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Abstract—In this paper, we study the entropy of a hard random
geometric graph (RGG), a commonly used model for spatial
networks, where the connectivity is governed by the distances
between the nodes. Formally, given a connection range r, a hard
RGG G, on m vertices is formed by drawing m random points
from a spatial domain, and then connecting any two points with
an edge when they are within a distance r from each other.
The two domains we consider are the d-dimensional unit cube
[0,1]* and the d-dimensional unit torus T¢. We derive upper
bounds on the entropy H(G,,) for both these domains and for all
possible values of . In a few cases, we obtain an exact asymptotic
characterization of the entropy by proving a tight lower bound.
Our main results are that H(G,,) ~ dmlog, m for 0 < r < 1/4
in the case of T? and that the entropy of a one-dimensional
RGG on [0,1] behaves like mlog, m for all 0 < r < 1. As a
consequence, we can infer that the asymptotic structural entropy
of an RGG on T¢, which is the entropy of an unlabelled RGG, is
Q((d—1)mlog, m) for 0 < r < 1/4. For the rest of the cases, we
conjecture that the entropy behaves asymptotically as the leading
order terms of our derived upper bounds.

I. INTRODUCTION

In many real-world networks, such as wireless, brain and
social networks, connectivity is governed by the spatial sepa-
ration of entities. For instance, devices in a wireless network
share a communication link if they are geographically close
enough to one another. A random network model that captures
the fundamental aspects of these networks, and is widely used
in their study, is the random geometric graph (RGG) model.
Here, a random graph is generated by scattering m nodes
uniformly at random in a spatial domain and drawing an edge
between any two nodes based on the distance between them.
Over the past few decades, a variety of problems related to
RGGs have been studied in detail, aiming to understand the
statistics of graph properties [1], [2], the recoverability of the
latent spatial embedding [3], and their combinatorial properties
[4]. In contrast, we are interested in the information-theoretic
compression of these graphs.

In order to develop efficient storage methods for large graph
datasets, researchers have recently focused on studying graph
compression [5]-[15]. The graph sources are typically non-
standard and are unlike independent and identically distributed
(i.i.d.) sources, which makes their study particularly challeng-
ing. Nevertheless, many works have attempted to characterize
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Shannon entropy of various graph sources, because of its
importance in lossless compression. For a random source X,
it is well-known that the minimum expected length of a prefix-
free code I*(X) is within 1 bit from the entropy H(X) [16],
ie.,

HX)<I"(X)< HX)+1,

and the minimum expected length of a one-to-one code £*(X)
is close to the entropy [17], [11, Lem. 1]:

H(X) —log,(H(X) + 1) — logy e < £*(X) < H(X).

Results on the characterization of entropy are known for
Erd6s-Rényi (ER) random graphs and their structures [5],
stochastic block model (SBM) graphs, [11], random geometric
graphs and their structures [10], [12], [13], among many
others.

The asymptotic behaviour of the entropy of a soft RGG,
where the connection rule is probabilistic, is well understood
[12]. On the other hand, the entropy of hard RGG, where
the nodes are connected by an edge iff they are within a
connection range r, remains understudied. However, in a prior
work [10], it was hinted that the asymptotic behavior of the
entropy of a one-dimensional RGG on the unit interval [0, 1]
is mlogy, m bits, where m is the number of vertices of the
graph. Later, [18] gave an argument for this entropic behavior
in a special case of the one-dimensional model, i.e., when
the connection range decays linearly to zero. In our current
work, we will consider a hard RGG on two domains: d-
dimensional unit cube [0, 1] and the d-dimensional unit torus
T¢ with a fixed connection range r. Along with deriving
asymptotic upper bounds on the entropy, we will prove under
some conditions a matching lower bound, giving our main
result

H(Gm) ~ dm 10g2 m,

when r < } for an RGG G,, with m vertices on T?. Finally,
we will use this result to infer the structural entropy of an
RGG.

II. PRELIMINARIES

Let G, = (V,E) be a graph with the vertex set V =
[m] :={1,2,...,m} and the edge set F containing unordered
pairs of vertices. We restrict to undirected and simple graphs,
where simple means that there are no self-loops or multiple
edges between any pair of two vertices. For defining random
geometric graphs, we will focus on two spatial domains: the d-
dimensional unit cube [0, 1]¢ and the d-dimensional unit torus
T9. The unit torus is nothing but [0, 1]¢ with the boundaries
wrapped around. In the unit cube, the distance between two



points is given by the Euclidean distance, whereas in the unit
torus, it is given by the toroidal distance [1], [2], which is
defined as

di(z,y) = min{llz + 2z —y|| : 2 € Z?} for z,yeT?

with [|-|| being the Euclidean norm.

For a fixed connection range r» > 0, we say that a graph
G, is a hard geometric graph on [0,1]¢ (resp. T9) if there
exist m points 1, xa, ...,y € [0,1]¢ (resp. T¢) such that
for any u,v € V, ||z, — || < v (resp. di(zy,yn) < 1)
if and only if v ~ v, i.e.,, u is adjacent to v in G,,. The
toroidal metric overcomes some of the problems posed by the
boundary effects of the unit cube, i.e., the local connectivity
properties of the points near the boundary of [0, 1]¢ is different
from those of the points well within it. In the hard random
geometric graph model, we draw m points X1, Xo,..., X,
independently with uniform distribution on [0,1]% (resp. T%)
and form the corresponding geometric graph G,,, on the vertex
set [m]. This graph generation process induces a probability
distribution Pg,, on the set of all possible random geometric
graphs G,,.

It is useful to think of G,, in terms of its adjacency matrix
representation (E; ;); jem], Where E;; = 1 if i and j are
adjacent in G,,, and E; ; = 0 otherwise. As the graphs are
simple and undirected, this matrix is symmetric with zeros on
the diagonal. It means that G,,, can equivalently be represented
by the collection {E; ; : i < j}. Hence, the probability of a
random geometric graph G,, is completely specified by the
joint distribution of {E; ; : ¢ < j}, and vice versa. In an ER
graph model, where we add an edge between two vertices
with some probability independently of the rest of the edges,
this collection is mutually independent. However, in the RGG
model, this collection is correlated because of the underlying
geometry. For example, if u ~ v and u ~ w, then more often
than not we see an edge between v and w.

A. Entropy of G,
The entropy' of an RGG G,,, is defined as

H(Gn) 2= . Pa,(9)log P, (9).

As G, can be uniquely identified with the collection
of random variables {E;;:i < j}, we have H(G,) =
H({E;;:i<j}). By using various properties of entropy, the
following upper and lower bounds were noted in [12]:

H(Gm|X1a .- -me) < H(Gm) < Zi<j H(Ei’j)v

where X,...,X,, € [0,1]¢ are the random variables corre-
sponding to the locations of the vertices. Though these bounds
are useful in determining the behavior of H(G,,) for soft
random geometric graphs, they fall short in the case of hard
RGGs, which is due to the fact that the lower bound evaluates
to zero:

m(m — 1)

0 H(Gn) < ™

h2(pr)7 (1)

IThroughout, logarithms are to base 2 unless stated otherwise.

where ho(z) := —xlogy @ — (1 — ) logy (1 — x) is the binary
entropy function, and p, is the probability that two random
nodes are within a distance of r from each other. For a fixed r,
the upper bound in (1) behaves like m? /2 and it is tight when
the F; ;’s are mutually independent. However, since I; ;’s are
correlated in an RGG, it is reasonable to say that m?/2 might
not be the right behavior. In the subsequent sections, we will
try to improve these bounds to characterize the behavior of
H(Gp).

III. ENTROPY OF AN RGG

A. d-dimensional unit cube [0,1]%

In this section, we present the results on the entropy of
an RGG on the d-dimension unit cube [0, 1]¢. First, we will
give an upper bound for all fixed connection ranges 0 < r <
V/d. Observe that when r equals 0 or v/d, the resulting graph
is always an empty graph or a complete graph, respectively,
whose entropy is trivially zero. Hence, we exclude those two
extreme connection ranges.

Theorem 1. An upper bound on the entropy of an RGG G,
on the d-dimensional unit cube [0,1]% is given by

H(GTYL)

< dmlogm + o(mlogm) if0<7“§@,

~ | [1 = B(r)]dmlogm + o(mlogm) if @ <r <.
where  [B(r) is  the volume  of the  ball
B((1/2,1/2,...,1/2);r —/d/2) N[0, 1]%
Proof. See Section IV-A. [

Observe that the leading order term of the upper bound
in the second case of Thm. 1 is less than dmlogm and
it decreases with 7 beyond 1/d/2. This refinement is pos-
sible due to the fact that when the connection range is
larger than \/ﬁ/Q, all the random points that lie within
B((1/2,1/2,...,1/2);r —+/d/2) N [0,1]¢ are connected by
edges to the rest of the points, and such connections are
significant in a random graph, resulting in entropy loss. The
proof of Thm. 1 involves bounding the cardinality of the
ensemble of RGGs for all 0 < r < \/E, following the
argument of [4] that uses the Warren’s theorem (Thm. 7), a
result on the number of possible sign patterns of a collection of
polynomials. Combining this cardinality bound with entropic
inequalities, we obtain a refined bound for \/g/ 2<r<Vd.

Due to the boundary effects of the domain, the analysis
for a lower bound is technically challenging. However, we
believe that the leading order terms in Thm. 1 give the
correct asymptotic behavior of the entropy. To confirm this,
we considered the case of d = 1 and proved a matching lower
bound, which is presented in the following theorem.

Theorem 2. The entropy of an RGG G, on [0,1] is lower
bounded as follows:

fo<r<

mlogm — o(mlogm)
H(Gm)Z{ 1
fs<r<

1
2
2(1 = r)mlogm — o(mlogm) 1.



The proof of Thm. 2 relies on the order statistics of m
uniformly and independently drawn points from [0, 1], and it
can be found in the longer version [19]. By combining Thm. 1
and 2, and noting that 8(r) = 2r — 1 for % < r < 1, we have
the following result. The limit of the entropy normalized by
mlogm as a function of the connection range r is plotted in
Fig. 1.

Theorem 3. The asymptotic characterization of the entropy
of an RGG G, on [0,1] is given by

ifo<r<g,
if 3 <r<lL

mlogm

H(Gm) ~ { (2)

2(1 — r)ymlogm

Jim ()
mit mlogm

Fig. 1. Limit of H(Gym)/mlogm of a one-dimensional RGG

B. d-dimensional unit torus T¢

Some of the technical difficulties posed by boundary effects
of the domain [0, 1]¢ can be avoided by considering the unit
torus T<¢, where the local connectivity is statistically the same
at every point. Note that the connection range on T¢ cannot be
more than /d/2. The following theorem presents an entropy
upper bound in the case of a unit torus.

Theorem 4. The entropy of an RGG G,, on T? is upper
bounded as follows:
Vd

O<r<—.
for r 7

Even on a unit torus, the leading order term of the upper
bound is still dmlogm for all connection ranges 0 < r <
V/d/2. The basic proof idea of Thm. 4 is similar to that
of Thm. 1— bounding the cardinality of the ensemble of
RGGs using the Warren’s theorem (Thm. 7). However, we
need to choose a different collection of polynomials based on
the toroidal metric. The proof is given in detail in the longer
version [19].

A tight lower bound is presented in the next theorem, which
holds for the connection range values r < %. This condition
is a mere technical choice to simplify the analysis. However,
we believe that the same result is valid over the whole interval

0<r<d2.

Theorem 5. The entropy of an RGG G, on T is lower
bounded as follows:

H(G,,) < dmlogm + o(mlogm)

A~ =

H(G,,) > dmlogm — o(mlogm) for r <

Proof. See Section IV-B. [

The proof relies on a result on the Crofton cell properties
[20] for a particular Boolean model whose focus is on the
intersection of randomly placed spheres. For an alternative
proof, see [19].

Now our main result can be stated by combining Thm. 4
and 5. It says that the entropy scales like dm logm, which is
linear in the dimension d and independent of the connection
range 7.

Theorem 6. The asymptotic characterization of the entropy
of an RGG G, on T is given by

H(G,,) ~dmlogm for r < -. 3)

A~ =

C. Structural Entropy of an RGG

The entropy characterization result (Thm. 6) can be used
to deduce how small the structural entropy of an RGG can
be. A structure [5] of a graph is its unlabelled version. With
applications to compression, the structural entropy of various
random graphs has been studied [5], [10], [21]. In the work
[10] on one-dimensional RGGs, it was established that the
structural entropy H(S,,), where S,, is the structure of an
RGG G,,, satisfies the relation loge(1 — r)m < H(S,,) <
2(1—r)m for 0 < r < 1. By combining this with the result of
Thm. 3, we can conclude that for a one-dimensional RGG, the
randomness in the graph is dominated by the randomness in
the labels. To see this, consider the expansion of the entropy
of a general RGG in terms of the structural entropy:

H(Gm) = H(Grmsm) = H(Sm) +H(Gm|5m) 4

which follows from the fact that .S,,, is completely determined
by G,,. Notice that when conditioned on a structure .S,,, the
randomness in the graph G,, comes only from its labeling.
Hence, H(G,,|Sn ) represent the average conditional random-
ness in the labeling. It follows from (4) that the entropy of
this labeling must be ©(m log m) for a one-dimensional RGG
as H(G,,) = O(mlogm) and H(S,,) = ©(m), dominating
the entropy of the graph. However, this is not the case when
d > 1. Here, the structural entropy dominates as shown in the
following result.

Corollary 1. The structural entropy of an RGG G, on T% is
given by H(S,,) = Q((d — 1)mlogm) for r < 1.

Proof. Since H(G,,|Sy,) is upper bounded by the log of
the cardinality of all possible labelings, which is m!, we
have from (4) that H(S,,) = H(Gn) — H(Gm|Sm) >
H(G,,) — log(m!). The result immediately follows from
Stirling’s approximation and Thm. 6. O

IV. PROOFS
A. Proof of Theorem 1: Upper bound in the case of [0, 1]¢

The first bound in the theorem follows from the work of
McDiarmid and Miiller [4] on disk-intersection graphs, where
Warren’s theorem [22] (stated below for convenience) was
used to find an upper bound on the cardinality of the set of
possible graphs. For the sake of completeness, we will present
that argument applied to random geometric graphs.



Recall that G,,, denotes the set of all hard RGGs with a fixed
connection range r. In a hard RGG, two vertices u,v € V are
connected by an edge iff ||z, —x,|| < r. Now we consider the
degree-2 polynomials of the form || X, — X,||?> — 72 for each
pair u,v € V. For a fixed pair of vertices w and v, if the sign
of the polynomial || X, — X,||?> — 72 evaluated at X, = z,
and X, = z, is negative, then there is an edge in the graph
G, between u and v; otherwise, there is no edge.

By arranging the signs of the evaluations of all these
polynomials (in a fixed order) at a realization of the node
locations X; = z1,...X,, = T,,, We get a sign pattern.
Let S, C {—i—,—}(?) be the collection of all such sign
patterns. In other words, S,,, is the set containing all the sign
patterns corresponding to the points (zy,...,2,,) € [0, 1]4™.
As each sign pattern is uniquely identified with an RGG, and
vice versa, the map from S, to G, is bijective. Therefore,
|G| = |Sm|- We can now bound |S,,| using the following
theorem.

Theorem 7

Q17Q27"'7Qu

variables zq,..

(Warren
with at
<y Rt

(4], [22]).

most

For  polynomials
degree k in real
the number of the sign patterns

(sign(Q1),...,sign(Qy)) € {—,+}" evaluated over
R\ U {(21,..,2t) @ Qi(21,...,2¢) = O} is bounded
above by (@)t.

By applying Theorem 7 with u© = (Z‘), t=dm and k = 2
for the above degree-2 polynomials, we get

m dm dm
(G| = |Sim| < (46'2'(2>> <mdm.<4e>
m m| = — d )

md
which is indeed independent of the connection range r. This
implies that

H(G.,) <log|Gn| < dmlogm + dmlogC, (5)

where C' = (%)d. This bound is true for the whole interval
0 < r < V/d, proving the first part of the theorem. However,
we can improve this bound if \/&/ 2 <r< V/d, which is
presented below.

Let us denote the ball B((1/2,1/2,...,1/2);r —+/d/2)N
[0,1]% around the center of [0, 1]% of radius 7 —+/d/2 by B(r—
V/d/2) and its volume Vol(B(r — v/d/2)) by §(r). Define
S £ {ic[m]:X; € B(r—+/d/2)}. Note that for any i € S,
|1 Xy — X;|| <7 forall v € [m]\ {i} because every point y €
[0,1]? is within a distance r from every x € B (r - \/&/2)
Therefore, any edge random variable corresponding to a vertex
i € S'is 1. We can think? of G/[S], the graph with only vertices
in S as the core of the whole graph G[V] = G,,,. The graph
G|S] is complete with significant number of vertices in it, and
it is connected to all the other vertices within G[V]. If we
know the set .S, the only uncertainty in the graph G[V] is due
to G[V'\ S]. Using this fact we can bound the entropy:

H(Gp) = H(G[V]) < H(G[V],S) = H(S) + H(G[V] | 5)

2We use the notation G[U] to denote the vertex-induced subgraph of
Gm := G[V], where V' = [m], containing only the vertices in U C V.

= H(S) + H(G[V'\ 5]|5) (6)
< log2™ + H(G[V \ 5]IS) )
=m+Es [H(G[V\ 5]|5)]
<m+Eg[d|V\S|log|V\S|+]|V\ S|logC] (8)
<m+d-Eg[|V\S||logm+Eg[|V\ S|][logC  (9)
—m+ (1 - B(r))mlogm + (1 - B(r))mlogC,  (10)
where (6) relies on the fact that all the edge random variables
in the graph G[V] except for those in G[V \ S] are 1; as the
cardinality of all possible sets S is 2™, (7) follows; in (8)
and (9), we use the upper bound on the entropy of a random
geometric graph in terms of the cardinality of the number
graphs (5) with |V \ S| vertices, i.e.,
H(GIV A\ S]IS = 5) < log|Gjv\s||
<dV\ s|log|V\s|+|V\s|logC
<d|V \ s|logm + |V \ s|log C;
(10) is due to the fact that Eg[|[V'\ S]] = m — Eg[|S]] =
m —mf(r) = m(1 — 3(r)). This shows that
H(Gn) <[1=8(r)mlogm+[1+ (1 —5(r))log Clm
for \/3/ 2 < r < V/d, completing the proof of the theorem.
B. Proof of Theorem 5: Lower Bound in the case of T%

We begin with the series of equalities involving the differ-
ential entropies:

H(Gp) = I(Gm; X1y, Xin) (11)
=h(X1,...,. Xm) —h(X1,..., Xm | Gmn)
=—h(X1,.... Xm | Gnn) (12)
- _Zkzl h(Xk | X17 s 7Xk717Gm),

where (11) results from the fact that H(G,, | X1,...,Xm) =

0, and (12) follows because the X;’s are uniformly distributed
and Vol([0,1]?) = 1, therefore h(X1, ..., X,,) = 0. We now
obtain a bound by ignoring all connections in GG,,, that do not
relate directly to node k:

H(Gm) 2 — Zk:l Xk | X1,y X1, Frg, - - - Ek—l,k)
:_Zkzl h(Xk |X1""7Xkrfl,Lk> (13)

where the first inequality is a consequence of the property that
conditioning reduces entropy, and Ly = {i € [k — 1] : B, =
1}, which is a random subset of {1,...,k — 1}. Furthermore,
for fixed X*~! = 2*~! and L;, =/}, the differential entropy
is just the logarithm of the volume of the region R(X*~1 L)
in T carved out by the intersection of the balls centered at ;,
1 € Ly, excluding the portion covered by the balls centered at
Z;, © € Lf. From this reasoning, we have

hXk | X1, .., Xk—1, L) = E [log [Vol (R(X*1, Ly,))]]
<logE [Vol (R(X"', Ly))]

where the second line follows from Jensen’s inequality, and

R(Xk_l,Lk) = [miELk BXi (7")] N [miELZ Bg{i (7")] ’



Let Z(X*~1 L1) = Nier, Bx, (r) and take Z(X*~1 () = T¢
by definition. Note that Vol (R(X*~1 Ly)) <
Vol (Z(X*~1, Ly)) for Ly C [k — 1], which gives

hXk | X1, .., Xk—1,Li) <logE [Vol (Z(X*1, Ly))] -

(14)
Let L denote the cardinality of Ly, i.e., the number of ones in
Eig,...,Ex_1. It follows from stationarity and symmetry,
together with the fact that the volume measure is translation-
ally invariant in a torus, that Ey, ..., Ex_1 ; are independent
and identically distributed Bernoulli random variables with
parameter p, where p = Pr(X ~ Y') for any two points X
and Y uniformly distributed on T?. As a consequence, L has
a binomial dlstrlbutlon with parameters £ — 1 and p.

Define Z(X*) £ N!_, Bx, (r) for £ > 1 and Z(X°) £ T<.
The variable pairs (X;, Fiz), 1 < ¢ < k — 1, are ex-
changeable. Hence, the conditional expectation of the volume
of Z(X*=1 L) with respect to L; depends only on the
cardinality of Ly, which is L:

E [Vol (Z(X*, Ly)) | Ly] =E [Vol (Z(X*)) | L].
Now, by taking the expectation on both sides, we obtain
E [Vol (Z(X*',Ly))] = E [E [Vol (Z(X*~', Ly)) | L]]
=E [E [Vol (Z(X*)) | L]]
=E[v(L)], (15)

where v(¢) = E [Vol (Z(X1)) | L = /] is the average volume
of the intersection region formed by ¢ balls of radius r
conditioned on the event that X lies in that region. By
definition, v(¢) = 1 for £ = 0.

Conditioned on the event L = ¢, where 1 < /¢ <k — 1 and
the location X}, the random variables X% = (Xi,...,X1)
are independently and uniformly distributed on the ball
Bx, (r) centered at X}. Because of the translation invariance
of the volume measure on torus, the average volume v({) is
nothing but the average volume of Z(X’) when the random
variables in X’ are independently and uniformly distributed
on a ball of radius r around a fixed point of T%:

v(f) =E [E [Vol (Z(X1)) | L = ¢, Xx]] = E[Vol(Z(X"))],

where X! = (X1,...,X,) are independently and uniformly
distributed points in B.(r) with ¢ = (1/2,...,1/2) € T4
The asymptotic behavior of the average volume v(¢) follows
from a result of Richey and Sarkar [20, Proposition 1.1]
that says that for a Poisson point process X with intensity
parameter ) in a ball of radius 7 (say, centered at c) in R%,

E [Vol (ZY)] ~ Capr - A7%,
where Cy ,» is a constant that depends only on the dimension d
and radius 7, and Z* = Bc(r) N [Ny g2 Bx (r)]. The authors
remark that the same is the scaling limit even in the fixed
count version with ¢ points, i.e., E[Vol(Z(X*%))] ~ C - ¢4
for a constant C. In fact, it can be verified by applying the
standard de-poissonization argument for the expectation of
monotonically decreasing functions® [23, Theorem 5.10] that

31t is evident that E[Vol(Z(X?))] is a non-increasing function of £.

E[Vol(Z(X*))] < 2-E[Vol(Z*)], where we choose the intensity
parameter to be (. Therefore, we have E[Vol(Z(X*))] =

O(¢=%). When r < }l, the volume of the intersection I(X !
in a torus is the same* as that in R?. Therefore, we have

v(l) = 0. (16)

Lemma 1. Ler v({) denote the volume of an intersection of
¢ balls independently distributed on B.(r) in a torus, where
c=(1/2,...,1/2) and r < 1/4, and let L ~ Bin(k — 1,p).
Then, E[v(L)] = O(k=9).

Proof. The result follows by considering the high probability
event {L > (k —1)%} and expanding the expectation:

E[v(L)] = E[v(L)1{L < ( - 15}

Ep(L)H{L = (k-1)§}
P(L< (k- ) c(k-n8)™ an
<e D% 4 o C.((k—1)2)™" (18)
<C.k (19)

where the first term of (17) is due to the fact that v(L) < 1
and the second term follows from combining (16), which is
v(l) < C - 17 for some constant C' > 0, with [ > (k — 1)&;
(18) applies the Hoeffding’s inequality; and in (19), Cis a
large enough constant. O

By using Lemma 1 in (15) and combining it with (14) and
(13), we obtain

H(Gp) > - Zk:l log (C’.k_d) = dmlogm — o(mlogm),
completing the proof of the theorem.

V. CONCLUSION

In this work, we studied the asymptotic behavior of the en-
tropy of a hard random geometric graph on the d-dimensional
unit cube and unit torus. For all fixed connection range values,
we derived upper bounds on H(G,,). In a few cases, we
proved that the entropy asymptotically behaves like dm log m,
which was then used to deduce the structural entropy of an
RGG. It should be noted that the proof technique of our
complete result on T¢ can be extended to the other connection
range values and the unit cube. The reason for restricting
to a special case is to make the technical analysis simpler.
We strongly believe and conjecture that the leading order
terms in the upper bounds of Thm. 1 and Thm. 4 give the
right behaviour for the entropy asymptotically. Currently we
considered only a connection range value r that is fixed;
however, it is an interesting open question how the entropy
scales when r depends on the number of vertices m. Also,
from a practical standpoint, it is of interest to design a
compression scheme that attains a compression length close
to the entropy dm logm, which we leave for future work.

“When r < 1/4 and all the balls contain ¢ = (1/2,...,1/2), they are
strictly contained in [0, 1]¢ without wrapped around the boundaries. So, the
region covered by the intersection is exactly the same as that in R9,
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