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Abstract

The T2K experiment is a long-baseline neutrino oscillation experiment, in
which a muon neutrino beam is directed over a 295 km baseline from the J-PARC
facility to the Super-Kamiokande detector. This allows neutrino oscillation to be
studied in two channels: disappearance of v, and appearance of v.. The T2K
beam can be run either in neutrino or antineutrino configuration, for a neutrino
beam which is predominantly composed of v, or 7, respectively.

This thesis presents the first oscillation analysis to combine neutrino-mode
and antineutrino-mode data sets, giving the first ever sensitivity to the CP-
violating phase dcp from T2K data alone, as well as the most precise T2K meas-
urement of the other neutrino oscillation parameters. The analysis uses a Markov
Chain Monte Carlo method to construct a sample from the Bayesian posterior
distribution, from which the oscillation parameters of interest and their uncer-
tainties are estimated. Data samples from the T2K near detector, ND280, are fit
simultaneously with data from the far detector in order to reduce the uncertainty
in the far-detector prediction.

When fitting the T2K data alone, the best-fit oscillation parameter values
are sin? 6p3= 0.51970023, sin? 613= 0.0257 700105, Am3,= 2.54707% x 1073eV?, and
6cp=-1.91 rad. The 90% credible interval for écp excludes values around 7r/2:
Scp & [0.38,2.60] rad. When fitting the T2K data with a constraint on sin?26;3
from measurements by reactor experiments, the best-fit oscillation parameter
values are sin® fp3= 0.5197005}, sin? f13= 0.021970.001%, Am3,= 2.541012 x 10~3eV?,
and 0cp=-1.72 rad. The 90% credible interval for d-p contains values dcp €
[—3.10, —0.17] rad, excluding the CP-conserving values 0 and 47 at 90% prob-
ability.
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Chapter 1

Introduction

One of the longest-running puzzles in particle physics and cosmology is the
matter-antimatter asymmetry problem. Simply put: why does the universe ex-
ist? We believe that both matter and antimatter were created in equal amounts
in the Big Bang, but current measurements show that matter overwhelmingly
dominates the observable universe. In the Standard Model of Particle Physics,
the relation between a matter particle and its corresponding antimatter particle
is known as CP symmetry — if CP symmetry is violated, that means that phys-
ics draws a distinction between matter and antimatter, and could explain what
causes our universe to be matter-dominated. CP violation has been observed in
the mixing of quarks, but the violation observed is small and not sufficient to
explain the matter-antimatter asymmetry that we see. Violation of CP symmetry
is yet to be observed in the neutrino sector, but it is a promising place to look:
the PMNS theory of neutrino oscillation allows for large CP violation, which is
parameterised in three CP-violating phases: dcp, 1, and a;. Only the parameter
dcp can be measured in neutrino oscillation experiments such as T2K (x; and
a;, the so-called Majorana phases, do not affect the oscillation probability). One
of the most important goals of neutrino physics in the near-to-mid future is to

measure this parameter, in order to determine whether or not CP symmetry is
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violated in neutrino oscillation, and if it is, how strongly.

T2K is a long-baseline neutrino oscillation experiment which was optimised
to make precision measurements of the known oscillation parameters sin® 03 and
Am%z, and to search for non-zero sin?6;3. It was designed to run using a beam
composed mostly of muon neutrinos, so measurements of neutrino oscillation
can be made in two ‘channels”: muon neutrino disappearance and electron neut-
rino appearance (v, — v oscillation also occurs but 7 leptons are not measured
in the far detector at the neutrino energies used for T2K). After running for three
years between 2010 and 2013, T2K published the world’s most precise measure-
ment of sin” 03 [1], as well as an observation of v, appearance showing sin® 013
# 0 at a significance of over 70 [2]. Following these results, focus has turned to
the oscillation of antineutrinos. In 2014 the polarity of the magnetic horns was
reversed, such that 71~ instead of 7t" particles are focussed in the beam direc-
tion, leading to a neutrino beam that is mostly composed of muon antineutrinos,
rather than muon neutrinos.

This thesis presents an analysis of the joint effects of neutrino and antineut-
rino appearance and disappearance at T2K, which is the first analysis to have
sensitivity to the CP-violating phase dcp with T2K data alone. The analysis
described in this thesis uses data collected up to May 2016, with almost equal
amounts of data taken using the neutrino-mode and antineutrino-mode beam
configuration.

Chapter [2| gives a brief overview of the history of neutrino physics, and the
discovery of — and theory behind — neutrino oscillation. It also summarises
the current knowledge in the field of neutrino oscillation before the analysis
presented here, using information from solar, reactor, and long-baseline neutrino
experiments.

The T2K experiment itself is described in detail in chapter 3| including the

beamline, detectors, and simulations used to predict the expected observables at
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the near and far detectors. A short introduction to neutrino interactions at T2K
is also given, with information about the types of neutrino interaction observed
at T2K and how they are used for the oscillation analysis.

The analysis presented here is a Bayesian oscillation analysis, which uses a
Markov Chain Monte Carlo fitting technique. This is quite unusual in the field
of neutrino physics: traditionally, frequentist fitting methods and interpretations
have been more widely used. For this reason, chapter [ describes the Markov
Chain Monte Carlo method, as well as the Bayesian approach to parameter es-
timation and interpretation of results.

The analysis itself is discussed in chapters [§ and [f} Chapter [5 describes
the framework of the analysis: the systematic uncertainties considered, data
samples, and pre-fit Monte Carlo predictions, as well as some of the valida-
tions that were performed to ascertain that the analysis works as expected. The

results of a joint v+¥ oscillation fit with data amounting to 1.45 x 102!

protons
on target at the far detector are presented and discussed in chapter [6]

After the results have been presented, a short summary and discussion of the
future prospects for neutrino oscillation physics in general and the T2K analysis
in particular are given in chapter 7]

In the process of developing the analysis presented in this thesis, two other
oscillation analyses were performed using only antineutrino data: a measure-
ment of the antineutrino oscillation parameters sin® 0,3 and Am%z from v, dis-
appearance, and the first ever search for 7, appearance, using the antineutrino
beam at T2K. Space does not permit a full discussion of these two analyses in
the detail they deserve, but the methods and results are briefly presented in ap-
pendix [Al The 7, disappearance analysis has been published in Physical Review
Letters [3], and both results have been summarised in conference proceedings
such as [4-6].

A glossary and list of acronyms is also given in appendix [B| to assist the
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reader with some of the more specific terms used in this thesis.

Unfortunately, some references are made in this thesis to internal T2K tech-
nical notes, which may not be publicly available. Every effort has been made
to reference articles in the public domain, but where this has not been possible
information from the internal technical notes may be obtained by contacting the
T2K Spokesperson and International Co-Spokesperson. Contact details can be

found at http://t2k-experiment.org/contact-us/.


http://t2k-experiment.org/contact-us/

Chapter 2

Neutrino Physics

The story of the neutrino begins in the early 20th century, when James Chad-
wick measured a continuous energy spectrum of electrons released in beta de-
cay. In the contemporary understanding of beta decay as a two-body problem,
this could only be explained by violating the law of conservation of energy (an
explanation proposed by many). In late 1930, Wolfgang Pauli proposed a “des-
perate remedy” in a letter to Lise Meitner and the participants of a radioactiv-
ity conference in Tiibingen (addressed “Liebe Radioaktive Damen und Herren”
— “Dear Radioactive Ladies and Gentlemen") [7]: a light, electrically neutral,
spin—% particle that had somehow escaped all observation. The idea was de-
veloped almost immediately by Enrico Fermi as part of his theory of p-decay,
published in 1934 [8], in which he gave Pauli’s particle a name: the neutrino ﬂ
In the most part, the original properties of the neutrino as predicted by Pauli
and Fermi have been borne out through scientific testing in the many years since
the theory was first proposed. We do indeed have evidence for a ‘new’ light
electrically neutral fermion, which was first tentatively observed by Reines and

Cowan in 1953 and confirmed in 1956 [9]. The main difference between the

!This is actually a shortcut in the story: Pauli named his particle the neutron, until the neutron
was discovered and found not to be the particle that Pauli postulated. Fermi then renamed
Pauli’s particle the neutrino.
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particle we know now and the particle that was described in Fermi’s theory
is its mass: Fermi’s neutrino was massless, as indeed the neutrino is in the
Standard Model of Particle Physics, but the observation of neutrino oscillation
leads to the conclusion that neutrinos in fact have non-zero mass. The Nobel
Prize was awarded in 2015 for measurements by the Super-Kamiokande and
SNO experiments confirming that neutrinos have mass, and although the precise
masses of the neutrinos are yet to be measured it is considered a well-established
fact that they are non-zero.

Section 2.1| gives a brief overview of the history of neutrino physics, from the
initial proposal and observation of the new particle to the measurement of two
turther neutrinos and the discovery that there can only be three types of light
weakly-interacting neutrino. Section 2.2|introduces the phenomenon of neutrino
oscillation, which is the subject of this thesis. The experimental evidence for
oscillation is presented in section the theory behind it in section and
the current state of world knowledge relating to neutrino oscillation is discussed

in section 2.2.3]

2.1 The Discovery of the Neutrino

Fermi’s theory accurately accounted for almost all the observed properties of
beta decay, and its success was taken as convincing evidence for the neutrino.
It was soon noted that the theory predicted a reaction in which a free neutrino
or antineutrino would interact in matter and be stopped, and could therefore be
detected:

T+p—e +n (2.1)

It would take another 22 years for technology to develop to a point that
an observation of this reaction was possible, with the advent of very intense

sources of neutrinos in the form of fission bombs and reactors. F. Reines and



CHAPTER 2. NEUTRINO PHYSICS

C. L. Cowan made the first direct measurement of the electron antineutrino via
the reaction shown in equation 2.1} using a liquid scintillator detector positioned
near a nuclear reactor (as described by F. Reines in [9]). The event signature
was a prompt signal from e™ annihilation in coincidence with a delayed signal
from n capture on cadmium. The initial experiment [10], deployed in 1953 at the
plutonium-producing nuclear reactor in Hanford, Washington, used a 300-litre
detector filled with liquid scintillator: by far the largest particle detector built at
the time. Unfortunately, the Hanford experiment suffered from a large cosmic
ray background, which meant that although they saw hints of the presence of
neutrinos they were not able to make a definitive measurement.

The experiment was redesigned with better segmentation (to allow for better
separation of signals from cosmic rays and the reactor), and a larger volume
(4200 litres of scintillator), and moved to the Savannah River Plant in South
Carolina [11,12]. Here, the detector could be situated underground, further
reducing the cosmic background. In June 1956, the Savannah River experiment
confirmed the tentative findings of the Hanford experiment: they had detected
antineutrinos.

A second experiment around the same time, conducted by R. Davis [13],
showed that antineutrinos from a reactor cannot produce electrons. Tanks con-
taining carbon tetrachloride were placed near the Brookhaven nuclear reactor in
an attempt to induce the reaction 7 + Cl — e~ + Ar, and no significant excess of
Argon atoms was found. This result, taken together with Reines and Cowan’s
observation of antineutrinos producing positrons, led to the idea of conservation
of lepton number (which is 1 for leptons and -1 for antileptons).

Following these first observations, advances in the field of experimental neut-
rino physics were rapid. In 1962 an experiment by L. Lederman, M. Schwartz, J.
Steinberger, and collaborators [14] proved that a second (muon) neutrino existed

and was paired with the muon the way the known (electron) neutrino was paired
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with the electron. 29 muon events and six electron events were measured from
interactions in a v, beam (with small v, contamination); if the muon and electron
neutrinos were the same, the flavour symmetry of the weak interaction would
predict equal numbers of events. This result was confirmed in two high-statistics
measurements at CERN in 1963 [15,16].

Even before the discovery of the muon neutrino, since the discovery of the
muon in 1936, many had asked whether there were further heavier particles with
similar interactions. A series of experiments performed between 1975 and 1977
by M. Perl et al [17] using the ete™ collider at SLAC answered this question
with the discovery of a new lepton: the 7. By this time, the theory of the weak
interaction had already been developed and the symmetry of the theory implied
that if the T lepton existed there must exist a full third generation of leptons,
including the v;. This was first observed many years later, in the year 2000, in an
experiment performed by the DONUT collaboration at Fermilab [18]. T leptons
produced in v; scattering were identified by the characteristic kinked track in
nuclear emulsion that comes from subsequent T decay.

With the discovery of the T, the next obvious question was: where does the
pattern end? Are there only three generations of particles, or does it continue
to higher energies and heavier leptons? A partial answer to this question in the
neutrino sector comes from studies of Z production in e*e™ collisions. The ‘in-
visible” partial width of the Z-boson mass peak, I';;,, is determined by subtract-
ing the measured ‘visible’ partial widths (from decays to hadrons and leptons)
from the total width. This invisible width is assumed to be due to N, light
neutrino species (ie. neutrinos which are lighter than half the mass of the Z,
so that the decay Z — v¥ is kinematically allowed), each of which is assumed
to contribute equally. A combined fit from the four experiments at the LEP
electron-positron collider and the SLD experiment at the SLC electron-positron

collider gives N, = 2.984 + 0.008 [19], consistent with three light neutrino spe-
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cies as shown in figure This does not, however, mean there can only be
three neutrino species: there may be more that do not couple to the Z (sterile

neutrinos) or that it is impossible to produce in Z decay (heavy neutrinos).

E
= 2v
| A
bj: 30 + ALEPH \
- DELPHI
L3
- OPAL
20
:+ average measurements,/
error bars increased
by factor 10
10
0 L | L L L 1 L L L 1 L L L |

86 88 90 92 94
E_, [GeV]

Figure 2.1: The hadron production cross-section close to the Z resonance. The
curves show the prediction for two, three, and four neutrino species in the Stand-
ard Model, and the points show the experimental data from a combination of the
ALEPH, DELPH]I, L3, and OPAL experiments. Figure from [19].

2.2 Neutrino Oscillation

The focus of this thesis is neutrino oscillation, or neutrino flavour change as a
function of energy and distance travelled by the particle, at T2K. There is very
good evidence — from many sources — that neutrinos change from one flavour to
another, some of which is summarised in section An overview of the the-
ory and implications of neutrino oscillation is given in section and finally,
section contains a review of the current state of world knowledge about the

parameters governing neutrino oscillation.
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2.2.1 Initial Evidence for Neutrino Oscillation
2.2.1.1 The Solar Neutrino Problem

In the late 1960s, a decade after his original neutrino experiment, R. Davis
and collaborators devised another experiment to measure solar neutrinos in
the Homestake Mine in South Dakota [20]. The idea was to measure neutri-
nos from the sun - particularly high-energy neutrinos produced by 8B decay
(gB —>2 Be + et + v,) — using the same radiochemical method of detection as
in Davis’ previous experiment, v, + Cl — e~ + Ar. The results, published in
1968, came as a surprise to many: the upper bound on the solar v, flux was 2-3
times smaller than the prediction. This became known as the “solar neutrino
problem”.

Not everyone was surprised by this measurement. Bruno Pontecorvo had
been working on a theory of massive neutrinos and neutrino oscillation [21],
which predicted the solar neutrino problem. However, the success of the theory
of the neutrino as a massless particle at the time meant that there was very little
support for Pontecorvo’s interpretation from the community. Most people be-
lieved that the solution to the problem would lie in the Standard Solar Model and
the predicted neutrino flux, rather than the Standard Model of Particle Physics.

In 1989, the Kamiokande collaboration, using a large water Cherenkov de-
tector originally intended to measure proton decay, produced a measurement of
the solar neutrino flux that supported Davis’ result [22]. Solar v, were detec-
ted via the recoil electron from elastic scattering (v, +e~ — v, +¢~) and again
they found the ratio of observed to predicted flux was around 3. However, this
measurement suffered from the same problems as Davis’: it depended heavily
on solar models to predict the neutrino flux, in particular the flux of high-energy
neutrinos from 8B interactions that were not very well understood.

Additional evidence for v, disappearance came from the GALLEX [23]] and

SAGE [24] experiments in the early 1990s. As in Davis’ experiment, both used



CHAPTER 2. NEUTRINO PHYSICS 11

radiochemical detection methods, but in this case with Gallium instead of Chlor-
ine: v, +71 Ga — e~ +71 Ge. This interaction has a much lower threshold than
v +Cl, and so allowed the experiments to measure lower-energy solar neutri-
nos produced by different interactions in the sun. This was especially important
because they were able to detect neutrinos produced by the solar pp-cycle, which
was well known and understood at the time. Again, both experiments measured
around half the predicted event rate. This was additional and stronger evidence
for the solar neutrino problem, but still depended on fallible solar models.

The first model-independent measurement of the solar neutrino flux came
from the SNO collaboration in 2002 [25]. As in Davis” experiment and Kami-
okande, they measured mostly high-energy neutrinos from solar 8B decay, but
SNO measured both the v, flux (through charged-current interactions: v, +d —
p + p + e, which only occur for v.) and the total neutrino flux (through flavour-
independent neutral-current interactions, vy +d — p + n + vy, and elastic scat-
tering, vy + e~ — vy + e ). The measured total neutrino flux was in agreement
with the Standard Solar Model, and the measured ratio of the v, flux to the total
neutrino flux was 0.301 & 0.033. This gave very strong evidence that v, were

changing flavour into v, and vz in the sun.

2.2.1.2 Super-Kamiokande and Atmospheric Neutrinos

In 1998, the Super-Kamiokande (the successor to Kamiokande) collaboration
published a measurement of atmospheric v, disappearance [26], of which hints
had been seen previously in the Kamiokande [27-29] and IMB [30, 31] water
Cherenkov detectors. Super-Kamiokande has a good ability to measure the neut-
rino direction, and the flux of atmospheric v, (produced by interactions of cosmic
rays in the Earth’s atmosphere) was measured as a function of incoming angle.
Broadly speaking, if the atmospheric neutrinos are separated into two samples,

up-going and down-going, it is possible to measure neutrino oscillations over
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two different baselines in the same detector. Down-going neutrinos will have a
path length from the production site of around 20-500 km, whereas up-going
neutrinos (most of which will have passed through the Earth) have a path length
from production of around 500-12,000 km. If we assume that cosmic rays (that
produce neutrinos visible in Super-Kamiokande) are isotropic and that there
is no v, disappearance, Gauss’s law predicts equal fluxes for the up-going and
down-going neutrinos. However, the results from Super-Kamiokande showed an
up-going neutrino flux of around half of the down-going flux, proving that the
number of observed v, depends on the distance between the neutrino produc-
tion point in the atmosphere and the detector. Coming 4 years before the SNO
result, this was the first model-independent evidence for neutrino oscillation.
Figure shows the ratio of measured to predicted number of events as a
function of distance, L (calculated from the angle of the incoming neutrino), and
neutrino energy, E,, in Super-Kamiokande. This is shown for both electron-like
and muon-like signals, corresponding to v, and v, interactions respectively. At
high L/E,, the observed v}, flux is around 50% of the prediction - clear evidence

for v, disappearance.

2.2.1.3 KamLAND and Reactor Neutrinos

The KamLAND experiment ran from 2002-2004 and provided very strong evid-
ence for the oscillation of 7, produced in nuclear reactors [32-34]. They measured
antineutrinos produced in 55 Japanese nuclear power reactors, with an average
baseline of 180 km between production and detection. Not only did they observe
fewer 7, than expected, but they were also able to show neutrino oscillation as a
function of 1/E, as in figure which is consistent with what we expect from
the PMNS model prediction (discussed in section [2.2.2).
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Figure 2.2: Ratio of number of data events to predicted number of events
without neutrino oscillations (from Monte Carlo) as a function of L/E, in Super-
Kamiokande. The points show the ratio of data to prediction, and the dashed
lines show the expected shape when accounting for v, — v oscillation in a
two-flavour oscillation model with Am? = 2.2 x 10~3eV? and sin®26 = 1. Figure
from [26].
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Figure 2.3: Ratio of number of 7, data events observed at KamLAND (with
background and geoneutrino contributions subtracted) to the expectation in the
case of no oscillation, as a function of Lo/E,, where L is the effective baseline
taken from a flux-weighted average across all reactors, Ly = 180 km. Figure
from [34].
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Since these first decades, many other experiments have provided improved
measurements and stronger evidence for neutrino oscillation. The evidence is
now overwhelmingly strong that neutrino oscillations do occur, and the focus
in the field has moved into precise determination of the theoretical parameters.

The current state of knowledge is discussed in section [2.2.3]

2.2.2 The Theory of Neutrino Oscillation

The charged-current weak interaction (as far as we know) always couples a neut-
rino of a given flavour to a charged lepton of the same flavour. For example, a
decay of a W boson may produce an electron along with an electron neutrino,
or a muon neutrino can exchange a W boson with a neutron to produce a muon
and a proton. In this way, we can define the neutrino flavour eigenstates by their
associated charged leptons in W interactions: a decay which produces a lepton
Iy (« = e, u, T) will by definition also produce a neutrino of the same flavour, v,.

The fact that neutrinos have mass means that there must exist some spectrum
of neutrino mass eigenstates v; (i = 1, 2, 3,...), each with well-defined mass m; (for
now, we simply state that neutrinos have mass; later we shall see that the theory
of neutrino oscillation relies on it, so the observations of neutrino oscillation de-
scribed above are equivalent to observations that neutrinos have non-zero mass).
Because the flavour and mass eigenstates each form a complete set, the flavour

states must be superpositions of these mass eigenstates:

[Va) = ZUZ’V:‘) (2.2)

where we define the leptonic mixing matrix, U, commonly known as the PMNS
(Pontecorvo-Maki-Nakagawa-Sakata) matrix, which relates the mass and flavour

eigenstates. In the case of three mass eigenstates and three flavour eigenstates,
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U takes the form:
Uel UeZ Ue3
U= Uyl UyZ Uy3
UTl UTZ UT3

such that the ‘e’ row of U gives the linear combination of neutrino mass ei-
genstates that couple to the electron, and the ‘1" column of U gives the linear

combination of flavour eigenstates that constitute v.
The 3x3 PMNS matrix can be parameterised in terms of three mixing angles

012, 013, and 03 and three CP-violating phases dcp, a1, and ay [35]:

1 0 0 C13 0 513€7i5CP c12 S12 O eit1/2 0 0

U=10 03 s 0 1 0 —sp c12 O 0 /2 0

0 —s»;3 3 —s13€%P 0 ey 0 0 1 0 0 1
Atmospheric Cross—mixing Solar Majorana

(2.3)

where ¢;; = cos ;; and s;; = sin 6;;.

U has been decomposed into four component matrices in equation to
make it easier to read and interpret, and because different mixing angles are
measured by different types of experiment. The first matrix includes only the
mixing angle 6,3, which is responsible for the majority of the oscillation seen
in atmospheric neutrinos. It is approximately equal to the atmospheric mixing
angle 6,1, measured when the oscillation of atmospheric vy, into vy is approx-
imated by a two-flavour neutrino oscillation (neglecting v,). The third matrix
includes only the mixing angle 615, which dominates the mixing of solar neutri-
nos — if we approximate the oscillation of solar v, into v, in a two-flavour model
with mixing anlge 05, 05, is very close to 015.

The second matrix is known as the cross-mixing matrix, and depends on two
parameters: the mixing angle 613 and the CP-violating phase dcp. A non-zero écp

will lead to a complex matrix U and different probabilities for the CP-conjugate
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oscillations v, — Vg and 7, — vg, which would be a significant finding. Note
that écp only appears in terms where it is multiplied by sin 6,3, meaning that our
ability to measure a difference in the probabilities P(v, — vg) and P (7, — 7p) is
dependent on the size of sin 63 (in particular, it requires sin 613 # 0). However,
the mixing angle 613 is not special — if we multiply out the matrices, we find
that, in order to measure CP violation, we require all three mixing angles to be
non-zero. The reason U is usually separated in this way is to emphasize the
reliance on 63, as this is the smallest mixing angle and the last to be measured.
Confirming that 013 # 0 was a major goal in neutrino physics in recent years. The
first evidence for 613 # 0 at 50 came from the the Daya Bay Neutrino Experiment
in 2012 [36], followed by a 7.3¢ confirmation from T2K in 2014 [2].

The final matrix in equation[2.3|contains the so-called “Majorana” CP-violating
phases. These lead to physical effects only for the case of Majorana neutrinos (ie.
where neutrinos are their own antiparticle), and do not conserve lepton number.
Even in the case of Majorana neutrinos, these CP-violating phases do not affect
the oscillation probability, which (as in equation depends on } ;- ; Uy Uy, s0
the Majorana phases cancel. It is not possible to determine whether neutrinos are
their own antiparticles from oscillation measurements; other experiments (such
as the search for neutrinoless double beta decay being conducted or planned by
the MAJORANA [37], GERDA [38], CUORE [39], and SNO+ [40] collaborations,
among others) are needed to answer this question.

In the Standard Model, the only charged lepton v, couples to is I, so the

three v, flavour states must be orthogonal. That means that U must be unitary.
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If 5,5 represents the Kronecker delta:

(valvg) = (3 Usvil } Upvy)
1 ]
504[3 = ZchiUzj<Vi|Vj>
]

Sup = Y UnilUp; (2.4)
i

where the final equivalence uses the fact that the mass eigenstates are orthogonal
(this will be true unless some masses m;, m; are degenerate). In order to make
up the three known orthogonal v, we require at least three v; states, although
the total number of flavour or mass eigenstates is not known. This means that
although U must be unitary, the same is not necessarily true for the 3x3 sub-
matrix given above.

We can invert equation [2.2 to write the mass eigenstates as superpositions of

the flavour eigenstates:
vi) =Y Uil va)
o

and therefore calculate the flavour-a fraction of each mass eigenstate v; to be
|U,i|?. This can be interpreted as the probability of measuring a charged lepton
of flavour a from a v; interaction. Figure [2.4| shows the flavour composition of
each of the mass eigenstates (assuming there are only three flavour and three
mass states), according to current measurements. The left-hand diagram shows
the case assuming normal mass hierarchy (NH, m3 > m3), and the right-hand
diagram shows the case for inverted mass hierarchy (IH, m% > m%). It is not
yet known which mass hierarchy is true in nature, although we do know — from

measurements of neutrino oscillation in the matter of the sun — that m% > m%
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Figure 2.4: The neutrino mass eigenstates v1, 12, and v3, showing the flavour
fraction of each mass eigenstate according to the observed flavour changes of
solar, reactor, atmospheric, and long-baseline accelerator neutrinos. The width
of the lines is used to show how the fractions change as cos écp changes from -1
to +1. Both normal and inverted mass hierarchies are shown. Figure from [41]].
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Figure 2.5: A schematic showing neutrino flavour change in a vacuum.
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denotes the amplitude, A, and ‘Prop(v;)’ denotes the propagator, P;. Figure

from [35].
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Figure shows an example schematic of neutrino oscillation. At the source,
a neutrino is produced together with a charged lepton of flavour a: this is, by
defintition, a v,. It then travels a distance L to a detector where it interacts with
some target to produce a second charged lepton of flavour B. At the point it
interacted, this neutrino was, by definition, a Vg, and if f # « the neutrino has
changed flavour on its journey.

Since, as in equation we can write the flavour states as a coherent sum
over mass eigenstates, we can write the amplitude for the process v, — vpg,
A(va — vg), as a sum over all mass eigenstates. Each mass eigenstate will
propagate according to some propagator P; = (v;(0)|v;(x;)) = exp(—ip; - x;i),
where p; and x; are the momentum and position four-vectors of the mass eigen-

state respectively. Therefore we can write:

Alve = vg) =) ) (v UgiPiUgi[vi)
i

= ZUﬁiPiU:ci (2.5)

In the lab frame, p; - x; = E;t — |p;|L, where t is the time taken for the neutrino
to travel a distance L and p; is the momentum three-vector (note that the sub-
script i here refers to the eigenstate v; and not a component of the three-vector).
Since we know that neutrino masses are very small, m? < E? for any realistic

energy E;, we can approximate the three-momentum by:
2
m*
[pil = JEF —mi ~ B o (2.6)
from which we find that

2

ms
pi-Xi = Ei(t - L) + Z—éL (27)

If we make the assumption that all mass-eigenstates v; composing the initial
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flavour state v, have the same energy E, then equation 2.7 becomes

m2
pi - X :E(t—L)—i—iL (2.8)

We can factor out the phase E(t — L) for the rest of this calculation because it is
common to all mass eigenstates and therefore irrelevant for neutrino oscillation.

In this case:

m?

.~ L
Pi =~ exp( iop L) (2.9)

and the amplitude for a neutrino to change from a v, into a vg, from equation

is:

L

Alve — vg) = Y UL Upe i 2 (2.10)
i
Squaring this, we find that the probability P(v, — yﬁ) for v, — vg is:
P(Va — 1/'3) = |J4(le - V‘B)|2
L
_ N e\ .o )
= 0up — 4 g %(UaiUganjUﬁj) sin (Amz’jﬁ)
+ 2 Z %<U21U‘BIUMU2]) sin(A

i>j

L
mgﬁ) (2.11)

where

At this point the reader might well point out an unsatisfactory element of de-
rivation: the same-energy assumption made between equations [2.7] and 2.8 was
made without justification and may be questionable. In fact, we have no reason

to believe that all neutrino mass eigenstates are emitted from the source with the
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same energy (indeed, by examining the simple kinematics of particles emitted in
2-body decays it is easy to show that we expect particles with different masses
to have different energies and momenta). The full, more correct treatment of
neutrino oscillations is more involved than we need for our purposes and con-
tains many quantum-mechanical subtleties that are still under debate. However,
all agree on the final result. This derivation, following the treatment in mul-
tiple sources such as [35], may be overly simplistic but contains all the essential
quantum physics and arrives at the correct experession for the oscillation prob-
ability (given in equation [2.11). A more correct treatment and discussion of why
this incorrect treatment nevertheless arrives at the same result is given in [42].

By examining equation we can make a number of observations:

1. When P(vy — vg) is written in this way it is immediately obvious that
neutrino flavour change can only occur if neutrinos have some non-zero
mass. If the neutrino masses are all zero, Amlzj = 0 for all i and j. In this
case, equation reduces to P(vy — vg) = J4p so0 no flavour change can

take place.

2. The probability for a neutrino to change flavour oscillates as a function of
L/E. This is why the phenomenon is commonly referred to as “neutrino

oscillation”.

3. Using the fact that U is unitary, it can be easily shown that Z/& P(vy —
vg) = 1. The total neutrino flux remains constant; it is just redistributed

among the flavours.

4. The oscillation probability for antineutrinos, P(v, — 175), can be written
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as [35]:

P(ty — Up) = bup — 4 ) R(U;UpiU, Uy ) sin® (A

i>j

2
mijE)

— 23 3(U;;UpiU, Ug;) sin(A

i>]

m%%) (2.12)
Note that the only difference between equation and the CP-conjugate
equation is the sign of the third term. Therefore, if U is complex,
P(vy — vg) # P(Va — ¥g), which violates CP symmetry. Conversely, if U
is real there will be no CP violation in neutrino oscillation. The derivation
of this antineutrino oscillation probability assumes that CPT symmetry al-
ways holds, because the same oscillation parameters are used to describe

the oscillation of neutrinos and antineutrinos.

. The oscillation probability depends on the mass-squared splittings, Amlzj =

m? — m]z-, not the neutrino masses directly. This means that measurements
of neutrino oscillation can give us information about the differences between
the masses of the different mass eigenstates, but not their absolute scale (ie.

how far the whole pattern lies above 0).

. When we include the factors of 7z and c that have been set equal to 1 so far,

the argument of the sin” term becomes

1.27L(km)

A E(GeV)

L

mlzjﬁ = Amiz]-(eVZ)
sin?(x) is substantial for x ~ O(1) or larger, which means that an exper-
iment with a given L and E will be sensitive to mass-squared splittings
~ (1.27L/4E)~! or larger. T2K, which has a baseline of 295km and a peak
neutrino energy of 0.6 GeV, is therefore sensitive to mass-squared splittings

down to O(1073eV?). This means that — according to current measure-

ments, detailed in section — T2K is sensitive to oscillations according
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to the mass-squared splitting Am3,, but not Am3;.

T2K measures neutrino oscillation in two channels: disappearance of v}, (or

7,) and appearance of v, (or 7). To first order, the oscillation probabilities are

given by:
. . 2 .2 2 ) o AmL
P(vy(7y) = vu(7y)) ~ 1 —4cos” B13sin” Or3[1 — cos” f13 sin” O3] sin ~IF
+ [solar term, matter effect term] (2.13)

P(vy(7y) — ve(e)) = sin® 3 sin” 2645 sin’ AZZ—%L
+ sin 26,3 sin 26,3 sin 2643 cos 613 sin AmglL sin Am%lL
4E 4E
X [cos AZ%L cosdcp — (+) sin AZ%L sindcp|
+ [solar term, matter effect term] (2.14)

where brackets are used to indicate the antineutrino oscillation probabilities.
The neutrino and antineutrino disappearance probabilities, shown in equation[2.13]
are identical (barring matter effects — see section 2.2.2.1), and the neutrino and
antineutrino appearance probabilities, shown in equation have opposite
signs in the third term. This is the term which allows for CP violation. The
so-called ‘solar’ terms (terms in which the oscillation is governed by the solar
mass-squared splitting, Am3,) have been omitted in equations and be-
cause T2K is not sensitive to these oscillations. The full oscillation probability,
including solar terms and matter effect corrections, is used for all calculations

presented in this thesis.

2.2.2.1 Neutrino Oscillation in Matter

In the calculations above we have not considered the medium through which the

neutrinos travel (we have calculated the probability for neutrino oscillation in a
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vacuum). In real experiments, neutrinos travel through matter - often the crust
of the Earth - and for certain experiments this may have a significant effect on
the oscillation physics.

There are two possible interactions between neutrinos and matter particles
in the earth, shown in figure charged-current scattering of a v, from an
electron via exchange of a W boson, or neutral-current scattering of any flavour
of neutrino from an electron, proton, or neutron via exchange of a Z boson. Both
interactions effectively create additional potentials that neutrinos experience as
they travel through matter, which scale with the number of scatterers.

Because neutral-current scattering is independent of neutrino flavour, the ad-
ditional potential from these interactions with matter does not affect the oscil-
lation physics. However, the potential due to charged-current scattering affects
only v,, and so will have an effect on each of the mass eigenstates v, v, and v3

according to their v, component.

1/6 ei VE,]J,T UE,}J,T

e Ve €, P;” e, P;”

Figure 2.6: Feynman diagrams for charged-current (left) and neutral-current
(right) neutrino scattering in matter.

The exact mechanism by which this affects the oscillation of neutrinos is too
detailed for repetition here, but is described well in many sources such as [43].
For this thesis it will suffice to say that the matter effect can change neutrino
oscillation probabilities, and must be taken into account in oscillation measure-
ments.

A significant implication when considering the oscillation of antineutrinos, as

in this thesis, is that the sign of the additional potential due to charged-current
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scattering reverses for antineutrinos compared to neutrinos. This is because the
matter through which the neutrino is travelling is made up of particles rather
than antiparticles, and therefore is itself CP-asymmetric. This leads to a “fake
CP violation”, which can cause us to measure P (7, — 7g) # P(vy — vg) but does
not tell us anything about CP violation in lepton interactions at the fundamental
level. Because of this it is very important to account for matter effects correctly
in searches for genuine neutrino-sector CP violation.

It can also be shown [44] that the neutrino oscillation probability in matter,
unlike in vacuum, is dependent on the sign of the mass splittings Amlz] This
principle is demonstrated in figure where the probability of electron neut-
rino survival is plotted for some assumed oscillation parameters and a baseline
L =5 x 10° km, assuming a two-neutrino (v, and v,) model. The top plot shows
the predicted oscillation probability, P(v, — ), in vacuum, the middle plot
shows the prediction in matter given that Am? > 0, and the bottom plot shows
the prediction for Am? < 0. The matter effect in this figure is much more sig-
nificant than in any realistic long-baseline neutrino oscillation experiment, and
the generalisation to the three-neutrino case is more complicated. However, the
point still stands: the neutrino oscillation probability in matter depends on the
sign of Am?. This means that it may be possible to determine the mass hierarchy
with a long-baseline neutrino experiment.

Although matter effects are important, they are very small at the T2K baseline
and energy. The average matter density along the baseline between J-PARC and
Super-Kamiokande is 2.6g/cm? [45]. Figure [2.8 shows the oscillation probability
as a function of energy for the T2K baseline in vacuum (blue line) and in matter
(red line). It is difficult to distinguish between the two lines, indicating that the
matter effect is not significant for T2K. Despite this, the matter effect is taken into

account in all calculations of the neutrino oscillation probabilities in this thesis.
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VACUUM OSCILLATIONS
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Figure 2.7: The v, survival probability in a two-neutrino model over a baseline L
=5 x 10% km, as a function of E/|Am?|. Top: P(v, — v,) prediction in vacuum;
middle: P(v, — v,) prediction in matter given Am? > 0; bottom: P(v, — v,)
prediction in matter given Am? < 0. This demonstrates the effect of the sign of
Am? on the neutrino oscillation probability in matter. Figure from [44].
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Figure 2.8: Oscillation probabilities for v, disappearance (left) and v, appear-
ance (right) at T2K, calculated in vacuum and matter. The following oscillation
parameters were assumed: sin® 26, = 0.846, sin”?2613 = 0.085, sin®26,3 = 1.0,
Arn%2 = 7.53 x 107 %eV?, Am%2 = 25 x 1073eV?, écp = 0, as well as a constant
earth density of 2.6¢/cm>. Figure produced using the Prob3++ software pack-
age [46].



CHAPTER 2. NEUTRINO PHYSICS 27

2.2.3 Current World Knowledge and Open Questions

A large number of measurements of neutrino oscillation now exist from solar,
atmospheric, reactor, and long- and short-baseline accelerator neutrino experi-
ments. Taken together, the results can give us good estimates of many of the
neutrino oscillation parameters. The current world-best results (as determined
by the Particle Data Group in the 2015 update to the 2014 Review of Particle

Physics [47]) are summarised below.

o O12:
The best measurement of the solar mixing angle, 615, comes from a three-
neutrino oscillation fit to KamLAND and global solar neutrino data, using
constraints on 6,3 from accelerator and short-baseline reactor neutrino ex-

periments [48]. They report
tan® 01, = 0.436 0 02

which corresponds to

sin” 01, = 0.304 5012

e AmJ;:
The current world-leading measurement of Am3, comes from the same
KamLAND and global solar neutrino fit as the measurement of 6, [48],
which finds
Am3, = (7.53 4 0.18) x 10 °eV?

e 03 and Am3,:
Most experiments present results as a two-dimensional contour in sin? 623
— Am3, space because these two parameters are highly correlated. This is
then projected onto one axis to give an estimate with 1D uncertainties for

each parameter. Figure shows the world-leading contours in sin® 63—
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Am%z space, from T2K, Super-Kamiokande (SK), and MINOS [49]. T2K
contours are shown for both 68% and 90% confidence regions, in the case
of both normal and inverted mass hierarchies. SK and MINOS contours
are shown for 90% confidence regions, assuming normal hierarchy only.
The projections on the top and right hand side of the plot show the 1D
T2K Ax? maps for sin? 63 and AmZ, respectively, from which the T2K 1D

best-fit points and uncertainties can be inferred.
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Figure 2.9: 68% and 90% confidence regions for sin®f; and Am2,(NH) or
Am%?,(IH) from T2K, overlaid with 90% confidence regions from the Super-
Kamiokande [50] and MINOS [51] collaborations for NH. The 1D profiled like-
lihoods from T2K are shown at the top and the right of the plot, with blue lines
overlaid showing the points representing the 1D critical values of —2AInL at
68% and 90%. Figure from [49].

T2K currently has the world-leading measurement of sin® 6,3, which de-

pends on the mass hierarchy:

sin” 0p3 = 0.5147502° (NH)

= 051170022 (IH)

The Particle Data Group gives a global best-fit value for |Am3,| using data
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from the T2K [49], MINOS [51], and Daya Bay [52] experiments:

|Am3,| = (2.42 +0.06) x 10~3eV? (NH)

= (249 +0.06) x 10 3eV? (IH)

e 013:
The most precise measurement of 63 comes from the reactor experiments
Daya Bay [52,53], Double Chooz [54,55], and RENO [56]. A global fit to

this data gives:

sin?20;3 = (8.540.5) x 1072

which corresponds to

sinf3 = (2.19 4+ 0.12) x 102

o/ Cp:
There are currently no measurements of dcp, although some hints to its

value exist.

A T2K fit to both muon neutrino disappearance and electron neutrino ap-
pearance [[1], using a Gaussian constraint on sin? 20;3 from reactor neutrino
experiments as given in the 2013 PDG [57] (the “reactor constraint”), give
68% and 90% credible intervals for dcp as shown in figure The pos-

terior probability density is maximum at dcp >~ —7/2.

Other hints come from the MINOS and NOvA collaborations. Figure
shows the significance for exclusion of écp from a v, appearance fit at
NOvA, using the reactor constraint [58]. The data mildly disfavour dcp =~
7t/2, in agreement with the hints from T2K (which are presented on a scale

of (—7t)-m rather than 0-27r as shown by NOvA and MINOS).



CHAPTER 2. NEUTRINO PHYSICS 30

o L v 90% Credible Interval
g 0.02 68% Credible Interval
| —— Marginal Posterior
g_ v 1D Posterior Mode
2
‘D
o
Q001
=]
O
8
ol v e e
-1 -0.5 0 0.5 1

Ocp/ T

Figure 2.10: 1D posterior probability density in dcp from fit to T2K v, disap-
pearance and v, appearance data with constraint on sin? 26,3 from reactor exper-
iments. Figure from [1]].
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Figure 2.11: 1D significance as a function of dcp from the first NOvA v, appear-
ance data. The data mildly disfavour dcp € [0,0.87t] (> 10). Figure from [58].
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Figure shows the 1D likelihood profile from a fit to MINOS data

including v-dominated beam data, 7-dominated beam data, atmospheric

neutrino data and the reactor constraint on sin®26;3 [51]. The 1D likeli-

hood is given for a number of assumptions about the mass hierarchy and

octant of 0,3, and overall they disfavour 36% of the dcp parameter space at

68% confidence level.

Interestingly, the values disfavoured by MINOS correspond to the values

best favoured by T2K and NOvA. This highlights the fact that none of

these results are statistically significant: we do not yet have a conclusive

measurement of dcp.
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Figure 2.12: 1D significance as a function of dcp for each combination of mass
hierarchy and 6,3 octant from fits to MINOS beam v, beam 7, and atmospheric
v data. The data mildly disfavour dcp ~ 371/2, in disagreement with the hints

from T2K and NOvA in figures and Figure from [51].

All of the results above have been produced by analyses assuming CPT sym-

metry (ie. that the oscillation parameters that govern neutrino oscillation are the

same as the ones that govern antineutrino oscillation), and that CP-asymmetry

enters only through non-zero écp. However, fits have also been done in which
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different parameters are assigned to neutrino and antineutrino oscillation. Dis-
agreement between these two sets of oscillation parameters could indicate CP
violation (if P(7y — 7) # P(va — vg)) or CPT violation (if P(7, — ) #
P(vy — v4)) in the neutrino sector.

Figure shows the current measurements of the parameters that govern
7, disappearance, sin”f3 and AmZ, from the MINOS and Super-Kamiokande
experiments. Both results are in agreement with the current measurements of
the neutrino oscillation parameters sin? 6,3 and Am%z and show no indication of

CPT violation.
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Figure 2.13: 90% confidence level contours and best-fit points in sin? 023—Amm3,
from antineutrino measurements by the Super-Kamiokande [59] and MINOS [60]
collaborations. The MINOS fit result was originally presented in terms of
sin® 20,3 and has been transformed to sin? 6,3; hence the two best-fit points.

Measuring sin®f,; and A3, at T2K is one of the subjects of this thesis,
presented in appendix [A] section Figure shows the T2K contour com-
pared to those from MINOS and Super-Kamiokande: the results of all three
experiments are in agreement with each other and with current estimates of the

neutrino oscillation parameters.
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The T2K Experiment
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Figure 3.1: The T2K (Tokai-to-Kamioka) experiment. Figure from [61].

T2K [61] is a long-baseline neutrino oscillation experiment designed to ob-
serve and measure the mixing of muon neutrinos with the other neutrino fla-
vours. It uses an intense beam of muon neutrinos created by a 30 GeV proton
beam at the J-PARC facility in Tokai, Japan. The proton beam is directed onto
a graphite target, and the resulting hadrons focussed by magnetic horns (which
can select either 717, for a beam composed mainly of v, or 77, for a beam com-
posed mainly of 7,,) into a 96 m tunnel, where they decay to produce neutrinos.
The neutrino beam is measured by two near detectors 280 m from the target, and
a far detector, Super-Kamiokande.

The baseline between the neutrino production point and the far detector,
295 km, is carefully chosen to correspond to the first minimum in the v, survival

probability at the peak neutrino beam energy of 0.6 GeV (as shown in figure [3.5).

33
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This allows T2K to measure neutrino oscillation in two channels: disappear-
ance of v (for which the probability is dominated by the oscillation parameters
sin® p3 and Amgz), and appearance of v, (which is also sensitive to the oscilla-
tion parameters sin? 013 and dcp). At the chosen neutrino energy and baseline,
T2K is not sensitive to the other two oscillation parameters, sin® 0, and Am%l.
vr appearance in the v, beam also occurs, but charged-current v, interactions
are not measured because it is extremely unlikely for T leptons to be produced
at the neutrino energies of the T2K beam (the threshold energy for producing
a T in charged-current neutrino scattering on a neutron is around 3.5 GeV, and
the oscillation probability at such high energies is small). Neutral-current v,
interactions are accounted for by calculating the neutral-current interaction rate
according to the unoscillated neutrino flux.

In order to measure the oscillation parameters at T2K, the expected observ-
ables at the far detector are predicted based on neutrino beam and neutrino-
nucleus interaction models. Measurements from both near detectors are used
to estimate the model parameters and associated uncertainties, to reduce the
uncertainty on the far detector prediction.

The T2K beam, including the beamline and neutrino flux simulation, is de-

scribed in section 3.1l The two near detectors, INGRID and ND280, are discussed

in sections 3.2.1) and (3.2.2| respectively, and the far detector, Super-Kamiokande,

is described in section 3.3] A short discussion of neutrino interactions in T2K is
given in section and the models used for simulation of neutrino interactions
in section The subject of neutrino interactions is a broad and rich area of
current research, and beyond the scope of this thesis. However, understanding
interaction cross sections is vital to measuring neutrino oscillation, and the limits
of our understanding form an important systematic uncertainty on the oscilla-
tion results. Finally, a summary of the data collected at T2K and analysed in this

thesis is given in section
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3.1 The T2K Beam

The J-PARC beamline [61] (which was newly constructed for T2K in Tokai) con-
sists of three accelerators: a linear accelerator (LINAC), a rapid-cycling synchro-
tron (RCS), and a main ring (MR).

Particles are first accelerated in the LINAC, where an H™ beam is accelerated
up to 400 MeV. This is converted into a beam of HT by charge-stripping foils
as it is injected into the RCS, where it is accelerated up to 3 GeV. The RCS runs
with a 25 Hz cycle and two bunches per cycle. Around 5% of these bunches
are supplied to the MR, where they are accelerated up to 30 GeV. The rest are
supplied to muon and neutron beamlines for other experiments at J-PARC.

To produce the T2K beam, the proton beam is extracted from the MR within a
single turn by a set of 5 kicker magnets. A single extraction of the proton beam is
known as a ‘spill”: each spill contains 8 proton bunches of less than 100 ns each,
separated by around 560 ns, and has a total duration of around 5 ps. Know-
ing the time structure of the extracted proton beam is very important for the
T2K beam trigger — this makes it possible to discriminate various backgrounds

(including cosmic rays) from the beam signal in the T2K detectors.

3.1.1 The T2K Neutrino Beamline

The 8 proton bunches extracted from the MR in a single spill are directed into
the T2K neutrino beamline, which consists of two sections: the primary and
secondary beamline, as shown in figure In the primary beamline, the ex-
tracted proton beam is bent to point in the direction of the secondary beamline
(towards Kamioka), and focussed to have the desired profile at the target. The
intensity, position, profile, and loss of the proton beam are precisely measured in
the primary beamline, because a well-tuned proton beam is essential for stable
neutrino beam production.

As it enters the secondary beamline, the proton beam impinges on a graphite
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Figure 3.2: Top: overview of the T2K beamline. Bottom: side view of the sec-
ondary beam line, showing the target, magnetic horns, decay volume and beam
dump. Figure from [62].

target to produce secondary mesons (mostly pions and kaons), which are fo-
cussed by magnetic horns before decaying to produce neutrinos. The target is a
graphite rod of length 91.4 cm (equivalent to 1.9 interaction lengths for the pro-
ton beam) and diameter 2.6 cm. It is cooled by a helium gas flow to counteract
the heat load from the pulsed beam.

The secondary mesons are focussed by three magnetic horns [63]. The target
is situated inside the first horn, which collects together the mesons produced
by proton interactions, and the second and third horns focus these mesons into
a beam. Each magnetic horn consists of two coaxial conductors that form a
closed volume. A toroidal magnetic field is generated in the volume between
the conductors, which varies as 1/(distance from horn axis). The horns are
operated with a 250 kA pulsed current, and produce a maximum magnetic field
of 1.7 T. The neutrino flux at the far detector is increased by a factor of ~17 at

the spectrum peak energy by the use of these magnetic horns.
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The current driving the magnetic horns can be inverted to focus either positively-
or negatively- charged mesons, resulting in a predominantly neutrino or anti-
neutrino beam. The current used to focus positively charged mesons and pro-
duce a beam which is mostly composed of neutrinos, is referred to as ‘Forward
Horn Current’ (FHC). The current used to focus negatively charged mesons and
produce a predominantly antineutrino beam is referred to as ‘Reverse Horn Cur-
rent’ (RHC). The terms FHC and RHC are used interchangeably with ‘neutrino-
mode beam” and ‘antineutrino-mode beam’ in this thesis.

The mesons which are focussed by the magnetic horns enter a 96 m long steel
tunnel, the ‘decay volume’. In this volume the mesons decay to produce muon

neutrinos and antineutrinos:

nt =ttty K* = u" 4 vy, (FHC)

T+ K™ —u +7, (RHC)

The resulting neutrino beam is dominated by v, /7,, but there is a small

intrinsic v, /7, contribution from decays such as
Kt = 70 +et +v,
and
ut = et v+ vy

for example, in FHC. In the T2K beam simulation [64], 94% (82%) of v, (7}) in
the beam come from 7+ decay, and 48% (90%) of v, (7) in the beam come from
Kaon decay.

In both forward and reverse horn current there will also be some amount of

wrong-sign contamination (7 in the v beam or v in the ¥ beam) from imperfect
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meson focusing and meson decays which produce the wrong-sign neutrino. The
wrong-sign contamination is much larger in RHC than FHC - this is demon-
strated in figure which shows the unoscillated neutrino flux prediction at
the far detector for vy, 7, v., and 7, separately for both forward and reverse
horn currents. A consequence of this larger wrong-sign contamination in RHC,
combined with the fact that neutrino cross sections are around four times lar-
ger than the equivalent cross sections for antineutrino interactions (as shown in

tigure [3.16)), is that the total number of right-sign interactions (v in FHC or 7 in

: 10°
5 v >
10 i’\\\ =Vy Ve

104

& L {\ =

2 4

RHC) is much smaller in RHC than FHC.

S
>
a3

L

‘ u“_\_‘—\_
JJJJHY/'_'_'_'_

Flux (/em?*/50MeV/10%p.o.t)
T
[
2 |
=
<
a
Flux (/em?/50MeV/10*'p.o.t)

/

P
/

J

T T T

o
(=]
S}
~
e
(=]

0
E, (GeV) E, (GeV)

(a) FHC (b) RHC

Figure 3.3: Unoscillated neutrino flux prediction at the far detector, broken down
by neutrino flavour. Figure from [65].

At the end of the decay volume sits a beam dump. All hadrons from the
beam, as well as muons below ~5 GeV are stopped, and any muons above
~5 GeV that pass through are measured by muon monitors [62], which sit just
behind the beam dump. These measurements are used to check the stability of
the neutrino beam on a bunch-by-bunch basis, since muons are mainly produced
with neutrinos in a two-body pion decay.

Finally, the neutrinos produced from meson decay pass through the beam

dump and become the T2K neutrino beam.
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3.1.2 The Off-Axis “Trick’

T2K uses an off-axis beam ‘trick’, in which the far detector and one of the near
detectors are placed 2.5° off-axis with respect to the neutrino beam. This util-
ises the fact that the energy of a neutrino emitted at a large angle to the parent
meson in a two-body pion or kaon decay (which is the dominant mode for neut-
rino production in the T2K beam) depends only weakly on the parent meson
momentum.

Following the treatment in [66], consider neutrinos produced in the two-body
T — uvy, decay. Energy and momentum conservation lead to an expression
which relates the neutrino energy E, to the pion energy E, the pion mass m,,

and the muon mass my:

2 2

ms —m

E, = A
2(Ex — prcos@)

where 0 is the angle relative to the pion direction at which the neutrino is emit-
ted. Differentiating this expression with respect to E;; at constant 6, we find that
E, has a maximum when E; = E* = p,/cosf. Substituting E/** into the

above equation, we find the maximum neutrino energy, E;'**, for a given angle

0:

2
T

2
H

2EMa¥ gin? @

m-s — m

EJ™ o =

For pion energies both greater and less than E7%*, the neutrino energy is
less than E***. The consequence of this is that, for large emission angles 6, the
range of possible neutrino energies is reduced and pions over a wide range of
energies will decay to produce neutrinos with similar lab energies. This principle
is demonstrated in figure which shows the neutrino energy E, produced for
a given pion energy E, at various angles 6 to the beam.

By positioning detectors at an angle to the beam we can make use of this
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Figure 3.4: Neutrino energy, E,, as a function of pion energy, E, for neutrinos
produced in two-body 7 — uv, decays. Predictions are shown for a number of
off-axis angles 6 between the neutrino and pion directions. T2K uses an off-axis
angle of 2.5°.

property to effectively generate a neutrino beam with a very narrow spread of
energies. Figure shows the predicted neutrino flux on and off axis relative
to the neutrino beam, demonstrating that the flux at an off-axis angle of 2.5° is
much more sharply peaked as a function of neutrino energy than the on-axis
flux. The beam energy and off-axis angle are chosen such that the peak neutrino
energy is ~0.6 GeV, which maximises the effect of neutrino oscillation at the far
detector (since the beam peak is aligned with the first oscillation maximum), and

minimises backgrounds from non-oscillating neutrinos.

3.1.3 Neutrino Flux Simulation

The neutrino flux is modelled by a data-driven Monte Carlo (MC) prediction,
which is tuned to in-situ measurements of the primary proton beam and mag-
netic horn currents, the alignment and off-axis angle of the neutrino beam, and
external hadron-production measurements [64].

In the simulation, protons with a kinetic energy of 30 GeV are injected into the
graphite target. The FLUKA2008 [67,68] software is used to simulate hadronic

interactions in the target and surrounding area, where the proton beam first in-
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Figure 3.5: Neutrino fluxes for different off-axis angles and muon neutrino sur-
vival probability at 295 km. Note that these flux predictions are normalised such
that the units of the y-axis are arbitrary — in reality we also see a decrease in the
total flux at higher off-axis angles. Figure from [64].

teracts and produces the majority of secondary particles. The FLUKA model is
reweighted according to external data measurements, of which the most signific-
ant come from the NA61/SHINE experiment at CERN [69,70]. NA61/SHINE is
a dedicated hadron-production experiment at the CERN SPS which studies the
particles produced when a 30 GeV proton beam interacts with a graphite target.
Currently only thin (2 cm) target data are used to tune the T2K flux prediction,
but data has been taken using a replica T2K target and will be incorporated into
the flux prediction soon.

The particles produced in this simulation are tracked as they propagate through
the secondary beamline using GEANT3 [71]. Secondary hadronic interactions
are simulated with the GCALOR [72] package, with the interaction cross sections
tuned to experimental data. The secondary hadrons and un-interacted protons
are tracked until they either decay into neutrinos, fall below the energy threshold
to decay into neutrinos, or are stopped at the beam dump. The neutrino tracks
are extrapolated to the near and far detectors to produce the predicted (unoscil-

lated) neutrino fluxes and energy spectra, as shown in figure
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3.2 The T2K Near Detectors

The neutrino beam is first measured by a suite of near detectors 280 m from
the proton interaction target. The effect of neutrino oscillation is expected to
be negligible at this point, so the properties of the “unoscillated” beam can be
measured and used to tune the prediction at the far detector. Two detectors are

used to measure the unoscillated neutrino beam: INGRID and ND280.

3.21 INGRID

The INGRID detector lies on axis with respect to the neutrino beam and
monitors the neutrino beam direction and profile. Since the energy spectrum of
the neutrino beam changes with the off-axis angle, as shown in figure it is
important to know the neutrino beam direction very precisely. These measure-
ments are used indirectly in the oscillation analysis at T2K to inform the flux

simulation and uncertainty.

| B ~10m

(a) INGRID. Figure from . (b) An INGRID module. The
veto planes are shown in
black surrounding the scintil-
lator planes (blue) and iron

plates (grey). Figure from [61].
Figure 3.6: The INGRID near detector.
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INGRID, shown in figure is made of 14 identical iron/scintillator mod-
ules arranged in a cross formation, and 2 more identical modules located at
off-axis positions outside the cross. The spatial width of the neutrino beamline
at INGRID is around 5 m, so the detector was designed such that the main cross
spans 10 mx10 m in the direction transverse to the beam. The centre of the cross,
which has two overlapping modules, is directly aligned with the direction of the
primary proton beamline.

Each of these modules consists of a sandwich structure of alternating iron
plates and planes of scintillator bars, which is surrounded by veto scintillator
planes to reject interactions taking place outside the module. Neutrino interac-
tion events are identified by reconstructing the tracks of charged particles gener-
ated by interactions in the iron target.

There is one final module of INGRID, which is different to the other 16: the
proton module. The purpose of this module is to detect both muons and recoil
protons produced in charged-current quasielastic interactions at INGRID, which
can be compared to MC to improve the simulation of the beamline and neutrino
interactions. The proton module consists solely of scintillator planes, with no
iron plates (meaning that almost all neutrino interactions in the proton module
are on a carbon target, as the vast majority of nucleons in the scintillator material
are in carbon nuclei), surrounded by veto planes. It is placed in the centre of the
INGRID cross between the vertical and horizontal modules.

Each INGRID scintillator bar has a 3 mm-diameter hole running down the
centre, which contains a wavelength-shifting (WLS) fibre to collect the light pro-
duced in the bars. The WLS fibres are each connected to a multi-pixel photon
counter (MPPC) [75] at one end, which converts the light into an electronic sig-
nal. The signal is read out by a set of Trip-T front-end electronics boards (elec-
tronics boards based on the Trip-T chip, originally designed at Fermilab for the

Tevatron DO experiment [75}76]), each of which is connected to up to 48 MPPCs
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via coaxial cables. The back end of the electronics system consists of readout
merger modules and clock modules, which allow data to be read out from the
detector, and clock and trigger signals to be sent to the front-end boards.
Sufficient statistics are collected at INGRID to allow daily measurements of
the neutrino interaction event rate with 4% precision, and monthly measure-

ments of the neutrino beam centre with accuracy better than 0.4 mrad.

3.2.2 ND280

The off-axis near detector, ND280 , is used directly in the oscillation analysis
to reduce uncertainties in the flux and cross-section predictions. This is done by
measuring the event rate of v, or 7, interactions, which gives information about
the unoscillated flux and energy spectrum in the direction of the far detector, as
well as the rate of a number of different types of neutrino interactions. These
measurements made at ND280 are used to characterise and more accurately

predict the signals and backgrounds in the Super-Kamiokande detector.

SMRD
UA1 Magnet Yoke

Downstream

Barrel ECAL

Figure 3.7: An exploded view of the ND280 near detector. Figure from .

ND280 is a composite detector, made up of a number of subdetectors as

shown in figure @ The most upstream subdetector is the ¥ detector, or POD:
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a scintillator detector consisting of fillable water target bags and lead and brass
sheets interleaved with scintillator bars. Its purpose is to measure the neutral
current process v, + N — vy + 7 4+ X (for some nuclei N and X) on a water
target in the same neutrino flux as the far detector.

Behind the POD is what is known as the ‘tracker’ region: three Time Pro-

jection Chambers (TPCs) alternating with two Fine-Grained Detectors (FGDs),

described in more detail in sections (3.2.2.3| and [3.2.2.2| respectively. The FGDs

are designed to provide a target for neutrino interactions, and have excellent
vertexing and tracking capabilities close to the interaction point. They are thin
enough (~30 cm) that most of the particles produced in the interaction, espe-
cially muons, exit the FGD in which the interaction occurred and enter one of
the TPCs. The TPCs are then used to measure the interaction products with very
good momentum resolution and particle identification ability.

These inner detectors are encased in an electromagnetic calorimeter (ECal),
which is split into two subdetectors: the POD ECal (which surrounds the POD)
and the tracker ECal (which surrounds the tracker region). Both are made of lay-
ers of plastic scintillator alternating with lead absorber sheets. The ECals provide
near-hermetic coverage for all particles exiting the inner detector volume, and
are used in full event reconstruction to detect photons and measure their energy
and direction, as well as providing extra information about high-energy charged
particles.

Finally, the entire ND280 detector sits in a 0.2 T magnetic field generated
by the repurposed UA1 magnet from CERNEL described in more detail in sec-
tion The magnet is instrumented with scintillator to act as a side muon
ranging detector (SMRD). This has multiple functions: to measure muons escap-
ing the detector at high angles relative to the beam direction; to form part of

the trigger for cosmic ray muons that enter the ND280 detector; and to identify

!The magnet was also used by the NOMAD experiment before being shipped to Japan for
T2K
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beam-related interactions in the iron of the magnet and the surrounding cavity.

The outer dimensions of the UA1 magnet are 7.6 m x 5.6 m x 6.1 m (length
z x width x x height y), and the basket which contains the inner subdetectors
(POD, TPCs, and FGDs) measures 6.5 m x 2.6 m X 2.4 m.

The oscillation analysis described in this thesis mostly uses information from
the tracker region (the TPCs and FGDs), which relies on the magnetic field pro-
duced by the UA1 magnet. Therefore only these subdetectors will be described
in more detail. Further details about the other subdetectors in ND280 can be
found in [61]] and the references therein.

Figure shows the tracker-only portion of an event display from ND280.
Two neutrino interactions are shown in the same event: one neutrino interacted
in front of the first TPC, producing a single charged particle at the top-left of the
tigure, and a second neutrino undergoes a deep inelastic scattering interaction
in the first FGD, producing a number of charged particles which are measured

in all three TPCs and both FGDs.
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Figure 3.8: An event display in ND280, shown for the tracker detectors (FGDs
and TPCs) only. Figure from [77].

3.2.2.1 UA1 Magnet

The repurposed UA1 magnet [61] provides a dipole magnetic field of 0.2 T in

ND280, which allows the TPCs to measure the momentum of charged particles
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with resolution better than 10% (ép, /p; < 0.1p,, where p is the momentum
perpendicular to the magnetic field dierection), and to determine the sign of
charged particles (thus identifying whether a CCQE interaction that produced
a single charged particle was instigated by a neutrino or an antineutrino). The
magnet consists of aluminum coils, which create the dipole field, and a flux
return yoke. The coils are water-cooled: they are made from aluminum bars
with a central bore that allows water to flow inside the bars and cool the magnet.

The magnetic field was measured in-situ before the start of data-taking, with
an uncertainty of 2 x 107* T for each field component at the nominal field of
0.2 T. During data-taking the current is monitored and used to calculate the
actual magnetic field, which helps to reduce the systematic uncertainty of the

momentum determination in the TPCs.

3.2.2.2 Time Projection Chambers

The three TPCs [77] all have identical designs and alternate with the two FGDs
in the ND280 tracker. Because they are able to image events in three dimensions,
the TPCs can easily determine the number and orientations of charged particle
tracks. This can be used to select and study high-purity samples of different
types of neutrino interaction in ND280. The magnetic field provided by the
UA1 magnet allows the TPC information to be used to measure the momenta of
charged particles and therefore determine the event rate at ND280 as a function
of reconstructed (neutrino) energy before oscillation.

Each TPC module consists of two boxes, one inside the other, as shown in
tigure The inner box holds an argon-based drift gas, and the walls of the
inner box form the field cage. The walls of the outer box are held at ground
potential, and the outer box is filled with CO; gas to provide electrical insulation
between the two boxes. The inner box is subdivided by a central cathode at its

midpoint, and the walls parallel to the cathode are covered with panels that were
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precisely machined into a copper strip pattern. This produces a uniform electric
drift field inside the module, aligned with the magnetic field produced by the

magnet.
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Figure 3.9: A cut-away drawing showing the main aspects of the TPC design.
The outer dimensions of the TPC are approximately 2.3 mx2.4 mx1.0 m. Figure
from [77].

Charged particles passing through a TPC module produce ionization elec-
trons in the gas. These drift away from the cathode towards the readout planes
on the walls of the inner box, where the electrons are multiplied and detected
using bulk micromegas detectors [78,79]. The arrival times and positions of
signals in the readout plane are combined to give complete 3D images of the
particle paths.

Twelve micromegas modules, segmented into 7.0 mm x 9.8 mm pixels, cover
each readout plane in two offset columns, so that the inactive regions are not
aligned. In total across all three TPCs there are 72 micromegas modules, with
almost 9 m? of active surface. The active tracking length of each TPC module is
approximately 720 mm, and the maximum drift distance from the central cath-
ode to the micromegas detectors is 897 mm. The TPC modules are constructed
entirely out of non-magnetic materials, so as not to distort the field provided by

the magnet. The amount of material in each TPC is kept as small as possible,
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particularly in the walls between the tracking volume and the FGDs, where the
charged particles used to infer the neutrino energy spectrum could scatter.

It is possible to distinguish between different types of charged particles in
the TPCs using the energy loss per distance, dE/dx. This is demonstrated in
tigure which shows a scatter plot of dE/dx (labelled ‘energy loss’) by pos-
itively charged particles in the TPCs as a function of momentum. The solid,
dashed, dot-dashed, and dotted lines show the expected results for muons, elec-
trons, protons, and pions respectively. The resolution on dE/dx is 7.8 £ 0.2% for
minimume-ionizing particles, better than the design requirement of 10%, which

allows muons to be successfully distinguished from electrons in the TPCs.
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Figure 3.10: The distribution of dE/dx (labelled ‘energy loss’) in one of the
TPCs as a function of momentum for positively charged particles. The coloured
2D plot shows the number of events per bin from positively charged particles
in neutrino beam data (using a logarithmic scale with arbitrary units), and the
curves show the MC expectations. Figure from [77].

3.2.2.3 Fine-Grained Detectors

The purpose of the two FGDs is to provide a target mass for neutrino inter-
actions in ND280 and to track charged particles close to the interaction vertex.
The TPCs provide excellent 3D tracking and particle identification for charged
particles which exit the FGDs, but it is also important to accurately measure

short-ranged particles such as recoil protons, in order to identify the type of
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neutrino interaction that occurred. The FGDs must therefore be able to measure
charged particles with fine granularity so that individual particle tracks can be
resolved and their directions measured.

There are two FGDs, each of which contains 1.1 tons of target material (this
mass is required to yield a sufficient statistical sample of neutrino interactions).
Both FGDs contain polystyrene scintillator bars, 1864.3 mm long and oriented
perpendicular to the beam in either the x or y direction. To achieve the required
granularity, each bar has a square cross section of 9.6 mm on each side. The
scintillator bars are each covered with a reflective coating containing TiO,, and
have a wavelength shifting (WLS) fibre running down the centre. Each WLS fibre
is read out at one end by a multi-pixel photon counter (MPPC, chosen instead
of photomultiplier tubes because it must operate in a magnetic field), with the
other end mirrored by vacuum deposition of aluminium.

The scintillator bars are arranged into XY modules’, with each module con-
sisting of 192 scintillator bars in the horizontal direction and 192 scintillator bars
in the vertical direction. FGD1 is made purely from these scintillator bars, ar-
ranged into 15 XY modules, which provide the entire target mass for neutrino
interactions. FGD2 contains 7 XY scintillator modules alternating with 6 2.5 cm
thick layers of water. This makes it possible to measure neutrino cross sections
on water at ND280, which is vital for accurately predicting the number of ex-
pected events at the far detector. All relevant neutrino cross sections depend at
some level on the target nucleus, and nuclear effects cannot be reliably corrected
from one material to another by theoretical calculations. Therefore it is useful
to be able to measure interaction rates on water at the near detector in order to
predict the rates of these processes at Super-Kamiokande.

The main aim of particle identification in the FGDs is to distinguish stopping
protons from stopping pions (protons and pions that don’t exit the FGD). The

TPCs have much better particle identification capability than the FGDs, so any
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particles which do exit the FGDs into the TPCs are measured there. Particle
identification in the FGDs is done using the same technique as in the TPCs: the
energy loss per track length, dE/dx. However, the resolution and track length in
the FGDs is too low to allow a calculation of dE/dx for measured tracks in data.
Instead, the prediction is integrated to find the expected range of a particle with
a given energy — low energy particles with the same kinetic energy but different
masses can have significant differences in track lengths. The track length is cal-
culated as a straight line between the initial and final 3D reconstructed positions
of the particle in the FGD, and the measured light yield for hits along a track is
converted into an equivalent energy deposit, which is summed over all hits in a
track. The charged particle can then be identified by comparing the total energy
deposited as a function of total track length to the theoretical expectation. This is
demonstrated in figure which shows a scatter plot of total deposited energy
as a function of particle range for charged particles produced by neutrino inter-
actions in FGD1. The solid, dashed, and dot-dashed lines show the expected
results for protons, muons, and pions respectively, and demonstrate how this

technique can be used to distinguish protons from other charged particles.
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Figure 3.11: The distribution of total energy deposited in FGD1 as a function
of track range for particles stopping in FGD1. The coloured 2D plot shows the
number of events per bin from stopping particles in neutrino beam data (using
a linear scale with arbitrary units), and the curves show the MC expectations.
Figure from [80].
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3.2.3 Near Detector Simulation

Neutrino interactions in both detectors are simulated using the NEUT gener-
ator [81], as described in section The final-state particles are propagated
through the detectors using GEANT4 [71], which includes a detailed simulation
of the detector geometry, for both ND280 and INGRID, and the experimental
hall. The scintillator, WLS fibre, MPPC, and electronics response is simulated
with a custom-written software package called elecSim, which uses information

from empirical analytical models for propagation of light in the fibres.

3.3 The T2K Far Detector: Super-Kamiokande

The far detector, Super-Kamiokande (SK) [82], shown in figure is a 50 kton
(22.5 kton fiducial mass) water Cherenkov detector. It is located 295 km west of
the near detectors, 1 km deep within the centre of Mt. Ikenoyama, and is filled

with pure water.

Figure 3.12: The Super-Kamiokande detector. Figure from .

SK consists of a cylindrical tank, 39 m in diameter and 42 m tall. The tank

is separated into two major volumes, an inner and an outer detector, by a cyl-
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indrical stainless-steel framework around 55 cm thick and placed approximately
2-2.5 m inside the tank walls on all sides. This steel structure supports both
inward-facing and outward-facing PMTs. The outer detector is used primarily
as an active veto of cosmic ray muons and other backgrounds, and is capable
of almost 100% efficiency rejecting cosmic ray backgrounds. It also shields the
inner detector from interactions in the surrounding rock. The inner detector is in-
strumented with 11,129 inward-facing 50 cm-diameter PMTs, giving around 40%
photo-multiplier tube (PMT) coverage on its surrounding walls. This provides
sufficient spatial resolution to reconstruct the positions of products of neutrino
interactions, and measurements taken in the inner detector are used directly in
the T2K oscillation analyses.

Neutrino interactions in SK often produce charged particles which — if above
an energy threshold — produce Cherenkov light in a cone as they travel through
the water. The photons from this Cherenkov light are detected by the PMTs on
the walls of the detector, where they form a ring-shaped hit pattern. The hit pat-
tern, combined with timing information, makes it possible to extract information
about the event vertex position, particle momentum, and the flavour of charged
leptons.

The T2K oscillation analysis strategy relies on identifying CCQE interactions,
in which only one particle will be detected in SK: a muon from a vy, interaction,
or an electron from a v, interaction. If the interaction is truly CCQE, the neutrino
energy can be reconstructed from the momentum and direction measurements
of the outgoing lepton (to an accuracy limited by the unknown initial energy and
momentum of the nucleon state with which the neutrino interacts, as discussed
in section and the neutrino flavour can be inferred by identifying the flavour
of the lepton produced.

Muons have a relatively large mass and are therefore fairly immune to changes

in their momentum due to scattering on particles in the water. This means that
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muons will produce a sharp, clear Cherenkov ring. Electrons, on the other hand,
with their much lighter mass, are prone to scattering in the water, and also al-
most always induce electromagnetic showers as they travel. Both of these effects
result in a “fuzzy" ring pattern seen by the PMTs on the detector walls (which
can actually be better thought of as a superposition of multiple overlapping
Cherenkov rings).

Figure shows example Cherenkov rings from a muon and an electron
event in SK data. This difference between sharp and fuzzy rings can be used
to discriminate between muons and electrons with very good efficiency — the
particle identification algorithm was verified using a beam test experiment at
KEK [84] and it is estimated (using simulated CCQE events) that the probability
for a muon event to be misidentified as an electron is 0.7% [85]. The distribution
of the likelihood variable used to discriminate single-ring electron and muon
events is shown in figure for both data and Monte Carlo prediction, at sub-
GeV and multi-GeV energies. The Monte Carlo replicates the data well and clear

separation is seen in both.

(a) Muon event (b) Electron event

Figure 3.13: Cherenkov rings from a muon and an electron event in SK data. The
colour scale represents arrival time of light at a PMT, ranging from early (violet)
to late (red) times. The size of the square representing each PMT corresponds to
the amount of light observed. Figure from [86].



CHAPTER 3. THE T2K EXPERIMENT 55

300 F elike <—+—> like
250 | * n

200 F LY
: N

\

4

100 ]
50

10 8 6 -4 2 0 2
140

120
100

Number of events
o

e-like €<—F+—=> rlike

PID likelihood

Figure 3.14: The distribution of the particle identification likelihood for sub-
GeV (top) and multi-GeV (bottom) fully-contained single-ring events in the SK
detector. Both data (points) and atmospheric neutrino Monte Carlo predictions
(histograms) are shown. Figure from [_85]

An important consideration for the inclusion of antineutrino data in the os-
cillation analysis is that the Super-Kamiokande detector does not have a mag-
netic field, so is unable to differentiate between positive and negative leptons
(produced by antineutrino and neutrino interactions respectively). Because of
this, the neutrino and antineutrino component of the beam are measured at the
ND280 near detector in order to accurately predict the observables at SK.

SK has been running since 1996, and the long-running operation of the de-
tector means that its behaviour is well understood. Cosmic-ray muon and atmo-
spheric neutrino interactions provide control samples of data events not related
to the T2K beam. These show good agreement between data and simulated
samples, and are used to assess the detector response and systematic uncer-
tainty. The uncertainty on the calibration of the energy scale, for example, is
estimated by comparing data measurements and Monte Carlo simulations of the
reconstructed momentum spectrum of electrons produced in the decay of cosmic

ray muons, the reconstructed mass of neutral pions from atmospheric neutrino
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interactions, and measurements of cosmic ray muons that stop within the SK

tank. This results in a total estimated uncertainty of 2.4%.

3.3.1 Super-Kamiokande Simulation

Neutrino interactions in SK are modelled using NEUT, as described in sec-
tion The propagation of the resulting particles in the Super-Kamiokande
detector is simulated by a package called SKDETSIM, which is based on GEANTS3.
The CALOR [72] physics package is used for hadronic interactions in water,
and custom routines have been written to model pions with momentum below

500 MeV [87].

3.4 Neutrino Interactions at T2K

Neutrino oscillation measurements rely on examining the composition of a neut-
rino beam and how it changes as a function of energy and distance travelled,
which, in practice, often comes down to measuring the number of neutrino
events of a given flavour and comparing the measurement to a prediction. In
T2K, this is done twice: once at ND280, close to the neutrino source, to measure
the ‘unoscillated” spectrum, and once at Super-Kamiokande, after the neutrinos
have oscillated. The measurement at the far detector is compared to the unos-
cillated measurement from the near detector (extrapolated forwards into a full
tar-detector prediction) and any deficit or excess of neutrinos interpreted as evid-
ence of neutrino oscillation. Disregarding detector effects, the number of events
measured at each detector will be a convolution of the neutrino flux (or how
many neutrinos are actually there) and the neutrino interaction cross section (or
how likely it is that a neutrino will interact given that it is there). Therefore, it is
important to have a good understanding of neutrino interaction cross sections in

order to accurately predict the observables at the far detector, as any uncertainty
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or lack of understanding will form an important systematic uncertainty when
comparing measurements and predictions.

We define two broad categories of neutrino interaction in the Standard Model:
charged-current (CC) and neutral-current (NC) weak interactions. Example Feyn-
man diagrams for each type of interaction are shown in figure Only
charged-current interactions are useful for the T2K oscillation measurements
presented in this thesis because they contain information about the neutrino
flavour (the neutrino flavour must match the flavour of the charged lepton pro-
duced in the interaction), and therefore allow us to determine whether neutri-
nos have changed flavour between the near and far detectors. Neutral-current
interactions produce charged leptons whose flavour is uncorrelated with the
interacting neutrino (for example, a Vy, Ve, OF Vr can produce an electron via
neutral-current scattering). This forms an irreducible background to the selected
events at the far detector — it is not possible to distinguish an electron produced
in a CC interaction from one produced in an NC interaction. Instead, the NC
interaction rate is estimated using Monte Carlo and included in the predictions
at Super-Kamiokande.

Vq o Vo Vg

n b n n

(a) Charged-current (b) Neutral-current

Figure 3.15: Example tree-level Feynman diagrams for charged- and neutral-
current scattering of a neutrino of flavour « from a neutron.
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Figure 3.16: Muon neutrino and antineutrino charged-current cross-section
measurements and predictions as a function of neutrino or antineutrino energy.
Data are shown from a number of different measurements, represented by dif-
ferent colours and marker symbols. For full details of the data included, see [88].
The total prediction according to the NUANCE generator [89] is shown, as well
as the prediction for various contributing processes separately. The dominant
contributing process at the T2K peak energy is quasi-elastic (QE, dashed) scatter-
ing, with contributions from resonance production (RES, dot-dashed) and deep
inelastic scattering (DIS, dotted) in the high-energy tail of the neutrino spec-
trum. Note the different scales on the y-axes: the cross sections for neutrinos
are around four times larger than the equivalent cross sections for antineutrinos.
Figure from [_88]].

Figure shows the charged-current cross section measurements and pre-
dictions for neutrino and antineutrino scattering as a function of neutrino or
antineutrino energy. Three different charged-current interaction modes are rel-
evant at the energies shown: quasi-elastic scattering (QE), resonance production
(RES), and deep inelastic scattering (DIS). At the neutrino energies used in T2K
(the neutrino energy spectrum peaks around 0.6 GeV), most interactions involve
a neutrino scattering from an entire nucleon, as shown in figure rather than
its constituent particles. This is known as “quasi-elastic” scattering because the
2-particle — 2-particle kinematics resemble those of an elastic scattering interac-
tion. Additional contributions to the neutrino and antineutrino scattering cross
sections come from from RES and DIS interactions in the high-energy tail of the
neutrino beam.

Feynman diagrams showing the charged-current quasi-elastic (CCQE) inter-
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action channels for neutrinos and antineutrinos are given in figure The
proton produced in CCQE scattering in Super-Kamiokande is usually free (ie. it
escapes the nucleus) but below Cherenkov threshold, so is not observed in the
detector. However, because it is a two-body process it is possible to reconstruct
the neutrino energy from only the energy and direction of the final lepton, with
an accuracy limited by how well the initial nucleon energy and momentum can
be known. Assuming that the interaction occurs on a bound neutron at rest, we
can reconstruct the neutrino energy in a v, CCQE interaction:
m — (my — Ep)? +m3 +2(my — Ey)Ey,

Erec = —

(3.1)

where Ej is the reconstructed neutrino energy; my, m,, and m, are the proton,
neutron and muon masses respecvively; Ej, is the binding energy of the neutron;
E, is the muon energy; p, is the muon momentum; and cos 6, is the angle of
the muon with respect to the incoming neutrino direction. Of course, in reality
nucleons are not at rest in a nucleus; uncertainties in the nucleon momentum, as
well as the binding energy, will form systematic uncertainties in the reconstruc-
ted neutrino energy.

In addition to having a relatively simple relationship between the lepton kin-
ematics and neutrino energy, the CCQE interaction cross section is also relatively
well-modelled theoretically, and well constrained by data. For these reasons,
CCQE interactions are used to search for neutrino oscillation at SK.

Although CCQE is the dominant interaction mode for T2K, it is important to
consider backgrounds due to other interaction processes. These can be particu-
larly problematic if the process is misidentified: interaction modes are categor-
ised in data by the configuration of charged particles measured in the detector.
If particles are missed or misidentified, this could cause an interaction to mis-
takenly be categorised as CCQE, leading to the neutrino energy being misrecon-

structed.
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Figure 3.17: Feynman diagrams for CCQE scattering of neutrinos and antineut-
rinos of flavour .

An important example of this at T2K is CC single pion (CC17) production,
which often happens in CC RES interactions: v, + N — I~ + N’ + 71. Because
this interaction has a three-body final state, the initial neutrino energy is not a
simple function of the lepton momentum and direction, as in equation 3.1} These
events are excluded from the analysis at the far detector by selecting only events
in which a single Cherenkov ring is observed in the detector, implying that there
was only a single charged lepton in the final state. Data samples selected in this
way are referred to as ‘single-ring’, or ‘IR’ event samples. However, for events in
which - in addition to the charged lepton — a pion is emitted below Cherenkov
threshold, only a single Cherenkov ring will be observed in the detector. These
events form an irreducible background to CCQE interactions in the single-ring
selections at the far detector.

An additional background to the single-ring electron-like (1R,) sample in
Super-Kamiokande comes from neutral current interactions in which a 7° is
produced. The 71° will decay in the detector to produce two photons, which
Compton scatter and produce e™—e~ pairs. These result in Cherenkov rings that
are indistinguishable from those produced by electrons from CCQE scattering.
If one of the two rings is not reconstructed or the rings overlap, it will look
identical to a v, CCQE event.

Further complications come from final state and secondary interactions (FSI

and SI) in which the particles produced in the interaction re-interact either in
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the nucleus or in the detector before they are detected, causing a disconnect
between the interaction products and that particles which are measured. For
example, the charged pion produced in a CC RES event could be absorbed in
the nucleus and not escape. In this case, there would be no pion measured in the
detector, and we might classify the event as CCQE. However, because the event
was not truly CCQE the neutrino energy would not correctly be described by the
CCQE formula given in equation

The interactions mentioned above, as well as CCQE and other non-CCQE
interaction modes, are measured at ND280 to improve the prediction at Super-
Kamiokande and estimate the size of the background to the CCQE sample due

to non-CCQE interactions.

3.4.1 Neutrino Interaction Simulation

Interactions of neutrinos inside the detectors of T2K are simulated by default
using NEUT version 5.3.2. The NEUT neutrino interaction generator is described
in detail in [81], and a thorough discussion of the interaction models used for
the analyses described in this thesis is given in [90-93].

The default NEUT model for CCQE interactions is the relativistic Fermi gas
(RFG) model by R. A. Smith and E. ]J. Moniz [94], which treats all bound nuc-
leons as quasi-free, and has historically been used in many neutrino interaction
generators because of its simplicity. However, the spectral function (SF) model
by O. Benhar and collaborators [95] has recently been implemented, which gives
a more realistic description of the momentum and energy distributions of nuc-
leons within a nucleus than the RFG model. This model uses the impulse ap-
proximation: it assumes that the neutrino interacts with one nucleon only but
allows for short-range correlations between nucleons, which affect the energy
and momentum distribution for the nucleon involved in the interaction.

Another model that has been recently added to NEUT is the random phase
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approximation (RPA) model [96], which parameterises a correction to the W
propagator due to nuclear screening effects arising from long-range inter-nucleon
correlations (as opposed to the short-range correlations considered in the SF
model). The calculation itself is based on a local Fermi gas (LFG) model of the
nucleus, which is not currently available in NEUT. However, the authors have
said that it can be applied with reasonable precision to the RFG model in NEUT.
Two RPA calculations are available from the same authors, which we label ‘re-
lativistic” and “non-relativistic’.

The most significant update to NEUT is the inclusion of a multi-nucleon
neutrino interaction model from J. Nieves et. al. [96,97] (referred to as either 2p-
2h” or ‘MEC’, for ‘meson exchange currents’, in this thesis). This goes beyond
the impulse approximation described in the SF model because the interaction is
not with a single quasi-free nucleon, but may occur on a multi-nucleon state.
Although these interactions are not truly CCQE, they are indistinguishable from
true CCQE interactions in SK, and significantly enhance the CCQE-like neutrino
interaction cross section.

The new default T2K NEUT simulation uses the SF+MEC model for CCQE
interactions. However, the Neutrino Interactions Working Group (NIWG) in T2K
found that the RFG+rel. RPA+MEC model fit better to both T2K and external
CCQE data [90], so the ND280 and SK MC is reweighted to be consistent with
the predictions of this model for all MC predictions presented in this thesis.

The CC RES pion production model in NEUT is from D. Rein and L. M.
Sehgal [98], but retuned using form factors from K. M. Graczyk and J. T. Sob-
czyk [99], with parameter values determined by a reanalysis of the ANL and
BNL bubble chamber data sets [100].
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3.5 Data Analysed

T2K has been taking data since 2010, and since mid-2014 the beam has been run
in mostly antineutrino mode.

Table 3.1/ shows the data collected by T2K (in units of 10%° protons on target,
or POT), separated into ‘runs’ based on when the data were collected. Runs 14
used entirely neutrino-mode beam, and runs 5-7 used mostly antineutrino-mode
beam, with a small amount of neutrino-mode running. The analysis presented
in this thesis uses data from ND280 and SK, and the amount of data analysed
from each detector is outlined in the table.

In general, a large proportion of the data provided is analysed for SK, with
some data loss due to data quality requirements. A smaller proportion of the
provided data are analysed for ND280, partially because the more complicated
detector means that a larger proportion of the data fail the data quality cuts,
and also because some T2K runs have been excluded from the analysis. From
December 2011 to March 2012, the T2K beam was run with the magnetic horns
turned off, and this data set is not included at either detector. In T2K run 1
(January to June 2010), the ND280 detector was not fully operational so this
data set is also excluded from the ND280 analysis. The neutrino-mode run 5,
6, and 7 data and antineutrino-mode run 7 data were not included at ND280
(or the neutrino-mode run 7 data at SK) because of time constraints — it was not
possible to calibrate and prepare the data in time for the analysis. Although the
amount of neutrino-mode data not analysed at ND280 for this reason is fairly
small, a larger amount of antineutrino-mode data has been excluded, and will
be included in future analyses.

The analysis presented in this thesis uses data from T2K runs 1-7b, which
was collected between January 2010 and May 2016. This amounts to a total of
7.00 x 10%Y POT in neutrino mode and 7.47 x 10?Y POT in antineutrino mode at

SK, and 5.82 x 10%° POT in neutrino mode and 2.84 x 102° POT in antineutrino
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mode at ND280. Two other analyses are described in appendix [A} which use the

same neutrino-mode data set from ND280 but only the antineutrino-mode data

from run 5 at ND280 and runs 5 and 6 at SK, giving a total of 0.43 x 10%° POT in

antineutrino mode at ND280 and 4.01 x 10%° POT in antineutrino mode at SK.

Data analysed

T2K Run Dates Data provided

ND280 SK

1 (v mode) | Jan. 2010 — Jun. 2010 0.33 0.00 0.32

2 (v mode) | Nov. 2010 — Mar. 2011 1.12 0.78 1.11

3 (no horns) | Dec. 2011 — Mar. 2012 0.01 0.00 0.00

3 (v mode) | Mar. 2012 — Jun. 2012 1.59 1.56 1.58

4 (v mode) | Oct. 2012 — May 2013 3.60 3.47 3.56

5 (v mode) 0.24 0.00 0.24
May 2014 - Jun. 2014

5 (7 mode) 0.51 0.43 0.51

6 (v mode) 0.21 0.00 0.19
Nov. 2014 - Jun. 2015

6 (7 mode) 3.53 241 3.51

7 (v mode) 0.09 0.00 0.00
Feb. 2016 — May 2016

7 (7 mode) 3.49 0.00 3.46

Total v mode 7.19 5.82 7.00

Total 7 mode 7.53 2.84 7.47

Table 3.1: The data, in units of 10%° protons on target (POT), which was provided
at T2K and analysed in this thesis.



Chapter 4

Bayesian Inference and the
Markov Chain Monte Carlo
Method

This thesis describes a Bayesian oscillation analysis, which uses a Markov Chain
Monte Carlo (MCMC) method to extract estimates of the oscillation parameters
from T2K neutrino and antineutrino data. In this chapter the theory behind the
MCMC method will be presented, as well as more specific details about how the
method is used in this analysis and how parameter estimates can be extracted
from the fit results. Much of the information in this chapter is summarised
from [101-105].

The analysis presented in this thesis relies on a simultaneous fit to near
and far detector data. We consider — in addition to the six oscillation para-
meters that we wish to measure (three mixing angles, one CP-violating phase,
and two mass-squared splittings) — 743 systematic parameters: 26 to describe
cross-section uncertainties, 100 to describe bin-normalisation uncertainties due

to the neutrino flux, 580 to describe bin-normalisation uncertainties related to the
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ND280 detector, and 37 parameters to describe bin-normalisation uncertainties
due to the SK detector response. A multi-dimensional probability distribution
for the model parameters given the data is found, with one dimension for each
parameter in the fit (in this case, 749). This is then integrated over all but the
parameters of interest in order to make estimates of those parameters, a process
known as marginalisation.

Monte Carlo methods rely on generating samples from the required probab-
ility distribution. These samples — in the limit of large numbers — can be used
to approximate properties of the full distribution (for example, the true mean
of a distribution can be approximated by the sample mean of the Monte Carlo
sample). MCMC is a variant of the basic Monte Carlo method, in which the
samples are generated by running a cleverly-constructed Markov chain.

The general approach to parameter estimation in the Bayesian framework
is described in section Monte Carlo methods in general, and MCMC in
particular, are then discussed in sections and respectively. Finally, the
specific methods used in this thesis to extract parameter estimates and their
uncertainties, as well as quantify how well a given model describes the data and

compare it to other models, are presented in section

4.1 Bayesian Inference

In the Bayesian world view there is no fundamental difference between observ-
ables and parameters of a statistical model, so in order to make inferences about
model parameters we must find a full probability model of both the data and
the model parameters. This is known as the joint probability distribution. If D
represents the observed data and 6 all model parameters, we can write the joint
probability distribution as P(D, 6). This is equal to a product of two parts: a

prior distribution for the model parameters, P(6), and a likelihood, P(D|#f).
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The prior distribution, P(6), contains all previous knowledge about the para-
meters in the model. This could be a previous measurement (for example con-
straining a certain parameter to a best-fit value from external measurements
with a corresponding Gaussian uncertainty), and may also include correlations
between the parameters. P(D|6) is the likelihood of measuring some data D
assuming some set of parameter values given by the vector 6. In this analysis the
likelihood is calculated by comparing a Monte Carlo prediction using a specific
set of parameter values to the binned data, and evaluating the Poisson likelihood
for each bin.

The aim of the analysis is to find the probability for each parameter to have
a certain value, given the data: P(6|D). For example, we may wish to find the
probability that dcp = 0 given the information in the T2K data. This can be

found from the joint probability distribution by applying Bayes’ theorem:

-,

P(D|6)P(
J P(DI8)P(

)

. g
P(6|D) = o (4.1)

~—

P(6|D) is called the posterior distribution (often just called the posterior) —
the probability distribution for the model parameters 6 given the observed data
D. Constructing the posterior distribution is the aim of all Bayesian analyses;
from the posterior distribution it is easy to extract parameter estimates and other
information about the model (as discussed in section §.4).

Note that we often cannot easily evaluate the integral in the denominator
of equation which is the integral of the joint probability distribution over
all possible models and parameters. In this case we can only say that P(6|D)

is proportional to P(D|6)P(f). However, in section we shall see that it is
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sufficient in most cases (in fact, in all cases in this analysis) to know the posterior

up to some normalisation constant.

4,2 Monte Carlo Methods

The basic premise behind all Monte Carlo methods is the same: produce samples
from the desired distribution and then evaluate properties of the samples to
use as approximations of the properties of the distribution. These properties
could be parameter estimates, regions of high probability, or integrals over the
distribution.

Consider this example of Monte Carlo integration from [103], shown in fig-
ure We want to evaluate the area between the two red curves, but can’t
analytically integrate either of the curves. Instead we turn to a Monte Carlo
method: scatter points uniformly over the entire area, see what fraction of points
lie between the curves, and multiply that fraction by the total area over which

the points were scattered.

L]
e |
.
.
"

P 3%

Figure 4.1: A demonstration of integration by Monte Carlo. Figure from [103].
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Now instead imagine we want to evaluate the integral of some function over

the area inside the curves (labelled ‘A’):

I:/Aexp[—O.l(xz—i—yz)]dxdy 4.2)

This can be done in the same way: scatter random points across the entire
area, and if the point lies in A, evaluate the function of the integrand. If not,
evaluate it as zero. The integral I is then equal to the average value of the
function multiplied by the total area over which the points were scattered.

This simple example demonstrates that Monte Carlo methods can be very
powerful, particularly in problems which cannot be solved analytically. It is
not necessary to know the full shape of a distribution in order to evaluate its
properties using a Monte Carlo method, but simply to be able to calculate its
value at any given point in parameter space. However, methods such as the
integration method presented here are very inefficient: if the area over which
the points are to be scattered is not chosen well, we could waste a lot of time

scattering points outside A which will not contribute to the integral I.

4.3 Markov Chain Monte Carlo

Markov Chain Monte Carlo (MCMC) is a particular Monte Carlo technique
which uses a Markov chain to ‘choose” points at which to evaluate the distribu-
tion — a much more efficient method than the random sampling demonstrated in
tigure The Markov chain conducts a semi-random walk through parameter
space, building up a collection of discrete points whose density is proportional
to that of the desired distribution. The samples produced by the Markov chain
are not independent, but do correctly cover the space of the distribution in the
right proportions — a sufficient condition for a Monte Carlo method to work.

Note that, although MCMC is more efficient than other Monte Carlo meth-
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ods, it is still very computer-intensive. The analysis described in this thesis
makes use of GPUs to parallelise and therefore speed up the computation.

A Markov chain is a stochastic process defined such that the position at the
end of each step X; depends only on the previous position ¥;_; and not on the
further history of the chain (¥, ¥;, and so on). The space in which the Markov
chain exists has N dimensions, where N is the number of parameters of the
distribution that we wish to sample (in this thesis, this is the posterior probability
distribution, which depends on 749 parameters). Each discrete point to which
the chain steps can be defined by a vector ¥ in this N-dimensional space.

Certain Markov chains have the property that as time increases the chain will
gradually ‘forget’ its initial state, known as ‘convergence’. Let P"(X,|X)) be the
distribution of ¥, (ie. the distribution from which the n’th step is sampled) given
some starting point Xp. When the chain has ‘forgotten’ its initial state, P"(X,|X))
will converge to a unique stationary distribution, meaning that it is independ-
ent of the step number n. Once the chain has converged on this stationary
distribution, all subsequent sampled points ¥, will look like samples from that
distribution.

The theory behind which chains show convergence is beyond the scope of
this thesis, but an in-depth description is given in chapter 4 of [101] and a sum-
mary in [102]. In short: it is necessary and sufficient that the chain satisfies the

following three conditions, known as ‘regularity conditions”:

o Irreducibility: From all possible initial states in parameter space, the chain

must have non-zero probability to reach all other potential states.

e Recurrence: Once the stationary distribution has been reached, then all

subsequent steps must be samples from the same stationary distribution.

e Aperiodicity: The chain must not be periodic (ie. cannot move periodic-

ally back and forth between two or more states).
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If these conditions are satisfied then the chain will eventually converge on a
stationary distribution.

This, then, gives us an analysis method: construct a Markov chain which
has the posterior P(6|D) as its stationary distribution and satisfies the regular-
ity conditions, and once it has converged on that distribution, use the output to
estimate the model parameters 6. The only question that remains is how to con-
struct a Markov chain with the correct stationary distribution, which is answered

by using a technique developed by Metropolis et. al. [106].

4.3.1 The Metropolis-Hastings Algorithm

Not all Markov chains have stationary distributions, as mentioned above, but
all Markov chains used for MCMC must. The Metropolis-Hastings algorithm
provides a method to construct a chain that satisfies the regularity conditions and
generates samples from a specified stationary distribution. It was first devloped
by N. Metropolis et. al. in 1953 [106] and generalised by W. K. Hastings in
1970 [107].

A flow chart depicting the Metropolis-Hastings algorithm is given in fig-
ure The method is as follows: at the end of step n, the chain is at some
point in parameter space X,. To choose the next state ¥,,;1, a candidate point i/,
is generated randomly from some proposal distribution g(i/,|X,). Note that this
proposal function may depend on the current point X,, but not on the further
history of the chain. This step must be evaluated and either accepted as the next
step in the chain (by setting ¥,,.1 = i,) or rejected (in which case we keep the
current step: ¥,,.1 = X,). To decide whether to reject or accept the step, calculate

the acceptance probability a:

X fn/_)n :mln 7 — —
(Fu ) ( B D)7 %)
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where P(%,|D) is the posterior probability, P(6|D), at some set of parameter val-
ues § = ¥, (but it could be any distribution from which we want the chain to
sample). The analysis presented in this thesis uses a variant of the original Met-
ropolis algorithm (before it was generalised by Hastings), which considers only
symmetric proposal functions q(X,|¥x) = q(¥/u|Xx). In this case the acceptance

probability simplifies to the ratio of posterior probabilities for the two points:
P
Oc(fn, gn) — l’nil’l (1, x—

A random number is then generated from a uniform distribution between 0

1

and 1. If this number is smaller than « then the step is accepted, X,11 = V.

l

If not, the step is rejected and the chain stays at the current step, ¥,,11 = ¥.
This is often called Metropolis rejection — it is similar to the “rejection sampling"
Monte Carlo technique, but in rejection sampling we sample repeatedly until
some proposal is accepted (so the algorithm always produces a new value of the
state). In the Metropolis-Hastings algorithm, we either accept the new state i,
(with probability «), or the new state stays the same as the old state X,.

If the proposed step ¥/, has a larger posterior probability than the current
step X, then a=1 and the step is always accepted. If it has a smaller probability
than the current step then it may still be accepted, with acceptance probability «.
Steps to points with higher posterior probability are more likely to be accepted
than steps to points with low posterior probability.

Once the new step has been chosen (either X, ;1 = ¥, or X,) it is saved to
disk and the process of choosing a new step is repeated. In this way the al-
gorithm builds up a distribution of discrete points with more points in regions
of higher probability and fewer points in regions of lower probability. The dens-
ity of points in the chain output will be proportional to the posterior probability

density.
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Figure 4.2: The Metropolis-Hastings algorithm

4.3.2 Proposal Function and Step Size

It can be shown (for example, in chapter 1 of [101]]) that the Metropolis-Hastings
algorithm ensures that the proposal distribution q(ij,|X,) can have any form
and the chain will always have a stationary distribution P(¥|D): the stationary
distribution of the chain is completely independent of the proposal function.
However, this only shows that eventually the chain will settle on that distribution.
Practically speaking, we want it to converge as quickly as possible because only
the steps from after the chain has converged are samples from the posterior
distribution. We also want the chain to ‘mix” well once it has converged — this
means that the steps should cover the whole distribution and not be focussed
entirely on one area, or be too slow to move between areas of parameter space.
Figure 4.3| shows the accepted steps from 500 steps of three different MCMC
chains. All have the same stationary distribution, a Gaussian distribution centered
on 0 with width 1, and all have proposal functions g(i/,|X) which are Gaussian
distributions centered on the current point ¥, but with different widths. We
can define the “step size" for each chain as the width of the Gaussian proposal
function. When the step size is increased, the width of the proposal distribution
is increased, which results in an increase in the 1D range in which the chain can

step for a single parameter.
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Figure 4.3: 500 iterations from MCMC chains using the Metropolis-Hastings
algorithm with stationary distribution N(0,1), where N(a,b) is a Gaussian dis-
tribution centered on a with width b. (a) q(x|Xx) = N(X,,0.5); (b) q(Jn|Xn) =
N(¥,,0.1); (c) g(¥u|Xn) = N(¥,,10.0). Figure taken from [101].

All three chains have the same stationary distribution to which they will
eventually converge. Figure (a) has proposal function N(X,,0.5) (ie. a Gaussian
distribution centered on the current point ¥, with width 0.5). The chain con-

verges very quickly from a fairly extreme starting value, and then mixes quickly.

Figure (b) has step size 0.1, which is too small — the chain hasn’t moved very
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far from its starting value in 500 iterations. When the step size is small, every
step has a high acceptance probability because P(ij,|D) ~ P(¥,|D). However,
the chain does not mix well — it would need to be run for a very long time to
get a good sample of the distribution across the whole parameter space. Figure
(c), on the other hand, has a very large step size. It often proposes a step out in
the tails of the distribution where P(ij,|D)/P(X¥,|D) is small, leading to a low
probability of acceptance. Because of this the chain frequently doesn’t move. As
in chain (b), a large number of steps would be needed to get a reliable estimate
of the stationary distribution over the whole space.

It is clear that the proposal function (and step size) has a large effect on the
number of steps needed to obtain a sample of points that reliably approximates
the actual posterior density. If the step size is too small, many points are accepted
but they are concentrated in a small space and it will take the chain a long time
to move from one part of the distribution to another. In this case the chain is
called “highly correlated" — it cannot step far enough so only explores its local
density. If the step size is too large, many of the proposed points will be rejected
so the chain will often not move for a long time.

Step size tuning is a notoriously difficult feature of the MCMC technique,
and it is very important to get right. Figure is taken from a paper which
discusses techniques to determine the optimum step size for MCMC when the
proposal function is Gaussian and centered on the current step [108]. The au-
thors use a dimensionless measure of efficiency of an MCMC chain, E, defined

by comparing the sample mean variance from the chain with that of an ‘ideal’

chain:
2
N
E = lim Ug/
N—co UJ?' (N )
where 0§(N ) is the sample mean variance of an MCMC chain with N steps. 0’3

is the variance of the underlying distribution, meaning that 03 /N is the sample
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mean variance of an ideal chain (i.e. an MCMC chain sampling from the un-
derlying distribution with no step-to-step correlations) of length N. Maximising
this efficiency is equivalent to minimising the number of steps needed to obtain
a sufficient sample from the posterior distribution. Using this metric, the au-
thors find that the ideal acceptance rate is ~ 45% for a 1D chain and approaches
~ 25% for higher-dimensional problems. Of course, the number of dimensions
considered by the authors in [108] is considerably smaller than in this analysis,

so this guidance can only be considered a rough estimate.
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Figure 4.4: Dependence of the inverse efficiency E (definition given in the text)
on the acceptance fraction f4 for a chain sampling a 1- (bottom line), 2-, 4-, 8-,
and 16- (top line) dimensional Gaussian model. Figure taken from [108].

The analysis described in this thesis uses a special case of the Metropolis-
Hastings algorithm called the random-walk Metropolis algorithm, in which — as
in the examples above — the proposal function is a multivariate Gaussian centred
on the current state x,,. Correlations between parameters (according to the priors
discussed in sections [5.1| and are included in the proposal function because
when steps are proposed without correlations (ie. the proposal function for each
parameter is independent of the other parameters), a lot of steps are proposed
that will have a small prior probability P(). These are unlikely to be accepted,
so the efficiency of the MCMC will suffer. For example, the prior constraint

used in this thesis on the systematic parameters describing the neutrino flux
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says that the flux should be highly correlated between neutrino and antineutrino
mode beams (this is because in both cases the same proton beam impinges on
the same target, and the only difference is the current in the magnetic focussing
horns). Any proposed step with a high neutrino flux and a very low antineutrino
flux will have a very low prior probability, leading to a low posterior probability
P(6|D), and so is unlikely to be accepted. When prior correlations are included
in the step proposal function, steps are more likely to be proposed near the
region of high probability, and so more steps are accepted.

The step size for each group of parameters (oscillation, flux, cross-section,
ND280 detector, and SK detector) is tuned by hand to ensure an acceptance

probability of ~ 25% as recommended in [108].

4.3.3 Burn-In

The MCMC chain typically may not start at a region of high probability (as
in sub-figure (a) of figure , and therefore must be allowed to explore the
parameter space in order to reach the stationary distribution. Even if it does start
at a region of high probability, the condition given in section 4.3 for the chain to
produce samples from the posterior distribution is that it must have ‘forgotten’
its starting point. Because of this condition, the first steps at the beginning of the
chain (before it has converged on the stationary distribution) are thrown away.
These steps are colloquially called the ‘burn-in’.

The dotted line in sub-figures (a) and (c) of figure shows the burn-in. In
sub-figure (a) a 100-step burn-in is needed, and in sub-figure (c) the burn-in is
increased to 200 steps because of the slow mixing of the chain. In sub-figure
(b) the chain has not moved far from its starting position even in 500 steps, so a
much longer burn-in period would be needed.

Figure4.5/shows the log-likelihood as a function of step number for one of the
fits presented in this thesis (the T2K-only Asimoyv fit described in section [5.5.1.T).
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The first 100,000 steps of a number of independent MCMC chains are shown
overlaid on top of each other. The log-likelihood changes quickly in the first
20,000 steps, showing that the chain has not yet converged on the stationary
distribution. After this period, the log-likelihood remains stable for the duration
of the chain. The burn-in is dependent on the chain and fit conditions, so should
be re-calculated for each fit. However, a burn-in period equal to 20,000 steps —

as marked on figure [4.5— was found acceptable for all fits in this thesis.
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Figure 4.5: Log-likelihood of each accepted step as a function of step number
in the MCMC, for ten fit chains run independently for the T2K-only Asimov fit
described in section Based on this figure, it was decided that the first
20,000 steps would be thrown away as burn-in, as shown by the dashed line.

4.4 Extracting Information from the Posterior

As we have established, MCMC is a very powerful tool for sampling from (and
therefore producing an approximation of) a posterior distribution. This pos-
terior distribution is the ‘result’ of the analysis, and in a perfect world Bayesians
would prefer to publish the full distribution because it contains all the inform-
ation about all model parameters. However, a 749-dimensional probability dis-

tribution is difficult to visualise and interpret, and not much use to anyone by
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itself. Therefore, once we have a sample from the posterior distribution, we must
remove information so that the results can be interpreted with focus on the most

important physical aspects.

4.41 Marginalisation of Nuisance Parameters

Although all model parameters stand on equal footing from the Bayesian per-
spective — there is no ideological difference between physics parameters and
other model parameters — we are usually more concerned with a single para-
meter or subset of parameters. For example, in an oscillation analysis at T2K
we want to report best-fit values and uncertainties for the interesting oscillation
parameters sin® 63, sin? 613, Amgz, and Jcp without regards to the other model
parameters. It is necessary, however, to ensure that the uncertainty that is intro-
duced by these other parameters is taken into account properly when evaluating
the parameters of interest.

A ‘nuisance parameter’ is a model parameter that affects the probability dis-
tribution but which we don’t care about for its own sake. For example, the
calibration constant of a piece of apparatus: not the sort of thing we would re-
port in the abstract of a paper, but important nonetheless, and will have an effect
on the result. In this analysis that means parameters governing the neutrino flux,
cross-section, and detector uncertainties, as well as the oscillation parameters to
which T2K is not sensitive (sin? 61, and Am%l).

The Bayesian approach gives a very simple procedure for eliminating un-
wanted parameters from the posterior distribution, known as marginalisation.
Essentially, this means integrating the posterior over all unwanted parameters
so that it only spans a few dimensions (the interesting model parameters). This
gives a posterior distribution that is easier to understand and doesn’t contain too
much extraneous information.

For example, consider the joint probability distribution for rolling two dice
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1 2 3 4 5 6 | peli)

1 1/36 | 1/36 | 1/36 | 1/36 | 1/36 | 1/36 | 1/6

2 1/36 | 1/36 | 1/36 | 1/36 | 1/36 | 1/36 | 1/6

3 1/36 | 1/36 | 1/36 | 1/36 | 1/36 | 1/36 | 1/6

4 1/36 | 1/36 | 1/36 | 1/36 | 1/36 | 1/36 | 1/6

5 1/36 | 1/36 | 1/36 | 1/36 | 1/36 | 1/36 | 1/6

6 1/36 | 1/36 | 1/36 | 1/36 | 1/36 | 1/36 | 1/6

py(j) 1/6 | 1/6 | 1/6 | 1/6 | 1/6 | 1/6

Table 4.1: Joint probability distribution py,(i, ) for rolling two fair dice

x and y, as given in [102]. Assuming both dice are fair, the joint probability
distribution py (i, j) is shown in table If we wish to find the probability that
dice x will roll a 1, px(1), then it is easy to see that the roll of dice y is irrelevant.
We can find p, (i) for any value i from 1 to 6 by summing over all possible values
of y, as in table

The same logic can be applied to an oscillation analysis. An MCMC chain
is run, including all model parameters (with appropriate priors), to construct
the joint posterior. This can then be integrated over the unwanted nuisance
parameters to construct the “marginal posterior", which is now only a function

of the parameters of interest:

- [ P(D|8,0i, 6) P 0, 0 )46,
P(0poi|D) = [ P(D|6)P(6)d6 “3

where gpoi are the parameters of interest and 6, are the nuisance parameters.
This is equivalent to projecting the distribution on to a smaller number of dimen-
sions. In this analysis the posterior is marginalised onto either one dimension
(for a 1D point estimate or uncertainty), two dimensions (for a 2D point estimate
and contour, for example in sin® 923—Am§2 as in figure , or four dimensions (to

find the best-fit point with respect to the four interesting oscillation parameters).
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In practise, evaluating equation (4.3 is non-trivial, because for each nuisance
parameter we have to add a dimension to the integral. This is one of the reas-
ons MCMC is used for this analysis — it is very well-suited to evaluating high-
dimensional integrals that could not be solved analytically.

While marginalisation is the correct way to deal with nuisance parameters in
a Bayesian framework, it can produce some unintuitive results. If the nuisance
parameters which are being marginalised have non-Gaussian distributions, or
correlations with the parameters of interest, this can move the region of high
probability in a marginal posterior probability distribution away from where
one might expect it to be.

Consider the simple example shown in figure a correlated Gaussian in
two parameters, xg and x;, centred on 0. If we consider this to be the posterior
probability distribution of some two-parameter fit, the plot on the left in fig-
ure 4.6{shows the posterior as a function of both parameters, and the plot on the
right shows the posterior as a function of only parameter x(, with parameter x;
marginalised. In this case the marginalised parameter x; has a Gaussian distri-
bution, and the 1D marginal posterior peaks at xo = 0 (which is also the peak of
the 2D distribution).

Now imagine that we impose a prior constraint on parameter x; that it must
have positive value, as in figure[4.7] In this case the distribution of x; is no longer
Gaussian. Now when we marginalise x; to find the 1D posterior probability
distribution as a function of xp, we find that it has its peak above 0. This is called
a ‘marginalisation effect’: the most probable point of xy depends on the number
of dimensions of the probability distribution. In the 2D distribution the peak is
still at xy = 0, but in the 1D distribution it is shifted.

In this way, marginalisation can produce an apparent bias. A fit may be com-
pletely unbiased, in the sense that the full posterior probability distribution of

a fake data fit has a maximum at the correct value of all parameters, but still
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Figure 4.6: Left: A 2D correlated Gaussian distribution as a function of two
parameters, xg and xj. Right: the same distribution, marginalised over x; to be
a function of x( only.
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Figure 4.7: Left: A 2D correlated Gaussian distribution as a function of two
parameters, xo and x1. Right: the same distribution, marginalised over x; to
be a function of xp only. The red distribution has a cutoff at x; = 0, which
produces a marginalisation bias in the 1D distribution. It is shown overlaid with
the distribution from figure (4.6 for comparison.

appear to have a “bias” in the marginal probability distribution if the distribu-
tion in some of the nuisance parameters is not Gaussian. This is very likely to
happen in the oscillation fits presented in this thesis — the posterior distributions
of many of the nuisance parameters are not Gaussian. We have no reason to
expect oscillation parameters such as dcp to have a Gaussian distribution (in fact
the distribution is very much non-Gaussian), and certain cross-section system-
atic parameters have physical limits which cause their posterior distributions to
resemble a truncated Gaussian (as in the example above).

Marginalisation effects are seen in all of the Asimov fits used to validate

the analysis presented in this thesis (shown in section [5.5.1)). It is important to
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examine these in order to understand what we expect from the data fit. However,
this does not mean the fit is biased; it is a true effect in the marginal posterior

distribution.

4.4.2 Point Estimation

The natural way to define a best-fit value from a posterior distribution is to use
the mode of the distribution, equal to the most probable point. In the MCMC
method, this requires us to find the region of highest density of a series of dis-
crete points in parameter space.

The simplest approach is to use a histogram to collect the posterior density
information into binned intervals. The bin containing the most points is then
the region of highest density. This approach is easy to implement and widely
used — in this thesis it is used when reporting the best-fit values of systematic
parameters in 1 dimension (the posterior is projected into a 1D histogram and
the 1D mode reported as the best fit), and when reporting 2D best-fit values for
the oscillation parameters.

The drawback to this approach is that when the number of ‘interesting” para-
meters becomes large, the number of bins in the N-dimensional histogram also
increases, and bin statistics can become a problem. We need higher statistics
(ie. a larger number of steps in the MCMC output) to ensure that the bins are
sufficiently populated, and that may not be practically possible. We could use
wider bins, but that decreases the precision of the density estimation.

T2K is sensitive to four oscillation parameters, which means that we must
tind the mode of a 4D distribution. It is impractical to populate all bins suffi-
ciently in 4D, so a kernel density estimation technique is used to turn the series
of discrete points into a smooth continuous density function, the maximum of
which can then be found using Minuit [109]. The kernel density estimation used

in this thesis relies on a Gaussian ‘kernel’. A single kernel is placed over each
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data point, and the sum of all kernels produces a smooth estimation of the dens-
ity of points in the 4D marginal posterior distribution.

The width of these Gaussian kernels is known as the ‘bandwidth’, and it is
very important that the bandwidth is not too small (which will lead to under-
smoothing, and a resultant distribution which is spiky and difficult to interpret)
or too large (which would cause oversmoothing, and mask the structure of the
distribution). To ensure that the distribution is neither undersmoothed nor over-
smoothed, an ‘adaptive kernel density estimator” [110] is used, which adjusts the
bandwidth to the local density of points: a large bandwidth is used in areas of
low density, and a smaller bandwidth in areas of high density. More information
about this method is given in Chapter 4 of [102].

The best-fit point may well depend on the number of dimensions onto which
the posterior is marginalised, due to the marginalisation effects discussed in sec-
tion For example, the best-fit point in sin? 023—Am§2 2D space (in which all
other parameters, including sin® 013 and écp are marginalised) may differ from
the best-fit values of sin® 653 and Am%2 in 4D sin? 923—Am§2—sin2 813—dcp space.

Figure shows the 2D marginalised posterior distribution from the T2K-
only Asimov fit presented in section as a function of sin? 653 and Am?,.
The marginal posterior is presented as a coloured histogram, with lighter shades
of blue representing larger posterior density (ie. more probable regions). The
2D and 4D best-fit points are both shown, and it is clear that there is a marginal-
isation effect when marginalising over either or both of sin® 015 and dcp, because
the two best-fit points are not identical. In fact, the marginalisation effect is due

to correlations between sin? 8,3 and sin? 6y3, discussed further in section [5.5.1.1

4.4.3 Uncertainty on Point Estimates

Once point estimates have been found, it is essential to also give an uncertainty

on that estimate. This is done by constructing Bayesian credible intervals from
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Figure 4.8: 2D marginal fit posterior in sin® 923—Am§2 from the T2K-only Asimov
tit (copied from figure in section 5.5.1.1). The 2D credible intervals, 2D
best-fit point, and 4D best-fit point are also shown, as well as the input values,

sin? 023=0.528, and Am3,= 2.509 x 1073
the marginalised posterior distribution. A credible interval is defined as the
interval in the marginal posterior that contains a certain fraction of the total

posterior density. For example, the integral
/ P(6|D)d6 = a

will define a region that contains a x 100% of the total probability in the posterior
distribution. If « = 0.9 this corresponds to a 90% credible interval.

There are many ways to define credible intervals which are valid - the only
constraint is that a 90% credible interval must contain 90% of the posterior prob-
ability. This analysis uses highest posterior density (HPD) credible intervals,
which are defined such that any point inside the credible interval has a larger
posterior density than any point outside the interval.

The procedure for constructing HPD credible intervals is as follows: first, a

histogram of the marginal posterior must be produced in the desired number
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of dimensions (in this thesis, 1D credible intervals are used for all systematics
and the interesting oscillation parameters, and 2D credible intervals for certain
combinations of the interesting oscillation parameters). Bins are then added from
the histogram in order of highest to lowest population until the bins counted so
far contain a x 100% of the total posterior density. For example, to report a
90% credible interval bins are added until the counted bins contain 90% of the
integral of the posterior.

The results of this thesis are typically presented as 68% and 90% credible
intervals, in keeping with the precedent set by frequentist analyses (a 68% fre-
quentist confidence level is equivalent to Ax?> = 10). These are shown over the
marginal posterior in 2D sin® 923—Am%2 in figure

Note that if the posterior distribution has multiple maxima the HPD credible
interval construction can lead to a single credible interval being composed of
multiple non-contiguous areas. This is the case in figure only one 90% and
one 68% credible interval are shown, but both credible intervals contain two
distinct areas in parameter space. The integral of the posterior density over both
areas contained in the two ‘90% credible interval” curves is equal to 90% of the
total posterior probability density.

Although the Bayesian credible interval is the correct “result” for this analysis,
it is also possible to construct frequentist-style constant-Ax? intervals for the sole
purpose of comparing validations and results to other analyses on T2K. T2K has
two other oscillation analysis groups, both of which use a hybrid frequentist-
Bayesian approach that marginalises over nuisance parameters and then pro-
duces frequentist confidence intervals (the similarities and differences between
the three oscillation analysis groups on T2K are described in appendix C).

Confidence intervals as a function of the oscillation parameters sin? 03, sin® 63,
Am?Z,, and d¢p are constructed for comparisons; all of these parameters have flat

priors, with the exception of sin?f;3. The prior used on these parameters is
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important because it is only possible to produce confidence intervals from a
posterior distribution if the posterior can be interpreted as a likelihood. Recall
equation the posterior is proportional to the likelihood multiplied by the
prior probability. Therefore, if the prior is flat in the parameters of interest,
the marginal posterior can be interpreted as a marginal likelihood (in which all
nuisance parameters are marginalised and may have non-flat priors).

There are two possible choices of prior on sin” f;3, and the analysis is repeated
twice using both choices. The first is a flat prior in sin? 63, which is sometimes
referred to as a “T2K only” or ‘without reactor constraint” fit: only T2K data are
used to constrain sin® 813. The other choice is to use a Gaussian prior on sin® 263,

as measured by the reactor experiments and reported in the 2015 PDG [47]:

sin? 2015 = 0.085 + 0.005 (4.4)

This is often referred to as fitting ‘with reactor constraint’. When the reactor
constraint is used, the frequentist analyses add it to the likelihood as a penalty
term. This produces a ‘likelihood’ that is equivalent to the Bayesian posterior
with a prior. Therefore, confidence intervals produced by treating the posterior
as a likelihood will be directly comparable to the confidence intervals produced
by the frequentist T2K analyses.

To produce constant-Ax? confidence intervals, the binned marginal posterior
is used and content of each bin is interpreted as a likelihood, L;, (this is not
strictly valid, but it is true that the content of each bin can be interpreted as
proportional to a likelihood, and the constant of proportionality cancels in equa-
tion 4.5). The bin in which the posterior is largest is found, and the posterior

density in that bin is defined as the maximum likelihood, £,,. For each bin in
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the histogram, Ax? is then calculated:

Ax* = —2In ( Ebin ) (4.5)

Cmax

Once the Ax? distribution is found, confidence intervals are produced by draw-
ing contours at the critical Ax? values: Ax?> = 1 for 68% and Ax? = 2.71 for
90% confidence intervals in 1D, and Ax? = 2.30 for 68% and Ax? = 4.61 for 90%
confidence intervals in 2D.

Credible intervals and confidence intervals may often look similar, but their
construction and interpretation are completely different, so there is no reason to
expect them to be the same unless the posterior distribution is exactly Gaussian.
The interpretation of a 90% confidence interval is that, if the experiment were to
be repeated a large number of times, 90% of those times the measured best-fit
point would lie within the 90% confidence interval. A 90% credible interval,
however, simply means that — given this experiment — there is 90% probability
that the true parameter value lies in the 90% credible interval. One of the most
significant effects of this difference in interpretation is that the coverage study,
a common frequentist test in which many fake data sets are fit to verify that
the best-fit point of 90% of the fake data sets does indeed fall within the 90%
confidence interval, is not applicable to credible intervals. A Bayesian 90% cred-
ible interval contains 90% of the posterior probability for a given experiment by
construction.

Figure|4.9/shows the credible intervals and confidence intervals in 2D sin? 613—
dcp space from the T2K-only Asimov fit described in section The pos-
terior distribution is non-Gaussian in both sin® 813 and dcp, and we see a notice-
able difference between the 90% credible intervals and confidence intervals, even

though both are constructed from the same posterior distribution.
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Figure 4.9: 2D sin? 013-0cp credible intervals from the T2K-only Asimov fit de-
scribed in section [5.5.1.1| with constant-Ax? confidence intervals overlaid.

4.4.4 Model Comparison

So far we have considered the Bayesian approach (and the approach used in
this thesis) to parameter estimation. This is essentially asking the question:
‘within the context of a specific model, what parameter values are most con-
sistent with the data?’. It is also useful to ask whether the model itself is even
correct, a process known as hypothesis testing. The Bayesian framework gives a
very easy method for answering this question, because in the Bayesian language
all problems are hypothesis tests. At its most basic, parameter estimation simply
amounts to assigning a degree of credibility to the hypothesis “x is between 5
and 5.01".

Recall that a parameter’s posterior density is proportional to the prior mul-
tiplied by the marginal likelihood (when all other parameters are marginalised).
In a similar way, the posterior probability for an entire model is proportional to
the prior probability for that model multiplied by the global marginal likelihood
(where all parameters are marginalised).

In the Bayesian framework, two models can be compared by calculating the

posterior odds ratio for the models. The ratio of posterior odds for two models
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M; and M, is given by:

which is the ratio of model M; being favoured over M;. Applying Bayes’ theorem
as in equation 4.1, we find

f) B;; (4.6)

where B;; is called the ‘Bayes factor’- the factor by which we must multiply the
prior odds of two hypotheses to find the posterior odds. The posterior odds can
be interpreted as how much more likely model M, is to be true than model M;
when considering all knowledge (prior probability densities and the evidence
from the data). The Bayes factor, then, should be interpreted as the weight of
evidence coming from the data (ie. how we should update our opinion about
models M; and M; from our prior knowledge once we have looked at the data).
Equation[4.6|shows that the Bayes factor is simply equal to the ratio of likelihoods
of the two models.

The Bayes factor was originally proposed by H. Jeffreys [111], who presented
a scale through which the Bayes factor should be interpreted. This is given in
table[4.2 and shows a ‘strength” of evidence for model M;, as assigned by Jeffreys
based on the value of the Bayes factor. This is somewhat arbitrary, and in practise
the Bayes factor itself should always be presented and explained such that the
reader can come to their own conclusions about the evidence presented by the
data. To assist with this, a fourth column has been added to the table, labelled
‘Degree of belief in model M;". The ‘degree of belief” is calculated by assuming

that there are only two possible models M; and M;, which between them span



CHAPTER 4. BAYESIAN INFERENCE AND THE MARKOV CHAIN MONTE

CARLO METHOD 91
Bjj log Bij Strength of evidence for model M; Degree of belief in model M;
<1 <0 Data prefers model M; < 50%
1-3.16 0-0.5 Preference for model M; is weak 50%—76%
3.16-10 0.5-1 Preference for model M; is substantial 76%-91%
10-100 1-2 Preference for model M; is strong 91%-99%
> 100 > 2 Preference for model M; is decisive > 99%

Table 4.2: The Jeffreys scale for interpretation of the Bayes factor B;; =
P(D|M;)
P(D[M;)
in model M; assuming that the only possible models are M; and M;, that both
models have equal priors, and that P(M;|D) + P(M;|D) = 1.

[111]. A fourth column has been added, showing the degree of belief

all possibilities:

P(M;|D) + P(M;|D) = 1

We also assume that the two models have equal priors P(M;) = P(M;), in which

case the Bayes factor is equal to the ratio of posterior odds: B;; = gggl‘ﬁ;% =
ggﬁ’wgg . Combining this constraint with the one above gives two equations in two
]

unknowns and allows us to calculate P(M;|D). This is, of course, not generally
applicable in the way that the Jeffreys scale is, as it requires that there are only
two possible models which have equal prior probabilities. However, it is hoped
that this will help the reader gain a more intuitive sense of the interpretation of
a Bayes factor.

The frequentist approach to hypothesis testing relies on calculating a p-value,
which represents the probability that — if a given model (the ‘null hypothesis’) is
true — we would obtain data as anomalous or more anomalous than the data we
have observed.

There is no universal correspondence between a Bayes factor and a p-value,
due to a fundamental difference in how the two should be interpreted. The p-
value informs the analyser how likely it is that a particular dataset has arisen

by chance if a given null hypothesis is true; it is not the probability that the
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null hypothesis is true. Therefore it can only be used to reject hypotheses, and
provides no evidence in favour of the alternative. The Bayes factor, on the other
hand, can be interpreted as the evidence from the data that one of the hypotheses
is true. It places the two models on equal footing and allows the data to generate
evidence for either one (an important consequence of this is that, unlike the
p-value, the Bayes factor can show evidence for the null hypothesis over the
alternative).

Whether a p-value or a Bayes factor is most appropriate depends on the
question we wish to answer. When we perform goodness-of-fit tests, where the
question is “how well does this model fit my data?" or “how likely is it that I
would see this data if this model were correct?” then the p-value is the ideal
statistic. Indeed, that is what is used for goodness-of-fit tests in this analysis (as
described in section £.4.6).

However, questions such as “which of these two models fits the data best?"
or “what are the betting odds that this hypothesis is true compared to that one?"
are fundamentally Bayesian questions and so the best way to answer them is
by calculating a Bayes factor. The question of the neutrino mass hierarchy, in
particular, is well-suited to a Bayesian answer because there is no obvious ‘null’
hypothesis to reject - we simply want to compare two models (normal and in-
verted hierarchy) and see which one is preferred by the data.

Bayes factors are calculated for two purposes in this thesis: as a measure of
how much the data favours the normal over inverted mass hierarchy (encoded
by the sign of Am3,) in the joint v+7 analysis presented in chapters [5{and @ and
as a measure of evidence for 7, appearance in appendix In both cases equal
priors are used for both hypotheses, so the posterior odds ratio is simply equal

to the Bayes factor.
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4.4.5 Posterior Predictive Method

It is often desirable in the T2K oscillation analysis to present a best-fit energy
spectrum for the SK data samples as a function of reconstructed neutrino en-
ergy, which can be easily compared by eye to the data. We cannot simply take the
‘best-fit” point with respect to all fit parameters, because that would require us
to find the mode of the 749-dimensional posterior distribution — to do so accur-
ately would require an extremely large number of steps and be computationally
prohibitive. Instead, a ‘posterior predictive” method is used, which essentially
marginalises over all parameters, oscillation included, to find the posterior prob-
ability distribution as a function of reconstructed energy.

The posterior predictive method is as follows: we wish to create a ‘best-fit’
energy spectrum, which will rely on some binning in reconstructed neutrino
energy. To do this, some number N of discrete points are selected randomly
from the fit posterior (in this thesis, all posterior predictive spectra are produced
with N = 2500). Each point will be at a particular location in parameter space,
and have some values for each of the model parameters (oscillation, neutrino
flux, cross-section, ND280 detector, and SK detector). Because there are more
points in the regions of higher posterior density, those parameter values close to
regions with larger posterior probability are more likely to be selected.

We then consider a single bin in the energy spectrum. For each of the N
selected points, we calculate the predicted event rate in that bin, assuming the
parameter values defined by that point. The combination of all N points creates
a distribution of event rates in the given bin. A Gaussian is fitted around the
peak of this distribution, and the mean of the Gaussian taken to be the predicted
value for that bin.

This is repeated for every bin in reconstructed neutrino energy, using the
same N points every time, in order to construct the ‘best-fit" energy spectrum.

Note that — because each bin is treated independently — the best-fit spectrum
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produced by this method may not be a spectrum that it is possible to produce
for some set of ‘best-fit" parameters.

Figure shows the best-fit reconstructed energy spectrum produced in
this way for the SK FHC 1R, sample in the T2K-only data fit (the data fit is
described in chapter [f} and this figure is copied from figure [6.8a). The coloured
2D histogram shows the result of sampling 2500 points from the fit posterior, the
red line shows the best-fit spectrum, and the green dots show the data in this SK
sample. Note that the binning in this case is not the same as the binning used
for the data fit — a coarser binning was chosen in order to reduce the effect of
statistical variations between bins.

22““““““““\““\““\““
— Best-fit spectrum 120

—— Data 100

Eventsin bin (FHC 1Ru)

Posterior density (arbitrary units)

o

"1 2 3 4 5 8 7
Reconstructed neutrino energy (GeV)

Figure 4.10: Best-fit reconstructed neutrino energy spectrum for the SK FHC
1R, sample after the T2K-only data fit (copied from figure in chapter [6).
Data points (with statistical uncertainties) are shown in green, the best-fit re-
constructed energy spectrum is shown in red, and the result of sampling the fit
posterior 2500 times is shown as the coloured 2D histogram. A coarser binning is
used than for the data fit, and the reconstructed energy range is cut off at 7 GeV
because no data are found at higher energies (although the fit region extends to
30 GeV).

4.4.6 Goodness-Of-Fit

Once a fit to data has been completed, it is natural to ask how good the fit is.
This is done using a goodness-of-fit test, which is a special kind of hypothesis

test. Unlike the tests described in section in this case the question is not
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“does model A fit the data better than model B?" but simply “does this model
tit the data?". Therefore there is no need to specify an alternate hypothesis — in
essence, the ‘alternate hypotheses’ considered are the set of all possible statistical
variations of the data.

In this thesis the goodness-of-fit test relies on a p-value based on the x?
statistic, following a method in [112]. At each of the 2500 points used for the
posterior-predictive method described in section[4.4.5, a Super-Kamiokande fake
data set is generated from the MC prediction for that point (using the same re-
constructed energy binning as the data fit, defined in section [5.2.2). We then
calculate a x? test statistic from the Poisson log-likelihood ratio between the fake
data set and the MC prediction, and between the real data set and the MC pre-
diction. If there are v; events predicted in each bin and n; events ‘observed” in
that bin for either the fake or real data set, then we can define ¥ and 7 as the

total prediction and observation over all bins. From this, the likelihood ratio

enables us to calculate x:

XP=—2InA=2 [E"ﬂn (%) N (U—ﬁ)]

1

where the sum runs over all reconstructed energy bins in all four SK samples.
The ND280 samples are not included in the x? calculation in this thesis be-
cause the large number of samples and bins would dominate the result, produ-
cing a x? that mostly represented how well the ND280 data was fit. The main
interest of this thesis is a measurement of neutrino and antineutrino oscillation,
for which the most relevant data samples come from the far detector, SK, so an
SK-only goodness-of-fit calculation is used. It is, however, still important to un-

derstand how well the ND280 data are fit. The Beam And ND280 Flux extrapolation
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task Force (BANFF) group on T2K does a fit to the ND280 data only, with results
which are in good agreement with the results presented in this thesis [113]]. The
goodness-of-fit p-value calculated by the BANFF group from this fit is 0.086 (it
was decided in advance to accept any fit with a p-value greater than 0.05).

Once the x? has been obtained, a p-value is calculated as the percentage of
samples for which the data fit the MC prediction better than the fake data. Fig-
ure shows an example distribution of x? between the data and MC plotted
against the x? between the fake data and MC, for each of the 2500 samples. The
p-value is the proportion of samples for which x?(data) < x?*(fake data), or the
proportion of probability in the figure which lies below the black x = y line.

As previously discussed, the p-value is interpreted as the probability that we
would see this data or something more extreme, assuming that the fit posterior
represents the ‘true” model of nature. In general, a higher p-value indicates a
better fit to the data, but it is up to the analyser or reader to decide what p-value
indicates ‘acceptable’ agreement — common choices would be to accept any fit
with a p-value greater than 0.05 or 0.10. However, it is necessary for the analyser
to define this choice before calculating the p-value to avoid bias once the fit
results have been seen. For the results presented in this thesis, a p-value of 0.05

or larger was defined to be “acceptable’.
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Figure 4.11: An example distribution of x? between the data and MC prediction
(x*(data)), plotted against the x? calculated between a fake data set and the MC
prediction (x?(fake data)), for 2500 samples from the fit posterior, as described
in the text. The p-value for the fit is given by the proportion of probability below
the black x = y line, which in this figure is equal to 0.75.



Chapter 5

Joint v+7 Oscillation Analysis:

Framework and Validations

The main analysis presented in this thesis is a joint oscillation fit to antineutrino
and neutrino data at ND280 and Super-Kamiokande, using the Markov Chain
Monte Carlo method. This is described in the next two chapters, both of which
are adapted from [114]. This chapter describes the analysis framework: the data
samples used from ND280 and SK, the systematic uncertainties considered, and
the pre-fit Monte Carlo predictions and comparison to data, as well as some of
the validations of the analysis that were performed to verify that the fitter is
working as expected. The results of the data fit are then shown in chapter [6}

To constrain uncertainties due to the neutrino flux and interaction cross sec-
tions at SK, data from the ND280 near detector is analysed simultaneously with
the SK samples. This effectively considers all T2K data from the near and far de-
tector as one single data set. The motivation to do an analysis in this way comes
from the increasing complexity of T2K analyses due to the increasing number
of systematic parameters. Other oscillation analyses (including other analyses
on T2K) take a different approach: the systematic parameters are constrained

using a fit to near detector data, and are then propagated to form inputs for an

98
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oscillation analysis using the far detector data. This approach assumes that the
expected number of events is linear as a function of these propagated paramet-
ers by assuming the log-likelihood behaves quadratically near the maximum —
an approximation that is not necessary in the simultaneous-fit approach.

The analysis uses six samples of charged-current (CC) interactions from the
ND280 data: FHC (or neutrino mode) v, RHC (or antineutrino mode) v, and
RHC 7, for each of FGD1 and FGD2 (where the sample is labelled by the sign of
the neutrino that must have interacted, inferred from the sign of the muon pro-
duced in the interaction). Both RHC 7, and v, samples are included in order to
measure the (relatively large) v, component of the antineutrino-mode beam. The
SK detector has no magnetic field and is therefore unable to distinguish between
leptons produced in neutrino and antineutrino interactions, so a measurement
of the wrong-sign contamination at ND280 is necessary to accurately predict the
observables at SK.

Each of the ND280 data samples is split into smaller sub-samples: the FHC
samples are divided into three depending on the number of charged pions in
the final state (‘CC 07’, ‘CC 17, and ‘CC Other’ sub-samples). Because the
statistics in the RHC samples are lower, they are divided into only two sub-
samples, by the number of tracks detected: ‘CC 1-track” and ‘CC N-tracks’. The
CCO7mr and CC 1-track sub-samples give data sets which are dominated by CCQE
interactions (the ‘signal” at Super-Kamiokande). The CC17r, CC Other, and CC
N-tracks sub-samples are dominated by other interactions (largely CC resonant
pion production and deep inelastic scattering), and fitting this data allows us to
accurately predict the background from other interaction modes at SK. This is
the first oscillation analysis to include FGD2 data, which gives the ND280 data
the power to constrain cross-section systematics on oxygen.

Four samples of charged-current interactions at SK are included in the fit,

labelled FHC 1R, FHC 1R,, RHC 1R;, and RHC 1R..
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The data samples and selections are described in section and the sys-
tematic parameters used to estimate uncertainties due to the neutrino flux, in-
teraction cross sections, and detector response in section The pre-fit MC
predictions, at both ND280 and SK, are given in section as well as the un-
certainty on the total number of events in each SK sample due to each group
of systematic parameters. Finally, a summary of the validation of the fitter is

presented in section
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5.1 Analysis Strategy

As described in chapter [} at each step in the MCMC a posterior probability
tunction is evaluated in order to decide whether or not the step should be accep-
ted. The posterior probability is the product of the likelihood function for the
data samples from both detectors and the prior probability functions for the sys-
tematic and oscillation parameters. The log of the Bayesian posterior probability
for this analysis (which is within a multiplicative constant of the full posterior

probability) is:
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(5.1)

where the V;; represent covariance matrices constraining those systematic para-
meters which do not have flat priors. These are labelled f for flux, x for cross
section, d for ND280 detector, skd for SK detector, and o for oscillation. A sep-
arate covariance matrix is used for each group of parameters, indicating that

no prior correlations are considered between different types of parameters (for
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example, prior correlations between different flux bin-normalisation parameters
are considered, but not between flux and cross-section parameters). It is a slight
shortcut to write the oscillation priors in this way: as described below, there are
non-flat priors only on the parameters sin? 0y3, sin® 01y, and Am%l, and no cor-
relations between oscillation parameters in the prior. The diagonal terms (Vj);;
representing sin® 0,3, Am3,, and dcp are zero, resulting in flat priors on those os-
cillation parameters. Nl-N PP and NiSK’p represent the number of predicted events
(from the MC) in a particular bin i for ND280 or SK respectively, for some given
values of the model parameters f, X, a?: sEd, and 0, and NZ.N Dd and NI.SK’d the
number of data events.

The binning of the data events in this analysis is in 2D lepton p—cos 0 space
for the ND280 data and 1D reconstructed neutrino or antineutrino energy space
for the four SK samples. The reconstructed neutrino energy at SK is determined
from the kinematics of the measured lepton, assuming the event was a CCQE
interaction on a stationary bound nucleon. The reconstructed energy formula
for a CCQE muon neutrino interaction with a neutron was given in equation

One set of oscillation parameters (according to the PMNS model) is used to
describe all neutrino and antineutrino data, with all six oscillation parameters
allowed to float in the fit. We choose the priors for the oscillation parameters
sin? 653, | Am%z |, and dcp to be flat. The prior for sin? 043 may be flat (described
as ‘without reactor constraint’) or may be Gaussian according to the meas-
urement of sin”26;3 reported from reactor experiments in the 2015 PDG [47]:
sin? 203 = 0.085 =+ 0.005 (referred to as ‘with reactor constraint’). The fit will
be repeated twice — once with the reactor constraint and once without. Gaus-
sian priors from the PDG are always used for the solar parameters, sin® 61, and
Am?,, to which T2K has little sensitivity: sin?261, = 0.846 +0.021 and Am3; =
(7.53 4 0.18) x 1075eV?/c* [47]. Additionally, we use a prior for the mass hier-

archy (encoded as the sign of Am3,) such that the probability of the normal and
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inverted hierarchies are equal, i.e. P(NH)=P(IH)=0.5. When the Markov chain
runs there is a 50% probability for the proposal function to flip between normal

and inverted hierarchy as it proposes each step.

5.2 Event Selection

521 ND280

The ND280 selections for this analysis include both neutrino- and antineutrino-
mode data with interactions in FGD1 or FGD2. The neutrino-mode data was
collected between November 2010 and February 2015 (T2K runs 24, 5, and 6),
corresponding to an exposure of 5.82 x 102 POT, and the antineutrino mode
data was collected between June 2014 and April 2015 (T2K runs 5 and 6), with
an exposure of 2.84 x 102’ POT.

In both neutrino-mode and antineutrino-mode data we wish to select only
charged-current events, in which an interaction occurs in FGD1 or FGD2 and the
interaction products are forward-going and measured in at least one TPC. Bey-
ond this broad selection, the neutrino-mode data selection is further split into
six categories: v, CC 07t (dominated by CCQE interactions), v, CC 17t (dom-
inated by CC RES interactions), and v, CC Other (dominated by CC DIS inter-
actions) for both FGD1 and FGD2, where the interaction categories are defined
in section The antineutrino mode data selection is split into a total of eight
categories: vy CCl1-track and vy CC 1-track (dominated by CCQE interactions),
and v, CC N-track and 7, CC N-track (with N>1; a mixture of CC RES and DIS
interactions), again for both FGD1 and FGD2.

The ND280 data selections are described in detail in [115-119], and summar-

ised below.
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5.2.1.1 ND280 v, Selection

The aim of the ND280 v, event selection is to define a sample of neutrino inter-
actions which originate in the FGD1 or FGD2 detector and contain at least one
muon track with negative charge crossing the TPC downstream from the FGD
in which the interaction occurred. The selections for the v, samples in neutrino

and antineutrino mode are:

Event Quality The event must occur in a defined proton bunch from a beam

spill in which the data quality was deemed to be good.

Total Multiplicity In the selected event, at least one track must cross one of the

TPCs.

Fiducial Volume The highest momentum negative-charge track in the event must

have its origin in the FGD1 or FGD2 fiducial volume.

TPC Measurement The TPC reconstruction is less reliable for short tracks, so
we require that the highest-momentum negative-charge track in the event
must cross more than 18 layers in a TPC, where layer orientation is defined

by the local track angle.

TPC PID The particle identification (PID) of the highest momentum negative-

charge track must be consistent with a muon.

Highest Momentum Track The highest momentum negative-charge track must
be the highest momentum track in the event. This is selected as the ™

candidate.

Upstream Background Veto Reconstruction failures can make a muon track falsely
appear to start in the FGD (for example, a muon from an interaction in the
POD which undergoes a large scatter in FGD1 can be reconstructed as two
separate tracks). To exclude these events, we impose a veto on backwards-

going events or events coming from the POD or Magnet. For the same
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reason, in the FGD2 selection the event is vetoed if the second-highest mo-

mentum track starts in the FGD1 fiducial volume.

External FGD If the event has at least one reconstructed FGD-only track, it must
not have its starting position in the two layers of the FGD closest to the

upstream edge.

After these steps, the selection is split into the CC 0, CC 17, and CC
Other (for neutrino mode) or CC 1-track and CC N-track (for antineutrino mode)
samples.

The presence of a charged pion can be inferred either from a pion track in
a TPC or FGD or from the delayed ‘Michel” electron produced in pion decay,
which will occur outside the beam time window. The neutrino mode CC 07
sample is defined by rejecting events with a 77+ or e* in a TPC, a 7+ in an FGD,
or a Michel electron in an FGD. The CC 17t sample is defined by rejecting events
with a 77~ or e* in the TPC, and selecting events in which the sum of the number
of 7 found in the TPC and the number of Michel electrons measured is equal to
1. If no Michel electrons are measured, the sum of the number of 7" measured
in the TPC and the number of 7" measured in the FGD must be equal to 1. The
CC Other sample contains all events that pass the selection cuts above but do
not fall into the CC 07t or CC 17t samples.

In antineutrino mode, the CC 1-track sample is defined as having only one
reconstructed track, the highest momentum negative-charge track. The CC N-

track sample contains all other events.

5.2.1.2 ND280 7, Selection

The aim of the ND280 7, event selection is to define a sample of antineutrino
interactions which originate in the FGD1 or FGD2 detector and contain at least

one muon track with positive charge crossing the TPC downstream from the
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FGD in which the interaction occurred. The selections for the vy samples in

neutrino and antineutrino mode are:

Event Quality The event must occur in a defined proton bunch from a beam

spill in which the data quality was deemed to be good.

Total Multiplicity In the selected event, at least one track must cross one of the

TPCs.

Fiducial Volume The highest momentum positive-charge track in the event must

have its origin in the FGD1 or FGD2 fiducial volume.

TPC Measurement The TPC reconstruction is less reliable for short tracks, so
we require that the highest-momentum positive-charge track in the event
must must cross more than 18 layers in a TPC, where layer orientation is

defined by the local track angle.

TPC PID The PID of the highest momentum positive-charge track must be con-

sistent with a muon.

Highest Momentum Track The highest momentum positive-charge track must be
the highest momentum track in the event. This is selected as the ™t can-

didate.

Upstream Backgroud Veto Reconstruction failures can make a muon track falsely
appear to start in the FGD (for example, a muon from an interaction in the
POD which undergoes a large scatter in FGD1 can be reconstructed as two
separate tracks). To exclude these events, we impose a veto on backwards-
going events or events coming from the POD or Magnet. For the same
reason, in the FGD2 selection the event is vetoed if the second-highest mo-

mentum track starts in the FGD1 fiducial volume.
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External FGD If the event has at least one reconstructed FGD-only track, it must
not have its starting position in the two layers of the FGD closest to the

upstream edge.

After these steps, the selection is split into the CC 1-track and CC N-track
samples. The CC 1-track sample is defined as having only one reconstructed
track, the highest momentum positive-charge track. The CC N-track sample
contains all other events.

The number of data events in each sample are shown in table All samples

are binned in a 2D p—cos 6 grid with bin definitions as follows:

e CC 07t and CC Other bin edges:
p (MeV/c): 0, 300, 400, 500, 600, 700, 800, 900, 1000, 1250, 1500, 2000, 3000,
5000, 30000
cos0: -1.0, 0.6, 0.7, 0.8, 0.85, 0.9, 0.92, 0.94, 0.96, 0.98, 0.99, 1

e CC 17 bin edges:
p (MeV/c): 0, 300, 400, 500, 600, 700, 800, 900, 1000, 1250, 1500, 2000, 5000,
30000
cos0: -1.0, 0.6, 0.7, 0.8, 0.85, 0.9, 0.92, 0.94, 0.96, 0.98, 0.99, 1

e CC 1-Track bin edges:
p MeV/c): 0, 500, 900, 1200, 2000, 10000
cos6: -1.0,0.8,0.92,0.98, 1

e CC N-Track bin edges:
p (MeV/c): 0, 600, 1000, 1500, 2200, 10000
cost: -1.0,0.8, 0.9, 0.97, 1

The momentum distributions of each of the data samples are shown graph-

ically compared to the MC prediction in figures and in sec-
tion The cos 0 distributions are not included because of space limitations,

but can be found in [120].
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Data sample POT Number of events in ND280 data
FGD1 v, CC 07 17354
FHC FGD1 v, CC 17 5.82 x 10% 3984
FGD1 v, CC Other 4220
FGD1 7, CC 1-Track 2663
RHC FGD1 7, CC N-Track 5 84 x 1020 775
FGD1 v, CC 1-Track 989
FGD1 v, CC N-Track 1001
FGD2 v, CC 07 17650
FHC FGD2v, CC 17 5.82 x 10% 3383
FGD2 v, CC Other 4118
FGD2 7, CC 1-Track 2762
RHC FGD2 7, CC N-Track 5 84 % 100 737
FGD2 v, CC 1-Track 980
FGD2 v, CC N-Track 936

Table 5.1: Number of events in each of the ND280 data samples
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5.2.2 Super-Kamiokande

This analysis uses all the T2K data collected at SK in runs 1-7b, between Janu-
ary 2010 and May 2016. This corresponds to a total POT of 7.002 x 10% in
neutrino mode and 7.471 x 10%° POT in antineutrino mode. The data and MC
are separated into four selections: single-ring muon-like (1R,), and single-ring
electron-like (1R;), for both neutrino-mode and antineutrino-mode beam.

There is no difference in the event selections (which are described in detail
in [121] and summarised here) between the forward and reverse horn current

samples. For the 1R, samples, the selection is as follows:

Fiducial Volume Event must be fully contained in the fiducial volume at Super-

Kamiokande.

Cherenkov Rings Only events for which exactly one ring is found by the ring

counting algorithm are accepted.
PID The ring must be identified as muon-like by the PID algorithm.

Reconstructed Momentum The reconstructed momentum of the muon must be

greater than 200 MeV/c.

Decay Electrons The number of decay electrons must be less than or equal to

one.

The selected events in both the forward and reverse horn curent 1R, samples
are binned in reconstructed energy, in 50 MeV-width bins from 0-3 GeV, then in
bins with edges at 3.25, 3.5, 3.75, 4.0, 4.5, 5.0, 5.5, 6.0, 7.0, 8.0, 9.0, 10.0, and 30.0
GeV.

For the 1R, samples, selected events must pass the criteria:

Fiducial Volume Event must be fully contained in the fiducial volume at Super-

Kamiokande.
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Cherenkov Rings Only events for which exactly one ring is found by the ring

counting algorithm are accepted.
PID The ring must be identified as electron-like by the PID algorithm.

Visible Energy The amount of Cherenkov light measured in the detector must

be greater than that of a 100 MeV electromagnetic shower.
Decay Electrons Events with any decay electrons are rejected.

Reconstructed Energy The reconstructed energy of the neutrino must be smal-

ler than 1250 MeV.

70 Rejection The event must pass a 7’ rejection cut: In(Lo/L,) < 175 —

0.875 X 111y,

The 7Y rejection cut [1] is necessary because of the similarity between Cher-
enkov rings produced by photons and electrons — if the two photon rings overlap
or one ring is not detected, a 710 in the SK detector could be misreconstructed
as an electron. Each event is reconstructed under the 71° hypothesis — assuming
that the observed signal at SK is actually two rings produced by the two decay

photons from a 7

— and the reconstructed invariant mass of these two photons,
MM, is calculated. The likelihood of this hypothesis is calculated and compared
to the likelihood under the e-like hypothesis, in which it is assumed that there is
only one ring which was produced by an electron. The cut itself is then defined
as a line in In(L 0/ L.) Vs m, space, as shown in figure The MC predic-
tion for oscillated v, CCQE interactions and NC7t” interactions in In(£ 0/ L,) vs
m.., space is shown, along with the diagonal line that defines the 7° rejection

criterion — events above the line are classified as more 71%-like than e-like and are

rejected from the selection.
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Figure 5.1: The 2D MC prediction for oscillated v, CCQE interactions (left) and
NC7? interactions (right) in In(£ 0/ L) vs the reconstructed invariant mass 771
The diagonal line indicates the ¥ rejection criterion, and events lying above the
line are rejected as 7¥ background. The size of each box is proportional to the
number of events in the bin. Both figures use the same scale for representing the
number of events and are normalised to the same POT. Figure from [1].

The data for the forward and reverse horn current 1R, samples are binned in
reconstructed energy, in 50 MeV-width bins from 0-1.25 GeV.

Table summarises the number of data events in each SK sample. The
data are shown graphically compared to the MC prediction in figure 5.9 in sec-
tion

Data sample POT Number of events in SK data
FHC 1R 125
"] 7.002x 1020
FHC 1R, 32
RHC 1R 66
"ol 7.471x10%
RHC 1R, 4

Table 5.2: Number of events in each of the SK data samples.
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5.3 Systematic Uncertainties

5.3.1 Flux

The T2K beam simulation was described in section Uncertainty in the neut-
rino flux prediction comes from uncertainties in the hadron production model,
out-of-target material modelling, beam conditions, alignment of beam line com-
ponents, and horn field asymmetry. The uncertainty near the flux peak for the
right-sign flux (v in neutrino mode or 7 in antineutrino mode) is around 8%,
and the dominant uncertainty comes from the hadron production model. At
low energy this is largely due to uncertainties on the pion production cross sec-
tion and multiplicity, and secondary nucleon production. At high energies, the
uncertainty on kaon production dominates.

100 systematic parameters are used to describe the neutrino flux uncertainty.
All parameters represent bin-content normalisations in bins of neutrino energy,
and span eight categories: FHC v;, (11 parameters), FHC 7,, (5 parameters), FHC
Ve (7 parameters), FHC 7, (2 parameters), RHC v, (5 parameters), RHC v, (11
parameters), RHC v, (2 parameters), and RHC 7, (7 parameters). This gives 50
parameters, which are repeated twice — once for the flux uncertainty at ND280
and once for the uncertainty at SK — resulting in 100 parameters in total. Within
each sample, the flux uncertainties are split into bins of true neutrino energy,
with finer binning around the oscillation maximum (~0.6 GeV). A fractional
covariance matrix for the flux systematic uncertainty [65,113] is provided by the
beam group on T2K, as shown in figure

All flux systematic parameters have a Gaussian prior with width equal to the
standard deviation from the fractional covariance matrix, and a mean value of
1. These are applied as a normalisation: the number of events in a given bin
is scaled according to the value of the corresponding systematic parameter by

applying weights to MC events on an event-by-event basis.
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Figure 5.2: The fractional covariance matrix used for the flux systematic para-
meters. The bin labels show where each group of bins (as given in the text)
begins. Within each sample, the bins iterate over true neutrino energy.

5.3.2 Cross Section

The MC used for the predictions at ND280 and SK is based on a Relativistic
Fermi Gas with relativistic Random Phase Approximation correction to the W
propagator (RFG + rel. RPA) model for charged-current interactions. The para-
meterisation and uncertainties were calculated by the Neutrino Interaction Work-
ing Group (NIWG) on T2K, using information from fits to external data from the
MINERvA and MiniBooNE experiments [90] (for the CCQE parameters), and
from the ANL and BNL experiments [100] (for the parameters governing res-
onant pion production). Further details about these external data fits and sub-
sequent recommendations for the cross-section model can be found in [91-93].
There are two types of cross-section systematic parameter, termed ‘shape’
and ‘normalisation’, which are treated differently. Normalisation parameters
have the same effect on all events, regardless of energy. For these parameters,

each event is simply weighted by the value of the parameter.
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Shape parameters, on the other hand, may affect events with different ener-
gies (or different momentum transfer) differently. In this case it is not appropri-
ate to weight all events by the same value — the value by which an event must
be weighted to account for (for example) a +3c¢ shift in a shape parameter de-
pends on its kinematics. Instead, response functions are created by evaluating
the changed weight for a particular MC event at evenly spaced points in the
parameter value (between 2 and 13 points, depending on the parameter) and
creating a cubic spline to interpolate between the points. This spline is then
evaluated at the desired value of the parameter, and the result applied to the
event as a weight. For the ND280 MC, an individual spline is created for each
MC event. For the SK MC, events are binned in reconstructed and true neutrino
energy, and splines created from the averaged weight calculated for a particular
kinematic bin. This was done to reduce the computational load on the analysis,
due to the large amounts of SK MC; each MC event is then weighted according
to the evaluated spline for the kinematic bin into which it falls.

The following systematic parameters (listed in table are considered to

calculate the total cross-section uncertainty:

MAQE (shape parameter) The axial mass, which appears in the axial form factor
for CCQE scattering of neutrinos on nucleons. This is an effective para-
meter: it represents the axial mass M4, but only when it is applied to
CCQE interactions. A second effective parameter is used for M4 in CC RES
interactions. Because of tension between CCQE data sets from MINERVA,
MiniBooNE, and T2K, the NIWG group recommended using a flat prior

for this parameter, with no correlations with any other parameters.

pr (shape parameter) In the RFG model, the nuclear potential is determined en-
tirely by two parameters: pr, the average Fermi momentum of a nucleon,
and Ep, the average binding energy of a nucleon. The parameters vary by

nuclear target, so different parameters are used for interactions on carbon
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and oxygen (because we measure interactions on scintillator — made from

hydrocarbons — and water. These parameters are not needed to describe

interactions on hydrogen because the hydrogen nucleus is made from a

single proton). Because of tension in the CCQE data from MINERvA, Mini-

BooNE, and T2K, the NIWG group also recommended using flat priors for

these parameters, with no correlations with any other parameters. The Pr

parameters are valid only for a reduced parameter range, given in table

While this is inconsistent with the use of flat priors, it was necessary for

practical reasons — the reweighting software used for this analysis is not

able to produce accurate results outside this range (something that will be

addressed in future analyses).

Ep (shape parameter) The average binding energy of a nucleon in the RFG model.

As for pr, the parameter varies by nuclear target so two parameters are

used: one which applies to interactions on carbon, and one which applies

to interactions on oxygen. The prior mean and uncertainty are constrained

by fits to external data from MINERvA and MiniBooNE. The Ep parameters

are valid over a reduced parameter range, given in table

2p-2h (normalisation parameter) Parameter that adjusts the number of 2p-2h

events (in which the neutrino interaction produces multiple nucleons but

no pions, so these events are included in the CC 07t/CC 1-track and single-

ring selections as a background for true CCQE events). The way to correctly

apply this normalisation to events on carbon and oxygen was carefully

considered, because there is little experimental data to inform how the

cross section scales with target nucleus. In the end a conservative approach

was chosen: two separate parameters to describe interactions on carbon

(2p-2h 2C) and oxygen (2p-2h '°0) with flat, uncorrelated priors.

7 2p-2h (normalisation parameter) There are two major models for 2p-2h in-
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teractions: the model by Nieves et. al. [96,97] which is implemented in
the T2K simulation, and a model by Martini et. al. [122]. The difference
between the predictions of these two models is different for neutrino and
antineutrino interactions, which provides motivation for an extra normal-
isation factor to take into account these potential differences. The purpose
of this extra parameter is to allow the normalisation of the 2p-2h distri-
butions for neutrinos and antineutrinos to differ (as it is a normalisation
factor, it does not affect the shape of the distributions). Antineutrino 2p-
2h interactions should be weighted by the product of either the 2p-2h 2C
parameter and the 2p-2h 7 parameter, or by the product of the 2p-2h 10
parameter and the 2p-2h 7 parameter, depending on the nucleus on which
the interaction took place. The 7 2p-2h normalisation parameter has a flat

prior, which is uncorrelated with any other parameters.

CZRES (shape parameter) The normalisation of the axial form factor for reson-

ant pion production in neutrino interactions on nucleons. The prior un-
certainty and mean are constrained by fits to external hydrogen and deu-
terium scattering data from the ANL and BNL bubble chamber experi-

ments.

MEES (shape parameter) The axial mass which appears in the axial form factor

for resonant pion production in neutrino interactions on nucleons. As for
MgE, MRES is an effective parameter: it represents the axial mass My, but
only when it is applied to CC RES interactions. The prior uncertainty and
mean are constrained by fits to external hydrogen and deuterium scattering

data from the ANL and BNL bubble chamber experiments.

1

Isospin:% Background (shape parameter) Size of the isospin=5 non-resonant

background to isospin:% resonant pion production interactions. The prior

uncertainty and mean are constrained by fits to external hydrogen and
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deuterium scattering data from the ANL and BNL bubble chamber experi-

ments.

CC v, /vy and CC 7,/7,, (normalisation parameters) Parameters that account for
the difference in v, and v, (and 7, and 7,) cross-sections. It is necessary to
include this uncertainty because only v, and 7, interactions are measured
at ND280, and the results of fitting the ND280 data are used to predict
ve and 7, event rates at SK. Two parameters are used: CC v,/v,, which
applies to CC v, interactions only, and CC 7, /7, which applies to CC 7, in-
teractions only. The covariance matrix for these two parameters includes
an uncorrelated contribution to account for radiative corrections and an
anti-correlated contribution to allow for second-class currents as calculated

in [123]:

0.022 0.0 0.022  —0.022
Vie,ve = VRadcorr + Vscc = +
0.0 0.022 —0.022  0.022

2 x0.022  —0.022
—0.022 2x0.022

CC Other (shape parameter) Energy-dependent uncertainty applied to interac-
tions categorised as ‘CC Other’. These include CC multi-r production,
CC DIS interactions, and CC non-pion resonant production (which, in our
MC, includes v, 77, and K production). This parameter is not directly con-
strained by external data, but from external data sets it is known that the
uncertainty is around 10% at E, = 4 GeV. The uncertainty assigned is:

4
Soccon = o

0CCOther E
v

This approaches infinity as E, — 0, but the production threshold of these

events is 0.6 GeV.
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CC Coherent (normalisation parameter) Parameter that adjusts the number of
CC coherent pion production interactions, where ‘coherent” indicates that
the neutrino interacts with the entire nucleus, not its constituent nucle-
ons. This parameter is not directly constrained by external data, but the
30% uncertainty assigned to it is informed by comparisons to MINERvVA
data [124]. Two parameters are used, which are 100% correlated in the
prior: one which is applied to interactions on 2C and one which is applied

to interactions on 1°0.

NC Coherent (normalisation parameter) Parameter that adjusts the number of
NC coherent pion production interactions. This parameter is not directly
constrained by external data, but the 30% uncertainty assigned to it is
motivated by a 15% discrepancy between NEUT and an external data set

known to have a 20% systematic uncertainty.

NC 17 (normalisation parameter) Parameter that adjusts the number of NC non-
pion resonant interactions which produce a <. There is no control sample
in ND280 or from external data which provides a limit on this normalisa-

tion, so a 100% uncertainty is used.

NC Other (normalisation parameter) Parameter that adjusts the number of ‘NC
Other’ events. These include NC multi-7t production, NC DIS interactions,
and NC non-pion resonant interactions which produce a 7 or K (but not NC
non-pion resonant interactions which produce a <y). Unlike the ‘CC Other’
parameter, this is applied as a normalisation with a 30% uncertainty rather
than an energy-dependent parameter due to poor constraints from external
data for NC Other interactions. Two separate, uncorrelated, parameters are
used to describe the NC Other normalisation at the near and far detectors:
NC Other (near), which applies at ND280 only, and NC Other (far), which

applies at SK only. The components that make up the NC Other category at
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SK and ND280 are not the same, so applying one parameter to all of them

— especially if that parameter is constrained at ND280 — is not appropriate.

FSI parameters (ND280 only, shape parameters) Final State Interactions are in-

teractions of hadrons produced by neutrino interactions before they escape

the nucleus. The effect of FSI is to migrate events between different ob-

servable topologies in the detector and change the particle kinematics of

hadrons that make it out of the nucleus. For example, a A decay event that

produces a single pion should be categorised as a CC 17 or CC N-track

event. However, if the pion interacts and is absorbed in the nucleus, no

pion will be seen in the final state and the event will be selected as CC 07

or CC 1-track. FSI can include QE scattering, particle absorption, particle

production, and charge exchange, and uncertainties due to FSI are estim-

ated from fits of the microscopic cascade model parameters in NEUT to

pion scattering on carbon. Six parameters are used to describe the differ-

ent elements of FSI uncertainties: one parameter each for pion production,

pion absorption, low and high energy charge exchange, and low and high

energy inelastic interactions. These are treated as factorisable.

Both neutrinos and antineutrinos are simulated using the same model, with

uncertainties according to the same model parameters (with the exception of the

v 2p-2h and CC 7,/7, parameters, which apply to antineutrinos only) to ensure

that the model is consistent for both. Some parameters should be applied to the

near and far detectors separately, and some should apply to both. The NC 1+, CC

ve/vy, and CC 7, /7, parameters should apply only at the far detector (because

there are very few data events of these types in the ND280 selections which could

be used to constrain the parameters), as well as the NC Other (far) parameter.

The Final State Interaction (FSI) parameters apply at ND280 only: uncertainties

due to FSI at SK are incorporated with the SK detector uncertainties as described

in section in order to reduce the total number of parameters in the analysis.
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Table 5.3: Cross section parameters used for this analysis, showing the valid
range of the parameter, prior mean, nominal value in NEUT, and prior uncer-
tainty. The type of parameter (shape or normalization) is also given.

Parameter Valid Range | Prior Mean | Nominal | 1o Uncertainty | Class

MS3E (Gev/c?) all flat prior 1.20 flat prior | shape

pr 12C (MeV/c) 200 - 275 flat prior 217 flat prior shape
2p-2h 12C all flat prior 1.0 flat prior norm

Ep 12C (MeV) 12 -42 25 25 9 shape

pr 2O (MeV/c) 200 - 275 flat prior 225 flat prior shape
2p-2h 160 all flat prior 1.0 flat prior norm

Egp 0 (MeV) 12 -42 27 27 9 shape
2p-2h v all flat prior 1.0 flat prior norm

CARES all 1.01 1.01 0.12 shape

MERES (GeV/c?) all 0.95 0.95 0.15 shape
Isospin:% Background all 1.30 1.30 0.20 shape
CCve/vy all 1.0 1.0 0.04 norm

CC /7y all 1.0 1.0 0.04 norm

CC Other all 0.0 0.0 0.40 shape

CC Coh 2C all 1.0 1.0 0.30 norm

CC Coh 10 all 1.0 1.0 0.30 norm

NC Coh all 1.0 1.0 0.30 norm

NC 1y all 1.0 1.0 1.00 norm

NC Other (near) all 1.0 1.0 0.30 norm

NC Other (far) all 1.0 1.0 0.30 norm

FSI Inel. Low E (ND280) all 0.0 0.0 0.41 shape
FSI Inel. High E (ND280) all 0.0 0.0 0.34 shape
FSI Pion Prod. (ND280) all 0.0 0.0 0.50 shape
FSI Pion Abs. (ND280) all 0.0 0.0 041 shape
FSI Ch. Exch. Low E (ND280) all 0.0 0.0 0.57 shape
FSI Ch. Exch. High E (ND280) all 0.0 0.0 0.28 shape
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5.3.3 ND280 Detector

The ND280 detector systematics are described by 580 bin-content normalisation
parameters, each of which has nominal value equal to 1. These are discussed in
more detail in [113,115,120,125]. A fractional covariance matrix was provided
by the Beam And ND280 Flux extrapolation task Force (BANFF) group on T2K,
which was evaluated by producing 2000 instances of the inputs for the detector
systematics, with systematic and statistical fluctuations, and running the full
detector systematic analysis for each instance. This allows for event weights
and observables to vary, and for events to move in and out of samples as well
as migrate between bins within a sample, while also accounting for the MC
statistical uncertainty.

Systematic correlations between FGD1 and FGD2 must also be correctly ac-
counted for. This is done by generating two sets of detector systematic paramet-
ers for each instance, with one set of variations applied to FGD1-selected events
and the other set applied to FGD2-selected events.

There are 580 ND280 detector bin-normalisation parameters in total: 70 each
for the vy CC 0r, vy CC 1m, and vy CC Other samples in both FGD1 and FGD2
(420 bins in total for the neutrino-mode samples), and 20 each for the CC 1-track
and CC N-track samples for v, and 7, in both FGD1 and FGD2 (160 bins in
total for the antineutrino-mode samples). Within each sample, the parameters
represent different bins in lepton momentum and angle (p and cosf). These
iterate over cos 6 bins from low to high for the lowest momentum bin, then from
low to high for the second-lowest momentum bin, and so on.

The binning in p—cos 0 for the antineutrino-mode detector uncertainties is the
same as the binning used for the fit. For the neutrino-mode samples, a coarser
binning was chosen than the binning used for fitting the data in order to reduce
the number of parameters used in the fit. This does not result in a significant loss

of accuracy because the size of the detector systematic uncertainties is typically
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smaller than the size of the flux and cross section uncertainties.

The fractional covariance matrix is shown in Figure Similarly to the flux
uncertainties, changes in the ND280 detector systematic parameters are applied
as a normalisation: each event is weighted according to the value in the bin

corresponding to the event’s reconstructed momentum and ang]e.
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Figure 5.3: The fractional covariance matrix used for the ND280 detector sys-
tematic parameters. The bin labels show where each group of bins (as given
in the text) begins. Within each ND280 sub-sample, the bins iterate over cos 6
from low to high for the lowest momentum bin, then from low to high for the
second-lowest momentum bin, and so on.

5.3.4 Super-Kamiokande Detector

The Super-Kamiokande detector uncertainties are described by 37 bin-content
normalisation parameters, correlated between the v mode and 7 mode 1R, and
1R, samples. The correlations and uncertainties on these parameters are provided
to analysers in the form of a fractional covariance matrix by the T2K-SK group [126].

To produce this matrix, the uncertainties on the topological selection cuts de-
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scribed in section are estimated using atmospheric neutrino and cosmic ray
data at SK, and are then combined and converted into an uncertainty in recon-
structed energy space using toy MC.

The fractional covariance matrix consists of 37 bin-content normalisation para-
meters, each representing a reconstructed energy bin, over 17 categories. The
tirst eight categories are repeated twice, once for the FHC samples and once for
the RHC samples: 1R, oscillated v.+7, (3 bins), 1R, v,+7, (3 bins), 1R, beam
Ve+7e (3 bins), 1R, NC (3 bins), 1R, v,,+7, CCQE (including CC 2p-2h) (3 bins),
1Ry v, +7, CCnonQE (1 bin), 1R, ve+7, (1 bin), and 1R, NC (1 bin).

The final parameter in the fractional covariance matrix is the energy scale un-
certainty. This is currently the only systematic uncertainty which is not applied
as a weight to an MC event; instead, the reconstructed energy itself is adjusted
according to the value of the parameter, before the MC is binned. The energy
scale uncertainty used for this analysis is 2.4% regardless of E,.

The final fractional covariance matrix used in the oscillation fit does not only
contain the SK detector uncertainties. It also contains systematic uncertainties
from hadron re-interactions in the target nucleus (Final State Interaction, or
FSI uncertainties) and in the detector (Secondary Interaction, or SI uncertain-
ties), as well as systematic uncertainties due to photo-nuclear (PN) interactions.
PN interactions only affect the 1R, sample; they allow for the absorption of
photons without subsequent re-emission above the Cherenkov threshold, which
can cause pion interactions to be mistaken as v,, and are assigned a 100% un-
certainty. The FSI+SI and PN uncertainties were calculated by re-evaluating the
MC for different amounts of FSI, SI and PN, as described in [127], and made
into fractional covariance matrices in the same binning as used for the detector
systematics. One matrix was made for the FSI+SI uncertainties, and a second for
the 1R, sample PN uncertainties. These two matrices were then combined lin-

early with the detector-only matrix — because the uncertainties are uncorrelated
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— to produce the final covariance matrix, which is shown in Figure
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Figure 5.4: The fractional covariance matrix used for the SK detector systematic
parameters. The bin labels show where each group of bins (as given in the text)
begins. Within each SK sub-sample, the bins iterate over reconstructed neutrino
energy.

5.4 Monte Carlo Predictions and Pre-Fit Data/MC

Comparison

5.4.1 Flux Tuning

The MC used for the prediction at both ND280 and SK was generated using the
flux simulation described in section|3.1.3, which was determined before the data
was taken. However, small updates to the flux prediction from in-situ measure-

ments during data-taking mean that the MC must be updated for this analysis.
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It is too computer-intensive to regenerate the entire MC every time there is an
update to the prediction, so instead a tuning is used: weights are generated by
the T2K beam group to reweight the MC to the desired prediction [128]. These
are supplied in histograms binned in true neutrino energy, and are applied on

an event-by-event basis in the analysis.

5.4.2 Tuning for Neutrino Interaction Model

As described in section the default T2K simulation is produced using the
SF+MEC model for CCQE interactions, but the RFG+rel. RPA+MEC model has
been found to fit both T2K and external CCQE data better [90]. Therefore, the
MC must be reweighted to the RFG+re. RPA+MEC model. It is possible to do
this via reweighting, rather than needing to re-generate the MC, because the SF
model predicts a broader lepton kinematic phase space than the RFG + rel. RPA
model. The weights for this are generated and applied event-by-event to the MC.

Two additional tunings are needed. A normalisation is applied to double
the number of NC 17 events in the SK prediction, which seems to be a factor
of 2 too low in NEUT [129], and a tuning is applied to events corresponding to
CC Coherent interactions according to a comparison of the NEUT prediction to
MINERvVA data [93].

Once the flux and neutrino interaction model tunings have been applied to

the MC it is termed the “pre-fit” MC prediction.

5.4.3 Tuning from Fits to ND280 Data

This analysis fits samples from ND280 and SK simultaneously, but other analyses
on T2K take a different approach (as described in appendix [C). For these ana-
lyses, a fit is performed to only ND280 data to estimate the flux, cross-section,
and ND280 detector systematic uncertainties, after which the flux and cross-

section estimates and constraints are propagated to SK. These are taken as the
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input to an SK-only fit, which also includes SK detector systematic uncertainties
and the neutrino oscillation parameters. The BANFF group on T2K is respons-
ible for the ND280-only fit and produce a ‘BANFF tuning’ from the central values
of the SK flux and cross-section parameters after the ND280 fit. This is largely
irrelevant for this analysis, but the BANFF tuning is sometimes used to generate
‘pre-SK-fit” predictions which are comparable with the other analyses, in order

to provide a cross-check of the framework.

5.4.4 ND280 MC Prediction

Table 5.4| gives the number of events in the ND280 data and pre-fit MC samples,
taken from [120]. The predicted pre-fit momentum distributions, integrated over
cos® and with the data overlaid, are shown in figures and for FGD1
and and for FGD2. The prediction is shown as a stacked histogram
by interaction mode: charged-current quasi-elastic scattering (CCQE), charged-
current 2p-2h scattering (CC 2p-2h), charged-current single pion resonant pro-
duction (CC Res 17), charged-current coherent single pion production (CC Coh
17), other charged-current interactions (CC Other), and neutral current scatter-
ing (NC modes).

The v, CC 07t and v, CC Other neutrino-mode samples contain more data
events than predicted and the v, CC 17t neutrino-mode sample contains fewer
data events than predicted. The consequence of this in the fit is that the flux
normalisation parameters are generally increased by 10-15% (in order to increase
the number of predicted events in the v, CC 07t and v, CC Other samples), and
the cross-section parameters that correspond to resonance interactions are moved
to smaller values (in order to reduce the number of predicted events in the v, CC
17t sample). The results of the data fit in terms of the systematic parameters are

shown in section
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FGD1
CCOom CCimt  CCOther 7,CC1 7 CCN v,CC1 v, CCN

Data 17354 3984 4220 2663 775 989 1001
Pre-fit MC 16950.81 4460.15  4009.78  2707.65 797.73 938.13 995.33

Data/MC Ratio 1.02 0.89 1.05 0.98 0.97 1.05 1.01

FGD2
CCOxr  CClm CCOther 7, CC1 7, CCN v,CC1 v, CCN

Data 17650 3383 4118 2762 737 980 936
Pre-fit MC 17211.71 3616.62  3626.56  2729.88 804.45 943.90 916.61

Data/MC Ratio 1.03 0.94 1.14 1.01 0.92 1.04 1.02

Table 5.4: Number of data events in each of the ND280 samples, compared to
the pre-fit MC prediction.
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Figure 5.5: ND280 pre-fit MC and data for the FHC samples in FGD1. Figures

from [120].
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Figure 5.6: ND280 pre-fit MC and data for the RHC samples in FGD1. Figures

from || .
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Figure 5.7: ND280 pre-fit MC and data for the FHC samples in FGD2. Figures

from [120].
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Figure 5.8: ND280 pre-fit MC and data for the RHC samples in FGD2. Figures

from [[120].

5.4.5 Super-Kamiokande MC Prediction

The SK MC is provided by the T2K-SK group. For each selection (1R, or 1R, in

neutrino or antineutrino mode), the MC is generated for six true neutrino fla-

vours: beam v, beam 7,, beam v,, beam 7, signal v,, and signal 7.. The four

beam samples are each generated according to the expected flux of that type of

particle in the beam. The final two categories, signal v, and signal 7,, contain

ve and 7, events respectively, but are generated according to the v, or 7, flux

predictions — this corresponds to a 100% v, —v, (or v,—7,) oscillation. Events

are then weighted according to the desired oscillation probability for v, or 7, ap-

pearance. Events in the four ‘beam’ samples are also weighted according to the

oscillation survival probability.

The predicted numbers of events in the SK data set are presented both for the
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oscillated and unoscillated case. The ‘oscillated” predictions have been found
using the following oscillation parameters, with sin? 63, Amgz, and Jcp taken
from the result of the T2K v,+v,, joint fit including the reactor constraint [1], and

sin? 015, sin® 613, and Am%1 taken from the 2015 PDG [47]:

e sin® 6, = 0.304

sin® 0,3 = 0.528

sin® 613 = 0.0217

Am3, =7.53x105eV?

AmZ, = 2.509x10~3eV?

Scp=-1.601

where the positive sign of Am3, indicates that the normal mass hierarchy is as-
sumed. Table 5.5/shows the predicted numbers of events in each sample for the
pre-fit MC, broken down by true neutrino flavour (where ‘true’ neutrino flavour
represents the flavour of the neutrino in the MC, as opposed to the selection in
which the interaction falls). No selection is perfect, and in each of the four SK
samples we expect some contamination from other neutrino flavours. In partic-
ular, contamination from instrinsic v, or 7, in the beam will form a significant
background in the 1R, selections. To account for this, contributions from all six
neutrino categories described above are considered for each selection. We also
consider neutral-current interactions in all six categories (the oscillated predic-
tion uses the unoscillated predicted neutral-current interaction rate, in order to
correctly account for v; interactions). Table [5.6/ summarises the total number of
data events and predicted pre-fit MC events, and their ratio, for each of the four
samples.

Figure shows the oscillated and unoscillated pre-fit MC prediction, and

the data, as a function of reconstructed neutrino or antineutrino energy. Fig-
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ure shows the predicted reconstructed energy spectrum at SK as a stacked
histogram by interaction mode: charged-current quasi-elastic scattering (CCQE),
charged-current 2p-2h scattering (2p-2h), charged-current single pion resonant
production (CC1), charged-current multiple pion resonant production (CC nrr),
charged-current coherent pion production (CC Coherent), other charged-current
interactions (CC Other), neutral current 7t° production (NC 7Y), neutral current
single pion resonant production (NC 77%), neutral current coherent pion produc-
tion (NC Coherent), neutral current y production (NC 1), and other neutral

current interactions (NC Other).

SK sample vy Ve vy Ve  Vesignal 7, signal | Total
FHC 1R, Unosc. | 437.88 0.33 13.74 0.03 0.00 0.00 451.97
Osc. | 11344 033 778 0.03 0.32 0.00 121.90

FHC 1R, Unosc. | 211 3.18 0.08 0.15 0.00 0.00 5.52
Osc. 1.65 296 008 015 19.59 0.14 24.56
RHC 1R, Unosc. | 47.13 0.11 130.21 0.07 0.00 0.00 177.52
Osc. 2597 011 36.28 0.07 0.02 0.04 62.48

RHC 1R, Unosc. | 032 057 051 092 0.00 0.00 2.32
Osc. 030 053 047 0.87 0.95 2.70 5.82

Table 5.5: Summary of the number of events in each sample at SK from the
pre-fit MC prediction, broken down by true neutrino flavour. The prediction
is given for the total number of events due to each type of neutrino in each
selection, including neutral-current interactions, when ignoring neutrino oscilla-
tion (“unosc.”) and when considering neutrino oscillation (‘osc.”). The oscillation
parameters used for the ‘osc.” predictions are given in the text.
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FHC 1R, FHC1R, RHCI1R, RHCIR,
Data 125 32 66 4
Pre-tit MC 121.90 24.56 62.48 5.82
Data/MC Ratio 1.03 1.30 1.06 0.69

Table 5.6: Number of data events in each of the SK samples compared to the

oscillated pre-fit MC prediction.

—— Pre-fit MC prediction: unoscillated E

—— Prefit MC prediction: oscillated
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Figure 5.9: Oscillated (red) and unoscillated (blue) reconstructed energy spectra
for all four Super-K samples, using the pre-fit SK MC. The 1R, plots are zoomed
in on the range 0-7 GeV, as no data are found outside that range, although the fit
window extends up to 30 GeV. The data are shown in black, and the oscillation
parameters used are given in the text. Note that the y-axis scale for the 1R, plots
shows ‘Events per bin’, and the binning changes from 50 MeV-width bins to

wider, non-uniform, bins at 3 GeV.
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Figure 5.10: Reconstructed energy spectra for all four SK samples as a stacked
histogram by interaction mode, using the pre-fit SK MC. The 1R, plots are
zoomed in around the oscillation dip for clarity, and the oscillation parameters

used are given in the text.
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5.4.6 Effect of Systematic Uncertainties on SK Event-Rate

Prediction

Tables and show the impact of the systematic parameters on the SK
samples included in this analysis, as an uncertainty on the total number of events
in each sample. Table |5.9| shows the systematic uncertainties on the v-mode/7-
mode ratio for the number of events in the 1R, and 1R, samples, which will
impact the analysis” ability to measure dcp. The “pre-fit’ uncertainty is calcu-
lated by throwing each set of parameters from Gaussian distributions according
to the prior covariance matrices introduced in previous sections (including cor-
relations) 10,000 times. The quantity ANgk/Nsk is calculated for each sample,
where Ngk is the mean and ANgk is the RMS of the distribution of the number
of predicted events.

It is, of course, impossible to define Gaussian pre-fit distributions for those
cross-section parameters for which we use flat priors. Instead they are thrown
from flat distributions in the following ranges, which were deemed to be reas-

onable by the NIWG group:

o MSF: 0.8 - 1.2 (multiplies 1.21 GeV)

2p—2h (C), 2p—-2h (O): 0.0 — 2.5

2p2h v/v:04-1.6

pr (C):0.92 - 1.27

pr (O): 0.89 — 1.22

A “post-ND fit" uncertainty in the number of events at SK is also shown
in the tables. This is calculated using a posterior predictive method from the
posterior of a fit to ND280 data only. 10,000 random points from the fit posterior
are chosen, and the SK MC tuned to the values of the flux and cross-section

parameters of that point. Because the SK detector uncertainties do not factor in
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an ND280-only fit, these are thrown from the covariance matrix, as for the pre-fit
uncertainty. ANsg/Ngk is then calculated from the distribution of the predicted
number of events at each of these 10,000 points.

The tables show that fitting the ND280 data alone reduces the total uncer-
tainty due to flux and cross-section uncertainties to below 3% for the v-mode
1R,, v-mode 1R;, and 7-mode 1R, samples, and around 4.5% for the 7-mode
1R, sample. This is often smaller than the uncertainty due to either flux or
cross-section systematic parameters alone because of anti-correlations between
parameters. Overall, the total uncertainty in the predicted number of events is

reduced from around 12-13% to around 5% for each of the four SK samples as a

result of the ND280 data.
1R, 1R,
Systematic ANsk/Nsk  ANsk/Nsk || ANsg/Nsk  ANsk/Nsk
before ND fit after ND fit || before ND fit after ND fit
Flux 7.7% 3.1% 8.8% 3.2%
Cross-section 7.6% 3.8% 7.1% 4.7%
Flux and cross-section 10.9% 2.5% 11.4% 2.7%
FSI/SI at SK 1.8% 2.5%
SK detector 4.6% 2.5%
Total 12.1% 4.9% 11.9% 5.2%

Table 5.7: Fractional uncertainty on the number of events predicted in the SK
v-mode samples due to different sources of systematic uncertainty, before and
after a fit to the near detector (ND) data.
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1R, 1R,
Systematic ANsk/Nsk  ANsk/Nsk || ANsx/Nsk  ANsk/Nsk
before ND fit after ND fit || before ND fit after ND fit
Flux 7.1% 3.3% 7.9% 3.4%
Cross-section 9.3% 4.0% 10.1% 5.4%
Flux and cross-section 11.7% 2.9% 12.9% 4.5%
FSI/SI at SK 2.4% 2.4%
SK detector 3.9% 3.1%
Total 12.6% 4.8% 13.4% 5.7%

Table 5.8: Fractional uncertainty on the number of events predicted in the SK
7-mode samples due to different sources of systematic uncertainty, before and
after a fit to the near detector (ND) data.

1R, 1R,
Systematic ANsk/Nsk  ANskg/Nsk || ANsk/Nsg  ANsk/Nsk
before ND fit after ND fit || before ND fit after ND fit
Flux 4.4% 1.7% 3.3% 1.7%
Cross-section 4.2% 1.7% 7.0% 4.2%
Flux and cross-section 6.0% 1.7% 7.7% 4.1%
FSI/SI at SK 3.0% 3.3%
SK detector 0.8% 1.5%
Total 6.7% 3.1% 8.4% 5.4%

Table 5.9: Fractional uncertainty on the ratio of the number of events predicted
in the SK v-mode and 7-mode samples due to different sources of systematic
uncertainty, before and after a fit to the near detector (ND) data.
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5.5 Fitter Validation and Sensitivity

Many tests were conducted to validate the framework for this analysis, includ-
ing cross-checks against the BANFF group and other oscillation analysis groups
on T2K, and space limitations mean that it is not possible to describe all valida-
tions in detail here. Instead, a selection of representative validation tests will be
discussed, and for more details the reader is directed to [114,120].

The code to handle the ND280 data, prediction, and systematic parameters
was updated for this analysis by Dr. A. Kaboth. Multiple validations of this im-
plentation, including comparisons of ND280-only fits against the BANFF group,
were conducted by him and are described in [120]. To validate the SK side of the
framework, the nominal number of predicted events in each SK sample, presen-
ted in section and the uncertainty tables presented in section were
compared between the three T2K oscillation groups (called MaCh3 — described
in this thesis — VaLOR [130], and P-Theta [131]). The three oscillation groups use
the same inputs but have developed fitting frameworks independently, so com-
parisons between the groups are useful to validate the frameworks and check
for bugs. The main similarities and differences between the three analyses are
described in appendix [Cl The effect on each of the SK samples of a +1¢ or
30 variation in each of the systematic parameters was also checked, and good
agreement was found in all three cases.

These tests show that the implementation of the MC and systematic paramet-
ers used for this analysis is working as we expect. Now it remains to validate
the oscillation fit machinery. Two methods are shown for this: a fit to an Asimov
data set, described in section and a scan of the Bayesian log-likelihood
(LLH) as a function of the oscillation parameters, described in section[5.5.2 Both

validations use the oscillation parameters defined in section as their input.
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5.5.1 Asimov Fits

An Asimov fake data set is defined to be a toy experiment generated from the
MC prediction in such a way that there are no statistical fluctuations. This is
achieved by reweighting the MC to chosen values of the oscillation and system-
atic parameters, along with the required protons on target. Then, instead of
drawing randomly from the prediction, the prediction is considered as the data
set — that is, the “data” is the MC prediction. This is obviously unphysical, as it
can result in non-integer numbers of “data” events, but it gives a data set free
from statistical fluctuations which — when fit — should result in parameters free
from bias.

An Asimov fake data fit may be more useful for fitter validation than a fake
data set with realistic statistical variations, because if the fitter is working cor-
rectly we know exactly what result we expect to see. If an anomalous fit result is
found, it must be due to a problem in the fitter, not due to statistical fluctuations.
It also has the advantage that it can be used to estimate the sensitivity of an ana-
lysis: the contours from an Asimov fit will show us the maximum precision with
which we expect to be able to measure the oscillation parameters.

To validate the joint fit machinery, two fits were completed, both using the
oscillation parameters defined in section one with the reactor constraint
on sin? 263, and one without. These are not actually true Asimov fake data fits:
instead, they are fits to ND280 data and SK Asimov fake data, where the SK
Asimov fake data has the BANFF tuning applied (as defined in section [5.4.3).
This enables us to compare results with the other oscillation groups, as this
ND280 data/SK Asimov fit is equivalent to an SK-only Asimov fit using the
BANFF ND280 data fit result as an input.
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5.5.1.1 Asimov Fit: T2K Only

Figure shows the posterior probability distribution and credible intervals
from an Asimov fit without the reactor constraint. The coloured histogram
shows the number of steps in the MCMC output at each point in 2D parameter
space, which is proportional to the posterior probability density (the units of the
z-axis are arbitrary, but lighter shades of blue represent larger posterior density).
The white lines show the 90% (solid line) and 68% (dashed line) credible inter-
vals, the white triangle marks the mode of the 2D marginal posterior, and the
black square marks the mode of the 4D marginal posterior. The left-hand plot
shows the marginal posterior and 2D credible intervals in sin® 83-Am3, and the

right-hand figure shows the same for sin® 613-5¢p.
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Figure 5.11: Posterior distribution and credible intervals from an Asimov fit
without the reactor constraint. The input values, 2D posterior mode (labelled
“2D best fit”), and 4D posterior mode (labelled “4D best fit”) are also shown.
Left: sin’ 923—Am%2. Right: sin? 613—0¢p

Because the chain spans both mass hierarchies in a single fit, the 68% and 90%
credible intervals include steps from both mass hierarchies. The 90% credible

interval contains 90% of the total posterior probability density, which includes

Posterior density (arbitrary units)
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steps with Am3,>0 and Am3,<0. This takes into account the relative probabilities
of the two mass hierarchies in the posterior, and will produce a different contour
than the 90% credible interval considering normal hierarchy steps only (both
in sin® 623—Am%2 and sin? 0153-0cp space). The contours in sin? 923—Am§2 show a
discontinuity across the choice of mass hierarchy, and therefore the relative size
of the contours in normal and inverted hierarchy can be used to estimate the
relative probabilities. In this fit the posterior probability for normal and inverted
hierarchy is roughly equal, and so the contours in sin?63-Am2, are a similar
size in both hierarchies. If the normal hierarchy - for example - were strongly
preferred, the contour would be larger for Am3,>0 than for Am3,<0.

In sin? 613-¢p, the mode of both the 2D and 4D marginal posterior is very
close to the input values. The fact that the 2D and 4D posterior modes are
so close together implies that there is not a strong marginalisation effect due
to either of the oscillation parameters sin® 63 and Am3, (recall that the mar-
ginalisation of these parameters is the only difference between the 2D and 4D
marginal posterior). The fact that both of these are close to the input value fur-
ther implies that there is no strong marginalisation effect due the other nuisance
parameters. The much more interesting aspect of this figure, however, is that it
shows sensitivity to dcp in a T2K-only fit for the first time. The previous T2K
ve+vy fit [1] (the results of which are reproduced for comparison to the v+v data
fit in section had no power to constrain écp when fitting without the re-
actor constraint. Adding the antineutrino data gives sensitivity to écp when
titting T2K data alone — we expect a closed 68% contour which excludes a region
around Jdcp~ 7t/2. This highlights the exciting prospect that this analysis, and
future statistical updates, may be capable of constraining écp without relying on
external data constraints of sin? ;3.

In sin? (923—Am§2, we see a larger difference between the 2D input value and

the two best-fit points. The mode of the 2D posterior is at a somewhat lower
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value of sin?fp3 than the input, and the mode of the 4D marginal posterior is
closer to the input value, suggesting that the shift in the 2D mode comes from
marginalisation over either sin® @13 or dcp. It seems that this is due to a margin-
alisation effect when marginalising over sin” 613, as shown in figure We see
the posterior distribution in sin® 015 is wider at lower values of sin® 6,3, which
may explain the push to low sin? 63 when sin? 13 is marginalised to produce the
2D posterior. The fact that the 4D mode is still not identical to the input values

indicates additional marginalisation effects from the other parameters.
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Figure 5.12: 2D posterior in sin® @y3—sin? A3 from an Asimov fit without the
reactor constraint. The shape of this distribution leads to a marginalisation effect
in the 2D sin? x3-Am3, best-fit point.

The 1D posterior and 68%, 90%, and 95% 1D credible intervals as a function
of dcp is shown in figure The distribution peaks around the input value,
as we expect, and excludes the entire region dcp=0 to 7w from the 68% credible
interval (again, a first for a T2K-only sensitivity).

The Markov chain also provides an interesting and natural way to compare
the posterior probabilities of the two mass hierarchies and the two octants of 6,3.
The posterior probability (given the data and prior assumptions) that a given
combination of mass hierarchy and octant is correct is simply the proportion
of steps of the chain in that region of phase space. Table provides these

probabilities for the two choices of mass hierarchy and two choices of octant.
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Figure 5.13: 1D posterior in dcp from an Asimov fit without the reactor con-
straint. The 1D 68%, 90%, and 95% credible intervals are also shown.

With an input value of the oscillation parameters in the normal hierarchy and
(just) in the upper octant, we see 57% of the posterior probability in normal
hierarchy and 55% of the posterior probability in the upper octant.

Because we chose equal priors on both the mass hierarchies (P(NH)=P(IH)=0.5),
we can calculate a Bayes factor for the mass hierarchy from the numbers in
table The Bayes factor is the ratio of marginal likelihoods of two hypo-
theses, and in the special case of equal priors on the two hypotheses it is also
equal to the ratio of posterior probabilities. From table the posterior prob-
ability is 57% for normal hierarchy (NH) and 43% for inverted hierarchy (IH),
giving a Bayes factor BINH/IH) = 1.33. In a similar way, we find the Bayes factor
for the upper octant, B(sim2 0y5 > 0.5/ sin? 63 < 0.5) to be 1.22. Therefore, we
should expect to have little sensitivity to either the octant or the mass hierarchy
from the data, assuming the oscillation parameters used for the input here.

As further validation, the results of this fit were compared with the two
other T2K oscillation groups. Because these groups use a hybrid frequentist-
Bayesian method which marginalises systematics but produces confidence inter-
vals, constant-Ax? confidence level contours were made (following the procedure

described in section 4.4.3) for the comparison. In addition, the other analyses do
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sin® 6,3 < 0.5 sin®6y3 > 0.5 | Sum
IH (Am3, < 0) 0.20 0.23 0.43
NH (Am3, > 0) 0.25 0.32 0.57
Sum 0.45 0.55 1

Table 5.10: Model comparison probabilities for normal and inverted hierarchies,
as well as upper and lower octants, from the posterior of the T2K-only Asimov
fit.

not marginalise over the mass hierarchy, so steps in only one mass hierarchy
(either normal or inverted) were selected to make the contours. Note that these
2D confidence intervals are calculated with respect to the 2D best-fit point (ie.
the mode of the 2D posterior probability distribution), so the 4D best-fit point is
not shown.

As an example, figure shows the comparison of constant-Ax? confidence
intervals with the other groups, and the comparison of Ax? as a function of
dcp, both for normal mass hierarchy only (the VaLOR contours in 2D sin? 63—
Amgz and the P-Theta 1D écp distributions were not available, so those com-
parisons are not shown). These figures show very good agreement between the
analyses: there are some differences in the 2D best-fit points, but the fact that the
confidence intervals agree so well implies that the x? for all three best-fit points
is very similar. Where there are differences in the best-fit points, they arise be-
cause the distribution around the point is very flat (figure shows that the
posterior distribution is very flat close to the best-fit points in both sin? 63—
Am%2 and in sin? 813-0cp), and the difference that we see in best-fit points does
not produce noticeably different constant-Ax? confidence intervals. There are
also some small differences in the 1D Ax? distributions, but these are on the
order of Ax? ~ 0.1. The inverted-hierarchy confidence intervals and 1D Ax? dis-
tribution are not shown for brevity, but display equally good agreement between

the three groups.
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Figure 5.14: Comparison of normal-hierarchy confidence intervals and 1D Ax? as
a function of Jcp between this analysis and other T2K analyses, from an Asimov

fit without the reactor constraint.
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5.5.1.2 Asimov Fit: T2K + Reactor

Figure shows the posterior probability distribution and credible intervals
from an Asimov fit with the reactor constraint on sin®26;3. In sin? 613-0cp, the
mode of the 2D marginal posterior and 4D marginal posterior is at the input
value. We see a closed 68% and 90% contour in dcp, which means that we may
have sensitivity to exclude some values of dcp at 90% probability.

In sin? §x3-Am3,, the mode of the 2D posterior is slightly higher than the input
value. As in the fit without the reactor constraint, the mode of the 4D marginal
posterior is much closer to the input values, suggesting that the difference is
due to marginalisation over either sin® @13 or dcp. Because sin? 63 is so tightly
constrained by the reactor constraint, it is reasonable to expect that this must be
a marginalisation effect over dcp. This is indeed the case, as shown in figure
the 2D posterior probability distribution as a function of sin? f3-6cp has a larger
spread in dcp at high values of sin® p3 than at low values. Therefore, when the
distribution is marginalised over Jdcp, it will shift towards high sin? 0,3.

Figure shows the 1D posterior and credible intervals as a function of
dcp. The distribution is much more sharply peaked than for the fit without the
reactor constraint, giving smaller credible intervals and better sensitivity to écp.
For this fit — with the reactor constraint — it seems that we may have sensitivity
to exclude 6cp=0 and dcp==7T at 68%, although not at 90% or 95% probability.

Table shows the posterior probability for each combination of mass hier-
archy and octant. For this fit, we see 63% of the posterior probability in normal
hierarchy and 66% of the posterior probability in the upper octant. This cor-
responds to a Bayes factor BINH/IH) of 1.70, and B(sin2 03 > 0.5/ sin’ 6,3 <
0.5)=1.94. As in the previous section, this implies that we will not have strong
sensitivity to either the octant or the mass hierarchy from the data, assuming the

oscillation parameters used for the input here.
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Figure 5.15: Posterior distribution and credible intervals from an Asimov fit with
the reactor constraint on sin? 20;3. The input values, 2D posterior mode (labelled
“2D best fit”), and 4D posterior mode (labelled “4D best fit”) are also shown.
Left: sin® 923—Am§2. Right: sin? 013—0cp
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Figure 5.16: 2D posterior in sin? 0p3—0cp from an Asimov fit with the reactor
constraint on sin” 26;3. The shape of this distribution leads to a marginalisation
effect in the 2D sin® 623—Am§2 best-fit point.
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Figure 5.17: 1D posterior in écp from an Asimov fit with the reactor constraint
on sin? 2613. The 1D 68%, 90%, and 95% credible intervals are also shown.

sin? 03 < 0.5 sin®f3 > 0.5 | Sum

IH (Am%, < 0) 0.12 0.25 0.37

NH (Am3, > 0) 0.22 0.41 0.63
Sum 0.34 0.66 1

Table 5.11: Model comparison probabilities for normal and inverted hierarch-
ies, as well as upper and lower octants, from the posterior of the T2K+Reactor
Asimov fit.

Figure shows the comparison of constant-Ax? confidence level contours
and Ax? as a function of 5cp with the VaLOR and P-Theta groups, again for nor-
mal hierarchy only (the P-Theta results were not available for Ax? as a function
of dcp, so are not shown). As in the previous section, we see excellent agreement
in the contours between all three groups. The inverted-hierarchy intervals and

1D Ax? distribution are not shown here, but display equally close agreement.
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5.5.2 Log-Likelihood Scan

As we saw in section marginalisation effects mean that it is not always
possible to determine from Asimov fits (or, indeed, other fake data fits) whether
a fitter is biased. A non-biased fitter may still find a best-fit point which differs
from the input values simply due to correlations with marginalised parameters.
Therefore it is also important to test that the likelihood evaluated by the fitter is
not biased.

The most straightforward way to conduct this test is to investigate the likeli-
hood at different values of the interesting oscillation parameters sin? 63, sin” 013,
Am3,, and dcp, with all other parameters fixed. When the nuisance parameters
are fixed, the maximum likelihood should be at the input value as there can be
no marginalisation effects. If it is not, there is a bias in the fit machinery.

An Asimov fake data set was generated with the oscillation parameters defined
in section and nominal systematic parameters, and a grid was defined
in either sin’ 623—Am§2 or sin?6y3—dcp. For each point in the grid the oscilla-
tion parameters in the MC were set to the values of either sin® 63 and Am%2 or
sin? 013 and dcp at that point, and the log of the likelihood function (LLH) was
evaluated for this Asimov fake data and MC combination. The result over the

whole grid space was then plotted in a 2D histogram.

The result is shown in figures |5.19| and |5.20| (in sin? 023—Am§2 and sin® 013—

dcp, respectively). The coloured 2D histogram shows the value of the LLH in
each bin. A red cross is plotted at the input values of the oscillation parameters,
and a white triangle shows the minimum bin (labelled ‘Best fit"). Because the
fit maximises the negative of the function plotted, the bin with the maximum
posterior probability will be the minimum bin here. The input and minimum
LLH points are plotted in identical places in both figures, which shows that the
machinery is able to correctly identify the best-fit point, and is unbiased with

respect to the oscillation parameters sin? 0,3, sin® 013, Am%z, and Jcp.
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Figure 5.19: LLH scan in sin®6p3-Am2,, with input values sin®0,3=0.528 and
Am3,=2.509x1073eV2. The point with minimum LLH is the same as the input
values, as expected.
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Figure 5.20: LLH scan in sin? 013-0¢p, with input values sin? 013=0.0217 and é¢p=-
1.601. This is a plot of the likelihood so does not include the prior term from
the reactor constraint. The point with minimum LLH is the same as the input
values, as expected.
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Further validations of the fitter have been completed, which, although space
does not permit a full discussion here, are documented in [114]. These include
Asimov fits with input oscillation parameters corresponding to non-maximal
mixing (sin? 83=0.45) and no CP violation (6cp=0), the results of which have been
tested against the VaLOR and P-Theta oscillation groups on T2K and excellent
agreement seen between all three groups. In all validation tests, we have seen
that the fitter finds the input values well, and where marginalisation effects mean
that it does not, these have been investigated and understood. Taken together
with the tests shown in this section, these validations give us confidence that the

titter is working correctly.



Chapter 6

Joint v+7 Oscillation Analysis:

Results

This section details the results of fitting simultaneously the T2K ND280 and SK
neutrino and antineutrino-mode data. The data samples were fitted twice: once
with a flat prior on sin® 633 (the “T2K-only’ fit), and once using a Gaussian prior
on sin? 263 according to the measurements by reactor experiments reported in
the 2015 edition of the PDG: sin® 26,3 = 0.085 4= 0.005 (the ‘T2K+Reactor’ fit). In
both cases, a Markov chain of 1.5 x 107 steps after burn-in was used for the fit.
Figure shows the posterior distribution from both fits in 2D sin® 63—
Am3, parameter space. The mode of the 2D and 4D marginal posterior dis-
tributions are very similar in both sin? 6,3 and Am?Z,, which implies that there is

no strong marginalisation effect from sin® 013 or cp. However, we do see a hint

of the marginalisation effects seen in sections|5.5.1.1]and [5.5.1.2t the mode of the

2D posterior is slightly lower in sin? 53 than the mode of the 4D posterior for
the T2K-only fit, and slightly higher for the T2K+Reactor fit.

Comparing the two figures, we see that both are largely similar (indeed, both
have the same best-fit point in the 4D marginal posterior, as shown in table [6.1).

The effect of the reactor constraint seems to be to push the posterior probability

152
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towards higher sin? 3. The portion of the credible interval contours in inverted
hierarchy is also smaller for the T2K+Reactor fit, implying that the normal hier-
archy is more strongly favoured. This is even more obvious in the 1D marginal
posterior as a function of Am2,, shown in figure where the 1D 68% credible
interval for the T2K+Reactor fit excludes the inverted hierarchy entirely. The
effect of marginalisation over the mass hierarchy in the T2K+Reactor fit can also
be seen in the 1D marginal posterior distribution as a function of sin® 6,3, shown
in figure The upper octant is mildly favoured in the 2D marginal posterior in
both mass hierarchies, and that tendency is exacerbated in the 1D marginal pos-
terior. The result of marginalising over the mass hierarchy is a very asymmetric

probability distribution, and an asymmetric uncertainty on the best-fit value of

sin® 6,3 given in table

> 0.003 N% 0.003}—
N;':: 0.0028 N;é 0.0028|—
< 00026 < 00026/
0.0024 0.0024—
00022 00022
..... 68% credible interval —— 90% credible interval <=+ 68% credible interval 90% credible interval
B 4D posterior mode - 2D posterior mode m 4D posterior mode - 2D posterior mode
~0.0022 — ~0.00221— —
~0.0024 — ~0.0024— —
~0.0026 — ~0.0026— -
~0.0028 — ~0.0028— -
~0.003 — ~0.003{— -
035 04 045 05 055 06 065 07 035 04 045 05 055 06 065 07
sir12623 sin2823
(a) T2K-only fit (b) T2K+Reactor fit

Figure 6.1: 2D posterior and credible intervals in sin? 923—Am§2 from both the
T2K-only and T2K+Reactor data fit.



CHAPTER 6. JOINT v+7 OSCILLATION ANALYSIS: RESULTS 154

0.05

0.04

0.03

0.02

0.01

Posterior Probability Density

L L L L B L L B L

- 90% Credible Interval
- 68% Credible Interval

0.05

0.04

0.03

0.02

0.01

Posterior Probability Density

v b b b b b

‘ Lo
-0.002 0 0.002

LA L L L L L B IR

T T T T T T T T T T T T T

7] 90% Credible Interval
I 68% Credible Interval

|

s b b b b by

A m3, (eV?)

(a) T2K-only fit

L L
-0.002 0 0.002
INUACYS

(b) T2K+Reactor fit
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Figure 6.3: 1D posterior and credible intervals in sin? 8,3 from both the T2K-only
and T2K+Reactor data fit.
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The 2D marginal posterior distributions in sin®813-dcp space are shown in
tigure The T2K-only result is particularly interesting: with the new antineutrino-
mode data we now see a 90% closed contour in sin? 613—¢p (recall that previous
T2K fits with neutrino-mode data only — shown in section 6.2 — had no sensitivity
to dcp and could not produce any closed contour in this space). As in sin? 0y3—
Am?Z, space, we see good agreement between the modes of the 2D and 4D mar-
ginal posterior probability distributions, in both fits. There is a small difference
between the two points in dcp for the T2K-only fit, but the posterior distribution
is very flat, meaning that the difference in posterior probability between these
two points is small.

The effect of the reactor constraint is obvious when comparing figures [6.4a|
and as well as in figure which plots the 1D marginal posterior probab-
ility density as a function of sin?8;3. The T2K data alone prefer a higher value
of sin®fy3, with a fairly wide posterior probability distribution. However, the
T2K data do not have much power to “pull” against the prior given by the reactor
constraint, so the T2K+Reactor fit is almost entirely dominated (in sin®6;3) by
the reactor measurement.

In both the T2K-only fit and the T2K+Reactor fit, the distribution peaks
around dcp~ —7/2, with a more sharply-peaked distribution (shown by smaller
credible interval contours) for the T2K+Reactor fit. This is demonstrated even
more clearly in figure in which the marginal posterior probability distribu-
tions as a function of dcp are presented. It is gratifying to note that both T2K
data alone and T2K data combined with the reactor constraint favour the same

maximal value of d¢cp.
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Figure 6.4: 2D posterior and credible intervals in sin? 13—0¢cp from both the T2K-
only and T2K+Reactor data fit.
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Table |6.1| shows the best-fit values and 68% uncertainty for each of the inter-
esting oscillation parameters, from both the T2K-only and the T2K+Reactor fits.
The best-fit values are extracted from the mode of the 4D posterior, and the un-
certainties are taken from the 68% credible interval of the 1D marginal posterior
as a function of that parameter (as shown in figures and [6.6). No
uncertainty is given on the parameter estimate for dcp because the distribution is
non-Gaussian and cyclical, so to quote an uncertainty in this way might be mis-
leading. Instead, the 68%, 90%, and 95% 1D credible interval ranges for dcp are
shown in table

Am%2 (x1073eV?) | sin6y; sin? 013 ocp (rad.)
T2K only 2.54102 0.5191003% | 0.02571001% | -1.91
T2K+Reactor 2.541032 0.5191005 | 0.021970501 | -1.72

Table 6.1: Best-fit values and uncertainties from the T2K-only and T2K+Reactor
data fits. The best-fit values are taken from the mode of the 4D marginal pos-
terior probability distribution in sin? 923—Am%2—sin2 013—0cp, and the uncertainty
on each parameter is taken from the 68% credible interval of the 1D marginal
posterior probability distribution. No uncertainties are given for écp because the
distribution is non-Gaussian and cyclical.

68% C.I. range 90% C.I. range 95% C.I. range

T2K only -2.81--0461 | —m1-0377 & 260 -7 | —1—-0.796 & 2.18 - 71
T2K+Reactor | -2.51 —-0.754 -3.10 - -0.168 —t—0.168 & 2.89 — 71

Table 6.2: 1D 68%, 90%, and 95% included credible interval ranges for dcp (rad.)
on a scale of —m—7t, from both the T2K-only and T2K+Reactor fits.

Table [6.3| shows the posterior probability (given the data and prior assump-
tions) that a given combination of mass hierarchy and octant is correct. Both fits
tavour the normal mass hierarchy and upper octant, although both are favoured
with more significance in the T2K+Reactor fit. However, in neither case is the
result statistically significant. For the T2K-only fit, the mass hierarchy Bayes
factor B(NH/IH) = 1.94 and the octant Bayes factor, B(sin? 653>0.5/sin? 6,3<0.5),
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is 1.38. For the T2K+Reactor fit, the mass hierarchy Bayes factor B(NH/IH) =
3.00 and the octant Bayes factor B(sin? 83>0.5/sin? 623<0.5) = 2.45. These Bayes
factors are all small. The most significant conclusion we can draw — from the
T2K+Reactor fit — is that the data predict that the normal mass hierarchy is three
times more likely to be the correct model than the inverted mass hierarchy, and
the upper octant is around 2.5 times more likely than the lower octant. This does

not constitute strong evidence.

sin®6y3 < 0.5 sin®63 > 0.5 | Sum
IH (Am2, < 0) 0.15 0.29 0.34
NH (Am2, > 0) 0.27 0.39 0.66
Sum 0.42 0.58 1
(a) T2K only
sin?fy; < 0.5 sin?63 > 0.5 | Sum
IH (Am3, < 0) 0.07 0.18 0.25
NH (Am3, > 0) 0.22 0.53 0.75
Sum 0.29 0.71 1

(b) T2K+Reactor

Table 6.3: Model comparison probabilities for normal and inverted hierarchies
as well as upper and lower octants, from the posterior of the T2K-only fit and
the T2K+Reactor fit.

Figure shows the Bayes factor for normal over inverted mass hierarchy;,
B(NH/IH), as a function of écp. This plot is constructed by binning the posterior
probability distribution in bins of écp, and then for each bin calculating the mass
hierarchy Bayes factor. It shows that the significance at which the normal mass
hierarchy is favoured depends on the value of écp — although the normal mass
hierarchy is favoured for all values of dcp, the significance peaks around dcp~~ 2

and is minimal around dcp>~ —1. When comparing this figure to the ‘overall’
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Bayes factors derived from table it is important to remember that the Bayes
factor calculated at each point in figure |6.7l must be weighted according to the
posterior probability for that value of dcp. It may be counterintuitive to think
that the ‘overall” Bayes factor corresponding to figure is 3, but this can be
understood by considering that not all points on the figure have equal weight.
The points around dcp=—7/2 have significantly larger posterior probabilities
than points at other values of 6cp, and therefore contribute much more strongly

to the overall Bayes factor.
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Figure 6.7: Bayes factor for normal over inverted mass hierarchy as a function
of dcp, from the posterior of the T2K-only and T2K+Reactor fit. Error bars show
statistical uncertainties from the number of steps in the MCMC for a given
dcp bin. We find the overall Bayes factor BONH/IH) = 1.94 for the T2K-only
fit and 3.00 for the T2K+Reactor fit when considering all points in the posterior
distribution, weighted according to their posterior probabilities.

This can perhaps be understood by considering how the predicted number
of events in the 1R, samples changes for different values of écp and the mass
hierarchy, as shown in table We see that the observed number of events
is lower than predicted in the neutrino-mode 1R, sample and higher than pre-
dicted in the antineutrino-mode 1R, sample, and the prediction which is most
consistent with the measured data is generated with dcp=—7m/2 and normal
mass hierarchy. In general the normal-hierarchy predictions give higher num-
bers of events in neutrino mode and lower numbers of events in antineutrino

mode, which is consistent with the fact that the data prefer normal hierarchy
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over the whole Jcp space. The ‘worst” possible prediction (least consistent with
the data) is at écp=71/2 and inverted mass hierarchy, which may explain why
the inverted hierarchy is disfavoured most strongly at this value of dcp. We
do not see a one-to-one mapping between the predictions in this table and fig-
ure [0.3| because in the fit the other oscillation parameters are not fixed: they can
move around and there will be some marginalisation effect when constructing
these plots (indeed, this is why we see smaller Bayes factors for the T2K-only
fit — sin? 613 has more freedom to move to higher values and increase the event
rate in the 1R, samples, thus compensating for the effect of Jcp and the mass
hierarchy in the neutrino-mode sample). However, these predictions still give a

useful insight into the results shown in figure

v-mode 1R, 7-mode 1R,
Mass hierarchy | Normal Inverted | Normal Inverted
dcp= —11/2 27.0 239 6.0 6.5
dcp=10 22.7 19.9 6.9 7.4
dcp= /2 18.5 16.1 7.7 8.4
dcp= *7 22.7 20.2 6.8 7.4
Data 32 4

Table 6.4: Predicted number of events in the neutrino-mode and antineutrino-
mode 1R, samples for a range of values of dcp. Other oscillation parameters
were taken from previous T2K fit results and the 2015 PDG: sin® 01,=0.304,
sin? 013=0.0217, Am3,=7.53x1075%V?, sin®0,3=0.528, Am3,=42.509 x 10~ 3eV?
(normal/inverted hierarchy).

Figure shows the reconstructed energy spectra obtained using the pos-
terior predictive method described in section[4.4.5 for each of the four SK samples
after the T2K+Reactor fit. The result of sampling the fit posterior 2500 times is
shown as the coloured histogram (z-axis units are arbitrary, but are proportional
to the marginal posterior density), and the resulting best-fit spectrum is shown

in red. The data are overlaid in green for comparison. The 1R, samples are
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shown for a reduced energy range, up to 7 GeV, because no data are found at
higher energies (although the fit region extends to 30 GeV).

A goodness-of-fit p-value was also calculated for each fit, using the same pos-
terior predictive method, as described in section This was found to be 0.54
for the T2K-only fit and 0.51 for the T2K+Reactor fit, indicating no disagreement
between either fit and the data.

Figure |6.9 shows the best-fit reconstructed energy spectra after the T2K-only

tit and after the T2K+Reactor fit, along with the expectation in the absence of

neutrino oscillations. Figures [6.9a] and [6.9c| show the characteristic ‘oscillation

dip’ in the ratio of the best-fit spectra and data to the unoscillated prediction,
which is clear evidence of v, or 7, disappearance. Figure shows a signi-
ficant excess in the measured data in the neutrino-mode 1R, sample over the
unoscillated prediction (as in the first T2K measurement of v, appearance [2]),
but the same effect is not so obvious in figure most likely due to the cur-
rent low statistics in the RHC 1R, sample. The effect of the reactor constraint, in
restricting sin” 03 to low values, is easy to see; it reduces the predicted number
of events in the 1R, samples. There is no noticeable effect on the 1R, samples

because the v, disappearance probability depends only weakly on sin? 3.
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Figure 6.8: Result of the posterior predictive method for each of the four SK
samples after the T2K+Reactor fit. Data points are shown in green, the best-fit
reconstructed energy spectrum is shown in red, and the result of sampling the fit
posterior 2500 times is shown as the coloured 2D histogram. A coarser binning
is used than in the data fit to reduce the effect of statistical fluctuations and make
the shape of the result easier to see.
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Figure 6.9: Best-fit energy spectra and ratio to unoscillated prediction for each
of the four SK samples. A coarser binning is used than in the data fit to reduce
the effect of statistical fluctuations and make the shape of the result easier to see,
and the 1R, spectra are shown for low energies only to highlight the oscillation
dip around 0.6 GeV.
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6.1 Systematic Parameters

The aim of this analysis is to estimate the values of the oscillation parameters
sin® @13, sin? 63, Am%z, and dcp. However, it is instructive to also examine how
the systematic parameters described in section |5.3| behave in the fit, because the
distributions of these parameters affect the marginal posterior distribution of the

interesting oscillation parameters.

Figures [6.10 [6.11} |6.12, and [6.13| show the central values and 1D 1c ranges

for each of the systematic parameters used in the fit. The black points and grey
shaded ranges show the prior central values and +1c ranges, the blue points
and lines show the mode and +1c¢ ranges after the T2K+Reactor fit, and the
red points and lines show the mode and +1c ranges after the T2K-only fit (in
both cases found by fitting a Gaussian around the peak of the 1D posterior
distribution for each parameter). The ‘allowed’ ranges are also shown for those
cross-section parameters which are only valid in reduced ranges.

In general we see good agreement in the systematics between the T2K-only
and T2K+Reactor fits, as we might expect — the ND280 data samples, which dom-
inate the fit for the systematic parameters, are identical. Differences between the
two fits are small, and are understood to be due to correlations with the other
parameters, particularly the oscillation parameters, which have different distri-
butions in the T2K-only and T2K+Reactor fits. The flux parameters are increased
in both fits by around 1¢ from their prior values, driven by the pre-fit deficit in
the MC prediction for the v, CC 07 and v, CC Other samples, but most other
parameters are consistent with the prior estimations. All of the detector sys-
tematic parameters and most of the cross-section parameters have central values
that are within 1o (according to the prior uncertainty) of the central point of
the prior. The uncertainty on the ND280 detector and cross-section systematic
parameters is reduced by the fit, indicating that the data provide a noticeably

stronger constraint on the parameters than the prior. Only the SK detector sys-
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tematic parameters are relatively unchanged by the data fit, with central values

and uncertainties close to the prior, most likely because the statistics in the SK

data samples are much smaller than at ND280.

Parameter value and variation

Parameter value and variation
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Figure 6.10: Central values and 1o uncertainties for the flux and cross-section
systematic parameters, before and after the data fit. No “prior” central values or
uncertainties are shown for those cross-section systematic parameters for which
flat priors are used. The ‘allowed’ parameter ranges for those parameters which
have reduced ranges are also shown.
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Figure 6.11: Central values and 1o uncertainties for the SK detector systematic
parameters, before and after the data fit.
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Figure 6.12: Central values and 1¢ uncertainties for the ND280 FGD1 detector
systematic parameters, before and after the data fit.
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Figure 6.13: Central values and 1¢ uncertainties for the ND280 FGD2 detector
systematic parameters, before and after the data fit.
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6.2 Comparison to Previous T2K Results

Although this is the first T2K analysis to fit neutrino and antineutrino data, it
is not the first T2K joint fit of v, disappearance and v, appearance. A previous
analysis [1], already mentioned in this thesis, fit both 1R, and 1R, samples from

the neutrino-mode data in T2K runs 1-4, with a total of 6.6x10% POT.

Figures [6.14| and |6.15 show the comparison of credible intervals from the

run 1-4 data fit with those presented in this thesis, for the T2K-only fit and the
T2K+Reactor fit respectively. Note that the 1D comparison as a function of écp is
shown for the T2K+Reactor fit only because the run 1-4 T2K-only fit had little-
to-no sensitivity to dcp, so this plot was not produced.

In both cases the sin? 023—Am3, contours are consistent with the previous res-
ult, but the size of the contours has decreased, meaning that the additional data
has improved the precision of these measurements. In general the contours are
slightly shifted to larger values of |Am3,|, which is also reflected in the move-
ment of the best-fit point. The normal mass hierarchy is now favoured both in
the T2K-only and T2K+Reactor fit, whereas the inverted hierarchy was favoured
in the T2K-only run 14 fit. This is most likely a result of the correlation between
mass hierarchy and dcp discussed above: the previous T2K-only fit had no sens-
itivity to dcp so the marginalisation onto sin? §;3-Am3, will have included all
values of dcp with roughly equal probabilities. By comparing the relative sizes
of the contours in figure it is clear that the hierarchy preference in the T2K-
only run 1-4 fit was extremely weak, so the change of hierarchy preference is
not significant.

As previously mentioned, the most interesting result — and the most signific-
ant change that we would expect as a result of adding antineutrino data — is the
ability to constrain écp. Whereas the previous neutrino-only fit had no power to
measure écp when fitting T2K data only, we now see a closed 68% and 90% con-

tour in sin? 613-0¢p. In the fit with the reactor constraint, the probability distribu-
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tion has become even more sharply peaked in écp (with a 90% exclusion of cp=0
and £7t, compared to a 68% exclusion in the previous fit), but the result of this fit
is consistent with the hint towards dcp= —71/2 seen in the previous analysis. The
most obvious difference between the two T2K+Reactor fit results is the change in
the reactor constraint itself. The constraint used for the run 1-4 neutrino-mode fit
came from the 2013 edition of the PDG [57]: sin?26;3 = 0.095 4 0.01, with cent-
ral value corresponding to sin? 013=0.0243. The reactor measurement of sin® 2613
has since been updated, sin® 2615 = 0.085 £ 0.005, which has a central value cor-
responding to sin? ;3=0.0217. Both the central value and the 1¢ uncertainty of

the prior on sin®20;3 has been reduced, and this is reflected in the contours in

figure

0003 . . . . —
3
NEg 0.0028(— — g = =
< 0.0026(— — g r ]
g 2 -
0.0024|— — ) C 3]
0.0022— ) ! - 1= 3
Run1-4 datafit (T2K only) e  Bestfit point L 4
Run 1-7b datafit (T2K only) ~------ 68% credible interval o) Run 1-4 data (T2K only) —
-0.0022}— — 9%credibleinterva - C Run 1-7b data (T2K only) ]
-1— —— 90% credible interval —
-0.0024— — C b
S H R 68% credible interval q
~0.0026— b 2= — — Bestfitline -
-0.0028/— - F Best fit point 7
-3= R
-0.003._, ‘ ‘ ‘ ‘ = 0 0.1 0.15
0.4 0.45 05 0.55 0.6 0.65 ;2
. sin“(®.
Sin%0,, (G
:2 s 2
(a) sin 923—Am§2 (b) sin” 013-d¢p

Figure 6.14: Results of the T2K-only fit described in this thesis (labelled “Run
1-7b data”) compared to the results of a fit to T2K run 14 data, as reported
in [1].
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Figure 6.15: Results of the T2K+Reactor fit described in this thesis (labelled “Run
1-7b data”) compared to the results of a fit to T2K run 1-4 data, as reported in [1].
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6.3 Comparison to Other Neutrino Oscillation
Experiments

Figure shows the credible intervals in sin® 923—Am§2 from the T2K+Reactor
tit compared with published results from other neutrino oscillation experiments.
Measurements in the sin? 623—Am§2 plane were included from NOvA [132], Super-
Kamiokande [133]], IceCube DeepCore [134], and MINOS and MINOS+ [135].
These results were not all shown in section because some of them are too
new to have been included in the Particle Data Group review, or not competitive
with the current world-leading measurements. In order to make the figure easier
to read, the 68% and 90% credible intervals and best-fit point are shown for T2K,
but only the 90% confidence level contours are plotted for other experiments.
When looking at figure it is important to bear in mind that this is not a
direct comparison: the T2K contours shown here are Bayesian credible intervals,
while the contours from other experiments are frequentist confidence intervals.
As discussed in section these have different interpretations and meanings,
and it is not always possible to compare the two. However, in this case, be-
cause the posterior distribution is close to Gaussian in both sin® 6,3 and Améz,
the credible intervals and constant-Ax? confidence intervals obtained from this
tit are fairly similar (at least for the 90% contours), as shown in figure In
fact, the credible intervals give a slightly more conservative estimate of the un-

certainty on the oscillation parameters than the confidence intervals.
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Figure 6.16: Credible intervals in sin? §;3-Am3, from the T2K+Reactor data fit
compared with published results from other neutrino oscillation experiments:
NOvA [132], Super-Kamiokande [133], IceCube DeepCore [134], and MINOS
and MINOS+ [135]]. Note that this is not an exact comparison because the T2K
contours are Bayesian credible intervals, whereas the rest of the contours shown
are frequentist confidence intervals. The 68% (dotted line) and 90% (solid line)
credible intervals, as well as the best-fit point, are shown for T2K, and only the
90% confidence intervals are shown for the other experiments.
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Figure 6.17: Bayesian credible interval and frequentist confidence intervals in
sin? 923—Am§2 from the T2K+Reactor data fit. The confidence intervals are calcu-
lated using a constant-Ax? method, with respect to the overall 2D best-fit point
(which is in the normal hierarchy).



CHAPTER 6. JOINT v+7 OSCILLATION ANALYSIS: RESULTS 175

6.4 Comparison to Sensitivity

As stated in section the Asimov fits used for validation of the fitter are
indicative of the sensitivity of the experiment. An Asimov fit shows what we
would measure in the absence of statistical fluctuations, so comparing the results
of the data fit to the results of an Asimov fit will give an insight into the effect of
statistical fluctuations in the data.

The Asimov fits presented in section [5.5.1 use the best-fit points from the T2K
run 1-4 fit as the input values for sin® 63, Amgz, and écp, and the value given in
the 2015 PDG for sin?6;3. Section shows that the results of the data fit are
largely consistent with these values, and therefore it is reasonable to compare
the results of the data fits to these Asimov fits. While this is not the perfect
test (it would perhaps be more correct to recreate Asimov fits using the best-
tit parameters from the data fit), it is sufficient for a general comparison of the

results to the expected sensitivity.

These comparisons are shown in figures .18/ and |6.19| for the T2K-only and

T2K+Reactor fits respectively. In almost all cases the credible intervals from
the data fit are smaller than those from the Asimov fit, showing that the fit
results are ‘better’ than the sensitivity. The one exception to this is sin® 03,
in which the T2K-only data fit prefers a higher value of sin? 613 than the reactor
measurement (which was used as the input for the Asimov fit), and has a slightly
wider contour. It is particularly striking to note how much better the results seem
to be than the sensitivity in dcp, which perhaps we might have expected given
the disagreement between the number of observed events in the two 1R, samples
and the PMNS prediction (presented in table [6.4). We see more events than
expected in the neutrino-mode 1R, sample and fewer events than expected in the
antineutrino-mode 1R, sample, which implies more CP violation than the PMNS
model allows. This causes the fit to favour dcp=—7/2 much more strongly than

any other value, and gives more significance for cp=—7/2 than the sensitivity
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tells us to expect.

It is likely that we are simply seeing a statistical fluctuation upwards in the
neutrino-mode 1R, sample and downwards in the antineutrino-mode 1R, sample.
The reason that this is important is that statistical fluctuations can go both ways.
If the result we see here is due to a statistical fluctuation (and it seems that it
may be), then collecting more data is just as likely to make the constraint on
dcp worse as it is to make it better. This highlights the need for higher statistics,

so that we can be confident that the measurement is not driven by fluctuations.
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Figure 6.18: Results of the T2K-only fit compared to the T2K-only Asimov fit
presented in section 5.5.1]
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Figure 6.19: Results of the T2K+Reactor fit compared to the T2K+Reactor Asimov
fit presented in section

In the future it would be interesting to investigate the apparent tension between
the T2K data and the PMNS prediction by fitting the data in a way that does not
rely on the PMNS framework. This could be achieved by fitting the oscilla-
tion probabilities directly, perhaps using a polynomial as a function of energy, or
by introducing new parameters which multiply the PMNS oscillation probability
(similar to the parameter  defined in the 7, appearance search in appendix[A.2),
which would give the MCMC the freedom to move away from the PMNS pre-
diction. The results of analyses such as these could be compared to predictions
or the results of fits in the PMNS framework to give an estimate of how consist-
ent the data are with the model. Deviations from the PMNS neutrino oscillation

model could be indicative of non-standard matter effects or other new physics.
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6.5 Effect of Prior

As discussed in chapter [}, any Bayesian analysis is dependent not only on the
data, but also on the prior assumptions about the model parameters that relate

the likelihood to the posterior probability:

-,

P(D|)P(d)
T

" [ P(D|6)P(5)dd

|
~—

P(8|D)

where P(6|D) is the posterior probability distribution for some set of model
parameters, g, given some data, D, P(D\?f) is the likelihood, and P(?f) is the
prior probability distribution for the model parameters.

It is therefore important to investigate the effect of the prior on the results.
If the data constraint (i.e. the likelihood term) is very strong compared to the
prior, then we expect the prior to have little effect on the posterior probability.
If, however, the data constraint is weak compared to the prior, the result may
change depending on which prior we choose. It is important to know if this
is the case, in order to report the results in the most useful and honest way.
Of course, we have already considered two choices of prior on 03 in the fit:
either flat in sin? 6;3 (the T2K-only fit), or Gaussian in sin? 2613 (the T2K+Reactor
fit). We have seen that the choice of prior has a significant effect on the fit
results — the T2K data alone do not have strong power to constrain sin® 63 —
and therefore concluded that the best approach is to show both results. It is
important to consider whether we should adopt this approach for priors on the
other oscillation parameters.

The MCMC method provides an easy way to investigate the effect of the prior
without having to repeat the fit. Because the posterior probability is proportional
to the prior probability multiplied by the likelihood, it is possible to reweight
the fit chain to find the posterior distribution according to a different prior. We

simply have to weight each step by the ratio of the desired prior to the prior used
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for the original fit. This is particularly easy in our case because the T2K-only fit

uses flat priors in the interesting parameters sin? 63, sin® 013, Am%z, and dcp.
The method used to reweight the chain is as follows: consider a probabil-

ity distribution f(x). A variable transformation to variable y= y(x) gives the

equivalent probability distribution g(vy):

g(y) = f(x(y))j—;

If f(x) is a uniform distribution (i.e. a flat prior) in x then this simplifies even

further:

dx
O<_
gW)dy

to within some constant of normalisation. In our case, y represents the ‘known’
variables in the posterior distribution (sin? 0y3, sin® O3, Am%z, and écp), and x is
some variable in which we wish to have a flat prior. g(y) must be evaluated as
a function of the ‘’known’ variables y. If we wish to apply a prior that is flat in

x =63, instead of flat in y =sin® 6,3, we must evaluate:

dx  (dy 1
g(y)&@ = (ﬁ)

I isir12x -
dx

1

2y —y?

This function is evaluated for each step in the MCMC chain, and its value

X

applied as a weight to that step. This method is, of course, not perfect (you can’t
reweight steps you don’t have), but will give us some idea of how the result

depends on the prior.
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Four alternative priors were considered:

1. Flat in 6,3 (instead of flat in sin? 653)

2. Flat in 6;3 (instead of flat in sin® 6;3)

3. Flat in sin? 26,3 (instead of flat in sin® 6;3)
4. Flat in sin(dcp) (instead of flat in d¢p)

The first two priors were chosen out of interest, with no particular motivation
other than we perhaps have no more reason to believe that the distribution is flat
in 6 than we have reason to believe it is flat in sin? . The flat prior in sin? 2613
was chosen to be more similar to the reactor neutrino experiments, which often
fit in sin®260;3 instead of sin#0y3. Finally, the flat prior on sin(dcp) was chosen
with CP violation in mind. Given that we have very little knowledge about é¢p,
a flat — or uninformative — prior is clearly the most suitable choice, but there is a
question as to in which variable the prior should be flat. A flat prior in dcp, as
we use in the fit, is appropriate and useful when one wants to make a parameter
measurement (in other words, when the aim is to determine the value of dcp).
However, the CP-violating terms in the oscillation probability go as sin(dcp), and
we will rule out CP conservation when we can exclude sin(dcp)=0. Therefore,
if we want to talk about CP violation it may be more appropriate to consider
sin(dcp), and to use a prior which is flat in that parameter.

The effect of all four priors was considered for the T2K-only fit, and the
effect of priors (1) and (4) on the T2K+Reactor fit (which already includes a non-
flat prior on sin® 26;3). The results are shown in figures (in sin® 923—Am§2)
and (in sin® 813-6¢p, not including prior (4)). It is clear from these figures
that the chosen priors do not affect the results significantly. There is a small
change in the inverted-hierarchy contours in sin? 63~Am2, from the T2K+Reactor

fit when using a flat prior in sin(dcp), and a small shift in sin” ;3 when changing
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from a flat prior in sin? 613 to a flat prior in 613. However, these changes are not

significant, and in particular do not affect our physics conclusions.
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Figure 6.20: Credible intervals in sin® §3-Am3, for a number of different choices
of prior: ‘normal’ priors (flat in sin? @3, Am%z, and d¢p, and either flat in sin? 613
for the T2K-only fit or Gaussian in sin® 2613 according to the reactor constraint
for the T2K+Reactor fit), flat in 6,3, flat in 63, flat in sin” 2613, and flat in sin(Jcp).
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Figure 6.21: Credible intervals in sin® 013-0cp for a number of different choices
of prior: ‘normal’ priors (flat in sin? 63, Am%z, and écp, and either flat in sin? 613
for the T2K-only fit or Gaussian in sin® 2613 according to the reactor constraint
for the T2K+Reactor fit), flat in 6,3, flat in 63, and flat in sin® 26;3.
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The effect of the sin(dcp) prior on the dcp distribution has been deliberately
left out of figure because it requires some more careful consideration. The
Jacobian required to transform a prior distribution which is flat in sin(dcp) into
a function of d¢p is |cos (dcp)|, which goes to zero and has a discontinuity in
its derivative at dcp==£7/2. These features of the Jacobian make the resulting
posterior distribution as a function of dcp difficult to understand and interpret,
and not easy to use. Therefore, it is better to present the posterior density in a
way which is consistent with the prior: as a function of dcp when a flat prior
in dcp is used, and as a function of sin(écp) when a flat prior in sin(dcp) is
used. When using a flat prior in sin(dcp), the 68%, 90%, and 95% 1D credible
interval limits on dcp can be found by taking the limits of the credible intervals
in sin(écp) and calculating both values of écp which correspond to these limits.

Figure shows the sin(dcp) distribution from both the T2K-only and
T2K+Reactor data fits with a flat prior in sin(d¢cp ), with credible intervals marked.
Both peak at sin(écp)=-1 (corresponding to dcp=—7/2) and go to a minimum
at sin(dcp)=1 (corresponding to dcp=71/2), and the T2K+Reactor distribution is
more peaked than the T2K-only distribution. These features are consistent with
what we expect from the results shown previously in this chapter.

Figure shows the dcp distribution with a flat prior in écp from both
fits. This is the same as figure The credible intervals using a flat prior in
sin(dcp) are overlaid. It is clear that the prior has an effect on the final result —
the credible intervals in dcp are not identical when we change from using a flat
prior in dcp to a flat prior in sin(dcp). In particular, the 90% credible interval
in the T2K+Reactor fit moves from excluding dcp=0 and £ to including those
values. However, the effect is not drastic and does not significantly change our
physics conclusions (except for the fairly arbitrary 90% line), so while this shows
that the information provided by the T2K data set is currently not significantly

stronger than the prior, neither is it significantly weaker.
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Figure 6.22: 1D posterior distribution as a function of sin(dcp) from the T2K-only

and T2K+Reactor data fit, with flat prior in sin(d¢cp).
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Chapter 7

Conclusions and Outlook

This thesis has presented a Bayesian statistical analysis of data from the T2K near
and far detectors. This is the first T2K oscillation analysis to fit data collected
with both a neutrino-mode and antineutrino-mode beam, amounting to a total of
7.00 x 10%° POT and 7.47 x 10%° POT respectively at the far detector. The use of
data from the ND280 near detector significantly decreases the systematic uncer-
tainty at the far detector, and one of the new improvements in this analysis over
previous T2K oscillation analyses has been the inclusion of water-target data at
ND280. This allows the cross-section systematic uncertainty for interactions on
oxygen to be constrained at the near detector, which greatly reduces the uncer-
tainty in the far detector prediction compared to previous T2K analyses which
used ND280 carbon-target data only (for example, the uncertainties shown in
appendix |A| table or in [1]]). The use of both 1R, and 1R, data samples from
the far detector gives sensitivity to sin® 6,3 and Am3, through the disappearance
channel, and sensitivity to sin? 013 and d¢p in the appearance channel. The fact
that antineutrino-mode beam data are used as well as neutrino-mode data means
that the analysis has sensitivity to dcp from T2K data alone, and the sensitivity
is improved when combined with a prior on sin?26;3 from measurements by

reactor neutrino experiments.
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In addition to the joint v+7 fit, which is the focus of this thesis, two analyses
using only antineutrino-mode data at Super-Kamiokande have been completed:
a measurement of the antineutrino oscillation parameters sin? B3 and Arﬁéz from
7, disappearance — the first at T2K — and the first ever search for 7, appearance.
There was not space to discuss these analyses in the main body of this thesis,

but the methods and results are summarised in appendix

The results of the joint v+¥ oscillation fit are summarised in table where
the uncertainties given represent the 1D 68% credible interval limits. For écp,
the 90% 1D credible interval using a flat prior in dcp from the T2K-only fit finds
dcp ¢ [0.38,2.60], but includes the CP-conserving values dcp=0 and +7. The
90% credible interval using a flat prior in dcp from the T2K+Reactor fit excludes
the CP-conserving values, and includes the range dcp € [—3.10, —0.17]. This is,
however, somewhat prior-dependent — the CP-conserving values of écp are not
excluded at 90% in the T2K+Reactor fit when a flat prior in sin(écp) is used
rather than a flat prior in dcp. The results in terms of the other oscillation para-
meters sin® 63, Am3,, and sin? 613 do not seem to depend strongly on the chosen
prior, with the exception of the choice of whether or not to use the reactor meas-
urement as a prior on sin® 20;3. Both the T2K-only and T2K+Reactor fits show a
preference for the normal mass hierarchy and the upper octant, but the prefer-

ence is not statistically significant.

Amgz (x1073eV?) | sin®6y3 sin® 613 dcp
T2K only 2.54102 0.51970:03% | 0.0257 70039 | -1.91
T2K+Reactor 2541012 0.51970:05 | 0.021970901 | -1.72

Table 7.1: Best-fit values and 68% credible interval uncertainties from the T2K-
only and T2K+Reactor v+7 data fits. No uncertainties are given for écp because
the distribution is non-Gaussian and cyclical, but the 90% 1D credible interval
limits are given in the text.
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The results presented here are the most precise measurements of sin? 3,
Amgz, sin? 013, and dcp at T2K. They are consistent with other oscillation ana-
lyses on T2K, with previous T2K analyses, and with measurements by other
neutrino oscillation experiments. The constraint on dcp is world-leading — no
other experiment has ever seen 90% evidence of CP violation in the neutrino
sector — but it is important to bear in mind the dependence of this constraint
on the prior. T2K will continue running to collect data towards a final goal of
7.8 x 10! POT (slightly over 5 times the current data set), with an increasing rate
of POT collection thanks to increased beam power. The predicted sensitivity of
T2K with the full data set of 7.8 x 102! POT is discussed in [136]: the continued
analysis of v and ¥ oscillation at higher statistics will provide ever more precise
measurements of the oscillation parameters sin? 6,3, Am%z, sin? 03, and dcp. Al-
though we expect the precision to improve in the long term, if the results shown
here are due to a ‘lucky’ statistical fluctuation it is possible that we will see the

constraint on écp get ‘worse” in the short term as more statistics are collected.

There is a lot of scope to improve this analysis in the future. New data samples
are currently being prepared which will reduce both statistical and systematic
uncertainties: replica-target data from NA61/SHINE (in which measurements
were made using a replica of the T2K target) will soon be included to reduce
uncertainty due to the neutrino flux prediction; an improved selection is be-
ing implemented for ND280 which will accept backwards-going and high-angle
muon tracks (the current selection accepts forwards-going tracks only); and a
selection for v, interactions with an electron and a 77" in the final state has been
developed at SK, which will improve the v, statistics at the far detector.

Further structural changes in the analysis could also lead to improvements.
The SK data samples are currently binned in reconstructed neutrino energy, but
more information could be included, for example by binning in two variables:

either by adding the momentum, p, or angle, 6, of the outgoing lepton to the
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reconstructed energy, or by binning in p and 6 as is done for the ND280 data
samples. The additional degree of freedom should allow for a more accurate
signal/background distinction and a more precise measurement of the oscilla-
tion parameters.

The uncertainty due to final state and secondary interactions at SK is now
one of the dominant uncertainties in the analysis (as shown in tables 5.9), so
the treatment of these systematic parameters will require careful consideration

in the future.

In addition to these improvements to the T2K analysis, vast gains in the de-
termination of oscillation parameters may be made by combining T2K data with
that of other neutrino experiments. To this end, a combined fit with the NOvA
experiment is under preliminary discussion. Combining the data sets of the
two experiments will allow stronger limits to be set on écp and the neutrino
mass hierarchy (to which NOvA has more sensitivity than T2K, due to its longer

baseline).

Aside from improving the analysis framework, future work in this area may
include fitting the T2K data outside the PMNS framework, in order to test
the PMNS model. It seems that the data show fluctuations away from the
PMNS prediction — even with maximal CP violation — in both the neutrino-mode
and antineutrino-mode 1R, samples. Fitting the oscillation probabilities directly
could give an insight into how compatible the data are with the theory as well

as providing an alternative way to highlight CP violation in the neutrino sector.



Appendix A

Antineutrino Oscillation:
Search for 7, Appearance and
Measurement of

v, Disappearance

The main focus of this thesis is an oscillation analysis in which both neutrino and
antineutrino T2K data are fit, using a Markov Chain Monte Carlo method, to find
estimates of the oscillation parameters sin? 6,3, Amgz, sin? 613, and d¢p. The ana-
lysis assumptions, framework, and validations are described in chapter 5, and
the results of fitting the T2K data are shown in chapter [f| However, two further
oscillation analyses have also been completed using only the antineutrino-mode
data: a search for 7, appearance and a measurement of 7, disappearance at
T2K. Unfortunately, space does not permit an in-depth description of all three
analyses, so instead this appendix hopes to summarise the considerations and
results for the two antineutrino analyses, in order to allow for a full discussion

of the joint neutrino-antineutrino fit in chapters [5|and [6| A large amount of this

188



APPENDIX A. ANTINEUTRINO OSCILLATION: SEARCH FOR
vg APPEARANCE AND MEASUREMENT OF 7, DISAPPEARANCE 189

summary has been adapted from [5], and further details about the analyses (in-
cluding validations, discussions of the models used, and further discussions of
the results) can be found in [137}[138]. The 7, disappearance measurement has
also been published in Physical Review Letters [3].

There are three main differences between the antineutrino analyses discussed
in this appendix and the joint neutrino-antineutrino fit framework discussed in
chapter |5 Firstly, the far detector data set is different: the 7, appearance and
7, disappearance analyses use only the data from one year of T2K antineutrino-
mode running, corresponding to 4.01 x 10?0 POT, and only one SK data se-
lection for each analysis — either the single-ring e-like (RHC 1R,) sample (for
the 7, appearance search), or the single-ring y-like (RHC 1R;) sample (for the
7, disappearance measurement). Secondly, the near detector data set is differ-
ent. These analayses use less antineutrino-mode data than the analysis described
in chapters |5/ and @ (the ND280 data set used here amounts to 5.82 x 100 POT
in neutrino mode and 0.43 x 10 POT in antineutrino mode), but the largest
difference in the ND280 samples is that only data for interactions in FGD1 are
included. This means that there are no interactions on oxygen at ND280, so
the ND280 data are unable to constrain oxygen-specific cross-section paramet-
ers. This results in larger cross-section uncertainties at SK, which is why a large
amount of work was done to include FGD2 data in the neutrino-antineutrino
joint fit. For both SK and ND280 the samples and selections are the same as
those described in section but are repeated briefly below.

The final difference between the antineutrino analyses and the analysis de-
scribed in chapters 5| and [f] is the cross-section model — a number of small up-
dates were made to the cross-section model used in this appendix before the
neutrino-antineutrino joint fit. The cross-section model used for the antineutrino
analyses is described in [91,92], and the updates for the neutrino-antineutrino

joint fit are described in [93|114].
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A.1 Analysis Strategy

The analysis strategy for both results presented here is similar to previous T2K
results [1] and the neutrino/antineutrino joint fit described in chapters |5 and @
data samples of charged current (CC) interactions are selected at ND280 and
SK and fit simultaneously to make a measurement of neutrino oscillation. The
analysis takes inputs from theoretical flux, cross-section, and detector models,
each of which has its own uncertainties, as well as assuming the PMNS three-
tflavour neutrino oscillation model. Both analyses described in this appendix use
the same ND280 data and models, but different assumptions and data samples
at the far detector.

The predictions at both ND280 and SK use the same flux and cross-section
models, so the ND280 data can reduce the uncertainty in the SK prediction by
constraining parameter values in the underlying models. Information from ex-
ternal data (from the MINERvA, MiniBooNE, ANL, and BNL experiments) are
also included as priors on the cross-section parameters [91,92]. When using
only FGD1 data from ND280, it is not possible for the near detector to constrain
all cross-section parameters because of the different target materials in the near
detector (primarily carbon) and far detector (primarily oxygen), as the relative
uncertainties between interactions on carbon and oxygen are not always well
understood. Because of this, separate parameters are used to describe Fermi
momentum, binding energy, multinucleon event normalisation and CC coherent
pion production normalisation on oxygen, which are not well constrained by the
near detector. A conservative (100% uncertainty, with no correlation with multi-
nucleon events on carbon) ansatz is used for the multinucleon (2p-2h, or MEC)
normalisation on oxygen.

The data in the near detector are fit in the momentum and angle of the outgo-
ing lepton from the neutrino interaction. Data from the neutrino-mode beam as

well as antineutrino mode are used to ensure that the model parameters are
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consistent between neutrinos and antineutrinos, and provide a constraint on
the wrong-sign background (v in the v beam). The antineutrino-mode data are
split into ‘v, CC 1-track’, ‘v, CC N-track’, ‘v, CC 1-track’, and ‘v, CC N-track’
samples. The “1-track” samples are dominated by CC quasielastic (CCQE) inter-
actions (v, +n — u~ +porv,+p — u" +n, the ‘signal” at Super-Kamiokande),
and the ‘N-track’ samples are used to estimate the background from other inter-
actions. The neutrino-mode data are divided into three subsamples according
to the number of measured pions associated with the interaction: ‘v, CCO7t’,
‘v, CC17’, and ‘v, CC other’, which are dominated by CCQE, CC resonant pion
production, and CC deep inelastic scattering interactions respectively.

The data from Super-Kamiokande are fit in reconstructed antineutrino en-
ergy, as defined in equation [3.1) in chapter |3, assuming that the interaction was
a CCQE interaction of a neutrino or antineutrino with a bound nucleon at rest.
In both the 1R, and 1R, event selections, events must be fully contained within
the fiducial volume of the detector, and have only one reconstructed ring (hence
“single-ring" in the selection name). For the 1R, selection, we further require
that the outgoing lepton from the interaction has particle identification consist-
ent with an electron and energy greater than that of a 100 MeV electromagnetic
shower. We also require that the reconstructed antineutrino energy is smaller
than 1.25 GeV, that the event passes the 71 rejection cuts used in the Super-
Kamiokande software, and that there are no decay electrons. The event selection
for the 1R, sample requires that the event is consistent with a muon-like particle
identification, there must be one or fewer decay electrons, and the outgoing
lepton momentum must be greater than 200 MeV.

Because the data set at ND280 is much larger than at SK, the ND280 data
dominate the fit for the flux and cross-section systematic parameters. Therefore
the behaviour of these parameters in the fit is similar for both analyses described

in this appendix, because they use the same ND280 data even though they use
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different SK data samples. Figure shows some of the flux and cross-section
parameters with their associated uncertainties before and after the 7, disappear-
ance fit described in section The predicted flux at Super-Kamiokande is gen-
erally increased by the fit, and the uncertainty is decreased. Some of the cross-
section parameters fit to values which are significantly different to their prior
predictions, particularly the multinucleon event normalisation parameter on car-
bon (“MEC (C)"). This was part of the motivation for updating the cross-section
model for the joint neutrino-antineutrino fit discussed in chapters [5|and [ The
uncertainties on the parameters to which the near detector is sensitive are gen-
erally decreased in the fit, but there is not as dramatic a reduction in the uncer-
tainties of the oxygen-specific parameters. This is because of the low statistics
in the Super-Kamiokande data samples (the 1R, sample used for this analysis
contains only 34 events) and the fact that the oxygen-specific parameters are not
constrained at ND280.

Since we see that the largest reduction in systematic uncertainty comes from
the ND280 data, rather than the SK data, it is illuminating to consider the be-
haviour of these systematic uncertainties before and after a fit to the ND280
data only. Table shows the uncertainty in the predicted number of events
in the Super-Kamiokande RHC 1R, sample due to each source of systematic
uncertainty, before and after a fit to only the ND280 data. The near detector
data reduces the uncertainty due to the parameters that it can constrain from
9.2% to 3.4%. However, the overall uncertainty is dominated by the cross-section
parameters which are not constrained by the near detector (in particular the
multinucleon event normalisation parameter on oxygen, which alone produces

a 9.5% uncertainty), and is only reduced from 14.4% to 11.6% by the ND280 data.
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Figure A.1: Central values and 1c uncertainties for the flux and cross-section
systematic parameters before and after the 7, disappearance fit.
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Systematic ANsk/Nsk  ANsk/Nsk
before ND fit after ND fit
All common to ND/SK 9.2% 3.4%
Multinucleon effect on oxygen 9.5%
All oxygen cross-section 10.0%
FSI/SI at SK 2.1%
SK detector 3.8%
Total 14.4% 11.6%

Table A.1: Fractional uncertainty in the number of events predicted in the SK
RHC 1R, sample due to different sources of systematic uncertainty, before and
after a fit to the near detector (ND) data.
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A.2 7, Appearance Analysis

This section presents the first ever search for 7, appearance on T2K, in which
the aim is to find evidence for electron antineutrino appearance, separately from
electron neutrino appearance (which has already been observed at T2K with a
significance of 7.3¢ [2]). Because of the large wrong-sign contamination in the
RHC neutrino beam, it is important to correctly account for the fact that there
will be a v, appearance background to the desired 7, appearance signal in the
SK RHC 1R, sample. Therefore, in order to test whether or not the data indicate
the presence of v, appearance, a new parameter f is introduced, which modifies

the v, appearance probability:
P(T_/y — Ve) = ;B X PPMNS(U}J — 1_/6)

B is defined to have value either 0 or 1, such that f = 1 corresponds to v, appear-
ance in accordance with the PMNS prediction (which allows for CP violation if
dcp # 0), and B = 0 corresponds to no v, appearance. Aside from this, CPT
symmetry is assumed (the same oscillation parameters are used for neutrino
and antineutrino oscillations).

The analysis uses a marginal likelihood, which is integrated over all paramet-

ers other than g:

-, -,

['(.B) = //H'CPoisson,bin(DLBr arf) X Psyst.(f) X Posc.(a)dad]?

bins

where 0 are the oscillation parameters, f are the systematic parameters, Psyst. ( f )
is the prior probability density for the systematic parameters, and P, (0) is the
prior probability density for the oscillation parameters. Lpyisson pin is the Poisson
likelihood in each bin given the number of data events, D, and the number of

predicted events at ND280 and Super-Kamiokande, determined by  and f. The
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product runs over all ND280 and SK bins. The oscillation priors are taken from
the posterior of the T2K joint v, and v, fit [1], which have a peak value for
bcp ~ —11/2.

The result of this analysis is a Bayes factor for p = 1 over = 0, Byg. This is
simply the likelihood ratio:

5 _ L(Dp=1)
Y L(DIp=0)

The Bayes factor describes how much the data favour g = 1 over p = 0, and
is the factor by which we must ‘update our beliefs” based on the data, D (ie.
the factor by which we must multiply the prior odds of two hypotheses to find
the posterior odds). For example, imagine that the fit result gives Bayes factor
Bip = 2. If we gave both B = 0 and B = 1 hypotheses equal a priori odds, we
would find a posterior odds ratio of 2 x 1 = 2. This is equivalent to a posterior
probability of 66.7% for B = 1, compared to a prior probability of 50% (since
the only possibilities for B are 0 and 1 in this model, we require the posterior
probabilities P(B = 0|D) + P(B = 1|D) = 1). However, one might argue that
this is a strange choice of prior odds for our situation: very few physicists would
agree that it’s equally likely for 7, appearance to occur or not occur. Therefore
consider a different prior, one in which the prior odds ratio for (8 =1)/(f = 0)
is 10 (meaning we believe a priori that = 1 is 10 times more likely to be true
than B = 0). In this case a Bayes factor of 2 would give a posterior ratio of
2 x 10 = 20, or a posterior probability of 95.2% (compared to a prior probability
of 90.9%).

The data set used for this analysis contains 3 events in the 1R, sample at
Super-Kamiokande. At the oscillation parameter values given in table we
expect ~ 1.3 events if B = 0 and ~ 3.7 events if § = 1. Examining the full range
dcp = [, 1] and both mass hierarchies, we predict between 3.7 and 5.3 events

for p = 1.
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The Bayes factor for this data fit is 1.1, which does not show strong evidence
in favour of the § = 1 hypothesis over § = 0. This may perhaps be understood
by examining the posterior distribution as a function of reconstructed energy.
Figure show this distribution, found using the posterior predictive method
described in section The posterior predictive procedure was repeated three
times: once sampling randomly from the entire posterior distribution (essentially
marginalising over ), once sampling only from steps in the posterior distribu-
tion with B = 1, and once sampling only from steps with p = 0. This enables
us to examine the overall posterior distribution as well as the best-fit spectra
for the two models individually. The result of sampling randomly from the en-
tire posterior distribution is shown as the 2D histogram in figure and the
best-fit reconstructed energy spectra assuming g = 0 and = 1 are overlaid in
blue and red respectively. This gives some insight into why the analysis is not
able to choose a preferred model: with this amount of data it is impossible to
resolve the posterior probability distributions as a function of reconstructed en-
ergy for the f = 0 and B = 1 models, which means that for many reconstructed
energies both hypotheses may be equally consistent with the data. With more
antineutrino-mode data we would expect the gap between the red and blue lines
to grow, giving the fit more power to choose between the models.

The Bayes factor presented here is consistent with the results found by the
two other analysis groups on T2K, which use a hybrid frequentist-Bayesian
framework. One of those analyses, which also bins the SK data and predic-
tion in reconstructed antineutrino energy, found a frequentist p-value of 0.16
and a marginal likelihood ratio (equivalent to the Bayes factor) of 1.1. The other
analysis, which bins the SK data and prediction in the momentum and angle
of the charged lepton produced in the neutrino interaction, found a frequent-
ist p-value of 0.34 and a marginal likelihood ratio of 0.6 (which is equivalent

to a Bayes factor of ~ 1.7 in favour of B = 0 over B = 1). All of these results
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are consistent: the p-values indicate no disagreement between the data and the
B = 0 hypothesis, and the Bayes factors are all sufficiently close to 1 that they do
not provide significant evidence in favour of either hypothesis. With this data
set, we cannot conclude that we have observed 7, appearance with statistical

significance.

e e B S B B B

— Best-fit spectrum (3 = 0)

— Best-fit spectrum (B= 1)

Events/ 50MeV

Posterior density (arbitrary units)

02 04 06 08 1 12
Reconstructed energy (GeV)

Figure A.2: Best-fit reconstructed energy spectrum for the SK RHC 1R, sample
in the 7, appearance analysis. The result of sampling the fit posterior 2500 times,
marginalising over B, is shown as the 2D histogram and the best-fit spectra for
the B = 0 and B = 1 models are overlaid. The reconstructed energies of the three
observed events are also indicated by the black arrows.
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A.3 7, Disappearance Measurement

The second analysis presented in this appendix is a measurement of ¥, disap-
pearance. It uses the antineutrino-mode T2K data to measure the antineutrino
oscillation parameters, which are not assumed to be equal to the neutrino oscil-
lation parameters (ie. CPT invariance is not assumed). This essentially doubles
the number of oscillation parameters considered: we assume that neutrino os-
cillation is governed by the parameters sin? 615, Am%l, sin? 6,3, Am%z, sin? 013,
and Jcp, but that the oscillation of antineutrinos is determined by the entirely
independent parameters sin® 15, A3, sin® 03, A, sin® 013, and dcp. If the
antineutrino oscillation parameters are found to be different from their neutrino
counterparts, that would suggest P(v,—v,)#P(7,—7,), which could be indicat-
ive of CPT violation or non-standard matter effects.

At the T2K baseline and neutrino energies, two parameters dominate the
muon antineutrino survival probability: sin?f; and Arm3,. These two paramet-
ers are allowed to vary with a flat prior in the ranges given in table and the
other antineutrino oscillation parameters, sin?#f;3, sin’ 0y, Am3,, and bcp, are
fixed to be identical to their matter counterparts. These and all neutrino oscil-
lation parameters are fixed to the best-fit values from previous T2K fits [1] or
the values given in the 2014 PDG [47], which ensures that the predicted neut-
rino background at the far detector is consistent with current world knowledge,
while we use the antineutrino-mode data to estimate sin? 6,3 and Amgz. The val-
ues given in table may differ from the values quoted from [1] in chapter
this is because the results of two analyses were reported in [1], with slightly
different — but consistent — best-fit values for the oscillation parameters. Fixing
the neutrino oscillation parameters is suitable in this case because the analysis is
entirely statistics-dominated. However, in future analyses with larger data sets
it would be more appropriate to vary the neutrino oscillation parameters within

the uncertainties given in the PDG, or (as has now been implemented at T2K in
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an update to this analysis) include all four SK data samples and allow the FHC

data to constrain the neutrino oscillation parameters.

Oscillation parameter | v v

sin? 63 0.527 0-1
Am3,(x10~3eV?) 2,51 0-20

sin? 613 0.0248

(5cp (rad.) -1.55
sin? 61, 0.304
Am3, (x10~%eV?) 7.53

Table A.2: Oscillation parameters used for the 7, disappearance analysis. The
fixed values of sin® 6,3, Am%z, sin” 013, and Jdcp are taken from previous T2K

results [1]. The values of sin® 6;, and Am%z are taken from the 2014 edition of the
Particle Data Booklet [47].

There are 34 events in the 1R, sample from antineutrino beam data used for
this analysis. Figure shows the predicted reconstructed energy spectrum
under the no-oscillation hypothesis, and the best-fit spectrum from the data fit,
along with the data. The lower plot shows the ratio of both data and best-fit
spectrum to the unoscillated prediction, which shows the characteristic ‘oscilla-
tion dip’ that is clear evidence of v oscillation. The binning shown in the plot
is coarser than the binning used for the data fit to reduce the effect of statistical

fluctuations in the figure.
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Figure A.3: Top: Best-fit reconstructed energy spectrum for the SK RHC
1R, sample in the 7, disapperance analysis, compared to the prediction in the
case of no neutrino oscillation. Data points are overlaid in black, with statistical
uncertainty. Bottom: Ratio of best-fit energy spectrum and data to the prediction
without oscillations.

The left-hand side of figure shows the 68% and 90% credible interval
contours in sin® f3-A3, compared to the credible interval contours from the
T2K vy +v, oscillation fit [1]. The antineutrino analysis has much larger contours
because it has much lower statistics than the neutrino analysis, but the results are
consistent: we see no evidence for CPT violation or non-standard matter effects.
Projecting the posterior probability distribution onto one dimension gives 68%

credible interval uncertainties on the best-fit estimates:

Sil’l2 523 = 0461—8(%
A%, = 250103 x 1072 eV?

The right-hand side of figure shows the credible interval contours from
this analysis overlaid with the 90% confidence level contours from v, disappear-

ance analyses by the MINOS [51] and Super-Kamiokande collaborations [59]
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which were shown in figure of chapter 2| The results of all three meas-
urements are consistent, although — as in section |6.3| - it is important to bear in
mind that credible intervals and confidence intervals are not directly compar-
able. MINOS and T2K favour non-maximal best-fit points of sin? f3, and have a
tighter constraint on A2, than Super-Kamiokande, and Super-Kamiokande and

T2K have tighter constraints on sin? 0,3 than MINOS, but all three results are in

agreement.
© g T T T <~ 0007p SRRRRRoRmRL AR
3 ooosel.  Ufitem e 9 fit: 68% E 3 F ) ea%jgc:em:{;
et e " E ~ 0006~ s T2K bestfit
NEm 0.0034F 4 Vfit: best fit v fit: 90% = NE% s SK best it (v am) 1
< 00032F e v fit: 68% e v fit: best fit 3 0.005~ —— SK90%(Vam,) -
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Figure A.4: 68% and 90% credible intervals in sin? 6723—An‘1§2 from the 7, dis-
appearance analysis. Left: overlaid with credible interval contours from the
T2K vy, + ve joint fit [1]. Right: overlaid with 90% confidence level contours
from similar analyses by the MINOS (using antineutrino-mode beam and atmo-
spheric data) [51]] and Super-Kamiokande collaborations (using atmospheric data
only) [59]. The MINOS contour was originally presented in terms of sin 26,3 and
had to be transformed to sin? 6,3 (hence the two best-fit points).

To conclude, this appendix has briefly presented two antineutrino oscillation
analyses which were performed on a subset of the T2K antineutrino data, as part
of the preparation for (and validation of) the joint neutrino-antineutrino analysis
presented in chapters [5| and [f} Both analyses are statistics-limited and will be

improved with additional antineutrino data in the future.
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Glossary and List of Acronyms

1R, Data sample at SK in which events are selected with only one reconstructed

Cherenkov ring and particle identification consistent with an electron.

1R, Data sample at SK in which events are selected with only one reconstructed

Cherenkov ring and particle identification consistent with a muon.

2p—2h A neutrino interaction mode in which a neutrino scatters from a multi-
nucleon state rather than a single nucleon. “2p-2h’ stands for “two particle-
two hole’, indicating that the neutrino interacts with a two-particle state,
leaving two ‘holes’ in the nucleus in the final state. Term used interchange-

ably in this thesis with ‘Meson Exchange Currents’, or ‘MEC’".

Antineutrino mode Beam configuration which produces a predominantly-v, neut-
rino beam. Term used interchangeably in this thesis with ‘Reverse Horn

Current’, or ‘RHC’.

Asimov fake data set A fake data set in which the full MC prediction, without

any statistical fluctuations, is used as the fake “data”.

BANFF Beam and ND280 Flux extrapolation task Force, a group on T2K which
tits only the ND280 data for those oscillation analyses which do not per-

form a simultaneous ND280-SK fit.
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Bayes factor A statistic used for Bayesian hypothesis testing. The Bayes factor is
equal to the likelihood ratio for two models, marginalised over all model
parameters, and represents the weight of evidence from the data in favour

of one model over another.

Bayes’ theorem A theorem relating the joint probability distribution (i.e. the
product of the likelihood and the prior probability distribution) and the

posterior probability distribution. Given in equation

CCQE Charged-Current Quasi-Elastic scattering. A neutrino interaction mode
in which a neutrino scatters from an entire nucleon, rather than its con-
stituent particles, in a 2-particle—2-particle interaction. This is the domin-
ant neutrino interaction process at T2K, and the interaction channel which

is used for the oscillation analysis.

Confidence interval Frequentist method of defining the uncertainty on a point
estimate. A 90% confidence interval is defined such that, should the exper-
iment be repeated 100 times, 90% of the best-fit points would lie within the

interval.

Credible interval Bayesian method of defining the uncertainty on a point es-
timate. A 90% credible interval is defined such that it contains 90% of the

posterior probability from a single experiment.

DIS Deep Inelastic Scattering. A neutrino interaction mode in which a neutrino
interacts with the constituent particles of a nucleon, rather than the nucleon
itself. When used in this thesis, refers to charged-current deep inelastic

scattering.

ECal Electromagentic Calorimeter, subdetector of ND280. ND280 contains two
ECals: the POD ECal (which surrounds the POD) and the tracker ECal
(which surrounds the TPCs and FGDs).
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E/ec Reconstructed neutrino energy, calculated under the assumption that a given
interaction was CCQE scattering of a neutrino or antineutrino from a sta-
tionary bound nucleon (using a binding energy of 27 MeV for interactions
on Oxygen at the far detector). The formula used to calculate the recon-

structed neutrino energy is given in equation

FGD Fine-Grained Detector, subdetector of ND280. ND280 contains two FGDs,
which provide a target for neutrino interactions: FGD1 (target material:

hydrocarbon) and FGD2 (target materials: hydrocarbon and water).

FHC Forward Horn Current, a beam configuration which produces a predominantly-
vy, neutrino beaem. Term used interchangeably in this thesis with ‘neutrino

mode’.

FSI Final State Interaction, in which a particle produced in a neutrino interaction

re-interacts in the nucleus before it is detected.

HPD credible interval Highest Posterior Density credible interval. A method
of defining credible intervals which requires that every point inside the
credible interval has a larger posterior probability density than every point
outside the interval. This definition is used to construct the credible inter-

vals presented in this thesis.
IH Inverted mass hierarchy, the neutrino mass ordering in which m3 < m3.

INGRID On-axis near detector for T2K. Located 280 m from the neutrino pro-

duction point, and on-axis with respect to the neutrino beam.

Joint probability distribution, P(D, ) Probability distribution for both the data
D and model parameters 6. Equal to a product of the prior distribution for

the model parameters, P(6), and a likelihood, P(D|6).

LFG Local Fermi Gas, a nuclear model used to simulate neutrino-nucleus inter-

actions.
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Likelihood, P (D|5) Probability of observing some set of data D given some

model parameter values 6.

Marginalisation Method for eliminating nuisance parameters from the posterior
distribution by integrating the posterior distribution over all unwanted

parameters.
MC Monte Carlo simulation.
MCMC Markov Chain Monte Carlo, the fitting method used in this thesis.

MEC Meson Exchange Currents. A neutrino interaction mode in which a neut-
rino scatters from a multi-nucleon state rather than a single nucleon. Term

used interchangeably in this thesis with “2p-2h’.

Micromegas detector A gaseous detector structure which has high granularity

and is capable of handling high signal rates [78,79].

MPPC Multi-Pixel Photon Counter. Used to detect scintillation light collected

on WLS fibres in INGRID and ND280 [75] .

NA61/SHINE A dedicated hadron-production experiment at the CERN SPS which
studies the particles produced when a 30 GeV proton beam interacts with
a graphite target. Data measurements from NA61/SHINE are used to tune
the T2K flux prediction.

ND Near Detector. Usually used in this thesis to refer to the T2K off-axis near

detector, ND280, which is used directly in the oscillation analysis fit.

ND280 Off-axis near detector for T2K. Located 280 m from the neutrino produc-
tion point, at the same off-axis angle with respect to the neutrino beam as

the far detector (2.5°).

NEUT Software used to simulate neutrino interactions and produce MC predic-

tions at the near and far detectors.
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Neutrino mode Beam configuration which produces a predominantly-v;, neut-
rino beam. Term used interchangeably in this thesis with ‘forward horn

current’, or ‘FHC'.
NH Normal mass hierarchy, the neutrino mass ordering in which m3 > m3.

NIWG Neutrino Interaction Working Group, a group on T2K which studies
neutrino interaction models using T2K and external data, and provides re-
commendations for cross-section parameterisations and uncertainties used

in the oscillation analysis.

Nuisance parameter A model parameter that affects the probability distribution
but which we don’t care about for its own sake (for example, a systematic
parameter). The posterior distribution is often marginalised over nuisance
parameters to find the probability only as a function of the parameters of

interest.

P-Theta One of the two other oscillation analysis groups on T2K, against whom

this analysis has been checked as part of the validation process.
POD 70 detector, subdetector of ND280.
PID Particle Identification.
PMT Photo-Multiplier Tube. Used to detect Cherenkov light produced in SK.

Posterior distribution, P (8] D) Probability distribution for some model para-

meters 6 given observed data D.
POT Protons On Target, a measure of the amount of data collected by T2K.

Prior probability distribution, P (67 ) Probability distribution for the model para-
meters, 6, which contains all prior knowledge about the parameters in the

model before the data are analysed.
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RES Resonance production, a neutrino interaction mode which often produces
a single pion in the final state. When used in this thesis, refers to charged-

current resonance production.

RFG Relativistic Fermi Gas, a nuclear model used to simulate neutrino-nucleus

interactions.

RHC Reverse Horn Current, a beam configuration which produces a predominantly-
7, neutrino beam. Term used interchangeably in this thesis with ‘antineut-

rino mode’.

RPA Random Phase Approximation, a nuclear model used to simulate neutrino-
nucleus interactions. Two RPA models are available: relativistic RPA and

non-relativistic RPA.

SF Spectral Function, a nuclear model used to simulate neutrino-nucleus inter-

actions.

SI Secondary Interaction, in which a particle produced in a neutrino interaction

re-interacts in the detector before it is measured.

SK/Super-K Super-Kamiokande, the far detector for T2K. Located 295 km from
the neutrino production point, off-axis by 2.5° with respect to the neutrino

beam.
SMRD Side Muon Ranging Detector, subdetector of ND280.

T2K-SK The group on T2K with responsibility for the SK data, MC prediction,

and detector systematic uncertainties.

TPC Time Projection Chamber, subdetector of ND280. ND280 contains three
TPCs, which are used for particle identification and to measure the mo-

mentum of products of neutrino interactions in the FGDs.

Tracker region of ND280 Collective name for the 2 FGDs and 3 TPCs in ND280.
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Trip-T front-end electronics boards Electronics boards used to read out signals
in INGRID and some of the ND280 subdetectors. Based on the Trip-T
chip, which was originally designed at Fermilab for the Tevatron D0 exper-

iment [75,76].

VaLOR One of the two other oscillation analysis groups on T2K, against whom

this analysis has been checked as part of the validation process.

WLS fibre Wavelength-Shifting fibre. Used to collect light produced in the scin-
tillator material of INGRID and ND280.



Appendix C

Oscillation Analysis Groups

on T2K

There are three oscillation analysis groups on T2K, named MaCh3 (described in
this thesis), VaLOR, and P-Theta. All three groups share the same inputs (Monte
Carlo predictions, parameterisation of systematic uncertainties, and pre-fit un-
certainties applied to systematic parameters) but have independent fitting frame-
works. Therefore, comparisons between the three groups are a very valuable tool
to validate the implementation of systematic uncertainties and MC predictions,
as well as the fitters themselves.

The main differences between the fitting frameworks used by the three groups

are summarised below.

Binning used for SK samples

— MaCh3: 1D E,,,

— P-Theta: 2D p-0

210
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Treatment of near detector

— MaCh3: Simultaneous fit with far detector

— VaLOR and P-Theta: ND-only fit from the BANFF group propagated

to SK and used as an input to an SK-only fit
Treatment of systematic parameters
— All analyses: Marginalisation
Fitting method

— MaCh3: MCMC

— VaLOR and P-Theta: Minimisation of parameters of interest, with nuis-

ance parameters marginalised using Monte Carlo sampling
Statistical approach

— MaCh3: Bayesian

— VaLOR and P-Theta: Hybrid Frequentist-Bayesian
Primary result

— MuaCh3: Credible intervals

— VaLOR and P-Theta: Confidence intervals
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