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I. ASYMPTOTIC REDUCTION OF THE NON-LINEAR PROBLEM
A. Governing equations

We again work in a frame of reference which translates with the poroelastic particle, though now assume the particle may
exhibit large deformations. The dimensional governing equations for the external Stokes flow are

V.X=0, (1.1)

V.-V =0, 1.2)
where V is the fluid velocity and X is the stress tensor for a Newtonian viscous fluid given by
Y =-Pl+pus [VV+(VV)T], (L3)

where P is the fluid pressure and py is the fluid viscosity. The superscript T denotes the transpose. The net force Fiyee and
torque 1" exerted on the particle by the surrounding fluid are given by the integrals

Fiorce = # X-ndS=0, (14)
S
T=#rx(2~n)d5=0, (15)
S

where we use the subscript ‘force’ to distinguish from the deformation gradient tensors presented below.

For the poroelastic particle, we write all non-linear equations for the particle using an Eulerian framework, similar to the
presentation in MacMinn et al. [1] as this facilitates the coupling to the external Newtonian fluid. To account for the rotation of
the particle, we define X (y, r) as the position of a material point in the undeformed configuration, y(x) as the position of this
point in a frame which rotates with the angular velocity €, and «x as the current position of this point. We define the deformation
gradient tensors,

-1 -1
= (2X) . aa R=(%Y) . (L6)
oy ox

Using the chain rule the total deformation gradient tensor

ax\™
(a—m) =F1F(). (17)

To be clear, Fy(y,t) maps from the undeformed configuration to the rigid-body rotating state, then Fj(x) captures the steady
mapping from the rotating state to the current position. Since we focus on capturing the shape change of the particle we define
the particle deformation as

u(z) = - y(x), 1.8)
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where we have used y(x) as the reference state.
Since Fy describes a rigid-body rotation, we have

detFp=1 and KF, =1. (1.9)
Using (1.9), we define the left Cauchy-Green deformation tensor
B=FF"=F FFF| =F F/, (1.10)
and the Jacobian

J(z) = det(F) = det(F}) = (L11)

det(F 1)’

which measures the local volume change within the particle. Here, Fy does not appear in (I.10) and (I.11) as no strain or volume
change is generated by the rigid-body rotation. The Jacobian is directly related to the porosity via

1-¢r0
J(x) = ————. (1.12)
1—¢y(x)
We assume that the internal flow is governed by Darcy’s law,
K(¢y)
81 (vp =) === ==Yy, (113)

where vy and vy are the internal fluid and solid velocities measured in the translating frame (undeformed configuration) and,
assuming finite deformations, the permeability k = k(¢ ) is non-uniform. In general the permeability will change as the solid
skeleton deforms, which is captured through the dependence on porosity. It will be useful to define ko = k(¢ r,0) as the uniform
permeability field associated with the undeformed porosity.

We define the solid velocity implicitly through the velocity gradient tensor

L,=Vv,=FF " (I.14)

By writing the solid velocity via the velocity gradient tensor, we may separate the contributions from the rigid body rotation
described by Fj and the steady deformation map F. Substituting (1.7) into (I.14) we have

Ly =(F\Fy+ FiFy)F F[' = B F7' + EWF[' = FW,F[ ', (L15)

where the superscript - = d/df and Wy = FOFO‘1 = Q x I is the spin tensor which describes the angular velocity of the rotating

state and Fy = 0 due to the steady assumption [2].
Imposing conservation of mass on both the fluid and solid phases within the particle we have

V- (psvp) =0, V-((1-¢s)v5) =0, (L16)
such that V - vy and V - v, are in general non-zero. Adding the equations in (I.16) we define the total internal fluid flux
q=9¢svr+(1-¢y)us (1.17)

which has zero divergence.
To describe how the fluid and solid phases share internal stresses we write the total stress,

o=0"—psl, (1.18)

where o’ is Terzaghi’s effective stress which is the force per unit area carried by the solid skeleton. Details of this stress
decomposition may be found in [1]. Imposing mechanical equilibrium within the particle we have

V.o=V-0'-Vp;=0. 1.19)

We adopt a compressible neo-Hookean model for the particle which will reduce to linear elasticity under the assumption of small
strain,

o' =A(J - DI + “7 (B-1), (1.20)

where A is Lamé’s first parameter, y is the shear modulus, and % (B —I) is the solid strain.



B. Boundary conditions

Far from the particle we expect any disturbance to the external flow caused by the particle to be small such that
V-Vo—-V, >0 as r — oo, (L.21)

where V, and V;,. are the external far-field flow and particle’s constant translational velocity in the lab frame, respectively.
We define the deformed particle surface S as

r=71.(0,¢) = Roe, + u(r = Ry). 1.22)

On the deformed particle interface S we impose the continuity of normal fluid flux, continuity of total stress, continuity of fluid
stresses and the Beavers & Joseph slip condition [3],

YXn=0-n, (1.24)
n-X-n=-py, (L1.25)
i YHf i
t-Xn=—"o((V-q)-t"), 1.26

N (V-q-t) (1.26)

where v is defined as the slip parameter such that y = 0 corresponds to a surface with perfect slip and y — oo corresponds to a
surface with no-slip.

C. Non-dimensionalisation

We non-dimensionalise lengths with the particle radius Ry, velocities with the velocity scale V; which is determined by the
magnitude of the external far-field flow in (I.21), and the fluid pressure and stress with the viscous pressure scaling 1 sVo/Ro.
Additionally, the permeability is scaled on «o. The stress condition (I.24) states that the total stress on the particle must balance
with the viscous stress exerted by the external flow at the interface. Hence, the total stress, elastic stress, and pore pressure are
also scaled on u Vo /Ro. We define the dimensionless parameter

1rVo
€= ,
HsRo

(1.27)

which is the ratio of typical viscous stresses in the external flow to the elastic stiffness of the solid skeleton. From the constitutive
relation (I.20) we see that e characterises the magnitude of the solid strain. It follows from the strain tensor that the solid
displacement is non-dimensionalised on €Ry.

Applying the above non-dimensionalisations, the governing equations for the external Stokes flow are given by

V-Z=0, (1.28)
V-V =0, 1.29)

L =-PI+VV +(VV)T, (1.30)
Fioree =T =0, (131)

where Fiorce and T are calculated by non-dimensionalising (1.4) and (1.5).
The non-linear governing equations in the particle are

(v —vg) = —Rok(Pr)Vpy, (1.32)
where vy is given through

L, = Vv, = W, F]! (1.33)



and Ry = Ko/ R(Z) is the Darcy number, which represents the particle permeability in reference to its cross-sectional area,

V- (¢rvp) =0, V-((1-¢r)vs) =0, (L.34)
V-o'-Vps=0, (1.35)
o' = é - EVZV (J- DI+ é(B - D, (1.36)

where Poisson’s ratio, v = 1/(2(4 + u;)), measures the magnitude of transverse strain induced in the particle when deformed and
Fi={I-eVu)™ . (L.37)
The far-field condition for the external Stokes flow is,
V-Vo-V, >0 as r — oo. (1.38)
The deformed particle surface S is implicitly determined by the equations
r¢=e,+eu(r =1). 1.39)

We then have the dimensionless interfacial conditions

V-n=gq-n, (1.40)
Xn=0-'n, (L41)
n-X-n=-py, (1.42)
) % )
t-X-n= (V —¢pvy)-t, 1.43)
k(¢r)

where 7 = y//Ro.

D. Asymptotic reduction

We now assume € < 1, such that the particle strain and deformation are small, and expand the variables, V', P, Fiorce, T', X,
¢, Uy, Vs, K, pr, wand o’ in powers of €, e.g.

VevO ey .. (1.44)

where the superscript (i) denotes the associated power of €. We similarly expand the position of the deformed particle surface

as rg = rio) + erﬁl) +---. We proceed by assuming ¢ 1 o, Ko, ¥ and v remain fixed as € — 0.

The leading-order incompressible Stokes equations are simply

Vp(fo) = V2@, (1.45)
v.-0® =0. (1.46)
In the limit of small € we have the expansions
Fi=I+eVu+0 (62) : (L47)
det(F)) = 1+€eV-u+0 (62) . (1.48)

The porosity is given by expanding (I.11) and (I.12) and using (1.48) to write

dr=dro+e(l—¢ro)V -u®+-. (1.49)
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Expanding (I.32), the leading-order flow in the particle is governed by Darcy’s law (I.32) with constant porosity, gb(;)) = ¢ and
associated permeability &, '

ro( —v®) = -kVp. (1.50)
We also expand the local continuity conditions (I1.34) to give

V. v}‘” =0. V-0 =0. (L51)

Substituting (1.47) into (I.33) the velocity gradient tensor is constant to leading order, L‘EO) = WO(O), such that the solid velocity
becomes the rigid-body rotation

o0 = W% = [ xe,]. (L52)

where Q remains to be determined. We note that in (I.52), v, is identical to vg as given in II.1 in the main text.
The leading-order mechanical equilibrium equation for the solid skeleton is given by expanding (I.35),

V.o®=v.o0 _ Vp;m =0, (1.53)
where expanding (1.36) and using (1.47) we reduce to a linearly elastic stress-strain relationship to leading order,
2
o = =¥ (V- uO)T +2¢, (L54)
1-2v
where & = 1 (Vu(o) + (Vu(o))T

The leading-order far-field condition for the external Stokes flow is,

) is the linear elastic strain.

V-Vo-V, >0 as r — oo. (1.55)

Expanding the kinematic condition (I.39) we find
ry = e, + Eu(o)(r =1), (1.56)
such that rﬁo) = e,, implying interfacial conditions are applied on the undeformed particle surface with n = e,, t' = ey, and

1> = e 4. Expanding the boundary conditions (I.40) — (1.43) to leading order, and noting that v in (I.52) has no radial component,
we have

V. e, = (ﬁf,o’vf * €, (157)
YX-e =0-€, (1.58)
e -X-e =-pyg, (1.59)
Y
eg-X-e,=—((V—-q)- ey, 1.60
0 r \/l?_o(( q) - €q) (1.60)
Y
ep-X-e,=—((V-q)ey). 1.61
¢ r \//?_o( (V-q)-ey) (L61)
Expanding the force and torque balances (I.4) and (I.5) to leading order then gives
©) 2 n
Force = / / 201 e, sing do dg =0, (L62)
#=0J =0
2 g
TO = / / rx (Z©|,_ -e,) sing do dg = 0. (1.63)
$=0J =0

Dropping the superscripts, (1.45), (1.46) and (1.49) to (I1.63) which form the leading-order problem to calculate the fluid flow
and resulting deformation are equivalently presented in the main text as [1.3 to I1.25. We note that this system of equations could
equivalently be derived from a linearly poroelastic description.

II. REFORMULATION OF THE BOUNDARY/INTERFACIAL CONDITIONS

To exploit the orthogonality of the solid spherical harmonics we reformulate the boundary conditions for both the fluid and
solid problems in terms of radial components and radial derivatives. This approach is similar to that developed by Happel and
Brenner [4], and later extended by Murata [5] to consider an elastic particle in a general Stokes flow.



A. The fluid problem

We use the interfacial conditions [1.22, 11.24, and I1.25 in the main text to calculate the coefficients in the solid spherical
harmonic functions ®_,,_, ¥_,,_|, P_,_1 and p,. The normal flux condition I1.22 (main text) and continuity of fluid stress [1.24
(main text) are already in the desired form, since v has no radial component,

op
Vilr=1= 7.0V f.rlr=1= =Ko 6f|r 1 (IL.1)

Err |r=l: _pf|r=l . (HZ)
Separating I11.25 in the main text into the 8 and ¢ components, the Beavers & Joseph conditions are

eg-X-e, =y(V+&Vpr—vs)-eq, (I1.3)

ey 2-e =7(V+ikoVpr—vy) - ey, (IL.4)

applied on the undeformed particle surface (r = 1). We reformulate these interfacial conditions using the divergence and curl
operators. Beginning with divergence, we write

0
rv. (E ' er(r = 1)) - 22rr|r:l: y{rv- (V(V = 1)) - 2Vr|r:1+K~0I’V2(Pf(I" = l)) - 2’?0%“:1) s (IL5)
r

and use the following relations,

0x

rV-(Z-e(r=1)=[rV-2],_; - [3P],=; = [Zrr],oq — [ra—;r] , (11.6)

r=1

v,
rV-(V(r=1)=[rV-(V)],o—|r Ep s (I1.7)
r=1
d’p
Vipr(r=1)=[rV?ps],_ - lr_aﬂf , (IL.8)
r=1
to write, noting the divergence of V', X and v, all equal zero,
9%y, ; ’py apy

2 +3(P+2,,)] I RO L oy 2L (IL.9)

6 el or or _

To be clear, in the left-hand side of each of the relations (II.6) — (I1.8) we evaluate the expression on r = 1 before applying any
derivatives. On the right-hand side we perform any derivatives before evaluating on r = 1.
We then write the curl relation as

[r-VX(Z-e)],o1=F[r - VXV —r-VXuvs],, (I1.10)

since there are no r-derivatives present and the curl of Vp ¢ is trivially zero.

The reformulated interfacial conditions (II.1), (I1.2), (I.9) and (I1.10) allow us to apply the solid spherical harmonic identities
in B | in the main text to solve the fluid problem separately for each degree n. For example, applying Equation B.8 to the general
solutions for the Stokes velocity and Darcy pressure, [11.5 and I11.9 in the main text, we find the expressions

. [ n+l n+1
[ 2(2n+3) rP :| + ; —TCD,”,] + ml’])nl] , (Illl)
ov, = [n(n-1) n(n+1) P - (n+1)(n+2) B nn+1)
o= 2 [ Pt oy |t 2, T 3 - 1)rP‘”‘1}’ {12

n=1



P

pf Z %o, (IL13)
Ppr  n(n-1)
"o =; . Pn (IL.14)

Using the constitutive relation I1.5 (main text) we then obtain

— [2n(n—1) _, % 2(n+1)(n+2) n*+3n -1
s, = ® Iy S IL1
nz:;[ r2 "+ 2n+3 ] Z; ! 2n -1 ! L15)
0%, = |[2n(n-1)(n-2) ., @#*-n-3)n_,
= - P+ ——P
"o ; [ r2 (R P "
- 2(n+ )(n+2)(n+3) 2 +3n-1D(n+1)
> [— > D, |+ T P_,i|. (L16)
It may also be shown using B.8 and B.10 that
r-va=Zn(n+1)ql;+zn(n+1)ly_n_l, (IL17)
n=1 n=1
- D(n-1 - 1 2
r.vx(z.er)zzww;_zww_n_h (IL18)
n=1 r n=1 r
r-VXv,=2r(Q sindcos ¢ + QY sin 0 sin ¢ + Q% cos 9). (IL.19)

Substituting the explicit representations (II.11) — (I1.19) into the reformulated boundary conditions (II.1), (I1.2), (I.9) and (I1.10)
and grouping terms together we obtain the system of equations

n n+1
O +— P — N®_,,-1+ —P_,_1 = —nkypn, 11.20
"t S Gna3y T 1 VP ¥ Sy Ponet = mikop (20
., nP-n-3 n+3n-1
271(71 - l)q)” + WP; + 2(1’1 + 1)(1’! + 2)(1),",1 + ﬁpfnfl = —=DPn, (1121)
o nn*>-n+3)+9 nn+3)y
2 -1 -2) - 1)y] ® -
[2n(n = )(n=2) =nln+ DI @} + | = EEm - S0
B n2(n+4 n—-2)(n+1)y
—[(n+1)(2(n+2)(n+3)+n2y)]<l>,n,1+ 4+ 2(}1—1)_( 2(2)n(—1))y —n-1

=(n(n+1)+3)p,, (11.22)

(n-Dnn+ DY, —n(n+1)(n+2)¥_,_;
=n(n+ D)y(¥, +¥_n_1) —2(Q%cos 6+ Q" cos psinf + Q” sinfsing). (11.23)

By prescribing @;,, @;, and P;, through the far-field condition II.19 (main text), we may exploit the linearity of the solid spherical
harmonics to solve the system of equations (I1.20) — (I.23) simultaneously for each degree n. This results in the solutions III.14
to I11.17 in the main text and gives the unknown scalar harmonics, ®_,,_y,¥_,,_1, P_,,—1 and p, which determine the exterior
and interior flow profiles through the general solutions II1.5, I11.6, and I11.9 (main text).



B. The solid problem

We now reformulate the boundary conditions for the solid problem,
O-;rlrzlz 0, 0—;g|r=1= Zrolr=1, O—r’¢|r:1: Zr¢|r=1~ (I1.24)

The first of these boundary conditions is already suitable and so we reformulate only the 8 and ¢ components. The analysis is
similar to that carried out in the previous section, though since the particle is compressible we have V - u # 0. We begin by
writing,

V(0 e (r=1)) =200 lrai= rV - (E-e,(r = 1) = 2%, |-, (IL25)

where we may again use (I1.6) to reformulate the right-hand side to the desired form. For the left-hand side we have,

rv'(”"%(r=1))=r[V-(a’-eJ]w1_[Vézéq
r=1

5o [ 2]

’ ’ ao—r/'r ’
=|r-V-o'+tr(c’) —r -0y,
or r=1

opy ao;
= [rw + (BA+2us)(V-u) —ra—;r —O';V}r_l . (I1.26)
Substituting (I1.6) and (I1.26) into (I1.25), and using o7, = 0 and Z,, = —p on r = 1 we obtain [11.29 in the main text.

The Papkovich-Neuber representation of the solid deformation I11.22 (main text) is written most conveniently using a Cartesian
coordinate system since we have the forms for 1), and 1. given in 111.26 and I11.27 in the main text, respectively. To calculate,
for example, the stress component o7/, using the Papkovich-Neuber representation we write

2v (V-u)+ 26”’, 11.27)
or

Irr =122y

where u, =u - r/r and r = (x, y, z) in a Cartesian basis. Substituting I11.22 (main text) into (I.27) we obtain
;N ]
Oy = Z [ﬁ(?’ —4v - n)n['r : 'wc]n + V[V . wc]n
n=0

+ %(3 —4dv—(n+2))(n+2)[r-Ypla+ V[V -Yplu - rlz(n+ D(n+2)¢,|. I1.28)

Similarly, we write the remaining required terms as

(BA+2us)V-u=1+v)V-ip=(1+v) Z ([V-eln+ [V pln), (I1.29)
n=0
= 2 |3 = Dl el + 00 DIS el

+ %(3 —4y—(n+2)(n+2)(n+ D[r -yl +v(n+ D[V-9,], (IL.30)

1
- r—z(n +1)(n+ 2)n¢n],
where using [11.25 and I11.26 in the main text we have

2 npn 1 < npn
b, = . Ve, = :
T Yp 1—v;)2(2n+3) Yo T—vZi2n+3

IL.31)

For the curl reformulation of (I1.24) given by I11.30 in the main text, the right-hand side is known via (II.18) and for the left-hand
side we have
Oy Oy O Oy OUE  OU

0z _Zay +Z8x - 0z +x6y Y ox

r-Vx(a'-e,)=Z%(1—v)[(n—1)(y )], (IL32)
n=0



where we have used the fact that the curl of a gradient is zero. The expressions (I1.28), (I.30) and (I1.32) are evaluated on the
undeformed particle surface (r = 1) and substituted into the reformulated boundary conditions I11.28 to I11.30 (main text), along
with the relevant expressions for the fluid stress, in order to obtain the system of equations I11.31 to III.33 in the main text.
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