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ABSTRACT

We consider a formally self-adjoint elliptic differential operator 

in 1R , denoted by T. T and T are operators given by f with specific 

domains. We determine conditions under which T is essentially self- 

ad joint, introducing the topic by means of a brief historical survey of 

some results in this field.

In Part I, we consider an operator of order 4, and in Part II, we 

generalise the results obtained there to ones for an operator of order 

2m. Thus, the two parts run parallel.

In Chapter 1, we determine the domain of T*, denoted by 2>(T*), where

T* denotes the adjoint of T , and introduce operators T and T which are o o*  o  

modifications of T and T.o

In Chapter 2, we use a theorem of Schechter to give conditions 

under which T is essentially self-adjoint.

Yforking with the operator T, in Chapter 3 ve show that we can 

approximate functions u in 2>(T*) by a particular sequence of test-functions, 

which enables uc to derive an identity involving u , Tu and the coefficient 

functions of the operator concerned.

In Chapter 4, we determine an upper bound for the integral of a 

function involving a derivative of u in 0(T*) whose order is half the 

order of the operator concerned, and we use the identity from the 

previous chapter to reformulate this upper bound.

In Chapter 5, we give conditions which are sufficient for the 

essential self-adjointness of T . In the main theorem itself, the major 

step is the derivation of the integral of the function involving the



particular derivative of u in 2(1"*) whose order is half the order of the 

operator concerned, referred to above, itself as a term of an upper bound 

of an integral we wish to estimate. Hence, we can employ the upper bound 

from Chapter 4. This "sandwiching" technique is basic to the approach we 

have adopted.

We conclude with a brief discussion of the operators we considered, 

and restate the examples of operators which we sho?fed to be essentially 

self-adjoint.
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INTRODUCTION

When considering the topic of essential self-adjointness of 

differential operators, .one considers whether or not a symmetric operator 

T has a unique self-adjoint extension; equivalently, whether or not

T =T*. where T is the closure of the operator T . Therefore, the first o o' o o '

differential operator to be considered was formally given by

T± U = -(p(x)u')' + q(x)u (1) 

for x e [0,°°), p and q real-valued, and working in La (0 ,«••).

Naturally, the next step was to consider operators given by

n 
T2 u = . £ [±d . + b .(x)]a., (x) [id + b ,(x) ]u + q(x)u (2)

and T3 u = (r(x)u") M - (p(x)u')' + q(x)u (3) 

In (2), x= (x ,x? ,... ,x ) e 3R , the matrix {a (x)l is symmetric, a . v , b.

and q are real-valued, d. = d/dx. s and i=V(-l);
J J

T u= T3 u with 2)(T )= C°°(mn), Tu= T3 u with :fl(T) = L2 (]Rn). o o o

In (j>), xe [O.00), p, q and r are real-valued, and we work in L2 (o,°°).

Considering a 2m-th.order real symmetric ordinary differential

operator
m / \ / \

for xe [0,°°) and p real-valued, the deficiency index, d(r4 ), of T4 is
s

defined as the number of linearly independent L2 (0,°°) solutions of

T4u = Au ( ^m A^ 0). This is independent of A and m S d(r4 )5 2m.

According to '.Veyl's classification, if d(Tj.)=1 then T± is "limit-point"(l.p.),

and if d(7'1 )=2 then T± is "limit-circle'.' This terminology has been

extended, so that if d(r4 )=m then T4 is l.p. The notion of being l.p.

corresponds to that of being essentially self-adjoint (see, for instance,

Hellwig [10, £14.1]).
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Much of the early work done on (l) and (2) was by Hartman and 

Wintner [8], Titchmarsh 120], Sears [18], and Kato [13], the latter 

being motivated by the arising in quantum mechanics of the Schrfldinger

equation V2 u + {A-q(x)}u = 0. (in (2) with xe 3R3 , take b.(x)=0,
J

{a.,(x)j=I, the identity matrix, and set T2 u=Au.) This is the description JK:

of the motion of a particle under the influence of forces represented by 

q(x), here taken as repulsive from the origin when q>0. The notion of 

being essentially self-adjoint corresponds roughly to quantum mechanical 

completeness, i.e. if the operator is essentially self -ad joint, then the 

particle cannot escape to infinity in a finite time. That this correspondence 

is not exact is shown by Rauch and Reed [16].

The problem is to derive conditions on the coefficient functions 

which imply that T± is l.p. (T is e.s.a.), and it was Hartman [9], 

considering u" + q(x)u = 0 , who first shovred that these need hold only 

on a sequence of intervals of [0,°°) .

The research then diverged. On the one hand, work was done on (l), 

generalising and improving known conditions to "interval" conditions, 

notably by Eastham [2], and by Atkinson and Evans [l]. V/e give the 

former's result.

Theorem 0.1 Let TU be given by (l) with p(x) s 1 and qeL^ , i.e.
~~ ~~" J,OC

TU = -u" + q(x)u.

Let there be a sequence of non-overlapping intervals (a ,b ) 

and a sequence of real numbers w such that

(i) (b - a ) 2 w. 2 K, where K > 0 is a constant;
_•] 

(ii) % w is a divergent infinite series;

y(iii) / " q_(x) * - k(b - a v ) 3 w*, where q_(x) = min(q(x) ,0) , 
v

for some constant k. 

Then r is l.p. D
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On the other hand, the work done on (2) (see Ikebe and Kato [12], 

Kato [14], Simon [19]) did not involve interval conditions, but the 

results were very powerful. 7fe give that of Kato.

Theorem 0.2 Let rube given by (2) with [a.,(x)] = I, i.e. 
n Jlc

ru = - 2 (id + b(x)) 2 u + q(x)u. 
j  i j j

Let the following conditions hold: 

(C1) be C 1 ;
J

(C2) q= q +q J where qeL2 with q(x) *-q*(|x| ), q*(r) being
12 1 J-UC

monotonic non-decreasing in r > 0 and q*(r)=o(r2 ) as r-»°°j

(C3) qeL2 with / |q(x)j 2 dx S (KrS ) 2 (1 Sr<°°) for some K, s, 
2 -Loc J |xl Sr 2

and / |q(x-y)| |y| dy -*  0 as r-»0 uniformly for x e IR ,

where |y| should be replaced by 1 - logjyj if n= 2,

and by 1 if n= 1 .

If n£ 5» (C3) may be replaced by qeL'2 .
2

Then T is e.s.a. D 
o

Quite recently, Eastham, Evans and McLeod [4] introduced interval 

conditions for (2), making considerable use of Kato's theorem above. Their 

conditions are imposed in a suitably defined sequence [A ] of "annuli",

and the statement of their result makes use of functions 0eClj (A ).o v
(\Yith Q the "inner" boundary of A and h^(x) = dist.(x,fi ), 0eCl5+ (A ) 

if it is a function only of h , is non-negative, continuous and piecewise 

C 1 , and supp0C A . Also, d is the "width" of A^.) 

Theorem 0.3 Let ru be given by (2) vdth

(i) a., e C , for some a>0; 

(ii) b.eC1 ;

(iii) q = q + q , where qeL2 and q is locally bounded below. 
i z i loc i

and q is as in (C3) of Thm.0.2. In particular, qeL2
"2 lOC
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n 
(iv) T is elliptic, i.e. . £ a (x)£.£ ? K(x)J£J 2 for any

0,^ 1 JK J K

real vector £= (£.,£2 ,...,£ )» where K( x) is a strictly 

positive function of x. 

Suppose that in A

(a) q(x) > -Q(h ) with Q > 1;

(b) A (x) s p(h ) where A is the greatest eigen-value of [a.,(x)];
" JiC

(c) A (x)»K>0 where A is the least eigen-value of [a.,(x)j, this

condition being unnecessary if q= 0 in A .

Then given any 0eC1>+(Av ), any e>0 and any uandve2>(T*) for 

which /o (uT'^v - vT*u)dx-»• L > 0 as v-*oof we have, for v sufficiently 

large, that

V x fl+ Qh2 + ph' 2 ]dx. D 

Several corollaries can then be deduced, generalising many earlier 

results.

Meanwhile, Evans [3] proved the results below for (3). The former 

generalises the results of himself and Atkinson [l] for a 2nd.-order 

operator to a 4th.-order operator, and those of Sveritt [?] and Sastham [3] 

to interval conditions, and the latter generalises a result of Sveritt [6] 

to interval conditions.

Theorem 0.4 Let Tu= T3u with r positive, r 1 locally absolutely

continuous, p locally absolutely continuous, q locally Lebesgue 

integrable, and 2>(T) given by {u: ueL2 (0,°o) } T3 u e L2 (0,°°), 

u'" locally absolutely continuous on [0,°°)j.

For suitably defined seouences of intervals [l ] and fj ]•> * v v

with J CI , suppose that there exists a non-negative real 

function cr which is twice continuously differentiable in I



and satisfies, in I ,

(i) H <K 0> | a'

(ii) |r'a| ^Kir ;

(iii) -po2 < K2 r;

(iv) -qo^Kgj

(v) r(l

(vi) 2 /
v 

Then T is l.p. D

Theorem 0.5 Let Tu be as Thm.0.4.

Let I = [a ,b J, v=1,2,..., be a sequence of mutually disjoint 

intervals such that a -»°° as v-»°° and b <K(b -a ) . Suppose that 

in these intervals

(i) 0<r(x) 

(ii) |xr'(x)| 

(iii) x2 p(x) 2 -Kar(x) and either p(x) « Kax2 or p(x) «

(iv) q£ -K4. 

Then T is l.p. D

Consequently, in view of these last three theorems, the aim of 

Parti of this thesis is to establish generalisations of Theorem 0.3 to a 

4th. -order partial differential operator, the corollary of the first of 

which can be read as a generalisation of Theorem 0.4 to dimension greater 

than 1, and the corollary of the second as a similar generalisation of 

Theorem 0.5-

However, the proof in [4] of Theorem 0.3 relies crucially on Kato's 

Lemma A [14], the generalisation of the statement of which does not seem 

to be valid for 4th.- (or higher) order operators. To overcome this problem, 

we have had to assume that the leading coefficient of the operator under
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consideration (i.e. that of 72 (v2 u)) is a constant, which, for convenience, 

we take as 1. We also take q from Theorems 0.2 and 0.3 as zero, and the 

coefficient matrix as p(x)l, i.e. we shall consider 

Tu = V2 (V2 u) - V.(p(x)Vu) + q(x)u

for x e 1R , p and q real-valued, p e C 1 and q e L2
u loc

The aim of Part II of the thesis is to generalise the theorems we 

shall prove in Part I to ones for a partial differential operator of 

order 2m.

Y/hilst drafting the thesis, I received from Dr.W.D.Evans a preprint 

["On the Deficiency Indices of Powers of Real 2nth.-0rder Symmetric 

Differential Expressions"; J.London Math.Soc.(2) 13 (1976) 543-556] and 

a typescript ["Interval Limit-Point Criteria for Differential Expressions 

and their Powers"; to appear] of some work done by himself and A.Zettl.
tf

Although they deal with powers T of the 2mth.-order ordinary differential 

operator given by (4), the results have a bearing on the operator under 

consideration in Part II here, when K= 1. They obtain a slight extension 

of Hinton's result [11] with interval conditions, and the conditions 

imposed correspond closely with those derived in Part II here (see 

Corollary II.5.4.1).
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NOTATION AND PRELIMINARY RESULTS

Definitions and the proofs of statements here are to "be found in 

Mizohata [15] and/or Schechter

Here and throughout we use symbols such as La and C , denoting square 

integrable functions and t-times continuously differentiable functions 

respectively, the properties to hold in all of ]R unless stated otherwise.

For x = (x ,x9 ,...,x ), 3. is defined as d/dx... For a e IS. , w«* define
I ^ « J (J

D - 3 ^^2 "'^r^' ^n "khi 3 context of a being a multi-index, |a| is the 

order of the operator D , i.e. ja| =a.+a? +... + « . Similarly, for £ £ 3R ,

£x = €,, x,| + £?X2 + ••••*• ^ x an^- ^ = ^-i ^2 "'^n 1 '

The support of a function <p is given by supp $= Q where Q= £x: ^>(x)^ 0}.

2) will denote the set of infinitely differentiable functions with
CO

compact support. Elsewhere in the literature, 2) appears as C , A function 

$e3 is called a test-function. If we have a sequence [<P I, <f> e &, then 

$  * 0 means there exists a compact set Q such that supp<£ Cf} and, for 

arbitrary a, Da$ (x) -» 0 uniformly.

2' will denote the set of continuous linear functionals on 3, i.e. 

if Ae 2)' then for any complex A and /^, and any 4> and <jj e 3 T?e have

, and

if [6 ] is such that <f> e 2> and <^ -»• 0, then A(<£ )-»0. 

A is called a distribution, and instead of A(<#>) , we write <A ,<£>.

Unless stated otherwise, all integrations are over 1R. and with 

respect to x. The basic space with which we shall work is L2 . It is a 

Hilbert space and accordingly we denote the inner product of two functions
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f and g in L2 by (f , g) . (The use of the suffix will become clear and it 

will be omitted when no confusion would arise.) As usual, we define

(f , S) Q = /fg . and ||f || 2 = (f , f) . 

We define <f, g>Q = (f , g) Q = /fg.

When feL2 and we say fe 3* we are equating f with the functional on 

test-functions <f> given by <f, <f» , i.e. <f, <f» =   <f, <£> .
O CLGX • O

Also D°f eS 1 , it being the functional given by

V/hen f is in fact |a| -times differentiable, we have <Daf, <£> = <Daf, <£>

Let S denote the set of infinitely differentiable functions f such 

that |x|*|Daf (x)| is bounded for each K > 0 and a. 3CSCL2 . 

For f e S, the Fourier transform Ff of f is defined by

If f e S and Ff= g(£), then geS and we define the inverse Fourier transform 

of g by

F'1 g(x) - (27r)-^n ; e ix^(^)d^ 

Tie shall make use of the following properties of Fourier transforms:

(f, g) o = (Ff ,Fg) Q ; 

Ff|| o = ||f|| o and

F[Daf] = (i^) aF[f]j

* g) = FfFg where f * g is the convolution of f and g.

For f e S we define, for any real s,

We define HS as the completion of 3 with respect to the s-norm given

above. (Note that H = L2 . ) H is a Hilbert space with inner product
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For f and g e 2>

<f, g>o = (f , g) Q = (Ff , P5) o = ((1 + U| ) SFf , (1 + UJ ) 

Therefore <f, g>J s ||f || B ||« ILg . 

Thus we can define <f, g> for f e Hs and geH~8 , and for fixed f eH

<f, .> is a bounded linear functional on H~S .

Various properties of the n spaces of which we make use are:

q «q

H is dual to H : 
o o '

if s > t then 9 C H* C H* C 2' densely;

F and F have natural extensions to bounded linear operators

on HS . o

The original definition of the s-norm given above was, for s a non- 

negative integer, f eL2 , D f taken as a distribution:

llf II 2 = , Z ||Daf 
" " s j a $s "

o

giving a norm equivalent to the one we use. Thus a function f in H can 

be viewed as, in some sense, s-times differentiable.

S o
The spaces H . are treated similar to L? . and the norms in 

^ o,loc loc

these spaces will be denoted by j . j| 0 , for a compact set Q.
S y\i

For any operator A, S(A) will denote its domain.

B will denote the n-dimensional ball of radius R. 
it

e (e 1, e", 77) will be an arbitrarily small positive quantity, and 

K(e) a positive constant depening on e. K (K 1, K") will be an absolute 

positive constant, not necessarily the same in subsequent occurrences. 

If we wish to keep track of a particular constant we shall use k, c, etc,

Q (Q', Q") will be a compact subset of 3R , and for any Q 

dist(x,Q) = infygQ |x-y



We make frequent use of the inequalities: 

|ab| S ie|ai a + ie"1 |b| 2 , and

(Za.b.) 2 « (£a2 )(Zb2.), 
J J J J '

or a combination of these:

2 a .b . < 4-e( 2 a2.) + -f e ( 2 b 2.), where a . and b . are real. 
' J O 1 J J ' J J

We also use a generalisation of the first of these:

ja^lbl*"3 S ela^+KCeJlb]*, forOSs<t,t£2. 

[This can be shown by taking N= t in Proposition II.3.0..1, and the 

function a(s) there as |a| jbj for 0«s<t.]

We shall frequently use the technique of integration by parts, and 

in all cases, one of the functions will be sufficiently differentiable 

and have compact support, so that the boundary terms will be zero.



PART I



CHAPTER 1

Ve shall consider a 4-th. order elliptic differential operator 

formally given by :

Tu = j,L aKu) - ji Vp(x)5 ju) - itou

for x elR 1 . The coefficient functions p(x) and q(x) are real-valued, 

d. = 3/3x . where x= (x. ,...,x ). With V = (3 ,...,3 ) in Cartesian
J y ' U • J"^

co-ordinates we have

TU = V2 (V2 u) - V.(pVu) + qu.

r is formally self -adjoint and we wish to establish conditions 

under tfhich r does or does not determine a unique self -adjoint operator 

in L2 .

We define operators T and T by :

T u = TU, 2>(T ) = 3', Tu = TU, 2i(T) = L2 .

YTe shall introduce conditions on p and q as and v.'hen v,re need them, 

conditions fi(i)-s(iii) being assumed throughout Part I. 

6(i) p e C1 ; e(ii) q e I/.

Lemma 1 .1 T maps 3 into L2 and is symmetric. 

Proof; Trivial. D

Lemma 1 .2 T maps L2 into 2) ' .

Proof: u e L2 and q e L2 imply that qu e L^ C g>« . ——— ^ loc ~ loc

3.(p(x)3.u) is the functional (on test-functions <£) /u3 .(p(x)d .$) and is 
J J J J

continuous because p e C 1 .

32 (3fu) is the continuous functional /u32 (<3 3 $). D
^ iC *C J



Lemma 1.3 T* (the adjoint of T as an operator in L2 ) has as its 

domain [u: u e L2 , Tu e La ] and then T*u = Tu. 

Proof; Let u e L2 , Tu e L2 and v e 2).

Then (v,Tu) = (T v,u).

Therefore, by definition of adjoint, u e 2)(T*) and T*u = Tu.
o o

But T* and T are formally equivalent, so if u e L2 and T*u e L2 ,

then Tu e L2 and T*u = Tu. D
o

Using the conclusion of Lemma 1.3, the following conditions are seen 

to be equivalent:

&(A.) T is essentially self-adjoint. 

g(B) If u e L2 and Tu e L2 then there exists a sequence {u I, u e 2>,

such that u -* u and Tu -> Tu in L2 . v v

e(C) (T + £)2 is dense in L2 for every complex £ such that tfm £ ^ 0. 

G(D) T + £ is 1-1 from L2 to 2)' for £ as in e(C).

6(C) is often taken as the definition of essential self-adjointness 

rather than "an operator A is essentially self-adjoint iff the closure 

of A is self-adjoint 1.1 The proofs of the other equivalences are to be 

found in Appendix 1.

We define a function 3_(x) following a further condition on q(x). 

s(iii) q(x) £ -q*(|x|) where q^r) is a real-valued monotonic non- 

decreasing function of r>0 and is locally bounded.

Tie now define ^(x) by:

a(x) = q(x) if x e B^;

Q(X) = q(x) + q*(|xj) - q*(R) if x £ BR . 

Therefore v.e have £(x) £ -q*(R) for all x e H .



We define a formal operator £ by: 

TU = V2 (V2 u) - 7.(pVu) + ou, 

and obtain T and T similarly to above.

Lemmas 1.1, 1.2, 1.3 and the equivalence of g(A)-c(D) hold with T 

replaced by jr.

The general idea of the preliminaries is to work with jr. V/e impose 

conditions to obtain T essentially self-adjoint and proceed to prove 

that &(H>) (for T) holds with the added restriction: if suppuG B , then
~ f~ K.

supp u C B . This enables us to demonstrate the existence of a sequence

{u ]. u e 2), such that u -» <£u and Tu -» T(<£U) in L2 for any <b e 2 vdth 
v v v v *' '

~t B^, whenever u e 2>(T*). (See Lemma 3.8.) 
K O



CHAPTER 2

In this chapter, we shall state conditions on p and £ which render 

T essentially self -ad joint.

The following theorem is due to Schechter and it makes use of the 

following notation:

For a > 0, define

w (x) = « n
a~n

when 0 < a < n

= 1 - log|x| when a = n 

= 1 when a > n

Na = {f: f eLloc> Na (f)

The proof of the theorem is rather long, so we just give a very 

brief sketch of the lines along which the proof runs. ?uller details 

are given in Appendix 2, and we refer the reader to Schechter [1?J 

for a complete proof.

Theorem 2. 1 Consider the operator given by

r
L(x,D) = P(D) + 2 q.(x)Q (D) where 

<j— < J J

(i) P(D) is a symmetric elliptic operator of order ^ with 

real coefficients;

(ii) Q.(u) is an operator of order n . < p with real 
J J

coefficients; 

(iii) q.(x ) is a real -valued function and q. e IT
J

also, if n, then

/ _ \;
J *- V r^ K/

0 as 5 -» 0



(iv) £ q.(x )Q-(D) is symmetric. 
J J

Then L(x,D) on 2) is essentially self -adjoint in L2 . 

Proof_! Use is made of the functional analytic lemma: 

If A is self -adjoint and B is symmetric with 2>(A) C 2>(B) and 

||Bu|| S a||Au|| + b ||u|| for all u e 2(1) with a < 1, 

then A * B is self -adjoint, 

and so the proof is in three stages:

(I) P (the closure of P(D) in L2 ) is self -adjoint;

(II) 2>(P) = HC3(q Q );

(III) 2||q.~Q. || S a|jPu|| + b ||u|| f or all u e H^ xdth a<1.D 
j j o

With q^(x) = a(x), QQ(D) = I (the identity);

q,. (x) = -9.p(x), Q (D) = d for j=1,...,n; 
i > J J i » J J

q2 (x) = -p(x) Q2 (D) = V2 ;

and P(D) = V2 (V2 .) 

we state condition 6(iv).

e(iv) qK e N_ and if 2(4-*) « n, then

as S -* 0, for K = 0,1,2.

Corollary 2.1.1 Let p and 3. satisfy S(iv). 

Then T is essentially self -ad joint . D-o

g(iv) will be assumed to hold in any lemma requiring T to be 

essentially self-adjoint.



CHAPTER 3

Our aim in this chapter is to derive the identity

for us 2>(T*) and <£e 3, with u and <p real -valued. We first give a formal 

identity which will be used often:

- 2pV<£.Vu 

2,2 (

This is obtained by simply writing out T(<^U) in full and calculating the 

required derivatives of the product <£u. "/hen $ is a test-function and u 

is a distribution, we get the alternative formulation:

..
J J J

The identities remain valid with r replaced by T.

Not all of the following lemmas use the assumption that T is e.s.a. 

(essentially self -ad joint), but we shall make it clear in the proofs when 

we are making this assumption.

Throughout this chapter, we shall be concerned with 2(T*), i.e. 

{u: ueL2 , Tu e L2 ] . 7/ith ue3(T*'), consider that

Tu = Tu + (^ - q)u.

Now Tu e L2 and (^ - q) is locally bounded ( g.-q=0 if |x| S R, and othervdse 

jxj )-qiS (R) ) and so (g_ - q)ueL2 Qc . So ue2(T*) implies Tue

Lemma 3-1 If u e L2 and Tu e L2 . then V2 ueL2 . ————^— — loc -LOG

Proof; Let <£e2> with supp <£ C Q" where Q" is some compact set, 

and consider /(V2 + i)<£V2 u, where i = /(-I).



/(V3 + i)072 u = /i072 u + /72 <#>72 u = /iu72 0 + /072 (72 u)

#TU + /07.(p7u) 

£Tu + /u7.(p70)

so p

2

+ K(Q")M j|u||, where M= sup | 0| , 

because | 7p and |p are bounded on Q", and j|#ail « M |j cj| = K(Q")M.

Now ||0|| = ||F0|| « ||U2 + i)F0|| = ||F((72 + i)0)|| = ||(72 

and ||72 0|| = ||F(72 ^)||= ||^P*||< || (^2 + i)F<#> || = || (72 

Also |||V*| || . ||V2^P|UP^(||V2 ^|| + ||^||)< i|(V2

Now |*(y f )|- k(y)i < l^yO-^yJhl/j'v*) *K'(n w ) jj J70| |j, and so
«y

')i -K'(Q") JIJV^j H j as this is valid for any y', we have 

'(n") || | 70| ||, and so ||0|| > K"(fl") [M- K'(Q" 

hence M<K(Q")[ ||0|| + || |V0| || ], and so we have M«K(Q")

Therefore /(72 + i)072 uj « K(u,Q") || (72 + i)0 || .

But 72 as an operator from 3 to L2 is e.s.a. Therefore (V2 + i)3 is 

dense in L2 . So consider any v e L2 with suppvCQ, say. Then there exists 

a sequence [0 ], $ e 3, such that (72 + i)$ -» v in L2 . Y.'e must show that 

the functions in this sequence have common support.

For some d > 0, letn'=[x: dist(x,0) < dj, and 0"= [x: dist(x,Q ' ) « d] . 

Let ^(x) e 2) be a real -valued function such that 0 $ ip $ ~\ , <K X ) = 1 if x e Q ' ,

= 0 if x/Q", (a^l^Kand d.d ip\ $ K for 1 $ j,k« n. Then ip<}> e 3. 
J J *  "

Tfe consider [(V2 + i)(^y )l . Let <#>e ^y l such that || (72 + i)0 - v || « 77.

Now (72 H- i)(^0) = <K72 + i)0 + 27^/.70 + 0V2 ^/, 

and so ||(V2 + i)(^) - vj| $ || (V2 + i)0 - v |j + || (V2 +

But ||(^-1)(V2 + i)0|| ^ ||(^-1)(V2 + i)0|j /Q , because («A- 1)= 0 in n«

(7a + i)0 |j . , because 0<(^-1)$1 

S || (V2 + i)0 - v ||y-, because v= 0 outside QCQ'

« *1



1" this taking; of limits is not justifiable, we may proceed 

as fell OWE:

Consider /(V2 + £)</.. (V2 - £)u, where . *m £^ 0^ 4m £ 2 and |f|*K, 

to obtain, much as before,

From this it follows, as before, that (V2 - £)u is a continuous

linear functional on a dense subs pace of the dual space of L?
r r loc

According tc the Kahn-Banach Theorem, this can be extended 

uniquely to f e L2 such that, for all $e2) with
-L QC

Now (V2 -^) on L2 is invertible because V 8 is symmetric and

0, and if g is such that (V3 -£)g=f, "then g e L2 . But
J.O G

we have V2 g-f+£g, and so V2 g e L2

So from (I) we have J(V2 + £ )<£. (V2 - £ ) (u - g) = 0, 

and therefore we obtain /(V2 (V2 . ) - £ 2 )<£. ( u - g) = 0 

As V 2 (V2 .) is e.s.a. and J?n CV °> (V2 (V2 . ) - S 2 )^ is oense in L2 . 

By (t), this implies that u-g - 0, and so V2 ueL?. « D



and |<£V2 ^ S |<£V 2 (// 2QII /Q , because V^= 0 outside Q''/^

ail/Q , as above 

^ KT? as above

and ||a^|V</>| || 2 ^ K|||a.Vv!/|^jj 2 + ||a.^^|| 2 + jjay-V^I^^ Kr/2 as above 
J J 0 J

so W/.V<£ $ KT?.

So, by choice of TJ, |[(V2 +i)(^$) - v j| < e, and we have that

(V2 + i) (<//</> ) -» v in L2 with supp ip<p CQ».

Therefore j /vV2 uj « K(u,fl) ||v|| , where the infimum of the K's for 

 which this is valid for v's in L2 having the same support, Q, is ||V2 u j| .

Therefore V2 ueL2 . D See facing page. 
loc

Corollary 3.1 .1 If u e L2 and Tu e L2 Q , then J7u{ e L^_   D

  "1

Lemma 3.2 If u e L2 and Tu e L 2 , thenT(0u)eH~ for any <f>ed.

Proof ; Let (f>sQ with supp^>CQ. ".7e shall show that each term
__w|

in the expansion of T(<£U) is in H

TueL2 and so <^Tu e L2 . 
  loc  

U [V2 (V2 </)) - V.(pV<^)]eL2 because jp| and jVpj are bounded on Q and u e L2 

pV^.VueL2 because jpj is bounded on Q and, by Corel. 3.1.1, |Vu| e L2

V(V2 <^)'.VueL2 because, by Corol. 3.1 .1, IVuleL2 .
1 ' loc

V2 $V2 ueL2 because, by Lemma 3.1, V3 ueL2 .

IjGUT' v* 4 -t _*I -; T J \ '•• r / - \ - • — / - \ \ ^*f\4
<J J 0 J

J

. II Vu

where c2 - ?|||ajty| ii^+ l!|V(V2 (/>)i Ji 2^.

Q

L" L'

By Corol.3.1.1, j|Vu|| is finite and therefore S (3.V0) .(a.Vu) e H~1 .
W J J J O

Similarly, j o/', (V^') . (V(V2 u) >j « c|j ^ )| 1 H V 2 u Ji Q

where here c2 - |i| 7^i Ir^ ,, - ,,  .,-
L L



By Lemma 3.1, ||V2 u|| Q is finite and therefore (V<£) .(V(V2 u) e H~ 1 . 

Therefore, a3 L2 C H~1 , we have T(<fci) e H~1 . D

In order to prove the next lemma, we shall use G-ard ing's inequality; 

If L is a. uniformly strongly elliptic operator in any bounded domain 

Q, with leading coefficients uniformly continuous and other coefficients 

bounded, then there exist constants c > 0 and k such that for all

ueH*(n) we have 5?e(Lu,u) O)Q * c|| u || ^Q - k u 

where 2s is the order of the operator L.

—p p
• 2 - - - ^1 rn_ _->TT^ j i .. ___TT^Leoaa 3.3 If u e La and Tu e H , then u e H , and for any e>0

(c - e)||u|| 2_ * (k + q*(R))|iu|| 2 + K(e)i|TuiJ 2 . (1)

Proof; T - o^ satisfies the conditions of Garding's inequality

with s=2.

Assume that ue 2) C IT.
o

Then Jte((T 0 -a)u,u) * c||u||| -kjiu|j 2

(lu, u) > c||u|j 2 - k|ju|| 2 + (gu , u)

? cj|u|i 2 - (k + q*(R))||u|| 2 (2) 

)u, u) > c||ujj 2 + (^ - k - q»(a)) ||u|| 2 

where ^ is any complex number Kith ^m^,^ 0. 

Taking #e f sufficiently large: 

*e((T0 +£)ti, u) ^ c|ju|| 2 .
— ? o

ue2 and therefore T ueL2 and £ueL2 . L2 C H~ and therefore (T +C)ueH .  ^

Therefore c|ju|| 2 « || (S+ C)uo _2 2
u

and so c|ju|! 2 ^ ||(l0 +C)u|i_2 (3)

T is e.s.a. and so (T + £)3 is dense in L2 and hence in H too. 
 o  o o

Therefore if veil" there exists a sequence {u }, u '6 2), such that

_ p 2 p 
(T + £)u -> v in K . So, by (3), {u^} converges in HQ , say u y -»u' in H ,

2 _2 
and (T+C) U '- V - So (T+£) maps a subset of H onto H

V,^ J .^ Q _________ p.
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o o
Now if ueLa and Tu e H" , then (T+£)ueH~ . Therefore there exists

2
u" eHo such that (T+ £)u" = (T + £)u. But as T Q is e.s.a., T + £ is 1-1 from

L2 to 3!. As H~ C3 1 and u" e L2 , we have u=u", and so uelT.

So, from (3), if ueL2 and Tue H , then we have

o||u|| 2 « ||(T+C)u|L2 (4) 

Now, for ue2>, we have from (2)

c||u|| 2 S Se(TQU, u) + (k+ q*(R))|luj| 2

+ il20ulL2 ll«li 2
+ e||u||J + K( e )||Tou|i 2 2 

and so (l) holds for ue2).
o O

When ueL2 and-TueH~ , (T+£)ueH~ and there exists [u ], u e i), 

such that (T+ C)u -> (T+ Ou in H~ . By (4), u •* u in IT and so £u -> £u
O ^O ^O

in H and therefore also in H . So Tu -* Tu in H . Also u -» u in L2 . o o — v ~ o v

Therefore (1) holds for u e L2 whenTueli"2 . D

We now need another condition on 3.:

G(V) N, (o) is locally bounded, for some a>0 with n<4-a<0. 4-a —

The condition and the following lemma in which it is used are essentially 

due to Ikebe and Kato, the condition being reformulated using the notation 

established in the previous chapter- Their proof is to be found in [12] 

and is given in Appendix 3»

2
Lemma 3.4 If u e H , and £ satisfies G(V), then cju e L2 , and

O^-LOC JLOC

for any compact set Q, where Q' is Q extended in vriLdth by d>0, 

and K depends on i"), d and n. 

Proof; See Appendix }. O

g(v) will be assumed to hold in any lemma depending on Lemma 3.4.
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Lemma 3.5 If u e L2 and T(<jfcu) e H~ , then <£u e H , for any <£e 3. 

Proof; H~ 1 C H~2 , so T(<£U) e H~2 . Also, <£u e L2 .

Therefore, by Lemma 3.3 applied to <£u instead of u. <£ueli, i.e. u e H2
o' o,loc

Therefore, by Lemma 3.4, gu e L2 , and so £<£u e L2 . 

Also, V.(pV(<£u)) eL2 . But L2 C H~1 , and therefore

v2 (v2 (<M) = T(

Now, for any ^ e 2) and any s

where P(D) is an elliptic operator of order p Trith real coefficients (see 

Lemma A2.2). Putting P(D) = V2 (V2 .), n= 4 and s=-1, we obtain

ik|| 3 < K( |JV2 (V2 ^) ||_1+ lUH^) for any # e 3.

Since 3 is dense in H , and V2 (V2 ($u)) and <^u e H , this implies that 

<£ueH5 . D

Lemma 3.6 If u e L2 and Tu e L2 , then T($U) e L2 for any <£e 3.^* ~ xoc

Proof ; Let 0s 3. By Lemma 3.2, T(^U) e H~ . Then by Lemma 3.5,
~ — - ——— ... —— Q

$u e H , and so every term in the expansion of T_(<^u) is in L2 . 

Therefore T_($u) e L2 . D

Lemma 3«7 If u e L2 and T_u e L2 with suppuCB , then there exists 

a sequence [u I, u e 3, with suppu CB , such that u -» u and

Tu -» Tu in La . — v -

Proof ; T is e.s.a. and so there exists [u j, u e 3, such

that u •* u and Tu -> Tu in L2 .v — v —

Let (f>e 2) with supp^C TS> and <p= 1 on suppu.
K

Then <^u e 3 and supp ^^ C B .

We have ^u -» <#>u= u in L2 and also <#Tu ^ -» #Tu = Tu in L2 since supp TuC suppu.

We shall show that the rest of the terms in the expansion of T(^u ) 

converge to 0 in L 2 , in which case [<j*i } will be the required sequence.
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-2
Now Tu v -»Tu in L implies that Tu -»Tu in H , so we apply Lemma 3.30)

2 
to u^-u to obtain u -*• u in H . So as well as having u -»u in L2 , we have

3w -» dn in L2 and a.5 u -» 3.3 u in La for 1 <£ j,ks n.
v v J -K " J iC

So u 

since V2

So u v [V2 (V2 4>)-V.( PV0)] + u

and

= 0 in L2

K on supp 0 and = 0 on suppu, 

p7<£.7u = 0 in L2

since |p7$| S K on supp $ and = 0 on suppu.

Similarly, V(V2 <£) ,7u ,7u = 0 in L2 ,

V2 <#>V2 u y -» V2 <£V2 u = 0 in L2 ,

I
JO

and ? (a.V<^).(a.Vu ) 
J J J "

= 0 in L2 .

The remaining term to be considered is V<£.V(V2 u ), involving third-

order derivatives of u . We treat this term as ? ( d<f>) ( d.( V2 u )).
" j J J v

Assume suppu CB with r<R and let d= (R-r)/3. We may assume that

<t> is real-valued with 0 <<#>< 1 , 0(x) = 1 if |x|<r+d, ^(x)=0if |x|>R-d,

3
0

K and | 3j3 d>| « K f or 1 < j,k< n. 
J -K

Now for any ^ e 2)

J J J

f• • o 
T"-j'*l|aj'

J ' J

Therefore .
J J

Therefore || (a)(a(V2 u )) j| 2 ^ K
"

Let A'(x)= 1 if r«S |x| Js R and x(x)=0 otherwise. Note that ^u= 0, and
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that X= 0 implies that d.<t>= 0 and d.2 $= 0 for 1 S j $ n.
J 0

So IKyXVu^H = |U(y)(V»u v)i| « K|Uv2uJ| = K||v2 Uu v)|j 

with similar inequalities for the other terms on the right-hand side of (t) 

Therefore || (df)(d£1*uj) I| S < Ke|| ^"(VU^)) || 2 + K(e) || 2 2 

Considering the first term on the right-hand side of

e L2 , V.(pV(/u ) e L2 , and, by Lemma 3-4, g/u e L2 . 

= ||T(*(U V -U)) || = ||xT(u v -u)|| « K, independently of v, 

p ))||= |iV.(p7U(u v -u)))||= |Uv.(p7(uv - u)) ||

$ K, independently of v, 

K|| ^ || by Lemma 3A

because

Now

and

and v

= K||X(U -u)|| 4K, independently of v.

Therefore ||d2 (V2 (,,Yu )) || « K, independently of v, 
J ^

so choose e such that Ke || 3?(V2 (^u )) || 2 < ^ for all v.J "

With this e, consider the second term on the right-hand side of (t): 

IIV2 ^))! = ||72 U(uv -u))|| = |U(V2 (u v -u))|j < ||u v -u|| 2 . 

Now u -»u in H , so choose N such that for all v > N, K(e) || V2 (vu ^) j| 2 < £77.

So, considering (t), for all v>N we have || (cW>)(a(72 u )) || 2 < 77.
J J ^

Therefore (d<p)(d.(V2 u )) -> 0 in L2 , and [<pu ] is the required sequence. D

Lemma 3.8 If ueStCT*), then T(<#U) e L2 and there exists a sequence

[u I, u e 2, such that u -» <£u and Tu y -» T ( <jfeu ) in L2 , for any <£e2>. 

Proof; Choose R such that supply B .

ue2)(T*) implies that Tu e L2 , so, by Lemma 3.6, T(<£U) e L2 .
O ~" J»OC

Applying Lemma 3.7 to <£u instead of u, there exists fu^], u^sS, such that 

u -» <£>u and Tu -»T(<^u) in L2 , with suppu^. C B . But Tv=Tv if suppvCB , so 

T(<£u)eL2 and Tu=Tu^T(<#>u)=T(^u) in L2 . D
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This is the result referred to at the end of Chapter 1 . Before we 

make use of it in the next lemma, we prove a corollary, which will also 

be used in the lemma.

Corollary 3.8.1 If [u I is a sequence with the properties in 

Lemma 3-8, then

as v-»oo • (1)

Proof; Consider /u (Tu ): 
- v v

) + /qu 

Therefore /qjuj 2 = /U V (TU V ) - /|v2 u 2 - /pjVuJ 2 .

q is bounded below on the common support of the functions u , say 

q»k+1, where k may be negative, and, as peC1 , |p| is also bounded on 

this support.

Therefore ;(q-k)|uj 2 s £||Tu v || a + K'||uJ| 2 (2) 

where K 1 depends on k and the bound on jpj .

We have the convergence of [u ] and [Tu 1 in L2 and it is part of 

the proof of Lemma 3-7 (using Lemma 3-30)) that we then also have the 

convergence of [u ] in H . Hence the left-hand side of (2) is convergent, 

from which the result follows. D

We may now proceed to derive the identity stated at the beginning 

of this chapter, namely

l u = /72 (<£4 u)V2 u + j'V(<£4 u).p<?u

for ue2>(T*) and <#>e2>, with u and $ real-valued. (The restriction on u 

of being real-valued makes calculations slightly simpler and is of no 

consequence, as will be seen in Chapter 5.)

Had rre imposed some sort of integrability condition on the functions 

ue2)(T*!i ) under consideration (such as requiring the third-order partial 

derivatives of u to be absolutely continuous), y?e cculd have integrated
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$4 uTu directly, to obtain the desired result. However, this would have 

meant that the size of 2>(T*) was unnecessarily reduced. Instead, by virtue 

of Lemma 3.8 and its corollary, we may move from any function ue2)(T*) to 

elements u y of a sequence {u^j, u e 3, and perform the integrations before 

moving back to u by a limiting process, with 2)(T*) being as large as 

possible.

Lemma 3-9 If ue2)(T*) and $e2), with u and $ real -valued, then

J<£4 uTu - /q<£4 u2 = /72 (4>4u)V2 u + /V(<£4 u).pVu (l) 

Proof ; As u e L2 and TueL2 , the first integral is finite. 

By Corol. 3.8.1, the second integral is finite.

By Lemma 3.1 and its corollary, V2u e L2 and Vu| e L2 , and, as 

p e C1 and is therefore locally bounded, the remaining two integrals are 

finite.

From Lemma 3«8, there exists a sequence [u }, u e 2, such that 

u •*• $4u in L2 and Tu -»-T(<£4 u) in L2 , where R is such that supp^C B .-

So consider /u (Tu) - /u qu:

u) - uV.( PVu)]

= /(V2 uv )(V2 u) + /Vu v .pVu (2) 

all integrals being finite by the preceding statements.

With u -* $4 u in L2 and Tu -»T($4 u) in L2 , it is part of the proof
p

of Lemma 3.7 (using Lemma 3.1(0) that we then also have u -> <£4 u in H . 

Also, the strong convergence in Corol. 3. 8.1 (1 ) implies the weak 

convergence required here. Hence, letting v-»oo in (2), we obtain the 

desired result. D
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CHAPTER 4

Throughout this chapter we shall continue to assume that ue2(T*) 

and $e3, with u and <#> real-valued. From Lemma 3.8, we know that <£ueLa
n

and T($u) eL2 , and so, using Lemma 3*3, we have have <fu e H . The main 

result of this chapter is the derivation of an upper bound for the 

integral /($Va ($u)) a in terms of <p > u » Tu , p and q. The reason for doing 

this is that in the next chapter we shall derive /(<£72 (<£u)) 2 itself as 

an upper bound for integrals which we shall be considering, and thereby 

be able to use the bound derived here.

In order to obtain the estimate for /(<£72 (<£u)) 2 , we shall consider 

the two integrals on the right-hand side of Lemma 3«9(l) in turn.

Proposition 4.1 If ue2>(T*) and $e2>, with u and $ real -valued 

and $2 0, then

/72 U4 u)72 u *!/(<#>72 (tfu)) 2 -K/|7(tfu)j 2 - K/(1 + tf>2 )u2 0) 

Proof; We may assume that |v#| S K and J72 <£| « K.

u x

- 2| 7<^j 2 )u]
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2 . D

Proposition 4.2 If ue 3(T*) and <£e a, with u and $ real -valued 

and <££0, and if |p<^2 | < c, then

/7(<£4 u).pVu ? -Kc/|v(^u)i 2 - Kc/u2 

Proof ; We may assume that |V$| « K.

(2)

2 - Kc/u2 - Kc/u2 

> -Kc/|7(<#>u)| 2 - Kc/u2 . D

Proposition 4.3 If u e 9(T*) and <£e 3, with u and $ real -valued, 

then, for any e > 0,

/|7(0u)| 2 * e/(^72 (<^)) 2 + Ke-1 /u2 (1) 

Proof ! 

/|7(<M| 2 =

Ke" 1 /u2 . D
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Lemma 4.4 If ue2>(T*) and 0e2>, with u and <f> real -valued and

<£» 0, and if p0a $ c, then

/(4>V2 (<^)) 2 « /04 (Tu) 2 + K/(^4 + ca -q04 )u2 (1) 

Proof,; We may assume that | V#| SK, J72 0j «K and c £ 1. 

From Lemma 3.9(O, Prop.4.l(l) and Prop.4.2(l): 

£4 u2 = /V2 (<£4 u )72 u + /V(<£4 u).pVu

- Kc/u3

(by Prop.4.3(l)) 

c)u3 (with e =

Therefore /(<#>V2 (0u)) 2 ^ 2/<£4uTu + K/(c2 + 02 - q<£4 )u2

2 2

+ c2 -qtf>4 )u2 . D

This is the desired estimate of /($V2 ($u)) 2 which we shall use in 

the next chapter-

If we assume further that p 2 0, then the result of Proposition 4.2 

can be amended slightly, and consequently also that of Lemma 4.4. The 

effect will be that the term c2 in Lemma 4-4("l) will be replaced by p<£2 

and we shall have an extra term, namely /p<£2 | V(<£u) j 2 , on the left-hand 

side of the inequality. Since c is the bound on p<£2 , and hence c2 is the 

bound on p2 <£4 , this means that p itself will appear on the right-hand 

side of the estimate rather than effectively p2 . We also note the 

appearance of 1 + <f>4 on the right-hand side of Lemma 4-6(1) as opposed 

to just <£4 on the right-hand side of Lemma 4-4(1). This is because we
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no longer mention an upper bound here for p$2 which we formerly assumed 

to be £ 1 and which subsumed the 1 in the proof of Lemma 4.4.

Proposition 4.5 If ue2)(T*) and <£e2), with u and <£ real -valued 

and $2 0, and if p£ 0, then

/V(<£4u).pVu > i/p<Z>2 |v(<£u)| 2 - K/p^2u2 (1) 

Proof: We may assume that |V$| 4 K. From Prop. 4. 2(2):

. D

Lemma 4.6 If ue3(T*) and <^eiZi, with u and <f> real -valued and

<t>*0, and if p £ 0, then

/[(£V2 (&i)) 2 + p02 |v(<M| 2 ] « /^4 (Tu) 2 + K;(l + ^ + p^2 -q04 )u2 (1)

Proof; We may assume that V0| $K and JV2 ^>| <K. 

Prom Lemma 3-9(l), Prop.4.l(l) and Prop.4.50):

(by Prop.4.3(i; 

with e=-glf1 ) 

Therefore /[(0V2 (<^u)) 2 + p<£2 | V(<#<u) j 2 ] « 2/</>4 uTu + K/(1 + tf + p^2 - q<#>4 )u2

+ 1 + <^.2 + p^2 - q<^4 )u2 

<#»4 + p^2 - q<£4 )u2 . D

This is the amended estimate in the case p > 0 which vie shall use 

in the next chapter.
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CHAPTER 5

In this chapter, we shall establish the generalisation, referred 

to in the Introduction, of Theorem 0.3 to the fourth-order partial 

differential operator under consideration here in Part One, and derive 

the corollary which is a generalisation of Theorem 0.4 to dimension 

greater than 1 .

If u and ve 2)(T*), then u , v , T*u and T*v£ L2 and so /(uT£v - vT*u) 

is certainly finite, i.e.

(u, T*v) - (T*u, v) = L, where L is finite.

It is a standard result of Functional Analysis that, given a symmetric 

operator A, A is e.s.a. iff A* is symmetric. Now, by Lemma 1.1, T is 

symmetric and so T is e.s.a. iff T* is symmetric, i.e. iff L= 0 for 

any pair of functions u and ve2(T*).

However, the proof of Lemma 4-4 is only for a real-valued function 

u. If L= 0 for any pair of complex-valued functions u and v, then, 

a fortiori, L= 0 for any pair of real -valued functions u and v. But if 

L= 0 for any pair of real-valued functions and if u = u + iu and 

v = v . + iv , where u , u , v and v? are real -valued and i- V"(-1), then,
\ £. 1 Cm \ £.

because T* is a linear operator with real coefficients: 
o

(u, T*v) - (T*u, v) = UV^V " (ToV V1 )]

I , v2 )]

-X2 [(u2 , T£v2 ) - (T*u2 , v2 )] 

= 0. 

We have just shown that T is e.s.a. iff L= 0 for any pair of real-

valued functions u and veSCT*). Therefore, in Theorem 5«4, we shall 

consider /(uT*v - vT*u) for real-valued functions u and ve2)(T*).
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Before moving on to the theorem, we shall derive estimates for three 

integrals which will occur in the proof of the theorem. As in Chapter 4, 

if u and ve2>(T*) and $e2), then <£u and <fxren , and. so the estimates will 

be in terms of first- and second-order derivatives of 0u and <£v. In the 

theorem we shall use Prop.4.3(l) to reduce the terms involving first-order 

derivatives to ones involving second-order derivatives and ones involving 

u and v, and then use the estimate given by Lemma 4-40).

In the propositions, n(x) denotes a vector-valued x'unction of x

•with real -valued components n.(x)» 1 * j * n.
J

Proposition 5.1 If u and ve2)(T*) and $e2>, with u, v and <j> real- 

valued, and if |p$2 < c and |nj ^ K, then

2 + u2 + v2 ] 0)

Proof; T!7e use the identity <£Vu = 7(<^u) - uV<£. 

- vVu)]| < /|n.[<#>3 p(uVv- vVu)]|

Kc/juV(<#>v)-

which gives the desired estimate. D

Proposition 5.2 If u and ve 2>(T*) and <p£ 2>, with u , v and <j> real 

valued and $>0, and if |n S K, then 

|/n.[<#>3 (VuV2 v-VvV2 u)]|

Proof; We use the identities <£7u = V(#u) - uV(#> and

We may assume that | V<#>| ^K and |72 <^>| < K.
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|/n.[4>3 (7u72 v-7v73 u)]| <

< /|n.[^8 (7u7a v-7v7s u)]|

- 2

u

which is the desired estimate. D

Unlike the integrals considered in the above two propositions, the 

one to be considered in the proposition below involves third-order 

derivatives of u and v, and so we must integrate by parts before we can 

derive the desired estimate. This requires the existence and boundedness
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of the first-order derivatives of n.(jc), 1 * j * n.
J

Proposition 5.3 If u and v e 2(T*) and <pe 2), with u , v and $ real 

valued and <£?-0, and if |n| S K and jv.nj S K, then 

|/n.[<£3 (u7(72v)-v7(72 u))]| *

Proof; Yfe use the identities <£Vu = V(^u) - uV<£ and

We may assume that | V$| «K and |72 $| $ K. 

|/n.[</>3 u7(72 v)]! - |/(n<2>3 u).7(72 v)|

n.(7(03 u))72 v|

Now - 2

and K/J7(03 u)72 v| = 2u70]72 v|

.- 2

K/|7(<£u)| 2 + K/u

(1)

(2)

(3)

(4)



Substituting from (3) and (4) into (2):

Obviously, we have a similar inequality with u and v interchanged, 

and using these inequalities we obtain: 

/n.O3 (uV(V2v)-vV(V2 u))]| «

which is the desired estimate. D

We shall now introduce the 'bands ' in which conditions on the 

coefficient functions p and q will be more precise.

Let {n !, v— 1,2,..., be a sequence of compact sets in HR , such 

that the sequence covers all of IR as v-*°°. Let h (x)= dist(x,ft ). 

each v, let 0 have a C1 boundary and have the property that if h is 

sufficiently small, say h < S for some S >0, then h e C2 as a function 

of x. Define a compact set 0^ by Q^= [x: h^(x) «d y ] for some d^ with 

0<d < 8 , and suppose that this can be done so that ft'^Q 1 « Let A 

be the closed 'annulus 1 between 0 and 0'. We shall say that a function 

6eC^'*(A. ) if it is a function only of h is real-valued, non-negative, 

continuous and piece-wise C , and supp 0 ̂  A v « For any particular Ay under

consideration, define V = [x: h (x) S kj and S, = [x: h (x)=k], with dS
Jc v K. v

being the element of surface area, for OSk^d . For xeA^, with h (x)=k, 

let n(x) be the outward normal to the surface S, . Then | nj = 1 . Suppose
^~ xC

that the sequence [A 1 is such that we have jV.nj ^ K.
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Theorem 5»4 Suppose that conditions S(i)-6(v) are satisfied, and

that we have a sequence [A } as described above. Let dec * + (A ) 

with |V0| *K and |V2 0| S K. If u and ve2>(T*) with u and v real- 

valued and /Q (uT*v-vT*u) -> L ^ 0 (we may assume that L>0), 

and if (a) |p02 | ^c (we may assume that cM), and 

(b) q64 >

/  r
/ V 03 (hv )dhy « K/
Jo J

then, for v sufficiently large,
•d 

L
o J A v

Proof; We may assume that u and v e 2, because, as we are 

interested in u and v only in A , we could consider ipu and (Av, where 

^e2 and ^(x)= 1 if xe A , and then work with elements of sequences 

(u ,] and [v ,}, u , and v , e 2, as defined in Lemma 3«8, before letting

v 1 -»<».

/ (uT*v- vT*u)dx = / [uV2 (V2v)-uV.(p'v) 
Vk ° ° k

- p(uVv- vVu )]dS 

by an application of Green's Theorem.

- vV2 (V2 u) + vV.(p9u) - vqujdx

= /v [uV2 (V2 v)- V 2 uV2v- v72 (V2 u)+ V2 vV2 u- 
Vk

- (uV.(pVv)- vV.(pVu))Jdx

= /v [V.(uV(V2 v))- Vu.V(72v)- 
 jj

- V.(VuV2 v)+ Vu.V(V2 v)-

- V.(W(V3 u)}+ Vv.V(V2 u) + 

+ V.(VvV2 u)- Vv.V(V2 u)-

- (V.(upVv)   pVu.Vv- V.(vpVu) + pVv.Vu)]dx 

= /v V.[(uV(V2 v)~vV(V2 u)) -
V l£

- (VuV2 v- VvV2 u) -

- p(uVv- vVu) ]dx

= /0 n. [(uV(V2v)- vV(V2 u) - (VuV2 v- VvV2 u) - 
Sk
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We shall use Prop. 4. 3(0, Lemma 4.4(1 ), Prop.5.l(l), Prop.5.2(l) and 

Prop. 5. 3(1), all of which though stated and proved for functions <£e2i still

hold for functions 0eC2) 'f (A ).v 'o v

Now for v sufficiently large:

£L * Jy (uT*v - vT*u)dx, where V .

Therefore ?L03 (h S 03 / s n. [(uV(V2 v) - vV(72 u)) - (VuV2 v- VvV2 u) -
J£

- p(uVv- vVu)JdS.
rd r

Therefore £L/ V 03 (h y )dh y S / 03 n. [(uV(Va v) - W(V2 u)) - (VuV2v- VvV2 u) - 
 * o J A

- p(uVv- vVu) Jdx

/n.[e3 (uV(V2 v)-vV(V2 u))J| +

/n. [e3 (VuV2v- VvV2 u)]| + (2) 

/n. [03 p(uVv-vVu)]|

2 ] +
(by Prop. 5. 3(1) 

+
and Prop. 5. 2(1) 

v +

|v(0v)| 2 ] +
(by Prop. 5. 1(1) 

Kc/(u2 H-v2 )

(by Prop. 4.3(1) 
K/(oe" +c+ 02 )(ua + v2 )

(with e=^

) 2 + (Tv) 2 ] 

+ K/(c2 + 04 )(u2 + v2 ) (by Lemma 4.4(0)

« K/ [e4 + c2 + Q] [u2 + v2 + (Tu) 2 + (Tv) 8 ] 

vfhich gives us the desired result. D
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If we review the proof of Lemma 3«8 in light of the above theorem,

we see that the key statement in the lemma is Tv=Tv if suppvC B ,
R

i.e. g_(x) = q(x) if xeB . We now see that, for any particular v t the
IV

proofs still hold if we just assume that £_(x)= q(x) if xs A . If we set 

£(x)=0 when xeQ'/A (we may assume that q*(|x|)*50), 

(j.(x) = q(x) when xe A , and 

g.(x)=- sup q*(|y|)

we see that conditions 6(iii)-G(v) on q need hold only in A . Similarly, 

condition 6(iv) on p need hold only in A .

However, with reference to the remark preceding Lemma 3-9, these extra 

conditions (which are not assumed by Evans in [5]) enable us to work with 

9(T*) as large as possible.

One final remark before we prove the corollary to Theorem 5«4: the 

requirement that | V.nj « K is obviously unnecessary in the 1 -dimensional 

case, and is trivial in the case where the Q are n-dimensional spheres 

centred at the origin.

Corollary $.4.1 Suppose that conditions g(i)-S(v) are satisfied 

and that we have a sequence [A j as in Theorem 5-4, with

(a) lim inf v ^ TO d v >0.

Let B = ix: SS h (x) < d - SJ for some S> 0 with d^- 26 > 0, 

for all v. For each v, assume that we have a function 

6 eC^' + (A*) (i.e. we allow suppO^ A y ), with

(b)
(c)

(d) qe4̂ -K; 

where K is independent of v.
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/" diT S 
^ (e) 2 I V 6°(r)dr is a divergent infinite series, then

• 8

L= 0 and so T is e.s.a. 
o

Proof; (a) implies the existence of the bands B . 

Let ^ v eCo ' + (Av ) with 0 < 0 V « 1 , 0 v(r)=1 if SSrSdy- 5, and |^| 

and |^"| bounded, the bound depending only on 5. 

Let V=^6v . Than^eC^' + CA,,). 

(b) implies that 0jJ S K and | 0^| S K, and also 6 s K.

(c) implies that |p#' j S K, so we take c=K in Theorem 5.4.

(d) implies that q#*2 -K, so we take Q(h ) = K in Theorem 5.4.

rd -S rd
Assume that L>0. Then L/ V Q^(r)dr S L/ e*(r)dr,

J S Jo

7 Theorem 5«4(1):

rd -8 / 
L/ V e3 (r)dr^K/ [u2 + v2 + (Tu) 2 + (Tv) 2 ]dx. 

J 8 JA

f -s

8 

and so, by Theorem 5«4(l):

r" S

8
v

This is valid if v is sufficiently large, say for all v&N. Summing over 

v»N gives a finite right-hand side, which contradicts (e).

Therefore L= 0 and so T is e.s.a. D
o

Drawing on an example in Evans [5], we give the example below, 

generalising the result of Everitt [?J to dimension greater than 1.

Example; In Corol.5.4.1, take A = [x; 2vir$ jx| < (2v+ 1)77-]. 

Then d = ir, so take S= fl/4, and (a) is satisfied.

Take 6 (h (x))= (2vn+ h^(x))" = xj . Then (b) is satisfied.
2 /-i 

In A , take |p| ^KJx , with p also satisfying &(i) and e(iv). Then

(c) is satisfied.

Take q=K|xj sinjxj or q=Kmin(-|xj / , jxj sin|xj) for any X with q

satisfying g(ii)-6(v). Then, since q>-KJxp in A y , (d) is satisfied.

Since / (2v7T+r) dr = log ET^y L ( e ) is satisfied and T is e.s.a. Q
J 7T/4 L V + J °
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If, as in Chapter 4, we assume further that p £ 0, we can amend the 

result of Theorem 5*4, from which we can derive the corollary which is 

a generalisation of Theorem 0.5 to dimension greater than 1. This entails 

first amending Proposition 5.1 .

Proposition 5.5 If u and ve2(T*) and <£e9, with u, v and $ real- 

valued, and if p £ 0 and n <£ K, then

|/n.O3 P (u7v-vVu)]| S /p<Z>2 [|v(<£u)| a + |v(*v)| 2 3 +

+ K/p<£2 (u2 + v2 ) (1) 

Proof; Similar to the proof of Prop. 5.1: 

|/n.[<£3 p(uVv-vVu)]|

which gives the desired estimate. D

\Ve can now proceed to the proof of Theorem 5.6, which follows much 

the same lines as that of Theorem 5-4, the same preamble applying now as 

it did then except we use Lemma 4.6(1) instead of Lemma 4«4(l). The 

comparison between the move from the right-hand side of Lemma 4-4(1) to 

the right-hand side of Lemma 4«6(l) with that from the right-hand side 

of Theorem 5.4(1) to the right-hand side of Theorem 5«6(l) is clearly 

very close, i.e. in the latter case p02 replaces c2 and 1+ 04 replaces 94 ; 

we no longer mention an upper bound for p02 , nor a lower bound for q04 in 

the theorem.

Theorem 5.6 Suppose that conditions s(i)-f-(v) are satisfied, and
r\

that we have a sequence [A ] as described above. Let 9e C ' (A ) 

with |V0| S K and |v2 0| « K. If u and ve2>(T*) with u and v real- 

valued and / (uT*v - vT*u) -» L ^ 0 (we may assume that L>0),
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and if p > 0 in A , then, for v sufficiently large,

L I V 63 (hv )dhv < K[ [1 + <?4 + P 02 - q04 ] [u2 + v2 + (Tu) 2 + (Tv) 2 ]dx (1 )
J 0 JAV

Proof ; ¥e shall use Prop. 4. 3(0, Lemma4.6(l), Prop.5.l(l), 

Prop. 5. 2(1) and Prop. 5.5(1), all of which though stated and proved for 

functions </>e3 still hold for functions 0eC * + (A ).

From Theorem 5.4(2): 
d

|/n.[03 (uV(V2 v)-vV(V2 u))]| 

+ |/n.[03 (VuV2 v- VvV2 u)]| + 

/n.[e3 p(uVv- vVu)]|

/P 02 [|v(0u)| 2 + 

K/p02 (u2 + v 2 )

/04 [(Tu) 2 +(Tv) 2 ]

(by Prop.5-3(1) 

and Prop.5.2(1):

(by Prop.5.5(1):

(by Prop.4.3(1) 

with e= 4rK )

(by Lemma 4.6(l))

< K/ [1 + e4 + pd2 - q64 ] [u2 + v2 + (Tu) 2 + (Tv) 2 ] 

which gives us the desired result. D

The remarks which followed Theorem 5.4 apply equally well here.



Corollary 5.6.1 Suppose that conditions fi(i)-S(v) are satisfied 

and that we have a sequence [A j as in Theorem 5.6, with

(a) lim inf v ^ 00 dv >0. 

For each v, assume that in A ,

(b) p^O and either p S Kd* or p^Kd2 |q| 2', and

(c) q*-k, 

with K and k independent of v.

Then L= 0 and so T is e.s.a.o

(The alternative in (b) means that if p£ Kd2 we need no further 

restriction on q, but if p is to grow more rapidly we need a 

corresponding growth in q.) 

Proof; (a) implies the existence of S > Q with d -2S>0 as i>-»°°.
n

For each v, let 0 eC ' + (A ) such that 

6 (r) =o if re [0,^§]

= r-4-S if re [-iS.-od -4-S] 

= ^d. - 8 if r< 

= d-^5-rifre[^< 

= 0 if re [d - |-S,di; J 

So 0'= 0 or 1, and 0"= 0. We have OS & * Kd^, and also d4 2 (2S) 4 , so 1 « Kd 4 .

Assume that L > 0, and suppose that in (b) p^Kd^. 

So p02 «Kd2 d2 = Kd 4 . Also, from (c), -q04 «kd4 .

rd r
By Theorem 5.6(1): L/ y 0^(r)dr ^ Kd4 / [u2 + v 2 + (Tu) 2 + (Tv) 2 ]dx (1)

Jo J A

Now, still assuming that L > 0, suppose that in (b) p<Kd2 |q| 

From (c), | q| « q+ 2k, and (q+ k) 2 0.

|- (q+k)04We have pflj-



(K+k)d4

this inequality holding in A .

By Theorem 5.6(1): 
|dv

V / V V y * I/ V
A l

x[u2 + v2 +(Tu) 2 +(Tv) 2 ]dx

« Ki4 / [u2 + v2 + (Tu) 2 + (Tv) 2 ]dx (2)
VJA 

v

From (1) and (2), we see that if L>0 and either of the alternatives

in (b) hold (together with (a) and (c)), then we have

LI d f 
Ld~ V 0°(r)dr S K/ [u2 + v2 + (Tu) 2 + (Tv)2 ]dx (3)

Jo JA v

As v-*°°, the right-hand side of (3)-»0.
, -d -d -.^S 

However, d~ / V 0^(r)dr * d~^l V ^ (d y --|S- r) 3 dr = T'^Cl - 25/dv ) 4 > 0,

2 v 2 as v-»co. 

This is a contradiction, so L= 0 and T is e.s.a. D

Again dravdng on an example in Evans [5J> we give the example below, 

generalising the result of Everitt [6],

Example ; In Corol. 5.6.1 , take A = [x: a < x| ^ b I where 0 < a . <b 

and with b^SKd^; say a y = exp(2v) and b y = exp(2v+ 1).

Then d = exp(2v+ 1 ) - exp(2v), and we have b ^ Kd and also (a) is satisfied. 

In A , take p£ 0 such that either p(x) SKJxj 2 or p(x) SKJxj 2 |q| 2 , 

where q(x)= |x| sin(7rlog|x| ), with p and q satisfying conditions 6(i)- (v). 

Then (b) and (c) are satisfied, since if xeAy, |x| Sb^Kd^, and q»0.

Hence T is e.s.a. D 
o



II
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CHAPTER 1

In this second part, we shall generalise the results of Part I to 

those for a 2m-th. order elliptic differential operator (m£ 2) given 

"below. Clearly, for any particular m, mSK.

We first define operators f. (t 2 0, t .integral) by: 

f> = ~L (the identity operator); 

•6=7 (the vector operator (d ,...,5 ) in 3Rn);

and t. _ = V2 ^. 
t+2 t

Note: £-, . may be taken as either V-6 or -^0 .V as these will be the same
^T+1 £u <i"t

for the functions under consideration. 

The 2m-th. order operator we shall consider is formally given by:

Tu= t!> C-1 )\-(PtV^ *ithpm .1, 

where p, = p,(x), a real-valued function of x= (x , ...,x ), for O^tSm.
v w I U

T is formally self-adjoint. As in Part I, we define operators T and 

T by: T u= TU, 2>(T )=3j Tu= TU, 2i(T) = La .

To ease comparison of results with those of Part I, we put p = q, and 

so T is given by:

ru= (-1 )"<2mu + 5! H)\.(PtV) + ^u -

Note: Here and throughout, the dot in terms such as &. .(p.-^.u) is to be 

taken as the operation forming the scalar product of two vectors 

or the ordinary product of two scalars, whichever is applicable.

The f olloT/ing three conditions on p, and q are to be assumed to hold 

throughout Part II:

P+eC*, for 1 « t«m- 1;
X
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q(x)>-q*(|x ) where q*(r) is a real-valued, monotonic non- 

decreasing function of r£ 0 and is locally bounded.

We define the function ^(x) as in Part I by:

a(x) = q(x) if x e BR ;

CL(X) - q(x)+q*(|x|)-q*(R) if x^BR . 

Therefore we have ^.(x) > -q*(R) for all xe 2Rn .

We define r , T and T as in Part I.

The follo7d.ng three lemmas are proved as in Part I, and no proof is 

given here.

Lemma 1 .1 T maps 2) into L2 and is symmetric. D
o

Lemma 1 .2 T maps L2 into 2)'. D

Lemma 1 .3 2>(T*) = [u: u e L2 , Tu e L2 ] and T*u= Tu. D

So, as in Part I, the conditions e(B),e(C) and g(D) are seen to be 

equivalent to: e(A) T is e.s.a.

As in Part I, Lemmas 1.1, 1.2, 1.3 and the equivalence of e(A)-6(D) 

hold with T replaced by jr, and the general approach is the same.
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CHAPTER 2

We shall state conditions on p, and q which will render T e.s.a. ast — o
a corollary of Theorem 1.2.1.

As in Part I, for 1 «= j « n, 3. denotes d/dx.. 
t J J

where 1 < j . < n, 1 ^ i s t+1 .
.A.

LetSr,t= J81'V   8r JllithSr,tCJt and 9i. f t = f "1 'V' ' ''

with S, = J /S for 0 < r S t. Note: Sn =0 and a .=jZ(. /r,T; T; r,T u,t /t,t

Let P[S ] = d d ...d and P[S/ .] = dd ...3 with P|jzl] = I. r,t Sl s2 sr /r,t or ag at_r

Then «2t .(P2t «2tu) = j, ,

t+1 n 2t+1 

= ill J.Jl rlo

for 1 ^ 2t< m~ 1 and 1^2t+1£m-1 respectively.

Z sums over the subsets S , of J , where, if a particular j. occurs cS r j *u T i

twice in J. but only once in S ,, then this subset is counted twice, t r , t

because we are summing over combinations (hence the "6") of r elements of J

Consider the functions P[S^ . ]p, (1 « t^ m- 1) such that 2t- r isr j v b

constant, say 2t-r=A*. As O^r^t and 1 < t ^ in- 1 , we have 1<^^2(m-l). 

Index these functions by elements of some finite set A(/j),i.e.

P[S , lp. = 1 -,( x ) where /J=2t-r and AeA(^). For any q ,(x) we define r,t" t p,*- /J,A

,2t ]p2t' aM as P[S/r,2t+ 1 ]

if q »(x)=P[S 0 , Jp0 . 4. Then Q .(D) is an operator of order p<2m.
^/J,A r,tU + 1 <it + l r*) A
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We further define qn ,(x)= a(x), Q ,(D)=I, A(0)= hi, and P(D)= (-1 )V ,
u, 1 u,i 2m

and L(x,D) = P(D) + Z (-1 )* ? 2 22 qj ^(X)Q >0>)

with 5 to sum over j. e J,, .2 to sum over 1 s j. S n, 2 to sum over p= 2t- r 
i i *t j. i p

for O^r^t, and 2 to sum over AeA(/j).

We now state condition e(iv).

e(iv) q e N. and if 4m « n, then N. z(g)-* 0 as S-> 0; ifm nm, o

P[Sr)t Jpt eN2(2m_ (2t_r)) and if 2(2m- (2t-r)) « n, then 

N2(2m-(2t-r)),8(P[Sr,t ]pt^° aS ^ °' f^0.r.t, 1.t.m-1.

We now have as a corollary to Theorem 1.2.1:

Corollary 2.1.1 Let £ and p (l«t£m-l) satisfy S(iv).

Then T is e.s.a. —o

Proof; With the notation as above, by S(iv), q > e ^ 

and if 2(2m- p) «S n, then N / ^ § (q .)-»0 as S-*0, for any Ae

0</J«2(m-l). Therefore, by Theorem 1.2.1, L(x,D) on 2) is e.s.a. in L2 . 

But L(x,D)=T , and so T is e.s.a. D

As in Part I, 6(iv) will be assumed to hold in any lemma requiring

T to be e.s.a. —o
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CHAPTER 3

Our aim in this chapter is to derive the identity

/02Vu - /q<£2V = 2 /p,£.(</>2mu).-e .u, with p -1, * X— i xx x m

for ue2)(T*) and 0e2>, with u and 0 real -valued. V.'ith m= 2, this is 

just the identity which we derived in Chapter 1.3. Similarly, we wish 

first to obtain a formal identity for T(<£U). We use the notation 

introduced in Chapter 2, and shall give full details in order to 

familiarise the reader witn this notation which will be used extensively.

"We expand £ (<£u) as sums of products of the form (P[S ,]<#>)(P[S/ ]u) x r j x /r 9 x
and then extract the term in which r= 0, i.e. <£•£ u. The sura of thesex
(i.e. the <££,u) will contribute to the term <j>ru in the identity.X

m-1 . 
t^ (-1) \.(p±\

m n 2m
Jl 01 A i (P[Sr, 2J« (?[S/r,2jU '

m n 2m
u * iil J/.1 rll I 'P[Sr,2j*'(Pt3/r, 2n lu)

For 1 ^ 2t <m:

! 1 jl rll I

where we write {...} if the term has not changed from the line above, •



t n 2t
.2, .2, Z.
i=1 j.=1 r=1

For 1 « 2t+ 1 <m:

t+1 
t+1 n 2t+1

s^ a ^ ( P ^a e u )~1 J t+1 'dt 2t+1 J

t+1 n 2t+1

.

t+1 n 2t+1 

ill 0-1 r!o I
1

t+1 n 2t+1 

+ ill j.£=1 rll
1

+ {...} (4)

Substituting from (2), (3) and (4) into (l):

m n 2m 
1)».|, .^ ri, £

J1 oil r

t+1 n 2t+1
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This is the desired identity, and it remains valid with £ in place

Of T.

The scheme of this chapter is the same as that of Chapter 1.3, i.e. 

to obtain the generalisation of Lemma 1.3.8 we shall generalise Lemmas 

I.3.1-7, the implications being given in the diagram.

Lemma 3.1 => Lemma 3.2 <x.
Lemma 3« 6 ,x

Lemma 3.5 T -, o•% Lemma 3-8
_^^7 •

Lemmas 3-3 & 3.4 =^ Lemma 3«7

In order to maintain the parallel between this chapter and Chapter 1.3, 

the extra results needed for the proofs of the lemmas appear as propositions. 

Again, we shall make it clear in the proofs when we are assuming T to be 

e.s.a., because not all the proofs require this assumption.

Proposition 3.0.1 Assume that we have a sequence a(j) (0 ̂  j < N)

such that a(j) < ea(j+1)+ K(1 + e~1 )a(j-l) (l)

holds for 0 < j <N with K independent of j.

Then, with K independent of j, we have, for OS j<l'-,

a(j) $ ea(N) + K(1 + e ) a(0) (2)

Proof; Tte shall first establish that for OS j <N and K

independent of j: a(j) £ ea(j+1)+ K(1+ e"1 ) j a(0) (3) 

This holds for j=0 (trivial) and j= 1 (put j= 1 in (l)). 

Suppose that (3) holds for j=0,1,...,s. 

Then a(s+l) « e'a(s+2)+ K(1 + e'" 1 )a(s) (by (1))

^ e'a(s+2) + K(1 + e'"1 ) {e"a(s + 1) + K(1 + e"" 1 ) S a(0) ] ^pothesis)

—1 —1 -1 Setting e' = ie, e"=^K (1 + e 1 ) we obtain

a(s+1) £ ea(s+2)+ K(1 + e ) 

Thus (3) is established by induction.
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Now (2) holds for j=N-1 (put j= N- 1 in (3)). 

Suppose that (2) holds for j= N- 1 ,N- 2, . . .,N- s. 

Then a(N-s-1 ) « a(N-s) + Ka(0) (by (j) with e=l)

S {ea(N) + K(1 + e~1 )N~ 1 a(0)} + Ka(0) (by the induction hypothesis)

Thus (2) is established by induction. D

Proposition 3»0-2 Assume that we have a sequence b(i,j) (i £ 0, j £ 0, 

i + j S N < K) such that

b(i,j) s eb(i-1,j+l) + K(e)b(i-1,j) (O 

holds for i > 0, o ^ 0> i+ j^N, with K(e) independent of i,j, and

b(0,j) S eb(0,j-t-l) + K(e)b(0,j-l) (2) 

holds for 0 < j<N with K(S) independent of j 

(i.e. the sequence b(0,j) satisfies Prop. 3. 0.1 (1 )) . 

Then, with K(e) independent of j, we have, for 0 S j < N,

b(N-j,j) s eb(0,N) + K(e)b(0 > 0) (3) 

Proof ; 77e shall first establish that for i>0, j^O, i+j^N 

and K(E)_ independent of i,j:

This holds for i= 1, j £ 0, i+ j * N (put i= 1 in (1)). 

Suppose that (4) holds for i=1,2,...,s, j^O, i+j<N.

Then b(s+1,j) ^ e'b(s, j+1 ) + K(e' )b(s, j) (by (i))
s-1

« e'{b(0,j+s+l) + K 2 b(0,j+U«)I +
/Cs«J

(by the induction hypothesis)
S^T

+ K(e') fb (0,^+3) + !^ b(0,j+/c)}

s 
« eb(0,j+s+l) + K(e) /(,2o b(0,j+*) (by setting e'=e).

Thus (4) is established by induction.
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From (2), b(0,j) satisfies Prop. 3.0. 1 (1 ), and so, by Prop. 3. 0.1 (2),

for K<N-j: b(0,j+K) S e'b(o,N) + K(e' )b(0,0) .

N-j-1 N-j-1 
Therefore Jjg b(O f j+«). < [e'b(0,N) + K(e')b(0;0) J

K{e'b(0,N) + K(e')b(0,0)l (because N- j * N< K) (5)

N-j-1 
From (4), b(N-j,j) S e"b(0,N) + K(e") S b(0,j+«)

(by (5))

^ eb(0,N) + K(s)b(0,0) (by suitabl? choice of e 1 and e"). 

Thus (3) is established. D

Proposition 3-0«3 Let $e2), A»0, p>0, A.+ /^<cr.

Then H^ s zs1 a a ... a ^*|| * x(||*2ff*||+ ||*||) (D

Proof; We have |U|l ^ K(||p(D)</> || + \\4>\\ ) for any <£e2>,
p o o

for any symmetric elliptic operator P(D) of order p -with real-coefficients

(see Lemma A2.2). We take P(D)= &2a, p= 2o.

Therefore |j <£ |L < K( || ty <j> || + \\<t>\\) (2)

Thus (1) is established, where the left-hand side of (1) is just H^/^

f

when A= 0. D

Proposition 3.0.4 Let u e L2 , &. u e L^ , QCQ 1 , A»0, u*0, A+ /

Then || £ Z 3 3 ...3 * u|| Q < K(||*2ou|| Q , + ||u|| QI ) (1) 
i 1 <J A

(If A= 0, then the left-hand side of (1) is just ll^ilfl^
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Proof ;

xeO, <Kx)=0 if 

Assume that

al

Let ifi e 9, with ifr real-valued, 0 $ ^(x) « 1 , 'A(x) = 1 if

0.

A n

n

...a

r l ,'
A 1

V' vi

... u
1 ^.—1 

| 2^+A-l 3 ,1 V' A--, 2

a ...a

(3)

Summing over 1 ^ s. < n for 1 < i $ A- 1 and writing

(3) gives 

for A > 0, p2 

We write

:) s eb(A-1,/M-l) + K(l + e" 1 )b(A-1 ,/j)

,+ ^saSK. Therefore b(A,|u) satisfies Prop.3.0.2(1). 

^•C u 2 -b(0,/j) and now consider b(0,p) for p > 0.

(4)
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+ Ke'~1 b(o,A'-1 ) +

(by (4) with e=l)

M) + K(e'"1 + e""1 + d"~1 )b(0, p-1

by setting d" = (l/4)min(K~1 , e), e"=1/4, e'=e/4. 

Therefore b(0,^) <s eb(0, p+1 ) + K(1 + e~1 )b(0, M-1 ) •

This holds for 0 < v < o and so b(0,^) satisfies Prop. 3.0. 2(2) . 

Therefore, Prop. 3. 0.2(3) holds for b(A,/j).

By (2), with A^ 0: 

A n
a ...a eo ul|2 ^ b(A,^)
Sl ^2M "n (by Prop.3.0.2(3)

) withe=1 ) (5)

IfA=0, the left-hand side is |U2 u||* « || ^2 ̂  || 2 = b(0,/j).

Therefore, (5) holds in the case A= 0 as well.

So, by Prop. 3. 0.1 (2), with e= 1 to cover the case A= 0 and ^= a;
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A n

ill a Z=1 V"\

which implies (1). D

Proposition 3.0-5 Let $ e 2 with supp </> C Q CQ ' j u e L2 and A, u e L2
£ S J.OC

for any particular s with 0 S s S m- 2; 1 < t « m- 1 . Then

Proof; We first consider t (in (l)) even. For 1S2t«m-1:

l'*W'2t*2t">l - "I J4ll A S«P lS,,2t««2t»»<P t?t,2tJ»2t)l

2t r n (because the derivatives

* K i 'r&> iil s Z=1 I ^r.ZtK <2tu >l of Ps>+ are bounded on 0)
X <i.*C

Now P[S _, ] may be rewritten (with rearrangement of the subscripts) as 
r j c~\>

d ... d 33 . . . <32 where s . ^ s. if i ̂  j , 
S1 ^Vl S(r+A)/2 X J

with As r ( mod 2) and 0 « A« min(rj2t-r) .

r n
(Note that .£, 2.3...332 ...32 =3...ae ...) 

1=XV1 s. = 1 Sl s s , s r-A

Let A(r)= [A : A=r(mod 2), 0 $ As min(r,2t-r) } . 

? will denote the sum over AeA(r).

So we now have:
2t An

( Prt ^0 u)| ^ KJ; 2 z z 2, 03 ...a e
2t 2t 2t X| ' r=0 A i=1 s.=1 s1 s^ r

2t An
2 2 .2 Z . 03 ...3 £ . x u i (2)r=0 A i=1 s . =1 r s, Ss 2t+r-A ' xa 1 A

Our object is to recast the summands in (2) in the form

with A 1 » 0, p 1 > 0, A' + ^' < (m- 1 - s) and A" £ 0, v" * 0, A" + p" < s,

in order that we may use the results of Props. 3. 0.3 and 3.0.4.

If 2t+r+As2s, wa rewrite (2) as

2t An

r=0 A iil s Z=1 
i
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If 2t+r+A>2s and A«s, we integrate (2) by parts to obtain

Kl'rfo I ill s.ll^2t+r-A-2/) 8̂ -* V}| ^ * + " = *
1 ^

Then /J=s-A»0 and 2/v= 2(3 - A) < 2t + r- A.

So CU 2t + r- A- 2/J= 2t+r + A- 2s S 2t + r + min(r,2t-r) - 2s

= 2t+min(2r,2t) - 2a $ 2(2* - s) S 2(m- 1 - s). 

If 2t+r+A>2s and A> 3 , we integrate (2) by parts to obtain

Then 0$2t+ r- A+ 2(A- v)=2t+ r+ A- 2s <2(m- 1 - s) as above.

So, in view of (3a,b,c), we see that (2) is equal to 

2t An
K|; s z .z i (a ...a e <^,)(a ...s e0 u)| (j

|v r=0 A i=1 s.=1 v s . s^ 2t+r-A-2p /v s. s 2/J X| ^ 

with 0$ 2/J$ 2t+ r- A, 0« v$ A, /j+ v S s and (2t+ r- A- 2\i) + 2 (A- v) S 2(m- 1 - s).

2t A n v n
K 2ft z II . z ^ z . a ...a e_. , 0 0|| II .2 £, a ...a e. u|i

r=OA "i=v+1 s.=1 s . a, 2t+r-A-2/Jr " "i=1 s.=1 s, Ss 2/J ". ... _. , 0 . , ... . _
s.=1 s . a, 2t+r-A-2/Jr " "i=1 s.=1 s, Ss 2/J "Q

1 V+1 A 1 1 A

(by Props. 3. 0.3(1) and 3.0.4(0)

This implies (l) for the case t (in (1)) even, since the summands in (4) 

are independent of r and A, and we have a bounded number of them.

We now consider t (in (1 )) odd. For 1S2t+1£m-1:

'0

n
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t n 2t 

L=1 j.=1 r=0 6 ^

t n 2t
+ / I Z Z Z111 1=0 ^=1 r=0 C

*l'rLll A, ? * P[Sr, 2t« £2 (ui)U)| + ,„. t, „ . t .
i ^because the derivatives

2t r nr zrt . z z A
'r=0 i=0 j.=1

1 • - o

Now, the first terra on the right-hand side of (5) is bounded by

2t A n
•A * 4*^ • • • 3 ^^ / \ , u j as in 

i 1 A

vdth 0^2^<2(t+l) + r-A, O^v^A, ^+v$s and

(2(t+ 1) + r- A- 2/0 + 2(A- v) « 2(m- 1 - s).

[To see that the last inequality is valid, as in (3a,b,c), either the left- 

hand side =0, or ^+ v= s. If /^+ P= s, then

(2(t+ 1) + r- A- 2/0 + 2(A- v)= 2(t+ 1) + r+ A- 2s

< 2(t+ 1) + min(2r,2t)- 2s 

< 2(2t+ 1 - s) $ 2(m- 1 - s).]

so (6) < K (li^._^IU lkll)(ll«28 u llQ' + ll u lin«> as in

Now, writing j = S A , the second term on the right-hand side of (5) ^

2t A+1 n
KJ/ Zn Z .2 2 <£<? ...5 -6 u| as in (2) 

' J r=0 A i=1 s.=1 ^s s^ 2t+r-A '

2t A+1 n
(8)

with 0^2^«2t+r-A, 0« f « A+ 1, ^+v<s and

(2t+ r- A- 2/0 + 2(A+ 1 - v) « 2(m-.1 - s). 

[To see that the last inequality is valid, as above, take the case n+ v= s.
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Then (2t+ r- A.- 2/0 + 2(A+ 1 - v) S 2t+ r+A + 2- 2s

= 2(t+ 1) + r+ A- 2s ^ 2(m- 1 - s) as above.]

So (8) «K^i(IK(nM ._8) *IU ND (II VUG'* H U M asin ^

Substituting from (7) and (9) into (5) we see that (1) holds for the case

t (in (1)) odd, just as it did for t (in (l)) even. Thus (l) is established. D

In the following proposition, we prove the induction step required in 

the proof of Lemma II.3.1. The proof of the proposition is similar to that 

of Lemma 1.3.1 

Proposition 3.0.6 Let ueL2 , TueL* , and ^2 sU £ Lloc f°r any 

particular s with 0«s<m-2. Then Z , \u e L^ . 

Proof! Let $e2with supp^CQCH' (Q,n' compact), and consider

m-1

*11

since ||0gJ| $ sup | <f>\ ||all Q $ K(n)( ||*H + ||^ll) as in Lemma 1.3.1, and the 

estimate of | /^.(p £u) | is from Prop. 3. 0.5, the right-hand side of 

Prop. 3.0. 5(1 ) being independent of t, and m««K.
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and !l u ll n > II U II Q .» H e2sU Ha' H*2sU lla' and ||Tuj| Q are all bounded by K. 

Therefore, (1 ) implies

\0\\) (2)

and j|

So, (2) implies

.

For any t > 0, £ as an operator from 9 to L2 is e.s.a., and therefore
£\t

(*2t + ^^ 3 is (iense in ^2 • Take t=m- 1 - s. Consider any v e L2 with suppv 

bounded, say suppv C Q°. Then there exists a sequence [<£ ], 4> e 3, such 

that (^p. + i)$ -*v in L2 . We must show that the functions in this sequence 

have common support.

For some d > 0, letQ 1 =ix: dist(x,n°) * dj, Q 2 =[x: distCxjQ 1 ) « d], 

Q3 = Jx: dist(x,Q2 ) « dj. Let ^/(x) e 3 be a real-valued function such that 

OS^M1, ^(x)=1 if xeQ1 , (//(x)=0 if x^Q2 , and the first 2t derivatives 

of ^ are bounded by K, independent of Q°. Then tp<}> & 2)«

Let <£e [<j> I such that || (^ + i)^>- v || ^ r? (4)
V £\j

V/e shall show that |j (6^ + ±)(<P4>) - v || <e.

i because 0=1 in Q 1

= || (-6 + !)<#.- v jj / xi because v= 0 outside Q°CQ1

« ri (by (4)) (5)

as the term for r= 0 has been extracted to give us the term



If this taking of limits is not justifiable, we may proceed 

as follows :

With t=m-1-s, consider (-1 ) ' I(&y . + i )</>- (A, + i)^9 , u *° obtain

from which it follows that (^+i)^ u is a continuous linear

functional on a dense subspace cf the dual space of L^ ^.

(t)

As in Part I. this can be extended to f e L^ with ' Ice

and if (-6 +i)g=f, then g e L^ and so t g e I? .£ JL OC £ JL O C

So from (t) we have /( + i)0. ( + i) (^U - g) = 0,

and therefore v;e obtain /(^ + i)(^ + i)^>. (^ u-g) - 0 

As in Lemma A2.2, we can show that for w e L2

INI * K IU i)(£ + i)
and hence (^ +i)(^ +i) is 1-1 from L2 to H~2v- U1 '.

c ^- t/ 0

As in Lernma A1 . 1 , it follows that (& + i) (^ + i)3 is dense in L2 .
t i- 1

Thus, from (t), &- u-g = 0, and so   (  u)sL^ . D
 " ^o d- <i E _A. O C
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t n 2t 
Now, 11 .1 . 2_ 2

2t An 
<K £. 2 ll S 2 a ...

3 i =1 . S1 *

2t An 
! 2 2 || 2 2 3 ...3 * A^n3 /") 1 using the notation from Prop.3-0.5

as P[S 0 ,]^=0 for r^ 0,

and, P[S _.U is bounded for 
2t r ' 2t ~

* Kr=1 i e2t*n3/tl° + n3/Q°) ty Pr°P- 3 -°"!f aPPlied to * instead of u

as 2t-r+A« 2t-r+min(r,2t-r) $ 2t-0= 2t. 

6 <^||^ 3 ,^o+ ll^llQ3/Q 0 ) as summands independent of r,A..

< K || (^2t + i ^llQ3 /Q° as above

< K || (-6 + i)$- v || similar to above^~C

<K77 (by (4)) (6) 

So

J1 J.l r7l 

77 + KT? (from (5) and (6)) (?)

and so (*+ i^ - v S e2t+ i0- v +

< T? + (K + 1)?J (from (4) and (?)) 

< e (by setting ?7<e(K+2)~ )•

We have therefore shown that (^2t + i)((/"#' l/ ) -» v in L2 with supp ^ C Q 2 .

So, from (3), l/v^p/ ^u| ^ K(u,Q°) ||v||, v?here the infimum of the K's for

which this is valid for v's in L2 having the same support, Q, is

- Therefore ^ UeL - D See facins

Lemma 3.1 If u e L2 and Tue L2 , then I , >.ue
• i« • • • "• ~ j. o c ^ \ m^ i /

Proof; The proof is by induction.

so
J.OC o j-ui;

Prop.3-0.6 gives us that e2su e Lloc iraPlies e2(s+1 ) U e Lloc } f °r °$ s $rt-2.

Therefore, by induction, e2 (m-1) UELloc' D
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Corollary 3.1 .1_ If u e L2 and Tu e L2 , then, for n + A $ m - 1,
™~ .LOC

A n
• s , 2 3 ...3 £0 u e L2 . a=1 s i=1 s s^ 2v loc

Proof; Immediate from Prop.3.0.4(1) and Lemma 3.1. D

Lemma 3.2 If u e L8 and Tu e L2 , then T(<£u) e Pi'1 for any <j>e 3>.~~ loc — o
Proof; Let 0e3 with supp^CO, and <#> and its first 2m 

derivatives bounded by K. ',Ve shall show that all the terms in the

expansion of T($u) (which we restate here for convenience) are iii H
m n 2m

t n 2t 
. Z . Z_ Z

t+1 n 2t+1

Tu e L2 and so <#Fu e L2 C H . — loc — o
Let i(> e H . Consider 1 S r<2m; so for AeA(r), 0 5 A S min(r,2m-r), 

o
As r ( mod 2):

1

A n
= If Z 2 0(a ...a £ .,$)(a ...a •£ u)| where 2p=2m-r-A

1 i=1 s.=1 s. Ss r-A s. s^ <Lui 1 A 1 A

If A= 0, then r ? 2 and so p$ m- 1 . Hence, by Corol.3.1.1, 

independent of <p, r and 6, and so (1) S K || t(i \\ € K j| ^ j| 1 . 

If A^ 0, then we integrate (l) by parts to obtain

A n 
1=1 ?1S=

n
Z . ...
. =1 S.. S,. . 

1 /V-1
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2^+ 2(A- l)=2m-r+A-2S2m-2-

A-1 n
So, by Corel. 3. 1.1, II. 2. Z d

1=1 s^i s1

Now considering r= 2m:

min(r,2m-r) S 2(m- 1).

u K, indepependent of ^, r 

and 6.

K , K independent of

and m.
in

Therefore, (-,
n 
I

2m
. =1

The rest of the terms are in fact in L2 . This seems reasonable when 

one considers that the highest order of derivatives of u involved is 2m- 3« 

However, it is necessary to check that they are of the right form in order 

to apply Corollary 3«1«1« We first note that p and its first t derivatives
O

and $ and its first 2m derivatives are all bounded on Q by K, and so we

we need only demonstrate that the derivatives of u involved are in L^
J loc

The form of the derivatives of u in

il j.L rfl

2t-r-a n
is .2 I „ P[S,

i=1 s . =1 /r+a,
for some 2t- r, 1 2t, 1 « 2t «m- 1,

A n
= .2 2 a ...3 «, .. u

=1 s.=1 s s (2t-r-a-A)+2t
(2)

where As2t-r-a(mod 2) and 0 « As min(2t-r-a,r,2t-r). 

Now ((2t- r- a- A) + 2t) + 2A S 4t - r- a+ min(2t-r-a,r,2t-r)

^ 4t- r+ min(r,2t-r) « 4t+ min(0,2t-2r) « 2(m- 1). 

So, by Corol.3.1.1, (2) is in
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The form of the derivatives of u in 

t n 2t

b n 2t-r n
is A s t< & S-, P[S« ?JP[S, ]u for some 0«bS2t, 1 « r < 2t, 1«2t*m-1,

_L— I O.| 0™' 2> • — • U j £ls fl. j CO
v

where Asb(mod 2), CK As min(b,2t-b), p=2t-r(mod 2) and 0 S ^ « min(r,2t-r). 

Now ((b-A)+ (2t- r- A*))+ (2A+ 2/j) ^ 2t- r+ min(r,2t-r) + b + min(b,2t-b)

< 2t+ min(0,2t-2r)+ min(2b,2t)

S 4t^ 2(in- 1). 

So, by Corol.3.1.1, (3) is in L^ Q .

The form of the derivatives of u in

t+1 n 2t+1
r-1 1 (P[Sr 2t+1P—I G Ij to+I. 

n 2t+1-r-c n
is j S ^ ^ Pt^o^t+l ]\+/2tU for S0me 0< o < 2t+ 1 - P,

1 ^ r« 2t+ 1, 1 « 2t+ 1 < m- 1.

n 2t-r-a n
This is either . 2 Z £ P r̂4. a 2t^i ^2tu

Jt+1~ i / ' T;+I for some 0^a«2t-r,

n 2t-r-a nor v

depending on whether J t ^ e sr+c 2t+1 °r not *

n An
So we obtain Z =1 ^ s Z=1 \ " \\ /(2t-r-a-A)+2tU 

°t+1 i 1 A T;+1

A n

~" i 1 *A

where As2t-r-a(mod 2) and 0 « A« min(2t-r-a,r,2t-r). 

Now ((2t-r-a-A) + 2t)+ (2A+2) = ((2t - r-a-A) + 2 + 2t) + 2A

- 2(2t+ l)-r- a+A 

« 2(2t+ i) « 2(m- 1) as in (2).
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So, by Corel. 3. 1.1, (4*) and (V) are in L? .

The form of the derivatives of u in

t+1 n 2t+1 
1^1^ ill j.S,1 r=Z1 Ii /2t<P2t+ 1< P kr,2U1 ] *)(P ^,2t+lfc>>

1 U+J

d n 2t+1-r n 
iS Jls.4l jli sjLl P[Sd,2t+1 ]P[S/r,2U1 ]u f°r some 0*dS2t + 1,

1 S rS 2t + 1,1$ 2t+ 1 S m- 1 .

This is either & J=1 ^ s J=1 ^^Ms^u

n b n 2t-r n for some 0 S b S 2t,
°r j Z -1 i-1 3^-1 i-1 s Z-1 P[Sb 2t ]P[S/r 2t ]ai UJ U1-n 1- 1 V1 J -1 S j~1 ' ** A ' 2t -^+1 0<r<2t 1<2t+1

n b n 2t-r n 2or 2 2 2 Z E p[s,' 
d t+1 =1 i=1 Si =1 J=1 S j =1 L^,

depending on whether Jt+1 * S^^H

u

\ n v n 
So we obtain , ...< f — -- u (5<)

n A n v n
or . 2 . .z. iS , .2, z . a , ...a , a ...a a. e, . , A u (5")1 1=1 si=1 J=1 s j =1 si ^ si ^^1 (t-A)--

j
where Asb(mod 2), 0 S A« min(b,2t-b), ^ S 2t-r(mod 2) and 0 < /J < nin(r,2t-r) . 

Now ((b- A)+ (2t-r- /0)+ (2A+ 2/i) < ((b- A) + (2t- r- /O) + (2A+2^+2)

= ((b- A)+ (2t-r- 

< 4t+ 2 $ 2(m- 1) as in (3). 

So, by Corol.3.1.1, (5'), (5") and (9") are in L* o(j .

So, as L2 CH~ 1 , we have all of the terms in the expansion of T(
A ___^

in H , and hence T(<£u)e H~ . D



54 

As in Part I, Lemma 3-3 makes use of Girding's inequality.

Lemma 3.3 If u e L2 and Tu e H . then u e H , and for any e > 0— o o'

(c-OHu'H 2 * (k + q*(R))||u|| 2 + K( e )||Tu||=m (1) 

(c>0 and k are constants arising from G-arding's inequality 

applied to the operator T - §_.)

Proof; The proof exactly parallels that of Lemma 1.3.3, 

with ff and H replacing H and H respectively, together with the

concomitant norms. It is assumed that T is e.s.a. D~~o

As in Part I, we now need another condition on <j_:

fi(v) N,_ (g_) is locally bounded, for some a>0 with n<4-a<~0.

The condition is the same as in Part I, as is the lemma for which it

is required, and which we restate here for convenience.

r^ 
Lemma 3«4 If u e H , and g_ satisfies 6(v), then gu e L2 , and

for any compact set 0, where Q 1 is Q extended in width by d > 0, 

and K depends on 0, d and n. 

Proof; See Appendix 3« D

will be assumed to hold in any lemma depending on Lemma 3«4.

Lemma 3-3 If u e L2 and T(<M) e H~ M (0«/a«m), then <^ueH m"^, for 

any $e 2). 

Proof ; H~P CH~m , so T(#U) e H^m . Also, <fri e L2 .
r-}

Therefore, by Lemma 3.3 applied to <£u instead of u, ^ueH^CHQ ,
O f^

i.e. ueH , . So, by Lemma 3.4, £U e L2 , and hence <$u e L . 

For any ^ e 3) and any s
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where P(D) is an elliptic operator of order P with real coefficients (see 

Lemma A2.2). Taking P(D)= (-1 )m* and hence p= 2m, we have

) (D

Now T(<£u) = (-l)m£(<M + (-O-CP^)) + 30u (2)

= H°, and <£u e H* so (-1 )V.
O O u

e Hm"2t
O

So, considering (2), (-l)™^ (0u)eH~^, where ^ = max(^,0,m-2) . 

Also, <£u e HQ . So putting s= -Aj_ in (l) gives us

and since 3 is dense in H2m"Al , we have <£u e H2m~Al .

If P^ = £/, we have the result; otherwise \i=m- 2 and we repeat the

process on the new assumption that $u e n to obtain

H(m"4) andhence (-1 ) I

where h? = max(^,0,m-4), and similarly $u e H ' .

We iterate to obtain <Pu e H2"1'^, where Aj,= max( /J,0,m-2r), and stop 

when 7^= p, thus obtaining the desired result. D

Lemma 3.6 If u e L2 and Tu e L2 , then T(<£u) e L2 for any $ e 3.

Proof; Let <£e2). By Lemma 3.2, T(<£u) e H~ . Then, by Lemma 3.5
~ " " ~ — * O

(with n= 1), (^eH2m"1 .

We shall show that all the terms in the expansion of T(<£u) are in L2 . 

(c.f. Lemma 3-2)

In view of the proof of Lemma 3-2, we need show only that

m n 2m 
<-'>mii, ,.£=1 rll I <p fer . 2.J*><^l2m*>> 6 ^

because we showed there that the other terms are in L2 . But (l) is 

immediate now that we have <pu e H for any <£e:Z>. D



Lemma 3. 7 If u e L2 and Tu e L2 with suppu CB , then there exists 

a sequence [u }, u e 2>, with suppu C B , such that u -»u and

Tu v -»Tu in L2 ..
\
Proof: T is e.s.a. and so there exists such a sequence if we ——— ~o

ignore the restriction: suppu C B .
V R

Let $e 3 with supp^C B , <f>= 1 on suppu, and <j> and its first 2m
K.

derivatives bounded by K. Then <£u e 2> and supp<£u C B .

•+ <£u= u in L2 and also 0Tu -»<#Tu=Tu in L2 since
V — y — —v?e have 

supp TuC suppu.

We shall show that the rest of the terms in the expansion of T( 

converge to 0 in L2 , in which case [<pu } will be the required sequence.

Now Tu -»Tu in L2 implies that Tu ->Tu in H , so we apply Lemma 3-3(0 

to u - u to obtain u -»u in H™. So we have Dau -* Dau in L2 for 0 S lai < m.
V V O V ' '

Assume that d > 0 is such that suppuC B . We may assume then thatK— d

<Kx) =1 if x| $ R - d and <£(x) = 0 if j x| ^ R with (f> real -valued and 0 $ 0 $ 1 . 

Let A:(X)= 1 if R-d£ |x| «R and x(x)=0 otherwise. Note that Xu= 0, and 

that x= 0 implies that Da<£= 0 for |a| > 0.

Let v be an arbitrary element of the sequence [u ].

We first consider the terms
m n 2m

(_l)m 2 Z Z Z (p[s 
v ; i=1 j.=1 r=1 6 r,

/ _ /r,2m ]v)j '

in the expansion of T($v). For 1 S r *£ 2m

Hi! J.ll^r.

2m-r n

X n
K .2. 2 a ...a -e. ,

i=1 s.=1 s s. 2m-r-A XA

(because as r > 0, P[S ]<£= 0

r T outside suppA", and |P[S ]

where As2ra-r(mod 2) and 0 ^ As min(r,2m-r),

K)
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and so 2m- r* As 2m- r + min(r,2m-r)= 2m + min(0,2m-2r) «; 2m. 

Similar to Prop.3.0.4, with supp</O supp*, writing

we obtain, for A^ 0,

,m) + K(e')b(o,0). 

If A = 0, then r must be even, and as r£ 1 we have r> 2, and so

S e'b(0,m) + K(e« )b(o,0) .

Therefore we have a result slightly stronger than that given by Prop.3«0«4(l )
 ,

A n 
namely, U^ ̂  ag . . .0 '^ffi_r.A(xv) || 2 ^ e' || ^(^v) || 2 + K(e' ) || ;<v \\* (1)

i 1 
m n 2m

by choice of e 1 , since the summands are independent of r and 6 from (l).

In view of the proof of Lemma J.2 (in which we showed that the 

derivatives of u in the other summed terms are of the form

d . . .3 t u, with /J+ A« m- 1 ), 
S1 \ ̂

and by Prop.3-0-4(l ), the norm of the other summed terms in the expansion

of T(<£v) is bounded by K(|| ^2(m-1 )^^ '' + l^'^' which ^ ( 1 ) is tounded 

by e"||e2m(xv) || + K(e")||/v|j, by choice of e'.

If we write [£]v= T(C£V) - (^Tv (i.e. [E]v is all the summed terms in 

the expansion of T(<£v)), we have just shown, by choice of e", that

(2)

For 1 ^2t^m-1, as the derivatives of p9 are bounded on supp x >
<~ \t



where AS r (mod 2) and 0$ A «s min(r,2t-r),

and so 2t+ r + As 2t+ r+ min(r,2t-r) s 2t + min(2r,2t) S 4t«2(m- 1).

So, by (1), (3)

For 1 $ 2t + 1 ^ m- 1 , as the derivatives of p are bounded on suppx,

jll

2t
1 1 °1

n A n
K z a ...a a. 4_. ,s.=1 s s, j 2t+r-Ai z z I z . z z a ... a a.

r=oX Hj o=1 i=1 s i=1 9, SA J( 
2t An

+ K z_ z || .z z a ...ar=0 A '' i=1 s . =1 s. £ i 1
. .)+r-A

where A=r(mod 2) and 0 £ As min(r,2t-r),

and so 2t + r + A + 2 £ 4t + 2 < 2(m- 1), as above .

So, by (1), I,'' ' " ' " M - "' "

So, by (3) and (4) and choice of e",

Now 

and so 

and so

all norms being finite because T

Nov/

and

m-1

(4)

(6)

eL2 , jv e L 2 and, by Lemma 3-4, cj/r e L2 .
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and, by Lemma 3-4, ||o^v|| « K||*v|| 2 « K||*(V-U) || ?+ K||#i|| 2 «K, 

in each case, K being independent of whichever element of [u ] v is. 

Using these bounds, in (6), we obtain 

||*2m(xv) || « K, independent of v.

Using these bounds in (2), we obtain 

||[2]v|| « Ke+ K(e)||v-u|| 

i.e. |j [^UJI « Ke+ K(e )|ju - u || $ Ke + K(e)e', if v is sufficiently large

Y/e choose e= ̂ K TJ and then pick N such that, for all v£N, e' is such that

K(e)e' <^TJ. Hence [2]u < T) for all v*N.
y

So, from the definition of [2]u , T(<£u ) -» <#Tu -><£Tu=Tu in L2 , 

and therefore [<£>u j is the required sequence. D

Lemma 3.8 If ue3(T*) and <#>e3, then T(<#>u) e L2 and there exists a 

sequence [u }, u e 2>, such that u •* <#>u and Tu -»T(<£u) in L2 . 

Proof; ue2)(T*), i.e. u e L2 and Tu e L2 .

Now Tu = Tu + (c[- q)u. Tu e L2 ; (Q_- q) is locally bounded and so

(q- q)ueL2 ; therefore Tu e L2 . and by Lemma 3.6, T(<£u)eL2 . •^ ^' loo ~ loc
Choose R such that supp^C B .

Applying Lemma 3-7 to <f>a instead of u, there exists [u 1, u e 9, such that 

u -> ^a and Tu ->T(«^u) in L 2 , T/ith suppu C B . But Tv= TV if suppvCB , so
If "~ V V K it

T(<^u)eL2 and Tu v =Tu v -»T(^u)=T(^u) in L2 . D

Corollary 3.8.1 If [u ] is a sequence with the properties in 

Lemma 3-8, then

/qlu | 2 -> /qj</>u| 2 as v-»<» (-]) v
Proof; 7,'ith p = 1, we have

Therefore
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q is bounded below on the common support of the functions u , say 

q^k+1, where k may be negative, and, as p e C , jp j is also bounded 

on this support.

Therefore /(q-k)juj 2 * £ ||TU J| 2 + K' \\u v ||» (2) 

where K 1 depends on k and the bounds on the p .
U

We have the convergence of [M V ] and {Tu^j in L2 and it is part of 

the proof of Lemma 3-7 (using Lemma 3«3(l)) that we then also have the 

convergence of {u^} in H1". Hence the left-hand side of (2) is convergent, 

from which the result follows. D

Now that we have the generalisation of Lemma 1.3-8 and its corollary, 

we may proceed to derive the identity stated at the beginning of this 

chapter, namely

2m 2m2/0uTu - /q<£u2 = t^ /Pt£tUuMtu, with pm = 1, 

for ue2(T*) and $e2>, with u and 4> real -valued.

As before, had we assumed, for instance, that the partial derivatives 

of u of order 2m - 1 were absolutely continuous, then this result could have 

been obtained directly. Instead, we make use of the sequence {u j and a 

limiting process, with 2)(T*) being as large as possible, as before.

Lemma 3.9 If ue2>(T*) and <£e2, with u and <f> real-valued, then

m _ 
/<£2muTu - /q* V = t|1 / pt«t (* u).*tu, with pm= 1 (1)

Proof; As u e L2 and Tu e L2 , the first integral is finite. 

By Corol.3.8.1, the second integral is finite. 

As p. e C and is therefore locally bounded, by Corel.3.1.1, the
U

remaining integrals are finite.

From Lemma 3.8, there exists a sequence lu^j, u^e:), such that
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u v~*0 ^ in L2 and Tu v -* T (^ mu) in L2 , where R is such that supp$£ BR .

So consider /u (Tu) - /u qu:

/u v (Tu) - /u vqu = /u^J,

all integrals being finite by the preceding statements.

With u v -»<£2mu in L2 and Tu p -»T(^2mu) in L2 , it is part of the proof 

of Lemma 3-7 (using Lemma ^.3(0) that we then also have u -» <#> u in H™,

and so /p. (e.u, ).(e u) -> /p (e A2mu ) .(-e.u) for 1 < t<m.
X T V X t t w

Also, the strong convergence in Corol.3-8.1(1) implies the weak 

convergence required here. Hence, letting v-»°o in (2), we obtain the 

desired result. D
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CHAPTER 4

In this chapter we continue to assume that T is e.s.a. and that~o

ue2>(T*) and <£e2>, with u and <f> real-valued. We further assume that <f>2 0 

and that the first m derivatives of 4> are bounded by K. Then we have, 

from Lemma 3-3, that <£u e fl . Our aim is to derive the inequality

where | pt<£ ^ m~ ' \ $ c for 1 <S t S m - 1 , with c » 1 .

We shall use this inequality in the next chapter as in Part I, and 

when m= 2, this is just the inequality given in Lemma I.4.4(l).

We shall obtain the result by first proving the two inequalities:

m ' ' m 
m

and /) A- u| 2 S K.Z, /p. t (<fmu) .*. u + K/ [<#.2m"1 + cK Ju2 , with p =1, 
m T— i t t t in

and then use the result of Lemma 3-9«

The reason for the approach that we adopt in this chapter is that 

whilst we have information about the product <£u (i.e. ^uen), it is 

easier to work with integrals of the form /!<#> -^,u| 2 rather than"C

f\4> YfC^u)! 2 - Therefore we first show that the follovdng inequality"

holds for arbitrary t? 1, with the first t derivatives of 4> bounded by K:

(see Lemma 4- 1 ) •

A note on the numbering of the results: The lemmas are numbered 

4.1 , 4.2 etc.; the propositions are numbered 4.0.1 , 4-0.2, 4.0.3, 4.2.4, 

4.2.5 etc., i.e. Prop. 4. 2. 5 is the fifth proposition and is between 

Lemmas 4.2 and 4«3«



definition; For t > 0, A£ 0, 0£0, P 2 0, we define

P\ ->-> T/

V/hen ue Ls and <#>e2> are understood, vie just write a (t), ,3 (A,0) and 

. VTe note that ap (0)=arp (o) [=/(<A) a ], ,3 p (0,t) = o (2t) and 

fl (l,t)= a (2t+1 ). V/hen p = 0, we shall omit the subscript.

The function /3 arises naturally in our calculations and the first 

few propositions determine bounds for fi in terms of the function a.

Proposition 4.0.1 If A>0, 0^0, A+0SK and 0 « p a K, then

If 1 S t « K and 0 5 p ? K, then

ap (t) S eap (t+l) + K(l + e"1 )ap (t-l) (2) 

Proof; Tttth p= 0, (1) is proved in Prop.3.0.4 (see 

"Prop.3.0.4(4), where we did not use the assumption ip $ 1). Y/ith p > 0, 

(1 ) is proved exactly the same (see, for example, the integration below). 

Putting A= 1 in (1):

PP 

i.e. «p

Therefore (2) is established for t= 20+1 £ 1. 

For t= 20, 1 S 0« K:
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Therefore a p (2/0 * eap (2p+1 ) + K(Us"1 )a (2p-1 ) . 

So (?) is also established for t=2w»2. a

Proposition 4.0.2 If C £ 0, O^p^K and 0$ K < N, then

ap (*) < e(l + C) 2(/f"N) ap (N) + K(1 + e'1 ) N'1 (1 + C) 2 *ap (0) 

and if A£ 2, /j> 0, 2(A+ /j)- 1 $ N«K, then

(2)

[The reason that the latter inequality is only for A? 2 is 

that /3 (0,p)= a (2/j) and/3 (l,^)=a (2^+1), i.e. we already 

have a bound on .3 in terms of a.J

Proof : As the proof is identical for any p £ 0, v.re put p= 0 

and omit the subscript.

(1 ) is proved similar to Prop. 3-0. 1 (2) . Indeed, by Prop. 4-0.1 (2), we 

may apply Prop. 3. 0.1 (3) to a(*0 to obtain (for 0$ *<:i)

Setting e'=e(l + C) , we obtain

(3)

So (1) holds for K= N- 1 (put K= N- 1 in (3)). 

Suppose that (1 ) holds for K= N- 1 ,N- 2, .. .,N- s .

Then o(N-s-1 ) « (1 + O"2a(N-s) + K(1 + C) 2(N"S " 1 } a(0) by (3) vdth e= 1

-? -2<5 , -1,N-1, ,2(*;-i] 
$ (1 + C) {e(l + C) a(N) + K(1 + e ) (1 + C) Vi a(0)j +

+ K(1+ C) "~ S a(0) by the induction hypothesis
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o(N-a-l) * e(l + C) 

Therefore (1) is established by induction.

"We prove (2) also by induction. 

From Prop. 4. 0.1(1) with A= 2 and e= e'(l + C)"2 :

(4)

Now if 2n + 3=N, (4) gives us

C)" 2a(N) + K(e' )(1 + C) 2a(N-2)

C)'2a(N) + K(e')(l + C) 2 ie«(l + c)'4a(N) + K(e»)(l + C) 2(N"2) a(0)

e"K(e')!(l-HC)"2 a(N) + K(e', e«)(l + C) 2(N"1

which gives (2) for A= 2, 2/J+ 3= N, by choice of e',e". 

If 2/^+ 3<N, then from (4) with e'= 1 we have

C) 2 [ £ "(1

by (1)

by (O

So (2) holds for A= 2 generally, by choice of e".

Suppose that (2) holds for A=2,3, ...,s, /J^O. 

Then /?(s+1,p) s /3(s,/M-l) + K/3(s,/j) by Prop.4.0.1 (1) \vith e= 1

K(e)(1 + C) a(0)+

+ i^(e)(l + C) u(0) by the induction

hypothesis 

which implies that (2) holds for A= s+ 1, since 1 S(1 + C) '.

Therefore (2) is established by induction. D

The results of the above proposition can be strengthened as we 

indicate below.
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Prop. 4.0.2(1 ), when written out showing more details is:

We may put C= <j> and take' the terms involving C inside the integrals to obtain:

« p <") <
If we further put p= N- 1 - K ( 2 0) and note that 0S 1 + <#>, we obtain:

as

Therefore, writing /(1 + i#>) u2 as a'(0,u, ), we have

Operating in a similar fashion on Prop. 4. 0.2(2), we obtain:

So we have

Proposition 4.0.2' If 0 S K < N, then

and if A> 2, ^ 0, 2(A+ ̂ ) - 1 S N$ K, then

(2)

Proof ; See the note above. D 

Proposition 4.0-5 If 0 S p $ K, and in (1 ) t >0 and in (2) t 2 0, then

n 2t



Proof; V,'e prove the results for p= 0, as the cases when p>0 then

follow simply.

t n 2t-1 p, 
r \ f ? v r> j.'-^'" i /"-r^r,
J I . " " " 2j O> (P!i=1 j =1 r=0 G i

94---1 + ~
,2t-1

o I 'i, jl *~1(PtSr, 2t ]u >< P[3/r, 2 t l*> *

2t-| r n
^ r-0 I ^'i=1 -'^-1 ^ ^^ 2t^ U ' 2 as ^e ^eriva"tives °^ ^ are

2t-1 A n bounded
K v v r I v v .^-t — 1 * i ^ 12*v» T J • -i ^^9 3 ...o </ ,ur=0 A ' i=1 s =1 s a r-A '

	where A(r)= [A: A=r(mod 2), 0 S A $ min(r,2t-r) ]

2t-1

2t-1
^ K 2 fa iri + o; (r) 

r=0 L 2t-1-r v ; 2t-1-r v y

by Prop.4.0.2'(2) with N= 2t,

since r+ A- 1 $ min(2r,2t) - 1 S 2t - 1 ;

so the sum is independent of A;

also, r<2t so we may apply Prop.4.0.2'(1) (N= 2t) 
2t-1

< K £-. [ea(2t) + K(e)al, .(0)J. r=O ^t-1

This implies (1) by choice of e since the sum is now independent of r.

We proceed similarly with the left-hand side of (2) to obtain: 

t+1 n 2t .

2t
K rio £ "2t-r(A' i(r-A))

where A(r)= [A: A=r(mod 2), 0 $ A $ min(r,2(t+1 )-r) I . 

We again split the sum into A= 0, A= 1 , A 2 2, and 

with N= 2t+1 we apply Prop. 4.0. 2' (-f) since r < 2t + 1 

and Prop.4.0.2'(2) since r+ A- 1 $ min(2r,2(t+1 ) ) - 1

S 2t+ 1.
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Thus we obtain:
2t 2t 

xloK lo JE

This implies (2) by choice of e since the sum is now independent of r- D 

Lemma 4.1 If t > 0 and 0 s p $ K, then

u» (1) 

Proof; Y.'e prove the result for p= 0.

(P tS)u)(P[SM (2)

2t—1 
Multiplying through by <j> , squaring, using the inequality (a+b)2 « 2a2 + 2b 2 ,

and integrating, we obtain: 

j2t „ i 2 ^ o <•! .2t-1 ,,

2 f V V V V J. ^ J I L L L L <f>
-. •i^- - ...

Therefore a(2t) « 2ir(2t) + 2ea(2t) + K(e)a' (0) by Prop.4.0.3(1).
£. \i~ I

Putting e= 1/4 establishes (1) in the case t (in (1)) is even.

t n 2t
- 2 S Z 

i=1 j =1 r=C
o-r i o-r i 1 

2t
Multiplying through by <p , squaring, summing over 1^0. ^ n, using the

inequality (a+ b) 2 $ 2a2 + 2b s , and integrating, we obtain:

t+1 n 2t _
ill j.Z=1 r^O^ ( ? ^S

Therefore a(2t+1 ) ^ 2ir(2t+1 ) + 2ea(2t+1 ) + K(e)a^t (o) by Prop. 4. 0.3(2) . 

Putting e= 1/4 establishes (l) in the case t (in (1)) is odd. D

Lemma 4.2 If t > 0 and 0 $ p $ K, then

;i^-U^t(^u)| 2 < K/i0t+\u| 2 + K/(l + ^) 2(t-1+p) u2 (1) 

Proof; 7/e prove the result for p= 0.
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In Lemma 4.1(2) and (3) we take the summed term to the other side of 

the equation and then operate exactly as we did there to obtain: 

r(t) « 2a(t) + 2ea(t) + K(e)a! ,(0)t~T

which gives (1 ) by choosing e= 1 . D

In view of Lemma 4.1(1), knowing that u e L2 and <£u e Hm, a (t) is finite 

for OStSm, OSpsK.

The usefulness of Lemmas 4.1 and 4.2 when taken together is seen when 

we note that now K 1 « a (t) + a! (0) S K" implies that we have 

(t) + iq. (0) <KK" t for t> 0, OS pSK.K~1 K'

Proposition 4.2.4 If 0 < t S m and 0 s p $ K, then

(l)

[? denotes 2 if t= 2» and ± Z 1 if t=

Proof ; We prove the result for p=0. 

77e first show that for 0<t<m, 0 « r « t - 1

S .?
i . E S . j . =1 i r r,t i

2m. r . x
t_r

(2)

(derivatives 
of 0 bounded)

K(1 ~1 (as t - r - t £ 0 f or 
1 S t S t- r)

Now =1

t-1
"i 

r n
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t-1 r n
C £ £ /1 . 2 . Z_

t-1
as in Prop.4.0.3

S ea(t) + K(e)o' . (0) as in Prop.4.0.3. D
^"1

In the proof above, we obtain the same inequality for the /3 term 

as for the P^_r term by choosing p= 0 in the note following Prop. 4. 0.2
„ J_ A

and noting that (1 + <£) ~ S (1 + $)~ for 0 S r S t - 1 .

Also in that note, we defined a' . (o) = /(1 + <#>) ^ + u2 as an upper

bound for ;(l + <#>) 2(t~1 VPu2 . y/riting a" . n (0)= /(1 + <#>) 2(t"1 ^2V we see
"C— 1 , p

that in Prop.4.2.4(l ), a! (0) may be replaced by a" n (°)» and- so we haveT— l +P "C"*T ^ P

Proposition 4.2.4" If 0 < t S m and 0 « p $ K, then 

'If jl A i

K(e)o^_ (0)

Proof; See the note above. D

Proposition 4.2.5 If 1 ^ t S m - 1 and j p $ j ^ c with c £ 1 , then
" -•--——— -MI-M. -- - ------- •£

/Pt ^t (^2mu) .^tu ^ -eo(m) - K(e)cma(o) - Kca^ (0) 

Proof; Y^e first establish

/|^-2%(^rau)| 2 < K^tJ + Ka'^Co) (2) 

Similar to the proof of Lemmas 4.1 and 4-2 we obtain

jji A 1 ^
(with 2 as in Prop.4.2.4(l ))

« 2o(t) + 2{eo(t) + K(e)a^_ 1 (0)l by Prop.4.2.4(l
with p= 0

which establishes (2) by choosing e= 1.



71

NOW /Pe 2mu.eu

o(t)} (by (2))

5> -Kce'a(m)-Kc(l + e'~1 )m~1 a(0) - (by Prop.4.0.2(l) with 

-Kca! ,(0) C=0> '= 0 ' N= ra >
"C™ i

£ -ea(m)-K(e)cma(0)-Kca! . (0) (with e'=(Kc)"1 e)
T**" T

which gives (1 ) . D

Proposition 4.2.6

/*m(^2mu).emu > ^a(m) - Ko^Co) (l) 

Proof;

m =

(where the summed terra is read as the appropriate 

vector if m is odd, and ? is treated accordingly)

n m-1 r,

(with ? now as in Prop.4«2.4(l ))

J i=1
a(m)- (lA)a(m)-K[ea(ra) + K(e)a_(0)l (by Prop. 4. 2.4(1 )

with p= 0, t= m) 

which implies (1 ) by choosing e= (1 A)K . D

4.3 If I p.,.* I * c with c > 1 , f or 1 < t < m- 1 , and p = 1 , 
j— ^ inLemma .. — j— ^

then /|<Auj 3 ^ K /p,£ (/mu).€ u + K/[ m~ + cm ]u2 (1 ) 
in "t— 1 \f t t
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Proof_;
10 9m 9m m~'' O

(by Prop. 4. 2. 6(1)) 
m-1

Prop. 2,.. 2. 5(0)

> fe- (m-1 )e]o(m) - Kaj^ (0) - K(e)cma (o) - Kca^_

because <*;_., (0) = /(1 + <#>) 2(t-l)u2 « /(l + <£) 2(m-2)u2 = «;_2 (0) for 1 < t< m- 1, 

and the sum is then independent of t.

Choosing e= (l/4)(m- 1 )~ gives us:

which implies (1 ) since c(l + <^) 2(m'2) $ Kc"1"1 + K(1 + <^) 2(m"1 \ and

Lemma 4.4 If |p.02 "* | ^ c with cM, for 1 « tS m- 1, then
" --———---- _-«-n -^

+ cm -q^m ]u 2 (1)

Proof; With p = 1:

~ 1 £(<£u)| 2 ? K/i <j>m£ u| 2 + KJ"(1 + <£) u2 (by Lemma 4.2(1): p= 0, t= m) 
m m

S K 2 / e (<i2mu) € u + Kf[<i2 ( m~ 1 ) + cm + d + *) 2 ^ m~ 1 ^]u2

(by Lemma 4-3(1 )) 

.9(0 

+ K/ [^2m~ 1 + cm ]u2 (as in Lemma 4-3)

K/02muTu - K/q/V + (by Lemma 3.9(0)

which implies (1 ) since <^2 ' m"1 ^ K(1 + «/>2m ) and c 5 1 . D

This is the desired inequality which we referred to at the beginning 

of the chapter and which we shall use in the next chapter- If we put m= 2 

in Lemma 4.4(1) we obtain Lemma 1.4.40):
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As in Part I, the further assumption that p, £ 0 allows modification 

of Lemma 4.4(l) (after first modifying Proposition 4.2.5(1)). Hovrever, to 

obtain a reasonable generalisation of Lemma 1.4.6 to the case in which 

m>2, the condition on p has to be slightly stronger, i.e. either Pt s ° 

or p has a strictly positive lower bound, on supp $ . Vfe shall state the
t

condition generally for 1 < t^ m- 1, although it obviously may be relaxed 

for t= 1 to p £ 0 as in Part I.

Proposition 4.4.7 If, for 1 S t S m- 1, either Pt s O or k^ « pt « c| 

for some 0 < k , £ 1 , then

Proof; The proof is similar to that of Prop. 4. 2. 6 where p 

If P. S 0, then (1) is trivial, so we consider ktc{^Pt ^ ct' 

We shall write ?(...) for the summed term which will be the same

throughout.

= c- 1

(where the summed term is a vector if t is odd, 

and ? is treated accordingly, as in Prop. 4. 2. 6)

(with £ now as in Prop.4.2.4(l ))

(by Prop.4-2.4"(l) P=m-t)
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" 1
(l/4)pt> and soChoosing e= (l/4)ktK", we have Kc.j.e=

which implies (O as c! S k~ p = Kp . D
v \t "C X

Lemma 4.5 If, for 1 S t S m- 1, either p = 0 or k c' < p $ c' for
u T "t "t \>

some

0 < k. $ 1 , and p = 1 , then 
t *m '

m
V'

_ ,2m

Proof; Prop. 4. 4. 7(1) gives us (for

" 5 - V + <^) 2(t"1)u2

(1)

(2)

Prop. 4. 2. 6(1 ) gives us (2) with t= ra. Therefore summing (2) for 

t S m establishes (1 ) . D

Lemma 4.6; If, for 1 « t «m- 1, either p = 0 or ktc| £ p « c^. for some

0 < k , S 1 , and p = 1 , then 
t m

Proof:

= K/<£2muTu -

(by Lemma 4.5(1 )) 

+ (by Lemma 3-9(0)

as the term in the sum which is dependent on t is, for t= m, (1 + <p) ' t 

and (l + ^) 2(m" 1 ^K(l + ^2m ). Thus (0 is established. D
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This is the desired generalisation of Lemma 1.4.6 to the case m£ 2. 

Putting m= 2 in Lemma 4.6 and using the relaxed condition on p , the right- 

hand side of the inequality becomes the same as the right-hand side of 

Lemma 1.4.6(1). The difference in the left-hand sides is that where we had 

/($V2 ($u))2 we now have /($2 V2 u) 2 ; however, it is clear from Lemmas 4.1(O 

and 4.2(1) (with p= 0 and t= m= 2) that this makes no difference, because 

the additional term (/(1 + <£) 2 u2 ) is bounded by terms which are already 

present on the right-hand dide of the inequality (/(1 + $4 )u2 ).

The term p$2 in the right-hand side of Lemma I.4.6(l) (which replaces 

the term c2 in Lemma 1.4.4(1), where c is the bound on p<£2 ) might suggest 

that we should have a term p <j> ^ ' here (replacing the term c in
U

Lemma 4.4(1), where c is the bound on p $ ^ ra ') instead of having the 

term p <j> ^ '(1 + <£) , which is clearly the same for t= 1 . This was 

not found to be possible, nor even desirable, as the inequality as it 

stands is sufficient to obtain the generalisation of Corollary 1.5.6.1 

to the case m» 2.
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CHAPTER 5

In this chapter, we shall generalise Theorems 1.5.4 and 1.5.6 to 

the case m ? 2 .

As in Part I, we shall consider j(uT*v - vT*u) for real -valued 

functions u and ve2>(T*), because we have the result that, given T is 

symmetric (Lemma 1.1) and with L = ( u, T*v)- ( T*u, v), T is e.s.a. iff 

L= 0 for any pair of real-valued functions u and ve .3(1*). (See Chapter 

1.5.)

The theorem proceeds along similar lines to that in Part I, beginning 

with an application of Green's Theorem. V/e shall first derive identities 

for the terms appearing in (uT*v - vT*u) in order to do this. (Note that

T*u = ru with u e 2>(T*).) o o

Many of the formulas with which we shall be dealing have terras which 

are symmetric (or antisymmetric) in u and v. The writing of + u«-»v (or - u**v) 

after a term indicates that a similar term with u and v interchanged is to 

be added (or subtracted).

Proposition 5.1 Fort>0:

[We may in fact put t= 0 in (2), in which case the summed term 

is taken as 0.]
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Proof; Consider ( e2ru )( €2 (t-r )W^ f °r 0sSr<t:

Summing for 0 « r S t - 1 and cancelling terms which appear on both sides:

We put w= p_+ ̂ 9 ,v in (3) and then subtract u**v. The unsummed term on
fct C. \f

the right-hand side of (3) is now the same for u**v and therefore cancels. 

Thus (l) is established.

Y/e now put w=V.(p0 ., >^0 , .v) in (3). The unsummed term on the right
ct+l c. t+1

hand side of (3) then becomes:

If we now subtract u**v from (3) and note that the second term on the 

right-hand side of (4) cancels, we establish (2). (Note that €2tV * =

Putting t= 0 in (3) and taking the summed term as 0, we have the 

trivial identity: uw= uw. Therefore, still with w= V '(P2t+i ̂ 2t+1 V ^ and 

now also with t= 0, it is clear from (4) (with t= 0) that (2) holds in 

the case t= 0 where the summed terra is taken as 0. D
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The effect of the application of Green's Theorem in the theorem will 

be to replace the initial V in Proposition 5'1(O and (2) by a particular

vector-valued function n(x) having real-valued components n.(x), as in
J

Part I. Again, we prepare for the theorem by deriving bounds for the 

integrals that will arise. These bounds will be either other integrals 

for which we already have bounds in terms of which we wish to state the 

theorem (e.g. y(m)= J\<f> £ (<£u)j 2 and see Lemma 4.4(1)) or ones readily 

convertible to such terms (e.g. ca(t)=c/j0 £,u| 2 for 1 <t4m- 1).
t

As in Chapter 4, we give these preliminary results as propositions, 

in which we continue to assume that u (and now also v)e3(T*), $e2>, with 

u, v and <£ real -valued, <£ ? 0, and the first m derivatives of <£ are bounded 

by K. Tv'e further assume that n and the first m derivatives of its 

components are bounded by K.

The notation introduced in Chapter 2 was adequate when we were 

considering products of two functions, but as we shall be considering 

products of three functions it needs slight amendment.

For particular t and r (with 0 $ t $ -^ra, 0 *S r < t) define

and J«= J'U { j.

Define S= U ,s, . . . ,s} C J f or 0* p S 2(t-r-1 ),2 ,

(i.e. for some ordering of the elements of J, S contains the first /j 

elements, S contains the last K elements, and S,/ ^ contains the rest.)

V/ith J replaced by J 1 or J", and 2(t-r-1 ) replaced by 2(t-r)-1 or 

2(t-r) (i.e. the number of elements in J, J 1 , J"), re obtain definitions 

of S^, S^ and SK or of S , S^ and
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When S,= [s.,s 2 ,...,s,] we define P[S^J as the partial differential

operator 3 3 ... 3 . 
S1*> ^

With SA=^ u^ or S/; u^ or s;/,^^ we have A* 2(t-r) * 2t « m, and

so |p[SpJn.| « K, because the derivatives of n. are bounded. (t)

Also, because the derivatives of $ are bounded, vdth 0</J+ /c«2(t-r-l): 

2 (t-r-l)-(2m-l)^ ]p[ ] 2m-1 2(t-r-1 )-(2m-1 )-/i z 2m-1-i
' L -K r ' Y 0$t$Kr

-^) (t)

because 2(t- r- 1 ) - (/j+ t ) » 2(t- r- 1 ) - (v+ K] > 0. 

Sindlarly ^(t-r)-1.(2m-1 )-/. p[s , 1^-1 , , K(1 +
i ^ *^

for 

and --""-^PtS" U m-| <K(l + *-r) -") for 0^ + ^2(t-r). (t")
*™ rv

We shall use these results without further reference in the 

proposition below.

Proposition 5.2 If 0 < t ̂  -gm in (1 ) and (2) and 0 S t < ̂ m in (3) and (4), 

0 < r S t - 1 , and 0 ̂  p $ K, then

2m-1

(3)

J o
rl Z £
J ' .1 =1 j=1 - - 0 u

' ' ' * ' (4)
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Proof; (Compare with the proof of Prop. 4. 2. 4 and Prop. 4. 0.3.)

We shall prove the results for p=0.

In the proof S, denotes the sum over any j. e J 1 from 1 to n in the

formula. Similarly for £.. S denotes the sum over n in the given range.
j i)i

£ denotes the sum over combinations as before. £ denotes the sum over A 

in the given range.

The left-hand side of (1) is equal to

/Id *

(where 0 < p < 2(t-r)-1 , Asp(mod 2) and 0 S A ̂  min(jj,2(t-r)-/0) 

K £ I ^2 (t-r)-1-^ (X' r+^""A^ + '9(A' r+^ /"^^ (similar to Prop. 4. 2. 4)

(we may ignore the ,3 term as in Prop. 4. 2. 4 because 

(1 + $>) $ (1 + <f>) for the given range of 11}

(by Prop.4.0.2'(2) with N= 2t, since 2r+^+A-1 ^ 2r+min(2/j,2(t-r) )-1 

< 2t-1 ; so the sum is independent of A; also 2r+A< < 2t so we may 

apply Prop.4.0.2'(l ) with N= 2t) 

K

which implies (1) by choosing e= 1, since the sum is no?/ independent of ^.
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The left-hand side of (2) ia equal to

K/|J, J Zg

K/lj, g | 

K j, j j

(where OS n$ 2(t- r- 1), A=^(mod2) and 0 s AS min(ju,2(t-r-1 )- 

K £ A ^2(t-r-l)-

(and ignoring the /? term as above because (1 + 4>) < (1 + 0)

(vri.th N= 2t, we again apply Prop.4.0.2'(l ) as 2r+/^+1 < 2t, and 

Prop.4.0.2'(2) since 2r+^+A+2-1 ^ 2r+min(2/J,2(t-r-1 ))+1 ^ 2t-1 )

$ K j {ea(2t) + K(e)a^t_ 1 (0)] (as above) 

which implies (2) by choosing e=1, as above.

The left-hand side of (3) is equal to 

/IJ. I i

(where 0$p«2(t-r), A=/j(mod 2) and 0« A« min(^,2(t-r+1 )-

K M

(we ignore the/9 term as above because (1 + $) ^ (1 + $)
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As when dealing with (l), we split the sura into A= 0, A= 1, A* 2, and now 

with N=2t+1 we apply Prop.4.0.2'(1) since here 2r+/J<2t+1, and we 

apply Prop.4.0.2'(2) since here 2r + m- AT 1 S 2r + min(2^,2(t-r+1)) - 1 s 2t+ 1 

Thus we obtain

K 2
* M .. .,..,,.

which implies (3) by choosing e=1, as above. 

The left-hand side of (4) is equal to

'IS- i I

o

J.
(where 0 «= /J< 2(t - r) - 1 , Asp(mod2) and 0 < A$ min(/J,2(t-r)-/j) )

(we ignore the £ term as above because (1 + <£) ^ (1 + $) )

As when dealing with (2), we split the sum into A= 0, AM (i.e. A+1=1, 

A+ 1 > 2), and now with N= 2t+ 1 we apply Prop. 4.0. 2' (1 ) since here 

2r+ /J+ 1 < 2t+ 1 , and we apply Prop. 4. 0.2 '(2) since here 

2r+/j+A+2-1«2r+ min(2p,2(t-r)) + 1 « 2t+ 1 . Thus we obtain

which implies (4) by choosing e=1, as above.

Thus the inequalities (l)-(4) are all established. D

As with Prop. 4. 2. 4(0, we may replace a2t-1+p^ and ^t+p^ 0 -* by 

a" (0) and a" (0) respectively in Prop. 5. 2.
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Proposition 5.2"

Prop. 5. 2(1) and (2) hold when we replace a' (0) by a" , (0) (1,2)
t- T--1 + P £t— 1 , P

Prop. 5. 2(3) and (4) hold when we replace a' (o) by ct^ (o) (3,4) 

Proof; See the note preceding Prop .4. 2. 4". D

To make the forthcoming proofs less cumbersome, we define

*'<*.*>= '^'"-l^t*"' for 0< t<

and C(t)=/n./m"1 [p2u1 («2tu)(«2t+1 v)] for 0«t<im.

The integrals involved here clearly have a very close connection with the 

terms in the identities given in Proposition 5*1 •

We also put c = 1 and c, = c (1 S t <m), where |p <Jj ^ m | ^ c with c ^ 1 .
HJ "t w v w

Proposition 5-3 If A = A 1 or A", and B = B 1 or B", then

|A(t,r)| < Kc2t [a(2t,u) + a^t-1 (0,u) + a(2t,v)] (1'),(1")

|B(t,r)| ^ Kc 2t+1 [o(2t+1,u) + o^t (0,u) + a(2t+1,v)] (2'), (2")

and |G(t)| < Kc[o(2t,u) + o(2t+1,v)] (3)

Proof;
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_ )] (by Prop.5-2(l ) with p= 0) 

which establishes (1 ' ) .

$ Kc2t [a(2t,u) + «2t-1^°' U ) + °( 2t » T^ ^by p^°P-5.2(2) with p= 0) 

which establishes (1")«

[a(2t+1,u)+ a' (0,u)+ a(2t+1,v)J (by Prop.5.2(3) with ^^
P=0)

which establishes (2').



" " J 2t+1-2m^ /,2m-1
"o o

r i j2t+1 ,

[a(2t+1 ,u) + a^t (0, u) + o(2t+1 ,v) ] (by Prop. 5. 2(4) vdth

P=0) 

which establishes (2").

which establishes (3)- d

We shall now introduce the 'bands ' in which conditions on the 

coefficient functions p, and q will be more precise.
t

In fact, the sequence [A ] described in Chapter 1.5 will suffice, with 

slight modification. For each v, we now require Q to be such that h e C 

(instead of h e C2 ) if h <S for some 8 >0, where h (x)=dist(x,Q ). 

We again define n(x) to be the outward normal to the surface S, , so we
""" iC

have |n| = 1 . VTe now suppose that the sequence f A j is such that the first 

m derivatives of the components of n are bounded by K (instead of |v.n $K). 

(V/e might have expected to require that only the first m- 1 derivatives be 

bounded. This is insufficient only for the establishing of Prop. 5. 2(3) and 

hence of Prop. 5. 3(2' ), i.e. the bound on B'. The corresponding term in the 

case m= 2 is 0, and hence the requirement is weaker in that case. That the 

corresponding term is 0 becomes apparent when we see that the need for a 

bound on B 1 comes from the occurrence of the first summed term in Prop. 5.1 (2); 

when m= 2, the identity corresponding to Prop.5.l(2) is obtained by putting 

t= 0 there, in which case the summed term is taken as 0.)



86

Theorem 5.If Suppose that conditions e(i)-e(v) are satisfied, and

that we have a sequence U y ] as described above. Let 6eCm> + (A ) 

with the first, m derivatives of 9 bounded by K. If u and ve2)(T*) 

with u and v real-valued and / (uT*v - vT*u) -*• L ^ 0 (we may 

assume that L>0), and if

(a) pt6 l>m~ '\ $ c for 1 « t«m-1 with c> 1, and

(b) qe2n >-Q(h v), 

then, for v sufficiently large,

lJ V 02m-1 (hjdh* K/ [e2m + c m + Q][u2 + v2 + (TU ) 2 + (Tv) 2 ]dx (1)
JA

Proof; As in Theorem 1.5-4 we may assume that u and v e 2). 

With p = 1 and p = q, we have

'V ^ a n '^^ V 
k k

"

(by Prop. 5- 1(0 and (2))

= / n.{...}dS (2) 
Sk

(i.e. n. replaces the initial V. in the formula) by an application of 

Green's Theorem.

We shall use Prop. 4. 0.2, Lemma 4.1, Lemma 4.4 and. Prop. 5. 3, all of 

which though stated and proved for <£ e Z> still hold for 9 e. C ' (•&)•
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Now for v sufficiently large:

/ (uT*v- vT*u)dx, where

Therefore

Therefore v 
J o

i ) * 02m~ 1 /o n.{...idS, by (2). V \

l-1 (h )dh v < ! 0 2m-1 n.[...}dx 
J A

t-1

Ka(m,u)] + u**v (by Prop. 5. 3)

(because the sum is independent of r) 

,u) + Kc [ea(m,u) + K(1 + e~1 ) m~1 a(0,u) ] +

Kca' 0 (0,u)| -

(by Prop. 4. 0.2(1) with C= 0, p-0, N= m,

and as a' (0) S a 1 ,(0) for 1 S t ̂  m-1 , v ™ i m^ ̂
the sum now being independent of t)

u) + Kcma(0,u) + Kc™" 1 a(0,u) + Ka^_ 1 (0,u) j +

_^ 
(by choosing e= c , and because, as in

Lemma 4. 3, c« m_2 (°) * K[cm~ 1 a(0) + a^_1 (0) ]) 

u) + Ka' (0,u) + Kcma(0,u)] + u*»v 

(by Lemma 4.1 (1 ) with t= m, p- 0, and as c £ 1 )
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[K/02m(Tu) 2 + K/[02m + cm - a/%2

(by Lemma 4-4(1 ))

(because (1 + 0) 2(m"1 ) s K(1 + 0 2m) and c 2 1 ,

and -q02m S Q)

which implies (l). D

The remarks following Theorem 1.5-4 apply aqually well here, i.e. with 

6(i) P . e C , for l^tSm-1, and 6(ii) qeL2 , the other conditions need 

hold only in A and 2)(T*) is as large as possible.

Also the requirement on the derivatives of n is unnecessary in the

1 -dimensional case, and is easily satisfied in the case where the Q are

n-dimensional spheres centred at the origin, as in Part I.

The corollary following Theorem 1.5-4 needs only slight amendment to 

give the corollary here :

Corollary 5.4.1 Suppose that conditions s(i)-G(v) are satisfied 

and that we have a sequence [A ] as in Theorem 5-4, with

(a) lira inf d >0.^ ' y-»oo v

Let B = {x: S $ h y (x) S d^- §] for some 8>Q with d y - 2S > 0, 

for all v. For each v, assume that we have a function 

6 eCm ' + (A+ ) (i.e. we allow suppG^ A^), with

(b) 6^| «K, for OS i- S m;

(c) |pte^m~t )| *K, for 1«t^m-1;

(d) q02m ^-K; 

where K is independent of v.



fV 5 2m-1 If (e) 2 I Q V (r)dr is a divergent infinite series, then
« 8

L= 0 and so T is e.s.a. o

Proof; (a) implies the existence of the bands B . 

Let fy v e C ' (A^) with 0 S fy s 1, ip (r) =1 if S S r < d -8, and the 

first m derivatives of i{j bounded, the bound depending only on S. 

Let 0=^9. Then 8 eCm>+(A ).

(b) implies that j 6^ j < K, for 0 s i a m; in particular, d SK.

2 ( m-t")
(c) implies that |p 0 v ~ ' $ K, for 1 stSm-1, so we take c=K in

"t V

Theorem 5-4.

(d) implies that q0 m £ -K, so we take Q(h ) = K in Theorem 5.4.

rd -S r&
Assume that L>0. Then L/ V Q (r)dr « l! V 6 (r)dr,

J 5 V J o V

and so, by Theorem 5-4(1):

V 62m" 1 (r)dr 5 K/' [u2 + v2 + (Tu) 2 + (Tv) 2 ]dx. 
S -"A

This is valid if v is sufficiently large,' say for all v>K. Summing over 

v? N gives a finite right-hand side, which contradicts (e).

Therefore L= 0 and so T is e.s.a. Do

Putting ra= 2 gives Corollary 1.5-4.1 and the example we give below 

gives, with m= 2, the example illustrating Corollary 1.5.4.1.

Example; In Corel. 5-4.1, take A^= fx: 2v7r $ |x| 5 (2v+1 )ir]. 

Then d = IT, so take S= 7r/4, and (a) is satisfied.

Take 6 (h v(x))= (2v7r + h v (x))"1/(2m'l) = |x| "1/(2m~1} . Then (b) is satisfied. 

In A , take |p | « K|x| 2 ( I"-t )A 2m-1 \ Vath pt also satisfying -j(i) and s(iv), 

for 1 < ts m- 1. Then (c) is satisfied. 

Take q- KJxj ^sinj xj or q= Kmin(-|xj 2m/^ 2m"1 \ | x | ^sin|x ) for any X with q
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satisfying e(ii)-g( v ). Then, since q £ -K|X| 2ra/( 2ra"1 ) in A^, (d) is 

satisfied.

' /"3V4 . .
Since / (2vir + r) dr= log[(8v+ 3)/(8i/+ 1 ) J, (e) is satisfied, and 

W4

so T is e.s.a. D o

As in Chapter 4 we now assume further that p £ 0, which allows 

modification of Theorem 5-4. V.'e first modify Proposition 5-3«

Vfe assume that p = c 1 = 1 , and, for 1 $ t < m, that k. c' S p, ^ c ' for
^m m ' ' ' t t H t

some 0 < k S 1 . (if for some 1 « t « m- 1 we have p - 0 we may take c ' = 0,
\t \f \>

but the results are then trivial anyway.)

Proposition 3.3 If A = A 1 or A", and B = B 1 or B", then 

|A(t,r)| ^K/p (

|B(t,r)|
2 (2'), (2")

and

Proof ; \Ve first establish

)J (4)

|B(t,r) | t Kc2t+1 [a^_2^ (2t+1 ,u) + «^2M ( °' u) + %-2t-1 (2t+1 >^ ] 

These are simple modifications of Prop. 5-3(0 using Prop.5.2"(l) and (2) 

with p=m-2t, and of Prop. 5-3(2) using Prop.5.2"(3) and (4) with 

p=m- (2t+ 1) respectively. V,re derive (4) for A= A" as an example.
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H o.« 4

S K°2t [%-2t(2t ' u) + a2t-1,n,-2t (0 ' u > + V2t (2t ' v)] 

by Prop.5.2"(2) with p= m-2t, which establishes (4) for A=A".

Now, for 1 £ t 3 m:

c;«m_t (t,u)= / c;| Atu 2 sk-^/^Vyi 2
and ctat-1,m-t<°.'>>= /^2(n't) (l + *) 2(t- l)u a «k-1 /Pt*2(n-t) (l + v) 2(t-l)u 8 (7)

Substituting both (6) and (?) in (4) and (5) establishes (1) and (2) 

respectively.

,2(m-2t-l)| .2t, M 
I* VI

,2(m— 2t— 1 ) r | ,2t ,, i 2 i .2t+1 
t+1* [^ ^2tU l + I*

establishing (3) . O

Again the comparison bet-ween the move from Lemma 4.4(l) to Lemma 4.6(1) 

•with that from Theorem 5-4(1) to Theorem 5.6(1) is very close.

The or em 5 • 6 Suppose that conditions C;(i)-'".(v) are satisfied, and

that we have a sequence [A ] as described above. Let #eC > + (A )

with the first m derivatives of d bounded by K. If u and v e ;J( T*)o

with u and v real -valued and / (uT*v-vT*u) -> L ^ 0 ( v?e may
v 

assume that L>0), and if, for 1StSm-1, we have in A^

k c 1 ^ p, ^ c* for some 0 < k « 1 independent of v, 
t t ' t t t

then, for v sufficiently large,

(Tu) 2 + (Tv) 2 ]dx (1)



Proof; Yfe shall use Lemma 4.6 and Prop.5.5, both of which 

though stated and proved for <£e2> still hold for 0eCm» +(A ). 

From Theorem 5.4(3):

(by Prop. 5. 5)

which implies (1). Q

(because the sum is independent of r)

+ u«-»v (by Lemma 4.6(1))

Noting the relaxation of the condition on p to p 2 0 in A , putting 

m= 2 in the above result gives us Theorem 1.5.6. The other remarks which 

follow Lemma 4.6 and, as in P3rt I, those which follow Theorem 5-4 apply 

equally well here.
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that

Corollary 5. b. 1 Suppose that conditions s(i)-e(v) are satisfied 

and that we have a sequence [A } as in Theorem 5.6, with

(a) lim inf d >0.x V-» oo i>

For each v, assume that in A .v>

(b) p E o or kM2 « p. $ Kd2 , or
i* TJ V T V

(b') pt =0 or k|d2v |q| 1/'c ^ Pt ^Kd2y |q 1//C , with K* m/(m-t) > 1 , 

for some 0 < k' $ K, for 1 « t S m- 1 j and

(c) q? -k, 

with K, k and k! independent of v.
\i

Then L= 0 and so T is e.s.a.o

Proof; P, s 0 trivialises the calculations so we shall assume~~~ "~"~ """* \>

p.^0.
^

(a) implies the existence of 6 > 0 with d - 28 > 0 as v-»<».

For each v. let Q e C ' (A ) such that
' V 0 ^ V 1

Q ( r ) = o if r e [0,^-S]

= r--§-5 if r e [§-5,id --g-S]

= ld -5 if re[^-KIV^ J

= 0 if re [d v -^5,dj 

So 0' = 0 or 1, and 0^ l ^ = 0 for i > 1 . We have 0 S 0^ ̂  Kd^, and also d^ > 28,

so 1 =£ Kd y and 1
,2m

Assume that L > 0 and alternative (b) holds.

So 1«t*m-1.
•j-

Also, from (c), -q^ y 

By Theorem 5.6(1): "-1 (r)dr < Kd2m /' [u2 + v2 + (Tu) a + (Tv) 2 ]dx
VJA, 

(as the sum is now independent of t)

(1)



Now, still assuming that L > 0, suppose that (b ' ) holds. 

From (c), j q| s q + 2k, and (q+ k) £ 0. 

For 1 « t« m- 1, we have in A

i| q| V

where we have used the inequality jajjbl^' $ e| a| K + K(e) |b j K , valid for «>1 

fl2(m-t)/ fiSo pe d +

this inequality holding in A . 

By Theorem 5.6(1):
•i 4

_ / v fl2m-1 / \, . ,, c. I rj2m ,2m < a2(m-t}/. ,, %2(t-l) / , \ n2m-> . 02m- 
L 6 (r)dr ^ K 2j / [a. + d + lp.& (1 + ° ) - (Q+K.)O j + kc'

J 0 V J A V V
r r2 2/m\2/ »r» \

(2)

From (1) and (2), we see that if L>0 and either (b) or (b') holds

together with (a) and (c), then we have

Ld"2m f V 0 2m" 1 (r)dr * K( [u2 + v2 + (Tu) 2 + (Tv) 2 ]dx (3) 
Jo J A0 ~v

As v->°°, the right-hand side of (3)-»0.

However, e m^ (r)dr v Jo v

> 0, as v-»°°. 

This is a contradiction, so L= 0 and T Q is e.s.a. D
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The example we give is a simple modification of that given after 

Corollary 1.5.6.1.

Example; In Coroli5.6.1, take A = fx: ay S |x| s= b^j where 0 < & v < b^, 

with kd S a and b £ Kd ; say a = s and b = s for some s > 1 .

and also.(a) is satisfied.

In A , take p such that either k!|xj 2 £ p SK|X| 2 , or
" "t "C "C

kll x | 2 |q| ( m~*)/m * p *K|x| a iqi^ m~t^m, for some 0 < k! S K, f or 1 S t < m- 1,
T/ "t "t

where q(x)= |x sin(irlog |x|), with p and q satisfying conditions
S X

Then (b) (or (b 1 )) and (c) are satisfied, since if x e A y , 

vdth k« (s- 1)~1 < s(s- 1 )~1 ^K, and q£ 0.

Plence T is e.s.a. D o
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CONCLUSION

In Part I, we considered a particular case of the operator formally 

given by

ru = V2 (r(x)V2 u) - V.(p(x)Vu) + q(x)u

Expressing q as q + q , we took q =0. In an addendum, we shall
128 '

reintroduce q satisfying the conditions in Theorem 0.2.
o2

Also, we took r(x) to be constant; in fact we assumed that r(x) s 1. 

It transpires that the proofs in which we had to assume that this 

coefficient is constant will still hold if we assume that r(x) = 1 in A 

(cf. the remark following Theorem 1.5.4). Thus, with r e C2 and r(x)=1 

in A , we were effectively considering the operator T given by

We may consider the term V.(p(x)Vu) to be the term given by 
n

• £ A #(p (x)<3 u) when we take the nxn real symmetric matrix lp.,(x) I 
0 j K—1 j jk K JK

to be p(x)l , where I is the nxn identity matrix. In view of the 

proof of Theorem 0.3 (see [4]), it seems very reasonable to suppose

that had we taken [p.,(x)j as a matrix more general than p(x)l , theJk
results in Part I would not differ in essence, but only in complexity.

We can also read r(x) as, in some sense, an n2 x n2 real symmetric 

matrix which is the n2 x n2 identity matrix in A y , without affecting 

the remarks above.

Similarly, in Part II, we could have considered the coefficient 

functions p.(x), for 0 £ t S ra, to be, roughly speaking, nxn real
L

symmetric matrices. Again, the results would presumably differ only 

in complexity, not in essence.
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We conclude by restating briefly the examples of essentially 

self-adjoint operators (with p = 1) which were given, the conditions 

to hold in a suitably chosen sequence [A I and assuming that S(i)-G(v) 

hold.

§1. (a) q*-K|x 2ra/( 2m-1 >;

(b) Ip^Klxj 2^)/^). 

In particular,

when m= 1 the conditions become

and when ra= 2 the conditions become

-I 2/3

§2. _(a) q*-K;
o o

either (b') k |xj <pt *K|x| ,

or (B') kJx^lql^-^^p^KJxl 2 ^!^)/

where k £ 0 and otherwise k > 0.
1 \>

In particular,

when m= 2 the conditions become

p>0,
|2.

and either p^K|x| or p^K x
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ADDENDUM

As in Kato [14] and Eastham, Evans and McLeod [4j we can give 

further flexibility to the coefficient function q by supposing that

q = q + q.
1 2

Some of the conditions which were imposed on q in the main text will 

still be required to be satisfied by q here, but others will be required 

to "be satisfied only by q .

We require that qeL2 and q(x) £ -q*(|x ) as before, and now we
j_ _LOC ^ ^

require that q satisfies (03) of [14] (see Theorem 0.2), i.e.
2

qeL 2 with / |q(x)| a dx s (KrS ) 2 (1 « r <») for some K and s,
2 -LOC J I I < 2

and N <, (q)-»0 as 6-»0, uniformly in y; 

or, if n* 5, qeL2".
2

We may therefore use some of Kato's results.

We define g.(x) = q(x) if xeBR ,

and a(x)= q(x) + q*(|x|)-q*(R) if x>£ BR,

and set q_= £ + q (i.e. we need not alter q ). V.'e have g_e L2 .

We still require £ to satisfy s(iv) in order to obtain T_ e.s.a.

Certain amendments have to be made to various proofs in order that 

the lemmas, etc., remain valid.

In Lemma I.3.J and Proposition II.J>.0.6: we must consider /) 

Kato shows that || qu|| Li/Q j« K^, Q) ||u || Q , and so we have

and we may proceed as before.D
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In Lemma 3.5; Prop.1 of [14] is

/k IN 3 * e||u|| 2 + K( e)|iu|| 2 f or u e H1 . .
2 ' O

So for u e 2), we have

*e(TU,u) ? o||u||- k||u|| a + (2u,u) + (qu,u)Q

and we may proceed as before . D

We still require 3. to satisfy e(v) in order that TIB may use the 

result of Lemma 3.4.

In Corollary 3-8.1 ; we replace q by q . D

Corollary 3.8.2 If [u I is a sequence with the properties in 

Lemma 3-8, then

/q ! UJ 2 •» /q W 2 as v -*<*>.
2 V g

Proof; By Prop.1 of [14J:

As in Corel. 3. 8«1, we have u -» <#u in H and the result follows. D 

Thus Lemma 3-9 remains valid.

In Theorem 1.3.4: we require q#4 2 -Q(h ), with no further restriction 

on q .
2

Proof ; From the penultimate line of Theorem I.5«4 we have

L/ %3 (h )dh y « K/04 [(Tu) 2 + (Tv) 2 ] + K/[e4 + c 2 -q04 ][u 2 + v2 ] (l) 
Jo v v

By Prop.1 of [14]:

-/q^u»< 7?||02 u|| 2 +K(r,)||02 u|| 2 ;
2! I
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by Prop. 1. 4. 3 and Lemma 1.4-4:

where *y(u,v) denotes the right-hand side of (1 ) .

So -/q04 [ua + v8 ] <KT,§ (u f v)+K(Tj)[||flau|| 8 + ||02 u|| a ] (2)
2 "

We now choose T) sufficiently small and take the term involving q in
3

§v(u,v) to the left-hand side of (2), thereby obtaining an estimate for 

-/q 04 [u3 + v2 ], which when substituted into (1 ) gives the desired result. Q
2

In Theorem 1.5.6; we replace q by q , the result remaining valid as 

with Theorem 1.5-4. Q

Theorems II. 5- 4 and II. 5-6 are amended similarly. D

If q is continuous, as in the examples, then all the conditions on q 

are satisfied by setting q = 0 as in the main text.
2
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APPENDIX 1

With T , T and T* as in the main text: o* o

• Lemma A1 .1 T is essentially self -ad joint iff (T + £) is 1-1 

from L2 to 2' for every complex £ such that 4n £ £ 0. 

Proof; With £ as above:

T is essentially self -adjoint iff (T + £)2> is dense in L2 . 

Assume T is essentially self -adjoint . 

Suppose u e L2 and (T + £)u = 0. 

Then <(T + £)",<£> = 0 for all <£ e 3.

Integration by parts gives us <u,(T + £')<£> = ° for all <£ e 2). 

As (T + £)2> is dense in L2 , this implies that u = 0. 

Therefore (T + £) is 1-1 from L2 to 2>'.

Now ..assume (T + £) is 1-1 from L2 to 2>' . 

Suppose that (T + £)'i) ^ s no't dense in L2 . 

Therefore there exists u e L2 , u ^ 0, such that

= ° for all <^ e i>.

Integration by parts, treating (T + ^)u as a distribution, gives us

<(T + C) u ,0> - 0 for all ^ e 2.

Therefore (T + £)u = °« Therefore u = 0 as (T + £) is 1-1 . 

This is a contradiction, so (T + £) J is dense in L2 .

Therefore T is essentially self -ad joint. D 
o

Lemma A1 .2 u e 2)(T*) implies that there exists a sequence [u 

u e 3, such that u -> u and Tu -» Tu in L2 iff T is
V ' V V O

essentially self -ad joint.

Proof; Assume that if u e 'j(T^) then there exists a 

sequence [u ], u e 3, such that u^ -» u and Tu y -» Tu in L2 , i.e. 

if u e S(T*) then there exists [u^l, u^ e '3, such that u y -» u in L2 

and T u converges in L2 (as T<£ = T ^ if <j> e 2>) .



Oil

Therefore, with T denoting the closure of T , u e 2>(T ).

Therefore 2)(T*)C2>(T ). 
o' o

But T is symmetric and therefore T CT* and so T CT*=T*. o * oo ooo
Therefore 2>(T )C2)(T*): therefore T = T*. i.e. T is self-

O O O O O

adjoint, and so T is essentially self-adjoint.

Now assume T = T*. o o

Let u e 2)(r ). Then there exists {u j, u e 3, such that u -» u
O V V V

and T u -» T u in La . o v o

But "T = T*. and therefore u e 2(T*) and T*u -» T*u in L2 . o o' v o y o v o

But TV = T*v for v e 2)(T*), and therefore Tu -* Tu in L2 . D o v o" v
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APPENDIX 2

We give some details of the proof of Theorem 1.2.1 and 7/e assume

that P(D), q.(x) and Q.(E>) are as in the theorem. For complete details, 
J J

see Schechter [1?]«

Lemma A2.1 makes use of Young's Lemma and of mollifiers, which were 

introduced by Friedrichs.

Young's Lemma; |ju*v|| L2 S II u H Li|| v || L2

where u * v is the convolution of u and v. D 

Mollifiers; Define j(x) = c exp[(|x| 2- 1 )~1 ] if jxj < 1

=0 if |x| * 1 

where c is chosen such that /j(x) = 1.

Set J v (x) = vnj(vx) for v = 1,2,... 

and, for f e L2 , define J/(x) = /j p (x-y)f (y)dy v = 1,2,.

i.e. J f = j * f . v v
The operator J is a mollifier.

The two properties vie shall use are

and || Jf - f || -> 0 as v -» oo. D

Lemma A2.1 P is self -adjoint .

Proof; Let u e 3(P*), i.e. there exists v e L2 such that 

(u,P(D)0) = (v,<#>) for all <f> e '2>.

Letting J be the mollifier defined above, and setting <£(x) = J ( 

v;e obtain P(D)J u = J^v.

Now J v -» v in L2 as v -> °=, and so P(D)J u -» v in L2 as v -» oo.

'"e want to show that u e 2>(?), so we need a sequence [u ], u e 3, 

such that u -* u in L2 and P(D)U converges in L2 . 

For each p > 0, define

up (x) = u(x) if |x| « p ; u (x) = 0 if |x| > p.
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Now J u e 2), being the convolution of a function in 2> and a function 

in L1 with bounded support.

Given e > 0, choose N such that for all v > N 

< |e and P(D)Ju - v

Now ||j v(u p-u)|| « ||up-u||

and ||p(D)J v (up- u)|| S ||P(D) j J| LJ| up- u ||, with ||p(D)jJ| Ll being 

finite for each v.

Now || u - u || -» 0 as p -+ °°, so for each v > N pick p = p(v) such that 

||up-u|| <le and ||P(D)jJ| Li||up- u

Now set u = J u / \ . n'e have u e 2». v ypi' v

and |p(D)u v- - v

So [u 1 is the required sequence and 2>(P*) C 2»(P) .

But as P is symmetric, P C P"1 .

This gives us P = P*, i.e. P is self -ad joint. D

Lemma A2.2 2>(P~) = H£.

Proof: Clearly, for any s and for all <£ e 

||PO>)*|| 8 < Ki|*||^a and 

and so

Let P (D) denote the principal part of P(D) .

Then

with C>0 as p (°) is elliptic.
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as (P(D)-P (D)) is an operator of order at most ^-1 . 

Replacing s by s-1 :

and substituting back, noting that ||P(D)<£|| S ||P(D)0|| , we obtain
5™1 S

We iterate to obtain:

Therefore || <f> ||. * K( ||P(D)$ |) 0+ || <p || Q ) S K 1 || $ \\ for all $ e 9. 

As 2) is dense in H^, this implies that 2>(p) = H^. D

Before we proceed to Lemma A2.J, we need some preliminary results 

Let f = F~1 (1 + |£| ) SF<£. Then |jf || = ||$|| , and alsoo 3> 

Ff -

Set G (x) = F~ (l + id)~S . Then F<£ = FG Ff and <£= G * f. 
s s s

Schechter shows that

(a) G (x) = O(|x| s~n) as |x| •* 0, for 0 < s < n;
S

(b) &n(x) = o(-log|x|) as |x| -» 0;

(c) G (x) = 0(1) as jx -> 0, for s > n;
S

(d) G (x) = Q(\x\~K ) as |x| -> 0°, for s > 0, K = 1,2, ....
S

It is clear that the conditions imposed on the functions q.(x) are
J

derived from the properties (a),(b) and (c) of &g (x) (see Propositions 

5 and 6 below).

The following propositions are required: 

Proposition 1: For s > 0, G (x) e 0°° for x ^ 0, and for any «
—•*"— —------ •———•———— Q

Da & (x) = 0(1x1"*) as x •» oo, K = 1,2,....
S

Corollary 2; If v e C~ and v = 0 near x = 0, then v& e S.
.ii ii '—- J --T-J .:fJ—-m.~LL W 

^
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Proposition 3; If s > 0 and t > 0, then G * G. = G , . ——————— *- ' s t s+t

Proposition 4; G (x) > 0 for a > 0 and x ^ 0.
3

Proposition 5: For each s > 0, there exists C > 0, such that 

G (x) « Cu. (-x) for 0 < |x| < 1.
«^-S £Q

Proposition 6; If s > 0 and q e N , then there exists C(s,n) such that

/|q(x-y)| 2 G2s (x)dx « CN^Cq). 

Proposition 7; If s > 0 and /|q(x-y)| 2 G (x)dx $ C r then
£ S O

q&2s * (q*) 0< C 0 for all <P e 2.

Proposition 8; ?or all ^ e 3, if qG * (q^>) | « C 0 , then

Proposition 9: For all <#> e 2, if q«#>* < ^i'lo' then

Most of these results are immediate. V/e prove Proposition 6.

Proof;(of Prop.6) From Prop.5 (which is immediate from the 

properties (a),(t>) and. (°) °^ £ (x )) we have:
S

!<., |q(x-y)| 2 &2s (x)dx < CN2s (q), 

and so -we consider /i i , |q(x-y) | 2 &9 (x)dx.
|X|>l ^S

From property (d) of G (x), there exists K such that 

&2g (x) S K/|x n+1 for all xj > 1.

Therefore Ji;^ ! q(x-y) j 2 &2s (x)dx ^ K^^ J |f< x j <Ar+1 | q(x-y) | 2 dx//cn+ .

Now there exists C(n), depending only on n, such that each shell 

can be covered by CK™ spheres of radius 1.

Therefore ] K< i x j </c+1 |q(x-y)| 2 dx * C/cn"Vj x|<1 |qU-y)| 2 dx.

/ °° -2 
Therefore J i ^ | q(x-y) | 2 G 2s (x)dx < KCN^Cq)^* « CN2s (q)< D
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Lemma A2.3 H^ C 2>(q."Q.) for each j.
v V J

Proof; Let qQ(D) be any one of the q.Q.(D), i.e. Q(D) is an ———— J J

operator of order j<p and q e N / .y

Then ||qQ(D)^|| o^ K||Q(D)^)|| for all <j> e 3, by Props.6-9.

Also ||Q(D)$|| « K||$|| for a11 ^ e %." v

Let u e HQ . Then there exists {u }, u e 3, such that u •* u in H^ 

Therefore {Q(D)U } converges in H^"j and u e a

Therefore [qQ^uJ converges in L2 and Qu e 2(q). 

Therefore u e 3(qQ), i.e. H^ C S)(qQ). D

Stages (l) and (ll) of the proof of Theorem 1.2.1 are now done, and 

we move on to stage (ill) which requires a preliminary lemma and proposition.

Lemma A2.4 Assume that q e N , <f> e 2) and 8 > 0. Then~ ~~ c. S

||q<H| 2o < K(s,n)N2S)5 (q) l^|| 2s + C(s,n, 5)N2s (q) ||*|i J. (t) 

Proof; (t) is equivalent to

||q(Gs » f) || 2 < KN2ajfi (q) ||f \\\ + CN^Cq) ||&8 * f || 2Q (tt) 

Let ii e Q such that 0 ^ ^(x) S 1, tfr(x) = 0 if |x| > 1/2 

and (A(x) = 1 if |xj < 1/4. Set <A g (x) = 

Define &s § (x) = ^ S (X)GS (X), C g (x) =

and H(x) = & * & .. s, 6 s, 5
We observe that &s= &g § + &g g , and so we bound ||q(&g g * f) |j 2 by 

the first term in the inequality, and jjq(&s 5 * f) ||* by the second. 

Now H(x) = /^ 5 (x-y)&s (x-y)^s (y)&s (y)dy

$ /& (x-y)G (y)dy = & 9 _(x) using Props. 3 and 4.
S S ^^

If x| > 5, then either |y > |-6 or |x-y| > -g-6. 

Therefore ^ s (x-y)^ g (y) = 0 for jxj > 5.

Therefore H(X) $ K(s,n)w 2s (x) if |x| < 5, and H(X) = 0 if jx| >S, 

using Prop. 5.
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If u and v e 2>,

= (H * (qv), qv) 2 

= (//H(x-y)q(y)v(y)q(x)v(x)dxdy) 2 

« O/H(x-y)|q(x)| 2 iv(y)j 2 dxdy) x 

(//H(x-y)| q(y)| 2 |v(x)| 2 dxdy).

But /|q(x)| 2 H(x-y)dx 5 KN g (q),

and therefore ||&* (qv) || 2 < KN (q) |j
o 2s, 6 

U> s,6 tqv

* il u li 20 ll &Sj s*(qv )

v

I 2
I o
II 2
II O

since N^ g (q) = N^ g (q) generally.

Since this is true for all v e 3, we have

f\f

Now & _ e S by Corel. 2. In particular, there exists C(s,n, S) 
s, o

such that (1+|^| )^3 | ?G g | 2 « C. Therefore, by Prop, 9,

Combining (t) and (tt) establishes (tt). D 

Proposition 10 For all <£e2>, if 0 < t < s, then

2t 82t"8
Proof; (l + U|)= (Uk|) 8 (uki)

Repeat for the second term on the right-hand side (the exponent 

reducing by increasing multiples of s-t) until the exponent is S 0. 

Then (u|$|) 2t « ea (l + k|) 2s + K(e) 2 . Multiplying through by |F<£| 2 and 

integrating establishes ('•'}. D
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Lemma A2.5 Y/e have, for a<1 and for all ueH ,——————— •- > »

aPu o .+ bu| o .

Proof: By (t) (Lemma A2.4), if qeN and $e2>, then

If 2s < n, then take S small enough so that KN x (q)<e2 .
^S ^ 0

Then ||q«||< e|j<^ || + K (e) Q
If 2s > n, then there exists t such that n < 2t < 2s and qeN ,

tt

and so |jq0||» S CN^q) || <f> \\ * (by Prop.9)

eli s + K(e)||^.|i o (by (*) Prop.10)

Therefore, if qeN and 4>e 3,

Therefore || q .Q.(D)<£ || Q ^ e|| Q.(D)</> || ^_^ + K(e) || <^D)£ |j
J 

+K(e)

by

But IHI* K(||P(D)0||+ |M|), as in Lemma A2. 2.o 

Therefore || qffi)<t> || Q

and 2||qjOd(D)^|i o « a||P(D)* |j Q + bjj<£JJ o with a < 1

Since 2 is dense in H^, this establishes the result. Do

This concludes the proof of Theorem 1.2.1.
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APPENDIX 3

Here we give the proof of Lemma 1.3-4, due to Ikebe and Kato [12J.

Lemma A3.1 If u e n and N. (q) is locally bounded for some a>0 

with n > 4-a > 0, then queL2 , and for any compact set Q

llq«ll n < K||u|| 2fQ ,
where Q 1 is Q extended in width by d > 0, and K depends on Q,d and n.

Proof; Ikebe and Kato show that for any u e H , : ——— J o,loc

u(x) = G°(-V2 u) + K°u almost everywhere (*) 

where V2 is interpreted as strong, and d is a fixed positive constant. 

G, and K, are integral operators with kernels G (x,y) and K,(x,y)- 

G°(x,y) has a singularity at y= x like Green's function: G°(x,y)= 0(|x-y| ), 

while K°(x,y) is smooth. They can be made to vanish for |x-y| ^d>0. 

Let xeQ. Then, by (*),

|V2 u(y) l |x-y| 2-ndy| 2 + K|/, |u(y)|dy| 2

+ K/ dy/ |u(y)| 2 dy 
J|x-y|^d J|x-y|«d

Kda [ jV2 u(y)| 2 a;. (x-y)dy + Kdn / iu(y)j £ dy. 
Jx-d 4"a Jx-d

Now q e L2. , therefore 
^ loc

5 = / |q(x)| 2 |u(x)| 2 dx
JQ

< Kda /" |q(x)| 2 ^/ |V2 u(y)| 2 W (x-y)dy}dx 
JQ V|x-y|Sd ^ u /

+ Kdn / |q(x)| 2/ / |u(y)i 2 dy ;dx 
JQ V|x-y|$d /

« Kda / |V2 u(y)| 2 (/ / | q(x)|V (x- 
JQ' Vx-*d ^~ajx-y|

ln / |u(y)i a f/ |q(x) 
JQ' vlx-yUd
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dy
n«

Kda supQf

Which establishes the result. D
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