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Abstract

The past three decades have seen extraordinary progress in the manipulation

of neutral atoms with laser light, to the point where it is now routine to trap and

cool both individual atoms and entire atomic clouds to temperatures of only a few

tens of nanoKelvin in a controlled and repeatable fashion. In this thesis we study

several applications of Rydberg atoms – atoms with an electron in a highly excited

state – within such ultracold atomic systems. Due to their highly-excited electron,

Rydberg atoms have a number of exaggerated properties: in addition to being

physically large, they have long radiative lifetimes, and interact strongly both with

one another and with applied external fields. Rydberg atoms consequently find

many interesting applications within ultracold atomic physics.

We begin this thesis by analysing the way in which a rubidium atom prepared in

an excited Rydberg state decays to the ground state. Using quantum defect theory

to model the wavefunction of the excited electron, we compute branching ratios

for the various decay channels that lead out of the Rydberg states of rubidium.

By using these results to carry out detailed simulations of the radiative cascade

process, we show that the dynamics of spontaneous emission from Rydberg states

cannot be adequately described by a truncated atomic level structure.

We then investigate the stability of ultra-large diatomic molecules formed by

pairs of Rydberg atoms. Using quantum defect theory to model the electronic

wavefunctions, we apply molecular integral techniques to calculate the equilibrium

distance and binding energy of these molecular Rydberg states. Our results indicate

that these Ryberg macro-dimers are predicted to show a potential minimum, with

equilibrium distances of up to several hundred nanometres.

In the second half of this thesis, we present a new method of symbolically

evaluating functions of matrices. This method, which we term the method of

path-sums, has applications to the simulation of strongly-correlated many-body

Rydberg systems, and is based on the combination of a mapping between matrix

multiplications and walks on weighted directed graphs with a universal result on

the structure of such walks. After presenting and proving this universal graph-

theoretic result, we develop the path-sum approach to matrix functions. We discuss

the application of path-sums to the simulation of strongly-correlated many-body

quantum systems, and indicate future directions for the method.
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Chapter 1

Introduction

In this thesis we study several applications of Rydberg atoms in ultracold atomic

systems. We begin with an overview of the field of ultracold atoms and a discussion

of the main properties of Rydberg atoms that make them attractive for study. We

then present a summary of quantum defect theory, which we use in several parts of

this thesis to model the electronic wavefunctions of atoms in Rydberg states. We

conclude with a summary of the work presented in each chapter of this thesis.

1.1 Rydberg atoms in cold-atom physics

Spectacular progress over the past two decades in the laser cooling and trapping

of neutral atoms (see e.g. [1, 2, 3, 4] and references therein) has advanced the field

to the point where the experimental preparation and characterisation of trapped

collections of ultracold atoms under a wide range of conditions is now routine.

These capabilities have opened the door to an exciting new era in physics, in which

the coherent interaction of cold atoms with laser light can be used as a resource to

engineer systems of particular scientific or technological interest.

Foremost among the attractive properties of systems of cold atoms interacting

with light is their extreme versatility, which is the product of a detailed theoretical

understanding of light-matter interactions combined a high degree of experimental

control. As a consequence of this flexibility, atom-light systems find applications

in areas of physics that cover the full spectrum from topics of fundamental aca-

demic interest to projects of real-world technological significance. Active areas of

research in recent years include the use of atom interferometry for precision tests

1



2 Introduction

of fundamental physical theories [5, 6], the use of cold atoms in optical lattices

for simulating strongly-correlated many-body systems [7, 8, 9], the development

of a robust and scalable atom- or ion-based architecture for quantum information

processing [10, 11], and the development of next-generation atomic clocks for the

definition of a universal time standard [12, 13].

One topic that is currently the focus of significant attention within the field of

ultracold atoms is the study of Rydberg atoms [14, 15, 16]. A Rydberg atom is an

atom with an electron in an excited state with principal quantum number nRyd ≫ 1.

Rydberg atoms have a number of exaggerated physical properties: they are large,

with a radius proportional to n2
Ryd; they have a long lifetime against spontaneous

emission, which scales as n3
Ryd; and they interact strongly both with external fields

and with other Rydberg atoms. This latter interaction has a distinctive nature,

and is the foundation for a large part of the popularity of this field of study.

Rydberg atoms interact with one another primarily through the dipole-dipole

interaction [17], and the interaction between two Rydberg atoms can be made

many orders of magnitude larger than between two ground-state atoms. In the

absence of an external electric field and resonant effects, the dominant interaction

for large values of the interatomic separation R is of off-resonant dipole (van-der-

Waals) form. In this case the potential energy between a pair of atoms with the

same value of the angular momentum quantum number ℓ is C6/R
6 for ℓ = 0, or

C5/R
5 for ℓ = 1, 2, where Cn is a state-dependent constant with dimensions of

[

energy
]

/
[

length
]n

[18, 19, 20]. The coefficient C6 (C5) scales with the Rydberg

quantum number as n11
Ryd (n8

Ryd).

At smaller values of R such that the interaction energy is the dominant energy

scale (i.e. when the interaction exceeds the spacing between the energy levels) the

character of the interaction is that of a resonant dipole-dipole interaction, for which

the leading-order term is C3/R
3. This resonant enhancement of the interaction

strength may also be artificially engineered by carefully choosing a suitable pair of

Rydberg states [21, 22, 23], or by using the AC or DC Stark shift to tune pairs of

nearly-degenerate states into resonance with one another [24, 25, 26, 27].

These strong long-range interactions give rise to a wide range of interesting

physics within systems that contain multiple Rydberg atoms. One spectacular

example of recent interest is the blockade effect, where the simultaneous excitation

of two Rydberg atoms in close proximity is suppressed by the strong Rydberg-

Rydberg interaction. This occurs when the interaction shift of the doubly-excited

state |r〉 ⊗ |r〉 is much larger than ~Ω, where Ω is the Rabi frequency for the
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single-atom transition |g〉 ←→ |r〉. In this case, the doubly-excited state is shifted

out of resonance with the exciting laser. The Rydberg blockade has recently been

experimentally observed between a pair of trapped rubidium atoms separated by

distances of up to 10 µm [28, 29].

The conditional atomic dynamics and ‘excitation saturation’ that characterise

the Rydberg blockade have inspired proposals for a broad range of applications,

including deterministic single-atom and single-photon sources [30, 31] and neutral-

atom quantum information processing schemes [32, 33, 34, 35, 36]. The blockade

effect also generalises in a straightforward fashion to systems of more than two

atoms [37], where it is relevant in the regime in which the atomic interactions

are strong enough to shift all multiply-excited states out of resonance with the

incident laser. Recent proposals for the use of the multi-atom blockade include

the preparation of many-particle entanglement [38, 39, 40, 41], the preparation of

collectively-encoded qubits [42, 43], and the simulation of dissipative many-body

quantum systems [44, 45].

In addition to granting a better understanding of the blockade effect, studies

of the interaction potential between Rydberg states have opened the door to the

study of exotic long-range molecules that contain one or more Rydberg atoms.

Recent theoretical investigations have led to the prediction of two classes of such

molecules. The first, which are known as trilobite molecules due to the startling

spatial complexity of their wavefunctions, are composed of a Rydberg atom inter-

acting with another atom in its ground state [46, 47]. These molecules are relatively

weakly bound, and – uniquely for homonuclear diatomic molecules – are predicted

to have a large electric dipole moment. They have recently been observed in exper-

iments [48, 49]. The second class of molecules consist of a pair of Rydberg atoms

stabilised by purely long-range interactions [50, 51, 52, 53]. These molecules have

been termed macrodimers due to their ultralarge internuclear distances, and have

recently been experimentally observed [54].

Rydberg-Rydberg interactions are also of significant interest within larger sys-

tems that comprise many hundreds or thousands of atoms. The strong, long-range

nature of the interaction between Rydberg states means that it is relatively simple

to prepare such a system in a regime where the dominant energy scale is that of the

interactions. This can be done, for example, by using a short laser pulse to reso-

nantly excite ground-state atoms from a cold atomic cloud or a Mott insulator state

to a strongly-interacting Rydberg state. The resulting strongly correlated Rydberg

gases have been predicted to exhibit such many-body effects as a second-order
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quantum phase transition [55] and strong spatial correlations between Rydberg ex-

citations [56, 57, 58, 59]. Evidence for the experimental observation of mesoscopic

crystalline structures in a laser-excited two-dimensional Mott insulator has very

recently been reported [60].

Simulating the full many-body dynamics of these strongly correlated Rydberg

systems is complicated by the fact that the dimension of the Hilbert space describ-

ing the system increases exponentially with the number of atoms. Consequently,

directly integrating the many-body Schrödinger equation is only computationally

feasible for small systems [61, 62]. As a result, a number of more powerful theoret-

ical and computational methods have been developed over the past two decades.

Among the most commonly used techniques applied in this field are density-matrix

renormalisation group (DMRG) algorithms [63, 64] and related tensor-network ap-

proaches (see [65] for a review). While these techniques have been very successful

within their domains of applicability, they are typically limited to one-dimensional

systems with nearest-neighbour interactions, and are therefore not as naturally ap-

plied to strongly-correlated Rydberg systems as to – for example – systems of spins

arranged on a lattice. Though attempts to extend tensor-network methods to two-

and three-dimensional systems are ongoing [66], these efforts are yet to produce

techniques with widespread applicability. There is therefore a strong need for the

development of new theoretical approaches to simulating the quantum dynamics

of strongly-correlated Rydberg gases in two and three dimensions.

1.2 Rydberg states of alkali atoms

In this section we provide a concise summary of the key properties of Rydberg

states of alkali atoms, focusing on the use of quantum defect theory to describe the

Rydberg energies and wavefunctions. More complete accounts of the properties of

Rydberg atoms can be found in dedicated references such as [14, 15, 17].

1.2.1 Overview

The alkali metals lithium, sodium, potassium, rubidium, and francium have an

electronic configuration in which all but one of the electrons occupy full shells.

Together with the atomic nucleus, these electron shells form a stable ionic core

with a net electric charge of +e. The remaining electron, which is responsible

for the majority of the optical, physical, and chemical properties of the atom, is
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decoupled from this ionic core. The energy eigenstates of the single valence electron

are hydrogenic in character, and are characterised by the hydrogenic quantum

numbers n, ℓ,mℓ. They can be well approximated by using the results of quantum

defect theory.

Quantum defect theory is based on the following observations. Far from the

core, the +Ze charge of the nucleus is effectively shielded by the Z − 1 inner core

electrons, and the potential experienced by the valence electron is indistinguishable

from the Coulomb potential of a single proton. At shorter distances, however, the

valence electron penetrates and polarises the inner electron cloud and is exposed

to a greater fraction of the nuclear charge. The potential seen in this region is

therefore deeper than the Coulomb potential. As a consequence, the energy levels of

an alkali atom are depressed in comparison with hydrogen, and their wavefunctions

are pulled closer to the nucleus.

For many applications it is not important to know the exact form of the eigen-

functions within the core region. This is particularly true for Rydberg states, where

the large spatial extent of the atomic orbitals mean that physical observables are

largely insensitive to the short-range behaviour of the wavefunction. In this case

it is acceptable to treat the potential within the core region as a ‘black box’, the

net effect of which is to drag the wavefunction closer to the nucleus.

These effects are conveniently characterised by a single parameter µn,ℓ known

as the quantum defect, which is essentially a measure of the overall deviation

of the true potential seen by the valence electron in the state n, ℓ from a pure

Coulomb potential. Introducing the quantum defect encapsulates the effect of the

complicated potential inside the core region in a single parameter, analogously to

the manner in which the s-wave scattering length characterises the net effect of a

scattering potential at low collision energies.

In the following section we present an overview of quantum defect theory as

it applies to alkali atoms. We work in atomic units (summarised in Table 1.1)

throughout, and neglect the atomic fine structure and other relativistic effects.

1.2.2 The hydrogen atom

We begin by summarising the well-known results for the energies and eigenstates

of the hydrogen atom.
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Quantity Atomic unit Value (7 s.f.)
length a0 = 4πǫ0~

2/(mee
2) 5.291 772 ×10−11 m

mass me 9.109 382× 10−31 kg
energy Eh = e2/(4πǫ0a0) 4.359 744 ×10−18 J
time ~/Eh 2.418 884 ×10−17 s
angular momentum ~ 1.054 572 ×10−34 J·s
charge e 1.602 176 ×10−19 C
electric dipole moment a0e 8.478 353 ×10−30 C·m

Table 1.1: The atomic units of several common physical quantities. Definitions
and numerical values are taken from the CODATA 2006 recommended values [67].

Energy spectrum

In atomic units, the energy levels of the hydrogen atom are given by

εn,ℓ = −
1

2n2
, (1.1)

where n = 1, 2, 3, . . . is the principal quantum number. Since the energy is inde-

pendent of the orbital angular momentum quantum number ℓ and the magnetic

quantum number mℓ, the energy En is n2-fold degenerate.

The Schrödinger equation for the Coulomb potential

The Schrödinger equation for a single electron moving in the Coulomb potential of

an atomic nucleus of infinite mass and charge +1 is

[

∇2 +
2

r
+ 2ε

]

ψ(r, θ, φ) = 0, (1.2)

where ∇2 is the Laplacian operator, and ε is the energy. By introducing the angular

momentum operator L = −ir ×∇, this equation may be recast as

[

1

r2
∂

∂r

(

r2
∂

∂r

)

− |L|
2

r2
+

2

r
+ 2ε

]

ψ(r, θ, φ) = 0. (1.3)

This differential equation is separable in spherical coordinates. It has solutions [68]

ψ(r, θ, φ) =
χε,ℓ(r)

r
Y m
ℓ (θ, φ), (1.4)
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where Y m
ℓ (θ, φ) is a spherical harmonic satisfying

|L|2 Y m
ℓ (θ, φ) = ℓ(ℓ+ 1) Y m

ℓ (θ, φ), (1.5a)

Lz Y
m
ℓ (θ, φ) = mY m

ℓ (θ, φ), (1.5b)

where ℓ and m are integers satisfying ℓ = 0, 1, 2, . . . and −ℓ ≤ m ≤ ℓ. The reduced

radial wavefunction χε,ℓ(r) satisfies the equation

[

d2

dr2
− ℓ(ℓ+ 1)

r2
+

2

r
+ 2ε

]

χε,ℓ(r) = 0. (1.6)

An overview of the solutions to Eq. (1.6) is given in Appendix A. Neglecting nor-

malisation, which we will consider later, the general solution can be written as

χε,ℓ(r) = cos πδ s(ε, ℓ; r) + sin πδ c(ε, ℓ; r), (1.7)

where s(ε, ℓ; r) and c(ε, ℓ; r) are the regular and irregular Coulomb functions defined

in Eq. (A.22a), and δ is a constant to be fixed by the boundary conditions imposed

on χε,ℓ(r). In what follows, we are primarily interested in the atomic bound states;

we therefore substitute the negative-energy forms of s(ε, ℓ; r) and c(ε, ℓ; r) (see

Eq. (A.24)) into Eq. (1.7) to obtain the general solution to Eq. (1.6) for ε < 0:

χε,ℓ(r) =
(−1)ℓ

π(2ν)1/2K(ν, ℓ)
sin π(ν + δ) ξ(ν, ℓ; r)

− (−1)ℓ
(

ν3

2

)1/2

K(ν, ℓ) cosπ(ν + δ) Θ(ν, ℓ; r), (1.8)

where ν = (2|ε|)−1/2 is the effective quantum number corresponding to the energy

ε. For future convenience, we note that the functions ξ(ν, ℓ; r) and Θ(ν, ℓ; r) have

asymptotic behaviour

ξ(ν, ℓ; r)
r→∞∼ (2r/ν)−ν er/ν , (1.9a)

Θ(ν, ℓ; r)
r→∞∼ (2r/ν)ν e−r/ν . (1.9b)



8 Introduction

Bound-state wavefunctions for hydrogen

The bound-state wavefunctions of hydrogen are obtained by combining Eq. (1.8)

with the boundary conditions

χε,ℓ(r)
r→0−−→ 0, (1.10a)

χε,ℓ(r)
r→∞−−−→ 0. (1.10b)

The first of these conditions can only be satisfied if χε,ℓ(r) contains no component

of the irregular function c(ε, ℓ; r). From Eq. (1.7), we see that this is the case

whenever δ is equal to an integer; without loss of generality, we set δ = 0. In

order to satisfy the second boundary condition, we note that Eq. (1.9) implies that

χε,ℓ(r) diverges as r →∞ unless the coefficient of ξ(ν, ℓ; r) in Eq. (1.8) is identically

zero; i.e. we require sin πν/K(ν, ℓ) = 0. This condition is satisfied for ν = n, with

n = ℓ + 1, ℓ + 2, . . .. Thus the reduced radial wavefunctions χn,ℓ(r) for the bound

states of hydrogen are given by

χn,ℓ(r) = (−1)n+ℓ+1

(

n3

2

)1/2

K(n, ℓ) Θ(n, ℓ; r). (1.11)

for n = 1, 2, . . . and ℓ = 0, 1, . . . , n− 1. The corresponding energy eigenvalues are

εn,ℓ = −
1

2n2
. (1.12)

1.2.3 Alkali atoms

We now consider the quantum defect theory approach to obtaining the energy

eigenfunctions of the bound states of alkali atoms. More complete treatments can

be found in [69, 70, 71, 72], which further include a wider range of applications of

quantum defect theory.

Energy spectrum

The energy εn,ℓ of a Rydberg state of an alkali atom with principal quantum number

n≫ 1 and angular momentum quantum number ℓ is well approximated by

εn,ℓ = −
1

2(n− µn,ℓ)2
, (1.13)
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where µn,ℓ is the quantum defect. The effect of the quantum defect is to lower the

energy of the (n, ℓ) manifold as compared with the case of hydrogen. This energy

shift is a result of the increased nuclear charge seen by the Rydberg electron in

the period of time it spends within the core electron cloud. The quantum defect

for a given atomic species depends strongly on ℓ, since states with low ℓ (which

correspond to highly elliptical classical orbits) spend a greater proportion of their

time inside the core region than high angular momentum states. The quantum

defect decreases with increasing ℓ, and is typically negligible for ℓ & 3. For fixed

ℓ the quantum defect depends only weakly on n, and is conveniently parametrised

as

µn,ℓ = µ0 +
µ2

(n− µ0)2
+

µ4

(n− µ0)4
+

µ6

(n− µ0)6
+ · · · (1.14)

where for most practical purposes it is sufficient to keep only the first two terms.

Bound-state wavefunctions for alkali atoms

Quantum defect theory provides a method of obtaining analytical approximations

for the excited-state wavefunctions of alkali atoms. These eigenfunctions are valid

for radial distances r > r0, where r0 is the size of the atomic core. In this region,

the potential seen by the valence electron is well approximated by the Coulomb

potential of a single proton, and the energy eigenfunctions are given by Eq. (1.4).

For bound states (ε < 0) we have, from Eq. (1.8),

χε,ℓ(r) =
(−1)ℓ

π(2ν)1/2K(ν, ℓ)
sin π(ν + δ) ξ(ν, ℓ; r)

− (−1)ℓ
(

ν3

2

)1/2

K(ν, ℓ) cosπ(ν + δ) Θ(ν, ℓ; r), (1.15)

where δ is a constant to be fixed by the boundary conditions imposed on χε,ℓ(r).

Since Eq. (1.15) is valid only for r > r0, the bound-state wavefunctions of alkali

atoms satisfy slightly different boundary conditions to those of hydrogen. The

condition χε,ℓ(r)
r→∞−−−→ 0 is still valid, but the requirement that χε,ℓ(r) vanishes as

r → 0 is lifted. It is instead replaced—at least, in cases where the wavefunction in

the inner core region is known—by the requirement that the inner- and outer-core

pieces of the radial wavefunction are joined smoothly across r = r0.

In the present case we do not calculate the wavefunction within the inner core

region, and so we do not use this boundary condition. Instead we impose the (equiv-
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alent) condition that the energy eigenvalues of the bound states should reproduce

the experimentally observed energy levels of Eq. (1.13):

ε = − 1

2(n− µn,ℓ)2
. (1.16)

The r →∞ boundary condition is satisfied if sin π(ν+δ)/K(ν, ℓ) = 0, or ν+δ = n,

with n = ℓ + 1, ℓ + 2, . . .. In this case, the χn,ℓ(r) contains only the decaying

exponential Θ(ν, ℓ; r), and is a solution to Eq. (1.6) with energy eigenvalue

ε = − 1

2ν2
= − 1

2(n− δ)2 . (1.17)

The energy eigenvalues therefore reproduce the observed series if δ is set equal to

the quantum defect µn,ℓ. The reduced radial wavefunctions χn,ℓ(r) for the bound

states of an alkali atom with quantum defects µn,ℓ are thus given by

χn,ℓ(r) = (−1)n+ℓ+1

(

(n∗)3

2

)1/2

K(n∗, ℓ) Θ(n∗, ℓ; r), (1.18)

where we have introduced the effective principal quantum number n∗ = n− µn,ℓ.

1.3 Thesis overview

The thesis is structured as follows. We begin in Chapter 2 with a study of radiative

cascades from Rydberg states. Motivated by a quantitative analysis of the suitabil-

ity of a truncated level structure commonly used in the study of Rydberg dressing

schemes, we use quantum defect theory to compute spontaneous emission rates and

branching ratios for radiative cascades from the Rydberg states of rubidium atoms.

In Chapter 3 we study two-body interactions of Rydberg atoms, investigating

the possibility of using a pair of Rydberg atoms to form a diatomic molecule with

an extremely large internuclear distance. By using quantum defect theory to model

the Rydberg wavefunctions, we compute potential energy curves and approximate

radiative lifetimes for Rydberg dimer states up to n = 35.

In Chapter 4 we investigate mesoscopic crystals of several dozen dipolar atoms

held in a harmonic trap. We analyse their structure and melting temperature, and

describe two possible dressing schemes by which an electric dipole moment may

be induced in a neutral alkali atom by admixing a small component of a Rydberg

state into the ground state. We extend the radiative cascade analysis of Chapter
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2 to compute the rate of heating due to spontaneous emission in one such dressing

scheme, and discuss the implications of this heating on the stability of mesoscopic

crystals of Rydberg-dressed atoms.

In the second portion of this thesis, which comprises Chapters 5 and 6, we

present the method of path-sums, a novel method for symbolically evaluating

matrix functions that aims to provide a new tool for the simulation of strongly-

correlated many-body Rydberg systems. In contrast to commonly-used methods

such as DMRG, the method of path-sums can be applied to systems in any number

of dimensions.

The method of path-sums is based on two main concepts: firstly, a mapping

between matrix multiplication and walks on finite directed graphs, and secondly,

a universal result on the structure of such walks. In Chapter 5 we provide a brief

review of the important concepts of graph theory, and present the main graph-

theoretic result that forms the mathematical basis for the method of path-sums.

In Chapter 6 we demonstrate how these results can be used to compute functions

of matrices, presenting path-sum expressions for a matrix raised to a complex

power, the matrix logarithm, and matrix exponential. We discuss the prospects

for applying the method of path-sums to the dynamical simulation of quantum

many-body systems.

In Chapter 7 we summarise the main results of this thesis, and discuss future

directions in which each of the research topics could be profitably extended.





Chapter 2

Radiative cascades from

Rydberg states

Recent theoretical studies of ultra-cold dipolar gases have led to the proposal of

schemes to induce strong dipolar interactions between neutral atoms by exploiting

the enormous electric dipole moments associated with atomic Rydberg states [73,

74]. By using off-resonant laser light to admix a small component of a Rydberg

state |r〉 into the atomic ground state |g〉, a non-zero time-averaged electric dipole

moment can be induced in a ground-state alkali atom.

Due to the finite lifetime of the state |r〉, such dressing schemes necessarily

introduce spontaneous emission into the system: at random intervals, the Rydberg

component of the dressed state decays, a photon is emitted, and the atom receives a

corresponding momentum kick. A detailed understanding of the consequent atomic

heating is likely to be crucial in understanding the limitations of using Rydberg

dressing schemes in the context of ultra-cold dipolar gases.

In current treatments, the rate at which spontaneous emission takes place and

the heating it produces are typically estimated by assuming that every event leaves

the atom back in the ground state |g〉: that is, the possibility that the atom may

pass through one or more intermediate states on its way to the ground state is

discounted [74]. This approximation is reasonable for small values of the Ryd-

berg principal quantum number n, but is expected to progressively worsen as n is

increased. In this chapter, we quantitatively analyse the validity of this approxima-

tion by computing spontaneous emission rates and branching ratios for the decay

channels leading out of the Rydberg states of rubidium. We achieve this by using

13
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quantum defect theory to calculate the wavefunctions of the Rydberg electron in

states up to n = 40, and applying the theory of spontaneous emission of hydro-

genic atoms. For completeness, we present a summary of the theory of spontaneous

emission of hydrogenic atoms in Appendix B.

This work was motivated by discussions with Andrew Daley, Andrea Micheli,

and Peter Zoller at the University of Innsbruck. All calculations and analysis

contained in this chapter are the work of the present author.

2.1 Branching ratios and cascade paths

The probability per unit time for a hydrogenic atom in a state with quantum

numbers (ni, ℓi, mi) and energy εi to emit a photon and decay into the manifold of

states with quantum numbers (ni, ℓf) and energy εf , where ℓf = ℓi ± 1, is given in

atomic units by [68]

Γ
nf ,ℓf
ni,ℓi,mi

=
4

3
α3
(

εi − εf
)3
[

Rnf ,ℓf
ni,ℓi

]2 max(ℓi, ℓf)

(2ℓi + 1)
, (2.1)

where α ≈ 1/137.036 is the fine-structure constant and Rnf ,ℓf
ni,ℓi

is given by

Rnf ,ℓf
ni,ℓi

=

∫ ∞

0

dr χ∗
εf ,ℓf

(r) r χεi,ℓi(r), (2.2)

where χε,ℓ(r) is the reduced radial wavefunction for the state with energy ε and an-

gular momentum quantum number ℓ (see Eq. (1.18)). The total rate of spontaneous

emission from the state (ni, ℓi, mi) is thus

Γtot =
∑

εf<εi
ℓf=ℓi±1

Γ
nf ,ℓf
ni,ℓi,mi

(2.3)

and the radiative lifetime of the state is Γ−1
tot.

For a given atomic state (ni, ℓi), we define the branching ratios p
nf ,ℓf
ni,ℓi

for states

with quantum numbers (nf , ℓf) such that εf < εi and ℓf = ℓi ± 1 by

p
nf ,ℓf
ni,ℓi

=
Γ
nf ,ℓf
ni,ℓi,mi

Γtot

. (2.4)

These quantities yield information about the most likely route for a highly excited

alkali atom to follow as it decays to the ground n = 5, ℓ = 0 state, and therefore
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provide quantitative information on the validity of the assumption that every decay

event leads directly to the ground state. The branching ratios p
nf ,ℓf
ni,ℓi

for ni =

(19, 29, 37) are illustrated in Figure 2.1.

By viewing the branching ratios in Figure 2.1 as a function of nf for a fixed

initial state (ni, ℓi), it is clear that the decays are strongly biased towards states

with small values of nf : approximately 70− 90% of emission events leave the atom

in a state with nf ≤ 10, while 40 – 50% of events lead directly to a state with

nf = 5. This behaviour is evident even for large values of ni, since even though the

radial overlap integral Rnf ,ℓf
ni,ℓi

for fixed nf becomes smaller as ni increases, this is

more than compensated for by the increasing energy difference εi− εf , upon which

the branching ratio has a cubic dependence.

To elucidate the structure of the branching ratios p
nf ,ℓf
ni,ℓi

as a function of ℓi, in

Figure 2.2 we compare the quantities

∑

εf<εi

p
nf ,ℓi−1
ni,ℓi

and
∑

εf<εi

p
nf ,ℓi+1
ni,ℓi

(2.5)

for 5 ≤ ni ≤ 37 and ℓi = 1, 2, 3. By viewing these plots as a function of ℓi for

fixed ni, we see that the ratio of ‘upward’ (ℓf = ℓi + 1) to ‘downward’ (ℓf = ℓi − 1)

transitions drops rapidly with increasing ℓi, becoming small (≪ 5%) even for ℓi = 3.

A rubidium atom decaying from a Rydberg state to the ground state (5, 0) thus

only rarely visits states with ℓ ≥ 3 along the way.

2.2 Emission spectra and cascade lengths

A rubidium atom in a Rydberg state may decay to the ground state by any of a large

number of possible routes. Each route corresponds to a sequence of atomic decay

events, which take the atom from (ni, ℓi) to the ground state (5, 0). In the course

of this radiative cascade, the atom emits a sequence of photons with wavevectors

k1,k2, . . . ,km, where m is the cascade length. As a consequence of the selection

rules associated with electric dipole radiation, m is odd if the initial state has odd

parity (ℓi = 1, 3, . . .), or even if the initial state has even parity (ℓi = 0, 2, 4, . . .).

Further, the conservation of energy means that the photon wavevectors must satisfy

~ (|k1|+ |k2|+ . . .+ |km|) = εf−εi, where εi is the energy of the initial state (ni, ℓi),

and εf is the energy of the atomic ground state. Beyond these two simple observa-

tions, a quantitative study of the dynamics of a cascading atom requires detailed

knowledge of the branching ratios p
nf ,ℓf
ni,ℓi

. Specifically, the probability that an atom
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(a) Branching ratios for decay from the ni = 19, ℓi = 0, 1, 2 states of rubidium to the (nf , ℓi − 1)
manifold (blue bars) and the (nf , ℓi + 1) manifold (red bars).

0 0.1 0.2 0.3 0.4 0.5

5

10

15

20

25

30

00.10.2

0

5

10

15

20

25

30

0.1 0.2 00.20.4

0

5

10

15

20

25

30

0.2 0.4

(b) Branching ratios for decay from the ni = 29, ℓi = 0, 1, 2 states of rubidium to the (nf , ℓi − 1)
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0 0.1 0.2 0.3 0.4 0.5

0

5

10

15

20

25

30

35

40

0.1

0

5

10

15

20

25

30

35

40

0 0.1 0.20.2 0.20.4

0

5

10

15

20

25

30

35

40

0.2 0.40

(c) Branching ratios for decay from the n = 37, ℓi = 0, 1, 2 states of rubidium to the (nf , ℓi − 1)
manifold (blue bars) and the (nf , ℓi + 1) manifold (red bars).

Figure 2.1: Branching ratios p
nf ,ℓf
ni,ℓi

for rubidium states with ni = 19, 29, 37 and
1 ≤ ℓi ≤ 3. The branching ratios are significantly biased towards small values of
nf .
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Figure 2.2: A comparison of the relative probabilities for a Rubidium atom in an
(ni, ℓi) state to decay to a lower state with ℓf = ℓi − 1 (blue) or ℓf = ℓ + 1 (red),
plotted for 5 ≤ ni ≤ 37. The quantities on the y-axis are the left-hand side (blue)
and right-hand side (red) of Eq. (2.5). Note the difference in y-axis scale for the
plot with ℓi = 3.

initialized in (ni, ℓi) passes through the states (n2, ℓ2), (n3, ℓ3), . . . , (nm−1, ℓm−1) en

route to the ground state is

pn2,ℓ2
ni,ℓi

pn3,ℓ3
n2,ℓ2
· · · p5,0nm,ℓm

. (2.6)

One convenient method of obtaining radiative cascades statistics is to use a

simple Monte Carlo procedure to simulate the cascade process. The Monte Carlo

procedure for simulating a radiative cascade is as follows:

(i) Initialize the atom in the state (ni, ℓi).

(ii) Label the decay channels leading out of the current state according to some

(freely chosen) ordering convention. For convenience, we denote the final

state of the jth decay channel by (nj , ℓj).

(iii) Generate a random variate r from the uniform distribution on [0, 1].

(iv) Identify the index x that satisfies

x−1
∑

j=1

p(j) < r ≤
x
∑

j=1

p(j) (2.7)

where p(j) is the branching ratio associated with decay channel j.
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(a) Emission spectrum (left) and distribution of radiative cascade lengths (right) for cascades
starting from the (19,0) and (19,1) states of rubidium.

(b) Emission spectrum (left) and distribution of radiative cascade lengths (right) for cascades
starting from the (29,0) and (29,1) states of rubidium.

(c) Emission spectrum (left) and distribution of radiative cascade lengths (right) for cascades
starting from the (37,0) and (37,1) states of rubidium.

Figure 2.3: The spectrum of the emitted radiation (left) and the distribution of
the number of photons emitted (right) during the radiative cascade of a rubidium
atom from a Rydberg state to the ground (5,0) state. This data reflects the results
of 1× 105 simulated cascades from each (ni, ℓi) to the ground state.
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(v) Transfer the atom to (nx, ℓx), the final state of decay channel x. If this is the

ground state (5, 0), then stop; otherwise, return to step (ii).

Figure 2.3 summarises the results of 1 × 105 such simulations. The left-hand

plots show the spectrum of the photons emitted during a radiative cascade from

the (ni, ℓi) state, for ni = 19, 29, 37 and ℓi = 0, 1 (spectra for higher values of ℓi

do not differ significantly from those for ℓi = 0, 1, and are not included here). The

plots on the right show the probability distribution for the length of the radiative

cascade (i.e. the number of photons emitted in returning to the ground state) for

the same initial state parameters. These probability distributions also change only

negligibly with increasing ni.

These plots make several points apparent. From the distributions of cascade

lengths, it is clear that the most likely cascade length from an ℓ = 1 state is 3.

Perhaps surprisingly, the direct single-photon decay to the ground state occurs only

rarely, in somewhat less than 10% of cases. This behaviour is a consequence of the

branching ratios, as seen in Figure 2.2: although for fixed ni the quantities p
nf ,ℓf
ni,ℓi

are biased towards low values of nf , an ℓi = 1 state is much more likely to decay

upwards to an ℓ = 2 state than downwards to an ℓ = 0 state. Specifically, the most

likely final states are (n, 2) with n . 8. This is likely to be followed by a decay to

an (n′, 1) state with n′ ≤ n (often n′ = 5 or 6), followed by a rapid decay to the

(5, 0) state.

Cascades that start from an ℓ = 0 state follow a similar pattern: the first

emission is highly likely to leave the atom in a state (n′, 1) with n′ . 10. Depending

on the value of n′, the atom proceeds to the ground state either by a direct decay

(if n′ is small) or by a 3-photon cascade similar to that described above (if n′ is

larger).

The emission spectra on the left-hand side of Figure 2.3 provide evidence for

this interpretation. The dominant peak appearing in each spectrum corresponds

to the 5P → 5S transition. The relative height of this peak indicates that 25–

30% of all radiative cascades pass through this decay channel as the final step

in their route to the ground state. Further, this fraction is essentially constant

for all values of ni and ℓi studied here, evidencing the central involvement of this

transition in radiative cascades from Rydberg states of all energies. Evidence for

other nP → 5S transitions with n . 10, in particular the 6P → 5S transition, can

be seen at shorter wavelengths.
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2.2.1 On the validity of a restricted level scheme

As noted in the introduction to this section, it is a common approximation in the

study of systems of Rydberg atoms to assume that all spontaneous emission events

lead directly to the ground state. The branching ratios and radiative cascade results

presented in Figures 2.1 – 2.3 suggest that this approximation is not particularly

accurate: taking the example of n = 29, we see from Figure 2.1 that somewhat less

than 50% of decay events lead to a final state with n = 5. This implies that any

physical results that depend on the details of the spontaneous emission processes

that occur within Rydberg dressing schemes should be computed using a more

complete treatment of the atomic level structure.

2.3 Summary

It is a common approximation within proposals for the Rydberg dressing of ground-

state atoms to assume that every spontaneous emission event from a Rydberg state

leads directly back to the ground state. In order to quantitatively investigate the

validity of this approximation, we calculated the spontaneous emission rates and

branching ratios for the Rydberg states of rubidium up to n = 40, using quantum

defect theory to calculate the Rydberg wavefunctions. Through simulations of

spontaneous emission cascades, we found that the most common path to the ground

5S state taken by a rubidium atom in a highly excited S or P state consists of

either a 2- or 4-photon cascade (from an S state) or a 3-photon cascade (from

a P state). This suggests that a full treatment of the atomic level structure is

essential in cases where a quantitatively correct treatment of spontaneous emission

behaviour from Rydberg states is required.



Chapter 3

Ultra-large Rydberg dimers in

optical lattices

In this chapter we investigate the possibility of using Rydberg atoms to form cold

diatomic molecules with extremely large internuclear distances: so-called macro-

dimers.

The work presented in this chapter was carried out in collaboration with Benôıt

Vaucher, and was published in 2008 in Physical Review A [75]. The primary contri-

bution of the present author to this work was in carrying out the radiative lifetime

calculations of §3.2.4. The molecular potential calculations in §3.2.2 were carried

out by Benôıt Vaucher, with the present author acting as a discussion partner.

3.1 Introduction and motivation

The preparation, manipulation, and characterisation of collections of ultra-cold

molecules is currently a very active field of study within cold matter physics [76, 77],

motivated by aims that range from new techniques for probing the time-variation of

fundamental constants [78] to the formation of strongly-interacting dipolar gases for

quantum simulation purposes [79, 80] to proposals for the detection of dark matter

[81]. Central among the attractive properties of molecules for such applications are

their complex energy level structures and large number of degrees of freedom, which

provide for a much wider range of possibilities for the control and manipulation of

molecules as compared with single atoms.

21
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The task of cooling molecules to the exceptionally low temperatures routinely

seen in atomic gases is made significantly more challenging by the failure of the laser

cooling techniques which have seen such spectacular success in atomic systems. The

reason for this is simple: the complex rovibrational energy level structure behind

much of the rich physics of molecules is at odds with the existence of a simple

closed electronic transition that can be used to scatter many thousands of photons

during the cooling process. While research towards the laser cooling of molecules

continues [82, 83, 84], the difficulty of this process has motivated the development

of range of alternative cooling techniques, including Stark deceleration and buffer

gas cooling [85, 86, 87]. However, while these methods are more widely applicable,

the lowest temperatures they provide access to are in the range of a few milliKelvin

– several orders of magnitude higher than the temperatures routinely achieved in

atomic gases. It is therefore an attractive proposition to form molecules from pre-

cooled atoms, circumventing the difficult task of cooling the molecules themselves

[88].

One topic that has recently attracted significant theoretical and experimental

interest in this area is the creation and characterisation of molecules formed by

Rydberg atoms. As noted in Chapter 1, two classes of such molecules have re-

cently been predicted and observed: firstly, dimers consisting of one Rydberg atom

interacting with a ground-state atom [46, 47, 48, 49]; and secondly, ‘macrodimer’

molecules formed by a pair of Rydberg atoms stabilised by purely long-range in-

teractions [50, 51, 52, 53].

In this chapter we investigate the possibility of creating ultralarge dimers by the

photoassociation of a pair of Rydberg atoms whose nuclear positions are fixed by an

optical lattice. By using quantum defect theory to calculate approximate electronic

Rydberg wavefunctions, we study the feasibility of creating ultralarge dimers with

equilibrium distances of the order of typical lattice spacings and binding energies

of the order of 103 GHz.

3.2 Molecular potentials of ultra-large Rydberg

dimers

In this section we present a method of evaluating the energy of highly excited

diatomic molecular states with large internuclear distances. We utilise an effi-

cient symbolic method for computing one- and two-center molecular integrals over
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electronic wavefunctions with large principal quantum numbers, and calculate the

depth and equilibrium position of molecular potentials for values of the principal

quantum n up to n = 35. Further, we estimate the radiative lifetime of these

highly excited molecular states, and discuss the likely importance of their decay

via autoionisation.

3.2.1 Overview

The appropriate model for the investigation of diatomic molecules depends crucially

on the regime of interest. Theoretical treatments to date have focused on the

regime of very large internuclear separations, where the overlap between charge

distributions is negligible and the atomic orbitals are only minimally distorted by

their mutual interaction [89, 50]. In this regime the interatomic potential can

be written as a multipole expansion in powers of the inverse of the internuclear

distance R. However, this expansion is not suitable for small internuclear distances

where the atomic orbitals begin to interact directly with one another and effects

such as the exchange interaction must be taken into account. A commonly used

estimate of the internuclear separation at which this crossover from ‘physical’ to

‘chemical’ behaviour occurs is the Le Roy radius RLR [90], defined as

RLR = 2
[

〈r21〉1/2 + 〈r22〉1/2
]

, (3.1)

where r1 and r2 are the coordinates of the two valence electrons. Figure 3.1 pro-

vides a schematic illustration of the situation for different values of the interatomic

separation R as compared with the Le Roy radius RLR.

Although a number of well-established quantum chemistry techniques for calcu-

lating molecular properties within the Le Roy radius exist (e.g. molecular orbital-

linear combination of atomic orbitals, or MO-LCAO, methods [91]), these ap-

proaches become prohibitively expensive when applied to Rydberg molecules due

to the size of the basis set needed to represent the spatially diffuse Rydberg or-

bitals. This provides motivation for an approach to the problem using molecular

integrals.

3.2.2 Model

We consider an optical lattice consisting of an array of double-well potentials, which

are assumed to be separated by sufficiently high potential barriers that each double
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Figure 3.1: A schematic illustration of the different regimes for molecular potential
calculations. When the internuclear distance R is much larger than the Le Roy
radius RLR (left), the interatomic potential is well approximated by a multipole
expansion: V (R) ≈∑n≥1CnR

−n. When R is smaller than RLR (right), the atomic
orbitals overlap significantly, and quantum chemistry methods such as MO-LCAO
are commonly used. The transitional regime where R is comparable to RLR (cen-
tre) remains computationally challenging, especially when highly excited Rydberg
orbitals are considered.

Figure 3.2: By applying a short laser pulse to pairs of ultracold 87Rb atoms held
in an optical superlattice of double-well potentials (a), the atoms are promoted to
highly excited Rydberg states, such that the electronic charge distribution of atoms
in neighbouring wells overlap. We aim to study the basic properties of the resultant
diatomic molecules (b), which have extremely large internuclear separations. (c)
The coordinate system used in this chapter, showing the positions of the atomic
cores (labelled A and B) and the excited Rydberg electrons (red and blue dots).
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well may be considered independently of its neighbours (see Figure 3.2(a)). This

lattice arrangement can be created by a retro-reflected laser beam with careful

phase control [92]. We assume that each double well is occupied by a pair of 87Rb

atoms, with one atom localised in each half of the double well. By applying a

brief laser pulse to the system, the valence electron of each atom can be promoted

to a highly excited Rydberg state. If the spatial extent of the Rydberg orbital

is comparable with the inter-well spacing, the electronic charge distributions of

the two atoms within a double well overlap, and under certain conditions a stable

molecular state is formed. We aim to study the basic properties of these molecules

and explore whether they may be produced in an optical lattice with experimentally

realistic parameters.

Since the temperature of the system is very low, the velocity of the electrons -

even in highly excited states - is much greater than that of the trapped ions, and the

electrons respond almost instantaneously to displacements of the ions [50]. Con-

sequently, we will calculate molecular potentials in the Born-Oppenheimer (BO)

approximation [91, 93].

Neglecting interactions between atoms belonging to different double wells, the

energy levels of a homonuclear molecule formed by the atoms in a double well are

given by the eigenvalues of the Hamiltonian

H(R) = − ~2

2me

(

∇2
r1
+∇2

r2

)

+
e2

4πε0

(

1

R
+

1

r12
− 1

r1A
− 1

r1B
− 1

r2A
− 1

r2B

)

(3.2)

where ri for i = 1, 2 is the position of the ith electron; riξ (ξ = A,B) is the distance

between the ith electron and the nucleus of atom ξ; r12 is the distance between

the two electrons; and R is the distance between the nuclei. Within the Born-

Oppenheimer approximation, R is treated as a classical variable upon which the

eigenvalues and eigenfunctions of the Hamiltonian depend parametrically.

Following a similar approach to that of [94, 95], we approximate the molecular

energy at a particular internuclear distance R by diagonalising the Hamiltonian of

Eq. (3.2), using as a basis the two-electron states defined by

Ψ±
q,q′(r1, r2) = N±

q,q′ [Aq(r1)Bq′(r2)±Aq(r2)Bq′(r1)] , (3.3)

where Aq(r) (Bq(r1)) is a hydrogenic single-electron wavefunction with quantum

numbers q = (n, ℓ,m) centred on nucleus A (B), and the normalisation factor N±
q,q′
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is equal to

N±
q,q′ =

[

2(1± |Sq,q′|2)
]−1/2

, (3.4)

where Sq,q′ is the overlap integral defined by [91]

Sq,q′ =

∫

drA∗
q(r) Bq′(r). (3.5)

In keeping with fermionic exchange statistics, the basis functions that are symmet-

ric or antisymmetric in the spatial coordinates r1 and r2 are associated with an

antisymmetric (singlet) or symmetric (triplet) spin function, respectively.

Since the rubidium atoms considered here have only a single valence electron,

the atomic wavefunctions ξq(r) (ξ = A,B) are well approximated by quantum

defect theory. Further, the interatomic interactions we are interested in are due to

the interaction of the atomic wavefunctions at distances far from each of the nuclei.

In view of this, we define ξq(r) to be the (unnormalized) function

ξq(r) = Pℓ(cos θξ)
eimφ

a
3/2
0

(

2ρξ
n∗

)n∗

e−ρξ/n
∗

kmax
∑

k=0

bk ρ
−(k+1)
ξ , (3.6)

where ρξ = rξ/a0 is a dimensionless radial coordinate, with rξ = |r− rξ| the radial

distance from atom ξ; θξ is the angle between the vector rξ and the internuclear

axis; φ is the azimuthal angle; Pℓ(x) is a Legendre polynomial; and n∗ = n − δn,ℓ
with δn,ℓ the quantum defect for the (n, ℓ,m) state is the effective principal quantum

number. The coefficients {bk} are defined recursively, with b0 = 1 and

bk = bk−1

(

n∗

2k

)

[

ℓ(ℓ+ 1)− (n∗ − k)(n∗ − k + 1)
]

, (3.7)

while the upper index of the summation kmax is an integer satisfying n∗ − ℓ− 1 ≤
kmax < n∗ − ℓ [96, 97].

The wavefunction of Eq. (3.6) is an asymptotic form of the hydrogenic quantum

defect wavefunction with quantum numbers (n∗, ℓ,m). For δℓ = 0 it reproduces the

hydrogen wavefunction, while for δℓ 6= 0 it provides an accurate description of a

Rydberg state of an alkali atom in the mid- and long-range. It differs from the

exact quantum defect wavefunction only at short distances from the atomic cores,

which is of little consequence to us since the region of interest in which the electron

wavefunctions overlap and interact is far from the atomic nuclei.
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For n & 20 and q = q′, the overlap Sq,q′ between the charge-density distribu-

tions of a pair of atoms separated by a distance smaller than the Le Roy radius is

typically of the order of Sq,q′ ≃ 10−1−10−2. This suggests that the overlap between

atomic wavefunctions is not negligible in this regime, and the approximation of the

Coulomb potential by a multipole expansion commonly used to study interactions

at larger internuclear separations [18, 19] is not suitable. This is because the mul-

tipole expansion diverges significantly from the true Coulomb potential even in the

presence of small charge-density overlap, so that the results obtained using this

approach below the Le Roy radius are not trustworthy [50, 98].

Consequently, we estimate the energy of the dimer by evaluating the expectation

value of the Hamiltonian Eq. (3.2) in the basis states defined by Eq. (3.3). The

molecular energy at an internuclear separation R is given by

Emol
q,q′(R) =

∫∫

dr1dr2
[

Ψ±
q,q′(r1, r2)

]∗
H(R) Ψ±

q,q′(r1, r2). (3.8)

This task requires the evaluation of a number of integrals over atomic orbitals.

These integrals fall into two classes. The first group is the set of one-centre integrals,

which comprises the overlap integral Sq,q′, the Coulomb integral

Jq,q′ =
e2

4πε0

∫

drB∗
q(r)

1

rA
Bq′(r) =

e2

4πε0

∫

drA∗
q(r)

1

rB
Aq′(r) (3.9a)

and the charge-overlap integral

Kξ
q,q′ =

e2

4πε0

∫

drA∗
q(r)

1

rξ
Bq′(r). (3.9b)

The second group consists of the two-centre integrals, of which there are four:

Uq,q′

p,p′ = [AqAq′|ApAp′] , W q,q′

p,p′ = [AqBq′ |ApBp′] , (3.10a)

V q,q′

p,p′ = [AqAq′|BpBp′ ] , Xq,q′

p,p′ = [AqAq′ |ApBp′ ] , (3.10b)

where

[αβ|γν] = e2

4πε0

∫∫

dr1 dr2 α
∗(r1)β(r2)

1

r12
γ∗(r2)ν(r)2). (3.11)

Evaluating the one- or two-centre molecular integrals directly for large values of

n runs into problems with slow convergence and the accumulation of numerical

errors, a well-known phenomenon known in the field as numerical erosion [99, 100].
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Figure 3.3: The calculated molecular potential curve connecting to the atomic
25pz + 25pz state, showing the depth De of the predicted potential well and the
associated equilibrium internuclear distance Re.

In order to evaluate these molecular integrals, we follow an approach suggested by

Barnett [100, 101], and use a computer algebra based method to generate analytical

formulas for the integrals in Eqs. (3.9) and (3.10). The full details of this approach

can be found in our 2008 publication [75].

Even with the use of exact symbolic calculations, evaluating the molecular

integrals for large values of n is computationally challenging. In order to make

the calculations tractable for large n, we restrict the value of the projection of the

electronic angular momentum along the internuclear axis to m = 0. This restricts

us to studying only those molecular states with symmetries 1Σ+
g and 3Σ+

u , which

are associated with the Ψ+
q,q′ and Ψ−

q,q′ basis states respectively. By applying this

restriction, we were able to compute molecular integrals involving wavefunctions

with principal quantum numbers up to n = 35.

3.2.3 Results

Since we envisage producing the Rydberg dimers by applying a laser pulse to a

system of ground-state atoms, we are primarily interested in the molecular states

that are most strongly coupled to ground-state atoms by the dipole transition

operator: namely, those of 3Σ+
u symmetry with a high p-character. We therefore

restrict our analysis to these states. However for values of n & 10, the molecular

states of 3Σ+
u and 1Σ+

g symmetry become quasidegenerate [19, 50], and so the results

presented here apply to molecular states of either of these symmetries.

By using the Heitler-London approach, we calculated the molecular potentials
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Figure 3.4: Equilibrium distance Re (left) and potential well depth De (right) of the
np + np molecular potential curves of rubidium for 10 ≤ n ≤ 35 computed using
the Heitler-London method. The dots denote the values calculated numerically,
while the curves represent the fitted functions mentioned in the text.

resulting from the interaction of npz orbitals on the two atoms for values of the

principal quantum number up to n = 35. We used these potential curves to

estimate the equilibrium distance Re and potential well depths De = Emol(∞) −
Emol(Re) of np + np molecular potentials of 3Σ+

u symmetry. Figure 3.3 shows one

example of a calculated molecular potential curve.

We then used these potential curves to extract the scaling behaviour of Re

and De as a function of n, the principal quantum number of the atomic Rydberg

orbitals. These results are summarised in Figure 3.4. We find that the equilibrium

distance of these potentials is well fitted by the formula

Re ≃ (1.628n2 − 100.25) a0 (3.12)

which is smaller than the Le Roy radius by a factor of approximately 4 for all values

of n. For larger values of the principal quantum number n > 35, the equilibrium

distances predicted by our scaling law are comparable to (∼ 20% smaller than)

those found by Boisseau et al. in [50], who use the multipole expansion of the

Coulomb potential to examine the same molecular potentials below the Le Roy

radius.

The depth of the molecular potential for n = 35 is De = 2000 GHz, some three

orders of magnitude larger than the potential depth of ultralarge molecules bonded

by long-range dipole-dipole interactions studied in [50]. We find that the molecular

binding energy decreases exponentially as the principal quantum number increases,
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being well approximated by the relation

De = exp
(

α1 + α2n
β2 + α3n

β3

3

)

GHz, (3.13)

where (α1, α2, α3) = (−6.53,−24.44,−20.51) and (β2, β3) = (0.14,−223.45). Our

predicted potential depths differ from those calculated using the multipole expan-

sion by up to an order of magnitude; as Boisseau et al. point out in [50], this is

most likely a consequence of the inaccuracy of the multipole expansion below the

Le Roy radius.

3.2.4 Radiative lifetimes

We have obtained an order-of-magnitude estimate of the lifetime of the photoas-

sociated molecules by assuming for simplicity that the dominant decay mode is

radiative dissociation into a pair of 87Rb atoms. We neglect the rotational fine

structure of the energy levels and any bound-bound decay channels and consider a

transition between a bound state of vibrational quantum number ν ′ and energy Eν′

to a free continuum state of wavenumber k′′ and energy Ek′′ = ~2k′′2/(2µ), where

µ = mRb/2 is the reduced mass of the molecule. The Einstein A coefficient is given

by

Aν′k′′ =
32π3

3ε0h5c3

√

2µ

Ek′′
(Eν′ −Ek′′)

3 ×
∣

∣

∣

∣

∫

[

ψvib
ν′ (R)

]∗
D(R)ψvib

k′′ (R) dR

∣

∣

∣

∣

2

J−1 s−1

(3.14)

while the radiative lifetime of a single bound vibrational level is given by τν′ = A−1
ν′ ,

where

Aν′ =

∫ ∞

0

Aν′k′′ dEk′′. (3.15)

Here h = 2π~ is the Planck constant, c is the speed of light, ψvib
ν′ and ψvib

k′′ are

vibrational wave functions for the discrete and continuum states respectively, and

the dipole moment D(R) is given by

D(R) = −e
∫∫

dr1dr2 [Ψ
±
qi,qi

]∗(z1 + z2)Ψ
±
qf ,qf

(3.16)

where z1 and z2 are the z-coordinates of the electrons and qi and qf denote the

quantum numbers of the initial and final states. For large internuclear distances
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Figure 3.5: Radiative lifetimes for the ν ′ = 0 vibrational level in molecular excited
states with principal quantum numbers n = 15–35 (black line). The radiative
lifetime τ = τ0n

3 of a free Rydberg atom is plotted for comparison purposes (red
line).

the continuum wave function ψvib
k′′ has the asymptotic form

ψvib
k′′ ∼ sin(k′′R + η) (3.17)

where η is the scattering phase shift, which at low energies is given by η = −k′′as
with as the s-wave scattering length. In the initial molecular state we approximate

the true bound vibrational wavefunctions ψvib
ν′ (R) by the eigenstates of a harmonic

approximation to the molecular potential centered about R = Re. Due to the

asymmetric nature of the molecular potential curves, this approximation becomes

progressively worse as ν ′ increases. However, we expect that the ability to impose

an interatomic spacing close to the equilibrium distance of the targeted molecular

state before applying the photoassociation pulse will provide a measure of control

over the range of vibrational levels occupied by the molecules, thus making the

lowest vibrational levels the most relevant.

Although there are a huge number of final states to which the molecule could

decay, the dependence of the decay rate given by Eq. (3.14) on (Eν′ −Ek′′)
3 favors

transitions that involve the emission of a high-energy photon. We therefore consider

only transitions that finish within the continuum above the 5s–5s potential curve,

neglecting all other decay channels. The radiative lifetimes thus calculated for
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the ground vibrational state ν ′ = 0 are shown in Fig. 3.5; the lifetimes of higher

vibrational levels (up to ν ′ = 10) are the same to within ∼ 5%. Also plotted for

comparison purposes is the radiative lifetime τ = τ0n
3 of a free Rydberg atom,

where τ0 = 1.4 ns for 87Rb [14]. Our calculations indicate that for n & 17 the

Rydberg dimers are more stable than the free atoms. For the highest molecular

state considered (n = 35) we find lifetimes of the order of a few milliseconds,

indicating that even if contributions from neglected decay channels were to reduce

this lifetime by several orders of magnitude, the system could still be successfully

interrogated and characterised by short (nanosecond to picosecond) laser pulses.

To avoid possible stimulated emission contributions to the radiative decay process,

the laser fields forming the optical lattice could be switched off as the Rydberg

excitation pulse is applied. The subsequent free expansion of the atoms would not

limit the window of time within which the system may be characterized, since the

atoms are expected to remain localized within a few lattice spacings for a time of

the order of 10 µs [102].

3.2.5 Decay via autoionisation

It has been known for some time that ionising decay channels – decay channels

that involve the conversion of one or more atoms into ions, with the emission of

free electrons – frequently play an important role in determining the dynamics and

lifetime of Rydberg atoms in ultracold atomic gases. Experiments with ultracold,

dense, Rydberg gases show that such systems typically spontaneously ionise to

form an ultracold plasma on a time scale of a few µs [103, 104, 105, 106]. This

is significantly shorter than the radiative lifetimes of Rydberg states with n & 10

(cf. the red line of Figure 3.5), indicating the importance of ionising decay modes

as compared with radiative decay modes in such systems.

The mechanism behind this ionisation is thought to be blackbody photoioni-

sation of a small percentage of Rydberg atoms [107], followed by an avalanche of

collisional ionisation as Rydberg atoms are accelerated by attractive or repulsive

dipole-dipole forces [108, 109, 110, 111, 112, 113]. Despite its importance in such

systems, we have neglected collisional ionisation in this work because our proposal

is concerned with a very dilute ultracold gas prepared in a Mott insulator state.

The rate of photoionisation and subsequent collisional avalanches is therefore sig-

nificantly reduced as compared with the cold, dense, Rydberg gases mentioned

above.
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Figure 3.6: The process of autoionisation. Two Rydberg atoms are separated by a
distance such that the two-atom states |nℓ, nℓ〉 and |n′ℓ′, Eℓ′′〉 are degenerate. One
atom is ionised, while the other relaxes to a lower bound state, the process being
driven by the dipole interaction. Figure after Amthor et al. [114].

However, theoretical and experimental results published since the completion

of the work presented here suggest that collisional ionisation alone is not sufficient

to explain the short lifetime of cold Rydberg gases against ion formation: other

processes must also play a role [115]. One such process is autoionisation, where

the dipole-dipole interactions between Rydberg atoms drive two-atom transitions

of the form

|nℓ, nℓ〉 −→ |n′ℓ′, Eℓ′′〉, (3.18)

where |Eℓ′′〉 represents an continuum state with angular momentum ℓ′′ and energy

E. This process is schematically represented in Figure 3.6.

A recent theoretical paper investigated the relevance of this process to the

autoionisation of a dilute ultracold Rydberg gas [114]. Studying a gas of Ryd-

berg atoms interacting by long-range interactions, the authors concluded that the

estimated rates of autoionisation are not sufficient to explain the observed non-

collisional ionisation in Rydberg gases, and indeed are too small to be observed

experimentally. However, since this paper considers the regime of R ≫ RLR, its

conclusions do not necessarily extend to the regime of R ∼ RLR, in which our

proposal lies. In fact, as pointed out in [114], the ionisation probability can be

enhanced by several orders of magnitude when the electronic wavefunctions of the
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atomic pair overlap one another [116]. Since the macrodimers that we study in this

chapter have significant wavefunction overlap, autoionisation is expected to be an

important factor in determining their decay behaviour and stability.

A quantitative calculation of autoionisation decay rates of the macrodimers

of this chapter is a complicated task, which requires detailed knowledge of the

wavefunctions of the bound molecular states in order to calculate the dipole matrix

elements for both the bound-bound transition |nℓ〉 −→ |n′

ℓ
′〉 and the bound-free

transition |nℓ〉 −→ |Eℓ′〉. This calculation goes beyond the scope of the work

presented here. However, since autoionisation is expected to play an important

role in determining the stability of these macrodimers, any further research in

this direction should include calculations of autoionisation rates and their scaling

behaviour with the atomic principal quantum number n.

3.3 Summary

In this chapter we showed that an optical lattice forming an array of double-well po-

tentials may be exploited to selectively photoassociate pairs of atoms to molecular

states with equilibrium distances of up to several hundred nanometries and bind-

ing energies of the order of 103 GHz, several orders of magnitude larger than the

binding energies of long-range molecules stabilised by dipole-dipole forces. These

molecular states are expected to have equilibrium distances of the order of typical

optical lattice spacings. Decay via autoionisation is expected to be the dominant

factor that determines the lifetime of these dimers. A quantitative computation of

autoionisation decay rates is a priority for future research in this direction.



Chapter 4

Mesoscopic crystals of

Rydberg-dressed atoms

Ultracold gases with dipolar interactions are a topic of intense current interest

within atomic and laser physics. Due to the long range and anisotropic character

of the dipole-dipole interaction, these systems display a rich range of physics: recent

proposals for applications with dipolar gases include the formation of self-assembled

crystalline structures [117, 118], the preparation of strongly-correlated many-body

systems with three-body interactions [119, 120, 121], and the realization of novel

quantum phases with hidden topological order [122, 123, 124]. When loaded into

an optical lattice, dipolar particles can be used to realise extended Hubbard-type

models [125] and are expected to form a ground state with a supersolid phase for

accessible experimental parameters [126, 127, 128]. Two recent reviews [129, 130]

give full details of the state of the art in ultracold dipolar gases.

Due to the existence of well-established cooling and trapping techniques, gases

of neutral alkali atoms form an attractive system for the realisation of such systems.

Since an atom in its ground state has zero electric dipole moment, experimental

efforts in this direction have focused on elements with strong magnetic interactions.

The magnetic elements of chromium [131, 130] and, very recently, dysprosium [132]

have been successfully cooled to the regime of quantum degeneracy. However, the

interaction of magnetic dipoles is significantly weaker than that of electric dipoles,

and although it is possible to tune the strength of the magnetic dipolar interactions

by using Feshbach resonances [133], attaining the regime in which the dipolar

interaction is dominant over the isotropic contact interaction remains a difficult

35
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task. This observation motivates the study of atomic gases with induced electric

dipolar interactions.

In order to induce a non-zero electric dipole moment in the ground state of an

alkali atom, an external field must be applied. Due to the small electric polarisabil-

ity of the ground state, direct polarisation by way of a static electric field would

require an extremely strong field. However, an alternative method that exploits

the enormous electric dipole moments of the Rydberg states has been proposed

[73, 74]. By weakly coupling the ground state to a Rydberg state with an incident

laser, a small amount of the Rydberg electric dipole moment is admixed into the

ground state, producing an time-averaged non-zero electric dipole moment in the

neutral atom. Rydberg-dressed alkali atoms thus form promising systems for the

future study of ultra-cold dipolar physics.

Motivated by these observations, we now study mesoscopic crystals of dipolar

particles held in a 2D harmonic trapping potential. We analyse the equilibrium

structure of the crystals, investigate the process by which they melt, and obtain

an estimate of their melting temperatures.

In the second half of the chapter we outline two possible schemes for inducing

dipolar interactions between neutral ground-state atoms by using off-resonant laser

light to weakly couple the atomic ground state to an excited Rydberg state. By

extending the radiative cascade simulations of Chapter 2, we compute the rate

of atomic recoil heating resulting from spontaneous emission within one of these

schemes, and analyse the extent to which the use of a reduced three-level approxi-

mation, in place of the full atomic level structure, is justified.

This work originated as part of a project carried out in collaboration with

Guido Pupillo, Andrea Micheli, and Peter Zoller at the University of Innsbruck.

All calculations and analysis contained in this chapter are the work of the present

author. The Innsbruck group has continued their research in this direction; their

findings have very recently been published [134].

4.1 Mesoscopic clusters of dipolar particles in a

harmonic trap

A cluster of dipolar particles held in a harmonic trapping potential and restricted to

move in two dimensions is predicted to exhibit several quantum phases, depending

on the relative strengths of the dipolar interaction and the trapping potential [135].
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For sufficiently strong dipolar interactions, the cluster is expected to behave as a

classical crystal [74]. In this section we present results on the zero-temperature

structure and melting behaviour of these mesoscopic classical crystals of dipolar

particles.

4.1.1 System overview

We consider a collection of N particles, each of which has mass m and an electric

dipole moment of magnitude d, moving in the x-y plane. The dipole moments of

the particles are aligned perpendicular to the plane, so that in-plane interactions

between the particles are strictly repulsive. In-plane confinement is provided by a

radially symmetric harmonic trapping potential with frequency ω. We neglect par-

ticle motion in the z direction, which is assumed to be frozen out by the application

of a strong trapping potential along that axis. This system could be realised by

a collection of neutral atoms loaded into a single site of a tight 1D optical lattice,

with a radial trapping potential provided by the Gaussian profile of the trapping

beam.

Assuming purely dipolar interactions between the particles, the Hamiltonian

for the system reads

H

E0

=
N
∑

i=1

[

p2
i

2κ2
+

r2i
2

]

+
N
∑

i=1
j>i

1

|ri − rj|3
(4.1)

where ri = (xi, yi) and pi = (p
(i)
x , p

(i)
y ) are 2D position and momentum of the ith

particle measured in dimensionless units; length, momentum, and energy scales

have been defined as

r0 =

(

d2

4πε0mω2

)1/5

, p0 =
~

r0
, E0 = mω2r20, (4.2)

and κ = E0/(~ω) is a dimensionless constant that characterises the strength of the

dipole-dipole interaction. In the limit of strong interactions (κ ≫ 1) the system

is expected to behave as a classical crystal [136]. In what follows, we treat the

system semi-classically; that is, we treat the position ri and momentum pi as

classical variables.

The structure and dynamics of clusters of trapped dipolar particles have pre-

viously been investigated in [137, 138], which also contain results on the melting
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of large clusters (N ∼ 40 − 80). Here we present complementary results for the

mesoscopic regime (N ≤ 40).

4.1.2 Equilibrium crystal structures

To find the equilibrium structure of the cluster, we minimise the total potential

energy

Epot =

N
∑

i=1

r2i
2

+

N
∑

i=1
j>i

1

|ri − rj|3
, (4.3)

which is a function of the 2N position variables only. Figure 4.1 shows the equi-

librium configurations of clusters of various sizes up to N = 40, which show the

following general trend: for small values of N , the cluster forms a regular collection

of polygonal shells. As the cluster size is increased, additional particles join the

outermost shell or contribute to the formation of a new shell. For clusters with

N & 20, defects in the shell structure begin to appear; the shell structure gradu-

ally gives way to a regular triangular lattice, which is the dominant ordering for

N & 30.

4.1.3 Melting behaviour

In order to gain an understanding of the robustness of the crystalline structures

against heating, we now investigate how, and at what temperature, they melt.

We achieve this by using Monte Carlo sampling to calculate canonical ensemble

averages of crystal order parameters. We employ the standard Metropolis sampling

scheme; all temperatures are given in terms of T0 = E0/kB, which for typical

experimental parameters is of the order of 100 nK — 10 µK. Full details of the

order parameters are given in the next section. We find that as the temperature of

the cluster is increased, the crystalline structure vanishes in the following fashion

(cf. [138]):

(i) At T . 1×10−4 the shells begin to rotate freely relative to one another. The

low activation temperature indicates that the potential energy barrier for this

mode of motion is very small; this is a consequence of the radial symmetry

of the in-plane confinement. This rotation could be prevented by making the

trapping potential anisotropic.
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(f) N = 40, Epot = 231.8685

Figure 4.1: Equilibrium configurations of dipolar particles in a harmonic trap. For
larger numbers of particles the triangular lattice becomes increasingly dominant
over the shell structure.



40 Mesoscopic crystals of Rydberg-dressed atoms

(ii) At T ≃ T1, the shells begin to exchange particles. As the temperature in-

creases further, the shells exchange particles freely, but remain well-defined:

i.e. the radial deviations of the particles within a shell remain smaller than

the radial distance between shells.

(iii) At T ≃ T2, the radial deviations of the particles within each shell become

comparable to the distance between the shells, and the cluster no longer

exhibits any shell structure.

Figure 4.2 illustrates this sequence for the cluster with N = 10. The left-hand

plots show 1 × 104 spatial configurations drawn from the canonical ensemble and

plotted in the x-y plane. The right-hand plots show histogram counts for the radial

coordinates of two particles, one from each shell, obtained from 1 × 106 samples

from the canonical ensemble.

Note that even though the trapping potential is isotropic in the x and y di-

rections, the configurations in the left-hand plots of Figure 4.2 do not show the

expected circular symmetry. This is not a physical reality, but an artefact of the

analysis: before each configuration was plotted, a global rotation was applied to

bring the azimuthal angle of particle 1 in our predetermined numbering scheme

(this corresponds to the particle located at approximately (0.8, 0) in the N = 10

equilibrium configuration) to zero. This was done in order to be able to distinguish

relative rotation of the inner and outer shells (which is the first step in the melting

process) from absolute rotation of the entire crystal (which is energetically costless,

and therefore always present). Within this convention, a shell only appears as a

solid band if it is rotating relative to the shell in which particle 1 lies; otherwise,

both shells would always appear as solid bands due to the costless global rotation

mode.

The melting of the shell structure is apparent on viewing the evolution of the

the radial probability density function of an individual particle as a function of

temperature. For T < T1 the pdf is a narrow peak centred about the equilibrium

value of r. As T increases past T1 the radial pdf evolves into a mixture of peaks at

different values of r, consistent with the particle moving between shells. However,

there is no significant probability to find the particle between shells until signifi-

cantly higher temperatures. As T increases further, the probability peaks continue

to broaden until they begin to overlap at T ≃ T2. At this point the particle has a

non-zero probability of being found between the shells, and the cluster no longer

has a distinguishable shell structure.
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Figure 4.2: Illustration of the melting process of a 10-particle cluster. The figures
in the left column show 1 × 104 spatial configurations drawn from the canoni-
cal ensemble and plotted in the x-y plane (see text); the right-hand figures show
histogram counts for the radial coordinates of two particles, one from each shell,
obtained from 1 × 106 samples drawn from the canonical ensemble. From top to
bottom, the temperature of the ensemble is T/T0 = (1, 5, 12)× 10−3. Particles ex-
change between shells at T > T1 = 3.5×10−3, and the shell structure disintegrates
for T > T2 ≈ 2× 10−2.
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4.1.4 Extracting the melting temperatures

In order to extract the value of T1 from the canonical ensemble samples generated

we define the radial deviation δri (i = 1, 2, . . . , N) for each cluster configuration

by δri = ri − 〈ri〉, where 〈ri〉 indicates the Monte Carlo average over all generated

configurations. The variance in the radial coordinate of the ith particle which

increases sharply at T = T1 as as particles begin switching between shells, is then

〈(δri)2〉. We therefore introduce the dimensionless quantity

(δr)tot =
1

Na2

N
∑

i=1

〈(δri)2〉, (4.4)

where a is the average interparticle separation of the cluster at T = 0, and define T1

to be the temperature at which (δr)tot shows a sharp increase. Figure 4.3 illustrates

the temperature dependence of (δr)tot for clusters of various sizes.

4.1.5 Melting temperatures of mesoscopic crystals

We generated up to 1× 106 configurations of dipolar clusters of up to 30 particles

from the canonical distribution, and used the order statistic (δr)tot to obtain a

value for the melting temperature T1 for each cluster. The melting temperatures

are plotted in Figure 4.4. In agreement with what was reported in [138] for larger

clusters, we find that the melting temperature is a non-monotonic function of N ,

with the most stable clusters being those with a completed outer shell of particles.

We compared our results for N = 19 and N = 35 with the figures quoted in [138],

and found our melting temperatures to be smaller by a factor of approximately

2. We do not consider this difference to be significant, since it is smaller than the

width of the melting transition (see Figure 4.3).

4.2 Dipole moments in Rydberg-dressed atoms

An electric dipole moment may be induced in the ground state |g〉 of a neutral alkali
atom by using laser light to weakly couple |g〉 to a Rydberg state |r〉 of the atom.

The resultant dressed state contains a small fraction of the large electric dipole

moment of |r〉, which gives rise to dipole-dipole interactions between the neutral

atoms. In this section we outline two schemes by which this Rydberg dressing

could be realized.
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Figure 4.3: The variation of (δr)tot with temperature for clusters of different sizes.
The extracted melting temperature T1 is indicated in each case.
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6 8 10 12 14 16 18 20 22 24 26 28 30

Figure 4.4: The melting temperatures of dipolar clusters of N = 6 to 30 particles.
Solid line: the temperature T1 at which particles begin to exchange between shells.
Dashed line: an estimate of the width of the melting transition. Left axis: the
scaled temperature T/T0. Right axis: the corresponding temperature in nK, for a
system of rubidium atoms (m = 85.5 u) with ω = 2π × 3 kHz, d = 7 ea0 ≈ 18
Debye. These parameters correspond to r0 ≈ 910 nm, κ ≈ 21, T0 ≈ 3 µK.
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(a) (b)

Figure 4.5: (a) The Stark map of |mj| = 3
2
states of rubidium in the neighbourhood

of n = 15, showing the characteristic Stark fan structure. The highest-energy Stark
state of the n = 15 manifold would be a good candidate to use for |r〉 in the dressing
scheme of §4.2.1: for electric fields below ∼ 1500 V/cm it is well separated in en-
ergy from neighbouring states and exhibits a strong energy shift, indicating a large
electric dipole moment. Reprinted Figure 16 with permission from [139], avail-
able at https://journals.aps.org/pra/abstract/10.1103/PhysRevA.20.2251. Copy-
right (1979) by the American Physical Society. (b) The two-level atomic model
of §4.2.1: the ground state |g〉 is coupled to a Rydberg Stark state |r〉 by an off-
resonant laser beam with Rabi frequency Ω and detuning ∆.

4.2.1 Ground state coupled to a Stark-split Rydberg state

When a static electric field is applied to a neutral alkali atom, the atomic energy

levels split into a ‘Stark fan’ (see Figure 4.5(a) for an example). Each energy eigen-

state is a mixture of bare (field-free) eigenstates, and has an induced permanent

electric dipole moment. If required, the exact eigenstates may be obtained by di-

agonalising the Hamiltonian describing the atom-field interaction (see e.g. [139]);

however, for many purposes they are well approximated by the hydrogenic result,

for which analytic solutions are available [68, 140].

The energy eigenstates of hydrogen in a static electric field E = Ez ẑ can be

written as |n,m, n1, n2〉, where n ≥ 1 is the principal quantum number, m ≥ 0

is the modulus of the magnetic quantum number, and n1 and n2 are parabolic

quantum numbers that take on integer values such that n1 + n2 = n−m − 1. To

https://journals.aps.org/pra/abstract/10.1103/PhysRevA.20.2251
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first order in the field strength Ez, this state has an energy (in atomic units) of

En,n1,n2,m = − 1

2n2
− 3Ez

2
n(n1 − n2) (4.5)

and a constant induced electric dipole moment of d = 3
2
n(n1 − n2)ẑ.

Here we consider applying an off-resonant laser field to couple the atomic ground

state |g〉 to the highest-energy Stark state of a particular n,m manifold. The

resultant dynamics can be studied by considering a simple two-level model, which

is illustrated in Figure 4.5(b). We expand the atomic state vector as |ψ(t)〉 =
cg(t) |g〉+ cr(t) |r〉. This evolves subject to the Hamiltonian

H =
~∆

2

(

|g〉〈g| − |r〉〈r|
)

+ ~Ω
(

|r〉〈g|+ |g〉〈r|
)

(4.6)

where Ω is the Rabi frequency of the driven |g〉 ↔ |r〉 transition, and ∆ is the

detuning of the driving laser from the state |r〉. The electric dipole moment of the

atom is given by

d(t) =
∣

∣cg(t)
∣

∣

2
dgg + c∗g(t) cr(t)dgr + cg(t) c

∗
r(t)drg +

∣

∣cr(t)
∣

∣

2
drr,

where dgg = 〈g|d̂|g〉 is the electric dipole moment of the state |g〉, with d̂ = −er̂ the
electric dipole moment operator. These quantities satisfy |drr| ≫ |dgr|, |drg|, |dgg|.
Solving the time-dependent Schrödinger equation subject to the initial condition

of cg(0) = 1, cr(0) = 0 gives

cg(t) = cos
(

1
2

√
4Ω2 +∆2 t

)

− i∆√
4Ω2 +∆2

sin
(

1
2

√
4Ω2 +∆2 t

)

(4.7a)

cr(t) =
−2iΩ√
4Ω2 +∆2

sin
(

1
2

√
4Ω2 +∆2 t

)

. (4.7b)

We are interested in the parameter regime where 2Ω≪ ∆. In this case the effective

Rabi frequency Ω′ = 1
2

√

(2Ω)2 +∆2 at which the dipole moment oscillates is much

larger than Ω, and the dipole moment d(t) can be replaced by its time-averaged

value:

d̄ =
Ω′

2π

∫
2π
Ω′

0

d(t′) dt′. (4.8)
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To second order in the small parameter Ω/∆, we have

d̄ =

(

1− 2Ω2

∆2

)

dgg +
Ω

∆
(drg + dgr) +

2Ω2

∆2
drr. (4.9)

For typical values of the Rydberg principal quantum number (n ∼ 20-50), the

dipole moment drr is several orders of magnitude larger than dgg,dgr, and drg. To

a very good approximation the atom exhibits an induced electric dipole moment

of (in atomic units)

d̄ ≈ 3

(

Ω

∆

)2

n(n− 1) ẑ. (4.10)

It is important to note that this treatment focuses only on the single-atom dynam-

ics, and neglects the impact of any multi-particle effects on the dressing scheme.

Equation 4.10 is therefore valid in the regime where any interaction-induced level

shift Vrr is much smaller than the laser detuning ∆, so that the dressing is not

significantly affected by the interactions. If we assume that only two-body in-

teractions are important, and that the interaction energy has the simple form

Vrr = ±C3/R
3, with R the interatomic separation, we find a minimum atomic

separation of Rc ∼
(

|C3|/∆
)1/3

. Thus Eq. (4.10) is only valid for atoms that are

separated from their neighbours by R≫ Rc.

A recent theoretical treatment of interactions between Rydberg-dressed ground

state atoms describes how the interaction potential is modified at smaller values

of R due to two-atom interactions [141]. The mechanism is the following feedback

effect: the interaction-induced level shifts change the effective detuning of the laser

dressing, which affects the strength of the coupling between |g〉 and |r〉, and so the

size of the induced dipole moment. The net result is that the effective interaction

between a pair of Rydberg-dressed atoms is expected to deviate from a 1/R3 form

for R ∼ Rc, becoming independent of R at small R [141].

4.2.2 Ground state coupled to a dressed Rydberg state

It is also possible to use a Rydberg state to induce an effective electric dipole

moment in the ground state without applying an external electric field. In this

case a microwave field is used to resonantly couple a pair of Rydberg states of

opposite parity, such as an s and a p state. This resonant coupling converts the s

and p states into a pair of dressed states, each of which has mixed s+p character and
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Figure 4.6: The atomic level scheme considered in the dressing scheme of Section
4.2.2. The resonant dressing field Ωβ converts |a〉 and |b〉 into a pair of dressed
states with a rapidly-oscillating electric dipole moment. The dressing field Ωα then
off-resonantly couples one of these dressed states to the atomic ground state.

a rapidly-oscillating electric dipole moment. By applying an off-resonant optical

field to weakly couple one of these dressed states to the atomic ground state, an

effective electric dipole moment is induced in the ground state of the atom.

To gain further insight into this dressing scheme we consider a simple model

based on the atomic level structure illustrated in Figure 4.6. The ground state |g〉 is
off-resonantly coupled to a Rydberg state |a〉; the Rabi frequency and detuning of

this coupling are given by Ωα and ∆α respectively. A second field resonantly couples

|a〉 to another Rydberg state |b〉 with Rabi frequency Ωβ . The parameter regime of

interest for inducing a weak admixture of |a〉 and |b〉 into |g〉 is (Ωα,Ωβ)≪ ∆α. The

atomic Hamiltonian can be written in a suitable interaction picture asH0+Hα+Hβ,

where

H0 = −~∆α

(

|a〉〈a|+ |b〉〈b|
)

, (4.11a)

Hα = 1
2
~Ωα

(

|g〉〈a|+ |a〉〈g|
)

, (4.11b)

Hβ = 1
2
~Ωβ

(

|b〉〈a|+ |a〉〈b|
)

. (4.11c)

The eigenstates of H0 + Hβ can be written down exactly. In terms of the bare

atomic states |g〉, |a〉, |b〉, they are given by

|vg〉 = |g〉, |v±〉 =
1√
2

(

|b〉 ± |a〉
)

. (4.12)

In the regime where (Ωα,Ωβ) ≪ ∆α, the coupling induced by Hα can be treated

as a perturbation on top of H0 +Hβ. In this case, the atomic eigenstates to first
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order in the perturbation are







|ψ+〉
|ψ−〉
|ψg〉






=









1 0 − x√
2(1−y)

0 1 x√
2(1+y)

x√
2(1−y)

− x√
2(1+y)

1















|v+〉
|v−〉
|vg〉






(4.13)

where |ψi〉 is the state that connects adiabatically to |vi〉 as x → 0, and x =

Ωα/(2∆α) and y = Ωβ/(2∆α) are small dimensionless parameters. The eigenener-

gies of the system are unchanged to first order in the perturbation. By inverting the

transformation to express the ground state |g〉 in terms of the dressed eigenstates

and assuming that the transition dipole moments |dga| and |dgb| are negligible in

comparison with |dab|, we find that the induced electric dipole moment of an atom

prepared in the ground state |g〉 at time t = 0 is approximately

d(t) = dab

[

x2

(1− y)2
[

1− cos
(

(1− y)∆αt
)

]

− x2

(1 + y)2

[

1− cos
(

(1 + y)∆αt
)

]

]

≈ dab x
2
[

4y
(

1− cos∆αt cos
1
2
Ωβt
)

− 2 sin∆αt sin
1
2
Ωβt
]

, (4.14)

where the second line is valid when (1 ± y)−2 ≈ (1 ∓ 2y). Thus d(t) has a time-

averaged value of 4x2y dab, about which fluctuations of size 4x2y (on a timescale

t1 = 2π/∆α) and 2x2 (on a timescale t2 = 4π/Ωβ) take place.

Typical experimental parameters for this dressing scheme could be ∆α = 2π×1

GHz, Ωα = 2π×200 MHz, Ωβ = 2π×300 MHz, corresponding to x = 0.1, y = 0.15.

4.3 Heating by spontaneous emission: a compar-

ison of level schemes

As noted in Chapter 2, it is a common approximation in the study of systems of

Rydberg atoms to assume that all spontaneous emission events lead directly to the

ground state. In analysing the microwave dressing scheme of §4.2.2, for example,

this leads to a three-level approximation of the atom: the states |a〉, |b〉, and |g〉
are retained, but all other states {|i〉} are ignored [136, 74].

In view of the results of Chapter 2, which indicate that a complete treatment of

the atomic level scheme is important, we now make a quantitative comparison of

the rate of heating within the microwave dressing scheme of §4.2.2 for two different

treatments of the atomic level structure. The two different atomic level schemes we
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(a) (b)

Figure 4.7: The two atomic level schemes compared in §4.3. (a) In the three-level
approximation, the atom is restricted to the driven subspace P = span(|g〉, |a〉, |b〉).
(b) The full set of atomic levels includes the non-driven subspace Q = P⊥. Within
the full atomic level scheme, a decay event from state |a〉 or |b〉 can leave the atom
in any one of a large number of different states in Q, from which it eventually
returns to the ground state |g〉.

consider are illustrated in Figure 4.7. Firstly, we consider the case where the atomic

state is restricted to the driven subspace P = span(|g〉, |a〉, |b〉). This treatment,

which we will refer to as the three-level approximation, ignores the existence of the

non-driven subspace Q = P⊥. Secondly, we consider the case where the full set of

atomic levels is included, and compare the rate of heating with the corresponding

prediction within the three-level approximation.

4.3.1 Atomic dynamics

Coherent dynamics

In the absence of spontaneous emission, the atomic state evolves coherently within

the driven subspace P under the influence of the Hamiltonian of Eq. (4.11): H =

H0 +Hα +Hβ, where

H0 = −~∆α

(

σaa + σbb
)

, (4.15a)

Hα = 1
2
~Ωα

(

σga + σag
)

, (4.15b)

Hβ = 1
2
~Ωβ

(

σba + σab
)

. (4.15c)

Here σij = |i〉〈j| is an atomic transition operator. The atomic density matrix

ρ(t) = |φ(t)〉〈φ(t)| evolves according to the von Neumann equation:

dρ

dt
=

1

i~

[

H, ρ
]

. (4.16)
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Dissipative dynamics

To include spontaneous emission in the atomic evolution, it is sufficient to add the

terms arising from the irreversible coupling of the atom with the vacuum radiation

field directly to the coherent evolution of Eq. (4.16). Denoting the average decay

rate from state |i〉 ≡ (ni, ℓi, mi) to state |j〉 ≡ (nj , ℓj, mj) by Γi→j ≡ Γ
nj ,ℓj ,mj

ni,ℓi,mi

and setting Γi ≡ Γni,ℓi,mi
=
∑

j Γi→j, the appropriate terms to add to the master

equation are (see e.g. §IV.C of [142]):

∑

i, j 6=i

Γj→i σij ρ σji −
∑

i, j 6=i

Γi→j σii ρ σii (4.17a)

−1
2

∑

i, j 6=i

Γi σii ρ σjj −
1

2

∑

i, j 6=i

Γj σii ρ σjj. (4.17b)

The first two terms describe the feeding and decay of the population ρii = 〈i|ρ|i〉,
while the second two describe the decay of the atomic coherences ρij = 〈i|ρ|j〉. The
full master equation in the presence of spontaneous emission is thus

dρ

dt
=

1

i~
[H, ρ] +

∑

i, j 6=i

Γj→i σij ρ σji −
∑

i, j 6=i

Γi→j σii ρ σii

− 1
2

∑

i, j 6=i

Γi σii ρ σjj − 1
2

∑

i, j 6=i

Γj σii ρ σjj . (4.18)

4.3.2 Three-level approximation: the optical Bloch equa-

tions

In order to restrict the atomic system to the states |a〉, |b〉, |g〉 while maintaining the

correct decay properties of |a〉 and |b〉 we divert all decay paths into Q to instead

lead into |g〉; that is, we set

Γa→g = Γa→g +
∑

i∈Q
Γa→i, Γb→g = Γb→g +

∑

i∈Q
Γb→i. (4.19)

Within the three-level approximation, the density matrix ρ is 3 × 3; by flattening

the density matrix into a vector, the master equation of Eq. (4.18) can be written

as

dρ

dt
= Mρ (4.20)
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where ρ =
(

ρgg ρgb ρga ρbg ρbb ρba ρag ρab ρaa

)T

, and M is the 9 × 9 ma-

trix
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The steady-state density matrix ρ
ss can be straightforwardly obtained by finding

the null space of the matrix M. The average rate of increase of the x-component

of the atomic kinetic energy due to momentum kicks from emitted photons is then

d〈Ex〉
dt

= ρssaa

(

Γa→bE
(ab)
R β(ab)

x + Γa→g E
(ag)
R β(ag)

x

)

+ ρssbb Γb→g E
(bg)
R β(bg)

x , (4.21)

where E
(ij)
R = ~2k2ij/(2m) withm the mass of the rubidium atom is the atomic recoil

energy for the i→ j transition, and β
(ij)
x is a constant of order unity that accounts

for the angular emission pattern of the i→ j transition (see §B.3 of Appendix B).

Analogous expressions hold for the average heating rate in the y- and z- directions.

4.3.3 Full level scheme: quantum trajectory simulations

In order to model the internal atomic dynamics beyond the three-level approxi-

mation, it is sufficient to work with a basis of states (n, ℓ,m) such that εn,ℓ ≤
max(εa, εb). For computational reasons, we further restrict this basis to contain

only those states with ℓ ≤ ℓmax. This truncation is physically justified by the ob-

servations of §2.1 that the ratio of ℓ → ℓ + 1 to ℓ → ℓ − 1 transitions decreases

rapidly with increasing ℓ (see e.g. Figure 2.1). A radiative cascade from a state

with ℓ = 0 or ℓ = 1 is thus very unlikely to visit any state with ℓ & 5, and we

therefore see rapid convergence of our results to physically accurate values as ℓmax

is increased.

The full atomic basis described above consists of many hundreds of levels, even

for moderate values of na. This makes an exact solution of the master equation
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Eq. (4.18) for the full level scheme computationally infeasible. However, the atomic

dynamics can be efficiently simulated by means of quantum jump simulations [143,

144, 145, 146, 147]. To facilitate this, we note that Eq. (4.18) can be recast into

the equivalent Lindblad form

dρ

dt
=

1

i~

[

H, ρ
]

+
1

2

∑

(ij)

(

2cij ρ c
†
ij − c†ijcijρ− ρ c†ijcij

)

(4.22)

where cij =
√

Γj→i σij is the collapse operator associated with the j → i decay

channel, and the sum runs over all the allowed decay channels in the system.

An algorithm for carrying out quantum jump simulations of a master equation in

Lindblad form is given in Appendix C.

Method and parameters

We set |a〉 = |na, 1, 0〉 and |b〉 = |nb, 0, 0〉, where na is in the range 6 – 40. A value

of ℓmax = 7 was used for the truncation of the atomic basis set. We carried out a

total of M = 1 × 103 trials on the interval t = [0, tmax], with tmax = 50 ms. For

each trial, we calculated the increase in the kinetic energy of the atom as follows.

In the mth trial, let nm photons with wavevectors k1, . . . ,knm
be emitted. The

corresponding change in the kinetic energy of the atom is

∆E(m) = ∆E(m)
x +∆E(m)

y +∆E(m)
z (4.23)

where

∆E(m)
x =

1

2m

[

(pf · êx)2 − (pi · êx)2
]

, (4.24)

together with the analogous expressions obtained by replacing x by y or z. Here

pi and pf = pi − ~
∑nm

i=1 ki denote the initial and final atomic momenta; without

loss of generality we set pi = 0. The average rate of increase of the kinetic energy

in the x-direction over all M Monte Carlo trials is then given by

Rx =
1

Mtmax

M
∑

m=1

∆E(m)
x , (4.25)

with analogous expressions holding for y and z. As a result of the dipolar emission

patterns, the in-plane (x, y) and out-of-plane (z) heating rates differ slightly.
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(c) na = 40

Figure 4.8: The heating rate due to photon recoil for the dressing scheme of Figure
4.6 as a function of Ωα for (Ωβ,∆α) = 2π × (150, 300) MHz. The atomic states
involved in the dressing scheme are |a〉 = |na, 1, 0〉, |b〉 = |na, 0, 0〉: (a) na = 15,
(b) na = 28, and (c) na = 40. In each plot, the red line represents the result
obtained from the exact numerical solution of the three-level approximation, while
circles mark the result obtained from quantum trajectory simulations of the master
equation within the three-level approximation (blue) and in the full level scheme
(black). Filled circles denote the rate of heating in the x-y plane, while empty
circles denote the heating rate in the z-direction.
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4.3.4 Results

The rates of motional heating due to photon recoil for (Ωβ,∆α) = 2π × (150, 300)

MHz as a function of Ωα for three different values of na are illustrated in Figure

4.8. Each plot contains results for the rate of heating along each of the x, y and

z axes, both within the three-level approximation and for the full level scheme.

The results for the full level scheme were obtained by quantum trajectory calcula-

tions following the algorithm described in Appendix C, while the results within the

three-level approximation were obtained in two ways: firstly, by directly computing

the steady-state solution to the master equation Eq. (4.18) and obtaining the heat-

ing rate through Eq. (4.21); and secondly, by carrying out a quantum trajectory

simulation of Eq. (4.18) restricted to the driven subspace P. The results obtained

by the different methods show excellent agreement with one another, which serves

to validate the quantum trajectory treatment used.

Figure 4.8 indicates that the typical rate of heating arising from spontaneous

emission in the dressing scheme of outlined in Section §4.2.2 is of the order of a few

nanoKelvin per microsecond. The rate of heating in the x-y plane is higher than

that in the z-direction, due to the preferential in-plane emission arising from the

dipole emission profile. The rate of recoil heating in all three dimensions increases

with increasing Ωα, since the excited states |a〉 and |b〉 are more strongly popu-

lated, leading to a higher spontaneous emission rate. Conversely, the heating rate

decreases with increasing na, in accordance with the longer radiative lifetimes and

lower spontaneous emission rates of Rydberg states with higher principal quantum

numbers.

We can now make a direct comparison between the predicted heating rate both

with and without the three-level approximation. From Figure 4.8, we see that the

rate of heating in the full level scheme is significantly the lower of the two: in

the x-y plane (z-direction) the rate is 40% (65%) of that predicted by the 3-level

approximation. These figures are essentially constant for all na ≥ 12. This is a

direct consequence of the fact that within the full level scheme, the atom typically

decays to the ground state via a radiative cascade, rather than by a single photon

(see Figure 2.3). The emission of a sequence of photons with wavevectors k1,k2, . . .

whose magnitudes sum to kag results in a smaller average increase in kinetic energy

than the emission of a single photon with wavevector magnitude kag.
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4.4 Stability of crystals of Rydberg-dressed atoms

In §4.1.5 we found that the melting temperature of mesoscopic crystals of dipolar

atoms is likely to be less than 100 nK for realistic experimental parameters. As

can be seen from the emission spectra in Figure 2.3, this is lower than the recoil

energy associated with nearly all of the photons that can be emitted in a decay

event from the excited states |a〉 or |b〉 for the values of na considered here. This

indicates that recoil heating associated with spontaneous emission from the excited

component of the dressed ground state is likely to threaten the stability of meso-

scopic crystals formed by Rydberg-dressed atoms. However, this is not necessarily

a fatal blow to creating such crystals, since the stability of a crystal consisting of

N ≫ 1 atoms will depend to a large extent on how the atomic recoil energy of a

single spontaneous emission event is distributed among the atoms. If the motion of

neighbouring atoms is strongly coupled, so that the recoil energy is shared widely

among many atoms, then the average heating rate calculated in §4.3 is relevant,

and the crystal might be expected to have a lifetime ranging up to several hun-

dreds of microseconds, depending on the exact dressing parameters used. On the

other hand, if the motion of neighbouring atoms is only weakly coupled, the hot

single atom could be expected to exit rapidly from the neighbourhood of the crys-

tal. The relative importance of each of these scenarios could be investigated by

performing a molecular dynamics simulation of the atomic motion simultaneously

with a quantum trajectory simulation of the cascade process. Another interesting

avenue is the possibility of stabilising the crystal through active laser cooling of

the Rydberg-dressed atoms, as recently proposed and investigated in [134].

4.5 Summary

We studied the equilibrium structures of mesoscopic (6 ≤ N ≤ 40) clusters of

dipolar particles, and found that for small values of N , the cluster consists of a

regular collection of polygonal shells. Defects in the shell structure begin to appear

as the size of the cluster is increased past N & 20, and for N & 30 the shell

structure gives way to a regular triangular lattice. We investigated the melting

behaviour of these clusters through Monte Carlo simulations, and found that the

onset of melting for realistic experimental parameters takes place at temperatures

of 25 – 75 nK, though remnants of crystalline order are expected to be observable

at higher temperatures.
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We outlined two possible schemes by which the exaggerated electric dipole mo-

ment of an excited Rydberg state could be exploited to induce a non-zero electric

dipole moment in a neutral atom. In one scheme, a DC electric field is applied to

the atom, and the ground state is weakly coupled to an extremal state in the ‘Stark

fan’ of levels produced from each Rydberg manifold. In the other scheme, an AC

dressing field is used to couple two excited Rydberg states, thereby forming a pair

of dressed states which have rapidly-oscillating electric dipole moments. One such

dressed state is weakly coupled into the ground state by an admixing laser.

We then investigated the rate of atomic heating due to spontaneous emission in

the AC dressing scheme for two treatments of the atomic level structure. By using

quantum trajectory simulations of the master equation governing the dynamics

of the atomic density matrix, we made a quantitative comparison of the heating

rate predicted by a reduced three-level approximation, as compared with a full

treatment of the atomic level structure. We found that the heating rate predicted

within the full level scheme is approximately half of that predicted by the three-level

approximation, due to the high probability of the atom returning to the ground

state by a radiative cascade rather than through a single photon emission.





Chapter 5

Uniquely decomposing walks on

directed graphs

In the first three chapters of this thesis, we used quantum defect theory as a tool to

study several different proposals involving cold Rydberg atoms. We began by cal-

culating the radiative cascade behaviour of single Rydberg atoms, then investigated

the stability of diatomic molecular Rydberg states, before analysing classical crys-

talline structures comprising several dozen atoms. In keeping with this progression

in system size, we now introduce a novel method of evaluating matrix functions

which promises to provide a useful tool for simulating the quantum dynamics of

systems of many hundreds or even thousands of cold Rydberg atoms.

Large systems of Rydberg atoms currently from an active and fertile topic of

research within cold matter physics, since they exhibit a rich range of physics due

to the dipolar interactions between Rydberg states. Because these dipolar inter-

actions are both strong and long-range, many-body effects play an important role

in determining the physical behaviour of such systems, so that standard pertur-

bative approaches are not suitable for their analysis. Further, although standard

techniques such as DMRG have achieved great success for strongly-correlated one-

dimensional systems, the simulation of two- and three-dimensional systems with

long-range interactions remains a difficult problem.

Motivated by this, we now develop a novel technique for symbolically evaluating

matrix functions in closed form. This method, which we term the method of

path-sums, is based on two main concepts: firstly, a mapping between matrix

multiplications and walks on weighted directed graphs, and secondly, a universal

59
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result on the structure of such walks. We expect that applying the method of

path-sums to the evaluation of the time-evolution operator U(t) = exp(−iHt/~)
will form a promising new approach to the simulation of large systems of Rydberg

atoms.

We present the method of path sums over the next two chapters. In the current

chapter, we state and prove the graph-theoretic result that forms the foundation

for the path-sum method. This result amounts to a universal statement about

the structure of walks on a directed graph: specifically, that any walk on an ar-

bitrary directed graph can be decomposed into a simple path plus a collection of

recursively-nested simple cycles. In Chapter 6, we develop the method of path-

sums by combining this graph-theoretic result with the aforementioned mapping

between matrix multiplications and walks on directed graphs.

The current chapter is structured as follows. We begin by providing an overview

of the main concepts of graph theory in §5.1, which serves to establish our termi-

nology and notation. We then present and prove the main results of the chapter in

§5.2 and §5.3. In §5.4 we present two illustrative examples of how these results can

be applied, by obtaining a continued-fraction representation of the walk-generating

function of a graph and a novel recursive formula for the quasideterminants of a

matrix. We summarise our results in §5.5.
The work appearing in this chapter was carried out in collaboration with Pierre-

Louis Giscard. The results of §5.2 and §5.3 are due to the present author, while

the illustrative applications of §5.4 were developed in collaboration with Pierre-

Louis Giscard. The results presented here form the basis for a publication that

has recently been submitted to the SIAM Journal on Discrete Mathematics ; a pre-

print of this manuscript, which also includes a number of new developments, has

recently been made available [148].

5.1 A review of graph theory

A graph is a mathematical structure consisting of a set of vertices joined by a

collection of edges. In addition to their intrinsic mathematical interest, graphs are

useful for providing abstract representations of relationships among sets of objects.

Graph theory therefore finds many applications within science, mathematics, and

engineering: vertices and edges may be used to represent anything from software

packages and the dependencies between them, to the system states and possible

transitions of a discrete-state Markov chain, to an ensemble of vector spaces and a
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collection of linear mappings linking them.

In this section we summarise some concepts in graph theory in order to es-

tablish our terminology and notation. In general we follow standard graph theory

references such as [149, 150].

5.1.1 Graphs

A directed graph G is a pair of sets (V, E) such that the elements of the edge set

E are ordered pairs of elements of the vertex set V. A graph is infinite if it has

infinitely many edges, vertices, or both; or finite otherwise. An edge connecting a

vertex to itself will be called a loop, and two or more edges that connect the same

two vertices in the same direction are called multiple edges. Throughout this thesis

we consider finite directed graphs that may contain loops, but not multiple edges.

We denote the vertices of G by Greek letters α, β, . . ., and an edge that leads from

vertex µ to vertex ν by (µν). Further, we denote the graph obtained by deleting

all loops from G by G0, and the graph obtained by deleting vertices α, β, . . . from

G by G\{α, β, . . .} .
A convenient representation of a graph G is its adjacency matrix AG , the square

matrix of size |V| with entries

AG [µ, ν] =







1 if the edge (µν) exists in G,
0 otherwise.

(5.1)

5.1.2 Walks

A walk w of length n from α to ω is a sequence of n contiguous edges (αµ2), (µ2µ3), . . . , (µnω).

If it happens that ω = α, then w is a closed walk ; walks that are not closed are open.

We will typically represent a walk either by its edge sequence (αµ2)(µ2µ3) · · · (µnω)

or by its vertex string (αµ2µ3 · · ·µnω). The head and tail vertices of w are h(w) =

α ≡ µ1 and t(w) = ω ≡ µn+1, respectively; the remaining vertices µ2, . . . , µn are

the internal vertices of w. In addition to walks of positive length, we define for

every vertex µ ∈ V a trivial walk of length zero, which we will denote by (µ).

When convenient, these trivial walks may be inserted into the edge sequence of a

longer walk: thus (αµ2)(µ2ω) and (α)(αµ2)(µ2)(µ2ω)(ω) represent the same walk

of length 2 from α to ω. The set of all walks from α to ω on G will be denoted by

WG;αω.
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5.1.3 Paths

The terms path and simple path will be used interchangeably to refer to a walk

whose vertices are all distinct. The set of all paths from α to ω on G will be

denoted by PG;αω. Since G is finite, this set is finite.

5.1.4 Cycles

A cycle off α is a walk that starts and finishes on α, but does not revisit α in

between. Every cycle is a closed walk, but not every closed walk is a cycle. A cycle

will be called a simple cycle if it visits each of its internal vertices only once. A

simple cycle is necessarily a loop if it is of length 1, or a triangle, square, . . . if it is

of length 3, 4, . . ., and will be called a backtrack if it is of length 2. The set of all

cycles off α on G will be denoted by C̃G;α. The set of all simple cycles off α on G
will be denoted by CG;α; since G is finite, this set is finite.

5.1.5 Concatenating walks

Given a pair of walks w1, w2 that satisfy h(w2) = t(w1), we define their concate-

nation w1w2 to be the walk obtained by concatenating their edge sequences. We

extend this operation to sets of walks as follows: given two walk sets W1 and W2

such that h(w2) = t(w1) for every w1 ∈ W1 and w2 ∈ W2, the set W1 ◦W2 is defined

as

W1 ◦W2 = {w1w2 : w1 ∈ W1, w2 ∈ W2}. (5.2)

It follows that a set of closed walks may be concatenated with itself. Given a setW

of closed walks off µ, we define W 0 = {(µ)} andW n =W n−1◦W for n ∈ {1, 2, . . .}.
Finally, we define the Kleene star W ∗ of a set W of closed walks to be the set of

walks formed by concatenating any number of elements of W :

W ∗ =

∞
⋃

n=0

W n. (5.3)

5.1.6 Nesting walks

Let w1 = (βµ2 · · ·µmβ) be a closed walk of lengthm off β, and let w2 = (αη2 · · ·β · · · ηnω)
be a walk of length n that has β as precisely one vertex. Then the walk of length

m + n formed by replacing β by w1 in the vertex string of w2 will be said to
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consist of w1 nested into w2 (off the vertex β). This walk has vertex sequence

(αη2 · · ·βµ2 · · ·µmβ · · · ηnω).

5.1.7 The walk algebra KG
Let K be a field. Then the walk algebra or path algebra KG is the vector space

over K with basis BKG given by the set of all walks on G:

BKG =
⋃

α,ω∈V
WG;αω. (5.4)

The dimension of KG is infinite if G contains any cycles.

5.1.8 Weighted graphs

A weighted graph is formed by pairing a graph G with a weight function ϕ that

assigns a weight ϕ[e] to each edge e ∈ E . To retain maximum generality, we let

the weight of an edge from µ to ν be any invertible morphism from an object Vµ,

associated with the vertex µ, to an object Vν , associated with the vertex ν. We

extend the domain of ϕ from the edge set E to the walk algebra KG by setting

ϕ[(µ)] = Idµ, the identity morphism on Vµ, and defining

ϕ[we] = ϕ[e]ϕ[w] (5.5a)

for any walk w and edge e satisfying h(e) = t(w), and

ϕ[wi + wj] = ϕ[wi] + ϕ[wj] (5.5b)

for walks wi, wj satisfying h(wi) = h(wj) and t(wi) = t(wj). Note that the ordering

of weights when two edges are concatenated is suitable for the composition of

morphisms to be carried out.

5.2 The path decomposition of a walk

We now present the central result of this chapter: that any walk on a graph G
can be decomposed into a collection of concatenated and recursively-nested simple

cycles nested into an underlying simple path. This result is valid for directed

graphs either with or without self-loops. This decomposition, which we refer to as
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the path decomposition of a walk, is carried out in a fashion that natively respects

the ordering of the edges in the walk.

An intuitive way of understanding the path decomposition of a walk w is as

follows. Consider traversing w from start to finish, pausing at each vertex to check

whether or not it has been visited previously. Upon arriving at a vertex µ that has

been visited previously, remove from w the sequence of edges traversed since the

most recent encounter with µ, and set this sequence aside. Proceed in this fashion

until the end of w is reached. At this point, the remaining vertex string contains

no repeated elements, and so defines a simple path. Further, each of the removed

sections of w contains no repeated internal vertices, and so defines a simple cycle

off the relevant vertex µ.

By following this procedure, any walk can be decomposed into a simple path

and a collection of simple cycles. Further, the original walk can be reconstructed by

nesting and concatenating the simple cycles and simple path together. Walks and

path decompositions are therefore in one-to-one correspondence. The remainder

of this section is dedicated to formalising and proving this statement, and showing

that this one-to-one correspondence can be used to write the basis of the path

algebra KG in a compact form.

5.2.1 Description and definition

The path decomposition of a walk w is an ordered tree Tw such that

(i) the root node of Tw contains a simple path p, and has ℓ + 1 children, where

ℓ is the length of p;

(ii) each child node of Tw contains an ordered sequence c1c2 · · · ck of k ≥ 0 simple

cycles, and has m1 +m2 + · · · +mk − k children, where mi is the length of

ci. If k = 0 then the child node is empty, in which case it functions as a

placeholder to maintain the positions of the children to its right;

(iii) collapsing Tw produces the walk w. To collapse the tree Tw, start at the leaf

nodes and work upwards until the root is reached. At each node N , collapse

the children of N into N by nesting the contents of the ith child either off

the ith internal vertex of the cycles in N (counting across cycle boundaries),

if N is a child node of Tw; or off the ith vertex of the simple path p, if N is

the root node of Tw.
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Figure 5.1: An illustration of the structure of a path decomposition of a walk
wαω from α to ω. Each of the children of a given node N contains a sequence of
concatenated simple cycles that are nested into the contents of the node N . Here
i, k, r, s, and t are non-negative integers denoting the number of simple cycles in
a particular concatenated sequence.

Figure 5.1 provides an illustration of the structure of a path decomposition.

Two points are worth noting. Firstly, every walk admits at least one path

decomposition. This can be seen by considering the intuitive decomposition proce-

dure described in the introduction to §5.2, which sequentially extracts simple cycles

from a walk until only a simple path remains. By noting the order in which the

cycles are extracted during this process, the tree Tw can be constructed (starting

at the leaf nodes, and working upwards) as the decomposition proceeds. Secondly,

many walks admit more than one path decomposition. To avoid ambiguity in these

cases, we adopt the convention that the standard or canonical path decomposition

of a walk is the one that places all child nodes as far towards the left of the tree

as possible. This corresponds to nesting each simple cycle off as early a vertex as

possible. An example is given in Figure 5.2.

5.2.2 Decomposing the basis of the path algebra KG
Having formalised the structure of a canonical path decomposition, we now estab-

lish the one-to-one correspondence between walks and canonical path decompo-

sitions. We achieve this by providing a constructive step-by-step procedure that

builds Tw by starting at the root node and working downwards (i.e. the path p is

first isolated, then each branch is constructed). This procedure differs from the
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Figure 5.2: Two different path decompositions of the walk w = (1331123434423).
The left-hand decomposition is the canonical decomposition for this walk.

decomposition method described earlier, which builds the tree by starting at the

leaf nodes and working upwards. In either case, the final tree is the same; how-

ever, the top-down decomposition procedure lends itself more readily to a recursive

implementation, which we find convenient here.

As a consequence of the one-to-one correspondence between walks and path

decompositions, the set of all walks on G can be constructed by taking the union

of all possible path decompositions. This leads us to a compact expression for the

basis of the path algebra KG. We state the result as follows:

Theorem 5.2.1. The set of all walks from α to ω on a graph G can be written as

WG;αω =
⋃

PG;αω

C̃ ∗
G;α ◦

{

(αν2)
}

◦ C̃ ∗
G\{α};ν2 ◦ · · · ◦

{

(νℓω)
}

◦ C̃ ∗
G\{α,ν2,...,νℓ};ω (5.6a)

where ℓ is the length of the simple path (αν2 · · ·νℓω) ∈ PG;αω, and the cycle set C̃G;α

is

C̃G;α =
⋃

CG;α

{

(αη2)
}

◦ C̃ ∗
G\{α};η2 ◦

{

(η2η3)
}

◦ · · · ◦ C̃ ∗
G\{α,η2,...,ηm−1};ηm ◦

{

(ηmα)
}

,

(5.6b)

where m is the length of the simple cycle (αη2 · · · ηmα) ∈ CG;α. The basis for the

walk algebra KG can therefore be written as

BKG =
⋃

α,ω

⋃

PG;αω

C̃ ∗
G;α ◦

{

(αν2)
}

◦ C̃ ∗
G\{α};ν2 ◦ · · · ◦

{

(νℓω)
}

◦ C̃ ∗
G\{α,ν2,...,νℓ};ω. (5.6c)

Proof. We prove Theorem 5.2.1 by providing a step-by-step procedure for con-
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structing the canonical path decomposition of an arbitrary walk. This procedure

serves to establish two points: firstly, it demonstrates the one-to-one correspon-

dence between walks and canonical path decompositions; and secondly, it shows

that the structure of a canonical path decomposition matches the structure of an

element of the set on the right-hand side of Theorem 5.2.1: that is, that the form of

a canonical path decomposition mandates the sequential removal of vertices from

G seen in Eq. (5.6a) and (5.6b).

The step-by-step procedure for constructing a canonical path decomposition

consists of three parts, each of which we state as a Lemma. We show firstly that

any walk can be decomposed into a path p and a collection of closed walks nested

off the vertices of p (Lemma 5.2.2); secondly, that any closed walk is a concatenated

sequence of cycles (Lemma 5.2.3); and thirdly, that any cycle can be decomposed

into a simple cycle c and a collection of closed walks nested off the internal vertices

of c (Lemma 5.2.4).

Lemma 5.2.2. The set of all walks from α to ω on G can be written as

WG;αω =
⋃

PG;αω

WG;αα ◦
{

(αν2)
}

◦WG\{α};ν2ν2 ◦ · · ·
{

(νℓω)
}

◦WG\{α,ν2,...,νℓ};ωω, (5.7)

where ℓ is the length of the path (αν2 · · · νℓω) ∈ PG;αω.

Proof. The following procedure uniquely decomposes an arbitrary walk into a path

and a collection of closed walks. Let (αµ2)(µ2µ3) · · · (µnα) be the edge sequence of

w, and consider traversing this sequence from start to finish. Upon arriving at a

vertex ν, remove from w the sequence of edges joining the current appearance of ν to

the final appearance of ν. In other words, extract from w the longest possible closed

walk off ν (if ν only appears once, extract the trivial closed walk (ν)). Setting this

closed walk aside, continue along the remaining edges. By the time the end vertex ω

is reached, the surviving edges define a simple path p = (αν2 · · · νℓω), with a length

we denote by ℓ. A total of ℓ+ 1 closed walks have been set aside, the ith of which

starts and finishes on νi and does not visit any of the vertices α, ν2, . . . νi−1. The

original walk w is unambiguously reconstructed by nesting each of the extracted

closed walks off the appropriate vertex of p. This procedure therefore provides a

one-to-one mapping from walks to paths and closed walks. This mapping, which

is represented symbolically in Fig. 5.3(a), directly implies Eq. (5.7). �
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Figure 5.3: Symbolic representations of the decompositions described in Lemmas
5.2.2–5.2.4 (left), together with an example of each decomposition (right). Ovals
represent simple paths; rectangles (rounded rectangles) represent walks (closed
walks); double circles represent cycles; single circles represent simple cycles. (a)-
(b) Lemma 5.2.2: a walk can be decomposed into a path p and a collection of
closed walks nested off the vertices of p; (c)-(d) Lemma 5.2.3: a closed walk can be
decomposed into a sequence of concatenated cycles; (e)-(f) Lemma 5.2.4: a cycle
can be decomposed into a simple cycle c and a collection of closed walks nested off
the internal vertices of c.

Lemma 5.2.3. The set of all closed walks off α on G can be written as

WG;αα = C̃ ∗
G;α, (5.8)

Proof. A closed walk can be decomposed into cycles as follows. We define the

trivial walk (α) to consist of zero cycles. Otherwise, let n ≥ 0 be the number of

times that α appears as an internal vertex of w. Then w consists of n + 1 cycles,

which are identified by splitting the edge sequence of w at each internal appearance

of α. If the n + 1 cycles are stored as an ordered list, the original closed walk is
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recovered by concatenating the cycles in the appropriate order. This mapping,

which is represented symbolically in Fig. 5.3(c), directly implies Eq. (5.8). �

Lemma 5.2.4. The set of all cycles off α on G can be written as

C̃G;α =
⋃

CG;α

{

(αη2)
}

◦WG\{α};η2η2 ◦
{

(η2η3)
}

◦ · · · ◦WG\{α,η2,...,ηm−1};ηmηm ◦
{

(ηmα)
}

(5.9a)

=
⋃

CG;α

{

(αη2)
}

◦ C̃∗
G\{α};η2 ◦

{

(η2η3)
}

◦ · · · ◦ C̃∗
G\{α,η2,...,ηm−1};ηm ◦

{

(ηmα)
}

,

(5.9b)

where m is the length of the simple cycle (αη2 · · · ηmα) ∈ CG;α.

Proof. The following procedure uniquely decomposes a cycle into a simple cycle

and a collection of closed walks. Let (αµ2)(µ2µ3) · · · (µnα) be the edge sequence of

c̃α. Then c̃ can be decomposed into a simple cycle and a collection of closed walks

by an essentially identical method to that described in the proof to Lemma 5.2.2:

the only difference is that the traversal should not start at α, but rather at the

first internal vertex µ2. Upon reaching the end of the cycle, the remaining edge

sequence defines a simple cycle c = (αη2)(η2η3) · · · (ηmα) of length m ≤ n, and a

total of m − 1 closed walks have been set aside. The ith closed walk starts and

finishes on ηi+1, and does not visit any of the vertices α, η2, . . . , ηi. The cycle c̃ is

reconstructed by nesting each of the closed walks off the appropriate internal vertex

of c. This mapping, which is represented symbolically in Fig. 5.3(e), directly implies

Eq. (5.9a). Equation (5.9b) then follows on using the result of Lemma 5.2.3. �

Taken together, the results of Lemmas 5.2.2–5.2.4 lead to the result of Theorem

5.2.1. Given a walk w, consider applying Lemma 5.2.2 to decompose w into a path

p and a collection of closed walks, then repeatedly applying Lemmas 5.2.3 and

5.2.4 to each closed walk thus produced. This procedure converts each closed walk

into a sequence of simple cycles, each of which has a concatenated sequence of

recursively-nested simple cycles nested off each internal vertex. Since one or more

vertices are deleted from the graph with each increase in the level of nesting (see

Lemma 5.2.4), the recursive decomposition of closed walks into sequences of nested

simple cycles is guaranteed to eventually terminate. At this point the canonical

path decomposition of w has been obtained. �

The decomposition of a walk into a simple path and a collection of simple

cycles bears many similarities to the decomposition of an integer into a product
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of prime numbers [151]. In each case, a composite object is decomposed into a

collection of simpler objects, which are fundamental in the sense that they cannot

themselves be decomposed any further. Within this analogy, our simple paths and

simple cycles play the role of the prime numbers, and our unique ‘canonical path

decomposition’ of a walk is analogous to the unique ‘standard form’ of an integer,

in which the prime factors are written in increasing order. Theorem 5.2.1 then

mirrors the Fundamental Theorem of Arithmetic.

5.3 The sum of all walks on a graph

The results of the previous section give a detailed understanding of the structure of

walks on G. We now use these results to recast the sum of all walks linking a given

pair of vertices on G into a compact form consisting of a finite number of terms.

Specifically, by using the fact that every walk on a graph can be decomposed into

a simple path and a collection of concatenated and nested simple cycles (Theorem

5.2.1), we rewrite the sum of all walks from α to ω on G as a sum over simple paths

from α to ω by modifying each simple path to include all possible collections of

concatenated and nested simple cycles off the vertices it visits. This modification

amounts to replacing each vertex µ in a path by a ‘dressed vertex’ (µ)′G that includes

all possible concatenations and nestings of simple cycles off µ. We then formally

resum each of the sums of simple cycles into a closed form, thereby obtaining a

compact expression for the sum of all walks from α to ω on G.

This section consists of two parts. In the first we recast the sum of all walks

from α to ω as a sum over paths with dressed vertices. This result represents a

general formal statement on the sum of the elements of the walk set WG;αω. In the

second part we extend the result from the sum of walks on G to the sum of the

weights of all walks from α to ω on the weighted graph (G, ϕ). Since the weight of

each walk from α to ω is a morphism from Vα to Vω (for example, a linear mapping

between vector spaces), the sum of walk weights is a morphism equal to the sum

of all the individual morphisms.
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5.3.1 The sum of walks on a directed graph

Given a graph G and a pair of vertices α, ω, we denote the sum of all walks from α

to ω on G by ΣG;αω:

ΣG;αω =
∑

WG;αω

(αη2) (η2η3) · · · (ηnω) . (5.10)

where n is the length of the walk (αη2 · · ·ηnω) ∈ WG;αω. In this section we use the

result of Theorem 5.2.1 to write ΣG;αω in a compact closed form.

Theorem 5.3.1. The sum of all walks from α to ω on G is given by

ΣG;αω =
∑

PG;αω

(α)′G (αν2) (ν2)
′
G\{α} · · · (νℓω) (ω)

′
G\{α,ν2,...,νℓ} , (5.11a)

where ℓ is the length of the path (αν2 · · · νℓω) ∈ PG;αω, and (α)′G = ΣG;αα denotes

the vertex α dressed on G, which is equal to

(α)′G =

[

(α)−
∑

CG;α

(α) (αµ2) (µ2)
′
G\{α} (µ2µ3) · · · (µm)

′
G\{α,µ2,...,µm−1} (µmα) (α)

]−1

,

(5.11b)

where m is the length of the simple cycle (αµ2 · · ·µmα) ∈ CG;α, and
[

(α) −
∑

CGα
(α)(αµ2) · · · (α)

]−1
is the formal power series

∑∞
p=0

[
∑

CGα
(α)(αµ2) · · · (α)

]p
.

Proof. This result follows from Theorem 5.2.1. By summing over set elements on

each side of Eq. (5.6a), Eq. (5.11a) is obtained directly, with the dressed vertex

(α)′G taking the form

(α)′G =
∞
∑

n=0

[

∑

C̃G;α

(αη2) (η2η3) · · · (ηmα)
]n

, (5.12)

where m is the length of the cycle (αη2 · · ·ηmω) ∈ C̃G;α. By using Eq. (5.6b) to

recast the sum over cycles in this expression into a sum over simple cycles with

dressed internal vertices, the recursive form of Eq. (5.11b) for (α)′G is obtained. �
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5.3.2 The sum of walk weights on a weighted directed graph

We now move to a weighted graph (G, ϕ) and present the equivalent of Theorem

5.3.1 for the weights of walks, rather than the walks themselves. We convert the sum

of the weights of all walks from α to ω to a sum over weighted paths by assigning

an ‘effective weight’ to each vertex visited by each path. This effective weight

accounts for the vertex being dressed by the weights of all possible combinations

of concatenated and nested simple cycles off it.

Theorem 5.3.2. The sum of the weights of all walks from α to ω on a weighted

graph (G, ϕ) is given by

ϕ
[

ΣG;αω
]

=
∑

PG;αω

FG\{α,ν2,...,νℓ};ω fωνℓ · · · FG\{α};ν2 fν2α FG;α, (5.13a)

where fνµ = ϕ[(µν)] is the weight of the edge (µν), and

FG;α = ϕ
[

(α)′G
]

=

[

Idα −
∑

CG;α

fαµm
FG\{α,µ2,...,µm−1};µm

fµmµm−1
· · · FG\{α};µ2

fµ2α

]−1

(5.13b)

is the effective weight of the vertex α on G.

Proof. This follows from Theorem 5.3.1 and the properties of the weight function

defined in Eq. (5.5). �

One particular application of Theorem 5.3.2 is found by setting Vµ to be a com-

plex vector space of dimension dµ. Then fνµ is a a dν-by-dµ matrix representing

a linear mapping from Vµ to Vν , and Idµ is the identity matrix of dimension dµ.

Theorem 5.3.2 then provides a compact expression for the sum of all possible map-

pings from Vα to Vω; this expression takes the form of a matrix-valued continued

fraction. We present the details of this application in Chapter 6.

5.4 Illustrative applications

By using the result of Theorem 5.3.2, any quantity that can be written as a sum

of weights of walks on a graph G can be converted to a sum over weights of paths

on G. In this section we give two illustrative examples of this: firstly, we obtain a

continued-fraction representation of the walk-generating function of a graph, and

secondly, we give a novel recursive formula for the quasideterminants of a matrix.
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5.4.1 The walk-generating function of a graph

Given any two vertices α, ω of a graph G, the walk-generating function gG;αω(z) is

a formal power series in z with non-negative integer coefficients, defined by

gG;αω(z) =
∞
∑

n=0

cG;αω;n z
n (5.14)

where cG;αω;n ∈ {0, 1, 2, . . .} is the number of walks of length n from α to ω on G.
The function gG;αω(z) is commonly computed from the adjacency matrix A of G
through gG;αω(z) = (I−zA)−1[α, ω], where I is the identity matrix of the appropriate

dimension [149]; here we give an alternative formula for it.

Corollary 5.4.1. The walk-generating function gG;αω(z) is given by

gG;αω(z) =
∑

PG;αω

zℓ gG;αα(z) gG\{α};ν2ν2(z) · · · gG\{α,ν2,...,νℓ};ωω(z) (5.15a)

where ℓ is the length of the path (αν2 · · · νℓω) ∈ PG;αω, and

gG;αα(z) =
[

1−
∑

CG;α

zmgG\{α};µ2µ2
(z) · · · gG\{α,µ2,...,µm−1};µmµm

(z)
]−1

(5.15b)

where m is the length of the simple cycle (αµ2 . . . µmα) ∈ CG;α.

Proof. Consider the weighted graph formed by pairing G with a weight function

ϕ that assigns the formal variable z to each edge of G; i.e. ϕ[e] = z for every edge

e ∈ E . Then every walk of length n has the same weight zn, and we can write

gG;αω(z) = ϕ
[

ΣG;αω
]

(5.16a)

and

gG;αα(z) = ϕ
[

(α)′G
]

. (5.16b)

The result of Corollary 5.4.1 then follows immediately from Theorem 5.3.2. �

As an example of Corollary 5.4.1, consider computing the walk-generating func-

tion gG;12(z) for the directed graph G defined by the adjacency matrix

AG =







1 1 1

1 1 0

0 1 0






. (5.17)
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Figure 5.4: (a) The directed graph G described by the adjacency matrix of
Eq. (5.17). (b) The six walks of length 3 from vertex 1 to vertex 2 on G.

This graph is illustrated in Figure 5.4(a). The set of paths from 1 to 2 on G is

PG;12 = {(12), (132)}, so that applying Corollary 5.4.1 gives

gG;12(z) = z gG;11(z) gG\{1};22(z) + z2 gG;11(z) gG\{1};33(z) gG\{1,3};22(z). (5.18)

Using the fact that CG;1 = {(11), (121), (1321)}, we find

gG;11(z) =
(

1− z − z2gG\{1};22(z)− z3gG\{1};33 gG\{1,3};22
)−1

, (5.19)

while gG\{1};22 =
(

1 − z
)−1

, gG\{1};33 = 1, and gG\{1,3};22 =
(

1 − z
)−1

. Assembling

these expressions gives

gG;12(z) = z
(

1− z − z2(1− z)−1 − z3(1− z)−1
)−1

(1− z)−1

+ z2
(

1− z − z2(1− z)−1 − z3(1− z)−1
)−1

(1− z)−1

=
z + z2

1− 2z + z3

= z + 3z2 + 6z3 + 13z4 + 29z5 + · · · (5.20)

which agrees with the result obtained by computing the matrix (I − zAG)
−1 and

extracting the element in the first row and second column. The six walks of length

3 from vertex 1 to vertex 2 are illustrated in Figure 5.4(b).
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5.4.2 A path-sum approach to quasideterminants

Matrix determinants are a central object of study in commutative linear algebra. As

a consequence of their importance, numerous attempts have been made to extend

the definition of a determinant to matrices with non-commuting entries [152, 153,

154, 155, 156]. Quasideterminants are one such extension that have proved useful in

the fields of noncommutative algebra, representation theory, and noncommutative

geometry. Although their foundations appeared in the literature as early as the

1920s, quasideterminants lay largely dormant until they were rediscovered and

popularised in a series of papers by Gel’fand and Retakh over the past two decades

[157, 158, 159]. The following definition is taken from their 1992 paper [158].

Let A = (aij) be a square matrix of size n with formal non-commuting entries

aij . We inductively define n2 quantities |A|pq for 1 ≤ p ≤ n, 1 ≤ q ≤ n, called the

quasideterminants of A, as follows. For n = 1, we define the single quasideterminant

|A|11 = a11. For n ≥ 2, suppose that the quasideterminants for all matrices of size

less than n are already defined. We denote by Aab the square matrix of size n− 1

obtained from A by deleting the ath row and bth column, and set

|A|pq = apq −
∑

i 6=p
j 6=q

apj |Apq|−1
ij aiq. (5.21)

For example, the 2 × 2 matrix A =

(

a11 a12

a21 a22

)

has the following four quasideter-

minants:

|A|11 = a11 − a12a−1
22 a21 |A|12 = a12 − a11a−1

21 a22 (5.22a)

|A|21 = a21 − a22a−1
12 a11 |A|22 = a22 − a21a−1

11 a12. (5.22b)

Many properties of quasideterminants mirror those of the commutative determi-

nant: they behave well with respect to row and column operations, can be used

to solve linear systems of equations in noncommuting variables, and may be used

to build the inverse of a matrix with noncommuting entries. However the quaside-

terminants of a matrix A whose entries do commute reproduce not the ordinary

determinant, but rather the ratio of the determinant of A to that of a minor of A:

|A|ij = (−1)i+j detA/ detAij . A recent review article [160] contains a full discus-

sion of the properties of quasideterminants. We now present the main result of this

section.
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Theorem 5.4.2. Let X = (xµν) be a square matrix of size N with formal entries

xµν for 1 ≤ µ, ν ≤ N , and let X(δ1,...,δm) be the matrix formed by deleting all rows

and columns of X with indices δ1, . . . , δm. Then the quasideterminants |I−X|ωα for

1 ≤ α, ω ≤ N are given by

∣

∣I− X
∣

∣

−1

ωα
=
∑

PG;αω

∣

∣I− X
∣

∣

−1

αα
xαν2

∣

∣I− X
(α)
∣

∣

−1

ν2ν2
· · · xνℓω

∣

∣I− X
(αν2···νℓ)

∣

∣

−1

ωω

(5.23a)

where ℓ is the length of the path (αν2 · · · νℓω) ∈ PG;αω, and

∣

∣I− X
∣

∣

αα
= 1−

∑

CG;α

xαµ2

∣

∣I− X
(α)
∣

∣

−1

µ2µ2
xµ2µ3

· · ·
∣

∣I− X
(αν2···µm−1)

∣

∣

−1

µmµm
xµmα, ,

(5.23b)

where m is the length of the simple cycle (αµ2 · · ·µmα) ∈ CG;α.

Proof. The fact that quasideterminants can be expressed as sums of weights of

walks on a weighted graph is pointed out in Proposition 1.2.8 of [160].1 In the

present notation, that result is

∣

∣I− X
∣

∣

−1

ωα
=
∑

WG;αω

xαη2xη2η3 · · ·xηnω, (5.24a)

∣

∣I− X
∣

∣

αα
= 1−

∑

C̃G;α

xαµ2
xµ2µ3

· · ·xµmω. (5.24b)

where G is the graph on N vertices with a loop on each vertex. By introducing a

weight function ϕ that assigns the formal variable xµν to the edge (µν), we rewrite

these expressions as

∣

∣I− X
∣

∣

−1

ωα
= ϕ

[

ΣG;αω
]

, (5.25a)
∣

∣I− X
∣

∣

−1

ωα
= ϕ

[

(α)′G
]

. (5.25b)

By using Theorem 5.3.2 to recast these sums into a recursive closed form, the result

of Theorem 5.4.2 follows directly. �

Theorem 5.4.2 relates the quasideterminants of a matrix X to those of its sub-

matrices X(α), . . . ,X(αν2···νℓ), and complements a previous result of Gel’fand and

1Note that the authors use the term ‘path’ for our ‘walk’, ‘simple path from i to i’ for our
‘cycle off vertex i’, and ‘word’ to denote the weight of a walk.
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Retakh [158] that relates the quasideterminant
∣

∣X
∣

∣

ωα
to the quasideterminants of

Xωα, the minor of X obtained by deleting the ωth row and αth column of X.

5.5 Summary

We presented a method for decomposing any walk on a graph G into a simple path

and a concatenated collection of recursively-nested simple cycles. We used the path

decomposition to obtain a compact expression for the basis of the walk algebra KG.
Further, we showed that the sum of all walks linking a given pair of vertices on G
can be written in a compact closed form, and presented two illustrative examples

of how this result can be applied to weighted graphs. The summation result is also

of key importance in the next chapter, in which we develop the path-sum method

of evaluating matrix functions.





Chapter 6

The method of path-sums

In this chapter, which builds on the results of Chapter 5, we introduce the method

of path-sums, a novel symbolic method for evaluating a matrix function f(M)

analytically and in closed form. The method of path-sums exploits connections

between matrix multiplication and walks on weighted directed graphs, and is based

on three central concepts. Firstly, the matrix M is partitioned into a collection

of submatrices, with which we associate a weighted directed graph G. Secondly,

we show that the problem of evaluating any submatrix of f(M) is equivalent to

summing the weights of all the walks that join a particular pair of vertices in G.
Thirdly, we use the universal result on the structure of walks on directed graphs

presented in Chapter 5 to exactly resum the weights of certain families of walks.

In this fashion we reduce the sum over walk weights to a sum over weighted paths.

We apply the method of path-sums to four common matrix functions: a matrix

raised to an arbitrary complex power, the matrix inverse, matrix exponential, and

matrix logarithm. In each case, we obtain an exact closed-form expression that

allows the corresponding function f(M) to be analytically evaluated in a finite

number of operations.

The chapter is organized as follows. In §6.1 we present the fundamental concepts

that underpin the method of path-sums. We describe the partition of a matrix into

submatrices, the construction of the corresponding weighted directed graph, and

the mapping between matrix multiplication and walks on this graph. In §6.2 we

present path-sum expressions for a matrix raised to an arbitrary complex power,

the matrix inverse, the matrix exponential, and the matrix logarithm; these results

are proved in §6.3. In §6.4 we provide numerical examples of the application of the

79
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method of path-sums, and in §6.5 we comment on prospects for the application of

the method to the simulation of strongly-correlated many-body systems.

The work appearing in this chapter was carried out in close collaboration with

Pierre-Louis Giscard. The background material of §6.1 is due to Pierre-Louis Gis-

card, though the current presentation and formulation is due to the present author.

The main results of §6.2 and §6.3 are the work of the present author in collabo-

ration with Pierre-Louis Giscard, and represent significant extensions of previous

results obtained by Pierre-Louis Giscard linking matrix functions and walks on

graphs. The numerical examples of §6.4 are due to Pierre-Louis Giscard, in col-

laboration with the present author. The work in this chapter forms the basis for a

publication that has been submitted to the SIAM Journal on Matrix Analysis and

Applications ; a pre-print of this manuscript, which also includes a number of new

developments, has recently been made available [161].

6.1 Background material

In this section we present the three main concepts that underpin the method of

path-sums. We begin by outlining the partition of a matrix M into a collection

of subarrays, and show how this partitioning leads naturally to the definition of a

weighted directed graph G that encodes the structure of M. We then show that

computing any power of the matrix M is equivalent to evaluating the sum of the

weights of a certain family of walks on G.

6.1.1 Matrix partitions

A partition of a matrix M is a regrouping of the elements of M into an ensemble of

smaller arrays which interpolate between the usual matrix elements of M and the

matrix M itself. These subarrays can be used to compute any function of M that

can be expressed as a power series.

General partitions

Let M ∈ CD×D be a square matrix of size D over the complex field C, and let V be

a D-dimensional vector space over C with orthonormal basis {vi}Di=1. Consider an

ensemble of vector spaces V1, V2, . . . , Vn such that V1 ⊕ V2 ⊕ · · · ⊕ Vn = V . Let the

jth vector space have dimension dj and orthonormal basis vij,k , with 1 ≤ k ≤ dj
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and 1 ≤ ij,k ≤ D. We define an orthogonal projector onto Vj by

Pj =

dj
∑

k=1

vij,kv
†
ij,k
, (6.1)

where v† denotes the conjugate transpose of v. These projectors satisfy

Pi Pj = δij Pi (6.2a)
n
∑

j=1

Pj = I (6.2b)

where I is the identity matrix of size D. Finally, we define the restriction matrix

Rj ∈ C
dj×D such that RT

j Rj = Pj .

A general partition of the matrix M is the ensemble {Mij} for 1 ≤ i, j ≤ n,

where

Mij = RiMR
T
j . (6.3)

The matrix Mij ∈ C
di×dj is a subarray of M, and defines a linear map φij : Vj → Vi.

For i 6= j, we term Mij a flip, while for i = j we term Mii = Mi a static. In

general there is no relationship between Mij and Mji; however, if M is Hermitian

then Mij = M
†
ji and Mi = M

†
i . Similar relations can be derived for the case where

M is anti-Hermitian, symmetric, or anti-symmetric.

Example: general partition. To illustrate the concept of a general partition,

let M be the 4 × 4 matrix with elements M[i, j] = mij . This matrix can be

interpreted as a linear map on the vector space V = span(v1, v2, v3, v4), where

v1 = (1, 0, 0, 0)T, v2 = (0, 1, 0, 0)T, etc. We choose to partition the matrix M onto

vector spaces V1 = span(v1, v3, v4) and V2 = span(v2), which satisfy V1 ⊕ V2 = V .

Then the restriction matrices Ri are

R1 =







1 0 0 0

0 0 1 0

0 0 0 1






, R2 =

(

0 1 0 0
)

, (6.4)
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so that the general partition of M consists of the four matrices

M11 = R1MR
T
1 =







m11 m13 m14

m31 m33 m34

m41 m43 m14






, M12 = R1MR

T
2 =







m12

m32

m42






(6.5)

M21 = R2MR
T
1 =

(

m21 m23 m24

)

, M22 = R2MR
T
2 =

(

m22

)

. (6.6)

Number of general partitions. The partition of a matrix M into a collec-

tion of flips and statics is not unique: any ensemble of vector spaces that satisfy
⊕n

i=1 Vi = V produces a valid partition of M. It follows that a D×D matrix may

be decomposed onto n vector spaces in S(D, n) different ways, where S(D, n) is

the Stirling number of the second kind, and the total number of general partitions

of M is the Dth Bell number, BD =
∑D

n=1 S(D, n). Included in this number are the

trivial partition of M into a single static M1 = M, which is obtained by choosing

V1 = V , and the partition of M into its usual matrix elements (i.e. Mij = (M[i, j])),

obtained by choosing {Vi} to be D vector spaces of dimension one. Between these

extremes, the subarrays Mij interpolate between the normal matrix elements of

M and the matrix M itself. Figure 6.1 illustrates the full collection of possible

partitions of a 4× 4 matrix into submatrices.

Tensor-product partitions. An important subclass of matrix partitions are

those that are produced by projectors of tensor-product form. Partitions of this

type, which will be referred to as tensor-product partitions, arise when the vector

space V is decomposed as the tensor product (instead of the direct sum) of a

collection of subspaces.

Let V be a D-dimensional vector space over the complex field C, and consider

an ensemble of vector spaces V1,V2, . . . ,VN such that V1 ⊗ V2 ⊗ · · · ⊗ VN = V .

Let the ith vector space have dimension di, where 2 ≤ di ≤ D, and orthonormal

basis {|µi〉(i)}, where 1 ≤ µi ≤ di. Let P
(i)
µi = |µi〉(i)〈µi| be the orthogonal projector

onto the one-dimensional subspace of Vi spanned by |µi〉(i). Then a projector of

tensor-product form is

ε(S)µ =
S−1
⊗

i=1

P (i)
µi
⊗ I

(S) ⊗
N
⊗

i=S+1

P (i)
µi
, (6.7)

where S is a fixed index between 1 and N , I(S) is the identity matrix in VS, and
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Figure 6.1: An illustration of the B4 = 15 possible partitions of a 4×4 matrix. Solid
and bi-color squares represent the matrix elements of statics and flips, respectively.
The three tensor-product partitions are framed. The trivial partition is in the
upper-left corner, while the partition into the usual matrix elements is in the lower-
right corner.

µ = (µ1, . . . , µS−1, µS+1, . . . , µN) is an (N − 1)-dimensional multi-index denoting

which orthogonal projectors are present in ε
(S)
µ . Hence ε

(S)
µ acts as a projector onto

a single basis vector in each subspace Vi (i 6= S) and applies the identity matrix

to the subspace VS. For fixed S there are D/dS different projectors corresponding

to the different choices of the components of the multi-index µ. For any D × D
matrix M and pair of projectors ε

(S)
µ , ε

(S)
ν , there exists a matrix M

(S)
µν ∈ CdS×dS such

that

ε(S)µ M ε(S)ν =

S−1
⊗

i=1

T
(i)
µiνi
⊗M

(S)
µν ⊗

N
⊗

i=S+1

T
(i)
µiνi

, (6.8)

where T
(i)
µiνi = |µi〉(i)〈νi| is a transition matrix from |νi〉(i) to |µi〉(i) in Vi. The

matrix M
(S)
µν defines a linear map on VS. The ensemble of (D/dS)

2 matrices
{

M
(S)
µν

}

will be referred to as a tensor product partition of M.
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Example: tensor-product partition. To illustrate the construction of a tensor-

product partition of a matrix, we now present an example. Consider again the

general 4 × 4 matrix M with elements M[i, j] = mij . In addition to the trivial

case of V1 = V with corresponding partition M
(1)
1 = M, the vector space V can be

decomposed into a pair of subspaces V1,V2 such that V1 ⊗ V2 = V . In this case

there are two possible partitions of M, corresponding to the two different choices

of S. Setting S = 1 gives

ε
(1)
1 =

(

1 0

0 1

)(1)

⊗
(

1 0

0 0

)(2)

, ε
(1)
2 =

(

1 0

0 1

)(1)

⊗
(

0 0

0 1

)(2)

, (6.9)

which yields the partition

M
(1)
1 =

(

m11 m13

m31 m33

)

, M
(1)
2 =

(

m22 m24

m42 m44

)

, (6.10a)

M
(1)
12 =

(

m12 m14

m32 m34

)

, M
(1)
21 =

(

m21 m23

m41 m43

)

, (6.10b)

while setting S = 2 instead gives

ε
(2)
1 =

(

1 0

0 0

)(1)

⊗
(

1 0

0 1

)(2)

, ε
(2)
2 =

(

0 0

0 1

)(1)

⊗
(

1 0

0 1

)(2)

, (6.11)

and

M
(2)
1 =

(

m11 m12

m21 m22

)

, M
(2)
2 =

(

m33 m34

m43 m44

)

, (6.12a)

M
(2)
12 =

(

m13 m14

m23 m24

)

, M
(2)
21 =

(

m31 m32

m41 m42

)

. (6.12b)

The three tensor product partitions of M are illustrated by the framed images in

Figure 6.1. �

To count the number of possible tensor-product partitions of aD×D matrix, we

note that every factorisation of D into a collection of k ≥ 1 integers d1, d2, . . . , dk,

where di ≥ 2, contributes k partitions to the total. The total number of tensor-

product partitions is therefore equal to the total number of elements in all the

factorisations of D. For D = 2, 3, 4, 5, 6, 7, 8, . . ., this is equal to 1, 1, 3, 1, 3, 1, 6, . . .

(sequence A066637 in [162]). A special case arises when D has the form dN , with d
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Figure 6.2: Three of the six possible tensor-product partitions of an 8 × 8 matrix
onto three vector spaces of dimension 2. Plain and bi-color squares represent matrix
elements of the 2× 2 statics (flips) comprising the partition. This matrix admits a
further 4134 partitions that are not of tensor-product form, for a total of B8 = 4140
general partitions.

prime. Then the factorisations of D into k parts are in one-to-one correspondence

with the additive partitions of N into k parts, and the number of tensor product

partitions is equal to the total number of elements in all additive partitions of N .

For example, matrices of dimension D = 2, 4, 8, 16, 32, . . . admit 1, 3, 6, 12, 20, . . .

(sequence A006128 in [162]) tensor-product partitions. Three of the six possible

tensor-product partitions of an 8× 8 matrix are illustrated in Figure 6.2.

6.1.2 Partitions of matrix powers and functions

Since the elements of M2,M3, . . . are generated from those of M through the rules

of matrix multiplication, the partition of a matrix power can be expressed in terms

of the partition of the original matrix. Here we present this relationship for the

case of a general partition of M; the case of a tensor-product partition is essentially

identical. The proof of these results is deferred to §6.3.
The elements of the partition of Mk for k ∈ {1, 2, 3, . . .} are given in terms of

the partition of M by

(

M
k
)

ωα
=
∑

ηk,...,η2

Mωηk · · ·Mη3η2Mη2α, (6.13)

where α ≡ η1, ω ≡ ηk+1, and each of the sums runs over the n values that index the

vector spaces of the general partition. It follows that the elements of the partition

of a matrix function f(M) with power series expansion f
(

M
)

=
∑∞

k=0 ck M
k are
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given by

f
(

M
)

ωα
=

∞
∑

k=0

ck
∑

ηk ,...,η2

Mωηk · · ·Mη3η2Mη2α. (6.14)

This equation provides a method of computing individual subarrays of f
(

M
)

with-

out evaluating the full result. In the next section, we map the infinite sum of

Eq. (6.14) into a sum over the weights of walks on a weighted directed graph, thus

allowing families of terms of Eq. (6.14) to be resummed by applying results from

graph theory.

6.1.3 The graph of a matrix partition

Given an arbitrary partition of a matrix M, we now construct a weighted directed

graph G that encodes the structure of this partition. Terms that contribute to the

matrix power Mk are then in one-to-one correspondence with walks of length k on

G.
Let {Mµν} be a partition of the matrix M formed by a particular set of n

projectors {εµ}. Then the graph of this matrix partition is defined to be the

weighted directed graph (V, E , ϕ), where V = {vµ} is a set of m ≤ n vertices with

the same labels as the projectors, E = {(νµ) : Mµν 6= 0} is a set of directed edges

among these vertices, and ϕ is a weight function such that

ϕ
[

(νµ)
]

= Mµν (6.15)

for every edge (νµ) ∈ E . Equivalently, G can be specified by its adjacency matrix

AG , where

AG [ν, µ] =







1 if Mµν 6= 0,

0 otherwise,
(6.16)

together with the set {Mµν} of edge weights.

The graph G provides a useful visual representation of a matrix partition: each

vertex represents a vector space, and each edge represents a linear mapping be-

tween vector spaces. The pattern of edges in G encodes the structure of M: each

loop (µµ) represents a non-zero static, while each edge (νµ) represents a non-zero

flip. Further, each walk of length k on G is in one-to-one correspondence with a
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product of k elements of the partition of M, since from Eq. (6.15) together with

the properties of the weight function given in Eq. (5.5) we have

ϕ
[

(αη2)(η2η3) · · · (ηkω)
]

= Mωηk · · ·Mη3η2Mη2α. (6.17)

This one-to-one correspondence allows partitions of arbitrary powers and functions

of M to be recast as sums over weights of walks on (G, ϕ). Equations (6.13) and

(6.14) become

(

M
k
)

ωα
= ϕ

[

ΣG;αω;k
]

(6.18a)

and

f
(

M
)

ωα
=

∞
∑

k=0

ck ϕ
[

ΣG;αω;k
]

(6.18b)

where ΣG;αω;k is the sum of all walks of length k from α to ω on G. Recasting matrix

functions as sums over walk weights in this way allows graph-theoretic results to

be applied to the evaluation of matrix functions.

Example: the graph of a matrix partition. Consider the general partition

the 4× 4 matrix

M =













m11 m12 m13 m14

m21 m22 m23 m24

0 0 m33 m34

m41 m42 0 0













(6.19)

onto vector spaces V1 = span
(

|1〉, |2〉
)

, V2 = span
(

|3〉
)

, V3 = span
(

|4〉
)

. The

elements of the partition are

M1 =

(

m11 m12

m21 m22

)

, M12 =

(

m13

m23

)

, M13 =

(

m14

m24

)

(6.20a)

M21 =
(

0 0
)

, M2 =
(

m33

)

, M23 =
(

m34

)

(6.20b)

M31 =
(

m41 m42

)

, M32 =
(

0
)

, M3 =
(

0
)

. (6.20c)
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Figure 6.3: (a) The graph of the general partition of the 4× 4 matrix in Eq. (6.19)
onto the vector spaces V1, V2, V3 defined in the text. Each edge in the graph is
labelled by its weight. (b) Two walks of length 4 from vertex 2 to vertex 1. Their
weights M13M31M12M2 (left) and M1M12 (M2)

2 (right) form two of the eight terms
that sum to (M4)12.

The corresponding graph G has adjacency matrix

AG =







1 0 1

1 1 0

1 1 0






, (6.21)

where the zero entries arise since M21 = M32 = M3 = 0. Now consider the element

(M4)12. By multiplying M by itself, we find that

(

M
4
)

12
=
(

M1

)3
M12 +M13M31M1M12 +M1M13M31M12 +M12M23M31M12

+
(

M1

)2
M12M2 +M13M31M12M22 +M1M12

(

M2

)2
+M12

(

M2

)3
. (6.22)

Each of the eight terms on the right-hand side of this equation can be identified as

the weight of a walk of length 4 from vertex 2 to vertex 1 on G,. This illustrates

Eq. (6.18). Figure 6.3 shows the graph G, together with two walks of length 4 from

vertex 2 to vertex 1 that contribute to
(

M4
)

12
. �

6.2 Path-sum expressions for common matrix func-

tions

In the preceding section, we defined the weighted graph (G, ϕ) of a partition of a

matrix M, and showed that the elements of the partition of any power or power
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series ofM can be expressed as the sum of the weights of various families of walks on

G. This mapping enables results from graph theory to be applied to the evaluation

of matrix power series.

In this section we exploit this fact by using the results of Chapter 5 to resum,

in closed form, certain families of terms in the power series expressions for some

common matrix functions. We present results for a matrix raised to a complex

power, and the inverse, exponential, and logarithm of a matrix. In each case, we

use the result of Theorem 5.3.2 to resum all the terms in the power series that

correspond to closed walks on G, and thereby obtain a closed-form expression for

the subarrays f(M)ωα for each matrix function f . Since the resultant expression

takes the form of a finite sum over simple paths on G, we refer to it as a path-sum

expression. We defer the proofs of these results until §6.3.

6.2.1 A matrix raised to a complex power

Theorem 6.2.1 (Path-sum result for a matrix raised to a complex power). Let

M ∈ CD×D be a non-nilpotent complex matrix, q be a complex number, and {Mµν}
be an arbitrary partition of M. Then the elements of the corresponding partition of

Mq are given by

(

M
q
)

ωα
= −Z−1







∑

PG0;αω

FG\{α,ν2,...,νℓ};ω Mωνℓ · · · FG\{α};ν2 Mν2α FG;α







[n]
∣

∣

∣

n=−q−1

(6.23a)

where G is the graph of {(M−I)µν}, ℓ is the length of the path (αν2 · · ·νℓω) ∈ PG0;αω,

and

FG;α =



Iz−1 −Mα −
∑

CG0;α

Mαµm
FG\{α,µ2,...,µm−1};µm

· · · FG\{α};µ2
Mµ2α





−1

,

(6.23b)

where m is the length of the simple cycle (αµ2 · · ·µmω) ∈ CG0;α. �

Here Z−1 {g(z)} [n] denotes the inverse unilateral Z-transform of g(z). The

quantity FG;α is a matrix-valued continued fraction. It corresponds to an effective

weight associated with the vertex α. which is the result of dressing α with the

weights of all the closed walks off α on G. If α has no neighbours in G, then

FG;α = [Iz−1 −Mα]
−1 is the sum of the weights of all sequences of loops off α.
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6.2.2 The inverse of a matrix

Theorem 6.2.2 (Path-sum result for the matrix inverse). Let M ∈ CD×D be an

invertible complex matrix, and {Mµν} be an arbitrary partition of M. Then as long

as all of the required inverses exist, the elements of the corresponding partition of

M−1 are given by

(

M
−1
)

ωα
=
∑

PG0;αω

(−1)ℓ FG\{α,...,νℓ};ω Mωνℓ · · · FG\{α};ν2 Mν2α FG;α, (6.24a)

where G is the graph of {(M−I)µν}, ℓ is the length of the path (αν2 · · · νℓω) ∈ PG0;αω,

and

FG;α =



Mα −
∑

CG0;α

(−1)m Mαµm
FG\{α,µ2,...,µm−1};µm

· · · FG\{α};µ2
Mµ2α





−1

, (6.24b)

where m is the length of the simple cycle (αµ2 · · ·µmα) ∈ CG0;α. �

As above, FG;α is a matrix-valued continued fraction that can be viewed as an

effective weight associated with vertex α, resulting from the dressing of α by the

weights of all closed walks off α on G. If α has no neighbours in G, then FG;α = M−1
α

is the sum of the weights of all sequences of loops off α.

Two known matrix inversion results can be straightforwardly recovered as spe-

cial cases of Theorem 6.2.2. Firstly, by considering the complete directed graph on

two vertices, we obtain the well-known block inversion formula

(

A B

C D

)−1

=

(

(A− BD−1C)
−1 −A−1B (D− CA−1B)

−1

−D−1C (A− BD−1C)
−1

(D− CA−1B)
−1

)

. (6.25)

Secondly, by applying Theorem 6.2.2 to the linear graph on D vertices LD, we

obtain known continued fraction formulae for the inverse of a D × D tridiagonal

matrix with commutative entries [163, 164]. This is a consequence of the observa-

tion that LD is the graph of the partition of a D ×D tridiagonal matrix into the

usual scalar matrix elements.

6.2.3 The exponential of a matrix

Theorem 6.2.3 (Path-sum result for the matrix exponential). Let M ∈
CD×D be a complex matrix; τ be a complex number; and {Mµν} be an arbitrary
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partition of M. Then the elements of the corresponding partition of exp(τM) are

given by

exp
(

τM
)

ωα
= L

−1







∑

PG0;αω

FG\{α,ν2,...,νℓ};ω Mωνℓ · · · FG\{α};ν2 Mν2α FG;α







(t)
∣

∣

∣

t=τ
,

(6.26a)

where G is the graph of {Mµν}, ℓ is the length of the path (αν2 · · · νℓω) ∈ PG0;αω,

and

FG;α =



sI−Mα −
∑

CG0;α

Mαµm
FG\{α,µ2,...,µm−1};µm

· · · FG\{α};µ2
Mµ2α





−1

, (6.26b)

where m is the length of the simple cycle (αµ2 · · ·µmα) ∈ CG0;α. �

Here s is the Laplace variable conjugate to t, and L
−1{g(s)}(t) denotes the

inverse Laplace transform of g(s). As before, the quantity FG;α is a matrix-valued

continued fraction that corresponds to an effective weight for vertex α, which results

from the dressing of α by the weights of all closed walks off α on G. If α has no

neighbours in G then FG;α = [sI−Mα]
−1 is the sum of the weights of all sequences

of loops off α.

6.2.4 The logarithm of a matrix

Theorem 6.2.4 (Path-sum result for the principal logarithm). Let M ∈ CD×D be

a complex matrix with no eigenvalues on the negative real axis, and {Mµν} be a

partition of M. Then as long as all of the required inverses exist, the elements of

the corresponding partition of logM are given by

(

logM
)

ωα
=























∫ 1

0

dx x−1
(

I− FG;α
)

, ω = α

∑

PG0;αω

∫ 1

0

dx (−x)ℓ−1
FG\{α,...,νℓ};ω Mωνℓ · · · FG\{α};ν2 Mν2α FG;α ω 6= α,

(6.27a)
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where G is the graph of {(I−M)µν}, ℓ is the length of the path (αν2 · · · νℓω) ∈ PG0;αω,

and

FG;α =



I− x
(

I−Mα

)

−
∑

CG0;α

(−x)m Mαµm
FG\{α,µ2,...,µm−1};µm

· · · Mµ3µ2
FG\{α};µ2

Mµ2α





−1

(6.27b)

where m is the length of the simple cycle (αµ2 · · ·µmα) ∈ CG0;α. �.

The quantity FG;α is a matrix-valued continued fraction that corresponds to

an effective weight associated with vertex α. If α has no neighbours in G, then
FG;α = [I− x(I−Mα)]

−1 is the sum of the weights of all sequences of loops off α on

G.
The path-sum expression of Theorem 6.2.4 is essentially the well-known integral

relation for the matrix logarithm [165, 166, 167]

logM =

∫ 1

0

dx (M− I)
[

x(M− I) + I
]−1

(6.28)

with the integrand expressed as a path sum. However, the proof of Theorem 6.2.4

that we present in the next section does not make explicit use of Eq. (6.28).

6.3 Proofs of path-sum expressions for common

matrix functions

In this section we prove the path-sum results presented earlier without proof. We

begin by proving the results of §6.1.2 relating the partitions of Mk and f(M) to the

partition of M. We then prove the path-sum results for matrix functions given in

§6.2.

6.3.1 Partitions of matrix powers and functions

Consider an element Mωα = RωM
k
R
T
α of the general partition of Mk. On inserting

the identity in the form of the closure relation over projectors (Eq. (6.2b)) between
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each appearance of M in the product, and using Pµ = R
T
µRµ, we obtain

(

M
k
)

ωα
=
∑

ηk ,...,η2

Rω MR
T
ηk
Rηk M · · · MR

T
η2 Rη2 MR

T
α

=
∑

ηk ,...,η2

Mωηk · · · Mη3η2 Mη2α, (6.29)

which proves Eq. (6.13). This expression describes matrix multiplication in terms

of the partition of M, and provides an explicit description of which pieces of M

contribute to a given piece of Mk. It follows that the elements of the partition of a

matrix function f(M) with power series

f(M) =
∞
∑

k=0

ck M
k (6.30)

are given by

f(M)ωα =
∞
∑

k=0

ck
∑

ηk,...,η2

Mωηk · · · Mη3η2 Mη2α. (6.31)

This expression relates the partition of f(M) to that of M, and proves Eq. (6.14).

6.3.2 A matrix raised to a complex power

Proof. In order to prove Theorem 6.2.1 we start from the power series

M
q =

∞
∑

n=0

(

q

n

)

(M− I)n, (6.32)

where q is an arbitrary complex number and
(

q
n

)

= qn/n! is a binomial coefficient,

with qn = q(q − 1) · · · (q − n + 1) the falling factorial. Since the infinite sum

only converges when ‖M − I‖ ≤ 1, we assume this inequality in what follows.

However, the final result can be extended to matrices of arbitrary norm by analytic

continuation, and the result of Theorem 6.2.1 is therefore valid for all matrices,

regardless of norm. By applying Eq. (6.14) to Eq. (6.32) we find that the elements

of {(Mq)µν} are given by

(

M
q
)

ωα
=

∞
∑

k=0

(

q

k

)

∑

WG;αω;k

M̄ωηk · · · M̄η3η2M̄η2α, (6.33)
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where we have introduced the auxiliary matrix M̄ = M − I, and G is the graph of

{M̄µν}. We now recast this expression in order to make any loops present in each

walk appear explicitly. To this end, we note that any walk can be decomposed

into a loopless walk and a collection of loops. Specifically, a walk w with vertex

string (αη2 · · · ηnω) can be represented by a vertex string (αµ2 · · ·µmω) satisfying

µi 6= µi+1, together with a collection of m+ 1 ‘loop counts’ p1, p2, . . . , pm+1, where

pi ∈ {0, 1, 2, . . .} is the number of times that w traverses the loop (µiµi) off vertex

µi. Using this result to split the sum over walks into a sum over loopless walks and

a sum over loops, we rewrite Eq. (6.33) as

(

M
q
)

ωα
=

∞
∑

n=0

(

q

n

) n
∑

m=0

∑

WG0;αω;m

∑

{pi}⊢n−m

(

M̄ω

)pm+1
M̄ωµm

· · ·
(

M̄µ2

)p2
M̄µ2α

(

M̄α

)p1
,

(6.34)

where the notation on the final sum indicates that the loop summation runs over

all possible distributions of n − m loops among the m + 1 vertices of the loop-

less walk (αµ2 · · ·µmω) ∈ WG0;αω. Mathematically, this corresponds to summing

over all sequences of loop counts p1, p2, . . . , pm+1 satisfying pi ∈ {0, 1, 2, . . .} and
∑m+1

i=1 pi = n−m, subject to the restriction that pi is fixed to zero for any loopless

vertex µi. The set of loop counts {pi} form a weak composition of n−m.

We now note that for any such weak composition, and for arbitrary complex q,

the following identity holds:

(

q

n

)

=
∑

km

km
∑

km−1=0

· · ·
k2
∑

k1=0

(−1)m
∏m+1

i=1 pi!
(−1)pm+1

(

(−q − 1)− km + pm+1

)pm+1 · · ·

· · · (−1)p2(k2 − k1 + p2)
p2 (−1)p1(k1 + p1)

p1 , (6.35)

where kp = k(k − 1) · · · (k − p + 1) is a falling factorial, and the first sum is an

indefinite sum to be evaluated at km = −q−1. From now on we will denote this by
∑−q−1

km=0. Equation (6.35), which is independent of the value of each individual pi,

may be proved by induction on m. Upon substituting this relation into Eq. (6.34)
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and rearranging the order of the summations we obtain

(

M
q
)

ωα
=

∞
∑

m=0

(−1)m
∑

WG0;αω;m

∞
∑

{pi}=0

−q−1
∑

km=0

km
∑

km−1=0

· · ·
k2
∑

k1=0

(−M̄ω)
pm+1

×
(

(−q − 1)− km + pm+1

)pm+1
M̄ωµm

· · · (−M̄µ2
)p2 (k2 − k1 + p2)

p2

× M̄µ2α (−M̄α)
p1 (k1 + p1)

p1.

(6.36)

We evaluate the contributions from the infinite loop sums in closed form by noting

that

∞
∑

pi=0

(−M̄µ)
pi
(ki − ki−1 + pi)

pi

pi!
=
(

Mµ

)−(ki−ki−1)−1
, (6.37)

where we have used the fact that ‖M̄µ‖ = ‖Mµ − I‖ ≤ ‖M− I‖ < 1 to ensure that

the sum converges. Inserting Eq. (6.37) into Eq. (6.36), we obtain

(

M
q
)

ωα
=

∞
∑

m=0

(−1)m
∑

WG0;αω;m

−q−1
∑

km=0

km
∑

km−1=0

· · ·
k2
∑

k1=0

(Mω)
−((−q−1)−km)−1

Mωµm
· · ·

· · · (Mµ2
)−(k2−k1)−1

Mµ2α(Mα)
−k1−1, (6.38)

where we have used the fact that M̄µν = Mµν to get rid of the auxiliary matrix

M̄. Equation (6.38) is an m-fold nested discrete convolution. In order to convert

this to a product, we take the unilateral Z-transform of the above expression with

respect to the index n ≡ −q − 1. The result is

(

M
q
)

ωα
= −Z−1







∞
∑

m=0

∑

WG0;αω;m

[

Iz−1 −Mω

]−1
Mωµm

· · ·

· · ·
[

Iz−1 −Mµ2

]−1
Mµ2α

[

Iz−1 −Mα

]−1

}

[n]
∣

∣

∣

n=−q−1
, (6.39)

where z ∈ C is the complex Z-domain variable. This equation has the following

interpretation. The matrix (Mq)ωα, which was originally expressed as the sum of

weights of walks on the graph G (Eq. (6.33)), has been written as a sum of weights

of loopless walks (i.e. walks on the loopless graph G0) by assigning an effective

weight of
[

Iz−1 −Mµ

]−1
to each vertex µ of G0. This effective weight corresponds

to the dressing of µ by the sum of the weights of all possible sequences of loops off
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µ (see Eq. (6.37)).

Following this manipulations, the result of Theorem 5.3.2 can be applied to

Eq. (6.39) to convert the sum over loopless walks to a sum over paths. We obtain

(

M
q
)

ωα
= −Z−1







∑

PG0;αω

FG\{α,ν2,...,νℓ};ω Mωνℓ · · · FG\{α};ν2 Mν2α FG;α







[n]
∣

∣

∣

n=−q−1
,

(6.40a)

where G is the graph of {(M−I)µν}, ℓ is the length of the path (αν2 · · ·νℓω) ∈ PG0;αω,

and FG;α is an effective vertex weight given by

FG;α =



Iz−1 −Mα −
∑

CG0;α

Mαµm
FG\{α,µ2,...,µm−1};µm

· · · Mµ3µ2
FG\{α};µ2

Mµ2α





−1

,

(6.40b)

where m is the length of the simple cycle (αµ2 · · ·µmα) ∈ CG0;α. Equation (6.40a)

and (6.40b) can be interpreted as follows: the matrix (Mq)ωα has been expressed

as a sum of weights of paths on G by assigning an effective weight FG;µ to each

vertex µ. This effective vertex weight incorporates the sum effect of the weights of

all possible closed walks off µ on G. This proves Theorem 6.2.1. �

6.3.3 The matrix inverse

Proof. In order to prove Theorem 6.2.2, we write the matrix inverse as

M
−1 =

∞
∑

n=0

(I−M)n . (6.41)

Since the sum only converges for ‖I −M‖ < 1, we assume this inequality in what

follows. Nevertheless, the end result can be extended to matrices of arbitrary norm

by analytic continuation, and Theorem 6.2.2 is therefore valid for matrices of any

norm. Introducing the auxiliary matrix M̄ ≡ I−M, we apply the result of Eq. (6.14)

to the power series to obtain

(

M
−1
)

ωα
=

∞
∑

n=0

∑

WG;αω;n

M̄ωηn · · · M̄η3η2M̄η2α, (6.42)
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where G is the graph of {M̄µν}. We now split the sum over walks on G into a

sum over walks on the loopless graph G0 and a collection of sums over loops. The

procedure we follow is the same as in §6.3.2, and we omit the details; the result is

(

M
−1
)

ωα
=

∞
∑

m=0

∑

WG0;αω;m

[

I− M̄ω

]−1
M̄ωµm

· · ·
[

I− M̄µ2

]−1
M̄µ2α

[

I− M̄α

]−1

=

∞
∑

m=0

∑

WG0;αω;m

(−1)m M
−1
ω Mωµm

· · · M−1
µ2

Mµ2αM
−1
α (6.43)

where we have used M̄µ = I−Mµ and M̄µν = −Mµν to obtain the second equality.

Equation (6.43) has the following interpretation: the matrix (M−1)ωα is given by

a sum of weights of walks on the loopless graph G0, which, in addition to the edge

weights, has an effective weight assigned to each vertex µ that describes the sum

effect of dressing µ by all sequences of loops off it.

Finally, we apply the result of Theorem 5.3.2 to Eq. (6.43) to convert the sum

over loopless walks to a sum over paths. The result is

(

M
−1
)

ωα
=
∑

PG0;αω

(−1)ℓ FG\{α,ν2,...,νℓ};ω Mωνℓ · · · FG\{α};ν2 Mν2α FG;α, (6.44)

where ℓ is the length of the path (αν2 · · · νℓω) ∈ PG0;αω, and FG;α is an effective

vertex weight given by

FG;α =



Mα −
∑

CG0;α

(−1)m Mαµm
FG\{α,µ2,...,µm−1};µm

· · · Mµ3µ2
FG\{α};µ2

Mµ2α





−1

,

(6.45)

with m the length of the simple cycle (αµ2 · · ·µmα) ∈ CG0;α. This proves Theorem

6.2.2. �

6.3.4 The matrix exponential

Proof. In order to prove Theorem 6.2.3 we start from the power series

exp
(

τM
)

=
∞
∑

n=0

τn

n!
M

n, (6.46)
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where the sum converges regardless of the norm of M. Applying the result of

Eq. (6.14) to this series gives

exp
(

τM
)

ωα
=

∞
∑

n=0

tn

n!

∑

WG;αω;n

Mωηn · · · Mη3η2 Mη2α, (6.47)

where G is the graph of the partition {Mµν}. We now split the sum over walks into

a sum over loopless walks and a collection of sums over loops by following the same

procedure as in §6.3.2; the result is

exp
(

τ M
)

ωα
=

∞
∑

n=0

τn

n!

n
∑

m=0

∑

WG0;αω;m

∑

{pi}⊢n−m

(

Mω

)pm+1
Mωµm

· · ·
(

Mµ2

)p2
Mµ2α

(

Mα

)p1,

(6.48)

where the final summation runs over all loop counts p1, p2, . . . , pm+1 that satisfy

pi ∈ {0, 1, 2, . . .} and
∑m+1

i=1 pi = n −m, with the restriction that the loop counts

on any loopless vertices are fixed to zero. Mathematically speaking, the set of loop

counts form a weak composition of n−m. Any such weak composition satisfies the

relation

1

p1! p2! · · · pm+1!

∫ τ

0

dtm · · ·
∫ t2

0

dt1 (t− tm)pm+1 · · · (t2 − t1)p2 tp11 =
τn

n!
, (6.49)

where the integration over tm is to be interpreted as an indefinite integral evaluated

at tm = τ . This result – which does not depend on the value of each individual pi

– is straightforwardly proved by induction on m. By substituting this identity into

Eq. (6.48) and rearranging the order of summations we obtain

exp
(

τM
)

ωα
= (6.50)

∞
∑

m=0

∑

WG0;αω;m

∞
∑

{pi}=0

∫ τ

0

dtm · · ·
∫ t2

0

dt1

[

(τ − tm)Mω

]

pm+1!

pm+1

Mωµm
· · ·

· · ·
[

(t2 − t1)Mµ2

]

p2!

p2

Mµ2α

[

t1Mα

]

p1!

p1

=
∞
∑

m=0

∑

WG0;αω;m

∫ τ

0

dtm · · ·
∫ t2

0

dt1 e
(t−tm)Mω Mωµm

· · · e(t2−t1)Mµ2 Mµ2α e
t1Mα.
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This expression is an m-fold nested convolution, and may be written as

exp
(

τM
)

ωα
=

∞
∑

m=0

∑

WG0;αω;m

[

fωMωµm
∗ · · · ∗ fµ2

Mµ2α ∗ fα
]

(τ), (6.51)

where fµ(t) = Θ(t) exp(tMµ), with Θ(t) the Heaviside function. We convert the

convolution to a product by taking the Laplace transform of both sides, obtaining

L
[

exp(τ M)ωα
]

=
∞
∑

m=0

∑

WG0;αω;m

[sI−Mω]
−1

Mωµm
· · · [sI−Mµ2

]−1
Mµ2α [sI−Mα]

−1 ,

(6.52)

where we have used the fact that L
[

fµ(t)
]

=
[

sI−Mµ

]−1
. Equation (6.52) expresses

L[exp(τM)ωα] as a sum of weights of walks on the loopless graph G0, where each

vertex µ of G0 has been given an effective weight of [sI−Mµ]
−1. Finally, we apply

the result of Theorem 5.3.2 to convert the sum over loopless walks to a sum over

paths. We obtain

L
[

exp
(

tM
)

ωα

]

=
∑

PG0;αω

FG\{α,ν2,...,νℓ};ω Mωνℓ · · · FG\{α};ν2 Mν2α FG;α, (6.53)

where ℓ is the length of the path (αν2 · · · νℓω) ∈ PG0;αω, and FG;α is an effective

vertex weight given by

FG;α =

[

sI−Mα −
∑

CG0;α

Mαµm
FG\{α,µ2,...,µm−1};µm

· · · FG\{α};µ2
Mµ2α

]−1

, (6.54)

where m is the length of the simple cycle (αµ2 · · ·µmω) ∈ CG0;α. This proves

Theorem 6.2.3.

6.3.5 The matrix logarithm

In order to prove Theorem 6.2.4 we write the matrix logarithm as

logM = −
∞
∑

n=1

(I−M)n

n
. (6.55)

Again we assume that ‖I −M‖ < 1; nevertheless, the end result of this proof can

be extended to matrices of arbitrary norm by analytic continuation, and Theorem
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6.2.4 is therefore valid for all matrices, regardless of norm. Introducing the auxiliary

matrix M̄ = I−M, we rewrite the power series as

(

logM
)

ωα
= −

∞
∑

n=1

1

n

∑

WG;αω;n

M̄ωηn · · · M̄η3η2 M̄η2α, (6.56)

= −
∞
∑

n=1

1

n

n
∑

m=0

∑

WG0;αω;m

∑

{pi}⊢n−m

(

M̄ω

)pm+1
M̄ωµm

· · ·
(

M̄µ2

)p2
M̄µ2α

(

M̄α

)p1,

(6.57)

where G is the graph of the partition {M̄µν}, and the second equality has been

obtained by splitting the sum over walks into a sum over loopless walks and a col-

lection of sums over loop counts as in the previous sections. Here the loop numbers

p1, p2, . . . , pm+1 form a weak composition of n − m. Any such weak composition

satisfies the relation

∫ 1

0

dxxm−1xpm+1 · · ·xp2xp1 = 1

n
. (6.58)

This identity allows the contributions from the infinite loop sums in Eq. (6.57) to

be evaluated in closed form. By restructuring the double summation we obtain

(

logM
)

ωα
= −δωα

∫ 1

0

M̄α

[

I− xM̄α

]−1
dx (6.59)

−
∞
∑

m=1

∑

WG0;αω;m

∫ 1

0

xm−1
[

I− xM̄ω

]−1
M̄ωµm

· · ·
[

I− xM̄µ2

]−1
M̄µ2α

[

I− xM̄α

]−1
dx,

where we have written
[

I− xM̄µ

]−1
for
∑∞

p=0(xM̄µ)
p, and δωα is the Kronecker delta.

Note that the first part of this expression – which represents contributions from

walks consisting entirely of loops – has a slightly different structure to the second

part, owing to the absence of the term with zero loops when ω = α. Similarly

to previous sections, Eq. (6.59) expresses the matrix
(

logM
)

ωα
as a sum over the

weights of walks on the loopless graph G0, each vertex of which has an effective

weight associated with it.

Finally, we apply the result of Theorem 5.3.2 to Eq. (6.59) to convert the sum
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over loopless walks to a sum over paths. The result is

(

logM
)

ωα
=























∫ 1

0

dxx−1 (I− FG;α) ω = α

−
∑

PG0;αω

∫ 1

0

dxxℓ−1
FG\{α,ν2,...,νℓ};ω M̄ωνℓ · · · FG\{α};ν2 M̄ν2α FG;α ω 6= α

(6.60)

where ℓ is the length of the path (αν2 · · · νℓω) ∈ PG0;αω, and FG;α is an effective

vertex weight given by

FG;α =

[

I− xM̄α −
∑

CG0
;α

xm M̄αµm
FG\{α,...,µm−1};µm

· · · M̄µ3µ2
FG\{α};µ2

M̄µ2α

]−1

,

(6.61)

where m is the length of the simple cycle (αµ2 · · ·µmω) ∈ CG0;α. Theorem (6.2.4)

follows immediately on making the substitution M̄ = I−M. �

6.4 Examples

In this section we present several numerical examples of the application of the

path-sum expressions for matrix functions. We provide simple numerical examples

for a matrix raised to a complex power, the matrix inverse, matrix exponential,

and matrix logarithm.

6.4.1 Matrix raised to a complex power

To illustrate the result of Theorem 6.2.1 we consider raising the matrix

M =

















−4 0 −1 0 −1
−2 −2 6 −2 4

6 2 1 −2 3

0 0 −1 −4 −1
−6 −2 −5 2 −7

















(6.62)

to an arbitrary complex power q. We have chosen this matrix since in addition to

being singular (non-invertible) it is defective (non-diagonalizable), so that methods

based on diagonalising M cannot be applied. Indeed, numerical methods imple-
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mented by standard software packages such as Matlab and Mathematica suffer

from serious stability problems and return incorrect results, as can be straightfor-

wardly checked by attempting to compute M1/2 with either of these programs.

To implement the method of path sums we work with a general partition of

M onto vector spaces V1 = span(v1, v2) and V2 = span(v3, v4, v5), where v1 =

(1, 0, 0, 0)T, v2 = (0, 1, 0, 0)T, etc. The corresponding graph G of this partition is

the complete graph on two vertices with a loop on each vertex. Applying Theorem

6.2.1, we find that the elements of {(Mq)µν} are given by

(

M
q
)

11
= −Z−1

{

FG;1
}

[n]

∣

∣

∣

∣

∣

n=−q−1

, (6.63a)

(

M
q
)

22
= −Z−1

{

FG;2
}

[n]

∣

∣

∣

∣

∣

n=−q−1

, (6.63b)

(

M
q
)

12
= −Z−1

{

FG\{2};1 M12 FG;2
}

[n]

∣

∣

∣

∣

∣

n=−q−1

, (6.63c)

(

M
q
)

21
= −Z−1

{

FG\{1};2 M21 FG;1
}

[n]

∣

∣

∣

∣

∣

n=−q−1

. (6.63d)

In order to evaluate FG;1 and FG;2 we note that CG0;1 = {(121)} and CG0;2 = {(212)},
so that

FG;1 =
[

Iz−1 −M1 −M12 FG\{1};2 M21

]−1
, (6.63e)

FG;2 =
[

Iz−1 −M2 −M21 FG\{2};1 M12

]−1
(6.63f)

and finally

FG\{2};1 =
[

Iz−1 −M1

]−1
, FG\{1};2 =

[

Iz−1 −M2

]−1
. (6.63g)

Assembling the pieces of M, evaluating the inverse Z-transform, and setting n =

−q − 1 gives

M
q = i (i/2)3−2q

















8 0 2q 0 2q

8q − 4 4 q(q − 2)− 11 4 q(q − 2)− 7

−8q − 4 −4 −q(q − 2)− 3 4 −q(q − 2)− 7

0 0 2q 8 2q

8q + 4 4 q(q − 2) + 11 −4 q(q − 2) + 15

















. (6.64)
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This expression is valid for any complex q. Setting q = 1/2, we obtain

M
1/2 = − i

16

















32 0 4 0 4

0 16 −47 16 −31
−32 −16 −9 16 −25
0 0 4 32 4

32 16 41 −16 57

















, (6.65)

for which it is easily verified that (M1/2)2 = M. Further, although M is not invert-

ible, setting q = −1 in Eq. (6.64) yields the Drazin inverse of M, denoted by MD

[168, 169]:

M
D =

1

16

















−4 0 1 0 1

6 −2 4 −2 2

−2 2 3 −2 5

0 0 1 −4 1

2 −2 −7 2 −9

















. (6.66)

The Drazin inverse satisfies MMDM = M, MDMMD = MD and MDMq = MqMD =

Mq−1. The path-sum formula of Theorem 6.2.1 thus naturally produces a pseudo-

inverse when applied to non-invertible matrices. Further, setting q = 0 in Eq. (6.64)

yields a left and right identity

M
♭ =

1

8

















8 0 0 0 0

−4 4 −11 4 −7
−4 −4 −3 4 −7
0 0 0 8 0

4 4 11 −4 15

















(6.67)

which satisfies M♭Mq = MqM♭ = Mq for any complex q, and MDM = MMD = M♭,

as expected of the Drazin inverse.
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6.4.2 The matrix inverse

To illustrate the application of Theorem 6.2.2 we compute the inverse of the matrix

M =













i 0 −i 0

0 1 1 −5/2
2 8− i 3 0

0 4 0 2













. (6.68)

We use the general partition M onto vector spaces V1 = span
(

|1〉, |3〉
)

, V2 =

span
(

|2〉
)

and V3 = span
(

|4〉
)

such that V1 ⊕ V2 ⊕ V3 = V , giving

M1 =

(

i −i
2 3

)

, M2 = 1, M3 = 2, (6.69)

M12 =

(

0

8− i

)

, M21 =
(

0 1
)

, M23 = −5/2, M32 = 4, (6.70)

and M13 = M31 = 0. The corresponding graph G is the linear directed graph on

three vertices, with a loop on each vertex. Following Theorem 6.2.2, the diagonal

elements of M−1 are given by

(

M
−1
)

11
= FG;1,

(

M
−1
)

22
= FG;2,

(

M
−1
)

33
= FG;3, (6.71a)

while the off-diagonal elements are

(

M
−1
)

21
= −FG\{1};2 M21 FG;1,

(

M
−1
)

12
= −FG\{2};1 M12 FG;2, (6.71b)

(

M
−1
)

32
= −FG\{2};3 M32 FG;2,

(

M
−1
)

23
= −FG\{3};2 M23 FG;3, (6.71c)

(

M
−1
)

31
= FG\{1,2};3M32 FG\{1};2 M21 FG;1, (6.71d)

(

M
−1
)

13
= FG\{3,2};1M12 FG\{3};2 M23 FG;3. (6.71e)

The matrices FG;α are evaluated according to the recursive definition in Eq. (6.24b);

for example

FG;1 =
[

M1 −M12 FG\{1};2 M21

]−1

=
[

M1 −M12[M2 −M23 FG\{1,2};3M32]
−1
M21

]−1

=
[

M1 −M12[M2 −M23M
−1
3 M32]

−1
M21

]−1
.
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Evaluating the elements of the partition and reassembling them into matrix form

gives

M
−1 =

1

1940













48− 884i −700 + 120i 528− 24i −875 + 150i

−8− 176i 440− 20i −88 + 4i 550− 25i

48 + 1056i −700 + 120i 528− 24i −875 + 150i

16 + 352i −880 + 40i 176− 8i −130 + 50i













, (6.72)

which is readily verified to be the inverse of M.

6.4.3 The matrix exponential

Since the graph-theoretic result that lies behind the matrix function path-sum

expressions respects the correct ordering of the graph edges at all times, the results

of Theorems 6.2.1–6.2.4 can be applied to matrices with non-commuting elements.

In this section we present an example of this by evaluating the matrix exponential

of a quaternionic matrix. Specifically, we calculate exp(πM), where M is the matrix

M =

(

i j

k 1

)

(6.73)

where i, j, and k are the quaternions, which satisfy i2 = j2 = k2 = ijk = −1.
Partitioning M into its usual matrix elements and applying Theorem 6.2.3 on the

resultant graph G, we find that the Laplace transforms of the elements of the

partition of exp(τM) are

L
[

exp(tM)11
]

=
(

s− i− j (s− 1)−1 k
)−1

(6.74a)

L
[

exp(tM)12
]

=
(

s− i
)−1

j
(

s− 1− k (s− i)−1 j
)−1

(6.74b)

L
[

exp(tM)21
]

=
(

s− 1
)−1

k
(

s− i− j (s− 1)−1 k
)−1

(6.74c)

L
[

exp(tM)22
]

=
(

s− 1− k (s− i)−1 j
)−1

. (6.74d)

Inverting the Laplace transforms and setting τ = π in the result gives

exp
(

πM
)

= −1 + eπ

2

(

i + tanh
(

π
2

)

j− k

k− j i + tanh
(

π
2

)

.

)

(6.75)
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6.4.4 The matrix logarithm

As a final example, we compute the principal logarithm of the matrix

M =

















4 1 1 2 −1
−2 7 1 0 −1
0 −1 5 2 1

−2 0 0 8 0

−2 −4 −4 6 6

















. (6.76)

This matrix has only a single eigenvalue 6, which is five-fold degenerate. We

partition M onto vector spaces V1 = span(v1, v3, v4) and V2 = span(v2, v5). The

corresponding graph G is the complete directed graph on two vertices, with a loop

on each vertex. Following Theorem 6.2.4, we have

FG;1 =
[

I− x(I−M1)− x2 M12 FG\{1};2 M21

]−1
, (6.77a)

FG;2 =
[

I− x(I−M2)− x2 M21 FG\{2};1 M12

]−1
, (6.77b)

FG\{2};1 = [I− x(I−M1)]
−1 , (6.77c)

FG\{1};2 = [I− x(I−M2)]
−1 . (6.77d)

The elements of the partition of logM are then

(logM)11 =

∫ 1

0

dxx−1 (I− FG;1), (logM)12 = −
∫ 1

0

dxFG\{2};1 M12 FG;2,

(logM)22 =

∫ 1

0

dxx−1 (I− FG;2), (logM)21 = −
∫ 1

0

dxFG\{1};2 M21 FG;1.

Reassembling these elements into matrix form gives

logM = I log 6 +
1

324

















−108 41 41 130 −63
−126 42 42 41 −65
18 −37 −37 71 56

−108 5 5 112 −9
−108 −211 −211 328 −9

















. (6.78)
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6.5 Applications to the simulation of many-body

Rydberg systems

The method of path-sums is still a work in progress, and time constraints have

meant that we have not had the opportunity to apply the method to obtain physical

results on many-body Rydberg systems. However, a variant of the method of path-

sums has already been successfully applied to study the dynamics of a Rydberg-

excited Mott insulator, with system sizes of up to several thousands of atoms being

readily accessible [170]. This method, which is known as the method of walk-

sums, was developed by Pierre-Louis Giscard. An overview of the application of

walk-sums to simulating the dynamics of quantum many-body systems is given in

[171].

Part of the power of the method of path-sums arises from the use of a directed

graph to encode the structure of a matrix, which allows any structure and sym-

metries that the matrix possesses to be easily recognised and exploited. Since the

Hamiltonian for a many-body system is sparse and frequently highly structured,

we believe that applying the method of path-sums to the time evolution operator

U(t) = exp(−iHt/~) provides a promising new approach to the study of quantum

many-body systems in any number of dimensions.

6.6 Summary and Outlook

In this chapter we introduced the method of path-sums, a novel symbolic method

for analytically evaluating functions of matrices. This method is based on three

main concepts: firstly, the partition of a matrix M into an ensemble of submatrices

whose dimensionalities may be freely chosen; secondly, the mapping of matrix

multiplication to walks on a graph G whose edge pattern encodes the structure

of M; and thirdly, the exact closed-form resummation of certain classes of walks

on G by dressing vertices with cycles. By combining these concepts, subarrays of

various functions of M can be evaluated analytically and in closed form. Further,

because the walk resummation is performed in a fashion that natively respects the

ordering of edges in G, these results are valid for matrices with non-commuting

entries: for example, quaternionic matrices. We obtained path-sum expressions for

four common matrix functions: a matrix raised to a complex power, the matrix

inverse, matrix exponential, and matrix logarithm.

Applying the method of path-sums to the time-evolution of quantum many-
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body systems forms a very interesting and important avenue of future research. In

this case, the underlying graph on which the cycle resummations are performed has

a clear physical interpretation: each vertex corresponds to a particular quantum

state of the many-body system, and each edge corresponds to a particular phys-

ical process that takes the system from one state to another. Every edge is thus

weighted by an element of the many-body Hamiltonian, and the cycle resumma-

tions that we carry out correspond in this context to a closed-form resummation

of various families of transition amplitudes in the time-evolution operator U(t).

Computing the dynamics of collections of Rydberg-excited ultracold atoms held

in an optical lattice is an ideal first step in this direction. Such systems are at-

tractive testing grounds for the first applications of path-sums for several reasons:

firstly, the symmetries present in the system typically mean that the many-body

Hamiltonian and its underlying graph are highly structured, so the symbolic ex-

pressions generated by the path-sum method remain relatively short and tractable;

and secondly, within the Rydberg blockade regime the system only explores a small

fraction of the exponentially large number of possible many-body states. Time

evolution to the energetically unfavourable portion of the Hilbert space can be ne-

glected, which neatly separates the problem of computing the time evolution of

the many-body system – for which the method of path-sums is relevant – from the

separate problem of finding an efficient representation of the quantum state – for

which it is not. Finally, studying such Rydberg systems means that the path-sum

predictions could be checked against recent existing results [56, 58], providing a

useful source of validation.

The development and study of numerical implementations of the method of

path-sums is another topic of key importance for future work. In particular, since

the number of cycles by which a vertex α must be dressed to form the dressed

vertex (α)′G is prohibitively large if G is highly connected, any tractable numerical

implementation of path-sums is likely to be based on a truncation of the exact

continued-fraction expressions of Theorems 6.2.1–6.2.4 at some pre-defined depth.

The accuracy and convergence of such approximations is a result of key interest

and importance. Recent results on the relative magnitudes and decay behaviour

of the entries of certain matrix functions form a promising starting point for this

avenue of research [172, 173, 174, 175, 176].

Some guidance towards a suitable form for such approximations could also be

provided by the context in which the method of path-sums is used: for example,

each cycle by which a vertex on the graph of the many-body Hamiltonian is dressed
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represents a particular physical process. The transition amplitudes for some such

processes will certainly be negligible, and the corresponding cycles can be omitted

from the vertex dressing without affecting the accuracy of the result significantly.





Chapter 7

Summary and Outlook

We now provide a summary of the work presented in this thesis, and indicate future

directions in which each of the research topics could be profitably extended.

7.1 Radiative cascades from Rydberg states

In Chapter 2 we studied the statistics of radiative cascades from Rydberg states

of rubidium atoms. We used quantum defect theory to obtain approximate wave-

functions for Rydberg states with principal quantum numbers up to n = 40, and

used these wavefunctions to compute branching ratios for decay events from Ryd-

berg states. We found that the decay probabilities from high Rydberg states are

significantly biased towards states with n . 10. By carrying out Monte Carlo

simulations of the cascade process, we found that the most common path taken to

the ground 5S state consists of a 2-, 3-, or 4-photon cascade, so that the common

approximation that all decay events lead directly to the ground 5S state is not

very accurate. Instead, a full atomic level scheme should be used in cases where

a quantitatively correct treatment of spontaneous emission from Rydberg states is

required.

7.2 Ultra-large Rydberg dimers

In Chapter 3 we investigated the stability of diatomic molecules with ultra-large in-

ternuclear distances formed by a pair of rubidium atoms in Rydberg states. Starting

111
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from an optical superlattice consisting of an array of isolated double-well poten-

tials, we studied the equilibrium distance and binding energy of dimers formed by

promoting a pair of atoms in neighbouring wells to sufficiently high Ryderg states

that the charge distributions of the atoms in neighbouring wells overlap. By using

quantum defect theory to model the Rydberg wavefunctions at distances far from

the nuclear, combined with an efficient symbolic method for evaluating one- and

two-centre molecular integrals, we found that the resultant molecular states are

expected to have equilibrium distances of up to several hundred nanometres and

binding energies of up to 103 GHz, several orders of magnitude larger than the

binding energies of molecules stabilised solely by long-range dipole-dipole forces.

Further, we computed an approximate radiative lifetime for these molecules, and

found that it is several orders of magnitude longer than the time scales required

to interrogate and characterise them by way of short laser pulses. However, it

has recently become clear that molecular decay via autoionisation will play a more

important role than radiative decay in determining the final lifetime of these Ryd-

berg dimers; the calculation of autoionisation decay rates remains a topic for future

research.

7.2.1 Future directions

There are a range of possible directions in which the work presented in Chapter 3

could be extended. Perhaps the most crucial topic is to compute of the rate of decay

due to autoionisation rates, in order to better estimate the lifetime of the Rydberg

dimers. As pointed out in §3.2.5, this computation would require knowledge of the

molecular bound-state wavefunctions.

Another aspect that deserves further investigation and modelling is the process

of excitation of a pair of ground-state atoms to a Rydberg dimer state. A complete

model would include realistic experimental effects such as finite temperature and

an investigation of the efficiency of dimer formation on the detuning, duration, and

shape of the laser pulse.

A third interesting possibility is to investigate the application of a regular lattice

of atoms excited to Rydberg states to the quantum simulation of condensed mat-

ter models. In the regime where the charge-density distributions of neighbouring

atoms overlap, the valence electrons are expected to tunnel between lattice sites,

mimicking the behaviour of electrons in metals. If the dominant terms governing

the electron behaviour are the inter-site hopping and on-site interactions, the dy-
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namics of the Rydberg electrons could be described by a Fermi-Hubbard model.

The hopping and interaction terms in such a system can be computed by using the

molecular integrals presented here, as demonstrated in [75]. While the experimen-

tal creation of such a state is expected to be experimentally challenging, a better

understanding of the excitation dynamics and efficiency of population transfer to

Rydberg states would prove valuable for understanding a suitable experimental

parameter regime.

7.3 Mesoscopic crystals of Rydberg-dressed atoms

In Chapter 4 we investigated the stability of mesoscopic crystals of Rydberg-dressed

atoms in the face of heating due to spontaneous emission. In the first part of

the chapter, we studied the structure and melting behaviour of mesoscopic two-

dimensional clusters of dipolar particles in a harmonic trap. By using Monte Carlo

techniques to generate a distribution of crystal configurations in accordance with

the canonical ensemble, we found that the melting temperature of these crystals

is a non-monotonic function of their size, and is likely to be less than 100 nK for

realistic experimental parameters.

We then analysed a Rydberg dressing scheme that has previously been proposed

as a method of inducing dipolar interactions between neutral alkali atoms. By

extending the radiative cascade simulations of Chapter 2 to include recoil kicks

from the emitted photons, we computed the rate of heating due to spontaneous

emission within the dressing scheme, and found that it was approximately a factor

of two lower when the full atomic level scheme was used in place of a truncated

three-level approximation. While this rate of heating is likely to threaten the

stability of mesoscopic crystals of Rydberg-dressed atoms, the final word on the

stability of such a crystal will depend on how strongly the motional dynamics of

neighbouring atoms within the crystal are coupled.

7.3.1 Future directions

There are two main directions in which the work in this chapter could be extended.

The first extension is to investigate the interplay of the atomic motion within

the crystal with the heating induced by spontaneous emission. This work would be

aimed at providing a quantitative estimate of the lifetime of the crystal in the face

of spontaneous emission, and would involve combining the quantum trajectory
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simulations carried out here with molecular dynamics simulations of interacting

dipolar atoms.

Secondly, our elementary analysis of the Rydberg dressing scheme could be

extended by including aspects of the internal atomic dynamics that were neglected

here. One important factor is the effect of black-body radiation on Rydberg states:

it is known that black-body radiation at typical experimental temperatures can act

both to redistribute the atomic population among neighbouring Rydberg states

through stimulated transitions, and also photoionise atoms in a Rydberg state

[107, 177]. Including these effects in an analysis of the dressing scheme would

provide a more detailed picture of the feasibility of preparing mesoscopic crystalline

states using Rydberg-dressed atoms.

7.4 The method of path-sums

In the latter portion of this thesis we introduced the method of path-sums, a new

technique for evaluating matrix functions. The method of path-sums is based on

two central concepts: firstly, a mapping between matrix multiplication and walks

on directed graphs, and secondly, a universal result on the structure of such walks.

In Chapter 5 we presented this graph-theoretic result, which states that every

walk on an arbitrary directed graph can be decomposed into a simple path plus a

collection of recursively-nested simple cycles. This observation is similar in spirit

to the decomposition of a positive integer into a product of prime numbers, and

allows the basis of the path algebra of a graph to be written in a compact closed

form.

In Chapter 6 we described the correspondence between matrix multiplication

and walks on directed graphs, and showed that this mapping can be used to recast

the evaluation of a matrix function f(M) in terms of a sum over the weights of

walks on a weighted graph whose edge structure encodes the structure of M. By

using the results of Chapter 5 to resum certain families of terms appearing in this

sum, we obtained exact closed-form expressions for four common matrix functions:

a matrix raised to a complex power, the matrix inverse, matrix exponential, and

matrix logarithm. We presented numerical examples of each of these functions, and

discussed the applications of the path-sum expression for the matrix exponential

to simulations of the dynamics of quantum many-body systems.



7.4. The method of path-sums 115

7.4.1 Future directions

The method of path-sums is very new, and consequently provides a wide range of

promising avenues for future research.

As noted in Chapter 6, the use of a directed graph to encode the structure of a

matrix allows any special properties of the matrix to be recognised and exploited.

Since the Hamiltonian of a quantum many-body system is highly sparse, we expect

that applying path-sum techniques to the evaluation of the time-evolution operator

U(t) = exp(−iHt/~) will lead to interesting new approaches to the study of strongly-

correlated quantum many-body systems. A variant of the path-sum method has

already been used to study the dynamics of Rydberg excitations within a Mott

insulator state of cold atoms in an optical lattice, yielding promising results and

scaling well to systems of several thousand atoms [170, 171]. Such a lattice system

would form an ideal testing ground for the application of the method of path-

sums to strongly-correlated many-body systems, since the predictions can then

be compared with the results of established techniques such as density matrix

renormalisation group methods.

A topic of key importance in considering future applications of the method of

path-sums is the development and study of practical numerical implementations of

the method. As pointed out in Chapter 6, recent results on the relative magnitudes

and decay behaviour of the entries of matrix functions form a promising starting

point for this avenue of research, which will also benefit from interactions with

mathematicians.

Several topics within the theory of path-sums are also of mathematical inter-

est. In particular, the similarities of the path decomposition of a walk presented

in Chapter 5 with the decomposition of a positive integer into a product of primes

merits further exploration. A generalisation of the results of Chapter 5 to continu-

ous graphs or graphs with multiple edges would also form an interesting extension.





Appendix A

Coulomb functions for

attractive potentials

In §1.2.2 of Chapter 1, we derived the differential equation for the reduced radial

wavefunction χε,ℓ(r) of a single electron moving in the Coulomb field of an idealized

atomic nucleus of infinite mass and charge +e:

[

d2

dr2
− ℓ(ℓ+ 1)

r2
+

2

r
+ 2ε

]

χε,ℓ(r) = 0. (A.1)

The solutions to this equation, which are known as Coulomb functions, repre-

sent the radial portions of the energy eigenfunctions of the valence electron in the

Coulomb field of the nucleus. In this Appendix we provide a concise overview of

Coulomb functions in the form most commonly used for atomic quantum defect

theory.

A.1 The Whittaker equation and its solutions

Equation (A.1) is a special case of the Whittaker differential equation

[

d2

dz2
+

1
4
− λ2
z2

+
κ

z
− 1

4

]

w(z) = 0 (A.2)
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corresponding to κ = (−2ε)−1/2, z = 2r/κ, λ = ℓ+1/2. The standard solutions to

Eq. (A.2) are the Whittaker functions Mκ,λ(z) and Wκ,λ(z), which are defined by

Mκ,λ(z) = e−z/2zλ+1/2M
(

1
2
+ λ− κ, 1 + 2λ, z

)

, (A.3a)

Wκ,λ(z) = e−z/2zλ+1/2 U
(

1
2
+ λ− κ, 1 + 2λ, z

)

, (A.3b)

where M(a, b; z) and U(a, b; z) are confluent hypergeometric functions of the first

and second kinds. A full account of the mathematical properties of Mκ,λ(z),

Wκ,λ(z), M(a, b; z), and U(a, b; z) may be found in standard references on special

functions; see for example [178, 179, 180, 181, 182].

A.2 Coulomb functions for attractive potentials

When constructing the solutions of Eq. (A.1) from the Whittaker functionsMκ,λ(z)

and Wκ,λ(z), it is convenient to work not with the Whittaker functions themselves,

but with selected linear combinations that have more convenient analytic prop-

erties and asymptotic forms. Two suitable linear combinations are the regular

and irregular Coulomb functions, denoted by f(ε, ℓ; r) and h(ε, ℓ; r) respectively.

Here we provide a brief summary of the most important properties of f(ε, ℓ; r)

and h(ε, ℓ; r); for full details of their development and mathematical properties,

together with a discussion of alternative sets of solutions that are useful in differ-

ent situations (e.g. for repulsive Coulomb potentials) we refer to the literature by

Seaton [183, 184, 69, 185] or Greene et al. [70, 71], and references therein.

Throughout this section, ε is real, ℓ is a non-negative integer, and r is real and

non-negative. Following Seaton [69, 185], we set

κ = (−2ε)−1/2 ≡







i/k for ε > 0,

ν for ε < 0,
(A.4)

where k and ν are real and positive.

A.2.1 The regular Coulomb function f(ε, ℓ; r).

The regular Coulomb function f(ε, ℓ; r) is defined by

f(ε, ℓ; r) =
κℓ+1

(2ℓ+ 1)!
Mκ,ℓ+ 1

2

(

2r

κ

)

. (A.5)
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The function f(ε, ℓ; r) is real, and is an analytic function of each of r and ε in the

intervals 0 ≤ r <∞ and −∞ < ε <∞. It vanishes at the origin, and satisfies

lim
r→0

r−ℓ−1 f(ε, ℓ; r) =
2ℓ+1

(2ℓ+ 1)!
. (A.6)

For ε > 0, f(ε, ℓ; r) is given by

f(ε, ℓ; r) =

(

2

πk

)1/2

e−π/2k

[

1− e−2π/k

Aℓ(ε)

]1/2

Im
{

ei(σℓ(k)−ℓπ/2)Wi/k,ℓ+1/2

(

− 2ikr
)

}

,

(A.7)

where σℓ(k) is the Coulomb phase shift:

σℓ(k) = arg Γ(ℓ+ 1− i/k), (A.8)

and Aℓ(ε) is defined by

Aℓ(ε) =
ℓ
∏

n=0

(1 + 2n2ε) =
Γ(κ+ ℓ + 1)

κ2ℓ+1 Γ(κ− ℓ) . (A.9)

For ε < 0, f(ε, ℓ; r) can be written as

f(ε, ℓ; r) = (−1)ℓνℓ+1

[

− cos πν

Γ(ℓ+ 1 + ν)
Θ(ν, ℓ; r) +

Γ(ν − ℓ) sin πν
π

ξ(ν, ℓ; r)

]

,

(A.10)

where

Θ(ν, ℓ; r) =Wν,ℓ+1/2

(

2r

ν

)

, (A.11a)

ξ(ν, ℓ; r) = Re

{

eiπν W−ν,ℓ+1/2

(

eiπ
2r

ν

)}

. (A.11b)

A.2.2 The irregular Coulomb function h(ε, ℓ; r).

For nonzero ε and r, the irregular Coulomb function h(ε, ℓ; r) is defined by

h(ε, ℓ; r) =
Γ(ℓ+ 1− κ)

πκℓ
Wκ,ℓ+1/2

(

2r

κ

)

+
[

iH(ε) + cot πκ
]

Aℓ(ε) f(ε, ℓ; r), (A.12)
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where

H(ε) =







[1− exp(2π/k)]−1 ε > 0,

0 ε < 0.
(A.13)

The function h(ε, ℓ; r) is real, and is an analytic function of each of r and ε in the

intervals 0 < r <∞ and −∞ < ε <∞, except when r = 0 or ε = 0. It diverges at

the origin, and satisfies

lim
r→0

rℓ h(ε, ℓ; r) =
(2ℓ)!

π2ℓ
. (A.14)

For ε > 0, h(ε, ℓ; r) is given by

h(ε, ℓ; r) =

(

2

πk

)1/2

e−π/2k

[

Aℓ(ε)

1− e−2π/k

]1/2

Re
{

ei(σℓ(k)−ℓπ/2)Wi/k,ℓ+1/2

(

− 2ikr
)

}

,

(A.15)

while for ε < 0, h(ε, ℓ; r) can be written as

h(ε, ℓ; r) = (−1)ℓνℓ+1Aℓ(ε)

[

sin πν

Γ(ℓ+ 1 + ν)
Θ(ν, ℓ; r) +

Γ(ν − ℓ) cosπν
π

ξ(ν, ℓ; r)

]

,

(A.16)

where Θ(ν, ℓ; r) and ξ(ν, ℓ; r) are given by Eq. (A.11).

A.2.3 Asymptotic behaviour for large r.

For large |z|, the Whittaker function Wκ,λ(z) has asymptotic form

Wκ,λ(z)
z→∞∼ e−z/2zκ. (A.17)

This relation can be used to find the asymptotic forms of f(ε, ℓ; r) and h(ε, ℓ; r)

for large r. By combining Eq. (A.17) with Eqs. (A.7) and (A.15), we find that for

ε > 0 the Coulomb functions are oscillatory for large r, with a phase difference of
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π/2:

f(ε, ℓ; r)
r→∞∼

(

2

πk

)1/2 [
1− e−2π/k

Aℓ(ε)

]1/2

sin
(

ζℓ(k; r)
)

, (A.18a)

h(ε, ℓ; r)
r→∞∼

(

2

πk

)1/2 [
Aℓ(ε)

1− e−2π/k

]1/2

cos
(

ζℓ(k; r)
)

, (A.18b)

where ζℓ(k; r) is defined by

ζℓ(k; r) = kr +
1

k
ln 2kr − ℓπ

2
+ σℓ(k), (A.19)

with σℓ(k) the Coulomb phase shift of Eq. (A.8). For ε < 0, we combine Eq. (A.17)

with Eqs. (A.10) and (A.16) to obtain

f(ε, ℓ; r)
r→∞∼ (−1)ℓ νℓ+1 Γ(ν − ℓ) sinπν

π

(

2r

ν

)−ν

er/ν , (A.20a)

h(ε, ℓ; r)
r→∞∼ (−1)ℓ ν−ℓ Γ(ν + ℓ+ 1) cosπν

π

(

2r

ν

)−ν

er/ν . (A.20b)

The functions f(ε, ℓ; r) and h(ε, ℓ; r) either grow exponentially or decay to zero as

r →∞ for ε < 0, depending on the value taken by ν = (−2ε)−1/2.

A.2.4 The quantum defect functions s(ε, ℓ; r) and c(ε, ℓ; r).

Finally, we define the Coulomb functions s(ε, ℓ; r) and c(ε, ℓ; r), which are forms of

the regular and irregular Coulomb functions that are appropriately normalised for

constructing atomic wavefunctions in quantum defect theory. We set

Bℓ(ε) =







Aℓ(ε)
[

1− e−2π/k
]−1

ε > 0

Aℓ(ε) ε ≤ 0,
(A.21)

and define the functions s(ε, ℓ; r) and c(ε, ℓ; r) by

s(ε, ℓ; r) = 21/2B(ε, ℓ)1/2 f(ε, ℓ; r), (A.22a)

c(ε, ℓ; r) = 2−1/2B(ε, ℓ)−1/2 h(ε, ℓ; r). (A.22b)
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Note that s and c are only real for ε > −1/ℓ2, ν > ℓ [185]. For ε > 0, the asymptotic

forms of s and c are

s(ε, ℓ; r)
r→∞∼ (πk)−1/2 sin

(

ζℓ(k; r)
)

, (A.23a)

c(ε, ℓ; r)
r→∞∼ (πk)−1/2 cos

(

ζℓ(k; r)
)

. (A.23b)

For ε < 0, s and c can be written as

s(ε, ℓ; r) = (−1)ℓ
[

sin πν

π(2ν)1/2K(ν, ℓ)
ξ(ν, ℓ; r)− cos πν

(

ν3

2

)1/2

K(ν, ℓ) Θ(ν, ℓ; r)

]

,

(A.24a)

c(ε, ℓ; r) = (−1)ℓ
[

cosπν

π(2ν)1/2K(ν, ℓ)
ξ(ν, ℓ; r) + sin πν

(

ν3

2

)1/2

K(ν, ℓ) Θ(ν, ℓ; r)

]

,

(A.24b)

where

K(ν, ℓ) =
[

ν2Γ(ν + ℓ + 1)Γ(ν − ℓ)
]−1/2

. (A.25)



Appendix B

Spontaneous emission in

hydrogenic atoms

An atom in an excited state is unstable: due to the coupling between the atom and

the modes of the quantized electromagnetic field, the atom decays to a lower energy

level, and a photon is emitted. In this Appendix, we present a summary of the

theory of spontaneous emission in hydrogenic atoms, with a focus on calculating

the rate at which spontaneous emission occurs and the angular distribution of the

emitted photons. We follow the treatment of Cohen-Tannoudji et al. [142], where

further details can be found.

B.1 Emission characteristics of a single transi-

tion

Consider a hydrogenic atom in a state with quantum numbers (ni, ℓi, mi), energy

Ei, and wavefunction ψni,ℓi,mi
(r). The probability per unit time per unit solid

angle for this atom to emit a photon with polarization ε and decay to the state

(nf , ℓf , mf ) with energy Ef and wavefunction ψnf ,ℓf ,mf
(r), as predicted by time-

dependent perturbation theory, is [142]

Γ
nf ,ℓf ,mf

ni,ℓi,mi
(θ, φ; ε) =

ω3
ifq

2

8π2ε0~c3
∣

∣r
nf ,ℓf ,mf

ni,ℓi,mi
· ε
∣

∣

2
(B.1)

where ωif = (Ei − Ef )/~ is the energy difference measured in frequency units,

q = −e is the electronic charge, ε0 is the permittivity of free space, c is the speed of
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light, and r
nf ,ℓf ,mf

ni,ℓi,mi
is the dipole matrix element between the initial and final states,

defined by

r
nf ,ℓf ,mf

ni,ℓi,mi
=

∫

d3r ψ∗
nf ,ℓf ,mf

(r) rψni,ℓi,mi
(r). (B.2)

B.1.1 Evaluating the dipole matrix element

To evaluate the dipole matrix elements we decompose the energy eigenfunction

ψn,ℓ,m(r) into a radial and an angular piece:

ψn,ℓ,m(r) =
χn,ℓ(r)

r
Y m
ℓ (θ, φ). (B.3)

By substituting this expression into Eq. (B.2) and writing the position operator

for the electron as r = rr̂, we find that the dipole matrix element is given by

r
nf ,ℓf ,mf

ni,ℓi,mi
= Rnf ,ℓf

ni,ℓi
A

ℓf ,mf

ℓi,mi
, (B.4)

whereRnf ,ℓf
ni,ℓi

arises from the overlap of the radial wavefunctions, andA
ℓf ,mf

ℓi,mi
contains

the contribution from the overlap of the angular pieces:

Rnf ,ℓf
ni,ℓi

=

∫ ∞

0

dr χ∗
nf ,ℓf

(r) r χni,ℓi(r), (B.5a)

A
ℓf ,mf

ℓi,mi
=

∫

dΩ
[

Y
mf

ℓf
(θ, φ)

]∗
r̂ Y mi

ℓi
(θ, φ). (B.5b)

Since the quantity Rnf ,ℓf
ni,ℓi

depends on the reduced radial wavefunctions χn,ℓ(r), it

depends on the exact form of the potential seen by the valence electron. On the

other hand, the angular factor A
ℓf ,mf

ℓi,mi
is independent of the radial form of the

potential, and is the same for any central potential. To evaluate it, we write the

radial unit vector as

r̂ =

√

4π

3

[

Y −1
1 (θ, φ) ê+ + Y 0

1 (θ, φ) ê0 − Y 1
1 (θ, φ) ê−

]

, (B.6)

where the circular basis vectors ê±, ê0 are defined by ê± = (x̂± iŷ)/
√
2 and ê0 = ẑ.

Using the spherical harmonic relation
[

Y m
ℓ (θ, φ)

]∗
= (−1)m Y m

ℓ (θ, φ) and Gaunt’s
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integral

∫

Y m1

ℓ1
Y m2

ℓ2
Y m3

ℓ3
dΩ =

√

(2ℓ1 + 1)(2ℓ2 + 1)(2ℓ3 + 1)

4π

(

ℓ1 ℓ2 ℓ3

0 0 0

)(

ℓ1 ℓ2 ℓ3

m1 m2 m3

)

,

where the bracketed objects on the right-hand side are Wigner 3-j symbols, we find

A
ℓf ,mf

ℓi,mi
=







A(∆ℓ,∆m)
ℓi,mi

ê−∆m if ∆ℓ = ±1 and ∆m = 0 or ±1,
0 otherwise,

(B.7)

where ∆ℓ = ℓf − ℓi, ∆m = mf −mi, and

A(−1,−1)
ℓi,mi

= −
√

(ℓi +mi − 1)(ℓi +mi)

2(2ℓi − 1)(2ℓi + 1)
, A(+1,−1)

ℓi,mi
=

√

(ℓi −mi + 1)(ℓi −mi + 2)

2(2ℓi + 1)(2ℓi + 3)
,

A(−1,0)
ℓi,mi

=

√

(ℓi −mi)(ℓi +mi)

(2ℓi − 1)(2ℓi + 1)
, A(+1,0)

ℓi,mi
=

√

(ℓi −mi + 1)(ℓi +mi + 1)

(2ℓi + 1)(2ℓi + 3)
,

A(−1,+1)
ℓi,mi

=

√

(ℓi −mi)(ℓi −mi − 1)

2(2ℓi − 1)(2ℓi + 1)
, A(+1,+1)

ℓi,mi
= −

√

(ℓi +mi + 1)(ℓi +mi + 2)

2(2ℓi + 1)(2ℓi + 3)
.

B.1.2 Evaluating the sum over photon polarisations

Equation (B.1) gives the rate of emission of photons with polarisation ε. If the

polarisation of the emitted photon is undetected or unimportant, this rate must be

summed over all polarisations (i.e. over a pair of polarisation vectors orthogonal

to the emission direction k̂). The rate of emission per unit solid angle of photons

with arbitrary polarisation is thus

Γ
nf ,ℓf ,mf

ni,ℓi,mi
(θ, φ) =

∑

ε⊥k̂

Γ
nf ,ℓf ,mf

ni,ℓi,mi
(θ, φ; ε). (B.8)

A suitable (real) polarisation basis (ε̂1, ε̂2) perpendicular to the emission direction

k̂ = sin θ cosφ x̂+ sin θ sinφ ŷ + cos θ ẑ is given by

ε̂1 = sin φ x̂− cosφ ŷ (B.9a)

ε̂2 = cos θ cos φ x̂+ cos θ sin φ ŷ− sin θ ẑ, (B.9b)
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from which we define a pair of circular polarisation vectors ε̂± = (ε̂1 ± i ε̂2)/
√
2.

The unit vectors (ε̂±, k̂) are related to (ê±, ê0) through







ε̂+

ε̂−

k̂






=









i
2
e−iφ(1 + cos θ) − i

2
eiφ(1− cos θ) − i√

2
sin θ

i
2
e−iφ(1− cos θ) − i

2
eiφ(1 + cos θ) i√

2
sin θ

1√
2
e−iφ sin θ 1√

2
eiφ sin θ cos θ















ê+

ê−

ê0






. (B.10)

The sum over polarisations can now be evaluated; we find

∑

ε⊥k̂

∣

∣

∣
A

ℓf ,mf

ℓi,mi
· ε
∣

∣

∣

2

=
[

A(∆ℓ,∆m)
ℓi,mi

]2 [ ∣
∣ê−∆m · ε̂+

∣

∣

2
+
∣

∣ê−∆m · ε̂−
∣

∣

2
]

=
8π

3

[

A(∆ℓ,∆m)
ℓi,mi

]2

f (∆m)(k̂), (B.11)

where f (∆m)(k̂) is a probability density function for the angular distribution of the

emitted radiation for a transition with a given value of ∆m. They are given by

f (0)(k̂) =
3

8π
sin2 θ, f (±1)(k̂) =

3

16π
(1 + cos2 θ),

and are normalised over the full solid angle:

∫

f (∆m)(k̂) dk̂ =

∫ 2π

0

dφ

∫ π

0

sin θ dθ f (∆m)(θ, φ) = 1. (B.12)

B.1.3 Emission characteristics of a single transition

Putting together the above results gives the probability per unit time per unit

solid angle for emission of a photon of arbitrary polarisation on the (ni, ℓi, mi) →
(nf , ℓf , mf ) transition as:

Γ
nf ,ℓf ,mf

ni,ℓi,mi
(θ, φ) =

ω3
ifq

2

3πε0~c3

[

Rnf ,ℓf
ni,ℓi

]2 [

A(∆ℓ,∆m)
ℓi,mi

]2

f (∆m)(θ, φ). (B.13)

B.2 Emission rate from a single magnetic sub-

level

We now consider the total rate of decay of the magnetic sublevel (ni, ℓi, mi) into the

(nf , ℓf) manifold. Typically, several decay channels lead out of the state (ni, ℓi, mi),

so that the total rate of decay is the sum of the individual decay rates.
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B.2.1 Evaluating the sum over final states

Defining the total decay rate per unit solid angle from (ni, ℓi, mi) into the (nf , ℓf)

manifold as

Γ
nf ,ℓf
ni,ℓi,mi

(θ, φ) =

mi+1
∑

mf=mi−1

Γ
nf ,ℓf ,mf

ni,ℓi,mi
(θ, φ), (B.14)

we find

Γ
nf ,ℓf
ni,ℓi,mi

(θ, φ) =
ω3
ifq

2

3πε0~c3

[

Rnf ,ℓf
ni,ℓi

]2

×







ℓi(ℓi−1)+m2
i

(2ℓi−1)(2ℓi+1)
f (1)(θ) +

ℓ2i−m2
i

(2ℓi−1)(2ℓi+1)
f (0)(θ), ∆ℓ = −1

ℓi(ℓi+3)+m2
i+2

(2ℓi+1)(2ℓi+3)
f (1)(θ) +

ℓ2i−m2
i+2ℓi+1

(2ℓi+1)(2ℓi+3)
f (0)(θ), ∆ℓ = +1.

Since the emission pattern out of a given sublevel is spherically uniform if and

only if the weight of f1(θ) is equal to twice the weight of f0(θ), we find that the

only sublevels that have a spherically uniform emission pattern are those satisfying

3m2
i = ℓi(ℓi + 1); (i.e. only (0, 0) and (3,±2) below ℓ = 10). If this condition is

satisfied, then both ∆ℓ = ±1 emissions are spherically uniform.

B.2.2 Integrating over the solid angle

The total decay rate from the state (ni, ℓi, mi) into the (nf , ℓf) manifold is

Γ
nf ,ℓf
ni,ℓi,mi

=

∫

dΩ Γ
nf ,ℓf
ni,ℓi,mi

(θ, φ) =
ω3
ifq

2

3πε0~c3

[

Rnf ,ℓf
ni,ℓi

]2 max(ℓi, ℓf )

(2ℓi + 1)
. (B.15)

Note that this is independent ofmi. This indicates that all of the magnetic sublevels

in the (ni, ℓi) manifold have the same radiative lifetime, as is to be expected in the

absence of any preferred direction in space.

B.3 Heating effect of spontaneous emission

Consider the emission of a photon with wavevector k = kk̂ by an atom with

momentum p. Treating the atomic motion classically, the change in the kinetic

energy of the atom due to the recoil is

∆E(k) = ∆Ex(k) + ∆Ey(k) + ∆Ez(k), (B.16)
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where the quantity ∆Eα(k) for α = x, y, z is the change in the kinetic energy due

to motion in the α-direction:

∆Eα(k) =

[

(p− ~k) · êα
]2

2m
− (p · êα)2

2m

=
~2k2

2m

(

k̂ · êα
)2 − ~k

m

(

p · êα
)(

k̂ · êα
)

. (B.17)

Let the emission direction of the photon be distributed according to the probability

density g(k̂), which is normalised such that

∫

dk̂ g(k̂) = 1. (B.18)

Then the average change in the kinetic energy of the atom per photon emitted is

〈

∆E(k)
〉

=
〈

∆Ex(k)
〉

+
〈

∆Ey(k)
〉

+
〈

∆Ez(k)
〉

, (B.19)

where

〈

∆Eα(k)
〉

=

∫

dk̂∆Eα(k) g(k̂). (B.20)

It is typically the case that g(k̂) is an even function about the origin; i.e. g(k̂) =

g(−k̂). Since (k̂ · êα
)

is odd, it follows that

∫

dk̂
(

k̂ · êα
)

g(k̂) = 0, (B.21)

and so from Eqs. (B.17) and (B.20) we find

〈

∆Eα(k)
〉

=
~2k2

2m
βα, (B.22)

where βα is the fraction of the kinetic energy that is added in the α-direction:

βα =

∫

dk̂
(

k̂ · êα
)2
g(k̂). (B.23)

Note that it follows from the normalization of g(k̂) that βx + βy + βz = 1.
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B.3.1 Uniform emission

In the case that the emitted photons are uniformly distributed over the full solid

angle, the angular distribution function is g(k̂) = 1/(4π). In this case it is straight-

forward to check that

βx = βy = βz =
1

3
, (B.24)

so that the increase in kinetic energy is shared equally among the x, y, and z

directions.

B.3.2 Emission on a ∆m = 0 transition

If the emitted photons originate from a transition with ∆m = 0, the angular

distribution function is g(k̂) = f (0)(k̂) = 3 sin2 θ/(8π), so that

βx = βy =
2

5
, βz =

1

5
. (B.25)

The atomic motion in the x-y plane is heated more strongly than the motion in

the z-direction, reflecting the preferential spontaneous emission in this plane.

B.3.3 Emission on a ∆m = ±1 transition

For emitted photons originating from a transition with ∆m = ±1, the angular

distribution function is g(k̂) = f (±1)(k̂) = 3(1 + cos2 θ)/(16π). In this case the

heating coefficients are

βx = βy =
3

10
, βz =

2

5
. (B.26)





Appendix C

Quantum trajectory simulations

of a master equation

In many cases of interest, the dynamics of a quantum system coupled to its en-

vironment are accurately described by a master equation for the system density

matrix ρ(t) of the form

i~
dρ

dt
=
[

H, ρ
]

+
i~

2

∑

α

γα
(

2aαρ a
†
α − a†αa ρ− ρ a†αa

)

(C.1)

where α is an index labelling the decay channels of the system, aα is a system

operator, and γα is the decay rate for channel α. By flattening the density matrix

ρ into a vector, this set of N2 coupled differential equations can be written as

dρ

dt
= Mρ (C.2)

where ρ is a vector of length N2 andM is an N2×N2 matrix. If the number of basis

states of the system is small, it is possible to construct and solve this set of equations

directly; however, as N increases this rapidly becomes infeasible. A more efficient

approach is to compute an approximate density matrix for the system by carrying

out quantum jump simulations of Eq. (C.1) (see e.g. [143, 144, 145, 146, 147]). A

suitable algorithm is [144]:

1. Initialise the system state to |φ(t = 0)〉.

131
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2. Draw a random number r from the uniform distribution on [0, 1] and evolve

the atomic state vector according to the Schrödinger equation

i~
d|φ(t)〉

dt
= Heff |φ(t)〉 (C.3)

where

Heff = H − i~

2

∑

α

γαa
†
αaα (C.4)

until t = t1, where t1 is determined by the condition 〈φ(t1)|φ(t1)〉 = r.

3. Select among the various types of quantum jumps according to the conditional

probabilities

p(α|t) = p(t, α)
∑

α p(t, α)
, where p(t, α) = γα〈φ(t)|a†αaα|φ(t)〉. (C.5)

4. Having selected a particular decay channel αn, update the system state as

|φ(t+1 )〉 =
√
γαn

aαn
|φ(t−1 )〉

√

〈φ(t−1 )| γαn
a†αnaαn

|φ(t−1 )〉
(C.6)

and continue evolving the state until the next quantum jump occurs (see Step

2).

5. An approximation for the system density matrix is given by

ρ(t) ≈
〈〈 |φ(t)〉〈φ(t)|
〈φ(t)|φ(t)〉

〉〉

(C.7)

where the angled brackets denote an average over different realizations of the

system wavefunction.
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[45] H. Weimer, M. Müller, H. Büchler, and I. Lesanovsky, Digital quantum sim-

ulation with Rydberg atoms, Quant. Inf. Proc. 10, 885–906 (2011).

[46] Chris H. Greene, A. S. Dickinson, and H. R. Sadeghpour, Creation of Po-

lar and Nonpolar Ultra-Long-Range Rydberg Molecules, Phys. Rev. Lett. 85,

2458–2461 (2000).

[47] A. A. Khuskivadze, M. I. Chibisov, and I. I. Fabrikant, Adiabatic energy levels

and electric dipole moments of Rydberg states of Rb2 and Cs2 dimers, Phys.

Rev. A 66, 042709 (2002).

[48] Chris H. Greene, Edward L. Hamilton, Heather Crowell, Cedomil Vadla, and

Kay Niemax, Experimental Verification of Minima in Excited Long-Range

Rydberg States of Rb2, Phys. Rev. Lett. 97, 233002 (2006).

[49] Vera Bendkowsky, Bjorn Butscher, Johannes Nipper, James P. Shaffer,

Robert Low, and Tilman Pfau, Observation of ultralong-range Rydberg

molecules, Nature 458, 1005–1008 (2009).

[50] Christophe Boisseau, Ionel Simbotin, and Robin Côté, Macrodimers: Ultra-
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[58] M. Gärttner, K. P. Heeg, T. Gasenzer, and J. Evers, Finite-size effects in

strongly interacting Rydberg gases, Phys. Rev. A 86, 033422 (2012).

[59] C. Ates and I. Lesanovsky, Entropic enhancement of spatial correlations in a

laser-driven rydberg gas, Phys. Rev. A 86, 013408 (2012).

[60] Peter Schau, Marc Cheneau, Manuel Endres, Takeshi Fukuhara, Sebas-

tian Hild, Ahmed Omran, Thomas Pohl, Christian Gross, Stefan Kuhr,

and Immanuel Bloch, Observation of spatially ordered structures in a two-

dimensional Rydberg gas, Nature 491, 87–91 (2012).

[61] F. Robicheaux and J. V. Hernández, Many-body wave function in a dipole

blockade configuration, Phys. Rev. A 72, 063403 (2005).

[62] K. C. Younge, A. Reinhard, T. Pohl, P. R. Berman, and G. Raithel, Meso-

scopic Rydberg ensembles: Beyond the pairwise-interaction approximation,

Phys. Rev. A 79, 043420 (2009).
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[117] H. P. Büchler, E. Demler, M. Lukin, A. Micheli, N. Prokof’ev, G. Pupillo,

and P. Zoller, Strongly Correlated 2D Quantum Phases with Cold Polar

Molecules: Controlling the Shape of the Interaction Potential, Phys. Rev.

Lett. 98, 060404 (2007).

[118] A. Micheli, G. Pupillo, H. P. Büchler, and P. Zoller, Cold polar molecules in

two-dimensional traps: Tailoring interactions with external fields for novel

quantum phases, Phys. Rev. A 76, 043604 (2007).
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