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Abstract

In this thesis, we study the FX option pricing problem and put forward a
4-factor hybrid stochastic-local volatility model. The model, which describes
the dynamics of an exchange rate, its volatility and the domestic and foreign
short rates, allows for a perfect calibration to European options and has a good
hedging performance. Due to the high-dimensionality of the problem, we pro-
pose a Monte Carlo simulation scheme that combines the full truncation Euler
scheme for the stochastic volatility component and the stochastic short rates
with the log-Euler scheme for the exchange rate. We analyze exponential inte-
grability properties of Euler discretizations for the square-root process driving
the stochastic volatility and the short rates, properties which play a key role in
establishing the finiteness of moments and the strong convergence of numerical
approximations for a large class of stochastic differential equations in finance,
including the ones studied in this thesis. Hence, we prove the strong conver-
gence of the exchange rate approximations and the convergence of Monte Carlo
estimators for a number of vanilla and exotic options. Then, we calibrate the
model to market data and discuss its fitness for pricing FX options. Next, due
to the relatively slow convergence of the Monte Carlo method in the number
of simulations, we examine a variance reduction technique obtained by mixing
Monte Carlo and finite difference methods via conditioning. We consider a
purely stochastic version of the model and price vanilla and exotic options by
simulating the paths of the volatility and the short rates, and then evaluating
the “inner” Black—Scholes-type expectation by means of a partial differential
equation. We prove the convergence of numerical approximations and carry out
a theoretical variance reduction analysis. Finally, we illustrate the efficiency of

the method through a detailed quantitative assessment.
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Chapter 1

Introduction

With the technological advances making the trading of options more accessible to investors,
derivative products have become essential tools for corporations and investors alike and the
volume of exchange-traded derivatives contracts traded on exchanges worldwide in 2013
reached 21.5 billion, with 12.1 billion futures and 9.3 billion options. Of the latter, 3.78
billion were single stock options and 403 million were foreign exchange (FX) options [88].
In this thesis, we study the pricing problem for FX options and define the underlying spot
FX rate as the number of units of domestic currency per unit of foreign currency.

With the Black—Scholes model [10] becoming obsolete as a pricing model after the stock
market crash of 1987, the search for a fast and accurate method to price options has been
a popular topic in mathematical finance over the past few decades, for practitioners and
researchers alike, and the mathematical models employed in derivative pricing have become
more and more sophisticated. In particular, the class of stochastic-local volatility (SLV)
models, introduced by Jex et al. [60], Lipton [69] and Lipton and McGhee [71], among
others, have become very popular in the financial sector in recent years. They contain a
stochastic volatility component as well as a local volatility component (called the leverage
function) and combine advantages of the two. Derman and Kani [27], Dupire [31] and
Rubinstein [81] introduced the local volatility and defined it as the deterministic function of
time and spot FX rate that is consistent with observed market prices of European options.
While a local volatility model can provide a perfect fit to the implied volatility surface via
Dupire’s formula, it predicts unrealistic dynamics for the spot FX rate volatility and has
a poor hedging performance. According to Ren et al. [80], Tian et al. [89] and van der
Stoep et al. [90], the general SLV model allows for a better calibration to European options
and improves the pricing and risk-management performance when compared to pure local
volatility (LV) or pure stochastic volatility (SV) models, and Lipton et al. [70] recently
referred to SLV models as the de facto standard for pricing FX options. We focus on the
Heston SLV model because the Cox-Ingersoll-Ross (CIR) process [18] for the variance is
widely used in the industry due to its desirable properties, such as mean-reversion and
non-negativity, and because semi-analytical formulae are available for calls and puts under

the Heston model [46] and can help calibrate the parameters easily. The local volatility



component allows for a perfect calibration to the market prices of vanilla options. At the
same time, the stochastic volatility component already provides built-in smiles and skews
which give a rough calibration, such that a relatively flat leverage function suffices for a
perfect calibration.

In order to improve the pricing and hedging of FX options, we introduce stochastic
domestic and foreign short interest rates into the model. Assuming constant interest rates
is appealing due to its simplicity and does not lead to a serious mispricing of options with
short maturities. However, empirical results [93] have confirmed that the constant interest
rate assumption is inappropriate for long-dated FX products, and the effect of interest rate
volatility can be as relevant as that of the FX rate volatility for longer maturities. There
has been a great deal of research carried out in the area of option pricing with stochastic
volatility and interest rates in the past couple of years. For instance, Van Haastrecht
et al. [93] extended the model of Schobel and Zhu [82] to FX derivatives by including
stochastic interest rates, a model that benefits from analytical tractability even in a full
correlation setting due to the processes being Gaussian, whereas Ahlip and Rutkowski [1],
Grzelak and Oosterlee [42] and Van Haastrecht and Pelsser [94] examined the Heston—
2CIR/Vasicek hybrid models and concluded that a full correlation structure gives rise
to a non-affine model even under a partial correlation of the driving Brownian motions.
The literature on option pricing with local volatility and stochastic short rates is not as
rich. Recently, Deelstra and Rayee [25] and van der Stoep et al. [91] proposed different
approaches to evaluate the local volatility function under 1-factor Hull-White short rates
[50].

There has also been an increasing interest in the calibration to vanilla options of models
with stochastic and local volatility and stochastic interest rate dynamics. For instance,
Guyon and Labordére [44] examined Monte Carlo-based calibration methods for a 3-factor
SLV equity model with a stochastic domestic short rate and discrete dividends, whereas
Deelstra and Rayee [25] examined a 4-factor hybrid SLV model with stochastic domestic
and foreign short rates and proposed different approaches to calibrate the leverage function.
Hambly et al. [45] took a different path and discussed the calibration of a 2-factor SLV
model to barriers.

The model of Cox et al. [18] is popular when modeling short rates because the square-
root (CIR) process admits a unique strong solution, is mean-reverting and analytically
tractable. Cox et al. found the conditional distribution to be noncentral chi-squared,
and Broadie and Kaya [14] proposed an efficient exact simulation scheme for the square-
root process based on acceptance-rejection sampling. However, their algorithm presents
a number of disadvantages such as complexity and lack of speed, and it is not fit to
price strongly path-dependent options that require the value of the FX rate at a large

number of time points. Moreover, in the context of a stochastic-local volatility model, the



correlations between the underlying processes make it difficult to simulate a noncentral
chi-squared increment together with a correlated increment for the FX rate and the short
rates, if applicable. As of late, the non-negativity of the CIR process is considered to be less
desirable when modeling short rates. On the one hand, the central banks have significantly
reduced the interest rates since the 2008 financial crisis and it is now commonly accepted
that interest rates need not be positive. On the other hand, if interest rates dropped too far
below zero, then large amounts of money would be withdrawn from banks and government
bonds, putting a severe squeeze on deposits. Hence, we model the domestic and foreign
short rates using the shifted CIR (CIR++) process of Brigo and Mercurio [12]. The CIR++
model allows the short rates to become negative and can fit any observed term structure
exactly while preserving the analytical tractability of the original model for bonds, caps,
swaptions and other basic interest rate products.

Therefore, in this work, we put forward the Heston—Cox—Ingersoll-Ross++ stochastic-
local volatility (Heston—2CIR++ SLV) model to price FX options. Independent of the
correlation structure, the model is non-affine and so a closed-form solution to the European
option valuation problem is not available. Hence, we see ourselves forced to turn to finite
difference or Monte Carlo methods. Finite difference methods are popular in finance and
when the evolution of the exchange rate is governed by a complex system of stochastic
differential equations (SDEs), it all comes down to solving a higher-dimensional partial
differential equation (PDE). This can prove to be difficult due to the curse of dimensionality,
because the number of grid points required increases exponentially with the number of
dimensions. Monte Carlo algorithms scale linearly with the dimension and can handle
path-dependent features easily; also, there are numerous discretization schemes available,
like the simple Euler-Maruyama scheme, see, e.g., Glasserman [41]. This makes Monte
Carlo methods more attractive for high-dimensional models such as the ones studied here,
and the relatively slow convergence (’)(M 7%) in the number of simulations M raises the
question of how to find an efficient variance reduction technique.

The mixed Monte Carlo/partial differential equation solver [72] is a good alternative
to the classical Monte Carlo algorithm and, under certain circumstances, can lead to a
substantial variance reduction. The idea behind the mixed Monte Carlo/PDE method is
to write the option values as nested conditional expectations. Then, the innermost ex-
pectation is evaluated analytically or using finite differences, and the outer expectation is
evaluated by simulation. The earliest related published work is by Hull and White [49], who
considered a European call option under a 2-dimensional stochastic volatility model with
uncorrelated asset price and volatility and proved that, conditional on the integral of the
variance process, the asset price is lognormally distributed, and hence the option price can

be expressed as a Black—Scholes price. Willard [96] extended the analysis of Hull and White



to path-independent options under stochastic volatility and instantaneously correlated fac-
tors, and used the smoothness of the “conditional price” to calculate price sensitivities (the
Greeks). Willard also employed quasi-Monte Carlo (low-discrepancy) methods to further
reduce the variance of price estimates, but with no effect on the discretization bias. The
mixed Monte Carlo/PDE method develops this conditioning technique, known as condi-
tional Monte Carlo, and allows the combined use of Monte Carlo and finite difference
methods for the valuation of path-dependent contracts.

In summary, the focus of this thesis is on FX option pricing and the main topics of
interest are: the calibration and the Monte Carlo pricing of FX options under hybrid
stochastic and local volatility models; the mixing of Monte Carlo and finite difference
methods via conditioning techniques for the valuation of vanilla and exotic options; the
convergence and the stability of moments of discretization schemes for high-dimensional
systems of SDEs.

In Chapter 2, we analyze exponential integrability properties of the CIR process and
its Euler-Maruyama discretizations with various types of truncation and reflection at 0.
These properties play a key role in establishing the finiteness of moments and the strong
convergence of numerical approximations for a large class of SDEs arising in finance, in-
cluding the popular Heston stochastic volatility model. We prove that both implicit and
explicit Euler—-Maruyama discretizations for the CIR process preserve the exponential in-
tegrability of the exact solution for a wide range of parameters, and find lower bounds
on the explosion time. Then, we look at the Heston model and examine the stability of
moments of the process and its approximations numerically.

In Chapter 3, we study the Heston—2CIR++ SLV model in the context of FX markets
and propose a Monte Carlo simulation scheme that combines the full truncation Euler
scheme for the stochastic volatility component and the stochastic domestic and foreign
short interest rates with the log-Euler scheme for the exchange rate. Under a full correlation
structure and a realistic set of assumptions on the so-called leverage function, we establish
the strong convergence of the exchange rate approximations and deduce the convergence
of Monte Carlo estimators for a number of vanilla and path-dependent options. Then, we
carry out an efficient model calibration to EURUSD market data and discuss the fitness
of the model for pricing FX options.

In Chapter 4, we consider the valuation of European and path-dependent options in FX
markets when the currency exchange rate evolves according to the Heston model combined
with the CIR dynamics for the stochastic domestic and foreign short interest rates (i.e.,
the Heston-2CIR model). The mixed Monte Carlo/PDE method requires that we simulate
only the paths of the squared volatility and the two interest rates, while an “inner” Black—
Scholes-type expectation is evaluated by means of a PDE. This can lead to a substantial

variance reduction and complexity improvements under certain circumstances depending



on the contract and the model parameters. We establish the uniform boundedness of
moments of the exchange rate process and its approximation and prove the strong conver-
gence of the latter. Then, we carry out a variance reduction analysis and find accurate
approximations for quantities of interest. All theoretical contributions can be extended
to multi-factor short rates with a term structure in a straightforward manner. Finally,
we illustrate the efficiency of the method for the 4-factor Heston—2CIR model through a

detailed quantitative assessment.



Chapter 2

Exponential Integrability Properties of the Cox—
Ingersoll-Ross Process

2.1. Introduction

Let (Q,Q, (gt)tZO,IP’) be a filtered probability space satisfying the usual conditions and
let W = (Wt)tzo
Ingersoll-Ross process was originally proposed in [18] for short-term interest rate modeling,

and is the solution to the following SDE:

be a 1-dimensional standard G;-adapted Brownian motion. The Cox—

dyt = /{(0 — yt)dt + Q/gﬁth, (21)

where yo, k, 6 and & are strictly positive real numbers. According to [62], (2.1) admits
a unique strong solution, which is strictly positive when the Feller condition is satisfied,
i.e., when 2k0 > £2. The desirable features of the CIR process under consideration, such
as non-negativity and mean-reversion, make it very popular when modeling interest rates
or variances, e.g., in Heston’s stochastic volatility model [46], which is one of the most
popular equity derivatives pricing models among practitioners. The Feller condition is
typically satisfied in practice in the former case, but often fails to hold in the latter case.

The conditional distribution of the CIR process is noncentral chi-squared and hence its
increments can be simulated exactly. On the other hand, discretization schemes are usually
preferred when the entire sample path of the CIR process has to be simulated, or when the
process is part of a system of SDEs. For instance, when pricing path-dependent financial
derivatives written on an underlying process S = (St);c|o,r) modeled by a d-dimensional

SDE, with CIR dynamics in one or more dimensions, we need to evaluate
U=E[f($)], 22)

where f : C([0,T],R%) — R is the discounted payoff. In particular, this class of SDEs
contains the popular Heston model and extensions thereof, such as stochastic interest
rates [1; 42] or stochastic-local volatility [90]. However, one can rarely find an explicit
formula for the quantity in (2.2), in which case we approximate the solution to the SDE

via a discretization scheme and employ Monte Carlo simulation methods [41]. Since we



cannot use the standard Euler-Maruyama scheme to approximate (y;);c(o,r) defined in (2.1)
because of the non-zero probability of the approximation process becoming negative, we set
it equal to zero when it turns negative (absorption fix) or reflect it in the origin (reflection
fix). An overview of the explicit Euler schemes considered thus far in the literature can be
found in [73]. Alternatively, we can use an implicit scheme to discretize the CIR process.

Even though weak convergence is important when estimating expectations of payoffs,
strong convergence may be required for complex path-dependent derivatives and plays a
crucial role in multilevel Monte Carlo methods [38]. An important step in deriving strong
convergence is proving the finiteness of moments of order higher than 1 of the process and
its approximation [48]. In addition, for a number of stochastic volatility models, moments
of order higher than 1 can explode in finite time [7]. This, however, can cause serious
problems in practice when valuing securities whose payoffs have superlinear growth, as is
the case with some commonly traded fixed income contracts. For instance, the risk-neutral
valuation of CMS swaps and caps or Eurodollar futures contracts involves the evaluation
of the second moment [7]. Therefore, moment explosions may lead to infinite prices of
derivatives. The same issue can also be observed for Euler approximations of SDEs with
superlinearly growing drift or diffusion coefficients [54; 55].

Hence, we need to examine the stability of moments of the actual and the approximated
processes, a problem directly related to the exponential integrability of the CIR process
and its discretization. The results in the literature on the exponential integrability of
numerical schemes for SDEs are few and far in between. Hutzenthaler et al. [57] identified a
class of stopped increment-tamed Euler approximations for nonlinear systems of SDEs and
proved that they preserve the exponential integrability of the exact solution under some
mild assumptions, unlike the explicit, the linear-implicit or some tamed Euler schemes,
which rarely do. Here, we consider a different exponential functional of the CIR process.
To the best of our knowledge, the work in this chapter is the first to establish that the
drift-implicit and a number of explicit Euler discretizations for the CIR process preserve
exponential integrability properties (up to a critical time).

This chapter is structured as follows. In Section 2.2, we discuss the discretization
schemes. In Section 2.3, we establish the uniform exponential integrability of functionals
of the CIR process and its implicit and explicit Euler discretizations. Section 2.4 exam-
ines moment stability for a particular model (the Heston model) in more detail. Finally,

Section 2.5 summarizes the results and outlines possible future work.

2.2. The discretization schemes

The classical Euler-Maruyama scheme does not preserve the non-negativity of the process
and hence it is not well-defined when applied to (2.1) directly because of the square-root

diffusion coefficient. A number of corrections have been proposed in the literature, by



either setting the process equal to zero when it turns negative, or by reflecting it in the
origin. Consider a uniform grid: 6t = T/N, t, = ndt for all n € {0,1,..., N}. The partial
truncation Euler (PTE) scheme

Gtnsr = Gt + k(0 = Gr,, )5t + &0/ 7, OW,, (2.3)

where y* = max (0,y) and 0Wy, = W;,,, — Wy,, was proposed in [24], whereas the full
truncation Euler (FTE) scheme

Jtorr = Ttn + k(O — G5 )0t + €/ 6W4, (2.4)
was studied in [73]. The absorption (ABS) scheme reads as
Jtoir = i + k(0 — G )0t + &[G 6W,. (2.5)

For the schemes (2.3) — (2.5), the piecewise constant continuous-time approximation is

defined as 7y = g;; , whenever t € [t,,tn+1). The reflection (REF') scheme

gtn+1 = gtn + k(e - gtn)ét + 5 \% ’gtn’ 6th (26)

was introduced in [47], and we define y; = |4y, |, whenever ¢ € [t,, t,+1). The symmetrized

Euler (SYM) scheme

Jtnsr = Tt + k(0 = Gu,)0t + E/T1,, W4, | (2.7)

was studied in [11], and we let 4 = ¥y, whenever ¢ € [t,,t,41). Finally, assuming that

the Feller condition holds (i.e., 2k > £2) and applying Ito’s formula to z; = Vi leads to

dzy = (az; ' + Bay)dt +~vdWy, (2.8)
where )
4k0 — ¢ k §
— = — — = —. 2.
o g B 5 and v =2 (2.9)

The drift-implicit (square-root) Euler scheme
i.thrl = ‘fitn + (a:?:;il =+ 5jtn+1)6t + 'yéth (210)

was proposed in [3] and later studied in [26]. If 4kf > &2, then o > 0 and, since 3 < 0,

(2.10) has the unique positive solution

i . «%tn + ’Y(Sth (f?tn + 75th)2 Oé(St (2 11)
k1 7 To(1 = Bot) 41—=pst)2 T 1-pot '

This method is also called the backward Euler—-Maruyama (BEM) scheme [76]. We let

g = 50%”, whenever t € [t,, tp41)-



2.3. Exponential integrability

The goal of this chapter is to establish the exponential integrability of functionals of the
CIR process and its approximations. To this end, let (gt)te[O,T} be the piecewise con-
stant continuous-time approximation of (y;)c[o,7] corresponding to one of the discretization

schemes from (2.3) — (2.7) or (2.11) and, for some A, 1 € R, define
t t
@t:exp{k/ yudu+u/ \/yTLqu}, vVt € [0,T7, (2.12)
0 0

t t
O Eexp{/\/ yudu+u/ Jy:qu}, vt € [0,T], (2.13)
0 0

and

AE)\—F%MQ. (2.14)

Lemma 2.1. Independent of the discretization scheme y employed,

_ 1 if A<0,
sup E[©] = ~ (2.15)
tef0.T] E[©7] if A>o0.

Proof. For convenience of notation, denote Et[ . } =K [ . |Qt}. Assuming that ¢t € [t,, tp+11]

and conditioning on the o-algebra G; , we find that

tn tn
By, [©:] = exp {)\/ Yudu + p @qu} exp {(t —tn) ATy, } (2.16)
0 0

Since y is always non-negative, if A < 0, then E;, [@t] < E, [étn]' From the law of

iterated expectations,
E[6:] <E[6,] <E[64, ,] <...<E[O]. (2.17)
On the other hand, if A > 0, then E;, [6;] < Eq, [0, and hence

E[6:] <E[6,.,] <E[6,..] <...<E[O7], (2.18)

which concludes the proof. |

2.3.1. The Cox—Ingersoll-Ross process

The exponential integrability result below is an extension of Proposition 3.1 in [7] to the
case A < 0. When A > 0, we can derive Proposition 2.2 below directly from [7], by writing
the moments of the Heston model in terms of E[@T]. Our proof takes a fairly different

approach and is included for completeness.



Proposition 2.2. The first moment of the exponential functional of the CIR process de-

fined in (2.12) is uniformly bounded up to a critical time T™, i.e.,

sup E [@t] < oo, VT <T*
te€[0,7

and
E[Or] =00, VT >T"

If A <0, then T* = oo, whereas if A > 0, then T* is as given below.

(1) When k < £(u—v24),

. 1 uéE—k+9
T = —log | >—"T~
19°g<ws—k—19

) ;0 =/(n€ — k)2 — 2824,

(2) When k = £(u —2A),

(3) When &(n—v24) <k < &(p+v24),

e ; [” _ arctan (“519‘ k)} , 0= /2624 — (juf — k).

2

(4) When k > &(u+v24),

T* = oc0.

Proof. Since

/ VYu AW, —gyt—é(yo—i-kﬁt /

from (2.1),
@t:exp{—(yo—l—ket)j\}exp{/\yt—i—,u/ }
where
LW phk
A==, p=X+"—
3 £

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

Since the first exponential on the right-hand side of (2.26) is a continuous function of time

and since (yt)te[O,T] is a stationary Markov process, it suffices to prove the finiteness of the

supremum over 7 of

T
F(r,y) =Ey [exp {AyT +/l/ yudu} ‘ Yt = y}
t

=E [exp{ﬂyT—i-/fL/ yudu}’yo Zy] )
0

where 7 = T — t and F(0,y) = exp{\y}. The process M = (Mt)sejo,m) defined by

t
M, = F(T,yt)exp{ﬂ/ yudU}
0

10

(2.28)

(2.29)

(2.30)



is a martingale. Applying It0’s formula to the right-hand side and setting the resulting
drift term equal to zero, we find a PDE for F(7,y):

1
— O0rF + k(0 —y)0,F + §£2y8ny + iy F = 0. (2.31)
Suppose that the solution to the PDE is of the form
F(r,y) = exp {Xy + kONT + G(r)y + H(T)}, (2.32)

with
G(0) =0 and H(0)=0. (2.33)

Substituting back into (2.31) with (2.32) results in a system of Riccati ODEs:

0:G(1) = aG(1)* + bG(T) + ¢, (2.34)
O H (1) = kOG(1), (2.35)

where
az%&Q,b:5\§2—k:u§—/~candc:%S\QEQ—I—/}—;\k:A. (2.36)

The conditions under which G(7) — and so F'(7,y) — blows up are connected to the position

of the roots of the polynomial f(z) = ax® + bx + ¢, i.e.,

212 =~ = ) & 5/ (uE = B 274, (2.37)

First, if A = 0, then zero is a root of the polynomial. Since f(z) is locally Lipschitz, we
conclude that the ODE (2.34) with the initial condition G(0) = 0 has a unique solution,
namely G(7) = 0 for all 7 > 0. From (2.35), we deduce that H(7) = 0 for all 7 > 0.
Substituting back into (2.32) and making use of (2.29), we deduce that E [6;] =1 for all
t > 0. Alternatively, note that (@t)te[O,T] is a Doléans exponential and a true martingale
[15]. Therefore, when A = 0, sup,c(o7] E (6] =1 forall T > 0.

Second, if A # 0, employing Proposition 3.3 in [67], one can easily show the finiteness
of G(7), and hence of H(7) and F(r,y), for all 7 < T*, and the explosion of G(7) for all
T > T*. Therefore, F(7,y) is continuous and finite on [0,7] for all T < T* and hence its
supremum over the time interval is finite by the boundedness theorem, which concludes

the proof. |

2.3.2. The drift-implicit Euler (BEM) scheme

Suppose that 2k > &% and let §; = @7 for all ¢ € [tn,ty11), With @ defined in (2.11).
In order to establish the exponential integrability of the BEM scheme, we first prove an

auxiliary result.

11



Lemma 2.3. Suppose that T > 0 and A > 0. Then
In>1: Vwel0,1], 202w?Ay*T? + 2nwyuT —n+1 <0, (2.38)

if and only if T < T*, where T™ is as given below.

(1) When pp <0 and A < %,u,z,

2p
T = ——. 2.
= (2.3
(2) When <0 and X > %,u,z, or when p >0,
y L S (2.40)
E(p+v24) '
Proof. Fix any n > 1 and let f;, : [0,1] — R be defined by
fo(w) = 20°0* AY?*T? + 2wnyuT — (n — 1), (2.41)
with two distinct real roots
== 242(n—-1)A
o g = THEVE T2 - 1A (2.42)
’ 2nA~T
Since wi > 0 > wa, we deduce that f,([0,1]) C (—o0,0) if and only if f,(1) <0, i.e.,
22 AY*T? — (1 — 2yuT) +1 < 0. (2.43)

However, (2.43) holds for some 7 > 1 if and only if the second-order polynomial in 7 on the
left-hand side has two distinct real roots, one of which is greater than one. Substituting

back into (2.43) with v from (2.9), we find the necessary and sufficient conditions:

(1 — p€T)? > 2A2T? and 1 — p€T + /(1 — p€T)? — 2A€2T2 > AL*T?. (2.44)

Note that if
1 — péT > AET?, (2.45)

then the conditions specified in (2.44) are equivalent to

ET(p+v24) < 1, (2.46)
whereas if
1 — peT < AET?, (2.47)

then the conditions specified in (2.44) are equivalent to

ET(n+ V2A) <1 and 24T < —4p. (2.48)
Since
1 — péT < AET? & \/p2 +4A — 5 < 2A€T, (2.49)

12



we find an equivalent set of conditions:

ET(n+vV2A4) < 1, (2.50)
and
QAET < \/p? +4A —p or /2 +4A — pu <2ALT < —4p. (2.51)
Next, upon noticing that
p+v2A<0 & p<0 and A <0, (2.52)
and that
3
ViIZ+4A —p< —4p < <0 and A<§,ﬂ, (2.53)
the conclusion follows relatively easily. |

Proposition 2.4. Let T > 0. If A <0 or otherwise, if A >0 and T < T*, with T* from
(2.39) - (2.40), then there exists o7 > 0 such that, for all t € (0,07), the first moment of
the exponential functional from (2.13) of the BEM scheme is uniformly bounded, i.e.,

sup  sup E[6;] < oo. (2.54)
5t€(0,07) t€[0,T]

Proof. If A <0, the conclusion follows from Lemma 2.1. If A > 0 and T' < T*, we know
from Lemma 2.3 that 37 > 1 independent of §t such that (2.38) holds for all w € [0,1].
Fix any such 1. We prove by induction on 0 < m < N that, for sufficiently small values of

ot, we have
B tN—m N—m—1
E[O6r] <E [exp {u Vo AW, + A6t Z Ui, + mmASt Gy H
0 i=0
2m
X (1 + 277A72T5t> exp {naA((St)Q(m - l)m} (2.55)

Note that when m = 0, we have equality. Let us assume that (2.55) holds for 0 <m < N

and prove the inductive step. Conditioning on G;,, ., we obtain

E[67] < (1 + 277A’y2T6t)2m exp {nozA(ét)Q(m - 1)m}

EN 1 N—m—1
xE[exp{u VG AW, + \Ot Z thl}
0 =0
X Ethmfl |:eXp {T]mAdtgtNm + M\/mdthfmfl }:|:| : (256)

. and note that if Z ~ N (0,1) and independent of Gy, _,
then 0Wyy ., B /8t Z. Let T be the conditional (inner) expectation in (2.56), then

For brevity, define v = 2,

I=Eo, {exp {nmA5t¢(Z)2 + MZ‘\/&Z}] , (2.57)
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where

¥(z) = g;lr Z‘gt; n \/(Z(le j\g‘z;)z 1 f“;t&. (2.58)

On {x + Vot Z < O}, since 8 < 0, we have that
Y(2)? < adt. (2.59)

On {x + ot Z > 0}, one can easily show that
W(Z)? < (z+ Vot Z)" + 2a0t. (2.60)

: _ =z
Hence, if we let 2z = it

21 1
Ig/_oomexp{—2z2+ufc\/&z+nmo¢A(5t)2}dz

> 1
+ -
20 V2T

Suppose that o7 < (277A’)/2T)71 and define

exp {—;zz + WC\/&,Z +nmAdst [(95 + 7\/572)2 + 20‘54 } dz. (2.61)

a=+/1—=2nmAy2(6t)2, b = pxV/ot + 2nmA7:c(5t)%, ¢ = \/nmmAst(z2 + 2adt). (2.62)

Some straightforward calculations lead to the following upper bound:
2

1 1 b
Z < exp {2u2x2(5t + nmaA((St)Q} D (1) + - exp {02 + 2a2} {1 — P (22) }, (2.63)

where @ is the standard normal CDF and

T azr b
7= — — prVot, z9g=— - —. 2.64
e 2= Vsl a (264)

Suppose that ép < (7 max {0*, —u})_l. Then 1+ pydt > 0 and so z; < 0. From (2.62),

ay Vot (z1 — 22) = (1 — a)z(uydt — a) + Vot (b — paV/ot)
= (1—a)x(1+ puydt). (2.65)

Therefore, since x > 0 and a € (0, 1], z2 < z; < 0. From (2.62), we also see that

o1
2 2.2 2 _ 2 2 2 2 2.2 2
c + 22 3k® ot — nmaA(5t)° = nmaA(dt)* + Tﬂ@a nmAz*6t + b° — o’z 6t)
1
= nmaA(5t)? + a—217mAa:25t(1 + pydt)?, (2.66)
which is non-negative, and hence
7<1 2, B {1+<1>( ) — @ )} (2.67)
=7 exXp 4 C 2&2 Z1 z2 . .

Applying the mean value (MV) theorem to ® € C!, we can find z € [22, 21] such that
P(21) — D(22) = (21 — 22) #(2) < (21 — 22) @ (21) - (2.68)
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Hence, using (2.65),

(I)(Zl) — (I)(ZQ) S

1—a z(1+ pydt) ox {_W} (2.69)

a2 /ot 226t

»

u

Consider the function g : (0,00) — R defined by g(u) = ue™ 2. Then its global maximum
is 6_%, and it is achieved when © = 1. We can thus bound the term on the right-hand side

of (2.69) from above to get

1-— 1
B(z1) — Dz) < ——2 < = — 1, (2.70)
avre a
Plugging back into (2.67),
1 5  b?
ISGQexp{c +M}. (2.71)

Suppose that o7 < @ (nAvQT)_l, then a(1 + a) > 1 and hence

1 (1—a)(1+a) 9
—=14+ ——<2—qa". 2.72
a + a(l+a) — “ (272)
From (2.62), we get
L (14 20mav2(602)” < (14 29a.276t) 2.73
$7(+77m7())<<+"7’7 ) (2.73)

Combining (2.66), (2.71) and (2.73), we deduce that
2 1 1
7< (1 + 277A72T5t> exp {2nmaA(5t)2 + §u2a:25t + —QT]mAxQ&(l + u75t)2} . (2.74)
a

Because of our choice of 7, the second-order polynomial f,(w) defined in (2.41) is negative
for all w € [0,1]. In particular, f, attains its maximum on a closed, bounded interval.
Hence, there exists wy € [0,1] independent of 6t and m such that f,(w) < f,(wo) < 0 for
all w € [0,1]. Suppose that o < — f(wo) (2n(nA — )\)WQT)_I, then

12

(1—a?) <77 —1+ QA) < —fplwo) < —fr(w), Vwe|0,1]. (2.75)

m

Applying the inequality with w = % and using (2.41), we get

2

(1- a2) (77 -1+ 5A> <n—1-=20*m2A*(6t)® — 2nmpy6t. (2.76)

However, using (2.62), we can rewrite it as
1 2
a—277m(1 + pydt): <np(m+1) —1, (2.77)

S0
2
I< (1 + QnAnyT(St) exp {2nmaﬂ(5t)2 — \z25t + n(m + 1)Ax25t}. (2.78)
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Substituting back into (2.56) with (2.78) gives the inductive step. Finally, taking m = N
in (2.55) leads to

22\ 2N
E [(:)T] < <1 + W) exp {naAT2 (1 — ;7) + nATyO}

< exp {nAT2 (a + 472) + nATyO}. (2.79)

The right-hand side is finite and independent of §t, whence the conclusion. Note that if we
follow the same line of proof with n = 1, we find suboptimal sufficient conditions, whereas
with n < 1, we fail to achieve the inductive step. Also note that dr can be computed

explicitly from the proof. |

2.3.3. Explicit Euler schemes with absorption fixes
First, consider the FTE scheme and let 4; = gj;: for all t € [t,, tnt1), with g from (2.4).
Lemma 2.5. Suppose that T > 0 and A > 0. Then

In>1: VYwel0,1], n?w?e2AT? - 2nw(k — pé)T —2n+2 <0, (2.80)
if and only if T <T™, where T™ is as given below.

(1) When k < &(u+ 3v24),

1
T = PRV (2.81)
(2) When k > &(u+ 2v24),
T = Q(IZ;A“@. (2.82)
Proof. Fix any n > 1 and let f,, : [0,1] — R be defined by
fo(w) = W n*€ AT? — 2w (k — p&)T — 2(n — 1), (2.83)
with real roots S o ey
wio = AT . (2.84)
Since wy > 0 > wo, we know that f,([0,1]) C (—o0,0] if and only if f,(1) <0, i.e.,
n?EAT? —2n[1+ (k — pé)T] +2 < 0. (2.85)

However, (2.85) holds for some 1 > 1 if and only if the second-order polynomial in 1 on
the left-hand side has a real root greater or equal to one. Therefore, we find the necessary
and sufficient conditions:

[1+ (k — pé)T]* > 24612 (2.86)

and

1+ (k— pé)T + \/[1 + (k — p€)T]? — 246272 > AT (2.87)
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Note that if
1 (k= po)T = AET?, (2.88)

then the conditions specified in (2.86) — (2.87) are equivalent to

[€(n+V24) - k]T < 1, (2.89)
whereas if
1+ (k—pé)T < AET?, (2.90)

then the conditions specified in (2.86) — (2.87) are equivalent to

[€(n+V2A) — KT <1 and 24T < A(k — ;). (2.91)
Since
14 (k— pé)T < AET? & k—pé+/(k — pé)? + 4A€2 < 2A€°T, (2.92)

we find an equivalent set of conditions:

[€(p+V2A) —k]T <1, (2.93)
and
2AET <k — pé& + /(k — pé)? + 4A&2 (2.94)
or
k— pé +/(k — pé)? + 4A€2 < 2A%T < 4(k — pf). (2.95)
Next, upon noticing that
1
k— e+ /(k— p€)2 +4AE2 < 4(k — pf) & k> 5@ + 5\/2A), (2.96)
the conclusion follows relatively easily. ]

Proposition 2.6. Let T > 0. If max{0,A}(T* —T) > 0, with T* from (2.81) - (2.82),
then there exists o7 > 0 such that, for all 6t € (0,07), the first moment of the exponential
functional from (2.13) of the FTE scheme is uniformly bounded, i.e.,

sup  sup E[6] < . (2.97)
5t€(0,67) te[0,T)

Proof. If A <0, this is a consequence of Lemma 2.1. If A > 0 and T' < T, we know from
Lemma 2.5 that 37 > 1 independent of dt such that (2.80) holds for all w € [0,1]. Fix any
such 1. We prove by induction on 0 < m < N that, for sufficiently small values of dt,

N—-—m—1
Viu AWy + A5t Y Gi, + qmAst H
=0

IN—m

E [@T] <E {exp {u ;
% exp {;n(k:@ 1 9€) A1) (m — 1)m}, (2.98)
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where

1 1
Y= \/§2+\/§4+2k292. (2.99)
2 2w
Note that when m = 0, we have equality. Let us assume that (2.98) holds for 0 < m < N

and prove the inductive step. Conditioning on G;,, , ,, we obtain

E [O7] <exp {;n(kﬁ + 19§)A(5t)2(m - 1)m}

N—m—1

> y}

tN—m—1
xE[exp{,u VGu AW, + Aot
0 i=0

X Ety_ s [eXp {nmAétzth_m + 1Tty OWin }” : (2.100)

Define 2 = ¢, , and ¢ = gz . If Z ~ N (0,1) and independent of Gy, , ,, then
Wiy oy &Y /5t Z. Let T be the conditional expectation in (2.100), then

T <o, [exp {nmAdt max [0, x4 k(0 — )5t + gx/xatz} + u\/xdtZH . (2.101)
If £ =0, then
Z <exp {nmk‘@A(ét)Q}. (2.102)
If z >0 and

kOt + (1 — kdt)x
EVadt

20 = : (2.103)

then

7< L exp {—122 + puVadtz + nmAdt {x + k(0 — z)dt + &V atétz] } dz

o V21 2
1 1,
+ —€ ——2z"+ uvadtz pdz. 2.104
Suppose that dp < max {O*, k— uf}fl and define
1
a=nm[l— (k- p&)dt] + §n2m2§2A(6t)2 > 0. (2.105)

Some straightforward calculations lead to the following upper bound:

T < exp {nmkGA(ét)2 + % (28t + aAa:(St}{l + B(z) — <I><22)}, (2.106)
where k05t + [1— (k — ué)5t]
t4 [1— (k — pé)dt]x
= 2o — uvadt = — 2.107
21 =20— pVzr N ( )
and
2o = 20 — pV bt — nmEA(61)3 /. (2.108)
Clearly z3 < z1 < 0, so we can find z € [29, z1] such that
D(21) — ®(22) = (21 — 22) ¢(2) < (21 — 22) P (21) - (2.109)
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Hence, using (2.107) — (2.109),

1
D(z1) — P(22) < Enméﬂ(&)g/%@)’ (2.110)
where g : (0,00) — R is defined by

(K05t + [1 — (k — p€)st) 2]
g(z) = vz exp {— 22201 . (2.111)
Suppose that d7 < % max {0*, k— ué }71. One can easily find the global maximum of

the function by computing the first derivative:

N ) 1 K20%5t  [1— (k — p)st)?
Jd(x)=e {2\/5 +Vz [25%2 275t : (2.112)
Therefore,
J@)=0 & —[1—(k—pé)dt]* 2 + 2ot + k262 (6t)* = 0. (2.113)

In order to solve this quadratic, we divide throughout by (6¢)* and introduce & = /dt.

Then there exists a unique, positive solution %y for which the derivative is zero, namely

2
Zo = 3 + \/ & L + L (2.114)

S 21— (k- p)dt) A= (k—p&et] 1 - (k—p&)ot]”

From (2.99), we have that
By < 2m0% = o < 2m0%6t. (2.115)

Since the second root is negative, g(x) must be increasing up to zy and decreasing after

this point, so the function attains its global maximum at xg. Hence,
g(z) < 9V2mét. (2.116)
Substituting back into (2.106) with (2.110) and (2.116), we get
T < exp {nm(kH +9€) A(5t)? + % PPt 4 aAa:&t}. (2.117)

Note from (2.102) that this holds when = = 0 as well. Applying (2.80) with w = %7 leads

to
?m?E2 A(6t)% — 2nmi(k — pé)ot — 2n +2 < 0. (2.118)
Hence, from (2.105),
a<nm+1)-—1. (2.119)
Therefore,
T <exp {nm(k@ +9€) A(6t)% — Azst + n(m + 1)Aa:5t}. (2.120)
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Substituting back into (2.100) with (2.120) gives the inductive step. Finally, taking m = N
in (2.98) leads to

E [O1] < exp {;mﬂ (k6 + ) + nATyo} : (2.121)

The right-hand side is finite and independent of ¢, whence the conclusion. Note that if we
follow the same line of proof with n < 1, we fail to achieve the inductive step. Also note

that 7 can be computed explicitly from the proof. |

Second, we consider the partial truncation and the absorption schemes and let g, = gj;:

for all t € [ty,, tnt1), with g defined in (2.3) and (2.5), respectively.

Proposition 2.7. Let T > 0. If max{0, AH(T* —T) > 0, with T* from (2.81) - (2.82),
then there exists o7 > 0 such that, for all 6t € (0,07), the first moments of the exponential
functionals from (2.13) of the partial truncation and absorption schemes are uniformly
bounded, i.e.,

sup  sup E[6] < oo. (2.122)
ote(0,67) t€[0,T7]

Proof. We follow the argument of Proposition 2.6 closely and note that (2.101) holds for
the partial truncation scheme if 67 < k', whereas for the absorption scheme we have

equality. |

2.3.4. Explicit Euler schemes with reflection fixes
First, consider the reflection scheme and let g = |, | for all t € [ty,tp+1), With ¥ from

(2.6).

Proposition 2.8. Let T > 0. If max{0, A}(T* —T) > 0, then there exists é7 > 0 such
that, for all 6t € (0,07), the first moment of the exponential functional from (2.13) of the

reflection scheme is uniformly bounded, i.e.,

sup sup E [(:)t] < 00, (2.123)
ote(0,67) t€[0,T]

where T* is as given below.

(1) When k < &(|u| + 3v24),

T = AT —F (2.124)

(2) When k> &(|u| + 3v24),
o 2k —|ul§)
T" = “ea (2.125)
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Proof. 1If A <0, this is a consequence of Lemma 2.1. If A > 0 and T < T*, we know from
Lemma 2.5 that 37 > 1 independent of §t such that, for all w € [0, 1],

P2 AT? — 2nw(k — )T — 2n+2 < 0. (2.126)

Fix any such 7. Next, we prove by induction on 0 < m < N that, for sufficiently small

values of dt, we have

B tN—m N—-m-—1
E [@T} <E [exp {,u VG AWy + \Ot Z U, + At Gy }]
0 i=0
1
X exp {217(k‘0 + 20€) A(5t)* (m — 1)m}, (2.127)

with 9 from (2.99). Note that when m = 0, we have equality. Let us assume that (2.127)

holds for 0 <'m < N and prove the inductive step. Conditioning on G;, . ,, we obtain

E [©7] < exp {;n(ke + 20€) A(5t)* (m — l)m}

2(/'N—Tn—l N—-m-1
XE[eXp{,u VY AWy, + NSt Z yti}
0

i=0
X Eiy s [exp {nmAétytNm F+ i/ Ytn s Wiy s }H . (2.128)

Define & = ¢ ,, , and ¢ = gy, ,. If Z ~ N (0,1) and independent of G, ,, then
Wiy oy &Y /5t Z. Let T be the conditional expectation in (2.128), then

T =Eo; [exp {nmAét | + k(0 — &)6t + EVaot Z| + u\/xdtZH . (2.129)
If £ = 0, then
7 =exp {nmk@A(&t)Z}. (2.130)
If 7 > 0 and

L _ k05t +(1— kot
0 /ot ’

(2.131)

since x = x, we get

20
I—/ 12 exp{—;zQ—i—,u\/azétz—nmAét[x—l—k(G—m)ét—i—fv:cétz}}dz
oo T

+ / ! exp {—122 + uVxdtz + nmAdst [$ + k(0 — )t + &V métz] } dz. (2.132)
0 V2T 2

Suppose that 7 < max {0+, k — ,u{}_l. Some straightforward calculations lead to
1
Z < exp {nmk@A(ét)2 + §,u2x5t + aA:E(St}{l + D(21) — <I>(z2)}, (2.133)

with a defined in (2.105) and

k05t + [1 — (k — p& £ nm&2Adt)6
212 = 20 — (,u:anfAét)\/ﬁ = — il el 55% e Ad) t]x. (2.134)
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Suppose that 7 < max {0+, k— ué+ anAT}_l, then zo < 213 < 0 and hence we can find

z € |22, z1] such that

P(21) — P(22) = (21 — 22) #(2) < (21— 22) P (21) = \/znm§A(5t)3/2g(:c), (2.135)

where ¢ : (0,00) = R is defined by

(2.136)

(@) = v exp {_ 501+ [1— (k = + nE*AT)31)2)" } |

28226t
Suppose that é7 < % max {0+, k— p€ + 77§2AT}_1. Proceeding as before, we can find

an upper bound:

g(x) < 9V2mit. (2.137)
Substituting back into (2.133) with (2.135) and (2.137), we get
1
T < exp {nm(ke +20€) A(5t)? + 3 pPast + aA:):(St}. (2.138)
If £ <0 and
k0ot — (1 — kot
A= ( )2 (2.139)
EV bt
since x = —x, we get

7= /O exp{;z + uve tznmA&t[k:(0+x)5ta:+§\/z5tz}}dz

or
- \/Lexp{—;z +umz+nmA5t[k(9+x)6t—x—i—fx/@z]}dz. (2.140)

Suppose that dp < max {O+, k+ ,u&}_l and define
1
b=mnm|[l— (k+ p)ét] + §n2m2§2A(6t)2 > 0. (2.141)

Some straightforward calculations lead to the following upper bound:

Z < exp {nmk&A(ét)Q + %uzxét + be&t}{l + ®(z]) — @(zé)}, (2.142)
where
2y = 2 — (T nmEASE)Vast = — koot — 1 - (k z 5% nmEEAd) ) (2.143)
Clearly 2z, < z{, and suppose that dp < % max {0", k + p& + nszT}_l. Then we can
find z € [25, 21] such that
@(zi) — (I)(zé) = (2/1 — zé) o(2). (2.144)

First, if © < k05t[1 — (k + pé + n€2AT)st] ", we deduce from (2.143) and (2.144) that
O(2)) — ®(25) < 2mIEA(6t)°. (2.145)
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Second, if @ > k06t[1 — (k + pé + n&>AT)ét] ' then 0 < zh < z} and hence

D(z)) — B(2h) < \/5 nméA(6t)32h(x), (2.146)
T
where h : (0,00) — R is defined by

(K66t — [1 — (k + pé +ne2AT)ot)z]?
h(z) = vz exp {— 5e%51 : (2.147)
Proceeding as before, we find
h(z) < 9V 2mot, (2.148)
which again leads to the upper bound in (2.145). Substituting back into (2.142), we get
1
T <exp {nm(kz@ + 20€) A(6t)? + 3 At + bA:cét}. (2.149)
Combining (2.130), (2.138) and (2.149), we deduce that independent of the sign of z,
1
T <exp {nm(kz@ + 20€) A(6t)* + §u2x5t + ch&}, (2.150)
where
L o 9.0 2
c=nm[l— (k — |p|&)dt] + Znm EA(Ot)*. (2.151)
Applying (2.126) with w = % leads to
?m2E2A(6t)% — 2nmi(k — |p|€)ot — 2n +2 <0, (2.152)
and so
c<n(m+1)—1. (2.153)
Hence,
T < exp {nm(ke + 20€) A(6t)? — Aadt + n(m + 1)Ax5t}. (2.154)

Substituting back into (2.128) with (2.154) gives the inductive step. Taking m = N in
(2.127), we deduce that

~ 1
E [@T] < exp {277AT2 (k9 + 2195) + r]ATyo} : (2.155)
The right-hand side is finite and independent of §t, which concludes the proof. Note that
o7 can be computed explicitly from the proof. [ |
Second, consider the symmetrized Euler scheme in (2.7) and let g, = @, for all ¢ €
[tTh thrl)‘

Proposition 2.9. Let T > 0. If max{0, A}(T* —T) > 0, with T* from (2.81) - (2.82),
then there exists o7 > 0 such that, for all 6t € (0,07), the first moment of the exponential

functional in (2.13) of the symmetrized Euler scheme is uniformly bounded, i.e.,

sup  sup E[6] < . (2.156)
ote(0,67) t€[0,T]

Proof. We follow the argument of Proposition 2.8 closely and note that = > 0. |
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2.4. Moment stability in the Heston model

In this section, we consider a filtered probability space (€2, F,{F:}+>0, Q) satisfying the
usual conditions and suppose that the dynamics of the underlying process are governed by
the Heston model under the measure Q:

dSt == ’I“Stdt + \/’LTtSt thS

(2.157)

d’Ut = ]{7(0 — Ut)dt + 5\/U>tthU7
where W¥ and WV are correlated Brownian motions with constant correlation coefficient
p € [—1,1], r is an arbitrary non-negative number and k, 6, £ > 0 as before. We decompose
W* and write it as a linear combination of independent Brownian motions W# and W.

An application of It6’s formula leads to

1 T T N T
ST = S() exp {TT — 2/ ’Utdt + vV 1-— ,02/ \/TTtthS + p/ \/Utthv} (2158)
0 0 0

In particular, we are interested in the evaluation of moments E [Sg] for p > 1. Andersen
and Piterbarg [7] give several examples of fixed income securities with superlinear pay-
offs whose risk-neutral valuation involves the calculation of the second moment. Hence,
moment explosions may lead to infinite prices of derivatives. Moreover, establishing the
existence of moments of order higher than 1 of the process and its approximation is also
important for the convergence analysis.

Conditioning on the o-algebra GY. = o (W}; 0 <t < T'), we find that

1 1 T T
E[S}] = SE [exp {prT+ [2p(p— 1) — 2p2p2]/0 vtdt+p,0/0 \/EthDH. (2.159)

Define the explosion time of the moment of order p to be the first time beyond which the

moment E [Sg] will cease to exist, i.e.,
T*(p) =sup {t > 0: E[S}] < co}. (2.160)

Observe that if the moment does not explode in finite time, then 7*(p) = oc.

For convenience, we fix Sg = 1 and r = 0. Proposition 2.2 derives sharp conditions on
the finiteness of moments of the process, whereas Propositions 2.4 and 2.6 to 2.9 give lower
bounds on the explosion times of moments of the different discretizations in the limit as
the time step goes to zero. For illustration, we plot in Figure 2.1 the explosion time and
the corresponding lower bounds with different schemes against the model parameters. On
the one hand, since

A= %p(p — ), (2.161)

Propositions 2.2, 2.4 and 2.6 to 2.9 ensure the finiteness of the first moment of the process
and its discretizations for all T, i.e., T*(1) = oo. On the other hand, we infer from the data

in Figure 2.1a that both the explosion time for the exact process and the lower bounds
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with the explicit Euler discretizations approach infinity as p approaches one, i.e., that
lim,,_,;+ T*(p) = co. This ensures the uniform boundedness of moments, for p sufficiently
close to one, of the explicit schemes even for very long maturities, an important ingredient
in proving the strong convergence of the approximation process. Note that the green and

the yellow curves in Figure 2.1 overlap when p > 0.

40, T T 40 T T T
i —Exact process | ssL — Exact process
—BEM scheme —BEM scheme
o ¥ FTE, PTE, ABS, SYM schemes | 1 aé 30 FTE, PTE, ABS, SYM schemes |
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7 z
e )
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&3 &3
L L L L L L L Il

Moment Order Correlation

(a) Against the moment order p. (b) Against the correlation coefficient p.
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(c) Against the mean reversion rate k. (d) Against the volatility of volatility &.

Figure 2.1: The explosion time of moments of the exact process and the lower bounds with the
different discretization schemes, plotted against the model parameters when & = 0.4, £ = 0.3,
p = 0.5 and p = 2, except for the one which is varied.

The data in Figure 2.1b suggest that there exists a critical correlation level p* such
that E [S:ﬂ < oo for all T', provided p < p*, and E [Sg] = oo for some T', provided p > p*.
When k = 0.4, £ = 0.3 and p = 2, we find p* = —0.04. Moreover, we also infer from
the data in Figure 2.1b that decreasing the correlation has a damping effect on the second
moment of the process, and that for strongly negative correlations between the underlying
process and the variance, as is usually the case in equity markets (the so-called leverage
effect), the lower bounds on the explosion time of the second moment — with all but the
reflection scheme — are above the typical maturity range of equity derivatives.

The data in Figures 2.1c and 2.1d indicate that increasing the speed of mean reversion
and decreasing the volatility of volatility have a damping effect on the second moment of
the process and its explicit Euler discretizations, which is to be expected considering that
larger values of k and smaller values of £ lead to smaller fluctuations in the variance over

time. Next, we assign the following values to the underlying model parameters: k = 0.4,
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0 =012, £ = 0.3, vop = 0.12 and p = 1, and note that the Feller condition is satisfied.

Henceforth, we estimate the second moment by a standard Monte Carlo estimator.

200

T
—dt = 2.0
dt = 0.2
10l [=—=dt = 0.02
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15 475 5 5.25 55 5.75 6 6.25 6.5
Maturity

Figure 2.2: The second moment of the Heston model, calculated using the BEM scheme and
3 x 107 simulations, plotted against the maturity 7.

From (2.23), the explosion time of the second moment of the process is 7% = 5.77. On
the other hand, we infer from the data in Figure 2.2 that, for sufficiently small values of
the time step — for instance, when 0t = 0.02, the second moment with the BEM scheme
will cease to exist after some time T"" close to T%. The first sign of moment explosion
can be observed when TP*™ = 5.98 however this phenomenon is more pronounced when

T = 6.14, where the moment jumps to 9.7 x 10%.

200 :
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ABS scheme
REF scheme
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Maturity

Figure 2.3: The second moment of the Heston model, calculated with different discretization
schemes, 6t = 0.02 and 3 x 107 simulations, plotted against the maturity 7.

By close inspection of the data in Figure 2.3, we infer that, for sufficiently small values

of the time step dt, the approximation to the second moment with either the implicit or
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one of the explicit schemes considered in this chapter explodes after some critical time close
to T™. Combined with the previous observation, this suggests that the explosion times of
the second moments of the process and its discretizations become close as we increase the
number of time steps. Therefore, we deduce from the data in Figure 2.1 that the lower
bounds for the partial truncation, the full truncation, the absorption and the symmetrized

Euler schemes are sharper than the ones for the drift-implicit and the reflection schemes.

2.5. Conclusions

In this chapter, we have established the uniform exponential integrability of functionals
of the Cox—Ingersoll-Ross process and a number of its discretization schemes often en-
countered in the finance literature. One consequence of this result with obvious practical
implications is the stability of moments of numerical approximations for a large class of
SDEs arising in finance, which in turn is used to prove strong convergence [48]. An open
question is whether we can find sharp conditions on the exponential integrability of Euler

approximations for the CIR process.
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Chapter 3

Monte Carlo Pricing under a Hybrid Stochastic-
Local Volatility Model

3.1. Introduction

In this chapter, we study the FX option pricing problem under the Heston—Cox—Ingersoll—
Ross++ stochastic-local volatility (Heston—2CIR++ SLV) model, which is a combination
of two existing models: the Heston SLV model for the spot FX rate and the CIR++ model
for the domestic and foreign short rates. To the best of our knowledge, the work in this
chapter is the first to consider Heston SLV dynamics for the spot FX rate together with
CIR++ (or even CIR) dynamics for the stochastic short rates.

We examine convergence properties of the Monte Carlo algorithm with the full trunca-
tion Euler (FTE) discretization for the squared volatility and the two short interest rates,
and the log-Euler discretization for the exchange rate. We prefer the full truncation scheme
introduced by Lord et al. [73] because it preserves the positivity of the original process,
is easy to implement and is found empirically to produce the smallest bias of all explicit
Euler schemes and to outperform the quasi-second order schemes of Kahl and Jéckel [61]
and Ninomiya and Victoir [77]. We also choose the FTE scheme over the backward Euler—
Maruyama (BEM) scheme since the latter works only in a restricted parameter regime that
is often unrealistic, since the BEM scheme is equivalent to the implicit Milstein method
employed by Kahl and Jéckel to first order in the time step, and since the quanto correction
term in the dynamics of the foreign short rate would lead to technical challenges in the
convergence analysis.

The quadratic exponential (QE) scheme of Andersen [6] uses moment-matching tech-
niques to approximate the noncentral chi-squared distributed square-root process and is
an efficient alternative to the FTE scheme that typically produces a smaller bias at the
expense of a more complex implementation. Empirical results [92] suggest that the QE
scheme outperforms the FTE scheme in the case of a severely violated Feller condition,
whereas when the Feller condition is satisfied, the two schemes perform comparably well

because the bias with the FTE scheme is small even when only a few number of time
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steps are used per year. Since there is no natural extension to the QE scheme to multi-
dimensional Heston-type models that involve several correlated square-root processes such
as the ones studied here, we prefer the FTE scheme in the subsequent convergence analysis.

The usual theorems in Kloeden and Platen [64] on the convergence of numerical sim-
ulations require the drift and diffusion coefficients to be globally Lipschitz and satisfy a
linear growth condition, whereas Higham et al. [48] extended the analysis to a simple Eu-
ler scheme for a locally Lipschitz SDE. However, the classical convergence theory does not
apply to the CIR process because the square-root diffusion coefficient is not locally Lips-
chitz around zero. Consequently, alternative approaches have been employed to prove the
weak or strong convergence of various discretizations for the square-root process. Alfonsi
[3], Deelstra and Delbaen [24], Higham and Mao [47] and Lord et al. [73] examined the
strong global approximation and found either a logarithmic convergence rate or none at all.
Strong convergence of order 1/2 of the symmetrized and the BEM schemes was established
in Berkaoui et al. [9] and Dereich et al. [26], respectively, albeit in a very restricted pa-
rameter regime for the symmetrized scheme. Alfonsi [4] and Neuenkirch and Szpruch [76]
recently showed that the BEM scheme for the SDE obtained through a Lamperti transfor-
mation is strongly convergent with rate one in the case of an inaccessible boundary point,
whereas Hutzenthaler et al. [56] established a positive strong order of convergence in the
case of an accessible boundary point.

To the best of our knowledge, the convergence of Monte Carlo algorithms in a stochastic-
local volatility context has yet to be established. Higham and Mao [47] considered an Euler
simulation of the Heston model with a reflection fix in the diffusion coefficient to avoid
negative values. They studied convergence properties of the stopped approximation pro-
cess and used the boundedness of payoffs to prove weak convergence for a European put
and an up-and-out call option. However, Higham and Mao mentioned that the arguments
cannot be extended to cope with unbounded payoffs. We work under a different Euler
scheme and overcome this problem by proving the uniform boundedness of moments of the
true solution and its approximation, and then the strong convergence of the latter. The
existence of moment bounds for Euler approximations of the Heston model is important
for deriving strong convergence [48] and it has been a long-standing open problem until
now. Furthermore, the existence of moment bounds for hybrid Heston-type stochastic-local
volatility models plays an important role in the calibration routine [20].

In summary, to the best of our knowledge, the work in this chapter is the first to estab-
lish: (1) the boundedness of moments of order higher than 1 of approximation schemes for
Heston-type models; (2) the strong convergence of approximation schemes for models with
stochastic-local volatility (with a bounded and Lipschitz leverage function) and stochas-
tic CIR++ short rates; (3) the weak convergence for options with unbounded payoffs, in

particular, for European, Asian and barrier contracts (up to a critical time).

29



The remainder of this chapter is structured as follows. In Section 3.2, we introduce the
model and discuss the postulated assumptions and an efficient calibration. In Section 3.3,
we first define the simulation scheme and discuss the main theorem. Then, we prove the
convergence of the exchange rate approximations. We conclude the section by establishing
the convergence of Monte Carlo simulations for computing the expected discounted payoffs
of European, Asian and barrier options. In Section 3.4, we calibrate the model to market
data and include only a brief discussion on the calibration of the leverage function, which
is mostly the work of Matthieu Mariapragassam. Section 3.5 summarizes the results and
outlines possible future work. Finally, we justify our choice of model and demonstrate
convergence in Appendix 3.6. This appendix is joint work with Matthieu Mariapragassam,

who carried out the numerical experiments.

3.2. Preliminaries
3.2.1. Model definition

In its most general form, we have in mind a model in an FX market, for the spot FX
rate S, the squared volatility of the FX rate v, the domestic short interest rate r¢ and the
foreign short interest rate rf. Unless otherwise stated, in this chapter, the subscripts and
superscripts “d” and “f” indicate domestic and foreign, respectively. Consider a filtered
probability space (Q, F,{F:}+>0, Q) satisfying the usual conditions and suppose that the
dynamics of the underlying processes are governed by the following system of SDEs under

the domestic risk-neutral measure Q:
dS; = (rd — rf)Sydt + o(t, Sp)/vr SpdWy, Sp > 0,
dvy = k(0 — v)dt + /v dWY, wvg > 0,
ri = gi + ha(t),
dg = ka(0q — g{)dt + &ar/ g dWY, g > 0,
r{ =gl +hs(t),
dgf = (k05 — kgl — pssésolt, St)@)dﬂréf gldw!, gf >0,

where {W*, W? W9 W7} are 1-dimensional standard F;-adapted Brownian motions that

are possibly correlated, o is the leverage function and hy and hy are deterministic functions
of time. The mean-reversion parameters k, kg and k;, the long-term mean parameters 0,
4 and 67, and the volatility parameters £, §; and §; are positive real numbers. The quanto
correction term in the drift of the foreign short rate in (3.1) comes from changing from
the foreign to the domestic risk-neutral measure [16]. As an aside, for Hull-White short
rate processes [50], changing from the domestic spot measure to the domestic T-forward
measure leads to a dimension reduction of the problem because the diffusion coefficients

of the short rates do not depend on the level of the rates [43]. Since this is not the case
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for CIR short rate processes, we prefer to work under the domestic spot measure. Note
that the above system can collapse to the Heston—2CIR++ model if we set ¢ = 1, or to
a local volatility model with stochastic short rates if we set k = & = 0. The standard
Heston SLV model is the special case kg = {g = kf = £ = hq y = 0. We can also think of
(3.1) as a model in an equity market with stock price process S, stochastic interest rate rd
and stochastic dividend yield 77, in which case the quanto correction term vanishes. We
consider a full correlation structure between the Brownian drivers {W*, W, W¢ W/}, i.e.,

no assumptions on the constant correlation matrix ¥ are made, where

1 psu Psd Psf
1
n— Psv Puvd  Puf ) (32)
Psd Pod 1 paf
Psf  Puf Pdf 1

Fix a time horizon T' > 0. We work under the following assumptions:
(A3.1) There exists a non-negative constant oy,q, such that, for allt € [0, 7] and x € [0, ),

we have

0<o(t,r) < omaz - (3.3)

(A3.2) There exist Np € N, a positive real number « and non-negative constants A, B

and (Cj)i<j<n, such that, for all t,u € [0,7] and z,y € [0, 00), we have

Nt
lo(t,z) —o(u,y)| < Alt —ul® + Blz -y + ZCJ ]lt/\u<]{,lgtvm (3.4)
j=1 5

(A3.3) There exists a non-negative constant hy,qz such that, for all ¢t € [0,7] and ¢ € {d, f},
we have

|hz(t)| < hmax . (3.5)

Hence, we assume that ¢ is bounded, Holder continuous in time except at a finite number
of points and Lipschitz continuous in spot. According to [20], for the leverage function
to be consistent with call and put prices, it has to be given by the formula (3.8), which
depends on the calibrated Dupire local volatility. In practice, the leverage function is
defined on a grid of points (20 points per year in time and 30 points in space usually suffice
for an acceptable calibration error [20; 44]), interpolated flat-forward in time and using
cubic splines in spot, and extrapolated flat outside an interval. Therefore, there is no loss
of generality from a practical point of view in making these assumptions. We also assume
that hg  are bounded. According to [12], for a perfect fit to the initial term structure of
interest rates, each of the two shift functions must be given by the difference between the
(flat-forward) market instantaneous forward rate and a continuous function of time. Then

hq.; are piecewise continuous and the third assumption holds.
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3.2.2. Model calibration

The calibration of the 4-factor Heston-2CIR++ SLV model (3.1) is of paramount impor-
tance and represents a mandatory step for the efficient pricing of derivative contracts. In
Section 3.4, we calibrate the 4-factor SLV model using a new approach [20] that builds on
the particle method of [44], combined with a novel and efficient variance reduction tech-
nique that takes advantage of PDE calibration to increase its stability and accuracy. The
numerical experiments in [20] suggest that this method almost recovers the calibration
speed from the associated 2-factor SLV model with deterministic rates. Next, we assume
a partial correlation structure where only pg,, psq and psy may be non-zero, and denote
by D and D7 the domestic and foreign discount factors associated with their respective

money market accounts, i.e., for any t € [0, 7],
Di=e Joridu ang Df = e Joridu (3.6)
In addition to (3.1), we consider a pure local volatility (LV) model,
ISP = (1 SVt o (S S W, S =S ()

where for i € {d, f}, fi = —% log P¥(0,t) is the market instantaneous forward rate at
time 0 for a maturity ¢t and P*(0,t) is the market zero-coupon bond price at time 0 for a
maturity t.

Suppose that the LV model (3.7) has been calibrated and that ory has been determined.
The main building block of the calibration routine is expressing the leverage function ¢ in
terms of the local volatility function ory. We state the necessary and sufficient condition

for a perfect calibration to vanilla options in the following theorem, proved in [20].

Theorem 3.1 (Theorem 1 in [20]). Suppose that both the marginal density of St from
(3.1) and E[D$vr | Sy = -] are continuous and that assumptions (A3.1) and (A3.3) hold.
Then the call price under model (3.1) matches the call price Cry under model (3.7) for
any maturity up to T and any strike if and only if, for all T, K > 0,

2 _ E[D%’ST:K] 2 2 d(.f f +
o (T,K)— E[D%’UT‘ST:K] O'LV(TvK)"i_[{ZQ;%%V<E[DT(TT_JCT)(ST_K) }
~ KE|D§(rf — ) sy2i| + KE[DE(rf = 1) Lo,2x] ) } (3.8)

where all expectations are under the domestic risk-neutral measure, ory is a local volatility

as in (3.7) and, denoting ¢ = 2 + /2 and ¢ = £0mae, T is as given below.

(1) When k < ¢C,

S
*
Il
[N]
—

s k
\/ﬁ 5 + arctan <\/m>:| . (39)
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(2) When k > ¢,
T = 0. (3.10)

This result generalizes the formula in [44] to a stochastic foreign short rate. Deelstra
and Rayee [25] obtained a similar formula for a 4-factor SLV model with Hull-White short

rate processes. An important step in the derivation is that the stochastic integral

T
/ ]IStZKU(t7 St)ngStthS (3.11)
0

is a true martingale. On the one hand, T* is a lower bound on the explosion time of
the second moment of the discounted spot process D{S; (see Proposition 3.15). On the
other hand, moments of the Heston model can explode in finite time [7], a property that
is inherited by the Heston-type model (3.1). Note also Theorem 3.2 and Proposition 3.7
for possible moment explosions of the numerical approximations. Therefore, the formula
(3.8) may not hold for some values of the model parameters and for large maturities 7.
However, in practice, T* is very large. For instance, following our calibration routine to
EURUSD market data from Section 3.4, we find 7™ = 27.9.

Note that if the volatility in model (3.1) is purely local, i.e., if v = 1, we recover the
formula in [16], whereas if the two short rates are deterministic, i.e., if g¢ = gf =0, we
recover the formula in [44; 80], i.e.,

o (T, K)
Ejor | St = K|

o(T, K) = (3.12)

In the computations in Section 3.4, we assume a simple correlation structure where only
pPsy May be non-zero. We use a five-step calibration routine which is explained in detail in
[20]. First, we calibrate the LV model (3.7) and find ory. We also calibrate the associated
2-factor SLV model with deterministic rates via PDE methods, using formula (3.12) and
results from the literature [16; 80]. Independently, we calibrate the two CIR++ processes
under their respective markets. Then, we find the Heston parameters by calibrating the
associated 4-factor SV model, i.e., the Heston—2CIR++ SV model, using the closed-form
solution for the call price in [1], extended to CIR++ processes, with other parameters from
the above calibration. Finally, we calibrate o in the Heston—2CIR++ SLV model (3.1) by
working with the particle method of [44] and extending it using the calibrated 2-factor
SLV model with deterministic rates as a control variate.

For a partial correlation structure with possibly non-zero psq and psr, we may use the
historical values of the correlations between the spot FX rate and the short-term zero-
coupon bonds, and extend the approximation formulae of [42] for the call price from a
3-factor Heston—CIR model to a 4-factor Heston—2CIR++ model. Alternatively, we may
perform an initial calibration of the stochastic volatility parameters under the assumption

that psq = psf = 0 to find By = (vo, k,0,&, psy). Then, we compute the exact model price
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at o with non-zero psq and psr, Cvic, using Monte Carlo simulations with the closed-form
solution in [1] for the call price when psq = psy = 0, Ca, as a control variate, and define
the difference between the two prices to be Ag = Cyic — Ca. Assuming that the absolute
values of the two correlations psq and pss are small, we calibrate the vector of stochastic
volatility parameters 5 = (vo, k, 0, &, psy) in a neighborhood of Sy by approximating the
call prices with Ca () + Ap.

3.3. Convergence analysis
3.3.1. The simulation scheme

We employ the full truncation Euler (FTE) scheme from [73] to discretize the variance and

the two short rate processes. Consider the CIR process
dyr = ky(0y — y)dt + Ey/yr AW (3.13)
Let N € N be a multiple of Ny and create an evenly spaced grid
T = Not, t, =ndét, Vne{0,1,..,N}. (3.14)

First, we introduce the discrete-time auxiliary process

Jtnar = Gt + ky(0y — G5 )0t + Eyr /T OWY (3.15)
where y™ = max (0, y) and 5Wt?i = Wti+ L Wt?i, and its continuous-time interpolation
Gt = Ge + ky(Oy — G )(t = tn) + &\ T, (W = W), (3.16)

for any ¢ € [t,, tp+1), as suggested in [47]. Then, we define the non-negative processes
{ g =9 (3.17)
ge =0y, (3.18)

whenever t € [t,,,t,+1). Let © and g¢ be the FTE discretizations of v and g¢, respectively.
Taking into account the presence of the quanto correction term in the drift of the foreign

short rate, we similarly define
gl =3l + [ks0s k(@) = postyo(ta, Stn)\/m] (8= tn)
e/ @) T wl —wi, (3.19)
where S is the continuous-time approximation of S defined below, as well as
al = @l)" (3.20)

gl =@l)" (3.21)
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whenever t € [t,, tn4+1). For ¢ € {d, f}, the domestic and foreign short rate discretizations
are

i =i+ hi(t). (3.22)
Finally, we use an Euler-Maruyama scheme to discretize the log-exchange rate. Let x and

7 be the actual and the approximated log-processes, and let S = e? be the continuous-time

approximation of S. For brevity, define h = hg — hy. Then the discrete method reads:

tn+1 1 _ _
i’tn+1 =Ty, + / h(u)du + (ggn — gtfn — 502 (tn, Stn)’l_)tn>5t + O’(tn, Stn)\”_]tn (5Wt8n
in
(3.23)
However, we find it convenient to work with the continuous-time approximation
t 1 _ B
Ty =2, + [ h(u)du+ (gf ~gl - 552 (t, St)z_}t) (t —tn) +7(t,S) Vo AWE,  (3.24)
tn

where AW = Wy — W{ and 6(t, S’t) = a(tn, Stn) whenever t € [ty,t,+1). Hence,

t t
Iy = 2o +/ (fﬁ — 7 - %52 (u, Su)@u) du +/ 7 (u, Su) vy dW;. (3.25)
0 0

Note that the convergence of the continuous-time approximation ensures that the discrete
method approximates the true solution accurately at the gridpoints. Using It6’s formula,

we obtain
t t
5= S0+ / (7 — 1) du + / 5 (1, 50) /B S AW (3.26)
0 0

Furthermore, we define S to be the piecewise constant continuous-time approximation of
S, i.e.,

Si =5, (3.27)
whenever t € [t,,tn+1), approximation which will be of use when pricing path-dependent
options. We prefer the log-Euler scheme to the standard Euler scheme to discretize the ex-
change rate process because the former preserves positivity and produces no discretization
bias in the S-direction when o is constant. Furthermore, if v, g¢ and ¢/ are also constant,

then the log-Euler scheme is exact.

3.3.2. The main theorem

Define the arbitrage-free price of an option and its approximation under (3.27),
U=E [e* Iy riat f(S)} : (3.28)
0=E [e_ I f?dff(é)} . (3.29)

The payoff function f may depend on the entire path of the underlying process and the
expectation is under the domestic risk-neutral measure. The following theorem combines

the statements of Theorems 3.18 — 3.23 and the proof is postponed to Subsection 3.3.5.
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Theorem 3.2. If 2k;0; > 5]20 and under assumptions (A3.1) to (A3.3), the following

statements hold.

(1) The approximations to the values of the European put, the up-and-out barrier call and

any barrier put option defined in (3.29) converge as dt — 0.

(2) Denote ¢ = E0mag, With opmay from (3.3). If
4k 1
T<Tr=-—51 —1 , 3.30
a2 bo<on + 77 T (3.30)
then the approximations to the values of the European call, Asian options, the down-

and-in/out and the up-and-in barrier call option defined in (3.29) converge as 5t — 0.

Remark 3.3. If assumption (.43.1) holds, then for the purpose of this chapter we choose

the smallest upper bound on the leverage function, namely
Omaz = sup {o(t,x)|t € [0,T],z € [0,00)}. (3.31)

Remark 3.4. If the exchange rate and the foreign short rate dynamics are independent
of each other, i.e., if psy = 0, then the quanto correction term in the drift of the foreign
short rate vanishes and Theorem 3.2 holds independent of the condition 2k0; > EJ%, albeit
with a simpler proof. If the domestic and foreign short rates are constant throughout the
lifetime of the option and if, moreover, o(t,x) = 1 for all ¢ € [0,7] and = € [0,00), then
the system of equations (3.1) collapses to the Heston model and Theorem 3.2 applies with
¢ = &. This extends the convergence results of Higham and Mao [47] to options with
unbounded payoffs.

Remark 3.5. Tian et al. [89] calibrated the term-structure Heston SLV model parameters
to the market implied volatility data on EURUSD using 10 term structures and maturities
up to 5 years. The data in Table 3.1 suggest that the condition in (3.30) is typically

satisfied in practice, both for shorter and longer maturities.

Table 3.1: The calibrated Heston SLV parameters for EURUSD market data from August 23,
2012 [89].

T k § Omax ¢ T
1 month 0.885 0.342 1.600 0.547 11.8 years
5 years 0.978 0.499 1.300 0.649 9.3 years

In Section 3.4, the Heston—2CIR++ SLV model is calibrated to the EURUSD market
data from March 18, 2016, for maturities up to 5 years. The data in Table 3.2 indicate that
the condition in (3.30) is satisfied even for very long maturities. Furthermore, the following
parameter values for the foreign short rate process are recovered: ky = 0.011, 6 = 1.166,

§r = 0.037, so that the other condition also holds, i.e., 2k0; = 0.0257 > 0.0014 = fj%.
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Table 3.2: The calibrated Heston—2CIR++ SLV parameters for EURUSD market data from March
18, 2016.

T k 13 Omax ¢ T+
5 years 1.412 0.299 1.399 0.418 32.3 years

In equity markets, the mean-reversion speed is usually several times greater than the
volatility of volatility. For instance, Hurn et al. [53] calibrated the Heston model for the
S&P 500 index from January 1990 to December 2011 using a combination of two out-of-
the-money options, and found that & = 1.977 > 0.456 = £. Furthermore, we typically

have ¢ < 1, so that the condition in (3.30) holds even for very long maturities.

3.3.3. The square-root process

In order to prove the convergence of the approximation scheme in (3.26), we first need to
examine the stability of the moments of order higher than 1 of the actual and the discretized
processes. However, this problem is directly related to the exponential integrability of the
CIR process and its approximation. Let y be the CIR process in (3.13) and § be the

piecewise constant FTE interpolant as per (3.18).

Proposition 3.6. Let A > 0 and define the stochastic process
t
O; = exp {)\/ Yu du}, Vvt > 0. (3.32)
0
If T <T*, then the first moment of O is bounded, i.e.,
E[O7] < 0, (3.33)

where T™ is as given below.

(1) When k:f, < 2)\55,

2 T k
T = — | = + arctan <y>:| . 3.34
V2XEE — k2 [2 V2XEL — ki, (334

2 2
(2) When ky > 2XE;,
T" = 0. (3.35)

Proof. Follows directly from Proposition 2.2, or from Proposition 3.1 in [7]. |

Proposition 3.7. Let A > 0 and define the stochastic process

t
Oy = exp {)\/ Uu du}, Vit > 0. (3.36)
0
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If T <T* and o7 < k:y_l, then the first moment of ©r is uniformly bounded, i.e.,

sup E[O7] < 0, (3.37)
ote(0,07)
where T™ is as given below.
(1) When 2]{5 < )\55, )
T = m (3.38)
(2) When 2k} > \E7, o
TF = )\—gg (3.39)

Proof. Following the arguments of Lemma 2.5 and Proposition 2.6 closely, we prove by

induction on 0 <m < N that, for all §t < dp < ky_l,

N—m—1

E[©7] <E [exp {/\& Z U, + mAGEGr H
=0
X exp {;n(kyﬁy + ﬁyfy))\(ét)Q(m - l)m}, (3.40)
where
52 1 54 k202
- Y = Y vy 41
YN Ir(T —kyor)? | 2n \ AL = kyor)d (1 kyor)? (3:41)

and 7 > 1 is independent of dt and such that, for all w € [0, 1],
2, 2y 272
N wAT™ — 2nwkyT —2n+2 < 0. (3.42)
Taking m = N in (3.40) leads to the conclusion. ]

The next two results establish uniform moment bounds for the original and the dis-
cretized variance and short rate processes. Note that under assumption (A43.3), the moment

’

boundedness of g* and §’, for i € {d, f}, extends naturally to |r’| and |7
Proposition 3.8. The following two statements hold.

(1) The square-root process in (3.13) has uniformly bounded moments, i.e.,

E[ sup yf] < oo, Vp>1. (3.43)

te[0,7

(2) The FTE scheme in (3.17) for the square-root process has uniformly bounded moments,
1.€.,

sup IE[ sup gf] <oo, Vp>1, Vor>0. (3.44)
ote(0,67) te[0,7
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Proof. (1) The polynomial moments of the square-root process can be expressed in terms
of the confluent hypergeometric function and, according to [26] or to Theorem 3.1 in [52],

they are uniformly bounded, i.e.,

2k, 0,

sup E [yf] < oo, Vp> - (3.45)

te[0,T] fy
On the other hand, using Holder’s inequality, we deduce that
T
up 1t <97+ T+ 3R [ g
t€[0,T] 0
t P
+3771¢) sup / Viu AW . (3.46)
tefo,711 Jo

Using the Burkholder-Davis—-Gundy (BDG) inequality (see, e.g., [62]), we can find a con-

stant C), > 0 such that
P T p/2
|<ce|( [ ma) ]
0

1 1 T
<50+ 5Opr—l E [ /O yP du]. (3.47)

t
E[ sup / VY AW
0

te[0,T

Taking expectations in (3.46) and employing Fubini’s theorem, we get

_ 1.,
E [ sup yf} < 3P 1(3/0 + kyHyT)p + §3p 1§§Cp
te[0,7)

_ 1
+ 377t <k5 + §§5Cp) TP t:Eég“} E [y}]. (3.48)

The right-hand side is finite by (3.45), whence the conclusion.
(2) Integrating the auxiliary process g defined in (3.16), we deduce that

t t
gjt:yo—i—ky/ (ey—yu)du+gy/ ST dWY. (3.49)
0 0

For any p, e > 0, there exists a constant ¢(p, €) > 0 such that max(0, z)? < ¢(p, €)e* for all
x € R. In particular, this implies that 9 < c(p, €)e¥* for all t € [0, T]. Hence,

sup E [97] < c(p, €) e Wtk T) gup B [Ty, (3.50)
te[0,T] t€[0,T]
where . .
Iy =exp { - ek:y/ Yo du + eﬁy/ @dej} (3.51)
0 0

Assuming that ¢ € [t,,t,41] and conditioning on the o-algebra G/ , we get

EY [Ty] =Ty, exp {; (€67 — 2¢ky) (t — tn) T, } (3.52)
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However, we can find e sufficiently small such that 2k, > e£2. Then EY [T;] < E{ [I';,]
and the law of iterated expectations ensures that

E[Iy) <E[ly,] <E[ly,_ ] <...<E[[¢] = sup E[Iy =1 (3.53)
t€[0,T]

Substituting back into (3.50), we deduce that

sup E [§7] < c(p, e) eWotFuboT) (3.54)
te[0,T

which is independent of §¢. On the other hand, since g; < |7;| and using Holder’s inequality,

we get

T
sup 9 < 377! (yo + kyB,T)" + 3P KETP! / 7P du
t€[0,T)] 0
p
+3p_1§§ sup .
t€[0,T

/ " iy (3.55)
0

Taking expectations on both sides and using the BDG inequality as in (3.47) leads to

N - |
2 [ e #] <o nary s g,

+37! (kg + lggcp) TP sup E[g7], (3.56)
2 te[0,7)

for some constant Cj, > 0. However, sup;cg 7 E [gf ] < supyepo,r E [Qf ], and the conclusion

follows from (3.54). [ |
Proposition 3.9. Under assumption (A3.1), the following two statements hold.

(1) The process g has uniformly bounded moments, i.e.,

E [ sup (g{)p] <oo, Vp>1. (3.57)
te[0,7]

(2) The process §7 from (3.20) has uniformly bounded moments, i.e.,

sup E [ sup (f]tf)p] < oo, Vp>1, Vor > 0. (3.58)
5t€(0,67) te[0,T]

Proof. (1) From (3.1), we know that
t t ; Lo
ggc = g(]; + kOt — kf/ gl du — psfff/ o(u, Sy)\ vugu du + ff/ ghdwl. (3.59)
0 0 0
Since g/ is non-negative and using the fact that 2+/|ab| < |a|+ |b|, we find an upper bound

1 t 1 t
gl Sgg+kf9ft+2\Psf\§fUmax/ vudu+2(2kf+\psf!£f0mam)/ gl du
0 0

t
w‘/o Vol aw!

, (3.60)
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Fix t € [0,T]. Using Hélder’s inequality, we get

T
sup, (91)" <47 (gf + kg0, T)" + 202 pygPEho mazT”_l/O vf du
se|0,

t
+2p—2(2/.cf+yp5f|5famax)pr—1/0 (g4)"du

/ \/g:de

Taking expectations on both sides and using the BDG inequality as in (3.47) leads to

+ 4P~ 1§p sup
s€[0t]

(3.61)

E[ sup (géf)p] <4 (gf + kp0,T) + 2072 pyg PEROD,,, TP sup E [v7]
s€[0,¢] u€(0,7]

+ 227300, + (27’*2 (2Kks + psl€roman) TP

+22p—3§pCpr_1) /tE[ sup (g ) ]du (3.62)
f 0 5

s€[0,u]

for some constant Cj, > 0. Applying Gronwall’s inequality (see, e.g., [28]), we get

E[ sup (o] )p} < (471 (g8 + Ry0sT)" + 22731C + 22 oy € o TV sup E [07])
te[0,T) u€[0,T]
x exp {2772 (2hys + | pogl€Tmar) TP + 2073 C,T7 | (3.63)

The conclusion follows from Proposition 3.8.

(2) Integrating the auxiliary process §/ defined in (3.19), we deduce that
t t - t
9l = gl + k05t — kf/ gl du — psfgf/ & (u, 8,)\/ Bugh du + gf/ ghdw. (3.64)
0 0
Since g < |g; | following the previous argument, we deduce that

IE[ sup (gf)p] < 4P (gl + ks0;T)F + 2072, 7P ob, TP sup E[oF]
SE[O t] UG[O7T]

+2273ECy + (2772 2k + |peg €7 mar) TP

+ 2% 8hC, T / E [(a])"] du. (3.65)
0

Since sup,epo,7 E [0h] < sup,eo 7 E [04] and gl < SUPse0,u] §{, using Gronwall’s inequal-

ity, we get

E{ sup (@Zc)p} <4p Y(gh + k0T + 22730 C, + 277 pyy PEROD,, TP sup E[@’Z])
te[0,T] u€[0,T]

X exp {2p—2 (2kf + |pafl€pTman) TP + 22P—35§CPTP} . (3.66)

The conclusion follows from Proposition 3.8. |
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Next, we derive the strong mean square convergence of the discretized variance and
domestic short rate processes. Lord et al. [73] proved the strong convergence (without a
rate) of the continuous-time approximation . However, we are rather interested in the
behaviour of 7 in the limit as the time step goes to zero. Note that the convergence of g%

extends naturally to 7.

Proposition 3.10. The full truncation scheme in (3.18) for the square-root process con-
verges strongly in L? in the sense that

lim sup E[|ly — gjt|2] =0. (3.67)
6t—0t€[0,T)

Proof. First, fix t € [0,T]. Since |y — 9¢| < |yt — U], using the Cauchy—Schwarz inequality,

we get

t s 2
sup ‘ys - ?25’2 < 2k§t/ (yu - ?ju)2du —+ 2533 sup / (\/yTL -V gu)de{ . (3'68)
0 0

s€[0,¢] s€[0,t]

Taking expectations and using Doob’s martingale inequality and Fubini’s theorem leads to

t
E [ sup |ys — y5|2] < 4k:§T/ E [ sup |ys — g)s|2} du + 4k§T2 sup E [y — gjulz]
s€[0,t] 0 s€[0,u] u€[0,T]

+85T sup E[lyu — ul] +85T sup E[|gu — ul]- (3.69)
u€[0,T) u€[0,7)

Applying Gronwall’s inequality, we get

. 272 . _ A _
E[ sup Iyt—ytﬂ < el (4"35T2 sup E (|9 — 5el?] + 86T sup E[|g — ]

t€[0,T te€[0,7 te[0,T
+ 88T sup E[|y — gt|]>. (3.70)
t€[0,T]
On the other hand, we know that
sup E[|ly — 7l*] <2 sup E [Jye — 4el*] +2 sup E | — |*] - (3.71)
t€[0,T] te[0,T) t€[0,T)]

Substituting into (3.71) with the upper bound in (3.70), we get

22 . 22 . B
sup E Uyt — gthQ] < 16§§T64kyT sup E [|yt — yt\] + 16§§T64k9T sup E [|yt — yt\]
te[0,7) te[0,7 te[0,7

n 2(1 n 4k§T264k5T2) sup E [|g¢ — 5% (3.72)
t€[0,T]

The convergence of the three terms on the right-hand side of (3.72) is a consequence of

Lemma A.3 and Theorem 4.2 in [73], which concludes the proof. [ |

We now establish a positive strong convergence rate for the FTE scheme in the case

of an inaccessible boundary point. This is typically the case in practice when modeling
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interest rates, but not variances of FX rates (see, e.g., Tables 3.5 and 3.7). Let the Feller

ratio be
2k, 0
vy = §y2 v, (3.73)
Yy
First, we prove the following auxiliary result.
Proposition 3.11. Let p > 1, k > 0, and define the stopping time
Tpe = inf {t > 0: yp(t) > Kk}, (3.74)
where .
2p _
Pp(t) = /0 (p—l sz + p? zyu 1) du. (3.75)

If 2k, 0, > 55, then there exists a positive constant C), independent of k and N such that

sup E [|yinr, . — Ginr,.|’] < Cpe™N71 VN > 1. (3.76)
t€[0,T]

Proof. Note that since the Feller condition is satisfied, (y;)¢>0 has strictly positive paths
and hence 7,(t) is well-defined. Throughout the proof, we will use the fact that, for all
a,beR and g > 1,

(a+b)? < q_ila2 + gb?. (3.77)

Since |y: — 9¢| < |yt — U], using (3.77) and the Cauchy—Schwarz inequality, we get

tAT,

A p P _

|yt/\‘rp,kC - yt/\Tp7,4|2 S D 71 k’;T/ ‘yu - yu|2du
- 0

2

t
+ 1, /0 (VY4 = Vi) Lu<r,, AW . (3.78)

Taking expectations and using the It6 isometry and the fact that

VIu = VTul? < lyu = Gul*y ! (3.79)

leads to

P TATpk
sup E Uyt/\Tp,n - gt/\’rp,h‘,’Q] < 1kZTE/ ‘yu - gu‘2du
te[0,T) p— 0

2E TATp,k o 71d
+p£y 0 Yu — Yul"yy, du. (3.80)

Using the triangle inequality and (3.77), we get

" 2 D 9 T ATy .12 " _ 12
sup E [[yinr,,. — Ginry.l’] < ——=k,TE (2!yu — Gl + 2| — Tul )du
t€[0,7) p—1 0

2 T ATy .12 p . -2\ 1
+p¢, E Pl = Jul” + ———[0u — Yul” |y, du.
0 p—1
(3.81)
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Fix any pg € (1,14). Using Fubini’s theorem and Holder’s inequality with the pair (po, qo)

leads to

T/\Tp’,@ 2
~ ~ D N _
sup E [[yinr, . — Ginr,.°] < E/ Yo = Gul*dp(w) + =k T* sup E[|g — 5]
t€[0,T 0 p te[0,T]

2
P e L o 1
&T sup E [y, 7]70 sup E[|g — G:[*®]w0.  (3.82)

p— t€[0,T] te[0,T7]

_l’_

Since 7,(t) is strictly increasing, we employ a stochastic time change idea from [9] and let

s =p(u). Then u =7, 5 and v, (T A 7p ) = Vp(T) A Vp(Tp,x) = Vp(T') A k, and hence

TNATp,k o Yo (T)A& X )
E / o — Py (s) = E / Yr, o — B, 2
0 0

K
= / E |:|y7'p,s - yATp’s ’2 ]]~Tp,S<T:|dS
0
K
S/ sup E [|yins, ., —?Qt/\rp,s\Q] ds. (3.83)
0 tel0,7]

Substituting back into (3.82) with the upper bound in (3.83) and then applying Gronwall’s

inequality, we deduce that

2
R p _ 1 R B 1
sup E Uyt/\rp,,{ — ytm-p,,ﬁ’Q] < 6“{§§T sup E [yt po] r0 sup E [|?/t _ yt’2q0] 20
t€[0,T) p— t€[0,T t€[0,7

2 L
+ 7pk§T2 sup E [[g: — yt|2] } (3.84)
pb— t€[0,T]

Let ¢ > 1 and suppose that t € [t,, tp41). Since |9 — e| < |9+ — Ut,,|, we have
|9 — 57 < (kyeyét + ky8t G, + &g/ Ge, | WY — W, ‘)Qq
< 32a-1g2092a(51)%0 4 321120 (5¢) 2579 4 320 1e2agd |wy — WY [P (3.85)
If Z ~N(0,1), then
sup E U?]t — ytIQq] < 32q_1k§’19§q(5t)2q + 32q_1k5q((5t)2q sup E [Qfg]
te[0,7) 0<n<N

+32q—1g§q(5t)q sup E[j] ] E[|Z]*], (3.86)
0<n<N

and hence, from (3.14),

1 1
sup E [|Z)t _ gt‘Qq] < 32_1/‘1T<k59§T + k2T sup sup E [gﬁq] a

t€[0,T Y 5te(0,7] t€[0,T)
+E2E[|Z%]s sup sup E [g)g]3>N1. (3.87)
5te(0,7] tel0,T)

Substituting back into (3.84) with the upper bound in (3.87) and using Jensen’s inequality,

we deduce that

IS
Sup B [[unr, . — .o < 3710 LT (2’“5T+pfi sup E [y, ] )
t€[0,T7] p— t€[0,T
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1
X <k§9§T+k¢§T sup sup E [quo]%
5te(0,T) te[0,T]

1 1
+§§E [|Z]*®]% sup sup E [g)tqo}‘IO)e“Nl. (3.88)
5te(0,T] t€[0,T)

The conclusion follows immediately from (3.45) and Proposition 3.8. |

Proposition 3.12. If 2k,0, > fg, then the full truncation scheme in (3.18) for the square-

root process converges strongly in L? with order % — ﬁ —, t.e., for any € > 0, there
Y
exists a positive constant C' independent of N such that
1 1, 4
sup E |y, — 3|*]2 <CON 2+8+(Vy*1)2+€, VN > 1. (3.89)
te[0,T
Proof. Fix 0 < e < % — m and N > 1, and let
Y
5 €8 + (v —1)?]?
=31 3.90
! \/ Ty 17 8B+ 1y~ D7 (390)
and 5
8p°log N
=0 3.91
TR 1) 390
Then we can easily show that
1 4p3 1 4 (3.92)
- = - .
2 83+ (vy—1)2%2 2 84 (v, —1)?
Note that
sup E [|ly: — :|*] <2 sup E [y — %*] +2 sup E[|g — 5] (3.93)

te(0,7) te[0,T te[0,7
On the one hand, we know from (3.87) that
L2 202 2 -9 2 . ~1
sup E [|yt — Ut ] < 3T<k:y9yT—|— k,7- sup sup E [yt] +¢, sup sup E [yt])N )

te[0,T] 6te(0,T] te[0,T] 6t€(0,T] t[0,T7]
(3.94)

On the other hand, using Hélder’s inequality, we find an upper bound for the first expec-
tation on the right-hand side of (3.93):

sup E [y, — 9] < sup E[lys — %’ 1, .<v] + sup E[jyr — 4[> 1r,,57]

t€[0,T) t€[0,T] t€[0,T)
2p 414 2p 414 1
S{ sup E [yf‘l} "4+ sup sup E [z)f’l] p}P(Tp,H <T)»
te[0,T) 5te (0,7 te[0,T
+ sup E [|[yenr,. — Ginr,.l?]- (3.95)
te[0,7)

Using Markov’s inequality, we deduce that
20 ogn, 20 [T i
]P)(Tp,fCST):]P) ]flkyT +p é.y ) Yy dtzl‘i
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<E|ex #k% —1)2T2+152(y —1)2/T Lt
=P V- BTy

X exp { 52 (vy — 1)%} : (3.96)

However, we know from Lemma A.2 in [11] or Theorem 3.1 in [52] that

E [exp {égg(uy — 1) /OT yt_ldtH < 0. (3.97)

Substituting back into (3.93) with the upper bound from Proposition 3.11 and (3.94) —
(3.96), and then using Proposition 3.8 and (3.97), we can find positive constants ¢, o and

c3 independent of NV such that

S Vy— 2I€ — —
sup E [lye — oe|*] < cre w1y coe" N1 4 e3NL (3.98)
te[0,7
The conclusion follows from (3.91) and (3.92). [

To the best of our knowledge, Proposition 3.12 is the first result to establish a positive
order of strong convergence for the FTE scheme. Next, we perform a numerical analysis

of the strong convergence of the scheme and examine the L!'-error
e(N) =E [lyr — gr,nl]- (3.99)

Due to the difficulty in computing this quantity, we estimate as proxy the difference between
the values obtained with the FTE scheme for a time step dt (yr,2n5) and the values obtained
with the FTE scheme for a time step 2dt (g7, n), and use the fact that, for any 5 > 0,

e(N)=0(N?) & E[|gran —r,n|] = O(NF). (3.100)

A proof of (3.100) can be found, for instance, in [3]. The data in Figure 3.1 suggest an
empirical L'-order of 1/2 when v, > 1 and an order between 0 and 1/2 when v, € (0,1),

and hence that the strong convergence rate proved in Proposition 3.12 is not sharp.

3.3.4. The 4-dimensional system

Although weak convergence is important when estimating expectations of payoffs, strong
convergence plays a crucial role in multilevel Monte Carlo methods and may be required
for complex path-dependent derivatives. First, we prove the uniform mean square conver-
gence of the stopped discretized spot FX rate process in (3.26). Note that the arguments
employed in the subsequent convergence analysis do not allow us to establish a positive

strong convergence rate for the discretized spot FX rate process.

Proposition 3.13. Let Ly > Sy, L, > vg, Lg > gg, Ly > g(J; > k=1 be constants and
define the stopping time

T:inf{tZO: Sy > Ls or vy > Ly or vy > L, or ngLd or QZZLf orgfgn_l}.
(3.101)
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Figure 3.1: The log-plots of the strong L1-errors against the number of time steps when yo = 0.02,
k, € {0.125,0.25,0.375,0.5,1.0,2.0}, 6, = 0.02, £, = 0.2 and T = 1.0, computed using 107 Monte
Carlo simulations.

Under assumptions (A3.1) to (A3.3), the stopped process converges uniformly in L?, i.e.,

lim E [ (3.102)

E%AT‘2} :30.
0t—0

sSup ‘St/w -
te[0,7)

Proof. The absolute difference between the original and the discretized stopped processes

can be bounded from above as follows,

t/\‘r t/\‘r
|St/\7 - St/\7—| < ‘/‘ S —S du ‘/ gu S du
t/\T t/\T
‘/ S — Su)du ‘/ gu ) Sy du
t/\T t/\T B
‘/ I (Su — Su)du ’/ Vu (Su — Su)dWE
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N ‘ /0 " (0(.8) = 7 (1. 5.) ) Vs S, WV

. ‘ /Ot/wg(u,Su) <m_ m)su dWs |, (3.103)

Squaring both sides, taking the supremum over all ¢ € [0, s], where 0 < s < T, and then
employing the Cauchy—Schwarz inequality leads to the upper bound
a |2 2 2 2 AT 3 )2 2 g d_ =d\2
sup ‘St/w - St/\’r‘ < 8(Ld + L7+ 4hmax)T (Su - Su) du + 8LT (gu — gu) du
te(0,s] 0 0
SAT 9 T 9
+ 16L§T/ (g0 — i) du+ 16L§T/ (g — i) du
0 0

2

tAT
48 sup | [ o(u.8,) (Vi - Vo) Sudw;
0

te(0,s]

2

tAT
+ 8 sup / 5(u, Su)\/a (Su - Su)dWS
0

te(0,s]

tAT 2
+ 8 sup / (O’ (u, S’u) — 5(u, Su)) Oy Sy dWE | . (3.104)
te(0,s] | JO
Note that
SAT s
/ (9 — af)*du < / (9inr = Glpr)?du < T sup gl — a5, (3.105)
0 0 t€0,s]

Hence, taking expectations in (3.104), using Fubini’s theorem, Doob’s martingale inequality
and the I[to isometry, and upon noticing that a stopped martingale is also a martingale,

we obtain

= 2 _d|2 _
E [ sup ‘SMT — St/\f‘ ] < SLET2 sup E Ugf — gf| } + BQUgmegT sup E [|vt — vt‘]
te(0,s] t€[0,T] t€[0,T]

SAT
+ [8(L§ + L3+ 4h%,,,)T + 3203%va} E [ /0 1S, Su‘Qdu]
SAT _ 9
+32L2L,E [/ o (u, Su) — & (u, Su) | du]
0
+16L2T? sup E [}g{ —gl \2] +16L2T?E [ sup |gin — g{M\Q].

te[0,7] tel0,s
(3.106)

First, we bound the last expectation on the right-hand side of (3.106) from above. From
(3.59) and (3.64), since |g/x, — Gir,| < |91, — Giprl, we get

ol =il < | <5 [ (el = abytu— s [ @l ~ sl
+§f/0mT<\/g?L_\/g?L)dWJ+§f/OMT(\/g?L_\/;{Z>dWJ
_psfgf/ot/\Ta(u,Su)\/@(\/gE—\/g}»{:)du
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= sy /OWU(% Su)\/Fu(\/!??t— \/;{)d“
~pgty [ ol (Vi - Vi)
o /Ot”@(a(u, $.) — (u.5,) )dul

Squaring both sides, taking the supremum over all ¢t € [0,s'], where 0 < s’ < s, and

(3.107)

employing the Cauchy—Schwarz inequality, then taking expectations and using Doob’s

martingale inequality and Fubini’s theorem, we deduce that

/

F 12 s 2 r
E sglp]»g{AT—g{M\]ssSk;T | [0l = o) tucrJau+ 5T | B [(6] - 90)]
tel0,s’ 0 0

+ 3263 / "E[[f — gfl]du+ 864,207 LT /0 "B o] - 5] du
v [ 8 [(Vo - Vi) e

ot [ (Ve i) e

+ 8026302 0y Ly T /OTIE [ = 0u ] du

8% L, L TE [ / " a Su) — (s 5a) Edu] S (3.108)

However,

(Vo ~ Vol ) tuer < (Volar —Vilar ) < wlotnr —an)® (3109)

and hence, since s’ < s,

/

2 B 2
E |: sSup ‘g{/\r gg/\r{ :| < 8 (k)%T + 45?"3 + p?ffj%agnaxLUﬁT) / E |: sup |g{/\'r gtf/\T ‘ :| du
te(0,s'] 0 te[0,u)

SAT
80,8 L,LTE [ | lotus) - ot gu)fdu}
0

+ (BT + 893G LT) s B [J5f — 3]
tel0

+ 8psf§fo'mafoT2 sup E [‘vt — Etu
t€[0,T)

+8K3T sw E |(3f —4f)°)]. (3.110)
t€[0,T

Therefore, applying Gronwall’s inequality to (3.110), since s < T, we get

SAT
E 51[1p] ‘gt,\T gtf,\T\Z] < eﬁlT{Spng?LvaTE [/ o (u, Su) — & (u, Su) lzdu}
tel0,s 0

+85 maxLT E - +8kT2 E Af_7f2
et gl =] + 51 s Bl =1
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+ (32637 + 80262020y LuT?) sup E [}gt .y u} (3.111)
t€[0,T]

where

B = 8kFT + 3267k + 8p2 £ F0man LukT. (3.112)

Second, as N is a multiple of N7, assumption (43.2) on the leverage function ensures that

SAT T
E [/ |0 (u, S,) — & (u, S, \zdu] < 3A2T(5t)* + 3B%E [/ 1S — S e dt]
0 0

SAT
1 3B%E [/0 S \St—stfdu], (3.113)
€|0,u

where, for convenience of notation, we defined

t=6t L&J : (3.114)

Furthermore, we know that

SAT SAT s
/ }Su —Sufdu §/ sup !St Stlzdu S/ sup ‘S’MT StAT‘Qdu. (3.115)
0 0  t€[0u) 0 t€[0,u]

Substituting back into (3.106) with (3.111) — (3.115), we deduce that

E |: sup |St/\7' - St/\T’2:| S 52/ E |: sup }St/\r - St/\7'| :|du + B3(5t)2a
0

t€(0,s] te[0,u]

+/34t€S[lépT]E th _Ut” + Bs ESEJP E [‘gt _gt‘ }

+ s sup E[\gt - G H + fr sup [}ﬁf—gf\z]
te[0,7) t€[0,7]

T
+ 58/ E [\St — S 11t<7}dt, (3.116)
0
where the constants ;, for 2 < ¢ < 8, are defined below.

By = 320040 Ly + 8(LG + L + 4h2,,,) T + 96 B2 L2L, (1 + 4p2p7 LT 7)),

B3 = 96AL2Ly (1 + 4p2 &G LT3N )T, By = 3207, L2T (1 + 4p2 67 LT3 T,

Bs =8L2T?, Bg = 128¢7L2 (4 + p20man Lo T) T2eP T, Br = 16L2T%(1 + 8k3T%eMT),

Bs = 96B?L2L, (1 + 4p2;F LT 7). (3.117)

Therefore, applying Gronwall’s inequality to (3.116), we obtain

E| sup !SMT — SMT‘Q] < eﬁQT{B (6t)%* + B4 sup E[‘vt _’Utu + G5 S[up E[‘gt _gt‘ }
tefo

te[0,T] t€[0,1]
+ B¢ sup E[‘gt - g; ‘] + Br sup E[ —gt‘ }
te[0,7 te[0,T]
r 2
+/38/ E[‘St—sf} ]lt<r]dt}- (3.118)
0
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The convergence of the first term on the right-hand side as §t — 0 is trivial, whereas the
convergence of the next two terms is a consequence of Proposition 3.10. We now show the
convergence of the L? difference between §/ and g/.

Suppose that ¢ € [t,, tp+1). Since ]g{—g{] < |gt gtn] and using that 21/]ab| < |a|+b],

we can bound the L? difference from above as follows:

o2 1 N R
9] = 31 I < 7 (2k7050t + pug €70 mandton, + (2ks + |pssl€romar) 31,

2
+ 285y ol wi —wi, )

< 4kf0f(5t) + psfgfamax(dt)2ﬁ152n + (2kf + |p8f‘£famax) (5t) (gtn)2

+agdgl (wi —wi)? (3.119)

Hence,

sup E [{g{—g[ﬂ < 4k:29f(5t) +psf£famaz(5t)2 sup E[ ]+4£ ot sup E[ f]
t€[0,7) 0<n<N 0<n<N

+ (2ky + \psflﬁfomm)z(c?t)z sup E [(gtn)Q]. (3.120)
0<n<N

The convergence of the term on the left-hand side follows from Propositions 3.8 and 3.9.

Finally, the integrand in the last term in (3.118) can be bounded from above as follows:

2
1t<’r]

t
E[‘St—sf‘Q]LKT = ‘/ gu—l—h( )]Sudu—i—/ o(u, Su)\/ Oy Sy dW;
7

< 45tE [/t [(gjf)2 +(gf)* + h(u)2] S2lyer du}

2

t
+4E / (1, Su) /T St L AV
t

< 4L§(6t)2{ sup E [(95)2} + sup E {(g ) ] +4hfmx}
u€[0,T) u€(0,T]

+ 402, L2L,0t. (3.121)

The right-hand side is independent of the time ¢ and tends to zero as dt — 0 from Propo-
sitions 3.8 and 3.9, which concludes the proof. |

Next, we prove the uniform convergence in probability of the discretized spot FX rate

process.

Proposition 3.14. If 2ks0; > 5]20 and under assumptions (A3.1) to (A3.3), S converges

uniformly in probability, i.e.,

lim IP’( sup |y — S| > e) =0, Ve>0. (3.122)
5t—0 t€[0,T)
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Proof. Fix € > 0 and note that

{ sup ’St — S’t‘ > e} - { sup ’SMT — S’t/\T‘ > e} U {7’< T}, (3.123)
t€[0,7) t€[0,7]

with 7 from (3.101). In terms of probabilities of events, the previous inclusion implies that
P < sup ‘St — S’t‘ > 6) <P < sup ‘St/\fr — 515/\7‘ > 6) + P (T< T) (3124)

te[0,T] t€[0,T]
The convergence in probability of the stopped process is an immediate consequence of

Proposition 3.13 and Markov’s inequality. Moreover, from the definition of the stopping

time in (3.101), we get

{T<T}§{ sup thLU}U{ sup ﬁtZLU}U{ sup ngLd}U{ sup g{sz}

t€[0,T] te[0,T] t€[0,T t€[0,T
U { sup S; > Ls} U{r. <T}, (3.125)
t€[0,T]

where we defined the stopping time
T =inf{t>0: g/ <x7'}. (3.126)
However, assuming that L > 1, we have that

{ sup S > Ls} = { sup x> logLs} C { sup |x| > logLs}. (3.127)
t€[0,T] t€[0,T] t€[0,T]
Therefore, using (3.125), (3.127) and Markov’s inequality, we find an upper bound

IP’(T< T) < L;lE { sup vt] +L;1E { sup @t] +L51E [ sup gf} —i—LJIlE [ sup gﬂ
t€[0,T] t€[0,T] t€[0,T te[0,T]

+ (logLs)_lE { sup \art|] +P (1. <T). (3.128)
te[0,7)

First, recall the formula for the logarithm of the spot FX rate process,
¢ t
1
Ty = T —|—/ (gff — gl + h(u) - 502 (u, Su)vu) du + / o(u, Su) Vo dWs.  (3.129)
0 0
Taking the supremum over all ¢ € [0, 7] and using the fact that a < a? + 1, then taking
expectations and employing Doob’s martingale inequality and the It6 isometry, we get

E [ sup |xt|} <1+ |xo|+ 2hma T+ TE [ sup gf] +TE [ sup gtf}
t€[0,T] te[0,T] t€[0,T]

9
- 5afmTJE Ls[%pT } vt} : (3.130)
S ’

Second, we deduce the almost sure positivity of the process ¢/ when 2k 0y > §J20. To this
end, we let a = (2k¢0; — 5;)/25? and define the function F': (0,00) — R by F(z) = ™.

Using Ito’s formula, we have that
TNATe
E[F(gfnn,)] = Flo) —E /0 a(gf) ™" (hss — kgl — postso(u, Su)\ vugh ) du
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ot (gh) ") awi.

(3.131)
Note that
1 2 1 2 2 1 262
and also that T
E/ a2§]2c (g{)_(HQa) Lycr, du < a2§]2c1€1+2aT < 00, (3.133)
0

so the stochastic integral on the right-hand side of (3.131) is a true martingale. Hence,

1 T —(ta T o
B[Flof.,)] < Plad) = 5026 [ (o) tur, dut by B [ (6l) ™ L,

T 1 1
+ a|psf‘§f0—maz E/ vy (gqjj) (2+Oz) ]1u<’r,.i du. (3134)
0

Employing Fubini’s theorem and Hoélder’s inequality, we deduce that

E [F(g{“/\m)} = —%oﬂf? /T <E[(9£)_(l+a) Ly<r, ] — 2a71kf§]72 E [(gg)_(1+a)]lu<m } o
0

s 1420
— 20 Y pys|€5  Oman s[up][E[vt1+a} 2+ E[(ggj)‘(Ha) 1u<rﬁ}2<1+a>>du
te[0,T

+F(g)). (3.135)

However, the moments of the square-root process are bounded by Proposition 3.8. Fur-

thermore, if p,q € (0,1), ¢y g > 0 and ¢ = ¢, + ¢4 > 0, then for all > 0 we have

x — cpaf —cqx? = %p(a: — c:cp) + C—Cq(x — cmq)

p T 1 __1 \P a7 1 __1\¢
= cpclt-p [c l-ry — (c 1*1’1') } + cqct—a {c l—ayp — (c 1*‘11') }
_p_ J
> —cpel—r — cqcl-a. (3.136)
Therefore, the integrand in (3.135) is bounded from below by a constant and thus

£ [Flf)] < pam

for some constant C' independent of . Since g/ has continuous paths, gf,i = ! and

F(gfﬁ) = k”. Hence, from (3.137) and the positivity of F', we deduce that
P(rc <T) =k E|F(g}) Ln.cr| K E|F(gf,,, )] < Cr. (3.138)

Taking the limit as 0t — 0 in (3.124), using the upper bounds derived in (3.128), (3.130)
and (3.138), and then employing Propositions 3.8 and 3.9, the conclusion follows from the
fact that we can choose Lg, L, Lq, Ly and x arbitrarily large. |
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Many models with stochastic volatility dynamics, including the Heston model, have the
undesirable feature of moment instability, i.e., moments of order higher than 1 can explode
in finite time [7]. This can cause problems in practice, for instance when computing the
arbitrage-free price of an option with a superlinear payoff. Furthermore, establishing the
existence of moments of order higher than 1 of the process and its approximation is an
important ingredient in the convergence analysis (see [48]). Since the most popular FX
contracts grow at most linearly in the FX rate and their risk-neutral valuation involves
computing the expected discounted payoff, it is useful to study the finiteness of moments

under discounting. Define R to be the discounted exchange rate process,

¢ t ¢
R, = Spexp { — / rf du — ;/ o2 (u, Sy ) vy du + / o(u, SM)Mde}, (3.139)
0 0 0

and let R be its continuous-time approximation,

~ t 1 rt ~ t ~

R; = Sy exp { — /O 7 du — 3 /0 7% (u, Sy) u du + /0 & (u, Su)Vu de}. (3.140)
The following result establishes a lower bound on the explosion time of moments of order
higher than 1 of the discounted process and is an important step in proving Theorem 3.1

(Theorem 1 in [20]), which, in turn, plays a key role in the calibration of the model.

Proposition 3.15. Let o > 1. Under assumptions (A3.1) and (A3.3), if T < T*, then
there exists wy > a such that, for all w € [1,wy), the following holds:

sup E [R}"] < oo, (3.141)
t€[0,T
where T is as given below.

(1) When k < ¢(a)C,

T* = 2 [W + arctan < F )] : (3.142)
p(a)?¢? — k[ 2 p(0)?¢? — k2
where

pla)=a++/(a—1Da and ¢ = Eomaz- (3.143)

(2) When k > ¢(a)(,
1" = oo. (3.144)

Proof. First, we find it convenient to define a new stochastic process L by

t t
L; = Syexp {hmazt — % / g2(u, Su) vy du + / o(u, Su)\/@de} ) (3.145)
0 0

As R, < L; for all t € [0, T, it suffices to prove the finiteness of the supremum over ¢ of

t t
IE[L}”] =Sy E [exp {whmaxt + w/o o (u, Su)\/ vy dW,, — ;U/O 02(u, Su)Vu du}] .
(3.146)
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Second, suppose that T < T, with 7™ defined in (3.142) — (3.144). If k < ¢(a)(, since
©(+) is increasing on [1,00) and by a continuity argument, we can find w; > « such that,

for all w € (o, wy),

2 7 k
k<pw)( and T < — + arctan . 3.147
ple el =)
If k = p(a)(, since p(+) is strictly increasing on [1,00) and
2 k
lim [W + arctan < >] = 00, (3.148)
wiat (fo(w)?¢? — k? | 2 p(w)>¢? — k?

we can find w; > « such that (3.147) holds for all w € (o, wy). Finally, if & > ¢(«)C, by a

continuity argument, we can find w; > « such that, for all w € (o, wy),
k> o(w)C. (3.149)
Third, fix w € (o, w;) and let the functions fy, gy : (1,00) = (1,00) be defined by
fu(r) = w?z® (3.150)

and

wIT

w?
guw(x) = (wz—1) = (w+ /(w— 1)w)2 + " (z—-1-+1- 1/w)2. (3.151)

r—1

The first function is strictly increasing, whereas the second function attains a global min-

imum at z* =1+ /1 — 1/w. Furthermore, they are equal at z*, so

inf max { fu(), gu (@)} = gu(@") = (w+ /(0w = Dw) (3.152)

Consider the Holder pair (p, q) satisfying ¢ = p/(p — 1) such that

1
p=1+/2— and q=1+,/——. (3.153)
w w—1

This particular Holder pair ensures an optimal lower bound 7™ on the explosion time.

2

Next, define the quantity a = pw* — w and introduce the stochastic process

t
M, = pw/ o(u, Su)/y AW, (3.154)
0
with quadratic variation
t
(M) = p2w2/ o2 (u, Sy )vy du. (3.155)
0
Then we can rewrite (3.146) as follows:
w w wh t 1 1 a ! 2
E[Ly] = Sye" =" E | exp , M; — §<M>t +t5 0 (w, Sy )y du ¢ | . (3.156)
0
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Applying Hélder’s inequality with the pair (p,q) from (3.153) and taking the supremum
over [0,T], we get

1 1
sup E[L}] < SyewhmazT sup E [exp {Mt - (M>tH !

t€[0,T] t€[0,T] 2
1 , [T .
x E | exp iqw(pw - 1)amar/ vydup| . (3.157)
0
The stochastic exponential is a martingale if Novikov’s condition (see [62]) is satisfied, i.e.,
1 Lo 2 2 ’
E | exp §<M>T <E |exp SPw O'max/ vy du p| < oo. (3.158)
0

The finiteness of the two expectations in (3.157) follows from (3.147) — (3.153) and Propo-

sition 3.6. The extension to the interval [1,w;) follows from Jensen’s inequality. |

Proposition 3.16. Let a > 1. Under assumptions (A3.1) and (A3.3), if T < T*, then
there exists wy > a such that, for all w € [1,ws) and 67 < k~!, the following holds:

sup  sup E[(Ry)"] < oo, (3.159)
Ste(0,67) t€[0,T]

where T is as given below.

(1) When k < 50(a)C,

. 1
= e (3.160)
where
ola)=a+V(a—1Da and (= Eomaz- (3.161)
(2) When k > %gp(a)(,
.k
= e (3.162)

Proof. For convenience, define a new stochastic process L by
_ 1 [t _ t _
Ly = Spexp {hmamt — 2/ &% (u, Sy ) Uy du + / & (u, Su) V0w de}. (3.163)
0 0

Since R, < L; for all t € [0,T], it suffices to prove the finiteness of the supremum over ¢
and Jt of

t t
E[i;"] =Sy E [exp{whmaxt + w/o é(u, Su)\/adWIf — IQU/() 52 (u, Su)z_)uduH )
(3.164)

Suppose that 7' < T*, with T* defined in (3.160) — (3.162). If k < 3 ()¢, by a continuity

argument, we can find we > a such that, for all w € (a, ws),

1
E<-pw) and T <

1
5 OIS (3.165)
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On the other hand, if & > %gp(a)g‘ , by a continuity argument, we can find wy > « such
that, for all w € (a, wa),

1 4k

Henceforth, we argue as in Proposition 3.15. We fix w € (o, w2) and consider the Holder

2

pair (p, q) from (3.153). Then, we define a = pw* —w and introduce the stochastic process

t
M, = pw / o (u, 8,) /T, AW, (3.167)
0
with quadratic variation
t
(M), = p*w? / &% (u, Su) vy, du. (3.168)
0

We can rewrite (3.164) as follows:

= [ 1, t _
E [LY] = Sye*me'E [exp {p [Mt - 2<M)t] + ;/0 7% (u, Su) vy duH. (3.169)

Applying Holder’s inequality and taking the supremum in (3.169), we get

_ 1 v
sup sup E [L;”] < Sé“e“’h’"”T sup sup E [exp {Mt — <M)t}] ’
§te(0,67) t€[0,T] 5t€(0,67) t€[0,T] 2

1 , [T .
x sup E |exp iqw(pw—l)amaz Uydup| . (3.170)
0

6te(0,07)

The stochastic exponential above is a martingale if Novikov’s condition is satisfied, i.e.,

E [exp { ;<M>TH <E [exp {;p%%zm /OT B du}] < 0. (3.171)

The conclusion follows from (3.150) — (3.153), (3.165) — (3.166) and Proposition 3.7, and

the extension to the interval [1,ws) follows from Jensen’s inequality. [

Higham et al. [48] proved that for a locally Lipschitz SDE, the boundedness of the pth
moments of the exact and numerical solutions, for some p > 2, ensures the strong mean
square convergence of the Euler—Maruyama method. The existence of moment bounds
for explicit Euler approximations, however, remained an open problem. Recently, Hutzen-
thaler et al. [55] studied SDEs with superlinearly growing coefficients and proved strong
and weak divergence in LP for all p > 1, and hence that the moment-bound assumption
is not satisfied. To the best of our knowledge, the uniform boundedness of moments of
order higher than 1 of discretization schemes for the Heston model and extensions thereof
has not yet been established — this gap in the literature was also identified in Kloeden and
Neuenkirch [63] — and Proposition 3.16 is the first result to address this issue.

Since the typical payoff of a FX contract grows at most linearly in the exchange rate,
it suffices to know the strong convergence of the discounted process in L' to deduce the

convergence of the time-discretization error to zero.
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Theorem 3.17. Under assumptions (A3.1) to (A3.3), if 2k0f > 5]20 and T < T*, where

. 4k 1
T = @ Lecor + Tk Lesog (3.172)

and ¢ = E0pmax, then the discounted process converges strongly in L, i.e.,

lim sup B[R~ Ri|| =o0. (3.173)
5t—0 te[0,T]

Proof. Fix € > 0 and define the event A = {‘Rt — Rt‘ > e}, then

sup ]E[‘Rt—Rtu < sup E[}Rt—Rt‘ﬂAc} + sup E[‘Rt—Rt}]lA]. (3.174)
t€[0,T] t€[0,T] t€[0,T]
Hence,
sup E [‘Rt — Rtu <e+ sup E [Rt ]lA] + sup E [Rt ]IA]. (3.175)
te[0,7 te[0,7) te[0,T

Choosing some 1 < w < min {w,ws} and applying Holder’s inequality to the two expec-
tations on the right-hand side with the pair (p,q) = (w L) returns the following upper

Y w—1
bound:

sup E URt — Rtu <e+ { sup E [Rtw]% + sup E [(Rt)w}i}
te[0,7) te[0,7 te(0,7

x sup P (R~ Re| >¢) . (3.176)
te[0,7

Note that if ¢ > 2k, then

2 7 k V3 1 [¢+k 1
7@_}{:2 [2+arctan<\/m>] > \/CQ—kQ > \/CZ—k‘Z k = s (3.177)

Moreover, if k < ¢ < 2k, then

Q[W—i-arctan(k)] > 2 > 1 ]€2<1—k2>—4k.
2w l2 Jo—r)l T Je—r T Je—e\Vel e
(3.178)
Therefore, Propositions 3.15 and 3.16 (with o = 1) ensure the boundedness of moments
of order w of the discounted process and its approximation. Furthermore, the convergence
in probability of the discounted process is a simple consequence of Proposition 3.14, by

taking the domestic short rate to be zero. Finally, taking e sufficiently small leads to the

conclusion. |

Note that Theorem 3.17 can be generalized to the L* case relatively easily for all a > 1,
upon noticing that the critical time 7% from (3.142) — (3.144) is always greater than the
one from (3.160) — (3.162), as shown in (3.177) — (3.178) for o = 1.
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3.3.5. Option valuation

Next, we examine the convergence of Monte Carlo estimators for computing FX option
prices when the dynamics of the exchange rate are governed by the Heston—2CIR++ SLV
model and assumptions (.A3.1) to (A3.3) are satisfied. As an aside, note that we discussed
in Section 3.2 how other derivative pricing models, including popular models in equity

markets, can be formulated as special cases. First, we consider European options.

Theorem 3.18. Let P=E |:€_ Jo it (K—ST)—F} be the arbitrage-free price of a European
put option and P =& [e_ Jo it (K — S’T)ﬂ its approximation. If 2k;0; > 5]%, then

lim [P — P|=0. (3.179)
6t—0

Proof. A simple string of inequalities gives the following upper bound:
[P Pl < B[{e o e (0 — ) e B (0 - 5) — (5 52)

< KehmasT B |~ I ot — = 15984 1 hmasT B | (K¢ — 57)* — (K — Sp) Y]]
(3.180)

T

However, for any non-negative numbers x and y, |e”* — e Y| < |z — y|, and so we can use

Fubini’s theorem to obtain an upper bound for the first expectation,

T
sup E Ue_ S gidu _ o ftngd"” < sup / E [|QZ - g;ﬂ du
te[0,T) tel0,T) Jt
<T sup E [|gf - §f|] . (3.181)
t€[0,T]

The right-hand side tends to zero by Proposition 3.10. Define the events A = {ST <K }
and A = {ST < K}, and denote the last expectation in (3.180) by J. Then

J=E[|(K=Sr)* = (K= 50) " [(Lana+ Lanae + Laepa+ Laenae )| (3.182)
Therefore,
J<E “ST — 5y Lm} +E [(K—ST) me} +E [(K—ST) ng]
<E[|S7 - 81|10z | + KP(ANAS) + KP(A°N A). (3.183)
Let 6 be an arbitrary positive number, then we have the following inclusion of events:
ANA = ({87 < K =6} U{K -3 < 57 < K}) N {Sr > K}
c ({$r<K-o}n{Sr=K})U{K-6<Sr<K}

g{\ST—STyzé}u{K—5<ST<K}. (3.184)
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In terms of probabilities of events, we have
P(ANAY) <P (|Sr—Sr|20) +P(K-d < Sr<K), Vi>0. (3.185)
We can bound the second probability from above in a similar fashion,
acnAc{|Sr - Sr| 2 0} U{K < Sr < K + 4}, (3.186)
50
P(4°NA) <P (|57 - S7| 2 0) +P(K < Sp < K +4), v5>0. (3.187)

For a suitable choice of §, the last terms on the right-hand side of (3.185) and (3.187)
can be made arbitrarily small, whereas the first terms tend to zero by Proposition 3.14.
Therefore, the two probabilities in (3.183) converge to zero as 0t — 0. Finally, fix € > 0
and let B = {| Sy — Sp| > €}. We can bound the expectation on the right-hand side of
(3.183) as follows:

E“ST—ST\]IAM} :E[\STfSTmAmAnBC} +}E[\ST75T|]IAM]IB}
<KP(|Sr— 51| > ¢) +e. (3.188)

Taking the limit as 6t — 0, employing Proposition 3.14 and making use of the fact that €

can be made arbitrarily small leads to the conclusion. |

Theorem 3.19. Let C =E [e* Jo ridt (ST —K)Jr} be the arbitrage-free price of a European
call and C =E [ei Jo it (ST — K)Jr} its approximation. If 2k;0; > 5? and T < T, with
T* from (3.172), then

lim |C' —C| =0. (3.189)
0t—0

Proof. A simple string of inequalities gives the following upper bound:
€= O] < B[ (ke — Koo W) = (Rp — Koo )
< KehmorT R [|em o ottt — o= I3 4| L B [|Ry — Rr]. (3.190)

The two expectations on the right-hand side tend to zero as 6t — 0 from (3.181) and
Theorem 3.17, respectively. |

Asian options depend on the average exchange rate over a predetermined time period.
Because the average is less volatile than the underlying rate, Asian options are usually less
expensive than their European counterparts and are commonly used in FX and commodity
markets, for instance, to reduce the foreign currency exposure of a corporation expecting

payments in foreign currency. For any 0 < s <t < T, define the discount factors:

Dy =e” Jiridu ang Dsi=e" Ji midu, (3.191)
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Theorem 3.20. Consider a fized strike Asian option with arbitrage-free price
U=E [e— Jo it [ (A0, T) — K)] +}, (3.192)
U=E [e* Jo Tt [ (A0, T) — K)] ﬂ. (3.193)
If 2k 0 > 5]% and T < T*, with T* from (3.172), then

lim |U - U| =0. (3.194)
0t—0

Here, A(0,T) represents the arithmetic average and 1 = +£1 depending on the payoff (call

or put). For continuous monitoring, A(0,T) = %foTStdt and A(0,T) = %fOTS’tdt =
T~

%fo Sidt.

Proof. The absolute difference can be bounded from above by
|U-U|<E U [¥(Dor A0, T) — KDo )] " — [(DoA(0,T) — KDO,T)TL”- (3.195)
Therefore, we end up with the following upper bound:

U-U| < KehmeT R Ue_ Iy it _ = fOngidt” +E UDO,TA(O,T) - DO,TA(O,T)”.
(3.196)

We deduced the convergence of the first expectation in (3.181). Fubini’s theorem yields

_ 1 T _
E UDO,TA(O,T)—DO,TA(O,T)\] <ZE [ /0 | Do 1S, —D07TSt\dt}
< sup E []Dt,TRt—DaTRt—”. (3.197)
te[0,T

The triangle inequality leads to the following upper bound:

sup E [\Dt,TRt —DE,TRE\] < sup E [Rt\Dt,T —DgT” + sup E [Dt—,T|Rt —Rg‘]

te[0,7) t€[0,T te[0,7)
+ sup E [Rg‘DﬂT - DﬂT” + sup E [D{’T|Rg — Ry ],
te[0,T] te[0,17]
(3.198)
and hence

e~hmaeT qup E [‘Dt,TRt - DE,TRE‘] < sup E [Rt‘l - Dﬂtﬂ + sup E “Rt B RE‘]

reo] te[0.T] t€[0,7)
+ sup E |:Rt‘6_ ftT ggdu — e~ ftT gﬁdu”
te[0,7)
+ sup B[R Al (3.199)
t€[0,T]

First, Holder’s inequality with the pair (w,~), where 1 < w < w; and v = w/(w—1), yields

1
sup E [Rt’1 — Dﬂt” < sup E [R;“]% sup E Ul — Dﬂtw T (3.200)
te[0,7] te[0,7) te(0,7
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However, using the mean value (MV) and Fubini’s theorems and Holder’s inequality, we get

1
sup E Ul - Dﬂtﬂ T < ehmarT sup E [|rf]] %675, (3.201)
te[0,T] te[0,T]

and hence the convergence of the first term on the right-hand side of (3.199) is a conse-
quence of Propositions 3.8 and 3.15 (with « = 1). Second, using the MV theorem and
Holder’s inequality, we deduce that

sup E[|Re— Rel] < sup E[(Rev Ro)|log(Re) ~ log(Fy)||

te[0,7) te[0,7)
1 1
<2 sup E [R;”} Y sup E [‘ log(Ry) — log(Rg)H 7, (3.202)
t€[0,T7] t€[0,T7]

and hence the convergence of the second term on the right-hand side of (3.199) is a conse-
quence of Propositions 3.8, 3.9 and 3.15 and Theorem 1 in [36]. Third, since both g and

g? are non-negative processes, for any v > 1 we have

P L L P L e L R S (] (3.203)

Applying Holder’s inequality and using (3.203) yields

1
sup E {Rt‘e_ S gtdu _ o= J ggd“ﬂ < sup E[RY] w sup E [‘e‘ Jgidu _ o= ggdu” 7,
te[0,7 te[0,7 te[0,7

(3.204)
and hence the convergence of the third term on the right-hand side of (3.199) is a con-
sequence of Proposition 3.15 and (3.181). Finally, the convergence of the fourth term on
the right-hand side of (3.199) is due to Theorem 3.17. In case of discrete monitoring or a

floating strike, we follow the same argument. |

Barrier options continue to gain popularity in many over-the-counter markets, including
the FX market. Their popularity can be explained by two key factors. First, barrier options
are useful in limiting the risk exposure of an investor in the FX market. Second, they offer
additional flexibility and can match an investor’s view on the market for a lower price than

a vanilla option.

Theorem 3.21. Consider an up-and-out barrier call with arbitrage-free price

U=E e b it(sp k) g, o] (3.205)
0 =B [ i 75y - k)" 1 oo 15) B (3.206)

where K is the strike price and B is the barrier. If 2k0; > 5120, then
lim U —U| =0. (3.207)

6t—0
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Proof. Define the events A = { sup;co 71 S¢ < B} and A = {sup,co1 S < B}, then
U= 0| <E[|(Dor — Do) (St — K)* 1a+ Dor{ (Sr = K) " 14— (57 - K) " 11 }]
< (B-K)TetnaTE [\e* Jo gt o= I 556“\}
et TR (| (Sp - K) 14— (Sr - K) " 14] (3.208)
The first term tends to zero by (3.181) and we can rewrite the second term as follows:
E “(ST ~ K) " (Tange +Ta01) — (Sr - K)+(1ADA+1ACQA)‘]
<E[(Sr - K) anae| +E[(Sr— K) Tyens | +E [|Sr = 51| 141
<(B-K)"{PANA)+P(4°NA) } +E||Sr— Srl1a0a].  (3.209)
We can bound the last expectation from above just as in (3.188) to find
E||Sr—Sr1ana| <BP (|57 - 51| > ) +¢, Ve>0. (3.210)

Therefore, the expectation converges to zero with the time step by Proposition 3.14. Fix

6 > 0. First, note that

Amflcg{ sup StSB}ﬂ{ sup 5}>B}

te[0,7T] te[0,7)

- <{ sup Sth—5}ﬂ{ sup 5}>B}>U{B—5< sup StSB}

te[0,T te[0,7) te[0,7
g{ sup ‘St—St‘zé}U{B—5< sup Sth}. (3.211)
te[0,T] t€[0,T]
In terms of probabilities of events, this implies that
]P’(Aﬂ[l"’) < IP’( sup ‘St — S't} > 5) +P (B—(S < sup S < B>. (3.212)
te[0,T7] t€[0,T

Second, note that

AcﬂA:{ sup St>B}ﬂ{ sup S’th}
t€[0,T) te[0,T)

- ({ sup St>B—|—25}ﬂ{ sup &SB}) U{B< sup St§B+25}
te[0,T] te[0,T] t€[0,7]

Q{ sup ‘St—gt‘ >25}U{B< sup St§B+25}
t€(0,7) t€[0,T)

C { sup ‘St—Sg‘ > (5} U{ sup ‘55—5'5‘ >5} U {B < sup S §B+2(5}.
te[0,7 te[0,T] te[0,7
(3.213)

In terms of probabilities of events, this implies that

P(A°NA) SIP( sup ‘St—Sg‘ >6> +IP’< sup !St—gt’ > 5)
te[0,T te[0,7)
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+P (B < sup Sy < B+ 25). (3.214)
t€[0,T]

Next, fix Lg > 1V Sy and define the stopping time
=inf{t>0: S; > L,}. (3.215)
Using the MV theorem and Markov’s inequality, we deduce that

IP’( sup ‘St St-‘ >6> gP( sup !St—Sg’ >5) +P(TS<T)
te[0,T] t€[0,TATs]

<P sup foo—al > 1)+ P sup ol > loe(L.))
t€[0,T] L +€[0,T]

L 1
<ZE| sup |z ZE‘|:| + ——E [ sup |z @ (3.216)
0 LG[O,T] ' ! log(Ls) t€(0,7] '

However, the convergence to zero of the first term on the right-hand side of (3.216) is a
consequence of Propositions 3.8 and 3.9 and Theorem 1 in [36]. The conclusion follows
from Proposition 3.14 and (3.130) since 0 can be made arbitrarily small and Ls can be

made aribtrarily large independently of one another. |

Theorem 3.22. Consider any type of barrier put option with arbitrage-free price
U=E[e (K 5p) T4, (3.217)
0=E [e* Iy midt (g — §p) T 11@], (3.218)

where the events A and A depend on the type of barrier:

up-and-in: A= { sup Sy > B}, A= { sup Sy > B}
te€[0,T) t€[0,T]
up-and-out: A= { sup Sy < B}, A= { sup S; < B}
t€[0,T] t€[0,T (3'219)
down-and-in: A= { inf S; < B}, A= { inf S < B}
te[0,T] t€[0,T7]
down-and-out: { inf S; > B} A= { inf S’t > B}
te[0,T] t€[0,T]
If 2k 07 > 5]20, then
lim U —U| =0. (3.220)

6t—0

Proof. An upper bound for the absolute difference can be obtained as follows:
U= 0| <E[|(Dor = Do) (K = S1)* 1a+ Dor{ (K = Sr) " 14 —(K = 5r) " 1,4}
SKehmazT}EUeffngtddt_e 0 gfldt‘j|

+ehmazTE |:‘(K_ ST)+ ]lA—(K . ST)+ HA ‘i| . (3221)
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The first term tends to zero by (3.181) and we can bound the second term as in (3.209):
E||[(K—Sr) 1a—(K - 8r) 14]| < k{P(an ) +P (470 A) }
+E|[(K=8r)" = (K-50)'|].  (3222)

The events A and A differ with the barrier (down-and-in, down-and-out, up-and-in, up-

and-out), however one can show in a similar way to (3.212) and (3.214) that

lim P(ANA°) =0 and lim P(A°NA) =0 (3.223)
6t—0 0t—0

for any type of barrier. Finally, the convergence of the last term on the right-hand side of

(3.222) was derived in Theorem 3.18, which concludes the proof. [ |

Theorem 3.23. Consider a down-and-in/out or an up-and-in barrier call option with

arbitrage-free price
U=E[em b (s — k) 1], (3.224)
U=E [e— It (5 — )T M], (3.225)

where the events A and A depend on the type of barrier as in (3.219). If 2k > 512@ and
T <T*, with T* from (3.172), then

lim U —U|=0. (3.226)
0t—0
Proof. An upper bound for the absolute difference can be obtained as follows:
U~ 0| <E|[|(Rr — KDoz)" — (Br = KDor)*[1404]
+E [(RT — KDor)" me] +E [(RT — KDor) 1 ens ] (3.227)
Therefore, we end up with
U-U|<E [\RT - RT\] + KehmosTE [\e—ffgfdt . e—foT@fdtﬂ
+E[RT11AMC} +E{RT]1ACM] (3.228)

The convergence of the first two terms on the right-hand side is a consequence of Theorem
3.17 and (3.181), respectively. Applying Holder’s inequality with the pair (w, ) to the last
two terms, where 1 < w < min{w;,ws}, we find that:

1

E[Rr1ana | <E[(Rr)"]" P40 A7 (3.229)
and
— _ L _ 1
E|Rrins| <E[(Rr)"|"P(A°NA)7. (3.230)
Employing Propositions 3.15 and 3.16 and the limits in (3.223) concludes the proof. W
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Among the most developed exotic derivatives in the FX market are the double barrier

options.
Theorem 3.24. Consider a double knock-out call option with arbitrage-free price

U=E [e— Jo ridt(§p — k)T (3.231)

]]-{inftE[O,T] St2L7 supte[oyT] StSB}] ?

U =E [ k(S - K)* I (3.232)

inf,e (0,77 S¢>L, sup,c(o, 7 gtSB} ] ’

where K is the strike and L, B are the lower and upper barriers, respectively. If 2k;0; > 51%,
then

lim U —U| =0. (3.233)
0t—0

Proof. Note that we have the following inclusion of events:

{inf Sy > L, sup Sth}ﬂ{ inf thL, sup StSB}C

t€[0,T] t€[0,T] t€[0,7] te[0,T]
- ({tes[%?r] Sy < B} N {tes[lé,lf)l“] S > B}) U ({tel[%,fT} Sy > L} N {tel[%,fT] S < L})

(3.234)

The rest of the argument follows closely that of Theorem 3.21 and is thus omitted. |

3.4. Model calibration

In this section, we assume a simple correlation structure and calibrate the Heston—2CIR++
SLV model to EURUSD market data. This is a mandatory step for the efficient pricing of
FX options.

3.4.1. The shifted square-root process

The domestic and foreign short rates are modeled by the shifted CIR (CIR++) process
[12]. On the one hand, this model preserves the analytical tractability of the square-root
(CIR) model for bonds, caps and other basic interest rate products. On the other hand, it
is flexible enough to fit the initial term structure of interest rates exactly. For ¢ € {d, f},
the short rate dynamics under their respective spot measures, i.e., Q¢ — domestic and Qf

— foreign, are given by

{ Ti = gg + hi(t)ﬂ

i 1; S (3.235)
dg; = ki(0; — g;)dt + &/ 9, dBy, go >0,

where B’ is a Brownian motion under Q’. The mean-reversion parameters k;, the long-
term mean parameters ; and the volatility parameters & are the same as in (3.1). The
calibration of the short rate model (3.235) follows the same approach for both the domestic

and the foreign interest rate. For simplicity, we drop the subscripts and superscripts “d”
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and “f” in the remainder of the subsection and define the parameter vector o« = (go, k, 6, ).
According to Brigo and Mercurio [12], an exact fit to the initial term structure of interest

rates is equivalent to h(t) = o ™R(t; ) for all t € [0,T], where

et a) = M(0,1) — F0, 4 ), (3.236)

2k0(exp{tv} — 1) 49% exp{td}
ORI &+ 0)(explv) — D)2

FIR0, 5 a) =

~ 20+ (k + 0)(exp{td} — 1) (3.237)

¥ = k2 + 262 and fM(0,t) is the market instantaneous forward rate at time 0 for a
maturity ¢, i.e.,

M0,t) = —% log PM(0, 1), (3.238)

where PM (0, 1) is the market zero-coupon bond price at time 0 for a maturity ¢t. The value
of the zero-coupon bond is given by

1

PY(0,) = 5 + A0, ) RM(0, )

(3.239)

where A(0,t) is the year fraction from 0 to time ¢ and RM(0,t) is the current (simply-
compounded) deposit rate with maturity date ¢ which is quoted in the market (see Table
3.3). As an aside, note that the standard day count convention for US dollars (USD) and
euros (EUR) is Actual 360.

Table 3.3: Deposit rates from the term structure of the EURUSD forward market from March
18, 2016.

Maturity USD Deposit Rate EUR Deposit Rate
2W 0.306% —0.798%
3W 0.327% —0.766%
1M 0.328% —0.737%
2M 0.357% —0.693%
3M 0.371% —0.687%
4M 0.389% —0.711%
6M 0.424% —0.731%
IM 0.468% —0.776%
1Y 0.511% —0.810%
18M 0.575% —0.859%
2Y 0.638% —0.885%
3Y 0.757% —0.915%
4Y 0.876% —0.894%
5Y 0.983% —0.852%
Y 1.169% —0.720%
10Y 1.448% —0.381%

In order to estimate the zero-coupon curve (also known as the term structure of interest

rates or the yield curve), we assume that the instantaneous forward rate is piecewise-flat.
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Consider the time nodes tg=0,t1,...,t, and the set of estimated instantaneous forward

rates f1, fo, ..., fn from which the curve is constructed, and define
Mo, ) =fi if ti <t<t, for i=1,2,...,n. (3.240)

Using (3.238) — (3.240) and solving the resulting linear system of equations, we get

f— 1 | ( 1+ A(0,t;)RM(0,t;)

= AG) 0 1+A(O,ti_1)RM(O,ti_1)> for i=1,2,...,n. (3.241)

The continuously-compounded spot rate, i.e., the constant rate at which the value of a

pure discount bond must grow to yield one unit of currency at maturity, is defined as

Ri'(0,

(0, s) (3.242)

Using (3.240) — (3.242), we deduce that

Ry (0,1) = (072(75(751') —ylos (1 + A0, 1) RM(0, ti—l))
A(ti—1,t) Y |
TR0 AG 1) B (”A(OW)R (Oﬂfz)) (3.243)

whenever t,_1 < t < t;. In Figure 3.2, we plot the USD and EUR zero-coupon curves
t — RY(0,t), t > 0, estimated from the quoted deposit rates from March 18, 2016,

together with the flat-forward instantaneous forward rates.
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Figure 3.2: The instantaneous forward rates and continuously-compounded spot rates.

A choice of the shift function h as in (3.236) results in an exact fit to the initial term
structure of interest rates independent of the value of the parameter vector «.

Next, we determine « by calibrating the CIR++ model to the current term structure
of volatilities, in particular, by fitting at-the-money (ATM) cap volatilities. The market
quotes used in the calibration are reported in Table 3.4. We consider caps with integer
maturities ranging from 1 to 10 years for both currencies, with an additional 18 month
cap for EUR. For USD, all caps have quarterly frequency, whereas for EUR the 1 year
and 18 month caps have quarterly frequency and the 2 to 10 year caps have semi-annual

frequency.
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Table 3.4: The ATM USD and EUR cap volatility quotes from March 18, 2016.

USD Black EUR Normal

Maturity Volatility (%) Volatility (bps)
1Y 46.50 19.24
18M - 21.95
2Y 59.40 25.33
3Y 65.62 33.03
4Y 67.17 41.35
5Y 65.91 48.85
6Y 63.56 54.72
Y 60.89 09.34
8Y 58.53 63.12
9Y 56.25 65.86
10Y 54.13 67.90

A cap is a set of spanning caplets with a common strike so the value of the cap is
simply the sum of the values of its caplets. It is market standard to price caplets with the
Black formula, in which case the fair value of the cap at time 0 with rate (strike) K, reset

times Ty, Tyy1, - .-, 1p—1 and payment times Ty41,...,Tp—1,Tp is:

b
Capplac (K, 000) = > PM(0,T)A(T;—1, Ty)Black(K, FM(0,T;-1, T3), 0007/ Tic1),
1=a—+1
(3.244)

where FM (0,7,S) is the simply-compounded forward rate at time O for the expiry 7" and
maturity .S defined as

M
FM0,T,8) = A(T17 S) <§M28:§§ — 1> (3.245)

and the Black volatility o, corresponding to a strike K is retrieved from market quotes.

Denoting by ¢ and ® the standard normal probability density function (PDF) and cumu-

lative distribution function (CDF), respectively, Black’s formula is:

Black(K, F,v) = F®(dy) — K®(d), (3.246)

_ log(F/K) £ v?/2

d1,2

)

(3.247)

However, Black’s formula cannot cope with negative forward rates F' or strikes K, in which

case we switch to Bachelier’s (normal) formula in (3.244):

Normal(K, F,v) = (F — K)®(d) + vo(d), (3.248)

(3.249)

The data in Figure 3.2b suggest that the instantaneous forward rate for EUR takes negative

values. Therefore, we use Black cap volatility quotes for USD and Normal cap volatility
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quotes for EUR. The market prices of at-the-money caps are computed by inserting the

forward swap rate
PM(0,T,) — PM(0,T;
Sup = (0.7.) (0.73) (3.250)

T AT, T PM(0, T))

as strike and the quoted cap volatility as 0,5 in (3.244), using either Black’s or Bachelier’s
formula.

Fitting the CIR++ model to cap volatilities means finding the value of « for which the
model cap prices, which are available in closed-form [13], best match the market cap prices.
The calibration is performed by minimizing the sum of the squared differences between

model- and market-implied cap volatilities:

min [c“™(T;; ) — M(T))]?, (3.251)
aERi 1<i<n
where o™ and oM stand for the model- and the market-implied cap volatilities, respec-
tively, and T1,...,T, are the cap maturities. Model-implied cap volatilities are obtained

by pricing market caps with the CIR++ model and then inverting the formula (3.244) in
order to retrieve the implied volatility associated with each maturity. We choose to cali-
brate the model to cap volatilities since they are of similar magnitude, unlike cap prices
which can differ by a few orders of magnitude. The calibration results are displayed in

Table 3.5.

Table 3.5: The calibrated Cox—Ingersoll-Ross parameters.

CcCY % k 0 ¢
USD 0.0001 0.0837 0.5469 0.0274
EUR 0.0001 0.0110 1.1656 0.0370

On the one hand, (3.251) is a highly nonlinear and non-convex optimization problem,
and the objective function may have multiple local minima. On the other hand, global
optimization algorithms require a very high computation time and do not scale well with
complexity, as opposed to local optimization methods. A fast calibration is important
in practice since option pricing models may need to be recalibrated several times within
a short time span. Therefore, we used a nonlinear least-squares solver, in particular the
trust-region-reflective algorithm [17], for the calibration and a global optimization method,
in particular a genetic algorithm [85], for verification purposes only.

Figure 3.3 shows the fitting capability of the CIR++ model, and the implied cap volatil-
ity curve is compared to the market curve for each currency. Taking into account that the
model has only 4 parameters to fit between 10 and 11 data points, we conclude that
the CIR++ model provides a fairly reasonable fit to the term structure of cap volatilities

T; — o™M(T;), 1 < i <n.
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Figure 3.3: The market- and model-implied term structures of cap volatilities.

3.4.2. The hybrid stochastic volatility model

Consider a purely stochastic version of the model (3.1), namely the Heston—Cox—Ingersoll-
Ross++ (Heston—2CIR++) model, and suppose that the domestic and the foreign short
rate dynamics are independent of each other, and also independent of the dynamics of the
spot FX rate and its volatility. The model is governed by the following system of SDEs
under the domestic risk-neutral measure Q:
dS3V = (rf = rl)SPVdt + o STV aws, S5V = S,

dvy = k(6 — vi)dt + &/or AW,

i =gl + ha(t),
(3.252)
dgf = kq(04 — gi)dt + &ar/ g AW,

T{ = gz{ + hf(t)a

dgl = k(07 — gl)dt + €41/ gl dW/

\
where W# and WY are correlated Brownian motions with correlation coefficient p. As an
aside, note that the quanto correction term in the drift of the foreign short rate vanishes
due to the postulated independence assumption between the spot FX rate and foreign
short rate dynamics.

Define the vector of parameters 5 = (vg, k,6,&, p). The next step in our calibration
is to find the values of these 5 model parameters for which European call option prices
best match the market call prices retrieved from volatility quotes for different strikes and
maturities (see Table 3.6). The spot FX rate is Sp = 1.1271. For a EUR-USD transaction,
the market standard is to choose USD as the domestic currency and EUR as the foreign
currency. The forward FX rate for a payment date T is defined as
P0,7)

= -5 3.253
PY0.7) (3.259)

Fr

where P}(0,T) and PJM(O, T) are the domestic and foreign discount factors at time 0 for

a maturity T, respectively. The European call option price (in domestic currency) at time
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Table 3.6: The EURUSD volatility quotes (%) from March 18, 2016.

10D Call 25D Call 50D 25D Put 10D Put
Mat Strike Vol Strike Vol Strike Vol Strike Vol Strike Vol

2W 11547 9.405 1.1412 8.876 1.1280 8.497 1.1151 8.569 1.1032 8.880
IM  1.1696 9.224 1.1486 8.711 1.1287 8.375 1.1093 8.494 1.0911 8.831
2M  1.1892 9.667 1.1596 9.182 1.1302 8.947 1.1015 9.227 1.0738 9.762
3M  1.2081 10.026 1.1694 9.575 1.1318 9.465 1.0944 9.950 1.0564 10.689
6M  1.2450 9.916 1.1902 9.550 1.1371 9.760 1.0808 10.745 1.0216 12.034
1Y  1.3087 10.175 1.2259 9.726 1.1482 9.938 1.0672 10.954 0.9823 12.370
18M  1.3679 10.385 1.2602 9.894 1.1610 10.042 1.0615 10.991 0.9591 12.390
2Y  1.4222 10.507 1.2919 9.992 1.1746 10.100 1.0598 11.007 0.9437 12.342
3Y  1.5571 11.370 1.3657 10.600 1.2055 10.365 1.0640 10.790 0.9329 11.755
oY  1.8230 12.237 1.5149 11.330 1.2739 10.900 1.0791 11.105 0.9119 11.882

0 with strike K and maturity T is computed with the Black—Scholes formula:

Cps(K,T,0) = Py 0, T)[Fro(d1) — K®(do)], (3.254)
&y = 08/ f\}; T2 (3.255)

where the volatility ¢ corresponding to a strike K and a maturity 7T is retrieved from
market quotes.

Under the postulated simple correlation structure of the Brownian drivers and when
the short rates are driven by the CIR process, i.e., when hg f = 0, Ahlip and Rutkowski [1]
derive an efficient closed-form formula for the European call option price. Hence, we denote
by Ca(K,T) the fair value under the Heston—2CIR model of a European call option with
strike K and maturity 7" computed with the aforementioned formula, and by Cy(K,T)
the fair value of the same option but under the Heston-2CIR++ model. For i € {d, f}, we
define for brevity

H; = exp { /0 ) dt} , (3.256)

where the shift functions hy y were calibrated in the previous subsection. Then we can

extend the pricing formula of Ahlip and Rutkowski as follows.
d T d +
Cu(K,T) =E? [exp{—/ r dt} (S3V - K) }
0
-1 Q¢ g d —1¢gSV —1p\ Tt
=H; E¥ |expq— i dt o (HeH; 'S — HyH'K)
= H;'CA(K,T), (3.257)
where the shifted strike is

K=H;H;'K. (3.258)
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We now calibrate the Heston-2CIR++ model by minimizing the sum of the squared dif-
ferences between model and market call prices:
. 2
min > [Cu(K;,Ty; 8) - Cos(K;, Ty, 015)] (3.259)

4o
peRix[-11] | T2
1<j<m

where o; ; is the quoted volatility corresponding to a strike K; and a maturity 7;, for
j=1,....mand i = 1,...,n. There are many ways to choose the objective function
(error measure) in (3.259). For instance, we may consider either call prices or Black—Scholes
implied volatilities and minimize the sum of either absolute or relative (squared) differences
between model and market values, using either uniform or non-uniform weights. We chose
this particular error measure, which assigns more weight to more expensive options (in-the-
money, long-term) and less weight to cheaper options (out-of-the-money, short-term), for
two reasons. First, the Heston model, and hence the Heston—2CIR++ model by extension,
cannot reproduce the smiles or skews typically observed for short maturities that well and
a more careful calibration to these smiles would result in a larger overall model error due
to the inherent poor fit of the model to the short-term. Second, market data becomes
scarce as the maturity increases, and hence we already assigned more weight to the short-
and mid-term sections of the volatility surface; for instance, we have more maturities up

to 1 year than between 1 and 5 years. The calibration results are displayed in Table 3.7.
Table 3.7: The calibrated Heston parameters.

v k 0 ¢ p
0.0094 1.4124 0.0137 0.2988 —0.1194

As before, we employed a nonlinear least-squares solver (the trust-region-reflective al-
gorithm) for the calibration and a global optimization method (a genetic algorithm) for
verification purposes. Due to the nonlinearity and non-convexity of the problem, the cal-
ibrated model parameters may end up in a local rather than a global minimum of the
objective function. Hence, a good initial parameter guess may significantly improve the
quality of the calibration, and we chose the squared ATM 2-week and 5-year volatilities as
vg and 6, respectively.

The data in Figure 3.4 suggest a poor fit of the Heston—2CIR++ model for short-term
options (up to 1 month), which is to be expected considering the well-known difficulty of
the Heston model to match the skews observed in the market for short maturities and due
to our choice of the objective function which favors long maturities. On the other hand,
we infer from Figure 3.4 that for mid- and long-term options, the implied volatility curves
display qualitatively correct shapes for all strikes and the Heston—2CIR++ model provides
a fairly reasonable fit, especially when taking into account that we only have 5 parameters

to fit 50 data points.
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Figure 3.4: The market- and model-implied volatility curves.
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3.4.3. The hybrid stochastic-local volatility model

Next, we briefly discuss the calibration of the leverage function o in the Heston—2CIR++
SLV model (3.1). We refer to [20] for the full calibration procedure with all the details.
First, we calibrate the LV model (3.7) using the Dupire forward PDE and find ory. Then,
we calibrate the associated 2-factor SLV model with deterministic rates via PDE methods
using formula (3.12). Finally, we employ the particle method of [44] and extend it using

the calibrated 2-factor SLV model with deterministic rates as a control variate in order to
find o, illustrated in Figure 3.5.
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Figure 3.5: The calibrated leverage function for EURUSD market data from March 18, 2016
(taken from [20]).

In [20], the Heston-2CIR++ SLV model (3.1) was calibrated with a very high accuracy

with as few as 20000 particles, for a maximum error in the absolute volatility of only
0.03%. The importance of the local volatility component for a good fit to vanilla options is
illustrated in Figure 3.6, where the market-implied volatility curve is plotted together with

the model-implied volatility curves corresponding to the 4-factor SLV model (3.1) and the
4-factor SV model (3.252), respectively.

75



10.5

10.0 11.5

vol (%)
vol (%)

o |[— Hybriasv — Hybrid SV
9.0 — Hybria LSV — Hybrid LSV
® o Market ® ® Market

1.06 1.08 1.10 112 1.14 1.16 118 1.20 0.95 1.00 1.05 1.10 1.15 1.20 1.25 1.30 1.35
strike strike

T=2Y T=5Y

vol (%)
vol (%)
=

— Hybrid SV ) |[— Hybridsv
— Hybrid LSV — Hybrid LSV
© o Market © o Market

0.9 10 L1 12 13 14 15 0.8 1.0 1.2 14 1.6 18 2.0
strike strike

Figure 3.6: Calibration fit with 500000 particles to EURUSD market data from March 18, 2016
for the 4-factor SLV and SV models. The repricing is performed using Monte Carlo simulations
with 500 time steps per year and 5000000 paths (taken from [20]).

3.5. Conclusions

In this chapter, we have established the strong L'-convergence (without a rate) of the
discounted exchange rate approximation under a hybrid stochastic-local volatility model
with stochastic short rates, a result which can be generalized to the LP case relatively easily,
for all p > 1, albeit under a stronger condition on the maturity, and which is particularly
useful when proving the convergence of Monte Carlo simulations for valuing options with
unbounded payoffs. The only previous published work related to this problem that we are
aware of is [47], which proves the convergence of an Euler discretization with a reflection fix
in the context of the Heston stochastic volatility model and options with bounded payoffs.
The analysis carried out in this chapter can be extended to other financial derivatives,
including digital options, forward-start options and double-no-touch binary options, to
name just a few. Furthermore, we may consider a multi-factor extension of the short rate
model, in which case the convergence analysis applies with some slight modifications of
the proofs.

However, several unsettled questions remain, like the exact strong convergence order
of the full truncation scheme for the CIR process or whether we can find a positive strong
order of convergence of schemes for the type of SDEs studied in this chapter. On top of
these being interesting and practically relevant questions in their own right, a sufficiently

high order enables the use of multi-level simulation, as in [39], with substantial efficiency
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improvements for the estimation of expected financial payoffs.
3.6. Appendix

In this appendix, we consider the option pricing problem for exotic products, in particular,
for structured notes embedding barrier features. Popular FX exotic products include the
power reverse dual currency note (PRDC) [16], especially long-term (e.g., 30 years), and
also the forward accumulator [97]. Adding stochastic rates improves the pricing of both
contracts for mid- to long-term expiries. Moreover, while the plain PRDC can be seen as a
strip of vanilla options, adding stochastic-local volatility dynamics improves the pricing of
some variations of the contract, like the trigger PRDC (a PRDC with a knock-out feature).

Henceforth, we consider an autocallable barrier dual currency note (ABDC) that is
indexed on the EURUSD currency pair, with USD as the domestic currency and EUR as
the foreign currency, with quarterly coupon payments. While barrier dual currency notes
are typically short-term investments, we examine instead a mid-term alternative with an
embedded autocallable note structure. For a nominal N (in USD), a rate (strike) K and

an expiry 7T, the life cycle of the contract is described below.
(1) A monthly fixing schedule is defined for the exchange rate S such that:

e If S crosses the up barrier Byo, the contract is redeemed early and a coupon Cgr
is paid. The early redemption time is denoted by 7gr and can be infinite in case

of no knock-out event.

e If S crosses the down barrier Bpy, a short put contract is activated at expiry. The

knock-in time is denoted by 7.

(2) If S is above Bpi, a coupon C (in USD, in % of the nominal) is paid quarterly at
coupon dates {t;, i =1,..., M}, for a total of M periods, such that the accumulated
coupon (in USD) at expiry is

M Dgl Dd
U E
N Z Dccll—, C ]1ti<TER ]lStZ >BDI + N D%R CER ]]‘TERST . (3260)
i=1

(3) At expiry, if S is below K, the down barrier has been activated and early redemption

has not occurred, then the nominal is converted to EUR at the rate K.

This product would suit an investor who wants to outperform the money market account
by taking the risk of conversion of the nominal value to the foreign currency. The autocall
feature lowers the price of the product due to early termination in case the exchange rate
crosses the up-and-out barrier, whereas the down-and-in barrier feature provides protection
against the conversion risk at the expense of increasing the net present value (NPV). Hence,

an investor would find this product attractive under the current volatile market conditions
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if they expected a less volatile market in the future, which would imply a lower NPV due
to the increased chance of early redemption and conversion. Over a longer time horizon,
a very stable market would be the best outcome for the investor, since they would get all
the coupons without converting the nominal at maturity. If conversion occurs at expiry,
the investor receives N/K in EUR in exchange for the nominal N in USD. If the investor
converts this amount to USD, the loss becomes IV (ST /K — 1). Hence, the profit-and-loss
(PnL) of the product is

M pd D N
N Z Féc Tt <ron ]lst,->BD1 + N D];{R Cer Lrpp<r — ?(K - ST)+ L <r<my - (3.261)
=1

Hence, this product is a yield enhancement contract with no capital guarantee. The accrued
coupon is sometimes converted at expiry with the nominal at the rate K. Finally, the NPV

of the contract (in % of the nominal) is

M
NPV =E | Y D{Clycrgy s, >80, + D&y Cor Logp<r
=1
Dg

- ? (K - ST)+ ]]-TK1§T<TER ) (3262)

where the expectation is taken under the risk-neutral measure. We assume the dynamics
of S under this measure as specified in (3.1).

Next, consider the contract parameters from Table 3.8 as well as the calibrated model
parameters and leverage function — to the EURUSD market data from March 18, 2016 —
from Section 3.4. Suppose that barriers are monitored monthly, at the fixing dates, and
coupons are paid quarterly.

Table 3.8: The contract parameters of an autocallable barrier dual currency note, where the

nominal N is in USD, the expiry T is in years, the strike K and the barriers Byo and Bpr are in
% of Sp, and the coupons C and Cggr are in USD, in % of N.

N T So K BUO BD[ C CER
100000 5Y 1.1271 105% 100% 95% 2.5% 1.5%

We employ the Monte Carlo simulation scheme defined in Section 3.3 with 5x 107 sample
paths and 376 time steps per year to price this contract, and the numerical results are
displayed in Table 3.9. Note that we computed the percentage change in premium (NPV)
with respect to the reference model, i.e., the Heston—2CIR++ SLV model.

We infer from Table 3.9 that the price of the contract under the 2-factor SLV model is
1.21% higher than under the 4-factor SLV model, whereas the early redemption and the
knock-in probabilities are the same under the two models. This suggests that the stochastic

rates have a significant impact on the price of the contract even for a 5-year expiry. We
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Table 3.9: The NPV of the contract in % of N, the 95% Monte Carlo confidence interval, the
early redemption and knock-in probabilities and the percentage change in NPV, for the autocallable
barrier dual currency note specified in Table 3.8 under the 4-factor hybrid SLV model (3.1), the
2-factor SLV model with deterministic rates and the LV model (3.7).

Model NPV 95% CI ER prob. KI prob. Change

HSLV 1.7247 (1.7228,1.7265) 95.1% 19.5% -
SLV 1.7456 (1.7438,1.7474) 95.1% 19.5% +1.21%
LV 1.2079 (1.2062, 1.2097) 95.9% 19.5% —29.96%

also infer from Table 3.9 that the contract is highly underpriced and the early redemption
probability is overestimated under the LV model (3.7). Furthermore, we calibrated in
Section 3.4 the 4-factor SLV and SV models to EURUSD market data from March 18,
2016, and observed an almost perfect fit to vanilla options with the former as opposed
to a poor fit with the latter. In conclusion, we notice two things. First, pricing exotic
products with barrier features under stochastic-local volatility dynamics is of paramount
importance. It is a well-known fact that pure SV models underestimate the knock-out
probability whereas pure LV models overestimate it, and the true price of the contract is
believed to lie in between pure SV and pure LV model prices. In our case, a small difference
in the probability of no knock-out (4.1% versus 4.9%), which is leveraged by the number
of coupons detached during the life cycle of the contract, can lead to a big difference in the
NPV, and this explains the need to use SLV models to improve the pricing performance.
Second, adding stochastic rates to an SLV model is only relevant when pricing mid- to
long-term structured notes, where the effect of the stochastic rates is accentuated. The
impact of stochastic rates on the contract price is expected to increase in the presence of
non-zero correlations between the spot FX rate and the short rates.

We could extend the model (3.1) to multi-factor short rates when pricing exotic prod-

ucts where the rates appear explicitly in the payoff, for example, a spread option with the

[(ST_SO) —LT—K]Jr, (3.263)

payoff

So
where L7 the Libor rate at the fixing date 7. In this case, the calibration algorithm
described in Section 3.2 can still be applied, with a higher computational cost due to the
more complex simulation scheme.

We conclude this appendix with an empirical convergence analysis of our Monte Carlo
simulation scheme. Since the product can be decomposed into a linear combination of
first-order exotics, the theoretical convergence (without a rate) of Monte Carlo estimators
follows automatically from the analysis in Section 3.3. The data in Table 3.10 suggest a

first-order convergence of the time-discretization error. As an aside, note that in the case
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of continuously monitored barriers, we could use Brownian bridge techniques to recover
the first-order convergence.
Table 3.10: The Monte Carlo estimates of the NPV of the contract specified in Table 3.8 for

different numbers of time steps (per year) and 5x 107 sample paths (for a standard deviation of
9.29x10~%), the difference from the previous NPV estimate and the empirical convergence order.

Time steps NPV Difference Order
12 1.9081 -
24 1.8110 0.0971 -
48 1.7623 0.0487 0.996
96 1.7388 0.0234 1.057
192 1.7285 0.0103 1.184

The empirical findings in this appendix demonstrate the importance of stochastic-
local volatility dynamics as well as stochastic short rate dynamics for the pricing of long-
dated exotic FX products. Furthermore, we verified the convergence of our Monte Carlo

simulation scheme for one such product.
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Chapter 4

A Mixed Monte Carlo and Partial Differential
Equation Method

4.1. Introduction

In this chapter, we study the FX option pricing problem under the Heston—Cox—Ingersoll—
Ross (Heston—2CIR) stochastic volatility model proposed and examined in [1] when the
dynamics of the exchange rate and its volatility are correlated, whereas the domestic and
foreign short interest rates are pairwise independent and also independent of the exchange
rate and the volatility. Under these restrictive assumptions on the independence of the
Brownian drivers, Ahlip and Rutkowski [1] argued that the model is affine and derived a
semi-analytical formula for the European call option price. The importance of a non-zero
correlation between the FX rate and the interest rate(s) was recognized in [51]. However,
any other non-zero correlations give rise to a non-affine model, in which case we lose the
analytical tractability.

Therefore, we find ourselves forced to turn to numerical algorithms, and the mixed
Monte Carlo/partial differential equation solver [72] is a good alternative to the classi-
cal Monte Carlo and finite difference (FD) methods. The idea behind the mixed Monte
Carlo/PDE method is to write the option values as nested conditional expectations. Then,
the innermost expectation is evaluated analytically, in the case of European-style options,
or using finite differences, and the outer expectation is evaluated by simulation. The util-
ity of the method can be easily recognized when pricing European-style options under the
Heston—2CIR model. Conditional on the entire paths of the squared volatility and the
domestic and foreign short rates, the dynamics of the exchange rate are governed by a ge-
ometric Brownian motion with time-dependent drift and diffusion coefficients. Combined
with the existence of a closed-form solution for the conditional option price, the algorithm
reduces the variance in Monte Carlo simulations — by eliminating a source of noise — and
the dimension of the problem, from 4 to 3. The mixed Monte Carlo/PDE method has been
the subject of several numerical studies in the past few years [8; 23; 68; 74] and various
extensions to the original idea have been considered. For instance, Dang et al. [23] used

the Hull-White-type dynamics of the interest rates and conditioned on the variance path
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to find a closed-form solution for the conditional price of a European option. A few of
these works examined convergence properties of the algorithm using heuristic arguments,
but none of them took into account the error arising from the discretization of the variance
and interest rate processes.

To the best of our knowledge, the convergence of the mixed Monte Carlo/PDE method
has not yet been established, and even the literature on Monte Carlo methods under
stochastic volatility is scarce. Higham and Mao [47] considered an Euler simulation of the
Heston model with a reflection fix and proved strong convergence of the stopped approxi-
mation process and weak convergence for a European put and an up-and-out call, by using
the boundedness of payoffs. In Chapter 3, we extended the results of Higham and Mao to
stochastic-local volatility models, stochastic interest rates and derivatives with unbounded
and exotic payoffs. The discretization scheme in this chapter coincides with that in Chap-
ter 3 (when the Heston-2CIR++ SLV model collapses to the Heston-2CIR SV model) at
the discrete time points, but necessarily differs in the continuous-time interpolation. Some
results from Chapter 3 can be utilized, although stronger conditions on the model param-
eters were needed there and so the results here can also be seen as an improvement for
the standard (i.e., non-mixed) scheme. In particular, the new results are always guaran-
teed for zero or negative correlation in the Heston model. The main conceptual difference,
however, is the new continuous-time interpolation using conditional drifts, which is crucial
for deriving the conditional PDEs and leads to different technical challenges. Also, for
path-dependent options, neither the scheme nor the analysis in Chapter 3 applies to the
present work.

The major contributions of this chapter are as follows. First, we derive the uniform
boundedness of moments of the 4-dimensional process and its approximation, and prove
strong convergence of the discretization scheme in LP (p > 1). We then deduce the conver-
gence of mixed Monte Carlo/PDE estimators for computing option prices and discuss pos-
sible extensions to higher-dimensional models. Second, we carry out a thorough theoretical
variance reduction analysis of the mixed Monte Carlo/PDE method and employ standard
Monte Carlo — with the log-Euler discretization — as the reference method, noting that the
analysis applies to general interest rate dynamics. In particular, we investigate how dif-
ferent values of the underlying model parameters affect the variance of mixed estimators.
Third, we perform a series of numerical experiments and demonstrate the convergence
of the mixed Monte Carlo/PDE method under the 4-factor FX model for two financial
derivatives: a European call and an up-and-out put option. In addition, we establish the
efficiency of the method by comparison with alternative numerical schemes and examine
the sensitivity of the variance reduction factor to changes in the parameters.

The remainder of this chapter is structured as follows. In Section 4.2, we introduce

the model, define the mixed simulation scheme and describe the pricing algorithm. In
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Section 4.3, we prove strong convergence of the exchange rate approximations and then
discuss some extensions. In Section 4.4, we carry out a variance reduction analysis of the
mixed Monte Carlo/PDE method for a European option. Various numerical experiments
are presented and discussed in Section 4.5. Finally, Section 4.6 summarizes the results and

outlines possible future work.

4.2. Preliminaries
4.2.1. Model definition

We have in mind a model in an FX market, for the spot FX rate .S, the squared volatility
of the FX rate v, the domestic short interest rate r¢ and the foreign short interest rate
rf. Unless otherwise stated, the subscripts and superscripts “d” and “f” in this chapter
are used to indicate “domestic” and “foreign”, respectively. Consider a filtered probability
space (Q, F,{Ft}+>0, Q) satisfying the usual conditions and suppose that the dynamics of
the underlying processes are governed by the system of SDEs below under the domestic

risk-neutral measure Q:

(dS; = (rd —r])Sidt + \/0; Sy dW§, Sy >0,

dvy = k(@ - vt)dt + &/ dWY, vg > 0,

dr = ka(0a — i) dt + €a/riawl, i >0,

d’r{ = (k:fef — kfr{ — psfés vtrgc)dt +&r ngWtf, 'r(]; >0,

(4.1)

where {W*, W/ W9 W} are 1-dimensional standard F;-adapted Brownian motions with
constant correlation matrix 3. We consider a full correlation structure between the four
Brownian drivers, which reflects movements in the financial markets more accurately and
allows for better calibrations. Then, we decouple {W?*, wf we, Wv} and express them
as linear combinations of independent Brownian motions {W!, W2 W3, W*}. Hence, we
define the two vectors W = [W* W/ W WoT and W = [W', W2, W3 W4T, Since &
is symmetric positive definite, a standard Cholesky factorization gives rise to an upper

triangular matrix of coefficients A = (aij),, ;, satisfying ¥ = AAT:

L psf psd Psv ajlp ai2 ai3 Qi4

s | Psf L pag  pos and A — 0 a2 a3 ax ‘ (4.2)
psd Pdf 1 pud 0 0 a3z asu
Psv  Puf  Poud 1 0 0 0 1

This decomposition implies that we can choose W such that W = AW. We can determine

the matrix of coefficients by solving a system of ten equations. Assuming that p,q # +1,
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we find
a14 = Psv, A24 = Pof,

N|=

2
ass = pud, asz = (1—pi4)2,

[N

a13 = (psd — psvpua) (1 = Pig (4.3)

=

)

ags = (pas — purpoa) (1= Pia) 2,
az = (1= p3y — 3y — PRa + 20agpogpod) ® (1 — pla) 2.

Finally, a11 and a2 can be found in a similar fashion. Note that the quanto correction

term in the drift of the foreign interest rate in (4.1) comes from changing from the foreign

risk-neutral measure to the domestic one [16]. Alternatively, we can think of (4.1) as a

model in an equity market with asset price process S, interest rate r¢ and dividend yield

rf, in which case the quanto correction term vanishes.

4.2.2. The mixed simulation scheme

First, we discretize the variance and the two interest rate processes using the FTE scheme

of [73]. Consider the square-root process
dyr = ky(0y — ye)dt + &y /ye AW (4.4)
Let T be the maturity of the option under consideration and consider a uniform grid
T = Nét, t, =ndt, VYVne{0,1,..,N}. (4.5)

We introduce the discrete-time auxiliary process

where y* = max (0,y) and 6W =Wy — W/ and the continuous-time interpolation

G = G, + k0, — ) — 1) + &\ ST (WP = W), VE€ftutar), (A7)
Then, we define the non-negative processes
{ 0t = 07 (4.8)
vt = Ui (4.9)
whenever t € [t,,,tn41). Let © and 7% be the FTE discretizations — as defined in (4.9) — of

v and ¢, respectively. Taking into account the presence of the quanto correction term in

the drift of the foreign interest rate, we similarly define

i =+ ks — k(7)) T = purpy 7 (7)) Tt = )

+ep/ (F) T —w), (4.10)

84



as well as

= (7" (4.11)
=" (4.12)
whenever t € [t,,t,11). Next, we define S, the continuous-time approximation of S, as the

solution to the following SDE:

dgt = /Ltgtdt + an\/z’TtS'tthl,
4 : (4.13)
a 5 1 _ __ oW/
Ht ZTf—Tf - 5(1 —a%1)vt+;alj\/17t(;?

where § Wt] =W

tnt1
we introduce the actual and the approximated log-processes, = log S and # = log S.

—Wt]n for all t € [t,, tpt1), SO 11t is piecewise constant. For convenience,

Conditioning on the trajectories of {Wj,j =23, 4}, i.e., on the complete knowledge
of the paths of the variance and interest rates, S evolves like a geometric Brownian motion

with time-dependent drift and diffusion coefficients. It follows from It6’s formula that

B T 1 4 T SW T
ST:SOGXp{/ (Fﬁ—?{j—Qﬂu)du—l—Zau/ \/Qi(studu—i-au/ \/’LZCZWJ}
0 - 0 0
7j=2
(4.14)

However, we know the conditional probability law of the stochastic integral on the right-

hand side to be that of a normal random variable, namely

T T
/ VO dW)! 2 ,// B, du Z, (4.15)
0 0

where Z ~ N (0,1), and hence we can think of St as a function of Z. Therefore, we can

express it as

_ 1
STla“:WSOexp{(r—q—202)T+U\/TZ}, (4.16)
where
1 T7 1 N717
r=g ; Fldu = N 4 rfi, (4.17)
=0
2 a%l 4 a%l =
— 1 U, dy = —1L Uy 4.18
o T ; Uy, AU N ;Utl ( )
and
1 7 1 1 < T SWi
q = T/o r{idu—k 5 11/ vudu—TjZ;alj/ Uy &ud
| V-1 1_ g2 N-1 1A N-1
_ = — 911 - = j
=¥ - 0 ti+W' Ovti—TZ;aljz%\/vti(SWé. (4.19)
1= 1= J= 1=
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Conditional on the trajectories of {Wj,j = 2,3, 4}, (4.16) has the same law as a terminal
asset price that evolves as a geometric Brownian motion with interest rate r, continuous
dividend yield ¢ and volatility o, all constant. Then the arbitrage-free price at time t =0
of a European-style option with payoff f(Sr) is the discounted expectation under the risk-
neutral measure, which can be approximated, using the mixed Monte Carlo/PDE method,
by

U=E [e_ Jo idu f(ST)} —E [E [e_TT £(S0)| g{;“” : (4.20)

where {gf ’d’v, 0<t< T} is the natural filtration generated by the independent Brownian
motions {W2, W3, W4}. Note that the processes v, ¢ and 7/ are adapted to this filtration.
The second equality in (4.20) comes from the “tower property” of conditional expectations.
Unless otherwise stated, all expectations are under Q. Let the approximate conditional
option price be the inner expectation in (4.20), which is analytically tractable for European

contracts,

B[S0 6] =T [ p(Sre) o), (1.21)

—0o0
where ¢ and ® are the standard normal probability density function (PDF) and cumulative
distribution function (CDF), respectively. The conditional prices of some popular financial

instruments (for a strike K) are given below:
European options: ¥Soe T ®(Ydy) — hKe T ®(1)dy)
cash-or-nothing options: e~ " ®(¢)dy) (4.22)
asset-or-nothing options: Spe 97 ®(1)d;),

where ¢ = 1 for a call and ¢ = —1 for a put, and

iy — log(So/K) + (r — qj:02/2) T
) Uﬁ :

The approximate option price, i.e., the outer expectation in (4.20), is estimated by a Monte

(4.23)

Carlo average over a sufficiently large number of discrete trajectories of {WQ, W3, W4}.

There are many other derivatives that admit a closed-form solution for the conditional
price, e.g., the power option, the chooser option or the forward-start option. However, for
most path-dependent derivatives we need to use a different approach in order to compute
the conditional price, in which case we will rely on finite difference methods (see Section
4.5).

We conclude this section with a discussion on our choice of conditioning. For Euro-
pean option pricing, an analytical formula for the inner expectation is available only when
conditioning on all three factors, which results in a reduction of the problem by one dimen-
sion. The high-dimensionality of the Heston—2CIR model makes this the natural choice.
For path-dependent option pricing, due to the quanto correction term in the drift of the

foreign rate, v and 7 are coupled, and hence we cannot condition on r/ alone. Moreover,
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the variance of Monte Carlo estimators due to the short rates is typically much lower than
the variance due to the instantaneous squared volatility. Hence, we could alternatively
condition on r¢ and solve a 3-dimensional PDE for the inner expectation. On the one
hand, we could reach the same level of accuracy with fewer Monte Carlo sample paths
than when simulating v and rf as well. On the other hand, the computational effort grows
linearly with the dimension for Monte Carlo methods and exponentially for finite differ-
ence methods. Hence, we believe that conditioning on all three factors is more efficient.
However, if the exchange rate and the foreign interest rate dynamics are independent, the
quanto correction term vanishes. In this case, conditioning on the two short rates would

be an interesting alternative.

4.3. Convergence analysis

Even though weak convergence is very important in financial mathematics when estimating
expectations of payoffs, strong convergence may be required for complex path-dependent
derivatives and plays a key role in multilevel Monte Carlo methods [38]. In this section,
we prove the strong convergence of the approximation scheme defined in (4.13). Hence,
we examine first the exponential integrability of the square-root process discretization and
then the finiteness of moments of order higher than 1 of the exchange rate process and its

approximation.

4.3.1. The square-root process

Let y be the square-root process defined in (4.4) and let § be the piecewise constant FTE
interpolant from (4.9). The exponential integrability of functionals of the two processes
was discussed in Propositions 2.2 and 2.6. However, we need to adjust the second result

for our approximation scheme (4.13) in order to establish the convergence.

Lemma 4.1. Let T > 0 and A\, i € R be given. Denote A = X+ %/ﬂ and define

_ 5Wy
©; = exp {)\/ Uy du + u/ Vu —— du} vVt € [0,T]. (4.24)
If max{0, A}(T* —T) > 0, then there exists o7 > 0 such that

sup sup E [(:)t] < 00, (4.25)
ote(0,67) t€[0,T]

where T is as given below.

(1) If ky < &(p+ 3V2A), then

D S vad (420
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(2) If ky > & (p+ 3V2A), then
2(ky — pé&y) '

T = ng

(4.27)

Proof. Let {G/,0<t<T} be the natural filtration generated by W¥ and consider the
shorthand notation Ef [ - | = E [ - |G/]. If we assume that ¢ € [tn, t41] and condition on

Qi’n, we get

- tn_ tn _ 5W5 t—t, 9 B
Ef [©¢] =expq A i Yudu + p ; \/yTLTdu—i- A 1 (t—tn) e, ¢ - (4.28)

Upon noticing that

1
sup ()\w + M2w2) =Ala>o, (4.29)
wel0,1] 2

we deduce that Ef [0©¢] <E{ [6,,] if A<0and E{ [6,] <E{ [Oy,,, ] if A>0. Moreover,

since ¢ is piecewise constant,

tn 5Wy tn
i N Ttudu =/ Vi dWY, Y0 <n<N. (4.30)
Henceforth, we follow the argument of Proposition 2.6. |

4.3.2. Moment bounds

For many stochastic volatility models, moments of order higher than 1 can blow-up in finite
time [7]. This can cause significant problems in practice, for instance, when computing the
arbitrage-free price of an option whose payoff function has superlinear growth. The same
troublesome behaviour can be observed for the Kuler—-Maruyama approximation of some
SDEs with superlinearly growing drift or diffusion coefficients, where moments diverge in
finite time [54]. Next, we prove the boundedness of moments of the exchange rate process
and its approximation.

At this point, we assume that p,q # +1 and that a13 is non-zero, i.e., psq # PsvPvd-

Proposition 4.2. For a > 1, define the two quantities

1 2
qo(a) = M%{\/[Qapsvﬁk + a282(a}, + a?y) — a&?]” + 4a2a?,E2k?

— [2apsp€k + 2% (a3, + aly) — a?] } (4.31)
(@) = @) Lo + min { (), =10, (132)

If the conditions

— k. aq(a)
k> apsé +Vala—1)§ and 262 > o) -1 (4.33)

on the model parameters are satisfied, then there exists a; > « such that, for allw € [1, ),

sup E [S}] < . (4.34)
te[0,7)
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Proof. We find it convenient to define a new stochastic process L by

t
L; = Sy exp {/ rf du} (4.35)
0
t 1 t
= Sp exp {/ (Tfj - fvu)du +/ \/Equs} . (4.36)
0 2 0

Since Sy < Ly for all ¢ € [0, 7], it suffices to prove the finiteness of the supremum over ¢ of

t t 4 t A
E [LY] :Sé”E[exp{w/o rffdu—;)/o Uudu+w2a1j/0 \/@deH (4.37)
j=1

Let {gfl TOL<tLT } be the natural filtration generated by the Brownian drivers W3 and
W* — note that the processes % and v are adapted to this filtration — and {Qf ,0<t<T }
be the filtration generated by W*. Conditioning the expectation on the right-hand side of
(4.37) on the o-algebra gf " and taking into account that W' and W? are independent, we

can compute the inner expectation using moment generating functions (MGFs):

t t
E [exp {wan/ Vg AW, + walg/ \/ﬁdWi}‘ gtd’v]

—E[exp{wan/ \/@dwl}‘ } [exp{wam/ mdwz}’ ]
:exp{“;(a%lJra%Q) /Otvudu}. (4.38)

Substituting back into (4.37) with (4.38) leads to
w? w t 4 t .
E [L;”] =Sy E | exp —(a%l + a%Q) - — / vy du + w Zalj/ VU dW)
2 21Jo = 0

+w/0trﬁdu}]. (4.39)

Next, we employ Holder’s inequality with the pair (p, q), where p,q > 1 and ¢ =p/(p—1),

and then condition one of the two resulting expectations on the o-algebra G to arrive at

2 ¢ t 7
E[LY] < SYE [exp {q |:U;(a%1 + afy + qaiy) — z}] / vudu+qwa14/ x/lTudeH q
0 0

i [oxo fow [t} 2 (.40)

All that is left to do is to show that the supremum over ¢ of each of the two expectations
on the right-hand side of (4.40) is finite. However, Proposition 2.2 provides the following

sufficient conditions:
kd > 4/ 2pw£d, (4.41)
as well as

k> qups§ (4.42)
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and

w2€2al,q® + [2wpsuk + w?€? (a%l + a%Q) —wé?] q— k? <0, (4.43)
for all maturities T' > 0. The first assumption in (4.33) ensures that go(a) > 1, and hence
that ¢1(«) > 1. This implies that g1 (a)/(q1(a) — 1) > 1. Due to the second assumption in

(4.33), we can find p > 1 such that

2
S ap > ail@) (4.44)

vd
253 q(a) =1’
and hence
kg > \/2pa&y. (4.45)
The quadratic equation in & below has roots of different signs, with positive root go(c).

a?€%a2 0 + [2apsk + a2 (a%l + a%Q) - oz£2]m — k2 =0. (4.46)

However, the Holder pair satisfies p = ¢/(q — 1), so ¢ < q1(«) < go(«). Therefore, g lies in

between the two roots of the quadratic, which implies that

o?€%aisq” + [2apsu€k + a*€? (aly + aly) — a&?]q — k* < 0. (4.47)
From (4.32), if ps, > 0,
k
q<aqla) =< ; 4.48
)= Gt (445)
and hence
k> qopsié, (4.49)

and this clearly holds when the correlation coefficient is non-positive. Consider the three

continuous maps below, which are strictly positive when w = «a,
W k= qups€; w i kg — \/2pwéy;

w— k2 — w252a%3q2 — [2wpsv§k: + w2§2 (a%l + a%Q) — w§2]q.

(4.50)

Then we can find oy > « such that all three functions are positive on [a, ). We have
thus proved that conditions (4.41) — (4.43) are satisfied and the conclusion follows. The

extension to the interval [1, aq) follows immediately from Jensen’s inequality. ]

In the special case that aiz = 0, i.e., psqg = pPsvPvd, the argument is the same and the

only difference appears in condition (4.43), which becomes
[2wpspék + w2 (1 — p2,) — wé?|q— k* < 0. (4.51)
Henceforth, one can easily show that Proposition 4.2 still holds in this case as long as

k> apsp€ +ala—1)¢ (4.52)

and

kg k k2
753 > amax{l, F—apt’ (= apmf) —afa = 1)52}. (4.53)

Next, assume that a3 and a4 are not simultaneously zero, i.e., pgv + pgd £ 0.
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Proposition 4.3. For a > 1, define

2:(0) = {V [apat + ATa2€2(a?, + ay) — 1 Tag?]’ + Ta262(ady + a3, )k

2
— [apspé + 1 Ta?€% (a3, + a2y) — L Tag? } : (4.54)
[ 1 11 12) ~ g ] Ta282(a2y + ay)
If the conditions
1 2kg _ ag(a)
k> apsgpé + —ala—1)TE  and > 4.55
€t jole = OTE and 1 > A (1.55)

on the model parameters are satisfied, then there exists ag > « such that, for allw € [1, az),

we can find 0,7 > 0 such that

sup  sup E[5"] < oo (4.56)
8t€(0,6,,7) t€[0,T]

Proof. For convenience, define a new stochastic process L by

t
Ly = S, exp { / 2 du} (4.57)
0
Co : Lo W
= Spexp / (775 — —ﬂu)du + a11/ \/adWJ + Zalj/ VU, ——du . (4.58)
0 2 0 = o ot

Since S; < L; for all t € [0, 77, it suffices to prove the finiteness of the supremum over ¢

and 4t of

) w [t t 4 t SWi
E[L%U]_Sé”E{eXp{—2/0?7udu+wa11/0 \/ﬁdWJerE a1j/0 \/ﬁTtudu
=2

+w/0t rfjdu}]. (4.59)

Conditioning the expectation on the right-hand side on Q%’U and bearing in mind that W1
and W?2 are independent, we can split the inner expectation into two parts and use MGFs

to compute them. First,

t 2 t
E [exp {wan / deq}}‘ g;é”] = exp {u;a%l / @udu} . (4.60)
0 0

Second, let t € [t,,t,41). As ¥ is piecewise constant and W? has independent increments,

t 5w2 v
E [exp {walg/ Uy &u du}) g% }
0

ot

2 t 2 2t
w no w t—t ntl
= exp {Qa%Q / Uudu} exp {za%Q 7( (5t)g) / vudu}
0 tn

w2 t
< exp {Qa%/ vudu} . (4.61)
0
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Substituting back into (4.59) with (4.60) and (4.61) leads to the following upper bound:
5Wj w? w t
E [Lw] < SO [exp{ Zalj / m 7(@%1 + CL%Q) — 2:| A T)udu

+w/0t f;jduH. (4.62)

Next, we employ Hélder’s inequality with the pair (p,¢), where p,¢ > 1 and ¢ = p/(p—1),
and then condition one of the two resulting expectations on the o-algebra G and proceed

as in (4.61) to arrive at

W 2 t %
E[Lw] < SO {exp{qwalll/ \/17” Y du +q |: 9 (all + CL12 + qa13) — 1;):| / deu}]
0

X E[exp {pw /Ot TZduH %. (4.63)

All that we have left to do is to show that the supremum over ¢ and dt of each of the two
expectations on the right-hand side of (4.63) is finite. However, one can easily deduce from

Lemma 4.1 the following sufficient conditions:

1
ki > 5PU)T53 (4.64)
and
1
k> qupsé + 5 ATE, (4.65)
where
1 1
A=gq §w(w -1)+ in(q —1)(af3 +aiy) |- (4.66)

As an aside, note that we used Z?:l a%j = 1 to rewrite A as in (4.66). The first assumption
in (4.55) ensures that ga(«) > 1. This, in turn, implies that ¢a2(«)/(g2(e) — 1) > 1. Due to
the second assumption in (4.55), we can find p > 1 such that

2ky aqge(a)
— >ap> ——, 4.67
Té: b g2(a) — 1 (4.67)
and hence
1
kq > ipang. (4.68)

The quadratic equation in & below has roots of different signs, with positive root ga(cv).
L 990 2 2,2 L 900 9 2 1 2
ZTOC 5 (a’13 + a14).’L' + Oépsyé. + ETOK (S (all + 0/12) — ZTO&& X — k = 0. (469)

However, the Holder pair satisfies p = ¢/(¢ — 1), so ¢ < ¢2(«). Hence, ¢ lies in between the

two roots of the quadratic, which implies that

1 1 1
ZTaZSZ (afs +aiy)q® + [apsvf - ZToﬂg2 (af; +aly) — 4Toz§2] g—k<0.  (4.70)
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Rearranging terms in the above inequality, we obtain
24 1 Ly 2 2

From (4.68) and (4.71), employing a continuity argument similar to that used in the proof
of Proposition 4.2, we deduce that the two conditions in (4.64) — (4.65) hold on an interval
[, ), for some ap > v, which concludes the proof. The extension to the interval [1, a2)

follows from Jensen’s inequality, with 6,7 = 0,7 for all w € [1, a. [ |

In the event that a13 and a4 are simultaneously zero, i.e., psy = psq = 0, one can easily

show that Proposition 4.3 still holds as long as
1 2
k > Za(a - 1)T¢ (4.72)

and
kq 2ak

T ~ 1k —ala - 1)Te"

(4.73)

Since the most popular FX and equity contracts grow at most linearly in FX and asset
prices, and their valuation requires the computation of the expected discounted payoff un-
der the risk-neutral measure, it is useful to study finiteness of moments under discounting.

Let R be the discounted exchange rate process,

t 1 t
R; = Syexp {—/ (r{j + ivu)du +/ \/UTLdW{j}, (4.74)
0 0

and let R be its continuous-time approximation,

thsoexp{/ (f+vu)du+a11/ VO AW +Zalj/ \/@‘SW“ du}. (4.75)

0

Proposition 4.4. Let o > 1. If T < T*, then there exists aqy > « such that, for all
w € [1,a1),

sup E[R}] < oc. (4.76)
t€[0,T
Ifa>1andT >T*, then
E [Rf] = oco. (4.77)

If o =1, then T* = oo, whereas if a > 1, then T™ is as given below.
(1) If k < apsp€ — Ja(a —1)&, then

. 1 apsé —k +9(a)
T = log <apsv£ — 19(@)) , (4.78)

where

9(e) = V/(apsué — k)2 — oo — 1)€2. (4.79)
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(2) If k = apsp€ — \Jala —1)¢&, then
2

T =—". 4.80
P (4.80)

(3) If O‘psvg -V Oé(Oé - 1)5 <k< Oépsvg + V Oé(Oé - 1)67 then

oo 2 T _ arctan sk — k
N o
where
D) = vVa(a —1)&% — (aps€ — k)?. (4.82)

(4) If k > apsé + /ala — 1), then
T* = oo. (4.83)

Proof. We follow the argument of Proposition 4.2 closely and condition on the o-algebra
G/ instead to deduce that

1

1 t t
E [R}f’] < Sy E [exp{ [2w2(1 — pgv) - 2w:| / vudu—i—wpsv/ \/@de}H (4.84)
0 0
First, suppose that a =1 and T' > 0. If k < ps,&, then

. 1 wpa*v& —k+ 19(’(0) .
u}lﬁh Hw) log (wpsvf — k- 19(w)> - (485)

Hence, by a continuity argument, we can find «; > 1 such that, for all w € (1, a1),

1 wé — k+ U
kE<wpspl —Vw(w—1)¢ and T < Iw) log (Zzsé — i_ ﬁEZD . (4.86)

If k = psp€, then pg, € (0,1] and

. 2 ™ wpsv§ —k . 2 w — (’LU - 1):021)
lim — — —arctan | ———— = lim —— arctan
wllt Y(w) | 2 I(w) w1t Y(w) Vw —1pgy

= 0. (4.87)
Furthermore, note that for all w > 1,
wpsp€ — Vw(w —1)¢§ <wk —Jw(w—1)k < k. (4.88)
Hence, we can find a3 > 1 such that, for all w € (1, aq),
wpsv§ Y w(w - 1)5 <k< wpsvg tv w(w - 1)§ (4'89)
and
2 wé — k
T< = T _ arctan % . (4.90)
I(w) |2 V(w)
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If & > psy€, then we can find oy > 1 such that, for all w € (1, a1),

k> wpsp€ + v/w(w —1)&. (4.91)

The conclusion follows from Proposition 2.2 and (4.86) — (4.91). Next, suppose that a > 1
and T' < T*, with T* defined in (4.78) — (4.83).

If k£ < apsp€ — \/W§, by a continuity argument, we can find a1 > « such that,
for all w € (o, 1),

1 wé — k+ U
kE<wpspl —Vw(w—1)¢ and T < Iw) log (Zzsé 7 i_ ﬁEZD . (4.92)

If k = apsé — Va(a —1)&, then ps, € (0,1] and, for all w > «,

w—a< Vww—1)—ala—1), (4.93)
wpsp€ — Vw(w —1)€ < apsp€ — Vala—1)E. (4.94)

Furthermore, note that

. 2 T wpspé — k . 2 ﬁ(w)
lim —— |- —arctan [ ——— = lim = arctan | —————
wlat J(w) | 2 Hw) wlat Y(w) apsp€ —k

2
=\ 4.95
ok (4.95)
Hence, we can find a1 > « such that, for all w € («, a1),
wpsp€ — Vw(w — 1) <k < wpspé + Vw(w —1)& (4.96)
and
2 svs T
T < = T _ arctan M . (4.97)
d(w) |2 Hw)

If apsé — Vala—1)E < k < apswé + /ala—1)&, we can clearly find ag > « such that
both (4.96) and (4.97) hold for all w € (o, a1). If k = aps€ + Ja(a —1)&, then for all

w > a,

(a - w)psv < \/w(w - 1) - \/O[(O[ - 1)7 (498)
apsué +Vala—1)E < wpspé + Vw(w —1)¢E. (4.99)

Furthermore, note that

. 2 T wpsp€ — k . 2
lim —— |- —arctan | ——— = lim ——
wlat Y(w) | 2 Y (w) wlat Y(w)

= . (4.100)
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Therefore, we can find a3 > « such that both (4.96) and (4.97) hold for all w € (o, ).
Finally, if £ > apsp€ + /a(a — 1) &, then we can find 1 > « such that, for all w € («, ay),

k> wpsé + w(w —1)¢&. (4.101)

The conclusion follows from Proposition 2.2 and (4.92) — (4.101). The extension to the

interval [1, aq) follows from Jensen’s inequality. |

When the domestic and foreign interest rates are constant, Proposition 4.4 examines
moment boundedness in the Heston model. It is an extension of Proposition 3.1 in [7] from
bounds on moments of order @ > 1 to bounds on all moments of order w € [a, ay), for
some a1 > « > 1. We employ this result to prove the strong convergence of the discretized

discounted spot FX rate process.

Proposition 4.5. Let a > 1. If T' <T™, then there exist ag > « and 6,7 > 0 such that,
for all w € [1, ),

5t€(0,0.,7) t€[0,T]

where T is as given below.

(1) If k < aps€ + %\/a(a —1)¢&, then

R Jal(ai—n E—k (4109
(2) If k> apé + 1 Jala — D)€, then
00 Cifa=1
Ol e o

Proof. We follow the argument of Proposition 4.3 closely and condition on the o-algebra
G instead to deduce that
_ 1 1 t t SWih
E[R'] <SYE |expq |zw?(l—p2,) —sw / @udu—l—wpsv/ Vi ——%du g |.
2 2 0 0 ot
(4.105)

Suppose that T < T*, with T* from (4.103) — (4.104). If k < apsé + 5 /a(a —1)&, then

by a continuity argument, we can find ao > « such that, for all w € («a, ag),

1 1
kE<wpspé+ —vVww—1)¢§ and T < . 4.106
2 ( ) wpspé + Jw(w—1)& —k ( )
If k = apsp€ + %\/a(a —1)¢&, since k, £ > 0 and, for all w > «, we have
1 1 1
w > ——1/1——>——, 4.1
Psv > —3 5 >3 (4.107)



then
apspé + %\/a(a —1)€ < wpsp€ + %\/w(w —-1)¢. (4.108)

Furthermore, note that

4(k — apsp€) 1
ala—1)E2 apsé +Jala—1)E—k (4.109)
and
. 1 R
w1 wpu +Ju ek e

with 7% from (4.104). Hence, we can find aig > « such that (4.106) holds for all w € («, a2).
Finally, if k > aps€ + 3 /a(a —1)¢, since

4(k — SU
i Ak~ wpsi€)

- =T 4.111
wlat ’LU(U} — 1)52 ’ ( )

with T* from (4.104), we can find ay > a such that, for all w € (o, as),

1 4(k — wpsv§)
k W = 1 d T < 2T 0Pss) 4.112
> wput g o= D€ ad T <t (4.112)
The conclusion follows from Lemma 4.1 and (4.106) — (4.112). The extension to the interval

[1, ) follows from Jensen’s inequality, with d,, 7 = dq 7 for all w € [1, a]. [ |

Note that for the Heston model, Proposition 4.5 can be seen as an improvement of

Proposition 3.16 due to the sharper conditions on the critical time.

4.3.3. The 4-dimensional system

The strong mean square convergence of the discretized variance and domestic interest rate
processes was deduced in Proposition 3.10. Before deriving an equivalent result for the
foreign interest rate, we need to prove a couple of auxiliary lemmas. The following auxiliary
result proves the almost sure positivity of the foreign interest rate. The condition below
ensures that the process r/ does not hit zero and allows us to control the potential growth
of the absolute difference between the original and the discretized processes that comes

from the sublinear correction term in the drift.

Lemma 4.6. Let x > (7‘5)_1 and define the stopping time

me=inf {t>0: 1] <k} (4.113)
If 2k:f6f > 5]%, then
lim P (7, <T) =0. (4.114)
K—00
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Proof. The proof follows an argument from Proposition 3.14 closely, but is included for

completeness. Define the function F': (0,00) — R by

Flz)=2"% a=

2 (2k;f9f £7). (4.115)

By Itd’s formula, we have

TNATk
B[P(rf)] = PO =B [ aled) 0 gty = kgrd = pugtourd s

L [T 2,0ty g [ A~G+) gy s
+ 5 E a(l+ a)&(r)) ds —E aly(rl) awy.
0 0
(4.116)
However,
/ Q22 (r) U 1, ds < a2E3RMOT < oo, (4.117)
0

so the stochastic integral on the right-hand side of (4.116) is a true martingale. Hence,

E [F(T:};Am)] < F(rg) —E/OTATN (a(rf)_(Ha) G I CUS% (rg)_(%Jra))ds, (4.118)

where

1 2\2 ky _ |psf| 2
a= 5 5 (2kp0F — €7)°, b= 2€f(2kf0ff§f) T (2ks0f — £7). (4.119)

Employing Fubini’s theorem and Holder’s inequality in (4.118), we get
T 1 1 Tra
E|[F(r}.,,)] < F(rf) —/ (m@ (D)™ e | =B () me, |
0

1 1420
—c sup E [v}f“] R [(rg)_(Ha) ]ls<m} 2t ) ds. (4.120)
u€[0,T]

The moments of the square-root process are uniformly bounded from Proposition 3.8 and

the function f : [0,00) — R defined by
14+2a

f(z) = ax — bxT+e e — ¢ sup E [vHa] Aiva) g2 e) (4.121)
u€(0,T]

is bounded from below, see, e.g., (3.136). Hence, we can find a constant C' independent of
K such that

E|F(r.,,)] <C. (4.122)
Since rf has continuous paths, we have that rin =k land F (ricﬁ) = k®. Therefore, using

(4.122) and the fact that F' is positive, we deduce that
ROP(ro <T) =E[F(},, ) Lrar | <E[F(r],,)] < C. (4.123)

Letting k — oo in (4.123) yields the conclusion. ]
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The next lemma establishes moment bounds for the original and the discretized foreign

interest rate processes.
Lemma 4.7. The following two statements hold.

(1) The process rf has uniformly bounded moments, i.e.,

IE[ sup (rtf)”] <oo, Vp>1. (4.124)
te[0,T

(2) The process 7' from (4.11) has uniformly bounded moments, i.e.,

sup E [ sup (f{)p} <oo, Vp=>1, Yor > 0. (4.125)
5t€(0,67) t€[0,T]

Proof. A similar result was derived in Proposition 3.9 for different dynamics of the foreign
interest rate, and the proof is included for completeness.

(1) Fix any p > 1. From (4.1),

t t t
th:T(J;+kf0ft—]€f/0 r{fdu—psféf/o vunjjdu+€f/0 \/EdWJ- (4.126)

Using the fact that 24/|ab| < |a| + |b| and Holder’s inequality, we deduce that
t P
(ot =20 0od k) + 2 gy [

t p
+ 20722k + \psflff)p</o TﬁdU>

t P
+ 221 eh / \rldwl| (4.127)
0
Fix t € [0,T]. Using Hoélder’s inequality, we get
T
sup (rf)p < 22(1”*1)(7”5 + kafT)p + 2p2psf]p£?Tpl/ vPdu
s€[0,t] 0
t
+2p—2(2kf+ypsf\§f)pr—l/ (rf)Pdu
0
s p
+ 22Dk sup / Vol dwl| (4.128)
s€[0,t] | JO

From the Burkholder-Davis-Gundy inequality, we know that there exists a constant C}, > 0

such that
P t p/2
|<cre|( ] rtan)” ]
0

1 1 ¢
<50+ 5cprHH-z [ /0 (rg)pdu]. (4.129)

E [ sup
s€[0,t]

/ rh dW]
0
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Taking expectations and employing Fubini’s theorem in (4.128), we get

E [ sup (rg[)p] < 22(=1) (rg +ks0;T)" + 2p_2|psf|p£?Tp sup E [vF]
s€[0,t] u€[0,T7]

+ 23Ry + (2772 (2hy + |pug ) TP

t
+22P*3§§O,,Tp*1) / E{ sup (rg‘)p} du. (4.130)
0 s€[0,u]

Applying Gronwall’s inequality, we get

E [ sup (r{)p] < (22(”_1)(7’(’; +ks0;T)" + 223’_35?017 + 2p_2\psf]p§?Tp sup E [vﬁ])
te[0,T] u€[0,T
X exp {2p*2(2kf + pofl€)PTP + 22p*3§§CpTP} . (4.131)

The conclusion follows from Proposition 3.8.

(2) Fix any p > 1 and 67 > 0. From (4.10),

t t t
f{—rg—i-kf@ft—kf/o Tf:du—Psfgf/(; Uurvjde‘Fff/o V f{:dWJ- (4.132)

Since f{ < |f{ |, following the previous argument, we deduce that

E [ sup (ﬁ{)p] < 22(73_1)(1“5 + kafT)p + 227’_35?@, + 2p_2\psf|p£?Tp sup E [275]
s€[0,] uel0,T]

t
n (2p—2(2kf + |poglés)PTP _{_2217—35?0pr—1)/0 E {(7:5)1’} du. (4.133)

Since supyeo. 1) E [0h] < sup,epo.r) E [04], with © defined as in (4.8), and < SUD,se[0,4] !

applying Gronwall’s inequality, we get

E [ sup (f{)p] < (22(7”_1)(1“5 + k‘foT)p + 227’_35?@, + 2p_2\psf|p£?Tp sup E [@5])
t€[0,T u€[0,T]

X exp {21”_2 (2ks + |pos|€f) TP + 221)—35;0pr} . (4.134)
The conclusion follows from Proposition 3.8. |

Next, we use Lemma 4.7 to prove the convergence of the L? difference between the two

continuous-time discretizations.

Lemma 4.8. The L? difference between 7+ and 7/ converges to zero with 6t, i.e.,

lim sup E[(7f —7{)*] =0. (4.135)
0t—0 t€[0,T)

Proof. The proof follows an argument from Proposition 3.13 closely, but is included for
completeness. Suppose that ¢ € [ty, t,+1). Since |7*[ - F{| < |ff - f{n| and from (4.10), we

can bound the squared absolute difference from above as follows:
NI . X
(7’{ — T’{) < Z(Qkf@fdt + ‘psf’é‘f&tvtn + (2kf + ’psfléf)étrfn
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+ 2§f\/%‘wtf - Wt{LDZ

< AK303(3t)? + | psp [PE3(08) 202, + (2Ks + |psrlr) 2 (00)2 (/L)

+ae3r] (Wi - w2 (4.136)
Therefore,

sup E [(f{c — ff)Z] < 4]{:]%9]%(675)2 + |psf|2§12£(5t)2 sup E [97] + 4§J2c(5t sup E [f{n]

t€[0,7] te[0,T] 0<n<N
2 N2
+ (25 + |perlér)*(0)2 sup E [(rtfn) } (4.137)
0<n<N
Using Proposition 3.8 and Lemma 4.7 concludes the proof. |

The following lemma derives the strong mean square convergence of the stopped pro-

cess.

Lemma 4.9. Let | > vy and define the stopping times
T :inf{tZO: thZ} and T =T.AT], (4.138)

with 7. defined in (4.113). Then the stopped process converges uniformly in L?, i.e.,

lim E [ sup (rf\, — fthT)Q] =0. (4.139)
5t—0  Ltefo,7]
Proof. From (4.126) and (4.132), since ]r{ = f{] < |7{ - f,{|, we have
tAT tAT
e = el [ =y [0l = ibyau g [ 6L = el
tAT tAT
+§f/ (\/r{j - \/fi)dwj+gf/ (\/f{j . \/fi)dwg
0 0
tAT 7 7 tAT 7 7
_psfgf/o \/E(\/Tu_ \/ﬁt)du_ﬂsfff 0 \/E(\/'f'u_ \/ﬁ;)du

— sy /OtA\/;<ﬁ — Vi )du

Fix t € [0,T]. Squaring both sides and using the Cauchy—Schwarz inequality, then taking

. (4.140)

expectations and using Doob’s martingale inequality and Fubini’s theorem, we get
2 ! 2 T 2
E| sup (rl,, — i) } < 7k§T/ E|(rf - #) 11u<7}du+7/<:1%T/ E (7] - f)*|du
s€[0,t] 0 0
t 2 T
+ 28§J%/ E[(\/r{: - \/ﬁj) ]lu<7}du+ 28»5]%/ E[
0 0
t / [ \2
+ 7p§f€]2‘T/ E |:'Uu< T’}uc - fiJ:) ]lu<7':| du
0

T
+ 7% E3T / E [fgj\vu - @uu du
0

f{—f{j\]du
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T
+ Tp3&GT / E [Uu ] — 1] ]1u<7}du. (4.141)
0

However, we know that |rf — #]| 1y, < |r!,. — 7], | and

/ [ £\2 / [ 2 ) 9
( T5 - TT{) Lycr < ( Ti/\r - T£AT> < ’?(7"5/\7 _szj/\T) : (4142)

Substituting back into (4.141) with (4.142), we arrive at the following inequality:

t
E [ sup (rf,, — ffAT)Q] < (TK3T + 283k + Tp% €3 T 1K) / E [ sup (rl., — foAT)Q} du
s€[0,t] 0 s€[0,u]

+ (28T + To4€3T) sup E |[7f — ]
u€[0,T]

1
+ Tp2E3T? sup E [('F{:)ﬂ * sup E Uvu - 17u‘2]
w€[0,T] u€l0,T)

(NI

+ TRAT? :}épﬂﬂ«:[( f{jﬂ. (4.143)

The convergence to zero of the last three terms on the right-hand side of (4.143) follows
from Proposition 3.10 and Lemmas 4.7 and 4.8. The conclusion follows from a simple

application of Gronwall’s inequality. |
The following lemma derives the strong mean square convergence of 7/ .

Lemma 4.10. If 2k;0; > fj%, then the process #f converges strongly in L?, i.e

lim sup E Urt } 0. (4.144)

ot—0 t€[0,T

Proof. Fix k > (T‘O) 11 > vg, and recall the definition of the stopping time 7 from (4.138).

Since 7/ and #/ are non-negative,

sup E Urt —rt‘ } < sup E [’T{—Tt| ]l.r<t] + sup E Urt —rt} ]lt<T]

te[0,T) t€[0,T] te[0,T)
< sup E[(rff]lTST} + sup E[(f{)Z]lTST]
te[0,T] te[0,T]
2
+ sup E Ur,fm rth‘ ] (4.145)
te[0,7)

Since 1,<7 < 1, <7+ 1;,<7 and applying the Cauchy-Schwarz inequality, we get

} g{ sup E[(r{)ﬂé—k sup E[(f{)ﬂ;}P(TRST)

[NIES

sup E [‘7} — 7}

te[0,7 te[0,7) te[0,7
1 1
—i—{ sup E[(r ) }2 + sup IE[( )4}2}]}”(77 gT)%
te[0,7) te€[0,T]
+ sup B [[rf — 7). (4.146)
te[0,7
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Using Markov’s inequality, we find an upper bound

1
P(n<T) gP( sup vt2l> SE[ sup vt]. (4.147)
te[0,T] t€[0,T7]

However, the expectation on the right-hand side is finite from Proposition 3.8. Taking the
limit as 6t — 0 in (4.146) and employing Lemmas 4.6, 4.7 and 4.9, since « and [ can be

made arbitrarily large, leads to the conclusion. |

Proposition 4.11. If 2k;0; > {J%, then the process 7 converges strongly in L?, i.e

lim sup E Urt —Tt| } (4.148)
5t—0 t€[0,T)

Proof. Upon noticing that

Al <ol el ol el e T (4.149)

the conclusion follows immediately from Lemmas 4.8 and 4.10. |

Next, we consider the logarithm of the process from (4.13) and examine its convergence

properties. The formulae for the log-process, x, and its approximation, T, are
t 1 t
Ty = T +/ (7‘3 —rf - ivu)du —|—/ VU, AW (4.150)
0 0
t 1 t 4 t SW
Tt = Xg +/ (773 — 775 — *’l_)u)du—i- a11/ \/?idWJ + Zalj/ \/aiudu (4.151)
0 2 0 = Jo ot
Proposition 4.12. If 2ks0; > 5]2@, then the log-process converges uniformly in L?, i.e.,

lim E [ sup |z, — xtf] =0. (4.152)
5t—0  Lte[0,7]

Proof. Note that for all ¢ € [t,,t,4+1) and for all j € {2,3,4}, since v is piecewise constant,

Wt n

— W
[ 5 YW 0

- / Vo AW + V5 7, (4.153)
0

where we define

t—tn

Zi = ot

bpg1 —t ;
(Wi, —wi)- %(Wg—wgn). (4.154)

Substituting back into (4.151) with (4.153), we obtain

t 1 t 4 )
xt:m0+/ (rﬁ—rﬂ—Qvu>du+/ \/ade’JrZalj\/thth. (4.155)
0 0 .
7j=2
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The absolute difference between the original and the discretized log-processes is thus

t
Ty — Tt = r —7" du— —Ff alu—1 Vo — Uy )du
2 Jo

* / (\/E - @) dW, — Z a1\ Z} (4.156)
0 =

Squaring both sides of (4.156), applying the Cauchy—Schwarz inequality, taking the supre-
mum over all ¢ € [0, 7] and using the Cauchy—Schwarz inequality for all Riemann integrals

leads to

T T T
sup \xt_xtfgw/ (rd — ) du+7T/ (rﬂ—r5)2du+7T/ (va — 5,) du
te[0,T 0 0 4 0

2

+7) ajy; sup U; sup Z] . (4.157)
Z 1‘7te[0T] te[0T| ‘

+ 7 sup
t€[0,T]

/ (vou = V) dw;

We used the fact that sup,cio 71Ut < supyepo ) 0, with 0 defined as in (4.8). Taking expec-
tations and employing Fubini’s theorem, Hélder’s inequality, Doob’s martingale inequality

and the It6 isometry, we derive

E[ sup }th—wt‘Q] <7T? sup E [‘rt — 7| } +77% sup E Urt —Tt| }
te(0,7) te[0,7 te[0,7)

+ZT2 sup E th—f}t‘ ] + 28T sup E th—vtu

te[0,7) t€[0,T]
4 1/2 AR

+ 72 a%j E| sup o7 E | sup ‘Zg} : (4.158)
- te[0,7) te[0,7)

The convergence as 6t — 0 of the first four terms on the right-hand side of (4.158) follows
from Propositions 3.10 and 4.11. The uniform boundedness of the second moment of the
FTE discretization for the variance follows from Proposition 3.8. Finally, employing the

definition in (4.154), we bound the term inside the last expectation in (4.158) from above.

t—tn j j i
g, - wi) - (wi )

sup ‘Zj} = sup sup
t€[0,T] 0<n<N tn<t<tpi1

4
<s o o [(SE) il - g -]

0<n<N tn<t<tni1i ot

, -
<16 sup sup ’th —an‘
0<n<N tn<t<tni1

A A A
<16 sup |W{ =Wy, , 5" (4.159)
te[0,T

However, the moments of the modulus of continuity of a Brownian motion converge to 0

as 0t — 0 [36], which concludes the proof. [ |

We now prove the convergence of the discretized spot FX rate process.
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Proposition 4.13. If 2k¢0; > 5]%, then the process S converges uniformly in probability,
1.€.,

lim P ( sup |8y — S| > e> =0, Ve>0. (4.160)
0t—0 te[0,7)

Proof. For fixed, positive numbers e and v such that log (1 + €) > ~, define the set
By ={zeR|IyeR: [z —y| <~y and |e” — Y| > €}. (4.161)
Since the exponential function is strictly increasing,

r€B., & Jye(r—v,xz+7): emin{z.y} (e‘z_y‘ —1)>e

& (7 —1) >e. (4.162)

Hence,

B.y = (a(€,7), +00), where af(e,7) =log (676_ 1) > 0. (4.163)

We have the following string of inclusions of events,

{ sup ‘St—St‘>e} C{ sup ‘:Ut—a_ct‘>'y}u{ sup ‘xt—i't‘<'y, sup ‘exi—ext‘>e}
te[0,T t€[0,T te[0,7 te[0,7

- { sup ‘xt—:i’t‘ 27} U {Et €0,T]: z € Bery}

te€[0,T]
C { sup ‘xt—a?t‘ 27} U { sup x; > a(e,'y)}. (4.164)
te[0,T] t€[0,77]

In terms of probabilities of events, the previous inclusion becomes:

P ( sup |S; — S| > e) <P ( sup |wy — & > ’y) +P < sup x; > a(e,v)). (4.165)
t€[0,T] t€[0,T] t€[0,T]

The convergence in probability of the log-process is a consequence of Proposition 4.12 and
Markov’s inequality. Therefore, all that we have left to prove is that the second probability
on the right-hand side of (4.165) can be made arbitrarily small. However, if we fix € > 0

and vary v, then limy_,g a(e,y) = oo. A simple application of Markov’s inequality leads to

P( sup x; > a(e,’y)) < IP’( sup |x¢| > a(e,’y)) <

E [ sup |:ct|] (4.166)
te[0,T7] te[0,T]

a(e, ) t€[0,7

Then, using Jensen’s inequality and Doob’s martingale inequality, we get

T
E [ sup xt@ <|wo|+T sup E[rf] +T sup E [r{] + = sup E [v]
t€[0,T] t€[0,7] t€[0,T] t€[0,7]

+2VT sup E [vt]%. (4.167)
t€[0,T]

The right-hand side is finite from Propositions 3.8 and 4.7, which concludes the proof. H
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Theorem 4.14. Let o > 1 and assume that the following conditions are satisfied:

(k> apsp€ + max{\/a(a —1)¢, ia(a — 1)T£2},

ki aq (@)

25 @) =1 (4.168)
2kq age(a)

TE ™ qgoa) — 17

2]€f9f > §J2c

Then the process S converges strongly in L*, i.e.,

lim sup E [ — &[] = 0. (4.169)
5t—0 te[0,T]

Proof. Fix e > 0 and define the event A = {’St —St} > e}. Since S and S are non-negative,

sup E [‘St—gt‘a} < sup E [}St—§t|a]lAc} + sup E [|St—5’t|a]lA]

t€[0,T te[0,7 t€[0,T
<e*+ sup E[SPLa]+ sup E[SF14]. (4.170)
te[0,T] t€[0,T]

Let oo < w < min{a1, s} and apply Holder’s inequality to the two expectations on the

right-hand side of (4.170) with the pair (p,q) = (Q L) Hence, we obtain

sup E[‘St —S’t‘a] < ea+{ sup E[Stw]% + sup E[gj"]g}
te[0,T te[0,7) te(0,7)
x sup P (‘St — S’t‘ > e) v (4.171)

t€[0,T

The convergence of S in probability is a consequence of Proposition 4.13. Finally, using

Propositions 4.2 and 4.3 and then taking e sufficiently small concludes the proof. |

For the purpose of proving convergence of options prices, it suffices to take o = 1 above.

Henceforth, we define for brevity ¢ 2 = ¢1,2(1).

Corollary 4.15. Assume that the following conditions are satisfied:

k> psvga

]452

% > q1 ,
2§d q1 — 1

2k

% > q2 7
Tﬁd g2 —1

2ks0f > f?

(4.172)

Then the process S converges strongly in L', i.e.,

lim sup E|[|s; - S| =o. (4.173)
ot—0 te[0,T)
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Remark 4.16. It is difficult to tell how often the conditions in (4.172) are met in practice,

which is why we investigate their restrictiveness next. Define the positive real numbers
k
By=— and (3= —. (4.174)

At this point, we make no assumptions on the parameters and find sufficient conditions
that only involve 3, and 4. The first condition in (4.172) is always given if 3, > 1, whereas

the second one requires that g > /2 and can be rewritten as

53 a1 53
—_— > = q1 > .
2 ql—l ,63—2

(4.175)

Substituting with the definition of ¢; in (4.32) and taking into account that the correlation
psy may take positive values, for (4.175) to hold it suffices to know that

By > i and ¢qp > i . (4.176)
72 72
However, we already know from (4.47) that, for all ¢ > 1,
g >q < §2a%3q2 + [2pSU§k + &2 (OL%1 + a%Q) - §Q}q — k2 <0
2
= Q(q - 1)52 (Q%S + a%4) < (k - qusv) . (4'177)
Hence, the second inequality in (4.176) becomes
265 o o 2 B ’
——4 ¢ (ajg+aiy) < | k— Epsv | - 4.178

Employing the fact that a5 + a?, < 1, a consequence of ¥ = AAT | and the first inequality
in (4.176), taking square roots and dividing throughout by £ leads to a sufficient condition
for (4.178), namely

gi Bav2 Ba
By > + = : 4.179
Bi—2 Bi—-2 Bi—V2 ( )
Hence, for the first two conditions in (4.172) to hold, it suffices to know that
Bg>V2 and B, > i. (4.180)
Ba— 2
For instance, one can easily check that (4.180) holds if min{3,, B4} > v/2 + 1. Define
2 2

= S 4181
=g and = (4.181)

The third condition in (4.172) requires that S4ns > 1 and can be rewritten as

2 Band
Bang > & g > 4.182
M1 * 7 Bana—1 ( )
However, we already know from (4.71) that, for all ¢ > 1,
1
@ >q & k—qéps > ~qlq—1)TE (ajs+aiy) . (4.183)

4

107



Hence, (4.182) becomes

Band 1 Bana
- 7§psv > - 72
Bang — 1 4 (Bana — 1)

Dividing throughout by &, we derive a sufficient condition for (4.184),

k T¢ (afs + aly) - (4.184)

Band 1 Band
By > —————+— — . 4.185
YT Bana—1  2ny (Bana — 1)? ( )
Hence, for the third condition in (4.172) to hold, it suffices to know that
Band 1 Band
Bang >1 and By, > —— — 4.186
! T Bama—1 2my (Bang — 1)? ( )
If min{n,,nq} > 1, the following are clearly sufficient conditions for (4.186),
U Ba 1 B
1 d — — . 4.187
KR 6v>25d_1+2<5d_1 (4.187)
For convenience, also define
2k 0
vp = —5—. (4.188)
&
Table 4.1: The calibrated Heston parameters.
Jessen and Elices and Ait—Sahalia Hurn
Parameter Poulsen Giménez and Kimmel et al.
k 2.2200 1.1000 5.1300 1.9775
0 0.0120 0.0097 0.0436 0.0376
& 0.1830 0.1400 0.5200 0.4568
Dsv 0.0634 0.1400 —0.7540 —0.7591

(a) Column 2: for USDEUR market data, January 2, 2004 to September 27, 2005 [59]. Column 3: for EURUSD
market data of August 22, 2006 [32]. Column 4: for the S&P 500 index between January 2, 1990 and September 30,
2003, using VIX data [2]. Column 5: for the S&P 500 index between January 2, 1990 and December 30, 2011, using
two out-of-the-money options written on the index [53].

Table 4.2: The calibrated Cox—Ingersoll-Ross parameters.

Driffill Brigo and
Parameter et al. Erismann Mercurio Lafférs Amin
ka,r 0.0684 0.1104 0.3945 0.2820 0.1990
a5 0.0161 0.0509 0.2713 0.0411 0.0497
§d.f 0.0177 0.0498 0.0545 0.0058 0.0354

(a) Column 2: to the three-month US Treasury bill yield between January 1964 and December 1998 [29]. Column 3:
to the US Treasury bill yield between October 1982 and April 2011 [33]. Column 4: to the euro at-the-money caps
volatility curve on January 17, 2000 [13]. Column 5: to the euro overnight index average (Eonia) between January
1, 2008 and October 6, 2008 [66]. Column 6: using historical data for euro between January 1, 2001 and September
1, 2011 [5].

As before, one can easily check that (4.187) holds when min{3,, 84} > v/2+ 1. There-
fore, if min{n,,n4} > 1, min{B,, B4} > v2+ 1 and v > 1, then the conditions in (4.172)
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are satisfied. The data in Tables 4.3 and 4.4 suggest that, in practice, min{n,,nq} > 1
for short- and mid-term options (e.g., ' < 3Y). Furthermore, we notice that k and k4 are
significantly larger than their counterparts, £ and &g, such that min{g,, 84} > v/2+1 in all
cases except for the parameter configuration of [33], where 8 = 2.2169 < v/2 + 1. Finally,

note that vy > 1 in all cases.

Table 4.3: Sufficient conditions on the Heston parameters when 7' = 3Y.

Jessen and Elices and ATt—Sahalia Hurn

Quantity Poulsen Giménez and Kimmel et al.
By 12.1311 7.8571 9.8654 4.3290

M 3.6430 4.7619 1.2821 1.4594

Table 4.4: Sufficient conditions on the Cox—Ingersoll-Ross parameters when 7' = 3Y.

Driffill Brigo and
Quantity et al. Erismann Mercurio Lafférs Amin
B 3.8644 2.2169 7.2385 48.6207 5.6215
Nd 37.6648 13.3869 12.2324 114.9425 18.8324
vy 7.0302 4.5317 72.0666 689.0725 15.7846

Since the payoff of a typical FX or equity contract grows at most linearly in the exchange
rate or the asset price, we only need to know the strong convergence of the discounted

process in L' in order to deduce the convergence of the time-discretization error to zero.

Theorem 4.17. If 2k;0; > §J2£ and T < T*, then the discounted process converges strongly

in L', i.e.,
lim sup E|[|R; — Ril] =0, (4.189)
ot—0 t€[0,T
where 1
T 1.0 Zf k< psv€

00 , if k> psvé.
Proof. The convergence in probability of the discounted process is a consequence of Propo-

sition 4.13, by taking the domestic interest rate to be zero. The rest of the proof follows

the argument of Theorem 4.14 closely and makes use of Propositions 4.4 and 4.5. |

We can extend the convergence analysis from the 4-dimensional Heston—2CIR model
(4.1) to multi-factor short rates with CIR dynamics and a term structure, in which case
Propositions 4.4, 4.5 and 4.11 — 4.13, and hence Theorem 4.17 as well, still hold, albeit
with slightly modified proofs.
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The condition k& > pg,&, also known as the good correlation regime [58], is almost always
satisfied in both FX and equity markets. This is because the speed of mean reversion k
is usually larger than the volatility of volatility &, a fact clearly illustrated in Table 4.1.
And even if this were not the case, a negative correlation between the underlying process
and the variance, as is typically the case in equity markets (the so-called leverage effect),
or a small absolute value of this correlation, as is typically the case in FX markets, would
ensure the validity of the condition. Furthermore, the condition 2k;0; > §J2c is generally

satisfied in practice, a fact clearly illustrated in Table 4.2.

Remark 4.18. Note that Theorem 4.17 can be generalized to the L® case for all a > 1,
upon noticing that the critical time 7™ from (4.78) — (4.83) is always greater than the one
from (4.103) — (4.104), a result which is important for the valuation of securities whose

payoffs have superlinear growth under the constant interest rate assumption. Let a > 1.

First, suppose that k < apsp,§ — y/a(a —1)&. Since

log(1 4.191
og(1+a) > (4.191)
for all @ > 0, we deduce that
1 sv€ — 2
log (a,o £ k—i—'ﬁ(a)) -
J(a) apsu€ — k —J(a) apsu€ — k +9J(a)
N
05:051)5 —k
1
> . 4.192
apsp€ + Vala—1)E —k ( )
Second, suppose that k = apg,& — \/a(a —1)&. Then clearly
2 1
> . 4.193
aps€ =k apgé +Jala—1)E—k | )
Third, suppose that apg,é — a(a—1)& < k < apsp€. Since
arctan(a) + arctan(1l/a) = 7/2 (4.194)
for all @ > 0 and
arctan(a) > _se > 2 (4.195)
1+2V1+a2 " 2 '

for all a € (0,1), where the first inequality for the inverse tangent function is due to Shafer

[83], we deduce that

2 I—alrctan M = 2 arctan M
d(a) |2 d(a) 0(c) apsué —k

> A2 arctan( UG )
¥ a) apsp +ola—1)E—k




(4.196)

1
> .
apsé +yala—1)E—k
Fourth, suppose that aps,& < k < apg,§ + %\/a(a —1)&. Then

= 2 [W — arctan (apsjjf — k) 2
I(e) | 2 ¥(a)

d(a)
2z
ala—1)¢

1
> .
apsp +ala—1)E—k
Finally, suppose that aps,& + %\/Oz(a —1)¢ <k < apsp€ + Va(a — 1) & Employing the

arithmetic-geometric mean inequality, we deduce that

= 2 [ﬂ — arctan (apsff — k)] > Ak = apSU@

Y(a) |2 ) 2(k — apsé)V(a)

4(k — apsp€)
ala—1)2 7

>

>

(4.197)

(4.198)

which concludes our discussion on the extension of Theorem 4.17.

4.3.4. Option valuation

We conclude this section with a brief study on the convergence of mixed Monte Carlo/PDE
estimators for computing FX option prices. Define the fair price of an option written on
S,

U=E [e* I T?dtf(S)} , (4.199)

and its approximation under (4.13),
U=E [e— Iy "’?dtf(g)} , (4.200)

where the payoff function f may depend on the entire path of the process and all ex-
pectations in this section are under the domestic risk-neutral measure Q. The following
theorem is concerned with the convergence of the time-discretization error to zero under
the 4-factor FX model, and can be extended straightforwardly to multi-factor CIR short
rates. The proof employs Propositions 4.4, 4.5 and 4.13 and Theorem 4.17. However, we
omit it here because of its similarity to the proof of Theorem 3.2 once the aforementioned

results are established.
Theorem 4.19. Suppose that 2k;0; > fj%. Then the following two statements hold.

(1) The approzimations to the values of the European put, the up-and-out call and any
barrier put option defined in (4.200) converge as 6t — 0.
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(2) If T < T*, with T* from (4.190), then the approximations to the values of the Euro-
pean call, Asian options, the down-and-in/out and the up-and-in call option defined in

(4.200) converge as 6t — 0.

For European contracts, we can evaluate the conditional option price, i.e., the innermost
expectation in (4.20), analytically. Hence, consider M simulations of the discrete paths
of the variance and the interest rates and, for 1 < j < M, let w; denote the j-th sample.

Then

M M
37 B[ 0 |G =] = g SB[ H S| 6] a0
j=1 j=1

is the mixed Monte Carlo/PDE estimator of the European option price at time ¢t = 0. The

global error can be split into two parts:

+ (B [E [t s 8] ] - 3 LB e B (50| 054 0 =] ).
(4.202)

The first term is the time-discretization error and the second term is the statistical error.
The convergence to zero of the former was derived in Theorem 4.19 for European put
and call options, a result that can easily be extended to other financial derivatives, such
as binary options. The convergence to zero of the latter follows from the Central Limit

Theorem [41] upon noticing the following upper bound on the variance:

Var(E[e‘f Ttdtf |gfd“}> { { -1 rtdtf ’gf,dv] ]
E[e—Q ST ffdtf(S«T)Z} (4.203)

Assuming f has at most polynomial growth, we can employ Proposition 4.3 to deduce the
finiteness of the variance under some conditions on the model parameters. In particular,
if f is Lipschitz, for a = 2, Proposition 4.5 gives sharper sufficient conditions.

For path-dependent contracts, closed-form solutions are rarely available and we instead
rely on finite differences to compute the conditional option price. Conditioning on the j-th
realization of the variance and interest rates paths, let u?’d’v (t, 5}) and a?d’” (t, Sy; P, L) be
the solutions to the conditional PDE and to the associated finite difference scheme, when
a uniform mesh with P time steps and L spatial steps, respectively, is employed. It can

be shown that the conditional PDE has a unique solution (see Section 7.1.2 in [34]) which
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is, in fact, the conditional option price (see Theorem 7.3.1 in [84]). Then
L M
_f7d7 .
quj ’(0,So; P, L) (4.204)
j=1

is the mixed Monte Carlo/PDE estimator of the option price at ¢ = 0. The global error

can be split into three parts:

M
1 v _f,dv
== > (W (0,50) — @ (0,50 P L)) (4.205)

The first term is the time-discretization error, the second term is the statistical error and
the third term is the finite difference (FD) discretization error. The convergence to zero
of the first term was derived in Theorem 4.19 for Asian and barrier options, and the
convergence to zero of the second term is a consequence of the Central Limit Theorem
(see the above discussion). Finally, the convergence of the third term, i.e., of the finite

difference scheme, depends on the contract and the particular scheme employed.

4.4. Variance reduction analysis

In this section, we perform a variance reduction analysis for European option valuation with
the mixed Monte Carlo/PDE method under the 4-factor FX model. However, the theory
extends naturally to general interest rate dynamics. We use standard Monte Carlo with the
log-Euler discretization as the reference method and define & and S to be the continuous-

time approximations of x, defined in (4.150), and S, defined in (4.1), respectively. Then
1
By =&, + <f§n - Eﬁtn) (t —tn) + /Or, AW, (4.206)
where AW = W — W whenever t € [t,,t,+1). Integrating (4.206) leads to
. t 1 t
Sy = Spexp { / (fﬁ — 7 - iﬁu) du + / V Uy de}. (4.207)
0 0

We prefer the log-Euler scheme to the standard Euler scheme because it preserves positivity.

Moreover, if the processes v, r®, r/ are constant, then the first scheme is exact. Recall that
. ! 1 ! . LW
S, = Sgexp / (Fff — 7 - fﬁu)du + a11/ Vi AW} + Zalj/ Viu ——du .
0 2 0 = o ot
(4.208)
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Since v is piecewise constant, we deduce that S’tn = G;, for all 0 < n < N. The quantity

that we want to estimate is the fair price of a European option with payoff function f, i.e.,
T
O=E [e* Jo ridt (5], (4.209)

Then the corresponding standard and mixed Monte Carlo estimators are

Ostanc = 77 Z e o D f(S (), (4.210)
OmixMc = Z E (e Jo 0% f(Sp() | 5. (4.211)
Define
1 ~ N
Vargianc = Var(Oguamc) = 27 VA (e_ Iy “?idtf(ST)) (4.212)
and
1 dt f,dv
Varpixvc = Var(Omixmc) = MVar <IE [ f(57)| G D (4.213)
Let the variance reduction factor (as in [23]) and the standard deviation ratio be
Dy = JAISMC 4 P ST (4.214)
Va'rmixMC

For convenience, we also define the discount factors
T — T _
D=¢ Jorid and D=e Jorid (4.215)
Remark 4.20. From the “tower property” of conditional expectations, since Sr =S,

E [Ostamc]| =

Omixmc]- (4.216)

Therefore, the standard and the mixed Monte Carlo estimators have the same discretization
bias, i.e.,
Bias(@sthc) = Bias (GmixMC)- (4.217)

Remark 4.21. From the law of total variance we know that
Var(Df(St)) = Var(E [Df(St)| gf o 1)+ E [Var(Df(St)| Q{Jd’v)] . (4.218)

However, since S7 = S7 and the variance is non-negative, we deduce from (4.212) and
(4.213) that the variance of the standard Monte Carlo estimator is greater than or equal

to the variance of the mixed estimator, i.e.,

Varsthc > VarmixMc. (4.219)
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Assuming a non-trivial payoff function f, equality occurs in (4.219) if and only if the
second expectation on the right-hand side of (4.218) is zero, i.e., if and only if St is Q{Jd’”—
measurable. Since ¥ = AAT | after some straightforward calculations we find an equivalent

condition:
a1 =0 & 1—plg—pop — pas + 20vdpofpdf
= 03 (1= pip) + P2a(L = pig) + P2 (1 = P2a)
+ 2psupsa(Pofpas — Pod) + 20suPsf (Pvapas — Pof)
+ 2psaps (Pvdpos — pay)- (4.220)
In particular, if the variance and the two interest rates are pairwise independent, then
an =0 & po,+plg+ 5 =1, (4.221)

Therefore, apart from this case, combining conditioning with Monte Carlo always reduces
the variance of estimates. This is, however, to be expected since we eliminate the additional

noise that comes from simulating the Brownian motion W,

Remark 4.22. Note that for any 2 < 5 < 4, using the It6 isometry, we have

Var</0T\/TTtde> —E [/OTﬁtdt]. (4.222)

Moreover, using the Cauchy—Schwarz and Hoélder inequalities, Fubini’s theorem, Proposi-

tions 3.8 and 3.10, we can easily prove that
E [y vt E | [y vt]
lim - = - .
0t=0 Var (fo Uy dt) Var (fo vtdt)

From [30], we can compute the first two moments of the integrated square-root process

(4.223)

explicitly. Hence, we find

T
Vo 0 —kT 0 Vo
E dt| =0T + — — — - — — 4.224
and

T 2

6 Vo 50 kT 0 _2kT 0 Vo

dt) =2 o7+~ 27 4o 2 10T — vl )

Var(/o v > R |70 T e\ ) e % &

£ —kT g E10 i KT _ o kT

(e ME| [ Dudt) + 55 | e (44 26T — 7T = 3¢7)

k2

Combining (4.222) — (4.225), we deduce that, for sufficiently small values of dt,
Var (fgﬁde) - ]{72 . kQ
Var (foT o dt) £2 (1+ efkT) 2e2"

<& (1+e*)E [/OT vtdt]. (4.225)

(4.226)
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The data in Tables 4.1 and 4.2 suggest that the interest rates have little impact on the
variance of the mixed Monte Carlo estimator, and also that k£ > & in both FX and equity
markets. Hence, the stochastic integral on the left-hand side of (4.226) — part of the divi-
dend yield ¢ defined in (4.19) — contributes to the overall variance of the mixed estimator
considerably more than the squared volatility o2 defined in (4.18). Therefore, we expect
the minimum variance of the mixed estimator to be attained when all but the first term

in ¢ vanish, i.e., when a1 = 1 and a13 = a13 = a14 = 0.

In practice, the volatility of interest rates in the CIR model is very small, i.e., {5 s < 1, a
fact which can be observed in Table 4.2. Moreover, the volatility of volatility in the Heston
model — calibrated to FX market data — is also small, i.e., £ < 1, and is significantly
smaller than the rate of mean reversion, i.e., £ < k, a fact clearly illustrated in Table 4.1.
Hence, the drift term in the square-root model for the variance dominates the diffusion
term. Therefore, in the subsequent analysis we assume “almost deterministic” dynamics
of the variance and interest rates. Let 7, ¢ and 4/ be the FTE discretizations of v, r¢
and 7/ corresponding to & = &; = ¢ ¢ = 0, i.e., when the volatility of volatility and the

volatility of interest rates are equal to zero. Then

T T T T
/ rfdtm/ ~é dt, / r{dtm/ 5! dt,
0 0 0 0 (4.227)
T T T T
/ Btdtz/ e dt, / Vo AW %/ VA dWE.
0 0 0 0

Remark 4.23. Suppose that W* is independent of the Brownian motions W?, W¢ and
Wf, i.e., that a;1 = 1 and a1 = a13 = a4 = 0. Under the above assumption on the

dynamics of the variance and the domestic and foreign interest rates, we have
ST = ST =~ ST, (4228)

where ] T . T
St = Spexp { /0 (’?f - ﬁtf - 5%) dt +/0 \/%de}. (4.229)
On the one hand, we deduce from (4.212) that
1 T _ N
Vargamc = - Var (6_ Jo ngtf(ST))
1 - ~
~ MVar (e_ Iy ngtf(ST)>
= %e—QfoTWt Var(f(St)). (4.230)
On the other hand, we deduce from (4.213) that

Var (e* Jy ity [f(S7)] g%’d’UD

VarmixMC =

SIS

Var (e b R [£(37)| 61T )
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=0. (4.231)

Assuming a non-trivial payoff f as well as a non-zero squared volatility v, since the variance

of the mixed estimator is close to zero, this results in a substantial variance reduction.

Remark 4.24. Let f be a differentiable payoff function and suppose that the dynamics
of the variance and interest rates are “almost deterministic” (i.e., their own volatility
parameters are small compared to their mean-reversion speed). Then we can approximate

the discounted payoff as follows:

T _d T 1 T
H=¢ o Ttdtf(SgeXp{/ (77?—77,{ — 20t>dt+/ Mths})
0 0
—fT"yddt T _d _f 1_ T _ .
~eJo f(SoeXP{/O <% - % 2%)dt+/0 VA AW }) (4.232)

For convenience, we introduce the notations

T
- - - 1
D=eJo il anq F=g, exp { / ("yf 5 - 5%) dt}. (4.233)
0

Therefore,
T
H =~ Df(Fexp{/ ﬁde}). (4.234)
0

According to the data in Table 4.1, § < 1 and so 4 < 1 as well. Hence, the absolute
value of the stochastic integral in (4.234) is small for low maturities 7" and we can use a

first-order Taylor series approximation to get
~ ~ o T
H =~ D[f(F) + f(F)F (exp {/ ﬁths} — 1> ] (4.235)
0

First, since D and F are constant, the variance of the standard Monte Carlo estimator is

D2F2[f(F)]? / ydt. (4.236)

Second, using MGF's, the variance of the mixed Monte Carlo estimator is

4 T ]
exp { > ay / VA AW} } ’g%’d’vl>
j=1 70
1 .- L T 4 T ,
QMD2F2[f'(F)] exp a%l/ ydt pVar| exp Zalj/ VA AW

Varmiac ~ % D2F2[f'(F)]* Var ( E
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T

~ 1 DR (F)2 (- ) /0 Tdt. (4.237)

Finally, we conclude from (4.236) and (4.237) that
1
Tgev &~ (1 —af;) 2. (4.238)

Note that Remark 4.24 is consistent with Remarks 4.21 — 4.23. However, the method
employed to approximate the variance reduction factor fails if f is not differentiable, which

is the case with most vanilla options traded in the FX market.

Remark 4.25. Let f be the European call option payoff and suppose that the dynamics
of the variance and interest rates are “almost deterministic” (i.e., their own volatility
parameters are small compared to their mean-reversion speed). Then we can approximate

the discounted payoff as follows:

[T Tra g 1 L "
H=e¢e Jo "t%( Syexp / (rt — 7y —’Ut>dt+/ Vo dWy s — K
0 2 0
T T 1 T +
~e Jo Adat <SO exp { /0 (’S’td — ’7tf — 5’%) dt + /0 VYt ths} — K> . (4.239)

For now, assume that a;; > 0. For convenience, we define the quantities

T
Q:\/l—a%l, o= /%dt,
0 (4.240)
T
D= e ot Fzsoexp{/ ("vf—ﬁf)dt},
0

as well as

_ o , _ log(F/K) + (5 + 0°)”
V1— 2 V1— 026 ’
log(F/K) + (3 — 0%)5? by = log(F/K) — 152

by = ;
! o V1-— 025

Using (4.239) and (4.240), we approximate the conditional option price as follows:
f,dwv . 1 ~2 r = s * f,dwv
E[H|GI"| ~E|D(Fexp -5+ [ vadw; i —K) |gh*
0
- 1 +
~E [D(Fexp { — 5&2 + 067 ++/1— Q25'Z/} — K> \ Z], (4.242)

where Z, 7' ~ N (0,1) are independent such that Z is g%’d’v-measurable and Z' I g%d’”.

(4.241)

Some straightforward calculations lead to
E [H| gg,’:d’”} ~ DFe 397"+ 29 (a7 4 b)) — DK®(aZ + by), (4.243)

where @ is the standard normal CDF and ¢ is the standard normal PDF. From (4.213),

the variance of the mixed Monte Carlo estimator is thus

1 . Yy . 2
Varmixmc ~ M E [(DFeégngJrQUZcI)(aZ + bl) — DKCI)(CLZ + b2)) :|

118



1 - o . 2
- —E [DF@’%EP"Q*Q"Z@(CLZ b)) — DK®(aZ + by)] . (4.244)

Differentiating the right-hand side of (4.244) with respect to the parameter p, changing

the order of differentiation and integration, and upon noticing that

0

876_%‘92&2"‘@&2 = (67 — g5%)e 20’7+ 7, (4.245)
0
o Qlog(F/K)—%052—Q(1_92)52+5Z
ZB(aZ +by) = Z+b 4.246
0 olog(F/K) — 506° +6Z
= B(aZ +by) = Z+b 4.247
5g a2+ 22) (- gpms  PlaZ ), 4247

as well as the fact that
Fem 200"t 2 307 1 b)) = K$(aZ + b), (4.248)
we obtain
2Var MO R 3[?th}IE F(Z - g&)efQQ&QHQ&Z(ID(aZ + by)?
8@ mix. M
— K(Z — 06)e 297402807 + by)D(aZ + by)
— aFe 72029 (a7 + by)p(aZ + by)
taKe 38Ol H (07 4 by)d(aZ + bl)}
2 - _ o, -
- MD2F66—%@202 E [Fe—%92”2+9"Z ®(aZ + b1) — K®(aZ + by)
x E [(Z — 06)e2?d(aZ 4 by) — ae®®Z$(aZ + bl)}. (4.249)
On the one hand, using integration by parts, we find that

< 1

(z — Q&)e_%zz+9&z<1>(az +b1)dz

E [(Z — 06)e?%d(aZ + bl)} = /_OO W

-1 _1 21 o5
= e 27 TP (az + b
[ﬂw ( 1)]

e}

—0o0

+/ : e‘éz2+9&z¢(az +b1)dz

oo V2T

—E [ae@&%(az n bl)} : (4.250)

and hence the last expectation on the right-hand side of (4.249) is zero. Alternatively, this
follows from the fact that the second expectation on the right-hand side of (4.244) is the
(unconditional) option price, and hence its derivative with respect to the parameter o is

zero. On the other hand, using integration by parts, we can rewrite

o0
i 1 i
E [(Z — 06)e*92®(aZ + 61)2} = / (z — 200 + g&)e‘éz2+29"zé(az +b1)?dz

oo V2T
_ |: —1 6_%32—#2962(1)(&2,_'_()1)2 >
V2T o
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) _
+ / ; e‘éz2+2@”<1>(az + b1)p(az + b1) dz
N T

o o~
-l-/ i 67%22+29"Z<I>(az +by)*dz
oo V2T

— 2 E [62@52 ®(aZ +b)d(aZ + bl)}
+ o5 E [e%f}zcb(az n b1)2] (4.251)

and, using (4.248),
E[(Z — 06)eZB(aZ + by)D(aZ + bg)} = / %e*%*’*@&%(az +b1)®(az + bo)dz
S T

-1 1 24 05
= e 27 T%P(az 4+ b1)P(az + b
b (@5 + ) (az + 1)

+ / Le*%ﬁ*@&z@(az + b1)p(az + ba) dz

oo V2T

—00

&0 a 1.2 =
+ ——e 27 %Gz + b)) D(az + be) dz
| = oaz + b)B(az + b
= K 'Fae 297 E |28 (aZ + by)p(aZ + by)

+aE [6952(1)(@Z +bo)(aZ + bl)} . (4.252)

Substituting back into (4.249) with (4.250)—(4.252), we deduce that

0 2 - . s
Y Varmiaic ~ — D2F2p52e~ 7 | [62@0%(@2 + bl)ﬂ . (4.253)
do M
Finally, a change-of-variable technique leads to
9 2 2012 =2 0257 2
a—VarmiXMC A MD F?05°e? 7 E [®(aZ + b)°]. (4.254)
0

Note that if a1; < 1, i.e., if o > 0, the right-hand side of (4.254) is strictly positive. This
implies that the variance of the mixed estimator decreases as a1 increases, and attains its

minimum when a1 = 1. In fact, we know from Remark 4.23 that

VarmiXMc(aH = 1) =~ 0. (4255)
Moreover,
E[®(aZ +b)%] = ® <b> - 27'< b ! > (4.256)
V1+a? V1+a2 V1+242)’
where Owen’s T function [78] is
_ ! ¢(Bz)
with
1
T(8:1) = 5 2(8) - 5 (8" (1.258)
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Note that
b 1 1 N
N gK+<2+92>a (4.259)
—_———
=h =65(o)
and
1 1— 02
Vizee \ive (4.260)
N——

=9(e)
According to the data in Table 4.1, § < 1 and so 7 < 1. Hence, for low maturities T we
have & < 1. From Remark 4.21, using (4.255), we know that the variance of the standard
Monte Carlo estimator is obtained by integrating (4.254) over [0,1]. Therefore,

Jo v[® (B + Bav) — 2T (B + Ba(v), 9(v)) ] do

Dvar ~ Jv[®(BL + Ba(v)) = 2T (B1 + B2(v), ¥(v))]dv’ (4.261)

Let the function g : (0,1) — (0,1) be defined by
g(v) = ®(B1 + B2(v)) = 2T (B1 + B2(v),V(v)). (4.262)

Using (4.257) and the Leibniz integral rule, we compute its first derivative,
9'(v) =205 (B1 + Ba(v)) + \/%ﬂﬁl + B2(v)) o ((Br + B2(v))9(v))
") (51 + Bal)))e®

+4050(51-+ o) (51 + 5a(v) | s
(B Bow)a) (4.263)

+ 4vG¢ (81 + B2(v)) (B1 + B2(v)) /0 15 22

Some straightforward calculations lead to
§(0) = <2 (51 + a0)) (51 + Ba(0)9(0)
+ 4056 (B + B2(v)) 2((B1 + B2(v))d(v)),

(4.264)

and hence the first derivative of g is strictly positive. Let the function G : (0,1) — (0,1)

be defined by
0
G(o) = 29_2/ vg(v)dv. (4.265)

0

Using integration by parts, we compute its first derivative,
0

G'(0) = 2@3/ v?g' (v)dv,
0

which is strictly positive, and so the function G is increasing. In particular, from (4.261),

(4.267)

(4.266)

this implies that
1
5) S Fvar-

02
Furthermore, we deduce from (4.257)—(4.260) that, for all v € [0,1],

O(81+55)° < B(B1 + B2(v)) — 2T (B1 + Ba(v),9(v)) < B(B1 + 25). (4.268)
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Therefore, we deduce from (4.261), (4.267) and (4.268) that

1
02

3=
7 <D < o (f1 +350) =N

A 4.269
= ot 4o)" e

The inequalities in (4.269) are approximate in the sense that the variance reduction factor
is bounded from above and below by approximated quantities. Since we assumed that
o < 1, (4.269) becomes

1 1

— < Ty < ———. (4.270)
= T 9(B1)e?

If we also assume that the option is deep in-the-money, then 3; is relatively large (e.g.,

B1 > 1) such that \/®(B1) =~ 1, and hence
1
Taev = (1 —afy) "%, Van >0. (4.271)

However, we know from Remark 4.21 that the standard deviation ratio is 1 when aq; = 0.
Hence, (4.269) — (4.271) hold for all values of a;;. Interestingly, the deep in-the-money case
is also the one where the payoff can be treated as smooth, and this also explains Figure

4.4. Note that Remark 4.25 is consistent with Remarks 4.21 — 4.24.

4.5. Numerical results

In this section, we test the efficiency of the mixed Monte Carlo/PDE method by comparison
with alternative numerical schemes for two derivatives: a European call and an up-and-out
put option. For the former, we use the analytical formula (4.22) to compute the conditional
option price and benchmark against standard Monte Carlo with a log-Euler discretization
and, under a simple correlation structure, against the semi-analytical formula of Ahlip and
Rutkowski [1]. For the latter, we use either finite differences or the perturbative formula of
[35] for the conditional option price, and Monte Carlo — with or without Brownian bridge
— as the reference method.

First, we demonstrate the convergence of the mixed Monte Carlo/PDE method and find
empirical convergence rates. Then, we investigate the sensitivity of the variance reduction
factor (4.214) to changes in the model parameters and link the numerical results to the
analysis in Section 4.4. Our platform for the numerical implementation was MATLAB
2012a. The machine configuration on which all numerical experiments were conducted is
as follows: Intel Core i3 CPU, M370, 2.40 GHz, 8.00 GB memory (RAM), 64-bit operating
system running Windows 7 Professional.

Throughout this section, we assign the following values to the underlying model pa-

rameters as a base case, and vary a selection individually or jointly:

vo = 0.0275, ré = 0.0524, rl =0.0291,
k = 1.70, kq = 0.20, k= 0.32,
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0 = 0.0232, 04 = 0.0475, 0y = 0.0248,

¢ = 0.1500, £, = 0.0352, &7 = 0.0317,
pso = —0.10, psq = —0.15, psg = —0.15,
pod = 0.12, pus = 0.05, pas = 0.25. (4.272)

These values are consistent with empirical observations in FX markets and are close to the
calibrated values in Tables 4.1 and 4.2. Also, the values of the correlations p,q, pss and

pay are borrowed from [79].

4.5.1. European call option

Let the spot, the strike and the maturity be Sy = 105, K = 100 and T = 1.5. As an
aside, note that FX option quotes are in terms of volatilities for a fixed delta and a fixed
time to expiry, and not in terms of strikes. However, the strike price corresponding to a
quoted volatility can easily be recovered using a conversion formula [1]. Recall that © from
(4.209) is the true option price, and Ogiqnic from (4.210) and O pixnvic from (4.211) are the
standard and mixed Monte Carlo estimators, respectively. In Table 4.5, we report the
common discretization bias, i.e., the time-discretization error, which is the same for both
estimators by Remark 4.20, and the two standard errors, i.e., the two standard deviations of
the sample means, which we denote by StDev and estimate using 10000 samples. However,
according to [1], a closed-form solution for the European option price is not available under
a full correlation structure. Hence, we need to find an accurate reference estimate ©* in
order to evaluate the bias. We employ the mixed algorithm with M = 2x10° simulations
and N = 200 time steps to find ©* = 12.11968. Then, the bias for a specific number of
time steps is estimated using the reference estimate ©*, whose accuracy is discussed below,
and a sufficiently large number of simulations, i.e., M = 2x10°.

The time needed to obtain a call price estimate with 64000 simulations and 8 time
steps is 0.25 seconds for the standard Monte Carlo method and 0.22 seconds for the mixed
Monte Carlo method. Hence, the computational cost is 12% lower with the latter. This,

however, is to be expected since we only simulate three of the four underlying processes.

Table 4.5: Simulation results for a European call option.

Time Discretization StDev StDev
steps bias Simulations (stdMC) (mixMC)

1 0.37231 1000 0.50348 0.09342

2 0.08039 4000 0.24126 0.04194

4 0.01775 16000 0.12042 0.02023

8 0.00444 64000 0.06071 0.00994

16 0.00160 256000 0.02932 0.00487

32 0.00073 1024000 0.01507 0.00262
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The data in Table 4.5 indicate that the bias is small even when only a few time steps
are used. This phenomenon can be explained by the fact that the Feller condition is
satisfied, i.e., 2k0 > €2, 2ky04 > 53 and 2k;0; > fj%, and hence the discretizations of the
variance and interest rate processes rarely hit zero. The simulation results in Table 4.5
confirm the square-root convergence of the statistical error and the first-order convergence
of the discretization error. Then, using extrapolation, we obtain an approximate root mean
square error (RMSE) of the reference estimate:

Bias (0%) ~ 1.168 x 1074,  StDev (0*) ~ 0.593 x 1074,
(4.273)
= RMSE (0*) ~ 1.310 x 10~ .
This is equivalent to an RMSE of about 0.001% of the actual option price, suggesting that
the reference estimate ©* = 12.11968 is accurate to three decimal places.

Furthermore, the standard deviation is reduced by 83%, i.e., is approximately six times
lower with the mixed method. However, the variance reduction is not consistent across
the range of possible values of the model parameters, and is most sensitive to changes in
the correlations between the exchange rate and the squared volatility or the interest rates,
i.e., psv, psa and pgr, the speed of mean reversion k and the volatility of volatility .

The values p,q = 0.12, pyy = 0.05, pgs = 0.25 and pgy, psd, psf € [—0.5,0.5] lead to a
valid (i.e., positive definite) correlation matrix. The data in Figure 4.1 suggest that the
highest variance reduction is achieved when the absolute values of the correlations pgy, psq
and pgr are small or, more precisely, when py, ~ —0.05 and psq =~ pss =~ 0, in which case
the standard deviation is reduced by a factor of 20. Hence, the best performance of the
mixed estimator coincides with the independence of W* from the Brownian motions W7,

W% and W7, an observation which is consistent with Remarks 4.22 and 4.23.

20 , 45
8

£ 15 ! 4
~

g 10 35

05 2.5

2

0 15

1

Correlations 03 04 05

0.1 0.2
Correlation (s,v)

(s,d) and (s,f) 01 O

-0.5 05 0.4 03 02

Figure 4.1: The standard deviation ratio Igey from (4.214) with 4000 simulations and 10 time
steps, plotted against the correlation coefficients pyy, psa and psy when the latter two are equal.
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Furthermore, we may infer from Figure 4.1 that, in addition to the lower computational
cost, the mixed Monte Carlo/PDE method outperforms standard Monte Carlo in terms of
accuracy for all pgy, psa, psf € [—0.5,0.5], and that the variance reduction factor decreases as
the absolute values of the correlations between the exchange rate and the squared volatility
or the interest rates increase, two facts that were recognized in Remark 4.21.

Assuming that psq = psf, since pyq =~ pyr = 0, we may approximate
2 / 8
~ o1 —p2, — 2 =1 —p2, — —p%. 4.274
ail \/ Psv 1+ pas Psd Py 5 Psd ( )

(4.275)

However,

N

1_‘dev ~ (1 - a%l)_% ~ (pgv + 1'6p§d)_

from Remark 4.25. Combined with the above observation on the location of the maximum
variance reduction factor, we infer that the set of points (psy, psq) corresponding to I'qey =

for some p > 1 approximately takes the form of an ellipse with the equation
12 (psw + 0.05)% + 1.6p2p2, = 1. (4.276)

This confirms that the isolines in Figure 4.1 are approximately elliptical, a fact also illus-
trated in Table 4.6, where the correlation pairs (psy, psq) are chosen so that pu = 2.812.
The estimated standard deviation ratio along the contour line is 3.148 + 0.239, which is
close to the theoretical value p. This attests to the accuracy of our approximations and

numerical results.

Table 4.6: The estimated standard deviation ratio for different correlations.

Psv Psd Fdev
—0.40 —0.05 3.288
—0.40 0.05 3.088
—-0.30 —0.20 3.387
—-0.30 0.20 2.910

0.20 —0.20 2.951

0.20 0.20 3.127

0.30 —0.05 2.952

0.30 0.05 3.055

Next, we assume a partial correlation structure between the Brownian drivers such that
the squared volatility dynamics are independent of the domestic and foreign interest rate
dynamics, i.e., pyg = pyr = 0. Using Remark 4.25 and computing a11 explicitly from (4.2),

we obtain

o=

1
5 (P2a+ P3; — 20sapsspar) | - (4.277)

Fdev ~ quﬂ' 1_p
af
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Before, we fixed pgy and analyzed the variance reduction with respect to psy, psq and psy,
when the latter two were equal. Now, we fix p, instead and focus on the effect of varying

pdf on I'gey. To this end, we can easily show that

P2+ P?f — 2p5aPsfPdf
1- p?lf

> max {pgd, pzf}. (4.278)

Assuming that psq and pg¢ are not simultaneously zero, equality in (4.278) holds when

R Psf Psd
pap = Pap = Llpwal>lpyl T o Ljpul<lpos - (4.279)

Upon its substitution into (4.277), we find a theoretical standard deviation ratio pu. Table
4.7 shows estimates of I'gey and compares them with p when pg, = —0.10, psy = —0.20,
psd € [—0.25,0.25] and pgqr € [—0.85,0.85]. Note that these correlation values guarantee a
symmetric positive definite correlation matrix. Hence, when pflf lies outside the interval
of permitted values, we estimate I'ge, using pqy = £0.85 instead. The data in Table 4.7
suggest that the approximation (4.277) to the standard deviation ratio is fairly accurate,

especially for a strongly negative correlation between the two interest rates.

Table 4.7: The empirical and theoretical standard deviation ratios for different correlations.

Psd pi 1—‘dev H
—-0.25 0.80 4.501 3.714
—0.20 1.00 5.301 4.472
—0.15 0.75 5.305 4.472
—0.10 0.50 5.224 4.472
—0.05 0.25 5.073 4.472

0 0 5.010 4.472

0.05 —0.25 4.850 4.472

0.10 —0.50 4.867 4.472

0.15 —0.75 4.554 4.472

0.20 —1.00 4.467 4.472

0.25 —0.80 3.788 3.714

By close inspection of the data in Figure 4.2, we infer that, for each psq € [—0.25,0.25],
the highest variance reduction is achieved for p 7 as defined in (4.279). Hence, we conclude
that p exhibits the qualitative behaviour of T'gey, so (4.277) provides a good approximation
to the standard deviation ratio. In fact, our observations suggest that u acts as a lower
bound. We can extend these results to a full correlation structure between the Brownian
drivers as long as p,q and p,s are close to zero, as seen before.

Suppose that the exchange rate dynamics are independent of the interest rate dynamics,
i.e., that psq = psy = 0, and define the optimal correlation pj, to be the value corresponding
to the maximum standard deviation ratio for a given volatility of volatility £&. Then the

data in Figure 4.3 suggest that the highest variance reduction is achieved when the absolute
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Figure 4.2: The standard deviation ratio with 1000 simulations and 4 time steps, plotted against
the correlation coefficients psq and pqy when pg, = —0.10, psy = —0.20 and pyq = poy = 0.

value of the correlation is small. In fact, we notice two things. First, the optimal correlation
approaches zero as the volatility of volatility decreases, i.e., that lim¢_,q p}, = 0, which is
to be expected from Remark 4.22. Second, the standard deviation ratio at p, increases
as the volatility of volatility decreases. In practice, {55 < 1 (see Table 4.2), so the two
interest rates have little impact on the variance of the mixed Monte Carlo/PDE estimator.
Therefore, since p}, is close to zero, the variance comes mainly from o defined in (4.16).
On the other hand, smaller values of £ result in a smaller variance of o, and hence of the
mixed estimator as well, which leads to a higher standard deviation ratio.

We observe a similar behaviour when increasing the speed of mean reversion k or the
long-run variance 6. Larger values of k result in a smaller variance of ¢ because of the
mean-reverting property of the squared volatility, which ensures that the process returns
to the long-run average quickly. On the other hand, larger values of 6 produce higher
volatilities, which then lead to an increase in the variance of the standard Monte Carlo
estimator due to the larger diffusion term in the SDE driving the exchange rate process.
We conclude the analysis by noting that values of psq and p,s close to zero produce similar
results, to some extent. However, when the absolute values of the two correlations are not
small, the impact of o, and hence of k, £ and 6, on the variance of the mixed estimator is
reduced.

The maximum in Figure 4.3 is attained around ps, = 0 and £ = 0.05, where the
standard deviation ratio is I'gey = 23. Therefore, the same level of accuracy with the
standard Monte Carlo method requires 529 times more simulations.

Next, we examine the variance reduction for different spots and maturities. The data
in Figure 4.4 suggest that, unless the option is far out-of-the-money and the maturity is

small, varying Sy and 7" has little impact on the standard deviation ratio, which is approx-
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Figure 4.3: The standard deviation ratio with 4000 simulations and 10 time steps, plotted against
the correlation p,, and the volatility of volatility & when psq = psy = 0.

imately 2. Computing the option price with standard Monte Carlo means integrating the
payoff function, which is not differentiable at the strike, whereas with the mixed Monte
Carlo/PDE method we integrate the smooth conditional price. As the probability of a
positive payoff decreases with Sy and T, estimating it accurately with the former requires
more simulations. Hence, the relative standard error of the standard Monte Carlo method
increases as we go farther out-of-the-money or approach maturity, and the benefit of em-
ploying the mixed algorithm becomes clear. For example, for a three-month call with a

spot at 75% of the strike, we observe a variance reduction factor of 5275.

5
; , 45

~ 4
3.5

3
- 25

85
90 2
95
03

04 100 Spot

Maturity 0.5 105

StDev Ratio

Figure 4.4: The standard deviation ratio with 1000 simulations and 4 time steps, plotted against
the spot Sy and the maturity 7" when ps, = —0.60.

Furthermore, Figure 4.4 suggests that the approximation for the standard deviation

ratio derived in (4.271) holds when the option is in-the-money, but not when the option
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is far out-of-the-money. For instance, we compute a;; = 0.7893, which gives a theoretical
standard deviation ratio u = 1.629. When Sy = 105 and T" = 0.5, this value is close to the
estimated value I'gey = 1.832. However, when Sy = 85 and T' = 0.1, we observe a much
higher standard deviation ratio, namely I'4ey = 19.863.

Suppose that the domestic and the foreign short rate dynamics are independent of each
other, and also independent of the dynamics of the exchange rate and its volatility, and let
psv = —0.10, as before. Moreover, suppose that the other model parameters, as well as the
spot, the strike and the maturity, take the values listed at the beginning of this section.
We use the mixed Monte Carlo/PDE method with M = 8x10” simulations and N = 200
time steps, for an RMSE of about 0.001%, to obtain a call price estimate ©" = 12.13621,
which is about 0.14% higher than the estimate corresponding to a full correlation of the
factors, i.e., ©* = 12.11968. On the one hand, the postulated independence of the factors is
critical from the point of view of analytical tractability [1], but can result in fairly different
option prices. On the other hand, a full correlation structure leads to a richer, more
realistic model, which is of practical importance for the pricing and hedging of long-term
options, and a better fit to the observed market data. We test the accuracy of the mixed
method and employ the semi-analytical pricing formula of [1] to find the true option price,
© = 12.13603, and thus a relative error of ® of about 0.0015%, which confirms that mixed
Monte Carlo/PDE estimates are correct.

Finally, we briefly discuss how to further reduce the variance of both standard and
mixed Monte Carlo estimates using control variates. For the standard Monte Carlo esti-
mator, we may use as a control variate the discounted call payoff under a simple correlation
structure (where only ps, may be non-zero), since its expectation is known in closed-form
[1], which leads to a substantial variance reduction. For the mixed Monte Carlo estimator,
we may use as control variates the conditional call price (conditional on the trajectories of
the same Brownian motions) under the 4-factor FX model with deterministic interest rates,
since its expectation is known in closed-form [46], together with the domestic and foreign
discount factors from (3.6), since the corresponding bond prices are known in closed-form
[13], which leads to a similar variance reduction. However, the mixed Monte Carlo/PDE
method can be applied to a large class of models beyond the one studied in this chapter,
and a detailed performance analysis of these control variates is beyond the scope of this

thesis.

4.5.2. Up-and-out put option

Let the spot, the strike, the barrier and the maturity be Sy = 100, K = 105, B = 110
and T = 0.25, and consider a continuously monitored up-and-out put option. We will

first value the contract using the mixed Monte Carlo/PDE method. Hence, for a specific
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realization of the variance and interest rates paths, we compute the conditional option

price, i.e.,
_ (T =d — _
U(t, l‘) =E |:6 ft e (K o ST)+ ]lmaxtSuST Su.<B ‘ g{“’d’v’ St =T (4280)

We know that u satisfies the following initial-boundary-value problem:

1
Btu+utx8$u+§a%117tx28mu—77§lu:0, Vo<z< B, t<T,
u(t,B) =0, vVt <T, (4.281)

uw(T,z) = (K —2)t, V0<z<B,

with g = (pu)1>0 from (4.13). We solve the (random) PDE backward in time from the initial
condition, on a rectangular domain with ¢ € [0,7] and = € [0.7Sp, B] that is discretized on
a uniform grid with N +1 temporal nodes and L+ 1 spatial nodes, for a time step 6t = T/N
and a spatial step dz = (B — 0.75p)/L. We selected this particular lower boundary of the
spatial computational domain to reduce the number of spatial nodes, while making sure
that the truncation error arising from our choice of the domain is negligible. We employ a
central difference scheme to approximate the spatial derivatives and a linearity boundary
condition [86] stating that d,,u = 0 at the lower boundary, where the option is deep-
in-the-money and the price can be regarded as linear in x. For convenience, we employ
the same time grid as used for the discretization of the squared volatility and the interest
rates. For a second-order convergence in both space and time, we use the Crank-Nicolson
scheme. As an aside, note that an interesting and more stable alternative would be the
second-order backward differentiation formula (BDF') scheme [37].

To each pair of indices (7,j), for all 0 < i < N and 0 < j < L, corresponds a node
(ti,xj) = (i6t, 0.75y + jox) and a value Vf = u(t;,zj). Hence, the initial and boundary

conditions are

VN = (K —a;)", Vo< <L, (4.282)
Vi=0, VO<i<N, (4.283)
Vi =2V - V3§, Y0<i<N, (4.284)

and the PDE in (4.281) becomes

j+1 ; i i+1 j-+1
le B VJZ + }a? ij+1 — Vj—l + lai.“ ij+1 B ij—l
ot 27 20x 27 20x
j j i i+1 i+1 i+1
+ }bl Vf‘ﬂ B 2ij + ‘/}Z_l 4 lbi‘-‘rl VJ'Z-H B ZVJ? + le—l
27 (0x)? 27 (0x)?
1. . 1. .
+ly il
+ icl‘/;} + §CZ ‘/}Z = 0, (4285)
where
. 1 .
aj = pt,xj, by = ia%ﬂtisz and ¢’ = —FZ. (4.286)
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Rearranging terms in (4.285), we deduce that
— AWV + (1= B) V) — CiV), = AWV 4 (14 BV 4 CiHVIEL (4.287)
forall 0 <4< N —1and1<j<L-—1, where v; = t/éx, vy = 6t/(6x)?, and
A= i Lo B o i tstd and 0= Loai 4 Lo 4.288
j__Zylaj+§V2 s j__l/2 ]+§ C an j_iylaj+§y2 - ( . )

Using (4.283) and (4.284), and since the latter also holds when ¢ = N for L > 3, we can

rewrite the problem in matrix notation as

1-24 - B Al -4 0 0 %%
— A 1-By  —=C§ . 0 V3
0 —AL 1-Bi 0 |4
0 At , 1-B:_, -Ci., Vi_,
0 0 —-AL_ 1-Bi ) \Vi_,
14 241 4 pitl il _ gitl 0 e 0 Vit
Ait 1+ Bit! ool 0 1758
0 ALt 1+ B 0 Vit
....................... AL 1+ Bty oty | vt
....................... 0 A 1ypitt ) \yit
(4.289)

The tridiagonal linear system can be solved efficiently with the tridiagonal matrix algorithm
(Thomas algorithm), in which case the solution is recovered in O(L) operations at each
timestep. The final estimate of the barrier option price is a Monte Carlo average over a
sufficiently large number of discrete trajectories of the Brownian motions W2, W3 and W4,

Alternatively, we can use the perturbative formula of [35] to approximate the condi-
tional option price, and then a simple Monte Carlo average to estimate the outer expecta-
tion. Hence, we call this numerical scheme the mixed Monte Carlo/Pert method. Fatone
et al. [35] approximated the up-and-out put option price in the Black—Scholes model with
time-dependent parameters via a series expansion and provided explicit formulae for the
first three terms, which involve some elementary and nonelementary transcendental func-
tions. However, we will focus only on the zeroth-order approximation, because using a
first-order correction term results in a hundredfold increase in computation time, and
hence in a poor performance of the scheme compared with the mixed Monte Carlo/PDE
method. Using M = 4x107 simulations and N = 200 time steps to minimize the sam-
pling and the discretization errors, respectively, we obtain a zeroth-order approximation:

0% = 5.7700.
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Since a closed-form solution to the option pricing problem is not available, we need to
find an accurate reference estimate ©* for the true option price © in order to compute the
different errors of the numerical methods. Therefore, we use the mixed Monte Carlo/PDE
algorithm with the Crank-Nicolson scheme, with M = 4x107 simulations, N = 200 time
steps and L = 20 spatial steps, to find ©* = 5.7631. Hence, the approximation error of
the mixed Monte Carlo/Pert method is ©° — ©* = 0.0069, i.e., about 0.1%.

In Figure 4.5, we report the time-discretization errors computed using the reference
estimate ©* — whose accuracy is discussed below — or ©°, and a sufficiently large number
of simulations and spatial steps, i.e., M = 4x107 and L = 20. For the standard Monte
Carlo and the mixed Monte Carlo/Pert methods, the time-discretization error is defined as
the bias, whereas for the mixed Monte Carlo/PDE algorithm, due to our choice of the finite
difference grid, it includes the finite difference (FD) time-discretization error. Henceforth,
the term “discretization error” stands for the time-discretization error.

As an aside, note that crossings of the barrier are monitored only at discrete times
by standard Monte Carlo. This gives rise to a monitoring error, which is included in the
discretization error. Moreover, due to the knock-out feature of the option, the true price is
smaller than the Monte Carlo estimate, which explains the strong positive bias displayed

in Figure 4.5.
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Figure 4.5: The log-plot of time-discretization errors of the mixed Monte Carlo/PDE, the mixed
Monte Carlo/Pert and the standard Monte Carlo methods against the time step.

The data in Figure 4.5 suggest a square-root convergence of standard Monte Carlo and
a first-order convergence of the mixed algorithms. However, we can use a Brownian bridge

technique [41] to improve the first method. For the log-Euler scheme defined in (4.206),
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the conditional trigger probability is
ex _ 2(j:tn—l - b) (jtn - b)
P Uy, 0t
Pn=19 0 , if max{Zy, ,,24,} <b, v, , =0, (4.290)

} , if max{;, |, &, } <b, Uy, , >0,

1 , if max{Z, ,,%,} >0,

for all 1 <n < N, where b = log B, and we approximate the option price by a Monte Carlo

average of
N

e Jo (K — )T (1 - pa). (4.291)
n=1

Using the Brownian bridge Monte Carlo method, we recover the first-order convergence.
Indeed, the (red) Monte Carlo curve in Figure 4.5 would almost coincide with the (green)
mixed Monte Carlo/Pert curve with the Brownian bridge correction. For instance, we
calculated the discretization bias with NV = 8 time steps to be 0.0075 for both Monte Carlo
with Brownian bridge and mixed Monte Carlo/Pert.

Mixed MC/PDE
space-discretization error .-
-x-Reference line with slope 2.

Error
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Figure 4.6: The log-plot of the absolute space-discretization error of the mixed Monte Carlo/PDE
method against the spatial step.

In Figure 4.6, we report the space-discretization error computed using ©* and a suffi-
ciently large number of simulations and time steps, i.e., M = 4x107 and N = 200. The
data suggest a second-order convergence as well as a local minimum discretization error
when the strike price lies halfway between two adjacent nodes, a technique known as grid-
shifting [86]. Hence, considering the first-order convergence of the time-discretization error
(T-Err) and the second-order convergence of the finite difference space-discretization error
(S-Err) with the mixed Monte Carlo/PDE method, and using extrapolation, we obtain an

approximate root mean square error (RMSE) of the reference estimate:

T-Err ~ 5.76 x 107*, S-Err ~ 10.80 x 10™%, StDev ~ 2.09 x 107%,
(4.292)
= RMSE ~ 1.67 x 1073.
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This is equivalent to an RMSE of about 0.03% of the actual option price, suggesting
that the reference estimate ©* = 5.7631 is accurate to two decimal places. Next, using
the empirical convergence rates determined above and extrapolation, we compare the three
numerical methods in terms of computation time for a given level of accuracy, in particular
when the RMSE is at most 0.30% of the option price.

Table 4.8: The number of sample paths, time steps and spatial steps for an RMSE of at most

0.30% of the option price and the CPU time (in seconds) with the standard Monte Carlo, the mixed
Monte Carlo/Pert (with a zeroth-order approximation) and the mixed Monte Carlo/PDE methods.

Method MC paths Time steps Spatial steps CPU time
MC 250000 800 - 61.2
MC/Pert 12000 10 - 3.1
MC/PDE 12000 10 12 2.0

Therefore, when the up-and-out put option price estimates need not be too accurate,
e.g., when one decimal place of accuracy is sufficient, the two mixed algorithms are compa-
rable in terms of CPU time and efficiency and are considerably faster than standard Monte
Carlo. However, a higher accuracy would require at least a first-order correction term in
the mixed Monte Carlo/Pert approximation, making it highly time-consuming. We thus
conclude that the mixed Monte Carlo/PDE method is the best of the three schemes.

We mentioned above that the Monte Carlo method with Brownian bridge recovers
the observed first-order convergence of the discretization error and the level of the bias
from the mixed Monte Carlo/Pert method. The time-discretization error with the mixed
Monte Carlo/PDE method is approximately 1.6 times larger, and includes the FD time-
discretization error.

For a two-decimal-place accuracy, we fix 100 time steps and 20 spatial steps, such that
the space- and time-discretization errors are about 0.02%. The time required to obtain
a barrier option price estimate with 40000 simulations is then 26 seconds for the mixed
Monte Carlo/PDE method and 2.1 seconds for Monte Carlo with Brownian bridge (1.4
seconds for standard Monte Carlo). Therefore, the computational cost is 92% lower with
the latter. In conclusion, due to the square-root convergence of the standard deviation,
[ gev needs to be above 4.5 in order for the mixed Monte Carlo/PDE method to outperform
Monte Carlo with Brownian bridge. Just as in the European call option case, the variance
reduction is most sensitive to changes in the correlations between the exchange rate and
the squared volatility or the interest rates.

Figure 4.7 exhibits similar characteristics to those of Figure 4.1. In particular, the
highest variance reduction is achieved when p,, ~ 0.05 and pgq =~ psf ~ 0, in which
case ['4oy = 40. Based on a previous observation, this is equivalent to an 80 times lower

computational effort with the mixed algorithm. A careful inspection of the data in Figure
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Figure 4.7: The standard deviation ratio with 400 simulations, 10 time steps and 4 spatial steps,
plotted against the correlation coefficients psy, psqa and psy when the latter two are equal.

4.7 suggests that the set of points (psy, psq¢) corresponding to I'qey > 4.5 can be described
approximately by the following inequality:

(psv — 0.05)% + 1.6p2; < 4.272, (4.293)

i.e., the inside of an ellipse, this being the set of parameters where the benefit of variance
reduction outweighs the additional complexity of solving the conditional PDE numerically
in this instance.

The variance reduction achieved by the mixed method results in computational savings
(in the number of samples) by a factor roughly independent of the desired accuracy. Con-
versely, higher accuracy of the finite difference method can only be achieved by a larger
number of mesh points. Hence, it would appear that for high enough accuracy the mixed
method can never win over the standard Monte Carlo method. An asymptotic complexity
gain of the mixed method for small errors would require that the PDE can be solved with
constant effort independent of the desired accuracy (and for this effort to be outweighed
by the reduced number of samples required for a given statistical error). Multilevel Monte
Carlo methods [40] recently developed for stochastic PDEs are designed precisely to achieve
this goal, by concentrating the dominant number of samples on the coarsest meshes while
computing corrections on finer meshes with a vanishing number of paths. The application

and numerical analysis in the present context is the subject of further research.

4.6. Conclusions

The numerical experiments carried out in Section 4.5 suggest that the mixed method out-
performs both standard Monte Carlo and finite difference methods under certain circum-

stances depending on the contract and the model parameters. When a closed-form solution
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for the conditional option price is available, we usually see a considerable improvement in
both accuracy and computation time. When it is not, the mixed algorithm provides better
accuracy at the expense of added computation time, and the set of parameter values where
it outperforms the classical schemes is limited.

The analysis carried out in this chapter is not restricted to the 4-factor Heston—2CIR
model, but can be extended to higher-dimensional problems. For instance, multi-factor
short rates may be considered as in [23], with CIR dynamics and a term structure, in which
case the convergence and variance reduction analysis applies with some slight modifications
of the proofs.

Stochastic volatility accounts for volatility clustering, dependence in the increments
and long-term smiles and skews, but gives rise to unrealistic short-term patterns in the
implied volatility. Therefore, in order to improve the behaviour of the implied volatility
for short maturities, the Heston—2CIR model could be extended in a number of ways.
First, one could consider a stochastic-local volatility model as in (3.1) under a simpler
correlation structure (such that the quanto correction term vanishes), which can easily
be implemented for barrier option pricing with no extra computational effort. Second, a
stochastic correlation (e.g., driven by a modified Jacobi process) between the spot FX rate
and its squared volatility could be added [87; 95], in which case the conditional prices of
European options (conditional also on the trajectory of the Brownian motion driving the
stochastic correlation) are available in closed-form. Third, an independent jump component
could be added to the spot FX rate, in which case analytical formulae may be available
for the conditional prices of European options. For instance, this is the case when the
distribution of the jump size is double-exponential [65] or normal [75].

However, some open problems remain, like the strong convergence order of the dis-

cretization scheme. In addition, examining the hedging parameters is also relevant.
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Chapter 5

Conclusions

The efficient pricing and hedging of vanilla and exotic FX options requires an adequate
model that takes into account both the local and the stochastic features of the volatility
dynamics. We have put forward a 4-factor hybrid stochastic and local volatility model
that combines state-of-the-art dynamics for the exchange rate with stochastic dynamics
for the domestic and foreign short rates. This model allows for: a perfect calibration to the
implied volatility surface; a more accurate pricing of exotic derivatives and a better risk-
management performance; an exact fit to the initial term structure of interest rates and a
more accurate pricing of long-dated interest rate-sensitive derivatives. We have proposed
a simple and efficient Monte Carlo simulation scheme for pricing FX options under the
4-factor model.

On the one hand, a number of stochastic volatility models, including the popular Heston
model, have the undesirable feature of moment instability, i.e., moments of order higher
than 1 can explode in finite time. This can cause problems in practice, for instance when
valuing derivatives with superlinear payoffs. On the other hand, proving the existence
of moments of order higher than 1 of the process and its approximation is an important
ingredient in the calibration routine and in the strong convergence analysis. We have
shown, up to a critical time, the exponential integrability of a drift-implicit and several
explicit Euler schemes for the square-root process driving the stochastic volatility and the
stochastic short rates. This, in turn, plays a critical role in proving the boundedness of
moments of numerical approximations for a large class of SDE systems with square-root
dynamics in one or more dimensions, like the ones studied here. In particular, we have
proved the boundedness of moments of order higher than 1 of approximation schemes for
Heston-type models, which has been a long-standing open problem until now.

Weak convergence is important when estimating expectations of payoffs, while strong
convergence plays a crucial role in multilevel Monte Carlo methods and may be required
for complex path-dependent derivatives. The convergence of Euler schemes in a stochastic-
local volatility context has yet to be established, and even the literature on the convergence
of Euler schemes under stochastic volatility is scarce. Furthermore, for a large class of SDEs

with superlinearly growing coefficients, the explicit Euler method is known to diverge in
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the strong and in the numerically weak sense in finite time. We have made some realistic
assumptions on the leverage function and established, up to a critical time, the strong
convergence of numerical approximations under the 4-factor model and the convergence
of Monte Carlo estimators for a number of vanilla and exotic products. In practice, op-
tion pricing models may need to be recalibrated several times within a short time span.
Therefore, a robust and efficient calibration of the 4-factor model is of great importance.
We have implemented a fast calibration routine that combines semi-analytical formulae
for vanilla option prices under stochastic volatility and short rates with a control variate
particle method for the leverage function, and discussed the fitness of the model for pricing
long-dated exotic FX products by looking at an autocallable barrier dual currency note.
Due to the slow convergence of the Monte Carlo method in the number of samples, we
have analyzed a mixed Monte Carlo/PDE variance reduction method obtained by mixing
Monte Carlo and finite difference methods via conditioning. Convergence properties of this
algorithm have briefly been examined in the literature using heuristic arguments, without
taking into account the error arising from the discretization of the underlying processes.
We have proposed a mixed simulation scheme for a purely stochastic version of the model
and rigorously proved the strong convergence of the scheme and the convergence of mixed
Monte Carlo/PDE estimators for computing option prices, which we have demonstrated
numerically for two different contracts. We have performed a variance reduction analysis,
using the standard Monte Carlo method as a benchmark, and found accurate approxima-
tions for quantities of interest, including the variance reduction factor. Through a detailed
numerical analysis carried out for two derivatives, namely a European call option and an
up-and-out put option, we have identified under what circumstances the mixed Monte
Carlo/PDE method outperforms the classical Monte Carlo and finite difference methods.
Furthermore, we have also demonstrated, theoretically and numerically, that the best rel-
ative performance of the mixed method is achieved when the exchange rate dynamics are
independent of the squared volatility and the domestic and foreign short rate dynamics.
This study has answered a number of questions concerning the rigorous analysis of
state-of-the-art numerical methods for pricing FX options, but inevitably also raised some
questions, such as: whether we can find sharp conditions on the exponential integrability
of Euler approximations for the square-root process; whether we can relax some of the
assumptions on the leverage function without losing the convergence properties; or the
exact strong convergence order of approximation schemes for the type of SDEs studied in
this thesis. Furthermore, it would be interesting and relevant to extend the theoretical and
numerical analysis of the mixed Monte Carlo/PDE method to other models of interest, for
instance obtained from the original model by adding either a stochastic-local volatility, a
jump component to the spot FX rate, or a stochastic correlation between the spot FX rate

and its squared volatility.
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