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Juan José Mendoza Arenas

Jesus College, Oxford

A thesis submitted to the Mathematical and Physical Sciences Division

for the degree of Doctor of Philosophy in the University of Oxford

Trinity Term, 2014

Atomic and Laser Physics,

University of Oxford





Spin and energy transport in boundary-driven

low-dimensional open quantum systems
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Abstract

In spite of being the subject of intense research, several key but complex questions
on the nonequilibrium physics of correlated quantum systems remain controversial.
For example, the nature of particle and energy transport in different interacting
regimes, the relevance of integrability and the impact of environmental coupling are
still under active debate. These problems can now be approached numerically, due
to the development of powerful algorithms which allow the efficient simulation of
the dynamics of correlated systems.

In the present thesis we study numerically and analytically the transport proper-
ties of low-dimensional quantum systems. In particular, we consider the steady-state
spin and energy conduction through XXZ boundary-driven spin-1/2 chains. In the
first part, we analyse the transport through chains with only coherent processes in
the bulk. For spin transport induced by a magnetisation imbalance between the
boundaries, previously identified ballistic, diffusive and negative differential con-
ductivity regimes are reproduced. We provide a comprehensive explanation of the
latter. The energy conduction induced by this driving scheme features the same
properties as spin transport. For thermally-driven chains, we discuss the nature of
energy transport and the emergence of local thermal states when the integrability
of the Hamiltonian is broken.

In the second part of the thesis we analyse the effect of bulk incoherent effects on
the transport properties previously discussed. First we find that for weak particle-
particle interactions, pure dephasing degrades spin and energy conduction. In con-
trast, for strong interactions dephasing induces a significant transport enhancement.
We identify the underlying mechanism and discuss its generality. Finally, motivated
by the lattice structure of several organic conductors, we study the interplay be-
tween coherent and incoherent processes in systems of weakly-coupled chains. We
find an enhancement effect due to incoherent interchain hopping, stronger than that
by dephasing, which increases with the chain length and relates to superdiffusive
transport.
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Chapter 1

Introduction

1.1 Transport properties of one-dimensional quan-

tum spin lattices

For several years, a massive amount of attention has been directed towards the

physics of correlated quantum systems. The strong correlations emerging from in-

teractions between particles lead to several fascinating many-body quantum effects

such as high-temperature superconductivity [1], topological insulating states [2] and

magnetic ordering [3,4]. In particular, one-dimensional spin chains constitute some

of the most extensively studied systems in condensed matter, being well known

even from the early days of quantum mechanics. However, in spite of being often

described by simple Hamiltonians, spin systems contain intricate physics whose un-

ravelling can be quite involved. Additionally, their number of degrees of freedom

grows exponentially with their size. Several of their properties thus remain contro-

versial, and more efforts are required to clarify them. The aim of the present work

is to help elucidate some of these properties, in particular those of magnetisation

and energy transport under different conditions.

One of the best known spin models, which describes very well several mag-

1
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netic materials, is given by the one-dimensional spin-1/2 XXZ Hamiltonian. This

model features the simplest competition between excitation hopping and interac-

tion processes, and thus stands as a testbed to illustrate general physical properties

of low-dimensional quantum systems. Even though the model is exactly solvable

by means of the Bethe ansatz technique [5, 6], and its ground state phase diagram

is very well known [7], a widely-accepted picture regarding some of its transport

properties has just recently emerged. Specifically, several studies have evidenced

that the spin transport is ballistic in the weakly interacting regime and diffusive for

strong interactions [8–13], while the energy transport is ballistic for any interaction

regime [8, 13–19].

Interestingly, very recent research has shown that this is not the end of the story.

Using a non-equilibrium driving mechanism of unequal boundary reservoirs, several

new transport properties have been identified in the XXZ model, including negative

differential conductivity [20,21], superdiffusion [12,22], and different anomalies [23–

25] and current scaling forms [25] induced by particular boundary driving schemes.

The first part of the present thesis is precisely devoted to explore, under similar

driving conditions, novel features of non-equilibrium steady states of spin-1/2 XXZ

chains supporting magnetisation and energy transport.

Over the years, several methods have been developed to overcome the chal-

lenges of studying correlated one-dimensional quantum systems. Some of the most

significant advances in this regard have been achieved during the last decade, in-

cluding powerful tensor network algorithms. These methods constitute the most

successful numerical approaches to efficiently calculate properties of large systems

such as ground states and low-lying excitations (see [26–29] for extensive reviews).

Time evolution under unitary and dissipative dynamics can also be efficiently sim-

ulated by one of the most renowned tensor network algorithms, the Time Evolving

Block Decimation (TEBD) [30–32]. This method has been extensively used to anal-



1.2. Conduction enhancement by environmental coupling 3

yse transport properties of several correlated systems, including those of the XXZ

model previously mentioned [9–13, 20–22]. Given its success in performing efficient

simulations of the time evolution of these systems, TEBD constitutes the main cal-

culation tool of our research.

In parallel to the development of tensor network algorithms, seminal advances

have been made on the implementation of quantum simulators [33], and particularly

on cold atomic gases in optical lattices [34]. These configurations were conceived,

among others, as a means to reproduce the properties of models describing complex

condensed matter systems, thus helping researchers understand the physics of such

systems. Some examples of their success, in relation to our research, correspond to

the recent simulation of antiferromagnetic ordering [35] and transport of magnetic

excitations [36]. Additionally, setups of out-of-equilibrium cold gases induced by

thermal or particle boundary driving have been recently implemented [37–39]. Thus

these systems represent an ideal setting to observe experimentally several predic-

tions regarding the behaviour of low-dimensional correlated systems, including the

transport properties discussed in the present work.

1.2 Conduction enhancement by environmental

coupling

The unavoidable coupling of a quantum system to environmental degrees of free-

dom has usually been considered to be a negative feature. Intuitively, it is expected

that minimising the impact of this coupling improves the performance of the sys-

tem to realise tasks governed by quantum dynamics. In fact, the large timescale

of environmental couplings of cold atomic gases in optical lattices (compared to

the timescale of physical processes of interest) makes them very appealing realisa-
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tions of this desired behaviour. Nevertheless, recent experimental and theoretical

research has shown that under some circumstances, the coupling of the system to

the environment is actually beneficial.

Most of this unexpected insight has come from the physics of biological systems,

and in particular from natural light-harvesting complexes. These systems, existing in

plants and several other living organisms, collect energy from sunlight, and efficiently

transfer it in the form of excitons towards reaction centers. Once there, chemical

processes leading to photosynthesis are triggered. Since light-harvesting complexes

exist at conditions of ambient temperature and humidity, it would be natural to

assume that the exciton transfer process is completely governed by classical hopping

between the constituting sites. But surprisingly, recent spectroscopic experiments

showed that quantum coherences between sites could be sustained even at ambient

temperature, on the timescale of the exciton transfer process [40, 41]. Expecting

that nature would have evolved to optimise biological processes, it was argued that

the most efficient transfer could be achieved by a proper balance between coherent

exciton transfer and decoherence effects due to the coupling to the environment.

Theoretical studies on toy models for light-harvesting complexes showed that this

is in fact the case [42,43].

A beneficial role of environmental coupling of quantum systems has been iden-

tified in various scenarios, including transfer processes in different types of configu-

rations [44], and other biological processes [45], which correspond to single-particle

phenomena. Less known are schemes where many-body physics can receive a pos-

itive impact from the environment. Some examples correspond to the dissipative

engineering of correlated many-body states [46, 47], and the emergence of power-

law time-decaying correlations in systems which, in the absence of environmen-

tal coupling, would feature an exponential decay [48]. However, no many-body

environment-assisted transport schemes had been found. The second part of the
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present thesis is focused on identifying true many-body magnetisation and energy

transport enhancement effects in XXZ spin chains due to environmental coupling,

and to unravel the physical processes underlying them.

1.3 Thesis overview

In the present thesis we explore the non-equilibrium steady state transport properties

of spin-1/2 chains described by the one-dimensional XXZ model, driven by unequal

reservoirs at the boundaries. We start by revisiting previously-observed effects of

spin transport, mostly focusing on the origin of negative differential conductivity and

ferromagnetic domains at maximal driving. We then explore the energy transport

properties induced by different types of driving. When the transport is induced

by a temperature imbalance, the notion of local thermalisation arises for systems

in the non-integrable regime. Subsequently we study the effect of environmental

coupling on transport properties previously described, and show the existence of

a conduction-enhancement effect due to local dephasing processes in the strongly

interacting regime of the Hamiltonian. An even stronger enhancement effect is

then seen to arise by environment-mediated spin hopping between neighbouring spin

chains. Since the XXZ Hamiltonian corresponds to a generic model containing the

most basic competition between hopping and interaction processes, we expect that

the effects uncovered by our work have a more general application. The thesis is

structured as follows.

• In Chapter 2 we describe the main features of the one-dimensional spin-1/2

XXZ model, which is the main object of study of the thesis. We first explain

its equivalence to a model of spinless fermions, which illustrates the generality

of the physics it contains. We then describe the ground state phase diagram of

the model and its limit of a small number of excitations. We pay special atten-
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tion to the concept of magnon bound states, which is to play a very important

role in the physics described in subsequent chapters. Next we provide a brief

description of the basic features of the entire eigenstructure of the model. Af-

terwards we consider the integrability breaking of the Hamiltonian, which is

very important for the discussion of Chapter 6. We conclude by discussing

experimental realisations of spin models, in magnetic systems and quantum

simulators.

• In Chapter 3 we present an introduction to the spin and energy transport

properties of the XXZ model. We first describe the spin and energy currents

to be studied throughout the thesis, and the types of transport characteris-

ing different parameters of the model, namely ballistic and diffusive. Then

we discuss the relation between the integrability of the XXZ model and its

transport properties. Afterwards we describe various experimental and theo-

retical methods used in previous research to study the type of transport of the

model, and the results obtained. This discussion includes the non-equilibrium

scheme that will be used in subsequent chapters to study the conduction of

magnetisation and energy through XXZ spin chains.

• In Chapter 4 we give a detailed description of the main method used in our

research, the Time Evolving Block Decimation (TEBD). After establishing the

types of systems to which the formalism can be applied, we explain the matrix

product structure that can be associated to their states. We emphasise the

existence of weak correlations in the systems of interest of the present work,

which allow the efficient representation of their states by a matrix product

structure. We then show how several operations can be performed within

this type of description, with the aid of a simple graphical representation.

Subsequently we describe the TEBD method, and give some details of its
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implementation to calculate non-equilibrium steady states.

• In Chapter 5 we present our results regarding the spin and energy transport

properties of systems driven out of equilibrium by a magnetisation imbalance.

After describing the driving scheme, we explain the different spin transport

regimes known to exist from previous studies [11, 21], namely ballistic trans-

port for weak interactions, diffusive transport for strong interactions and weak

driving, negative differential conductivity for intermediate driving, and an in-

sulating state for maximal driving. We perform an analysis on the origin of the

latter configuration, and show it to be a genuine many-body effect. We then

observe the emergence of energy transport in the same configuration when a

homogeneous magnetic field is included. Due to the symmetries of the driving

scheme, the features of the energy current are found to be exactly the same as

those of the spin current. The emergence of diffusive transport when breaking

the integrability of the system is also discussed.

• In Chapter 6 we consider the energy transport induced in the system by a

thermal gradient. We find that in the strongly nonintegrable regime, where

the energy transport is diffusive, the reduced density operators of neighbouring

sites are well approximated by local thermal states, plus corrections to account

for the energy current. As the Hamiltonian approaches the integrable regime,

this behaviour is lost, and the identification of local temperatures is no longer

clear. The emergence of magnetothermal effects is also described.

• From Chapter 7 onwards we consider the transport properties of systems cou-

pled to environmental degrees of freedom in the bulk. First we describe the

motivation to consider such a situation, corresponding to the experimental ob-

servations of long-lived quantum coherences in light-harvesting complexes. We

discuss previous theoretical findings evidencing environment-assisted trans-
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port, and mention several other scenarios in which the coupling of a system to

its environment results in positive consequences. We also present the model

of environmental coupling to be considered in the subsequent two Chapters.

• In Chapter 8 we describe the mechanism of dephasing-assisted spin and en-

ergy transport in strongly interacting systems. We consider the configuration

of Chapter 5 and include dephasing processes resulting from coupling to local

vibrational reservoirs. In the regime of weak interactions, dephasing monotoni-

cally degrades transport. On the other hand, for strong interactions, dephasing

significantly enhances the conduction through the system. While the effect is

stronger at maximal driving, its existence at weak driving is quite surpris-

ing. We unravel the mechanism responsible of this enhancing effect, which

corresponds to transitions from bound to scattering states induced by energy

dissipation. We conclude by discussing the generality of this phenomenon.

• In Chapter 9 we study an even stronger effect of environment-assisted trans-

port. In this case we consider a system composed of one-dimensional spin

chains, coupled with each other by means of an environment-mediated inco-

herent hopping. After discussing the motivation to consider such a configu-

ration, provided by several condensed matter systems, we describe the model

to be studied in detail, including a mean-field approximation which makes the

numerical simulation of the system feasible. The interchain incoherent cou-

pling is seen to enhance the spin transport even more than dephasing, due to a

larger energy dissipation rate. Additionally, the enhancement gets larger with

the size of the system, which is related to superdiffusive spin transport.

• We conclude the main body of the thesis in Chapter 10, where the main results

are summarised. Possible directions of future research are also discussed.



Chapter 2

Model for interacting spin chains: the

XXZ Hamiltonian

For several decades, models of interacting spins have attracted a lot of attention due

to their fascinating physical properties. The most prominent example is undoubt-

edly the spin-1/2 Heisenberg model, which was recognised from the early days of

quantum mechanics as a key element to understand the origin of the ferromagnetic

behaviour of several systems. This model corresponds to an effective Hamiltonian

for a lattice of interacting electrons with overlapping wave functions, and arises from

the Pauli exclusion principle and the Coulomb repulsion [3, 4]. The effective spin

coupling resulting from the combination of these two effects, known as the exchange

interaction, features a very simple form. Nevertheless, extracting information from

it has proven to be a quite challenging task, and several analytical and numerical

methods have been developed over the years for that purpose. Even now, open

questions exist regarding its physical properties, and a lot of effort is still performed

to find an answer to them.

Several variations of the Heisenberg model have also proven to be fundamental

to describe the physics of several systems. One of the most important is the one-

dimensional spin-1/2XXZ model, which is the simplest spin Hamiltonian describing

9



10 Model for interacting spin chains: the XXZ Hamiltonian

the competition between hopping and interactions of excitations. Because of this,

it has become one of the most studied models in condensed matter physics, and is

usually considered as a testbed to identify general many-body phenomena applicable

beyond magnetic systems. This is precisely the case of the research discussed in the

present thesis, where studying the physics of the XXZ model has allowed us to

identify several novel effects regarding the conduction of excitations and energy,

which are expected to be present in a variety of other systems.

Given that our research is mainly focused on the one-dimensional spin-1/2 XXZ

model, we start by describing some of its basic properties in the present Chapter.

First we explain the form and symmetries of the model, and the meaning of each one

of its components. Then we describe some of its eigenstates, including its ground

state. We pay significant attention to the concept of bound states of excitations,

which is to play a very important role in the research presented in subsequent chap-

ters. We then describe additional terms that break the integrability of the model.

Finally we discuss its experimental realisation in different types of systems.

2.1 The XXZ model

Our object of study is the one-dimensional spin-1/2 XXZ model with open bound-

ary conditions and site-dependent magnetic field. For a chain of N sites, the Hamil-

tonian is1

H =
N−1∑
j=1

τ(σxj σ
x
j+1 + σyjσ

y
j+1 + ∆σzjσ

z
j+1) +

N∑
j=1

Bjσ
z
j . (2.1)

Here σαj , with α = x, y, z, are the Pauli matrices of site j, which satisfy

[σαj , σ
β
k ] = 2iεαβγσ

γ
j δjk, with εαβγ the Levi-Civita tensor. (2.2)

1Throughout the entire thesis, we set the Planck constant ~, Boltzmann constant kB and Bohr
magneton µB to one.
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The coupling τ > 0 represents the exchange interaction between nearest neighbours,

∆ is the anisotropy along the z direction (the quantisation axis) and Bj is the

magnetic field at site j. The Heisenberg model corresponds to the particular case

∆ = 1. Other well-known limits are the XY Hamiltonian, for which ∆ = 0, and

the Ising model, which corresponds to ∆/τ →∞. An even more general model, the

XY Z Hamiltonian, includes a different exchange coupling along x and y directions.

These related spin models have also been significantly studied over the years; see

for example [4, 7] for discussions regarding several of their properties.

Note that the total magnetisation operator Sz = 1
2

∑N
j=1 σ

z
j commutes with the

Hamiltonian. This means that the model features rotational symmetry about the

z axis, which is known as U(1) symmetry. In addition, when Bj = 0 and ∆ = ±1

the Hamiltonian commutes with the total spin operator along x and y directions

Sx,y = 1
2

∑N
j=1 σ

x,y
j . Since at those points the Hamiltonian commutes with the

total spin operator ~S = (Sx, Sy, Sz), it possesses SU(2) symmetry there. For any

anisotropy ∆, the Hamiltonian is also invariant under transformations of the form

σxj → −σxj , σyj → −σ
y
j , σ

z
j → σzj at every site of the chain (flipping along two

directions maintains the commutation relations between Pauli matrices). So the

Hamiltonian also has Z2 symmetry. Due to the open boundary conditions, the

model is not translationally invariant.

2.2 Equivalence to spinless fermion model

To better understand the role of each term in the Hamiltonian (2.1), we start by

transforming it to an equivalent Hamiltonian of spinless fermions. Initially, one

would be tempted to associate the ladder operators σ+
j and σ−j , given by

σ+
j =

1

2

(
σxj + iσyj

)
, σ−j =

1

2

(
σxj − iσ

y
j

)
, (2.3)
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with the creation and annihilation operators of a fermionic excitation, respectively,

given that they anti-commute on the same site, i.e. {σ+
j , σ

−
j } = 1. Nevertheless,

the ladder operators commute at different sites, so such a simple association does

not give the appropriate statistics2. To establish a complete equivalence between

spin and fermionic operators, the correct commutation relations must be fulfilled

everywhere. This is achieved by means of the Jordan-Wigner transformation [49,50]

bj = eiφjσ−j , b†j = eiφjσ+
j , nj ≡ b†jbj = σ+

j σ
−
j =

1

2

(
1 + σzj

)
. (2.4)

The phase factor φj at site j is π times an operator that counts the number of spin

up operators to the left of j, i.e.

φj = π

j−1∑
k=1

b†kbk = π

j−1∑
k=1

1

2
(1 + σzk) . (2.5)

With this choice of the phase factor, b†j and bj satisfy fermionic anti-commutation

relations, {b†j, bk} = δj,k. Since these operators do not include actual spin degrees of

freedom, they are referred to as spinless fermion operators. Thus we have that b†j

and bj create and annihilate a spinless fermion at site j respectively, and nj is the

corresponding number operator. Performing the Jordan-Wigner transformation to

the Hamiltonian (2.1) without magnetic fields, we get

H = 4τ
N−1∑
j=1

[
1

2

(
b†ibi+1 + bib

†
i+1

)
+ ∆

(
nj −

1

2

)(
nj+1 −

1

2

)]
. (2.6)

The first term, corresponding to the σxj σ
x
j+1 + σyjσ

y
j+1 term of Hamiltonian (2.1),

represents the nearest-neighbour hopping of spinless fermions. The second term,

which corresponds to σzjσ
z
j+1, refers to a nearest-neighbour density-density interac-

2This actually corresponds to a map to hard-core bosons, described in Appendix A.
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tion with strength ∆. In terms of the spin model, this interaction represents an

energy penalty when two neighbouring spins are both aligned in the same direction,

i.e. when both are up or down.

Due to the correspondence between Hamiltonians (2.1) and (2.4), in the present

thesis we refer to the cases 0 < |∆| < 1 and |∆| > 1 as weakly- and strongly-

interacting regimes, respectively. The case ∆ = 0 corresponds to the non-interacting

limit, in which the spin excitations (or spinless fermions, in Hamiltonian (2.4)) hop

freely between neighbouring lattice sites.

Finally, it is important to make a few remarks. First, the Jordan-Wigner trans-

formation is only valid in 1D. Generalisations to arbitrary spatial dimensions have

also been proposed [51]. Second, note that the equivalence between Hamiltoni-

ans (2.1) and (2.4) indicates that the physics contained in the XXZ model is not

exclusive of magnetic systems, but can also be observed in fermionic systems where

both hopping and interactions are present. This motivates using the XXZ model

as a testbed for studying general phenomena of correlated one-dimensional quantum

systems.

2.3 Ground state phase diagram

Now we discuss some important features of the eigenstructure of the XXZ model.

We start by describing its ground state phase diagram, shown in figure 2.1, which

in the thermodynamic limit can be exactly obtained from Bethe ansatz calculations

[6,7,52]. We first consider the case without magnetic field, B = 0. For ∆ < −1, the

ground state is ferromagnetic. It consists of a fully polarised configuration along the

z direction, being of the form | ↑↑ · · · ↑〉 or | ↓↓ · · · ↓〉. Since there is no preference

along any z direction, both states are degenerate. For ∆ > 1, the ground state is

antiferromagnetic. It is tempting to associate the ground state to configurations of
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Figure 2.1. Ground state phase diagram of the XXZ model with a homo-
geneous magnetic field.

the form | ↑↓↑↓ · · · ↑↓〉 or | ↓↑↓↑ · · · ↓↑〉, corresponding to two interpenetrating sub-

lattices of opposite polarisation. Nevertheless, it is verified by inspection that neither

them, nor their symmetric or antisymmetric superpositions are eigenstates of the

Hamiltonian for cases different to the Ising limit ∆→∞. The actual ground state

can be calculated exactly from the Bethe ansatz [6, 7]. In the intermediate regime

−1 < ∆ < 1 no magnetic order exists. This case is known as XY or paramagnetic

state, and by means of bosonisation calculations, it can be shown to correspond to

a Luttinger liquid in the continuum limit [53]. Since a finite amount of energy is

required to create an excitation over both the ferromagnetic and antiferromagnetic

states, they are said to be gapped (or massive). On the other hand, excitations can

be created with vanishing energy in the XY phase, so it is gapless (or massless).

When a finite and homogeneous magnetic field is turned on, the phase diagram

is significantly altered [6,7]. Since the spins are forced to point along the direction of

the field, the ferromagnetic state with polarisation parallel to the field is favoured.

The critical magnetic fields Bc separating the magnetically-ordered and disordered

phases monotonically increase with ∆. In particular, the critical field Bc2 separating

the ferromagnetic and XY phases is simply Bc2 = 2τ(1 + ∆). The expression for

the critical field Bc1 separating the paramagnetic from the antiferromagnetic phase

is more complicated; see [7] for details.
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2.4 Dilute limit and magnon bound states

In the present Section we discuss the dilute limit of the XXZ model, in which only

a few excitations exist. For simplicity, we consider periodic boundary conditions

(so sites 1 and N are also coupled by an exchange interaction), and no magnetic

field. Note that for ∆ < −1 the following description corresponds to the states of

lowest energy, while for ∆ > 1 it refers to the highest part of the spectrum. This

distinction is important for the physical processes described in subsequent Chapters,

where ∆ ≥ 0 is considered.

2.4.1 Zero excitations

We will take as the state of zero excitations the ferromagnetic configuration in which

all spins are pointing down, i.e. |F 〉 = | ↓↓ · · · ↓〉3, whose energy is E0 = τ∆N .

Recall that for ∆ > 1, this is the most energetic state.

2.4.2 One excitation

With a single excitation in the system (over the state |F 〉), the interaction strength

∆ plays no role besides causing an energy shift4. Thus the state is that of a free

particle in a lattice with periodic boundary conditions, which corresponds to a plane

wave. If we denote by |n〉 the state in which the excitation is located at site n, so

|n〉 = σ+
n |F 〉, and take the lattice spacing equal to 1, the eigenstates of this case are

|ψ(k)〉 =
1√
N

N∑
n=1

eikn|n〉, k =
2πm

N
, with m = 0, 1, . . . , N − 1. (2.7)

3The discussion can be equally done considering excitations over the state with all spins pointing
up, due to the symmetry of the model.

4Note that if the system has open boundary conditions, ∆ does play a role, since it provides an
on-site potential that is different at the boundaries; see Appendix A.
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The corresponding energy is simply given by

E(k) = E0 − 4τ(∆− cos k) ≡ E0 + ω(k), (2.8)

with ω(k) the dispersion relation. These magnetic excitations of bosonic nature are

known as magnons, and correspond to spin waves of wavelength λ = 2π/k.

2.4.3 Two excitations

Now we see the case of two excitations, in which the important effect of ∆ is first

observed. This is done by means of the celebrated Bethe ansatz [5], which can be

used to solve the problem for any number of excitations [6,7,52]. To understand the

idea behind the ansatz, consider a case in which the two excitations are far from each

other, so they propagate as free particles. The first excitation has wave number k1,

and the second k2. The total energy and momentum are given by E = E(k1)+E(k2)

and P = k1 + k2, both being conserved quantities. Now assume that the two

excitations get close to each other and scatter, getting new wave numbers k′1 and k′2.

Due to the conservation of energy and momentum, only two outcomes are possible:

(1) k′1 = k1 and k′2 = k2, which corresponds to the excitations passing through one

another. (2). k′1 = k2 and k′2 = k1, so the momenta are exchanged. The outgoing

wave function thus has the form

|ψ〉 =
∑

1≤n1<n2≤N

a(n1, n2)|n1, n2〉, (2.9)

where |n1, n2〉 = σ+
n1
σ+
n2
|F 〉 indicates the state where the spins at sites n1 and n2

have been flipped, and

a(n1, n2) = Aei(k1n1+k2n2) + A′ei(k1n2+k2n1). (2.10)
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The first term of equation (2.10) corresponds to case (1), and the second to case

(2). Also, the relation between both amplitudes is just a phase shift, A/A′ ≡ eiθ.

Inserting this ansatz into the Schrödinger equation H|ψ〉 = E|ψ〉, it is obtained that

A

A′
= eiθ(k1,k2) =

2∆eik1 − 1− eik1+ik2

2∆eik2 − 1− eik1+ik2
, (2.11)

with the energy given by E = E0 +ω(k1) +ω(k2), and the dispersion relations being

those of equation (2.8) (see details in [6, 52]). If translation invariance is required,

by the condition a(n1, n2) = a(n2, n1 +N), the fundamental equations for k1 and k2

are obtained,

Nk1 = 2πm1 + θ, Nk2 = 2πm2 − θ, (2.12)

where mi = 0, 1, . . . N − 1 are the Bethe quantum numbers. Expressions (2.11)

and (2.12) are the Bethe ansatz equations, are their solutions for different types of

wave numbers k1 and k2 represent states with very different properties. Details of the

procedure to obtain analytically and numerically the possible solutions can be found

in [6, 52]. Here we describe the main qualitative results. The first case corresponds

to k1 and k2 being real, which represents two-magnon scattering states. These are

superpositions of nearly-free one-magnon states. The second case corresponds to

states with complex wave numbers, which satisfy k1 = k∗2. If we define the relative

and center-of-mass coordinates

X = n1 + n2, K = k1 + k2, r = n2 − n1 > 0, k = k1 − k2, (2.13)

so the wave numbers can be written as

k1 =
K

2
+ i

κ

2
, k2 =

K

2
− iκ

2
, κ = ik > 0, (2.14)
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it is easily shown that the amplitude of state |n1, n2〉 is given by

a(n1, n2) = eiKX/2e−iθ/2
(
eκr/2eiθ + e−κr/2

)
. (2.15)

For the amplitude to be normalised in the limit N →∞, the phase eiθ must vanish.

From equation (2.11), it is found that for |∆| ≥ 1 this is possible for any total wave

number K. On the other hand, in the gapless regime −1 < ∆ ≡ cos(ν) < 1, this

can only be satisfied for total wave numbers above a certain threshold, so these

states only exist if |K| > 2ν mod2π. Thus for any value of ∆ and a certain regime

of wave numbers K, the normalised amplitude a(n1, n2) decays exponentially with

the relative separation between the two magnon excitations r. This corresponds

to a configuration where the magnons are very close to each other, having a large

interaction energy. In other words, it corresponds to a bound state of magnetic

excitations. The energy of the state is found to be

E = E0 − 4τ∆ +
2τ

∆
[1 + cos(K)]. (2.16)

The final case corresponds to k1 = k2, which separates scattering and bound states.

2.4.4 Spinons

We have emphasised that the dilute limit discussed above corresponds to the low-

energy zone of the eigenspectrum of the ∆ < −1 regime, whose ground state is

ferromagnetic, while it describes the highest-energy states for ∆ > 1. Notably, the

lowest-lying excitations over an antiferromagnetic state are not magnons. Here,

for completeness, we give a brief description of the nature of these excitations in

the Ising limit ∆ → ∞. The corresponding zero-magnetisation ground state is

| · · · ↓↑↓↑↓↑↓ · · · 〉. Now imagine that the central spin is flipped, so the new state
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Figure 2.2. Eigenspectrum of the XXZ Hamiltonian for (a) weak in-
teraction ∆ = 0.5, (b) strong interaction ∆ = 10, which allows the easy
identification of the different bands. Here ν denotes the eigenvalue index.
The results correspond to N = 7 and the sectors n = 0, 1, 2, 3. The sectors
n = 7, 6, 5, 4 give the same bands, due to spin up-spin down symmetry (or
particle-hole symmetry, in spinless-fermion language).

has magnetisation 〈Sz〉 = −1. This state has the form | · · ·↓↑↓↓↓↑↓ · · · 〉, where

the blue arrow indicates the flipped spin. Since the alignment of the three cen-

tral spins is energetically expensive, the neighbours of the central spin also flip.

The system keeps reducing its energy by spreading out the excitation, in the form

| · · ·↓↑↑↓↑↑↓ · · · 〉 → | · · ·↓↓↑↓↑↓↓ · · · 〉 → · · · . Thus the excitation can be

seen as two propagating domain walls, each of spin-1/2, separating blocks of oppo-

site antiferromagnetic ordering. These fermionic excitations are known as spinons.

From the Bethe ansatz, the existence of bound spinon states is also predicted [54]. It

will become clear from the discussion of Chapters 5 and 8 that even for a regime with

antiferromagnetic ground state, it is the magnon bound states who play a pivotal

role in several non-equilibrium effects of the XXZ model.

2.5 Eigenspectrum

The complete set of eigenvalues and eigenstates of the XXZ model, for any number

of excitations, can in principle be obtained from Bethe ansatz calculations, which
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generalise equations (2.9) and (2.10) to consider all possible two-body scattering

processes and their corresponding phase shifts. The solutions of the resulting Bethe

equations become more intricate as the number of excitations and size of the sys-

tem increase, but they still predict the existence of bound states of more than two

magnons, favoured mostly in the strongly interacting regime |∆| > 1. Instead of

describing these analytic results, we discuss the properties of the eigenstructure of

the XXZ model obtained from exact numerical diagonalisation of small systems.

Technical details of this implementation, using the magnetisation-conservation sym-

metry, are given in Appendix B.

To perform the discussion, we go back to the case of open boundary conditions

of equation (2.1), which is the model we actually study in our research5. In fig-

ure 2.2 we show the eigenstructure of a system of 7 sites, in both the weakly- and

strongly-interacting regimes, with zero magnetic field. Different colors and symbols

correspond to different number of excitations n, defined by

n =
1

2

(
N +

N∑
j=1

〈σzj 〉

)
. (2.17)

Different types of energy bands are seen depending on the interaction strength.

In the case of weak interactions, a single wide band is observed, indicating high

mobility6. For strong interactions ∆ > 1, several bands emerge, which can be well

obtained from perturbation theory in the limit ∆� 1, as described in Appendix A.

The state of highest energy corresponds to zero excitations, i.e. the ferromagnetic

state |F 〉 = | ↓↓ · · · ↓〉, which is highly unfavored due to the antiferromagnetic

nature of the coupling. The following bands, separated between them by gaps of

O(∆), mix states of different number of excitations. As explained in Appendix A, the

5In the strongly-interacting regime, these boundary conditions lead to more bands than those
existing with translation invariance, which can be understood from the discussion in Appendix A.4.

6Analogous to single-particle bands in a crystal, where curvature relates to an effective mass of
the excitation, flattened energy bands imply low mobility.
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Figure 2.3. Examples of the eigenspectrum of the XXZ Hamiltonian with
finite magnetic field. (a) Energies for homogeneous field B = 3 and ∆ = 0.5.
(b) Energies for staggered field B = 3 with ∆ = 10. Here ν denotes the
eigenvalue index. The results correspond to N = 7 and the sectors of n =
0, 1, 2 and 3 excitations.

highest (and flattened) bands correspond to magnon bound states, with their large

energy arising from the strong interaction between the components of the effective

bound excitation. The lower and wider bands correspond to scattering states, so

their interaction energy is much lower and have more mobility. Note that if ∆ takes

negative values, the eigenspectra shown in figure 2.2 are inverted. In particular, for

∆ < −1, the ground state becomes the zero-excitation (ferromagnetic) state, and

the antiferromagnetic configuration becomes the state of highest energy.

If a finite and homogeneous magnetic field B is included in the system, the

eigenspectrum is significantly modified. This is illustrated in figure 2.3(a) for the

weakly interacting regime, where a large field has been used to emphasise its effects.

To understand the result, consider a spin sector of n excitations. Since the spins up

are aligned with the field while the spins down point in the opposite direction, all

the states of the spin sector are shifted in energy by an amount B(2n − N). As a

consequence, the sectors with a larger imbalance between spins up and down have

the larger energy shift. It is important to emphasise that the bands of different spin

sectors are shifted with respect to each other by the magnetic field, but the internal

structure of each spin sector remains unaffected.
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2.6 Non-integrable XXZ models

Consider the following variation of the XXZ model,

H =
N−1∑
j=1

τj(σ
x
j σ

x
j+1 + σyjσ

y
j+1 + ∆σzjσ

z
j+1) +B

N∑
j=1

(−1)jσzj , (2.18)

with local couplings τj = (1 + (−1)jδ). Two new elements have been included,

namely a staggered magnetic field of amplitude B, and dimerisation characterised

by the parameter δ. As described in Chapters 5 and 6, these terms severely affect

the physics resulting from the original XXZ Hamiltonian (2.1). Here we describe

the particular effect of the staggered magnetic field on the model.

First we observe how the eigenspectrum of the XXZ model is affected by a finite

staggered magnetic field. This is shown in figure 2.3(b), for the strongly-interacting

regime. In general, a staggered field splits the energy bands existing in the case

B = 0, depending on the spatial distribution of the spin excitations. The simplest

case to illustrate this point is that of one excitation in an even chain with ∆→∞.

If B = 0, the states | ↑↓↓ · · · ↓〉 and | ↓ · · · ↓↓↑〉 are degenerate, while if B > 0 they

experience negative and positive energy shifts, respectively. Nevertheless, highly

energetic bound states and more conducting states of lower energy are also present.

A more important consequence of the terms included in Hamiltonian (2.18) is

that both break the integrability of the model7. In the literature, quantum systems

are usually said to be integrable if an infinite number of different local conserved

quantities exist, i.e. if an infinite number of operators of the form Qn =
∑

j qn,j

that commute with the Hamiltonian can be built, with qn,j an operator acting on n

consecutive sites [57,58]8. This definition includes all the systems that can be solved

by the Bethe ansatz or other analytic techniques, such as the one-dimensional spin-

7Except for the noninteracting case ∆ = 0, which remains integrable with dimerisation [8, 56].
8There is still debate about the best definition of quantum integrability; see for example [59].
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Figure 2.4. Level spacing distribution P (s) for the XXZ Hamiltonian with
staggered magnetic field. The solid green line corresponds to the exponential
distribution, while the dashed red line indicates the Wigner-Dyson distribu-
tion. The results are for N = 16, ∆ = 0.5, magnetisation sector 〈Sz〉 = 0
and energies −8 ≤ Eν ≤ 8. We note that the description by exponential or
Wigner-Dyson distributions is only correctly obtained when we restrict to a
symmetry sector of the model [55]. In addition, the application of the ran-
dom matrix theory requires breaking spatial reflection symmetry. For this,
the staggered field is not applied to the first site of the chain [21].

1/2 XXZ model (2.1). Determining whether a model is integrable, however, is far

from being a simple task, and no systematic method for doing so exists [60].

On the bright side, it has become widely accepted (although not formally demon-

strated) that a good indicator of the integrability of a quantum system is given by its

Level Spacing Statistics (LSS) [21,55,60–64]. For integrable systems, it is expected

that neighbouring energy levels correspond to different sets of all the possible con-

served quantities, being completely independent from each other. The energy levels

thus constitute a Poisson process (i.e. a sequence of randomly-occurring events), and

their differences sn = En+1−En (normalised to the average level spacing) follow an

exponential distribution PP(s) = e−s [65]. On the other hand, chaotic behaviour is

expected for strongly non-integrable systems, so the LSS follows a Wigner-Dyson

distribution, as obtained from random matrix theory [66]. For systems with time-

reversal invariance, and within sectors defined by the other existing symmetries, this

is given by9

PWD(s) =
πs

2
e−

πs2

4 . (2.19)

9Different Wigner-Dyson distributions are obtained with other symmetries; see [60,66].
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Figure 2.5. Examples of magnetic materials described by one-dimensional
spin-1/2 models, (a) antiferromagnetic Sr2CuO3 system, and (b) antiferro-
magnetic CuNCN, seen in different planes. The open circles represent Cu
atoms in the center of CuN4 plaquettes (shadded). The dominant intrachain
exchange coupling is J ∼ 2500 K; the interchain (ferromagnetic) coupling
is J1 ∼ −500 K; other couplings < 100 K induce small frustration effects.
The system can thus be described as consisting of independent spin chains
along the c direction. Reproduced from [67] with permission of the authors.
Copyright (2014) by the American Physical Society.

In figure 2.4 we show the distribution of the level spacing for the case of a staggered

magnetic field; details of the diagonalisation procedure are given in Appendix B.

When B is very small, the integrability is weakly broken, so the distribution follows

the exponential form. As B increases, the distribution smoothly shifts from the

exponential to the Wigner-Dyson tendency, until reaching the latter for large fields.

2.7 Experimental realisation of spin models

2.7.1 Magnetic materials

We finish the present Chapter by briefly discussing some systems that are known to

correspond to one-dimensional spin-1/2 models. Firstly, several magnetic systems

have been observed to be well described by the XXZ model. The best known reali-

sation of the antiferromagnetic one-dimensional spin-1/2 Heisenberg model (∆ = 1)

is the Sr2CuO3 spin chain [68–71], whose crystalline structure is shown in figure 2.5.
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Neighbouring Cu2+ ions located along the b axis interact with each other by an

exchange interaction mediated by the intermediate oxygen atoms (a phenomenon

known as superexchange [4]). This effective interaction is very large, τ ∼ 1300−2200

K. On the other hand, the interaction τ ′ between Cu2+ ions along other directions

is very small, τ ′ ∼ 0.02 − 0.04 K [68, 72]. Thus the interchain interactions can

be neglected, and the system can be regarded as being composed of independent,

one-dimensional spin-1/2 chains.

Several other materials are well described by the one-dimensional Heisenberg

model, such as CuNCN [67,73] (whose structure and possible exchange interactions

are shown in figure 2.5(b)), BaCu2Si2O7 [74], A2CuP2O7 (A =Na, Li) [75] and

CuPzN [76–78]. Various examples are also known for quasi-one dimensional spin

chains in the Ising limit, such as CoCl2·2H2O [79], BaCo2V2O8 [80] and CoNb2O6 [81].

Less common systems are those featuring |∆| > 1 but away from the Ising limit.

This type of strong anisotropy has been proposed for magnetic materials such as

(NO)Cu(NO3)3 [82], LiCuVO4 [83], TiOCl [84] and CuGeO3 [85], which are usually

described by more complicated Hamiltonians than the XXZ chain.

Another important group of materials corresponds to the so-called spin lad-

ders, such as SrCuO2 [71], (C7H10N)2CuBr4 [86], BiCu2PO6 [87], CaCu2O3 [88],

Sr14−xCaxCu24O41 [89,90] and some organic radicals [91]. These systems can be de-

scribed by one-dimensional spin chains coupled with each other by weak exchange

interactions. Although we do not analyse their physics in the present thesis, we do

propose them as an interesting area of future research, as explained in Section 10.2.

We note that several experiments on magnetic systems verifying the existence of

magnon bound states have been performed for almost five decades. This has been

achieved by comparing theoretical results including bound-states effects with the

results of various types of experiments. Some examples include spectroscopic [92]

and magnetic susceptibility measurements [93].
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2.7.2 Ultracold atomic systems

Importantly, spin Hamiltonians can also be realised in other types of systems.

Schemes to implement these Hamiltonians in several quantum simulators such as

optical cavities, trapped ions and superconducting circuits have been extensively

discussed; see [33] for a recent review. In particular, ultracold atoms in optical lat-

tices have proven to constitute an ideal setting for such an implementation, due to

their high degree of controllability, isolation from the environment [34], and the ex-

istence of schemes for single-atom resolution [94,95]. The simulation of spin models

is possible given that for very strong interactions, the Bose-Hubbard model (which

describes the physics of ultracold bosons in optical lattices) can be mapped to the

spin-1/2 XXZ Hamiltonian [96]. An alternative method corresponds to mapping

motional degrees of freedom of each atom to spins. This approach was recently used

to simulate one-dimensional antiferromagnetism from a Mott insulating state [35].

A significant advantage of using quantum simulators is their capacity to allow

the direct observation of the time evolution of particular states of interest, hard to

realise in real materials. A remarkable example is the recent experimental study of

the dynamics of magnon bound states [36], which constitutes the first realisation of

a quantum walk of interacting excitations in a magnetic system. Using an ultracold

bosonic gas in an optical lattice, a one-dimensional isotropic Heisenberg ferromagnet

was initially prepared. Then, two neigbouring spins were flipped, resulting in the

state | · · · ↓↓↓↑↑↓↓↓ · · · 〉. The evolution of this state, being a superposition of bound

and scattering states, was then followed. It was possible to distinguish the dynamics

resulting from the scattering and bound-state components, the latter being much

slower due to its larger effective mass. This experiment represents a very important

step for the future observation of more complex magnetic phenomena in quantum

simulators, including the non-equilibrium effects studied in the present thesis.



Chapter 3

Transport properties of the

one-dimensional XXZ model

Energy and spin transport properties of one-dimensional spin-chain systems have

recently attracted a lot of attention. This is not only caused by the fascinating

properties they feature. It is also largely due to the development of quantum simu-

lators with the capability of reproducing physical effects predicted by analytical or

numerical analysis [33,34], including transport phenomena. In parallel, the develop-

ment of powerful numerical techniques based on tensor network structures has also

motivated an intense study of the transport properties of low-dimensional systems,

including the spin-1/2 XXZ model [9–13,19,21,97–99].

In spite of this massive interest, several controversial questions on transport phe-

nomena remain open, even for the testbed one-dimensional spin-1/2 XXZ Hamilto-

nian. Since the present thesis is focused on the transport properties of this particular

model, an overview of the most important related results obtained from previous

research is required. This discussion constitutes the purpose of the present Chapter.

We start by introducing the concepts of f and thermal conductivities and Drude

weights, basic in the theory of linear response. Then we provide the expressions

for spin and energy currents of the XXZ model, which will be considered exten-

27
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sively along the thesis. Subsequently we discuss the implications of integrability

on transport properties. Afterwards we describe different nonequilibrium schemes

used to study the spin and energy transport of several low-dimensional quantum

systems, and discuss the conclusions obtained to date for the XXZ model. These

correspond to quantum quenches and boundary driving. Since the latter constitutes

the nonequilibrium configuration we use throughout the entire thesis, we establish

the particular driving setup to be considered, and the main features of the equa-

tion of motion to be simulated. We conclude this Chapter by describing the most

important experimental results regarding magnetisation and energy conduction in

systems well described by an XXZ Hamiltonian.

3.1 Introduction to linear response theory

We start by briefly reviewing the properties of spin and energy transport within

linear response [50,100,101]. This regime is characterised by transport processes of

the system proportional to external perturbations. If such perturbations are given

by gradients of temperature (∇T ) and chemical potential (∇µ), the induced spin

(〈J1〉) and thermal (〈J2〉) currents are given by

(
〈J1〉
〈J2〉

)
= −

(
L11 L12

L21 L22

)(
∇µ
∇T

)
, (3.1)

where Lij (i, j = 1, 2) are the transport coefficients, and J1 and J2 are the total

spin and thermal current operators, respectively. The diagonal coefficients repre-

sent direct transport. Namely, L11 is the spin conductivity in the absence of thermal

gradient, and L22 the thermal conductivity in the absence of chemical potential gra-

dient1. The off-diagonal coefficients correspond to magnetothermal effects. Namely,

1The spin conductivity is defined with the condition ∇T = 0. On the other hand, the total
thermal conductivity is usually defined under the condition 〈J1〉 = 0, allowing for a finite ∇µ.
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a finite value of L12 indicates that a contribution to the spin current is induced by a

thermal gradient, a phenomenon known as Seebeck effect. Similarly, a finite L21 cor-

responds to a contribution to the thermal current by means of a gradient of chemical

potential, which is known as Peltier effect. Both magnetothermal coefficients are

connected by the Onsager relation L21 = TL12.

The transport coefficients Lij can be directly calculated from the time integrals

(in t and t′) of current-current correlation functions of the form 〈JiJj(t + it′)〉, as

determined by Kubo formulas (see details, for example, in [50, 101]). From this it

can be shown that the real part of each frequency-dependent coefficient Lij is

ReLij(ω) = 2πDijδ(ω) + Lreg
ij (ω). (3.2)

The factor Dij, which multiplies a zero-frequency delta function, is known as the

Drude weight; the second term is known as the regular part. A massive amount

of research has been devoted to calculate these quantities for the XXZ (see Sec-

tion 3.3.1) and other models, since they determine the nature of the conduction

through the system. Namely, if Dij > 0 the corresponding transport coefficient Lij

is infinite. This behaviour is referred to as ballistic transport. On the other hand, if

Dij = 0 the transport coefficient is given by the regular part, whose low-frequency

limit indicates the type of conduction that the system supports. Specifically, this

analysis allows to identify the existence of diffusive transport [57,58,99,103–106]. For

spin dynamics, in particular, the idea of diffusion was introduced by phenomenolog-

ical theories of inelastic magnetic scattering [107–109], where the magnetisation of

the system satisfies a diffusion equation locally and thus has a finite dc conductivity

Lreg
11 (ω → 0) [58]2.

So in general the thermal conductivity is L22 − L2
21/TL11, reducing to L22 in the absence of

magnetothermal effects [50,101,102].
2In 1D spin diffusion can also be identified by a time dependence of spin autocorrelation func-

tions 〈σz
i (t)σz

i (0)〉 ∝ t−1/2, obtained from the phenomenological approaches [57,58,109,110].
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Note that in real systems, measurements of transport coefficients do not give an

infinite value. Even if a ballistic response is expected, processes such as scattering

with impurities and dissipation broaden the delta function multiplying the Drude

weight. Nevertheless, very large conductivities and mean-free paths are usually

assumed to indicate ballistic transport of the underlying model, as discussed in

Section 3.6 for the XXZ Hamiltonian.

3.2 Spin and energy currents

In this Section we give explicit expressions for the spin and energy current operators

of the one-dimensional spin-1/2 XXZ model (2.1), obtained from the corresponding

continuity equations [14]. For the case of spin transport, we have

dσzi
dt

= i[H, σzi ] = Ji−1 − Ji, (3.3)

with [., .] the commutator between two operators, H the XXZ Hamiltonian (2.1), Ji

the spin current operator at site i, and Ji−Ji−1 the discrete version of the divergence

of the spin current. This leads to the definition

Ji = 2τ(σxi σ
y
i+1 − σ

y
i σ

x
i+1), i = 1, . . . , N − 1, (3.4)

where the current J1 introduced in Section 3.1 is J1 =
∑

j Jj. Note that J1 is a

conserved quantity, i.e. it commutes with the Hamiltonian, only when ∆ = 0.

For the thermal current, we consider first the case with zero magnetic field, and

define the local Hamiltonian

hi,i+1 = τ(σxi σ
x
i+1 + σyi σ

y
i+1 + ∆σzi σ

z
i+1), so H =

N−1∑
i=1

hi,i+1. (3.5)
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The energy current operator JXXZ
i follows from the continuity equation

dhi,i+1

dt
= i[H, hi,i+1] = JXXZ

i − JXXZ
i+1 . (3.6)

This leads to the definition

JXXZ
i = i[hi−1,i, hi,i+1] = 2τ 2(σyi−1σ

z
i σ

x
i+1 − σxi−1σ

z
i σ

y
i+1)

+ ∆τ 2(σzi−1σ
x
i σ

y
i+1 − σ

y
i−1σ

x
i σ

z
i+1) + ∆τ 2(σxi−1σ

y
i σ

z
i+1 − σzi−1σ

y
i σ

x
i+1),

(3.7)

where the current J2 of Section 3.1 is J2 =
∑

j J
XXZ
j . In contrast to the total spin

current, the total thermal current operator J2 is conserved for all values of ∆. This

important feature determines the nature of energy conduction through the XXZ

model, as discussed in Section 3.3.

Finally we note that in the presence of a homogeneous magnetic field B, the

thermal current operator becomes

J2 =
∑
j

(
JXXZ
j +BJj

)
; (3.8)

details are discussed in Section 5.6. We note that in the literature, J2 is also referred

to as the heat current, and JXXZ
i is the local energy current [50,101,102,111]. When

B = 0, both names (heat and energy current) are used without distinction.

3.3 Integrability and transport

A very important insight can be obtained about the transport properties of a quan-

tum system from the integrability properties of its underlying Hamiltonian. To

illustrate this, imagine that we are interested in the transport characterised by the

total current operator J (such as J1 or J2 of Section 3.1, being a spatial sum of local
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currents). Then its corresponding Drude weight, denoted by D, satisfies [14,58]

D =
1

2NT
lim
t→∞
〈J (t)J (0)〉 ≥ 1

2NT

∑
k

〈JQk〉2

〈Q2
k〉

. (3.9)

Here N is the size of the system, T is the temperature, and Qk are commuting

local conserved quantities satisfying 〈QkQl〉 = 〈Q2
k〉δkl. These operators are given

by Qk =
∑N

j=1 q
k
j , where qkj are density operators of k consecutive sites around site

j (and thus are local [14,58]). The first relation indicates that ballistic transport is

manifested in non-decaying current autocorrelation functions even in the long-time

limit. The second relation3 is known as Mazur inequality [113], and provides a lower

bound for the Drude weight D. If the current of interest J has a finite overlap

with at least one conserved local quantity, equation (3.9) immediately implies that

D > 0, and the corresponding transport process is ballistic. This is precisely the

case for the energy current operator JXXZ, which is itself a conserved quantity since

it commutes with the integrable XXZ Hamiltonian for any interaction strength ∆.

This behavior differs from that of the spin transport of the integrable XXZ

model. Away from zero magnetisation (half-filled limit, in terms of the equiv-

alent spinless-fermion picture) a finite lower bound is found for the spin Drude

weight, indicating ballistic transport [14]. On the other hand, at zero magnetisation

there is no overlap between the spin current operator and known local conserved

quantities. Recent studies, however, have demonstrated the existence of quasilocal

conservation laws4 with finite overlap with the spin current operator in the weakly-

interacting regime |∆| < 1, leading to a finite spin Drude weight in the thermody-

namic limit [114, 115]. For the case |∆| ≥ 1 no lower bound for the Drude weight

is known at zero magnetisation, so different approaches are required to identify the

3The relation becomes an equality if all local and nonlocal conservation laws are considered [112].
4These correspond to finite-norm rapidly-converging series of local operators, whose commu-

tator with the Hamiltonian is given by boundary operators and thus becomes irrelevant in the
thermodynamic limit [114].
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nature of the corresponding spin transport. Some of these approaches are discussed

in the present Chapter.

The previous discussion indicates that the integrability of a model can help

demonstrate that its conduction is ballistic, although does not necessarily imply it.

For nonintegrable models, in which nontrivial local conservation laws are absent, it

is usually expected (although not formally proven) that the corresponding Drude

weights vanish, possibly leading to diffusive transport. Even though this is in fact

the case for several models, others seem to indicate otherwise. Throughout the rest

of the Chapter we provide examples reported so far supporting each conclusion.

3.3.1 Calculation of Drude weights

An intense effort has been performed during several years to calculate Drude weights

or current autocorrelation functions of the XXZ model, so the nature of spin and

energy transport can be elucidated. Here we summarise the most important results.

Regarding spin transport, most studies have obtained ballistic conduction in

the weakly-interacting regime |∆| < 1, and a zero Drude weight for strong in-

teractions |∆| > 1, at zero [116, 117], finite [8, 98, 99, 117–119] and infinite tem-

peratures [106, 120]5. Some of the methods used include the Bethe ansatz [118],

exact diagonalisation [8], finite-temperature density matrix renormalisation group

(DMRG) [98, 99], and calculations using the concept of quantum typicality [120].

Note that alternative results have also been proposed. In particular, early Monte

Carlo calculations suggested finite Drude weights independent of integrability at

very low temperatures [121].

Interestingly, the isotropic point ∆ = 1 has been a source of unresolved con-

troversy. For example, independent Bethe ansatz calculations give opposing re-

5Actually, the regimes very close to ∆ = 1 are hard do identify unambiguously. For example,
reference [8] obtains that due to the small size of the systems considered, the transport in the
region 1 < ∆ < 1.5 cannot be determined.
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sults about the spin Drude weight in this limit, indicating a vanishing [118] or a

finite value [117] at any temperature. Exact diagonalisation [8] and DMRG calcu-

lations [98, 99] cannot rule out a finite Drude weight at finite temperatures. Using

quantum typicality, a very small Drude weight (consistent with a vanishing value in

the thermodynamic limit) was found at infinite temperature, while at finite temper-

atures a finite weight was obtained [120]. For nonintegrable cases, an unified picture

has not emerged yet. In some gapped systems, including chains with dimerisation,

frustration and a ladder structure, the spin Drude weight was found to vanish at large

N [8]. In addition, recent studies with time-dependent DMRG have indicated finite

conductivities in systems with weak staggered magnetic fields [55]. On the other

hand, a finite weight could not be ruled out in the gapless frustrated system [8,18].

Studies of the regular part of the spin conductivity Lreg
11 (ω) have also shed light

into the spin transport properties of the system. Importantly, even if a finite Drude

weight exists, the system can still support a diffusive channel, as indicated by the

low-frequency behaviour of Lreg
11 (ω) [57,58]. Observations of diffusive spin transport

from this type of analysis have been made in the different interaction regimes of the

XXZ model, namely for ∆ < 1 [57, 58], ∆ = 1 [104] and ∆ > 1 [103] (where the

latter found anomalous pseudo-gaps in the low-frequency regime, which disappear

when a size scaling analysis is performed).

For energy transport, finite-temperature calculations of thermal Drude weights

and autocorrelation functions indicate ballistic conduction for all anisotropies ∆ [8,

15,18,56,122], as expected from the Mazur inequality (3.9). Ballistic magnetother-

mal transport has also been observed in this form [17, 111, 123]. As in the case of

spin transport, a unified result for nonintegrable systems has not been found. Ex-

act diagonalisation studies show a vanishing Drude weight in the thermodynamic

limit for ladders, dimerised and frustrated systems [8,18]. The same conclusion has

been obtained for systems with weak staggered magnetic fields [55]. However, recent
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time-dependent DMRG calculations indicate ballistic energy transport in dimerised

systems [122].

In conclusion, the large amount or research performed on Drude weights and

current autocorrelations has suggested the following widely-accepted picture. For

integrable systems, spin transport is ballistic for weak interactions and diffusive

for strong interactions, while the energy transport is always ballistic. For most

integrability-breaking mechanisms, the transport becomes diffusive. However, a

definitive result for some particular regimes, including the isotropic limit and some

nonintegrable cases, has not been found yet.

3.4 Transport analysis by quantum quenches

The transport properties of several quantum systems have been extensively studied

by methods different to the direct calculation of Drude weights and current autocor-

relation functions. In particular, a great amount of effort has focused on studying

particle and energy transport of low-dimensional systems by directly simulating their

real-time evolution. In this section we describe some of the prominent configurations

in which this type of analysis has been performed, and discuss the most important

conclusions obtained so far for the spin-1/2 one-dimensional XXZ model.

Nonequilibrium configurations of a quantum system can be induced by means

of the rapid variation of one or more parameters of its underlying Hamiltonian. If

such configurations enforce the flow of particles, energy or magnetisation through the

system, they can be used to study its transport properties. This method is known as

quantum quench, and has been extensively used to analyse the dynamical properties

of systems such as cold atoms in optical lattices [124–126] and spin chains [9, 10,

13, 19, 97]. It has also been widely applied to approach related problems such as

thermalisation [127,128] and disorder-induced localisation [64].
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Figure 3.1. Common configurations to study numerically spin and (or)
energy transport, corresponding to (a) expansion of a wave packet, (b) dy-
namics of domain walls. Here we denote by x the spatial coordinate. O(x)
refers to the initial magnetisation of energy profile of the system.

For the XXZ model, two types of quantum quenches are commonly used, stud-

ied by time-evolving tensor network algorithms for systems much larger than those

reached by exact diagonalisation. The first one, depicted in figure 3.1(a), consists

of preparing a confined wave packet at time t = 0, with a Gaussian or other inho-

mogeneous state, which evolves for t > 0. The features of the long-time expansion

allow to identify the nature of the induced transport. This is done, for example,

by means of the variance σ2(t), which characterises how fast the initial wave packet

expands. For zero background spin and energy densities, it is defined as [13]

σ2
ν(t) =

1

Nν

∑
i

ρνi (t) (i− iν0) (3.10)

with ν = s, e for spin and energy respectively, iν0 the center of the initial distribution,

ρsi = 〈σzi 〉 the magnetisation at site i, ρei = 〈hi,i+1〉 the local energy density for sites

i, i+1, Ns =
∑

i ρ
s
i the total magnetisation, andNe =

∑
i ρ

e
i the total energy density.

Ballistic dynamics is identified if σ2
ν(t) ∝ t2, while diffusive transport corresponds

to σ2
ν(t) ∝ t, as obtained from the solution of the diffusion equation. Research

following this scheme has identified, for the integrable XXZ model, ballistic spin

transport in the regime |∆| < 1 and diffusive dynamics for |∆| > 1, at zero [10] and
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high temperatures [13, 97]. Energy dynamics, on the other hand, was found to be

ballistic for all interactions ∆, at zero [19] and finite temperatures [13].

The second type of quantum quench, used to study spin transport, corresponds

to the time evolution of an initial state of domains of opposite polarisation, as

sketched in figure 3.1(b). By analysing the integrated flow of magnetisation through

the center of the chain as a function of time [9], and the dynamics of the domain

wall [97], ballistic transport was observed in the regime |∆| < 1, while localisation

of the domain wall due to self-trapping was found for strong interactions.

The analysis of transport properties by quantum quenches has thus provided

strong evidence for the commonly-accepted picture of magnetisation and energy

conduction of the integrable XXZ model with ∆ 6= 1. Unfortunately, this is still

not quite the case for the isotropic model and nonintegrable systems. For the inte-

grable ∆ = 1 case, diffusive or superdiffusive spin conduction regimes were initially

suggested at zero temperature [9]. More recently, transport close to ballistic has

been proposed at low temperature, and a superdiffusive regime at infinite temper-

ature [13]. In nonintegrable ladders and massive frustrated systems, transport was

found to be diffusive [10, 13]. On the other hand, it was found to be ballistic in

dimerised [9] and gapless frustrated systems [10], a puzzling result given their lack

of integrability. More research, with larger systems and evolution times, is required

to understand the transport properties of these particular regimes.

3.5 Boundary-driven systems

A different form to induce a nonequilibrium state on a quantum spin chain cor-

responds to connecting its boundaries to reservoirs with different temperatures or

chemical potentials, as depicted in figure 3.2. In this form, magnetisation and (or)

energy imbalances are imposed across the chain. In the long-time limit, the system
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reaches a nonequilibrium steady state (NESS), which supports an homogeneous spin

or energy current from one boundary to the other. The analysis of the NESS cur-

rents, magnetisation and energy profiles reveals the nature of the transport through

the system. In particular, if the conduction is diffusive, the system satisfies locally

the diffusion equation. For spin transport, this reads6

JS ≡ 〈Ji〉 = κS∇σzi ∼ κS
∆σz

N
, (3.11)

where JS is the homogeneous NESS local spin current, ∇σzi = 〈σzi+1〉 − 〈σzi 〉 is

the local magnetisation gradient, ∆σz is the magnetisation difference between the

boundaries, and κS is the spin conductivity. So for a fixed ∆σz, diffusive spin

transport is reflected by a spin current which scales with the system size as JS ∝

N−1, and by a linear magnetisation profile 〈σzi 〉 (i.e. with homogeneous gradient).

A similar diffusion equation holds for the energy transport,

JXXZ ≡ 〈JXXZ
i 〉 = κXXZ∇EXXZ

i ∼ κXXZ
∆E

N
, (3.12)

where JXXZ is the homogeneous NESS local energy current, ∇EXXZ
i = 〈hi,i+1〉 −

〈hi−1,i〉 is the local energy density gradient, ∆E is the energy density difference

between the boundaries, and κXXZ is the energy conductivity. Diffusive energy

transport is thus manifested by features similar to those of diffusive spin transport.

Note that we do not describe the diffusion equation in terms of local temperatures,

whose definition in nonequilibrium configurations is not trivial [11]. This problem

is one of the major points we address in Chapter 6.

The system possesses very different features if the transport is ballistic. Even

though the conductivities are infinite, the resistance due to the contact with bound-

6By ∼ we mean that the actual equation is slightly different due to boundary effects. In the
following Chapters, the correct diffusion equation is specified for each calculation performed.
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Figure 3.2. Scheme of a system connecting two unequal reservoirs, with
temperatures TL 6= TT and (or) chemical potentials µL 6= µR. This drives
the system to a nonequilibrium configuration, supporting energy and (or)
excitation transport.

ary reservoirs leads to finite values of the currents (see, for example, discussions in

reference [129]). These currents are independent of the size of the system, and are

proportional to the driving established by the reservoirs. In addition, the corre-

sponding spin or energy profiles are completely flat in the bulk.

A common procedure to study the transport properties of boundary-driven sys-

tems consists of tracing out the degrees of freedom of the reservoirs under certain

approximations. This leads to a master equation for the reduced density opera-

tor of the system, which governs its dynamics. Some master equations obtained

in this way can be extremely hard to solve, due to a very intricate mathematical

structure [130]. Nevertheless, a particular type of equation possesses a very conve-

nient mathematical form which allows a solution to be obtained with well-known

techniques, including efficient real-time simulations by means of tensor-network al-

gorithms [31,32]. This is known as Lindblad master equation, and corresponds to the

most general trace-preserving and completely-positive map7 describing non-unitary

evolution of the reduced density operator of the system [130]. We now indicate the

most important features of this type of equation, and then discuss the insight it has

provided regarding the transport properties of the XXZ model.

7This map is defined from the space of reduced density operators into itself.
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3.5.1 Lindblad master equation approach

Let ρ denote the density operator of the spin chain, coupled to environmental degrees

of freedom. The Lindblad master equation that governs the dynamics of ρ is

dρ

dt
≡ L(ρ) = −i[H, ρ] +

∑
k

Lk(ρ). (3.13)

The first term, containing the commutator, represents the coherent dynamics of

the system. The second term corresponds to the environmental effect, where each

dissipator Lk(ρ) is given by

Lk(ρ) = LkρL
†
k −

1

2
{L†kLk, ρ}, (3.14)

with Lk the jump operators representing the coupling of the system to the envi-

ronment, and {., .} the anti-commutator. This type of equation is obtained from

tracing out the environmental degrees of freedom of the motion equation of the

total universe (system and environment), after some considerations. These include

the Born approximation, consisting of a weak system-environment coupling, and the

Markov approximation, which assumes that the environment has very short memory

effects. To obtain a Lindblad form, we also consider the wide-band limit, in which

the bandwidths of the reservoir are assumed to be much larger than that of the

system. Details of the derivation of the Lindblad master equations used throughout

the present thesis are given in Appendix C.

The solution of the master equation (3.13) can be expressed in the form

ρ(t) = exp(Lt)ρ(0). (3.15)

For one-dimensional spin-1/2 chains of up to N = 8 sites, equation (3.15) can
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be calculated exactly for any time t from the matrix exponential, using a modern

desktop computer. In addition, the NESS can be obtained as the zero-eigenvalue

eigenstate of the matrix representation of the Lindblad superoperator L; see details

in Appendix B. For large systems this is no longer possible, since the size of the op-

erator space grows as 4N . Fortunately, tensor-network algorithms, and in particular

the Time Evolving Block Decimation [31, 32], are capable of efficiently simulating

the evolution described by equation (3.15) for interacting one-dimensional systems.

Since this method constitutes the most important calculation tool of our research,

we describe it in detail in Chapter 4.

3.5.2 Transport in systems driven by Lindblad reservoirs

Now we discuss how to approach the problem of transport phenomena in driven

spin chains by means of Lindblad master equations. The jump operators Lk of

equation (3.14) represent the injection and ejection of spin excitations from the

reservoirs to the boundary sites. In general they have the form8

L+
L,R =

√
γ+

L,Rσ
+
1,N , L−L,R =

√
γ−L,Rσ

−
1,N , (3.16)

with σ+
i and σ−i the ladder operators of site i defined in equation (2.3), and γ+,−

L,R

the rates of the injection (+) and ejection (−) processes at the left (L) and right

(R) boundaries. These rates depend on details of the reservoirs, and thus manifest

the imbalances that induce spin or energy currents through the system. If all the

rates are equal, spin excitations are injected to and ejected from the system at the

same rate, so in the corresponding steady state no currents exist. The opposite

limit corresponds to maximal driving, where γ+
L = γ−R 6= 0, and γ−L = γ+

R = 0 (or

8A more precise form of the jump operators used to study spin transport in the present work
is given in Chapter 5 and Appendix C.2. For energy transport, discussed in Chapter 6, we use a
different driving scheme, as detailed in Appendix C.4.



42 Transport properties of the one-dimensional XXZ model

viceversa); here spin excitations are only injected at the left boundary of the chain,

and at the same rate they are ejected at the right boundary, establishing a left-to-

right spin current. If the imbalance between injection and ejection processes at each

boundary is weak, the transport can approximately be described in linear response,

as discussed in Chapter 5.

This type of boundary driving has been used to analyse the transport properties

of several low-dimensional systems, including those described by Hubbard [131,132],

Bose-Hubbard [133] and spin ladder models [134,135]. For the XXZ model, research

based on the same nonequilibrium scheme has provided further evidence of ballistic

spin transport in the weakly-interacting regime, and of diffusive transport for strong

interactions in the linear response regime, mostly at high temperatures [11, 12, 21,

97, 114]; see Chapter 5 for details. In the isotropic case ∆ = 1, superdiffusive spin

transport has been found at high temperatures [12, 22], as manifested by a scaling

of the spin current of the form

JS ∼ κS
∆σz

Nα
, (3.17)

with 0 < α < 1 indicating a conduction regime intermediate between ballistic (α =

0) and diffusive (α = 1) responses. Regarding the effect of integrability breaking,

induced by a staggered magnetic field, it was found to lead to diffusive spin transport

for both weak and strong interactions [21].

A few studies have used a similar driving scheme to study energy transport, find-

ing ballistic conduction for ∆ = 0 [136] and ∆ = 1 [137] in small systems. However,

different work has found a contrasting behaviour. Using a Redfield equation (a more

complicated master equation than that in Lindblad form), it was found that both

the spin and energy transport are ballistic in the noninteracting regime only [138].

In addition, by means of a different Lindblad equation [139], ballistic and diffusive
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transport regimes were seen to be separated by an interaction strength ∆ = 1.6 [140].

As discussed in Section 5.6, we attribute these results to the small systems consid-

ered (up to N = 12 in most calculations), and due to the study of an energy current

different to JXXZ in reference [140], namely of BJS with B the homogeneous mag-

netic field. Due to the lack of more convincing results in thermally-driven systems,

part of our research was motivated to provide evidence of high-temperature ballis-

tic energy transport for other interaction strengths and much larger spin chains, as

described in Chapter 6.

3.5.3 Alternative driving schemes

Other driving schemes have also been used to analyse the transport properties of the

XXZ model. One example corresponds to a system composed of two semi-infinite

leads, modeled by Heisenberg spin chains with ∆ = 1 and at different temperatures,

which are connected by a lattice of several sites [141]. Another proposed model con-

sists of a noninteracting lattice coupled to mesoreservoirs at its boundaries, which

in turn are thermalised by Lindblad reservoirs of different temperature [142]. These

studies found direct energy transport and magnetothermal response of ballistic na-

ture. We provide more evidence for these results with our analysis of thermally-

driven systems of Chapter 6, using different interaction strengths and large systems.

3.6 Transport experiments on spin-chain systems

3.6.1 Magnetic materials

Several experiments have been performed to date to understand the energy trans-

port properties of spin chain materials. Usual techniques of energy conductivity

measurements correspond to steady-state methods, widely used from low to room
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Figure 3.3. Schemes of experimental setups to study transport properties.
(a) Steady state method for measurement of thermal conductivity of mag-
netic materials. The device is operated by means of the electrical current Ih,
which along with the voltage drop Uh determines the energy current. The
temperature gradient can be obtained from measurements of the thermal
voltage Uth. See details in reference [72], from which the figure is taken. (b)
An inhomogeneous ultracold fermionic gas is transformed into a system of
two terminals connected by a two-dimensional channel, due to the splitting
effect of a laser beam (blue). The green pattern projected onto the channel
indicates a disordered configuration. Figure taken from [143] with permission
of the authors. Copyright (2014) by the American Physical Society.

temperatures. Details of a specific implementation, depicted in figure 3.3(a), can

be found in reference [72]. The temperature difference between the boundaries of

the sample induces an energy current from the hot to the cold reservoir. The mea-

surements of this current and of temperature gradients are performed in the steady

state, which gives the name to the method.

Note that the energy current flowing parallel to the spin chains of the sample does

not only contain a contribution from magnetic excitations (magnons [144, 145] or

spinons [69,74,88,146–148], depending on the material). It also contains a phononic

contribution due to the vibration of the underlying lattice structure9. This can be

identified in highly-pure materials by measuring the thermal conductivity in direc-

tions perpendicular to the spin chains, which do not contain magnetic contributions.

9We refer to electrically insulating materials, so electronic contributions are negligible [71,146].
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The difference between the total energy conductivity and the phononic component

(approximately the same along the different axis) thus gives the magnetic contribu-

tion to the conductivity, which is the quantity of interest [71, 146].

Several experimental studies on one-dimensional spin chain materials have ob-

tained very large thermal conductivities and mean-free paths of magnetic excita-

tions, including Sr2CuO3 [69, 71] and BaCu2Si2O7 [74]. These results thus support

the picture of ballistic energy transport emerging due to the integrability of the

underlying spin model, where scattering with phonons and defects leads to a finite

value of the conductivity. They also agree with theoretical studies of the energy

transport of spin chains weakly coupled to phonons, which found very large conduc-

tivity [70,149,150]. Interestingly, similar results have been obtained for the spin lad-

ders SrCuO2 [69,71,146,151], Sr14Cu24O41, Ca9La5Cu24O41 [144] and CaCu2O3 [88],

in which the energy conductivity parallel to the spin chains also has a large contri-

bution from magnetic excitations.

It has also been observed that bond disorder induced by substituting Sr with

Ca in Sr2CuO3 [148] strongly suppresses the magnetic contribution to the energy

conductivity, by increasing the scattering of spinons. Thus even tiny amounts of

disorder break the ballistic nature of the energy transport. This was argued to

evidence the importance of integrability of the spin-1/2 Heisenberg chain, since the

effect was not observed in nonintegrable spin chains where the energy transport was

diffusive before adding disorder (such as square spin lattices [152]).

Regarding the experimental study of spin transport in magnetic materials, much

less can be said. To date, direct measurements of spin currents or conductivities

have note been performed in these systems. The experimental evidence of different

spin transport regimes comes from other types of measurements. Using nuclear mag-

netic resonance, results of the low-frequency dynamic spin susceptibility of Sr2CuO3

are found to be consistent with ballistic spin transport at T = 0, while diffusive
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transport emerges at finite temperature [153]. Muon spin relaxation experiments on

the spin-1/2 one-dimensional antiferromagnet DEOCC-TCNQF4, well described by

the isotropic Heisenberg model, are consistent with diffusive spin transport [154].

On the other hand, results of muon spin relaxation in SrCuO2 are consistent with

ballistic spin transport [155]. Many more experiments in magnetic systems are thus

needed to establish a complete picture of their spin transport properties.

3.6.2 Ultracold atomic systems

We described in Section 2.7.2 how systems of ultracold atoms in optical lattices can

be used to simulate spin models [35,96], and that the dynamics of a magnon bound

state has already been analysed experimentally thanks to this capability [36]. Thus

we expect that in the near future, the dynamics of many-body spin systems can be

studied by means of these quantum simulators.

First experiments in this direction considered the expansion of an initially-

confined cloud. This type of nonequilibrium scheme, discussed in Section 3.4 for

spin systems, has been considered experimentally several times. Some of these stud-

ies are particularly relevant for the transport properties described in the present

thesis. For example, reference [156] shows that in the absence of interactions, a

fermionic gas expands ballistically along the containing homogeneous optical lat-

tice, while weak interactions strongly suppress the dynamics; strong interactions

lead to an almost-localised state. A more recent experiment on the expansion of ul-

tracold bosons in one- and two-dimensional optical lattices shows that the transport

is ballistic in the integrable limits of the underlying lattice models, while indications

of diffusive transport are found away from these regimes [125]. A third important

example is discussed in reference [157], where the expansion of a bosonic cloud in the

presence of particle-particle interactions, disorder and noise is studied both experi-
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mentally and numerically. This allows to identify regimes of many-body localisation,

different types of diffusion and self-trapping. Some results of this study are closely

connected to part of our research presented in Chapter 8.

An alternative and recently-developed nonequilibrium scheme [37, 38], sketched

in figure 3.3(b), constitutes a very promising tool for the simulation of transport

phenomena. It consists of two unequal reservoirs connected by a two-dimensional

channel, where the latter is created by the action of a laser beam on an inhomo-

geneous ultracold gas. If a population imbalance between the two reservoirs exists,

a particle current is established. This experimental setup has allowed the observa-

tion of ballistic and diffusive transport in ordered and disordered systems respec-

tively [37], superfluid transport of strongly-correlated fermions [38], the transition

from superfluid to poorly-conducting state as a function of disorder [143], and quan-

tised conductance of neutral matter [158]. By including a temperature imbalance

between the reservoirs [159], thermoelectric effects have also been recently observed

in the noninteracting regime [39]. There, ballistic and diffusive thermoelectric re-

sponses were found for ordered and disordered systems respectively.

Since our research focuses on boundary-driven systems, the latter transport

scheme emerges as an ideal candidate to observe some of the results discussed in the

present thesis. A combination of this driving setup with the capability of optical

lattices to implement XXZ spin chains could allow the observation of ballistic and

diffusive transport regimes. In addition, exploiting techniques to induce noise [157]

could lead to observe the transport enhancement mechanism of Chapters 8 and 9.



48 Transport properties of the one-dimensional XXZ model



Chapter 4

Numerical simulation of time evolution

of one-dimensional quantum systems

In the present thesis we study the transport properties of nonequilibrium low-

dimensional spin chains under different conditions. Our analysis is mostly based on

simulations of the dynamics of systems much larger than those accessible by exact

numerical diagonalisation. To perform these simulations, we extensively use the

Time Evolving Block Decimation (TEBD) [30, 31, 160, 161]. This method is one of

the best known Tensor Network algorithms [26–28], and has emerged as one of the

most powerful numerical tools developed so far to study the dynamical properties

of one-dimensional correlated quantum lattices.

First we describe some general features of the systems we are interested in study-

ing. Then we introduce the concept of Matrix Product States, which provides a

compact and efficient representation of the systems of interest due to their weakly-

correlated nature. Afterwards we present a graphical representation of matrix prod-

uct structures, which clearly illustrates how different manipulations of the states

can be performed. Finally we describe the most important features of the TEBD

method, and the software we used to perform our simulations.

49
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4.1 General description of systems of interest

We start by establishing some properties of the systems to be considered in the

present thesis. Although we restrict to the XXZ model, we perform the discussion

in a general notation, so it is clear to which system the formalism applies. First we

note that the Hamiltonians of interest truly correspond to one dimensional systems

with short-ranged interactions, and in general have the form

H =
N∑
n=1

K1∑
ν=1

hνn +
N−1∑
n=1

K2∑
ν=1

hνn,n+1, (4.1)

which consists on K1 types of one-site terms and K2 types of nearest-neighbour

couplings, acting across the entire system. This Hamiltonian can be conveniently

rewritten as a sum of two-site terms only,

H =
N−1∑
n=1

Hn,n+1, (4.2)

with the two-site terms given by

Hn,n+1 =
1

2
(1 + δn,1)

K1∑
ν=1

hνn +

K2∑
ν=1

hνn,n+1 +
1

2
(1 + δn,N−1)

K1∑
ν=1

hνn+1 (4.3)

To analyse non-equilibrium phenomena, we are particularly interested in solving

Lindblad master equations of the form (3.13). Since we only consider Hamiltoni-

ans of the form (4.1), and dissipative processes that act on at most two sites (see

Appendix C), the corresponding Liouville superoperator can be written as a sum of

two-site terms,

L =
N−1∑
n=1

Ln,n+1. (4.4)

This structure will be seen to be fundamental for the particular numerical method

used in the present thesis. To explicitly build the two-site terms, as described in
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Appendix B, a particular local basis {σnjj } of the operator space for each site j must

be defined. In our particular case the natural choice is the Pauli basis

σ1
j =

1

2
I, σ2

j =
1

2
σz, σ3

j =
1

2
σx, σ4

j =
1

2
σy, (4.5)

where without loss of generality the first element is taken to be proportional to the

local identity operator I. Given the inner product operation P (Oβ, Oγ) = Tr(O†βOγ),

this set of matrices is readily verified to constitute an orthonormal basis.

Our aim is to solve the equation L(ρ) = 0, so the non-equilibrium steady state

(NESS) ρ is obtained. A natural first attempt to do so corresponds to an exact

numerical calculation, in which the zero-eigenvalue eigenstate of the superoperator

L is obtained by standard exact diagonalisation routines. Since the size of the

operator space of the system grows exponentially with its size as dN , with d the

dimension of the local operator space (d = 4 in our case), it is not possible to

consider large systems with this method1. Nowadays, thanks to the development of

efficient tensor network algorithms, it is possible to solve the problem in a different

way for large systems, namely by directly simulating equation (3.15) in the long time

limit t→∞ using the TEBD method to evolve in time a Matrix Product structure.

The condition that a system must fulfill so this method can be applied efficiently is

that it features weak classical and quantum correlations. In the following sections

we explain the meaning of this requirement.

4.2 Matrix product states and operators

We start by explaining how physical states can be efficiently described by a compact

tensor network, the so-called Matrix Product State structure. This formulation was

1Modern desk computers can handle systems of up to N = 7 for a complete diagonalisation of
the Liouvillian.
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originally introduced for pure states [26,30,161,162]. Nevertheless, it can be directly

extended to mixed states [11, 31], where the tensor network receives the name of

Matrix Product Operator. Since we are interested in the properties of mixed states,

we describe the formulation for the second case, and mention the equivalent concepts

in the case of pure states. To do so, we initially introduce some important concepts

that are necessary for the development of the formalism.

4.2.1 Singular value decomposition, Schmidt decomposition

and entropy

A basic mathematical tool used repeatedly in the formalism to be explained is the

Singular Value Decomposition (SVD) [163]. For an arbitrary rectangular matrix C

of dimension m× n, with p = min(m,n), the SVD reads

C = USV †, (4.6)

where the matrices U , S and V satisfy the following properties:

1. U has dimension m× p, and U †U = I, with I the identity matrix.

2. S is a diagonal matrix of dimension p×p, whose elements sα ≡ Sα,α, known as

Schmidt coefficients, are non-negative. The number r of non-zero coefficients is

known as the Schmidt rank. From now on, we assume s1 ≥ s2 ≥ · · · ≥ sr > 0.

3. V † has dimension p× n, and satisfies V †V = I.

This concept leads to a very important decomposition of the (pure or mixed) state

of the system. We exemplify this for a mixed state. To do so, consider a bipartition

of the system where the left part (A) has l sites and an orthonormal basis {σiA},

and the right part (B) has N − l sites and an orthonormal basis {σiB}. An arbitrary
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mixed state of this bipartition is written as

ρ =
dl∑
i=1

dN−l∑
j=1

ρij(σ
i
A ⊗ σ

j
B), (4.7)

with d the dimension of the local orthonormal basis. Performing a SVD on the

matrix of coefficients ρij, namely

ρij =

χ∑
α=1

UiαSααV
∗
jα, (4.8)

with χ = min(dl, dN−l), the state can be written in the form

ρ =

χ∑
α=1

sα(OA
α ⊗OB

α ), where OA
α =

dl∑
i=1

Uiασ
i
A, OB

α =
dN−l∑
j=1

V ∗jασ
j
B. (4.9)

The sets of operators {OA
α} and {OB

α} are orthonormal, i.e. they satisfy

P
(
OA
α , O

A
α′

)
= δα,α′ and P

(
OB
α , O

B
α′

)
= δα,α′ , (4.10)

as obtained directly from the normalisation properties of U and V . The factorisation

given in equation (4.9) is known as the Schmidt Decomposition [163] of the state ρ.

Some remarks are necessary at this point. First, the values of the Schmidt

coefficients sα determine the amount of correlations between the two parts of the

system. For example, if only s1 > 0, the state of the system is just a product

of states from A and B, and no correlations exist between the two parts. In the

opposite limit of a (maximally correlated) random state, the Schmidt coefficients are

almost equal. On the other hand, if the Schmidt coefficients sα decay rapidly with

α, a good approximation ρ̃ to the state of the system can be obtained by truncating
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the Schmidt decomposition (4.9) up to a small number of terms χ̃ < χ, so

ρ̃ =

χ̃∑
α=1

sα(OA
α ⊗OB

α ), with error ε ≡ ||ρ− ρ̃||F =

(
χ∑

α=χ̃+1

s2
α

)1/2

. (4.11)

The error of the truncation, calculated by means of the Frobenius norm2 ||O||F =√
Tr(O†O), is given by the sum of the square of the discarded Schmidt coefficients.

The amount of correlations can be measured by the following entropy defini-

tion [164]3, obtained from the Schmidt coefficients (normalised so s1 = 1 [11]) as

SO = −
χ∑
α=1

s2
α log2 s

2
α. (4.12)

This quantity is nothing more than the extension to the operator space of the more

familiar von Neumann entanglement entropy, which naturally emerges when the

previous discussion is performed for pure states [29]. Nevertheless, in contrast to the

latter, the entropy of equation (4.12) does not quantify the amount of entanglement

only. It also measures the amount of classical correlations, as well as of discord4. In

other words, the entropy (4.12) quantifies the amount of both classical and quantum

correlations. Note that this quantity has been considered theoretically very few

times, and its properties are not understood as well as those of the von Neumann

entanglement entropy. Nevertheless, it captures the decay of the Schmidt coefficients

[11], which we describe in Section 4.2.3.

2Other forms to quantify the distance between ρ and ρ̃ could be used, such as the trace distance,
discussed in Chapter 6. The Frobenius norm, however, gives a simpler form of the difference
between the two states. To our knowledge, no definitive error for the truncation in mixed states
has been established. We note that the error in equation (4.11) has been proposed before [11].

3This quantity has been named Operator Space Entanglement Entropy [11, 164]. Nevertheless
we feel that this name is misleading since it not only determines the existence of entanglement, as
described in the main text.

4In brief, discord corresponds to the quantum correlations not accounted by entanglement.
Some mixed states, for example, can possess non-classical correlations even if they are separable;
these correlations are known as discord. See a recent detailed review in reference [165].
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4.2.2 Matrix product structure of a mixed state

Now we explain how the concepts introduced in Section 4.2.1 lead to a compact

and efficient parametrisation of the state of the system. We follow the notation of

reference [29], where the description was performed for pure states. First consider

the most general form in which a mixed state of the system can be written, namely

ρ =
d∑

n1,n2,...,nN

cn1,n2,...,nN (σn1
1 ⊗ σn2

2 ⊗ · · · ⊗ σ
nN
N ) , (4.13)

where σnii is the nith element of the local basis of site i. This state contains dN

coefficients cn1,n2,...,nN , which makes its numerical manipulation only possible for a

few sites. To transform it into a more efficient representation, we first reshape the

c vector as a d× dN−1 matrix Ψ, with entries

Ψn1,(n2,...,nN ) ≡ cn1,n2,...,nN . (4.14)

Now, performing a SVD on the matrix Ψ we obtain

Ψn1,(n2,...,nN ) =

r1∑
α1=1

Un1,α1Sα1,α1(V
†)α1,(n2,...,nN ) ≡

r1∑
α1=1

Un1,α1cα1,n2,...,nN , (4.15)

where the elements of S and V † have been multiplied to give a vector cα1,n2,...,nN .

The Schmidt rank is r1 ≤ d, since at most d Schmidt coefficients are finite. Now the

matrix U is reshaped as a collection of d row vectors, with entries An1
α1

= Un1,α1 . In

addition, similarly to equation (4.14), the vector cα1,n2,...,nN is reshaped into a new

matrix Ψ of dimensions r1d× dN−2, with entries

Ψ(α1,n2),(n3,...,nN ) ≡ cα1,n2,...,nN . (4.16)
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As in equation (4.15), a SVD is performed on the new matrix Ψ, which leads to

cn1,n2,...,nN =

r1∑
α1=1

An1
α1

r2∑
α2=1

U(α1n2),α2Sα2,α2(V
†)α2,(n3,...,nN )

=

r1∑
α1=1

r2∑
α2=1

An1
α1
An2
α1,α2

cα2,n3,...,nN .

(4.17)

Here the new matrix U has been reshaped as a collection of d matrices of dimension

r1 × r2 (r2 ≤ d2), so An2
α1,α2

= U(α1n2),α2 , and the vector cα2,n3,...,nN results from the

product of S and V †. Repeating the process until the final site of the lattice, it is

obtained that

cn1,n2,...,nN =
∑

α1,...,αN

An1
α1
An2
α1,α2

An3
α2,α3

· · ·AnN−1
αN−2,N−1

AnNαN−1
, (4.18)

with AnNαN−1
= cαN−1,nN a collection of d column vectors. This results in a compact

Matrix Product Operator (MPO) representation of the mixed state5

ρ =
d∑

n1,n2,...,nN=1

An1

[1]A
n2

[2] · · ·A
nN
[N ] (σn1

1 ⊗ σn2
2 ⊗ · · · ⊗ σ

nN
N ) . (4.19)

From the normalisation of the U matrices, namely U †U = I, it follows that

∑
ni

(
Ani[i]

)†
Ani[i] = I. (4.20)

The matrices that satisfy this condition are called left normalised, and the MPO

whose matrices are left-normalised is called left-canonical.

Note that the MPO representation of a mixed state is not unique. For example,

5For sub- and super-indices of the A tensors, we follow the notation that numbers inside [.]
denote the site to which they belong, and coefficients outside [.] refer to the indices of the tensor.
For example, A[i] is the tensor at site i, and Ani

[i] is the nith matrix of site i. We do not include [.]

if it is not needed and would complicate the notation, as in the equations previous to (4.19).
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we can start the process described above from the right boundary, and obtain the

representation

ρ =
d∑

n1,n2,...,nN=1

Bn1

[1]B
n2

[2] · · ·B
nN
[N ] (σn1

1 ⊗ σn2
2 ⊗ · · · ⊗ σ

nN
N ) , (4.21)

where the Bni
[i] come from the V † matrices of the SVD processes, and thus satisfy

the normalisation condition

∑
ni

Bni
[i]

(
Bni

[i]

)†
= I. (4.22)

These matrices are called right-normalised, and the state of equation (4.21) is re-

ferred to as right-canonical.

Similarly, combining the processes of left and right normalisation so they meet

at site l leads to the MPO representation [29]

ρ =
d∑

n1,...,nN=1

An1

[1] · · ·A
nl
[l]S[l]B

nl+1

[l+1] · · ·B
nN
[N ] (σn1

1 ⊗ · · · ⊗ σ
nN
N ) , (4.23)

where the singular values of the SVD at site l appear explicitly. This representation,

known as mixed-canonical, is nothing more than the Schmidt decomposition (4.9)

of the state at site l, with Schmidt coefficients s[l]α = (S[l])α,α and

OA
α =

d∑
n1,...,nl=1

(
An1

[1] · · ·A
nl
[l]

)
1,α

(σn1
1 ⊗ · · · ⊗ σ

nl
l ) ,

OB
α =

d∑
nl+1,...,nN=1

(
B
nl+1

[l+1] · · ·B
nN
[N ]

)
α,1

(
σ
nl+1

l+1 ⊗ · · · ⊗ σ
nN
N

)
.

(4.24)

The sets of operators {OA
α} and {OB

α} are orthonormal by construction.

As a very simple example of a MPO, consider a lattice with magnetisation 〈σzi 〉 =
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µi at site i. When the local basis of the operator space of each site is given by the

Pauli basis of equation (4.5), a product state satisfying the magnetisation condition

is obtained when the matrices Ani[i] of each site i are scalars given by

A1
[i] = 1 so Tr(ρ) = 1,

A2
[i] = µi, A3

[i] = A4
[i] = 0.

(4.25)

A ferromagnetic state is obtained when A2
[i] = 1 for all i, and antiferromagnetic state

corresponds to A2
[i] = (−1)i. The maximally mixed (infinite temperature) state, i.e.

the identity operator, results when A2
[i] = 0. Examples of MPO representations of

more complicated states are shown in Appendix D.

4.2.3 Why using a MPO representation?

So far, we have only written the state (4.13) in a different form, which is equally

intractable numerically given that as we go deeper into the lattice, the dimensions

of the matrices A and B grow exponentially. So at first sight, it appears that we

have obtained no benefits regarding the tractability of the state by reformulating

it as a MPO. Nevertheless, the advantages of this formulation become clear when

considering that the systems of interest are weakly-correlated. This is evidenced

from the fast decay of the Schmidt coefficients sα, observed in non-equilibrium states

supporting spin or energy transport [11], thermal states [31,164] or states of systems

subject to dephasing [31]. The corresponding Schmidt coefficients can decay as a

power law or even exponentially, as shown in figure 4.1. Due to this behaviour, each

possible Schmidt decomposition (4.9) of the state can be well approximated by a

truncation of the form (4.11), keeping the error small. If we apply this truncation for

every SVD performed when building the MPO structure of equation (4.19), keeping

at most χ̃ Schmidt coefficients on each case, we can approximate the state of the
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Figure 4.1. Decay of Schmidt coefficients sα for several NESSs of chains
of size N = 40. The solid lines are guides to the eye, and the dashed
lines are fits to simple functions proposed in reference [11]. (a) Schmidt
coefficients of a NESS displaying ballistic spin transport, with ∆ = 1.5 and
f = 0.1 (f is the driving strength, see Chapter 5 for notation). The decay
follows the exponential function sα ∝ exp(−α/36.5(6)). (b) Coefficients of
a thermal state with ∆ = 1.5 and T = 20. (c) Coefficients for several
cases in which the decay follows a power law sα ∝ α−p. The top data
corresponds to a NESS showing spin diffusion, with ∆ = 1.5, f = 0.1 and
p = 1.21(2). The second corresponds to energy diffusion, with ∆ = 1.5,
TL

targ =∞, TR
targ = 20, staggered magnetic field B = 0.4 and p = 0.79(1) (see

Chapter 6 for notation). The third corresponds to a NESS with dephasing-
assisted spin transport, with ∆ = 1.5, f = 0.1, dephasing rate γ = 0.5 and
p = 2.16(6). The bottom data corresponds to a NESS showing dephasing-
degraded spin transport, with ∆ = 0.5, f = 0.1, γ = 0.5 and p = 2.5(2).

system with high accuracy by N matrices A of dimension χ̃× χ̃ or less6. The faster

the coefficients decay, the lower χ̃ is required, making the numerical manipulation

easier. So instead of requiring an exponential number of coefficients to describe the

state of the system, we can do it efficiently with O(Ndχ̃2) coefficients, embedded in

a matrix product structure.

At this point it is important to briefly discuss some points of the corresponding

matrix product formalism for pure states. There a matrix product representation

is also efficient if the corresponding Schmidt coefficients decay fast, as manifested

6More precisely, the matrices of site 1 (N) are of dimension 1×d (d×1), those of site 2 (N −1)
are of d × d2 (d2 × d), and so on up to some site k (l) where dk(dN−l) > χ̃. From that site the
truncation actually takes place, the matrices Ani

[i] being of dimension χ̃× χ̃ (k < i < l).
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by weak entanglement. Specifically, it was discovered a decade ago that the ground

state von Neumann entanglement entropy of one-dimensional nearest-neighbour spin

Hamiltonians saturates with the size of the system away from criticality, while it di-

verges very slowly (as a logarithmic function) at criticality [166]. Since then, similar

conclusions have been reported for several one-dimensional locally-interacting sys-

tems (see [167] for a review). This feature has been explained by the existence of the

so-called Area Laws [168, 169], which state that the entanglement entropy between

two regions of a system depends only on their boundary, which for one-dimensional

systems is constant for any size. The area law is slightly violated at criticality, but

even there the entanglement is exponentially lower than that of a random state [27].

The case of mixed states has been much less studied. Similar relations between

correlations, area laws and nonequilibrium criticality are yet to be established, al-

though studies in this direction have been performed [164]. Additionally, in contrast

to the case of pure states, the existence of weak entanglement does not guarantee

an efficient MPO representation of a mixed state. If its classical correlations are

strong, arising for example from decoherence processes, then its MPO representa-

tion can be highly inefficient; an example is discussed in reference [170]. Since for

the systems studied in the present thesis this is not the case, as shown in figure 4.1,

MPO representations of the corresponding mixed states are highly convenient.

In summary, due to the weakly-correlated nature of the systems analysed in

the present thesis, we can parametrise them with a number of elements that scales

linearly with N , instead of exponentially. Furthermore, such a parametrisation can

be arranged compactly in a matrix product structure. As discussed in the following

Sections, this tensor network representation offers several other advantages, like

the efficient calculation of reduced density operators, expectation values and time

evolution. It also has a nice graphical representation that makes the implementation

of such operations very neat and clear.
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Figure 4.2. Graphical representation of single-site tensors, (a) at the left
boundary, (b) in the bulk, and (c) at the right boundary. The vertical lines
correspond to the physical indices. The horizontal lines represent the rows
and columns of each tensor.

4.3 Manipulation of matrix product structures

4.3.1 Graphical representation

To simplify the manipulation of MPOs, a very simple but convenient graphical

representation is conventionally used [27, 29]. The basic building blocks of this

representation are shown in figure 4.2. The idea consists of representing the tensor

A[l] of each site l of the structure (4.19) (i.e. the d set of matrices {Anl[l]}) as a block

with several legs. The vertical leg corresponds to the physical index of the tensor,

nl. The horizontal legs run over the rows (leg to the left of the block) and columns

(leg to the right of the block) of each matrix. With this convention, figure 4.2(a)

represents the tensor of site 1, where the index α1 runs over the columns of each one

of the d row vectors An1

[1]. Figure 4.2(b) represents the bulk tensors, where αl−1 runs

over the rows of each one of the d matrices Anl[l] , and αl sweeps over the columns

(1 < l < N). Finally, figure 4.2(c) corresponds to the tensor of site N , where αN−1

runs over the rows of each one of the d column vectors AnN[N ].

To represent graphically the entire MPO structure, a simple rule is followed: a

contraction between tensors is performed when they are connected by a common

leg. This shared leg corresponds to the index over which the contraction is done.

Thus the operation specified in equation (4.18) is represented by figure 4.3, where

the tensor of site l is contracted to those of sites l − 1 and l + 1.
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Figure 4.3. Graphical representation of the matrix product operator struc-
ture of a mixed state.

Figure 4.4. Graphical representation of basic tensor operations, corre-
sponding to (a) contraction of tensors of neighbouring sites, and (b) singular
value decomposition.

4.3.2 Basic operations within a MPO structure

Using the graphical representation introduced in Section 4.3.1, the manipulation of

the MPO to perform different calculations becomes easy to visualise. A first example

to look at is the actual contraction between two neighbouring three-leg tensors A[l]

and A[l+1]. As shown in figure 4.4(a), this corresponds to the emergence of a single

tensor B[l,l+1], where the common leg has disappeared since the contraction was

carried out though it. The resulting tensor now has four legs: two physical legs, one

row and one column leg. Thus figure 4.4(a) represents an operation of the form

∑
αl

Anlαl−1,αl
Anl+1
αl,αl+1

= Bnl,nl+1
αl−1,αl+1

. (4.26)

A second simple example is the representation of a SVD. The particular calculation

depicted in figure 4.4(b) corresponds to the operation

Cnl,nl+1
αl−1,αl+1

=
∑
αl

Unl
αl−1,αl

Sαl,αl(V
†)nl+1
αl,αl+1

, (4.27)
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Figure 4.5. Calculation of a two-site reduced density operator. (i) Pre-
pare MPO. (ii) Contract tensors from left to right until reaching site i. (iii)
Continue left-to-right contraction until reaching site j. From the last con-
traction, a three-leg tensor with two physical legs appears. (iv) Continue
left-to-right contraction until site N is reached. (v) Reshape the result into
a single-leg tensor. Since the single leg represents an index running over the
physical indices of both sites i and j, it is said to be “fat”. (vi) Define the
elements of the total basis of sites i and j. (vii) Contract these elements with
the single-leg tensor. (viii) The reduced density operator of sites i and j is
finally obtained, corresponding to a two-leg tensor with fat legs.

which is used repeatedly during the TEBD process, as explained in Section 4.4.

More complicated operations that can be visualised easily within the MPO struc-

ture are, for example, the calculation of reduced density matrices and expectation

values. To illustrate the first, we consider the calculation of the two-site reduced

density matrix ρij of two sites i and j which are not necessarily nearest neighbours.

Recalling that the first element of the local basis is proportional to the identity

operator, and the only basis element with finite trace, ρij is given by

ρij = Tr(ρ)(i,j)′ =
d∑

ni,nj=1

A1
[1]A

1
[2] · · ·A

ni
[i] · · ·A

nj
[j] · · ·A

1
[N ](σ

ni
i ⊗ σ

nj
j ), (4.28)

where Tr(ρ)(i,j)′ indicates that the partial trace over all sites except i and j is taken

on ρ. The calculation is schematised in figure 4.5. First the MPO is prepared by
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Figure 4.6. Calculation of a two-site expectation value. (i) Define the two-
site operator of interest from the single-site operators Oi and Oj . This results
in a two-leg tensor Oij with fat legs. (ii) Contract Oij with the operator ρij
obtained from the process shown in figure 4.5. (iii) Take the trace of the
resulting object, to finally obtain the expectation value.

only retaining the first matrix A1
[k] of all sites k 6= i, j; this is represented by the

elimination of the physical index on these sites, as depicted on step (i) of figure 4.5.

Then the contraction of the network is performed from left to right, to calculate

the element A1
[1]A

1
[2] · · ·A

ni
[i] · · ·A

nj
[j] · · ·A1

[N ], as shown in steps (ii-iv). The resulting

two-leg tensor is reorganised into a one-leg tensor by defining a “fat” leg, as shown

in step (v). We represent the local bases of sites i and j by three-leg tensors σi and

σj (with elements {σnii } and {σnjj } respectively), as indicated in step (vi). The total

basis of the two sites is thus represented by a tensor σij with three fat legs. The

vertical leg runs over all combinations of indices ni and nj, and the horizontal legs

correspond to the rows (left) and columns (right) of the basis elements {σnii ⊗ σ
nj
j }.

After defining the tensor σij, it is contracted with the previously-obtained one-leg

tensor, thus performing the sum over ni and nj indicated in equation (4.28). This

results in the reduced density operator ρij, as indicated in step (viii).

After getting the reduced density operator, expectation values are easily ob-

tained. For example, to calculate 〈Oij〉 = Tr(ρijOij), with Oij = Oi ⊗Oj and Oi an

observable of site i, we only need to follow the process sketched in figure 4.6. After

defining Oij as indicated in step (i), we contract it with ρij, as shown in step (ii).

The resulting object is a two-leg tensor, i.e. a matrix. Finally we take its trace,

which as shown in step (iii) is just the contraction of its rows with the columns.
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Figure 4.7. Application of a two-site gate to a MPO structure. (i) The
tensors of the two sites are contracted with the gate. (ii) The MPO structure
is lost when the contraction is performed. (iii) Reshape the resulting object
into a matrix. (iv) Perform a SVD. (v) Recover the MPO structure by
reshaping the matrices resulting from the SVD.

4.3.3 Application of a two-site gate to a MPO

One of the most important operations to be performed with a matrix product struc-

ture is the application of a local two-site gate. As discussed in Section 4.4, this

operation is used extensively during the time evolution algorithm. Its graphical

representation is shown in figure 4.7. Imagine that a gate Ul,l+1 is applied to the

adjacent sites l and l + 1. Such a gate has the general form

Ul,l+1 =
d∑

pl,pl+1=1
ql,ql+1=1

Upl,pl+1
ql,ql+1

(σpll ⊗ σ
pl+1

l+1 )(σqll ⊗ σ
ql+1

l+1 )†, (4.29)

where {σpll ⊗ σ
pl+1

l+1 } are the basis elements of the two-site operator space. Also

assume that matrices Anl[l] of the MPO are of dimension χl−1 × χl. When applying

the gate to the MPO we get

d∑
n1,...,nl−1,pl,

pl+1,nl+2,...,nN=1

An1

[1] · · ·A
nl−1

[l−1]Θ
pl,pl+1

[l,l+1] A
nl+2

[l+2] · · ·A
nN
[N ](σ

n1
1 ⊗ · · · ⊗ σ

pl
l ⊗ σ

pl+1

l+1 ⊗ · · · ⊗ σ
nN
N ),

with Θ
pl,pl+1

[l,l+1] =
∑d

ql,ql+1=1 U
pl,pl+1
ql,ql+1 A

ql
[l]A

ql+1

[l+1]. This contraction is shown in steps (i-

ii) of figure 4.7. Observe that when the gate is applied, the MPO structure is altered
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at sites l and l + 1. To bring the matrix product structure back, the steps (iii-v)

are followed. Namely, the tensor Θ[l,l+1], of dimension d × d × χl−1 × χl+1, is first

reshaped into a matrix θ[l,l+1] of dimension (dχl−1)×(dχl+1), by combining horizontal

and vertical legs into “fat legs”. Its elements are defined by θ(αl−1,pl),(αl+1,pl+1) =

Θ
pl,pl+1
αl−1,αl+1 . Then, θ[l,l+1] is decomposed by means of a SVD, as

θ(αl−1,pl),(αl+1,pl+1) =

χ̃l∑
αl=1

U(αl−1,pl),αlSαl,αl(V
†)αl,(αl+1,pl+1), (4.30)

with χ̃l ≤ min(dχl−1, dχl+1). The resulting matrix U is reshaped into a new three-leg

tensor A[l] of left-normalised matrices Anl[l] , and the product SV † into a new three-

leg tensor A[l+1] of matrices A
nl+1

[l+1]. In this form, the MPO structure of the state is

recovered7.

Observe that due to the SVD performed to bring the state back to a MPO

structure, the Schmidt coefficients at site l are directly obtained. In addition, the

Schmidt rank at site l might have changed, and typically χ̃l > χl. If various gates

are applied to each pair of sites of the entire system, the Schmidt rank of each site

will increase, and eventually the numerical manipulation of the total MPO will be

no longer possible. To prevent this problem from occuring, we truncate the number

of Schmidt coefficients retained at each site, as discussed in Section 4.2.1. If we

choose a maximum site-independent Schmidt rank χ, we will deal with a MPO of

O(Ndχ2) coefficients during its entire manipulation. The error of each truncation

is given by the sum of all the discarded Schmidt coefficients across the system, as

expressed in equation (4.11).

7The S matrix can multiply U instead of V † to obtain a different MPO, with the resulting
A

nl+1

[l+1] matrices being right-normalised. The choice depends on the particular context in which the

gate is applied. This will be seen clearly in Section 4.4.1, where the TEBD algorithm is explained.
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4.4 Time evolving block decimation method

After introducing the matrix product description of a quantum state, we can exam-

ine how to simulate its time evolution efficiently. The method used in the research

discussed in the present thesis, the Time Evolving Block Decimation (TEBD), con-

stitutes the most powerful numerical algorithm to date to calculate such an evolution

for one-dimensional many-body systems. This method was originally introduced by

Vidal to obtain the time evolution of pure states [30]. Shortly afterwards it was

translated by two independent works [160, 161] into the language of the celebrated

Density Matrix Renormalisation Group (DMRG) [171,172]8, thus receiving the name

of time-dependent DMRG (which is mathematically equivalent to TEBD [29]). Sub-

sequently the method was extended to calculate the evolution of mixed states [31,32],

which is the case of interest of the present thesis. In this Section we describe the

basics of TEBD, focused on its application to Lindblad master equations [11,31].

4.4.1 Trotter expansion

We are interested in obtaining the time evolution of an initial state ρ(t = 0) = ρ(0)

due to the Lindblad master equation (3.13) with time-independent Hamiltonian and

environmental couplings. This problem is solved by calculating

ρ(t) = exp(Lt)ρ(0) (4.31)

for the desired evolution time t, with L the matrix form of the Liouville superoper-

ator (see Appendix B), which can be written as a sum of two-site terms as specified

8The DMRG method, developed by White more than 20 years ago [171,172], became a milestone
for the numerical analysis of ground and low-lying states of many-body one-dimensional systems
(see comprehensive reviews in [26,29]). The idea of translating TEBD to the DMRG notation was
thus to allow several researchers familiar with DMRG to perform simple modifications to their
codes to implement a time evolution algorithm [160].
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in equation (4.4). To simulate equation (4.31), we start by discretising the total

evolution time t into M small intervals of extent δt, so t = Mδt. By choosing δt

smaller than the characteristic timescale set by the Liouville superoperator9, we can

break the total operation into M steps, evolving the state ρ(tm) into ρ(tm+1) for

m = 0, 1, 2, . . . ,M − δt, with tm+1− tm = δt. So the evolution superoperator can be

expressed as

exp(Lt) =
M∏
m=1

exp(Lδt) = [exp(Lδt)]t/δt. (4.32)

After this time discretisation, we still need to deal with applying the evolution

operator of each time interval to the entire system, which gets exponentially hard as

N increases. To get across this complication, we decompose the evolution operator

at each time interval by means of a second-order Suzuki-Trotter expansion [173]

exp(Lδt) =

(
N−1∏
n=1

exp(Ln,n+1δt/2)

)
×

(
1∏

n=N−1

exp(Ln,n+1δt/2)

)
+O(δt3)

=
(
exp(L1,2δt/2) · · · exp(LN−1,Nδt/2)

)
×
(
exp(LN−1,Nδt/2) · · · exp(L1,2δt/2)

)
+O(δt3).

(4.33)

In this form, the evolution operator of the entire system at each time step is ap-

proximated by two sweeps, one from left to right and other from right to left. In

each sweep, two-site gates Un,n+1 = exp(Ln,n+1δt/2) are applied in an ordered se-

quence, as illustrated in figure 4.8. Using a MPO structure to describe the state,

this process is performed efficiently as explained in Section 4.3.3, until reaching the

desired final time t. Note that in the left-to-right sweep, the S matrix defined at

each SVD multiples the corresponding V † matrix, so at the end of the sweep the

9For time-dependent Liouville superoperators L(t), δt should be smaller than the timescale of
the fastest varying Hamiltonian coupling or incoherent rate, so at each step tm of the simulation,
L(tm) is well approximated by being constant in time.
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Figure 4.8. TEBD sweep process. At each time step, the evolution opera-
tor of the entire system is approximated by a left-to-right sweep of ordered
contractions of the MPO with local two-site gates Ul,l+1, followed by a right-
to-left sweep.

state if left-canonical. On the other hand, in the right-to-left sweep, S multiples the

corresponding U matrix, so at the end of the time step the state is right-canonical.

During the simulation of transient dynamics, the correlations across the system

usually grow with time, as manifested by the increase of the dimensions of the

matrices within the MPO. Thus an approximation is eventually required to make

the evolution numerically tractable. This is achieved by using a maximum Schmidt

rank χ, which leads to a total truncation error given by the sum of the truncation

errors of each SVD performed (equation (4.11)). The larger the value of χ is, the

lower the error induced since fewer Schmidt coefficients are discarded at each SVD.

This of course makes the TEBD simulation harder; fortunately not very large values

of χ are needed to obtain accurate results.

4.4.2 Obtaining the NESS

In the present thesis we are only interested in performing TEBD simulations in the

long-time limit, so the NESS is obtained. Thus an important point to discuss is
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whether the NESS of the driven systems we consider is actually unique. To our

knowledge, no rigorous proof of this result exists. Nevertheless, arguments suggest-

ing that this is the case do exist. For example, from our discussion in Chapter 5 on

the interplay between magnetic driving and the eigenstructure of the XXZ model,

it follows that no states of the configuration space are dynamically isolated from

others, i.e. it is in principle possible to reach any configuration of the spin lattice

from any other, by hopping processes or driving by the boundary reservoirs. Ad-

ditionally, we have tested numerically that different initial states lead to the same

NESS (see also reference [11]).

To obtain the NESS in our TEBD simulations, we perform the evolution of the

system up to a time t long enough so that the properties of interest (currents, mag-

netisation and energy profiles, and correlation functions) do not change appreciably

any more. Even though our tests indicate that the NESS is independent of the

initial state, it is important to select the latter so the time of calculation is not very

long. For example, for the study of spin transport with magnetic driving at the

boundaries (see Chapters 5, 8 and 9), we choose as initial state a product whose

magnetisation is a spin ramp, going linearly from 〈σz1〉 = f to 〈σzN〉 = −f (f being

the driving strength). This corresponds to the MPO of equation (4.25), with

µi =
−2f

N − 1
(i− 1) + f. (4.34)

This state, in spite of not having any current, has a magnetisation close to that

obtained for driving f when the transport is diffusive (see Section 5.2). Because of

this, the NESS is obtained much faster with this initial state than with several other

possible choices, such as a product state with homogeneous magnetisation.

In addition, a good strategy to perform the time evolution consists of evolving

the state for different periods of time with increasing values of χ. During the first
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period we evolve the initial state using a small value of χ, which takes the system

somewhat close to the NESS. The outcome is then renormalised (so its trace is 1)

and used as the initial state of a new simulation with larger χ, which improves the

quality of the results. The same process is repeated until the NESS is obtained,

which is recognised when the increase of χ and a longer time evolution do not affect

the expectation values of the state. The NESS is also identified when the (spin

and/or energy) currents through the system become homogeneous; in practice we

identify it when the standard deviation of the currents across the system is very

small, . 0.5%.

As an example, consider the case of spin transport in the linear-response regime,

described in Chapter 5. In the strongly-interacting limit with ∆ = 2 and N = 40, the

sequence of Schmidt ranks χ = 30, 60, 120, 200 with corresponding number of time

steps M = 4, 3, 2, 1×103 and time step δt = 0.05 is enough to take the system to the

corresponding NESS, selecting the initial state determined by equation (4.34). In

the weakly-interacting regime, just using χ = 30, 60 with half of the time is enough

to get the NESS, given the lower amount of correlations than in the case of strong

interactions.

4.4.3 Errors in the TEBD method

Different sources of error emerge when performing a TEBD simulation. The first

corresponds to the truncation error that results by fixing the maximal Schmidt

rank to a value χ, which accumulates in time due to the sequential use of SVDs in

the process. For simulations of transient dynamics, at some point (known as the

runaway time [9]) the total truncation error becomes so large that the results are

no longer reliable. This time increases with the value of χ.

A second source of error comes from the expansion (4.33), which at each time step
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is of O(δt3). This Trotter error can be reduced by using higher-order expansions,

which involve more complicated gate sequences [173]. For nth-order, the error is of

O(δtn+1) at each time step. Since M = t/δt steps are performed, the total Trotter

error is of O((δt)nt). This error is also known to be proportional to N [9].

We emphasise that since we are only interested in the NESS of the system and

not in transient dynamics, we do not need to worry about the accumulation of the

truncation or Trotter errors in time. Since the NESS of a set of system parameters

is unique [11], we can imagine as initial state the outcome of a previous simulation

with a smaller value of χ, disregarding the transient states that took place before.

The values of χ and δt are chosen so that the simulations give the correct NESS (χ

being large enough to account for the weak correlations, δt being short enough so

the fastest processes taking place in the system are not missed) while requiring the

shortest calculation time.

4.4.4 Calculation of thermal states

The TEBD method can also be used to obtain thermal states

ρβ =
e−βH

Z(β)
, Z(β) = Tr(e−βH), (4.35)

with H the Hamiltonian of the system, β = 1/kBT the inverse temperature (kB = 1)

and Z(β) the partition function. To obtain this state, we perform an evolution for

an imaginary time β/2 of the identity operator I of the entire system [31,32], since

ρβ ∝ e−βH = e−(β/2)HIe−(β/2)H . (4.36)
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The thermal state is thus obtained by simulating

ρβ = e−βT̃ I, T [A] =
1

2
(HA+ AH), (4.37)

where T̃ is the matrix representation of the superoperator T , defined by its action

on an operator A as specified in equation (4.37). Note that the division of the

exponential of time β into two exponentials of time β/2 leads to a reduction of

the simulation time by one half. The result is finally normalised by the partition

function to ensure that Tr(ρβ) = 1.

Similarly to an evolution governed by a Lindblad master equation, e−βT̃ is ap-

proximated by a Suzuki-Trotter expansion, where two-site gates are applied across

the system. The local gate applied to sites l and l + 1 is

Ul,l+1(β) = e−βT̃l,l+1 , Tl,l+1[A] =
1

2

(
Hl,l+1A+ AHl,l+1

)
, (4.38)

where T̃[l,l+1] is the matrix representation of the superoperator Tl,l+1. This matrix

representation is obtained in the same form as that of the Liouvillian superoperator

(see Appendix B). That is, we calculate Tl,l+1

[
σγl,l+1

]
for all basis elements of the

operator space of two sites σγl,l+1, γ = 1, . . . , d2. The projection of Tl,l+1

[
σγl,l+1

]
onto

basis element α, i.e. onto σαl,l+1, is the component (α, γ) of T̃l,l+1.

4.5 Software: Open-source TNT Library

Finally, we note that most of the TEBD calculations in the present thesis were

performed using the Tensor Network Theory (TNT) open-source library [174], de-

veloped within our research group. This library contains highly optimised routines

for several algorithms based on a tensor network structure, including all the cal-

culations described in the present Chapter. Notably, it provides a performance
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enhancement of up to 30 times compared to previously existing codes in our group,

making it possible to solve hard-to-simulate problems with accessible computational

resources. The simulations of Chapter 5 represent the first extensive use of this li-

brary.



Chapter 5

Spin and heat transport in the

magnetically-driven XXZ model

In the present Chapter we discuss the spin and heat transport through a one-

dimensional chain characterised by the XXZ model, when it is driven to a nonequi-

librium configuration by magnetic reservoirs at its boundaries. We solve the Lind-

blad master equation that governs the dynamics of the system and obtain its steady

state using the Time Evolving Block Decimation. First we focus on spin trans-

port, and reproduce results reported in previous research on the same configura-

tion [11, 20, 21]. At weak driving, these correspond to the existence of ballistic,

superdiffusive and diffusive transport in the weakly (∆ < 1), intermediate (∆ = 1)

and strongly (∆ > 1) interacting regimes, respectively. The effect of breaking the

integrability of the Hamiltonian, namely to induce diffusive transport even for weak

interactions, is also observed. For strong driving, we reproduce the observation of

ballistic transport for ∆ < 1, and of negative differential conductivity for ∆ > 1,

which leads to an insulating state at maximal driving.

The unexpected existence of negative differential conductivity in the XXZ chain

was found a few years ago [20, 21]. Nevertheless, the qualitative justification of its

emergence was not clear, and relied on single-particle physics. Here we give a com-

75
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Figure 5.1. Scheme of a system driven out of equilibrium due to magnetic
reservoirs. Spin excitations hop with amplitude τj = τ across a chain, subject
to a nearest-neighbour interaction of strength ∆ and boundary driving that
injects/ejects excitations at a rate ∝ Γ and driving bias f . The driving
process induces a forward (upper arrows) and a backward (lower arrows)
flow of particles, and the bias f determines the imbalance between both.

prehensive explanation for the origin of this effect, proving that it is a genuine

many-body phenomenon. We show how at maximal driving, the interplay between

the eigenspectrum of the Hamiltonian and the driving scheme preferentially popu-

lates a state of ferromagnetic domains, which prevents the transport of excitations

and causes an insulating state. We then describe the effects of diminishing the

driving. These results have been published in reference [175].

Subsequently we study the heat transport induced by the same driving scheme,

which thus constitutes a magnetothermal (Peltier) response. We find that in the

presence of a homogeneous magnetic field, the induced heat current has the same

properties of the spin current. These results have been published in reference [176].

5.1 Model for spin transport

We start by describing the configuration used to study the properties of spin con-

duction, which will also be considered in most of the work in subsequent Chapters.

This consists of a one-dimensional interacting spin-1
2
XXZ chain, with Hamiltonian

H =
N−1∑
j=1

τj(σ
x
j σ

x
j+1 + σyjσ

y
j+1 + ∆σzjσ

z
j+1) +

N∑
j=1

Bjσ
z
j (5.1)
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and hopping τj = τ(1 + δj), connecting two reservoirs of unequal magnetisation, as

depicted in figure 5.1. The energy scale is set by taking the hopping rate τ = 1.

The degrees of freedom of the reservoirs are discarded from the total equation of

motion using standard techniques of the theory of open quantum systems [130,177],

including the assumptions of weak system-reservoir coupling (Born approximation)

and of fast time decay of reservoir correlation functions (Markov approximation);

see Appendix C for details. The resulting equation of motion for the state of the

spin chain ρ is given by the following Lindblad master equation

dρ

dt
= L(ρ) = −i[H, ρ] +

∑
k

Lk(ρ) = −i[H, ρ] + LL
driv(ρ) + LR

driv(ρ), (5.2)

where each dissipative superoperator Lk(ρ) is given by

Lk(ρ) = LkρL
†
k −

1

2
{L†kLk, ρ}, (5.3)

and Lk are jump operators representing the coupling of the chain to the reservoirs.

The dissipators LL
driv(ρ) and LR

driv(ρ) represent the boundary driving of the chain to

a nonequilibrium configuration, and correspond to the jump operators [21]

L+
L,R =

√
Γ(1± f)/2σ+

1,N L−L,R =
√

Γ(1∓ f)/2σ−1,N . (5.4)

These operators create and annihilate spin excitations at the boundary sites of

the system, with f the driving strength that establishes the imbalance between

both processes (0 ≤ f ≤ 1) and Γ the coupling strength to the spin reservoirs

(we take Γ = 1 for the numerical calculations). The driving strength f controls

the nonequilibrium forcing, and in isolation it would impose unequal average spin

polarisations in the boundaries, 〈σz1〉 = f and 〈σzN〉 = −f [178]. A zero bias f = 0

leads to a steady state ρ = 1/2N [179], indicating that the system is formally at
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infinite temperature; no spin current exists in this case since spin-flip excitations

are created and annihilated at the same rate on both boundaries. At finite driving

f , spin excitations are effectively injected to the chain at the left boundary, and

are ejected with the same rate at the right boundary. So a net spin current flow is

established due to the asymmetry between the two edges. At maximum bias f = 1

the boundary jump operators reduce to σ+
1 and σ−N .

By directly simulating equation (5.2) and taking the long-time limit, the state

ρ(t) converges to the time-independent nonequilibrium steady state (NESS) of the

system. We perform this calculation efficiently by applying the Time Evolving Block

Decimation (TEBD) algorithm, described in Chapter 4. This method allows us to

consider a large parameter range, including the regime beyond linear response f � 1.

Once the NESS is obtained, we calculate the properties relevant for the analysis of

transport response, namely the magnetisation 〈σzi 〉 and the local spin current 〈Ji〉.

To obtain the latter, note that directly from the master equation (5.2) we have

〈
dσzi
dt

〉
= Tr

(
σzi
dρ

dt

)
= 〈Ji−1〉 − 〈Ji〉+ Tr(σz1LL

driv(ρ))δi,1 + Tr(σzNLR
driv(ρ))δi,N = 0,

(5.5)

where Ji is the spin current operator shown in Section 3.2,

Ji = 2(1 + δj)(σ
x
i σ

y
i+1 − σ

y
i σ

x
i+1), i = 1, . . . , N − 1. (5.6)

Now consider the cases i = 1, N . Since equation (5.6) does not apply for i = 0, N ,

we can define from (5.5) the boundary currents [176,180]

〈J0〉 = Tr(σz1LL
driv(ρ)) = Γ(f − 〈σz1〉),

〈JN〉 = Tr(σzNLR
driv(ρ)) = Γ(f + 〈σzN〉).

(5.7)

Thus across the entire chain we have that in the NESS, 〈Ji〉 − 〈Ji+1〉 = 0, so the
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spin current is homogeneous, JS ≡ 〈Ji〉. Equation (5.7) also indicates that the

spin current is directly given by the deviation of the magnetisation of the boundary

spins from the one that would be imposed by the reservoirs to isolated spins (±f).

This was previously found for the case ∆ = 0 (see Ref. [181] and Appendix D).

Equation (5.7) shows that the same applies for all interaction strengths ∆.

Finally, note that at small driving f the states induced in the system just slightly

deviate from the infinite temperature state ρ = 1/2N (as shown in Appendix D for

∆ = 0), with an energy density close to zero [12]. So the states induced by the

driving scheme of equation (5.4) are known in the literature as NESSs at infinite

temperature [12, 131, 135, 182]. In Chapter 6 we will discuss a different driving

scheme that induces states at finite temperature; see also Appendix C.4.

Now we proceed to describe the different spin transport regimes already seen in

previous research of this driven system, for weak and strong interactions, and for

weak and strong driving [11,20,21].

5.2 Spin transport in linear response

We start by considering the system without magnetic fields (Bj = 0) or dimerisation

(δj = 0), in the regime of weak driving f � 1. Depending on the value of the

interaction strength ∆, the system shows a distinctive type of spin transport. For

weak interactions ∆ < 1, the magnetisation profile is flat in the bulk and the spin

current is independent of the size of the system N , as shown in figure 5.2. This

indicates that the spin transport is ballistic, i.e. the system behaves as an ideal

magnetic conductor. This conclusion is consistent with most studies on the spin

transport through an XXZ one-dimensional spin chain, as indicated in Chapter 3.

For the non-interacting case, the exact spin current and magnetisation can ac-

tually be calculated analytically, as shown in references [178, 181] (see also Ap-
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Figure 5.2. Spin transport properties of the weakly-interacting regime of
the XXZ model. Main panel: Magnetisation profiles for N = 40. Inset:
Spin current as a function of the size of the system N . The calculations
are for f = 0.1 and Γ = 1. The results for ∆ = 0 correspond to the
analytical expressions of equations (5.8) and (5.9). The results for ∆ = 0.5
were obtained with the TEBD method.

pendix D). In this case the current is given by

JS =
4f

(Γ/4) + (4/Γ)
, (5.8)

which is size-independent and grows linearly with the driving. The magnetisation is

〈σz1〉 = f − JS

Γ
, 〈σzi 〉 = 0 for i = 2, . . . , N − 1, 〈σzN〉 = −f +

JS

Γ
. (5.9)

Note that the finite value of the current arises due to the resistance caused by the

contact of the system with the reservoirs. Also, the current acquires its optimal

value for the coupling Γopt = 4.

In the strongly-interacting regime ∆ > 1, studied by means of TEBD simulations,

the results indicate diffusive transport in the NESS [11,21]. As shown in figure 5.3(a),

the magnetisation profile has the form of a ramp, going smoothly from 〈σz1〉 ≈ f to

〈σzN〉 ≈ −f . In addition, as indicated in figure 5.3(b), the spin current scales with
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Figure 5.3. Spin transport properties of the strongly-interacting regime of
the XXZ model. (a) Magnetisation profiles for N = 40. The profiles for
∆ = 1.5 and ∆ = 2.0 are almost indistinguishable. (b) Scaling of JS/∆σz

with the system size. The symbols correspond to the numerical simulations,
and the solid lines to the fits to equation (5.10). The calculations are for
f = 0.1 and Γ = 1. The results of the fit are κS = 6.85(2) and α = 0.760(2)
for ∆ = 1, κS = 1.3(1) and α = 0.97(2) for ∆ = 1.5, and κS = 0.83(2) and
α = 0.971(7) for ∆ = 2 (for ∆ > 1, similar to results of [11,13,106]).

the size of the system in the form specified by the diffusion equation (3.11), namely

JS

∆σz
= − κS

(N − 3)α
∆σz = 〈σzN−1〉 − 〈σz2〉, (5.10)

where ∆σz is the magnetisation difference between the boundaries (we have dis-

carded sites 1 and N to avoid the resistance from the contact to the reservoirs), κS

is the spin conductivity and α ≈ 1. The existence of diffusive transport in linear

response of the strongly-interacting regime ∆ > 1 observed in the boundary-driven

configuration is consistent with the conclusions obtained from different techniques,

as discussed in Chapter 3.

Finally, as indicated in figure 5.3, the system shows a different type of spin

transport in the isotropic point. Here the spin current decays with the size of the

system according to equation (5.10), but with 0 < α < 1. The spin transport is

in an intermediate regime between normal diffusion (α = 1) and ballistic behaviour
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Figure 5.4. Magnetisation of the NESS for several non-integrable weakly-
interacting Hamiltonians. Left panels. For staggered magnetic field B = 0.1.
(a) Magnetisation profile. (b) Softened magnetisation. Right panels. For
dimerisation δ = 0.1. (c) Magnetisation profile. (d) Softened magnetisation.
The results are for f = 0.1, Γ = 1, ∆ = 0.5 and N = 40, 60, 80.

(α = 0), and thus has been recently identified as superdiffusive [12]. This be-

haviour has also been suggested by studies based on quantum quenches [13], where

a temperature-dependent wave-packet expansion intermediate between ballistic and

diffusive responses was found. Nevertheless, as described in Chapter 3, the spin

transport in the isotropic point has been the object of a lot of controversy, so more

effort is required to completely clarify its true nature.

5.2.1 Non-integrable models

Now we consider the effects of the transport properties of integrability breaking

terms, in particular of staggered magnetic field Bj = (−1)jB and dimerisation

δj = (−1)jδ1, focusing on the weakly-interacting regime. We consider the specific

forms given in equation (2.18). As shown in figures 5.4(a) and (c) for staggered field

and dimerisation respectively, the magnetisation profiles are no longer flat in the

bulk, but have the form of a ramp with local oscillations. To have a quantitative

1Recall that the noninteracting case ∆ = 0 remains integrable with dimerisation [8, 56].
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Figure 5.5. Scaling of JS/∆σz with the system size, for non-integrable
Hamiltonians. The results correspond to f = 0.1, Γ = 1 and ∆ = 0.5. For
B = 0.1, κS = 161(4), α = 0.98(1). For δ = 0.1, κS = 56.2(5), α = 0.982(5).
To reduce boundary effects, 12 sites at each edge were discarded for the
calculation of the scaling, as indicated in equation (5.12).

idea of the nature of the transport, we define a softened magnetisation, given by

〈σzi 〉soft =
1

2

(
〈σzi 〉+ 〈σzi+1〉

)
. (5.11)

This softened magnetisation is shown in figures 5.4(b) and (d), and shows better

the ramp behaviour. We observe in figure 5.5 that the spin current scales with the

size of the system N in the form

JS

∆σzsoft

= − κS

(N − 26)α
∆σzsoft = 〈σzN−13〉soft − 〈σz13〉soft, (5.12)

where 12 sites have beed discarded at each edge of the chain to avoid the strong

effect of the reservoirs seen in figures 5.4(b) and (d). For both cases, α ≈ 1. This

indicates that even for the weak integrability-breaking parameters considered here,

the spin transport becomes diffusive in the weakly interacting regime [11]. The ex-

istence of diffusive transport in the driven strongly interacting case with staggered

field has also been reported previously [21]. Thus in general, it is concluded that
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Figure 5.6. (a) Spin current as a function of the driving strength f , for
weak and strong interactions. The current for ∆ = 2.0 has been scaled for
the sake of clarity in the figure, with β determining the scaling factor. (b)
Magnetisation profiles beyond linear response. The results correspond to
N = 16 and Γ = 1.

when the integrability of the Hamiltonian of the lattice is broken, its spin transport

becomes diffusive. This is consistent with the general picture of spin diffusion in

non-integrable high-temperature systems that has emerged from research based on

different methods, namely on the explicit calculation of Drude weights at high tem-

perature [8, 18], on the expansion of an initially-prepared wave packet [10], and on

arguments based on the disappearance of nontrivial conservation laws [14].

5.3 Negative differential conductivity

We now consider the system strongly driven out of equilibirum (large f). In the

weakly-interacting case, no new physics emerges. The size-independent spin current

increases linearly with f , and the magnetisation profile remains flat in the bulk, as

shown in figures 5.6(a) and (b). The spin transport is then ballistic for any driving.

The situation, however, is entirely different in the strongly-interacting regime. As

seen in figure 5.6(a), for f & 0.2 the spin current no longer increases linearly with

f . At f ≈ 0.5 it becomes maximal. For larger driving the current decreases with f ,
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until becoming negligibly small (in the figure, of O(10−8)) at the maximal driving

f = 1.0; in this limit, the spin current was actually shown to decay exponentially

with the size of the system [182]. This non-monotonic tendency of the current with

the driving is called negative differential conductivity (NDC) [20,21].

The general form of the magnetisation profile of the chain is also significantly

affected by the driving. For intermediate values of f , it still has the form of a spin

ramp, going from 〈σz1〉 ≈ f to 〈σzN〉 ≈ −f . Nevertheless, at f = 1, the magnetisa-

tion profile is completely different. As seen in figure 5.6(b), it corresponds to two

ferromagnetic domains (of almost completely aligned spins) of opposite polarisation,

each pinned to one of the boundaries of the chain. The domain pinned to the right

boundary, where spin excitations are only ejected (this is, where only σ−N acts), has

negative polarisation, while that pinned to the right boundary, where spin excita-

tions are only injected (this is, where only σ+
1 acts), has positive polarisation. Both

ferromagnetic domains have the same extension, of almost half of the chain, and are

separated by a region of intermediate magnetisation. Importantly, the existence of

NDC and ferromagnetic domains was found to be stable against asymmetric driving

and integrability breaking [21].

It is intuitive to see why a NESS of opposite ferromagnetic domains corresponds

to an insulating state at f = 1. Since the spins near the boundaries are almost

completely polarised, spin flips by the reservoirs are strongly inhibited. It takes an

exponentially long time for a spin excitation to travel across the chain, and for the

ferromagnetic domains to grow [21]2. A more interesting question is why this NESS

of ferromagnetic domains arises on the first place.

A qualitative description of the emergence of the NDC was given in reference [21].

There it was shown that the single-excitation Hamiltonian, i.e. the effective Hamil-

2It is because of this exponentially long time of convergence to the NESS that only the dynamics
of small systems such as those considered in figure 5.6 can be calculated numerically.
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tonian for a single spin up hopping in a lattice of spins down, has two exponentially

localised eigenstates, each around one boundary, if ∆ > 1. These states, of the form

|ψL〉 ∝
N∑
m=1

e−(m−1)χ|m〉, |ψR〉 ∝
N∑
m=1

e−(N−m)χ|m〉 (5.13)

for the left and right boundary respectively, have a localisation length l ≈ 1/χ =

1/ ln(∆). It was argued that at maximal driving f = 1, these localised states are

populated, so the excitations injected at one edge of the chain take an exponentially

large time to reach the other edge, the system thus behaving as an insulator.

In this picture, however, it is not clear why the driving preferentially populates

these states, or how the ferromagnetic domains arise. More important, this qualita-

tive explanation is based on a single-particle effective Hamiltonian. The role of the

interaction strength is thus limited to providing an on-site energy which is homoge-

neous everywhere except at the boundaries of the chain (see equations (20) and (D1)

of reference [21], and Appendix A.1). The exponential localisation of the excitation

results from this inhomogeneity of the effective on-site potential, and thus is not a

many-body effect.

In the following Section we provide a comprehensive explanation of the origin

of the ferromagnetic domains and of NDC, which are proven to be true many-body

phenomena. Our approach not only clarifies how the driving populates the energy

levels of the system, but also provides a good quantitative description of the NESS

of the chain at maximal driving.

5.4 Emergence of ferromagnetic domains and NDC

We now discuss the physical mechanism underlying NDC. Specifically, we show that

these effects arise due to an interplay between the eigenstructure of the strongly-
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Figure 5.7. (a) The energy eigenspectrum of the XXZ Hamiltonian for
N = 12 and ∆ = 10. Energies εν have been shifted by ∆(N − 1) so the
state |ΨD(0)〉 = | ↓↓ . . . ↓↓〉 has zero energy. Since the spectra arising from
the excitation number sectors n = 0, · · · , 5 are identical to those of n =
7, . . . , 12, only the former are shown, in addition to n = 6. The highest lying
eigenstate for each sector |ΨD(n)〉 is highlighted and seen to be isolated
by a gap of O(∆) from eigenstates composed of break-away configurations.
The brace indicates the location of mobile bands for n = 6. (b) For any
f , the driving alone incoherently connects a quadruplet of configurations
| ↓ x ↓〉 , | ↓ x ↑〉 , | ↑ x ↓〉 , | ↑ x ↑〉. The case of f = 1 is shown, where the
driving only pumps into the dark configuration | ↑ x ↓〉.

interacting chain Hamiltonian and the boundary driving. In the present Section we

discuss the ideas behind the explanation of NDC, and in Section 5.5 we present the

supporting technical details.

As already described in Section 2.5, and as illustrated in figure 5.7(a) for a small

but representative system size with very strong interactions ∆ � 1, the eigen-

spectrum consists of nearly flat high-energy bands of bound states of low conduc-

tivity, separated by gaps of order ∆ from more mobile bands of states with lower

energy. As we shall now show, strong boundary driving preferentially populates only

the most energetic bound states, resulting in an insulating NESS.

To see this is more detail, it is instructive to first consider maximally biased

driving f = 1 in the extreme ∆→∞ limit. In this case configuration states such as

| ↑↓↑↑↓ · · · ↓↑↑〉, where the excitation occupancy on each site of the chain is explicitly
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specified, are exact eigenstates of the Hamiltonian. A key property of the boundary

driving is that it only incoherently connects configurations within a quadruplet of

states | ↓ x ↓〉 , | ↓ x ↑〉 , | ↑ x ↓〉 , | ↑ x ↑〉 for any value of f , where x is any length

N − 2 occupancy bit string and thus defines each quadruplet. This is illustrated

in figure 5.7(b). Consequently, if x has (n− 1) spins up, the driving couples states

within the total particle number sectors n−1, n, and n+1. This structure constrains

the evolution caused by the driving processes to shuffling population between states

in these isolated quadruplets. At f = 1 there is one configuration | ↑ x ↓〉 within

each quadruplet which, owing to it having a spin up on the leftmost site and a spin

down on the rightmost site, is entirely decoupled from the driving (i.e. there is

no action of the driving on such a configuration), while also being the sink for all

driving transitions; see figure 5.7(b). The effect of this incoherent evolution alone is

thus to eventually drive all the population among the quadruplet of states into this

dark-configuration. Of particular relevance are the dark configurations

|Bn〉 = |
n︷ ︸︸ ︷

↑↑↑ · · · ↑↑↑ ↓↓↓ · · · ↓↓↓︸ ︷︷ ︸
N−n

〉, (5.14)

which possess a ferromagnetic domain of n spins up pinned to the left boundary,

and another domain of N − n spins down pinned to the right boundary. For each

excitation number sector n the state |Bn〉 is separated from other configurations by

an energy gap O(∆), akin to a domain binding energy (see examples in Appendix A).

As we move to the limit of finite, but strong interactions ∆� 1, hopping between

configuration states results in each configuration |Bn〉 giving rise to an eigenstate

|ΨD(n)〉 of bound excitations. For each excitation number n, |ΨD(n)〉 is the highest

state in the eigenspectrum, as indicated in figure 5.7(a). Its properties are readily

determined by treating hopping as a perturbation. Specifically, to lowest-order in

(2∆)−1, hopping hybridises, across an energy gap of ∆, the state |Bn〉 with the
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break-away configuration

|
n−1︷ ︸︸ ︷

↑↑↑ · · · ↑↑ ↓↑ ↓↓ · · · ↓↓↓︸ ︷︷ ︸
N−n−1

〉, (5.15)

where the outermost spin up of the domain has broken away. As discussed in

Section 5.5, the hybridisation of |Bn〉 with more distant break-away configurations

decays exponentially with the distance from the domain wall with a length scale

ξ ∼ 1/ ln(2∆). Crucially almost all of these break-away configurations are dark to

the driving like |Bn〉. Only the configurations where either a spin down or spin up

has reached the boundary couple to the driving, and their amplitude is exponentially

suppressed by this localisation.

The emergence of an insulating NESS in the strongly-interacting regime at f = 1,

having ferromagnetic domains of opposite polarisation of size N/2, and thus the

domain wall farthest from the boundaries, follows from the combination of two

results in the perturbative approach:

i As n→ N/2, |ΨD(n)〉 becomes an exponentially close approximation to a dark

state of f = 1 driving, with increasing N .

ii The boundary driving at f = 1 preferentially populates |ΨD(n)〉 leaving a NESS

that is well approximated by a statistical mixture

ρ =
N∑
n=0

pn |ΨD(n)〉 〈ΨD(n) | , (5.16)

with the probability pn exponentially peaked at n = N/2.

The technical details of the proof of points (i) and (ii) are presented in Section 5.5.

It is then seen that they arise for sizes N ≥ 4.

Finally, we describe what happens if we move away from the maximal driving
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regime. When reducing f slightly from the f = 1 limit, a small backward pumping

process appears in addition to the dominant forward pumping of spin excitations.

Since excitations are then injected and ejected by the driving at both boundaries, all

the states of every quadruplet become populated and there are no longer dark config-

urations decoupled from the driving. A finite current is therefore established in the

NESS as the population in the approximate dark states |ΨD(n)〉 diminishes. This

tendency, combined with the increase of the current with f at the linear response

regime, leads to the emergence of NDC at intermediate driving.

5.5 Existence of an insulating state at maximal

driving in the strongly-interacting regime

We now demonstrate that at maximal driving and very strong interactions, the

system becomes an insulator. This configuration is sketched in figure 5.8(a).

Formally, a dark state |ψ〉 of an open quantum system is a pure state which

is simultaneously an eigenstate of the Hamiltonian H |ψ〉 = E |ψ〉 and a zero-

eigenvalue eigenstate of all the jump operators comprising the dissipator L that

describes the noise acting on the system (this is, L(|ψ〉 〈ψ |) = 0). In this Section,

we show that deep in the strongly-interacting limit ∆ � 1, with maximal f = 1,

there exists a state |ΨD〉 which, as the system size N grows, becomes exponentially

close to satisfying these requirements and is thus an approximate dark state. As

mentioned in Section 5.4, the demonstration consists of two parts.

5.5.1 Existence of a dark state for maximal driving f = 1

As shown in figure 5.7(b), the driving scheme of the strongly-interacting limit

∆ → ∞ couples the four eigenstates | ↓ x ↓〉 , | ↓ x ↑〉 , | ↑ x ↓〉 , | ↑ x ↑〉, establish-



5.5. Existence of an insulating state at maximal driving in the strongly-interacting
regime 91

Figure 5.8. (a) A schematic of the system in the limit of maximal driving
f = 1. In this case the driving incoherently pumps particles into the system
at site 1 and ejects them at site N , both at a rate Γ. (b) For N = 4 sites and
f = 1 the complete set of driving quadruplets and the transitions induced
by coherent hopping between them from the half-filled domain state | ↑↑↓↓〉
is shown. The vertical axis displays the particle number sectors and energy
gaps between configurations. We observe that for N = 4 one hop connects
| ↑↑↓↓〉 to | ↑↓↑↓〉, which is a dark configuration of its quadruplet, and a
further hop is needed before it is coherently connected to a configuration
that is not dark to the f = 1 driving. This disconnection between the half-
filled domain configuration and the driving only occurs for N ≥ 4, and so
this is the smallest size which displays NDC.

ing a quadruplet defined by the string x. At f = 1 the states | ↑ x ↓〉 become dark,

of which the domain configurations |Bn〉 play a prominent role. Namely, for finite

but large interaction ∆, they weakly hybridise with break-away configurations, re-

sulting in the high-energy bound eigenstates |ΨD(n)〉. In figure 5.8(b) the pattern

of incoherent driving transitions and coherent hopping for N = 4 is illustrated. Note

that in this case |B2〉 = | ↑↑↓↓〉 has no direct coherent transition to any configu-

rations which couples to the f = 1 driving. It only couples to the state | ↑↓↑↓〉,

which is also a dark configuration. More generally, so long as N ≥ 4 and n ≥ 2, the
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break-away configuration for any domain state |Bn〉 is also a dark configuration of

its own quadruplet.

We now compute the high-order corrections to the states |Bn〉 due to hopping,

to build a perturbative picture of the bound eigenstates |ΨD(n)〉. Since ∆ � 1

it is instructive to do this approximately by focusing on states describing a single

break-away spin up or spin down propagating away from the domain wall at site n.

These have the form

|ψk〉u = σ+
n+kσ

−
n |Bn〉, |ψk〉d = σ−n−k+1σ

+
n+1|Bn〉, (5.17)

denoting a spin up and a spin down that have hopped k sites from the domain

wall to the right and left direction, respectively. As discussed in Appendix A.3, the

amplitude of each one of these processes scales as O((2∆)−k), leading to a state3

|ΨD(n)〉 ∼ |Bn〉+
n−1∑
j=1

(
1

2∆

)n−j+1

(1+δj,1)|ψn−j+1〉d+
N∑

j=n+1

(
1

2∆

)j−n
(1+δj,N)|ψj−n〉u.

(5.18)

This indicates that the spin up/spin down propagation through the regions of nega-

tive/positive polarisation is suppressed with its distance from the domain wall. For

each n, the eigenstate |ΨD(n)〉 is therefore predicted by this spin up/spin down (ud)

picture to have a domain wall that remains exponentially localised at site n, within

a length scale ∼ 1/ ln(2∆) [21]. Specifically, in this spin up/spin down picture, the

deviation

δn(j) = |〈ΨD(n)|nj|ΨD(n)〉 − 〈Bn|nj|Bn〉| (5.19)

of the excitation population nj = (1/2)(1 + σzj ) at site j of state |ΨD(n)〉 from that

3Note that in Appendix A.3 we describe the problem in the equivalent picture of hard-core
bosons, thus referring to particles (p) and holes (h). Here these correspond to spins up (u) and
spins down (d).
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Figure 5.9. Exact density deviation δn=6(j) of the eigenstate |ΨD(6)〉 from
the boundary domain configuration |B6〉 (�), for N = 12 and ∆ = 10. The
deviation δud

n (j) predicted by considering a single spin up/down propagation
(solid line) is also shown. The inset shows a schematic of the expected
exponential localisation of the domain wall.

of the perfect domain configuration |Bn〉 is given by

δud
n (j) =



4
(2∆)2n

, j = 1(
1

2∆

)2(n−j+1)
, 1 < j ≤ n(

1
2∆

)2(j−n)
, n < j < N

4
(2∆)2(N−n)

, j = N

, (5.20)

as discussed in Appendix A.3. The validity of this perturbative picture is estab-

lished by comparing the previous result to the actual density deviation δn(j) of the

eigenstate |ΨD(n)〉 obtained from exact diagonalisation. In Fig. 5.9 this is done for

|ΨD(N/2)〉 with N = 12 and ∆ = 10; the agreement between δn(j) and δud
n (j) is

seen to be excellent.

Since hopping predominately connects |Bn〉 with dark-configurations of the form

| ↑ x ↓〉, the leading order contribution to the amplitude in |ΨD(n)〉 for a configu-

ration which is not dark is O(∆−min(n,|n−N/2|)). This corresponds to whether the

spin down or the spin up has the shortest path to the left or right boundary, re-

spectively. In the ∆� 1 limit we therefore conclude that the eigenstates |ΨD(n)〉,
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with 0 ≤ n ≤ N/2, form a hierarchy of states with n, characterised by a decreas-

ing amplitude for any configuration to be coupled to the f = 1 boundary driving.

Eigenstates |ΨD(n)〉 with a domain size n scaling with N thus become exponentially

close to being zero eigenstates of the f = 1 driving with increasing system size. Of

these states the one with n = N/2, where the domain spans exactly half the chain,

has the most suppressed coupling O(∆−N/2) to the driving and is thus the closest

approximation of all of them to an exact dark state. Now we show that this is

precisely the state preferentially populated by the driving process.

5.5.2 Structure of the NESS in the |∆| � 1 limit

The open dynamics of excitation number conserving systems like that considered

here have been studied extensively [21,179] with regard to their ergodic and mixing

properties, and it has been established that a unique NESS exists for any f . The

key property ensuring this is that for a finite hopping amplitude every configura-

tion within each excitation number sector can be reached from any other, while

the incoherent ejection/injection of excitations by the driving connects neighbour-

ing sectors. As a result, the complete state space of the system can be accessed.

Furthermore, the NESS for this open system will be block diagonal in the excitation

number sectors. At f = 1, the approximate dark states |ΨD(n)〉 for each sector n,

given in equation (5.18), are expected to play a prominent role due to their ability

to trap population. This can be better understood by approximating the NESS as

a statistical mixture, with probabilities pn, of these eigenstates in each sector as

ρ =
N∑
n=0

pn |ΨD(n)〉 〈ΨD(n) | . (5.21)

The probabilities pn are determined by demanding that at stationarity there

is a detailed balance condition between the incoherent transition rates connecting
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Figure 5.10. Perturbative properties of the strongly-interacting NESS at
maximal driving. (a) Probability pn, on a logarithmic scale, of the NESS ρ
occupying the n spin excitation sector, for an exact calculation (�) for N = 6
and ∆ = 10, and the predicted form (solid line) given in Eq. (5.26). (b)
Purity 1 − Tr(ρ2) against ∆ of the NESS ρ on a logarithmic scale for an
exact calculation (×) for N = 6 and the predicted form (solid line) given in
Eq. (5.27). The inset shows a schematic of the detailed balance approxima-
tion applied to compute these predictions, where each sphere represents a
spin up.

neighbouring number sectors (see inset of figure 5.10(b)). For sector n, assumed to

be frozen in the state |ΨD(n)〉, the transition probability to sector n+ 1 is given by

Pn→n+1 = pnΓ〈ΨD(n)|σ−1 σ+
1 |ΨD(n)〉 = 4Γpn

(
1

2∆

)2n

, (5.22)

where 〈ΨD(n)|σ−1 σ+
1 |ΨD(n)〉 is the probability of creating a spin up at site 1. Simi-

larly, the transition probability to sector n− 1 is

Pn→n−1 = pnΓ〈ΨD(n)|σ+
Nσ
−
N |ΨD(n)〉 = 4Γpn

(
1

2∆

)2(N−n)

, (5.23)

where 〈ΨD(n)|σ+
Nσ
−
N |ΨD(n)〉 is the probability of creating a spin down at site N .

Similarly, the transition probabilities towards sector n from the neighbouring sectors
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n− 1 and n+ 1 are

Pn−1→n = 4Γpn−1

(
1

2∆

)2(n−1)

Pn+1→n = 4Γpn+1

(
1

2∆

)2(N−n−1)

. (5.24)

Thus, the following detailed balance condition for the transition probabilities in-

volving sector n must be fulfilled in the NESS:

Pn→n+1 + Pn→n−1 = Pn−1→n + Pn+1→n. (5.25)

These equations are solved inwards from the extremal n = 0 and n = N sectors,

where |ΨD(0)〉 = | ↓↓ . . . ↓↓〉 and |ΨD(N)〉 = | ↑↑ . . . ↑↑〉. The result is

pn = p

(
1

|2∆|

)2|n−N/2|2

, (5.26)

for n = 0, 1, . . . , N and where p = pN/2 is fixed by the normalisation condition∑N
n=0 pn = 1. In figure 5.10(a) these predicted probabilities of occupation for each

sector n are plotted against the exact values for the NESS with N = 6 and ∆ = 10,

and found to yield excellent agreement aside from the extremal sectors. Owing

to the hierarchy of approximate dark states, this indicates that the NESS will be

predominately a mixture of |ΨD(n)〉 peaked around the “best” dark state with

n = N/2, this is, the state with ferromagnetic domains of equal extension and

opposite polarisation.

This result is reinforced by looking at the purity of the NESS, Tr(ρ2) =
∑N

n=0 p
2
n.

The previous approach predicts that to lowest order in ∆−1, the purity of ρ is

Tr(ρ2) ≈ p2
N/2 ≈ 1− 1

∆2
+ . . . , (5.27)

which is independent of the size of the system. So the NESS of the system at maximal
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driving is better described by the single dark state |ΨD(N/2)〉 as the interaction

strength between spin excitations increases. In Fig. 5.10(b) this prediction is plotted

against the exact value of 1−Tr(ρ2) of the NESS for N = 6 as a function of ∆, again

showing excellent agreement even as ∆ → 1. The purity of the NESS is reduced

only through mixing between sectors, which occurs when we move away from the

maximal driving configuration.

5.6 Heat transport in the magnetically-driven spin

chain

After observing the spin conduction properties of the NESS of the driven system

depicted in figure 5.1, we draw our attention to the heat transport of the same driving

configuration. We consider the integrable Hamiltonian (5.1) with a homogeneous

magnetic field Bj = B, which as explained below, is required for the heat current

to exist. First we define the heat currents, and then we calculate their expectation

values and the energy profiles.

5.6.1 Definition of heat current

We denote by JH
i the heat current operator at site i. To obtain its expectation value,

we first write the Hamiltonian in the form

H =
N−1∑
i=1

εi,i+1 =
N−1∑
i=1

(hi,i+1 + bi,i+1), (5.28)

where hi,i+1 and bi,i+1 correspond to the XXZ coupling and magnetic field terms,

respectively, and are given by

hi,i+1 = σxi σ
x
i+1+σyi σ

y
i+1+∆σzi σ

z
i+1, bi,i+1 =

B

2
[σzi (1+δi,1)+σzi+1(1+δi+1,N)], (5.29)
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where δ denotes the Kronecker delta. Then we calculate the rate of change of the

local energy density εi,i+1. From master equation (5.2), we have that in the NESS

d〈εi,i+1〉
dt

= i〈[H, εi,i+1]〉+ Tr(ε1,2LL
driv(ρ))δi,1 + Tr(εN−1,NLR

driv(ρ))δi+1,N = 0, (5.30)

where i = 1, . . . , N − 1. Next we consider the continuity equation at each pair of

neighbouring sites in the steady state

d〈εi,i+1〉
dt

= −∇〈JH
i 〉+

d〈εi,i+1〉
dt

∣∣∣∣
Env

= 0, (5.31)

where ∇〈JH
i 〉 = 〈JH

i+1〉 − 〈JH
i 〉 is the heat current gradient, and (d〈εi,i+1〉/dt)|Env is

the rate of change of the local energy density due to the coupling of the system with

the environment. By comparing equations (5.30) and (5.31), we identify

i〈[H, εi,i+1]〉 = −∇〈JH
i 〉 = 〈JH

i 〉−〈JH
i+1〉 → 〈JH

i 〉 = i〈[εi−1,i, εi,i+1]〉, 2 ≤ i ≤ N−1.

(5.32)

If we define the boundary currents

〈JH
1 〉 = Tr(ε1,2LL

driv(ρ)) − 〈JH
N〉 = Tr(εN−1,NLR

driv(ρ)), (5.33)

then we have a consistent definition of the heat current over the entire system, since

the continuity equation for any pair of nearest neighbours gives

〈JH
i+1〉 − 〈JH

i 〉 = 0. (5.34)

This is, in the NESS the heat current is homogeneous throughout the system. In

order to understand the features of the heat transport, we separate the heat current

in equation (5.32) into two contributions: that arising from XXZ interactions only,
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given at site i (2 ≤ i ≤ N − 1) by

〈JXXZ
i 〉 = i〈[hi−1,i, hi,i+1]〉 = 2〈(σyi−1σ

z
i σ

x
i+1 − σxi−1σ

z
i σ

y
i+1)

+ ∆(σzi−1σ
x
i σ

y
i+1 − σ

y
i−1σ

x
i σ

z
i+1) + ∆(σxi−1σ

y
i σ

z
i+1 − σzi−1σ

y
i σ

x
i+1)〉,

(5.35)

and the current carried by the net flow of spin excitations, corresponding to

〈JB
i 〉 = i〈[εi−1,i, εi,i+1]〉 − i〈[hi−1,i, hi,i+1]〉 =

B

2
〈(JS

i−1 + JS
i )〉 (5.36)

We define similar contributions at the boundaries. For site i = 1,

〈JXXZ
1 〉 ≡ Tr(h1,2LL

driv(ρ)) = −Γ(〈h1,2〉+ ∆〈σz1σz2〉)/2 + Γf∆〈σz2〉,

〈JB
1 〉 ≡ Tr(b1,2LL

driv(ρ)) = ΓB(f − 〈σz1〉).

(5.37)

The corresponding definitions for site N are

〈JXXZ
N 〉 = Γ(〈hN−1,N〉+ ∆〈σzN−1σ

z
N〉)/2 + Γf∆〈σzN−1〉, 〈JB

N〉 = ΓB(f + 〈σzN〉).

(5.38)

The total heat current operator at site i is then JH
i = JXXZ

i + JB
i .

Since the spin current of the steady state of the system is homogeneous, so is JB
i .

We thus define JB = 〈JB
i 〉 = BJS (observe from equation (5.7) that 〈JB

1 〉 = B〈J0〉

and 〈JB
N〉 = B〈JN〉).

5.6.2 Features of the heat transport

After defining the currents through the system, we discuss the heat transport in

different parameter regimes. We start by noting that if the magnetic field is absent

(B = 0), there is no net energy flow through the chain, in spite of the existence
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Figure 5.11. Schematic representation of heat transport. (a) If B = 0, the
heat current of spins up injected at site 1 (dark arrows) cancels with that of
spins down injected at site N (light arrows), and the net current is zero. (b)
If B > 0, the first current becomes larger than the second, and a net current
emerges.

of a finite spin current. This can be understood qualitatively by considering the

strongly-driven case f = 1, in which only spins up are injected at site 1 and only

spins down are injected at site N (the argument is easily extended to f < 1). At each

site of the chain, the total heat current is the superposition of two contributions: one

current flowing from right to left, carrying energy associated with the spins down

injected at site N , and other flowing from left to right, carrying energy associated

with the spins up injected at site 1. Without any energetic asymmetry in the

system, the contributions cancel with each other since there is no preference for any

z direction, as illustrated in figure 5.11(a). If a homogenous magnetic field is turned

on, an asymmetry is established, and a total heat current emerges. If B > 0 (as in

our work), the left-to-right flow carries energy of spins aligned with the field, so it

becomes larger than the right-to-left flow. The net heat current is thus positive, as

schematised in figure 5.11(b).

The vanishing of the heat current at B = 0 can be formally demonstrated by

considering the symmetries of the Lindblad master equation (5.2) with XXZ Hamil-

tonian and the boundary driving of equation (5.4), as discussed in [183]. In this

case, the NESS of the system is invariant under the transformation U = ΩαR,
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where Ωα = σα1 ⊗ σα2 ⊗ · · · ⊗ σαN , α = x, y, and R is a reflection operator, so

R(A1 ⊗B2 ⊗ · · · ⊗ CN) = (C1 ⊗ · · · ⊗BN−1 ⊗ AN)R [183]. This means that

ρ = UρU † = ΩαRρRΩα. (5.39)

Since JXXZ
i changes sign when transformed by U (U †JXXZ

i U = −JXXZ
i ), the symme-

try of equation (5.39) leads to the following property [183]

〈JXXZ
i 〉 = Tr(JXXZ

i ρ) = Tr(JXXZ
i UρU †) = Tr(U †JXXZ

i Uρ)

= −Tr(JXXZ
i ρ) = −〈JXXZ

i 〉 → 〈JXXZ
i 〉 = 0.

(5.40)

So if B = 0, both JB and 〈JXXZ
i 〉 vanish, and 〈JH

i 〉 = 0 for all i.

We now discuss the properties of the heat transport for B > 0. The first im-

portant observation is that in the NESS, the spin current remains unmodified if a

homogeneous magnetic field is present in the system. This occurs because the effect

of the magnetic field is to vary the relative energies of the sectors of fixed spin quan-

tum number in the spectrum of the model, while leaving the internal structure of

each sector unchanged, as seen in Section 2.5. This does not affect the spin transport

through the chain, which is governed by processes that conserve the number of spin

excitations. The independence of the NESS on B was demonstrated analytically in

the non-interacting limit ∆ = 0 [178]. We have seen in our numerical simulations

that this actually holds for any interaction ∆. The second important point is that

similarly to the spin current, 〈JXXZ
i 〉 is independent of the magnetic field in the

NESS. This can be seen by rewriting equation (5.35) in terms of σ+ and σ−. For

example, the first term is

σyi−1σ
z
i σ

x
i+1 − σxi−1σ

z
i σ

y
i+1 = 2i(σ−i−1σ

z
i σ

+
i+1 − σ+

i−1σ
z
i σ
−
i+1). (5.41)
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The resulting terms are spin-conserving, so they only involve processes within each

spin sector separately. The same applies to the other terms of equation (5.35). So

a magnetic field does not affect the expectation values of JXXZ
i in the NESS, and

for any homogeneous magnetic field 〈JXXZ
i 〉 = 0. This is reflected in the absence of

spatial imbalance of the energy density inducing JXXZ
i , i.e., 〈hi,i+1〉 is homogeneous

through the system. These results mean that 〈JH
i 〉 ≡ JH = JB = BJS, so the

heat current possesses all the features of the spin current. In particular, at weak

interactions the heat transport is ballistic, and at strong interactions it satisfies

JH = κH∇E with ∇E = 〈εi,i+1〉 − 〈εi−1,i〉 = 〈bi,i+1〉 − 〈bi−1,i〉. (5.42)

This is the discrete version of Fourier’s law, with κH the energy conductivity, and

∇E the constant energy gradient in the bulk. In addition, we observe that

JH = BJS = κH(〈bi,i+1〉 − 〈bi−1,i〉) =
B

2
κH(〈σzi+1〉 − 〈σzi−1〉) = BκH∇S. (5.43)

This means that the energy and spin conductivities are equal, i.e. κH = κS.

We emphasise that the symmetry (5.39) specifically applies to the Lindblad

driving scheme of equation (5.4). Different simple driving configurations might

lead to similar symmetries, resulting in vanishing particle or heat currents [183].

Nevertheless, for other types of driving, these symmetries do not apply, leading

to contributions of both JB and 〈JXXZ
i 〉 to the total current, and thus to different

transport regimes than those observed here. This is considered in Chapter 6.

5.6.3 Discussion and relation to results of previous research

A first important point to emphasise about the results of Section 5.6.2 is that the

heat transport studied is not induced by a temperature gradient, but by a mag-
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netisation imbalance between the boundaries. This is, the conduction of energy in

the setting considered corresponds to a magnetothermal (Peltier) effect. Transport

induced by a thermal bias will be considered in Chapter 6.

The results of Section 5.6.2 indicate that the critical point separating ballistic

and diffusive heat transport regimes is ∆ = 1. This occurs because the heat current

of the present configuration is entirely given by the magnetic field and the spin

current. This result contrasts with previous analysis of heat transport through

chains driven by external reservoirs, which indicate ballistic transport for the non-

interacting case only [138] and for interactions ∆ < 1.6 [140]. It also differs from

the commonly-accepted result of finite thermal Drude weight and ballistic energy

transport for all interactions strengths ∆ [14,17,19,123], supported by integrability

arguments. Nevertheless, it is important to emphasise the differences of each one of

these studies. The research performed in reference [138] mostly considered systems

of up to 10 sites driven by thermal reservoirs, whose dynamics was governed by a

master equation more complicated to simulate than a Lindblad equation. It was also

strongly based on determining the type of transport from the temperature profiles.

These points question the validity of these results for large spin chains. The work in

reference [140] considers the same type of current that we do here, i.e. JH = BJS,

so a critical point ∆ = 1 separating ballistic and diffusive heat transport would

have been expected. Nevertheless, it is possible that they obtained the critical

point ∆ < 1.6 due to the small systems considered (of up to 16 sites) to perform

extrapolations to the thermodynamic limit. Other studies have focused on settings

and transport schemes where JXXZ, absent in our setting, contributes to the heat

transport in direct [14, 19] or magnetothermal response [17, 123], so the same type

of energy conduction than the one described here should not be expected.

It is also important to note that the type of ground state phase diagram of the

system does not determine the nature of the (spin or energy) transport response
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seen here, since the equilibrium quantum critical points of the XXZ model strongly

depend on the magnetic field (see reference [7] and Section 2.3). The interaction

strength ∆ separating the different transport regimes, on the other hand, is field-

independent (∆ = 1). Thus, the NESS transport properties of the chain are deter-

mined by the structure of its complete eigenspectrum, which qualitatively changes

from being continuous for ∆ < 1 to consisting of separated bands for ∆ > 1 (see,

for example, reference [6] and Section 2.5).

5.7 Summary

In this Chapter we have used the Time Evolving Block Decimation method to

study the spin and heat transport properties of a magnetically-driven spin-1/2

XXZ system. To do so, we first analysed the current and magnetisation profiles

of the NESS of the chain driven out of equilibrium at its boundaries by Marko-

vian reservoirs. Initially we have reproduced results reported in previous research,

regarding transport properties at different parameter regimes of the model. This

corresponds to the existence of ballistic spin transport in the weakly-interacting

regime for any driving, of diffusive transport in the linear response regime for strong

interactions [11, 12, 21, 181], and of superdiffusive transport in the isotropic case

∆ = 1 [12,22]. The effects on the transport properties of two different integrability-

breaking terms, namely a staggered magnetic field and dimerisation, were discussed.

These were seen to induce diffusive spin transport in the weakly-interacting regime.

We then described the existence of negative differential conductivity (NDC), which

corresponds to a decrease of the spin current as the driving strength f increases. In

the limit of maximal driving, the system becomes an insulator [21,114].

After showing these results, we analysed the mechanism underlying the emer-

gence of NDC and of the insulating state at maximal driving. These phenomena



5.7. Summary 105

result from the combination of the particular features of the eigenstructure of the

XXZ model and of the form in which the driving is performed. First, considering

the case f = 1 for infinite interaction strength, we identified the existence of dark

configurations of the driving. We then considered finite but strong interactions, and

showed that the perturbative correction to one of these dark states, namely to that

with a ferromagnetic domain of positive (negative) polarisation of N/2 sites pinned

to the left (right) boundary, becomes exponentially closed to be the dark state of the

driving. Finally we showed that this dark state is preferentially populated by the

reservoirs, The combination of these results lead to the emergence of the insulating

NESS at f = 1. The NDC effect results when going smoothly and continuously from

the linear response regime at weak driving to the insulating case at strong driving.

We have also studied the heat transport properties of the same driven system that

emerge when a homogeneous magnetic field is present. The resulting heat current

is just the product of the magnetic field by the spin current. Thus all the features

described for the spin transport (ballistic transport for weak interactions, diffusive

transport for strong interactions and weak driving, and NDC at strong driving)

also apply to heat transport. This result seems to contrast with the usual picture

of ballistic energy transport in the XXZ model for all interaction strengths ∆.

Nevertheless, we emphasise that the heat current we obtained here does not result

from a thermal imbalance but from a magnetisation imbalance, thus corresponding

to a magnetothermal (Peltier) response. Also, due to the particular symmetries of

the driving scheme considered, the current to which ballistic transport is usually

associated (JXXZ) is zero. In the following Chapter we will observe that a different

induction of the magnetothermal response leads to a ballistic nature, as commonly

expected.
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Chapter 6

Energy transport and local thermal

states in the driven XXZ model

The present Chapter is devoted to study the physical properties of one-dimensional

spin-1/2 XXZ chains thermally-driven at the boundaries, in the high-temperature

regime. Using the Time Evolving Block Decimation to obtain the steady state of the

system, we discuss two main phenomena: energy transport and local thermalisation.

The first has been previously studied by several methods. Most of them obtain

that in the integrable regime of the Hamiltonian the transport is ballistic, while

it becomes diffusive when the integrability is broken (see Chapter 3 for a review).

However, not much strong evidence of these conclusions has been provided from

the analysis of currents and energy profiles induced by thermal boundary driving.

Previous research based on this type of configuration has been restricted to small

systems [136, 138–140], or has focused on a single interaction strength ∆, namely

∆ = 0 [137,142] or ∆ = 1 [136,141]. In addition, one of these recent studies proposes

an alternative picture of energy transport, in which only regimes that can be mapped

to a model of noninteracting fermions are ballistic [138]. Given this scenario, the first

part of the present Chapter is focused on providing stronger evidence to support the

picture of energy transport initially described. For this we consider larger sizes than

107
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in previous studies with boundary-driven spin chains [136,138–140], and values of ∆

in the different interacting regimes. To break the integrability of the Hamiltonian,

staggered magnetic fields are considered.

The second problem to be described corresponds to the thermalisation properties

of thermally-driven systems. For this study we combine two different ideas from the

theory of thermalisation of quantum states. The first is that of the existence of local

temperatures in a global thermal state. This problem has been considered several

times in previous research [184–186], and arguments for the existence of local thermal

states have been provided. In particular, for the Ising model it has been found

that at high temperatures, and away from critical points, such a local description

by thermal states is possible, with coinciding global and local temperatures. For

low temperatures this type of description holds, but for a different effective local

temperature [186]. The second idea corresponds to the link between thermalisation

and integrability. It was found a few years ago that closed quantum systems taken

to a nonequilibrium configuration do not relax to a thermal state if the Hamiltonian

is integrable [187], but tend towards a generalised Gibbs state [188]. On the other

hand, nonintegrable systems were found to relax to a Gibbs state, by means of

a mechanism known as eigenstate thermalisation [127, 189] (although alternative

mechanisms have been proposed [190]). The thermalisation properties of open driven

systems are much less well known, although a similar relation between integrability

and the relaxation towards a bulk thermal state has been found [63].

The main objective of the second part of the Chapter is to apply the idea of local

thermalisation to nonequilibrium thermally-driven spin chains, and to see whether

a relation to the integrability of the Hamiltonian exists. First we revisit the regime

with no temperature imbalance, establish our procedure of analysis and present an

improvement on the form in which local thermalisation is identified [63]. Then we

consider the case with temperature imbalance, and find that local thermal states can
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...

Figure 6.1. Scheme of a system thermally driven out of equilibrium. At the
boundaries of the chain, thermal reservoirs of temperatures TL

targ > TR
targ in-

duce local thermal states on two neighbouring spins. This imbalance induces
a positive energy current JXXZ through the chain.

also be well defined if the Hamiltonian of the system is nonintegrable. We also see

that this local description becomes better when the integrability-breaking parameter

and the size of the system increase. An article containing the results described in

this Chapter will be submitted for publication soon.

6.1 Driving scheme

First we describe the driving scheme to be considered in the present Chapter,

sketched in figure 6.1. Recall that in the case of magnetic driving of Chapter 5,

the Lindblad boundary superoperators were such that when acting on an isolated

spin, they induced a state with magnetisation 〈σz〉 = ±f . This idea is extended by

defining Lindblad jump operators that induce a thermal state at temperature T

ρ2(T ) = Z−1 exp(−ε1,2/T ), Z = Tr(exp(−ε1,2/T )) (6.1)

when acting on N = 2 spins coupled by an XXZ Hamiltonian ε1,2, given by

εj,j+1 = τ(σxj σ
x
j+1+σyjσ

y
j+1+∆σzjσ

z
j+1)+

(−1)jB

2
[(1+δj,1)σzj−σzj+1(1+δj+1,N)]. (6.2)
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Here we follow the notation introduced in equation (5.28), with B the amplitude

of a staggered magnetic field. In addition, all the calculations are performed with

τ = 1, which sets the energy scale.

Note that we consider this type of driving, introduced in reference [11], given

that in the integrable case B = 0, at least two sites are required to induce a finite-

temperature thermal state defined by the Hamiltonian couplings of interest (i.e.

XXZ interactions). Details of its implementation are given in Appendix C.4. Driv-

ing schemes of more sites would involve more complicated MPO operations than

those described in Chapter 4, and thus are not considered.

Now imagine a chain of several sites, in which operators of this form are applied

to the two leftmost and rightmost spins, with respective target1 temperatures T L
targ

and TR
targ. This corresponds to a system whose boundary sites are coupled to thermal

reservoirs, as indicated in figure 6.1. If T L
targ = TR

targ, the steady state of the system

does not show any energy transport. On the other hand, if the temperatures are

different, a nonequilibrium state is induced, in which an energy current flows from

the hot to the cold reservoir. To our knowledge, this two-site driving has only been

used in a nonequilibrium setup to show energy diffusion in the nonintegrable Ising

model [11]. When applied to the XXZ model, due to the absence of a net spin

current, the current 〈JB〉 defined in Section 5.6.1 vanishes. In addition, the symme-

try described in Section 5.6.2 no longer holds. As a result, the total energy current

operator at site j is given by JXXZ
j , defined in equation (3.7). In the nonequilibrium

steady state, this current is homogeneous throughout the chain, and denoted by

JXXZ = 〈JXXZ
j 〉.

Observe that the driving scheme can be easily extended and used for different

1By target we mean that the reservoirs are trying to impose these values on the corresponding
two boundary spins. As described in Section 6.4, the target temperatures are usually half of the
real temperatures induced, due to strong boundary effects [22].
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Figure 6.2. Energy transport properties of integrable XXZ spin chains.
The results correspond to TL

targ = ∞, TR
targ = 20 and different interactions

∆. (a) Energy current as a function of N . (b) Energy profiles for N = 80.

purposes. If the state to be imposed at the boundary sites is grand-canonical,

ρ2(T, µ) = Z−1 exp(−ε1,2/T + µM), Z = Tr(exp(−ε1,2/T + µM)), (6.3)

with µ a chemical potential and M the magnetisation operator of the boundary

sites, we can induce several types of nonequilibrium states. For example, if the target

chemical potentials of the left and right reservoirs are µL
targ = −µR

targ, but T L
targ =

TR
targ, spin transport at finite temperature can be simulated [22]. In addition, if we

have thermal or magnetisation gradients, and µL
targ 6= −µR

targ so a finite magnetisation

is imposed to the system, magnetothermal effects arise. We discuss this behaviour

in more detail in Section 6.3.

6.2 Direct energy transport

We start our investigation of thermally-driven systems by examining the nature

of the direct energy transport through an XXZ spin chain, in which the target

temperatures T L,R
targ that the left and right reservoirs try to impose are different.

Strong boundary effects are observed in most cases, so we focus on bulk properties.
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Figure 6.3. Energy transport properties of the XXZ model with staggered
magnetic field. The simulations correspond to ∆ = 1.5, TL

targ = ∞ and

TR
targ = 20. (a) Examples of energy profiles for two staggered magnetic fields.

(b) Corresponding energy currents as a function of N . The symbols represent
the TEBD results, and the lines are guides to the eye. (c) Scaling of the ratio
〈JXXZ〉/∆E with the size of the system. The symbols are the numerical data,
and the lines represent the fits to equation (6.4). For B = 0.15, the fit gives
κXXZ = 145(5) and α = 0.98(1), and for B = 0.30 it gives κXXZ = 40.6(5)
and α = 0.97(1). (d) Conductivity of the system as a function of B. The
solid line corresponds to the fit κXXZ = 4.0(1.3)B−1.9(1).

Consider first the integrable case, with magnetic field B = 0. In figure 6.2(a) we

show for three interaction strengths ∆ that the energy current through the system,

JXXZ, is independent of its size. In addition, we show in figure 6.2(b) that the energy

profiles are flat in the bulk. This indicates that the energy transport is ballistic for

the different interaction regimes of the XXZ model. Our results thus provide novel

evidence to support the picture of energy transport in integrable systems proposed

by different approaches [8, 13, 14,17–19] (see Sections 3.3, 3.4 and 3.5).

Now consider the nonintegrable case with staggered magnetic field B > 0. As
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shown in figure 6.3(a), the energy profiles are no longer flat, but acquire a ramp

form that becomes more steep as B increases. Also, as shown in figure 6.3(b), the

energy current is no longer independent of the size of the system, but decreases with

N . The energy transport is no longer ballistic. Instead, as indicated in figure 6.3(c),

it satisfies a diffusion equation in the bulk, namely

JXXZ

∆E
=

κXXZ

(N − 2n− 2)α
, ∆E = 〈εN−n−1,N−n〉 − 〈εn+1,n+2〉 (6.4)

with κXXZ the energy conductivity, n the number of sites discarded at each bound-

ary2, ∆E the energy difference between the leftmost and rightmost pairs of sites

retained, and α ≈ 1. In addition, note that as shown in figure 6.3(d), the energy

conductivity diverges with the staggered magnetic field as κXXZ ∼ B−2 when B → 0,

as expected from previous calculations [55, 191]. So our results indicate that when

the integrability of the Hamiltonian is broken, the energy transport becomes diffu-

sive. The same conclusion has been obtained for systems with staggered magnetic

fields from calculations of current autocorrelation functions [55, 122], as well as in

cases where the integrability is broken by different terms such as interchain cou-

plings [8,13,191] and next-nearest neighbour coupling leading to frustration [8]. We

note that for the dimerised case, where the local exchange interactions are given by

τj = (1 + (−1)jδ), the nature of the energy transport is less clear, since different

studies have obtained ballistic [122] and diffusive [8, 18] regimes. More research is

required to solve this problem.

In conclusion, by using a transport scheme different to those considered in previ-

ous research, we have provided evidence to support the picture of energy transport

through an XXZ chain. In the integrable case, the transport is ballistic. On the

2Discarding several sites close to the edges of the chain is necessary due to strong boundary
effects [11]. This leads to the particular form of equation (6.4). We have taken n = 15 for all
values of N considered. Larger values of n do not modify the results, since the energy gradient is
homogeneous in the region of the chain retained.
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Figure 6.4. Scheme of the magnetothermal effects induced in boundary-
driven systems with a finite average magnetisation. (a) Peltier effect, in
which an energy current is induced by a magnetic imbalance (TL

targ = TR
targ =

T ). (b) Seebeck effect, in which a spin current is induced by a temperature
imbalance (µL

targ = µR
targ = µ). The arrows indicate spin and energy currents.

The solid lines represent magnetisation and energy profiles.

other hand, the transport becomes diffusive when the integrability is broken, in this

case by a staggered magnetic field.

6.3 Magnetothermal transport

We now briefly consider the magnetothermal effects that can be induced in the

system with the two-site driving scheme, schematised in figure 6.4. We emphasise

that it is not our intention to provide an extensive description of these effects.

Instead we expect to show how they emerge, and that their nature may depend on

the particular form in which they are induced. We thus restrict to the integrable

regime of the Hamiltonian.

Recall that in Section 5.6 we considered the heat conduction produced by a

magnetisation imbalance (Peltier effect) in the presence of a homogeneous magnetic

field. Due to the symmetry of the driving [183], JXXZ = 0 so the total heat current

was just the product of the magnetic field and the spin current JS. Thus the

transport was ballistic for weak interactions and diffusive in the strongly-interacting

regime. Here the situation is completely different. We do not have magnetic fields,

and the driving does not feature the symmetry described in Section 5.6.2. So the



6.3. Magnetothermal transport 115

Figure 6.5. Transport properties induced by a magnetisation imbalance
across an XXZ chain, with finite magnetisation. The results correspond to
µL

targ = 0.5, µR
targ = 0.7 and TL,Rtarg = 100. (a) Spin current as a function of N .

(b) Energy current as a function of N . (c) Magnetisation profile for ∆ = 1.5
and N = 100. (d) Energy profile for ∆ = 1.5 and N = 100.

heat current is entirely given by JXXZ. This will lead to a different nature of the

magnetothermal response of the system.

We start by discussing how an energy current can be induced through the sys-

tem in the absence of a temperature imbalance, i.e. when T L
targ = TR

targ. Similarly

to Section 5.6.2, this is achieved by breaking the symmetry between up and down

spins. Now we do not use a magnetic field, but instead impose a finite magnetisation

through the system by means of the driving. For example, if the chemical potentials

of the two boundary reservoirs are µL,R
targ > 0, a finite and homogeneous magnetisa-

tion is induced in the bulk of the chain, favouring the energy current carried by spins

up. A net flow of energy results, in addition to the spin current directly induced

by the magnetisation gradient. As shown in figures 6.5(a) and (b), the energy and

spin currents are independent of the size of the system, in both the weakly- and the
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Figure 6.6. Transport properties induced by a temperature imbalance
across an XXZ chain, with finite magnetisation. The calculations corre-
spond to µL,R

targ = 0.7, TRtarg = 20 and TLtarg → ∞. (a) Spin current as a
function of N . (b) Energy current as a function of N .

strongly-interacting regimes. Additionally, the magnetisation and energy profiles

are flat in the bulk, as shown in figures 6.5(c) and (d) respectively. The spin and

energy transport induced by this driving scheme is thus ballistic. Similar results

have been obtained in previous research performed with different methods. For in-

stance, ballistic energy transport induced by an alternative magnetisation driving

has been reported in an integrable noninteracting system [142]. Ballistic magne-

tothermal conduction has also been obtained from analysis in the linear response

regime, exact diagonalisation and Monte Carlo calculations [17]. In addition, from

the conservation of the energy current operator, ballistic spin transport for any in-

teraction strength was concluded to emerge away from half filling, i.e. when the

magnetisation of the system is finite [14].

With the two-site driving scheme, it is also possible to induce a spin current

by means of a temperature imbalance, a phenomenon known as Seebeck effect.

Following the rationale of the Peltier effect, the Seebeck effect also emerges when

a finite magnetisation is imposed on the system. Specifically, if in the steady state

the magnetisation of the system is zero, energy-carrying up and down spins are on

average injected into the chain at the same rate by the hot reservoir, and are ejected
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towards the cold reservoir also at the same rate. Thus a finite energy current is

established, with no spin current. A finite magnetisation is imposed in the system

if, for example, more spins up are injected into the chain than spins down. This also

leads to a net spin current through the chain. In figure 6.6 we show the spin and

energy currents induced by this driving scheme for weak and strong interactions ∆,

as a function of N . In both cases the currents are independent of the size of the

system, which corresponds to ballistic transport.

In conclusion, using the two-site driving scheme to analyse magnetisation and

energy profiles and current scaling, we have shown new evidence supporting the

existence of ballistic magnetothermal responses in the integrable XXZ, for both

weakly- and strongly-interacting regimes.

6.4 Local thermalisation for symmetric driving

After studying the transport properties of the thermally-driven XXZ model, where

our results provide new evidence in support of the commonly-accepted picture for

both magnetothermal and energy conduction, we turn our attention to a fundamen-

tal related problem. This corresponds to whether the steady state of the driven

system can be described in terms of local thermal equilibrium, and under which

conditions [192, 193]. To analyse this question, we start by describing the case in

which a spin chain is driven by boundary reservoirs of the same target temperature,

i.e. when T L
targ = TR

targ = Ttarg. This configuration has already been studied a few

years ago for the Ising and XXZ models [63]. In this Section we revisit the latter,

in the high-temperature regime, using a different approach. This will allow us to

discuss the concept of local thermalisation [186] and the role that integrability plays

for it [63]. The configuration with T L
targ 6= TR

targ will be discussed in Section 6.5.

Let us first establish the main conclusions. In the steady state, the system



118 Energy transport and local thermal states in the driven XXZ model

does not thermalise if its Hamiltonian is (or is close to being) integrable. On the

other hand, the system thermalises if its Hamiltonian is strongly nonintegrable [63],

similarly to closed quantum systems [127,128,187,189]. For high temperatures, this

thermalisation of nonintegrable driven chains not only occurs globally (in the bulk

of the chain, away from the boundaries) but also locally, with the temperatures

of the global and local thermal states being the same [186]. Although we do not

consider low temperatures in the present work, we note that for such a case, effective

local temperatures can be well defined away from quantum critical points, but being

significantly different from global temperatures [186]3.

To perform this study, we carry out TEBD simulations to obtain the NESS of

a thermally-driven system in which the same target temperature Ttarg = 100 is

used for both left and right boundaries. In addition, we break the integrability

of the Hamiltonian by applying a staggered magnetic field of amplitude B (see

equation (6.2)). To determine if the spin chain thermalises, we proceed as follows.

First we calculate the reduced density operators of all pairs of neighbouring sites

in the bulk of the driven system, which we denote as ρ̃2
4. Then we sweep over a

range of trial temperatures Ttrial and calculate their corresponding two-site thermal

state (6.1), with Hamiltonian (6.2). Then for each pair of neighbouring sites with

reduced density operator ρ̃2, we identify the closest two-site thermal state ρ2(Ttrial)

by determining the trial temperature Ttrial that minimises the trace distance [163]

D(ρ2(Ttrial), ρ̃2) =
1

2
Tr
[√

(ρ2(Ttrial)− ρ̃2)2
]
. (6.5)

Finally, we compare expectation values of each ρ̃2 with those of the closest thermal

3This low-temperature study was only performed for the Ising model. Using the TEBD method
to calculate thermal states, as described in Section 4.4.4, it could be extended to other models, to
check the generality of this conclusion.

4Reduced density operators are denoted by ρ̃n, identified by ∼. Thermal states are simply
denoted as ρn. In both cases, the sub-index n refers to the number of sites of the density operators.
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state. If their difference is much smaller than the actual values of the expectation

values, ρ̃2 corresponds to a local thermal state.

A few points must be discussed before presenting our results. First, note that this

procedure represents a significant improvement over previous work of reference [63],

which relied on comparing a few expectation values to determine thermalisation. To

better understand why, consider two states ρ and σ, and an observable G with spec-

tral decomposition G =
∑

j gj|j〉〈j|. If pj = Tr(ρ|j〉〈j|) and qj = Tr(σ|j〉〈j|) denote

the probabilities of obtaining outcome j in a measurement of G, the corresponding

expectation values are

〈G〉ρ = Tr(ρG) =
∑
j

gjpj, 〈G〉σ = Tr(σG) =
∑
j

gjqj. (6.6)

Their difference is

|〈G〉ρ − 〈G〉σ| =
∣∣∣∣∑
j

gj(pj − qj)
∣∣∣∣ ≤ |g∗|∑

j

|pj − qj| ≡ 2|g∗|D(pj, qj) ≤ 2|g∗|D(ρ, σ),

(6.7)

where g∗ is the eigenvalue of G of maximal amplitude, D(pj, qj) is the L1 distance

between the probability distributions {pj} and {qj}, and where we have used that

the trace distance D(ρ, σ) upper-bounds D(pj, qj) [163]. Thus the trace distance

of two states upper-bounds the difference between the corresponding expectation

values of any observable (with finite eigenvalues). The calculation of trace distances

then constitutes a much better form to determine the closest thermal state ρ2(Ttrial)

to each ρ̃2 than a comparison of a few expectation values [63].

Second, it is important to discuss the use of Hamiltonian (6.2) to calculate local

thermal states. It is not in principle clear that when thermalisation occurs, the two-

site reduced density operators should be described by a local Hamiltonian which does

not consider the interaction to nearest neighbours, even under some approximation.
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Figure 6.7. Trace distance between two-site reduced density operators ρ̃2

in the center of the driven system and two-site thermal states ρ2(Ttrial), as a
function of the trial temperature Ttrial, for different staggered magnetic fields
B. For a better visibility the case B = 0 has not been included; it corresponds
to Ttrial ≈ 235 − 239 and a minimal trace distance of D ≈ 3 × 10−4. The
results are for N = 60, ∆ = 1.5, Ttarg = 100, and values of Ttrial separated
by steps of δTtrial = 5 × 10−3. Note that for B < 0.3, a sharp change of D
as a function of Ttrial occurs before the minimum. This feature is observed
in all the subsequent figures of D. So far we have not determined its origin.

An intuitive argument to justify using the local Hamiltonian (6.2) is that in the

high-temperature regime, where the total density operator of the system is

ρN = Z−1 exp(−H/T ) ≈ 1

2N

[
IN −

1

T
H +O

(
1

T

)2
]
, (6.8)

the reduced density operator of sites j and j + 1 is very well approximated by

ρ̃2 = Tr(ρN)(j,j+1)′ ≈
1

4

[
I2 −

1

T
εj,j+1 +O

(
1

T

)2
]

= Z−1 exp(−εj,j+1/T ), (6.9)

where Im is the identity operator of m sites, and where we have considered that all

the local operators in the Hamiltonian are traceless. Hamiltonian (6.2) thus leads

to the correct reduced density operator of the state5.

5The use of a Hamiltonian of the form (6.2) to check thermalisation works in the low-
temperature regime too, although the effective local temperatures differ from the global ones [186].
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6.4.1 Local thermalisation and integrability

Now we proceed to discuss our results. In figure 6.7 we show, for a particular set of

parameters, that the minimal trace distance between ρ̃2 and the closest ρ2(Ttrial) di-

minishes with B. Specifically, the trace distance decreases by an order of magnitude

when going from B = 0.1 (close to integrability) to B = 0.4 (strongly noninte-

grable). The form of the curves of trace distance as a function of Ttrial also becomes

sharper with B. These results indicate that the reduced density operators of the

system become better described by local thermal states as the integrability-breaking

parameter B gets larger6.

To support the relation between local thermalisation and lack of integrability,

we compare the 〈σαi σαi+1〉 correlations (α = x, z) directly obtained from the reduced

density operators of the driven system with those of the corresponding closest ther-

mal state, as shown in figure 6.8. From equation (6.7) we already know that the

difference between the two expectation values is bounded by the trace distance be-

tween the two states, since the eigenvalues of the σαi σ
α
i+1 operators are bounded.

Nevertheless we need to compare such a difference with the actual value of the cor-

relations, to establish how significant it is. We observe that while for B = 0.4 the

bulk expectation values of the two types of states coincide very well, for B = 0.1

they do not. The largest difference occurs for B = 0 (not shown), where the 〈σzi σzi+1〉

correlations of the two-site reduced density operators ρ̃2 and their closest thermal

state ρ2 differ by ≈ 9%. These results lead to the conclusion that if the Hamiltonian

of the system is integrable, or weakly nonintegrable, it does not locally thermalise

with the driving scheme imposed. On the other hand, if the Hamiltonian is deeply

situated in the nonintegrable regime, local thermalisation is achieved. The transi-

6Also note that the values of the local temperatures, which decrease with B, are approximately
two times the target temperature of the driving. This large deviation between target and actual
temperatures has been noted before, being attributed to strong boundary effects [22,63].
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Figure 6.8. Expectation values of 〈σαi σαi+1〉 correlations across the system,
calculated directly from the state of the driven system (dashed lines), from
the closest two-site thermal states ρ2 (�), and from global thermal states ρN
of the same temperature (solid lines), (a) for α = x, (b) for α = z. The
results are for N = 60, ∆ = 1.5 and Ttarg = 100. The 10 sites closest to both
boundaries were discarded, due to strong boundary effects.

tion from absence to existence of thermalisation is not sharp but smooth, similarly

to the crossover found for closed quantum systems [128].

The following point to discuss is whether global thermalisation also exists, and

for which value of temperature. The connection between local and global thermali-

sation was extensively discussed in reference [186] for the Ising model. There it was

concluded that for high temperatures, global and local temperatures coincide7. We

now find the same for the XXZ model, as expected from the simple expansion of

equation (6.9). Here the global thermal states were built by performing imaginary-

time evolution with the TEBD method as explained in Section 4.4.4. We see that

regardless of the integrability of the Hamiltonian, the two-site reduced density op-

erators of high-temperature global thermal states are very well described by local

thermal states of almost the same temperature. For example, for the parameters

of figure 6.8, B = 0.4 and a global temperature Tglobal = 192.10, the minimal trace

7Specifically, if a system of N sites is described by a global thermal state ρN (T ) at high-
temperature T , its two-site reduced density operators correspond to thermal states ρ2(T ) at the
same temperature.



6.4. Local thermalisation for symmetric driving 123

Figure 6.9. Trace distance between central two-site reduced density op-
erators of the driven system (ρ̃2) and two-site thermal states (ρ2(Ttrial)) as
a function of the trial temperature Ttrial, for different sizes N . The results
correspond to B = 0.1, ∆ = 1.5, Ttarg = 100 and steps of δTtrial = 5× 10−3.

distance between the two states is D = 8.3 × 10−6 for Ttrial = 192.13. For B = 0.1

and Tglobal = 200.53, D = 1.9× 10−6 for Ttrial = 200.57. In consequence, the expec-

tation values of local and global thermal states coincide in the bulk, as illustrated

in figure 6.8. In conclusion, for the set of parameters we considered, it is found

that away from integrability, the driven system globally and locally thermalises in

the bulk, with coinciding global and local temperatures. On the other hand, if the

system is integrable or the integrability-breaking term is weak, thermalisation does

not occur.

Note that the size of the system has a significant impact on its thermalisation

properties. In figure 6.9 we show the trace distance between ρ̃2 and ρ2(Ttrial) for the

central sites, as a function of the trial temperature, for the nonintegrable Hamil-

tonian with the weakest staggered field considered (B = 0.1) and several values of

N . We see that the minimal trace distance, identifying the closest ρ2(Ttrial) to ρ̃2,

decreases monotonously with the system size. As a consequence, the expectation

values of the driven system become better reproduced by local thermal states as

N increases. For example, for N = 20, the differences between 〈σzi σzi+1〉 correla-
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tions across the driven chain and those from the closest thermal states are ∼ 4%,

while for N = 100 the differences are & 1%8. The latter case is thus much closer

to thermalisation. Unfortunately, the range of parameters we have considered is

not sufficiently large to provide enough information to solve a fundamental open

problem. This corresponds to whether for very large systems, thermalisation can

be achieved even when being arbitrarily close to integrability, or if there is a finite

and sharp critical point separating thermalised and non-thermalised regimes [128].

Much larger systems with weaker integrability-breaking parameters, whose dynam-

ics is very hard to simulate with the two-site driving scheme used in our work,

need to be considered to give an answer to this problem. Very recent developments

of finite-temperature time-dependent tensor network algorithms could provide the

means to perform such calculations more efficiently [98,122,194–196].

6.5 Thermalisation with temperature imbalance

So far we have discussed the nature of energy transport inXXZ spin chains driven to

a NESS by a temperature imbalance between the boundaries, and the thermalisation

properties of driven systems with no imbalance. Now we merge both problems, and

discuss the extension of the concept of local thermalisation to the out-of-equilibrium

scenario with T L
targ 6= TR

targ. Note that previous studies have defined local tempera-

tures in NESSs by matching values of local energy density 〈εi,i+1〉 across the lattice

to those of two-site thermal states [62,138]. In this line of thoughts and for the high-

temperature regime, local temperatures would correspond to Ti ∼ −1/〈εi,i+1〉 [62].

In this Section we discuss whether the definition of local temperatures is actually

plausible in nonequilibrium driven configurations. Similarly to the case with sym-

8At first sight these difference seem too large for the O(10−5−10−4) values of the trace distance.
Nevertheless, it only bounds the difference of expectation values (which we have verified in our
results) but does not indicate how small it is. For example, for the case of N = 20, the difference
of 〈σz

i σ
z
i+1〉 values is ≈ 3× 10−4, while the actual values of these correlations are ≈ 8× 10−3.
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Figure 6.10. Spin-spin correlations of the XXZ model with staggered
magnetic field, for ∆ = 1.5, N = 100, TL

targ = ∞ and TR
targ = 20. From

top to bottom, the lines correspond to B = 0, 0.15, 0.20, 0.30, 0.35. The field
amplitude B thus increases as indicated by the arrow.

metric thermal driving, we find that such a definition is feasible in the nonintegrable

regime of the Hamiltonian. This constitutes the main result of the present Chapter.

A first point to evaluate regarding the possible existence of local thermal states in

the NESS of the system is whether long-range correlations emerge. In reference [192]

(see also [193]) it was shown that for boundary driving inducing spin transport, at

finite and infinite temperature, a nonequilibrium quantum phase transition charac-

terised by the spontaneous emergence of long-range correlations occurs at a finite

interaction strength ∆ (see an example of these type of correlations in figure 8.9(a)).

Thus it was proposed that these results could demonstrate the total absence of well-

defined local temperatures in nonequilibrium one-dimensional many-body systems.

But interestingly, this turns out not to be the case in nonintegrable systems driven

out of equilibrium by a thermal imbalance, as shown in figure 6.10. There we plot

the bulk-averaged correlation functions C(r) = 〈C(j, r)〉j, with

C(j, r) = 〈σzjσzj+r〉 − 〈σzj 〉〈σzj+r〉, (6.10)



126 Energy transport and local thermal states in the driven XXZ model

Figure 6.11. Analysis of local thermalisation in driven spin chains with
temperature imbalance. (a) Trace distance between the reduced density
operator of the two central sites ρ̃2 and two-site thermal states with tem-
perature Ttrial, for different staggered magnetic fields B. (b) Corresponding
temperature profiles across the system. The lines of the same color in both
panels correspond to the same value of B. The (flat) profile of B = 0 is not
shown in panel (b) since it corresponds to temperatures ≈ 92. The calcu-
lations were performed for N = 60, TL

targ → ∞, TR
targ = 20, ∆ = 1.5 and

δTtrial = 5× 10−3.

as a function of the separation r between spins9. Apart from oscillations due to the

staggered field, the correlations tend to decay fast with the spin separation. Impor-

tantly, the correlations also decrease with B. This suggests that as the integrability-

breaking parameter gets larger, a description of the system by means of local prop-

erties becomes more feasible.

Motivated by this observation, we now consider whether in nonequilibrium states,

the two-site reduced density operators of the thermally-driven system can be well

approximated by two-site thermal states. For this, we apply the same procedure

followed in Section 6.4. First we use the trace distance to identify the local thermal

state ρ2 closest to each two-site reduced density operator ρ̃2 of the nonequilibrium

chain. This is illustrated in figure 6.11(a) for the two central sites and various

staggered magnetic fields B. We see that similarly to the case where T L
targ = TR

targ,

9The notation 〈.〉j indicates that the correlations C(j, r) with fixed r are averaged over the spin
chain, excluding sites near the boundaries.
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Figure 6.12. Comparison between expectation values 〈σαi σαi+1〉 directly
obtained from the numerical simulations of driven systems with temperature
imbalance (dashed lines), and those of the chosen two-site thermal states
(solid lines), (a) for α = x, (b) for α = z. The calculations correspond to
N = 60, TL

targ →∞, TR
targ = 20 and ∆ = 1.5.

the trace distance between the two types of states decreases as the staggered field

B increases. The resulting temperature profiles for each value of B are shown in

figure 6.11(b), which for B > 0.2 show a homogeneous gradient away from the

boundaries and thus are consistent with diffusive energy transport. Then we com-

pare the corresponding 〈σαj σαj+1〉 expectation values of the two types of states, for

α = x and α = z, as detailed in figures 6.12(a) and (b) respectively. For B = 0,

the maximum difference of expectation values is ≈ 8%. It significantly diminishes

for B = 0.1 (≈ 2.3%), and becomes very small for B = 0.4 (0.7%)10. These results

show that the closest local thermal state to each two-site reduced density operator

reproduces very well the expectation values deep in the nonintegrable regime. On

the other hand, close to the integrable limit, the two states have significantly dif-

ferent expectation values. Thus we conclude that away from the integrable limit of

the Hamiltonian, the NESS of the thermally-driven system is locally well described

10Similarly to the case with TL
targ = TR

targ, we have verified that the trace distance bounds the
difference between expectation values. The differences we show here are quite large because they
are relative to the actual values of the correlations.
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Figure 6.13. Trace distance between the reduced density operator ρ̃2 of the
central two sites of the system and trial two-site thermal states ρ2(Ttrial), for
various sizes N , as a function of the trial temperature Ttrial. The results are
for B = 0.15, ∆ = 1.5, TL

targ →∞, TR
targ = 20 and steps of δTtrial = 5× 10−3.

by thermal states. At integrability, this local description does not hold.

Notably, just as in the case with symmetric thermal driving, the local description

by thermal states in the NESS is improved when the size of the system increases.

This is shown in figure 6.13 for the field B = 0.15, close to the integrability limit.

Note, however, that the dependence of the minimal trace distance with N is signifi-

cantly weaker than that seen in figure 6.9 for the symmetric driving. We expect that

for lower values of B, much larger systems will be required to determine whether

a finite critical point separating thermalised and non-thermalised regimes exist, or

whether in the thermodynamic limit the only case that does not show thermalisation

corresponds to the integrable Hamiltonian.

We finalise this Section by commenting on a connection between our results

and a recent numerical study of energy transport in the XXZ model [122]. There,

two semi-infinite spin chains, initially in thermal states of different temperatures

T L and TR, are coupled through a single site. As the system evolves in time,

the energy current at the interface between both chains saturates rapidly in the

integrable limit, while it does not (in the accessible timescales) when the Hamiltonian
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contains staggered magnetic fields. This led to conjecture that the relaxation of the

energy current to a steady-state value would only occur for nonzero Drude weights.

Additionally, even if the current at the interface reaches a steady-state value, the

energy profile does not, the latter being expected since the system is closed. Thus in

the ballistic regime the current “is not determined by local temperature gradients”,

but has the form f(T L) − f(TR) for some function f . Our research is consistent

with this observation, by indicating that in the ballistic regime it is not actually

possible to provide a sensible definition of local temperatures, in contrast to the

strongly nonintegrable regime. It would be interesting to study local thermalisation

properties in the nonequilibrium setup of reference [122], or other driving schemes,

to check the generality of the qualitative results we have found.

6.6 Outlook: Description for several sites

An interesting problem for future research would be to analyse the description of the

reduced density operators of thermally-driven systems for several contiguous sites.

In the case of a high-temperature global thermal state, sub-blocks of any size Ns of

the system are well described by thermal states with the same global temperature.

For low temperatures, the effective temperature of the sub-block becomes closer to

the global one as Ns increases [186]. We expect similar conclusions for nonintegrable

open systems with symmetric driving. Nevertheless, the description of sub-blocks of

several sites in nonequilibrium systems with temperature imbalance is much more

involved. Consider, for example, the case Ns = 3, and a simple ansatz of the form

ρ̃3 ∝ exp

[
−
(
ε1,2

T1

+
ε2,3

T2

)
+

(
1

T1

− 1

T2

) ∑
α 6=β 6=γ

cαβγσ
α
1 σ

β
2σ

γ
3

]
. (6.11)



130 Energy transport and local thermal states in the driven XXZ model

The first part corresponds to the local Hamiltonians of the two pairs of sites. The

second part contains the terms of the energy current operator (α, β, γ = x, y, z).

This ansatz is thus built to reproduce the expectation values of Hamiltonian op-

erators and the energy current (with appropriate coefficients cαβγ) in the presence

of a temperature imbalance. This is clearly seen by expanding ρ̃3 up to O(1/T )

in the high-temperature regime. Preliminary numerical calculations have shown

that these are in fact the dominant terms of three-site reduced density operators.

Nevertheless, equation (6.11) does not properly account for smaller terms, so it

should be corrected. We believe it would be interesting to determine whether a

simple, improved version of state (6.11) can be established to describe local states

of thermally-driven nonequilibrium systems.

6.7 Summary

In the present Chapter we have discussed the high-temperature physics of the

thermally-driven one-dimensional spin-1/2 XXZ model, focusing our attention on

two main problems. First we have studied the energy transport supported by the

system when different temperatures are imposed at its boundaries by means of a

two-site driving. The results indicate that the integrable XXZ model shows ballis-

tic energy transport. On the other hand, when the integrability of the Hamiltonian

is broken by means of a staggered magnetic field, the energy transport becomes

diffusive. Magnetothermal effects can also be induced by imposing a finite magneti-

sation in the system. In the integrable regime, these effects are ballistic. Our results

thus provide new evidence to support the picture of energy transport proposed by

methods different to the one we use.

The second problem we analyse corresponds to local thermalisation. First we

discussed whether a system driven at its boundaries by thermal reservoirs of the
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same temperature can be locally and globally described by thermal states, a question

already considered in the literature [63]. Our method is nonetheless different. It is

based on comparing all the two-site reduced density operators of the bulk of the

system with two-site thermal states with the same type of Hamiltonian, by means

of their trace distance. This quantity is an appropriate comparison tool, given

that it bounds the difference of the expectation values of the two states for any

observable with bound eigenvalues. We observed that in the integrable limit of

the Hamiltonian, the system is not well described by local thermal states. As the

integrability-breaking parameter increases, this local description becomes better.

Deep in the nonintegrable regime, the system can be regarded as being locally and

globally thermalised, with the same local and global temperatures.

Interestingly, similar results are found in the nonequilibrium configuration where

the temperatures imposed at the boundaries are different. As the integrability-

breaking parameter increases, the two-site reduced density operators across the sys-

tem become closer to two-site thermal states. This is evidenced from the decrease

of the trace distance between the two types of states, and thus from the agreement

of the corresponding expectation values. As the size of the system increases, the

local description by thermal states is also improved. However, whether very large

systems locally thermalise arbitrarily close to the integrable limit of the Hamiltonian

remains an open question.
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Chapter 7

Environmental coupling in interacting

quantum systems

When initially studying the physics of a quantum system, it is usually assumed that

it is closed and isolated, so no interactions with environmental degrees of freedom

occur. In real systems, such interactions are unavoidable, and are generally expected

to degrade or obscure the quantum phenomena of interest. Nevertheless, an entirely

different picture of the role of environmental coupling has emerged in recent years,

largely due to insights obtained from the physics of biological complexes.

In these systems, naturally existing at room temperature and in contact with

all sorts of disrupting elements, the interaction with the environment cannot be

disregarded. Due to “warm and wet” conditions [197], quantum effects would be

expected to be completely washed out from these systems. However, seminal exper-

imental [40, 41, 198] and theoretical [199] research on photosynthetic complexes, as

well as in other examples of the emerging field known as Quantum Biology [45], indi-

cates that quantum effects might be sustained even under these adverse conditions1.

Furthermore, several studies have concluded that a proper balance between coherent

1In photosynthetic complexes, long-lived coherences surviving up to hundreds of fs [40, 200] to
1ps [41] have been found experimentally. This timescale is similar to that in which excitation
transport processes occur in these systems [200].
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processes and the decoherence induced by environmental coupling is necessary to

allow these systems to perform excitation transport optimally [42–44, 201, 202]. In

other words, the study of quantum effects in biological systems has provided strong

support for the idea that under some circumstances, the efficiency of quantum trans-

port processes can be improved by an adequate coupling to the environment.

Most of the research performed so far on the interplay between coherent trans-

port mechanisms and incoherent effects due to environmental coupling has restricted

to single-particle physics. The focus on this regime has been motivated by natural

sunlight conditions and the existence of photoprotective mechanisms, which prevent

photosynthetic complexes to contain more than a single excitation at a time [203].

Nevertheless, interparticle interactions are of vital importance in many other types

of systems, where environmental effects are also expected to have a significant im-

pact. These include spin chains, systems of ultracold atoms in optical lattices [204],

arrays of optical cavities [205], arrays of quantum dot spin qubits [48] and organic

conductors [206], among others. And yet, the physics resulting from the simulta-

neous presence of interparticle interactions and bulk decoherence remains largely

unexplored. The goal of the research described in Chapters 8 and 9 is to show that

interesting, truly many-body effects emerge from the competition between both. In

particular, new mechanisms of environment-assisted transport that only occur for

strongly-interacting regimes are discussed. The aim of the present Chapter is to

introduce the particular models that we will consider to analyse these effects.

We start by noting that our studies are performed on spin-1/2 XXZ chains.

By analysing the impact of environmental coupling on the transport properties dis-

cussed in Chapter 5, we are able to identify general features of the interplay between

particle-particle interactions and incoherent effects. First we describe the model to

be studied in Chapters 8, consisting of a spin chain subject to bulk dephasing.

We illustrate some important effects of dephasing, namely the degradation of co-
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Figure 7.1. XXZ spin chain coupled to local vibrational reservoirs. The
hopping parameter between neighbouring sites is τ , and the interaction
strength between spin excitations is ∆. Dephasing processes take place at
every site of the system, at a rate γ.

herences and the Zeno effect, by the examination of simple limits of the system.

Then we discuss the motivation for the model considered in Chapter 9, consisting of

incoherently-coupled spin chains. Finally we mention several interesting phenomena

resulting from the coherence-decoherence interplay, including various environment-

assisted effects.

7.1 Model of environmental coupling in interact-

ing one-dimensional spin chains

In this Section we describe the first model we consider to analyse the impact of envi-

ronmental effects on the transport properties of many-body systems. It corresponds

to a one-dimensional spin-1/2 XXZ chain subject to bulk pure dephasing, which is

studied in Chapter 8. The dephasing processes arise from coupling each site of the

chain to a different vibrational reservoir, as depicted in figure 7.1. The Hamiltonian

HT of the total system is

HT = HS +HB +HI. (7.1)

Here HS denotes the Hamiltonian of the spin chain, corresponding to the XXZ

model (equation (2.1)). The Hamiltonian HB of the total environment, i.e. of all
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the local vibrational reservoirs, is

HB =
N∑
j=1

∑
k

ωkb
†
j,kbj,k, (7.2)

where the operators b†j,k and bj,k create and annihilate bosons (of wavelength much

smaller than the distance between sites) at vibrational mode k of the reservoir

coupled to site j of the chain, with site-independent frequency ωk. The coupling

between the spin chain and the environment is given by

HI =
N∑
j=1

∑
k

gkσ
z
j

(
b†j,k + bj,k

)
, (7.3)

where gk is the site-independent coupling strength to mode k. For a single site with

a finite magnetic field, this corresponds to the well-known spin-boson model [207].

Following the procedure outlined in Appendix C, with the weak-coupling, Markov

and wide-band approximations, a Lindblad master equation for the density operator

of the spin chain is obtained, with a jump operator at site j given by

Ld
j =
√
γσzj , (7.4)

where the rate γ ∝ |gk|2 of a particular bosonic mode k, and to its population on

a thermal state (the state chosen for the reservoirs). Now we consider two simple

examples to illustrate the dephasing effect described by equation (7.4).

7.1.1 Dynamics of a single spin

First consider the case of a single spin, with on-site energy B = ω/2. If its state ρS

is given by

ρS(t) =

(
ρ11(t) ρ10(t)

ρ01(t) ρ00(t)

)
, (7.5)
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with ρ11(t) and ρ00(t) the populations of the up and down states respectively, and

ρ01 and ρ10 the corresponding coherences, it immediately follows from the Lindblad

master equation (3.13) that

d

dt
ρ01(t) = (−iω − 2γ)ρ01(t),

d

dt
ρ10(t) = (iω − 2γ)ρ10(t),

d

dt
ρ00(t) = 0,

d

dt
ρ11(t) = 0.

(7.6)

These equations indicate that the populations of the states are unaffected, while the

coherences oscillate in time with frequency ω, and decay exponentially at at rate γ

due to dephasing. For example, if the initial state corresponds to

ρS(t = 0) =
1

2

(
1 1

1 1

)
, (7.7)

the state at a time t is given by

ρS(t) =
1

2

(
1 e−iωte−2γt

e−iωte−2γt 1

)
, (7.8)

with the coherences vanishing in the long-time limit.

7.1.2 Dynamics of two spins in single-particle subspace

A second example corresponds to two coupled spins, with B = 0. We restrict to the

single-particle subspace, whose effective Hamiltonian is (see equation (B.5))

H̃S = τ

(
−∆ 2

2 −∆

)
. (7.9)

If the state is given by

ρS(t) =

(
ρ11(t) ρ12(t)

ρ21(t) ρ22(t)

)
, (7.10)
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Figure 7.2. Underdamped evolution of populations (a) and coherences (b)
in a two-site system subject to weak dephasing. The initial state corresponds
to an excitation localised at site 1. The parameters of the calculations are
τ = 0.5 and γ = 0.15.

where ρ11(t) and ρ22(t) correspond to the populations of sites 1 and 2 respectively

and ρ12(t) and ρ21(t) are the coherences, then the Lindblad master equation (3.13)

directly leads to the set of coupled differential equations

d

dt
ρ11 = −i2τ(ρ21 − ρ12),

d

dt
ρ22 = −i2τ(ρ12 − ρ21),

d

dt
ρ21 = −i2τ(ρ11 − ρ22)− 4γρ21,

d

dt
ρ12 = −i2τ(ρ22 − ρ11)− 4γρ12.

(7.11)

Note that ∆ does not affect the dynamics, as expected from a single-particle regime.

We assume that at time t = 0 the initial state corresponds to the spin excitation at

site 1, i.e. that spin 1 is up and spin 2 is down. Thus there is no initial coherence

between the sites. The solution of this system of equations is

ρ11(t) =
1

2

[
1 + e−2γt

(
cos(2Ωt) +

γ

Ω
sin(2Ωt)

)]
,

ρ21(t) = −iτ
Ω
e−2γt sin(2Ωt), ρ22(t) = 1− ρ11(t), ρ12(t) = −ρ21(t),

(7.12)
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Figure 7.3. Zeno effect, manifested in the overdamped evolution of popu-
lations (a) and coherences (b) in a two-site system with strong dephasing.
Initially an excitation is located at site 1. The results correspond to the
parameters τ = 0.5 and γ = 40.

with the frequency Ω =
√

4τ 2 − γ2. These results are shown in figure 7.2 for pa-

rameters in the weak dephasing (underdamped) regime γ < 2τ . If γ = 0, the

excitation goes back and forth, with the populations and coherences oscillating at

frequency 4τ . In the presence of weak dephasing, the dynamics is very different.

The populations and coherences still oscillate in time, but with a frequency 2Ω. In

addition, they decay exponentially with a rate determined by the dephasing. In the

long-time limit, ρ11, ρ22 → 1
2
, while the coherences vanish, ρ12, ρ21 → 0. So the effect

of dephasing is to lead the system to the maximally mixed state, i.e. the identity

operator, in which the excitation is equally distributed between the two sites, and

the phase information gained due to the coherent hopping is completely lost.

Now consider the opposite case of very strong dephasing rate γ � 2τ , deep in

the overdamped regime. The evolution of these populations and coherences is shown

in figure 7.3. Due to the strong environmental coupling, the oscillating behaviour

is entirely lost. But more importantly, the dynamics of the excitation becomes very

slow, taking a long time to delocalise along both sites. In fact, for very large γ/τ and

a fixed time t, ρ11 → 1 and ρ22, ρ12, ρ21 → 0. This means that if the interaction with
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the environment is very strong, i.e. if the system is perturbed by the environment

very frequently, it is prevented to evolve coherently, and tends to remain in its initial

state. This phenomenon is known as the quantum Zeno effect, in analogy to Zeno’s

paradox [130]. On a broader context this effect has profound consequences, since it

states that a quantum system is inhibited to evolve if a continuous measurement is

perform onto it.

With the previous two simple examples, we have illustrated some basic conse-

quences of pure dephasing in single-particle systems, namely the decay of coherences

in time and the Zeno effect. In many-body systems, more complex types of phenom-

ena can emerge from the interplay between coherent and incoherent processes; some

of these are referenced in Section 7.3. For the particular case of a nonequilibrium

XXZ spin chain, we provide in Chapter 8 a detailed analysis of a novel dephasing-

enhanced transport scheme, which is found to be a true many-body effect.

7.2 Interplay between coherence and decoherence

in systems of coupled chains

In addition to individual spin chains, we study in the present thesis the competition

between coherent transport and incoherent processes in a different type of structure.

This consists of a group of one-dimensional lattices, each supporting coherent in-

trachain particle transport, incoherently coupled to neighbouring chains due to the

mediation of the environment. Several systems are known to possess this type of

configuration; here we briefly discuss the most important examples.

The first corresponds to a particular conjugated polymeric system, namely poly[2-

methoxy,5-(2’-ethyl-hexoxy)-1,4-phenylene-vinylene] (MEH-PPV). This organic con-

ductor is one of the most prominent examples of artificial light-harvesting complexes,
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Figure 7.4. Illustration of systems of incoherently coupled chains. The red
solid and green dashed lines represent interchain and intrachain hopping,
respectively. (a) Excitation transport in a conjugated polymer system. In-
terchain hopping of excitons, observed to be incoherent [198], occurs where
polymeric chains are close to each other. (b) Excitation hopping in organic
salts. Coherent hopping occurs along one direction of the system, while inco-
herent hopping takes place along another direction, mediated by a scaffolding
of different molecules.

and has attracted a lot of attention during several years due to its potential to con-

stitute efficient organic solar cells [208]. In this system, the transport of energy

absorbed from sunlight is performed by means of excitons (bound states of electrons

and holes); this process is known to be very efficient for ordered samples [209]. As

schematised in figure 7.4(a), MEH-PPV consists of several polymeric chains weakly

coupled with each other. This allows two types of exciton transfer: an intrachain

transport along the backbone of each polymeric chain (green arrow), and an in-

terchain transport of excitons, which hop from one chain to the other at points of

closeness (red arrow). Experimental studies of these systems have indicated that

the intrachain exciton transport is coherent even at room temperature (lasting up

to 250 fs), while the interchain transport is incoherent [198]2.

Other examples of systems constituted by incoherently-coupled lattices include

2The experiments allowed to separate the types of exciton transport by placing the polymer on
different types of solvents. When a good solvent was used, the polymeric chain was extended, and
the transport mechanism was governed by intrachain motion. On the other hand, when using a
bad solvent, the polymer is strongly folded on itself, so no-connected chromophores would be very
close to each other and interchain transport would be favored.
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cuprates [210–212] and several organic conductors such as layered organic met-

als [213], and Bechgaard and Fabre salts3 [206, 214–216]. As illustrated in fig-

ure 9.1(b), these systems share a common feature, which is a highly anisotropic

structure consisting of lattice sites strongly coupled in one or two directions and

weakly coupled in other directions. At not-too-low temperatures, particle transport

along the strongly coupled directions is predominantly coherent, while the transport

along directions with weak coupling occurs via incoherent hopping processes [206].

A complete description of these systems is extremely involved, given that in addi-

tion to the interplay between coherent intrachain and incoherent interchain hopping,

many other competing effects may contribute to the transport behaviour, depending

on the material in question. These include static disorder, particle interactions, ex-

citation dissipation and recombination, and spatially correlated environments. It is

thus expected that a rich variety of phenomena emerges from the interplay between

these different processes. In order to disentangle the contributions from these effects,

a natural strategy is to analyse the competition between just a few of them first,

which can be nontrivial. Our research discussed in Chapter 9 corresponds to one

step in this direction. There we focus exclusively on the physics resulting from the

combination of coherent interactions and incoherent interchain processes, neglecting

disorder and other complications. Thus our results set the stage for a more complete

future analysis. In particular, we study a configuration in which several spin chains

are coupled to their neighbours by jump operators of the form

L
(λ,µ)
i =

√
γσ

+(µ)
i σ

−(λ)
i δλ,µ±1, (7.13)

representing the incoherent hop of an excitation at site i of chain λ to site i of chain

µ, at a rate γ. In Section 9.1 we discuss when this process is expected to occur.

3These correspond to quasi-one dimensional conductors whose building blocks are molecules
known as TMTXF, X corresponding to sulphur in Bechgaard salts, and to Selenium in Fabre salts.
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7.3 Beneficial effects of environmental coupling

As previously mentioned, a picture in which the coupling of a system to its en-

vironment can have positive consequences has emerged in recent years. This was

largely triggered by the discovery of dephasing-assisted transport in toy models of

photosynthetic complexes [42, 43]. For completeness, here we briefly mention some

of the research areas in which beneficial effects from environmental coupling have

also been observed and exploited.

• Single-particle transfer schemes: Transfer mechanisms of single excitations

which benefit from environmental coupling, different to that of photosynthetic

complexes, have been recently found. These include decoherence-assisted

quantum walks [217], heat transport [218], and bulk (not edge-to-edge) trans-

port in linear ordered chains [44].

• Generation of entanglement: Several years ago the generation of entangle-

ment by means of white noise had already been discussed [219]. More recent

schemes of entanglement generation by dissipative processes have also been

proposed [220].

• Engineering many-body quantum states: Several schemes to prepare desired

many-body quantum states by dissipative processes have been recently pro-

posed, including ground states of Hamiltonians without frustration [46] and

long-range-order states of non-interacting bosons [47].

• Quantum biology: The most prominent example of this emerging area is that of

exciton transport in light-harvesting complexes. Nevertheless, other important

biological scenarios in which quantum effects are believed to be important have

been discussed, namely the olfaction mechanism and the magneto-reception in

birds [45].



144 Environmental coupling in interacting quantum systems

7.3.1 Reported effects from the interplay between particle

interactions and environmental coupling

We end the present Chapter by mentioning some interesting effects that have been

found as a result of the interplay between particle-particle interactions and envi-

ronmental coupling. A first example corresponds to the study of long-time limit

correlations 〈σ+
i σ
−
i+1〉, evolving from an antiferromagnetic initial state under differ-

ent Hamiltonians [48]. In a closed XXZ system, these correlations decay exponen-

tially in time, while in the presence of dephasing of the form (7.4), they decay as

a power law. In the case of an Ising model, it was observed that for some parame-

ters (specially at large ∆), interactions help impede the decay of coherences due to

dephasing.

A similar effect of interaction-impeded decoherence has been found in systems of

cold atoms in optical lattices, where the environmental coupling results from heat-

ing processes [204]. Importantly, the Lindblad jump operator of such processes is

entirely equivalent to that of equation (7.4), being proportional to the local number

operator. This establishes cold-atom systems as appropriate scenarios for the exper-

imental verification of the results we describe in Chapter 8, in addition to the recent

implementation of boundary driving schemes similar to those we use [37–39,143].

Finally, in a recent numerical study of the expansion dynamics of a bosonic

cloud in a disordered potential, a result intimately related to that discussed in

Chapter 8 has been found. Namely, in the strongly-interacting regime, where the

cloud would remain localised due to self-trapping, noise processes can significantly

enhance its expansion [157]. Although we consider a different type of transport setup

and a different Hamiltonian, and although we neglect disorder, we believe that the

mechanism described in Chapter 8 provides enough insight to account for this effect

to a large extent.



Chapter 8

Dephasing-assisted transport in

strongly correlated quantum systems

A key insight from recent studies is that noise, such as dephasing, can improve

the efficiency of quantum transport by suppressing coherent single-particle inter-

ference effects. However, it is not yet clear whether dephasing can enhance trans-

port in an interacting many-body system. In the present Chapter we address this

question by analysing the spin and heat transport properties of a boundary driven

XXZ chain with nearest-neighbour interactions subject to bulk dephasing. In the

weakly-interacting regime, we observe that dephasing induces diffusive spin and heat

transport, degrading the conductivity of the system. On the other hand, we find

environment enhanced spin and heat transport in the strongly interacting regime,

where due to energy dissipation, dephasing is shown to induce incoherent transi-

tions bridging the gap between flattened bands of bound states and bands of mobile

eigenstates. Surprisingly the effect is significant even in the linear response regime

of the system. The emergence of enhanced spin transport compared to that of the

dephasing-free system is suggested to exist for any large and finite chain. The energy

conduction, in contrast, is increased compared to the dephasing-free case for small

systems only, due to the bulk energy dissipation. However, it still can be increased

145
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for large systems at intermediate dephasing rates.

The response of the system to dephasing also establishes a signature of an un-

derlying non-equilibrium phase transition between regimes of transport degradation

and enhancement. The existence of this transition is shown not to depend on the

integrability of the model considered. As a result dephasing enhanced transport

is expected to persist in more realistic non-equilibrium strongly-correlated systems.

The results of this Chapter have been published in references [175,176].

8.1 Description of the system

The goal of this Chapter is to observe how the transport properties of the boundary-

driven XXZ chain, discussed in Chapters 5 and 6, are affected by bulk dephasing

processes arising from the interaction with the environment (see Section 7.1). So we

consider the same transport scheme here, depicted in figure 8.1. Namely, we take a

one-dimensional spin-1/2 chain with Hamiltonian

H =
N−1∑
j=1

εj,j+1 = τ

N−1∑
j=1

(σxj σ
x
j+1 + σyjσ

y
j+1 + ∆σzjσ

z
j+1) +

N∑
j=1

Bjσ
z
j , (8.1)

and drive it to a NESS by coupling it to unequal Markovian reservoirs at the bound-

aries. This time, however, we include dephasing processes at each site of the chain.

The dynamics of this system is thus governed by the Lindblad master equation

dρ

dt
= −i[H, ρ] + LL

driv(ρ) + LR
driv(ρ) + Ld(ρ), (8.2)

with the driven jump operators

L+
L,R =

√
Γ(1± f)/2σ+

1,N L−L,R =
√

Γ(1∓ f)/2σ−1,N . (8.3)
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Figure 8.1. Scheme of a spin chain driven to a nonequilibrium configuration
by boundary Markovian reservoirs and local dephasing. This is the same
system shown in figure 5.1, with local dephasing processes of rate γ.

The bulk dephasing processes are described by the dissipator Ld(ρ) =
∑N

j=1 L
(j)
d (ρ),

with a homogeneous dephasing rate γ and jump operator at site j

Ld
j =
√
γσzj . (8.4)

We start by considering the impact of dephasing on spin transport. Then we

observe the effect on the heat transport induced by a magnetic imbalance and a

homogeneous magnetic field. As before, we use the TEBD method to obtain the

NESS of the system, and then calculate the relevant expectation values.

8.2 Dephasing-degraded spin transport

To study the spin transport properties of the system, we first focus on the mag-

netisation profile and the spin current, the latter being the expectation value of the

operator

Ji = 2(σxi σ
y
i+1 − σ

y
i σ

x
i+1), i = 1, . . . , N − 1. (8.5)

As in Section 5, the spin current is homogeneous through the system, i.e. 〈Ji〉 = JS.

We first consider the regime of weak interactions, ∆ < 1, where the spin transport

is ballistic in the absence of dephasing (see Chapter 5). In previous research it has

been shown that the introduction of dephasing induces diffusive spin transport, so

the system satisfies the diffusion equation JS = κS∇S, with κS the spin conductivity
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Figure 8.2. Current-driving profiles in the weakly-interacting regime ∆ =
0.5 for increasing (as indicated by the arrow) dephasing rates γ and N = 16.

and ∇S the magnetisation gradient. As a result the current scales with the size of

the system as JS ∼ f/N , characteristic of an Ohmic conductor [181, 221]. The

maximum current through the chain thus occurs at maximal bias f = 1, as in

the dephasing-free case. In the non-interacting limit ∆ = 0 it has been proven

rigorously that a homogeneous chain cannot exhibit any dephasing enhanced end-

to-end transport [42,44,221]. In fact, for the driving scheme considered here, it can

be shown that if ∆ = 0, the spin current is (see Refs. [178,181] and Appendix D)

JS(∆ = 0) = − 4f
Γ
4

+ 4
Γ

+ (N − 1)γ
, (8.6)

which behaves as JS ∼ f/γN and thus is monotonously degraded by dephasing.

In addition, the magnetisation in the bulk has the form of a spin ramp, decreasing

linearly with the position i in the form

〈σzi 〉 = f − JS

(
Γ

16
+

1

Γ
+ (i− 1)

γ

2

)
, 1 < i < N. (8.7)

This immediately leads to a spin conductivity which decays monotonously with the

dephasing rate, κS = 2/γ, and which diverges when γ → 0, as expected for a ballistic
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Figure 8.3. Current-driving profiles in the strongly-interacting regime ∆ =
2.0 for increasing (as indicated by the arrow) dephasing rates γ and N = 16.
The rates γ are the same than those of figure 8.2. Inset. The magnetisation
〈σzj 〉 of the system when f = 1, corresponding to γ = 0, 0.05, 1.00.

conductor. In interacting systems with ∆ < 1, a similar qualitative behaviour of the

spin transport has been suggested [181]. In figure 8.2 we report the current-driving

profiles for ∆ = 0.5 showing that dephasing monotonically degrades the current for

any driving, confirming that this behaviour persists even in the presence of weak

interactions.

8.3 Dephasing-enhanced spin transport

The main result of the present Chapter is that for ∆ > 1 the presence of a small bulk

dephasing can significantly enhance the spin transport. This striking behaviour is

illustrated for ∆ = 2 in figure 8.3 where dephasing up to a moderate rate γ ≈ 0.5

is seen to increase the current. This enhancement is shown to occur for any f > 0;

however it is not uniform in f , resulting in the current-driving profile changing

with γ. Specifically, around γ ≈ 0.3 the NDC effect is lost and further increases

in γ yield a linear profile with f . Near f = 1 dephasing therefore induces not

just a quantitative increase in the current, but rather causes a major qualitative
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Figure 8.4. The current JS at f = 1, divided by the resulting magnetisation
difference ∆σz between the ends of the system (excluding the boundary), is
plotted against the system size N − 3 up to N = 100 sites. The data is for
dephasing rates γ = 0.5 (×) and γ = 1.0 (�). The solid lines show the fitting
to JS/∆σz = κ(N − 3)−α for each γ. These yield κ = 1.288 and α = 0.863
for γ = 0.5, and κ = 1.228 and α = 0.958 for γ = 1.0.

change in the behaviour of the system from being insulating at γ = 0 to yielding

the maximal current once γ > 0.3. In the inset of figure 8.3 this change at f = 1

is shown to be coincident with the breakdown of the ferromagnetic domains into a

nearly linear magnetisation profile, due to the increase of the dephasing rate. The

transport at large driving and dephasing rates therefore resembles that of a diffusive

conductor. This result is confirmed by the scaling of the current with the size of

the system, shown in figure 8.4 for ∆ = 2 and dephasing rates γ = 0.5 and γ = 1.0.

The power-law fits for each γ, which are seen to accurately model the data, indicate

superdiffusive transport for γ = 0.5, where the current decays slower than 1/(N−3),

but has approached a diffusive behaviour once γ = 1.0.

For a given driving f there is an optimal dephasing rate γopt that maximises the

current (JS
opt), as shown in figure 8.5. For the parameters of this figure, the enhance-

ment at weak driving and the optimal dephasing rate is significant, e.g. ≈ 37% at

f = 0.1. As the driving increases so does the optimal dephasing rate γopt, as well

as the enhancement of the current, the latter being of several orders of magnitude
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Figure 8.5. The current as a function of γ for driving biases f = 0.1, 0.2, 0.3
and 0.4 (from bottom to top curve) with ∆ = 2, and N = 40. The dashed
lines correspond to JS(∆ = 0), the non-interacting analytic result (8.6).

for f → 1. For γ > γopt the current is reduced because the Ld contribution to

equation (5.2) dominates over the coherent hopping terms and progressively freezes

out the dynamics due to the Zeno effect [130]. In fact, for increasingly large γ the

NESS current converges to the exact ∆ = 0 solution with dephasing given by equa-

tion (8.6). This convergence, shown in figure 8.5, thus indicates that the interaction

strength ∆ becomes irrelevant for very large dephasing rates.

To show that the transport enhancement is not restricted to small chains, we

analyse the scaling of the optimal dephasing rate γopt with N for weak driving

f = 0.1. The results are presented in figure 8.6(a). Although γopt decreases as

N increases, extrapolations with simple trial functions (of which an exponential

decay, shown in figure 8.6(a), gives the best description) indicate that even when

N → ∞, γopt remains finite. However, since the magnetisation imbalance between

the boundaries of the chain ∆σz is bounded, JS → 0 in the thermodynamic limit;

see also the inset of figure 8.6(b), which shows that the optimal current JS
opt → 0

as N → ∞. Nevertheless, the existence of a finite γopt in the thermodynamic limit

indicates that even in the linear response regime, the transport can be enhanced

by environmental coupling in systems of any finite size. To give more support to
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Figure 8.6. Scaling of the optimal transport properties with the system
size. (a) Optimal dephasing γopt for different sizes of the system, at f = 0.1,
∆ = 2 and Γ = 1 (circles). The solid line corresponds to the exponential
decay γopt = γTL

opt +a exp (−N/b), with a = 0.252, b = 85.9 and γTL
opt = 0.109.

(b) Spin current enhancement factor JS
opt/J(γ = 0) as a function of N . The

solid line is a guide to the eye. Inset: Optimal current JS
opt as a function of

N . The solid line corresponds to the power law decay JS
opt = aN−b, with

a = 0.0948 and b = 0.94; as N →∞, JS
opt → 0.

this claim, we show in figure 8.6(b) the corresponding current enhancement factor

JS
opt/J(γ = 0), which decreases for small systems but saturates as N increases. For

stronger driving both the current enhancement and γopt become larger, as shown in

figure 8.5, and the range of beneficial dephasing rates broadens. So the dephasing-

enhanced transport should emerge in mesoscopic systems even for weak driving.

8.4 Enhancement mechanism

Now we describe the mechanism that leads to dephasing enhanced spin transport

in the strongly interacting regime. For this, consider first the maximal driving con-

figuration f = 1, where dephasing has the strongest impact. As discussed in Sec-

tion 5.4, in the absence of dephasing the driving preferentially populates the dark

state |ΨD(N/2)〉 of equation (5.18), whose leading component is the state |BN/2〉 of

ferromagnetic domains. Since local dephasing on each site, given in equation (8.4),
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Figure 8.7. Cartoon of the eigenspectrum of the XXZ Hamiltonian in the
strongly interacting regime, to illustrate the transport enhancement mecha-
nism. ν represents the eigenvalue index. The highest bands consist of bound
states with low conductivity, while lower bands contain more mobile states.
The red arrows indicate possible transitions induced by energy dissipation,
between states of the same spin sectors. The energy values were obtained
from a chain of N = 7 and ∆ = 10.

does not commute with the chain Hamiltonian H1, this noise process induces in-

coherent transitions between many-body energy eigenstates of the system. This is

characterised by an energy dissipation rate

dEγ
dt

= Tr(HLd(ρ)) = −4γ
∑
j

〈σxj σxj+1 + σyjσ
y
j+1〉, (8.8)

dependent on the kinetic energy of the state, and thus enables population to escape

from the approximate dark states |ΨD(n)〉 to the mobile current-carrying bands

of scattering states. Note that since the dephasing processes do not annihilate spin

excitations in the system, the induced transitions are between states belonging to the

same spin sector (see Appendix A). It is this dissipative effect, sketched in figure 8.7,

which breaks the localisation in the f = 1 insulating NESS and significantly enhances

the current, up to inducing diffusive transport as shown in figure 8.4. An optimal

dephasing rate γopt emerges due to the competition between these dephasing induced

1If it did commute, Tr(HLd(ρ)) = 0, which can be readily verified.
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transitions and the degradation of mobility of the scattering states by dephasing

through the Zeno effect.

It could be argued that the dephasing-enhanced spin transport is not a surprising

effect in the maximally-driven case f = 1, since a disruption is being caused to a

state which is already an insulator. Nevertheless this argument is not valid for

driving f < 1. In particular, in the linear response regime, where f � 1 and the

NESS corresponds to a diffusive conductor rather than to an insulator, it is not a

priori obvious that additional dissipation induced by dephasing will be beneficial

to transport. Yet as seen in figure 8.5 and figure 8.6 a significant enhancement

of the current due to dephasing for chains of any finite size is observed in the

weakest driving considered, f = 0.1. This behaviour suggests that even in this case,

where the high-energy bound states like |ΨD(n)〉 are only marginally populated by

the driving, additional incoherent transitions bridging the numerous gaps in the

spectrum to the mobile bands still enhance transport.

8.5 Signatures of nonequilibrium phase transition

The results discussed in Section 8.3 demonstrate the existence of two transport

regimes in the system with different responses to moderate dephasing: degradation

for weak interactions and enhancement for strong interactions. We now discuss the

transition between the two regimes, characterise the critical interaction strength,

analyse the correlations through the system for each regime, and show that the same

regimes of response remain even when the integrability of the system is broken.

8.5.1 Transition at ∆ = 1

As explained in Chapters 2, 3 and 5, the interaction strength ∆ = 1 is of particular

significance to the XXZ Hamiltonian. At zero-temperature and in the absence of
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Figure 8.8. (a) The optimal dephasing rate γopt as a function of ∆, for
N = 40, f = 0.1 and Γ = 1. The circles indicate TEBD results, and the solid
line corresponds to the fitted function γopt ∝ (∆−∆0)β, with β = 0.819 and
∆0 = 1.07. The inset plots show the generic behaviour of JS with γ above
and below ∆0. (b) The scaling of ∆0 with N for f = 0.1 and Γ = 1, along
with the fitted power-law shown, where a = 3.906, b = 1.066 and c = 0.995.

magnetic field, it separates the gapless and magnetically ordered (ferro- and anti-

ferromagnetic) gapped equilibrium phases. More generally, it divides a continuous

eigenspectrum for ∆ < 1 from one with numerous gaps for ∆ > 1, as illustrated in

figure 2.2. In the system driven by the jump operators of equation (8.3), it was pre-

viously observed that ∆ ≈ 1 also separates ballistic and diffusive transport regimes

for weak driving. However, it is not a priori clear that ∆ = 1 necessarily separates

the regimes of transport degradation and enhancement by dephasing. We now show

that this is indeed the case.

In figure 8.8(a) the optimal dephasing rate γopt is shown for weak driving as a

function of ∆. A threshold of ∆0 ≈ 1.07 is apparent where for ∆ < ∆0, γopt = 0,

indicating dephasing-degraded transport, while for ∆ > ∆0, γopt is non-zero, in-

dicating dephasing-enhanced transport, and increases monotonically with ∆. The

latter behaviour is a consequence of the enhancement mechanism. As the interaction

strength increases, so do the gaps between flattened and mobile bands, so a larger

energy dissipation is required to populate the latter and increase the current. The
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value of ∆0 is size-dependent, and a scaling analysis shown in figure 8.8(b) demon-

strates that, to good approximation, ∆0 = 1 separates the two transport regimes in

the thermodynamic limit.

From the results discussed above it is tempting to associate the nature of the

ground state, namely gapped or gapless, with a certain type of spin transport or

response to dephasing in the NESS. This impression is misleading, as can be under-

stood by considering a homogeneous magnetic field Bj = B. This field shifts the

equilibrium quantum critical points [7], but leaves the spin transport of the steady

state unaltered even in the presence of dephasing. As explained in Section 5.6, the

latter occurs because the Hamiltonian and the current operator conserve the total

magnetisation in z direction, so the various sectors of different spin number are only

incoherently connected due to the driving. The internal structure of the spin sec-

tors, unmodified by the homogeneous magnetic field as discussed in Section 2.5 (see

figure 2.3), is thus what determines the steady-state transport through the chain,

not the relative positions of the different sectors within the eigen-spectrum. This

shows that a qualitative change of the ground state does not imply a change of

non-equilibrium properties. Instead, it is the overall structure of the eigen-spectrum

which leads to the NDC and dephasing-enhanced transport effects at strong inter-

actions, as discussed in Sections 5.4 and 8.4.

8.5.2 Correlations and dephasing

Similar to equilibrium phases, the transition between the two different transport

regimes, namely of current degradation and enhancement by dephasing, can be

distinguished from the correlations through the system. First we consider a typical

two-point correlation function

Cij = 〈σzi σzj 〉 − 〈σzi 〉〈σzj 〉, (8.9)
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Figure 8.9. The NESS correlations |C(r)| across the chain as a function of
the fraction distance r about the centre for ∆ = 2 and f = 0.1. In (a) a
moderate dephasing γ = 0.05 is included. The correlations are long-ranged
and extend over a larger fraction when increasing N . This is evidenced by
the kink, coming from C(r) changing sign, moving to larger r. In (b) a strong
dephasing γ = 1 is present and the correlations are short-ranged, as shown
by their diminishing value and extent with increasing N .

with sites i and j symmetrically positioned around the centre of the chain. This is

conveniently represented as C(r) where r = |i− j|/N is the fractional separation of

the points for the system size N . In figure 8.9(a) C(r) is plotted for different sizes

N in the strongly interacting regime for a moderate dephasing rate. Finite corre-

lations are seen to exist even for a large fractional separation r. Although these

correlations decay with r, the fraction of the system they span increases with N .

This property has been argued, for γ = 0 and ∆ > 0.91, to be evidence that the

NESS possesses genuine long-range order even in the thermodynamic limit [192].

Here our results indicate that this long-range order persists even in the presence of

moderate dephasing, and so correlations similar to those at γ = 0 exist in the de-

phasing enhanced NESS. The situation for strong dephasing, shown in figure 8.9(b),

is markedly different. Now correlations are smaller and diminish faster with r than

at weaker dephasing rates. In addition, the fraction of the system over which the

correlations extend diminishes as N increases, a behaviour previously observed for

large dephasing rates γ independently of the interaction strength ∆ [181, 221]. So
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like the current and magnetisation profiles, the two-point correlation functions in

the strongly-interacting regime become increasingly similar to those of the weakly

interacting regime for large dephasing, washing out the transition.

The signature of the non-equilibrium transition between weakly- and strongly-

interacting regimes with moderate dephasing, already suggested by two-point corre-

lation functions, can be refined by adopting a more general measure of correlations.

Specifically we compute the entropy (4.12) [11,31,164]

SO = −
∑
α

s2
α log2 s

2
α (8.10)

of the Schmidt coefficients sα arising when the full NESS density operator ρ is

factorised into two half-chains as

ρ =
∑
α

sα(OA
α ⊗OB

α ), (8.11)

where OA
α and OB

α are Hilbert-Schmidt orthogonal operators for the two halves.

Both quantum and classical correlations between the two halves of the chain are

quantified by SO and it is readily accessible from the TEBD numerics, as described

in Section 4.2.1. For zero dephasing and weak driving, figure 8.10 shows that SO

peaks at ∆ ≈ 1. This indicates that a significant elevation in correlations occurs

as the NESS reorganises itself across the expected non-equilibrium phase transition

between ballistic and diffusive transport in this region.

In figure 8.10 we also show that for finite dephasing the entropy SO monotonically

decreases with γ, but interestingly the peak is maintained for moderate rates, shifting

slightly to larger ∆. Therefore the abrupt on-set of dephasing enhancement shown in

figure 8.8 occurs when the many-body correlations are strongest. This distinguishing

feature in SO is progressively washed out by increasing dephasing as the system
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Figure 8.10. The half-chain entropy SO as a function of ∆ for different
dephasing rates, f = 0.1 and N = 40. The Schmidt coefficients sα are
normalised so the largest coefficient is s1 = 1.

becomes diffusive for all ∆ [178, 181, 221]. Despite this, the response of the system

to the dephasing processes is seen to offer an alternative and clear signature of

the underlying non-equilibrium phase transition between two qualitatively different

steady states.

8.5.3 Enhancement and integrability

The Hamiltonian (8.1) with Bj = 0 is integrable [6], so it could be considered that

the dephasing enhancement observed in the present work is an artifact of this prop-

erty. To show this is not the case, we obtain the NESS of the system when adding

a staggered magnetic field Bj = (−1)jB, which breaks the integrability. For γ = 0

this has the effect of turning the system into a diffusive conductor in the gapless

regime ∆ < 1 for any driving, while not affecting the existence of NDC at large

drivings for ∆ > 1 [21]. In figure 8.11(a) we see that for weak interactions, dephas-

ing monotonically decreases the current, while for strong interactions we confirm,

for a variety of field strengths B, that dephasing-enhanced transport occurs, as

shown in figure 8.11(b). Thus the existence of NDC and dephasing enhancement,
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Figure 8.11. The current through the system for several staggered magnetic
fields B, for N = 40, f = 0.1 and Γ = 1, with (a) ∆ = 0.5 and (b) ∆ = 2.0.

characterising the non-equilibrium phase transition between weakly- and strongly-

interacting regimes, is independent of integrability. Both effects arise as long as the

eigen-structure of the system possesses the features discussed in Sections 5.4 and 8.4,

which for the case considered in this work is valid even if the integrability is broken,

as shown in figure 2.3(b).

From the eigen-structure of the non-integrable system, the most notable features

of the dephasing-enhanced transport can be understood. Namely, the increase of the

optimal dephasing rate γopt with B results from the splitting of the energy bands

due to the staggered potential, as shown in figure 2.3(b) (compare to figure 2.2(b)).

Due to this band splitting and the emergence of new energy gaps, the states of wide

bands of lowest energy become harder to populate, so a larger energy dissipation is

required to induce transitions towards them, and thus to enhance the transport. In

addition, note that the staggered magnetic field also flattens all the energy bands,

reducing the conductivity through the chain.
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8.6 Effects of dephasing on heat transport

After observing the impact of dephasing processes on the spin transport of the

XXZ model, we turn our attention to heat transport. In particular, we study how

the magnetothermal effect induced by the magnetic driving of equation (8.3) and

a homogeneous magnetic field B, described in Section 5.6, is affected by energy

dissipation processes. Thus we use here the same definitions of energy densities

(εi,i+1, hi,i+1, bi,i+1) and currents (JH, JB and JXXZ, in the bulk and the boundaries)

of Section 5.6, and recall the picture of a total heat current consisting of counter-

propagating flows from the boundaries.

The most important ingredient to include in this problem, compared to that

of spin transport, is that the current of interest is no longer homogeneous across

the system. Directly from the master equation we obtain that due to dephasing,

equation (5.30) transforms into

d〈εi,i+1〉
dt

= i〈[H, εi,i+1]〉+ Tr(ε1,2LL
driv(ρ))δi,1 + Tr(εN−1,NLR

driv(ρ))δi+1,N

+ Tr(εi,i+1L(i)
d (ρ)) + Tr(εi,i+1L(i+1)

d (ρ)) = 0.

(8.12)

So we obtain that for any pair of neighbouring sites, the difference between their

heat currents arises solely from the energy dissipation due to dephasing processes

at those sites, since

〈JH
i+1〉−〈JH

i 〉 = Tr(εi,i+1L(i)
d (ρ))+Tr(εi,i+1L(i+1)

d (ρ)) = −4γ〈σxi σxi+1+σyi σ
y
i+1〉. (8.13)

Since the spin current JS is homogeneous on the presence of dephasing, so is 〈JB
i 〉 =

JB = BJS. The spatial variation of the heat current arising from dephasing processes

is then entirely contained within 〈JXXZ
i 〉.

Now we study the heat transport in the presence of dephasing, first for weak
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Figure 8.12. Effect of dephasing on the counter-propagating heat currents
coming from each boundary. When reaching each site, the currents have
been attenuated by a different amount of dephasing processes, so their local
magnitudes are distinct.

interactions ∆ < 1, and then for strong interactions ∆ > 1.

8.6.1 Weakly interacting regime

Before analysing the effect of both dephasing and a homogeneous magnetic field

in the heat transport properties, it is illustrative to study first the system with

B = 0, where the local heat current is entirely given by 〈JXXZ
i 〉 (since JB = 0). We

consider the picture of two currents flowing in opposite directions, associated with

spin excitations injected at each boundary, described in Section 5.6. Due to the

energy dissipation, the currents do not cancel with each other. Instead, they reach

each site of the system with unequal magnitudes, depending on the attenuation they

have experienced due to dephasing processes along the different distances they have

covered, as depicted in figure 8.12. As a result, the net current in the left half on the

chain is positive, and in the right half is negative. This means that energy flows from

the boundaries towards the center of the chain. In figure 8.13(a) we show the heat

currents for ∆ = 0.5 and different dephasing rates, where the described behaviour is

observed. The corresponding energy profiles are shown in the inset of figure 8.13(a),

indicating that the center of the chain is the region of lowest energy. In addition, we

note that the amplitude of the local currents monotonically decreases with γ, and

that as γ increases, so does the amount of lost energy, as evidenced from the energy

profiles.
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Figure 8.13. Effects of dephasing on the heat transport of the weakly-
interacting regime. (a) Heat current profile for B = 0 and different de-
phasing rates. The conductivities for γ = 1.00, 0.5 and 0.05 are κXXZ =
1.997(12), 3.983(8) and 38(3), respectively. The uncertainties correspond to
the standard deviation of the values of 〈JXXZ

i 〉/∇EXXZ
i obtained in the bulk

of the chain. Inset: Corresponding energy profiles. (b) Heat current profile
for B = 1 and γ = 0.5. Both panels correspond to N = 40, ∆ = 0.5, f = 0.1
and Γ = 1.

Importantly, the heat current of this configuration satisfies a local diffusion equa-

tion at each site i

〈JH
i 〉 = 〈JXXZ

i 〉 = κXXZ∇EXXZ
i , ∇EXXZ

i = 〈εi,i+1〉 − 〈εi−1,i〉 = 〈hi,i+1〉 − 〈hi−1,i〉,

(8.14)

where EXXZ
i denotes the local energy density corresponding to XXZ interactions.

This is verified from our simulations, which indicate that the ratio 〈JXXZ
i 〉/∇EXXZ

i

is indeed constant in the bulk of the system. Also the obtained conductivity is

independent of the size of the chain, as expected for a diffusive conductor. For

example, for the parameters of figure 8.13(a) and γ = 1, the conductivities obtained

for N = 40, 80 and 100 are κXXZ = 1.997(12), 1.996(7) and 1.996(7), respectively.

Therefore the net effect of dephasing is to induce diffusive heat transport from the

boundaries to the center of the system.

Next we study the heat transport through the spin chain when B > 0 and γ > 0,
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where both 〈JXXZ
i 〉 and 〈JB

i 〉 are non-zero. Recall the characteristic features of each

component: 〈JB
i 〉 = JB is homogeneous through the chain, it has the same properties

as the spin current and is proportional to the magnetic field, while 〈JXXZ
i 〉 is spatially

dependent due to dephasing, and is field-independent. In figure 8.13(b) we show the

profile of the total heat current 〈JH
i 〉 = JB + 〈JXXZ

i 〉 for a particular set of system

parameters. The profile is anti-symmetrically centered around JB, and acquires

its space dependence from 〈JXXZ
i 〉. Near the boundaries, the dephasing processes

give energy to the system due to the interplay with the driving, so 〈JH
i 〉 < 〈JH

i+1〉.

Away from the boundaries, dephasing induces energy losses from the system, so

〈JH
i 〉 > 〈JH

i+1〉.

A fundamental point to note is that as stated in Section 8.3 and earlier stud-

ies [181, 221], dephasing induces a non-equilibrium quantum phase transition from

ballistic (γ = 0) to diffusive (γ > 0) spin transport in the weakly-interacting regime.

Therefore both the spin current JS and the heat current JB satisfy a diffusion equa-

tion for finite dephasing similar to equation (5.43), which reads

JB = BJS = κB∇EB
i , ∇EB

i = 〈bi,i+1〉 − 〈bi−1,i〉 = B∇S, (8.15)

with EB
i denoting the local energy density associated with the magnetic field. Both

JS and JB are determined by the magnetisation imbalance through the system, and

have the same conductivity, κB = κS. As shown in figure 8.14 this agrees very well

with our results.

The properties of JB and 〈JXXZ
i 〉 indicate that for finite dephasing rates and

magnetic fields, the total heat current at any site i of the bulk is the sum of two

diffusive contributions. Each one is determined by the gradient of a different com-

ponent of the local energy density, and has a different conductivity (note the values
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Figure 8.14. Total output heat current 〈JH
N 〉 (�) and its contribution from

the magnetic field JB (◦) as a function of N , for B = 1, f = 0.1, Γ = 1,
∆ = 0.5 and dephasing rates γ = 0.05, 0.50, 1.00. The dashed lines are guides
to the eye for 〈JH

N 〉, while the solid lines are fits of the results of JB to the
equation JB/∆EB = κB(N−4)−α, with ∆EB = 〈bN−2,N−1〉−〈b2,3〉. For γ =
0.05, 0.50, 1.00, α = 0.94, 1.00, 1.00 and κB = 15.85, 3.35, 1.86, respectively.
Note that the conductivity values differ from those of κXXZ (see figure 8.13).

of κB and κXXZ of figures 8.13 and 8.14). So we can write

〈JH
i 〉 = JB + 〈JXXZ

i 〉 = κB∇EB
i + κXXZ∇EXXZ

i . (8.16)

Our results indicate that the total heat current does not fulfill a diffusion equation,

i.e., that an expression such as 〈JH
i 〉 = κH∇(EB

i + EXXZ
i ) = κH∇EH

i , with EH
i

representing the total local energy density, is not valid2. Nevertheless, since it

consists of the addition of two diffusive components, it is clear that the existence of

dephasing processes changes the nature of the heat transport through the system

for ∆ < 1. Therefore, similarly to spin transport, heat transport shows a dephasing-

induced non-equilibrium phase transition between ballistic and diffusive behaviours

in the weakly-interacting regime. Similar results has been reported recently in the

2This is seen by noting that the ratio 〈JH
i 〉/∇EH

i is not homogeneous through the bulk of the
system, which results from having κB 6= κXXZ.
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non-interacting case ∆ = 0, for a different driving scheme and smaller systems [137]

and for an ion-trap quantum simulator [222].

Importantly, observe that for any combination of incoherent processes, interac-

tion strength and system size, we can always find a magnetic field weak enough to

cause |〈JXXZ
N 〉| > JB, and thus that 〈JH

N〉 < 0. Since 〈JH
1 〉 is always positive (both

JB > 0 and 〈JXXZ
1 〉 > 0), this corresponds to a configuration in which the chain

absorbs energy at both boundaries and dissipates it by dephasing processes. How-

ever, in the present work we mostly focus on cases where 〈JH
N〉 > 0, in which the

system delivers some energy to the right reservoir absorbed from the left reservoir.

For such cases we observe the behaviour of the total output current 〈JH
N〉; this is

shown in figure 8.14 as a function of the size of the system for different dephasing

rates. Since JB is largely dominant over 〈JXXZ
N 〉 for the parameters of figure 8.14,

the corresponding output heat current 〈JH
N〉 scales with N in a form very similar to

JB.

Finally, it has been observed that for ∆ < 1 the spin current decreases mono-

tonically with the dephasing rate (see Refs. [181, 221] and Section 8.3). The same

thus happens for JB, as seen in figure 8.14. Since this is also the case for 〈JXXZ
i 〉

(see figure 8.13), the total heat current 〈JH
i 〉 decreases monotonically with γ at any

site i of the chain. This shows that dephasing only degrades heat transport in the

weakly-interacting regime.

8.6.2 Dephasing-enhanced heat transport

As described in Section 8.3, the spin current can be significantly enhanced by de-

phasing in the strongly-interacting regime. This result thus also applies to the

field-dependent heat current component JB. Now we consider whether a similar

effect of environment assistance exists for the total heat current in the conventional
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Figure 8.15. Dephasing-enhanced heat transport at weak driving, with
f = 0.1, Γ = 1, B = 1 and ∆ = 2.0. (a). Heat current at site N as a function
of γ, for several system sizes N ≤ 25. (b). Heat currents at the boundaries
and their field-dependent and independent contributions as a function of γ,
for N = 12. Each vertical dashed line indicates the optimal dephasing rate
γopt of the current plotted in the same color; γopt ≈ 0.28, 0.39, 0.45, 0.65 for
〈JH
N 〉, JB, 〈JH

1 〉, 〈JXXZ
1,N 〉, respectively.

scenario of unidirectional transport (i.e. when there is a net energy flow from the

left to the right boundary). For different values of N , the total output heat current

〈JH
N〉 is shown as a function of γ in figure 8.15(a). We find that for chains of small

size and moderate dephasing rates, the output current can be considerably larger

than that of the case γ = 0 (for example, when N = 8 the enhancement of the

current is ≈ 19%), indicating environment-assisted total heat transport. For large

dephasing rates, the effect is no longer visible due to the degradation of coherent

dynamics by the frequent perturbation of the environment (Zeno effect) and the

bulk energy dissipation.

The components of the heat current at both boundaries for N = 12 are shown

in figure 8.15(b). We see that in contrast to the weakly-interacting regime (see

figure 8.13(a)), the boundary currents 〈JXXZ
1,N 〉 (and in general the currents 〈JXXZ

i 〉

for all i) feature initial increase and subsequent decay with γ for strong interactions.

So the two components of the total heat current show enhancement for moderate
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Figure 8.16. Multiple change of monotonicity of the heat transport as a
function of the dephasing rate γ, with f = 0.1, Γ = 1, B = 1 and ∆ = 2.0.
(a). Heat current at site N as a function of γ, for different system sizes
N ≥ 30. (b). Heat currents at the boundaries and their field-dependent
and independent contributions as a function of γ, for N = 35. The vertical
dashed lines correspond to the dephasing rates γ1 ≈ 0.15 and γ2 ≈ 0.6, which
indicate the changes on monotonicity of 〈JH

N 〉 for N = 35.

dephasing rates. Since both flow in opposite directions in the output, they compete

with each other to determine the total energy delivered to the right reservoir. The

corresponding optimal dephasing γopt and the rates of increase and degradation with

γ are different for both; this leads to an intricate interplay between JB and 〈JXXZ
N 〉 to

determine the total output heat current. As clearly seen in figure 8.15(b), dephasing-

assisted heat transport compared to the dephasing-free case exists as long as JB is

the dominant contribution to the total current over 〈JXXZ
N 〉, and as JB features

environment assistance itself.

Finally, note that in contrast to spin transport, where dephasing assistance com-

pared to the case γ = 0 occurs for any system size, the heat transport only displays

such an enhancement for small chains. For example, for the parameters used in

figure 8.15, a chain with N = 25 already experiences enough energy dissipation in

the bulk to induce a barely significant current enhancement (1.3%). Nevertheless, a

different assistance effect emerges for larger systems, as shown in figure 8.16(a). For
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small dephasing rates, the output heat current 〈JH
N〉 is initially degraded compared

to the dephasing-free case. But from a rate γ1, increasing γ leads to a significant

current enhancement, until degradation is induced again after a rate γ2 due to the

Zeno effect. From figure 8.16(b) we can see why this multiple change of monotonic-

ity, absent in the input current 〈JH
1 〉, occurs on large chains. At small dephasing

rates 〈JXXZ
N 〉 is enhanced (negatively) faster than JB, so the total current is initially

degraded. At γ1 the situation is inverted, leading to an increase of 〈JH
N〉 with γ. This

tendency continues for moderate dephasing rates up to γ2, even when both JB and

〈JXXZ
N 〉 are degraded by γ, since the latter decreases faster than the former. This

shows that a beneficial role of dephasing for heat transport is also present in large

systems.

8.7 Generality and possible realisations of dephas-

ing assisted transport

The most important observation of the present Chapter is the increase of the con-

duction of spin and energy by dephasing in a very specific model, namely in a

boundary-driven one-dimensional chain modeled by the spin-1/2 XXZ Hamilto-

nian. Nevertheless, only a few requirements are needed for the effect to arise. (i)

Interactions strong enough to induce bound states of particles or excitations, so a

gapped eigen-structure with bands of different widths is created. (ii) A mechanism

to populate the slowest bands. (iii) A dissipative mechanism that induces transi-

tions from slow to conducting bands. Given the basic nature of these requirements,

we expect that the effect of transport enhancement is general enough to emerge in

many other systems and configurations.

To begin with, in Section 8.5.3 we have observed that the dephasing enhancement
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effect is not limited to integrable models. Additionally, it should not be restricted to

magnetic systems, as expected from the equivalence of the one-dimensional XXZ

Hamiltonian to an interacting model of spinless fermions (see Section 2.2) or of hard-

core bosons (see Appendix A.1). We thus expect the effect to emerge in cases such as

the Fermi-Hubbard or Bose-Hubbard model, whose experimental implementation is

very well known in systems of cold atoms in optical lattices [34]. These systems also

constitute ideal settings for the observation of particle bound states [36,223]. Given

the recent advances in developing driven configurations of cold-atom systems similar

to that considered in our work [37–39, 143], they constitute the most prominent

candidate for the experimental observation of the environment-enhanced transport

we have described. We also note that realisations of dissipative spin chains with

cold bosons in optical lattices have been recently proposed [224].

Furthermore, the effect should also be observed in alternative transport schemes,

such as the expansion of a magnetisation wave packet through a spin chain [9, 10,

97] or of an initially-trapped cloud of cold atoms through an optical lattice. In

the latter setup, standard in experiments with cold-atom systems [125, 156], an

initially-prepared Mott insulator (of particle density n ≥ 2) would expand very

slowly through the lattice due to the repulsively bound pairs resulting from strong

on-site interactions [223]. Such an expansion could be enhanced by breaking these

bound states by the noise resulting from an underlying modulated lattice, as a recent

numerical simulation suggests [157]. Other noise mechanisms such as heating, whose

operational form is the same to that of the dephasing processes considered here [204],

could induce the same effect.

Finally, the enhancement mechanism could also survive in the presence of weak

static disorder [157]. The interplay between interactions, disorder and noise would,

however, be quite intricate, since many competing effects (the environment-assisted

transport described here, delocalisation [225] and subdiffusion [157] due to interac-
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Figure 8.17. Schematic diagram of the spin and heat transport regimes in
a magnetically-driven system; higher color intensities correspond to larger
currents. In the absence of dephasing (γ = 0), the transport is ballistic for
the weakly-interacting regime ∆ < 1, diffusive for the strongly-interacting
regime ∆ > 1 and weak driving, and insulating for ∆ > 1 and strong driving.
When dephasing is considered (γ > 0), the transport for weak interactions
becomes diffusive, with the output currents decaying monotonically with γ;
this corresponds to dephasing degraded transport. In contrast, for strong
interactions, the transport is enhanced by moderate dephasing rates, up to
an optimal rate which increases with ∆. This optimal rate establishes the
boundary between enhancement and degradation (see figure 8.8(a)). Further
increase of γ leads to current degradation, until reaching the Zeno limit, in
which the z degrees of freedom are frozen and the dynamics of the system is
weakly dependent on ∆.

tions, and breaking of localisation by noise [221, 226]) would act at the same time.

Developing a comprehensive picture of such an interplay would correspond to an

exciting area of future research.

8.8 Summary

In the present Chapter, we have studied the impact of dephasing processes on the

spin and heat transport through a nonequilibrium one-dimensional quantum system

described by the spin-1/2 XXZ Hamiltonian. Using the TEBD method to simulate

the dynamics of the system established by its Lindblad master equation, we obtained
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the NESS in the long-time limit and calculated spin and heat currents, magnetisation

and energy profiles, and different measures of correlation.

Our main conclusions are displayed in the diagram 8.17 for both spin and heat

transport. In the weakly-interacting regime ∆ < 1, dephasing induces a transition

from ballistic (γ = 0) to diffusive (γ > 0) transport. Also, the currents are monoton-

ically degraded by dephasing. On the other hand, in the strongly-interacting regime

∆ > 1, both spin and heat transport can be significantly enhanced by dephasing.

For spin transport, this is most evident at maximal driving, where dephasing induces

a transition from an insulating state with ferromagnetic domains to a diffusive state

with linear magnetisation profile. But surprisingly, even at very weak driving de-

phasing can strongly enhance the spin transport for chains of any finite size. The

mechanism responsible for this effect is the energy dissipation due to dephasing pro-

cesses, which breaks bound states of spin excitations and induces transitions from

flattened to wide bands of the eigen-structure of the system. Interestingly, in spite of

such a dissipation, the transport of energy through the system can also be enhanced

by dephasing, when the JB component of the heat current dominates over the JXXZ

component.

For moderate dephasing rates, the different nature of the NESS at weak and

strong interactions is revealed by the emergence of large correlations, and reflects

an underlying non-equilibrium phase transition in the system. As such, dephasing

enhancement is shown to be a true many-body phenomenon. Since the transport

enhancement effect is also unrelated to integrability, and the conditions for its emer-

gence are not limited to a specific model or transport scheme, we expect that our

findings will also apply to many strongly correlated systems in addition to XXZ

spin chains. Furthermore, given the recent advances in the study of particle and

heat transport properties of ultracold atomic systems, the prospects of verifying

experimentally the transport enhancement effect are promising [37–39].



Chapter 9

Transport enhancement from

incoherent coupling between

one-dimensional quantum conductors

In previous Chapters we have discussed how the interplay between coherent and

incoherent processes leads to a rich variety of phenomena, for both single- and many-

particle systems. Specifically, we have focused our attention on local dephasing and

its impact on the transport properties of spin systems. In this scenario we have

observed dephasing enhanced transport, arising due to a delicate balance between

coherent and incoherent mechanisms. In real systems, however, other types of in-

coherent process take place, such as particle dissipation and noise due to correlated

environments. In particular, as described in Section 7.2, several condensed matter

systems such as cuprates [210–212] and some organic conductors [198,206,213–215]

feature an interesting interplay between different transport mechanism along dif-

ferent directions. Namely, due to their asymmetric structure, they posses coherent

particle transport along directions in which lattice sites have strong coupling, and

incoherent hopping along directions of weakly-coupled sites. This is schematised in

figure 7.4 for conjugated polymers and organic salts.

173
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Motivated by the existence of this type of coherence-decoherence competition

in real systems, we propose a concrete minimal model that features such a a com-

petition, and study its transport properties in a form similar to that of previous

Chapters. Specifically, we consider excitation transport through arrays of inco-

herently coupled one-dimensional quantum spin chains, including the possibility of

strong interactions between excitations on the same chain. Using the TEBD method,

we analyse the NESS that results when imposing a net spin current by means of a

magnetisation imbalance across each lattice, generated by Markovian reservoirs. We

find that the effective environment furnished by nearby chains significantly enhances

intrachain transport for sufficiently strong interactions between excitations. In addi-

tion, such a transport enhancement increases with the size of the chains, indicating

the relevance of the mechanism for bulk materials. We relate this phenomenon to

the existence of superdiffusive spin transport. Importantly, the incoherent hopping

of spin excitations between chains results in a much more pronounced effect than

that produced by pure dephasing.

We emphasise that the simple model we consider does not account for several

effects, e.g. dissipation and disorder, expected to be relevant for real systems such as

organic conductors and cuprates. Nevertheless the results we present in this work are

general and do not depend on the particular form of the interaction. Therefore we

believe that they constitute a meaningful contribution towards the understanding of

the rich phenomenology arising from the interplay between coherent and incoherent

effects. The results of this Chapter have been published in reference [180].

9.1 Model of incoherently coupled spin chains

We start our study by considering a N×Λ rectangular two-dimensional (2D) lattice,

consisting of Λ chains with N sites each (see figure 9.1). The model for coherent

intrachain transport should describe conserved excitations that can hop between
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Figure 9.1. Scheme of a system of three incoherently coupled spin chains,
with intrachain hopping τ , interaction strength ∆ and interchain coupling γ.
The blue arrows represent the right-to-left driving of the system, while the
red arrows correspond to the left-to-right driving.

lattice sites and interact with each other. We therefore choose the simple spin-1
2

XXZ Hamiltonian to govern the dynamics of each chain

H(λ) =
N−1∑
i=1

τ(σ
x(λ)
i σ

x(λ)
i+1 + σ

y(λ)
i σ

y(λ)
i+1 + ∆σ

z(λ)
i σ

z(λ)
i+1 ), (9.1)

where the super-index (λ) refers to any operator of chain λ, σ
k(λ)
i (k = x, y, z) are

Pauli matrices at lattice site i of chain λ, τ is the exchange coupling between nearest

neighbours (in the following we take units of energy and time such that τ = 1 and

~ = 1), and ∆ is the anisotropy, where both parameters are assumed to be the same

for every chain. The total Hamiltonian of the system is then H =
∑Λ

λ=1H
(λ).

We assume that hopping also occurs between nearest-neighbour sites of neigh-

bouring chains, with a hopping rate η. In addition, we suppose that the interchain

coupling is much weaker than the coupling between sites on the same chain, so that

η � τ . Let tφ denote the time taken for a spin excitation to lose its phase coher-

ence, either from collisions with other spin excitations on the same chain or due to

dephasing induced by an external bath, e.g. phonons. If η � t−1
φ , it is reasonable

to neglect quantum correlations between sites of neighbouring chains, and treat the

interchain coupling as a purely incoherent hopping process [206]. This is expected

to be a good approximation for temperatures intermediate between the two hopping
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energy scales, i.e. η � kBT � τ . This is easily satisfied in several systems. For

example, η ∼ 100K and τ ∼ 1000K for typical Bechgaard salts [227]. In general,

this separation of energy scales can occur for a number of reasons. For example,

the interchain distance may be much larger than the separation between sites on

the same chain. Alternatively, the hopping in the interchain direction might be

mediated by a scaffolding of different molecules in between [214], as in figure 7.4(b).

We describe the combination of coherent and incoherent dynamics by a quantum

master equation of Lindblad form. The incoherent coupling between two spin chains

is modeled by the jump operators

L
(λ,µ)
i =

√
γσ

+(µ)
i σ

−(λ)
i δλ,µ±1, (9.2)

representing the transfer of a spin excitation from site i of chain λ to site i of chain

µ = λ± 1, with rate γ. It has been previously argued [206,228] that the incoherent

hopping rate is of order γ ∼ η2tφ. However, due to the large number of factors

that can contribute to this hopping rate (e.g. temperature, collision rate, interchain

distance etc.), the actual relation between η and γ is complicated [228]. We thus

treat γ as a free parameter that can be varied independently.

To analyse the transport properties of this system, we drive it into a non-

equilibrium configuration by coupling its boundaries to unequal reservoirs, as de-

picted in figure 9.1. We assume that the points of contact between the bath and

any pair of neighbouring chains far apart from each other, leading to independent

driving reservoirs for each chain. This driving scheme is thus similar to that used in

Sections 5 and 8 for a single chain. The action of the reservoirs driving the system

out of equilibrium is therefore represented by the following Lindblad operators

L
+(λ)
L,R =

√
Γ(1± f)/2σ

+(λ)
1,N L

−(λ)
L,R =

√
Γ(1∓ f)/2σ

−(λ)
1,N . (9.3)
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Here, Γ is the strength of the coupling to the reservoirs (we choose Γ = 1 in all

our numerical calculations), and f is the driving parameter. Our simulations are

performed with the weak driving f = 0.1, thus staying in the linear response regime.

Due to the finite temperature, we would also expect pure local dephasing pro-

cesses to exist. However, in order to simplify the analysis, we will assume that

apart from driving, the only effect of the environment is to generate incoherent hop-

ping between chains. Importantly, we show in Section 9.3.2 that the large current

enhancement induced by incoherent coupling cannot result solely from dephasing.

9.1.1 Mean-field approximation

Just like in previous Chapters, we are interested in analysing the transport proper-

ties of the system in the NESS. Nevertheless, computing the NESS for a strongly

correlated two-dimensional system represents a formidable challenge, therefore an

approximation scheme is necessary. In Appendix D we present an exact solution for

two incoherently coupled chains in the non-interacting limit ∆ = 0, demonstrating

that the NESS factorises as ρ = ρ1 ⊗ ρ2 + O(f 2). Since magnetisation and current

expectation values are of order O(f), the lowest order contribution to the NESS is

sufficient to compute transport observables accurately. This observation motivates

the following mean-field approximation (MFA), according to which the state of the

entire system is a direct product of the states of each spin chain

ρ = ρ1 ⊗ ρ2 ⊗ · · · ⊗ ρΛ, (9.4)

thus discarding the correlations between different chains. Using this mean-field

ansatz, we can obtain the master equation for each chain separately after tracing

out the state of the other chains.
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The resulting MFA master equation for chain λ is

dρλ
dt

= −i[H(λ), ρλ] +
N∑
m=1

γ̃+(λ)
m

[
σ+(λ)
m ρλσ

−(λ)
m − 1

2
{ρλ, σ−(λ)

m σ+(λ)
m }

]

+ γ̃−(λ)
m

[
σ−(λ)
m ρsσ

+(λ)
m − 1

2
{ρλ, σ+(λ)

m σ−(λ)
m }

]

γ̃+(λ)
m =

1

2
Γ
[
(1 + f)δi,1 + (1− f)δi,N

]
+

1

2
γ[2 + 〈σz(λ+1)

m 〉+ 〈σz(λ−1)
m 〉] := γ̃+d(λ)

m + γ̃+i(λ)
m

γ̃−(λ)
m =

1

2
Γ
[
(1− f)δi,1 + (1 + f)δi,N

]
+

1

2
γ[2− 〈σz(λ+1)

m 〉 − 〈σz(λ−1)
m 〉] := γ̃−d(λ)

m + γ̃−i(λ)
m ,

where the superscripts d and i refer to driving and incoherent coupling terms,

respectively. Within the MFA, the incoherent interchain coupling turns into local

gain and loss processes at each chain, with rates depending on the magnetisation

of the neighbouring chains. In this form, the density matrix of each chain can be

evolved separately from the others by the simulation of its own master equation,

with the coupling to neighbouring chains being effectively described by expectation

values of local operators. This type of evolution can be performed efficiently by

means of a parallel implementation [229] of the mixed-state Time Evolving Block

Decimation (TEBD) algorithm. This implementation simply consists of running Λ

simultaneous processes, each one for the simulation of the master equation of a single

chain. At every time step, the magnetisation of each chain is calculated. Then it

is communicated to the processes in which the simulations for neighbouring chains

are running. With this information, the local gain and decay rates of each chain are

then calculated, and the time step is performed. This process continues until the

NESS is obtained.

In order to verify that the MFA gives reasonable results, we have also performed

TEBD simulations of two coupled chains without the MFA for comparison. In figure

9.2 we plot the steady-state currents (defined in Section 9.1.3) obtained within each
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Figure 9.2. Comparison between currents for two chains obtained with and
without the MFA. Mean-field current expectation values are shown as sym-
bols, and expectation values obtained without the MFA are shown as lines.

approach for a pair of incoherently coupled chains of length N = 20. The two sets of

results are clearly in close agreement, however the accuracy of MFA calculations is

higher for smaller values of γ and ∆. The maximum error is 3.8%, when ∆ = 2 and

γ = 1.2. We are therefore confident that the MFA gives accurate results for greater

numbers of coupled chains, when quasi-exact TEBD simulations are not feasible.

9.1.2 Approximation for an infinite number of coupled chains

In the case of an infinite number of chains, the reduced density operators of all the

chains are exactly the same at any time. So the problem of simulating the evolution

of the entire system is reduced to that of performing the calculation for a single

chain coupled twice with itself. The resulting Lindblad master equation of each

chain, describing an effective non-linear self-consistent time evolution, is

dρ

dt
= −i[H, ρ] +

N∑
m=1

[
γ̃+
m

(
σ+
mρσ

−
m −

1

2
{ρ, σ−mσ+

m}
)

+ γ̃−m

(
σ−mρσ

+
m −

1

2
{ρ, σ+

mσ
−
m}
)]
,

(9.5)



180
Transport enhancement from incoherent coupling between one-dimensional

quantum conductors

where the index (λ) has been dropped for simplicity, and

γ̃+
m = γ̃+d

m + γ(1 + 〈σzm〉) γ̃−m = γ̃−d
m + γ(1− 〈σzm〉) (9.6)

are the effective gain and decay rates at site m.

9.1.3 Spin current

We now derive the expression for the spin current through the system. It is obtained

from the local magnetisation rate of change, calculated from the master equation

directly. For site i of chain λ, we have in the NESS

〈
dσ

z(λ)
i

dt

〉
= Tr

(
σ
z(λ)
i

dρλ
dt

)
= 〈j(λ)

i−1〉−〈j
(λ)
i 〉+γ̃

+(λ)
i (1−〈σz(λ)

i 〉)−γ̃−(λ)
i (1+〈σz(λ)

i 〉) = 0,

(9.7)

where j
(λ)
i is the longitudinal spin current through site i of chain λ,

j
(λ)
i = 2(σ

x(λ)
i σ

y(λ)
i+1 − σ

y(λ)
i σ

x(λ)
i+1 ). (9.8)

This expression is equivalent to that of the spin current through a 1D spin chain.

Here, in contrast to that case, the longitudinal spin current is site-dependent in the

NESS. For example, in the bulk of the system, 1 < i < N , the difference of spin

currents through nearest neighbours is

〈j(λ)
i 〉 − 〈j

(λ)
i−1〉 = γ

(
〈σz(λ+1)

i 〉+ 〈σz(λ−1)
i 〉 − 2〈σz(λ)

i 〉
)
. (9.9)

Now consider, for example, the left boundary i = 1. Since equation (9.8) is not

defined for i = 0, in the NESS equation (9.7) gives

〈j(λ)
1 〉 = γ

(
〈σz(λ+1)

1 〉+ 〈σz(λ−1)
1 〉 − 2〈σz(λ)

1 〉
)

+ Γf − Γ〈σz(λ)
1 〉. (9.10)
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Figure 9.3. (a) Diagram of three incoherently coupled spin chains, showing
the different currents flowing through site i of chain λ. The straight lines
correspond to coherent coupling, while the wavy lines represent incoherent
coupling. (b). Longitudinal spin current for each chain of the system, and
spin current per chain J = 〈Ji〉/Λ, with Λ = 3, N = 40, ∆ = 0.5 and γ = 0.5.
(c). Transversal spin currents for the same parameters.

A similar equation holds for the right boundary i = N . This leads to a natural

definition of boundary currents 〈j(λ)
0 〉 and 〈j(λ)

N 〉, which allow equation (9.9) to be

valid along the entire chain. These currents, which indicate the direct injection and

ejection of spin excitations on the chain by the boundary reservoirs, are given by

〈j(λ)
0 〉 = Γf − Γ〈σz(λ)

1 〉 〈j(λ)
N 〉 = Γf + Γ〈σz(λ)

N 〉. (9.11)

We can associate the right hand side of equation (9.9) to the difference of spin flows

between chain λ and its neighbouring chains, by defining a transversal spin current

〈j(λ)
⊥,i〉 = −γ

(
〈σz(λ+1)

i 〉 − 〈σz(λ)
i 〉

)
. (9.12)

In this form, equation (9.9) can be rewritten as

〈j(λ)
i−1〉+ 〈j(λ−1)

⊥,i 〉 = 〈j(λ)
i 〉+ 〈j(λ)

⊥,i〉. (9.13)

This balance between longitudinal and transversal spin currents is schematised in

figure 9.3(a).
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From equation (9.9) it follows that in the absence of incoherent coupling, the cur-

rent through each chain is homogeneous in the NESS, 〈j(λ)
i 〉 = const, i = 0, . . . , N .

In addition, from straightforward calculation, it is easily shown that in the presence

of incoherent coupling, the total current per site 〈Ji〉 =
∑Λ

λ=1〈j
(λ)
i 〉 is homogeneous,

i.e. that 〈Ji〉 − 〈Ji−1〉 = 0. Also note that due to the symmetry of the system

considered,
∑Λ−1

λ=1 〈j
(λ)
⊥,i〉 = 0 for all sites i.

A concrete example of the longitudinal spin current profiles (equation (9.8)) for

three chains is shown in figure 9.3(b), including the boundary currents defined in

equation (9.11). Due to the symmetry of the incoherent coupling, the state and

thus the currents of chains λ = 1, 3 are equal. The corresponding transversal spin

currents, defined in equation (9.12), are shown in figure 9.3(c). When moving from

the boundary sites i = 1, N towards the centre of the system, the currents through

chains λ = 1, 3 significantly increase at the expense of the current in the middle

chain. This strong site dependence is reflected in large transversal currents, flowing

in opposite directions. In the central sites of the system, the transversal currents

are very small since the local magnetisations of neighbouring chains are very similar

(see equation (9.12)). This is expected since the magnetisation of each chain must

pass through zero at the same position in the centre due to the symmetric driving.

The NESS spin currents through the system, together with the magnetisation

profile, determine the nature of the transport. If it is diffusive, the currents satisfy

a diffusion equation:

〈j(λ)
i 〉 = −κ(λ)∇σz(λ)

i , (9.14)

where κ(λ) is the (N -independent) spin conductivity of chain λ and

∇σz(λ)
i = 〈σz(λ)

i+1 〉 − 〈σ
z(λ)
i 〉 (9.15)

is the magnetisation difference between neighbouring spins of chain λ. On the other
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hand, if the transport is ballistic κ(λ) diverges, resulting in a size-independent spin

current. Note that since the transversal current of equation (9.12) is proportional

to the local magnetisation difference along the transversal direction, it is diffusive

by construction.

We now discuss the spin transport properties of the system in both the weakly

(∆ < 1) and strongly (∆ > 1) interacting regimes, which show a completely different

behaviour in the presence of incoherent interchain coupling. For this, instead of

observing the spin current through each chain, we consider the total spin current

per chain, noted by J , i.e., J = 〈Ji〉/Λ. Thus JΛ is the total spin current per site in

the NESS. We refer to J in the rest of the Chapter simply as the spin current; it is

shown in figure 9.3(b) for a particular example. Its homogeneity along the system

indicates that the NESS has been reached.

9.2 Transport in weakly interacting incoherently

coupled spin chains

We initially consider the non-interacting case ∆ = 0. In Appendix D we obtain

analytically the exact current and magnetisation expectation values. The former is

given by

J =
4f

(Γ/4) + (4/Γ) + (N − 1)γ/4
, (9.16)

while the magnetisation profile is linear in the bulk, see equation (D.6). These results

agree with TEBD simulations, as indicated in figure 9.4. If γ = 0, the current is

independent of the size of the spin chains, indicating ballistic transport. On the other

hand, a finite incoherent coupling induces a decay of the current with the length of

the system ∝ N−1, typical of a diffusive conductor. In fact the bulk conductivities

are easily shown to be κ(1,2) = 8/γ. So, similarly to dephasing processes on a
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Figure 9.4. Spin current as a function of incoherent coupling γ for several
numbers of non-interacting (∆ = 0) chains of N = 40. The arrow indicates
the decreasing tendency of the current as Λ increases. The dashed lines
correspond to results of TEBD simulations (Λ = 2, 3, 4, 6, 10). The red solid
line indicates an extrapolation of results of a finite number of chains (up
to Λ = 10) to Λ → ∞, using the simple rational function J = (p1Λ +
p2)/(Λ + p3). The symbols indicate the analytical calculation for Λ = 2 (◦)
and Λ → ∞ (�). Inset: Magnetisation profile of a chain in the centre of
the system (Λ/2 for Λ even, (Λ + 1)/2 for Λ odd) for γ = 0.3 and the same
number of chains shown in the main panel. The solid lines correspond to
the magnetisations obtained from TEBD results, and the symbols (�) to the
analytical approach for the self-coupled chain.

single non-interacting chain (see Section 8.2, equation (8.6)), incoherent interchain

couplings induce a non-equilibrium phase transition between ballistic and diffusive

regimes, with a spin current monotonically degraded by the interchain hopping.

In the limit of an infinite number of chains, described by the self-coupled chain

(see Section 9.1.2), the analytical method used for two chains can also be applied (see

Appendix D). We thus obtain exact expressions for the current and magnetisation,

given by equations (9.16) and (D.6) respectively, with γ/2 instead of γ/4. The

conductivity is thus κ = 4/γ, reduced compared to the case of Λ = 2. This is

because each chain has two nearest neighbours rather than one, leading to a stronger

degrading effect of the incoherent hopping.

In the intermediate case, i.e. for a finite number of chains Λ > 2, we use the

TEBD method to obtain the NESS of the system. Characteristic results for the
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Figure 9.5. Spin current as a function of γ for Λ = 10, N = 40 and
different interaction strengths ∆ < 1. The symbols correspond to TEBD
results: blue (◦) to ∆ = 0, red (�) to ∆ = 0.5 and black (�) to ∆ = 0.9; the
solid lines are guides to the eye. The qualitative behaviour of the current,
i.e. its monotonic decay with γ, is observed for any other value of Λ. Inset:
Conductivities for λ = 1 (◦, solid lines), indicating the behaviour at the
boundary chains of the system, and of λ = 2 (�, dashed lines), corresponding
to the bulk. The symbols are TEBD results, and the lines are fits to the
power law κ(λ) = αλγ

−βλ . For ∆ = 0, β1 = 0.968(4) and β2 = 1.013(2). For
∆ = 0.5, β1 = 0.79(2) and β2 = 0.77(2). For ∆ = 0.9, β1,2 = 0.52(1). The
colors correspond to the same interaction strengths ∆ of the main panel.

current and for the magnetisation profiles are shown in figure 9.4. The same qual-

itative features of the cases Λ = 2 and Λ → ∞ are found, namely the spin current

monotonically decreases with γ and the magnetisation profile is almost linear in the

bulk. In addition, for a fixed incoherent coupling, the current decreases with the

number of chains, rapidly for small values of Λ and very slowly for large values.

An extrapolation of these results to the limit Λ → ∞ agrees with the analytical

approach for the self-coupled chain, as shown in figure 9.4.

Similarly to the cases of two and an infinite number of chains, the transport re-

sponse induced by incoherent coupling on a system of several chains is characteristic

of diffusive conductors. To see this explicitly, we observe that each chain satisfies

the local diffusion equation (9.14). Since the spin current through each chain is site-

dependent, we have verified that the ratio 〈j(λ)
i 〉/∇σ

z(λ)
i (i.e. the conductivity) is
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homogeneous for each λ, so the diffusion equation (9.14) holds. In addition, similarly

to the analytically-solvable cases, the conductivity of each chain decays monotoni-

cally with the incoherent coupling rate, with a behaviour very well described by a

decay κ(λ) ∝ 1/γ, as shown in figure 9.5. We also note that for 2 < λ < Λ − 1 the

conductivity is almost indistinguishable from that of λ = 2,Λ− 1, due to the weak

effect of the boundary chains.

Now we consider weak interactions 0 < ∆ < 1. We find that the effect of inco-

herent interchain coupling on the system is very similar to that on non-interacting

chains. Namely a finite incoherent coupling induces a transition from ballistic

(γ = 0) to diffusive (γ > 0) behaviour. The magnetisation profiles become linear,

and the spin current and the conductivities of each chain decrease monotonically

with γ, the latter following a power law as shown in figure 9.5. The current also

decreases with Λ, approaching a limiting value when Λ→∞. In figure 9.5 it is also

seen that for fixed values of Λ and γ, the spin transport diminishes as ∆ increases,

a known result for single chains in the gapless regime [9, 221].

9.3 Transport enhancement for strong intrachain

coupling

We now consider the effect of incoherent interchain coupling on the transport prop-

erties of strongly interacting spin chains (∆ > 1).

9.3.1 Environment assisted transport

Due to the strong correlations between spin excitations, the regime ∆ > 1 presents

a completely different response to environmental effects to the case of weak interac-

tions ∆ < 1. As described in Chapter 8 for single 1D chains, dephasing processes
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Figure 9.6. Spin transport enhancement in the strongly interacting regime
due to incoherent interchain hopping. For clarity we plot the rescaled spin
current J/Jopt as a function of γ. The solid blue line corresponds to ∆ = 1.2,
Λ = 3 and N = 40. The other lines indicate the effect on the spin current
when some parameters of the system are modified, i.e. when the number
of chains increases (dashed red line, ∆ = 1.2 and Λ = 10), and when the
interaction is stronger (dot-dashed black line, ∆ = 2 and Λ = 3). When
γ = 0, J = 4.25 × 10−3 for ∆ = 2, and J = 1.19 × 10−2 for ∆ = 1.2. The
corresponding optimal currents are Jopt = 8.0× 10−3 and Jopt = 1.65× 10−2

respectively.

can lead to a surprisingly large enhancement of the current even at weak driving.

Now we show that the ability of excitations to jump incoherently across different

chains leads to an even larger transport enhancement, which constitutes the main

result of the present Chapter.

As shown in figure 9.6, the presence of incoherent interchain coupling increases

the spin current through the system, compared to that of γ = 0, for a wide range

of rates γ. The optimal coupling maximising the current γopt, which is obtained

by fitting the peak to a polynomial function, strongly depends on the interaction

strength, increasing with ∆. Similarly, the current enhancement grows with ∆. For

example, the current increases by up to 39% for ∆ = 1.2 and up to 91% for ∆ = 2.

We now consider the effect of the system size on the transport enhancement. The

optimal current Jopt remains almost constant for all values of Λ considered. In ad-
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Figure 9.7. Optimal incoherent coupling as a function of the number of
coupled chains Λ, for N = 40 and ∆ = 2 (◦), and the optimal coupling for a
self-coupled chain (�). The power law fit γopt = aΛ−b + γ∞opt is shown (solid
line), which results in an optimal coupling at Λ → ∞ of γ∞opt = 0.146(5);
a = 0.33(1), b = 1.3(1). Inset: simulations of the self-coupled chain provide
an alternative method for finding the optimal coupling in the limit Λ→∞.
Fitting the results of the simulations around the peak (◦) to a polynomial
function (solid line), we find the maximum current at γ∞opt = 0.144, consistent
with the scaling analysis.

dition, the optimal coupling monotonically decreases with Λ as shown in figure 9.7,

and the range of beneficial couplings narrows. Importantly, a power-law extrapola-

tion to Λ→∞ strongly suggest the existence of a finite optimal incoherent coupling

γ∞opt in this limit. We have confirmed this result from simulations of a self-coupled

chain with ∆ = 2, as shown in the inset of figure 9.7. The results of both approaches

agree very well, giving optimal couplings of γ∞opt = 0.146 for the extrapolation and

γopt = 0.144 for the self-coupled chain. Because of this agreement, we henceforth

denote by γ∞opt the optimal coupling for the self-coupled chain.

Note that a simple argument qualitatively explains the decay of γopt with Λ.

Consider first the case Λ = 2. Since each chain is only affected by just a single

neighbouring chain, it is expected that γopt(Λ = 2) ∼ 2γ∞opt, as seen in figure 9.7.

For Λ = 3, the boundary chains are coupled to a single neighbour, so their transport

is optimised by γ ∼ 2γ∞opt. The central chain, being coupled to two neighbours, is
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Figure 9.8. Spin current enhancement factor Jopt/J(γ = 0) as a function of
the length of the system for a self-coupled chain with ∆ = 2 (◦). The solid
line is a guide to the eye.

optimised by γ ∼ γ∞opt. Assuming that an average incoherent coupling optimises

the transport of the entire system, we get γopt(Λ = 3) ∼ 5γ∞opt/3. In general, for Λ

chains, we expect

γopt(Λ) ∼
(Λ− 2)γ∞opt + 4γ∞opt

Λ
=

2γ∞opt

Λ
+ γ∞opt. (9.17)

This simple scaling provides a good approximation to that found from the power

law fit of the results of a finite number of chains, as indicated in figure 9.7.

Importantly, we observe that the enhancement effect becomes stronger as the size

of the system increases. This is shown in figure 9.8 for a self-coupled chain, where the

enhancement factor Jopt/J(γ = 0) is seen to increase with N . We therefore expect

that spin transport can be significantly enhanced by environmental processes even

in macroscopic (anisotropic) two-dimensional systems, and thus can be observed

experimentally in bulk materials.

Note that the tendency of Jopt/J(γ = 0) with N here is entirely different to that

of transport enhancement by dephasing, shown in figure 8.6(b), where the enhance-

ment factor slowly decays and saturates with the system size. This already suggests

that the transport enhancement mechanism by incoherent interchain coupling is a
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much stronger effect than that of dephasing.

To understand the origin of the increase of the enhancement ratio with N , it

is important to study the nature of the spin transport in the enhancement regime.

To address this point we analyse the scaling with N of the spin current through a

strongly interacting self-coupled chain. The results are shown in figure 9.9. In the

presence of diffusive spin transport, the magnetisation profile of the chain is linear

in the bulk. The local magnetisation difference is thus homogeneous, and defined as

∇σzi =
∆σz

N − 5
with ∆σz = 〈σzN−2〉 − 〈σz3〉, (9.18)

where N−5 corresponds to removing two sites from either end to diminish boundary

effects. Diffusive spin transport is evidenced if the system satisfies the diffusion

equation

J

∆σz
= − κ

(N − 5)α
, (9.19)

with κ the spin conductivity and α = 1. As shown in figure 9.9 for weak incoherent

coupling, the results of our TEBD simulations are well described by this equation,

but with α < 1. This means that in the regime of transport enhancement, the system

presents a spin current which decreases with N slower than normal diffusion, i.e.

it shows superdiffusive behaviour. Thus the optimal current also shows a slower

decrease than that of a diffusive conductor. Since for the diffusive regime J(γ =

0) ∝ N−1, a divergence of the enhancement ratio with N is found.

Finally, as shown in the upper inset of figure 9.9, the exponent α gets closer to

1 when increasing γ, the transport thus tending towards being described by normal

diffusion when the incoherent effects become stronger. When γ is too large the

enhancement effect disappears, since the system is perturbed so frequently that it

is prevented from evolving, i.e. the Zeno effect emerges.
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Figure 9.9. Scaling of J/∆σz of the self-coupled chain, for ∆ = 2, γ =
0.05 (�) and γ = 0.20 (◦). The results of the simulations fit very well to
equation (9.19), giving κ = 0.93(6) and α = 0.81(2) for γ = 0.05 (dashed red
line), and κ = 1.53(3) and α = 0.959(6) for γ = 0.20 (solid blue line). Lower
inset: Corresponding magnetisation profiles of N = 60. Upper inset: 1 − α
as a function of γ.

9.3.2 Enhancement mechanism

We now discuss the origin of the transport enhancement in the strongly interacting

regime, which is similar to that found in single chains due to dephasing processes (see

Chapter 8). Recall that as explained in Section 2.5 and Appendix A, for interaction

strengths ∆ > 1 the spectrum of the XXZ Hamiltonian (9.1) consists of several

bands whose energetic separation is proportional to ∆. The highest bands are

almost flat, possessing very low conductivity. These bands correspond to bound

states of spin excitations, where several spins are clumped together, thus having

large potential energy. When the system is driven out of equilibrium, population is

transferred to bands of both high and low energy, even in the weak-driving regime

as considered here. If energy-dissipating processes take place in the system, spin

bound states of highly energetic bands break into states of lower potential (and

total) energy, but of much higher kinetic energy, thus increasing the conductivity.

The enhancement described in our work emerges from the energy dissipation in-

duced by the incoherent interchain coupling. To clarify this point, consider for sim-
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Figure 9.10. Nearest-neighbour connected correlation function for different
parameters of the self-coupled chain of N = 20. (a) For γ = 0 and several
interaction strengths ∆. From bottom to top, the solid lines correspond to
∆ = 0.8, 1.0, 1.05, 1.1, 1.2. The dashed line refers to ∆ = 0. (b) For ∆ = 1.4
and several incoherent coupling rates γ. From top to bottom, the lines
correspond to γ = 0, 0.01, 0.03, 0.1, 0.5. (c) Sum of the nearest-neighbour
correlation functions C as a function of γ for ∆ = 1.4.

plicity the self-coupled chain configuration described by equation (9.5)1. A straight-

forward calculation of the energy dissipation rate corresponding to the incoherent

1The calculation of the rate of energy dissipation is also easily performed for a finite number
of chains. In this case, we obtain a sum over λ of terms like those of equation (9.20), but instead
of the magnetisation at site i+ 1 of each chain, the magnetisations of the neighbouring chains at
site i+ 1 appear. Nevertheless, since the magnetisations of all chains are similar, equation (9.20)
corresponds to a good approximation.
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coupling gives

Tr(HLinc(ρ)) = −2γ
N−1∑
j=1

〈σxi σxi+1 +σyi σ
y
i+1〉−4γ∆

N−1∑
j=1

(〈σzi σzi+1〉−〈σzi 〉〈σzi+1〉), (9.20)

where Linc(ρ) is the dissipator describing the incoherent coupling. The first term

in the energy dissipation rate appears due to the loss of phase coherence between

neighbouring sites (see equation (8.8)), and is proportional to the hopping energy

K =
N−1∑
i=1

〈σxi σxi+1 + σyi σ
y
i+1〉.

The second term is proportional to the sum of nearest-neighbour connected spin-spin

correlations

C =
N−1∑
i=1

(〈σzi σzi+1〉 − 〈σzi 〉〈σzi+1〉),

and corresponds to a direct dissipation of the interaction energy due to the incoher-

ent hopping, which rips spin excitations away from their nearest neighbours2.

Intuitively, if C is positive, the spin excitations of the system are bunched to-

gether on average, while if C < 0 the excitations are spread out. Therefore, the sign

of C gives a simple indication of how population is distributed between the bound

states (bunched) and mobile states (spread out). In the absence of incoherent cou-

pling, we have found that C undergoes a marked transition from taking negative

to positive values as the interaction strength crosses the critical point ∆ = 1 (see

figure 9.10(a)). This behaviour is a manifestation of the well known non-equilibrium

phase transition from ballistic to diffusive conduction at ∆ = 1, and demonstrates a

tendency of the spin excitations to clump together in the strongly interacting regime

2As observed during the derivation of equation (9.20), the terms 〈σz
i σ

z
i+1〉 are a direct conse-

quence of the non-conserving nature of the jump operators (i.e. they result from any incoherent
process described by jump operators σ+ or σ−). In addition, the terms 〈σz

i 〉〈σz
i+1〉 appear because

the effective rates γ̃+m and γ̃−m are different (see equation (9.6)).
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Figure 9.11. Comparison of the rate of energy dissipation due to bulk
dephasing processes (equation (9.21)), and incoherent self coupling (equa-
tion (9.20)). Both cases correspond to ∆ = 2 and N = 40. For these
parameters, the current for a single isolated chain is J ≈ 4.2 × 10−3. Inset:
Corresponding spin currents.

of the driven system. Importantly, even when the incoherent coupling is incorpo-

rated, our simulations always show that C > 0 when ∆ > 1 (see figures 9.10(b),(c)).

More precisely, C diminishes with γ, indicating the decrease of population in bound

(correlated) states with incoherent processes, but remains positive. Similarly, we

always found that K > 0 in the strongly interacting regime. This indicates that

energy is being dissipated from the system due to the incoherent interchain hopping

(see equation (9.20)), transferring population from bound to mobile states and thus

leading to transport enhancement.

It is important to note that the transport enhancement induced by incoherent

interchain coupling is much larger than that of pure dephasing processes described

by equation (8.4), with dephasing rate 2γd. For example, as shown in figure 9.11

for ∆ = 2, the spin current is increased up to 37% by dephasing3, and up to 91%

by incoherent coupling. This difference can be explained by looking at the energy

3Note that here γd is defined to be twice that of Chapter 8, so the energy dissipation due to
the phase-breaking effect of incoherent coupling of equation (9.20) has exactly the same form as
that of dephasing, in equation (9.21).
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dissipation rate due to dephasing,

Tr(HLd(ρ)) = −2γd

N−1∑
j=1

〈σxi σxi+1 + σyi σ
y
i+1〉, (9.21)

with Ld(ρ) the dephasing dissipator. This rate is compared to the dissipation rate

from incoherent coupling in figure 9.11. Since its maximal magnitude is significantly

smaller than that of incoherent coupling, more energy is dissipated by the latter,

resulting in more population transfer from flat to mobile energy bands and thus to

a larger current. This also shows that for ∆ 6= 0, the effects of incoherent coupling

cannot be reproduced just by dephasing processes.

9.4 Summary

We have studied the spin transport in an anisotropic 2D spin−1
2

lattice driven

out of equilibrium by Markovian boundary reservoirs. The assumption of highly

anisotropic coupling allowed us to consider the system as an array of incoherently

coupled chains. Each chain is described by anXXZ Hamiltonian, which contains the

basic elements that constitute many-body lattice systems, namely particle hopping

and interactions. Employing a mean-field approximation, we calculated the spin

current and magnetisation of the NESS of the system for several parameters. This

approximation, found to reproduce the transport properties of two coupled chains,

facilitates an accurate and efficient dynamical simulation of the system using a

parallel implementation of the TEBD algorithm [174].

We found that in the presence of weak intrachain interactions, the incoherent

coupling monotonically degrades the spin conductivity of the chains. However, in the

strongly interacting regime we found a significant transport enhancement due to the

incoherent coupling. This enhancement can be understood as the result of incoherent
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transitions from bound states to mobile bands of energy eigenstates, similar to the

effect of dephasing on spin and energy transport in 1D systems. However, the direct

breakdown of bound states by the incoherent hopping between neighbouring chains,

which opens more paths for spin excitations to flow, provides a greater improvement

than dephasing effects alone.

A self-consistent extension of the mean-field approximation enabled us to perform

simulations directly in the limit of an infinite number of chains. In this configuration,

we found that the enhancement of the spin current increases with the size of the

system, which reveals the importance that the enhancement effect can have in bulk

materials. The origin of this scaling was related to the existence of superdiffusive

transport in the regime of current enhancement, becoming closer to normal diffusion

as the incoherent coupling increases.

Finally, we note that the effects described in our work have so far not been found

experimentally. Real materials such as organic conductors and cuprates involve more

complicated effects than those considered here, which may obstruct a direct obser-

vation of the enhancement and degradation mechanisms we have described. In par-

ticular, in the absence of interactions, we expect that incoherent interchain hopping

destroys disorder-induced localisation. However, when interactions are added to the

picture, it is not clear how the two transport enhancement effects would combine. A

model incorporating disordered site energies alongside interactions and incoherent

hopping would be amenable to a numerical study using the methods described in

this work. This constitutes an interesting topic for future research. Alternatively,

quantum simulators such as ultracold atom systems are intrinsically free of disorder.

Moreover, several experimental [37,38,143] and theoretical [222] advances aimed at

simulating quantum transport in such systems have recently been made. This offers

the prospect of observing the effects described in this work and studying them in

the laboratory using current or near-future technology.



Chapter 10

Conclusions and future prospects

10.1 Summary of results

In the present thesis we have studied the non-equilibrium properties of the one-

dimensional spin-1/2 XXZ Hamiltonian, driven by unequal boundary reservoirs.

The steady-state response of the system to this transport scheme, described by a

Lindblad master equation, has been efficiently obtained using time evolving block

decimation. Our research has allowed us to identify novel phenomena regarding

the conduction of magnetisation and energy, and to unravel a new mechanism of

environment-enhanced transport in the strongly-interacting regime of the model.

Specifically, we have started by studying the spin transport of chains driven by a

magnetic imbalance between the boundaries. We reproduced the transport regimes

observed in previous research, namely ballistic transport for weak interactions, dif-

fusive transport for strong interactions and weak driving, negative differential con-

ductivity for larger driving and an insulating state for maximal driving. We have

provided an argument to explain the origin of the insulating state, which relies on the

existence of a dark state of ferromagnetic domains which is preferentially populated

by the driving. This effect is shown to be a true many-body phenomenon. Then

we observed that energy transport can be induced with the same driving scheme

197
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in the presence of a homogeneous magnetic field, thus corresponding to a Peltier

effect. Due to the symmetries of the driving, the energy current is proportional to

the spin current. Although this result contrasts with the expected picture of ballistic

energy transport for any interaction strength, we emphasise that it emerges from

the particular form in which the energy current is induced.

Subsequently we have discussed the response of the system to thermal driving,

inducing a different type of energy transport. In agreement to previous research, we

have observed ballistic energy conduction for both weak and strong interactions if

the Hamiltonian is integrable. On the other hand, the transport becomes diffusive

when the integrability of the system is broken (by a staggered magnetic field). Inter-

estingly, we have found that in the latter case the reduced density operators of two

neighbouring spins are well approximated by local thermal states, plus corrections

to account for the energy current across the system. In contrast, local temperatures

cannot be associated to the integrable case. This corresponds to a first extension

of the correspondence between absence of integrability and thermalisation to a non-

equilibrium configuration.

Then we have analysed the impact of environmental coupling on the transport

properties of the XXZ spin chain, motivated by recent findings of quantum effects

assisted by incoherent processes. A key difference to previous studies is that we

consider a linear, ordered many-body configuration. First we observe the impact of

pure dephasing processes on the spin transport properties of the chain driven by a

magnetic imbalance. In the weakly-interacting regime, spin transport is degraded

by dephasing. On the other hand, a significant transport enhancement occurs for

strong interactions at moderate dephasing rates. This effect does not seem surpris-

ing at large driving, where dephasing breaks the ferromagnetic domains that made

the system an insulator. In contrast, the enhancement effect at weak driving is

unexpected, given that in such a regime the system is already a diffusive conductor.
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The phenomenon is seen to emerge due to energy dissipation processes which break

slow bound states of spin excitations into scattering states of larger mobility. It is

also seen to exist for very large systems, and to be a true many-body phenomenon.

The isotropic point of the model is found to separate the degraded and enhanced

transport responses, also being the point of maximal correlations even for weak de-

phasing. We also observed that energy transport can be enhanced by dephasing, in

spite of the energy dissipation which makes it non-homogeneous across the chain.

Finally we have studied the effect of a different type of incoherent coupling. Mo-

tivated by the structure of several condensed matter systems, we have considered a

configuration consisting of various one-dimensional XXZ spin chains, incoherently

coupled with each other. The simulations have been performed by a mean-field

approximation, which for two chains was observed to reproduce the transport prop-

erties correctly. Similarly to dephasing, the incoherent interchain coupling induces

a spin transport enhancement in the strongly-interacting regime. This enhancement

effect, however, is significantly larger than that of dephasing, owing to the extra

energy dissipation arising from explicitly separating neighbouring spin excitations.

The effect is seen to persist as the number of chains increases, tending to a limit well

described by a self-coupled chain. In addition, in contrast to dephasing, incoherent

interchain coupling induces an assisted-transport effect that increases with the size

of the system, which relates to spin superdiffusive conduction.

Throughout the thesis we have argued that the described phenomena are general.

Since theXXZ Hamiltonian contains the simplest competition between hopping and

particle interactions, various of the effects we have discussed should be present in

more complicated and realistic models. Also, since the XXZ Hamiltonian can be

mapped to fermionic and bosonic models, the effects are not restricted to magnetic

systems. In fact, systems of cold atoms in optical lattices constitute ideal scenarios to

observe experimentally the physics described in the thesis, given their controllability,
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single-site resolution, and the recent implementation of boundary-driven transport

schemes.

10.2 Future prospects

We finalise by describing some interesting possibilities of future research.

10.2.1 Interplay of decoherence, interactions and disorder

Most of the research discussed in previous chapters was focused on the impact of

the competition between interactions and decoherence on the transport properties

of quantum systems. This picture is still quite idealised due to the absence of dis-

order, which is a very important component of several condensed-matter systems.

It has been well established that in non-interacting systems, any amount of on-site

disorder leads to an insulating state, a phenomenon known as Anderson localisa-

tion [230]. It is also well known that dephasing effects break Anderson localisation,

and thus enhance transport [42,221,226]. In contrast, the interplay between disorder

and interactions is not completely understood. While it is generally accepted that

localisation is broken by weak interactions [225], which induce a delocalised state

with subdifussive transport [157], the competition between strong interactions and

disorder still needs to be studied. An interesting question to study is whether in

the presence of self-trapping effects due to strong interactions, weak disorder can

actually lead to a transport enhancement effect.

Our study has provided insight on the interplay between interactions and deco-

herence effects. A more complete picture should also include disorder. In fact, very

few studies including interactions, decoherence and disorder have been performed

so far. One of the most complete is that of reference [157], briefly described in

Chapters 7 and 8. In this study, a cooperation between weak interactions and noise
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Figure 10.1. Spin transport enhancement in two coherently-coupled spin
chains. For clarity, the data of N = 20 has been scaled by the factor 2.2.
The parameters of the simulations are ∆ = 2, ∆⊥ = 0 and f = 0.1.

is seen to break Anderson localisation, leading to subdiffusive transport. This study

also hinted at the existence of noise-assisted transport with strong interactions in

the presence of disorder. We believe that the mechanism explained in Chapter 8

partially accounts for this observation.

Some questions on the total interplay between the three effects remain open. For

example, the generality of the cooperation between weak interactions and noise can

be inspected with different driving schemes and types of particles. It would also

be interesting to understand the interplay between the two noise-assisted transport

effects, namely the breaking of Anderson localisation and of bound states at strong

interactions. The solution to these problems is demanding, but feasible due to the

high efficiency of tensor network algorithms. Alternatively, the direct simulation

in systems of ultracold atoms could be performed with the transport scheme of

references [37,38], which has been used to study disordered systems [143].

10.2.2 Enhanced transport by coherent interchain coupling

As mentioned in Section 2.7, several materials are well described by a ladder struc-

ture, i.e. they correspond to coherently-coupled spin chains. The starting point to
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study several of these materials is a system of Λ XXZ spin chains, with interchain

coupling described by the Hamiltonian

H⊥ =
N∑
i=1

J⊥(σ
x(1)
i σ

x(2)
i+1 + σ

y(1)
i σ

y(2)
i+1 + ∆⊥σ

z(1)
i+1 σ

z(2)
i ), (10.1)

where J⊥ and ∆⊥ are the hopping and spin interaction strength, respectively. There

are important open questions regarding the physics of this model, so it constitutes

a vast area of intense research (see reviews in [231,232]).

A major difficulty to analyse these systems is that the local dimension of each

effective site grows as 2Λ, so numerical simulations of their transport properties

without mean-field approximations become very demanding. Recent studies, how-

ever, have used the same driving scheme of Chapter 9 to study the spin conduction

of Λ = 2 chains in the non-interacting regime ∆ = 0. A first expected result

corresponds to the emergence of diffusive transport due to the coherent interchain

coupling, given that it breaks the integrability of the model [134,135]. A more inter-

esting result shows that even in the absence of integrability, some subspaces support

ballistic transport [134]. Nevertheless, a study of the impact of coherent interchain

coupling as a function of the interaction strength ∆ is yet to be performed.

Some preliminary results for this case are shown in figure 10.1. Interestingly,

a significant transport enhancement compared to the single-chain case is found,

similarly to the case of incoherent coupling. To the best of our knowledge, the

possibility of increasing the conduction of an ordered quantum system by coherently

extending its dimensionality has not been reported before. Thus we believe that such

an effect definitely deserves a deep analysis. Ultracold atoms in optical lattices again

constitute an ideal setting to test the generality of this effect [125,126].



Appendix A

Eigenstructure of the XXZ model for

very strong interactions

In the present Appendix we analyse perturbatively the energy bands of the in-

tegrable XXZ model, in the limit of very strong interactions. Very similar results

have been published in an independent recent research [233]. The Hamiltonian is

H =
N−1∑
j=1

τ(σxj σ
x
j+1 + σyjσ

y
j+1 + ∆σzjσ

z
j+1). (A.1)

In the following, we consider ∆� 1. To perform the calculation in a clear form, we

transform the Hamiltonian to its equivalent version for hard-core bosons.

A.1 Mapping to hard-core bosons

To go to the hard-core bosons representation, we perform the transformation

aj = σ−j , a†j = σ+
j , nj = a†jaj =

1

2
(1 + σzj ). (A.2)

Here, aj (a†j) annihilates (creates) a hard-core boson at site j, and nj is the cor-

responding number operator. These operators satisfy [aj, a
†
k] = (1 − 2nj)δjk and

203
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{aj, a†j} = Ij, with Ij the identity operator at site j. So in general, these opera-

tors do not satisfy usual commutation relations. Instead they commute at different

sites of the chain, and anticommute at the same site. It is clear from the definition

that 0 ≤ 〈nj〉 ≤ 1, so at most one boson can occupy each site (thus the name

“hard-core”). We represent a hard-core boson at site j by |1〉j, while the empty site

corresponds to |0〉j. Introducing the new operators into the Hamiltonian (A.1), and

defining t = −2τ and V = 4τ∆, we get

H =
V

4
(N − 1)− t

N−1∑
j=1

(a†jaj+1 + a†j+1aj) + V
N−1∑
j=1

njnj+1 −
V

2

N−1∑
j=1

(ni + ni+1). (A.3)

This Hamiltonian consists of several terms. The first term is the energy of the sys-

tem for zero or N excitations. The second term accounts for the nearest-neighbour

hopping of bosons. The third stands for a nearest-neighbour density-density inter-

action. The final term corresponds to on-site energies, which are different for the

boundary sites and the rest:

V

2

N−1∑
j=1

(ni + ni+1) =
V

2
n1 + V

N−1∑
j=2

nj +
V

2
nN . (A.4)

As seen in the following Sections, this difference of on-site energies is very important

to account for some of the details of the eigenspectrum of the model.

A.2 Energies of the XXZ model

Now we examine the eigenstates and corresponding bands of the Hamiltonian (A.3)

for a small number of bosons NT =
∑N

j=1〈nj〉 in the lattice. Due to the particle-hole

symmetry of the model, states of a few number of holes in a filled lattice have the

same energy. Nevertheless we focus on describing the former states.
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A.2.1 Highest lying state

The simplest state to consider is that of the NT = 0 sector, namely |00 · · · 0〉. As

shown in figure A.1, this is the highest lying state, with energyE(0) = V
4

(N−1). Due

to the particle-hole symmetry, the state of N excitations |11 · · · 1〉 also has energy

E(0). This is clearly seen since both the density-density interaction and the on-site

terms give energies of magnitude V (N − 1), which cancel with each other. These

states are referred to as type (a), as shown in figure A.1(a).

A.2.2 Energies for one excitation

Consider initially the case NT = 1 and t = 0. Then, from a direct inspection of the

Hamiltonian (A.3), and using that all the density-density interaction terms vanish,

it is seen that two totally degenerated (thus non-conducting) single-particle bands

appear, as shown in figure A.1(a). These correspond to the following types of states.

(b) Two states of energy E = E(0) − V/2, for the excitation being localised at

one of the edges of the chain, i.e. |00 · · · 01〉 and |10 · · · 00〉.

(c) N − 2 states of energy E = E(0) − V , for the excitation localised somewhere

else in the chain, i.e. of the form |0 · · · 010 · · · 0〉.

Turning weak hopping processes on shifts the energy of the first band and breaks

the degeneracy of the second, as shown in the right panel of figure A.1. We can

calculate these corrections using degenerate perturbation theory. To proceed, we

note by H
(j)
Bj

the correction Hamiltonian of band Bj of NT = j particles. If states

|p〉 and |q〉 belong to band Bj of j particles, the first-order correction Hamiltonian

element is 〈p|H(j)
Bj
|q〉 = 〈p|Ht|q〉, with Ht = −t

∑N−1
j=1 (b†jbj+1 + b†j+1bj) the hopping

Hamiltonian. The second-order correction Hamiltonian element is

〈p|H(j)
Bj
|q〉 =

∑
m∈B′j

〈p|Ht|m〉〈m|Ht|q〉
Ep − Em

, (A.5)
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Figure A.1. Energies for zero, one and two excitations in the strongly-
interacting regime, for N = 10, V = 40, t = 0 (left) and t = −2 (right). Here,
and in the following figures, ν corresponds to the index of the eigenvalues
of all the sectors considered. Note that in the main text, we denote the
eigenvalue index of each separated band as k.

where B′j refers to the bands of particle sector NT different to Bj, and |m〉 to their

states that connect |p〉 and |q〉 by two subsequent applications of Ht.

Consider first the band (b). Since the only two states of this band are far

away from each other, and Ht does not lead a state to itself, there are no first-

order corrections. For the second-order corrections, only the diagonal cases |p〉 =

|q〉 contribute. For |p〉 = |10 · · · 00〉, the single state |m〉 is |m〉 = |010 · · · 0〉, so

Ep − Em = V/2; similarly for |p〉 = |00 · · · 01〉. So the second-order correction

Hamiltonian for the first band of NT = 1 is

H
(1)
(b) =

2t2

V

(
1 0

0 1

)
. (A.6)

The corrected energies of band (b) are thus

E(b) = E(0) − V

2
+

2t2

V
. (A.7)

For band (c), the dominant corrections are of first order, since states of this band

are connected by a single application of Ht. The first-order correction Hamiltonian
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is simply given by the tridiagonal (N − 2)× (N − 2) matrix

H
(1)
(c) = −t



0 1 0 · · · 0 0

1 0 1 · · · 0 0

0 1 0 · · · 0 0
...

...
...

. . .
...

...

0 0 0 · · · 0 1

0 0 0 · · · 1 0


. (A.8)

The eigenvalues of this matrix are known [234], and lead to the following corrections:

E(c)(k) = E(0) − V − 2t cos

(
kπ

N − 1

)
, k = 1, . . . , N − 2. (A.9)

The band thus gets a cosine form of width 2t, as a function of the quasi-momentum

kπ/(N − 1), appreciated in the right panel of figure A.1. Second-order corrections

can also be calculated, but we will only show the leading correction order.

A.2.3 Energies for two excitations

First we identify the states of the NT = 2 sector when t = 0. The degenerated bands

are shown in the left panel of figure A.1, and correspond to

(d) Two states of energy E = E(0)−V/2, corresponding to the excitations being

localised at one of the edges of the chain, i.e. |00 · · · 011〉 and |110 · · · 00〉.

(e) N − 3 states of energy E = E(0) − V , corresponding to the excitations next

to each other, but none of them at the edges, i.e. of the form |0 · · · 0110 · · · 0〉.

(f) One state of energy E = E(0) − V , with each excitation at a different edge,

i.e. |10 · · · 01〉.

(g) 2(N − 3) states of energy E = E(0) − 3V/2, corresponding to separated

excitations, and only one of them at one edge of the chain, such as |10 · · · 010 · · · 0〉.

(h) (N − 3)(N − 4)/2 states of energy E = E(0)− 2V , for separated excitations,
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with none of them at the edges, i.e. of the form |0 · · · 1 · · · 1 · · · 0〉.

We then turn the hopping on, and proceed as before; the resulting bands are

shown in the right panel of figure A.1. For band (d), take |p〉 = |q〉 = |110 · · · 00〉

as an example. Second-order corrections are needed, for which |m〉 = |1010 · · · 00〉

is the only intermediate state possible. So we get that Ep − Em = V ; similarly

for |p〉 = |q〉 = |00 · · · 011〉. The second-order correction Hamiltonian H
(2)
(d) has two

diagonal elements t2/V , so the corrected energies for both states are

E(d) = E(0) − V

2
+
t2

V
. (A.10)

For band (e), second-order corrections are also needed. The correction Hamiltonian

is given by the (N − 3)× (N − 3) tridiagonal matrix

H
(2)
(e) =

t2

V



3 1 0 · · · 0 0

1 2 1 · · · 0 0

0 1 2 · · · 0 0
...

...
...

. . .
...

...

0 0 0 · · · 2 1

0 0 0 · · · 1 3


. (A.11)

Here, the off-diagonal elements refer to hops of the two spin excitations, i.e. to

transitions such as |01100 · · · 0〉 → |00110 · · · 0〉. The diagonal elements correspond

to processes in which one of the excitations hops to a neighbouring site and then

comes back. The eigenvalues of this matrix are known [234], giving the corrections

E(e)(k) = E(0) − V +
2t2

V

(
1 + cos

(
(k − 1)π

N − 3

))
, k = 1, . . . , N − 3. (A.12)

For the state (f), the intermediate states are |m〉 = |010 · · · 01〉 and |m〉 = |10 · · · 010〉,

giving a corrected energy

E(f) = E(0) − V +
4t2

V
. (A.13)
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Figure A.2. Energies for three excitations, for N = 10, V = 40, t = 0 (left)
and t = −2 (right). Here ν corresponds to the eigenvalue index.

For band (g), we just calculate first order corrections, since states within this

band are connected by a single hopping process (for example, |10100 · · · 0〉 and

|10010 · · · 0〉). The degeneracy is not totally lifted, since the localised spin can be

at the left or the right edge; each energy level thus consists of two states, as shown

in the right panel of figure A.1. The effective Hamiltonian H
(2)
(g) to determine the

energetic corrections is then a tridiagonal (N − 3)× (N − 3) matrix of the form of

equation (A.8), and leads to

E(g)(k) = E(0) − 3V

2
− 2t cos

(
kπ

N − 2

)
, k = 1, . . . , N − 3. (A.14)

A.2.4 Energies for three excitations

As before, we first identify the degenerated bands of the case t = 0, which are shown

in the left panel of figure A.2. These correspond to

(i) Two states of energy E = E(0)− V/2, corresponding to the excitations being

localised at one of the edges of the chain, i.e. |00 · · · 0111〉 and |1110 · · · 00〉.

(j) N − 4 states of energy E = E(0) − V , corresponding to the excitations next

to each other, but none of them at the edges, such as |0 · · · 01110 · · · 0〉.

(k) Two states of energy E = E(0)−V , with two excitations at one edge and the
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remaining excitation at the other edge, namely |110 · · · 01〉 and |10 · · · 011〉.

(l) 2(N − 4) states of energy E = E(0) − 3V/2, for one excitation at one edge,

and the other excitations next to each other but separated from the first one, at any

position on the chain except at the other edge, e.g. |100 · · · 11 · · · 0〉.

(m) 2(N −4) states of energy E = E(0)−3V/2, corresponding to two excitations

next to each other at one edge, and the remaining excitation separated at any

location except the other edge. An example of this type is |110 · · · 1 · · · 0〉.

(n) (N − 4)(N − 5) states of energy E = E(0) − 2V . None of the excitations is

at any boundary, and just two of them are next to each other. One example is the

state |011 · · · 1 · · · 0〉.

(o) (N − 4) states of energy E = E(0) − 2V , where the three excitations are

separated from each other, and two of them are located at different edges. An

example of this type of states is |10 · · · 1 · · · 01〉.

(p) (N−4)(N−5)/2 states of energy E = E(0)−5V/2, where the excitations are

separated from each other and just one is located at one edge, such as |01 · · · 1 · · · 01〉.

(q) States of energy E = E(0)−3V , where the three excitations are separated from

each other and none of them is located at any edge, such as |0 · · · 1 · · · 1 · · · 1 · · · 0〉.

Again, turning the hopping on lifts the degeneracy of the bands, as shown in

the right panel of figure A.2. The perturbative calculation of the energies can be

performed in a similar form to that of the previous Sections.

A.3 Perturbative correction to dark configurations

We now describe within the perturbative approach how the dark configurations

|Bn〉 = |
n︷ ︸︸ ︷

111 · · · 111 000 · · · 000︸ ︷︷ ︸
N−n

〉, (A.15)
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equivalent to the states of equation (5.14) in the spin language, are affected by

a single particle or hole breaking away from the domain boundary. We start by

defining the notation to follow. Let |ψi〉p denote the state in which the outermost

particle of the domain has hopped i sites within the empty region, so it is at site

n + i. Also, let |ψj〉h be the state in which the first hole has hopped j sites within

the occupied domain, so it is at site n− j + 1. So we have, for example

|ψ1〉p = |ψj〉h = |
n−1︷ ︸︸ ︷

111 · · · 11 01 00 · · · 000︸ ︷︷ ︸
N−n−1

〉,

|ψN−n〉p = |
n−1︷ ︸︸ ︷

111 · · · 11 000 · · · 000︸ ︷︷ ︸
N−n

1〉 |ψn〉h = | 0
n︷ ︸︸ ︷

111 · · · 111 00 · · · 000︸ ︷︷ ︸
N−n−1

〉.
(A.16)

The state |ΨD(n)〉 described in Section 5.5.1 is the perturbative correction to |Bn〉

due to the break-away configurations |ψi〉p,h. This correction is calculated by stan-

dard perturbation theory. The qth order correction to this state, corresponding to

the outermost particle or hole having hopped q times, is

|ΨD(n)〉(q) =

(
−t
V

)q
[(1 + δq,N−n)|ψq〉p + (1 + δq,n)|ψq〉h]. (A.17)

The δ functions represent the energy shift of the states where the particle or the

hole is at the right or left boundary, respectively. The corrected state is thus

|ΨD(n)〉 ∼ |Bn〉+
n−1∑
j=1

(
−t
V

)n−j+1

(1+δj,1)|ψn−j+1〉h+
N∑

j=n+1

(
−t
V

)j−n
(1+δj,N)|ψj−n〉p.

(A.18)

The deviation of its population from that of |Bn〉, shown in figure 5.9, is

δph
n (j) = |〈ΨD(n)|nj |ΨD(n)〉 − 〈Bn|nj |Bn〉| =


4
(−t
V

)2n
, j = 1(−t

V

)2(n−j+1)
, 1 < j ≤ n(−t

V

)2(j−n)
, n < j < N

4
(−t
V

)2(N−n)
, j = N

. (A.19)
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Figure A.3. Energies of Hamiltonian (A.21) for one, two excitations (left),
and three excitations (right), for N = 10, t = −2 and V = 40.

A.4 Model with homogeneous on-site potential

Finally we examine the eigenspectrum of the hard-core boson Hamiltonian

H =
V

4
(N − 1)− t

N−1∑
j=1

(a†jaj+1 + a†j+1aj) + V
N−1∑
j=1

njnj+1 − V
N∑
j=1

nj, (A.20)

which in contrast to equation (A.4), has the same on-site potential at every site. If

we transform back to a spin model, we obtain

H =
N−1∑
j=1

τ(σxj σ
x
j+1 + σyjσ

y
j+1 + ∆σzjσ

z
j+1)− τ∆σz1 − τ∆σzN − 2τ∆ (A.21)

We show the corresponding bands with finite hopping for NT = 0, 1, 2, 3 in

figure A.3. Since now the particles at the boundaries have the same energy than

particles in the bulk, several bands merge. For example, in the t = 0 case, states

|1100 · · · 0〉 and |0110 · · · 0〉 are now degenerate, and there is no distinction between

bands (d) and (e). Features of the original XXZ model are thus maintained, such

as the existence of flat and conducting bands, separated by gaps of O(V ).



Appendix B

Matrix representations of operators

In the present Appendix we provide basic details of the numerical implementation

of Hamiltonian and Liouvillian operators, for exact diagonalisation.

B.1 Hamiltonian

The simplest form to define the Hamiltonian of a lattice system numerically consists

of performing a series of direct products between local basis operators. In particular,

consider the local basis of states

| ↑〉 =

(
1

0

)
| ↓〉 =

(
0

1

)
(B.1)

and the corresponding Pauli basis,

σxi =

(
0 1

1 0

)
↑
↓

σyi =

(
0 −i
i 0

)
↑
↓

σzi =

(
1 0

0 −1

)
↑
↓

(B.2)

Here we have explicitly indicated, to the right of each matrix, the correspondence

between the rows of the matrices and the elements of the local basis. The same

ordering applying from left to right, so for example, (σyi )↑↓ = −i and (σzi )↑↑ = 1.

213
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The two-site Hamiltonian for the XXZ model with zero magnetic field and open

boundary conditions is

H12 = τ(σx1 ⊗ σx2 + σy1 ⊗ σ
y
2 + ∆σz1 ⊗ σz2) = τ


∆

−∆ 2

2 −∆

∆


↑↑
↑↓
↓↑
↓↓

(B.3)

where the empty entries are zeros, and we have indicated to the right of the matrix

the ordering of the local basis. Then we define the three-site Hamiltonian, taking

advantage of the symmetries of the model. In this form it can be organised in

diagonal blocks, each one corresponding to particular quantum numbers. In the

particular case of the XXZ model, we use the conservation of total magnetisation

in z direction, Sz = 1
2

∑N
j=1 σ

z
j . First note that the Hamiltonian of two sites,

H12 =


H12(1)

H12(0)

H12(−1)

 , (B.4)

can be considered as consisting of three sectors. The first corresponds to the sector

of total magnetisation 〈Sz〉 = 1 (both spins up), with Hamiltonian H12(1) = τ∆,

i.e. just a scalar. The second corresponds to total magnetisation 〈Sz〉 = 0 (one spin

up only), with 2× 2 Hamiltonian

H12(0) = τ

(
−∆ 2

2 −∆

)
. (B.5)

The third sector has magnetisation 〈Sz〉 = −1 (both spins down), with Hamiltonian

H12(−1) = τ∆. For the Hamiltonian of three sites, we have

H123 =


H123(3/2)

H123(1/2)

H123(−1/2)

H123(−3/2)

 . (B.6)
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Here H123(3/2) = H123(−3/2) = 2τ∆ are the Hamiltonians of the sectors of to-

tal magnetisation 〈Sz〉 = 3
2

(three spins up) and 〈Sz〉 = −3
2

(three spins down),

respectively, and the 3× 3 Hamiltonians

H123(1/2) = H123(−1/2) = 2τ


0 1 0

1 −∆ 1

0 1 0

 (B.7)

correspond to the sectors of total magnetisation 〈Sz〉 = 1
2

(two spins up, one spin

down) and 〈Sz〉 = −1
2

(two spins down, one spin up). The process of adding sites

continues until reaching the desired size N , keeping the correct order of the elements

of the local basis so diagonal blocks of specified quantum numbers can be defined.

The Hamiltonian of each block can be then diagonalised exactly with standard

numerical routines, leading to a significant speedup of the calculations compared to

a diagonalisation without symmetries.

B.2 Liouvillian

We can find the NESS of a Lindblad master equation from exact diagonalisation if

a small number of sites is considered, since the size of the Liouvillian superoperator

grows as 4N . Calculations with this type of algorithm were only shown explicitly

in figure 5.10 of Section 5.5. Nevertheless they proved to be useful to check the

results of our TEBD algorithms. Obtaining the NESS ρ of the Lindblad master

equation L(ρ) = 0 is just equivalent to finding the zero-eigenvalue vector ρ̃ of the

matrix representation of the Lindblad superoperator L̃, since L̃ρ̃ = 0. The problem

is basically reduced to defining this matrix representation.

Let Ωn, n = 1, . . . , 4N be the orthonormal basis elements of the operator space

of N sites. In this basis, the density operator is ρ =
∑4N

n=1 cnΩn. The nth component

of the vector representation ρ̃ of the state ρ is thus ρ̃n = cn. Inserting each basis
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element into the master equation, we get

L(Ωn) =
4N∑
m=1

L̃mnΩm, (B.8)

where L̃mn are the matrix elements of L̃. Now we see explicitly two examples of

superoperators of incoherent processes acting on a single site [178]. First, for the

dephasing jump operator Ld =
√
γσz, the matrix representation of the corresponding

Liouville superoperator is

L̃d =


0 0 0 0

0 0 0 0

0 0 −2γ 0

0 0 0 −2γ

 . (B.9)

A second example corresponds to a driving term with imbalance f . For the jump

operators L+ =
√

Γ(1 + f)/2σ+ and L− =
√

Γ(1− f)/2σ−, the matrix representa-

tions of the respective Liouville superoperators are

L̃+ = Γ

(
1 + f

2

)


0 0 0 0

1 −1 0 0

0 0 1
2 0

0 0 0 1
2

 , L̃− = Γ

(
1− f

2

)


0 0 0 0

−1 −1 0 0

0 0 1
2 0

0 0 0 1
2

 . (B.10)

The matrix representation of the total driving superoperator is

L̃driv = L̃+ + L̃− = Γ


0 0 0 0

f −1 0 0

0 0 −1
2 0

0 0 0 −1
2

 . (B.11)

The other superoperators are obtained in a similar form. After L̃ is obtained by

adding all the terms contributing to the master equation, its zero-eigenvalue vector

ρ̃ is obtained from standard numerical diagonalisation routines.



Appendix C

Derivation of the Lindblad equation

In this Appendix we derive the Lindblad master equation (5.2) for the nonequi-

librium systems studied in the present thesis. First we explain the general process

to obtain the Lindblad master equation of an open system coupled to an environ-

ment, from the microscopic equations of motion. Then we apply the result to the

particular case of an XXZ chain driven by magnetic reservoirs at the boundaries

and subject to bulk dephasing (one-site jump operators). Finally we describe how to

obtain the two-site reservoirs for thermal driving, not from the equations of motion

but from imposing that they induce local thermal states at the boundaries.

C.1 General derivation of a master equation

We initially consider a system of interest with Hamiltonian HS, surrounded by an

environment with Hamiltonian HB. Both are coupled by an interaction Hamiltonian

HI, with coupling strength α. So the total Hamiltonian in the Schrödinger picture

is H = HS +HB + αHI. The interaction Hamiltonian can be written in the form

HI =
∑
k

Ak ⊗Bk =
∑
k

A†k ⊗B
†
k, (C.1)
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where Ak and Bk are system and environment operators, respectively. The dynamics

of the universe (system + environment) is given by the Liouville-von Neumann

equation of its density operator

dρ(t)

dt
= −i[H, ρ(t)]. (C.2)

To perform the calculation, we move to the interaction picture, where we denote

the operators by the ∼ symbol. The relationship between an operator O(t) in the

Schrödinger picture and the corresponding Õ(t) in the interaction picture is

Õ(t) = ei(HS+HB)tO(t)e−i(HS+HB)t. (C.3)

In this case, the equation of motion of the universe density operator reads

d

dt
ρ̃(t) = −iα[H̃I, ρ̃(t)] ≡ αV(t)ρ̃(t), (C.4)

where V(t) is a superoperator acting on ρ̃(t). We wish to obtain a master equation for

the reduced density operator of the system ρ̃S(t). To do so, we follow the Nakajima-

Zwanzig projection operator technique [130, 177]. The basis of the method is to

determine the equation of motion of the projection of the state of the universe onto

the system. We define the projection superoperators P and Q according to

P ρ̃ = TrB(ρ̃)⊗ ρ̃B ≡ ρ̃S ⊗ ρ̃B, Q = I − P , (C.5)

with I the identity operator and ρ̃B some fixed state of the environment, which can

be chosen to be, for example, a thermal state at temperature T

ρ̃B = ρB =
e−HB/T

Tr (e−HB/T )
, (C.6)
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equal in both the Schrödinger and interaction pictures. From the definition it is seen

that P ρ̃ projects the state of the universe onto the system degrees of freedom, and

thus gives the complete information of ρ̃S. On the other hand, Q projects onto the

environmental degrees of freedom. It is easily proven that the defined superoperators

satisfy the conditions P2 = P , Q2 = Q and PQ = QP = 0, the first two indicating

that they are truly projection operators. Another important property to be used

later is that for the states and interactions in which we are interested, PV(t)P = 0.

This result can be proved by calculating PV(t)P ρ̃ ∝ TrB(BkρB) = 0, where we

assume that the expectation values of the environment operators vanish in the fixed

environmental state ρB. This is actually what happens in the cases studied in the

present thesis, where ρB is a thermal or grand-canonical state and Bk are excitation

creation or annihilation operators (see Section C.2).

After introducing the projection superoperators and their basic properties, we

can proceed with the derivation of the Lindblad equation. The idea of the Nakajima-

Zwanzig technique is to obtain an evolution equation for P ρ̃. For this, we apply P

and Q to (C.4). Then, inserting I = P +Q between V(t) and ρ̃(t) we find

d

dt
P ρ̃(t) = αPV(t)P ρ̃(t) + αPV(t)Qρ̃(t) (C.7a)

d

dt
Qρ̃(t) = αQV(t)P ρ̃(t) + αQV(t)Qρ̃(t). (C.7b)

It is readily observed that the solution of (C.7b) is

Qρ̃(t) = G(t, t0)Qρ̃(t0) + α

∫ t

t0

dsG(t, s)QV(s)P ρ̃(s). (C.8)

where ρ̃(t0) is the state at an initial time t0, and

G(t, t′) = T eα
∫ t
t′ QV(s)ds. (C.9)
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Inserting this result in (C.7a), we get

d

dt
P ρ̃(t) = αPV(t)P ρ̃(t) + αPV(t)G(t, t0)Qρ̃(t0)

+ α2

∫ t

t0

dsPV(t)G(t, s)QV(s)P ρ̃(s),
(C.10)

which is known as the Nakajima-Zwanzig equation [130]. It is simplified by assuming

that the initial state of the universe is the product ρ̃(t0) = ρ̃S(t0)⊗ ρB, so

P ρ̃(t0) = ρ̃(t0) ⇒ Qρ̃(t0) = ρ̃(t0)− P ρ̃(t0) = 0. (C.11)

Because of this result, the second term of equation (C.10) vanishes. In addition,

using that PV(t)P = 0, equation (C.10) reduces to

d

dt
P ρ̃(t) = α2

∫ t

t0

dsPV(t)G(t, s)QV(s)P ρ̃(s) ≡
∫ t

t0

dsK(t, s)P ρ̃(s), (C.12)

which defines the memory kernel K(t, s). Note that this integro-differential equation

is still exact, and takes into account the memory effects of the dynamics. Since it

is very difficult to find its solution, a perturbative approach is required to make

it tractable with analytical or numerical methods [130]. The approximation to be

considered is that of weak coupling α between system and environment, which is

usually referred to as the Born approximation. To include it in the derivation, the

kernel is expanded up to lowest order in α, so we get

K(t, s) = α2PV(t)QV(s)P +O(α3). (C.13)

Using the definition of Q and that PV(t)P = 0, we obtain

d

dt
P ρ̃(t) = α2

∫ t

t0

dsPV(t)V(s)P(ρ̃)(s). (C.14)
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Now we use the explicit definition of the projectors and of V(t), as given by equa-

tion (C.4). We also take t0 = 0, and do the change of variable s→ t− s, to get the

equation of motion for the reduced density operator of the system [177]

d

dt
ρ̃S = −α2

∫ t

0

dsTrB

[
H̃I(t),

[
H̃I(t− s), ρ̃S(t− s)⊗ ρB

]]
. (C.15)

Note that the previous equation can be obtained by different forms. For example,

it can be derived by iterating the Liouville-von Neumann equation twice, and by

assuming that during the entire evolution, the state of the universe is the product

ρ̃(t) = ρ̃S(t) ⊗ ρB [130]. The latter condition is assumed to be valid due to the

weak coupling approximation; nevertheless its validity is degraded with time, as

observed from a direct numerical comparison between ρ̃(t) and ρ̃S(t)⊗ ρB [177]. In

the derivation presented here, such an approximation was not required. It was not

assumed that the state was a product at all time (just at the initial time), but the

appearance of ρ̃S(t− s)⊗ ρB results from using the projection operators.

To proceed, we need to write explicitly the interaction Hamiltonian in the inter-

action picture H̃I in a simple form. To do so, we first consider the Ak operators of

equation (C.1) in the Schrödinger picture. Assuming that the Hamiltonian of the

system HS has a discrete eigenspectrum, with eigenvalues ε, we define the operators

Ak(ν) =
∑

ε′−ε=ν

Π(ε)AkΠ(ε′), (C.16)

where Π(ε) is the projection operator onto the space of the eigenvalue ε, and the sum

is over all eigenenergies ε and ε′ that have a fixed difference ν. Since HS =
∑

ε εΠ(ε),

it is straightforward to check that

[HS, Ak(ν)] = −νAk(ν), [HS, A
†
k(ν)] = νA†k(ν); (C.17)
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It also follows directly from definition (C.16) that

Ak =
∑
ν

Ak(ν), A†k =
∑
ν

A†k(ν). (C.18)

In the interaction picture, operator Ak(ν) is written as

Ãk(ν) = eiHStAk(ν)e−iHSt = eit
∑
ε εΠ(ε)

( ∑
ε′′−ε′=ν

Π(ε′)AkΠ(ε′′)

)
e−it

∑
ε εΠ(ε). (C.19)

A similar calculation is performed for A†k(ν), to show that

Ãk(ν) = e−iνtAk(ν), Ã†k(ν) = eiνtA†k(ν). (C.20)

So using equations (C.1), (C.18) and (C.20) the interaction picture interaction

Hamiltonian is shown to be

H̃I = ei(HS+HB)tHIe
−i(HS+HB)t =

∑
ν

∑
k

Ãk(ν)⊗ B̃k(t)

=
∑
ν

∑
k

e−iνtAk(ν)⊗ B̃k(t) =
∑
ν

∑
k

eiνtA†k(ν)⊗ B̃†k(t), (C.21)

where in the last equality we have used that H̃I is self-adjoint, and

B̃k(t) = eiHBtBke
−iHBt, B̃†k(t) = eiHBtB†ke

−iHBt (C.22)

are the environment operators in the interaction picture. Now that we have written

H̃I in the simple form of equation (C.21), we insert it in the master equation (C.15).

Developing the commutators, we obtain

d

dt
ρ̃S(t) = α2

∑
k,l

∑
ν,ν′

∫ t

0
ds

(
〈B̃l(t)B̃†k(t− s)〉e

−iνtAl(ν)ρ̃S(t− s)A†k(ν
′)eiν

′(t−s)

− 〈B̃†l (t)B̃k(t− s)〉e
iνtA†l (ν)Ak(ν

′)e−iν
′(t−s)ρ̃S(t− s)

)
+ h. c.
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At this point, another approximation is required to make the equation local in

time. Namely, we assume that the reservoir correlation functions 〈B̃l(t)B̃
†
k(t − s)〉

and 〈B̃†l (t)B̃k(t − s)〉 decay very fast in time. This is, if τC is the characteristic

time over which the system changes appreciably and τB is the decay time of the

correlation functions, we suppose that τB � τC. This assumption is called the

Markov approximation, and indicates that the time over which the environment

retains memory of its dynamics is very small. Since during the correlation time τB

the state of the system varies very slowly, we can approximate it by the expansion

ρ̃S(t− s) ≈ ρ̃S(t)− s d
dt
ρ̃S(s = 0) + · · · = ρ̃S(t) +O(α2). (C.23)

This is, during the correlation time τB, the system is in a constant state. Also,

due to the fast decay of the correlation functions, we can let the upper limit of the

integral to be infinite. In addition, the reservoir correlations are homogeneous in

time since, for example

〈B̃l(t)B̃
†
k(t− s)〉 = TrB

(
ρBe

iHBtBle
−iHBteiHB(t−s)B†ke

−iHB(t−s)
)

= TrB

(
ρBe

iHBsBle
−iHBsB†k

)
= 〈B̃l(s)B̃

†
k(0)〉.

(C.24)

If we define the Fourier transforms of the environment correlation functions

Γk,l(ν) = α2

∫ ∞
0

ds〈B̃†k(s)B̃l(0)〉eiνs, (C.25)

we obtain the master equation

d

dt
ρ̃S(t) =

∑
k,l

∑
ν,ν′

(
Γk,l(ν)ei(ν

′−ν)t
[
Al(ν)ρ̃S(t), A†k(ν

′)
]

+ Γ∗l,k(ν)ei(ν−ν
′)t
[
Al(ν

′), ρ̃S(t)A†k(ν)
])
.

(C.26)

This equation is still not in a Lindblad form, so it might not define a completely
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positive map. A new approximation is thus required to eliminate the time expo-

nentials and to leave the equation in the desired form. The usual form to proceed

consists of performing the rotating-wave approximation [130, 177]. The idea of this

approach is to assume that the energy differences |ν − ν ′| are much larger than the

rate at which the state of the system changes, i.e. that |ν − ν ′| � α2. This means

that the time exponentials in equation (C.26) with ν 6= ν ′ correspond to terms that

oscillate very rapidly around zero, and in average can be neglected. The only terms

that survive are those of ν = ν ′. Making this approximation, and going back to the

Schrödinger picture, leads to a Lindblad master equation.

In the type of system considered in the present thesis, however, this approxima-

tion has problems. First, the relation |ν − ν ′| � α2 is not necessarily valid for an

XXZ Hamiltonian, which for ∆ > 1 has a degenerate spectrum and very narrow

bands if the hopping τ is weak, as discussed in Appendix A. Even for the case ∆ = 0,

which has an eigenspectrum of the form shown in equation (C.35) (see Section C.2),

the difference between the first neighbouring eigenvalues of large systems scales as

ω2 − ω1 ∝ cos

(
2π

N − 1

)
− cos

(
π

N − 1

)
≈ 3π2

(N + 1)2
∼ N−2. (C.27)

Thus for very large systems, it is clear that the condition for the rotating-wave ap-

proximation will not be fulfilled. A second complication is that the operators Ak(ν)

defined in equation (C.16) appear in the resulting Lindblad equation, acting on the

state ρS(t). These operators are very hard to build, since they require the knowl-

edge of all the eigenvalues and eigenstates of HS, something which for correlated

systems of several sites is not possible to obtain (see Appendix B). Besides, even

if these eigenstates are known, the operators Ak(ν) are highly non-local, and thus

hard to handle. A third problem is that it has been observed that the rotating-wave

approximation can lead to unphysical results for spin chains thermally driven out of
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equilibrium [139].

An alternative approximation that leads to the desired Lindblad form of the

master equation is the so-called wide-band limit [235]. This consists of assuming

that the bandwidths of the reservoirs, proportional to their hopping rates (τL and

τR), are much larger than the bandwidth of the system, which is ∝ τ . This is, in

the wide-band limit we suppose that τ � τL,R. Thus the energy dependence of the

rates Γk,l(ν) defined in equation (C.25) can be neglected, so Γk,l(ν) = Γk,l. We can

decompose these rates as

Γk,l =
1

2
γk,l + iSk,l, (C.28)

where the components are

γk,l = Γk,l + Γ∗l,k = α2

∫ ∞
−∞

ds〈B̃†k(s)Bl(0)〉,

Sk,l =
1

2i
(Γk,l − Γ∗l,k).

(C.29)

Now we take equation (C.26) back to the Schrödinger picture, to get the master

equation for ρS(t). We then obtain

d

dt
ρS(t) = −i[HS, ρS(t)] +

∑
k,l

(
Γk,l

[
AlρS(t), A†k

]
+ Γ∗l,k

[
Al, ρS(t)A†k

])
. (C.30)

Note that the oscillating terms of (C.26) have been removed just by going back to

the Schrödinger picture, in contrast to the case of the rotating wave approximation,

where they were assumed to be δν,ν′ . We now use the decomposition (C.28), and

consider that γ∗l,k = γk,l and S∗l,k = Sk,l. Then we finally get the master equation for

the reduced density operator of the system in Lindblad form

d

dt
ρS(t) = −i[HS +HShift, ρS(t)] +

∑
k,l

γk,l

(
AlρS(t)A†k −

1

2
{A†kAl, ρS(t)}

)
, (C.31)
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where the shift Hamiltonian is defined by

HShift =
∑
k,l

Sk,lA
†
kAl. (C.32)

Recall that the “jump operators” of equation (C.31), namely Ak and A†k, act lo-

cally, making it tractable from numerical methods such as the Time Evolving Block

Decimation (see Chapter 4).

C.2 Application to magnetically-driven spin chains

Now we need to specify the particular system to be considered, to calculate the rates

γk,l and to identify the jump operators that appear in the master equation (C.31).

First, recall that the system Hamiltonian studied in the present thesis is the XXZ

model with magnetic field,

HS =
N−1∑
j=1

τ(σxj σ
x
j+1 + σyjσ

y
j+1 + ∆σzjσ

z
j+1) +

N∑
j=1

Bjσ
z
j . (C.33)

We assume that at both the left (L) and the right (R) boundaries of the spin chain

there are magnetic leads, which take it to a non-equilibrium configuration. The

simplest model for these leads corresponds to non-interacting XX spin chains with

open boundary conditions, with Hamiltonian

HB =
∑
S=L,R

NS∑
kS=1

τS
(
σxkSσ

x
kS+1 + σykSσ

y
kS+1

)
. (C.34)

It is more convenient to consider the diagonalised version of the XX Hamiltonian,

which from the equivalent spinless fermion model described in Section 2.2 is easily
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found to be (see, for example, Chapter 3 of Ref. [236])

HB =
∑
S=L,R

∑
qS

ωSqSc
†
qS
cqS , ωSqS = 2τS cos

(
qSπ

NS + 1

)
, (C.35)

with qS = 1, . . . , N . The c† and c operators create and annihilate spinless fermions,

respectively, so {c†qS , cq′S} = δqS ,q′S . When applied to the vacuum |0〉, c† creates a

delocalised fermion:

c†qS |0〉 =

√
2

NS + 1

N∑
kS=1

sin

(
qSπkS
NS + 1

)
|kS〉, (C.36)

where |kS〉 denotes an excitation at site kS of chain S. The interaction Hamiltonian

between system and environment is taken to be

αHI =
∑
qL

TL

(
c†qLσ

−
1 + cqLσ

+
1

)
+
∑
qR

TR

(
c†qRσ

−
N + cqRσ

+
N

)
, (C.37)

where TL and TR are the hopping rates between the system and the left and right

reservoirs, respectively. We thus assume that the delocalised excitations annihi-

lated at the reservoirs are created at the boundary sites of the chain. Given this

interaction, we identify the Ak and Bk operators of equation (C.1) as

A1 = σ−1 , A2 = σ+
1 , A3 = σ−N , A4 = σ+

N

B1 =
∑
qL

c†qL , B2 =
∑
qL

cqL , B3 =
∑
qR

c†qR , B4 =
∑
qR

cqR ,

(C.38)

and assign αL = TL and αR = TR as coupling strengths to the left and right reser-

voirs, respectively.

To obtain the Lindblad master equation that results when the degrees of freedom

of the reservoirs are discarded, we need to calculate the rates γk,l defined in (C.29),
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which result when integrating the reservoir correlation functions. For this, the in-

teraction picture operators B̃k(t) at time t = s are required. These are obtained by

solving the interaction picture motion equation

d

dt
B̃k(t) = i[HB, B̃k(t)], (C.39)

which simply results from taking the time derivative of (C.3). We illustrate the

calculation for γ1,1; the other diagonal rates γk,k are obtained in the same form.

From the process, it will be clear that the off-diagonal rates γk,l (k 6= l) are zero.

Using the environment Hamiltonian (C.35), it follows after a few steps that the

equation of motion for c̃qL becomes

d

dt
c̃qL(t) = −iωL

qL
c̃qL(t) ⇒ c̃qL(t) = cqLe

−itωL
qL . (C.40)

So the rate γ1,1 is

γ1,1 = |TL|2
∑
qL,q

′
L

∫ ∞
−∞

ds〈c̃qL(s)c†q′L
〉 = |TL|2

∑
qL

(
1− 〈c†qLcqL〉

)(∫ ∞
−∞

dse−isω
L
qL

)
,

(C.41)

where we have used the anti-commutation property of the c operators. Considering

that the reservoirs are infinitely large, their eigen-spectrum is continuous, so the

sums can be replaced by integrals over q. Then we change to an integral over

energy, which is killed by the δ(ωL
q ) function that results from the integral over s.

So we obtain that

γ1,1 = ΓL(1− fL) with ΓL = 2π|TL|2gL(0). (C.42)

Here, gL(0) is the energy density of states of the left reservoir evaluated at zero fre-

quency, and fL = 〈c†N/2cN/2〉 is the population of the zero frequency state. Similarly,
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the other diagonal rates are given by

γ2,2 = ΓLfL, γ3,3 = ΓR(1− fR), γ4,4 = ΓRfR. (C.43)

As noted from equation (C.41), when calculating off-diagonal rates γk,l, expec-

tation values such as 〈c†qLcqR〉 or 〈cqLcqL〉 appear. These values are zero, given the

environment states we are assuming. Thus only the diagonal terms survive. To con-

trol the non-equilibrium forcing with a single parameter, we consider a symmetric

driving with ΓL = ΓR = Γ, and define fL,R = 1/2(1 ± f). If the shift Hamiltonian

HShift is neglected, as is usually the case [21], we finally get the Lindblad master

equation (5.2)

d

dt
ρS(t) = −i[HS, ρS(t)] +

∑
k

(
LkρS(t)L†k −

1

2
{L†kLk, ρS(t)}

)
, (C.44)

with the jump operators (5.4)

L+
L,R =

√
Γ(1± f)/2σ+

1,N L−L,R =
√

Γ(1∓ f)/2σ−1,N (C.45)

accounting for the driving process.

C.3 Lindblad term for dephasing in spin chains

We follow a very similar process to obtain the Lindblad jump operators correspond-

ing to dephasing. For this, again consider a spin chain with the Hamiltonian (C.33).

This time, assume that each site j is coupled to a local bosonic reservoir, described

by the Hamiltonian

HB =
N∑
j=1

∑
k

ωkb
†
j,kbj,k. (C.46)
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Here, b†j,k and bj,k create and annihilate phonons at mode k of the reservoir of site j,

with corresponding site-independent frequency ωk. The coupling between the spin

chain and the environment is given by

HI =
N∑
j=1

∑
k

gkσ
z
j

(
b†j,k + bj,k

)
, (C.47)

where we also considered site-independent coupling strength gk between mode k

and the spins at each site. Assuming the wide-band limit for the environment, a

Lindblad master equation (C.31) is obtained. We identify the operators

Aj = σzj , αBi =
∑
k

gk

(
b†j,k + bj,k

)
. (C.48)

As in Section C.2, it is clear that the off-diagonal rates γi,i′ are zero, and only the

diagonal (site-independent) rates γi,i ≡ γ survive. These are given by

γ =
∑
k,k′

∫ ∞
−∞

dsg∗kgk′
(
〈b̃†j,k(s)bj,k′〉+ 〈b̃j,k(s)b†j,k′〉

)
. (C.49)

To obtain the interaction-picture operators at time s, we solve equation (C.39) for

both. It is easily obtained that

b̃†j,k(t) = b†j,ke
iωkt, b̃j,k(t) = bj,ke

−iωkt. (C.50)

Replacing these equations into (C.49), taking the continuum limit for the mo-

mentum variable, and changing to an integral over energy, we finally obtain γ =

2πG(0)|g|2(1 + 2p), where G(E) is the energy density of states of the environment

at energy E, g is the coupling between the spins and the bosonic mode of zero

frequency, and p is the population of the state of zero frequency in the thermal

state ρB assumed for the environment. The dephasing jump operator at site j thus
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corresponds to Ld
j =
√
γσzj , whose effects in the dynamics of the XXZ model were

discussed in Chapter 8.

C.4 Two-site thermal driving

To drive the system out of equilibrium by a temperature imbalance, we use the

so-called two-site bath operators [11,22,63]. These operators are designed to induce

a Gibbs state of a given (target) temperature and chemical potential on a pair of

isolated spins with Hamiltonian h = h1,2 and total magnetisation operator M =

σz1 + σz2. Here we present a brief review of how to define them. The idea is to find

a superoperator LB(ρ) which satisfies the equation LB(ρB) = 0, with a Gibbs state

at temperature T and chemical potential µ

ρB = Z−1 exp (−h/T + µM), Z = Tr(exp (−h/T + µM)) (C.51)

being the only eigenvector of LB with zero eigenvalue, all the other eigenvalues being

−1. This particular choice of the driving leads to the fastest convergence to ρB [11].

To build the superoperator LB, we start by diagonalising the thermal state of the

target temperature, ρB = V †dV , with d = diag(d0, d1, d2, d3) a diagonal matrix. Now

we build the “diagonal” superoperator Ldiag
B , whose only zero-eigenvalue eigenstate

is d, i.e. Ldiag
B (d) = 0. If we express the matrix d in the form

d =
1

4

3∑
n1,n2=0

cn1,n2σ
n1
1 ⊗ σn2

2 ≡
15∑
n=0

CnΩn, (C.52)

with σ0 = I (single-site identity), σ1 = σz, σ2 = σx and σ3 = σy, and with

Ωn = 1/4(σn1
1 ⊗ σn2

2 ) the basis elements for two sites satisfying 4tr(Ωn†Ωm) = δnm,
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it is easily shown that d = C0Ω0 + C1Ω1 + C4Ω4 + C5Ω5, with coefficients

C0 = d0 + d1 + d2 + d3, C1 = d0 − d1 + d2 − d3,

C4 = d0 + d1 − d2 − d3, C5 = d0 − d1 − d2 + d3.
(C.53)

Then it is easily shown that the conditions specified above are satisfied if the non-

zero elements of the matrix representation of the “diagonal” superoperator are

(Ldiag
B )m,m = −1, m = 1, . . . , 15 (Ldiag

B )j,0 = Cj/C0, j = 1, 4, 5. (C.54)

We now use the “diagonal” superoperator to define the matrix form of the super-

operator LB inducing the thermal state ρB. First we express ρB in the Ωn basis,

ρB =
∑15

n=0 ρnΩn. So the matrix representations of the superoperators satisfy

∑
m,n

Cm(Ldiag
B )m,nCn = 0,

∑
m,n

ρm(LB)m,nρn = 0, (C.55)

for m,n = 0, . . . , 15. Combining the previous results it is shown that

Cm = 4
∑
n

ρntr(V ΩnV †Ωm). (C.56)

Replacing this result in the left equality of Eq. (C.55), it is obtained that

∑
i,j

ρi

(∑
m,n

(
R†
)
im

(
Ldiag

B

)
m,n

Rn,j

)
ρj = 0, (C.57)

where we have defined the matrix elements Ri,j = 1/4tr
(
V †ΩiV Ωj

)
. Comparing the

second equality of Eq. (C.55) and Eq. (C.57), we finally obtain LB = R†Ldiag
B R,

which relates the matrix forms of the “diagonal” and complete superoperators.



Appendix D

Analytic approach to nonequilibrium

noninteracting spin chains

Following the method proposed by Žnidarič [178, 181], we derive in the present

Appendix an analytic approximation for the NESS of two limit cases of the system

of non-interacting (∆ = 0) incoherently coupled spin chains, namely for Λ = 2 and

Λ→∞. We consider first the case of two chains, and propose the following ansatz

for the total NESS:

ρ =
1

22N

I +

2∑
λ=1

N∑
j=1

a
(λ)
j σ

z(λ)
j +

b

8

2∑
λ=1

N−1∑
k=1

j
(λ)
k + · · ·

 ≡ 1

22N
(I +A+B + · · · ) . (D.1)

Here I is the identity operator of the entire system, and A and B are functions of

spin operators in z direction and spin currents, respectively. As seen below, A and

B scale with f , so the approximation only gives the NESS up to first order in the

driving strength. Nevertheless, this is enough to obtain exact results of the current

and magnetisation of the chains for all values of f , since to obtain r-point correlation

functions, an expansion up to order r is needed [181]. It is easily shown that the

local magnetisation and the spin current are given by 〈σz(λ)
j 〉 = Tr(ρσ

z(λ)
j ) = a

(λ)
j

and 〈j(λ)
k 〉 = Tr(ρj

(λ)
k ) = b. The master equation for the NESS reads

dρ/dt = LH(ρ) + Ldriv(ρ) + Ld(ρ) + Linc(ρ) = 0, (D.2)

233
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where LH(ρ) = −i[H, ρ], and Ldriv(ρ), Ld(ρ) and Linc(ρ) are the Lindblad terms

corresponding to driving at the boundaries, dephasing and interchain coupling, re-

spectively. Since both chains are equal, they have the same dynamics and steady

state, so we set a
(λ)
j = aj. Using the ansatz we obtain, up to order f

LH(ρ) =
1

22N

2∑
λ=1

(
b(σ

z(λ)
N − σz(λ)

1 ) +

N−1∑
i=1

(ai − ai+1)j
(λ)
i

)
(D.3)

Ld(ρ) = − γd

22N

b

2

2∑
λ=1

N−1∑
k=1

j
(λ)
k , Linc(ρ) = − γ

22N

b

8

2∑
λ=1

N−1∑
k=1

j
(λ)
k , (D.4)

Ldriv(ρ) =
1

22N

2∑
λ=1

Γ

(
fσ

z(λ)
1 − a1σ

z(λ)
1 − b

16
j

(λ)
1 − fσz(λ)

N − aNσz(λ)
N − b

16
j

(λ)
N−1

)
. (D.5)

To obtain the N + 1 coefficients b and ai we need N + 1 different equations, which

result from equating to zero the coefficients in front of each operator. From the

equations in front of σ
z(λ)
1 and σ

z(λ)
N we obtain a1 = f − b/Γ and aN = −a1. From

the equations of the coefficients in front of j
(λ)
i we find (with 1 < i < N)

ai = f − b
(

Γ

16
+

1

Γ
+ (i−1)

γ

8
+ (i−1)

γd

2

)
, b =

4f
Γ
4 + 4

Γ + (N − 1)γ4 + (N − 1)γd

. (D.6)

Note that up to O(f), the total state of the system ρ is a product of the states of

each chain ρ1 and ρ2 (ρ = ρ1 ⊗ ρ2, mean-field approximation), given by

ρλ =
1

2N

(
I +

N∑
j=1

ajσ
(λ)z
j +

b

8

N−1∑
k=1

j
(λ)
k

)
, (D.7)

For the case Λ→∞ with homogeneous incoherent coupling γ, described in Section

9.1.2 (self-coupled chain), we assume an ansatz of the form (D.7), and obtain

Linc(ρ) = − γ

2N
b

4

N−1∑
k=1

jk. (D.8)

The NESS is then equivalent to that of of two chains, with γ/2 instead of γ/4.
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spin-1/2 chains with adaptive time-dependent density matrix renormalization

group. Phys. Rev. E, 71:036102, 2005.

[10] S. Langer, F. Heidrich-Meisner, J. Gemmer, I. P. McCulloch, and
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[16] K. Sakai and A. Klümper. Non-dissipative thermal transport in the massive

regimes of the XXZ chain. J. Phys. A: Math. Gen., 36:11617, 2003.

[17] K. Louis and C. Gros. Diverging magnetothermal response in the one-

dimensional Heisenberg chain. Phys. Rev. B, 67:224410, 2003.

[18] F. Heidrich-Meisner, A. Honecker, and W. Brenig. Transport in quasi one-

dimensional spin-1/2 systems. Eur. Phys. J. Special Topics, 151:135, 2007.

[19] S. Langer, M. Heyl, I. P. McCulloch, and F. Heidrich-Meisner. Real-time

energy dynamics in spin-1/2 Heisenberg chains. Phys. Rev. B, 84:205115,

2011.

[20] G. Benenti, G. Casati, T. Prosen, and D. Rossini. Negative differential conduc-

tivity in far-from-equilibrium quantum spin chains. Europhys. Lett., 85:37001,

2009.



Bibliography 237

[21] G. Benenti, G. Casati, T. Prosen, D. Rossini, and M. Žnidarič. Charge and
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[221] M. Žnidarič. Dephasing-induced diffusive transport in the anisotropic Heisen-

berg model. New J. Phys., 12:043001, 2010.



258 Bibliography

[222] A. Bermudez, M. Bruderer, and M. B. Plenio. Controlling and measur-

ing quantum transport of heat in trapped-ion crystals. Phys. Rev. Lett.,

111:040601, 2013.

[223] K. Winkler, G. Thalhammer, F. Lang, R. Grimm, J. H. Denschlang, A. J.
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