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SUMMARY

Magma transport in dikes is usually modelled by means of lubrication theory, assuming that
magma properties are uniform across the dike. We explore the influence of cross-dike tem-
perature heterogeneity on the dynamics of dike propagation using a quasi-2-D model, derived
from a full 2-D model with an assumption of small width to length ratio. The model couples
elastic fracture mechanics with multiphase magma flow, solving the governing equations using
a hybrid numerical approach that combines the Displacement Discontinuity Method for elas-
ticity with finite volume discretization for fluid flow and heat transfer. The model includes heat
exchange with wall rocks, shear heating and latent heat release. It accounts for non-equilibrium
magma crystallization, implementing temperature-dependent crystallization kinetics using an
Arrhenius formulation for the relaxation timescale. As a case study, we simulate the ascent
of a volatile-rich dacite from a source at 30 km depth. The distribution of temperature, crys-
tallinity and, thus, viscosity across the dike leads to a plug-like velocity profile with magma
stagnation near the walls, substantially different from the parabolic Poiseuille flow assumed
in classical lubrication theory. With temperature-dependent crystallization rate, rapid cooling
of magma near the dike walls can generate a glassy chilled margin. The adjacent magma
has higher crystallinity due to intermediate cooling rates, while the hotter core remains de-
pleted in crystals throughout dike propagation. The dike propagates further and is thinner than
predicted by (1-D) lubrication theory because the low-viscosity core continues to facilitate
vertical transport while the wall zones become progressively more viscous due to cooling and
crystallization. The latent heat of crystallization can have a substantial impact in slowing down
cooling and prolonging propagation. Other important factors include the characteristic crystal
growth time, initial magma temperature and water content. Our quasi-2-D approach bridges
the gap between oversimplified 1-D models and computationally expensive 3-D simulations,
providing a practical framework for investigating magma transport in silicic dikes.

Key words: Lava rheology and morphology; Magma migration and fragmentation; Physics
of magma and magma bodies.

and magma propagation (Rubin 1995; Gudmundsson 2006; Rivalta

1 INTRODUCTION

Dikes are magma-filled fractures that propagate through the litho-
sphere, playing a critical role in Earth crust formation and magma
transport. Thus, predicting dike propagation and emplacement is
critical for the understanding of the evolution of magmatic systems
and prediction of volcanic eruptions. This study models vertical dike
propagation driven by magma buoyancy, although the main findings
are also applicable to inclined dikes. We focus on how variations
in temperature and crystal content across the dike influence magma
propagation and stagnation dynamics. We do not explore the in-
fluence of the tectonic settings and topography on dike initiation

et al. 2015; Acocella et al. 2024; Rivalta & Chamberlain 2025).
All existing 1-D dike models (Lister & Kerr 1991; Roper & Lis-
ter 2007; Davis et al. 2023 ) neglect lateral variations in the physical
properties of magma, potentially oversimplifying the dynamics of
the ascent. Based on the classical analytical Poiseuille solution for
the velocity field, these models link analytically the pressure drop
along the dike with its thickness, flow rate and viscosity. This as-
sumption is valid for thin dikes where temperature equilibration
across the dike happens on timescales that are much shorter, than
the timescale of magma propagation or very thick dikes, as the heat
loss during their propagation is negligible. Below we show that for a

© The Author(s) 2025. Published by Oxford University Press on behalf of The Royal Astronomical Society. This is an Open Access

article distributed under the terms of the Creative Commons Attribution License (https://creativecommons.org/licenses/by/4.0/), which
permits unrestricted reuse, distribution, and reproduction in any medium, provided the original work is properly cited.


http://orcid.org/0000-0001-7831-434X
http://orcid.org/0000-0002-4655-5269
mailto:oleg.melnik@earth.ox.ac.uk
https://creativecommons.org/licenses/by/4.0/

2 R. Abdullin, O. Melnik and A. Rust

wide range of parameters, cross-section variations of temperature,
crystal content and, thus viscosity have a major control on dike
propagation.

The model presented below is based on Abdullin et al. (2024)
that incorporated volatile exsolution, equilibrium crystallization and
heat exchange with wall rocks. They found that due to degassing-
induced crystallization governed by the liquidus temperature in-
crease as a consequence of water exsolution, the dike propagation
slows down, magma progressively cools and crystallize and, finally,
becomes arrested. For a given magma composition and a source
depth, the ascent rate and arrest depth depend on, among other fac-
tors, the amount of magma injected into the dike at depth, and its
initial volatile content and temperature.

In this study, we extend the model of Abdullin ez al. (2024) to
a 2-D framework to account for variations in physical parameters
across the width of the dike to investigate the impact of crystal-
lization kinetics, latent heat and melt viscosity variations on dike
propagation dynamics.

We develop and validate an efficient numerical algorithm based
on the Displacement Discontinuity Method (DDM) and a finite
volume scheme to enhance our understanding of magma transport
in silicic systems that, for example lead to formation of as porphyry-
type ore deposits (Carter et al. 2021). To facilitate comparison
with results of Abdullin et al. (2024), we use the same volatile-
saturated dacitic magma composition and the same reference values
of model parameters. This includes a very deep source depth of
30 km, originally motivated by geochemical evidence for deep,
wet sources for hypabyssal intrusions associated with economic
porphyry ore deposits.

This paper is organized as follows. Section 2 formulates the gov-
erning equations based on elastic response of surrounding rock.
Magma flow is described by Navier—Stokes equations. We subse-
quently provide a simplified version of these equations. Section 2.4
presents the balance equations for the different phases in magma
and details the magma rheology. Section 3 describes the numer-
ical implementation of the model. Section 4 provides results of a
quasi-2-D simulations and compares with the 1-D case. Finally, Ap-
pendix A provides details on the simplification of the Navier—Stokes
equations used in the model.

2 MATHEMATICAL MODEL FOR A
MAGMA ASCENT

This section presents the governing equations for magma transport
through a vertical dike, modelled as a planar fracture that propagates
upward due to buoyancy. The magma is treated as a multiphase
medium, incorporating volatile species (H,O and CO,) and crystals
growing due to decompression and cooling of the magma. We allow
physical parameters such as viscosity and temperature to vary both
vertically along the dike and horizontally across its width. We also
assume that the width of the dike is much smaller than its length.

2.1 Dike propagation equations

The dike propagates in the vertical direction x into an elastic
medium (see Fig. 1). Let w denote the fracture width and p the
magma pressure. Assuming symmetry with respect to the vertical
x-axis, we restrict our analysis to the left half-plane. The dike do-
main is bounded by y = 0 and y = h(x, t), where & = w/2 is the
fracture half-width.

Figure 1. Schematic illustration of dike (darker colour) propagating verti-
cally along the x-axis. The fracture extends from the inlet at x = x. to the
current tip position at x = x¢p(¢), with total length /(z). The fracture width
is denoted by w(x, t), and the half-width by %4(x, ) = w(x, t)/2. Note that
the lateral extent of the host rock is greater than shown, so that boundary
effects do not influence the dike.

To simplify the mathematical formulation, we define separate
coordinate systems for the magma and the surrounding host rock.
The vertical x-axis is shared by both systems, while the y-axis origin
differs:

(i) For the magma inside the dike: the origin is at the centreline
of the dike (the symmetry axis).

(i1) For the host rock: the origin is located at the dike wall y =
h(x,t).

The integral equation of linear elasticity relates the fracture open-
ing w to the normal stress change along the dike—from its ambient
value oy to the current value governed by the magma pressure p
and the cohesive stress ogop:

Xtip(7)

E' dw(s, ds
P, 1) = 00(x) + Oeon(w(x, 1) = 7~ / w;z t)m’

(M

where £’ = E /(1 — v?) is the plane strain modulus, x, is the depth
of the magma chamber (source) and xp(¢) is the position of the
dike tip. A cohesive zone model is employed for the propagation
condition. The cohesive stress weakens as the fracture opening in-
creases, decreasing linearly from its peak value o, at w = 0 to zero
at or above the critical cohesive fracture opening w > w,. (Golovin
& Baykin 2018; Garagash 2019). The following linear law for the
cohesive stress is used

w

o |1——),0<w< w,,
Gcoh(w)z C( wc) = S
0, w > We.

@

Equating the work of the cohesive stress to Griffith’s fracture energy
G, = [ ocon(w)dw (Griffith 1921) gives w, = 2G./o,. For suffi-

0
ciently long fractures, the fracture energy is related to the fracture


art/ggaf447_f1.eps

QZJ TVW*%

A “@ng)

S A

Ax

~__ z
A\ >

Figure 2. Structured rectangular mesh used to discretize the magma domain.

toughness K. via [rwin’s formula (Irwin 1957): K. =

/ lEjfi . The
cohesive strength o, can be adjusted to control the cohesive zone
length in the numerical simulations (Baykin et al. 2023).

We note that eq. (1) does not strictly satisfy the traction-free
boundary condition at x = 0 (Roper & Lister 2005). However, for
sufficiently long dikes originating from deep magma sources, the
influence of the free surface is negligible (Dontsov 2016). In this
work, we neglect tectonic contributions to the ambient stress (Rubin
1995) and assume it to be purely lithostatic: og = pjm(x), where the

0
lithostatic pressure is given by pim(x) = [ p.(s)g ds.

2.2 Magma flow equations

We define the phase volume fractions as follows: «, and o represent
the volume fractions of exsolved and dissolved gas, respectively; o,
corresponds to the liquid melt fraction; and «. denotes the fraction
of solid crystals. In this study, following arguments in Abdullin et al.
(2024) we assume that the relative velocity between gas bubbles and
melt is negligible, enabling us to treat the entire multiphase magma
as sharing a single velocity field. Under this assumption, the mass
conservation law for each phase takes the form:
EPN LY - (anpn) = Ty, G)
where u = (u, v) is the magma flow velocity field, with # and v
representing the velocities in the vertical (x) and transversal (y)
directions respectively, and py is the density of phase N for N =
g, d, m, c. Iy is the rate of mass transfer to the phase N from the
other phases per unit total volume.

With the assumption of identical velocities across all phases, the
conservation laws can be expressed in terms of the bulk magma

density p = Y anpy
N

3
L1V (pu) =0, )
o1

3

%-}—V-(puu):—Vp—{—pg—i—Vw, )
3(pCT

%+V-(pCTu)=V-(kVT)+r:Vu+d>c. ©6)

In these equations, uu denotes the outer product of the velocity vec-
tor, g = (—g, 0) is the gravitational acceleration, C is the specific
heat capacity, 7' is temperature and k is the thermal conductivity
of the magma. Here, V- and V denote the divergence and gradient
operators, respectively.
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To describe the viscous response of the magma, we assume a
Newtonian rheology where the shear stress tensor 7 is related to the
strain rate as:

T=uU [Vu + (Vu)T] , (7)

where p is the magma viscosity, which depends on temperature,
dissolved volatile content and crystallinity. The functional form of
w 1s detailed in Section 2.4. The term 7 : Vu in eq. (6) accounts
for viscous dissipation (shear heating) during magma flow (Rubin
1995). The final term, ®,., represents the latent heat released during
crystallization:

d(acpe)
ot
Boundary conditions are imposed to reflect symmetry at the dike

centreline y = 0 and no-slip behaviour at the fracture wall y =
h(x,t):

b, =L" |: + V- (otcpcu)i| =L"T. (8)

9
My =0: 2 _0,v=0,
ay
oh
= h(x,1): =0,v=—. 9
y=hton: u=0v=" ©)

The inflow of magma from the chamber is characterized by the
source mass flux 0, at x = x¢:

h(xen. 1)
0,=2 / pudy. (10)
0
To determine the temperature field 7, in the surrounding host
rock, we consider the heat conduction equation:
3(p.C.T;)
at

where C, and k, denote the specific heat capacity and the thermal
conductivity of the host rock, respectively. The initial thermal state
of the host rock is prescribed by the geothermal gradient, assumed
as a linear function of depth:

T'x) = Ty + Gx, (12)

=V (kVT), (11)

where 7 is the reference surface temperature and G is the constant
geothermal gradient. At the outer boundary y = L,, a Dirichlet
condition is imposed:

L Dl = TG0, (13)

y=L,
The domain size L, is selected large enough to prevent boundary
effects from influencing the solution near the dike.

At the dike wall y = h(x, t), thermal continuity conditions are
enforced for both temperature and heat flux:

Tlyeheny = T|y=o
ar a7, (14)
@ y=h(x,t)y = Kr ayr =0 -

At the symmetry axis y = 0, a zero heat flux (Neumann) condition
is imposed:

oT
ay

vmo =0. (15)

2.3 Simplified governing equations

To reduce the system, we assume a low Reynolds number regime
(Re = puw/ ), appropriate for highly viscous, silica-rich mag-
mas. Under this assumption, inertial effects are negligible. The full
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Semi-implicit scheme

- > " =" At
Y
P = p(p", T"; o)
Update p™™' = u(p", T"; oy, X)
a7V+elq aneq(pn7 TTL, a%)
Y
Find p™*!, h"*! solving
I —[E+o,(2h9)] | [P a0 + Ocon(2h¥)
—=n+1 = ”
piT Ax k+1 AT, %
A R I h ~ h" + d(xo)
s A4 M
Compute vertical fluxes U, ey,
s A\ 4 N
Compute horizontal fluxes V il
(. > 2
s A\ 4 2!
Update crystal content 5"!
e ‘r N\
Solve energy balance T
Y
. " = tn+1

Figure 3. Computational algorithm for the coupled magma propagation model used in this study.

derivation is provided in Appendix A, and the resulting simplified
eqs (4)—(6) are:

ad d d
9 pu) | 3pv) _ 0. (16)
ot ox ay
ap a ou
- —) =0, 17
o et o oy (”ay) (a7
3pCT) d(pCTu) d(pCTv)
+
ot ox ay
(18)

_ (T L (o 2+©
BETANE AR -

Note that the momentum balance for the transverse velocity compo-
P . .
nent v I‘edl.ICQS to ﬁ = 0, implying that the pressure depends only
on the vertical coordinate: p = p(x, ?).
In eq. (18), the conductive term kV T is approximated by k37,
justified by the high aspect ratio (length > width) of the dlke

Similarly, the host rock conduction eq. (11) simplifies to:

Wp.CT) _ 0 (9T,
(8 57).

ot dy
2.4 Magma properties

= (19)

This subsection introduces the equations that govern phase transi-
tions within magma and describes how magma viscosity is mod-
elled. Because dissolved volatile concentrations are typically ex-
pressed in mass fractions, we adopt a notation consistent with pre-
vious studies (Melnik & Sparks 1999, 2002; Abdullin et al. 2024).

We define o as the volume fraction of exsolved gas (bubbles),
and g as the volume fraction of crystals in the bubble-free melt. The
variables cy,0 and cco, denote the mass fractions of dissolved water
and carbon dioxide in the melt, respectively. The phase volume and
mass fractions satisfy the following relations:
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Table 1. Model parameters and their reference values
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Parameter Description Reference value Units
C Specific heat capacity of magma 1200 J(kg-K)~!
C, Specific heat capacity of host rock 1200 T (kg- K)~!
CH,0,ch Initial dissolved water content 6.18 wt per cent
E Young’s modulus of host rock 20 GPa
E, Activation energy for relaxation time 210 kJmol !
G Geothermal gradient 30 °Ckm™!
g Acceleration due to gravity 9.81 ms—2
K. Fracture toughness 1 MPa- m!/2
k Thermal conductivity of magma 2 W (m- K)~!
k- Thermal conductivity of host rock 2 W (m- K)~!
L* Latent heat of crystallization 350 kI kg™!
Ny, Number of cells in transverse direction 30 -
Om Source magma mass flux per unit breadth 2000 kg (m-s)~!
To Reference surface temperature 0 °C
Teh Initial magma temperature 900 °C
70 Pre-exponential factor for crystal relaxation 1x107¢ s
tch Injection duration (non-zero Q,,) 15000 s
Ax Cell size in vertical direction 100 m
Xch Depth of magma chamber 30 km
v Poisson’s ratio of rock 0.25 -
Pe Density of crystalline phase 2700 kg m~3
£d,CO, Density of dissolved carbon dioxide 1400 kg m™3
£d.H,0 Density of dissolved water 900 kg m~3
Pm liq Density of liquid melt phase 2360 kgm™3
pr Host rock density 2700 kg m~3
where 7, is a reference timescale, £, is the activation energy, T
a, =a, (20) is the magma temperature (in K) and R = 8.314J (mol - K)~! is
the universal gas constant. The value of the activation energy £,
a. = (1 —a)B, 21 depends on the magma composition and minerals that are growing.
As crystallization involves diffusion of major elements towards and
aqps = (1 —a)(l = B)(cuo + cco,)Pms (22) away from crystal-melt interfaces, the value of £, should be the
same order as activation energies of network-forming cations (Si,
apr = (1 —a)(1 = B)(1 — cuyo — €co,)Pm- (23) Al) and network-modifiers (Na, K, Ca, Mg, Fe). Typical ranges of

The density of the liquid melt p,, is computed from the partial
contributions of its dissolved constituents:

oy = 1/( Cmo | Cco I —cuyo0 —Ccoz> (24)
Pd, Hy0 Pd, CO, Pm, liq

In this expression, pg, 1,0 and pg, co, denote the densities of water
and carbon dioxide dissolved in the melt, while p,, 14 is the density
of the volatile-free melt. To determine fluid saturation conditions in
the H,O—CO, system, we use the MagmaSat model of Ghiorso &
Gualda (2015), implemented within the VESIcal software package
(Tacovino et al. 2021).

The evolution of the crystal content is governed by the mass
balance eq. (3). Degassing-induced crystallization is modelled using
as a simplified first-order kinetic law (La Spina ez al. 2015; Tsepelev
et al. 2020):

I(J = _L = _(1 - a)pcria (25)
where B is the equilibrium crystal volume fraction, and 7. is
the characteristic time required for the crystal content to approach
equilibrium. While previous studies (La Spina ez al. 2015; Tsepelev
et al. 2020) used a constant value for 7., we adopt a temperature-
dependent Arrhenius formulation:

E
.=T10exp| — ), 26
PR

E, are of the order of 100-250 kJ mol~! (Zhang et al. 2010). In this
paper, we chose a representative value of 200 kJ mol~"'.

This formulation accounts for the enhanced crystallization rate
at higher temperatures. See Fig. S2 of the Supplementary Materials
for a plot of the temperature dependence of 7, for 7y = 107° s. This
value gives characteristic equilibration times of ~ 15 min at 950 °C
to 7 hr at 780 °C (the value of the storage temperature of Pinatubo
magma; Hammer & Rutherford 2002). Total crystallization time
will be longer as the growth rate decreases at low degrees of magma
supersaturation.

Following Abdullin et al. (2024), the equilibrium crystallinity,
liquidus and solidus are based on fits to data from laboratory exper-
iments. The equilibrium crystallinity, B.q is expressed as a function
of the reduced temperature 7" = (T — Ts)/(T, — Ts):

Beq = [1+CXp(aF+bFT,+CFT,2+dFT’3)]_1’ (27)

with fitted coefficients ar = —4.974, by = 28.623, ¢ = —52.708
and dr = 34.816.

The liquidus (77 ) and solidus (7) temperatures are modelled as
functions of pressure p (in kbar) and water molar fraction Xy,o:

d,
TL=aL+pr—XHzo(cL+pr——L >+ATL, (28)
ptesr

d
P +S65> ' 9

Ts =as+bsp — Xuo (CS + fsp —
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Figure 4. The propagation of a dike based on the implemented algorithm at approximately 44.4 hr after injection initiation. Panels from left to right show
temperature distribution, crystal concentration, viscosity and vertical velocity profiles at selected depths indicated by horizontal lines: solid (25 km), dashed
(15 km) and dash-dotted (8 km). The simulation employs the kinetic law (26) with 7o = 10~ s (Fig. S2, Supplementary Materials) and the parameters from

Table 1.

where Xy,0 = Ci,0/(Cyo + Cco,). The empirical coefficients in
eqs (28)—(29) are:

(i) Liquidus: a; = 1205.7, b, = 6.0, ¢, = 285.7, d;, = 200.0,
er =07, fL = 110,

(i1) Solidus: as = 854.1, bs = 6.0, cs = 224.1,ds = 80.0, e5 =
0.36, fs = 6.0.

The term AT, = 1287.6 — 20.15 - SiO, accounts for composi-
tional correction based on silica content (in wt. per cent).

Magma viscosity u depends on temperature 7" and melt compo-
sition X, with a strong sensitivity to dissolved water content cy,o
(Abdullin et al. 2024). It is modelled as:

= un(T, X) - 0(B). (30)

where w,,(T, X), evaluated using the model of Giordano et al.
(2008). The effect of crystals on the bulk magma viscosity is cap-
tured by the function 6(8), defined as (Costa et al. 2009):

1+ (ﬁﬁ)‘S o

_ Ned s 1V
(1 8erf[E[l+E] })

0(B) = o(B) -

The function ¢(8) accounts for compositional changes associated
with crystal growth (Dirksen ef al. 2006):

$(B) = exp[a1(B — Bn) + a2(B — Bun)’] - (32)

In this study following Dirksen ez al. (2006), we use the follow-
ing parameters: 8* = 0.67, y =3.99, § = 16.94, ¢ = 0.999916,
a; = 4.33 and a, = 10.48. A more accurate calibration for partic-
ular magma composition can be achieved by linking the code with
thermodynamic software, for example, rhyolite Melts (Ghiorso &
Gualda 2015).

3 NUMERICAL METHOD

This section outlines the numerical implementation of the governing
equations for magma flow and fracture propagation, as introduced
in the previous section. Due to the time-dependent variation in dike
half-width, we introduce a moving coordinate system:

f
X,
’ (33)

h(x,t)

e =~
Il
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Figure 5. Dike propagation at approximately 44.4 hr after injection initiation, using constant relaxation crystallization model with 7. = 20 s. This short
timescale means the crystalinities are approximately equilibrium values. Panels from left to right show temperature distribution, crystal concentration, viscosity
and vertical velocity profiles at selected depths indicated by horizontal lines: solid (25 km), dashed (15 km) and dash-dotted (8 km).

In these new coordinates, the magma domain is confined within the
interval £ € [0, 1]. Applying the chain rule for partial differentia-
tion, we obtain the following transformation relations:

9 9 &h D
ar ~ 9F  h 9&°

o _ 9 34
ax  9x  h dg’ (34)
3 19

dy  hoE’

This transformation maps the physical domain onto a fixed com-
putational domain, such that the dike wall remains at § = 1. This
simplifies the enforcement of boundary conditions and the numeri-
cal discretization procedure.

Applying this coordinate transformation to eqs (16)—(18) yields
the following transformed system:

d(ph)  d(phu) = 3(pV)
a7 0w 9E 0. (35)

ap 13 [ du)
TR 124 hjﬁ <M£) =0, (36)
d(pCTh) d(pCThu) d(pCTD)

. — +
a7 9% PR

19 [, 0T\ pn(ou)\’ 37

= ae (452) 5 (G ) oo

where v = v — &h, — £h,u. Eqs (16) and (18) are multiplied by 4 to
avoid division by zero and to simplify the transformed expressions.
For notational clarity, we omit tildes on 7 and % in what follows.

The symmetry condition at £ = 0 and the no-slip boundary at the
dike wall (¢ = 1) translate into the following conditions:

0: o

§=0:7 : =0
E=1:u=0,

v=0. (38)
v=0.

Integrating the mass conservation eq. (35) over the transverse
coordinate £ € [0, 1], we obtain:
aph  doqh 0

a - ax
1 1
where p = / pdé and ¢ = / pu dé are the mean density and
0 0
vertical mass rate, respectively.

The numerical method employed combines the Displacement
Discontinuity Method (Crouch ef al. 1983) for solving the elastic-
ity eq. (1) with a modified finite volume method for magma flow
(eqs 35-37). The domain is discretized using a structured rectan-
gular mesh in both the vertical (x) and transverse (§) directions, as
illustrated in Fig.2 The x-axis is divided into N, segments of length
Ax with centres at x;, and the interval [0,1] in the &-direction is
partitioned into N, segments of length A& with centres at &;. Each
control volume £;; is centred at (x;, £;), and cell-averaged values

(39
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Figure 6. Dike propagation at approximately 44.4 hr after injection initiation, using constant relaxation crystallization model with 7. = 1 week. Panels from
left to right show temperature distribution, crystal concentration, viscosity and vertical velocity profiles at selected depths indicated by horizontal lines: solid

(25 km), dashed (15 km) and dash-dotted (8 km).

of magma properties—such as pressure, temperature, density and
viscosity—are stored at these locations.

Integrating the mass conservation eq. (35) over the control vol-
ume 2;; gives:

i'hi n+l _ i'hi n
(10] ) (101 )AXA%'-F(,OU)Y.H}

LA +1 ALY (40)
_ n n _ n —

(PUYZ) eV — V), =0

Here, U, , 1 and V; 1 are the volumetric fluxes across the vertical

and horizontal faces of cell €;;, respectively, and are given by (see
Fig. 2):

i1
2 A1)

Within each finite volume 2;;, the vertical velocity component «

is approximated using a second-order polynomial in &:
uy = A€ + Bij€ + Cij. (42)

Continuity of velocity and tangential shear stress is enforced at the
interface & = & i+l between adjacent cells:

(43)

s, = tirnl
ij E=§j+% i,j+1 §=§]+% B

ou;; ou; 41

Hij = . = Wi j+1 8J+ (44)

§ S=§]. 1 § €=Ei+%
Using these conditions and eq. (36) we get

h* (dp
Aij = — (* + Pg) s (45)

Mij dx i+l

Aij 5/2+% +B,'j §/+% +Cij (46)
= Ai.j+1§f+% + Bi jt1 §j+% + Ci 1,

iy (2456, + By)

j 7 Sj+3 j (47)

= Wi j+1 (2Ai,j+1 §/+% + Bi.j+1) .

We assume that the combined pressure gradient and gravitational
force tgrm (g—i + pg) is approximately constant within each cell in
the & direction:

a a
(5] (o),
dx i+1.j dx i+3

Following this condition and eq. (47) we have B;; = 0. Denoting
Aij = a,-jhz (% +ﬁg)l+% and C,] = Cl'jhz (% +ﬁg)t+% we get

(48)

1
zﬂij’

2
¢j = (ajn —a;)éH% + ¢yt

ca,j =

(49)
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Using no-slip condition (9) we have CN, = an,- Together, these
conditions uniquely determine the polynomial coefficients a; and
c; in each cell. Finally, we get

ap

— 3 =

Ui+%,j - )‘i+%,jhi+% (ax +pg>i+1 , (50)

2

where
$i+%

hirly = / (a8 +¢;) dé. G
£ 1
/72

The discrete form of the integrated mass balance eq. (39) is
obtained by summing eq. (40) across all cells in the & direction:

@ih)"! — (@ihi)"
At

Here, M, ! is a total mass rate between adjacent control volumes
along the vertical (x) direction

Ax—l—]\/[H%—]V[F%:O. (52)

Ny
My, = E :/’UUH%.]'
=1

1

Ny

p | _
Zpij)\'i+%,j h,3+% <£+Pg> . (53)
j=1 i+

The pressure gradient term g—f is approximated using a central dif-

ap ~ Pit1—Di
ference scheme as (M)i+ R

A quasi-2-D model of dike propagation 9

(a)

== (uasi-2d
—101 —m= 1d
) === (uasi-2d, episodic
o] - -
g == 1d, episodic - olle= === —
g —20
=
_30 L T T T
1 10 100
Time (h)
(b)

1 4
z
B 0.1 3
> iy
£ 0.014 == (uasi-2d
% == 1d
> == quasi-2d, episodic

== 1d, episodic
1 10 100
Time (h)

Figure 8. Dike front evolution (a) and ascent velocity (b) for the quasi-2-D
model and the 1-D approximation. For all magma injected steadily in first
15000 s (4 hr), the quasi-2-D model (black) predicts a faster ascent and
shallower final arrest depth due to transverse gradients in temperature and
viscosity, which are absent in the 1-D model (red). Results for the episodic
injection case with the same total magma volume injected are shown by
the blue (quasi-2-D) and green (1-D) lines. For these, half the volume was
injected over the first 2 hr, followed by a 1 week (168 hr) pause before the
rest was injected over 2 hr.

After each time step, magma properties at #"*!—including den-
sity, viscosity and equilibrium crystallinity—are updated using state
variables from the previous time level ¢":

= f(pt T ). (54
Then, these updated parameters are used to evaluate the velocity
coefficients in eq. (50).

The elasticity eq. (1) is discretized using the Displacement Dis-
continuity Method. For this, we assume that the pressure and the

half-width are represented as piecewise constant functions, so that
the integral can be evaluated analytically and written in closed form

Pi = Olin,i + Ocon(w;) + Z Eijhj, (55)
J

where E;; is the elastic contribution of segment with centre x; on
segment with centre x;

z. E’ 1 1 (56)
Yo \x —x Xi—x.1/"

Jts Jj=3

Let p be the magma pressure vector, A the of half-width vector
and E the elasticity matrix computed via eq. (56). The matrix A =
A(p**', h*) arises from eq. (52) and is defined componentwise as

[Ap) = M, (P 1Y) = M, () i), (57)

After discretization, we arrive at the following coupled linear sys-
tem, solved via fixed-point iteration with respect to index %, to
compute the updated pressure p"*! and half-width A"+!:

(11 -[E+ agoh(zhk)]) (p"“) ( 0+ O ean(2h") ) )
S+ Ay =\|_.. .
A pT]I )Lan K’AA’)L h" + sz S(XCH)
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Figure 10. Evolution of maximum dike width for the quasi-2-D model
(black) and the 1-D approximation (red).

The term %S(xch) originates from the inlet boundary condition at
the magma chamber (10). Since the elasticity matrix E is dense, di-
rectly solving the coupled system (58) is computationally expensive.
To reduce cost, EA**! is approximated by a decomposition:

ER ~ B hH + B, b, (59)

where E, is a tridiagonal matrix and E, = E — E,. This approxima-
tion yields a sparse system matrix.

After computing the updated pressure p”*' and half-width A" +!,
the horizontal fluxes U are evaluated using eq. (50). These fluxes
are used in the discrete mass eq. (40) to compute the transverse
fluxes V' via an upwind scheme.

The evolution of crystal content is described by the mass conser-
vation equation for the crystal phase (3). Its discretization over the
control volume €;; yields:

(acpeh)" ~(acpch; | 1
LD AX A + (eep UY
—(@epU) ] +(@ep V) — (aepe V) (60)
i=3.J Ljty Lj=3
= —(1 —a)p. 2 h; Ax A,

T

where . = (1 — )8 from (21).

The energy balance eq. (37) is discretized in a manner analogous
to the mass balance equation. Integrating over the control volume
Q;; gives the following discrete form:

(pCATY! ' —~(pChT ).
CED T AYAE + (CTUY
2

—(pCTUY 4+ (oCTVY ', — (pCTVY"™*,
i=5.7 iLj+5 Lj=7

oT oT
AL AL (61)
I {( € ),,H; ( 3 >u—J+

C(ou\?
2 (Z2) A AE + hy(®.); Ax AL,
i\ 9g J

The conduction heat flux is approximated using a central difference
scheme, (k % )

the surrounding rock (19) is discretized similarly:

T . — T . . . .
A k-2 ) The heat conduction equation in
[,j+l Ejr1—§)

(oG T (0 G T AxAy
Ly e .

At
a7, o7, 62

= (k, ) Ax — (k,—) Ax. 62)
ay i) ay /-1

2

The linear systems (61) and (62) are solved efficiently by decom-
position into tridiagonal systems along the transverse directions &
and y,, significantly reducing computational cost.

The discretized equations are assembled into a semi-implicit al-
gorithm that updates all variables in a consistent sequence. Fig. 3
presents the overall structure of the method, outlining the update
sequence for pressure, fracture width, velocity field and thermody-
namic variables.

4 SIMULATION RESULTS

4.1 Verification

We verified our numerical method by comparing simulation re-
sults to the classical Roper—Lister solution (Roper & Lister 2007),
which describes buoyancy-driven propagation of a viscous, isother-
mal fluid in an elastic half-space. Mesh sensitivity studies confirmed
numerical convergence, and further details of these tests are pro-
vided in the Section S2 of the Supplementary Material.

4.2 Crystal kinetics

The simulation results for the basic set of parameters listed in Table 1
are shown in Fig.4 The first, second and third panels illustrate the
temperature, crystal content and viscosity of magma in the dike
after arrest. At the margin of the dike the magma cools rapidly and
crystallization is suppressed, leading to formation of a glassy chilled
margin because the rate of crystal growth decreases exponentially
with decreasing temperature (see eq. 26). Further inside the dike a
localized area of crystal-rich magma develops. In contrast, the dike
core remains hotter and less crystalline during the whole period
of magma propagation. As the arrested magma cools, the interior
of the dike also progressively crystallizes. The lateral variations
in magma rheology during ascent due to variations in crystallinity
and temperature across the dike, significantly modifies the flow
structure: the vertical velocity profiles (Fig. 4 right panel) reveal
a marked reduction in velocity near the walls, deviating from the
classical parabolic (Poiseuille) profile.

The presence of a chilled (glassy) margin only occurs when the
relaxation time in eq. (25) depends on the temperature. This effect
is absent in models that assume a constant crystallization relax-
ation time, .. Fig. 5 demonstrates a simulation employing a small
constant 7. = 20 s, which makes crystallization sufficiently quick
to serve as an approximation for the equilibrium condition where
B = Beq- In this case, no distinct chilled margin is formed, and crys-
tal concentration and viscosity change more gradually. Additionally,
Fig. 6 presents a simulation with a much larger constant relaxation
time, 7. = 1 week, showing a further reduction in gradients and an
even more uniform distribution of crystals and viscosity across the
dike. Notably, for larger crystal growth times, the dike front arrests
at a greater depth (see Fig. 7a), even though the total crystal content
is reduced. This occurs because crystallization releases latent heat,
increasing the magma temperature within the dike, as demonstrated
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Figure 11. Dike front evolution (a) and ascent velocity (b) for different
initial water contents (3.85 wt. per cent, 6.18 wt. per cent and 9.57 wt. per
cent). Increased water content leads to faster propagation due to significantly
lower melt viscosity, as predicted by the Giordano viscosity model (Giordano
et al. 2008).

by the hotter dike core for simulations with shorter 7. that have more
crystallization on the dike margins (Figs 5 and 6). Thus, despite the
lower total crystal content, the dike core is cooler and more vis-
cous for the larger crystal growth time. The magma of the dike tail,
which is hotter than the magma in the head, remains more mobile,
allowing continued flow towards the tip. As a result, the dike head
width continues to increase despite front stagnation (see Fig. 7c).
This is preceded by an initial increase in width caused by magma
injection from the chamber, and a subsequent decrease due to the
increasing length of the dike.

4.3 Comparison of quasi-2-D and 1-D models

In this section we compared the quasi-2-D model with a simplified
1-D approximation to demonstrate the effect of the non-Poiseuille
velocity profile on dike propagation. In the 1-D model, the magma
temperature is artificially maintained uniform across the dike cross-
section by imposing a high thermal conductivity (kK = 2000 W (m-
K)~"). This eliminates lateral temperature gradients, which are es-
sential for generating non-Poiseuille velocity profiles and capturing
2-D-flow behaviour. Fig. 8(a) shows the evolution of the dike tip
(front) over time for the quasi-2-D model (black line) and the 1-D
approximation (red line). The 1-D model exhibits higher average
viscosity, lower ascent velocity and earlier arrest compared to the
quasi-2-D simulation. In contrast, the quasi-2-D model resolves the
development of a hot, low-viscosity core that sustains vertical trans-
port even as the dike margins cool and crystallize. Additionally, the
dike width profiles after dike arrest in Fig. 9 highlight structural
differences between the two models. The 1-D model shows a sharp
increase in width near the front that formed following rapid dike
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Figure 12. Dike front evolution (a) and ascent velocity (b) for the base case
(see Fig. 4 in the main text), and two modified scenarios: without shear
heating and without latent heat. Shear heating has the strongest effect at
early times, when the ascent velocity is high. Later, the influence of latent
heat becomes more significant. In both modified cases, the final propagation
depth is lower than in the base case.

arrest by the continued addition of magma from below, inflating
the head of the dike (Fig. 10). The quasi-2-D model produces a
smoother and narrower shape.

The difference between the quasi-2-D and 1-D approaches be-
comes more evident in the case of episodic magma injection from
the chamber into the dike. We performed simulations for both quasi-
2-D and 1-D models with the same total magma mass, but supplied
in two equal pulses separated by a one-week interval. During the
time between the two pulses, magma in the dike cools and the dike
arrests (see Fig. 8). After the second pulse, when magma reaches
the tip, the quasi-2-D model predicts that the dike front continues to
move forward (see the blue line in Fig. 8a). In the 1-D case (green
line), the front remains stationary and only the width increases near
the tip.

4.4 Parametric analysis

Fig. 11 illustrates the effect of initial water content on dike prop-
agation. We assume that in all simulations, magmas are generated
at the same depth, thus, have the same saturation pressure. Accord-
ing to the solubility diagram, magmas with higher water content
has lower CO, content (see degassing paths in Section S1 of the
Supplementary Material). Higher water content reduces melt vis-
cosity and increases buoyancy of the magma at shallow depth due
to volatile exsolution, thereby enhancing magma mobility and pro-
moting faster ascent. This behaviour is evident in both the dike
front position and ascent velocity: simulations with greater water
content exhibit more rapid propagation. However, the velocity in
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Figure 13. Dike front evolution (a) and ascent velocity (b) for two initial
magma temperatures: 7o = 850°C and T¢p, = 900°C.

wetter systems also declines more steeply at later times, due to ac-
celerated degassing-induced crystallization and more shallow arrest
depth corresponding to cooler host rocks.

To illustrate the influence of shear heating and latent heat of crys-
tallization, we performed two additional simulations: one without
shear heating and another without latent heat release. The results
(Fig. 12) show that shear heating significantly affects the early stage
of dike propagation, when the ascent velocity is high. At later times,
the latent heat of crystallization has a greater impact, slowing down
cooling and prolonging propagation. In both cases, the final ascent
depth is lower than in the base scenario, where both effects are
included.

Fig. 13 illustrates the effect of initial magma temperature on dike
propagation. Simulations with higher T, show faster ascent and
shallower arrest, which reflects the strong temperature dependence
of magma viscosity. Hotter magma retains its fluidity over longer
distances, delaying crystallization and maintaining lower resistance
to flow.

Additional sensitivity tests on Young’s modulus and fracture
toughness are provided in Section S3 of the Supplementary Mate-
rial, showing that dike propagation is weakly affected by mechanical
parameters within the tested range. Abdullin ef al. (2024) showed
that the arrest depth and the dike propagation dynamics are also
strongly affected by the total mass of the injected magma, which
has not been varied in this study.

5 DISCUSSION AND CONCLUSION

In this study, we developed a quasi-2-D model of dike propagation
that resolves transverse variations in magma properties across the
dike width. Capturing these gradients is critical: for typical dike
widths (~ 1 m), temperature differences of up to 100 °C can arise

between the centre and the walls. Such thermal gradients drive spa-
tially heterogeneous crystallization, which modifies magma viscos-
ity. Our simulations demonstrate that viscosity near the dike walls
increases due to localized cooling and crystal growth, while the core
remains hotter and less crystalline. This contrast leads to significant
deviations from classical Poiseuille flow, with velocity profiles be-
coming increasingly plug-like in the presence of crystal-rich wall
zones.

We show that 1-D models, which average parameters across the
cross-section, underestimate magma mobility and predict earlier ar-
rest due to overestimated effective viscosity. By contrast, the quasi-
2-D approach allows hotter, low-viscosity magma to continue feed-
ing the flow, bypassing crystallized wall zones via dynamic velocity
redistribution.

To capture time-dependent crystallization, we incorporated a
non-equilibrium kinetic model with a temperature-dependent re-
laxation timescale. This enables more physically realistic of latent
heat release and rheological feedbacks during crystallization, par-
ticularly near the dike front.

Future research should address the coupled kinetics of crystal
nucleation and growth under non-equilibrium thermal conditions.
Crystal content and texture may be far from equilibrium during
rapid ascent; resolving these effects is crucial for predicting the de-
velopment of phenocrysts, microlites and the resulting mechanical
properties of the chilled margin (Melnik et al. 2011).

A significant limitation of the present model is its simplified
treatment of gas phase transport. While vertical escape of exsolved
gas becomes important mainly near the arrest depth, simulating
post-arrest gas migration and possible interactions with wall rocks
could clarify the links between dike intrusion, late-stage degassing
and secondary hydrothermal features.

Another limitation concerns the treatment of heat transfer (see
eq. 11). Assuming conduction as the dominant process is reason-
able for deeper crustal levels, but as the dike approaches the surface
it may intersect hydrothermal systems, where advective heat trans-
fer could become important and significantly influence the thermal
evolution. Capturing such effects would require inclusion of a fluid
filtration equation for the host rock, greatly increasing the compu-
tational complexity of the model, and is therefore left for future
research.

A more realistic account of magma supply requires dynamic
coupling between the magma chamber and the propagating dike.
Time-dependent chamber pressure, depletion effects and feedbacks
from dike propagation are not included in our approach, but can
strongly influence the mass and timing of eruptive events (Melnik
& Sparks 2002; Rivalta 2010).

Our model does not account for heterogeneous or anisotropic
tectonic stresses. While uniform far-field stresses can be included
by adjusting rock density, more complex stress fields and elastic
variations require approaches that allow non-vertical dike trajec-
tories. Additionally, the level of neutral buoyancy can influence
dike propagation. Near this level, dikes may stall, propagate later-
ally or transition into sills, especially when combined with rigidity
contrasts or external stress fields (Maccaferri et al. 2011, 2019).
Because the 2-D model assumes a constant dike breadth, it cannot
resolve variations that arise in real systems. 3-D simulations show
that dike breadth can vary significantly depending on governing
parameters (Mori & Lecampion 2022).

Finally, experimental and modelling studies highlight that both
viscoelastic relaxation of thermally weakened host rocks and shear-
induced dilation of partially crystalline mush zones play critical
roles in controlling magma migration and reservoir deformation.
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Time-dependent viscoelastic and dilatant responses can sustain de-
formation even after magma injection ceases, affect dike propaga-
tion pathways and facilitate melt transport through dense crystal
mush. Incorporating these rheological complexities is essential for
accurately predicting fracture evolution and heat transfer in deep or
high-temperature magmatic systems (Alshembari ez al. 2023; Ryan
et al. 2025).
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APPENDIX A: REDUCTION OF
NAVIER-STOKES EQUATIONS

To illustrate reduction of Navier—Stokes eqs (4)—(6) to system of
eqs (16)—(18), consider the following dimensionless parameters

u=Uu, v=Vv, x=Lx, y=HY, (A1)
t=Ti, p=Rp, p=Pph. n=M,
and
L H H
U==, V=—, eg=—, (A2)
T T L
where ¢ <« 1.
R (0p 0(pi) d(pd
R(op | (p~)+ (p~) _o, (A3)
T \ of ox ay
RL (3(pit) a(bua)+a(paa) _ Pop
72\ 97 0% 0y ) L ox
M9 dii 3 (.30
—Rpg+ — | — (2i— |+ = (a— A4
pg+LT[3ic(“ax>+ay<“ax> (A9
ML 9 (_0i
H2T 33 )’
RH [3(pD) a(bﬁﬁ)+8(ﬁf)ﬁ) _ Pop
T2 a7 9% ay ) Hp

LMo oy,
ur oz Moy

Following the elasticity eq. (1)

(5] 9

. N EH
Pp = RLgG;in + I Pe (A6)

which gives
P=RLg. (A7)

Using definitions for Reynolds and Froude numbers (see Lister
& Kerr 1991)

RHU L
Re=RAU g L (A8)
M gT

and dividing eq. (A4) by ML we get

T
ceRe 8(p~u) N B(prfu) + 8(01314)
of ax ay

Re (3p .\  L[9 (.. 0@
2 (op=
sFr2<8)Z p)” [ax(“ax)

L0 (00T, D (0 x9)
oy Moz oy \Ha5 )

For the case of small Reynolds number and Fr < 1, ¢ < 1 we
get good agreement with eq. (17). Using the same procedure with
eq. (AS) we get

2Re <3(f)?7) n d(pitv) n 9(,51:)17)>

a7 ax 3y

PN N AL I N
el < (= — — e— =)
ax a3 ) "oy M5 ax Moz

d
That can be approximated as a—lj = 0. In the same manner, it is easy

|
+

(A10)

to get eq. (18) from (6).
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