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Abstract

This work focuses on the intersection of machine learning and causal
inference and the way in which the two fields can enhance each other by
sharing ideas: utilizing machine learning techniques for the computation
of causal quantities, the use of ideas from causal inference for invariant
predictions under unseen treatment regimes, and the exploration of topics
in trustworthy machine learning, including interpretability and fairness,
with a causal lens. In each one of the presented works, we grappled with
the strength of assumptions needed to utilize causal inference techniques

and relax portions of them when possible.

In Chapter 1, we introduce the motivation behind the works and the
challenges that sparked this plan of study. Chapter 2 provides a foundation
on basic topics in causal machine learning and trustworthy machine learning.
In Chapter 3, we introduce a causal effect estimation method under partial
causal graph knowledge. In Chapter 4, we look at causal effect estimation in
complex data settings, such as images, text, and gene expression networks,
and propose an invariant estimation approach utilizing crude interventions.
In Chapter 5, we provide a causal perspective on explainable machine
learning, unifying existing works and providing a sound and complete
algorithm involving the concepts of sufficiency and necessity. Finally, in
Chapters 6 and 7, we introduce methods and investigations in fair machine

learning.
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1 Introduction

Machine Learning (ML) has made some significant strides in recent decades — into the
public eye, as well as into the mainstream of computational and scientific research
at large. The most common techniques in the traditional ML toolbox are concerned
with correlations within observed datasets, aiming to fit a successful predictor for an
outcome in a certain dataset. This is crucially different from finding the true, real-world
mechanism that maps inputs X to outputs Y'; a successful predictor only needs to
sufficiently correlate X and Y according to the training data view of this relationship.
However, the true mapping is needed to answer many questions researchers are most
curious about — how to make accurate personal medical recommendations, how to
predict outcomes of policy interventions, or how to identify conditions that give rise
to natural phenomena — extend beyond the realm of mere co-occurrences. They are
concerned with causes and effects.

Furthermore, growing attention and scrutiny have been given to failure modes that
may turn the promise of ML into peril — focusing on finding any successful predictor
for a training dataset rather than finding the true underlying function comes at a cost:
Unexpected things can happen during deployment. Much of the concerns about ML
failure modes can be traced back to failures to identify the true underlying function.
When applied to socially critical data, models may show disparate impact toward
sensitive groups in a population due to anything from data collection practices to the
algorithmic amplification of existing biases. When put in the hands of practitioners
and researchers alike, deep models become hard to interpret: it is not immediately

easy to explain why certain inputs lead to certain predictions or outputs.

1.1 The Importance of Cause and Effect

Modern machine learning models are experts in pattern recognition. Based on historical
data or access to information to train on, they can help us achieve various prediction
tasks: Does an image belong to a certain class in a supervised setting? What is the
most likely next word given an input sentence in a self-supervised or generative setting?
What are clusters of similar information that exist in the data in an unsupervised

setting? Or what is an optimal policy to maximize an outcome in an online setting?



However, these impressive tasks, which ML models are getting continuously better
at performing, are still not error-free, especially in safety-critical situations with rich
contexts. There are various pitfalls.

Making predictions based on historical data may not enable us to distinguish types
of correlations, making predictions brittle and challenging systems’ robustness. We
may be misled by confounders - also termed lurking common causes - and conclude
that two separate events are related due to their co-occurrence, despite the lack of
an intrinsic causal connection between them. If we let ourselves be misled in this
way, we may conclude that ice cream consumption causes an increase in drowning
accidents, when, in fact, summer is just a common cause leading to increases in both
consumption and accident frequency in pools and on the beach. That would pose a
real risk to a system’s ability to generalize or make future predictions about unseen
events that do not exactly match the training dataset. In other words, it can pose
a major challenge to one of machine learning’s most fundamental axioms, the i.i.d.
assumption (see Section 2.1.2).

Such confusion between co-occurrence and cause-and-effect relationships is a major
challenge in trying to use historical, observed data, to generate future predictions and
courses of action. When predictions directly involve individuals’ outcomes, causes
and effects are ever more important; we would like to distinguish between causes that
increase the likelihood of a certain outcome in a robust manner whenever they are
present, from those that were associated with the outcome historically.

That is why causality research becomes relevant in the context of machine learning
fairness. We would like to ask about causes and even counterfactual outcomes, and
not simply follow historical trends and expectations. Having historically few female
engineers should not penalize current-day female candidates as they look for their
next challenge, but often does when companies attempted training models to identify
promising candidates using their historical hiring data; Similarly, historical patterns
in college admissions should not penalize modern-day candidates from marginalized
groups as they apply to schools.

When humans attempt to explain processes — whether in a scientific context, in
trying to establish the fairness of a certain outcome, in trying to debug a faulty
system, in determining motive in a legal case or deciding on a course of action in a
decision-making scenario — we naturally revert to causes and effects. We want to ask
what would have happened had a certain cause not been in place: Would the observed
outcome have changed?” What are events whose presence increases the likelihood of a

certain outcome? These are the types of investigations we naturally and inevitably



run in our heads and the kinds we would perform when trying to explain the behavior
of machine learning systems we build and interact with. That is why causality is an
important building block in the construction of ML explainability tools, as we will
later explore.

Cause and effect are also important for data efficiency. Having even partial causal
knowledge about a system we try to make predictions about can focus our gaze on
relevant subsets of a dataset or action space and help us cast aside redundant or

unnecessary portions thereof.

1.2 Machine Learning Failure Modes

We established the centrality of causality to certain machine learning goals above,
but mainly as speculation or as an intellectual exercise. However, many of them are
already featured in practical failure modes and challenges facing modern machine

learning systems.

Oops, it didn’t happen again. Or, robustness and invariant predictions. A
common failure mode of mixing up correlations with causal structure in prediction
models is often referred to as “spurious correlations” or “shortcut learning”. It arises
from the strict reliance ML has on correlations appearing in the training data. While
the i.i.d. assumption (stating variables in modeling are identically and independently
distributed) that is so fundamental to ML is kept, all should be well; however, that
exposes systems to vulnerabilities whenever the assumption fails. This will inevitably
happen when predictions are generated on data that differ from the training data,
due to temporal, geographical, or selection differences. This challenge is well-known
and documented and has been studied extensively in the literature in recent years
(Geirhos et al., 2020; Peters et al., 2016a; Arjovsky et al., 2020; Makar et al., 2022;
Veitch et al., 2021).

A prototypical example was introduced in 2018 by Beery et al. (2018) and consists
of a computer vision task: classifying images of cows. As the authors note, cows’
images often include green, pasture-like backgrounds, and not beach fronts, where the
presence of cows is far less common. This can become a problem for a system trained
on such common images but tasked with classifying a cow when it appears on the
seaside, a new environment not well captured by the training data.

Other more pernicious examples may happen when systems involved in self-driving

cars are trained on data produced in controlled environments but are required to make
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(A) Cow: 0.99, Pasture: (B) No Person: 0.99, Water: (C) No Person: 0.97,
0.99, Grass: 0.99, No Person: 0.98, Beach: 0.97, Outdoors: Mammal: 0.96, Water: 0.94,
0.98, Mammal: 0.98 0.97, Seashore: 0.97 Beach: 0.94, Two: 0.94

Figure 1.1: Poor generalization of visual recognition algorithms to new environments,
as shown by Beery et al. (2018). The prediction outputs were produced by the authors,
and show the top five labels and confidence in production produced by the algorithm
on ClarifAl.com.

predictions in the real world, under varying weather conditions, in different countries,
with different signage or driving cultures.

There are also common examples from medical domains, where correlations between
medical conditions may be common to some countries and hospitals but not to others.
Goldstein et al. explore one, pointing out that diabetes is associated with a high
body mass index (BMI) in the United States, while in India and Taiwan, diabetes also
frequently cooccurs with a low and average BMI (Tan et al., 2004). This represents a
shift in distribution where a label in a classification task (diabetes) may have a shifting
relationship with some nuisance variable (BMI) across environments. Constructing
datasets and models without accounting for such shifts may lead models to exploit
unstable relationships in the training data (if it comes from the US), and subsequently

fail in predictions and mislead decision-makers in India and Taiwan.

What was may not always be. Or, machine learning fairness concerns. Such
distribution shifts we explored above may become all the more alarming when decisions
aided by ML models directly involve individuals in situations of social importance.
With the advance of machine learning models into larger society, more and more
examples of unfortunate failure modes of this kind began emerging. A rather short
list of headlines reaching general news circulation between 2018 and 2021 includes the

following;:



1. Amazon trained a model that helped automate recruiting processes in the
company and ultimately stopped its use because it was found to discriminate

against female candidates (Dastin, 2018).

2. Many facial recognition systems were shown to misclassify Black faces at higher
rates than faces from other ethnic groups (Buolamwini and Gebru, 2018; Simonite,
2019).

3. Various algorithms involved in feeding job ads to users online were shown to
exclude women from their pool of relevant candidates for certain roles (Lambrecht
and Tucker, 2019; Hao, 2021).

4. A system designed to judge a beauty contest picked predominantly white-skin

winners, and no dark-skinned ones (Levin, 2016).

5. Uber drivers in India reported failures in the company’s facial recognition

software used to log into the app, costing them work (Bansal, 2022).

One particular study done by ProPublica that caught the ML academic commu-
nity’s attention came out in 2016, pointing to different error rates across white, black,
and Hispanic defendants in the US who were assigned risk scores by the COMPAS
model, aimed at predicting recidivism and aiding bail decisions in various US courts
at the time (Angwin et al., 2016). We shall look at this study closer when discussing
algorithmic fairness topics throughout this thesis, but it is a classic and still relevant
reminder of the dangers of correlation-based systems trained on historical data used to
aid future decisions with societal consequences. Thus, various researchers in the fields
of causal inference and causal ML have, unsurprisingly, weighed in over the years on
algorithmic fairness questions (Kusner et al., 2017a, 2019; Nabi and Shpitser, 2017,
2018; Kilbertus et al., 2017; Zhang and Bareinboim, 2018; Wu et al., 2019b; Plecko
and Bareinboim, 2022; Creager et al., 2020; Makhlouf et al., 2020), and we shall do so

in this work as well.

Tell me why. Or, machine learning explainability. When failure modes such
as the above happen, the most basic human instinct is to try and explain such failure
modes by asking — “why did the model provide a wrong prediction?”. How to answer
this ‘Why’ question has become the topic of much study and deliberation within the
ML community in recent years due to the increasing complexity of properly formulating
it and answering it with systems and training datasets that are becoming ever bigger

and more complex.



Modern deep learning models include billions of parameters and their training data
may encompass most of the content on the internet (Ventures, 2022; Simon, 2021).
This is why the rise of deep learning (DL) has also been coupled with a worry about
their black-box nature — the seemingly simple task of identifying bugs within them,
describing failure modes, and providing explanations to users about their outputs has
become rather challenging.

The answers to ‘why’, ‘what if” or ‘what would have happened’ questions, which
are predominantly how humans try to explain phenomena of interest — are all causal
questions that can be given a mathematical formulation on the way to their quantifi-
cation via the framework of causal inference. In this work, we shall also explore how

causal framing can help answer such questions about the outputs of ML systems.

Cut to the chase. Or, machine learning data efficiency. Another crucial pain
point for modern ML is its reliance on vast amounts of data and compute to achieve
state-of-the-art results.

This is yet another area in which causal knowledge and the framework of causal
inference can help machine learning models achieve even more impressive results while
lightening the data and compute burden. It has been shown, for example, that in the
context of online ML systems, when a model tries to find the optimal course of action
or policy, to achieve a certain goal, causal knowledge can be exploited to avoid the
exploration of actions that are redundant for the presented goal (Lee and Bareinboim,
2018a, 2020, 2019a; Zhang and Bareinboim, 2022).

Another way causal inference can improve data efficiency is through the use of causal
feature selection. Rather than selecting features based solely on their correlation
with the outcome variable, causal feature selection takes into account the causal
relationships between variables to identify which features are most likely to have a
causal effect on the outcome variable. By focusing on these causal features, machine
learning models can be trained with less data and achieve good performance, which is

more likely to generalize.

1.3 Machine Learning for Causality, Causality for
Machine Learning

Keeping in mind the failure modes and challenges ML systems are facing, and also
the great promise they hold for traditional causal inference investigations, this work

joins in and contributes to the development of a research agenda that brings together



two communities — that of ML/AI, and that of classic causal inference in statistics,
econometrics, public health, and other applied science fields. Both have much to
contribute to the other: causal inference can help the development of more robust,
fair, explainable, and data-efficient machine learning systems; while machine learning
algorithms can be used to identify and estimate causal effects from high-dimensional
and complex observational data, which is otherwise challenging with traditional

statistical methods.

1.4 Contributions

In the following, we will explore topics, problems, and proposed solutions that lie
between these two pillars. We will explore ML methods for the computations of causal
effects, see how one can make use of causal knowledge for the discovery of pragmatic
mediators that aid in the estimation of effects of unseen interventions while furthering
interpretability and will explore ways to advance trustworthy ML via exploring causal
and non-causal approaches to problems in fairness and explainable AT (XAI).

We will begin with the estimation of causal effects, where a single intervention may
lead to an outcome via partial discovery in two different settings. My first project
focused on estimating the Average Treatment Effect (ATE) of a binary intervention
under highly limited knowledge of the data generation process, represented as a
Directed Acyclic Graph (DAG). The work consisted of defining and optimizing a
differentiable objective function to identify a valid adjustment set that would satisfy
the graphical backdoor criterion, the conditioning on which would make the causal
effect we are after identifiable from observational data. This work is explored in
Chapter 3.

Next, we looked at the effect of “crude” interventions on complex, high-dimensional
objects, which in turn led to a scalar outcome of interest. The motivation was the study
of interventions on text, images, or networks, which usually receive little attention
in the study of causality. Their limited presence in literature could be partially due
to the difficulty in defining interventions over such “complex objects”. While it is
relatively easy to vary low dimensional covariates, such as “medicine intake” or “blood
pressure level”, and assign them (stochastically or deterministically) exact values, it
is harder to conceptualize interventions on representations of text or images. Thus,
we propose estimating the effects of crude interventions on such data modalities via

a two-step procedure that uncovers mediation mechanisms from the interventions,



through the complex objects, and into the outcome of interest. This work is explored
in Chapter 4.

In the realm of trustworthy ML, we looked at topics in XAl and fairness. Looking
at the interpretability of models, we worked on a unifying framework that connected
the somewhat spread out landscape of local explanations literature via causal concepts,
which further the understanding of how such methods would differ or agree in their
results. We showed that methods that belong to the main three approaches to
model interpretability — feature attributions (e.g., Shapley values (Lundberg and Lee,
2017)), rule lists (e.g., Anchors (Ribeiro et al., 2018a)) and Counterfactuals (e.g.,
counterfactual explanations and algorithmic recourse (Wachter et al., 2018; Karimi
et al., 2020b)) — can all be expressed in terms of the causal concepts of the probability
of sufficiency and necessity of interventions, and show how those can be expressed and
made sense of at different levels of knowledge of the underlying causal structure of the
dataset. Finally, we proposed a sound and complete algorithm for the enumeration of
explanatory factors. This work is presented in Chapter 5.

Within the algorithmic fairness literature, as already discussed briefly, a great
contributor to the renewed interest in algorithmic fairness since 2016 was an investiga-
tive data piece by ProPublica, which looked at the fairness of COMPAS, a predictive
recidivism system used in courts in certain counties in the US (Angwin et al., 2016).
In response to Angwin et al.’s finding that showed the system’s error rates were largely
unequal across groups — showing twice as large false positive rate (FPR) error for
black defendants compared to white defendants, and the reverse for false negative
rate (FNR) — a famous impossibility result was proposed by multiple authors in the
academic community. The impossibility result showed that in settings where labels
are not spread equally across groups, exact equal error rates and exact calibration
(related to the notions of predictive positive value (PPV), false discovery rate (FDR),
etc., which alongside error rates complete the classification confusion matrix), cannot
be simultaneously achieved unless we already have a perfect classifier (Chouldechova,
2017; Kleinberg et al., 2017). We took another look at the original result, offered
a contra-positive view and a refinement of the connection to accuracy, and used it
to propose looking for a balance between error rate and calibration-style violations
of fairness, rather than abandoning one or the other as previously proposed in the
literature. We propose to achieve such a better balance with a minimization of the
upper bound of all violations reflected in a confusion matrix. This work is introduced
in Chapter 6.



Finally, we will expand our view on fairness to policy optimization settings, beyond
supervised prediction systems. There, we studied what can be done with a causal
perspective in mind, but beyond counterfactual fairness (Kusner et al., 2017a) and its
path-specific variants (e.g., Chiappa 2019). Most causal approaches to fairness focused
on the manipulation of the sensitive attribute, and equating counterfactual quantities
in response across groups. However, such an objective often relies on full knowledge of
the causal graph, and on complex and restrictive counterfactual computations. Instead,
we propose a framework that optimizes a policy for maximum expected utility overall,
while mitigating disparity by focusing on what we can control — the policy itself. We
propose a framework we name pragmatic fairness, consisting of two approaches to
disparity control. One aims to not introduce new differences in effects across groups
by the introduction of the new policy (compared to a baseline); the other aims to
reduce existing disparities by minimizing the interaction of chosen actions and the
sensitive group membership, making sure groups are treated similarly to the extent

we can control with the policy. This work is presented in Chapter 7.



2 Background

This chapter is designed to provide background on the problems introduced in the
rest of the work. We will survey relevant concepts and basic literature for each of
the directions, and explain how it informs and ties into the work presented in the

following chapters.

2.1 Basic Toolkit

2.1.1 Independence: Marginal and Conditional

Statistical independence is an important concept in probability theory and statistics,
which refers to the lack of a relationship between two or more random variables.
Marginal independence and conditional independence are two common types of sta-
tistical independence, which will become building blocks for much of what follows.
Marginal independence refers to the lack of a relationship between two random vari-
ables, without considering the effect of any other variables. Mathematically, two
random variables X and Y are marginally independent (X_LY") if their joint prob-
ability distribution can be expressed as the product of their marginal probability

distributions, i.e.,

P(X,Y) = P(X)P(Y). (2.1)

On the other hand, conditional independence refers to the lack of a relation-
ship between two random variables, given the value of one or more other variables.
Mathematically, two random variables X and Y are conditionally independent given
a variable Z (XY | Z) if their conditional probability distribution satisfies the

following equation:

P(X.Y | Z)= P(X | Z)P(Y | 2). (2.2)

Conditional independence is a powerful concept in probability theory and statistics
and is often used to simplify complex models and computations (Koller and Friedman,

2009, p.5).
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Since the concepts of marginal and conditional independence are so fundamental
to our discussion of relations between variables — those that co-occur and those that
do not vary together — they are key to our discussion of causation. Our aim is often
to understand what would happen to certain variables under variations in others, i.e.,
what would happen in a system of variables under response to interventions changing
the values of some subset of them. Independencies and dependencies between variables
therefore become a necessary ground for this discussion, in both passively observed
systems and those under active interventions.

The fundamental assumptions of the two most popular causal inference frameworks,
potential outcomes (Rubin, 2005) and structural causal models (SCMs) (Pearl, 2009b;
Peters et al., 2017), are grounded in statistical independence. We will survey these
further in Section 2.2.1.

2.1.2 The i.i.d. Assumption in Machine Learning and Causal
Inference

The i.i.d. (independent and identically distributed) assumption is a fundamental con-
cept in machine learning, and it is critical for ensuring the validity and generalizability
of machine learning models. In the context of supervised learning, the i.i.d. assump-
tion assumes that the training and test data are independently drawn from the same
underlying probability distribution and that the samples in the dataset, {x1, ..., z,},
are all identically distributed, i.e., {xy,...,x,} ~ Px. This assumption enables the
use of statistical tools and techniques, such as maximum likelihood estimation and
hypothesis testing, which are based on the assumption of independent and identically
distributed data.

The i.i.d. assumption is also closely related to causal inference, which is concerned
with identifying the causal effects of interventions in complex systems. In particular, the
i.i.d. assumption is often violated in real-world problems. Data may be dependent and
non-identically distributed due to distribution shifts across geography or time, sampling
practices, or the presence of confounding variables and selection bias. These issues
can be tackled using causal inference methods that explicitly account for the causal
relationships between variables and the underlying structure of the data-generating
process.

Crucially, the i.i.d. assumption is also often violated in common machine learning
use cases, such as prediction tasks where inference is done under distribution shifts,

due to time lags, changes in location or geography, changing cultural norms, or many
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other factors. We have begun exploring the implications of such shifts and the failure
modes that could arise in Section 1.2.

In recent years, such examples have sparked a growing interest in developing
machine learning methods that are explicitly designed to handle causal inference
problems (Kaddour et al., 2022). These methods, which are part of the “causal
inference for ML category, aim to incorporate causal assumptions into the modeling
process. By leveraging insights and tools from causal inference, these methods can
help address some of the key challenges in machine learning, such as confounding
bias, selection bias, and data heterogeneity, and enable more accurate and reliable

predictions and decision-making across time, geography, and data collection practices.

2.2 Causal Inference for Machine Learning

2.2.1 Different Approaches to Causality

Potential Outcomes. The potential outcomes framework (Rubin, 2005), also known
as the Neyman-Rubin model or the counterfactual framework, is a statistical approach
to causal inference. It has become a standard method in many fields, including
medicine, social sciences, economics, or any other setting in which we are interested
in measuring the effect of an intervention, program, or policy. A classic example is
assessing the efficacy of a new drug: before releasing a new medical treatment to the
market, it is necessary to determine its effectiveness compared to a placebo or existing
treatment. The gold standard setting for estimating such an effect is experimental:
perform a Randomized Control Trial (RCT). However, RCTs are costly, lengthy and
not always feasible.

The framework of potential outcomes is one way, tightly linked with an RCT
formulation, that may fill the gap when an RCT is infeasible (e.g., under a pandemic
caused by a little known virus), or when we hope to make trials more focused and
efficient. It is based on the idea that each unit in a population (e.g., patient) has a
potential outcome under each possible treatment condition (e.g., drug taking/place-
bo/current treatment). The most common target of estimation is then the causal
effect of a treatment (e.g., the efficacy of the new drug): the difference between the
potential outcomes (or a summary thereof) for the treated and control units (the
resulting medical condition of the patients who took the new drug vs. those who did
not).

Formally, let Y; and Y, be the potential outcomes under treatment and control,

respectively. The causal effect of the treatment, denoted by the Average Treatment
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Effect (ATE), is defined as:
ATE = E[Y; - Yy). (2.3)

We will introduce ATE once again later, under an alternative notation and frame-
work. The key takeaway at this stage is that the potential outcomes notation is
fundamental to the potential outcomes framework, as well as the consideration of each
outcome-treatment combination as its own random variable.

Since only one of the potential outcomes can be observed for each unit (the
one that actually took place when the measurement was taken), the ATE cannot
be estimated directly by naively comparing means. Instead, various methods have
been developed to estimate the ATE from observed data, such as propensity score
matching, instrumental variables, and regression adjustment (Rosenbaum and Rubin,
1983; Hernan and Robins, 2019).

The potential outcomes framework relies on a set of assumptions, known as the “no
unmeasured confounding” or “ignorability” assumptions, to ensure that the estimated
ATE is unbiased. These assumptions require that the treatment assignment itself is
independent of the potential outcomes, given a set of observed covariates. In other
words, the treatment assignment must be “as good as random” within each level of
the covariates, akin to a coin flip — just like in an RCT design.

The potential outcomes framework has been applied to a wide range of research
questions, such as the effects of medications, educational interventions, and social
policies. While the framework has limitations and assumptions that must be carefully
considered in each application, it has become a valuable tool for researchers seeking

to make causal inferences from observational data.

Structural Causal Models (SCMs). The structural causal models (SCMs) frame-
work is based on the idea that causal relationships can be represented as a set of
directed edges between variables, where each variable is either a cause, an effect, or
both of the others.

Formally, let G = (V. E) be a directed causal graph (DAG), where V is a set of
variables and E is a set of directed edges. The graph represents the causal relationships
between the variables, where an arrow from variable X to variable Y denotes a direct

causal effect of X on Y.

Framework Differences. The potential outcomes framework and SCMs are two
approaches to causal inference that share some similarities but also have some key

differences. The potential outcomes framework is a statistical approach to causal
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inference that focuses on comparing the outcomes that would have been observed
under different treatment conditions. The starting point of the framework is that each
unit in a population has a potential outcome under each possible treatment condition
and that only one of these potential outcomes can be observed for each unit. The
causal effect of a treatment is then defined as the difference between the potential
outcomes for the treated and control units.

SCMs, in turn, are a graphical approach to causal inference that focuses on
identifying the causal relationships among variables in a system. This approach uses
directed acyclic graphs (DAGs) to represent the causal relationships among variables
and employs formal rules to determine which variables can be considered causes or
effects in a given system.

Despite these differences, both the potential outcomes framework and SCMs often
aim to estimate causal effects from observational data, and both rely on assumptions
to make causal inferences; to do so, both approaches aim to account for sources of
confounding and other forms of bias that might affect the estimation of causal effects.

Thus, the potential outcomes framework and SCMs can be seen as complementary
approaches to causal inference that can be used to address different research ques-
tions and use cases. The potential outcomes framework is closer in terminology to
randomized controlled trials and experimental design, while SCMs can help analyze
more complex systems with an increasing number of variables and multiple types of
relationships.

In the following, we will mainly focus on SCMs as the framework that the presented
works will be situated in. However, it is worth noting SCMs' come with a relatively
strong set of cross-world independent assumptions which are not strictly necessary
for the works presented in the following chapters. The same methods and results can
be achieved under the single-world intervention graphs (SWIGs) framework, which
relies on weaker assumptions (Robins and Richardson, 2010; Richardson and Robins,
2013b,a).

2.2.2 Structural Causal Models

Structural causal models (SCMs) are a powerful framework for representing and
reasoning about causal relationships between variables in a system. SCMs provide a
way to specify the underlying mechanisms that generate the observed data, and thus

give us the “full story” about how it came to be, and how variables take their value in

1SCMs can also be described as non-parametric SEMs with independent errors, NPSEM-IEs.
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relation to other ones in the dataset. This, of course, can become quite handy when
trying to make causal and counterfactual calculations.

Formally, an SCM is defined as a tuple (U, V), F), where U is a set of exogenous
random variables (i.e., variables whose values are solely determined by factors outside
of the model), V is a set of endogenous random variables (whose values are determined
by factors within the model), and F is a set of structural equations f that define
how any V; € V depends on the exogenous variable(s) U; € U and possibly other

endogenous variable(s), V; € V \ V;. The structural equations take the form:

v = fi(pag, u;), (2.4)

where v; is the value of the ith endogenous variable V;, u; is the value of the ith
exogenous variable U; and f; is a deterministic function that maps the values of its
parent variables pa; (i.e., variables pa; cause V;) and U; to the value of V;.

Among their other uses, SCMs can allow us to make counterfactual predictions,
i.e., predictions about what would have happened if we intervened on one or more
variables in the system, potentially in contrast to events that actually took place
during data collection. Note, however, that some of these quantities can be computed
without full knowledge of an SCM and the graphical model G associated with it, as
we will explore later in this work.

Given an SCM, we can define an intervention on a variable X as setting its
value to a specific value z, denoted by do(X = x). The resulting system is called
the intervened SCM, denoted by (U, V, F[X = z]). By comparing the distribution
of the intervened SCM to the original SCM, we can make causal and potentially
counterfactual predictions about the effect of the intervention on other variables in
the system, in relation to observed events we can condition on at the same time.

SCMs, alongside their associated DAGs, can facilitate various tasks in causal
inference, as we’re about to explore next. One important property we gain by
considering graphical models - beyond their intuitive nature and how they enable
the development of graphical criteria to achieve tasks - is that we get to inherit their
rule of product decomposition. We can specify a joint distribution over a system
of variables in terms of a product of conditional factors involving each node and its

parents.

Rule of Product Decomposition. For any DAG, the joint distribution of its

variables factorizes as

P(X1, X, ..., Xp) = HP(Xi | pa(X;)), (2.5)
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where pa(X;) are the parents of each variable X; in the model. This fact already
highlights the equivalence between a graph structure and the conditional independence
relations between its nodes/variables. We will continue exploring this connection in

the next section.

2.2.3 d-separation and Formalization of Dependencies

In Section 2.1.1, we began to explore the debt causal inference owes to the fundamentals
of marginal and conditional in/dependencies. Now that we have introduced the concept
of a causal graph, we can make use of it to formalize and systematize the study of
relations between variables.

Mathematically, we can use the concept of d-separation to determine whether two
nodes are marginally or conditionally independent in a causal graph. To do so, we
need to introduce the notion of a blocked path, where a path is a sequence of nodes
and edges connecting two variables (or nodes in the graph) with each other, regardless
of orientation. This notion will, in turn, depend on the three types of relationships
possible between any set of three variables in a DAG: collision, confounding, and
mediation. The following definitions will also require us to define what are ancestor
and descendant nodes in a causal graph. The first node in a directed path is the
ancestor of all following nodes, while every node on the path is a descendant of the

first node.

d-separation, Intuition. A path between two nodes X and Y can be blocked in

the following ways:

e without conditioning by a collider Z (a node Z with two incoming edges from

neighboring nodes, i.e., X — Z < Y), or
e by conditioning on a set of nodes which contains one of the following Z patterns:

— a confounder (a common cause, or a node with outgoing arrows into two
other nodes X <~ Z —Y), or

— a mediator, lying on a directed path from X to Y (X — Z —Y).
A set of nodes Z d-separates two nodes X and Y if every path between X and
Y is blocked by Z. If X and Y are d-separated by Z, then they are conditionally
independent given Z. Similarly, if X and Y are d-separated by the empty set, then

they are marginally independent.
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d-separation, Formal Definition. (Pearl et al., 2016, p. 46-7) d-separation
can be defined as follows. Let G = (V| E) be a directed acyclic graph (DAG), and let
X, Y, and Z C V. A path p from X to Y is said to be blocked by Z if and only if:

e p contains a chain of nodes, i.e. a mediation path X — C' — Y or a fork,
i.e., confounding X < C' — Y such that the middle node C € Z (i.e., C is

conditioned on), or

e p contains a collider X — C < Y such that the collision node C' ¢ Z, and no
descendant of C € Z.

If Z blocks every path between two nodes X and Y, then X and Y are d-separated,

conditional on Z, and thus are independent conditional on Z, ie. X 1Y | Z.

By using causal graphs and d-separation, we can thus determine whether sets of
variables are marginally or conditionally independent, and use this information to
infer causal relationships.

The next section will discuss some of the prototypical estimands we are after in
causal inference — causal effects. Identifying those from observational data requires an
identification strategy that will correctly account for challenges such as confounding
bias. In certain settings, this can be achieved by identifying the correct covariates to
involve in a given estimation, while leaving others out of it. In such cases, d-separation
can be viewed as a unifying principle guiding the selection of suitable sets of covariates

for a given estimation task.

2.2.4 Causal Effects: ATE, CATE, ITE

Causal effect estimation, under various assumptions, is one of the main areas of study
in the causal inference literature. Many problems in causal inference involve questions
of the “what if” form, e.g., “What if patient z took medicine x? What value y would
they attain?”. Traditional statistics considers observational probability distributions
to answer such questions, e.g. P(Y =y | X = z,Z = z). However, such quantities
involve correlative information. They tell us something about the co-occurrence of
such events in a certain sample we study. In contrast, causal inference aims to identify
causal quantities from observational data — to answer some future or hypothetical
question of what values would random variables attain (or would have attained) in
response to an intervention, i.e. assigning or controlling the values of some variables in

a model, and estimating some response. Mathematically, and using Pearl’s do-notation,
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we can represent such quantities via the do-operator, P(Y =y | do(X = z),Z = 2)
(Pearl et al., 2016, pp. 55-56).

Different summaries of P(Y =y | do(X = x),Z = z) might be considered when
estimating causal effects, and we introduce the canonical ones below.

Formally, the causal effect of a treatment X on an outcome Y is defined as the
difference in the expected outcome between the treatment group and the control group.

This can be represented mathematically as:
T =E[Y | do(X =1)] = E[Y | do(X = 0)], (2.6)

where Y is the outcome variable, X is the treatment variable, and do(X) denotes
the intervention that sets X to a particular value, e.g. 1 (treatment) or 0 (control). It
is also possible to consider other values to assign for the treatment variable, as the
use case calls for. The causal effect, sometimes denoted by 7, represents the average
difference (across the population) in the outcome between the treatment group and
the control group, after adjusting for confounding variables.

We therefore call the basic quantity above the Average Treatment Effect (ATE),
which measures the average effect of a treatment on the population as a whole. It is
defined as the difference in the expected outcome between the treatment group and
the control group, averaged over the entire population.

The ATE is a popular target in Randomized Control Trials (RCTs). But these
are often expensive, difficult to execute, morally problematic, or simply infeasible.
Instead, a common goal in causal inference is to try and recover this quantity from
observational information and some knowledge of the underlying data generation
process. The main difficulty in achieving this task is overcoming bias introduced
by confounders (conditioning on Z in a pattern such as X < Z — Y), while not
d-separating X from Y by closing informative mediation paths or opening already
separated paths via conditioning on colliders. While a naive approach might be to
simply control for all covariates in the dataset which are not X and Y, it may also be
doomed to fail, as we might unnecessarily block mediation paths (if Z as a facilitating
mechanism of the causal effect, i.e. X — Z — Y') or introduce bias by conditioning
on colliders (similar to Berkson’s paradox, X — Z « V).

Certain tasks require more specialized estimands than simply averaging across a
population. The Conditional Average Treatment Effect (CATE) measures the
effect of a treatment on a specific subgroup of the population, defined by a set of

conditioning variables. The CATE is the difference in the expected outcome between
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the treatment group and the control group, averaged over the subgroup. Formally,
the CATE is given by:

CATE(z) =E[Y |do(X =1),Z =z —E[Y | do(X =0),Z = 2], (2.7)

where Z is a set of conditioning variables.

Even more specifically, the Individual Treatment Effect (ITE) measures the
effect of a treatment on an individual unit, such as a patient or a customer. It is
defined as the difference in the outcome that an individual would have under the

treatment and control conditions. Formally, the ITE is given by:
ITE; =Yi_, — Y, (2.8)

where Yi_; and Y3 _, are the outcomes of individual ¢ under the treatment and

control conditions, respectively.

2.2.5 The do-calculus

Using d-separation, a general machinery for the identification of causal effects, where
possible, is the do-calculus (Pearl, 2009¢c, sec. 3.4). The do-calculus is a set of rules
developed for reasoning about causal relationships between variables, and for deriving
causal effects from observational and interventional data. In other words, its goal is to
translate causal estimands where possible to mere statistical quantities by removing
do-operators from expressions. It uses DAGs and graphical relationships within them
to systematically perform such manipulations — the exchange of observational data for
actions, or the removal of certain actions or variables altogether.

The three rules of do-calculus are:

1. Insertion/deletion of observations:

P(Y|do(X), Z,W) = P(Y|do(X),W) if (Y LZ|X,W)g.  (29)

Here, the independence statement must hold in graph G, which is derived from

the original causal graph G by removing all incoming arrows into X.

2. Action/observation exchange: We can amend this rule to have two interven-
tions on the left-hand side and one on the right-hand side. This could be stated

as follows:
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P(Y|do(X),do(Z), W) = P(Y|do(X), Z,W) if (Y L Z|X,W)g_  (2.10)

z
Here, the independence statement must hold in graph Gy 4, which is obtained
from the original causal graph G by removing all arrows incoming into X and

outgoing from Z.

3. Insertion/deletion of actions: Finally, this rule can be stated as follows:

(2.11)

i

P(Y|do(X),do(Z),W) = P(Y]do(X),W) if (Y L Z|X,W)g,

This time, the independence statement must hold in graph G =, which is
derived from the original causal graph G by removing all arrows into X, and

*

then all arrows pointing into Z* (Z* is the subset of nodes in Z, which are not

ancestors of any variable in Gy).

The do-calculus was shown to be complete (Shpitser and Pearl, 2006a; Huang and
Valtorta, 2006; Shpitser and Pearl, 2006b), in the sense that if a sequential application
of the rules of do-calculus cannot identify a causal effect, no other method can provide
non-parametric identification for the same set and strength of assumptions.

Finding the sequence of rule applications does not immediately follow from the
do-calculus, but over time the ID algorithm was developed, which is capable of
finding these steps and exiting with failure whenever the answer does not exist
(non-identifiability) (Tian and Pearl, 2002; Shpitser and Pearl, 2006a).

2.2.6 Canonical Identification Strategies

Special cases of the do-calculus for specific graphical settings exist, including the
backdoor and frontdoor criteria (Pearl et al., 2016, p. 61-9). One — the backdoor
criterion — in fact preceded the do-calculus (Pearl, 1993, 1995) and is closely related
to conditional unconfoundedness from the potential outcomes framework. The other —
the frontdoor criterion — was one of the first outcomes of the do-calculus.

Chapter 3 offers a differentiable optimization procedure that can lead to the
discovery of a valid adjustment set as defined by the backdoor criterion if one exists.

The backdoor criterion is a graphical criterion, which states,
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Observed Cause and Outcome

—

A

Covariates

Figure 2.1: A DAG with circles representing variables and arrows representing causal
relationships between them. The rectangles represent the observed variables and the
covariates according to the Backdoor Criterion.

The Backdoor Criterion. Given an ordered pair of variables (X,Y") in a directed
acyclic graph G, a set of variables Z satisfies the backdoor criterion relative to (X,Y)
if no node in Z is a descendant of X, and Z blocks every path between X and Y that
contains an arrow into X.

Next, given a valid adjustment Z defined as above, we could apply the adjustment

formula to recover the causal effect of X on Y?

P(Y =yl|do(X=x)=) PY=y|X=u72=2P(Z=z2). (2.12)

The backdoor criterion can help us achieve our goals in various settings, but it relies
on a graphical representation, in the form of a DAG, of pre-existing assumptions about
the data generation process. In the lack of such clear understanding — which endows
the available dataset with its causal interpretation by formalizing an interventional

probability distribution — the backdoor criterion cannot be directly applied.

The Frontdoor Criterion. In the criterion we just introduced, all variables were
observed. The front-door criterion is a method for estimating the causal effect of a
treatment variable on an outcome variable, when there is an unobserved confounding
variable that affects both the treatment and the outcome variables. The front-door
criterion provides a way to bypass the confounding variable, by identifying a set of
variables that satisfy certain conditions.

The front-door criterion enables that (as long as there is a suitable mediator M)
by decomposing the effect identification into two steps. For M to be suitable, the

following conditions need to be satisfied.

2Notice we define the backdoor criterion and the proceeding frontdoor criterion via categorical
variables, which involves a marginalization via summation. For continuous variables, we simply
replace summation with integration.
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Unobserved

Figure 2.2: A graph with circles representing variables and arrows representing
causal relationships between them. The rectangles represent the observed (including
the mediator) and unobserved confounder variables characteristic of the Frontdoor
Criterion.

1. M has to intercept all directed paths from X to Y. In other words, all directed
paths from X to Y need to include/pass through M.

2. There could be no unblocked backdoor paths from X to M.

3. All backdoor paths from M to Y need to be blocked by X.

If we have such a suitable M that satisfies the criteria above we can identify the
causal effect of X on Y in two steps: first via getting the effect of X on M, and then at
the effect of M on Y, while controlling for X. This can be expressed mathematically

as:
1. By condition 2,

PM=m|do(X=2))=PM=m| X =ux) (2.13)

2. By condition 3,

P(Y =y | do(M =m) ZP —y|M=mX=2)P(X=2) (2.14)

Keeping in mind condition 1, we can now string it all together:

P(Y =y | do(X =x)) =
ZP =y | do(M =m))P(M =m | do(X = z)) =

ZZP(Y —y|M=mX=0\P(X=2\P(M=m| X =z). (2.15)

We can finally get the estimated causal effect of X on Y from P(Y = y | do(X = z)),

or whichever summary of it we're after, such as the ATE.
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2.2.7 Pearl’s Causal Hierarchy

We have considered the estimands and identification strategies enabled by the SCM
causal framework. We can summarize the types of queries we now have tools to answer
with a hierarchy, going from ordinary statistical, observational estimands all the way

to counterfactuals, strengthening the required assumptions at every step.

1. Association (Observational) Level: The lowest level of the hierarchy rep-
resents questions about associations in observed data, the kind of questions
answered by traditional statistics and machine learning models. At this level,
we can make statements like “Y" is correlated with X”. For example, in a given
dataset, we might investigate whether there’s an association between smoking
(X) and lung cancer (Y).

Example estimand:
ElY | X = z] (2.16)

2. Intervention (Causal) Level: This level goes beyond mere association and
begins to answer questions about the effect of interventions or actions. Here
we can ask questions like “If we assign (i.e., do) X = z, what Y will occur?”
For instance, we might assess the effect of assigning treatment with a new drug

(X = x) on recovery (V).

Example estimand:
E[Y | do(X = x)] (2.17)

3. Counterfactual (Retrospective) Level: The highest level of the hierarchy
involves counterfactuals, which are retrospective questions about alternative
possibilities, or nearby “worlds”. At this level, we can ask questions like “What
would have happened to Y if we had done X differently?”. For instance, we
might ponder whether a patient (Y) would have recovered faster if they had
been given a different drug (X = z/).

Example estimand:
ElYy | X =2, =1y] (2.18)

Notice the subscript 2’ in this last expression is a potential outcome notation,
which is equivalent to an intervention or a do operation do(X = z’). We move to
this notation in counterfactual worlds colliding with the one that actually took

place X = x to avoid confusion on the right-hand side of the conditioning bar.
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Level Questions Example Estimand
Association What if I see X = 27 ElY | X = x|
Intervention What if I do X = 7 E[Y | do(X = )]

Counterfactual | What if I had done X = 2’7 | E[Y, | X =,V = y]

Table 2.1: Summary of the Causal Hierarchy within the SCM framework.

Each level in the hierarchy requires its own set of assumptions to answer its
particular class of queries. Importantly, the assumptions at each level also encompass

those at the lower levels.

2.2.8 Estimation Approaches

Causal inference aims to estimate the effect of an intervention on a target outcome
variable, given a set of observed variables. So far, we have mainly focused on identi-
fication strategies for causal effects, translating causal quantities into observational
quantities. But once such a strategy is found — how do we proceed to estimate the
actual causal effect?” We review two relevant tools in this context: gradient-based
optimization, which is one way of approaching elements needed for causal effect esti-
mation after identification, and inverse probability weighting, which is an alternative

view of identification.

Response Function Estimation. One way to estimate the causal effect of an
intervention is to use response function estimation methods to learn a function that
maps the observed variables to the target outcome variable. Specifically, we can
formulate the causal effect as a function of the observed and intervention variable(s),
and then learn the parameters of this function. This approach is based on the
assumption that we have access to some observed variables (adjustment set) which
are sufficient for estimating the causal effect and that the effect can be expressed as a
function of these variables.

Formally, let Y be the target outcome variable, Z be the observed variables, and
X be the intervention variable. We want to estimate the causal effect of X on Y
(sometimes denoted as 7(X)). We can define a function f(X,Z;0) that maps the
observed variables and the intervention variable to the target outcome variable, where
0 are the parameters of the function. Then, we can learn the parameters 6 that

minimize the difference between the predicted outcome and the observed outcome:

0" = arg;ninE[(Y - f(X,Z;0)). (2.19)
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Once we have learned the function f, we can estimate the causal effect of the

intervention as:
7(X) =E[f(X =1,Z;01)] - Ey[f(X =0, Z;0)], (2.20)

where 0; and 6, are the learned parameters for the intervention and the control

group, respectively. We will make use of estimation approaches of this kind in Chapters

3,4,5,and 7.

Inverse Probability Weighting. Another approach for estimating causal effects
is inverse probability weighting (IPW), which is based on the idea of re-weighting the
observed data to balance the distribution of the intervention variable between the
treatment and control groups.

Overall, it would still involve finding a relevant set of adjustment covariates, akin
to the backdoor criterion (2.2.6). Crucially, however, it offers another view on the
adjustment formula proposed earlier. Instead of going through a straightforward
but costly marginalization of covariates as the previous one necessitates, especially
as covariates get high dimensional in limited-sample size regimes, IPW offers an
alternative that would only need to consider covariate values present in the available
samples, rather than all possible values the covariates can take on. Thus, it can
provide a more efficient route to the computation of causal effects.

The basic idea is to assign weights to each observation based on the probability of
receiving the intervention given the observed covariates (often called propensity score,
and computed via a logistic regression model), and then use these weights to estimate
the average treatment effect.

Formally, let Y be the target outcome variable, Z be the observed variables, and
X be the intervention variable. We are after an estimate of the causal effect of X
on Y. We can define the probability of receiving the intervention given the observed
variables:

e(Z)=P(X=1|2) (2.21)

which is the probability of receiving the treatment (we assume a binary treatment
variable for simplicity of presentation), given covariates Z.
Then, given a dataset {(X;, Z;, Y;)}Y., we can estimate the ATE (and with minor

adjustments other causal effects) with the following:

1 - [YiXi  Yi(1-X)
ATE:TZN;[Q(Zi)— ez |- (2.22)
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X; in this case is an indicator of whether treatment was received.

Inverse probability weighting is a widely used method for estimating causal effects
and has been shown to be effective in various applications. However, it requires
the estimation of the propensity score e(Z), the quality of which depends on the
completeness of the available covariates data.

IPW is also related to propensity score matching, another popular causal effect
estimation method that relies on propensity scores. While IPW weighs each individual
sample in the study by the inverse of their propensity score, giving rise to a re-weighted
pseudo-population, propensity score matching involves the matching of pairs of groups
of individuals with similar scores across the treatment and control groups, which
allows the comparison of the outcome variable level between the two groups. IPW
may be better suited when covariate distributions are imbalanced or where there are
many covariates to control for; propensity score matching may be preferred under
small sample size regimes. We will make use of the IPW estimator (albeit not directly

for an ATE computation) as part of Chapter 7.

2.3 Expanding the Toolkit

2.3.1 Causal Discovery and Its Limitations

Many of the topics and methods discussed in this chapter so far rely on an under-
standing or fulfillment of assumptions about the data generation process underlying a
dataset. This knowledge, within the SCM framework, is expressed via a DAG. But
what happens when one does not know the causal graph behind a system of study?
How may we proceed then?

One natural approach to address the lack of a pre-known DAG is to try and recover
it from observational data using a causal discovery method, such as the constraint-
based PC and FCI algorithms (Spirtes et al., 2000b), and in the absence of unmeasured
confounding, the score-based Greedy Equivalence Search (GES) (Chickering, 2002;
Glymour et al., 2019). However, such approaches in general suffer from some of the

following difficulties. They:

e Require solving expensive combinatorial optimization problems,

e Involve numerous independence tests, which diminish in power as dimensionality

grows, or
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e Only find a Markov-equivalence class of graphs which all imply the same con-
ditional independencies. Such an equivalence class would be insufficient when
searching for an adjustment set since changes in edge directionality or the pres-
ence or absence of certain edges could lead to an erroneous choice of covariates

for adjustment.

Fortunately, motivated by the task of estimating a specific causal effect of interest,
we do not need to recover the full causal graph. We can do with partial knowledge
thereof, as shown by recent works for covariate selection for the identification of a
specific causal effect (VanderWeele and Shpitser, 2011b; Entner et al., 2013b; Witte
and Didelez, 2019).

Entner et al. (2013b) already showed that using two testable independence and
dependence conditions, a valid adjustment set can be found. Crucially, their method

relies on relatively weak assumptions:

1. The existence of an auxiliary observed variable W (a weaker type of instrument

we will further discuss in Chapter 3,
2. Partial ordering between the variables should be such that

2.1. The outcome Y cannot be an ancestor of the treatment X, and

2.2. The treatment X and outcome Y are not ancestors of any of the covariates
Z and

3. The faithfulness assumption holds, which means all independencies in the joint
distribution over all variables P(V') are due to the structure of the graph (e.g.,
and not due to “chance” cancellation of paths) (Spirtes et al., 2000b).

Assuming these hold, the criteria Entner et al. (2013b) suggest can identify a valid

adjustment set Z*,
W ALY | Zru{X},

(2.23)
WLY | Z*

W in this case is an auxiliary “witnessing” variable which aids in the validation of
Z* as a valid adjustment set. These conditions ensure that all paths from W into Y
are mediated by X. The original suggestion to operationalize the above conditions is
to perform a greedy or random search.

In Chapter 3 We propose a more efficient procedure in the style of modern ML

differentiable objective function optimization. This makes our method highly amenable
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Figure 2.3: A DAG taken from Entner et al. (2013a) describing a setting where criteria
2.23 can be used to identify a causal effect of X on Y, using W and Z* = {Z;, Z»} as
the valid adjustment set.

to differentiable programming tools that contemporary software and hardware are
designed for. This continuous optimization formulation shares similarity with Zheng
et al., but unlike our targeted approach, tailored to a specific causal effect of X on Y,
NOTEARS still aims to recover full DAGs (Zheng et al., 2018b). We argue that this
is a harder problem than needs to be solved for most causal effect estimation tasks. In
this sense, we see this work as an effort to connect the extensive literature on causal
effect estimation with the no less illustrious body of work on causal discovery, into a

single, targeted “supervised partial discovery” approach.

2.3.2 Effects of Crude Interventions and Mediation Discovery

Most related literature - and our background section so far - considers hard atomic
interventions. A hard atomic intervention fixes the value of the treatment variable
to some scalar (or vector if the variable is multi-dimensional) while keeping all other
variables in the system at their original values. However, causes can be complex such
that we cannot directly and entirely intervene upon them. This problem formulation,
which we grapple with in Chapter 4, occurs in many domains such as those involving
images, text, and complex networks (e.g. gene expression).

To define interventions in these settings we formalize a crude intervention. That
is, since we cannot atomically intervene on a complex cause X, we consider “pressing
a button” or “pulling a lever” in the form of atomic interventions on an actionable set
of variables W, that are parents of X (see Figure 2.4). More precisely, we are looking

to estimate the causal effect of intervention w, in the presence of covariates Z, on an
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Figure 2.4: DAG describing the setting of the work presented in Chapter 4, looking to
estimate causal effects in systems with complex causes (X) that one cannot atomically
intervene on.

outcome Y,

E[Y | Z,do(W = w)].

Beyond Hard, Atomic Interventions. Previous works have made the point
that real-life problems often do not involve such perfect forms of interventions, and
suggested relaxations to this idealized description. The most obvious form of relaxation
moves from considering deterministically fixing intervention variables to a value, to
a stochastic form, that only assigns a value to the treatment variable with a certain
probability (Kocaoglu et al., 2019; Correa and Bareinboim, 2020; Huang and Valtorta,
2006). Crucially, such interventions do not operate with the same cleanliness on the
causal graph. This led Correa and Bareinboim (2020) to suggest an extension of
the do-calculus to handle such settings, which they named the o-calculus. A clear
distinction between our problem setup and such soft or imperfect interventions is that,
while the control over the fixing of value as represented by the do-operator is no longer
deterministic, those actions still affect specific target variables, which in principle can
still be directly manipulated. In contrast our crude interventions of Chapter 4 target
complex objects that cannot be fixed to a single value or be directly manipulated;
furthermore, one way to think of our setting is that the crude intervention would
be some lower-dimensional, or simpler intervention, applied to a high-dimensional
complex cause with a possibly intricate internal structure. In that sense, we can only
set a process running through the complex cause with subsequent influence on the
outcome Y, and the intervention has “lower resolution” in comparison to the complex

cause.
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Unknown and Uncertain Interventions. Another extension to the vocabulary
of interventions was offered in works on uncertain or unknown interventions. Those
describe cases where the targets of interventions are unknown, in the sense that when
an intervention is applied it might not affect a single target of outcome, but instead will
affect a latent variable and in turn propagate effects through the causal graph (Eaton
and Murphy, 2007; Jaber et al., 2020). Both works consider a motivating example
from molecular biology for their problem formulation: when chemicals are added to a
cell, no specific variables are set to specific values. Instead, some intervention nodes
can be introduced into the graph, that might affect some latent variables and in turn,
propagate effects into observed variables. While this setting sounds similar to ours,
it focuses on full networks with edges connecting different variables affected by the
unknown target interventions. In our case, instead, we consider a single complex
cause that is being affected by the crude intervention, where the inner connections of
elements within the complex cause might be unknown or simply hard to conceptualize:
it is hard to discuss pixels in an image as causes of each other, and likewise with
possible dimensions of text representation, e.g., dimensions of a word-embedding
vector. Furthermore, while the goal of works such as Eaton and Murphy and Jaber
et al. is to perform causal structure learning in the presence of added intervention
nodes with such unknown targets, we are focused on causal effect estimation, such
that mechanisms of mediation are discovered, and crucially, such that was can share
parameters across crude intervention regimes, and thus predict the effects of rare or

yet unseen treatments.

Invariant Causal Predictions. The notion of intervention regimes defining different
environments, across which we would like to make stable predictions, gets us closer to
recent literature on invariant risk minimization or invariant causal predictions, the
motivation for which we briefly touched upon in Section 1.2 (Peters et al., 2016b;
Heinze-Deml et al., 2018; Arjovsky et al., 2020). This line of work aims to exploit causal
notions of invariance, motivated by the intuitive assumption that causal mechanisms
should not change across datasets or environments of deployment: we expect the causal
relations between height, pressure, and temperature to hold and operate similarly
regardless of the specific country in which we carry out measurements; similarly, we
expect the features that make a cow a cow or a camel a camel do not differ based on the
background or conditions under which they are photographed, which should imply that
we should encourage invariance in machine learning classifiers’ predictions with respect

to environmental conditions of the dataset (Arjovsky et al., 2020). Following this
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logic, Peters et al. suggest exploiting invariance across conditions, and in particular
interventional regimes, in order to perform causal discovery and offer confidence bounds
for predicted graphical makeup. Arjovsky et al. in turn focus on utilizing the same idea
for the estimation of causal predictors with special promise for generalization out of
distribution. In particular, they suggest that enforcing such invariances of predictions
with respect to background conditions that are not fundamental to targeted causal
relations can be used to tell apart spurious associations discovered as correlations in
datasets collected under the different background conditions, from the stable causal
relationships that are not just incidental to a given setting. Our approach certainly
bares similarity to the invariant causality literature — we too consider regimes, defined
by the value of the crude intervention, and share parameters across them, exploiting
stable causal relationships. However, we crucially try not only to identify parent
nodes of outcome Y or use crude intervention W to report a stable prediction of
E[Y | do(X = x)] (potentially additionally conditioning on covariates Z). Instead, we
do not consider direct intervention on the entirety of X feasible or the main point of
interest. We are focused on estimating E[Y | do(W = w)] (potentially conditioning on

covariates Z), while also discovering mediators of the effect from W to Y.

Causal Abstraction. Another related body of works is the one focusing on causal
abstraction (Chalupka et al., 2015, 2016a,b; Rubenstein et al., 2017; Beckers and
Halpern, 2019; Beckers et al., 2020; Locatello et al., 2019). The understanding that
observation level is not always indicative of a more high-level phenomenon that is the
real target of analysis has been made clear in this line of work. The series of papers
from Chalupka et al. showed how such a mismatch between granularity of observations
and desired level of analysis plays out in image examples, as well as in climate data,
such as wind and temperature measurements which underlay a more abstract weather
phenomenon such as the “El-Nino” effect. The first paper proposed visual feature
learning via a coarsening algorithm which led from low-level observations to more
high-level feature creation and could lead to more stable causal predictions from a
classifier trained on top of the coarsened learned features. The second paper applied a
similar idea to the “El-Nino” case, and the last paper in this series studied more general
multi-level cause-effect relations via the Fundamental Causal Coarsening Theorem. In
particular, in that last paper, they considered a discrete setting unlike their previous
works, where a macro-level effect is not specified. The works of Rubenstein et al.
and Beckers and Halpern advanced the works of Chalupka et al. by taking a more

theoretical point of view and defining a framework for the transition between causal
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models defined at different levels of abstraction. In chronological order, this general
theoretical work defined a notion of exact abstraction transformations and later relaxed
those to approximate abstractions, where the high-level system is an approximate
description of the low-level system. This notion of different resolutions of observations
and analyses plays a key role in our setup description as well. Our description
of a complex cause that we cannot manipulate directly and fully is inspired by the
abstraction notion discussed above. However, it should be evident that in our approach
we do not propose to transition from one abstraction level to another, but rather
reason about low and high-level description jointly, via a lower-resolution intervention
W compared to the complex cause X being studied. We consider observations of
X, in its full complexity, as well as higher-abstracted descriptions in the form of
®(X, Z). Furthermore, we leave room for the choice of construction of such high-level
descriptions — they can be guided by domain knowledge hypotheses, as well as from
more data-driven approaches of segmentation of the complex object (e.g. convolution
windows in the case of image perturbation examples). A somewhat related notion
of different abstraction levels between observations available and latent ones which
are more directly related to the target of analysis is offered by the disentangled
representation literature (Bengio et al., 2014; Locatello et al., 2019). Locatello et al.
in particular focused on the feasibility of reaching disentanglement of independent
latent explanatory factors from observed data and showed that it is impossible in an

unsupervised manner without additional inductive bias baked into modeling?.

Two-stage Estimation Procedures. So far, we have explored connections between
our problem setup and goals to those previously appearing in the literature. At this
point, we would like to make a final comparison to existing works relating to our
estimation strategy, which is fundamentally a two-step one. Two-stage procedures for
unbiased causal effect estimation have a long tradition in causal inference (Wright,
1928; Theil, 1958; Angrist and Imbens, 1995; Chernozhukov et al., 2018; Hahn et al.,
2019; van der Laan and Starmans, 2014). The key idea behind such approaches is
the separate computation of models for different conditional expectations (e.g., the
propensity score as explored in Section 2.2.8) that are needed for the final conditional
expectation representing the causal effect of interest. By breaking down the estimation
goal into two models, rather than a single direct estimation, such methods propose to
curb bias and the influence of confounding. In our own approach, we similarly learn

two separate models in order to obtain less biased estimates. However, our goal is

3such as was proposed in (Leeb et al., 2020)
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different from previous two-stage works, as was previously explained. We propose
to estimate a different causal effect than the usual one, via the crude intervention
W, and find mediators inside a set of possible high-level descriptions ®(X, Z) of the
complex object X on which the intervention via W is applied. Crucially, however, we

do not deal in the current formulation with unmeasured confounding.

2.4 Trustworthy Machine Learning

As was established through the previous sections, causal modeling holds great promise
for policy evaluation and design, as it relates to various fields of scientific inquiry and
decision-making. In this section, we will focus on introducing topics in trustworthy
machine learning (henceforth, trustworthy ML), some of which can be aided by causal
concepts. We will survey works in explainable Al (XAI) and algorithmic fairness, and

provide background for Chapters 5, 6, and 7.

2.4.1 Explainable Machine Learning

Explainable ML and AI (henceforth, XAI) emerged recently as an area of much
interest in the ML literature. In particular, with the advance of deep learning (DL)
methods that show high predictive accuracy, questions about their transparency and
interpretability were raised by practitioners, researchers, and policymakers, especially
as they relate to social data used to predict outcomes involving humans.

The practical needs emerging from the blackbox nature of ML and DL have led
various researchers to weigh in. While some proposed methods to extract information
from trained models in various ways, others have criticized their shortcomings, so
much so that they called into question these efforts or the use of ML and DL for tasks
to which interpretation is central (Rudin, 2019; Lipton, 2018).

In Chapter 5.3.2, we elucidate the goals of XAl via the causal concepts of sufficiency
and necessity (Tian and Pearl, 2000). We suggest quantitative measures of those while
explaining how these two basic goals can unify existing approaches in the field, that are
seemingly disparate, seemingly conflicting at times, and are ripe for misuse (Mothilal
et al., 2020a; Ramon et al., 2020; Fernandez-Loria et al., 2020; Kumar et al., 2020).
Further, we propose a sound and complete algorithm to quantify these measures under
different levels of system knowledge and with different use cases in mind.

To prepare ourselves for the consideration of this proposed framework, we will first
describe the landscape of the XAl debate to further help orientate Section 5.3.2 within

it. While some authors propose to focus on models that are intrinsically interpretable,
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such as sparse linear regression and rule lists (Rudin, 2019), we will focus instead on
post-hoc explanations of more complex models. In fact, we will take a model-agnostic
approach, explaining the output from any black-box model f, rather than focus on
specific architectures or algorithms.

One axis that defines XAl methods is whether they are focused on local or global
explanations. A local explanation looks only to apply to the immediate neighborhood
around a specific data point of interest, e.g., one image or one row in a tabular dataset.
A global explanation in turn aims to hold for the entire feature space. As will become
apparent in Chapter 5.3.2, our focus will be on local explanations, but our method
will also allow the exploration of the feature space when that is of interest, and so will
include a flavor of global explanations.

Among the various methods proposed so far in the XAlI literature, a few prominent

families emerged.

2.4.1.1 Feature Attribution

Feature attributions, or the quantification of feature importance for explaining model
predictions (Sundararajan and Najmi, 2020; Ribeiro et al., 2016), are some of the
most popular explanation approaches for black-box ML models.

Feature attribution methods are techniques used in explainable Al to understand
the contribution of individual features to a model’s prediction. These methods provide
insights into the inner workings of complex models and aid in identifying model biases,
which can help improve the model’s performance.

We will quickly survey four of the most popular among these approaches: LIME,
SHAP (via Shapley values), and integrated gradients.

LIME (Local Interpretable Model-agnostic Explanations) (Ribeiro et al.,
2016). LIME is a technique used to explain the predictions of any black-box model.
It generates explanations by creating a simpler, interpretable model that approximates
the behavior of the black-box model in the local vicinity of the prediction. The
interpretable model is trained on perturbed versions of the input data to obtain
feature weights that indicate the contribution of each feature to the prediction.

LIME randomly samples instances similar to the input to be explained and fits an
interpretable model (e.g. linear regression) on this sample. The learned local model is
then used to provide explanations about the original prediction.

Mathematically, LIME computes the feature importance scores by minimizing

a distance metric between the interpretable model’s predictions and the black-box
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model’s predictions. Specifically, given an input = to be explained, LIME constructs
an interpretable model ¢ that locally approximates the black-box model f, and can

provide an explanation with the following:

{(z) = arger(r;lin L(f,9,m)+ Q(9) (2.24)

where G is the space of interpretable models, 7, is the probability distribution
over similar instances (defined via a use-case specific distance metric), L is a distance
metric between f and g, and 2 is a regularization term controlling the complexity
of the local model. The feature importance scores are then computed based on the

learned coefficients of the interpretable model.

Shapley Values (Shapley, 1953). Shapley values is a method for assigning values
to each feature in a model by considering all possible combinations of features and
their contributions to the prediction. Shapley values are based on the concept of
cooperative game theory, which considers the contribution of each player (feature) in a
coalition (model) to the overall outcome (prediction). The Shapley value of a feature

is the average marginal contribution of the feature across all possible coalitions.

(IN] = [S] = DY S]! :
Gi(v) = Nl (v(SU{i}) —v(9)) (2.25)
SCN\{i} '
where N is the set of all features, v is the prediction function, S is the set of
features in a coalition, and ¢;(v) is the Shapley value of feature i under prediction

function v.

SHAP (Shapley Additive Explanations) (Lundberg and Lee, 2017). SHAP
is an extension that closely follows the Shapley values method introduced above,
applied explicitly to ML models. SHAP offers an interpretation of the output of any
model by combining the Shapley values with the concept of local explanations. It
assigns importance scores to each feature by considering the contribution of the feature

in the prediction for a particular instance.

ous2) = 3 PR ) — £\ ) (2:26)

where ¢;(f, ) denotes the SHAP value for feature 7 given a specific input instance
x under a prediction model f. The sum is over all possible subsets 2’ of z’/, where 2’ is

a simplified version of z, with binary values for each feature. x and 2’ are associated
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via a mapping function, z = h,(z’). The term |2’| represents the number of nonzero
entries in 2z’ and M is the total number of features. The vector x; is zero everywhere
except at the ith position where it equals the corresponding entry from the instance x.
The function f,(z") represents the expectation of the model’s output when feature i is
included in the subset 2/, while f,(z'\ i) denotes the expectation when feature i is
excluded. Therefore, f,.(2') — fz(2"\ i) captures the marginal contribution of feature

1 to the prediction. The term W

serves as the weight of each subset size,
ensuring that all possible combinations of features are considered and that larger
subsets do not disproportionately influence the SHAP value. By summing over all
possible subsets, we are effectively computing the average marginal contribution of
feature 7 across all contexts.

Note that the resulting SHAP values are coefficients defining a linear additive
explanation model g, ensuring that g(z’) =~ f(h,(z")) whenever 2’ ~ /. Lundberg and
Lee show that such a g, defined via Shapely values, is the only possible explanation

model that would satisfy the following desirable properties (Theorem 1).

e Local Accuracy: When approximating the original model for a specific input
x, local accuracy requires the explanation model to at least match the output of
the original model f for the simplified input 2/, and decompose as the sum of
shapely values across features (including the baseline one, which is the prediction
for of the original model when all features are set to 0 in the simplified version
of the inputs, i.e., ¢g = f(h.(0))). Overall,

M
F@) = g@) = o+ > i

e Missingness: If a feature’s value is missing in the simplified instance, the SHAP
value for that feature is 0 for that instance, i.e.
7, =0 = ¢ =0
e Consistency: As a model changes such that it relies more on a certain feature,

the SHAP value of that feature should not decrease. In other words, for any two
models f and f’, if
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£l = Fo(Z\ ) > fo(2) = fu(2'\ §)

for all inputs 2’ € {0,1}, then

oi(f, ) > ¢i(f, )

The SHAP method has been widely adopted due to its theoretical grounding and
the axioms suggested above. However, they have also been criticized following their

wide adoption, as we will explore when introducing our own XAI framework in Chapter

3.

Integrated Gradients (Sundararajan et al., 2017). Integrated Gradients is a
feature attribution method that assigns importance scores to the inputs of a black-box
model by integrating the model’s gradient with respect to the input along a path from
a baseline input (e.g., an input of all zeros) to the input of interest. The method is
designed to satisfy several desirable properties, such as sensitivity and implementation
Invariance.

Formally, the Integrated Gradient of a feature ¢ with respect to a prediction y for

an input x is defined as:

LV of(@ +ax (v —21)
=0 Oz,

dov, (2.27)

7

IntegratedGrads, (z) = (z; — 22%5¢m¢) x /

where 2’ is the baseline input, f is the black-box model, and z; and z?**¢!"¢ are
the values of feature 7 in the input and the baseline input, respectively.
The integral can be approximated using a numerical method such as the trapezoidal
rule or the rectified trapezoidal rule.
The Integrated Gradient of a feature can be interpreted as the average marginal
contribution of that feature to the model’s output along the path from the baseline

input to the input of interest.

2.4.1.2 Rule Lists

Anchors (Ribeiro et al., 2018a). The Anchors method is a model-agnostic feature
attribution technique for Explainable AI. The Anchors method aims to generate high-

precision explanations for individual predictions of ML models. The method identifies
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a set of anchor rules: concise and human-readable conditions that describe a set of
features and their corresponding values that are sufficient to guarantee a specific
prediction.

The Anchors method defines an anchor as a binary decision rule (or conjunction
thereof) defined over the feature values, which describe how the prediction of the
model for a particular instance was achieved. Formally, given a prediction model f,
an instance x, and the prediction f(x) = ¢, an anchor A is a binary vector of the
same dimensionality as x such that whenever A holds, the prediction f(x) = ¢ holds
with high probability.

The quality of an anchor is then assessed via two metrics: its precision and coverage.

e Precision: The precision of an anchor A is the expectation over the conditional
perturbation distribution D(z | A), which describes how likely it is that the
model’s prediction for a random instance that fulfills A matches the prediction
of the model f for the instance z, i.e., f(z).

The precision can be defined mathematically as follows:
prec(A) = Ep(. | 4) [I(f(2) = f(z)] (2.28)

Here, D(z | A) denotes the distribution of sampled instances z given that anchor
A holds. The indicator function I(f(z) = f(z)) is 1 if the model prediction f(z)
equals the instance’s prediction f(z), and 0 otherwise. Thus, the expectation
Epi | I(f(2) = f(x))] gives the probability that a random instance z for
which A holds is classified in the same way as f(x).

Note that under an arbitrary D and a black-box model f, it is intractable to
compute this quantity directly. The authors therefore suggest a probabilistic
reformulation, asking that their chosen anchors satisfy precision with high
probability:

P(prec(A) >71)>1—-6¢ (2.29)

7 is the pre-specified level at which a user would like precision to hold and o
controls the level of probability at which this statement would satisfactorily be
held.

e Coverage: The coverage of an anchor A is the expectation over the dataset’s
distribution D, which describes how likely it is that the conditions specified by

A hold for a randomly selected instance x.
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The coverage can be defined mathematically as:

cov(A) = Ep(.)[A(z)]

In this equation, D(z) is the distribution of instances z in the dataset. The
expectation Ep(.)[A(2)] gives the probability that anchor A applies to a random

instance in the dataset z.

These two metrics allow the construction of the search problem for optimal anchors:

max cov(A) (2.30)
As.t.P(prec(A)>7)>1-§

It uses a two-step process for generating explanations. In the first step, the method
generates a set of candidate anchors. In the second step, it utilizes a bandit algorithm
to select the best anchor that explains the model’s prediction.

Anchors is a local explanation method, meaning that suitable anchors to individual
predictions might not provide insight into the global behavior of the model (a fact
users may not always appreciate as the urge to generalize to rules that are true for
the model as a whole can be strong). Furthermore, predictions that are near a black
box decision boundary, or predictions of very rare classes may require very specific
“sufficient conditions”, and thus their anchors may be complex and provide low coverage.

It is also possible multiple anchors may apply to the same instance.

2.4.2 Counterfactual Explanations

This family of methods involves the matching of input instances with proximal ones
in feature space which receive counterfactual outcomes from the model (i.e., “flipped”
outcomes for classification setting) (Wachter et al., 2018; Russell, 2019; Poyiadzi et al.,
2020; Wexler et al., 2020). Note that term counterfactual here is not used in its causal
sense (as we explored for example at the top of the hierarchy in Section 2.2.7), but
rather in the sense that these methods are looking to base explanations on instances

with contrary outcomes to the one seen for the input instance of inquiry.

Counterfactual Explanations (Wachter et al., 2018) Motivated by the “right
to explanation” included in the European Union’s GDPR regulations, Wachter et al.
set out to propose an explanation method that can provide individuals with reasoning
about the outputs of black box models. Crucially, the method relies on access to

the outputs of the model, but does not require “opening” the black box itself: model
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outputs can be explained without having a deeper understanding of the inner workings
of the model. Instead, they offer users individual-level explanations: given input
features and some original prediction by the model, the method provides the user with
an example with minimal changes to its inputs that instead received a desirable output
from the model. For example, for a user who got a loan rejected, a counterfactual
explanation would point at an alternative instance, as close as possible to the inquiring
user, who did get the loan.

To achieve this goal, the authors propose to minimize a loss function involving
two terms: (1) the squared distance between the desired outcome and the model’s
prediction for some alternative input features =’ we’re searching over, and (2) some
distance d between the user’s original features x, and the alternative features’ vector
2’. By including both elements, this objective function can find suitable features z’
that are both as close as possible to the inquiring user’s original features, and yet see
a model output that is as close as possible to the desired output y’. The resulting
objective is the following

arg min max Mf@) =) +d(z,2)) (2.31)

”
A is a parameter maintaining a desired balance between the importance given to
the distance between the original and alternative input (z, '), and that between the
model output and the desired target (f(z’),y’). The authors note that in practice, the
maximization of A is done by iteratively minimizing 2, and then increasing A until a
sufficiently close solution is found.
As an advisable distance function, the authors propose the Manhattan distance

weighted by the inverse median absolute deviation (MAD) of each feature.

P /
dlz. ') — | — @]
where p is the length of the features’ vector. 4

2.4.2.1 Causal Approaches to Explainability

The methods above seem disparate at first, may lead to different outputs and sug-
gested conclusions to users under different use cases, and may be ambiguous in their
interpretation. We will examine evidence of all these points in chapter 5. We will

propose to unify them all under one framework, inspired by the causal notions of the

4AMAD can be thought of as an alternative to variance, that is centered at the median rather than
the mean: MAD; = median;cp(| X, ; — median;e p(X;;)|), where P is the set of points in the dataset.
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probability of necessity and sufficiency, jointly named the probabilities of causation
(Pearl, 1999; Tian and Pearl, 2000).

Probability of Necessity (PN). Let X and Y be two binary variables in a causal
mode M, let x and y stand for the propositions X = true and Y = true, respectively,
and 2’ and v’ for their complements. The probability of necessity is defined as the

expression

PN = P(Y, = false | X = true,Y = true) (2.32)
= P(yy | 2,y)

And its tightly linked converse is defined as,
Probability of Sufficiency (PS).

PS £ P(y, | ¥, ) (2.33)

We will propose to build on these existing definitions by extending and refining
them for greater expressiveness in the XAl context, which allows us to discuss factors
(e.g., features, combinations of features, feature summaries or abstractions), and their
necessity and sufficiency for obtaining certain outcomes of interest from a predictive
system.

A more explicitly causal perspective on XAl methods has recently started to
emerge (Chattopadhyay et al., 2019; Janzing et al., 2019). The incorporation of
causal modeling is crucial when the goal is to understand not just the model itself,
but processes in which dependencies between features of the system play a key part.
Furthermore, the explicit consideration of the data-generation process can help focus
the discussion around which explanations are actually sought in which setting: those
that explain a specific model reliant on i.i.d. assumptions, or those that aim to explain
a larger process happening in the world, beyond the narrow scope of a specific model
(Janzing et al., 2019; Chen et al., 2020).

Another closely related line of work aims not only at finding explanations via
influential feature or examples identification but defined useful explanations as ones
that are actionable interventions and could help individuals understand how to better
their outcomes in a future encounter with the system. This would be particularly
relevant in settings where ML models are used to make high-stakes decisions for
individuals, such as education admissions, hiring decisions, or loan granting. Karimi
et al. (2020a) provides an overview of this emerging field of Algorithmic Recourse and

a causal modeling approach to this problem was offered in Karimi et al. (2020b,c).
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Algorithmic Recourse (Karimi et al., 2020b). The algorithmic recourse method
is an approach for providing model explanations in terms of what changes can be made
to the input data to achieve a desired outcome. However, unlike the XAI methods
we surveyed in the previous section, it focuses on actionable steps an individual can
actually take to achieve a desired outcome. To do so, it goes beyond the optimization
described above and proposes to focus not simply on some potentially artificial
realizations x’ that can get a desired model outcome, but rather on interventions,
borrowing from the causal tradition.
The optimization problem is formulated as follows:

min  cost(A;x") s.t. (2.34)

A*€argmin 4
RECF) £ h(xT)
XSCF — FA<F71(XF))
T ep AcF

In this optimization objective, the goal is to find a set of interventions A (from
a set of feasible interventions F') that minimizes the cost function applied to the
factual instance x’', and achieves a different prediction output from the model h. The
constraints require that the intervention results in a counterfactual instance x°¢* that
is in a pre-defined space P and has a different prediction than the original instance.
The counterfactual instance is created by applying an intervention function F4 to
the factual instance x!" and then mapping it back to the input space with F~!. The
specific form of the cost function and the set of possible interventions depend on the
problem domain.

Unlike previous methods proposed in this space (notably Ustun et al. (2019)),
algorithmic recourse uses the notion of intervention within a given structural causal
model (SCM) M and thus relies on its knowledge. The optimization problem above
provides Recourse through Minimal Interventions (MINT) for M and a set of feasible
interventions. Solving Equation 2.34 to generate minimal interventions requires the
computation of the structural counterfactual, denoted as x%“¥ for the individual x*
in M under any feasible action, A. To compute the counterfactual, the SCM M is

SCF can then

assumed to be an additive noise model (ANM). The counterfactual x
be derived deterministically using the Abduction-Action-Prediction procedure (Pearl,
2000), assuming cross-world assumptions hold.

We will connect Algorithmic Recourse, as a form of counterfactual explanation

as described in Section 2.4.2, via our proposed framework. We will also introduce a
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complete and sound algorithm based on the necessity and sufficiency of interventions

on factors.

2.4.3 Algorithmic Fairness

The notion of algorithmic recourse we just explored in Section 2.4.2 is also tightly
linked with algorithmic fairness. While multiple statistical metrics were proposed in
the last decade to conceptualize of fairness of predictive algorithms (Dwork et al.,
2012; Kleinberg et al., 2017; Chouldechova, 2017; Corbett-Davies and Goel, 2018) and
(Barocas et al., 2019, Chp. 2), an emerging section of this literature started promoting

the advantages of causal modeling to this problem (Kusner et al., 2017b, 2019).

2.4.3.1 Supervised Prediction Systems

The increasing use of ML methods to guide decisions in our everyday lives has placed
the problem of designing fair MLL methods at the mainstream of research in the field.
In its machine learning variant, work on the impact of automated decision-making
on protected groups goes back at least to the early 2010s (Kamishima et al., 2011;
Dwork et al., 2012; Zemel et al., 2013). However, it gathered much steam after the

next event.

The COMPAS Debate. Following the publication of ProPublica’s critique of the
criminal recidivism predictive system COMPAS in 2016, a debate on how to quantify
and correct for potential harm done to marginalized groups by predictive systems
has begun (Larson et al., 2016). Various papers (Zafar et al., 2017b,a; Woodworth
et al., 2017; Calmon et al., 2017; Agarwal et al., 2018; Kusner et al., 2017b; Chiappa,
2019; Dwork et al., 2018) were dedicated to the design, enforcement, and critique of
fairness notions for decision making systems with societal impact. As a rejoinder to
the ProPublica analysis, multiple groups of researchers reached an impossibility result
that has enjoyed a place of prominence. The result relied directly on the fairness
notions ProPublica measured COMPAS against: separation (related to balance for
the positive/negative class, equalized odds, equality of opportunity, and conditional
procedure accuracy equality), and sufficiency (related to calibration within groups,

test-fair score and conditional use accuracy equality).®

°See (Barocas et al., 2019) for a comprehensive survey, and the ‘dictionary of criteria’ appearing
in Chapter 2 therein for a handy summary.
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Group Fairness Definitions And Impossibility. The data distribution together
with a classifier, generates a probability distribution on the triple (}A/, Y, A), where
Y is the predicted label, Y the true label, and A the protected attribute. Both
measures of fairness are defined in terms of conditional independence among these
three quantities. Sufficiency is defined as Y 1L A | Y and separation as V1A | Y.
The impossibility result states that, if one has an imperfect predictor and unequal base
rates across protected attribute of the studied outcome phenomenon in the population
of interest (i.e. Y )L A), then it is impossible for both separation and sufficiency to
hold (Kleinberg et al., 2017; Chouldechova, 2017; Corbett-Davies et al., 2017; Berk
et al., 2018). This is an often-stated fact in the field of algorithmic fairness, which
might lead one to conclude it is impossible to optimize for both notions of fairness
when training or consider both metrics when assessing the fairness of systems. A
practitioner would thus be forced to choose one or the other, attributing it greater
subjective importance in a given use case.® Kleinberg et al. also proved an approximate
version, showing that a (slightly unusual) measure of accuracy 7 has to be close to 1
if suitably quantified versions of separation and sufficiency approximately hold. In
Chapter 6 we discuss this in greater detail, and provide an arguably more interpretable
result in terms of more standard notions of accuracy based on precision and recall.
We take a different perspective on the impossibility result. Theoretically, we provide
a more detailed picture of how to achieve approximate sufficiency and separation, by
showing that values of suitably quantified metrics can be held below a certain level
while guaranteeing a bound on the accuracy even when the base rates are different
(Y UL A). In particular, using this theoretical result, one can quantify how unfair any
algorithm with a certain level of accuracy must be. Concretely, this indicates that an
algorithm that returns a predictor that is more unfair than this level can be made more
fair without sacrificing accuracy. This allows us to compare different algorithms on the
basis of how close they are to achievable trade-offs. On the practical side, we show how
these quantitative measures can be directly optimized achieving different trade-offs.
In particular, we consider A — [P[Y = y|Y =, A=a] —P[Y =y | Y = ]| and

Y,9,a

AP —|PY = |Y =y, A=a]-P[Y =7 |Y =y]|. We treat A®T = max, ;, AT

y’y7a max yh’g?a

sep __ R sep . . . .
and AP = maxy,, Ag,y,a as representing a deviation from perfect sufficiency and

separation and minimize an upper bound over these quantities.

6Note that other works also consider the group-specific fairness notion requiring Y L A, called
independence in (Barocas et al., 2019). That would be the case when trying to enforce strict
affirmative action, for example, requiring an equal acceptance rate for each group, disregarding their
observed features and base rates. We focus on conditional-independence fairness notions, as they are
often more realistic in several cases.
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Enforcing Group Fairness. Multiple works considered forms of constrained op-
timization of predictors to hold one of the fairness notions we consider in this work
(Zafar et al., 2017a; Wu et al., 2019a; Donini et al., 2018). However, as far as we
know, they consider holding a notion of either the A" or the A%P family; none
took our approach, of trying to address both at the same time and explicitly to do
so as a means to achieve a quality predictor, possibly due to recommendation in
works such as Pleiss et al. (2017) or similar intuitions following the impossibility
result. Furthermore, previous authors studied the fairness and accuracy trade-off via
Pareto Frontiers (Kearns et al., 2018; Kearns and Roth, 2019). However, unlike the
Pareto frontiers explored in the aforementioned, we focus instead on extending the
impossibility result involving holding both fairness notions of A" and A*P in an
approximate fashion and propose optimization methods inspired by it. The possible
trade-off between each of these notions and accuracy is a secondary point to our work,
and we show empirically that we can largely achieve better tradeoffs between A®*f and
AP without great loss in accuracy. There were also more recent works on fairness
relaxations (Lohaus et al., 2020) and group and subgroup fairness (Martinez et al.,
2020; Diana et al., 2020). While they all raise important and interesting points about
how to hold one chosen family of notions in a properly relaxed version that comes with
guarantees, or exploring subgroup fairness, they deal with implications of previous
works, usually still referring to the impossibility result. Our focus is in a way more
fundamental, going back to the original result, for just two groups, defined by a single

sensitive attribute, and in the binary classification setting as a starting point.

2.4.3.2 Fair Policy Optimization

While in the section above we introduce the membership in a sensitive group as A, we
switch to S in the context of fair policy optimization, as we will need A to refer to the
action node that our regime indicator/optimized policy parametrization will act on.

As explored above, great attention has been given to the problem of developing
supervised fair prediction models, resulting in a variety of methods for enforcing
relations of the model’s outcomes Y, predictions of the ground truth of Y, with respect
to membership in a sensitive group S. Those are tailored to different unfairness

settings:

e Independence of the outcomes across groups may be suitable to settings in which
dependence is deemed unfair (demographic parity, V1S , connected to Barocas

et al.’s independence, Y 1 5), or
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e Independence of the errors across groups which may be more relevant in settings
in which dependence of the outcomes is deemed fair (equality of opportunity
(EoP), closely related to Barocas et al.’s separation, ¥ 1L S | V).

In contrast, relatively little attention has been given to the problem of designing
optimal policies that have some fairness guarantees (Joseph et al., 2016, 2018; Gillen
et al., 2019; Kusner et al., 2019; Nabi et al., 2019; Chohlas-Wood et al., 2021). In
such a case, the goal is to design a decision-making system that specifies how to select
actions that maximize some downstream outcome of interest from the decision of
the system, subject to some fairness constraints. One example of such a problem is
the creation of a policy for the allocation of funds or program participation that can

achieve a desirable social outcome without penalizing certain demographic groups.

Optimizing Policies with Fairness Constraints. We are instead interested in the
decision-theoretic problem of selecting a policy that gives a more favorable outcome,
and ask that the distribution of downstream outcomes is fair. The solution to this
problem cannot be obtained by using fair predictors. In other words, we are not
concerned with simply learning predictions Y of Y in a fair way, i.e. by imposing
constraints on the relations between Y and S. Instead, we are concerned with changing
the data-generating process itself to give rise to a more favorable outcome Y. Consider,
e.g., the problem of fair loan allocation: a fair predictor of loan repayment would
simply change the rates at which loans were granted, even if the person taking the
loan will not be able to repay it. Thus, using such a predictor as a criterion for giving
someone a loan could become counterproductive: in some cases, it could worsen the
downstream outcome of the unsuccessful re-payers, or even expose them to exploitation.
The appropriate approach would be to ask for a policy that maximizes the probability
of repayment, subject to fairness constraints. This issue has been studied under the
terms “self-fulfilling prophecy” and “delayed impact of fair ML in Dwork et al. (2012)
and Liu et al. (2018), respectively, where deploying a particular fair predictor Y can
cause unfavorable changes in the actual eventual outcome of interest.

Another example of this phenomenon may emerge when recruiting underrepresented
students to higher-education institutions. While admission might rely on the prediction
of success, and we can penalize such predictions such that they offer more spots to
such groups, we may still not provide them with the resources and support to fulfill
their potential and actually succeed, which is the downstream outcome we are in fact
interested in. D’Amour et al. (2020) suggested and provided a tool to explore this

issue further in simulated multi-stage online settings.
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In Chapter 7, we propose a causal framework for learning optimal policies with
fairness constraints that are inspired by the public health literature (Jackson and
VanderWeele, 2018; Jackson, 2018, 2020). Unfairness is defined as the presence of
differences in the distribution of the downstream outcome Y stratified by levels of
chosen sensitive attributes S, where that distribution depends on a policy that a
decision maker is responsible for selecting. We reason about the problem by treating
sensitive attributes as effect modifiers rather than causes, and by considering the actual
effect of our actions, as opposed to planning under an idealized outcome distribution
that removes the unfair contributions of the sensitive attributes. By doing so, we
diverge from literature in this field, and in particular the causal variants of it (Kusner
et al., 2017b, 2019; Nabi et al., 2019). We do so while still leveraging causal modeling
for the use of historical data in the estimation of effects under the new policy we
optimize.

Like us, Nabi et al. (2019) uses observational data, but in order to learn a policy as
if particular path-specific effects between S-A and S-Y were completely deactivated.
They do not place any constraints on p(y,, | s,x), where 04 parameterizes the newly
learned policy. Chohlas-Wood et al. (2021) considers a more general utility function
than ours as the optimization objective but focuses on enforcing a notion similar to
demographic parity on the choice of the policies, rather than considering a fairness
notion on the outcomes. It also does not consider individual-level effects, and cannot
be extended to continuous S (e.g., age) as easily as our approach.

Still, in the observational data regime, the most similar work has been Kusner
et al. (2019), which also does not consider individual-level effects and parameterized
policy spaces. It is also different in its motivation: it consists mostly of budget
treatment allocations and interference problems and requires manipulation of the
sensitive attribute S.

Considering interventional data in the online setting, Joseph et al. (2016, 2018)
derive algorithms that have “meritocratic fairness,” requiring that, at every round,
no arm with a lower expected reward is preferred to one with a higher expected
reward. The challenge is that this guarantee should hold with respect to the true
expected rewards, which can only be estimated from data. This goal can be seen as
an individual-level fairness metric, but it is not at odds with a policy that maximizes
utility; instead, its main concern is to offer more conservative exploration, by treating
individuals similarly if they are plausibly identical given the current data. This fairness
notion does not consider protected classes and is orthogonal to the notions considered

in our work. A similar notion, combined with calibration, was explored in Liu et al.
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(2017), and in the Reinforcement Learning setting in Jabbari et al. (2017). Recently,
fairness in bandit settings has received a lot of additional attention (Huang et al., 2021;
Schumann et al., 2022; Patil et al., 2020). Recent work in the fair bandit literature
includes Huang et al. (2021) which explores the extension of counterfactual fairness
(Kusner et al., 2017b) to a UCB algorithm. Schumann et al. (2022) assumed rewards
received for arms are biased due to some societal factor, and propose to learn a bias
term to correct for it. Chen et al. (2019) instead conceptualized fairness in terms of
a minimum rate at which a task or resource is assigned to a user; Patil et al. (2020)
suggested a requirement to pull each arm at least a given fraction of total rounds;
and Ron et al. (2021) enforces fairness in a setting where each arm represents a
sub-population, and needs to be pulled at least some number of times according to a
budget. Other works exploring fairness in the personalized recommendation systems
context are Burke (2017); Burke et al. (2018); Ekstrand and Kluver (2020); Huang
et al. (2020); Zhu et al. (2018); Celis et al. (2018). In Chapter 7, we explain in more

detail why our suggested settings may be more suitable for certain fairness use cases.
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3 Differentiable Causal Backdoor Dis-
covery

3.1 Introduction

Causal modeling allows one to go beyond observational quantities to estimate the
causal effect of interventions in the real world (Pearl, 2000; Rosenbaum, 2017). Most
commonly, we are interested in how a single outcome Y varies as we change the values
of a decision or treatment X. However, without knowledge of the true causal graph,
estimating the causal effect from observational data can be confounded by unobserved
variables. While it is possible to “adjust” for these confounding variables, one must
know what observed variables to use in the adjustment. Otherwise, the adjusted
estimate can be worse than the unadjusted estimate (Pearl, 2009a).

Omne way to solve this is to use causal discovery algorithms (Spirtes et al., 2000a;
Peters et al., 2017) to identify as much of the causal graph as possible, and then
make an adjustment. However, there are a number of problems: 1. In general,
causal discovery algorithms involve expensive combinatorial optimization problems;
2. Traditional nonparametric causal discovery methods (Spirtes et al., 2000a) do
not discover the full causal graph, but a Markov-equivalent set of graphs that imply
the same set of conditional independences. This is an issue for adjustment as edge
existence and directionality play key roles in whether a variable should be used in an
adjustment or not; 3. Nonparametric methods also require combinations of multiple
tests of independence constraints which suffer from rapidly diminishing power as
dimensionality grows.

Our contribution is to provide a continuous optimization approach to the problem
of learning what variables should be used for adjustment. Although the optimization
is non-convex and our practical implementation makes parametric assumptions, our
search problem has important benefits compared to typical causal discovery methods
(Spirtes et al., 2000a; Peters et al., 2017). Specifically, it avoids all of the problems
listed above as follows: 1. Instead of resorting to combinatorial search, our method
uses gradient-based optimization that runs extremely fast on modern hardware to

discover the adjustment set; 2. Our method does not need to know the full connectivity
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Figure 3.1: An informal visualization of our assumed knowledge of the causal graph.
Treatment X must be a parent of outcome Y, and dashed arrows/nodes are optional
as long as a subset Z* of Z blocks the backdoors between X and Y, and W has no
unblocked path into Y given X and Z*. Additionally, W must be associated with X
(and possibly confounded).

of the causal graph. All that is needed is to identify a suitable auxiliary variable
W and covariate set Z which precede the treatment X and outcome Y; 3. Our
method directly targets functions of the covariate space Z that are useful for covariate
adjustment. Thus it does not directly perform high-dimensional multiple-testing and
does not assume a small number of parents for the variables of interest.

Our goal is to provide a generally-applicable algorithm to be added to the toolbox of
the practitioner while focusing on the “causal supervised learning” problem of targeting
a given cause-effect pair (X,Y") as opposed to the full graph learning problem (Zheng
et al., 2018a). We will begin by reviewing causal primitives necessary for our work in

the next section.

3.2 Background

Using the notation of Pearl (2000), we let the quantity P(Y =y | do(X =z), Z =z)
describe the variability of Y under an intervention that fixes X at value x, conditioned
on observations z of a set of random variables Z (throughout: non-bold lower-case
variables x are scalars, bold lower-case z are vectors, non-bold capital X are either
single random variables or a set of random variables in the case of Z). This is
different from the usual conditional probability of Y given {X =z, Z =2z}, denoted,
PY=y| X=x,7Z=2z).

We can formalize interventional probabilities using a directed acyclic graph (DAG)
in the following way. Given a DAG G with vertex set {Vi, V5, ...V}, let pag(i) be
the parents of V; in G. When each vertex corresponds to a random variable, this
DAG induces a probabilistic model. In this model the probability (density or mass)
function over {Vi,..., Vy} factorizes as [[, p(v; | pag(i)) (Lauritzen, 1996). Each

20



edge into V; in the graph qualitatively describes a contribution to the model factor
p(v; | pag(i)). Given the DAG and associated model, the intervention do(V4 = va)
corresponds to a two-step procedure: (a) remove all model factors p(va | pag(A)) (ie.,
all edges entering V4 in the graph), and (b) fix the value of V4 to v4 in any other
factor where V4 is a parent node. We say that a model is causal if the do-operator
do(-) is defined for it. If so, then G is a causal graph, and V; causes V; only if V; is an
ancestor of V; in G.

One key summary of the interventional distribution P(Y | do(X =x)) is the average
treatment effect (ATE),

E[Y | do(X = 2')] — E[Y | do(X = x)],

defined for two treatment levels x and z’. Another effect of interest is the partial
derivative OE[Y | do(X = x)]/0x, which we will also refer to as the ATE whenever X
is continuous. This will be our main case in the sequel. The classic way to estimate
ATE is via a randomized control trial. However, with observational data only, all we
can directly estimate is the joint distribution and an adjustment will be necessary
based on the causal graph. In particular, if there are common causes of X and Y
(confounders), then off-the-shelf regression of Y on X can be severely biased.

To fix this, one approach is covariate adjustment: find a set Z* C Z of ancestors
of X or Y in G that can “block” such common causes and apply a formula such as the
backdoor adjustment (Pearl, 2000),

py | do(X =) = | ply | 22" )p(a")da" (3.1)

We say that Z* is a walid covariate set if it satisfies the above. Notice that the
marginalization is with respect p(z*) instead of p(z* | x), as the link between X and

its ancestors in G is broken by the do operator.

Finding valid covariate adjustments. If the full graph is known, there is a
graphical criterion by which we can test whether Z* is a valid set for covariate
adjustment (cf. Pearl, 2000, for details). However, specifying a full causal graph is
often difficult, particularly when all we need is to provide a valid covariate set for a
given cause-effect pair (X,Y’). As formalized by VanderWeele and Shpitser (2011a),
partial knowledge of the causal structure may suffice.

Consider the causal setup in Figure 3.1 (solid arrows indicate a causal link, and
dashed arrows indicate a causal link may or may not exist). Let Z U {W} be a known

set of observed non-descendants of {X,Y}, and U, U’ possible unobserved parents
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Figure 3.2: On the left, a representation of the propensity score 7(z) = p(x | 2)
as a vertex that satisfies the backdoor criterion once placed in the graph. On the
right, an analogous representation, in terms of two extra vertices, of the outcome
function P(Y =1 | z,z) for x = 0 (¢) and x = 1 (¢1). Here, the value taken by X
works as a selection indicator of a mixture model so that, for binary Y, p(y | z, 2) =
¢2(2)Y(1 — ¢,(2)) Y. In fact, ¢,(2) can be the result of any invertible transformation
of PY =1|xz,2).

of ZU{X} and Z U {Y}. Assuming faithfulness (Spirtes et al., 2000a)!, Entner
et al. (2013a) observed that it is possible to recover the causal effect X — Y between
treatment X and outcome Y so long as an observed adjustment set Z* C Z satisfies

the following criterion for some observed variable W:

WY | Z*U{X}, (3.2)
WY | Z*.

That is, Z* is a valid covariate set “certified” by an auxiliary variable . In a simplified
sense, W plays the role of a pseudo “intervention indicator” into X with all paths
from W into Y mediated by X. We choose to focus in this work on the difficult step
of finding a valid Z*. An auxiliary variable W can be found in linear time by an
outer loop, or by choosing based on background knowledge (which still requires much
weaker conditions than full graph elicitation). In fact, different criteria can be used to
combine multiple candidate Ws (Silva and Evans, 2016). Our contribution therefore
is in identifying a valid covariate adjustment set, and we assume the existence of a
suitable W in the following. The benefit of the above criteria is that it relies on much

weaker partial ordering assumptions as opposed to knowing a full graph.

Our work. Finding a valid covariate set satisfying these criteria, in general, requires

combinatorial optimization on Z. This is usually done by greedy/random search

'In fact, the required faithfulness is just w.r.t. the relationship between the auxiliary variable W
and the outcome Y.
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(Entner et al., 2013a). In this chapter, we propose instead a fully-differentiable
optimization problem for learning a backdoor adjustment. Instead of attempting to

find the exact adjustment set our approach finds a set of functions

D(z) = {¢u(2) | x € X},
where X is the sample space of X and z is in the sample space of Z, such that

WLY ’ {¢X(Z*>7X}7 (33)
WY | &(Z%).

We will show that, under some general conditions, covariates Z* satisfying Eq. 3.3 will
also satisfy Eq. 3.2. Importantly, to simplify the presentation, we will assume that
either Y is binary or the whole causal system is linear Gaussian. This will allow us to
define ¢,(z) to be scalars for any z?. The extension to non-binary Y or non-linear
Gaussian systems is conceptually simple, but notation gets considerably more involved.

For intuition about why this is true, first consider a graphical representation of
the propensity score, m(z) = Pr(X = 1| z) added to a postulated causal graph
{Z - X,Z —Y,X = Y} and binary X, This is shown in Figure 3.2: here informally
Z is a set of vertices, where a single vertex m(Z) (see Herndn and Robins, 2019,
Chapter 15, for a more formal discussion) blocks all backdoors between X and Y and
hence is a valid adjustment variable. This is particularly helpful as a way of reducing
the dimensionality of the problem if we can reasonably estimate 7(Z). However,
discovering this backdoor adjustment by finding a suitable Z* will not be possible if,
for instance, W and Z* are adjacent in the causal graph: we will still need to explicitly
condition on Z* when verifying the independence between W and Y.

An alternative is to consider the analog to the propensity score with respect to

the outcome variable Y, as illustrated by the following example.

Example 1. Assume all variables are binary, with log[Pr(Y=1 | X, Z)/(1 — Pr(Y =
11 X,2)]) = (1-X)BoZ+XB,,Z and log[Pr(X=1|W,Z)/(1-Pr(X=1|W, 2))] =

yz0 yz1
(1 -=W)BLoZ +Wp,),Z, with W being an exogenous variable. Then we can check
that ®(2) = {¢o(Z) = 8,02, 01(Z) = 3., 2} will satisfy WY | {¢x(Z), X} and

W U Y | ®(Z). The former can be shown by noting that we can predict Y purely
from X and ¢x(Z); no further information about W will help. The latter can be

verified by observing that W provides further information about X, which we can use

2More precisely, we assume we can write p(y | z’,2) = h(y,x, ¢.(2z’)) for some h(-) and any
subvector z’ of z.
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to refine our prediction of Y. A graphical illustration of this idea is shown in Figure
3.2. 0

This suggests that if we parameterize ¢,(z) to be in the same family of the response
of Y given X and any other set of observable covariates, we will be able to directly
search for this representation without performing high-dimensional tests of conditional
independence. However, this raises the immediate concern of what to do if X is
continuous, as in this case ®(z) is uncountable. We can compress the information in
®(z) by making further assumptions about the outcome regression model, as shown

in the following example.

Example 2. Assume that Y = 3,, X + yTZZ +e, and X = B, W+ 8., Z+¢, describe
the conditional distributions of Y and X, with W being an exogenous variable and
€4, €y being independent error terms. Then we can check that ¢x(Z) = ;Z for all
X will satisty W LY | {¢x(Z2), X} and WL Y | &(Z). O

We will prove the existence of a solution of Eq. 3.3 that solves Eq. 3.2 in the
following section. This suggests we can obtain a valid adjustment from the optimization
of functions ¢x(:). Instead of searching for exact conditional independence, our
approach is to minimize dependence measures motivated by Eq. 3.3. In the parametric
case, we will derive a continuous optimization problem, avoiding greedy/random
selection (Entner et al., 2013a). While continuous optimization methods exist for
discovering the entire causal graph (Mooij et al., 2009; Zheng et al., 2018a), our
technique is tailored to discovering a backdoor adjustment.

It is tempting to see our definition of ¢x(Z) as a similar idea to propensity
scores (Hernan and Robins, 2019), as the examples suggest: can we make Y and Z
independent given X and ¢x(Z), so that covariate adjustment can be done directly
with ¢x(Z*) as opposed to Z*7 Unfortunately, this is not true: eq. Eq. 3.3 can only
identify an equivalence class of ¢x(Z), not all of which will be valid adjustments on
their own. For instance, in the first example, regressing W using X and Z will also
satisfy eq. (3.3). Therefore, when we solve for ¢x(Z), our goal is to discover which
variables Z* C Z should make up its domain. In the next section, we give conditions
that allow us to identify a suitable adjustment set Z* via ¢x(-), and we describe how

to solve for it.
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3.3 Method

We now describe the general problem formulation, starting with the idealized scenario
where we know the true population observational distribution. Practical implementa-
tions of this formulation for linear models with homoscedastic errors are discussed in
the sequel.

Let d(V;, V; | S) be a measure of probabilistic dependence between random variables
V; and V; given a set of random variables S. Let d(-, - | -) have the following properties:
(a) it is non-negative, and (b) it equals zero if and only if V; L'V, | S 3. An example
of such a measure is the conditional mutual information. In linear models, absolute
partial correlation could be used. Let ¢x(z) have a parametric representation, with 6x
being the respective parameters. Let sparsity({fx}) be a penalty term that induces
sparsity in this set of parameter vectors 6, e.g. > [|0,|l;. We define the following

optimization problem for {0y }:

minimize d(W,Y | X, ¢x(Z2))
subject to d(W)Y | ®(Z)) > «, (3.4)
sparsity ({fx}) < c.

3.3.1 Theory Behind Learning ¢x

In this section, we will present the theoretical justification of our method. The main
idea is to show the following: i) if W_LY | Z* U {X} for some Z*, then there exists
some scalar ¢x(Z*) where WY | {¢px(Z2*), X }; i) if WALY | {¢x(Z*), X}, then
WY | {X}UZ* up to some “general” arrangement of the parameters of the model;
iii) under faithfulness (conditional independences in the data arise from conditional
independences in the causal graph), we can search for a Z* satisfying ii), and use
it to estimate the ATE using the backdoor adjustment with adjustment set Z*. All
results assume the partial ordering described in Figure 1, and that for simplicity of
presentation Y is binary or the system is linear-Gaussian so that each ¢,(z) can be
written as scalar.

Point i) was implicitly discussed in the previous section, and it is formalized here

for the general case where some elements of Z* are not parents of Y:

Lemma 1. If WY | Z* U {X}, then there exists some scalar ¢x(Z*) such that
WAY [{¢x(Z27), X}

3If d is a probabilistic dependence measure, (a) and (b) are necessary and sufficient conditions to
define a valid optimization problem as described in Eq. 3.4.
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Proof. We will discuss the case for binary Y, as the proof for linear-Gaussian models
follows the same idea. Let the structural equation for Y be given by f,(x, 7z, mv),
where 7, and 7wy are the observed and unobserved parents of Y in the corresponding

causal graph. The conditional distribution of Y is given by

p<y ’ .CL',Z*) =
p(fy(z,mz,my) =1 2,2%)Yx

(1 _p(fy<x77T277TU) =1 | sz*))l—y‘

By assumption, f,(-) is functionally independent of W. Now we just have to show
that the random variable f,(x, 7z, my) is conditionally independent of W given X and
Z*. Since W LY | Z* U{X}, it cannot be the case that W and m\ z« x, the parents of
Y not in Z* U{X}, are conditionally dependent given Z* U {X}. We define ¢x(z*) as
p(fy(x,mz,my) =1 | z,2*) for each possible realization of X. Given X, we can fully
reconstruct from ¢y (z*) a conditional distribution of Y that makes information about
W irrelevant. [J

The result for point ii) is as follows. To simplify the presentation, we assume that
Z follows a multivariate discrete distribution, but this is not essential. We also define
@/ . to be subset of the sample space of Z* such that ¢,(z*)=f for all z*e ®/ .. We
assume the causal model is parametric with a Lebesgue measure on the parameter
space. As an abuse of notation, we sometimes use p(z;, X; = f,...) to mean the pmf
p(x;, f,...) of the joint distribution of X;, Xj, ..., when it is not obvious that “f” is

a value taken by Xj;.

Theorem 1. If W Y Y | Z*U{X}, and

. p(z" | w, x)
g w, T,z
p(y | )PI“ 7

v (Z*e€®l,. | w,z)
N p(z* | z)
py | x,z , 3.5
*g vl )Pr(Z* € <I>£Z* | ) (8:5)

for some value f in the range of ¢, (-), then W L Y | {¢px(Z*), X }.

Proof. Assume, contrary to the hypothesis, that W_LY | {¢x(Z*), X}. Then
ply [ w,z,0.(2") = f) = ply | #,0:(27) = [) =

Y oy lw,z,6.(27) = f,2)p(z" | w,2,6,(2%) = f) =

z*
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S by | 7, 6.(2%) = f2)p(z" | 2.6.(2°) = f) =
S by | w,a,2)p(@ | w,a,6,(2%) = f) =

> oy | 2, 2)p(z" | 2,6:(2%) = f) =

S ply ety PELOD
U Pr(Zr e @ | w, )

z*G@iz*

3 N p(z* | x)
p y ‘/'U7Z )
- vl )PT<Z* € 1, | @)

zz*

which contradicts the hypothesis. 0
One observation: equation (3.5) is a relationship that we do not expect to hold in
general, even if it can hold for particular parameter arrangements. For instance, if for

simplicity ZLW | X, then the last step of the derivation above can be written as

o Pz | )
W, T, 2 =
2 vl )P(Z* e/ .| )

z* ecbiz*

o Pz | x)
T,Z ,
2 Pl )P(Z* el .|

zredf |
this is E[p(y | w,z, Z*)—p(y | z, Z*) | X ==, ¢.(Z*)=f] = 0. This is not an identity if
p(y | w,z,2*) # p(y | x,z*). In this sense, we say that “in general” W L Y | {X, Z*}
implies W L Y | {X, ¢x(Z*)} so that the contrapositive holds.

The main exception to avoid is the case where ¢, (z*) is functionally independent
of some elements of Z*. A simple example is the graph {W — Z; « U = Y, W —
X, X — Y} inequality (3.5) will be violated for ¢,(z;)=constant under any param-
eterization, even though we expect W L Y|[{Z;, X}. Hence, it is crucial to return
functions ¢y (-) that are as sparse as possible.

Our method then follows from using the optimization problem in eq. (3.4) to find
a function ¢, (z*) for each z, that is sparse. Specifically, it may be a function of a
strict subset of Z. Assuming (a) that the conditions of Theorem 1 hold; (b) that our
choice of W, variable selection algorithm, and function space for ¢x(-) can minimize
dW,Y | X,¢x(Z)) all the way to zero; (c) W is a parent of X so that the second
condition of Entner et al. (2013a) is satisfied (W JL Y | { X }UZ*), then by faithfulness

we recover a valid adjustment set for the causal effect of X and Y.
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Given these results, we will show in the next section how to optimize a fully-
differentiable objective for covariate adjustment search that does not require solving
a full graph discovery problem. The price to be paid is the assumption about the
existence of an auxiliary variable W. This assumption is nevertheless falsifiable by
simply testing whether we can indeed minimize our objective function to zero. Note
that technically we need to prove similar results for the second term in Eq. 3.3
(WY | ¢x(Z*)) to show that we do not need the edge W — X. We omit those
proofs for simplicity of presentation, as they are nearly identical. We now describe an

optimization procedure to find a differentiable backdoor adjustment ¢x (7).

3.3.2 Optimization & Implementation

The shape of the function ¢x(Z) should be decided based on the assumptions about
the outcome model p(y | z,2z*). We will consider Gaussian models. In particular,

consider the following,

where geon(*y ), Peon(+,+,-) € R are unknown functions. One possible modeling
assumption for geon(-,+, "), Acon(+, -, -) Which we consider here is that they are linear
functions of their inputs. Specifically, this implies that: p(y | z,2z) = p(y | az + 8" 2)
for some (a, ). Thus, we could set ¢x(z) = ¢(z) = B'z. In this case we use absolute

partial correlation |p(-,-|-)| as our probabilistic dependence measure as follows
dW,Y | X, ¢(Z)) = |p(W, Y | X, 6(Z))].

To learn B € R? the parameters of ¢(Z), an initial idea would be to solve for it
directly by minimizing the absolute partial correlation. However, recall that the
partial correlation is computed from a ratio of terms. In our case, both the numerator
and denominator include 3. This makes the partial correlation scale invariant with
respect to 3. Thus, we reparameterize 3 as 3 = v/||v||2 and propose to optimize the
Lagrange equivalent of Eq. 3.4, which is:

nyin lpW,Y |X,8"Z)| = M [p(W,Y |87 Z)| + 2|81,

st. 8=/l
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Although the above objective is non-convex, it is differentiable everywhere except
B=0 and hence amenable to optimization using gradient-based methods?. In the next
section, we demonstrate our method on simulated graphs and graphs fit on real-world

data compared to other practical baselines.

3.4 Experiments

To evaluate our method we begin by devising a high-dimensional simulation benchmark.
This benchmark will allow us (a) to test the robustness of our technique to different
causal graph parameter settings, and (b) to study the sensitivity of our method
to different noise and causal effect parameters. Additionally, we devise a causal
graph based on real-world health-worker survey data. We compare our method with
practical baselines including Entner et al. (2013a). In all cases, our method matches
or outperforms all baselines. Code to replicate experiments and run on new data will

be released at https://github.com/limorigu/Diff-causal-backdoor-disc.

3.4.1 Simulation Benchmark

We design a simulation benchmark to test the robustness and sensitivity of our method.
The causal graph is shown in Figure 3.5. The covariates Z are (secretly) grouped into
four sets 2y, Zs, Z3, Z4. While adjusting for Z3 allows us to correctly estimate the ATE
of X on Y, adjusting for Z; or Z, skews this estimate. We observe all variables except
U,U’" and assume we have identified W, X,Y, Z but do not know their connectivity
except that it satisfies the partial ordering of Figure 3.1. Finally, as described in
Section 3.3.2 we will assume that the structural equations are linear Gaussian, which
allows us to compare directly to Entner et al. (2013a).

The structural equations for the simulation are:
U~N(0,1),U ~N(0,I),W ~N(0,1),
Zy ~ 0z, wW + Oz, yU + Oy U + N(0,0% 1),
Zy ~ 07, wW + N(0,1), Zy ~ N(0,0%,1), Zy ~ N(0,1),
X ~ 03 yU+ Oy 5,75+ 05 5, 75+ N(0,0%),
Y ~ 0y U + 0y 5,75+ 0y 5, Zy + wX + N(0,07)

4This optimization problem could achieve different solutions that all admit the same partial
correlations but satisfy different criteria. These criteria could be used to choose among all admissible
solutions. See D’Amour and Franks 2021 for an example where the authors characterize a full solution
set for a similar optimization problem and motivate a choice among them based on representation
overlap.
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Figure 3.3: Histograms of ATE error of all methods on a simulation with lower
treatment effect (w=0.1).

where O signifies matrices of parameters. Our goal is to learn ¢(Z) in order to correctly

estimate the ATE: w.

Baselines. We compare our approach with a set of practical baselines that make

similar assumptions:

1. (Entner et al., 2013a): We compare against the ATE estimated by the high-

dimensional search algorithm of Entner et al. (2013a).

2. all Z: This uses all covariates Z in the adjustment set to compute the ATE.
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(a) ATE error of baselines vs our method for simulations with lower
noise on treatment (0% =0.01).
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| true - ours | | true - ours |

(b) ATE error of baselines vs. our method for simulations with higher
noise on treatment (o% =0.6).

Figure 3.4: Scatter plot comparing baselines and our method on a simulation with
lower treatment effect (w=0.1). Each point is one of the 25 parameter settings. Points
in blue regions indicate our method performs better.

Figure 3.5: The causal graph used in our simulation. There are four (unknown)
covariate sets Zy, Zy, Z3, Z,, two unobserved variable sets U, U’, an auxiliary variable
W, treatment X, and outcome Y. Notice that the minimal backdoor adjustment set
is Z3 while adjusting for Z; or Z, can adversely affect the estimation of the average
treatment effect (ATE) of X on Y.
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Figure 3.6: Our method’s performance compared to the marginal, all Z and Entner
et al.’s method baselines on a simulation with higher treatment effect (w=0.5).

3. marginal: This uses no covariates in the adjustment set to compute the ATE.

As described in Section 3.2, there exist many algorithms for covariate selection (Witte
and Didelez, 2019). However, none of them work under the weak assumptions of
Figure 1, apart from Entner et al. (2013a). Below, we simulate problems in which
either baseline 2 or 3 perform well. Our experiments illustrate that our method is
competitive even with baseline 1 which is tailored for linear Gaussian models while
matching or improving upon the best baseline. Thus, without knowledge of the true
causal model, our model is state-of-the-art.

Experimental setup. To evaluate the robustness of all methods we sample 25
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(a) Comparison for simulation with lower noise on treatment (0% =
0.01).
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(b) Comparison for simulation with higher noise on treatment (c% =
0.6).

Figure 3.7: Performance of our method against the marginal and the all Z baselines
on a simulation with a higher effect of treatment (w=0.5). Scatter plots represent 25
different datasets.

different parameter settings for the above structural equations (we fix the true ATE w
throughout, more on this in the following paragraph). We sample parameters from a
standard Gaussian distribution and then take the absolute value. We then generate
signs for parameters by drawing a value from a uniform random variable and flipping
the current sign if the value is above a certain threshold. This ensures that sampled
parameters are not mean zero and thus will not likely cancel each other out (i.e.,
violating faithfulness). For each setting, we then sample 20,000 inputs and normalize
each variable to have unit variance. We split these inputs 50/50 into train/test. We
fix the dimension of each variable 7, Z,, Z3, Z4, U, U’ to 30.

Hyperparameter tuning. We tune all hyperparameters of our method including
A1, A9, the initialization of «y, and the learning rate n on the training set. We use cross

validation to select A1, initial v and 7. To select A9, we perform a hypothesis test with
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Figure 3.8: DAG representing the NHS dataset we use to test the performance of our
model.

null p(W,Y|B7Z)=0. If we reject the null, we increase A, and re-optimize (adjusting
significance using Bonferroni correction) until we do not reject the null.

Results. To test the sensitivity of our method we introduced two types of problems:
i) problems with high noise on treatment X (0% =0.6), and ii) problems with lower
noise on treatment X (0% =0.01). Problem i) will cause the marginal baseline to
perform poorly, while problem ii) will cause the all Z baseline to perform poorly.
Additionally, for each problem, we tested two settings of the true ATE: w = 0.1 and
w = 0.5. Thus, we have 2 problem types, each with 2 different ATESs, tested over 25
parameter settings, for a total of 100 different simulation scenarios.

Figures 3.3 and 3.4 show test results on the low ATE setting (w=0.1) in two
different ways. Figure 3.3 shows a histogram of absolute ATE error for each method
in both treatment noise settings (¢% =0.01) and (6% =0.6). The black dashed line
indicates the median of the distributions. In both cases, our method matches or
outperforms all other methods as measured by the median performance. Figure 3.4
shows the distribution of performance for each individual parameter setting, compared
with the marginal and all Z baselines. Points in the blue regions indicate trials where
our method outperformed the baseline methods. In the low noise plots (a) our method
consistently outperforms the all Z method, while in the high noise plots (b) our
method noticeably outperforms the marginal method.

Figures 3.6 and 3.7 present the same type of results for the setting with the higher
effect of treatment X (w=0.5). In this setting, the high-dimensional method of Entner
et al. (2013a) deteriorates. As in the previous settings, our method does better than
two baselines, and at least as well as the third. This means that when one encounters

an unknown dataset for which we want to estimate the ATE, one doesn’t need to
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Ours All Z Marginal Entner et al. (2013a)
0.163 0.324 1.747 0.771

Table 3.1: The absolute ATE error for all methods on the NHS health data.

guess whether adjustment using all, none, or some other set of covariates is best. By

applying our method one can get accurate ATE estimates regardless of the setting.

3.4.2 NHS Health Data

Alongside the simulation benchmark, we test our method on a causal graph derived
from real-world health data. Specifically, we consider data from the 2014 UK National
Health Service (NHS) Survey Picker Institute Europe (2015). The aim of the survey
was to “gather information that will help to improve the working lives of staff in the
NHS”. We consider the goal of trying to understand the causal effect of workplace
training on personal well-being.

We construct a set of variables by averaging the results of related questions (where
most questions are on a five-level Likert scale: from ‘strongly disagree’ to ‘strongly
agree’). Specifically, we identified an auxiliary variable W: whether an individual
underwent workplace training (Q1 in the survey), a treatment X: one’s benefit (or
not) from training (Q2), outcome Y: whether an individual’s job is good for their well-
being (Q14), and covariates Z;: a set of variables describing personal job satisfaction
(Q5-Q9), and Z,: a set describing the effectiveness of one’s organization/managers
(Q10-Q12, Q18-Q21). Based on their descriptions we describe the relationships between
these variables using the causal structure in Figure 3.8. Additionally, we introduce
unobserved variables into this semi-simulated setting, U and U’. We suggest those
newly introduced variables could be interpreted, for example, as one’s "openness/ability
to learn", and "personal affinity for their job", respectively. We use linear Gaussian
structural equations for the model and fit the parameters of the model using the real
data, 25 variables in total. Once fit, we sample 90,000 data points and partition them
into 30,000 train/valid/test splits. We ran each method on sampled data-points (and
tuned hyperparameters on the validation set) and evaluated them on the test set.

Results. Table 3.1 shows the ATE error of each method on the NHS health
data. Our method outperforms all other methods. It is worth noting that for this
dataset, the all Z baseline is much closer to the real ATE than the marginal baseline.
Compared to the all Z baseline, our method removes a harmful node in Z;, which
leads to a better ATE estimate.
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3.5 Conclusion

In the spirit of Entner et al. (2013a), we showed how causal discovery for covariate
adjustment can be tackled directly without the need for full causal graph discovery.
In the spirit of Zheng et al. (2018a) and Mooij et al. (2009) we exploited how we
can formulate the problem directly as a continuous optimization problem without the
need for combinatorial search or indirectly optimizing a likelihood function. To do
so, we derived (in)dependence criteria conditional on functions of covariates. These
criteria are sufficient for backdoor adjustment. By learning these functions to minimize
dependence scores on the observed variables, we have a differentiable way to learn
a backdoor adjustment that can control for unobserved confounders. We showed
how our method consistently matched or outperformed baselines that make similarly
weak assumptions. There are many exciting directions for future work, including
formulating semi-parametric versions of the method and considering problems where
W and X may be sets of instruments/treatments. In this case, stronger signals may
be obtained, making the problem more realistic in practice if the goal is to properly

control for favorable outcomes of Y.

66



4 Operationalizing Complex Causes:
A Pragmatic View of Mediation

4.1 Introduction

Understanding causal mechanisms is a primary goal of scientific inquiry and a cru-
cial prerequisite for planning effective interventions. However, the task of isolating
and quantifying treatment effects is complicated by several obstacles. Fundamen-
tal questions of identifiability (Shpitser and Pearl, 2008; Correa and Bareinboim,
2020) and transportability (Bareinboim and Pearl, 2016) pose significant challenges
to practitioners across a variety of disciplines. The problems are particularly acute
in high-dimensional settings where interventions are rarely of the surgical or “atomic”
sort envisioned by most authors in this area. For instance, genomic data contains rich
information about the pharmacodynamic impact of drug therapies on disease activity.
However, careful analysis is required to detect and operationalize these sparse signals,
as causal effects are not defined in terms of direct interventions on, say, individual
genes, but are instead propagated from a crude treatment (drug administration) on a
complex object (the human transcriptome), which affects outcomes (disease activity)
through several mediating pathways. Similar complexity arises in other fields, for
instance when purported causes are social constructs like “gross domestic product”
(Arnold et al., 2020) or large-scale natural phenomena like “El Nino” (Chalupka et al.,
2016a).

Despite a substantial and growing literature on causal inference (see Sect. 4.2),
existing theory largely fails to accommodate complex systems where the putative
causes X of an outcome of interest Y have many internal components (X, Xo, ..., X))
not amenable to perfect control. Using the notation of Pearl (2000), there is no
clear, non-trivial, physical method for enacting do(z), i.e. setting variable(s) X to a
particular value(s) x. Such cases are common in the natural and social sciences, to say
nothing of text data and spatial processes captured at a coarse resolution. To continue
with the medical example, researchers often design a therapy to target one or several
hub genes in full awareness that this may spur unintended interactions with other

biological processes. In such a study, researchers want to learn not just whether the
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Figure 4.1: The complex cause problem setting. See text for details.

drug is effective but how variability in patient response can be explained by elements
of X (perhaps combined with effect modifiers of pre-treatment variables 7).

This gives operational meaning to the notion of X as a cause of Y: even if do(z)
is undefined, we are interested in framing the effect on Y by some treatment W where
the design of W comes from postulated or conjectured mechanisms triggered by X.
Under the assumption that X fully mediates the actions W (in a technical sense
defined in Sect. 4.2), an invariant relationship between X and Y under W becomes a
useful building block for predicting the outcomes of new interventions. Furthermore,
understanding which components of X simultaneously covary with W and Y is of
independent interest, as this may suggest new targeted interventions that operate on
those elements of X.

In this chapter, we discuss a notion of pragmatic mediation that provides a solution
to the problem of prediction from new interventions. Our main contributions are
threefold: (1) We formalize a general problem in which complex object X causes
outcomes Y as a result of crude interventions W, with applications to domains with
structured, high-dimensional data. (2) We describe an efficient method for estimating
responses to new interventions, tractably marginalizing over the complex object X.
(3) We propose a methodology for identifying practical causal mediation paths, which
can provide insight into complex systems and suggest new hypotheses for future

experiments.

4.2 Problem Setup

Let Y be an outcome of interest, and let X be postulated causes of Y, in the sense

that hypothetical interventions on X would alter the distribution of Y (Woodward,
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Figure 4.2: A DAG encoding independence assumptions in the set {F, W, X,Y, Z},
where random variables are circular vertices and intervention variable F' is a square
vertex. This diagram captures conditional independencies assumed in our setup, but is
not Pearlian, as do(z) is undefined. We cover all members of the Markov equivalence
class of this graph, including those with unmeasured confounding between X and Z.
We do not consider other unobserved confounders, though we discuss this in Sect. 4.6
as a direction for future work.

2003). In the machine learning and artificial intelligence literature, this is typically
operationalized in terms of the interventional distribution p(y | do(x)) (Pearl, 2000).
In many domains, however, perfect control is ambiguous or unattainable (VanderWeele
and Hernan, 2013). This is often the case when X is a composition of more fundamental
variables, as in the examples discussed in Sect. 4.1, as well as in image and text data.

We will explore the latter two in our experiments in Sect. 4.4.

Actionable variables and their use. In our setup, actions that change the
distribution of X are assumed to exist. We index them by W, allowing this to be
a random vector. Pre-treatment variables Z, which are realized before {W, XY},
are also allowed. We say that W are our actionable variables, in the sense that in
principle we can set them to exact values by an intervention.

By way of contrast, in the instrumental variable scenario, the target is p(y | do(z)),
with W acting as an instrument that is not fundamental to the estimand of interest. If
do(z) is not defined and we are primarily driven by policy questions (e.g., choosing an
optimal value for W), then W arguably makes the notion of X as a cause redundant.
For example, Gelman (2009) suggests interpreting X as little more than a qualifier
for our actions W. This is not satisfactory for the many applications where W was
chosen because we expect that changing X will also change Y, even if this notion
of propagation is unclear when do(z) is undefined. In particular, there are practical
scenarios where assumptions about invariances involving X aid the learning and

prediction of policy outcomes. That is our motivation here.

Structural assumptions. Our goal is to predict Y under intervention levels w* of
W that we have not yet seen. Following Dawid (2021), we introduce a regime indicator

F', which is not a random variable but instead indexes the conditional distributions
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pr(w | z), with values ranging over possible interventions on W. Following Pearl
2000, we use the symbol “do(w)” € F to mean the distribution in which W = w given
any Z = z. Our goal is then to predict Y given Z under F' = do(w), in particular
reporting Ep—go)[Y | 2] for some new w*. In what follows, we will use the Pearlian
notation E[Y | do(w), z] to represent the interventional distribution. Note that regime
indicators can also accommodate non-atomic interventions — e.g., idle or stochastic
regimes (Correa and Bareinboim, 2020) — although we will not make use of this in the
sequel.

As is well-understood in the causal modeling literature, assumptions of indepen-
dence between interventions and random variables can be represented by a directed
acyclic graph (DAG). Our structural assumptions are encoded in Fig. 4.2. This is
not a causal graph in the sense of Pearl (2000), as we are not making any claims
about, say, lack of hidden common causes between Z and X or the applicability of do
interventions on all variables. Instead, the DAG represents conditional independence
claims such as F_IL Y | {W, Z}, a statement interpretable as the lack of unmeasured
confounding between W and Y given Z.!

Of particular importance to what follows is the implication {F, W}1Y | {X, Z}.
This conditional independence relationship, visually apparent from the d-separation
in Fig. 4.2, informs us that there is no direct effect of W on Y. This invariance is the

key point that pools together data collected at different values of F'.

Problem statement: learning with pragmatic mediation. Let F = {f1, fo, ..., fm}

Moreover, let D; denote m’ “labeled” datasets
D ={W,X,Y,2)",...,(W,X,Y, Z)"'},
where L= (ly,..., L) C [m], and let D,, denote m" “unlabeled” datasets
D, ={W, X, 2)", ..., (W, X, Z)"n"},

where U = (uy, ..., Upr) C [m]. In particular, (W, XY, Z)4, I; € L, denotes data
collected under regime fi,, the analogous holding for u; € U. Given (D;,D,), the goal

15 to return an estimate of

f(w*, z) = E[Y | do(w*), z]. (4.1)

LA similar device is used, for instance, in the proof of the back-door adjustment, Thm. 3.3.2
of Pearl (2000); and earlier graphical notions of unconfoundedness, e.g. Fig. 3.19 of Spirtes et al.
(1993).
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The problem concerns evaluating outcomes under an intervention that sets W to
a specific value w*. The post-treatment variables X cannot be used as a basis for
decision-making, but the invariances encoded by the lack of edges {F,W} — Y and
F — X allow for predictions of policy outcomes even in the case where pairs (w*,y)
are not in our data. As is typical of causal inference problems, we require some
assumptions regarding the support of treatment values in the given data. In particular,
we have the following:

Assumptions (identification and support). For all z in the support of p(z): (i)
the distribution p(xz | w*, z) is identifiable from the distributions sampled by L UU;
(i1) the support of p(z | w*, z) is contained in the union of the support of X in each
dataset in L.

Thus, in order to obtain E[Y | do(w*), z] from

/E[Y |z, z]p(x | w*, 2) dx,

we must have some means of generalizing to p(x | w*, z) from past data, including
unlabeled data. Condition (ii) says we can learn the E[Y | z, 2] factor across the
support of p(x | w*, z) using the datasets contained in £. This assumption can be
relaxed, provided we have some principled way to extrapolate beyond the regions of
(X, Z) covered by L.

In our experiments (see Sect. 4.4), we predict causal responses for new interventions
with no observed outcomes but some (unlabeled) data on X. Such cases arise when,
for instance, Y takes a long time to be observed, or past interventions w* took
place targeting a different outcome variable. We will not constrain the functional
relationship between W and X in any way, meaning that p(z | w’, z) need not contain
any information about p(z | w’, z) for i # j.

This machinery operationalizes what we mean by X being a cause of Y, even if we
do not define do(x). At the heart of causal inference is the notion of invariance under
intervention, which can be exploited even if the putative causes of interest cannot be
directly manipulated. We call X a pragmatic mediator, i.e. a set of variables that
allows us to decompose a causal model for W in Y by a model (given Z) relating
W and X only, and X and Y only, under a space of interventions F. This bears
little relation to counterfactual mediation (VanderWeele, 2015) and demonstrates how
restricted notions of mediation can be more useful than counterfactual ones in some

contexts.
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Related work. Although invariance principles have long been cited in formal
definitions of causality (Spirtes et al., 1993; Pearl, 2000; Bithlmann, 2020), they have
recently found a new life in machine learning approaches that target more focused
questions of practical interest.

The Invariant Causal Prediction method of Peters et al. (2016b) — later extended
by Heinze-Deml et al. (2018) and Gamella and Heinze-Deml (2020) — exploits the
assumption that F' does not directly cause outcome Y except for (unknown) causal
parents from a candidate pool of observable variables X. There the objective is to
discover the causal parents as opposed to learning what happens when we marginalize
them. Likewise, Invariant Risk Minimization (Arjovsky et al., 2020) exploits variability
in F' to better learn the relationship between X and Y in a way that is robust to
estimation errors due to spurious, unstable associations. Again, the main focus is on
the use of X, here in a (non-causal) prediction problem.

Post-treatment variables are used to improve bandit optimization by factoring
the arm space, where variables that are themselves targets of interventions exhibit
some (at least partially known) structure (Lattimore et al., 2016; Lee and Bareinboim,
2018b; de Kroon et al., 2020). In contrast, we focus on the class of problems where
there is little to be gained by exploiting the inner structure of X, as in many applied
scenarios they are composite variables with ambiguous fine causal structure (Arnold
et al., 2020).

Domain adaptation, in particular covariate shift, has a long tradition of being
analyzed in the context of causal models (e.g., Zhang et al. (2013)). The emphasis of
this literature is how to better cope with changes in distribution between, say, training
and test regimes. Although techniques such as sample reweighting for improved
statistical efficiency are relevant when dealing with multiple regimes, this will not be
our focus here. Instead, in Sect. 4.3, we emphasize convenient parametrizations of our
causal set up so as to facilitate marginalization over X and parameter learning.

This work is particularly influenced by the literature on ambiguous or undefined
interventions (Spirtes and Scheines, 2004; VanderWeele and Hernan, 2013; Lee and
Bareinboim, 2019b) as well as causal abstractions and compositional data (Chalupka
et al., 2017; Beckers and Halpern, 2019; Arnold et al., 2020). The idea of pragmatic
mediators is essentially the grounding of a causal abstraction through imperfect
interventions W and the delimitation of its possible values as allowed by a “causal
dictionary” F. The ambiguity of X requires explicit assumptions about the space of

modifications that we expect to enact on X.
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Finally, since completing this work we have learned of a parallel body of work
considering the estimation of long-term effect of treatments using short-term outcomes,
termed "surrogate index". It was introduced by Athey et al., and further explored in
Kallus and Mao 2020 and Battocchi et al. 2021. The aim of this family of methods
is to use available short-term outcomes of novel treatment programs in combination
with historical long-term outcomes of historical intervention regimes, and in that share
some of the implications of our method, as well as a similar problem formulation.
However, they do not explore the concept of complex causes, pragmatic mediation and

consequences to interpretability or novel intervention design we explore in this work.

4.3 Method

Based on the assumptions introduced above, this section describes (a) an algorithm
for learning expected outcomes Y under crude interventions on X, operationalized
as ' = do(w), conditioned on pre-treatment covariates Z; and (b) a procedure for

interpreting the elements of X that play a mediating role in the fitted model.

Causal response estimation. We assume access to a set of features ¢; : X x Z — R.
These features are candidate mediators, moderated by covariates Z, which describe

the outcome model for Y as

d
Y =0+ > 0;6:(X,Z) +e, (4.2)
i=1
where ¢ is an independent error term with E[e] = 0.

Candidates may come from domain experts (e.g., experimentally validated reg-
ulatory pathways) or a data-driven approach (e.g., latent factors learned by an
autoencoder). They represent a macro-level summary that clarifies what the existing
F is able to modify in X that simultaneously contributes to Y. For example, if
X describes a spatially-distributed object, like neural activations or environmental
sensors, features ¢; can correspond to smoothing windows with localized information.
If X is a text document, ¢; may represent aggregate interpretable interactions of rele-
vant entities, topics, and other parts of speech. The linear assumption is substantive
but not especially restrictive, given a sufficiently flexible library of basis functions ®,
which, as mentioned above, can be trained directly via neural networks or some other

representation learning method.?

2Note that, though each ¢; is a function of X and Z, we occasionally simplify notation by
suppressing the dependence, writing ¢; for ¢;(X,Z) and ® = {qﬁi}?:l.
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Given Eq. 4.2, it follows by the assumptions encoded in Fig. 4.2 and by linearity

of expectation that

E[Y | do(w), 2] = 6+ > _0:E[$:(X, Z) | w, 2]. (4.3)

i=1
We therefore propose a two-stage procedure to estimate E[Y | do(w), z]:

1. Learn g;(w, z) = E[¢;(X, Z) | w, 2] for all i via any black-box regression algo-

rithm, and let g denote the d-dimensional vector of resulting expectations.

2. Learn = argming E[(Y — 07 g)?] via regularized regression (e.g. Lasso, Tibshi-
rani, 1996), to provide sparsity on 8 where supported by the data.

The procedure is detailed in Alg. 1, where we consider the case in which labeled
datasets are pooled together into a set with n samples, and we learn a model for
p(z | w*, z) from unlabeled conditions with a single treatment level w*. This exploits
the known structural relationship between W, X, ®, and Y. In particular, it represents
the marginalization of X directly in terms of E[¢;(X, Z) | w, z|,> which avoids the
density estimation problem of learning p(z | w, z).

There is a relation between this idea and methods for estimating non-linear causal
effects in additive-error instrumental variable models based on (potentially infinite)
basis expansions (Singh et al., 2019; Muandet et al., 2020). However, given the potential
high dimensionality of X and the desire for interpretability, we favor dictionaries
that are either hand-constructed or the result of adaptive algorithms. Moreover,
although we have the option of fitting 6 by regressing Y directly on ®, we still favor
the regression on g instead, as ¢;(z, z) is a random variable not observable at test

time.

Explainable pragmatic mediation. Under the assumptions of our setup, we
would like to provide practitioners with qualitative information on the estimated role
of the candidate mediators. Informally, we say that ¢;(X, Z) is a causal pragmatic
mediator if and only if it covaries with W and Y simultaneously, with adjustments
for Z and the other candidate mediators depending on the scenario. More formally,

causal pragmatic mediators satisfy two criteria:

(i) ¢i(X, 2) LW | Z,

3This can be even further simplified if we opt for product features of the shape ¢;(X,2) =
@iz (X)$i.(Z), as in this case, we have E[¢;z(X)i.(Z) | w,z] = Elpir(X) | w, 2]¢.(2) (Kaddour
et al., 2021).
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Algorithm 1 Causal Response Prediction

Require: Historic interventions {w;, ®(x;, 2;), 2, y; }1-, new intervention training
set {w*, ®(z;, z;), zj};i“i”’”, new intervention test set {w*’, 2/ ;iel“
Historic Interventions

Learn gi(w, z) = Elpp(X, Z) | w, 2] Stage 1, via any black-box model
Learn f(w,z) =E[Y | g(w, z)] Stage 2, via an L;-penalized model

New Intervention

Learn on train split

gx(w*, z) = E[¢(X, Z) | w*, 2] Stage 1, update for new intervention w*
Predict on test split

g = f(g*(w*,2)) =E[Y | do(w*),2'] Stage 2, predict using pre-learned f
return ¢

Algorithm 2 Pragmatic Mediation Selection

Require: Weights 0, training set {w;, ®(x;, 2;), 2 }7_;, test set {w), &' (2, 21), 21},
one-sided paired difference test ¢(+), level «, mediators M = {}
for ¢; € ® do
if 6; # 0 then
Learn ¢{(z) = E[¢;(X, Z) | 2] on train split
Learn g} (z,w) = E[¢;(X, Z) | z,w] on train split
Obtain residual €Y = ¢} — ¢?(z’) on test split
Obtain residual ] = ¢ — g} (2, w’) on test split
p = c(lell; l&i1)
if p < a then
Add mediator M = M U {¢;}
end if
end if
end for
return M

(i) ¢i(X, Z2) LY [ {Pyi, Z}
where ®\; = ®\¢;(X, Z). We will henceforth refer to (i) and (ii) as M-criteria (for
mediation criteria).

Another way of interpreting this is by saying that W has a “nonzero conditional
total effect” on ¢; for some Z = z (that is, a conditional association without adjusting
for ®\;), while ¢; has a “direct effect” on Y (conditional association, also conditioning
on ®y;).

This definition is entirely agnostic to any possible causal structure among the
elements of ®, a structure which is itself indeterminate since do(x) is not defined.
Notice that the idea of combining a “total” effect “into” ® with a “direct” effect “out of”

® relates to settings where we may want to design new elements of F that “short-circuit”
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Figure 4.3: Recursive partition of ® by how elements do or do not shift conditional
average treatment effects. See text for details.

the mechanism, by directly targeting ¢; if this is at all possible and desirable in a
particular domain.*

Although the distinction is not crucial for prediction, causal mediators can provide
valuable insights about what in X characterizes the effect of W on Y. For instance, if
only a subset of regions of the brain respond to stimuli and predict some behavior,
then novel interventions can be designed targeting just those regions with detectable
causal impact.

The leaf nodes of the tree depicted in Fig. 4.3 correspond to candidate mediators

with different functional roles.

1. & ={¢i : ¢ LY | ®;,Z}. These candidates will receive zero weight in the
linear formula described by Eq. 4.2 (and, hence, also Eq. 4.3). That is, for each

2. &= {¢i: s & DNp; LW, Z}. In this subset, E[¢; | w, z] is constant for all w
and z. These terms will be absorbed into the intercept of the linear formula
described by Eq. 4.3. That is, E[Y | do(w), z] = 0y + > _ . .5 El¢:] + “function

of w and 2.

3. b={¢i:p; € {OUDY ANy LW | Z}. These candidates will receive nonzero
weight in Eq. 4.2, but only through the Z — ¢; — Y path. They are invariant

4For instance, ignoring Z for simplicity: if there exists a “Pearlian” causal chain X; — X, —
X3 — Y in the system with no further edges, and we have a rich dictionary ®, (features of) neither
X1 nor X5 alone would qualify as causal pragmatic mediators, while (features of) X3 would, even if
all interventions in F can only directly modify X; and Xs.
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Table 4.1: General description of experimental setups.

‘ ‘ ImagePert ‘ Humicroedit ‘ DREAMS5 ‘
‘ Z ‘ pre-perturbation image ‘ original news headline (GloVe avg. vector) ‘ baseline gene expression ‘
‘ W ‘ location of normal distribution for perturbation ‘ new entity edit (GloVe vector) ‘ transcription factor out-degree ‘
‘ X ‘ post-perturbation image ‘ edited headline (GloVe avg. vector) ‘ post-intervention gene expression ‘
‘ D ‘ convolution windows over X ‘ funniness hypotheses (Hossain et al., 2019) ‘ change in kernel eigengene ‘
‘ Y ‘ intensity of pixels, linear combination of ¢ ‘ funniness score, via linear combination of ¢ ‘ linear combination of ® ‘

in W and therefore, just like © and @, do not contribute to conditional average
treatment effects E[Y | do(w), z] — E[Y | do(w'), z].

4. * = {¢; : ¢; € D\{PUDU }}. Only this latter subclass satisfies the M-criteria,
picking out causal mediators ¢; on the W — ¢; — Y path.

This recursive partitioning of ® immediately suggests a practical method for
pragmatic mediation discovery. First, we perform our two-step estimation procedure.
Then, for each ¢; such that 6; # 0, perform a conditional independence test against
the null hypothesis Hy: ¢; I W | Z.5 See Alg. 2 for details.

There exists no uniformly valid conditional independence test for continuous
conditioning variables (Shah and Peters, 2020). However, numerous nonparametric
methods have been developed with good performance on real and synthetic datasets
(Heinze-Deml et al., 2018). In our experiments, we use a simple nested regression
procedure, in which we compare the absolute value of out-of-sample residuals for null
and alternative models — i.e., ¢?(z) = E[¢; | 2] and g} (z,w) = E[¢; | 2, w], respectively
— using a one-sided Wilcoxon rank-sum test.% If predictive accuracy significantly
improves with the inclusion of W, then we reject Hy. Estimation and testing are
performed on separate samples to ensure unbiased inference. The procedure can easily

be modified to adjust for multiple testing.

4.4 Experiments

In this section, we demonstrate our method in a variety of domains. We start with a
simulated visual simulation task to provide a more concrete intuition for our approach.
We then introduce a text data example where users are asked to edit news headlines

to make them more humorous. Finally, we describe a genomics experiment where

5In randomized trials, where Z 1L W by design, this can be replaced by a marginal association
test against Hy : ¢; 1L W, for those ¢; which are non-trivial functions of X.

6Qther tests could in principle be substituted here, e.g. the binomial test or z-test, depending on
what assumptions one is willing to make about residual distributions. See (Lei et al., 2018, Sect. 6).
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we simulate the effects of gene knockouts on the E. coli transcriptome. The code to

reproduce results can be found at https://github.com/limorigu/ComplexCauses.

(a) (b) ()

Figure 4.4: Visual example for image perturbation dataset. (a) Example image (z).
(b) Same image, post-perturbation (z, in response to w). (c) Same image under a new
perturbation regime, which we leave for the test set (2/, in response to w’).

4.4.1 Setup

We have two primary goals: (a) causal response prediction, and (b) identification of

causal pragmatic mediators. We describe the overall setup for all domains below.

Prediction. We assume access to m — 1 mutually independent historic train-
ing regimes with corresponding labeled datasets Dy, ..., D,
(Wi X0, Vi, 2,5}
F = do(w*) (e.g., a prospective intervention). In this regime, we are given access to
limited labeled training data Dy, = {(W/, X;,Y;, Z;)"* }zll“’*‘ and more unlabeled
training data D,,,, = {(W}, X;, Z;)" }g“', where |D,, .| > |D;,.|. This captures
settings where measurements for Y are expensive, delayed, or simply unrecorded. All
methods are evaluated on a test dataset T~ = {(W},Y;, Z;)tw* }LZ‘”f'.

Baseline methods that estimate E[Y | do(w*), z] can only make use of the labeled

where each D;, =

m—1)

ll’“‘. Our goal is to learn E[Y | do(w*),z| for a new regime

dataset D, ,, as all regimes are mutually independent. However, by exploiting struc-
tural information ®(X, Z), we are able to leverage the invariant p(y | z, z) distribution

from prior regimes. That is, we estimate g and @ from D, ,..., D, and predict

1
effects in new regimes using only Z and W, so our method effectively treats D; , UD,, .,
as a single test set.

We will compare our approach to multiple regression baselines that estimate
E[Y | do(w*), z] as the proportion of labeled data for the new regime L« grows from
10%-100%. Specifically, we consider models from four function classes: lasso regression

(linear), support vector regression (SVR), random forest (RF), and gradient boosting
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(GB). Default hyperparameters are used throughout; see Appendix for details. We
also note that other methods that seem to share similarities with our goal, such as
co-training (Blum and Mitchell, 1998) and domain adaptation (Chen et al., 2011),
would not be relevant baselines for comparison as they differ significantly from our
work in two ways. (1) There is a two-stage functional decoupling arising from Eq. 4.3
alongside variable decoupling that we aim to exploit by learning g and then f; co-
training does not involve such functional decoupling. (2) We can only leverage the first
stage of the decoupling in a new domain. We are not aware of any domain adaptation
method that accommodates this specific notion of adaptation.

As an additional check on our performance, we further consider 100 different
settings of the target Y, by sampling 100 different parameters (i.e., weights 6) for its
structural equations in all three tasks (for the image perturbation example we sample
1500 settings). By demonstrating consistent results across these trials, we illustrate

that our method is robust to different configurations of the target variable.

Explanation. Our method is also able to find pragmatic mediators in the complex
object X. By studying the high-level descriptions ¢; that (a) receive nonzero weight
0; # 0 in the sparse regression, and (b) reject Hy : ¢; 1L W|Z at some pre-specified
level a,, we can identify causal mediators of relevance. We report mediator discovery
error rates for all experiments below. Significance levels for all tests were fixed at

a = 0.01, with p-values adjusted for multiple testing via Holm (1979)’s method.

4.4.2 Image Perturbation Simulation

Setup description. Our first example is simulated and visual, which we hope
will provide some intuition for the structure of this problem. We start with five
possible pixel patterns (Z) and perform interventions by adding bivariate normal noise
with location W. These treatments are influenced with some probability by Z. The
resulting post-perturbation image (X) is then summarized via four different convolution
windows, ®(X, Z) = {¢1, 2, d3, ¢4}, where each ¢; corresponds to a quadrant of the
image, and the convolution weights are indexed by the pattern corresponding to the
original image Z. Finally, the intensity of the pixels over the whole image leads to
an outcome (Y'), given by a linear combination of ®. The generative model used to
produce the simulation is described in Fig. 4.5.

p = [0.2,0.2,0.2,0.2,0.2] defines the multinomial distribution from which we
sample shape indicator t. A denotes a 5 X 4 matrix, where each row is a simplex

containing different probabilities for selecting W values. dy = 0 and d,, = 10 define
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t ~ Multinomial(p)
Z = pafttern,
W ~ Multinomial(A;)
for ¢ = 0 to 1000 :
v~ N(WI)
if (do,do) < v < (dn,dy) :
fuldl = ful?] +n
X =7+ fu,+N(0,0.5)
® = Convolution(X)
Y =60"%+ N(0,0.1)

fw:

Figure 4.5: Description of the generative model used in the experiment of Sect. 4.4.2.
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Figure 4.6: The mean squared error (MSE) between the estimated causal effect and
the true causal effect as a function of the amount of labeled data that is available in
the new regime do(w*).

the dimensions of all images. The condition involving them and + checks whether the
sampled location falls within the image size. 7 is a perturbation parameter (fixed at
0.1 in our experiment) that is added to the sampled location if it passes the check
above. This example is designed for demonstrative purposes, and ¢; is constructed
to be the pragmatic mediator we intend to find, as it both varies with W and has a
nonzero coefficient (¢, = 0.7) in the structural equation for Y. See full details in the
Appendix. Fig. 4.4 shows an example set of sampled images.

Results. The results of all methods on a new intervention w* are presented in
Fig. 4.6 (left). Additionally, Fig. 4.7 shows the process of mediator explanation for our
method. The true mediator in this simulation, ¢, is indicated in black. Conditional
independence tests identify three windows — ® = {¢1, ¢2, @3}, indicated in red — that
vary with W after conditioning on Z. We fit a lasso regression to estimate causal

effects (see Eq. 4.3), selecting windows ® = {¢1,¢,}, indicated in blue. Finally,
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Figure 4.7: The ¢; selected by the mediation discovery method. Each set is identified
as follows: red by a conditional independence test, blue by sparse regression, and
purple those satisfying both tests (black are the true mediators). Note for the high-
dimensional genomics dataset the ¢; are identified by only testing those ¢, selected by
sparse regression to increase testing power.

the intersection of these two sets, ®* = {¢,}, is our causal mediator, marked in
purple. Fig. 4.8 presents performance over 1500 different samples of parameters in
the structural equation of prediction target Y. It shows similar trends to the single Y
setting, where our method dominates performance by baselines until 30-40% of labels
are available. The mean squared error (MSE) in this simplified example is far smaller
and required more samples to make std. error scale accordingly. We further note that
for the single Y setting, we picked 6 = {0.7,0,0, —0.5} to clearly demonstrate the idea
of pragmatic mediation. For Fig. 4.8, we instead sampled @ from a distribution (See
Appendix for details), which seemed to help the performance of some baselines, while

adversely affecting others.

4.4.3 Humorous Edits to News Headlines

Setup description. As a second example, we consider a dataset from a computational
humor experiment. Participants were given news headlines and asked to make single
entity changes such that the resulting headline would be humorous (Hossain et al.,
2019). This work was further extended into a SemEval2020 task, and full datasets
were made publicly available.”

For our evaluation, we combine all listed datasets and define the following: original
headline (Z), new words introduced by edit (W), and a revised headline (X'). Following
the analysis of Hossain et al. (2019), we carried out the following pre-processing
procedures: 1. We generated clusters of edit words (granular W) by performing a
k-means clustering on GloVe vector representations (Pennington et al., 2014) of each

edit word, with £ = 20. The aim was to reduce the space of possible interventions

"See https://www.cs.rochester.edu/u/nhossain/humicroedit.html.
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Figure 4.8: The mean squared error (MSE) between the estimated causal effect and
the true causal effect as a function of the amount of labeled data that is available in the
new regime do(w*). Means and std. errors are over 1500 for the Image Perturbation
experiments, and 100 for the other two, different configurations of @, the parameters
in the structural equations giving rise to Y.

to topics rather than individual words, for the purpose of defining data subsections
as historic and new intervention splits. We used the resulting cluster label to create
these splits. 2. We created 30 high-level descriptions ¢ for this setting (full description
in the Appendix). One can think of ® in this scenario as hypotheses to explain the
funniness of an edited headline (X). 3. Computational humor is known to be a
difficult domain for direct prediction tasks. For the illustrative purpose of this work,
we generated funniness scores for the outcome variable Y as a linear combination of ®
with additive noise. A random third of the coefficients are assigned a value of 0, with
the rest sampled from a uniform distribution (-1, 1).

Results. The results of our estimation method of the outcome Y for a random new
intervention w* are presented in Fig. 4.6 (middle). As can be seen, we achieve an MSE
of 5.33, well below alternative estimation methods of E[Y | do(w*), z]. Furthermore,
our method correctly identified the mediator ¢, in this setting, see Fig. 4.7. Fig. 4.8
provides another angle on the quality of predictions with our method by examining
results over 100 trials with different configurations of 8. We can clearly see that
our method still outperforms the baseline alternatives, and sees little variation in

performance across parameter values, as can be seen by the small std. error bars.

4.4.4 Gene Knockouts

Setup description. As a final experiment, we consider semi-simulated gene knockouts
based on data from the Dialogue for Reverse Engineering Assessments and Methods
(DREAM) challenge (Marbach et al., 2012). The E. coli transcriptome published as
part of the DREAMS5 challenge comprises a 805 x 4511 gene expression matrix, with
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334 candidate transcription factors.® We use GENIE3 (Huynh-Thu et al., 2010), a
leading gene regulatory network inference algorithm based on random forests, to fit
the 4177 structural equations that govern this system. We treat the resulting model
as our ground truth SCM.

We simulate n = 10* samples of baseline expression data for the transcription
factors from a multivariate Gaussian distribution with parameters estimated via
maximum likelihood. These values are then propagated by GENIE3 to downstream
variables, resulting in a complete set of baseline expression data (Z). We simulate
10 gene knockout experiments, summarized by the out-degree of the corresponding
transcription factor (WW). Post-intervention expression is once again simulated by
GENIE3 (X). We treat each subnetwork of at least 10 genes as a pathway and
summarize its expression by taking the first kernel principal component (Schoélkopf
et al., 1999) of the corresponding submatrix, i.e. the kernel eigengene. The difference
between post- and pre-intervention eigengene expression for all 168 modules that meet
this dimensionality criterion constitutes our high-level summary (®). Modules are
subsequently ranked by their Spearman correlation with 1. The top and bottom 25
are assigned a nonzero weight in a linear simulation of outcomes Y, with standard
normal noise.

Results. Results for a random new gene knockout are presented in Fig. 4.6 (right).
The sparsity of this problem poses a particular challenge for baseline regression
methods, which could potentially be mitigated with further tuning. In addition to
achieving low MSE on the test set, our method additionally recovers 92% of all true
mediators, with an overall accuracy rate of 85%. Most of the errors in this example
appear to derive from false positives in the lasso regression, which could likely be
improved with more cautious tuning of the A parameter that controls model sparsity.
As can be seen in Fig. 4.8, the same trends remain in place when repeating the

experiment over 100 different configurations of 6.

4.5 Additional Experimental Details

4.5.1 Method, Evaluation Task and Baselines

We tested our estimation method with three different setups: an image-based simula-
tion, an experimental text dataset, and a naturally-simulated experimental genomics

dataset. We considered the same evaluation task for all setups:

8See http://dreamchallenges.org/project/dream-5-network-inference-challenge/.
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1. Using a train set, with various “seen” W values, we train a model for phi
prediction, and use E[® | W, Z] to fit a lasso regression to predict Y, giving rise
to E[Y | @] predictions.

2. Next, we see a train split from a test set, corresponding to an “unseen” interven-

tion w’, on which we relearn E[® | w', Z]

3. Finally, we test Y predictions on a test set of the unseen w’ test set, using
our relearned E[® | w’, Z] model, and our previously trained E[Y | ®] Lasso
regression models. Thus, for a test split of the test set, we predict for Y for

previously unseen w’, z pairs, i.e. E[Y | do(w'), Z'].

For further clarity, we provide a visual description of datasets used in different stages
of the method above in Figure 4.9. We compared our estimation accuracy, via Mean
Squared Error, as Y labels become available in the unseen w’ regime (10-100% of
labels). We record our loss against four baselines estimating the same quantity: 1.
linear model, as a Lasso regression with cross validation to pick the coefficient A on the
regularization term in the range [0.05,1], 2. SVM predictor with default parameters
from (Pedregosa et al., 2011), 3. Random Forest regression with default parameters
from (Pedregosa et al., 2011), aside for specifying 5 minimal samples in split, and
4. Gradient Boosting with default parameters from (Pedregosa et al., 2011), aside
for maximum depth which was set to 5°. We provide code to reproduce our results
alongside this document. We also tested a Multi Layered Perceptron baseline, but
found it to perform much worse than alternatives without dedicated tuning, and
subsequently did not include it in the results.

For the prediction task we include two settings: one for a single configuration of
the target Y, and one where we present average performance over 100 different settings
of the parameters 6 in the structural equation giving rise to Y. Since our test set on
which we report result is rather small, for the first setting we average results of the
baselines over 10 different shuffles of the dataset on which we train and report result.
We do this for the baselines and not for our own method as the baselines have access
to 10 different proportions of the target Y, which involved small number of samples
and largely varying performance based on the ordering of the dataset. Our method
makes no use of labels, and thus is not vulnerable to this variability in performance.
However, when we conduct the experiment over 100 different Y configurations, the

existence of ample different examples of data better accounts for this variability in

9This could be potentially improved with further hyperparameter tuning.
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Figure 4.9: Description of dataset splits used in different parts of our experiment,
corresponding to items 1-3 in 4.5.1.

performance based on sample ordering. Thus, we simply report results for a single
data ordering, and report the mean and standard error over 100 different Y parameters

settings instead.

4.5.2 Dataset Construction and Models’ Training

4.5.2.1 Image Perturbation

The image perturbation is a simulation dataset that was put together to demonstrate
the key ideas of the work. We create a dataset of 10,000 examples, images of size
10X10, equally made up of 5 pixel patterns: cross, square, crossing diagonal, pyramid
and diamond. Patterns were allocated for each index by sampling one of 5 pattern
indicators from a multinomial with equal probability for each shape. Next, the pattern
indicator Z also served to select one of 5 set of probabilities that were used to seed a
multinomial from which a perturbation pattern W was picked.

The perturbation was put together via a procedure that used the indicator W as
a location to be used in a Multivariate Normal distribution with a two dimensional
identity covariance matrix, I(2). For each example in the dataset, we sampled 1000
tuples (x,y) from the Multivariate Normal described, checked whether they fell within
the image size (i.e. > (0,0) and < (10,10)). Each time such tuple fell within the
borders of the image, a perturbation of size 0.1 was added to the location (x,y) in the
image.

This perturbation regime was added as a mask to the original image reflected by

Z, to create the post-perturbation X. For the construction of ¢s, we created five
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different 1-d convolution transformations, with randomly initialized weights, which
will be indexed by Z and applied to X. There will be 4 resulting ¢s for each image,
each corresponding to the 4 quadrants of the image. ¢; most clearly varies with
W, with potential little effect on ¢5 and ¢3, but ¢, should see close to no effect in
response to W, based on perturbation locations. Finally, Y was constructed as a
linear combination of ¢s, with the weights [0.7, 0, 0, -0.5] applied to them, and added
Gaussian noise N(0,0.1).

Finally, for the test set with an unseen perturbation pattern w’, 2,000 examples that
were featured in the training set of size 10,000, were used with a different perturbation,
with location w’ = 5. Previous perturbations ranged from 0-3. For specific structural
equations corresponding to this description, see Figure 5 in the manuscript.

For the g model, estimating E[® | w’, Z], we train a Multi-task MLP with 3 hidden
layers, 512 hidden dimensions, and the ReLU activation function. We use 100 epochs
and 50 epochs to train the first-stage model g for seen w, and for the unseen w’ train
split respectively. We use the Adam optimizer, with learning rates of 0.002 and 0.001
used for optimization of each stage respectively. We use a train batch size of 400,
and test batch size of 100. We set the seed at 42. We will also include the code to
reproduce the results, see code files for any additional hyperparameter setting.

Finally, for the robustness to settings of 6 experiment (Figure 8), we had to sample
the weights from a distribution such that we can repeat the process 1500 times. We
chose a uniform distribution 6 ~ Unif(—0.3,0.3), and added noise to Y from a
N(0,0.01). We chose those such that similar stats of ¥ can be achieved, compared to

the single Y setting experiment.

4.5.2.2 Humor Micro Edits

The construction of the humor micro edits dataset closely followed the analysis and
description in Hossain et al. (2019). The original datasets provided there already
contained original headlines (which we used as Z for our purposes), edit words (W for
us) and humorous post-edit headlines (X)!°. Following the analysis in the paper, we
chose to represent each of these sentences and words using their pre-trained 6 Billion-
token GloVe word-embedding vector representations, trained originally on 2014 English
Wikipedia and Gigaword 5 (Pennington et al., 2014). We only included examples in
which all words were correctly identified in the pre-trained word embedding, following

a standard cleaning procedure (see code for exact details).

10Access to original dataset at https://www.cs.rochester.edu/u/nhossain/humicroedit.html.
" Available for download at https://nlp.stanford.edu/projects/glove/.
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Z, W and X where does based on vector representation of the original dataset.
There are three additional steps we have taken to compose the final dataset. First,
we clustered the edit words using K-means clustering with K=20 (implemented via
pedregosa2011scikit), following the same procedure carried out in Hossain et al. (2019).
We used the labels of these clusters to create the training and test split, such that
the test set included edit words from one cluster we left out to function as an unseen
intervention W’. The unseen intervention was chosen to be one of the larger 5 clusters,
to ensure enough training examples for estimation exist. The cluster that was randomly
chosen for the results shown in the paper is cluster 11.

Next, we constructed high-level descriptions of the intervention and its implications
on X as ¢. ® = {¢}3°,, and each one was inspired by analysis and hypotheses from
Hossain et al. (2019):

1. ¢1: Length of resulting edited sentence (does not vary with w)

2. ¢9: Mean cosine distance between GloVe vector of edit word and the rest of

words in sentence (varies with w)
3. ¢3: Location index of replaced word (does not vary with w)

4. ¢4 Sentiment polarity of edit word, using the pre-trained sentiment processor
from (Qi et al., 2020)'2 (varies with w)

5. ¢5: Sentiment polarity of resulting sentence, using the pre-trained sentiment

processor from (Qi et al., 2020) (does not vary with w)

6. ¢g: Cosine distance between GloVe vector of edited word and GloVe vector of

original word (varies with w)

7. ¢7-¢10: Cosine distance of GloVe vector of edit word from neighboring words (2

preceding, 2 succeeding) (does not vary with w)

8. ¢11-¢30: Distance of mean GloVe embedding of final sentence from clusters’

centroids (does not vary with w)

The set of ¢s, which all correspond to different data types, were all scaled to have
0 mean and unit variance, to make them more comparable. Finally, following ® as
defined above we constructed an outcome variable Y as a linear combination of ®,
with added noise sampled from N(0,.5). We sampled weights for each ¢, ~ U(—1,1),

12Full usage details available at https://stanfordnlp.github.io/stanza/sentiment.html.
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while keeping a random third of the weights at 0. Additionally, we ensured at least
one of the ¢s varying with W is also zeroed out, to have diversity of all possible cases
present.

For the g model, estimating E[® | w’, Z], we train a Multi-task MLP with 3 hidden
layers, 512 hidden dimensions, and the ReLLU activation function. We use 700 epochs
and 100 epochs to train the first-stage model g for seen w, and for the unseen w’ train
split respectively. We use the Adam optimizer, with learning rates of 0.002 and 0.001
used for optimization of each stage respectively. We use a train batch size of 400, and
test batch size of 100. We set the seed at 42. We also include the code to reproduce

the results, see code files for any additional hyperparameter setting.

4.5.2.3 Gene Knockouts

Our GENIE3 model follows the instructions of Huynh-Thu et al. (2010), who scale
all genes prior to analysis and fit a series of random forest regressions predicting the
expression of each "downstream" gene as a function of the 334 candidate transcription
factors (TFs). Each forest contains 1000 trees, with mtry = v/334. The adjacency
matrix is computed using the impurity importance measure originally proposed by
Breiman (2001).

We simulate TF data from a multivariate Gaussian distribution with parameters
estimated via maximum likelihood. This matrix is then propagated through our
GENIE3 model to simulate expression values for downstream genes, with random
Gaussian noise N (0, 0?), where o is the RMSE of the corresponding random forest
on out-of-bag data. This data — TFs and downstream genes — together comprise the
matrix Z of simulated baseline E. Coli gene expression.

We sort TFs by outdegree and simulate a knockout experiment on the top ten by
replacing their values with a scalar 1 unit less than the observed minimum for each (how
much less is irrelevant, as random forests are invariant to monotone transformations).
We record the outdegreee of these TFs as W and the resulting expression matrix as X.

To compute @, we filter out all TFs with outdegree less than 100 and treat each
of the remaining 168 TFs as the hub of a module. For downstream genes, module
membership is determined by whether the given TF was assigned importance of at
least 10 in the GENIE3 adjacency matrix. For each module, we compute the first
kernel principal component on a subsample of n = 1000 using a radial basis function
with default bandwidth given by the median Euclidean distance. These weights are
then used to project the remaining data Z and X into the latent space. We define ®

as the difference between pre- and post-intervention expression values for the kernel
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eigengene. We proceed to estimate a series of E[¢; | Z, W] regressions on a training
set comprising 8 of 10 w values using random forests with 500 trees and mtry = p/3,
where p is the number of genes in a given module.

Each ¢, is sorted by its association with W using Spearman correlation. Y is then
simulated as a linear function of the top and bottom 25 ¢’s, with nonzero weights
drawn from A(+4,1), where +4 denotes that the amplitude is multiplied by —1 with
probability 0.5. A lasso regression E[Y | @] is fit to the aforementioned training set,
with L, penalty A selected via 10-fold cross-validation. Since, by construction Z 1L W
in this experiment, the conditional independence tests can be replaced by a marginal
independence test. We use the Spearman correlation to measure the association

between W and each ¢; using the training set.

4.6 Conclusion

In this chapter, we proposed a general problem setup with applications in various fields
of scientific study and policy design. We showed its relevance to different modalities
and domain subjects and developed a general estimation framework. This enables the
study of causal effects of crude interventions on high-dimensional, complex objects that
impact an outcome of interest via some high-level mediator(s). Our approach is useful
when one wishes to estimate the effects of new interventions for which little labeled
data is available. We further showed how such a method can illuminate the underlying
causal structure governing the process by identifying pragmatic mediation pathways
between the complex objects and the outcome. Future work could extend this approach
to various tasks, including: estimation of causal effects in response to high-dimensional
and /or soft interventions; hypothesis design via a search for interventions predicted to
achieve the outcome of interest; and prediction and mediation analysis with latent

variables or partial knowledge of the true causal graph.

Limitations. We see this work as a first step in the study of complex causes and
crude interventions, which are distinct from the atomic, soft, or stochastic interventions
that have been previously studied. Though our method is focused on a particular
problem setup, we have argued that a wide variety of problems share a similar structure.
Additional work could make the method more applicable in settings with unobserved
confounders, or where known relationships within objects (e.g., spatial characteristics)
could be exploited for greater sensitivity. Other interesting extensions of this work

could examine cases where X does not fully mediate W, or when the set of abstract
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features ® is not fully known. For the former, we believe that if the direct effect of W
on Y is sufficiently weak, it should still be possible to exploit X as a mediator. For
the latter, we envision adding smoothness constraints or parametric assumptions on

®, or simultaneously learning the abstract features, as in (Xu et al., 2020).
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5 LENS: Local Explanations via Ne-
cessity and Sufficiency

5.1 Introduction

Machine learning algorithms are increasingly used in a variety of high-stakes domains,
from credit scoring to medical diagnosis. However, many such methods are opaque, in
that humans cannot understand the reasoning behind particular predictions. Post-
hoc, model-agnostic local explanation tools (e.g., feature attributions, rule lists, and
counterfactuals) are at the forefront of a fast-growing area of research variously referred

to as interpretable machine learning or explainable artificial intelligence (XAT).
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Figure 5.1: We describe minimal sufficient factors (here, sets of features) for a given
input (top row), with the aim of preserving or flipping the original prediction. We
report a sufficiency score for each set and a cumulative necessity score for all sets,
indicating the proportion of paths toward the outcome that are covered by the
explanation. Feature colors indicate the source of feature values (input or reference).

Many authors have pointed out the inconsistencies between popular XAl tools,
raising questions as to which method is more reliable in particular cases (Mothilal et al.,
2020a; Ramon et al., 2020; Fernandez-Loria et al., 2020). Theoretical foundations
have proven elusive in this area, perhaps due to the perceived subjectivity inherent to
notions such as “intelligible” and “relevant” (Watson and Floridi, 2020). Practitioners

often seek refuge in the axiomatic guarantees of Shapley values, which have become
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the de facto standard in many XAI applications, due in no small part to their
attractive theoretical properties (Bhatt et al., 2020). However, ambiguities regarding
the underlying assumptions of the method (Kumar et al., 2020) and the recent
proliferation of mutually incompatible implementations (Sundararajan and Najmi,
2019; Merrick and Taly, 2020) have complicated this picture. Despite the abundance
of alternative XAl tools (Molnar, 2021), a dearth of theory persists. This has led some
to conclude that the goals of XAI are underspecified (Lipton, 2018), and even that
post-hoc methods do more harm than good (Rudin, 2019).

We argue that this lacuna at the heart of XAI should be filled by a return to
fundamentals — specifically, to necessity and sufficiency. As the building blocks of all
successful explanations, these dual concepts deserve a privileged position in the theory
and practice of XAl Following a review of related work (Sect. 5.2), we operationalize
this insight with a unified framework (Sect. 5.3) that reveals unexpected affinities
between various XAI tools and probabilities of causation (Sect. 5.4). We proceed to
implement a novel procedure for computing model explanations that improves upon
the state of the art in various quantitative and qualitative comparisons (Sect. 5.5).
We conclude with a discussion and directions for future work (Sect. 5.7).

We make three main contributions. (1) We present a formal framework for XAI
that unifies several popular approaches, including feature attributions, rule lists, and
counterfactuals. (2) We introduce novel measures of necessity and sufficiency that can
be computed for any feature subset. The method enables users to incorporate domain
knowledge, search various subspaces, and select a utility-maximizing explanation. (3)
We present a sound and complete algorithm for identifying explanatory factors and

illustrate its performance on a range of tasks.

5.2 Background

Necessity and sufficiency have a long philosophical tradition (Mackie, 1965; Lewis,
1973; Halpern and Pearl, 2005b), spanning logical, probabilistic, and causal variants.
In propositional logic, we say that x is a sufficient condition for y iff x — vy, i.e.,
x implies y; x is a necessary condition for y iff y — =z, i.e., y implies x. So stated,
necessity and sufficiency are logically converse. However, by the law of contraposition,
both definitions admit alternative formulations, whereby sufficiency may be rewritten
as =y — —x and necessity as —x — —y. By pairing the original definition of sufficiency
with the latter definition of necessity (and vice versa), we find that the two concepts

are also logically inverse. These formulae suggest probabilistic relaxations, measuring
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x’s sufficiency for y by P(y|z) and z’s necessity for y by P(z|y). Because there is
no probabilistic law of contraposition, these quantities are generally uninformative
w.r.t. P(—z|-y) and P(—y|-x), which may be of independent interest. Thus, while
necessity is both the converse and inverse of sufficiency in propositional logic, the two
formulations come apart in probability calculus. We revisit the distinction between
probabilistic conversion and inversion in Rmk. 1 and Sect. 5.4.

These definitions struggle to track our intuitions when we consider causal explana-
tions (Pearl, 2000; Tian and Pearl, 2000). It may make sense to say in logic that if
is a necessary condition for y, then y is a sufficient condition for z; it does not follow
that if x is a necessary cause of y, then y is a sufficient cause of . We may amend
both concepts using counterfactual probabilities — e.g., the probability that Alice would
still have a headache if she had not taken an aspirin, given that she does not have a
headache and did take an aspirin. Let P(y,|z’,y') denote such a quantity, to be read
as “the probability that Y would equal y under an intervention that sets X to x, given
that we observe X = 2’ and Y = ¢/.” Then, according to Pearl (2000, Ch. 9), the
probability that z is a sufficient cause of y is given by suf(z,y) := P(y.|2’,v’), and
the probability that x is a necessary cause of y is given by nec(z,y) := P(y./|x,y).

Analysis becomes more difficult in higher dimensions, where variables may inter-
act to block or unblock causal pathways. VanderWeele and Robins (2008) analyze
sufficient causal interactions in the potential outcomes framework, refining notions of
synergism without monotonicity constraints. In a subsequent paper, VanderWeele and
Richardson (2012) study the irreducibility and singularity of interactions in sufficient-
component cause models. Halpern (2016) devotes an entire monograph to the subject,
providing various criteria to distinguish between subtly different notions of “actual
causality”, as well as “but-for” (similar to necessary) and sufficient causes. These
authors generally limit their analyses to Boolean systems with convenient structural
properties, e.g. conditional ignorability and the stable unit treatment value assumption.
Operationalizing their theories in a practical method without such restrictions is one
of our primary contributions.

Necessity and sufficiency have begun to receive explicit attention in the XAI
literature. Ribeiro et al. (2018a) propose a bandit procedure for identifying a minimal
set of Boolean conditions that entails a predictive outcome (more on this in Sect. 5.4).
Dhurandhar et al. (2018) propose an autoencoder for learning pertinent negatives
and positives, i.e. features whose presence or absence is decisive for a given label,

while Zhang et al. (2018) develop a technique for generating symbolic corrections to
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alter model outputs. Both methods are optimized for neural networks, unlike the
model-agnostic approach we develop here.

Another strand of research in this area is rooted in logic programming. Several
authors have sought to reframe XAI as either a SAT (Ignatiev et al., 2019; Narodytska
et al., 2019) or a set cover problem (Lakkaraju et al., 2019; Grover et al., 2019), typically
deriving approximate solutions on a prespecified subspace to ensure computability
in polynomial time. We adopt a different strategy that prioritizes completeness over
efficiency, an approach we show to be feasible in moderate dimensions (see Sect. 7.7
for a discussion). Mothilal et al. (2020a) build on Halpern (2016)’s definitions of
necessity and sufficiency to critique popular XAI tools, proposing a new feature
attribution measure with some purported advantages. Their method relies on the
strong assumption that predictors are mutually independent. Galhotra et al. (2021)
adapt Pearl (2000)’s probabilities of causation for XAI under a more inclusive range of
data-generating processes. They derive analytic bounds on multidimensional extensions
of nec and suf, as well as an algorithm for point identification when graphical structure
permits. Oddly, they claim that non-causal applications of necessity and sufficiency are
somehow “incorrect and misleading” (p. 2), a normative judgment that is inconsistent
with many common uses of these concepts. Rather than insisting on any particular
interpretation of necessity and sufficiency, we propose a general framework that admits
logical, probabilistic, and causal interpretations as special cases. Whereas previous
works evaluate individual predictors, we focus on feature subsets, allowing us to detect
and quantify interaction effects. Our formal results clarify the relationship between
existing XAI methods and probabilities of causation, while our empirical results

demonstrate their applicability to a wide array of tasks and datasets.

5.3 Proposed Framework

We propose a unifying framework that highlights the role of necessity and sufficiency

in XAI. Its constituent elements are described below.

Target function. Post-hoc explainability methods assume access to a target function
f: X — Y, ie. the model whose prediction(s) we seek to explain. For simplicity, we
restrict attention to the binary setting, with Y € {0, 1}. Multi-class extensions are
straightforward, while continuous outcomes may be accommodated via discretization.
Though this inevitably involves some information loss, we follow authors in the

contrastivist tradition in arguing that, even for continuous outcomes, explanations
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always involve a juxtaposition (perhaps implicit) of “fact and foil” (Lipton, 1990). For
instance, a loan applicant is probably less interested in knowing why her credit score
is precisely y than she is in discovering why it is below some threshold (say, 700). Of
course, binary outcomes can approximate continuous values with arbitrary precision

over repeated trials.

Context. The context D is a probability distribution over which we quantify suffi-
ciency and necessity. Contexts may be constructed in various ways but always consist
of at least some input (point or space) and reference (point or space). For instance,
we may want to compare a; with all other samples, or else just those perturbed along
one or two axes, perhaps based on some conditioning event(s).

In addition to predictors and outcomes, we optionally include information exogenous
to f. For instance, if any events were conditioned upon to generate a given reference
sample, this information may be recorded among a set of auxiliary variables W. Other
examples of potential auxiliaries include metadata or engineered features such as those
learned via neural embeddings. This augmentation allows us to evaluate the necessity
and sufficiency of factors beyond those found in X. Contextual data take the form
Z = (X,W) ~ D. The distribution may or may not encode dependencies between
(elements of) X and (elements of) W. We extend the target function to augmented
inputs by defining f(z) := f(«), which means the outcome under the model f for
input @ will be taken to be the model outcome of the augmentation z, as the only
difference is that it additionally includes the auxiliary information tagging w, but will

not change the prediction model’s output for that instance.

Factors. Factors pick out the properties whose necessity and sufficiency we wish to
quantify. Formally, a factor ¢ : Z +— {0, 1} indicates whether its argument satisfies
some criteria with respect to predictors or auxiliaries. For instance, if @ is an input to a
credit lending model, and w contains information about the subspace from which data
were sampled, then a factor could be ¢(z) = 1[z[gender = “female”] A w[do(income >
$50k)]], i.e. checking if z is female and drawn from a context in which an intervention
fixes income at greater than $50k. We use the term “factor” as opposed to “condition”
or “cause” to suggest an inclusive set of criteria that may apply to predictors  and/or
auxiliaries w. Such criteria are always observational w.r.t. z but may be interventional

or counterfactual w.r.t. &'. We assume a finite space of factors C.

LAt first glance, this statement may seem confusing. However, notice « refers to predictors or
feature assignments which can be interventional or counterfactual. However, this nature of x is
described in the auxiliary information w, rendering the criteria observational in z as a whole.
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Partial order. When multiple factors pass a given necessity or sufficiency threshold,
users will tend to prefer some over others. For instance, factors with fewer conditions
are often preferable to those with more, all else being equal; factors that change
a variable by one unit as opposed to two are preferable, and so on. Rather than
formalize this preference in terms of a distance metric, which unnecessarily constrains
the solution space, we treat the partial ordering as primitive and require only that
it be complete and transitive. This covers not just distance-based measures but also
more idiosyncratic orderings that are unique to individual agents. Ordinal preferences
may be represented by cardinal utility functions under reasonable assumptions (see,
e.g., von Neumann and Morgenstern 1944).

We are now ready to formally specify our framework.

Definition 1 (Basis). A basis for computing necessary and sufficient factors for model
predictions is a tuple B = (f,D,C, <X), where [ is a target function, D is a context, C

is a set of factors, and < is a partial ordering on C.

5.3.1 Explanatory Measures

For some fixed basis B = (f,D,C, <), we define the following measures of sufficiency

and necessity, with probability taken over D.

Definition 2 (Probability of Sufficiency). The probability that c is a sufficient factor

for outcome y is given by:

PS(c,y) == P(f(z) =y | c(z) =1).

The probability that factor set C' = {c,..., ¢} is sufficient for y is given by:

PS(C,y) :=P(f(z) =y | Zci(z) > 1).

Definition 3 (Probability of Necessity). The probability that ¢ is a necessary factor

for outcome y is given by:

PN(e,y) == P(e(z) = 1] f(2) = y).

The probability that factor set C' = {c1,..., ¢} is necessary for y is given by:

PN(C,y) = P(D_ci(z) > 1] f(z) = y).

=1
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Remark 1. These probabilities can be likened to the “precision” (positive predictive
value) and ‘“recall” (true positive rate) of a (hypothetical) classifier that predicts
whether f(z) = y based on whether ¢(z) = 1. By examining the confusion matrix
of this classifier, one can define other related quantities, e.g. the true negative rate
P(c(z) = 0]f(2z) # y) and the negative predictive value P(f(z) # y|c(z) = 0), which
are contrapositive transformations of our proposed measures. We can recover these
values exactly via PS(1—¢,1 —y) and PN (1 — ¢, 1 —y), respectively. When necessity
and sufficiency are defined as probabilistic inversions (rather than conversions), such

transformations are impossible.

5.3.2 Minimal Sufficient Factors

We introduce Local Explanations via Necessity and Sufficiency (LENS), a procedure
for computing explanatory factors with respect to a given basis B and threshold
parameter 7 (see Alg. 3). First, we calculate a factor’s probability of sufficiency (see
probSuff) by drawing n samples from D and taking the maximum likelihood estimate
PS(c,y). Next, we sort the space of factors w.r.t. =< in search of those that are

T-minimal.

Definition 4 (7-minimality). We say that ¢ is 7-minimal iff (i) PS(c,y) > 7 and (ii)
there exists no factor ¢ such that PS(¢/,y) > 7 and ¢ < c.

Since a factor is necessary to the extent that it covers all possible pathways towards
a given outcome, our next step is to span the 7-minimal factors and compute their
cumulative PN (see probNec). As a minimal factor ¢ stands for all ¢ such that ¢ < ¢,
in reporting probability of necessity, we expand C' to its upward closure.

Thms. 2 and 3 state that this procedure is optimal in a sense that depends on

whether we assume access to oracle or sample estimates of PS.

Theorem 2. With oracle estimates PS(c, y) for all ¢ € C, Alg. 3 is sound and complete.
That is, for any C' returned by Alg. 3 and all ¢ € C, ¢ is 7-minimal iff ¢ € C.

Proof. Soundness and completeness follow directly from the specification of (P1)
C and (P2) =< in the algorithm’s input B, along with (P3) access to oracle estimates
PS(c,y) for all ¢ € C. Recall that the partial ordering must be complete and transitive,
as noted in Sect. 5.3.

Assume that Alg. 3 generates a false positive, i.e. outputs some c¢ that is not

r-minimal. Then by Def. 4, either the algorithm failed to properly evaluate PS(c,y),
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thereby violating (P3); or failed to identify some ¢’ such that (i) PS(c,y) > 7 and (ii)
¢ < c. (i) is impossible by (P3), and (ii) is impossible by (P2). Thus there can be no
false positives.

Assume that Alg. 3 generates a false negative, i.e. fails to output some ¢ that is in
fact 7-minimal. By (P1), this ¢ cannot exist outside the finite set C. Therefore there
must be some ¢ € C for which either the algorithm failed to properly evaluate PS(c,y),
thereby violating (P3); or wrongly identified some ¢ such that (i) PS(c¢,y) > 7 and
(i) ¢ < c. Once again, (i) is impossible by (P3), and (ii) is impossible by (P2). Thus

there can be no false negatives. [

Theorem 3. With sample estimates PS(c,y) for all ¢ € C, Alg. 3 is uniformly most
powerful. That is, Alg. 3 identifies the most 7-minimal factors of any method with

fixed type I error a.

Proof. A testing procedure is uniformly most powerful (UMP) if it attains the lowest
type II error 3 of all tests with fixed type I error a. Let ©y, ©; denote a partition
of the parameter space into null and alternative regions, respectively. The goal in
frequentist inference is to test the null hypothesis Hy : 8 € Oy against the alternative
Hy : 0 € O for some parameter 0. Let ¢(X) be a testing procedure of the form
1[T(X) > ¢, where X is a finite sample, T'(X) is a test statistic, and ¢, is the
critical value. This latter parameter defines a rejection region such that test statistics
integrate to o under Hy. We say that ¢(X) is UMP iff, for any other test ¢/'(X) such
that

sup Eg[¢'(X)] < a,
66,

we have
(V0 € ©1) Byl (X)] < Ey[t(X)],

where Egpece, [1/(X)] denotes the power of the test to detect the true 6, 1 — £,(6).
The UMP-optimality of Alg. 3 follows from the UMP-optimality of the binomial
test (see (Lehmann and Romano, 2005, Ch. 3)), which is used to decide between
Hy : PS(c,y) < 7 and Hy : PS(c,y) > 7 on the basis of observed proportions PS(c,y),
estimated from n samples for all ¢ € C. The proof now takes the same structure as
that of Thm. 2, with (P3) replaced by (P3): access to UMP estimates of PS(c,y).

False positives are no longer impossible but bounded at level «; false negatives are no
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longer impossible but occur with frequency . Because no procedure can find more
7-minimal factors for any fixed «, Alg. 3 is UMP. [J
Multiple testing adjustments can easily be accommodated, in which case modified

optimality criteria apply (Storey, 2007).

Remark 2. We take it that the main quantity of interest in most applications
is sufficiency, be it for the original or alternative outcome, and therefore define 7-
minimality w.r.t. sufficient (rather than necessary) factors. However, necessity serves
an important role in tuning 7, as there is an inherent trade-off between the parameters.
More factors are excluded at higher values of 7, thereby inducing lower cumulative
PN; more factors are included at lower values of 7, thereby inducing higher cumulative
PN. The relationship between 7 and cumulative probabilities of necessity is similar
to a precision-recall curve quantifying and qualifying errors in classification tasks. In
this case, as we lower 7, we allow more factors to be taken into account, thus covering
more pathways towards a desired outcome in a cumulative sense. We provide an
example of such a precision-recall curve in Fig. 5.2, using an R2I view of the German
credit dataset. Different levels of cumulative necessity may be warranted for different
tasks, depending on how important it is to survey multiple paths towards an outcome.
Users can therefore adjust 7 to accommodate desired levels of cumulative PN over

successive calls to LENS.

o o =
o ® =}

recall (necessity)

o
~

0.0 0.2 0.4 0.6 0.8
precision (sufficiency)

Figure 5.2: An example curve exemplifying the relationship between 7 and cumulative
probability necessity attained by selected 7-minimal factors.

5.4 Recover Existing Methods

Explanatory measures can be shown to play a central role in many seemingly unrelated
XALI tools, albeit under different assumptions about the basis tuple B. In this section,

we relate our framework to a number of existing methods.
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Algorithm 3 LENS

1: Input: B=(f,D,C, =), 7
2: Output: Factor set C, (Ve € C') PS(c,y), PN(C,y)

3: Sample D = {2}, ~ D

4: function probSuff(c, y)
5. n(c&y) = >0 Le(z) = 1A f(z) =]
6 n(c) = i, c(=i)

7. return n(c&y) / n(c)

8: function probNec(C', y, upward closure flag)
9:  if upward closure flag then

10: C={c|lceCnIdeC:d=c}

11:  end if

122 n(Cley) = 30 125 ¢(=z) 2 1A f(z:) =]
13 n(y) = > 1[f(z) =y
14:  return n(C&y) / n(y)

15: function minimalSuffFactors(y, 7, sample flag, «)
16:  sorted factors = topological sort(C, <)

17:  cands = ||

18:  for c in sorted factors do

19: if 3(¢, ) € cands : ¢ < cthen
20: continue

21: end if

22: ps = probSuff(c, y)

23: if sample flag then

24: p = binom.test(n(c&y), n(c), 7, alt = >)
25: if p < a then

26: cands.append(c, ps)

27: end if

28: else if ps > 7 then

29: cands.append(c, ps)

30: end if

31: end for
32:  cum_pn = probNec({c | (¢, _) € cands},y, TRUE)
33:  return cands, cum_pn

Feature Attributions. Several popular feature attribution algorithms are based

on Shapley values (Shapley, 1953), which decompose the predictions of any target
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function as a sum of weights over d input features:
d
f(xi) = o+ Z%, (5.1)
j=1

where ¢( represents a baseline expectation and ¢; the weight assigned to X; at point
x;. Let v : 2% — R be a value function such that v(S) is the payoff associated with
feature subset S C [d] and v({@}) = 0. Define the complement R = [d]\S such that

we may rewrite any x; as a pair of subvectors, (z7, xX). Payoffs are given by:

v(S) = E[f (27, X)), (5.2)

although this introduces some ambiguity regarding the reference distribution for X%
(more on this below). The Shapley value ¢; is then j’s average marginal contribution

to all subsets that exclude it:

b= Y BTSN 6 s -
SCld\ {7} ’

It can be shown that this is the unique solution to the attribution problem that
satisfies certain desirable properties, including efficiency, linearity, sensitivity, and
symmetry.

Reformulating this in our framework, we find that the value function v is a
sufficiency measure. To see this, let each z ~ D be a sample in which a random subset
of variables S are held at their original values while remaining features R are drawn
from a fixed distribution D(:|S).?

Proposition 1. Let cg(z) = 1 iff z C 2z was constructed by holding x° fixed and
sampling X according to D(+|S). Then v(S) = PS(cs,y).

Proof. As noted in the text, D(x|S) may be defined in a variety of ways (e.g.,
via marginal, conditional, or interventional distributions). For any given choice, let
cs(z) = 1 iff & is constructed by holding x? fixed and sampling X according to
D(x|S). Since we assume binary Y (or binarized, as discussed in Sect. 5.3), we can

rewrite Eq. 5.2 as a probability:
v(S) = Ppais)(f(®i) = f(®)),
2The diversity of Shapley value algorithms is largely due to variation in how this distribution

is defined. Popular choices include the marginal P(X%) (Lundberg and Lee, 2017); conditional
P(X%|2%) (Aas et al., 2021); and interventional P(X #|do(x)) (Heskes et al., 2020) distributions.
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where x; denotes the input point. Since conditional sampling is equivalent to con-
ditioning after sampling, this value function is equivalent to PS(cg,y) by Def. 2.
OJ

Thus, the Shapley value ¢; measures X;’s average marginal increase to the suffi-
ciency of a random feature subset. The advantage of our method is that, by focusing
on particular subsets instead of weighting them all equally, we disregard irrelevant
permutations and hone in on just those that meet a 7-minimality criterion. Kumar
et al. (2020) observe that “since there is no standard procedure for converting Shapley
values into a statement about a model’s behavior, developers rely on their own mental
model of what the values represent” (p. 8). By contrast, necessary and sufficient
factors are more transparent and informative, offering a direct path to what Shapley

values indirectly summarize.

Rule Lists. Rule lists are sequences of if-then statements that describe a hyper-
rectangle in feature space, creating partitions that can be visualized as decision or
regression trees. Rule lists have long been popular in XAI. While early work in this
area tended to focus on global methods, more recent efforts have prioritized local
explanation tasks.

We focus in particular on the Anchors algorithm (Ribeiro et al., 2018a), which
learns a set of Boolean conditions A (the eponymous “anchors”) such that A(x;) =1

and

PD(z\A)(f(wi) = f(z)) > 7. (5.4)

The lhs of Eq. 5.4 is termed the precision, prec(A), and probability is taken over
a synthetic distribution in which the conditions in A hold while other features are
perturbed. Once 7 is fixed, the goal is to maximize coverage, formally defined as
E[A(x) = 1], i.e. the proportion of datapoints to which the anchor applies.

The formal similarities between Eq. 5.4 and Def. 2 are immediately apparent, and
the authors themselves acknowledge that Anchors are intended to provide “sufficient

conditions” for model predictions.
Proposition 2. Let cs(z) = 1 iff A(x) = 1. Then prec(A) = PS(ca,y).
Proof. The proof for this proposition is essentially identical, except in this case

our conditioning event is A(x) = 1. Let ¢4 = 1 iff A(x) = 1. Precision prec(A),
given by the lhs of Eq. 5.4, is defined over a conditional distribution D(x|A). Since
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Table 5.1: Overview of experimental settings by basis configuration.

‘ Experiment Datasets f D @ =<
Attribution comparison German, SpamAssassins | Extra-Trees | R2I, I2R | Intervention targets | -
Anchors comparison: Brittle predictions IMDB LSTM R2I, 12R | Intervention targets | =<supset
Anchors comparison: PS and Prec German Extra-Trees | R2I Intervention targets | =supset
Counterfactuals: Adverserial SpamAssassins MLP R2I Intervention targets | =gupset
Counterfactuals: Recourse, DiCE comparison Adult MLP I2R Full interventions = cost
Counterfactuals: Recourse, causal vs. non-causal | German Extra-Trees | I2R qusa | Full interventions = cost

conditional sampling is equivalent to conditioning after sampling, this probability
reduces to PS(ca,y). O

While Anchors outputs just a single explanation, our method generates a ranked
list of candidates, thereby offering a more comprehensive view of model behavior.
Moreover, our necessity measure adds a mode of explanatory information entirely

lacking in Anchors.

Counterfactuals. Counterfactual explanations identify one or several nearest neigh-
bors with different outcomes, e.g. all datapoints & within an e-ball of x; such that
labels f(x) and f(z;) differ (for classification) or f(x) > f(x;) + ¢ (for regression).?
The optimization problem is:
x" = argmin cost(x;, x), (5.5)
xeCF(z;)
where CF(x;) denotes a counterfactual space such that f(x;) # f(x) and cost is a
user-supplied cost function, typically equated with some distance measure. (Wachter
et al., 2018) recommend using generative adversarial networks to solve Eq. 5.5, while
others have proposed alternatives designed to ensure that counterfactuals are coherent
and actionable (Ustun et al., 2019; Karimi et al., 2020a). As with Shapley values, the
variation in these proposals is reducible to the choice of context D.
For counterfactuals, we rewrite the objective as a search for minimal perturbations

sufficient to flip an outcome.

Proposition 3. Let cost be a function representing <, and let ¢ be some factor

spanning reference values. Then the counterfactual recourse objective is:

¢ =argmin cost(c) s.t. PS(c,1 —y) >, (5.6)
ceC

3Confusingly, the term “counterfactual” in XAI refers to any point with an alternative outcome,
which is distinct from the causal sense of the term (see Sect. 5.2). We use the word in both senses
here, but strive to make our intended meaning explicit in each case.
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where 7 denotes a decision threshold. Counterfactual outputs will then be any
z ~ D such that ¢*(z) = 1.

Proof. There are two closely related ways of expressing the counterfactual objec-
tive: as a search for optimal points, or optimal actions. We start with the latter
interpretation, reframing actions as factors. We are only interested in solutions that
flip the original outcome, and so we constrain the search to factors that meet an
I2R sufficiency threshold, PS(c,1 — y) > 7. Then the optimal action is attained by
whatever factor (i) meets the sufficiency criterion and (ii) minimizes cost. Call this

factor ¢*. The optimal point is then any z such that ¢*(z) = 1. O

Probabilities of Causation. Our framework can describe Pearl (2000)’s aforemen-
tioned probabilities of causation, however in this case D must be constructed with

care.

Proposition 4. Consider the bivariate Boolean setting, as in Sect. 5.2. We have two
counterfactual distributions: an input space Z, in which we observe x,y but intervene
to set X = 2/; and a reference space R, in which we observe ',y but intervene
to set X = x. Let D denote a uniform mixture over both spaces and let auxiliary
variable W tag each sample with a label indicating whether it comes from the original
(W =1) or contrastive (/W = 0) counterfactual space. Define ¢(z) = w. Then we have
suf(z,y) = PS(c,y) and nec(x,y) = PS(1 —¢,v).

Proof. Recall from Sect. 5.2 that Pearl (2000, Ch. 9) defines suf(z,y) := P(y.|z’,v')
and nec(z,y) := P(y./|z,y). We may rewrite the former as Pg(y), where the reference
space R denotes a counterfactual distribution conditioned on 2’ /', do(z). Similarly,
we may rewrite the latter as Pz(y’), where the input space Z denotes a counterfactual
distribution conditioned on x,y, do(z’). Our context D is a uniform mixture over both
spaces.

The key point here is that the auxiliary variable W indicates whether samples
are drawn from Z or R. Thus conditioning on different values of W allows us to
toggle between probabilities over the two spaces. Therefore, for ¢(z) = w, we have
suf(x,y) = PS(c,y) and nec(z,y) = PS(1 — ¢, ¢/).

In other words, we regard Pearl’s notion of necessity as sufficiency of the negated
factor for the alternative outcome. By contrast, Pearl (2000) has no analog for our
probability of necessity. This is true of any measure that defines sufficiency and

necessity via inverse, rather than converse probabilities. While conditioning on the
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Figure 5.3: Comparison of top k features ranked by SHAP against the best-performing
LENS subset of size k in terms of PS(c,y). German results are over 50 inputs;
SpamAssassins results are over 25 inputs.

same variable(s) for both measures may have some intuitive appeal, it comes at a
cost to expressive power. Whereas our framework can recover all four explanatory
measures, corresponding to the classical definitions and their contrapositive forms,
definitions that merely negate instead of transpose the antecedent and consequent are

limited to just two. [J

Remark 3. We have assumed that factors and outcomes are Boolean throughout.
Our results can be extended to continuous versions of either or both variables, so
long as ¢(Z) AL Y | Z. This conditional independence holds whenever W 1 Y | X,
which is true by construction since f(z) := f(x). However, we defend the Boolean
assumption on the grounds that it is well motivated by contrastivist epistemologies
(Kahneman and Miller, 1986; Blaauw, 2013) and not especially restrictive, given that

partitions of arbitrary complexity may be defined over Z and Y.

5.5 Experiments

In this section, we demonstrate the use of LENS on a variety of tasks and compare
results with popular XAI tools, using the basis configurations detailed in Table
5.1. A comprehensive discussion of experimental design, including datasets and pre-
processing pipelines, is left to Section 5.6. Code for reproducing all results is available
at https://github.com/limorigu/LENS.

Contexts. We consider a range of contexts D in our experiments. For the input-

to-reference (I2R) setting, we replace input values with reference values for feature

subsets S; for the reference-to-input (R2I) setting, we replace reference values with
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Table 5.2: Example prediction given by an LSTM model trained on the IMDB dataset.
We compare 7-minimal factors identified by LENS (as individual words), based on
PS(c,y) and PS(1 —¢,1 — y), and compare to output by Anchors.

Inputs Anchors ‘ LENS ‘

Text ‘ Original model prediction Suggested anchors Precision ‘ Sufficient R2I factors ‘ Sufficient 12R factors ‘

‘read book forget movie’ wror licted positive  [read, movie] 0.94

gl [read, forget, movie]  read, forget, movie
"you better choose paul verhoeven even watched’ correctly predicted negative  [choose, better, even, you, paul, verhoeven] 0.95

choose, even better, choose, paul, even

input values. We use R2I for examining the sufficiency/necessity of the original model
prediction, and I2R for examining the sufficiency/necessity of a contrastive model
prediction. We sample from the empirical data in all experiments, except in Sect. 5.5.3,

where we assume access to a structural causal model (SCM).

Partial Orderings. We consider two types of partial orderings in our experiments.
The first, <gupser, €valuates subset relationships. For instance, if ¢(z) = 1[x[gender =
“female”]] and ¢/(z) = 1[x[gender = “female” A age > 40]|, then we say that ¢ <gupser €.
The second, ¢ =5t € 1= ¢ Sgupset ¢ N cost(c) < cost(c'), adds the additional
constraint that ¢ has cost no greater than ¢’. The cost function could be arbitrary.
Here, we consider distance measures over either the entire state space or just the

intervention targets corresponding to c.

5.5.1 Feature Attributions

Feature attributions are often used to identify the top-k£ most important features for a
given model outcome (Barocas et al., 2020). However, we argue that these feature
sets may not be explanatory with respect to a given prediction. To show this, we
compute R2I and I2R sufficiency — i.e., PS(c,y) and PS(1 — ¢, 1 — y), respectively —
for the top-k most influential features (k € [1,9]) as identified by SHAP (Lundberg
and Lee, 2017) and LENS. Fig. 5.3 shows results from the R2I setting for German
credit (Dua and Graff, 2017) and SpamAssassin datasets (SpamAssassin, 2006). Our
method attains higher PS for all cardinalities. We repeat the experiment over 50
inputs, plotting means and 95% confidence intervals for all k. Results indicate that
our ranking procedure delivers more informative explanations than SHAP at any fixed

degree of sparsity. Results from the I2R setting are in Section 5.6.

5.5.2 Rule Lists

Sentiment Sensitivity Analysis. Next, we use LENS to study model weaknesses

by considering minimal factors with high R2I and I2R sufficiency in text models. Our
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Table 5.3: (Top) A selection of emails from SpamAssassins, correctly identified as
spam by an MLP. The goal is to find minimal perturbations that result in non-spam
predictions. (Bottom) Minimal subsets of feature-value assignments that achieve
non-spam predictions with respect to the emails above.

From ‘ To Subject ‘ First Sentence Last Sentence ‘

adv put resume back work dear candidate professionals online network inc
enlargement breakthrough zibdrzpay recent survey conducted | increase size enter detailsto come open
adv harvest lots target email address quickly | want advertisement persons 18yrs old

resumevalet info resumevalet com
jacqui devito goodroughy ananzi co za
rose xu email com

Yyyy cv spamassassin taint org
picone linux midrange com
yyyyac idt net

Gaming options ‘ Feature subsets for value changes

| |
‘ ‘ From To ‘
‘ ! ‘ crispin cown crispin wirex com  example com mailing... list secprog securityfocus... moderator ‘
‘ ‘ From First Sentence ‘
‘ 2 ‘ crispin cowan crispin wirex com  scott mackenzie wrote ‘
‘ ‘ From First Sentence ‘
K |

‘ tim one comcast net tim peters tim

Table 5.4: Recourse example comparing causal and non-causal (i.e., feature inde-
pendent) D. We sample a single input example with a negative prediction and
100 references with the opposite outcome. For 12R.,,s; We propagate the effects of
interventions through a user-provided SCM.

‘ input ‘ 2R 12Rcausa ‘

‘ Age Sex ‘ Job ‘ Housing | Savings | Checking | Credit Duration Purpose ‘ 7-minimal factors (7 = 0) ‘ Cost ‘ 7-minimal factors (7 = 0) ‘ Cost ‘
Job: Highly skilled 1 Age: 24 0.07
Checking: NA 1 Sex: Female 1

23 Male Skilled Free Little Little 1845 45 Radio/TV | Duration: 30 1.25 | Job: Highly skilled 1
Age: 65, Housing: Own 4.23 | Housing: Rent 1
Age: 34, Savings: N/A 1.84 | Savings: N/A 1

goal is to answer questions of the form, “What are words with/without which our
model would output the original /opposite prediction for an input sentence?” For this
experiment, we train an LSTM network on the IMDB dataset for sentiment analysis
(Maas et al., 2011). If the model mislabels a sample, we investigate further; if it does
not, we inspect the most explanatory factors to learn more about model behavior. For
the purpose of this example, we only inspect sentences of length 10 or shorter. We
provide two examples and compare with Anchors in Table 5.2.

Consider our first example: READ BOOK FORGET MOVIE is a sentence we would
expect to receive a negative prediction, but our model classifies it as positive. Since we
are investigating a positive prediction, our reference space is conditioned on a negative
label. For this model, the standard ’empty’ token UNK receives a positive prediction.
Thus we opt for an alternative neutral token, PLATE. Performing interventions on
all possible combinations of words with our token, we find the conjunction of READ,
FORGET, and MOVIE is a sufficient factor for a positive prediction (R2I). We also find
that changing any of READ, FORGET, or MOVIE to PLATE would result in a negative
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Figure 5.4: We compare PS(c,y) against precision scores attained by the output of
LENS and Anchors for examples from German. We repeat the experiment for 100
inputs, and each time consider the single example generated by Anchors against the
mean PS(c,y) among LENS’s candidates. Dotted line indicates 7 = 0.9.

prediction (I2R). Anchors, on the other hand, perturbs the data stochastically (see
Section 5.6), suggesting the conjunction READ AND BOOK. Next, we investigate
the sentence: YOU BETTER CHOOSE PAUL VERHOEVEN EVEN WATCHED. Since the
label here is negative, this time we use the ’empty’ token UNK. We find that this
prediction is brittle — a change of almost any word would be sufficient to flip the
outcome. Anchors, on the other hand, reports a conjunction including most words in
the sentence. Taking the R2I view, we still find a more concise explanation: CHOOSE
or EVEN would be enough to attain a negative prediction. These brief examples
illustrate how LENS may be used to find brittle predictions across samples, search
for similarities between errors, or test for model reliance on sensitive attributes (e.g.,

gender pronouns).

Anchors Comparison. Anchors also includes a tabular variant, against which we
compare LENS’s performance in terms of R2I sufficiency. We present the results of
this comparison in Fig. 5.4, and include additional comparisons in Section 5.6. We
sample 100 inputs from the German dataset, and query both methods with 7 = 0.9
using the classifier from Sect. 5.5.1. Anchors satisfies a PAC bound controlled by
parameter §. At the default value § = 0.1, Anchors fails to meet the 7 threshold on
14% of samples; LENS meets it on 100% of samples. This result accords with Thm. 2
and vividly demonstrates the benefits of our optimality guarantee. Note that we also
go beyond Anchors in providing multiple explanations instead of just a single output,

as well as a cumulative probability measure with no analog in their algorithm.
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5.5.3 Counterfactuals

Adversarial Examples: Spam Emails. R2I sufficiency answers questions of the
form, “What would be sufficient for the model to predict y?”. This is particularly
valuable in cases with unfavorable outcomes 3/. Inspired by adversarial interpretability
approaches (Ribeiro et al., 2018b; Lakkaraju and Bastani, 2020), we train an MLP
classifier on the SpamAssassins dataset and search for minimal factors sufficient to
relabel a sample of spam emails as non-spam. Our examples follow some patterns
common to spam emails: received from unusual email addresses, include suspicious
keywords such as ENLARGEMENT or ADVERTISEMENT in the subject line, etc. We
identify minimal changes that will flip labels to non-spam with high probability.
Options include altering the incoming email address to more common domains, and
changing the subject or first sentences (see Table 5.3). These results can improve

understanding of both a model’s behavior and a dataset’s properties.

Diverse Counterfactuals. Our explanatory measures can also be used to secure
algorithmic recourse. For this experiment, we benchmark against DiCE (Mothilal
et al., 2020b), which aims to provide diverse recourse options for any underlying
prediction model. We illustrate the differences between our respective approaches
on the Adult dataset (Kochavi and Becker, 1996), using an MLP and following the
procedure from the original DiCE paper.

According to DiCE, a diverse set of counterfactuals is one that differs in values
assigned to features, and can thus produce a counterfactual set that includes different
interventions on the same variables (e.g., CF1: age = 91, occupation = “retired”; CF2:
age = 44, occupation = “teacher”). Instead, we look at the diversity of counterfactuals
in terms of intervention targets, i.e. features changed (in this case, from input to
reference values) and their effects. We present minimal cost interventions that would
lead to recourse for each feature set but we summarize the set of paths to recourse via
subsets of features changed. Thus, DiCE provides answers of the form “Because you
are not 91 and retired” or “Because you are not 44 and a teacher”; we answer “Because
of your age and occupation”, and present the lowest cost intervention on these features
sufficient to flip the prediction.

With this intuition in mind, we compare outputs given by DiCE and LENS for
various inputs. For simplicity, we let all features vary independently. We consider
two metrics for comparison: (a) the mean cost of proposed factors, and (b) the
number of minimally valid candidates proposed, where a factor ¢ from a method

M is minimally valid iff for all ¢ proposed by M’', =(¢ <eost ¢) (i.e., M' does not
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Figure 5.5: A comparison of the mean cost of outputs by LENS and DiCE for 50
inputs sampled from the Adult dataset.

report a factor preferable to ¢). We report results based on 50 randomly sampled
inputs from the Adult dataset, where references are fixed by conditioning on the
opposite prediction. The cost comparison results are shown in Fig. 5.5, where we find
that LENS identifies lower cost factors for the vast majority of inputs. Furthermore,
DiCE finds no minimally valid candidates that LENS did not already account for.
Thus LENS emphasizes minimality and diversity of intervention targets, while still

identifying low-cost intervention values.

Causal vs. Non-causal Recourse. When a user relies on XAI methods to plan
interventions on real-world systems, causal relationships between predictors cannot
be ignored. In the following example, we consider the DAG in Fig. 5.6, intended to
represent dependencies in the German credit dataset. For illustrative purposes, we
assume access to the structural equations of this data-generating process. (There
are various ways to extend our approach using only partial causal knowledge as
input (Karimi et al., 2020b; Heskes et al., 2020).) We construct D by sampling from
the SCM under a series of different possible interventions. Table 5.4 describes an
example of how using our framework with augmented causal knowledge can lead to
different recourse options. Computing explanations under the assumption of feature
independence results in factors that span a large part of the DAG depicted in Fig.
5.6. However, encoding structural relationships in D, we find that LENS assigns high
explanatory value to nodes that appear early in the topological ordering. This is
because intervening on a single root factor may result in various downstream changes

once the effects are fully propagated.

110



Figure 5.6: Example DAG for German dataset.

5.6 Additional Discussion of Experimental Results

5.6.1 Data Pre-Processing and Model Training

German Credit Risk. We first download the dataset from Kaggle,* which is a slight
modification of the UCI version (Dua and Graff, 2017). We follow the pre-processing
steps from a Kaggle tutorial.® In particular, we map the categorical string variables in
the dataset (Savings, Checking, Sex, Housing, Purpose and the outcome Risk) to
numeric encodings, and mean-impute values missing values for Savings and Checking.
We then train an Extra-Tree classifier (Geurts et al., 2006) using pedregosa2011scikit,
with random state 0 and max depth 15. All other hyperparameters are left to their
default values. The model achieves a 71% accuracy.

German Credit Risk - Causal. We assume a partial ordering over the features
in the dataset, as described in Fig. 5.6. We use this DAG to fit a structural causal
model (SCM) based on the original data. In particular, we fit linear regressions for
every continuous variable and a random forest classifier for every categorical variable.
When sampling from D, we let variables remain at their original values unless either
(a) they are directly intervened on, or (b) one of their ancestors was intervened on.
In the latter case, changes are propagated via the structural equations. We add
stochasticity via Gaussian noise for continuous outcomes, with variance given by
each model’s residual mean squared error. For categorical variables, we perform
multinomial sampling over predicted class probabilities. We use the same f model as

for the non-causal German credit risk description above.

4See https://www.kaggle.com/kabure/german-credit-data-with-risk?select=
german_credit_data.csv.
See https://www.kaggle.com/vigneshj6/german-credit-data-analysis-python.
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SpamAssassins. The original spam assassins dataset comes in the form of raw,
multi-sentence emails captured on the Apache SpamAssassins project, 2003-2015.6 We
segmented the emails to the following “features™ From is the sender; To is the recipient;
Subject is the email’s subject line; Urls records any URLs found in the body; Emails
denotes any email addresses found in the body; First Sentence, Second Sentence,
Penult Sentence, and Last Sentence refer to the first, second, penultimate, and
final sentences of the email, respectively. We use the original outcome label from the
dataset (indicated by which folder the different emails were saved to). Once we obtain
a dataset in the form above, we continue to pre-process by lower-casing all characters,
only keeping words or digits, clearing most punctuation (except for -’ and ‘), and
removing stopwords based on nltk’s provided list (Bird et al., 2009). Finally, we convert
all clean strings to their mean 50-dim GloVe vector representation (Pennington et al.,
2014). We train a standard MLP classifier using pedregosa2011scikit, with random
state 1, max iteration 300, and all other hyperparameters set to their default values.”
This model attains an accuracy of 98.3%.

IMDB. We follow the pre-processing and modeling steps taken in a standard
tutorial on LSTM training for sentiment prediction with the IMDB dataset.® The
CSV is included in the repository named above, and can be additionally downloaded
from Kaggle or ai.standford.® In particular, these include removal of HTML-tags,
non-alphabetical characters, and stopwords based on the the list provided in the
ntlk package, as well as changing all alphabetical characters to lower-case. We then
train a standard LSTM model, with 32 as the embedding dimension and 64 as the
dimensionality of the output space of the LSTM layer, and an additional dense layer
with output size 1. We use the sigmoid activation function, binary cross-entropy loss,
and optimize with Adam (Kingma and Ba, 2015). All other hyperparameters are set
to their default values as specified by Keras.! The model achieves an accuracy of
87.03%.

Adult Income. We obtain the adult income dataset via DiCE’s implementation!!

and followed Haojun Zhu’s pre-processing steps.'? For our recourse comparison, we

6See https://spamassassin.apache.org/old/credits.html.
"See https://pedregosa201lscikit.org/stable/modules/generated/
sklearn.\neural_network.MLPClassifier.html.
8See https://github.com/hansmichaels/sentiment-analysis-IMDB-Review-using-LSTM/
blob/master/sentiment_analysis.py.ipynb.
9See https://www.kaggle.com/lakshmi25npathi/imdb-dataset-of-50k-movie-reviews or
http://ai.stanford.edu/~amaas/data/sentiment/.
10See https://keras.io.
1See https://github.com/interpretml/DiCE.
128ee https://rpubs.com/H_Zhu/235617.
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Table 5.5: Recourse options for a single input given by DiCE and our method. We
report targets of interventions as suggested options, but they could correspond to
different values of interventions. Our method tends to propose more minimal and
diverse intervention targets. Note that all of DiCE’s outputs are already subsets of
LENS’s two top suggestions, and due to 7-minimality LENS is forced to pick the
next factors to be non-supersets of the two top rows. This explains the higher cost of
LENS’s bottom three rows.

| input | DiCE output | LENS output \
‘ Age ‘ Wrkels  Edu. ‘ Marital ‘ Occp.  Race ‘ Sex ‘ Hrs/week ‘ Targets of intervention ‘ Cost ‘ Targets of intervention ‘ Cost ‘
Age, Edu., Marital, Hrs/week 8.13  Edu. 1
Age, Edu., Marital, Occp., Sex, Hrs/week 5.866 Martial 1
42 Govt. HS-grad Single  Service White Male 40 Age, Wrkels, Educ., Marital, Hrs/week 5.36  Occp., Hrs/week 19.3

Age, Edu., Occp., Hrs/week 3.2 Wrkels, Ocep., Hrs/week 12.6
Edu., Hrs/week 11.6  Age, Wrkels, Occp., Hrs/week 12.2

use a pretrained MLP model provided by the authors of DiCE, which is a single layer,

non-linear model trained with TensorFlow and stored in their repository as ‘adult.hb’.

5.6.2 Tasks

Comparison with attributions. For completeness, we also include here comparison
of cumulative attribution scores per cardinality with probabilities of sufficiency for
the I2R view (see Fig. 5.7).

Credit Spam
1.0
& o
=) m) LENS
0.0
123456789 12345672829
Cardinality Cardinality

Figure 5.7: Comparison of degrees of sufficiency in 12R setting, for top k features based
on SHAP scores, against the best performing subset of cardinality k& identified by our
method. Results for German are averaged over 50 inputs; results for SpamAssassins
are averaged over 25 inputs.

Sentiment Sensitivity Analysis. We identify sentences in the original IMDB
dataset that are up to 10 words long. Out of those, for the first example we only look
at wrongly predicted sentences to identify a suitable example. For the other example,
we simply consider a random example from the 10-word maximum length examples.

We noted that Anchors uses stochastic word-level perturbations for this setting. This
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leads them to identify explanations of higher cardinality for some sentences, which
include elements that are not strictly necessary. In other words, their outputs are not
minimal, as required for descriptions of “actual causes” (Halpern and Pearl, 2005a;
Halpern, 2016).

Comparison with Anchors. To complete the picture of our comparison with
Anchors on the German Credit Risk dataset, we provide here additional results. In
Section 5.5, we included a comparison of Anchors’s single output precision against the
mean degree of sufficiency attained by our multiple suggestions per input. We sample
100 different inputs from the German Credit dataset and repeat this same comparison.
Here we additionally consider the minimum and maximum PS(c,y) attained by LENS
against Anchors. Note that even when considering minimum P.S suggestions by LENS,
i.e. our worst output, the method shows more consistent performance. We qualify
this discussion by noting that Anchors may generate results comparable to our own
by setting the § hyperparameter to a lower value. However, Ribeiro et al. (2018a)
do not discuss this parameter in detail in either their original article or subsequent
notebook guides. They use default settings in their own experiments, and we expect

most practitioners will do the same.

0.96 [ m— 1.000 ﬁ—
§ §0.975
© 0.94 7] -
e 8 0.950
a o
< 0.92 %
2 2 0.925 E—
ko) _ &
©0.90 -- -- - °
U“g) ;’/5) 0.900
0.88
1 0.875 — —
Anchors LENS Anchors LENS
Method Method

Figure 5.8: We compare degree of sufficiency against precision scores attained by the
output of LENS and Anchors for examples from German. We repeat the experiment
for 100 sampled inputs, and each time consider the single output by Anchors against
the min (left) and max (right) PS(c,y) among LENS’s multiple candidates. Dotted
line indicates 7 = 0.9, the threshold we chose for this experiment.

Recourse: DiCE Comparison First, we provide a single illustrative example
of the lack of diversity in intervention targets we identify in DiCE’s output. Let us
consider one example, shown in Table 5.5. While DiCE outputs are diverse in terms
of values and target combinations, they tend to have great overlap in intervention

targets. For instance, Age and Education appear in almost all of them. Our method
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would focus on minimal paths to recourse that would involve different combinations

of features.

30

N
o

DiCE cost
DiCE cost

10

LENS cost LENS cost

Figure 5.9: We show results over 50 input points sampled from the original dataset,
and all possible references of the opposite class, across two metrics: the min cost (left)
of counterfactuals suggested by our method vs. DiCE, and the max cost (right) of
counterfactuals.

Next, we also provide additional results from our cost comparison with DiCE’s
output in Fig. 5.8. While in Section 5.5 we include a comparison of our mean cost
output against DiCE’s, here we additionally include a comparison of min and max cost
of the methods’ respective outputs. We see that even when considering minimum and
maximum cost, our method tends to suggest lower cost recourse options. In particular,
note that all of DiCE’s outputs are already subsets of LENS’s two top suggestions.
The higher costs incurred by LENS for the next two lines are a reflection of this fact:
due to T-minimality, LENS is forced to find other interventions that are no longer

supersets of options already listed above.

5.7 Conclusion

Our results, both theoretical and empirical, rely on access to the relevant context
D and the complete enumeration of all feature subsets. Neither may be feasible
in practice. When elements of Z are estimated, as is the case with the generative
methods sometimes used in XAI, modeling errors could lead to suboptimal explanations.
For high-dimensional settings such as image classification, LENS cannot be naively
applied without substantial data pre-processing. The first issue is extremely general.
No method is immune to model misspecification, and attempts to recreate a data-
generating process must always be handled with care. Empirical sampling, which we

rely on above, is a reasonable choice when data are fairly abundant and representative.
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However, generative models may be necessary to correct for known biases or sample
from low-density regions of the feature space. This comes with a host of challenges
that no XAI algorithm alone can easily resolve. The second issue — that a complete
enumeration of all variable subsets is often impractical — we consider to be a feature,
not a bug. Complex explanations that cite many contributing factors pose cognitive
as well as computational challenges. In an influential review of XAI, Miller (2019)
finds near-unanimous consensus among philosophers and social scientists that, “all
things being equal, simpler explanations — those that cite fewer causes... are better
explanations” (p. 25). Even if we could list all 7-minimal factors for some very large
cardinality of features d, it is not clear that such explanations would be helpful to
humans, who famously struggle to hold more than seven objects in short-term memory
at any given time (Miller, 1955). That is why many popular XAI tools include some
sparsity constraint to encourage simpler outputs. Rather than throw out some or most
of our low-level features, we prefer to consider a higher level of abstraction, where
explanations are more meaningful to end users. For instance, in our SpamAssassins
experiments, we started with a pure text example, which can be represented via
high-dimensional vectors (e.g., word embeddings). However, we represent the data
with just a few intelligible components: From and To email addresses, Subject, etc.
In other words, we create a more abstract object and consider each segment as a
potential intervention target, i.e. a candidate factor. This effectively compresses a
high-dimensional dataset into a 10-dimensional abstraction. Similar strategies could
be used in many cases, either through domain knowledge or data-driven clustering
and dimensionality reduction techniques. In general, if data cannot be represented by
a reasonably low-dimensional, intelligible abstraction, then post-hoc XAI methods are
unlikely to be of much help.

We have presented a unified framework for XAI that foregrounds necessity and
sufficiency, which we argue are the fundamental building blocks of all successful
explanations. We defined simple measures of both and showed how they undergird
various XAI methods. Our formulation, which relies on converse rather than inverse
probabilities, is uniquely flexible and expressive. It covers all four basic explanatory
measures — i.e., the classical definitions and their contrapositive transformations — and
unambiguously accommodates logical, probabilistic, and/or causal interpretations,
depending on how one constructs the basis tuple B. We illustrated illuminating
connections between our measures and existing proposals in XAI, as well as Pearl
(2000)’s probabilities of causation. We introduced a sound and complete algorithm for

identifying minimally sufficient factors and demonstrated our method on a range of
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tasks and datasets. Our approach prioritizes completeness over efficiency, suitable for
settings of moderate dimensionality. Future research will explore more scalable approx-
imations, model-specific variants optimized for, e.g., convolutional neural networks,

and developing a graphical user interface.
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§ Beyond Impossibility: Revisiting
Fairness Trade-offs Between Suffi-
ciency and Separation

6.1 Introduction

The advance of automatic decision-making into social domains has made training and
auditing Machine Learning (ML) systems that treat sensitive groups fairly a crucial
research area. Fair and Responsible ML has been a growing research area in recent
years (Dwork et al., 2012; Barocas et al., 2019), and academic research has fostered
important debates around the use of ML for predicting sensitive information, such
as for example recidivism in criminal justice systems. In 2016, ProPublica made an
important contribution to these debates by analyzing a criminal justice system’s score
allocation, called COMPAS, and showing that it had twice as high False-Positive
Rate (FPR) (44.85 vs. 27.99 on the non-violent COMPAS scores) for black defendants
compared to white defendants, while False-Negative Rate (FNR) was twice as high
for white defendants compared to black defendants (47.2 vs. 23.45 on the non-violent
COMPAS scores) (Larson et al., 2016). Northpointe, the developer of COMPAS,
launched a response showing that a different fairness measure, called calibration, was
in fact satisfied by the system (Flores et al., 2016). This immediately opened a basic
question: what is the right fairness criterion for ML systems?

The academic community jumped into the discussion and contributed a much-
needed theoretical understanding of these initial results. Multiple researchers showed
that the two fairness criteria used in the COMPAS debate, calibration and error rates,
were not coincidentally emerging in opposition to each other — when the labels are not
equally spread across sensitive groups (as is often the case in criminal justice and other
applications), one cannot have both perfect calibration and equal error rates at the
same time (unless the predictor is perfect), as proven in a seminal impossibility theorem
(Chouldechova, 2017; Kleinberg et al., 2017; Corbett-Davies et al., 2017). The data
distribution together with an ML classifier generates a probability distribution on the
triple (Y, Y, A), where Y is the predicted label, Y the true label, and A the protected

attribute. The aforementioned fairness measures correspond to two types of conditional
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Error

Figure 6.1: We propose, conceptually, that fairness criteria should aim to balance
separation and sufficiency measures. We propose a criterion and show it often leads
to better tradeoffs. In the plot above, we show how the method we call Ours fares
against a Difference of Equality of Opportunity (DEO) constraint Hardt et al. (2016),
which only involves one separation measure, used in a multi-objective method on the
dataset Color-MNIST in terms of error (top axis), separation violations (TPR, TNR
absolute group differences) (right), and sufficiency violations (PPV, NPV absolute
group differences) (left).

independence among these three quantities: Separation, V1A | 'Y (related to balance
for the positive/negative class, equalized odds, equality of opportunity, conditional
procedure accuracy equality, etc.), and Sufficiency Y 1L A | Y (related to calibration
within groups, test-fair score, conditional use accuracy equality, etc.).!

The impossibility result ruling out equal error rates and perfect calibration simul-
taneously in practice has had an important and beneficial impact on the development
of the fairness literature. In a certain sense, this result puts the COMPAS debate
to rest: Northpointe and ProPublica are interested in different incompatible fairness
criteria and the choice of Northpointe to focus on calibration can only be questioned
outside the realm of mathematical reasoning. Another consequence of the theorem has
been that researchers have advocated picking a single arbitrary fairness definition and
designing machine learning models that satisfy this fairness definition.? Multiple pa-
pers thus either 1) recommend practitioners to stick to one group of fairness measures
and disregard the others (Pleiss et al., 2017); or 2) suggest that certain results are

worse when trying to uphold more than one type of fairness constraint (Padh et al.,

1See (Barocas et al., 2019) for a comprehensive survey, and the ‘dictionary of criteria’ in Chapter
2 for a handy summary.

2For example, this one measure can be chosen to be the absolute difference across sensitive groups
in one of the possible eight values implied by a standard confusion matrix for a binary classification
problem.
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Figure 6.2: A general description of our contributions.

2021), or 3) promote alternative approaches to fairness, partially to bypass this issue
(e.g. Counterfactual Fairness (Kusner et al., 2017b)).

Nevertheless, these resolutions are somewhat unsatisfactory: counterfactual fairness,
for one, is a very principled way to look at the problem but requires knowledge of
the data generation process, and thus may require strong assumptions that make
practical implementation more difficult; the other approaches, focusing on one measure
of fairness without requiring any guarantees on the others may, for example, allow
claims regarding a model’s fairness with respect to one (possibly “cherry-picked”)
criterion while being particularly unfair with respect to several others. Phrased more
positively, we ask: given a desired quality level for one fairness criterion (hence seen
as a constraint), how well can we optimize the other criteria? We demonstrate that
a better balance can be achieved by simultaneously optimizing multiple criteria (cf.
Figure 6.1). Concretely, this problem can also be illustrated with the COMPAS debate:
acknowledging that the COMPAS system achieves a certain (approximate) calibration
as claimed by Northpointe, one may ask how well the system performs in terms of
the equal-error-rates measure compared to other systems achieving a similar level of
calibration. In other words, we could be satisfied with the COMPAS system if, given
the level of calibration achieved, it is the “best” also with respect to equal error rates

among all models that have similar accuracy and calibration.

6.1.1 Our Contributions

In this chapter, we introduce an approximate view of the calibration and equal-error-
rates criteria that is particularly relevant in practical settings. This leads us to analyze
how these quantities can be traded-off and how well can one quantity be approximated
under the constraint that the other remains under some desired threshold. We show how

to achieve a satisfying balance between approximate versions of these fairness criteria

and accuracy as a whole. We focus on the measures A3 = |[P[Y =y | Y =g,A=
a =PlY =y |Y =g]land Agy, = [PY =g [V =y, A=a =Py =§|Y =y]|.
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We treat AT = max, ;o A3, and A¥P = max;, . AYD | as representing deviation
from perfect sufficiency and separation and minimize these quantities.

In Section 6.2 we provide further details on related work. Section 6.3 delves into
the impossibility result, and offers a refinement of the theorem in terms of the above
criteria: separation, sufficiency and accuracy of the predictor. Our version of the
theorem can be interpreted as an approximate possibility result: if a classifier can hold
both sufficiency and separation approximately (i.e.: under some prescribed threshold),
it must be fairly accurate.® Stated alternatively, if one has a fairly accurate classifier,
it is possible to hold both sufficiency and separation violations at small values. We
therefore argue that we should indeed consider what can be achieved in terms of the
above measures beyond the strict impossibility. The implications of our theorem for
the COMPAS debate are the following: Given the accuracy and the level of separation
that are achieved by Northpointe’s predictor, our theory prescribes that a certain
minimal level of sufficiency can be achieved. One may thus ask whether Northpointe’s
predictor achieves this minimal level of sufficiency.

Equipped with this theoretical insight, we design new loss functions for train-
ing classifiers that have both good accuracy and minimal fairness requirements for
sufficiency and separation criteria (Sections 6.4 and 6.5). We propose the use of
our new loss functions via an in-processing multi-objective framework Padh et al.
(2021), as well as using one of them as a post-processing technique, fine-tuning an
existing model with a fairness-dedicated objective. We show that our new loss function
max (A ASP) vields classifiers achieving better trade-offs in terms of accuracy,
separation and sufficiency compared to existing alternatives across the 4 datasets we
studied: COMPAS (Larson et al., 2016), Adult Income (Kohavi, 1996), NELS (Ingels,
1990) and Color-MNIST (Lecun et al., 1998).1

6.2 Background

Constrained Optimization Under Fairness Notions. Multiple works considered
forms of constrained optimization of predictors to achieve one of the fairness notions we
consider in this work (Zafar et al., 2017a; Wu et al., 2019a; Donini et al., 2018). However,
they consider achieving either the A or the A*P family. Previous authors moreover

studied the the fairness and accuracy trade-off via Pareto Frontiers (Kearns

3 Assuming base rates are not almost equally distributed across groups (a very unlikely possibility
under most fairness applications).

4Color-MNIST is an adaptation of the original MNIST dataset to this setting, see full description
in 6.5.1.
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et al., 2018; Kearns and Roth, 2019). Instead, we focus on predictors holding both
fairness notions of A" and A*P in an approximate fashion and propose optimization
methods inspired by this idea. There were also more recent works on Fairness
relaxations (Lohaus et al., 2020), Group and subgroup Fairness (Martinez et al.,
2020; Diana et al., 2020; Kearns et al., 2018; Yang et al., 2020) or fair transformations
of scores (Jiang et al., 2020). While they all raise important and interesting points
about how to hold one chosen family of notions in a properly relaxed version that
comes with guarantees, or exploring subgroup fairness, our focus is in a way more
fundamental, going back to the setting of the original impossibility result. One other
set of methods that could enable the balancing of multiple fairness objectives is Multi-
objective approaches to fairness (Celis et al., 2019; Padh et al., 2021; Ruchte
and Grabocka, 2021). While the above works could handle the challenge of balancing
separation and sufficiency, they do not directly address this question, and instead
focus their experiments on the combination of other objectives (e.g., Demographic
Parity (DP) and Equality of Opportunity (EOP) Hardt et al. (2016)). We believe
this might be due to the direct or indirect influence of the impossibility result:
Kleinberg et al. (2017) and Chouldechova (2017) are each cited over 1,000 times so
far. Furthermore, the legacy it has left on the literature goes beyond the original
result itself, including Pleiss et al. (2017) which directly recommends picking one of

the violation groups to focus on and giving up on the other.

How is the classic impossibility result cited and used in the fairness litera-
ture? Pleiss et al. (2017) showed the strongest resistance to an attempt to balance
separation and sufficiency violations, stating multiple times that a practitioner may
want to focus on one. “Calibration and error rate constraints are in most cases mutually
incompatible goals”, Pleiss et al. advised, and proceeded to conclude, “[ijn practical
settings, it may be advisable to choose only one of these goals rather than attempting
to achieve some relaxed notion of both”. Other works used similar language to justify
different fairness approaches, including Kusner et al. (2017b) who recommended Coun-
terfactual Fairness as a way to bypass the impossibility result on multiple occasions;
Padh et al. (2021) recently discussed performance of their mult-objective approach
to fairness in terms of the impossibility result, explaining that “For the COMPAS
dataset, [the suggested algorithm| performs well for DEO but not for DDP... it is not
possible to satisfy DP and error rate based metrics simultaneously if the base rate of
classification is different for different groups... This explains the poor performance of

[the suggested algorithm| algorithm on the Dutch dataset as well as the fact that it
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performs well only on DEO and not on DDP for the COMPAS dataset”. We advocate
here both a closer look at the fairness violation resulting from any fairness constraint
(see our Figure 6.4 compared to Figure 2 in the original), as well as an additional
criterion aiming at achieving a balance between sufficiency and separation measures,
instead of abandoning the hope to find such balance altogether.

We do not know of papers that try to balance both sufficiency and separation
directly. There are other works that attempt to look beyond the impossibility
results via other means. Lazar Reich and Vijaykumar (2021) show how to provide
scores (model output pre-threshold) satisfying calibration, and label predictions
(post-threshold) satisfying equal error rates. Blum and Stangl (2019) suggest that
when starting with a biased dataset (according to definitions they provide), fairness-
motivated constraints can lead to better results even if one cares only about accuracy.
Finally, other works looked at the fairness and accuracy trade-off (Menon and
Williamson, 2018; Chen et al., 2018; Dutta et al., 2020; Wick et al., 2019).

6.3 Theoretical Contribution

6.3.1 Separation and Sufficiency

In the following, let A, Y and Y denote the random variable representing the sensitive
attribute, the ground truth label, and the outcome of a prediction model. We will
denote by a, y and gy the values taken by these random variables; for simplicity, we
will assume that each of these can only take the values {0,1}.

Separation refers to the conditional independence of Y and A given Y, i.e. YJLA|Y.
This, in particular, implies that for any a, y, 7, ]P[Y =glY =y, A=a| = IP’[Y/ =gy =

y]. For an assignment of values y, § and a, we denote the separation gap by AP

9y.a
PIY =9|Y =y, A=a] —P[Y = g|Y = y]|, and we denote by AP = max;,, Asﬁ)’a.
In particular, separation holds if and only if AP = 0. A second criterion called

sufficiency refers to the conditional independence of Y and A given Y, i.e. YJLA|Y.
As in the case of separation, we can define ASY = |P[Y = ylV =, A=a] —PlY =

y|}> = ¢]|, and denote by AT = max,;, AZ?ga. Sufficiency holds if and only if
AN ()

max

To measure the performance of the classifiers, we can measure the precision and
recall of the positive and negative classes. For the positive class, these are denoted by
PPV (positive predictive value) and TPR (true positive rate), whereas for the negative
class, these are denoted by NPV (negative predictive value) and TNR (true negative

rate).
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The complements of these notions are also meaningful. In particular, we have (see
Tharwat (2020)):

e PPV =P[Y = 1|Y = 1], FDR = 1 — PPV = P[Y = 0|Y = 1] (false discovery
rate)

~ ~

e TPR=P)Y =1Y =1}, FNR=1—-TPR=P[Y = 0]Y = 1] (false negative rate)

e NPV =P[Y =0|Y = 0], FOR = P[Y = 1|Y = 0] (false omission rate)

e TNR=P[Y =0]Y = 0], FPR = P[Y = 1]Y = (] (false positive rate)

We also consider these measures conditioned on the sensitive attribute, e.g. PPV, =
P[Y = 1|Y =1, A = a]; the other measures are defined similarly.

We say that a set of values {as,...,a,} are (¢, d)-approximately equal if for every
i, 7, we have that a; < aje® + 9. We say that (Y,Y, A) satisfies (e, 0)-separation, if the
four sets {IP [}7 =gy =y, A= a} la € {0, 1}} of two values for each possible setting
of y,y € {0,1} are (g, d)-approximately equal. Likewise, we say that (?, Y, A) satisfies
(e,9)-sufficiency, if the four sets {IP’ [Y = y\ff =79,A= a} la € {0, 1}} of two values
for each possible setting of y,y € {0, 1} are (g, 0)-approximately equal. We denote
by p =P[Y = 1]/P[Y = 0] and by p, = P[Y = 1|A = a]/P[Y = 0|A = a]. Note that
division by 0 will not occur due to the assumptions, as stated in Thm. 1. We refer to

p (resp. p,) as the base odds (resp. group conditional base odds).

6.3.2 Theoretical Result: Refining the Impossibility Result

As mentioned in the introduction, several authors have shown impossibility results for
the separation and sufficiency criteria. Kleinberg et al. further proved an approximate
version of the impossibility result, but at the heart of it was showing that the following
quantity v = TPR - PPV + FNR - FOR is close to 1 whenever the base rates differ
substantially and approximate versions of both calibration and sufficiency hold.
Moreover, « is 1 if and only if the learned classifier is perfect (Y =Y) or perfectly

flipped (Y =1 —Y). However, the interpretation is more difficult in the approximate

case.

How does Kleinberg et al.’s v differ from our notion of accuracy? A concrete
example of the difference between our result and Kleinberg et al. (2017) is the following.
Consider a classifier achieving the following performances: number of true negatives

= 1, number of false positives = 1, number of false negatives = N, number of true
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positives = 1, then + is very close to 1 (essentially larger than (NLH)Q), while PPV
= 0.5, leading to a large gap between « and the actual performance of the classifier.
On the other hand, one can come up with an example where the inverse phenomenon
happens: v is close to 0.5 while PPV is close to 1. This is arguably equally bad: It
is precisely a phenomenon that we want to prevent in e.g., a criminal justice setting
(such as described by COMPAS). Motivated by practice, we would like to show that
the accuracy is close to 1 whenever the base rates differ substantially and approximate
versions of both calibration and sufficiency hold, meaning that a predictor with some
level of accuracy could satisfy simultaneously some minimal approximate calibration

and sufficiency. We thus present the following theorem.

Theorem 1. Assume that for some fixed constant ¢ € (0,1/2), the random variable
(Y,Y, A) satisfies for all a,y,9 € {0,1}, P[Y = y|A = a],P[Y = g|A=da] € (¢,1 —¢).
Let € > 0 be sufficiently small, in particular ¢ < ¢ and 0 < 6 = o(¢e). If (Y,Y, A)

satisfies both (e, §)-sufficiency and separation, then at least one of the following holds:
1. For each a and p € {PPV,NPV, TPR, TNR}, we have p, > 1 —O(e + ¢/¢),

2. For each a and pu € {PPV,NPV, TPR, TNR}, we have p, < O(e + d/¢) (flipped

classifiers),

3. The set {po, p1} is (O(e+9/e), 0)-approximately equal, where p, = P[Y = 1|A =
a]/PlY = 0|A = a.

Proof. Throughout the proof, we assume that ¢y, ¢, ... are sufficiently small con-
stants. We will prove the statements for TPR and PPV; the statements regarding
NPV, TNR hold similarly. Without loss of generality assume that FPRy < FPR;. We
have,

~

Py =1,Y = 0|4 = 0]
P[Y = 0[A = 0]

FPRy =

We break the proof into several cases.
Case 1: FPRy < ¢ie. In this case, FPRy < ¢jee® + 0. For a € {0,1}, we have that

ppy, PV =LY =1d=a | P¥V=1Y=0d=d , P =04=d

_ i - FPR,.
P[Y = 1|A = d] P[Y = 1|A = d] P[Y = 1|A = d

From there, using the assumption that P[Y = 0|A = a|,P[Y = 1|A = a] € (¢,1 — ¢),
and the facts that e = ©(1) and 6 = O(d/e), it follows that PPV, > 1 — O(e + §/e).
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Since FPRy < ¢1e, we have that P[Y = 1,Y = 0|A = 0] < (1 —¢) - ¢;e. Then, provided

¢1 is small enough, e.g. ¢; < ¢/2, we have P[Y = 0,Y = 0|A] > ¢/2. we have, by

Bayes’ rule,

A

P[Y =0,Y = 1|A = d
PlY =1|A = 4]
P[Y =1]Y =0,A=a] - P[Y = 0|A = q]
- pa-P[Y = 0[A = q]
Py =1y =0,A=a] PY =0Y=0,A4=a] PY=0[A=d
 pe Py =0[A=d] P[Y = 0]Y = 0,A = d]
1 PY =1y =0,4 = q]

=Py =0]Y =0,A=a] — - -
pa PY =0|Y = 0,4 = q

1 - TPR, = FNR, =

1 FOR
—TNR, - — - 22
oa NPV,

The above can be rewritten slightly to get,

~ TNR, FOR,
Pa=ENR, NPV,

If FNR, < cq¢, for either a = 0 or a = 1, then it clearly follows that TPR, > 1 — O(e +

§/¢) for a € {0,1}. Otherwise, it must be that case that P[Y = 0,Y = 1|4 = a] > cyce.
Together with P[Y = 0,Y = 0|A = a] > ¢/2, this means that each of TNR,, FNR,,
FOR,, and NPV, are at least c3e for some constant c3. Since (Y, Y, A) satisfies both
(€, 0)-sufficiency and separation we get for every ¢ € {TNR,FOR,FNR, NPV} and
a' # a,a’ € {0,1} we have that {q,,q.} are (g,0)-approximately equal. Hence, by

Claim 1,

O/ < g Ja., < O/,

Therefore, using the claim below it follows that {pg, p1} are (O(e+6/¢), 0)-approximately

equal.

Claim 1. If {vy,ve} are (e, d)-approximately equal and min{vy,ve} > ce, we have
e~ (/) < 4y fy < (/@)

Claim proof. Without loss of generality, let v; < v,. Then we have,
vy < vy <vef 48 < vpef vy — <oy e,
ce

where we used that 1 +z/e* < 1+ x < e”.
Case 2a: Assume that FPR, > c¢ie; further assume that P[Y = 1,Y = 1|A =
0] < ¢4e. The latter assumption implies that PPVy < ¢s¢ and TPRy < ¢ge. Using
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the fact that {PPVy, PPV} are (g,d)-approximately equal and {TPRy, TPR;} are

(¢, 6)-approximately equal, we get the required result.

Case 2b: Assume that FPRy > ¢;e; further assume that P[Y =1,V = 1|4 = 0] >

c4e. Then, as in Case 1, we can write,

A

P[Y =1,Y = 0|A = q]

FPR, =
“ P[Y = 0]A = q]

:PDA/':1|Y:1,A:a]-pa'IED —

FDR

:TPRa'pa'W\/a.

From the above, we get,

_ FPR, PPV,
Pa= TPR, FDR,’

Under the conditions, each of TPR,, FPR,, PPV,, FDR, is at least some c;e¢, which
using the claim above implies that {pg, p1} are (O(e +¢/¢), 0)-approximately equal. [

We note that the second property is unavoidable. A classifier with accuracy 0, i.e.
V=1-Y giving a flipped classifier satisfies separation and sufficiency. The following
straightforward observation also allows us to re-frame the result in a more standard

notion of accuracy, i.e. IP)[Y #Y].

Observation 1. Assume that for all a, TPR, > 1 — ¢ and TNR, > 1 — ¢, then the
accuracy acc = IP’[Y/ =Y] > 1—e. Likewise, if for all a, TPR, < e and TNR, < ¢,
then the accuracy acc < e.

Proof. We have

acc:]P[ff:Y]:Z(P[?:O,Y:O,A:a]ﬂ@[?:1,Y:1,A:a])

|
=,
~—
v
—

|

o

=> (TNR,-P[Y =0,A=0a] + TPR,-P[Y =1, 4

The proof of the second part follows almost identically. [

The proof of Theorem 1 above includes careful analysis, but is fundamentally based
on simple relationships between the measures. Assuming that the quantities under
consideration are well defined, i.e. no division by 0 occurs, one can easily establish
relationships between the measures defined above using Bayes’ rule. For e.g., as shown
in Chouldechova (2017), we get,

FDR,

FPR.=re By

- TPR,.
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If separation and sufficiency were to hold exactly, all of these quantities are the
same regardless of the group a. The only way this can happen is if the base odds, p,
are the same or FPR, = 0 for all a. Similar observations about other quantities show
that we must have a perfect classifier. These equations as written down do not hold if
some quantities, e.g. PPV, are 0. A careful analysis shows that that actually happens

when we have a perfectly flipped classifier, i.e. Yy=1-Y.

6.4 Methods

Following our theoretical result, a natural next step would be to consider an optimiza-
tion procedure for classifiers that takes advantage of this rediscovered relationship
between A violations and accuracy, as viewed through PPV,NPV, TPR and TNR.
Thus, we suggest to simply minimize the upper bound of A** and AP as a pos-
sible regularizer added to classification accuracy, an objective in a multi-objective

framework, or a finetuning objective:
L£(0,Y, A) = max(AS™ AsP) (6.1)

Y for the purpose of AZZ“"" is defined as S = 67X > 7, and 7 = 0.5 is our default
value for classification thresholding.

Given that we study the binary group case, in the following we implemented
the objective max(A*, A*P) as the max between AM = |[P[Y = ylv = 4, A =
1] =PlY =y|Y = 9,A =0]| and AZ’”}J’ =|PY =9lY =y, A=1] - PlY =g|Y =
y, A =0]|. We name this modification max(A3  Ay> ). Alternating between the
two formulations of the objectives leads only to slight differences, as can be seen in
the results included in Section 6.7.

Using max(A A%P) as part of a multi-objective approach. The balancing
act we aim to achieve is compatible with many works published in recent years
supporting fairness constraints, such as Multi-Objective techniques. Although multiple
such methods were suggested recently Celis et al. (2019); Ruchte and Grabocka (2021),
we chose to focus on the work by Padh et al.. MAMO, the algorithm developed
in Padh et al. (2021) is model-agnostic, proposes a novel hyperbolic tangent-based
relaxation to fairness criteria, and is accompanied by an easy-to-use implementation
that is modular and allows for adaptation and extensions. We test the performance of
our max(AsY ASP) as an objective to be optimized with MAMO.

Finetuning approach. We also consider max(A®* A*P) as an addition to the

common binary cross-entropy (BCE) optimization, making it a finetuning objective. It
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Dataset Number of samples Training set size Validation/Test set size gg{{i?;’ ‘ igijl);’ ‘ igii} I ii(l);’ Yo, 1 ‘
| Color-MNIST | 60,000 40,000 20,000 0.49,0.51  0.51,0.49  0.69, 0.29 2.25,0.41 |
| compas | 6,172 4,115 2,057 0.53,0.47 06,04 0.53, 0.39 11,064 |
| NELS | 4,743 3,162 1,581 0.533, 0.467  0.099, 0.901 0.311, 0.484 0.45, 0.94 |
| Adult Income | 48,842 32,562 16,280 0.76,0.239  0.67,0.33 0.3, 0.11 0.12, 0.44 |

Table 6.1: Description of datasets.

\LJ% x / X / \\ / |

(a) Color-MNIST ) COMPAS (c) NELS (d) Adult Income

ours

Figure 6.3: Error and fairness violations in terms of PPV, NPV, TNR and TPR
absolute difference across groups for DEO Hardt et al. (2016) vs. maux(AS“ff AP )

binary’ —binary
(indicated as Ours in the legend above). Values plotted are the mean of each metric

for 40 runs of all datasets, except for Color-MNIST, which is averaged over 25 runs.
We look for a centered shape and smaller area where applicable.

can easily follow common model training procedures, saving in costs and implementa-
tion difficulties, effectively being a post-processing step of trained models. One point
of inspiration for this approach is provided by existing work that shows unconstrained
accuracy-focused optimization of predictors tends to minimize A" as a natural
by-product (Liu et al., 2019). Therefore, we propose to finetune a predictor trained
with BCE, which is expected to already minimize A, by forcing the upper bound
over max (A AsP) to be lower. Crucially, it can act as a safeguard against too
sharp of an increase in one A violation in response to applying a fairness constraint,
e.g. just minimizing A% may lead to a high increase in A*f and we would like to

upper bound such increases.

6.5 Experiments

All experiments were completed on a MacBook Pro 2019 using the Pytorch library
for Python, and could be easily performed on any modern CPU configuration, aside
for the Color-MNIST experiments which involved training a Convolutional Neural
Network on a GPU. In all the following plots, As defined as, e.g. TPR = |IP’[}A/ =
1Y =1, A=1]-P[Y = 1Y = 1,4 =0]|).
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6.5.1 Datasets

See descriptive statistics in Table 6.1. All are available under creative commons license
CCO0. We elaborate on Color-MNIST as it is the only dataset that we curate for fair
ML experiments. We defer the exact details of the rest to Section 6.6 and make
datasets and processing code available.

Color-MNIST. The first dataset we considered is a tweaked version of the original
MNIST dataset Lecun et al. (1998). In order to clearly demonstrate the dynamics
the theory points to, this setting enables us to study a quality predictor that can
achieve high accuracy, and thus also small fairness violations. At the same time, it
also involves a larger dataset of the more challenging image modality, compared to the
often tabular data studied in fairness contexts, and is thus closer to certain real-world
applications. As a convolutional neural net is known to achieve near-prefect accuracy
on the original dataset, we know we can achieve such statistics on the tweaked dataset.

We create a version of the original dataset where images are colored based on their
label. First, we binarize the label, to make all images labeled as 0 — 4 the negative
class, and all others, 5 — 9 the positive class. Next, all images are assigned a color
such that, initially, the images in the positive class are assigned a red color, and all
images in the negative class are assigned a green color. However, with probability 0.3,
we flip the color assigned to each image. We use the assigned colors as the sensitive
attribute, and by the procedure above we end up with a dataset that includes different
base rates for each label-color combination, such that each sensitive group is more
associated with a different label (see Table 6.1). Similar procedures were described in
Arjovsky et al. (2020); Wang et al. (2020) for different purposes.

6.5.2 Results Multi-Objective

As one can see in Figures 6.3 and 6.4, max(Ag,. , Ap ) can help achieve a better
balance across all A violations compared to DEO as well as other possible constraints
or an unconstrained approach. We directly compare in this case to the setting and
results presented in Padh et al. (2021) (See Figure 2 in their manuscript. We change
their error bars to ellipses, visualizing how those errors are correlated). We adapt
their code and keep most of their original hyperparameter choice for COMPAS and
Adult Income. We average results over 40 runs and set the regularizer coefficient
A to 0.1 and 0.3 respectively. For Color-MNIST we use 10 training epochs and set
the hyperparameter \’s value to 2. In all settings, we achieve lower violations in

at least 2 out of the 4 possible violations, without trading much accuracy or much
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Figure 6.4: Multi-Objective results, using DEO, max (A, AP ) or AXP as an
additional objective to Binary-Cross Entropy, implemented via Padh et al.’s framework,
MAMO. Location of shapes in the middle of ellipses is the mean of 40 runs (25 runs for
Color-MNIST). The first two rows correspond to separation measures; the bottom 2
to sufficiency measures. ‘None’ refers to the unconstrained case (training with Binary
Cross-Entropy loss). Ellipses correspond to 1-std. of the distribution of results over

runs. y-axis: absolute difference of metric across groups; x-axis: error (l-accuracy).

increase in the other measures. We sacrifice relatively little in accuracy compared to
the unconstrained case; we also report better or equivalent accuracy compared to DEO.

We further experimented with a variety of alternatives but found max(AjY, . Ayr )

to lead to better trade-offs. We present results for alternative criteria in Section 6.7,

and include below the 3 most promising constraints: max(Ai?fmy, Apinary) Aieb, and
DEO.

Color-MNIST. DEO vs. max(A$M AP ). As expected, DEO achieves lower

binary’ —binary

TPR/FNR® and NPV/FOR values (by about 0.01 points), but at the cost of higher
PPV/FDR values (sufficiency) (0.012 points difference, and 0.02 compared to the

unconstrained model’s violation) as well as TNR/FPR values (separation) (0.0116

suff sep
binary> Abinary

difference from max(A )). In other words, DEO achieves high fluctuations

of two pairs of violations. On the other hand, max(A$8 AP ) and AP keep all 4

binary’ —binary max

violations within a similar range, between 0.033 and 0.04, thus balancing the violations

5The DEO constraint directly involves the absolute difference between TPR/FNR for both groups
as indicated by the sensitive attribute. In the following, whenever we refer to the constraint itself we

will call it DEO, but when referring to the measured violation in TPR/FNR we will simply refer to
TPR/FNR.
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across all measures and keeping accuracy rather close to the unconstrained model
training (0.037 vs. 0.039). max(A§H AP ) vs. AP max(AfCAFP ) and

binary’ —binary max* binary’ —binary

AP stay close together in this dataset (up to 0.003 difference). However, notice how

sep 1 ) 1 3 : suff sep
ASP leads to slightly lower separation values in this case, while max(Ag ., bmary)

. : , suff sep ievi
achieves slightly lower sufficiency values. Thus we see max (A}, Apiay,) achieving

a better balance across the 4 violation pairs. The variance across runs is much higher

for the DEO objective. max(ApF, Ay ) and AjP are within the same range.

COMPAS. DEO vs. max(A¥ AP ). Notice that TPR/FNR is the biggest

binary’ —binary

original violation for the unconstrained model (~ 0.2). Thus, DEO and max(AY,, Ayr, )

achieve similar results for that criterion (0.098 vs. 0.09). However, max (A3 | Aimary)

additionally improves group-difference in TNR/FPR (0.054 vs. 0.037), without much
sacrifice of increase of group-differences in PPV/FDR (0.11 vs. 0.12). Considering

Figure 6.4 more closely, we see max(Ag, AP ) offers lower violation for all

separation measures (top two rows), while not trading off much of the sufficiency

violations. AP vs. max(AM CAXP ) Compared to ASP | we see similar sepa-

max binary’ —binary max’
ration values to max(ApF, AP ) (TPR/FNR, TNR/FPR). Yet, AP achieves
smaller TPR/FNR values compared to max(A§ | Ainary) (0.06 vs. 0.089), but does

so at the prices of slightly higher TNR/FPR violation (0.044 vs. 0.037), and more
importantly higher violations in the sufficiency violations PPV /FDR (0.134 vs. 0.122).

The variance across runs is overall similar for the 3 constraint methods. Thus, we see

maX(AZ;fMy, Ajinar,) @s achieving a better balance overall, although AjP could be a

reasonable alternative for specific use cases.
NELS. DEO vs. max(A$T = “AXP ). Both approaches attain similar results for

binary’ —binary

TNR/FPR (0.081 vs. 0.076) and NPV/FOR (0.115 vs. 0.124), however, there is a
slight advantage for max(A§WT AP ) for TPR/FNR and especially for PPV /FDR

binary’ —binary
(0.27 vs. 0.209). AyR vs. max(AjN,  AyY ). The two objectives show similar

results for TNR/FPR and NPV /FOR with slightly smaller values for AP . Never-

max*

theless, there is an even greater advantage for max(A$M AP ) for TPR/FNR

binary’ —binary

and especially for PPV/FDR (0.273 vs. 0.209). Variance across runs is quite high for

maX(Azyfary, Als,ff;ary) for this setting, yet seems to be dominated by 3 runs out of 40

(which dominate the scale of the plot as a whole), representing runs that are both
high error and particularly high PPV/FDR violations.
Adult Income. DEO and max(AZ?fary, Apivary)- Separation values in this case

remain quite close. As for sufficiency, DEO achieves slightly lower NPV /FOR (0.114
vs. 0.118); notice, however, that max(A¥ AP ) achieves far lower PPV /FDR

binary’ —binary

violation (0.12 vs. 0.099), and that’s with an even lower variance in performance.
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(a) Color-MNIST (b) COMPAS (c) NELS

Figure 6.5: Finetune experiment with max(Ag, , Aj> ) objective. Error and

fairness violations in terms of PPV, NPV, TNR, and TPR absolute difference across
groups for BCE vs. max(A$f AP ) (indicated as Ours in the legend above).

binary’ —binary
We look for a greater ’balance’ of shape around the center, and smaller area where

applicable.

sep suff sep : sep ;
A%P. and max(AG,, s Dpinar,)- 1t is rather clear ARP. leads to lower separation values,

suff Asep

binary’ —binary

while max(A ) achieves one far lower sufficiency violation. The accuracy

achieved by A*P is higher here, and so AP might be a better choice for this dataset

max max

] suff sep . . .
overall. Variance across runs. For max(Agy,,.,» Apinar,) and DEO the variance is quite

large for the Adult Income dataset, with a slightly higher variance for DEO. AP

max

achieves remarkably low variance, and also a high accuracy that is very competitive
with the unconstrained case. Thus, it could be an advantage for this criterion,

depending on the specifics of the use case. However, two things are worth noting:
suff ASQP

binary’ —binary

achieve particularly high error. The Adult Income dataset is highly imbalanced in

the variance of max(A ) and DEO seem to be driven by a few runs that
terms of label distribution (the ratio of negative to positive labels is 3.16, see Table
6.1), which might explain why it can be vulnerable to different random splits of the

dataset into train, validation, and test.

6.5.3 Results Finetuning

As a second possibility of putting our objective to the test, we consider using

suff sep
binary» Abinary

Cross Entropy training. We test the performance of such an objective on multiple

max (A ) as part of a finetuning approach, following standard Binary
datasets as we did above (see main results achieved on the test set in Figure 6.5).
Notice how max(Aj  Ay» ) leads to improved mean violations of a greater scale
than a small increase in error, or even improvement for the Color-MNIST dataset.
These results are overall in line with the performance of the Multi-Objective approach
of the previous section. Given the performance of maX(AZ;fMy, Ajivary) above, we

focus on it as the objective used in this finetuning setting and compare its results to
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the baseline of training a predictor via BCE throughout training. Similarly, given the
high variance and imbalanced nature of the Adult Income dataset, we did not include
it in the following. COMPAS. We applied the method discussed in Section 6.4 to the
COMPAS dataset to train a predictor. In the previous experiment, we mostly adopted
the hyper-parameter settings used in Padh et al. (2021) for ease of comparison. In this
setting, we performed our own hyperparameter tuning, as described in the Appendix.
We see similar training dynamics in terms of accuracy and max(AgF, . Ay ) on
both training and validation sets (the indicated validation results are the mean over
the 3 folds and the 5 random initializations, see Figure 6.9 in the Appendix). We
can see some trade-off between high accuracy and low maX(Ai;fMy,Azfgwy), yet
finetune remains well above 60% accuracy while achieving a decrease of about 40% in
max(A3,., Apr,.,) on the train /validation splits. Inspecting max(Apy,. Ay )

and accuracy results over the test set in Figure 6.5, we see that our proposed method

is competitive with BCE. It presents the better-balanced violations achieved by

suff Asep

vinarys Dpinary)s captured by the more centered and smaller area it covers in the

max (A
radar plot compared to the unconstrained BCE, while the top edge representing the

error remains quite close.

6.6 Additional Experimental Details

6.6.1 Datasets

COMPAS. A natural interesting choice for a dataset to investigate this approach
is the one that ignited the debate to begin with: the COMPAS dataset as studied by
ProPublica (Larson et al., 2016)°. We apply minimal pre-processing, and finally obtain
a dataset of 9 features, including JAIL IN, JAIL OUT, AGE, PRIOR COUNTS, DAYS
B SCREENING ARREST, CHARGE DEGREE, RACE, AGE CATEGORY and SEX. We
use RACE as the protected attribute A, and TWO YEAR RECIDIVISM as the target
Y. For the purpose of this analysis, we only consider samples where A was either
AFRICAN-AMERICAN or CAUCASIAN. The dataset is overall balanced in terms of

group sizes, but with unequal base rates, as can be seen in Table 6.1.

NELS. As an additional dataset we consider the NELS dataset, or the US Department
of Education’s National Education Longitudinal Study of 1988 (Ingels, 1990) as well
as its followups. The dataset was used in (Kleinberg et al., 2018), and we follow the

6We use the COMPAS SCORES TWO YEARS dataset from https://github.com/propublica/
compas-analysis.
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pre-processing steps taken by the authors in the accompanying code”. It consists
of 427 features, including the protected attribute RACE, as well as HIGH-SCHOOL
GRADES,COUR&ETAKHK}PATTERNS,EXTRACURRKXHABS,andSTANDARDHED
TESTS IN MATH, READING, SCIENCE, SOCIAL STUDIES. The target for prediction is
GPA. The only change we make to Kleinberg et al.’s procedure is setting the threshold
for binarizing the target GPA slightly higher: while Kleinberg et al. consider setting
the threshold at “At least mostly B’s received” we set it at “At least A’s and B’s
received”®. The resulting dataset is overall balanced in terms of the prediction classes,

but unbalanced in base rate and highly unbalanced group sizes. See Table 6.1.

Adult Income. We adopt the Adult Income dataset Kohavi (1996) for the purpose
of a fairness application from Padh et al. (2021), and thus follow their pre-processing
steps. The resulting dataset consists of 48,842 samples, and 49 features, with a
combination of categorical and continuous variables. The target for prediction is
a binarized INCOME variable, and the sensitive attribute in this case is SEX?. We
note the Adult Income dataset shows an imbalance in class labels, as it includes
many more negative examples than positive examples. While Padh et al. (2021) do
not adjust their learning strategies or their reporting to this setting, we note that a
constant predictor would achieve an accuracy of 76% by simply predicting the negative
label for all examples. Thus, for the finetuning approach we consider, we employed a
correction for imbalance during training (see Pytorch’s BCE documentation). Finally,
we would like to acknowledge our familiarity with recent work suggesting to stop using
this dataset for fairness studies Ding et al. (2021), but we would like to emphasize we

include it here to allow for direct comparison with Padh et al. (2021).

6.6.2 Data Pre-Processing

For the COMPAS and NELS datasets, we mainly followed the pre-processing steps taken
by the original authors and analyzers (Larson et al., 2016; Kleinberg et al., 2018). We
will further include the exact steps taken, as well as resulting csv files with data as

used by us.

"The original code is at https://www.openicpsr.org/openicpsr/project/114435/version/V1/
view.

8A and B are used in this context as grades in American educational institutions; another way to
view the difference is setting the threshold for Y =1 at > 3.25 instead of > 2.75 in Kleinberg et al..

9Padh et al. also allow for using RACE as an additional sensitive attribute, but we focus on the
single group setting in this work.

135


https://www.openicpsr.org/openicpsr/project/114435/version/V1/view.
https://www.openicpsr.org/openicpsr/project/114435/version/V1/view.

Finally, we adopt the treatment of the Adult Income dataset directly from Padh
et al. (2021).

6.6.3 Data Splits and Cross Validation

For all datsets, two-thirds of the dataset were used as a training set. As for validation
and test splits, those were created and selected via kfold cross validation on the
remaining third of each dataset. Notice that there is a slight difference in pipelines
between the multi-objective experiments, where we tried to stay as close as possible to
the procedures in Padh et al. (2021) for comparison purposes, while for the finetuning
objective experiments we developed our own pipeline. Thus, for details on the exact
procedure for validation and averaging of results over runs for the multi-objective case,
see Padh et al. (2021).

For the finetuning experiments, we used 3-folds for cross-validation for COMPAS and
MNIST (as the model was more complex and required a little longer training time), while
for NELS we used 5-folds. Those were operationalized via the pedregosa2011scikit
(Pedregosa et al., 2011) library, using StratifiedKFold in particular. Stratification was
done over the sensitive attribute, to make sure the same proportion of the minority

group is achieved in each fold.

6.7 Additional Experimental Results

6.7.1 Multi-Objective Results

In addition to the results reported in Section 6.5, we have also considered other forms
of objectives to represent different forms of constraints. Among these were the sum of
all A-violations, the mean of all A-violations, all 4 A*P (4sep), all 4 AST (4suff) or
both (all8), both A%P and ASUl (called max in the plot below), as well as both DEO
and DP (exactly like in Padh et al. (2021), and called both in the following figure’s
legend).

In Figure 6.6 we provide an example of such objectives applied to the COMPAS and

Adult datasets. The pattern of performance was somewhat similar across our trials.

6.7.2 Finetuning Results

6.7.2.1 Hyperparmeter Choice for Fine-Tuning Experiments

A range of hyperparameters were considered for obtaining the results in the manuscript.

We will attach the code to reproduce the results alongside this work, to make results
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Figure 6.6: An example of performance of alternative objectives on the COMPAS
dataset, averaged over 25 on the test set. The main point of this figure is to demonstrate
we did consider alternative objectives, as the multi-objective framework indeed allowed,
but chose to focus on the most promising forms we ended up including in Section 6.5.

Error Error

— ours — ours
None None A

AN \
APPV ) \ ATPR APPY

ATPR  APP\

\ L
(a) Color-MNIST (b) COMPAS (c) NELS

Figure 6.7: Finetune experiment with max(AS' AP) objective (instead of

suff sep . . . . . . .
max(A3G oy Apinary) 1sed in practice in Section 6.5). Error and fairness violations

in terms of PPV, NPV, TNR and TPR absolute difference across groups for BCE vs.
max(ASY A*P) (indicated as Ours in the legend above).

easy to reproduce, and hopefully make all choices we made explicit. We discuss the

gist of them here.
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Figure 6.8: Color-MNIST finetune max(Aj,., Ayr,. ) experiment. Curves indicate

the mean and 95%-confidence intervals for 3 different model initializations. Validation
results are also averaged over 3 cross-validation (CV) folds. The dashed line indicates
the loss switch for the finetuning (here BCE to max(A§ Ay ).

Values for each of these hyperparameters, for each one of Color-MNIST, COMPAS
and NELS, were chosen via grid search. The ranges we considered for each one of the

key hyperparameters are as follows:

e v €[0.1,0.99] - controls the decrease in learning rate at each step taken by the

scheduler.

e weight decay € [le % le™!] - strength of penalty on magnitude of model

parameters, akin to ¢, regularization.

e scheduler step size € [20,200] - determines the intervals of epochs at which

the scheduler applies a reduction in learning rate.

e learning rate € [le™® le™!| - learning rate used by optimizer to update model

parameters.

e hidden dimensions € [64,512] - number of hidden dimensions of the Multi-
Layered Perceptron model (NELS uses a single-layered logistic regression, so not

applicable).
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Figure 6.9: COMPAS finetune max(AjN, ., Ay” ) experiment. Curves indicate the

mean and 95%-confidence intervals for 5 different model initializations. Validation
results are also averaged over 3 cross-validation (CV) folds. The dashed line indicates
the loss switch for the finetuning (here BCE to max(A AP ).

binary’ —binary
e finetune learning rate € [le ® le™!] - learning rate used once objective

function changed as part of the finetuning regime.

e finetune v € [0.1,0.85] - v (as above) used once objective function changed as

part of the finetuning regime.
The optimizer used in all cases was Adam (Kingma and Ba, 2015).

6.7.2.2 Additional Experiments

In Section 6.5, we demonstrated the applicability of a finetuning optimization with
our proposed objectives. We focused on the COMPAS dataset to provide a proof of
concept, but elaborate here on the rest of the results that make up figure 6.5. In
Figure 6.7, we additionally present results for using the finetuning approach with the
max (AT, A*P) variant of our criteria, rather than max(A§f Apinary). We do so
to argue that one could use either to achieve similar goals. Hyperparameter choices
are overall comparable for both of these objective formulations, with an occasional

difference in number of epochs run or a slight difference in finetune learning rate.
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Figure 6.10: NELS finetune max(AZﬁfary, Apinary) €xperiment. Curves indicate the

mean and 95%-confidence intervals for 5 different model initializations. Validation
results are also averaged over 5 cross-validation (CV) folds. The dashed line indicates
the loss switch for the finetuning (here BCE to max(A AP ).

binary’ —binary
Color-MNIST. Similarly to the behavior we have seen for COMPAS in Section 6.5,
in Figures 6.5 and 6.7 we see we are able to fine better balancing point between
fairness violations in terms of absolute group difference in PPV and NPV (sufficiency
violations) and TPR and TNR (separation violations). Notice how we are able to
find better accuracy predictors, that are also better in terms of 3 out of 4 violations.
This is the case when using both max(A®' A%P) and max(AME AXP Y as the

binary’ —binary

finetuning objective. We also include training and validation curves in Figure 6.8.

COMPAS. We provide the training and validation curves for the COMPAS experi-
ments in Figure 6.9.

NELS. The results obtained by the max(A®T, A*) and max(A3,,.,, Ay . ) are
even closer for the NELS dataset. With either approach, we find a predictor that is
equivalent in terms of accuracy, but offers much smaller PPV violation. We do so
by trading off a relatively smaller increase of TNR, and where TPR and NPV are
equivalent, as can be seen in Figure 6.5. A similar dynamic can be seen in Figure 6.7.

We also include training and validation curves in Figure 6.10.
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6.8 Conclusion

We have demonstrated that beyond the impossibility result emanating from the
COMPAS debate, there is a possibility as well. While one cannot hold perfect
calibration and still have equal error rates in settings where a perfect classifier is
not available and labels are not distributed equally across groups, the approximate
versions of sufficiency and separation allow us to look for better balance within the
well-known trade-off. We have shown how the max(AS“ AsP) criterion can be used
within a Multi-Objective setting as well as a finetuning regime. We emphasize that
this is one possible approach to minimizing both sufficiency and separation violations,
but one could prioritize other forms of trade-offs, e.g., designing objectives that put
greater emphasis on one prediction class or type of violation, based on the use case.
However, we aimed to demonstrate the advantage of trying to optimize both in the

general case.
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7 Pragmatic Fairness: Developing
Policies with Outcome Disparity
Control

7.1 Introduction

The fairness of decisions made by machine learning models involving underprivileged
groups has seen increasing attention and scrutiny by the academic community and
beyond. A growing body of literature has looked at the unfavorable treatment that
might arise from historical biases present in the data, data collection practices, or
the limits of modeling choices and techniques. Within this field of study, the vast
majority of works looked at the fair prediction setting, studying the predictions given
by supervised models using observed labels to emulate the historical policies that
generated the datasets (e.g. Hardt et al., 2016; Woodworth et al., 2017; Corbett-Davies
and Goel, 2018; Zafar et al., 2017a; Zemel et al., 2013, 2016; Goel et al., 2018). Fairness
criteria suggested for this setting mainly involved enforcing relations of the outcomes
with respect to membership in a sensitive group, such as independence of the outcomes
across groups where dependence is deemed unfair (demographic parity (DP)), or
independence of the errors across groups in the setting in which dependence of the
outcomes is deemed fair (equality of opportunity (EoP) and Equalized Odds (EO)
(Barocas et al., 2019)).

In this chapter, we propose a causal framework for learning optimal policies with
fairness constraints that are inspired by the public health literature (Jackson and
VanderWeele, 2018; Jackson, 2018, 2020). Unfairness is defined as the presence of
differences in the distribution of the outcome stratified by levels of chosen sensitive
attributes, where the distribution depends on a policy that a decision maker is
responsible for selecting. Unlike the few works in the fair policy optimization literature,
we reason about the problem by treating sensitive attributes as effect modifiers rather
than causes as in the Counterfactual Fairness line of work (Kusner et al., 2017b, 2019;
Chiappa, 2019), and by considering the actual effect of our actions, as opposed to
planning under an idealized outcome distribution that removes the unfair contributions

of the sensitive attributes (Nabi et al., 2019). Critically, we take a pragmatic view

142



and ask how we can best control or mitigate disparity by the introduction of the new
policy, given an action space. Causal modeling is used here as a principled approach
to leveraging historical data and proposing constraints to mitigate disparity.

We assume a setting in which the decision maker performs a single-stage action
conditioned on pre-action sensitive attributes and covariates under the assumption
that there are no unmeasured confounders, which allows the use of data collected
prior to learning and optimization under an observational-data regime.

We consider two fairness goals: i) equalizing the impact of a new policy w.r.t. sensi-
tive attributes in order to conservatively avoid introducing new disparities, motivated
by mitigating individual-level differences with the baseline policy; and ii) actively
reducing disparities at the population level to the extent permitted by the action

space. We demonstrate how these constraints operate on two semi-simulated datasets.

7.2 Disparity Controlled Policy

Let Y be an outcome of interest, and S be sensitive attributes': characteristics of an
individual (e.g. race, gender, disabilities, sexual or political orientation) which we wish
to protect against some measure of unfairness, and X are some covariates.

We consider the task of learning how to select actions A based on S and X
according to a policy that maximizes the expected outcome while controlling for
disparity, which we formally define in the section below. The policy is defined by
the conditional distribution p(A|S, X;04) where, following Dawid et al. (2007) and
Correa and Bareinboim (2020)?, 04 denotes a regime indicator (we also refer to o4 as
the policy for simplicity).

We assume the setting represented by the causal graph on the left. S and X are
allowed to be associated, as indicated by the undirected edge S — X and potentially
directly influence Y. A can only indirectly control this influence. This setting
formalizes a situation common to many real-world scenarios in which control for the
association of S and Y can only be achieved to some extent through a predefined set
of available actions, i.e., a given action space. The level to which we can minimize such
unfair impact will therefore depend on the choice of the action space. We consider an

observational-data regime in which the decision maker learns the optimal policy based

'As a reminder, while in the chapter above we introduce the membership in a sensitive group as
A, we switch to S in the context of fair policy optimization, as we will need A to refer to the action
node that our regime indicator /optimized policy parametrization will act on.

2Note that we consider a special case of soft interventions and potential outcomes, where we
change the distribution p(A|S, X) via the regime indicator, but do not cut the links between the
intervention target A and its parents S, X.
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p(S, X)
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p(A]S, X;04) p(Y|A, S, X)

Figure 7.1: Problem setup.

on historical data collected using a baseline policy o4 = @ (we indicate p(A | S, X;04 =
@) more simply with p(A | S, X; @)), rather than by taking actions (interventional-data
regime). This observational-data regime choice reflects considerations such as the
cost, ethical constraints, or difficulty of collecting online data, which are particularly
relevant in fairness (we discuss this point in Section 7.2.2). We denote with Y, ,
the potential outcome random variable, which represents the outcome resulting from
taking actions according to p(A|S, X;04)

Identifiability and Causal Assumptions. The structural assumptions adopted
are the following independence constraints. Assumption 1. o4 L Y|A, X,S. As-
sumption 2. 04 1 S, X. Any causal graph in which S, X, and A are sets of vertices,
with the partial ordering given by {S U X, 04, A, Y}, is covered by our formulation
as long as it satisfies these two assumptions. In particular, they imply a conditional
unconfoundedness assumption of A and Y and allows the estimation of interventional
quantities from observational data (see Section 7.2.1.1). We assume unmeasured
confounding to focus on clear demonstration of ideas and see relaxing it as a future
direction. The second assumption follows from exogeneity of regime indicators and A

not causing X.

7.2.1 Formal Problem Statement

The goal of the decision maker is to find a disparity-controlled policy: a policy o4 that

maximizes utility E[Y,

»4] while also controlling for disparity. To control disparity, we

propose two families of constraints on o4 which may be applicable for different use cases,
depending on the choice of context and available actions. First, an equal benefit (EqB)
constraint requiring that the distribution of the difference of individual outcomes,
Y,, — Y, are approximately equal across different levels s of S. This constraint
would be suitable when disparity in the baseline policy is considered legitimate (like
in EO for the prediction setting), and we would like to avoid the introduction of

new disparity when designing our policy. Second, a moderation breaking (ModBrk)

144



constraint aiming at removing S’s influence on the expected outcome E[Y;,] as much

TA
as possible (similarly to DP in the prediction setting), but uniquely via what we can
control: the allocation of A as determined by p(A|S, X;0.4). In other words, we would
like to minimize the interactions of A and S as they give rise to Y. This constraint
involves population-level quantities, making the constraint fully identifiable under an
unmeasured unconfoundedness assumption.

Real-world Considerations. It is an entirely problem-dependent question
whether or not it is desirable to control for disparities of outcomes across levels
of the sensitive attributes. For instance, if the action space consists of solely two
options, to give medical treatment or not, it may be unclear why we should take
into consideration a difference in rates by which individuals from different groups
recover: other things being equal, we just want to maximize the numbers of lives
saved. In contrast, if Y is a measure of wealth, pure wealth maximization may be
judged to be harmful if disparities among groups in S are exacerbated. In this case,
we may settle for a scenario with less aggregated wealth if disparities are controlled.
Such value judgments are not to be decided algorithmically. Our goal is to provide
a formalization of disparity control if it is judged to be desirable and to provide an
estimate of whether different levels of control can be achieved under an acceptable
loss of total expected outcome, given an action space that is, again, a property of
the real world. For further discussion of the motivation behind the constraints, see
Section 7.2.3.

Disparity Control via the EqB Constraint. We formalize the EqB constraint
objective using the cumulative distribution function (cdf) F as

argmaxE[Y,,] st. FY,, —Yy|S=s)=FY,, —Ys|5=5),Vs,5 (7.1)

TA

assuming discrete S. This constraint ensures that a new policy has a similar mag-
nitude of effect across sensitive attributes. The aim is to not increase disparity via
the new policy, rather than decreasing it. In general, the distribution of Y,, — Y,
is not identifiable, due to the impossibility of having the joint distribution of the
two potential outcomes (a problem often referred to as the “fundamental problem
of causal inference” in the context of atomic interventions). Therefore, similarly
to bounding the unidentifiable individual treatment effect for atomic intervention
(Pearl, 2000), we propose matching testable upper bounds and lower bounds of the
cdf. The rationale of this setup is, assuming that we have either a currently ac-
ceptable level of disparity or that the nature of o4 cannot reduce it, the decision

maker should not increase disparity for any particular individual as compared to
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individuals in a different group. Moreover, we can only constrain our policy based on
what empirical evidence is provided. In the context of the individual-level contrast

Y, , — Yy, this leaves us to compare bounds that can be learned from observational data.

Disparity Control via the ModBrk Constraint. In the ModBrk constraint, we
propose reducing disparity in expectation, to the extent that the policy space of o4
allows us. To better understand the limits of what can be achieved, let us consider,

without loss of generality, the following representation for u¥ (a, s, z) := E[Y | a, s, 2]
WY (a,5,2) = (5,2) + g(a,5,7) + h(a,2). (7.2

Note that this is not a linearity assumption: this is a decomposition without loss of
generality and is akin to summation in the last layer of a neural network. This leads to

the following factorization of p (s, x) :=E[Y;, |s, 2] = [ p(Y |a,s,z)p(a|s, z;04)

[L;/A(S,m) = f(37$) +90A(5>x) + hO'A(x>a

where g,,(s,z) := E[g(A,s,x) | s,x;04], and h,,(x) := E[h(A,x) | s,z;04]. This
decomposition explicitly highlights that E[Y,, | s,z] has (i) a component f(s,x) that
cannot be affected by o4 at all, but which can contribute to disparity; (ii) a component
h,,(x) that can be adjusted by o4 to increase expected outcomes but do not affect
differences due to S; and (iii) a component g, ,(s,x) by which our choice of o4 can
influence differences that are moderated by S.

Considering how pY (s, ) varies with s as a measure of disparity suggests the
formulation

argmaxE[Y,,] st. (E[gy,(s,X)|S =5 -Elg,,(5,X)|S=35])*<¢Vs,5 (7.3)

A

The slack ¢ is chosen in practice by a combination of domain requirements and
the feasibility of the problem: central to the setup is that we work with a given space
of policies, which is constrained by real-world phenomena and, in general, can only do
so much to reduce disparity. The idealized separation of the expected outcome into
components f, g, and h is meant to highlight that. This constraint is a valuable tool
in settings where we acknowledge different groups might require different treatments,

but we would not like the policy to affect different populations differently.
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Figure 7.2: Motivating illustration of ModBrk.

Example use cases

To gain more intuition of scenarios
in which the EgB constraint will be
Demographics  Experience appropriate, consider the graph on the left

(green labels) corresponding to an educational

committee desiring to change the design of
Outzreach Application a high-school exam. It is known that the
student’s school of origin is associated with
exam results, but the committee does not
have the power to change academic disparities in the delivery and resources
available at different locations: it sees its role as updating the exam without
introducing further disparities among students at different schools. The policy
is an update to the exam that should not discriminate against, e.g., schools
without expensive extra-curricular activities or of particular predominant
cultural backgrounds. The policy space is constructed to only produce exams
of acceptable academic standards (otherwise, policy optimization can be
achieved trivially by allowing exams to be overly easy which is not a desirable
outcome for the exam committee) so that the goal becomes improving clarity to
maximize exam scores, better-reflecting knowledge of all students.

School Transcript

Exam Design Exam Result

Alternatively, this constraint could also be useful when one hopes to allow for
legitimate dependence of the outcome on group membership. In such a setting,
we would not like to change such dependence when introducing a new policy.
This could be the case, e.g., when attempting to improve the accuracy of a
medical device that was tailored to account for biological differences between
males and females; we would like the gender difference in outcome to be kept
under an update to the measurement process.

As a scenario where the ModBrk constraint may be appropriate, consider
a company looking to change its outreach campaign A to mitigate imbalances
in the demographics S and potentially associated level of experience X of job
applicants Y (above graph — purple labels). The company cannot control factors
such as cultural preference among applicants for industry sectors but can induce
modifications such as focusing recruiting efforts on events organized by minority
groups in relevant conferences, thus optimizing for the things we can control,
and choosing recruiting strategies that do not interact with group membership.
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Some more insights into the ModBrk constraint can be gained by noticing that
we are operating in the (estimated) true process that follows a particular o4. We
marginalize the intermediate process between (A, S, X) and the outcome Y, but
implicitly assume that our actions change mediating events, such as M in the above
graph. The extent to which we can mitigate unfairness is a property of the real-world
space of policies. For instance, we cannot interfere in the direct dependence between S
and Y except for the moderating effect that M might have under a new policy. This
is in contrast to previous work, such as (Nabi et al., 2019), which solves a planning
problem in a “projection” of the real-world process where unfair information has been

removed by some criteria.

7.2.1.1 Owur Causal Assumptions and Identifiability of the Objective Func-
tion

We use the regime indicator o4 (as in Dawid et al. 2007 and Correa and Bareinboim
2020) only to indicate a parametrization of the distribution p(A|S, X, 04), i.e. different
regime indicators imply different distributions, and to be able to indicate that this
distribution is not fixed in the causal graph. Thus, we use a special case of soft
interventions, where we do not necessarily need to change the parents of A (i.e. cut
links in the causal graph), but rather formulate our soft-interventions/regime indicators
as a different parametrization of the policy. This is all the machinery we need for
the rest of our method. We frame the EqB constraints directly in terms of potential
outcomes, and therefore discuss identifiability using this potential outcome formalism,
as commonly done in the literature (see e.g. (Dawid et al., 2007) for the relation
between regime indicators and potential outcomes). Discussion of identifiability for
such quantities does not require a structural causal model setting, which can be added
on top if desired as a possible framing, but it will not remove any assumptions from
the model nor introduce any necessary assumptions, and hence will not change the
applicability or validity of the method (to dispel any misunderstanding, what we
provide are causal assumptions even if an SCM is not invoked: the notion of regime
indicator is a causal concept, not a probabilistic one).

As we state at the top of Section 7.2.1, the independence constraints entailed by
the chain graph depicted in Fig. 7.1 (64 LY | {S,X}; 04 L {S,X}) will imply the
identifiability conditions we need. Namely, we get p(y|z, s;04) from p(y|z,s;04) =
[ p(ylx, s,a;04)plals, x;04) da = [ p(y|z, s, a; @)p(als, x;04) da. Thus, we can iden-
tify the required objective function of our problem formulation given (an estimate of)

p(y|z, s,a; @) and the fact that p(als, x;04) is chosen by us. This is a standard result
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in the literature. As a matter of fact, the very proof of the backdoor criterion uses a
regime indicator, and nothing but the two conditional independencies we assume (see
(Pearl, 2000) Section 3.3.1, page 80 (second edition)). Nonparametric identification
boils down to deriving the implications of conditional independencies between regime
indicators and random variables. This is the main lesson of (Dawid et al., 2007). The
do-calculus can be seen as a sophisticated sound and complete way of deriving such

results from a DAG independence model.

7.2.2 Relation to Prior Work

Most work on ML fairness has focused on learning predictions Y of Y that satisfy
constraints on the relations between Y and S (Barocas et al., 2019). We are instead
interested in the decision-theoretic problem of selecting a policy that gives a more
favorable outcome and ask that the distribution of outcomes is fair. The solution to
this problem cannot be obtained by using fair predictors. Consider, e.g., the problem
of fair loan allocation: a fair predictor of loan repayment would simply change the
rates at which loans were granted, thus using such a predictor as a criterion for giving
someone a loan would be problematic. The appropriate approach would be to ask for
a policy that maximizes the probability of repayment, subject to fairness constraints.
This issue has been studied under the names of “self-fulfilling prophecy” and “delayed
impact of fair ML” in Dwork et al. (2012) and Liu et al. (2018), respectively. D’Amour
et al. (2020) provided a tool to explore this issue further in simulated multi-stage
online settings. We are also not aiming to match a distribution of historical labels Y,
but to optimize a future expected utility.

Increasing attention is being given to the problem of designing optimal policies that
have some fairness guarantees. Like us, Nabi et al. (2019) uses observational data, but
in order to learn a policy as if particular path-specific effects between S-A and S-Y
were completely deactivated. They do not place any constraints on p(y,, | s, z), require
complex counterfactual computations, and aim to achieve a notion of fair policy which
targets specific causal subpaths. Critically, they once again rely on manipulation
of the sensitive attribute S and do not have an equivalent to our pragmatic view,
asking what we can do in this world with a set of available actions. Chohlas-Wood
et al. (2021) considers a more general utility function than ours as the optimization
objective but focuses on enforcing a notion similar to demographic parity on the choice
of the policies, rather than considering a fairness notion on the outcomes. Still, in
the observational data regime, the most similar work has been Kusner et al. (2019).

Crucially, it is different in its motivation: it aims to extend Kusner et al. (2017b)
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to the policy setting and thus relies on manipulation of the sensitive attribute S.
Further, it consists mostly of budget treatment allocations and interference problems.
It does not have our pragmatic view and does not consider individual-level effects or
parameterized policy spaces that take into account a covariate vector X. Due to the
difference in their disparity definition, this method would not be directly comparable
to ours. Considering interventional data in the online setting, Joseph et al. (2016,

Y

2018) derive algorithms that have “meritocratic fairness,” requiring that, at every
round, no arm with lower expected reward is preferred to one with a higher expected
reward. This goal can be seen as an individual-level fairness metric, but it is not at
odds with a policy that maximizes utility; instead, its main concern is to offer more
conservative exploration.

Recently, fairness in bandit settings has received a lot of additional attention (Huang
et al., 2021; Schumann et al., 2022; Patil et al., 2020). We see interventional data and
online sequential settings as an interesting future direction, especially appropriate for
use cases with low individual impact, such as software and internet applications that
interact with users naturally and frequently, at low participation cost. However, we
focus on observational-data regimes which are often more appropriate, especially when
the collection of interventional data could be harmful, or when it would be unfair
for individuals to essentially pay the price for exploration and calibration of learning

agents.

7.2.3 Further Motivation for the Constraints

We draw the inspiration to our problem setup from works in the public health literature
which directly consider and estimate the efficacy of possible interventions, within a
defined action space, to the reduction or control of disparity. One such work offers
the following illuminating example (Jackson and VanderWeele, 2018):

“We now describe results from decompositions that estimate how well certain
interventions might reduce racial disparities in adulthood (wages, unemployment,
incarceration, and health) by equalizing childhood SES and/or test scores across race.”

In our notation, their action space consists of particular hypothetical interventions
on socio-economical status with the objective of, e.g., minimizing differences in wages.
These are real direct policy-making problems, as opposed to the indirect problem of
classifier construction to emulate historical patterns, where the selection of action is
implicit within the prediction algorithm. We build on Jackson and VanderWeele to
consider a real actionable space 04, as “intervening on SES” is an idealization since

socio-economical status is a construct of many moving parts for which no “do(SES)”
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exists. It is not only about removing disparities in wages but improving them to the
extent o4 allows while mitigating disparities across groups. It is taken as a principle
that, even though we would like to see wages increase as much as possible, it is
detrimental to do so in a way that increases disparities.

Throughout the paper we speak of “mitigating” and “reducing” biases, not com-
pletely eliminating them, when using either EqB or ModBrk. That is because eliminating
bias in general may not be possible, or the corresponding price to be paid (low re-
wards) may be unacceptable. Our pragmatic viewpoint means it is all a function
of the real-world mechanisms that the action space provides. We simply provide a

framework to examine what is possible.

7.3 Method

We now describe how the EqB and ModBrk constrained objectives (7.1) and (7.3) can
be estimated from an observational dataset D = {a’,s’, z',y'},, (a’,s', 2", y") ~
p(A, S, X,Y; @), and introduce two methods for optimizing o4 by learning the pa-

rameters of a model for u! (s,2) =E[A|s, z;04].

7.3.1 Equal Benefit Constraint

For the EgB constrained objective (7.1), we require knowledge of the baseline policy
as well as creating upper and lower bounds on the cdf F(Y,, — Yz |S = s). As
the goal of this work is to explore frameworks that control the fairness of outcomes,
to avoid being bogged down in more involved estimation tasks, we allow ourselves

3. In particular, we assume that the baseline policy

some parametric assumptions
is Gaussian and only consider Gaussian policies, with equal homogeneous variance,
ie. p(Als,z;0) = N(ug(s,z), VA, p(Als,z;04) = N(p2 (s,2),V*). In addition,
we assume that Y, , and Y5 are jointly Gaussian conditioned on S, X, with marginal
means ji) (s, z), pu5 (s, z) and equal homogenous marginal variance V.

The assumption on Y, , and Y, enables us to bound the population cdf by maximiz-
ing/minimizing it with respect to the unknown correlation coefficient p(s, z) € [—1, 1],
where Cov(Y,,, Yy | s,7) := p(s,x)VY. Let ® denote the cdf of the standard Gaussian.

We can write

Y Y
— ,x) + ,
lP’(YaA—Yggz|s,x):¢(Z py (s, 2) + py (s x)>'

V2V (L= p(s, )

3Lei and Candés (2021) includes a nonparametric account of individual treatment effect bounds,
and can be adapted here.
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Z_lu‘(s’x)

Defining ju(s, 2) i= 11}, (5,2) = 1} (s,0) and f,(p) i= ®  —=hlerl

that, for any s, z, the following bounds are the tightest:
(1) §x<x7 _1) S ]P)(YUA - Y@ S z ’ x?‘g) S f;x(l),fOI‘ Z— /'6(5737) > 0;
(ii) f7.(1) <P(Y,, =Yz < z|x,8) < fZ,(=1),for z — p(s,r) <O0.

S,&

), we can show

See Section 7.3.1 for discussion.

Using N, to indicate the number of elements in D with s° = s, we obtain
global lower and upper bounds estimates for P(Y,, — Y, < z|s) as FL(z) =
Sy Fo(sign(z — (s, 2))) and FU(2) = & S, f2..(sign(z — (s, 21))).
We operationalize the constraint by minimizing the mean squared error (MSE) of the

bounds differences, i.e. our final objective is

argmaxE[Y,,] st 3 (IFHE) — FEEIB+IFY () - FUG)IR) <& (74)
2€8.
Vs, 5, where S, is a grid of values. In practice, we employ an augmented Lagrangian
approach, allowing us to enforce the above as an inequality constraint controlled by
the slack value € (see Section 7.3.2).
We propose to estimate the utility E[Y,,] with the inverse probability weighting

(IPW) estimator
N

plals,z;04) 1 & pla] s, 7o)
EY,,] = S a8, w, @) A Yy
[ A] /a,s,x,yyp<a|8al‘;®> p(a 58 Y ) N i—1 Y p(aﬂs’,xﬁ@)

Our optimization approach involves two phases outlined in Fig. 7.3. We model
5 (s, x), p2 (s,2) and p¥ (a,s,2) = E[Y |a, s, 2] using MLP neural networks MLP,
MLP?A, and MLPY respectively. In Phase I, we learn the parameters of MLPS
and MLPY from D with MSE loss between predicted and observed actions and
outcome. We obtain a MAP estimate of u}(s,z) = [ p"(a,s x)p(als,z, @) as
fiy(s,x) = [ 1 (a,s, )0 p—p4 (s,2), Where 0 denotes the delta function. We estimate
VA and VY through averaging the MSE of target and predicted mean output from
MLP# and MLPY respectively. In Phase II, we learn the parameters of the policy
model MLP?A that maximize objective (7.4) using the MLP; and MLP" trained in

Phase 1.

The EgB Constraint Formulation. We first formulate the EqB constraint under a
Gaussian assumption primarily for simplicity of exposition. We derive a conservative
bound in Section 7.3.1 to guarantee that F*(z) < Firve(z) < FU(z), where Fir¢(z) =
P(Y,, — Yz < z|s). Note that no tighter bound exists without further assumptions.
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This is a result that follows directly from the properties of a Gaussian distribution: that
is, for a bivariate Gaussian (X,Y) with fixed marginals, one gets the smallest /largest
value of the cdf P(X —Y < z) among all possible correlation coefficients when their
correlation is —1 or 1 (depending on z and the marginal means). This can be directly
verified in the equation following the second paragraph of Section 7.3.1 by simple
differentiation. Thus we know the global bound, FY(z) — FZ(z).

Relying on such-tight-as-possible bounds, equating the upper and lower bounds
across groups will indeed ensure similar constraints, and is the best we can do if
we do not want to deal with the quality of approximation itself, but rather enforce
a similarity between approximations across groups. In other words, the goal is to
make the distribution of D =Y, — Y, as independent as possible of the values of
S, meaning any pair s and § should imply the same conditional distribution for D
(up to an agreeable tolerance level €). Ideally, if the conditional distribution of D was

identified, the constraint would be

P(D<z|s)—P(D<z|35)<Le

As these distributions are not identified, we apply the principle of aiming at not
having any evidence against the lack of equality between these distributions. This
means making the set of all possible P(D < z | s) and P(D < z | 5) be the same for
all z. As the smallest of such sets are given by intervals, this is equivalent to making
the upper bounds the same and the lower bounds the same, not to mix upper and

lower bounds:

IPY(D<z|s)—PY(D<2]35)<e
PHD<z|s)—PHD<z]|35)|<¢
Finally, in order to reduce the number of possible Lagrange multipliers, we use the
norm in (4) as an alternative to enforcing all of the constraints separately.
For extensions beyond the normality assumption, there are very standard worst-

case tight bounds based on standard copula theory: see use of Fréchet bound in the

linked blogpost, the nonparametric approach in (Lei and Candés, 2021).
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IPW , plalszioa)
Y palsao)

Phase II

Phase 1 Phase 1T
Figure 7.4: Training phases for

Figure 7.3: Training phases for EgB. ModBrk.

Gray circular nodes: inputs to the models. Teal blocks: parameter layers. Light green
blocks: fixed parameters. Purple diamond nodes: additive gates.

7.3.2 Moderation Breaking Constraint

Recall the ModBrk constrained objective in Eq. 7.3.# We optimize o4 in two phases,
A

oa’

outlined in Fig. 7.4. We model ,qu(s,a:) using an MLP neural network MLP
and uY(a,s,z) = f(s,x) + g(a,s,x) + h(a,z) using a structured neural network
NNY that separates into the three components f, g, h reflecting the decomposition of
1Y (a,s,2). In Phase I, we estimate the parameters of NN from D. In Phase II, we

learn the parameters of the policy model MLP, by optimizing objective (7.3) with

E)Y,,] ~ % SN E[Y,, |8 2] = * SV 1Y (g (s, a'), s, &%), using the NN trained
in Phase I°.

Action Clipping. For the EgB constraint, the IPW estimator ensures coverage of
p(a|s,z;04) and p(als, z; @), as it facilitates a reweighting of the observed actions. For
the ModBrk constraint, in which we make use of deterministic policies, we suggest ensur-
ing an overlap of p(a|s, x; 04) with p(als, z; @) by adaptively constraining the output of
the policy model MLP? . to be within an interval that resembles the one observed under
the baseline policy @. We considered two options: (a) matching the minimal and max-
imal value a seen for each s, x combination (binning continuous elements as necessary)
and (b): extending that interval according to the difference between the minimal and
maximal A value seen with each S, X. In the experiments, we opted for constraining

the output of MLP?A to be in the interval [minag , —ngap4,,, Maxag , +18aPA. |,

4This formulation can also be extended to a setting where the group membership variable S is
continuous by defining constraint via a partial derivative, E Ha‘%%i(:’x) ‘ S = s} < e.

°If all variables are discrete, after estimating 1Y (a, s, x) and p(s, x), computing Eq. 7.3 can be
cast as an LP (see Section 7.3.2).
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where gap,,, = max4,, —ming, . We enforce this interval by placing a shifted
sigmoid function in the last layer of MLP? - Weset n =1 to allow some extrapolation

and increase in utility.

Augmented Lagrangian Penalties. We write the constrained problem as

min, maxy>o f(z)+A(c(x)—b). The max returns f(z) when z satisfies the constraints
(as the maximum is obtained at A = 0), and oo otherwise (as the maximum is at
A = 00). There could a difficulty in optimizing the form above directly, as A jumps from
0 to oo when passing through the constraint boundary. To fix this we add a penalty on
making large changes to A, obtaining min, maxy>o f(z)+A(c(x)—0)—1/2u||A\=X||2),
where )\’ are the Lagrange multipliers from the previous iteration and [ is a penalty
term iteratively increased.

The inner max can be solved in closed form as

) ' (7.5)
N+ pk(z) otherwise

- {o if k() < -4
where k(x) := (c¢(x)-b), representing the inequality constraint. Plugging the above

into a complete optimization problem,

min f(z) + ¢(k(z), X, p)
{—ﬁ if k(z) < -4 (7.6)

NEk(z) + %m)? otherwise

This suggests a straight-forward algorithm: at each step, minimize the above,

update the value of A\ via equation 7.3.2, and repeat until convergence.

The ModBrk Constraint as an LP. The optimization problem Eq. 7.3 can be
cast as a linear program for the common case where if the variables are discrete. We
decouple the estimation problem and assume that ¥ (a, s, ) and p(s,z) are known
or appropriately estimated.

First, consider the case when A is binary; then, the policy may be identified
by pi, (s,x) = p(A = 1|S = s,X = x;04). For convenience, define d(s,z) =
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Y (1,s,2) — ¥ (0,s,7). Then, we may evaluate
Zp S, fl? 1 s LC)/LO.A(S .CL’) tu (07873:)(1 —/L?A(S,SU))) =

Zp s,7)(1¥ (0,5,2) + (s, :v),uUA(s x)), (7.7)

which simplifies the optimization problem to
a o A
a3 plos )i 2 5.)

st S0 (s, 0)8(s, 00 (s.2) — pls',)3(, )t (s'.2)) < VE Vs,s < s, and

T

S (p(s.)d(s, 2y (5,2) — pls', 2)3(s", )i, (5, 0)) > —VE Vs, <,

T

which is a linear program in o, with a linear objective and linear constraints.
To generalize to the non-binary case, we define, by a slight abuse of notation,

,qu(a, s,x) =p(A=alS =s,X =x;04) and evaluate the objective as
Zpsx 1sa:)uUA(asx)

leading to the linear program

ugflﬁ?i‘(z Zp s,x)u (a,s,2)ps (a,s,x)
Zp 5.2) (" (@, 5,2 (a,5,2) — pls, o) (a5, ) (0,5, )
— Zp s’ x) (a,8,x)o (s, 2,a) — p(s,2)p* (a, S’,x)qu(a, s x)) < e
Vs, s < s,

ZP(3> :L‘) (MY(a> S, $)MfA <a7 S, x) - p(37 x)luy(av S, x)N?A (a7 S, QJ))
- Zp(sl, $> (MY((L7 5/’ x)O-A(Sla Z, a) - p(S, {E)MY(CL, 5/’ x)M?A (av 5/7 :L“)) > _\/g

Vs, s’ < s,
Zqu(a,s,x) =1Vs,z, and qu(a,s,x) > 0Va,s, .

The last two constraints ensure that the policy is a valid conditional probability

distribution.
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7.4 Experiments

We evaluated the EqB and ModBrk constraint methods on the New York City Public
School District (NYCSchools) dataset compiled in Kusner et al. (2019), which we
augmented to include actions; and further tested ModBrk on the Infant Health and
Development Program (IHDP) dataset, specifically the real-data example examining
dosage effects, described in Section 6.2 of Hill (2011) (we could not use this dataset
for EqB due to its reliance on parametric assumptions). The code reproducing the
results will be made available. Next, we briefly discuss the datasets and defer further
details to Section 7.5.

The Action-augmented NYCSchools Dataset. We adopted the same sensitive
attribute and covariates as Kusner et al. (2019) and augmented the dataset with our
own generated actions and outcomes. We created continuous actions corresponding
to funding-level decisions as A = (wkySX)? + max(0, wk X) + N(0.5,.016), where
wsx, wx are sampled uniformly in [0,1]. We generated outcomes representing the
percent of students who took college entrance exams (SAT/ACT) as Y = 20F +
BT[S, X, SX, A, XA SA SAX]+~T[X, A, AX] + N(1,.016), where E is the original
percent of students taking the SAT/ACT exams (pre-college entry) appearing in the
dataset.

The THDP Dataset. The IHDP dataset describes a program that targeted
low-birth-weight, premature infants, providing them with intensive high-quality child
care and home visits from a trained provider. As continuous action A we used the
self-selected number of participation days in the program. The outcome Y corresponds
to the child’s score attainment in cognitive tests at age three. As sensitive attribute
S, we considered the mother’s race (white vs. non-white). We re-reinterpret the
original setting into a resource allocation problem as follows: rather than as a self-
decision, we suggest thinking of the number of days in treatment as external, e.g.,
by assigning different individuals to different lengths of participation. In this case,
the ModBrk constraint goal is to break the moderation of the allocation of days in the
program by the group membership, such that the resource allocation policy is not

responsible for the difference in test scores attained by different groups.

7.4.1 Results

We evaluated EqB and ModBrk by comparing these methods with: (1) optimizing the
policy with no disparity constraint (Unconstrained), (2) optimizing the policy without

using S (Drop S), (3) using constant actions (Consty), and (4) using the baseline

157



Unconstrained

15 ggg 8 25 g s=1
) 30.0 b 100 S=0
7 200
40 a . -
27.5 13
=1
6 of 175 e
5
35 - o 25.0 -
- £5 Il Il 150 >
£ £ » ) -
- D)
530 g, = £ i I S
8 s s 0.2 0.4 0.6 0.8 1.0
= 20.0 > Constrained
25 3 100 150
17.5
2 75
20
150 o 10
1 50 K]
15 :
50 75 50 75 50 75 50 75 0
Slack value Slack value Slack value Slack value
® Ours Drop S ) ..
; _ 0.0 0.2 0.4 0.6 0.8 1.0
®  Unconstrained oa=0 Action values

Figure 7.6: EqB on NYCSchools. (Left) influence of threshold for constraint on the
value of the objective and fairness constraint violations. (Right, top) recommended
actions by group for unconstrained optimization. (Right, bottom) recommended
actions by group for constrained optimization, with slack of fairness violation set at 0.

policy (04 = @). As discussed in Section 7.2, previous work on fair policy or action
allocation differs from our setting and objective, and therefore cannot be meaningfully
compared. We omit the Const 4 baseline for EqB, as the IPW estimator is not suitable
for delta distributions. The minimal e slack values in the plots that follow correspond
to the smallest constraint value that can be achieved with our optimization strategy;
the maximal € slack value is one that would closely match the constraint violation
under unconstrained optimization.

The EgB Constraint Method. We present results for EgB on the NYCSchools
dataset in Fig. 7.6. As we increase the tolerance on fairness violations, in the form of
higher slack value € in Eq. 7.4, we observe an increase in constraint value with almost
no change in overall utility E[Y,,]. Observing the utility values broken down by group
membership (E[Y,,|S = 1] vs. E[Y,,|S = 0]), we see also no significant change in
utility coming from either group. Here S = 1 corresponds to a majority-white student
body in the NYCschools dataset and action corresponds to (simulated) government
funding level decisions. The result shows that our method learns a policy that assigns
actions ensuring equal benefit without sacrificing the utility of either group. Note
that we also see an unusually high estimate of utility for S = 1. This could be
explained by the IPW estimator not extrapolating well to unseen data, as the S =1
group only consists of 7% of an already small dataset. On the right-hand side of
Fig. 7.6 we observe similar recommended action histograms for the unconstrained (top
right) and constrained (bottom right) cases. This shows that our method decreases

disparity with similar budget constraints. Conceptually, this is possible because we
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Figure 7.7: ModBrk on NYCSchools. (Left) influence of threshold for constraint on the
value of the objective and fairness constraint violations. (Right, top) recommended
actions by group for unconstrained optimization. (Right, bottom) recommended

actions by group for constrained optimization, with slack of fairness violation set at
17.

are not attempting to reduce existing disparity from observed data. From a technical
perspective, the similarity in the action histogram is partially due to the IPW objective
which automatically aligns recommended actions with observed ones to achieve higher
weighting. To validate our approach, we compute the ground truth constraint value
through counterfactual realization of the policy model’s predicted action mean in the
data generating process and compute the distributional difference of Y, , — Y,|S for
different sensitive attribute groups. Notice also that our method succeeds in increasing
the utility compared to the baseline policy. Although the baseline policy has the
lowest constraint, this is expected as we are comparing distributions of Y,, — Y5 | S,
where 04 = &. Dropping S has a slight increase in constraint and a decrease in utility
compared to the unconstrained setting. This could be explained, as our policy model
performs better by taking into account S to break the indirect association between S
and Y. On the other hand, this constraint is an approximation and we would like to
extend beyond its computation over a grid of z values, see Section 7.3.1. Moreover,
our method shows a promising result: we can ensure EqB with a similar budget and
no sacrifice from either group.

The ModBrk Constraint Method. The results for ModBrk on the NYCSchools
and IHDP datasets are presented in Fig. 7.7 and in Fig. 7.8 respectively. For

both datasets, as we increase the tolerance on fairness violations, in the form of

SDropping S had no influence on utility and constraint values, so we did not include it in the
figures above to avoid confusion due to overlap of values.
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Figure 7.8: IHDP ModBrk constraint. (Left) influence of threshold for constraint on the
value of the objective and fairness constraint violations. (Right, top) recommended
actions by group for unconstrained optimization. (Right, bottom) recommended
actions by group for constrained optimization, with slack of fairness violation set at
0.01.

higher slack value ¢ in Eq. 7.3, we see a major increase in constraint value while
allowing some increase in utility E[Y,,]. Observing the utility values broken down by
group membership (E[Y,,|S = 1] vs. E[Y,,|S = 0]), we see most of this increase of
utility driven by the privileged group, S = 1 (a majority-white student body in the
NYCSchools dataset, and white mothers for the IHDP dataset). This is to be expected
given that we are trying to minimize interactions involving S = 1 and A, i.e. where
the membership in the privileged group inflates utility values, via higher g values.
These higher g values for the S = 1 group also translate into higher utility values for
S =1 according to the baseline policy, as can be seen from the orange line, indicating
baseline policy actions in the corresponding figures. Notice that the choice of an
appropriate slack ¢ here is a matter of trade-off based on user preferences of utility vs.
constraint value, and will depend on the specific dataset. We can gain deeper insight
into the working of our approach by inspecting the histogram of recommended actions
at the end of the policy model training. For both datasets, we see that applying the
constraint with a small € value results in mapping more S = 1 members to lower
action values, compared to the S = 0 group, indicating that to enforce the constraint
more tightly means allocating less intervention budget to the privileged group while
giving out as many high actions to S = 0 as possible under the action clipping setting
described previously. Notice that in both settings we succeed in increasing the utility

compared to the baseline policy. Recall that we employ action clipping to ensure some
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overlap with the baseline actions for estimation purposes, but this means that we are
bound to some extent to the interval of actions seen for each s,z in the baseline policy
(this trade-off can be explored via the choice of ) value, see Section 7.3.2). One could
also increase 71 to achieve higher utility at the cost of increased budget and sacrifice
in coverage. This is also why we cannot achieve utility values that are as high as
the highest Const 4 in the figures; we ask how best to distribute actions within the
effective budget.

7.5 Additional Dataset Details

To the best of our knowledge, both datasets were made public under CCO license.

The Action-augmented NYCSchools Dataset. As sensitive attribute S, we
consider the majority race of students in the school (white vs. non-white), while as
covariates X we consider: (1) if the school offers advanced placement or international
baccalaureate classes, (2) whether the school offers calculus courses, and (3) the
number of full-time counselors employed (fractional values indicate part-time work).
We then create continuous actions corresponding to funding level decisions as A =
(wkSX)?+max(0, wk X)+N(0.5,0), where wsy, wx are sampled uniformly in [0, 1],
and 0 = 0.4 (to allow variability, but not encourage negative values, given that the
mean is set at 0.5). We then scale A to lie in [0,1]. We generate the outcome Y that
represents the percent of students who take the college entrance exams in the US
(SAT/ACT), as Y =20E+8T[S, X,SX, A, XA, SA, SAX|+~T[X, A, AX|+ N(1,0),
where E' is the original percent of students taking the SAT/ACT exams (pre-college
entry) appearing in the dataset. We multiply £ by 20 to bring it within the same
scale as the other components in the structural equation. 5 and v are sampled from a
normal distribution, with higher mean values for coefficients affecting terms involving
A, to ensure the outcome is noticeably responsive to changes in A. In the original
dataset, F is the outcome and therefore can be interpreted as a function of S and X.
The original dataset includes 345 datapoints. For the ModBrk constraint, we use a
bootstrapped version (by re-sampling S, X, F with replacement) which increases the

number of datapoints to 20,000.

The THDP Dataset. The IHDP dataset consists of data from a program that
targeted low-birth-weight, premature infants, providing them with intensive high-

quality child care and home visits from a trained provider. The continuous action
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A is self-selected number of participation days in the program. The outcome Y is
child score attainment in cognitive tests at age three. As sensitive attribute S, we
consider mother’s race (white vs. non-white). After removing duplicate encoding
and NaN values, we are left with 31 covariates, 22 categorical and 9 continuous. We
use a bootstrapped version (by re-sampling S, X with replacement, and obtaining
corresponding A, Y predictions from two black-box models trained on the original
S,Y in the dataset) which increases the number of samples to 20,000.

We re-reinterpret the original setting into a resource allocation problems as follows:
rather than as a self-decision, we suggest to think of the number of days in treatment
as external, e.g., voucher allocation or by assigning different individuals to different
lengths of participation. In this case, the ModBrk constraint goal is to break the
moderation of the allocation of days in program by the group membership (withe vs
non-white mothers), such that the resource allocation policy is not responsible for the

difference in test scores attained by different groups.

7.6 Additional Experimental Details

All experiments are implemented using the Pytorch library (Paszke et al., 2019).
The EqgB experiments were run on a standard personal Mac, using CPUs. The
ModBrk experiments were run on a single Microsoft Azure NVISIA Tesla P100 GPU
server (NC6s v2 instance). We provide the corresponding environment setups in the
accompanying code.

After performing hyper-parameter tuning, we ran the experiments with the follow-

ing configurations.

7.6.1 EgB NYCSchools

Our stage I model consists of two MLPs, where MLPZ learns p2 and MLPY learns
¥ as described in Section 7.3.1. Both MLPs share same structure as in we use one
linear layer and one ReLu layer Agarap (2018), with the hidden dimension set to 128
(for each component). We train the stage I model for 500 epochs for MLPY and 1000
epochs for MLPQ, with a learning rate set at 0.01 and 0.0001 respectively, and the
optimizer is Adam Kingma and Ba (2015). We verify the training of our stage I models
by checking R? score with predicted and the target. We also check the predictions of
the trained model MLPY for constant actions against the original model’s. We omit
to check baselines with higher constant action values due to IPW estimator is hard to

extrapolate to unseen data.

162



Stage II model was defined with one linear layer and one ReLU layer, with the
hidden dimension set to 10 (for each component). In order to speed up its convergence,
we standardize the output of Stage II model with constant values. We train stage 11

model for 1000 epochs, with learning rate 0.01.

7.6.2 ModBrk NYCSchools

Our stage I model is an MLP composed of additive f, g, h components, as described in
Section 7.3.2. For this setting, we use three linear layers, and two ReLu Non-linearities
Agarap (2018), with the hidden dimension set to 256 (for each component). We
train the stage I model for 3000 epochs, with a learning rate set at 0.005, and the
optimizer is Adam Kingma and Ba (2015). We verify the training of our stage I model
by checking explained variance and R? scores on a held-out set. We also check the
predictions of the trained model for constant actions against the original model’s.
Stage II model was defined with 3 linear layers and 2 ReLLU nonlinearities, with
a single batchnorm layer following the first input layer. We also include a shifted
sigmoid at the end of the network to enforce our action clipping. For this setting,
the hidden dimension was set to 64, the learning rate was 0.001, and we used the
Adam optimizer Kingma and Ba (2015). Some scheduling was included for smoother

training. For both, we use a single batch of size 20,000.

7.6.3 ModBrk IHDP

We use the same model architectures as above for this dataset, with the following
differences. For the stage I model, we use only 2 linear layers and 1 ReLLU non-linearity
Agarap (2018), with the hidden dimensions set at 512. This model was trained for
1000 epochs. We compare constant action predictions compared to those of a standard
black box model trained for E[Y'|S, X, A]. The learning rate used for stage I was 0.001,
with a small weight decay of 0.1 for regularization.

For stage II, we use 50 hidden dimensions, a learning rate of 0.0005 and no scheduler.
We train for 3000 epochs.

7.7 Conclusion

We introduced a framework to learn fair policies given access to observational data and
an action space in question. Taking a pragmatic view, we asked what is the best utility

that can be achieved with the provided action space, while controlling two notions
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of disparity: one focusing on ensuring equal benefit with respect to a baseline policy,
and the other focusing on mitigating a possible moderation effect involving group
membership and the policy. We see this work as a first conceptual contribution in
defining pragmatic fair impact policies and envisage various possible future directions,
including extending the proposed methods beyond binary groups, to a multi-stage
policy setting, to handle unmeasured confounding and to online optimization. We
would also like to extend the bounding method in the EqB constraint to non-parametric

cases via Frechet bounds.
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8 Conclusion

The works presented herein all reflected two core principles.

e The application of ML methods to aid causal inference, and

e The promise causal inference has for ML and its trustworthiness: enabling fairer,

more robust, and more interpretable systems.

In conclusion, this body of work has explored various aspects of causality and
machine learning, with a focus on the estimation of causal effects, interpretability of
models, and fairness in algorithmic decision-making. In Chapter 3, we presented a
method for estimating the Average Treatment Effect (ATE) of a binary intervention
under highly limited knowledge of the data generation process.

In Chapter 4, we investigated the effect of crude interventions on complex, high-
dimensional objects, such as text, images, or networks. We proposed a two-step
procedure that uncovers mediation mechanisms from the interventions, through the
complex objects, and into the outcome of interest.

In Chapter 5, we proposed a unifying framework that connects the landscape of
local explanations literature via causal concepts. We showed that different methods for
model interpretability, including feature attributions, rule lists, and counterfactuals,
can all be expressed in terms of the causal concepts of the probability of sufficiency
and necessity of interventions. We also proposed a sound and complete algorithm for
the enumeration of explanatory factors.

In Chapter 6, we examined the issue of fairness in algorithmic decision-making and
proposed a framework that seeks a balance between error rate and calibration-style
violations of fairness. We showed that the previous impossibility result — which stated
that exact equal error rates and exact calibration cannot be simultaneously achieved
in a less-than-perfect model — can be refined and used to achieve a better balance
between error rate and calibration-style violations of fairness.

Finally, in Chapter 7, we expanded our view on fairness to policy optimization
settings and proposed a framework called pragmatic fairness. It optimizes a policy
for maximum expected utility while controlling disparity by controlling the policy

itself. We introduced two approaches to disparity control, one that looks to avoid
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introducing new differences in effects across groups by the introduction of the new
policy compared to a baseline, and the other which aims to reduce existing disparities.
Overall, this body of work contributes to the growing literature on causality and ML
and provides insights into the estimation of causal effects, interpretability of models,
and fairness in algorithmic decision-making.

While causal principles and approaches in ML offer greater clarity and principled
approaches, they often rely on the knowledge of an underlying structure tying together
variables that give rise to dependencies in datasets. This can become a restrictive
assumption and inhibit their application in practice. Throughout this work we looked
at what can be done under partial or minimal knowledge of an underlying causal
structure, to try and accommodate different levels of causal knowledge and strength of
assumptions, and make the adoption of methods that borrow from this line of thinking

easier and more immediately possible.

8.1 Future Directions

It is an interesting and worthwhile undertaking to extend the works presented in this
thesis by relaxing some of their underlying assumptions. The strength of assumptions
needed for the successful application of causal inference methods in ML is one of the
main challenges to its wider adoption and application.

How often can one identify, in practice, instrumental variables, and auxiliary
variables (as required by the method introduced in Chapter 3)? How likely are
assumptions around the lack of existence of unobserved confounders to hold in practice
(as is required by the methods in Chapters 4 and 7)? The works included in this thesis
were all aiming to relax assumptions needed by existing solutions, but the pursuit of
looser assumptions is always much needed in the realm of causal inference.

Another direction for pursuit is the extension of parametric parts of works presented
here (Chapter 7) to non-parametric directions. The Equal Benefit criterion suggested
in that chapter invites a general question of interest - when is it worth it to make a
parametric assumption that is justifiable to derive tighter bounds, versus the adoption
of a non-parametric approach that would still produce appropriately tight bounds?

These trade-offs would be of interest for this work and beyond.
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8.2 Discussion

During the writing of this thesis, ML has kept making impressive leaps forward, into
ever greater public attention of scrutiny. The dispersion and growing popularity of
large language models (LLMs) and generative models shine a new and brighter light
on some of the topics explored in this thesis.

On the one hand, the use of ML for causal inference tasks may get supercharged
further. When it comes to causal discovery as a starting point for causal effect
estimation, discovering already agreed-upon causal structures may become easier than
ever with the help of LLMs (for an early investigation of this direction, see Kiciman
et al. (2023)).

Causal effect estimation and personalized treatments may be enhanced via the
use of LLMs for data discovery, but also by the promise of generative models for the
development of more faithful and varied synthetic data for evaluation and simulation.

On the other hand, the question of the relevance of causal methods for the
enhancement of ML, especially its trustworthiness, takes on greater urgency.

Do some of the failure modes discussed in the introduction, e.g., those stemming
from the violation of the i.i.d assumption during deployment, become less relevant
when training sets encompass large swaths of all data available on the web? And how
would this dynamic change in turn when, for the development of future models, more
and more training data would be the hardly filtered output of models rather than
unmediated human authors?

Reinforcement Learning from Human Feedback (Lambert et al., 2022) proved to
be an important component in helping LLMs provide compelling outputs to users.
One could view this technique as an attempt to infuse Large Language Models
with some domain knowledge or basic understanding of a world model via what is
acceptable to human labelers. Could this real-world knowledge be enhanced, and
training methods become more efficient by the injection of more explicitly causal
knowledge, or a clearer mechanistic understanding of cause-and-effect, instead of the
costly and time-consuming process of gathering human feedback?

There are already well-documented examples of failure modes characteristic of this
new generation of models. Some of them are variations on the same theme: LLMs
still hallucinate content that seems likely but is not factual; generative models for
image generation often struggle with the depiction of finer details of human features

like hands or legs, or scripture elements like characters and letters. Although different
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explanations of these phenomena may emerge, we remain curious about the clarity
causal explanations may offer to these failure modes.
Finally, this new generation of models still leaves us wanting on some of the most

crucial aspects of trustworthy ML:

e Models are still rather opaque (despite the feeling a ‘chat with a machine’ may
give — how do we verify model outputs mechanistically with models of this

scale?),

e Current models still pose great fairness risks (especially with training details

remaining in obscurity,
e Evaluation at scale becoming more elusive with stochastic linguistic outputs,
e Training data not being fully representative globally),

e Data efficiency remains a faraway goal (when models in practice become larger

in the number of parameters and scale of training data).

We very much look forward to the next generation of causal and trustworthy ML
literature that will emerge to tackle these and other questions posed by these rapidly

evolving technologies.
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