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Abstract

This thesis presents a series of algorithmic innovations in Combinatorial Com-
pressed Sensing and Persistent Homology. The unifying strategy across our con-
tributions is in translating structural patterns in the underlying data into specific
algorithmic designs in order to achieve: better guarantees in computational complex-
ity, the ability to operate on more complex data, highly efficient parallelisations, or

any combination of these. Our main contributions can be broken down as follows.

1. Chapter 3 extends the work of [Berinde et al., 2008b, Jafarpour et al., 2009,
Sarvotham et al., 2006b] and propose two algorithms Parallel-fy and Serial-(
for decoding a k-sparse signals x € R" from an underdetermined linear system
Ax = y € R™ where A € R™*" is the adjacency matrix of a left d-regular
expander graph. We guarantee recovery in O(nlogk) operations by assuming
a dissociated structure in the non-zeros of the signal x or by imposing it in the
columns of A. Our algorithms achieve phase transitions at p &~ 0.3, which are

superior than those of ¢;-regularisation for small under-sampling ratios m/n €
(0,1).

2. Chapter 4 borrows from [Ma et al., 2013] to make Parallel-¢y robust to additive
noise. This extension is made by quantifying the uncertainty in the residual an-
alytically via the Bayesian framework. These approximations hold for arbitrary
noise and signal distributions, and only assume that the entries in 7 and x are
sampled component-wise and are independent of each other. Computational

results show that the algorithm is robust for signal-to-noise ratios of 10~3 and
102,

3. Chapter 5 introduces persistent homology, a technique within topological data
analysis with which the topological invariants of a manifold M C R" can be
estimated from a finite dataset S C R"™ sampled from M. A crucial step in the
persistent homology pipeline is the factorisation of a sparse upper-triangular
matrix 0 € F3”™ over the Galois field of two elements. This factorisation can
be made in time O(m?) and [Morozov, 2005] gave an example for which this

worst-case is achieved. In Section 5.5 we show that this worst-case example is
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so structured that it can be trivially reduced in O(m) operations by a counting

argument.

This gives evidence that worst-case complexes are so structured

that they do not represent the structure of average simplicial complexes that

are found in nature.

. In Chapter 6 we extend the work of [Bauer et al., 2014a, Chen and Kerber, 2011]

and show that there is structure in 9 that one can use to massively parallelise the

factorisation of 0 and that one can reliable estimate some important topological

information in the data.

Contribution| Submission Collaborators
1 Chapter 3 [Mendoza-Smith and Tanner, 2017a] Jared Tanner
2 Chapter 4 [Mendoza-Smith et al., 2017] Jared Tanner and Florian Wechsung
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4 Chapter 6 [Mendoza-Smith and Tanner, 2017b] | Jared Tanner
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Chapter 1

The Mathematics of Information

This document reports a series of theoretical and computational results that concern
problems in the Mathematics of Information. This term refers to the set of math-
ematical theories that study the methodologies to extract, measure, and represent
the information present in data [Iserles and Schonlieb, 2013]. These theories have
become increasingly relevant given the recent expansion of technologies for large-
scale data processing and the shift of scientific and industrial research towards more
heavily computerised data-based domains. Despite their clear purpose, the bound-
aries of the Mathematics of Information are not yet well-defined. However, they can
be chartered with respect to its areas of application such as Data Science, Machine
Learning, Signal Processing and Artificial Intelligence; or indeed, in terms of its most
represented mathematical theories like Optimisation, Network Theory, Probability,
Statistics, Functional Analysis, Approximation Theory and Numerical Analysis.

A defining characteristic of the theories in the Mathematics of Information is that
they showcase the interplay between data complexity and computational complexity.
Indeed, many problems in this area are intractable in the general case, so we seek
to build mathematical models around the data in order to capture its structure and
bring the problem’s complexity down to the level of the efficiently computable. In

the following sections we make these notions precise.

1.1 Data complexity

Almost all datasets of interest to humankind like audio signals [Oppenheim, 1999],
networks [Newman, 2010], images and video[Forsyth and Ponce, 2011], documents
[Manning et al., 1999] or genomic data [Cristianini and Hahn, 2006] can be represented

geometrically either as a vector v € R, a matrix A € R™*" or atensor T' € R™ X",



1.1. Data complexity

Representing data as an abstract mathematical object is useful since it allows us

to quantify its complexity and create mathematical models around it. The complexity

of a dataset can be modelled or quantified in several ways.

|

IT

Dimensionality: The most basic way to measure the complexity of a dataset is
through the dimensionality of the space it is embedded in. This is an important
measure of complexity due to a phenomenon known as the curse of dimension-
ality [Bellman and Kalaba, 1959] which refers to the fact that the volumes in
Euclidean space grow exponentially with the dimension of the space. The curse
of dimensionality is an important shortcoming to Machine Learning [Friedman
et al., 2001], Numerical Analysis [Trefethen, 2017] and other areas that aim to

approximate functions from a limited number of datapoints.

However, arbitrarily large dimensionality is not always a burden and often be-
comes a rather useful assumption thanks to a dual phenomenon, which is often
refered to as concentration of measure [Talagrand, 1996]. In the words of Tao

[Tao, 2010] this phenomenon boils down to the observation that:

It is difficult for a large number of scalar random variables {Xy, ..., X,} to
work together to pull a general combination F(Xy,...,X,) too far away from
its mean.

The concentration of measure phenomenon has given rise to some of the most
exciting mathematical technologies in recent years as it provides new avenues
to reduce the dimensionality of high-dimensional data without distorting its ge-
ometry. This is best exemplified by the Johnson-Lindenstrauss Lemma [John-
son and Lindenstrauss, 1984|, which guarantees that if {z1,...,z,,} C R and
e € (0,1), then there is a function f: R" — RO(e(m)/<*) such that ¥ i # j

(1= e)lls = 5l] < [ f () = flap)ll < (L +e)lles — 5.

Degrees of freedom: The manifold hypothesis states that high-dimensional data
tends to concentrate in the vicinity of a low-dimensional manifold [Fefferman
et al., 2016]. Though there is no rigorous way to test the validity of the manifold
hypothesis, there are a number of results that provide positive evidence on its
favour, such as the concentration of measure phenomenon mentioned above or

the recent achievements in deep-learning research [Krizhevsky et al., 2012].
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One of the clearest models of data complexity in this scenario is given by the

Grassmann manifold
Gt ={M e R™" : rank(M) =r} .

The Grassmann manifold has dimension (m+n—r)r [Lee, 2003] and is a popular
model of data complexity in the Mathematics of Information. This model of
data complexity might be counter-intuitive as it is known that if A € R™*" is
sampled according to a continuous distribution then Pr [rank(A) = n] = 1 since
any polynomial on such variables is non-zero with probability one. The apparent
abundance of full-rank matrices is reconciled with the manifold hypothesis by
assuming that many of the matrices we observe in nature are indeed low-rank
matrices that have been perturbed to be full-rank. For example, [Candeés et al.,
2011] proposed a model in which matrices A € R™*™ are a superposition of a
low-rank matrix L that captures the essential information in the matrix, and a

sparse matrix S that acts as a perturbation to L.

Probabilistic: A popular way to define structure in the data is by modelling the
probability mechanisms that generate it. Examples of this include Probabilistic
Graphical Models [Koller and Friedman, 2009] and Gaussian Processes [Ras-
mussen and Williams, 2006]. A much simpler example is given by linear regres-
sion, where parameters x € R” of a hyperplane f(a, z) = z— (z, a) are sought to
be recovered from a set of corrupted observations {(a1,y1), .- ., (@m,Ym)}. This

is modelled by the system
y:mTA—I—eéRm (1~1)

for A € R™™ and a noise vector ¢ € R™. When m < n the problem is under-
determined so infinitely many solutions exist. In order to guarantee solvability,
we need to introduce additional information in the problem which is a process
known as reqularisation. A principled way of regularising is by assuming that
x is sampled according to a probability distribution F,. Having F, Gaussian
corresponds to a penalisation on the /;-magnitude of x and is commonly known
as Tikhonov reqularisation [Tikhonov, 1963|, while having F, being Laplace
corresponds to penalising its ¢;-norm of x and is generically called Lasso regu-
larisation Tibshirani [1996].

Topological complezity: In the field of Topological Data Analysis it is assumed
that datasets are sampled from a high-dimensional shape M C R"™ embedded in



4 1.2. Numerical algorithms in the Mathematics of Information

R". The field of algebraic topology classifies shapes according to their number
of high-dimensional holes, which is a quantity that is invariant to continuous
deformation of the shape M. In this sense, the number of high-dimensional
holes becomes a notion of data complexity for the dataset in general. For
example, [Carlsson, 2009] performed an experiment in which he showed that a
large set of images in R3*3 lies approximately on a Klein bottle. In this sense, an
alternate measure of complexity in the context of a manifold is through homology

or by estimating the number of high-dimensional holes in the manifold M.

V' Other: This list is of course not exhaustive and there are several other ways to
quantify the complexity of a dataset or indeed, of points within a dataset. For
example, for a matrix the sparsity measures its number of non-zero entries, while
the rigidity [Valiant, 1977] encodes the minimum Hamming distance between

the matrix and other matrices of rank at most r.

1.2 Numerical algorithms in the Mathematics of
Information

In order to extract the essential information from the dataset under consideration it is
necessary to perform numerical computations over the data. For instance classifying
points into classes can be done via a support vector machine which calls for a quadratic
programming problem [Boyd and Vandenberghe, 2004]. The directions of maximum
variance in a dataset are computed through Principal Component Analysis [Wold
et al., 1987], which involves eigenvalue algorithms like the power iteration method.
The state-of-the-art optimisation methods for training neural network are based on
stochastic gradient descent [Bottou, 2010].

This thesis is concerned with the numerical underpinnings of problems in the
Mathematics of Information that can be framed as inverse problems. Namely, prob-
lems in which the causal factor 6 € Q of a mathematical model M (0) is sought to be
estimated from a dataset D = {yi,...,yn} generated from M (). Inverse problems
are challenging because often the number of data-points in D is not enough to single
out an element of the parameter space €. In [Hadamard, 1902] Hadamard defined the
mathematical properties of models that have enough structure go guarantee physical

meaning of the solution.

Definition 1.1 (Well-posed problem [Hadamard, 1902]). A problem D <+ M(0) is
well-posed if
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1. A solution 0 € Q) exists.
2. The solution 6 € € 1s unique.
3. Small perturbations in 6 cause small perturbations in D.

A common problem in the Mathematics of Information is dealing with underde-
termined problems or problems in which there is not enough data to uniquely specify
the nature of the underlying model. When models are indistinguishible, one seeks to
introduce additional information in the system that is consistent to prior beliefs on
the nature of the generating system. The Tikhonov and Lasso regularisation meth-
ods mentioned above are examples of these priors. The definition given by Hadamard
was tailored to describe the ill-posedness of the physics and engineering problems
that were relevant at his time. More than one hundred years later, it becomes clear
that it is not enough to guaranteeing existence and uniqueness of solutions, but also
that they are computable. Hence, a sensible appendix to Hadamard’s definition of

well-posed problem could be:
4. The solution 0 C Q is efficiently computable (with non-trivial probability).

This thesis deals with two new types of inverse problems.

1.2.1 Compressed Sensing

For a vector x € R™, let ||z||o be the number of non-zeros in z. For k < n let x} be
the set of k-sparse, 1.e.

Xp={zeR": ||z|o < k}. (1.2)

Compressed sensing seeks to recover a sparse signal x € x}! from m < n linear non-
adaptive measurements y = Ax € R™. This is an inverse problem since one seeks
to find x from m pieces of data generated by inner products of x with m rows of a
matrix A € R™*". Introducing the prior information on the sparsity of x we arrive

at the regularised problem
mxin |ly — Azlls s.t. |z|lo < k. (1.3)

The solution of (1.3) is not efficiently computable in the general case (see Chapter 2).
The compressed sensing paradigm imposes a model on the matrix A € R™*" to show

that in most cases the problem is well-posed according to our extended definition.
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1.2.2 Topological Data Analysis

Topological data analysis (TDA) addresses the algebraic-topological analogue of in-
verse problems. In Topological Data Analysis one wishes to recover the topological
invariants that characterise a deformable high-dimensional shape M C R™ from a
dataset D = {x1,...,x,,} sampled from M. These topological invariants are those
topological properties of M that are preserved through continuous deformations, like
connectedness, number of loops, and number of high-dimensional voids [Edelsbrunner
and Harer, 2010] and are encoded as a set of Betti numbers, see Chapter 5. The persis-
tent homology paradigm which is of high relevance to our work provides a framework

for estimating the underlying topological signature of the shape M from a D.

1.3 A roadmap to this thesis

This thesis presents advances in two distinctively different areas of computational

mathematics. Specifically,

This chapter provides an introduction to the Mathematics of Information and intro-

duces the notational conventions of the thesis.

Chapter 2introduces compressed-sensing, iterative greedy algorithms, and the graph-
theoretic notions that are at the backbone of combinatorial compressed sensing.
Additionally, it introduces the notion of dissociated data which is crucial for our

developments in Chapters 3 and 4.

Chapter 3 gives our first contribution: Parallel-¢y and Serial-fy, which are the two
fastest algorithms in compressed sensing when the data is dissociated and the
adjacency matrix is an expander matrix. This chapter includes theoretical guar-
antees for these algorithms and a series of numerical experiments that bench-

mark them against the previous state-of-the-art.

Chapter 4 extends Parallel-f, to scenarios where the signal is corrupted with additive
noise. The extension is made by quantifying the uncertainty of the measure-
ments via the Bayesian framework. This chapter includes a framework that
work for arbitrary signals and noise distributions as long as they are continu-

ous. Appropriate numerical experiments are also shown.

Chapter 5 shifts the theme to Computational Algebraic Topology and specifically to
the computation of Persistent Homology for Topological Data Analysis. This
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This chapter

N

COSO?;E;ESthI?Slm Persistent Homology
P & Chapter 5

Chapter 2

AN N

Expander ¢y-Decoding Bayesian fy-Decoding Parallel Multiscale reduction
Chapter 3 Chapter 4 Chapter 6

Figure 1.1: A roadmap to this thesis. A dependency diagram between each
chapter is shown.

chapter introduces the necessary ideas from topology and algebra to build the
Persistent Homology pipeline and introduces previous algorithms for the reduc-
tion of boundary matrices, which is an essential step when computing persistent
homology. The chapter includes a proof-of-concept showing that the data on
which the standard algorithms for computing persistent homology achieve the

worst-case is extremely structured and not representative of most datasets.

Chapter 6 presents an algorithm to massively parallelise the computation of persis-
tent homology in such a way that reduction can be done at all scales of the
relevant filtration and such that the algorithm can be interrupted and yield

reliable approximations to the persistent topology of the dataset.

Chapter 7 outlines our conclusions and summarises attractive directions for future

work.

To facilitate the exploration of our work, we provide a roadmap to describe the

dependencies between the chapters in our manuscript.

1.4 Notation

Here we define the basic notation that is relevant to our discussion. For a subset
S C Q, we let |S| be its cardinality, and © \ S denote its complement. We adopt
notation from combinatorics and for n € N use the shorthands [n] := {1,...,n},
[n]® = {S C [n] : |S] = k}, and [n]=R = {S C [n] : |S| < k}. As mentioned in
the previous section, for x € R™, we let supp(z) = {i : ; # 0} be its support, and
argsupp(z) = {x; : i € supp(x)} be the set of nonzero values in . With this, we let
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|z[lo := |supp(z)], and x} = {z € R" : [[z[|p < k} be the set of k-sparse vectors in
R™. A number of compressed sensing algorithms project vectors from R" to x7 via
the hard-thresholding function Hj, : R™ — x}' which sets to zero all but the k largest
elements in = in magnitude. We also let ID(R) be the set of distributions supported
on R. If u € D(R), we use the notation z ~ p to denote that z was drawn according
to the distribution u. We also use the notation v; RS- it to denote that each v; is
drawn independently at random from u, and U(S) to denote the uniform distribution
over a set S. We reserve the notation 1 {-} for indicator functions that return 1 if
the argument is true and 0 otherwise.

For a field F and a matrix A € F"™*", we let nnz(A) = [{(4,7) € [m] x [n] : A;; #
0}| be the number of nonzero entries in A, a; € F}" be its j-th column and a;. be its

i-th row.



Chapter 2

Combinatorial Compressed Sensing

2.1 From Shannon’s sampling theorem to Com-
pressed Sensing

Let x} be the set of n-dimensional k-sparse vectors as defined in (1.2). In a nutshell,
compressed sensing states that if z € x}, then it can be sampled and efficiently
reconstructed from m = O(k) non-adaptive linear measurements y = Az € R™
provided £k < m < n are sufficiently large. This result is the product of a large

research trajectory that started in 1949 with the sampling theorem of Shannon.

Theorem 2.1 ([Shannon, 1949]). If f(t) is a continuous-time signal and contains no
frequencies higher than W cycles per second, it is completely determined by giving its

ordinates at a series of points spaced % seconds apart.

Theorem 2.1 describes the trade-off between a signal’s data complexity as measured
by the bandwidth of the signal in the frequency space and the sampling rate in the
physical space needed to characterise it. The bandlimited data model assumed on f ()
is equivalent to requiring f(w), the Fourier transform® of f(t), to vanish outside a
bounded region of its domain. The duality between the time and the frequency space
is further described by Heisenberg’s uncertainty principle [Heisenberg, 1927] for which
Gabor’s Harmonic Analysis version states that a signal and its Fourier transform can
not both be highly concentrated [Gabor, 1946]. In other words, Gabor showed that if
F(t) is zero almost everywhere in an interval At and f(w) is zero almost everywhere
outside an interval Aw, then?

1
At - Aw > —. 2.1
t w_47T ( )

Defined on the real line as f(w) = Jp f(t)e?mwdt
*Technically speaking, it is assumed that At := ||(t —to) f||,(r) and Aw := |[(w —wo) f]| L, (w) for

to,wo € R and || f||z,w) = ||f||L2(R) =1land | - ||z,®) being the norm in the Ly(R) space.
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The uncertainty principle of Gabor implies that the information in non-transient sig-
nals or functions that are smooth at low scales is most likely concentrated in an
interval in the Fourier space. Though restricted to band-limited signal models, this
was a deep and general result and laid the foundations of time-frequency resolution
analysis which eventually led to the interest of wavelets [Hill, 2007]. However, this
intervaled model was not flexible enough to fully describe the duality in sparse or
spiked data models that was being studied in the context of subset selection [Garside,
1965], seismology [Levy and Fullagar, 1981] and medical ultrasound [Papoulis and
Chamzas, 1979]. Indeed, sparse data models were being successfully implemented in
engineering application by the geophysics community which sought to recover sparse
seismic signals from an incomplete set of its Fourier components by ¢;-minimisation
[Levy and Fullagar, 1981, Oldenburg et al., 1983, Santosa and Symes, 1986]. The
success of these engineering applications made evident that sparse data can be found
in nature, so a number of theoretical results soon followed. An important innova-
tion describing the relation between sparsity and ¢; minimisation was given by the
uncertainty principles of Donoho and Stark [Donoho and Stark, 1989] which showed
that the sets of concentration in Gabor’s version of Heisenberg’s uncertainty principle
need not be intervals, but only measurable, so that if f € R™ is a finite dimensional

signal and f € R" is its discrete Fourier transform, then

| supp(f)| + | supp(f)| > 2v/n. (2.2)

The results in [Donoho and Stark, 1989] provided a theoretical justification of a
previous result presented [Santosa and Symes, 1986] which showed that a signal with &
spikes can be recovered from m Fourier mesurements provided that m > n(1—(2k)™1).

Though the results in [Donoho and Stark, 1989, Santosa and Symes, 1986] in-
creased popularity in the Fourier-sampling/¢;-minimisation framework, it was well-
known that the Fourier transform alone was insufficient to sparsify data with local
discontinuities or very sharp oscillations. One way to represent generic data with
local transiencies is through a basis containing well-localised functions at the relevant
scales. The first such basis was given in 1910 by Haar [Haar, 1910] in the form of a
model piecewise constant function with bounded support whose dilations and trans-
lations generate an orthonormal basis. The work by Haar served as a starting point in
an enormous research effort to find models of basis-generating wave-like oscillations,
which pinnacled with the discovery of Daubechies wavelets [Daubechies, 1988] which

have a support of minimum size for any given number of vanishing moments?. Over

3See [Mallat, 1999] for an introduction to the theory of wavelets
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the years, numerous families of wavelets continued to appear [Candes and Donoho,
2000, Guo et al., 2006, Beylkin et al., 1991], which increased our power to compres-
sively represent many more sources of data. As a result, [Mallat and Zhang, 1993]
coined the concept of dictionary to refer to overcomplete sets of atoms over which
signals can be decomposed after which the problems of non-uniqueness and overfit-
ting became evident. To resolve these issues the problem had to be regularised so for
an overcomplete dictionary A € R™*" the sparsest representation x € R™ of a signal

y = Az € R™ was sought, giving the fy-minimisation problem
min ||zl st.  y= Az, (2.3)

which seeks for the sparsest solution that agrees with the measurements. The prob-
lem (2.3) is NP-hard as it can be efficienty reduced to the minimum set cover problem
[Foucart and Rauhut, 2013], so sparsity-promoting heuristics started to emerge. The
first such strategy was the Matching Pursuit algorithm [Mallat and Zhang, 1993]
which first established the iterative and greedy algorithmic model that would become
standard in compressed-sensing. Specifically, Matching Pursuit (Algorithm 1) pro-
gressively refines an estimate % of the solution by selecting atoms in the dictionary
that best-correlate with the residual » = y — AZ at each iteration. It was shown in

[Jones, 1987] that Algorithm 1 converges for a general dictionary A.

Algorithm 1: Matching Pursuit [Mallat and Zhang, 1993]
Data: A € R™"; y € R™
Result: 7 € R"s.t. y~ Az
T+ 0,7+ y;
while not converged do
Find j € [n] s.t. (ATr)j = | AT7|o0;
T &+ (a]r)ay;
r—y— Az,
end

A slightly more refined strategy was given by Orthogonal Matching Pursuit (OMP)
[Davis et al., 1994, Pati et al., 1993, Chen et al., 1989] which rather than minimising
|7 —a;z||2 over (j,2) € [n] x R, first constructs an estimate of supp(z) and uses it to
compute the best-fit arg min, ||y — Asupp(z) 2|2 restricted to this support, see Algorithm
2.

Algorithms 1 and 2 are not guaranteed to produce unique sparse decompositions,

so [Chen et al., 2001] introduced the idea of an optimal decomposition as that with
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Algorithm 2: Orthogonal Matching Pursuit [Davis et al., 1994, Pati et al.,
1993, Chen et al., 1989]
Data: A € R™"; y € R™
Result: 7 € R"s.t. y~ Az
T+ 0,r+y;
A < 0;
while not converged do
Find j € [n] s.t. (ATr)j = | AT7]|o0;
A= AU{j}
T < argmin, ||y — Az||2s.t.supp(z) C A;
r<y— Az;
end

minimum /;-energy that is consistent with the measurments, i.e.
min ||z|;  st.  y= Ax. (2.4)

The program (2.4) is commonly known as basis pursuit and became an important
object of study. A number of results concerning the sparsifying properties of the ¢,
regulariser soon started to appear. For example, [Donoho and Huo, 2001] showed
that if a signal is highly sparse in a dictionary of spiked sequences and sinusoids then
there is only one highly sparse representation of the signal in terms of these atoms
and can be recovered by (2.4). A few years later, [Donoho and Elad, 2003] gave
a result that guranteed decodability with (2.4) in the more general setting of non-
orthogonal dictionaries, while [Gribonval and Nielsen, 2003] gave precise conditions
to guarantee (y-f1 equivalence, namely equivalence between the programs (2.3) and
(2.4). Simultaneously, [Gilbert et al., 2003b, Tropp, 2004] showed that a measurement
rate of m = O(k?) was sufficient to guarantee equivalence between Algorithm 2 and
(2.4). These results were given in terms of a property of the measurement matrix
called coherence or the maximum absolute value of the cross inner-products between
the columns of a matrix.

The seminal work on compressed-sensing was given with the work of [Candes and
Tao, 2006, Candes et al., 2006a, Donoho, 2006¢] where it was shown that a k-sparse
signal = € x} can be efficiently recovered via (2.4) from m = O(klogn) non-adaptive
measurements {(ai, z), ..., (am,z)}. These groundbreaking results were trumpeted

by a fundamental innovation in uncertainty principles [Candes and Romberg, 2006],
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which showed that with overwhelming probability *
n

(B+1)logn

The key argument behind (2.5) was that the uncertainty principle of Donoho and

| supp(f)| + | supp(f)| > (2.5)

Stark in (2.2) was tight only for signals that were very special and not representative
of most signals.

The O(klogn) sampling rate shown initially is off from the optimal O(k) rate by
a O(logn)-factor. This might sound reasonable if we think of the O(log n)-factor as
the price to pay for not knowing in advance the location of supp(x). However, it was
later shown in [Candes and Tao, 2005, Donoho, 2006b] that when measuring with the

5

uniform spherical ensemble or with the sub-Gaussian® ensemble, this sampling rate

could be further improved to

m =0 (klog %) . (2.6)

The improvement of (2.6) over O(klogn) is significant, since (2.6) reduces to the
optimal rate of O(k) when the parameters (k,m,n) of the problem scale according to
the linear growth asymptotic

k
%—HSE(0,1)andE%pE(O,l)ask,m,n%oo. (2.7)

The constant ¢ € (0, 1) is known as the undersampling ratio while p is known as the
sparsity ratio. In proving this result, [Candes and Tao, 2005] introduced the Restricted
Isometry Constants (RIC-2)

Cp = Igl;(l)lc st. (1 —=o)lz)l2 < [[Az|ls < (1 4 ¢)||z|l2 Vx € X}, (2.8)

which for given k£ € [n] measure the extent for which a matrix A € R™" is lo-
cally almost isometric for all k-sparse signals. In a way, the RIC-2 constants c;
quantify the degree to which A locally satisfies the Pythagorean theorem. Indeed, if
ai,...,a, € R™ are the columns of an orthonormal matrix AeR™ and z € R™,

then |hypotenuse|? = ||Az||* = ||z||* so Pythagoras’ theorem guarantees that
(1 —0)|jz|| < |hypotenuse| = ||Az| < (1 + 0)]|z].

The existence of the RIC-2 follows from concentration of measure inequalities in ran-

dom matrix theory. In [Candes and Tao, 2005] it was shown that, with overwhelming

4With probability greater than or equal to 1 — O(n=¢) for every fixed ¢ > 0 [Tao, 2012].
SElexp(04; ;)] < exp(ch?) for all § € R and all i € [m],j € [n].
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probability, Gaussian matrices with mean zero and variance 1/m have sufficiently
good RIC-2 to guarantee ¢y-¢; equivalence. A more general result was given in [Candes
and Tao, 2006] ensured that sub-Gaussian matrices satisfy cop < 0.6246 with over-
whelming probability and thus guarantee (y-¢; equivalence. In [Candes et al., 2006b]
these results were extended to deal with scenarios where the signal is corrupted by ad-
ditive noise and when the underlying signal is not exactly sparse. Additional to these
results was the observation that sub-Gaussian matrices enable universality, meaning
that if ¥ € R™™ is a fixed orthogonal matrix and A € R"™*" is sub-Gaussian with
m = O(klog(n/k)), then AV will have a sufficiently small RIC-2 constants with over-
whelming probability [Foucart and Rauhut, 2013]. This was of particular importance
to imaging application where s € R" is not naturally sparse, but is known to be sparse
in some basis ¥ € R"*".

The limits of ¢;-minimisation were charted in [Donoho, 2006a] by proving that
when 0 = = € (0,1) and A is sampled uniformly from the Grassmann manifold of
m-dimensional orthoprojectors of R", there are constants pg(d), pw(d) € (0,1) such

that as k,m,n — oo with respect to the linear growth asymptotic (2.7),

k
— < ps(0) implies £y-¢; equivalence with probability 1 — o(1),
m

— < pw(0) implies £y-¢; equivalence with overwhelming probability.
m

These results were based on deep results coming from combinatorial geometry regard-
ing the expected number of k-faces in a cross-polytope {z € R" : ||z||; <t} that sur-
vive a random orthogonal projection [Affentranger and Schneider, 1992, Bordczky Jr
and Henk, 1999, Vershik and Sporyshev, 1986]. In [Donoho and Tanner, 2009b] it was
formally shown that that these notions are precise in the sense that having % > pw(9)
or % > pg(d) implied that fy-¢1 equivalence failed to hold. An extension of this re-
sult to Gaussian random matrices was later given by [Baryshnikov and Vitale, 1994].
Therefore, the Gaussian ensemble exhibits an abrupt phase transition in which for
a given § € (0,1), the probability of successfully recovering the signal changes dra-
matically from one to zero as £ grows beyond pw (0) or pg(d). Finally, [Donoho
and Tanner, 2009a] posed the hypothesis that under the ¢;-minimisation framework
many other families of random matrices match the quality of phase transitions of the

Gaussian ensemble.
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2.2 Iterative greedy algorithms

Even though (2.4) can be posed as a linear program, using convex optimisation meth-
ods is not the best strategy to follow. Though the simplex algorithm [Dantzig and
Thapa, 2006] is known to have cubic average average convergence [Borgwardt, 1987],
this is too high to be useful in real-applications where the ambient dimensionality of
the signal is potentially very large and is known to be exponential in the worst-case
[Dantzig and Thapa, 2006]. A number of algorithms for solving the convex relax-
ation via the interior point method® were proposed in [Chen et al., 2001, Candés and
Romberg, 2005, Kim et al., 2007], but can be costly when the matrices are dense. The
best alternatives to convex optimisation from the computational point of view are it-
erative greedy algorithms. Iterative greedy algorithms for compressed sensing seek
the sparsest solution to a large underdetermined linear system of equations y = Ax
and by iteratively refining an estimate & of the solution and shrinking the residual
r=y— AzL.

The study of iterative greedy algorithms in compressed sensing started with the
work of [Tropp and Gilbert, 2007] which showed that for ¢t € (0,0.36), Algorithm 2
with Q(klog(n/t)) Gaussian measruements exactly recovers any k-sparse signal with
a probability greater than 1 —2t. A more refined strategy was given shortly after with
the developement of Compressive Sampling Matching Pursuit (CoSaMP) [Needell and
Tropp, 2009].  CoSaMP can be understood as a three-step adaptation of Algorithm 2

Algorithm 3: Compressive Sampling Matching Pursuit [Needell and Tropp,
2009]
Data: A € R™"™; y € R™
Result: 7 € R" s.t. y = Az
T+ 0,7+ vy;
while not converged do
A « supp(x) U supp(Ho(ATT));
T’ < argmin, ||y — Az||as.t.supp(z) C A;

T < Hg(2');
r<y— Az;
end

to compressed sensing. First, it pools the indices of the 2k largest entries in absolute
value in ATr with those of the support of the current estimation to form a set A.

Second, it finds the least-squares estimate of the signal constrained to be supported

6See [Boyd and Vandenberghe, 2004] for an introduction.



16 2.2. Iterative greedy algorithms

at A. Finally, it projects the estimate to x} by setting to zero all but its k& largest
entries in absolute value. A sufficient condition for recovery was also given in [Needell
and Tropp, 2009] guaranteeing optimal recovery whenever the RIC-2 constant of the
matrix is cq < 0.1.

Another important class of algorithms is the class of linesearch algorithms, which
start with an estimate # < 0 and iteratively refine the estimation by moving in
the direction of steepest descent and then projecting the solution back to xj. In
Iterative Hard Thresholding (IHT) [Blumensath and Davies, 2009], the stepsize p is
set to one for all iterations, while in Normalized Iterative Hard Thresholding (NIHT)
[Blumensath and Davies, 2010] the optimal stepsize is computed at each iteration, see
Algorithm 4. In [Blumensath and Davies, 2009] the condition cs;, < 1/4/8 is given as a

sufficient condition for optimal recovery. ~The Hard Thresholding Pursuit [Foucart,

Algorithm 4: (Normalized) Iterative Hard Thresholding [Blumensath and
Davies, 2009, 2010]
Data: A € R™";, y € R™
Result: 7z € R" s.t. y =~ Az
T+ 0,r+y;
while not converged do
Compute optimal step-size p;
T+ Hk(i + [LATT‘);
r<y— Az;
end

2011] shown in Algorithm 5 adds a least-squares minimisation step to Algorithm 4
by tracking the support of the largest k entries in absolute value of & + uA” (y — Az)

and then finding the least-squares estimate subject to this support. Finally,

Algorithm 5: Hard thresholding Pursuit [Foucart, 2011]
Data: A € R™"™; y € R™
Result: 7€ R” s.t. y =~ Az
T+ 0,r+y;
while not converged do
A < supp(Hy (2 + ATr));
T < argmin, ||y — Az|[2s.t.supp(z) C A;
r <y — Az,
end

Subspace Pursuit (SP) [Dai and Milenkovic, 2009] splits the support-estimation step
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of Algorithm 5 in two stages where in each stage an f>-minimisation step is performed.
It was also shown in [Dai and Milenkovic, 2009] that Algorithm 6 has a recovery
condition of ¢35 < 0.165.

Algorithm 6: Subspace Pursuit [Foucart, 2011]
Data: A € R™"; y € R™
Result: 7 € R"s.t. y~ Az
T4 0,7+ y;
while not converged do
A < A Usupp(Hy(ATr));
T < argmin, ||y — Az|[2s.t.supp(z) C A;
A + supp(z);
%+ argmin, ||y — Az||ys.t.supp(z) C A;
r <y — Az,
end

Most compressed-sensing sampling and recovery guarantees hold in the asymptotic
regime k,m,n — oo, so they most likely manifest for very large problem sizes. For
this reason, it is particularly important to have low-latency algorithms with provable
guarantees like Algorithms 4, 5 and 6 and in particular to take advantage of hard-
ware innovations like parallel architectures. In [Blanchard and Tanner, 2013] parallel
implementations of these and other algorithms were given. More recently, [Blanchard
et al., 2015] proposed CG-IHT which is a version of 4 in which rather than using
the search direction p = ATr, it uses conjugate gradients” to compute the optimal
step-size and search direction. Most of our contributions in this thesis are designed
in such a way that they can profit from parallelisations.

Over the years, many other algorithms implementing different models have ap-
peared. Among these are the message-passing algorithms [Donoho et al., 2009], al-
gorithms based on belief-propagation [Sarvotham et al., 2006a], and more recently
neural-based compressed sensing decoders [Mousavi and Baraniuk, 2017].

The computational complexity of the iterative greedy algorithms reviewed in this
section is of Q(nnz(A)) since all have to compute ATr. An utopically optimal decoding
algorithm would be one with a convergence guarantee of O(nnz(A)) or at the data-

reading cost.

"See [Trefethen and Bau III, 1997] for an introduction
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2.3 Measuring with sparse and structured opera-
tors

Though most of the theoretical guarantees are given in terms of the RIC-2 constants of
sub-Gaussian matrices, these can be suboptimal in practice due to their high complex-
ity for storage, generation, and computation since, in order to sample a sub-Gaussian
matrix A € R™*" one needs to sample mn numbers at a time and space cost of
O(mn). Moreover, in the absence of any other structure the cost of computing the
matrix vector products Az and ATy is, respectively, O(km) and O(mn). Some alter-
natives like partial Fourier ensembles, which are generating by drawing m rows from
the discrete Fourier transform, have much lower complexity due to their structure.
Indeed, the DFT maps C" onto itself via

Y = ZJ/,j_1€—i27rk(j—1)/n7 (29)
=1

so the mapping can be completely recontructed from m indices in [n|. The sparse
fast Fourier transform (sparse-FFT) developed in [Hassanieh et al., 2012] guarantees
computation of Az at cost O(klogn) and of ATy at cost O(nlogn). However, partial
Fourier matrices are not known to allow sampling at the optimal rate of O(klog(n/k))
[Bassalygo and Pinsker, 1973, Alon and Capalbo, 2002], rather the best analysis
ensures recovery for m ~ klog® klogn [Haviv and Regev, 2015].

With this in mind, it be desirable to have other sensing operators that guarantee an
optimal measurement rate while being sufficiently structure as to guarantee efficiency.
One such class of operators was proposed by [Berinde et al., 2008a] and is given as a
family of adjacency matrices of so-called expander graphs. These matrices are sparse,
binary and have have d < m ones per column, offering the possibility of storage
and generation at cost O(dn) and of A and A” being applied at cost of O(Lk) and
O(dn) respectively for an asymptotically optimal number of measurements m = O(k)
[Bah and Tanner, 2013, Berinde et al., 2008a]. Hence, expander matrices compare

favourably against sub-Gaussian and partial Fourier ensembles as shown in Table 2.1.

2.3.1 Expander sketching and /;-uncertainty principles

It was noted in [Berinde et al., 2008a] that the problem of sparse recovery with com-
pressed sensing resembles the problem of linear sketching, in which the dimensionality
of a vector x € R” is reduced by a linear mapping A : R™ — R™ in such a way that

the essential geometric information of x is preserved with high probability. In an
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Storage | Generation Az ATy m —

sub-Gaussian || O(mn) O(mn) O(km) O(mn) O(klog(n/k)) | Q1)

Partial Fourier || O(m) O(m) O(klogn) | O(nlogn) | O(klog®klogn) | Q(1)

Expander O(dn) O(dn) O(dk) O(dn) O(klog(n/k)) | o(1)

Table 2.1: Complexity of measurement operators. A comparison between the
complexity of measurement operators.

attempt to reconcile this area with the compressed-sensing paradigm, [Berinde et al.,
2008a] proposed sketching = € x} using an expander matriz or the adjacency matrix
of a left d-reqular expander graph®; this is known as combinatorial compressed sensing.
Expander matrices are highly sparse and structured and, as seen in Table 2.1, this
makes them highly efficient in terms of generation, storage and computation. It is be-
cause of this comparative advantage that expander matrices are ideal for data-stream
computing [Alon et al., 1996, Indyk, 2007, Muthukrishnan et al., 2005] which studies
algorithms that compute on data-streams or sequences of data items that can only
be read once by the algorithm computing on them [Henzinger et al., 1998]. In this
context a sketch y = Az of a vector x is sought to be maintained as a sequence of
updates of the form

Wiy Wigy e v vy Wiy oo e

becomes available. In this case, rather than updating x;, < z;, + w;, in the ambient

dimension, the sketch is efficiently updated as
Az — Az + wj,aj,. (2.10)

Data streaming has been used for data summarisation [Cormode and Muthukr-
ishnan, 2005], estimating frequencies of objects [Charikar et al., 2002, Gilbert et al.,
2002] compressing large datasets [Gilbert et al., 2003a], measuring network traffic [Es-
tan and Varghese, 2003] and optimising queries [Muthukrishnan et al., 2005], which
opens up applications to combinatorial compressed sensing. Apart from linear sketch-
ing and data-stream computing, adjacency matrices of expander graphs are useful in

many other applications that include graph sketching, combinatorial group testing,

8See Section 2.3.2 for details.
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network routing, error-correcting codes, fault-tolerance, and distributed storage [Ca-
palbo et al., 2002]. Additionally, some applications like the single-pixel camera [Bara-
niuk, 2008, Takhar et al., 2006, Duarte et al., 2008] consider measurement devices
with binary sensors that inherently correspond to binary and sparse inner products,
and that unfortunately, fall outside the set of matrices for which the widely used re-
stricted isometry techniques apply. More recently, expander matrix models have also
been used in Artificial Intelligence research to explain the behaviour of deep neural
networks [Arora et al., 2014].

The birth of combinatorial compressed-sensing was accompained with new uncer-
tainty principle [Berinde et al., 2008a], which showed that if A € {0,1}™*" is an
expander matrix and x € Ker(A), then for any S € [n]* it holds that

2e
1-—2¢

sl < ]l (2.11)

for some parameter ¢ € (0,1) that measures the connectivity of the underlying
expander graph, see Section 2.3.2. This uncertainty principle was analogous to a
result given in [Kashin and Temlyakov, 2007] and thus guarateed recovery by /¢;-
minimisation. Indeed, given the structure of these matrices and the previous advances
in coding theory a series of algorithms designed specifically to work with expander
matrices was soon presented in [Jafarpour et al., 2009, Berinde et al., 2008b, Berinde
and Indyk, 2009, Xu and Hassibi, 2007], which we reveiw shortly.

2.3.2 Graph theory and Expander graphs

In this section we review the basic notions of graph theory that are relevant to our
discussion. A bipartite graph is a 3-tuple G = (U,V, E) such that U NV = ) and
E Cc U xV. Elements in UUV are called nodes or the vertices, while tuples in F are
called edges. Under the assumption that |U| = n and |V| = m, we abuse notation and
let U = [n] be the set of left-nodes, and V' = [m] be the set of right-nodes noting that
since m < n there are nodes in the graph with the same label, but can nevertheless
be uniquely identified from the context. A bipartite graph is said to be left d-reqular
if the number of edges emanating from each left node is identically d, and is said to
be unbalanced if m < n, see Figure 2.1 for an illustration of a bipartite graph. For
S C UUV we define N (S) C UUV to be the neighbourhood of S, i.e. the set of nodes
in UUYV that are connected to S through an element of . We note that for bipartite
graphs, N'(S) C V only if S C U, and N(S) C U only if S C V. An expander graph
is an unbalanced, left d-regular, bipartite graph that is well-connected in the sense of

the following definition.
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Definition 2.2 (Expander graph [Sipser and Spielman, 1996]). An unbalanced, left
d-regular, bipartite graph G' = ([n], [m], E) is a (k, e, d)-expander if

IN(S)| > (1 —e)d|S| ¥ S e [n]ER. (2.12)
We call € € (0,1) the expansion parameter of the graph.

A schematic of an expander graph is shown in Figure 2.1.

NN

RS

v g}«i N
7O\

Figure 2.1: Schematic of an expander graph with d = 3. Every left d-regular
bipartite graph is an expander for some k and .

Hence, the expander graphs that we consider can be thought of as tuples G =
([n], [m], E) such that all subsets S € [n](=%) have at most d|S| fewer neighbours
than the number of edges emanating from S. It will be convenient to think of an

expander in linear algebra terms, which can be done via its adjacency matriz.

7XM). The adjacency matriz of an unbalanced,

Definition 2.3 (Expander matrix E;’ 7).
left d-regular, bipartite graph G = ([n],[m], E) is the binary sparse matriz A € R™*"
defined as

0 otherwise.

A = { 1 ieN(j) C[m] (2.13)

We let Eycq be a the set of adjacency matrices of (k,e,d)-expander graphs.

By Definition 2.3 it holds that if A € E’27, then 77", 1 {|A4; ;| > 0} = d for all
J € [n] and

{iem: 3 1{4y >0} }] > (1 - 2)dS|
j€s
for all S € [n]=h),
We note that A € EZ‘EX;‘ is a sparse binary matrix with exactly d ones per column,
and also that any left d-regular bipartite graph will satisfy (2.12) for some £ and e.

As mentioned previously, [Berinde et al., 2008a] showed that these matrices possess a
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bounded restricted isometry constant in the ¢; norm (RIC-1), which analogously to
(2.8) is defined as

cp = min(1 = o)zl < [[Az]ly < (14 )|y (2.14)

The existence of expander graphs with the optimal measurement rate of m = O(klog(n/k)),

is addressed in the following theorem.

Theorem 2.4 (Existence of optimal expanders [Capalbo et al., 2002, Bassalygo and
Pinsker, 1973]). For any n/2 >k > 1 and € > 0, there is a (k,e,d)-expander with

d = O(log(n/k)/e), and m = O(klog(n/k)/e?). (2.15)

Theorem 2.4 also implies that in the linear growth asymptotic of k ~ m ~ n — oo
and for a fixed ¢ > 0, it holds that d = O(1) and m = O(k); that is, the number of non-
zeros per column does not increase with the problem size. The existence of optimal
expander is complemented by the result of [Bah and Tanner, 2013] who showed that a
matrix drawn from {0, 1}™*" with each column having support drawn uniformly from
[m]¢ and independently from other columns, is an expander with high probability.
Moreover, [Guruswami et al., 2010] gave an explicit deterministic construction of
an expander matrix achieving m & n/poly(logn) and ensuring recovery for k =
O (n/((log n)Clogloglogn)).

The structure in expander matrices is not limited to their left d-regularity. As
reviewed in the manuscript [Capalbo et al., 2002], expander matrices satisfy a number
of useful properties. Among these is the so-called unique neighbour property, which
says that for x € x} at least (1 — 2¢)kd entries of y = Ax equal a nonzero value of z.
This property is guaranteed by Lemma 2.5. For completeness, we give a proof of this

Lemma. Similar proofs might have been presented previously in classic literature.

Lemma 2.5 (Unique neighbour property [Sipser and Spielman, 1996]). Let G =
([n], [m], E) be an unbalanced, left d-reqular, bipartite graph, and S € [n]=®). Define,

Ni(S) = {i e N(S) : IN()) N S| = 1}, (2.16)

and

Not(S) = N(S) \ NL(S). (2.17)

If G is a (k,e,d)-expander graph, then

IN1(S)| > (1 —2¢)d|S| V S € [n]=R). (2.18)
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Proof. For any unbalanced, left d-regular, bipartite graph it holds that:
NS + [N ()] = IV(S)], (2.19)

IN1(S)| + 2IN>1(S)] < d|S). (2.20)
Where (6.8) follows from the definition of N~(S), and (2.20) by double-counting the

edges emanating from S to N(S). Now, to prove that (2.18) is necessary, assume
that G is a (k, e, d)-expander graph. Then, for S € [n](SF) we have that

IN(S)| > (1 —¢)d|S|. (2.21)
Combining (6.8), (2.20) and (2.21) we get the chain of inequalities
d|S| = IN>1(S)] = IN(9)] > (1 = e)d|S], (2.22)

which yield
IN=1(9)| < ed|S]. (2.23)

Plugging (2.23) into (6.8) and using (2.21) we obtain
IN1(S)| > (1 —2¢)d]S]. (2.24)
[l

The unique neighbour property is widely used in the analysis of CCS, and is a
central piece in the analysis of our algorithms as it implies the existence of the RIC-1
constants (2.14).

This expander property becomes particularly interesting in the realm of iterative
greedy decoding algorithms. Algorithms for combinatorial compressed sensing differ
from the geometric decoders shown in Algorithms 1, 2, 4, 5, 3, 6 in that they consider
updating the j' entry of the approximation, Z;, based on a non-inner product score
s; € R dependent on 7y;); that is, on the residual restricted to the support of the
5" column of A. Even though the geometric decoders are still able to decode signals
that were measured with expanders, they are not optimised to take advantage of the
additional information

AeEM ]
In this sense, it is expected that combinatorial compressed sensing algorithms can out-
perform geometric algorithms in terms of speed or recovery region. In the remainder
of this section we deconstruct past CCS algorithms into their essential components

so as to give a high-level overview of their shared characteristics.
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2.3.3 Sparse Matching Pursuit (SMP)

SMP was proposed in [Berinde et al., 2008b] to decode Z from y = Az with a voting-
like mechanism in the spirit of the count-median algorithm from data-stream comput-
ing (see [Cormode and Muthukrishnan, 2005] for details). SMP can also be viewed
as an expander adaptation of the Iterative Hard Thresholding algorithm (IHT) [Blu-
mensath and Davies, 2009], which uses the line-search & <— H[Z + p| to minimise
|ly — Az||3 over x7, indeed it was rediscovered from this perspective in [Foucart and
Rauhut, 2013][pp. 452] where it is referred to as EIHT. Due to the structure of ex-
pander matrices, SMP chooses the direction p = M(y — Az) with M : R™ — R"”
defined as

[M(r)]; = median(ra;y). (2.25)

After thresholding, this choice yields the iteration,
T < Hyp [T+ Hyp[M(y — A2)]]. (2.26)

SMP and its theoretical guarantees are stated in Algorithm 7 and Theorem 2.6.

Algorithm 7: SMP [Berinde et al., 2008b]
Data: A€ E’/}; y € R™
Result: 7 € R” s.t. ||z — 2|y = O(|ly — Az||,/d)
T+ 0,r+y;
while not converged do
T Hk [Zﬁ + HQk[M(T)H,
r <y — Az,
end

Theorem 2.6 (SMP [Berinde et al., 2008b]). Let A € E'Sy and let y = Az + 1
for x € x}. Then, there exists an € < 1 such that SMP recovers € R" such that
|z — z||s = O(||n||1/d). The algorithm terminates in O(log(d||z||1/||nll1)) iterations
with complexity O(nd + nlogn).

2.3.4 Sequential Sparse Matching Pursuit (SSMP)

It was observed in [Berinde and Indyk, 2009] that SMP typically failed to converge to
the sought sparsest solution when the problem parameters fall outside the region of
theoretical guarantees. Though SMP updates each entry in x to individually reduce
the ¢; norm of the residual, by updating multiple values of = in parallel causes SMP to

diverge even for moderately small ratios of k/m. To overcome these limitations, the
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authors proposed SSMP, which updates & sequentially rather than in parallel. That
is, at each iteration, SSMP will look for a single node j € [n] and an update w € R
that minimise |[r —wayl[1, which can be found by computing arg max;¢,; M(r). This
approach results in a strict decrease in [|r]|;, but the sequential update results in an
overall increase in computational complexity, see Table 2.2 for a comparison in the
noiseless case. SSMP and its theoretical guarantees are stated in Algorithm 8 and
Theorem 2.7.

Algorithm 8: SSMP [Berinde and Indyk, 2009
Data: A€ E;'}; y € R™; > 1;
Result: 7 € R" s.t. ||z — 2|1 = O(|ly — Az||1/d)
T+ 0,r+vy;
while not converged do
Find (j,w) € [n] X R s.t. || — wa,||; is minimized;
i‘j — fj + w;
Perform & <— Hy[Z] every (¢ — 1)k iterations;
r<—y— Az,
end

Theorem 2.7 (SSMP [Berinde and Indyk, 2009]). Let A € E(cy1)kea and let y =
Az +n for x € x}. Then, there exists an € < 1 such that SSMP with fized ¢ > 1
recovers & € R"™ such that ||z — z|1 = O(||nll1). The algorithm terminates in O(k)
iterations of complexity O <d%” +n+ (2logn)log ||xH1>

If v € RY, let v° a permutation of v satisfying v{ < --- < v35. The median of v is
given by
1 s s 3
3 (vg + vgﬂ) If d is even
median(v) =
Viarn) if d is odd
Tz

The operation median(rxr(;)) can be recast as the problem of finding the scalar w € R

that minimises ||r — wa,||; since the function

|7 — waj||1 = Z |7; — w| + constant (2.27)
iEN()

is at a minimum when |[{i € N(j) : r, —w > 0} = [{i e N(j) : s —w < 0}]. We

elaborate on this claim in the following Lemma.



26 2.3. Measuring with sparse and structured operators

Lemma 2.8 (Optimality of the median). Let r € R™ and A be the adjacency matriz
of a left d-regular bipartite graph G. For j € [n], let a; be the j-th column of A. Then,

argmin |7 — wa;||1 = median(ry;)). (2.28)
weR

Proof. Let r € R™ and j € [n]. Define a mapping f : R — R by
f(w) = |lIr — wayllx (2.29)

The function f(w) is convex. To simplify notation let 7 := ry ;) € R? and rewrite f

as

fl@) = Iri —wA|

i

= ri —w| + Z |74l
(

iEN(5) N ()
= Z |7i — w| + constant.
1€d]

Let 0f(w) denote the subdifferential of f at w € R. It is a basic result in convex
optimisation? that if f(w) is convex, then w* is a global minimum of f if and only
if 0 € 0f(w*) [Nesterov, 2013, Theorem 3.1.15]. We prove (2.28) by showing that
0 € df(w").

For each ¢ € [d], let f;(w) := |f; — w|. Each f;(w) is closed and convex and has a
subdifferential given by

{+1} 7 —-w<0
Ofilw)=< [-1,1] 7n—w=0 (2.30)
{-1} f—w>0

It follows from [Nesterov, 2013, Lemma 3.1.9] that for w € R,
0f(w) =Y 0fi(w). (2.31)
1€[d]

Let 7° be a permutation of # satisfying 7{ < -.- < 3. We consider two cases,

d d
L=41,...,= =<s=-+1,...,d;.
{7 az}vR {2+ ) ) }

By the definition of the median, 7} < w* for ¢ € L, while w* < 7 for i € R.
Hence, +1 € Of;(w*) for all i € L and —1 € Jf;(w*) for all i € R. Since
|L| = |R], it follows that 0 € 9f(w*).

1. If d is even, let

9We refer the reader to [Nesterov, 2013] for an introduction to convex optimisation.
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2. If d is odd, let

d+1 d+1 d+1
L={1...,— —1 =9 — =3 ——+1,...,d¢.
i o= {5 = {5 1)

Again, by the definition of the median, 7} < w* for « € L, w* =} for i € C,
and that w* < ¢ for i € R. Hence, +1 € 0f;(w*) for all i € L, 0 € df;(w*) for
i€ C,and —1 € df;(w*) for all i € R. Since |C| =1 and |L| = |R|, it follows
that 0 € 0f(w").

]

We remark that Algorithm 8 needs to compute a score median(ryy;)) for each
J € [n], which can be done at cost O(dn). It is important to note that they do not
need to recompute all the scores at each iteration. A common strategy is to compute
each of the scores once and store them with their corresponding node j € [n] in
some data structure (like priority queues [Berinde and Indyk, 2009] or red-black trees
[Jafarpour et al., 2009]). Then, at each iteration, we can efficiently request the node
J € [n] that maximises the score (median, mode, etc.) and use it to update ;. This
affects d = |N(j)| entries of the residual, so we only need to recompute the scores
corresponding to [ ;e NV (#)] = O(d?n/m) right nodes. A similar observation holds
for Algorithms 9 and 10 described below.

2.3.5 Left Degree Dependent Signal Recovery (LDDSR)

LDDSR was proposed in [Xu and Hassibi, 2007] and decodes by exploiting the unique
neighbour property given in Lemma 2.5. The main insight is that one can lower bound
the number of elements in {i € [m] : y; € argsupp(x)}, and use the structure of A
to find a j € [n| and a nonzero value w € R that appears more than d/2 times
in ryj) € R It is shown in [Xu and Hassibi, 2007] that updating &; + #; + w
guarantees a decrease in ||r|| when ¢ = 1/4. LDDSR and its theoretical guarantees
are stated in Algorithm 9 and Theorem 2.9.

Theorem 2.9 (LDDSR [Xu and Hassibi, 2007]). Let A € E}'} withe =1/4 and x €
Xi. Given y = Ax, LDDSR recovers x in at most O(dk) iterations with complexity
(9(6%” +n).
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Algorithm 9: LDDSR [Xu and Hassibi, 2007]

Data: A€ E’/J; y € R™

Result: 2 eR"st. 2 =12

T4 0,7+ y;

while not converged do
Find (j,w) € [n] x R\ {0} s.t. [{i e N'(j) : r; = w}| > &;
Tj < Tj + w;
r <y — Az,

end

2.3.6 Expander Recovery (ER)

ER [Jafarpour et al., 2009] differs from LDDSR, by considering ¢ < 1/4 and suitably
adapting the set of indices from which an entry in Z may be updated. This modifi-
cation allows the number of iterations guaranteed to be improved, see Theorem 2.9.
In particular, ER gurantees convergence in O(k) iterations of complexity O(nd). ER

and its theoretical guarantees are stated in Algorithm 10 and Theorem 2.10.

Algorithm 10: ER [Jafarpour et al., 2009]

Data: A€ E’/]; y € R™

Result: 1 eR"st. 2 =12

T+ 0,r+y;

while not converged do
Find (j,w) € [n] x R\ {0} s.t. [{i e N(j) : ri = w}| > (1 — 2¢)d,;
,ffj — .@j + w;
r<—y— Az,

end

Theorem 2.10 (ER [Jafarpour et al., 2009]). Let A € Egp.q with ¢ < 1/4 and
m = O(klog(n/k)). Then, for any x € X}, given y = Ax, ER recovers x in at most
O(k) iterations of complexity O(d%" +n).

Though ER seemingly requires knowledge of £ to implement, which is NP-hard to

compute, knowledge of € can be circumvented by selecting the node to update by

argmax |{i € N'(j) : 7; = mode(ruj)}| - (2.32)

JEM]
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2.4 The dissociated model

Our contributions are made possible by assuming a dissociated signal model. The

following definition makes this term precise for sparse signals.

Definition 2.11 (Dissociated signals). A signal © € R™ is dissociated if

Z T; # Z x;  VTy,T, Csupp(x) s.t. Ty # T. (2.33)

JETY JET,

The name dissociated comes from the field of additive combinatorics (see Defini-
tion 4.32 in [Tao and Vu, 2006]), where a set S is called dissociated if the set of all
sums of distinct elements of S has maximal cardinality. The model (2.33) might seem
restrictive. However, it need not be exactly fulfilled for our algorithms to work. In
fact, it is fulfilled almost surely for isotropic signals, and more generally by any signal
whose nonzeros can be modelled as being drawn from a continuous distribution. This
dissociated signal model was previously used in the analysis of Sudocodes [Sarvotham
et al., 2006b], see Section , an alternative algorithm which as here considers a com-
pressed sensing model composed of a dissociated signal z € x} and a sparse binary
matrix A € EZ,”;(;L Alternatively to uniform recovery guarantees for the dissociated
signal model and binary matrices, one can consider probability-one guarantees for
sparse signals and scaled binary matrices whose columns are scaled by random num-
bers drawn i.i.d. randomly from a continuous distribution independent of x. That
is, by drawing a dissociated z € R™ and considering the scaled matrix A e Rmxn by
drawing A € {0,1}™*™ and defining

A= 21-a; 29-as ... 2, a, (2.34)
| | |

For simplicity of exposition we present uniform results for the dissociated signals and
binary matrices.
Dissociated signals have some useful properties. A key observation necessary in

building our results is given in Lemma 2.12.

Lemma 2.12 (Properties of dissociated signals). Let x € x} be dissociated. Then,
1. z; #x; Yi,j€supp(x), i#j.

2. Y ieri #0 V0 #£T Csupp(z).

Proof. The result follows from (2.33). For (i) we set Ty = {i} and T» = {j}, and for
(ii) we let T = . O
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2.4.1 Preservation of Entropy

We now discuss the concept of dissociated signals under an Information Theory view-
point. To do this, suppose that (X3,..., X) is a vector of k¥ random variables asso-
ciated with {xy,...,zx} = supp(x) and that (X3,..., X}) ~ p for some distribution
p supported on a finite set. Note that condition (iii) in Definition 2.11 implies that,

$i1+"'+xie7éxj1+"'+xje for il%jl,...,ig%jg. (235)
Now, consider the following Shannon-entropy inequalities,

Lemma 2.13 (Entropy inequalities [Cover and Thomas, 2012] [Kelbert and Suhov,
2013]). For a random variable X ~ p, let H(-) be its Shannon entropy. Now, let
Xi, -+, Xg be a set of random variables with joint distribution (Xi,...,Xg) ~ p.
Assume that the random variable X; is supported on {(z;)1,...,(z;)e}. Then,

H(Xy++ X)) < H(Xy1,..., X)) < H(Xy) + - H(Hy) (2.36)

With equality on the left if and only if (x1)i, + -+ + (zk)i, # (x1)j, + -+ (Tk)j, for
i # Ji, and equality on the right if and only if X; 1L X, fori # j.

In the case of discretely supported distributions, a dissociated signal can be un-
derstood as one in which the entries on supp(x) are drawn according to a distribution

p fulfilling,
i) PriX,=w| X;=w]=0Vi#jVw#0.
(i) Pr[d_er X;=0/=0V T C [k]
(iti) Pr>_ep Xj = D jen, Xil =0V T, Ty C [k] with T) # Ts.

Property (iii) above, together with Lemma (2.13) say that probability distribution on
the support of dissociated signals imply

H (Z)@) —H(Xy,....X:) ¥V TcClk| (2.37)

JET
And since the value of each entry in y = Az is distributed according to > jer Xj
for some T" C [k], this implies that linear transformations with expander matrices

preserve the information in x.
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2.4.2 Dissociated signals in previous art

The first algorithm to assume a dissociated strategy was Sudocodes [Sarvotham et al.,
2006b]. Just as Algorithms 11 and 12, Sudocodes requires z to be dissociated, but
exploits this property by focusing on the zeros in the measurement vector. Precisely,
in that if the nonzeros in the signal are drawn from a continuous distribution, then
> jer ¥ # 0forall T C supp(x) which implies that z; = 0 whenever y; = 0 and 4, ; =
1. Sudocodes consists of two phases. The first phase uses this observation to exclude
possible locations of the nonzeros in x. This effectively reduces the number of columns
in the sensing matrix and the length of x and y. The resulting reduced problem is
then passed to a traditional compressed sensing algorithm in order to determine the
final locations and values of the nonzeros in x, for complete details see [Sarvotham
et al., 2006b]. Preliminary tests of applying the decoding algorithms presented in
Chapter 3 to the reduced system resulting from the first phase of Sudocodes was
observed to have a greater computational complexity than applying the algorithms
directly to the original linear system of equations. More recently, [Ma et al., 2013]

developed a noise-robust version of Sudocodes.

2.4.3 LDDSR/ER and the dissociated condition

A form of Lemma 2.5 is used in [Jafarpour et al., 2009, Lemma 3| to show that there
is always a j € supp(z) and a nonzero value w € R such that at least (1 —2¢)d entries
of rarj) € R? are identical to w. This implies that at most 2ed entries in TN(j) are

zero [Jafarpour et al., 2009, Lemma 4], which they use to show a contraction rate of

ly — A2 + wej)|lo = [[(y — AT) — wajlo
< |ly = Ao — (1 — 2¢)d + (2ed)
= |ly — AZ|lo — (1 — 4e)d. (2.38)

When assuming a dissociated model, there are no zeros in (y — AZ)r(;) so the con-

traction rate can be refined to
|y — A(Z +wej)llo < |ly — AZ[lo — (1 — 2¢)d. (2.39)

The inequality (2.39) also applies to Algorithms 9 and 10 when the signal is dissoci-
ated.



Objective | Score Signal Hy(-) | Concurrency | Iterations Iteration cost
SMP 2 median any Yes parallel O(log ||z1) O(nd + nlogn)
[Berinde et al., 2008b]
E SSMP 2 median any Yes serial O(k) (’)(d%” +n+ "k’% log ||x]|1)
= | [Berinde and Indyk, 2009]
5:: d3
LDDSR o mode any No serial O(dk) O +n)
[Xu and Hassibi, 2007]
parallel-LDDSR I mode | dissociated | No parallel O(log k) O(nd)
ER N mode any No serial O(k) (9(‘1%” +n)
[Jafarpour et al., 2009]
2
2 serial-£ y Il - llo | dissociated | No serial O(nlogk) O(d)
=
=2
£ parallel-¢g £y Il - llo | dissociated | No parallel O(logk) O(nd)
3
Q

Table 2.2: Tterative greedy CCS algorithms in the noisless case. A comparision between iterative greedy CCS algorithms
in the noiseless case. Our contributions, Serial-¢; and Parallel-¢; greatly improve the worst-case computational complexity and
when the strategy in LDDSR is parallelised, it inherits the same complexity guarantee when assuming a dissociated signal.
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Chapter 3

Expander /j-decoding

Our first contribution is in the nexus of a series of papers [Jafarpour et al., 2009,
Berinde et al., 2008b, Berinde and Indyk, 2009, Xu and Hassibi, 2007] proposing
iterative greedy algorithms for combinatorial compressed sensing. As mentioned in
Chapter 2, these algorithms seek to recover the sparsest solution of a large underde-
termined linear system of equations y = Az + n by iteratively refining an estimation
Z using information about the residual r = y — AZ. As summarised in Section 2.3,
the design of these algorithms has been optimised to best tradeoff speed, robustness,
and recovery region. For instance, at each iteration, SMP [Berinde et al., 2008b]
updates several entries of Z in parallel, allowing it to provably recover an arbitrary
x € x¢ in O(log||z||1) iterations of complexity O(dn + nlogn). However, SMP is
only able to recover the sparsest solution when the fraction of nonzeros in the sig-
nal is substantially less than other compressed sensing algorithms. On the other
hand, at each iteration, LDDSR [Xu and Hassibi, 2007] and ER [Jafarpour et al.,
2009] update a single entry of Z in such a way that a contraction of ||y — AZ||o is
guaranteed. This reduction in the residual’s sparsity is achieved by exploiting the
unique-neighbour presented in Lemma 2.5. Essentially, Lemma 2.5 guarantees that
most of the entries from x will appear repeatedly as entries in y = Ax or that for
most ¢ € [m], we will have y; € {x; : j € supp(z)}. In [Xu and Hassibi, 2007] and
[Jafarpour et al., 2009], this property is used to give sufficient conditions for decrease
of ||y — Azl|p under the regime of single updating of . However, this regime of sin-
gle updating in LDDSR and ER typically requires greater computational time than
existing compressed-sensing algorithms. In this chapter we present the design of an

algorithmic model that successfully combines the coordinate selection strategy for

* The contributions of this chapter are joint work with Jared Tanner.
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updating © of LDDSR and ER with the parallel updating scheme of SMP and the
signal structure assumed in Sudocodes. This synthesis is made possible by assuming
a dissociated model in the signal or the matrix which aids in the identification of the
columns associated with the nonzeros in the measured signal. In its simplest form,
we can model this with a dissociated signal model, see Definition 2.11. We report in
our numerical experiments that even though this condition can always be enforced,
it need not be exactly fulfilled for our algorithms to work since we observe that our
algorithms’ phase transitions decrease gracefully as the dissociated property is lost
by having a fraction of the nonzeros in = be equal, see Figure 3.9.

With this assumption, our contributions are a form of model-based compressed
sensing [Baraniuk et al., 2010] in which apart from assuming = € x}, one also as-
sumes special dependencies between the values of its nonzeros with the goal to im-
prove the algorithm’s speed or recovery ability. Our contributions are Serial-¢;, and
Parallel-£,, shown respectively in Algorithms 11, 12, and with convergence guarantees

summarised in Theorem 3.1.

Algorithm 11: Serial-¢,
Data: A € E;'/}; y= Az € R™ for z € x}; a € (1,4
Result: 2 € xist.z =2
T+ 0,r <y,
while not converged do
for j € [n] do
T e{wj e R:|rllo = [Ir —wjajflo = o
for w; € T' do
‘ Tj T+ wj;
end
r<y— Az;
end

end

Theorem 3.1 (Convergence of Expander {p-Decoders). Let A € E'7}, ¢ < 1/4 and
x € X} be a dissociated signal. Then, Serial-ly and Parallel-ly with o = (1 —2¢)d can

recover x from y = Ax € R™ in O(dnlogk) operations.

Serial-fy is very similar to the peeling-decoder introduced by [Luby et al., 2001]
for the Binary Erasure Channel, but differs from it in its ability to revisit nodes
J € [n] once a nonzero value has been assigned. Having charted the development of

the previous art in Chapter 2, we focus on proving Theorem 3.1. In doing so, we
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Algorithm 12: Parallel-{,
Data: A e E]'}; y= Az e R" for z € x}; o € (1,d]
Result: 7 ¢ XZ st.e=12
T+ 0,7r <y,
while not converged do
T {(j,wj) € [n] xR+ [|rflo = [Ir — wjasllo = a};
for (j,w;) € T do
[ﬁj — i’j + Wi,
end
r<«y— Az,
end

contrast our algorithms to the state-of-the-art algorithms for compressed-sensing and
show that when the signal is dissociated and n = 0, Serial-{;, and Parallel-¢, are the
fastest algorithms available when implemented, respectively, in a serial or a parallel

architecture.

3.1 Convergence of Expander /;,-decoders

In this section we describe our first two contributions: Serial-¢; and Parallel-¢;. These
algorithms advance combinatorial compressed sensing by having comparatively high
phase transitions while retaining the low computational complexity of SMP and the
parallel implementation of LDDSR. In particular, Parallel-¢; is observed to typically
recover the sparsest solution of underdetermined systems of equations in less time
than any other compressed sensing algorithm when the signal is dissociated and the
sensing matrix is an expander graph. Serial-fy and Parallel-¢y look for a solution by
identifying nodes which if updated sequentially would strictly reduce the ||r||o by at
least . That is, they will choose a coordinate j of x, and an update value w such
that,

(J,w) € [n] xR s.t. [[rllo—||r —wajllo > a, (3.1)

for some o € (1,d]. By selecting a pair (j,w) satisfying (3.1), Serial-¢y yields a de-
crease in ||r||o at every update, and is guaranteed to converge in O(n log k) iterations
of computational complexity O(d) if the signal is dissociated. Parallel-¢ is designed
similarly, but adapted to be able to take full advantage of modern massively parallel
computational resources. Indeed, Parallel-¢; selects and updates all pairs (j,w) sat-

isfying (3.1) and updates these values in z in parallel. Under this updating scheme,
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a strict contraction in ||7]|o is guaranteed at every iteration when the signal is disso-
ciated and a = (1 — 2¢)d with € < 1/4, though we show in Section 3.2 that one can
fix @ = 2 and get high phase transitions and exceptional speed.

We begin by presenting the key technical lemmas that explain the behaviour of
an iteration of Serial-fy and Parallel-fy. In particular, technical lemmas are stated to
show how often values in Az appear when z € xj and A € E;’}, and that when a
value in Az appears sufficiently often it must be a value from z at a specified location.
This property ensures the algorithm updates its approximation 2 with values z; in

the j* entry, that is with the exact values from z at the correct locations.

Lemma 3.2 (Bounded frequency of values in expander measurements of dissociated
signals). Let x € x} be dissociated, A € E’,:;g, and w a nonzero value in Ax. Then,
there is a unique set T C supp(z) such that w = ZJET x; and the value w occurs in

y at most d times,

Hie[m]:yi=w} <d Yw#0. (3.2)

Proof. The uniqueness of the set T C supp(x) such that w = ., x; follows by the
definition of dissociated. Since [N (j)| = d for all j € [n], we have that,

NG)

JeT

{i€lm]:y=w} = < [N (o) = d (3.3)

for any jo € T. O]

Lemma 3.3 (Pairwise column overlap). Let A € E'}. If e < 1/4, every pair of
columns of A intersect in less than (1 — 2¢€)d rows, that is, for all ji,jo € [n| with
J1 # J2

)N(jl) NN Ga)| < (1 —22)d. (3.4)

Proof. Let S C [n] be such that |S| = 2 then

V()] > 2(1 —e)d > 2d — (1 — 2¢)d, (3.5)

where the first inequality is Definition 2.2 and the second inequality follows from
e < 1/4. However, |N(S)| can be rewritten as

N(S)] = NG+ IV G2l = [V G NV G2)

, (3.6)

for some jy, jo € [n]. Coupling (3.6) with (3.5) gives (3.4). O
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Lemma 3.4 (Progress). Let y = Ax for dissociated x € xj and A € E;'7 ] with
e < 1/4. There is a pair (j,w) € [n] x R such that

{i e N(G) 1y = w} = (1 = 2e)d. (3.7)

Proof. Let S = supp(x), then by the unique neighbour property (2.18) it holds that
IN1(S)| > (1 —2¢)d|S|, where N1(S) is defined in (2.16), or alternatively, by N7(S) =
{i € /m] : y; = x;,j € S} in the context of dissociated signals. Given the lower
bound in [N7(S)] > (1 — 2¢)d|S], if |S| # 0, at least one j € S must have at least
(1 — 2¢)d neighbours in y with identical nonzero entries. Letting w take the value of

such repeated nonzeros in y gives the required pair (j,w) € [n] x R. ]

Lemma 3.5 (Support identification). Let y = Ax for dissociated x € x} and A €
E;' 3 withe < 1/4. Let w # 0 be such that (3.7) holds. Then, w = x;.

Proof. Our claim is that for any w which is a nonzero value from y, if the cardinality
condition (3.7) is satisfied then the value w = 3,
singleton, |T'| = 1. Lemma 3.2 states that 7" is unique and that

x; occurs for the set T" being a

{i e N(G) 1y = wi| = : (3.8)

(NG

JET

If |T] > 1 then the above is not more than the cardinality of the intersection of any
two of the sets N'(j1) and N (ja), and by (3.4) in Lemma 3.3 that is less than (1 —2¢)d
which contradicts the cardinality condition (3.7) and consequently |T'| < 1. However,

Lemma 3.4 guarantees that |7 > 0, so |T'| =1 and w = z;. O

Equipped with Lemmas 2.12 - 3.5 we prove Theorem 3.1 considering Serial-£,
and Parallel-{, separately, beginning with the later. Note that since z € x} and the
algorithm only sets entries in Z to the correct values of z, then z — 2 € xJ}, and
Lemmas 3.4 and 3.5 hold with y replaced by r =y — A(z — ).

Theorem 3.6 (Convergence of Parallel-y). Let A € E'Z} and let ¢ < 1/4, and

x € X} be dissociated. Then, Parallel-ly with o = (1 — 2¢)d can recover x from
y = Az € R™ in O(log k) iterations of complexity O(dn).

Proof. Let & = 0 be our initial approximation to z € x%. During the (" iteration
of Parallel-fy, let S; = supp(z — Z) and include a subscript on the identification set
T=T,CIn]. As A€ E7] and ¢ < 1/4, by Lemma 3.5 and the required entry-wise
reduction in the residual by at least a = (1 —2¢)d, it follows that Parallel-¢, only sets
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entries in Z to the correct values of z and as a result ||z — Z||p < [|z||o = k for every
iteration. This is consistent with the peeling algorithm in [Luby et al., 2001, Zhang
and Pfister, 2012]. Moreover, by Lemma 3.4, the set Ty # () as long as x # &, so the
algorithm eventually converges.

In fact, we show that the rate of reduction of ||z — Z||y per iteration is by at least

a fixed fraction As A € E;'7) has d nonzeros per column, the reduction in

2ed
1+L625dj :
the cardinality of the residual, say ||7*|lo — [|7**!||o, can be at most d|T;|. That is,

Irllo = 1 lo < dIT4]. (3.9)

To establish a fractional decrease in |Se, 1| we develop a lower bound on ||7¢(|o—||7**/o.

For Q C S, define the set N*(Q) to be the set of nodes in N;(S;) and such that
i € N(j) for some j € Q, i.e.

NYHQ) = {i € Ni(S) i € N(4),j € Q). (3.10)
Consider the partition S, = T, U (S, \ T;) and rewrite N7(S;) as the disjoint union
NL(Se) = NPT, UNP(S, \ T). (3.11)

Note that N (T;) # Ni(T}), and that by (3.10) and the dissociated signal model,
NF(Ty) C [m] is the set of indices in ¢ that are identical to a nonzero in  and that

have a frequency of at least a = (1 — 2¢)d, so
Irllo — Nl Hlo > INT*(T2)]. (3.12)

At iteration ¢, if T, = Sy, the full support of x is correctly identified, so x = % after
updating z. Otherwise, Ty # S, and the set S, \ T} is not identified by the algorithm
at this iteration. We derive a lower bound on |[N?*(T})| by considering two cases:
a€Nand o ¢ N.

If « € N, then each node in S, \ T; has at most a — 1 duplicates in ¢, so

NS\ TY)| < (= 1) |9\ T, (3.13)

Using the the unique neighbour property (2.18) and the identity given in (3.10) it
follows that

NPT + N (Se \ T0)|
> (1 —2e)d (|Ty] + |Se \ To])
= (1 —=2e)d|Ty| 4+ |Se \ Ty| + (av — 1)|S¢ \ T7)- (3.14)
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Now, using (3.13) to lower bound (3.14), and solving for |N?**(T})| gives

INPAT)| > (1= 2)d|Ty| +|Se \ Ty (3.15)
By coupling (3.15), (3.12), and (3.9) into a chain of inequalities it is seen that

(1 = 2e)d|Ty| + (15¢| — |Tel) < d| T4, (3.16)

which simplifies to
1

1+ 2ed
If a ¢ N, then each node in Sy \ T; has at most |a| duplicates in ¢, so

|Ty| > | Sl (3.17)
NS\ TY)| < La)|Se\ Tol. (3.18)

Similarly as in the former case, using (3.10) and the the unique neighbour property
(2.16), we obtain

NPT + INT(Se \ T0)|
> (1= 2e)d (|Ty| + |Se \ Tu])
= (1 = 2e)d|Ty| + (a — [a])|Se \ To| + [a]]Se \ Tl (3.19)

Just as in the previous case, (3.19) is bounded from below using (3.18), and the

resulting inequality is used to get
NP(T)] = (1= 26)d| Ty + (o = [a])Se \ Til- (3:20)
Inequalities (3.20), (3.12), and (3.9) are then used to derive
a|Ty| + (o — [a]) (IS = [T2]) < d|T3. (3.21)
It follows from o = (1 — 2¢)d ¢ N and the properties of step functions that
d— (1 —=2e)d| = —|—2ed] = [2ed] =1+ [2ed], (3.22)

and
(1—2¢)d — |(1—2e)d] = 1 — 2ed — |2ed], (3.23)
so (3.21) simplifies to
1 —2ed + |2¢ed)|
1+ |2ed]

Te| = |Sel. (3.24)
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Finally, note that (3.24) reduces to (3.17) when a € N, so using Spy1 = Sy \ Ty and
(3.24), we conclude that

2ed
o] € ——
1+ [2ed]

Since |Sy| = k it follows that Parallel-¢y will have converged after ¢* iterations
when k(2ed/(1 + [2ed]))” < 1, which is achieved for

> (1og—1 (%)) log k. (3.26)

|- (3.25)

Each iteration of Parallel-¢, involves computing (3.7) for each j € [n], which is equiv-
alent to n instances of finding the mode of a vector of length d which can be solved
in O(d) complexity provided o > |d/2][Boyer and Moore, 1991]. O

Theorem 3.7 (Convergence of Serial-fy). Let A € E;’7 and let ¢ < 1/4, and
x € X} be a dissociated signal. Then, Serial-ly with o = (1 — 2¢)d can recover x

from y = Az € R™ in O(nlogk) iterations with complexity O(d).

Proof. The loop over j € [n] for Serial-fy identifies singletons T to update values
in Z in serial. The union of the singletons for j € [n] includes the set of all nodes
for which the residual would be reduced by at least « if one were to forgo the serial
update in Z. For a = (1 — 2¢)d, the proof of convergence for Theorem 3.6 establishes
that this results in a reduction of the cardinality of supp(x — &) by at least a fraction
2ed/(1+ |2ed]). That is, for p an integer, Serial-{, satisfies

|supp(z — &)| < k (%) (3.27)

after £ = pn iterations, and converges to & = x after at most p* > log(k)/log((1 +
|2ed]|)/(2ed)) for convergence after

>n <1og—1 (%)) log k. (3.28)

iterations. Each iteration of Serial-¢; involves computing the mode of a vector of
length d and updating d entries in the residual. Since we are interested in knowing
the mode of ;) only when the most frequent element occurs more than d/2 times,
this value can be found at cost O(d) [Boyer and Moore, 1991]. O
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3.1.1 Shifted Parallel-/;, and Parallel-LDDSR

Evaluating (3.7) for a given column j € supp(z) is equivalent to finding the mode of
rarj)- This can be done at cost O(d) using the Boyer-Moore Majority vote algorithm
[Boyer and Moore, 1991]. However, this algorithm requires that an element of the
array occurs more than |[d/2] times, so it might fail when we set o € [|d/2]]. Our
numerical experiments (Section 3.2) show that best recovery regions are obtained for
a = 2, so we prefer to have an algorithm with O(d) per-iteration cost for all a € [d].

Our approach is presented in Algorithm 13. Instead of looking for an w € R
satisfying (3.7) for each j € [n], at the ¢ iteration we consider the reduction caused
by wj, defined as the £/ mod d-th element in rxr ;). When using this shifting strategy
we compromise the final number of iterations, but we also keep a fixed cost of d com-
plexity per iteration for any « € [d]. The convergence guarantees of our algorithms

when using this shifting strategy are presented in Theorem 3.8.

Algorithm 13: Computation of score for serial-¢y and parallel-£;.
Data: je[n;re R™ weN
Result: s; < [{i e N(j) : 1, = w}|

Theorem 3.8 (Convergence of Shifted Parallel-fy). Let A € E'”} with e < 1/4,
and x € X} be dissociated. Then, the shifted versions of Serial-fy and Parallel-C,
with o = (1 — 2e)d can recover x from y = Ax € R™ in an average of O(dnlogk)

operations.

Proof. Let & = 0 be the initial approximation to x € xj, and A € E", 7 with e < 1/4.
At (" iteration, let T = T, be the set satisfying (3.7), that is, the one that Parallel-¢,
has marked for update. For j € T, let w; be the most frequent element in 7,7;). In
shifted-parallel-£y, w; is not directly computed. Instead, at iteration ¢, the frequency
of the /mod d-th value in 7 is computed using Algorithm 13 and tested against
the imposed threshold «. In the worst case, this increases the number of iterations by
a factor O(d). However, on average, this is not the case, and convergence in O(log k)
iterations is guaranteed.

To see this, let j € T" and let w be drawn at random from 7). Then, Pr(w =
w;) > 1 —2¢, so on average at iteration ¢ we will identify |Ty|(1 — 2¢) correct entries
in supp(x — ). Given the bound for |7;| (3.24) in the proof of parallel-{;, we have

that at each iteration we identify at least (1 — 25)%%’@ Therefore

|Se41] < <(1 — 2€)§1+_éif”+ ngdj)) | Se. (3.29)
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]

When € = 1/4, we have that (1 — 2¢)d = d/2, so we recover a parallel version of
LDDSR (Algorithm 9) for dissociated signals. We call this algorithm Parallel-LDDSR,

and we test its performance in Section 3.2.

3.2 Numerical Experiments

In this section we perform a series of numerical experiments' to compare Parallel-¢,
and Serial-fy with state-of-the-art compressed sensing algorithms. These compar-
isons are done by adding Parallel-¢, and Serial-{; to the GAGA software package
[Blanchard and Tanner, 2013] which includes CUDA-C implementations of a number
of compressed sensing algorithms as well as a testing environment to rapidly generate
synthetic problem instances. This approach allows us to solve hundreds of thousands
of randomly generated problems and to solve problems with n in the millions.
Unless otherwise stated, all tests were performed with the nonzeros of x drawn
from a standard normal distribution A(0,1) and the parameter « in Serial-¢, and

Parallel-¢, was set to 2.

3.2.1 Substantially higher phase transitions

As explained in Chapter 2, the phase transition of a compressed-sensing algorithm
[Donoho and Tanner, 2010b] is the largest value k/m, which we denote p*(m/n)
noting its dependence on m/n, for which the algorithm is typically (say greater than
half of the instances) able recovery all k sparse vectors with k < mp*(m/n).

The value p*(m/n) often converges to a fixed value as n is increased with m/n
being a fixed fraction. Figure 3.1 shows the phase transition curve for each of the CCS
algorithms surveyed in Section 2.3, as well as Parallel-{;, and Serial-f,. To facilitate
comparison with nonCCS algorithms, Figure 3.1 also includes the theoretical phase
transition curve for ¢;-regularization for A drawn Gaussian [Donoho, 2006a, 2005],
which is observed to be consistent [Donoho and Tanner, 2009a] with ¢;-regularization
for A € EZ‘;C’Z The curves were computed by setting n = 2'®, d = 7, and a tolerance
of 107%. The testing is done at m = d,n for

5, € {0.02p:p €[4} U {0.1 + %(p— 1):pe [20]} .

! Figures 3.1-3.8 were computed using a Linux machine with Intel Xeon E5-2643 CPUs @ 3.30
GHz, NVIDIA Tesla K10 GPUs, and executed from Matlab R2015a. Figures 4.6-3.10 were computed

using a Linux machine with Intel Xeon E5-2667 v2 CPUs @ 3.30GHz, NVIDIA Tesla K40 GPUs,
and executed from Matlab R2015a.
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For each d,, we set p = 0.01 and generate 10 synthetic problems to be applied to the
algorithms, with x having independent and identically distributed normal Gaussian
entries. With this restrictions, our signals are dissociated. If at least one such problem
was recovered successfully, we increase p by 0.01 and repeat the experiment. The
recovery data is then fitted using a logistic function in the spirit of [Blanchard and
Tanner, 2015] and the 50% recovery transition of the logistic function is computed
and shown in Figure 3.1.

Note the low phase-transition curve of SMP and the substantially higher phase-
transition curve of Parallel-¢; and Serial-¢y,. As mentioned previously, the multiple
updating mechanism of SMP gives it sublinear convergence guarantees, but greatly
compromises its region of recovery. We emphasise that the phase transition curves
for Serial-¢;, and Parallel-{; are higher than those for SMP, SSMP, ER, and parallel-
LDDSR. In particular, they are even higher than ¢;-regularization for 6 g 0.4.

50% phase transition curve for d = 7 with n = 2'8
1 T T T

ularization

d=m/n

Figure 3.1: Phase Transitions for CCS algorithms 50% recovery probability
logistic regression curves for E.7; and n = 2'. The curve for ¢;-regularization is
the theoretical curve for dense Gaussian ensembles, and is shown for reference. The
expander-{, algorithms achieve the highest phase transition for small §.

3.2.2 Approximately flat phase transition

It is shown in Figure 3.1 that Serial-¢; and Parallel-¢;, have a nearly constant phase

transition of just over 0.3 even for very small values of 9. We hypothesise that this
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flat phase transition persists for any fixed 0 € (0,1) provided n is sufficiently large.
Such a behaviour is reminiscent of Prony’s method [de Prony, 1795], which has phase
transition of 1/2 and 1/4 for Fourier and DCT matrices respectively [Dragotti and
Lu, 2014]. Even though there are some adaptations of Prony’s method for decoding
k-sparse signals [Dragotti and Lu, 2014], they require finding the roots of a polynomial
of degree n, which yields a complexity of O(n?). This nearly constant phase transition
of ¢y-decoding can be partially explained through the scaling analysis of LDPC codes
presented in [Zhang and Pfister, 2012]. We provide numerical support of this claim
in Figure 4.6, where for fixed § = 1073 and d = 7, we have plotted the average time
to convergence for Parallel-/y as p increases. The experiment was repeated for each
n € {222,224 226} by initialising p = 0.01 and generating 30 problems at each p. If
at least 50% of the problems converge we average out the time to convergence for
successful cases, and perform the update p <— p + 0.01; otherwise, we stop. Our
results in Figure 4.6 show that for § = 1073, the phase transition of the algorithm
increases with n to just over 0.3.

Finally, in Table 3.1 we show the average timing depicted in Figure 4.6 for p =
0.05 which shows the approximate increase in the average computation time being

proportional to n.

Mean time to exact convergence for parallel-10
mn=10 ®andd=7

104 E T T T T T T 3
L —f—n-22 E
F ——n-22|
10% —f—n-2% E
102 E E
o ’ I
:3;1 10 F -
o E
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s L
& 10°F J
[ E
> £
< L
" M .
1072 'M 3
10—3 1 1 1 1 1 1
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35

rho = k/m

Figure 3.2: Mean time to exact convergence for Parallel-/,. Average recovery
time (sec) for Parallel-¢y, with dependence on p for 6 = 0.001 and E, .7 with n €
{2%2224 2261 The phase transition approaches & 0.3 as n — oc.
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n | time t, | ratio ty,/t,

222 1 0.0167 3.338
224 | 0.0557 4.163

226 1 0.2319 -

Table 3.1: Average time scaling for Parallel-/,. Average recovery time (sec) for
Parallel-¢y at p = 0.05 and § = 1073 for n € {272 24 226}

3.2.3 Fastest compressed sensing algorithm

When the signal is dissociated, Parallel-¢, is generally the fastest algorithm for ma-
trices A € ]EZ‘;ZZ We show this numerically by computing the phase transitions
of

Serial-fg, Parallel-¢y, paralle-LDDSR, ALPS, CGIHT, CSMPSP, ER, FIHT, HTP, NIHT,
SMP, SSMP;

and comparing their average time to convergence at each point of (4, p). The phase
transitions are computed similarly to those in Figure 3.1, with problem parameters of
n = 2% and d = 7. In particular, Parallel-{; is also used with o = 2. The results are
shown in Figures 3.3 and 3.4. Specifically, Figure 3.3 shows the time in milliseconds
that the fastest algorithm takes to converge when the problem parameters are located
at (0, p). The fastest algorithm is in turn identified in Figure 3.4, where we can see that
Parallel-/, is consistently the fastest algorithm within its phase transition, except for
p < 1 where parallel-LDDSR takes less time. However, we note that the convergence
guarantees of parallel-LDDSR come as a byproduct of our analysis the domain in
which it is faster than Parallel-f, is the region of least importance for applications
as it indicates more than three fold more measurements were taken than would have

been necessary if Parallel-fy were used.

3.2.4 Parallelisation brings important speedups: examples
with m < n

The speed of Algorithms 7-10 can be improved if their non inner-product scores s;
and updates u; are computed in parallel for each j € [n]. However, implementing

this parallelisation is not enough to cut down an algorithm’s complexity to that of
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Figure 3.3: Time (ms) of fastest algorithm. Average recovery time (ms) of the
fastest algorithm at each (4, p) for Ej .7 and n = 218,
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the state-of-the-art’s. Figures 3.5-3.6 show the average time to exact convergence for
each of the combinatorial compressed sensing algorithms. It can be seen in addition
to Serial-f, and Parallel-/; having higher phase transition than ER and SSMP, they
are also substantially faster to converge to the true solution for n = 22° and either
0 = 0.01 or 6 = 0.1. It is interesting to note that for this problem size Serial-{; is
substantially faster than ER and SSMP, even when the two latter are implemented

in parallel and run on a modern high performance computing GPU.

Mean time to exact convergence
m/n = 0.01 withn =22 andd = 7
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Figure 3.5: Mean time to exact convergence for § = 0.01 and n = 22, Average
recovery time (sec) with dependence on p for § = 0.01 and E; .7 with n = 220,
The expander-{, algorithms preserve their high phase transition under the extreme
undersampling scenario ¢ = 0.01.

3.2.5 Convergence in O(logk) iterations

The theoretical guarantees of Serial-¢, and Parallel-¢, state that convergence can be
achieved in O(ndlog k) operations. The number of operations per iteration can be
verified simply by counting operations in the algorithm, which is O(d) for Serial-¢,
and O(nd) for Parallel-{; and recording the number of iterations. Figure 3.7 shows
that the number of iterations to convergence for Serial-¢,, Parallel-¢y, and parallel-
LDDSR. The tests were performed by fixing n = 2%, § = 0.1, and d = 7, and

considering signals with sparsity ranging from p = 0.05 to p = 0.1. It can be seen
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Mean time to exact convergence
m/n =0.10 withn =22 andd = 7
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Figure 3.6: Mean time to exact convergence for § = 0.001 and n = 2%.
Average recovery time (sec) with dependence on p for § = 0.1 and E;, . 7 with n = 2%.
The expander-{, algorithms preserve their high phase transition under the extreme
undersampling scenario fo o = 0.001.

in Figure 3.7 that the number of iterations to convergence is bounded by the curve
f(k) = logk, thus verifying our claims. We also make clear that by our notion of
iteration, Serial-fy is shown to converge in O(nlog k) iterations, but for the sake of
this experiment, we normalise the final number of iterations for Serial-¢, by a factor
of n. Note the lower number of iteration by Serial-{;, due to its serial implementation
with residual updates revealing more entries that satisfy the reduction of the residual
by a. Now, to give a point of comparison, we also compute the number of iterations
for ER and SSMP, which take O(k) iterations to converge. The results are shown in
Figure 3.8, where the same parameters as in Figure 3.7 have been used. In particular,
we can see that for a problem with k/m = 0.8, Parallel-{, takes 5 iterations, while
ER and SSMP take about 8000 iterations to solve the same problem.

3.2.6 Almost dissociated signals

The analysis of Parallel-¢y and Serial-fy relied on the model of dissociated signals
(2.33). We explore the effect on recovery ability of Parallel-¢q and Serial-¢, as the

signal model is no longer dissociated, with a fixed fraction of the values in x being
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Iterations for convergence
m/n =0.10 withn =22 andd = 7
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Figure 3.7: Iterations vs p for sublinear algorithms. Number of iterations to
convergence for Parallel-¢;, Serial-{y, and parallel-LDDSR at 6 = 0.1 with E; .7 and
n = 2?°, The number of iterations of Serial-f; has been normalised by n to showcase
its O(nlog k) guarantee in the number of iterations.
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Figure 3.8: Iterations vs p for linear algorithms. Number of iterations to con-
vergence for ER and SSMP at § = 0.1 with E; .7 and n = 2%.
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equal. To do this, we consider signals x € xj with nonzero values composed of two
bands: one in which all entries are equal to a fixed value drawn at random from a
standard normal distribution N'(0, 1), and another one in which each entry is drawn
independently of each other from N (0, 1). Our results are shown in Figure 3.9, where
we can see that as the fraction of values which are equal increases (shown in the
figure by the parameter band), the phase transitions gracefully decrease from the
flat shape observed for perfectly dissociated signals to an increasing log-shaped curve
when band = 0.9. Note that the overall phase transition decreases, with the greatest
decrease for § < 1.

50% phase transition curves for parallel_l0 with n = 2'8
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Figure 3.9: Parallel-/, with signal having a fixed proportion of identical
nonzero elements in its support. 50% recovery probability logistic regression
curves for Parallel-fy with E .7 and n = 2'¥ with signals having a fixed proportion,
band, of identical nonzero elements in its support. The phase transition of Parallel-¢,
decrease gracefully as the dissociated condition fades in the signal.

3.2.7 d should be small, but not too small

Selection of the number of nonzeros per column, d, has not been adressed. In our
numerical experiments we have consistently chosen d = 7 as the left-degree of our
expander. Our choice of d = 7 for our problem size’s order of magnitude is justified
by Figure 3.10, where we have computed the phase transitions for Parallel-¢; for all

odd values of d between 5 and 19. For d = 5, the phase transition of the algorithm
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is very low, thus signalling expanders of bad quality. For d = 7 the phase transition

is substantially greater than when d = 5, and gradually decreases for values of d

greater than seven. Note that the expander condition implies (1 — €)dk < m which

encourages small values of d in order that m/k can be as large as possible.

0.4

0.35

0.3

0.25

p=k/m

0.2

0.15

0.1

0.05
0

50% phase transition curves for parallel_|0 with n = 2'8

“—d=5

0.2 0.4 0.6 0.8
d=m/n

Figure 3.10: Phase transitions of Parallel-/, for several values of d 50% re-
covery probability logistic regression curves for Parallel-f, with E; . 4 and n = 2'8 for
d e {5,7,9,11,13,15,17,19}. For the problem size under consideration, d = 7 yields
the highest phase transition.
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3.2. Numerical Experiments




Chapter 4

Bayesian /j-decoding

Let A € E;’7} and nnz(A) be the number of non-zeros in A. It was shown in
Chapter 3 that a vector x € R™ with at most £ < n nonzeros can be recovered
from an expander sketch Az in O(nnz(A)logk) operations via Parallel-¢; decoding
algorithm. In this chapter we present the Robust-¢; decoding algorithm, which robus-
tifies Parallel-¢; when the sketch Az is corrupted by additive noise. This robustness
is achieved by approximating the asymptotic posterior distribution of values in the
sketch given its corrupted measurements via the Bayesian framework. We provide
analytic expressions that approximate these posteriors under the assumptions that
the nonzero entries in the signal and the noise are drawn from continuous distribu-
tions. Numerical experiments show that Robust-¢; is superior to existing greedy and
combinatorial compressed sensing algorithms in the presence of small to moderate
signal-to-noise ratios in the setting of Gaussian signals and Gaussian additive noise.
It is shown in Chapter 3 that if y = Az is an expander sketch and x € x} is dissoci-
ated, then there exists a subset 7' C [n] such that, for each j € T, |{i € [m] : y; = z,}|
is bounded below by a positive constant depending on d and e. Letting a; € R™ be
the j-th column in A, this guarantees that if [{i € supp(a;) : y; = y¢}| > d/2 then
xj = y;. Parallel-¢; (Algorithm 12) implements this observation by letting # = 0 and
estimating the decrease in ||y||o when performing the update &; < &; +y,. We denote
for j € [n] its neighbours by N (j) := {i € [m] : |A4;;| > 0}; to estimate the decrease

in [|y||o, Parallel-¢y computes

ne < {0 €N() v = ye}l (4.1)
n, < [{€ e N(j) : ye = 0}, (4.2)

for each j € [n|. Therefore, Parallel-fy can be rewritten as Algorithm 14.

* The contributions of this chapter are joint work with Jared Tanner and Florian Wechsung.
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Algorithm 14: Parallel-¢; (rewritten)
Data: A € B[’/ J; y= Az € R™ for z € x}; o € (1,d]
Result: 2 eR"st. 2z ==
T+ 0,r+y;
while not converged do

for j € [n] do

u < 0;

for i € N(j) do

if r;, # 0 then

ne < {LeN() :ri =ri};

n. < [{€ € N(j) 17 = 0}};

if n, —n, > « then

‘ Uj — Ty
end
end
end
end
T T+ u;
r<r— Az,
end

We robustify Parallel-{; to the additive noise signal model of § = y+n with y = Ax
and n € R™ by replacing (4.1)-(4.2) with scores that estimate the distribution of n.
and n, in (4.8)-(4.9). That is, we follow a Bayesian approach to the computation of

these scores and estimate:

1. The probability of y; = 0 given that we observe ;.

p:(w) =Py =0]9 =w). (4.3)

~

2. The probability of y;, = v;, given that we observe ;, — ¥;,.
Pe (W) =P (yi, = ¥, | 91y — Ui, = w) (4.4)

Among the contributions in this chapter are a series approximations for (4.3)-(4.4)
when the signals and measurements are generated according to the generating model
given in Definition 4.1 and illustrated in Figure 4.1. In what follows, we let D(R) be
the set of distributions supported on R. If x € D(R), we use the notation z ~ p to
denote that z was drawn according to the distribution p. We also use the notation
v; big it to denote that each v; is drawn independently at random from p. Finally,

we use U(S) to denote the uniform distribution over a set S.
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Definition 4.1 (Generating model GM(n, m, k,d, u,v)). Let n,m,k,d € N be such
that k < m < n and d < m. Let u,v € D(R). Then, the problem (A,y) is drawn
from the model GM(n, m, k,d, p,v) if A € {0,1}™*™ and g € R™ are such that

1. each column of A has a support drawn uniformly at random from [m]@;

2. supp(x) is drawn uniformly at random from [n]®);

3. x; R w for each j € supp(x);

4. ;i iy for each i € Im];

5. m; is independent of x; for all i € [m],j € supp(z);
6. y=Ax andy=1y+n.

We write (A, §) ~ GM(n,m, k,d, p,v) to denote problem instances drawn from this

signal model.

Remark 4.2. [t is important to note that a matriz A € R™*™ generated under the
model presented in Definition 4.1 and Figure 4.1, is a (k, e, d)-expander matriz with
high probability, see [Bah and Tanner, 2013] and [Foucart and Rauhut, 2013, Theorem
13.6].

The generating model in Definition 4.1 allows us to define robust estimates for
(4.3)-(4.4) for general noise and signal distributions and to any degree of accuracy
under the assumption p and v are available. While other similar generating models
can be considered using the techniques presented here, for ease of exposition and
clarity, we restrict our description to this model. From there we can define noisy
analogues to the values n. and n, in (4.1)-(4.2) used in Parallel-¢;, but which are

robust to additive noise. The contributions of this chapter are

1. to present principled ways to compute (4.3)-(4.4) in the case where the nonzeros

in n and x are drawn from continuous probability distributions,
2. to provide a variation of Parallel-¢; that is robust to noise.

We include Definition 4.3 in order to define some actions on measures used in our

contributions.

Definition 4.3 (Measures [Klenke, 2013]). Let B(R) denote the Borel o-algebra over
R. If E € B(R) let —E := {—x : x € E}. Let u € D(R), we define the following

measures.
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supp(z) ~ U ([n]®)

supp(4;) ~U ([m}(d))

f

n,m,k,d €N

T

p,v € D(R)

Figure 4.1: Generating model for noisy measurements. The generating model
GM(n,m, k,d, u,v) starts with a specification of the problem parameters and the

noise and signal distributions and generates x, 7, A independently.
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1. The g-convolution,

w(E)=a(E)={ § (S5 VE < B®)

u(E) = u(E),VE € B(R)
t001(E) = (g # 1) (B),VE € B(R),q € N

2. The negative measure,

3. The symmetrized measure,

pE) + (= E)
2

a(E) = , VE € B(R)

4. The measure associated with the difference of two random variables,
f(E) = (u*p”)(E), VE € B(R).

Among our main contributions of this chapter is Theorem 4.4.

Theorem 4.4 (Probabilities for general signal and noise distributions). Let d,p €
(0,1). For each m > 1, let m = dn, k = pm and d < m. If p,v € D(R) and
(A,9) ~ GM(n,m, k,d, u,v). Then as n — oo,

w v(w) 4.5
pe ()= >0 (d;)q (v * p1g)(w) 4
Pe (w) = (dey)q(w> (4.6)

Where g, [iq, U are probability measures constructed as in Definition 4.3.

Equations (4.5) and (4.6) allows us to quantify the uncertainty associated with
computing the score for Parallel-f, under the presence of additive noise. Note that
equations (4.5) and (4.6) can be easily adapted to alternative generative models, such
as where the expected density of nonzeros per row varies, but for expository clarity
we restrict our discussion to this somewhat generic model. It will be discussed in
Section 4.1.3 that equations (4.5) and (4.6) should not be used directly, but instead

be scaled by considering normalised functions p, and p, defined as,

pz(w)

y Pe(w) .
max; p,(s)’

i) = e ) = (4.7
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In the most general case n. and n, can be written as the sum of individual scores g,

and ¢, as follows

Ne Z Ge (13, — 14, | 1) (4.8)

LeN(F)

ne > g (ri|t) (4.9)
LeN(j)

A confidence threshold ¢ > 0 needs to be given for some variants of our algorithm, so

to simplify the exposition we include this parameter in the scores g.(- | t) and ¢.(- | )

regardless of whether it is used or not. A summary of the score functions are given

in Table 4.1.

Robust-£, Robust-¢,
Continuous Quantised Parallel-£,

qE(rh — Tiy | t) ﬁe(ril - 701'2) 1 {ﬁe(ril - Ti2) > t} 1 {rh - ri2}

q=(ri | 1) P=(rs) U{pa(ri) 21 —t; | 1{r; =0}

Table 4.1: Comparison of scores for Expander /(j-decoders. Comparison of
scores used in Expander ¢j-decoding vs Robust-{y to identify candidate updates to
the sparse signal z.

To put this result into context and show its applicability, we recall the remark after
Definition 4.1, stating that random matrices as considered in this work are indeed
expander matrices with high probability.

We furthermore emphasize the fact that the algorithm is designed in a way that

allows for massively parallel implementations.

4.1 The Bayesian approach to /y-decoding

We now consider the case where the measurements y are subject to additive noise,
i.e. instead of y = Ax, we measure y = y + 1 where 7 is a realization of a random
variable with n; ~ v.

Parallel-£, is not able to cope with additive noise, as it needs to make decisions

whether a value in ¢ is zero and whether two values in § are equal to each other.
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Algorithm 15: Robust-{,

Data: A€ E;’/7; y= Az € R™ for z € x}; a € (1,d]; p,v € D(R); c € (0, 1)

Result: 2 eR"st. 2~z
Estimate p, = p.(d, k,m,n, u,v) as in (4.7);
Estimate p. = pe(d, k, m,n, pu,v) as in (4.7);
if quantised then

| Use quantised scores given in Table 4.1.

else
| Use continuous scores given in Table 4.1.

end

T+ 0;

=y

t<+1;

while not converged and t > 0 do

' I

T T

for j € [n] do

for i € N(j) do

if 1 —p.(r;) >t then

Ne < Eée/\f(j) Qe(ri — 1 | 1);
n, < ZZGN(j) q:(re | t);

W nie ZZGN(j) TZQe(Ti — Ty | t>;

‘ Tl 4= T+ w;
end

end
end

end
x < Hp(2');
r<+y— Ax';
t<—t—c
if ||r|lx < ||7||; then
T <« a;
74T
if adaptive x then
ko <k =3 e P=(25);
ko < max(ko, [ {5]);
Recompute p, = p,(ko, m,n, i, v);
Recompute p. = pe(ko, m,n, p, v);
end

end

end

if [|r —we;||; < ||Ir|l; and ne —n, > a then
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While for very small noise levels we could consider two values as equal if they are
within a certain number of standard deviations, for larger noise levels the decision
becomes more challenging. As discussed in the previous section, we need to know
p.(9;) and pe(y;, — Ui,) which correspond, respectively, to the probability of y; = 0
given that we observe ¢; and the probability of y;, = y;, given that we observe ;, — ¥, .
The functions p, and p. depend on the parameters fed into the generative model in
Definition 4.1 and in particular on the distribution of y and ¢. Hence, since y is
a vector of sparse inner products we need to understand the limiting behaviour of

Sparse sums.

Lemma 4.5 (Limiting distribution for sparse sums of random variables). Let p €
(0,1), let p € D(R) and let i, € D(R) be its the g-fold convolution. For each n > 1,
let

Sni= Y bjx; (4.10)
j=1

be such that,

1. z; s w for each j € [n],

2. b, i Ber(2) for each j € [n] with p, — p € R asn — oo.

Then, as n — oo it holds that s, (i; s where
pq
s op(p) Y D, (111
q>0

Proof. Let 1, (t) be the characteristic function of s,. Let x ~ pu, then
s, (t) = B [exp(its,)]

= H E [exp(ith;z;)]

j=1

(-2 () vy

_ (1 L PalWe(t) - 1))"'

n

Taking the limit n — oo we see that

lim 9, (¢) = exp(—p) exp(px(t)). (4.12)

n—o0

Letting w, = > 7_, z; it holds by the independence of {zy,...,z,} that w, ~ g and

[V (8)]T = o, (2)- (4.13)
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Now, consider a random variable z distributed according to
q

z ~ exp(—p) Z p—'uq. (4.14)

q>0 T

The characteristic function of z is given by
W, (t) = E [exp(itz)]
_ P
= exp(—p) Y awwq (t)

q>0

—exp(—p) Y % (140 (8))?

q>0

_ eXp(—p) Z (pd}:r(t))q

q>0 q!
= exp(—p) exp(pa(t))- (4.15)

Therefore (4.15) equals (4.12). By Lévy’s continuity Theroem pointwise convergence
of the characteristic functions implies weak convergence of the random variables (cf.
[Klenke, 2013, Theorem 15.23]) and hence the statement follows. O

Theorem 4.6 (Distribution of g; and 3;, — 4;,). Fiz 6,p € (0,1) and for n € N let
m = on, k= pm and d < m. Furthermore, let i and v be measures and assume that

y=y+n=Ax+n is drawn from the model GM(n,m,k,d, p,v). Then as n — oo
Lo (d) oy N L (d)
Yi 4; g, and Y, — Ui 4; g

where
s dp)?
g5 ~ exp(—dp) Y | ( q!) vk g, (4.16)
q=0
- 2dp)? . _
g ~ exp(—2dp) Z % * flg- (4.17)
>0 ’

Proof. To show (4.16), let i € [m] and

n
i =Y A
i=1

By our assumptions on A and =,
P(Aijz; #0) =P(A;; # 0Az; #0)
=P(A;; #0)P(z; #0)
_dk
 mn

_dp
_n
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where for two events F; and Fs we let E; A Es be the conjunction of the events. Note

that if A, jz; # 0, then j € supp(z) so A; ju; = ; ~ p. Hence, letting b; ~ Ber (£2),

@)
Y; = ij(lfj.
j=1

Invoking Lemma 4.5 with p, = p = dp we obtain that y; — y as n — oo where

d q
y; ~ exp(—dp) Y ( (f,) ig-

q>0

By the independence of y; and 7;, since ¥; = y; +n;, the distribution of g is given by

gi ~ (eXp(—dp)Z <dqp!>quq) V. (4.18)

q=0

Equation (4.16) follows from (4.18) and the distributivity of the convolution operator.
To show (4.17), let iy,is € [m] be such that 4, # iy and let

n

Yip — Yip = Z (Aihj - Ain) Ly

Jj=1

Similarly to the previous case, we compute

P((Aij — Aipj) 15 #0) =P (A, j — Aiyj # 0N 25 # 0)
=P (Ai; — Ay # 0)P(z; #0)
_Qi(m—l)—(d—l)ﬁ
m m—1 n

2dp

= = (1~ o(1))

Note that if (A;, ; — A, j)x; # 0, then j € supp(x) and (A;, ; — Aj, ;) is either +1
with probability % or —1 with probability % Then, Hence,

o p with probability 3,
(Aij — Aij)wy {M_ with probability %,

then,
(Aiyj — Aig )z ~ L.
Letting b ~ Ber (22(1 — o(1))),

@)
Yip. — Yip = Zb;l’]
j=1
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Again, invoking Lemma 4.5 with p,, = 2dp(1 — o(1)) we obtain that p = 2dp and also
that as n — oo, y;; — ¥i, — g with

£ 2dp)?
vi = yi, ~ exp(—=2dp) ) Muq. (4.19)

|
q>0 T
Therefore, Given that n;, —n,, ~ v * v~ and that
Qh - giz = (yi1 - yiQ) + (7711 - 7712) )
we convolve (4.19) with v v~ to recover (4.17). O
We are now ready to prove Theorem 4.4,

Proof. Theorem 4.4. Using Bayes rule we write

P(g; =w Ay; =0)

Py: = 0lg: = w) = - 4.20
(= 0 = w) = P (4.20)
From (4.16) we can deduce that
P(g; = wAy; =0) = exp(—dp)v(w) (4.21)
and using equation (4.16) from Theorem 4.6 we obtain that as n — oo,
X dp)?
P(g: = w) = exp(=dp) 3 Y20 s 1)), (4.22)
> T
q=
Coupling (4.20), (4.22) and (4.21) yields (4.5).
Again, by Bayes rule,
N " P (Y, = Yis A Jiy — §i, = W)
P (yi = Yilfin — Uiy =w) = —— 5 ————— : 4.23
( | ) P (9, — i, = w) (423)
NOtng that gil - :&iQ = (yil - yiQ) + (7721 - 771'2),
P (yil = Yi, A gz& - gig = w) = ﬁ(w> (424)
By (4.16) from Theorem 4.6 we obtain that as n — oo,
S 2dp)? _
P(g:, — 43, = w) — exp(—2dp) Z ( 4 ) U fig(w) (4.25)
q>0 '

Coupling (4.23), (4.24), and (4.25) yields (4.6).
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4.1.1 Explicit formulas for the centred Gaussian case

We further elucidate (4.5)-(4.6) from Theorem 4.4 in the case when p and v are
Gaussian with mean zero, which are the distributions considered in Section 4.2. To
this end, let u = N(0,0%) and v = N(0,062). We observe that in this case g = p,
g = fig = N(0,q0?) and v = N(0,202). Hence, denoting by ¢(- | 2) the probability

density function of a centred Gaussian random variable with variance o2, we obtain

p:(w) — 7 i(w o) (4.26)
Zq>0 %SO(W | qo3 + 07)
p(w | 207)
pe(w) (de)q (427)

4.1.1.1 Estimating the tails in the Gaussian case

We approximate the infinite sum in in the denominators of (4.26) and (4.27) by doing

an approximation to the tail of this summation.

Lemma 4.7 (Sums of centred density functions). Let u; be the density function of a
random varible with mean zero and variance o? and let a; > 0 be such thaty ), c; = 1.

Then, =), aifi; is the density function of a random variable with mean zero and

variance Y, ;07

Proof. Let x ~ p and x; ~ u; be such that E [z;] = 0 and Var [z;] = o

2
i

Var [z] = E[z?]
= /w p(w)dw
/w (Z i (w )dw

(2
Oéz/

€,
1;

O

To simplify notation let o} = go2 + o, for ¢ € NU{0}. Consider the series in the
denominator of (4.22)
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Let,

and write

@)= 3 Pl o).

q=0+1

Note that S,/ R, satisfies the conditions of Lemma 4.7 so it corresponds to the density

function of a centred random variable with variance
¢

2 _ i (dp)? 2
0, = Rz q;l q| (qO’S + On)
_ o2dp)Ro(l = 1) + 02R.(0)
- R.(0)

Therefore,

B p(w|an)
p:(w) = ¢ (dp) 2 ¢ 2\
Do g Pwl o) + R(Op(w | o2)

A similar argument shows that

p(w | 207)

Pe(W) X =g

Ym0 Zap(w | 02.) + Re(O)p(w | 02)

Where o], = qo? + 05, and

¢ q
R.(6) = exp(2dp) - > 10

—
52 02(2dp)Re(f — 1) + 202 R.(¢)

‘ R.(¢)

Y

4.1.2 Comparison with empirical probabilities

(4.28)

(4.29)

We test the approximations given in (4.28) and (4.29) by randomly generating § and
y according the generating models GM(n, dn, pdn, 7, N'(0,1), N (0,0?)), for § = 0.3,

p € {0.1,0.3} and o € {1073,1072}. The results can be seen in Figure 4.2.

Overall the analytical expressions fit the empirical probabilities very well, indicat-

ing that the approximations we made in the calculations above are justified. However,

we observe that as p and especially ¢ increase, both functions drop significantly. This

means that for large values of these parameters, the noise eventually dominates and

it is difficult to decided whether values are zero or equal.
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Figure 4.2: Comparison of empirical and analytical probabilities. Comparison
of analytical and empirical probabilities of a value in the residual being zero or two
values in the residual being equal for p € {0.1,0.3} and o, € {1073, 1072}.
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4.1.3 Scaled probabilities p, and p,

We mentioned in previous sections, our algorithms do not implement the functions
p. and p, exactly, but a scaled version of these. As observed in Figure 4.2, the value
of max, p.(s) and max, p,(s) varies significantly as o and p change. Algorithm 15
evaluates whether a given score is large or not by implementing a sweeping parameter ¢
that is set to one at the beginning of the algorithm and decreased by a constant c after
every iteration. In order to use a fixed initial ¢ we consider the scaled probabilities

Pe and p, in (4.7); otherwise the initial value of ¢ would depend on ¢ and p.

4.1.4 Adaptive k

Algorithm 15 can optionally account for the sparsity of the current estimate via the
flag adaptive k. In the noiseless model of r = A%, an update of the form & < 2+ we;
with Parallel-¢, guarantees that j € supp(x) so that at the next iteration the problem
with residual r — a;w and (k — 1)-sparse signal is considered. The adaptive k flag
updates the sparsity prior in Z after every update in hope of having more reliable
estimates of p. and p,. We will see in the numerical experiments that under the data
generating model that we tested this strategy does not bring substantial benefits. We
don’t rule out the posssibility that there are other signal and noise distributions for

which this flag becomes especially useful, but we leave that as future work.

4.2 Numerical experiments

In this section we present numerical experiments which validate the efficacy of Robust-
{y decoding. In particular, we contrast Robust-¢, with other state-of-the-art greedy
algorithms for compressed sensing in terms of their ability to recover the measured
signal for varying problem sizes (k, m, n) as well as their computational complexity. To
facilitate reproducibility we begin by describing the stopping conditions and measures
used to denote successful recovery in the presence of noise in Section 4.2.1, along
with how the parameter ¢ is varied in Section 4.2.2. We then present the main
numerical results in Section 4.2.3 where the algorithms phase transitions and runtime
are presented, along with Sections 4.2.4 and 4.2.5 which show further details on
Robust-fy decoding’s performance as a function of noise variance and for extreme

subsampling respectively.
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Figure 4.3: Phase transitions, selection maps and timings for n = 2'®. Robust-
{y has a comparable performance to Parallel-£, for noise levels of o = 1072 and its
performance decreases as the noise level increases.
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4.2.1 Stopping conditions

We are interested in the signal model y = Az + n where n ~ N(0,0%L,xm). If T is

an approximation to = the residual is r = y — AZ. Note that if £ = z, then
7]l = lly — AZ]lx
= lly — Az|x
= lInlh

and we should not seek reductions in the residual below ||n||; which would result in
fitting to the additive noise. We further account for the variance of ||n||; and denote
the algorithm to have successfully recovered x if Z satisfies
lz = 2[l _ Ellinlli] + Civ/Var [[nl)]
[ O (e
for some C; > 0. We should be aware that the right hand side of (4.30) might be

greater than 1 for some choices of k, m and o. When this happens, the stopping

(4.30)

condition (4.30) becomes invalid since we expect & to have captured a proportion of
the ¢1-energy of |lz||;. Hence, if the right hand side of (4.30) is greater than - we

clip the upper bound at this value and use the stopping condition

o=l _ (Emnmm Var [[o]]] i), (1.31)

2l (e 10

For the numerical experiments conducted in this section we consider nonzero entries

in x drawn as z; ~ N(0,1), and noise 7; ~ N(0,0?) for which E [||z|;] = k:\/g and

Ellnl1] = ma\/g and moreover Var [||n|l] = mo? (1 — 2), see e.g. [Leone et al.,
1961].

4.2.2 Selection of parameter c in Algorithm 15

The sweeping parameter ¢ in Algorithm 15 is initialised at 1 and updated by decreasing
it by a constant value ¢. We observed in our experiments that the quality of the phase
transitions are sensitive on the parameter ¢ especially for low § and p. We do not
provide a way to fine-tune ¢, but we run our phase transitions with the following

choices:

1. If the algorithm is quantised,

0.01 6<0.05

0.05 ¢ > 0.05and p € (0,0.1]
0.075 &> 0.05 and p € (0.1,0.2]
0.1 6>0.05and p € (0.2,1)

(4.32)

CcC =
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Algorithm H adaptive k ‘ quantised
Robust-£, No No
Robust-{y-adaptive Yes No
Robust-fy-quantised No Yes
Robust-£{y-adaptive-quantised Yes Yes

Table 4.2: Variants of Robust-/;. An index of the Robust-{, variants with their
respective defining characteristics is shown.

2. If the algorithm is continuous,

(4.33)

0.01 0<0.05
0.025 0 > 0.05

The values in (4.32) and (4.33) were chosen heuristically for v and p Gaussian.

4.2.3 Phase transitions and runtime

We benchmark the variants of Robust-¢; against other greedy algorithms via their
phase-transitions and runtime. The user can supply two binary flags, adaptive k
and quantised which yield four different variants of Robust-£,. We assigned a unique
label to each of these variants as described in Table 4.2.

The phase transition of a compressed-sensing algorithm [Donoho and Tanner,
2010b] is the largest value of k/m for which the algorithm is typically able to recover
all k sparse vectors with sparsity less than k for a fixed m/n. Hence, for a fixed value
of 6 = m/n the phase transition of an algorithm is the largest value p*(d) for which
the algorithm converges for all p(0) < p*(4). The value p*(m/n) often converges to a
fixed value as n — oo, so phase transitions often partition the § x p space into two
regions: One in which the algorithm converges with high probability and another in
which the algorithm doesn’t converge with high probability. We benchmark Robust-
{y against the combinatorial compressed sensing algorithms. Specifically, our tests

include the following algorithms,

{Robust-fy, Robust-fy-adaptive, Robust-fy-quantised, Robust-{y-adaptive-quantised,
SSMP, SMP, CGIHT}.

In the numerical experiments Parallel-¢, was compared against the same set of al-
gorithms; out of those we have selected SSMP and SMP as these perform best and
are similar in nature to Robust-£,. We also compare with CGIHT, as this algorithm

was shown to be the fastest among the greedy algorithms compared in [Blanchard
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et al., 2015, Blanchard and Tanner, 2013]. Figures 4.3a, 4.3b and 4.3c show the phase
transition curves for these algorithms with o = 1073, 1072, 107! respectively. The
curves were computed by setting n = 2'®, d = 7, and using the stopping condition
I7llr < Eln|li] = ma\/g and a success condition (4.30) with Cy = 1. The testing is

done at m = J,n for

5, € {0.02p:p e [4}U {0.1 + %(p— 1):pe [20]} :

For each d,, we set p = 0.01 and generate 10 synthetic problems to apply the algo-
rithms to, with a problem generated as in GM with the given parameters and p and
v being normal Gaussian. If at least one such problem was recovered successfully,
the sparsity ratio p is increased by 0.01 and the experiment is repeated. Following
the testing framework in [Blanchard and Tanner, 2015], the recovery data is fitted
using a logistic function and finally the 50% recovery transition function is computed
and presented in the phase transition plots contained herein. Figures 4.3d, 4.3e and
4.3f show a selection map for these algorithms. Namely, these plots indicate which
algorithm requires the least computational time! at each point in the § x p space
where the algorithm converges. Finally, Figures 4.3g, 4.3h and 4.3i show the total
time for convergence in milliseconds for the fastest algorithm at each point in the
0 x p space. The ratio of the time for the second fastest algorithm over the time for
the fastest algorithm is given in Figures 4.3j, 4.3k, and 4.31.

We can see from Figure 4.3 that CG-IHT dominates the upper region of the
phase transition space, while the Robust-¢, algorithms only converge for p < 0.3
which is consistent with the observed phase transitions for Parallel-f;, presented in
Chapter 3. In terms of speed, Robust-{y seems to be the most competitive for o €
{1072,107?} and p 5 0.2. However, for large noise, o = 107!, CGIHT becomes the
fastest algorithm of all. We remark that, while CGIHT performs very well in our
numerical tests, the current theory developed for it does not hold in this setting, as
it requires a measurement matrix A with zero-mean columns.

Figure 4.4 shows the widths for the Robust-f, algorithms. The widths measure
how sharp the phase transition of an algorithm is; namely, how thin is the boundary
between the region of recovery with high-probability and the region of recovery where

combinatorial search is needed. It has been shown that the widths of a compressed

L All the numerical results presented here were performed using a Linux machine with Intel Xeon
E5-2643 CPUs 3.30 GHz, NVIDIA Tesla K10 GPUs and executed from Matlab R2016b. The code
was added to the GAGA library available at http://www.gagadcs.org/, and described in [Blan-
chard and Tanner, 2013], so as to facilitate large scale benchmarking against the other algorithms
presented here which are also contained in the aforementioned library.
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sensing algorithm tend to zero as n — oo when decoding with linear programming
[Donoho and Tanner, 2010a], and we usually expect the same behaviour for other
algorithms [Blanchard et al., 2015]. Figure 4.4 show that the widths for the Robust-£
algorithms indeed decrease with n and with §. The observed smoothness of the phase
transition widths signal also suggest that the stopping conditions of the algorithm

are consistent for the problem under consideration.
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T T T T T
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Figure 4.4: Phase transition widths for Robust-/;, variants. The phase transi-
tion widths of each of the Robust-¢, variants decrease as n — oo as is expected for a
compressed sensing decoder. Interference is high at low values of §.
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74 4.2. Numerical experiments

4.2.4 Dependence on noise variance, o

We now investigate the extent to which the phase transitions of the algorithm decrease
as we increase the noise level 0. To do this, we consider ¢ € {0.01,0.02,0.1,0.2} and

for each value of § we compute we define the grid
o€ {10731 1 i € {0} U[20]}.

Then at each value of o we let p = 0.01 and draw ten problem instances from GM
with signal distribution A/(0,1) and noise distribution A(0,0?). If at least one of
the problems was recovered successfully, then we set p <— p + 0.01 and repeat the
experiment. We do this procedure for each of the algorithms considered and record
the largest p having at least 50% success rate. The results are shown in Figure 4.5.
In order to show where the clipping in (4.31) becomes active, the figures also show
a TOL-curve which partitions the space into the region where the right hand side of
(4.31) equals 1L0 (bottom region) and the region where it equals the right hand side of
(4.30) (top region). We can appreciate from Figure 4.5 that for small § both Robust-
{y and SSMP have the best recovery capabilities, with Robust-¢; being preferable for
noise levels o S 1072 and SSMP being better suited for larger noise levels. For larger

0, CGIHT is preferable except for very low noise levels.

4.2.5 Phase transitions for extreme subsampling, / < 1

The numerical experiments of Parallel-¢/y in Chapter 3 showed flat phase transitions;
that is, it was observed that p*(d) remained approximately 0.3 as 6 — 0 provided n
was sufficiently large. While Robust-{y does not exhibit precisely the same behaviour
in the presence of noise, we do observe that p*(d) remains nontrivial even for ¢ as
small as 1073, again provided n is sufficiently large. We provide numerical evidence
for this in Figure 4.6. For each (J,0) € {0.001,0.01} x {0.001,0.01} we let p = 0.01
and solve ten problems drawn from GM with nonzero distribution N (0, 1) and noise
distribution A/(0,02). If at least one problem instance converges, we average the
run-time of the problems that converged and repeat the process with p <— p + 0.01.
We plot the timing at each p for parameter values for which at which at least 50% of
the problems were successfully recovered under the criteria (4.31).

It can be seen in Figure 4.6a-4.6d that the phase transition either remains nearly
unchanged or increases as n increases from 222 to 2?*. In particular, Figure 4.6a
shows that for o = 0.001 and § = 0.001, the phase transitions for all variants of the

Robust-£; algorithms in fact increase from p & 0.08 to p = 0.1 as n increases from 222
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to 224, Additionally, contrasting Figures 4.6a and 4.6b or 4.6¢ and 4.6d shows that
a ten-fold increase in ¢ has the expected effect of reducing the phase transition and
increasing the computational time. Figures 4.6a and 4.6b show the phase transition
for Robust-£;, and Robust-fy-adaptive remain significant even for § as small as 1073.
Figures 4.6c and 4.6d show results for the same set of experiments, but for § = 0.01
which corresponds to a ten-fold increase in 6 over the value used in Figures 4.6a
and 4.6b. For ¢ = 0.001 the phase transition of Robust-fy reaches p ~ 0.17, while
for 0 = 0.01 the phase transitions drop to p ~ 0.12 and there is an increase in the

computational time.
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fixed 0 and o and varying n for each variant of Robust-¢;.
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Chapter 5

Persistent Homology

The Topological Data Analysis pipeline starts with a dataset S C R™ sampled from
a shape M embedded in R". Its inference problem is to estimate the topological

invariants of M at multiple scales, which are encoded as a set of Betti numbers
Betti(M) :={b,, : 0 <p <d,r € [0,00)}. (5.1)

which geometrically represent the number of p-dimensional holes at scale r € [0, 00)
in a simplicial complex triangulation of M. The notion of scale is important because
even tough the data is embedded in a metric space that provides a notion of dis-
tance, there is no predefined notion of closeness. In the persistent homology paradigm
[Edelsbrunner et al., 2002, Ghrist, 2014], the set Betti(M) is approximated at multi-
ple scales {r1,...,rr} C [0,00) through a two-step procedure. First, a scale-indexed
filtration of simplicial complexes is constructed yielding a simplicial complex K with
vertex set S and m simplices. The resulting simplicial complex is represented as an
m X m matrix 0. Though persistence can be computed over any field, in this thesis
we restrict to the Galois field of two elements Fy, so we assume that 9 € F5**™. The
homologies in the data are revealed by computing a factorisation of 9, which is a
process called reduction. Knowledge of the homologies persistent in a dataset can
aid interpretation of the data [Carlsson, 2009] and to recognise patterns in it [Carls-
son, 2014]. For example, [Carlsson et al., 2008] use qualitative topological analysis
to study the behaviour of natural images to develop a compression algorithm; [Chan
et al., 2013] applies the topological data analysis framework to the study of phylo-
genetic trees; [Lum et al., 2013] applies topological methods to gene expression of
breast tumors, voting data from the U.S. House of Representatives and player perfor-
mance of professional basketball players; [Taylor et al., 2015] uses this to study the

spread of contagions on networks; and [Nicolau et al., 2011] to analyse microarray



78 5.1. Simplicial Homology

data for gene expression analysis. The persistent homology pipeline is powered by a

technology called simplicial homology which we now describe.

5.1 Simplicial Homology

In what follows, we use the shorthand 2% to denote the power set of a finite set S and
|S| to denote its cardinality. Additionally, we use Z,1 as a shorthand for [m] U {0}.
The structure at the centre of simplicial homology is that of a simplicial complexz,

which we now define.
Definition 5.1 (Simplex, simplicial complex, and p-simplices). Let S be a finite set.
1. D #£ 0 C S is a simplex.
2. The dimension of the simplex o is defined as dim(o) = |o| — 1.
3. Ifa Co CS, then a is a face of 0.
4. K C 2° is a simplicial complex if,

ceKandaCo=ac K

5. K, ={o € K :dim(o) = p} is the set of p-simplices in K.

By Definition 5.1, any subset o of S is a simplex and any non-empty subset a of o
is a face of 0. Note that the notion of simplex in Definition 5.1 is given for any finite
set, so it is abstract. If S = {vy,...,v,} C R™ contains p + 1 affinely independent

points, we can realise a S geometrically as a p-simplex by considering its convex hull
conv(S) := {ZAZ»UZ- :Og)\iER,Z/\izl}. (5.2)

i<p %
A face of the convex hull conv(S) is any a = conv(S’) where S’ C S, so conv(S)

has 27! — 1 faces. For a given simplicial complex K, a p-chain is any ¢ € 2K If

c1, o € 257 are two p-chains, we can define the addition operation + via
c1+ca=(c1Uc) — (1 Ney).

When equipped with this operation, the set of p-chains forms an abelian group with

neutral element (). This group is denoted by (C,, +) and is defined over Fy as

Co(K) =9 ) aw:a. €F,p. (5.3)

ceEKp
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Even though C,(K) depends on an underlying simplicial complex K, we will write
C, = C,(K) when there is no risk of confusion. It follows from (5.3) and Definition
5.1 that K, € C,(K). There is one such group for each p € Z and C, can be related
to Cp—1 via boundary maps. These also allow us to study the p-chains with Linear

Algebra techniques.

Definition 5.2 (Boundary map). Let K be a simplicial complex on S. The boundary
of a p-simplex 0 € K, is defined as,

bd(c) ={a C ¢ : dim(a) = dim(c) — 1} € C_;. (5.4)
The boundary of a p-chain ¢ € C, is defined as,

dy(c) =Y bd(a) € Cpy. (5.5)

oEc
Let (F3', @) be the additive group of m-dimensional vectors over Fy. Define an
enumeration on the simplices in K, 1 = {o,...,an}, and let ¢, : K, — FJ" be

defined by the mapping,

1{ay € bd(o)}
Up(o) = : €y (5.6)
1{a,, € bd(o)}

By the simplicial complex structure of K, each ¢ € K, is uniquely defined by an
element in F7' via ¢, and the boundary map d,. This is because if bd(oy) = bd(o2),
then both o7 and oy have the same (p — 1)-dimensional faces, and since each of
these faces belongs to the simplicial complex, both ¢; and o, must have the same
components at each dimension ¢ < p. This naturally induces an injection between
the p-chains and F}* via the function ¢ : (C,, +) — (F%*, ®) given by

olc) = 3 ty(o) € By (57)

gec
By the group structure, ¢(-) satisfies ¢(c + d) = ¢p(c) ® ¢(d) for all ¢,d € C,, so
it is an isomorphism. Hence, the boundary operator allows us to speak about the
boundary of a chain and to define a mapping between them. In this respect, C, can be
thought of as a vector space generated by {¢(c) : ¢ € C,}. The collection of boundary
operators {C,},en and the collection of boundary maps {d, : C, — C,_1},en form a

chain complex which is represented pictorially as,

d dp—1 d d
o C 5 Cy - Co 0.
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If K is a simplicial complex, the kernel and image of C, are geometrically meaningful.
Let,

Z,:=Kerd,={ceC,:dy(c) =0}, (5.8)
B, :=Imd,; ={ceCy:Jae Cpist.c=dyi(a)}. (5.9)

Elements in Z,, = Ker 0, are called p-cycles, while elements in B, = Im 0, are called

p-boundaries. The following lemma guarantees that both Z, and B, are subgroups of
C

D

Lemma 5.3 (B, C Z, C C, [Edelsbrunner and Harer, 2010]). The following holds
for all p € N,
dp—10dy(c)=0 ¥V ceC, (5.10)

This implies that B, C Z,, C C,,.

Given that B, is a subspace of Z, we can define the quotient of both spaces. This

is called the p-th homology group and is written as,
H,=27,/B,. (5.11)

The elements of H, are called homology classes and are of the form ¢+ B, V ¢ € Z,,.
The p-th Bett: number is defined as

b, :=rank H, = rank Z, — rank B, (5.12)

and counts the number of p-dimensional holes of the simplicial complex K. The Betti
numbers are invariant to continuous deformations of the geometric realisation of K
and are one of our main objects of interest. Having surveyed the essential components

of simplicial homology, we move on to describe persistent homology.

5.2 Persistent Homology

In persistent homology, a filtered simplicial complex K is built from a point-cloud
S C R sampled from a data manifold M C RY. As mentioned earlier, the goal of
persistent homology is to estimate the relevant homological features of M at all scales
r € [0,00) given the dataset S.

The geometry of M is captured with a simplicial complex that approximates it
with a triangulation at scale t. Formally, we say that M is triangulable if there is a

simplicial complex M together with a homeomorphism between M and the geometric



Chapter 5. Persistent Homology 81

realisation of M [Edelsbrunner and Harer, 2010]. At each scale r € {ry,...,rp} C
[0, 00) a simplicial complex triangulation M, is computed from S by letting K = ()
and adding a simplex ¢ C S to K whenever the points in ¢ are sufficiently close to
each other. The notion of closeness is implied by the relevant scale parameter, and is

assessed for 7 via a monotonic function® f, : 25 — {0,1} inducing a filtration
MqcM,C---CMr=K (513)

of simplicial complexes M; = {0 €2%: f.(0) = 1}. The resulting simplicial complex
depends on the choice of the function. If R? is the d-dimensional Euclidean space with
p-norm || - ||, and S C R?, we let . For example, if B,(c) :={z € R?: ||z —¢|| < r} is

the d-dimensional ball of radius r > 0 centred at ¢ € R?, then the function

generates the Cech complex filtration. And if diam(S) := max, yes ||z — yl| is the
diameter of S C R?, the function

fr(o) =1 {diam(o) < 2r}

generates the Vietoris-Rips complex filtration. Hence, given a grid {ry,...,rr} of
scales, the sequence {My, ..., My} can be constructed incrementally by setting Mg
() and letting

M, M, U{cCS:f, (oc)=1} Vie[l]. (5.14)

We shall assume that simplicial complex K in (5.13) has m elements and is given by
K={o1,...,0m}.

It is further assumed that the simplices in K are indexed according to a compatible
ordering, meaning that the simplices in M, always precede the ones in K \ My, and
that the faces of any given simplex always precede the simplex.

Persistent homology tracks how the homology of the filtration changes at each
scale r; or, equivalently, as new simplices are added to the filtration. Indeed, when
adding simplex o; at scale r;, the homology of M, can change in one of two possible

ways [Edelsbrunner and Harer, 2010].

1. A class of dimension dim(o;) is created. In this case, o; is a positive simplex.

IThe elements of 2° form a poset when ordered by inclusion.
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2. A class of dimension dim(c;) — 1 is destroyed. In this case, o; is a negative

simplex.

If 0; is a negative simplex, then it destroys the class created by a positive simplex o;
with i < j, see Lemma 5.6. This observation induces a natural pairing (o;, 0;) between
a negative simplex o; and the positive simplex o; it destroys. This is because if o; is
a negative simplex, then it destroyed a class that was created by a simplex o; with
i < j. The pair (0;,0;), for which we will often use the shorthand (i, j), is called a
persistence pair and has an index persistence of j — 1.

When rr is sufficiently small, we might find that some simplices are never de-
stroyed; these simplices represent the homology classes that are persistent in the
filtration up to scale rp, and we called them essential. The persistence pairs are
computed by representing the filtration (5.13) as a boundary matrix 0 € F5”*™ and
applying the reduction algorithm [Edelsbrunner et al., 2002] to it. We discuss this

process in the next section.

5.3 Boundary matrix reduction

A filtration can be represented in terms of a binary matrix that encodes its simplices
via a representation in the style of (5.6). This matrix is called the boundary matriz

and is defined as follows,

Definition 5.4 (Boundary matrix 0). Given a simplicial complex K = {o1,...,0m},
the boundary matriz 0 € F3™™ of K is defined as

5 — 1 o, € bd(o))
Y1 0 otherwise

For the rest of this thesis, we implicitly assume that if 0 € F3"*™ then 0 is
the boundary matrix of some simplicial complex K. Boundary matrices are sparse,
binary, and upper-triangular by the compatible order assumption on the filtration. If
0 is a boundary matrix, it has a function lowy : [m] — Z,, 41 associated to it that
tracks the location of the largest index in the support of each column. This idea

central in the reduction process of the matrix, so we state it in a definition.

Definition 5.5 (lows(-)). Let 0 € Fy"™™ be a boundary matriz and 0; € F5* be the
J-th column of 0. The function lowg : [m] — [m] is defined as,

R R
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The matrix 0 will be said to be reduced when lowy € Z;, | is an injection over its

support, i.e. when
lows(71) = lowg(72) > 0 = j1 = jo.

An illustration of several boundary matrices with their respective lowy(+) function is
shown in Figure 5.1. We use the notation 0* to denote a matrix 0 with injective
lows and remark that even though 0 can have several reductions, the injection is a
property of the complex K and does not depend on any particular reduction 9*, see
[Edelsbrunner and Harer, 2010, p.183]. Moreover, when there is no risk of confusion,
we let low™ be the injection of the boundary matrix under consideration. Given the

injection property, low” (-) partitions the simplices in K as,
Pos = {j € [m] : low"(j) = 0}
Neg = {j € [m] : low (j) > 0}
Ess={j € Pos: 3k s.t. low (k) = j}

so PosNNeg = () and Ess C Pos. The vector low" reveals information about the

pairings by virtue of the following Lemma.
Lemma 5.6 (Pairing [Edelsbrunner et al., 2002]). If o; is a negative simplex, then
Olow*(j) 1S @ positive simple.
It will also be convenient to define the set of Pairs as
Pairs = {(i,7) € [m] x [m] : i = low (j) > 0} (5.15)

Additionally, the set of Paired simplices is the union of the set of negative and asso-

ciated positive simplices
Paired = {j € [m] : low (j) € [m]} U {low (j) € [m] : j € [m]} (5.16)

We use the terms positive, negative and essential interchangeably between simplices
and columns. These relations can be illustrated diagramatically with the following

flowchart.

low () >0 = j € Neg, low (j) € Pos = (low (j), j) € Pairs

o€ K = 3k : j =low (k) = (j, k) € Pairs
low'(j) =0 = j € Pos =
Pk :j=1low (k) = j € Ess
The technology used to reduce 0 is known as the reduction algorithm (Alg. 16)
and was first presented in [Edelsbrunner et al., 2002]. Its convergence guarantees are

given in Theorem 5.7.
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Chapter 5. Persistent Homology 85

Algorithm 16: Standard reduction [Edelsbrunner et al., 2002]

Data: 0 € F3**™
Result: low" € Z" 4
for j € [m] do
while 3 jy < j : lowy(jo) = lows(j) do
‘ 8]- < 8]‘ + 8]‘0;
end

end
low” « lows;

Theorem 5.7 (Convergence of Alg. 16 [Edelsbrunner et al., 2002]). Alg. 16 converges

for any boundary matriz & € F5*™ in at most O(m?) operations.

This concludes the final ingredient of the TDA pipeline, which we graphically
depict below.

SCR"|=|K={o1,...,0m} | = |0€F*™ | = |low €Z", || Barcodes

It was shown in [Morozov, 2005] that Algorithm 16 has a worst-case complexity
of O(m3) where m is the number of simplices in the filtration, which imposes an
important bottleneck in the pipeline as m — oo. However, it has also been observed
that for real world datasets Algorithm 16 normally converges in less that O(m?)
operations. Additionally, some strategies have attempted to make reduction more
efficient by using the structure of the boundary matrix or parallelising the workload.

We review some of these strategies in the next section.

5.4 Boundary reduction algorithms

Let K be the simplicial complex corresponding to a filtration over a grid {ry,...,rr}
and point-cloud S C R?. The number of simplices in K is of order Q(2!%) as rp —
diam(S), which turns the process unfeasible even for moderately large point-clouds
S and scales rr. Hence, though Alg. 16 terminates in O(m?) steps, we may find that
m = O(2°) making the reduction unfeasible. The main computational overhead
when reducing a boundary matrix is in performing left-to-right column operations,
so many reduction algorithms have implemented strategies that cut the number of
column operations required to fully reduce the matrix. One such strategy was given

in [Chen and Kerber, 2011, Bauer et al., 2014a] by reducing columns in blocks of
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decreasing dimension and observing that, by Lemma 5.6, column low"(j) can be set
to zero whenever column j is reduced. As dim(oq(;)) is of one lower dimension that
dim(o;), clearing results in all positive non-essential columns of dimension less than
dim(K) being set to zero without zeroing them through column additions. Setting a
positive column to zero when its corresponding negative pair has been found is often
called clearing, so we adopt this terminology. Alg. 18 heavily relies on this clearing
strategy so we sketch the pseudocode of [Chen and Kerber, 2011] in Alg. 17.

Algorithm 17: Standard reduction with a twist [Chen and Kerber, 2011]
Data: 0 € Fy**™
Result: low" € Zm+!
for d € {dim K,dim K —1,...,1} do

for j € K; do
while 3j, < j : lowy(jo) = lows(j) do
‘ 8j < 0j + 8j0;
end
if 0; # 0 then
‘ alOWa(j) 0
end
end
end

low” « lowy:

Another strategy to reduce the complexity of Alg. 16 is called compression [Bauer
et al., 2014a] and consists in deriving analytical guarantees to nullify nonzeros in
the boundary matrix without affecting the pairing of the simplices. This has the
objective of saving arithmetic operations and hence reducing the flop count. However,
for very large values of m, which are typical for large filtration values where m grows
exponentially with |S|, it is necessary to also parallelise these approaches to facilitate
scalability. The idea of distributing the workload of the reduction algorithm has
already been explored in [Bauer et al., 2014a,b] where the matrix is partitioned into
b blocks of contiguous columns to be independently reduced in a shared-memory or
distributed system. The numerical simulations in [Bauer et al., 2014b] show that these
strategies can indeed bring substantial speed-ups when implemented on a cluster, but
also requires the provision of the parameter b as well as a number of design choices
for a practical implementation.

Apart from parallelisation, a number of other approaches have been proposed. For

instance, [Milosavljevi¢ et al., 2011] adapted the Coppersmith-Winograd algorithm
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[Coppersmith and Winograd, 1990] to guarantee reduction in time O(m?375). A set
of sequential algorithms that exploits duality of vector spaces was given in [De Silva
et al., 2011a,b], but as pointed out in [Otter et al., 2017] is only known to give speed-
ups when applied to Vietoris-Rips complexes. Finally, [Sheehy, 2014] projects 0 to
a low-dimensional space while controlling the error between the resulting barcodes,
but doing so in practice can be as costly as reducing the matrix in its ambient space.
Despite these advances, the complex given in [Morozov, 2005] can still be adapted to
yield a worst-case complexity of Q(m?3). Our first result is to show that this example

is so structured that it can be reduced with a counting argument.

5.5 Reducing Morozov’s complex in O(m) opera-
tions

In this section we consider reducing Morozov’s complex, namely, the simplicial com-
plex constructed in [Morozov, 2005] for which Algorithm 16 converges in Q(m?) oper-
ations. We do not review the construction of Morozov’s complex, but note that there
is an implicit notion of order of complexity w € N in the construction of this complex
and that m = Q(2¥) as w — co. We have implemented a function? that generates
Morozov’s complex up to order w € N and generate some examples for w € {5,6,7}
in Figure 5.2. The exponential growth in the dimension of the boundary matrix is
also evident from this figure. It can be seen from Figure 5.2 that these boundary
matrices have a special kind of structure. The first thing we note is that each of
these matrices can be partitioned into blocks, where each block corresponds to the
boundary matrix of simplices of dimension p € {0,1,2}. Simplices of dimension 0
correspond to trivial vertex representations which do not need to be reduced. Now,
looking at the sparsity pattern of the block corresponding to simplices of dimension 1,
it is possible to note that the lows € Z;_ | forms a reversed triangle 7. It is evident
that the sequence of simplices in the left edge of this triangle is increasing with the
row index ¢ € [m] of the matrix. Moreover, for these simplices, left(lowy(j)) = j so
their pivots can be immediately read as low"’s. Moreover, these simplices can also
be labelled as negative. It is less trivial to read off the category of the simplices in
the right hand edge of the triangle and those in the block corresponding to simplices
of dimension 2. The remainder of this section deals with a strategy that allows us
to reduce Morozov boundary matrices in time O(m), and that has the potential to

speed up reduction of other boundary matrices.

%In a fork of the library Javaplex [Tausz et al., 2014] in https://github. com/rodrgo/javaplex
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Figure 5.2: Sparsity pattern for Morozov boundary matrices. The sparsity
pattern of Morozov boundary matrices is shown for several orders of complexity.
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We start with the following definition.

Definition 5.8 (left(-)). Let 0 € Fy™*™ be a boundary matriz. The left function is

defined as
+_ J min{je[m]:0,;, =1} 0;. #0
left(i) = { 0 d =0 (5.17)
That is, for each row ¢ € [m], the function left maps the index of the first simplex
in the filtration that has o; as a face. If 0 € F3**™ is a boundary matrix, then j € Neg
or j € Pos, but not both. We have argued in the preliminary section that if j € Neg
then it is paired with a column low"(j) € Pos, and we also have low" (j) < j. Note
that j € Neg whenever there is an i € [m] such that left(i) = j and that, by Lemma
5.6, every j € Neg must be paired with some ¢ € PosN[j — 1]. The sets PosN[j] and
Neg N[j] can be partitioned as follows.

Aj = {l € Negn[j] : ¢ ¢ Imleft}

Neg Nl;]
Bj :={f € NegN[j] : £ € Imleft}
Cj :={€ € PosN[j] : 3k € NegN[j] : (¢, k) € Pairs}
Pos N[J] Dj :={¢ € PosN[j] : 3k € Negn([m]\ [j]) : (¢, k) € Pairs}

Ej; :={l € PosN[j] : £ € Ess}

We note that by the pairing restriction we must have
|41+ 1B;| = [Cjl. (5.18)
We now derive a result that allows us to profit from this observation.
Lemma 5.9 (Clearing by counting). If for j € [m] it holds that |A;| = j/2, then
|Bj| = [D;| = |Ej| =0
and
{tejl:t¢ A} =C; CPos (5.19)

Proof. Suppose that for j € [m] it holds that |A;| = j/2. Then, for all k € A;, there
exists ¢ € [j — 1] N Pos such that (¢, k) € Pairs. Hence, {¢ € [j] : ¢ ¢ A;} = C;. Since
|A;| = |C;| and A;NC; = 0, we have that A;UC; = [j]. Hence, |B;| = |D,| = |E;| =
0. ]
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Hence, we define the following curve,

Definition 5.10 (p-curve). Let 0 € F3™™. The p curve is initialised by setting po = 0
and letting

b — { pi—1+1 j€Imleft (5.20)

Pj—1 — 1 j ¢ Im left

Lemma 5.9 can be rewritten in the following way:

Lemma 5.11 (Clearing with p-curve). Let 0 € Fy"*™ be a boundary matriz and let
p be defined as in (5.20). If p; =0, then

{te[j—1]:¢¢Imleft} C Pos.
Proof. By the definition of p; in (5.20),
pi =141 = 1B; UC; U D; U Ej|.

If p; = 0, then |A;| = |B;UC;UD;UE;|. Since all of these sets are mutually exclusive,
we obtain that |A;| = |B,| + |C;| + |D;| + | E;|. Coupling this with (5.18), we arrive
at the system,

|4;| = Bj| +|C5] + | Dj| + | Ej
5.21
LSl 21
which yields the result
|Bj| = |D;j| = [E;| =0 and |A;] = |C}] (5.22)
Hence |A4;| = |C;| = j/2 and by Lemma 5.9 the result follows. O

Lemma 5.11 says that if we can establish that there are enough positive and
negative columns to guarantee pairing up to a given j € [m], then all columns ¢ €
[7 — 1] for which ¢ ¢ Imleft must be positive columns and can immediately be set to
zZero.

Figure 5.3 shows the p curve for a number of different complexes. The horizontal
axis represents the simplex index j € [n] while the vertical axis represents the value
of p;. We can apply the result of Lemma 5.11 whenever p; = 0, so we mark these
values with an asterisk symbol *. It is seen in Figure 5.3 that Morozov’s complex is
so structured that the p curve follows a clear well-defined pattern and touches zero
when evaluated at the last simplex of each p-dimensional block. The p-curves for the
other simplices are not nearly as informative, showing that they are not structured

enough to trigger an invokation of Lemma 5.11. Lemma 5.11 can be implemented as
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Figure 5.3: p-curves for several complexes. The p curve for a selection of com-
plexes and for Morozov’s complex of order 5 is shown. The p curve cuts the p = 0
level at five points in [m].

a preprocessing step in the reduction algorithm.

The results in this section show that Morozov complex is so structured that it
can be trivially reduced with a counting argument like the one given in Lemma 5.11.
Though we do not expect this clearing strategy to generalise to other complexes, it
gives evidence that worst-case complexes are very special and are not representative of
the simplicial complexes that can be found in nature. This idea should be contrasted

with the uncertainty principle (2.5) of [Candes and Romberg, 2006].
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Chapter 6

Parallel multi-scale reduction

Algorithm 16 performs the reduction by sequentially minimising lowg(j) by adding
columns jo < j for which lowy(jo) = lowg(j) until either there is no such column jy
or column j has been set to zero. The computational overhead in Algorithm 16 is
in computing the left-to-right column operations, and has a worst-case complexity of
O(m?) which is achieved by an example simplicial complex in [Morozov, 2005]. How-
ever, as we have argued in Section 5.5, Morozov’s complex is a worst-case complex
that is so structured that is reduction can be done trivially by a counting argument.
It is expected that most of these worst-case complexes are edge-cases that are not
observed in nature. Indeed, previous advances in reduction algorithms primarily fo-
cus on decreasing the computational cost by exploiting structure in 0 to reveal some
entries in d can be set to zero [Bauer et al., 2014a, Chen and Kerber, 2011] or by
parallelising the reduction by dividing the boundary matrix into blocks and partially
reducing each block [Bauer et al., 2014a,b]. In this chapter, we propose a parallelis-
taion of the standard reduction algorithm that couples the speedups suggested in
[Bauer et al., 2014a]. Our main contribution is to provide bounds on the location of
low"(j), which are empirically observed to typically identify a large fraction of the
low" (7), and suggest a framework by which the known low (j) can be used to to
reduce 0 in a highly parallel fashion. Our innovations are based on an extension of
the function left(-) presented in Definition 5.8. Specifically, they make use of a vector
p € Z ., that is computed with information derived from left(-) as suggested by the

following definition.

Definition 6.1 (5;). Let 0 € F5"™*™ be a boundary matriz and

L; ={ie[m]:left(i) = j}. (6.1)

* The contributions of this chapter are joint work with Jared Tanner.
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Then, for j € [m] we let

L; L;#0
5;‘:{ Bnax J Eji@ (6.2)

In the rest of this chapter we discuss how the information in S can be used to:
1. identify columns that are already reduced,

2. design a parallelisation of Algorithm 16 and 17,

3. suggest priorities in reducing columns,

4. estimate topological information before the reduction terminates.

We now present Algorithm 18 and explain its particulars in the rest of this chapter.

6.1 Theoretical preamble

In this section we describe the theory behind the parallelisation strategy of Algorithm
18. The main algorithmic innovation is a strategy to efficiently distribute the workload
of Algorithm 16 over O(m) processors to progressively entrywise minimize lowy €
Zyy 1. Additionally, Algorithm 18 is designed to take advantage of some structural
patterns in the boundary matrix in order to minimise the total number of left-to-right
column operations. The core observation is that, by simple inspection, the rows of
the boundary matrix reveal a subset of nonzero entries in 0 which cannot be modified
in the reduction process, and consequently identify nonzero lower bounds on low*( J)
for a subset of j € [m].

The vector 8 € Z;, ., carries a great deal of information about the nature of each

column in the boundary matrix. Some of its properties are explored in Theorem 6.2.

Theorem 6.2 (Properties of ;). Let 0 € F3"*™ be a boundary matriz and § defined
as in (6.2). Then, the following statements hold.

P.1 B;=0% i € [m]s.t.left(i) = j

P.2 B; is invariant to left-to-right column operations.
P.3{jem]:B; >0} C Neg.

P.4 Pos C {j € [m]: ; =0}.

P.5 B; <low (j) < lowy(j) for all j € [m].
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Algorithm 18: Parallel multi-scale reduction

Data: 0 € Fy"*™; MAX_ITER € [m] (for early stopping)
Result: low" € Z" 41
// Phase 0: Initialisation
Build 3; according to (6.2);
Pivots <— {j € [m] : 5; = lows(j) > 0};
for 5 € Pivots do
‘ a10Wa(j) < 0
end
iter < 0;
while lowy # low™ or iter < MAX_ITER do
// Phase I: Local injections
for d € [dim(K)] do
maxCollision < 0;
for j € {{ € K, : lowy(¢) > 0} \ Pivots do
if lowy(j) > maxCollision then
if lowy(j) ¢ lowy([j — 1]) then
| Pivots < Pivots U {;};

else
‘ maxCollision < lowy(j);
end
end
end
end

// Phase II: Column reduction
for jy € Pivots do
N (jo) = {€ € [m] \ [jo] : lows(£) = lowa(jo) };
for j € N(jo) do
8j < (9j + Gjo;
if lows(j) = f; then
Pivots <— Pivots U {j};
8IOWa(j) 05
end

end

end

// Increase iteration
iter < iter +1;

end

low” « lowy:
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P.6 B can be computed in time O(nnz(0)).

Proof.

P.1

P.2

P.3

P4

P.5

P.6

This follows directly from the definition of 3;.

Let i € [m] be a row of 0 and j = left(i). Reduction of 0; is achieved by adding
to 0; columns 9y for ¢ < j By Definition 6.1 9;, = 0 for £ < j and hence 0; ; = 1
throughout the reduction. Consequently the set left(i) and values §; are fixed

in the reduction procedure.

If 8; > 0, then exists ¢ € [m] such that left(i) = j > 0. Then, 0;; = 1 and there
does not exist d; with ¢ < j such that 9;, = 1. Hence 9; ; can not be set to zero

in the reduction, so j € Neg.
This result follows by taking complements on the result P.3.

By P.2 the set £; in 6.1 are nonzero entries in d; which cannot be modified in

the reduction procedure and consequently low” (j) > 3;.

low" (§) > max{i € supp(9;) : left(i) = j} = 5;

Note that when creating the boundary matrix, 5 can be constructed with the

following procedure,

Algorithm 19: Building

Data: Simplicial complex K = {oy,...,0,}
Result: 3; for j € [m]
for o; € K do

B; < 0;
for o; € bd(o;) do
if o; has not been visited then
B; < max(f;,1);
Mark o; as visited;
end
end

end

Algorithm 19 finishes in time proportional to ), [bd(o;)l, so it has complexity
O (nnz(9)).
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]

The value of Theorem 6.2 is most immediately apparent in P.4 and in particular
when lowy(j) = B, in which case low”(5) is determined. Our numerical experiments in
Section 6.6 show empirically that a large number of columns can usually be identified
as already being reduced without need of any column operations. Moreover, having
access to a large number of reduced columns allows a massive parallelisation as de-
scribed in Section 6.2 and illustrated in Section 6.6. While the calculation of 8 adds
an initial computation to Algorithm 18, it can be computed at the matrix-reading
cost of O(nnz(0)), so it can often be obtained as a by-product of creating the filtra-
tion without penalising the asymptotic computational complexity of constructing the
matrix.

Additionally, the vector S gives a sufficient condition for a column to be in Neg.
Knowledge that an unreduced column is necessarily negative can be used in numerous
ways. For example, as discussed in sections 6.3, 6.4, and 6.5 this is useful to produce
more reliable estimations of low™ in the case of early-stopping. Additionally, knowl-
edge that a column is necessarily negative enhances a notion of clearing as discussed
in Section 6.3.

Apart from Theorem 6.2, Algorithm 18 makes use of the observation that since
lowy converges to an injection low”, one can often inspect the sparsity pattern of 9 to
identify regions of [m| where lowy is locally an injection. This local injection property
is the basis of the following Theorems 6.3 and 6.4, which give sufficient conditions
to identify sets T C [m] such that lows(j) = low (5) for all j € T. For a function
f:A— B welet f(A) ={f(a) € B:ae€ A} and f(0) = (. Hence, for aset T C [m],
we let lowy(T) = {lowy(j) : j € T} and |lows(T")| be its cardinality. In what follows,
we abuse notation and let K, be the set of indices in [m] suchthat dim(o;) = p, that
is,

Ky ={j € [|K]] : dim(o;) = p}- (6.3)
Informally, the argument in Theorem 6.3 is that, for each dimension d, any subset of
contiguous columns T' C K4\ {j € K4 : lowy(j) = 0} with min T = min K, is already

reduced if lowy : T'— [m] is an injection or, equivalently, if | lowy(T)| = |T.

Theorem 6.3 (Local injection I). Let 0 € F3**™ be the boundary matriz of a simpli-
cial complex K and let d € [dim(K)| and K4 defined as in (6.3). Let

T:=Ky\{j€Kq:lows(j) =0} #0



98 6.1. Theoretical preamble

be such that T = {ji,...,jm } forj1 < -+ < and for € < |T)|, let T* = {41, ..., je}-

If
|lows (TZ)’ =/, (6.4)

then lowg(j) = low (j) for all j € T".

Proof. Let T be defined as in Theorem 6.3. If / = 1, then there 0, is the first column
of dimension d that appears in the filtration, so there is no column j € [j;] that can
reduce it. Hence, suppose that ¢ > 1 and let j, € T* be such that lowy(j;) # low" ().
Then there is j < j; such that lowy(j) = lows(j;). This implies that 7 € K;N[j;] and
that lowg(j) > 0, so j € Tp. Hence, |T;| = ¢, but |lowy(Ty)| < ¢, which contradicts
(6.4). O

Theorem 6.4 addresses a generalisation of Theorem 6.3 and argues that for each
dimension d, any subset of contiguous columns 7" C K, \ {j € K, : lowy(j) = 0} is
already reduced if | lowy(T")| = |T'| and there is no column 7 € K;\ T with j < minT
such that lowy(j) € lows (7).

Theorem 6.4 (Local injection II). Let 0 € F5**™ be the boundary matriz of a sim-
plicial complez K and let d € [dim(K)]. Define T and T* as in Theorem 6.3. Assume
that for k > 1 and k < ¢ it holds that

min lowy (7 \ T7!) > max lowy(T") (6.5)

and
lowa ({1 G = € — k+1. (6.6)

Then, lowy(j) = low" (§) for all j € {jk, ..., je}-

Proof. Let T and T* be as in Theorem 6.4 so that T°\ T* = {ji,...,j,}. Since
¢>0and k> 1, then £ — k+1> 0. If k = 2, then j, € lows(T*\ T*) and invoking
(6.5),

lows(ja) > minlowy(T° \ T") > maxlows(T") = lowy(j1),

so the result follows by invoking Theorem 6.3 with £ = 2. Arguing as in Theorem 6.3,
suppose that k > 2 and let j; € {Ji, ..., je} be such that lows(j;) # low (j;). Then,
there is j < j; such that lowy(j) = lows(j;). Given that ji < j < j; and by (6.5) then
j €T\ TF . Hence, |lows(T, \ T*1)| < £ — k + 1, which contradicts (6.6). O

We now describe how the results presented so far in this section interact in Algo-
rithm 18.
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6.2 Parallel multi-scale reduction

So far, Theorems 6.2 -6.4 identify a subset of the columns j in 0 € F5**™ for which
low" () is known without need for performing column additions. In order to complete
the reduction of 0, that is identify low", it is necessary to perform column additions
analogous to those in Algorithm 16; however,unlike the sequential ordering in Algo-
rithm 16, we will propose massive parallelisation of the column additions. Towards
this we define the set of columns j € [m] for which their low"(j) is known at any

given iteration of a reduction algorithm as the Pivots:
Pivots = {j € [m] : low (j) € [m] has been identified. }

Moreover, we define the set of column with which a pivot could be added to in order

to reduce their lowy as the neighbours of column j:
N(G) = {t>j:lows(£) =low (5)} . (6.7)

Note that as low™ are an injection, if jy, jo € Pivots and j; # j2, then N'(j;)NN (j2) = )

( U N(j)) |JPivots € [m] (6.8)

j€EPivots

SO

is a partition and each column in N(j) for j € Pivots can have their low reduced
independently by adding column j to columns ¢ € N'(j). In sequential algorithms like
Algorithms 16 and 17, the set N(j) is constructed only after the block [j —1]N Kaim(s))
has been fully reduced. In contrast, Algorithm 18 starts by inspecting the sparsity
pattern of 0 to identify a large set of seed Pivots that are then used to build (6.7) for
each j € Pivots. Given that (6.8) is a partition, each set N (j) is partially reduced
independently, typically in parallel and new columns are appended to Pivots whenever
their update is such that their low" () is identified by either by Theorems 6.2 - 6.4.
We elaborate on these stages of Algorithm 18, and its convergence, in the remainder

of this section.

6.2.1 Phase 0: Initialising Pivots

The first step of Algorithm 18 is to compute the vector 8, which can be done at cost
O(nnz(0)) by Theorem 6.2. This vector is then coupled with lowy to build the set of
initial pivots

Pivots <— {j € [m] : B; = lowy(j)},
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which by Theorem 6.2, contains indices for columns that are already reduced, e.g.
low” ( 7) is known for j € Pivots. The clearing strategy from Lemma 5.6 is applied to
each of these columns to zero out their corresponding positive pairs. The resulting

set of Pivots is then passed on to the main iteration.

6.2.2 Phase I: Finding local injections

In the first phase of the main iteration, the following Algorithm 20 is applied to each
dimension d € [dim(K)].

Algorithm 20: Finding local injections

Data: 0 € F;"*™; Pivots C Neg
Result: Pivots’ C Neg s.t. Pivots C Pivots’
maxCollision < 0;
for j € {¢ € K, :lowy(f) > 0} \ Pivots do
if lows(j) > maxCollision then
if lowy(j) ¢ lowy([j — 1]) then
| Pivots < Pivots U {;};
else
| maxCollision < lows(j);
end

end

end

Algorithm 20 starts by initialising maxCollision < 0 and walking through the
non-zero columns in K, that have not been identified as pivots. The idea is to
identify regions of K; where Theorems 6.3 and 6.4 can be applied to guarantee that
a local injection exists. At each j, the variable maxCollision tracks the largest ¢ €
lowy([j — 1]) Nlowy(Ky) such that i = lowy(j1) = lowg(j2) for ji # jo. In terms of
Theorem 6.4, maxCollision plays the role of max lowy(777!) in (6.5), since if lowy(j) >
maxCollision and lowy(j) ¢ lows([j —1]), then there is no column ¢ < j that can have
lowy(¢) = lowys(j) and consequently lowy(j) cannot be further reduced and therefore

its low" (5) is known.

6.2.3 Main iteration II: Parallel column reduction

Once the first phase has been completed, the sets of N(j) are computed for each
J € Pivots. Each column in jepivots/\/ (7) has their associated pivot added to them;
that is, 0y < 0y + 0; is carried out for each ¢ € N(j) for j € Pivots. Algorithm 18
then marks the column ¢ as reduced if lows(¢) = 5y, ¢ is added to the set of Pivots,
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and the clearing strategy is called to set the associated positive column = to

Zero.

6.2.4 Convergence

The convergence of Algorithm 18 is a consequence of the interplay between Phases I

and IT of the main iteration. We describe this mechanism in the following theorem.

Theorem 6.5 (Convergence of Algorithm 18). Let 0 € F5**™ be the boundary matriz
of a simplicial complex K. Then, Algorithm 18 converges to low™ in at most m

iterations.

Proof. Let Pivots’ C [m] be the set of indices of columns that are known to be already
reduced at the start of iteration ¢, and let lows® be the corresponding estimate of low”.

We show that Algorithm 16 converges by showing that if low”™ # lows", then either
| Pivots™ | > | Pivots® | + 1 (6.9)

or,

[ lows™ —low” || < || lows’ —low” ||. (6.10)

Note that | Pivots’ | > dim(K) > 1 since at Phase 0 at least the first column of each
dimension must be identified as a pivot.

Suppose that at the start of iteration ¢ > 0 the boundary matrix 0 is still not
reduced so that lows® # low”™. If a column is identified as reduced at the end of
Phase I, then it is marked as a pivot so | Pivots”™ | > | Pivots’ | + 1 and we are done.
Hence, assume that no new pivots are identified. In this case, for each j € Pivots’ we
construct the set A (j) as in (6.7).

If 3j, € Pivots’ such that [N (jo)| > 1, then Algorithm 18 enters Phase II to reduce
columns in NV (jp). In this case, (6.10) holds and we are done. Otherwise, suppose

IN (jo)| = 0 for all j € Pivots’. In this case, since the matrix is not reduced, the set
C={jelm: NG| >0}
is not empty. Let,
Jmin = minC (6.11)
and let d = dim(o;_, ). There are two possible cases,

1. jmin = min Ky4: In this case, the column must have been identified as a pivot at

Phase 0, which is a case previously excluded.
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2. Jmin > min K. Let
TIKd\{j EKleWa(j) :O}

In this case, it must hold that |lows([jmin] N T)| = |[Jmin] N T| since otherwise,
there would exist an ¢ € [jmim — 1] N7 such that lowy(¢) = lows(jmin) implying
that |[AM(¢)] > 0 and thus contradicting the minimality of jum,. Hence, by
Theorem 6.3, lows([jmin] N T") = |[Jmin] N T'|, SO jmin must have been identified

at Phase I of the iteration. This is again, a contradiction.

Therefore, it is impossible to have | (jo)| = 0 for all j, € Pivots’ if no pivots were
identified at Phase I of the iteration. Hence, as long as lows’ # low™ either (6.9)
or (6.10) hold, so at each iteration Algorithm 18 will increase the number of pivots,

decrease some entries in lowy, or both. O]

The multi-scale nature of Algorithm 18 is advantageous to implement a number
of strategies that allow us progressively refine our knowledge of low". We describe

some of these strategies in the next subsections.

6.3 Clearing by compression

In this section we describe a clearing strategy based on a column compression ar-
guments inspired by the previous compression arguments presented in [Bauer et al.,
2014a] to reduce operation flop-count. This strategy, in its simplest form presented
in Corollary 6.7, can be straightforwardly implemented in a parallel architecture in
Algorithm 18, but is not explicitly listed in Algorithm 18 for conciseness. Here, we
present a compression result that can in some cases help clear columns in the matrix
and in some other cases can give improved bounds on the location of low™. In doing
so, it will be convenient to define the set Paired® C Paired, as the sets of elements in
(5.16) that have been identified at the (-th iteration by Algorithm 18.

Note that Paired’ at iteration ¢ includes the set of unreduced columns that have

been identified as negative. In particular, Theorem 6.2 guarantees that for any ¢,
{j € [m]:B; >0} C Neg C Paired” .

Lemma 6.6 (Clearing by local compression). Let 0 € F3"*™ be a boundary matrixz of
a simplicial complex K. Let j € [m]| and d = dim(o;) € [dim(K)|. Then at iteration
¢ of Algorithm 18,

low' (§) € L; := {0} U (Kq_1 N [B;,lows(5)]) \ Paired”. (6.12)
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Proof. 1If j € [m], and d = dim(o;), then low"(j) € K4, by the definition of 0;
moreover, low" (j) € [B;,lows(j)] by Theorem 6.2. The injection condition on the
support of low” implies that if low"(j) can not be equal to any of the observed positive
low"’s. Finally, low"(j) can not be equal to the index of any of the identified negative
columns as Jy,,+(;) is necessarily positive, and can not be equal to any of the indices of

paired positive columns by the injection condition and Lemma 5.6. Hence, low” (j) ¢
Paired’. O]

Lemma 6.6 implies the following corollary,

Corollary 6.7. Let 0 € F3™™ and let L; be defined as in (6.12) and such that
|L;| = 1. Leti € L;. Ifi =0, thenlow (j) = 0. Else, i = low (j) and consequently

column j 1s negative and fully reduced and O; is positive.

6.4 Essential estimation

Another way to reuse the partial knowledge of negative and associated positive
columns, as given by Paired® C Paired be the set of columns that have been iden-
tified as paired at the (-th iteration of Algorithm 18, is to estimate the essential

simplices

Lemma 6.8 (Essential estimation). Let 0 € F5™*™ be a boundary matriz and j € [m],

then at iteration ¢
Ess C {[m] \ Paired’} \ {lows(j) : j € [m]} (6.13)

Proof. Clearly, Ess Paired” =  for all ¢ by the partition on the columns. We show
that EssN {lowy(j) : j € [m]} = 0. To do this, we follow a proof by contradiction and
suppose that lows(j) € Ess, which implies

Bps.t.low (p) = lows()) (6.14)

as otherwise p is the index of a negative column and low" (p) the index of an associated
positive non-essential column. We show that column j can not be either positive or

negative, which leads to a contradiction.

1. j € Pos: As we are determining Ess N {lowy(j) : j € [m]}, we consider only the
4 such that lows(j) > 0, but since j € Pos we must have low (j) = 0. By the
definition of j being positive there must exist ¢ < j such that low” (q) = lows(5)
in order that j can be reduced to the zero column; however, this contradicts
(6.14) by setting p = q.
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2. j € Neg: By Theorem 6.2 lows(j) > low (5). Iflows(5) = low " (j), then (6.14) is
contradicted with p = j. Otherwise, if lows(j) > low (5), then by the definition
of low” (5) there must exist ¢ < j such that low” (q) = lowy(j) in order to reduce

column j. This again, contradicts (6.14)
0

Theorem 6.8 implies that the set of essential columns can be iteratively estimated

by a set EY C [m] initialised at E° = [m] and iteratively updated as,

B« (E\ Paired’) \ {lowa(j) : j € [m]}. (6.15)

6.5 Distributing the workload

Central to the efficacy of Algorithm 18 is the typically large number of pivots avail-
able to reduce subsequent columns coupled with the ability of all column additions
in its Phase 2 to be performed in parallel. We do not explicitly describe paralleli-
sation strategies for Phase 2 due to architecture specificity, but make a few remarks
regarding communication minimisation and early termination in Secs. 6.5.1 and 6.5.2

respectively.

6.5.1 Prioritise reduction of sets N (j) with large cardinality

Let,
C = {j € Pivots : IN(j)| > 0}, (6.16)

be the set of columns that can be used in a given iteration to decrease lowg.

If only p < |C| processors are available, and communication of these active pivots
is the dominant cost, then it may be desirable to implement only a portion of the
possible column additions available in Phase 2 duration an iteration. In such a setting,
a priority queue can be used to order the sets N(j) based on their cardinality and

act on multiples of p sets of active columns per iteration of Phase 2.

6.5.2 Prioritise reduction of AN (j) N Neg

In settings where low™ cannot be fully determined due to computational or time con-
straints, the reduction ordering can be prioritised to minimize various objectives. One
such objective is to minimize || lows —low" || in a suitable norm as rapidly as possible.
Recall, Theorem 6.2 gives bounds on the value of low™ and low, is available by in-

spection. Due to the the identification of fully reduced negative column, say column



Chapter 6. Parallel multi-scale reduction 105

j allows clearing of column low"(j) there is benefit in prioritising the reduction of
columns which are known to be negative, e.g. {j € [m]: 5; > 0} C Neg. Alterna-
tive prioritisations would be application specific, but can include such information as
prioritising values for which the persistence is greater or improving the estimation of

essential columns as described in Section 6.4.

6.6 Numerical experiments

In this section we evaluate the efficacy of our parallel multi-scale reduction Algo-
rithm 18 empirically by comparing its performance against the standard reduction
Algorithm 16 and standard reduction with a twist Algorithm 17. Our evaluation is
on a set of synthetic simplicial complexes from point-clouds sampled from a set of a
predefined set of ensembles. The point-clouds and their corresponding Rips-Vietoris
simplicial complexes are generated with the Javaplex [Tausz et al., 2014] library.

When building the simplicial complex, we supply the following parameters,
1. Number of points (/V): The number of points in the point-cloud to be generated.

2. Maximum dimension (dim K'): The maximum dimension of the resulting sim-

plicial complex K.

3. Maximum filtration value (rr): The maximum radius in a predefined grid of
scales {ry,...,rp} C [0,00) used to build the filtration.

4. Number of divisions (h): The grid of scales is uniform with spacing h, that is
h:=riyq —r; forie|T—1].

Ensemble ‘ N dmK rp h
Gaussian Points in R? | 15 5 5 10
Figure-8 15 ) 5 10
Trefoil Knot 15 5 5 10
S? x §? 15 5 5 10

Central to our numerical evaluations in this manuscript is the number of iterations
required. The reduction in Algorithms 16 and 17 is an horizontal procedure in the
sense that no column in a given dimension is reduced before the preceeding columns in
this dimension have been reduced. In contrast, Algorithm 18 is a diagonal procedure
as it implements an horizontal type of reduction in Phases I and II, but rather than
completely reducing the columns in order, it progressively prunes the matrix vertically

by doing left-to-right column operations every time there is enough information to
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guarantee that this is possible. Given this crucial difference in design, it becomes
difficult to find appropriate benchmarking scenarios and, more fundamentally, to
provide a notion of iteration that is agnostic to the algorithm’s architecture. Hence,
in our numerical experiments, we let an iteration be the set of operations that are
performed at each cycle of the outer-most loop of the algorithm. This is a reasonable
convention as it is consistent with each of the algorithm’s concurrency and is also
natural for the high-level pseudo-code description of their design. However, we note
that this notion of iteration can be optimistic or pessimistic depending on the unit
of computational overhead that is being measured. In our experiments, left-to-right
column operations are chosen as the main unit of computational overhead and, indeed,
our algorithm has been designed to minimise this kind of operations. Given the
embarrassingly parallel nature of Phase II of Algorithm 18, this model is generous
with our algorithm as it does not consider possible limitations to the number of
processors available and it does not account for the communication overhead between
processors. Finally, as our algorithm’s practical performance is greatly limited by the
hardware architecture, we point out that our numerical experiments should serve as
a proof-of-concept of a design that can yield a powerful production implementation
rather than a trustworthy comparison of the run-time or flop-count in the general
case.

The numerical results presented in this section simulate a parallel implementation®

A truly parallel implementation is left as future work, see 7.

6.6.1 Operations are packed in fewer iterations

For each ensemble we sample three point-clouds and reduce their corresponding
boundary matrices using each of Algorithms 16 - 17. Figure 6.1 illustrates the com-
putational complexity, as the number of column additions performed at each iteration
and also the number of nontrivial zor operations when adding columns in the matrix;

that is, the number of scalar operations of the form
{11,190,0®1}.

Scalar operations are relevant because in some storage models like the one given in
[Chen and Kerber, 2011] the computational cost of updating the matrix depends
super-linearly on the number of non-zeros in the columns being added. Figures 6.1a,

6.1g and 6.1j show the number of column additions per iteration of each algorithm

IThe code is available at https://github.com/rodrgo/tda.
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Sammple Gaussian Figure-8  Trefoil-knot  S? x §?
P std  twist ‘ std  twist ‘ std  twist ‘ std  twist
1 0.52 1.00 | 049 1.00 | 0.46 1.00 |0.50 1.00
2 0.52 1.00 | 0.51 1.00 | 0.40 1.00 |0.49 1.01
3 0.50 1.00 | 0.50 1.00 | 0.44 1.00 | 0.47 1.00

Table 6.1: Ratio of total column additions. For each ensemble, three point
clouds are sampled and the corresponding simplicial complexes are reduced with
each algorithm. The ratio of total column additions between Algorithm 18 and both
Algorithms 16 and 17 is reported.

performs to reduce each of the simplicial complexes under consideration. Specifically,
they illustrate how that Algorithm 18 allocates most of the column additions at
the earliest iterations due to its highly parallel nature. On the other hand, Figures
6.1b, 6.1h, and 6.1k as well as Tab. 6.1 show that while Algorithm 18 reduces the
number of iterations, it has a total number of column additions indistingushable to
Algorithm 17 and about half that of Algorithm 16. This shows that Algorithm 18 is
successful in packing the number of left-to-right column operations into considerably

few independent iterations.

6.6.2 low is approximated at multiple scales

Let lowy® be the estimate of low™ at the (-th iteration of an algorithm. We evaluate

the quality of the approximation by computing the relative ¢1-error as

lows" — low”
error’ = [ows *OW Hl (6.17)
[[low™ |[4

Figure 6.2 illustrates an improved rate of reduction in error® per iteration as each of
the algorithms progresses. This is achieved without resorting to further prioritisation
of this reduction as described in Sec. 6.5.2 as we are simulating a number of processors
in excess of the number of column additions needed per iteration. Tab. 6.2 shows the
precise number of iterations each of Algorithms 16 - 17 need to achieve (6.17) less than
107% for k = 1,2,3,4 and complete reduction. Tab. 6.2 shows the rapid reduction
of (6.17) by Algorithm 18 compared to only appreciable reduction by Algorithms 16
and 17 near their complete reductions; e.g. wheras a relative reduction of (6.17) to
1% is achieved by Algorithm 18 in less than 20 iterations, Algorithms 16 and 17 take
approximately ten and nine thousand iterations respectively for the same reduction.

Fig. 6.3 and Tab. 6.3 show a similarly early decrease in the fraction of the number
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Figure 6.1: Benchmarking on column operation overhead. For each ensemble,
three point clouds are sampled and their corresponding simplicial complexes are re-
duced with Algorithms 16 - 17. Their performance is benchmarked in three different
ways: through the number of column additions done at each iteration (Figures 6.1a,
6.1d, 6.1g, 6.1j); through the cumulative number of column additions up to a given
iteration (Figures 6.1b, 6.1e, 6.1h, 6.1k); and through the cumulative number of XOR
operations done up to a given iteration (Figures 6.1c, 6.1f, 6.1i, 6.11).
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of columns which are fully reduced. Remarkably, Algorithm 18 has reduced at least
50% of the columns in only two iterations, and all but 1% within no more than 20
iterations; this is in contrast with between approximately two and a half and ten

thousand iterations for compreable reductions by Algorithms 16 and 17.
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Figure 6.2: Relative (;-error per iteration. For each ensemble, three point clouds
are sampled and the corresponding simplicial complexes are reduced with each of the
algorithms. The relative ¢;-error between lowy and low”, as given in (6.17), is tracked.

6.6.3 The set Ess can be reliably estimated after a few itera-
tions

Finally, we show how the efficacy of Lemma 6.8 in estimating the the set of essential
columns. Let E‘ be defined as in (6.15), by Lemma 6.8, Ess C E* for every (. If E*

is our estimation at iteration ¢, then the number of true positives, false positives and
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Figure 6.3: Proportion of unreduced columns per iteration. For each ensem-
ble, three point clouds are sampled and the corresponding simplicial complexes are
reduced with each of Algorithms 16 - 17. The proportion of unreduced columns is

presented at each iteration.

[l lows — low™ ||1 Gaussian Figure-8 Trefoil-knot S? x §?

[l low™ [|1 pms std twist | pms std twist | pms std  twist ‘ pms std  twist
0.1 14 9786 7366 9 9756 6759 | 12 7687 5519 7 9751 5589
0.01 20 9933 9180 | 17 9930 8916 | 15 7816 7087 | 10 9930 8485
0.001 24 9948 9197 | 25 9948 8942 | 16 7829 7122 | 13 9948 8564
0.0001 27 9949 9198 | 26 9949 8944 | 20 7830 7309 | 15 9949 9388
0 27 9949 9858 | 26 9949 9869 | 21 7830 7732 | 17 9949 9840

Table 6.2: Iterations to relative /i-error. For each ensemble, one point cloud is
sampled and the corresponding simplicial complex is reduced with each algorithm.
The number of iterations to achieve a given relative ¢1-error level between lowy and
low", as given by (6.17), is reported for of Algorithms 16 - 17.
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Proportion Gaussian Figure-8 Trefoil-knot S? x §?

pms std twist | pms std twist | pms std  twist ‘ pms std  twist
0.90 2 996 528 2 996 499 2 784 392 2 996 519
0.50 2 4975 3405 2 4975 2974 2 3916 2536 2 4975 2958
0.10 12 8955 7424 7 8955 6849 7 7048 6140 7 8955 6115
0.05 15 9452 8432 7 9452 8618 | 12 7439 6738 7 9452 8404
0.01 20 9850 9471 17 9850 9494 | 15 7752 7427 7 9850 9461

Table 6.3: Iterations to unreduced percentage. For each ensemble, one point
cloud is sampled and the corresponding simplicial complex is reduced with each of Al-
gorithms 16 - 17. The number of iterations to achieve a given proportion of unreduced
columns is presented for each algorithm.

false negatives in the estimation is, respectively,

TP = |EssNE‘| = | Ess|,
FP = |E’\ Ess| = |E| — | Ess|,
FN = || = 0.

To evaluate the quality of the estimation, we compute the precision as defined by

TP |Ess|
TP +FP  |E]

precision =

and note that the recall = % is equal to 1 due to the estimate giving no
false negatives. Figure 6.4 and Tab. 6.4 show the remarkably few iterations needed
by Algorithm 18 to achieve precision near one while Algorithms 16 and 17 show
increase in the precision to one only in the later iterations. Specifically, Algorithm
18 achieves precision of 95% with two iterations and complete precision within 8
iterations whereas Algorithms 16 and 17 require between seven and ten thousand

iterations for similar precisions.
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Figure 6.4: Precision of Ess estimation. For each ensemble, three point clouds are
sampled and the corresponding simplicial complexes are reduced with each algorithm.
At each iteration, Ess is estimated and its precision is tracked.

Precision Gaussian Figure-8 Trefoil-knot S? x §?

pms std twist | pms std twist | pms std twist | pms std  twist
0.10 1 1 1 1 1 1 1 1 1 1 1 1
0.50 2 1033 559 2 1231 493 2 2132 1374 2 1016 557
0.90 2 8461 8244 2 7599 8238 2 6691 6445 2 6675 8222
0.95 2 8636 8938 2 7774 8892 2 6871 7123 2 6850 8519
1.00 8 8794 9858 ) 7932 9869 8 7004 7732 7 7008 9866
Table 6.4: Iterations to essential-estimation precision. For each ensemble, one

point cloud is sampled and the corresponding simplicial complex is reduced with each
algorithm. The number of iterations to achieve a given precision of the set Ess is

given for each algorithm.



Chapter 7

Conclusions and future work

In this thesis we have reported advances for two areas in the Mathematics of Infor-

mation: combinatorial compressed sensing and computational algebraic topology.

Noiseless combinatorial compressed sensing: We have proposed two algorithms Parallel-
Uy (Algorithm 12) and Serial-¢, (Algorithm 11) to decode a signal = € x} from
Az when it is known that A € EZ“;Z; and that a dissociated structure on the
problem can be assumed to exist. We argue that most signals have a dissociated
structure and that if not, then the condition can be imposed on the matrix.
Our theoretical guarantees ensure that both algorithms provably converge in
O(dnlogk) operations and that they achieve very high phase transitions for
dissociated data. In particular, Parallel-{; is observed to be empirically the

fastest compressed sensing algorithm in this scenario.

Noisy combinatorial compressed sensing: We showed in Chapter 4 that the algo-
rithmic framework of Parallel-¢; and Serial-¢, can be adapted to account for
measurements corrupted by additive noise. This is done by computing the
asymptotic posterior distribution of an entry in the residual being zero or being
equal to another entry in the residual given the corrupted measurements. This
Bayesian approach to decoding was implemented in Robust-¢y (Algorithm 15)
and its four variants (Table 4.1). We showed that the resulting algorithms in-
herit some desirable properties from Parallel-{; like high phase transitions for
0 — 0 and n — oo as well as low computational latency. Finally, we perform
numerical experiments to show that Robust-{j is the best algorithm in cases of

moderate signal-to-noise ratio and p g 0.3.

Computation of persistent homology: We have extended the foundational algorithms
of [Bauer et al., 2014a, Chen and Kerber, 2011, Edelsbrunner et al., 2002] to a
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massively parallel algorithm for the reduction of boundary matrices. Our nu-
merical experiments show that Algorithm 18 is able to pack more operations
into few iterations, and to approximate low™ simultaneously at all scales of the
simplicial complex filtration. Our numerical experiments show that Algorithm
18, as compared with Algorithms 16 and 17, is able to pack more operations
into few iterations, approximates low" simultaneously at all scales of the simpli-
cial complex filtration, and determines the essential columns in remarkably few
iterations. This massively parallel algorithm suggests the reduction of dramat-
ically larger boundary matrices will now be possible, and moreover allows early

termination with accurate results when computational constraints are reached.

7.1 Future work and open questions

The contributions of this thesis have opened up several avenues of future work which

we are currently exploring.

1. Expander dictionary learning: In Chapter 3 we showed how the mapping

(Az, A) =z

mxXn

can be computed efficiently for A € E}"”7 and x € xj. We conjecture that there
is enough information in the problem to efficiently and accurately compute the
mapping

Az — (A, x).

2. Ezxzpander sketching for optimisation problems: A common strategy in high-
dimensional optimisation problems and in Bayesian optimisation is to use an
sketching operator to project the data into a lower-dimensional subspace. The
RIC-1 property in expander matrices could lead to better provable guarantees

for particular optimisation methods.

3. Convergence guarantees for Algorithm 18: Algorithm 18 currently has no con-
vergence guarantees. We conjecture that a convergence guarantee of O(logm)

iterations is possible.

4. Production implementation of Algorithm 18: A truly parallel implementation of

Algorithm 18 is being currently developed.
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