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Abstract

The amalgamation of rough path theory and machine learning for sequential data has
been a topic of increasing interest over the last ten or so years. The unity of these
two subject areas is a natural one: rough path theory provides us with the language
to describe the solutions to di erential equations driven by multidimensional (and
potentially highly irregular) signals, and machine learning provides the tools to learn
such solutions from data.

The central aim of rough path theory is to provide a general mathematical framework
for answering questions about the e ect a stream of data can have on a system. One
common example of such data is a time series, pervasive in all areas of life (and will
be the type of streams we consider most frequently in this thesis); as such, framing
problems in the language of rough paths provides us with models that have genuine
utility in the real-world.

The aim of this thesis is to provide an accessible introduction to the eld of rough
path theory for application in machine learning, and then to provide an account of
recent and e ective contributions that further connect the two elds.

Topics covered in this thesis include:neural controlled di erential equations (neu-
ral CDESs) { extensions of neural ordinary di erential equation that can incorporate
changes in external data processeaseural rough di erential equations (neural RDES)
{ a rough path extension to neural CDEs that leads to benets for long or high-
frequency time series; theyeneralised signature method a collection of feature ex-
traction techniques for multivariate time series; and nally real-world applications of
the signature method on sepsis and stress detection.

12



Acknowledgements

First and foremost, | would like to express my deepest thanks to my supervisors,
Terry Lyons and Sam Howison.

Three years ago | appeared unannounced at Sam's door, with no supervisor and
only a sketch of an idea for a three-year project. Over the coming weeks, with no
obligation to do so, Sam dedicated several hours from his free time to help develop
the ideas for my thesis and identify a potential supervisor { even ending up becoming
my secondary supervisor in the process.

To Terry Lyons, thank you for being everything | could hope for as a PhD supervisor.
Your enthusiasm for new ideas, vision for the project, generosity with time { and
not to mention back-catalogue of mathematical contributions that | have had the
privilege of being able to work on { have made me into the researcher and person
that | am today.

| would also like to express my greatest thanks to Sumanth Swaminathan, for the
initial research proposal, and for acting as my industrial supervisor for the duration
of my PhD. My memories of times spent at the company in New York are some of
the fondest of my life. | feel extremely privileged to have been able to visit during
my PhD, and | thank you greatly for your generosity nancially, with your time, and
with your enduring advice about research and life in general.

Thank you to all my wonderful collaborators: Patrick Kidger, Cristopher Salvi, Ade-
line Fermanian, Andrey Kormilitzin, James Foster, and Lingyi Yang.

Thank you to my examiners Sam Cohen and Lars Ruthotto for an engaging viva
and for providing detailed feedback, improvements, and guidance on future research
directions.

To Chris and Colin, thank you for InNFOMM and everything that comes with it, in-
cluding your continual support and help to shape us into the researchers we all are
today. Special thanks to Nabil and Ferran for their welcoming nature and support
during the early years; and to Sheng, Zhen, Harry, Tom, Giuseppe, Rahil and the
rest of cohort 4.

Finally, | would like to thank my parents, Oli, Anna, Max, and Andre.

13



Originality

Statement  The majority of Chapters in this thesis (Chapters 3 to 7) are based on
work that has already been accepted for publication. If | was lead author producing
the main draft of the paper, text has sometimes been taken directly from the paper
{ this text will contain certain edits from collaborators. If this was not the lead
author, everything has been rewritten from scratch. A detailed breakdown of my
contributions to each paper is given below.

Publications and contributions Below are the publications that have been pro-
duced as a result of work in this DPhil. We will mark at the beginning of each chapter
which (if any) of the papers the chapter is based on.

Kidger, P., Morrill, J. , Foster, J., and Lyons, T. (2020a). \Neural Controlled
Di erential Equations for Irregular Time Series." Advances in Neural Information
Processing Systems (2020).

Morrill, J. , Kidger, P., Yang, L., and Lyons, T. (2021a). \Neural controlled
di erential equations for online prediction tasks." arXiv preprint arXiv:2106.11028.

Morrill, J. , Salvi, C., Kidger, P., Foster, J., and Lyons, T. (2021c). \Neural
rough di erential equations for long time series." International Conference on
Machine Learning (2021).

Morrill, J. , Fermanian, A., Kidger, P., and Lyons, T. (2020a). \A generalised
signature method for time series." arXiv preprint arXiv:2006.00873.

® Morrill, J. , Kormilitzin, A., Nevado-Holgado, A., Swaminathan, S., Howison,
S.,and Lyons, T. (2019). \The signature-based model for early detection of sepsis
from electronic health records in the intensive care unit." 2019 Computing in
Cardiology (CinC), pages Page{l. IEEE

® Morrill, J. , Kormilitzin, A., Nevado-Holgado, A. J., Swaminathan, S., Howison,
S. D., and Lyons, T. J. (2020b). \Utilization of the signature method to identify
the early onset of sepsis from multivariate physiological time series in critical care
monitoring." Critical Care Medicine, 48(10):e976{e981.

14



The individual breakdowns are as follows:

Neural CDEs - This is based on the papeNeural controlled di erential equations
for irregular time series which was the work of Patrick Kidger. Cristopher Salvi,
James Foster, and myself were working on similar ideas at the same time which we
turned into the Neural RDEs paper. The writing up of the work in this document is
my own, but the experimental results are taken (with permission) from Patrick.

Online Neural CDEs - Using rectilinear control paths to enable Neural CDEs
to operate in an online fashion was an idea Terry Lyons and | had been talking about
for a long time. Patrick Kidger had done some earlier work regarding theoretical
conditions and | proposed merging the two into a single paper. Lingyi Yang assisted
me with the curation of the MIMIC-IV database at the beginning, and from that
point on, ideas and direction of the paper was developed jointly by the three of us.
Implementation and experiments were handled by myself, | completed the main draft
of the paper which was improved with heavy edits by Patrick and Lingyi.

Neural RDEs - The core idea, using the log-ODE method, was thought up by
Cristopher Salvi. We then worked jointly to develop the idea and understand where
it tted in the landscape of Neural DEs and time series methods. James Foster
represented a continual source of knowledge on rough methodologies and we owe him
considerable thanks to the many MS teams calls he endured during the course of this
paper. | handled the implementation and experiments. The rst draft was completed
by me with edits made by everyone. The rst abstract section giving a background
to rough paths was done by James Foster.

Generalised signature method - The three of us independently had the idea
of doing something similar, so we decided to pool ideas and do one together. Ideas
were developed jointly, rst draft was completed by Patrick and Adeline, edits were
made by everyone, | handled the implementation and experiments. The open source
sktime software implementation was also developed by me.

® ® Sepsis papers - The work in these papers was completed by me, with Andrey
acting as a co-supervisor with Terry. The remainder of the authors aided in providing
edits to the two write-ups. | would like to add particular thanks to Andrey, without
his enthusiasm and encouragement these papers would not have existed at all.

Terry Lyons acted as lead supervisor for all of these papers. He was extremely in-
uential in the development and direction of each and every paper, | only apologise

| could only help to follow this very small subset of his proposed ideas through the
course of this PhD.

Below we also give two miscellaneous papers that were completed as part of this PhD
but are somewhat tangential to the narrative of the thesis so have been left out of
the nal draft.

15



Kidger, P., Morrill, J. , and Lyons, T. (2020b). \Generalised interpretable
shapelets for irregular time series."arXiv preprint arXiv:2005.13948.

Morrill, J. , Qirko, K., Kelly, J., Ambrosy, A., Toro, B., Smith, T., Wysham,
N., Fudim, M., and Swaminathan, S. (2021b). \A machine learning methodology for
identi cation and triage of heart failure exacerbations.” Journal of Cardiovascular
Translational Research, pages 1{13.

16



Part |

Introduction and Preliminaries

17



Chapter 1

Introduction

The primary aim of this thesis is to demonstrate that the union of rough path theory
and machine learning results in powerful models that can be used to solve a range of
real-world problems.

Rough path theory and machine learning at rst glance may appear to be two dis-
parate branches of research with litle common ground. Rough path theory is a branch
of pure mathematics that provides us with language to model evolving systems and
describe how they interact with one another. Machine learning on the other hand, is
a tool that can be used to perform high-capacity function approximation from data,
generally requiring large amounts of computational power.

When taken in combination, rough path theory enables us to write down the for-
mulation of a general system evolving under some external in uence, and machine
learning can then be utilised to t the as-yet-unknown functions to real-world obser-
vations.

When we write streamed datawe are employing this as a general, abstract term to
describe any ordered sequential data that can a ect a system { we defer a formal
mathematical de nition to Chapter 2. Some examples of streamed data are:

" A piece of handwritten text drawn on a tablet.

" The ordered collection of words in a book.

" A video of a person moving.

The evolution of emotions of a person during the course of a conversation.
" A changing stock price.
" Vitals signs and laboratory test results of a patient in an ICU.

We give a plot of some such examples in Figure 1.0.1.

These all t our de nition of streamed datasince they can all have measurable, evolv-
ing, e ects on things. Again, we leaving the idea of "an e ect' to be highly general

18



Figure 1.0.1 { Some examples of streamed dataleft: A Japanese character sketched
on a phone. The data consists of the;y locations of each of three strokesMiddle: a
month of Tesla stock prices.Right: ICU patient data with frequently observed systolic
blood pressure (SBP) and infrequently observed white blood cell (WBC) levels.

Figure 1.0.2 { The full text of war and peace. This represents a slightly di erent form
of streamed data, but a no less valid one.

on purpose, as theoretically, this e ect really can be almost anything. For example,
di ering streams of handwritten text can change what character is perceived by the
person reading it; the order of words in a book changes the readers mood as they
read it; and a changing stock price changes the value of ones portfolio.

Rough path theory provides us with a framework for answering questions about
streamed data, and their e ects, aiming at this generality. At the heart of the math-
ematics lies the controlled di erential equation (CDE)

dz; = f (z)dX¢; z, = : (1.1)

Here X; 2 RY and represents the streamed data under consideration { known as the
control { zz 2 RY is the response of the system, 2 RY is an initial condition, and
f: RV ! RY 9 determines how the responsg behaves under the in uence ofX;.

\f (z;)dX" can then be seen to denote a matrix-vector product.

For those unfamiliar with CDEs, it may help to consider the setting where the control
path X is di erentiable. In this instance, the equation can be written

dX¢ .

dZt =f (Zt)Tdt, Ziy = (12)

where \f (zt)%" is now the matrix-vector product. The responsez; is modi ed via

f in the direction of X;; hence, we see why this is called a \controlled" di erential
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equation, since the response is \controlled" by the behaviour of the streamed data
Xt.

The CDE is our primary model of consideration when learning systems driven by
streamed data. It will be introduced in more detail in 2, but su ce it to say that this
relatively simple equation is also a powerful one for modelling functions on streams.
In particular, it is known that controlled di erential equations are universal approx-
imators on streamed data (Liao et al., 2019) { any continuous function on streamed
data can be uniformly approximated on compact sets by a CDE.

To break this down more explicitly, suppose that we are tracking patients in an ICU
and wish to model the likelihood that this person has sepsis. We I&t; represent
everything we know about the patient up to timet, this can include their vitals signs,
laboratory test results, and demographic information. Let; denote the probability
that the patient under consideration has sepsis given their information up to time
t (if a binary indicator is desired, this can be achieved in the standard way via
Yt = lsigmoid(z)>05)- BY the universal approximation theorem for CDEs, if there
exists some relationship betweeX; and z (potentially highly nonlinear), then the
relationship can be approximated arbitrarily well by a CDE.

The process for the remainder of this thesis will in general be something like this:

1. Examine an evolving system that evolves under the in uence of some changing
data stream.

2. Model the system as a CDE, withX; being this observed data stream.
3. Use the tools from rough path theory to write down the solution to the system.
4. Learn any unknown functions that arise via machine learning methods.

The result of this is then a CDE system that maps the underlying data stream onto
something that, if all things go to plan, accurately models our e ect of interest.

Throughout the remainder of this thesis we will see a range of di erent methods,
models, and applications, that all broadly follow the structure listed above. It is our
goal to persuade the reader that learning functions on streamed data through the
language of CDEs and rough path theory, powered by machine learning, produces
models and results that are both interesting, and useful.

1.1 Plan

The remainder of this thesis will be presented in almost exactly the wrong chrono-
logical order. In reality, the chapters were (approximately) completed in the order
8! 7! 6! 3! 5! 4. Chapters 7 and 8 contain some applied work that utilise
existing tools in novel ways to real-world datasets { they most interesting for anyone
who is directly interested in the prediction tasks themselves, these being the predic-
tion of stress and sepsis. Chapter 6 is somewhat of a review article, summarising a
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lot of the previous contributions that had been made in the rough path theory and
machine learning space. The earlier chapters, Chapters 3 to 5, document a novel
methodology

Going into a bit more detail, the chapters are grouped into two parts: Chapters 3to 5
and Chapters 6 to 8 { with an extra part being this introduction and the preliminaries
in Chapter 2 if we count that.

Chapters 3 to 5 covers our more recent work developitgural Controlled Di erential
Equations (Neural CDEs). These are continuous time models that extend existing
Neural ODE ideas but use the CDE (as in Eq. (1.1)) as our di erential equation of
choice, resulting in a more general model that works on time series due to tKe
term. We demonstrate that they have a number of real, practical bene ts over many
existing time series models, such as the fact they apply in a very natural way to data
that has been irregularly sampled.

Chapters 6 to 8 outline our work orthe signature method The signature is a transfor-
mation central to the study of CDEs and their solutions (it will be introduced formally

in Chapter 2). In brief, the signature applied to a stream of dataX; returns a vec-

tor of real-valued features that are most relevant for solving a CDE. As mentioned,
Chapter 6 is partly a review article, but also provides novel insights into how all
the proposed variations can be classi ed, and ends by proposing a high-performance
canonical pipeline that provides an excellent starting point from which to experiment.
Finally, Chapters 7 and 8 follow on naturally as they represent individual applications
of the generalised approach devised in Chapter 6.
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Chapter 2

Preliminaries

Figure 2.0.1 { A (very) high level overview of the aims of this chapter. Raw tick
data is converted to a continuous path of bounded variation that can be used to drive
a controlled di erential equation (CDE) (top right). The solution to the equation can
be estimated as a linear functional of the signature of the path { an vector of real
values that describe how to update a CDE (to be introduced formally in this chapter) {
making signature coe cients a natural basis in which to express the solutions to CDEs.

2.1 Controlled di erential equations

Consider the following ordinary di erential equation (ODE)
dz; = f (z)dt; z(to) = : (2.1)

Heref : RY! RV is avector eld, z; 2 RY represents the solution (or response), and
2 RY is an initial condition. The solution z is updated from its initial value at tq
as we varyt, in accordance with the behaviour de ned by the vector eldf .

Often, our system of interest evolves under the in uence of signi cantly more complex
behaviour than incremental changes in a single variable, in this caseFor example,
suppose we are interested in modelling patient health in an ICU, where we can observe
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various characteristics about said patient such as their vitals signs. In such cases, it
is appropriate to extend the ODE to something more general that can handle multi-
dimensional driving signals.

De nition 2.1.1  (Controlled di erential equation (CDE)) . Let X; 2 RY be a con-
tinuous path of bounded variationz; 2 RV, f : RY! RY 9 and 2 RY. Suppose we
have that

dz = f (z)dXy;  z(to) = (2.2)

We call the solutionz; of Equation (2.2) the response of the systern to the control
X from the initial condition . Note that in general,v > 1, and f (z;)dX; denotes
matrix-vector multiplication.

The CDE is an important generalisation of the ODE stated in Equation (2.1), with
the modi cation dt ! dX; allowing z to evolve in multiple directions according to
the behaviour of X. The CDE is more general since it allows the equation to be
driven by signals that exist in multiple dimensions. 1fX; = t, then we reproduce the
ODE from Equation (2.1) which shows that it is indeed a generalisation.

Equation (2.2) is su ciently general to model our ICU patients in a way that simulta-
neously incorporates the vitals signs, laboratory data, and demographic information.
Further, the universality property of CDEs { that is, linear functionals of CDEs being
dense in the space of continuous functions on a compact set of controls (Lyons, 1998)
{ shows that the model is also theoretically rich enough to approximate the functional
relationship between the input data and the response varialdle

Supposing thatX records changing patient observables, the CDE formulation enables
us to model evolving functions of the patient's state; for example, a patient's sepsis
risk can be modelled via a CDE with hidden state driven by;.

2.1.1 Mathematical formalism

To give more concreteness to the classes of controls we can consider, we introduce the
notion of a path, a control path, and a path of bounded variation.

De nition 2.1.2  (Continuous path). If X :[a;! R?and each co-ordinatgX *;:::;X )
is a real-valued continuous mappingk' : [a; ! R, then we callX; a continuous
path.

De nition 2.1.3  (Control path). A control path X; is a geometric rough path (as in
(Lyons, 1998)) which we emphasise can be used to drive CDEs.

In this thesis, the paths we are interested in are speci cally those of bounded varia-
tion.

lLike all universality properties that arise in the eld of machine learning, in the real-world
this comes with the rather sizeable assumption of in nite data, memory, and time (or algorithm
e ciency). In reality, the universality property is just hinting that this theoretically has the desired
exibility for modelling functions on streams, a theory that can only be proven to be useful through
empirical evaluation { this evaluation will come in the following chapters.
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De nition 2.1.4  (Path of bounded variation (path of nite length)). A path X :
[a;! RYis said to have bounded variation if the quantity

X 1
V(X)) = sup Xt Xt
D2 [ab] -

(2.3)

k H

is nite, with the supremum being taken over all nite partitionsD of the interval
[a; B.

Assuming the vector elds are Lipschitz, Equation (2.2) is well-de ned for controls
that are smooth paths, and more generally for continuous paths of bounded varia-
tion.

The CDE contains a natural time reparameterisation invariance property.

Remark 2.1.1 (Reparameterisation invariance) Let z; be the solution of the follow-
ing CDE driven by X;
dz; = f (z)dX:; z, = (2.4)

Suppose further that : R! R is smooth, then

dz t = f(Z (t))dX (t); Z (to) = . (25)

This means that if we change the parameterisation (or speed) at which we traverse
the control X, then we only change the speed at which the solution is traversed, not
the solution itself.

When data arrives discretely (as in generally the case in the real-world) observations
can be considered as impulses (or jumps) in our system. CDEs are unde ned at
jumps, however there is a canonical way in which they can be dealt with considering
Remark 2.1.1.

Remark 2.1.2 (Dealing with jumps). Suppose we have a jump K at t,. We can
introduce a reparameterisation that incorporates \virtual time" betweent, and t;
over which we linearly interpolateX and solve

dz ) = F(z ©)dX ) Z () = (2.6)

We can then speed up the movement over the virtual time and return to the original
parameterisation following the jump.

In the following sections we will see a more concrete example of how this would be
achieved in the context of a real discrete data process.

2.2 Tick data

Whilst paths of bounded variation are suitable to drive CDEs, we cannot directly
observe them in the real-world. Much real world data is discrete, for example if we
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are monitoring tra c to a website we see hits only at discrete time points. Even with
data that is truly continuous, such as the evolving blood pressure of a patient, we
are restricted to the frequency of our measurement implements which, however good,
will always be discrete at some level of granularity.

This section focuses solely on data representation, prior to modelling and choices for
f.

2.2.1 Types of tick data

We thus introduce the idea oftick data, which we use to represent data obtained from
real-world processes.

De nition 2.2.1  (Tick data). Let d 2 N andx; 2 (R[fg )Y where is used to
represent missing data. We denote the space of tick data to be

S(RY = f(xo;:::;xn)jn2N; n 1g; (2.7)

and denote elements o8(RY) by a lowercase bold letterx( will be seen most fre-
quently).

Keeping open the possibility for features (or channels) to be missing is important.

Often when observing real-world data we do not see all features simultaneously; for
example, when patient laboratory tests are returned in an ICU we only see those that

were requested by the doctor, with other information being missing.

In many cases, the observation times themselves are valuable information. In such
cases it is sensible to include the observation time stamps as features. When tick data
includes the observation times as a one of the feature dimensions we call the tick data
atime series

De nition 2.2.2  (Time series) Let x 2 S(RY) be some tick data and let; 2 R with
to < ::: <t , denote the observation times of the observatiors If (to;:::;t,) is
one of the components irx, then we callx a time series. Typically the times will be
included as the rst component ok.

A time series is a subset of tick data, however it is so often useful to include the time
stamps with the observation vector that we include this additional de nition. We will

We use the terms ‘components', ‘channels', and “features', interchangeably to refer
to the the dimensions of the inputX;. From hereon, we will tend to use features or
channels as they are more commonly used in the machine learning community.

We now give a few additional de nitions that we will make use of frequently in later
chapters.

De nition 2.2.3  (Fully observed time series) If x is a time series, and no values
are missing (take the value "), then we call the data fully observed.
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De nition 2.2.4  (Partially observed time series) If x is a time series, and at least
one value is missing, then we call the stream partially observed.

This de nition covers two common scenarios involving real-world data:

1. A channel was expected to update, but due to some measurement failing or
otherwise, did not.

2. A channel was not expected to update, but due to the update of some other
channel, results in a missing value. For example, the second channel may be
measured at a higher frequency than the rst.

De nition 2.2.5 (Regular time series) Supposex is a time series and the time
stampst; are such thatti,; t = tj,x t; 8i;j) 2f1;:::;ng. Then we callx a
regular time series.

De nition 2.2.6  (Irregular time series) Supposex is a time series and the time
stampst; are such that there is at least on&j 2 f1;:::;ng such thattj,; t; 6
ti.1  tj. Then we callx an irregular time series.

The “fully/partially observed' de nitions apply equally to tick data, however we will
almost exclusively use these de nitions with respect to time series, hence the reasons
for the de nitions being given on time series'.

Deep learning time series models, such as the RNN, tend to struggle with data that is
either “partially observed' or “irregular’. The models fare signi cantly better on fully
observed data that occurs at regular intervals. You may notice however, that the
terms “partially observed' or “irregular' are properties of discrete observations, having
no natural analogue for signals that are continuous across all channels. This can
result in signi cantly easier handling of data that contains such irregularities.

The missingness of data is often highly valuable information that should be fed into
a model; see for example Che et al. (2018). Returning to the ICU example, variables
that require laboratory are sparsely observed, since they are only returned upon re-
guest of a doctor. Monitoring the rate at which certain tests are observed is therefore
likely to hold important information, as it gives an indication into the doctors thought
processes. For this reason we introduce the idea of ahservational frequency vec-
tor.

De nition 2.2.7  (Observational frequsncy) Supposingx = (Xo;Co);: 1 (Xn; Cr)
is a such thatx; 2 (R[fg ) andc = 'Olfxi;j s g- 1hen we call theg's the obser-
vational frequencies and we say that is augmented with observational frequencies.

. - . P,
Here 1 is the indicator function and 'Olfxm s g returns a count of the number of
times the feature has been observed, up until the current observation.

2.2.2 Bounded variation paths from time series

We now have a clearer de nition for the type of data that we are likely to encounter in
real-world time series problems; however, time series as de ned in De nition 2.2.2 does
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Figure 2.2.1 { Example of the rectilinear interpolation scheme. We introduce a pa-
rameterisation of the data that increments by 1 along every green line and every blue
line. After an observation (from t;" to t;,, , green lines) we increase time as normal, at
an observation (fromt; to t;", blue line) time is held xed but our underlying param-
eterisation is still changing continuously. We sometimes say that we have introduced a
\virtual time" in the parameterisation along the blue line.

not yet de ne a control path that can be used to drive a CDE as in Equation (2.2).
Thankfully, it is straightforward to produce a path of bounded variation from tick
data, for example, a simple linear interpolation between the points would su ce.

The general procedure will be to construct a continuous path of bounded variation,

Xy [a;g ! RY, from tick data x; the subscript being used to denote dependence on
the tick data x. We deliberately avoid going into details about how this is done here

as much time will be devoted in the best way to do this in 4, however, we provide

a natural example to demonstrate that any time series can also be thought of as a
continuous path of bounded variation.

De nition 2.2.8 (Rectilinear interpolation). Let x = (to;Xo); (t1;X1); :::(th; Xn)
be some time series. Lek; denote the forward Il of x; (that is, x; with any missing
values lled by the most recent observed value). If

B = (to;Ro);(t1;R0); (tr; 1) i(th 180 1) (tn; Bn 1); (tn;®n) (2.8)

and X : [0;2n] ! RY denotes the linear interpolation ofe such that X g(2i) =

interpolation of x.

We refer the reader to Figure 2.2.1 from which this de nition is signi cantly easier
to understand. The gure depicts how one can construct a rectilinear interpolation
from discrete time series data. The crucial point to be aware of here is th#tis
path is not parameterised by time ; instead, we have introduced a new param-
eterisation along which we alternate between varying time, and varying the feature
dimension.

To show this more explicitly, note from de nition 2.2.8 that our parameterisation
runs from 0 to n. Time is increased from R! 2i + 1 and the features are linearly
updated (x; ! Xj:z)over2+1 ! 2i +2. The locations of the rst few green and
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blue circles from the gure are

Xx(o) = (tO;XO)
Xx(1) = (t1;Xo)
Xx(2) = (t1;x1)
Xx(3) = (tZ;Xl)
Xx(4) = (t2;%2)

The fact we can jump from €;1;Xo) ! (t1; X1) is allowed due to the introduction of our
new parameterisation along [(2n]. The result is a continuous path that has piecewise
continuous derivatives with respect to the underlying parameterisation. There are
discontinuities in the derivatives at X, (i) 8i 2 N, but as we will see in Chapter 4,
this does not pose a problem for our applications.

Rectilinear interpolation results in a continuous embedding that faithfully represents
the underlying discrete measurements. We say faithful since it represents our obser-
vations in reality; time is increased between measurements, and measurements are
jumped instantaneously (from the standpoint of time) when we see a new observa-
tion.

There are of course many ways we can convert a time series onto a path of bounded
variation, and this will indeed be the topic of much discussion in this thesis. This
section merely aims to convince the reader that the fact data in the real-world is
observed discretely does not pose an issue for modelling such data with CDEs that
require control paths that operate in continuous time.

2.3 Rough paths

Rough path theory, introduced by Lyons (1998), provides a complete description
for the solution of CDEs driven by highly irregular and oscillatory signals. It gives

deterministic meaning to the CDE (as in Eq. (2.2)) wherX, has the roughness of a

Brownian motion, and for paths of greater irregularity still.

The theory of rough paths diverts from the traditional calculus of Newton and Rie-
mann in its consideration of the pathX,. Previous focus was placed on the consid-
eration of the control path at particular instances in time, which breaks down as the
path becomes increasingly complex or oscillatory. Instead, rough path theory consid-
ers the path over intervals and gives a description of the path over the interval that
is su cient to describe its e ect on the responsez;, at the end of the interval.

This description is called the signature of the path and will be introduced in the
following section, but at a high-level, the signature picks out the information that
is required to estimate the movement of the response over the interval, without the
need to consider the ne-scale behaviour of the control path. Rough path theory can
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be thought of as the study of convertingX.s) onto actionable information that can
be used to predict howzs evolves fromz, .

In this thesis, we will be sticking exclusively to paths of bounded variation. Paths
of bounded variation are dense in the metrics of rough paths; as such, the theory of
rough paths applies to paths of bounded variatioA. We will not be delving far into
the rich mathematical landscape of rough paths; however, we think it is important to
highlight that the novelties that appear in this work are almost exclusively based on
the ideas that arise from rough path theory.

We direct the interested reader to Lyons et al. (2007b) for an introduction, and to Friz
and Hairer (2020) or Friz and Victoir (2010) for a more comprehensive textbook.

2.4 The signature

The signature is an object central to the study of rough path theory and controlled
di erential equations. The signature consumes a path and returns a collection of real
values each of which contains information about the structure of the path; it can be
useful to think of these as analogous to summary statistics about a path, only these
are the summary statistics that are most relevant for solving a CDE.

To de ne the signature, we begin by de ning ak-fold iterated integral

De nition 2.4.1  (k-fold iterated integral). Let a;b2 R, and X :[a;d! R be a
continuous smooth path. We de ne the k-fold iterated integral of along the indices

iy 0k as 7 7
S (X) = D dX (! :ordX (2.9)

a<t g <t a<t 1<t »

We are now in a position to give a de nition to what it means to be the signature of
a path X.

De nition 2.4.2  (The signature). The signature of a path of bounded variation is
the in nite sequence of real values

San(X) = L;Sip(X);:: 15 S5p(X); Saip(X): Sgip(X )i (2.10)

Example 2.4.1 (Signature computation) Consider the pathX; = (t;sin(t)) for

2A common misconception is that rough path theory applies only to these highly irregular \rough
paths"; in reality, rough path theory does indeed provide us with the language to describe solutions
for these irregular paths, but absolutely still applies to paths of higher regularity.
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t 2 (0; ). We have up to depth 2

Z
Sp. (X¢) = dt, =
ZO
So (X0= disint)) =0
2z, z )
SeH(Xy) = dtudt; = tdtp =
z 7, ° z Z
So7(Xy) = dtd(sin(ty)) =  tpd(sin(t)) =  t,costy)dt, =2
| 70 Zot2 70 0
S5 (Xy) = d(sin(ty))dt, = sin(ty)dt, = 2
| z 7, ° Z
S52(Xy) = d(sin(t,))d(sin(tp)) =  sin(t,) cost,)dt, = 0
N ARV ARY AN °
SotH(Xy) = dt,dt,dts = :::
0 0 0

Collecting the terms we hav&(X,) = (1; ; 0; 2=2;2;2,0;::2).
We also provide the following, more succinct de nition.

De nition 2.4.3  (The signature, alternative notation). Leta;b2 R, and X : [a;Q !
RY be a continuous smooth path.

Z Z
San(X) = o dX{dX (K (2.11)

a<t <t a<t 1<t » (k)20 k

From this de nition we can see how terms are collected into "depths' that depend
on the number of integrals that were performed to produce the output. For example
collecting example 2.4.1 up to depth 2 we haveg1);(; 0);( 2=2;2;2,0) .

As has already been alluded, signatures are central to the study of CDEs. One clear
way to see this is by performing a Taylor expansion of a generic CDE, and we see
that the Taylor coe cients are precisely the signature features.

Example 2.4.2 (Taylor expansion of CDEs) To generate a solution to the CDE
equation, one obvious tactic is to apply a Taylor expansion. By converting Equa-
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tion (2.2) to its integral form, expanding, and neglecting higher order terms we nd

Zy
Zp,= Zy+ f(z,)dXy,; (2.12)
zZ,
=2z, + f(za) + Dt (za)(zt, zZa)dXy + i35 (2.13)
a
YA b yA b
=Zy+f(za) dXi +Ds(za) (ze;, zZa)dXy + i3 (2.14)

a a
where Dy is that Jacobian of the functionf . Now substitutingzs  z, from the rst
line, and again expanding and ignoring higher order terms we nd that
YA b Z bZ t2
o+ f(z) dXy + D¢ (za) f(z,)dXdXy, + 100 (2.15)
VA 7,z ta
Z,+ f(z5) dXy + Di(za)f (za) dX,dX, + 1135 (2.16)

a a a

More explicitly, for the i'th co-ordinate of z; up to depth 2 we have

. i xd 74 a : xd xd Z bz to )
Z=7+  f(z)y dXl+ Dt (z:)f () dx!,dxf (2.17)
j=1 b j=1 k=1 a a
[ () X (k)
=z+ f(za)y SOUX) + Dt (za)f (2) yy STO(X) + 10 (2.18)
j:l j=1 k=1

We see that the Taylor coe cients are precisely the terms of the signature.

2.4.1 Properties of the signature

Our rst fundamental property of the signature is Chen's identity, which states that
the signature of two concatenated paths is equivalent to the product of their signa-
tures.

Theorem 2.4.1 (Chen's identity; Chen (1954)) Let X :[a;f! RYandY :[b;q!
RY be two continuous paths of bounded variation, lettir@denote path concatenation
and S the signature transform we have

S(X?Y)=S(X) S(Y): (2.19)

We see from the citation dating back to 1954 in Chen's identity; Chen (1954) (The-
orem 2.4.1), that signatures go way back. Signatures were not discovered alongside
rough path theory, rather, rough path theory was what interwove them with analysis

to establish a new calculus.

The two most important properties (for us at least) areuniquenessand universal
nonlinearity.
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The uniqueness property proves that the signature is a faithful representation of
that path; every path has a unique signature (up to some null set that we need
not concern ourselves with). The universal nonlinearity property demonstrates the
centrality of signatures to the study of CDEs; it tells us that the solution to any (linear
or nonlinear) CDE can be written as a linear function on the signature of the control.
In this way, the signature can be thought of as unravelling the non-linearities inherent
in the CDE equation, and can be used as a natural function basis for modelling the
response of CDESs to driving signals.

Theorem 2.4.2 (Uniqueness of the Signature; Hambly and Lyons (2010))Let
X :[a;g! RY be a continuous path of bounded variation. TheB8(X) uniquely
determinesX up to parameterisation and translation (and an appropriate null set)

Theorem 2.4.3 (Universal nonlinearity; Lyons (1998); Bonnier et al. (2019)) Let

F be a real-valued continuous function on continuous paths of bounded variation in
RY and letK be a compact set of such pathsLet > 0. Then there exists a linear
function L such that for allX 2 K,

F(X) L SX) < (2.20)

whereX = (t;X ) 2 R*! denotes that pathX with time included as an extra dimen-
sion.

Another important property, especially when considering the signature in machine
learning applications, is thefactorial decay of the signature. As we take the signature

to higher depths (more iterated integrals) the size of the terms exhibits factorial

decay; this is very important to be aware of in machine learning as often learning
algorithms are highly sensitive to feature scale. More time will be devoted to this in
Chapter 6

Proposition 2.4.4 (Factorial decay; Lyons (1998)) Let X :[a;lj! R be a contin-
uous piecewise smooth path. Then
z z Lk
dXi iroodXy,

a<t <t as<t y<t 1 k!

(2.21)

whereL is the length of the patiX andk k is any tensor norm on(RY) k.

Finally, we de ne the notion of the truncated signature The signature is an in nite
collection of iterated integrals which, given we are limited by a world of nite re-
sources, we can never expect to compute all of. For this reason we generally compute
only the rst few iterated integrals and use these features in our models.

3Technically this de nition should address the issue of the null sets that Hambly and Lyons
introduce which are called tree-like pieces. However, we will nd that for real-world time series data
such pieces are never likely to occur, a simple inclusion of the monotonically increasing time channel
for instance always guarantees the path will not be tree-like. We therefore do not concern ourselves
with the null set here, though some discussion is given in Chapter 3

4The de nition of both continuity and compactness depend on the topology of the set of paths.
See Lyons (2014a) for details.

32



De nition 2.4.4  (Depth-N truncated signature). The truncated signature to depth
N is de ned as

Z Z
Shp(X) = dX{ o dX
a<t x<b a<t <t 1 (i1;5ik)21 ¢ 0 k N
L il
= 1;S;b(x);:::;Sg;b(x);:::;sa;yﬁnv (X);"';Sa;'b"" (X)

2.4.2 The log-signature

The signature transform has some redundancy. A little algebra shows that
Sab(X) + SER(X) = Sp(X)SEp(X); (2.22)

and so we already knows%? if we know three other quantities. This brings us to
the introduction of a di erent but related transform known as the log-signature The
log-signature holds the same information as the signature, but without these redun-
dancies; one can think of it as a compressed version of the signature.

As its name suggests, the log-signature can be obtained by taking the natural loga-
rithm of the signature (in a lie theoretic sense (Reizenstein, 2017)). The process is
not particularly illuminating but can be seen in Lyons (2014b). For our purposes, it
is su cient to know the log-signature is a compressed version of the signature and
the log-signature truncated to depth N is denoted Logsig(X).

It is also worth noting that the log-signature loses the universal nonlinearity property
from Universal nonlinearity; Lyons (1998); Bonnier et al. (2019) (Theorem 2.4.3) in
favour of this more compressed data format. When utilising the log-signature in
machine learning applications it is therefore important to utilise a non-linear model,
since a linear model on the log-signature does not have the same guarantees as for
the signature.

2.4.3 Signature intuition and examples
Example 2.4.3 (Depth 1 (log-)signature) The depth 1 (log-)signature describes the
path's total displacement vector over the interval. To see this note
Z b VA b
Sip(X) = dXi=  Xidt=Xp Xa= Xy (2.23)

a a
This can be seen in Figure 2.4.1 by looking at theX,; X, terms.

Example 2.4.4 (Depth 2 (log-)signature) In Figure 2.4.1 we give a visualisation of
depth 2 terms for the signature and log-signature in two dimensions.

The S;5(X); SZ5(X) terms in the signature can be seen as the blue and orange areas
of the left hand plot respectively. It is also straightforward to show that th?.ggb(X)
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Figure 2.4.1 { Depths 1 and 2 term visualisation for the signature (left) and log-
signature (right).

terms is half the square of the increment.
Z bZ to

si;'b(x) = dXxidX, = M;

(2.24)
a a 2

The log-signature for a two-dimensional has a single term at depth 2 and it is equal
to the levy area of the path, that is

1 _
A=A, A =3 Sa(X)  SZp(X) : (2.25)

Higher order signature visualisations become increasingly more di cult, however, in

Chapter 8 we give some third order visualisations of the signature that have intuitive
meaning with respect to a real data stream.
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Chapter 3

Neural Controlled Di erential
Equations *

Neural controlled di erential equations (Neural CDES) are the continuous time limit

of RNNs, and are particularly well suited to modelling functions on irregular time
series. They are an extension of Neural ODEs that enable the hidden state to be
continuously updated based on some incoming observations through utilisation of CDE
theory. We demonstrate that the model achieves state of the art performance on a
range of benchmarks and metrics.

Kidger, P., Morrill, J., Foster, J., and Lyons, T. (2020). Neural Con-
trolled Di erential Equations for Irregular Time Series. Advances in Neural
Information Processing Systems

Figure 3.0.1 { Visual comparison on the RNN, ODE-RNN and Neural CDE methods.
Left: the RNN updates the hidden state only at observation times and is unde ned
in-between. Middle: The ODE-RNN is de ned between observations and modi es the
hidden state at each observation. Right: The Neural CDE model rst constructs a
continuous time path control X4 resulting in a true continuous time interpretation of
the hidden state.

1Joint work with Patrick Kidger, Cristopher Salvi, and James Foster
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3.1 Introduction

Since their inception, Recurrent Neural Networks (RNNs) have been a dominant
modelling paradigm for all types of sequential data modelling. They have, at one time
or another, been a crucial component in state-of-the-art models in language modelling
(Sutskever et al., 2011; Mikolov et al., 2010; Graves and Jaitly, 2014), EHR data (Choi
et al., 2016), ICU prediction (Fagerstr®em et al., 2019), and almost any other area that
deals with large quantities of data exhibiting a sequential-like structure. Whilst RNNs
have recently found themselves outpaced by transformer-style architectures in certain
areas (Vaswani et al., 2017), they still remain an extremely performant in time series
applications.

One issue that arises in RNNs with regards to time series applications is that they
tend to breakdown when the data is irregularly sampled. Often, practitioners rst
divide the data into equally sized "bins' along the time dimension, and perform some
aggregation over the intervals (for example a simple mean function) before running
the data through an RNN (Fagerstrmm et al., 2019). Doing such preprocessing funda-
mentally destroys information that may be useful for prediction. With medical data
for example, it may be crucial to know whether a laboratory test was ordered because
of a rise in blood pressure, or the other way around; this is an example of information
that could be obfuscated by equal time binning.

Neural di erential equations Chen et al. (2018) represents a promising area of research
in this regard. Being di erential equations, they can de ne a model with a latent-
state that is de ned at all times, making them an appealing model class for modelling
irregular time series. Recent examples include Rubanova et al. (2019); Jia and Benson
(2019); De Brouwer et al. (2019).

In this chapter, we introduce the Neural Controlled Di erential Equation (Neural
CDE) model, which can be thought of as a continuous time extension of an RNN. As
we will see, using a CDE over an ODE is what will allow our model to have continuous
dependence on the underlying data, something a Neural ODE cannot do.

The structure of this chapter is as follows: rst, we overview the Neural ODE model,
since Neural CDEs can be understood naturally as an extension of this framework;
second, we describe the Neural CDE model and outline how it is solved for piecewise
di erentiable control paths; third, we outline the comparison with the more tradi-
tional RNN model, in particular, we demonstrate that an RNN is actually a specic
discretisation of the Neural CDE; nally, we give experimental results that establish
the Neural CDE as state-of-the-art for time series ODE modelling.

3.2 Neural Ordinary Di erential Equations

We being by outlining the Residual Neural Network (ResNet) architecture as intro-
duced by He et al. (2016). Neural ODEs can be viewed as the continuous time limit
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of a ResNets and deriving this from the ResNet equation is a natural way in which
to introduce the Neural ODE model.

Suppose that we wish to predict some outpuy 2 RY from initial data xo 2 RY.
With the ResNet model we learn a functiorf : RV 7! RY and linear maps™*: R 7!
RY; 2: RV 7! R¥ such that

y %(z,) where z,=2z, 1+f (z, 1) and zy= "1(xo): (3.1)

This is analogous to a feedforward neural network but for the addition of the, ;
term in the hidden state update; this inclusion is what is called theesidual con-
nection and therefore why we call it a ResNet. This inclusion allows for improved
gradient backpropagation through layers which enables e ective training of much
deeper networks.

Neural ODEs are not a recent development, they have been around since at least
the early 90's as seen in work such as Chu and Shoureshi (1991); Rico-Martinez
et al. (1994); Gonalez-Garca et al. (1998). They have seen a revival more recently
(Weinan, 2017; Haber and Ruthotto, 2017; Haber et al., 2018; Chen et al., 2018;
Chang et al., 2018). In Haber and Ruthotto (2017) the authors show that the ResNet
(He et al., 2016) may be derived from an Euler discretisation of a corresponding
ODE, and use this to motivate new stable architectures using ideas from ODE theory
that improve gradient propagation. In Chang et al. (2018) the authors show how
reversible ODE architectures can be used to derive both stable and memory e cient
neural network architectures. Finally, Chen et al. (2018) coined the term "Neural
ODEs' with their paper Neural Ordinary Di erential Equations which captured the
imagination of many practitioners and has resulted in an explosion of papers in the
eld.
We can rewrite the ResNet from Eq. (3.1) as

Zn—f“:f (Zn 1) (3.2)

where t =1. We can see that this is in precisely the same form as an Euler solve of
the following ODE

dz
—=f : :
=@ (33)
Therefore, by taking the continuous limit of the ResNet, the hidden state update can
be achieved via Z,
z =z, + f (z)dt: (3.4)

to
That is, the propagation of information through layers in a ResNet can actually be
considered as a discretisation of the ODE in Equation (3.4).

Neural ODEs provide us with an interface between the elds of machine learning and
di erential equation modelling. They allow us to combine modern tools from ODE
research alongside the high exibility and powerful function approximation properties
from machine learning.
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3.2.1 Benets of neural ODEs

Here we outline some of the main bene ts that arise through the combination of ODE
modelling with neural networks.

Portability of existing theory By considering the full ODE equation, we can
utilise existing theory of ODEs to improve various aspects of the neural architecture.
Important examples include the construction of forwards and backwards stable archi-
tectures, as well as memory e cient architectures (Haber and Ruthotto, 2017; Haber
et al., 2018; Chang et al., 2018).

Memory e ciency Viewing the underlying hidden state propagation equation as
an ODE has aided in the construction of memory e cient architectures. A general
feedforward neural network require®©(HL ) where H is the size of the hidden state
and L is the number of layers. Di erent methods using ideas from ODE theory have
reduced this toO(H), enabling the training of arbitrarily deep networks.

We give more discussion to this below in Section 3.2.2 as it is an important topic with
a number of ner points.

Learning physical systems Much of physics-based modelling is based on ODEs.
Neural ODEs allow for modelling to occur without the need for prior information
regarding the ODE structure to be de ned through expert knowledge, this being due
to the high-capacity function approximation properties of neural networks.

Continuous time modelling Being ODEs, they can produce solutions that are
de ned for continuous time. This is in direct contrast to something such as a ResNet
which would only produce updates on a discrete grid and not provide us with the
mechanism to make inference at arbitrary points in-between.

Time series Continuous data cannot be irregularly sampled, since there is no anal-
ogous concept of sampling rate for a continuous path. Neural CDEs (as we will see
in this chapter) operate on continuous paths; as such, modelling of the data can be
simpli ed. This comes with the rather big caveat that we can nd a “faithful' contin-
uous embedding of discretely observed data process, but in cases where we can, the
handling of such data can be simpli ed from a modelling standpoint.

Continuous normalizing ows A class of methods (normalizing ows) for con-
structing generative models have been shown to be derived from di erential equations
(Chen et al., 2018; Onken and Ruthotto, 2020).

3.2.2 Backpropagation through neural ODEs

In this section we will outline the two main ways in which people backpropagate
through the ODE solves to optimise the parameters of the neural network. These
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are

" Discretise-then-optimise  First discretise the continuous problem and then
solve a nite-dimensional optimisation problem on the discretised grid (Haber
and Ruthotto, 2017; Chang et al., 2018; Haber et al., 2018).

" Optimise-then-discretise ~ Optimise the continuous ODE and discretise the
continuous dynamics after training (Chen et al., 2018; Grathwohl et al., 2018;
Rackauckas et al., 2019).

There are a number of points to be aware of when choosing the optimisation scheme,
we will overview the main ones here but refer the reader to Gholami et al. (2019);
Onken and Ruthotto (2020); Kidger (2022) for more details.

3.2.2.1 Discretise-then-optimise

In this case we formulate a discretisation of our ODE and optimise over the dis-
cretisation. This is analogous to the standard procedure used in neural network
optimisation whereby backpropagation amounts to reverse-mode automatic di eren-
tiation through the ODE solves along the same grid that the forward propagation

was performed on.

Advantages of this method are

" Accuracy of gradients Reverse-mode di erentiation provides exact values of
the gradients for the discretisation being used. We will see this is in contrast to
the optimise-then-discretise approach which only provides us with approxima-
tions to gradients in the backwards pass.

" Speed Since the grid is speci ed in advance, no adaptive time-stepping is re-
quired and the backpropagation can rely on existing autodi erentiation software
that is highly optimised.

Disadvantages are

" Memory ine ciency Hidden states from the forward propagation must be
held in memory to compute the gradients in the backwards pass. This results
in a total memory footprint of O(HL) where H is the memory of the hidden
state, andL the total number of layers.

However, as we will see below, reversible solvers and be used to reduce this to
O(H). As such, this does not really become a disadvantage provided we are
prepared to take some extra care to setup a reversible solver.

Grid speci cation  This method requires speci cation of a grid, which one
could consider akin to another hyperparameter to tune. The ner the grid, the
more accurate the solution and the better convergence, but at a cost of increased
training times and additional function evaluations; as such, there is a trade-o
that must be optimised for.
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3.2.2.2 Checkpointing

One way memory ine ciencies can be mitigated is by checkpointing the model (Rojas
et al., 2020). This involves storing a subset of the hidden states during the forward
pass such that during the backwards pass, the hidden states can be recomputed from
the checkpointed hidden states when they are required. The memory cost of this is
then O(HC) where C is the number of checkpointed layers. The more checkpoints
we have, the faster the hidden states can be recomputed, but the higher the memory
cost.

Checkpointing is also architecturally more challenging as it requires a number of
additional steps to perform an update of all the weights in the model, so there is an
additional trade-o here to be considered.

3.2.2.3 Reversible architectures

An even neater way to mitigate the issues of memory consumption is to use a re-
versible architecture (recommended reading: Chang et al. (2018)). An architecture is
called reversible is it allows the construction of activations going from the end to the

beginning. In such cases, we only need the nal (or nal few) activations, and we can

successively reconstruct the activations as we backpropagate through the network.
This results in memory of justO(H) and removes the need for checkpointing.

Example 3.2.1 (The midpoint network). In this example we consider solving the
ODE via the midpoint approach. That is,

Zn+1 Zn 1 _ .
ot f (z,): (3.5)

Here we are assuming equal length gaps between observations, but this could easily be
modi ed. Therefore, in the forward pass we have

Znsr = Zn 1+ 2 tf (7,): (3.6)
Now provided we store;, ., andz,, we can reconstructz;, , via
Zn 1= Zna 2 tf (7,): (3.7)

Thus, we only need to store two hidden states at any given time, computing the next
hidden state when needed and dropping the.; state from memory. This results in
just O(H) memory usage.

Training time using a reversible method will of course increase due to the increased
number of forward and backward computations that must be performed to reconstruct
the information.

There are many ner points associated with this process, in particular regarding the
stability of the methods, we refer the reader to Onken and Ruthotto (2020) for a
more in depth discussion.
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We highlight that a reversible architecture need not be motivated from an ODE
model. (Gomez et al., 2017) for example introduce a reversible architecture for a
ResNets that is not explicitly motivated via an ODE. We therefore want to be careful
in noting this is not speci cally a bene t of ODE modelling, rather, it is an approach
from which results from ODE theory are extremely useful.

It is worth noting however that the RevNet model introduced by (Gomez et al., 2017)
is not able to be made backwards stable. The only stable and reversible architectures
that have been found have all been through considerations of ODE theory.

3.2.2.4 Optimise-then-discretise

This is the approach taken by Chen et al. (2018) whereby the gradients are computed
numerically by solving the adjoint equations Pontryagin (1987).

The primary advantage of this model would be that it is memory e cient. The adjoint
method means hidden states are recomputed on the backwards pass and thus do not
need to be held in memory making this jusO(H) memory, the same as when using
reversible solvers.

However, we defer from explicitly stating it as a bene t since really one would require
both forwards and backwards stability for this to be an option. Sadly, this is not the
case which causes a number of issues that would generally make this approach a bad
choice.

There are a number of disadvantages of this approach to be aware of, including

" Numerical instabilities  For general activation operators, reversibility of the
ODE may be unstable due to ill-conditioning of the reverse-mode solver. This
leads to inaccuracies of gradients and poor convergence, or even divergence of
training.

Inaccuracies of gradients Another way gradient inaccuracies can occur (other
than that listed above) is since the forward and backwards pass are not solved
over the same grid. In such cases, inaccurate gradients can arise when the solu-
tion time steps di er between the solver and the solver tolerance is insu cient.

Speed This method is signi cantly slower than the discretise then optimise
approach. The method uses adaptive-time stepping which results in more calls
to the solver.

For time series we will often have discontinuous gradients with respect to our
parameterisation which results in long training times due to the need to resolve
the discontinuities. On the other hand, discretise-then-optimise approaches can
be used without issue provided we match the timesteps up with the discontinu-
ities in gradient.

Further details and experiments regarding the di erences between the two approaches
can be found in Gholami et al. (2019); Onken and Ruthotto (2020).

42



The work in the remainder of this chapter uses the optimise-then-discrete approach.
In Chapters 4 and 5 we instead utilise the discretise-then-optimise approach since
we found that it resulted in signi cantly better performance and were able to t our
model in memory.

3.2.3 Key drawback of neural ODEs for time series

The de nition of the Neural ODE as stated in Equation (3.4) cannot be straight-
forwardly applied to time series data. The key issue is that a Neural ODE de nes
an initial value problem; as such, all information must be encoded into the hidden
state z, prior to running the Neural ODE model. This is an unnatural way to pro-
cess sequential data, and almost certainly suboptimal. In particular, if data is being
processed in an online fashion, the Neural ODE provides no mechanism with which
to update the solution trajectory based on the incoming, unseen data.

3.3 The ODE-RNN model

ODE-RNNs were one of the rst successful extensions of neural di erential equations
to irregular time series data. Introduced by Rubanova et al. (2019) they utilise a

neural ODE to propagate the hidden state between observations, then use an RNN
to jump the hidden state upon receiving a hew observation.

Speci cally, between observations they let the hidden state 2 RY be the solution to
an ODE
b = ODESolve(f ;z 1;(t 1;t))) (3.8)

and then at each observation, the hidden state is updated via a standard RNN up-
date
z = RNNCell(B; x;): (3.9)

The hidden state is, unlike and RNN, de ned at every time point that the underlying
time series is de ned. One of the major downsides of this model is that the RNN
requires an interruption of the neural ODE at each observation, which means the
model cannot utilise the adjoint backpropagation property { a major upside of neural
ODE modelling.

3.4 Neural Controlled Di erential Equations

Neural CDEs are an elegant solution to the aforementioned problem with Neural
ODEs; that being that Neural ODEs de ne an initial value problem and have no
mechanism for updating their solution trajectory based on incoming data. The idea
with Neural CDEs is simple, instead of modelling the data with an ODE and training
the vector eld with data, model with a CDE instead.
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Suppose that we observe a time series as in De nition 2.2.2. To recap, we have
X = (to;Xo);:::;(th;Xn) with t; 2 R denoting the timestamp of the observation
vector x; 2 (R[fg )Y %, where is used to denote that some information may be
missing, andty <::: <t .

Let X,:[0;n] ! RY be a (continuous, piecewise di erentiable, bounded variation)
interpolation such that X, (i) = (t;j;X;), where ="' denotes equality up to missing
data. Here X, will be the control path for our Neural CDE equation.

We then let *1; 2 be as de ned in Section 3.2, but noW : RV 7! RV 9. We then say
the solutionz 2 RY to
Z t
Vi  %(z,) where z =z,+ f (z)dXy, and z, = *(to;Xo); (3.10)

to

is the solution of aneural controlled di erential equation. Here \f (z5)dX," denotes
a matrix-vector product.

Comparing Equations (3.4) and (3.10), we see that the only di erence is thattds
replaced with dX,. This small modi cation is what allows the Neural CDE model to
change continuously based on incoming data, since the path adapts the dynamics
of the system via the &K term.

3.4.1 Evaluating the Neural CDE model

Before proceeding, we must rst understand how to evaluate the Neural CDE equation
from Equation (3.10). Whilst the modi cation of dt ! dX, may seem a simple

one, we are left now with a path integral for which the method of solution is not
immediately clear.

In this chapter and Chapter 4 we will assume that the control pathX, is at least
piecewise di erentiable. This will be relaxed in Chapter 5, but for now this means

that we can write X
Xy = dsx (s)ds; (3.11)

(except at nitely many points) and thus we de ne

dXx
9x.(z:9) =T (2 %(s) (3.12)
S
and then we can write
Z dX Z
z(t)= z(to)+ T (2) dsx (s)ds = z(t)) + g ,(z;9)ds: (3.13)
to to

We can see that, under the assumption of piecewise di erentiability, the solution
z(t) can be written as the solution of an ODE equation. This ODE, given in Equa-
tion (3.13), is almost identical to that of Equation (3.4) but modi ed by the derivative
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term dX,=ds. This modi cation is the CDE modi cation that allows the solution to
exhibit continuous dependence upon the data procexs;.

If X4 is piecewise di erentiable, but not di erentiable, then Equation (3.4) can be
solved provided we take care to align the integration steps with the jumps.

3.4.2 Modelling irregular time series

The Neural CDE model depends on a continuous time embedding of the discrete data
X. This means that messy data (irregular and partially observed) is placed on the
same footing as regular data, since they both result in a continuous time control path
in RY.

This is in contrast to an RNN-type model, where such data is not immediately ap-
plicable in the same pipeline. One must think carefully about how to represent the
missing data, and how to provide information about the irregularities in sampling,
to the RNN. With a Neural CDE, no such di erence in processing or handling is
required, which is why we regard Neural CDEs to be a particularly good t for messy
time series.

3.4.3 Optimisation approach for neural CDEs

In this thesis we will always convert the neural CDE onto a corresponding ODE,
either via the derivative of a smooth control or through the paths log-signature (as
we will see Chapter 5). As such, the notes on what optimisation method to choose
follow those outlined for neural ODEs in Section 3.2.2.

In this chapter we use the optimise-then-discretise approach, however in Chapters 4
and 5 we use the discretise-then-optimise approach since we found the performance
to be signi cantly better with a drastic improvement in training time.

It would be interesting to utilise some of the recently developed ideas on stable and
reversible operators Haber and Ruthotto (2017); Onken and Ruthotto (2020); how-
ever, we only came across the literature after the experiments in Chapters 3 to 5 were
completed, as such, it is left for future work to experiment on such things with neural
CDEs.

3.5 Comparison to RNN

An RNN seeks to learn a network : R*V ! RY via

zn = (Xn;zn 1): (3.14)
This results in a hidden statez that is de ned only at discrete observation times.
A Neural CDE learnsf : RV 7! RY V such that

zn = f (zn )dXy; (3.15)
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where X is a continuous time representation of the discrete date.

We see thatz(t) 2 RY is analogous to the hidden state of the RNN equation, much
like the neural ODE solution is analogous to the intermediate hidden layers of a
ResNet.

RNNs are a special case of Neural CDEs It is easily shown that RNNs are a
special case of Neural CDEs. An RNN of the form

zi.1 = h (z;%)

is an explicit Euler discretisation with step unit length of
Z t
z(t) = z(to) +  h z(s); Xx(s)  z(s)ds;
to

which is a special case of a Neural CDE (Kidger et al., 2020, Theorem C.1).

A comparative picture between the RNN, ODE-RNN, and Neural CDE is given at the
beginning of this section in Figure 3.0.1. We see that the RNN has a discretely de ned
hidden state; the ODE-RNN evolves continuously between observation, and jumps at
observations; and the neural CDE results in a continuously de ned hidden state due
to it evolving based on a continuous time embedding of the discrete data.

3.6 Experimental evaluation

In this section we will overview the performance of the Neural CDE model with a
natural cubic spline interpolation for the control path. Natural cubic splines were used
in the original Neural CDE paper by Kidger et al. (2020) and make a good choice
because they are dierentiable and slowly varying making them fast to integrate
numerically.

In the following chapter, we will perform an extensive study into what it means to
be a good control signal for Neural CDEs. In particular, we will examine where
natural cubic splines fail (most notably in online prediction problems) and o er up
alternatives that improve upon it in certain situations. However, we choose to rst
present results from the original implementation of Neural CDEs before we go on to
examine improvements.

3.6.1 Irregular time series modelling with CharacterTrajec-
tories

As noted in Section 3.4.2, Neural CDEs are a natural model for handling irregular
time series data.

We verify this empirically by examining their performance on the CharacterTrajec-
tories dataset from the UEA archive Bagnall et al. (2018). This is a dataset of 2858
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Test accuracy
Model 30% dropped 50% dropped 70% droppedviem (MB)

GRU-ODE 926 1.6 86.7 3.9 89.9 3.7 15
GRU-t 93.6 2.0 913 21 90.4 0.8 15.8
GRU-D 942 21 90.2 4.8 919 1.7 17.0

ODE-RNN 954 0.6 96.0 0.3 953 0.6 14.8

Neural CDE 98.7 08 988 02 986 04 1.3

Table 3.6.1 { Test accuracy (mean std, computed across ve runs) and memory
usage on CharacterTrajectories. Memory usage is independent of repeats and of amount
of data dropped. These results are courtesy of Patrick Kidger.

time series, each of length 182, consisting of tixey position and pen tip force whilst
writing a Latin alphabet character in a single stroke. The goal is to classify which
of 20 di erent characters are written. The excluded characters were (f, i, |, k, t, X)
which require two strokes.

Three experiments are run in which either 30%, 50%, or 70% of the data is dropped
from each sample, thus making the data progressively more irregular.

The results are shown in Table 3.6.1. We see that the Neural CDE outperforms all
models in each category, including memory. In particular, note that other models
(except the ODE-RNN) see signi cant reductions in performance as the problem
becomes more irregular. Not only does the Neural CDE retain top performance for
all levels of dropped data, but it is also more robust to increased irregularity of the
data.

3.6.2 PhysioNet sepsis prediction task

We use data from the PhysioNet 2019 challenge on sepsis prediction [32, 33]. This
is a dataset of 40335 time series of variable length, describing the stay of patients
within an ICU. Measurements are made of 5 static features such as age, and 34 time-
dependent features such as respiration rate or creatinine concentration in the blood,

down to an hourly resolution. Most values are missing; only 10.3% of values are
observed. We consider the rst 72 hours of a patient's stay, and consider the binary

classi cation problem of predicting whether they develop sepsis over the course of
their entire stay (which is as long as a month for some patients).

Two experiments were run for each model, one with the observational frequenaigs
and one without.

The results are presented in Table 3.6.2. We see that upon inclusion of the ob-
servational frequency mask, the Neural CDE model achieves both the top overall
performance and has the lowest memory usage.
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Test AUC Memory (MB)
Model G No ¢ G No ¢

GRU-ODE 0.852 0.010 0.771 0.024 454 273
GRU-t 0.878 0.006 0.840 0.007 837 826
GRU-D 0.871 0.022 0.850 0.013 889 878

ODE-RNN  0.874 0.016 0.833 0.020 696 686

Neural CDE 0.880 0.006 0.776 0.009 244 122

Table 3.6.2 {Test AUC (mean std, computed across ve runs) and memory usage on
PhysioNet sepsis prediction. ¢;' refers to the additional inclusion of the observational
frequencies.

3.7 Limitations

Parameters The mapf : RY! RY 9is trilinear since it requiresO(v2d) parameters
{ currently a major bottleneck for neural CDEs.

One would expect that the matrixRY 9 to be low-rank. The situation is reminiscent
of transformers where recent work has shown that low-rank approximations of the self-
attention matrix can result in similarly performant models at an order of magnitude
lower memory (Wang et al., 2020b).

To learn a low-rank approximation we can instead let map to matricesA; 2 RV ™

and A, 2 R™ 9 such that m min(v;d). From this we can constructf (z) =

A;A; 2 RY 4 which will be a low-rank approximation. However, initial work on this
has not been promising.

An alternative is to use a sparse network layer, of which many implementations exist
with autograd support. This has achieved good results in some initial work, with
retainment of performance at over 95% sparsity for some problems.

More work on both of these options is needed to claim anything conclusive.

Choice of interpolation scheme  The natural handling of irregularly sampled data
does not come for free. We must rst create a continuous embedding of the data that
is “faithful' to the original data. We go into much more detail on this front in the
following chapter, but it is worth noting that the choice of interpolation scheme to
use is fundamentally a modelling choice and there is not always a simple option.

Lack of gating Gating in RNNs (e.g. GRU/LSTM) is known to improve performance

in most cases. However, there does not seem to be a particularly natural way to
enable gating in neural CDEs. In future work we would like to examine potential
gating strategies to increase the expressiveness of the model.
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3.8 Conclusions

We have introduced the neural controlled di erential equation that can be considered
as a continuous time equivalent for the RNN. The model is particularly well suited to
modelling functions on irregular time time series due to it interacting with the data
through a continuous time embedding of the discrete time series which place all time
series on the same playing eld. Finally, we demonstrated that the model achieves
state-of-the-art performance against similar models in empirical studies across di er-
ent datasets.
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Chapter 4

Understanding Control Signals for
Neural CDEs

The Neural CDE implementation introduced in Chapter 3 relies on a non-causal in-
terpolation of the data for continuous time data interpretation. This means that
Neural CDEs are not suitable for use in online prediction tasks, where predictions
need to be made in real-time: a major use case for recurrent networks. Here, we show
how this limitation may be recti ed. First, we identify several theoretical conditions
that interpolation schemes for Neural CDEs should satisfy, such as boundedness and
uniqueness. Second, we use these to motivate the introduction of new schemes that
address these conditions, o ering in particular measurability (for online prediction).
Third, we empirically benchmark our online Neural CDE model on three continu-
ous monitoring tasks from the MIMIC-IV medical database demonstrating improved
performance on a range of ODE and non-ODE benchmarks.

Morrill, J., Kidger, P., Yang, L., and Lyons, T. (2021a). Neural controlled
di erential equations for online prediction tasks. arXiv:2106.11028

Figure 4.0.1 { An illustration of three dierent data interpolation schemes. Left:
A natural cubic interpolation scheme, oine as all points depend on all datapoints
(including future points). Middle: Linear interpolation, o ine in-between datapoints
as the scheme depends on the following datapointRight: Rectilinear scheme which is
online everywhere as all interpolated values depend only on previous data.

1Joint work with Patrick Kidger and Lingyi Yang
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4.1 Introduction

Neural di erential equations are an elegant formulation combining continuous-time
di erential equations with the high-capacity function approximation of neural net-
works. This makes them an appealing methodology for handling irregular time series.
Recent examples include Rubanova et al. (2019); Jia and Benson (2019); De Brouwer
et al. (2019); Kidger et al. (2020); Herrera et al. (2021); Morrill et al. (2021b); Kidger
et al. (2021) amongst others.

In this chapter, we extend the Neural Controlled di erential equation introduced in
Chapter 3 Kidger et al. (2020). These were introduced as the general continuous-
time limit of arbitrary RNNs. Besides these appealing theoretical connections { and
indeed recent work on RNNs has often explicitly designed them around di erential-
equation-like structures (Chang et al., 2019) { Neural CDEs have additionally been
shown to demonstrate excellent empirical performance. In particular, they have been
shown to outperform similar Neural ODE or RNN models at modelling functions of
irregular time series in o ine prediction tasks, where all data is observed in advance
(Kidger et al., 2020; Bellot and van der Schaar, 2021).

However despite these appealing properties, Neural CDEs as introduced in the previ-
ous chapter are not able to be used to learn and predict in real-time (where new data
arrives during inference), due to the solution trajectory exhibiting dependence on fu-
ture data. In contrast, other Neural ODE variants such as the ODE-RNN (Rubanova
et al., 2019) can already handle online processing.

In this chapter, we show how this may be recti ed, so that Neural CDEs may be
adapted to apply to online problems.

4.1.1 Recapping Neural CDEs

Provided X, 2 RY is piecewise continuously di erentiable (as will always be the case
for us), then the Neural CDE model is de ned as the solutioz 2 RY to

Z t
Z(to) = ~ (to;Xo0); z(t) = z(to)+  f (2(9)) d;(sx ds fort 2 (to;ta]; (4.1)

t

and as such, the model can be interpreted and solved as an ordinary di erential

equation. Here ¥ ,(z(s)) dg(sx " denotes a matrix-vector product. The solutionz is

said to be the response of a CDHriven or controlled by X.

We highlight here that the integration does not need to be done with respect to
time, and can be done with respect to some alternative parameterisation such as that
introduced with the rectilinear interpolation scheme in de nition 2.2.8. In such cases
we include time as the rst dimension ofX, so that X, 2 R%! and de ne a ctional
parameterisation overX, that we integrate with respect to. For example in the
rectilinear scheme from de nition 2.2.8 we de ne our parameterisation to run from
[0; 2n] wheren is the number of observations and we alternate between incrementing
time and incrementing the feature dimension.
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The evolvingz(t) 2 RY is analogous to the hidden state in an RNN, now operating in
continuous time. Typically, the output of the model will be a linear map on this hid-
den state: either applied toz(t) for all times t 2 [ty;t,] to produce a time-dependent
output path, or on just z(t,) for a single output such as for classi cation.

4.1.2 Continuous time control signals for Neural CDEs

Neural CDEs act on and require a continuous-time embedding, of the observed data

X. This provides a number of bene ts. Firstly, this simpli es the handling of ‘'messy'

(irregularly sampled with missing data) time series, by enabling it to be interpreted
in the same way as regular data. Additionally, as this results in an ODE-like model,
the model produces a continuously de ned solution, has memory-e cient continuous
adjoint methods, and the utilisation of modern ODE solvers o ers trade-o s between
error and computation.

The previous chapter took the mapx ! X, to be a natural cubic spline which notably
cannot be used in an online fashion. This is because predictions at timpelepend on
future, as-yet-unobserved, data at > t ;.

4.2 What makes a good control signal?

We now introduce four conditions that a good control signal should satisfy.

4.2.1 Adapted measurability

A model which can learn and predict in real-time is often referred to as aonline
modelin machine learning. This is analogous to the concept of @adapted measurable
processin the language of probability theory (Williams, 1991). This is the primary
property of interest to us here, which is not satis ed by existing implementations
of Neural CDEs. Fullment of this property is what will enable Neural CDEs to
be deployed in real-world real-time scenarios, such as continuous monitoring in ICU
settings.

T measurable LetT [to;th]. We say that the Neural CDE solutionz(t) (of
Equation (3.10)) isT measurable if for allt 2 T we have that z(t) is a function
of only (t;;x;) for thoset; 2 [to;t]. That is, at times T it is possible to obtain a
prediction in an online setting.

Continuously online If the solutionis T measurable fofT =[to;t,], we say that
is is continuously online

Discretely online Suppose the solutiore(t) is T measurable forT = ftg;:::;thg
(that is, at the observation times). Fort in (tj;ti+1) between the observation times,
supposez(t) depends on the data up to one observation ahead{(Xo);:::; (ti+1; Xi+1))-
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Figure 4.2.1 { Graphical description of the measurability de nition for Neural CDEs.
Arrows indicate the direction of time datapoints can in uence. indicates an online
prediction can be made at that point. Left: a continuously online model where no
information is passed backwards in time, resulting in an online solution at all points
in time. Middle: a discretely online scheme where information can be passed back-
wards, but not further than the preceding observation. Right: an o ine scheme where
information is passed backwards in time further than the preceeding observation.

Then we call the solutiondiscretely online In other words, the solution is online only
at the discrete observation times.

Oine If the solution is not at least discretely online then we say it i® ine .

We choose to sub-categorise the de nitions in this way since it well separates existing
models. For example, standard RNNs are discretely online, an ODE-RNN (Rubanova
et al., 2019) is continuously online, and existing Neural CDEs are o ine.

A graphical depiction of this is shown in Figure 4.2.1.

4.2.2 Smoothness

To be able to apply numerical solvers to the integral in Equation (3.10) we require
that the integrand be su ciently smooth, and thus that the control be su ciently
smooth. As a minimum (using Euler's method), we require thaX, be piecewise
twice continuously di erentiable with bounded second derivative. In practice to use a
higher-order numerical method, such as Dormand{Prince, then additional smoothness
is desirable.

When using an adaptive solver and a control that is piecewise smooth, but not smooth,
the solver should be informed about the jumps between pieces so that its integration
steps may align with them. Without this the solver must locate the discontinuities on
its own, slow down to resolve them, and then speed up again, which is a numerically
expensive procedure. For example this may be done using fuenp_t argument for
torchdiffeq  (Chen et al., 2018), or thed_discontinuities  argument for Di eren-
tialEquations.jl (Rackauckas and Nie, 2017).

53



4.2.3 Boundedness

We require that X, should behave \reasonably". It should not introduce any spurious
oscillations or grow unboundedly from bounded data. This condition ensures thxt,
is a good representative ok, so that the Neural CDE can learn from the data.

Formally, let ; = tj+; tj for eachi. Then we require that there exists some continuous
"R R R! R suchthat

dX dX
+

Rkt Tt Tw

<! (max i;min i maxxij); (4.2)
| I |

wherej jg,, denotes the bounded variation seminorm.

This condition is required to attain the universal approximation property for Neural
CDEs. A formal proof is given in Appendix A.1, but the main idea is as follows.
Consider a collection of time serieX for which sup,yx ! (max; i;min; ;; maxjx;j) <

1 . Then (4.2) implies that X = f X,gx 2 X is relatively compact with respect to the
topology generated bkX k, + dX=it ,, and hence also with respect to the topology
generated bykX k, +jXjg, . This then satis es the compactness condition of Kidger
et al. (2020, Theorem B.7), implying that Neural CDEs driven byX 2 X are universal
approximators onx 2 X .

We note that this property is non-trivial: for example, quadratic splines exhibit a
resonance property that may result in unbounded oscillations as time progresses.

4.2.4 Control signal uniqueness

Given a collection of time serieX, we say that a control X, is unique with respect
to X if
x I (Xo; Signature(X)) is injective with respect to X : (4.3)

This is required, along with the boundedness property, for universal approximation
with Neural CDEs to hold. Signature denotes the signature transform, which is
central to the study of CDEs (Lyons, 1998; Lyons et al., 2007b; Bonnier et al., 2019;
Morrill et al., 2020a; Kidger and Lyons, 2021).

For the reader unfamiliar with signature transforms, this may intuitively be approx-
imated by the simpli ed (but not completely accurate) condition

x 1 Xy is injective with respect toX: (4.4)

In situations where we do not have tree-like pieces (Hambly and Lyons, 2010), then
Section 4.2.4, Eg. (4.4). The simple inclusion of a time dimension is su cient for
no tree-like pieces to exist.
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4.3 Control signals for Neural CDEs

As mentioned in Section 4.2, previous work has not explored the choice of control in
much detail. Here we overview existing controls and identify the theoretical properties
from Section 4.2 that each possesses. We will then introduce two new controls { cubic
Hermite splines with backward di erences, and rectilinear controls { that address
issues with existing control schemes.

Natural cubic splines Natural cubic splines were used in the original Neural CDE
paper by Kidger et al. (2020). This control signal requires the full time series to be
available prior to construction, asz(t) depends on all datapoints (to; Xo);::: (th; Xn) .
Any change in one datapoint has a small e ect on the entire construction, even at
earlier times. As such, natural cubic splines cannot be used in an online fashion. If an
o ine scheme is su cient, then these do still make a good choice: they are relatively
smooth and slowly varying, making them fast to integrate numerically.

Linear control This is arguably the simplest and most natural control signal,
whereby we apply linear interpolation between observations.

For fully observed data, the linear control de nes a discretely online control path,
and thus has the same online properties as an RNN. If on the other hand there exists
missing data then it cannot be used even discretely online. To see why this is the
case, consider the following data observations

X = (to;Xo); (t; );(t2;X2) ; (4.5)

with  denoting missing data. The linear control at timet; is dependent on the value
X, at ty, and as such, it cannot de ne an online solution at;.

Whilst it has better online properties, the linear control is generally computationally
slower than natural cubic splines. This is due to the need to resolve derivative discon-
tinuities at the knots (t;; X;) (assuming the data is sampled more nely than required
for the adaptive time integrator), as in Section 4.2.2.

Cubic Hermite splines with backward di erences This scheme smooths the
discontinuities in the linear control, whilst retaining the same online properties. We
achieve this by joining adjacent timepoints with a cubic spline where the additional
degrees of freedom are used to smooth gradient discontinuities. This leads to faster
integration times than linear controls.

This di ers from natural cubic splines as it solves a single equation on eadhi[+

1) piece independently. As a result, it is more quickly varying than natural cubic
splines (see Figure 4.3.1) and so produces slower integration times than natural cubic
splines.
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Figure 4.3.1 { Graphical comparison of the four control signals: natural cubic splines
(top left), linear control (top right), cubic Hermite splines with backward di erences
(bottom left), rectilinear control (bottom right).

For each interval |;i + 1), we ensure that X, (i) = (ti;Xi), Xx(i +1) = ( tis1; Xi+1),
and that the gradient at each node matches the backward nite di erence

d

Xy .
dtx M=% X 1
dX

dt

The result of this is a control signal with continuous derivatives that is discretely
online.

(i+1)= X X

Rectilinear control Each of the previous schemes need to look at least one time-
step ahead to construct the control between time points. This means they are not
continuously online.

To resolve this, we turn to a control construction that has already been introduced
in Chapter 2, the rectilinear interpolation from De nition 2.2.8. We begin by letting
g, denote the forward |l of x; with respect to the missing data . We then let
Xx:[0;2n]! RY be piecewise linear such thaK,(2i) = (t;;®;¢) fori 210;:::;ng
and X, (21 1) =(ti+«1;®;q) fori2f1;:::;ng.

The produces a control signal { therectilinear control { that updates the time and
feature channels separately in lead-lag fashion. While channels are not observed, time
is increased as normal. When a channel is observed, then we interpolate between
channel values with time held xed. This is shown pictorially in the bottom right of
Figure 4.3.1. ODE-RNNs (Rubanova et al., 2019) may be seen as a special case of a
Neural CDE with rectilinear control.
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Properties

Control signal Measurability Smoothness Boundedness Uniqueness

Natural cubic 7 4 4
Linear (discrete) (piecewise) 4 4 (with @)
Cubic Hermite (discrete) 4 4 4 (with )
Rectilinear 4 (piecewise) 4 4 (with ¢)

Table 4.3.1 { Summary of the interpolation schemes and the properties they hold for
irregular and partially observed data. A superscript denotes that the property holds
only if no data is missing, and if the property is unknown. Proofs for previously
unknown properties are given in Appendix A.1

The downside of this scheme is that the parameterisation is twice as long (with domain
[0; 2n] rather than [0; n]), with correspondingly many derivative discontinuities. This
means that the model takes longer to evaluate, and to train.

In Table 4.3.1 we summarise each of the aforementioned schemes, and the proper-
ties from Section 4.2 that each holds. Corresponding proofs are given in Appendix
Al

4.4 EXxperiments

We begin by evaluating each of the controls across a range of both regularly sampled
and irregularly sampled datasets. We then go on to benchmark the online Neural
CDE against a collection of benchmarks on MIMIC-IV prediction tasks.

Each model used hyperparameters that were chosen by a Bayesian optimisation strat-
egy with 20 trials. The ranges of values the hyperparameters were optimised over as
well as the nal con guration for every model is given in Appendix A.2. Full exper-
imental details including optimisers, learning rates, normalisation, architectures and
so on can be found in Appendix A.2. The code for reproducing all results is available
at github.com/jambo6/online-neural-cdes

4.4.1 Datasets

First we overview the datasets used in our analysis. They all had a 70%/15%/15%
train/validation/test split, with (as required by the Neural CDE formulation) time
included as a channel.

We begin by with four regularly sampled and fully observed datasets.

BeijingPM2.5, BeijingPM10: Both contain 10 channels and 16966 total samples.
The aim is to predict the PM2.5/PM10 level (two pollutant indexes) at 12 di erent
air-quality monitoring sites in Beijing (Tan et al., 2020). The performance metric is
taken to be the RMSE against the true value.
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SpeechCommands: Contains 11 channels and 34975 samples of one-second audio
recordings of individual spoken words such as ‘yes', 'no', ‘left', and ‘right' (Warden,
2018). The performance metric is taken to be classi cation accuracy of the spoken
words.

CharacterTrajectories: Contains 4 channels and 2872 samples of tkgy position
and the force applied by the pen tip whilst writing a letter from the Latin alphabet in

a single stroke (Bagnall et al., 2018). The performance metric used is the classi cation
accuracy for the di erent characters.

In addition to these, we additionally examine three tasks for the MIMIC-IV database
(Johnson et al., 2021; Goldberger et al., 2000) related to continuous patient health
monitoring. The database contains 76540 de-identi ed admissions to intensive care
units at the Beth Israel Deaconess Medical Center. The data is highly irregular and
channels have lots of missing data. Each of the three tasks has its own set of exclusion
criteria; these are outlined in full in Appendix A.2.3.

Mortality: We predict the likelihood of mortality within an ICU stay from some
initial data. The performance metric is the AUC of prediction of eventual mortal-

ity.

LOS: We estimate the length of stay of a patient given their rst 24 hours of data.
The performance metric is the RMSE against the true value in days.

Sepsis: We predict the risk of sepsis along a patient's stay. The performance metric
is the AUC against the true state of sepsis that is de ned according to the Sepsis-3
de nition (Singer et al., 2016) (full details are given in Appendix A.2.3).

In terms of metrics, lower is better for BeijingPM2.5, BeijingPM10, and LOS, whilst
higher is better for the other tasks.

4.4.2 Empirical study on control signals

In Tables 4.4.1 to 4.4.4 we compare the performance of the control signals on the
regularly sampled datasets.

The NFEs column (Number of Function Evaluations per epoch) shows that natural
cubic splines are uniformly the fastest choice. For example on the SpeechCommands
dataset, natural cubic splines require an average of55 10* evaluations per epoch,
piecewise cubic nearly double on:#6 10, linear nearly triple on 635 10%, and
rectilinear signi cantly more on .08 1C°.

However, the linear, cubic Hermite, and rectilinear schemes all produce better RMSE
and accuracies, generally similar to each other. As they are the fastest from this
group, we thus recommend cubic Hermite splines with backward di erences as the
best choice on regular datasets.

We see a similar story on the irregularly sampled MIMIC-1V tasks in Tables 4.4.5
and 4.4.6 (see also Appendix A.2.3 for results on the sepsis task). Natural cubic
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Tables 4.4.1 to 4.4.4: Control signal comparison for theegularly sampled datasets using the
“dopri5' adaptive solver. The top performer for each dataset is given in bold. NFEs represents the
number of function evaluations per epoch.

Control RMSE NFEs 10° Control RMSE NFEs 10°
Natural cubic 53.3 0.3 46 0.1 Natural cubic 776 17 45 01
Linear 51.7 0.8 54 0.3 Linear 77.5 2.4 57 0.1
Cubic Hermite 52.5 0.7 48 0.1 Cubic Hermite 78,5 1.6 47 0.1
Rectilinear 520 1.3 16.3 0.4 Rectilinear 79.0 0.7 15.7 0.4
Table 4.4.1 { BeijingPM2.5 Table 4.4.2 { BeijingPM10
Control ACC (%) NFEs 10° Control ACC (%) NFEs 10t
Natural cubic 83.6 6.1 1.0 0.2 Natural cubic 929 0.3 267 0.36
Linear 976 15 22 0.1 Linear 93.3 0.7 6.35 0.50
Cubic Hermite 99.3 0.0 1.9 0.0 Cubic Hermite 925 0.4 416 0.03
Rectilinear 98.6 0.5 79 04 Rectilinear 93.7 0.8 11.3 0.67
Table 4.4.3 { CharacterTrajecto- Table 4.4.4 { SpeechCommands
ries

Tables 4.4.5 and 4.4.6: Control signal comparison for thérregularly sampled Mortality and LOS
MIMIC-IV tasks using the “dopri5' adaptive solver. The top performer for each dataset is given
in bold. NFEs represents the number of function evaluations per epoch.

Control AUC NFEs 10° Control RMSE NFEs 10°

Natural cubic 0.859 0.003 145 0.1 Natural cubic 0.241 0.005 40 0.0

Linear 0.910 0.003 36.9 0.8 Linear 0.149 0.037 7.8 0.2

Cubic Hermite  0.909 0.002 26.0 0.6 Cubic Hermite  0.138 0.025 42 0.1

Rectilinear 0.906 0.002 96.3 0.1 Rectilinear 0.109 0.008 119 1.0
Table 4.4.5 { Mortality Table 4.4.6 { LOS

splines are again the fastest, but again their AUC/RMSE performance is poor. Lin-
ear/piecewise cubic performs best on the Mortality prediction tasks, whereas rectilin-
ear is the best on LOS. Note that only the rectilinear model can actually be deployed
in a continuous ICU monitoring scenario.

4.4.3 Benchmarking on MIMIC-IV

Finally, we benchmark the online (rectilinear) Neural CDE on the three tasks from
the MIMIC-IV database.

We highlight that Neural CDEs have been tested before on such problems before
(notably Kidger et al. (2020) on a sepsis detection tasks); however, this is the rst

such benchmarking of a Neural CDE model that could actually be deployed in an

online, real-time in-hospital environment.

Our benchmarks include: vanilla GRU; GRU-dt, which is a GRU that additionally
includes the time di erence between observations; GRU-dt-intensity, the same as a
GRU-dt but also includes the observational intensity; GRU-D (Che et al., 2018),
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MIMIC-IV

Model Mortality LOS Sepsis
GRU 0.846 0.05 0.236 0.028 0.791 0.002
GRU-dt 0.912 0.003 0.149 0.008 0.8 0.001
GRU-dt-intensity 0.924 0.014 0.142 0.013 0.801 0.002
GRU-D 0.93 0.002 0.148 0.002 0.801 0.002
S ODE-RNN _ _________ 0524  0.004 _0.154 0004 = 0.793_0.001
Online Neural CDE 0.908 0.003 0.11 0.009 0.77 0.002

Online Neural CDE w/ observational freq 0.943 0.003 0.099 0.001 0.795 0.004

Table 4.4.7 { Benchmarking online Neural CDEs (Neural CDEs with rectilinear in-

terpolation) using the ‘rk4' solver with and without observational frequency against
a range of algorithms on the MIMIC-IV tasks. The top performer for each problem is
shown in bold.

incorporates both time di erences and observational intensity but in a more sophisti-
cated manner; and ODE-RNN (Rubanova et al., 2019). The ODE-RNN is chosen as
it represents a continuously online ODE-benchmark, whereas all other models operate
only discretely online.

The results over three runs are presented in Table 4.4.7. We see that upon inclu-
sion of the measurement intensity matrix, the causal Neural CDE becomes extremely
competitive with the GRU-D benchmark, achieves convincing improvements in per-
formance in the LOS and mortality tasks, and is only narrowly beaten in the sep-
sis detection task. We also see across-the-board superior performance to the ODE-
RNN.

It is already known that Neural CDEs are e ective at modelling irregular functions on
time series. However, these results, in particular those on rectilinear controls, are the
rst demonstration that Neural CDEs can be adapted for use in a real-world online
scenario whilst retaining performance.

4.5 Discussion and limitations

Recommendations for the control signal Considering the results from Sec-
tion 5.4 and the properties from Section 4.2, we make the following recommendations
for Neural CDE control paths:

1. If the problem is online and requires the solution to be continuously online, then
use rectilinear controls. This is the only scheme that is continuously online.

Likewise if the problem is online, has missing data, and requires the solution to
be discretely online, then use rectilinear controls. This is the only scheme that
is discretely online in the presence of missing data.

2. If the problem is online, has no missing data, and requires the solution to be
discretely online, then use cubic Hermite splines with backward di erences. We
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see in Tables 4.4.1 to 4.4.6 that the performance is in-line with both linear and
rectilinear, but at faster speeds.

Likewise, these are also recommended if the problem is o ine.

3. If speed is of greater importance than accuracy, and the task is o ine, then use
natural cubic splines. This is evidenced by the results in Tables 4.4.1 to 4.4.4
which show natural cubic splines to be signi cantly faster than other alterna-
tives.

As such our ndings recommend either rectilinear control or cubic Hermite splines
with backward di erences, both introduced in this paper, for most cases.

Limitations  The main limitation of the techniques introduced here come from rec-
tilinear controls. These are typically slow, and if trained with discretise-then-optimise
techniqgues come with high memory usage. Despite this, in many online cases these
are ‘the only game in town'.

Implementation To help facilitate adoption, both rectilinear controls and cubic
Hermite splines with backward di erences have been implemented in therchcde
open-source library for CDEs.

4.6 Conclusion

We formalised the properties that ideal Neural CDE control schemes should have.
In doing so, we identi ed two new control schemes that address issues with existing
implementations, in particular with respect to online predictions and speed. Having
performed both a theoretical and empirical study into the schemes' behaviour, we
provide recommendations regarding which scheme to use when. This has included
benchmarking the online Neural CDE on three continuous monitoring ICU tasks,
in which improved and state-of-the-art performance is demonstrated against similar
ODE or RNN based approaches.
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Chapter 5

Neural Rough Di erential
Equations *

In this chapter, we use ideas from rough path theory to extend the Neural CDE for-
mulation to a wider class of driving signals. Instead of directly embedding into path
space, we instead represent the input signal over small time intervals through its log-
signature, the statistics most relevant for solving a CDE. This extension produces real
practical bene ts for analysing long time series; experimentally we observe improve-
ments in performance, speed, and memory, on problems up to length 17,000.

Morrill, J., Salvi, C., Kidger, P., Foster, J., and Lyons, T. (2021b). Neural
rough di erential equations for long time series.International Conference on
Machine Learning

Figure 5.0.1 {Here we give a high level comparison of the CDE and the RDE formula-
tions. Left: The original CDE formulation where the data is smoothly interpolated and
pointwise derivative information is used to drive the CDE. Right: The corresponding
rough approach. Local interval summarisations of the data are computed and used to
drive the response over the interval.

1Joint work with Patrick Kidger, Cristopher Salvi, and James Foster
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5.1 Introduction

The previous approach saw us embedding the discrete datainto continuous-time
path space. However, there is an alternative approach. In this Chapter, we instead
represent the input signal over small time intervals through its log-signature, which
can be intuitively thought of as the features that best describe how an input signal
drives a CDE. This is in contrast to Chapter 3 where we drive the responsg(t), by
pointwise evaluations of the derivative of the continuous-time embedding of the data,
Xx.

In contrast to the methodology introduced in Chapters 3 and 4, the key idea behind
rough path theory Lyons (1998); Lyons et al. (2004); Friz and Victoir (2010) is that
the solution of a CDE is best understood by its e ect on systems, rather than by
an analysis of the path itself. That is, CDEs should not be understood by pointwise
evaluations of the control path (as in Chapters 3 and 4), but instead through a speci c
summarisation { the log-signature{ of the control path over intervals. We term a CDE
treated in this way arough di erential equation, for obvious reasons.

Reformulation in this manner comes with real practical benets. The log-ODE
method o ers a way to update the hidden state of a Neural CDE over large intervals

{ much larger than would be expected given the sampling rate or length of the data.
This dramatically reduces the e ective length of the time series. Log-signatures rep-
resent a CDE-speci c choice of summarisation, which works because closely-spaced
samples are often strongly correlated. Additionally, this approach no longer requires
di erentiability of the control path.

A high level overview of the di erences between the two methods is given in Fig-
ure 5.0.1. We can see that the Neural CDE method would evaluate the pointwise
derivative at each observation time to drive the signal, whereas the Neural RDE
drives the signal by local (log-signature) summaries, resulting in far fewer calls to the
integration solver.

In line with the usual mathematical terminology, we refer to our approach as neural
rough di erential equations (Neural RDESs). Moreover, Neural RDEs are still able to
exploit memory-e cient continuous-time adjoint backpropagation. This is of addi-
tional bene t as memory pressure becomes increasingly relevant for long time series
{ indeed many of our experiments could not have been ran without it.

5.2 The Log-ODE method

Suppose, as usual, that we observe a time serigsas in De nition 2.2.2. Let
X :[0;T]! RYbe some continuous time embedding of the time series.

Now pick some 0 r<s T and consider
Z

z(s) = z(r) + sf(zt)dXt: (5.1)

r
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If we were solving this using the methods from Chapter 3, we would compute the
derivative of X and evaluate the integral. However, if the interval contains a lot of
data, either many evaluations of the derivative must be computed to get an accurate
representation of the underlying data, or lots of information will be lost via this
approach. Additionally, what do we do if the control is not di erentiable?

It turns out, there is a technique from rough path theory {the log-ODE method{
that can address both of these issues. The method states that Equation (5.1) can be

approximated via 7
s LogSig: (X
2(s)  z(r)+ @(t)woﬂ:

with N being some chosen truncation depth of the log-signature. We have that
LogSid (X) 2 R &N) where (d;N) is an integer describing the number of terms in
the log-signature of ad-dimensional path truncated to depthN. For information on
how this is derived, see Reizenstein (2019).

(5.2)

You may also notice that we have writtenf rather than f here. ®is a modi ed
version off since it is now being applied to the log-signature which for starters is
a di erent dimension to X. The relationship between them is given in Lyons et al.
(2004).

That is, the solution of the CDE over the may be approximated by the ODE from
Equation (5.2) over the interval. Crucially, this ODE yields signi cantly more accu-
rate approximations to z(s) with signi cantly fewer integration steps that would be

required using the derivative.

Typically, this will be applied over the domain [Qn] by picking some pointsr; such
that 0 = rog <r; < <rm =1 (where m n), splitting up the CDE over
regions [i;ri+1] and applying the log-ODE method to each interval separately. A
CDE treated in this way is, for the purposes of this exposition, termed @ough
di erential equation.

5.3 The Neural Rough Di erential Equation

Now that we have the log-ODE method, as de ned in Section 5.2, it is straightforward
to apply this approach to a Neural CDE equation.

Let "1: RY 1 RY, 2RV ! RY be linear maps, andf : RV 7! RY 9 be a neural
network. We call z the solution of a neural controlled di erential equation if
Z t
Z0= Yte:xo) and z = f (z)dX: with vy = %(z): (5.3)
0
To make this a rough di erential equation, we pickr; such that 0 =rg<r; < <
r,=T,dene

g (z:9 = P(2)2%

1+

d\:?””(xt) for s2 [ri;ris1); (5.4)
1 i

r
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Figure 5.3.1 { An overview of the log-ODE method applied to Neural RDEs. Left:

A single step (CDE or RDE) model. The path X is quickly varying, meaning a lot of
integration steps are needed to resolve it.Right: The Neural RDE utilising the log-
ODE method with integration steps larger than the discretisation of the data. The path

of log-signatures is more slowly varying (in a higher dimensional space), and needs fewer
integration steps to resolve. Here we have constructed a path in log-signature space by
linearly interpolating the log-signatures over each interval.

where?: RV! RY (@N) js an arbitrary neural network, LogSig'. ., (X) 2 R (@N),
and the right hand side denotes a matrix-vector product betweef? and the log-

signature. We then sayz is the solution of arough di erential equation if z is as
Equation (5.3) where the integral is solved via

Z,

z(t)= z0+ Qg (z;9)ds: (5.5)
0

This, like the Neural CDE from Chapter 3, can now be solved as an ODE using
standard ODE solvers.

We give an overview of this process in Figure 5.3.1. The left hand side represents a
single step method, as in the existing approach to Neural CDEs. The right hand side
depicts a rough approach that takes steps larger than the discretisation of the data
in exchange for additional terms of the logsignature.

5.3.1 Neural RDEs Generalise Neural CDEs
Suppose we happened to choose= t; and ri.; = tjs+;. Then the log-signature term
is

LOgSid\il;ti+1 (X)

tiva

Recall that the depth 1 log-signature is just the increment of the path over the interval.
So this becomes

X[ti;ti+1] B dX linear
ta t dt
that is to say the same as obtained via the original method if using linear interpo-

lation. In this way the Neural RDE approach generalises the existing Neural CDE
approach.

(s) fors2 [ti;tiv);

65



5.4 Experiments

We run experiments applying Neural RDEs to four real-world datasets. Every prob-
lem was chosen for its long length. The lengths are su ciently long that adjoint-based
backpropagation (Chen et al., 2018) was often needed simply to avoid running out
of memory at any reasonable batch size. Every problem is regularly sampled, so we
taket; = I.

Recall that the Neural RDE approach features two hyperparameters, corresponding
to log-signature depth and step size. Good choices will turn out to have a dramatic
positive e ect on performance. Accordingly for every experiment we run Neural RDEs
for all depths in N = 2;3 and all step sizes in 2;8;16,;32,64; 128 256 512 1024.
Depth 1 and step 1 are not considered as both reduce onto the Neural CDE model,
as discussed in section 5.3.1. In practice, when choosing a nal model, one would
choose that with depth and step values that minimise the validation loss, as in any
hyperparamter value selection.

We compare against two baseline models. The rst is a Neural CDE; as the model
we are extending, comparisons to this are our primary concern. For context we also
additionally include a baseline against the ODE-RNN introduced in Rubanova et al.
(2019). For both of these models, we also run experiments on the full range of step
sizes described above.

For the Neural CDE model, increased step sizes correspond to nave subsampling of
the data (in accordance with section 5.3.1). For the ODE-RNN model, we instead fold
the time dimension into the feature dimension, so that at each step the ODE-RNN
model sees several adjacent time points. This represents an alternate technique for
dealing with long time series, so as to provide a reasonable benchmark.

For each model, and each hyperparameter combination, we run the experiment three
times and report the mean and standard deviation of the test metrics. We additionally
report mean training times and memory usages.

Precise details of hyperparameter selection, optimisers, normalisation, and so on can
be found in Appendix B.2. For brevity, we provide results for only some of the step
sizes here. The full results are described in Appendix B.3.

5.4.1 Classifying EigenWorms

Our rst example uses the EigenWorms dataset from the UEA archive from Bagnall
et al. (2017). This consists of time series of length 17984 and 6 channels (including
time), corresponding to the movement of a roundworm. The goal is to classify each
worm as either wild-type or one of four mutant-type classes.

Results are shown in Table 5.4.1. We begin by seeing that the step-1 Neural CDE
model takes roughly a day to train. Switching to Neural RDEs speeds this up by an
order of magnitude, to roughly two hours. Moreover doing so dramatically improves
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Model  Step Accuracy (%) Time (Hrs) Mem (Mb)

1 { { {
ODE-RNN 4 350 15 0.8 3629.3
(folded) 32 325 15 0.1 532.2
L 128 479 53 00 200.8
1 62.4 12.1 220 1765
4 66.7 11.8 55 46.6
NCDE 55 641 143 0.5 8.0
128 487 2.6 0.1 3.9
4 838 3.0 2.4 180.0
( d'\éRaEz) 32 675 12.1 0.7 28.1
erma 128 761 59 02 78
4 769 9.2 2.8 856.8
( d'\éRt?]Eg) 32 752 3.0 0.6 134.7
P 128 684 8.2 0.1 53.3

Table 5.4.1 { EigenWorms dataset: mean standard deviation of test set accuracy
measured over three repeats. Also reported are the mean memory usage and training
time. For all models a variety of step sizes are considered. For the Neural RDE we
additionally investigate varying depths. (Recalling that the NCDE is a depth-1 NRDE.)

{’ denotes that the model could not be run within GPU memory. Bold denotes the best
model score for a given step size, and denotes that the score was the best achieved
over all models and step sizes.

accuracy, by up to 17%, re ecting the classical di culty of learning from long time
series.

Meanwhile nawe subsampling approaches for the Neural CDE method only achieve
speed-ups without performance improvements. The folded ODE-RNN model per-
forms poorly, attaining the worst score for any step size whilst imposing a signi cantly
higher memory burden.

Results across all step sizes may be found in Appendix B.3.

5.4.2 Estimating Vitals Signs from PPG and ECG data

Next we consider three separate problems, using data from the TSR archive (Tan
et al., 2020), coming originally from the Beth Israel Deaconess Medical Centre (BIDMC).

We aim to predict a person's respiratory rate (RR), their heart rate (HR), or their
oxygen saturation (SpO2) at the end of the sample, having observed PPG and ECG
data over the length of the sample. The data is sampled at 125Hz and each series has
length 4000. There are 3 channels (including time). We evaluate performance with
the L2 loss.

The results are shown in table 5.4.2.
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Figure 5.4.1 { Left: Heatmap of normalised accuracies on the EigenWorms dataset
for diering step sizes and depths. Right: Log-log plot of the elapsed time of the
algorithm against the step size.

Figure 5.4.2 { Heatmap depicting normalised losses on the three BIDMC datasets for
di ering step sizes and depths. We can see that the point of lowest MSE (deepest red)
has step> 1 and depth > 1, and that performance worsens for very long steps. This
represents the depth/step tradeo for long length time series.

We nd that the depth 3 Neural RDE is the top performer for every task at every
step size, reducing test loss by 30{59% versus the Neural CDE. Moreover, it does so
with roughly an order of magnitude less training time.

We attribute the improved test loss to the Neural RDE model being better able to
learn long-term dependencies due to the reduced sequence length. Note that the
performance of the rough models actually improves as the step size is increased. This
is in contrast to Neural CDE, which sees a degradation in performance.

The ODE-RNN model, besides using signi cantly more memory, struggles to train

e ectively when the sequence length is long. Training improves as the sequence size
is shortened, but still produces results substantially worse than those achieved by the
Neural RDE.

As a visual summary of these results, including the full range of step sizes, we also
provide heatmaps in Figure 5.4.2.

The full results across the full range of step sizes may be found in Appendix B.3.
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Model Step Time (Hrs) Memory (Mb)

RR HR Spo 5 RR  HR  SpO »
1 { 1306 0.0 { { 105 { 3653.0
ODE-RNN 8 247 035 13.06  0.00 33 0.00 15 1.2 0.9 917.2
128 162 0.07 13.06  0.00 3.3 0.00 0.2 0.1 0.1 81.9
o ______ 512 _ 166 006 _ _ 675 09 198 031__ 00 _ 01 _ 01 __ _ _404 __
1 279 0.04 982 034 283 027 238 221 281 56.5
NCDE 8 2.80  0.06 1072 0.24 343 017 3.0 2.6 438 14.3
128 264 018 11.98  0.37 2.86  0.04 0.2 0.2 0.3 8.7
512 253 003 1222 011 298  0.04 0.1 0.0 0.1 8.4
8 263 012 863 024 288 015 2.1 34 3.3 21.8
NRDE (depth 2) 128 1.86 0.03 6.77  0.42 195 018 0.3 0.4 0.7 10.9
o ______ 512 _ 18 002 _ 505 023 _ 217 018 __ 01 _ 02 _ 04 __ 103
8 242 019 7.67 0.40 2.55 013 2.9 3.2 31 433
NRDE (depth 3) 128 151  0.08 2.97 0.45 137 022 0.5 17 17 17.3
512 149 0.8 346 013 1.29 0.15 0.3 0.4 0.4 15.4

Table 5.4.2 { The three experiments on BIDMC datasets: mean standard deviation
of test setL? loss, measured over three repeats, over each of three di erent vital signs
prediction tasks (RR, HR, SpO,). Also reported are the memory usage and training
time. Only mean times are shown for space. For all models a variety of step sizes are
considered. For the Neural RDE we additionally investigate varying depths. (Recalling
that the NCDE is a depth-1 NRDE.) {' denotes that the model could not be run within
GPU memory. Bold denotes the best model score for a given step size, anddenotes
that the score was the best achieved over all models and step sizes.

5.5 Discussion

Length/Channel Trade-O The sequence of log-signatures is now of lengti,
which was chosen to be much smaller tham. As such, it is much more slowly varying
over the interval [to; t,] than the original data, which was of lengthn. The di erential
equation it drives is better behaved, and so larger integration steps may be used in
the numerical solver. This is the source of the speed-ups of this method; we observe
typical speed-ups by a factor of about 10.

Memory E ciency This point has been covered in detail in Section 3.2.2, but
su ce it to say that the same applies here. The neural RDE method can be solved via
a log-signature modi ed ODE and thus memory e ciency can be attained via utilising
the optimise-then-discretise approach, or implementation or a reversible solver or
sensible use of checkpointing.

The Log-signature as a Preprocessing Step When training a model in practice,

the log-signatures need only be computed once and thus the computation can be
performed as part of data preprocessing. Log-signatures can also be easily computed
in an online fashion, making the model suitable for such problems.

Structure of  The description here aligns with the log-ODE scheme described in
equation (5.2). There is one discrepancy: we do not attempt to model the specic
structure of 2. This is in principle possible, but is computationally expensive. Instead,
we modelf0 as a neural network directly. This neednot necessarily exhibit the

requisite structure, but as neural networks are universal approximators (Hornik et al.
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(1989); Cybenko (1989), or more recent variations Pinkus (1999); Kidger and Lyons
(2020)) then this approach is at least as general from a modelling perspective.

Ease of Implementation This method is straightforward to implement using pre-
existing tools.

There are standard libraries available for computing the log-signature transform: we
use Signatory (Kidger and Lyons, 2021). As equation (5.5) is an ODE, it may be
solved directly using tools such atorchdiffeq (Chen, 2018).

Applications  In principle, a Neural RDE may be applied to solve any Neural CDE
problem. However, we typically observe limited bene t on relatively short time series:
the original Neural CDE formulation works well enough, and there is little room to
see either speed or loss/accuracy improvements via this approach.

The situation changes for long time series. Here, the existing approach struggles as
the length of the time series grows. Performance worsens, and speed drops due to the
sheer number of forward evaluations. This is the same behaviour as for RNNs.

Now, the reduction in length (fromn to m  n) is highly bene cial. Moreover, the
compression performed by the log-signature is also of bene t: closely-sampled points
will be typically be strongly correlated, and there is little to be gained by treating
them all individually.

In addition, there are two advantages shared by both Neural CDEs and Neural RDEs,
that make them suitable for long time series. The rst is the sharply reduced memory
requirements of the adjoint method. For example (chosen arbitrarily without cherry-
picking) in one experiment we see a reduction in memory usage fron®GB to just
47MB.

The second is that as both operate in continuous time, the steps in the numerical
solver may be decoupled from the sampling rate of the data: steps are taken with
respect to the complexity of the data, not just its sampling rate. In particular a
slowly-varying but densely-sampled path would still be fast without requiring many
integration steps.

The Depth and Step Hyperparameters To solve a Neural RDE accurately via
the log-ODE method, we should be prepared to take the deptN suitably large, or
the intervalsri.; r; suitably small. Accomplishing this would often require that they
are taken relatively large or relatively small, respectively. Instead, we treat these as
hyperparameters. This makes use of the log-ODE method a modelling choice rather
than an implementation detail.

Increasing step size will lead to faster (but less informative) training by reducing the
number of operations in the forward pass. Increasing depth will lead to slower (but
more informative) training, as more information about each local interval is used in
each update.
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5.6 Limitations

Number of hyperparameters Two new hyperparameters { truncation depth and
step size { with substantial e ects on training time and memory usage must now also
be tuned.

Number of input channels The log-ODE method is most feasible with few input
channels, as the number of log-signature channelgv; N) grows exponentially inv.
For larger v then the available parallelism may become saturated.

5.7 Related Work

CNNs and Transformers have been shown to o er improvements over RNNs for mod-
elling long-term dependencies (Bai et al., 2018; Li et al., 2019), although the latter in
particular have typically focused on language modelling. On a more practical note,
Transformers are famouslyO(L?) in the length of the time seriesL. Several ap-
proaches have been introduced to reduce this, for example Li et al. (2019) reduce this
to O(L(logL)?). Extensions speci cally to long sequences do exist (Sourkov, 2018),
but again these typically focus on language modelling rather than multivariate time
series data.

There has also been some work on long time series for classic RNN (GRU/LSTM)
models.

Wisdom et al. (2016); Jing et al. (2019) show that unitary or orthogonal RNNs can
mitigate the vanishing/exploding gradients problem. However, they are expensive to
train due to the need to compute a matrix inversion at each training step. Chang
et al. (2017) introduce dilated RNNs with skip connections between RNN states,
which help improve training speed and learning of long-term dependencies. Campos
et al. (2017) introduce the "Skip-RNN' model, which extend the RNN by adding an
additional learnt component that skips state updates. Li et al. (2018) introduce the
"INdRNN' model, with particular structure tailored to learning long time series.

One meaningful comparison is to hierarchical subsampling as in Graves (2012); De Mul-
der et al. (2015). There the data is split into windows, an RNN is run over each
window, and then an additional RNN is run over the rst RNN's outputs; we may
describe this as an RNN/RNN pair. Liao et al. (2019) then perform the equivalent
operation with a log-signature/RNN pair. In this context, our use of log-ODE method

is analogous to an log-signature/NCDE pair.

In comparison to Liao et al. (2019), this means moving from an inspired choice of
pre-processing to an actual implementation of the log-ODE method. In doing so the
di erential equation structure is preserved. Moreover this takes advantage of the syn-
ergy between log-signatures (which extract statistics on how data drives di erential
equations), and the controlled di erential equation it then drives. Broadly speaking
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these connections are natural: at least within the signature/CDE/rough path com-
munity, it is a well-known but poorly-published fact that RNNs, (log-)signatures,
and (Neural) CDEs are all related; see for example Kidger et al. (2020) for a little
exposition on this.

De Brouwer et al. (2019); Lechner and Hasani (2020) amongst others consider contin-
uous time modi cations to GRUs and LSTMs, improving the learning of long-term
dependencies.

Voelker et al. (2019); Gu et al. (2020) consider links with ODEs and approximation
theory, with the goal of improving the long-term memory capacity of RNNs. Given
the di erential equation structure both they and we consider, a hybridisation of these
techniques seems like a promising line of future inquiry.

5.8 Conclusions

We have introduced the neural controlled di erential equation that can be considered
as a continuous time equivalent for the RNN. The model is particularly well suited to
modelling functions on irregular time time series due to it interacting with the data
through a continuous time embedding of the discrete time series which place all time
series on the same playing eld. Finally, we demonstrated that the model achieves
state-of-the-art performance against similar models in empirical studies across di er-
ent datasets.
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Chapter 6

The Generalised Signature
Method °

The signature method refers to a collection of feature extraction techniques for mul-
tivariate time series. A large body of literature exists on the subject with authors
providing a wide variety of modi cations with the aim to improve some aspect of it.
However, no paper has sought to collate these modi cations together, so as to cate-
gorise the di erent variations and compare them against each other. In this chapter
we will do two things: rstly, we identify four groupings under which each proposed
variation constitutes a special case of, we then show that these groups can be uni ed
under a general framework that we call the generalised signature method; secondly, we
will perform a rst-of-its-kind extensive empirical study into these di erent variations
which will allow us to derive a canonical collection of choices that provide us with a
domain agnostic starting point for working with signatures.

Morrill, J., Fermanian, A., Kidger, P., and Lyons, T. (2020a). A generalised
signature method for time seriesarXiv:2006.00873

Figure 6.0.1 { High level overview of the signature method. Data is transformed,
the signature is computed, and a machine learning model is trained on the resulting
features to predict an output.

1Joint work with Adeline Fermanian and Patrick Kidger
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6.1 What is \The Signature Method"?

Multidimensional stream data poses an assortment of additional challenges compared
with standard static tabular feature data. The sequential nature of the data adds an-
other dimension of complexity to the analysis, aside from understanding relationships
across the feature dimensions, there are also relationships between observations. Suc-
cessive observations are often highly correlated, with complex non-linear interactions
occurring between features over time. Aside from all this, data is often irregularly
sampled and partially observed and the best approaches for dealing with this are
problem dependent.

The signature method refers to a collection of feature extraction techniques for multi-
dimensional stream data that make use of the (log-)signature transform (as introduced
in Sections 2.4 and 2.4.2. The stand alone signature transform applied to a sequential
data stream is the simplest example of the signature method. However, the method
has been adapted and evolved over time by users seeking to improve the quality of
the extracted features than those that would be returned through a base application
of the transform alone.

The stand alone signature transform, as introduced in Chapter 2, is the simplest
example of the signature method. However, the method has evolved over time with
many papers being published that di er from the base signature transform by in-
cluding a multitude of di erent processing operations on the data before (and after)
application of the (log-)signature transform, with the aim being to improve the quality
of the features generated by the signature for the problem at hand.

A high level overview of the signature method, in the context of a machine learning
classi cation pipeline, is given at the beginning of this chapter Figure 6.0.1. Raw
tick data is rst channelled through a series of transformations; these transforma-
tions represent the di erent modi cations that can be applied to very the resulting
features. The (log-)signature transform is then applied to the transformed signal,
before application of a classi er to return a prediction.

Bene ts of the signature method include: a high degree of exibility, making it pos-
sible to customise the method to speci ¢ datasets; strong theoretical guarantees; an
interpretable feature set; ease of handling irregularly sampled and/or partially ob-
served data; and it being well-de ned for some highly irregular processes such as
ARMA, Gaussian processes or even Brownian motion. Also, signature features do
not need to learned, which can make them particularly e ective on (but not limited
to) small datasets.

The exibility of the signature method has made it possible to be tailored to specic
applications and achieve state-of-the-art performance in wide range of problem do-
mains, such handwriting recognition (Wilson-Nunn et al., 2018; Yang et al., 2016b),
action recognition Yang et al. (2016a, 2017), and medical time series prediction tasks
(Morrill et al., 2019, 2020b). However, this exibility comes at the cost of additional
complexity in the model search space.
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To the best of our knowledge, no comprehensive studies exist that collate and combine
the most common method variations found in the literature and assemble them under
a common mathematical framework. Additionally, no baseline signature model has
ever been tested against other time series classi cation baselines. Our goal will be
to address both of these issues, alongside building an open source implementation of
the signature method in code, so as to both improve our understanding of signature
variations and to make the methods more accessible to a wider audience.

6.2 Previous Applications of the Signature Method

The signature transform has been used in a wide range of applications in machine
learning predictive tasks. For example, the signature has been used as a feature
extraction layer in classi ers that achieved state-of-the-art performance at the time
of publication, for both Arabic (Wilson-Nunn et al., 2018) and Chinese (Yang et al.,
2016b) handwriting recognition. Similarly, signatures features were successfully used
in human action recognition by Li et al. (2017); Yang et al. (2017); Liao et al. (2019).
In the medical domain, signature features were used as part of the top performing
model at the Physionet 2019 challenge for prediction of sepsis (Reyna et al., 2019;
Morrill et al., 2019, 2020b). Other applications involve nance (Lyons et al., 2014;
Arribas, 2018), mental health (Kormilitzin et al., 2017; Arribas et al., 2018), and
emotion recognition (Wang et al., 2019, 2020a).

These applications have prompted the creation of high performance software for com-
puting the signature and logsignature transforms (Reizenstein and Graham, 2018;
Kidger and Lyons, 2021).

In almost all these applications, the method has been utilised in di erent ways. Many
authors consider transformations of the input time series before application of the
signature (Levin et al., 2013; Flint et al., 2016; Lyons and Oberhauser, 2017; Yang
et al., 2017; Liao et al., 2019; Kidger and Lyons, 2021; Wu et al., 2020). People have
also explored di erent windows over which the signature transform should be taken,
SO as to extract information over di erent scales (Yang et al., 2017; Bonnier et al.,
2019). Additionally a choice must be made between the signature and logsignature
transforms, as must choices for the scaling of the terms in the signature (Kormilitzin
et al., 2016; Lai et al., 2017).

The di erences between some of these choice have been shown by Fermanian (2019) to
signi cantly impact the performance of the methodology. However this study used a
small collection of datasets and considered only some of the most common variations
that exist in the literature. There is therefore a need for a comprehensive study and
uni cation of all these di erent choices.
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6.3 Components of the signhature method

In this section we collate the modi cations to the signature transform that have been
proposed in signature literature to date. We will show that each can be categorised
into one of the following groups:

A

Augmentations These describe the transformation of a time series into one
or more new series, in order to return di erent information in the signature
features and deal with dimensionality issues.

Windows Splitting the time series over di erent subsequences (or windows),
so that signatures may be applied locally.

Transform The choice between the signature or the log-signature transfor-
mation.

A

Rescaling  Ways of normalising the terms in the signature.

We then go on to show that these groupings can themselves be synergised into a single
mathematical framework that we termthe generalised signature method-or clarity,

we will begin by discussing each of these individually, and then afterwards show how
they may be combined.

As usual, we assume we observe some tick data2 S(RY) (as in De nition 2.2.1)
with associated time stampg.

6.3.1 Augmentations

We de ne an augmentation to be a transformation of tick datax into a new but
related set of tick datak.

6.3.1.1 Add Time

Recall the de nition from Section 1 thatt denotes a sequence of increasing time
stamps, we de ne theadd time augmentation to be the map  : S(RY) ! S (R%1)
such

t(X) = (to;Xo);:::;(th; Xn) (6.1)

Application of this augmentation supplies information about the time parameteriza-
tion of the series, it gives us information on the speed at which the sequence was
traversed. Moreover, this is enough to guarantee uniqueness of the signature Hambly
and Lyons (2010).

6.3.1.2 Lead-Lag

Here we follow a de nition similar to that given in Gyurlo et al. (2013). Given
x 2 S(RY) with length n, we de ne x'*a4 2 S(RY) as,

X% = Xgope; fOrj 2101520 1g (6.2)
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Table 6.3.1 { Summary of the di erent augmentations. In this table e denotes the
dimension of the paths produced by the augmentation andp denotes the number of
paths produced.

e p Property
Fixed augmentations
None d 1
Time d+1 1 sensitivity to parametrization,
unigueness of the signature map
Invisibility-reset d+1 1 sensitivity to translation
Basepoint d 1 sensitivity to translation
Lead-lag A 1 information about quadratic variation,
unigueness of the signature map

Coordinates projection dimensionality reduction

1 2 d

2 3 dd 1)

3 4 d(d®> 1)
Random projections e p dimensionality reduction
Learnt augmentations
Learnt projections e p data-dependent and linear
Stream-preserving neural network e 1 data-dependent

and x'29 2 S(RY) as,
lag _ . O f )
X9 = Xp=o¢; forj 210;:::;2n  1g (6.3)

We are now in a position to de ne the lead-lag transform jeag-iag - S(RY 'S (R%)
as follows
lead lag(X) = (Xloead; Xl(?g pees ;(Xlzer?dl; Xlzang 1 (6.4)

6.3.1.3 Invisibility Reset

First introduced by Yang et al. (2017), the invisibility-reset augmentation consists in
adding a coordinate to the sequence that is constant equal to 1 but drops to 0 at
the last time step, i.e.,

This augmentation adds sensitivity to the absolute value of the initial position of the
path. The downside of this augmentation is that it results in an additional channel
which typically means we will go less deep in the signature.

6.3.1.4 Basepoint

We de ne the basepoint augmentation as a map, : S(R%) ! S (RY) that appends
the zero-vector to the start of the path. We de ne this as

b=(0;Xo; 5 Xn): (6.5)



Similarly to invisibility reset, this provides sensitivity to the absolute value of the
path. However, basepoint does not require the introduction of an additional channel.
The price of this is that the signature of the path is not perfectly preserved due to
the introduction of the zero-vector. In practice, for normalised data, this does not
appear to matter much and is often preferable to the introduction of the additional
channel that appears in the invisibility-reset augmentation.

6.3.1.5 Coordinate Projections

Often it may be desirable to compute the signature for a subset of the path coor-
dinates. This reduces the dimension of the computation, but of course restricts the
signature to only produce information on interactions between features in the chosen
subset.

Let x' denote thei™ coordinate ofx. We de ne the single coordinate projection
as

Time may or may not be included, we have included it here so that the a meaning is
ascribed to the singleton projections.

6.3.1.6 Random projections

Lyons and Oberhauser (2017) propose projecting the path onto a subspace by applying
multiple random projections, this has particular utility when the dimension of the
input stream is large. Let A denotep di erent a ne transformations indexed by i
such that A; : RY! R® with e <d. We de ne the random projection augmentation
as

m(X) = (AXe; i ArXn); i (ApXa i Apkn) 2 S(REP:

6.3.1.7 Learnt projections

Liao et al. (2019) perform a similar process as in random projections, except they opt
to learn the projection from the data. The form is that same as above but with;
being learnt.

6.3.1.8 Learnt augmentation

In Bonnier et al. (2019) the authors introduce the idea of a learnt augmentation. This
is simply a map
learnt - S(Rd) 'S (Re);
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Figure 6.3.1 { lllustration of the four windowing operations.

where the mapping is learnt and parameterised via a neural network.

We summarise these augmentations in Table 6.3.1

6.3.2 Windows

Computing a single signature transform globally across the domain is very unlikely
to produce optimal results. It is generally preferable to apply multiple signature
transforms across the domain, so as to extract features of the time series over di erent
data localities. To formalise this idea, we de ne a window to be a map

W :S(R9)!S (R,

for somew 2 N. W maps a single time series iR€ into a collection of W time series
also inR®. For example, splitting the time series at the halfway point producing two
such series would be a perfectly valid operation.

The simplest possible windowing operation is to leave the time series as it is. We call
this the global windowing operation, de ned by

W (X) = ( x): (6.6)

Two common windowing operations to extract information over di erent scales are
known assliding and expandingwindows. For a sliding window, given a xed length
L and a step sizes, we slide a window of lengtH along the data in steps of lengtrs,
that is

W(X) = (XoL; XL:iL+s) XLesL+2s; 1 10)!
An expanding window instead of sliding with stes, expands over the data with step
s, such that the window grows by lengths at each iteration. This can be written as
follows,

W (X) = (XoL; XoL+s; XuL+2s; 1 10):

The nal operation we will consider is lesser known, we term it thelyadic window
Let g2 N and suppose 2divides Length) (if it does not, in practice we will truncate
the series at the largest subsequence with length divisible b§)2 Letting L denote
Length(x), the dyadic window can be given as

WA(X) = X; XgLiXiy 5 Xg

XL . 3L

I X fori 2 (0;1;:::;09 : (6.7)

b1 R

L
22
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In other words, it is the collection of sliding windows of lengthh=r and stepl=r for
n ranging from 1 toq.

One glaring omission from these windowing operations is an exponentially weighted
window. That is where we rst apply X; = X;e ! so that more recent observations
are given more weight and thus have more impact on the signature output. This was
a mistake on our point and something we should have included. Whilst it does not
appear in the remainder of this chapter, we mention it so as to recommend it still be
considered in signature applications.

An illustration of each of these windowing operations is presented in Figure 6.3.1.

6.3.3 Transforms

The core of the signature method is of course the signature transform itself. For this
we have only two choices to make. The rst choice is between the signature and
the log-signature. As mentioned, the signature transform will result in an increased
number of features for the same information, however it has the property of universal
nonlinearity which may make these features easier to learn from.

Given a transform, we must also decide on the truncation depth. The higher the

depth, the more information returned, but at a cost of an increased number of fea-

tures which can add noise. The depth is highly problem dependent, we suggest that
normally it should be treated as a hyperparameter to be optimised over.

6.3.4 Rescaling

In Chapter 2, Proposition 2.4.4, we gave the factorial decay property of the signature;
that is, the depth k-term in the signature is of sizeD(3=). Typically, rescaling these
terms to O(1) will aid in subsequent learning procedures. The most straightforward
approach to normalise the terms is therefore to multiply the signature terms at depth
k by k!. We term this post-signature scaling

An alternative approach is to apply a pre-signature scaling. Here we multiply the
input data x by resulting in ak™ term of sizeO( *=). Supposing we truncate the
signature to depthN, then taking = (N!)*™" will result in the depth N terms being
O(1). Note that Stirling's approximation implies that the N=-th term will be of size
O(2M*2) meaning that terms between-depths are not of the same order. This may
cause problems for some solvers, in particular for situations where we are considering
a high depth.

6.4 The generalised signature method

Let :S(RY!S (R®) denote a concatenation op augmentations such that

70 (X)) p(x) (6.8)



Let W : S(R®) ! (S(RY)Y denote a concatenation ofv windowing operations such
that

Let SN represent either the signature or logsignature transform of depti. Let
represent either the pre-signature scaling by, or the identity. Let .5 represent
either the post-signature scaling by! or the identity.

Now, we are in a position to de ne in abstraction thegeneralised signature method
applied to a sequence as

Zij =( post SN pre w! i)(x) (6.9)
tures.

6.5 Empirical Study

We perform a rst-of-its-kind empirical study across 26 datasets to determine the
most important aspects of this framework.

6.5.1 Methodology

Datasets The datasets used are the Human Activities and Postural Transitions
dataset provided by Reyes-Ortiz et al. (2016), the Speech Commands dataset pro-
vided by Warden (2018), and 24 datasets from the UEA time series classi cation
archive, provided by Bagnall et al. (2018). A few datasets from the UEA archive
were excluded due to their high number of channels resulting in too large a compu-
tational burden.

Baseline We begin by de ning a single baseline procedure, representing a simple
and straightforward collection of choices for the generalised signature method. This
baseline is to take the augmentation as appending time as de ned by (6.1)W as
the global window de ned by (6.6), have the transform be a signature transform of
depth 3, and to use pre-signature scaling of the path. This means that the input
features are the collection

zZ= Sig3 pre t(X):

Individual variations With respect to this baseline procedure, we then consider,
in turn, the groups described in Section 6.4. These wesigmentations windows
transform, and rescaling For each group we modify the baseline by implementing
each option in the group one-by-one. Each such variation de nes a particular form
of the generalised signature method as in equation (6.9). Example variations are
to switch to using a log-signature transform of depth 5, or to use a sliding window
instead of a global window. We discuss the precise variations below.
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Models On top of every variation, we then consider four di erent models: logistic
regression, random forest, Gated Recurrent Unit (GRU) (Cho et al., 2014), and a
residual Convolutional Neural Network (CNN) (He et al., 2016). We test nearly
every combination of dataset, variation of the generalised signature method, and
model. Dierent datasets and variations produce di erent numbers of features;; ,

so to reduce the computational burden we omit those cases for which the number of
features is greater than 180 Of the 9984 total combinations of dataset, variation, and
model, this leaves out 1415 combinations. See Appendix C.1.2 for a break down of
the omitted combinations by di erent cases.

Analysis  We de ne the performance of a variation on a dataset as the best per-
formance across the four models considered, to re ect the fact that di erent models
are better suited for di erent problems. We then follow the methodology of Densar
(2006); Benavoli et al. (2016); Ruiz et al. (2020) to compare the variations across the
multiple datasets. We rst perform a Friedman test to reject the null hypothesis that
all methods are equivalent. Then, we perform pairwise Wilcoxon signed-rank tests to
form cliques of not-signi cant methods, and use critical di erence plots to visualize
the performance of each signature method. A thick line indicates that the Wilcoxon
test between methods inside the clique is not rejected at signi cance threshold of 5%,
subject to Bonferroni's multiple testing correction.

We refer the reader to Appendix C.1 for further details on the methodology, such as
precise architectural choices, learning rates, and so on.

6.5.2 Results

Due to the large number of variations and datasets considered, we present only the
critical di erence plots in the main paper. See Appendix C.2 for all the tables of the
underlying numerical values.

Augmentations  We split the augmentations into two categories. The rst category
consists of those augmentations which remove the signature's invariance to transla-
tion (basepoint augmentation, invisibility-reset augmentation) or reparameterisation
(time augmentation). We see in Figure 6.5.1 that augmenting with time, and either
basepoint or invisibility-reset, are both typically important. This is expected; in gen-
eral a problem need not be invariant to either translation or reparametersiation.

Figure 6.5.1 { Performance of invariance-removing augmentations.

The second category consists of those augmentations which either seek to reduce di-
mensionality or introduce additional information. We see in Figure 6.5.2 that most
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augmentations actually do not help matters, except for lead-lag which usually rep-
resents a good choice. We posit that the best augmentation is likely to be dataset
dependent, so we break this down by dataset characteristics in Table 6.5.1.

Figure 6.5.2 { Performance of other augmentations.

Table 6.5.1 { Average ranks for di erent augmentations by dataset characteristics.
Lower is better.

Augmentation

- Coordinates projection Random Learnt
Characteristic None Lead-lag (1) @) 3) Projection Projection MHSP
Data type
EEG 4.88 4.83 6.50 3.13 5.67 4.38 2.75 2.75
HAR 2.25 1.78 7.20 3.50 2.90 4.75 6.50 6.50
MOTION 2.63 1.75 7.00 4.50 2.13 5.00 7.33 5.00
OTHER 2.88 3.92 5.44 2.63 3.29 4.69 6.00 5.21
Series length
<50 3.20 2.20 7.40 3.20 2.70 5.10 7.00 5.20
50-100 2.20 1.33 6.00 4.10 2.75 6.20 4.80 5.10
100-500 2.28 2.57 7.28 3.50 2.63 417 6.63 5.33
>500 4.00 4.00 5.28 2.64 457 4.07 4.40 5.60
Dimension d
2 4.67 3.5 6.33 4.33 4.0 2.83 6.67 3.67
3-5 25 2.21 6.36 3.43 3.14 4.64 6.67 6.83
6-8 3.25 2.5 6.94 3.0 3.56 5.0 5.29 6.0
>8 2.25 3.75 6.31 3.19 2.5 5.19 5.29 4.19

Here we indeed see that there is generally a better choice than doing nothing at all,
but that this better choice is dependent on some characteristic of the dataset. For
example on long or high-dimensional datasets, coordinate projections often perform
well, whilst multi-headed stream preserving transformations do substantially better
on EEG datasets. Lead-lag remains a strong choice in many cases.

We note that in these results we excluded datasets with dimension above 60 Ap-
pendix C.1. In such cases dimension reduction techniques would be essential as the
computational cost of standard transforms would simply be too high.

Windows  We consider the possibility of global, sliding, expanding, and dyadic win-
dows. The results are shown in Figure 6.5.3. We see that the dyadic and expanding
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Figure 6.5.3 { Performance of di erent windows.

windows are signi cantly better than sliding and global windows. The poor perfor-
mance of sliding windows is a little surprising, but tallies with the observations of
Fermanian (2019). This is an important nding, as global and sliding windows tend
to be commonly used with signature methods.

Signature versus log-signature transforms We consider the signature and log-
signature transforms with depths ranging from 1 to 6. As higher depths always
produce more information, we de ne the performance of the (log-)signature transform
as the best performance across all depths. With this metric, the average rank of the
signature transform was 1.23 whilst the average rank of the log-signature transform
was 1.77, corresponding to a p-value of 0.01 with the Wilcoxon signed-rank test.
Thus we nd that the signature transform performs signi cantly better than the
log-signature transform.

Rescaling We consider using no rescaling, pre-signature rescaling, or post-signature
rescaling. We nd that pre-rescaling performs worse than both post-rescaling and no
rescaling within the signi cance level, however no signi cant di erence between post-
rescaling and no rescaling is found. This can be seen from the diagram in Figure
6.5.4.

We note though that this can largely be attributed to our using a random forest
classi er, which being a tree based model is extremely robust to variations in scale.
When using a model more sensitive to scaling, especially with large vales for signature
depth (due to the factorial decay property), appropriate scaling is a must.

Figure 6.5.4 { Performance of di erent rescalings.

The key results  To conclude, these results show that invariance-removing trans-
formations such as time and basepoint augmentations should a priori be used, that
the lead-lag performs well but not signi cantly better than no additional augmen-
tation, and that the hierarchical dyadic window performs signi cantly better than
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the sliding and global ones. These conclusions are the basis for the de nition of the
canonical signature pipeline, which we will present in the next section.

6.5.3 Further results

See Appendix C.2 for further results, in particular on the running times, sensitivity-
inducing augmentations broken down by dataset type, an additional study on sig-
nature depth, and the precise numerical results for each individual test considered
here.

6.6 A Canonical Pipeline

6.6.1 De nition

We are now in a position to de ne the canonical signature pipeline, illustrated in
Figure 6.6.1. In a nutshell, the pipeline consists in applying the basepoint and time
augmentations, a hierarchical dyadic window and a signature transform, which can
be written as a particular case of (6.9) as follows. LetV be a hierarchical dyadic
window of depthg, : and P be the time and basepoint augmentations, then the
canonical signature pipeline may be written as

yy=SV w P (x); j2fL:in 2 g (6.10)

Both the signature and window depths, respectivel\N and g, must be optimised
for the problem (typically via cross-validation). We note that this canonical method
may be adapted to the problem at hand in two ways: if the problem is known to
be parametrization invariant, as is the case for example for characters recognition,
then the time augmentation should not be applied. Moreover, if the problem is
translation-invariant, then the basepoint augmentation is not applied. We emphasise
that this pipeline does not represent a best option for every application, but is meant
to represent a compromise between broad applicability, ease of implementation, com-
putational cost, and good performance.

6.6.2 Performance

To validate the performance of the canonical signature pipeline, we compare its per-
formance to the results of Ruiz et al. (2020) who benchmark a collection of modern
multivariate time series classi ers over 26 UEA datasets. Note that the multivariate
UEA archive is not to be confused with the univariate UCR archive, which has re-
ceived more attention. Moreover, the UEA archive has proved to be more challenging
for producing performant benchmarks (Bagnall et al., 2018; Ruiz et al., 2020). For
this comparison, we combine the feature set obtained with the canonical signature
pipeline, summarized in (6.10) with a random forest|see Appendix C.1.3 for more
details.
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Figure 6.6.1 { Pictorial representation of the canonical signature pipeline. First, we
apply the time and basepoint augmentations to the input paths, then we compute the
signature features over dyadic windows, and nally compute the signature features over
each dyadic window. These features can now be compiled together and fed into any
standard machine learning classi er.

Our benchmarks are three variants of the classical Dynamic Time Wrapping trans-
form combined with a one nearest neighbour algorithm (DTWI, DTWD and DTWA

in Figure 6.6.2), the generalized Random Shapelet Forest, denoted by gRSF (Karls-
son et al., 2016), two deep neural networks, MLCN (Karim et al., 2019) and Tap-
Net (Wang et al., 2017), the ensemble HIVE COTE (Bagnall et al., 2020) and the
WEASEL-MUSE algorithm (Schafer and Leser, 2017). We refer the reader to Ruiz
et al. (2020) for further details.

Figure 6.6.2 { Performance on UEA datasets.

Figure 6.6.2 shows the critical di erence plot of this comparison. The signature
pipeline is in the rst clique, that is the group of classi ers that achieve the best
accuracy while not being signi cantly di erent from one another. The two algorithms
with a better rank than the signature pipeline are MUSE and HIVE-COTE. Itis worth
noting that MUSE is very memory intensive|Ruiz et al. (2020) report that it could

not nish on 5 of the 26 UEA datasets on a computer with 500GB of memory|whilst
HIVE-COTE is an ensemble of several sub-classi ers, and thus has very high training
and inference costs. On the other hand, all experiments for the canonical signature
pipeline were completed with no memory errors on a computer with less memory, and
are signi cantly faster to run than HIVE-COTE|see Appendix C.2.

The canonical signature pipeline is meant to be a sensible starting point from which
the user can propose additional variations following the structure de ned in equation
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(6.9), but as a standalone classi er this pipeline performs comparably to state-of-the-
art classi ers,on the UEA data, whilst being less computationally demanding.

6.7 Open Source Implementation

This work has also resulted in the implementation of an open source implementa-
tion of \The Generalised Signature Method", made available and maintained in the

open sourcesktime project. The implementation essentially packages the described
pipeline into an sklearn style transformer allowing for easy application of the gen-
eralised signature approach followed by any standard machine learning classi er for
tabular data.

We give an example use case in code 6.1. Here we initialise @eneralisedSigna-
tureMethod class and add input arguments that are ordered in the same manner as
our components in Section 6.4. In the code example we implement the "addtime' and
“basepoint’ augmentations with a depth 3 dyadic window, pre-rescaling, and the sig-
nature transform to depth 3. ARandomForestClassifier is then tto the resultant
signature features and predictions are made on the test data.

We hope that this implementation will serve as an easy to use starting point for ML
practitioners who are looking to use signatures, but are relatively new to the space.
The sklearn style implementation enables the user to train over a variety of complex
signature method pipelines with relatively little understanding about the underlying
mathematics. Moreover, the initial values of the parameters are set to those found to
provide a highly performant starting point from Section 6.10.
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1 # Load the GeneralisedSignatureMethod module in from sktime
2 from sktime.transformations.panel.signature_based import

1 GeneralisedSignatureMethod

from sklearn.ensemble import RandomForestClassifier

# Load in some data
X _train, X _test, y train, y test = load_data()

# Setup the generalised method with chosen options
signature_method = GeneralisedSignatureMethod(

© fee] ~ (=2} [&] B~ W

10 augmentation_list=( addtime , basepoint),

1 window_name= dyadic ,

12 window_depth=3,

13 window_length=None, # Used only for expanding/sliding
14 window_step=None, # Used only for expanding/sliding
15 rescaling= pre ,

16 sig_tfm= signature ,

17 depth=3

18 )

19

20 # The simply transform the stream data

2z X_train_signatures = signature_method.fit_transform(X_train)
22

23 # The it is easy to train a model on the new features
2« model = RandomForestClassifier()

25 model fit(X_train_signatures, y_train)

26

2z # Make predictions on test data

28 X_test signatures = signature_method.transform(X_test)
2 test_preds = model.predict(X_test_signatures)

Code 6.1 { Example code for using the open source sktime implementation of the
generalised signature method.

6.8 Conclusions

In this section we have introduced the “Generalised Signature Method' for multivari-
ate time series data. This is a framework for working with signatures that combines
the most common variations on the base signature transform under a common math-
ematical formalism. We hope that thinking about signatures in this way will both
lower the barrier of entry to working with signatures, as currently the literature can
seem quite disparate and the mathematics challenging to someone unfamiliar with
signatures. We also hope that

We then went on to consider variations of the signature method to gain some insight
as into the hyperparameters that produce the most between-dataset variation, and
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the values of the hyperparamters that tend to perform besbn average These results
were then used to de ne the "Canonical Pipeline' which represents a best practice
starting point for from which more complicated variations can be considered.

Finally we developed an open source implementation of the code that enables users
to quickly build and optimise signature classi cation pipelines. The code is straight-
forward to use and requires minimal underlying knowledge of the components that
make up the Generalised Signature Method, and as such, we hope it will encourage
more people to use signatures in their machine learning models as well as engage with
the signature community as a whole.
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Chapter 7

Predicting Sepsis in the ICU with
Signatures

This chapter is devoted to the development of our signature-based model for the Phy-
sioNet 2019 Challenge titled The Early Prediction of Sepsis from Clinical Data. Our
model achieved %t place from models submitted by over 100 participating teams.

® Morrill, J., Kormilitzin, A., Nevado-Holgado, A., Swaminathan, S., Howi-
son, S., and Lyons, T. (2019). The signature-based model for early detection
of sepsis from electronic health records in the intensive care uninternational
Conference in Computing in Cardiology

® Morrill, J. H., Kormilitzin, A., Nevado-Holgado, A. J., Swaminathan, S.,
Howison, S. D., and Lyons, T. J. (2020b). Utilization of the signature method
to identify the early onset of sepsis from multivariate physiological time series
in critical care monitoring. Critical Care Medicine, 48(10):e976{e981

Figure 7.0.1 { Top 5 entries on all hospitals and their overall score. Our team "Can |
get your signature' is furthest left with the highest overall score.
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7.1 Introduction

Sepsis is a life-threatening organ dysfunction caused by a dysregulated host re-
sponse to infection. Sepsis management represents an extremely challenging problem
throughout the world. Recent estimates suggest around 1.7 million adult Americans
develop sepsis each year, of which nearly 270,000 dies, this accounting for one in
three hospital deaths. A recent study Buchman et al. (2020a,b,c) evaluated the cost
to Medicare of sepsis inpatient admission and subsequent patient care to be in excess
of $41.5 billion, and found that both the numbers of sepsis-related claims and the
aggregate dollar costs are rising. Additionally, it has been reported that mortality
rates increase signi cantly with delays in receiving antibiotics. For example, Kumar

et al. (2006) report that in cases of septic shock, the risk of death increases b%0%

for every hour of delay in antibiotic treatment. Early detection of sepsis events is
thus essential to improving sepsis management and mortality rates in the ICU.

Machine-learning algorithms have been investigated as a method for early prediction
of sepsis Henry et al. (2015); Calvert et al. (2016); Fagerstrem et al. (2019). How-
ever, it is di cult to compare the di erent algorithms since each addresses a slightly
di erent problem, utilises di erent data sets, maintains a di erent de nition of sepsis
onset, and uses di erent metrics. Furthermore, none use the new Sepsis-3 de nition
Singer et al. (2016) to denote the onset of sepsis.

Here, we describe the development of a machine-learning model for the early detection
of sepsis based on readily attainable ICU data. The model was developed during the
2019 PhysioNet challenge entitled "Early Prediction of Sepsis from Clinical Data'
during which participants were invited to submit algorithms that were trained on the
same set of data and validated under a common performance metric on unseen test
data. Sepsis onset was de ned using the Sepsis-3 criteria.

7.2 The PhysioNet 2019 Challenge Setup

Each year, beginning in 2000, PhysioNet host a challenge based on streams of com-
plex physiological signal data and invite participants to tackle a clinically interesting
problem related to the data that is either unsolved or not well-solved. 2019 marked
the 20" consecutive year of these challenges and was titlEdrly Prediction of Sepsis
from Clinical Data. The o cial description of the challenge is given in Reyna et al.
(2019).

The aim of the challenge was to develop a model that can early-detect sepsis 6 hours
before its occurrence based on minimal data that is easy to obtain in an ICU. Further,
the models were to be trained on data from two di erent hospital systems and tested
on three to give a better indication of their generalisation performance than the
models that have been developed previously which are trained and tested on data
from a single system. In this section, we will provide an overview as to how the cases
were labelled, the datasets that were used, and the challenge scoring metric.
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In this section we describe the challenge set up and scoring metrics and our methodol-
ogy for model building and training, before concluding with the nal challenge results.

In subsequent sections describe further ideas and analysis that arose during and after
the challenge.

7.2.1 Sepsis Labelling

The challenge data is given pre-labelled with the value 1 for patients who develop
sepsis where, with time being measured in hours, tsesis 6 and O fort <t gepsis

6, with tsepsis being the time of sepsis onset as de ned by the Sepsis-3 de nition
Singer et al. (2016). For patients who never develop sepsis the data is labelled zero
everywhere. To determine the location offsepsis the Sequential [Sepsis-related] Organ
Failure Assessment (SOFA) score must be computed for each time-point Singer et al.
(2016). This score to determines the extent of a person's organ function or rate of
failure. Once this is computed, we note the following times:

tsuspicion: Time of clinical suspicion of infection, identi ed as the earlier timestamp
of IV antibiotic administration and the drawing of blood cultures within a speci ed
duration. If antibiotics were given rst, then the cultures must have been obtained
within 24 hours. If cultures were obtained rst, then antibiotic must have been subse-
qguently ordered within 72 hours. In this case antibiotics must have been administered
for at least 72 consecutive hours to be considered.

tsora: The occurrence of end organ damage (damage in major organs fed by the
circulatory system) as identi ed by a two-point deterioration in SOFA score within a
24-hour period.

If both of these events occur andsora OCcurs no more than 24 hours before or 12
hours aftertsyspicion then time of sepsis is then de ned to be the earlier df,spicion and
tsora. If this does not happen, the patient is marked as non-septic. This is written
more succinctly below:

tsepsis = min( tsuspicion; tSOFA); if tsuspicion 24<t SOFA tsuspicion +12: (7-1)

7.2.2 Dataset

Data for this study was taken from the PhysioNet Challenge 2019. Full details are
found in the o cial challenge paper Reyna et al. (2019). In brief, the data was
sourced from ICU patients in three separate hospital systems. Data from two hospital
systems was split into a publicly available training set and an undisclosed validation
set, both to be used for model development and testing. The validation set and third
hospital system data were kept private, with submitted models being scored against
these unseen data from all three systems. A total of 40,336 patients were used in
model training with 40 features per patient, consisting of demographic, vital sign,
and laboratory data. The data for each patient was indexed with time at one-hour
increments and predictions were to be made sequentially at each hour in a patient's
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(a) Utility score for a septic patient. (b) Utility score for a non-septic patient.

Figure 7.2.1 { Utility function scores in cases of sepsis and non-sepsis.

time-series with any future information being censored. The models were scored
against the custom utility function de ned in Reyna et al. (2019).

7.2.3 Scoring

Predictions are scored for their binary classi cation performance against a utility
function de ned specially for this challenge. Each patient is assigned a utility score
which is the value generated on evaluation of the utility function. True positives are
awarded a positive score, false negatives are penalised with a large negative score,
false positives a small negative score and false negatives are awarded zero score.

This is done by de ning a scorel(s;t) such that for each timet in the data:

8

E Urp (s;t); positive prediction at time t for sepsis patients
Urn (S;t);  positive prediction at time t for non-sepsis patients
Urp(s;t); negative prediction at timet for sepsis patients

- Urn(s;t);  negative prediction at timet for non-sepsis patients

U(s;t) =

In Figure 7.2.1 we plot the utility function values for a septic patient (left) and a non-
septic patient (right). In this example, the patient has developed sepsis &fcpsis = 48.

We see that positive scores are achieved for predicting sepsis from 9 hours before up
to 3 hours after the actual time of sepsis (red line). Scores are accumulated as we
make more predictions in time. We also see that points are lost (blue line) for every
missed case aftetopimai -

This information and the gures are taken from the o cial challenge paper Reyna
et al. (2019), in which can also be found an extended description of the challenge
scoring function.

94



Feature name Description

Shockindex Heart Rate / Systolic Blood Pressure
BUN/CR Bilirubin / Creatinine
PartialSOFA Score of the SOFA components

that are found in the challenge data
SOFA Deterioration  Binary label given 1 if PartialSOFA
has increased by 2 in the last 24 hours

Table 7.3.1 { Non-signature features extracted from the data.

7.3 Methodology

7.3.1 Data Imputation

Missing values during a patient's hospital stay were imputed by using a forward- I
method. When a value was missing, it was taken to be the most recent measurement
of that particular variable. If no previous value existed the value was left as "NaN’,
since decision tree based algorithms can handle such missing data e ectively.

7.3.2 Non-Signature Feature Extraction

We augmented the data sets by including a number of additional features typically
thought to be useful for discerning the onset of sepsis. These features, based on litera-
ture review and \expert knowledge", included a partial construction of the Sequential
[Sepsis-related] Organ Failure Assessment (SOFA) score Singer et al. (2016), which
we call PartialSOFA. The term \partial* was used because the data set did not in-
clude all variables that comprise the SOFA. Hence, the score was calculated based on
the available required information which consisted of threshold conditions on each of
the platelet count, bilirubin, mean arterial pressure, and creatinine variables. Given
that one of the requirements of the Sepsis-3 de nition is a deterioration of the SOFA
score, any approximation of this quantity would be expected to aid in prediction of
sepsis onset. Other added features included the ratio of heart rate to systolic blood
pressure (the \shock index") and the ratio of bilirubin to creatinine as suggested in
Henry et al. (2015). These features are summarised in Table 7.3.1.

Additionally to this, we extracted some temporal features that we believed would

provide a useful measure of assessing patient health. Firstly, we hypothesised that the
frequency of measurements would also provide an indication of patient health, given
the anticipated increase in sampling when physicians are concerned about patients.
For this reason we also included a counter for the temperature variable and the
laboratory values, which denotes the number of times a given variable had been
measured in some lookback window. We call the collection of these variables the
‘measurement intensity' variables. Finally, we included the maximum and minimum

of the vital signs over a lookback window. The size the lookback windows were treated
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Utility score
Time 0 1 Label

0.00 -0.05 -0.05
0.00 -0.05 -0.05
-0.22  0.89 1.11
-0.44  0.78 1.22
-0.67  0.67 1.33
-0.89  0.56 1.44

OO0k, WN PR

Table 7.3.2 { Example of the case labelling given the utility score from predicting 0
and 1.

as hyper-parameters and optimised in model training and are given in Table 7.3.3.

7.3.3 Signature Feature Extraction

To extract additional longitudinal information from the time series, we turn to the
signature transformation, as introduced in Section 2.4. A simple sliding window ap-
proach was used so that signature features were computed for each time-point over
a window of some given look-back size. We computed the signatures of the "Par-
tialSOFA', "MAP' and 'BUN/CR' variables using the "addtime' augmentation (see
Section ?). Additionally, we computed signatures of all non-stationary features with
the ‘leadlag’ and ‘cumsum' augmentations (see Section ?). The signature truncation
levels and the lengths of the lookback windows were treated as hyperparameters to
be optimised in model training.

7.3.4 Hyperparameters

In Table 7.3.3 we give the values of some of these hyperparameters that were used in
the nal submitted model. This table displays the lookback windows and signature
depths for the (PartialSOFA, MAP and BUN/CR) variables and the (‘cumsum’,
‘leadlag’) signatures that were extracted for all non-stationary features, along with
the lookback windows for the derived features.

7.3.5 Sepsis Labels

The data was pre-labelled with the value 1 at any location of sepsis occurrence or pre-
de ned window around sepsis onset, and zero otherwise. Given that the aim was to
optimise the utility score (as de ned in Reyna et al. (2019)), not simply the percentage
of correct binary predictions, we created an alternative labelling that accounted for
information about the utility score and enabled the classi er to place higher weights
on points that lead to a larger score if predicted correctly. Let)y(s;t) denote the
utility score of predicting y 2 f 0; 1g for patient s at time t. The \modi ed utility
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Parameter Final Value

Measurement intensity lookback 8 hours
Min/max lookback 8 hours
(PartialSOFA, BUN/CR, MAP) signature lookback 7 hours
(PartialSOFA, BUN/CR, MAP) signature order 3
Cumsum leadlag signature lookback 7 hours
Cumsum leadlag signature order 3

Table 7.3.3 { List of all hyperparameters with the values used for each in the nal
model.

Hospital

Rank Team Name A B C Final Utility Score
1 Can | get your Signature? 0.433 0.434 -0.123 0.360
2 Sepsyd 0.409 0.396-0.042 0.345
3 Separatrix 0.422 0.395 -0.146 0.339
4 FlyingBubble 0.420 0.401 -0.156 0.337
5 CTL-Team 0.401 0.407 -0.094 0.337
6 SBU 0.408 0.402 -0.154 0.332
7 Ping An Health Technology 0.414 0.400 -0.182 0.331
8 prna 0.411 0.389 -0.159 0.328
9 Antanas Kascenas 0.406 0.397 -0.195 0.323
10 NN-MIH 0.414 0373 -0.174 0.323

Table 7.3.4 { Top 10 o cial scores from the nal phase of the challenge scored on the
hidden test set. Bold indicates best performance for the given hospital/overall.

score” is de ned asUyys (S;t) = Ui(s;t)  Up(s;t) and constitutes the case labelling
against which the regressor was trained. This allowed for increased weighting on
cases that yield a larger utility di erence if predicted correctly. An example of this
relabelling process is given in Table 7.3.2.

7.3.6 Model Training and Validation

We used a strati ed 5-fold cross validation with a uniform distribution of time-points
and sepsis labels in each fold for hyper-parameter optimisation of the predictive al-
gorithm. No patient had data in more than one fold. We used the LightGBM imple-
mentation Ke et al. (2017) of the gradient boosting machine algorithm with the mean
square error loss function for the regression task. Hyper-parameters were chosen to
maximise the mean utility score over the 5-folds.
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Hospital

A B C Average (std)
Training 0.442 0.421 | 0.434 (0.016)
Validation  0.433 0.434 0.123 0.360

Table 7.4.1 { Scores achieved on each hospital for both the public training set and
hidden test set. The public training set scores are taken to be the average utility over
the 5-folds used in cross-validation. We see that generalisation is good when tested on
data from the same hospital system, but extremely poor on a di erent hospital system
(hospital C).

7.4 Results

The submitted model was the T-place o cial entry to the challenge with an average
utility score of 0.360. A detailed breakdown of the top 10 performing models is given
in Section 7.3.6.

We additionally present the scores our model achieved for each hospital both for the
public training data and the unseen validation data in Section 7.3.6. The scores for
the public training data are taken to be the average utility over the 5-folds used
in cross-validation. One can see that the algorithm scores on hospitals A and B in
the training and validation sets are similar, which suggests that our model was not
over- tted when restricted to testing on the same hospital system as that on which
the model was trained. Conversely, the scores on hospital C were signi cantly worse,
which highlights the potential danger of using an algorithm that was trained on one
hospital system to make predictions on a di erent one.

7.4.1 The Usefulness of Signatures

Table 7.4.2 shows the cross-validated and averaged utility score predictions on the
training data for di erent subsets of features. Note that the score for each row is from
the algorithm containing the features listed for that row, along with any features that
are listed above it. The data indicates that the time since admission feature alone can
be used to achieve a utility score of 0.282; this feature was, indeed, found to be the
most important. Of particular further interest is the additional bene t to be gained
from supplementing the dataset with the signature features. We see that the addition
of the signature terms increases the utility score from 0.422 to 0.434 and this, while
not a dramatic improvement, does show that the representation of the information
fed into the algorithm after the signature transformation is bene cial to learning, and
thus worthy of inclusion in comparable modelling approaches for similar problems.
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Features Averaged utility score

Time only 0.282

+ Original 40 features 0.389
+ Non-signature hand-crafted features 0.422
+ Signature features 0.434

Table 7.4.2 { Scores from models trained on di erent subsets of features. Each row
also contains the features listed in any rows above it.

7.4.2 Predictions in an In-Hospital Environment

While the goal of the challenge was to optimise the score achieved on the pre-de ned
utility function, it is useful to consider how the model could be used in an in-hospital
environment to provide clinically actionable information. At each time-point the
model outputs a value with increasing values associated with higher risk of sepsis.
When the model output exceeds a speci ed operating-point threshold, the subject is
designated as aepsis-risk patient thus indicating to a doctor that closer monitoring

or further tests may be warranted. This operating-point threshold can be chosen to
achieve the most clinically meaningful sensitivity and speci city. The area under the
receiver operating characteristic (ROC) curve of the optimised model was 0.868. A
closer analysis is displayed in Figure 7.4.1. In the leftmost plot we have a confusion
matrix, where a true negative represents that no call was made and the person didn't
develop sepsis, and a true positive represents that the patient being agged and
developing sepsisat some point after this call. The operating-point threshold is
set so that 33% speci city (the proportion of correct positives that were correctly
identi ed) is achieved. On the right of the gure we give a performance analysis in
increasing time-windows before onset; for example, the rst bar gives the number of
correct predictions made one or more hours in advance at 20% precision.

7.5 Discussion

The signature-based model that we have presented for the early prediction of sep-
sis constitutes a competitive approach to discerning early onset sepsis from health
data streams. The model achieved the highest score in the o cial phase of the chal-
lenge Reyna et al. (2019). We believe the strength of our model lies primarily in
the smart collection of hand-crafted features derived from the data, such as "Partial-
SOFA', along with e ective utilisation of the signature method to extract additional
features from the time-series. The non-signature features were not unique to our sub-
mission, however, the signature provided us with an extra piece of technology that
allowed us to represent the longitudinal multidimensional clinical data as a collection
of low-dimensional characteristic features that were not considered by other teams. In
addition to this, training against the utility score as opposed to the provided binary
labels for sepsis, and choice of classier paired with an extensive hyperparameter
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Figure 7.4.1 { Confusion matrix displaying the number of people predicted as likely
to get sepsis compared with those who actually end up with sepsis with the threshold
tuned to 33% speci city (left). Proportion of sepsis cases predicted correctly in di erent
time windows tuned to di erent precision levels (right).

search were two other things that we found made signi cant improvements to the
score. Despite the success of this method with comparison to other teams, there are
a few limitations and caveats to be addressed.

7.5.1 Inability to Make Predictions in the Desired Window

First, one of the primary aims of the PhysioNet/CinC challenge was to develop a
model to make accurate predictions in a window around 6 hours prior to the onset
of sepsis, as this was determined to be the most clinically relevant region for plau-
sible intervention. However, we see from Figure 7.4.1 (right) that the majority of
predictions were not made in this desired time window. Similar long-time predictions
have been found in other studies such as Henry et al. (2015), in which the governing
model predicted sepsis shock with a median time between prediction and onset of 28.2
hours, and more recently Fagerstem et al. (2019) demonstrated a median time-to-
event prediction of 48.0 hours. Even when training against the utility function, which

is biased towards making predictions in the desired 6-hour time-window, out model
makes predictions with a median time of 25.0 hours in advance (at 33% speci city).
In Buchman et al. (2020b) Buchman et al. provide evidence suggesting that sepsis
may often occur as a result of a manifestation of some other chronic conditions, as
opposed to a "bad luck' event from a more ordinary infection. This hypothesis would
make sense in the context of these model predictions, with the conclusion being that
the model may be identifying characteristic features of chronic conditions from which
sepsis is likely to manifest. A simple example being high-temperature correspon-
dent to a fever from which sepsis can develop. This would explain why predictions
are being made in advance of where the symptoms of sepsis are expected to have
developed.

At di erent precision levels we nd that, on average, around two-thirds of predictions
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were made over 12 hours in advance, which suggests that the algorithm is performing
a risk-strati cation procedure rather than making a precise temporal prediction of
sepsis onset. Similar long-time predictions have been found in other studies such
as Henry et al. (2015), in which the governing model predicted sepsis shock with
a median time between prediction and onset of 28.2 hours. A more recent paper
Fagerstmm et al. (2019) demonstrated a window of 48 hours. Even when training
against the utility function, which is biased towards predictions in a window close
to onset, our model still struggled to predict in the desired window. Buchman et al.
(2020b) nd evidence that suggests sepsis may often occur as a manifestation of other
chronic conditions. Assuming this to be true, this suggests that our model (and other
models of sepsis) are likely identifying characteristic features of chronic conditions
from which sepsis is more likely to manifest from, for example, a high-temperature
may correspond to a fever, from which sepsis can develop from. When such features
can be identi ed, the model associates a high risk of sepsis, even though sepsis has
not yet occurred.

7.5.2 Uptake of Sepsis Appears to Follow a Poisson Pro-
cess

In Figure 7.5.1 we show the number of people that have not yet developed sepsis as a
fraction of the subset of people who do eventually develop it. This is plotted for both
hospitals in the training set (blue solid lines) along with a best t exponential (orange
dashed lines). The gure shows that the tted trend line matches the true data very
closely. Given that the population level curve shows a clean exponential decay, it
could be that the likelihood of any individual patient developing sepsis is dependent
on a variable or variables that are governed by a Poisson process. Alternatively stated,
there could be random events at play that are di cult to resolve with our modelling
formalism. One could consider, for example, that sepsis arose out of the accidental
use of a dirty needle. The point at which a dirty needle is used is almost impossible to
predict (assuming it is a true Poisson process). If these events happened far enough
in advance of onset, one could feasibly expect to build a model to make a positive
prediction in a sensible time-window prior to the emergence of sepsis if the feature
data could be collected; alternatively, the time-scale between such events and sepsis
onset could be very short making predictive models di cult. An increase in the data
sampling rate could be bene cial as 1-hour bins would likely not contain the required
resolution to accurately resolve all of the relevant features.

7.5.3 The Model Achieves Poor Generalisation Performance

to an Unseen Hospital
Finally, as previously noted, the models inability to maintain high prediction per-
formance on hospital C indicates a limitation in generalising predictions to hospital

data-sets on which the algorithm was not trained. There are a number of potential
reasons as to why this might be the case: For example, the models were trained on
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Figure 7.5.1 { The number of people who have not yet developed sepsis at each time,
as a fraction of those who develop sepsis eventually, for each of the hospitals in the
training set.

variables that were highly dependent on physician decision-making processes and thus
local hospital policies. A measurement or assessment that is encouraged to be taken
by a doctor in one hospital may not comport with the practices of another hospital.
As such, any model that is trained of data-sets from healthcare systems in which a
gold standard for assessment procedures and measurements does not exist, will in-
herently adopt some of the biases of the underlying training set. One remedy to this
limitation would be to only train on variables that are sampled at pre-determined
times of a patients stay and are independent of a doctor decision-making process.
One could then expect to more safely transfer an algorithm from across multiple
hospital systems. Any remaining uncontrolled variables between hospitals such as
patient demographics, socioeconomic factors, etc would, of course, persist as sources
of error.

7.5.4 The potential for semi-supervised learning

The poor performance on the out-of-sample hospital, hospital C, is likely caused due
to di ering practices between the hospitals, and thus the models reliance on features
and relationships observed in hospitals A or B that do not pass across to hospital
C. One idea for mitigating this e ect is to rst train a semi-supervised model to
learn features that exist within all hospitals. One sensible approach would be to take
data from each hospital and train a model to simultaneously maximise classi cation
accuracy, and require that we cannot distinguish the hospital that the prediction
features came from. This could be achieved by implementing a neural network with a
low dimensional feature encoding layer, from which we build a discrimination network
and a classi cation network. The models are then trained to maximise classi cation
whilst reducing ability for discrimination.

The result of this would provide us with a model that is signi cantly more general-
isable than the models that were trained in this section. If the performance of the
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models remained high, it opens up the feasibility of safe deployment in hospitals from
which the model has not received training data from { this is something that has
certainly not been achieved by our current iteration.

7.6 Conclusions

We have presented a signature-based model for early prediction of sepsis. The sig-
nature representation produced a useful summary of the longitudinal physiological
measurements that were used to e ectively discriminate septic from non-septic cases.
The addition of the signature terms improved the algorithms prediction performance
signi cantly as demonstrated in Table 7.4.2. The method proposed has achieved the
highest o cial score on the utility function on the full test data set from 104 submis-
sions. We have further shown that model predictions can be turned into clinically-
actionable information for use by doctors. Finally we explored: 1) why the model
struggles to predict more cases in the desired time-window before onset, 2) the model's
limited performance on new hospital systems and 3) some potential methodological
enhancements for better generalising the model predictions.
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Chapter 8

Improved Prediction of Stress
Levels from Breathing Signals
using Path Signature Features

Breathing is consistently ranked amongst the most predictive physiological markers
for detecting stress levels. In previous work, simple features are extracted from the
breathing signal over sliding windows (for example, mean inhalation time) and models
are trained on the resulting features. These features are often highly interpretable but
underutilise the raw signal since they throw away much of the information. Here, we
describe a new approach utilising path signature features. Considering only low-order
features we show that we can achieve a model on par with performance of existing
approaches, whilst remaining interpretable. We then show that by increasing signature
depth, where interpretability is sacri ced for additional features, the model achieves
dramatic improvements over anything seen thus far in the literature.

Figure 8.0.1 { A high level overview of the model we will introduce in this chapter.
The raw breathing signal is rst windowed, split into individual breaths, and then the
signatures of each breath are computed. A model is trained on these signatures and
the outputs are combined to produce an overall prediction.
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8.1 Introduction

Emotion Al (or a ective computing) refers to the study and development of systems
that can classify human emotion; the end goal being to improve human-computer
interactions. Empathetic machines would have the ability to detect emotions from
sensor data and adapt their behaviour accordingly to suit the needs of the user(s).
We use stress as a general term for a wide range of strong external stimuli which can
cause a physiological response ScienceDaily (2021).

Stress is a particular type of a ective state; it is interesting medically due to the

in uence it can have on mood, behaviour and health. The negative long-term e ects

of stress are signi cant and cause accelerated disease progression, severe impact on
depression and mental health and are causes of gastrointestinal disorders to name
just a few Leserman et al. (1999); Cohen et al. (2007); McEwen and Stellar (1993).
The ability to e ectively detect and monitor stressed states in individuals is thus
important to mitigate such e ects. This calls for automated stress detection methods
that allow for real-time information to be sent back to a user experiencing a state of
stress to help monitor and manage stress levels.

When experiencing a state of stress, the body releases "stress hormones' which include
cortisol and adrenaline. These hormones a ect both the respiratory and cardiovas-
cular systems, which tends to result in both increased breathing rate and increased
heart rate, both in an e ort to more quickly divert oxygen-rich blood to various areas

of the body. This fact that such a ~ ght or ight' response is induced by stress means
that prediction of such a state can, in theory, be detected through analysis of the
changes in a number of physiological signals.

In this work, we focus explicitly on stress prediction from breathing signals. Previous
works on this topic Plarre et al. (2011); Jongyoon Choi et al. (2012); Schmidt et al.

(2018) follow a standard sliding window prediction pipeline format. Here, a sliding

window is run along the length of the data, and a host of window-aggregated features
are computed and used as features to train a machine-learning classi er.

Our contributions in this area are threefold:

1. We propose a novel signature-based method for predicting stress from breathing
data.

2. We propose three new interpretable features hitherto unconsidered in the liter-
ature that can be used by practitioners regardless of model choice. We explain
the intuitions behind each feature and show that they show signi cant distri-
butional di erences in cases of stress vs non stress.

3. We verify experimentally:

(a) Interpretable signature features alongside the proposed method adaptation
results in performanceon par with existing methods
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(b) Dramatic performance improvements can be achieved by considering fur-
ther signature features, though at the cost of less interpretability.

The rest of this chapter is set out as follows: rst, we overview the prior work in
this space; second, we introduce the dataset and benchmarks we will be using in
our analysis; third, we overview how to build the feature set and implement the
methodology; fourth, we present the main results; fth, we perform a study into the
interpretability of the feature set and model; and nally, we give some directions of
future work and conclusions.

8.2 Previous Work

The task of detecting stress from some set of physiological signals has been undertaken
before; for example, Plarre et al. (2011); Jongyoon Choi et al. (2012); Schmidt et al.
(2018) all describe studies in which participants were induced to experience states of
stress and non-stress whilst having a collection of physiological signals continuously
monitored. The most common signals include respiration (Resp), electrocardiograph
(ECG), electromyograph (EDA), temperature (Temp), and accelerometer (ACC). Ac-
curacies at detecting stress using multiple modalities typically reach around 90%, the
aforementioned studies report 90%, 81% and 93% respectively.

In this work we choose to focus on the dataset introduced by (Schmidt et al., 2018),
and explicitly on the respiration signal. This is because our proposed method is
particularly well suited to this modality and is easy to demonstrate the signatures
interpretability properties with. We also note that respiration has often been shown
to achieve the top, if not close to, predictive performance against stress for a single
modality, see for example Plarre et al. (2011); Schmidt et al. (2018).

8.3 The WESAD Study

In this paper we place particular focus on the methods used in the Wearable Stress
and A ect Detection (WESAD) study, as the dataset used has been made freely
available and thus is the one we will use throughout our analysis.

8.3.1 Study Overview

In this study, 15 healthy volunteers were equipped with sensors to measure ve distinct
signals. An abbreviation of each of the signals, along with what each measures is given
below.

" Resp: Respiratory activity, measures the % expansion of a band located around
the chest.

A

ECG : Electrical activity of the heart (mV).
" EDA : Electrical conductivity of the skin (mV).
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Figure 8.3.1 { An example of the breathing signal for a participant in the normal state
(left), and a participant in a stressed state (right). The y axis measures the percentage
expansion of a band located around the wearers chest as they inhale and exhale.

A

EMG : Electrical activity of the muscles (mV).
" Temp : Body temperature ( C)

" ACC : Motion in 3-dimensions, measuring the position of the person as they
move around.

All signals were sampled at 700Hz. As already stated, in this paper we are speci cally
concerned with improving the extraction of information from the breathing signal, and
as such, choose to reduce the data onto a 2D signal of Resp and time. Combination
of information of the other modalities in sensible ways will likely lead to improved
performance, however, we feel that it will only muddy the clarity of the analysis that
would be done by examining the improvements on the breathing signal alone, and as
such we ignore the other features from hereon.

The goal of the study was to elicit three states in the volunteers, and then attempt to
discriminate between them using the data. The states under consideration were base-
line, stressed and amused. The baseline state was captured by having the subjects in
a relaxed state sitting/standing at a table reading; data was acquired for 20 minutes.
During the amusement state, volunteers watched a set of eleven funny video clips for
a total of 392 seconds. Finally for the stressed state the subjects were exposed to
the Trier Social Stress Test which has been well studied and is thought to reliably
induce a state of stress Kirschbaum et al. (1993). The test involves a public speaking
task, and then to count down from 2023 to zero, in steps of 17. The total time in the
stressed state was around 10 minutes for each person. The specics as to how the
procedure was conducted is given fully in Schmidt et al. (2018). Note that for this
study we will merge the relaxed and amused states into a "‘normal' or "non-stressed'
state so as to create a binary stress vs non-stress classi cation problem.

In Fig. 8.3.1 we plot two 60 second segments of the raw breathing signal, one for a
person in a normal state (left), and one for a person experiencing a stressed state

(right).
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8.3.2 Study Benchmark

The authors of the original paper Schmidt et al. (2018) performed their own analysis

to predict whether a person was experiencing a state of stress. The method they
employed followed closely other examples found in the literature, for example Plarre
et al. (2011); Jongyoon Choi et al. (2012). The approach is as follows:

1. Segment the signal using a sliding window of 60s with a window shift of 0.25s.

2. For each window, compute a selection of features over the window, resulting in
a static feature vector for each window.

3. Train a variety of machine learning classi ers using a leave-one-person-out cross-
validation procedure and evaluate the performance.

Considering the breathing signal only, the top performing classi er attained an accu-
racy of 88.1% and an F1-score of 85.6.

The features extracted over the window were:

~

. - The mean and standard deviation of the inhalation duration.

A

e. e - The mean and standard deviation of the exhalation duration.
" I/E - Total inhalation to exhalation duration ratio.

Stretch - Maximum value of the resp signal minus the minimum value over the
interval.

Vol insp - INspiration volume.

A

resp - RESPIration duration.

RR - Respiration rate

A

These features are typical for this kind of problem, as can be seen in Plarre et al.
(2011); Jongyoon Choi et al. (2012). On the one hand, these features are well known
and highly interpretable. On the other hand, they are not mathematically rigorous
and likely to be highly correlated. Whats more, there is a signi cant loss of informa-
tion between the raw signal and the features listed above, and whilst it is technically
possible they contain all the relevant information for predicting stress, we will see
later that this is not the case.

Another downside of the above feature set is that there is not obvious way in which
to extend the set, so as to provide a more accurate depiction of any 60s window. We
would need to search for other features, however, we have no guarantees that these
would actually be adding anything or whether they were already contained in the
features that have already been computed.

Our method seeks to address all of these issues, as will be discussed in the following
Section 8.5.
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8.4 Log-signature interpretability of a single breath

We begin by outlining the interpretability of the log-signature transformation in the
context of a single breath. The log-signature is a more suitable representation of the
information when it comes to interpretability, and as such, the following analysis is
given in terms of the log-signature feature values.

8.4.1 Log-signature features

The log-signature of a 2-dimensional stream has (2, 1, 2) features for depths (1, 2, 3)
respectively. Here, our signal features are time (T) and breathing (B), and as such,
we label the features as follows:

Depth 1: T andB
Depth 2: [T, B]

Depth 3: [T, [T, B]] and]T, [B, B]]

The log-signature to depth 3 is then the collection of featurdsT, B, [T, B] , [T, [T,

We write the features in this form as this aligns with how they are typically presented
in the literature. The square brackets have a special mathematical meaning (they are
known as Lie Brackets, see Reizenstein (2019)) however it is not important for what
follows and will simply be enough to consider them as standalone labels.

We will now go on to describe the interpretation for each of the features in turn for
depths 1, 2, and 3.

8.4.2 Feature interpretability

We now outline the interpretability of the features up to depth 3. Depth 2 inter-
pretability has been shown already in Chapter 2, however the depth 3 analysis has
hiterto not been seen.

Depth 1 signature terms simply describe the change in each feature over the inter-
val. Here this is the respiration duration and the di erence in band expansion from
the beginning to the end of the breath which we term thdoreath residual(this will
generally be close to 0).

T = me = Respiration duration (8.1)

band% ®'Breath residual (8.2)

Depth 2 contains a single log-signature feature. It is well known that this is equiv-
alent to the Levy area of the path Kormilitzin et al. (2016); this is the signed area
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Figure 8.4.1 { Interpretation of the depth 3 log-signature features. Top: the [T, [T,
B]] term varies with the amount of front or back loading. Bottom: the [T, [B, B]]
term varies with the amount of vertical pinch.

between the path and the chord joining the endpoints (this was introduced in Sec-
tion 2.4.3). Since this already has a name we will just refer to this as the breaths
levy area.

[T, B] =Llevy area (8.3)

Depth 3 results in two terms described by[T, [T, B]] and [T, [B, B]] . Depth 3
terms have seldom been visualised in the signature literature to date, however, we
give a visualisation in the context of the breathing data in Figure 8.4.1.

We analyse these terms in turn by simulating three breaths that have equal values
with each other at depths 1 and 2 (that is, the same deltas and Levy area), but di er
one of the depth 3 values.

For [T, [T, B]] , we can see from the top of Figure 8.4.1 that the term captures
the extent to which the curve is front-loaded (purple) or back loaded (red) compared
with the perfectly symmetrical curve (green). We can see the numerical change in the
[T, [T, B]] feature by examining the 4 row of the data on the right hand side that
shows how the feature value shifts from positive, to zero, to negative depending on the
weight of the loading. For this reason, we call this théreath loadingfeature.

From the perspective of breathing, a low-level description of this feature is that it
captures the extent to which a given breath corresponds to a short inhale followed by
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a long inhale, or vice-versa.

We now move to look at the[T, [B, B]] term in the bottom of Figure 8.4.1. We
again present curves with the same areas, but now we vary the concentration of the
areas along the vertical axis. We see that the higher the area displacement, the larger
the [T, [B, B]] term. Given that this looks like we have pinched the curve in the
vertical direction by increasing amounts, we call this feature théereath pinch

Overall we have shown that the signature computation to depth 3 results in the
following interpretable features

" T { Respiration duration
" B { Breath residual

"~ [T, B] {levy area

" [T, [T, B]] {Loading

" [T, [B, B]] {Pinch

8.4.3 Extension to higher depths is easy

As mentioned in Section 8.3.2, it is di cult to extend a set of hand crafted features,
such as the ones used in the stress literature to data, in a rigorous manner. To extend
such a set, new features must be introduced. However, once one reaches the terminus
of existing expert knowledge, it is unclear how best to proceed.

This is not the case with signatures. Unlike hand-crafted feature sets we can extend
the signature feature set in a mathematically rigorous manner to learn more accurate
function approximations (Universal nonlinearity; Lyons (1998); Bonnier et al. (2019)
(Theorem 2.4.3)).

This all comes with a large caveat since we do not have perfect learning algorithms or
unlimited data. At some point performance will start to worsen as the feature space
grows (either due to overt or time restrictions). However, when using the signature
we can easily extend our feature space to nd this bottleneck with minimal additional

e ort.

8.4.4 Reconstruction of the Breath from the Signature Fea-
tures

It is known that the signature truncated to in nite depth is (in principle) invert-
ible and thus results in no information loss from the raw signal (Uniqueness of the
Signature; Hambly and Lyons (2010) (Theorem 2.4.2)). However, in practice, the
signature must be truncated to a nite depth resulting in a loss of information. Here
we attempt to gauge how much information is lost by seeing how well the raw signal
can be reconstructed from its signature features at di erent depths. The method we
use to invert the signature is given in Appendix D.1.
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Figure 8.4.2 { Two example reconstructions of the respiratory signal from the signa-
ture features. At depth 1, little is understood except how to reconstruct the endpoint
(which is to be expected), as depth increases an increased reconstruction quality is
attained.

The reconstruction plots for depths 1, 3, 5 against the true signal are given in Fig-
ure 8.4.2. We see that the depth 1 reconstruction learns only how to reach the end
point from the start point, signi cant improvements are made as we go up to depth
5, where the reconstruction becomes very close.

8.5 Method

In this section, we outline how we use signature features over di erent breaths to
improve upon the quality of the information extracted from the breathing signal
compared with that of the WESAD study as introduced in Section 8.3.

As outlined in Section 8.1, in previous work features were extracted from the breath-
ing data and aggregated over an arbitrary 60s window before being used to train a
machine-learning classi er.

Here we instead propose to train a model to predict the stressed state of an individual
breath which we label theweak predictor Then, we combine the outputs of these
models over a window of breaths; this is thetrong predictor.

We give an example of a window of breathing data split by individual breaths in
Figure 8.5.1.

8.5.1 Creating a (weak) breath predictor

To create the weak predictor we utilise the signature transform as our mode of feature
extraction. This is applied to the 2 dimensional signal of time (T) and respiration
(R) to each individual breath segment. The result is a vector of features describing
the breath (as in Section 8.4).
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Figure 8.5.1 { The breathing signal after application of a peak nding algorithm
designed to split the data into individual breath segments.

Figure 8.5.2 { Depth-N signature transform applied to a single breath returning a
collection of signature features.

We give a pictorial representation of this feature extraction process in Fig. 8.5.2.

Now that each breath is represented by an equal length feature vector, we train a
machine learning model to predict the state of stress from the signatures of a single
breath. We found gradient boosted models to be particularly performant here, though
linear models also work well.

8.5.2 Creating a (strong) window averaged predictor

The model from Section 8.5.1 outputs the probability that any individual breath

is from a stressed individual. Since we are usually considering a window of breaths
(often 60s to align with previous literature), the model de nes a vector of probabilities
corresponding the the probabilities that each breath was stressed.

To convert these probabilities over the window into a strong predictor, we perform a
simple averaging operation. There are other things we could try, such as training a
further model on the resultant probabilities, or utilising a voting classi er, however
we found averaging perform no worse and with signi cantly less overhead.

8.5.3 Model overview

The above sections describe the model procedure in full. To overview we have,
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Figure 8.5.3 { An overview of the model training procedure. We start with the raw,
high frequency breathing data. This data is then windowed and split into individual
breath segments. The signature of each breath is then extracted before being fed
through a machine learning classi er that determines the probability any given breath
was from a stressed participant. These probabilities are then averaged to give an overall
probability that the window of data came from a stressed participant. We have an
additional arrow from the model that denotes that the model outputs can be analysed
by any ML interpretation model (we use SHAP).

1. Window the data - Perform a standard windowing operation on the raw data
(for example 60s to align with previous literature).

2. Split out breaths - Split the windowed data into individual breath compo-
nents.

3. Compute signatures - Compute signatures to a chosen truncation depth (usu-
ally found via a hyperparameter search) for each breath in the data.

4. Train a model - Train a model to predict the stressed state of a given breath.

5. Average the predictions - Average the probabilities for each breath produce
a single output probability for each distinct window.

A pictorial representation of this process is given in Fig. 8.5.3.

8.6 Results
In Table 8.6.1 we present the main performance comparison of the following meth-
ods:

1. Original WESAD method - The original method proposed in the WESAD
paper where the features de ned in Section 8.3.2 are extracted and aggregated
along 60s windows before training a model on said features.
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Metrics

Method Accuracy AUC F1 Score
____Original WESAD method _ _____ 9.1 __96.0___81.6
WESAD features, new method 91.6 96.4 83.9

Signatures (interpretable, depth 3) 91.8 95.8 84.6
Signatures (performance, depth 6) 97.1 994 94.6

Table 8.6.1 { Signatures vs benchmarks on the WESAD stress prediction task. The
dashed line separates the original method (top) from the new methods. The WESAD
(aggregated models) method uses the same features as in the original method, but
applies the new method of aggregating single breath models. The results with signatures
are separated into a low-depth method that retains interpretability, and a high depth
method that sacri ces interpretability in place of a more powerful feature set.

2. WESAD features, new method - The proposed method of combining single
breath models but using the features de ned in the WESAD paper.

3. Signatures (interpretable, depth 3) - The proposed method using only the
interpretable signatures given in Section 8.4.

4. Signatures (performance, depth 6) - The proposed method using a higher
signature depth so as to maximise performance.

Firstly, we note that the WESAD benchmark is beaten (slightly) by using the pro-
posed method than the original feature aggregation approach.

With regards to signatures, we see that the signature approach to depth 3 is su cient
to match the performance seen with the traditional features and note that here sig-
natures remain interpretable. We also demonstrate that by increasing the signature
depth to higher orders, performance can be signi cantly increased above traditional
methods, seen most notably via a jump in the F1-score by 10 points.

In Table 8.6.2 and Fig. 8.6.1 we display the changes in performance as we increase
the depth of the signature truncation level. The dashed lines on the gure represent
the metric values from the WESAD benchmark. We nd that by depth 3, the signa-
ture method improves upon the WESAD benchmark in all metrics, and continues to
improve until depth 6.

We see that after signature depth 6 the performance of the model hits a plateau, and
even decreases slightly. This is most likely because the number of features extracted
by the signature is exponential in depth, the higher we increase depth, the more terms
we attain. This is good up to a point because higher depth results in more informa-
tion, however at some point too many features (a lot of which being uninformative)
becomes detrimental to learning. For this reason depth should always be treated as
a hyperparameter to be optimised.
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Metrics
Depth  Accuracy (%) AUC F1

1 84.0 91.0 69.9

2 86.4 921 74.6

3 91.8 95.8 84.6

4 95.3 985 91.2

5 96.0 98.8 926

6 97.1 99.4 94.6

7 97.1 99.4 945

8 96.5 994 934

9 96.9 99.5 94.1 Figure 8.6.1 { Graphical representation

10 96.4 99.4 93.1  of the information in the table on the

left. Dashed lines represent the perfor-

Table 8.6.2 { Performances of the mance of the original WESAD model for
signature model at dierent signature each metric.

depths. Bold values indicate best per-
formance for the given metric.

8.7 Model interpretation

In this section we perform a short analysis to interpret the decisions made by the
model. We do this by performing an analysis of the most important features via a
Shapley value analysis.

8.7.1 Shapley values

Shapley values, named due to their introduction by Llyod S Shapley (Shapley, 1953),
are a result from cooperative game theory and describe a method for assigning payouts
to individual players depending on their contribution to total the total payout of a
game.

Whilst the eld of cooperative game theory may appear at rst quite disparate from
that of machine learning interpretability, it turns out one can naturally think of “the
players' as the model features, and ‘the game' as the prediction task at hand. The
payout corresponds with the value of the model prediction, and the aim is to fairly
distribute a payout to each of the features that explains their individual contribu-
tions.

Shapley values have strong theoretical groundings with axioms { e ciency, symmetry,
dummy, and additivity { that give the method strong foundations. Full details of these
axioms are given in the appendix, but note that non-satisfaction of these axioms is
something that pervades other methods for model interpretability, such as LIME
(Ribeiro et al., 2016). There have also been recent algorithmic developments have
shown that they can be computed e ciently for tree-based models (Lundberg et al.,
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Figure 8.7.1 { Top 5 features as determined by the Shapley values for the WESAD
features (left) and the signature features (right). An orange coloured bar indicates that
the value is positively correlated with stress, and a green bar indicates the converse.

2018a), which are the top performing algorithms for our problem. For these reasons we
choose to use Shapley values with which to form the basis of our model interpretability
study.

8.7.2 Feature importance

We begin by examining the feature importance as returned by the mean of the abso-
lute SHAP values for each feature. We plot the top 5 features by their average Shapley
value in Fig. 8.7.1 for both the original WESAD method and the proposed signature
approach. The features are ordered by importance with larger values corresponding
to more important features. Additionally, an orange colour is used to denote that the
feature has a positive correlation with stress with a green denoting negative.

For the WESAD case, we see that the mean inhalation and exhalation duration's are
the most performant features, with almost twice as much impact on the target vari-
able than the next most feature. Mean inhalation duration is negatively correlated
with the output, and mean exhalation is positively correlated with the output sug-
gesting that under stress, participants typically take sharper inhalations and longer
exhalations.

This is echoed in the results from our signature features since thg [T, B]] feature
sees a positive correlation with stress. Recall from Section 8.4.1 that we de|de [T,

B]] in terms of loading, and a positive value corresponds to a front loaded breath (i.e.
a shorter inhale) suggesting we would see shorter inhalations and longer exhalations
in a stressed participant.

8.7.3 Class conditional feature distributions

We plot normalised histograms for the depth 2 and 3 log-signature features in Fig. 8.7.2
conditional on the stressed state of the participant. We see that stress appears neg-
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