
Non-Equilibrium Dynamics of 

React ion-Diffusion Systems

Martin Howard
Somerville College

and

Department of Physics, Theoretical Physics 

Oxford University.

Submitted for the degree of Doctor of Philosophy

at the University of Oxford

Trinity Term 1996.



Non-Equilibrium Dynamics of 

React ion-Diffusion Systems

Martin Howard

Somerville College and Department of Physics, 

Theoretical Physics, Oxford University.

Abstract

Fluctuations are known to radically alter the behaviour of reaction- 

diffusion systems. Below a certain upper critical dimension dc , this effect results 

in the breakdown of traditional approaches, such as mean field rate equations. 

In this thesis we tackle this fluctuation problem by employing systematic field 

theoretic/renormalisation group methods, which enable perturbative calcula­ 

tions to be made below dc .
We first consider a steady state reaction front formed in the two species 

irreversible reaction A + B  » 0. In one dimension we demonstrate that there 

are two components to the front - one an intrinsic width, and one caused by the 

ability of the centre of the front to wander. We make theoretical predictions for 

the shapes of these components, which are found to be in good agreement with 

our one dimensional simulations. In higher dimensions, where the intrinsic 

component dominates, we also make calculations for its asymptotic profile. 

Furthermore, fluctuation effects lead to a prediction of asymptotic power law 

tails in the intrinsic front in all dimensions. This effect causes high enough order 

spatial moments of a time dependent reaction front to exhibit multiscaling.

The second system we consider is a time dependent multispecies reaction- 

diffusion system with three competing reactions A+A -» 0, B + B  >  0, and A-\- 

B —> 0, starting with homogeneous initial conditions. Using our field theoretic 

formalism we calculate the asymptotic density decay rates for the two species 

for d < dc . These calculations are compared with other approximate methods, 

such as the Smoluchowski approach, and also with previous simulations and 

exact results.
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Chapter 1

Introduction

The theory of reaction-diffusion systems is an old subject. Its quantitative origins 

lie in the work of Wilhelmy [1] in 1850, when he first wrote down a differential 

equation to describe the reaction kinetics of sucrose inversion. His theory was then 

built upon by the seminal researches of Harcourt and Esson [2] in the 1860s, who 

developed the rate equation approach still in common use today (see [3]). Further 

key contributions were made by Smoluchowski [4] in 1917, with the proposal of his 

theory of diffusion limited reactions. Nevertheless, the fact that reaction-diffusion 

systems remain an extremely active field of research after nearly 150 years is a 

timely reminder of the subject's complexity.

The reason for this longevity lies simply in the non-equilibrium nature of these 

systems. Most equilibrium problems in statistical physics are now well understood, 

thanks to powerful unifying machinery such as the Boltzmann distribution. How­ 

ever, the absence of such general techniques in non-equilibrium phenomena has 

made them very much harder to solve. Typically each new problem has required 

the development of an array of specialised techniques. In the past this has certainly
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been true of reaction-diffusion systems. However, it is one of the aims of this thesis 

to present a more unified treatment, which can be used to describe all birth/death 

processes on an equal footing.

An understanding of reaction-diffusion systems is important, thanks to their 

wide ranging applications in the physical and biological sciences. The most ob­ 

vious (and oldest) of these is to chemical reactions [5, 6]. Amongst the most 

intensively studied examples in this field are pattern forming systems, such as in 

the Belousov-Zhabotinsky reaction (for an introduction see [7, 8]). In this case an 

astonishing variety of temporal and spatial patterns can be observed in the distri­ 

bution of reactants. Pattern formation also has considerable relevance to biological 

systems, and particularly to morphogenesis (the development of structure during 

the growth of an organism) . Turing [9] put forward the idea that reaction-diffusion 

patterns could be exploited by living organisms for the purpose of controlling cel­ 

lular development. The key feature of these controlling Turing patterns is that 

their characteristic length scales are intrinsic to the reaction process, and are not 

determined by the geometry of the reaction vessel (as in, for example, convec- 

tive Benard Cells). For many years this theory remained somewhat speculative 

as definitive observation of Turing patterns proved elusive. However, unambiguous 

evidence for the Turing mechanism has now been found - both in controlled reactors 

in the laboratory [10], and in nature (markings on marine angelfish) [11]. Hence, 

a proper analysis of reaction-diffusion systems seems important in understanding 

fundamental questions concerning the maintenance of life.

A somewhat more down to earth example of a reaction-diffusion system concerns 

the dynamics of excitons in polymer chains [12]. When certain polymer molecules 

(for example TMMC: (CH^^NMnCl^) are subject to a burst of laser light, this
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can lead to the creation of excitons. Once formed, these excitons are essentially 

constrained to hop only along the chain molecule on which they were formed. In 

addition, when two excitons meet they coagulate to form a single exciton. Hence we 

can see that this is a genuine realisation of a simple one dimensional single species 

reaction-diffusion system. Indeed the exciton decay rates have been measured, and 

are found to be in excellent agreement with predictions based on the mapping to a 

reaction-diffusion process. Thus we can see that low dimensional reaction-diffusion 

systems have real physical applications.

A third, rather more exotic example concerns the dynamics of monopoles in 

the early universe [13]. It is believed that the only mechanism by which such a 

monopole can decay is by annihilation with its associated anti-particle: the anti- 

monopole. Hence the rate of particle decay can be calculated by analysing an 

irreversible two species reaction-diffusion process, beginning with random initial 

conditions. Although the original analysis was carried out with this astrophysical 

problem in mind, the results can, of course, be applied to any two species reaction- 

diffusion process with the same initial conditions.

In summary, we can see that reaction-diffusion systems have a diverse range 

of applications ranging from biology to astrophysics. However, one might well ask 

the question: what is wrong with using a rate equation approach to understand 

the kinetics of these processes? By employing a rate equation approach, we mean 

assuming that the rate of decay of a certain species due to a particular reaction 

is proportional to the product of densities of each particle involved in that reac­ 

tion (an hypothesis originally developed by Harcourt and Esson [2]). If indeed 

this technique were adequate, then we would simply be left with a mathematical 

question of solving a (possibly very complex) set of partial differential equations.



CHAFTER 1. INTRODUCTION 4

However, as was pointed out by Ovchinnikov et al. [14] (see also [13, 15]), the rate 

equation method is fundamentally flawed due to its neglect of microscopic density 

fluctuations. In other words, correlations may be built up between particles as 

the system evolves - correlations which are ignored in this approach. Viewed from 

this perspective, the rate equations take on the role of a mean field approximation, 

which, under appropriate circumstances, will not provide an adequate description 

of the system. The obvious question of how to go beyond the rate equation method, 

and thus include fluctuation effects, will be the principal object of this thesis. As 

we shall see in the succeeding sections, surmounting this difficulty will require us 

to introduce many of the ideas of modern theoretical physics.

1.1 Methods of Analysis

One interesting feature of many reaction-diffusion systems is the presence of asymp­ 

totic power law density decays, such as those in the simple single species irreversible 

reactions A -\- A  > 0 and A + A —> A. Such behaviour is somewhat reminiscent 

of equilibrium critical phenomena, where scale invariance (with a divergent cor­ 

relation length) at the critical point leads to power law decays in the correlation 

functions. This suggests that it might be fruitful to apply the techniques of field 

theory and the renormalisation group, which have been so successful for equilib­ 

rium critical systems, to our non-equilibrium problem. Hence we would aim to use 

the machinery of diagrammatic perturbation theory and the t expansion for the 

systematic calculation of fluctuation effects. Simultaneously, we might hope that 

these methods would, as in conventional applications, cast light on the existence of 

universality. Furthermore, these systematic techniques may also tell us something
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about the nature of previous approximate methods (such as the Smoluchowski ap­ 

proach [4, 16]). As we shall see, these expectations will be fulfilled in subsequent 

chapters of this thesis.

In time dependent reaction-diffusion systems we note that power law decays (if 

they exist at all) are only present asymptotically - hence we see that a critical point 

may be approached only as t  > oo. This differs fundamentally from equilibrium 

critical phenomena, where one must tune the temperature to a critical value to 

see the critical behaviour. Hence, in a limited way, we see that many reaction- 

diffusion processes can be viewed as being self-organised [17], as at late times they 

exhibit power law behaviour without any further fine tuning. However, in many 

time dependent processes the state into which the system organises is, of course, 

trivial - one with no particles remaining.

Before discussing in more detail the calculational techniques to be used in this 

thesis, we briefly mention some other exact methods that have been developed 

in the last few years. One approach consists of formally deriving mathematical 

bounds for quantities of interest. For example, Bramson and Lebowitz [18] have 

considered in detail the two species irreversible reaction A -\-B —* 0, beginning with 

equal densities for the two species at t = 0. By rigorously deriving upper and lower 

bounds for the densities, they showed that these must decay as t~ d/4 for d < 4, and 

t~l for d > 4. These results are in agreement with other techniques (for example 

those based on the renormalisation group [19]). A second methodology relies on 

the theory of integrable systems. Many one dimensional reaction-diffusion systems 

can be mapped onto integrable quantum spin chains, which are themselves related 

to two dimensional statistical mechanics models [20]. By using techniques such as 

the Bethe Ansatz these problems can often be solved exactly, yielding interesting
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and highly non-trivial information concerning densities and correlation functions. 

Unfortunately, the problems considered in this thesis are currently too hard for the 

application of either of these techniques. However, we note that an exact solution 

using rather different methods does exist (in a certain limit) for the multispecies 

reaction-diffusion system to be considered in chapter 4.

On a more general level, the exact approaches outlined above together with 

perturbative methods turn out to be rather complementary. A common feature 

of all exact solutions on a lattice is that they assume an infinite reaction rate - 

in other words as soon as the appropriate particles meet on the same lattice site 

they instantaneously react with probability one. On the other hand, our field theo- 

retic/renormalisation group methods lead to a finite continuum reaction rate, which 

allows one to examine the important question of universality in react ion-diffusion 

systems. Unfortunately this is at the expense of being restricted to perturbative 

calculations. Furthermore, work on separating these non-equilibrium systems into 

universality classes is still at an early stage. Nevertheless, it appears that there 

are far more categories than in equilibrium phenomena, where only a very few 

parameters (e.g. spatial dimension, nature of the order parameter) are known to 

determine the universality class.

1.2 Field Theoretic and Renormalisation Group 

Methods

The essence of the application of renormalisation group (RG) methods to critical 

phenomena lies in the concept of integrating out short wavelength degrees of free­ 

dom. If the system is at a critical point, where the correlation length diverges, this
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process should not alter the physics in any way - and thus we are led to the con­ 

cepts of renormalisation group flows and fixed points. Typically, above a critical 

dimension e/c , the running couplings will flow to Gaussian fixed points, indicating 

that mean field theory will be an adequate description. However, below c?c , the 

couplings may flow to different fixed points, entirely altering the critical behaviour 

of the system. In equilibrium critical phenomena, the archetypal example of this 

behaviour is in the Ising model, where for d > 4 mean field theory is sufficient, 

whereas for d < 4 the running coupling flows to a distinct (Ising) fixed point.

At first sight it is not quite obvious how these ideas might be applied to reaction- 

diffusion processes. The most systematic RG methods for conventional critical phe­ 

nomena rely on a field theoretic formulation of the problem, using, for example, 

a Landau-Ginzburg action (see [21]). Ideally, we would like to develop a similar 

method in our problem - fortunately such a formalism does indeed exist. The idea 

is to begin with an exact description of the reaction-diffusion system in the form of 

a microscopic master equation. Using some standard techniques developed by Doi 

[22] and Peliti [23], this master equation can be transformed into a Schrodinger-like 

equation, and then into a path integral. These methods will be reviewed in more 

detail in chapter 2. In that chapter we will also discuss the possibility of writing 

Langevin-type equations for the evolution of the density fields. For the cases we 

discuss, the Gaussian form of the noise can be exactly derived from the field theo­ 

retic action. However, we will point out that the interpretation of these equations is 

not as straightforward as it might appear (a result of the equations involving fields, 

not simple densities). In addition, we will also discuss some subtleties concerning 

the nature of conserved noise.

Once an exact action for our system has been derived, field theoretic and RG
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methods can be fruitfully applied to calculate the desired asymptotic properties. 

The first step in our analysis concerns the identification of divergences in the the­ 

ory. In order to make physical sense of our calculations these divergences must 

be removed via a renormalisation procedure. The systems considered in this the­ 

sis are particularly simple in this respect in that the only renormalisation needed 

is reaction rate renormalisation, and this can be done to all orders in perturba­ 

tion theory. This appealing feature is a consequence of the irreversible nature of 

the reactions, which restricts the vertices appearing in the field theoretic action. 

Expressing the bare reaction rates in terms of these renormalised couplings then 

leads to the cancellation of the divergences at the upper critical dimension dc . The 

next step is to use an RG equation to show that, below e?c , the renormalised cou­ 

plings flow to 0(e) fixed points at large times, where e = dc — d. Hence, we have 

learnt that these systems are universal in the sense that for d < dc the asymp­ 

totic properties are independent of the reaction rates. A further consequence is 

that we will have transformed our perturbation expansion from being in powers 

of the renormalised couplings into an e expansion. This feature is again closely 

related to the calculation of critical exponents in equilibrium critical phenomena. 

So, in summary, our basic methodology is to form a diagrammatic expansion for 

the densities, where the order of a particular diagram will be determined, as usual, 

by the number of loops embedded within it. In fact it will turn out that the zero 

loop diagrams are equivalent to the mean field rate equations. The next step is to 

evaluate these diagrams and replace the bare reaction rates with the renormalised 

couplings, and thus eliminate the divergences. Use of the RG equation then allows 

this perturbation series to be improved at late times, transforming it into an e 

expansion.
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The principal virtue of this approach with regard to the fluctuation problem is 

that it allows for a systematic calculation, whereby fluctuation effects may be eval­ 

uated order by order in a controlled fashion. This constitutes a great improvement 

over previous, rather ad hoc methods (such as the Smoluchowski approximation). 

In those cases it was unclear both how good the approximation actually was, and 

also how improvements might be made to it. The second of these defects is certainly 

remedied in the field theoretic approach.

1.3 Overview: The Reaction-Diffusion Front

for A + B -> 0

The first problem we will examine closely (in chapter 3, see also [24, 25]) con­ 

cerns the effects of fluctuations on the reaction front formed in the two species 

irreversible reaction A-\- B  > 0. The experimental arrangement is that A particles 

are fed in from the left hand edge of the system, and B particles are fed in from 

the right edge. The particles then diffuse towards the system centre where they 

annihilate in a steady state reaction front (see figure 1.1). In this thesis we will 

be interested in calculating the profile of both the reaction front and the particle 

densities. Historically, a time dependent version of this model (see pp. 13-14) was 

first introduced by Galfi and Racz [26], whereas the steady state front was first 

discussed by Ben-Nairn and Redner [27].

Mean field analysis [27] predicts that the width w of the steady state reaction 

front scales as w ~ (AJ/D2 )" 1/3 , where A is the reaction rate, J are the (equal) rates 

of particle injection, and D are the (equal) diffusion constants. The asymptotic
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B

Figure 1.1: Schematic diagram of the front R and the density profiles in the 

reaction-diffusion front for A + B  > 0.

form for the mean field reaction front is given by

Rmj ~ 0.3787A | 3' 4z'exp
2
3

(1.1)

However, below an upper critical dimension dc where the fluctuations become rel­ 

evant, we expect these mean field results to break down.

Our first result is to show that in dimensions d — 2 and higher, the reaction 

front is smooth, whereas in d = 1, the presence of noise causes the reaction front 

to wander around. In fact in an infinite system the centre of the front would 

perform a random walk and so would be completely delocalised. Nevertheless, in 

a finite system, with appropriate boundary conditions, the front is constrained to 

lie towards the centre of the reaction vessel, and we show that the wandering gives 

rise to a Gaussian profile in d = 1, with width:

\n(cL/wg )
[ *(J/D) (1.2)
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where c is a constant and L is the system size. Thus we find a basic wg ~ 

(J/D)~ 1 /2 scaling for the wandering reaction front. Hence in the fluctuation regime 

AJ"1/2 !)" 1 /2 ^> 1, where the fluctuation width is much greater than the mean field 

width, we expect to find a Gaussian reaction front profile. However, in the oppo­ 

site regime AJ" 1 /2 ^)" 1/2 <C 1, we expect the mean field predictions to work well. 

Clearly, one important feature of our theoretical predictions is that they apply to 

the case of a finite reaction rate. This is in contrast to previous, mainly numer­ 

ical work, which assumed an infinite reaction rate [28, 29]. In d = 1 this is an 

important distinction, as with an infinite reaction rate it would be impossible for, 

say, the rightmost A particle to penetrate past the leftmost B particle. Hence, our 

simulations have also employed a finite reaction rate, and this allows us to observe 

the two different regimes predicted above, where we find good agreement with our 

theoretical analysis.

We next consider the form of the intrinsic front profile - i.e. the shape of the 

reaction front averaged over some suitably short period of time. In the d = 1 fluc­ 

tuation regime, the intrinsic front is obscured by the dominance of the wandering 

front profile - however, in higher dimensions it is the intrinsic profile which is most 

significant. This intrinsic profile (in the d = I fluctuation regime) is nevertheless 

accessible numerically by measuring the relative reaction rate, i.e. plotting the
J»

reaction rate as a function of the displacement between successive reaction events. 

Assuming that the front wanders little between these successive events, we will 

then effectively be measuring the convolution of the intrinsic reaction front with 

itself.

From a theoretical angle, we can calculate the asymptotic properties of the 

intrinsic front by using field theoretic/RG methods, which predict a critical dimen-
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sion dc = 2 for this system. One essential difference between this problem and those 

previously discussed is that we now wish to understand the steady-state properties 

of the front. It will turn out that considering large x (where x is the distance from 

the reaction front centre) will play an analogous role to considering large times t in 

time dependent problems. Only in this asymptotic large x limit will the reaction 

rate flow to an O(e) fixed point, allowing us to calculate the universal properties of 

the front in that region. The result of this calculation for the reaction front gives 

(for d < 2):

R =

... (1.3)

valid for \x\(J/D) 1 /2 ^> 1, where A,B,C are universal, dimension dependent con­ 

stants. We also find expressions for the asymptotic density profiles of the two 

species. In d = 2 we find logarithmic corrections entering the expansion, consistent 

with the reaction rates being marginal parameters at the upper critical dimension. 

The results of equation (1.3) compare favourably with Id numerical simulations, 

where we find evidence for the above stretched exponential term. However, our 

simulations were not quite sensitive enough to detect the power laws.

Comparison of these results with the mean field expression (1.1), shows that 

the fluctuations have acted to widen the front. Physically, this is a result of the 

anticorrelations built up between particles in low dimensions. The power laws arise 

as a consequence of a conservation law in the system: namely the reaction process 

conserves the difference between the number of A particles and the number of B 

particles. Hence the density difference field simply obeys a noisy diffusion equation, 

and this allows fluctuations to propagate far from the reaction front centre, leading
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to power law tails.

We round off our discussion of this problem by considering a closely related 

situation, where the shape of the reaction front changes with time. In this set up, 

we begin with completely segregated species and then allow the system to evolve 

[26] (see figure 1.2). It turns out that by making the correspondence J ~ t"1/2 , 

we can, at late times, relate this problem to the above steady state formulation. 

However, the existence of the power law tails predicted above, and the fact that the 

reaction process will only have been running for a finite time in this time dependent 

model, leads to a prediction of multiscaling for high enough order spatial moments 

of the time dependent reaction front. We relate this result to a recent controversy 

in the literature [28, 29].

1.4 Overview: A Multispecies Reaction- 

Diffusion System

The second problem to be considered at length in this thesis (see also [30]) con­ 

cerns the role of fluctuations in a multispecies reaction- diffusion system, with three 

irreversible reactions:

We choose initial conditions where the A and B particles are positioned randomly 

according to a Poisson distribution, such that on large enough scales the system 

is homogeneous. We first review previous work on this problem, including appli­ 

cation of the Smoluchowski approximation [31]. This uncontrolled approach leads 

to asymptotic density decay exponents which depend on the ratio of diffusion con­ 

stants, results which are in fairly good agreement with Id simulations [31]. We
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a)

A B

b)

A B

Figure 1.2: Schematic diagrams for the evolution of the time dependent system 

with the reaction A + B  > 0: a) complete species segregation at t = 0, b) profile 

at late times.
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then briefly discuss an exact Id solution due to Derrida et al [32, 33, 34], valid 

for the case where one of the species is greatly in the majority and where the mi­ 

nority species is immobile. This solution relies on solving an exactly equivalent 

problem - namely the probability that a given spin never flips in the zero temper­ 

ature Glauber dynamics of the Ising Model. In this case, it was shown that this 

probability decays away exactly as £~3/8 .

Our main analysis then involves the development of the field theory approach, 

though we also restrict our analysis to the case where one of the two species greatly 

outnumbers the other. This condition leads to a great simplification in the calcu­ 

lation and allows analytic progress to be made. However, we note that for the 

case where the majority species is immobile, the entire rate equation approach fails 

and the behaviour of the densities is not accessible by perturbative methods [35]. 

Leaving this special case aside, we find that, below the upper critical dimension 

dc = 2, the three reaction rates all flow asymptotically to O(e) fixed points, which 

are themselves dependent on the ratio of diffusion constants. We then use the RG 

to improve the lowest (tree) level of the field theory, and find exponents that are 

identical to those of the Smoluchowski approach. For example, if the initial density 

of the A particles greatly outnumbers that of the B particles (i.e. 77,^4 ^> UB}-, then 

we find an early time regime where (for d < 2)

(a) = 0(r*) (1.4) 

(6) = O (Hm4") , (1.5)

where 6 is the ratio of diffusion constants: 8 — DB/ DA < 1- In c? = 2, we again find 

logarithmic corrections to the mean field (rate equation) results, a consequence of 

the reaction rates being marginal in d = dc = 2.
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The advantage of the field theory approach is that it is again (at least concep­ 

tually) simple to go beyond this lowest order calculation and include additional 

fluctuation effects. To do this we perform a one loop calculation and evaluate 

the density decay exponents using an e expansion. The technical details on how 

to carry out this procedure are addressed at length in chapter 4. For the case 

of the minority B species in the early time regime discussed above, we now have 

(6) = O(t~ft ), where

i_+f\ 6(1 + 6) 
2

21n

(1.6)

and

/x m ?/ -^—du (1.7) 
_ u — 1

is the dilogarithmic function [36]. Hence, we have succeeded in our desired aims of 

both understanding the nature of previous approximations, and also showing how 

they might be systematically improved. We conclude by suggesting one or two 

other systems to which these RG techniques could successfully be applied.



Chapter 2

Formalism

In this chapter we will set up the required formalism for the use of field theo­ 

retic/RG methods. We will begin by giving exact descriptions of our reaction- 

diffusion systems in terms of master equations, which will then be mapped onto 

Schrodinger-like equations, and then finally onto path integrals. This process will 

be carried out for the reaction A + B  » 0, and we will then indicate how the 

techniques can easily be generalised to other similar systems. Previous reviews of 

these methods can be found in references [23, 37].

First of all we will make some very brief general remarks about our overall 

approach. Although the end result of the mapping is a quantum field theory, the 

systems we are considering are purely classical, with no quantum effects. The fact 

that our methods resemble a quantum theory is a consequence of the stochastic 

nature of the underlying classical dynamics. We will, however, identify the vari­ 

ous salient differences between our formalism and those of ordinary quantum field 

theories (as in, for example, the calculation of averages). In addition, we will be 

developing a bosonic field theory - in other words multiple occupancy of a given

17
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lattice site will be permitted. This is in contrast to a fermionic field theory, where 

occupancy of each site for a given species of particle would be restricted to 0 or 1.

2.1 The Model for A + B -> 0

We consider a model where A and B particles are moving diffusively on a hypercubic 

lattice, with lattice constant /. There is some probability of mutual annihilation 

whenever an A and a B particle meet on the same lattice site. In addition, particles 

of type A are added at a constant rate to lattice sites on the hypersurface x = — L, 

and particles of type B are similarly added to sites at x = L. In other words, 

opposing currents of A and B particles are maintained at opposite edges of the 

system (see figure 1.1). The two hypersurfaces x = ±L mark the boundaries of the 

system beyond which the particles are not permitted to move. The model is defined 

by a master equation for P({n,ra},£), the probability of particle configuration 

{n, ra} occurring at time t. Here {n, ra} = (ni, n2 , . . . , WAT, ^i? ̂ 2,       , ^AT), where 

Hi is the occupation number of the A particles, and m; the occupation number of 

the B particles, at the zth lattice site. The appropriate master equation is

o
- 

12 ZXK + !)P(- . . n,- - 1, ne + 1, . . . , {m}, *) - mP({n, m}, t)}
i,e

i       ra,- - 1, me + 1, . . . , *) - rniP({n, m}, t}}

~ P(-     , n_L , {m}, t)} 

, mL -l... t t)- P({n}, mL . . . , t)}, (2.1)
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where i is summed over lattice sites, and e is summed over the nearest neighbours 

of i. The first, second, and third lines of the equation describe diffusion of the A 

and B particles respectively (with equal diffusion constants D), whilst the fourth 

line describes their annihilation within the system (with rate constant A). The final 

four terms are due to the addition of A and B particles at the edges of the system 

at a rate K, corresponding to the maintenance of steady particle currents.

The master equation can be mapped to a second quantised form following a 

standard procedure developed by Doi [22] and Peliti [23]. The first step is to 

introduce bosonic creation and annihilation operators at each lattice site, with 

commutation relations:

[a,-, at] = ft,- [bi,b]] = Sij, (2.2)

and where all other commutators vanish. The vacuum ket is defined by a;|0) = 

6,-|0> = 0 for all i. For the state defined by |nt-,mt-> = (4)n< (6J)mi l°>» we nave

(2.3) 

  1) &J |rat-,m,-) = |n«,mt- + 1). (2.4)

Hence the state of the system at time t is given by

{n,m} i

and we find that the master equation acquires the Schrodinger-like form

(2.6)
Ul

where

i,e i

(2.7)
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We can formally solve equation (2.6) to give:

|T(t)) = e-*'|T(0)>. (2.8)

One can immediately notice some differences between this formalism and ordinary 

quantum mechanics. Firstly, this theory does not involve imaginary numbers ex­ 

plicitly in its equation of motion. Secondly, one calculates the average of a quantity 

F(t) in the following way:

(2.9)
{n,m}

where F({ra,m},£) is the value of the quantity F(t) in the state with occupation 

numbers {n, ra} at a time t. Note that this expression is linear in the probability 

P. This has the consequence that in the second quantised formalism the average 

becomes

(F(t)} = (\P |T(t)), (2.10)

where (| = (0|nt e°* e6' is called the projection state. One obvious property of 

this state is that (|aj = (|6j = (|, hence any operator represented in normal 

ordered form, with all its creation operators commuted to the left of its annihilation 

operators, can be written entirely in terms of a,{ and b{.

We are now in a position to perform the mapping to a path integral. This is a 

very standard procedure and we shall only briefly sketch its progress. The starting 

point is to associate with each state a generating function:

|T(*)>= £ P({n,m},t)\{n,m})^"[({z,(},t)= £ J[P ({n.m},*)*?^-
{n,m} {ra,m} i

(2.11)

In a similar way, given the matrix elements of an operator, a kernel can be associ­ 

ated with that operator. Using these correspondences the scalar product of arbi­ 

trary states, and also the action of an operator on a ket can both be expressed in an
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integral form. Next we aim to express the time evolution operator U± = exp(-Ht) 

as a path integral. The strategy here is to divide the evolution of the system into 

a very large number of time slices JV, where TV = (t/8i). Consequently we can 

employ the Trotter formula:

Ut = exp(-Ht) = lim(l - H6t)t/st . (2.12)

We can then use the above correspondences to rewrite these products of time 

evolution operators acting on the initial ket as a multiple integral. Taking the 

limit N  > oo then transforms the expression for Ut into a path integral. For the 

purpose of calculating averages we must also include terms due to the projection 

state from (2.10). Putting all of this together, we end up with the following action 

for the steady state reaction front system:

. . * : D
' — 00

 A(l   aibi)aibi> — di(t) — bi(t}j . (2.13)

Here the first four terms represent the diffusion of the A and B particles, the next 

two terms are due to the reaction step, and the final two terms result from the 

projection state. In addition to the above action, we also have the conditions

K = J = §K ~ a-L) 0 = j(*>o ~ b-L) (2.14) 

at  L, and

at +L. Here the sites  L, L are at the edges of the system, with site o being 

immediately outside L or   L. Taking the continuum limit of this action, we arrive
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at

5[a, a, 6,M] = / fdz^y /' <ft' (a(ft - DV2 }a + S(ft - £>V2 )6
J \ J—oo ^

-A0 (l - ab)ab} - a(t) - &(*)) , (2.16) 

subject to the conditions

-J= -Ddx b 0 = -Ddx a (2.17)

at +Z,, and

J = -Ddx a 0 = -Ddx b (2.18)

at   L. Here ?/ are the coordinates for directions perpendicular to the applied 

currents. These conditions may be made explicit in the action by including a pair 

of delta functions (see below):

S = J (dxdd~ l y T df [a(dt - DV2 )a + b(dt - DV2 )b (2.19) 

-A0 (l - ab)ab - aJ8(x + L) - bJ6(x - L)} - a(t) - b(t)) .

A —— ___

It is now convenient to make the substitutions a = 1 + a and b = 1 + 6. The 

integrals of dta and dtb over time then generate the surface terms a(i] and 6(t), 

which remove the final two projection state terms. This cancellation simplifies the 

perturbative calculations, as it removes the need to sum over an expansion of the 

end state densities a(t] and 6(t). Hence our action becomes

S = f dxdd~ l ydt' [a(dt - DV2 )a + b(dt - DV2 )b + A0aa6 + A0 6a6

+X0abab - aJ8(x + L) - bJ8(x - L)] . (2.20)

If we integrate over the a and b fields in the path integral, and neglect the abab 

term, we obtain the classical (mean field) equations (see chapter 3 and [27])

(dt - DV2 )a + A0«6 - J8(x + L) = 0 (2.21)
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(ft - £>V2 )6 + X0 ab - J8(x - L) = 0. (2.22)

On the further conditions that no particle annihilation occurs at the edges of the 

system, and that Va = 0 and V6 = 0 outside, integrating the first equation from 

  L — e to —L + e, and the second from L — e to L + e, in the limit e   » 0, gives 

the required boundary conditions.

In the next chapter we will demonstrate that the diffusion constant does not 

exhibit singular behaviour in the renormalisation of the theory. Hence it is conve­ 

nient to absorb it into a rescaling of time, as in [38]. Defining t — Dt' , A = Ao-D" 1 , 

and J = JD"1 , and introducing the fields (j) = |(a + 6) and if) = |(a   6), we have

S = dxdd~ l ydt [2^(ft - V2 )0 + 2^(ft - V2 )^ + 2\t(<f>2 - V> 2 )+ (2-23)

+ L) + S(x - L)} - J^[8(x + L) - 6(x - L)}] .

Consequently the new classical (mean field) equations are

8(x - L}} (2.24)

l-J[8(x + L} + 6(x - L)}. (2.25)

2.2 Noise

So far the quartic term in the action has been neglected with the result that the 

classical (mean field) results have been recovered. However, we can take into ac­ 

count the non-classical term by including Gaussian noise in the equations for (f> 

and ^, leading to equations which are exact. This modification can be derived by 

replacing the quartic piece in the action by a noise variable, integrating over the 

noise distribution, and demonstrating that this recovers the original term. Observ-
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ing that

I00 <b,ie*»e-WW-*'*   e-AW-^ (2 . 26)
J — 00

and

^ ~ e*W-^, (2.27)
— oo

where T/^ and 77^ are Gaussian noise variables, we see that the system is described 

exactly by the equations:

= Sty + J[8(x + L) - 6(x - L)} + 7/4, (2.28)

J[8(x + L) + £(* - I)] + »»/*, (2.29)

where

- x')6(t - t'). (2.30)

Clearly we have lost the simple interpretation of the a and b fields as being the 

local densities of A and B particles, as now the above equations include complex 

noise. Nevertheless, we can still interpret (^) and (</>) as being averaged densities, 

which also satisfy

l-J[S(x + L) - S(x - L)} (2.31)

(2.32)

However, caution must be exercised in the interpretation of the Langevin-type 

equations (2.28) and (2.29). The reason for this stems from the commutation 

properties of the bosonic operators introduced in the second quantised formalism 

(see equation (2.2)). When one calculates, for example, the occupation number 

of the A particles at a site i, one is actually calculating the quantity (aja;). As 

we have shown before, the method by which averages are calculated in this theory
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leads one to "sandwich" operators between the projection state on the left, and 

the state of the system on the right. Since we have (|aj = (|, we are effectively 

just calculating (at-). However, consider now the calculation of the average square 

occupation number (aj at-aja,-}. In order to compute this quantity we must first 

rewrite it in a normal ordered form, with all the creation operators moved to the left 

of the annihilation operators. Hence we can see that the average square occupation 

number is not given by (af), but by (a? + a;). This important fact must be borne in 

mind if these Langevin equations are to be used correctly. For most of this thesis 

we will not pursue this approach - however an important exception concerns the 

analysis of the wandering reaction front for A + B  » 0 in one dimension. In this 

case the Langevin equation (2.28) will form the starting point for our analysis.

A further important issue concerns the origin of the noise in the action (2.20). 

Tracing back the causes of the quartic terms, we see that they arise as a result 

of the stochastic nature of the reaction step. However, we note that there is no 

explicit contribution to the action from conserved diffusive noise. In this respect our 

formalism differs from various others introduced in the literature, for example that 

by Janssen [39], where this aspect of the noise is explicitly included. Nevertheless, 

our formulation of the problem is exact and we thus conclude that the effects of the 

conserved noise are taken into account in the commutation relations of our bosonic 

operators. A further indication that our theory is complete is given in work by Droz 

and McKane [40], where it was shown that an action derived using our methods is in 

a one to one correspondence with those of a different formalism, called the Poisson 

representation (see [41]). In this framework the state of the system is treated as 

being in a superposition of multivariate uncorrelated Poissons. However, also in 

[41], it is shown that this formalism is exactly equivalent to the original master
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equation. Hence, by this somewhat circuitous route, we again reach the conclusion 

that our methods are exact and that the absence of conserved diffusive noise in 

our action is not a cause for concern. Indeed our methods are, in some respects, 

superior to those including the extra conserved noise, as the interaction vertices in 

our field theory are simpler, meaning that performing perturbative calculations is 

easier.

The problem of conserved noise is particularly important for the Id wandering 

front calculation mentioned above. In that case we note that the noise for ^ in 

equation (2.28) is not conservative. As the reaction step does conserve the difference 

between the number of particles of each species, this appears to be a problem. 

However, a resolution of this difficulty again lies in the commutation relations of 

the bosonic operators, which have the consequence that the fluctuations in the ty 

field are not the same as the (conserved) fluctuations in the density difference.

An alternative way to generate conserved noise more explicitly within our for­ 

malism has been suggested by Janssen [42] l . Instead of making the shifts a = 1 -\-a
.A ——

and b — 1 -f 6, he suggested the transformations

a = ea a = e~ a a (2.33) 

6 = el b = e~ b b. (2.34)

In this case conserved diffusive noise now appears in the action coupled to the a
*" _ /N/ *"

and b fields. Furthermore, one can demonstrate that the noise for tp = a — bis now 

conserved. Unfortunately the overall structure of this field theory is much more 

complicated, and thus using it for actual calculations appears difficult.

We round off this discussion of noise in reaction-diffusion systems by considering

1 l thank Klaus Oerding for bringing this to my attention.
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the nature of shot noise in the steady state front problem. Cornell [43] has analysed 

the effects of Poissonian boundary noise on the stability of the reaction front. 

He has concluded that in all dimensions such noise can be neglected for large 

enough systems. However, as was first pointed out by Cornell and Droz [44], the 

simple imposition of the steady non-Poissonian particle injection included in the 

action (2.20), is an unstable configuration. This is a result of fluctuations in the 

boundary particle currents (so called shot noise), which would cause the system to 

almost entirely fill up with particles of just one species. There are various methods 

of stabilising the front from this form of noise. One possibility is to consider a 

time dependent system (as in figure 1.2), where the presence of a constant density 

reservoir at large enough x will act to pin the reaction front. Alternatively, in a 

steady state formulation, one might choose to insert particles at the boundaries only 

when they are annihilated in the front. This procedure does, however, introduce 

rather unphysical correlations between particle annihilation and particle injection. 

In order to get around this problem we introduce the idea of reservoirs used in 

the simulations of chapter 3. In any case, our later analytic RG calculations will 

only consider the effects of noise emanating from the reaction front, and not from 

the boundaries. As we shall see, this approach will be successful in calculating the 

properties of the reaction front.

2.3 The Model for a Multispecies Reaction - 

Diffusion System

The derivation of the field theoretic action for the time dependent multispecies 

reaction-diffusion system is very similar to before. We shall simply restrict ourselves
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to a consideration of the differences between this case and that discussed earlier. 

The principal modification lies in the replacement of boundary conditions with 

initial conditions.

At t = 0 the A and B particles are distributed at random according to a 

Poisson distribution, where the average initial density of each species is HA and HB 

respectively. Hence, if the average occupancy of B particles at a given site is //, 

then the probability of having a number m of B particles at that site is given by

P(No. of B particles at a site = m) =   : . (2.35)
mi

More generally, if the average occupancy of the A particles at a given site is z/, then 

for the initial distribution we have

.mi

where C is a normalising constant, independent of the {n,ra}. The task now is to 

incorporate this probability distribution into our field theory. We first notice that

,.ni ..miIT(< = o)) = c
{ -> • TLj . /Tit • 
n,m} i l

..ni ..miE TTjb-wrwrio) (2.38)
~\ Tt/t •n,m} l

(2.39)
i

A

Hence, when the expectation value of an operator F

(2.40)

is turned into a path integral, we can see that the initial conditions will lead to 

extra pieces within the action. These will have the form of the terms inside the 

product in equation (2.39).
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Therefore, after making the mapping to a path integral, taking the continuum 

limit, and performing the shifts a = 1 -f a and b = I + 6, we end up with:

S = I dd x (f dt [a(dt - V2 )a + b(dt - £V2 )6 + 2XAA aa2 + XAA a2 a2 (2.41) 

+ XBB b2 b2 -\- XAB aab + XAB bab + A^£a&a6   anA — bn

In this action the diffusion constant DA has been absorbed into a rescaling of time 

and of the reaction rates. We also define 6 = Dg/DA . Note that the final two 

terms are due to the initial conditions, though their form has changed a little from 

equation (2.39) due to the taking of the continuum limit (i.e. z/ (fj,) has become nA 

(ra#), the initial A (B) species density).

Note that if we integrate over the a and 6 fields in the path integral, we again 

recover the mean field equations [31] (see also chapter 4):

- - -2XAA a2 - XAB ab (2.42) 
at

= -2XBB b2 - XAB ab. (2.43) 
at

These equations, together with the action (2.41), will form the starting point for 

our analysis of chapter 4.



Chapter 3

The React ion-Diffusion Front for

3.1 Previous Work

The reaction front formed by the two species annihilation A + B — * 0 has been 

the subject of great attention since the initial work of Gain and Racz [26]. They 

introduced a time dependent model where a reaction front evolves from initial 

conditions where the A and B particles are completely segregated (see figure 1.2). 

Their starting point was the mean field rate equations for the particle densities a 

and 6:

r\

= DV2 a - Xab (3.1)^ 'ot
r\1

— = DV2 b - Xab, (3.2)

where a mean field approximation of the form (ab) oc (a) (6) has been made. At 

late times, Galfi and Racz showed that the mean field reaction front has the scaling

30
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form

R(x, t) = Aa(x, t)6(s, t) ~ t~0S (^] , (3.3)
\ « /

for the case where the densities of the two species are equal in their initial segregated 

zones. Note that the position x = 0 marks the centre of the front. In addition, 

it was demonstrated that in the mean field approximation the exponents take the 

values a = | and j3 = |. Their derivation included the assumption that the width 

of the reaction front is very much narrower than the width of the depletion zone of 

A and B particles. This assumption was shown to be justified a posteriori since the 

depletion zone grows diffusively as tf 1 /2 , whereas the width w of the front was found 

to grow only as w ~ t 1 /6 . These results are now well backed up by the results of 

simulations (see for example [26, 45, 46, 47, 48, 49, 50, 51]), and also real chemical 

experiments [52, 53].

Ben-Nairn and Redner [27] were the first to study the case of a steady state 

reaction interface, maintained by fixed particle currents imposed at opposite edges 

of the system. Their equations for the particle densities were identical to those of 

Galfi and Racz, except for the presence of the boundary conditions:

J = -Ddxa\ x=_L 0 - -Ddx b\ x=-L 0 = -Ddxa\x=L -J= -Ddx b\x=L . (3.4)

The mean field equations (see (2.24) and (2.25)) are soluble analytically for large 

x\ (as they are in the large x|, large t limit of the time dependent front - see [45]). 

The appropriate solutions are ^c =   (J/2)x (for |ai| < L), whilst substituting 

(f)c = (J/2)\x\ + u into the mean field equation for 0C , gives asymptotically the Airy 

equation for w, as was first noted in [27]. Asymptotically we have

-1 /127 --- (3.5)
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where we have determined the constant C « 0.3787 numerically. From an analysis 

of the steady state mean field equations, Ben-Nairn and Redner also demonstrated 

the relations w ~ (AJ/D2 )" 1/3 , and p ~ (J2 A~ 1 /J9) 1 /3 , where p is the particle 

concentration in the reaction zone.

A further important development in [27] concerns the introduction of the quasi- 

static approximation. For the time dependent problem, in the region w <C x <C t1 /2 , 

the majority species density profile is of the form 6 ~ b^x/i1 /2 . Hence the flux of 

particles arriving at the origin is given by J = Ddx b ~ t"1 /2 . The characteristic 

timescale on which this current varies is (d\ogJ/dt}~ 1 ~ t. This should be com­ 

pared with the equilibration time for the front, which is of order (w2 /D) ~ t1/3 <C t. 

As a result, we see that the front is formed quasistatically, and hence, in this simple 

mean field approach, we may obtain the results of the time dependent model from 

the steady state case by writing J ~ t" 1 /2 .

All the above considerations have been based on the mean field rate equations 

(3.1) and (3.2). However, as we have previously mentioned, we expect this ap­ 

proximation to break down below some critical spatial dimensionality, due to the 

presence of fluctuations. Cornell and Droz [54] have used dimensional analysis to 

propose the value dc = 2 for this upper critical dimension. They have also put 

forward scaling forms for a,6 and the reaction front jR, which are postulated to be 

valid both above and below the critical dimension in the scaling limit w —> oo (or

J-+0):

  J „ (x\ wJ . (x\ 1 wj n (x\
R = -S(-) a=—A(-) b=——B(-) 3.6

w \wJ D \wJ D \wj

In other words, the profiles are characterised by a single length scale w;, which is 

suggested in [54] to vary as w ~ (J/D)~l/2 in d = 1, and w ~ (AJ/D2 )" 1 /3 for 

d > 2, in the scaling limit. Cardy and Lee [55] have given RG arguments which
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support this conclusion. Hence, application of the quasistatic approximation leads 

to the conclusion w ~ t1 /4 for the time dependent problem in one dimension. These 

results have, for the most part, been confirmed by simulations [29, 54], but there 

has been an ongoing controversy concerning the existence of multiscaling in the 

higher order spatial moments of the time dependent reaction front (see [28, 29]). 

Simulations have also indicated that the reaction front profile in one dimension is 

very well described by a Gaussian [29]. This result has hitherto not been explained. 

We will discuss these matters further after we have presented some further analysis.

3.2 Interface Fluctuations

The first problem we consider is that of the centre of mass fluctuations of the re­ 

action front. This is similar to the question of the fluctuations of an interface in 

the dynamical Ising Model, as described by the time dependent Landau-Ginzburg 

(TDLG) equation with noise (for example in model A - see [56]). This equation may 

be mapped to a path integral for the order parameter field $ (the local magneti­ 

sation), with the introduction of response fields 3>, using the Martin-Siggia-Rose 

formalism:

/X>$X>$e-/ da;dd~lj/dt[* {*+r(-v2$+f$+u$3 ) } -2 r*2 ]. (3.7)

Here the last term in the above action results from the noise, F is the dissipation 

coefficient, I the mean field reduced temperature, and u the coupling constant 

for the $4 term in the coarse-grained free energy functional. Solving the TDLG 

equation in the absence of noise gives us the classical profile 4> c , and on physical 

grounds we expect the full functional form of $ to be $c (x   f(y,t)) w $c (x) — 

f(y,t)$'c (x}. The idea now is to substitute this into the action and to expand the
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response fields in terms of some complete set of eigenfunctions \I/n (z) :

(3.8)
n

where the {An } are normalising constants. The set of eigenfunctions is chosen such 

that when the x dependence is integrated out of the action, it leaves behind an 

unambiguous equation for /(y,£), obtained by integrating over the new response
f^

fields /n(y, t) in the path integral. For the Ising case, /(y, t) can be shown to satisfy 

a noisy diffusion equation whose solution implies that fluctuations delocalise the 

interface for d < 3. A similar result for reaction fronts would have dramatic 

consequences.

Returning to the react ion- diffusion system, we expect the functional forms for 

the fields in our geometry to be ^(x — /i(f/, i)} and <j)(x — /2 (;z/, £)), by analogy with 

the Ising case. Considering first the situation where we neglect noise in the system, 

we expand the above functional forms, giving

- /2 (y, *)</>'(*) => ^ » \J\x\ T ^/2 (x - ±L) (3.9)

- h(y,W(x) =* V = - l-Jx + ij/L (3.10)

Hence a = (1/2) J(/i - /2 ) and 6 = Jx - (1/2) J(/i + /2 ) at x = L, and a = 

—Jx + (l/2)«7(/i + /2) and 6 = (1/2) J(/2   /i) at 2; =   L. In the absence of noise 

a and 6 represent the (positive) particle densities, so we must have f\ = /2 .

However, if we include the noise term then this argument is invalid, and we 

proceed, as in the Ising case, by inserting the expanded functional forms for </> and 

i/> into the action (2.20), giving

Vl/2 ]

, (3.11)
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where we have made the approximation (f> — > <^c , and then used the classical equa­ 

tions to simplify the expression. In our case it is now appropriate to Fourier expand 

the -0 and ^ fields, i.e.

(3.12)

n n

where On = sm(mrx/L) for n > 0, 9n — 1/2 for n = 0, and 0n = cos(mrx/L) for 

n < 0. Inserting this into the noise term and performing the x integration, we have

, (3.13)

n,m

where Xnm is a symmetric matrix which we now diagonalise. Using
A

but such that (Q = Co, we rewrite (3.13) as

(3-14)

n,m

where A is a diagonal, and D a diagonalising, matrix. Bearing in mind the symme­ 

tries of the classical solutions, we can perform the x integration within the action 

to arrive at the path integral:

(3.15)
n>0

- A (nAnnCn
n,m n

with

An = Bn = C0 =
—L

JL. (3.16)

A

Integrating over (0 and /i gives the equation

(3.17)
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where 77 is a noise variable with a Gaussian distribution:

If we also diagonalise the noise term involving the £ fields, then the relevant part 

of the action is transformed to

2 £ Wnn [An(g - V2Lg - rj) - 2XBng] + A ^ n Annn , (3.19)
n>0 n

where g = f\—fi, and the equation for f\ (3.17) has been added into the action. The
A

{Wn } are coefficients generated by writing £n in terms of {£m }. Finally, performing

A

the integrations over £n and #, we find equations for g which can only be mutually 

consistent for different n if g = 0, or in other words, if /i = /2 = /  From (3.13) 

we see that AQO ~ JA"1 , and so

- / + Vi/ + 77 = 0, (3.20)

where 77 is a Gaussian noise variable with probability distribution:

(3.21)

We now proceed to calculate the mean square fluctuation (/2 )   {/} 2 . This can be 

done in a straightforward manner, solving the noisy diffusion equation satisfied by 

/ using a Green function method. The results are

for d > 4

* = 3 (3.22) 

for d = 2,

where the system has physical dimensions L\\ x Z/Jf 1 , and A is now the large k
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momentum cut-off. So we expect that interface fluctuations will be unimportant if

L (JD fnr J _
lor « -

L2JD-1 ^
II "j.

Hence, for d > 2 fluctuations resulting from internal noise do not delocalise the 

front. However, in d = 1, the situation is rather different and we conclude that, in 

an infinite one dimensional system, the front is completely unpinned and free to 

perform a random walk. This follows from equation (3.20) which has the form

f = rj (3.24)

in one dimension. This indicates that we must treat the one dimensional case in 

a somewhat different way from higher dimensions. Note, however, that in finite 

systems, with appropriate boundary conditions, the above "zero mode" fluctuations 

are actually forbidden. Nevertheless, the analysis of section 3.3.2 will show that 

higher order fluctuation harmonics can still have a dramatic effect on the reaction 

front profile.

Our results can now be applied to the problem of the late time behaviour of 

an initially homogeneous distribution of A and B particles [18, 19, 55, 57, 58], 

where it has been shown that the reactants segregate asymptotically [13, 18, 19, 

55]. We assume here that we can access the quasistatic time dependent regime 

by simply replacing our currents J by their time dependent analogues. In this 

homogeneous system the densities decay at late times as £~ d/4 , whereas the length 

scale of the segregated zones grows diffusively as J 1 /2 . Hence the time dependent 

inward currents towards the domain interfaces scale as J ~ £~(d+2)/4 . So on the 

basis of our assumption, we can insert the appropriate time dependencies into
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(3.23) for d > 2, and use equation (3.24) to calculate the fluctuations in d = 1. It 

is then easily seen that these fluctuations are unimportant at large enough times 

in dimensions where segregation occurs (d < 4).

3.3 The Reaction Front in One Dimension

As we have noted in the last section we must treat the Id reaction front in a rather 

different manner to other spatial dimensionalities, owing to the existence of centre 

of mass fluctuations. We shall begin by describing the results of some Id numerical 

simulations.

3.3.1 Simulation Details

Previous one dimensional reaction-diffusion simulations have usually employed an 

infinite reaction rate, which enforces complete segregation between the two species 

(see for example [28, 29]). Furthermore, often only single occupancy of a given 

lattice site for a particular species has been permitted. In our simulations we relax 

these restrictions by simulating a system with both multiple site occupancy and 

an adjustable, finite, reaction rate A. This model will turn out to be closer to that 

used in the analytic RG calculations, which we will describe later in this chapter.

Our model consists of a one dimensional lattice with L sites on which particles 

of types A and B are located. In addition to this the model features reservoirs 

containing either A or B particles. The total number of particles of each species 

was set equal: NA — NB = N/2. Three distinct processes occur:

(1) A and B particles located on the lattice hop to neighboring sites in each 

direction with a hopping rate /&, which we set equal to 1 (corresponding to D — 1
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Insertion rate: i

Figure 3.1: In our model A and B particles are located on a one-dimensional lattice. 

Three processes occur: particles can hop one lattice site to the left or right with 

rate h = 1; each pair of A and B particles at the same site can react with a rate 

A, after which they are moved to their respective reservoirs; and A (B} particles 

enter the lattice on the left (right) sides with an insertion rate i.

in the continuum theory).

(2) Each A particle can react with each B particle on the same lattice site with 

a reaction rate A. After each reaction both particles are removed from the lattice 

and placed in their respective reservoirs.

(3) Each A (B) particle in the reservoir is inserted onto the leftmost (rightmost) 

site in the lattice with an insertion rate i. Clearly J = Nres • z, where Nres is 

the number of particles in the reservoir. The purpose of these reservoirs is to 

break up correlations between particle annihilation inside the reaction front and 

particle reinsertion at the boundaries - the larger the reservoirs the smaller the 

correlations. The same effect can be achieved by increasing the system size, but 

this is computationally far less efficient, as in that case particles have to hop large 

distances before they can reach the reaction zone.

We carry out the simulations using rare-event dynamics (RED). In this Monte
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Carlo method the time increment is determined by the current configuration: if 

many changes in the configuration are likely, then the time increment is small, 

whereas if the configuration is very stable, the time increment is large. In RED, 

a list is made of all possible changes to the configuration (events), together with 

the expected time after which each event will occur. So we have 4L   2 events 

for A and B particle hops, L events for recombination of a pair, and 2 events for 

insertion of a particle of either type; altogether 5L events.

One step in a RED simulation consists of incrementing the time scale with 

At = l/£]j(rj)? where TJ is the rate for event j, and then allowing selection (and 

execution) of an event. The probability that event i is chosen is equal to pi =

For an efficient implementation the events are organized in a binary tree, where 

each branch contains one event and has a weight equal to the rate of that event. 

The weight of a parent node is equal to the sum of the weights of its children. 

As the root node contains the sum of all rates, the time increment At is easily 

obtained: it is the inverse of the weight of the root node. To select a particular 

event i with a probability proportional to its rate rt-, we start in the root node, 

descend to either its left or its right child with a probability proportional to their 

weights, and iterate this process until we have reached the bottom of the tree. The 

selected event is then executed and the weights in the tree of all events whose rates 

have changed, plus their parents, grandparents, etc. are updated. The use of the 

binary tree assures that the CPU time required for one step in the RED simulation 

scales with the logarithm of the size of the tree.

The initial configuration for each simulation consisted of linear density profiles 

for the A and B species, which decreased from the left and the right hand edges to
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the system centre. In all our simulations, we chose L such that no A particle ever 

penetrated the B-rich region to within 10 sites of the lattice boundary, and vice 

versa. Correlation and thermalisation times varied with J, TV, A and L, and the 

tails of the reaction front required more thermalisation than the middle section. 

The necessary thermalisation time never exceeded 107 events. To be safe, we 

thermalised our system in all runs over 108 events.

3.3.2 One Dimensional Results

We consider first the regime XJ~l/2 D~ 1/2 <C 1, where the mean field reaction front 

width wmj ~ (AJ/Z)2 )" 1/3 is much larger than the predicted fluctuation modified 

width ~ (J/Z7)"1/2 . In this case we expect that the behavior of the system should 

be close to mean field. The mean field reaction front Rmf = Xab has the form

Rmf = J(XJ/D2 ) l/3S([XJ/D2 ] l/3x). (3.25)

Hence the mean-field solution predicts that measured data for the reaction front 

should collapse if R/[J(XJ/D2 ) 1 /3] is plotted as a function of (A J/D2 ) l /3x, as shown 

in figure 3.2. In this case the number of particles N (which varied from between 

1300 to 12000) was tuned to obtain the desired J. Note that in many previous 

simulations this mean field regime was completely inaccessible, since in those cases 

the reaction rate was taken to be infinite.

The collapsed data is in good agreement with the mean field prediction, al­ 

though there is a slight tendency for our simulation data to lie to the right of Rmj 

for the largest values of (XJ/D2 ) l /3x. In this region, where the number of minority 

particles is small, we expect that noise from the reaction front will again become 

important leading to a widening of the profile. Note that these simulation results
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Figure 3.2: Collapsed data in the regime AJ" 1/2!)" 1 /2 <C 1. Solid line: mean field 

prediction. Squares: simulation results for runs over IO9 events and i = 1000, with 

D = 1, A-0.001,0.01,0.1, and J = 0.1,0.2,0.5,1.0.

were found not to depend on the inclusion of reservoirs in our model, implying 

that the existence of correlations between particle annihilation and reinjection was 

unimportant in this case.

In the limit A J"1 /2 ^)"1 /2 ^> 1 the mean field solution predicts that the reaction 

front will become increasingly narrow. However, the simulations disagree with this 

assertion - the reaction front keeps a finite width even if A is made very large. 

Our analysis, described below, distinguishes two components of this width: one is 

intrinsic, and the other is caused by the ability of the centre of the front to wander. 

The intrinsic width is calculable using the RG approach, which we will discuss later 

in this chapter, whereas the front wandering can be understood by considering the 

fluctuations in the field ip = a — 6, whose zero may be taken as defining the centre 

of the front. Including the effects of reaction front noise (which is relevant in one 

dimension), the field theory leads to the following equation for ^ (see equation
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(2.28)):

= D8& + ,, (3.26)

where we have left out terms due to the boundary conditions. Here 77 is the reaction 

front noise, satisfying (r](x,t)) = 0 and

(77(2, *)7?(z', *')) = 28(t - t')6(x - x')R, (3.27)

where the reaction rate at the wandering front, with width wg , has the form R = 

(J/Wg}S(x/wg }. Note that the form of the noise written down in equation (3.27) 

is exact - a consequence of its derivation from an exact field theoretic action. It 

is also important to realise that, while ^ is on average equal to (a) — (6), its 

fluctuations are not the same as those in the density difference. This arises from 

the non-trivial commutation properties of the bosonic creation and annihilation 

operators (a point which we discussed in chapter 2). This fact accounts for the 

non- conservative nature of the noise in equation (3.26). We may now decompose 

into its mean field part together with higher order Fourier harmonics:

= -(J/D), + £ *,(*) cos f(2» + 1M (3-28)
n=0

for   (L/2) < x < (L/2). These corrections are the most general possible which 

both couple to the noise (i.e. the harmonics have a non-zero amplitude at x = 0), 

and which are appropriate for the non-conservative nature of the noise. Further­ 

more the densities on the boundaries are kept constant by these additional terms. 

Note, however, that the zero mode fluctuations of the form considered in section 

3.2 are excluded from the Fourier decomposition of ^ - this is a consequence of 

the boundary conditions. We can now insert the above expression into the noisy 

diffusion equation and use the following approximate form for the reaction front
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noise:

(n(x',t' '). (3.29)
VUg \Wg

Fourier expanding these delta functions yields an equation for the amplitudes Xn-

(2n + 1) :^ 2 7T 2

Xn — ' (3.30)

where now

(3.31)

Solving equation (3.30) in the large time limit gives

2V2J /*
Xn(t) «

Clearly i^(x = 0,£) =

/„ " exp -(t'-t) dt'. (3.32)

is a Gaussian random variable with

(3.33)
n.m

(2m + l) 2 7r 2 .,. xexp(-^  ^——(t-t"}

SJ

J . fcL 
In

(3.34)

(3.35)

(3.36)

in the large time limit, with c a constant, and where the upper limit of the summa­ 

tion is provided by the finite width wg of the wandering reaction front. Assuming 

that the fluctuations of V7 are small in comparison with the system size, then the 

gradient of ^ at x = 0 remains approximately equal to   (J/D). Hence, to leading 

order, we expect the position of the zero of the ^ field to be a Gaussian random 

variable with width wg , given by the recursive relation:

lii(cL/wg )
Wg = (3.37)
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Figure 3.3: Collapsed data in the regime AJ~1/2D~1/2 > 1. Solid line: normalized 

Gaussian; Data points: simulation results over 109 events with D = 1, A = 1000, 

t = 1000, J - 0.1,0.2,0.5,1.0, and N = 100 (0), 1000 (+) 

From our simulation data (in the limit AJ" 1/2 ./}" 1 /2 > 1) we have plotted Rwg /J 

as a function of x/wg , where in (3.37) we used c = 0.5 (see figure 3.3). The 

collapsed data is well described by a normalised Gaussian with width 1, in good 

agreement with our theory. This indicates that any higher order non-Gaussian 

corrections to the distribution of the zero of the i/> field are indeed small. Note that 

the logarithmic factor in (3.37) is essential for a good fit to the data.

We can clearly see from figure 3.3 that, in the appropriate limit, the wandering 

Gaussian dominates over the intrinsic profile (which we will discuss in succeed­ 

ing sections) to form the overwhelming component of the front in Id. Notice 

also that we find a basic (J/D)~1/2 scaling, in agreement with earlier predictions 

[24 29, 54, 55]. Previously, however, only the intrinsic part of the front was be­ 

ing analysed, whereas we have been studying the wandering piece. The scaling 

agreement is simply a consequence of dimensional analysis - any quantity with the
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dimensions of length, which is independent of A, must scale as (J/D)~ 1 /2 . We may 

also generalise our calculation to the time dependent case, where a reaction front 

is formed quasistatically between initially entirely segregated reactants. In this 

situation we find wg ~ ^(Int) 1 /2 , where a = 1/4. The presence of the logarithm 

may explain the slow convergence found in measurements of the exponent a [29]. 

In summary, we now have a good understanding of the Gaussian nature of the 

front in Id - it is simply a result of the centre of mass fluctuations of the reaction 

front. Next we turn to a consideration of the intrinsic front in Id, and the overall 

front profile in higher dimensions.

3.4 Summary of Results for the Intrinsic Front

We first present our results for the asymptotic forms of the densities and the (in­ 

trinsic) reaction front profile. Since the associated calculations are quite long, we 

will, for convenience, group together our results below. It will be shown that a zero 

loop field theoretic calculation yields a stretched exponential dependence, which 

we include in the following summary even though we expect its effects to be over­ 

whelmed by leading and subleading power law terms. In addition, for d < 2, we do 

not rule out the possibility of logarithms in higher order terms summing to give a 

modification to the leading power law given below (which results from the straight­ 

forward evaluation of the one loop contributions). So we find asymptotically, as 

-> oo, for d < 2:\x

= (J/D)\x + AI |*|- + A3 x\~™ + ... (3.38)
(o)

R = A(a6> = A4 |z|-e- + A,\x ~ + ... (3.39)
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where

for <Z = 2:

-5 In

= B4 (ln

(3.42)

(3.43)

where

(3.44)

(3.45)

and finally, for d > 2:

R = C4 |z| 3/4e-C2 l*l3/2 + + . . .

(3.46)

(3.47)

where

C3 = = °- 3787A (A/D) 5/12

(3.49)

4). (3.50)

Although these results are for the case of equal diffusion constants, we note that 

our calculations could be repeated for DA ^ DB- However, we do not expect



CHAPTER 3. THE REACTION-DIFFUSION FRONT FOR A + B -> 0 48

that such a modification will make a qualitative difference, at least for the case 

where both diffusion constants remain non-zero [59]. Evidence for this comes from 

a similar calculation by Lee and Cardy [19] for the same two species reaction, but 

with homogeneous initial conditions. They found that unequal diffusion constants 

led only to modified amplitudes for the densities, whilst leaving the density decay 

exponent unchanged.

3.5 Field Theory Formulations

Our goal is now to use our field theoretic techniques to calculate the intrinsic front 

profile. In what follows it will be convenient to develop two parallel field theories 

- one given by the action already described in (2.20), and another to be described 

below, formed by writing <f> = (j>c + <j>i and ^ = ^0 + ^1- m particular, whilst the 

second theory is more useful for calculations, the cancellation of divergences after 

renormalisation, and the identification of leading terms in an expansion in powers 

of the coupling constant, are easier to see in the first theory.

3.5.1 Propagators and Vertices

First of all we give the natural canonical dimensions for the various quantities 

appearing in the action (2.20), noting that the coupling becomes dimensionless at 

the postulated value of the critical dimension [54]:

[a,b] = kd [a,b] = k° [X} = k2-d [J\ = kM . (3.51)
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Figure 3.4: Vertices for Field Theory I.

The propagators for the first of the two theories described above (which we shall 

call Field Theory I) are (from (2.20))

, t) = Grf(k, f) = eT*\ (3.52)

in (fc, t) space. In (k, s) space, where a Laplace transform of time has been per­

formed, we have
1/2 

G#(k, s) = Grf(k, s) = j-^-. (3.53)

The vertices are shown in figure 3.4, where the 0 propagators are represented by 

solid lines and ^ propagators by dotted lines.

For Field Theory II, we split the (f> and tj> fields into their classical and non- 

classical components, which leads to a modified action

S = dxdd- lydt(d-t - V2 + 2A0C)^ + ty(dt - V2)^i (3.54)

where the classical equations have been used to simplify its form somewhat. We 

can now substitute for the exact value of i/>c = — ( J/2)x and for the functional form 

of the <f> c field (from (2.25))

(3.55)
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If we also make the rescaling in the action of

x = (\jy/3x y = (~\J) l/3y £=(AJ) 2/3*, (3.56) 

then it is transformed to

S = dxd-l ydt(\J)- 3- - V 

+2(A/ J

+ (A/ J2)^2 - V>!2 ) , (3-57)

2

where

h(x) = [f(x]} 2 - ~-x\ (3.58)

which is essentially just the classical profile of the reaction front. The form of the 

propagators is now

G - = —(XJ} d/3 G(x x1 v v' t] (3 59)

where

- V2 + <2f(x)}G(x,x',y,y',t) = S(x - x')S(y - y')S(i-t'); (3.60) 

and

^+5' (3 ' 61) 

in (A;, s) space, or

_ _ J7 
- x', ^, S) = (AJ) rf/3 . (3-62)

in (5, ibj.,5) space, where the perpendicular directions are denned to be those per­ 

pendicular to the applied currents. Unfortunately the equation for G (3.60) is too 

hard to solve exactly, as we do not have an analytic form for c/)c . Consequently we 

must rely on the approximation f(x) ~ ||z|, valid at large |x|, in order to make
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the equation tractable. If we also Laplace transform time, and Fourier transform 

to momentum space for spatial dimensions perpendicular to the applied currents, 

then we obtain

(a + kl - d\ + |5|) G(x, x 1 , *!,$) = 6(x - x'). (3.63) 

In appendix A, we show that for x w x' ^> 0, this gives

£'l. (3.64)

The important point to notice here is that for x sufficiently close to x1 ', the Green 

function decays only as a power law.

Finally, we note that each occurrence of a propagator is associated with a factor 

of (A J)d/3 . If we also extract a factor of (A J)-(d+2)/3 from each vertex then we can 

use the vertices shown in figure 3.5, provided we multiply any given diagram by a 

factor of

(\jpd-^d+2\ (3.65)

where p is the number of propagators and v is the number of vertices. Again in 

figure 3.5, <f> propagators are solid lines and ty propagators are dotted lines. Note 

the simple form of the vertices (h) to (m).

3.5.2 Renormalisation

The renormalisation of the theory proceeds in a similar vein to that described in 

[38] for the reaction A + A — > 0 - our field theory differs fundamentally only in 

the nature of the boundary conditions. Again the only renormalisation required is 

coupling constant renormalisation, as the set of vertices for Field Theory I allows 

no diagrams which dress the propagator. Hence we have no field renormalisation 

and the bare propagators are the full propagators for the theory.
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(a) (b) (c) (d) (e) (f) (g)

(h) (i) G) (k) (1) (m)

Figure 3.5: Vertices for Field Theory II. The couplings associated with each of the 

above diagrams are: (a). -Xl/3J4/3h(x) (b). Xl /3J4/3h(x) (c). -2(Aj) 2/3z 

(d). (AJ) 2/3* (e). -(AJ) 2/3* (f). -2(AJ) 2/3/(z) (g). 2(AJ) 2 /3/(*) (h). 

-2A (i). 2A (j). -A (k). A (1). A (m). -A.

Renormalisation of the Coupling

The temporally extended vertex function is given by the sum of diagrams shown 

in figure 3.6. This sum may be calculated exactly, as in [38]. In (k,t) space the 

sum is given by

(3.66)

where we have included factors of 2 resulting from the presence of two different 

types of propagator, and where /(&, t) is the integral

This integral can easily be evaluated, and the series in equation (3.66) summed 

exactly by taking the Laplace transform A(fc, s) = /0°° dte~st X(k,t). We finally end
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T+t

^

X X +

Figure 3.6: The sum of diagrams contributing to the primitively divergent vertex 

function

up with

*(*>*) =iTlA5
X

(3.68)

where #2 = 2/(87r) d/2 and e = 2   d. If we take 5 = 0 this becomes

A -. (3.69)

The vertex function can now be used to define the renormalised coupling, with 

k = K as the normalisation point. Hence we have

gR = K~'\(k)\ k= K go = «~ C A, (3.70)

for the dimensionless renormalised and bare couplings respectively. The {3 function

is defined by

0 ] - "> ,, (3-71)

and we have a fixed point /?(##) = 0 when

(3.72)
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Notice that the fixed point is 0(e). Finally, the expansion of go in powers QR is 

given by:
2

... (3.73)

Callan-Symanzik Equation

We now write down the renormalisation group equation for (4>i)R (the renormalised 

value of (^i)), expressing its lack of dependence on the normalisation scale:

r\ r\

(3.74)

In addition, dimensional analysis implies 

d d ,. ^^d

Eliminating the terms involving AC, we have 

d , , _ - d „, , d
ox 

This can be solved by the method of characteristics, with solution

(3.75)

*,$*, «, J) - 0. (3.76)

(3.77) 

and associated characteristics

(3 - 78)
= -(d + 1) J J(x) = J. (3.79) 

These equations have the exact solutions:

x
(3.80)
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-i

(?)
where in the large |x| limit QR  * pj.

We can make use of the mechanics developed above by first calculating an 

expansion in powers of g0 , which can be converted into an expansion in powers 

of gR via (3.73). Provided that the expansion is non-singular in e, we can relate 

the gR expansion to an e expansion using (3.77), where for large x\ we can take 

9R -> 9*R-

Tree Diagrams

At this point we need to identify the leading terms in an expansion in powers of 

go - something which can be done in a very similar fashion to [38], using Field 

Theory I. For the calculation of (0), tree diagrams are of order gl0 J1+\ for integer 

i. Diagrams with j loops will be of order ^J1+t~J . As the addition of loops makes 

the power of g0 higher relative to the power of J, we see that the number of loops 

will give an indicator of the order of the diagram.

We are now in a position to develop two tree level quantities - namely the clas­ 

sical density and the classical response function. Diagrammatically, we represent 

the classical densities by wavy lines and the classical response functions by thick 

lines. The tree level density (0) is given by the sum of all tree diagrams which end 

with a G^ propagator, as shown in figure 3.7(b). This is equivalent to the mean 

field equation, as may be seen by acting on both sides of the graphical equation 

by the inverse Green function 1(dt — V2 ). Similarly, acting on the much simpler 

tree level diagram for (i/>) (figure 3.7(a)) with the inverse Green function, gives its 

classical equation.
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Figure 3.7: Tree level diagrams for (a) (ip), and (b) (</>). 

We now define the three response functions for the theory:

-An, -3)^(x', An, *)) (1) (</>(x, -An, -sM*', An,

(3.82)

where the superscript '!' indicates that they are defined in Field Theory I. Their dia­ 

grammatic sums are shown in figure 3.8. The first one (il>(x, — fcj_, —s}$(x', k±.,s))( 1 '
("2\

is simply the propagator G\'T, where the superscript '2' indicates that it belongs 

to the second field theory. It is also easy to show that the second response function 

(4>(x, — fcj_,   s}(j)(x' , fcjo-s)}^) is equivalent to the propagator G, 7. To do this we
/2\

rearrange the unrescaled equation for G,^:

6(x - x'). (3.83)

Including a delta function integration in the first term on the right hand side, and 

acting on both sides with the inverse Green function, we obtain

G%\(x, x', kL ,s) = G$ - 4A I G§(x, Xl , fcx, *)tc(*i)&&(*i, *', *i, »)**i,

(3.84)

where G^l is the <j> propagator for the first field theory. Iteration now generates 

the appropriate tree level expansion for {^(z,  An,   <s)^(z', A;j., 5))^, and we have
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(a)

I \ \ Ir-' rJ rJ r-'
___ _L ____ _^_^_;__ _C_T_T_:'__

Figure 3.8: Response functions for Field Theory I: (a) (^)(1 ), (b) {^x^1 ), and (c)

G, T = (<^}(1 ). The remaining response function (0?/')( 1 ) is, as would be expected, 

equivalent in the second field theory to the two point vertex sandwiched between 

a <j) propagator and a ^ propagator.

3.6 Density and Reaction Front Calculations

We first note that we cannot draw diagrams which terminate with a tpi propaga­ 

tor in Field Theory II. Consequently we conclude that (^i) = 0, and hence that 

(^ = if>c . This also follows from averaging equation (2.28). We now turn to the 

asymptotic evaluation of (0). Inserting the classical (tree level) solution (3.5) into 

the Callan-Symanzik solution (3.77), and making the leading order replacements 

A   > gRt€ , and for large a;|, <JR — > g^, we obtain

-- (3.85)

If we use the explicit value of g*R from (3.72), then

0.3787^^5 |*|<7-M> /1VP/8M-- + . . . (3.86)
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(a) (b) (c)

(d) (e) (f)

N i-/-•'

Figure 3.9: One loop diagrams in Field Theory I.

So the tree level expression consists of the expected linear term, which must be 

present if the boundary conditions are to be satisfied, together with a stretched 

exponential component.

3.6.1 One Loop Contributions

According to our earlier arguments, we expect the next order contributions to (</>) 

(in Field Theory I) to contain one loop embedded somewhere in the tree diagram. 

The diagrams corresponding to this prescription are shown in figure 3.9. However, 

we have shown that we may translate these diagrams into Field Theory II by re­ 

placing response functions by propagators. This is convenient as we have analytic 

expressions for the Green functions in the second field theory (at least asymptot­ 

ically), and so performing calculations becomes easier. The equivalent diagrams 

for Field Theory II are shown in figure 3.10. Notice that the density lines present 

in the diagrams for Field Theory I have been absorbed into the vertices for Field 

Theory II, where a factor of $. — *!>* ls present at the source vertex.
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(b) (c)
*

; o\ \

x'V

Figure 3.10: One loop diagrams in Field Theory II.

We begin by calculating the third diagram of figure 3.10. At this level of 

approximation we replace the source (the incoming classical density lines at the 

rightmost vertex in Field Theory I) by a delta function at the origin, with a weight 

equal to the area under the classical reaction front:

(3 -87)

This will be valid provided {</>) decays much more slowly than the classical reaction 

front - an assumption that will be shown to be justified a posteriori. By integrating 

the classical equations we also have the relation

A 1(^1 - ̂ dx' = A 1 /3 J4/3 1 h[(~\J) l /3x']dxf = J, (3.88)

which is simply saying that, classically, the number of particles entering the system 

is the same as the number being annihilated at the reaction front. After we have 

performed the rescaling x' = (AJ) 1/3^', this becomes

fh(x')dx' = l. (3.89)

So the vertex factor at the source is replaced by:

A 1 /3 J4/3 (J h(x')dx^ 8(x) = A 1/3J4/3^(x). (3.90)
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The evaluation of the diagram is presented in appendix B, where it is shown that 

part of the result cancels off the (divergent) diagram shown in figure 3.10(b). The 

net result of these two diagrams is then:

~ d~3 . (3.91)

We may now insert this into the Callan-Symanzik solution (3.77), and use the 

results for the running current/coupling (3.80)/(3.81), and for the coupling fixed 

point (3.72). This leads to the 1 loop density correction

327

which justifies the use of the delta function approximation for the source. The one 

remaining diagram in figure 3.10 consists entirely of (j) propagators, and so asymp­ 

totically we expect an exponential dependence which we neglect in comparison with 

the power law. So to this level of accuracy we have

+ 0.3787

(3.93)

Using the relation (2.32) it is also straightforward to calculate the form of the 

intrinsic reaction front profile:

2R = \(tf - V- 2 } = 0.3787
t/ / jL/

-"-»

j

where only the leading terms generated by the differentiation of each of the com­ 

ponent parts of (3.93) have been retained.

Finally, we consider the cancellation of divergences at 1 loop which, as we 

mentioned earlier, can most easily be seen in the formalism of Field Theory I. We
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-2%' gR
Figure 3.11: Divergences at one loop. The factor underneath each diagram is 

associated with the vertex.

expect divergent contributions from the 1 loop diagrams a,b,c and d in figure 3.9, in 

the limit where the position of the loop's left vertex tends towards that of the right 

vertex. In this limit, where no insertions are possible into the response functions, 

it is appropriate to replace the loop of (f> response functions with one of ^ response 

functions. Evaluating this loop gives the result l/2<jr£, and the diagrams become 

as shown in figure 3.11. However, if we consider the corrections to the tree level 

due to subleading terms in <7o(<7ft) (from (3.73)), we have the same diagrams but 

with opposite signs, which exactly cancel the 1 loop divergences.

Two Loops

Whilst we have not calculated in full the contributions to the density from the two 

loop diagrams, a remark concerning their general nature, and of the nature of our 

perturbation expansion, is in order. A sample of these two loop diagrams is shown 

in figure 3.12.

The easiest diagrams to evaluate are the first and second of those in figure 3.12,



CHAPTER 3. THE REACTION-DIFFUSION FRONT FOR A + B -* 0 62

,--* /•——X<JO

I
\ /
\ /

/ \/ \

etc.

Figure 3.12: A sample of the two loop diagrams for (<j>i). 

for which it is easy to check that they have the form

x \-4d-3j-3 ~ d [J\x -3 (3.95)

Hence the perturbative expansion for the power law contributions to ((/)) would 

appear to have the form:

x\-d [J\x\ d+l e 1 /2} + e-*\x\-d [J\x

(3.96)

Consequently, we see that the condition for our field theory to be valid is that the 

dimensionless parameter J|a;| d+1 be ^> 1. It should also be noted that subleading 

power laws from the loop integrals will be smaller than their leading term by factors 

of (J\x\ d+l )-^3 .

3.6.2 d> d

At the upper critical dimension for the system, in this case d = 2, we expect 

logarithmic corrections to the d > 2 results, owing to the presence of the marginally
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irrelevant parameter A. The Callan-Symanzik solution (3.77) is still valid, although 

with a different running coupling, which we calculate by taking e -» 0 in (3.71). 

This gives the result

~9R(K~l ) = ._,,!* v (3.97) 
l + gln(«x)

The behaviour of the running current is as previously calculated. Using the asymp­ 

totic form {JR ~ 47r/ln(«z), we obtain

*
47T I '~ ~ ' 327T2J + •••>

(3.98)

where higher order corrections will be only O[(ln l^l)" 1 ] smaller, so the asymptotic 

regime will be accordingly hard to reach. Finally, for the reaction front, we have

R = 0.378W, e-* +
(In

(3.99)

For dimensions higher than the critical dimension, the expressions from the 

evaluation of the Feynman diagrams can be used directly without being inserted 

into the Callan-Symanzik solution. This gives us the following results, valid for 

d > 2, and in the regime (J2 X/D3 )\x d+4 > 1:

(3.100)

and

R = 0.3787 J19/12 A 7/12D|^| 3/4 e- |;r (3.101)

- d)(d
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3.7 Discussion

The main results of these last few sections have been expansions for the asymptotic 

behaviour of the densities and the intrinsic reaction front profile for dimensions 

above, below, and equal to the critical dimension. We can now compare our results 

with previously published simulations (see for example [28, 29, 45, 48, 49, 54]). 

Note that in all of these papers except [54], the initial conditions were those of 

complete particle segregation - so the particle currents at later times were time 

dependent. The remaining reference [54] contains the results of simulations in 

the steady state. Our calculations could, in principle, be redone for the time 

dependent case. However, this would lead to an analytic calculation of greatly 

increased complexity, as the quantities involved in the calculation (including the 

Green functions, the response functions, and the mean field reaction front) would 

acquire additional time dependence. Fortunately, simple one loop considerations 

for (V' 2 ) indicate that the dominant contributions to the integrals originate from 

large times. At these times the reaction front is formed quasistatically, and so we 

expect to be able to relate to the steady state case by making the correspondence 

J ~ t~1/2 [29, 55] (but see below for occasions where this breaks down). In addition, 

most earlier work employs an infinite reaction rate (which considerably simplifies 

the simulations). However, as we have already pointed out, this leads to complete 

species segregation at all later times - a feature which is not in accord with our 

field theoretic/RG calculation scheme.

Furthermore, previous Id simulations are dominated by the wandering Gaus- 

sian reaction front, which makes a verification of our intrinsic calculation difficult. 

In addition, in higher dimensions, previous simulations lack sufficient detail for



CHAPTER 3. THE REACTION-DIFFUSION FRONT FOR A + B -> 0 65

a comparison to be made with our results. However, Cornell and Droz [54] do 

present evidence for the validity of their scaling hypothesis (3.6) in dimensions 

d = 1,2,3 for regions close to the reaction front centre. Returning to the Id case, 

if we wish to study the intrinsic component of the front (in the non-mean field 

limit AJ"1/2/)"1 /2 ^> 1), we must find a way of suppressing the dominance of the 

wandering Gaussian part. One way in which this can be achieved is to measure the 

reaction rate Rr as a function of x — xp , the distance between successive reaction 

events at xp and x. This enables the intrinsic profile to be studied, as the front 

centre has little time to move on such short time scales. These reaction events are 

effectively uncorrelated, so that the relative reaction rate Rr is given by

RT (x] = I R(x)P(xp)8(x — xp — x)dxdxpj (3.102)

where P(xp ]dxp = R(xp )dxp / f R(xp)dxp is the probability that the previous reac­ 

tion occurred between xp and xp -\-dxp . In our simulations of Rr we kept the bound­ 

ary insertion rate i small, and hence many particles were present in the reservoirs 

(see section 3.3.1). We were therefore able to effectively simulate a much bigger 

system with a large number of particles. This ensured that correlations between an­ 

nihilation and reinsertion, which would otherwise have modified the intrinsic profile, 

were kept to a minimum. Our simulation data is shown in figure 3.13, which shows a 

convincing data collapse of Rr (J/D)~l /2 /J plotted against \x — xp \(J/D) 1/2 . As we 

are now studying the intrinsic profile, this result finally confirms the scaling predic­ 

tions of [24, 54, 55] for the intrinsic front in Id. For large values of \x — xp \(J/D) 1/2 

we also find a tail which is consistent with the RG improved tree level prediction 

log(R) ~ -B(J/D)l/2 \x\ (implying log(-Rr) ~ -B(J/D)^2 \x\). Unfortunately our 

data provides no clear indication of the predicted power law tails. However, such 

tails would be very hard to see in measurements of the relative reaction rate Rr , as
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Figure 3.13: Collapsed data plot for the relative reaction rate in the regime 

> 1. Simulations were for 1010 events, with D = 1, N =

200,1100,10100.

the power law exponent would be large (7 - 2e + O(c2 )). We have also performed 

simulations in the mean field regime. In this case Rr /[J(XJ/D2 Y/3} was found to 

collapse when plotted against small values of (XJ/D2 ) l/3 \x - xp \. However, for 

larger values, the collapse no longer worked well, probably due to the increased 

importance of fluctuations in the asymptotic regime.

We now turn to a consideration of the spatial moments of the intrinsic reac­ 

tion front profile, where there has been a recent controversy over the existence 

of multiscaling (see Araujo et al [28] and Cornell [29]). In fact, our calculations 

suggest that multiscaling does indeed occur for high enough moments in the time 

dependent version of our model, starting from completely segregated initial condi­ 

tions. However, in Id such behaviour will be especially hard to observe due to the 

dominance of the Gaussian wandering front. Furthermore, the size of the power 

law exponents is large, indicating that their effects will only become important in
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an extremely asymptotic region. Nevertheless, for the steady state situation, the 

existence of the asymptotic power laws found above implies that the moments:

roc p, x , , (3-103)l^ R(x)dx J

do not exist for q > fj, + 1, where // is defined by R ~ (constant) x |;r|~~ M~2 in 

the reaction front tail. However, in the time dependent case, these moments must 

exist due to the presence of a diffusive cutoff at XD ~ t 1 /2 [60]. Therefore, for the 

calculation of the spatial moments x^ for large enough <?, we cannot relate the 

steady state case to the time dependent case by simply applying the scaling sub­ 

stitution J ~ t" 1 /2 . We can make these remarks more quantitative by performing 

the calculation of the spatial moments in the time dependent situation. Separate 

arguments must be applied for d < 2, when our RG arguments imply that the 

steady state profile has a scaling form (3.94), and for d > 2, when (3.101) shows 

that the fluctuation induced power law tails do not scale. For d < 2, we have:

where a and /? are denned in the usual way (see equation (3.3)). Here F(y] is a 

function which provides a cutoff at y ~ 0(1), but whose inclusion does not affect 

the calculation of moments which are finite even in the absence of a cutoff. For 

q < fj, + 1, where the qth moment of S is finite (even without a cutoff), we can 

therefore neglect the effects of F. However, for q > // + 1 the <?th moment is 

infinite without the cutoff so the integral will now be dominated by the region 

(x/t1/2 ) ~ 0(1), where the asymptotic result S ~ (x/t01)'^'2 may be used. These 

considerations lead to the result x^(t) ~ taq , where (neglecting any logarithmic



CHAPTER 3. THE REACTION-DIFFUSION FRONT FOR A + B -> 0 68

corrections for q = fj, + 1):

for q < [J, + 1

Hence we have a cusp at q = // + 1, above which ag tends towards 1/2 for large <?. 

Note that this value of 1/2 is specific to a diffusive cutoff of the form F(x/t1 /2 ). 

For d = 2 we also expect logarithmic corrections to the above power laws.

For d > 2 we must carry out a slightly different calculation, as although the 

classical (tree level) reaction front obeys scaling, (3.101) reveals that the one loop 

power law correction does not (violating the scaling hypothesis (3.6)). However, 

for moments which exist without a cutoff, it turns out that the classical terms still 

give the dominant contribution in the scaling limit. For these terms we have, in 

the steady state case:

I" x\ 9Rc(x, A, J)dx ~ A1/3J4/3 I" \x\ q Sc [(XJ) l/3x]dx ~ X~q/3 Jl ~q/3 (3.106)
J — oo J—oo

However, for the non-scaling power law we must consider:

i r ^ A-9/(e*+4) ji-2^+4) (3 107)
7(AJ2 )-1 /(d+4) Xd+5

where we have imposed a lower cutoff in the integral derived from the expansion 

parameter of the d > 2 asymptotic series (3.101). Comparing the J dependence of 

the two results above, we see that the first of these will dominate in the scaling limit 

J _>. o. Substituting J ~ 2" 1 /2 and normalising, we end up with aq = a = 1/6, 

for q < d + 4. For the higher moments (q > d + 4) we need to introduce the cutoff 

function F, so the integral will be dominated by the region (z/t1 /2 ) ~ 0(1), where 

we can use the asymptotic power law from (3.101):

(3.108)
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Consequently, we have the result x^ ~ £ a <? ? where (neglecting logarithmic correc­ 

tions for q = d + 4):

Oiq = <

I for q < d + 4
(3.109) 

\-*g far^xf + 4.

In this case we have a discontinuity at q = d + 4, a result of the power law term 

being unimportant for q < d + 4, but dominant for q > d + 4. Once again we stress 

that the limiting behaviour aq  > 1/2 as q  >  oo is dependent on the diffusive form 

of the cutoff.

Thus we predict the existence of multiscaling in the time dependent case in 

qualitative agreement with Araujo et a/., even though we are considering a different 

model. In general power law tails in the steady state reaction front profile should 

always lead to dynamic multiscaling whatever their origin. These arguments are 

similar to those of Cornell et al. [60], who find evidence for multiscaling in the 

reaction nA + mB  > 0 with (n, m) ^ (1,1). However, in that case the solutions of 

the mean field rate equations already gave power laws even without the addition 

of fluctuation effects.

In summary, our ability to adjust the reaction rate has enabled us to find two 

regimes for the A + B  > 0 front in one dimension. For A J"1 /2^)" 1 /2 <C 1 mean 

field predictions work well, whereas for AJ" 1 /2 ^)"1 /2 >> 1 the front is dominated 

by a Gaussian profile, a result of fluctuation induced wandering. Our theoretical 

prediction for this shape agrees well with simulations. Furthermore, we have made 

analytic predictions for the shape of the intrinsic profile. Our Id simulations are 

again in agreement with these calculations. Finally, our prediction of power law 

tails in the intrinsic front profile has lead us to propose the existence of multiscal­ 

ing in high enough order spatial moments of the time dependent reaction front. 

However, this behaviour has been rather hard to observe due to the dominance of
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the Gaussian front in Id, and also the large size of the power law exponents.

3.8 Appendix A: Derivation of the Green Func­ 

tion

In this appendix we find a solution to equation (3.63) in the region x' > 0, and 

accurate for large |x|, i.e. when \x > (AJ)" 1 /3 :

aAi[—x + K± + s\ when x < 0 

G(x,x', fcj.,3) = < i[x + &1 + s] + 7-Bz[x + fcj + s] when 0 < x < x'

. ^Ai[x + k]_ + 5] when x > x'.
(3.110)

Considering the boundary conditions at x' (continuity in G and a discontinuity in 

its derivative), we have

0Ai(x' + kl + 5) + iBi(x' + jfej + S) = tf At(5' + IfeJ. + 5) (3.111) 

0Ai'(x' + ibi + 5) + 75»'(x/ + Jfei + 5) - £Az''(z' + JfeJ + S) = 1. (3.112)

These equations can be solved for 7 with the result that 7 = TrAi(x' + k± + 5). The 

final boundary condition (G   > 0 as £   »    oo) will (in principle) give a further 

relation between /? and 7, as well as specifying a. But to use this condition we 

need to know the behaviour of G in regions near the origin, where our asymptotic 

approximation breaks down. Consequently we must rely on numerical solutions, 

which reveal that for our purposes we may neglect the (3Ai term in (3.111). Solving 

for 8 we obtain:

<jrAi(xf +~ki + s)Bi(x + kl + s) for 0 < x < x'
~

+ *i + S) for x > x' > 0.
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We can now use the asymptotic form of the Airy function [36] to simplify these 

expressions further:

Ai(z) ~ s-i/VW3)*, Bi(z) ~ =*~1/4 e (2/3)*32 (3.114)
2y7T

Hence, for 0 <C x < x' ,

G = !(£' + £2 + S )
^

with a similar expression for £ > 5' > 0. For x w 5' > 0, we may expand the 

terms inside the exponential to obtain

---1a -' (3.116)

3.9 Appendix B: Evaluation of the One Loop 

Diagrams

The loop contained in the diagram in figure 3.10(c) is given by the integral

~ 1 s , (3.11?)
where the prefactor of '2' is a symmetry factor, and the s integration is along the 

real axis. In the integral we have used the form of the propagator for the <j) field 

valid for x'^x'^x' > 0, and x'{,x'{ w x; , the region from which we expect the 

dominant contribution (as here the (f> propagator falls off only as a power law). 

The x" and z'2' integrations are elementary, giving
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However, we notice that the leading x1 part of the integral is in fact a divergent 

power law. Furthermore, this divergence cannot be cancelled by the renormali- 

sation of the theory, as any such cancellation would have to arise from coupling 

constant renormalisation at the tree level (using (3.73)). As the renormalised tree 

level result is still an exponential, cancellation with a power law cannot occur. 

Consequently, we must find another mechanism for the removal of the divergence, 

and this is provided by its cancellation with the divergent loop shown in figure 

3.10(b). Turning now to the next to leading x1 term in the above integral, we have

L / c-(*i+

«A/ «/

x (3.119)

This can be rewritten as

2 /•
l/3 T2/3/T J} d/3 J__?_ /J (XJ} x» dx' J

i.e. a constant times the derivative of the tp propagator loop integral. Rewriting the 

ij> propagators entirely in momentum space, and performing a contour integration 

for 5, we end up with

1 f~\ fnT*rt p o'-t''*'
L/ I C-X-l/3J2/3^

This integral may be done exactly using some standard results from [61], with the 

result

J-l/3J2/3(XJ)«*/32-l-^-(rf+l)/2(l _ d)r x'-d~\ (3.122)

V ^ /
To evaluate the contribution to (</>) we now need to include the leftmost vertex and 

propagator:

] f z'-^ST1/V*1/2 "*-*W, (3.123) 
2 J
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giving the leading order result

- d)T ——— x~d-3 . (3.124)



Chapter 4

A Multispecies

React ion-Diffusion System

4.1 Introduction

In this chapter we set out to study fluctuation effects in a system with three com­ 

peting irreversible reactions:

At t = 0 the A and B particles are distributed randomly (according to a Poisson 

distribution), such that on large scales both densities are initially homogeneous. 

Our goal is to calculate density decay exponents and amplitudes taking into ac­ 

count fluctuation effects. In pursuit of this aim, we analyse the system using both 

the Smoluchowski approximation and the field theory approach, and we show that 

the two methods are closely related. However, whereas it is unclear how the Smolu­ 

chowski approach may be improved, the field theory provides a systematic way to 

obtain successively more accurate values for the asymptotic density decay expo-

74
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nents and amplitudes. We shall concentrate on situations where one of the two 

species is greatly in the majority (as is almost always the case asymptotically) - so, 

for example, if the A species is predominant, then we can safely neglect the reaction 

B + B  »  0. This kind of assumption will lead to a considerable simplification in 

our analysis.

Previous work on this problem includes use of the Smoluchowski approximation 

[31], as well as exact Id results obtained by Derrida et al. [32, 33, 34] for the special 

case of immobile minority particles. Derrida et al. were, in fact, studying a different 

problem, namely the probability that a given spin has never flipped in the zero 

temperature Glauber dynamics of the q-state Potts model in one dimension. By 

solving that model exactly [33, 34] they showed that this probability decreased as 

a power law: t~3/8 for the Ising (q = 2) case. However, in one dimension, the Ising 

spin flip problem and the decay rate for the immobile impurity in our reaction- 

diffusion system are exactly equivalent problems (see figure 4.1), and hence this 

exact decay rate also holds in our case.

We also mention one other previous result for the immobile impurity problem, 

due to Cardy [62]. Using renormalisation group methods similar to those employed 

in this thesis, it was shown that the density of the minority species decays away as 

a universal power law: t~& for d < 2, where ft = | + O(e) and e = 2   d. The case 

where the majority species is immobile has also been solved (see [35]). In this case 

the decay rate for the minority species is dominated by minority impurity particles 

existing in regions where there happen to be very few of the majority particles. 

Since these majority particles are strictly stationary, this situation is not describ- 

able using a rate equation approach, and it turns out that the minority species 

decays away as exp (—td^d+2^\ , a result which is not accessible by perturbative
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Figure 4.1: The mapping from the spin flip problem to the multispecies reaction- 

diffusion system.

methods.

For convenience, we now present a complete summary of our results for the 

density decay rates. In what follows we define HA, TIB to be the initial density of 

A, B particles, and 8 = (Ds/ DA) < 1 to be the ratio of the diffusion constants. 

For d < dc = 2, HA !> TIB and n~^ D^ 1 <C t <C t\ (where ti is a crossover time 

derived in section 4.4), we have (as in [38]):

(a) 1 + 2l£^l5 + 0(e) , ^
47TC 167T

(4.1)

For the minority species, we find, from the RG improved tree level approximation 

in the field theory:

(6) ~ F(DAt)~ft (4.2)

where
A d T(e/2)

d/2

(4.3)

These decay exponents are identical with the Smoluchowski results. Performing 

a strict e expansion on this RG improved tree level result gives an exponent (3 =
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| + O(e) for the immobile impurity case (6 = 0). This is in agreement with previous 

RG calculations by Cardy [62]. If we now go beyond the tree level calculation by 

including one loop diagrams, then we obtain an improved value for the exponent

using an e expansion:

1 - - 77 +In 21n

7T~6~ (4.4)

where

_
Inu du (4.5)

is the dilogarithmic function [36]. This exponent is found to be in good agreement 

with simulations [31] and exact results [34] in d = 1.

However, for 6 < 1, the system crosses over to a second regime where (6) ^> (a). 

This situation is similar to the case where we begin with HB ^> n^~ In that regime, 

at times Dnt ^> nl> , and for nn >> n^, ^ ^ 0 and d < 2, we have:•*-^ ^j 7 /

21n87T-5
+

167T
(4.6)

for the majority species. Using the RG improved tree level result for the minority 

species, we obtain:

(a) - E(DB t}-*, (4.7)

a«j

-1 \ «*/*
with

7 /1 +£"1N\ ^ /_i_vt/^i v - / ( .-^) E ~ HA IM^J (4 - 8)
The exponent is again in agreement with the Smoluchowski result. If we attempt 

to improve this calculation to one loop accuracy, then we obtain:
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/? ; ; ' ~ v /• v'*'"/

This exponent is only valid for 6 quite close to unity, and even in this region it may 

be less accurate than the (non e-expanded) RG improved tree level result given 

above. This point will be discussed further in section 4.4.2.

We next give results valid for d = 2, where we find extra logarithmic factors 

multiplying the power law decay rates. Treating first the case (a) > (6) and 8 < 1, 

we have, from the RG improved tree level, an initial regime with:

2

However, for 8 < 1, the system again crosses over to a second regime where (6) ^> 

(a). In this second regime the density decay exponents (though not the amplitudes) 

are the same as for the case where we begin with HB ^> n^. In that case we have, 

for 6 0:

(4.18)

Crossover times for these cases are given in section 4.4.3.

We now give a brief description of the layout of this chapter. In the next 

section we analyse the system using the mean field/ Smoluchowski approach. We 

then set up the necessary formalism for our field theory in section 4.3, and use it to 

perturbatively calculate values for the density exponents and amplitudes in section 

4.4. Finally, we give some conclusions and prospects for future work in section 4.5.
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4.2 The Mean Field &: Smoluchowski Approach

The simplest description of a reaction-diffusion process is provided by the mean 

field rate equations. For the system we are considering with densities a and 6, they 

take the form:

(4.14)

, (4.15)

where A^, XBB-, and XAB are the reaction rates, and where we impose initial 

conditions of the form a\ t=o = HA and b\ t=Q = UB- In this approach we have, of 

course, completely neglected the effects of fluctuations - below an upper critical 

dimension c?c , where fluctuations become relevant, this sort of approximation will 

break down.

Nevertheless, even at the mean field level, the complete solution set for these 

rate equations is quite complicated. In what follows we shall restrict our analysis 

to the case where I\BB < XAB < ^AA- The solution for this particular parameter 

set will be required for our later field theoretic analysis. As we demonstrate in 

Appendix A (see also [31]), it is easy to show (by forming a rate equation for the 

concentration ratio) that (a/b)   > 0 as t   > oo. Thus, if we begin with initial 

conditions where HA ^> KB, we can identify two distinct regimes - an early time 

regime where a > b and, after a crossover, a late time (true asymptotic) regime 

where b > a. Treating the early time regime first, we find (after some algebra):

a

-. (4.17) 

Note that the A particles are decaying away more quickly than the £'s, so eventu-
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ally we crossover to a second regime:

b~(2\BBt)~l (4.18)

7rt \,N \ . _ /o\ __ I -1- T «B

More details of these derivations can be found in appendix A. Alternatively, if we 

begin with nB ^- HA, then we have a single asymptotic regime:

6 ~ (2ABB*)- 1 (4.20)

By using these solutions to compare the relative sizes of the reaction terms in the 

mean field rate equations (4.14) and (4.15), it is also easy to derive crossover times 

for the various regimes.

However, if we now wish to extend our results at or below the upper critical 

dimension, we must attempt to include some of the fluctuation effects. The sim­ 

plest way in which this can be done is to employ the Smoluchowski approximation 

[4, 31, 63]. The essential idea of this approach is to relate the effective reaction 

rates A|^ to the diffusion constants D^DB- Suppose we want to calculate the 

reaction rate A^. We begin by choosing a (fixed) A species target "trap", which 

is surrounded by B particles. When a B particle approaches within a distance R 

of the target, a reaction is deemed to have occurred. Consequently, the reaction 

rate may be obtained by solving a diffusion equation with boundary conditions of 

fixed density as r   * oo, and absorption at r = R. The flux of B particles across 

the d dimensional sphere of radius R around the target is then proportional to an 

effective microscopic reaction rate. If we now generalise to the case where both the 

A and B species are mobile, then we find (in dimension d < 2 and in the large time
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limit):

X eM ~ (const.)(IU + DB ) d'*tdl*-\ (4.22)

For d = 2 we obtain logarithmic corrections:

ff (coiist.)(DA + D

More details of these derivations can be found in appendix B. The Smoluchowski 

reaction rates for \eAA and XBB are obtained in a similar fashion. Note that above 

d = 2 the reaction rate approaches a limiting (constant) value, and we see that 

the Smoluchowski approach predicts a critical dimension of dc — 2 for this system. 

This is simply related to the reentrancy property of random walks in d < 2. It is 

the inclusion of this effect which accounts for the improvement introduced by the 

Smoluchowski approach.

If we now substitute these modified reaction rates into the rate equations, we 

can obtain the Smoluchowski improved density exponents. For the case where 

HA ^> KB, we find an initial regime with

a = 0(rd'*) (4.24) 

6=o(Hmd/2 ) (4.25)

Once again, since the A particles are decaying away faster than the £?'s, we cross 

over to a second regime, where (for 0 < 8 < 1)

b = 0(t~dl2 } (4.26)
/ _i\ d/2 

1±

This second set of exponents is the same as for the case where we begin with 

KA and 6^0. In this situation no crossover occurs and the exponents
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are valid for all asymptotic times. These exponents can be compared favourably 

with both simulations [31], and exact results [34]. For example, the decay rate 

for immobile minority impurities is given by Smoluchowski to be w t~°-354 . This 

compares well with the exact decay rate of t~°-375 .

Turning to the case d = dc = 2 and nA > n#, we obtain, for the initial regime:

« = O ft*) (4.28)
\ 6 /

V 2 /

(4.29) 

We again eventually crossover to a second regime, where (for 0 < 8 < 1):

(4.30)

(4.31)

This second set of exponents is again valid (for all asymptotic times) in the case 

where we begin with UB ^> TIA and £ / 0.

Note that the Smoluchowski approach can also be employed for d > dc , where 

again we will find (time independent) reaction rates which depend on the diffusion 

constants. However, our later field theoretic analysis shows that there is no strict 

justification for this procedure. Nevertheless, a recent Smoluchowski based study 

has been made of a system with heterogeneous single species annihilation [31]. In 

this situation we have only one fundamental reaction process, but different reaction 

rates may still arise, for example, by having two or more different particle masses 

(and hence two or more different diffusion constants). In this case it is physically 

reasonable to suppose that the exponents for d > dc (which are ratios of reaction 

rates) may again depend only on the diffusivity ratios, with any other parameters
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cancelling out. However, in the general case, where the reaction processes are 

genuinely distinct this will not be the case.

Overall, we have seen that the Smoluchowski approach is a simple way to in­ 

corporate some fluctuation effects into the rate equation approach. Unfortunately, 

it is not at all clear how these methods may be systematically improved. It is for 

this reason that we turn to the main purpose of this chapter - the development of 

an alternative field theoretic framework.

4.3 The Field Theory Approach

Our starting point is the field theoretic action (2.41), derived in section 2.3:

S = I ddx (I dt [a(dt - V> + l(dt - 8V2)b + 2\AA aa2 + XAA a2a2 (4.32)

2 + XAB aab + XABbab + XABabab\ — anA — bn

Here we have defined 8 = (DB/ ' DA) < 1, and also rescaled time £, together with 

the reaction rates \{ij}, to absorb the diffusion constant DA .

Performing power counting on the action 5, we can now give the natural canon­ 

ical dimensions for the various parameters appearing in the action:

2-d[t] - k~ 2 [a], [6], M, [TIB] ~ kd [a], [6] ~ k° [X{ij} ] ~ k2 ~ d . (4.33)

Notice that the reaction rates become dimensionless in d = 2, which we therefore 

postulate as the upper critical dimension for the system, in agreement with the 

Smoluchowski prediction.

From the action 5, we can see that the propagators for the theory are given by

(4 ' 34)
0 foit<t'
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nA8(t) nB 5(t)

Figure 4.2: Vertices for the field theory.

Gbl (k,t-t'}= (4.35)
I 0 for t < t'.

Diagrammatically, we represent Ga a by a thin solid line and Gbi by a thin dotted 

line. The vertices for the theory are given in figure 4.2.

4.3.1 Re normalisation

One of the most important features of this theory, as we have previously mentioned, 

is the relative simplicity of its renormalisation. Examination of the vertices given 

in figure 4.2 reveals that it is again not possible to draw diagrams which dress the 

propagators. Hence the bare propagators are the full propagators for the theory. 

Consequently, the only renormalisation needed involves the reaction rates A^-j}, 

and in particular the diffusion constants (or 8} are not renormalised.

The temporally extended vertex functions for the reaction rates are given by



CHAPTER 4. A MULTISPECIES REACTION-DIFFUSION SYSTEM 85

a)

b) Y

c)

Figure 4.3: The temporally extended vertex functions (a) XAA (k,s), (b) XBB(k,s), 

and (c) XAB (k,s).

the diagrammatic sums given in figure 4.3. As is the case in similar theories (see 

chapter 3 and also [19, 24, 38]), these sums may be evaluated exactly using Laplace 

transforms:

XAA

A /i \ _ 
BB( ' S) ~

1 + XAA CT(e/2)(s + 
XBB

(4.36)

(4.37)

XAB (k,s) = —

where C = 2/(87r) d/2 and s is the Laplace transformed time variable.

We can now use these vertex functions to define the three dimensionless renor-

malised and bare couplings, with s = /c 2 , k = 0 as the normalisation point:

(4.39)

Consequently, we can define three (3 functions:

r\

(4.40)
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Q
0(9RBB ) = *jr9RBB = ~t9RBB + tCT(e/2)6-d/2gl (4.41)

fllC OD V /

o

P(9RAB ) = K ^9RAB = -*9RAB + 2-£/2 eCT(e/2)(l + 6)-d/*9RAB , (4.42) 

and three fixed points 8(QD } = 0:f r\XR{ij} J

(4.43)

(4.44)

1 / I _i_ C\ —"/* \

CF(6/2)- -I- (4.45) 
z \ z / y

Finally, we see from (4.36), (4.37), and (4.38) that the expansion of g0{ .. } in powers

of gR{ij} is given by:

an...,
(4.46)

4.3.2 Callan-Symanzik Equation

We now exploit the fact that physical quantities calculated using the field theory 

must be independent of the choice of normalisation point. This leads us to a 

Callan-Symanzik equation:

9 ' "' x d - "' ^ d ~< ^ d (a)R = Q. (4.47)

However dimensional analysis implies

d d d , d, , - 2t— + dn- — + dnB -z — - a i ,6,K>) = 0. (4.48)
OK dt dnA 

Exactly similar equations hold for (b) R . Eliminating the terms involving AC and 

solving by the method of characteristics, we find:

Ac~ 2 , raA («r2 ), nB (K~ 2 ), 9R{ij} («T2 ), 6, AC),

(4.49)
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with the characteristic equations:

and initial conditions:

MO = nA nB (t) = nB (4.51)

= 9nAA 9RBB (t] = gnBB 9RAB (t] = gnAB . (4.52) 

These equations have the exact solutions:

(4.53) 
> / /

and
-1

In the large £ limit <7ft{ .j}  > ^{ . } , a relationship which will allow us to relate an 

expansion in powers of the renormalised couplings gR{ij} to an t expansion using 

(4.49). In our later density calculations we will assume that this asymptotic regime 

has been reached.

4.3.3 Tree Diagrams

In order to perform systematic e expansion calculations we now need to identify 

the leading and subleading terms in an expansion in powers of go{ij} • In calculating 

(a) and (6) contributions from tree diagrams are of order <7ow} n{i}9 » f°r integer q, 

and densities n^y = {nA ,nB }- However, diagrams with / loops will be of order 

9o n}\9 ~ 1 - The addition of loops makes the power of g0{ij} higher relative to the 

power of the densities - so we conclude that the number of loops again gives the 

order of the diagram.
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,cl

,cl

Figure 4.4: Tree level diagrams for the densities (a) and (6).

The lowest order diagrams contributing to (a) and (6) are the tree diagrams 

shown in figure 4.4. We represent the classical (tree level) density (a} ci by a wavy 

solid line, and (b) ci by a wavy dotted line. These sets of diagrams are equivalent to 

the mean field rate equations, as may be seen by acting on each by their respective 

inverse Green functions.

The second tree level quantities appearing in the theory are the response func­ 

tions:

L(k, t2 , *i) = (*(-*, h)a(k, ti)) (4.55) 

= (b(-k, t 2 )a(k, ti)> (4.56)

(4-57) 

(4.58)

which we represent diagrammatically by the thick lines shown in figure 4.5. These 

functions can be evaluated analytically, but only in the limit (a) > (6), or (6) >
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L= [

p = I innnp

= DDDDC

N= DDDDDDDD

where, for example :

I I

If II+ —>—i— + —1—1— + ——»—«—— +

Figure 4.5: The response functions.

(a). The details of this calculation are presented in appendix C, where the following 

results are derived (for (a) > (6)):

(4 '59)

exp(-^(<2 - tlW (4.60)

,
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exp(-P(l -*)«')
•

dn

An extra check on the validity of these response functions is provided by the rela­ 

tions:

(4.63)

(4.64)

which follow from the definition of the response functions, and from the initial 

condition terms in the action S. It is easy to check that the above response functions 

do indeed satisfy these relations.

For the opposite situation where UB ^ n^ (and hence (6) ^> (a)), we could use 

a formalism similar to the above for the density calculations. However, it is much 

simpler to map this case onto the (a) >> (6) regime by swapping the labels on the 

A and B particles, and then transforming:

nA <-> nB \AA <-» ^BB DA <-»  DB .

We can then obtain the exponents and amplitudes for this second regime with no 

extra work.

This concludes our discussion of the field theory formalism. The framework we 

have built up allows (in principle) the systematic calculation of fluctuation effects 

in all circumstances. However, it is only in the case where one of the species is 

greatly in the majority where the equations (for the tree level densities and response 

functions) are sufficiently simple for analytic progress to be made. We now turn to 

make use of the field theory in calculating the fluctuation modified densities.



CHAPTER 4. A MULTISPECIES REACTION-DIFFUSION SYSTEM 91

4.4 Density Calculations

4.4.1 Tree Level

The first step in using our field theory to include fluctuation effects is to insert the 

mean field (tree level) solution into the Callan-Symanzik solution (4.49), using the 

results for the running densities/couplings (4.53), (4.54). Since the fixed points for 

the couplings obey 1g*RBB < gRAB < 1g*RAA (when 8 < 1) it is appropriate to use 

the mean field solutions derived in section 4.2. For the case where HA >> n#, this 

gives:

<«> ~ (§P) (^)-"/2, (4.65) 

and

(b) ~ F(DAt)-p , (4.66) 

with "" """ <«"
valid for n~2/dD 1 < t < *i, where

These modified crossover times are obtained by using the expressions for the run­ 

ning couplings/densities in the mean field crossovers. Notice that the density decay 

exponents derived here are the same as those obtained from the Smoluchowski ap­ 

proach. However, as we are performing an c expansion, we are only strictly justified 

in retaining leading order t terms. Consequently we find, for the minority species 

density decay exponent and amplitude:

ft = (1+1} + 0(6) F = nB (-±     0(6°)) (+)+°<£) (4.69) 
M I \47ren,4 /
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Eventually, however, as the A particles are decaying away more quickly than the 

B particles (due to their greater diffusivity when 8 < 1), we crossover to a second 

regime where (6) > (a). For 0 < 6 < 1, we have:

a> ~ E(DBt)-a , (4.71) 

with

a w -2 V 2 + 0(e) (4.72)

where

( [((1 = + (4 ' 74)

This result is valid for t ^> t where

I 

Note that for 8 = 1 the first crossover time t\  » oo - in this case the two species

decay away at the same rate, and so no further crossover occurs. Alternatively if 

8 = 0, then the first regime is left, but the second crossover time t 2  »  oo. In that 

case the minority species finally decays away in the exponential fashion predicted in 

[35]. For the intermediate case where 8 is small, but nonzero, the decay exponent 

for the minority species becomes large in the final regime. The explanation for 

this result lies in the relatively large diffusivity of the minority A species (if DA is 

large) and/or the increased density amplitude for the majority B particles (if DB is 

small). Both these effects will lead to an increased rate of decay for the A species.
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Figure 4.6: One loop diagram for (a) (when (a) > (6)).

Finally, if the initial conditions are changed such that now nB > UA, with 

8 ^ 0, then we obtain the same results as for the second of the above regimes for 

DB t > ng2/d , with / w 1.

4.4.2 One Loop Results

We now describe the one loop improvements to the tree level result. In the regime 

(a) >> (6), the dominant diagrams will be those where the minimum possible 

number of (6} c; insertions are made. For the majority A species the appropriate 

diagram is shown in figure 4.6, where there are no (6) c/ insertions. This is identical 

to the one loop diagram for A+A    > 0 evaluated in [38], which gives, in conjunction 

with the subleading terms from the tree level:

(4.76)

In addition, for that subset of diagrams with no (6) c/ insertions, the decay expo­ 

nent is exact. More details of this calculation, including a demonstration of the 

cancellation of divergences, can be found in [38].

Turning now to the one loop calculation for the minority species, the appropriate 

diagrams are the three shown in figure 4.7, each of which contains just one (b) d
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(ii)

DDDD
^>

a

DDDD

Figure 4.7: One loop diagrams for (6) (when (a) > (6)).

insertion:

ddk dtl(t ~

-1\\B \AA n\nB [ dd k ft [^ [** l 
A^n^)A^/2A^ ̂  (^Y *° 0̂ ^

x

ddkf ft [ 
7 2^ 7o dt2 Jo

-8)t')} (4.78)

(4-79)

The detail of the evaluation of these diagrams is rather subtle. Essentially 

we are interested in extracting the most divergent parts of these integrals, which 

will turn out to be pieces of O^'1 ) and 0(e°). However, we must be careful not 

to confuse genuine bare divergences (of 0(e~l ) which must be removed by the 

renormalisation of the theory), with logarithmic pieces, which we must retain. The 

divergences arise in diagrams (i) and (iii) as the difference in time t2 - 1, between
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the beginning and end of the loops tends to zero (in d = 2). After the process of 

renormalisation we find corrections of the form:

(constant)eln((constant)^/2) + O(e2 ). (4.80)

If this series is identified as the expansion of an exponential, then we find that our 

one loop diagrams (together with subleading components from the tree level) have 

provided O(e) corrections to the exponents.

Diagrams (i) and (iii) are relatively straightforward to evaluate. The k and 

ti integrals are elementary, and the final t2 integrals can also be done by parts 

to extract the necessary most divergent pieces (up to 0(e°)). The details are 

provided in appendix D. The second diagram of figure 4.7 is more complicated - 

and we also perform its evaluation in appendix D - although we are only able to 

extract the logarithmic piece of 0(rA^/2A^*e/2 ln£). There will be corrections 

to this of O(t~ XAB!^AA je/2) ( contributing to a modified amplitude) which we have 

been unable to calculate. We find asymptotically:

+•
2

-X2AB nB

\n(2XAA nAt) -/: 2XAA nAt2 )dt2 + O(t] (4.81)

In

_ [^
J — 1 u

v)

(4.82) 

0(e) te/2 ln(2\AA nAt)

O
O(e)} .

/

(4.83)
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To one loop accuracy we can make the replacement: X^jy = Keg0{i} —»• K egn,i} . 

These results must now be combined with the subleading terms from the tree level. 

Using (4.46), we find

HB _ riB I, gRABI-
AA 

AB 1-^/O..e_ „ i\ , 9RAB

AB
*R ) .(4.84)

If we now insert explicit e expanded values for the fixed points OR . , then we•"•{»»

discover that the bare divergences cancel between (4.81), (4.83), and (4.84). With 

insertion into the Callan-Symanzik solution (4.49), we find that the pieces we have 

left as integrals in (i) and (iii) (which are O(£e/2 (ln£) 2 )) also mutually cancel. Even­ 

tually we find:

'in
(6) ~ (const.)r 21 2 ) i +

8
l-<5

/ -————— f I /!» I *• 1 + 5 ( 1 + V) , . rfu-^——-^-ln(l + u) 
-i t; 2

ln((const.)^/2 ) -f

(4.85)

where we have neglected O(t) pieces which, aside from the prefactor, are time 

independent These terms contribute only to the density amplitude. We now 

evaluate the integral in (4.85), using

•frfWl + f) fi+s Inw . f l Inu r^s Inui+,5 111^-L T ^; Jn _ / ^ ____,7,, — / ————//i/ -U / ————du
u — 1

,& Wl+j,)^ = p Jnn ^ = ,. Jnu ^ + ,
J_i v Jo u — 1 ^o u — 1 Ji

(4.86) o k i -r o ^

where f{x} is the dilogarithm function [36]. The other parts of the integral are 

elementary. The next step is to e expand the RG improved tree level result:

(4.87)



CHAPTER 4. A MULTISPECIES REACTION-DIFFUSION SYSTEM 97

Then, exponentiating the e expansion in (4.85), we find (6) = 0(t~P), where

+ 21n"=1——— '-2

'{r ^ ' ' ~' " v (A. 88^; / . -V- /• l^.SBJ

ft is plotted as a function of S for e = 1 (d = 1) in figure 4.8. For the case where 

8 = 1, we recover the decay rate (6) = O(t~d/2 ). This is to be expected, as when 

S = 1 we are effectively again dealing with a single species reaction-diffusion system 

(at least for d < 2). In that case the density decay exponent is known to all orders 

in perturbation theory [38], and is in agreement with our result. For the case where 

8 = 0 and d = 1, the decay exponent is also known exactly to be (6) = O(t~°-375 ) 

[34]. This can be compared with our result, where we find

/?=^ + jln2 + ^«0.39 (6 = 0). (4.89)

Consequently, this answer is a modest improvement over the Smoluchowski result 

derived in section 4.2, and also in [31]. Our expression for the one loop exponent 

(4.88) is also in good agreement with the results of numerical simulations [31].

For the case UB > nA (and hence (6) > (a)), we could follow the same route as 

described above, by evaluating the one loop diagrams shown in figures 4.9 and 4.10. 

However, as we mentioned in the last section we can much more easily obtain these 

corrections by swapping the labels on the A and B particles, and then transforming:

n,4 <-^ WB A^4^i <-> ABB -Dyi <-> .L/B.

Following this procedure, the majority species amplitude/exponent can be found 

by taking DA -> DB in equation (4.76):

0(e) (DBtY\ (4.90) 
47re
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Figure 4.8: The one loop density decay exponent (3 for the minority B species 

((&) = O(t~P)) as a function of 8 .
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f\
f »• J

DDDDD D
k -• N

/

Figure 4.9: One loop diagram for (6) (when (6) > (a)).

D a a

Figure 4.10: One loop diagrams for (a) (when (6) > (a)).
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We can obtain the one loop minority species exponent by substituting 8 —> 8~l 

in equation (4.88):

(a) = 0(ra ), (4.91)

where

:-l

I 1 iii ——z—— 1 - -
:-l

1 + 2 In

l + «-ij 6 ' ' +0^' (4 '92) 

Notice, however, that in forming the one loop corrections for the minority species 

exponent, we have had to expand the RG improved tree level result:

The error arising from this expansion will become large as 8 becomes small. Eventu­ 

ally this inaccuracy will cause the exponent to reach a maximum and then decrease 

as 6 is further reduced - behaviour which is clearly unphysical. In order to reduce 

the error, and to ensure that the expansion in equation (4.93) is qualitatively cor­ 

rect, we need to retain the O(e2 ) terms. Hence the one loop exponent in equation 

(4.92) should be treated with some caution - terms of order O(e2 ) will probably be 

required for precise results. Consequently the (non t expanded) RG improved tree 

level result given in the last section may be more accurate in this regime. In figure 

4.11 we have plotted the one loop exponent a as a function of 8 for d = 1 (e = 1) 

in the region 0.7 < 8 < 1, where the exponent is still increasing for decreasing <!>.

In principle, calculations can also be made for the case with nA > nB , but 

where we have crossed over to the regime (6) > (a) (for 0 < 8 < I and times 

t >> £o)- However, a rigorous evaluation of the one loop diagrams is now much 

more difficult as the functional forms for the densities and response functions will
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Figure 4.11: The one loop density decay exponent a for the minority A species 

((a) = O(ra )) as a function of 6 (for 0.7 < 8 < 1).
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change over time. Nevertheless, since the above corrections to the exponents come 

from asymptotic logarithmic terms, it is plausible to suppose that the new exponent 

corrections will be dominated by contributions from the final asymptotic regime. 

If this is indeed the case, then the one loop exponents (though not the amplitudes) 

will be unchanged from the previous results (equations (4.90) to (4.92)). This 

calculation will, however, suffer from the same problem as described above.

4.4.3 d = dc

For the case d = dc = 2 we expect logarithmic corrections to the decay exponents, 

as the reaction rates X^y are marginal parameters at the critical dimension. We 

can find the running couplings from the characteristic equation (4.50) by taking 

the limit e -»• 0 in equations (4.40), (4.41), and (4.42):

(4 - 94) 
(4 - 95)

•-^ ~ S\JJ \ J X /

where we have taken the asymptotic limits. Corrections to the asymptotic run­ 

ning couplings will be an order (Ini)" 1 smaller, and consequently these asymptotic 

expressions will only be correct at very large times. Hence, our expressions for 

the densities will only be valid when both this condition, and the crossover time 

constraints given below, are satisfied. In what follows we shall assume the validity 

of the first of these two conditions. Notice that the asymptotic running couplings 

are still ordered 2gnBB < ~QRAB < ^9RAA for £ < 1, so we can use the mean field 

solutions derived in section 4.2 as the basis for the RG improved tree level expo­ 

nents and amplitudes. Making use of the Callan-Symanzik solution (4.49) and the
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above running couplings, we find for (a) > (6):

(6) ~ —————— ______ (4 
V ' (S7mAGDAt/\nt)(l+W (

where G = exp ( —~ I 1 — — gjt** ) 1 is a non-universal amplitude correction.
\9RAA \ 9RAB J J r

Note that the next order terms for the minority species are suppressed by a factor 

of only (lnlnt)/(lnt). Using our expressions for the running couplings/densities 

in the mean field crossovers, we find that these expressions are valid for times 

D2l n^1 In* < t < TI, where

1+52r^
. (4.99). 

nB J

For the case 6 < I the system will eventually enter a second regime, where now the 

B species will be in the majority. We have (for 6 ^ 0):

with

"1 1^ (4.102)
9RAB 

This is valid for times when t > T2 , where

(4 - 103)
Alternatively, if we begin with nB > n^, then for 8 ^ 0 and (DBt/lnt) > 

we have the same results as for the second of the above cases, with K w 1. Inter­ 

estingly, the logarithmic corrections we have derived in this section using the RG 

approach differ slightly from the Smoluchowski results given in section 4.2.
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4.5 Conclusion

In this chapter we have made a comparison of two methods for treating fluctuation 

effects in a reaction-diffusion system. We have found that the Smoluchowski and 

field theory approaches are rather similar - the Smoluchowski approximation, for 

d < 2, giving the same exponents as the renormalisation group improved tree level 

in the field theory. In addition, we have gone on to calculate the field theoretic 

one loop corrections, which have yielded improved values for the exponents. The 

advantage of the field theory is that it provides a systematic way to calculate these 

corrections - a procedure which is lacking in the Smoluchowski approach. Further­ 

more the use of renormalisation group techniques has demonstrated universality in 

the asymptotic amplitudes and exponents, in that, for d < 2, they only depend on 

the diffusivities and the initial densities, and not on the reaction rates.

The theory we have developed in this chapter can easily be extended to slightly 

different situations. Consider first an annihilation/coagulation reaction-diffusion 

system, where the following reactions occur:

A + A^A B + B-+B A + £^0.

The Smoluchowski approach differs from before only in the absence of factors of 2 

in the rate equation terms describing the same species reactions. Consequently, if 

we begin with nA > ns then the minority species will decay as

(4.104)

On the other hand, the field theory description lacks only the factors of 2 in the 

action (4.32). If this difference is followed through then the decay exponent in the 

RG improved tree level is seen to be the same as in the Smoluchowski approach.
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However, this difference of a factor of 2 has a major effect on the response functions 

(where this factor appears as a power), and hence the new one loop corrections 

will be different from those calculated in section 4.4.2. These results should be 

compared with the exact solution [64, 65, 66] for the minority species decay rate 

b = O(r^), where:

7 = « ——— lf , l( ^ , or (4.105) 
2cos~ 1 (d/(l 4- 8)) '

Note that in this case, although the Smoluchowski answer is qualitatively correct, 

it deviates considerably from the exact answer. Hence we can see that application 

of the Smoluchowski approach does not always lead to accurate exponents.

Another possible extension is to consider reaction- diffusion systems with more 

than two species of particle. For example, examining a three species system, we 

could have the reactions:

£ + £->0 ,B + Cf ->0 <? + £-> 0.

Analysis of this situation is very similar to before, and we merely remark that in 

the appropriate asymptotic regimes the Smoluchowski and RG improved tree level 

exponents (consisting of ratios of diffusion constants) are once again identical. 

Hence the convergence between the Smoluchowski exponents and those obtained 

from the RG improved tree level is fairly robust, and is not simply confined to the 

two species systems we have previously been considering. A further possibility is 

to analyse the case where we have a continuous distribution of diffusivities, but 

with only a single reaction channel. This has been studied from the Smoluchowski 

point of view by Krapivsky et al [31], and it would be interesting to extend our 

RG methods to include this situation.
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Our theory could also be employed to consider clustered immobile reactants 

- a generalisation of the 8 = 0 case included in our calculations. This situation 

has been analysed by Ben-Nairn [67] using the Smoluchowski approach, where the 

dimension of the cluster df > 0 was found to substantially affect the kinetics. 

Specifically, for codimensionality d - dj < 2 (in a space of dimension d) a finite 

fraction of the impurities was found to survive, whereas for d — dj > 2 the clusters 

decayed away indefinitely. The formalism we have presented in this chapter could 

be adapted to study this clustered impurity problem, where calculations could be 

made without reliance on the Smoluchowski approach.

4.6 Appendix A: The Mean Field Solutions

In this appendix we give more details about the solution of the mean field rate 

equations (4.14) and (4.15). We assume here that the reaction rates are ordered 

according to I\BB < XAB < ^AA- K we define x — a /b-> and let dx = bdt, then we 

can rewrite the rate equations in the following form:

- \AB }x + (*AB ~ MAA)X*> (4.106)

Hence we see that x is a decreasing function of #, meaning that at large enough 

times we can ignore the quadratic term in the above equation, giving:

x(x) ~ (constant) x exp (-(\AB ~ ^BB) I b(t')dt'} . (4.107)\ «/o /

If x reaches a finite limit as t ->• oo, then we have that a(t) oc b(t). This hypothesis 

is incompatible with the rate equations. Hence we reach the conclusion that x -»• oo 

as t — > oo, implying x = (alfy -> 0 as t -^ oo.
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Let us assume that we start the system off with initial conditions where HA 

HB- Then we will have an early time regime where a > 6, followed by a crossover 

to a late time regime where b > a. In the late time regime, for the B species, we 

may therefore neglect the effects of the A + B — > 0 reaction and consider only the 

B + B — > 0 process. This yields the density

1 . (4.108)

A similar analysis on the rate equation for the A species in the late time regime 

suggests that we neglect the effects of the A + A — >• 0 reaction. This yields a decay 

a — O(t~XAB/2XBB ). However, if we are to use our field theoretic/RG methods to 

improve this answer we will need to know the form of the amplitude. 

In order to proceed further we write

where E is a constant. If we integrate the rate equations from 0 to £, then we find:

ln(a/nA ) - ~^AA /* a(t)dt - (\AB^\BB} ln(Et) (4.110)
«/o

ln(6/nB ) = ~ ln(E*) - \AB /* a(t'}dt' . (4.111)
JO

Eliminating the terms involving integrals leads to

l XAB (Et)WA*) (4.112) 
nA
o\ (i/'A^) ( xAB/4XAAxBB ) = f±\

Solving equation (4.106) in the large time limit gives

a =
1 l"'

-» » (4.113)

Substituting this into equation (4.112), we can solve for the constant E:

, ,E = 2XBBnB 1 + 
\

This then leads us to the solution quoted in section 4.2.
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4.7 Appendix B: The Smoluchowski Approxi­ 

mation

In this appendix we will derive the Smoluchowski form of the reaction rates quoted 

in section 4.2. The starting point is a statement of the diffusion equation for a 

density c in polar coordinates

at or ' 

with the appropriate boundary conditions

c r=R = 0 c|r^oo = c0 . (4.116) 

We now try a scaling Ansatz of the form

(4 ' m)
Substituting into the above equation then gives:

= 0 , (4.118)

where a prime denotes a differentiation with respect to u = r/(Dt) 1 /2 . Writing 

h = g' enables this equation to be easily solved, with the result:

ud~ l du 

Hence the solution appropriate for our boundary conditions is

(A -, 9n xc = c0 — - — - ——— ̂  ———— • (4:. 120)

In order to calculate the Smoluchowski reaction rates, we now need to evaluate the 

flux of particles across the sphere of radius R surrounding our target particle, i.e.
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the quantity

j = DSd- l Rd~ 1 ^ , (4.121)
°^r r=R

where Sd-i is the surface area of a unit d dimensional hypersphere. We now use 

the result (for d < 2):

(4.122)

Hence we see that in the large time limit the flux becomes

f)d d/2j = Dd'2 t-l+d'2 f * * . oc Dd'2r1+d'2 (4.123)

If we generalise to the case where both the target and background particles diffuse, 

we end up with the final answer quoted in section 4.2. This last step is justified by 

noting that if two particles are performing random walks with diffusion constants 

DA and DB, then the displacement between them also performs a random walk, 

but with a diffusion constant DA + DB (see, however, Noyes [16] and Doi [22] for 

a critique of this and other assumptions of the Smoluchowski method).

In d = 2, evaluation of the integrals in equation (4.120) leads to the presence 

of logarithms:
27TDCQ

( }

which, in the large time limit, becomes

" (4 ' 125)

Generalising again to the case where both the target and background particles 

diffuse, we find the result quoted in section 4.2.
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a)
r — 
\

») I I I I

\
,J 
\

Figure 4.12: The diagrammatic equations for (a) £ and (b) 0.

4.8 Appendix C: Response Functions

Obtaining an exact analytic expression for the response functions is, in general, 

very hard. Suppose we define the "trunk" to be the line of propagators onto which 

the density lines are attached, as shown at the bottom of figure 4.5. Difficulties arise 

from diagrams where the "trunk" changes from one propagator into the other, and 

then back again, as shown in the last of the diagrams for the L response function in 

figure 4.5. If diagrams of this type are initially excluded then progress can be made. 

Consider first the two subseries shown in figure 4.12, for the functions £(fc,£2?£i) 

and 0(k,t-2,ti), where diagrams of the above kind have been excluded. These series 

can be summed exactly, using the same technique as described in [38]. First we 

note that the time dependence of the propagators connecting the vertices cancels 

to leave only a dependence on t^ — ti. The remaining pieces can then be identified 

as the Taylor expansion of an exponential, leading to:

exp - (4AAA a + AAB 6)<ft (4.126)
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DDCZMII

DDDD = III * III

Ill

III * III III III

Figure 4.13: The full diagrammatic equations satisfied by the response functions.

(-k2 (t2 - exp - f 2
J t

(4.127)

The full response functions are now given by the diagrammatic equations shown in 

figure 4.13, where all possible diagrams are included. Written out explicitly these

give:

M(k, r,

N(k, t2 , h) = 0(k, t2 , tj - XAB T 0(k, t2 , r)b(r)P(k, r,
Jt\

t2 ,t l ) = -XAB I'2 f (fc, t2 , r)a(r)^(A:, r, tjdr.

(4.128)

(4.129)

(4.130)

(4.131)
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DD

DDCZD • III

DDDD • III

Figure 4.14: The truncated diagrammatic equations for the response functions, 

valid for (a) > (6), or (6) > (a).

In general this set of coupled integral equations is intractable - however, we can 

make progress in the limit where (a) >> (6), or (b) >> (a). Considering the case 

where (a) ^> (6), the dominant contributions to the response functions come from 

diagrams with the minimum possible number of (6} c/ density line insertions. Ac­ 

cordingly, we can now truncate the full diagrammatic equations, as shown in figure 

4.14. Notice that to this order L, TV, and P contain no (6} c/ density insertions, 

whereas M must contain one such insertion. In this approximation we can now 

perform the integrals inside the £ and 9 functions, using the appropriate mean field 

density:

^ i (A iqox+ \ABb )dt w / dt = In (4.132) 
Jh I + lAAA^At \1 +

(4.133)
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and therefore

Using these expressions, it is now straightforward to derive the response functions 

given in equations (4.59), (4.60), (4.61), and (4.62).

4.9 Appendix D: One Loop Integrals

For the case where (a) > (6) the hardest of the three diagrams of figure 4.7 to 

evaluate is (ii) - see equation (4.78). We shall evaluate it first in d = 2, and then 

deduce its form in d = 2 - e. Notice that the extra integration resulting from the 

(6} c/ insertion in the loop ensures that this diagram is not divergent. Taking the 

asymptotic part of the t\ and t' pieces, we find:

-\\B nB r d*k /•* ft* p C2\AAnAytl 
A J 27r27o Vo l Jtl

x exp (-k2 (t2 (l + 8)- 2*! + (1 - 6)f)). (4.136)

The k and t' integrals are elementary, giving

/* dt2 (2XAA nAy ^ 
A J0 1 + <2\AAriAt2 J0 1 1

i _ r 1 M i
Although the first part of the t\ integral is straightforward, the second piece in 

volving the logarithm is more difficult. However, if we make the transformation

2ti
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we find:

o (ta(1 = 8 (1 ~ * r
L

(4.139)

where all time dependency has been removed from the integral limits. The final 

integral is then easy to perform, and we end up with:

\(? - 1) In
l-6'

(4.140) 

j lu(2XAAnA t).

However, we now need to extend this analysis to determine the behaviour of the 

integral in d = 2 — e. If we take the asymptotic part of all the pieces inside the 

integral, and perform power counting, we find that it should scale as t~XAB/2XAA £e/2 . 

However, this procedure is not strictly valid, as in moving to the asymptotic version 

a false £ 2 = 0 divergence is created. Nevertheless, the integral is dominated by 

contributions from late times where arguments based on power counting should be 

valid. Hence in d = 2 — e we find:

In

_ / 
J-i v ) 0(e)

(4.141) 

\n(<2XAA nAt).

Further subleading corrections (in time), which we have not calculated, will lack the 

logarithm factor, and so will contribute to the amplitude for the minority species

density.

We next evaluate diagram (iii) in figure 4.7. Performing the k integration yields

/ 
Jo o (1

2
' ^ '
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Leaving aside the prefactor in the above equation we then integrate by parts to 

obtain:

r
7o

i 2 i
e(2 + e) Jo (1 + 2XAAnAt2 ) e V 2 -\- ej Jo 

We can now integrate by parts again to obtain the most divergent pieces of the 

integrals in an e expansion. The first of these two integrals becomes:

(4.144)

-^—— /V+e/2 ln(l + 2XAA nAt2 )dt2 + 0(e).
Z.AAA'riA JO2XAA nA 

The second of the two above integrals can be rewritten:

|< dfatf = r* dtitf 
Jo (1 + 2\AAnAti)2 Jo (1 + 1\i A nAt->\'*(1

_ /" dttf + /" -" JE/2 
Jo (1 + 2XAAn>At2 } Jo(1 + 2\AA nAt2 ) Jo (1 + 2XAA nAt2 )

= -2XAA nA I* *'+g/2<** 2 + / 
A 7o 1 + 2XAA nAt2 2 Jo2XAA nAt2 ) 2

(4.146)

Putting all the above terms together, e expanding the prefactor, and then taking 

the asymptotic limit gives the result quoted in equation (4.83).

Finally, we now evaluate diagram (i) of figure 4.7. Performing the k integration 

yields

-±\\A \ABn\nB [* f* (t - t2 )(t2 - t,)-^ (1 +
( cl\AA nAtYAB''2XAA (^}dl '1 Jo 2 Jo l (1 + 1\AAnAt} (1 +

(4.147)

Integrating successively by parts then gives (excluding the above prefactor):

/•< 2ft - ta ) / .e/2 , 8AAA nA4+£/2 32A^n^2+£/2 \ 1 
Jo 2 e(l + 2XAA nA t) T2 + (e + 2) * (2 + e)(4 + e) j (1 + 2AAAn^2 )3"

(4.148)



CHAPTER 4. A MULTISPECIES REACTION-DIFFUSION SYSTEM 116

Expanding this expression, we end up with:

[* d 2 (t- t2 )______t^
Jo 2 e (1 + 2XAA nAt) (1 + 2XAA nAt2 ) (4 ' 149)

Integrating the first of these two pieces by parts to obtain the most divergent terms 

then leads to:

2XAA nAt) — 1] — —r=——=- / t 2 £/ ln(l + 2XAA nAt2 )dt2
A \ & nr\ £i I _ •" \ /

(4.150)

A similar process can be performed on the second of the above pieces (except 

there are no singular contributions from that integral). Adding up all the relevant 

contributions yields:

-XAB nB /2^ 2 [ln(l + 1\AA nAt] -

2XAA nAt2 )dt2 - f 2 ln(l + 2XAA nAt) + 2 
o Z 4 /

Performing an e expansion of the prefactor, and then taking the asymptotic limit, 

leads to the result quoted in equation (4.81).
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