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We des
ribe a pre
onditioner for the linearised in
ompressible Navier-Stokes equations (the Oseen equations) whi
h requires as 
omponents only apre
onditioner/solver for ea
h of a dis
rete Lapla
ian and a dis
rete adve
tion-di�usion operator. With this pre
onditioner, 
onvergen
e of an iterativemethod su
h as GMRES is independent of the mesh size and depends onlymildly on the vis
osity parameter (the inverse Reynolds number). Thus whenthe 
omponent pre
onditioner/solvers are e�e
tive on their respe
tive sub-problems (as one expe
ts with an appropriate multigrid 
y
le for instan
e)a fast Oseen solver results.
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21 Introdu
tionMu
h work on fast (and perhaps parallel) solution algorithms for s
alar ellipti
 partialdi�erential equation problems has been reported in the last 25 years and there are verymany e�e
tive and eÆ
ient ways to solve for example the dis
rete Lapla
ian ([13℄, [12℄).For iterative approa
hes it is also the 
ase that approximate solutions 
an be obtainedvery qui
kly: for example a single multigrid 
y
le will typi
ally redu
e the error in aninitial guess by an order of magnitude. For non-self-adjoint problems su
h as adve
tion-di�usion there are also good approximate solvers based on multigrid ([8℄,[9℄,[17℄,[7℄) oron other iterations, but this problem is 
ertainly more 
hallenging, parti
ularly whenadve
tion dominates and this is an a
tive resear
h area.In this short paper we will not 
onsider su
h s
alar partial di�erential equationproblems, but will assume that good approximate solvers for both the Lapla
ian andthe adve
tion-di�usion operator are available. (In the numeri
al results that we present,we will employ a multigrid V-
y
le.) Our goal is rather to des
ribe a new pre
onditionediterative solution algorithm for the Oseen problem (the linearised in
ompressible Navier-Stokes problem) whi
h uses approximate Lapla
e and adve
tion-di�usion solves.We 
onsider only steady-state problems here: for also time-dependent problems see[11℄. Multigrid approa
hes for the Oseen problem are available for 
ertain dis
retisations([16℄).2 The Oseen problemFor a 
ow domain 
 the Oseen problem is to �nd the velo
ity u and pressure p satisfyingw � ru� �r2u�rp = 0 in 
 (2.1)r � u = 0 in 
: (2.2)together with appropriate boundary 
onditions. It arises as the simplest linearisation ofthe in
ompressible Navier-Stokes equationsu � ru� �r2u�rp = 0 in 
 (2.3)r � u = 0 in 
: (2.4)des
ribing the steady 
ow of an in
ompressible vis
ous 
uid with vis
osity �. A Pi
arditeration for (2.3,2.4) for example gives rise to an Oseen problem of the form (2.1,2.2)at ea
h iteration where the known velo
ity �eld or `wind' w is the velo
ity �eld fromthe previous Pi
ard iteration. The usual 
hoi
e w = 0 starts the pro
ess with a linearStokes problem. Convergen
e of this Pi
ard iteration is established in [4℄.Dis
retisation of (2.1,2.2) for example by mixed �nite elements whi
h are stable inthe sense of Babuvska-Brezzi ([1℄) or by the MAC �nite di�eren
e s
heme yields a linearsystem of equations of the form� F BTB 0 �� up � = � f0 � (2.5)



3where F is a dis
rete adve
tion-di�usion operator applying to ea
h of the velo
ity 
om-ponents, BT is a dis
rete gradient and B is a dis
rete negative divergen
e. The solutionof this system of equations is a signi�
ant task parti
ularly for 3-dimensional 
ow prob-lems: iterative methods usually present the only feasible approa
h and pre
onditioningis required to ensure that an appropriate linear iteration will 
onverge in a reasonablenumber of steps. The purpose of this paper is to des
ribe su
h a pre
onditioner for (2.5)whi
h requires the approximate solution of only two subproblems:� a dis
rete Lapla
e problem� a dis
rete adve
tion-di�usion problem.3 The pre
onditionerThe starting point is the realisation that 
onvergen
e of an appropriate Krylov subspa
eiterative method su
h as GMRES [10℄ will be extremely rapid for a linear system writ-ten in the form Kx = b when K has only a few distin
t eigenvalues. More pre
isely,termination will o

ur in the same number of steps as the dimension of the Krylovsubspa
e spanfr;Kr;K2r;K3r; : : :g (3.1)where the ve
tor r is the residual of the linear system for a given initial guess (and soin general must be 
onsidered arbitrary). Thus if we (right) pre
ondition (2.5) by theblo
k triangular matrix � F BT0 �S � (3.2)with S = BF�1BT being the S
hur 
omplement, then the pre
onditioned system� F BTB 0 �� F BT0 �S ��1� vq � = � I 0BF�1 I �� vq � = � f0 � (3.3)would require only 2 iterations for termination of GMRES sin
e�� I 0BF�1 I �� � I 00 I ��2 = � 0 00 0 �whi
h ensures that the Krylov subspa
e (3.1) withK = � I 0BF�1 I �as in (3.3) is of dimension 2 for any r. The required solution is re
overed from� up � = � F BT0 �S ��1� vq � :



4Conveniently one 
an fa
tor� F BT0 �S ��1 = � F�1 F�1BTS�10 �S�1 � = � F�1 00 I �� I �BT0 I �� I 00 �S�1 �(3.4)from whi
h it is expli
itly seen that appli
ation of the pre
onditioner requires the a
tionof F�1 and S�1 as well as a simple multipli
ation by BT .The above and related observations are des
ribed in [6℄ where 
hoi
e of signs of theblo
ks in the pre
onditioner is also 
onsidered.The out
ome is that if the a
tion of F�1 and of S�1 were readily available then asuitable Krylov subspa
e iterative methods like GMRES used with the pre
onditioner(3.2) implemented via the fa
torisation (3.4) would terminate after 2 iterations. Corre-spondingly, if good approximations to the a
tion of F�1 and of S�1 are available thenone 
an expe
t 
onvergen
e in a small number of iterations - the eigenvalues of K whi
hare all at 1 in the exa
t 
ase will `spread out' when approximations are used, but willremain 
lustered for good approximations.The key point here is that if we have an approximate solver for the adve
tion-di�usionproblem as we have assumed, then the a
tion of the inverse adve
tion-di�usion matrixF�1 
an be approximated. It is less obvious that the a
tion of S�1 
an be approximatedwith a Lapla
e solve and simpler operations, but this is pre
isely what we show in thenext se
tion. If su
h an approximate solver for S was not available then there wouldseem little point in pursuing this approa
h.4 S
hur 
omplement approximationConsidering the underlying di�erential operators whi
h 
omprise the S
hur 
omplement,S, we have �S = �BF�1BT � r � (w � r � �r2)�1rSin
e the di�erential (as opposed to the dis
rete) operators 
ommute, it follows that�S � r2(w � r � �r2)�1so that �S�1 � (w � r � �r2)(r2)�1:Thus this motivational argument (whi
h 
ertainly la
ks rigour) points to the a
tionof �S�1 as the produ
t of an adve
tion-di�usion operator and an inverse Lapla
ian. Amore detailed argument based on the fundamental solution tensor for the Oseen operatorgiven in [3℄ indi
ates more 
learly the s
aling, order and dimension of these operators.For the approximation of �S�1 we are lead to 
onstru
t matri
es Fp and Ap whi
h areof the dimension of the dis
rete pressure spa
e and are dis
retisations on that spa
e ofrespe
tively the adve
tion-di�usion operator w � r � �r2 and the Lapla
ian, r2. Inorder to ensure the 
orre
t s
aling we also employ the mass matrix,Mp, for the pressure



5spa
e - this also ensures that the S
hur 
omplement pre
onditioner redu
es in the 
aseof the Stokes problem (w = 0) to Mp whi
h is optimal in that 
ase (see [15℄).The a
tion of �S�1 is thus repla
ed byM�1p FpA�1p (4.1)whi
h de�nes the S
hur 
omplement pre
onditioner. Inversion of the dis
rete (pressurespa
e) Lapla
ian Ap in pra
ti
e is repla
ed by an approximate Lapla
e solve.Thus if F̂�1 represents the approximate inversion of the adve
tion-di�usion operatorF and Âp�1 the approximate inversion of the pressure Lapla
ian, then the inverse of theOseen pre
onditioner (
f. 3.4) is� F̂�1 00 I �� I �BT0 I � I 00 M̂p�1FpÂp�1 ! : (4.2)The mass matrixMp is readily approximated by its diagonal, so that M̂p�1 represents2 or 3 diagonally pre
onditioned 
onjugate gradient iterations (see [14℄).The fa
tored form (4.2) readily shows how the pre
onditioner is implemented withone approximate Lapla
e solve (on the pressure spa
e) and one approximate solve of anadve
tion-di�usion problem on the velo
ity spa
e.Note that boundary 
onditions for F and thus F̂ will be pres
ribed (that is, F̂ istaken to approximate the same boundary value operator as F ). Pressure boundary
onditions are however not spe
i�ed for the Oseen problem, and we aim to preserve thisfeature in the 
onstru
tion of the S
hur 
omplement. Thus, we employ homogeneousNeumann boundary 
onditions in the 
onstru
tion of Fp and Âp. More details 
an befound in [5℄.A �nal 
omment 
on
erns the use of low order approximation spa
es for pressurewhi
h do not straightforwardly allow (
onforming) approximations of se
ond order dif-ferential operators: an example illustrates how one might pro
eed. For a pie
ewise
onstant (P0) approximation the 
entroids of the triangular elements may be 
onne
tedto form a Delaunay triangulation on whi
h a (
onforming) Lapla
ian (and adve
tion-di�usion operator) may be 
onstru
ted in the usual way employing a pie
ewise linear(P1) approximation.5 A �nite element dis
retizationWe 
onsider the Navier-Stokes equations in three spa
e dimensions. We linearise theequation by applying a simple Pi
ard iteration, as mentioned earlier. Thus, at ea
hiteration we require the solution of the Oseen system of equations (2.1) and (2.2).We dis
retise in spa
e using the Q2Q1 �nite element dis
retisation des
ribed in thefollowing. Note that, it 
an be seen in [3℄ and [11℄, that the solver presented in se
tion 3performs well for many di�erent stable and stabilised, �nite element and �nite di�eren
es
hemes.



6 The domain 
 = (0; 1)3 is split into �nitely many non-overlapping bri
k elements� 2 Th, su
h that for ea
h element � 2 Th, there exists a trilinear mapping from � tothe unit 
ube. We de�ne h = max�2Th diam(�):The approximation spa
e for ea
h velo
ity 
omponent, denoted by V h, is given by theset of all 
ontinuous fun
tions that are tri-quadrati
 on ea
h element � , denote the basisfor this spa
e by f�ihgNvi=1. The approximation spa
e for pressure, P h, is given by theset of all 
ontinuous fun
tions that are tri-linear on ea
h element � , denote the basis forthis spa
e by f ihgNpi=1. The Q2Q1 �nite element is LBB-stable, see [1℄. We will denotethe spa
e Q2Q1 by Xh = Vh� P h, where Vh = V h� V h� V h. Note, in this 
ase P h isa subspa
e of V h. We denote the total number of degrees of freedom for a given mesh,by N := 3Nv +Np.Using the 
orresponding variational form for (2.1) and (2.2), we �nd that dis
reteproblem at the n + 1 Pi
ard iteration is given by �nding [un+1h ; pn+1h ℄ 2 Xh, su
h thatun+1h satis�es any given Diri
hlet boundary 
onditions and� �run+1h ;rvh�
h + �unh � run+1h ;vh�
h + �pn+1n ;r � vn+1h �
h = 0�r � un+1h ; qh�
h = 0; (5.1)for all [vh; qh℄ 2 Xh su
h that vh = 0 on any Diri
hlet boundary and the inner produ
t(�; �)
h uses quadrature and is exa
t for polynomials of up to degree seven in ea
h variable.When 
onve
tion dominates, that is� < h 

un+1

L1(
h);the approximation possibly requires stabilisation. We 
hoose to add streamline-di�usion,see [2℄. This leads to the extra term�Æ(�;unh; h)unh � run+1h ;unh � rvh�
h ;where Æ(�;unh; h) is a given fun
tion. Note, this term improves the multigrid solver forthe velo
ity term, see [8℄.At the n + 1 iteration we de�ne de�ne the velo
ity Lapla
ian, velo
ity 
onve
tionand divergen
e matri
es asso
iated with the spa
e Xh to be Mhv , Ahv, Nhv and B =[Bhx ; Bhy ; Bhz ℄, respe
tively. The (i; j)�th entry of ea
h of these matri
es isAhv(i; j) = �r�ih;r�jh�
h ;Nhv (unh)(i; j) = �unh � r�ih; �jh�
h + h �Æ(�;unh; h)unh � r�ih;unh � r�jh�
h ;Bhx(i; j) = ���ih�x ;  jh�
h ; Bhy (i; j) = ���ih�y ;  jh�
hand Bhz (i; j) = ���ih�z ;  jh�
h :
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Figure 1: Boundary 
onditions for the lid driven 
avity problemTable 1: Maximum pre
onditioned FpGMRES iterations on uniform meshes for 3D liddriven 
avity with utop = (1; 0; 0).N = 6934 15468 49072 112724� = 1=20 29 28 29 28� = 1=40 33 33 32 32� = 1=80 47 46 43 42� = 1=160 70 70 68 69We also de�ne the pressure mass, pressure Lapla
ian and pressure 
onve
tion asso-
iated with the spa
e Xh to be Mhp , Ahp , Nhp , respe
tively. The (i; j)�th entry of ea
hof these matri
es isMhp (i; j) = � ih;  jh�
h ; Ahp(i; j) = �r ih;r jh�
h ;Nhp (RPV unh)(i; j) = �RPV unh � r ih;  jh�
h +h �Æ(�; RPV unh; h)RPV unh � r ih; RPV unh � r jh�
h ;where RPV is the restri
tion of the spa
e V h to the subspa
e P h. Note, for dis
retisationssu
h that P h is not a subspa
e of V h a suitable proje
tion must be found, in most 
asesthis is straight forward.6 Numeri
al 
omputationsWe apply the above pro
edure to a three dimensional lid driven 
avity problem on aunit 
ube, see Fig. 1. Two 
ases of horizontal 
ow applied a
ross the top are 
onsidered,utop = (1; 0; 0) and utop = (1=p3;p2=p3; 0). We perform Pi
ard iterations until the
hange in velo
ity between two iterates is below 10�5.The solver at ea
h Pi
ard iteration, denoted FpGMRES, 
onsists of pre
onditionedGMRES with pre
onditioner given by (4.2). Two multigrid V -
y
les are used for the



8Table 2: Maximum pre
onditioned FpGMRES iterations on uniform meshes for 3D liddriven 
avity with utop = (1=p3;p2=p3; 0).N = 6934 15468 49072 112724� = 1=20 31 30 29 28� = 1=40 39 37 36 35� = 1=80 49 51 48 45� = 1=160 58 64 64 61Table 3: Maximum pre
onditioned GMRES iterations on stret
hed meshes for 3D liddriven 
avity with utop = (1=p3;p2=p3; 0), N = 49072.� = 1 2 4 8� = 1=50 40 37 38 45� = 1=100 52 49 47 49� = 1=200 67 63 59 61approximations F̂�1 and Â�1p , with point Gauss-Seidel smoothing, and three diagonallys
aled 
onjugate gradient iterations are applied for M̂�1p . We set a toleran
e of 10�6 onFpGMRES and a maximum number of 100 iterations are allowed, this is about half thenumber of entries on a row of the 
oeÆ
ient matrix.Tables 1 and 2 show the maximum number of FpGMRES iterations over all Pi
arditerations on a given mesh. Note that, if the number of iterations remains �xed withmesh re�nement, then total work at ea
h level of re�nement grows at a rate proportionalto the number of degrees of freedom. This 
an quite 
learly seen to be the 
ase. We 
analso see that the quality of the pre
onditioner has dependen
e on the vis
osity that isproportional to p�, see [3℄.Finally, we 
onsider the use of anisotropi
 meshes, these are of great importan
ein 
uid 
ow approximations sin
e they allow an eÆ
ient means of 
apturing boundarylayers. For a given mesh denote� = max�2Th Maximum edge length of �Minimum edge length of � ;this measures the stret
hing of the mesh. A typi
al stret
hed mesh 
an be seen in Fig.3. In Table 3 we see that anisotropi
 mesh re�nement does not e�e
t the quality of thesolver. On the 
ontrary, we see that the number of iterations de
reases initially with �,this would seem to be 
losely linked to the size of the boundary layers present in thisproblem.
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