated with extreme circumspection if its period happens to

coincide closely with an arg max of the window function’s power spectrum on some

non-trivial domain; in the case of the D12 data, 3.24 d happened to be the arg max

of the window function’s power spectrum on an interval between about 1 d and
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2 weeks. Additionally, D12’s data set was particularly pathological because the

window function happened to contain periodicities that coincided with the stellar

rotation period of α Cen B, and its first harmonic; when these signals were filtered

out, the significance of the 3.24 d signal was preferentially boosted.

We alluded to a number of other tests we believe worth carrying out when

considering the reliability of planet detections from noisy, discretely-sampled signals.

These include using the same model used to detect the planet instead to fit synthetic,

planet-free data (with realistic covariance properties, and time sampling identical

to the real data), and checking whether the ‘planet’ is still detected; comparing

the strength of the planetary signal with similar Keplerian signals injected into the

original observations; performing Bayesian model comparisons between planet and

no-planet models; and checking how robust the planetary signal is to data points

being removed from the observations. As this study has demonstrated, simply

considering the FAP of a signal in a model’s residuals, or (somewhat equivalently)

checking whether a signal has a coherent phase over a full set of observations, is

clearly insufficient. Even rigorous, Bayesian model comparisons do not necessarily

shed light on the origins of a planet-like signal.

We propose to carry out, in the near future, a systematic study of the properties

of spurious yet coherent signals that can arise in noisy data sets with real (e.g.

HARPS-like) observing calendars. This will hopefully inform best practices for

identifying or mitigating such signals; it might also prove relevant to already-

published cases of planets whose existence was supported by rigorous model

comparison tests, yet not by follow-up observations. Certainly, when carrying

out future observations of α Cen B, it would be worth ensuring that the window

function of the proposed observations did not contain significant power at 3.24 d,

or Prot ± 2σ and harmonics thereof.



As knowledge advances, we are able to invent better
and better models, which reproduce more and more
features of the real world, more and more accurately.
Nobody knows whether there is some natural end to
this process, or whether it will go on indefinitely.

— Edwin Thompson Jaynes, from Probability Theory:
The Logic of Science (Jaynes, 2003).
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This chapter is based on the Letter entitled Pinning down the mass of Kepler-

10c: the importance of sampling and model comparison (Rajpaul et al., 2017), due

to be published in MNRAS Letters. Here, the GP framework from Chapter 3 is

used to re-characterise the well-studied Kepler-10 system, and to resolve a mystery

surrounding the mass of planet Kepler-10c.

Abstract

Kepler-10c has proven something of an exoplanetary enigma. Initial RV characteri-

sation suggested a mass of ∼ 17 M⊕, which was remarkably high for a planet with

radius 2.32 R⊕; further observations and subsequent analysis hinted at a (possibly

much) lower mass, but masses derived using RVs from two different spectrographs
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(HARPS-N and HIRES) were incompatible at a 3σ level. We demonstrate here

how such mass discrepancies may readily arise from sub-optimal sampling and/or

neglecting to model even a single coherent signal (stellar, planetary, or otherwise)

that may be present in RVs. We then present a plausible resolution of the mass

discrepancy, and ultimately characterise Kepler-10c as having mass 7.37+1.32
−1.19 M⊕,

and mean density 3.14+0.63
−0.55 g cm−3.

5.1 Introduction

Kepler-10 (KOI-72; hereafter K-10 for short) is a slowly-rotating, Sun-like star that

exhibits little stellar activity (Dumusque et al., 2014b, hereafter D14). It is known

to host at least two planets, viz. Kepler-10b, and Kepler-10c.

Stony-iron world Kepler-10b (hereafter K-10b) – with orbital period 0.84 d,

radius 1.48 R⊕, and mass ∼ 4 M⊕ – was the first unambiguously rocky exoplanet

to be discovered, and also the first super-Earth discovered around a Sun-like

star (Batalha et al., 2011).

Kepler-10c (hereafter K-10c) – with orbital period 45.29 d, and radius 2.32 R⊕ –

has proven more enigmatic. Following its discovery and statistical validation as a

planet (Batalha et al., 2011; Fressin et al., 2011), D14 used 148 HARPS-N radial

velocities (RVs) spanning two observing seasons to infer a mass of 17.2± 1.9 M⊕.

Given K-10c’s radius, this was a striking result. Most planets with radii 2.0–2.5 R⊕
have masses significantly lower than 17 M⊕, with a weighted mean mass of 5.4 M⊕
(Weiss and Marcy, 2014); Weiss and Marcy’s empirical mass-radius relation for

planets between 1.5 and 4 R⊕, viz. Mp/M⊕ = 2.69(Rp/R⊕)0.93, predicts a mass

of 5.8 M⊕ for K-10c. D14 interpreted the composition of K-10c as being mostly

rock by mass, and regarded the planet as being the first evidence of a class of

more massive solid planets with longer orbital periods.

Weiss et al. (2016, hereafter W16) built on the work of D14, adhering closely to

the techniques employed by the latter authors, but adding 72 RVs from Keck-HIRES

to the analysis, resulting in a combined RV baseline of 6 years. Since it has been well

established that both the HIRES and HARPS-N spectrometers are independently
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capable of accurate and precise measurement of low-amplitude planetary signals

(c.f. e.g. Howard et al., 2013; Pepe et al., 2013), it was a great surprise when

W16 inferred a mass for K-10c of 5.69+3.19
−2.90 M⊕ (fitted RV semi-amplitude Kc =

1.09± 0.58 m s−1) using the HIRES RVs alone, which was incompatible with D14’s

estimate of 17.2± 1.9 M⊕ (Kc = 3.26± 0.36 m s−1) using the HARPS-N RVs alone.

W16 concluded that some additional, time-correlated signal, possibly from

stellar activity or undetected planets, was present and led to the discrepant mass

estimates for K-10c. This claim was supported by (i) the fact that masses inferred

using RVs from either instrument were found to be time-dependent, and (ii) > 5σ

evidence for transit timing variations (TTVs) of K-10c (Kipping et al., 2015). W16

found that dynamical solutions including a third planet candidate, KOI-72.X, were

very strongly favoured over a two-planet solution (based on Bayesian Information

Criterion differentials); the TTVs and RVs were consistent with KOI-72.X having

an orbital period of 24, 71, or 101 d, with 101 d being strongly favoured over

the other periods. W16 inferred a likely mass of . 7 M⊕ for KOI-72.X, based on

the best solutions from a partial exploration of the dynamical parameter space,

with the parameters of K-10b fixed.

Even when including a third planet in their models, however, W16 were not

able to reconcile the HIRES and HARPS-N masses for K-10c, so settled on a

‘compromise’ mass for K-10c of 13.98± 1.79 M⊕. We suggest, at the outset, that

the observed 3σ-incompatibility between the HARPS-N and HIRES estimates for

K-10c’s mass points to an inadequate model under which at least one (if not both)

of the inferred masses is incorrect, and that the true mass need not lie in the

middle of the two incompatible mass posteriors.1

1To take a more intuitive example, consider the forecasts (i) that 13± 2 mm of rain will fall
tomorrow, and (ii) that only 1± 1 mm of rain will fall tomorrow. No matter how much or little it
actually rains, at least one (though possibly both) of these mutually-incompatible claims must
turn out to be both overconfident and incorrect, suggesting a need for a better weather model(s).
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5.2 Double trouble: imperfect model meets in-
adequately sampled signal

To shed light directly on the effects of (i) sub-optimal sampling and (ii) inference

based on an imperfect physical model, consider synthetic RV data sets {(ti, yi)|i =

1, 2, . . . , N} generated as follows:

yi =
M∑
j=1

Kj sin(2πti
Pj

+ φj); (5.1)

yi may be interpreted as the combined RV signal at time ti due to M planets on

zero-eccentricity orbits around a star. For planet j, the associated RV amplitude

Kj would be determined by the planet’s mass and inclination (assuming known

stellar mass); Pj would correspond to the planet’s orbital period; and φj would be

determined by the planet’s orbital phase in some coordinate system.

Suppose we set M = 3, and let the periods of the three mock planets be

P1 = 0.84 d, P2 = 45.29 d, and P3 = 101.36 d; P1 and P2 correspond to the

known orbital periods of K-10b and K-10c, respectively, while P3 corresponds to

the most likely orbital period (per W16) for planet candidate KOI-72.X. We further

set K1 = K2 = 2.5 m s−1, and K3 = 1.0 m s−1; the values for K1 and K2 are

roughly the average of the RV semi-amplitudes of both K-10b and K-10c variously

reported in the literature, while the value for K3 is based on the most likely mass

for KOI-72.X reported by W16. Lastly, instead of fixing the mutual phases of the

planets, let us generate synthetic data by evaluating equation (5.1) over a grid of

phases (φ1, φ2, φ3) ∈ Φ3 where Φ = [0, 0.1, 0.2, . . . , 2π].

Now consider the problem of using such synthetic data to infer the value

of K2, i.e. the RV semi-amplitude of the second mock planet, using both a 2-

planet and a 3-planet model, and with the synthetic signals sampled discretely

using the following calendars:

1. the real HIRES observing calendar (N = 72) for K-10;

2. the real HARPS-N observing calendar (N = 148) for K-10;

3. the combined HARPS-N/HIRES observing calendars; and
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4. 220 uniformly-spaced observations with a ∼ 6 yr baseline (see Section 5.3 for

more details).

Thus we will produce an estimate for K2, K̂2, using 2 different models (of orders

M = 2 and M = 3), 4 different sampling patterns, and many different input values

for φj. In each case we assume that the periods and orbital phases of the planets

are tightly constrained, as if performing RV follow-up of transiting planets, but that

the planets’ RV semi-amplitudes are not known a priori. For the 2-planet model

we assume only the presence of the P1 = 0.84 d and P2 = 45.29 d planets, while for

the 3 planet model we also assume the presence of a P3 = 101.36 d planet.

We place flat priors on all free parameters, and to simplify computation, reduce

the more general problem of finding posterior distributions to one of maximum

likelihood (ML) estimation; our priors render ML estimates equivalent to MAP

estimates. As a further convenience, we assume independent, identically-distributed

Gaussian measurement errors on our synthetic data (with small, constant standard

deviation), then use a standard downhill simplex algorithm with multiple starting

points to locate ML parameters through least-squares fitting.

In Fig. 5.1 we present the results of this fitting exercise, showing ML estimators

of K2, K̂2, for a range of values of φ2 and φ3. We fix φ1 to permit visualisation

in two dimensions.2 The following striking conclusions emerge.

1. When using an inadequate model (i.e. M = 2) to fit the data, the inferred mass

for the second mock planet is very sensitive to the mutual phases of that planet

and the unobserved third planet, with K̂2 varying between ∼ 1.5 and 3.5 m s−1.

2. For almost all possible mutual phases of the second and the unobserved third

planet, K̂2,HIRES and K̂2,HARPS differ3 by up to ∼ ±1 m s−1 (in the worst

cases) and typically by ∼ ±60 cm s−1. For about 60% of possible phase
2Given its short period P1 � P2 < P3, the phase φ1 of the innermost mock planet does not

have a significant effect on our inference about the properties of the other signals in our synthetic
data. K1 can be estimated more accurately and precisely than K2, regardless of the phases of the
other signals, and of the choice of observing calendar.

3In a few cases where we chose to explore full posterior distributions for K2 (rather than just
find ML estimators), estimates of K2 obtained with the HARPS-N vs. HIRES sampling often
disagreed at a 2σ level.
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Figure 5.1: ML estimates for K2 based on synthetic data comprising three sine waves,
with 4 different sampling patterns (left to right, corresponding to sampling patterns 1–4
listed on pg. 140) and fitted with a 2-sine model (upper panels) and a 3-sine model (lower
panels).

configurations, the HARPS-N and HIRES observing calendars either both

result in overestimation or in underestimation of K2 (i.e., the true value is not

bracketed); for about 40% of configurations, one calendar will lead to K̂2 > K2

while the other leads to K̂2 < K2.

3. When combining the HIRES and HARPS-N observations, K̂2 interpolates the

values predicted by the separate data sets, yet may still differ fromK2 = 2.5 m s−1

by up to ∼ ±65 cm s−1.

4. Notably, even when using the inadequateM = 2 model but the uniform observing

cadence, |K̂2 −K2| < 5 cm s−1, ∀ φj.

5. Equally notably, when using the correct M = 3 model, the inferred mass for

the second planet is relatively insensitive to the observing calendar. Now we

find |K̂2,HIRES −K2| < 37 cm s−1 and |K̂2,HARPS −K2| < 22 cm s−1; with the

combined HARPS-N and HIRES observations, |K̂2−K2| < 25 cm s−1; and with

the calendar where ti+1 − ti = constant, |K̂2 −K2| < 4 cm s−1, ∀ φj.
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Figure 5.2: As for Fig. 5.1, but now with synthetic data comprising four rather than
three sine waves (see text on pg. 143).

Suppose we add another signal into the synthetic RV data, with amplitude

K4 = 1.0 m s−1 and period P4 = 55 d, as a simplistic representation of a non-

evolving stellar activity signal (we could use a GP to synthesise a quasi-periodic

signal instead, but such sophistication is not required for the present illustration),

then repeat the exercise of trying to estimate K2. Our results are shown in Fig. 5.2.

Now, neither the M = 2 nor the M = 3 model is adequate in that neither

accounts for a fourth periodic signal present in the data. Accordingly, we find

that inference about K2 becomes even more sensitive to sampling. K̂2,HIRES and

K̂2,HARPS now differ by up to 2 m s−1 under the M = 2 model, and by up to 1 m s−1

under the M = 3 model. As before, however, when using the uniform observing

cadence, the resultant uniform phase coverage allows remarkably robust inference

about K2 to be made: e.g., |K̂2−K2| < 7 cm s−1 ∀ φj , even under theM = 2 model.

Thus far we have established the prevalence of sizeable differences in K̂2 when

fitting simplistic synthetic signals with HARPS-N vs. HIRES sampling, yet even

larger differences will result when including in our synthetic data such details as
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Figure 5.3: As for Fig. 5.2, but now with 2 m s−1 photon noise added to the synthetic
data (see text on pg. 144 for more details).

photon noise, quasi-periodic stellar activity signals, instrumental noise, multiple

undetected planets, planets with non-circular orbits, possible dynamical interactions

between planets, and more. For example, adding to our synthetic data white

Gaussian noise at a level consistent with that estimated for the HARPS-N data

set (σ ∼ 2 m s−1), then repeating the previous test, results in HARPS-N/HIRES

discrepancies for K̂2 of up to 3 m s−1 under the M = 2 model, and up to 2.3 m s−1

under the M = 3 model; see Fig. 5.3.

The upshot is that using an inadequate physical model, and/or suboptimal

sampling, can lead to incorrect conclusions about the masses even of planets whose

other properties are well constrained – and even when we have hundreds of RVs at

our disposal. Moreover, through our choice of real sampling patterns, and realistic

values for Kj and Pj, we have provided a plausible explanation for why W16

obtained discrepant masses for K-10c using HIRES vs. HARPS-N RVs. Specifically,

the real K-10 RVs likely contained not only K-10b and K-10c’s signals, but one or

more other coherent signals (KOI-72.X, a stellar signal, etc., as indeed adduced by
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Figure 5.4: The uneven coverage of K-10c’s orbital phase provided by existing HARPS-N
and HIRES observations.

W16) which interfered constructively or destructively with the signals of the known

planets. The sub-optimality of the phase coverage is easily checked by phasing the

HIRES or HARPS-N observation times to the orbital period of K-10c; see Fig. 5.4.

In principle, accounting for the other signals jointly with those of the known

planets (i.e., using a more appropriate physical model), and/or obtaining more

observations to provide more complete phase coverage of K-10c’s signal, could

have mitigated the discrepancy.

5.3 On uniform cadence and phase coverage

Before turning to a possible resolution of the K-10c mass discrepancy, we now make

a brief digression to illuminate the connection between uniform observing cadence

and uniform observational coverage of a planet’s orbital phase.

Consider first the simple case where a planet with known orbital period P

is observed N times over the course of one full orbit. By the assumption of
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uniform cadence, and through suitable choice of origin for the time coordinate,

the observation times may be written { P
N
, 2P
N
, . . . , P}. If we now phase the ob-

servation times to the period of the planet, by computing the observation times

modulo P , i.e. the remainder after division by P , we find { P
N
, 2P
N
, . . . , P} mod P =

P
[
{ 1
N
, 2
N
, . . . , 1} mod 1

]
= P

[
{0, 1

N
, . . . , 1− 1

N
}
]
. Thus we see, trivially, that the

phased observations will cover the planet’s orbit uniformly; a
√
N -bin histogram

(say) of the phased observations should contain
√
N observations in each bin.4

Suppose now we extend this to the case of observations covering M ∈ N full

orbits, again with uniform cadence, and N observations per orbit. The MN

observation times are now P{ 1
N
, 2
N
, . . . , 1, . . . ,M}, which we can write as P ·

M⋃
i=1

Ti,

where ⋃ indicates set union, and the Ti are multisets5 such that T1 = { 1
N
, 2
N
, . . . , 1},

and Ti+1 = Ti + 1. If we phase these observation times to the period P , we find

[
P ·

M⋃
i=1

Ti

]
mod P = P

[
M⋃
i=1

Ti mod 1
]

= P ·
M⋃
i=1
{0, 1

N
, . . . , 1− 1

N
}, (5.2)

since Tj mod 1 = T1 mod 1 = {0, 1
N
, . . . , 1 − 1

N
}. Thus the phased observation

times will be uniformly-distributed over a full orbit, but with multiplicity M , so

that a
√
N -bin histogram should contain M

√
N observations in each phase bin.

Now we can consider two generalisations of the above cases. First, suppose the

planet’s orbital period is not known, but that the observing cadence is uniform,

and that the observing baseline is significantly longer than a single orbital period.

We can then truncate the observation times to just the M ∈ N full orbits covered

by the observations, and apply the above arguments to show that this large subset

of observations will be evenly-distributed when phased to the orbital period of the

planet. The discarded observations covering an incomplete orbit will contribute to

slight non-uniformity, but the effect should be small since M � 1. Importantly, the
4In this analysis, we argue that uniform phase coverage is preferable to very uneven phase

coverage for constraining Keplerian signal amplitudes; this does not mean, however, that uniform
phase coverage is necessarily optimal, as it might be possible to obtain even tighter constraints on
amplitudes e.g. by sampling preferentially where the signals are largest. Further work is required
to investigate these possibilities for Keplerian signals.

5A multiset generalises the concept of a set to allow multiple instances of the same element.
For example, {1, 1, 2} and {1, 2} are different multisets though they are the same set.
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approximately uniform phase coverage will apply to all observed planets, provided

all have periods significantly shorter than the observing baseline.

Second, suppose the observational cadence is not strictly uniform. If the

uniformity of orbital phase coverage is studied by making a histogram of the phased

observation times, provided the deviations from uniform cadence are significantly

smaller than the histogram bin widths, the number of items in each bin should

not change compared to the case of strictly-uniform cadence.6

We have shown that (approximately) uniform observing cadence will lead to

(approximately) uniform orbital phase coverage. Note that the latter, however, does

not require or imply the former. As a counterexample, consider again the first case

of observations made at times { P
N
, 2P
N
, . . . , P} for a planet with orbital period P .

It is easy to verify that translating any number of observation times by nP where

n ∈ Z will lead to identical phase coverage, even though the new observation times

will no longer themselves be uniformly-spaced in time.

In case (iv) considered in Section 5.2, i.e. ‘220 uniformly-spaced observations with

a 6 yr baseline,’ the observation times were for simplicity spaced 6 yr/220 ∼ 10 d

apart, with no retrospective consideration given to weather, K-10’s visibility, etc.

Given the long baseline and the relatively short (known) orbital period of K-10c,

i.e. 45.29 d, it would be straightforward to use the above considerations to devise a

more realistic observing programme that ensured equivalent phase coverage.

More generally, it should be noted that the above considerations do not nec-

essarily apply to the case of planets with long orbital periods, say of the order

several months or more. If a planet’s orbital period is long but known, it should

still be straightforward to plan observations, possibly spanning more than one

observing season, to provide uniform phase coverage. If the orbital period of

a planet is unknown and comparable to the baseline of observations, however,

it will not be possible to guarantee uniform phase coverage a priori. Finally,
6One could derive criteria under which this approximate-uniformity would be ensured, although

it is much easier to verify numerically that synthetic observation times with approximately-uniform
cadence phased to an unknown period will lead to approximately uniform phase coverage, provided
the observing baseline is much longer than the period.
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uniform phase coverage is not possible with an observing baseline shorter than

a planet’s orbital period.

5.4 Reconciling the mass estimates

Returning to the K-10 analysis, we noted > 3σ evidence for linear correlations

(ρ ∼ 30%) between the published HARPS-N RVs and (i) logR′HK index and (ii)

BIS (bisector inverse slope) measurements; we did not find any similarly-significant

correlations in the HIRES RVs. Whereas the models of D14 and W16 did not

accommodate possible stellar activity signals in the RVs, we opted to use the GP

framework from Chapter 3 of this thesis (published as Rajpaul et al., 2015, hereafter

R15) to model jointly all available RV, logR′HK (in the case of HARPS-N) or SHK

(in the case of HIRES), and BIS time series, for a total of 660 data points.

As in R15, we adopted a QP covariance kernel, and placed non-informative

priors on all GP hyper-parameters. GP amplitude parameters were also constrained

to be smaller than the total variation seen in a given time series, and of the overall

GP period we required P > 20 d (based on D14’s lower limits on K-10’s stellar

rotation period). We additionally allowed at least 2 but up to 5 possible planetary

signals in the RVs, modelled with Keplerian functions. We constrained the periods

and periapsis passage times of two of the Keplerians to be consistent with the most

precise values inferred from K-10b and K-10c’s transits (Morton et al., 2016; Holczer

et al., 2016), but left the other parameters free, with priors identical to those in

W16’s eccentric 2-planet model. We adopted analogous uninformative priors for all

parameters of the additional possible planets, ensuring only that planet periods did

not overlap. Finally, we used the MultiNest nested-sampling algorithm (Feroz and

Hobson, 2008; Feroz et al., 2009, 2013) to obtain a full joint posterior distribution

for each model’s parameters (and marginal posteriors for parameters of interest),

and to compute a Bayesian evidence (Z) for each model.

Of the numerous models we considered, we found only one in which MAP

estimates for all planet parameters were consistent within 1σ between the HARPS-

N, Keck-HIRES, and merged data sets: viz. a model including three planets, all with
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orbits consistent with circular, plus correlated noise. Significantly, this model was

also favoured above others by Bayesian model comparison tests, and the fitted period

for the third planet in our model was 102± 1 d: in accord with the W16’s favoured

period for KOI-72.X (based on both analytical considerations and dynamical

modelling), despite us not including this as prior information in our modelling. We

summarise the marginal posteriors for this favoured model’s planet parameters

in Table 5.1; masses (for all three planets) and mean densities (for the transiting

planets) were derived using the same stellar mass and planet radii as in W16.

Additionally, we note the following.

1. For the HIRES, HARPS-N and merged data sets, 3-planet models were strongly

favoured over 2-planet models (∆ lnZ > 10), which were in turn favoured over

4- and 5-planet models.

2. We obtained consistent parameters for all planets when splitting either the

HIRES or HARPS data sets in two; presumably W16 found discrepant results

because neither a third planet nor a nuisance signal model was included when

performing the same test.

3. A zero-amplitude GP component was favoured for the HIRES RVs (∆ lnZ ∼ 3),

whereas a non-zero GP amplitude was favoured (∆ lnZ & 10) for the HARPS-N

and merged RVs. The latter two cases suggested a GP period of P = 55± 1 d.

We interpreted (iii) as evidence of the HARPS-N RVs being confounded by at least

one semi-coherent though not strictly periodic, & 1 m s−1 nuisance signal that

could not be ascribed to a planet (for which a simpler Keplerian model would have

sufficed, rather than a GP; a planetary signal should also have been simultaneously

present in the HIRES RVs). Given the correlation observed between HARPS-N

RVs and activity indicators, at least part of this signal could be due to stellar

activity; it is unclear, though, whether P = 55 ± 1 d corresponds to a stellar

rotation period. An instrumental component to the signal also cannot be ruled out.7
7The small posterior uncertainty of ±1 d may simply indicate that 55 d is the only GP period

that does a reasonable job of modelling some (possibly complex) combination of nuisance signals.
Regardless, given the similarity of the 55 d period to K-10c’s orbital period, the nuisance and
planet signals interfere strongly over time-scales of several months (an envelope with period 248 d
would be predicted if the nuisance signal were sinusoidal).
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Either way, it appears that when not accounting for a correlated nuisance signal,

and an apparent third planet (KOI-72.X), the amplitude of the signal ascribed to

K-10c is forced to inflate artificially to absorb some of this appreciable variability

in the discretely-sampled RV signal.

Our mass and mean density estimates for K-10b are consistent with those of D14

and W16. Our mass estimate for K-10c (7.37+1.32
−1.19 M⊕), however, is significantly lower

than those from D14 and W16 (17.2± 1.9 M⊕ and 13.98± 1.79 M⊕, respectively);

accordingly, we also infer a significantly lower mean density of ρc = 3.14+0.63
−0.55 g cm−3.

This implies a composition which is either consistent with a low-density solid

planet with a significant fraction of volatiles in the form of e.g. water or methane,

or a planet with a dense core and an extended gaseous envelope. K-10c would

thus join a region of parameter space in the mass-radius diagram occupied by a

number of other exoplanets with radii between 2.0 and 2.5 R⊕ that have similar

mean densities to K-10c; see Fig. 5.5.

Finally, our inferred mass of 5.90+1.70
−1.01 M⊕ for KOI-72.X is compatible with

W16’s point estimate of ∼ 7 M⊕, though it remains to be established whether this

is a genuine planet. We used the parameters from our Keplerian solutions as inputs

to numerical N-body integrations using TTVFast (Deck et al., 2014); we noted

that the maximum difference between the RVs from a full dynamical simulation and

from our Keplerian solution was of the order 1 cm s−1 over 101 d. As this is two

orders of magnitude below the RV noise floor, we concluded that full dynamical

modelling would have yielded no constraints beyond those already derived by W16.

5.5 Instrumental considerations

W16 detrended the HIRES RVs by removing correlations between RVs and in-

strumental parameters, RV uncertainties, and spectrum signal-to-noise ratio. The

RVs published in W16 are these detrended RVs; the published RV uncertainties

also already have jitter applied. We obtained both the pre-detrending RVs and

the uncertainties without jitter from Weiss (pers. comm.), and re-ran the analyses

described in Section 5.4. As before, we ended up favouring a 3-planet plus correlated
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stripping models. The solid curves are theoretical models for planet with a composition
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noise model strongly over all competing models, and the posterior distributions for

the parameters of all three Keplerians were consistent (< 1σ) with those obtained

when using the detrended HIRES RVs.

To explore the possibility of the HARPS-N data reduction pipeline contributing

to the discrepancy, we applied a novel, template- and mask-free approach we are

developing (paper in prep.; see also Section 7.3 of this thesis) for extracting RVs

from observed spectra. We model each observed spectrum non-parametrically,

with shifts between all possible pairs of spectra included as parameters in the

modelling (in addition to possible telluric, stellar activity, and instrumental effects).
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Interestingly, we found that when modelling HARPS-N RVs extracted with our own

pipeline vs. the HARPS-N pipeline, our inferred RV semi-amplitude for K-10b was

unchanged, but we reliably inferred Kc < 2 m s−1 even without a correlated noise

(GP) component in our model. This suggests the possibility that at least part of the

signal confounding K-10c’s signal might be instrumental rather than stellar (and

would explain why the same nuisance signal is absent from the HIRES RVs). Given

the preliminary nature of our pipeline, however, further investigation is required.

5.6 Discussion and conclusions

Previous studies (e.g. Dawson and Fabrycky, 2010) have explored the impact of

irregular time sampling on planet period estimation; here we have demonstrated that

a failure to account for one or more coherent signals (whether of stellar, planetary,

or instrumental origin) in RV data, and/or uneven phase coverage, can confound

attempts to infer the masses of planets with known periods. We used synthetic data

with sampling based on real observations to demonstrate how such difficulties could

arise when characterising planets in a system analogous to K-10; tests such as the

ones we presented may readily be applied to other systems, to test the sensitivity

of planet characterisation to sampling and model selection.

By accounting for a time-correlated (stellar or instrumental) signal present in the

HARPS-N K-10 RVs, as well as a likely third planet in the system, we were able to

achieve full consistency between the Keplerian solutions for the HIRES, HARPS-N,

and combined RVs. The third planet included in our model has properties consistent

with K-10c’s TTVs; and although our model is more complex than the one used

by W16 to model the RVs, it was nevertheless favoured over simpler models in

Bayesian model comparison testing. While our proposed resolution of the K-10c

mass discrepancy is a plausible one, it appears that (many) more RVs will be

required for a definitive characterisation of the K-10 system.

Whereas W16 suggested a strategy of employing a long observing baseline

compared to time-correlated noise influences, we suggest it is also important to

focus on obtaining more complete phase coverage of the relevant signals. As we
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demonstrated in Section 5.2, good phase coverage can permit robust inference

about known planets, even when using a demonstrably-inadequate physical model.

While uniform cadence might not be feasible or desirable, e.g. to avoid aliasing, a

long observing baseline and approximately-uniform cadence would lead to good

phase coverage even of planets with unknown orbital periods. And while W16

suggested that a long baseline would help to average out spurious signals that

may arise from stellar activity, we suggest it is strongly preferable to model these

nuisance signals, as it is difficult to know a priori how these nuisance signals

might interfere with signals of interest. Baselines and cadence aside, it seems all

but essential to implement a variety of physical models (to account for varying

numbers of possible planets, nuisance signals, etc.), and to compare systematically

the evidence for the competing models.

Our findings may also have relevance to archival RV data sets, and indeed, this

is not the first example of a system where inference has turned out to be extremely

sensitive to both sampling and model choice, despite the availability of a large

number of RVs (Rajpaul et al., 2016). Then again, K-10 might have been a relatively

pathological case. As W16 noted, there were various hints (TTVs, K-10c mass

discrepancy, etc.) that existing characterisations of the system were inadequate.

Looking to the future, with a new generation of RV spectrographs with expected

instrumental precisions of 10 cm s−1 soon to come online, it is clear that optimised

sampling strategies and careful model selection will both be essential if we are to use

these spectrographs for accurate characterisation of small planets, especially those

in potentially multi-planet systems. Moreover, it would be prudent to coordinate

observations made by different teams using different telescopes, in order to minimise

‘redundant’ observations that do not contribute to improved coverage of a given

planet’s orbital phases.



On a holiday, so many miles
Looking for a place to stay
Near some friendly star, he found this mote
And now we wonder where we are...

— From the Pixies’ song Motorway to Roswell (1991).
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This chapter presents a few relatively straightforward applications of the GP

framework from Chapter 3 (straightforward, at least, when compared to the

preceding analyses focused on the α Cen B and Kepler-10 systems).

In the first application, in Section 6.1, the GP framework is used to discover

a sub-Neptune planet in a tricky case where the planet’s orbital period appears

identical to its host star’s rotation period. The discussion in this section is adapted

from parts of a paper I co-authored (Mortier et al., 2016).

155
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In a second and third application, the GP framework is used to model stellar

signals in RVs in order to infer precise mass (i) for Kepler-37 d, a transiting super-

Earth in the well-studied Kepler-37 system, known to host at least 4 planets (one

of which, Kepler-37 b, is currently the smallest known exoplanet), and (ii) for

Kepler-538 b, another transiting super-Earth. The masses of these planets were

hitherto unknown; these analyses add Kepler-37d and Kepler-538b to a relatively

small number of planets with long orbital periods, and precise mass measurements.

The analyses are unpublished (paper in prep.) so are presented here only in

outline form. Further, given the similarity between the analyses of the two systems,

they are presented in parallel.

6.1 HD175607 b

6.1.1 Introduction and context

Soon after the first exoplanets were discovered, it was suggested that higher-

metallicity stars have a higher probability of hosting Jovian planets than stars with

lower metallicities (Gonzalez, 1997). This result was confirmed in a number of

subsequent studies (e.g. Santos et al., 2001; Fischer and Valenti, 2005; Johnson et al.,

2010; Mortier et al., 2013). Taken at face value, this relation favours planet formation

theories based on a core-accretion model (e.g. Pollack et al., 1996; Mordasini et al.,

2009, 2012), according to which dust and grains coagulate to form planetesimals

and combine to make larger cores and thus planets. Metal-rich stars and discs

can form these cores more quickly, so they have time to accrete gas before the

disc dissipates, resulting in more gas giants.

For lower-mass planets (mass < 0.1 MJ), e.g. Neptunes and (super-)Earths, the

same correlation is not observed, and the planet occurrence rate appears to be

independent of the host-star metallicity (e.g. Udry and Santos, 2007; Sousa et al.,

2011b; Buchhave and Latham, 2015). Planet synthesis simulations based on the

theories of core-accretion and planet migration showed that the correlation may even

be reversed in the case of Earth-sized planets, where stars with sub-Solar metallicities

are favoured for harbouring an Earth-sized planet (Mordasini et al., 2012).
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For these reasons, a sample of 109 metal-poor stars was chosen for an extensive

RV survey with the HARPS spectrograph to search for Neptunes and (super-)Earths

(Santos et al., 2014). The targets in this survey are bright, chromospherically quiet

FGK dwarfs with metallicities [Fe/H] ∈ [−2.0,−0.4] dex. More details about this

programme can be found in Santos et al. (2014).

At the time of this study, no low-mass planets had been detected in this metal-

poor HARPS sample. Jenkins et al. (2013) reported on the existence of two

super-Earths orbiting one star in this metal-poor sample, HD41248, close to a 7:5

mean motion resonance. However, further data and subsequent analysis could not

confirm the existence of the planets; one of the signals of the claimed planets is

clearly due to stellar activity, and the other may be due to the time sampling of the

data and/or differential rotation (Santos et al., 2014; Jenkins and Tuomi, 2014).

This study reports on the discovery of at least one Neptune around HD175607,

one of the stars in the metal-poor HARPS survey.

6.1.2 Observations

This analysis draws on a total of 119 HARPS spectra of HD175607, taken on 110

nights between July 2004 and October 2013, drawn from three different observing

programmes. Most spectra were obtained with an integration time of 15 minutes,

to average out nuisance signals from short-term stellar oscillations (e.g. Santos

et al., 2004). In the few cases where more than one spectrum was taken on a given

night, the observations were separated by several hours to reduce granulation effects

(following the observing strategies advocated by Dumusque et al., 2011c), and then

averaged. The spectra have a mean signal-to-noise ratio of 104 around 6200Å.

RVs were derived homogeneously using the HARPS Data Reduction Software

(DRS). The DRS pipeline cross-correlated the observed spectra with a mask

representing a G8 dwarf (the spectral type of HD175607 is G6V). By fitting

a Gaussian to the cross-correlation function (CCF), the value and uncertainty of

the RV is determined (e.g. Baranne et al., 1996; Pepe et al., 2002a). We end up

with 110 RV measurements with a mean error of 0.95 m s−1, including photon,
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calibration, and instrumental noise contributions. The DRS pipeline also produced

measurements of various stellar activity indicators: CCF FWHM, BIS, and contrast;

chromospheric activity indicator logR′HK; and an Hα index. Error bars for the

CCF parameters (FWHM, BIS, and contrast) were scaled from the RV error,

following Santerne et al. (2015).

6.1.3 Stellar properties

HD175607 is a bright dwarf star of spectral type G6V. It is located 45.27 pc from the

Sun (van Leeuwen, 2007), and has mass 0.71± 0.01 M� and radius 0.70± 0.01 R�
(Torres et al., 2010; Mortier et al., 2016). With a spectroscopic metallicity of

[Fe/H] = −0.62± 0.01 dex, the star is indeed metal poor (Sousa et al., 2011a).

It is an old star (10.32± 1.58 Gyr: da Silva et al., 2006; Bressan et al., 2012),

and rotates slowly. Glebocki and Gnacinski (2005) reported a projected rotational

velocity of v sin i = 0.9 km s−1, while estimates based on the B − V colour index

and CCF FWHM (Santos et al., 2002) suggest a projected rotational velocity

of v sin i = 1.3 km s−1.

The weighted mean value of logR′HK over all 110 measurements is −4.92,

indicating a relatively inactive star. This is consistent with the star’s old age

and slow (projected) rotation. Using empirical relationships between logR′HK and

the B − V colour index (Noyes et al., 1984a; Mamajek and Hillenbrand, 2008), the

star’s rotational period may be estimated to be ∼ 29 d. The star’s true rotation

period has not, however, been measured directly.

See Mortier et al. (2016) for a detailed table of stellar parameters for HD175607,

along with details of how the properties were measured or derived.

6.1.4 First-pass analyses

My co-authors of the Mortier et al. (2016) paper carried out a number of preliminary,

‘first-pass’ analyses of the HD175607 data. I summarise these very briefly below.

First, they computed and studied Generalised Lomb-Scargle (GLS) periodograms

for the RVs and the available activity indicators. The most significant peak in the
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RV time series was found around 29 d, which corresponded to the rotation period

estimated from the star’s activity level. None of the CCF activity indicators showed

significant periodicities, although the Hα index did show significant peaks at 24.5

and 48 days, and the logR′HK time series showed a significant peak around 36 d; this

strengthened the hypothesis that the stellar rotation period was of the order one

month. Additionally, some long-term variability in the logR′HK and CCF contrast

appeared to be simultaneously present in the RVs. No significant linear or rank

correlations were found between the RV time series and the activity indicators.

Secondly, they computed a number of other spectroscopic activity indicators as

alternatives to the BIS, designed to probe line profile variations more accurately in

cases of low signal-to-noise ratios or weak RV-activity correlations (Nardetto et al.,

2006; Boisse et al., 2011; Figueira et al., 2013). None of these alternative indicators

showed significant periodic variation, or correlations with the RVs.

Thirdly, they performed an iterative pre-whitening analysis using the GLS

periodogram, and found that fitting and then subtracting sinusoids with periods of

29.03 d and ∼ 700 d (or 1400 d) sufficed to render the residual RV variation devoid

of any statistically significant periodicities. A multi-frequency periodogram (see e.g.

Baluev, 2013) also favoured the combination of 29 d and ∼ 700 d periods.

These findings suggested that the periodic variations observed in the RVs may

have been due to one or more planets rather than stellar activity. Thus they

decided to fit the RVs with a sum of Keplerians, plus a jitter term (added in

quadrature to the observational errors).

Non-informative (uniform or log uniform) priors were placed on all parameters,

and emcee (Foreman-Mackey et al., 2013), which implements an affine invariant

MCMC ensemble sampler, was used to sample from parameter posteriors. A genetic

algorithm (Ségransan et al., 2011) provided some though not all of the starting

points for the MCMC walkers used by emcee, and thermodynamic integration1

1My own experience is that evidences estimated via thermodynamic integration using emcee
should be treated with caution. I have found that on Keplerian-fitting problems, emcee’s evidence
estimates often diverge significantly from those computed by techniques better suited to computing
evidences in the case of multimodal posteriors and/or high model dimensionality, e.g. MultiNest
or PolyChord (Handley et al., 2015). The latter techniques also have the advantage of providing
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was used to compute approximate model evidences.

Parameter posteriors for their one- and two-planet models are summarised in

Table 6.1 on pg. 162. They found that a two-planet (two-Keplerian) model was

favoured over a one-Keplerian model, with an estimated Bayes factor of over 106.

6.1.5 Gaussian process analysis

The first-pass analyses in the previous section did not model any of the activity

indicators jointly with the RVs – nor did they address the possibility that the

periodic signal(s) in the RVs may have a stellar rather than planetary origin.

Therefore I chose to model the RV, logR′HK, and BIS time series jointly using

the framework from Chapter 3 (published as Rajpaul et al., 2015, hereafter R15)

with a quasi-periodic covariance kernel.

The FWHM data were not included in my modelling since they were noisier

than but very tightly correlated with logR′HK , and thus did not provide useful

extra information. Non-informative priors were placed on all GP covariance and

Keplerian orbital parameters, as for the MCMC procedure discussed in the previous

section; see Mortier et al. (2016) for more details. Parameter posterior sampling was

performed using the MultiNest nested-sampling algorithm (Feroz and Hobson,

2008; Feroz et al., 2009, 2013)

My findings were as follows. When not including a planetary component in

the GP’s mean function for the RV time series, the MAP value of the GP period

hyper-parameter, PGP, ended up being 29.0± 0.1 d: because the 29.0-d signal was

so significant in the ∆RV time series, the GP was forced to absorb this, whilst all

but ignoring and thus failing to fit the ancillary time series. The semi-amplitude of

variations absorbed by the GP in the RV time series was 3.8 m s−1.

On the other hand, when including a Keplerian component, the hyper-parameter

PGP ended up being 29.9± 0.4 d, with a significant part of the 29-d signal being

absorbed by the Keplerian component; under this model, the semi-amplitude of

quantitative uncertainty estimates for model likelihoods.
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the RV variations absorbed by the GP was reduced to 1.9 m s−1, with the semi-

amplitude of the Keplerian signal being 1.8 m s−1. This is significant because

whereas a GP can in principle model an arbitrarily-complex signal arbitrarily well,

a Keplerian function is far simpler, and is always strictly periodic. Therefore,

the fact that the simpler, less flexible Keplerian model sufficed to fit a significant

part of the RV variability with 29 d period indicated that this variability had a

coherent phase over the entire data set (with ∼ 9 yr baseline), strengthening the

planetary interpretation of the 29-d signal.2

The planet parameters inferred using the GP framework are presented in

Table 6.1, alongside those from the Keplerian-only fits; see also Fig. 6.1. The MAP fit

from the GP plus one-planet model is presented in Fig. 6.2, with a close-up in Fig. 6.3.

Because the framework from R15 forces the same GP basis functions to explain

variability simultaneously in RVs and activity indicator time series, the 1.8 m s−1

signal modelled by the GP may be identified as a stellar activity signal modulated

by stellar rotation with a ∼ 30 d period. The evolution time-scale for the apparent

activity signal, 67 d, would correspond to just over two rotation periods.

After subtracting the MAP GP plus one planet model, the residual time series

appeared white and normally-distributed, with no significant power on time-scales

shorter than one year, and with rms 0.95 m s−1. This suggests that all of the RV

variation (at least on time-scales smaller than one year) can be explained fully

with the planet plus activity model. See Fig. 6.4. The logR′HK and BIS residuals

contained no significant periodicities on any timescales.

I used the sample size-adjusted Akaike information criterion (AIC; Burnham

and Anderson, 2002) to select between models with different numbers of Keplerian

components.3 The AIC value for the zero-planet model was −25.44, and the
2The 29 d signal did not correspond to any significant peaks in the power spectrum of the

observing window, in which the only significant peak was at 1.00 d.
3The AIC seeks to quantify the trade-off between the goodness of fit of a model and the

complexity of the model. It is similar to the Bayesian Information Criterion (BIC), though the
AIC has some practical and theoretical advantages over the BIC (Burnham and Anderson, 2002).
I used the AIC in lieu of Bayes factors (which are used elsewhere in this thesis) as, at the time of
this particular analysis, I’d not yet ironed out bugs in the code I was using to compute GP model
posterior probabilities.
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Figure 6.2: GP plus planet model MAP fit to the mean-subtracted HD175607 data.
Black dots indicate observed data, with estimated errors; solid lines are model posterior
means; and shaded regions denote ±σ posterior uncertainty. Residuals are plotted as grey
dots below the observed data and fitted model, but for the sake of clarity, with arbitrary
vertical offset from the main time series (denoted by a dotted line).

corresponding value for the one-planet model −33.06, indicating that the planetary

explanation was favoured by about a factor of ten. A GP plus two-planet model

(fitted period for outer planet P2 > 1000 d) led to an AIC value of −32.72, indicating

a lack of evidence for a second planet. Given the approximations inherent in the

AIC, however, it would be unwise to conclude that the long-period signal is definitely

not a planet. In any case, one may conclude that the available data constrain the

properties of this putative planet only very weakly.

Two further analyses shored up the planetary interpretation of the 29 d signal.

First, when starting with only a subset of the 110 observations, then artificially
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Figure 6.3: As for Fig. 6.2, but with a close-up view of the region with densest time
coverage (57 observations over about seven months).

adding further observations, the statistical significance of the 29 d signal (as modelled

by a sinusoid) increased monotonically. If the signal did not have a coherent phase

over long baselines (as would be the case for an activity signal), the statistical

significance would instead be expected to fluctuate as more observations were

added. Secondly, we injected into the data a noise-free Keplerian signal with the

same semi-amplitude and eccentricity as the MAP model for the 29 d signal, but

slightly different period (21 d). The GLS power of this 21 d signal was found

to be almost identical to that of the 29 d signal, and joint GP plus Keplerian

modelling led to this signal being recovered with about the same precision as

the putative 29 d planetary signal.
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Figure 6.4: Diagnostics of the RV residuals for HD175607, after subtracting the MAP
GP model (stellar activity, plus polynomial trend and one planet). The top left panel
contains the residuals plotted as a function of time, spanning some 9 yr; the top right
panel contains a histogram of the residuals (RMS: 0.97 m s−1; cf. mean RV error of
0.95 m s−1); and the bottom panel shows the normalised Lomb-Scargle periodogram of
the residuals, along with false alarm probability thresholds.

6.1.6 Discussion and conclusions

We analysed the HARPS RVs of HD175607, a metal-poor ([Fe/H] = −0.62) G6V

dwarf. The RVs show significant periodicities around 29 d, and around 700 or 1400 d.

If the longer-period signal is due to a planet, this planet would have a minimum

mass of about 35 M⊕ or 0.1 MJ, making it a large Neptune. Unfortunately, the

available RVs cover this putative planet’s orbital phase very unevenly, so it is

not possible to draw firm conclusions about the properties of this signal. Further

observations are needed for reliable characterisation of this signal.

The 29 d signal has a statistical significance many orders of magnitude higher
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than the longer-period signal. However, the star’s estimated rotational period is

also consistent with 29 d, so careful analysis was required before the observed

periodicity could be attributed to a planet. Our joint analysis of the RVs with

activity indicators (using a GP framework to model variability of stellar origin)

led us to conclude that HD175607 is indeed orbited by a planet, HD175607 b,

with orbital period 29 d, and minimum mass 8.98± 1.10 M⊕, which would make it

a small Neptune. This conclusion was supported by a number of considerations,

including (i) the lack of simple linear or rank correlations between the RVs and

stellar activity indicators; (ii) the coherence of the 29 d signal over nine years, and

the related fact that a simpler Keplerian model was favoured over a far more flexible

GP model for this signal; and (iii) the consistency of the 29 d signal’s behaviour

with that of a synthetic Keplerian signal injected into the observations. The GP

analysis ultimately allowed us to disentangle a coherent, 1.8 m s−1 planetary signal

from a quasi-periodic, 1.9 m s−1 stellar signal, even though both appear to be

characterised by an overall period of ∼ 29 d.

There are other known cases of a planet with orbital period the same as its

host star’s rotation period, such as CoRoT-11 b (Gandolfi et al., 2010) or XO-3 b

(Hébrard et al., 2008). However, these are hot Jupiters orbiting rapidly-rotating

stars, where the synchronous planetary orbit may arise from tidal locking with the

host star (e.g. Lanza et al., 2011; Bolmont et al., 2012). The 29 d period of mini-

Neptune HD175607 b makes it implausible that the planet would have synchronised

its orbit with its host star’s rotation, as timescales for such synchronisation scale

as (a/R∗)5 · 1/Mp (e.g. Dobbs-Dixon et al., 2004; Brown et al., 2011). The planet

could be tidally locked to the star, but there is no way of verifying this without

knowing the planetary spin period.

The discovery of HD175607 b was made as part of a large HARPS survey for

Neptunes around metal-poor FGK dwarfs; HD175607 b is the first Neptune-mass

planet discovered in this survey. In fact, at the time of this analysis, HD175607

was the most metal-poor FGK dwarf known to have an orbiting Neptune.4 Giant
4As of June 2017, and according to the NASA Exoplanet Archive, there are at least three FGK

dwarfs that are known to host planets and have lower metallicities than HD175607.
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planets are also rare around metal-poor stars, and it has been proposed that a lower

metallicity limit ([Fe/H] & −0.7 dex) could exist for the formation of giant planets

(Mortier et al., 2012). It is still unclear if the same might hold true for Neptunes,

or if we are simply limited in our abilities to detect such lower-mass planets. Either

way, the discovery of HD175607 b may have important consequences for planet

formation and evolution theories.

6.2 Kepler-37d and Kepler-538b

6.2.1 Introduction

Kepler-37 (also known as KIC8478994 and KOI-245; hereafter K-37) is a G-type

main sequence star located 66 pc from Earth, with radius 0.77 ± 0.03 M�, and

mass 0.80± 0.07 M�. The star is known to host at least four planets, all of which

have been studied extensively: K-37b (Barclay et al., 2013; Marcy et al., 2014; Van

Eylen and Albrecht, 2015), K-37c (ibid.; Holczer et al., 2016; Morton et al., 2016),

K-37d (ibid.; Hadden and Lithwick, 2014), and K-37 e (Hadden and Lithwick, 2014).

The inner three planets were detected through transit photometry, while the outer

planet, K-37e, was detected through transit timing variations.

K-37b has orbital period 13.368 d, and radius 0.354± 0.014 R⊕ (Van Eylen and

Albrecht, 2015); K-37c has orbital period 21.302 d, and radius 0.68+0.03
−0.02 R⊕ (Morton

et al., 2016); K-37 d has orbital period 39.792 d, and radius 1.922± 0.024 R⊕; and

K-37 e has orbital period 51.196 d, while its radius is not known. The periods

of the inner three periods are close to (within 1% of) a 5 : 8 : 15 mean-motion

resonance relationship. As of June 2017, K-37b holds the distinction of being the

smallest known exoplanet. Its radius is just slightly larger than that of the Moon,

and its mass cannot be more than a few times that of the Moon (which would

lead to unphysically high densities: Marcy et al., 2014).

Given the orbital periods and radii of the K-37 planets, the RV signatures of

K-37b and K-37c would be expected to be < 10 cm s−1, and therefore not detectable

with current instrumentation. (It might be the height of optimism to hope to detect

the RV signature of the smallest and possibly also lightest known exoplanet!) The RV
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signature of K-37d would be expected to be of order 1–2 m s−1, and therefore likely

detectable. K-37e would also be detectable if it were a mini-Neptune or gas giant.

The aim of the first strand of our analysis is to use RV measurements of K-37

to infer the mass of K-37d (and K-37e, if possible), and thus to obtain a more

complete characterisation of the K-37 system.

Kepler-538 (also known as KIC11623629 and KOI-365; hereafter K-538) is

another is a G-type main sequence star; it is located 165+8
−7 pc from Earth, with

radius 0.900+0.040
−0.1070 M�, and mass 0.960+0.033

−0.040 M�. K-538 is known to host at least one

transiting planet, K-538b Holczer et al. (2016), which has orbital period 81.738 d, and

radius 2.26+0.10
−0.09 R⊕, suggesting a likely super-Earth on a relatively long-period orbit.

The aim of the second strand of our analysis is to use RV measurements of

K-538 to infer the mass of K-538b.

6.2.2 Observations

In the case of K-37, we incorporated the following observations into our analysis.

• 112 HARPS-N RVs (plus the usual activity indicators provided by the DRS

pipeline, e.g. BIS, FWHM, logR′HK, etc.), taken over two observing seasons,

and spanning the date range 2014 Apr 15 to 2015 Nov 7. The median and

mean time between observations was 1.01 d and 5.15 d, respectively. The rms

variation of these RVs is 3.61 m s−1, with median estimated error 0.96 m s−1.
• 33 Keck-HIRES RVs (not accompanied by activity indices), taken over three

observing seasons, and spanning the date range 2010 Apr 26 to 2012 Sep 4.

The median and mean time between observations was 2.12 d and 26.93 d,

respectively. The rms variation of these RVs is 2.88 m s−1, with median

estimated error 2.39 m s−1.

In the case of K-538, we incorporated the following observations into our analysis.

• 83 HARPS-N RVs (plus activity indicators), taken over two observing seasons,

and spanning the date range 2014 Apr 15 to 2015 Nov 7. The median and

mean time between observations was 1.01 d and 6.17 d, respectively. The rms

variation of these RVs is 4.19 m s−1, with median estimated error 1.84 m s−1.
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• 26 Keck-HIRES RVs (not accompanied by activity indices), taken over five

observing seasons, and spanning the date range 2010 Jul 25 to 2014 Jul 11. The

median and mean time between observations was 14 d and 58 d, respectively.

The rms variation of these RVs is 4.11 m s−1, with median estimated error

1.31 m s−1.

6.2.3 Analysis

A Lomb-Scargle analysis of the K-37 data revealed that the most signifiant sinusoidal

periodicity in the RVs was at 29 d; this coincided with a significant complex of

peaks in the BIS and FWHM power spectra at around 29 d. In the case of the

K-538 data, the most significant peak in the RV data was found at 31 d, which

coincided with the most significant peak in the BIS (but not FWHM) power

spectrum at around 30 d. These findings pointed tentatively to rotation periods

of approximately one month for both stars.5

In both the K-37 and K-538 data sets, we observed a strong correlation between

the RV and FWHM observations: for K-37, we obtained a linear correlation

coefficient of ρ = 0.42, with p-value for zero correlation of p = 10−7; for K-538,

the correlation coefficient was ρ = 0.23, with p = 0.02. In both cases this pointed

to significant stellar activity contamination fo the RV time series. We observed

weaker but still significant correlations between the RVs and BIS observations,

while we found no statistically significant correlation between the RVs and logR′HK

observations in either data set.

Thus, for both data sets, we elected to use the framework from R15 (see

Chapter 3) to model jointly the RV, FWHM and BIS time series.

We modelled possible planetary signals in the RV data using Keplerian functions,

with orbital elements as defined in Seager (2010). We placed non-informative priors

on all parameters related to the activity components of the GP framework (see

R15); Keplerian orbital parameters, incorporated into the GP’s mean function, were
5The most significant peak in the window functions of both the K-37 and K-538 was at 1.00 d.

Both window functions did contain peaks 34 d and 36± 1 d; however, the peaks at these periods
were distinct from the most significant ones in the RVs and activity indicators, and indeed aliases
of the latter periods appeared at the locations expected given the sampling window.
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Table 6.2: Posterior probability summaries for the main GP covariance and mean function
parameters (activity plus one planet model) for our favoured K-37 d fit. Keplerian orbital
elements are as defined in Seager (2010), except for ∆Ttr, which is computed from the
periapsis passage time T0, but with origin set by the K-538 d mid-transit time published
by Morton et al. (2016), which we define to have a value of ∆Ttr = 0.

Parameter Description Median ±σ
KGP GP RV semi-amplitude 2.68 m s−1 ±0.52 m s−1

P GP period 30.29 d ±0.24 d
λp GP inv. harmonic complexity 0.43 ±0.04
λe GP evolution time-scale 61 d +1.19

−0.73 d
γ System velocity −30.651 km s−1 ±3 m s−1

Kd RV semi-amplitude 1.02 m s−1 ±0.15 m s−1

Pd Period 39.792217 d ±4 s
ed Eccentricity 0.028 +0.028

−0.012
ωd Periapsis longitude 1.21π +0.58

−0.95π
∆Ttr,d ∆ Transit mid-point +7 s +35

−31 s
Md Mass 4.68 M⊕ ±0.72 M⊕
ρd Mean density 3.52 g cm−3 +1.30

−0.92 g cm−3

constrained using available information from transits (Morton et al., 2016; Holczer

et al., 2016). We performed all parameter inference using the MultiNest nested-

sampling algorithm (Feroz and Hobson, 2008; Feroz et al., 2009, 2013). Typical

computation time to obtain posterior distributions for models including between

zero and a few planets, and using MultiNest’s default convergence criteria, was

of the order of several hours on a modern laptop.

Kepler-37

For the ‘combined’ (HARPS-N plus HIRES) K-37 data set, we obtained an integrated

likelihood (model evidence) of logZ = −163.31± 0.01 for a 0-planet model, and

logZ = −158.37 ± 0.01 for a model including K-37d. Thus, the 1-planet model

was favoured by a factor of more than 100 over the 0-planet model, indicating very

strong evidence in support of the more complex planetary model.

Posterior distributions for parameters of interest are summarised in Table 6.2.

Note that the periapsis longitude is poorly constrained, as this parameter is only

well-defined for solutions with e > 0, and our MAP solution is consistent with e = 0.

MAP fits to the K-37 data are shown in Fig. 6.5 and Fig. 6.6.
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Figure 6.5: GP plus planet model MAP fit to the K-37 RVs and activity indicators.
Black dots indicate observed data, with estimated errors; solid lines are model posterior
means; and shaded regions denote ±σ posterior uncertainty.

The rms of the mean-subtracted RVs for K-37 was 3.06 m s−1; after fitting the

0-planet model, the residual rms was 1.79 m s−1; and for the 1-planet model, the

residual rms was 1.68 m s−1. For comparison, the rms of the estimated observational

errors for the combined data set was 1.73 m s−1, and our MAP model did not

contain any added white noise.

We also investigated a number of other models, with between 2 and 5 planets

(with orbital periods and periastron times either constrained to the values known for

K-37b, c, d, or e; or with the orbital parameters entirely unconstrained). In all cases,

we obtained model evidences of logZ < −165, indicating that none of these higher-

order models was favoured over the single-planet (K-37d) model. Moreover, in the

cases where we constrained the model orbital parameters to the values known for

K-37b, c, and/or e, the planet masses we inferred were consistent with zero. Thus we

detected no RV signatures for any of the other confirmed planets in the K-37 system.
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Figure 6.6: As for Fig. 6.5 but zoomed in, and in the case of the RVs, with the GP
component (red) separated from the Keplerian component (blue) of the MAP model.

Figure 6.7: Normalised Lomb-Scargle periodogram of the observing window for the
K-37 data (left panel), and of the RV residuals from the MAP GP plus 1-planet fit to
the K-37 data (right panel). False alarm probabilities are plotted in both cases; note the
different vertical scales in the two plots.
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Table 6.3: As for Table 6.2 on pg. 171, but for our favoured (activity plus one planet)
K-538b fit.

Parameter Description Median ±σ
KGP GP RV semi-amplitude 1.55 m s−1 ±0.58 m s−1

P GP period 30.18 d ±0.13 d
λp GP inv. harmonic complexity 0.39 +0.05

−0.04
λe GP evolution time-scale 250 d +51

−48 d
γ System velocity −37.322 km s−1 ±4 m s−1

Kb RV semi-amplitude 1.35 m s−1 ±0.27 m s−1

Pb Period 81.737862 d ±8 s
eb Eccentricity 0.027 +0.022

−0.011
ωd Periapsis longitude 1.31π +0.50

−1.04π
∆Ttr,b ∆ Transit mid-point −36 s +60

−53 s
Mb Mass 8.9 M⊕ ±1.8 M⊕
ρb Mean density 4.23 g cm−3 +1.10

−0.98 g cm−3

Figure 6.8: As for Fig. 6.5 on pg. 172, but for the K-538 data.

Kepler-538

For the combined K-538 data set, we obtained logZ = −201.79 ± 0.01 for a

0-planet model, and logZ = −193.75 ± 0.01 for a 1-planet model. Thus, the

1-planet model was favoured by a factor of more than 1000 over the 0-planet



6. Discovering and characterising new planets 175

Figure 6.9: As for Fig. 6.6 on pg. 173, but for the K-538 data.

model, indicating overwhelming evidence in support of the more complex planetary

model. Posterior distributions for parameters of interest from the 1-planet model

are summarised in Table 6.3.

The rms of the mean-subtracted RVs for K-538 was 3.46 m s−1; after fitting the

0-planet model, the residual rms was 2.30 m s−1; and for the 1-planet model, the

residual rms was 2.36 m s−1. For comparison, the rms of the estimated observational

errors in the combined data set was 2.36 m s−1, and our MAP model did not contain

any added white noise. Note that although the residual rms is larger for the 1-planet

model, the complexity penalty for the planetary solution is much lower than when

using the GP activity model to explain the observed RV variations, so the 1-planet

model was strongly favoured in the model comparison test. Given the weaker

correlation between the RVs and activity indicators observed in the K-538 data

set (when compared to K-37), it is to be expected that the GP activity model will

not do as good a job of explaining all the observed RV variations.
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Figure 6.10: As for Fig. 6.7 on pg. 173, but for the K-538 data.

We also fitted to the data models containing up to 3 planets in total, i.e. K-

538 b plus up two additional planets (with unconstrained orbital parameters for

the additional planets). In all cases, we obtained model evidences logZ < −200,

indicating that none of the higher-order models was favoured over the single-

planet (K-538 b) model Thus we did not find strong RV evidence for further

planets in the K-538 system.

Additional support for the inferred masses

We performed a number of diagnostic tests, all of which lent support to our

conclusions about the planets’ masses. These tests are summarised below.

Firstly, we performed injection tests using Keplerian signals of similar properties

to those of the planets we detected (∆RV ∼ 1 m s−1, periods on order of several

weeks to months), and time sampling and noise/activity levels identical to the real

data sets. The GP modelling framework led to reliable inferences about the periods

and semi-amplitudes of these injected signals. This basic ‘sanity check’ confirmed

that our modelling approach could be trusted to yield sensible conclusions about

putative ∼ 1 m s−1 planetary signals in the real data sets.
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Secondly, when not including the known transit ephemerides into the model

priors, for both K-37d and K-538b the posterior distributions for the planets’

predicted transit times nevertheless ended up tightly bracketing the known transit

ephemerides. Conclusions about the planets’ MAP RV semi-amplitudes (masses) also

remained unchanged when not using the known transit ephemerides in the modelling,

although discarding this information did broaden the posterior distributions for

the planets’ RV semi-amplitudes.

Thirdly, inferred planet parameters were insensitive to the exact treatment of

noise and systematics. For example, even when allowing for a significant additive

white noise component in our GP model, or when allowing a much larger activity

signal amplitude, we ended up with consistent planet parameters.

Fourthly, when discarding the GP component of our model entirely – in other

words, fitting only a Keplerian plus white noise, or a Keplerian plus white noise plus a

linear component linking ∆RV and FWHM observations – we obtained planet masses

consistent (within 1σ) with the masses obtained via the GP modelling approach.

Given that the latter, GP-based approach placed much tighter constraints on the

activity component of the ∆RV observations, however, the resultant uncertainty

in the inferred masses was smaller, i.e. the mass estimates were more precise.

Moreover, the less complex, GP-free models were rejected on the basis of model

evidences hundreds or thousands of times lower than the corresponding evidences

for the GP plus planet models.

Finally, for both systems, the Bayesian evidence favouring the 1-planet model

increased monotonically as we randomly and artificially increased the number of

data points used in the modelling: behaviour consistent with expectations for

genuine Keplerian signals.

6.2.4 Discussion and conclusions

In each data set, we made a robust detection of a planet, supported by multiple

pieces of evidence including Bayes factors, consistency with transit information,

insensitivity to treatment of systematics, and consistency with injection tests.
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Figure 6.11: Mass-radius relation for planets smaller than 3.2 R⊕ and mass determina-
tions better than 20% precision, as of June 2017. The details are as for Fig. 5.5 on pg. 152,
but this plot adds the two planets (K-37d and K-538b) characterised in the analysis on
the preceding pages; both new planets are shown in orange. The data for K-10b and
K-10c are taken from the analysis in Chapter 5.

K-37d’s radius of 1.92± 0.02 R⊕ and inferred mass of 4.68± 0.72 M⊕ points to

a super-Earth with composition consistent with 50% H2O and 50% MgSiO3. The

non-detection of K-37e indicates an RV semi-amplitude < 1m s−1; this suggests a

mass lower than about 5 M⊕, assuming an inclination near 90◦. K-538’s radius of

2.26 ± 0.1 R⊕ and inferred mass of 4.68 ± 0.72 M⊕ points to a super-Earth with

composition consistent with that of K-37d. See Fig. 6.11.

K-37d and K-538b thus join a relatively small number of confirmed planets with

long-period orbits (> 1 month) and better than 20%-precision mass constraints.

According to the NASA Exoplanet Archive, of June 2017, there are only 6 ‘small’

(radii . 3.2 R⊕) confirmed exoplanets satisfying these criteria, and only about

10 such super-Earths (radii < 10 R⊕).

At the time of writing, analysis of both data sets is ongoing; evidence is emerging

for a possible fifth planet in the K-37 system, i.e. K-37f, with period 148± 1 d.



No empirical science is intended merely as a coherent
fairy-tale. It is intended to consist of statements having
application to the real world and believed because of
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— Bertrand Russell, from the paper Non-demonstrative
inference (Russell, 1959).
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This, the penultimate chapter of this thesis, moves beyond the framework

developed in Chapter 3 (and then applied in Chapters 4 to 6), and presents three

further applications of GPs in the context of modelling stellar signals and detecting

or studying exoplanets. Given space constraints, and that in most regards these

applications remain ‘works in progress,’ each application is sketched only very briefly.

179
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7.1 Characterising stellar rotation

7.1.1 Introduction

As noted in Section 2.3 of this thesis, spotted, rotating stars exhibit photometric

and RV variability that is generally neither sinusoidal nor strictly periodic. The

stochastic appearance, growth, persistence, and then decay of rotating active regions

leads to quasi-periodic signals, governed by some overall stellar rotation period –

or a distribution of periods, in the case of differential rotation.

The preceding several chapters of this thesis were concerned with identifying

these stellar signals with a view to disentangling them from any exoplanet-induced

variability present, so that the latter signals could be studied more accurately.

Instead of trying to ‘sweep away’ these stellar signals, however, let us now concern

ourselves with trying to characterise as accurately as possible the properties of the

rotation giving rise to the stellar signals in the first place (as might be an essential

part of a gyrochronological study: Barnes, 2007, 2010; Angus et al., 2015).

As discussed in Section 2.4 of this thesis, various ‘standard’ approaches are widely

used to identify or model the (quasi)-periodic photometric or RV variability induced

by active regions on rotating stars – including Fourier methods, GLS periodograms,

ACF methods, wavelet methods, and spot modelling. Unfortunately, all of these

approaches suffer from a number of fundamental drawbacks, e.g. assumption of an

unrealistic (e.g. single stationary sinusoid) model, inability to deal with correlated

noise or to account for observational uncertainties, vast and degenerate parameter

spaces, non-probabilistic period estimates, and so on.

As before, then, these drawbacks lead us quite naturally to consider GPs as a

principled, data-driven, and probabilistic alternative to the ‘standard’ techniques

for characterising stellar rotation.

7.1.2 GP rotation period inference

For the same reasons outlined in Chapters 2 and 3 of this thesis, a GP with a QP

(locally periodic) covariance kernel serves as a sensible prior for the functions that
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could describe the RV or photometric signals of rotating, evolving active regions.

The QP covariance kernel derived in Chapter 2, and used throughout the chapters

that followed, was obtained by multiplying an SE kernel with a periodic one:

kQP-SE(ti, tj) = h2 exp
−sin2

(
π(ti−tj)

P

)
2λ2

p
− (ti − tj)2

2λ2
e

 ; (7.1)

Given some photometric or RV observations D = {(ti, yi)}ni=1 = (t,y), we can

now follow the approach set out in Section 2.6.3 by assuming that some functional

relationship y = f(t) exists, and then placing a GP prior on f , i.e. f ∼ GP(ρ, kQP-SE).

Using the relations derived in Section 2.6.3, we can then evaluate the posterior

distributions for various hyperparameters, in order to make inferences about the

stellar rotation giving rise to any (quasi-)periodicity present in y. In particular,

the marginal posterior distribution for the hyperparameter P will provide both

an estimate for the stellar rotation period, as well as detailed information about

the uncertainty in this estimate.

Using a GP with QP kernel to infer a stellar rotation period is not a new idea

(Haywood et al., 2014; Rajpaul et al., 2015; Vanderburg et al., 2015; Littlefair et al.,

2017). However, there does not appear to exist discussions in the literature on

the subtleties involved in interpreting the hyperparameters of our QP kernel, nor

much in the way of guidelines about sensible priors for these hyperparameters.1

Examples abound of authors simply fixing the values of some hyperparameters, e.g.

λp, to ‘reasonable’ values. The next section attempts to fill in some of these

gaps in the literature.

7.1.3 Interpreting and constraining the hyperparameters

Because the hyperparameters defining kQP-SE (i.e., h, P , λp, and λe) serve to

define the covariance structure of functions, rather than the shapes of the functions

themselves, their interpretation is not always straightforward.
1As Bretthorst (1988) demonstrated, the incorporation of appropriate prior information, even if

only qualitative in nature, can have an enormously beneficial effect on the quantitative information
one can extract from a given set of observations. See also Appendix B.
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Signal variance, h2

The scale hyperparameter h2 defines the signal variance of functions generated

by the kQP-SE covariance kernel; loosely, h may be interpreted as an amplitude

for these functions. When modelling the signals of spots on a rotating star, we

expect h to be related (amongst other factors) to the fraction of an observed

stellar disc covered in spots.

For fixed values of P , λp, and λe, simple numerical experiments reveal that

the relation between h and the rms of typical mean-subtracted functions f will

take the form2 log rms(f) = log(|h|) − α2, where α = α(P, λp, λe), α ∈ R; as

λp → 0, α2 → 0, so that rms(f) = |h|. An analogous expression may be written

down for the relationship between h and the typical semi-amplitude of functions

generated by kQP-SE.

To see why α depends on the hyper-parameters, consider a set of observations

with baseline ∆T , in which we know a periodic signal is present. Provided P � ∆T ,

the observations should cover several cycles of the periodic signal, so we don’t expect

severe under- or over-estimation of the signal rms due to inadequate coverage, and

P becomes largely irrelevant. However, kQP-SE decays monotonically with increasing

values of |ti − tj|, and the rate of decay is governed by 1/λe. Therefore, to achieve

a given covariance value, the ‘amplitude’ h has to be proportionately larger for

larger values of λe compared to smaller values of λe. Similar considerations apply

to λp; moreover, one has to take into account ‘interference’ between the λp and

λe terms inside the exponential function defining kQP-SE.

More intuitively, one may reflect that very complex, non-sinusoidal variations

should not necessarily be expected to have the same rms variation or semi-amplitude

as sinusoidal variations (think, for example, of a function that oscillates several

times near zero before undergoing one large excursion, and then repeats itself); the
2We could write down the same relationship without the logarithms. However, as there is

an inherent scatter in the rms variation of randomly-generated functions, and as this scatter is
proportional to the amplitude of the random functions, the relationship between h and rms(f) is
most easily inspected in log space, especially when h is allowed to span many orders of magnitude.
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same considerations apply to a quasi-periodic function whose shape changes over

time, regardless of the harmonic complexity of the function.

Given that |h| = rms(f) · eα2
> rms(f), one can use the rms variation in the

observed data y to place a lower prior bound on h (assuming all the variation is

to be explained by the GP; straightforward adjustments can be made when this is

not the case). For typical, non-pathological values of λp and λe (e.g. 0 < λp < 10,

1 < λe/P < 10; see below), one finds that 0 < α2 . 1; this, in turn, allows

upper prior bounds to be placed on h.

Thus we find that the interpretation of h is not quite as straightforward as

one might have hoped, although in practice it is usually safe to regard h as an

amplitude, to within a factor of about 2.

It seems that it should be possible to parametrise (even if only approximately)

the relationship between α and the hyper-parameters; such an investigation is

deferred to future work.

Period, P

The hyper-parameter P may generally be identified as a ‘period’ in the conventional

sense. To wit, if a function f(t) is strictly periodic with period P , as will be the

case when λe → ∞, then f(t + P ) = f(t) ∀ t ∈ R. For finite values of λe, f(t)

will be quasi-periodic, in which case f(t) ≈ f(t+ nP ) ∀ t ∈ R, n ∈ Z : |nP | . λe.

The only caveat (encoded in |nP | . λe) is that the evolution time-scale, λe, should

be large enough that P can be interpreted as a period, for if λe is similar to or

smaller than P , then functions will change too rapidly for even quasi-periodicity

to be well-defined. See below for more on how λe should be constrained.

Given the relatively straightforward interpretation of P , prior constraints for P

should simply be informed by whatever knowledge one has of the (quasi)-periodicity

inherent in the signal in question. In the case of modelling a spotted, rotating star,

such prior constraints may be informed by the properties of stars in general (e.g.,

rotation periods of 5 minutes or 1000 yr could be ruled out for a main-sequence

star), the properties of a given star (e.g., its age, spectral type, and activity level),
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and/or preliminary analyses of the signal in question (e.g., an ACF analysis might

point to an approximate period which a GP model could then refine).

Harmonic complexity, λp

λp seems to be the QP hyperparameter that is most often misinterpreted (e.g. as a

‘smoothness’ parameter), or simply set to a value claimed to be ‘reasonable,’ e.g.

λp = 2. In fact, λp determines the harmonic complexity of functions generated

by generated kQP-SE. As λp →∞, functions become sinusoidal; for smaller values,

the functions have increasingly complex harmonic content.

One intuitive and non-parametric way of gaining insight into what this means is to

consider the number of turning points and inflection points (quasi-)periodic functions

have per cycle. This may be investigated numerically by generating a large number

of random functions for fixed hyperparameter values, examining the typical numbers

of stationary points and inflection points in these functions, repeating for different

hyperparameter values, and so on. Such experiments reveal that provided λe > P ,

the expected number of turning points per period, 〈N〉, can be approximated by

〈N〉 ≈ 1
2
(
3λ−1

p + 4
)
, (7.2)

while the expected number of inflection points per period, 〈M〉, can be approximated

by

〈M〉 ≈ 2λ−1
p + 2. (7.3)

Both of these approximations are good to within about 10%, and for larger values of

λp, the scatter in M and N becomes smaller: σ2 (N) ∼ λ−3/4
p , and σ2 (M) ∼ λ−2/3

p .

We see that for large values of λp, functions with period P will almost always

have exactly two turning points per cycle: the simplest possibility for a differentiable

periodic function.3

Prior upper bounds on λp may be informed by the consideration that in practice

it is usually not feasible to use a finite set of noisy data to distinguish between
3Consider g(t) := f(t) − f(t + P/2), with f(t) differentiable and periodic with period P .

g(t+ P/2) = f(t+ P/2)− f(t+ P ) = f(t+ P/2)− f(t) = −g(t); thus, by the intermediate value
theorem, g(t) has at least one zero. But g(t) = 0 =⇒ f(t) = f(t+ P/2) = f(t+ P ); thus, by the
mean value theorem, there exist points ξ1 ∈ (t, t+P/2), ξ2 ∈ (t+P/2, t+P ) : f ′(ξ1) = f ′(ξ2) = 0.
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the sinusoidal-like variations with λp & 5 and with ν →∞. Lower bounds on λp

may be informed by the consideration that, in most circumstances, the signals from

complex configurations of active regions may be well approximated by around three

or four Fourier terms (Jeffers and Keller, 2009), indicating a relatively low harmonic

complexity consistent with λp & 0.5. This is easily verified by direct simulation,

e.g. using the soap 2.0 code (Dumusque et al., 2014a).

Evolution time-scale, λe

Intuition suggests that in order for functions to have clear (quasi-)periodicity, it

is necessary to enforce 2λe > P ; if 2λe < P , covariance decays by a factor of e

over time-scales shorter than a single period, in which case f(t + P ) would look

significantly different to f(t), and inference about periodicity becomes futile.

In fact, it is possible to derive analytically a more stringent constraint. If we

require that the covariance kernel itself should have at least one local maximum

(apart from at τ := ti − tj = 0), we need to solve ∂k/∂τ = 0. It may be shown

that this leads to the following constraint:

λe >

√
3P 2λ2

p

2π ; (7.4)

λe =
√

3P 2λ2
p/2π is a critical point at which turning points disappear from kQP-SE.4

For λp ∼ O(1), equation 7.4 dictates λe &
√

2P .

Constraints on λe should, of course, also be informed as far as possible by

astrophysical considerations. For example, if it is known that the typical persistence

lifetime of active regions on a certain type of star is of order at least two rotation

periods, this would suggest λe > 2P . Upper bounds on λe may be informed by similar

practical considerations as for λp: given a finite set of noisy observations, models

with λe/P � 10 will probably be indistinguishable from those with λe/P →∞.

4This result does not seem to appear in the literature.
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7.1.4 Performance on a simple problem

In order to perform some simple tests of how a GP with QP kernel may be used

for characterising stellar rotation – and especially to probe the impact of placing

sensible priors on the hyperparameters – I generated 1000 synthetic light curves

of spotted, rotating stars. The stellar rotation periods varied from 1 d to 50 d,

and the stellar surfaces contained between 1 and 200 rotating dark spots or bright

plages, each with a persistence lifetime of between 0.5 and 5 rotation periods.

Each synthetic light curve was sampled with between 100 and 500 observations

(spanning 1500 d, though including large gaps in the temporal coverage), each

with a signal-to-noise ratio of between 1 and 50.

I then compared the accuracy of period inference using a GP (specifically, from

the posterior distribution for the period hyper-parameter in kQP-SE) with that from

a GLS periodogram analysis (i.e. best-fitting sinusoidal period) and an ACF analysis

(implementation as per McQuillan et al., 2014). Posterior sampling in the case of

the GP was performed using the MultiNest nested sampling algorithm (Feroz

and Hobson, 2008; Feroz et al., 2009, 2013).

I found that, even without any informative prior constraints on the GP hyper-

parameters, periods could be inferred slightly more accurately than either GLS

or ACF methods permitted, although ∼ 10% of the inferred GP periods differed

by more than 4σ (as estimated directly from the posterior) from the true rotation

periods. When imposing the ‘generic’ constraints discussed in the previous section

(e.g. λe >
√

3P 2λ2
p/2π, 0.1 < λp < 10, etc.), the results improved significantly.

More than 90% of the inferred periods agreed with the true periods within 2σ,

while fewer than 1% of the periods diverged from the true periods by more than

3σ. Moreover, the median absolute error of the GP periods was about an order-

of-magnitude smaller than that of the GLS periods, and about half an order of

magnitude smaller than that of the ACF periods.

Fig. 7.1 shows an example of a synthetic light curve, and the corresponding GP

period posterior and GLS power spectrum. Fig. 7.2 compares the error distributions

from the GP analysis and the GLS analysis.
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Figure 7.1: (a) One of the 1000 synthetic light curves of a spotted, rotating star. In
this example the star has rotation period 38 d. (b) GLS power spectrum vs. GP period
posterior distribution for this light curve (with the posterior renormalised to have the
maximum value as the power spectrum). Note that the latter distribution is almost
unimodal, and peaks very near to (within a few hours of) the true rotation period of 38 d.
The GLS power spectrum, by contrast, is hugely multimodal, and achieves its peak value
some 4 d away from the correct rotation period.

Figure 7.2: Distribution of absolute errors in the periods estimated by the GP analysis
and the GLS analysis, scaled (a) linearly and (b) logarithmically. The median error from
the GP analysis is an order of magnitude smaller than that from the GLS analysis.
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Of course, the synthetic data set on which this test was based was somewhat

simplistic, as was my implementation of the GLS and ACF analyses. Nevertheless,

the test served at least as a ‘sanity check’ that demonstrated (i) that a standalone

GP model can and indeed does handily outperform conventional models for the

quasi-period signals from a spotted, rotating star, and moreover, (ii) that placing

sensible priors on the GP hyperparameters can significantly improve inference

about rotation periods.

7.1.5 Applications to real data

The paper Inferring probabilistic stellar rotation periods using Gaussian processes

(Angus et al., 2018), of which I am a co-author, attempts to recover the rotation

periods of several hundred, simulated Kepler-like light curves for solid-body rotators

(with a range of stellar activity levels, spot lifetimes, inclination angles, etc.; see

Aigrain et al., 2015) using three different methods: a GP method akin to the one

described in Section 7.1.2 above; an ACF method; and a GLS method. The paper

demonstrates that the GP method produces the most accurate rotation periods of

all three methods, with significantly fewer outliers. The same paper then goes on

to measure the rotation periods of over a thousand Kepler Object of Interest host

stars, all of which had rotation periods previously measured by an ACF method

(McQuillan et al., 2013a). Very good agreement with the ACF period catalogue

is obtained, demonstrating that the GP method works well not only on synthetic

but also on real photometric data. The paper argues that the extra computational

expense of GP-based rotation period inference is justifiable, and that its advantages

will be especially significant in cases of low SNR and/or uneven time sampling,

and in the context of population inference.

Given that some of the results in Section 7.1.3 above were derived after the

Angus et al. (2018) paper was written, there is clear scope for improvement to

the accuracy and/or precision of the GP-extracted rotation periods published

in the aforesaid paper.
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A separate project to which I have made minor contributions (to be published

as Esselstein et al., 2017, in prep.) attempts to use K2 Campaign 5 photometry

to measure rotation periods for Solar-age stars in the open cluster M67. Such

measurements would enable calibration of the relationship between stellar age, mass

and rotation rate, which in turn would provide a valuable test of stellar evolution

models, and a tool to determine the ages of field stars. Given the challenges inherent

in measuring the rotation periods of moderately active stars in a crowded field,

a number of injection tests are performed to assess the performance of various

period measurement techniques, including a GP method similar to the one in

the Angus et al. (2018) paper.

7.1.6 Towards characterising differential rotation

Let us conclude the discussion on using GPs for characterising stellar rotation

with a few embryonic remarks on how GPs might be used to identify or study

differential stellar rotation. While fairly accurate recovery of an ‘overall’ rotation

period is generally feasible using only full-disc light curves, the same cannot be

said of differential rotation shear. In a blind exercise testing the recoverability of

differential rotation signals from Kepler light curves, seven teams using a range

of different techniques all failed to distinguish between differential and solid-body

rotation under almost all circumstances (Aigrain et al., 2015).

A useful starting point, from the GP perspective, is to consider the result that if

f ∼ GP(µ1, k1) and g ∼ GP(µ2, k2), then f + g ∼ GP(µ1 + µ2, k1 + k2) (Rasmussen

and Williams, 2006). Since we expect the covariance kernel kQP-SE to serve as a good

model for the photometric signal of evolving active regions rotating at a single angular

velocity, we could sum such QP covariance kernels, each with a different rotation

period, to produce a model for evolving and differentially-rotating active regions.

In principle, each active region (or active latitude) should contribute a term to

the summation. Unfortunately, we would not know ab initio how many terms to

include, and the number could be very large. To make matters more tractable, we
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could try to parametrise the period distribution. Suppose, say, that the probability

of observing an active region with period P takes the form

p(P ) ∝ exp
(
−(P − ρ)2

2δ2

)
, (7.5)

i.e. P ∼ N (ρ, δ). Thus there will be some ‘overall’ rotation period, ρ, although

periods as short as about ρ− 3δ will be found at the stellar equator, or as long as

about ρ+ 3δ at the poles. Let us denote kSE(τ) = h2 exp(−τ 2/2λ2
e), with τ = ti− tj

as before; if we integrate over all possible stellar rotation periods, we find

kRQP,1 :=
∫ ∞
−∞

kQP-SE · p(P )dP ≈ kSE

∫ ρ+3δ

ρ−3δ
exp

−sin2
(
πτ
P

)
2λ2

p
− (P − ρ)2

2δ2

 dP ,
(7.6)

since p(P ) ≈ 0 when |P − ρ| > 3δ. The ‘RQP’ in kRQP,1 stands for ‘rational quasi-

periodic,’ by analogy with the rational quadratic kernel defined in equation 3.28,

since this new kernel is formed as a scale mixture (infinite sum) of QP kernels

with different characteristic periods. Although the integral in equation 7.6 is

not analytically tractable, numerical quadrature can be used to evaluate it quite

accurately. For example, using Simpson’s rule (based on quadratic interpolation

of the integrand, with quartic error behaviour: Press, 2007), we find

kRQP,1 ≈ δ · kSE
[
4e−sin2

(
πτ
ρ

)
/2λ2

p + e
−9

2−sin2
(

πτ
ρ−3δ

)
/2λ2

p + e
−9

2 +sin2
(

πτ
ρ+3δ

)
/2λ2

p

]
; (7.7)

it is straightforward to derive criteria under which the approximations inherent

in the numerical quadrature will be justifiable. Thus we see that our new kernel,

kRQP,1 features just one extra hyperparameter compared to kQP-SE (δ, which tells

us about the spread of rotation periods), while the hyperparameter ρ replaces

the old hyperparameter P .

If we suppose instead that P ∼ U(ρ − 3δ, ρ + 3δ) and then integrate over

all possible periods to form a kernel kRQP,2, Simpson’s 3/8 rule (based on cubic

interpolation of the integrand) leads us to the following approximation:

kRQP,2 ≈
3δ · kSE

4

3∑
i=0

ξie
−sin2

(
πτ

ρ−δ(3−2i)

)
/2λ2

p
, (7.8)
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Figure 7.3: Three different stellar rotation period cumulative distribution functions
(CDFs) considered in attempts to build a GP kernel to describe differential stellar rotation.
The ‘Solar-like’ CDF is based on the expression in equation 7.9, with realistic values
chosen for Φ1,2,3. The Gaussian and uniform distributions (see pp. 189–190) each have
parameters ρ and δ chosen to produce a reasonable match to the Solar-like distribution.

where ξ0,3 = 1 and ξ1,2 = 3.

Both kRQP,1 and kRQP,2 generally serve as good approximations to the integrals

over period distributions on which they are based. However, given the assumed

period distributions (Gaussian and uniform), these covariance kernels serve as

little more than ‘toy’ models. Preliminary tests with a subset of the light curves

from the Aigrain et al. (2015) data set suggest that degeneracies between the

hyperparameters δ and λp confound efforts to use these new kernels to identify

differential rotation unambiguously.

A more realistic, Solar-like differential rotation model would likely feature a

quadratic relationship between angular velocity ω and sin2 ϕ, where ϕ is the stellar

latitude (Schrijver and Zwaan, 2000), i.e. ω ∼ Φ1 + Φ2sin2ϕ+ Φ3sin4ϕ. See Fig. 7.3.

Integrating over all stellar latitudes, the kernel would take the form:

kRQP,3 := kSE

∫ π/2

−π/2
exp

{
−sin2 [πτ(Φ1 + Φ2sin2ϕ+ Φ3sin4ϕ)]

2λ2
p

}
cosϕdϕ; (7.9)

the factor of cosϕ is included to take into account the decreasing projected area

of active regions on higher latitudes.

Interestingly, applying Simpson’s 3/8 rule to the integral in equation 7.9 reduces

kRQP,3 to kQP-SE, with period re-defined in terms of Φ1, Φ2, and Φ3. This result

suggests that, to first order at least, kQP-SE may actually be a sufficient kernel
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for describing differential rotation, and that more complex kernels constructed by

summing over kQP-SE will not necessarily be better suited to the job.

In future, I aim to investigate how kQP-SE itself may be leveraged for character-

ising differential rotation. It seems plausible that photometric signals associated

with differential rotation might favour smaller values of the hyperparameter λp,

or be associated with broader posterior distributions for the hyperparameter P .

Alternatively, given a sufficient quantity of high-SNR photometry (as available

e.g. from Kepler), model comparison tests may permit some level of differentiation

between signals best described with a single QP kernel vs. a combination of QP

kernels with different periods.

7.2 Synthesising realistic observations

A GP application that has been mentioned almost only tangentially thus far in this

thesis is using GPs to synthesise realistic synthetic observations.

In Chapter 4, a GP framework is first used to learn the properties of activity

signals associated with α Cen B, and is thence used to generate realistic synthetic

data for exposing the specific shortcomings of the model used to claim the existence

of the planet α Cen Bb. As it turned out, the original model’s failure to account

for time-correlated nuisance signals (predominantly stellar in nature) present in the

RV data led to the apparent false positive detection of α Cen Bb. In this case, tests

performed with synthetic RV data comprising only a Keplerian signal plus white

Gaussian noise (and perhaps a simplistic stellar activity signal) led to enormously

optimistic conclusions about false alarm probabilities and planet detection prospects.

The more general message is the following. Real observations tend to be

very ‘messy’: apart from containing (say) a few exoplanetary signals of interest,

they’ll typically also contain a variety of time-correlated stellar, instrumental,

atmospheric, calibration, and other nuisance signals (e.g. Gilliland et al., 2011;

Halverson et al., 2016). While it is easy to parametrise the exoplanetary contribution

to the observed signal, most of the other time-correlated nuisance signals cannot be
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easily parametrised or modelled. Uneven time sampling, interference between various

signals, and limited observational accuracy and precision complicate matters further.

Therefore, while it is very easy to generate synthetic observations by adding i.i.d.

white (serially uncorrelated) Gaussian noise to exoplanet signals from a parametric

model, such synthetic observations will not be very realistic. For one, no matter

how large the amplitude of the white noise, it will never interfere constructively

or destructively with the exoplanet signals; it will simply ‘dilute’ the exoplanet

signals. And yet the literature is replete with injection tests, detection probability

tests, etc. based on precisely such simplistic synthetic data, generated via additive

white Gaussian noise (AWGN) models. Even for the specific case of α Cen B,

there are many published examples of planet-detectability studies where an AWGN

model is assumed to be sufficient: see, e.g., Guedes et al. (2008), Endl et al. (2015),

Bergmann et al. (2015). In fact, a recent study featuring a realistic, coloured noise

model argued that around 1500 high-cadence RVs of α Cen B would be required to

have a 90% chance of detecting an orbiting Earth-mass planet with 3.24 d period

(Sulis et al., 2017) – more than three times as many as the 459 RVs originally used

to make a ‘detection’ with a supposed FAP of 0.02%.

Greatly preferable to a simplistic AGWN model, of course, is to try to make

synthetic observations precisely as ‘messy’ and correlated as the real observations.

GPs provide a principled, data-driven, and non-parametric framework for doing this.

Regardless of the origin of the nuisance signals (stellar, instrumental, telluric, etc.)

in a given data set, GP regression allows their covariance properties to be learned;

thence, infinitely many random, synthetic observations with the same covariance

properties, and arbitrary sampling, may be generated. These synthetic observations

may then be used to study detection limits, optimal observing strategies for planet

detection or nuisance signal mitigation, or to identify artefacts introduced through

sampling or through fitting a given model to observed data.

Chapter 5 of Rasmussen and Williams (2006) provides helpful examples of how

appropriate GP covariance kernels may be constructed to capture and help interpret

various behaviours that may be present in a data set, e.g. diurnal (or monthly,
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seasonal, etc.) variations, smooth long-term trends, short-term irregularities, abrupt

changes, measurement inaccuracies, and so on. Of course, certain types of nuisance

signals may be modelled with simpler statistical tools than GPs, e.g. Poisson noise

or cosmic ray strikes. Non-Gaussian outliers will also need to be modelled separately;

see Appendix B.1.4 of this thesis for more on this subject.

Over the course of my doctoral studies, I have used GPs to synthesise realistic

observations in the manner suggested above in a variety of contexts (apart from

the published α Cen B study): e.g. studying RV detection limits for planets around

AU Mic (A. M. Lagrange, 2016, pers. comm., for a HARPS observing run); studying

the RV detectability of a planet transiting Pr 0190, a very active star in the M44

cluster (L. Malavolta, 2016, pers. comm., for a HARPS-N observing run); and

devising an optimal observing schedule for constraining the properties of the planets

in the Kepler-10 system (A. Mortier, 2017, pers. comm., for a HARPS-N observing

run that is ongoing at the time of writing).

7.3 Ultra-precise spectral extraction of RVs

7.3.1 Introduction

RV spectrographs have improved dramatically over the past few decades. Today,

some state-of-the-art spectrographs have nominal precisions that reach below

10 cm s−1: a factor of over a thousand better than the spectrographs of the

1970s. And yet, despite these instrumental advances, very little has changed in the

way an individual RV is actually extracted from an observed spectrum – i.e., masked,

weighted cross-correlation of the spectrum with that of an (essentially noise-free)

template spectrum. See Section 2.2 and references therein for more details.

Superficially, this approach admits a few possible areas for improvement. First,

there is the problem that the template spectrum (taken e.g. from a different star

of similar spectral type) might be a good though never perfect match for any

observed spectrum. There is also the concern that by masking off the continuum

during cross-correlation, a small amount of genuine Doppler information might

be lost, contained e.g. in very shallow absorption lines. Little weight ought to
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be attached to these two concerns, however, as in many cases the performance of

modern spectrographs appears very close to a fundamental limit for the case of a

perfect template and a single spectrum corrupted only by photon noise (Connes,

1985; Bouchy et al., 2001; Pepe et al., 2014).

However, there are two other more subtle though potentially significant areas

for improvement that do not seem to be discussed in the literature.

First is the assumption that there is nothing to be gained beyond comparing

a single spectrum to a single (hopefully near-perfect) template. Yet what of the

additional constraints that come from requiring that when computing RVs between

any two pairs of observed spectra, results consistent with the template calculation

should be obtained? For example, if ‘spectrum 1’ is found to have RV shift RV1

relative to a template, and ‘spectrum 2’ has an RV shift RV2 relative to that same

template, an additional potential constraint comes from requiring that the RV

shift of spectrum 2 computed relative to spectrum 1 (i.e. using spectrum 1 as the

template) should equal RV2 − RV1. Given the potentially different wavelength

axes of each observed spectrum and the template (see next point), one would not

necessarily expect the error in RV2 − RV1 to fully determine the error in the RV

obtained when cross-correlating spectrum 1 and spectrum 2 directly.

Second is the observation that an observed star’s radial motion, combined

with the Earth’s own annual ∼ 30 km s−1 orbital motion (and perhaps also

variable instrumental wavelength calibrations), will in practice mean that individual

spectrograph pixels will correspond over time to slightly different photon emission

wavelengths. Put differently, the same spectrograph will sample different parts

(possibly at a sub-pixel level) of a stellar absorption spectrum over time. Given a

large sample of spectra, then, such wavelength axis variations could be exploited

to build what is effectively a noise-free template with much higher wavelength

resolution than any template spectrum that could actually be observed with the

spectrograph. This idea has strong parallels with multiple-frame ‘super-resolution’

techniques that successfully exploit sub-pixel level shifts in 2D images to generate
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an image with higher resolution than any of the individual frames (Park et al.,

2003; Farsiu et al., 2004).

I sketch below an outline of a GP-based approach that attempts to incorporate

the above two considerations to deliver more precise RV extraction than would be

possible when simply comparing a single observed spectrum to a perfect template.

7.3.2 A GP-based, template-free route to RVs

Suppose we have a set of N spectra, {S1, . . . ,SN}, where the ith spectrum is

specified by the set of triplets Si = {(λij, fij, σij)}Mj=1. Here, M is the number

of pixels in a single spectrum (for HARPS-N, 69 échelle orders of 4096 px each

means M ≈ 280 000 px); λij are wavelengths, fij fluxes, and σij errors in the

fluxes, due e.g. to photon noise.

Numerical experiments reveal that simply cross-correlating observed spectra with

each other, and thus attempting to extract RVs (perhaps after first ‘unshifting’ all

spectra to build a master template spectrum), leads to very poor results. Presumably

this is due, in large part, to the cross-correlations being extremely sensitive to noise

in individual spectra, such that cross-correlation between any two individual spectra

leads to an essentially meaningless RV estimate.

However, for each individual spectrum, we could try to build a model fi that

aggregates information about pixel-level noise and covariances between nearby

pixels to yield a lower-noise interpolant better suited to cross-correlation. After

all, especially in deep spectral lines, nearby pixels should not be independent,

and we could exploit this information when trying to figure out the best way to

interpolate the noisy fluxes. Let us therefore place a GP prior on the function fi, i.e.

fi(λ) ∼ GP(µi, ki). The mean function µi(λ) will describe the continuum, while the

covariance kernel will be used to build a model for the spectral absorption features.

Tests with a sample of HARPS-N spectra, with mean SNR at 550 nm ranging

from 50 to 200, revealed that a Matérn kernel with ν = 5
2 did an excellent job of

fitting absorption features across all wavelengths. Setting ν = 3
2 led to excessive

flexibility (i.e. fitting of noise), while ν ≥ 7
2 led to functions too smooth to fit sharp
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absorption lines well. Thus, taking into account the observational noise, the kernel

function would take the form (see equation 2.30)

ki(λij, λik) = h2
(

1 + τ

ρ
+ τ 2

3ρ2

)
exp

(
−τ
ρ

)
+ δikσ

2
ij, (7.10)

where τ :=
√

5(λij − λik)2. The scale hyperparameter h is related to the typical

depth of spectral absorption lines, while ρ is related to the line shape and typical

density of lines per wavelength; hyperparameters may be learned through maximum

likelihood (see equation 2.38) or posterior exploration. Once the hyperparameters

have been learned, we can compute the GP posterior (predictive) distribution:

gi := fi(λ)|Si ∼ GP(µ∗i , k∗i ), where µ∗i and k∗i are to be computed using the relations

in equations 2.27 and 2.28.

Apart from being more amenable to cross-correlation than the noisy, ‘raw’

spectrum Si, gi may now be evaluated at arbitrary wavelengths that extrapolate or

interpolate λij, as will be necessary when shifting spectra in wavelength or velocity

space (e.g. when performing barycentric velocity corrections, cross-correlation calcu-

lations, etc.). Such evaluations will be accompanied by principled flux uncertainty

estimates that can then be propagated throughout subsequent inference.

In practice, it turns out to be convenient to model each order in a given spectrum

separately, for two reasons. Firstly, while modelling (say) M = 4096 fluxes with a

GP is quite straightforward computationally, modelling M > 200, 000 fluxes per

spectrum is neither feasible, given the ∼ O(M3) scaling of basic GP regression, nor

desirable, given that we expect little or no covariance between widely-spaced spectral

lines. Secondly, given that typical spectral features and continuum behaviour may

be expected to vary significantly across orders, it will be preferable to allow for a

different set of hyperparameters for each order, rather than forcing a single set of

hyperparameters to model a single spectrum globally. Therefore, let us denote by

g
(l)
i (λ) our GP posterior for the lth order of the ith spectrum.
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Comparing all GP models

Let us now recall that the rest wavelengths λ at which we measure stellar flux on

Earth to be a function5 of stellar RV relative to Earth, v, i.e. λ = λ(v).

We can now consider a pair of GP posteriors (i.e. model spectra), say g(l)
i (λ(v))

and g(l)
j (λ(v + δ)), and establish which velocity shift δ will maximise the overlap

between the two models. The value of δ leading to the best match corresponds

to the stellar RV shift between the two spectra:

RV(l)
ij = arg max

|δ|<c

∫ +c

−c
g

(l)
i (λ(v)) g(l)

j (λ(v + δ))dv; (7.11)

in practice, the arg max of the integral may be found via a global optimisation routine.

Given that each model g(l)
i (λ(v)) is accompanied by a posterior uncertainty, this may

be propagated via a Monte Carlo approach to an uncertainty in RV(l)
ij , i.e. σ

(
RV(l)

ij

)
.

If we thus cross-correlate every GP posterior with every other GP posterior,

we can build an N × N matrix of RV shifts for each order. Given the anti-

symmetry RV(l)
ij + RV(l)

ji = 0, and that RV(l)
ii = 0, only N(N − 1)/2 of these RV

shifts actually need to be computed.

Aside: measuring a signal via pairwise differences

As a brief aside, let us consider how any function can be expressed as a sum of

pairwise differences. Suppose we have a function y = f(t), with its values measured

at N points, so that we have a data set {(ti, yi, σi)}Ni=1. Here, yi is the value of the

function relative to some origin (zero), and σi is the measurement error in each yi.

Suppose now that rather than making a single absolute measurement of yi
relative to a fixed zero point, we are instead able to measure the N(N − 1)/2

pairwise differences between all values, so that our data would take the form

{(tij, yij, σij)}Ni,j=1, where yij = yi − yj. It turns out that we can then reconstruct

the individual yi values, relative to an origin defined by the average6 of all yi values:

yi = 1
N

N∑
j=1

yi = 1
N

N∑
j=1

(yi − yj) + 1
N

N∑
j=1

yj = 1
N

N∑
j=1

yij + γ (7.12)

5The functional relationship between stellar Doppler velocity, photon emission wavelength, and
observed photon wavelength is given in equation 2.6.

6To account for observation errors, we should really be weighting each yi by σ−2
i .
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Figure 7.4: Illustration of an arbitrary function with function values measured relative
to a fixed origin (dashed line) or via a sum of pairwise differences (see text on pg. 198).

where γ := 1
N

∑N
j=1 yj is our new origin; note that γ is the same for all yi. If we

are not interested in this offset, we may as well set γ = 0.

We could of course choose to interpret f(t) as a time-dependent stellar RV

signal, and yij as pairwise differences between RVs measured at discrete times.

Regardless of the complexity of f(t) – it might comprise binary stellar, instrumental,

exoplanetary, and other contributions – we could reconstruct it, up to an additive

constant, by averaging over yij . Why bother? The advantage of this approach is that

working with ∼ N2 rather than N measurements leads to a ∼
√
N improvement

in the SNR of the reconstructed signal, assuming the σij are independent (Hassan

and Sabieh Anwar, 2010).7

Aggregating the pairwise RV shifts

We now turn to the problem of aggregating the pairwise RV shifts to estimate

a single RV shift for each spectrum.

Following the idea in the preceding aside, we can average over the pairwise RV

shifts in each column (or row) to estimate an RV shift for the ith spectrum, relative

to some (arbitrary) offset. We compute a variance-weighted mean as follows:

RV(l)
i =

∑N

j=1 RV(l)
ij /σ

(
RV(l)

ij

)2
/∑N

j=1 1/σ
(
RV(l)

ij

)2
+ γ, (7.13)

7This is an important assumption. In practice, when dealing with RV shifts extracted from
model spectra, sizeable barycentric velocity corrections, and even sub-pixel level interpolations
and extrapolations associated with different stellar radial velocities, seem sufficient to ensure that
there will be a component of independent noise in each yij estimate.
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where γ is a constant for all i, and

σ
(
RV(l)

i

)
=
√

1
/∑N

j=1 σ
(
RV(l)

ji

)2
. (7.14)

For convenience, we can set γ = 0, as in the earlier example. We can now also

compute a variance-weighted mean across all L orders to obtain a final estimate8

of the stellar RV of the ith spectrum:

RVi =
∑L

l=1 RV(l)
i /σ

(
RV(l)

i

)2
/∑L

l=1 1/σ
(
RV(l)

i

)2
, (7.15)

with

σ (RVi) =
√

1
/∑L

l=1 σ
(
RV(l)

i

)2
. (7.16)

Given the iterative variance-weighted averaging over noisy realisations of the

same RV shifts, we expect the noise power to decrease as ∼ 1/
√
N , where N is

the number of spectra included in the modelling, and also as ∼ 1/
√
L, where

L is the number of échelle orders incorporated. Another significant though less

obvious advantage of the method is that by building a continuous model for

each spectrum, and exploiting pixel-level covariances when interpolating and

extrapolating observed fluxes,9 an implicit ‘master spectrum’ is constructed with

higher resolution than would be possible with any real template spectrum observed

with the same spectrograph.

7.3.3 Illustration of the method’s performance

I implemented the method described above in a couple hundred lines of straightfor-

ward Matlab code. The details of the implementation will be presented in a

forthcoming paper.

To ascertain that the method actually works, at least in principle, I took a single

HARPS-N spectrum of the bright G5V star HD127334 (V magnitude mV = 6.5)
8In practice it might be desirable to exclude those orders known to be most strongly

contaminated by activity-sensitive features (e.g. the Calcium ii H & K lines).
9Consider that the Earth’s own orbital motion will lead to Doppler shifts of observed photons,

such that the same spectrograph pixels at different times of the year will correspond to different
stellar emission wavelengths, all else being equal. Thus it becomes possible to learn the ‘true’
stellar spectrum at far more wavelengths than there are pixels on the detector.
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Figure 7.5: GP-based extraction of a 3.2 m s−1 sinusoidal signal from 35 Doppler-shifted
spectra (SNR = 200), using just one échelle order, i.e. < 2% of the full spectra. For visual
clarity, the 35 extracted RVs and estimated errors have been binned to one point per
night. The sine amplitude is recovered as 3.5± 0.7 m s−1.

and created 35 copies of it, and assigned to each a ‘time stamp’ corresponding to

35 real HARPS-N spectra of HD127334, taken over 13 nights in June 2015. To

each copy of the original spectrum I added random realisations of photon noise

at a level consistent with the real spectra (SNR ∼ 200), and then Doppler-shifted

the spectra using a sinusoidal signal with amplitude 3.2 m s−1 and period 13 d. I

also added an appropriate Doppler contribution from the Earth’s orbital motion

over the observation baseline. Thus I ended up with 35 spectra from which to

extract a synthetic RV signals; the advantage of this approach was that my spectra

were confounded only by photon noise, and not by any time-variable instrumental

signals (e.g. CCD cold plate temperature oscillations).

I found that even using only a single échelle order (order l = 50 out of L = 69

available, i.e. using < 2% of the available data), I was able to recover the injected

RV signal with a median precision of about 1.5 m s−1 per observation. See Fig. 7.5.

When using all 69 orders, the median error per measurement was 25 cm s−1: in line

with the predicted
√
L improvement (actually slightly poorer than the prediction,

given the above-average SNR of the l = 50 order used in the initial calculation).

Though remarkably small, the estimated ∼ 25 cm s−1 errors were consistent with

the RV scatter on nights with 2 or 3 spectra available – the method does not ‘know’

which RVs correspond to observations closely spaced in time.
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Figure 7.6: (a) Echelle order l = 36 of a single HARPS-N spectrum of HD127334, plus
GP model fit. The red circles are renormalised fluxes, and the blue solid line is the GP
posterior mean, with the shaded blue region around it (nearly invisible at this scale)
representing ±σ posterior uncertainty. (b) Residuals from the GP fit. Panels (c) and (d)
are as for panels (a) and (b), but zoomed in to a narrower wavelength range from the
same order.

Thus satisfied that the method works in principle, I turned to two real data sets:

(i) the 35 HARPS-N spectra of HD127334, spanning 13 nights, as described above;

and (ii) 148 HARPS-N spectra of Kepler-10 (K-10, mV = 11.2), spanning 17 months.

For both data sets I also had available RVs derived from the spectra via the HARPS-

N DRS pipeline, for comparison with RVs extracted using my GP method; in the case

of K-10, the DRS RVs were the same ones used in the main analysis in Chapter 5.

An example of a GP fit to a single échelle order from a single spectrum is

shown in Fig. 7.6 for the case of HD127334, and in in Fig. 7.7 for the case of K-10.

Qualitatively, at least, we see that the GP serves as a remarkably good model for

the observed spectra. The residuals from the GP fits appear white, and have rms

scatter consistent with photon noise estimates for the respective orders.

I found that when using only a subset of the available spectra, and/or a subset

of the échelle orders within the available spectra, the median error of extracted
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Figure 7.7: As for Fig. 7.6, but now for order l = 35 of a single HARPS-N spectrum of
K-10. Note the lower SNR of the K-10 spectrum compared to the HD127334 spectrum.

RVs did indeed scale like N−1/2 and L−1/2, where N and L are the total number of

spectra and échelle orders, respectively, used in the modelling. See Fig. 7.8. This

was a significant finding because the error estimates are bounded below (amongst

other things) by the scatter in RVs computed from independent orders, and in

RVs computed from cross-correlation between different pairs of spectra. As such,

the estimated errors should not be over-optimistic.

I found that when using all available HD127334 spectra and échelle orders, the

median error of the 35 GP-extracted RVs was 36 cm s−1, and the rms variation

1.03 m s−1. The HARPS-N DRS values were 43 cm s−1 and 1.17 m s−1, respectively.

In the case of K-10, the median error of the 148 GP-extracted RVs was 1.52 m s−1,

and the rms variation 4.32 m s−1; the DRS values were 1.73 m s−1 and 4.72 m s−1,

respectively. In both cases, then, the GP approach led to a 15–20% improvement in

RV precision, and a 10–15% reduction in final rms variation, compared to the DRS.

The time series of the actual RVs extracted by both approaches are shown in Fig. 7.9.

Note, in particular, that the GP and DRS RVs are almost always consistent with

each other within 1σ. Moreover, as noted in Section 5.5 of this thesis, modelling
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Figure 7.8: (a) GP-extracted RV median errors and rms variation vs. the fraction of
available data used, where 100% corresponds to all 35 spectra and all 69 échelle orders for
HD127334. Note the log-linear decrease in median error with quantity of data modelled.
The dashed lines indicate the median error and rms variation of the full set of RVs as
extracted by the HARPS-N DRS. (b) As for the preceding panel, but this time for the
case of K-10, with up to 148 spectra and 69 échelle orders modelled.

the K-10 RVs extracted via the GP approach led to planet parameters for K-10b

and K-10c consistent with those inferred from the DRS RVs.

At face value, a 10–20% precision improvement might seem modest, yet in the

quest to find and accurately characterise the smallest exoplanets, any incremental

improvement is valuable. Indeed, this performance seems nothing short of remark-

able, given the conceptual and computational simplicity of the GP approach: there

is no template spectrum, no binary mask, nor even any stellar astrophysical priors

in the modelling. Moreover, the results presented here come from a somewhat crude,

‘first attempt’ implementation spanning only a couple hundred lines of code.

A current disadvantage of the GP method that should be mentioned is computa-

tional complexity. On a modern laptop, fitting a GP model to a single order from a
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Figure 7.9: (a) 35 mean-subtracted HD127334 RVs extracted by the GP method, plotted
in blue along with estimated errors, with the HARPS-N DRS RVs and errors in orange.
(b) As for the preceding panel, but for the case of 148 K-10 RVs. Because of the long
observing baseline and uneven temporal coverage, the K-10 RVs are plotted a function of
observation sequence number (i.e. 1 to 148) to aid visual inspection of RV variability.

single HARPS-N spectrum (i.e. 4096 pixels) takes a matter of seconds. Doing this for

69 orders across 148 different spectra (in the K-10 case) takes a matter of hours, and

the subsequent cross-correlation (and associated Doppler-shifting and re-evaluation)

between all pairs of GP models can take many further hours. In short, the extra

precision does not come cheaply. However, there are many straightforward ways in

which the basic method could be sped up. For example, once the hyperparameters for

a given order are learnt for a few spectra, these could be used as priors for subsequent

spectra (assuming the absorption lines in a given order don’t change drastically

over time). Given what should be very small covariance between widely-spaced

absorption lines, sparse matrix inversion techniques and other approximate-GP

approaches could be used to speed up the modelling significantly.
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7.3.4 Future considerations

I have sketched a basic (though admittedly quite computationally-intensive) scheme

for extracting RVs by direct modelling of observed spectra, without requiring cross-

correlation with a masked template spectrum. Despite the theoretical advantages

and already-excellent performance of the method applied to real data, a number of

levels of additional sophistication may be built on top of the basic scheme.

First, instead of the sequential approach to extracting RVs (i.e. modelling chunks

of spectra with separate GPs, then cross-correlating them, averaging RVs, etc.), all

spectra could be modelled jointly, with the relative velocity shifts of all spectra

included as free parameters in the modelling. At present, such an approach would

be wholly unfeasible on account of its enormous computational requirements, i.e.

modelling millions to tens of millions of observations simultaneously. With suitable

approximations (e.g. sparse GP methods), however, it might be rendered tractable.

Secondly, (micro-)telluric lines may be identified and modelled separately from

the rest of the spectrum: these lines should not shift with the rest of the stellar

spectrum (Cunha et al., 2014). Early GP-based attempts at identifying and

removing such lines using HARPS-N Solar spectra (Dumusque et al., 2015) seem

very promising, with the incidental possibility of building very high-quality telluric

spectra as a by-product. Similarly, it might be possible to identify and model

certain instrumental contributions to time-correlated changes in observed spectra.

Thirdly, activity-sensitive lines may be identified either ab initio or through the

modelling process itself. After all, an ensemble of model spectra should contain

more information about stellar activity than a handful of CCF activity indicators.

By decreasing the weights attached to lines or wavelength ranges identified as

activity-sensitive, the SNR of any RV signals not due to stellar activity (e.g. due

to exoplanets) could be boosted.

Finally, separate from these improvements to the ways in which stellar RV

signals could be extracted, very high-resolution template stellar spectra could be

built by ‘unshifting’ and stacking all model spectra, taking into account the different

emission wavelengths sampled by each spectrum. While this does not necessarily
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have relevance to extracting RVs or subsequent attempts to find exoplanetary signals

in those RVs, such spectra may well be of interest to stellar astrophysicists.

Even in its current, ‘basic’ implementation, however, there are already specific

cases in which it seems the GP method should have be able to offer particularly

dramatic advantages over to the standard, template cross-correlation approach.

Such cases would include RV extraction (i) from low-resolution spectra, where the

‘super-resolution’ concept could be strongly leveraged; (ii) from stellar spectra for

which good templates are not readily available, e.g. brown dwarf infrared spectra;

and (iii) in cases where very many RVs are available, so that the ∼ 1/
√
N -precision

of the method could be best exploited.



I regret only one thing, which is that the days are so
short and that they pass so quickly. Once never notices
what has been done; one can only see what remains to
be done.

— Marie Skłodowska Curie, in an 1894 letter to her
brother, as quoted in Madame Curie: ihr Leben und

Wirken (Curie, 1938).
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8.1 Review and conclusions

In this thesis, I have leveraged GPs to develop tools for studying smaller planets

around a wider variety of stars than has previously been possible, and for constraining

more accurately and precisely the properties of known planets.

In Chapter 3, I developed a sophisticated and principled Bayesian framework,

based on advanced application of GPs, for modelling RV time series jointly with

ancillary activity-sensitive proxies, thus allowing activity signals to be constrained

and disentangled from genuine planetary signals. I showed that this framework

succeeds even in cases where existing techniques would fail to detect planets, e.g. the

case of a weak planetary signal with period identical to its host star’s rotation period.

In Chapter 4, in the first significant application of the GP framework, I

demonstrated that α Cen Bb – until 2016, thought to be the closest exoplanet to

Earth, and also the lowest minimum-mass exoplanet around a Sun-like star – was,

208
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in fact, an astrophysical false positive. I showed that the original ‘detection’ likely

arose from a combination of inadequate modelling of stellar activity signals, and a

failure to understand the impact of the observing window on statistical inference.

Next, in Chapter 5, I used the framework to re-characterise the well-studied

Kepler-10 system, thereby resolving a mystery involving the mass of planet Kepler-

10c. I showed that the original discrepancies between the Kepler-10c masses inferred

from two different RV spectrographs (Keck-HIRES and HARPS-N) likely arose

from a failure to model correlated nuisance signals present in the RVs, as well as

a failure to account for the impact of the observing window, as in the α Cen B

case. My analysis incidentally strengthened existing evidence for a third planet in

the Kepler-10 system. I also provided a few recommendations for future observing

strategies, with a view to obtaining optimal coverage of planets’ orbital phases.

In Chapter 6, I used my framework to help detect and characterise various

exoplanets, viz. HD 175607b, Kepler-37d, and Kepler-538b. HD 175607b is a non-

transiting planet whose orbital period overlaps with the apparent rotation period

of its host star; using the GP framework allowed the stellar signal to be identified,

leading to a secure detection of the planet. Kepler-37d and Kepler-538b, on the

other hand, are both transiting exoplanets, and I employed my GP framework to

assist the characterisation of these planets in the face of significant activity signals

from their host stars. Both stars thus characterised contributed to the relatively

small number of long-period super-Earths with accurately constrained masses.

Lastly, in Chapter 7, I presented in outline form three promising applications of

GPs in the context of modelling stellar signals and studying exoplanets, viz. GPs

for enhanced characterisation of stellar rotation; for generating realistic synthetic

observations, and modelling in a systematic way the effects of an observing window

function; and for ultra-precise extraction of RV shifts directly from observed spectra,

without requiring template cross-correlation.

Perhaps the overarching conclusion of this thesis is that when trying to detect or

characterise exoplanetary signals in noisy observations, significant benefits may be

derived from honing the tools one uses to analyse the observations. (By ‘tools’ I mean
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the physical models, the machinery of statistical inference, and so on.) Conversely,

using inappropriate tools may lead to sub-optimal or even wholly misleading results.

Another way of phrasing this would be to say that what one can learn about a

given of observations depends critically on the questions one asks. If one insists

on computing a Lomb-Scargle periodogram for some RV data, say, one will always

be answering a question about the degree to which a single stationary sinusoid

suffices to describe the data, allowing for white Gaussian noise. Yet if the data

show evidence for multiple frequencies or complex, non-sinusoidal behaviour, the

answers to this question will be misleading, and more realistic questions (models)

will be needed if one is to obtain realistic answers. As Jaynes put it: ‘a false

premise built into a model that is never questioned cannot be removed by any

amount of new data’ (Jaynes, 2003).

I argued that a GP with suitably-chosen covariance structure, e.g. a quasi-

periodic covariance, represents a sensible and physically-motivated prior for the

stochastic RV signals one would expect to be generated by evolving active regions on

rotating stars. Such GP priors obviate the use of ad hoc parametric activity models,

which may be overly-simplistic, or unrealistically flexible. By using a GP to model

stellar activity signals jointly with planetary signals, one can avoid unwittingly

‘mutilating’ a data set through a theoretically-unsound process of iterative filtering

(e.g. pre-whitening). Moreover, by modelling activity signals across multiple time

series (i.e. RVs and all available activity-sensitive time series), one can place the

tightest constraints on the activity signals, which is greatly preferable to throwing

away a great deal of relevant information on the grounds that it might be difficult

to incorporate into the modelling. Finally, by doing all of this within the framework

of Bayesian inference, the relative evidence for competing models (with different

numbers of planets, activity components of different complexities, etc.) may be

computed in a principled way. This is the approach that I advocated and employed

in this thesis, and I believe my results thus far bear testimony to its merits.

Of course there is an enormous deal to be said for advances in instrumentation,

but recent history (e.g. the Kepler mission: Gilliland et al. 2011; and indeed also
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some of the cases studied in this thesis) shows that careful modelling of stellar

nuisance signals is the sine qua non for unlocking the full potential even of existing

planet-hunting instruments, let alone next-generation instruments.

A theme that featured strongly albeit unexpectedly in Chapters 4 and 5 of this

thesis was the extent to which discrete sampling can confound inference about a

continuous signal. In principle, discrete sampling should be largely irrelevant if one

is using the ‘correct’ model for a signal, which would automatically account for

interference between the various possible components (e.g. multiple planets plus

stellar activity) of the signal, regardless of when it happened to be sampled. Yet in

practice, of course, one can never be sure that one is using the correct model, so

rigorous model comparison tests become essential, with a close study of an observing

window function serving as a useful adjunct. With the benefit of hindsight, one

could contend that if a more realistic activity model were used ab initio in the

α Cen B and the Kepler-10 cases, the apparent false positive planet detection and

planet mass discrepancy, respectively, would have been avoided at the outset, and it

would not have been necessary to give a second thought to sampling. Nevertheless,

in both cases, a post hoc study of the observing window function did prove useful

for diagnosing probable shortcomings in existing models.

Though my focus in this thesis was primarily on RV data, the tools and insights I

developed have applicability to other forms of time series data as well. For example,

the GP framework from Chapter 3 can accommodate photometric data quite

naturally, as demonstrated with the Gliese 15 A modelling in Section 3.4.3. GPs

for studying stellar rotation, as in Section 7.1, finds natural application on stellar

photometric data (light curves). Finally, the insights about model comparison and

sampling apply to any form of time series data, e.g. astrometric, photometric, etc.

8.2 Future work

The work in this thesis lends itself naturally to a number of possible extensions,

a few of which I’ve outlined below.
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First, while the GP framework presented in Chapter 3 has already borne

significant fruit, I would like to investigate ways in which it could be improved and

extended. (I do of course also intend to continue applying the framework to new

and interesting data sets.) Even incremental improvements will be invaluable if

the framework is to be used to detect the weakest possible planetary signals. For

example, more realistic relationships between RVs and ancillary, activity-sensitive

time series might be incorporated into the framework. It might also be worth

adding a component to the framework to account for possible nuisance signals

of instrumental rather than stellar origin.

Secondly, I’d like to develop a new, sophisticated ‘quick look’ pipeline for use at

telescopes, in order to optimise the scheduling of different targets within upcoming

RV and photometric surveys. Using some of the tools and insights developed in

this thesis, the pipeline will keep track of the parameter space of ‘allowed’ models

(with and without planets) for various stars, sequentially updating it after each

observation, and selecting the next star to observe, to maximise the chances of

establishing which targets host planets in a specific mass and orbital period range.

Stellar activity will be modelled jointly with possible planetary signals, and the

scheduling will also take into account achieving optimal phase coverage for planet

candidates (as in Chapter 5). Compared to traditional survey scheduling, involving

significant ad-hoc human decision-making, such an approach should increase the

efficiency of surveys as a whole, and will also make it much easier to model their

sensitivities, and thus to convert survey results into planet incidence estimates. This

type of optimised scheduling will be particularly powerful for dedicated surveys

using most of the time on a given telescope, e.g. the Terra Hunting Experiment

on HARPS3 (Thompson et al., 2016).

Thirdly, I’d like to keep investigating ways in which GPs might be better

employed to characterise stellar rotation and other (quasi)periodic astrophysical

phenomena. As noted in Chapter 7, the work on stellar rotation is being led by

collaborators, though it is clear to me that much remains to be done on the GP front,

e.g. trying to derive an appropriate kernel for identifying differential stellar rotation.
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Fourthly, I’d like investigate ‘upgrading’ some of the statistical tools I’ve

employed in this thesis, e.g. leveraging Bayesian quadrature as a more principled

and hopefully more expeditious approach to n-planet model comparison (which

always entails evaluating difficult integrals with high dimensionality) than Monte

Carlo approaches.

Finally, and perhaps most significantly, I’d like to develop to maturity the

GP-based approach to extracting RVs from observed spectra, outlined in the latter

part of Chapter 7. This work would have the potential to make a significant and

lasting impact on the exoplanet field, with possible future adoption by almost

all astronomers working with RV data.

8.3 Closing remarks

In years to come, I expect I might revisit this thesis and wish I had done things

a little differently. Presumably, some of the models I have espoused here will end

up being supplanted by better (or at least more complete) ones. The analytical

techniques I today dare to call ‘state of the art’ will sooner or later grow to seem

crude, as the assumptions I now hope are reasonable may eventually come to be

regarded as untenable. (Certainly I’ll regret not starting to write the whole thing a

good deal earlier.) Yet such doubts can have no bearing on the fact that exoplanetary

science will continue to move forward ever more swiftly and inexorably. Innumerable

new worlds will be discovered and illuminated in exquisite, heretofore-unimagined

detail, and each such world will provide further challenge to humanity’s conceits

and imagined self-importance. If nothing else, then, I am content to reflect that

this thesis has embodied a few small yet fruitful contributions to contemporary

exoplanetary science, and that with the passage of time, it might just help pave

ways to further frontiers of knowledge.
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Mathematics is the queen of the sciences [...] She
often condescends to render service to astronomy and
other natural sciences, but in all relations, she is
entitled to first rank.

— Carl Friedrich Gauss, as quoted in Gauss zum
Gedächtnis (von Waltershausen, 1856).
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Covariance between observations and

derivative observations
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Some of the mathematical expressions given below already appear, albeit without

further explanation, in Chapter 3 of this thesis. The aim of this appendix is to

provide some further details to allow these covariance kernels and their derivatives

to be implemented computationally.

Suppose we have a GP, G, characterised by a covariance function γ. Then

the covariance between an observation of G at time ti, and an observation of its

derivative Ġ at time tj, is given by

γ(G,dG)(ti, tj) = ∂

∂t
γ(G,G)(t, tj)

∣∣∣
t=ti

, (A.1)

where γ(G,G)(ti, tj) is used to denote the covariance between (non-derivative) obser-

vations of G at times ti and tj. Similarly, the covariance between two observations

of Ġ at times ti and tj is

γ(dG,dG)(ti, tj) = ∂

∂t′
∂

∂t
γ(G,G)(t, t′)

∣∣∣
t=ti

∣∣∣∣
t′=tj

. (A.2)
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For convenience, we present below the relevant expressions for γ(G,dG), γ(dG,dG)

etc. for the two covariance functions considered in some detail in Chapter 3. The

above relations are, however, valid for any covariance function γ; as such, the

two examples below serve as an illustration of how the relevant expressions can

be derived for any covariance function.

A.1 Squared-exponential covariance

Using our ‘generalised squared-exponential’ covariance function, the expression for

the covariance between two observations of a process G at times t and t′ is:

γ
(G,G)
SE (t, t′) =

N∑
i=1

h2
i exp

[
−(t− t′)2

2λ2
i

]
; (A.3)

the hi’s control the relative amplitude of the N ≥ 1 components with evolutionary

time-scales λi. For the case N = 1, this reduces to the standard square-exponential

covariance function.

Following equation (A.1), the covariance between an observation of G at time

t and an observation of Ġ at time t′ is given by

γ
(G,dG)
SE (t, t′) = −

N∑
i=1

h2
i

(t− t′)
λ2
i

exp
[
−(t− t′)2

2λ2
i

]
, (A.4)

and, by equation (A.2), the covariance between an observation of G at time t′

and an observation of Ġ at time t is given by

γ
(G,dG)
SE (t′, t) = −γ(G,dG)

SE (t, t′). (A.5)

The covariance is symmetric, by definition, from which it follows that γ(G,dG)
SE (t′, t) =

γ
(dG,G)
SE (t, t′). Finally, the covariance between two observations of Ġ at times t

and t′ is given by

γ
(dG,dG)
SE (t, t′) =

N∑
i=1

h2
i

[
1
λ2
i

− (t− t′)2

λ4
i

]
exp

[
−(t− t′)2

2λ2
i

]
. (A.6)
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A.2 Quasi-periodic covariance

Using a quasi-periodic covariance function formed from a squared exponential

kernel, the expression for the covariance between two observations of a process

G at times t and t′ is:

γ
(G,G)
QP (t, t′) = exp

{
−sin2 [π(t− t′)/P ]

2λ2
p

− (t− t′)2

2λ2
e

}
, (A.7)

where P and λp correspond to the period and length scale of the periodic component

of the variations, and λe is an evolutionary time-scale. While λe has units of time,

λp is dimensionless, as it is relative to P .

Defining φ := 2π(t− t′)/P , we then obtain the expressions for the covariance

between derivative and non-derivative observations:

γ
(G,dG)
QP (t, t′) = gqp(t, t′)

[
−π sinφ

2Pλ2
p
− t− t′

λ2
e

]
, (A.8)

and

γ
(G,dG)
QP (t′, t) = −γ(G,dG)

QP (t, t′); (A.9)

by symmetry of the covariance, γ(G,dG)
QP (t′, t) = γ

(dG,G)
QP (t, t′). Finally, the covariance

between two observations of Ġ at times t and t′ is given by

γ
(dG,dG)
QP (t, t′) = γ

(G,G)
QP (t, t′) ×[

−π
2 sin2 φ

4P 2λ4
p

+ π2 cosφ
P 2λ2

p
− φ sinφ

2λ2
pλ

2
e
− (t− t′)2

λ4
e

+ 1
λ2

e

]
. (A.10)



If you ask naïve but relevant questions, then almost
immediately the person doesn’t know the answer, if
he is an honest man.

— Richard Feynman, in a 1963 lecture published in
the posthumous collection The Meaning of It All:
Thoughts of a Citizen Scientist (Feynman, 1998).
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This appendix is a compilation of questions I am frequently asked about GPs

in general (Section B.1), and about GPs specifically for the joint modelling of

stellar activity and exoplanet signals (Section B.2), together with my attempts at

answers to these questions. I have relegated these questions and answers to an

appendix to avoid cluttering the corresponding material in the main body of my

thesis. Nevertheless, I have found that contemplating these questions has helped to

clarify a few of my ideas about GPs, and about probability theory more broadly.

I hope that this appendix may prove similarly useful to the reader.
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B.1 GPs in general

B.1.1 How are GPs relevant to modelling functions whose
shapes are not Gaussian?

It seems to be a somewhat common misconception that the ‘Gaussian’ in ‘Gaussian

process’ refers in some way to the shapes of the functions that may be drawn from

a GP, as though the functions themselves should be expected to take the form

of some sort of ‘bell curve’. This is not the case.

Recall that a GP is a joint distribution over infinitely many random variables,

any finite collection of which must have a joint multivariate Gaussian distribution.

In general, each random variable may have its own mean value (and variance,

and covariance with the other random variables), so that there are no a priori

restrictions on the actual values these random variables can take; therefore, there

are no a priori restrictions on the sorts of functions that may be generated by a GP.

The restriction imposed by Gaussianity is related instead to the uncertainty in

random variables, and therefore to the uncertainty in the functions generated by a GP.

The Gaussianity tells us, for example, that significantly less probability be assigned

to random functions that stray very far from the process’s mean function, compared

to functions close to its mean function.1 Gaussianity also determines (via the

process’s covariance structure) the way in which knowing the value of a function at

one point will shrink our uncertainty about the value of this function at other points.

Consider, for example, functions drawn from the QP covariance kernel defined

in equation 2.37, a few examples of which are plotted in Fig. 2.15(c). Clearly these

functions do not in any way resemble a Gaussian distribution. In this representation,

the only hint of Gaussianity might come the way in which a large number of random,

quasi-periodic functions will be scattered around the mean function.

1Using a more heavy-tailed distribution such as a Student’s-t process would render functions
far from the mean function more probable; see section B.1.4.
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B.1.2 Doesn’t ‘Gaussian’ imply uncorrelated signals?

No. It is often assumed that Gaussian noise necessarily refers to white (uncorrelated)

noise, yet neither property implies the other. Gaussianity refers to the probability

distribution with respect to a value, e.g. the probability of a signal falling within

any particular range of amplitudes, while the term ‘white’ refers to the way the

signal power is distributed (i.e., independently) over time or among frequencies. See

also Section B.1.1. We can therefore find Gaussian white noise, but also Poisson,

Cauchy, etc. white noise. We can also find coloured Gaussian noise – for example,

serially-correlated red noise, the sort of signal produced by Brownian motion.

The simplifying assumption of additive white Gaussian noise (AWGN) is some-

times a reasonable one when modelling real-world signals corrupted by noise, and

leads to especially simple mathematical models. Nevertheless, nuisance signals

associated with stellar activity processes, for example, are manifestly correlated over

time (displaying such properties as quasi-periodicity, some degree of smoothness,

etc.). Thus it becomes necessary to adopt something more sophisticated than an

AWGN model – a natural extension to which comes in the form of a GP model.

B.1.3 Is it not restrictive to assume that there must exist
covariance between observations?

No. If a signal is uncorrelated, it is white noise. A GP model can trivially

accommodate white Gaussian noise via the covariance kernel k(xi, xj) = σ2
i δij.

It is usually also extremely straightforward to account for other forms of white

noise (e.g. Poisson noise) in data modelling.

The real power of GPs in the context of regression, however, lies in their ability

to model correlated signals (i.e. signals that are not white noise) that cannot

easily be parametrised.2 The signal in question might be difficult to parametrise

because of a stochastic component, or because of imperfect knowledge of the process

giving rise to the signal, such that any parametric model we could build would
2Of course, whether these correlated signals are referred to as ‘correlated noise’ or ‘(correlated)

nuisance signals’ is somewhat context-dependent. Stellar activity signals might be noise to an
exoplanet hunter, but an interesting signal to a stellar astrophysicist.
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necessarily be predicated on ad hoc assumptions, and in practice would likely be

either overly simplistic or underdetermined.

While GPs give us a principled way to model correlated signals that we do not

know how to parametrise, an easier yet far more dangerous approach to modelling

is to pretend that signals containing genuine correlation can be treated simply as

white noise (Morales, 1999; Lund et al., 2006; Smith et al., 2007). Unfortunately,

such approaches continue to find widespread use in exoplanetary science. There

are countless studies, for example, in which an additive Gaussian ‘jitter’ term

is injudiciously used to soak up all variation that cannot be explained via an

ad hoc parametric model. The danger inherent in such approaches is discussed

in Section 2.5 of this thesis.

B.1.4 Is the assumption of Gaussian noise reasonable?

Often, but not always.

In probability theory, the central limit theorem establishes that when independent

random variables are added, their sum tends towards a Gaussian distribution, even

if the original variables are not normally distributed.3 In astronomical experiments,

measurement errors usually contain contributions from many independent sources

(photon noise, thermo-mechanical noise, calibration errors, telescope and detector

effects, atmospheric effects, etc.), so that the final noise distribution may be expected

to be approximately Gaussian.

Furthermore, from an information theoretic approach, the maximum entropy

principle may be used to show that in the absence of detailed knowledge of the

effective noise distribution (other than that it has a finite variance), a Gaussian

distribution would be the most conservative choice, i.e., maximally non-committal

about missing information (Gregory, 2005; Sivia and Skilling, 2006).

Nevertheless, situations may arise in which Gaussian noise becomes contaminated

by a few non-Gaussian outliers – or where the noise distribution is, for some reason,
3In more precise terms, the arithmetic mean of a sufficiently large number of iterates of

independent random variables, each with a finite expectation value and variance, will be
approximately normally distributed, regardless of the underlying distribution (Fischer, 2011).
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altogether non-Gaussian. In the former case, a number of techniques exist for

detecting and mitigating the effects of outliers (see e.g. Rousseeuw and Leroy, 2005;

Stegle et al., 2008; Kim and Ghahramani, 2008). In the latter case, it is possible

to generalise GPs (most directly) to Student-t processes.

In addition to a mean function and a covariance function, a Student-t process

(TP) requires a parameter ν to specify how light tailed the process is. A GP may be

seen as the ν →∞ limiting case, i.e. the TP with the lightest possible tails. As is the

case with a GP, a TP may be used to place a non-parametric prior over functions,

and somewhat remarkably, closed-form expressions exist also for the marginal

likelihood and predictive distribution of a TP. While TPs are more algebraically

complex than GPs, they offer most of the benefits of GPs, and the advantage of

being able to cope directly with heavy-tailed noise behaviour. See Vanhatalo et al.

(2009), Jylänki et al. (2011) and Shah et al. (2014) for more details on TPs.

B.1.5 Are GPs not overly flexible, ‘black box’ models with
little grounding in physics?

In principle, GPs can be used to construct models that will fit arbitrary data sets

arbitrarily well. They can be to interpolate data, for example, although there are

certainly much simpler means (e.g. spline interpolation) for achieving such ends.

In this thesis, however, GPs are used as a tool for performing principled Bayesian

inference about signals that cannot easily be parametrised (e.g. stellar activity

signals; spectra from a wide variety of stars), but about which we nevertheless have

significant prior physical knowledge. This knowledge is encoded into the choice of

GP covariance function, the covariance hyper-parameter priors, the choice of mean

function, the mean parameter priors, etc. Additionally, overly-complex models

are automatically penalised, while those which are most compatible with both

our prior physical knowledge and observed data are favoured. Thus the prior GP

model is grounded in physics, and the posterior GP model, in turn, is used to make

inferences about physical processes we have observed.
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In the framework used in Chapter 3 of this thesis, for example, the GP models

incorporate physics ranging from the expected forms of signals from evolving spots

on a rotating star with long-term magnetic cycles, to the Keplerian signals of

exoplanets orbiting the star, to correlations expected between the radial velocity

variations of the star and activity-induced changes in the shape of its spectral lines,

and more. Clearly, then, the model is strongly grounded in physics. While the

model cannot and does not incorporate all relevant physics, it also makes relatively

few simplifying or restrictive assumptions; it might therefore be seen as being honest

in a quantitive way about the physics it does not incorporate.4

B.1.6 Does the use of priors not confer GPs a misleading
advantage over other models?

No. Any model masquerading as ‘prior-free’ must nevertheless make certain as-

sumptions about the system under investigation, and implicitly imposes (potentially

arbitrary, unjustified) priors of some sort.

If our initial state of knowledge about a parameter (or model, distribution, etc.)

is indeed complete ignorance, we should take care to construct a non-informative

prior that is a consistent reflection of this ignorance. For example, given a parameter

θ that could potentially scale many orders of magnitude (e.g. an RV semi-amplitude,

or a planet’s orbital period), a log uniform prior (p(θ) ∝ 1/θ) would be a more

appropriate choice than a uniform prior (p(θ) = constant), as the latter prior,

perhaps somewhat counter-intuitively, is strongly biased towards larger values

of θ, while the former prior is scale invariant, and assigns equal probability per

decade. Conversely, inference will always benefit from the principled incorporation

of any informative prior knowledge we might possess. This applies to inference

in general, and not just to GPs.

Jaynes (2003) gives a comprehensive account of the demonstrable superiority of

Bayesian inference methods over supposedly prior-free frequentist approaches; of the
4As an antithesis to the question about GPs being overly flexible, it is worth asking: for a given

problem, might a given ad hoc model be too restrictive or simplistic? What about the infinitely
many other ad hoc models that could model the same data as well, or better? Which of those
models is most ‘grounded in physics’?
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inevitability of priors within a Bayesian framework; and of principled approaches

(e.g. maximum entropy methods) for constructing ‘objective’ prior distributions.

B.2 Exoplanets and stellar activity modelling

B.2.1 How do you know that a GP will not ‘absorb’ some
of the signal of an exoplanet?

Using the framework in Chapter 3 of this thesis, A GP would not be expected to

‘absorb’ some of the signal of an exoplanet for the following reasons.5

1. The same function (or simple affine transformations of it) is forced to model

activity variability in multiple time series, e.g. ∆RV, BIS, FWHM, logR′HK,

etc. While a planet would contribute a Keplerian signal to the ∆RV time

series, its signal would not be present in any of the other, activity-sensitive time

series. Therefore, the only case in which a GP model could, in principle, absorb

RV variability of planetary origin would be where nearly identical variability

happened to be simultaneously present in the activity-sensitives time series.

2. Even if a planet’s orbital period happened to be identical to its host star’s

rotation period, stellar activity-induced variability in (say) a BIS or logR′HK

time series would not generally be expected to have the same phase, Keplerian

shape, and coherence over many rotation periods as would the planet’s RV

signature. Therefore, once again, the GP model would not be expected to

mistake a planetary signal for an activity signal.

3. Finally, even if confronted with a stellar activity signal identical to all respects

to a planetary signal, a key point is that a GP model with QP kernel has

significantly more flexibility than a Keplerian model. The latter model enforces

strict periodicity, and RV signals of a very specific form, whereas the GP model

can describe essentially any smooth function exhibiting locally-periodic behaviour.

Within a Bayesian inferential framework, then, a simpler Keplerian model should
5As an antithesis to the question of GPs potentially absorbing some of the signal of an exoplanet,

it is worth asking: for a given problem, might an overly-simplistic activity model force the planetary
component(s) of the model to inflate to account for some of the residual activity variability?
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always be favoured over a vastly more complex GP model, assuming of course

the former suffices to describe a given signal. Given the complexity penalty

associated with a GP model, it would only be used to explain variability that

cannot be ascribed to a Keplerian function.

The above discussion applies to the case of a single planet plus stellar activity. In

the case of multiple planets, it is conceivable that a GP could artificially absorb

planetary variability if an inadequate model for the planets were used, e.g. if there

were signals from three planets present but only a single Keplerian model were used.

Nevertheless, in such cases, Bayesian model comparison tests should strongly favour

(say) a ‘3 planets plus activity’ model over a ‘one planet plus activity’ model.

B.2.2 Will the use of a GP lead to more false-positive or
false-negative exoplanet detections?

There is no part of the GP modelling framework in Chapter 3 that would increase

the inherent resemblance of a given RV nuisance signal (stellar, instrumental, or

otherwise) to a Keplerian signal, and so the use of GPs should not in any way

increase the rate of false-positive planet detections. On the contrary, while simplistic

parametric models might fit activity signals imperfectly (allowing some of their

variability to be absorbed by a Keplerian model), a GP model should do a better

job of accounting for activity signals, and decrease the rate of false positives.

Conversely, as discussed in Section B.2.1, there are various reasons why the GP

modelling framework in Chapter 3 would not be expected to mistake any part of

planetary signal for an activity signal, and so the framework should not increase

the possibility of false-negative planet detections. On the contrary, once again, the

superior activity modelling should facilitate cleaner ‘extraction’ of planetary signals,

and a lower false negative rate. Of course, GPs are not ‘magic bullets.’ There

will always be a noise floor below which all planetary signals will be undetectable,

regardless of the sophistication of the modelling technique. Yet the use of the GP

framework should, at least, permit one to detect and characterise planets closer

to that noise floor than more simplistic techniques might allow.



Next o’er his books his eyes began to roll,
In pleasing memory of all he stole;
How here he sipp’d, how there he plunder’d snug,
And suck’d all o’er like an industrious bug.

— Alexander Pope, from ‘The Dunciad’, Book I (1743).
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