Adaptive robust control with
statistical learning

UNIVERSITY OF

0).:430)23D

Theerawat Bhudisaksang
St Edmund Hall
University of Oxford

A thesis submitted for the degree of
Doctor of Philosophy

Trinity 2022



Acknowledgements

The completion of this thesis would not have been possible without the
invaluable assistance given by my supervisor, Alvaro Cartea. I am deeply
indebted to him for his financial mathematics knowledge, writing skills,
and advice on so many other topics, from presentations to the English
language. He has been patient, understanding, and encouraging from the

first to the last day of my study.

Thanks also to many of my friends who have supported me through the
completion of my DPhil, which has helped me besides the academic but life
in general. Special thanks to my office-mated who provide an invaluable
discussions both in mathematics and life and make the DPhill life more

proactive and fruitful.

I would like to express special thanks to my family who supports me
unconditionally and guided me to reach my potential and my girlfriend

who helps me with her invaluable advice and emotional support.

Finally, I would like to acknowledge financial support from the Develop-
ment and Promotion of Science and Technology Talents Project (DPST)

of the Government of Thailand.






Abstract

In stochastic control problems the agent chooses the optimal strategy to
maximise or minimise the performance criterion. The performance crite-
rion can be either the expectation of a reward function for the standard
control problem or the non-linear expectation for the robust control prob-
lem. In parameterised stochastic control problems, the agent needs to
know the value of the model parameters in the stochastic system to spec-
ify the optimal strategy correctly. However, it is hardly the case that the

agent knows the values of the model parameters.

In this thesis, we aim to study a robust stochastic control problem where
the agent does not know the values of the parameters of the underlying
process. Therefore, we frame the stochastic control problem where we
assume that the agent does not know the values of the model parameters.
However, the agent uses the observable processes to estimate the values of
the model parameters while simultaneously solving the stochastic control

problem in a robust framework.

There are two key components in this new stochastic control problem.
The first component is the parameter estimation part where the agent
uses the realisation of the underlying process to estimate the unknown
parameters in the stochastic system. We particularly focus on online
parameter estimation. The online estimator is an important ingredient
for our stochastic control problem because this type of estimator allows
the agent to obtain the optimal strategy in feedback form. The second
component is the stochastic control part which is the question of how to
design a time-consistent stochastic control problem that allows the agent
to also estimate the parameters and optimise her strategy simultaneously.
In this thesis, we address each component of the problem above in the
continuous-time setting and then the utility maximisation problem under

this framework is studied carefully.
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Chapter 1

Introduction

In this thesis, we study stochastic control problems where the agent does not
have full knowledge of the value of parameters in the model and, as time evolves,
uses new observations to estimate the parameters and, simultaneously, to update
the optimal strategy. This problem is interesting from both theoretical and practical
perspectives. The standard stochastic control problem usually assumes that the agent
knows the value of the model parameters, which is a strong assumption and does not
hold in practice. With this relaxation on the assumption of the knowledge of the
parameters, we can apply our new stochastic control framework to many classical
stochastic control problems such as utility maximisation where the agent does not
have full knowledge of the value of model parameters in the stochastic system.

There are two key components in these stochastic control problems. First, estimate
the value of the parameters as time evolves and more information is available. In
this thesis, we focus on online parameter estimation. The online estimator is an
important ingredient in the stochastic control problem that we study because an
online estimator allows the agent to obtain a feedback form strategy (Markovian).
Second, design a time-consistent stochastic control problem that allows the agent to
estimate parameters online while deriving the optimal strategy. In this thesis, we
address each component of the problem above in the continuous-time setting.

Next, we provide a brief introduction to each chapter of our thesis.

In Chapter 2, we introduce concepts that we use throughout the thesis. In partic-
ular, in Section 2.1, we list terminologies of descriptive set theory, which are essential
to developing measurable selection theorems. In Section 2.2, we state definitions of
key concepts such as analytic and Borel-measurable sets and standard measurable
selection theorems under different assumptions which been used in the stochastic
control problems. Moreover, we provide a sketch proof of the dynamic programming

principle in a classical stochastic control setup to show how the measurable selection



theorem is applied to prove the dynamic programming principle. Later, we discuss
parameter estimation techniques in general and provide a standard result of the on-
line parameter estimation in the discrete and continuous-time setup. This helps to
illustrate the difference between the standard result and our result in Chapter 5 and
provides insights into what assumptions are required for the proof of the convergence
for our online estimator.

In Chapter 3, we study the online drift parameter estimation for the jump-diffusion
process. The convergence of the estimator in Sirignano and Spiliopoulos (2017) is
studied when the observed process is a diffusion process. Here, we provide a non-
trivial extension for the convergence of the online estimator for the jump-diffusion
case using an abstract version of the solution of the Poisson equation. Then, we show
this convergence numerically for the Ornstein-Uhlenbeck process and the Bimodal
process.

In Chapter 4, we propose “adaptive robust control in continuous-time”, which we
extend from Bielecki, Chen, and Cialenco (2017a) where they study the discrete-time
framework. The proposed model is the stochastic control problem in which the agent
does not have full knowledge of the values of the parameters in the model. The
agent observes the underlying process to estimate the value of parameters and uses
the updated parameter values to solve the optimal strategies of the stochastic control
problem. The main difficulty of the adaptive robust control in continuous-time is
the proof of the time-consistency and the dynamic programming of the model. We
rely on a precise measurable selection theorem to prove these two results, and then
we show the characterisation of the value function as a viscosity solution of a partial
differential equation. As a financial example, we study the liquidation problem under
the adaptive robust control framework.

In Chapter 5, we study the utility maximisation problem under the adaptive ro-
bust control framework discussed in Chapter 4. The utility maximisation problem is
a classical stochastic problem. We are interested in the application of the adaptive
robust control framework to this classical problem and compare the optimal strat-
egy under the adaptive robust framework to the classical framework. We show the
stochastic representation of the value function for the utility maximisation problem
and we study the effect of the learning on the optimal strategy. Next, we analyze
the optimal strategy to understand the role of each hyper-parameter and we present

numerical results.



Chapter 2

Basic mathematics

In this chapter, we discuss the foundations of a dynamic programming principle
in continuous-time and provide the notations and concepts that we use throughout
this thesis. Section 1 presents the methodologies of the typical topological spaces
that we use in classical probability theory and the definition of a probability kernel.
In Section 2, we recall the results of measurable selection theorems in Bertsekas
and Shreve (1996) and we state the dynamic programming principle for a standard
stochastic control problem and provide a sketch proof of the theorem to illustrate the
use of the measurable selection theorem. In the last Section, we introduce multiple
online parameter estimation methods that are used in an adaptive robust control

problem. We discuss these results in discrete and continuous-time setup.

2.1 Descriptive set theory

Here, we present some classical concepts of descriptive set theory, which are es-
sential elements in an abstract dynamic programming and in a measurable selection
theorem. First, we present the definition of the standard topological spaces and the
definition of the probability kernel.

Probability theory has a setup in the space that is “nice” enough, so standard
techniques can be used. In particular, separability of the space is required for con-
structing a conditional expectation. In general, most spaces we consider here are
Polish spaces. For example, the space R? equipped with the Euclidean norm is a

Polish space.

Definition 2.1.1. (Polish Space) The space FE is a Polish space if it is a completely

metrisable topological space and a separable metric space.



The important property of a Polish space is when we define the set of probability
measures on a Polish space E, denoted by P(FE) equipped with the weak*-topology.
Then, the space P(F) is also a Polish space. Now, we introduce the definition of

Borel space, which we use in the measurable selection theorems.

Definition 2.1.2. (Borel Space) A topological space is said to be a Borel space if
it is topologically homeomorphic to a Borel subset of a Polish space. (ii) Let E and
F' be two Borel spaces, FF and F' are said to be isomorphic, if there is a bijection 1
between (E,B(E)) and (F, B(F)) such that ¢» and ¢~ are both measurable.

If the topological spaces X and Y are homeomorphic, then they have the same
topological structure. In stochastic control problems, generally, the problems involve
a law of the future state process, and an agent takes an action to maximize his
objective function which depends on the future value of the state. In the dynamic
setting, the agent observes a realization of the state which alters the view of the future
state and changes the law of the future state. We require a mathematical object to

capture this.

Definition 2.1.3. (Probability kernel or stochastic kernel) Let (X, X') and (Y, ) be
two measurable spaces, a probability kernel is a map N : X x Y — [0, 1] such that
the map x — N(x, B) is a X-measurable function for all B € Y and for all x € X,
N(z,-) is a probability measure on (Y, ))

The following definition and theorem are used in Chapter 4. The theorem shows
that if a function is measurable in one variable and is continuous in the other variable,
then, under additional topological assumptions, the function is jointly measurable.
Proving the Section function of a function to be continuous or measurable is simpler

than proving the joint measurability of the function directly.

Definition 2.1.4. Let (S5, 3) be a measurable space, and let X and Y be topological
spaces. A function f: S x X — Y is a Carathéodory function if:

1. For each x € X, the function f* = f(-,z) : S = Y is (X, By )-measurable.
2. For each s € S, the function fs = f(s,-) : X — Y is continuous.

Theorem 2.1.5. Let (S,X) be a measurable space, X a separable metrizable space,
and Y a metrizable space. Then every Carathéodory function f : S x X — Y 1is

jointly measurable.

The full proof of the theorem above can be found in Kubinska (2005).

4



2.2 Measurable selection and dynamic program-
ming principle

In this Section, we present the measurable selection theorems. First, we discuss
the projection theorem and how it deduces the measurable selection theorem. Later,
we give a definition for the semi-analytic function. We state multiple versions of
measurable selection theorems. Later, we present a sketch proof of the dynamic
programming principle in a standard stochastic control setup using a measurable

selection theorem.

2.2.1 Measurable selection theorems

Consider the following question. If A C [0, 1] x [0, 1] is a Borel measurable set, can
we show that the projection of A onto the interval [0, 1] is also a Borel measurable
set?. The answer is provided by Souslin, who proved that it is not necessary for a
projection of Borel set to be a Borel set. This stability under a projection requires

a larger o-field than the Borel measurable o-field. Note that a projection of a set
A€ Q) x Eonto € is

{w e Q| Iz € F such that (w,z) € Q x F'}.

and there are multiple ways to enlarge the Borel set.

Indeed, we define an analytic set as a projection of a Borel set and with this weaker
definition, the analytic set is stable under projection. Hence, from the definition of
Borel space, the Polish space is a Borel space. We give a complete definition of
analytic set later in this subsection. We use mo(A) to represent a projection of the
set A onto the set €.

Moreover, the stability of projection can hold, if one enlarges the o-field to be a
completed o-field under a probability measure P.

We state the results of the technical product paving and projection capacity. For
each Borel measurable set, A, in (2 x E, F ® B(F)) and for each probability measure
P on (2, F), the projection of the set A onto € has a Borel measurable set that
differs up to a P-negligible set. In other words, we can find a Borel measurable set
A C mq(A) such that P*(mq(A)) = P(A) where P* is an outer measure of probability

measure [P, for more details see El Karoui and Tan (2013a).

Remark 2.2.1. The choice of the measure P is arbitrary, it is possible to enlarge a
Borel o-field with the set IV such that the outer measure P*(N) = 0. Moreover, since



the projection set mo(A) is not necessarily a member of F = B(f2), to have a mea-
surement on the set requires the use of an outer measure induced by the probability

measure P instead.

With this observation, the first measurable selection theorem can be proved us-
ing the completed o-field. The proof is just a corollary of the projection of Borel

measurable sets.

Proposition 2.2.2. Let (0, F,P) be a probability space and E be a locally bounded
compact Polish space. We consider a measurable function f(w,z) defined on (2 x
E, F®RB(FE)) and A € F @ B(E). Then the function g defined by

g(w) == sup{f(w,z) : (w,x) € A}, with the convention sup@) = —oo,  (2.2.1)
1s F-measurable when F is a P-completed o-field.

Proof. Let ¢ be a real number. Note that {g(w) > ¢} = {w| Iz such that f(w,z) >
¢, (w,x) € A}. Therefore, the set {g(w) > ¢} is a projection of a Borel measurable
set {f(w,z) > ¢, (w,z) € A}. This completes the proof since F is a P-completed
o-field.

[

For the o-field F, we denote the completed o-field under a probability measure P
as F¥, therefore, for A € F @ B(E), the projection of the set A onto € is measurable
with respect to F©. As we mentioned, the choice of the probability measure P is
arbitrary, this leads to the definition of universal completion. First, we let B(£2) be

the set of probability measures on {2

Definition 2.2.3. Let (€2, F) be a measurable space, the universal completion of F
is the o-field defined as the intersection of F* for all probability measures P € P(€2)
on (Q,F) ie.,
FU = ﬂ Fr.
PeP(©)
A function f from (Q, F) to E is called universally measurable, if f~1(A) € FY for
each A € B(E). Now, we state the universally measurable selection theorem where

the statement does not rely on a specific probability measure as in Proposition 2.2.2.



Theorem 2.2.4. Let (2, F) be a measurable space, E be a Borel space with £ :=
B(E), and A € F @& be a measurable subset in Q x F and f is a F @ E- measurable

function. Define
g(w) == sup{f(w,z) : (w,x) € A}. (2.2.2)

Then g is FU-universally measurable and for each € > 0, there exists a FU -universally

measurable mapping Z. such that for all w € mq(A)

fw, Ze(w)) = g(w) — €.

The full proof of the theorem above can be found in El Karoui and Tan (2013a).
Now, we present a detail definition of analytic sets and the measurable selection

theorem under this framework. The following result and definition are from El Karoui
and Tan (2013a).

Definition 2.2.5. (Analytic set and analytically measurable function)

(i) Let E be a Borel space, then a subset B is an analytic set in E if there is
another Borel space F' and a Borel subset A C E x F such that B = mg(A). A

subset C' C FE is co-analytic if its complement C° is analytic.

(ii) A function g : E — R = RUoo is upper semianalytic (u.s.a.) if {z € E : g(z) >

c} is analytic for every ¢ € R.

(iii) Let E be a Borel set and A(E) denote a o-field generated by all analytic subsets.
A function f : E — F, where F is a Borel set, is analytically measurable if
fHC) € A(E) for every C € B(F).

Note that all Borel measurable sets are analytic sets (B(E) C A(E) C BY(R)).
Now, we state some results of a measurable selection theorem in the context of
Borel spaces where the full statement of the proof can be found in El Karoui and
Tan (2013a).

Theorem 2.2.6. Let E and F be Borel spaces, let A be an analytic subset of E X F,
and f : A — R be an u.s.a function. Define g(x) := sup( ea f(2,y), then the
following results hold:

(i) The projection set wg(A) is an analytic subset in E.

(ii) There exists an analytically measurable function ¢ : wg(A) — F such that
(x,0(x)) € A, for every x € mg(A).



(#1i) The function g : mp(A) — R = RU oo is upper semianalytic.

(iv) For every e > 0, there is an analytically measurable function ¢ : Tp(A) — F
such that f(z, ¢c(x)) > ge(x) = (9(x) — €)lg@)coo + tlga)=cc for every x €

Statement (iv) above is the essential tool for proving the time-consistency property
for stochastic control problems. Note that if we use a stronger regularity assumption

on the function f, we require a stronger assumption on the topological spaces.

2.2.2 Measurable selection to the dynamic programming prin-
ciple

In this subsection, we connect the measurable selection theorems in the previous
subsection to the dynamic programming principle using the proof of the dynamic
programming principle in the classical setup. Here, we follow from Pham (2009) where
they left some technical details to focus the intuition on the use of the measurable

selection to prove dynamic programming principle in the classical setup. Let
dX; = b(Xs, as) ds + (X5, as) dWs, (2.2.3)

where X; is valued in R™, W is a Brownian motion and « is a control process. We
assume that the function b and o are Lipschitz functions, so that the process X exists.
We denote the set of control process at time ¢,z as A(t,x) where the set of control

processes is the set of a progressively measurable function that satisfies

/}f XU o \]<oo. (2.2.4)

The performance criterion is

J(t, z, ) / f(s Xﬁ’s,as)ds—l—g(X;lx)] : (2.2.5)

where f and g are under some growth assumptions. The value function v is given by

v(t,z):= sup J(t,x,a)= sup E
a€A(t,z) acA(t,z)

/f Xﬁ’s,as)dsjtg(Xfp’x)]. (2.2.6)

We state the dynamic programming principle from Pham (2009).



Theorem 2.2.7. (Dynamic programming principle) For each (t,x) € [0,T] x R".

Then, we have

v(t, ) sup E [ f(s, X2 o) ds + v(u, X”)] (2.2.7)
aE.A(ta:) t

where u € [t,T].

Proof. Basically, we follow from the proof of Theorem 3.3.1 in Pham (2009). We only

focus on the argument that showing

v(t,r) > sup E V f(s, X5 ay)ds + v(u, X”)] (2.2.8)

ocEAt:c

which can be shown by for each € > 0, we construct & such that
v(t, ) >IE[/ (s, X5 a,)ds +v(u ,Xff)}—e. (2.2.9)

In his proof, Pham (2009) simplifies the proof by claiming that by the definition of
the value functions, for any € > 0 and w € €, there exists a“* € A(s, X>*(w)), which

is an e-control for v(s, X1 (w))), i.e,
v(s, X" (w))) — e < J(s, X" (w), a™) . (2.2.10)

Although the above statement is true, it leaves multiple technical details. Here,

we provide these missing steps. If we rewrite the problem as

v(s, X\ (w)) = sup  J(s, X" a), (2.2.11)

a€A(s,X5" (w))
can be written as Theorem 2.2.6 ( with a substitution of the function). Therefore, with
the proof of the regularity of the function J, the measurable selection in Theorem
2.2.6 can be applied and we have that the statement above from Pham (2009) is

correct. O

As we see from the above example, a measurable selection theorem is crucial for
the prove of the dynamic programming principle of a stochastic control problem. We

apply this technique again in Chapter 4.



2.3 Online parameter estimation

In the previous sections, we discuss the abstract set theory and measurable selec-
tion theorems which use to show the dynamic programming principle of a stochastic
control problem. However, the adaptive robust control framework is not a stan-
dard stochastic control problem, the framework intends to use a statistical learning
method to estimate an unknown parameter, and allows the agent to incorporate the
information to make an optimal decision.

In particular, the agent implements an online estimation of the unknown parame-
ter in the stochastic system. Therefore, we need to study the convergence of an online
estimator. In this Section, we present a standard result of the convergence of these
estimators for both results in the discrete-time setup and the continuous-time setup.

For the discrete-time setup, we follow the paper Bielecki, Chen, and Cialenco (2017b).
They use a stochastic approximation technique to recursively estimate an unknown
parameter in a discrete-time setting, and allow them to find the value of the param-
eter #*. In the continuous-time setup, we follow the paper Sirignano and Spiliopou-
los (2017) as a standard result.

2.3.1 The discrete-time setup

The following material is from Bielecki, Chen, and Cialenco (2017b). Let (2, F)
be a measurable space. Let ® C R? be a set of parameters and Z be a discrete-time
stochastic process taking values in R™, we now define the raw filtration generated
by process Z, F; = o(Zs,s < t). Assume that we have uncertainty about the true
probability measure Py«, but we know that it is contained in the set of probability
measures {Pp, 6 € ®}. After we observe some realizations of the stochastic process
7, we can estimate the true parameter 6*. The following assumptions allow us to use

a stochastic approximation method to find a recursive form of our estimator.
Assumption 2.3.1. (Regularity assumption)

(i) For each # € ©, under probability measure Py, Z is a homogeneous Markov

process.
(ii) Under the probability measure Py-, Z is an ergodic Markov process.

(iii) Under each probability measure Py, there is a positive density function py such
that Py(Z, € A|Zo = x) = [, po(x,y) dy.

10



We use definition (2.6) from Revuz (2008) to define an ergodic Markov process

and the following result gives us a long-term behavior of the ergodic process.

Proposition 2.3.2. Let Z be an ergodic process under the probability measure P.

Then, for any function g such that Eplg(Zo, ..., Z,)] < 00, we have

N-1
1
dim Z; 9(Zis s Zin) = Bplg(Zo, ..., Zn)] P—a.s. (2.3.1)

For any 6 and n, we define 7, (0) := logpy(Z,_1, Z,) which accounts for the law
of the random variable Z, under the measure Py given 7, ;. First, we recall the

definition of Kullback-Leibler divergence from Py« to Py, we have that

dPp<\ dPy-
Py) = /10g<dIP?g> d]Pfg dPy.

Thus, we can rewrite the Kullback-Leibler divergence in terms of the density function

)i [ 1og (%) po-(Zo, ) d,

where the left inequality follows from the Gibbs’ inequality. Since the probability

as follows

density pg(Zy, x) is always positive and finite, we split the logarithm terms to obtain

/logpg* (ZO7 ZL') Do~ (ZO7 .ZU) dx Z /1ng9(207 [E) p@*(ZO, :L‘) dr )
which can expressed in expectation form as
Ep,.[m1(6%)] = Ep,. [m1(0)] .

The true parameter maximises the information ratio under the true probability mea-
sure. Therefore, under additional regularity assumption on the density pg, the dif-
ferentiation and expectation can interchange. It suffices to consider the unknown
equation

Eg«[101(0)] =0, (2.3.2)

where the solution is #*, V is a gradient operator, and ,,(0) = Vm,(0). This is a
stochastic equation since the parameter #* is unknown. However, under the measure
Pp-, the process Z is ergodic and by Proposition 2.3.2 so the sequence %Z;:Ol i (0)
as an approximation of Eg«[t¢(0)]. Therefore, we need a stochastic approximation
method to recursively find a point estimator. The method to solve the stochastic

equation is extensive, for example see Rao (1999) and Bertsekas and Tsitsiklis (1996).
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Remark 2.3.3. Assumption (i) gives us a well defined 7, function, and assumption
(ii) enables us to obtain the Gibbs’ inequality. The last assumption allows us to use
stochastic approximation techniques for equation (2.3.2), and to have a recursive form

for the estimator.

In Bielecki, Chen, and Cialenco (2017a), the estimator is a quasi-asymptotically
linear recursive point estimator, see the definition of this estimator in Definition 4.2
in Bielecki, Chen, and Cialenco (2017a). Their estimator has the weak consistent
property and is asymptotically normal. The advantage of the recursion form is that
it is computationally efficient and hence allows us to define the augmented space in
the discrete model. This motivates us in Chapter 3, which properties of the estimator

should have for our extension in a continuous-time setting.

Example 2.3.4. Consider a stochastic process Z, taking values in R, that is inde-
pendent and identically distributed, and has a law N'(6,0?%) under the probability
measure Py with unknown 0, where 6 € R. We define our estimator to be the maxi-
mum likelihood estimator (MLE). If the realization is Z1, ..., Z,, the sample mean is
given by 0, = (Zy + - - - + Z,) /n, which is the MLE estimator for .

2.3.2 The continuous-time set up

The material in this subsection follows from Sirignano and Spiliopoulos (2017)
where they prove the convergence of the estimator when the observed process is a
diffusion process.

In particular, the ergodic process X = (X;);>0 under the probability measure Py.

that takes values in R"”, and which satisfies the stochastic differential equation (SDE)

where the functions b and ¢ are Lipschitz functions and #* is the unknown parameter
and B is a Brownian motion process. We denote the corresponding invariant measure

0*

for the process X under the probability measure Py« as m” . The stochastic gradi-

ent descent in continuous-time (SGDCT) algorithm to estimate the unknown drift
parameter 6* is given by
d@t = 515 [V@b(Xt, 6t>(O'(Xt) O'(Xt)T)_ldXt

(2.3.4)
—Vob(Xy,0:)(0(Xs) o(Xe)T)0(Xy,6;) dt ]

Here is a brief summary of their approach to estimate the parameter 6*. We denote
by (-,-) the dot product operator and define the function g(0) := [ g(z,0) 7" (dx),

12



where 7% is a unique invariant measure of the process X under the probability mea-

sure Py«, and where

(b(x,0) — b(x,0%), (o(z) o(2)T) " (b(x,0) — b(x,0%))) (2.3.5)

N

g(x,@) =

is a function that specifies how close the function b(z, ) is to the drift component
b(x, 6*) of the process X.

Theorem 2.3.5. Convergence of the gradient . Let the process 0, follow (2.3.4)

and assume the process X in (2.3.3) is sufficent ergodic. Then
‘Veg(QtH —0 as t— o0,
almost surely.

Remark 2.3.6. Note that the difference of the discrete-time and the continuous-time
setup is in the parameterised model. In the discrete-time setup, the parameter spec-
ifies the density of the transition probability of the underlying process, whereas the
parameter in the continuous-time setup specifies the drift function of the underlying
process.

In both approaches, the online estimators follow the gradient of a criterion func-
tion. Also note that in both subsections, we require the assumption that the under-
lying process is the ergodic, which are used to show the convergence of the online

estimators.
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Chapter 3

Online drift estimation for
jump-diffusion processes !

Typically, one judges the usefulness of models by how good they are in describing
a system and by the accuracy of their predictions. In both cases, the degree of success
of a model depends on a number of ingredients, which include: model assumptions,
mathematical tractability, and the methodology to estimate the parameters of the
model. In this chapter, we assume that the system is a jump-diffusion process and
we show how to estimate its drift component with a learning algorithm that updates
the parameter estimates in continuous-time. Specifically, one observes the process
X = (Xi)>0 that takes values in R™, and which satisfies the stochastic differential
equation (SDE)

dXt = b(Xt, 9*) dt —+ O'(Xt) dBt + g(Xt_, st) y (301)

under the probability measure Py« where the jump component (X;_, dL;) is given by

(X, dLy) = /0 t / (X, =) jldt, d=) (3.0.2)

Here, 6* € R? is an unknown parameter that one needs to estimate from ob-
servations of the process X. The process B = (By):>¢ is a standard m-dimensional
Brownian motion under the probability measure Py« and the functions b, o, £ are such
that b: R"xR? — R", 0 : R" = R*xR™, £ : R" xR"” — R". In the jump component
of X;, it is a compensated random measure of the Poisson measure p associated with
the pure-jump Lévy process L = (L;)i>o (independent of B) with Lévy-Khintchine
triplet (0,0,v), such that [, |z| v(dz) < co and ¥(R") < co.

!This chapter has been published by Bernoulli Journal, see Bhudisaksang and Cartea (2021b).
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Here is a brief summary of our approach to estimate the parameter 8*. We denote

by (-,-) the dot product operator and define the function g(f) := [ g(x,0) n% (dx),

where 7% is a unique invariant measure of the process X under the probability mea-

sure Py«, and where

g(x,0) := = (b(x,0) — b(x,0), (c(x) o(x)T) " (b(z, ) — b(x, 0%))) (3.0.3)

DN | —

is a function that specifies how close the function b(z, ) is to the drift component
b(x,0*) of the process X.

Next, we employ the deterministic gradient descent method to construct a process
0; that converges to a stationary point of the function g. Recall that the deterministic
descent direction Vyg(0) moves the value of the parameter # toward a stationary
point (local or global) of the function g. This stationary point is the estimate of the
unknown parameter 6*. In continuous-time, the updates of the gradient descent to a

stationary point of the function g follow

df; = — B, Vg (0y) dt
= — B Vog( Xy, 00) dt + By (Vog(Xy, 00) — Vg (0:)) dt
= B (Vob(Xe, 0:) ) (0(Xe) o(Xe)T) ™" (b(Xy, 07) — b(X, 0,)) dt
+ Bt (Vog(Xe, 0:) — Vg (6:)) dt

(3.0.4)

where f3; > 0 is the learning rate.
One cannot implement the unbiased estimator in (3.0.4) because the drift term

b(x,0*) depends on the unknown value of 6*. Thus, we employ (3.0.1) to write
b(Xy,0%)dt =dX, — /ﬁ(Xt, 2) fi(dz,dt) — o(X;) dBy, (3.0.5)

which we substitute into (3.0.4), so the estimator

db; = p; [ng(th,Hr) (0(X-) o (X)) HdX; — Vo b(Xy, 0,) (0(Xy) o(X)T) 1 b(Xy, 0;) dt}
+ B (Vo g(Xy,00) — Vo g(0,)) dt — B, Vob(Xy,0,) (0(X,) 0(X,)T) ™" o(Xy) dB,
— By Vob( X, 0:-) (0(X4-) /f Xy, z) fi(dt,dz)
(3.0.6)
does not depend on the unknown parameter #*. Note that, for an arbitrary func-
tion F, we have that [ F(X,,0,)ds = [ F(X,,0,)ds and [) F(X,,0,)dB, =
f(f F(X,-,0,-)dBs since the process X and # have only countably many jumps and
the Lebesgue measure of the set of times where X, # X,- or 6, # 0,- is 0.
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In this chapter, we show that the integrals

/t " B (Vog(Xo,0.) — Vog(0)) ds (3.0.7)
and

/tooﬁs Vob(Xs,0,) (0(X,) o(X)T) ! o(X,) dB,

[V 0 (X o) [ 60X ) s, dz)

t (3.0.8)

converge to zero as t — oo. Therefore, the expression in (3.0.6) is close to the
deterministic descent direction Vyg when t is large because the contribution of the
last three terms in (3.0.6) becomes negligible. Thus, the stochastic gradient descent
in continuous-time (SGDCT) algorithm to estimate the unknown drift parameter 6*

we propose in this chapter is given by
di; = By [Vob(Xi-, 0r-)(0(Xi-) o(X,-)T) 7 dX;

(3.0.9)
—Vob(Xy,0:)(0(X:) o(X)T) " b(X5,0,) dt ]

One can see how the SGDCT estimator compares to the classical maximum like-
lihood estimator (MLE) when the process X is a diffusion. Above, if one excludes
the jump component in (3.0.1), the process X becomes a diffusion, in which case the

estimate of the parameter 6 is the value that maximises the likelihood function

£0) = [ 006 00X o) XS [ 05,0 () o (X)) X, 00,

’ ’ (3.0.10)
Observe that the first order condition one obtains from maximising the likelihood
(i.e., computing the gradient of £;(¢) with respect to 6 and equating to zero) has the
same form as the expression that appears inside the brackets in the first line of the
estimator in (3.0.9).

There are two reasons that make a recursive estimator like that in (3.0.9) useful.
First, online updates of the estimator are more computationally efficient than those
based on offline updates. As new observations arrive, the online estimator is updated,
while the offline algorithm solves an new optimisation problem to estimate the un-
known parameter; e.g., find the maximiser of the MLE in (3.0.10). Therefore, the
offline algorithm is in most cases redundant and inefficient, and in high dimensions it
is computationally expensive and in some cases infeasible.

Second, the SGDCT estimator is well-suited for the recent advances in control

theory that focus on ‘adaptive robust control’ to obtain strategies robust to model
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uncertainty, see Bielecki, Chen, and Cialenco (2017a). The adaptive control frame-
work requires a recursive online estimator (i.e., an estimator that is continuously
updated with the arrival of new information) and also requires that the coupled pro-
cess (Xi,0:)i>0 is Markov (to obtain the optimal strategy in feedback form). The
SGDCT algorithm in (3.0.9) satisfies both requirements.

Finally, there is literature on offline estimators for diffusion and jump-diffusion
processes that focuses on different aspects of the estimation algorithm and observa-
tion frequency. When an ergodic diffusion process is observed continuously, Kutoy-
ants (2013) derives the statistical properties of the estimator of the drift parameter,
such as consistency, asymptotic normality, and efficiency. These results are extended
in Sorensen (1991) for an ergodic jump-diffusion process. The literature on parame-
ter estimation with discrete observations is vast, see for example Yoshida (1992) for
diffusions and Kessler (1997) for jump-diffusions.

On the other hand, the literature on parameter estimation for continuously ob-
served processes is scant. In Levanony, Shwartz, and Zeitouni (1994), the authors
assume that the process X follows a diffusion and develop an online MLE to obtain
the drift parameter of the process X. In their approach, the online MLE requires
one to compute the gradient of £:(6) in (3.0.10) every time a new observation ar-
rives, which is computationally expensive because the function VyL; depends on the
whole trajectory of the process X. Moreover, there are two papers that discuss the
convergence of an online estimation of parameters in a diffusion-based model. Sirig-
nano and Spiliopoulos (2017) introduce an online method to estimate parameters of
a continuously observed diffusion, i.e., the process follows (3.0.1) without the jump
component &(X;_,dL;) — thus, our paper extends their work by including jumps in
the stochastic process. The work of Surace and Pfister (2018) studies the problem in
Sirignano and Spiliopoulos (2017) when the process X is a diffusion (i.e., no jumps)
and it is partially observed.

The remainder of this chapter is organised as follows. In Section 2, we state
conditions on the functions b, o, £, so that the process X in (3.0.1) is exponentially
ergodic. Then, we show that the term [ 8, (Vog(Xs,0,) — Vog(0s)) ds converges
to zero as t — oo, and we prove the convergence of 6, to a stationary point of the
function g. In Section 3, we illustrate the performance of the SGDCT estimator for
the Ornstein—Uhlenbeck-type (OU-type) and bimodal processes. Last, Section 3.3

concludes and discusses extensions and applications of our work.
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3.1 Omnline recursive estimator

In this Section, we state the assumptions that we use throughout this chapter and

show our main results. We recall that the function

1
g(x,0) = 5 (b(x,0) — b(x,0%), (o(z) o(x)T) " (b(x,0) — b(x,0%))), (3.1.1)
specifies how close the function b(z, 0) is to the drift b(x, 6*) of the process X. Note
that the function g(x,6) > 0, and g(z,6) = 0 if 6 = 6* .2
A pivotal result in this chapter is to show that

Ty =0 as k — oo, almost surely, (3.1.2)

where

Ty = / N B (Vog(Xs, 04) — Voii(602)) ds (3.1.3)

is a deviation term. Here, the processes {7y~ }x>1, {T; }x>1 are sequences of increas-
ing stopping times and |#| denotes the Euclidean norm of § € RY, and recall that
g(0) = [ g(x,0) 7" (dx). We refer to Ty, in (3.1.3) as the deviation term because it
represents the deviation of the stochastic gradient descent direction Vyg(Xs, 65) from
the deterministic descent direction Vyg(6s). Therefore, we need a careful analysis of
the deviation term Iy, to show that 6, converges to the unknown parameter 6.

We show that the deviation term I'; , can be written as a sum of four components:
a weak solution of a non-local Poisson equation, a stochastic integral, a Riemann
integral, and the covariation of two processes. Then, we prove that each component
converges to zero as k — 00, so the estimator process #; converges to a stationary
point of the function g. That is, we show that limHoo‘Vgg(Ht)} = 0 almost surely,
and if the function g(#) is convex, the minimum we find is global, hence 0; — 6* as

t — o0.

3.1.1 Main result and conditions

To streamline the discussion and results, we provide some preliminary assump-
tions. Throughout this chapter, the stochastic process X satisfies the SDE in (3.0.1).

20ne could consider alternative functions to g to specify how close is b(z,6) to b(x,0*). For

example (in the one dimensional case), let h(z,0) = 1 |(c(z,0) — c(x,6%))/o(x) ? where c is an
arbitrary function and h(f) = [ h(z,0) 7% (dz). Then, as in (3.0.4), the estimator of the unknown
parameter would be given by df; = —B; Voh(6;)dt. As discussed above, the drift term c(z,6*)
depends on the unknown value of 6*, so one needs to employ the dynamics of dX; to write b(X¢, 6*)
and substitute it in the estimator. Thus, the function ¢ should be such that one can factor out the
term b(X¢, 0%); for example, c¢(z,0) = d(x) b(z, ) for a function d(z).
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Condition 3.1.1. The functions o(z) and £(z, z) are globally Lipschitz in all vari-
ables and the function b(z, ) is locally Lipschitz for all 6.

Condition 3.1.2. There exists a time ¢ > 0, such that X; admits a density p!(z,y)
with respect to the Lebesgue measure on R”, bounded in y € R", and bounded in
x € K for every compact set K C R"™. Moreover, for every x € R”, and every open
ball U € R", there exists a point z = z(x, U) € supp(v), where supp(v) is the support
of the measure v (see definition in Appendix A.1.5), such that {(x, z) € U.

Condition 3.1.3. Exponential ergodicity of the process X.

(i) For all p > 0, f|z 2P v(dz) < 0o and v(R") < oco.

\>1|

(ii) For all f there exists a constant C' > 0, such that z b(z,0) < —C'|z|* as|z| — oc.
(iii) |[£(x,2)| /|z| — 0 as|z| — oo for all 2.

(iv) There exist positive constants Cy and Cy, such that Cy < 27 o(x) o(z)T z/|z|* <
Cy for all x € R"/{0} and o(x) o(z)T is bounded.

Under Conditions 3.1.1 and 3.1.3, the SDE in (3.0.1) admits a unique non-explosive
cadlag adapted solution that possesses the strong Markov property. Masuda (2007)
employs Condition 3.1.2 to show that the process X is irreducible; a property required
to show that X is ergodic. Also, the process X has a unique invariant measure and
it is exponentially ergodic due to Condition 3.1.3. Finally, the process X is of finite
jump activity because v is a finite measure, so there is a finite number of jumps on

every compact interval almost surely.

Remark 3.1.4. Condition (3.1.2) does hold when the process X is non-degenerate
and the measure v is a finite measure, see also Masuda (2008) and Kwon and
Chaniio (1999).

Condition 3.1.5. The learning rate [3; is such that the following hold: fooo By dt = o0,
J° B2 dt < oo, [77|B,]dt < oo, where B, is the derivative of 3, with respect to ¢, and
there is a p > 0, such that lim, ., 32 t?P+1/2 = 0.

Condition 3.1.6. The function b(z, 6) is twice-differentiable with respect to both x

and 6. Also, there exist positive constants K and ¢, such that

‘ 0Vyg

Ve )| gt 0 < K Q) (40l G
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and
2

2

i=1

8’V9g
a0

(2,0)] +|Vob(z,0)| < K (1+|z]). (3.1.5)

Moreover, we assume that Vyg(6) is globally Lipschitz.

Condition 3.1.7. There exists a positive function x(x), such that
(=Veg(2,0), 6/10]) < —r(x)[6] . (3.1.6)

Thus, there exists a function A\(x) with at most polynomial growth in |z|, such that

for all 0,0, € R? and € R", we have
|7 (2, 61) — 7(z,65)| <|A(2)| |60 — 62 , (3.1.7)

where
1/2

7(2,0) := (Vb(x,0) Vob(z,0)70/10], 0/10])"* . (3.1.8)

Lastly, for all zo > z1, we have £(x1,2) — &(xq,2) < x93 — 1, where the greater or

equal symbol > indicates the inequality holds for all coordinates.

Condition 3.1.5 ensures that the size of the learning rate 3 is such that the SGDCT
estimator for the jump-diffusion process in (3.0.9) converges to a stationary point of
the function g(#). Condition 3.1.6 is needed for the proof of the convergence of the
deviation term I'y , , i.e., I'y, = 0 as k — oo, see (3.1.2). Condition 3.1.7 allows us to

use a comparison theorem to show that the bound sup,.,E [|9t|p } < oo for all p > 0.

3.1.2 Weak solution of a non-local Poisson equation.

In this subsection, we define a notion of a weak solution of a Poisson equation to
construct a weak solution of the process X. The following terminology is from Kulik
and Veretennikov (2012).

Definition 3.1.8. For a Markov process X, we say that a measurable function f :
R"™ — R? belongs to the domain of the extended generator A of the process X if there
exists a measurable function g : R” — R? such that the process f(X;) — fg 9(Xs)ds
is a local FX-martingale. Then, we say that the function f is the weak solution of

the Poisson equation Af = g.

We also need the following notation. The f-norm is denoted by

[ swstn)

|wl|; = sup
d lgI<f

Y
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where w is a signed measure and f > 1 is a Borel measurable function. Also, we say
that the function g is centered if [ g(x,0) 7% (dz) = 0.
Next, we state an auxiliary Lemma to show the ergodicity of the process X and

to show the existence of moments of all orders for the processes X and 6.

Lemma 3.1.9. Ergodicity and moment bounds of the processes X and 0.
Suppose that Conditions 3.1.1 to 3.1.6 hold. Then, there exists a unique invariant
measure ©° , such that [|z|’ 7% (dxr) < oo and there exist positive constants Cy and
Cy, such that

HPG*’t<I’ )= ) 1Ha? < Cr (L |2f) e, (3.1.9)

forallp >0, x € R" and t > 0. Thus, sup,.,E;¢- [
addition, if Condition 3.1.7 holds, we have that

X;"] < oo for allp > 0. In

supE, g [|6:]"] < o0 forall p>0. (3.1.10)

t>0

Moreover, sup,oEqg- [|Xi-|"] < 00 and sup,ooEy o [|61-]"] < oo forall p>0.

For a proof see Appendix A.1.1.
Now, we state our first theorem which is important to show that the deviation

term I'y, — 0 as k — o0, see (3.1.2).

Theorem 3.1.10. Weak Poisson equation. Let the process X follow (3.0.1).
Suppose that Conditions 3.1.1 to 3.1.6 hold. Let f be a centered function (i.e.,
[ f(x,0) 7% (dx) = 0 for all 0) and assume that for each 0, there exist positive con-
stants Cy and q, such that|f(z,0)| < Cy (1 +|x|?) for all x. Then, the function

F(z,0) := / Eup- [f(X:,0)] dt (3.1.11)
0
i1s well-defined and satisfies, in a weak sense, the Poisson equation
Ao F(2,0) = —f(2,0), (3.1.12)

where A, g+ is the extended generator of the process X under the probability measure
Py« (see Definition 3.1.8).

Proof. First, we show that the function F'(x,0) is well-defined. Recall that

E, o[ f(X:,0)] = [ f(y,0) pe(x, dy; 0%) and that p,(z,dy; 6*) is the distribution of X;
under the probablhty measure Py« and Xy = x. Note that

Em * Xa - ) xz, d ) )

|Eoo-[f (X2, 0)]| = ‘/f y,0) pi(, dy; 0 /f y,0 ' (3.1.13)

S Cl (1 +|$’ ) 7C2t,
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Next, we show that the function F is the solution to the Poisson equation in
(3.1.12). It suffices to show that for all 6, the process F'(X¢, 6 +f0 (X, 0) ds is an F-
martingale under the probability measure Py«, as in the definition of the weak solution
of the Poisson equation. Thus, we first show that the first moment of F(Xy,0) +
fo (X, 0) ds is finite for all ¢.

From (3.1.11) and (3.1.13), we have that F(X;,0) < (C1/Cs) (1 +|X;|?) and

[ﬂ&ﬂ%

where the last inequality follows because X; has a finite g-moment, see Lemma 3.1.9.
Hence, to show that the process F/(X,0) + fo (Xs,0)ds is an F-martingale, let
t > u > 0 and write

:Eg* |:/ Ez@*f(Xt+S70 d8:| / f X,;,g) ds
0

t t
g/ Eg- [\f(Xs,e)” dsSCg/Eg*[1+|Xs|q} ds < 00,
0 0

Ey-

P(X,,0) /f&ﬁ%

F. (Definition in (3.1.11))

00 t
= Ep- / Ex, 0+ [f(Xsst,0) |.7:t] ds + / f(Xs, 0)ds fu] (Markove property of X)
0 0

7]

where the second to last equation follows from conditional expectation. O]

= /" F(X,.0)ds + Ex, o- {/‘X’ f(Xopu,0)ds
0 0

_ /uf(XS,H) ds + F(X,,9),
0

Remark 3.1.11. Note that in Theorem 3.1.10 above, we do not require any assump-
tions on the existence or the regularity of the density function of the process X. The

regularity of the density function of the jump-diffusion process is difficult to analyse.
The following Lemma is useful in the next subsection.

Lemma 3.1.12. For any p > 0, there is a positive constant C,, such that

/R(l +z) 7 (dz) < C,.

In addition, we have that|Veg(0)| < C, K (1+16]) and |V33(0)| < Cy K, where K

1s the same positive constant as that in Condition 3.1.6.
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Proof. Recall that g(f) = [ g(z,0) 7® (dz). The process X is exponentially ergodic

and from Lemma 3.1.9 we have
[ +lel)a" @) < .

Note that the invariant measure 7% does not depend on 6, so we can interchange the
gradient and the integral in the function Vyg(6). From Condition 3.1.6, we also have
that

‘V@gw)’ < /R|Veg($, 9)‘ 7 (dx) < K(l —|—|9\) /R (1 —|—\x|q) 7 (dz) < C, K (1 +|0|) ,
and

Vi9(0)| < [ [Vig(o.0)| o (do) < & [ (1jaf) o) < €, 5

3.1.3 Convergence of the deviation term

In this subsection, we propose a novel method to prove the convergence of the
deviation term 'y -, see (3.1.2) and (3.1.3). When the process X is a diffusion without
jumps, one of the steps to prove the convergence of the SGDCT estimator is to show
that the function

G(x,0) := /OOO Eup+ [Vog(Xy,0) — Vog(0)] dt (3.1.14)

is a classical solution of the Poisson equation (3.1.12) when f(z,0) = Vyg(x,0) —
Vg(0), see Pardoux and Veretennikov (2001). Thus, in the pure-diffusion case, one

can apply It6’s Lemma to the function g; G to obtain the following decomposition
Br, G( Xz, , 07, ) — Br, G(Xz,,07,) = 'k, + martingale + Riemann integral ,

where the deviation term I'y ., is as in (3.1.3). With this decomposition, one shows
that the deviation term I'y, — 0 as k — oo, by proving that the martingale term,
the Riemann integral, and the function 8; G(X3, ;) converge to zero as k — oo.
However, when the process X follows a jump-diffusion, the Poisson equation
(3.1.12) has a non-local term, and to the best of our knowledge there is no gen-
eral result to show that the Poisson equation with a non-local operator admits a
classical solution. It is difficult, or perhaps not possible, to show that the function
G in (3.1.14) is second order differentiable with respect to = when X is a jump-

diffusion process. Several papers in the literature also encounter a similar difficulty.
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Uehara (2018) states that the properties of the function G are difficult to determine
and may require Malliavin calculus to study the gradient estimation of the function
GG — the author assumes a stochastic process similar to ours. Moreover, Kulik and
Veretennikov (2012) mention that there is no analogue to the results in Pardoux and
Veretennikov (2003) when the process X has a jump component.

Therefore, in our setup we face the problem that the function G is not differentiable
with respect to the variable x because the process X is a jump-diffusion. Hence, we
cannot employ the classical [t6 formula on the function G, so below we prove an
‘extended It6 formula’ that we employ in our analysis. We provide a brief summary
of the steps we follow.

First, we show that G is a locally Lipschitz function with the following bound
|G(2,0) — G(y,0)| < C (1+[0]) |z =yl 1+ [z|?+ |y|?) (3.1.15)

where C' is a positive real number that does not depend on =z, y, 6, ¢ > 0. Then,
because G is a weak solution of a Poisson equation, see (3.1.12), and because it is

twice differentiable with respect to 6, we show that

ﬁﬂ,y G(Xﬂ,w eﬂm)_ﬁzk G(sz> ezk)
= I'y, 5 + martingale + Riemann integral + covariation,
(3.1.16)
where the covariation term in the equation above is a cadlag process.

Second, we study the terms in the above equation in the limit £ — co. We show
that the left-hand side of (3.1.16) converges to zero and each of the last three terms on
the right-hand side of (3.1.16) also converges to zero. Therefore, the representation
in (3.1.16) implies that the deviation term I'y, — 0 as k — oo.

Now, we state a Lemma and then prove that the function G is locally Lipschitz.
The Lemma uses the result that the function E, o[ f(X;, 8)] is locally Lipschitz with
respect to x, see Theorem 2.2 in Wang (2010).

Lemma 3.1.13. Suppose Conditions 3.1.1 to 3.1.6 hold and let C > 0, ¢ > 0. As-
sume a function f : R"™ — R satisfies| f(z,0) — f(y,0)| < C (1+ |z]? + |y|?) |z — y]
for all z,y and t > 0. Then there exist constants 6 € (0,1) and Cs > 0, such that for
all 6 € R? the following inequality holds

By - [f (X, 0)] — Eyoe [£(X0, 0)]]
ST e St (T ol + ) [ —yl, o -yl <0,
26700 (1 2|+ [yl7) |z -yl [z —y[ >,

where the constant C' does not depend on f.
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For a proof see Appendix A.1.2.

Next, we show that the function G in (3.1.14) is locally Lipschitz in the variable z.
We employ Conditions 3.1.1 to 3.1.7, which are easily checked, to show the dissipativ-
ity (stability with respect to initial condition) of the process X. The main idea of the
proof of the proposition below is that for a small value of ¢, we use Lemma 3.1.13 to
control the value |E, g+[G(X¢, 0)] —E, 0+ [3(X3, 0)]], where g(z, 0) := Vgg(z,0)—Vg(0).
And for a large value of t, we use the exponential ergodic property of the process X.

These two results imply the following proposition.

Proposition 3.1.14. Suppose Conditions 3.1.1 to 3.1.6 hold and let ¢ > 0. Then, the
function G in (3.1.14) is locally Lipschitz with respect to x and it is twice-differentiable

with respect to 0. Thus, there exists a positive constant Cq 4, such that

|G(2.0) = Gy,0)] < Caq (L+10]) |2 =yl (L+]2|" +]y|) (3.1.17)
and , |
) g(g(xa@) < Caq (L+2[") . (3.1.18)
i=1
for all z, y, 6.

Proof. Let g(x,0) := Vog(z,0) — Vyg(0). Then, due to Condition 3.1.6, write

(3.1.19)
Let 0 be the same constant as that in Lemma 3.1.13. Then, for |z — y| < §, we have

|G(z,0) — G(y,0)| < /0 ) Ea - [§(X1,0)] — By g [5(X0,0)] \ dt

g/ (@46 e O K (110]) (14 [alt + lyl7) |z — o] de
0

-1
< 240
=7c

K (1+[01) (1+ 2]+ [y|7) o —yl,

(3.1.20)
where the second inequality follows from Lemma 3.1.13. Now, consider the case
|z — y| > 0 and recall that

|

from Lemma 3.1.9. Use the triangle inequality to write

Py(z,-) — 7% () <Oy (L+]z|?) e,

1Hz|?

P, ) = Pu(y, )| oy < 2C1 (14 ||+ [y]?) e
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Therefore, for to > (1/C5) log(Cy/(C30)), we have

/ {Exﬂ* [Q(Xta 0)] - Ey,@*[ Xt» | dt

to

< K (1+1]6)) /toozcl (14 [2]o + [y]7) e " dt (31.21)
=2K (1+16]) (001/02) (14 || 4 [y|7) e 210
<S2K (1+0]) (1+ 2"+ [yl") [« =yl ,
where the last inequality holds because ty > (1/C2) log(C1/(C2d)). From Lemma
3.1.13, write

to
/ (B e [3(X0, 0)] — By [5(X, 0)]] dt
0

o .1.22
<K (1 +|9|)/ 22 (1l 1) fo — ylde (3.1.22)
0

<K (140]) Cs (1+ |2+ |y|?) |z —y],

where Cj is a constant. Therefore, (3.1.17) holds by (3.1.20), (3.1.21), (3.1.22). Note

that we can interchange the differentiation with the integration operator, therefore

e, a 'Vog 9'Vog
A < B, | —22(X,,0) — — <C, (1 4|z 1.2
G5 @) < [ B | g0 - S0 | @< 0, (141 . 3.123)
where the last inequality follows from Lemma 3.1.12. O

In the next Lemma we construct predictable representation processes G; and G
for the process G(Xy,0) + fot (Vog(X,,0) — Veg(#)) ds, which are also measurable

with respect to the variable 6.

Lemma 3.1.15. Martingale representation. For each 0, let
t
MY = G(X,.0) — G(Xo.6) + / (Vog(X,, 0) — Vog(0)) ds.
0

which is a martingale under Py« with the filtration F = (F;)i>o generated by the process
X, see Theorem 3.1.10 above. Then, there exist measurable functions G1 (x,0) and

GQ(x, 0,z) that are continuous with respect to 0, such that

t t
MY = / G1(X..0)dB, + / Ga(X, .0, 2) ilds, d=) (3.1.24)
0 0 R7
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Recall that fi is the compensated random measure of the jump component in the process
X, see (3.0.2). Thus, there ezists a constant Cyr, > 0 independent of x and 0, such
that for all € R?, the following two inequalities hold:

Ga(,6)| < Cary (1+101) (1 +]al")
. (3.1.25)
Gia(,0,2)| < Carg (1+181) lal 2] (1 +]al?]21" +]al?)

for all x almost everywhere.

Proof. First, we show that there exists a Borel measurable function G’(m,G) that
agrees with the weak derivative of G in x almost everywhere and that it is continuous

with respect to 6. Let

Gi(z,0) := limsup

h—0

, (3.1.26)

{VQG(x +he;, :) — VeG(z,0) }

where e; is the unit vector (the vector whose i-th entry is 1 and 0 elsewhere) and the
function G; takes values in RY x R?, which is a Borel measurable function and agrees
with the weak derivative of VyG with respect to x in the i—th coordinate almost

everywhere. Therefore, we have that

/¢G z,0)d /@vea x,0)dz, (3.1.27)

forall 1 <i <nand ¢ € CX(R™) where ¢; is the derivative of the i-th coordinate of
the function ¢.

Next, define the function

Gi(x,0) = G(x,0) +/1 [Gl(x,ﬁt) 0, G(z,0t) 9] dt,

where G =[Gy, -+, G,] takes values in R x R” and
_ Lo ) —
(i, 0) = lim sup { G(z + he;,0) — Gz, 0)} |
h—0 h

Therefore, we have that

/(bG z,0)d /gbz z,0)d (3.1.28)

because the function G;(z,0) agrees with the weak derivative of the function G(z,0)
almost everywhere. For all § and ¢ € C°(R"), by the definition of G and Fubini’s
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theorem, write

/¢Gk(x,9) dr = /¢ (Gk(x,O)—l—/Ol G’k(a:,@t)@dt> dx

:/¢ék(x,0)dx+//01¢ék(x,9t)9dtdx

:—/qka(x,O)dx—I—/Ol/qﬁék(x,ﬁt)edxdt

= — /¢k G(z,0)dr + /1 _/(pk VoG(x,0t) 0 du dt (3.1.29)
0

:—/qﬁkG(x,O)dx—/gbk/ol VoG (x,01)0dtdz
. / 64 Gz, 0) dz — / b0 (G, 60) — G(x,0)) dt dx
—- [ a6,

where the third equation follows from (3.1.28), the fourth equation follows from
(3.1.27). Therefore, from (3.1.29), for each 6, the function G(z,#) agrees with the
weak derivative in z of the function G(z, ) almost everywhere.

The function G is continuous with respect to the variable # and Borel measur-
able with respect to . Therefore, by the Carathéodory theorem, G (x,0) is a Borel
measurable function continuous in 6 and it agrees with the weak derivative of G in x
almost everywhere.

Next, we show that
t
[G(X,0),B], = / G(X,,0)d[X, B],, (3.1.30)
0

where [G(X,0), B] denotes the covariation of the processes G(X,6) and B.

If the function G is differentiable with respect to x, then it is straightforward to
show that (3.1.30) holds. However, we need to analyse the function G very carefully
because it is only locally Lipschitz. Let Ci..(R%) be the space of locally Lipschitz
functions and let D be the space of cadlag processes equipped with the metric of

uniform convergence in probability (u.c.p.) topology. Then, the mapping
G(-,0) — [G(X,0), B] (3.1.31)

is a continuous mapping from Cj.(R?) to D by a similar argument to that in the
proof of Theorem 3.8 in Errami, Russo, and Vallois (2002). Consider G* = G * ¢y
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where * is the convolution operator and {¢y}r>1 is a sequence of classical mollifiers

converging to the Dirac measure at 0. Then,
t
[G"’(X, 0), B} — / V.G*(X,,0)d[X, Bl (3.1.32)
t 0

because the function G* is differentiable with respect to 2. Moreover, the continuity

of the mapping in (3.1.31) implies that

[G(X,6),B], = lim

k—o0

t
[G"“(X,Q),B] — lim [ V,G*(X,,0)dX, Bl

t k—oo 0
t
:/ G(X,,0)d[X, B],,
0

Py- almost surely, where the last equation follows from the dominated convergence
argument — in Appendix A.1.3 we provide the proof.
This shows (3.1.30), so we write

[G(X,0),B], = / t G1(X,,0)ds (3.1.33)

0

where Gy (x,0) := G(z,0) o(z). Therefore, from the boundedness of the term o (z), o7
in the process X, the function G; satisfies (3.1.25) for all x almost everywhere by
(3.1.17) and (3.1.26).

Next, consider the jump part of the process M. From the definition of covariation,

write

[G(X’ 9)’ Z]t = lim Z(G(Xti+l7 0) - G(th 0)) (Zti+1 - Zti)

I1Pal=0 &
:/0 / [G(X, +&(X,,2),0) - G(X,,0)] fi(ds, dz)
:/Ot/r@(xs’g,z)ﬂ(ds,dz),

where P, is a partition of the interval [0, ] and Gy(z, 6, 2) := G(z+&(x, 2),0)—G(x, 0).
From (3.1.17), write

‘ég(ag, 0,2)| =Gz + &(x, 2),0) — G(x,0)|

< Caq (1+101) [6(2,2)] (1 +]o + & (2, 2)|" +12))
< Chry (1+161) Jallz] (1 +al?]217 +]2l%) .

where the last inequality follows from Condition 3.1.3. O
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We note that the existence of the martingale representation of the process MY is
a result of Theorem 1.1 in Kunita (2004).

Although the processes X and 6 are a jump processes, for an arbitrary function
F', we have that

t t
/ F(X.,0.)ds / F(X. . 0,)ds
0 0

t t
/F(XS,QS)dBS:/ F(X,-,0,-)dB,,
0 0

because the processes X and 6 have only countably many jumps, and the Lebesgue

(3.1.34)

measure of the set of times where X, # X,- or 6 # 6,- is 0. Therefore, we can choose
either one to write the integrals. Throughout this thesis, we use fot F(Xs,0,)ds and
[y F(X,,0,) dB,.

Now, we show that the difference G(X;, ;) — G(Xo, 6p) is the sum of a stochastic
integral, a Riemann integral, and a covariation term. Our approach is based on
Follmer, Protter, and Shiryayev (1995).

Proposition 3.1.16. Extended It6 Lemma. Suppose Conditions 3.1.1 to 3.1.6
hold. Let the function G be as in (3.1.14) and let the functions Gy and G5 be as in
Lemma 3.1.15. The following extended [t6 Lemma holds:

G(Xy,0;) = G(Xo, 6p) /.Axg*G(XS,Q )ds+/ G1(X,,0,) dB,

0
/ / Gl X O 2) ilds, dz) + /0 VoG(Xo 00 )by (31.35)

d
+ + [VoG(X,0),06];
k=1
where Gy is a real-valued function for oll 1 < k < d, G = [Gy,...,G4]7, and the
covariation with respect to x, [VQG(X, 0), H}Z is defined as

t’
[VQG(X, 9), 9:| N = lim (VQG(X,:Z.+1 s 9,51) - Vg G(th., Qtl)) (Qt
L IPl0 4

n

/ 1 ViGL(X,, 05) [0, 0],
0

—0,), (3.1.36)

i+1

and recall that A, ¢+ is the extended generator of the process X, see (3.1.12).

Proof. Let {P,},>1 be a sequence of partitions of the interval [0,%], such that the
maximal mesh size of P, converges to zero as n goes to infinity. For a partition P,,

write

G(X,0,) — G(Xo,6,) = Z{G Xy bry) — G(Xe,, 61)}

- Z {G<Xti+17 8ti+1) - G(Xti+17 6 ) + G(XtH.p 6 ) G(Xt 91& )}
Py

(3.1.37)
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Consider each component on the right-hand of (3.1.37) individually and because the

function G is twice differentiable with respect to #, use Taylor’s expansion to write

G(Xti+17 0ti+1) G<th+17 8 ) V9G(th+17 Q )(0t1+1 -0 z)
_1 d

+ 5 Tr ((0t¢+1 - eti)T ngk(*thHv 0 ) (6t2+1 —0 z)):| . + R<th+179 )
L =1

- V9G(Xti7 gti)(etz+l —0 z)

_1 d

+ 5 Tr ((etiJrl - eti)T ngk<th etz) (9t1+1 —0 z)):|
L k=1

(V9G(th+17 O, ) VHG(Xt eti))(QtH—l —0 z)
1
+ 5 Tr <(9ti+1 - eti)T (V?)G<th+170 ) sz(Xt etz)) (9t1+1 —0 z)>:|

+ R(Xti+17 gtz) )

+

d

k=1

where R is the remainder function and the operation Tr[-] denotes the trace of a ma-

trix. Then, by standard stochastic integration and Riemann integration, the following
equations hold:

t
lim ZWG X1, 0:)(0r,, — 0r,) = / VoG (X, 0, ) db,,
0

[|Pn|]—0

t

HPhﬁILOZ % Tr ((0t7;+1 - eti)T ngk(Xtm etz) (etiJrl - etz)) = / % VgGk(XL?? 98) d[@, 0]8 g

(3.1.38)

for all 1 < k < d, because VG and V2@ are continuous with respect to 6. Moreover,
we have that

lim ZR Xt 0) =0 (3.1.39)

|| Pr||—0

because the remainder function R depends on the third order of the increment of the

process 6 and the quadratic variation of the process 6 is finite.
The locally Lipschitz property of the function G implies that for all 1 < k < d

|V3Gk’(th+179 ) szk(Xt 9151')
< CG,q <1 + ‘Xtiﬂ |q + ‘Xti “1> |Xti+1 - Xti

<2Cq,(1 +supyX|) S IAX[+ X7, - X0l

<t
s titit1

(3.1.40)
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where X is a continuous component of the process X and 3, . [AX]is the sum
of all jumps in the interval [t;,¢;11]. The following sum converges
lim (etiﬂ - Hti)T

I Pall—0 4

n

XtCH»l - Xti (etiJrl - etl) =0 (3.1.41)

because the process X¢ is continuous and the quadratic variation of the process 6
is finite. We denote by J the sum of the jumps of the process X in [0,7]. Then,

the random variable .J is finite with probability one because v is a finite measure.

Therefore,
i =0T = 0,) < J* i T .2: .
B30 20 O =0 IOXI O =0 < Jin suplo = =
(3.1.42)

The last equation holds because the process 6 is continuous and its quadratic variation
is finite. From (3.1.40), (3.1.41), (3.1.42), we have that
) 1
||Phﬁ1i>02 5 Tr <(0ti+1 - 9ti>T (ngk(Xti+1’ etz) - VgGk(th’ etz)) (eti+1 - 9tz)> =0.
n Pn

(3.1.43)
Next, we show that the covariation term is well-defined. Recall that (see (3.1.38))

[Pl —0

t
lim " VG(X,,.0,)(0r,,, — 0,,) = / VoG (X, ,0,-)db,,
P, 0

with convergence in u.c.p because the processes X and 6 are semimartingales and the
function VyG(z,0) is continuous, see Protter (1990). In Appendix A.1.2, we show

that the coupled process (X, 0) satisfies the time reversal property, so we write

lim Z V9G<Xti+1 ) etz) (eti+1 - 9t7,>

[P [l =0

= lim Z VgG(Xt,ti+1, Qt,ti) (Gt*twrl - Ht,tl.) oR

1Pall0 | &=
— lim - G(X. 0. V(0. —6.) R,
1P ls0 S_;q% (Ko Oree) s =) 0

(3.1.44)
where R is the time reversal operator (i.e., X, 0 R = X;_,). Therefore, it suffices to
show that the limit on the right-hand of (3.1.44) exists. Consider the sum

Z VGG(XSN 05i+1) (05i+1 - 981) = Z VQG(XSN 081) (95i+1 - 051)
5i<t s, <t

' y (3.1.45)
+ Z |:§ Tr <(95i+1 - 93i>T VgGk‘(Xsn 95;> (05i+1 - 981)>:| s

k=1
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and note that

[Pl —0

lim Z VQG(Xti+1a et,) (eti+1 - Qtz)
Py

is well-defined because the limits of both terms on the right-hand side of (3.1.45)

exist; thus, the covariation with respect to = in (3.1.36) is well-defined. Therefore,

||Pl:ﬁri>0 = (G<Xti+179ti+1) - G(th‘H? etz))
t t d
_ / VoG(X, 0, )do, + / LV2G(Xa 0 dI0, 0] |+ [VoG(X,0),0]" .
0 0 b1

(3.1.46)
from (3.1.36), (3.1.38), (3.1.43). Now, consider the second component of the sum on
the right-hand side of (3.1.37). From Lemma 3.1.15, the following equation holds:

tit1 tit1 _
G(Xtiﬂ,@ti) _G<Xt¢79ti) = A%Q*G(XS,HQ)CZS—I—/ Gl(Xsaeti)st
t; t;
tit1 5
+/ /GQ(XS76U’Z) ﬂ(ds,dz)
t; R
(3.1.47)

From Lemma 3.1.15, we have that

‘Gl(xs,eu) < Carg (1410,]) (14]X,]7) . (3.1.48)

on dPg- x dt almost everywhere. The sequence Gi(Xs,60;,) converges to G1(Xj,6,)
pointwise because the function G4 is continuous with respect to the variable 6 and
because the process 6 is continuous almost everywhere. Use Lemma 3.1.9, the

Lebesgue’s dominated convergence theorem for stochastic integration, and (3.1.48),

to write
ti+1 - t -
lim G1(Xs, by, dBS:/ G1(Xs,0,) dBy . 1.
A, | o= [Gixo) (3.1.49)
For the jump part, we use the same argument as that above to obtain (3.1.49), and
write
tit1 B t _
lim S / / Co(Xo 10, 2) filds, dz) — / / Co(Xoe 10, 2) i(ds, d2)
[ Pr][—0 P Jt R o JR

(3.1.50)
The last term on the right-hand side of (3.1.47) is

tir1 tit1
Ao G(Xo, 0,) ds — / (Vog(Xo.00,) — Vog(6,)) ds
t

ti i
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By the assumptions on the function g, we have that
Vog(x,0) — Vog(0)] < C (1+0]) (1 +[x]") ,

for some constants C' > 0 and ¢ > 0. Therefore, apply the Lebesgue’s dominated

convergence theorem to the Riemann integral and write

pn”_)OX:/l+1 V@Q(Xs,etz) Vog(0:,)) ds —/ (V99<XS,9) \V/ g(@s)) ds

/ Axe Xsae )
(3.1.51)
From (3.1.49), (3.1.50), (3.1.51), we have

t t
. IHOZ{G Xirrs0r) — G(X4,,0,,) ) = / A o-G(X,,0,) ds + / G4 (X,, 0,) dB,
n 0 0

T / t [ Gl b )it dz).
(3.1.52)

Therefore, (3.1.46) and (3.1.52) show that the extended It6 formula in (3.1.35) holds.
U

Note that if the function G is twice differentiable with respect to x, then the co-
variation term in (3.1.36) is a Riemann integral, and the formula in (3.1.35) coincides

with the classical It0 formula.

Remark 3.1.17. Note that Lowther (2010) has a similar result as (3.1.35), but in
more generic form. In our result, we require to know an explicit formula for zero
continuous quadratic variation term as mentioned in Theorem 1.2 in Lowther (2010).
Thus, our version of It6’s lemma allows us to analyse the term more precisely when

we show the convergence of the estimator in the next section.

The function G in (3.1.14) satisfies the weak Poisson equation (3.1.12) because
the function Vyg(x,0) — Vyg(0) is centered as required in Theorem 3.1.10. Then,
in the next proposition we apply Proposition 3.1.14 and the extended It6 Lemma to
prove the convergence of the deviation term I'y .

Before proceeding, we define the following increasing stopping times. For an
arbitrary £k > 0 and A = A(k) > 0

T = inf{t > Tr_1 2‘V9§(9t)| > KJ} )
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7= sup {t > 7,2 [Vog(0r,)| /2 < |V (0,)] < 2 [V03(0s,)]

t
for all s € [r,t] and / Byds < )\} ,
Tk

where k = 1,2, ... and 0y = 0, and we denote 7, = T +y for v > 0. This sequence of
stopping times quantifies the period of time for which ‘Veg (9)‘ is small, see Bertsekas
and Tsitsiklis (2000).

Proposition 3.1.18. Convergence of deviation term. Recall that the deviation

term 1s given by

Th,y
Py = [, (VaglXeat) — Dog(0,) ds.

Tk

Assume Conditions 3.1.1 to 3.1.7 hold and let Xy = x¢. Then, with probability one,
we have that
|Fk,v’ —0 as k— 0.

Proof. The idea of this proof is closely related to the proof of Lemma 3.1 in Sirignano
and Spiliopoulos (2017). Recall that the function Vyg(z,0) — Veg(0) is centered
and that G is a solution to the weak Poisson equation (3.1.12) and that it is locally
Lipschitz.

Let 7 and T be stopping times, such that 7 < 7. First, we show that
5? G(X?, 9?) - BLG(XL7 91)

:/ B;G(Xs,és)der/ BsAx,g*G(Xs,Qs)ds%—/ B, G1(X,, 0,) dB,

+ / / By Go( X, 05, 2) ji(ds, dz) + / By VoG(X,-,0,-) db,
T JR T
d

+ / %Bs VgGk(Xs’08> dw?Q]S

T

+[BVsG(X,0),6]"

k=1

(3.1.53)

where 3, is the derivative of 3, with respect to ¢ and the quadratic covariation term

[/8 VQG(X, 0)7 e}z’x - ||}liﬁll>0 PZ(Bti+1V9G(Xti+1 ) 015,) - /BtiVQG(Xt“ 9t¢>)(9ti+1 - etl) .

n

(3.1.54)
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Here, P, is a partition of the interval [r,7], and (3.1.54) is well-defined due to the

time reversal argument in Proposition 3.1.16. Write

5? G(X;, 9?)_61 G(Xza ‘91)
= Z BtiJrl (G(Xti+179ti+1) - G(‘Xti? 9t1)) + (ﬁtiH - Btz) G(Xtia etl)
Pn
— A7+ A3,
(3.1.55)
where A? = ZPn /Bti+1 (G<Xti+1 ) 6ti+1) - G(th Qtz)) and Ag = (/Bti+1 _6151') G(Xti’ th)

Next, consider

lim A7 = lim Zﬁs (i — t;) G(Xy,,0,)

n—oo n—oo

/5 (X.,0.)

where the second equation holds because » p B 1is,ieftitiin)} G(Xy, 0r;) converges

(3.1.56)

to B; G(Xs,0,) almost surely and by the dominated convergence theorem. Now,

consider
nlggo A? = nlggo Z 5ti+1 ( 1+17 9t1+1) - G(th 9t1))
P,

:/ BsAm,g*G(Xs,Qs)ds%—/ ﬁsél(Xs,Gs)st+/ Bs VoG (X, 0,-) dbs

—I—/ /55 Go(Xs, 05, 2) fi(ds, dz) +
T R

# i 3 s ([V0GOG0.007 = [VoG,00.0]7)

n

r d
/ 3 Bs VoGi(X, 0,) d[o, 9]5]

T k=1

(3.1.57)
where the second equation follows from Proposition 3.1.16 and from the dominated
convergence theorem.

Next, we must show that

lim Y8, ([VQG(X, 0).0];  — [VoG(X, 0),9}2) (3.1.58)
Py,

is well-defined and it is equal to [8 VeG(X,0), (9] . From the proof of Proposition
3.1.16, we have that

By, ([VoG(X,0),0]; | — [VoG(X,0),0];)

tir1 tir1 (3159)
4., / VoG(X,, 0,) d""0, — / VoG(X, 0. ) db,
t t
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where f;’“ VoG (X5, 05) d™0s :=1lim >, . VoG(Xs,,,05) (05, —0s,) is aback-
ward integration. Take the limit n — oo on both sides of the equation above and

write

Tim > B, ([WG(X, 0).0]; [ VoG(X, 9),9]‘:)
P,

7

/ /BSVBG(Xsf, 057) d*,mes _ / BSVHG(XS*7 63*) deg] (3160)

= [BVG(X,0),6]7" .

The first equality follows from (3.1.59) and the dominated convergence theorem. The
second equality follows from the definition of [6 VeG(X,0), 9} :x Therefore, (3.1.53)

holds and we rewrite the deviation term in (3.1.3) as follows:

Th,y
Fk;')/ :/ /BS Ax,G*G(Xs, 95) dS

= Bﬂﬁ G(X?k,w Q?k,ﬂ - 6£G(sz 91) - / | 5; G(st 95) ds

3

Fk:,'y - Tk, ~
- / ﬁs Gl(Xm@s) dBs — / /ﬁs GQ(XS_795_7Z) [L(dS,dZ) (3161)
T T R

- / : /65 VGG(XS*7 95*) des

_ d
_[/ ’”%@vzek(xs,es)d[e,e]sl — [BVeG(X,0),0)7".

k=1 -
Next, we prove the convergence of each term on the right-hand side of (3.1.61).

The expectation operator under the probability measure P, ¢« is denoted by E. Let
Jt(l) =0 }G(Xt, 0,5)‘. The inequality

?|

follows from Proposition 3.1.14, and because the random variables X; and 6, have

If| < g [ 18D (14130

<A4Cy, BE {(1 +\9t!2) (1 +\Xt\2q)} <CpB?,

finite moments and because C is a constant that depends on zo. Now, apply the
Borel-Cantelli argument as in Lemma 4.1 in Sirignano and Spiliopoulos (2017) to
show that Jt(l) converges to zero with probability one. Next, consider the finite
variation term on the right-hand side of (3.1.61)

@) !
Jt,o = /
0

BLG(X,,0,) + By Log-G(Xs,0,)| ds ,
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where Ly~ is the infinitesimal generator of the process 6 under the probability mea-
sure Pg-. The term Jt(%) obeys the bound

sup E

t>0

Vel S/ C (161 +82) (1+EIX.* + EJ0,) ds < oo,
0

where the last inequality follows from the properties of the learning rate 8; in Con-
dition 3.1.5, and because the process X has a bounded 2 ¢-moment and the process
f has a bounded second moment. Thus, there exists an integrable random variable
J?  such that

00,07

IS = JL as t— oo (3.1.62)

with probability one.

Next, consider the stochastic integral
t N t B
Jt(,?())) = / Bs G1(Xs, 05) dBs + / / Bs Go(Xs—, 0, 2) fi(ds, dz)
0 o Jr
t
+ / Bs VoG (X, 05) Vob( X, 0) 0(X,) 1 dB, .
0

The Burkholder-Davis-Gundy (BDG) inequality implies that

2 ¢ - 2 ¢ - 2
E | sup |19 ] <C\E / 8, G (X, 0,) ds+/ / B, Co(Xo 0., 2)| vidz) ds
0<s<t 0 0o Jr
t
+/yﬂsveG(Xs,es)vgb(Xs,e)a(Xs)—1\2 ds] :
0
(3.1.63)
where (] is a positive constant. From Lemma 3.1.15, we have that
G1(X,0,)| < Oy (1+16:]) (1+1X.]7)
(3.1.64)

GalXo 0 2)| < Cang (L0 1) 1Ko ll2] (11X )21 41X, 1%)

Therefore, use the BDG and the Cauchy—Schwarz inequalities to show that the ex-
pectation of the first and third terms on the right-hand of (3.1.63) are both bounded
by C K fot (% ds because the processes X, 05, X,-, and 0,- have finite p-moments for
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all p > 0. For the remaining term, write

|

< Cy,E

ﬁs CNTYZ<XS*> 98’7 Z)

* (d2) ds}

t
/ /ﬁg (110 ) X P 12 (11X 29|22 X 7) () ds]
0 JR

<O /Otﬁg <1—|—‘93—‘2) <’XS—|2+’X3—’2q+2> dS]
<SCE /Otﬁf (1 +|05_|4) + 32 (1 +|Xs_y4q+4) ds]
<C /t B2 ds,

0

(3.1.65)
where C' and C are positive constants that depend on xy. The first inequality in
(3.1.65) results from Lemma 3.1.15, the second inequality follows from Condition
3.1.3, and the last inequality follows because the processes X, 0, X -, and 0,- have
finite moments, see Lemma 3.1.9. Hence, the right-hand side of (3.1.63) is finite.
Then, by Doob’s martingale convergence theorem, there exists a square integrable

random variable J such that

00,07
I = I as t— o0 (3.1.66)

with probability one.

Next, consider the following covariation in the interval [t;, t; 1]

)[ﬁvg (X,0),0]| <

lim (2657“ sJ_Ha@sj-) - VGG(XSJ'7€5]')H083'+1 - 053“ (3167)

’PnH—ﬂ)

+‘68j - 68j+1| |V9G(ij’95j)”95j+1 - 98;“) )

where ﬁn is the partition of the interval [t;,¢;11]. Now, consider the second term on
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the right-hand side of (3.1.67)

lim Z}Bsg Bsﬁrl‘ |V€G X5J795J } ‘95]+1 o 31‘

12| =0

< lim ZCGq‘Bs] Bs]+1|<1+ sup | X “1> Sup‘esjﬂ—@sj‘

||Pn|| -0 ti<s<tip1

< lim Cg, |1+ sup |X|* Wti —5ti+1{ sup!QS].Jrl —0$j| =0,
”PnH—>0 t; <s<tjy1 7
(3.1.68)

where the first inequality follows from (3.1.18) and the last inequality follows because

the process 6, is continuous. Now, consider the term

lim Z 55J+1 0 G( 5419 Qs]) v@ G(ij7 Qs]-)| |95]-+1 - 08]‘ ‘

18] =077

S ~hm Z CG,Q B8j+1 (1 + Sup |Xs|q> |X8j+1 - XS]' ‘ |68j+1 - 081"

||Pn||_>0 ti<s;j<tit1 t;<s<tjq1

tit1
< Ceq,q Bt <1+ sup |X5|q>/ ‘d[X,Q]S}
t;<s<tjy1 t;

tit1
=Ca,B? [14+ sup |X,° Vo b(Xs,0,)| ds,
4 Mt
! t;<s<tjy1 t;
(3.1.69)

where the first inequality follows from (3.1.18) and the second inequality follows from
the definition of covariation. Therefore, for ¢ > r, fro