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Abstract

In stochastic control problems the agent chooses the optimal strategy to

maximise or minimise the performance criterion. The performance crite-

rion can be either the expectation of a reward function for the standard

control problem or the non-linear expectation for the robust control prob-

lem. In parameterised stochastic control problems, the agent needs to

know the value of the model parameters in the stochastic system to spec-

ify the optimal strategy correctly. However, it is hardly the case that the

agent knows the values of the model parameters.

In this thesis, we aim to study a robust stochastic control problem where

the agent does not know the values of the parameters of the underlying

process. Therefore, we frame the stochastic control problem where we

assume that the agent does not know the values of the model parameters.

However, the agent uses the observable processes to estimate the values of

the model parameters while simultaneously solving the stochastic control

problem in a robust framework.

There are two key components in this new stochastic control problem.

The first component is the parameter estimation part where the agent

uses the realisation of the underlying process to estimate the unknown

parameters in the stochastic system. We particularly focus on online

parameter estimation. The online estimator is an important ingredient

for our stochastic control problem because this type of estimator allows

the agent to obtain the optimal strategy in feedback form. The second

component is the stochastic control part which is the question of how to

design a time-consistent stochastic control problem that allows the agent

to also estimate the parameters and optimise her strategy simultaneously.

In this thesis, we address each component of the problem above in the

continuous-time setting and then the utility maximisation problem under

this framework is studied carefully.
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Chapter 1

Introduction

In this thesis, we study stochastic control problems where the agent does not

have full knowledge of the value of parameters in the model and, as time evolves,

uses new observations to estimate the parameters and, simultaneously, to update

the optimal strategy. This problem is interesting from both theoretical and practical

perspectives. The standard stochastic control problem usually assumes that the agent

knows the value of the model parameters, which is a strong assumption and does not

hold in practice. With this relaxation on the assumption of the knowledge of the

parameters, we can apply our new stochastic control framework to many classical

stochastic control problems such as utility maximisation where the agent does not

have full knowledge of the value of model parameters in the stochastic system.

There are two key components in these stochastic control problems. First, estimate

the value of the parameters as time evolves and more information is available. In

this thesis, we focus on online parameter estimation. The online estimator is an

important ingredient in the stochastic control problem that we study because an

online estimator allows the agent to obtain a feedback form strategy (Markovian).

Second, design a time-consistent stochastic control problem that allows the agent to

estimate parameters online while deriving the optimal strategy. In this thesis, we

address each component of the problem above in the continuous-time setting.

Next, we provide a brief introduction to each chapter of our thesis.

In Chapter 2, we introduce concepts that we use throughout the thesis. In partic-

ular, in Section 2.1, we list terminologies of descriptive set theory, which are essential

to developing measurable selection theorems. In Section 2.2, we state definitions of

key concepts such as analytic and Borel-measurable sets and standard measurable

selection theorems under different assumptions which been used in the stochastic

control problems. Moreover, we provide a sketch proof of the dynamic programming

principle in a classical stochastic control setup to show how the measurable selection
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theorem is applied to prove the dynamic programming principle. Later, we discuss

parameter estimation techniques in general and provide a standard result of the on-

line parameter estimation in the discrete and continuous-time setup. This helps to

illustrate the difference between the standard result and our result in Chapter 5 and

provides insights into what assumptions are required for the proof of the convergence

for our online estimator.

In Chapter 3, we study the online drift parameter estimation for the jump-diffusion

process. The convergence of the estimator in Sirignano and Spiliopoulos (2017) is

studied when the observed process is a diffusion process. Here, we provide a non-

trivial extension for the convergence of the online estimator for the jump-diffusion

case using an abstract version of the solution of the Poisson equation. Then, we show

this convergence numerically for the Ornstein-Uhlenbeck process and the Bimodal

process.

In Chapter 4, we propose “adaptive robust control in continuous-time”, which we

extend from Bielecki, Chen, and Cialenco (2017a) where they study the discrete-time

framework. The proposed model is the stochastic control problem in which the agent

does not have full knowledge of the values of the parameters in the model. The

agent observes the underlying process to estimate the value of parameters and uses

the updated parameter values to solve the optimal strategies of the stochastic control

problem. The main difficulty of the adaptive robust control in continuous-time is

the proof of the time-consistency and the dynamic programming of the model. We

rely on a precise measurable selection theorem to prove these two results, and then

we show the characterisation of the value function as a viscosity solution of a partial

differential equation. As a financial example, we study the liquidation problem under

the adaptive robust control framework.

In Chapter 5, we study the utility maximisation problem under the adaptive ro-

bust control framework discussed in Chapter 4. The utility maximisation problem is

a classical stochastic problem. We are interested in the application of the adaptive

robust control framework to this classical problem and compare the optimal strat-

egy under the adaptive robust framework to the classical framework. We show the

stochastic representation of the value function for the utility maximisation problem

and we study the effect of the learning on the optimal strategy. Next, we analyze

the optimal strategy to understand the role of each hyper-parameter and we present

numerical results.
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Chapter 2

Basic mathematics

In this chapter, we discuss the foundations of a dynamic programming principle

in continuous-time and provide the notations and concepts that we use throughout

this thesis. Section 1 presents the methodologies of the typical topological spaces

that we use in classical probability theory and the definition of a probability kernel.

In Section 2, we recall the results of measurable selection theorems in Bertsekas

and Shreve (1996) and we state the dynamic programming principle for a standard

stochastic control problem and provide a sketch proof of the theorem to illustrate the

use of the measurable selection theorem. In the last Section, we introduce multiple

online parameter estimation methods that are used in an adaptive robust control

problem. We discuss these results in discrete and continuous-time setup.

2.1 Descriptive set theory

Here, we present some classical concepts of descriptive set theory, which are es-

sential elements in an abstract dynamic programming and in a measurable selection

theorem. First, we present the definition of the standard topological spaces and the

definition of the probability kernel.

Probability theory has a setup in the space that is “nice” enough, so standard

techniques can be used. In particular, separability of the space is required for con-

structing a conditional expectation. In general, most spaces we consider here are

Polish spaces. For example, the space Rd equipped with the Euclidean norm is a

Polish space.

Definition 2.1.1. (Polish Space) The space E is a Polish space if it is a completely

metrisable topological space and a separable metric space.

3



The important property of a Polish space is when we define the set of probability

measures on a Polish space E, denoted by P(E) equipped with the weak∗-topology.

Then, the space P(E) is also a Polish space. Now, we introduce the definition of

Borel space, which we use in the measurable selection theorems.

Definition 2.1.2. (Borel Space) A topological space is said to be a Borel space if

it is topologically homeomorphic to a Borel subset of a Polish space. (ii) Let E and

F be two Borel spaces, E and F are said to be isomorphic, if there is a bijection ψ

between (E,B(E)) and (F,B(F )) such that ψ and ψ−1 are both measurable.

If the topological spaces X and Y are homeomorphic, then they have the same

topological structure. In stochastic control problems, generally, the problems involve

a law of the future state process, and an agent takes an action to maximize his

objective function which depends on the future value of the state. In the dynamic

setting, the agent observes a realization of the state which alters the view of the future

state and changes the law of the future state. We require a mathematical object to

capture this.

Definition 2.1.3. (Probability kernel or stochastic kernel) Let (X,X ) and (Y,Y) be

two measurable spaces, a probability kernel is a map N : X × Y → [0, 1] such that

the map x → N(x,B) is a X -measurable function for all B ∈ Y and for all x ∈ X,

N(x, ·) is a probability measure on (Y,Y)

The following definition and theorem are used in Chapter 4. The theorem shows

that if a function is measurable in one variable and is continuous in the other variable,

then, under additional topological assumptions, the function is jointly measurable.

Proving the Section function of a function to be continuous or measurable is simpler

than proving the joint measurability of the function directly.

Definition 2.1.4. Let (S,Σ) be a measurable space, and let X and Y be topological

spaces. A function f : S ×X → Y is a Carathéodory function if:

1. For each x ∈ X, the function fx = f(·, x) : S → Y is (Σ,BY )-measurable.

2. For each s ∈ S, the function fs = f(s, ·) : X → Y is continuous.

Theorem 2.1.5. Let (S,Σ) be a measurable space, X a separable metrizable space,

and Y a metrizable space. Then every Carathéodory function f : S × X → Y is

jointly measurable.

The full proof of the theorem above can be found in Kubińska (2005).
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2.2 Measurable selection and dynamic program-

ming principle

In this Section, we present the measurable selection theorems. First, we discuss

the projection theorem and how it deduces the measurable selection theorem. Later,

we give a definition for the semi-analytic function. We state multiple versions of

measurable selection theorems. Later, we present a sketch proof of the dynamic

programming principle in a standard stochastic control setup using a measurable

selection theorem.

2.2.1 Measurable selection theorems

Consider the following question. If A ⊂ [0, 1]× [0, 1] is a Borel measurable set, can

we show that the projection of A onto the interval [0, 1] is also a Borel measurable

set?. The answer is provided by Souslin, who proved that it is not necessary for a

projection of Borel set to be a Borel set. This stability under a projection requires

a larger σ-field than the Borel measurable σ-field. Note that a projection of a set

A ∈ Ω× E onto Ω is

{ω ∈ Ω | ∃ x ∈ E such that (ω, x) ∈ Ω× E }.

and there are multiple ways to enlarge the Borel set.

Indeed, we define an analytic set as a projection of a Borel set and with this weaker

definition, the analytic set is stable under projection. Hence, from the definition of

Borel space, the Polish space is a Borel space. We give a complete definition of

analytic set later in this subsection. We use πΩ(A) to represent a projection of the

set A onto the set Ω.

Moreover, the stability of projection can hold, if one enlarges the σ-field to be a

completed σ-field under a probability measure P.
We state the results of the technical product paving and projection capacity. For

each Borel measurable set, A, in (Ω×E,F ⊗B(E)) and for each probability measure

P on (Ω,F), the projection of the set A onto Ω has a Borel measurable set that

differs up to a P-negligible set. In other words, we can find a Borel measurable set

Ã ⊆ πΩ(A) such that P∗(πΩ(A)) = P(Ã) where P∗ is an outer measure of probability

measure P, for more details see El Karoui and Tan (2013a).

Remark 2.2.1. The choice of the measure P is arbitrary, it is possible to enlarge a

Borel σ-field with the set N such that the outer measure P∗(N) = 0. Moreover, since
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the projection set πΩ(A) is not necessarily a member of F = B(Ω), to have a mea-

surement on the set requires the use of an outer measure induced by the probability

measure P instead.

With this observation, the first measurable selection theorem can be proved us-

ing the completed σ-field. The proof is just a corollary of the projection of Borel

measurable sets.

Proposition 2.2.2. Let (Ω,F ,P) be a probability space and E be a locally bounded

compact Polish space. We consider a measurable function f(ω, x) defined on (Ω ×
E,F ⊗ B(E)) and A ∈ F ⊗ B(E). Then the function g defined by

g(ω) := sup{f(ω, x) : (ω, x) ∈ A}, with the convention sup ∅ = −∞, (2.2.1)

is F-measurable when F is a P-completed σ-field.

Proof. Let c be a real number. Note that {g(ω) > c} = { ω | ∃ x such that f(ω, x) >

c, (ω, x) ∈ A}. Therefore, the set {g(ω) > c} is a projection of a Borel measurable

set {f(ω, x) > c, (ω, x) ∈ A}. This completes the proof since F is a P-completed

σ-field.

For the σ-field F , we denote the completed σ-field under a probability measure P
as FP, therefore, for A ∈ F ⊗B(E), the projection of the set A onto Ω is measurable

with respect to FP. As we mentioned, the choice of the probability measure P is

arbitrary, this leads to the definition of universal completion. First, we let P(Ω) be

the set of probability measures on Ω

Definition 2.2.3. Let (Ω,F) be a measurable space, the universal completion of F
is the σ-field defined as the intersection of FP for all probability measures P ∈ P(Ω)

on (Ω,F) i.e.,

FU :=
⋂

P∈P(Ω)

FP.

A function f from (Ω,F) to E is called universally measurable, if f−1(A) ∈ FU for

each A ∈ B(E). Now, we state the universally measurable selection theorem where

the statement does not rely on a specific probability measure as in Proposition 2.2.2.

6



Theorem 2.2.4. Let (Ω,F) be a measurable space, E be a Borel space with E :=

B(E), and A ∈ F ⊗E be a measurable subset in Ω×F and f is a F ⊗E- measurable

function. Define

g(ω) := sup{f(ω, x) : (ω, x) ∈ A} . (2.2.2)

Then g is FU -universally measurable and for each ϵ > 0, there exists a FU -universally

measurable mapping Zϵ such that for all ω ∈ πΩ(A)

f(ω, Zϵ(ω)) ≥ g(ω)− ϵ .

The full proof of the theorem above can be found in El Karoui and Tan (2013a).

Now, we present a detail definition of analytic sets and the measurable selection

theorem under this framework. The following result and definition are from El Karoui

and Tan (2013a).

Definition 2.2.5. (Analytic set and analytically measurable function)

(i) Let E be a Borel space, then a subset B is an analytic set in E if there is

another Borel space F and a Borel subset A ⊆ E × F such that B = πE(A). A

subset C ⊆ E is co-analytic if its complement Cc is analytic.

(ii) A function g : E → R = R∪∞ is upper semianalytic (u.s.a.) if {x ∈ E : g(x) >

c} is analytic for every c ∈ R.

(iii) Let E be a Borel set and A(E) denote a σ-field generated by all analytic subsets.

A function f : E → F , where F is a Borel set, is analytically measurable if

f−1(C) ∈ A(E) for every C ∈ B(F ).

Note that all Borel measurable sets are analytic sets (B(E) ⊆ A(E) ⊆ BU(E)).

Now, we state some results of a measurable selection theorem in the context of

Borel spaces where the full statement of the proof can be found in El Karoui and

Tan (2013a).

Theorem 2.2.6. Let E and F be Borel spaces, let A be an analytic subset of E×F ,

and f : A → R be an u.s.a function. Define g(x) := sup(x,y)∈A f(x, y), then the

following results hold:

(i) The projection set πE(A) is an analytic subset in E.

(ii) There exists an analytically measurable function ϕ : πE(A) → F such that

(x, ϕ(x)) ∈ A, for every x ∈ πE(A).
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(iii) The function g : πE(A) → R = R ∪∞ is upper semianalytic.

(iv) For every ϵ > 0, there is an analytically measurable function ϕϵ : πE(A) → F

such that f(x, ϕϵ(x)) ≥ gϵ(x) := (g(x) − ϵ)1g(x)<∞ + 1
ϵ
1g(x)=∞ for every x ∈

πE(A).

Statement (iv) above is the essential tool for proving the time-consistency property

for stochastic control problems. Note that if we use a stronger regularity assumption

on the function f , we require a stronger assumption on the topological spaces.

2.2.2 Measurable selection to the dynamic programming prin-
ciple

In this subsection, we connect the measurable selection theorems in the previous

subsection to the dynamic programming principle using the proof of the dynamic

programming principle in the classical setup. Here, we follow from Pham (2009) where

they left some technical details to focus the intuition on the use of the measurable

selection to prove dynamic programming principle in the classical setup. Let

dXs = b(Xs, αs) ds+ σ(Xs, αs) dWs , (2.2.3)

where Xt is valued in Rn, W is a Brownian motion and α is a control process. We

assume that the function b and σ are Lipschitz functions, so that the process X exists.

We denote the set of control process at time t, x as A(t, x) where the set of control

processes is the set of a progressively measurable function that satisfies

E

[∫ T

t

∣∣f(s,X t,x
s , αs)

∣∣] <∞ . (2.2.4)

The performance criterion is

J(t, x, α) = E

[∫ T

t

f(s,X t,s
s , αs) ds+ g(X t,x

T )

]
, (2.2.5)

where f and g are under some growth assumptions. The value function v is given by

v(t, x) := sup
α∈A(t,x)

J(t, x, a) = sup
α∈A(t,x)

E

[∫ T

t

f(s,X t,s
s , αs) ds+ g(X t,x

T )

]
. (2.2.6)

We state the dynamic programming principle from Pham (2009).
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Theorem 2.2.7. (Dynamic programming principle) For each (t, x) ∈ [0, T ] × Rn.

Then, we have

v(t, x) = sup
α∈A(t,x)

E
[∫ u

t

f(s,X t,s
s , αs) ds+ v(u,X t,x

u )

]
, (2.2.7)

where u ∈ [t, T ].

Proof. Basically, we follow from the proof of Theorem 3.3.1 in Pham (2009). We only

focus on the argument that showing

v(t, x) ≥ sup
α∈A(t,x)

E
[∫ u

t

f(s,X t,s
s , αs) ds+ v(u,X t,x

u )

]
, (2.2.8)

which can be shown by for each ϵ > 0, we construct α̂ such that

v(t, x) ≥ E
[∫ u

t

f(s,X t,s
s , α̂s) ds+ v(u,X t,x

u )

]
− ϵ . (2.2.9)

In his proof, Pham (2009) simplifies the proof by claiming that by the definition of

the value functions, for any ϵ > 0 and ω ∈ Ω, there exists αϵ,ω ∈ A(s,X t,x
s (ω)), which

is an ϵ-control for v(s,X t,x
s (ω))), i.e,

v(s,X t,x
s (ω)))− ϵ ≤ J(s,X t,x

s (ω), αϵ,ω) . (2.2.10)

Although the above statement is true, it leaves multiple technical details. Here,

we provide these missing steps. If we rewrite the problem as

v(s,X t,x
s (ω)) = sup

α∈A(s,Xt,x
s (ω))

J(s,X t,x
s , α) , (2.2.11)

can be written as Theorem 2.2.6 ( with a substitution of the function). Therefore, with

the proof of the regularity of the function J , the measurable selection in Theorem

2.2.6 can be applied and we have that the statement above from Pham (2009) is

correct.

As we see from the above example, a measurable selection theorem is crucial for

the prove of the dynamic programming principle of a stochastic control problem. We

apply this technique again in Chapter 4.
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2.3 Online parameter estimation

In the previous sections, we discuss the abstract set theory and measurable selec-

tion theorems which use to show the dynamic programming principle of a stochastic

control problem. However, the adaptive robust control framework is not a stan-

dard stochastic control problem, the framework intends to use a statistical learning

method to estimate an unknown parameter, and allows the agent to incorporate the

information to make an optimal decision.

In particular, the agent implements an online estimation of the unknown parame-

ter in the stochastic system. Therefore, we need to study the convergence of an online

estimator. In this Section, we present a standard result of the convergence of these

estimators for both results in the discrete-time setup and the continuous-time setup.

For the discrete-time setup, we follow the paper Bielecki, Chen, and Cialenco (2017b).

They use a stochastic approximation technique to recursively estimate an unknown

parameter in a discrete-time setting, and allow them to find the value of the param-

eter θ∗. In the continuous-time setup, we follow the paper Sirignano and Spiliopou-

los (2017) as a standard result.

2.3.1 The discrete-time setup

The following material is from Bielecki, Chen, and Cialenco (2017b). Let (Ω,F)

be a measurable space. Let Θ ⊂ Rd be a set of parameters and Z be a discrete-time

stochastic process taking values in Rm, we now define the raw filtration generated

by process Z, Ft = σ(Zs, s ≤ t). Assume that we have uncertainty about the true

probability measure Pθ∗ , but we know that it is contained in the set of probability

measures {Pθ, θ ∈ Θ}. After we observe some realizations of the stochastic process

Z, we can estimate the true parameter θ∗. The following assumptions allow us to use

a stochastic approximation method to find a recursive form of our estimator.

Assumption 2.3.1. (Regularity assumption)

(i) For each θ ∈ Θ, under probability measure Pθ, Z is a homogeneous Markov

process.

(ii) Under the probability measure Pθ∗ , Z is an ergodic Markov process.

(iii) Under each probability measure Pθ, there is a positive density function pθ such

that Pθ(Z1 ∈ A|Z0 = x) =
∫
A
pθ(x, y) dy.
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We use definition (2.6) from Revuz (2008) to define an ergodic Markov process

and the following result gives us a long-term behavior of the ergodic process.

Proposition 2.3.2. Let Z be an ergodic process under the probability measure P.
Then, for any function g such that EP[g(Z0, ..., Zn)] <∞, we have

lim
N→∞

1

N

N−1∑
i=0

g(Zi, ..., Zi+n) = EP[g(Z0, ..., Zn)] P− a.s . (2.3.1)

For any θ and n, we define πn(θ) := log pθ(Zn−1, Zn) which accounts for the law

of the random variable Zn under the measure Pθ given Zn−1. First, we recall the

definition of Kullback-Leibler divergence from Pθ∗ to Pθ, we have that

DKL(Pθ∗||Pθ) :=

∫
log

(
dPθ∗

dPθ

)
dPθ∗

dPθ

dPθ.

Thus, we can rewrite the Kullback-Leibler divergence in terms of the density function

as follows

0 ≤ DKL(Pθ∗||Pθ) :=

∫
log

(
pθ∗(Z0, x)

pθ(Z0, x)

)
pθ∗(Z0, x) dx,

where the left inequality follows from the Gibbs’ inequality. Since the probability

density pθ(Z0, x) is always positive and finite, we split the logarithm terms to obtain∫
log pθ∗(Z0, x) pθ∗(Z0, x) dx ≥

∫
log pθ(Z0, x) pθ∗(Z0, x) dx ,

which can expressed in expectation form as

EPθ∗ [π1(θ
∗)] ≥ EPθ∗ [π1(θ)] .

The true parameter maximises the information ratio under the true probability mea-

sure. Therefore, under additional regularity assumption on the density pθ, the dif-

ferentiation and expectation can interchange. It suffices to consider the unknown

equation

Eθ∗ [ψ1(θ)] = 0 , (2.3.2)

where the solution is θ∗, ∇ is a gradient operator, and ψn(θ) = ∇πn(θ). This is a

stochastic equation since the parameter θ∗ is unknown. However, under the measure

Pθ∗ , the process Z is ergodic and by Proposition 2.3.2 so the sequence 1
n

∑n−1
i=0 ψi(θ)

as an approximation of Eθ∗ [ψ1(θ)]. Therefore, we need a stochastic approximation

method to recursively find a point estimator. The method to solve the stochastic

equation is extensive, for example see Rao (1999) and Bertsekas and Tsitsiklis (1996).
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Remark 2.3.3. Assumption (i) gives us a well defined πn function, and assumption

(ii) enables us to obtain the Gibbs’ inequality. The last assumption allows us to use

stochastic approximation techniques for equation (2.3.2), and to have a recursive form

for the estimator.

In Bielecki, Chen, and Cialenco (2017a), the estimator is a quasi-asymptotically

linear recursive point estimator, see the definition of this estimator in Definition 4.2

in Bielecki, Chen, and Cialenco (2017a). Their estimator has the weak consistent

property and is asymptotically normal. The advantage of the recursion form is that

it is computationally efficient and hence allows us to define the augmented space in

the discrete model. This motivates us in Chapter 3, which properties of the estimator

should have for our extension in a continuous-time setting.

Example 2.3.4. Consider a stochastic process Z, taking values in R, that is inde-

pendent and identically distributed, and has a law N (θ, σ2) under the probability

measure Pθ with unknown θ, where θ ∈ R. We define our estimator to be the maxi-

mum likelihood estimator (MLE). If the realization is Z1, ..., Zn, the sample mean is

given by θ̂n = (Z1 + · · ·+ Zn)/n, which is the MLE estimator for θ.

2.3.2 The continuous-time set up

The material in this subsection follows from Sirignano and Spiliopoulos (2017)

where they prove the convergence of the estimator when the observed process is a

diffusion process.

In particular, the ergodic process X = (Xt)t≥0 under the probability measure Pθ∗

that takes values in Rn, and which satisfies the stochastic differential equation (SDE)

dXt = b(Xt, θ
∗) dt+ σ(Xt) dBt (2.3.3)

where the functions b and σ are Lipschitz functions and θ∗ is the unknown parameter

and B is a Brownian motion process. We denote the corresponding invariant measure

for the process X under the probability measure Pθ∗ as πθ∗ . The stochastic gradi-

ent descent in continuous-time (SGDCT) algorithm to estimate the unknown drift

parameter θ∗ is given by

dθt = βt
[
∇θb(Xt, θt)(σ(Xt)σ(Xt)

⊺)−1dXt

−∇θ b(Xt, θt)(σ(Xt)σ(Xt)
⊺)−1b(Xt, θt) dt

]
.

(2.3.4)

Here is a brief summary of their approach to estimate the parameter θ∗. We denote

by ⟨·, ·⟩ the dot product operator and define the function ḡ(θ) :=
∫
g(x, θ) πθ∗(dx),
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where πθ∗ is a unique invariant measure of the process X under the probability mea-

sure Pθ∗ , and where

g(x, θ) :=
1

2
⟨b(x, θ)− b(x, θ∗) , (σ(x)σ(x)⊺)−1(b(x, θ)− b(x, θ∗))⟩ (2.3.5)

is a function that specifies how close the function b(x, θ) is to the drift component

b(x, θ∗) of the process X.

Theorem 2.3.5. Convergence of the gradient . Let the process θt follow (2.3.4)

and assume the process X in (2.3.3) is sufficent ergodic. Then∣∣∇θḡ(θt)
∣∣→ 0 as t→ ∞ ,

almost surely.

Remark 2.3.6. Note that the difference of the discrete-time and the continuous-time

setup is in the parameterised model. In the discrete-time setup, the parameter spec-

ifies the density of the transition probability of the underlying process, whereas the

parameter in the continuous-time setup specifies the drift function of the underlying

process.

In both approaches, the online estimators follow the gradient of a criterion func-

tion. Also note that in both subsections, we require the assumption that the under-

lying process is the ergodic, which are used to show the convergence of the online

estimators.

13



Chapter 3

Online drift estimation for
jump-diffusion processes 1

Typically, one judges the usefulness of models by how good they are in describing

a system and by the accuracy of their predictions. In both cases, the degree of success

of a model depends on a number of ingredients, which include: model assumptions,

mathematical tractability, and the methodology to estimate the parameters of the

model. In this chapter, we assume that the system is a jump-diffusion process and

we show how to estimate its drift component with a learning algorithm that updates

the parameter estimates in continuous-time. Specifically, one observes the process

X = (Xt)t≥0 that takes values in Rn, and which satisfies the stochastic differential

equation (SDE)

dXt = b(Xt, θ
∗) dt+ σ(Xt) dBt + ξ(Xt−, dLt) , (3.0.1)

under the probability measure Pθ∗ where the jump component ξ(Xt−, dLt) is given by

ξ(Xt−, dLt) =

∫ t

0

∫
ξ(Xt−, z) µ̃(dt, dz) . (3.0.2)

Here, θ∗ ∈ Rd is an unknown parameter that one needs to estimate from ob-

servations of the process X. The process B = (Bt)t≥0 is a standard m-dimensional

Brownian motion under the probability measure Pθ∗ and the functions b, σ, ξ are such

that b : Rn×Rd → Rn, σ : Rn → Rn×Rm, ξ : Rn×Rr → Rn. In the jump component

of Xt, µ̃ is a compensated random measure of the Poisson measure µ associated with

the pure-jump Lévy process L = (Lt)t≥0 (independent of B) with Lévy-Khintchine

triplet (0, 0, ν), such that
∫
Rr |z| ν(dz) <∞ and ν(Rr) <∞.

1This chapter has been published by Bernoulli Journal, see Bhudisaksang and Cartea (2021b).
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Here is a brief summary of our approach to estimate the parameter θ∗. We denote

by ⟨·, ·⟩ the dot product operator and define the function ḡ(θ) :=
∫
g(x, θ) πθ∗(dx),

where πθ∗ is a unique invariant measure of the process X under the probability mea-

sure Pθ∗ , and where

g(x, θ) :=
1

2
⟨b(x, θ)− b(x, θ∗) , (σ(x)σ(x)⊺)−1(b(x, θ)− b(x, θ∗))⟩ (3.0.3)

is a function that specifies how close the function b(x, θ) is to the drift component

b(x, θ∗) of the process X.

Next, we employ the deterministic gradient descent method to construct a process

θt that converges to a stationary point of the function ḡ. Recall that the deterministic

descent direction ∇θḡ(θ) moves the value of the parameter θ toward a stationary

point (local or global) of the function ḡ. This stationary point is the estimate of the

unknown parameter θ∗. In continuous-time, the updates of the gradient descent to a

stationary point of the function ḡ follow

dθt =− βt∇θḡ(θt) dt

=− βt∇θg(Xt, θt) dt+ βt (∇θg(Xt, θt)−∇θḡ(θt)) dt

= βt (∇θb(Xt, θt) ) (σ(Xt)σ(Xt)
⊺)−1 (b(Xt, θ

∗)− b(Xt, θt)) dt

+ βt (∇θg(Xt, θt)−∇θḡ(θt)) dt ,

(3.0.4)

where βt > 0 is the learning rate.

One cannot implement the unbiased estimator in (3.0.4) because the drift term

b(x, θ∗) depends on the unknown value of θ∗. Thus, we employ (3.0.1) to write

b(Xt, θ
∗) dt = dXt −

∫
ξ(Xt− , z) µ̃(dz, dt)− σ(Xt) dBt , (3.0.5)

which we substitute into (3.0.4), so the estimator

dθt = βt
[
∇θb(Xt− , θt−) (σ(Xt−)σ(Xt−)

⊺)−1 dXt −∇θ b(Xt, θt) (σ(Xt)σ(Xt)
⊺)−1 b(Xt, θt) dt

]
+ βt (∇θ g(Xt, θt)−∇θ ḡ(θt)) dt− βt ∇θb(Xt, θt) (σ(Xt)σ(Xt)

⊺)−1 σ(Xt) dBt

− βt ∇θb(Xt− , θt−) (σ(Xt−)σ(Xt−)
⊺)−1

∫
ξ(Xt−, z) µ̃(dt, dz)

(3.0.6)

does not depend on the unknown parameter θ∗. Note that, for an arbitrary func-

tion F , we have that
∫ t

0
F (Xs, θs) ds =

∫ t

0
F (Xs− , θs−) ds and

∫ t

0
F (Xs, θs) dBs =∫ t

0
F (Xs− , θs−) dBs since the process X and θ have only countably many jumps and

the Lebesgue measure of the set of times where Xs ̸= Xs− or θs ̸= θs− is 0.
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In this chapter, we show that the integrals∫ ∞

t

βs (∇θg(Xs, θs)−∇θḡ(θs)) ds (3.0.7)

and∫ ∞

t

βs ∇θb(Xs, θs) (σ(Xs)σ(Xs)
⊺)−1 σ(Xs) dBs

+

∫ ∞

t

βs∇θb(Xs− , θs−) (σ(Xs−)σ(Xs)
⊺)−1

∫
ξ(Xs−, z) µ̃(ds, dz)

(3.0.8)

converge to zero as t → ∞. Therefore, the expression in (3.0.6) is close to the

deterministic descent direction ∇θḡ when t is large because the contribution of the

last three terms in (3.0.6) becomes negligible. Thus, the stochastic gradient descent

in continuous-time (SGDCT) algorithm to estimate the unknown drift parameter θ∗

we propose in this chapter is given by

dθt = βt
[
∇θb(Xt− , θt−)(σ(Xt−)σ(Xt−)

⊺)−1 dXt

−∇θ b(Xt, θt)(σ(Xt)σ(Xt)
⊺)−1 b(Xt, θt) dt

]
.

(3.0.9)

One can see how the SGDCT estimator compares to the classical maximum like-

lihood estimator (MLE) when the process X is a diffusion. Above, if one excludes

the jump component in (3.0.1), the process X becomes a diffusion, in which case the

estimate of the parameter θ is the value that maximises the likelihood function

Lt(θ) =

∫ t

0

b(Xs− , θ)(σ(Xs−)σ(Xs−)
⊺)−1dXs−

1

2

∫ t

0

b(Xs, θ) (σ(Xs)σ(Xs)
⊺)−1 b(Xs, θ)ds.

(3.0.10)

Observe that the first order condition one obtains from maximising the likelihood

(i.e., computing the gradient of Lt(θ) with respect to θ and equating to zero) has the

same form as the expression that appears inside the brackets in the first line of the

estimator in (3.0.9).

There are two reasons that make a recursive estimator like that in (3.0.9) useful.

First, online updates of the estimator are more computationally efficient than those

based on offline updates. As new observations arrive, the online estimator is updated,

while the offline algorithm solves an new optimisation problem to estimate the un-

known parameter; e.g., find the maximiser of the MLE in (3.0.10). Therefore, the

offline algorithm is in most cases redundant and inefficient, and in high dimensions it

is computationally expensive and in some cases infeasible.

Second, the SGDCT estimator is well-suited for the recent advances in control

theory that focus on ‘adaptive robust control’ to obtain strategies robust to model
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uncertainty, see Bielecki, Chen, and Cialenco (2017a). The adaptive control frame-

work requires a recursive online estimator (i.e., an estimator that is continuously

updated with the arrival of new information) and also requires that the coupled pro-

cess (Xt, θt)t≥0 is Markov (to obtain the optimal strategy in feedback form). The

SGDCT algorithm in (3.0.9) satisfies both requirements.

Finally, there is literature on offline estimators for diffusion and jump-diffusion

processes that focuses on different aspects of the estimation algorithm and observa-

tion frequency. When an ergodic diffusion process is observed continuously, Kutoy-

ants (2013) derives the statistical properties of the estimator of the drift parameter,

such as consistency, asymptotic normality, and efficiency. These results are extended

in Sorensen (1991) for an ergodic jump-diffusion process. The literature on parame-

ter estimation with discrete observations is vast, see for example Yoshida (1992) for

diffusions and Kessler (1997) for jump-diffusions.

On the other hand, the literature on parameter estimation for continuously ob-

served processes is scant. In Levanony, Shwartz, and Zeitouni (1994), the authors

assume that the process X follows a diffusion and develop an online MLE to obtain

the drift parameter of the process X. In their approach, the online MLE requires

one to compute the gradient of Lt(θ) in (3.0.10) every time a new observation ar-

rives, which is computationally expensive because the function ∇θLt depends on the

whole trajectory of the process X. Moreover, there are two papers that discuss the

convergence of an online estimation of parameters in a diffusion-based model. Sirig-

nano and Spiliopoulos (2017) introduce an online method to estimate parameters of

a continuously observed diffusion, i.e., the process follows (3.0.1) without the jump

component ξ(Xt−, dLt) – thus, our paper extends their work by including jumps in

the stochastic process. The work of Surace and Pfister (2018) studies the problem in

Sirignano and Spiliopoulos (2017) when the process X is a diffusion (i.e., no jumps)

and it is partially observed.

The remainder of this chapter is organised as follows. In Section 2, we state

conditions on the functions b, σ, ξ, so that the process X in (3.0.1) is exponentially

ergodic. Then, we show that the term
∫∞
t
βs (∇θg(Xs, θs) − ∇θḡ(θs)) ds converges

to zero as t → ∞, and we prove the convergence of θt to a stationary point of the

function ḡ. In Section 3, we illustrate the performance of the SGDCT estimator for

the Ornstein–Uhlenbeck-type (OU-type) and bimodal processes. Last, Section 3.3

concludes and discusses extensions and applications of our work.
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3.1 Online recursive estimator

In this Section, we state the assumptions that we use throughout this chapter and

show our main results. We recall that the function

g(x, θ) =
1

2
⟨b(x, θ)− b(x, θ∗) , (σ(x)σ(x)⊺)−1(b(x, θ)− b(x, θ∗))⟩ , (3.1.1)

specifies how close the function b(x, θ) is to the drift b(x, θ∗) of the process X. Note

that the function g(x, θ) ≥ 0, and g(x, θ) = 0 if θ = θ∗.2

A pivotal result in this chapter is to show that∣∣Γk,γ

∣∣→ 0 as k → ∞ , almost surely , (3.1.2)

where

Γk,γ :=

∫ τk,γ

τk

βs (∇θg(Xs, θs)−∇θḡ(θs)) ds (3.1.3)

is a deviation term. Here, the processes {τ k,γ}k≥1, {τ k}k≥1 are sequences of increas-

ing stopping times and |θ| denotes the Euclidean norm of θ ∈ Rd, and recall that

ḡ(θ) =
∫
g(x, θ) πθ∗(dx). We refer to Γk,γ in (3.1.3) as the deviation term because it

represents the deviation of the stochastic gradient descent direction ∇θg(Xs, θs) from

the deterministic descent direction ∇θḡ(θs). Therefore, we need a careful analysis of

the deviation term Γk,γ to show that θt converges to the unknown parameter θ∗.

We show that the deviation term Γk,γ can be written as a sum of four components:

a weak solution of a non-local Poisson equation, a stochastic integral, a Riemann

integral, and the covariation of two processes. Then, we prove that each component

converges to zero as k → ∞, so the estimator process θt converges to a stationary

point of the function ḡ. That is, we show that lim t→∞
∣∣∇θḡ(θt)

∣∣ = 0 almost surely,

and if the function ḡ(θ) is convex, the minimum we find is global, hence θt → θ∗ as

t→ ∞.

3.1.1 Main result and conditions

To streamline the discussion and results, we provide some preliminary assump-

tions. Throughout this chapter, the stochastic process X satisfies the SDE in (3.0.1).

2One could consider alternative functions to g to specify how close is b(x, θ) to b(x, θ∗). For

example (in the one dimensional case), let h(x, θ) := 1
2

∣∣(c(x, θ)− c(x, θ∗))/σ(x)
∣∣2, where c is an

arbitrary function and h̄(θ) =
∫
h(x, θ)πθ∗

(dx). Then, as in (3.0.4), the estimator of the unknown
parameter would be given by dθt = −βt ∇θh̄(θt) dt. As discussed above, the drift term c(x, θ∗)
depends on the unknown value of θ∗, so one needs to employ the dynamics of dXt to write b(Xt, θ

∗)
and substitute it in the estimator. Thus, the function c should be such that one can factor out the
term b(Xt, θ

∗); for example, c(x, θ) = d(x) b(x, θ) for a function d(x).
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Condition 3.1.1. The functions σ(x) and ξ(x, z) are globally Lipschitz in all vari-

ables and the function b(x, θ) is locally Lipschitz for all θ.

Condition 3.1.2. There exists a time t > 0, such that Xt admits a density pθt (x, y)

with respect to the Lebesgue measure on Rn, bounded in y ∈ Rn, and bounded in

x ∈ K for every compact set K ⊂ Rn. Moreover, for every x ∈ Rn, and every open

ball U ∈ Rn, there exists a point z = z(x, U) ∈ supp(v), where supp(ν) is the support

of the measure ν (see definition in Appendix A.1.5), such that ξ(x, z) ∈ U .

Condition 3.1.3. Exponential ergodicity of the process X.

(i) For all p > 0,
∫
|z|>1

|z|p ν(dz) <∞ and ν(Rr) <∞.

(ii) For all θ there exists a constant C > 0, such that x b(x, θ) ≤ −C |x|2 as|x| → ∞.

(iii)
∣∣ξ(x, z)∣∣ /|x| → 0 as |x| → ∞ for all z.

(iv) There exist positive constants C1 and C2, such that C1 ≤ x⊺ σ(x)σ(x)⊺ x/|x|2 ≤
C2 for all x ∈ Rn/{0} and σ(x)σ(x)⊺ is bounded.

Under Conditions 3.1.1 and 3.1.3, the SDE in (3.0.1) admits a unique non-explosive

cádlág adapted solution that possesses the strong Markov property. Masuda (2007)

employs Condition 3.1.2 to show that the process X is irreducible; a property required

to show that X is ergodic. Also, the process X has a unique invariant measure and

it is exponentially ergodic due to Condition 3.1.3. Finally, the process X is of finite

jump activity because ν is a finite measure, so there is a finite number of jumps on

every compact interval almost surely.

Remark 3.1.4. Condition (3.1.2) does hold when the process X is non-degenerate

and the measure ν is a finite measure, see also Masuda (2008) and Kwon and

Chaniio (1999).

Condition 3.1.5. The learning rate βt is such that the following hold:
∫∞
0
βt dt = ∞,∫∞

0
β2
t dt <∞,

∫∞
0

|β ′
t| dt <∞, where β

′
t is the derivative of βt with respect to t, and

there is a p > 0, such that limt→∞ β2
t t

2 p+1/2 = 0.

Condition 3.1.6. The function b(x, θ) is twice-differentiable with respect to both x

and θ. Also, there exist positive constants K and q, such that∣∣∣∣∂∇θg

∂x
(x, θ)

∣∣∣∣+∣∣∇θg(x, θ)
∣∣ ≤ K

(
1 +|θ|

) (
1 + |x|q

)
, (3.1.4)
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and
2∑

i=1

∣∣∣∣∣∂i∇θg

∂θi
(x, θ)

∣∣∣∣∣+∣∣∇θb(x, θ)
∣∣ ≤ K

(
1 + |x|q

)
. (3.1.5)

Moreover, we assume that ∇θḡ(θ) is globally Lipschitz.

Condition 3.1.7. There exists a positive function κ(x), such that

⟨−∇θg(x, θ), θ/|θ| ⟩ ≤ −κ(x) |θ| . (3.1.6)

Thus, there exists a function λ(x) with at most polynomial growth in |x|, such that

for all θ1, θ2 ∈ Rd and x ∈ Rn, we have∣∣τ(x, θ1)− τ(x, θ2)
∣∣ ≤ ∣∣λ(x)∣∣ |θ1 − θ2| , (3.1.7)

where

τ(x, θ) :=
〈
∇θb(x, θ)∇θb(x, θ)

⊺ θ/|θ| , θ/|θ|
〉1/2

. (3.1.8)

Lastly, for all x2 ≥ x1, we have ξ(x1, z) − ξ(x2, z) ≤ x2 − x1 , where the greater or

equal symbol ≥ indicates the inequality holds for all coordinates.

Condition 3.1.5 ensures that the size of the learning rate β is such that the SGDCT

estimator for the jump-diffusion process in (3.0.9) converges to a stationary point of

the function ḡ(θ). Condition 3.1.6 is needed for the proof of the convergence of the

deviation term Γk,γ , i.e., Γk,γ → 0 as k → ∞, see (3.1.2). Condition 3.1.7 allows us to

use a comparison theorem to show that the bound supt>0 E
[
|θt|p

]
<∞ for all p > 0.

3.1.2 Weak solution of a non-local Poisson equation.

In this subsection, we define a notion of a weak solution of a Poisson equation to

construct a weak solution of the process X. The following terminology is from Kulik

and Veretennikov (2012).

Definition 3.1.8. For a Markov process X, we say that a measurable function f :

Rn → Rd belongs to the domain of the extended generator A of the process X if there

exists a measurable function g : Rn → Rd, such that the process f(Xt)−
∫ t

0
g(Xs) ds

is a local FX-martingale. Then, we say that the function f is the weak solution of

the Poisson equation Af = g.

We also need the following notation. The f -norm is denoted by

∥ω∥f := sup
|g|≤f

∣∣∣∣∫ g(y)ω(dy)

∣∣∣∣ ,
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where ω is a signed measure and f ≥ 1 is a Borel measurable function. Also, we say

that the function g is centered if
∫
g(x, θ) πθ∗(dx) = 0.

Next, we state an auxiliary Lemma to show the ergodicity of the process X and

to show the existence of moments of all orders for the processes X and θ.

Lemma 3.1.9. Ergodicity and moment bounds of the processes X and θ.

Suppose that Conditions 3.1.1 to 3.1.6 hold. Then, there exists a unique invariant

measure πθ∗, such that
∫
|x|p πθ∗(dx) < ∞ and there exist positive constants C1 and

C2, such that ∥∥∥Pθ∗,t(x, ·)− πθ∗( · )
∥∥∥
1+|x|p

≤ C1

(
1 + |x|p

)
e−C2 t, (3.1.9)

for all p > 0, x ∈ Rn and t > 0. Thus, supt>0 Ex,θ∗
[
|Xt|p

]
< ∞ for all p > 0. In

addition, if Condition 3.1.7 holds, we have that

sup
t>0

Ex,θ∗
[
|θt|p

]
<∞ for all p > 0 . (3.1.10)

Moreover, supt>0 Ex,θ∗
[
|Xt−|p

]
<∞ and supt>0 Ex,θ∗

[
|θt− |p

]
<∞ for all p > 0 .

For a proof see Appendix A.1.1.

Now, we state our first theorem which is important to show that the deviation

term Γk,γ → 0 as k → ∞, see (3.1.2).

Theorem 3.1.10. Weak Poisson equation. Let the process X follow (3.0.1).

Suppose that Conditions 3.1.1 to 3.1.6 hold. Let f be a centered function (i.e.,∫
f(x, θ) πθ∗(dx) = 0 for all θ) and assume that for each θ, there exist positive con-

stants Cθ and q, such that
∣∣f(x, θ)∣∣ ≤ Cθ

(
1 +|x|q

)
for all x. Then, the function

F (x, θ) :=

∫ ∞

0

Ex,θ∗
[
f(Xt, θ)

]
dt (3.1.11)

is well-defined and satisfies, in a weak sense, the Poisson equation

Ax,θ∗F (x, θ) = −f(x, θ) , (3.1.12)

where Ax,θ∗ is the extended generator of the process X under the probability measure

Pθ∗ (see Definition 3.1.8).

Proof. First, we show that the function F (x, θ) is well-defined. Recall that

Ex,θ∗ [f(Xt, θ)] =
∫
f(y, θ) pt(x, dy; θ

∗) and that pt(x, dy; θ
∗) is the distribution of Xt

under the probability measure Pθ∗ and X0 = x. Note that∣∣Ex,θ∗ [f(Xt, θ)]
∣∣ = ∣∣∣∣∫ f(y, θ) pt(x, dy; θ

∗)−
∫
f(y, θ) πθ∗(dy)

∣∣∣∣
≤ C1

(
1 +|x|q

)
e−C2 t,

(3.1.13)
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Next, we show that the function F is the solution to the Poisson equation in

(3.1.12). It suffices to show that for all θ, the process F (Xt, θ)+
∫ t

0
f(Xs, θ) ds is an F-

martingale under the probability measure Pθ∗ , as in the definition of the weak solution

of the Poisson equation. Thus, we first show that the first moment of F (Xt, θ) +∫ t

0
f(Xs, θ) ds is finite for all t.

From (3.1.11) and (3.1.13), we have that F (Xt, θ) ≤ (C1/C2) (1 +|Xt|q) and

Eθ∗

∣∣∣∣∣
∫ t

0

f(Xs, θ) ds

∣∣∣∣∣
 ≤

∫ t

0

Eθ∗

[∣∣f(Xs, θ)
∣∣ ] ds ≤ Cθ

∫ t

0

Eθ∗
[
1 +|Xs|q

]
ds <∞ ,

where the last inequality follows because Xt has a finite q-moment, see Lemma 3.1.9.

Hence, to show that the process F (Xt, θ) +
∫ t

0
f(Xs, θ) ds is an F-martingale, let

t ≥ u ≥ 0 and write

Eθ∗

[
F (Xt, θ) +

∫ t

0

f(Xs, θ) ds

∣∣∣∣∣ Fu

]

= Eθ∗

[[∫ ∞

0

Ex,θ∗f(Xt+s, θ) ds

]
+

∫ t

0

f(Xs, θ) ds

∣∣∣∣∣ Fu

]
(Definition in (3.1.11))

= Eθ∗

[∫ ∞

0

EXt,θ∗
[
f(Xs+t, θ)

∣∣Ft

]
ds+

∫ t

0

f(Xs, θ) ds

∣∣∣∣∣ Fu

]
(Markove property of X)

=

∫ u

0

f(Xs, θ) ds+ EXu,θ∗

[∫ ∞

0

f(Xs+u, θ) ds

∣∣∣∣Fu

]
=

∫ u

0

f(Xs, θ) ds+ F (Xu, θ) ,

where the second to last equation follows from conditional expectation.

Remark 3.1.11. Note that in Theorem 3.1.10 above, we do not require any assump-

tions on the existence or the regularity of the density function of the process X. The

regularity of the density function of the jump-diffusion process is difficult to analyse.

The following Lemma is useful in the next subsection.

Lemma 3.1.12. For any p > 0, there is a positive constant Cp, such that∫
R

(
1 +|x|p

)
πθ∗(dx) ≤ Cp .

In addition, we have that
∣∣∇θḡ(θ)

∣∣ ≤ CqK
(
1 +|θ|

)
and

∣∣∇2
θḡ(θ)

∣∣ ≤ CqK, where K

is the same positive constant as that in Condition 3.1.6.
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Proof. Recall that ḡ(θ) =
∫
g(x, θ) πθ∗(dx). The process X is exponentially ergodic

and from Lemma 3.1.9 we have∫
R
(1 +|x|p)πθ∗(dx) ≤ Cp .

Note that the invariant measure πθ∗ does not depend on θ, so we can interchange the

gradient and the integral in the function ∇θḡ(θ). From Condition 3.1.6, we also have

that∣∣∇θḡ(θ)
∣∣ ≤ ∫

R

∣∣∇θg(x, θ)
∣∣ πθ∗(dx) ≤ K

(
1 +|θ|

) ∫
R

(
1 +|x|q

)
πθ∗(dx) ≤ CqK

(
1 +|θ|

)
,

and ∣∣∇2
θḡ(θ)

∣∣ ≤ ∫
R

∣∣∇2
θg(x, θ)

∣∣ πθ∗(dx) ≤ K

∫
R

(
1 +|x|q

)
πθ∗(dx) ≤ CqK .

3.1.3 Convergence of the deviation term

In this subsection, we propose a novel method to prove the convergence of the

deviation term Γk,γ, see (3.1.2) and (3.1.3). When the process X is a diffusion without

jumps, one of the steps to prove the convergence of the SGDCT estimator is to show

that the function

G(x, θ) :=

∫ ∞

0

Ex,θ∗
[
∇θg(Xt, θ)−∇θḡ(θ)

]
dt (3.1.14)

is a classical solution of the Poisson equation (3.1.12) when f(x, θ) = ∇θg(x, θ) −
∇θḡ(θ), see Pardoux and Veretennikov (2001). Thus, in the pure-diffusion case, one

can apply Itô’s Lemma to the function βtG to obtain the following decomposition

βτk,γ G(Xτk,γ , θτk,γ )− βτk G(Xτk
, θτk) = Γk,γ +martingale + Riemann integral ,

where the deviation term Γk,γ is as in (3.1.3). With this decomposition, one shows

that the deviation term Γk,γ → 0 as k → ∞, by proving that the martingale term,

the Riemann integral, and the function βtG(Xt, θt) converge to zero as k → ∞.

However, when the process X follows a jump-diffusion, the Poisson equation

(3.1.12) has a non-local term, and to the best of our knowledge there is no gen-

eral result to show that the Poisson equation with a non-local operator admits a

classical solution. It is difficult, or perhaps not possible, to show that the function

G in (3.1.14) is second order differentiable with respect to x when X is a jump-

diffusion process. Several papers in the literature also encounter a similar difficulty.
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Uehara (2018) states that the properties of the function G are difficult to determine

and may require Malliavin calculus to study the gradient estimation of the function

G – the author assumes a stochastic process similar to ours. Moreover, Kulik and

Veretennikov (2012) mention that there is no analogue to the results in Pardoux and

Veretennikov (2003) when the process X has a jump component.

Therefore, in our setup we face the problem that the functionG is not differentiable

with respect to the variable x because the process X is a jump-diffusion. Hence, we

cannot employ the classical Itô formula on the function G, so below we prove an

‘extended Itô formula’ that we employ in our analysis. We provide a brief summary

of the steps we follow.

First, we show that G is a locally Lipschitz function with the following bound∣∣G(x, θ)−G(y, θ)
∣∣ ≤ C

(
1 +|θ|

)
|x− y|

(
1 + |x|q + |y|q

)
, (3.1.15)

where C is a positive real number that does not depend on x, y, θ, q > 0. Then,

because G is a weak solution of a Poisson equation, see (3.1.12), and because it is

twice differentiable with respect to θ, we show that

βτk,γ G(Xτk,γ , θτk,γ )−βτk G(Xτk
, θτk)

= Γk,γ +martingale + Riemann integral + covariation ,
(3.1.16)

where the covariation term in the equation above is a càdlàg process.

Second, we study the terms in the above equation in the limit k → ∞. We show

that the left-hand side of (3.1.16) converges to zero and each of the last three terms on

the right-hand side of (3.1.16) also converges to zero. Therefore, the representation

in (3.1.16) implies that the deviation term Γk,γ → 0 as k → ∞.

Now, we state a Lemma and then prove that the function G is locally Lipschitz.

The Lemma uses the result that the function Ex,θ∗ [f(Xt, θ)] is locally Lipschitz with

respect to x, see Theorem 2.2 in Wang (2010).

Lemma 3.1.13. Suppose Conditions 3.1.1 to 3.1.6 hold and let C > 0, q > 0. As-

sume a function f : Rn+d → Rd satisfies
∣∣f(x, θ)− f(y, θ)

∣∣ ≤ C
(
1 + |x|q + |y|q

)
|x− y|

for all x, y and t ≥ 0. Then there exist constants δ ∈ (0, 1) and Cδ > 0, such that for

all θ ∈ Rd the following inequality holds∣∣Ex,θ∗ [f(Xt, θ)]− Ey,θ∗ [f(Xt, θ)]
∣∣

≤

{
(2 + δ−1) e−Cδ tC

(
1 + |x|q + |y|q

)
|x− y| , |x− y| ≤ δ ,

2 δ−1C
(
1 + |x|q + |y|q

)
|x− y| , |x− y| > δ ,

where the constant C does not depend on f .
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For a proof see Appendix A.1.2.

Next, we show that the function G in (3.1.14) is locally Lipschitz in the variable x.

We employ Conditions 3.1.1 to 3.1.7, which are easily checked, to show the dissipativ-

ity (stability with respect to initial condition) of the process X. The main idea of the

proof of the proposition below is that for a small value of t, we use Lemma 3.1.13 to

control the value |Ex,θ∗ [g̃(Xt, θ)]−Ey,θ∗ [g̃(Xt, θ)]|, where g̃(x, θ) := ∇θg(x, θ)−∇θḡ(θ).

And for a large value of t, we use the exponential ergodic property of the process X.

These two results imply the following proposition.

Proposition 3.1.14. Suppose Conditions 3.1.1 to 3.1.6 hold and let q > 0. Then, the

function G in (3.1.14) is locally Lipschitz with respect to x and it is twice-differentiable

with respect to θ. Thus, there exists a positive constant CG,q, such that∣∣G(x, θ)−G(y, θ)
∣∣ ≤ CG,q

(
1 +|θ|

)
|x− y|

(
1 +|x|q +|y|q

)
(3.1.17)

and
2∑

i=1

∣∣∣∣∣∂iG∂θi (x, θ)
∣∣∣∣∣ ≤ CG,q

(
1 + |x|q

)
, (3.1.18)

for all x, y, θ.

Proof. Let g̃(x, θ) := ∇θg(x, θ)−∇θḡ(θ). Then, due to Condition 3.1.6, write∣∣g̃(x, θ)− g̃(y, θ)
∣∣ = ∣∣∇θg(x, θ)−∇θg(y, θ)

∣∣ ≤ K
(
1 +|θ|

)
|x− y|

(
1 + |x|q + |y|q

)
.

(3.1.19)

Let δ be the same constant as that in Lemma 3.1.13. Then, for |x− y| ≤ δ, we have∣∣G(x, θ)−G(y, θ)
∣∣ ≤ ∫ ∞

0

∣∣∣Ex,θ∗
[
g̃(Xt, θ)

]
− Ey,θ∗

[
g̃(Xt, θ)

]∣∣∣ dt
≤
∫ ∞

0

(2 + δ−1) e−Cδ tK
(
1 +|θ|

) (
1 + |x|q + |y|q

)
|x− y| dt

≤ 2 + δ−1

Cδ

K
(
1 +|θ|

) (
1 + |x|q + |y|q

)
|x− y| ,

(3.1.20)

where the second inequality follows from Lemma 3.1.13. Now, consider the case

|x− y| ≥ δ and recall that∥∥∥Pt(x, ·)− πθ∗(·)
∥∥∥
1+|x|q

≤ C1

(
1 +|x|q

)
e−C2 t ,

from Lemma 3.1.9. Use the triangle inequality to write∥∥Pt(x, ·)− Pt(y, ·)
∥∥
1+|x|q ≤ 2C1 (1 + |x|q + |y|q) e−C2 t .
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Therefore, for t0 ≥ (1/C2) log(C1/(C2 δ)), we have∫ ∞

t0

∣∣Ex,θ∗ [g̃(Xt, θ)]− Ey,θ∗ [g̃(Xt, θ)]
∣∣ dt

≤ K
(
1 +|θ|

) ∫ ∞

t0

2C1

(
1 + |x|q + |y|q

)
e−C2 t dt

= 2K
(
1 +|θ|

)
(C1/C2)

(
1 + |x|q + |y|q

)
e−C2 t0

≤ 2K
(
1 +|θ|

) (
1 + |x|q + |y|q

)
|x− y| ,

(3.1.21)

where the last inequality holds because t0 ≥ (1/C2) log(C1/(C2 δ)). From Lemma

3.1.13, write ∫ t0

0

∣∣Ex,θ∗ [g̃(Xt, θ)]− Ey,θ∗ [g̃(Xt, θ)]
∣∣ dt

≤ K
(
1 +|θ|

) ∫ t0

0

2Cδ

δ

(
1 + |x|q + |y|q

)
|x− y| dt

≤ K
(
1 +|θ|

)
C̃δ

(
1 + |x|q + |y|q

)
|x− y| ,

(3.1.22)

where C̃δ is a constant. Therefore, (3.1.17) holds by (3.1.20), (3.1.21), (3.1.22). Note

that we can interchange the differentiation with the integration operator, therefore∣∣∣∣∣∂iG∂θi (x, θ)
∣∣∣∣∣ ≤

∫ ∞

0

∣∣∣∣∣∣Ex,θ∗

[
∂i∇θg

∂θi
(Xt, θ)−

∂i∇θḡ

∂θi
(θ)

]∣∣∣∣∣∣ dt ≤ Cq

(
1 +|x|q

)
, (3.1.23)

where the last inequality follows from Lemma 3.1.12.

In the next Lemma we construct predictable representation processes G̃1 and G̃2

for the process G(Xt, θ) +
∫ t

0

(
∇θg(Xs, θ)−∇θḡ(θ)

)
ds, which are also measurable

with respect to the variable θ.

Lemma 3.1.15. Martingale representation. For each θ, let

M θ
t := G(Xt, θ)−G(X0, θ) +

∫ t

0

(
∇θg(Xs, θ)−∇θḡ(θ)

)
ds ,

which is a martingale under Pθ∗ with the filtration F = (Ft)t≥0 generated by the process

X, see Theorem 3.1.10 above. Then, there exist measurable functions G̃1(x, θ) and

G̃2(x, θ, z) that are continuous with respect to θ, such that

M θ
t =

∫ t

0

G̃1(Xs, θ) dBs +

∫ t

0

∫
Rr

G̃2(Xs− , θ, z) µ̃(ds, dz) . (3.1.24)
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Recall that µ̃ is the compensated random measure of the jump component in the process

X, see (3.0.2). Thus, there exists a constant CM,q > 0 independent of x and θ, such

that for all θ ∈ Rd, the following two inequalities hold:∣∣∣G̃1(x, θ)
∣∣∣ ≤ CM,q

(
1 +|θ|

) (
1 +|x|q

)∣∣∣G̃2(x, θ, z)
∣∣∣ ≤ CM,q

(
1 +|θ|

)
|x||z|

(
1 +|x|q|z|q +|x|q

) (3.1.25)

for all x almost everywhere.

Proof. First, we show that there exists a Borel measurable function G̃(x, θ) that

agrees with the weak derivative of G in x almost everywhere and that it is continuous

with respect to θ. Let

Ĝi(x, θ) := lim sup
h→0

{
∇θG(x+ h ei, θ)−∇θG(x, θ)

h

}
, (3.1.26)

where ei is the unit vector (the vector whose i-th entry is 1 and 0 elsewhere) and the

function Ĝi takes values in Rd ×Rd, which is a Borel measurable function and agrees

with the weak derivative of ∇θG with respect to x in the i−th coordinate almost

everywhere. Therefore, we have that∫
ϕ Ĝi(x, θ) dx = −

∫
ϕi∇θG(x, θ) dx , (3.1.27)

for all 1 ≤ i ≤ n and ϕ ∈ C∞
c (Rn) where ϕi is the derivative of the i-th coordinate of

the function ϕ.

Next, define the function

G̃(x, θ) := G̃(x, 0) +

∫ 1

0

[
Ĝ1(x, θ t) θ, · · · , Ĝn(x, θ t) θ

]
dt ,

where G̃ = [G̃1, · · · , G̃n] takes values in Rd × Rn and

G̃i(x, 0) := lim sup
h→0

{
G(x+ h ei, 0)−G(x, 0)

h

}
.

Therefore, we have that∫
ϕ G̃i(x, 0) dx = −

∫
ϕiG(x, 0) dx , (3.1.28)

because the function G̃i(x, 0) agrees with the weak derivative of the function G(x, 0)

almost everywhere. For all θ and ϕ ∈ C∞
c (Rn), by the definition of G̃ and Fubini’s
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theorem, write∫
ϕ G̃k(x, θ) dx =

∫
ϕ

(
G̃k(x, 0) +

∫ 1

0

Ĝk(x, θ t) θ dt

)
dx

=

∫
ϕ G̃k(x, 0) dx+

∫ ∫ 1

0

ϕ Ĝk(x, θ t) θ dt dx

= −
∫
ϕkG(x, 0) dx+

∫ 1

0

∫
ϕ Ĝk(x, θ t) θ dx dt

= −
∫
ϕkG(x, 0) dx+

∫ 1

0

−
∫
ϕk ∇θG(x, θ t) θ dx dt

= −
∫
ϕkG(x, 0) dx−

∫
ϕk

∫ 1

0

∇θG(x, θ t) θ dt dx

= −
∫
ϕkG(x, 0) dx−

∫
ϕk (G(x, θ)−G(x, 0)) dt dx

= −
∫
ϕkG(x, θ) dx ,

(3.1.29)

where the third equation follows from (3.1.28), the fourth equation follows from

(3.1.27). Therefore, from (3.1.29), for each θ, the function G̃(x, θ) agrees with the

weak derivative in x of the function G(x, θ) almost everywhere.

The function G̃ is continuous with respect to the variable θ and Borel measur-

able with respect to x. Therefore, by the Carathéodory theorem, G̃(x, θ) is a Borel

measurable function continuous in θ and it agrees with the weak derivative of G in x

almost everywhere.

Next, we show that

[
G(X, θ), B

]
t
=

∫ t

0

G̃(Xs, θ) d[X,B]s , (3.1.30)

where [G(X, θ), B] denotes the covariation of the processes G(X, θ) and B.

If the function G is differentiable with respect to x, then it is straightforward to

show that (3.1.30) holds. However, we need to analyse the function G very carefully

because it is only locally Lipschitz. Let Cloc(Rd) be the space of locally Lipschitz

functions and let D be the space of càdlàg processes equipped with the metric of

uniform convergence in probability (u.c.p.) topology. Then, the mapping

G(·, θ) 7→
[
G(X, θ), B

]
(3.1.31)

is a continuous mapping from Cloc(Rd) to D by a similar argument to that in the

proof of Theorem 3.8 in Errami, Russo, and Vallois (2002). Consider Gk = G ∗ ϕk

28



where ∗ is the convolution operator and {ϕk}k≥1 is a sequence of classical mollifiers

converging to the Dirac measure at 0. Then,[
Gk(X, θ), B

]
t
=

∫ t

0

∇xG
k(Xs, θ) d[X,B]s , (3.1.32)

because the function Gk is differentiable with respect to x. Moreover, the continuity

of the mapping in (3.1.31) implies that

[
G(X, θ), B

]
t
= lim

k→∞

[
Gk(X, θ), B

]
t
= lim

k→∞

∫ t

0

∇xG
k(Xs, θ) d[X,B]s

=

∫ t

0

G̃(Xs, θ) d[X,B]s ,

Pθ∗ almost surely, where the last equation follows from the dominated convergence

argument – in Appendix A.1.3 we provide the proof.

This shows (3.1.30), so we write

[
G(X, θ), B

]
t
=

∫ t

0

G̃1(Xs, θ) ds , (3.1.33)

where G̃1(x, θ) := G̃(x, θ)σ(x). Therefore, from the boundedness of the term σ(x), σ⊺

in the process X, the function G̃1 satisfies (3.1.25) for all x almost everywhere by

(3.1.17) and (3.1.26).

Next, consider the jump part of the processM θ
t . From the definition of covariation,

write

[G(X, θ), Z]t = lim
∥Pn∥→0

∑
Pn

(G(Xti+1
, θ)−G(Xti , θ)) (Zti+1

− Zti)

=

∫ t

0

∫
Rr

[
G(Xs− + ξ(Xs− , z), θ)−G(Xs− , θ)

]
µ̃(ds, dz)

=

∫ t

0

∫
Rr

G̃2(Xs− , θ, z) µ̃(ds, dz) ,

where Pn is a partition of the interval [0, t] and G̃2(x, θ, z) := G(x+ξ(x, z), θ)−G(x, θ).
From (3.1.17), write∣∣∣G̃2(x, θ, z)

∣∣∣ = ∣∣G(x+ ξ(x, z), θ)−G(x, θ)
∣∣

≤ CG,q

(
1 +|θ|

) ∣∣ξ(x, z)∣∣ (1 +∣∣x+ ξ(x, z)
∣∣q +|x|q

)
≤ CM,q

(
1 +|θ|

)
|x||z|

(
1 +|x|q|z|q +|x|q

)
,

where the last inequality follows from Condition 3.1.3.
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We note that the existence of the martingale representation of the process M θ is

a result of Theorem 1.1 in Kunita (2004).

Although the processes X and θ are a jump processes, for an arbitrary function

F , we have that ∫ t

0

F (Xs, θs) ds =

∫ t

0

F (Xs− , θs−) ds∫ t

0

F (Xs, θs) dBs =

∫ t

0

F (Xs− , θs−) dBs ,

(3.1.34)

because the processes X and θ have only countably many jumps, and the Lebesgue

measure of the set of times where Xs ̸= Xs− or θs ̸= θs− is 0. Therefore, we can choose

either one to write the integrals. Throughout this thesis, we use
∫ t

0
F (Xs, θs) ds and∫ t

0
F (Xs, θs) dBs.

Now, we show that the difference G(Xt, θt)−G(X0, θ0) is the sum of a stochastic

integral, a Riemann integral, and a covariation term. Our approach is based on

Föllmer, Protter, and Shiryayev (1995).

Proposition 3.1.16. Extended Itô Lemma. Suppose Conditions 3.1.1 to 3.1.6

hold. Let the function G be as in (3.1.14) and let the functions G̃1 and G̃2 be as in

Lemma 3.1.15. The following extended Itô Lemma holds:

G(Xt, θt) =G(X0, θ0) +

∫ t

0

Ax,θ∗G(Xs, θs) ds+

∫ t

0

G̃1(Xs, θs) dBs

+

∫ t

0

∫
R
G̃2(Xs− , θs− , z) µ̃(ds, dz) +

∫ t

0

∇θG(Xs− , θs−) dθs

+

[∫ t

0

1
2
∇2

θGk(Xs, θs) d[θ, θ]s

]d
k=1

+
[
∇θG(X, θ), θ

]x
t
,

(3.1.35)

where Gk is a real-valued function for all 1 ≤ k ≤ d, G = [G1, ..., Gd]
⊺, and the

covariation with respect to x,
[
∇θG(X, θ), θ

]x
t
, is defined as[

∇θG(X, θ), θ
]x
t
:= lim

∥Pn∥→0

∑
Pn

(∇θG(Xti+1
, θti)−∇θG(Xti , θti)) (θti+1

−θti) , (3.1.36)

and recall that Ax,θ∗ is the extended generator of the process X, see (3.1.12).

Proof. Let {Pn}n≥1 be a sequence of partitions of the interval [0, t], such that the

maximal mesh size of Pn converges to zero as n goes to infinity. For a partition Pn,

write

G(Xt, θt)−G(X0, θ0) =
∑
Pn

{
G(Xti+1

, θti+1
)−G(Xti , θti)

}
=
∑
Pn

{
G(Xti+1

, θti+1
)−G(Xti+1

, θti) +G(Xti+1
, θti)−G(Xti , θti)

}
.

(3.1.37)
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Consider each component on the right-hand of (3.1.37) individually and because the

function G is twice differentiable with respect to θ, use Taylor’s expansion to write

G(Xti+1
, θti+1

)−G(Xti+1
, θti) = ∇θG(Xti+1

, θti)(θti+1
− θti)

+

[
1

2
Tr
(
(θti+1

− θti)
⊺∇2

θGk(Xti+1
, θti) (θti+1

− θti)
)]d

k=1

+R(Xti+1
, θti)

=∇θG(Xti , θti)(θti+1
− θti)

+

[
1

2
Tr
(
(θti+1

− θti)
⊺∇2

θGk(Xti , θti) (θti+1
− θti)

)]d
k=1

+ (∇θG(Xti+1
, θti)−∇θG(Xti , θti))(θti+1

− θti)

+

[
1

2
Tr
(
(θti+1

− θti)
⊺
(
∇2

θG(Xti+1
, θti)−∇2

θG(Xti , θti)
)
(θti+1

− θti)
)]d

k=1

+R(Xti+1
, θti) ,

where R is the remainder function and the operation Tr[ · ] denotes the trace of a ma-

trix. Then, by standard stochastic integration and Riemann integration, the following

equations hold:

lim
∥Pn∥→0

∑
Pn

∇θG(Xti , θti)(θti+1
− θti) =

∫ t

0

∇θG(Xs− , θs−) dθs ,

lim
∥Pn∥→0

∑
Pn

1
2
Tr
(
(θti+1

− θti)
⊺ ∇2

θGk(Xti , θti) (θti+1
− θti)

)
=

∫ t

0

1
2
∇2

θGk(Xs, θs) d[θ, θ]s ,

(3.1.38)

for all 1 ≤ k ≤ d, because ∇θG and ∇2
θG are continuous with respect to θ. Moreover,

we have that
lim

∥Pn∥→0

∑
Pn

R(Xti+1
, θti) = 0 (3.1.39)

because the remainder function R depends on the third order of the increment of the

process θ and the quadratic variation of the process θ is finite.

The locally Lipschitz property of the function G implies that for all 1 ≤ k ≤ d

|∇2
θGk(Xti+1

, θti)−∇2
θGk(Xti , θti)|

≤ CG,q

(
1 +
∣∣Xti+1

∣∣q +∣∣Xti

∣∣q)∣∣Xti+1
−Xti

∣∣
≤ 2CG,q (1 + sup

0≤s≤t
|Xs|q)

∑
ti,ti+1

|∆X|+ |Xc
ti+1

−Xc
ti
|

 ,

(3.1.40)
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where Xc is a continuous component of the process X and
∑

ti,ti+1
|∆X| is the sum

of all jumps in the interval [ti, ti+1]. The following sum converges

lim
∥Pn∥→0

∑
Pn

(
θti+1

− θti
)⊺ ∣∣∣Xc

ti+1
−Xc

ti

∣∣∣ (θti+1
− θti

)
= 0 (3.1.41)

because the process Xc is continuous and the quadratic variation of the process θ

is finite. We denote by J the sum of the jumps of the process X in [0, T ]. Then,

the random variable J is finite with probability one because ν is a finite measure.

Therefore,

lim
∥Pn∥→0

∑
Pn

∑
ti,ti+1

(θti+1
− θti)

⊺|∆X| (θti+1
− θti) ≤ J2 lim

∥Pn∥→0
sup
i

∣∣θti+1
− θti

∣∣2 = 0 .

(3.1.42)

The last equation holds because the process θ is continuous and its quadratic variation

is finite. From (3.1.40), (3.1.41), (3.1.42), we have that

lim
∥Pn∥→0

∑
Pn

1

2
Tr
(
(θti+1

− θti)
⊺
(
∇2

θGk(Xti+1
, θti)−∇2

θGk(Xti , θti)
)
(θti+1

− θti)
)
= 0 .

(3.1.43)

Next, we show that the covariation term is well-defined. Recall that (see (3.1.38))

lim
∥Pn∥→0

∑
Pn

∇θG(Xti , θti)(θti+1
− θti) =

∫ t

0

∇θG(Xs− , θs−) dθs ,

with convergence in u.c.p because the processes X and θ are semimartingales and the

function ∇θG(x, θ) is continuous, see Protter (1990). In Appendix A.1.2, we show

that the coupled process (X, θ) satisfies the time reversal property, so we write

lim
∥Pn∥→0

∑
∇θG(Xti+1

, θti) (θti+1
− θti)

= lim
∥Pn∥→0

∑
ti≤t

∇θG(Xt−ti+1
, θt−ti) (θt−ti+1

− θt−ti)

 ◦R

= lim
∥Pn∥→0

−

 ∑
si=t−ti≤t

∇θG(Xsi , θsi+1
) (θsi+1

− θsi)

 ◦R ,

(3.1.44)

where R is the time reversal operator (i.e., Xs ◦R = Xt−s). Therefore, it suffices to

show that the limit on the right-hand of (3.1.44) exists. Consider the sum∑
si≤t

∇θG(Xsi , θsi+1
) (θsi+1

− θsi) =
∑
si≤t

∇θG(Xsi , θsi) (θsi+1
− θsi)

+
∑
si≤t

[
1

2
Tr
(
(θsi+1

− θsi)
⊺∇2

θGk(Xsi , θs′i
) (θsi+1

− θsi)
)]d

k=1

,

(3.1.45)
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and note that

lim
∥Pn∥→0

∑
Pn

∇θG(Xti+1
, θti) (θti+1

− θti)

is well-defined because the limits of both terms on the right-hand side of (3.1.45)

exist; thus, the covariation with respect to x in (3.1.36) is well-defined. Therefore,

lim
∥Pn∥→0

∑
Pn

(
G(Xti+1

, θti+1
)−G(Xti+1

, θti)
)

=

∫ t

0

∇θG(Xs− , θs−) dθs +

[∫ t

0

1
2
∇2

θGk(Xs, θs) d[θ, θ]s

]d
k=1

+
[
∇θG(X, θ), θ

]x
t
,

(3.1.46)

from (3.1.36), (3.1.38), (3.1.43). Now, consider the second component of the sum on

the right-hand side of (3.1.37). From Lemma 3.1.15, the following equation holds:

G(Xti+1
, θti)−G(Xti , θti) =

∫ ti+1

ti

Ax,θ∗G(Xs, θti) ds+

∫ ti+1

ti

G̃1(Xs, θti) dBs

+

∫ ti+1

ti

∫
R
G̃2(Xs− , θti , z) µ̃(ds, dz) .

(3.1.47)

From Lemma 3.1.15, we have that∣∣∣G̃1(Xs, θu)
∣∣∣ ≤ CM,q

(
1 +|θu|

) (
1 +|Xs|q

)
, (3.1.48)

on dPθ∗ × dt almost everywhere. The sequence G̃1(Xs, θti) converges to G̃1(Xs, θs)

pointwise because the function G̃1 is continuous with respect to the variable θ and

because the process θs is continuous almost everywhere. Use Lemma 3.1.9, the

Lebesgue’s dominated convergence theorem for stochastic integration, and (3.1.48),

to write

lim
∥Pn∥→0

∑
Pn

∫ ti+1

ti

G̃1(Xs, θti) dBs =

∫ t

0

G̃1(Xs, θs) dBs . (3.1.49)

For the jump part, we use the same argument as that above to obtain (3.1.49), and

write

lim
∥Pn∥→0

∑
Pn

∫ ti+1

ti

∫
R
G̃2(Xs− , θti , z) µ̃(ds, dz) =

∫ t

0

∫
R
G̃2(Xs− , θs− , z) µ̃(ds, dz) .

(3.1.50)

The last term on the right-hand side of (3.1.47) is∫ ti+1

ti

Ax,θ∗G(Xs, θti) ds =

∫ ti+1

ti

(
∇θg(Xs, θti)−∇θḡ(θti)

)
ds .
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By the assumptions on the function g, we have that∣∣∇θg(x, θ)−∇θḡ(θ)
∣∣ ≤ C

(
1 +|θ|

) (
1 +|x|q

)
,

for some constants C > 0 and q > 0. Therefore, apply the Lebesgue’s dominated

convergence theorem to the Riemann integral and write

lim
∥Pn∥→0

∑
Pn

∫ ti+1

ti

(
∇θg(Xs, θti

)
−∇θḡ(θti)) ds =

∫ t

0

(
∇θg(Xs, θs)−∇θḡ(θs)

)
ds

=

∫ t

0

Ax,θ∗G(Xs, θs) ds .

(3.1.51)

From (3.1.49), (3.1.50), (3.1.51), we have

lim
∥Pn∥→0

∑
Pn

{
G(Xti+1

, θti)−G(Xti , θti)
}
=

∫ t

0

Ax,θ∗G(Xs, θs) ds+

∫ t

0

G̃1(Xs, θs) dBs

+

∫ t

0

∫
R
G̃2(Xs− , θs− , z) µ̃(ds, dz) .

(3.1.52)

Therefore, (3.1.46) and (3.1.52) show that the extended Itô formula in (3.1.35) holds.

Note that if the function G is twice differentiable with respect to x, then the co-

variation term in (3.1.36) is a Riemann integral, and the formula in (3.1.35) coincides

with the classical Itô formula.

Remark 3.1.17. Note that Lowther (2010) has a similar result as (3.1.35), but in

more generic form. In our result, we require to know an explicit formula for zero

continuous quadratic variation term as mentioned in Theorem 1.2 in Lowther (2010).

Thus, our version of Itô’s lemma allows us to analyse the term more precisely when

we show the convergence of the estimator in the next section.

The function G in (3.1.14) satisfies the weak Poisson equation (3.1.12) because

the function ∇θg(x, θ) − ∇θḡ(θ) is centered as required in Theorem 3.1.10. Then,

in the next proposition we apply Proposition 3.1.14 and the extended Itô Lemma to

prove the convergence of the deviation term Γk,γ.

Before proceeding, we define the following increasing stopping times. For an

arbitrary κ > 0 and λ = λ(κ) > 0

τ k := inf{t > τ k−1 :
∣∣∇θḡ(θt)

∣∣ ≥ κ} ,
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τ k := sup
{
t > τ k :

∣∣∇θḡ(θτk)
∣∣ /2 ≤

∣∣∇θḡ(θs)
∣∣ ≤ 2

∣∣∇θḡ(θτk)
∣∣

for all s ∈ [τ k, t] and

∫ t

τk

βs ds ≤ λ

}
,

where k = 1, 2, ... and σ0 = 0, and we denote τ k,γ = τ k+γ for γ > 0. This sequence of

stopping times quantifies the period of time for which
∣∣∇θḡ(θ)

∣∣ is small, see Bertsekas

and Tsitsiklis (2000).

Proposition 3.1.18. Convergence of deviation term. Recall that the deviation

term is given by

Γk,γ =

∫ τk,γ

τk

βs
(
∇θg(Xs, θs)−∇θḡ(θs)

)
ds .

Assume Conditions 3.1.1 to 3.1.7 hold and let X0 = x0. Then, with probability one,

we have that ∣∣Γk,γ

∣∣→ 0 as k → ∞ .

Proof. The idea of this proof is closely related to the proof of Lemma 3.1 in Sirignano

and Spiliopoulos (2017). Recall that the function ∇θg(x, θ) − ∇θḡ(θ) is centered

and that G is a solution to the weak Poisson equation (3.1.12) and that it is locally

Lipschitz.

Let τ and τ be stopping times, such that τ ≤ τ . First, we show that

βτ G(Xτ , θτ )− βτ G(Xτ , θτ )

=

∫ τ

τ

β
′

sG(Xs, θs) ds+

∫ τ

τ

βs Ax,θ∗G(Xs, θs) ds+

∫ τ

τ

βs G̃1(Xs, θs) dBs

+

∫ τ

τ

∫
R
βs G̃2(Xs, θs, z) µ̃(ds, dz) +

∫ τ

τ

βs ∇θG(Xs− , θs−) dθs

+

[∫ τ

τ

1
2
βs∇2

θGk(Xs, θs) d[θ, θ]s

]d
k=1

+
[
β∇θG(X, θ), θ

]τ ,x
τ

,

(3.1.53)

where β
′
t is the derivative of βt with respect to t and the quadratic covariation term[

β∇θG(X, θ), θ
]τ ,x
τ

= lim
∥Pn∥→0

∑
Pn

(βti+1
∇θG(Xti+1

, θti)− βti∇θG(Xti , θti))(θti+1
− θti) .

(3.1.54)
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Here, Pn is a partition of the interval [τ , τ ], and (3.1.54) is well-defined due to the

time reversal argument in Proposition 3.1.16. Write

βτ G(Xτ , θτ )−βτ G(Xτ , θτ )

=
∑
Pn

βti+1
(G(Xti+1

, θti+1
)−G(Xti , θti)) + (βti+1

− βti)G(Xti , θti)

= An
1 + An

2 ,
(3.1.55)

where An
1 =

∑
Pn
βti+1

(
G(Xti+1

, θti+1
)−G(Xti , θti)

)
and An

2 = (βti+1
−βti)G(Xti , θti).

Next, consider

lim
n→∞

An
2 = lim

n→∞

∑
Pn

β
′

si+1
(ti+1 − ti)G(Xti , θti)

=

∫ τ

τ

β
′

sG(Xs, θs) ds ,

(3.1.56)

where the second equation holds because
∑

Pn
β

′
si+1

1{si+1∈[ti,ti+1)}G(Xti , θti) converges

to β
′
sG(Xs, θs) almost surely and by the dominated convergence theorem. Now,

consider

lim
n→∞

An
1 = lim

n→∞

∑
Pn

βti+1

(
G(Xti+1

, θti+1
)−G(Xti , θti)

)
=

∫ τ

τ

βs Ax,θ∗G(Xs, θs) ds+

∫ τ

τ

βs G̃1(Xs, θs) dBs +

∫ τ

τ

βs ∇θG(Xs− , θs−) dθs

+

∫ τ

τ

∫
R
βs G̃2(Xs− , θs− , z) µ̃(ds, dz) +

[∫ τ

τ

1
2
βs ∇2

θGk(Xs, θs) d[θ, θ]s

]d
k=1

+ lim
n→∞

∑
Pn

βti+1

([
∇θG(X, θ), θ

]x
ti+1

−
[
∇θG(X, θ), θ

]x
ti

)
,

(3.1.57)

where the second equation follows from Proposition 3.1.16 and from the dominated

convergence theorem.

Next, we must show that

lim
n→∞

∑
Pn

βti+1

([
∇θG(X, θ), θ

]x
ti+1

−
[
∇θG(X, θ), θ

]x
ti

)
(3.1.58)

is well-defined and it is equal to
[
β∇θG(X, θ), θ

]τ ,x
τ

. From the proof of Proposition

3.1.16, we have that

βti+1

([
∇θG(X, θ), θ

]x
ti+1

−
[
∇θG(X, θ), θ

]x
ti

)
= βti+1

[∫ ti+1

ti

∇θG(Xs, θs) d
∗,xθs −

∫ ti+1

ti

∇θG(Xs− , θs−) dθs

]
,

(3.1.59)
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where
∫ ti+1

ti
∇θG(Xs, θs) d

∗,xθs := lim
∑

ti<si<ti+1
∇θG(Xsi+1

, θsi) (θsi+1
−θsi) is a back-

ward integration. Take the limit n → ∞ on both sides of the equation above and

write

lim
n→∞

∑
Pn

βti+1

([
∇θG(X, θ), θ

]x
ti+1

−
[
∇θG(X, θ), θ

]x
ti

)
=

[∫ τ

τ

βs∇θG(Xs− , θs−) d
∗,xθs −

∫ τ

τ

βs∇θG(Xs− , θs−) dθs

]
=
[
β∇θG(X, θ), θ

]τ ,x
τ

.

(3.1.60)

The first equality follows from (3.1.59) and the dominated convergence theorem. The

second equality follows from the definition of
[
β∇θG(X, θ), θ

]τ ,x
τ

. Therefore, (3.1.53)

holds and we rewrite the deviation term in (3.1.3) as follows:

Γk,γ =

∫ τk,γ

τk

βsAx,θ∗G(Xs, θs) ds

= βτk,γ G(Xτk,γ , θτk,γ )− βτ G(Xτ , θτ )−
∫ τk,γ

τ

β
′

sG(Xs, θs) ds

−
∫ τk,γ

τ

βs G̃1(Xs, θs) dBs −
∫ τk,γ

τ

∫
R
βs G̃2(Xs− , θs− , z) µ̃(ds, dz)

−
∫ τk,γ

τ

βs ∇θG(Xs− , θs−) dθs

−

[∫ τk,γ

τ

1
2
βs∇2

θGk(Xs, θs) d[θ, θ]s

]d
k=1

−
[
β∇θG(X, θ), θ

]τk,γ ,x
τ

.

(3.1.61)

Next, we prove the convergence of each term on the right-hand side of (3.1.61).

The expectation operator under the probability measure Px0,θ∗ is denoted by E. Let
J
(1)
t = βt

∣∣G(Xt, θt)
∣∣. The inequality

E
[∣∣∣J (1)

t

∣∣∣2] ≤ CM,q β
2
t E
[(
1 +|θt|

)2 (
1 +|Xt|q

)2]
≤ 4CM,q β

2
t E
[(

1 +|θt|2
)(

1 +|Xt|2 q
)]

≤ C̃ β2
t ,

follows from Proposition 3.1.14, and because the random variables Xt and θt have

finite moments and because C̃ is a constant that depends on x0. Now, apply the

Borel–Cantelli argument as in Lemma 4.1 in Sirignano and Spiliopoulos (2017) to

show that J
(1)
t converges to zero with probability one. Next, consider the finite

variation term on the right-hand side of (3.1.61)

J
(2)
t,0 :=

∫ t

0

∣∣∣β ′

sG(Xs, θs) + βs Lθ,θ∗G(Xs, θs)
∣∣∣ ds ,
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where Lθ,θ∗ is the infinitesimal generator of the process θ under the probability mea-

sure Pθ∗ . The term J
(2)
t,0 obeys the bound

sup
t>0

E
∣∣∣J (2)

t,0

∣∣∣ ≤ ∫ ∞

0

C
(
|β ′

s|+ β2
s

)(
1 + E |Xs|2 q + E |θs|2

)
ds <∞ ,

where the last inequality follows from the properties of the learning rate βt in Con-

dition 3.1.5, and because the process X has a bounded 2 q-moment and the process

θ has a bounded second moment. Thus, there exists an integrable random variable

J
(2)
∞,0, such that

J
(2)
t,0 → J

(2)
∞,0 as t→ ∞ (3.1.62)

with probability one.

Next, consider the stochastic integral

J
(3)
t,0 :=

∫ t

0

βs G̃1(Xs, θs) dBs +

∫ t

0

∫
R
βs G̃2(Xs− , θs− , z) µ̃(ds, dz)

+

∫ t

0

βs∇θG(Xs, θs)∇θb(Xs, θ)σ(Xs)
−1 dBs .

The Burkholder-Davis-Gundy (BDG) inequality implies that

E

[
sup
0≤s≤t

∣∣∣J (3)
s,0

∣∣∣2] ≤C1 E

[∫ t

0

∣∣∣βs G̃1(Xs, θs)
∣∣∣2 ds+ ∫ t

0

∫
R

∣∣∣βs G̃2(Xs− , θs− , z)
∣∣∣2 ν(dz) ds

+

∫ t

0

∣∣βs ∇θG(Xs, θs)∇θb(Xs, θ)σ(Xs)
−1
∣∣2 ds] ,

(3.1.63)

where C1 is a positive constant. From Lemma 3.1.15, we have that∣∣∣G̃1(Xs, θs)
∣∣∣ ≤ CM,q

(
1 +|θs|

) (
1 +|Xs|q

)∣∣∣G̃2(Xs− , θs− , z)
∣∣∣ ≤ CM,q

(
1 +|θs−|

)
|Xs− ||z|

(
1 +|Xs−|q|z|q +|Xs−|q

)
.

(3.1.64)

Therefore, use the BDG and the Cauchy–Schwarz inequalities to show that the ex-

pectation of the first and third terms on the right-hand of (3.1.63) are both bounded

by C K
∫ t

0
β2
s ds because the processes Xs, θs, Xs− , and θs− have finite p-moments for
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all p > 0. For the remaining term, write

E

[∫ t

0

∫
R

∣∣∣βs G̃2(Xs− , θs− , z)
∣∣∣2 ν(dz) ds]

≤ C2
M,q E

[∫ t

0

∫
R
β2
s

(
1 +|θs−|2

)
|Xs−|2 |z|2

(
1 +|Xs− |2 q |z|2 q +|Xs−|2 q

)
ν(dz) ds

]

≤ C̃ E

[∫ t

0

β2
s

(
1 +|θs− |2

)(
|Xs−|2 +|Xs− |2 q+2

)
ds

]

≤ 8 C̃ E

[∫ t

0

β2
s

(
1 +|θs−|4

)
+ β2

s

(
1 +|Xs−|4 q+4

)
ds

]

< Ĉ

∫ t

0

β2
s ds ,

(3.1.65)

where C̃ and Ĉ are positive constants that depend on x0. The first inequality in

(3.1.65) results from Lemma 3.1.15, the second inequality follows from Condition

3.1.3, and the last inequality follows because the processes Xs, θs, Xs− , and θs− have

finite moments, see Lemma 3.1.9. Hence, the right-hand side of (3.1.63) is finite.

Then, by Doob’s martingale convergence theorem, there exists a square integrable

random variable J
(3)
∞,0, such that

J
(3)
t,0 → J

(3)
∞,0 as t→ ∞ (3.1.66)

with probability one.

Next, consider the following covariation in the interval [ti, ti+1]∣∣∣[β∇θG(X, θ), θ
]ti+1,x

ti

∣∣∣ ≤
lim

∥P̃n∥→0

(∑
P̃n

βsj+1

∣∣∇θG(Xsj+1
, θsj)−∇θG(Xsj , θsj)

∣∣∣∣θsj+1
− θsj

∣∣
+
∣∣βsj − βsj+1

∣∣ ∣∣∇θG(Xsj , θsj)
∣∣∣∣θsj+1

− θsj
∣∣) ,

(3.1.67)

where P̃n is the partition of the interval [ti, ti+1]. Now, consider the second term on
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the right-hand side of (3.1.67)

lim
∥P̃n∥→0

∑
P̃n

∣∣βsj − βsj+1

∣∣ ∣∣∇θG(Xsj , θsj)
∣∣ ∣∣θsj+1

− θsj
∣∣

≤ lim
∥P̃n∥→0

∑
P̃n

CG,q

∣∣βsj − βsj+1

∣∣(1 + sup
ti<s<ti+1

|Xs|q
)

sup
j

∣∣θsj+1
− θsj

∣∣
≤ lim

∥P̃n∥→0

CG,q

(
1 + sup

ti<s<ti+1

|Xs|q
)∣∣βti − βti+1

∣∣ sup
j

∣∣θsj+1
− θsj

∣∣ = 0 ,

(3.1.68)

where the first inequality follows from (3.1.18) and the last inequality follows because

the process θs is continuous. Now, consider the term

lim
∥P̃n∥→0

∑
P̃n

βsj+1

∣∣∇θG(Xsj+1
, θsj)−∇θG(Xsj , θsj)

∣∣ ∣∣θsj+1
− θsj

∣∣
≤ lim

∥P̃n∥→0

∑
ti<sj<ti+1

CG,q βsj+1

(
1 + sup

ti<s<ti+1

|Xs|q
)∣∣Xsj+1

−Xsj

∣∣∣∣θsj+1
− θsj

∣∣
≤ CG,q βti

(
1 + sup

ti<s<ti+1

|Xs|q
)∫ ti+1

ti

∣∣d[X, θ]s∣∣
= CG,q β

2
ti

(
1 + sup

ti<s<ti+1

|Xs|q
)∫ ti+1

ti

∣∣∇θ b(Xs, θs)
∣∣ ds ,

(3.1.69)

where the first inequality follows from (3.1.18) and the second inequality follows from

the definition of covariation. Therefore, for t > r, from (3.1.69), we take the sum and

the expectation on the left-hand side of (3.1.67) to obtain

E
[∣∣∣[β∇θG(X, θ), θ

]t,x
r

∣∣∣]

≤ CG,q

∞∑
i=⌊r⌋

β2
i E

(1 + sup
i<s<i+1

|Xs|q
) ∫ i+1

i

|∇θb(Xs, θs)| ds


≤ 2CG,q

∞∑
i=⌊r⌋

β2
i E

(1 + sup
i<s<i+1

|Xs|2 q
) E

[∫ i+1

i

|∇θb(Xs, θs)|2 ds

]

≤ 2CG,qK

∞∑
i=⌊r⌋

β2
i

(
1 +

√
(1 + i)

) [∫ i+1

i

E|∇θb(Xs, θs)|2 ds

]

≤ C̃

∞∑
i=⌊r⌋

β2
i

(
1 +

√
(1 + i)

)
<

2 C̃√
1 + r

,
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where the second inequality follows from the Cauchy–Schwartz inequality, the third

inequality follows from Lemma A.1.1 and the constant K is from Lemma A.1.1, and

the last inequality follows from Condition 3.1.6 on ∇θb(x, θ) and because E|Xs|2 q is

finite. The inequality above implies that there exists a finite random variable J∞,0,

such that ∣∣∣[β∇θG(X, θ), θ
]t,x
0

∣∣∣→ J∞,0 as t→ ∞ (3.1.70)

with probability one. From (3.1.61), we write that∣∣Γk,γ

∣∣ ≤ J
(1)
τk,γ

+ J (1)
τk

+ J
(2)
τk,γ ,τk

+
∣∣∣J (3)

τk,γ ,τk

∣∣∣+∣∣∣[β∇θG(X, θ), θ
]τk,γ ,x
τk

∣∣∣ . (3.1.71)

From (3.1.62), (3.1.66), (3.1.70), each term on the right-hand side converges to 0 as

k → ∞, which implies that
∣∣Γk,γ

∣∣→ 0 as k → ∞.

3.1.4 Convergence of jump SGDCT

In this subsection, we prove a sequence of lemmas and show the convergence of

the estimator in (3.0.9) to a stationary point of the function ḡ; we do so in two steps.

First, we analyse the deviation term Γk,γ in (3.1.3) when k → ∞. In our case, the

jump-diffusion process X is Markov, therefore we need to use the ergodicity of the

process X to quantify the deviation term Γk,γ via the Poisson equation in (3.1.12),

see Pardoux and Veretennikov (2003). The technique dates back to Delyon (1996)

and Metivier and Priouret (1984).

In Proposition 3.1.18, we showed that the absolute value of the deviation term

Γk,γ is asymptotically close to zero. Below, we use a similar argument as that in

Proposition 3 in Bertsekas and Tsitsiklis (2000) to prove that lim t→∞
∣∣∇θḡ(θt)

∣∣ = 0

almost surely.

Lemma 3.1.19. Suppose Conditions 3.1.1 to 3.1.7 hold. Choose a constant λ̃, such

that for a given κ > 0 we have 3 λ̃ + λ̃/4κ = 1/2L∇ḡ, where L∇ḡ is the Lipschitz

constant of ∇ḡ. For k large enough and for η > 0 small enough, we have∫ τk,η

τk

βs ds > λ̃ and λ̃/2 ≤
∫ τk

τk

βs ds ≤ λ̃ .

Proof. Most of the proof follows Lemma 3.2 in Sirignano and Spiliopoulos (2017). It

suffices to show that for given ϵ > 0, there is k large enough such that∣∣∣∣∣
∫ τk

τk

∫
βs

κ∣∣∇θḡ(θτk)
∣∣ ∇θb(Xs− , θs−) (σ(Xs−)σ(Xs−)

⊺)−1 ξ(Xs− , z) µ̃(ds, dz)

∣∣∣∣∣ < ϵ ,

(3.1.72)
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almost surely. By the BDG inequality, we obtain

E

 sup
0≤s≤t

∣∣∣∣∣
∫ t

0

∫
βs

κ∣∣∇θḡ(θτk)
∣∣ ∇θb(Xs− , θs−) (σ(Xs−)σ(Xs−)

⊺)−1 ξ(Xs− , z) µ̃(ds, dz)

∣∣∣∣∣


≤ C E

[∫ t

0

∫
β2
s

∣∣∇θb(Xs− , θs−) (σ(Xs−)σ(Xs−)
⊺)−1 ξ(Xs− , z)

∣∣2 ν(dz) ds]1/2
<∞ ,

where the last inequality follows because the functions b, σ, ξ have polynomial growth

and E|Xs−|2 q is finite. Therefore, the martingale process∫ t

0

∫
βs

κ∣∣∇θḡ(θτk)
∣∣ ∇θb(Xs− , θs−) (σ(Xs−)σ(Xs−)

⊺)−1 ξ(Xs− , z) µ̃(ds, dz)

is an L2- martingale process and the martingale convergence theorem implies (3.1.72).

The following Lemma shows that the value of the function ḡ decreases when the

value of k is large enough.

Lemma 3.1.20. Suppose Conditions 3.1.1 to 3.1.7 hold and assume that there are

an infinite number of intervals Ik = [τ k, τ k). Then, there is a fixed constant γ > 0,

such that for k large enough, we have

ḡ(θτk)− ḡ(θτk) ≤ −γ . (3.1.73)

Proof. The function ḡ is C2, so we use Itô’s Lemma to write

ḡ(θτk)− ḡ(θτk) =−
∫ τk

τk

βs
∣∣∇θḡ(θs)

∣∣2 ds+ ∫ τk

τk

βs⟨∇θḡ(θs),∇θb(Xs, θs)σ(Xs)
−1 ⟩dBs

+

∫ τk

τk

∫
⟨∇θḡ(θs−) ,∇θb(Xs− , θs−) (σ(Xs−)σ(Xs−)

⊺)−1 ξ(Xs− , z)⟩µ̃(ds, dz)

+

∫ τk

τk

β2
s

2
Tr
[
(b(Xs, θs)σ(Xs)

−1)(b(Xs, θs)σ(Xs)
−1)T∇2

θ ḡ(θs)
]
ds

+

∫ τk

τk

βs⟨∇θḡ(θs),∇θḡ(θs)−∇θg(Xs, θs) ⟩ ds .

Recall that the operation Tr[ · ] denotes the trace of a matrix.

Now, use the same argument as in Lemma 3.4 in Sirignano and Spiliopoulos (2017)

to show that ∫ τk

τk

βs
∣∣∇θ ḡ(θs)

∣∣2 ds ≤ −
∣∣∇θḡ(θτk)

∣∣
8

λ ,
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∫ τk

τk

βs ⟨∇θḡ(θs),∇θb(Xs, θs)σ(Xs)
−1 ⟩ dBs ≤

∣∣∇θḡ(θτk)
∣∣ ϵ ,

and∫ τk

τk

β2
s

2
Tr[ (b(Xs, θs)σ(Xs, θs)

−1 ) (b(Xs, θs)σ(Xs, θs)
−1)⊺ ∇2

θ ḡ(θs) ] ds→ 0 (3.1.74)

as k → ∞ with probability one. Use a similar argument to that in the proof of

Lemma 3.1.19 and Doob’s martingale convergence theorem to write∫ τk

τk

∫
⟨∇θḡ(θs−) ,∇θb(Xs− , θs−) (σ(Xs−)σ(Xs−)

⊺)−1 ξ(Xs− , z)⟩ µ̃(ds, dz) → 0

(3.1.75)

as k → ∞ with probability one. Next, we employ the same argument as that in

Lemma 3.1.18 above with a higher order in θ to show that∫ τk

τk

βs ⟨∇θḡ(θs),∇θḡ(θs)−∇θg(Xs, θs) ⟩ ds→ 0 as k → ∞ .

The remainder of the proof follows from Lemma 3.4 in Sirignano and Spiliopou-

los (2017).

Next, we show that the value of ḡ(θτk)− ḡ(θτk−1
) eventually starts to decrease as

k → ∞.

Lemma 3.1.21. Suppose Conditions 3.1.1 to 3.1.7 hold and assume that there is an

infinite number of intervals Ik = [τ k, τ k). There is a fixed constant γ1 < γ, such that

for k large enough, one has

ḡ(θτk)− ḡ(θτk−1
) ≤ γ1 . (3.1.76)

Proof. See Lemma 3.5 in Sirignano and Spiliopoulos (2017).

The next theorem shows the convergence of the SGDCT estimator.

Theorem 3.1.22. Convergence of the gradient. Let the process θt follow (3.0.9)

and assume Conditions 3.1.1 to 3.1.7 hold. Then∣∣∇θḡ(θt)
∣∣→ 0 as t→ ∞ ,

almost surely.

Proof. Apply Lemmas 3.1.20 and 3.1.21 above, and Theorem 2.4 in Sirignano and

Spiliopoulos (2017).

We remark that the crucial part of the proof of the convergence of the SGDCT

estimator is the convergence of the deviation term Γk,γ in (3.1.3), which we proved in

Proposition 3.1.18.
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3.1.5 Alternative specification of SGDCT estimator

Here, we propose an alternative SGDCT estimator that employs the continuous

part of the process X, which we denote by Xc, to estimate the unknown parameter

θ∗. Specifically, the dynamics of Xc satisfy

dXc
t := b(Xt, θ

∗) dt+ σ(Xt) dBt −
∫
ξ(Xt−, z) ν(dz) dt . (3.1.77)

Recall that the last term on the right-hand side of (3.1.77) is the compensator of the

jump term in (3.0.1). We proceed as above to write

b(Xt, θ
∗) dt = dXc

t +

∫
ξ(Xt−, z) ν(dz) dt− σ(Xt) dBt , (3.1.78)

which we substitute into (3.0.4), and the SGDCT becomes

dθt = βt
[
∇θb(Xt, θt) (σ(Xt)σ(Xt)

⊺)−1 dXc
t

+∇θb(Xt, θt) (σ(Xt)σ(Xt)
⊺)−1

∫
ξ(Xt−, z) ν(dz) dt

−∇θ b(Xt, θt) (σ(Xt)σ(Xt)
⊺)−1 b(Xt, θt) dt

]
.

(3.1.79)

The proofs of the convergence of the estimator in (3.1.79) are very similar to those

for the convergence of the estimator in (3.0.9). However, to implement the estimator

in (3.1.79), one must filter the jumps in the process X to obtain the process Xc;

we return to this point below when we implement the estimator in (3.1.79) and the

process X follows (3.0.1).

We do not have a theoretical result to compare the performance of the two estima-

tors: one where we employ X and the other where we employ Xc. However, when we

study the performance of the two estimators in Section 3.2, we find that the SGDTC

that employs Xc performs better: converges quicker and the standard deviation of

the estimator of θ∗ is smaller.

3.2 Performance of SGDCT estimator

In this Section, we use simulations to study the performance of the SGDCT es-

timators for two jump-diffusion processes. We employ an Euler scheme to simulate

paths of the process X over a time horizon [0, T ], with T > 0 and initial value X0 = 2,

for two specifications of the functions b and σ in (3.0.1). An agent observes the path

of the process X and employs the estimators in (3.0.9) and (3.1.79) to estimate the

unknown parameter θ∗.
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Here, we denote by |∆tX| = |Xt+∆t −Xt| the increment of the process X over the

time-step ∆t. Therefore, we write the discrete-time dynamics of the estimator θt in

(3.0.9), which uses the raw data, as follows:

θt+∆t − θt = βt ∇θb(Xt, θt) (σ
2(Xt))

−1
[
(Xt+∆t −Xt)− b(Xt, θt)∆t

]
,

and the estimator θt in (3.1.79), which uses the filtered data, as follows:

θt+∆t − θt = βt ∇θb(Xt, θt) (σ
2(Xt))

−1 (3.2.1)

×
[
(Xc

t+∆t −Xc
t ) +

∫
ξ(Xt, z) ν(dz)∆t− b(Xt, θt)∆t

]
.

To implement (3.2.1), the agent employs the methodology in Gloter, Loukianova,

and Mai (2018) to disentangle the diffusion and jump components of the innovations

of the process X as follows.3 When the value of the increment |∆tX| is larger than

a threshold vt = ρ (∆t)1/3 , with ρ > 0, we assume that the innovation contains a

jump, so we set the increment of the process to zero (i.e., |∆tX| = 0) and write the

discrete-time dynamics of the estimator θt in (3.2.1) as follows:

θt+∆t − θt = βt ∇θb(Xt, θt) (σ
2(Xt))

−1

×
[
(Xc

t+∆t −Xc
t ) +

∫
ξ(Xt, z) ν(dz)∆t− b(Xt, θt)∆t

]
≈ βt ∇θb(Xt, θt) (σ

2(Xt))
−1

×
[
∆tX 1 {|∆tX|≤vt} +

∫
ξ(Xt, z) ν(dz)∆t− b(Xt, θt)∆t

]
,

where the indicator function 1 {|∆tX|≤vt} returns 1 if |∆tX| ≤ vt or 0 otherwise. In

the simulations below we assume that the value of the threshold parameter ρ is 1.

3.2.1 Ornstein-Uhlenbeck-type process

The process Xt follows:

dXt = −θ∗Xt dt+ σ dBt + dLt (3.2.2)

where the unknown parameter θ∗ = 2.7, σ > 0, B = (Bt)t≥0 is a standard Brownian

motion independent of the compensated compound Poisson process L = (Lt)t≥0 with

3In the finance literature there are several algorithms designed to filter jumps, see e.g., Lee and
Mykland (2008), Cartea and Karyampas (2012), and the references therein.

45



arrival rate λ > 0 and the jump sizes are i.i.d. normally distributed N(0.1, 1).4 Sub-

stitute the function b(x, θ) = −θ x into (3.0.9), and write the first SGDCT estimator,

which uses the raw data, as

dθt = βt

[
−Xt−

σ2
dXt −

θtX
2
t

σ2
dt

]
, (3.2.3)

and write the second SGDCT estimator, which uses the filtered data, as

dθt = βt

[
−Xt

σ2
dXc

t −
λ 0.1Xt−

σ2
dt− θtX

2
t

σ2
dt

]
, (3.2.4)

both with initial condition θ0 = 4, σ = 1, and learning rate βt = 1/(1 + t). We

simulate 1,000 paths, and at every time-step of a path we employ the methodology

described above to filter the jumps in the process X when we employ (3.2.4).

We study the performance of each online estimator for various choices of: time

horizon T , arrival rate of jumps λ, and number of time-steps in the Euler scheme.

The number of time-steps determines the frequency of the observations; thus, as the

number of time-steps increases (for a fixed T ), the agent observes the process more

frequently. For each path, we update the estimate θt every time a new observation

arrives and denote by θT the final estimate of the parameter θ∗.

Table 3.1 reports the mean and the standard deviation of the final parameter

estimates θT where the process θ follows (3.2.3). For example, when the arrival rate

of the jumps is λ = 10, T = 80, and the number of time-steps (i.e., observations)

is 120,000, the mean and the standard deviation of the 1,000 final estimates θT are

2.80 and 0.29, respectively. We observe that as the number of time-steps increases,

the standard deviation of the estimates θT decreases because the agent employs more

observations to estimate the unknown parameter θ∗.

Similarly, Table 3.2 reports the mean and the standard deviation of the final

parameter estimates θT when the agent employs the estimator in (3.2.4). For example,

when the arrival rate of the jumps is λ = 10, T = 80, and the number of time-steps

(i.e., observations) is 120,000, the mean and the standard deviation of the 1,000 final

estimates θT are 2.72 and 0.09, respectively. Note that in all the simulations we

run, this estimator converges quicker, and with a lower standard deviation, than the

estimator that employs the raw data; i.e., without filtering the jumps – we return to

this point at the end of the Section.

4If the value of the volatility parameter is unknown, one can employ various methods to obtain
an estimate of σ, see Cartea and Karyampas (2012).
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λ = 10 λ = 30 λ = 50

θT θT θT

T Steps (observations) mean std dev mean std dev mean std dev

15 75000 3.04 0.69 3.34 0.92 3.62 1.07
150000 3.14 0.65 3.52 0.99 3.78 1.10
225000 3.07 0.67 3.39 0.89 3.78 1.12

25 125000 3.02 0.54 3.20 0.64 3.47 0.78
250000 2.98 0.52 3.30 0.76 3.48 0.84
375000 2.97 0.53 3.14 0.78 3.41 0.94

35 175000 2.82 0.42 3.09 0.67 3.47 0.89
350000 2.93 0.44 3.08 0.64 3.19 0.78
525000 2.76 0.44 3.04 0.58 3.22 0.72

50 250000 2.80 0.35 2.88 0.52 3.17 0.63
500000 2.79 0.33 2.97 0.57 3.16 0.76
750000 2.77 0.39 2.89 0.55 3.08 0.57

80 400000 2.80 0.29 2.85 0.41 3.03 0.58
800000 2.82 0.32 2.84 0.40 2.95 0.51
1200000 2.77 0.27 2.83 0.43 2.99 0.51

Table 3.1: Mean and standard deviation of θT (1,000 simulations) with estimator
(3.2.3) when X follows the OU-type process in (3.2.2), where σ = 1, λ = 10, 30, 50,
θ∗ = 2.7, and θ0 = 4.

As time evolves, we track the accuracy of the estimate θt for t ∈ [0, T ] with

T = 150. We perform 500 simulations and the number of time-steps in each simulation

is 1,500,000. The time t percent error of the estimate is the average of 100 |θt−θ∗|/θ∗

for the simulated paths, see Figures 3.1 and 3.2 for the estimator using raw data and

filtered data respectively. Clearly, as the agent collects more information about the

process X, the estimate of the unknown parameter θ∗ improves.

3.2.2 Bimodal process

The process Xt follows:

dXt = −θ∗X3
t− dt+ σ dBt + dLt , (3.2.5)

where the unknown drift coefficient θ∗ = 2.7, σ = 2, B = (Bt)t≥0 is a Brownian motion

and L = (Lt)t≥0 is a compensated Poisson process with arrival rate λ > 0. Again,

the second equation of (3.2.5) uses to align the equation with (3.0.1). Substitute the
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λ = 10 λ = 30 λ = 50

θT θT θT

T Steps (observations) mean std dev mean std dev mean std dev

15 75000 2.73 0.21 2.67 0.17 2.65 0.18
150000 2.73 0.22 2.71 0.17 2.71 0.17
225000 2.76 0.21 2.74 0.20 2.71 0.16

25 125000 2.71 0.16 2.72 0.15 2.70 0.14
250000 2.72 0.16 2.69 0.15 2.72 0.14
375000 2.75 0.17 2.72 0.13 2.72 0.16

35 175000 2.73 0.15 2.70 0.12 2.68 0.12
350000 2.70 0.14 2.69 0.14 2.70 0.12
525000 2.73 0.15 2.71 0.12 2.70 0.12

50 250000 2.68 0.10 2.68 0.11 2.68 0.12
500000 2.72 0.11 2.70 0.10 2.69 0.10
750000 2.74 0.11 2.71 0.10 2.67 0.10

80 400000 2.71 0.08 2.70 0.07 2.68 0.08
800000 2.71 0.09 2.69 0.08 2.68 0.09
1200000 2.72 0.09 2.70 0.09 2.68 0.09

Table 3.2: Mean and standard deviation of θT (1,000 simulations) with the second
estimator (3.2.4) when X follows the OU-type process in (3.2.2), where σ = 1, λ =
10, 30, 50, θ∗ = 2.7, and θ0 = 4.
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Figure 3.1: The y-axis shows the mean of the percent error 100 |θ̂ − θ∗|/θ∗ for 500
simulations of the path of X in (3.2.2). The x-axis is log of time, T = 150 with
1,500,000 observations. We use the estimator in (3.2.3), which uses raw data.
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Figure 3.2: The y-axis shows the mean of the percent error 100 |θ̂ − θ∗|/θ∗ for 500
simulations of the path of X in (3.2.2). The x-axis is log of time, T = 150 with
1,500,000 observations. We use the estimator in (3.2.4), which uses filtered data
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λ = 10 λ = 30 λ = 50

θT θT θT

T Steps (observations) mean std dev mean std dev mean std dev

15 75000 3.18 0.50 3.57 0.82 3.93 1.01
150000 3.21 0.50 3.47 0.78 4.02 0.89
225000 3.10 0.47 3.52 0.87 3.96 0.96

25 125000 2.99 0.42 3.31 0.61 3.68 0.74
250000 2.97 0.43 3.31 0.66 3.62 0.76
375000 3.02 0.43 3.28 0.65 3.53 0.81

35 175000 2.91 0.37 3.13 0.54 3.38 0.75
350000 2.90 0.33 3.26 0.53 3.40 0.67
525000 2.94 0.35 3.18 0.51 3.39 0.76

50 250000 2.88 0.30 3.01 0.48 3.23 0.61
500000 2.86 0.32 3.00 0.43 3.23 0.55
750000 2.88 0.30 3.06 0.44 3.19 0.57

80 400000 2.77 0.22 2.89 0.39 3.06 0.50
800000 2.83 0.27 2.96 0.40 3.01 0.50
1200000 2.79 0.25 2.92 0.40 3.04 0.49

Table 3.3: Mean and standard deviation of θT (1,000 simulations) with estimator that
uses raw data for the Bimodal process in (3.2.5) with σ = 2, λ = 10, 30, 50, θ∗ = 2.7,
and θ0 = 4.

function b(x, θ) = −θ x3 into (3.0.9), the first SGDCT estimator has the form

dθt = βt

[
−
X3

t−

σ2
dXt −

θtX
6
t

σ2
dt

]
, (3.2.6)

and the second SGDCT estimator is

dθt = βt

[
−X

3
t

σ2
dXc

t −
λX3

t−

σ2
dt− θtX

6
t

σ2
dt

]
, (3.2.7)

both with initial condition θ0 = 4, and learning rate βt = 1/(1+ t). As above, Tables

3.3 and 3.4 report the results of 1,000 simulations, and Figures 3.3 and 3.4 show the

percent error of the estimation as time evolves for the estimator using raw data and

filtered data, respectively. The interpretation of the results is similar to that provided

in the examples above.

Finally, we remark that in the two examples we discuss, the estimator that employs

the filtered data converges considerably faster, and with lower standard deviation,

than the estimator that uses the raw data. Clearly, the jumps affect the performance
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λ = 10 λ = 30 λ = 50

θT θT θT

T Steps (observations) mean std dev mean std dev mean std dev

15 75000 2.73 0.18 2.65 0.20 2.65 0.21
150000 2.75 0.18 2.75 0.19 2.71 0.18
225000 2.74 0.20 2.71 0.18 2.71 0.17

25 125000 2.71 0.14 2.70 0.13 2.55 0.22
250000 2.73 0.13 2.71 0.14 2.68 0.13
375000 2.70 0.15 2.69 0.15 2.71 0.14

35 175000 2.73 0.13 2.65 0.17 2.55 0.20
350000 2.71 0.11 2.71 0.11 2.66 0.13
525000 2.73 0.13 2.70 0.12 2.71 0.12

50 250000 2.71 0.12 2.64 0.12 2.52 0.25
500000 2.72 0.10 2.69 0.09 2.66 0.11
750000 2.72 0.10 2.70 0.10 2.71 0.11

80 400000 2.69 0.08 2.62 0.12 2.53 0.19
800000 2.70 0.09 2.68 0.10 2.68 0.09
1200000 2.70 0.08 2.68 0.08 2.67 0.08

Table 3.4: Mean and standard deviation of θT (1,000 simulations) with estimator
that uses filtered data for the Bimodal process in (3.2.5) with σ = 2, λ = 10, 30, 50,
θ∗ = 2.7, and θ0 = 4.
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Figure 3.3: The y-axis shows the mean of the percent error 100 |θ̂ − θ∗|/θ∗ for 500
simulations of the path of X in (3.2.5). The x-axis is log of time, T = 150 with
1,500,000 observations. We use the estimator in (3.2.6), which uses raw data.
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Figure 3.4: The y-axis shows the mean of the percent error 100 |θ̂ − θ∗|/θ∗ for 500
simulations of the path of X in (3.2.5). The x-axis is log of time, T = 150 with
1,500,000 observations. We use the estimator in (3.2.7), which uses filtered data.
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of the estimator. Everything else being equal, when the value of the arrival rate λ

increases, the unbiased noise that stems from the compensated jump component in

the process X increases the variance of the estimator θt. Thus, the estimator that

uses the raw data is noisier and takes longer to converge.

3.3 Conclusions and future research

We showed the convergence of the SGDCT algorithm to estimate the drift param-

eter of a jump-diffusion process. Our result is an extension to the work of Sirignano

and Spiliopoulos (2017). We proposed two estimators: an estimator that uses the

raw data, and another that filters the jumps of the jump-diffusion process before

estimating the drift parameter.

Our estimators are desirable because online updates are more computationally

efficient than offline updates. As new observations arrive, the online estimator is

updated, while offline algorithms solve a new optimisation problem to estimate the

unknown parameter.

We employed simulations to illustrate the performance of the estimators. We see

that when the agent filters the jumps in the process, the estimator converges quicker

than when the agent employs the raw data (i.e., without filtering jumps).

The SGDCT estimator is well-suited for the recent advances in control theory that

focus on adaptive robust control to obtain strategies robust to model uncertainty, see

Bielecki, Chen, and Cialenco (2017a). The adaptive control framework requires an

estimator that is continuously updated with the arrival of new information and also

requires that the coupled process (Xt, θt)t≥0 is Markov. The SGDCT algorithm we

developed here meets both requirements.

The online estimators may be employed in many financial problems where prices,

or other observed variables, follow jump-diffusion processes. For example, in high-

frequency trading, many models assume that the midprice follows, over a short-period

of time, an OU-type process. A similar application is in pairs trading, where a

linear combination of two or more assets follows an OU-type process, see Cartea,

Jaimungal, and Penalva (2015). In both cases, the success of these high-frequency

trading strategies relies on being able to estimate the drift of a process. An important

advantage of our estimator is that the estimates of the drift are quickly updated with

the arrival of every innovation in the prices of the assets, so the strategies can be

implemented in real time.
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Finally, there are a number of future research directions. For example, one may

analyse the statistical properties of the jump-diffusion SGDCT we presented here. If

the function b is convex, one could follow the same argument as that in Sirignano

and Spiliopoulos (2020) to prove the central limit theorem of the estimator in (3.0.9).

Although most of the proof of this extension would follow from standard results on

the property of jump-diffusion processes, one would still require the proof of the

convergence of the term in (3.1.2). Also, it would be interesting to study the jump-

diffusion filtering problem where the agent partially observes the process.
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Chapter 4

Adaptive robust control 1

In classical stochastic control problems, agents look for the best policy to optimise

a value function that depends on a stochastic process X = (Xt)t≥0. An extensively

studied problem is one in which the process X is a diffusion and it is the unique

solution to the stochastic differential equation (SDE)

dXt = b(Xt, θ) dt+ σ(Xt) dB
P
t ,

where the functions b and σ are Lipschitz, BP = (BP
t )t≥0 is a standard Brownian

motion under a reference measure P, and θ ∈ Rd. A standard method to solve the

agent’s problem involves two key steps. First, show that the value function admits

the dynamic programming principle (DPP). Second, characterise the value function

as the solution to a non-linear partial differential equation (PDE) and derive the

agent’s optimal decisions; see e.g., Pham (2009).

In the classical approach, the agent assumes that the reference measure P of the

process X is known, but if the reference measure is incorrectly specified, the agent

will find a sub-optimal policy. A common approach to making the agent’s control

problem robust to model misspecification is to consider a set of alternative probability

measures P and then specify a criterion to choose the ‘optimal’ measure from this

alternative set. The criterion is generally one where the agent adopts conservative

strategies.

We highlight two shortcomings of the classical robust stochastic control approach.

One, it may lead to optimal policies that are too conservative. For example, if the

agent’s level of confidence on each measure in the set P is the same, the outcome is

to choose the optimal policy under the probability measure that produces the worst

result with respect to the performance criterion of the agent. Two, in the classical

1This chapter has been published by SIAM Journal on Control and Optimization, see Bhudisak-
sang and Cartea (2021a).
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robust approach, the agent does not update her views on the set of measures P as

more information is revealed when the process X evolves in time; i.e., the set of

alternative measures is fixed throughout the horizon of the control problem.

In recent work, Bielecki, Chen, Cialenco, et al. (2017) propose an ‘adaptive robust’

framework in which the agent incorporates the evolution of the underlying stochastic

process as an ingredient in a control problem robust to model misspecification. They

assume that the underlying dynamics follow a discrete-time homogeneous Markov

process under a reference measure, construct the set of alternative measures P via

a composition of probability kernels to incorporate the arrival of new information,

and use a measurable selection theorem to prove that the value function of the agent

satisfies the DPP.

In this chapter, we assume that X is a jump-diffusion process taking values in Rn

and it is the unique strong solution to the SDE

dXt = b(Xt, θ
∗) dt+ σ(Xt) dB

Pθ∗
t + ξ(Xt−) dLt . (4.0.1)

Here, θ∗ ∈ Rd is an unknown parameter, the processBPθ∗ = (BPθ∗
t )t≥0 is a standard

Brownian motion under the probability measure Pθ∗ , and b : Rn × Rd → R, σ :

Rn → Rn × Rm, ξ : Rn × Rr → Rn. The jump component of Xt is the Lévy process

L = (Lt)t≥0 (independent of B
Pθ∗ ), which takes values in Rr and with Lévy-Khintchine

triplet (0, 0, ν) such that
∫
Rr |z| ν(dz) < ∞ and ν(Rr) < ∞, and µ is an associated

Poisson measure of the process L, where µ̃ denotes the compensated Poisson measure.

Note that the diffusion component σ, the jump component ξ, and the jump process

L do not depend on the parameter θ∗.

At time t, the agent’s estimate of the parameter θ∗ is denoted by θ̂t, and as time

evolves and new information arrives, the agent updates the estimate θ̂t. We model

the processes X and θ̂ jointly, so we let X̃ = (θ̂, X)⊺, which satisfies the SDE

dX̃t = b(t, X̃t, θ
∗) dt+ σ(t, X̃t) dB

Pθ∗
t + ξ(t, X̃t−) dLt . (4.0.2)

In addition, the agent considers the controlled diffusion process Y = (Yt)t≥0 valued

in Rd̃, which satisfies

dYt = b̄(Yt, X̃t, αt) dt+ σ̄(Yt, X̃t, αt) dX̃t , (4.0.3)

where b̄ : Rd̃ × Rn+d × Rk → Rd̃, σ̄ : Rd̃ × Rn+d × Rk → Rd̃ × Rn+d, and the agent

controls the process α = (αt)t≥0, which takes values in Rk.

Note that the second term on the right-hand side of (4.0.3) is dX̃ whose drift

depends on the parameter θ∗ (see (4.0.2)); thus, the drift of the process Y depends on
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θ∗. In this chapter, we focus on the case where the agent does not have full knowledge

of the drift term of the process X, while the agent has complete information about

the volatility and jump terms of the process X.

In the adaptive robust framework, the agent considers the set of alternative mea-

sures P(t, x,G), where x represents the state of the underlying stochastic process X,

and G is a function of the value of x and time t. The function G specifies the model

uncertainty that stems from the estimation process θ̂. We remark that in general it is

difficult (perhaps not possible) to construct the function G to be a confidence inter-

val in a statistical sense for the estimator process θ̂, see the definition of a confidence

interval in Bielecki, Chen, and Cialenco (2017a). However, when the process X is

a geometric Brownian motion and the estimator process is the maximum likelihood

estimator (MLE), we can construct the function G that specifies the confidence in-

terval of the estimator in a statistical framework. In the remainder of this chapter, it

suffices to denote P(t, x,G) as P(t, x) because the function G is defined and fixed at

the initial time of the agent’s control problem. The agent’s performance criterion is

J(t, x, y,P, α) := EP

[∫ T

t

f(s, Ys, αs) ds+ g(YT )

]
, (4.0.4)

where P is a probability measure, f and g are continuous functions, X̃t = x, Yt = y

and recall that αt is the control process. The value function of the adaptive robust

control problem is
w(t, x, y, α) := sup

P∈P(t,x)

J(t, x, y,P, α) ,

v(t, x, y) := inf
α∈A0

w(t, x, y, α) ,
(4.0.5)

where A0 is the set of admissible control processes.

We extend the discrete-time adaptive robust control framework in Bielecki, Chen,

Cialenco, et al. (2017). In their work, the authors solve a similar problem to that in

(4.0.5), where the underlying discrete-time stochastic process is ergodic and Markov,

while here we assume that the underlying stochastic process is driven by a continuous-

time jump-diffusion process. In the discrete-time setup of Bielecki et al., it is diffi-

cult to obtain a numerical solution of the value function v because in each back-

propagation of v, one needs to compute the expectation of the criterion function J

in (4.0.4); see Chen and Ludkovski (2019). In contrast, here we show that the value

function v in (4.0.5) satisfies the dynamic programming principle (DPP), characterise

the value function as the solution of a non-linear PDE, and we prove the uniqueness

of the viscosity solution. The PDE we derive is not standard because it contains
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a non-linear operator that depends on the state variable x (see e.g., Pham (1998));

this is discussed in detail in Section 2. Thus, the continuous-time framework for the

adaptive robust control is easier to solve (numerically) because there exists extensive

literature on solving non-linear PDEs. As example of the adaptive robust strategy,

we derive the solution for the optimal execution problem in electronic markets; see

e.g., Cartea, Jaimungal, and Penalva (2015).

Most of the literature that considers ‘parameter uncertainty’ in diffusion-based

models assumes that the drift parameter and the volatility parameter of the diffusion

process lie in a known fixed interval, which is in contrast with our adaptive robust

model where both the size of the uncertainty interval and the estimates of the pa-

rameters are updated as time evolves. When the unknown parameters lie in a fixed

interval, performance criteria in the form of (4.0.4) are time-consistent because the

agent does not update the estimates of the unknown parameters. For example, Ep-

stein and Ji (2014) consider a utility maximisation problem for a controlled diffusion

process in which the drift and the volatility terms of the diffusion lie in a fixed inter-

val, and Bannör et al. (2016) investigate parameter uncertainty in energy markets; see

also Denis and Kervarec (2013), Biagini and Pınar (2017), and Bergen et al. (2018),

all of which assume that one or more parameters of the model lie in a fixed set and

the estimates are not updated. We also mention other literature working on robust

optimal stopping problem where they use a similar measurable selection technique,

see Bayraktar and Yao (2014) and Ekren, Touzi, and Zhang (2014).

Moreover, in the work of Ismail and Pham (2019) and Pham, Wei, and Zhou (2018),

an agent maximises a mean-variance criterion (which is not time consistent) in a one-

step optimal asset allocation problem. In both works, the authors assume that the

unknown parameters lie in a fixed interval and estimates of the parameters are not

updated as time evolves.

There are also a number of papers that consider Knightian uncertainty (also re-

ferred to as model uncertainty), but do not include learning as proposed in this

chapter. In the Knightian uncertainty approach, the agent considers a set of al-

ternative measures, equivalent to the agent’s reference measure, to make decisions

that are robust to model uncertainty. There is a penalty for choosing an alterna-

tive model – the penalty is a function of the entropy between the reference measure

and the measure of the alternative model. Entropic penalties are convenient because

they preserve time-consistency in optimisation problems, so it is straightforward to

show that the DPP holds and one can employ standard control techniques to obtain

the optimal strategy robust to model misspecification. See for example the work of
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Hansen and Sargent (2011), Jaimungal and Sigloch (2012), Skiadas (2013), Cartea

and Jaimungal (2017), Cartea and Sánchez-Betancourt (2021), all of which assume

model uncertainty with respect to the drift of a diffusion process, while the work of

Cartea, Donnelly, and Jaimungal (2017) assumes model uncertainty with respect to

the drift of a diffusion and to the intensity of the arrival of jumps.

To illustrate the performance of the adaptive robust approach we analyse a clas-

sical problem in finance. We derive the optimal acquisition strategy for an agent

who purchases a large block of shares over a trading window, where the drift pa-

rameter of the stock price dynamics is not known by the agent. The performance of

the adaptive robust strategy is compared with that of strategies in which the agent

employs a wrong value of the drift parameter or employs a robust strategy. The ro-

bust strategy assumes that the drift parameter lies in a fixed interval and there is no

learning as time evolves. Our results show that when the agent has enough time to

learn the value of the unknown parameter, the adaptive robust strategy we develop in

this chapter performs better (lower average and lower variance of acquisition costs of

block of shares) than when the agent employs a robust strategy or uses the incorrect

parameter estimate. The superior performance of the robust adaptive strategy stems

from learning the value of the drift parameter during the trading window.

The remainder of this chapter is organised as follows. Section 4.1 develops the set

of alternative measures used by the agent and introduces the continuous-time adapted

robust control problem. We show that the agent’s dynamic optimisation problem in

(4.0.5) admits the DPP and we characterise the value function as a viscosity solution

of a non-linear PDE. In Section 3, we present an application of the adaptive robust

control problem to financial problems. Lastly, Section 4 concludes and discusses

future research directions.

4.1 Model

To streamline the presentation of the model, we provide a few definitions and

other ingredients of the adaptive robust framework.

We define the terms “drift characteristic”, “volatility characteristic”, and “jump

characteristic”of a stochastic process under a probability measure. Let V = (Vt)t≥0

be a stochastic process in a filtered probability space (Ω,F ,F,P). We call P a semi-

martingale measure of the process V , if there exists a triple (BP, C, νP), such that BP

and C are the finite-variation part and the covariation process of the continuous local

martingale of V −
∑

0≤s≤·(∆Vs−h(∆Vs)) where h is a bounded function that satisfies
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h(x) = x in a neighbourhood of the origin, and νP is the predictable compensator of

µV , where

µV (ω, dt, dx) =
∑
s≥0

1{∆Ys(ω) ̸=0}1(s,∆Vs(ω))(dt, dx) . (4.1.1)

Now, assume that for the triple (BP, C, νP), there exist the processes (γP, a, F P
ω,s),

such that

BP
t (ω) =

∫ t

0

γPs (ω) ds , Ct(ω) =

∫ t

0

as(ω) ds , and νP(ω, ds, dx) = F P
ω,s(dx) ds ,

for dP× dt almost-all (ω, s) ∈ Ω× (0, T ]. Then, P is a semimartingale measure of the

process V with absolutely continuous characteristics, in which case we say that the

processes γP, a, and F P
ω,s are the drift characteristic, the volatility characteristic, and

the jump characteristic, respectively, of the process V under the probability measure

P.
The remainder of this Section proceeds as follows. Subsection 2.1 uses an explicit

formula of the jump-diffusion process to motivate our definition of the alternative

measures. Subsection 2.2 defines the set of alternative measures P(t, x) and formu-

lates the adaptive robust framework. Subsection 2.3 proves the measurability of the

value function. And subsections 2.4 and 2.5 show that the adaptive robust control

problem in continuous-time is time-consistent, prove the DPP of the value function

and derive the non-linear PDE it satisfies.

4.1.1 Set of alternative measures

Recall that the process X follows (4.0.1) and that the agent does not know the

value of the parameter θ∗ ∈ Rd. As time evolves, the agent observes the realisation of

the process X and updates θ̂ (i.e., the estimate of the parameter θ∗), which satisfies

the SDE

dθ̂t = βt

[
b̃(Xt, θ̂t, θ

∗) dt+ σ̃(Xt, θ̂t) dB
Pθ∗
t + ξ̃(Xt−, θ̂t) dLt

]
. (4.1.2)

Here, the functions b̃ and σ̃ specify the drift and the volatility of the estimator process

θ̂, and β > 0 is the learning rate that depends on t. The function b̃ satisfies

b̃(x, θ̂, θ1)− b̃(x, θ̂, θ2) =
(b(x, θ1)− b(x, θ2)) σ̃(x, θ̂)

σ(x)
, (4.1.3)

for all x, θ̂, and all θ1, θ2 ∈ Rd.
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Therefore, under each probability measure Pθ for θ ∈ Rd, the agent considers

the augmented process X̃ = (X, θ̂)⊤ ∈ Rn+d , where X follows (4.0.1) and θ̂ follows

(4.1.2), so X̃ satisfies

dX̃t = b(t, X̃t, θ) dt+ σ(t, X̃t) dB
Pθ
t + ξ(t, X̃t−) dLt , (4.1.4)

where b(t, x̃, θ) := [ b(x, θ), βt b̃(x, θ̂, θ) ]
⊺, σ(t, x̃) := [ σ(x), βt σ̃(x, θ̂) ]

⊺, ξ(t, x̃) :=

[ ξ(x), βt ξ̃(x, θ̂) ]
⊺, and x̃ = (x, θ̂). The coefficients in (4.1.4) depend on time because

the learning rate βt is time-dependent.

When X follows an arithmetic or a geometric Brownian motion, the maximum

likelihood estimators for the drift of X have the form in (4.1.2). Also, if the process X

is ergodic, the stochastic gradient descent in continuous-time is also as in (4.1.2); see

Sirignano and Spiliopoulos (2017) for diffusions and Bhudisaksang and Cartea (2021b)

for jump-diffusions. However, we note that in general, the estimator of the parameter

in the drift term does not have the form in (4.1.2).

Let G : [0, T ] × Rn+d → 2R
d
be an exogenous function that specifies the model

uncertainty of the estimation process. Assume that at time t the agent’s estimate

of the parameter θ∗ is the progressively measurable process θ̃t ∈ G(t, X̃t). Then, by

Girsanov’s theorem, there is a probability measure Pθ̃, such that dXt = b(Xt, θ̃t) dt+

σ(Xt) dB
Pθ̃
t + ξ(Xt−) dLt, and we write the dynamics of the joint process X̃, under

the probability measure Pθ̃, as

dX̃t = b(t, X̃t, θ̃t) dt+ σ(t, X̃t) dB
Pθ̃
t + ξ(t,Xt−) dLt .

This motivates our definition of the set of alternative probability measures P(t, x,G)

that contains the measure P whose drift characteristic, volatility characteristic, and

jump characteristic of the process X are:

b(s, X̃s, θ̃s) +

∫
Rr

(ĥ(ξ(t, X̃s−) z)− ξ(s, X̃s−)h(z)) ν(dz) ,

σ(s, X̃s)σ(s, X̃s)
⊺, and F P

ω,t(dx) :=
∫
Rr 1{ξ(s,X̃s−(ω)) z ∈ dx} ν(dz), respectively. The con-

struction of these probability measures is similar to that of a weak formulation of the

control problem in El Karoui and Tan (2013b). We provide a formal definition of the

set of alternative measures P(t, x,G) after the following subsection.

4.1.2 Model setup

In this subsection, we present the adaptive robust control problem in continuous-

time and define the performance criterion of the agent – we employ a weak formulation
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of the control problem to simplify some proofs. Denote by B(Y ) a Borel σ-field of

the Polish space Y and let Ω = D([0, T ],Rn+d) be the space of all càdlàg paths

ω = (ωt)t≥0, F = B(Ω), and let X̃ be a canonical process, i.e., X̃t(ω) = ωt. Note that

for any probability measure P and A ∈ F , we have that P(X̃ ∈ A) = P(A). Denote

by F = (Ft)t≥0 the raw filtration generated by the canonical process X. Let P(Ω)

denote the set of probability measures on Ω and denote the set of semimartingale

probability measures with absolutely continuous characteristics of the process X̃ by

Pac
sem(Ω). Next, we define the measure kernel

P̄(ω, t, dx) :=
∫
Rr

1{ξ(t,X̃t−(ω)) z ∈ dx} ν(dz) .

Note that the kernel P̄ is a Borel measurable function from Ω × [0, T ] × B(Rn+d) to

R.
Now, we define the learnable property.

Definition 4.1.1. Let t ∈ (0, T ]. A semimartingale probability measure P ∈ Pac
sem(Ω)

is called learnable by G on (t, T ] if: the drift, volatility, and jump characteristics of P
are

γPs ∈ b∗(s, X̃s) , as = σ(s, X̃s)σ(s, X̃s)
⊺ , and F P

ω,s(dx) = P̄(ω, s, dx) ,

for dP× dt almost-all (ω, s) ∈ Ω× (t, T ], where

b∗(s, X̃s) =

{
b(s, X̃s, θ) +

∫
Rr

(ĥ(ξ(s, X̃s−) z)− ξ(s, X̃s−)h(z)) ν(dz) | θ ∈ G(s, X̃s)

}
.

Here, the functions h : Rr → Rr and ĥ : Rn+d → Rn+d are bounded and satisfy

h(x) = x, ĥ(x) = x when |x| < 1 and 0 otherwise.

The mapping b∗ : [0, T ]×Rn+d → 2R
d
is continuous with respect to the Hausdorff

metric by a standard calculation; see Definition B.2.2 in the Appendix.

Definition 4.1.2. Set of alternative measures. The set of alternative measures

P(t, x) consists of all probability measures P that satisfy the following two properties:

(i) P ∈ Pac
sem(Ω) and P(X̃t = x) = 1.

(ii) P is learnable by G on the interval (t, T ].

The following assumption is crucial to prove measurability of the set of alterna-

tive probability measures. This assumption is standard in the literature, see e.g.,

Assumption 4.1 in Nutz and Handel (2013).
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Assumption 4.1.3. For every t ∈ R+, we have that

{(s, ω, γ, ρ, F ) ∈ [t, T ]× Ω× Rn+d × R(n+d)×(n+d) ×P(Rn+d) : γ ∈ b∗(s, ωs),

ρ = as(ωs), F = P̄(ω, s, ·)} ∈ B([t, T ])⊗F ⊗ B(Rn+d)⊗ B(R(n+d)×(n+d))⊗ B(P(Rn+d)).

We denote the concatenation of a path by ω⊗t ω̃ := ws1s≤t + (wt + w̃s − w̃t)1s>t.

Let EPτ,ω̄
[ξτ,ω̄] := EPω̄

τ [ξ] = EP[ξ|Fτ ](ω̄) where ξ
τ,ω̄(ω) := ξ(ω̄ ⊗τ(ω̄) ω) and {Pω̄

τ }ω̄∈Ω is

a regular conditional probability distribution given Fτ .

When the process X in (4.0.2) is a diffusion with no jump component, the set of

alternative measures P(t, x) contains a semi-martingale probability measure P, such
that the drift characteristic γPs of P is in the set b∗(s, X̃s) =

{
b(s, X̃s, θ) | θ ∈ G(s, X̃s)

}
.

Next, we define the agent’s adaptive robust control problem.

The set of admissible controls, denoted by A0, consists of all progressively mea-

surable processes that take values in a compact set A ∈ Rk. Recall from (4.0.4) that

the performance criterion of the agent is J : [0, T ] × Rn+d × Rd̃ ×P(Ω) × A0 → R,
and is given by

J(t, x, y,P, α) := EP

[∫ T

t

f(s, Ys, αs) ds+ g(YT )

]
, (4.1.5)

where α is a control in the admissible set A0, X̃t = x, Yt = y, and f and g are

continuous functions in all variables.

Assume the controls α and α̃ are in the set A0. We define the distance metric in

the space A0 as follows:

∆(α, α̃) := EPθ̂

[∫ T

0

|αt − α̃t|2 dt

]
,

where Pθ̂ is the semimartingale measure for which the drift characteristic of X̃ is

b(s, X̃s, θ̂s) +

∫
R

(
ĥ(ξ(s, X̃s−) z)− ξ(s, X̃s−)h(z)

)
ν(dz) .

Thus, we denote by BA0 the set of a Borel measurable set of the set A0 generated by

the distance metric ∆. By elementary calculations, the set A0 is a Polish space. We

denote the space of all probability measures on (Ω,F) by P(Ω) and equip it with the

weak∗-topology.

The agent’s value function in the adaptive robust framework is

w(t, x, y, α) := sup
P∈P(t,x)

J(t, x, y,P, α) ,

v(t, x, y) := inf
α∈A0

w(t, x, y, α) .
(4.1.6)
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Assumption 4.1.4. The functions J , w, v in (4.1.6) are finite.

Assumption 4.1.4 is satisfied if f and g are bounded functions and if all other

assumptions that guarantee that Y is integrable on [0, T ] × Ω are also satisfied. In

what follows, we assume that Assumptions 4.1.3 and 4.1.4 hold.

In summary, the agent chooses a control process α to minimise the performance

criterion J , but there is uncertainty about the estimate of the parameter θ̂. There-

fore, the agent considers the worst case scenario by choosing a measure from the

alternative set P(t, x) that depends on the state of the underlying process and the

estimator process. On the other hand, if the agent chooses to maximise the perfor-

mance criterion, the control problem is as in (4.1.6), but of inf-sup type (instead of

sup-inf).

4.1.3 Measurability of functions and set of probability mea-
sures

Here, we show that the set {(ω, t,P) ∈ Ω× [0, T ]×P(Ω) | P ∈ P(t, ω(t))} is Borel

measurable. This allows us to use a measurable selection theorem on the supremum

problem in (4.1.6). Then, we check the measurability of: the performance criterion

J , the function w, and the value function v. The measurability of these functions

allows the use of measurable selection theorems for both the infimum and supremum

problems in (4.1.6).

Lemma 4.1.5. The set {(ω, t,P) ∈ Ω × [0, T ] × P(Ω) | P ∈ P(t, ω(t))} is a Borel

measurable set.

For a proof, see Appendix B.1.1.

The class of shifted control processes is constructed from the concatenation of a

path as follows: For α ∈ A0 and (t, ω̄) ∈ [0, T ]× Ω, we set

αt,ω̄
s (ω) = αs(ω̄ ⊗t ω) , (s, ω̄) ∈ [0, T ]× Ω .

For a stopping time τ and for any α ∈ A0, we denote the mapping

ατ : (Ω,F) → (A0,BA0) , ω̄ 7→ ατ(ω̄),ω̄ .

We employ the shifted control processes to show the pseudo-Markov property and

DPP of the problem in (4.1.6). Next, we show the pseudo-Markov property of the

process X̃.
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Lemma 4.1.6. Pseudo-Markov property. Let τ be a stopping time in [0, T ]. We

have that

J(τ, X̃τ , Yτ ,Pτ , ατ ) = EP

[∫ T

τ

f(s, Ys, αs) ds+ g(YT ) | Fτ

]
, P− a.s. . (4.1.7)

For a proof, see Appendix B.1.2.

Next, we check the measurability of the functions J , w, v in (4.1.6), we prove a

Lemma that allows us to use measurable selections for both the supremum and the

infimum problems in (4.1.6). First, we provide the following definition. For a Borel

space H, we denote by LH the smallest σ-field containing Borel subsets of H and

closed under the Souslin operation.2 See also the definitions of analytic function and

universally measurable function in Appendices B.2.3 and B.2.4.

Below, Lemma 4.1.7 shows that there exists a universally measurable selector for

the infimum problem in (4.1.6). In general, this is not true. If the function w is only

upper semianalytic, there is no guarantee that there exists a universally measurable ϵ-

optimal selector for the infimum problem; see Nowak (2010). The function w is LX ⊗
BY -measurable because we assume that the performance criterion J is continuous in

the variable y. Therefore, there exists a universally measurable ϵ-optimal selector for

the infimum problem.

Now, we show the regularity of the performance criterion J with respect to all its

variables and the regularity of the value function v with respect to the state (t, x, y).

Lemma 4.1.7. Regularity of the value function. Let J , w, v be as in (4.1.6).

The function J is Borel measurable from [0, T ]× Rn+d × Rd̃ ×P(Ω)×A0 to R, and
continuous with respect to t, x, y, α. The function w is upper semianalytic, and the

value function v is universally measurable from [0, T ]× Rn+d × Rd̃ to R.

For a proof, see Appendix B.1.3.

4.1.4 Time-consistency and the DPP of the adaptive robust
problem.

Here, we show that the set of probability measures P(t, x) has the stability prop-

erty under conditioning and the stability property under concatenation, both of which

we employ to prove the time-consistency property of problem (4.1.6).

First, we state two Lemmas that we need for the proof of the time-consistency

property for the problem in (4.1.6). The proofs of the following two Lemmas follow

directly from Lemma 4.28 in Hollender (2016).

2See Definition 7.15 in Bertsekas and Tsitsiklis (1996).
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Lemma 4.1.8. Stability under conditioning. Let P ∈ P(t, x) and let τ denote a

stopping time taking values in [t, T ]. For each ω̄ ∈ Ω, the probability measure Pτ,ω̄ is

in the set P(τ(ω̄), X̃τ(ω̄)(ω̄)) P-a.s..

Lemma 4.1.9. Stability under concatenation. Let P ∈ P(t, x) and let τ denote

a stopping time taking values in [t, T ]. Let ν be a Borel measurable kernel, such that

ν : Ω → P(Ω) and ν(ω̄) ∈ P(τ(ω̄), X̃τ(ω̄)(ω̄)). Then,

P̄(A) =
∫ ∫

1{ω̄⊗τ(ω̄)ω∈A}ν(dω; ω̄)P(dω̄)

is a probability measure and it is in the set P(t, x).

Now, we prove the time-consistency property of problem (4.1.6). This is our first

main result.

Theorem 4.1.10. Time-consistency property. Let (t, x, y) ∈ [0, T ]×Rn+d×Rd̃,

and let α be a control process in the admissible set A0. Let τ be a stopping time that

takes values in the interval [t, T ]. The following equation holds:

sup
P∈P(t,x)

EP

[∫ T

t

f(s, Ys, αs) ds+ g(YT )

]

= sup
P∈P(t,x)

EP

∫ τ

t

f(s, Ys, αs) ds+ sup
Q∈P(τ,X̃τ )

EQ

[∫ T

τ

f(s, Ys, α
τ
s) ds+ g(YT )

] .
Proof. Use Lemmas 4.1.5, 4.1.8, 4.1.9, and the arguments in Nutz and Handel (2013)

to show time-consistency of the stochastic control problem (4.1.6). For each P ∈
P(t, x), by conditional expectations, one obtains

EP

[∫ T

t

f(s, Ys, αs) ds+ g(YT )

]

= EP

∫ τ

t

f(s, Ys, αs) ds+ EP

[∫ T

τ

f(s, Ys, αs) ds+ g(YT ) | Fτ

]
= EP

∫ τ

t

f(s, Ys, αs) ds+ EPτ(ω̄),ω̄

[∫ T

τ

f(s, Ys, α
τ
s) ds+ g(YT )

]
≤ EP

∫ τ

t

f(s, Ys, αs) ds+ sup
Q∈P(τ,X̃τ )

EQ

[∫ T

τ

f(s, Ys, α
τ
s) ds+ g(YT )

] ,

(4.1.8)
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where the last inequality follows because Pτ,ω̄ is in the set P(τ, X̃τ ) for all ω̄ P-a.s.;
see Lemma 4.1.8. Now, take the supremum on both sides of (4.1.8) and write

sup
P∈P(t,x)

EP

[∫ T

t

f(s, Ys, αs) ds+ g(YT )

]

≤ sup
P∈P(t,x)

EP

∫ τ

t

f(s, Ys, αs) ds+ sup
Q∈P(τ,X̃τ )

EQ

[∫ T

τ

f(s, Ys, α
τ
s) ds+ g(YT )

] .

(4.1.9)

Next, we prove the reverse inequality of (4.1.9). For any stopping time τ and

α ∈ A0, write the function w as

w
(
τ(ω̄), X̃τ(ω̄)(ω̄), Yτ(ω̄)(ω̄), α

τ(ω̄),ω̄
)

= sup
Q∈P(τ(ω̄),X̃τ(ω̄)(ω̄))

J
(
τ(ω̄), X̃τ(ω̄)(ω̄), Yτ(ω̄)(ω̄),Q, ατ(ω̄),ω̄

)
= sup

Q∈P(τ(ω̄),X̃τ(ω̄)(ω̄))

Ĵ(ω̄,Q) .

From the proof of Lemma 3.1 in Neufeld and Nutz (2014), the function Ĵ is Borel

measurable. From Lemma 4.1.5, the set {(ω̄,Q) | Q ∈ P(τ(ω̄), X̃τ(ω̄)(ω̄))} is analytic.

Therefore, by a measurable selection theorem, there exists a universally measurable

νϵ from Ω to P(Ω), such that

w
(
τ(ω̄), X̃τ(ω̄)(ω̄), Yτ(ω̄)(ω̄), α

τ(ω̄),ω̄
)
< ϵ+ J

(
τ(ω̄), X̃τ(ω̄)(ω̄), Yτ(ω̄)(ω̄), ν

ϵ(ω̄), ατ(ω̄),ω̄
)

for all ω̄ ∈ Ω. From Lemma 7.27 in Bertsekas and Shreve (1996), we have that for

any probability measure P ∈ P(t, x), there is a Borel measurable function νϵ,P, such

that νϵ,P(ω̄) = νϵ(ω̄) for P- a.s.. Then,

w
(
τ(ω̄), X̃τ(ω̄)(ω̄), Yτ(ω̄)(ω̄), α

τ(ω̄),ω̄
)
< ϵ+ J

(
τ(ω̄), X̃τ(ω̄)(ω̄), Yτ(ω̄)(ω̄), ν

ϵ,P(ω̄), ατ(ω̄),ω̄
)
,

P almost surely. Therefore, we have the following inequality:

EP

∫ τ

t

f(s, Ys, αs) ds+ sup
Q∈P(τ,X̃τ )

EQ

[∫ T

τ

f(s, Ys, α
τ
s) ds+ g(YT )

]
= EP

[∫ τ

t

f(s, Ys, αs) ds+ w (τ, X̃τ , Yτ , α
τ )

]
< EP

[∫ τ

t

f(s, Ys, αs) ds+ J
(
τ, X̃τ , Yτ , ν

ϵ,P, ατ
)]

+ ϵ

= EPνϵ

[∫ T

t

f(s, Ys, αs) ds

]
+ ϵ ,
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where Pνϵ(A) :=
∫ ∫

1{ω̄⊗τ(ω̄)ω∈A}ν
ϵ,P(dω; ω̄)P(dω̄) is in the set P(t, x); see Lemma

4.1.9.

Our proof of time-consistency is standard, but the result of Theorem 4.1.10 is

not immediately available in the literature. For example, Nutz and Handel (2013)

and Bayraktar and Yao (2014) look at the time-consistency property of problems in

robust optimal control and robust stopping; however, their results cannot be applied

directly in our framework to show time consistency of the problem we study.

Next, we prove the DPP and write the value function recursively. The proof relies

on the time-consistency property of the adaptive robust problem in (4.1.6), which we

showed in Theorem 4.1.10. We use the measurable selection theorem in Soner and

Touzi (2002) because the set of admissible controls A0 is a separable metric space,

we recall that A0 consists of all progressively measurable processes that take values

in a compact set A ∈ Rk.

Theorem 4.1.11. Dynamic programming principle. Let (t, x, y) ∈ [0, T ] ×
Rn+d × Rd̃, let τ be a stopping time taking values in [t, T ], X̃t = x and Yt = y. The

value function of the adaptive robust problem in (4.1.6) satisfies

v(t, x, y) = inf
α∈A0

sup
P∈P(t,x)

EP
[∫ τ

t

f(s, Ys, αs) ds+ v(τ, X̃τ , Yτ )

]
. (4.1.10)

Proof. Recall that w(t, x, y, α) := supP∈P(t,x) J(t, x, y,P, α). From the definition of

the performance criterion J , we have that

sup
P∈P(t,x)

J(t, x, y,P, α) = sup
P∈P(t,x)

EP

[∫ T

t

f(s, Ys, αs) ds+ g(YT )

]

= sup
P∈P(t,x)

EP
[∫ τ

t

f(s, Ys, αs) ds+ w(τ, X̃τ , Yτ , α
τ )

]
≥ sup

P∈P(t,x)

EP
[∫ τ

t

f(s, Ys, αs) ds+ v(τ, X̃τ , Yτ )

]
,

(4.1.11)

where the second line in (4.1.11) follows from Theorem 4.1.10 and the last inequality

follows from the definition of the value function v. Take infimum over α ∈ A0 in

(4.1.11) and write

v(t, x, y) ≥ inf
α∈A0

sup
P∈P(t,x)

EP
[∫ τ

t

f(s, Ys, αs) ds+ v(τ, X̃τ , Yτ )

]
. (4.1.12)

Now we show the reverse inequality in (4.1.12). Write the value function v as follows:

v(τ(ω̄), X̃τ(ω̄)(ω̄), Yτ(ω̄)(ω̄)) = inf
α∈A0

w(τ(ω̄), X̃τ(ω̄)(ω̄), Yτ(ω̄)(ω̄), α) = inf
α∈A0

ŵ(ω̄, α) ,
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where ŵ(ω̄, α) := w(τ(ω̄), X̃τ(ω̄)(ω̄), Yτ(ω̄)(ω̄), α). From Lemma 4.1.7, the function w

is B([0, T ])⊗L(Rn+d)⊗B(Rd̃)⊗BA0-measurable. Then, the function ŵ is LΩ ⊗BA0-

measurable because the set [0, T ]× Rn+d × Rd̃ ×A0 is Borel and the mappings ω̄ 7→
τ(ω̄), ω̄ 7→ X̃τ(ω̄)(ω̄), and ω̄ 7→ Ỹτ(ω̄)(ω̄) are Borel measurable. Therefore, from

Lemma 4.1.7, there exists a universally measurable selection, such that φϵ : (Ω,F) →
(A0,BA0) and

v(τ(ω̄), X̃τ(ω̄)(ω̄), Yτ(ω̄)(ω̄)) + ϵ > w(τ(ω̄), X̃τ(ω̄)(ω̄), Yτ(ω̄)(ω̄), φ
ϵ(ω̄)) .

There exists a Borel measurable function φϵ,P∗
such that φϵ,P∗

(ω̄) = φϵ(ω̄) P∗-a.s. for

each probability measure P∗ on (Ω,F) in the set P(t, x); see Lemma 7.27 in Bertsekas

and Shreve (1996). For a control process α ∈ A0, we define the new control process

αϵ,P∗
(t, ω̄) = α(t, ω̄) 1τ(ω̄)>t + φϵ,P∗

(ω̄) 1τ(ω̄)≤t . (4.1.13)

Now, we check the measurability of the process αϵ,P∗
. The process αϵ,P∗

is progressively

measurable because A0 is a separable metric space and from Lemma 2.1 in Soner and

Touzi (2002). By elementary calculations, the process αϵ,P∗
is in the set A0. Let τ be

a stopping time in the interval [t, T ]. By Theorem 4.1.10, we have that

w
(
t, x, y, αϵ,P∗

)
= sup

P∈P(t,x)

EP
[∫ τ

t

f
(
s, Ys, α

ϵ,P∗

s

)
ds+ w

(
τ, X̃τ , Yτ , (α

ϵ,P∗
)τ
)]

= sup
P∈P(t,x)

EP
[∫ τ

t

f (s, Ys, αs) ds+ w
(
τ, X̃τ , Yτ , (α

ϵ,P∗
)τ
)]

≤ sup
P∈P(t,x)

EP
[∫ τ

t

f(s, Ys, αs) ds+ v(τ, X̃τ , Yτ )

]
+ ϵ ,

(4.1.14)

where the last inequality follows from

v(τ(ω̄), X̃τ(ω̄)(ω̄), Yτ(ω̄)(ω̄)) + ϵ > w(τ(ω̄), X̃τ(ω̄)(ω̄), Yτ(ω̄)(ω̄), φ
ϵ,P∗

(ω̄)) ,

for P∗ -a.s., and because all probability measures in the set P(t, x) are absolutely

continuous with respect to the probability measure P∗. Therefore, for an arbitrary

control process α ∈ A0, the value function v obeys the bound

v(t, x, y) ≤ sup
P∈P(t,x)

EP
[∫ τ

t

f(s, Ys, αs) ds+ v(τ, X̃τ , Yτ )

]
+ ϵ .

This shows the reverse inequality of (4.1.12), which completes the proof.
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4.1.5 Viscosity characterisation of the value function

In what follows, assume that Assumptions 2.3 and 2.4 hold. We show that the

value function in (4.1.6) is the unique solution of a non-linear PDE. We recall that the

processes X̃ and Y follow (4.0.2) and (4.0.3), respectively. Henceforth, the process

Ỹ := [X̃, Y ]⊺ follows

dỸt = b̄(t, Ỹt, θ̃t, αt) dt+ σ̄(t, Ỹt, αt) dB
Pθ̃
t + ξ̄(t, Ỹt, αt) dLt , (4.1.15)

where b̄(t, ỹ, θ, a) := [ b(t, x̃, θ), b(t, x̃, θ) σ̄(ỹ, a) + b̄(ỹ, a) ]⊺

, σ̄(t, ỹ, a) := [σ(t, x̃), σ(t, x̃) σ̄(ỹ, a) ]⊤, ξ̄(t, ỹ, a) := [ ξ(t, x̃), ξ(t, x̃) σ̄(ỹ, a) ]⊺ and

ỹ = (y, x̃). Denote by |x| the Euclidean norm of x ∈ Rm, where m is a positive

integer.

Assumption 4.1.12. The functions b̄, σ̄, ξ̄ are continuous with respect to a and the

function f is Lipschitz with respect to a.

Assumption 4.1.13. For any compact set Θ ⊂ Rd and Ỹ ⊂ Rn+d+d̃, there exists a

positive constant KL such that for all a ∈ A∣∣∣b̄(t, ỹ1, θ̃1, a)− b̄(t, ỹ2, θ̃1, a)
∣∣∣+∣∣σ̄(t, ỹ1, a)− b̄(t, ỹ2, a)

∣∣+∣∣ξ̄(t, ỹ1, a)− ξ̄(t, ỹ2, a)
∣∣

≤ KL |ỹ1 − ỹ2| ,
(4.1.16)

for all t ∈ [0, T ], ỹ1, ỹ2 ∈ R1+d+d̃, and θ̃ ∈ Θ and∣∣∣b̄(t, ỹ1, θ̃1, a)− b̄(t, ỹ1, θ̃2, a)
∣∣∣ ≤ KL

∣∣∣θ̃1 − θ̃2

∣∣∣ , (4.1.17)

for all t ∈ [0, T ], ỹ1 ∈ Ỹ and θ̃1, θ̃2 ∈ Rd.

The two assumptions above are essential in the proof of the characterisation of

the value function v. The assumptions below are to ensure the set G is not too large

which allows us to prove the stability of moment lemma and to guarantee that the

solutions to the SDEs (4.0.2) and (4.0.3) are unique.

Assumption 4.1.14. There exists a positive real number KG such that for θ1, θ2 ∈
G(t, x), we have that |θ1 − θ2| ≤ KG |x|.

The assumption on the size of the set G is needed in the Lemma below. Note that

if the set G is too large (recall that G(t, x) ∈ 2R
d
), then

sup
P∈P(t,x)

EP
[
sup

0≤s≤η

∣∣∣Ỹt+s − ỹ
∣∣∣q ] (4.1.18)
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does not converge to zero quickly enough as the value of η goes to zero, in which case

the value function v in (4.1.6) cannot be characterised as a solution of a non-linear

PDE.

Now, we use Lemma 3.4 in Fadina, Neufeld, and Schmidt (2018) to prove that

the q-moment of the process Ỹ is locally stable under the non-linear expectation in

(4.1.18).

Lemma 4.1.15. Stability of moment. If Assumptions 4.1.12, 4.1.13, 4.1.14 hold,

then for αt ∈ A0, for q ≥ 1 and (t, ỹ) ∈ [0, T ]×Rn+d+d̃, there exists ϵ(q) ∈ (0, 1) such

that for all η < ϵ(q) we have

sup
P∈P(t,x)

EP

[
sup

0≤s≤τη

|Ỹt+s − ỹ|q
]
≤ C (ηq + ηq/2) , (4.1.19)

where the constant C is independent of t and h, and the stopping time τη := inf{u :

|Ỹt+u − ỹ| ≥ 1} ∧ η.

Proof. Recall Hölder’s inequality

(a+ b+ c+ d)q ≤ cq (a
q + bq + cq + dq) , (4.1.20)

where q ≥ 1 and cq is the smallest real number such that the inequality holds for all

a, b, c, d ≥ 0. Note that the value of the constant cq depends only on the parameter

q. For P = Pθ̃ ∈ P(t, x), the process Ỹ has the representation

Ỹt+s = ỹ +

∫ t+s

t

b̄(u, Ỹu, θ̃u, αu) du+

∫ t+s

t

σ̄(u, Ỹu, αu) dB
Pθ̃
u +

∫ t+s

t

ξ̄(u, Ỹu, αu) dLu ,

= ỹ +

∫ t+s

t

b̄(u, Ỹu, θ̃u, αu) du+

∫ t+s

t

∫
R
ξ̄(u, Ỹu, αu) z ν(dz) du+ Ỹ c

t+s + Ỹ d
t+s ,

(4.1.21)

where Ỹ c,P and Ỹ d,P are the continuous and discontinuous local martingale parts of
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Ỹ , respectively, under the probability measure P. Use (4.1.20) to write

EP

[
sup

0≤s≤τη

∣∣∣Ỹt+s − ỹ
∣∣∣q]

= EP

 sup
0≤s≤τη

∣∣∣∣∣
∫ t+s

t

b̄(u, Ỹu, θ̃u, αu) du+

∫ t+s

t

∫
R
ξ̄(u, Ỹu, αu) z ν(dz) du+ Ỹ c

t+s + Ỹ d
t+s

∣∣∣∣∣
q


≤ cq

EP

 sup
0≤s≤τη

∣∣∣∣∣
∫ t+s

t

b̄(u, Ỹu, θ̃u, αu) du

∣∣∣∣∣
q
+ EP

[
sup

0≤s≤τη

∣∣∣Ỹ c,P
t+s

∣∣∣q]+ EP

[
sup

0≤s≤τη

∣∣∣Ỹ d,P
t+s

∣∣∣q]

+ EP

 sup
0≤s≤τη

∣∣∣∣∣
∫ t+s

t

∫
R
ξ̄(u, Ỹu, αu) z ν(dz) du

∣∣∣∣∣
q

 .

(4.1.22)

Let Ỹ := {y ∈ Rn+d+d̃ | |y − ỹ| ≤ 1} and Θ̃ :=
⋃

y∈Ỹ G(t, x). The sets Ỹ and Θ̃

are compact because the mapping y 7→ G(t, x) is continuous. From Assumption

4.1.13, there exists a positive constant K̃L that depends on ỹ such that b̄(t, ỹ1, θ̃, a) ≤
K̃L (1 + |ỹ1|), σ̄(t, ỹ1, a) ≤ K̃L (1 + |ỹ1|) and ξ̄(t, ỹ1, a) ≤ K̃L (1 + |ỹ1|) for all ỹ1 ∈ Ỹ ,

θ̃ ∈ Θ̃, and a ∈ A. Define K̂ := max{1, KG, K̃L}, where KG is the constant from

Assumption 4.1.14. Consider the first term on the right-hand side in (4.1.22).

EP

(∫ t+τη

t

∣∣∣b̄(u, Ỹu, θ̃u, αu)
∣∣∣ du)q

 ≤

≤ EP

(∫ t+τη

t

∣∣∣b̄(u, Ỹu, θ̂u, αu)
∣∣∣+ K̂

∣∣∣θ̂u − θ̃u

∣∣∣ du)q
 from (4.1.17)

≤ K̂q ηq EP

(1 + K̂ sup
0≤s≤τη

∣∣∣Ỹt+s

∣∣∣)q
 from (4.1.14)

≤ c̃q K̂
2q ηq EP

[
1 + sup

0≤s≤τη

|Ỹt+s − ỹ|q + |ỹ|q
]
, from (4.1.20)

(4.1.23)

where the second inequality follows from the Lipschitz assumption on b̄, the penulti-

mate inequality follows from the linear growth property on b̄, and the last inequality
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follows from Hölder’s inequality in (4.1.20). Next, consider the last term in (4.1.22)

EP

 sup
0≤s≤τh

∣∣∣∣∣
∫ t+s

t

∫
R
ξ̄(u, Ỹu, αu) z ν(dz) du

∣∣∣∣∣
q


≤ EP

∣∣∣∣∣
∫ t+τη

t

∫
R
ξ̄(u, Ỹu, αu) z ν(dz) du

∣∣∣∣∣
q


≤ EP

{∫ t+τη

t

∫
R

(
1 + K̂

∣∣∣Ỹt+u

∣∣∣) |z| ν(dz) du

}q


≤ CJ η
q EP

(1 + K̂ sup
0≤s≤τη

∣∣∣Ỹt+s

∣∣∣)q


≤ c̃q CJ K̂
q ηq EP

[
1 + sup

0≤s≤τη

|Ỹt+s − ỹ|q + |ỹ|q
]
,

(4.1.24)

where the second inequality follows from the linear growth property on ξ̄, and the

last inequality follows from Hölder’s inequality in (4.1.20). By the Burkholder-Davis-

Gundy (BDG) inequality in Cohen and Elliott (2015), we have that

EP

[
sup

0≤s≤τη

∣∣∣Ỹ c,P
t+s

∣∣∣q] ≤ c̃q EP

(∫ t+τη

t

∣∣∣σ̄(t+ u, Ỹt+u, αt+u) σ̄(t+ u, Ỹt+u, αt+u)
⊺
∣∣∣ du)q/2


≤ c̃q EP

[
K̂q ηq/2 (1 + sup

0≤s≤τη

|Ỹt+s|)q
]

≤ c̃q cq K̂
q ηq/2 EP

[
1 + sup

0≤s≤τη

|Ỹt+s − ỹ|q + |ỹ|q
]
,

(4.1.25)

where c̃q is a constant that depends on q, the last inequality follows from (4.1.20), and

K̂ does not depend on h. Next, consider the purely discontinuous local martingale,
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the BDG inequality and the linear growth of the function ξ̄ imply

EP

[
sup

0≤s≤τη

∣∣∣Ỹ d,P
t+s

∣∣∣q] ≤ c̃q EP
[〈
Ỹ d,P
t+τη

〉q/2]
,

≤ c̃q EP

∣∣∣∣∣
∫ t+τη

t

∫
R

∣∣∣ξ̄(u, Ỹu, αu)
∣∣∣2 |z|2 ν(dz) du∣∣∣∣∣

q/2


≤ c̃q CJ EP

K̂q ηq/2

(
1 + sup

0≤s≤τη

|Ỹt+s|

)q


≤ c̃q cq CJ K̂
q ηq/2 EP

[
1 + sup

0≤s≤τη

|Ỹt+s − ỹ|q + |ỹ|q
]
.

(4.1.26)

Choose the value of the parameter ϵ, so that 1−C1 η
q−C2 η

q/2 := 1− (c̃q K̂
2q hq+

c̃q CJ K̂
q ηq + c̃q cq K̂

q ηq/2 + c̃q cq CJ K̂
q ηq/2) > 0. Therefore, if η < ϵ, from inequality

(4.1.23) and (4.1.25), we have that

EP

[
sup

0≤s≤τη

∣∣∣Ỹt+s − ỹ
∣∣∣q] ≤

(
C1 η

q + C2 η
q/2
)
EP

[
1 + sup

0≤s≤τη

|Ỹt+s − ỹ|q + |ỹ|q
]

≤
(
C1 η

q + C2 η
q/2
)
EP

[
sup

0≤s≤τη

|Ỹt+s − ỹ|q
]

+
(
C1 ϵ

q + C2 ϵ
q/2
)
[1 + |ỹ|q] .

Let

C =

(
C1 η

q + C2 η
q/2
)
(1 + |ỹ|q)

1−
(
C1 ϵq + C2 ϵq/2

) .

Now, for P ∈ P(t, x,G) the following inequality holds:

EP

[
sup

0≤s≤τn

∣∣∣Ỹt+s − ỹ
∣∣∣q] ≤ C

(
ηq/2 + ηq

)
. (4.1.27)

We require that the set G satisfies the following structural assumption for the

proof of the characterisation of the value function as a solution of a non-linear PDE.

Assumption 4.1.16. We assume that G(t, x) is a closed set, in the standard topol-

ogy, for all (t, x) ∈ [0, T ] × Rn+d. And we assume that the Hausdorff distance be-

tween the sets G(t, x) and G(s, y) has a Lipschitz-like property. That is, there ex-

ists a constant KH such that dHaus(G(t, x), G(s, y)) ≤ KH (|t− s| + |x− y| ) for all

(t, x), (s, y) ∈ [0, T ]× Rn+d.
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The assumption above is essential to characterise the value function as a solution

of a non-linear PDE, but not to prove the DPP of the value function. We assume that

G(t, x) is a closed set, so the maximal is attained in the set G(t, x). The second state-

ment of the assumption requires the function G to be well-behaved. This condition

allows us to quantify the non-linear operator that depends on the set G(t, x).

Denote by φ ∈ C2,3
b ([0, T ] × Rn+d+d̃) the set of functions on [0, T ] × Rn+d+d̃ that

have bounded continuous derivatives up to the second and third order in t and x,

respectively. We use the next Lemma to characterise the value function as a solution

of a non-linear PDE.

Lemma 4.1.17. Let φ ∈ C2,3
b ([0, T ] × Rn+d+d̃) and let u be a small enough positive

real number. If Assumptions 4.1.12, 4.1.13, 4.1.14, 4.1.16 hold, then there exists a

probability measure P ∈ P(t, x) such that for all α ∈ A0,

EP
[
∂ỹφ(t, ỹ) b̄(t+ τs, Ỹt+τs , θ̃t+τs , αt+τs)

+ 1
2
Tr
(
σ̄(t+ τs, Ỹt+τs , αt+τs) σ̄(t+ τs, Ỹt+τs , αt+τs)

⊺ ∂2ỹỹφ(t, ỹ)
)

+

∫
R
(φ(t, ỹ + ξ̄(t, Ỹt+τs , αt+τs) z)− φ(t, ỹ)− ∂ỹφ(t, ỹ) ξ̄(t, Ỹt+τs , αt+τs)h(z)) ν(dz)

]
≥ −CA s

1/2 + inf
a∈A

sup
θ̃∈G(t,x)

[
∂ỹφ(t, ỹ) b̄(t, ỹ, θ̃, a) +

1
2
Tr
(
σ̄(t, ỹ, a) σ̄(t, ỹ, a)⊺ ∂2ỹỹφ(t, ỹ)

)
+

∫
R
(φ(t, ỹ + ξ̄(t, ỹ,a) z)− φ(t, ỹ)− ∂ỹφ(t, ỹ) ξ̄(t, ỹ, a)h(z)) ν(dz)

]
,

(4.1.28)

where the stopping times τs := inf{m : |Ỹt+m − ỹ| ≥ 1} ∧ s for all s ∈ [0, u], and CA

is a constant that depends on t and x.

Proof. From Assumption 4.1.16, there exists an optimal a∗ that minimises the supre-

mum term and there exists an optimal θ̃a∗ that maximises the right-hand side of

(4.1.28). The process γt+s = projθ̃a∗ (G(t+ s, X̃t+s)) is Ft+s-adapted, where projx(A)

is an element in the set A such that the Euclidean distance between the element

and x is smallest. The process γ is right-continuous because the process X̃ is right-

continuous and due to the Lipschitz property of the mapping G; see Assumption

4.1.16. Therefore, the process γ is progressively measurable. Let Pγ be a measure

such that

βPγ

t+s = b(t+ s, X̃t+s, γt+s) +

∫
R
(ĥ(ξ(t+ s, X̃t+s) z)− ξ(t+ s, X̃t+s)h(z)) ν(dz) .

It is easy to see that Pγ ∈ P(t, x) because of the way we construct the process γ.
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Next, we show that Pγ satisfies (4.1.28). First, note that

|γt+s − θ̃a∗| ≤ dHaus(G(t+ s, X̃t+s), G(t, x)) ≤ KH ( s+ |X̃t+s − x| ) . (4.1.29)

Let C1 = max{
∣∣ ∂xφ(t, x) ∣∣ , ∣∣ ∂2xxφ(t, x) ∣∣ }. Consider

EPγ

[∣∣∣∂ỹφ(t, ỹ) b̄(t+ τs, Ỹt+τs , γt+τs , αt+τs)− ∂ỹφ(t, ỹ) b̄(t, ỹ, θ̃
a∗ , αt+τs)

∣∣∣ ]
≤ C1 EPγ

[∣∣∣b̄(t+ τs, Ỹt+τs , γt+τs , αt+τs)− b̄(t, ỹ, θ̃a∗ , αt+τs)
∣∣∣]

≤ C1 (KL +KH)EPγ

[∣∣∣Ỹt+τs − ỹ
∣∣∣+ τs

]
≤ C2 s

1/2 ,

where the second line follows from the bounded derivative of φ, the third line is

a result of (4.1.29) and Assumptions 4.1.13, 4.1.14, 4.1.16, and the last inequality

follows from Lemma 4.1.15 with q = 1. Moreover, C1, C2 are constants that depend

on t and ỹ. Next, consider

EPγ

[
1
2

∣∣∣∣Tr(σ̄(t+ τs, Ỹt+τs , αt+τs) σ̄(t+ τs, Ỹt+τs , αt+τs)
⊺ ∂2ỹỹφ

)
− Tr

(
σ̄(t, ỹ, αt+τs) σ̄(t, ỹ, αt+τs)

⊺ ∂2ỹỹφ
)∣∣∣∣
]

≤ EPγ

[
1
2

∣∣∣∂2ỹỹφ(t, ỹ)∣∣∣ ∣∣∣∣Tr(σ̄(t+ τs, Ỹt+τs , αt+τs) σ̄(t+ τs, Ỹt+τs , αt+τs)
⊺
)

− Tr
(
σ̄(t, ỹ, αt+τs) σ̄(t, ỹ, αt+τs)

⊺
)∣∣∣]

≤C1 EPγ

[ ∣∣∣∣Tr(σ̄(t+ τs, Ỹt+τs , αt+τs) σ̄(t+ τs, Ỹt+τs , αt+τs)
⊺
)

− Tr
(
σ̄(t, ỹ, αt+τs) σ̄(t, ỹ, αt+τs)

⊺
)∣∣∣ ] ,

(4.1.30)

where the second line follows from the bounded derivative of the function φ. From

Assumption 4.1.12, we have that |σ̄(t+ s, Ỹt+s, a)− σ̄(t, ỹ, a)| ≤ KL

(
s+ |Ỹt+s − ỹ|

)
for all a ∈ A, therefore, the right-hand side of (4.1.30) obeys the bound

C1EPγ

[∣∣∣∣Tr(σ̄(t+ τs, Ỹt+τs , αt+τs)σ̄(t+ τs, Ỹt+τs , αt+τs)
⊺
)
− Tr

(
σ̄(t, ỹ, αt+τs)σ̄(t, ỹ, αt+τs)

⊺
)∣∣∣∣
]

≤ C1 max{2KL, K
2
L}EPγ

[∣∣σ̄(t, ỹ, αt+τs)
∣∣ (τs + |Ỹt+τs − ỹ|

)
+
(
τs + |Ỹt+τs − ỹ|

)2]
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≤ CA s
1/2,

where the last inequality follows from Lemma 4.1.15 with q = 1 and CA is a constant

that depends on t and ỹ. For the remaining term on the left-hand side of (4.1.28),

we have that

EP
[∫

R

(
φ(t, ỹ + ξ̄(t+ τs, Ỹt+τs , αt+τs) z) −φ(t, ỹ)− ∂ỹφ(t, ỹ) ξ̄(t+ τs, Ỹt+τs , αt+τs)h(z)

)
ν(dz)

−
∫
R

(
φ(t, ỹ + ξ̄(t, ỹ, αt+τs) z)− φ(t, ỹ)− ∂ỹφ(t, ỹ) ξ̄(t, ỹ, αt+τs)h(z)

)
ν(dz)

]
≤ C EP

[∫
R

(∣∣∣z (ξ̄(t+ τs, Ỹt+τs , αt+τs)− ξ̄(t, ỹ, αt+τs))
∣∣∣

+

∣∣∣∣(ξ̄(t+ τs, Ỹt+τs , αt+τs)− ξ̄(t, ỹ, αt+τs)
)∣∣∣∣ ∣∣h(z)∣∣

)
ν(dz)


≤ C KL EP

[
τs +

∣∣∣Ỹt+τs − ỹ
∣∣∣ ] ≤ CJ s

1/2 ,

where the first inequality follows from the property of the function φ, the second

inequality follows from (4.1.16) and CJ is a constant that depends on t and ỹ.

Next, we show that the value function v in (4.1.6) is a viscosity solution of a

Hamilton-Jacobi-Bellman-Isaacs (HJBI) equation.

Theorem 4.1.18. Viscosity solution. If Assumptions 4.1.12, 4.1.13, 4.1.14,

4.1.16 hold and the value function v in (4.1.6) is continuous, then v is a viscosity

solution of the PDE:

∂tv(t, ỹ)+ inf
a∈A

sup
θ̃∈G(t,x)

[
f(t, ỹ, a) + ∂ỹv · b̄(t, ỹ, θ̃, a) + 1

2
Tr
(
σ̄(t, ỹ, a) σ̄(t, ỹ, a)⊺ ∂2ỹỹv

)
+

∫
R

(
v(t, ỹ + ξ̄(t, ỹ, a) z)− v(t, ỹ)− ∂ỹv(t, ỹ) ξ̄(t, ỹ, a)h(z)

)
ν(dz)

]
= 0 ,

(4.1.31)

subject to the terminal condition v(T, ỹ) = g(ỹ), and recall that A is a compact set

taking values in Rk.

Proof. Let (t, ỹ) ∈ [0, T ] × Rn+d+d̃ and let φ ∈ C2,3
b ([0, T ] × Rn+d+d̃) be such that

v(t, ỹ) = φ(t, ỹ), and v ≥ φ on [0, T ]× Rn+d+d̃. Recall the DPP holds, therefore

0 = inf
α∈A0

sup
P∈P(t,x)

EP
[∫ τu

0

f(t+ s, Ỹt+s, αt+s) ds+ v(t+ s, Ỹt+s)− v(t, ỹ)

]
≥ inf

α∈A0

sup
P∈P(t,x)

EP
[∫ τu

0

f(t+ s, Ỹt+s, αt+s) ds+ φ(t+ s, Ỹt+s)− φ(t, ỹ)

]
.

(4.1.32)
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We recall that the stopping times are τu = inf{s : |Ỹt+s − ỹ| ≥ 1}∧u. Next, we show
that v is a viscosity supersolution of (4.1.31). Let P ∈ P(t, x) and α ∈ A0, by Itô’s

Lemma we have that

φ(t+ τu, Ỹt+τu)− φ(t, ỹ)

=

∫ τu

0

∂tφ(t+ s, Ỹt+s) ds+

∫ τu

0

∂ỹφ(t+ s, Ỹt+s) dM
P
t+s

+

∫ τu

0

∂ỹφ(t+ s, Ỹt+s) b̄(t+ s, Ỹt+s, θ̃t+s, αt+s) ds

+

∫ τu

0

1
2
Tr
(
σ̄(t+ τs, Ỹt+τs , αt+τs) σ̄(t+ τs, Ỹt+τs , αt+τs)

⊺ ∂2ỹỹφ(t+ s, Ỹt+s)
)
ds

+

∫ τu

0

∫
R

(
φ(t+ s, Ỹt+s + ξ̄(t+ s, Ỹt+s, αt+s) z)− φ(t+ s, Ỹt+s)

− ∂ỹφ(t+ s, Ỹt+s)h(z)
)
ν(dz) ds .

(4.1.33)

The expectation of the stochastic integral term is zero because the function φ ∈
C2,3

b ([0, T ]×Rn+d+d̃) and the processMP is a martingale under the probability measure

P. Now, consider the expectation of each term on the right-hand side of (4.1.33).

Begin with the third term:

EP

[∫ τu

0

∂ỹφ(t+ s, Ỹt+s) b̄(t+ s, Ỹt+s, θ̃t+s, αt+s) ds

]

≥ EP
[∫ τu

0

∂ỹφ(t, ỹ) b̄(t+ s, Ỹt+s, θ̃t+s, αt+s)

−
∣∣∣∂ỹφ(t+ s, Ỹt+s)− ∂ỹφ(t, ỹ)

∣∣∣ ∣∣∣b̄(t+ s, Ỹt+s, θ̃t+s, αt+s)
∣∣∣ ds] .

From Lemma 4.1.15 and Theorem 4.1 in Fadina, Neufeld, and Schmidt (2018), write

EP
[∫ τu

0

∣∣∣∂ỹφ(t+ s, Ỹt+s)− ∂ỹφ(t, ỹ)
∣∣∣ ∣∣∣b̄(t+ s, Ỹt+s, θ̃t+s, αt+s)

∣∣∣ ds]
≤ C1

(
u3/2 + u2 + u5/2 + u3

)
,

where C1 is a constant that depends only on ỹ. Perform similar calculations for the

first and the fourth terms on the right-hand side of (4.1.33) (i.e., ∂tφ(t+ s, Ỹt+s) and

∂2ỹỹφ(t+ s, Ỹt+s)) and write

EP
[
φ(t+ τu, Ỹt+τu)− φ(t, ỹ)

]
≥ −C2

(
u3/2 + u2 + u5/2 + u3

)
+ EP

[∫ τu

0

(
∂tφ(t, ỹ) +

[
∂ỹφ(t, ỹ) b̄(t+ s, Ỹt+s, θ̃t+s, αt+s)
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+ 1
2
Tr
(
σ̄(t+ τs, Ỹt+s, αt+s) σ̄(t+ s, Ỹt+s, αt+s)

⊺∂2ỹỹφ(t, ỹ)
)

+

∫ τu

0

∫
R
(φ(t+ s, Ỹt+s + ξ̄(t+ s, Ỹt+s, αt+s) z)− φ(t+ s, Ỹt+s)

− ∂ỹφ(t+ s, Ỹt+s)h(z)) ν(dz)
])

ds

]
≥ −C2

(
u3/2 + u2 + u5/2 + u3

)
+ EP [τu ∂tφ(t, ỹ)]

+

∫ u

0

(
EP
[
∂ỹφ(t, ỹ) b̄(t+ τs, Ỹt+τs , θ̃t+τs , αt+τs)

+1
2
Tr
(
σ̄(t+ τs, Ỹt+τs , αt+τs) σ̄(t+ τs, Ỹt+τs , αt+τs)

⊺∂2ỹỹφ(t, ỹ)
)

+

∫
R
(φ(t, ỹ + ξ̄(t, Ỹt+τs , αt+τs) z)− φ(t, ỹ)− ∂ỹφ(t, ỹ)h(z)) ν(dz)

])
ds ,

where C2 is a constant that depends only on ỹ. From Lemma 4.1.17, if u is small

enough, there exists a probability measure P̃ ∈ P(t, x), such that for all α ∈ A0, the

inequality in (4.1.28) holds. Hence, for all α ∈ A0 the following equation holds:

sup
P∈P(t,x)

EP
[
φ(t+ τu, Ỹt+τu)− φ(t, ỹ)

]
≥ −C2

(
u3/2 + u2 + u5/2 + u3

)
− CA u

3/2

+ EP̃ [τu ∂tφ(t, ỹ)]+ ∫ u

0

 inf
a∈A

sup
θ̃∈G(t,x)

[
∂ỹφ(t, ỹ) b̄(t, ỹ, θ̃, a) +

1
2
Tr
(
σ̄(t, ỹ, a) σ̄(t, ỹ, a)⊺∂2xφ

)
+

∫
R
(φ(t, ỹ + ξ̄(t, ỹ, a) z)− φ(t, ỹ)− ∂ỹφ(t, ỹ) ξ̄(t, ỹ, a)h(z)) ν(dz)

])
ds .

(4.1.34)

Now, consider the running reward of the performance criterion. Use Lemma 4.1.15

to write

sup
P∈P(t,x)

EP
[∫ τu

0

∣∣∣f(t+ s, Ỹt+s, αt+s)− f(t, ỹ, αt+s)
∣∣∣ ds]

≤ sup
P∈P(t,x)

EP
[∫ τu

0

K
(
s+ |Ỹt+s − ỹ|

)
ds

]
≤ C3

(
u3/2 + u2

)
.

Use the triangle inequality to write

sup
P∈P(t,x)

EP
[∫ τu

0

f(t+ s, Ỹt+s, αt+s) ds

]
≥ sup

P∈P(t,x)

EP̃
[∫ τu

0

f(t, ỹ, αt+s) ds

]
− C3

(
u3/2 + u2

)
≥ inf

a∈A
EP [τu f(t, ỹ, a)]− C3

(
u3/2 + u2

)
,

(4.1.35)
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where C3 is a constant that depends only on x. Therefore, from equations (4.1.32),

(4.1.34), (4.1.35), we have that

0 ≥ inf
a∈A

uEP̃ [(τu/u) f(t, ỹ, a)]+ u
(
EP̃ [(τu/u) ∂tφ(t, ỹ)]+

inf
a∈A

sup
θ̃∈G(t,x)

[
∂ỹφ(t, ỹ) b̄(t, ỹ, θ̃, a) +

1
2
Tr(σ̄(t, ỹ, a) σ̄(t, ỹ, a)⊺ ∂2ỹỹφ)

+

∫
R

(
φ(t, ỹ + ξ̄(t, ỹ, a) z)− φ(t, ỹ)− ∂ỹφ(t, ỹ) ξ̄(t, ỹ, a)h(z)

)
ν(dz)

])
− C4

(
u3/2 + u2 + u5/2 + u3

)
,

(4.1.36)

where C4 = C2 + C3 + CA. As u is small enough and EP̃
[
τu/u

]
→ 1, write

0 ≥ ∂tφ(t, ỹ) + inf
a∈A

sup
θ̃∈G(t,x)

[
f(t, ỹ, a) + ∂ỹφ(t, ỹ) b̄(t, ỹ, θ̃, a) +

1
2
Tr
(
σ̄(t, ỹ, a) σ̄(t, ỹ, a)⊺ ∂2ỹỹφ)

)
+

∫
R

(
φ(t, ỹ + ξ̄(t, ỹ, a) z)− φ(t, ỹ)− ∂ỹφ(t, ỹ) ξ̄(t, ỹ, a)h(z)

)
ν(dz)

]
.

Thus, v is a viscosity supersolution of the PDE.

Next, we show that v is a viscosity subsolution of the PDE (4.1.31). Let (t, ỹ) ∈
[0, T ] × Rn+d+d̃ and let φ ∈ C2,3

b ([0, T ] × Rn+d+d̃) be such that v(t, ỹ) = φ(t, ỹ), and

v ≤ φ on [0, T ]× Rn+d+d̃. As v satisfies the DPP, we have

0 = inf
α∈A0

sup
P∈P(t,x,G)

EP
[∫ τu

0

f(t+ s, Ỹt+s, αt+s) ds+ v(t+ s, Ỹt+s)− v(t, ỹ)

]
≤ inf

α∈A0

sup
P∈P(t,x,G)

EP
[∫ τu

0

f(t+ s, Ỹt+s, αt+s) ds+ φ(t+ s, Ỹt+s)− φ(t, ỹ)

]
.

Then, for a constant control process α = a ∈ A, we have that

0 ≤ sup
P∈P(t,x,G)

EP
[∫ τu

0

f(t+ s, Ỹt+s, a) ds+ φ(t+ s, Ỹt+s)− φ(t, ỹ)

]
.

As above in (4.1.34), we obtain the following inequality for all P ∈ P(t, x):

EP
[
φ(t+ τu, Ỹt+τu)− φ(t, ỹ)

]
≤ C1

(
u3/2 + u2 + u5/2 + u3

)
+ EP [τu ∂tφ(t, ỹ)]+ ∫ u

0

 sup
θ̃∈G(t,x)

[
∂ỹφ(t, ỹ) b̄(t, ỹ, θ̃, a) +

1
2
Tr
(
σ̄(t, ỹ, a) σ̄(t, ỹ, a)⊺ ∂2xxφ(t, ỹ)

)
+

∫
R
(φ(t, ỹ + ξ̄(t, ỹ, a) z)− φ(t, ỹ)− ∂ỹφ(t, ỹ) ξ̄(t, ỹ, a)h(z)) ν(dz)

])
ds .
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Similarly,

sup
P∈P(t,x)

EP
[∫ τu

0

∣∣∣f(t+ s, Ỹt+s, a)− f(t, ỹ, a)
∣∣∣ ds] ≤ C2

(
u3/2 + u2

)
,

where C1 and C2 are constants that depend only on ỹ. We combine these two in-

equalities to obtain

0 ≤uEP [(τu/u)] f(t, ỹ, a) + u
(
EP [(τu/u)] ∂tφ(t, ỹ)

+ sup
θ̃∈G(t,x)

[
∂ỹφ(t, ỹ) b̄(t, ỹ, θ̃, a) +

1
2
Tr
(
σ̄(t, ỹ, a) σ̄(t, ỹ, a)⊺ ∂2ỹỹφ

)
+

∫
R
(φ(t, ỹ + ξ̄(t, ỹ, a) z)− φ(t, ỹ)− ∂ỹφ(t, ỹ) ξ̄(t, ỹ, a)h(z)) ν(dz)

])
+ (C1 + C2)

(
u3/2 + u2 + u5/2 + u3

)
.

(4.1.37)

Thus, we have that

0 ≤ ∂tφ(t, ỹ) + inf
a∈A

sup
θ̃∈G(t,x)

[
f(t, ỹ, a) + ∂ỹφ(t, ỹ) b̄(t, ỹ, θ̃, a) +

1
2
Tr
(
σ̄(t, ỹ, a) σ̄(t, ỹ, a)⊺ ∂2ỹỹφ

)
+

∫
R
(φ(t, ỹ + ξ̄(t, ỹ, a) z)− φ(t, ỹ)− ∂ỹφ(t, ỹ) ξ̄(t, ỹ, a)h(z)) ν(dz)

]
,

because a is an arbitrary constant control in A. Therefore, v is a viscosity subsolution

of the PDE in (4.1.31).

The parameter θ̃ does not appear in the second order term and in the non-local

term in (4.1.31) because the parameter θ̃ only appears in the drift term of the process

Ỹ . Next, we show that there exists an unique viscosity solution for the PDE in

(4.1.31). This ensures that we can use a numerical method to approximate the value

function v when we cannot find an analytic solution.

Proposition 4.1.19. Uniqueness of viscosity solution. If Assumptions 4.1.12,

4.1.13, 4.1.14, 4.1.16 hold, then the non-linear PDE in (4.1.31) has an unique uni-

formly continuous viscosity solution with at most linear growth in x.

Proof. Let v1 and v2 be a uniformly continuous viscosity subsolution (resp. superso-

lution) of (4.1.31) with v1(T, ỹ) ≤ v2(T, ỹ) for ỹ ∈ Rn+d+d̃. We show that v1(t, ỹ) ≤
v2(t, ỹ) for all (t, ỹ) ∈ [0, T ]×Rn+d+d̃. We follow an argument from Pham (1998) and

for β, ϵ, δ, λ > 0 let us define the function Φ in [0, T ]× Rn+d+d̃ × Rn+d+d̃

Φ(t, ỹ1, ỹ2) = v1(t, ỹ1)− v2(t, ỹ2)−
β

t
− 1

2 ϵ
|ỹ1 − ỹ2|2 − δ eλ (T−t)

(
|ỹ1|2 +|ỹ2|2

)
.

(4.1.38)
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Let the function Φ admit a maximum at (t̄, ȳ1, ȳ2) ∈ [0, T ]×Rn+d+d̃ ×Rn+d+d̃. As in

Theorem 4.1 in Pham (1998), we only consider the case when t̄ < T . Then, it suffices

to show that the inequality

sup
a∈A

 sup
θ̃∈G(t̄,x̄1)

b̄(t̄, ȳ1, θ̃, a)

(
1

ϵ
(ȳ1 − ȳ2) + 2 δ eλ (T−t̄) ȳ1

)

− sup
θ̃∈G(t̄,x̄2)

b̄(t̄, ȳ2, θ̃, a)

(
1

ϵ
(ȳ1 − ȳ2)− 2 δ eλ (T−t̄) ȳ2

)
≤ C

(
|ȳ1 − ȳ2|2

ϵ
+ 2 δ eλ (T−t̄)

(
1 +|ȳ1|2 +|ȳ2|2

))
(4.1.39)

holds, where C is a positive constant that does not depend on ϵ, δ, λ, and β because

all the conditions and all the remaining terms in equation (4.6) in Pham (1998) are

satisfied. Next, proceed as in Theorem 4.1 in Pham (1998). For each θ̃ ∈ G(t, x̄1),

there exists θ̃p ∈ G(t̄, x̄2), such that
∣∣∣θ̃ − θ̃p

∣∣∣ ≤|ỹ1 − ỹ2|,

b̄(t̄, ȳ1, θ̃, a)

(
1

ϵ
(ȳ1 − ȳ2) + 2 δ eλ (T−t̄) ȳ1

)
− b̄(t̄, ȳ2, θ̃

p, a)

(
1

ϵ
(ȳ1 − ȳ2)− 2 δ eλ (T−t̄) ȳ2

)
≤
∣∣∣b̄(t̄, ȳ1, θ̃, a)− b̄(t̄, ȳ2, θ̃

p, a)
∣∣∣ ∣∣∣∣(ȳ1 − ȳ2)

ϵ

∣∣∣∣+ 2 δ eλ (T−t̄)

(∣∣∣b̄(t̄, ȳ1, θ̃, a)∣∣∣ |ȳ1|+∣∣∣b̄(t̄, ȳ2, θ̃, a)∣∣∣ |ȳ2|)
≤ KL

|ȳ1 − ȳ2|2

ϵ
+ 2 δ eλ (T−t̄)

(
|ȳ1|+|ȳ2|+|ȳ1|2 +|ȳ2|2

)
≤ C

(
|ȳ1 − ȳ2|2

ϵ
+ 2 δ eλ (T−t̄)

(
1 +|ȳ1|2 +|ȳ2|2

))
,

(4.1.40)

where the third inequality follows from Assumption 4.1.13 and the linear growth of the

function b̄, and C is a positive constant that does not depend on ϵ, δ, λ, β. Therefore,

(4.1.40) implies that (4.1.39) holds because a is arbitrary. Thus, v1(t, ỹ) ≤ v2(t, ỹ) for

all (t, ỹ) ∈ [0, T ]× Rn+d+d̃.

4.2 Example and numerical results

In this Section, we analyse a classical problem in finance to illustrate the adaptive

robust control framework. We derive the optimal acquisition strategy for an agent

who employs market orders to purchase a large block of shares in an order driven

market; see Cartea, Jaimungal, and Penalva (2015).
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4.2.1 Optimal acquisition

At time t = 0, an investor must purchase Q0 > 0 shares by the terminal date

T > 0. The investor sends buy market orders to the limit order book (LOB) of

the equity exchange at the speed νt. The controlled inventory target Qν
t denotes the

remaining shares to be purchased over the remaining trading horizon [t, T ] for t ≥ 0,

and the target satisfies the SDE dQν
t = −νt dt.

The investor’s orders have temporary price impact; i.e., the orders receive worse

prices than the midprice, denoted by St, because market orders walk the LOB. The

price impact is temporary (i.e., the LOB replenishes after each trade) and we assume

that the impact is linear in the speed of trading. For example, over a small time

step ∆t the investor purchases νt ∆t shares and instead of paying the midprice St

per share, the investor pays (St + k νt) νt ∆t, where k ≥ 0 is the temporary price

impact parameter; see Cartea, Jaimungal, and Penalva (2015). As the investor buys

shares, the process Xν keeps track of the cumulative cost, which satisfies the SDE

dXν
t = (St + k νt) νt dt . We assume that the midprice of the stock satisfies the SDE

dSt = θ∗ dt+ σ dBPθ∗
t + J1+Mt dMt ,

whereM is a Poisson process with intensity λ,M0 = 0, and {J1, J2, . . . } are identically
independent random variables that take the value ϵ with probability 1/2 and the value

−ϵ with probability 1/2, where ϵ > 0. The estimate θ̂ satisfies the SDE

dθ̂t = βt

[
θ̃t − θ̂t
σ2

dt+
1

σ
dB

Pθ̃
t +

J

σ2
dMt

]
,

where θ∗ is an unknown value and βt = σ/(1 + t) is the learning rate; see estimator

(1.9) in Bhudisaksang and Cartea (2021b). This choice of βt simplifies the calculations

in our example.

The investor’s performance criterion is

V ν = EP [XT +QT (ST + η QT )
]
, (4.2.1)

where η ≥ 0 is a terminal penalty parameter, and the investor’s adaptive robust

problem is given by

V (t, x, S, θ̂, q) := inf
ν∈A

sup
P∈P(t,x)

EP [XT +QT (ST + η QT )
]
, (4.2.2)

where θ̂ is the estimate of the unknown drift parameter θ∗. Here, the uncertainty set

for the estimator of θ∗ is

G(t, θ̂) =
[
θ̂ − c/

√
1 + t , θ̂ + c/

√
1 + t

]
, (4.2.3)
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where the uncertainty parameter c > 0 is a constant and it is easy to check that the

function G satisfies Assumptions 4.1.14 and 4.1.16. The set of admissible strategies

is

A =

ν = (νt){0≤t≤T} | ν is progressively measurable, sup
P∈P(0,S0,θ̂0)

EP

[∫ T

0

|νt|2 dt

]
<∞

 .

Next, we show that Assumption 4.1.4 holds. Use Gronwall’s inequality and the

definition of the function G to write

sup
P∈P(t,x)

EP

[∫ T

t

(
θ̂2u + S2

u

)
du

]
<∞ , (4.2.4)

for all t ∈ [0, T ] and x = (St, θ̂t) ∈ R2. Let ν ∈ A, then

sup
P∈P(t,x)

EP [XT ] = sup
P∈P(t,x)

EP

[
x+

∫ T

t

|Su + k νu| |νu| du

]

≤ x+ sup
P∈P(t,x)

EP

[∫ T

t

S2
u du

]
EP

[∫ T

t

ν2u du

]
+ EP

[∫ T

t

k ν2u du

]
<∞ ,

(4.2.5)

where the first inequality follows from the Cauchy inequality and the second inequality

follows from (4.2.4). Next, apply a similar argument to obtain

sup
P∈P(t,x)

EP [|QT | |ST + η QT |
]
<∞ . (4.2.6)

Hence, the functions J and w are finite from (4.2.5) and (4.2.6). Now, we show that

the function V is finite. Let (t, x, y) ∈ [0, T ]× R1+d × Rd̃, for each ν ∈ A, we notice

that V (t, x, y) ≤ w(t, x, y, ν) <∞. To show that V (t, x, y) > −∞ we consider

XT +QT (ST + η QT ) ≥ x+

∫ T

t

(Su + k νu) νu du−
S2
T

4 η

≥ x−
∫ T

t

S2
u

4 k
du− S2

T

4 η
.

Therefore,

V (t, x, y) ≥ sup
P∈P(t,x,G)

EP

[
x−

∫ T

t

S2
u

4 k
du− S2

T

4 η

]
> −∞ ,

where the last inequality follows from (4.2.4). Then, from Theorem 4.1.18, the value

function V satisfies the HJBI

∂tV + inf
ν

sup
θ̃∈τ(t,θ̂)

[
(S + k ν) ν ∂xV − ν ∂qV + θ̃ ∂SV
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+
σ2

2
∂SSV +

βt (θ̃ − θ̂)

σ2
∂θ̂V + βt ∂θ̂ SV +

β2
t

σ2
∂θ̂θ̂V

]
+
λ

2

[
V (t, x, S, θ̂ + βt ϵ /σ

2, q) + V (t, x, S, θ̂ − βt ϵ /σ
2, q)− 2V

]
= 0 ,

subject to the terminal condition V (T, x, S, θ̂, q) = x+ S q + η q2.

The Proposition below shows the optimal acquisition speed.

Proposition 4.2.1. The optimal speed of trading that solves the agent’s acquisition

problem, see (4.2.2), is

ν∗t =
q

T − t+ k/η
+
∂qh(t, θ̂, q)

2 k
, (4.2.7)

where the function h satisfies

∂th− 1

4 k

(
∂qh
)2

+

(
θ̂ +

c√
1 + t

)
q +

c ∂θ̂h

σ (t+ 1)
√
1 + t

+
λ

2

(
h(t, θ̂ + βt ϵ /σ

2, q) + h(t, θ̂ − βt ϵ /σ
2, q)− 2h

)
+

∂θ̂θ̂h

(t+ 1)2
= 0 , if q +

∂θ̂h

σ (t+ 1)
≥ 0

∂th− 1

4 k

(
∂qh
)2

+

(
θ̂ − c√

1 + t

)
q −

c ∂θ̂h

σ (t+ 1)
√
1 + t

+
λ

2

(
h(t, θ̂ + βt ϵ /σ

2, q) + h(t, θ̂ − βt ϵ /σ
2, q)− 2h

)
+

∂θ̂θ̂h

(t+ 1)2
= 0 , otherwise ,

(4.2.8)

with terminal condition h(T, θ̂, q) = 0. Moreover, the optimal speed of trading of the

adaptive agent (i.e., c = 0) is

ν∗ =
q

T − t+ k/η
+

(T − t) (T − t+ 2 k/η) θ̂

4 k (T − t+ k/η)
(4.2.9)

Proof. It is straightforward to show that the optimal speed of trading in feedback

form is given by ν∗ = (∂qV − S)/2 k. Next, use the ansatz

V (t, x, S, θ̂, q) = x+ S q + h̃(t, q, θ̂)

and reduce the HJBI equation to

∂th̃− 1

4 k

(
∂qh̃
)2

+
λ

2

(
h̃(t, θ̂ + βt ϵ /σ

2, q) + h̃(t, θ̂ − βt ϵ /σ
2, q)− 2 h̃

)
+ sup

θ̃∈τ(t,θ̂)

[
θ̃ q +

(θ̃ − θ̂)

σ (t+ 1)
∂θ̂h̃+

1

(t+ 1)2
∂θ̂θ̂h̃

]
= 0 ,

(4.2.10)
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where h̃(T, θ̂, q) = η q2. The supremum attains at either θ̃ = θ̂ + c/
√
1 + t or θ̃ =

θ̂ − c/
√
1 + t. Thus, we write

∂th̃− 1

4 k

(
∂qh̃
)2

+

(
θ̂ +

c√
1 + t

)
q +

c ∂θ̂h̃

σ (t+ 1)
√
1 + t

+
1

2

(
h̃(t, θ̂ + βt ϵ /σ

2, q) + h̃(t, θ̂ − βt ϵ /σ
2, q)− 2 h̃

)
+

∂θ̂θ̂h̃

(t+ 1)2
= 0 , if q +

∂θ̂h̃

σ (t+ 1)
≥ 0

∂th̃− 1

4 k

(
∂qh̃
)2

+

(
θ̂ − c√

1 + t

)
q −

c ∂θ̂h̃

σ (t+ 1)
√
1 + t

+
1

2

(
h̃(t, θ̂ + βt ϵ /σ

2, q) + h̃(t, θ̂ − βt ϵ /σ
2, q)− 2 h̃

)
+

∂θ̂θ̂h̃

(t+ 1)2
= 0 , otherwise ,

(4.2.11)

Substitute

h̃(t, q, θ̂) =
k q2

T − t+ k/η
+ h(t, q, θ̂)

into the equation above to obtain (4.2.8) and it is straightforward to write the optimal

speed of trading as in (4.2.9).

When the uncertainty parameter is c = 0, the system of PDEs in (4.2.8) reduces

to

∂th−
1

4 k

(
∂qh
)2
+θ̂ q+

∂θ̂θ̂h

(t+ 1)2
+
λ

2

(
h(t, θ̂ + βt ϵ /σ

2, q) + h(t, θ̂ − βt ϵ /σ
2, q)− 2h

)
= 0

(4.2.12)

with h(T, θ̂, q) = 0. Next, substitute the ansatz

h(t, θ̂, q) = q h̃1(t, θ̂) + h̃2(t, θ̂) ,

into (4.2.12) to obtain the coupled PDEs:

∂th̃1 −
h̃1

T − t+ k/η
+

∂θ̂θ̂h̃1
(t+ 1)2

+ θ̂ +
λ

2

(
h̃1(t, θ̂ + βt ϵ /σ

2) + h̃1(t, θ̂ − βtϵ /σ
2)− 2 h̃1

)
= 0,

∂th̃2 −
h̃21
4 k

+
∂θ̂θ̂h̃2
(t+ 1)2

+
λ

2

(
h̃2(t, θ̂ + βt ϵ /σ

2) + h̃2(t, θ̂ − βt ϵ /σ
2)− 2 h̃2

)
= 0 .

Let h̃1(t, θ̂) = θ̂ f θ̂q(t) + f q(t) and h̃2(t, θ̂) = θ̂2 f θ̂ θ̂(t) + θ̂ f θ̂(t) + f θ̂(t), where all the

functions depend only on t, and obtain the ordinary differential equation

(T − t+ k/η) ∂tf
θ̂ q − f θ̂ q = −(T − t+ k/η) .

Integrate the equation above from t to T to obtain

f θ̂ q(t) =
1

T − t+ k/η

∫ T

t

(T − s+ k/η) ds

=
(T − t) k/η + 1

2
(T − t)2

T − t+ k/η
.

(4.2.13)
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Substitute the expression above into the optimal speed of trading to obtain (4.2.9).

Note that when the value of the uncertainty parameter c is zero, the optimal

strategy does not depend on the size of the jump ϵ, nor on the arrival rate parameter

λ. When c > 0, we cannot find a closed-form solution for the function h, so we

employ the Crank-Nicolson finite-difference method to solve the PDE in (4.2.8) and

obtain the optimal speed of trading in (4.2.7). For the set of parameters we study, our

numerical solution shows that the term ∂qh(t, θ̂, q) /2 k in (4.2.7) is greater (smaller)

than the second term on the right-hand side of the optimal speed with c = 0 in

(4.2.9) when q > 0 (q < 0). Also, we find that all else being equal, as the bands of the

set G widen (i.e., the larger is the value of the uncertainty parameter c), the value∣∣∣∂qh(t, θ̂, q)∣∣∣ increases.
Therefore, as the investor is more uncertain about the estimate of the drift of

the asset, the speed of trading is adjusted as follows. When the remaining target to

purchase is positive (negative), i.e., q > 0 (q < 0), the investor speeds up the purchase

(sales) of shares as the value of the uncertainty parameter c increases. Note that if

q < 0, the investor holds more shares than the original target Q0, so the investor

must sell the excess shares before the end of the trading horizon.

In other words, as the investor perceives more uncertainty about the estimate

of the drift parameter, the conservative (i.e., robust) strategy is to accelerate the

purchase of the shares when the target is positive and to accelerate the sales of shares

when the target is negative.

4.2.2 Performance of adaptive robust strategies

In this subsection, we compare the performance of the adaptive robust strategies

with that of three strategies in which the agent: knows the true value of the drift

parameter, employs a wrong value of the drift parameter, and employs a robust

strategy. In the robust strategy, the agent uses the framework derived above, but

does not learn the value of the unknown parameter. Instead, the agent assumes that

the true parameter θ∗ lies in the interval [θ, θ] and solves

v(t, x, y) = inf
α∈A0

sup
P∈P

J(t, x, y,P, α) , (4.2.14)

where the set P contains all probability measures Pθ̃, such that θ̃u ∈ [θ, θ] for all

u ∈ [t, T ].
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4.2.2.1 Adaptive robust optimal acquisition

The terminal time is T = 20 minutes and other model parameters are:

Q0 = 105, X0 = 0, S0 = 10, θ∗ = 0.09, θ̂0 = −0.03, σ = 0.2, η = 10−3 ,

and

k = 10−4, c = 0.02 , ϵ = 0.1 ,

and for the robust strategy, the set of possible values of the parameter θ∗ is [−0.1, 0.2].

When the agent believes that θ is the true drift parameter, the optimal speed to

trade is given by

ν∗t =
q

T − t+ k/η
+

(T − t) (T − t+ 2 k/η) θ

4 (T − t+ k/η) k
. (4.2.15)

We compare the adaptive robust strategy in (4.2.7) with the following strategies: i)

the agent employs (4.2.15) with the true drift θ = θ∗, ii) the agent employs the robust

strategy without learning in (4.2.14), in which case the speed of trading is in (4.2.15)

with θ = θ̄ = 0.2, iii) the agent employs (4.2.15) with the wrong drift parameter

θ = −0.03.

We discretise the time space into 2,000 time-steps and employ 1,000 simulations

to analyse the performance of the four strategies. The left-hand panel of Figure 4.1

shows the mean acquisition cost of the strategies. At the terminal date, the lowest

mean cost is that of the strategy with the true drift parameter, followed by the

adaptive robust strategy – see third column (for c = 0.02) in Table 4.1 below.

The right-hand panel of Figure 4.1 shows the standard deviation of the acquisition

costs. For most of the trading horizon, the adaptive strategy shows the highest value

of the standard deviation of the acquisition costs – the standard deviation peaks half-

way through and then declines. This sharp increase, followed by a sharp decrease, in

the standard deviation of the acquisition costs results from the strategy learning the

correct value of the parameter. At every time-step, the adaptive strategy refines the

estimate of the drift parameter, thus the speed of trading readjusts, so the costs are

more volatile during the first half of the trading horizon.

Figure 4.2 shows the mean target inventory for the four strategies. Recall that

the true, wrong, and robust strategies are deterministic, see (4.2.15), so for each

strategy the mean of the remaining target is the same as the remaining target for

each simulation. Observe that the robust strategy overshoots the target, that is,

the robust strategy purchases more than the target and unwinds the extra shares

at the end of the trading horizon. It is ‘optimal’ to speculate because the agent
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Figure 4.1: Mean and standard deviation of the acquisition costs per share.

expects an increase in the price of the asset – recall that the agent’s estimate of the

drift parameter is θ̄ = 0.2. Finally, although the mean target is non-negative for

the adaptive robust strategy, we note that in 300 simulations there was at least one

time-step when the target became negative (because the agent’s estimate of the drift

was high enough to justify speculative purchases).
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Figure 4.2: Target inventory.

We repeat the analysis for various values of the uncertainty parameter c in the

set G (see (4.2.3)) and report the findings in Table 4.1; recall that the case discussed

in the figures above is when c = 0.2. As the value of the uncertainty parameter c

increases, the agent is less certain about the estimate of the drift of the stock price,

so the agent speeds up the purchase of the target inventory (see figure (4.2) above),

and the performance of the strategy worsens.

We repeat the analysis for various values of the terminal date of the trading

horizon; see Table 4.2. Here, the initial acquisition target is Q0 = T × 5× 103 to keep

89



c = 0.01 c = 0.02 c = 0.03 c = 0.04

θ mean std mean std mean std mean std

true 11.26 0.41 11.26 0.41 11.26 0.41 11.26 0.41
false 11.41 0.55 11.41 0.55 11.41 0.55 11.41 0.55
robust 11.55 0.32 11.55 0.32 11.55 0.32 11.55 0.32
adaptive 11.38 0.47 11.38 0.46 11.36 0.47 11.37 0.46

Table 4.1: Performance of strategies.

T = 10 T = 20 T = 30 T = 40

θ mean std mean std mean std mean std

true 10.86 0.32 11.25 0.42 11.55 0.45 11.79 0.48
false 10.85 0.36 11.40 0.58 11.99 0.70 12.62 0.84
robust 10.98 0.28 11.54 0.33 12.11 0.40 12.76 0.56
adaptive 10.89 0.36 11.36 0.48 11.77 0.52 12.13 0.60

Table 4.2: Performance of strategies.

the ratio Q0/T constant.3 Our results show that as the terminal date increases, the

adaptive robust strategy performs better, relative to the false and robust strategy,

because there is more time for the agent to learn the value of the unknown drift

parameter. Finally, note that the jump component has a similar effect as that of the

volatility because the jump component is symmetric around zero.

4.3 Conclusions and future research

We proposed a continuous-time version of the adaptive robust methodology in

Bielecki, Chen, and Cialenco (2017a). In our extension, the underlying process follows

a jump-diffusion process with unknown drift and the agent is continuously estimating

the drift while making optimal decisions that are time consistent. Our methodology

has a balance between making a model robust to misspecification and learning an

unknown parameter. Our result is general and the value function is characterised as

the solution of a PDE. As an particular example we considered an optimal execution

problem when the agent purchases a large amount of shares and her trades walk the

limit order book of the exchange. When the agent has enough time to learn the value

3Note that for Figures 4.1 and 4.2, the terminal date is T = 20. Therefore, the initial acquisition
target show in those figures is Q0 = 20× 5× 103 = 100000.
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of the unknown parameter, we showed that the adaptive robust strategy performs

better (lower average and lower variance of acquisition costs) than when the agent

employs a robust strategy or uses the incorrect parameter estimate.

We propose a number of extensions for future research. Assume that the ob-

served process is noisy, e.g., the stock process has a stochastic drift, which follows an

Ornstein-Uhlenbeck process with unknown mean. Another extension is to include a

penalty term in the expectation of the objective function instead of considering the

unknown parameter inside the confidence region. To this end, one can explore the

approach in Bion-Nadal (2009) to impose a penalty for choosing an alternative model

in the adaptive robust framework.
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Chapter 5

Utility maximisation problem
under adaptive robust control

In this chapter, we present our ongoing work on the application of the adaptive

robust control framework in Chapter 4. Specifically, we focus on the utility maximi-

sation problem under the adaptive robust control framework. Some of our results are

still in development.

The outline of this chapter is listed as follows. The first Section discusses how

our model relates to the literature and presents the motivation of our analysis. The

second Section presents the model in detail and proves the stochastic representation

of the value function of the stochastic control problem. The third Section performs

an asymptotic analysis of the optimal strategy using the previous stochastic repre-

sentation theorem that we develop in the previous Section. In the last Section, we

provide an implication analysis of each hyper-parameter in the model to understand

the impact of the adaptive robust control model on the optimal strategy

5.1 Introduction

The utility maximisation problem is a classical problem in financial mathemat-

ics that dates back to Merton (1975). The problem has been extended in multiple

directions. In this chapter, we are particularly interested in the relaxation of the

assumption of the knowledge of parameters. Here, we assume that the agent does

not know the true value of the parameter of the underlying processes in the utility

maximisation problem, but the agent estimates the parameter dynamically as a new

observation arrives. We follow the adaptive-robust framework in Bhudisaksang and

Cartea (2021a) which allows the agent to have a time-consistent behavior.
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First, we discuss some of the related papers which work on the relaxed utility

maximisation problem. Bordigoni, Matoussi, and Schweizer (2007) consider a utility

maximisation problem under drift uncertainty where they use a martingale method

to find the optimal strategy. In the recent paper, Neufeld and Nutz (2018) develop

a generalised result on a utility maximisation problem under parameter uncertainty

in drift, volatility, and jump terms and Liang and Ma (2018) consider a utility max-

imisation problem where the parameter lies in a time-vary interval. These mentioned

papers primarily focus on the aspect of the parameter uncertainty of the parameter

in the utility maximisation problem and do not allow the estimation of the parameter

in the model.

In another strand of the literature, Bismuth, Guéant, and Pu (2019) consider

the utility maximisation problem which embeds both the Bayesian online update of

the parameter and the dynamic programming principle to obtain the partial differ-

ential equation of the value function. De Franco, Nicolle, and Pham (2019) study

the Markowitz portfolio selection problem with an unknown drift vector in the mul-

tidimensional framework. The extant literature considers either robustness of the

problem or the learning part of the problem, but not both. In this chapter, we use

Bhudisaksang and Cartea (2021a) to study the utility maximisation problem with

these two features simultaneously.

In particular, we consider the utility maximisation problem under the adaptive-

robust framework where the utility function is negative exponential function and the

drift parameter of the stock process is unknown to the agent. In other word, the stock

processes S satisfies

dS1
t = θ∗ ,1 S1

t dt+ σ11 S
1
t dW

1
t + σ12 S

1
t dW

m
t ,

dS2
t = θ∗ ,2 S2

t dt+ σ21 S
2
t dW

2
t + ρ σ22 S

2
t dW

m
t ,

(5.1.1)

where the agent does not know the parameters θ∗ ,1 and θ∗ ,2 . We follow the steps

in Bhudisaksang and Cartea (2021a) to set up the adaptive-robust control problem.

Then, we solve the corresponding PDE by showing the stochastic representation of the

value function. Although this stochastic representation does not have a closed-form

solution, the value function and the optimal strategy are simplified to a deterministic

integral. This allows us to perform numerical analysis to study the implication and

the performance of the optimal strategy.

We list our key contributions. First, we apply a newly developed “adaptive-robust

framework” in Bhudisaksang and Cartea (2021b) to a classic utility maximisation
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problem. Second, we solve the corresponding PDE by showing that the value func-

tion has a stochastic representation and can be evaluated as a deterministic integral.

Moreover, the optimal strategies can be calculated numerically. This calculation by-

passes the use of numerical methods to solve PDEs directly, which is usually not

feasible in a high dimensional problem. Third, we build our understanding on the

optimal strategy with various assumptions about the volatility of the underlying as-

sets and show numerically that the performance of the adaptive-robust strategy is

superior to that of the other common strategies.

The remainder of this chapter is organised as follows. In Section 2, we present

our the utility maximisation problem under adaptive-robust framework and also show

the main results of this chapter. In particular, we show that the value function of

the problem has as a stochastic representation, which allows a feasible numerical

method. Section 3 gives us a simple understanding of the optimal strategy for var-

ious assumptions on the value of the volatility of the underlying process. Section 4

studies the asymptotic analysis of the adaptive-robust strategy under the independent

assumption on the volatility of the assets. Section 5 studies the numerical result of

the adaptive-robust framework under the same independent assumption. We present

the result in two parts. The first part discusses the intuition and implication of the

adaptive-robust strategy that we obtain numerically. The second part gives a com-

parison of the performance of the adaptive-robust strategy with difference strategies.

5.2 Portfolio investment strategy

The agent considers a dynamic optimal asset allocation problem where shortselling

is allowed. The agent trades in two risky assets and in a risk-free asset to maximise

the expected utility of terminal wealth. Let r denote the risk-free rate and let S1
t

and S2
t denote the prices of the risky assets at time t, which, under the probability

measure P∗, satisfy the SDEs

dS1
t = θ∗ ,1 S1

t dt+ σ11 S
1
t dW

1
t + σ12 S

1
t dW

m
t ,

dS2
t = θ∗ ,2 S2

t dt+ σ21 S
2
t dW

2
t + ρ σ22 S

2
t dW

m
t ,

(5.2.1)

The parameter ρ represents how market risk affects the innovations of the price of

asset 2.

The agent knows that the dynamics of the prices are given by (5.2.1) and knows

the value of the volatility parameters σi j > 0 for i, j ∈ {1, 2} and of ρ. However,

the agent but does not know the values of the drift parameters θ∗,1 and θ∗,2, and we

denote θ∗ := [θ∗,1 θ∗,2]⊺, where ⊺ is the transpose operator.
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The agent’s controlled wealth process is denoted by Xα
t and satisfies the SDE

dXα
t = (α⊺

t (θ
∗−1 r)+r Xα

t ) dt+α
1
t σ11 dW

1
t +α

1
t σ12 dW

m
t +α2

t σ21 dW
2
t +α

2
t ρ σ22 dW

m
t ,

(5.2.2)

where the control αi
t denotes the amount of money invested in asset i, αt = [α1

t α2
t ]

⊺,

and 1 = [1 1]⊺.

The agent acknowledges that her model of price dynamics in (5.2.1) is incor-

rectly specified because she does not know the true value of the drift parameters.

Hence, the agent employs the ‘adaptive-robust’ discrete-time framework proposed

by Bielecki, Chen, Cialenco, et al. (2017), extended to continuous-time in Bhudis-

aksang and Cartea (2021b), to derive an investment strategy. The key advantage

of the adaptive-robust approach is that the agent uses the evolution of the under-

lying stochastic price process to continuously update the estimates of the unknown

parameters while ensuring that the decisions are robust to model misspesification.

The agent is risk-averse and derives utility from wealth. Her preferences are

described by the continuous utility function U(x), which is increasing and concave

and bounded from above. The agent’s adaptive-robust problem is given by the value

function

v(t, x, S, θ̂) = sup
α∈A

inf
P∈P(t,x,S,θ̂,G)

EP [U(Xα
T )
]
, (5.2.3)

where Xt = x, A is the set of admissible control processes (square integrable), and

T > 0 denotes the terminal date of the agent’s investment horizon. Here, EP[ · ] is
the expectation operator under the measure P, which is a probability measure in the

set of alternative measures P(t, x, S, θ̂, G) considered by the investor. In particular,

the function G(t, θ̂) specifies the investor’s model uncertainty that stems from the

estimation process θ̂ of the unknown drift parameters.

Next, we describe the drift estimator process for stock i for i ∈ {1, 2}. First,

observe that over the time-step ∆t > 0 the expected return of the stock is given by

EP∗

[
Si
t+∆t − Si

t

Si
t

]
= θ∗,i ∆ t . (5.2.4)

Hence, for an integrable deterministic function g(t) heuristically, one can write

EP∗

[∫ t

0

g(u)

Si
u

dSi
u

]
= θ∗,i

∫ t

0

g(u) du , (5.2.5)

and from the expectation above, it is straightforward to see that

1∫ t

0
g(u) du

∫ t

0

g(u)

Si
u

dSi
u (5.2.6)
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is an estimator of the drift parameter θ∗,i. Here, we choose g(u) = L/(1 + u), where

L > 0 is a learning rate parameter, and write

θ̂it =
L

(1 + t)L

∫ t

0

(1 + u)L−1

Si
u

dSi
u (5.2.7)

for i = 1, 2, where θ̂ denotes the estimate of the drift. The choice of the function g(u)

allows the estimator in (5.2.7) to converge to θ∗,i in probability. In Appendix C.1, we

show that as t → ∞ the estimators in (5.2.7) converge to θ∗,i, in probability for all

i = 1, 2.

Then, by Itô’s Lemma, the estimators of the drift parameters in (5.2.7), under the

true probability P∗, are

dθ̂1t = βt

(
(θ∗,1 − θ̂1t ) dt+ σ11 dW

1
t + σ12 dW

m
t

)
,

dθ̂2t = βt

(
(θ∗,2 − θ̂2t ) dt+ σ21 dW

2
t + ρ σ22 dW

m
t

)
,

(5.2.8)

where the learning rate is

βt =
L

1 + t
. (5.2.9)

Therefore, one can implement (5.2.8) because it only depends on the realisation

of the stock price processes S as in (5.2.7).

Next, to determine the set of alternative measures P(t, x, S, θ̂, G), the agent con-

siders the function

G(t, θ̂) =
{
(θ̃1, θ̃2) ∈ R2 | θ̂i − c/

√
1 + t ≤ θ̃i ≤ θ̂i + c/

√
1 + t for i = 1, 2

}
,

(5.2.10)

which represents the model uncertainty that stems from not knowing the true value

of the drift parameter and c ≥ 0 is the uncertainty parameter.

To solve the investment problem, the agent derives a Hamilton–Jacobi–Bellman–Isaacs

(HJBI) equation to characterise the value function v. This characterisation is done

under the measure P̃ because the agent searches over all strategies and outcomes that

depend on all the models determined by the choice of θ̃ in (5.2.10). This approach

requires to write the estimator process in (5.2.8) under the measure P̃, so we proceed

as follows.

For each alternative measure P̃ considered by the agent, there exists a progressively

measurable process θ̃ such that θ̃u ∈ G(t, θ̂u) for all u ∈ [t, T ] and

dP̃
dP∗ = exp

 2∑
i=1

−
∫ t

0

θ∗,i − θ̃is
σi 1

dW i − 1

2

2∑
i=1

∫ t

0

(
θ∗,i − θ̃is
σi 1

)2

ds

 . (5.2.11)
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Then, by Girsanov’s theorem, the process

dW̃ i
t := dW i

t +
θ∗,it − θ̃it
σi 1

dt , for i = 1, 2 ,

is a Brownian motion under the probability measure P̃; see Papaioannou (2012).

Therefore, under the probability measure P̃, the estimators in (5.2.8) are given by

dθ̂1t = βt

(
(θ̃1t − θ̂1t ) dt+ σ11 dW̃

1
t + σ12 dW

m
t

)
,

dθ̂2t = βt

(
(θ̃2t − θ̂2t ) dt+ σ21 dW̃

2
t + ρ σ22 dW

m
t

)
,

(5.2.12)

where W̃ 1, W̃ 2, and Wm are independent Brownian motions. Thus, equipped with

(5.2.12), the value function in (5.2.3) is the solution of an HJBI for the alternative

models P̃ ∈ P(t, x, S, θ̂, G), which includes the continuous-time updates of the esti-

mated drift parameters.

Note that for a fixed time t, when the value of the uncertainty parameter c in

the function G(t, θ) is high (resp. low), the agent is less (resp. more) certain about

the estimate of the drift. On the other hand, for a fixed value of c > 0, as time

evolves, the intervals in (5.2.10) shrink because the agent feels more confident about

the estimate of the drift of prices as more data are used to compute each update of

θ̂t.

In contrast, when the agent fully trusts the estimator of the drift parameter, she

fixes the value of the uncertainty parameter c to zero, so the function G(t, θ̂) is the

set {(θ̂1, θ̂2)}. In this case, the agent fully commits to the value of each update of the

estimate θ̂it in the model of price dynamics (5.2.1). Consequently, the agent’s opti-

misation problem only considers the ‘adaptive’ part of (5.2.3) (there is no robustness

actions because the agent fully trusts estimates), so the optimal investment strategy

is the solution to the adaptive control problem

v(t, x, S, θ̂) = sup
α∈A0

EP̂ [U(Xα
T )
]
, (5.2.13)

where the probability measure P̂ is defined as

dP̂
dP∗ = exp

 2∑
i=1

−
∫ t

0

θ∗,i − θ̂is
σi 1

dW i − 1

2

2∑
i=1

∫ t

0

(
θ∗,i − θ̂is
σi 1

)2

ds

 . (5.2.14)

The investment problem in (5.2.13) is only “adaptive” because at every point in

time, the agent searches for optimal strategies that use the continuous updates of the

estimates of the drift parameter of the stock prices.
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In the ideal case in which the agent knows the true value of the drift parameters

in (5.2.1), the investment problem in (5.2.3) reduces to the classical Merton problem

v(t, x, S, θ̂) = sup
α∈A0

EP∗ [
U(Xα

T )
]
, (5.2.15)

where P∗ is the true probability measure. It is straightforward (see e.g., Cartea,

Jaimungal, and Penalva (2015)) to show that the Merton optimal investment strategy

is

α∗,M
t =

Σ−1 (θ∗ − 1 r)

γ exp(r (T − t))
. (5.2.16)

In the general case, when the uncertainty parameter c > 0, the agent solves the

adaptive-robust problem in (5.2.3). The value function v is finite (see Appendix C.2),

and by Proposition 2.19 in Bhudisaksang and Cartea (2021a), one can show that the

value function satisfies the HJBI equation

0 = ∂tv+r x ∂xv +
1
2
β2
t σ

2
1 ∂θ̂1θ̂1v +

1
2
β2
t σ

2
2 ∂θ̂2θ̂2v + β2

t ρ σ
2
c ∂θ̂1θ̂2v

+ sup
α

inf
θ̃∈G(t,θ̂)

{
βt (θ̃ − θ̂)⊺ ∂θ̂v + α⊺ (θ̃ − 1 r) ∂xv +

1
2
α⊺ Σα ∂xxv + βt α

⊺Σ ∂x θ̂ v
}
,

(5.2.17)

where

Σ =

[
σ2
1 ρ σ2

c

ρ σ2
c σ2

2

]
, with σ2

1 = σ2
11 + σ2

12, σ2
2 = σ2

21 + ρ2 σ2
22, σ2

c = σ12 σ22 ,

(5.2.18)

is the variance-covariance matrix of the returns of assets S1 and S2 and recall that

ρ = {−1, 0, 1}. Note that the correlation between the prices of the two risky assets

is ρ σ2
c/
√
σ1 σ2 and that the HJBI does not depend on the true value of the drift

parameter θ∗. To simplify notation, we define

1+,+ =

[
1
1

]
, 1−,− =

[
−1
−1

]
, 1+,− =

[
1

−1

]
, 1−,+ =

[
−1
1

]
, 1+ = 1 , 1− = −1 .

The investment strategy is a function of many ingredients of the model, including

the value of the parameters; e.g., the market risk parameter ρ, the value of the un-

certainty parameter c, and the estimate of the drift parameter θ̂. Thus, to streamline

the discussion, we delineate nine non-overlapping investment regions in R2 which we

use below to derive the agent’s investment strategy.

Let

Ai,j :=

{
θ̂ ∈ R2 | Σ−1

(
θ̂ − 1 r + 1−i,−j c/

√
1 + t

)
∈ Ri,j

}
for i, j ∈ [+,−] .
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Denote by A0,− the region where θ̂2 − r + c/
√
1 + t ≤ 0 and

ρ σ2
c

σ2
2

(θ̂2−r+c/
√
1 + t)+r−c/

√
1 + t ≤ θ̂1 ≤

ρ σ2
c

σ2
2

(θ̂2−r+c/
√
1 + t)+r+c/

√
1 + t .

Denote by A0,+ the region where θ̂2 − r − c/
√
1 + t ≥ 0 and

ρ σ2
c

σ2
2

(θ̂2−r−c/
√
1 + t)+r−c/

√
1 + t ≤ θ̂1 ≤

ρ σ2
c

σ2
2

(θ̂2−r−c/
√
1 + t)+r+c/

√
1 + t .

Denote by A+,0 the region where θ̂1 − r − c/
√
1 + t ≥ 0 and

ρ σ2
c

σ2
1

(θ̂1−r−c/
√
1 + t)+r−c/

√
1 + t ≤ θ̂2 ≤

ρ σ2
c

σ2
1

(θ̂1−r−c/
√
1 + t)+r+c/

√
1 + t .

Denote by A−,0 the region where θ̂1 − r + c/
√
1 + t ≤ 0 and

ρ σ2
c

σ2
1

(θ̂1−r+c/
√
1 + t)+r−c/

√
1 + t ≤ θ̂2 ≤

ρ σ2
c

σ2
1

(θ̂1−r+c/
√
1 + t)+r+c/

√
1 + t .

Denote by A0,0 the region where

r − c/
√
1 + t ≤ θ̂1 ≤ r + c/

√
1 + t and r − c/

√
1 + t ≤ θ̂2 ≤ r + c/

√
1 + t .

Finally, define the function

F (t, θ̂) =



1

2

(
θ̂ − 1 r + 1−i,−j c√

1 + t

)⊺

Σ−1

(
θ̂ − 1 r + 1−i,−j c√

1 + t

)
, θ̂ ∈ Ai,j ,

1

2

(
θ̂1 − r + 1−i c√

1 + t

)
1

σ2
1

(
θ̂1 − r + 1−i c√

1 + t

)
, θ̂ ∈ Ai,0 ,

1

2

(
θ̂2 − r + 1−i c√

1 + t

)
1

σ2
2

(
θ̂2 − r + 1−i c√

1 + t

)
, θ̂ ∈ A0,i ,

0 , θ̂ ∈ A0,0 ,
(5.2.19)

where i, j ∈ [+,−] and which we use below to write the optimal investment strategy

of the agent.

Proposition 5.2.1. Adaptive-robust strategy. Let U(x) = −e−γ x be the agent’s

utility function, where γ > 0 is the risk-aversion parameter. Let the stock prices

satisfy the SDEs in (5.2.1), the learning rate parameter L > 0, and investment horizon

T > 0. The adaptive-robust investment strategy, in feedback form, for the investor’s
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problem in (5.2.3) is

α∗
t =



Σ−1
(
θ̂ − 1 r + 1−i,−j c/

√
1 + t

)
− βt ∂θ̂H̄(t, θ̂)

γ exp(r (T − t))
, θ̂ ∈ Ai,j , i, j ∈ [+,−] ,[

θ̂1 − r + 1−i c/
√
1 + t 0

]⊺
− σ2

1 βt ∂θ̂H̄(t, θ̂)

γ σ2
1 exp(r (T − t))

, θ̂ ∈ Ai,0 , i ∈ [+,−] ,[
0 θ̂2 − r + 1−i c/

√
1 + t

]⊺
− σ2

2 βt ∂θ̂H̄(t, θ̂)

γ σ2
2 exp(r (T − t))

, θ̂ ∈ A0,i , i ∈ [+,−] ,

−βt ∂θ̂H̄(t, θ̂)

γ exp(r (T − t))
, θ̂ ∈ A0,0 ,

(5.2.20)

where θ̂ = [θ̂1 θ̂2]
⊺ is the value of the drift estimator at time t. The function H̄ has

the stochastic representation

H̄(t, θ̂) = EP∗

[∫ T

t

F (u, Zu) du | Zt = θ̂

]
, (5.2.21)

with F in (5.2.19), and the stochastic process Z = [Z1 Z2]⊺, with Zt = θ̂, follows

dZ1
u =βt

(
(r − Z1

u) du+ σ11 dW
1
u + σ12 dW

m
u

)
,

dZ2
u =βt

(
(r − Z2

u) du+ σ21 dW
2
u + ρ σ22 dW

m
u

)
,

(5.2.22)

where W 1, W 2, and Wm are mutually independent Brownian motions under the prob-

ability measure P∗ (see price dynamics in (5.2.1)), and recall that βt is the learning

rate in (5.2.9). Conditional on Zt = θ̂, the process Zu ∈ R2 is normally distributed

under the probability measure P∗. For all values of the learning rate parameter L, the

mean of Zi
u is

θ̂i

(
1 + t

1 + u

)L

+ r

(
1− (1 + t)L

(1 + u)L

)
. (5.2.23)

On the other hand, when L ̸= 1/2, the co-variance matrix of Zu is

Σ

∫ u

t

L2 (1 + v)2L−2

(1 + u)2L
dv = Σ

L2

2L− 1

(
(1 + u)2L−1

(1 + u)2L
− (1 + t)2L−1

(1 + u)2L

)
, (5.2.24)

and when L = 1/2, the co-variance matrix of Zu is

Σ

∫ u

t

L2 (1 + v)2L−2

(1 + u)2L
dv =

Σ

4

(
log(1 + u)− log(1 + t)

1 + u

)
, (5.2.25)

where

Σ =

[
σ2
1 ρ σ2

c

ρ σ2
c σ2

2

]
, with σ2

1 = σ2
11 + σ2

12, σ2
2 = σ2

21 + ρ2 σ2
22, σ2

c = σ12 σ22 ,

(5.2.26)
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Proof. Recall that the value function v satisfies the HJBI in (5.2.17), subject to the

terminal condition v(T, x, θ̂) = −e−γ x. Substitute the ansatz

v(t, x, θ̂) = −U(t, θ̂) exp
(
−γ x exp

(
r (T − t)

))
into the HJBI in (5.2.17) to write

0 = ∂tU + 1
2
β2
t σ

2
1 ∂θ̂1θ̂1U + 1

2
β2
t σ

2
2 ∂θ̂2θ̂2U + β2

t ρ σ
2
c ∂θ̂1θ̂2U

+ inf
α

sup
θ̃∈G(t,θ̂)

{
βt (θ̃ − θ̂)⊺ ∂θ̂U − α⊺ (θ̃ − 1 r)U + 1

2
α⊺ ΣαU − βt α

⊺Σ ∂θ̂ U
}

(5.2.27)

with terminal condition U(T, θ̂) = 1.

Next, we discuss the inf-sup solutions to determine the optimal investment strat-

egy. Note that the term inside the sup sign depends on θ̃⊺ (βt ∂θ̂U − αU) where

θ̃ ∈ G(t, θ̂). Therefore, we consider the value of βt ∂θ̂U − αU in different investment

regions of R2, see part 1 in Appendix C.3 for the completed calculation.

Then, we solve the inf-sup problem in (5.2.27) for each θ̂ in the nine non-overlapping

investment regions of R2 discussed above. Let U(t, θ̂) = exp(−H(t, θ̂)) and let C(t, θ̂)

denote the inf-sup term in (5.2.27). Then, the optimal investment strategy depends

on nine regions of R2 (see Appendix C.3 part 2 and 3 for more details). Moreover,

the optimal investment strategy satisfies (5.2.20) and

C(t, θ̂) = −U
(
βt (1 r − θ̂)⊺ ∂θ̂H + F (t, θ̂)

)
, (5.2.28)

for all t and θ̂. Next, for θ̂ ∈ R2 we use (5.2.27), and recall the terminal condition

H(T, θ̂) = 0, to write

∂tH + 1
2
β2
t σ

2
1 ∂θ̂1 θ̂1H + 1

2
β2
t σ

2
2 ∂θ̂2 θ̂2H + β2

t ρ σ
2
c ∂θ̂1 θ̂2H + βt (1 r − θ̂)⊺ ∂θ̂H + F (t, θ̂) = 0 ,

(5.2.29)

where F is in (5.2.20).

To show that the functions H and H̄ in (5.2.21) are equal, we define the stochastic

process Z = [Z1 Z2]⊺, which follows

dZ1
u = βt

(
(r − Z1

u) du+ σ11 dW
1
u + σ12 dW

m
u

)
,

dZ2
u = βt

(
(r − Z2

u) du+ σ21 dW
2
u + ρ σ22 dW

m
u

)
,

with Zt = θ̂, where W 1, W 2, and Wm are independent Brownian motions under

the probability measure P∗. From the PDE in (5.2.29) and the terminal condition
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H(T, θ̂) = 0, the function H has the stochastic representation in (5.2.21) because the

process

H(t, Zt) +

∫ T

t

F (u, Zu) du ,

is a martingale process, by Itô’s Lemma. Next, we show that the random variable Zu

for t ≤ u ≤ T is normally distributed. Let I1 = 1 and I2 = ρ, apply Itô’s Lemma to

exp(
∫ u

t
βs ds)Zu and for i = 1, 2, we write

exp

(∫ u

t

βs ds

)
Zi

u =Zi
t +

∫ u

t

exp

(∫ v

t

βs ds

)
dZi

v +

∫ u

t

βv exp

(∫ v

t

βs ds

)
Zi

v dv

=Zi
t +

∫ u

t

r βv exp

(∫ v

t

βs ds

)
dv +

∫ u

t

σi 1 βv exp

(∫ v

t

βs ds

)
dW i

v

+

∫ u

t

Ii σi 2 βv exp

(∫ v

t

βs ds

)
dWm

v .

Therefore,

Zi
u =Zi

t exp

(
−
∫ u

t

βs ds

)
+

∫ u

t

r βv exp

(
−
∫ u

v

βs ds

)
dv

+

∫ u

t

σi 1 βv exp

(
−
∫ u

v

βs ds

)
dW i

v +

∫ u

t

Ii σi 2 βv exp

(
−
∫ u

v

βs ds

)
dWm

v

= θ̂i

(
1 + t

1 + u

)L

+ L

(∫ u

t

r
(1 + v)L−1

(1 + u)L
dv +

∫ u

t

σi 1
(1 + v)L−1

(1 + u)L
dW i

v +

∫ u

t

Ii σi 2
(1 + v)L−1

(1 + u)L
dWm

v

)
.

Thus, it is easy to see that the mean Zi
u satisfies (5.2.23) and the co-variance matrix

Zu satisfies (5.2.24) when L ̸= 1/2 and (5.2.25) when L = 1/2.

In the next Proposition, we derive the optimal investment strategy α∗ of the

problem in (5.2.13) in closed-form when the value of the uncertainty parameter c is

zero. Recall that in this case the investor, at every point in time t, uses the estimate

of the drift parameter θ̂t; i.e., the investor uses the adaptive strategy.

Proposition 5.2.2. Adaptive strategy. Let the prices of the asset satisfy the

SDEs in (5.2.1), r is the risk-free rate, L > 0 the learning rate parameter, T > 0

the investment horizon, the uncertainty parameter c = 0, and ρ ∈ {−1, 0, 1}. The

adaptive investment strategy for the investor’s problem (5.2.13) is

α∗,A
t =

Σ−1
(
θ̂ − 1 r

)
γ exp(r (T − t))

−
βt ∂θ̂H̄

0(t, θ̂)

γ exp(r (T − t))
, (5.2.30)
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where H̄0 has the stochastic representation

H̄0(t, θ̂) = EP∗

[∫ T

t

1

2
(Zu − 1 r)⊺ Σ−1 (Zu − 1 r) du

]
, (5.2.31)

with Z defined in (5.2.22), and

∂θ̂H̄
0(t, θ̂) = Σ−1 (θ̂ − 1 r)

∫ T

t

(
1 + t

1 + u

)2L

du . (5.2.32)

For a proof see the appendix C.4.

From Proposition 5.2.1, the optimal strategy of the adaptive robust model in

(5.2.20) can be written as the sum of two components. The first term on the right-

hand side of (5.2.20) is a Merton-style investment strategy with a truncation that

depends on the sign of θ̂ − r and the value of the uncertainty parameter c. The

second term on the right-hand side is an adjustment that results from the integral of

the estimate of the risk-premium with a truncation (H̄c). Similarly, from Proposition

5.2.2, we have that the optimal strategy of the adaptive model in (5.2.30) can be

written as the sum of two components. The first term on the right-hand side of

(5.2.30) is a Merton-style investment strategy. The second term on the right-hand

side is an adjustment that results from the integral of the estimate of the risk-premium

(H̄0).

Next, we provide some terminologies and observations regarding the optimal

strategies in (5.2.20) and (5.2.30). We see from (5.2.20) and (5.2.30), that the adap-

tive strategy is compensated by the partial derivative of the integral of the variance

of the estimated risk-premium with a truncation for the adaptive-robust strategy and

without a truncation for the adaptive strategy. In other words, the optimal strategy

is compensated by the sensitivity of the parameter θ̂ on the integral of the variance

of the estimator with or without truncation. Also, we refer to the term βt ∂θ̂H̄
0 as

“compensated parameter estimation term” because the term only appears when the

agent simultaneously estimates the value of the unknown parameter and solves the

optimal control problem. When the agent accounts for parameter uncertainty, the

term βt ∂θ̂H̄−βt ∂θ̂H̄0 depends on c, which accounts for parameter uncertainty of the

problem and we refer to this term “compensated parameter uncertainty term”.

We return to these points above when we study the case when the value of the

market risk direction ρ is zero.
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5.2.1 Connection to the related literature

Here, we discuss some related literature that study the utility maximisation prob-

lem under relaxed assumptions, which produce similar results and obtain a similar

second component. This will help us to understand the second component in (5.2.20)

and (5.2.30) intuitively.

We remark that the function H̄0 can be understood as the integration of the

variance of the estimated risk-premium term and the function H̄ can be understood as

the integration of the variance of the estimated risk-premium term with a truncation.

The second term in (5.2.30) has been studied extensively, and is know as the

“intertemporal hedging term”. Kim and Omberg (1996) study the utility maximi-

sation problem when the risk premium of stock process is specified by the Orn-

stein–Uhlenbeck process (OU-process) with a known coefficient. The optimal strat-

egy for the problem consists of two components where the first is the usual optimal

strategy for the Merton problem and the second is the hedging term against the risk-

premium uncertainty. Moreover, it is possible for the optimal strategy to short a

stock, although the current risk-premium of the stock is positive, see Figure 4 and

Section 3 in Kim and Omberg (1996) for more details. Xia (2001) extends the model

to account for the parameter learning of the OU process leading to the additional

term for the optimal strategy, which accounts for the parameter estimation part.

Moreover, in Liu and Muhle-Karbe (2013) where they use the model in Kim and

Omberg (1996), the intertemporal hedging term of the predictable return is the first

order partial derivative of the total variance of the stochastic mean of the stock prices

and therefore, the intertemporal hedging term in general accounts for the sensitivity

of the risk-premium of the stock process. Note that all these paper are slightly work-

ing on difference setups to our problem as their utility function is in the HARA form

and the risk-premium is not a constant but an OU process.

Next, we show that the second component of the optimal strategy in Kim and

Omberg (1996) can be written as a partial derivative of the function that has a

stochastic representation as in our optimal strategy in (5.2.30).

Lemma 5.2.3. Following the model in Kim and Omberg (1996) with the utility func-

tion U(x) = − exp(−γ x) and ρmx = 1 (the other parameters and processes follow

Kim and Omberg (1996)), we can write the second component of the optimal strategy

as a partial derivative of a function with a stochastic representation. In particular,

Ĥ(x, t) = EP

[∫ T

t

Z2
s ds | Zt = x

]
(5.2.33)
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where

dZs =
(
−Zs σX + λX (X̄ − Zs)

)
ds+ σX dWs (5.2.34)

and Zt = x. Thus, the optimal strategy is

y∗(W,X, τ) =
X − σX ∂XĤ

γ σ2 er (T−t)
, (5.2.35)

where τ = T − t and note that here the term X is the risk-premium of the risky asset

in this model.

For a proof see the appendix C.5.

As we see from the above Lemma, the function Ĥ in (5.2.33) is the integration of

the variance of the risk-premium of the stock process. This is similar to our result in

Proposition 5.2.2. The optimal strategy has the second component that depends on

the first derivative of the function H. This implies that the optimal strategy adjusts

its strategy of the sensitive of the integration of the variance of the risk-premium of

the stock process.

Next, we provide the intuition of the second term. From figure 4 in Kim and

Omberg (1996), it is possible for the nonmyopic investor to short the risky asset,

although the risk-premium is positive depending on the risk-aversion coefficient γ.

Similar to our result, when the parameter L is less than 1, it can lead to a situation

where the “estimated” risk-premium is positive, but the optimal strategy is negative

(the investor shorts the risky asset). Although in Kim and Omberg (1996) refers the

second component as “ hedging against risk-premium uncertainty” or “speculating

on risk-premium uncertainty”, we prefer to call this term “compensated parameter

estimation term”.

5.2.2 Implication of the adaptive strategy under different
value of L

In this subsection, we discuss the behaviour of the adaptive strategy when the

correlation between two stocks is zero (i.e., ρ = 0). We rewrite the adaptive strategy

in (5.2.30) as

αad,i
t =

(θ̂i − r)

γ σ2
i exp(r (T − t))

× A(t, T, L) , (5.2.36)

where

A(t, T, L) =

1− L
2L−1

(
1−

(
1+t
1+T

)2L−1
)

if L ̸= 1/2 ,

1− 1
2

(
log(1 + T )− log(1 + t)

)
if L = 1/2 .

(5.2.37)
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Recall that the first term on the right-hand side of the adaptive strategy in (5.2.36)

is the Merton-style strategy. The term A(t, T, L) is an ‘adjustment’ that results

from adapting the investment strategy to the updates in the estimate of the drift

parameters. To understand the intuition of the adaptive strategy we focus on the

adjustment term as a function of T − t and of the value of the learning rate parameter

L.

The Proposition below shows the upper and lower bounds of the adjustment term

for L > 0 and all t ≤ T .

Proposition 5.2.4. Let the learning rate parameter L > 0, the horizon of the invest-

ment T > 0, and market risk parameter ρ = 0. Then, for all T and L, the adjustment

term A(t, T, L) is increasing in t, and obeys the bounds

A(0, T, L) ≤ A(t, T, L) ≤ A(T, T, L) = 1 , (5.2.38)

where

A(0, T, L) =

 L−1
2L−1

+ L
2L−1

(
1

1+T

)2L−1

if L ̸= 1/2 ,

1− 1
2
log(1 + T ) if L = 1/2 .

(5.2.39)

For a proof see the appendix C.6.

The lower bound (5.2.39) could be positive or negative. The next Proposition

shows that for L ≥ 1, A(t, T, L) is always positive and when L < 1, there exists a

time tL < T such that A(tL, T, L) = 0.

Proposition 5.2.5. Let the learning rate parameter L ≥ 1, the horizon of the invest-

ment T > 0, and market risk parameter ρ = 0. Then, the adjustment term A(t, T, L)

is always positive and when L < 1, there exists

tL =

{
(1 + T )

(
1−L
L

)1/(2L−1) − 1 if L ̸= 1/2 ,

(1 + T )1/2 − 1 if L = 1/2 ,
(5.2.40)

such that A(tL, T, L) = 0. In other words, if t > tL, then A(t, T, L) > 0 and if t < tL,

then A(t, T, L) < 0.

For a proof see the appendix C.7.

Therefore, when the learning rate parameter L ≥ 1, the sign of the holdings in

the stock are the same for the adaptive and the Merton-style strategies. For example,

if L ≥ 1 and θ̂i < r both the Merton-style and the adaptive strategies hold a short

position in stock i for i = 1, 2. On the other hand, when L < 1, the sign of the
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holdings in the stock held by the adaptive strategy could be the same or of opposite

sign than that of the holdings of the Merton-style strategy.

Next, we consider the property of A(t, T, L) with respect to L, which helps us to

analysis the optimal strategy in more details. For L ̸= 1/2, we have that

∂A

∂L
=

1

(2L− 1)2

(
1−

(
1 + t

1 + T

)2L−1
)

+
L

(2L− 1)
(2L− 1)

(
(1 + t)2L−2

(1 + T )2L−1

)
.

(5.2.41)

Note that the second term in (5.2.41) is always greater than 0 regardless of the value

of L. Note that if L > 1/2, the first term in (5.2.41) is greater than 0. Note that if

L < 1/2, the first term in (5.2.41) can be less than 0. This implies that given the

same value of t and T , when L > 1/2, the adjustment term is increasing as the value

of L increases.

The intuition of the adaptive strategy is that the sensitivity of the integral of the

variance of the estimated risk-premium has an important effect on the investment

strategy; the higher the sensitivity of the integral of the variance of the estimated

risk-premium, the more hedging of the strategy becomes. When L > 1/2, as the

value of L increases, the sensitivity of the integral of the variance of the estimated

risk-premium decreases because the investor acknowledges that the investor learns

the risk-premium very quickly ( large L) and therefore, the integral of the variance

of the estimated risk-premium and its sensitivity is smaller because the investor has

already learn quickly. For example, assume that θ̂ > r. There are two forces at

play in the adaptive strategy. The investor goes long the stock because the expected

return from holding it exceeds the risk free rate. On the other hand, because new

information arrives and the drift parameter is constantly updated leading to the risk of

the risk-premium term, the sensitivity of the integral of the variance of the estimated

risk-premium reduces the amount of stock the investor would have purchased (i.e.,

the adjustment parameter A(t, T, L) < 1 for t < T ). Recall that the investor’s

utility function is increasing and concave in wealth. Thus, all else being equal, if the

sensitivity of the integral of the variance of the estimated risk-premium increases, the

quantity held in the stock also decreases. Thus, in a similar way, an increase in the

variance of the estimator of the drift process reduces the holdings in the stock.

Moreover, the choice of the learning parameter L is crucial. From Proposition

5.2.5, when L ≥ 1, the adjustment term is always greater than 0 regardless of the

values of t and T . Therefore, under this condition, the adaptive strategy always has

the same sign as that of the Merton-style strategy because the adjustment term is

always greater than 0.
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In contrast, when L < 1, the adjustment term can be greater than 0 or less than

0 depending on the value of t. Therefore, under this condition, the adaptive strategy

can have the same or opposite sign as the Merton investment strategy in (5.2.16).

5.3 Implication of the optimal strategy

In this Section, we study the optimal investment strategy in (5.2.3) when the

correlation between the prices of two risky assets in (5.2.1) is ρ = 0, ρ > 0, ρ < 0.

Here, we explore the effect of the difference assumption on ρ to the optimal strategy

of the adaptive-robust agent. Thus, we study the effect of the uncertainty coefficient

c to the optimal strategy under the different assumptions of ρ.

5.3.1 Zero correlation (ρ = 0)

In this subsection, we assume that the correlation between S1 and S2 is zero, i.e,

ρ = 0. Thus, the price processes S1 and S2 are independent and we have the following

result.

Figure 5.1 plots the nine investment regions in R2, where the center region is A0,0

and the upper right most region is A+,+ and the remaining regions are A+,0, A+,−

, A0,−, A−,−, A−,0, A−,+, A0,+ in clockwise order. We use r = 0.4, c = 0.2, and t = 3.

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

A0, 0

A+, +

A ,

A+, 0

A0, +

A , 0

A0,

A , +

A+,

Figure 5.1: Investment regions when ρ = 0. Other parameters are r = 0.4, c = 0.2,
and t = 3.

In Figure 5.1, the regions A+,+ = [r+c/
√
1 + t,∞]×[r+c/

√
1 + t,∞] and A−,− =

[−∞, r− c/
√
1 + t]× [−∞, r− c/

√
1 + t]. Consider the case θ̂ ∈ A+,+, therefore the

values of θ̂1 and θ̂2 are greater than r + c/
√
1 + t. Thus, the agent acquires a long

position in both of the stocks because the estimate of the drift parameters are greater
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than r + c/
√
1 + t, where c is the uncertainty coefficient. Similarly for θ̂ ∈ A−,−, the

agent acquires a short position in both of the stocks since both of estimators are less

than r − c/
√
1 + t where c is the uncertainty coefficient.

Consider the case θ̂ ∈ A+,0. The agent mainly acquires a long position only

on the first stock because θ̂1 is greater than r + (c/
√
1 + t) and θ̂2 is in between

[r − (c/
√
1 + t), r + (c/

√
1 + t)]. This is due to the value θ̂2 is not larger than r nor

lesser than r enough to account for the uncertainty coefficient c.

Consider the case θ̂ ∈ A−,0, the agent mainly acquires a short position only on

the first stock because θ̂1 is less than r − (c/
√
1 + t) and the θ̂2 is in between [r −

(c/
√
1 + t), r+(c/

√
1 + t)]. This is due to the value θ̂2 is not larger than r nor lesser

than r enough to account for the uncertainty coefficient c.

In contrast, consider the case θ̂ ∈ A−,+. The agent takes a short position in the

first stock and takes a long position in the second stock because the value θ̂1 is less

than r − c/
√
1 + t and the value θ̂2 is greater than r + c/

√
1 + t. Similarly for the

investment region A+,−.

5.3.2 Positive correlation case (ρ > 0)

In this subsection, we consider the case where the correlation between the prices

of the risky assets is positive i.e, ρ > 0. Thus, the process S1 and S2 are positive

correlated and we have the following immediate result.

Figures 5.2 plots the nine regions in R2, where the center region is A0,0 and the up-

per right most region isA+,+ and the remaining regions areA+,0, A+,−, A0,−, A−,−, A−,0

, A−,+, A0,+ in clockwise order.
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Figure 5.2: Regions for when ρ > 0.
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In this case, the stock prices have a noise path that is positively correlated since

ρ > 0. Figure 5.2 shows that the region A+,+ ⊂ [r+ c/
√
1 + t,∞]× [r+ c/

√
1 + t,∞]

which implies that there exits θ̂ ∈ [r+c/
√
1 + t,∞]× [r+c/

√
1 + t,∞] which is not in

A+,+. Note that this is due to the positive correlation of these two risky assets makes

the diversification in a long-long position becomes less efficient in the risk-adjusted

return. Therefore, it is possible for the agent to acquire a long position in only one

asset even though both of θ̂1 and θ̂2 are greater r + (c/
√
1 + t). Similarly, the region

A−,− ⊂ [−∞, r − c/
√
1 + t] × [−∞, r − c/

√
1 + t]. Therefore, it is possible for the

agent to acquire a short position in only one asset, although both of θ̂1 and θ̂2 are

less than r − c/
√
1 + t.

Moreover, we consider the case where θ̂ ∈ A+,0, we notice that there exists θ̂ ∈ R2

such that θ̂ ∈ A+,0 and θ̂ ∈ [r + c/
√
1 + t,∞]× [r + c/

√
1 + t,∞]. Although both of

the θ̂1 and θ̂2 are greater r + (c/
√
1 + t), the positive correlation of these two risky

assets makes the diversification in a long-long position becomes less efficient in the

risk-adjusted return. Therefore, the agent only acquires a long position in the first

asset.

Thus, when θ̂ ∈ A−,0, we notice that there exists θ̂ ∈ R2 such that θ̂ ∈ A−,0

and θ̂ ∈ [−∞, r − c/
√
1 + t] × [−∞, r − c/

√
1 + t]. Although both of θ̂1 and θ̂2

are less than r − (c/
√
1 + t), the positive correlation of these two risky assets makes

the diversification in a short-short position becomes less efficient in the risk-adjusted

return. Therefore, the agent only acquires a short position in the first asset. Similarly,

these implications also hold when θ̂ ∈ A0,+ or θ̂ ∈ A0,−.

In contrast, consider the case where θ̂ ∈ A−,+. We notice that there exists θ̂ ∈ R2

such that θ̂ ∈ A−,+ and θ̂1 > r − c/
√
1 + t or θ̂2 < r + c/

√
1 + t. The agent acquires

a short position in the first asset and a long position in the second asset even though

the estimator can be θ̂1 > r−c/
√
1 + t or θ̂2 < r+c/

√
1 + t, this is because taking an

short-long position for these two stocks do increases the risk-adjusted return for the

agent. This is due to the positive correlation between the prices of the risky assets.

Similarly for the regions A+,−.

5.3.3 Negative correlation case (ρ < 0)

In this subsection, we consider the case where the correlation between the prices

of the risky assets is negative i.e, ρ < 0. Thus, the process S1 and S2 are negative

correlated and we have the following immediate result.
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Figure 5.3 shows the regions. There are nine regions in R2 space where the center

region is A0,0 and the upper right most region is A+,+ and the remaining regions are

A+,0, A+,−, A0,−, A−,−, A−,0, A−,+, A0,+ in clockwise order.

In this case, the stock prices have a noise path that is negatively correlated since

ρ < 0. Figure 5.3 shows that the region [r + c/
√
1 + t,∞] × [r + c/

√
1 + t,∞] ⊂

A+,+ which implies θ̂ ∈ A+,+ that even though either of θ̂1 or θ̂2 are not greater

r + (c/
√
1 + t). Note that this is due to the negative correlation of these two risky

assets makes the diversification in the long-long position becomes more efficient in the

risk-adjusted return. Therefore, it is possible for the agent to acquire a long position

in both of assets.

Similarly, the region [−∞, r−c/
√
1 + t]× [−∞, r−c/

√
1 + t] ⊂ A−,−. Therefore,

it is possible for the agent to acquire a short position in both risky assets, although

either of θ̂1 or θ̂2 are greater than r − c/
√
1 + t.

Moreover, we consider the case where θ̂ ∈ A+,0, we notice that there exists θ̂ ∈ R2

such that θ̂ ∈ A+,0 and θ̂ ∈ [r + c/
√
1 + t,∞] × [−∞, r − c/

√
1 + t]. Although θ̂1 is

greater than r+(c/
√
1 + t) and θ̂2 is less than r−(c/

√
1 + t), the negative correlation

of these two risky assets makes the diversification in a long-short position becomes

less efficient in the risk-adjusted return. Therefore, the agent only acquires a long

position in the first asset.

Thus, when θ̂ ∈ A−,0, we notice that there exists θ̂ ∈ R2 such that θ̂ ∈ A−,0 and

θ̂ ∈ [−∞, r− c/
√
1 + t]× [r + c/

√
1 + t,∞]. Although θ̂1 is less than r− (c/

√
1 + t)

and θ̂2 is greater than r+(c/
√
1 + t), the positive correlation of these two stock makes

the diversification in a short-long position becomes less efficient in the risk-adjusted

return. Therefore, the agent only acquires a short position in the first asset.

Similarly, these implications also hold when θ̂ ∈ A0,+ or θ̂ ∈ A0,−.

In contrast, consider the case where θ̂ ∈ A−,+. We notice that there exists θ̂ ∈ R2

such that θ̂ ̸∈ A−,+ and θ̂1 < r − c/
√
1 + t and θ̂2 > r + c/

√
1 + t. This implies that

although θ̂1 < r − c/
√
1 + t and θ̂2 > r + c/

√
1 + t, the agent may only acquires a

short position in the first asset or only acquires a long position in the second asset,

but not both. The negative correlation makes an short-long position for these two

risky assets becomes less efficient in the risk-adjusted return for the agent. Similarly

for the regions A+,−.
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Figure 5.3: Regions for when ρ < 0.

5.4 Asymptotic analysis when c is close to zero for

zero correlated case ρ = 0

Here, we consider the optimal strategy in Proposition 5.2.1 when the uncertainty

parameter c is close to zero. We also explore the effect of the learning rate parameter

L on the optimal strategy for both the adaptive strategy and the adaptive-robust

strategy. For simplicity, we assume that the correlation between the prices of the

stocks is zero (i.e, ρ = 0). The optimal strategy in (5.2.20) is not available in closed-

form because we cannot find an explicit solution for the stochastic representation of

H in (5.2.21). Therefore, here we discuss the optimal strategies when the value of the

parameter c is small and study the asymptotic formulation of the optimal strategy in

(5.2.20).

First, we state some corollaries which are direct results from Propositions 5.2.1 and

5.2.2. The first corollary states the optimal strategy of the adaptive-robust control

problem in (5.2.3) when ρ = 0 and c > 0.

Corollary 5.4.1. Let the uncertainty parameter c > 0 and ρ = 0. The optimal

adaptive-robust investment strategy is

αadr,i
t =



(θ̂i − r + c/
√
1 + t) − βt σ

2
i ∂θ̂iH̄(t, θ̂)

γ σ2
i exp(r (T − t))

, θ̂i − r ≤ −c/
√
1 + t ,

(θ̂i − r − c/
√
1 + t) − βt σ

2
i ∂θ̂iH̄(t, θ̂)

γ σ2
i exp(r (T − t))

, θ̂i − r ≥ c/
√
1 + t ,

−βt ∂θ̂iH̄(t, θ̂)

γ exp(r (T − t))
, | θ̂i − r |< c/

√
1 + t ,

(5.4.1)
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where i = 1, 2 and we call this optimal strategy “the adaptive-robust strategy” and the

function H̄ in (5.2.21) equals

H̄(t, θ̂) =
2∑

i=1

1

2σ2
i

EP

[∫ T

t

(
Zi

u − r − c/
√
1 + u

)2
1{Zi

u−r> c/
√
1+u} du | Zt = θ̂

]

+
1

2σ2
i

EP

[∫ T

t

(
Zi

u − r + c/
√
1 + u

)2
1{Zi

u−r< −c/
√
1+u} du | Zt = θ̂

]
.

(5.4.2)

Note that (5.4.2) has the property that when c = 0, the function H̄(t, θ̂) is greater

than the function H̄(t, θ̂) when c > 0. Also, we notice that the function H̄ is an

integral of the estimated variance with the truncation when c > 0 and is an integral

of the estimated variance when c = 0.

The second corollary states the optimal strategy of the adaptive-robust control

problem in (5.2.3) when ρ = 0 and c = 0. Recall the function A in (5.2.37)

Corollary 5.4.2. Let c = 0 and ρ = 0. The adaptive optimal investment strategy is

αad,i
t =

(θ̂i − r)

(
1− L

t+1

∫ T

t

(
1+t
1+u

)2L
du

)
γ σ2

i exp(r (T − t))
=

(θ̂i − r)

γ σ2
i exp(r (T − t))

A(t, T, L) .

(5.4.3)

where i = 1, 2 and we call this optimal strategy “the adaptive strategy”.

Before we proceed to the main result, we provide some preliminary results which

need for the calculation of (5.4.2). We denote by ϕ(x) and Φ(x) the density function

and cumulative distribution of a standard normal variable, respectively.

Lemma 5.4.3. Let the random variable Y be normally distributed with mean µ and

variance σ2, i.e., Y ∼ N (µ, σ2), then

EP [Y 2 1{Y >0}
]
=
(
µ2 + σ2

) (
1− Φ(−µ/σ)

)
+

µσ√
2 π

exp
(
−µ2/2σ2

)
. (5.4.4)

For a proof, see Appendix C.8. Note that from (5.4.4), we also have that

EP [Y 2 1{Y <0}
]
=
(
µ2 + σ2

)
Φ(−µ/σ)− µσ√

2 π
exp

(
−µ2/2σ2

)
. (5.4.5)

Define the function h as follows:

h(u, θ̂i) :=
2∑

i=1

EP
[(
Zi

u − r − c/
√
1 + u

)2
1{Zi

u−r> c/
√
1+u}

]
+ EP

[(
Zi

u − r + c/
√
1 + u

)2
1{Zi

u−r<−c/
√
1+u}

]
.

(5.4.6)
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Note that from (5.4.2), we have that

H̄(t, θ̂) =
2∑

i=1

1

2σ2
i

∫ T

t

h(u, θ̂i) du . (5.4.7)

Next, we calculate the gradient ∂θ̂ih in the next Lemma.

Lemma 5.4.4. Properties of the function h. Let the function h be as in (5.4.6).

Then, h is C1,2([0, T ]× R) and the gradient ∂θ̂ih is given by

∂θ̂ih =

[
2f(1− Φ(−f/σi)) + 2σiϕ(−f/σi) + 2f̃Φ

(
−f̃/σi

)
− 2Σiϕ

(
−f̃/σi

)]
∂θ̂if,

(5.4.8)

where

f(u, θ̂i) = (θ̂i− r)
(
1 + t

1 + u

)L

− c√
1 + u

, f̃(u, θ̂i) = (θ̂i− r)
(
1 + t

1 + u

)L

+
c√
1 + u

,

and when L ̸= 1/2,

σi(u) =

√
L2 σ2

i

2L− 1

(
(1 + u)2L−1

(1 + u)2L
− (1 + t)2L−1

(1 + u)2L

)
,

and when L = 1/2,

σi(u) =
σ2
i

4

(
log(1 + u)− log(1 + t)

1 + u

)
.

For a proof, see Appendix C.9.

Note that the function σi depends on the value of t. The next Lemma shows the

asymptotic formula of the function h when the value of the parameter c is small.

Lemma 5.4.5. Asymptotic analysis of the function h. Let the function h be

as in (5.4.6). Then, there exists a constant δt,θ̂i and an integrable function R(u, θ̂i)

with respect to u such that∣∣∣∣∣∂θ̂ih(u, θ̂i)− 2 (θ̂i − r)− 2 c√
1 + u

[
Φ
(
−(θ̂i − r)/σi(u)

)
− Φ

(
(θ̂i − r)/σi(u)

)]∣∣∣∣∣ ≤ c2R(u, θ̂i) ,

(5.4.9)

for all u ∈ [t, T ] and for all c < δt,θ̂i, where δt,θ̂i depends on t and θ̂i.

For a proof, see Appendix C.10.

Note that in the Lemma above, it is necessary to show that the function R is

integrable with respect to u because ∂θ̂iH̄ is the integral of ∂θ̂ih; see (5.4.7).

Next, we show the asymptotic formula for the partial derivative of H with respect

to θ̂i, which is a direct result from Lemma 5.4.5.
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Lemma 5.4.6. Properties of the function H̄. Let the function H̄ be as in (5.4.7).

Then, H̄ is C1,2([0, T ]× R2) and the gradient ∂θ̂iH̄ is given by

∂θ̂iH̄ =
1

σ2
i

∫ T

t

(θ̂i−r)
(
1 + t

1 + u

)2L

du− c

σ2
i

(∫ T

t

HL(t, u, θ̂i) du

)
+O(c2) , (5.4.10)

where

HL(t, u, θ̂i) =
1√
1 + u

(
1 + t

1 + u

)2L
Φ(−(θ̂i − r)

(
1 + t

1 + u

)L

/σi(u)

)

−Φ

(
(θ̂i − r)

(
1 + t

1 + u

)L

/σi(u)

) .

(5.4.11)

Proof. Recall the definition of the functions H̄ and h and write

∂θ̂iH̄(t, θ̂i) =
1

2σ2
i

∫ T

t

∂θ̂ih(u, θ̂i) du .

Therefore, from Lemma 5.4.5, equation (5.4.10) holds because the function R̃ is inte-

grable.

Note that the termΦ(−(θ̂i − r)

(
1 + t

1 + u

)L

/σi(u)

)
− Φ

(
(θ̂i − r)

(
1 + t

1 + u

)L

/σi(u)

) , (5.4.12)

is positive when θ̂i − r < 0 and negative when θ̂i − r > 0. Therefore, HL(t, u, θ̂i) is

positive when θ̂i − r < 0 and negative when θ̂i − r > 0.

Given the asymptotic formula for ∂θ̂iH̄ when the value of c is close to zero in

(5.4.10) we look at three cases for i = 1, 2.

When θ̂i > r + c/
√
1 + t, the optimal investment strategy of the adaptive-robust

problem in (5.2.3) is given by

αadr ,i
t =

(θ̂i − r − c/
√
1 + t) − βt σ

2
i ∂θ̂iH̄(t, θ̂i)

γ σ2
i exp(r (T − t))

=

(θ̂i − r)

(
1− L

t+1

∫ T

t

(
1+t
1+u

)2L
du

)
− c√

1+t
+ L c

1+t

∫ T

t
HL(t, u, θ̂i) du+O(c2)

γ σ2
i exp(r (T − t))

.

(5.4.13)
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And when θ̂i < r − c/
√
1 + t, we have that

αadr ,i
t =

(θ̂i − r)

(
1− L

t+1

∫ T

t

(
1+t
1+u

)2L
du

)
+ c√

1+t
+ L c

1+t

∫ T

t
HL(t, u, θ̂i) du+O(c2)

γ σ2
i exp(r (T − t))

.

(5.4.14)

And when | θ̂i − r |< c/
√
1 + t, we have that

αadr ,i
t =

(θ̂i − r)

(
− L

t+1

∫ T

t

(
1+t
1+u

)2L
du

)
+ L c

1+t

∫ T

t
HL(t, u, θ̂i) du+O(c2)

γ σ2
i exp(r (T − t))

.

(5.4.15)

The agent’s adaptive-robust strategy employs the estimate of the drift θ̂i, which

is continuously updated. To understand the intuition of this strategy we compare it

to the adaptive strategy in (5.4.3), which we repeat here for convenience:

αad ,i
t =

(θ̂i − r)

(
1− L

t+1

∫ T

t

(
1+t
1+u

)2L
du

)
γ σ2

i exp(r (T − t))
. (5.4.16)

Thus, if the estimate of the drift is such that θ̂i > r + c/
√
1 + t , then the optimal

adaptive-robust strategy in (5.4.16) invests less on the risky asset than in the adaptive

strategy because the second term in (5.4.13) is negative. On the other hand, if

θ̂i < r−c/
√
1 + t , then the optimal adaptive-robust strategy in (5.4.16) invests more

on the risky asset than in the adaptive strategy in (5.4.16) because the second term

in (5.4.14) is positive. When the value of the estimate of the drift parameter is such

that | θ̂i − r |< c/
√
1 + t, the agent invests a small amount in the risky asset since

the estimator does not to far from 0 to be greater or lesser than 0 with certainty.

In the remaining of this subsection, we first analyse the property of the function

HL when the value of the learning rate parameter L is large. Next, we analysis the

adaptive strategy in (5.4.16) under the difference values of L. Then, we compare the

investment strategy in (5.4.13), (5.4.14) and (5.4.15) with the adaptive strategy in

(5.4.16) to understand the intuition of the adaptive-robust strategy.

5.4.1 Properties of the function HL

In this subsection, we explore the properties of the function HL in (5.4.11), which

allow us to obtain the intuition of the adaptive-robust strategy.

First, we show the convergence of the function L
∫ T

t
HL(t, u, θ̂i) du with respect

to the parameter L, which is useful for the intuition of the adaptive-robust strategy.
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Proposition 5.4.7. For each θ̂i > r (< r) and t, the function L
∫ T

t
HL(t, u, θ̂i) du

converges to 0 as L goes to ∞.

Proof. It suffices to consider the case θ̂i > 0. Note that when θ̂i > 0, the function

HL(t, u, θ̂) is negative and thus L
∫ T

t
HL(t, u, θ̂i) du is negative. We consider

lim
L→∞

LHL(t, u, θ̂i)

= lim
L→∞

L√
1 + u

(
1 + t

1 + u

)2L

· lim
L→∞

1− 2Φ

(
(θ̂i − r)

(
1 + t

1 + u

)L

/σi(u)

)
= 0

(5.4.17)

because both limits converge to 0. Since∣∣∣∣∣∣ L√
1 + u

(
1 + t

1 + u

)2L

·

1− 2Φ

(
(θ̂i − r)

(
1 + t

1 + u

)L

/σi(u)

)∣∣∣∣∣∣ ≤ 3L√
1 + u

(
1 + t

1 + u

)2L

and note that the function
3L√
1 + u

(
1 + t

1 + u

)2L

is integrable from t to T , therefore by Dominated convergence theorem,

L

∫ T

t

HL(t, u, θ̂i) du→ 0 ,

as L→ ∞.

While in this Section we assume that stock prices are uncorrelated, one can proceed

as above to derive the asymptotic investment strategy when prices are correlated.

5.4.2 Implication of the adaptive-robust strategy

Here, we explore the formulation of the adaptive-robust strategy and provide an

intuition of the strategy in (5.4.13), (5.4.14), and (5.4.15) as a function of the learning

rate parameter L. We denote ∆αi
t := αadr,i

t − αad,i
t . Then, when θ̂i > r + c/

√
1 + t,

we have that

∆αi
t =

− c√
1+t

+ L c
1+t

∫ T

t
HL(t, u, θ̂i) du+O(c2)

γ σ2
i exp(r (T − t))

. (5.4.18)

Since HL(t, u, θ̂i) is negative when θ̂i > r + c/
√
1 + t, then ∆αi

t is negative. Thus,

compared with the adaptive strategy, the adaptive-robust strategy has a less long
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position on the risky asset when θ̂i > r + c/
√
1 + t. Intuitively, this is because the

agent adjusts the strategy to compensate the positive estimation of the estimator.

When θ̂i < r − c/
√
1 + t, we have that

∆αi
t =

c√
1+t

+ L c
1+t

∫ T

t
HL(t, u, θ̂i) du+O(c2)

γ σ2
i exp(r (T − t))

. (5.4.19)

Since HL(t, u, θ̂i) is positive when θ̂i < r − c/
√
1 + t, then ∆αi

t is positive, which

implies that the adaptive-robust strategy has a less short position the risky asset

when θ̂i < r− c/
√
1 + t. Intuitively, this is because the agent adjusts the strategy to

compensate the negative estimation of the estimator.

When
∣∣∣θ̂i − r

∣∣∣ < c/
√
1 + t, the difference between the adaptive-robust strategy

and the adaptive strategy is

∆αi
t =

−(θ̂i − r) + L c
1+t

∫ T

t
HL(t, u, θ̂i) du+O(c2)

γ σ2
i exp(r (T − t))

. (5.4.20)

This implies that when 0 < θ̂i − r < c/
√
1 + t, the term ∆αi

t is negative. Therefore,

the agent of the adaptive-robust strategy has a less long position than the adaptive

strategy. Similarly, when 0 > θ̂i−r > −c/
√
1 + t, the term ∆αi

t is positive. Therefore,

the agent of the adaptive-robust strategy has a less short position than the adaptive

strategy.

In both cases, the adaptive-robust strategy is more conservative in the strategy

than the adaptive strategy when the estimator is not far of from the interest rate r.

5.5 Numerical result and its implication

In this Section, we study the numerical result of our utility maximisation under

adaptive-robust framework in (5.2.3). From Bhudisaksang and Cartea (2021a), the

value function v can be characterised by the equation (5.2.17). In general, the value

function v can be solve numerically using the standard numerical PDE techniques.

However, in the multidimensional cases, most of numerical schemes become infeasible.

Therefore, the simplification of the PDE or the reduction of the dimension of PDE is

required.

In this chapter, we approach the numerical method by using the stochastic repre-

sentation to simplify the numerical method. In particular, instead of solving PDE in

(5.2.17) numerically, we only need to evaluate the integral of the term (5.4.8) . This

allows us to obtain the numerical solution of the value function v. Note that this
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simplification is very crucial because the numerical schemes are usually not feasible

for this PDE problem.

In this Section, we aim to study two main objectives from the numerical results.

First, we would like to understand the implication of the optimal strategy of the

adaptive-robust problem under difference values of the uncertainty parameter c. Sec-

ond, we compare the performance of the adaptive-robust strategies with that of three

strategies in which the agent: knows the true value of the drift parameter, employs

a wrong value of the drift parameter, and employs a robust strategy. In the robust

strategy, the agent uses the framework derived above, but does not learn the value of

the unknown parameters.

5.5.1 The implication of the adaptive-robust strategies

In this subsection, we explore the adaptive-robust control strategy of the utility

maximisation. We plot the optimal strategy with difference values of c to obtain

intuitive view on each hyper-parameters.

Here, we numerically calculate the optimal strategy in (5.2.20). Here, we assume

that T = 5, σ = 0.3, r = 0.01, and c̃ = 1. We plot the following four plots with

difference values of t = 0, 1, 2 and 4.
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Figure 5.4: The optimal strategy when t = 0 and t = 1 plot

As expected, we see that when c = 0, from the figures 5.4 and 5.5, the optimal

strategy is linearly depended on the estimator. When c > 0, the agent truncates the

optimal strategy to almost zero (there is a small term left) when the estimator is not

to far from r. Also, given everything else equals, as c increases, the truncation area is

expanding as the agent has a larger value of uncertainty parameter. Moreover, given

119



0.4 0.2 0.0 0.2 0.4
estimator

3

2

1

0

1

2

3

op
tim

al
 st

ra
te

gy

c = 0
c = 0.2
c = 0.4
c = 0.8

0.4 0.2 0.0 0.2 0.4
estimator

3

2

1

0

1

2

3

op
tim

al
 st

ra
te

gy

c = 0
c = 0.2
c = 0.4
c = 0.8

Figure 5.5: The optimal strategy when t = 2 and t = 4 plot

everything else equals, as t increases, the truncation area is shrinking as the agent has

more information to estimate the parameter and thus reduces the uncertainty area.

5.5.2 The performance of the adaptive-robust strategies

In this subsection, we compare the performance of the adaptive-robust strategies

with that of three strategies in which the agent: knows the true value of the drift

parameter, employs a wrong drift parameter, and employs a robust strategy. In the

robust strategy, the agent uses the framework derived above, but does not learn the

value of the unknown parameter. Instead, the agent assumes that the true parameter

θ∗ ∈ [θ, θ] where θ is the lowest possible value for the the true parameter and θ is the

highest possible value for the the true parameter and solves

v(t, x, y) = inf
α∈A0

sup
P∈P

J(t, x, y,P, α) , (5.5.1)

where the set P contains all probability measure Pθ̃, such that θ̃u ∈ [θ, θ] for all

u ∈ [t, T ].

Here, we assume that the set of possible values of the parameter θ∗ 1 is in [0.03, 0.20],

θ∗ 2 is in [0, 0.20], the terminal time is T = 10 minutes and L = 1 and c = 0.1. The

other model parameters are:

X0 = 1, S1
0 = 10, S2

0 = 5, γ = 0.5, θ∗,1 = 0.09, θ∗,2 = 0.03, r = 0.01 ,

and

θ̂10 = 0.14, θ̂20 = 0, σ1 = 0.1, σ2 = 0.3 .

We compare the investment strategy in (5.4.16) with that of an investor who knows

the drift parameter θ∗ to understand the intuition of the adaptive-robust strategy.
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Recall from (5.2.16), the perfect-knowledge strategy is given by

α∗,1
t =

θ∗,1 − r

γ σ2
1 exp(r (T − t))

and α∗,2
t =

θ∗,2 − r

γ σ2
2 exp(r (T − t))

. (5.5.2)

we repeat here for convenience for a general drift parameter θ:

α∗,1
t =

θ1 − r

γ σ2
1 exp(r (T − t))

and α∗,2
t =

θ2 − r

γ σ2
2 exp(r (T − t))

. (5.5.3)

As above, we compare the adaptive-robust strategy in (5.4.16) with the following: i)

the agent employs (5.5.2) with the true drift θ = θ∗, ii) the agent employs the robust

strategy without learning in (5.5.1), in which case the investment strategy is as in

(5.5.3) with θ1 = 0.03 and θ2 = 0, iii) the agent employs (5.5.3) with the wrong drift

parameters θ1 = 0.15 and θ2 = 0.17.

We discretise the time space into 8,000 time steps and employ 1,000 simulations to

analyse the performance of the four acquisition strategies. The left panel of Figure 5.6

shows the agent’s mean wealth process. The false strategy overestimates the expected

growth of the risky asset so it over-invests on the stock, thus the mean value of the

portfolio is higher than that of the other three strategies. On the other hand, the

right panel of the figure shows that the standard deviation of the wealth for the false

strategy is also the highest. Overall, the false strategy is the worst because the agent

is risk averse – see Figure 5.7. Finally, note that by the terminal date of the trading

horizon, the highest value function is that of the perfect-knowledge strategy followed

by that of the adaptive-robust strategy.
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Figure 5.6: mean wealth process and standard deviation of the wealth process plot

From figure (5.6), we see that the wealth process of the correct parameter has

a similar performance with the adaptive-robust. Although the false optimal control
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gives us the higher mean of the wealth process, it has a much higher standard deviation

compare to the adaptive-robust portfolio and true portfolio.
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Figure 5.7: 95 percent value at risk and value function plot

From figure (5.7), we see that the wealth process of the false portfolio has a

high value at risk. The value function shows that the adaptive-robust control under

performance all portfolio when time is close to an initial time since the agent does not

have a knowledge much about the unknown parameter. As time increasing, the value

function of the adaptive-robust portfolio increases significantly as the adaptive-robust

agent has a better estimation of the unknown parameter.
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Appendix A

Appendix for Chapter 3

A.1 Additional proof

A.1.1 Proof of Lemma 3.1.9

The existence and uniqueness of the invariant measure πθ∗ and the existence of

moments of all orders of the process X follow directly from Lemma 2.1 in Gloter,

Loukianova, and Mai (2018). By Condition 3.1.3, the Condition (CD3) in Meyn and

Tweedie (1993) holds when V (x) = |x|p. Due to Condition 3.1.2 and Theorem 6.1 in

Meyn and Tweedie (1993), there exist positive constants C1 and C2, such that∥∥∥Pθ∗,t(x, ·)− πθ∗(·)
∥∥∥
1+|x|p

=
∥∥∥Pθ∗,t(x, ·)− πθ∗(·)

∥∥∥
f
≤ C1 f(x) e

−C2 t , (A.1.1)

where f(x) = 1 +|x|p. This proves the first part of Lemma 3.1.9. Next, we use the

comparison argument on the stochastic differential equation with Condition 3.1.7,

see Appendix A.1 in Sirignano and Spiliopoulos (2020) and Theorem 3.1 in Peng and

Zhu (2006), to show that the process θt has moments of all orders. For the last two

inequalities, we notice that

Xp
t− = lim inf

s→t−
Xp

s . (A.1.2)

Then, by using Fatou’s lemma,

Ex,θ∗
[
|Xt− |p

]
≤ lim inf

s→t−
Ex,θ∗

[
|Xs|p

]
. (A.1.3)

Therefore, supt>0 Ex,θ∗
[
|Xt−|p

]
<∞. Similarly, we can show that supt>0 Ex,θ∗

[
|θt−|p

]
<

∞.

A.1.2 Proof of Lemma 3.1.13

We recall the notation from Wang (2010). Under the non-degenerate assump-

tion on the diffusion part of the process X in (3.0.1), there exists λ ≥ 0, such that
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⟨σ(x)σ(x)⊺ h, h⟩ ≥ λ |h|2 for all x and h. Denote by σλ the unique symmetric nonneg-

ative definite matrix-valued function, such that σ2
λ = σ2−λ I, where I is the identity

matrix. For x and y, define

α(x, y)λ = 1
2

∥∥σλ(x)− σλ(y)
∥∥2 , B(x, y, θ∗) = ⟨b(x, θ∗)− b(y, θ∗), x− y⟩,∥∥ν(x, ·)− ν(y, ·)

∥∥
Var,>1

=

∫
|z|>1

∣∣ν(x, dz)− ν(y, dz)
∣∣ ,

∥∥ν̃(x, ·)− ν̃(y, ·)
∥∥
Var,≥1

=
1

2

∫
U

∣∣ξ(x, z)− ξ(y, z)
∣∣2M(dz) .

(A.1.4)

We have that
∥∥ν(x, ·)− ν(y, ·)

∥∥
Var,>1

= 0 because the Lévy measure ν(·, ·) does not

depend on the first variable. Moreover, the value
∥∥ν̃(x, ·)− ν̃(y, ·)

∥∥
Var,≥1

is bounded

by C |x− y|2 for some positive constant C. Let

K(x, y, θ∗) =
αλ(x, y) +B(x, y, θ∗) +

∥∥ν̃(x, ·)− ν̃(y, ·)
∥∥
Var,≥1

|x− y|2 (1 + |x− y|)
+

∥∥ν(x, ·)− ν(y, ·)
∥∥
Var,>1

|x− y|
.

(A.1.5)

To apply Theorem A.1.4, it suffices to show that there exist δ ∈ (0, 1) and a constant

Cδ ≥ 0, such that for any x, y ∈ Rd with |x− y| ≤ δ,

(K(x, y, θ∗) + Cδ) |x− y| ≤ 2λ

1 + |x− y|2
. (A.1.6)

From Condition 3.1.6 let λ = C1/2 where C1 ≤ σ2(x). From Condition 3.1.1, we have

that

αλ(x, y) =
1

2

∥∥σλ(x)− σλ(y)
∥∥2 = 1

2

(
σ2
λ(x)− σ2

λ(y)

σλ(x) + σλ(y)

)2

≤ CL

(
σ(x) + σ(y)

σλ(x) + σλ(y)

)2

|x− y|2 ≤ C̃1 |x− y|2 ,

(A.1.7)

where CL is Lipschitz coefficient of σ(x) and for all |x− y| ≤ 1

B(x, y, θ∗) = ⟨b(x, θ∗)− b(y, θ∗), x− y⟩ ≤ C̃2 |x− y|2 , (A.1.8)

where C̃1 and C̃2 are positive constants that do not depend on x, y. We choose

δ = min{ 2λ /(C + C̃1 + C̃2), 1 } and Cδ = 0, therefore for all x and y, such that

|x− y| ≤ δ, we have that

K(x, y, θ∗) + Cδ ≤
C + C̃1 + C̃2

1 +|x− y|
|x− y| ≤

δ
(
C + C̃1 + C̃2

)
1 +|x− y|2

≤ 2λ

1 +|x− y|2
.

(A.1.9)
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Thus, (A.1.5) holds and we use Theorem A.1.4 to show the locally Lipschitz property

of the function Ptf(x, θ). Let x, y be any two points and define

f̃(u, θ) :=


f(m, θ), m ∈ [x, y] ,

f(y, θ), m > y ,

f(x, θ), m < x .

It is not hard to show that the function f̃ is Lipschitz with the constant bounded by

C (1 + |x|q + |y|q). The result of the Lemma follows directly from Theorem A.1.4.

Lemma A.1.1. Suppose that Conditions 3.1.1 to 3.1.6 hold. Then for all p > 0 and

all t, there exists a constant K > 0, such that

Ex

[
sup
0≤s≤t

|Xs|p
]
≤ K t1/2 .

Proof. From Lemma 3.1.9, we have

Ex|Xt|2p ≤ C
(
1 +|x|2p

)
.

Let f(x) = |x|2 p and use Itô’s Lemma to write

f(Xt) = f(x) +

∫ t

0

Af(Xs) ds+Gt + Jt ,

where A is the infinitesimal generator of the process X

Gt :=

∫ t

0

∇f(Xs)σ(Xs) dBs ,

Jt :=

∫ t

0

∫
1{|z|≤1}(z)(f(Xs− + ξ(Xs− , z))− f(Xs−)) µ̃(ds, dz)

+

∫ t

0

∫
1{|z|>1}(z)(f(Xs− + ξ(Xs− , z))− f(Xs−)) µ̃(ds, dz)

= J1
t + J2

t ,

(A.1.10)

where J1
t and J2

t represent the two double integrals, respectively, in the equation

above. Therefore, we have the following bound:

Ex

[
sup
0≤s≤t

f(Xs)

]
≤ f(x) +

∫ t

0

Ex

[∣∣Af(Xs)
∣∣ ] ds+ Ex

[
sup
0≤s≤t

Gt

]
+ Ex

[
sup
0≤s≤t

Jt

]
.

(A.1.11)

Next, consider the second, third, and fourth terms on the right-hand side of (A.1.11).

The quantity
∣∣Af(Xs)

∣∣ in the second term obeys the upper bound:∣∣Af(Xs)
∣∣ = 2 p |Xs|2 p−2 ⟨Xs, b(Xs)⟩+ p |Xs|2 p−2Tr

[(
(p− 2) [X i

sX
j
s ]

d
i,j=1|Xs|−2 + Id

)]
σ(Xs)

2
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+

∫ (
f(Xs + ξ(Xs, z))− f(Xs)−∇f(Xs) ξ(Xs, z) 1|z|≤1(z)

)
ν(dz)

≤ C1 |Xs|2 p ,

where the last inequality follows from the condition 3.1.3. Therefore, by Lemma 3.1.9,

we obtain that ∫ t

0

Ex

[∣∣Af(Xs)
∣∣ ] ds ≤ C1 t (1 +|x|2p) (A.1.12)

To bound the third term, employ the BDG inequality to obtain

Ex

[
sup
0≤s≤t

Gt

]
≤ C Ex

[
[G,G]1/2t

]
≤ C Ex

[
[G,G]t

]1/2
= C Ex

[∫ t

0

|Xs|4 p−4 X2
s σ

2(Xs) ds

]1/2

≤ C2 Ex

[∫ t

0

|Xs|4 p−2 ds

]1/2
≤ C3 t

1/2 (1 +|x|4 p−2)1/2 ,

(A.1.13)

where C3 is a constant that does not depend on x and t, the fourth inequality follows

from the non degenerate assumption in condition 3.1.3 , and the last inequality follows

from Lemma 3.1.9.

To bound the forth term, recall that Jt = J1
t + J2

t and apply the BDG inequality

to the jump part J1
t and write

Ex

[
sup
0≤s≤t

J1
t

]
≤ C Ex

[
[J1, J1]

1/2
t

]
≤ C Ex

[
[J1, J1]t

]1/2
= C Ex

[∫ t

0

∫
1{|z|≤1}(z)

(
f(Xs− + ξ(Xs− , z))− f(Xs−)

)2
ν(dz) ds

]1/2
.

For |z| ≤ 1, from the elementary inequality |x+ y|p ≤ 2p
(
|x|p +|y|p

)
, we have that∣∣f(Xs− + ξ(Xs− , z))− f(Xs−)

∣∣ ≤ C
(
|Xs−|2 p +

∣∣ξ(Xs− , z)
∣∣2 p)

≤ C3

(
|Xs− |2 p +|Xs− |2 p

)
,

where the last inequality follows from Condition 3.1.3. Therefore, based on the last
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two inequalities we write

Ex

[
sup
0≤s≤t

J1
t

]
≤ C Ex

[∫ t

0

∫
1{|z|≤1} |Xs− |4 p ν(dz) ds

]1/2

≤ C

(∫ t

0

Ex|Xs−|4 p ds

)1/2

≤ C t1/2 (1 +|x|4 p)1/2.

(A.1.14)

Similarly, for the jump part J2, by the BDG inequality, we have that

Ex

[
sup
0≤s≤t

J2
t

]
= C Ex

[∫ t

0

∫
1{|z|>1}(z) (f(Xs− + ξ(Xs− , z))− f(Xs−))

2 ν(dz) ds

]1/2

≤ C Ex

[∫ t

0

∫
1{|z|>1}(z)

(
|Xs|4 p +

∣∣ξ(Xs− , z)
∣∣4 p) ν(dz) ds]1/2

≤ C Ex

[∫ t

0

∫
1{|z|>1}(z) |Xs|4 p (1 +|z|4 p) ν(dz) ds

]1/2
≤ C t1/2 (1 +|x|4 p)1/2 ,

(A.1.15)

because the value
∫
|z|4 p ν(dz) is finite from Condition 3.1.3.

Therefore, to finalise the proof of the Lemma, combine equations (A.1.12), (A.1.13),

(A.1.14), (A.1.15) to show that for all t > 0,

Ex

[
sup
0≤s≤t

|Xs|p
]
≤ Ex

[
sup
0≤s≤t

|Xs|2p
]1/2

≤ K t1/2 ,

for some constant K.

Lemma A.1.2. Time reversibility. The process (Xt, θt) is a time reversible pro-

cess.

Proof. First, we recall the result in Jacod and Protter (1988) that Lévy processes are

time-reversible. We define the following notation

X̂t = XT−t and X̃t = X̂t+.

Then, the result follows directly from the proof of Theorem 4.6 in Errami, Russo, and

Vallois (2002).

Lemma A.1.3. Convergence of the function G̃

lim
k→∞

∫ t

0

∇xGk(Xs, θ) d[X,B]s =

∫ t

0

G̃(Xs, θ) d[X,B]s , (A.1.16)
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Proof. Let H(x, θ) := limk→∞∇xGk(x, θ). The function H is a weak derivative with

respect to x of the function G(x, θ). Therefore, for each θ, H(x, θ) = G̃(x, θ) almost

everywhere. Moreover, we have that the functions H(x, θ) and ∇xGk(x, θ) are uni-

formly dominated by C (1 +|x|q) by an elementary calculation. Next, we apply the

dominated convergence theorem to obtain

lim
k→∞

∫ t

0

∇xGk(Xs, θ) d[X,B]s =

∫ t

0

H(Xs, θ) d[X,B]s , (A.1.17)

P-almost surely because the function ∇θGk is dominated by C (1 +|x|q).
Now, it remains to show that∫ t

0

H(Xs, θ) d[X,B]s =

∫ t

0

G̃(Xs, θ) d[X,B]s .

By the Cauchy–Schwarz inequality, we have

E

[∫ t

0

(
H(Xs, θ) − G̃(Xs, θ)

)
d[X,B]s

]2
≤ E

[∫ t

0

(
H(Xs, θ) − G̃(Xs, θ)

)2
d[X,B]s

]
E

[∫ t

0

1{Xt ̸∈diff(G)} d[X,B]s

]
,

(A.1.18)

where 1{x ̸∈diff(G)} is 1 when the function G is differentiable at x and 0 otherwise.

Note that the first expectation is finite because the function H and G̃ are domi-

nated by C (1 +|x|q) and the second expectation is equal to zero (see Theorem 1.2 in

Lowther (2010)). This implies that∫ t

0

H(Xs, θ) d[X,B]s =

∫ t

0

G̃(Xs, θ) d[X,B]s (A.1.19)

P-almost surely.

We use the theorem below (Theorem 2.2 in Wang (2010)) in the proof of Lemma

3.1.13.

Theorem A.1.4. Suppose Conditions 3.1.1 to 3.1.7 hold. Let the function f be

Lipschitz and let t ≥ 0. If the process Xt follows (3.0.1), then

∣∣Exf(Xt)− Eyf(Xt)
∣∣ ≤ {(2 + δ−1) exp(−Cδ t)C(f) |x− y|, |x− y| ≤ δ

2 δ−1 ∥f∥ |x− y|, |x− y| > δ,

where Exf(Xt) = E
[
f(Xt) |X0 = x

]
, ∥f∥ is the supremum norm of the function f ,

and C(f) depends on ∥f∥ and the Lipschitz constant of f .
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Definition A.1.5. Let ν be a (non-negative) measure on a measurable space (X,Σ).

The support of ν is a subset of the σ-algebra Σ, which is given by

supp(ν) = {A ∈ Σ | ν(A) > 0} ,

where B is the closure of the set B for B ∈ Σ.
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Appendix B

Appendix for Chapter 4

B.1 Proofs

B.1.1 Proof of Lemma 4.1.5

We follow the proofs of Neufeld and Nutz (2014) and Fadina, Neufeld, and Schmidt (2018).

From theorem 2.6 in Neufeld and Nutz (2014), the set Pac
sem(Ω) is Borel measurable

in P(Ω). Therefore, the set

{(ω, t,P) ∈ Ω× [0, T ]×Pac
sem(Ω) | P(X̃t = ωt) = 1} ,

is Borel measurable. Recall that the processes γP, a, and F P
ω̃,t are the drift char-

acteristic, the volatility characteristic, and the jump characteristic, respectively, of

the process Xt under the probability measure P. From Theorem 2.6 in Neufeld and

Nutz (2014),

(ω̃, s,P) 7→ (ω̃, s, γPs (ω̃), as(ω̃), F
P
ω̃,t)

is Borel measurable. From Assumption 4.1.3, the set

{(ω̃, s,P) ∈ Ω×[0, T ]×Pac
sem(Ω)| s > t, (γPs (ω̃), as(ω̃), F

P
ω̃,t) ∈ b∗(s, ω̃s)×as(ω̃s)×Ls(ω̃s)}

is Borel measurable. Therefore, the set

E :=
{
(ω, t,P, ω̃, s) ∈ Ω× [0, T ]×Pac

sem(Ω)× Ω× [0, T ]
∣∣∣s > t,

P({X̃s = ωt , 0 ≤ s ≤ t}) = 1, (γPs (ω̃), as(ω̃), F
P
ω̃,t) ∈ b∗(s, ω̃s)× as(ω̃s)× Ls(ω̃s)

}
is Borel measurable. Then, by Fubini’s Theorem, see Appendix B.2.1 below, we

obtain the Borel measurable mapping

(ω, t,P, ω̃) 7→
∫ T

0

1E(ω, t,P, ω̃, s)1(t,T ](s) ds .
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The set

E
′
:=
{
(ω, t,P, ω̃) ∈ Ω× [0, T ]×Pac

sem(Ω)× Ω
∣∣∣ ∫ T

0

1E(ω, t,P, ω̃, s)1(t,T ](s) ds = T − t
}

is Borel measurable because the inverse image of a Borel measurable mapping is

also Borel measurable. Therefore, by a monotone class argument, we have that

(ω, t,P) 7→ EP[1E
′ (ω, t,P, ·)] is a Borel measurable function. Therefore, the following

result completes the proof:

{(ω, t,P) ∈ Ω× [0, T ]×P(Ω) | P ∈ P(t, ω(t))}

=
{
(ω, t,P) ∈ Ω× [0, T ]×Pac

sem(Ω)
∣∣∣ EP[1E′ (ω, t,P, ·)] = 1

}
,

where the set on the right-hand side of the equality above is Borel measurable because

(ω, t,P) 7→ EP[1E′ (ω, t,P, ·)] is a Borel measurable function.

B.1.2 Proof of Lemma 4.1.6

From the definition of a probability measure Pτ,ω, we have that for P− a.s. ω̄ ∈ Ω:

EP

[∫ T

τ

f(s, Ys, αs) ds+ g(YT ) | Fτ

]
(ω̄)

= EPτ(ω̄),ω̄

[∫ T

τ(ω̄)

f
(
s, (Ys)

τ(ω̄),ω̄, ατ(ω̄),ω̄
s

)
ds+ g

(
Y

τ(ω̄),ω̄
T

)]

= EPτ(ω̄),ω̄

[∫ T

τ(ω̄)

f
(
s, Ys, α

τ(ω̄),ω̄
s

)
ds+ g(YT )

]
,

where the last equation follows because of the path uniqueness of the process Y .

B.1.3 Proof of Lemma 4.1.7

First, due to Assumption 4.1.4, the functions J , w, and v are finite. Next, we

check the regularity of the function J . Use a similar argument to that in Lemma

3.3 in Pham and Wei (2017) to show that for a fixed measure P the function J is

continuous with respect to t, x, y, α. Write the function J(t, x, y,P, α) as

J(t, x, y,P, α) =
∫
Ω

∫ T

t

f(s, Ys(ω), αs(ω)) ds+ g(YT (ω))P(dω) .

For fixed t, x, y, α, the mapping ω 7→ Ys(ω), ω 7→ αs(ω) is Borel measurable for all

s ∈ [t, T ]. Apply Corollary 7.29.1 in Bertsekas and Shreve (1996) to show that the
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function J is Borel measurable with respect to P. Therefore, by the Carathéodory

theorem (see Appendix 2.1.5) the function J is Borel measurable. Recall that the set

{(ω, t,P) ∈ Ω × [0, T ] × P(Ω) | P ∈ P(t, ω(t))} is Borel measurable. Therefore, all

conditions in Lemma B.1.1 hold, which completes the proof.

B.1.4 Proof of Lemma B.1.1

Lemma B.1.1. Let A,X, Y, Z be metrizable separable spaces. Let J be a Borel mea-

surable function on X × Y × Z and let J(x, y, z) be a continuous function in the

variable y. Define w(x, y) := supz∈B(x) J(x, y, z) and v
∗(x) := infy∈Aw(x, y). Assume

that the sets {(x, z)| z ∈ B(x)} and {(x, y)| y ∈ A} are Borel measurable and w and

v∗ are finite. Then we have the following results:

(a) The function w is upper semianalytic and LX ⊗BY -measurable.

(b) The function v∗ is universally measurable, and for any ϵ > 0 there exists a

universally measurable ϵ-minimax strategy.

This Lemma is a modification of Theorem 1 in Nowak (2010). We replace the

σ-compact assumption on the set B(x) with the continuity of the function J on the

second variable because the σ-compact assumption is not satisfied in our framework.

(a) From a standard measurable selection, the function w is upper semianalytic,

and w(·, y) is LX-measurable. Let

fn(x, y, z, b) := J(x, b, z) + n d(y, b), Jn(x, y, z) := inf
b∈A

fn(x, y, z, b) ,

and define the function wn as a lower envelope for the function w

wn(x, y) := sup
z∈B(x)

Jn(x, y, z) ,

where d is a metric distance in the space A. Note that the function fn is continuous

in the variables y and b, and that the space A is separable. Then, write the function

Jn as the infimum of the countable measurable function

Jn(x, y, z) = inf
k∈N

fn(x, y, z, bk) ,

where {b1, .., bk, ..} is the countable dense subset in A. Therefore, Jn is Borel measur-

able and continuous in y. By the DPP, the function wn is upper semianalytic, and

hence wn(·, y) is LX-measurable. Now, use the inequality∣∣wn(x, y)− wn(x, y
′)
∣∣ ≤ sup

z∈B(x)

∣∣Jn(x, y, z)− Jn(x, y
′, z)
∣∣
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≤ sup
z∈B(x)

sup
b∈A

∣∣fn(x, y, z, b)− fn(x, y
′, z, b)

∣∣ ≤ n d(y, y′)

to check that the function wn is continuous in y.

Therefore, by the Carathéodory Theorem 2.1.5, the function wn is LX ⊗ BY -

measurable. From the definition of the functions fn, we have that Jn ≤ Jn+1, wn ≤
wn+1, and wn ≤ w. Thus, limn→∞wn(x, y) ≤ w(x, y). Next, we prove that the reverse

inequality holds by showing that

lim
n→∞

Jn(x, y, z) = J(x, y, z) .

Assume there exists x, y, z such that limn→∞ Jn(x, y, z) < J(x, y, z). Therefore, there

exists an ϵ > 0 and N ∈ N such that Jn(x, y, z)+ ϵ < J(x, y, z) for all n ≥ N . Hence,

there exists a sequence b̃n such that

J(x, b̃n, z) + n d(y, b̃n) +
ϵ

2
< J(x, y, z) ,

for all n ≥ N . Because the function J(x, ·, z) is continuous, the sequence b̃n ∈ A

converges to y, and this leads to a contradiction. Therefore, the limit of function Jn

is equal to J , and hence

lim
n→∞

sup
z∈B(x)

Jn(x, y, z) ≥ sup
z∈B(x)

lim
n→∞

Jn(x, y, z) = sup
z∈B(x)

J(x, y, z) = w(x, y) .

Thus, limn→∞wn(x, y) ≥ w(x, y), and limn→∞wn(x, y) = w(x, y), so the function

w is also LX ⊗ BY -measurable. The rest of the proof follows from Theorem 1 in

Nowak (2010).

B.2 Additional definitions and theorems

Theorem B.2.1. (Fubini’s Theorem) Let µ and v be σ-finite outer measures on X

and Y respectively. For any non-negative µ× v-measurable function f ,

x 7→ f(x, y) is µ−measurable for v-a.e. ,

y 7→
∫
X

f(x, y) dµ(x) is µ−measurable .

Definition B.2.2. (Hausdorff metric) Let (M,d) be a metric space and let X, Y be

non-empty subsets of the space M . The Hausdorff metric is given by

dhaus(X, Y ) := max

{
sup
x∈X

inf
y∈Y

d(x, y), sup
y∈Y

inf
x∈X

d(x, y)

}
.
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Definition B.2.3. (Analytic set and analytically measurable function)

(i) Let E be a Borel space, then a subset B is an analytic set in E if there is

another Borel space F and a Borel subset A ⊆ E × F such that B = πE(A). A

subset C ⊆ E is co-analytic if its complement Cc is analytic.

(ii) A function g : E → R = R ∪∞ is upper semianalytic if {x ∈ E : g(x) > c} is

analytic for every c ∈ R.

(iii) Let E be a Borel set and A(E) denote a σ-field generated by all analytic subsets.

A function f : E → F , where F is a Borel set, is analytically measurable if

f−1(C) ∈ A(E) for every C ∈ B(F ).

Definition B.2.4. Let (Ω,F) be a measurable space, the universal completion of F
is the σ-field defined as the intersection of FP for all probability measures P ∈ P(Ω)

on (Ω,F) i.e.,

FU :=
⋂

P∈P(Ω)

FP.

A function f from (Ω,F) to E is called universally measurable, if f−1(A) ∈ FU

for each A ∈ B(E).

Definition B.2.5. Let (S,Σ) be a measurable space, and let X and Y be topological

spaces. A function f : S ×X → Y is a Carathéodory function if:

1. For each x ∈ X, the function fx = f(·, x) : S → Y is (Σ,BY )-measurable.

2. For each s ∈ S, the function fs = f(s, ·) : X → Y is continuous.

Theorem B.2.6. Let (S,Σ) be a measurable space, X a separable metrizable space,

and Y a metrizable space. Then every Carathéodory function f : S × X → Y is

jointly measurable.
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Appendix C

Appendix for Chapter 5

C.1 Proof of the convergence of the estimator in

(5.2.8)

Let I1 = 1 and I2 = ρ, apply Itô’s Lemma to exp(
∫ t

0
βs ds) θ̂

i
t and write

exp

(∫ t

0

βs ds

)
θ̂it =θ̂

i
0 +

∫ t

0

exp

(∫ s

0

βu du

)
dθ̂is +

∫ t

0

βs exp

(∫ s

0

βu du

)
θ̂is ds

= θ̂it +

∫ t

0

θ∗,i βs exp

(∫ s

0

βu du

)
ds+

∫ t

0

σi 1 βs exp

(∫ s

0

βu du

)
dW i

s

+

∫ t

0

Ii σi 2 βs exp

(∫ s

0

βu du

)
dWm

s .

Therefore,

θ̂it = θ̂i0 exp

(
−
∫ t

0

βs ds

)
+

∫ t

0

θ∗,i βs exp

(
−
∫ t

s

βu du

)
ds

+

∫ t

0

σi 1 βs exp

(
−
∫ t

s

βu du

)
dW i

s +

∫ t

0

Ii σi 2 βs exp

(
−
∫ t

s

βu du

)
dWm

s

= θ̂i0

(
1

1 + t

)L

+ L

(∫ t

0

θ∗,i
(1 + s)L−1

(1 + t)L
ds+

∫ t

0

σi 1
(1 + s)L−1

(1 + t)L
dW i

s +

∫ t

0

Ii σi 2
(1 + s)L−1

(1 + t)L
dWm

s

)
.

Therefore, for all values of the learning rate parameter L, the mean of θ̂it is

θ̂i0

(
1

1 + t

)L

+ θ∗,i
(
1− 1

(1 + t)L

)
,
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and when L ̸= 1/2, the variance of θ̂it is

(σ2
i 1+I

2
i σ

2
i 2)

∫ t

0

L2 12L−2

(1 + s)2L
ds = (σ2

i 1+I
2
i σ

2
i 2)

L2

2L− 1

(
(1 + t)2L−1

(1 + t)2L
− (1)2L−1

(1 + t)2L

)
,

and when L = 1/2, the variance of θ̂it is

(σ2
i 1 + I2i σ

2
i 2)

∫ t

0

L2 (1 + s)2L−2

(1 + t)2L
ds =

(σ2
i 1 + I2i σ

2
i 2)

4

(
log(1 + t)

1 + t

)
.

For each ϵ > 0

P∗
(∣∣∣θ̂it − θ∗,i

∣∣∣ > ϵ

)
≤

EP∗
[
(θ̂it − θ∗,i)2

]
ϵ2

≤ Cϵ max

{
log(1 + t)

1 + t
,

1

1 + t

}
(C.1.1)

where Cϵ is a constant that depends on ϵ. Then, we have that θ̂it converges to θ
∗,i in

probability as t go to infinity.

C.2 Proof of the finiteness of the value function

First, we notice that there exists a constantM such thatM ≥ U(X) for allX ∈ R,
which implies v ≤ M . Let α = 0 is a constant admissible process, then the random

variable Xα
T = X er (T−t) because under this control process α the agent invests only

the risk-free asset. Then, substitute Xα
T to obtain

v(t,X, S, θ̂) ≥ inf
P∈P(t,x,G)

EP
[
−e−γ X er (T−t)

]
= −e−γ X er (T−t)

, (C.2.1)

since the value inside the expectation is deterministic. Therefore, v > −∞ and

implies that v is finite.

C.3 Additional details in the proof of Proposition

5.2.1

C.3.1 First part

1) If βt ∂θ̂U − αU ∈ R+,+ (first quadrant of R2), then

sup
θ̃∈G(t,θ̂)

{
βt (θ̃ − θ̂) ∂θ̂U − α⊺

(
θ̃ − 1 r

)
U + 1

2
α⊺ ΣαU − βt α

⊺Σ ∂θ̂ U

}
= βt c/

√
1 + t1⊺ ∂θ̂U − α⊺

(
θ̂ − 1 (r − c/

√
1 + t)

)
U + 1

2
α⊺ΣαU − βt α

⊺ Σ ∂θ̂ U ,

(C.3.1)
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and the infimum is attained at either

α∗ = βt
∂θ̂U

U
or α∗ = Σ−1

(
θ̂ − 1 r + 1+,+ c/

√
1 + t)

)
+ βt

∂θ̂ U

U
, (C.3.2)

or

α∗ ,1 = βt
∂θ̂1U

U
and α∗ ,2 =

θ̂2 − r + c/
√
1 + t

σ2
2

+ βt
∂θ̂2 U

U
, (C.3.3)

or

α∗ ,2 = βt
∂θ̂2U

U
and α∗ ,1 =

θ̂1 − r + c/
√
1 + t

σ2
1

+ βt
∂θ̂1 U

U
. (C.3.4)

2) If βt ∂θ̂U − αU ∈ R−,+ (second quadrant of R2), the infimum is attained at

either

α∗ = βt
∂θ̂U

U
or α∗ = Σ−1

(
θ̂ − 1 r + 1− ,+ c/

√
1 + t

)
+ βt

∂θ̂ U

U
, (C.3.5)

or

α∗ ,1 = βt
∂θ̂1U

U
and α∗ ,2 =

θ̂2 − r + c/
√
1 + t

σ2
2

+ βt
∂θ̂2 U

U
, (C.3.6)

or

α∗ ,2 = βt
∂θ̂2U

U
and α∗ ,1 =

θ̂1 − r − c/
√
1 + t

σ2
1

+ βt
∂θ̂1 U

U
. (C.3.7)

3) If βt ∂θ̂U−αU ∈ R−,− (third quadrant of R2), the infimum is attained at either

α∗ = βt
∂θ̂U

U
or α∗ = Σ−1

(
θ̂ − 1 r + 1− ,− c/

√
1 + t)

)
+ βt

∂θ̂ U

U
, (C.3.8)

or

α∗ ,1 = βt
∂θ̂1U

U
and α∗ ,2 =

θ̂2 − r − c/
√
1 + t

σ2
2

+ βt
∂θ̂2 U

U
, (C.3.9)

or

α∗ ,2 = βt
∂θ̂2U

U
and α∗ ,1 =

θ̂1 − r − c/
√
1 + t

σ2
1

+ βt
∂θ̂1 U

U
. (C.3.10)

4) If βt ∂θ̂U − αU ∈ R+,− (fourth quadrant of R2), the infimum is attained at

either

α∗ = βt
∂θ̂U

U
or α∗ = Σ−1

(
θ̂ − 1 r + 1+ ,− c/

√
1 + t)

)
+ βt

∂θ̂ U

U
, (C.3.11)

or

α∗ ,1 = βt
∂θ̂1U

U
and α∗ ,2 =

θ̂2 − r − c/
√
1 + t

σ2
2

+ βt
∂θ̂2 U

U
, (C.3.12)

or

α∗ ,2 = βt
∂θ̂1U

U
and α∗ ,1 =

θ̂1 − r + c/
√
1 + t

σ2
1

+ βt
∂θ̂1 U

U
. (C.3.13)
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C.3.2 Second part

Consider θ̂ ∈ A−,− and we can divide the value α in the following four cases.

Case 1. βt ∂θ̂U − αU ∈ R+,+, then the infimum is attained at

α∗ = Σ−1
(
θ̂ − 1 r + 1+,+ c/

√
1 + t)

)
+ βt

∂θ̂ U

U
,

since θ̂ ∈ A−,−.

Case 2. βt ∂θ̂U − αU ∈ R−,+. Note that from θ̂ ∈ A−,−, implies that

θ1 − r +
c√
1 + t

≤ 0 and σ2
2

(
θ̂1 − r +

c√
1 + t

)
≤ ρ σ2

c

(
θ̂2 − r +

c√
1 + t

)
.

Therefore, the value βt ∂θ̂U − αU /∈ R−,+ when

α2 = βt
∂θ̂2U

U
and α1 = (σ2

1)
−1
(
θ̂1 − r − c/

√
1 + t)

)
+ βt

∂θ̂1 U

U
, (C.3.14)

or

α = Σ−1
(
θ̂ − 1 r + 1−,+ c/

√
1 + t)

)
+ βt

∂θ̂ U

U
.

Therefore, the infimum is possibly attained at

α1 = βt
∂θ̂1U

U
and α2 = (σ2

2)
−1
(
θ̂2 − r + c/

√
1 + t)

)
+ βt

∂θ̂2 U

U
, (C.3.15)

or α = βt∂θ̂U/U .

Case 3. βt ∂θ̂U − αU ∈ R+,−. Similarly to the Case 2, the infimum is possibly

attained at

α2 = βt
∂θ̂2U

U
and α1 = (σ2

1)
−1
(
θ̂1 − r + c/

√
1 + t)

)
+ βt

∂θ̂1 U

U
, (C.3.16)

or α = βt∂θ̂U/U .

Case 4. βt ∂θ̂U − αU ∈ R+,−. It is easy to check that the infimum is only attained

at α = βt∂θ̂U/U .

Note that all possible optimal strategies is in the form K + βt∂θ̂U/U . Therefore,

we substitute into (C.3.1). Therefore, we have that

sup
θ̃∈G(t,x)

{
βt (θ̃ − θ̂) ∂θ̂U − (K + βt∂θ̂U/U)

⊺
(
θ̃ − r

)
U

}
+

1

2
U K⊺ΣK − β2

t

2U
∂θ̂U

⊺ Σ ∂θ̂U ,

(C.3.17)

and it suffices to not consider the last term which is common to all possible strategy.
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Case 1. K = Σ−1
(
θ̂ − 1 r + 1+,+ c/

√
1 + t)

)
and βt ∂θ̂U − αU ∈ R+,+, then

(C.3.17) is

βt c√
1 + t

(∂θ1U + ∂θ2U)−
βt( ∂θU)

⊺

U

(
θ̂ − 1 r + 1+,+ c/

√
1 + t)

)
U

− 1

2

(
θ̂ − 1 r + 1+,+ c/

√
1 + t)

)⊺
Σ−1

(
θ̂ − 1 r + 1+,+ c/

√
1 + t)

)
= βt( ∂θU)

⊺
(
θ̂ − 1 r

)
− 1

2

(
θ̂ − 1 r + 1+,+ c/

√
1 + t)

)⊺
Σ−1

(
θ̂ − 1 r + 1+,+ c/

√
1 + t)

)
(C.3.18)

Similarly, for Case 2, we have that (C.3.17) is

βt( ∂θU)
⊺
(
θ̂ − 1 r

)
− 1

2

(
θ̂2 − r + c/

√
1 + t)

)⊺
(σ2

2)
−1
(
θ̂2 − r + c/

√
1 + t)

)
(C.3.19)

Similarly, for Case 3, we have that (C.3.17) is

βt( ∂θU)
⊺
(
θ̂ − 1 r

)
− 1

2

(
θ̂1 − r + c/

√
1 + t)

)⊺
(σ2

1)
−1
(
θ̂1 − r + c/

√
1 + t)

)
(C.3.20)

Similarly, for Case 4, we have that (C.3.17) is

βt( ∂θU)
⊺
(
θ̂ − 1 r

)
(C.3.21)

Then, it is straight forward to check Case 1 has the minimal value and for the other

regions, we follow the same argument and this completes the proof.

C.3.3 Third part

Next, we solve the inf-sup problem in (5.2.27) for each θ̂ in the nine non-overlapping

investment regions of R2 discussed above.

If θ̂ ∈ A−,− ⊂ R2, the optimal investment strategy is

α∗ = Σ−1
(
θ̂ − 1 r + 1+,+ c/

√
1 + t

)
− βt ∂θ̂H , (C.3.22)

and

C(t, θ̂) = −U
(
βt (1 r − θ̂)⊺ ∂θ̂H + F (t, θ̂)

)
. (C.3.23)

If θ̂ ∈ A+,− ⊂ R2, the optimal strategy is

α∗ = Σ−1
(
θ̂ − 1 r + 1−,+ c/

√
1 + t)

)
− βt ∂θ̂H , (C.3.24)

and

C(t, θ̂) = −U
(
βt (1 r − θ̂)⊺ ∂θ̂H + F (t, θ̂)

)
. (C.3.25)
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If θ̂ ∈ A−,+ ⊂ R2, the optimal strategy is

α∗ = Σ−1
(
θ̂ − 1 r + 1+,− c/

√
1 + t)

)
− βt ∂θ̂H , (C.3.26)

and

C(t, θ̂) = −U
(
βt (1 r − θ̂)⊺ ∂θ̂H + F (t, θ̂)

)
. (C.3.27)

If θ̂ ∈ A+,+ ⊂ R2 , the optimal strategy is

α∗ = Σ−1
(
θ̂ − 1 r + 1−,− c/

√
1 + t)

)
− βt ∂θ̂H , (C.3.28)

and

C(t, θ̂) = −U
(
βt (1 r − θ̂)⊺ ∂θ̂H + F (t, θ̂)

)
. (C.3.29)

If θ̂ ∈ A0,− ⊂ R2, then

α∗ ,1 = −βt ∂θ̂1 H and α∗ ,2 =
θ̂2 − r + c/

√
1 + t

σ2
2

− βt ∂θ̂2 H , (C.3.30)

and

C(t, θ̂) = −U
(
βt (1 r − θ̂)⊺ ∂θ̂H +

1

2

(
θ̂2 − r + c/

√
1 + t

) 1

σ2
2

(
θ̂2 − r + c/

√
1 + t

))
.

(C.3.31)

If θ̂ ∈ A+,0 ⊂ R2, then

α∗ ,1 =
θ̂1 − r − c/

√
1 + t

σ2
1

− βt ∂θ̂1 H and α∗ ,2 = −βt ∂θ̂2 H , (C.3.32)

and

C(t, θ̂) = −U
(
βt (1 r − θ̂)⊺ ∂θ̂H +

1

2

(
θ̂1 − r − c/

√
1 + t

) 1

σ2
1

(
θ̂1 − r − c/

√
1 + t

))
.

(C.3.33)

If θ̂ ∈ A0,+ ⊂ R2, then

α∗ ,1 = −βt ∂θ̂1 H and α∗ ,2 =
θ̂2 − r − c/

√
1 + t

σ2
2

− βt ∂θ̂2 H , (C.3.34)

and

C(t, θ̂) = −U
(
βt (1 r − θ̂)⊺ ∂θ̂H +

1

2

(
θ̂2 − r − c/

√
1 + t

) 1

σ2
2

(
θ̂2 − r − c/

√
1 + t

))
.

(C.3.35)

If θ̂ ∈ A−,0 ⊂ R2, then

α∗ ,1 =
θ̂1 − r + c/

√
1 + t

σ2
1

− βt ∂θ̂1 H and α∗ ,2 = −βt ∂θ̂2 H , (C.3.36)
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and

C(t, θ̂) = −U
(
βt (1 r − θ̂)⊺ ∂θ̂H +

1

2

(
θ̂1 − r + c/

√
1 + t

) 1

σ2
1

(
θ̂1 − r + c/

√
1 + t

))
.

(C.3.37)

If θ̂ ∈ A0,0 ⊂ R2, then

α∗ = −βt ∂θ̂H , (C.3.38)

and

C(t, θ̂) = −U
(
βt (1 r − θ̂)⊺ ∂θ̂H

)
. (C.3.39)

C.4 Proof of Proposition 5.2.2

Let c = 0 in Proposition 5.2.1 to obtain (5.2.30) and (5.2.31). Next, we show

(5.2.32). Denote the variance of the random variable X and the covariance be-

tween the random variables X and Y by V ar(X) and Cov(X, Y ), respectively. From

(5.2.31), we have that

H̄0(t, θ̂) =
1

2 (σ2
1 σ

2
2 − ρ2 σ4

c )

×
∫ T

t

(
σ2
2EP∗ [

(Z1
u − r)2

]
+ σ2

1EP∗ [
(Z2

u − r)2
]
− 2ρσ2

cEP∗ [
(Z1

u − r)(Z2
u − r)

])
du .

It is straightforward to compute the expectations that appear above:

EP∗ [
(Z1

u − r)2
]
= EP∗ [

(Z1
u − r)

]2
+ V ar(Z1

u) = (θ̂1 − r)2
(
1 + t

1 + u

)2L

+ V ar(Z1
u) ,

(C.4.1)

EP∗ [
(Z2

u − r)2
]
= (θ̂2 − r)2

(
1 + t

1 + u

)2L

+ V ar(Z2
u) (C.4.2)

and

EP∗ [
(Z1

u − r) (Z2
u − r)

]
= (θ̂1 − r) (θ̂2 − r)

(
1 + t

1 + u

)2L

+ Cov(Z1
u , Z

2
u) . (C.4.3)

The terms V ar(Z1
u), V ar(Z

2
u), and Cov(Z

1
u, Z

2
u) do not depend on θ̂; thus, we have

that

∂θ̂1H̄
0(t, θ̂) =

σ2
2 (θ̂1 − r)− ρ σ2

c (θ̂2 − r)

σ2
1 σ

2
2 − ρ2 σ4

c

∫ T

t

(
1 + t

1 + u

)2L

du (C.4.4)

and

∂θ̂2H̄
0(t, θ̂) =

−ρ σ2
c (θ̂1 − r) + σ2

1 (θ̂2 − r)

σ2
1 σ

2
2 − ρ2 σ4

c

∫ T

t

(
1 + t

1 + u

)2L

du . (C.4.5)

Finally, the expression in (5.2.32) follows from the two equations above.
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C.5 Proof of Lemma 5.2.3

Recall that the optimal strategy in Kim and Omberg (1996) can be written as

y∗(W,X, τ) =

(
∂WJ

−∂WWJ

) (
X(t)

σ

)
+

(
∂WXJ

−∂WWJ

)
(C.5.1)

and the partial differential equation

− ∂τJ + rW ∂WJ − y2∗ σ
2

2
∂W WJ − λX (X − X̄) ∂XJ +

σ2
X

2
∂X XJ = 0 (C.5.2)

where J(W,X, 0) = U(W ) = − exp(−γ W ). Let J(W,X, τ) = Φ(X, τ)U(W er τ ),

then by direct substitution, we have that

∂τΦ− 1

2
Φ

(
X +

σX ∂XΦ

Φ

)2

− λX (X − X̄) ∂XΦ +
σ2
X

2
∂XXΦ = 0 (C.5.3)

We then substitute Φ(X, τ) = exp(−Ĥ(x, τ)) to obtain

0 = ∂τĤ +
1

2

(
X − σX ∂XĤ

)2
+ λX (X − X̄) ∂XĤ +

1

2
σ2
X

(
∂XXĤ − (∂XĤ)2

)
= ∂τĤ +

1

2
X2 + (−σX X + λX (X − X̄)) ∂XĤ +

1

2
σ2
X

(
∂XXĤ

)
(C.5.4)

Therefore, it is easy to see that the function H above is the valid solution. Note that

the optimal strategy can be written as

y∗(W,X, τ) =

(
∂WJ

−∂WWJ

) (
X(t)

σ

)
+

(
∂WXJ

−∂WWJ

) (
σX
σ

)
=
X − σX ∂XĤ

γ er (T−t) σ
.

(C.5.5)

This completes the proof.

C.6 Proof of Proposition 5.2.4

First, we show that A(t, T, L) is an increasing function on t. Recall that

A(t, T, L) =

1− L
2L−1

(
1−

(
1+t
1+T

)2L−1
)

if L ̸= 1/2 ,

1− 1
2

(
log(1 + T )− log(1 + t)

)
if L = 1/2 .

(C.6.1)

Therefore, by direct computation, the partial derivation of A with respect to t is

∂tA(t, T, L) =

L
(1+t)2L−2

(1+T )2L−1 if L ̸= 1/2 ,
1

2 (1+t)
if L = 1/2 .

(C.6.2)
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Therefore, the partial derivative is always positive and the function A(t, T, L) is an

increasing on t. Thus, for all t ≤ T , the adjustment term satisfies A(0, T, L) ≤
A(t, T, L) ≤ A(T, T, L) = 1. Then, by substitution, we obtain the upper and lower

bounds.

C.7 Proof of Proposition 5.2.5

Next we discuss the adaptive investment strategy for four ranges of the value of

the learning rate L. If L ≥ 1, it is easy to see that the term A(0, T, L)

A(0, T, L) = 1− L

2L− 1

(
1−

(
1

1 + T

)2L−1
)
> 0 ,

for 0 ≤ t ≤ T since L/(2L− 1) ≤ 1 and(
1−

(
1 + t

1 + T

)2L−1
)

≤ 1 .

Therefore, A(t, T, L) is always positive. When L ̸= 1/2 and L < 1, we have that(
1− L

L

)1/(2L−1)

< 1 ,

since either (1− L)/L < 1 and 1/(2L− 1) > 0 or (1− L)/L > 1 and 1/(2L− 1) < 0.

We consider

tL := (1 + T )

(
1− L

L

)1/(2L−1)

− 1 . (C.7.1)

It is easy to check that A(tL, T, L) = 0. When L = 1/2, we consider

tL = (1 + T )1/2 − 1 .

It is easy to check that A(tL, T, L) = 0. From Proposition 5.2.4, the function A(t, T, L)

is an increasing function on t. Then, if t > tL, then A(t, T, L) > 0 and if t < tL, then

A(t, T, L) < 0.

C.8 Proof of Lemma 5.4.3

The second equation follows directly from the first equation. Let Z ∼ N (0, 1) and

Y = µ+ σ Z. Write

EP [Y 2 1{Y >0}
]
= EP

[
(µ+ σ Z)2 1{Z>−µ/σ}

]
= µ2

(
1− Φ(−µ/σ)

)
+ 2µσ EP [Z 1{Z>−µ/σ}

]
+ σ2 EP [Z2 1{Z>−µ/σ}

]
.

(C.8.1)
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From the density of the standard normal distribution and straightforward calcula-

tions, obtain

EP [Z 1{Z>−µ/σ}
]
=

1√
2π

∫ ∞

−µ/σ

z e−z2/2 dz =
1√
2 π

exp
(
−µ2/2σ2

)
(C.8.2)

and

EP [Z2 1{Z>−µ/σ}
]
=

∫ ∞

−µ/σ

z2 e−z2/2 dz = − 1√
2 π

µ/σ exp
(
−µ2/2σ2

)
+1−Φ(−µ/σ) .

(C.8.3)

Therefore, (C.8.1), (C.8.2), (C.8.3) imply (5.4.4).

C.9 Proof of Lemma 5.4.4

To simplify notation, let Σi = Σi(u). From Lemma 5.4.3, we write

h1(u, θ̂i) := (f 2 + Σ2
i ) (1− Φ(−f/Σi)) + f Σi ϕ(−f/Σi)

and compute its gradient with respect to θ̂:

∂θ̂ih1 = 2 f ∂θ̂if (1− Φ(−f/Σi)) + (f 2 + Σ2
i ) ∂θ̂iΦ(f/Σi)

+ Σi ϕ(−f/Σi) + f Σi ∂θ̂iϕ(−f/Σi)

= 2 f ∂θ̂if (1− Φ(−f/Σi)) + (f 2 + Σ2
i ) ∂θ̂if/Σi ϕ(f/Σi)

+ ∂θ̂if Σi ϕ(−f/Σi)− (f 2/Σi) ∂θ̂f ϕ(−f/Σi)

= 2 f ∂θ̂if (1− Φ(−f/Σi)) + 2 ∂θ̂if Σi ϕ(−f/Σi) ,

(C.9.1)

where the equation follows from ∂θ̂iΦ(f/Σi) = 1/Σi ∂θ̂if ϕ(f/Σi) and ∂θ̂iϕ(−f/Σi) =

−f/Σ2
i ∂θ̂if ϕ(−f/Σi). Similarly, write

h2(u, θ̂i) := (f̃ 2 + Σ2
i ) Φ

(
−f̃/Σi

)
− f̃ Σi Φ

(
−f̃/Σi

)
.

and compute its gradient with respect to θ̂:

∂θ̂h2 = 2 f̃ ∂θ̂i f̃ Φ
(
−f̃/Σi

)
− 2Σi ∂θ̂i f̃ ϕ

(
−f̃/Σi

)
, (C.9.2)

Let h(u, θ̂i) := h1(u, θ̂i) + h2(u, θ̂i) and from Lemma 5.4.3, we have that

h(u, θ̂i) = EP
[(
Zi

u − r − c/
√
1 + u

)2
1{Zi

u>c/
√
1+u}

]
+ EP

[(
Zi

u − r + c/
√
1 + u

)2
1{Zi

u<−c/
√
1+u}

]
.

Then, the gradient of h with respect to θ̂i, which is given by

∂θ̂ih = ∂θ̂if

[
2 f (1− Φ(−f/Σi)) + 2Σi ϕ(−f/Σi) + 2 f̃Φ

(
−f̃/Σi

)
− 2Σi ϕ

(
−f̃/Σi

)]
.
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C.10 Proof of Lemma 5.4.5

Proof. Recall that

f(u, θ̂i) = (θ̂i − r)

(
1 + t

1 + u

)L

− c/
√
1 + u

and

f̃(u, θ̂i) = (θ̂i − r)

(
1 + t

1 + u

)L

+ c/
√
1 + u

and Σi = Σi(u). We write

∂θ̂ih = ∂θ̂if

[
2 f Φ(f/Σi) + 2Σi ϕ(−f/Σi) + 2 f̃ Φ

(
−f̃/Σi

)
− 2Σi ϕ

(
−f̃/Σi

)]
.

(C.10.1)

By Taylor expansion, we write

2

(
(θ̂i − r)

(
1 + t

1 + u

)L

− c/
√
1 + u

)
Φ

(θ̂i − r)
(

1+t
1+u

)L
− c/

√
1 + u

Σ


= 2

(
(θ̂i − r)

(
1 + t

1 + u

)L

− c/
√
1 + u

)
·Φ

(θ̂i − r)
(

1+t
1+u

)L
Σi(u)

− c√
1 + uΣi(u)

ϕ

(θ̂i − r)
(

1+t
1+u

)L
Σi(u)



+
c2 ((θ̂i − r)

(
1+t
1+u

)L
− c′/

√
1 + u)

2Σi(u)3 (1 + u)3/2
ϕ

(θ̂i − r)
(

1+t
1+u

)L
− c′/

√
1 + u

Σi(u)


 .

(C.10.2)
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For the value on the right-hand side of (C.10.2), we collect the terms with at least

an order of c2, which is dominated by

R̃1(u, θ̂i) :=

2 ϕ

(
(θ̂i − r)

(
1+t
1+u

)L
/Σi(u)

)
(1 + u) Σi(u)

+ max
0≤c

′≤c

 ((θ̂i − r)
(

1+t
1+u

)L
− c′/

√
1 + u) ((θ̂i − r)

(
1+t
1+u

)L
− c/

√
1 + u)

2Σi(u)3 (1 + u)3/2

ϕ

(θ̂i − r)
(

1+t
1+u

)L
− c′/

√
1 + u

Σi(u)


 .

(C.10.3)

Now, we need to choose c such that the function R̃1(u, θ̂i) is integrable. The first

term on the right hand side of (C.10.3) is integrable by the property of the normal

density. For the second term, the maximal is attained at either 0, c, or the local

minimal which satisfies

(θ̂i − r)

(
1 + t

1 + u

)L

− c′/
√
1 + u = Σi(u) .

Note that the following sum is integrable function((θ̂i − r)
(

1+t
1+u

)L
− c′/

√
1 + u) ((θ̂i − r)

(
1+t
1+u

)L
− c/

√
1 + u)

2Σ(u)3 (1 + u)3/2

·ϕ

((θ̂i − r)
(

1+t
1+u

)L
− c/

√
1 + u)

Σ(u)




+

(θ̂i − r)
(

1+t
1+u

)L
((θ̂i − r)

(
1+t
1+u

)L
− c′/

√
1 + u)

2Σi(u)3 (1 + u)3/2
ϕ

(
(θ̂i − r)

(
1 + t

1 + u

)L

/Σi(u)

) ,

which dominates the second term on the right-hand side of (C.10.3) when the maximal

attains either 0 or c. For the local minimal case, we can choose δ1
t,θ̂i

small enough such

that for all c < δ1
t,θ̂i

, the local minimal lies in [0, c] for only when u > t. Therefore,

R̃1 is integrable.
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Next, we apply Taylor expansion around c = 0 to the second term on the right-

hand side of (C.10.1).

2

(
(θ̂i − r)

(
1 + t

1 + u

)L

+ c/
√
1 + u

)
Φ

−
(θ̂i − r)

(
1+t
1+u

)L
+ c/

√
1 + u

Σi


= 2

(
(θ̂i − r)

(
1 + t

1 + u

)L

+ c/
√
1 + u

)
Φ
−

(θ̂i − r)
(

1+t
1+u

)L
Σi(u)

− c√
1 + uΣi(u)

ϕ

(θ̂i − r)
(

1+t
1+u

)L
Σi(u)



+
c2 ((θ̂i − r)

(
1+t
1+u

)L
+ c′/

√
1 + u)

2Σi(u)3 (1 + u)3/2
ϕ

(θ̂i − r)
(

1+t
1+u

)L
+ c′/

√
1 + u

Σi(u)


 .

(C.10.4)

Then, we define an integrable function R̃2 and δ
2
t,θ̂i

in a similar manner of the equation

(C.10.3). Similarly for the the third term and the forth term on the right-hand side

of (C.10.1), we write

2Σi(u) ϕ

(θ̂i − r)
(

1+t
1+u

)L
− c/

√
1 + u

Σi

 = 2Σi(u)

ϕ
(θ̂i − r)

(
1+t
1+u

)L
Σ(u)

+
c (θ̂i − r)

(
1+t
1+u

)L
√
1 + uΣi(u)2

ϕ

(θ̂i − r)
(

1+t
1+u

)L
Σi(u)



+
c2 ((θ̂i − r)

(
1+t
1+u

)L
− c′/

√
1 + u)

2Σi(u)3 (1 + u)3/2
ϕ

(θ̂i − r)
(

1+t
1+u

)L
Σi(u)




(C.10.5)
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and

−2Σi(u)ϕ

(θ̂i − r)
(

1+t
1+u

)L
+ c/

√
1 + u

Σi

 = −2Σi(u)

ϕ
(θ̂i − r)

(
1+t
1+u

)L
Σi(u)

−
c (θ̂i − r)

(
1+t
1+u

)L
√
1 + uΣi(u)

ϕ

(θ̂i − r)
(

1+t
1+u

)L
Σi(u)



+
c2 ((θ̂i − r)

(
1+t
1+u

)L
− c′/

√
1 + u)

2Σi(u)3 (1 + u)3/2
ϕ

(θ̂i − r)
(

1+t
1+u

)L
Σi(u)


 ,

(C.10.6)

and there are integrable functions R̃3 and R̃4 and δ
3
t,θ̂i

and δ4
t,θ̂i

. By combining (C.10.2),

(C.10.4), (C.10.5), and (C.10.6), we obtain∣∣∣∣∣∂θ̂ih(u, θ̂i)− 2 (θ̂i − r)

(
1 + t

1 + u

)2L

− S(t, u, θ̂i)

∣∣∣∣∣ ≤ c2R(u, θ̂i) , (C.10.7)

where

S(t, u, θ̂i) =
2 c√
1 + u

(
1 + t

1 + u

)2L
Φ(−(θ̂i − r)

(
1 + t

1 + u

)L

/Σi(u)

)

−Φ

(
(θ̂i − r)

(
1 + t

1 + u

)L

/Σi(u)

) (C.10.8)

and R := R̃1 + R̃2 + R̃3 + R̃4 and δt,θ̂ = min
{
δ1
t,θ̂i
, δ2

t,θ̂i
, δ3

t,θ̂i
, δ4

t,θ̂i

}
.
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