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ABSTRACT

We consider a formally self-adjoint elliptic differential operator
in ]Rn, denoted by 7. Td and T are operators given by T with specific
domains. We determine conditions under which To is essentially self-
adjoint, intrcducing the topic by means of a brief historical survey of

some results in this field.

In Part I, we consider an operator of order 4, and in Part II, we
generalise the results obtained there to ones for an operator of order

2m. Thus, the two parts run parallel.

In Chapter 1, we determine the domain of T;, denoted by @(Tz), where

T; denotes the adjoint of To, and introduce operators I and T which are

modifications of To and T.

In Chapter 2, we use a theorem of Schechter to give conditions

under which 20 is essentially self-adjoint.

Working with the operator T, in Chapter 3 we show that we can
approximate functions u in 9(Tg) by a particular sequence of test-functicns,
which enables us to derive an identity involving u, Tu and the coefficient

functions of the operator concerned.

In Chapter 4, we determine an upper bound for the integral of g
function involving a derivative of u in D(Tg) wnose order is half the
order of the operator concerned, and we use the identity from the

previous chapter to reformulate this upper bound.

In Chapter &, we give conditions which are sufficient for the
essential self'-adjointness of To. In the main theorem itself, the major

step is the derivetion of the integral of the function involving the



particular derivative of u in @(T;) whose order is half the order of the
operator concerned, referred to above, itself as a term of an upper bound
of an integral we wish to estimate. Hence, we can employ the upper bound
from Chapter 4. This "sandwiching" technique is basic to the approach we

have adopted.

We conclude with a brief discussion of the operators we considered,

and restate the examples of operators which we showed to be essentially

self -ad joiat.
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INTRODUCTION

When considering the topic of essential self-adjointness of
differential operators, .one considers whether or not a symmetric cperator
To has a unique self-adjoint extension; equivalently, whether or not
EO=-;, where Eo is the closure of the operator To' Therefore, the first
differential operator to be considered was formally given by
Tau = =(p(x)u')’ + gq(x)u (1)

for xe [0,0), p and q real-valued, and working in L?(0,¢’).

Naturally, the next step was to consider operators given by

n
= z - Iy 2
ToU 5,E1 [16j+bj(x)]ajk(x) [10k+ bk(x) Ju + g(x)u (2)
and Tau = (r(x)u")" - (p(x)u')' + g(x)u (3)°
n . . .
In (2), x= (x1,x2,...,xn) e IR", the matrix {ajk(x)f is symmetric, ajk’ 13]

and q are real-valued, %= 6/axj, and i=V(-1);
T u=Tou with (T )= d:(IRn), Tu= Tsu with 2(T)=L? (R").

In (3), xe [0,), p, 0 and r are real-valued, and we work in L?(0,).

Considering a 2m~th.order real symmetric ordinary differential

opersator
ou = Sgo(_1)s(ps(x)u(s))(s) )

for x& [0,%) and p, real-valued, the deficiency index, a(ry), of T4 is
defined as the number of linearly independent Lz(O,OO) solutions of
Tsu= A (mAZO). This is independent of A and m<d(7,) < 2m.
According to Veyl's classification, if d(7,)=1 then Ty is "limit-point"(l.p.),
and if d(7'1)= 2 then 7, is "limit-circle! This terminology has been
extended, so that if d(r,)=m then 74 is l.p. The notion of being 1.p.

corresponds to that of being essentially self-adjoint (see, for instance,

Hellwig [10, $14.1]).



ii

Much of the early work done on (1) and (2) was by Hartman and
Wintner [8], Titchmarsh [20], Sears [18], and Kato [13], the latter
being motivated by the arising in quantum mechanics of the Schr8dinger
equation V?u + {A-g(x)ju =0. (In (2) with xe R®, take bj(x)==0,
iajk(x)}= I, the identity matrix, and set T,u=Au.) This is the description
of the motion of a particle under the influence of forces represented by
a(x), here teken as repulsive from the origin when g>O. The notion of
being essentially self-adjoint corresponds roughly to qantum mechanical
completeness, i.e. if the operator is essentially self'~adjoint, then the
particle cannot escape to infinity in a finite time. That this correspondence

is not exact is shown by Rauch and Reed [16].

The problem is to derive conditions on the ccefficient functions
which imply that 7, is l.p. (To is e.s.a.), and it was Hartman [S],
considering u"+ g{x)u = 0 , who first showed that these need hold only

on a sequence of intervals of [0,).

The research then divergzed. On the one hand, work was done on (1),
generalising and improving known conditions %o "interval" conditions,
notably by Eastham {2], and by Atkinson and Evans (1]. Wwe give the
former's result.

Theorem 0.1 Let Tu be given by (1) with p(x)551 and qE:Lioc, i.e.

Tu = ~u” + q(x)u.
Let there be a sequence of non-overlapping intervals (av’bv)
and a sequence of real numbers LY such that
(1) (bv-av)QWVBK, where K >0 is a constant;
(ii) Z3w;1 is a divergent infinite series;
(iii) fav q_(x)z- k(bv- av)awi, where q (x)=min(q(x),0),
v

for some constant k.

Then 7 is l.p. O
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On the other hand, the work done on (2) (see Ikebe and Kato [12],
Kato [114.], Simon [19]) did not involve interval conditions, but the
results were very powerful. Ve give that of Kato,
Theorem 0.2 LetnTu be given by (2) with iajk(x)}EI, i.e.
TN = -jg (iaj + lzj(x))zu + q{x)u.
Let the following conditions hold:
(c1) ‘r:i e C%;
Zzloc with q(x)2 -q*(|x|), g*(r) being

monotonic non-decreasing in r>0 and g*(r)= o{(r?) as r-o;
r

(c3) qe12 with/

c2 = h el
(c2) q q +q,, where g

lq(x)]|2ax < (Kr®)2 (1 sr <) for some K, s,
x|sr 2

and/ lq(x-y)l ]y]z-ndy - 0 as r-» 0 uniformly for xe¢ ]Rn,
yisr 2

where |y|2-n should be replaced by 1=~ loglyi iff n=2,
and by 1 if n=1.
LD
If n>5, (C3) may be replaced by geLZ",
2

Then To is e.s.a. 0O

Quite recently, Eastham, Evans and McLeod (4] introduced interval
conditions for (2), making considerable use of Kato's theorem above. Their
conditions are imposed in a suitably defined sequence {Avl of "annuli"®,
and the statement of their result mekes use of functions 98C;’+(Av).
(¥ith @ the "inner" boundary of A  and h (x)=aist.(x,)), 0¢ C:’+(Av)
if it is a function only of hv’ is non-negative, continuous and piecewise
C*, and supp 6C A,. Also, d  is the "width" of Av.)

Theorem 0.3 Let Tu be given by (2) with

(i) ajkeC“a, for some ¢ >0;
(ii) bJ. eC?;
(iii) q = q1+ q, > where qle Lioc and a, is locally bounded below,

and q_is as in (C3) of Thm.0.2. In particular, qaLi .
oC
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n
(iv) 7 is elliptic, i.e. ,j,lg.=1 ajk(x)fjfk 2 K(x)]élz for any

real vector &= (61,52,...,§n), where K(x) is a strictly
positive function of x.

Suppose that in Av

(8) q(x)> -q(h,) with Q>1;

(v) A+(x)$ p(hv) where A* is the greatest eigen-value of {ajk(x)l;

(e) A (x)2K>0 where A~ is the least eigen-value of {ajk(x);’ this
condition being unnecessary if q: 0 in Av'

Then given any 6 ¢ C;’+(Av), any €>0 and any uand ve Q(Tg) for

which [, (ufig-;Tgu)dx-»I,>O as v->o, we have, for v sufficiently

large, t;at

/dv e(hv)p-%(hv.)dhv < K(L=- e)-1j Hui2 + ]vlz +Tul? 4+ [Tv]%)x

° Ay x {1+ Qh%+ ph'?ldx. O

Several corollaries can then be deduced, generalising many earlier

results.

Meanwhile, Evans [5] proved the results below for (3). The former
generalises the results of himself and Atkinson {1] for a 2rd.-order
operator to a A4th.-order operator, and those of Zveritt (7] and Zastham [3]
to interval conditions, and the latter generalises a result of BEveritt [6]
to intervel conditions.

Theorem 0.4 Let Tu= 7rgu with r positive, r' locally absolutely
continuous, p locally absolutely continuous, g locally Lebesgue
integrable, and 2(T) given by {u: ue1?(0,), Tsuel?(0,o),

w'" locally absolutely continuous on [0,%)}.
For suitably defined sequences of intervals IIv} and {Jv}
with JvCIIv, suppose that there exists a non-negative real

function ¢ which is twice continuously differentiable in Iv



and satisfies, in Iv’
(1) |o] <Ko, |0'| <Ko;
(ii) Ir'als.Kir;
(iii) -po® <Kar;
(iv) -qo* <Kq;
(v) r(14+ |00"|)? <Kq, pO® <Ky
(vi) ZJ'J 0% dx = oo,
Then T is lfp. 0O
Theorem 0.5 Let Tu be as Thm.0.L.
Let Iv= [av’bv]’ v=1,2,..., be a sequence of mutually disjoint
intervals such that a,>®as V> and bv<K(bv-av). Suppose that
in these intervals
(1) 0<r(x) € Kax?*;
(1i) |xr'(x)]| s Kar(x);
(iii) x®p(x) 2 -Ksr(x) and either p(x) € Ksx® or p(x) $Kaleq]%
(iv) q2z -Ks.

Then T is l.p. O

Consequently, in view of these last three theorems, the aim of
PartI of this thesis is to establish generaslisations of Theorem 0.3 to =z
Lth.-order partial differential operator, the corollary of the first of
which can be read as a generalisation of Theorem O.) to dimension greater
than 1, and the corollary of the second as a similar generalisation of

Theorem 0.5.

However, the proof in [4] of Theorem 0.3 relies crucially on Kato's
Lemma A [14], the generalisation of the statement of which does not seem
to be valid for Lth.- (or higher) order operators. To overcome this problem,

we have had to assume that the leading coefficient of the operator under
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consideration (i.e. that of V?(V?u)) is a constant, which, for convenience,
we take as 1. We also take qu&nm Theorems 0.2 and 0.3 as zero, and the
coefficient matrix as p(x)I, i.e. we shall consider

Tu = V3(VPu) - 7. (p(x)W) + q(x)u

for x¢ ]Rn, pand q real-valued, peC* and qe L2 .

loc

The aim of Part II of the thesis is to generalise the theorems we
shall prove in Part I to ones for a partial differential operator of

order 2m.

Whilst drafting the thesis, I received from Dr.W.D.Evans a preprint
{"0n the Deficiency Indices of Powers of Resl 2nth.-Order Symmetric
Differential Expressions”; J.London Math.Soc.(2) 13 (1976) 543-556] and
a typescript ["Interval Limit-Point Criteria for Differential Expressions
and their Powers"; to appear] of some work done by himself and A.Zettl.
Although they deal with powers 7% of the 2mth.-order ordinary differential
operator given by (4), the results have a bearing on the operator under
consideration in Part II here, when = 1. They obtain a slight extension
of Hinton's result [11] with interval conditions, and the conditions
imposed correspond closely with those derived in Part II here (see

Corollary II.5.Lh.1).
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r NOTATION AND PRELIMINARY RESULTS

Definitions and the proofs of statements here are to be found in

Mizohata [15] and/or Schechter [17].

Here and throughout we use symbols such as L? and Ct, denoting square
integrable functions and t-times continuously differentieble functions

respectively, the properties to hold in all of 1R" unless stated otherwise.

For x = (x1,x2,...,xn), 6J is defined as a/axj. For ae IR", we define

p? = 61‘1113;2.”@;1111. In this context of a being a multi-index, lal is the
order of the operator Da, i.e. lal T o Ayt et . Similarly, for £¢ IRn,

- (+ SN+ £ WP - T an.
x = f1x1+§2x2+ ...+§nxn and £ = 51 &2 ...&n

The support of a function ¢ is given by supp ¢=10 where Q= {x: Hx)# o}.

9 will denote the set of infinitely differentieble functions with

compact support. Elsewhere in the literature, 9 appears as CC:. A function

¢$e D is called a test-function. If we have a seguence i¢v}, ¢>v€ %, then
¢v->0 means there exists a compact set 1 such that supp quCQ and, for

arbitrary a, Da¢v(x) -+ O uniformly.

9' will denote the set of continuous lirear functionals on 2, i.e.
iff Ae ?' then for any complex A and u, and any ¢ and ¢ € D we have
A(Ad+ pp) = AA(¢) + pa(¢), and
if {¢vz is such that ¢ €9 and ¢ =0, then A(¢ )~0.

A is called a distribution, and instead of A(¢), we write <A ,¢$>.

Unless stated otherwise, all integrations are over R"” and with
respect to x. The basic space with which we shall work is L%, It is a

Hilbert space and accordingly we denote the inner product of two functions
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f and g in L? by (f, g)o. (The use of the suffix will become clear and it
will be omitted when no confusion would arise.) As usual, we define
(£, &),

We define <f, 8>, = (£, E)o = [fg.

/fg . and an';: (£, 1),.

When f € L® and we say f € 9' we are equating f with the functional on
test-functions ¢ given by <f, ¢>°, i.e. <f, ¢> =def.<f’ ¢>o.
Also D%f e ?2', it being the functional given by
a _ _ la] PR’
<D°f, ¢> —def.( 1) s, D ¢> -

When £ is in fact lal-times differentiable, we have <D*f, ¢> = <D%r, ¢>°.

Let S denote the set of infinitely differentiaeble functions f such
that |x|%|D%(x)| is bounded for each x>0 and a. 9CSCL3.
For fe€S; the Fourier transform Ff of { is defined by

Fe(€) = (2m) P re i p()ax (3= V(=1)).

If feS and Ff=g(¢), then ge S and we define the inverse Fourier transform
of g by

-1 _ ~n . ixé

F g(x) = (2m) 27 [ e g(€)as.
Ve shall make use of the following properties of Fourier transforms:

(£, 8), = (Ff, Fg) ;

P _ -1 .
e [l = liell, ana flell = 1"l
F0%) = (16)7F(£];

F(f*g) = FfFg where £* g is the convolution of f and g.

For £ &€ S we define, for any real s,
= So
el = 11 Ce [e)®ee ]l
We define Hi as the completion of 9 with respect to the s-norm given
above. (Note that H2= L?.) Hz is a Hilbert space with inner product

(£, ), = ((1+[€]°pr, (14 €])%Fe) -
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For f and ge 9
<f, g> = (£, 8) = (F£, Fg) = ((1+ |€])%Fe, (14 |€])7°Fe),.
< .
Therefore |<f, g> | < |[£|] llell_,
Thus we can define <f, g> for fe Hz and ge H;s, and for fixed feHz
<f, .> is a bounded linear functional on H;s.
Various properties of the Hi spaces of which we make use are:
H® is dual to H-s;
o o
if s>t then 9 C Hz - HZ C 92' densely;
F and F-1 have natural extensions to bounded linear operators
s

on H .
o

The original definition of the s-norm given above was, for s a non-

negative integer, fel?, D% taken as a distribution:
2 _ a 2
e llz = )2 lIn% 115,
giving a norm equivalent to the one we use. Thus a function f in Hz can

be viewed as, in some sense, s-times differentiable.

The spaces H® are treated similar to L? , and the norms in
o,loc loc

these spaces will be denoted by ]‘. l]s q» for a compact set Q.
I

For any operator A, 2(4) will denote its domain.

BR will denote the n-dimensional ball of radius R.

e (&', €% n) will be an arbitrarily small positive quantity, and
K(e) a positive constant depening on e. K (K K") will be an absolute
positive constant, not necessarily the same in subsequent occurrences.
If we wish to keep track of a particular constant we shall use k, ¢, ctc.

Q (@Y, Q") will be a compact subset of R", and for any Q

dist(x,?) = inf

ytex"yl'



We make frequent use of the inequalities:
|ab| < %elalz+~%e-1|b|2, and
Zab.)? s (Za?)(2v?
(Zapd,)® < (2al)(27%),
or a combination of these:
|Zad | < %e(za"’.)+-%e-1(2b2.), where a, and b, are real.
J d J J J J
We also use a generalisation of the first of these:
la|®|b]*™° < ¢|a| P+ k(e)|b|®, for 0<s<t, t22.
[This can be shown by taking N=t in Proposition 1I1.3.0.1, and the

function a(s) there as ]alslbit-s for 0Oss<t.)

We shall frequently use the technique of integration by parts, and
in all cases, one of the functions will be sufficiently differentiable

and have compact support, so that the boundary terms will be zero.



PART I




CHAPTER 1

We shall consider a 4-th. order elliptic differential operator

formally given by :

n n
= 2 2 - T
Tu j,§=1 aj(aku) & 3J(p(x)aju) + q(x)u
for x e IR™. The coefficient functions p(x) and q(x) are real-valued,
= = ‘. = s 00 i C i
% Q/axj where x (x1,...,xn). With V (61, ,an) in Cartesian
co-ordinates we have

Tu = V¥(V3u) - V.(pVu) + qu.

7T is formally self-adjoint and we wish to establish conditions
under which 7 does or does not determine a unique self-adjoint operator

in L2,

We define operators To and T by:

Tu =Ty, AT ) =2; Tu= 71y, 3(T) = L.

Ve shall introduce conditions on p and q as and when we need themn,

conditions 6(i)-2(iii) being assumed throughout Part I.

2

. P . .
e(i) pe ¢t ; e(ii) q ¢ L] e

Lemma 1.1 To maps 2 into L® and is symmetric.

Proof: Trivial. O

Lemma 1.2 T maps L® into 2'.
. 2 2 s 7 1 C o
Proof': u€l® and q € L100 imply that qu € Lloc 2'.
aj(p(x)aju) is the functional (on test-functions ¢) Iuaj(p(x)aj¢) and is
continuous because p € Ct,

63(8iu) is the continuous functional fuai(a§¢).c3



Lemma 1.3 7% (the adjoint of T, &s en operator in L?) has as its
domain fu: u e L%, Tu € L?} and then Téu = Tu,
Proof: Letu & L?, Tu € L? and v ¢ 2.

Then (v,Tu) = (To;,u).

Therefore, by definition of adjoint, u e %(T:) and T:u = Tu.

But T* and T are formelly equivalent, so if u € L? and T*u € L3,

then Tu € L2 and Tgu = Tu., O

Using the conclusion of Lemma 1.3, the following conditions are seen
to be equivalent:
e(A) T, is essentially self-adjoint.
6(B) If u € L? and Tu £ L® then there exists a sequence Iuv}, u, €9,
such that u,>u and Tuv > Tu in L?.

e(¢c) (To + {)? is dense in L® for every complex { such that 4m { # O.

¢(D) T + £ is 1-1 from L*® to 2' for { as in ¢(C).

8(C) is often taken as the definition of essential self-adjointness
rather than "an operator A is essentially self-adjoint iff the closure
of A is self-adjoint! The proof's of the other equivalences are to be

found in Appendix 1.

We define a function g(x) following a further condition on g¢(x).
e(iii) q(x) 2 -q*(]x]) where g*(r) is a real-valued monotonic non-

decreasing function of rz0 and is locally bounded.

Ve now define g(x) by:

il

q(x) if x ¢ Bps
alx) + q*(|x]) - ¢*(R) if x £ B

Therefore v.e have g(x) 2 -q*(R) for all x e]Rn.

q(x)

]

a(x)



We define a formal operator T by:
Tu = V3(v?u) - V.(pZu) + qu,

and obtain‘go and T similarly to above.

Lemmas 1.1, 1.2, 1.3 and the equivalence of 6(A)-¢(D) hold with 7

replaced by 7.

The general idea of the preliminaries is to work with T. Ve impose

conditions to obtain To essentially self-adjoint and proceed to prove

that 6(B) (for T) holds with the added restriction: if suppt:% Bps then
supp u C BR' This enables us to demonstrate the existence of a sequence
iuvi, u, €32, such that u - ¢u and Tu - T(¢u) in L® for any ¢ € 2 with

supp$ ; By, whenever u € Q(Tg). (See Lemma 3.8.)



CHAPTER 2

In this chapter, we shall state conditions on p and g which render

20 essentially self-adjoint.

The following theorem is due to Schechter and it makes use of the
following notation:

For a > O, define

wa(x) = wén)(x) = |x|*? when O < g <n
=1 - 1og|xl when « = n
=1 when a >n

N&)S’y(f) - /txl<8 lf(x_y)lzwa(x)dx

N f) = su N f N f)=1N f
a,S( ) S Py a,S,y( ) a:Y( ) a’1,y( )

N(E) =M, (€) (= sup, N, (£))

N = i{f; £ e12
[+

1oc? Na(f) < m%.

The proof of the theorem is rather long, so we just give a very
brief sketch of the lines along which the proof runs. Fuller details
are given in Appendix 2, and we refer the reader to Schechter (17]

for a complete proof.

Theorem 2.1 Consider the operator given by
r
L(x,D) = P(D) + j§1 qj(x)Qj(D) where

(1) P(D) is a symmetric elliptic operator of order u with
real coefficients;
(ii) Qj(D) is an operator of order H < u with real
coefficients;

(iii) qj(x) is a real-valued function and q; ¢ H2(u—%?;

. _ T .
also, if 2(u %? < n, then hz(“_%?’s(qj) >0 as 8§ » 0;



(iv) Z qj(x)Qj(D) is symmetric.
Then L(x,D) on 9 is essentially self-adjoint in L®.
Proof: Use is made of the functional analytic lemma:
If A is self-adjoiﬂt end B is symmetric with 2(&) C 2(B) and
|[Bul] < a|[Zu|| + v|lu]] for a1l u € 2(R) with & <1,
then A 4 B is self-adjoint,
and so the proof is in three stages:
(I) P (the closure of P(D) in L?) is self-adjoint;

(11) 2(F) = HZ c %(qj5j);

(111) EllQ553|| <al|Bull +b|lu|l foralluen with a<1.0
With qo(x) = a(x), QO(D) = I (the identity);
q1,j(X) = ~3jp(x), Q1’j(D) =9, for j=1,+..,n;
g,(x) = -p(x) (D) =V 3

and P(D) = V2(V?.)
we state condition &(iv).

e(iv) g, € N2(4-x) and if 2(4-k) € n, then N ) » 0

2(4-K),3(qx

as § - 0, for « = 0,1,2.

Corollary 2.1.1 Let p and g satisfy g(iv).

Then 20 is essentially self-adjoint. U

e¢(iv) will be assumed to hold in any lemma requiring 20 to be

essentially self-adjoint.



CHAPTZER 3

Our aim in this chapter is to derive the identity
f$*uTu - [q¢*u® = [VZ(¢*u)V%u + [V(¢*u).pVu
for ue %(T;) and ¢€ 9, with u and ¢ real-valued. We first give a formal
identity which will be used often:
T(gu) = ¢ru + u[v?(?¢) - V.(pV¢)] - 2pV¢.Vu
2.k (392¢)(au) + 2.2 (8%4¢)(an
v 2,5, (90%9) (o) + 2.5, (9209) (o)
b 2 ;)2 o .
2.2 (9¢$)(89°%u 2.2 (a¢)(a2a;
+ 2.3, (99) (a20) + 2,5, (a9)(e2am)
This is obtained by simply writing out 7(¢u) in full and calculating the
required derivatives of the product ¢u. ithen ¢ is a test-function and u
is & distribution, we get the alternative formulation:
7(du) = ¢ru + ulV?(V3¢) - V.(pV¢)] - 2pVé.Vu + 4V(V2¢).Vu

+ 2V3¢VRu. 4+ 4§ (%ng).(@j\?u) + 49¢.V(V2u)

The identities remain valid with T replaced by 7.

Not all of the following lemmas use the assumption that 20 is e.s.a.
(essentially self~-adjoint), but we shall make it clear in the proof's when

we are making this assumption.

Throughout this chapter, we shall be concerned with D(T:), i.e.
fu: vel?, TueL?}. Vith ue ‘.’D(Tg), consider trat
Tu = Tu + (g - q)u.
Now TueL? and (q - q) is locally bounded ( g-¢=0 if |x| <R, and otherwise

i 2 . . . 2
g-¢=q*(|x|)-q*(R) ) and so (g - q)ue L oo S0 uei)(Tg) implies Tue L] .

Lemma 3.1 If uel? and Tue L.?Loc’ then VZue Lioc'

Proof': Let ¢€ 2 with supp¢ C Q" where (1" is some compact set,

and consider [(V? 4+ i)¢V?u, where i = V(-1).



J(V® 4 1)¢7%u= [i¢VPu + [VE¢VPu= [iuVR¢+ [¢V? (V2u)
= [iuV?¢+ [¢Tu+ [¢V.(pVu) - [¢qu
_ = [iuV?¢4 [¢Tu+ [uV.(pV¢) - f¢qu
s0 | /(v + 1)9%%u| < 1ful [ 6] + 1] | zu] + 7]u] U[%] [6] + o] |74] 1+ 1] 6] u]
< {lall w2l + ol llzullgue k@) [[u ][ T 98] 1]+ (172610

+XK(@" )M ||ul|, where M=sup|¢|,

because IVpI and lp] are bounded on Q", and “(,’bg” SMIiQ.“Qn: K(Q")u.
Now [[¢l= [[Fel < Il (6*+ 1)rell= [|FC(7* + 2)¢) || = [[ (7" + 1)g ]
end ||¢ = |[r(P@) || = [|&Fo || < [[(¢*+ D)Pe|[= [ (4 Dol

atso [|1ve] || < 170l =l Z <3¢l #ell « lloll) < {| (72 +2)9]l -

Now |¢(y*)] - |6(x)| < [8(3") - &(y)| = tfg'vw <K' (@") [{¢| ||, and so
lo()]| 2 [e(y) | =k (@") |||V9]| ||; as this is valid for any y', we have
|¢(x)] 2u-x"@") [||¢] {|, and so |[¢]] 2k {a") - K" (@) |[|ve] || 1;
hence M<K@")[||¢]|| + |||v¢| ||], and so we have M<K(Q") || (V2 +1)}|.

Therefore | [(V?+i)¢V2u| < K(u,a") || (V@ +1)s]].

But V*® as an operator from 9 to L? is e.s.a. Therefore (V?+1i)9 is
dense in L®. So consider any velL® with suppv C Q, say. Then there exists
& sequence {¢vi, ¢,€9, such that (V2 +1)¢ =+v in L?. Ve must show that
the functions in this sequence have common suppoert.

For some d>0, let Q'= {x: dist(x,0)<d}, and Q"= {x: dist(x,0')<d}.
Let ¢(x) e ® be a real-valued function such that 0<¢<1, ¢(x)=1 if xeQ’',
¢(x)=0 if xf£am, lajol <K and ]ajakgol <K for 1< j,k<n. Then ¢3 &9,

We conmsider {(v2+1)(y$ )}. Let ¢e (¢} such that [[(V+i)¢ - v|| <.

Now (V24 1)(vg) = ¢(V2+1)¢ + 2V9.9¢ + ¢V%y,
vi| € [J(P®+i)e - v]] + [J(V2+1)(vo-9) ||

s n+ |- ai)e]+ |0+ 217998 ] .

“(40-1)(\72+i)¢>|]/0, because (90-1):0 inqg!

and so |[(V®+3)(y9)

IS

But || (¢~1)(V2 +1)¢|]

A

H(Vg+i)¢li/ﬂ, because O0< (¢-1) <1

A

[| (v +1)¢ - VH/Q' because v=0 outside QCQN!

A

n.



i 4his taking of limits is not justifiable, we may proceed

as follows:

Consider [(VZ+ I)¢.(V2 - C)u, where. ém {£O# 9m{? and |Z| <K,
to obtain, much as before,

|7(v2 4 0. (7 = Oul < K(u,aM)|[ (v + 0)e |

From this it follows, as before, that (V2 =~ ¢)u is a continuous

iinear functional on a dense subspace of the dual space of LfQLoc'

According tc the Hahn-Banach Theorem, this can be extended
g ’

2

loc

(V4 0)p (VP =C)u = [(VZ 4+ 0)p.T

uniquely to fel such that, Tor all ¢e 9 with supp¢CQ",

Now (\72 -f) on L? is invertible because V® is symmetric and

dm{#£0, and if g is such thet (V? -)g=f, then g&:Lioc. But

2
.

loc-
So from (1) we have I(V2+§)¢.(V2 ~)(u-~-g) =0,

we have V2g=f4+{g, and so V°gelL

and therefore we obtain [(VZ{V?®.)-(¢%*)¢.(u-g) =0
As V3(V2.) is e.s.a. and I {*#0, (V?(V?.)-{?)D is cense in 2.

By (1), this implies that u-g = O, and so V2115L?Loc‘ o

~~

-
}

S

~
N



N

and || ¢7¢ || IEARL” HQ,,/Q, because V?¢=0 outside Q"/Q'

A

K“¢’ HQ"/Qn

A

K|[(V®+1)¢ HQ,,/Q, as above

N

Kn as above
and H@j!/]V(i)] “2 < KH (ath,’/lng2+ ]i6j¢¢|]2+ Hajwaqb]ﬁ < K* as above
so “V(//.V(f)“
So, by choice of 7, ||(7*+1i)(y¢) - v|| <&, and we have that
(V? + i)(¢/¢v) -» v in L? with supp (,bcva Q.
Therefore |[vV?u| € K(u,Q) ||v ||, where the infimum of the K's for
which this is valid for v's in L?® having the same support, Q, is “Vzui{n.

Therefore VzusLioc. O See facing page.

2 m 2 fgn, 2
Corollary 3.1.1 If uel® and ;ueLloc’ then |Vu eLloc' ]

Lemma 3.2 If uel® and Tuel? , then I{¢u) eX' for any ¢ .
Proof': Let ¢e9 with supp@dC (. “e shall show that each term
in the expansion of _T(¢>u) is in H? .

2 A 2
'I‘uE:L1 oc and so ¢Tuel”.

ulv? (v?¢) - v.(pV¢)] e L? because |p| and |Vp| are bounded onQ and ue L.
pV¢.Vue L? because |p| is bounded on Q and, by Corol.3.1.1, |Vu| EL?Loc'
v(v3¢).Vu e L? because, by Corol.3.1.1, |Vu| e Lioc

V?¢V%ue L® because, by Lemma 3.1, V*’usLiocf

| 3 19(a7¢) . (5u) |

| 3 1a(p(a94)) . (V)

el 1, Hvuiig

where o2 = gnlaw 12+ 1117(7%¢) lll

Let ¢/sH lz <y, (av¢) (oVu)>l

A

By Corol.3.1.1, ]quHQ is finite &nd therefore §(%V¢)(%\7u) sH;1.
similarly, | <y, (90).(7(7w)>] < olly ]|, {[7ulij

where here ¢° = H|V¢’|l Hzoo*i- Hvz‘;)Hzm_
L L



By Lemma 3.1, “VQUHQ is finite and therefore (V¢).(V(V?u) eH:.

Therefore, as L? C H;1 , we have T(¢u) t-:H;;1 .0

In order to prove the next lemma, we shall use G8rding's inequality:

If L is a uniformly strongly elliptic operator in any bounded domain
2, with leading coeffiicients uniformly continuous and other coefficients
bounded, then there exist constants ¢ >0 and k such that for all
oS 2 2
> -
ue dO(Q) we have Re(Lu, u)o,Q cllu ”s,Q k|| u “o,n

where 2s is the order of the operator L.

Lemma 3.3 If uel® and Tue H;2, then ueHi, and for any €>0
(c - &) [lull3 < (e + a*(R)) lul]®+ K(e)||Tuji2, ()
Proof': 20— g satisfies the conditions of Ga&rding's inequality
with s= 2.

Assume that ue 9 C Hi.

A\

then ®e((2_- @)u, w) > oflull3 - kjulf®

A\

Re(zou, u) cllt.1“22 - k||ull® + (qu, u)
elluliz - (x + @*(®)) [[u]? (2)

cllul[2 + (Re¢ - k - g*(®)) [jul|?

A\

N\

.‘Re(@o+ {u, u)
where { is any complex number with 4m{ # O.
Taking Re { sufficiently large:
i 2
ﬂe((g’_°+§)u, u) > c“u“z.
ue? and therefore T ue I? and fuel®. 1?2 C H;z and therefore @o+§)ueH;2.
2 / i
marstore ollull3 < iz, + ull_, luli,
and so chu“2 < H(2°+§)uH_2 (3)
T, is e.s.a. and so (T, + £)2 is dense in L® and hence in H;z too.
Therefore if veH;2 there exists a sequence {uvI, uv‘a 2, such that
L =2 U . Ve @
(g‘_o...g)uv—»v in H_". 8o, by (3), {uvf converges in H_, say u -u' in 1,

and (T+{)u'=v. So (T+ () maps a subset of Hi onto H;Z.
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jow if ueL? and Tue H;z, then (T+ {)ue H;z. Therefore there exists
2
u" €H_ such that (T+&)u"=(T+ {)u. But as T, is e.s.a., T+ { is 1-1 from

L? to 2% As H;2CED' and u"eL?, we have u=u", and so ueH‘i.

So, from (3), if uel® and zueH;;z, then we have
elfull, < llz+oull_, (&)
Now, for ue ?, we have from (2)
c“u“% < Re(T u, u) + (k + g*(R)) [[ull?
< (k + ¢*(R)) “unz"' H?.ou“_z Hu“2
¢ e @) flullm e ellallz + ko) lizyuliz,
and so (1) holds for ue 9.
-2 -2 . .
Vhen ue L? and-TueH °, @+§)ueHo and there exists {uv}, u, €9,
such that (T+ Q)uv-> (T+¢)u in H;Z. By (&), u »u in Hi ard so fu - {u
in Hi and therefore also in H;Z. So Tu - Tu in H;Z. Also u,~>u in L2.

2

Therefore (1) holds for ueL® when Eué:H; .0

We now need another condition on g:

e(v) Nh-a(g“) is locally bounded, for some a >0 with n<4-a< 0.
The condition and the following lemma in which it is used are essentially
due to Ikebe arnd Kato, the condition being reformulated using the notation
established in the previous chapter-. Their proof is to be found in (12]

and is given in Appendix 3.

2 s ps 2
Lemma 3.4 If ueHo,loc and g satisfies ¢(v), then queli ., and
< ] |
for any compact set 2, where Q' is {1 extended in width by d >0,
and X depends on 1, d and n.

Proof': See Appendix 3. O

e(v) will be assumed to hold in any lemma depending on Lemma 3.).
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Lemma 3.5 If uel® and 2(¢u)sH;1, then ¢ueH2, for any ¢€ 9,
Proof : H: C ng, 30 _T_(¢u)eH;2. Also, ¢uel?,

Therefore, by Lemma 3.3 applied to ¢u insteed of u, ¢>ueHi, i.e. ueHi

loc
. »
Therefore, by Lemma 3.k, g_ueLioc, and so ggue L?.

Also, V.(pV(¢u)) e L®. But L? C H:l, and therefore
V3 (7% (¢u)) = I(4u) + V.(p¥(du)) - qdu € K.
Now, for any ¢ €2 and any s
el < xCliz@wll,+ lvily)
where P(D) is an elliptic operator of order u with real coefficients (see
Lemma A2.2). Putting P(D) = V?¥(V?.), u=4 and s=-1, we obtain
ol < k(PP {4+ wii_y)  for any 4ea.
Since 9 is dense in Hz, and V3(723(¢u)) and ¢u ¢ H;1, this implies that

3
qSueHo. a

Lemma 3.6 If uel® and Ll‘_usLioc, then T(¢u) € L? for any ¢€ D.

Proof: Let ¢&9. By Lemma 3.2, T(¢u) 'E:H:l . Then by Lemma 3.5,

3
¢ueHo,

Therefore T(¢u) eL?. O

and so every term in the expansion of T(¢u) is in LZ.

Lema 3.7 If uel® and TueL?® with suppug By, then there exists
a sequence fuv§, u, € 2, with suppqu BR’ such that uu-»u'and
Tu ~»Tu in L7,
Proof: I 1is e.s.a. and so there exists iuvf, u, €9, such
that u -u and :l’_uvegu in L%,
Let ¢& 9 with supp¢C BR and ¢=1 on suppu.
Then ¢uve 9 and supp ¢qu BR'
We have ¢7uv-' ¢u=u in L® and also I ¢Tu=Tu in L® since supp TuC suppu.
We shall show that the rest of the terms in the expansion of 2(¢uv)

converge to O in L?, in which case fgbuvf will be the required sequence.
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Now Tu -+Tu in L? implies that Tu -»Tu in ng, so we apply Lemma 3.3(1)
to u -u to obtain u, *u in Hi. So as well as having u,>u in L?, we have
K in L?® for 1< j,ksn.
so u [V2(V2¢) - V.(p9¢)] » u[V?(v%¢) - V.(p¥$)] = 0 in L7

du - du in L? and 99, u_ - 39
Jv Jkv g

since |V2(V?¢)- V.(pV¢)| <K on supp¢d and =0 on suppu,
and pY¢.Vu = pV¢.%u = 0O in L2
since |pV¢| <K on supp¢ and =0 on suppu.
Similarly, V(V2¢).Vuv-> V(v2¢).%u = 0 in L%,
vZgviu V2¢9%2u = 0 in L3,
and g(%v¢).(%Vuv) - g(aqus).(%Vu) = 0 in L2,

The remaining term to be considered is V¢.V(V2uv), involving third-
order derivatives of u . We treat this term as §(%¢)(%(V2“v))'

Assume suppuC B with r <R and let 4= (R-r)/3. Ve may assume that
¢ is real-valued with Osds1, ¢(x)=1 if |x| <r+d, #(x)=0 if |x| >R- 4,
I%qsl <K and lajakcp] <K for 1€ j,k<n.

Now for any ¢ &9

1(a9)?|a(7°9) | = 1(89)*9(7*y)8(V*0)
= -fa[(a9)29(V0) IV
= -2/(ag)(979)a(V*9)V*) - [(09)* 8 (F4) V0
2f]ag|| 29| |a(V2p)| V2] +
+ I]opl? |9 (V) || 729
21(99)| (V) |* + KI(29)|72Y|* +
+ 3e/(09)7| 87 (V)12 + k() 1(99)% | V9%,
Therefore [(29)%|9(V20)|* < KI(@4)* V20 + el(99)71 8 (V)|* +
+ K(e)f(%¢)2l‘72¢l2.
Therefore || (39)(3(7u ) |12 < k|| (g &) (VPu) |17+ el| (a9) (2 (V2u ) [|2 +
+ K(e)|1 (99) (72w ) |1 (1)

Let x(x)=1 if r<|x| R and x(x)=0 otherwise. Note that xu=0, and

N

N
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that =0 implies that %¢= 0 and %2¢= O for 1€ j<n.

so 149 () || = ix@(@u) || < kL, || = K||*°Ca,) |
with similar inequalities for the other terms on the right-hand side of (1).
Therefore || (af)(aj(v*uvj) |2 < Ks“c?;(vz(xuv)) |12 + k()| V" (xu ) ||® (%)
Considering the first term on the right-hend side of (%):

lla;(‘?"(xuv)) < {72 (v G ) |
2Cm ) + 7. (p9(xu,)) - gxu ||
2 ) ||+ 199G ) I+ [axa, |

because 2(xuv) e L7, V.(pV(xuv) €12, and, by Lemma 3.k, axu € 12,

/A

n

Now ||TCr )|l = [l2(x(u =) || = [[x2(u,-v) || <X, independently of v,
and ||V.(p%(xu))) || = {[7. (09 (xCu, = w)) || = [[x7.(p9(u, - w)) ||
§ K, independently of v,
and |lgw || < x|[xu, ||, by Lemma 3.4
= K||x(u,-u) ||, <K, independently of v.
Therefore lla;(vz(;(uv)) || < X, independently of v,
so choose & such that Xel| a;(v*(xuv)) | < $n for all .
With this €, consider the second term on the right-hand side of (}):
20 Il = (17 Gy =) Nl = [ Caym ) [ < - ull,-
Now u »u in Hi, so choose N such that for all v>N, K(s)Hvz(,\(uv) [12 < $n.
So, considering (}), for 211 v>N we have H(ajq‘))(%(vzuv)) 2 <

Therefore (%¢)(%(V2uv)) » 0 in L?, and iqbuvl is the required sequence. U

Lemma 3,8 If uei’)(Tg), then T(¢u) € L? and there exists a sequencs
Iuv}, u € 9, such that uv-»¢u and Tu - T(¢u) in L2, for any ¢ € 2.
Proof:  Choose R such that suppqﬁ% By
ueﬁ(Tg) implies that gusL’ioc, so, by Lemma 3.6, T(¢u) e L?.
Applying Lemma 3.7 to ¢u instead of u, there exists fuvg, ust’D, such thet
u - ¢u and _T_uv*_’ll(qf)u) in L%, with suppqu BR. But Tv=Tv if suppvC BR, 89

T(¢u) € L? and Tu = Tu T(¢u)=T(¢u) in L?. O
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This is the result referred to at the end of Chapter 1. Before we
make use of it in the next lemma, we prove a corollary, which will also

be used in the lemma.

Corollary 3.8.1 Ir {uvi is & sequence with the properties in

Lemma 3.8, then
alu,* » faldul® e vew (1)
Proof: Consider fﬁv(Tuv)z
f;v(Tuv) = fﬁuvz(vzuv) - vaV.(quv) + Iqiuvla.
Therefore Iqluvi2 = I;v(Tuv) - Iivzuvlz - fp]Vuvlz.
q is bounded below on the common support of the functions u say
q> k+ 1, where k may be negative, and, as peC?, |p| is also bounded on
this support.
thoretore f(g=B)u,* < Hllma, lI* + Kllu, I3 (2)
where K' depends on k and the bound on lpl.
We have the convergence of {uv} and {Tuvz in 1? and it is part of
the proof of Lemma 3.7 (using Lemma 3.3(1)) that we then azlso have the
convergence of iuvf in Hi. Hence the left-hand side of (2) is convergent,

from which the result follows. [

We may now proceed to derive the identity stated at the beginning
of this chapter, namely
[¢*uTu - [qd?u = [P2(¢*u)V?u + J9{¢*u) .pVu
for uE:%(T;) and ¢€ 9, with u and ¢ real-valued. (The restriction on u
of being real-valued makes calculations slightly simpler and is of no

consequence, as will be seen in Chapter 5.)

Had we imposed some sort of integrability condition on the functions
ue 9(T*) under consideration (such as requiring the third-order partial
o

derivatives of u to be absolutely continuous), ve cculd have integrated
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¢*uTu directly, to obtain the desired result. However, this would have
meant that the size of C1)('1‘2) was unnecessarily reduced. Instead, by virtue
of Lemma 3.8 and its corollary, we may move from any function ue %(Tz) to
elements u, of a sequence Iuv}, u € ?, and perform the integrations before
moving back to u by a limi'ting process, with Q(Tz) being as large as

possible.

Lemma 3.9 If ue 9(T’;) and ¢€ 9D, with u and ¢ real-valued, then
J$*uTu - fqd*u® = [V2(¢*u)VPu + [V(¢*u).pVu
Proof: As uel?® and Tuel?, the first integral is finite.

By Corol.3.8.1, the second integral is finite.

2

By Lemma 3.1 and its corollary, VzueLloc

and | Vul eLioc, and, as
peC? and is therefore locally bounded, the remaining two integrals are
finite.

From Lemma 3.8, there exists a sequence {uv}, uveﬁ, such that

u = ¢%u in L? and Tuv-'T(¢4u) in L?, where R is such that suppq&% Bre

So consider fuv(Tu) - J'uvqu:

I

fuv(Tu) - fuvqu f[quQ(Vzu) - qu.(qu)]

I(Vzuv)(Vzu) + [Vu_.pWu

all integrals being finite by the preceding statements.

With u - ¢*u in L? and Tu -+ T(¢*u) in L%, it is part of the proof
of Lemma 3.7 (using Lemma 3.1(1)) that we then also have u - ¢*u in Hi.
Also, the strong convergence in Corol.3.8.1(1) implies the weak
convergence required here. Hence, letting v- in (2), we obtain the

desired result. O



CHAPTER 4

Throughout this chapter we shall continue to assume that ue EJ(Tg)
and ¢e 9, with u and ¢ real-valued. From Lemma 3.8, we know that due L?
and T(¢u) € L?, and so, using Lemma 3.3, we have have ¢ueH§. The main

result of this chapter is the derivation of an upper bourd for the

16

integral J{¢V?(¢u))® in terms of ¢, u, Tu, p and q. The reason for doing

this is that in the next chapter we shall derive [(¢V?(¢u))® itself as
an upper bourd for integrals which we shall be considering, and thereby

be able to use the bound derived here.

In order to obtain the estimate for [(¢V2(¢u))?, we shall consider

the two integrals on the right~hand side of Lemma 3.9(%4) in turn.

Proposition 4.1 If ue %(T;) and ¢e& 9, with u and ¢ real-valued

and ¢ 0, then
19 (@0)vu > (4% (9u))? - KF[9(gu)[* - K14+ ¢2)u?

Proof: We may assume that |V¢| <K and |V?¢| <K.
J¢* (872 (¢u) + 696.9(¢u) + (347 ¢+ 6] Ve|? )ulviu
J{9v2 (du) + 69¢.9(¢u) + (3¢V2 ¢+ 6] Ve[ ?)ulp®VPu
J{¢v (gu) + 69¢.9(du) + (3472 ¢+ 6/ V¢|*)u] x

x [¢V2 (¢u) - 2V¢. V(¢u) ~ (¢V2¢=~ 2| 7¢| *)u]
= [{(¢7%(¢u))? + 4g92 () V9. V(du) +

+ 9V2(du) (2972 ¢+ 8] V¢ *Ju ~ 12(Ve.V(du))* -

- 12V$.7(du) (¢V2p)u - (5¢°(V29)? - 12|7¢|*)u?]
F($9% (du))? = bS] @V (du)||Ve||V(u)| -

- eV (gu)| 26726+ 8{9¢|? | |u| -

- 120]9|2 | v(qu) [® - 127( 99| |V($n)||$v2¢] |u]

- []3¢7 (V3 9)? - 12| 70|*|u?

[92(¢*u)v?u

v

(1)
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I97($*0)V%u > [(8V%(u))? - 2I($7°(9u))? - KI|V(m)|? -
- TI($T($u))? - K (14 $)%u? - K[| V() |? -
- KJ|V(u)|? - Kf¢*u® - KS(1 + ¢*)u?
> 217 (90)® - KJ| W) |* - KS(14 ¢ ). O

Proposition 4.2 If ue 9('1‘3) and ¢€ 9, with u and ¢ real-valued

and ¢$20, and if |p¢®| € c, then
[V(¢*u).pVu = —Kef|9(4u)|?® - Kcfu? (1)

Proof: We may assume ihat |V¢| < K.
J9(¢*u) .pVu = [pV(¢*u).Vu

= [p¢® [V(gu) + 3uv$).Vu

= [p¢? [V(u) + 3uVe].¢Vu

= [p¢* [V(du) + 3uVel.[v(¢u) - uv]

= [p [ V(du)|? + 2u9.9(du) - 3u®|V¢|?] (2)
=18 [ [9(0) [ + 2[ul[V9}[V(gu)]| + 3u*[99|?]
-cf|9(¢u)|?® - Kef|V(4u)|? - Kefu? - Kefu?

-Kc_l’lV(gbu)]2 - Kefu?®. O

v

v

v

Proposition 4.3 If ue ED(T’(‘;) end ¢€ P, with u and ¢ real-valued,

then, for any €>0,

[9(gu) |2 < ef(472(4))? + K™ fu? (1)
Proof':
[v(gu)|® = [9(¢u).7(gu)
= ~[¢uv? (¢u)
< [|u]|#v2(¢u)|

ef (872 (¢u))? + Ke™ fu?. O

N
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Lemma 4.4 If ue %(T;) and ¢€9, with u and ¢ real-valued and
$2 0, and if |p¢?| <c, then
1(72(¢u))? < [¢*(Tu)® + KS(¢* + o2 - q¢*)u? (1)
Proof: Ve ma:y assume that IV¢| £K, |V2¢>I €K and c2 1.
From Lemma 3.9(1), Prop.4.1(1) and Prop.4.2(1):

f¢*uTu - [qp*u®

[V (¢*u)V?u + [V(¢'u).pVu
007 (8))® - KI|T(Bu)|* - KS(1a 2 -
- KeJ|9(¢u)|? - Kcfu?
21047 (4))? - Kef | T(¢u)[® = KS(¢ 4 o)
- xoe)[(97° (90))7 - KS(ce™ + ¢ 4 o)u?
(by Prop.4.3(1))
> 31($7° ($u))? - Kf(®+F 4 e)u®  (with e=3(xe)")
> 31(eV2 (gu))? - KS(c® + ¢7)u°.
Therefore [(¢V3(¢u))® < 2f¢*uTu + Kf(c? + ¢° = q¢* Ju®
< J$*(Tu)® + KS(¢% + c® + ¢° = q¢*)u®

€ f¢*(Tu)® + K[(¢*+ c® = q¢*)u®. O

\"

A"

v

This is the desired estimate of [(¢V?{¢u))? which we shall use in

the next chapter.

If we assume further that p2 O, then the result of Proposition 4.2
can be amended slightly, and consequently also that of Lemma 4.4. The
effect will be that the term ¢® in Lemma 4.4(1) will be replaced by p¢®
and we shall have an extra term, namely [p¢®|V(¢u)|?, on the left-hand
side of the inequality. Since c¢ is the bound on p¢?, and hence ¢? is the
bound on p®¢*, this means that p itself will appear on the right-hand
side of the estimate rather than effectively p®. We also note the
appearance of 1+ ¢* on the right-hand side of Lemma L4.6(1) as opposed

to just ¢* on the right-hand side of Lemma 4.4(1). This is because we
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no longer mention an upper bound here for p¢® which we formerly assumed

to be 21 and which subsumed the 1 in the proof of Lemma 4..4.

Proposition L.5 If ue SD(TE) and ¢e 92, with u and ¢ real-valued

and $> 0, and if p> 0, then
J9(¢*u).p%u > £/p¢?| V(u)|? - Kfp¢Pu® (1)
Proof: We may assume that |V¢| < K. From Prop.4.2(2):
[9(¢*u).pVu = [p¢® [|V(¢u)|? + 2u9¢.V(gu) - 3u” |V$|?]
Ip¢? [|V(¢u)|? - 2|u| |v¢] | T{¢u)| - 3u®|V¢|?
Ip#? | V(¢u) |2 - £p¢? | V(¢u) | - Kfp#u® - K[p¢®u®
1196 |9(¢u)|? - Kfp#*u®. O

A\

wv

\"

Lemma 4.6 If ue @(Tg) and ¢$£9, with u and ¢ real-valued and

¢> 0, and if p2 0, then

JU(ev2 ()2 + pd? | V(qu) |2 ] € [¢*(Tu)? + K[(1+ ¢* + p¢® - q¢°)u® (1)

Proof: We may assume that |V¢| <K and |V®¢| <K.
From Lemma 3.9(1), Prop.4.1(1) and Prop.4.5(1):

[¢*uTu - [q¢u? = [V*(¢*u)V?u + [9(¢*u).pWu

> 21(e7 (9u))* - KI|9(00)[* = KI (14 ) 4
+ $p9?| V(@) |? - K/pgu?

> $1(¢V2 (¢u))® - KS(1+ ¢*)u® + (by Prop.k.3(1)
+ Sp¢? | V(gu)|? - Kfpsu?. with e=16};—1)

Therefore [[(¢v2(qgu))2+ pg?|V(gu)|?] < 2f¢*uTu + Kf(1+ ¢ + pd® = q¢* Ju®
s [¢H(Tu)? + Kf(d*+ 14 ¢° + p¢® - q¢p* )u®

s [¢*(Tu)? + KJ(1+ ¢+ pd? - q¢*)u®. O

This is the emended estimate in the case p2 O which we shall use

in the next chapter.
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CHAPTER 5

In this chapter, we shall establish the generalisetion, referred
to in the Introduction, of Theorem 0.3 to the fourth-order partial
differential operator under consideration here in Part One, and derive
the corollary which is a generalisation of Theorem 0.4 to dimension

greater than 1.

If u and V€ %(T:), then u, v, Tu and Tive L? and so I(uﬁ; - ;’I‘zu)
is certainly finite, i.e.
(u, Tgv) - (T;u, v) =L, where L is finite.
It is a standard result of Functional Analysis that, given a symmetric
operator A, A is e.s.a. iff A* is symmetric. Now, by Lemma 1.1, To is
symmetric and so 'I‘o is e.s.a. iff Tg is symmetric, i.e. iff L=10 for

any pair of functions u and VvE€ @(T:).

However, the proof of Lemma 4.4 is only for a real-valued function
u. If L=0 for any pair of complex-valued functions u and v, then,
a fortiori, L= 0 for any pair of real-valued functions u and v. But if

L=0 for any pair of real-valued functions and if u = u, + iu2 and

V=t iv2, where u,, Uy, v, and v, are real-valued and i= V(~1), then,

because T*o is a linear operator with real coefficients:

(u, T3v) = (T¥u, v) (Cu,, Tov,) = (TEuy, v,)]
-ri[(u,l, THv,) - (T3, v2)]
+i((uy, T2v,) - (Tu,, v,)]
- 3% [(uy, T2v,) - (T*u,, v2)]
= 0,
We have just shown that T is e.s.a. iff L=0 for any pair of real-

valued functions u and ve@(T;). Therefore, in Theorem 5.4, we shall

consider I(uT;v - ngu) for real-valued functions u and v&:Q)(T;).
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Before moving on to the theorem, we shall derive estimates for three
integrals which will occur in the proof of the theorem. As in Chapter 4,
if u and va%(Tg) and ¢& 9, then ¢u and ¢veH§, and so the estimates will
be in terms of first- and second-order derivatives of ¢u and ¢v. In the
theorem we shall use Prop.4.3(1) to reduce the terms involving first-order
derivatives to ones involving second-order derivatives and ones involving

u and v, and then use the estimate given by Lemma 4.u4(1).

In the propositions, g(x) denotes a vector-valued function of x

with real-valued components nj(x), 1€j<n.

Proposition 5.1 If u and ve Q)(T;) and $&£9, with u, v and ¢ real-

valued, and if |p¢?| < c and |n| €KX, then
lfg.[¢3p(u7v-v\7u)]| g KcJ’[lV(¢u)i2+ lV(¢v)|2+u2+v2] (1)

Proof: Ve use the identity ¢Vu = V(¢u) - uve,

N

fn. (¢ p(uvy - vWu)]|

[|nl|p¢* | |ugvv - veTul
Kef|u¥(¢v) - v (¢u)]|

< Kef[Ju] [9(¢v)] + |v]{9(¢u)]|]

< 3Kef[ul? + [V(v) |2+ |v]2+ |V(¢n)[?]

| in. [¢°p(uvv - vVu) ]|

n

/s

which gives the desired estimate. O

Proposition 5,2 If u and ve€ ED(T:';) and $&€9, with u, v and ¢ real-

valued and ¢>0, and if |n| <K, then
| fn. [¢° (TaPv - W72u) 1| < (97" (9u))7 + (67 (4))°) +
+ KI{ ()2 + [(gv)[2] +
+ Kf(1+ ¢*)(u® +v°) (1)
Proof: Ve use the identities ¢%u = Y(¢u)-uV¢ and
#272u = ¢V2 (¢u) - 294, V(¢u) - (¢V7¢- 2| V4| u.

We may assume that |V¢>| €K and |V2¢l < K.
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| /0. [¢° (Vuv?v - Ww¥2u)]| <

N

[|n. (¢ (Vu¥®v - VvV u)]|
[ a] | (@7u) (272 v) = (¢9v) (¢* 7 u)|
Kf | [(7(9u) - uT9) (¢72 (¢v) - 2969 (dv) - (¢72 - 2|98|? )v) -
- [(V(¢v) - v98) ($V2 (¢u) - 299.7(du) - (¢72¢ - 2| V¢|? )ul|
KFCCv(Bu) | + [ul [9] ) (|72 (¢v) | + 2| V8| [V(¢v)] +
+ |82 0-2]98)2 | |v]) +
+ ([9(v) |+ | ]98] ) (| 472 ()| + 2| V8] |¥(gu)]| +
+ |¢72 0= 2|92 |u])]
KIL(I9(eu) | + [u])(| o7 (ov)| + [V(e0) | + (14 @)|v]) +
& ([9(v) ]+ [v]) (972 (qu)| + [V(gu)| + (1 + ¢)]u])]
KS[[¢v2 (¢v) | |9(u)| + [¢V2(dv) | |u] + [T(v) [ V(u)] +
+ V()| Jul + (1 )| v]|V(Bu) |+ (14 ¢)|v]|ul +
+ [ov2 (qu) | | V(o) | + [¢V2 (du) [ v] + [9(du)| | V(v)| +
w |9(g) | [v] + (1o @) [ul|V(¢v)| + (1+ ®)|u]|v]]
L7 (4v))7 + (992 (#0))*] + KILT(0) | + |9(ov) 2]
+ BIL@ (6v))% + (¢72 (9u))°) + KI (2 +¥) +
+ KIOV(n) |2+ 9(00) 2] + RILV(du) |2+ [9(v)|%] +
+ KIL9(en) |2+ | 9(gu) [P] + KS(u2 4+ %) +
s K14+ 9232+ u®) + KITV(Pu) %+ |V(e)|2] +
+ K1+ )2(v2+0®) + K[(14 ¢)%(u® + v°)
FI(872 (gu))? + ($72(¢v))?] +
 KI9() |2+ [9(v)|2) + KS (14 ¢7) (0% 4 v°)

N

A

N

n

n

N

g

1
n
which is the decired estimate. O

Unlike the integrals considered in the gbove two propositions, the
one to be considered in the proposition below involves third-order
derivatives of u and v, and so we must integrate by parts before we can

derive the desired estimate. This requires the existence and boundedness
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of the first-order derivatives of nj(x), 1€ j<n.

Proposition 5.3 If u and ve 9(’1“‘8) and ¢ 9, with u, v and ¢ real-

valued and ¢20, and if |n| <K and |V.n| <X, then
| fa. [¢° (uv(72v) = v9(v2u)) ]| < %f[(¢v2(¢u))2+ (472 (¢v))?] +
+ KO V(gu) |2+ [9(gv)[2] +
+ Kf(14+ ¢%) (0% + v?) (1)
Proof: Ve use the identities ¢Vu = V(¢u)-uv¢ and
$*V%u = ¢V (du) - 2V4.9(¢u) - (¢7¢- 2| 7¢|? )u.
We may assume that |V¢| <X and |V3¢| <K.
|1a. [#u(vV)]] = [1(ag®n).9(v?v)]
= [ IV.(a¢’u) Vv
= [JUV.0)$u??y + 0. (V(¢%u))V?v]|
< [[(ven)gug? 2y + n.(9(¢%u))V?y|
€ Kf|pug?v2v| + K[| V(¢°u) Vv (2)
Now K[|¢ug?viv| < K[¢|u||¢v3(¢v) - 29¢.V(¢v) - (¢72¢=- 2| V9|2 )v|
< K/ [u| [[¢v2(¢v) | + 2| Vo] |V(¢v)| + [¢726- 2| V¢|2]|v]]
< K7¢ [ul [[ 72 (ev) | + [W(ev)| + (1+ ¢)|v]]
< F1@(E))? + KT [2 4 KI(1+ 903 + KfgPe2 (3)
and K[|V(¢Pu)v?v| = Kf|¢? [V(gu) + 2uvg]vv|
= KJ| [V(¢u) + 2uvp] [¢?72v]|
= KJ| [9(¢u) + 2uv¢] [¢V2 (¢v) ~ 29V (¢v) - (72 - 2|V¢|?)v]|
< Kf[| V()| + 2]ul|v¢| I x
x [|¢v2 (¢v) [+ 2|9¢]|V(¢gw) | + [#77¢-2[vg|?]|v]]
< KP[V(gu) |+ [u]30¢v2(gv) | + [9(gv) |+ (14 ¢)|v]]
€ SV (gv))? + KI[W(gv)[® + KI(14 9)%v7 +
+ K 9(gu)|? + Kfu® ()
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Substituting from (3) and (4) into (2):
| . [6Pun(v20)]] < 20(ev2(W))® + KIT|V(gu) |+ [W(gv) 2] +
+ K[(14+¢)*(u?+v?)
€ LT (e))? + KIT|T(g0) |2+ [ W(em) 2]
+ KI(1+ ) (0?4 v).
Obviously, we have a similar inequality with u and v interchanged,
and using these inequalities we obtain:
| 10 (¢° (u9(v2v) - v9(v?u))]| <
< | /o (Puv(v3v) ]| + | S [¢°v9(V2u) ]|
< LIUET (8))% + (72 ())?] »
+ KO V()| 2+ [9(ev)[2] + KI(1+ ¢%) (u® + v*)

which is the desired estimate, O

We shall now introduce the 'bands' in which conditions on the

coefficient functions p and q will be more precise.

Let {Qv}, V=1,2,..., be a sequence of compact sets in ]Rn, such
that the sequence covers all of R" as v-o, Let hv(x)=dist(x,0v). For
each v, let Qv have a C' boundary and have the property that if hv is
sufficiently small, say hv< 8v for some 8v>0, then hveC2 as a function
of x. Define a compact set QL by Ql')= fx: hv(x) de; for some dv with
O<dv< Sv’ and suppose that this can be done so that Q;)CQv.m' Let Au
be the closed 'annulus' between Qv and Q:}. We shall say that a function
66C£’+(Av) if it is a function only of hv’ is real-valued, non-nsgative,
continuous and piece-wise Cu, and supp9§ A For any particular Av under
consideration, define V, = fx: hv(x) sk} and 8, = fx: hv(x)-—- k], with as
being the element of surface area, for O<k<d . For xed , with hv(x)= k,
let n(x) be the outward normal to the surface S, . Then |n| =1. Suppose

that the sequence {Avl is such that we have |V.n| <K.
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Theorem 5.4 Suppose that conditions &(i)-6(v) are satisfied, and
that we have a sequence {Av} as described above. Let 6¢ Ci’+(Av)
with |V6| <K and |V20| <K. If u and ve%(Tg) with u and v real-
valued and J'Q .(uT‘év- ngu) + L # 0 (we may assume that L>0),
and if (a) |p92| €c (we may assume that ¢>1), and

(v) g8*=-q(n ),
then, for v sufficiently large,

a
L[o Y6 (n )an, < K/Avw + ¢+ Ql v 4 v® 4 (Tu)® + (Tv)? Jax (1)

Proof: TWe may assume that u and ve 2, because, as we are
interested in u and v only in Av’ we could consider Yu and ¢v, where
ged and ¢(x)=1 if xe A, and then work with elements of sequences
{uv,} and ivv,l, u, and v ,e9, es defined in Lemma 3,8, before letting

vt 00,

By o yTH
Iv (uTov v'l‘ou)dx

[y [uv?(7v) - u¥. (p¥v) + uqv -
k

- v7?(V?u) + vV.(pWu) - vqulax

Iy [uv?(v3v) - v2uv3v - v72(7°u) + V3yVPu -
k
- (V. (pW) - v7.(pVu)) Jax

]

ka[V.(uV(Vzv)) - Yu.9(V?v) -
- V.(Vuv?v) + Yu.v(V?v) -
-~ V.(v7(7%u)) + Ww.V(V?u) +
+ V. (WV3u) - ¥y, 7(VPu) -

- (v.(up¥v) ~ pVu.¥v = V. (vpVu) + p¥v.Vu) Jdx

Iy V. [(u7(V3v) - vV (V30)) -
k
- (Vuv?v - Wwv?u) -

- p(uVv=vWu) Jax
= IS n. [(wV(92v) = v¥(7?u) - (Vu¥?v- 9vV?u) -
k
- p(u¥v ~vVu)lds

by an application of Green's Theorem.
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We shall use Prop.4.3(1), Lemma 4.4(1), Prop.5.1(1), Prop.5.2(1) and
Prop.5.3(1), all of which though stated and proved for functions ¢e D still
hold for functions f¢ C§’+(Av).

Now for v sufficiently large:

11, < Hy - T cq .
sL € Ivk(uTov vTou)dx, where Vk Qv
Therefore 3L6° (hv) < 0°J'S n. [(u7(V3v) = vV(7%u)) = (VuV?v - VyV?u) -
k
- p(u¥v - vVu) Jas.

/ey

d
Therefore 1§L,/ v Ba(hv)dhv

/ 6>n. [(u7(V?v) = vV(7?u)) - (WuVPv - WvV?u) -
o A

v - p(uVv - vVu) Jax

< | fn. (62 (uv(vPv) - w9 () ]| +

+ | o, (6°(Wa¥?v - WPPu) ]| + (2)
+ | In. [6°p(u¥v = vVu) ]|

111(6v2(6u))? + (672 (6v))?] +

+ KI[|9(6u) |2 + |V(6v)[?] +

N

(by Prop.5.3(1)

and Prop.5.2(1)
+ Kf(1462)(u*+v2) +

+ Kef[|v(6u)|?+ |(6v)|2] +
(by Prop.5.1(4)
+ Kef(u® + v2)
E11(692(6u))? + (693 (6v))®] +
+ Kef[[9(6u)|2 + |V(6v)[2) + Kf(c+ 6%)(v® +v?)
(24 Kee) FL(0V2(6u))? + (677 (6v))?] +
s Kf(ce 4 et 62)(uZ 4+ v2)
[1(6v2 (6u))? + (672 (6v))?] +
+ Kf(c®+ct02)(u+v?)
FI(6v2(6u))? + (692(6v))?] +
+ Kf(c®+ 6%)(u?+ v?)

764 ((Tu)? + (Tv)?] + KJ(6%+ c® - g6*)(v® + ¥?)

N

I

(by Prop.k.3(1)

n

(with e= +(ke)™")

A

2

+ Kf(c?+9%)(u®+ v?) (by Lemma &.4(1))
s KS[6%+ c® + QI [u? + v2 + (Tu)® + (Tv)?]

which gives us the desired result. ]
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If we review the proof of Lemma 3.8 in light of the above theoren,
we see that the key statement in the lemma is Tv=Tv if suppvC BR’

i.e. g(x)=q(x) if x€B_. We now see that, for any particular v, the

R
proofs still hold if we just assume that g(x)= q(x) if xe A . If we set
g(x)=0 when xeQ:/A (we may assume that a*(|x|) > 0),
g_(x)= q(x) when X & Av’ and

a(0)= - sup_, , a*(|5]) when x£a,
v

we see that conditions 6(iii)-6&(v) on q need hold only in A . Similerly,

condition €(iv) on p need hold only in A

However, with reference to the remark preceding Lemma 3.9, these extra
conditions (which are not assumed by Evans in [5]) enable us to work with

9(T;) as large as possible.

One final remark before we prove the corollary to Theorem 5.4: the

€ X is obviously unnecessary in the 1-dimensional

requirement that lV.g
case, and is trivial in the case where the Qv are n-dimensional spheres

centred at the origin.

Corollary 5.4.1 Suppose that conditions e(i)~6(v) are satisfied

and that we have & sequence !sz as in Theorem 5.4, with
(a) lim inf |, 4,>0.
Let B = fx: 8% h(x)<d, - 8} for some 8>0 with d -25>0,
for all v. For each v, assume that we have a function
2,4, .+ . _ _ .
6, eC (Av) (i.e. we allow supp® = Av), with
(v) e <K, |o!] <K, jor| <x;
(c) |p€?| <K;
(d) o8] > -K;

where K is independent of v.
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dv-8
If (e) 5/ Bi(r)dr is a divergent infinite series, then
6
L=0 and so To is e.s.a.
Proof: (a) implies the existence of the bands B,
2,+ . .
Let ¢, eC*"(a,) with 0<y, €1, ¢ (r)=1 if 8<r<d -3, and |¢}]
and ‘l,’l'l')] bounded, the bound depending only on §.
Let 6 =¢ 8 . Then 6 eC’ (A)
(b) implies that [0!| <K and [6"| <K, and also 6 <K.
{c) implies that lpe"v! <K, so we take ¢=K in Theorem 5.4.
(d) implies that qG:Z K, so we take Q(hv)=K in Theorem 5.4.
dv-S dv
Assume that 1> 0. Then L ei(r)dr < L[ Gi(r)dr,
] o
and so, by Theorem 5.4(1):
dv-S
L[ Ve (r)ar < K/ [42 + v + (T)® + (Tv)? Jax.
] A
This is valid if v is sufficiently large, say for all vZ N. Summing over

v2 N gives a finite right-hand side, which contradicts (e).

Therefore L=0 and so To is e.s.a. O

Drawing on an example in Evans [5], we give the example below,

generalising the result of Everitt [7] to dimension greater than 1.

Example: In Corol.5.4.1, take Av= X: 2VTs ]xl (2v+1)7i.
Then dv= 7, so take &= /L, and (a) is satisfied.
Take Gv(hv(x))= (2vm+ hv(x))-1/3= le-1/3. Then (b) is satisfied.
In A, take !p| slelz/j, with p also satisfying &(i) and &(iv). Then
(c) is satisfied.

k& %] s:mlxl) for any ¥ with q

IA/B

Take g=K|x| 51nlx| or q= Kmin (-|x|
satisfying 6(ii)-6é(v). Then, since q> =K|x

r3n/h
Since j

in A, (d) is satisfied.

(2v7+ r)-1dr = logl:g%{% , (e) is satisfied and To is e.s.a. O
m/l
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If', as in Chapter 4, we assume further that p2 O, we can amend the
result of Theorem 5.4, from which we can derive the corollary which is
a generalisation of Theorem 0.5 to dimension greater than 1. This entails

first amending Proposition 5.1.

Proposition 5.5 If u and ve Q)(T;) and ¢e9, with u, v and ¢ real-

valued, and if p2 O and |n| <K, then
|10, [ p(uov = v7u)1| < fpe® [|V(gu) [ + |v(ev)]?] +
+ K/pd? (u? + v2)
Proof: Similar to the proof of Prop.5.1:
| fn. [ p(uvv = vvu) 1| < K/p¢® [|u] [9(¢v) ]| + |v] |V (gu)]]
< Kfp¢Pu® + [p#?|V(¢v) | +
+ K[p¢®v® + [p¢?|(gu) |2

which gives the desired estimate. O

We can now proceed to the proof of Theorem 5.6, which follows much
the same lines as that of Theorem 5.4, the same preamble applying now as
it did then except we use Lemma 4.6(1) instead of Lemma 4.4(1). The
comparison between the move from the right-hand side of Lemma L.4(1) to
the right-hand side of Lemma 4.6(1) with that from the right-hand side
of Theorem 5.4(1) to the right-hand side of Theorem 5.6(1) is clearly
very close, i.e. in the latter case pf® replaces c¢® and 1+ 6% replaces 6%;
we no longer mention an upper bound for p6?, nor a lower bound for Q6% in

the theorem.

Theorem 5.6 Suppose that conditions 6(i)-&(v) are satisfied, and
that we have a sequence {Av; as described above. Let f¢ C§,+(Av)
with |V6| <K and |v?6] <K. If u and ve ®(T¥) with u and v real-

valued and &) (uT:v-ngu) » L # 0 (we may assume that L>0),
v

(1)
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and if p2> 0 in Av’ then, for v sufficiently large,

a
L/ v 6°(h )an < K/ [1+6%+p6%-qo*][w®+v®+ (Tu)?+ (Tv)?Jax (1)
o A

v

Proof: We shall use Prop.4.3(1), Lemma 4.6(1), Prop.5.1(1),
Prop.5.2(1) and Prop.5.5(1), all of which though stated and proved for
functions ¢e P still hold for functions 6 e C§’+(Av).

From Theorem 5.4(2):

a
1 V 43
-QL/O 6 (hv)dhv

N

| fn. [6° (u9(¥2v) - v7(Pu))]| +

+ | In.[6® (Vu¥?v - Ww¥2u)]| +

+ | /0. [6°p(uVv - vVu) ]|

311(6v%(6u))? + (6V2(6v))2] +

+ KIS 9(0u) |2« [9(0v)[?] +

+Kf(1+6%)(u®+v%) +

+ [po2[|v(6u)|? + |9(6v)|?] +

+ Kfp6? (v? + v?)

L7 (60))? + (672 (09))*] (by Prop.1.3(1)

. =1
+ Kf(A+62)(u®4+v?) + with e= 3K )

/N

(by Prop.5.3(1)

. and Prop.5.2(1)

(by Prop.5.5(1)]

N

+ [p6®[|V(6u)|? + |V(6v)|?] +
+ Kfp6%(u® + v?)
[1(672 (6u))? + p6? [V(6u)|? +

+ (672 (6v))2 + 6% [V (6v)|?] +

N

+ Kf(1+ 6%+ p6%)(u®+v7)
164 [(Tu)2 + (Tv)?] +

+ K[(14 6%+ p6® - q6*)(u® + v*)

A

(by Lemma 4.6(1))

+ Kf(14+ 6%+ p6%)(u®+v?)
< Kf[1+ 6%+ p0% - g6*J[u® + v® + (Tu)® + (Tv)?]

which gives us the desired result. U

The remarks which followed Theorem 5.4 apply equally well here.
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Corollary 5.6.1 Suppose that conditions €(i)-6(v) are setisfied

and that we have a sequence {Av} as in Theorem 5.6, with
(a) 1lim inf, o 4, 0.
For each v, assume that in Av’
(b) p20 and either pSKd"; or pSKdilql%, and
(¢) 9> -k,
with K and k independent of v.
Then L=0 and so To is e.s.a.
(The alternative in (b) means that if ps< Kdi we need no further
restriction on q, but if p is to grow more rapidly we need a

corresponding growth in q.)

Proof: (a) implies the existence of 8>0 with d,-28>0 as v=oo

2,+
For each v, let 6 €C_ (Av) such that j‘ev(r)
6 (r) = 0 if re [0,35] 13 51
v Sy
=r-%8 if re [158,%6.]}-—12—6]
2 4 + + — :) r
_ 4 . 1 15 1 1 P
=4 -8 if re(dd -38,3d +38]  olLs // La-fsa
1 1 15 44
= dv-%s- rif re (3 + 78,d - 58] zd 38 zd +z8
=0 if re [dv——;-'é,dv]
So 6!=0 or 1, and 0}=0. We have 0< 6 <XKd , and also a3 > (28)*, so 1 <Kdj.
Assume that L >0, and suppose that in (b) pSKdzv.
2 222 _ 4 - 4 < 4
So p6? <kald]=Kaj. Also, from (c), =qb} <kdl.
By Theorem 5.6(1): L[dv Oi(r)dr < Kd:/ (w2 + v2+ (Tu)? + (Tv)? Jax (1)
o A
v

1
Now, still assuming that L >0, suppose that in (b) pska?|q|?.

From (¢), |q| € q+ 2k, and (q+k)2 0.
1
2 4 2 Zg2 _ 4
We have pé7- (q+ k)Gv < Kdvqu % (q+k)6]
4
€ Kd'z+ %lql@‘:}- (q+ k)ev

< Kd:+ F(q+ 2k)6:- (q+ k)GZ
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2 4 4 4_ 1 4
Pev- (q+ k)ev < Kdv+ kov- 1(q+ k)ev
< (K+ k)d:}—%(q+ k)e‘;
< (K+ k)d:,
this inequality holding in Av'
By Theorem 5.6(1):
d :
L/ V63 (r)ar < K/ (a8 +ad+ (p62 - (q+ k)O7) + k63 I x
o Vv A v v v
v

x[u? 4+ v? 4+ (Tu)? + (Tv)? Jax

<r1 /A (W + v% + (Tu)? + (Tv)? Jax )

From (1) and (2), we see that if L >0 and either of the alternatives
in (b) hold (together with (a) and (c)), then we have
~d -
Ld;hj v Bi(r)dr < K/ [u? 4+ v2 + (Tu)®+ (Tv)?lax (3)
o A

As v-oo, the nght-hand side of (3)-»0.

a - -3
However, d_ ./ 6% (r)ar > d } (dv-%S—r)adr=Z'§4(1 28/a )% > 0,

14 438
+2 as v-co,

This is a contradiction, so L=0 and To is e.s.a. O

Again drawing on an example in Evans [5], we give the example below,

generalising the result of Everitt (él.

Example: In Corol.5.6.1, take A= {x: a, < M va} where 0<a <b
and with b <Kd ; say a = exp(2v) and b =exp(2v+ 1).
Then & = exp(2t’+1)- exp(2v), and we have b <Kd and also (2) is satisfied.
In A, take p2 0 such that either p(x) $K|x|? or p(x) <1{|x|2|q|2
where g(x)= |x| sin(vloglxl), with p and q satisfying conditions &(i)-6(v).
Then (b) and (c) are satisfied, since if x€A , || <b <Kd , and g0.

Hence To is e.s.a. O



PART II




35
CHAPTER 1

In this second part, we shall generalise the results of Part I to
those for a 2m-th. order‘elliptic differential operator (m> 2) given

below. Clearly, for any particular m, m<K.

We first define operators ¢, (t20, t.integral) by:

60 = I (the identity operator);
61 = V (the vector operator (31,...,8n) in R®™);
and €t+2 = Vzét.
Note: €2t+1 may be taken as either W'Zt or €2tV as these will be the same

for the functions under consideration.

The 2m-th. order operator we shall consider is formally given by:

m
t .
u= L (1) et.(pte,cu), with p_=1,

where p, = pt(x), a real-valued function of x= (x1, ...,xn), for O<tsm.

T is formally self-adjoint. As in Part I, we define operators To and

T by: T u=Tu, 9(To)= 2; Tu=7tu, 2(T)=12.

To ease comparison of results with those of Part I, we put Py~ 9 and

so T is given by:

m=-1
t
Tu = (~1 )mezmu + t-z_=1 (-1) €t.(pt€tu) + qu.

Note: Here and throughout, the dot in terms such as t’zt.(ptfétu) is to be

taken as the operation forming the scalar product of two vectors

or the ordinary product of two scalars, whichever is applicable.

The following three conditions on Py and q are to be assumed to hold

throughout Part II:

t
6(i) ptSC , for 1€t<m=-1;

2 .

e(ii) aqe& L] oo’
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e(iii) q(x)= -q*(lxl) where q*(r) is a real-valued, monotonic non-

decreasing function of r2 0 and is locally bounded.

We define the function g(x) as in Part I by:

a(x) = q(x) if xeB;

a(x) = q(x) + ¢*(|x|) = @*(R) if x£ By

Therefore we have g(x) > -q*(R) for all xe¢ =",
We define 1, Eo and T as in Part I.

The following three lemmas are proved as in Part I, and no proof is

given here.
Lerma 1.1 To maps 9 into L? and is symmetric. O
Lemma 1.2 T maps L® into 92'. O
Lemma 1. 9(T2)= fu: uel?, Tuel?®}] and T*u=Tu. O

So, as in Part I, the conditions 6&(B),6(C) and g(D) are seen to be

equivalent to: 6&(A) T, is e.s.a.

As in Part I, Lemmas 1.1, 1.2, 1.3 and the equivalence of 6(A)-6(D)

hold with 7 replaced by 1, and the general approach is the same.
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CHAPTER 2

We shall state conditions on P and g which will render 20 e.s.a. as

a corollary of Theorem I.2.1.

As in Part I, for 1€ j€n, ajdenotes a/axj.

t n
So ¢, = N 52 2 =
L B Ji} 2 Cota = (0 bppenend ).
Let J2t = {J1sJ1sJ2,J29""Jt’jt} and J2t+1 = JZtU {jt+1}’

where 1< j.sn, 1<i<t41.

S

L = o s e i =
et sr,,c {s1,s2, ,sri with §  CJ, and s/r’t {01,02,...,ot_r}

b

with § =4d,/8 f f<rst. : = =p0.
%t t/ r,t or 0<r<t. Note SO,t @ and S/t,t [4]

Let P[sr t] =99 ... and P[S/r,t] =38 ...9 with P[@] = I.

’ 452 Sp %% %r
t n 2t
Then £, -(pyyfpu) = 32 ji§1 rZo }é(P[Sr,2t1p2‘t)(P[S/r,2t]eZtu)
‘ t+1 n 2t+14
and &4 1+ (Poy 1) = 34 ji.—ZA rZo é(P[Sr,2t+1]p2t+1)(P[§’r,2t]ajt+1 oe),

for 1£2t<m-1 and 1€2t+1<€m-1 respectively.

% sumns over the subsets § of Jt’ where, if a particular ‘ji occurs

r,t

twice in Jt but only once in S then this subset is counted twice,

r,t’

because we are summing over combinations (hence the "¢") of r elements of Jt'

Consider the functions P[Sr t]pt (1€t<€m-1) such that 2t-r is
»

constant, say 2t-r=p. As OSr<t and 1<t<m-1, we have 1€ u<2(m-1).
Index these functions by elements of some finite set A(u),i.e.

)\(x) we define

P[sr = qu’A(x) where p=2t-r and Ae A(u). For any a,

]
,t°Pt

b4

'a i r) =
0, 2(D) s PI§, 5 6, if q ,(x)=PlS, , Jp,y, and as P[S/r,2t+1]a,jt+1 b4

if qu,)\(x)zP[Sr,zu1 ]p2t+1. Then Qp,A(D) is an operator of order u<2m.
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We further define a4 1(x)—'— a(x), % 1(D)= I, A(0)= {1}, and P(D)= (-1 )meZm:
b} 3
m-1

nd 1(x,0) = 200) + ., (-0 P2 9, 1009, ,0)

» "l . 2 —
with g to sum over JieJt, jZi to sum over 1< Jis n, E, to sum over p=2¢t-r
for Osr<t, and I to sum over Ae Alp).

We now state condition 6(iv).

e(iv) ge N,g 8nd if Lm<n, then Nm,a(g+o as 8- 0;

P(s

r,,C]pte1\72(2111_(2,C_r)) and if 2(2m- (2t-r)) <n, then

N2(2m-(2t-r)),S(P[Sr,t]pt)-’o as 8+0, for O<srst, 1st<m-1.

We now have as a corollary to Theorem I.2.1:

Corollary 2.1.1 Let g and p, (1st<sm-1) satisfy 8(iv).
Then _'go is e.s.a.

Proof: TWith the notation as above, by &(iv), U, 28 N5 (2m-p)

and if 2(2m- p) < n, then N A)-»O as §-+0, for any Ae A(u),

2(2m—u),5(qu,
O<pus2(m=-1). Therefore, by Theorem I.2.1, L(x,D) on 9 is e.s.a. in L°.

But L(x,D)=2°, and so T is e.s.a. O

As in Part I, 6(iv) will be assumed to hold in any lemma requiring

T to be e.s.a.
=0
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CHAPTER 3

Our aim in this chapter is to derive the identity

2m 2m m 2m .
¢ uTu - fq¢™ u? = t£1 Iptﬂt(qS u).Ctu, with me1,

for ue%('l"g) and ¢€ 9, with u and ¢ real-valued. With m= 2, this is
just the identity which we derived in Chapter I.3. Similarly, we wish
first to obtain a formal identity for 7(¢u). We use the notation

introduced in Chapter 2, and shall give full details in order to

famiiiarise the reader witn this notation which will be used extensively.

We expand € (¢u) as sums of products of the form (P[S_ ,J¢)(P[S, ,Ju)
t r,t /r,t
and then extract the term in which r=0, i.e. ¢€tu. The sum of these

(i.e. the ¢€tu) will contribute to the term ¢Tu in the identity.

m-1
() = (-1, () + I, (-1)% .(p, ¢ (4)) + qtu
= (-1)7¢,(4u) + 1s§%<m Ca4(ppy oy (9] -
- 1281w tar (Pogag fop,g (F0)) + adu (1)
m n 2m
4”2111(<m) = i=§1 jiz=1 =0 (P[S r,2 m]¢)(P[S/r,2m]u)
m n 2m
= ¢t, u+ L Jf‘ L § (Pls, 10l o ) (2)
For 1 <2t <m:
t n 2t

€y (Poy S () = e?t(p2t§i§1 j;i1 0 ¢ <P[Sr,2t]¢)<P[§%,2t]u)})

¢
1 (Pp #y ) +

t n 2t
+ 4y L L sE ok g (P[Sr,2t]¢)(P[§%,2tlu)Z)
t n 2‘t *
= .z 3511 Z(Pls 2t]¢)(P[§% 2t 1(P 8o0u)) +

+ €2t(p2t{...})

where we write I} if the term has not changed from the line above, -
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by (Pyylpy () = ¢62t(p2t62tu) +

t n2t
* 54 3521 L g (Pls, 2t]¢)(P[§% 243 (Poyfq0)) +

52t(p2t{...}) (3)
For 1€2t+1 <m:

e?t+1°(p2t+1£2t+1(¢m)) =

n
=, % 9 ¢.(p, 0 ¢,0(¢u))
t+1 n 2t+1
= .2 z
i=1 ;=1 J at 2t(p2t+1 r_oc;(P[S 22t+ 1]¢)(P[/ 2t+1]u))
n
= 2z 0.

. X ¢, (p ¢a u) +
Jt+1—1 41 24V 2441 g1 2t

t+41 n 2t4#1

5 2. 53 ¢
UL IR K N T UL PR IS ALY
t n 2t
- L I
i1 §=t 2o & (P[S ]¢)(P[§’ 2t+1](p2t+13t , opu)) +
+ {-..}
= £
Poter (PogyrSopa) +

1 2t
L .2 a ¢ +
NEE rZy § (PLS ,2t+1]¢)(P[§%,2t+1}(P2t+1jt+1 2t4))

+ foold (&)

Substituting from (2), (3) and (&) into (1):

n 2m

) = oms (O%E B0 g L5, 000, o) -

t n 2t
Py )
* P i 3521 rZ % {(P[Sr,2t1¢)(P[§%,2t](P2t 242)) +

N
ot

¢4(Ppy (P15, L 1) (PLS 5 JN)T -

t+1 n 2t+1

" y<efi @ 19 3211 L g (Pl ) 2t+ 1 1) [/%,"t 1](p2t+13t 162+“))+

* %t+1€2t(p2t+1( (57, 2640 1) (B L, oy pq DL
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This is the desired identity, and it remains valid with T in place

of T.

The scheme of this chapter is the same as %hat of Chapter I.3, i.e.
to obtain the generalisation of Lemma I.3.8 we shall generalise Lemmas

I.3.1-7, the implications being given in the diagram.

Lemma 3.1 = Lemma 3.2
Lemma 3.6
Lemma 3.5 %

Lemma 3.8
Lemmas 3.3 & 3.4 = lLemma 3.74 .

In order to maintain the parallel between this chapter and Chapter I.3,
the extra results needed for the proofs of the lemmas appear as propositions.
Again, we shall make it clear in the proofs when we are assunming 20 to be

e.s.a., because not all the proof's require this assumption.

Proposition 3.0.1 Assume that we have a sequence a(j) (0s j<N)

such that a(j) < ea(j+1) + K(1 +e’1)a(j-1) (1)
holds for 0< j<N with K independent of j.

Then, with K independent of j, we have, for Os j<I,

~n

)

a(3) < ea(M) + k(14 e ) a(0) (
Proof': Te shall first establish that for 0 j<Il and K
independent of j: a(Jj) < ea(j+1)+XK(1+ 8-1)ja(0) (3)
This holds for j=0C (trivial) and j=1 (put j=1 in (1)).
Suppose that (3) holds for j=0,1,...,8.

-1
Then afs+1) < g'a(s+2)+K(1+ €' a(s) (by (1))
(by the induction

- -1
< e'a(s+2) +K(1+ &' 1)55"&(S+1)4-K(1+ e )%a(0)} hypothesis)

- -1, =1 ]

Setting e€'=%¢e, €"=3K 1(1+e' 1) we obtain
1y 8+1

)7 al

a(s+1) < ea(s+2)+K(1+ € a(0).

Thus (3) is established by induction.
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Now (2) holds for j=N-1 (put j=N-1 in (3)).
Suppose that (2) holds for j=N-1,N-2,...,N-s.
Then a(N-s-1) < a(N-s)+Ka(0) (by (3) with e=1)
< {ea() + K(1+ € ¥ 1a(0)} +Ka(0)  (by the induction hypothesis)
< ea(N) + k(1 + e ) a(0).

Thus (2) is established by induction. O

Proposition 3.0.2 Assume that we have a sequence b(i,j) (i20, j20,

i+ jJSN<K) such that
b(i,3) < eb(i-1,j+1)+ K(e)b(i-1,]) (1)
holds for i>0, j20, i+ js N, with K(e) independent of i,j, and
b(0,3) < eb(0, j+1) + K(e)b(T, j=1) (2)
holds for 0< j<N with K(&) independent of
(i.e. the sequence b(0,j) satisfies Prop.3.0.1(1)).
Then, with K(e) independent of j, we have, for 0< j<N,
b(N-j,j) < eb(0,N) + K(e)b(0,0) (3)
Proof': We shall first establish that for i>0, j20, i+ J€N
and K(e) independent of i,j: .
b(i,J) < eb(O,i+j)+K(€)Eo (0, j+«) (&)
This holds for i=1, 20, i+ jsN (put i=1 in (1)).
Suppose that (4) holds for i=1,2,...,8, j20, i+ j<N.

Then b(s+1,j) s €'b(s,j+1)+K(e")b(s,J) (vy (1))
s=-1
< e'{b(0,j+s+1) + K Iy b(0, j+1+4)} +

- (by the induction hypothesis)

+ K(e'){b(0, j+s) + Ko b(0, j+x)}

8
< eb(0, j+s+1) + K(e) L, b(0,j+k) (by setting e'=¢).

Thus (4) is established by induction.
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From (2), ©(0,j) satisfies Prop.3.0.1(1), and so, by Prop.3.0.1(2),

for k<N-j: b(0,j+«) € e'b(0,N) +K(e")b(0,0).
N=-j=~1 N=-j-1

Therefore I, b(0,j+k) < o fe'v(0,N) + K(e')b(0,0)}

< K{e™b(0,N) + K(e')b(0,0)} (because N- jsN<K) (5)
N-j-1

From (4), b(N-j,J) < &(0,N)+K(e") 2 b(0,J+k)
< €"b(0,N) + K(e")K{e"v(0,N) + K(e')b(0,0)}  (by (5))
< eb(0,N) + K()b(0,0) (by suitabl: choice of €' and &").
Thus (3) is established. O
Proposition 3.0.3 Let ¢€9, A20, 20, A4 u<o0,

n

Then ||,Z, siz=1 %1%2...%\42“¢|| < K(|| €00 ] + Hell) (1)

Proof: We have H¢l|p$ K(HP(D)quO+ H¢>Ho) for any ¢e 9,

for any symmetric elliptic operator P(D) of order p with real-coefficients

(see Lemma A2.2). We take P(D)= 4o P=20.

Therefore [|¢||,,< K(|| 4,811+ [I¢]]) (2)
A
Now ||;Z, siz=1 %1%2“’3.3\82u¢“ s “f“zmx
< ||¢“2(y+;\)
< ¢l

k(|| e,08 1l + [[]]) oy (2)).

N

Thus (1) is established, where the left-hand side of (1) is just “62;1(1’“

k4

when A=0, O

Proposition 3.0.4 Let uelL?, CZGUELioc’ Qca', 220, u20, A+ usosk,
A n

Then “i§1

siz=1 %1632"’%?\62,}1“(2 < K(“&ZOUHQI + Hu“Q:) (1)

(If A=0, then the left-hand side of (1) is just [[€, ul|,.)
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Proof: Let ¢ €9, with ¢ real-valued, O< ¢(x) <1

, W(x)=1if
xeQ, ¢(x)=0 if x£Q', |VW| sK, |V?y| <K.

Assume that A#O0,

“ 2199 .08, ull"\fl W2H* 0 L. ¢, ul?
1318132 SA 1131 3 5 s)\ZuI
A n
2IJ+A 2
<. L. f[y*P a0 ...0 € vl (2)
i=1 si_1 132 S, 2u
2 4 n Lpe2A =
E e o ...0 ¢ u|?= 3 Jy (00 ...0 €, u)(aa ...0 ¢, 0)
5=t 5% S 2k §=1 58 5 27 58 s 2
n
Lt 2A -
= z Jo (¢ 9 ...0 ¢ u)(d ...a &, u)
IS LR T W
n
Lps2A-1 -
== 2 (Lu+2A) [y (a9)(a ...0 € u)(d ...0 € u)
551 4 § S 2Ty, 2
lf“+2A 2 -
Il (a eeed  3%¢,u)(@ ...0 £ u)
5\"1 3R R Ty s,
n
2u+A 2usA=1
<Kf(_Z |¢ a...ae u])[r a..,a e u| +
51 5 2 - 2H
2u4A41 2u+A1 ) ;
+ Iy 2 ...2 uj ¢ ceed 4 ul
5, 2(u+1) s1 S\_q 2H
n
A 2[1+A"1 2
15 [|¢P™ .0 € ul2+ K|y 9 ...0 £, |
2
57 S 5 % - oK
M
+2€f| “"‘ eed 182(#*.1)11'24'
1 2,U+A.-1 2
Ke [|y 3 ...0 £, ul3.
375 2K
n
2#+)\- 2. 2#+A-+1 2
So I, [ly 9 .00 &, u] ef|v 3 .09 &, 1u] +
5=1 5,75 2 5 Ty 2(u1)
-1 2,’1+)\-1 2
o e 0 6
+K(1+€ )|y %1 afk- 2,0l (3)
Summing over 1 € sis nfor 1€isA-1 and writing
A n
2+ 2 _ y
) o[l L..a 2 ulP=bp(A0),
i=1 si=1 A S\ 2u
-1
(3) gives b(A,u) € eb(A-1,us1)+K(1+€ )b(A=1,p) (&)

for A>0, pu20, A+ p< 0<K. Therefore b(A,u) satisfies Prop.3.0.2(1).

We write f]¢/2u€2ﬂu]2=b(0,p) and now consider b(O,u) for u>0,



43

v(0,u) = flp?te, u|®

I -
1978y ) (¢, )
- -
= P 0) (6, g y0)

- Lygs Ly beu u
[0 e, us V(p0)e, us 29(y77) V0, uley | 4yu

A T CY A O i LT OO CAR
+ g0, ) (e, 0 + BT (TpTe ) (6, )

. 2(u+t) 2(p-1

< sl S0l 14 ’ )CZ(u-ﬂul !

+ KII¢2u€2uu| |¢/2(”-1)&2(u_1 )u| +

n 1
2+ Lo2(p-1)

A

e'b(0, u+1) + Ke' 1b(0,u-1) + €' (0, 1) + Ks"'1b(o,u-1 )+
+€(1,u)+ Ké"-1b(0,u-1 )

e'b(0,u+1) + e"b(0,u) + K(e' ™y enl 4 e Yo (0, u=1) +

N

+ € {b(0,u+1) + X0 (0,1)}  (by (&) with e=1)
< (e' 4 &)b(0, 1) + (e + Ke)b(0, 1) + K(e* e 4 @ )n(0, 1)
< 2eb(0, ue1) + 20(0, 1) + K(1 + e Yo (0, u=1)
by setting €= (1/4)min(K™",¢e), &= 1/k, &'= &/h.
Therefore b(0,u) < eb(0,m+1) +K(14+ € )b(C,n-1).
This holds for O < u< 0 and so b(0,u) satisfies Prop.3.0.2(2).
Therefore, Prop.3.0.2(3) holds for b(A, ).

By (2), with A#0:
1 : I
I|.2, 2,0 ...0 ¢ ul|> <b(A,u)
i=1 s,=1 57" 75 20 0 (by Prop.3.0.2(3)

< b(0,u+A) + K0(0,0) with e=1) (5)
A . . i 2u e _

IfA= 0, the left-hand side is ]lezuullé < |lsHe, ull® = v(0,u),

Therefore, (5) holds in the case A=0 as well.

So, by Prop.3.0.1(2), with €=1 to cover the case A=0 and u= 0:
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152 ¢ 2 %'“‘Z,JZHUHS < 1(0,0) + Kb(0,0)
1

1
L e,qull2, + xlluliz,

which implies (1). O

Proposition 3.0.5 Let ¢&9 with supppCQCQ'; uel?®and ¢, uel?

for any particular s with OSs<m-2; 1$t<m-1. Then

28 loc

|I¢€ (p‘t u)l s K(” z(m_1_s)¢”* “¢“)(H623‘JHQ'+KHUHQ') (1)
Proof: We first consider t (in (1)) even. For 1€2t<m-1:
t n 2t
|56, (p,y 6pp0)| = |12, % PRI R S CRPW ICON I EAP S
2t r n (because the derivatives

z Z )
K” =0 i=1 s,= =1 € ¢P[S 21;](("21:“)I of P, are bounded on 1)

Now P[Sr 2‘t] may be rewritten (with rearrangement of the subscripts) as
2

a O..a az ...a

2 o s s
where s £ s if i# ]
5 N W s(r+)\)/2 J ’

with A=r(mod 2) and O0< A< min(r,2t-r).

r n
(Note that . 2,09 ...0 0 ...0° = 9 eeed & .,)
_ 1 -
e 51 87T RS )2 ¥ BT
Let A(r)= {A: A=r(mod 2), O0<A<min(r,2t-r)}.
X will denote the sum over Ae A(r).
So we now have:
2t A n
\ Z ® o0 6 6
19,4 (pop e | < KILE £ 55 31—1 RN ral )|
2t A n
-— 2 2 Z o0 e
K[ 1,20 § 321 s 21 %2 as,\ 2tar-Al
i 1

Our object is tc recast the summands in (2) in the form

9 .o 8 €. )3 ...0 £, ,u)

(51 a' 2“‘ ) 01 O'A'" 2IJ|I
with A'20, pu'20, A"+ pu's (m-1-8) and A"20, p"20, A"+ p"<s,
in order that we may use the results of Props.3.0.3 and 3.0.4.

If 2t+r+ A<2s, we rewrite (2) as
2t A n

...a ( As
Klfr o A ;2 1 31—1 4>a 52 u[ where U+ 8

%

(2)

(32)
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If 2t+r+A>2s and A< s, we integrate (2) by parts to obtain
O ﬁ 2t+r A'2#¢)(%1"°as)\62pu)l where A+ p=s (3b)

Then U=s-A20 and 2u= 2(s-A)<2t+ r=A.
S0 0€244r-A=2u=2t4+r+ A-23<2t+ r+min(r,2t-r) - 2s
= 2t+ min(2r,2t) - 2s < 2(2t-s) < 2(m-1-3).

If 2t+r+A>2s and A>s, we integrate (2) by parts to obtain

2t A n
z z e ¢ s e =
KI'rr =0 A =1 si=1(% 2& 2t+r-A¢)(% 2?)' where v=38 (3c)

v+1 1 v
Then 0<2t+r=- A+ 2(A- V)=2t4+r+ A=-25<2(m-1-38) as above.

So, in view of (3a,b,c), we see that (2) is equal to
2t A n
)} Z
K|[ Zy % 4Z

s 2—1(% "'asfzmr-)»-zu‘i’)(% +d 82“11)1 (3)

v+1 1 v
with 0€2us2t+r-A, OSvsA, psvss and (2t+r=A-2p)+2(A-v)<2(m=1~-5).

2t A n v n

ow (3) < 5,20k s fr o Ba G, oG el

v+
2t A n

<K ZOE H:. V41 55—1 asv+1'"as7\62t+r-)\-2u¢“ “i£1 sf=1

r 2z eeed £
i=1 Si=1 aS aS 2Hul

2 .0 6 u“
% ?& Q

2t ,
< K Z0% (1 €ypq0)? 1+ 191D iggguligue llullg) (&)
(by Props.3.0.3(1) and 3,0.4(1))

This implies (1) for the case t (in (1)) even, since the summands in (&)

are independent of r and A, and we have a bounded number of them.

We now consider t (in (1)) odd. For 1€2t+1sm-1:

e . )
119454017 (Pog g 2t+1“)|

n
=|1.2, ¢¢ 0 (p,, 0 &, )
Jg=1 2ty 2te g 2t
n

IIJo 3¢, (Do 40 1% 2e,,u)| +

A

n
z
+ Ifjo=1 ¢€2t((%op2t+1)(%062tu))l

n
£ lr = ¢ ENAT
/¢ 2t<P2t+1‘”’2(t+1 )“)1 * 'fjo=1 'f)"zt((%opztn)(ajo‘z%))’
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£
1925411+ (Pag g Lo, q )]
t n 2t
L% ¢ r
< 1432, 3s L1 ko £ ¢(P[sr,2t]( 2(t+1 )“))(PLS/r,zt]Pztn)l *
n 2t
Z, T L ¢(P 4 ¢ )
¥ lf 0 j; L1 rho B ¢ ESr,Z‘t](,jo 2tu))(P[S/r,2t](ajop2t+1)l
l 2t r n
<kl 2 ;% I, % ePls_, )¢ W) +
r=0 1=1 J;=1 T52 2(t+1) (bécause the derivatives
2t r n

I L L c of p are bounded on Q)
* KI‘rr=0 i=0 ji=1 2 ¢?[§/r’2t](a’j°€2tu)l 2t+l (5)

Now, the first term on the right-hand side of (5) is bounded by

2‘t )\. n
) .
Kl I‘ O ﬁ i=1 51_1 ¢as1--- c(t+1 )+I‘-7& ] as 1in (2)
2t A n
£ z z % .o £ .. e .
KlJrr=o £ 15 ;~~.i=1("fe,u+1 % 2(t+1)+r_A_2u¢)(%1 ae,v 2“‘1)1 as in (3) (6)

with 0<2u<2(t+1)+r-A, OSVSA, ps vss and
(2(t+1)+r-r=2p)+2(A-v)s2(m-1-3),
[To see that the last inequality is valid, as in (3a,b,c), either the left-
hand side =0, or u+ v=s. If p+ v=s, then
(2(t+1)4r-r=-2p)+2(A-v)=2(t+1)+r+A-2s
£2(t+1)+min(2r,2t) - 2s

<2(2t+1-s)<2(m-1~-5).]

2t ‘ .
so (6) < K 2% (14, _g)?ll+ l8ID Uleyqullge+ Hulig) s in (1) (7)
Now, writing j°= SA+1’ the second term on the right-hand side of (5) <
2t M1 n | (2)
K >, PO e £ U as in (2
r0ﬁ11311 5 sh+12t+r)\
2t /\+1 n . .
< KII O jz\: 1 52_1(63 ..'%’4‘ 62t+r‘k"2u¢)(as "'as Zuu)l as 1in (3) (8)
i V41 1 1 v

with 0<S2u<2t+r - A, OSVSA+1, p+vs<s and
(2t+r=-A- 2u)+ 2(A+1=v)s2(m-.1 -5).

[To see that the last inequality is valid, as above, take the case u+ v=s.
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Then (2t+ r-A-2u)+2(A+1-v)$2t+r+A4+2~2s

=2(t+1)+r+A-23€2(n~-1-38) as above. ]

2t
So (8) < Kr-EOR (“62(m-1'-s)¢|| + H¢H)(H&25u||0,+ Hu”n,) as in (4) (9)

Substituting from (7) and (9) into (5) we see that (1) holds for the case

t (in (1)) odd, just as it did for t (in (1)) even. Thus (1) is established. O

In the following proposition, we prove the induction step required in

the proof of Lemma II.3.1. The proof of the proposition is similar to that

of Lemma I.3.1.

P s 2 0. 2 L2 2
roposition 3.0.6 Let uel®, Tue Toc? and €2sueLloc for any
i i $s<m=-2.7 2 2 .
particular s with O<s<m-2. Then 2(s41 )ueLlo
Proof: Let ¢e9? with supp¢p<C QCn*' (Q,2' compact), and consider

(-1 )mf(éz(m_1 ) i)¢82(s+1 ) where i=V(-1).

(1 gy * DPp(gqy8 = (15190 gyue FDUG()#y (o)

(-1)"5f2,98, us (-1)7[9¢, u

= (-1 )miI€2¢623u+ [¢Tu - [Pqu -
m-1 "
- (L () el (pptpu).

So If(ez(m_1_s)+i)¢62(s+1)u| <
< flegl i, ul + [1g]1Tal + Sigllallul + Eifcb&t-(pt@tu)l
< 1l llggullgs el llzullge K@Ul + [21D linlig
+ K|l 45 (g4 )21l + e ll) Ul eygullge+ Hulige) (1)

since l|¢g_H < sup‘quHg.HQSK(Q)( Hd)” + “€2<1>H) as in Lemma I.3.1, and the
estimate of lf¢€t'(pt€tu)l is from Prop.3.0.5, the right-hand side of

Prop.3.0.5(1) being independent of t, and m<K.

| €81l < kCUIey gy 1l + Hlg1i) by Prop.3.0.3(1), (2<2(n-1-5)),
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and llu“Q: ““HQH “5281’”()» chsU“Q. and H_’I;‘uHQ are all bounded by K.

Therefore, (1) implies

II(eZ(m-1—s)+ i)¢62(s+1 )ul < K(u,0,0') (”€2(m—1-s)¢“ + H‘l’”) (2)

Now “ez(m-1_s)¢“ = HF('ez(m_1_s)¢) “= ng(m-1-S)F¢“

<l yrg

=||# 4y (gq)+ D

=“(52(m_1_s)+i)¢“:
an {j0]= llo il < 11T 0poli= 1y )+ DB
So, (2) implies

'f(ez(m_1_s)+ i)¢€2(s+1)u] < K(u,0,0') || (62(m-1-s)+ i)¢ || (3)

For any t>0, ¢, as an operator from 2 to L? is e.s.a., and therefore

2t
(€2t+ i)9 is dense in L®. Take t=m- 1-s. Consider any v e L® with suppv
bounded, say suppv C Q°. Then there exists a sequence Mv;’ ¢>ve£7), such
that (€2t+ i)qbv-vv in L2®. We must show that the functions in this sequence
have common support.

For some d >0, let 0= {x: dist(x,0°)<d}, a®= {x: aist(x,0%)<al,
Q%= {x: dist(x,0%)<al. Let ¢(x) €D be a real-valued function such that
osy<i, ¢(x)=1 if xeq?, ¢(x)=0 if x£0%, and the first 2t derivatives
of ¢ are bounded by K, independent of Q°, Then gl/d)vs 2.

Let ¢ {¢ } such that [ (¢y + 1)0-7 || <n (%)
Ve shall show that ||(,, + 1)) - v|| <e.

i (1) (&, + D)o < [ g=1)(&y, + i)¢H/Q1 because $=1 in Q*

n

H(€2t+ i)¢|l/x’)1 because 0 ¥ <1

”(€2t+ i)p-v H/Qi because v=0 outside Q°Cq?

n  (by (&) (5)

N

t n 2t

&, (48) = vy b+ L, jiz=1 R (P[Sr,zt]¢’)(P[S/r,2t]¢)

as the term for r=0 has been extracted to give us the term g[/cztd).



If this taking of limits is not justifiable, we mey proceed

as follows:

With t= m~i-s, consider (-1 )mf(€2t+ ). (€,+1)¢ SU to obtain
. . N\, ; TRV T
‘f(cz_.c+ 1)¢.(€2+ 1)u25u.! € K(u,0,0")|] (02t+ 1)c,b“ s

from which it follows that (€»P+ i)Czsu is & continuocus linear

]

functional on a dense subspace ¢f the dual space of L .
p p 10a

As in Part I, this can be extended to f&:Licc with

i £ i)g= ; 2 a so £ zel?
and1f'(2+1)g r, then geLloc nd so 2_6110C

3 = \( ¢ N
So from (t) we have f(€2t+ 1)¢.(€2+ 1)(62511 g) = 0,
and therefore we obtain f(@z + j.)(€2t+ i)¢.(€23u- g) =0 ()
As in Lemma A2.2, we can show that for we L?

”W“ s KH (€2+ i)(62t+ i>w“"2(t+1)’

-2{t+1)

- . 0 -’ %) 2 N
end hence (62-4- 1)(62_t+ i) is 1-1 from L% +to H0 )

As in Lemma A1.1, it follows that (624-i)(€2t+-i)3 is dense in L2.

- . = s 2 5 c 2 -
_Thus, from (¥), €, u-g =0, and so 2(62511) L .- O
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t n 2t
N L z <
o> “1:1 ji=1 r£1 é (P[Sr,Zt]‘/{)(P[S/r,Zt](ﬁ) Il
2t A n

SKr£’1 R||1£1 siZ=1 %1"'%8%-1'-)\(#“()2/()1 using the notation from Prop.3.0.5
as P[s lg=0 for r#0, xfQ?/?
r,2t
and. P[S J¢ is bounded for xeQ?/0*.
ot r,2t°".
<K I, ﬁ(lI&thbIIQa/Qo»f |I¢||03/ﬂo) by Prop.3.0.4 applied to ¢ instead of u
as 2t-r+A € 2t-r+min(r,2t-r) € 2t-0= 2t.
$K(”52t¢|lna/no+ “¢HQ3/Qo) as summands independent of r,A.

SK“(CZt«r i)quQa/Qo as above

sK]|(€2t+ i)¢-v|| similar to above
<Kkn  (by (4)) (6)
So || (£, + 1)(e-9) || € || (w=1)(e, +1)8]| +
ST M T DI O Y
< . Kn (from (5) and (6)) (7)

and so || (&, +1)(W9) - v < |[(ey+3)g-v ][+ [[(£54+ 1) (ve-0) ||
sn+ (K+1)n (from (4) and (7))

<e (by setting n<e(K+ 2)-1).

We have therefore shown that (€2t+ i)(¢¢v) »v in L? with supp v, C n2.

So, from (3), ]fx'€2(8+1)u| < K(u,Q°) ||v ]|, where the infimum of the K's for
which this is valid for v's in L® having the same support, Q, is

£ 2 .0 i .
Therefore 2 )UELloc See facing page

“62(s+1)uHQ' (s+1

2

2 6 2
Lemma 3.1 If uel® and Tue Lloc’ then 2(m_1)ue Lloc'

Proof: The proof is by induction.

2C 12 eu (= 2
uel CI'loc’ S0 St ( u)eLloc
2

Prop.3.0.6 gives us that €2su€Lloc

. . 2
implies €2(S+1)ueLloc’ for O<ss<m-2.

. . 2
Therefore, by induction, 62(:11-1 )ueLloc. ]
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Corollary 3.1.1 If uel® and Tuel® , then, for pu+Asm-1,

loc
A n
E 2.9 ...0 8 2
i=1 §i=1 81 S)\ 2uu € Lloc

Proof: Immediate from Prop.3.0.4(1) and Lemma 3.1. O

Lemma 3.2 If uel® and EueL"ioc, then T(¢u) t»:H:I for any ¢& 2.

Proof: Let ¢e9 with suppdC Q, and ¢ and its first 2m

derivaetives bounded by K. Ve shall show that all the terms in the

. -1
expansion of T(¢u) (which we restate here for convenience) are iu H -

n 2m

2(4’“) = ¢Tu + (-1 )mi‘§1 jiz=1 r£1 % (P[Sr 2m]¢)(P[S/r,2m]u) +

H

t n2t

L oeq 12 12 PRIGENPIS LI CAP AL

+12<m11J_1r=1

ezt(pzt(P[sr,Zt]@(P[s/r,Zt]u))} -

t+1 n 2t+1

- ¢
1<2641 <m 321 jiZ=1 R RIER ,2t+ 1]¢)(P[S/r 2441 1Py 3 1 242} +

+ aim by (Ppy  (PIS, o4 419 (PLS, 2441 Ja)) .

-1
2 L*CH .
Tue Lloc and so ¢Tue

Let t//eHl. Consider 1< r<2m; so for Ae A(r), 0< A< nin(r,2m-r),
A=r(mod 2):
m n
l<¢” i£1 jiz.:‘l (P[Sr,2m]¢)(1:’[s/r,2m]1'1)>| B

A n

= “i=1 81_1 <//(6 ...slér_}\¢)(%1...6%\€2uu)] where 2u=2m=-r- A (1)

If A=0, then r>2 and so psm=-1. Hence, by Corol.3.1.1, H€2yulleK,
independent of ¢, r and 6, and so (1)SKH¢’H $K||¢}I1-

If A#0, then we integrate (1) by parts to obtain

)\ n
() = 1138 5%y AlCA "'%‘@r-xq"”(%"""sA_,fzu“”
A=1

n
< K“‘r//“Al ”i21 siz=1 651"'63/\ 62/,("1“(2'
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2u+2(A=1)=2m-r4 A= 2< 2m~ 2~ r+ min(r,2n-r) < 2(n-1).

A<1 n
So, by Corol.3.1.1, ||i§1 sF;1 %1..'%A 1€2pulh)<1g indepependent of ¢, r
l -

and 6.

Now considering r= 2m:

RO I C O I CR S IS PT A T N

SITZINIEN
K||¢]l,, K independent of

m,2m

A

N

¢y and m.

1

2m
£, 2 (Pls_ , 19)(Plg, o Ju) e .

m
Theref ore, (-1)mi§1 sz1 -
=1 §;=t r=

’

The rest of the terms are in fact in L?. This seems reasonable when
one considers that the highest order of derivatives of u involved is 2m- 3.
However, it is necessary to check that they are of the right form in order
to apply Corollary 3.1.1. We first note that P, and its first t derivetives
and ¢ and its first 2m derivatives are all bounded on Q by K, and so we
we need only demonstrate that the derivatives of u involved are in Lioc'
The form of the derivatives of u in

t n 2t

L, %% ¢
1eFocm i1 j;=t =1 8 (P[Sr,2t1¢)(P[S/r,2t](P2t 244))
2t-r-a n

s . £as - €£r<?2 £2t<€m-
is 151 55;1 P[§%+a,2t]&2tu for some O0<a<2t-r, 1€r<2t, 1 m-1,

A n
z z a Ocia e

= u
= = -p=g=-A )42t
i=t s.=1 31 %\‘ (2t r-a )+

(2)

where A=2t-r-a(mod 2) and O< A< nin(2t-r-a,r,2t-r).
Now ((2t-r=-a=A)+2t)+2A s ht-r-a+ min(2t-r-a,r,2t-r)
¢ 4t-r+min(r,2t-r) € 4t + min(0,2t-2r) < 2(m-1).

So, by Corol.3.1.1, (2) is in Lioc'
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The form of the derivatives of u in

t n 2t
I 5 .z
1<dt<m =1 =1 7 2 & Goylpyy(PLS, 2t]¢)(P[s/ 241u))

b n 2t-r
~

n
32 oy J§1 ey P[sb 2t]P[/ 2t]“ for some O0<bs<2t, 1<$r<2t, 1€2t<m-1,

p

J

H n

z E a ' l'.a ' a LN ] Oa e u
=1 sJ-1 s, 5' 8 5, (b-A)+(2t-r-p)

n
£
si_1 )

where A=b(mod 2), 0< A< min(b,2t=b), pu=2t- r(mod 2) and O u< min(r,2t-r).
Now ((b-A)+ (2t=r-u))+ (224 2p) € 2t~ r+ min(r,2t-r) + b+ min(b,2t-b)

€ 2t+ min(0,2t-2r) + min(2b,2t)

s 4t<2(m=-1).

So, by Corol.3.1.1, (3) is in Ll 0c®

The form of the derivatives of u in

t+1 n 2‘b+1

I
‘I$2‘§+1 <m i=1 jfﬂ r=1 (P[S s 2t+ 1]¢)( [S/r 21.,+1](p2t+1 ‘]t €2tu))

1

2t+1-r-c n

n
is | 21_1 2 » P[S/

J i=1 T+C, 2t+1] £..u for some O0scs€2t+1~-r,
t+1” =

g 2t

1€r€2t+d, 182t+1<€m=-1.

n 2t-r-a n
I » . Z
This is either ; Z=1 L si=1 P[S/r+a,2tJa.1t+1£2tu

ger = 3 for some O< as$2t-r,

o g 2t-ér-a n Bl 162 ¢ .u 0<r<2t, 1€2t+1<m=~1,
Jp 4=t 1= s.= Jrea,2t 2t

depending on whether ‘j‘t+1 € sr+c,2t+1 or not.
n A n
So we obtain , Z L2 I, 09 ...00 e(2t-r-a-?\)+2tu (&)

Jpq=t 1=t 8=t 8 Bdy
n

A
OI‘ .E z_ a ou.a 6 -——A u
i=1 si-1 s, 8\ (2t-r-a-A)+2+2t
where A=2t-r-a(mod 2) and O¢ A< nin(2t-r-a,r,2t-r).

((2t-r—a-/\)+2+ 2t) + 2A

il

Now ((2t-r-a-A)+2t)+ (2h+ 2)
2(2t+i)~-r=-a+A

A

2(2t+1)<2(m-1) as in (2).
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So, by Corol.3.1.1, (4°) and (4") are in Lioc.

The form of the derivatives of u in

t+1 n 2t+1
z Z z L Z £
1<2tiism 131 521 7=t € %tn 24(Ppy,q (P8 r,2t+ 1]¢)(P[S/r 241 9)

d n 2t+1-r n

% Z €£4s
is 12 55(_2;:1 54 sj___1 P[Sd 2t+1]P[S/r,2t+1]u for some 0sd<2t+1,
1€r<2t+1, 182¢+1sm-1.

b n 2t-r n

. s . T > by pi '
This is either . £=1 351 sj=1 P(s

b ?t]P(S/r, 243

i=1 s

b n 2t-r n for some 0<b <2,

n
or , L p z, P[ Jp(s Ja
1‘1115 =1 1531 %, 2t 76,267 4" O<rs<2t, 1<2t+1<m-1,

iy, <
rz1: b n 2t-r n ”
A 124 321 53 sJ g Plsy 5y P 2t]ajt+1u
depending on whether th € Sr,2t+1ns/<'1,2‘c+1’
OF Ji1 €% 2es1 5, ot4r O 'jt+1'és/r,2t+1 54, 24417

. Aar .
OT 411 € S 0441 54, 2641
A n H n ( )
. 5

So we obtain (&, 2. 2 I, 0,...9,0 ...9 %, , =g )Y
izt sf=t j=t sj_1 5, S5 3 s, (b=A)+(2t=r=-p)
n )\ /,z n (50)
or . z z ’ a| ...a ] a - oa a- e - —_—— u 5"
i, ;=1 i= 1 si=1 J= 1 s 1 5, s 8, S, d et (b=A)+(2t-r~p)
A n u n (3%)
or (2, & I Z. 3, .0.0,0 ..00 & o fmpepg) 20" g
i=1 Si=1 J=1 Sj-1 31 S)\ S1 Su (b I4 )+(2 T Il)-r

where A=b(mod 2), O0< A< min(b,2t-b), u=2t-r(mod 2) and O< p< min(r,2t-r).
((b=A)+ (2t-r=p))+ (2A+2p4 2)

A

Now ((b=A)+ (2t=r=-p))+ {21+ 24)
((b=A)+ (2t=r=-p)+2)+ (21+ 2p)

A

Lt+2<2(m-1) as in (3).

So, by Corol.3.1.1, (5'), (5") and (9") are in Lloc

So, as 12CH™', we have all of the terms in the expansion of T(¢u)
o

- -1
in H01, and hence T(¢u)e H Q



As in Part I, Lemma 3.3 makes use of GArding's inequality.

Lemma 3.3 If uel®? and EueH;m, then ue HI:, and for any €>0
(c-e) |[ul[2 = (k+ o*(R)) lufl?+ x(e) [|zull? (1)
(¢ >0 and k are constants arising from G8rding's inequality
applied to the operator T.- q.)
Proof: The proof exactly parallels that of Lemma I.3.3,
with HI: and H;m replacing Hi and H;Z respectively, together with the

concomitant norms., It is assumed that _'I_‘_o is e.s.a. O

As in Part I, we now need another condition on g:
e(v) Nh—a(9'> is locally bounded, for some a >0 with n<k- a<O.
The condition is the same as in Part I, as is the lemma for which it

is required, and which we restate here for convenience.

2 < pa 2
Lemma 3., If uEHo,loc and g satisfies &(v), then quel] ., and
u € Kjju
lige llg < Kllull g
for any compact set Q, where Q' is Q extended in width by 4 >0,
and X depends on 2, d and n.

Proof': See Appendix 3. 0O

6(v) will be assumed to hold in any lemma depending on Lemma 3.k.

2m-p

Lemma 3.5 If uel® and _'l:(qbu)eH;u (0 < psm), then el

, for
any ¢e 2.
Proof: H;“C H;m, so T(¢u) € H;m. Also, ¢uel®.

Therefore, by Lemma 3.3 applied to ¢u instead of u, q‘)uengCHi,

2

i.e. uegH
o,loc

. So, by Lemma 3..4, guaL'ioc, and hence gdue L,
For any ¢ €2 and any s

11l < Pl + 119 il,)
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where P(D) is an elliptic operator of order p with real coefficients (see

Lemma A2.2). Taking P(D)= (-1 )mézm and hence p= 2m, we have

Wil ons RUIE il + Hl1,) (1)
m-1
Now I(du) = (-1)"¢, (#u) + 2 (~1)%¢,.(p 2, (u)) + gou (2)
T(¢u) e H;u, gue L? = Hg, and due H‘: so (-1 )tét.(ptét(¢u)) € H§_2t
m=1
and Z, (-1)%, .(p, &, (4u)) e 1201 (072,

So, considering (2), (-1)m82m(¢u) eH;)‘i, where Ay = max(p,0,m-2).
Also, qbueH;}&. So putting s==A; in (1) gives us

o 1l pon s K0 I, #il Iy

2m-)\.1
2

and since 9 is dense in H0 we have ¢ue H .

If Ay =4, we have the result; otherwise A, =m-2 and we repeat the

process on the new assumption that ¢ue H§+2 to obtain

B (1) e, (o6 () o 1) oo me, () K2
24 o (P8 eH and hence (-1) om ¢u)sho ,

2m-Ay

where A; = max(y,0,m-4), and similarly due Ho

We iterate to obtain ¢ue Him-)‘l‘, where Ap= max(u,o’m"2r), and stop

when A=y, thus obtaining the desired result. O

2 2 f] 2
Lemma 3.6 If uel® and Tuely ., then T(¢u) e L? for any ¢e 2.

Proof: Let ¢ 9. By Lemma 3.2, T(¢u) e H . Then, by Lemma 3.5

. 2m=1
(with u=1), gueH = .
We shall show that all the terms in the expansion of T(¢u) are in L2,

(¢.f. Lemma 3.2)

In view of the proof of Lemma 3.2, we need show only that

m n 2n

Z L Z
i=1 ji=1 r=1 € (P[Sr

(-1)" zm]¢)(P[S/r,2m]“) e L? (1)

’

because we showed there that the other terms are in L%. But (1) is

immediate now that we have qSuz-:I*Icz)m"‘l for any ¢e 2. O
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Lemma 3.7 If uel® and Tuel?® with SUppug B,, then there exists

a sequence Iuv;, u e 2, with suppqu B,, such thet u -u and

R
Tu -Tu in L.,
\Ij_x;ggf;: 20 is e.s.a. and so there exists such a sequence if we
ignore the restriction: suppqu BR'
Let ¢ 2 with supp¢C BR’ ¢=1 on suppu, and ¢ and its first 2m
derivatives bounded by K. Then ¢uve 2 and supp ¢:qu BR'
%e have ¢u - ¢u=u in L? and also ¢Tu - ¢fu=Tu in L? since
supp TuCsuppu.
We shall show that the rest of the terms in the expansion of E(dmv)
converge to O in Lz, in which case fqbuv} will be the required sequence.
Now Euv-»_'_l‘_u in L? implies that Euv»_'l_‘u in H;m, so we apply Lemma 3.3(1)
to u -u to obtain u -+u in H:. So we have Dauv-»Dau in I? for 0% lal <£m
Assume that 4 >0 is such that suppucC BR—d' ‘We may assume then that
¢(x)=1 if |x| €R-d and ¢(x)=0 if |x| >R with ¢ real-valued and O< ¢<1.
Let x(x)=1 if R-a< |x| €R and x(x)=0 otherwise. Note that xu=0, and
that xy= 0 implies that D*¢= 0 for |a| >O.
Let v be an arbitrary element of the sequence {uvf.

We first consider the terms

n

(-0)" Z (Pls, ,,1)(PLs, o Iv)

i= 1 J -1 r=1 € r,2
in the expansion of T(¢v). For 1<r<2m

19)(Pl3, 5,0 |l <

m n
“ i£1 jiz=1 (p[sr,Zm

n ‘ (because as r>0, P[S 2m]¢>= 0
RS o el -

=t 5E 8 Sn-r outside suppyx, and lP[Sr 2m]¢| $K)

n 2

2 a ca.a @ (}:v) “

i=1 si=1 31 5\ 2m=r-A

where A=2m~- r(mod 2) and O < A< min(r,2m-r),
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end 50 2m~r4 A< 2m~- r+ min(r,2m-r)= 2m+ nin(0,2m-2r) < 2m.

Similar to Prop.3.0.4, with supp¢ O suppy, writing
A ph 2 u+A
N i+ 2 _
i=1 siz=1flt/l %1"'% 62u(xu)| —b()\:“)

we obtain, for A#O,

A n
z 2 1(2mre
52, siz=1 %1"'%Ae2m-r-7\(x") 1% < v(r,3(20-r-2))

< e'v(0,5(2m-r+A)) + K(e')b(0,0)
< e'b(0,m) + K(e")b(0,0).

If A=0, then r must be even, and as r2 1 we have r22, and so0

|l

o) |[2 € 2(0,3(20-r)) < £'B(0,m) + K(e")b(0,0).

Therefore we have a result slightly stronger than that given by Prop.3.0.4(1),

A n
namely, Hi§1 Sfﬂ 681...6%\62m_r_k(xv) |2 < e:!“ézrn(xv) l|2+ K(e') || xv || (1)
n 2m
So [1-D®E, (B, 3, 3 (Bls, ,0)(Rlg, o Iv) 17 € 2l 00 174 (e Lar b2

by choice of €', since the summands are independent of r and 6 from (1).

In view of the proof of Lemma 3.2 (in which we showed that the
derivatives of u in the other summed terms are of the form
9 ...0 £ u, with p+Asm-1),
5 T8 2K
and by Prop.}.O.Ly(‘l), the norin of the other summed terms in the expansion

of T(¢v) is bounded by K(l|€2(m_1>(){v) | + [|xv]]), which by (1) is bounded

by e"l|€2m(xv) || + kK(e")||xv ||, by choice of &'.

If we write [Z)v=T(¢v)-¢Iv (i.e. [Z]v is all the summed terms in
the expansion of T(¢v)), we have just shown, by choice of €", that

vl < eligGon |l + k(@) ] (2)

For 1 €2t<m-1, as the derivatives of P,y 8Te bounded on supp X,

2t

Gl € & B3 1142y By 4 eed el |

“e & i=1 s.=1
i 1

2t(p2‘t62t
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< z
2t \Pay 2t(xv))“ < Kr:OX IIii:1 siz=1 2’.1"'%62t+r-)\(xv) Il
where A=r(mod 2) and O< As min(r,?‘t-r),
and s0 2t+ r+ A< 2t+ r+ min(r,2t-r) € 2t+ min(2r,2t) s4t<2(n-1).

So, by (1), |[¢,,(p,. ¢, ()l < e[| €, (xv) [} + K(e")||xv || (3)

For 1€2t+1<m-1, as the derivatives of Poy,q 8T bounded on supp X,

n
H62t+1'(P2t+1€2t+1(xv))“ | “3021 e’zt((ajop2t+1)(%oe'Zt(Xv)))ll *

+ 1124 (ppy 4 €40y ()
2% n r n

< L.z ]
<KLk “jo=1 54 siz=1 331 asra'joezt(XV) |+
2t r n |
ZZ|.z _Z vesd £
+Kloe Hi=1 s, =1 % 9 2(4“1)()0’)“
i 1 r
2t “ n n “
<K.Z 2. Z.2...09 ¢ (o) ||+
r=OR J°—1 i=1 ..i—‘l 8, XA 2t+r-A
2t A n

as1 . 'f’s;\ez(t+1 )+r-)\(Xv) |

+ KrEOX ”ig‘i siz=1

where A=r(mod 2) and O< A< min(r,2t-r),
and so 2t+r+ A+ 2<hkt+2<2(m-1), as above.

50, by (1), |1 4y,4+(Poy, g G, OVl € 114, Gev) [+ K(&") || v |] ()

So, by (3) and (4) and choice of &",

m—-1 ‘
e (e G ) || < 2]l Govd ]+ K ] (5)

m~1
m t
= - z - L[]
Now Tv = (-1) &,V + t=1( 1) €, (ptetv) + Qv,

Q

. m-1 -
and so [[2, Ow) || < [[20) [+ .2, 116 (o & o)l + Hla Il

(a7

ant 0 []¢, Geo) [l < CllzGeo) 1+ laer [+ [lav 1) oy (50) (6)

a1l norms being finite because T(xv) e L?, xvel® and, by Lemma 3.k, gxvelZ,
vow (1200 1] < 12w =w) [l + 112G [ = [lxatv =) |1 + 0%,

vl < HlxCo =) [+ [l < flv-ull <X,

s

an
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and, by Lemma 3.4, |laxv | < K|lxv |, < K|[x(v-u) ||+ K|[xu]|, <K,
in each case, K being independent of whichever element of iuv; v is.

Using these bounds in (6), we obtain

“czm(xv) “ < K, independent of v,

Using these bounds in (2), we obtain

|| {2lv ]| € Ke+ K(e)[|v-ul|
ice. || [E]uvll < Kes K(e)“uv-uH < Ke+K(e)e', if v is sufficiently large.
We choose &= %K—1r) and then pick N such that, for all vz N, €' is such that
K(e)e' <in. Hence H [Z]uvH <n for all v:N.
So, from the defiaition of [Z]uv, 2(¢uv)"¢f£uv" ¢Tu=Tu in L3,

and therefore {¢uv3 is the required sequence, O

Lemma 3.8 If ue @(T‘g) and ¢ €9, then T(¢u)e L? and there exists a
sequence Zuv}, u €9, such that u - ¢u and Tu - T(¢u) in L2,
Proof: ueﬂ)(T;), i.e. uel® and TuelZ.
Now Tu = Tu + (g- q)u. TueL®; (gq- q) is locally bounded and so
2 2 , 2
(g-qlue L] o5 ‘therefore Tuell , and by Lemma 3.6, T(¢u) e L?,
Choose R such that supp ¢§ BR.
Applying Lemma 3.7 to ¢u instead of u, there exists {uv}, uvsib, such that
u - ¢u and Iuv-»_'l‘_(qbu) in L%, with suppu , C By. But Tv=Tv if suppvC By, so

T(¢u) e L? and Tuv=guv»g(¢1)=m(¢u) in L2, O

Corollary 3.8.1 Ifr fuv} is a sequence with the properties in
Lemma 3.8, then
IQ|UV‘2 > [q|¢ul® as v- o (1)
Proof: Wwith P = 1, we have
m
-— t— 2
Iuv(’l‘uv) = ft£1(-1) uvet.(ptetuv) + [q]uvl

m
- 2
Theref ore fqluv}2 = ,fuv(Tuv) - t£1fpt|6tuv[ .



q is bounded below on the common support of the functions u,, say
9> k+ 1, where k may be negative, and, as pteCt, [pti is also bounded
on this support.

' 2 1 2 i
Theref ore I(q-k)luvl < g“Tuv“ + K'Huvﬂfn
where K' depends on k and the bounds on the P, -

We have the convergence of {uv} and {Tuvf in L2 and it is part of
the proof of Lemma 3.7 (using Lemma 3.3(1)) that we then also have the
convergence of iuvl in H':. Hence the left-hand side of (2) is convergent,

from which the result follows. O

Now that we have the generalisation of Lemma I.3.8 and its corollary,
we may proceed to derive the identity stated at the beginning of this

chapter, namely

m
2m 2m 5 2m . _
J¢ uTu - [qp u® = t-§1 fptet(qS u).€u, with P = 1,

for ue@(Tg) and ¢ 92, with u and ¢ real-valued.

As before, had we assumed, for instance, that the partial derivatives
of u of order 2m~ 1 were absolutely continuous, then this result could have
been obtained directly. Instead, we make use of the sequence [uv] and a

limiting process, with @(Tz) being as large as possible, as before.

Lemma 3.9 If ue @(Tg) and ¢€9, with u and ¢ real-valued, then

m
2m 2m 2m . _
J¢" uTu - [q¢ W = t§1 fptﬁt(qﬁ u).(”/tu, with pm—-1

Proof: As uel? and Tuel?, the first integral is finite.
By Corol.3.8.1, the second integral is finite.
As P, € ClC and is therefore locally bounded, by Corol.3.1.1, the

remaining integrals are finite.

From Lemma 3.8, there exists a sequence {uv}, u e d, such that

(2)
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2 2
u, > ¢ ™ in 12 and Tu -~ T(¢ ™4) in L?, vhere R is such that supp¢>)§_ Bp-

So consider fuv(Tu) - Iuvqu:

5 t
fu, (2, (-1)7¢, .(p, ¢ u)

Iuv(Tu) - fuvql'l

m
z £ e 2
oE TRy (8u).(¢,0) (2)
all integrals being finite by the preceding statements.

With uv->¢2mu in L° and Tuv-'T(qbzmu) in L®, it is part of the proof
of Lemma 3.7 (using Lemma %.3(1)) that we then also have u ¢2mu in H:,

2m
. A€ f sts<m.

and so fp_t(fztuv) (étu) > fpt(étcp u).( tu) or 1stsm

Also, the strong convergence in Corol.3.8.,1(1) implies the weak
convergence required here. Hence, letting v->o in (2), we obtain the

desired result. O
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CHAPTER &

In this chapter we continue to assume that 10 is e.s.a. and that
uefD(Tg) and ¢e 2, with u and ¢ real-valued. We further assume that ¢>0
and that the first m derivatives of ¢ are bounded by K. Then we have,

from Lemma 3.3, that ¢uE:H§. Our aim is to derive the inequality
—1 [l 2
17 (@u) ]2 < krg™™(Tu)® 4 kS [67P 4 " - q¢? "D

2 (-
where lptcﬁ (m t)| Sc for 1st<sm-1, with ¢21.

We shall use this inequality in the next chapter as in Part I, and

when m= 2, this is Jjust the inequality given in Lemma I.4.4(1).

We shall obtain the result by first proving the two inequalities:

P18 (gu)]® < K[ ul® + K1 a )22

m
m, 2 2m . 2(m-1) m, 2 . _
and [|¢ cmul < Kt£1 fptct(¢ u).Ctu+-hI[¢ +c Ju®, with P,= 1,

and then use the result of Lemma 3.9.

The reason for the approach that we adopt in this chapter is that
whilst we have information about the product ¢u (i.e. ¢uz:H2), it is
easier to work with integrals of the form fl¢t€tu|2 rather than
j'¢t-16t(¢u)|2. Therefore we first show that the following inequality
holds for arbitrary t> 1, with the first t derivatives of ¢ bounded by K:

j[¢t€tu]2 < Kf|¢t_1 8t(¢u)}2 +Kf(14+ ¢)2(t'1 )w?

(see Lemma 4.1).

A note on the numbering of the results: The lemmas are numbered
4.1, 4.2 etc.; the propositions are numbered 4.0,1, 4.0.2, 4.0.3, 4.2.4,
L.2.5 etc., i.e. Prop.4.2.5 is the fifth proposition and is between

Lemmas 4.2 and 4.3,
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Definition: ©For t20, A20, u20, p20, we define

ap(t,u,¢) = ”¢t+p('t'ulz

i=1 Si=1

5 2
ﬁp(Ay“’u’(p) %1"'%A82uul

_ t-14p
¥ (t,0,9) = []6 e (eu)|?

When ue L? and ¢& P are understood, we just write ap(t), ,SP()\,IJ) and
¥,(t). We note that a,(0)=17,(0) (= [(¢"w)*], 3,(0,t)=a,(2t) and

,sp(1,t)= ap(2t+1). VWhen p= 0, we shall omit the subscript.

The function 8 arises naturally in our calculations and the first

few propositions determine bounds for 3 in terms of the function «.

Proposition 4.0.1 If A>0, u20, A4+ psK and O< p<K, then

B,(A,1) < &8, (A=1,u1) + K(1+ €78 (A1, 1)
If 1st<X and 05 p<£XK, then
ap(t) < sap(t+1 Y+ XK(4 + 8-1 )ap(‘t-1)
Proof: With p=0, (1) is proved in Prop.3.0.4 (see
~Prop.3.0.4(4), where we did not use the assumption ¢ <1). With p>0,
(1) is proved exactly the same (see, for example, the integration below).
Putting A=1 in (1):
ﬂp(1 JH) € s,-3p(0,u+1 )+ K(1+ e )ﬂp(O, ©)
i.e. ap(2p+1) < sap(2u+2)+1{(1+ 8-1)ap(2;1).
Therefore (2) is established for t=2u+121.
For t=2u, 1€ pu<K:
2uu
= [¢*HEP (e, ) (6y )

116244 < u)?

ap(2/1> =

o bps2p
= [¢ (62“u)V.(62u_1u

)

= _fv[¢l*“*2"(52“u)].(e2“_1u)

(1)

(2)
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a,(2u) = -f[¢““+2"v(62#u)+ (b 2p)¢4‘“’2p'1(v¢)(£2uu)].(62u_1u)

u).(e

/A

[l ¢HH+2P (e

" W) + k1|20 e, ) (e, 0|

2u-1

A

1 Il¢2u+1+pe

-1 2 -1
2 SWLIREE R T R SR L

2u-1

2+ i 2u=1

N

dea,(2641) + T (21) + K(14 €7 ) (20-1)

N

Therefore ap(2u) eap(2u+1)+K(1+s-1)ap(2u-1).

So (?) is also established for t=2uz2. O

Proposition 4.0.2 If C20, O<p<K and O< k<N, then

2(k=N)

< e a R R -1 N~1 . 2Ka
a, () < e(1+ ) Va a0) 4 k(14 &™) (14 0)% (0)

end if A22, pu>0, 2(A+ p)-1<N<K, then

5,(00) < e(14 )2 My () 4 k(e) (14 0)2 M) (o)
[The reason that the latter inequality is only for A2 2 is
that ﬁp(O,u)=ap(2u) and ﬁp(1,u)= ap(2u+1), i.e. we already
have a bound on 3 in terms of a.]
Proof: As the proof is identical for any p2 0, we put p=0
and omit the subscript.
(1) is proved similar to Prop.3.0.1(2). Indeed, by Prop.L.0.1(2), we
may apply Prop.3.0.1(3) to a(k) to obtain (for 0 k<)
alk) < e'alrst) + K(1+e'-1)Ka(O).
Setting e'=¢e(1 + c)'2, we obtain
ali) < e(1+0) %a(ikst) + K(1+ e 1) (14 €)% a(0)
So (1) holds for «=N-1 (put k=N-1 in (3)).
Suppose that (1) holds for ¥=N-1,l-2,...,l~-s,
Then a(t-s-1) < (1+ ) 2a(-8) + K(1+0)2M3a(0) by (3) with e=1
< (4+ &) %{e(t + 0)725(n) + K14 e RO 0)2(::-s)a(0)3 +

+ K(1+ C)Z(N'S_”a(o) by the induction hypothesis

(1)

(2)

(3)
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a(N-s-1) < 5(14-0)-2(S+1)

a() + k(1 + )V (14 )25 g 0).

Therefore (1) is established by induction.

Ve prove (2) also bj induction.
From Prop.4.0.1(1) with A= 2 and e=¢e'(1 + c)"%;

B(2,n)

N

e'(140)728(1, 1) + K(1+ e M) (14 0)%3(1, n)

e'(1+C) %a(21s3) + K(e')(1 + ¢)%a(2us1) (%)
Now if 2u+ 3=1N, (4) gives us
B(2,1) < e'(140)7%a(N) + K(e") (1 + €)a(n-2)

s e'(1+ C)-Za(N) + K(e")(1+ c)2ie"(1 + c)'l*a(N) +K(e")(1+ c)2<N'2)a(o)}

by (1)
¢ fers ek(e') 101+ ) 2a(m) + K(er,en) (1 +0) 2 a(o)
which gives (2) for A=2, 2u+ 3=N, by choice of e',e",
If 2u+ 3<N, then from (4) with €'=1 we have
B(2,1) < (14C) 2a(2m3) + K(1 + C)%a(2041)
< (1+c)'2i‘§e(1+c)2(2““3‘N)a(N)+K(e)(1+c)2(2’”3)a(o)§ + by (1)
y (1

+ K(1+ c)2{e"(1 + c)z(z“”"N)a(N) +k(e")(1 + c)2(2‘u+1 )a(o)}

< {fesxer}(1+ C)2(2u+2-N>a(_N) + K(e,e")(1 + c)2(2“+2)a(o).
So (2) holds for A= 2 generally, by choice of e".
Suprose that (2) holds for A=2,3,...,s, pu2z0.
Then g(s+1,u) < 8(s,u+1) + K3(s,u) by Prop.4.0.1(1) with e=1

2(2u+2+s)

¢ 2e(14 ¢)2@M2+I) 0y L k(e) (14 C) 2(0) +

uys-1i 2( :
v 201+ 2R L k(e) (14 )2 %H)(0) by the induction

hypothesis
which implies that (2) holds for A=s+ 1, since 1 (14 c)L'*.

Therefore (2) is established by induction. O

The results of the above proposition can be strengthened as we

indicate below.
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Prop.4.0.2(1 ), when written out showing more details is:

2(K N)

@, (K) € (14 118" el s ko) (14 )2 6P,

We may put C= ¢ and take the terms involving C inside the integrals to obtain:

@, (k) < ef] (14 9)TPe |2 L k(e) (14 $)297Pu,

If we further put p=N-1-« (> 0) and note that ¢< 1+ ¢, we obtain:

RN CO IR ICP bl (R Rt AP L

fK(e) (14 )21 4 )2 (179D 2

ef| (14 ¢)-1¢N€Nu]2 e K(e) [ (14 )2 (1) 2

2(N=-1 )uz

as (1+ ¢)-1

A

ef| ¢ el +K(e)[(14 9)

o
Therefore, writing [(1+ ¢)2 u® as a!(0,u, ), we have

aN_1_K(K) < ea(l) +K(E)af\‘—1 (0).

Operating in a similar fashion on Prop.4.0.2(2), we obtain:

(0).

Bt —opaPok) € ea(l) + K(e)a,

N-1
So we have

Proposition 4.0.2' If 0< k<N, then

(0) (1)

K(K) < ea(lN) + X(&)a

1]
IN-1- N-1

and if A2 2, u20, 2(A+ p)-1<N<K, then

(11 < ' 2
N A()\ p) < e:o.(I)+Y(€)aN_1(O) (2)
Proof': See the note above. O

Proposition 4.0.3 If O<p<K, and in (1) t>0 and in (2) t2 0, then
‘t n 2t-1

ik 52 co I (pls, L Ju) (Pl 5 )07 <
£ EQ (2t>+h(€)a2t 1 p(o) ' (1)
t1 n 2t 2hep )
and [;Z, 3 Lyl ? (P[°r,2t+1 ]“)(P[S/r,zm Jo)|® <

<

< &:a (2‘t+1)+1( a!

e,0) (@)
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Proof: Ve prove the results for p=0, as the cases when p >0 then

follow simply.

t n 2t-1 241
R Lz a 2
I|l=1 Ji=1 r=0 ¢ ¢ (P[Sr,Zt]u)(P[%r,ZtM)l <
2t-1 t n 241
<K L Z[{.2 =% “1(p . 2
reo & 71324 3;=1 oL, H JI(RE, 519l
2%-| T n o4t
< IS - 2 . .
<K Z.Z% ”i§1 jiz=1 ¢ P[Sr,Zt]ul as the derivatives of ¢ are
Dot Ao, bounded
t-1
€K Z z 2
r=0 X 'rli=1 s,z= ¢ 381...6 6r-)»uI
where A(r)= {A: A=r(mod 2), 0<A<min(r,2t-r)}
2t-1
€K 2y § Bppqpz(rd)
2t-1
<K r=0 [1321:_1_1‘(0’2r) + '321:-1-r(1’2(r 1)) +A§2 p2t_1_r(A"2(r }"))]
2t-1
€ L ) ¥
K Zo logg g (7)) oy (2) 4 Azzi‘s“(%)“{(e)“ét-1(o)”
by Prop.L.0.2'(2) with N= 2%,
since r+ A-1<min(2r,2t)-1<2t-1;
s0 the sum is independent of A;
also, r <2t so we may apply Prop...0.2'(1) (I'=2t)
2t-1
~ Z ' .
<K X [ea(2t)+K(e)a2t_1(0)]

This implies (1) by choice of € since the sum is now independent of r.

We proceed similarly with the left-hand side of (2) to obtain:

t+#1 n 2t

\ 2t 2 .
ey j;’:1 oo k¢ (P[Sr,2t+1]u)(P[S/r,2t+1]¢)l s

2t
<€ X p-
<X r.EO R BZt-r(A’z(r r)

where A(r)= {A: A=r(mod 2), 0<A<min(r,2(t+1)-r)}.
We again split the sum into A=0, A=1, A2 2, and

with N= 2t+1 we apply Prop.4.0.2'(1) since r<2t+ 1
and Prop.4.0.2'(2) since r+A-1¢% min(2r,2(t+1)) -1

£2t+ 1.
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Thus we obtain:

2t 2t
K 2o K BoppM2(e-2)) sk I [ea(2t+1) + K(e)a}, (0) 1.

This implies (2) by choice of & since the sum is now independent of r. O

Lemma 4.1 If +>0 and O0< p<K, then

f|¢t+p€tu|2 < Kfl¢t-1+Pét(¢u)lz +XKS(1 4 ¢)2(‘t—1+P)uz (1)
Proof: Ve prove the result for p=0.
t n 21:-.-1
$e, 0 = &, (qu) - 2, J.iz=1 2§ (Pls, H @IS, 519 (2)

. . 2t~
Multiplying through by ¢ v 1, squaring, using the inequality (a+b)? <2a®+ 2b2,

and integrating, we obtain:

[167%, 0% <21 ¥ e, (eu) )2
t n 2t-1 2t 1
v2fl 2 ik, 316 (Rls, H WRly, L 1017
' 2

Therefore a(2t) € 2X(2t)+2€a(2t)+K(e)a2t 1(o) by Prop.4.0.3(1).

Putting €= 1/L4 establishes (1) in the case t (in (1)) is even.

‘t n 2t
£ = £ z L L S D {2
9 Gy = g G -k L ko | L g WG 4 g9 0)
Multiplying through by ¢>2t, squaring, summing over 1 € ‘jt+1 € n, using the
inequality (a+b)?<2a®+ 2b°, and integrating, we obtain:
2't+1 2 2 .
[187 by qul® < 2J] ¢ 2t+1(¢“)| *
t+1 n 2t ot )
272, 321 Lo 3¢ 0L, 5 WP o, 19
Therefore a(2t+1) <€ 2¥(2t+1)+ 2€a(2t+1)+K(e)aét(O) by Prop.4.0.3(2).
Putting €= 1/4 establishes (1) in the case t (in (1)) is odd. O
Lemma 4.2 If t>0 and O0s p<K, then
Lt ot 2(t-1+
F1e7 e (gu) |7 < Kfjo e ul® v K114 )7 Py (1)

Proof: Ve prove the result for p=0.
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In Lemma 4.1(2) and (3) we take the summed term to the other side of
the equation and then operate exactly as we did there to obtain:
¥(t) < 2a(t)4-25a(t)+~K(s)a%_1(O)

which gives (1) by choosing e=1., O

In view of Lemma 4.1(1), knowing that uel® and ¢usH]2, ozp(t) is finite

for O<tsm, O<p<K.

)

The usefulness of Lemmas 4.1 end 4.2 when taken torether is seen when
we note that now K'< ap(‘t) + a%_1+p(0) < K" implies that we have
1

K'SXAt)+X' (0) < KK", for t>0, O<p<K.

K t=-14p

Proposition 4.2.4 If O<t<m and C<p<K, then
n t-1

flf j,E=1 r.§_0 % ¢t-2m+p(P[Sr t]u)(P[S/r t]¢2m)lz <
i ’ ’

< eap(t)+K(s)ajc_1+p(O) (1)

u+1

u
(¢ denotes .2, if t=2u and .2 if t=2u+1)
1 i=1 i=1

Proof': Vie prove the result for p=0.

Vie first show that for O<tsm, OSrst-1

n
-Om= o
| és .g,&2mrw@&tmm|sxu+¢ ) (2)
I For ¢ 947 ’ .
n , —Ome -‘I‘ 0

| és ;L ¢ zm’r(P[§ R 127 < kjgtim rbg1¢2m ‘I (derivatives

Ui r,t °1 ’ ter 4 1 of ¢ bounded)
< Kl L§1¢ |
< K(1+ ¢)t-r-1 (as t=r=-1t20 for

1<iL€t-1)

N

(140",
n t-1 _ 5
Now |2 j;i1 ro + 2m(P[Sr,t}“)(p£§%,t]¢ RINR

t-1

3 n r t-2m-r \ 2n ‘o
<K L% J1E ji~’3=1 ¢ (pls, yJw¢ (plg, 1671
t-1 r n t—‘l"r r 2 -
< . b
<K Iy ¢ ”151 jizz (1+¢ )¢ (P[Sr’t]u)l y (2)
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S H th t-1-r, ,r

KZ I Tz -1- 3 o

RN 3% (1467 ) (Rls, Ju)|? <
t-1

€ KI“EO X [B.t_»‘_r(A’%(r-A’)) + ﬁ(A’%(r-A))] as in Prop.4.0.3

< ea(t)+K(e)a%_1(O) as in Prop.4.0.3. O

In the proof above, we obtain the same inequality for the g term

as for the ﬁt-1-r term by choosing p=0 in the note following Prop.4.0.2

and noting that (1 + ¢)r’ts (1+ <1>)'1 for OSr<t-1.

Also in that note, we defined a%_“p(o): J(1+ ¢)2(t-1+p)u2 as an upper

(4~ -
bound for [(1+ ¢) (t 1)¢2pu2. Vriting oy _, p(0)= {1+ ¢>)2(t 1)¢2pu2 we see
’
that in Prop.4.2.4(1), o (0) may be replaced by a (0), and so we have
t=14p t=1,p
Proposition 4.2.4" If O<t<m and O< p<K, then
n t-1
t-2m+p 2m
z z 2
P 5 ¢ (pls, (Ju)(Pls, (167)|* <

i Ji=1 r=0

< "
eap(t) + K(&:)at_1’p(0) (1)
Proof: See the note above. U
oy 2(m-t), :
Proposition 4.2.5 If 1€t<sm~-1 and lPt¢ | €c with ¢2>1, then
2m m
‘e’ =z - - I - K !
Ip, £, (¢7"u). &u > ~ea(m) - K(e)c a(0) Kea , (0) (1)
Proof: Ve first establish
t-2 2
e met(¢ ")|? < Ka(t) + Kay_, (0) (2)

Similar to the proof of Lemmas 4.1 and 4.2 we obtain
t=2 2 t
[l e (M) |® < 21|47 2] ®

n t-1 t-2m
+2f|12j2 Ly 3¢ T (Pls,

(=1 10 2 ]u)(Pis/r,t]qszm)lz

,t
(with ¢ es in Prop.4.2.4(1))

< 2a(t) + 2{€a(‘t)+K(e)a1';_1 (0)} by Prop.4.2.4(1)
with p=0
which establishes (2) by choosing &=1.
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Now Jp, &, (7). ¢ = [1p, 2" 116V P (67 . (€9 0]

t2m

> -cfl¢ 2mu)il¢t6tu]

W

Lol £]65%me (67M0)|2 + ] 87 ¢,u]?]

.
v

~elka(t) +Xa!  (0)+a(t)] (by (2))

v

-Kcia(t)+a (0)}

-1 .m~-
> -Kee'a(m) -Ke(1+ €' )" 1a(o)--(by Prop.4.0.2(1) with

- KCa (O) €=0, =0, N=m)

A\

~ea(m) - K(e)c"a(0) - Kea} , (0) (with e'= (Kc)-1 €)

which gives (1). O

Proposition 4.2.6

fe_(6*™).¢u > fu(n) - Ka!_,(0) (1)
Proof’:
re (¢¥™).en = [1¢Te (¢%M) 1. (6" ]
RICRRI T 1 e, el 1] ]

(where the summed term is read as the appropriate

vector if m is odd, and E is treated accordingly)

n m—1

el - 11F (2 L2 397, DGO IEER

v

(with E now as in Prop.4.2.4(1))

WV

1 . n m-“l -
a(m) - I;flque’mulz - Kfli“ jiz;-‘l rio zc:, ¢ m(P[Sr,m]u)(p‘:s/r,m](115 )l‘

A\

a(m) - (1/4)a(m) - K{ea(m) + K(e)a[;l_,‘ (0)}  (by Prop.k.2.4(1
-1 with p=0, t=mn
which implies (1) by choosing €= (1/u)x . O

Lemma 4.3 If lpt¢2(m-t)

| €c with ¢2 1, for 1<t<m-1, and pm:1’

then [|¢ ¢ ul? <K B 5. €, (¢°™) . ¢u + Kf(¢2(m"1)+ " Ju? (1)
m t=1' Pt Tt
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Proof':
m-1

rg Jp, ¢ (¢2mu) tu= [¢ (¢2mu) tus+ L [p < (¢2mu) 2u
t=1 tt * t m * m t=1 tt ¢ t

v

.%a(m)f-Kax;q (0) - (by Prop.%.2.6(1))
m=1
- t§1{ea(m)+K(e)cma(o)+Kca}c_1 (0)}  (by Prop.k.2.5(1))

v

L= (n-1)ela(n) - Ka' (0) - K(e)c"a(0) - Kcax;l_z(O)

because a} , O©)=71+ <l>)2(t-'1 )u2 s f(1+ ¢)2(m-2)u2= aé_z(O) for1<st<m-1,

and the sum is then independent of t.

Choosing e= (1/4)(m-1)"" gives us:
m -
E p 6 (#0063 L Peul® - ki 10+ 92 L o P 2) 2

2(m- - 2(m~1
which implies (1) since c(1+ ¢) (n-2) <ke™ 4 K(1 4 @) (m )’ and

(14 920 ¢

SK(1+ ¢ (m-1)) ard ¢c21. O

Lemma kb If |pd°

(m=t), ¢ ¢ with c> 1, for 1< t<m-1, then
- 2 2

e 1‘%11(¢u)l2 < K™ (Tu)? + KS(6" 4 o™= g Ju? (1)
Proof': With pm= 1:

f1¢" e (g)]?

N

Kflqué u|2 + Kf(1+ ¢)2(m-1)u2 (by Lemma 4.2(1): p=0, t=m)
m.

N

Ktr§1 fptét(q)Zmu).@tu + KJ [¢2(m-1 ) + cm+ (1+ ¢)2(m_1)]u2
(by Lemna 4.3(1))

< Kf¢>2muTu - Kfq¢2mu2 + (by Lemma 3.9(1))

+ Kf [¢2(m-1 ) +c®Ju® (as in Lemma 4.3)

Kf¢2m('1‘u)2 + KI[¢2m+ ¢2(m-1 ) + cm_ q¢2m]u2

A

2(m=1 . 2m
vhich implies (1) since ¢ (m )Sh(1 +¢ ) and c21.0

This is the desired inequality which we referred to at the beginning
of the chapter and which we shall use in the next chapter. If we put m=2
in Lemma 4.4(1) we obtain Lemnma I.4.5(1):

F(672 ()2 < K[ (Tu)? + K[[¢* +c® - q¢* Ju®.
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As in Part I, the further assumption that pt><3 allows modification
of Lemma 4.4(1) (after first modifying Proposition 4.2.5(1)). However, to
obtain a reasonable gene;alisation of Lemma I.4.6 to the case in which
m>2, the condition on Py has to be slightly stronger, i.e. either ptEEO
or p, has a strictly positive lower bound, on supp¢ . We shall state the
condition generally for 1< t<m-1, although it obviously may be relaxed

for t=1 to p1? 0 as in Part I.

<
£ SPeS %

Proposition L.L.7 If, for 1€t<m-1, either Pt 0 or ktc

for some O<kts1, then

12,6 (%) ¢ > 310,20 gl ks (1 $2 e (1)

Proof: The proof is similar to that of Prop.L.2.6 where p,= cé= 1.

= . v . . s ] R
If p, =0, then (1) is trivial, so we consider ktct P, S cp

We shall write %(...) for the summed term which will be the same

throughout.
2m _ -m 2m m
m n i 2m m
= z Z 1oL
fpt[¢ gu+ X .531 L ¢ (P[S rt ]u)(P[§%,t]¢ Jog ¢

(where the summed term is a vector if t is odd,

and § is treated accordingly, as in Prop.4.2.6)

N\

fp, | ¢"¢ul? - AP ORI ERAY

(with % now as in Prop.4.2.4(1))

v

fp f¢"¢.ul® - o l¢menl? - Kip |3 1P
> ifpt[¢m€tu|2 - Kc%f]%(.
> 21p|¢M¢,ul® - Kellea, (8 +x(e)ay y  4(0)]

(by Prop.k.2.4"(1) with p=mn-1t)

= [(fp, - Kepe) ¢l - k(e)ope2 P (14 )P
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Choosing €= (1/L¢.)kt}{-1’ we have AKC%E"—' (1/L+)ktc“cs (1/1*)1’1;’ and so
2m _ _
Ipey (@ u). b > Hpgleeul® - Kf°{¢2(m (14 )2 (012

. . Yo=1
|$ = R
which implies (1) as ci k, P, Kpt O

Lemma 4.5 If, for 1€t<m=-1, either ptEO or kth'CSPtSC% for some

O<kts 1, and P.= 1, then
m m
2(m-t), .t 2m
)X 2 »

t211P? [$7¢pul® < K2 € (67 0) Gu +

m
¢ K2 Tp, 2P (14 )20y (1)

t=1""t

Proof: Prop.k.4.7(1) gives us (for 1 €t<m=-1):

%fpt¢2(m—t)|¢tet“lz < fptat(¢2m“)'€%u + KIPt¢2(m't)(1+ $)2(t1) 2 (2)

Prop.4.2.6(1) gives us (2) with t=m. Therefore summing (2) for

1< t<m establishes (1). O

. <€ < - 2 = 'S < 1
Lemma 4.6: If, for 1$t<m-1, either p, O or kiep<p <cy for some
O<kts1, and pm=1, then

m
- .; 2
L 2 g < K¢ (@) + (1)

K ST ¢ p PP (1 2 e

Proof':

m n - -
o 2 el 2n-t) (44 )2

m
2m R -
¢ D
KeZyfop &y (7 u) dn + Bl Ipe#

N

(by Lemma 4.5(1))

Kf¢2muTu - Kfq¢2mu2 + {(by Lemma 3.9(1))
m
. Kt§1fpt¢2(m—t)(1+ ¢)2(t-1)u3
K[ ¢7™(Tu)? +

m-1 _ -
+ Kt§1f[1 P pt¢2(m t>(1 + ¢)2(t 1 q¢2m]u2

N

. 2(m-1
as the term in the sum which is dependent on 1t is, for t=m, (1+ ¢) ( ),

and (1+-¢)2(m’1)s1<(1+ ¢2m). Thus (1) is established. O
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This is the desired generalisation of Lemma I.4.6 to the case m2> 2.
Putting m= 2 in Lemma 4.6 and using the relaxed condition on Pys the right-~
hand side of the inequality becomes the same as the right-hand side of
Lemma I.4.6(1). The difference in the left-hand sides is that where we had
f(¢V?(¢u))® we now have [(¢?V?u)?; however, it is clear from Lemmas k.1(1)
and 4.2(1) (with p=0 and t=m= 2) that this makes no difference, because
the additional term (/(4 + ¢)2u®) is bounded by terms which are already

present on the right-hand side of the inequality (f(1+ ¢*)u®).

The term p¢® in the right-hand side of Lemma I.4.6(1) (which replaces

the term ¢® in Lemma I.4.4(1), where c¢ is the bound on p¢®) might suggest
2(m-t
2(-t)

here (replacing the term cm in

¢2(m—t))

that we should have a term Py

Lemme 4.4(1), where c is the bound on p instead of having the
t

term pt¢2(m-t)(1+ ¢)2(t-1)

, which is clearly the same for t=1, This was
not found to be possible, nor even desirable, as the inequality as it
stands is sufficient to obtain the generalisation of Corollary I.5.6.1

to the case m2 2.
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CHAPTER 5

In this chapter, we shall generalise Theorems I.5.4 and I.5.6 to

the case m2 2,

As in Part I, we shall consider f(u'l‘gv - vT’c")u) for real-valued
functions u and ve @(Tg), because we have the result that, given To is
symmetric (Lemma 1.1) and with L = (u, Tgv)— (Tzu,v), T, is e.s.a. iff
L= 0 for any pair of real-valued functions u and ve J(T‘g). (See Chapter

I1.5.)

The theorem proceeds along similar lines to that in Part I, beginning
with an application of Green's Theorem. e shall first derive identities
for the terms appearing in (uT:v— vT"(;u) in order to do this. (Note that

T*u= Tu with ue 2(T*).)
o] (o]

Many of the formulas with which we shall be dealing have terms which
are symmetric (or antisymmetric) in u and v. The writing of +uev (or =-uev)
after a term indicates that a similar term with u and v interchanged is to

be added (or subtracted).

Proposition 5.1 For t>0:

t-1
- OV = N £ - -
u(ezt(pzteztv)) uev r20v°[(e2ru)(62(t-r)~1(p2t ptV)) - uev

- (€2r+1u)(€2(t_r_1)(P2t€2tV))+uev] (1)

u(e )) - e =

L
2t+1'(P2t+1 241"
£=1
= . £ - -
I’E v.[(éer)<€2(t"r)"1(v (P2t+1 2.t+1v))) uev

- (¢ v)))+uev] +

2r+1u)(€2(t—r—1)(V'(p2t+1b2t+1
+ Vo, (6 0)(6,, V) -uov)) (2)

[(We may in fact put t=0 in (2), in which case the summed term

is teken as O.]
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: j f 3 :
Proof: Consider (&Zru)(éz(t_r)w) or O<r<t

(62ru)(€2(t-r)w) - (leu)(V°€2(t-I‘)’1 ")

V°((Czr“)(€2(t-r)—1w))' (vleu)'(€2(t-r)-1w)

V. (8, 0) (4 (4 pyq™)) - (o) (Vo rgy™

V'((€2ru)(€2(t-r)-1w))- v'((€2r+1u)(€2(t-r-1)w))+

+ (V'€2r+1u)(82(t-r—1 )w)

v'((leu)(eé(t-r)—1w))- v'((€2r+1u)(€2(t-r—1)w))+

+ (6 (241) D (& (gmpt) ™

Summing for O<r<€t-1 and cancelling terms which appear on both sides:

£-1
u(eyem) = 0000600 (s 1y g = (Gpp )Gy (gpmgym ]+ (gl (3)

We put w= p2t62tv in (3) and then subtract uev. The unsummed term on
the right-hand side of (3) is now the same for uev and therefore cancels.
Thus (1) is established.

7 = £ 3 . 1 1 tl 3 -

Ve now put w V.(p2t+1 2t+1v) in (3). The unsummed term on the right

hand side of (3) then becomes:

(¢

= v.((¢ ¢ - (Ve ,u). e
20V (g 1250 4v) = V() (g g G g V) (765 (Ppg 1 S100")

= VulPyy g (6py2) (g 7)) = Py g (Bpy g 0) e (£ yv) (&)

If we now subtract uev from (3) and note that the second term on the
right-hand side of (4) cancels, we establish (2). (Note that €2t\7.= &2t+1')
Putting t=0 in (3) and taking the suumed term as 0, we have the
trivial identity: uw= uw. Therefore, still with w= V.(p2t+1€2t+1v) and
now also with t=0, it is clear from (4) (with t=0) that (2) holds in

the case t=0 where the summed term is taken as 0. O
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The effect of the application of Green's Theorem in the theorem will
be to replace the initial V in Proposition 5.1(1) and (2) by a particular
vector-valued function ggx) having real-valued components nj(x), as in
Part I. Again, we prepare for the theorem by deriving bounds for the
integrals that will arise. These bounds will be either other integrals
for which we already have bounds in terms of which we wish to state the
theorenm (e.g. ¥(m)= fl¢m-1€m(¢u)12 and see Lemma L.4(1)) or ones readily

convertible to such terms (e.g. caflt)= cf]¢t€tu]2 for 1<t<m-1).

As in Chapter L4, we give these preliminary results as propositions,
in which we continue to assume that u (and now also v)e:@(Tz), $e D, with
u, v and ¢ real-valued, ¢$2 0, and the first m derivatives of ¢ are bounded
by K. We further assume thet n and the first m derivatives of its

components are bounded by K.

The notation introduced in Chapter 2 was adequate when we were
considering products of two functions, but as we shall be considering

products of three functions it needs slight amendment.

For particular t and r (with O< t<im, O<r<t) define

_ —f - . . . . . ' = s w— Tt .
I= I (4er-1) " (3123103030 +++»dgpoqr dgapogbs 912 IV L) and 7= 3 U L5 1.

Define S+N= §s1,32,...,sy§CIJ for 0s pu<2{(t-r-1),

= = < < -
s_K_.{o1,a2,,,,,oK] J/S+2(t-r-1)-K for O0s ks 2(t-r-1),

= S US for 0« ks 2(t-r=1).
O RLACWELE r 0% e e 2t

(i.e. for some ordering of the elements o J, S+N contains the first u
elements, S_K contzins the last « elements, and %(u+x) contains the rest.)
with J replaced by J' or J", and 2(t-r-1) replaced by 2(t-r)-1 or

2(t-r) (i.e. the number of elements in J, J', J"), ve obtain definitions

1 " n d .
of Sip, S!, and §(H+K) or of S+u, S, an K i)
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When S, = {s,,5,,...,8,} ve define P[S,] as the partial differentiel

operator 4 9 ...d .
%%

With S, = X " <ot v) < pt<
10 5,= 5k) O Hpuar) O Hpugw) 7 heve A<2(t-r)<2t<m, and

so ]P[SA]n‘jl € XK, because the derivatives of n.j are bounded. ()

Also, because the derivatives of ¢ are bounded, with O< p+ k<€ 2(t-r-1):

¢2(‘t-r-1 )=(2m=1 )-ul P[S_K]¢2m—1 | K¢2(‘t-r—1 )=(2m-1)-u D) 2m=1-1

OSLSK¢

A

: ¢2(t—-r-1 )=(u+t)

€ Koodey

< k(14 ¢)2(t—r-—1)-u

< K(1+ g2 (t-r=1)-1) (+)
because 2(t-r=-1)- (u+t) 2 2(t~r=-1)-(u+x) 2 0
Similarly g2 (t-r)-1-(2m1 )f“IP[s_[K]¢2m"1. ex(1 4 G2LET)1H (+1)

for 0 u+ k< 2(t-r)-1,
and ¢20E)= =)k prgn 16201 (14 2TV por 0 e ke 2(en). (4Y)

Ve shall use these results without further reference in the

proposition below.

Proposition 5.2 If 0<t<im in (1) and (2) and 0<t<4m in (3) and (&),

Osrst-1, and O0s p<K, then .
! P gRtamepy, (¢°™ 1n ¢, W) < ila (2t) + o] o] (1)
| 524 52 (t-r-1) 2t-14p
n
2t-2m+p 2m=1 . )
fl2 ¢ Cy(gopr)(F T myaLy W7 < Kle(28) agy (0 0l (2
n n
o 2t+1=2m+p 2m=1 5 2 ¢
Il s 1 ® % 5o(s- o) (8 056 0]
< Kla (2‘C+1>+c12,C p( (3
n i
2t+1-2n+p 2m=1 -
2. L. u £
fljozﬂ j§1 ¢ aé2(t—r- )(¢ nb 5, er )|

<F [a (2¢41) + (O)] ()
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Proof': (Compare with the proof of Prop.k.2.k4 and Prop.4.0.3.)
We shall prove the results for p=0.
In the proof §, denotes the sum over any j. eJ' from 1 to n in the

formulg. Similarly for Z denotes the sum over y in the given range.

Jn’ w

é denotes the sum over combinations as before, X denotes the sum over A
in the given range.
The left-hand side of (1) is equal to

3053 ¢2t“2m(P[s;u]€ W) (IS ,, o (P52 1675712 <

¢2r+u(P[S;u]&2ru)¢2(t—r)-1-(2m—1 )-u(P[SLK]¢2m—1 |2

)
]
[
LcM
(ne]

A

KIlg § 3 G TP st 1, )2

‘ 2

s

2(t=r)~1=-p, 2
K 3§ f g I1(e EET0, r*“g1...%e“_A62ru

(where O p<2(t-r)=1, A= pu(mod 2) and 0< A< min(y,2(t-r)-u))

KEz 5ﬁ2(t_r)_1_u(}\,r+%(u-?\))+ﬁ(7~,r+%(u-7\))§ (similar to Prop.4.2.L4)

1A

(we may ignore the 8 term as in Prop.4.2.4 because

(1+ ¢)/J-2(‘b-r) s(1+ ¢)-1 for the given range of u)

A

X EI {;32(t"r)"1"u(o’r+—12_u) + ﬂZ(t—r)—‘l _“(1 ’r+12_( p=1 )) +

+ aZp By (pep)at-ptsTra(s-r)]

(0)13

[ea(2t) + K(€)a!

N

L
I’M{2a

_y(2r+u) + A>2

2(t~-r)-1 2t-1

(by Prop.4.0.2'(2) with N=2t, since 2r+p+A-1 € 2r+min(2u,2(t-r))-1 <
€ 2t-1; so the sum is independent of A; also 2r+u <2t so we may
apply Prop.4.0.2'(4) with N=2t)

(0)}

A

K & sa(2t)+}<(e)a2t ]

which implies (1) by choosing €= 1, since the sum is now independent of u.
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The left-hand side of (2) is equal to

2t-2m 2m-1yj2 o
3§ 5700, Jag, w)(Pls ) Do) (Pls_ )¢ R

K

/A

KJ‘I§, ﬁ Eé <¢)21"4-1+u(-P[S.HJ]ajé,lzru)¢2(1:-1’-1)—-(2m-‘l)-u(p[s-x]q)Zrn—1)i;;

N

2(t~r=1)-uy 2
K13, 32 (1ed (t-r=1)-uy, r+1+u(p[s+u]aj€2ru)|2

2(t=r-1)=-py ,2r+1
X 5' ﬁﬁ fl(1+¢ r ) “)¢ '+ +uas1"°%a‘j€#-)\62r

N

u|?

(where O p<2(t-r-1), A=p(mod 2) and O< A< min(u,2(t-r-1)-u))

F/a)

K & F 8 (gopon ) O 1o meE(6m2)) + 8O ez (0-1))

(and ignoring the § term as above because (1+ ¢)u-—2(t—r)+1 s(1+ ¢)-1)

)

K ﬁ 5‘82(1;_1._1 )-IJ(1 ’r+—12—“) + )\-g’] ’32(t-r-1 )_u(A‘+1 ’r+712(u")")) ;
=K NZI iaz(t_r_1 )_u(2r+#+1 ) + )\51 52(13"1‘-1 )_u()\v+1 ,r+1§(#")\>) }

(with N=2t, we again apply Prop.4.0.2'(41) as 2r+u+1 <2t, and

Prop.4.0.2'(2) since 2r+usr+2-1 < 2r+min(2u,2(t-r-1))+1 < 2t=1)

N

'
X ﬁ {e:o.(?_‘t:)+K(e:)a‘?t_1 (0)} (as abeve)
which implies (2) by choosing €=1, as above.

The left-hand side of (3) is equal to

£33 ¢2‘t+1-Em(p[S:u]€2ru)(P[/}('u+K) ]nj)(P[sv_l-K]qb?m—A)‘z <

N

~ 2 2(t-r)-(2m~1)- . 1.2m=1
K[]3, & § ¢ (Rt o, ) (tx)=(2m=1)-k(prgn 16752

A

KJ.!Z" EI é (1 +¢2(t-r)_”)¢2r+#(P[S:ulf’zru)Iz

u|?

N

2(t-r)-u, 2r+u
K g3 110 EETHE 6 e

(vhere O< pu<2(t-r), A=p(mod 2) and 0< A< min(u,2(t-r+1)-p))

A

. §I k iﬁ2(*':-r)-.u(/\’r‘*%(“')‘)) + 30, rai(u-A))}

—2(t~r)-1 -1
(we ignore the g term as above because (1 +¢)Il (t-r) s(1+9¢) )
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As when dealing with (1), we split the sum into A=0, A=1, A2 2, and now
with N= 2t + 1 we apply Prop.4.0.2'(1) since here 2r+ u<2t+1, and we

apply Prop...0.2'(2) since here 2r+ 4+ A= 1€ 2r+ min(2p,2(t-r41)) -1 <2+ 1.

Thus we obtain
b Llu-A < 1
K § } (8, (pup)- plPors3(a-A))] < K lea(2841) 4 K(e)ay, (0)]
which implies (3) by choosing €=1, as above.

The left-hand side of (4) is equal to

N5 % ¢

K/|

2t+1-2m

N

, \ . 2m-1y 2
(P{S+u]%%52ru)(P[s(u+K)]?%)(P[S-K]¢ )|

A
o

2r+1+ . 2(t-r)-1-(2m=1)-u , 1,.2m-1
Lo t¢ (P[s+“]q%€2ru)¢ (Pls! do™ )|?

N

X613 §

2(t=r)=1-py 2r+i+u |2
) vee0 0. £ 7
K5 fi % G | )¢ as1 %\Jo p=A 2r)|

4\

(14 ¢2(t-r)-1-#)¢2r+1 +u(P[Slu]%°€21‘u)|2

N

(where Os p<2{(t-r)-1, A=yu(mod 2) and O< A< min(p,2(t-r)-u))

N

K ))'31 E i'BZ(t-r)-‘l-y()\"H ,ras(p=A)) + (At ,res(p-A))}
(we ignore the 3 term as above because (1 + ¢)#-(t-r)s (1 +¢)-1)

As when dealing with (2), we split the sum into A=0, A21 (i.e. A+ 1=1,
A+1322), and now with N=2t+ 1 we apply Prop.4.0.2'(1) since here

2r+ p+ 1<2t+1, and we apply Prov.4.0.2'(2) since here

o2r+ H+A+2-1<2r+ min(2u,2(t-r)) + 1€ 2t+ 1. Thus we obtain

(=)} < t (0
K3 i,az(t_r)_““()\n,rh(u N} < kG lea(2t41) + 1)y, (0)}
which implies (4) by choosing €=1, as above.

Thus the inequalities (1)-(4) are all established, U

. t [}
As with Prop.L.2.4(1), we may replace a2t_1+p(0) and a2t+p(0) by

(0) and al (0) respectively in Prop.5.2.

"
®2t-1,p 2t,p
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Proposition 5.2"

Prop.5.2(1) and (2) hold when we replace a,, , p(O) by oy, p(o) (1,2)
Prop.5.2(3) and (4) hold when we replace aj, p(o) by oy, p(o) (3,4)

Proof: See the note preceding Prop.4.2.4". O

To make the forthcoming proof's less cumbersome, we define

A (t,r)= IB'¢2m-1[(62r“)<€2(t -1 Pagf "] por o< e dm
Ar(t,r)= IE'¢2m-1[(62r 1) (o4 poq ) (Poy b)) ad s ret
B'(t,r)= .9 1[(6 Pyt TP Goe ) for o<t < tm
B"(t,r)= LQ'¢2m-1((eér+1u)(62(t—r-1)(v'(P2t+162t+1v)))] wd feret
end C(t)= fg.¢2m-1[p2t+1(€2tu)(€2t+1v)] for 0<t<3m

The integrals involved here clearly have a very close connection with the

terms in the identities given in Proposition 5.1.

We also put ¢ =1 and o =c (1<t<n), where |p,¢ g2 (m- t)|< with ¢, > 1.
Proposition 5.3 If A= A' or A", and B = B' or B", then
|a(t,r)| < Ke,, [a(2t,u) + a)y, ,(0,u) 4 a(2t,v)] (1), (1)
|B(t,r)| < Kc2t JLa(2t+1,0) + 2} (O, u) + a(2t+1,v)] (2'), (2"
and |C(t)| < Kc2t+1[a(2t,u)+-a(2t+1,V)] (3)
Proof :
[A'(t,r)| = Ifg.¢2m'1(€2rU)(€2(t_r)_1(pZtéztv))I
= If[ez(t-r) (¢ 0, W) e 8]
= 102 22t mag oy e )1, PN )
<12 ¢2(t ag 5o (tmr-1 )(¢2m IR g (20} | g2 24Vl

N

2(t- m) 2m-1 i
2tfl : ¢ %) (4or- 1)(¢ njéZru)|'¢ 62tvl
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(Jar(t,r)])s Kczt[I] 3 ¢2(t ) e 2m-~1

2t 2
3 2 (t-r= )(¢ “jezru)lz*'f|¢ R

< Kth[a(zt u)w?_,c 1(o,u)+a(2t,v)] (by Prop.5.2(1) with p=0)
which establishes (1').

2m-1

|a"(t,r)| = |/n.¢

H

(62r+1u)(£2(t-r-1)(pZteZtv))l

n
= lr[.z1eé(t DN Cal PO EHERA]
< fl 2(t-m) 4 (e r_1)(¢2m-1nj%f u)||P2t 2(m 2t)ll¢ |
< zt[fl RS NN S LR ER

A

[a(2t u)+a2t 1(o,u)+a(2t,v)] (by Prop.5.2(2) with p=0)

which establishes (1").

|B*(t,r)|

| /a4 1(6 P (8 2(t-r)-1 (V-(p2t+1€2t+1V)))l

2m-1
= Ifj 1[351 %0%62(t-r—1)(¢ " n;b ”)][pzt 13, 2tv]l

2t+1-2m 2m-1

o O o

n - -
z ¢ 2(m-2t-1)

J’l jo=1 J=1

N

% 52 (ter- 1) (870G WPy 49 |

2t+1
x 1977 gV

n 5
2t+1-2m 2m-1 2

5 9, 0L n.t, u

3= i ® o 9 2(t-r-1)(¢ J )E+

2t+1

Kooy, 1[f|

N

+I[¢7T ey 1P

N

Keoy, 1[a(2t+ yu) + @) (o u)+ a(2t+1,v)] (by Prop.5.2(3) with
p=0)
which establishes (2').

[B%(t, )| 2m-1

| In.¢

n

L

l =1-J = j€2(t-r-1

42r+1“)(62(t-r-1)(V'(P2t+1é2t+1v)))]
2m~-1

b"d

(6

. u 0L v
n % or )][P?t'1j ot J

ffz(t-r-1)(¢

A

. o . 2(m-2t-1)
158 55¢ % % Crt) 2o 49 | %

2t+1
2t+1

o"}ﬂs o

x |¢

v
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n n
2t+1-2m 2m-
B r » % 9L £ 2
([B"(+,7)] )¢ Key, 1U|J R 1¢ o (tr-1) (¥ .)OJO 21"+
2t 2
18T G017

< Keyy 1[a(2t+1 u)+a (o u) + a(2t+1,v)]  (by Prop.5.2(4) with
p=0)

which establishes (2")

lc(t)]

i

2m-1
FER R SN O A

2(m=2t~1 )][¢2t€ u] [¢2t+1 62++1v]|

I"‘B'[p2‘t+1¢

2t

2t 2t+1 2
K02t+1tfl¢ 621: I fl¢ 2t+1VI ]

/A

Keoy la(2t,u) + a(2t+1,v) ]

N

which establishes (3). O

We shall now introduce the 'bands' in which conditions on the

coefficient functions Py and q will be more precise.

In fact, the sequence iAv} described in Chapter 1.5 will suffice, with
slight modification. For each v, we now require Qv to be such that hva c®
(instead of h ¢ €*) if h <8 for some 8 >0, where hv(x)= dist(x,Qv).

We again define E(x) to be the outward normal to the surface Sk’ SO we

have lg]= 1. e now suppose that the sequence {Auf is such that the first

m derivatives of the components of n are bounded by K (instead of lV.EIS.K)
(We might have expected to require that only the first m- 1 derivatives be
bounded. This is insufficient only for the estatlishing of Prop.5.2(3) and
hence of Prop.5.3(2'), i.e. the bound on B'. The corresponding term in the
case m=2 is 0, and hence the requirement is weaker in that case. That the
corresponding term is O becomes apparent when we see that the need for a
bound on B' comes from the occurrence of the first summed term in Prop.5.1(2);
when m= 2, the identity corresponding to Prop.5.1(2) is obtained by puttins

t=0 there, in which case the summed term is taken as O,)
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Theorem 5.4  Suppose that conditions &(i)-2(v) are satisfied, and
that we have a sequence {Avf as described above. Let ¢ C?""(Av)
with the first.m derivatives of 6 bounded by K. If u and ve Q(Tg)
with u and v real-valued and J'Q (uT‘Sv- ngu) + L # 0 (we may
assume that L >0), and if ’

(a) IPtGZ(m-t)l

(®) 00*> -0(n,),

scfor1<t<m=-1 with ¢21, and

then, for v suff.ciently large,

d_ r
Lf Y 6* (0, )an, < k| 10T e Qllu® e v? e (T0)7 4 (1) lax (1)
o A

Proof': As in Theorem I.5.4 we may assume that u and ve 2.
With pm=1 and Py=q, We have

Ivk(u'l"‘o‘v— ngu)dx = ,ka tl__go(-‘l )t(uét.(ptdtv) - vét.(ptétu))
nev] -

IVk[O<Es%m£ue2t(p2t€?tv)-

fue v) - uevi]

. )
2441 (P41 otat
-1

ﬁﬁf°{[0<§sgm rEOi(leu)(€2(t-r)—1(p2t€2tv))-

-3y
Ost<zm

= (L) (4 pq) (Poy v -
-1
" o<tin rEO{(leu)(eZ(t-r)-1(V'(p2t+1€2t+1v)))"
- (62r+1u)(€2(t—r-1)(v'(p2t+1£2t+1v)))} B

- el 2 ¢ -
o<t <tnlPats (Coe) 24 7) ] - weviax

(by Prop.5.1(1) and (2))

B.I...}dS (2)

(i.e. n. replaces the initial V. in the formula) by an application of

Green's Theorem.
%e shall use Prop.4.0.2, Lemma 4.1, Lemma 4.4 and Prop.5.3, all of

m
which though stated and proved for ¢e 9 still hold for 9£:CO’+(AV).
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Now for v sufficiently large:

3L < Iy (uTgv-vT’;u)dx, where V, CQ .
k
Therefore %L92m-1 (hv) < g1 ‘(S n.f...las, by (2).
k

d
Theref ore 1§L/ v g2n- (hah S/ 92m-1g.{...}dx
o A

= iO<t<1m re o[A (t,738) - 4% (t,7;0) ] -
£

0<‘Zc:<—m r= O[B (t,r;6)-B"(t,r;0)] -

ock<tn C(t;6)} - uev (3)

Kela(2t,u) +a!, . (0,u)] +
t-1

Z Kc[a(2t+1 u)+a (O u)l) +

2t-1

o<t<1(m W) r

+ Ka(m,u)} + uev (by Prop.5.3)

<{Ka(m,u) + K a(t,u) + Ke (0,u)} + uev

0< ‘t<m O<th t 1

(because the sum is independent of r)
s{Ka(m,u) + Ke [ea(m,u) +K(1+ 5-1 )m—1 a(0,u) 1+

+ Kcar;l_z(o,u) ] + uev

(by Prop.4.0.2(1) with C=0, p=0, N=m
and as aj (O)\a (o) for 1<tsm-1,
the sum now being independent of t)

<fKa(m,u) + K"a(0,u) + Ko™ a(0,u) + Ko' . (0,u)} + uev

. -1 .
(by choosing €= ¢ ', and because, as in

Lemma 4.3, cax;l_z(O) < K[cm-1a(0) + ar;l_1(0) )]
<{x¥(m,u) + Kozr;]m1 (0,u) + Kcma(o,u) 1+ uov

(by Lemma 4.1(1) with t=m, p=0, and as c2 1)
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(%Lj:” g2m1 (h )an )< (K70%™(Tu)? + K[ [6°™ 4 ¢~ q6° 102 +
SRS 0020 PR ) ey
(by Lemna 4.4(1))
< [K/62P(Tu)? + K[ [6%% 4 ™4 QJu?] + uev

2(m-1) < K(1+ 62m) and c2 1,

(because (1+86)
and -qezms Q)

which implies (1). O

The remarks following Theorem I.5.4 apply aqually well here, i.e. with
. t
6(i) p € C’, for 1<t<sm~1, and 6(ii) qe Lioc’ the other conditions need

hold only in A end %(Tg) is as large as possible.

Also the requirement on the derivatives of n is unnecessary in the
1-dimensional case, and is easily satisfied in the case where the Qv are

n-dimensional spheres centred at the origin, as in Part I.

The corollary following Theorem I.5.4 needs only slight amendment to

. give the corollary here:

Corollary 5.L4.1  Suppose that conditions 6(1)-6&(v) are satisfied

and that we have a sequence {Av; as in Theorem 5.4, with
(a) lim inf | 4 >0.
Let B = {x: 8<h (x)<d, - 8} for some §>0 with d - 28>0,
for all v. For each v, assume that we have a function
My+/,+Y (s _ .
8,eC.’ (Av) (i.e. we allow supp® = Av)’ with
(b) ]ei‘)l <K, for Ost <m;
2(m-t) .
(e) |28, | €K, for 1$t<m~1;
2n .
(d) ¢80}~ > -K;

where K is independent of v.
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)78 ot : : e
If (e) 12;[ o, (r)dr is a divergent infinite series, then
5

L=0 and so To is e.s.a.
Proof': (e) ir;lplies the existence of the bands Bv‘
Let ¢ ,eC?*(A)) with 0<y <1, ¢ (r)=1 if 8<r<d -8, and the
first m derivatives of d/v bounded, the bound depending only on 9.
Let 6 =¢ © . Then svec’;"“(Av).
(b) implies that }Bil)l <K, for Ot <m; in particular, BvsK.
(c¢) implies that ‘ptei(m-t)l <K, for 1<t<m~-1, so we take ¢=K in

Theorem 5.4.

. . 2
(d) implies that qumz -K, so we take Q(hv)=K in Theorem 5.k.
A -6 rd
Assume that L> 0. Then L/ v 8§m-1(r)dr < Lj/ v eim-1(r)dr,
) o}

and so, by Theorem 5.4(1):
d,-8 o [
Lf 02" (r)ar < Kj [u2 4+ v2 + (Tu)? + (Tv)? Jax.
b A
This is valid if v is sufficiently large, say for all v2 I, Summing over

v> N gives a finite right-hand side, which contradicts (e).

Therefore L=0 and so To is e.z.a. O

Putting m= 2 gives Corollary I.5.4.1 and the example we give below

gives, with m=2, the example illustrating Corollary I.5.4.1.

Example: In Corol.5.4.1, take A = {x: 2vms x| < (2v+1)7d.
Then d =7, so take 8= /L4, and (a) is satisfied.
Take Gv(hv(x))= (2vmr+ hv(x))-1/(2m-1)= lxi-1/(2m_1). Then (b) is satisfied.
In A, take [ptl Slelz(m-t)/(zm-”, with p, also satisfying 2(i) and s(iv),
for 1<t<m-1. Then (c) is satisfied.

. { , - ¥, .
Take q=K|x|Xsin|x| or g= Kmin(-]x[zm/(zm 1),]x| sin|x|) for any ¥ with q
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|2m/(2m—1) in

setisfying ¢(ii)-e¢(v). Then, since q2 -K|x A, (@) is

satisfied.
37/, L

Since // (2vmr+ )" 'ar=1og[(8v+ 3)/(Bv+1)], (e) is satisfied, and
/4

s0 'I‘0 is e.s.a. O

As in Chapter L we now assume further that p, 2 O, which allows
% ’

modification of Theorem 5.4. We first modify Proposition 5.3.

We assume that p = cr;l= , and, for 1<t<m, that k, c! 5P S c' for

some O<kt51. (If for some 1<t<m=~1 we have pt=—=0 we may take c%= 0,

but the results are then trivial anyway.)

Proposition 5.5 If A = A' or A", and B = B' or B", then
2(m-2t)[l¢2t

|a(t,0)] < Kfp,, ¢ e,ul?« |5, vi2] +

¢ Kipy 0228 (14 )23y (17, (1)
‘ ~2t- 2

[8(t, )] < Kipy, P2, ul2 e 1, v[?]
* KIP2t+1¢2(m-2t-1)(1*‘¢)2(2t)“2 (2'),(2")
and Ic(t)l < Kfp2t+1¢2(m-2t-1)[I¢2t€2tulz N l¢2t+1 621; ; la] (3)

Proof': We first establish

|a(t, r)l < Ke) [a (2‘t u) + i - 2t(O,u)-«- am-2t(2t’v)] (&)
|B(t,0)| s Kep, Loy oy g (Ptet,0) vy ot (O ey oy g (2641,7)] (5)

These are simple modifications of Prop.5.3(1) using Prop.5.2"(1) and (2)
with p=m=-2t, and of Prop.5.3(2) using Prop.5.2"(3) and (4) with
p=m- (2t + 1) respectively. Ve derive (4) for A= A" as an example.

2m- 1(

|a"(t,r)| = |[n.¢ (G g ) (o4 7))

2m=1

| /1 Z1 2(t-r-1)(¢

nj%ézru)]Pzt”étvl



(lA"(‘C r)|)< c« Il z ¢ ez(t-r-1)(¢)2m—1

0_1

m
njajezru) l lqb éztv]

2m=1

< Kczt[f| ¢ ez(t r—1)(¢ nj?fzr“)l2+ fi¢m€2tvlzl

< Ke (2t u)+ay, - 2‘I:(O,u)+ am-2t(2t’v)]

2t[

by Prop.5.2"(2) with p=m-2%, which establishes (&) for A= A".

Now, for 1< t<m:

oty (b20)= oy 4o al® <17 o, (") 9oyl (6)

end cial_y n4(0,u)= foy 2(0t)(; | 206D 2 17 FV (4 2D ()

Substituting both (6) and (7) in (4) and (5) establishes (1) and (2)

respectively.
c(8)] = 10" by 4 (440) (G54, ¥)]
< KIP2t+1¢2(m-2t'1)i¢2tfgtuli¢?t+1 peisV]
< KfP2t+1¢2(m-2t 1)[|¢2t6 ol | 2t+162t+1v|2

establishing (3). O

Agein the comparison between the move from Lemma 4.4(1) to Lemma &.6(1)

with that from Theorem 5.4(1) to Theorem 5.6(1) is very close.

Theorem 5.6  Suppose that conditions 5(i)-"(v) are satisfied, and
that we have a sequence {Avl as described above. Let 9802’+(Av)
with the first m derivatives of 6 bounded by K. If u and ve ZJ(T’S)

with u and v real-valued and [, (uTZv-ngu) > L #0 ( wve may
v
assume that L >0), and if, for 1st<m-1, we have in A

ke c' €p, < 01': for some O <k, < 1 independent of v,

then, for v sufficiently large,

-d m=-1r

"4y 2om-1 5 p2m, o g2(m=t) ) g 2(t-1)
Lj "6 (h,)ah <K, 1] (1467 +p, (1+0)

o - Av

- q62m] %

x [u? + v2 + (Tu)? + (Tv)® Jax (1)
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Proof: ‘e shall use Lemma 4.6 and Prop.5.5, both of which
though stated and proved for ¢&9 still hold for 6eCo (4 ).

From Theorem 5.4(3);
1 dv 2m‘-1 < { t£1 [ m
3L 6 (h )dh < O<§$%m r=O[A (t,r;6) - A"(t,r;60)] -
t-1
= o<ken 2o B'(£,750) - B (t,r;0) ] -

- 0 c(t;0)} - uev
t-1

< i0<‘§<—‘2-m rEOIQIPZt

)2 1
Ost<z

2

62(m—2t)le2te .

o

+ fp2t62(m-2t)(1+ 9)2(2t-1)u2] +
£-1

5
—oK[Ipztn6

g 2(m-2t-1)192t+1€
Ost<zm r=

2t41"
92(m-2t-1)(1*.6)2(2t)

+ ]2 +

2
+IPoy u?] +

+ Kfl@méhulzl + uov  (by Prop.5.5)
m
2(m—t) t 2
< 2
< {K.Z,fp, 0 |67¢,ul® +

m-1

4-Kt§1fpt62(m—t)(1+ 6)2(t_1)u2}

+ uey
(because the sum is independent of r)

< {Kf@zm(Tu)2 +

m-1
. Kt§1f[14_92m+_pt62(m-t)(1+ 6)2(t=1) _ 062" Ju?

i+
+ uev  (by Lemma 4.6(1))

which implies (1). O

Noting the relaxation of the condition on P, to p1? 0 in Av’ putting
m= 2 in the above result gives us Theorem I.5.6. The other remarks which

follow Lemma 4.6 and, as in Part I, those which followTheorem 5.4 apply

equally well here.
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Corollary 5.6.1 Suppose that conditions #(i)-6(v) are satisfied

and that we have a sequence EAV} as in Theorem 5.6, with
(2) lim inf a >0.
T ysc Ty

For each v, assume that in Av’

(v) p,=0 or k%dis pts}ld";, or
(b") p =0 or kjcdf){q[v"s ptsmi;qi’/", with «> n/(m=-t) >1,
for some O<k}cSK, for 1st<m-1; and
(¢) q2 -k,
with K, k and k"t independent of v,
Then L=0 and so To is e.s.a.
Proof': ptEO trivialises the calculations so we shall assume
that pt,é 0.

(a) implies the existence of &>0 with d,-28>0 as vooo,

For each v, let 6 e C2’+(Av) such that

AN 6v(r)
Gv(r) =0 if re [0,%8]
=r-3%8 if re [:;-a,‘gav-%s]
=4d -8 if re (3a,- £8,4a  + £8] ] Q)
=d -%8-r if re (28, + %8,a - £8] 3455 14 a%s

. 1
0 if re [dv- ga,dv]
So /=0 or 1, and th)z O for t>1, We have 0< @ <Kd , and also 4 >23,
so 1<kKd and 1<Ka°®,
v v
Assume that L >0 and alternative (b) hclds.
So p oz(m’t)m + ev)z(t’” < Kdidi(m-t)di(t-”: Kdim, for 1<t<m=-1.

t v
Also, from (c), -q912)m5kdim.
'rdv 2m-1 2m 2 2 )2 (T )2]d' \
By Theorem 5.6(1): Lj Gv (r)dr < Kdvj [u? +v® + (Tu)? + (Tv b (1)
o) A
v

(as the sum is now independent of 1)
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Now, still assuming that L >0, suppose that (b') holds.
From (c), |q| < g+ 2k, and (q+ k)2 0.

For 1<t<m-1, we have in A,

Ptei(m-t)“ . ev)Z(t-1)

N

Kdalql1/K62(m—1:)d2(t-1)

- K'qi1/l662m/l<e2(m—t-m/lc)d2t
v v v

< K(lqleim‘f/x(dim)(xﬂ )/ K

 Halo 4 el

where we have used the ineruality |a| |'b|K-1 selal“+K(e)|b]®, valid for k> 1.

2(m-t) 2(t-1 2m 2m 2m 2
So p, 0, (1+6) )-(q+k)9v < Kd)"+ 5[ q| 6" - (a4 k)63
< Kd§m+ T(q+ 2k)65m- (q+ k)@im
2m 2m 2nm
< K4 T+ kO - F(q+ k)0

N

2
(K"'k)dvm:
this inequality holding in Av.
By Theorem 5.6(1):
d m-1
v ,2m=-1 2n  .2m 2(m-t 2(t-1 2m 2m
A O B R R AL
v

x [u?+v?+ (Tu)? + (Tv)? Jax

< Kdimjr [u? +v2 4+ (Tu)? + (Tv)? lax (2)
Av

From (1) and (2), we see that if L >0 and either (b) or (b') holds

together with (a) and (c), then we have

d
Ld;2m/ v Oim-1(r)dr < K/ [u + v2 + (Tu)? + (Tv)? Jdx (3)
o] A
As v-oo, the right-hand side of (3)-O0.
rd /4, =58
-2m - -2 2m-1
However, 4d 2m (v g2m 1(r)dr > d mj (d -1+8-r)"ar
v J 14 4 _"_d ,1_5 v
o 24, +2

(2m) 12721 - 25/a )"

>0, as v->o,

This is a contradiction, so L=0 and To is e.s.a, O
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The example we give is a simple modification of that given after

Corollary I.5.6.1.

Example: In Corol.5.6.1, take A= {x: a, < | x| Sbv} vhere 0<a <b ,

with kdvs a, and bvs Kdv; say a = st and b = 52v+1 for some s>1.

2v 2v+i _ 2v+1

Sod =s""(s-1)x k_1av, and b = sV ¢ K(1-1/s)s =X(s 3211): Kd,,

and also (a) is satisfied.

In A, take p, such that either l«:%]xi2 sptSlelz, or
kélx]2|q|(m-t)/ms ptsK]xlziq[(m-t)/m, for some O<ki<K, for 1<t<m-1,
where q(x)= |xlxsin(ﬂlogslx] ), with p, end q satisfying conditions
e(i)-s(v).

Then (b) (or (b')) and (c) are satisfied, since if xeh , ki <a < ]xl <b, <Kd ,
with ks (s - 1)”1 <s(s- 1)"‘I €K, and g2 O.

Hence ’I‘o is e.s8.a. O
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CONCLUSION

In Part I, we considered a particular case of the operator formally
given by

ru = V2 (r(x)vu) - V.(p(x)%) + q(x)u (1)

Expressing q as q,+q,, we took qa‘—=0. In an addendum, we shall

reintroduce q2 satisfying the conditions in Theorem 0.2.

Mlso, we took r(x) to be constant; in fact we assumed that r(x)=1.
It transpires that the proofs in which we had to assume that this
coefficient is constant will still hold if we assume that r(x)=1 in Av
(ef. the remark following Theorem I.5.4). Thus, with re C?® and r(x)=1

in Av, we were effectively considering the operator T given by (1).

We may consider the term V.(p{x)Vu) to be the term given by
n
j,£=1 %(%kgx)aku) when we teke the nxn real symmetric matrix i%kgx)}
to be p(x)I, where I is the nxn identity matrix. In view of the
proof of Theorem 0.3 (see [4]), it seems very reasonable to suppose
that had we taken {%kgx)} as a matrix more general than p(x)I, the

results in Part I would not differ in essence, but only in complexity.

Ve can also read r(x) as, in some sense, an n® x n° real symmetric

matrix which is the n® x n® identity matrix in Av’ without affecting

the remarks above.

Similarly, in Part II, we could have considered the coefficient
. t t
functions pt(x), for O0< t<m, to be, roughly speaking, n xn real
symmetric matrices. Again, the results would presumably differ only

in complexity, not in essence.



We conclude by restating briefly the examples of essentially
self-adjoint operators (with pm= 1) which were given, the conditions
to hold in a suitably chosen seguence IAJ and assuming that &(i)-é&(v)

hold.

R O
(b) lpt|sle12(m-‘t)/(2m-1).

In particular,
when m= 1 the conditions become
q> X|x|%;
and when m= 2 the conditions become
Q2 -KIXII*/ 2,

o] <x|x|%>.

§2. (a) q2-K;

-

either (b ktlxizsptSlele

or (Ba) ktlxlzlﬂ(m-t)/msptSKIXIZIqI(m-t)/m,

where k1 > O and othervise kt > 0.

In particular,

when m= 2 the conditions become

. 2 2, %
and either pSK[x] or pSK[xI ]ql .

97
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ADDENDUM

As in Kato [14]) and Eastham, Evans and McLeod (4] we can give

further flexibility to the coefficient function q by supposing that

q= Q+ q

Some of the conditions which were imposed on q in the main text will
still be required to be satisfied by q here, but others will be required

to be satisfied only by q.
1

We require that qsLioc and q(x)> -q*(|x|) as before, and now we
1 1 1

require that q satisfies (C3) of [14] (see Theorem 0.2), i.e.
2

qzeLioc with /l | lqéx)lad.x < (kr®)2 (1 <€r<w) for some K and s,
x| sr

and N (q)~»0 as -0, uniformly in y;
2,8,y 74
n

or, if n2 5, q?e:L2 .

We may therefore use some of Kato's results.

We define g(x)=q(x) if x € By,
1 1
and g_§x)= qﬁx) + q:(lxl ) - q’:(R) if xf Bps

and set g= g_1+ q, (i.e. we need not alter qz). We have ge Lioc'
We still require g to satisfy g(iv) in order to obtain _T_o e.5.8.

Certain amendments have to be made to various proofs in order that

the lemmas, etc., remain valid.

In Lemma I.3.1 and Proposition II1.3.0.6: we must consider f|q2¢ui .

Kato shows that quuHLi(Q) SK(qz,Q)Hu“Q, and so we have
f|q2¢\il $ sup l¢l qu}lHLi(Q) SK(Q)SUP|¢| “u HQ

and we may proceed as before.(
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In Lemma 3.3: Prop.1 of [14] is
fla [lul® < ellull2+ x(e)|[ull® for uen!..
So for ue 9, we have
Ro(zu, u) 2 olfullf- kllul®+ (qu,u)+ (au,u)
> offuliz- eflullf - (ks gr(R) + k(o)) [ju |2
> gollul[3- (kv @ (R) 4 K) [|ul|?

and we may proceed as before. O

We still require g to satisfy 6(v) in order that we may use the

result of Lemma 3..4.

In Corollary 3.8.1: we replace q by q. O
1

Corollary 3.8.2 If Iuv} is a sequence with the properties in

Lemma 3.8, then

fa [u,|* > fq [gu[®  as veco.
Proof: By Prop.1 of [14]:

fa_luy® ¢ ellu, 12+ K(e)llu, 1.

As in Corol.3.8.1, we have uv»qbu in Hl and the result follows. O

Thus Lemma 3.9 remains valid.

In Theorem I.5.4: we require q194 2 -Q(hv), with no further restriction

on q.
Proof': From the penultimate line of Theorem I.5.4 we have
,..d
L/ v 6°(h Jah = < Kf6*[(Tu)®+ (Tv)®] + Kf[6%+ c® - 0% [u® + v*) (1)
o

By Prop.1 of [14]:

- fqpte? < | ulfZ e xmfotu s
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by Prop.I.4.3 and Lemma I.h4.4:
|l62u ]2+ |[6*v |[F <k (u,v)
where <I>v(u,v) denotes the right-hand side of (1).
So -;qza“ [u? + v*) < Kn2 (u,v)+ K(n)l || 62u]|®+ || 6®u]|?] (2)
We now choose n sufficiently small and take the term involving q2 in
<I>v(u,v) to the left-hand side of (2), thereby obtaining an estimate for

-J’qze‘ {u? + v?], which when substituted into (1) gives the desired result. O

In Theorem I.5.6: we replace q by q, the result remaining valid as
1

with Theorem I.5.4. O

Theorems II.5.4 and II1.5.6 are amended similarly. O

If q is continuous, as in the gxamples, then all the conditions on q
2

are satisfied by setting q2= O as in the main text.



APPENDIX 1

Vith To’ T and T; as in the main text:
Lemma A1.1 7 is essentially self-adjoint iff (T + {) is 1-1
from L°? to 9' for every complex { such that 4m { # O.
Proof': With { as above:
T is essentially self-adjoint iff (T°+ {)2 is dense in L%,
Assume To is essentially self-adjoint.
Suppose u € L2 and (T + {)u = 0.
Then <{T + {)u,$> =0 for all ¢ & 2.
Integration by parts gives us <u,(To+ [)¢>=0 for all ¢ € 2.
As (To+ £)? is dense in L?®, this implies that u = O.
Therefore (T + ) is 1-1 from L*® to 2'.
Now. assume (T + ) is 1-1 from L? to 2'.
Suppose that (T°+ {)» is not dense in L%.
Therefore there exists u € L?, u # O, such that
@, (7 + {)¢>=0 for all ¢ & 2.
Integration by parts, treating (" 4+ {)u as a distribution, gives us
T + Qu,¢> = for all ¢ € .
Therefore (T + {)u = O, Therefore u =0 as (T + {) is 1-1.
This is a contradiction, so (To+ {)2 is dense in L2,

Therefore To is essentially self-adjoint. O3

Lerma 1.2 u € 2(Tg) implies that there exists a sequence {uV},
u_ & 2, such that u - v and Tu - Tu in L? iff T is
v v v o
essentially self-adjcint.
Proof';  Assume that ir u € Q(Tg) then there exists a
. 2 .
sequence {uvz, u, € 9, such that u, > u and Tuv -+ Tu in L%, 1.e.
u, & 2, such that u - uin L?

if u € Q(TZ) then there exists iuv R

end T u  converges in L? (as T¢ = To¢ if ¢ & D).

ci
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Therefore, with To denoting the closure of T , u & %@o)'
Therefore ':'D(TZ) - 9@0) .
But To is symmetric and therefore TOCT
Therefore (T )C9(T*); therefore T = T%, i.e. T is self-
o 0 o o o

ad joint, and so To is essentially self-adjoint.

Now assume T = T*.

o o

Let u € 9(’-1"0). Then there exists {uvl, u, € 9, such that u - u
and T u_ - T u in L3,

oV o
But T = T*, and therefore u & 9(T*) and T*u_ - T*u in L2.

o o o o v o

But Tv = Tiv for v e 9)('1“';), and therefore Tu - Tu in 2. 0



ciii

APPENDIX 2

We give some details of the proof of Theorem I.2.1 and we assume
that P(D), qj(x) and Qj(D) are as in the theorem. For complete details,

see Schechter [17].

Lenma A2.1 makes use of Young's Lemma and of mollifiers, which were
introduced by Friedrichs.

Young's Lemma: l]u * vl]Lz € l[u]lLﬂlvlle

where u * v is the convolution of u and v. [

Mollifiers: Define j(x) =c¢ expi(]x[2- 1)—1} if x| <1
=0 if |x| 21

where ¢ is chosen such that [j(x) = 1.

Set jv(x) = j(vx) for v=1,2,...
and, for £ & L?, define Jvf‘(x) = Ijv(x-y)f(y)dy v=1,2,...
. .
i.e. Jvf J, f.

The operator Jv is a mollifier.

The two properties we shall use are

o, < el

and llJvf - fllo >0 as v »o, U

Lemma A2.1 P is self-adjoint.
Proof: Let u e 2(P*), i.e. there exists v € L? such that
(u,P(D)¢) = (v,¢) for all ¢ € 2.
Letting Jv be the mollifier defined above, and setting H(x) = jv(y-x)
we obtain P(D)Jvu =J.v.
Now J v =~ in 12 as v » oo, and so P(D)J u -~ v in L? as v » oo,
e want to show that u € @(?), so we need a seguence {uv}, u, € 2,
such that u, >u in L® and P(D)uv converges in 12.

For each p > O, define

up(x) = u(x) if Ix] < p 3 up(x) =0 if lxl > p.
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Now Jvup e 2, being the convolution of a function in 9 and a function
in I* with bounded support.
Given & > O, choose N such that for all v > N
IlJvu -uf| <% and |]P(D)Jvu -v]|| <ie.
Now “Jv(up— u)l] € Hup—- u“
and I]P(D)Jv(up— u) || < |IP(D)jvllLJlup- ull, with |[P(D)j || 1 being
finite for each v.

Now ||up- ull + 0 as p +, gso for each v > N pick p = p(v) such that

']up- ul|] <2e  and |]P(D)jvllLJlup- ul|l < e.
Now set u, = Jvup(v)' e have u, € D,

o ull =l vl € 13,0, w1+ oy - il <o
and [P~ vl = |{p(@)7 0, 3= vl

< llP(D)Jv(up(v)- w) || + [[P(D)Tu - ul] <e.
So {uv} is the required sequence and 2(P*) C 2(P).
But as P is symmetric, P Cp*.

This gives us P = pP*, i.e. P is self-ad joint. O

Lemma A2.2 @(?) = Hg.
Proof': Clearly, for any s and for all ¢ € 9,
leoell < xileli,,, e Dol e xliell,,
and so l]P(D)¢|]O+ ll¢llos K|i¢'|u

Let PH(D) denote the principal part of P(D).

Then [P (D)¢l = lllalgu a D¢l

= ([l €1)? |4 By 8GO O Ul

= [[+[eD)?] 412, a &*Fe(e) |l

> c)|(1+€])% €1 Fe(e) ||, with €50 as P(D) is elliptic.
| (1+] €))% 0o 1l

= ) el )P Gl €] wtuCim1) [ €] Zee 41 €197908) i

I (sl e])® e eate) fl + BTG €D (e eD " ee@) lig

vou |l9ll,,,

N



<o e sl Ellell g, s
< x(|[p()¢]| + l[(e(D)-P, (D)>¢ll -+ el
< x(|lp(@)e || + |l#]]

as (P(D)—PH(D)) is an operator of order at most u-1.

s+u-1

S+p=1

Replacing s by s-1:
181l 4,05 XCllB@e i+ el
end substituting back, noting that llP(D)¢l[ oot € ]]P(D)¢l|s, we obtain
lell,, < xClip@)eli+ liell
We iterate to obtain:
el , < xClIp@g ]+ Nl )
therefore  ||¢ ] < K(|[p(@)¢ll+ [I8]l4) < k'||¢]l, for a1l ¢ e 9.

S+U-2

S+p-2

As 9 is dense in Hg, this implies that 2(P) = Hg.lj

BPefore we proceed to Lemma A2.3, we need some preliminary results.
Lot f = F ' (1+]¢])%F¢. mhen ||£]| = [|#]],, end also
Ff = (14]€])%F¢, Fo= (14]&])7°FF.
set 6 (x) = F7(14]€[)7°. Then F¢ = FGFf and ¢ =G * L.
Schechter shows that
(a) Gb(x) = 0o(}x|®™") as |x| » 0, for 0 <s < n;
(b) Gn(x) = 0(-log|x|) as |x| » O3
(e) Gs(x) = 0(1) as |x| » 0, for s > n;
(a) Gs(x) = 0(|x]7) as |x| » 0, for 5 >0, kK =1,2,....
It is clear that the conditions imposed on the functions qj(x) are
derived from the properties (a),(b) and (¢) of Gs(x) (see Propeositions

5 and 6 below).

The following propositions are required:
o0
Proposition 1: For s >0, Gs(x) e C for x# 0, and for any a
~-K
D% (x) = o(}x| ™) =

Corollary 2: If v e d; and v = O near x = 0, then VGS e S.

y PR B

cv
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Proposition 3: If s >O and t >0, then G * G, = G_ .
s t 3+t

Proposition 4: Gs(x) >0 for 3 >0 and x # O.

Proposition 5: For each s>0, there exists C > O, such that

st(x) < szs(x) for 0 < ]xl <1i.

Proposition 6: If s >0 and q € I then there exists C(s,n) such that

. 2s?
Ilq(x-y)lszs(X)dx < on, (q).

Proposition 7: If s > 0 and flq(x-y)}szs(x)dx < C_y then
[, .* (a#) || = c ll¢ll, for a1l ¢ e 2.

Proposition 8: Tor all ¢ € 9, if [[q6, * (a¢) | < C_[i¢l] , then
lag 12 ¢ 18113

Proposition 9: For all ¢ € 9, if [|q#|[2 < C_[|#]|3, then

llagll2< c_ll#lz.

Most of these results are immediate. We prove Proposition 6.
Proof: (of Prop.6) From Prop.5 (which is immediate from the

properties (a),(b) and (c) of Gs(x)) we have:
]lxl<1 |q(x—y)|2G25(x)dx < CNZs(q)’

and so we consider j'xl>1 lq(x_y)l2czs(x)dx.

From property (d) of Gs(x), there exists X such that

lxln+1

st(x) < K/ for ell Ix[ > 1.

[e 0]
n+1

Theref ore /. lq(x-y)|? G, (x)dy <KZ /“<IXI<K+1 | a(z-y) |2ax/x"",

|x|>1
Now there exists C(n), depending only on n, such that each shell

can be covered by Cicn_1 spheres of radius 1.

Theref ore /K<lxi<K+1 | a(x-y)|?ax < an'1/‘x|<1 |a(x-y)|?ax.
But /lxl<1 |q(x-y)|2ax < /lxl<1 [q(x_y)lszS(x)dx <1, (q).

co

. -2 .
Theref ore /lxl>1 lq(x—y)]gGZS(x)dx < KCRZS(Q)K£1K < Cﬂzs(q)- O



Lemma A2.3 Hg C %(qiaj) for each j.
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Proof: Let qQ(D) be any one of the quj(D)’ i.e. Q(D) is an

operator of order j<u and q € N2(p-j)'
Then ||qq(D)4]] < KllQ(D)¢|lu_j for all ¢ € 9, by Props.6-9.

Also llQ(D)¢l|u_j< K|l¢|lu for all ¢ € 2.

Let u € Hg. Then there exists {uv}, u, e 2, such that u > u in HZ.

Therefore {Q(D)uvl converges in Hg-j and u & 2(Q).
Therefore {qQ(D)uv} converges in L? and Qu & 2(q).

Therefore u & 9(qQ), i.e. Hg C 92(qQ).

Stages (I) and (II) of the proof of Theorem I.2.1 are now done, and

we move on to stage (III) which requires a preliminary lemma and proposition.

Lemma A2.4  Assume that q € NZS’ ¢ & D and § > O, Then
lag ]2 < K(s,n)N, 5(a) [1[2 + c(s,m, )N, (a) [[#]]2.
Proof: (*) is equivalent to
lale > o) |13 < iy (o) lie Ii3 + ey (a) o £112
Let ¢ € 9 such that 0 < ¢(x) €1, ¢(x)=0if |x| >1/2
and ¢(x) = 1 if |x| < 1/k. Set vs(x) = 9(x/8).
Define Gs,S(X> = ¢(x)6_(x), EQ,B(X) = (1-¢5(x))6_(x)

= « )
and H(x) GS,S Gs,é

We observe that G_= G o+ Gs,S’ and so we bound llq(Gs’a* f)‘]i

2

the first term in the inequality, and ]iq(E;’a* f)]lz by the second.
Now H(x) = [§4(x-y)6 (x-y)¢5(y)6 (y)dy
< IGs(x-y)GS(y)dy = G2s(x) using Props.3 and 4.
Ir le > &, then either Iyl > 36 or Ix-yl > 58,
Therefore ¢8(x-y)¢8(y) =0 for ‘xi > 8.
Therefore H(x) < K(s,n)wzs(x) if |x| <8, and H(x) = 0 if |x| >3,

using Prop.5.

by

()

(1)
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If u and v & 92,

IIGS,S* (qv)llz

(g, 5" (av), Gy 5 (av))?

(H* (qv), qv)°

(1 MGe-y)a(y)v(y)Ya(x)v(x)axdy)?

(S 1a(x=y) | a(x) [?|v(y) [*axdy) =
(Fa(x-y) | a(y) | ®|v(x)|*dzdy).

But f|q(x)|2H(x-y)dx < KN, 5(a),

]

A

and therefore IIGS’S' (av) |2 < KNZS,S(q)Iivllz.
[Caley 5% W), V= (o, o o= (@w))]?
< llulizlle, » G NE
<, (@)l livil
since Na’s(a) = Na,a(q) generally.
Since this is true for all v & 3, we have

'lq(Gs,g* u)llz < KNgs’gllullz ()

Now E; s € S by Corol.2. In particular, there exists ¢(s,n,s)
b

such that (1+]&])*®

la@, 5 w112

FE; 5|? < C. Therefore, by Prop,9,
b

N

CNZS(q)llEs,S* “Ili
o, (a) £ (14]6D)%° |78, ]2 |7u|%a
en,(q) § (14]£))7%°

on, (a) [[6* ull} (3%)

|Fu|2a¢

F/a)

1l

Combining (}) and (t}) establishes (t1). O

Proposition 10 For all ¢ € 9, if 0<t<s, then
el < elloll g+ xe) [[¢ll, (*)
Proof: (1+l§l)2t = (1+l§l)s(1+l§i)2t—s

< In(1+]€])%% & 17 (4[]

Lt-2s

Repeat for the second term on the right-hand side (the exponent

reducing by increasing multiples of s-t) until the exponent is < 0.

e
)2% < &2 (14]£])?® + K(e)?. Multiplying tarough by |F¢|® and

Then (1+|¢

integrating establishes (*). O
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Lemma A2.5 We have, for a<1 and for all ue Hg,
2llq 30 ll< aliFallys bllull,:

Proof: By (1) (Lemma A2.4), if qe N, and ¢e 92, then

28
laell? < xye s() 1112 + eny (o) [le]i2.

If 2s<n, then take § small enough so that K, 5(q) <€®,
H

Then || q# |l < eli¢]l + k(&) ¢l .
If 2s>n, then there exists t such that n<2t<2s and quZt,
and so quﬁHi < CNZt(q) H¢“i (by Prop.9)
so|lagll < ellel + x(e)[I¢ll,  (by (*) Prop.10)
Therefore, if qu2s and ¢e€ I,
ool < ellell, + (sl .
Therefore “qj%(D)stoS EH%(D)¢“ I—l-lﬁ+ K(G)H%\D)‘f’“o
< eloll + x()i¢ll,
J
< k||| + ee)|[¢]] + K(e,e)[[¢]l, by (%)

< el¢ll,+ k(o
But Hqu#s k(|[p@)¢ ]l + ll¢ll)); =s in Lemma a2.2.
Therefore  [[q&(D)¢ || < nliP(D)¢]l,+ x(MI ¢,
and ZHqJ_%(D)c;bI[os al|P(D)¢] + bl{¢fj, with a<1.

Since 2 is dense in H‘g, this establishes the result. O

This concludes the proof of Theorem I.2.1.
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APPENDIX 3

Here we give the proof of Lemma I.3.4, due to Ikebe and Kato (12].

L 3. ' i
emma A3.1 Ir ue}{i’loc and Nh—a(Q) is locally bounded for some a >0

with n> 4-a >0, then que Lioc’ and for any compact set Q

laully < xliall, g,

where Q' is {0 extended in width by d >0, and K depends on Q, d and n.
Proof: Ikebe and Kato show that for any ueH2 :
— o,l1oc

u(x) = Gg(-vzu) + Kgu almost everywhere (*)
where V? is interpreted as strong, and 4 is a fixed positive constant.
Gg and Kg are integral operators with kernels Gg(x,y) and Kg(x,y)-
Gg(x,y) has a singularity at y=x like Green's function: G;(x,y)= 0(lx—y[2-n),
while Kg(x,y) is smooth. They can be made to vanish for |x-y] >d>0.

Let x€Q. Then, by (%),

|u(x)|? < KI/l

| u(y)| | x- y|“"ay|? +Kl/| fu(y)|ay|?

x~y|<d x-y|<d

< Kj ]x—yia-ndyj |V2u(y)i2ix—ylh-a-ndy +
Ix-—ylsd x-y|<d

L K ay| a(y) %
/lx-ylsd yjlx-ylsdl I

< Kda/ [ u(y) (®e, _ (x-y)ay + Kdnj‘ Ju(y)|®ay.
| x-y|<d | x=y|<d

Now q& Lizloc’ therefore

lquli? = /QIQ(X)IQlU(x)]de

< Kda/.nlq(x)lz/ |V2u(y)|2wz+_a(x-}’)dy/\ ax +

|x-y|<d
f / ‘ A
+ Ka" 2/ u(y)|®dy ; dx
K jﬂlq(X)i \/|x-y]$dl Iy
k% v7u()]?( lo(x)]?0,_ (x-y)ax &y
< u 4 w - . <+
./Q' 7 K’v/]x—ylsd hea /

+m71wwﬁ/ ;ahuw&)w
1 x=y| €



exi
< Kda/;) |V2u(y)|2<‘/" | 1|q(z-y)|2wh_a(z)dz> dy +
|} z <

+ KdnHu HS,
S Kdasupﬂ, Nh—a(Q) Hu HQZ,Q' + Kdn“unzz’n,
< K(2,4,n) ||u H;_,Qv
which establishes the result. O
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