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MEAN-VARIANCE PORTFOLIO SELECTION WITH NON-LINEAR

WEALTH DYNAMICS AND RANDOM COEFFICIENTS

Shaolin Ji1, Hanqing Jin2 and Xiaomin Shi3,⋆

Abstract. This paper studies the continuous time mean-variance portfolio selection problem with one
kind of non-linear wealth dynamics. To deal with the expectation constraint, an auxiliary stochastic
control problem is firstly solved by two new generalized stochastic Riccati equations from which a
candidate portfolio in feedback form is constructed, and the corresponding wealth process will never
cross the vertex of the parabola. In order to verify the optimality of the candidate portfolio, the convex
duality (requires the monotonicity of the cost function) is established to give another more direct
expression of the terminal wealth level. The variance-optimal martingale measure and the link between
the non-linear financial market and the classical linear market are also provided. Finally, we obtain
the efficient frontier in closed form. From our results, people are more likely to invest their money in
riskless asset compared with the classical linear market.

Mathematics Subject Classification. 60H10, 93E20.

Received September 19, 2022. Accepted April 9, 2024.

1. Introduction

A mean-variance portfolio selection problem is to find the optimal portfolio strategy which minimizes the
variance of its terminal wealth while its expected terminal wealth equals a prescribed level. Markowitz [1], [2]
first studied this problem in the single-period setting. Its multi-period and continuous time counterparts have
been studied extensively in the literature; see, e.g. Bielecki et al. [3], Jin et al. [4], Li et al. [5], Li et al. [6], Zhou
et al. [7] and the references therein. For the general topic of mean variance hedging, please refer to C̆erný et al.
[8], C̆erný and Kallsen [9], Schweizer [10].

Most of the literature on mean-variance portfolio selection stays in a linear market, i.e., the wealth dynamic is
a linear equation due to the proper market setting like frictionless trading. While in reality, the wealth dynamic
is rare to be linear because of different kinds of friction in trading, and we have to deal with nonlinearity in
the market. For example, a large investor’s portfolio may affect the return of the stock’s price which leads to a
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non-linear wealth dynamic. When some taxes must be paid on the gains made on the stocks, we also encounter
nonlinearity in the wealth equation.

As for the continuous time mean-variance portfolio selection problem with non-linear wealth dynamic, Ji
[11] obtained a necessary condition for the optimal terminal wealth when the drift of the wealth dynamic is
differentiable. He derived a stochastic maximum principle which characterized the optimal terminal wealth.
But the stochastic maximum principle in Ji [11] relies heavily on the differentiability assumption of the drift
with respect to (X,π). For our non-differentiable case, the key step is to find an appropriate sub-derivative so
as to construct the optimal wealth which is not concerned in [11]. Fu et al. [12] studied the continuous time
mean-variance portfolio selection problem with higher borrowing rate in which the wealth dynamic is non-linear
and the coefficient is not smooth. They employed the viscosity solution of the HJB equation to characterize the
optimal portfolio strategy.

In this paper, the continuous time mean-variance portfolio selection problem with one kind of non-
linear wealth dynamics is studied. The drift is not differentiable with respect to π in the model. When
the coefficients are all deterministic continuous functions, Ji and Shi [13] solved this problem via the
viscosity solution of the corresponding HJB equation. But for non-linear wealth dynamics with random coef-
ficients such as stochastic return rates and stochastic volatilities, the method of HJB equation is no longer
applicable.

Compared with classical linear market, the non-linear wealth dynamic brings new challenges. As the terminal
expectation constraint EXπ

T = K is no longer linear in π. Whence it is unclear whether the feasible portfolio
set is convex or not. Furthermore, the Lagrange strong duality which was widely used in solving mean-variance
portfolio selection problem for linear market (see e.g. [14], [6]) is absent a priori. Instead, by introducing a
Lagrange multiplier, we only have weak duality. Fortunately, we can take advantage of the weak duality to
fix a lower bound for our problem, then construct a candidate portfolio π, and verify the optimality of π
finally. In this procedure, we will in the first place confront a stochastic control problem without state constrain
(but with non-linear dynamic and quadratic cost). Inspired by Hu and Zhou [14] in which the mean-variance
portfolio selection problem with cone constraints was studied, this stochastic control problem could be solved by
a generalized linear quadratic (LQ) approach. We find that our problem can be solved by studying the positive

and negative parts of the process Xt − de
∫ T
t

rsds separately (see Thm. 4.6). This approach leads to two new
generalized stochastic Riccati equations. Through an exponential transformation, we prove the global solvability
of these two generalized stochastic Riccati equations. Furthermore, we show that the positive or negative of

the process Xt − de
∫ T
t

rsds depends only on the positive or negative of its initial value (see Rem. 4.7). Things
become apparently different when there are jumps in the price processes, please see Czichowsky and Schweizer
[15], where a coupled system of backward stochastic differential equations (BSDEs) is deduced to characterize
the value process. Then by solving a convex optimization problem (2.6), a candidate portfolio in feedback form
is obtained.

But when it comes to verify the optimality of the candidate π (mainly EXπ
T = K), this feedback form is

no longer friendly. So the convex duality method, a theory which was highly developed in utility maximization
problems (see e.g. Cvitanic and Karatzas [16] and the seminal book [17] for a systematic account on this subject)
is applied to give another expression of the candidate portfolio and, especially, its corresponding terminal wealth.
The main advantage of this method at this stage is that it can directly identify the optimal terminal wealth by
studying the corresponding dual problem. Even though the quadratic function, that one is trying to minimise,
lacks monotonicity or Inada condition used in establishing convex duality of utility maximization problem,
problem (4.2) (with d̂ in place of d) is still rather close to utility maximization because the optimal wealth
process Xt never crosses the vertex of the parabola as suggested by Remark 4.7 ex post. Note that this is no
longer the case for processes with jumps as in Czichowsky and Schweizer [15].

Except for expressing the optimal terminal wealth more directly by establishing the convex duality, we obtain
some new sharp results which was not discovered in the generalized LQ approach. Further, this procedure helps
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us to understand the non-linear wealth dynamic better. In more detail, we succeed in obtaining the variance-
optimal martingale measure, a concept introduced firstly in Schweizer [18], from which we find the links between
the non-linear financial market and classical linear market. Actually, these two kind of markets are linked by
the equivalent martingale measures, also called risk-neutral measures (see [19–21]). It is worth to point out that
the financial market in our setting is incomplete which yields infinitely many equivalent martingale measures.
Based on the explicit characterization of the variance optimal martingale measure, we show that our non-linear
wealth dynamic is equivalent to a linear wealth dynamic with a appropriately chosen mean excess return rate
from the viewpoint of optimization. And this mean excess return rate is exactly the sub-derivative claimed in
Corollary 4.4 of Ji [11].

This paper is organized as follows. In section 2, we formulate the problem and sketch the idea to solve
it. Section 3 concerns the feasibility of problem (2.2). The generalized LQ approach is employed to solve an
auxiliary stochastic control problem without state constraint in section 4. A real valued Lagrange multiplier
is found in sections 5. In section 6, we construct and verify the optimality of a candidate portfolio. Finally,
the efficient strategy and efficient frontier are obtained in closed forms. Some concluding remarks are given in
Section 7. Appendices contain technique proofs of Theorem 6.1.

2. Formulation of the problem

Let W = (W 1, ...,Wn)′ be a standard n-dimensional Brownian motion defined on a filtered complete proba-
bility space (Ω,F , {Ft}t≥0,P), where {Ft}t≥0 denotes the natural filtration associated with the n-dimensional
Brownian motion W and augmented.

We introduce the following spaces:

L2(Ω,FT ;R) =
{
ξ : Ω → R

∣∣ξ is FT -measurable, and E|ξ|2 < ∞
}
,

L2(0, T ;R) =
{
ϕ : [0, T ]× Ω → R

∣∣(ϕt)0≤t≤T is an {Ft}t≥0 -predictable process,

and E
∫ T

0
|ϕt|2dt < ∞

}
,

L∞(0, T ;R) =
{
ϕ : [0, T ]× Ω → R

∣∣∣ (ϕt)0≤t≤T is an {Ft}t≥0-predictable essentially bounded process
}
.

These definitions are generalized in the obvious way to the cases when ϕ is Rm or Rm×n-valued. We denote
the transpose of a matrix M by M ′, and its norm by |M | =

√
trace(MM ′). In our argument, “almost surely”

(a.s.), “almost everywhere” (a.e.) and (t, ω) may be suppressed for notation simplicity in some circumstances
when no confusion occurs. Throughout this paper, we take the following notations. For any x ∈ Rm, denote

x+ = (x+
1 , ..., x

+
m)′, x− = (x−

1 , ..., x
−
m)′,

where

x+
i =

{
xi, if xi ≥ 0;
0, if xi < 0,

and x−
i = (−xi)

+, i = 1, ...,m.

For any x, x̄ ∈ Rm, we write x ≤ x̄ if xi ≤ x̄i, i = 1, ...,m.
Consider a financial market consisting of a riskless asset (the money market instrument or bond) whose price is

S0 and m (m ≤ n) risky securities (the stocks) whose prices are S1, ..., Sm. An investor decides at time t ∈ [0, T ]
what amount πi

t of his total wealth Xt to invest in the ith stock, i = 1, ...,m. The portfolio πt = (π1
t , ..., π

m
t )′



4 S. JI ET AL.

and π0
t := Xt −

∑m
i=1 π

i
t are Ft-adapted. Then consider the following non-linear wealth dynamic:{

dXt = (rtXt + (π+
t )

′µ
t
− (π−

t )
′µ̄t)dt+ π′

tσtdWt,

X0 = x ∈ R, t ∈ [0, T ]
(2.1)

where rt is the interest rate, µt
= (µ1

t
, ..., µm

t
)′, µ̄t = (µ̄1

t , ..., µ̄
m
t )′ are mean excess return rates for long positions

and short positions, and σt = {σij
t }1≤i≤m,1≤j≤n is the volatility rate of risky assets. Note that the drift of the

wealth equation (2.1) is Lipschitz but not differentiable with respect to π, which violates assumption (H1) in
[11].

Assumption 2.1. r is a deterministic measurable bounded scalar-valued function.

Assumption 2.2. µ, µ̄ ∈ L∞(0, T ;Rm) and µ
t
≤ µ̄t, i = 1, ...,m. σ ∈ L∞(0, T ;Rm×n) and

∃ε > 0, ρ′σtσ
′
tρ ≥ ε|ρ|2, ∀ρ ∈ Rm.

Indeed, it is the following three examples that motivate us to study the wealth dynamic (2.1). For simplicity,
we suppose that there is only one stock in each of these three examples.

Example 2.3 (Short selling is costly). Jouini and Kallal [22, 23] proposed the following model.
Let b̄t ≥ bt ≥ rt. When short selling is possible but costly, one has different expected returns for long and

short position of the stock. In this case, the asset prices are given by{
dS0

t = S0
t rtdt, S0

0 = s0;

dS1
t = S1

t

[(
bt1{πt≥0} + b̄t1{πt<0}

)
dt+ σtdWt

]
, S1

0 = s1 > 0.

Then the wealth process X ≡ Xx,π of the self-financed investor who is endowed with initial wealth x is
governed by the following stochastic differential equation,

dXt = πt
dS1

t

S1
t
+ (Xt − πt)

dS0
t

S0
t

= (rtXt + π+
t µt

− π−
t µ̄t)dt+ πtσtdWt,

X0 = x,

where µ
t
= bt − rt, µ̄t = b̄t − rt, t ∈ [0, T ].

Example 2.4 (Price pressure model for large investors). Cuoco and Cvitanic [24] gave the following price
pressure model.

Let ε be a small positive number such that bt − rt ≥ ε ≥ 0. The portfolio strategy of a large investor could
affect the expected return of the stock and the affection level is small. The asset prices are governed by{

dS0
t = S0

t rtdt, S0
0 = s0;

dS1
t = S1

t

[(
bt − ε sgn(πt)

)
dt+ σtdWt

]
, S1

0 = s1 > 0,

where

sgn(x) =

{
|x|
x , if x ̸= 0;

0, otherwise.
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In this specific large investor model, buying the risky security depresses its expected return while shorting it
increases its expected return as explained in Cuoco and Cvitanic [24].

The wealth equation can be written
dXt = (rtXt + (bt − rt)πt − ε|πt|)dt+ πtσtdWt

= (rtXt + π+
t µt

− π−
t µ̄t)dt+ πtσtdWt,

X0 = x,

where µ
t
:= bt − rt − ε and µ̄t := bt − rt + ε, t ∈ [0, T ].

Example 2.5 (Trading with taxes). El Karoui et al. [25] studied the following financial model with taxes.
Let α ∈ [0, 1) be a constant. And bt ≥ rt. The asset prices are given by{

dS0
t = S0

t rtdt, S0
0 = s0;

dS1
t = S1

t (btdt+ σtdWt), S1
0 = s1 > 0.

And there are some taxes which must be paid on the gains made on the stock. In this case, the wealth equation
satisfies 

dXt = (rtXt + (bt − rt)πt − απ+(bt − rt))dt+ πtσtdWt

= ((rtXt + π+
t µt

− π−
t µ̄t)dt+ πtσtdWt,

X0 = x,

where µ
t
= (1− α)(bt − rt) and µ̄t = bt − rt, t ∈ [0, T ].

Remark 2.6. When µ
t
= µ̄t, t ∈ [0, T ], a.s., the wealth dynamic (2.1) degenerates to the classical linear case.

Definition 2.7. A portfolio π is said to be admissible if σ′π ∈ L2(0, T ;Rn) and (X,π) satisfies (2.1).

Denote by A(x) the set of admissible portfolio π.

Under Assumption 2.1, for a given expectation level K ≥ x0e
∫ T
0

rsds, consider the following continuous time
mean-variance portfolio selection problem:

Minimize Var(XT ) = E(XT −K)2,

s.t.

{
EXT = K,

π ∈ A(x).
(2.2)

Denote Π = {π|π ∈ A(x), and EXT = K}. The problem (2.2) is called feasible if Π is non empty. Any
π ∈ Π is called a feasible portfolio for the problem (2.2). Denote by Xπ the wealth process (2.1) whenever
it is necessary to indicate its dependence on π ∈ A(x). An optimal strategy π∗ to (2.2) is called an efficient
strategy corresponding to K. Then (Var(Xπ∗

T ),K) is called an efficient point. The set of all efficient points

{(Var(Xπ∗

T ),K) | K ∈ [xe
∫ T
0

rsds,+∞)} is called the efficient frontier.
To deal with the constraint EXT = K, we introduce a Lagrange multiplier −2λ ∈ R and obtain the following

unconstrained optimization problem:

inf
π∈A(x)

[
E(XT −K)2 − 2λ(EXT −K)

]
. (2.3)
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The problem (2.3) yields a lower bound on our original problem (2.2). To be more precise, we have the following
weak duality between problems (2.2) and (2.3):

sup
λ∈R

inf
π∈A(x)

[
E(Xπ

T −K)2 − 2λ(EXπ
T −K)

]
≤ inf

π∈Π
E(Xπ

T −K)2. (2.4)

In fact, let π̂ ∈ Π be any feasible portfolio and λ ∈ R, we have

E(X π̂
T −K)2 − 2λ(EX π̂

T −K) = E(X π̂
T −K)2.

Hence

inf
π∈A(x)

[
E(Xπ

T −K)2 − 2λ(EXπ
T −K)

]
≤ E(X π̂

T −K)2 − 2λ(EX π̂
T −K)

= E(X π̂
T −K)2,

for any λ ∈ R and any feasible portfolio π̂ ∈ Π. Then the weak duality (2.4) follows.
Note that we only have the weak duality (2.4) between problems (2.2) and (2.3). If the inequality becomes

equality, we say that strong duality holds. And the problem in the left-hand side (LHS) of (2.4) is more likely
to be solved than our original problem (2.2) (equivalently the right-hand side (RHS) of (2.4)). Actually, for
any λ ∈ R, the problem (2.3) is a stochastic control problem without state constraint (though with non-linear
dynamic), we can solve it by a generalization of linear quadratic control technique. And by denoting

ℓ(λ) = inf
π∈A(x)

[
E(Xπ

T −K)2 − 2λ(EXπ
T −K)

]
, λ ∈ R, (2.5)

then ℓ is a concave function as it is the infimum of a class of linear functions of λ. So it is not hard to solve the
convex optimization problem supλ∈R ℓ(λ). But unfortunately, due to the non-linear wealth dynamic (2.1), it is
very difficult to establish the strong duality or even to prove the convexity of the set of feasible portfolios Π.
Nevertheless, we can still take advantage of the weak duality (2.4) to construct a candidate portfolio π∗ for our
original problem (2.2), then verify the optimality of π∗. The main idea is as follows:

� Step 1: For any λ ∈ R, find an optimal portfolio πλ to the problem (2.3).

� Step 2: Find an argument maximum λ̂ ∈ R of

sup
λ∈R

ℓ(λ). (2.6)

� Step 3: Set π∗ = πλ̂, then

sup
λ∈R

inf
π∈A(x)

[
E(Xπ

T −K)2 − 2λ(EXπ
T −K)

]
= sup

λ∈R

[
E(Xπλ

T −K)2 − 2λ(EXπλ

T −K)
]

= E(Xπ∗

T −K)2 − 2λ̂(EXπ∗

T −K).

At this time, if we can show π∗ ∈ Π, i.e. π∗ ∈ A(x) and EXπ∗

T = K, then E(Xπ∗

T − K)2 attains the
lower bound of the original problem (2.2), i.e. the LHS of (2.4), which verifies the optimality of π∗ for
problem (2.2).

3. Feasibility of the problem (2.2)

Let us address ourselves to the feasibility of problem (2.2) first.
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Theorem 3.1. Under Assumptions 2.1 and 2.2, the mean-variance problem (2.2) is feasible for any K ∈
[xe

∫ T
0

rsds,+∞) if and only if

m∑
i=1

E

[∫ T

0

(µi
t
)+dt

]
> 0 or

m∑
i=1

E

[∫ T

0

(µ̄i
t)

−dt

]
> 0. (3.1)

Proof: (1) We first prove the “if” part.
Define

Mi = {(t, ω) : µi
t
> 0}, i = 1, 2, ...,m.

If
∑m

i=1 E
[∫ T

0
(µi

t
)+dt

]
> 0, then there exists an i0 ∈ {1, 2, ...,m} such that the product measure (in terms of

P and the Lebesgue measure) of Mi0 is nonzero. Denote the ith0 row of σt by σi0
t = (σi0,1

t , · · · , σi0,n
t ) and the

length of the vector σi0
t by |σi0

t |. Since σt is invertible, it is obvious that |σi0
t | > 0. Set

πi
t =

{
1/|σi0

t |, if i = i0 and (t, ω) ∈ Mi0 ;

0, if i ̸= i0 or (t, ω) /∈ Mi0 .

For any nonnegative real number β, we construct a portfolio πβ,t := β(π1
t , · · · , πm

t )′. πβ,t is admissible due to
σ′
tπβ,t = β(σi0

t )′1(t,ω)∈Mi0
/|σi0

t | and

(π+
β,t)

′µ
t
− (π−

β,t)
′µ̄t = β

µi0
t

|σi0
t |

1(t,ω)∈Mi0
.

The wealth process corresponding to πβ at time T is

XT = xe
∫ T
0

rsds +

∫ T

0

e
∫ T
t

rsds((πβ,t)
+)′µ

t
− ((πβ,t)

−)′µ̄t)dt+

∫ T

0

e
∫ T
t

rsdsπ′
β,tσtdWt

= xe
∫ T
0

rsds + β

∫ T

0

e
∫ T
t

rsds
µi0
t

|σi0
t |

1(t,ω)∈Mi0
dt+ β

∫ T

0

e
∫ T
t

rsds
σi0
t

|σi0
t |

1(t,ω)∈Mi0
dWt.

Taking expectation on both sides, we get

EXT = xe
∫ T
0

rsds + βE

[∫ T

0

e
∫ T
t

rsds
µi0
t

|σi0
t |

1(t,ω)∈Mi0
dt

]
.

Define

k = E

[∫ T

0

e
∫ T
t

rsds
µi0
t

|σi0
t |

1(t,ω)∈Mi0
dt

]
.

We have k > 0 since |σi0
t | > 0 and µi0

t
1(t,ω)∈Mi0

> 0. Taking β = K−xe
∫T
0 rsds

k , we obtain EXT = K which means

that the problem (2.2) is feasible. For the case of
∑m

i=1 E
[∫ T

0
(µ̄i

t)
−dt

]
> 0, the proof is similar.
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(2) Conversely, if the problem (2.2) is feasible for any K ≥ xe
∫ T
0

rsds, then for a given K0 > xe
∫ T
0

rsds, there
exists an admissible portfolio π such that

K0 = EXT = xe
∫ T
0

rsds + E

[∫ T

0

e
∫ T
t

rsds((π+
t )

′µ
t
− (π−

t )
′µ̄t)dt

]

which leads to

E

[∫ T

0

e
∫ T
t

rsds((π+
t )

′µ
t
− (π−

t )
′µ̄t)dt

]
> 0. (3.2)

If (3.1) does not hold, then we have that µ
t
< 0 and µ̄t > 0 hold simultaneously for t ∈ [0, T ]. It yields that

E

[∫ T

0

e
∫ T
t

rsds((π+
t )

′µ
t
− (π−

t )
′µ̄t)dt

]
≤ 0

which contradicts (3.2). This completes the proof. □

Remark 3.2. When µ
t
= µ̄t, (3.1) degenerates to E

[∫ T

0
|µ

t
|2dt

]
> 0.

From now on, we will assume (3.1) holds throughout this paper.

4. Solution to the problem (2.3)

For any λ ∈ R, set d = K + λ, then

E(XT −K)2 − 2λ(EXT −K) = E(XT − d)2 − λ2 = E(XT − d)2 − (d−K)2. (4.1)

Therefore at this step, it suffices to solve

Minimize E(XT − d)2, s.t. π ∈ A(x), (4.2)

for any d ∈ R.
Define the following mappings:

H∗
1,t(π, P,Λ) := Pπ′σtσ

′
tπ + 2[P ((π+)′µ

t
− (π−)′µ̄t) + π′σtΛ],

H∗
2,t(π, P,Λ) := Pπ′σtσ

′
tπ − 2[P ((π+)′µ

t
− (π−)′µ̄t) + π′σtΛ], (t, π, P,Λ) ∈ [0, T ]× Rm × R× Rn,

and

H1,t(P,Λ) := inf
π∈Rm

H∗
1,t(π, P,Λ),

H2,t(P,Λ) := inf
π∈Rm

H∗
2,t(π, P,Λ), (t, P,Λ) ∈ [0, T ]× R× Rn.

Under Assumption 2.2, for any P > 0, Λ ∈ Rn, there exists C1(P,Λ) > 0

H∗
1,t(π, P,Λ) ≥ εP |π|2 − C1(P + |Λ|)|π| = εP |π|(|π| − C1(P + |Λ|)

εP
).
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If |π| > C1(P+|Λ|)
εP , then H∗

1,t(π, P,Λ) > 0. Notice that infπ∈Rm H∗
1,t(π, P,Λ) ≤ H∗

1,t(0, P,Λ) = 0, this implies
that

H1,t(P,Λ) = inf
|π|≤C1(P+|Λ|)

εP

H∗
1,t(π, P,Λ) > −∞.

Therefore H1,t(P,Λ) is finite. The same conclusion can be drawn for H2,t(P,Λ).
In order to solve the sub-problem (4.2), we introduce the following two stochastic Riccati equations:

dP1,t = −[2rtP1,t +H1,t(P1,t,Λ1,t)]dt+ Λ′
1,tdWt,

P1,T = 1,

P1,t > 0;

(4.3)


dP2,t = −[2rtP2,t +H2,t(P2,t,Λ2,t)]dt+ Λ′

2,tdWt,

P2,T = 1,

P2,t > 0.

(4.4)

These are two BSDEs whose solutions happen to be in the class of martingales of bounded mean oscillation,
briefly called BMO martingales. Here we recall some facts about this theory, see Kazamaki [26]. The process∫ ·
0
Λ′
sdWs is a BMO martingale if and only if there exists a constant C > 0 such that

E
[ ∫ T

τ

|Λs|2ds
∣∣∣∣ Fτ

]
≤ C

for all stopping times τ ≤ T . The stochastic exponential E(
∫ ·
0
Λ′
sdWs) of a BMO martingale

∫ ·
0
Λ′
sdWs is a

uniformly integrable martingale. Moreover, if
∫ ·
0
Λ′
sdWs and

∫ ·
0
Z ′
sdWs are both BMO martingales, then under

the probability measure P̃ defined by dP̃
dP = E(

∫ T

0
Z ′
sdWs), W̃t = Wt −

∫ t

0
Zsds is a standard Brownian motion,

and
∫ ·
0
Λ′
sdW̃s is a BMO martingale. Set

BMO = {Λ ∈ L2(0, T ;Rn)
∣∣ ∫ ·

0

Λ′
sdWs is a BMO martingale}.

Definition 4.1. A pair of processes (P1,Λ1) ∈ L∞(0, T ;R)× BMO (resp. (P2,Λ2)) is called a solution to the
Riccati equation (4.3) (resp. (4.4)) if it satisfies (4.3) (resp. (4.4)).

The Riccati equations (4.3) and (4.4) are highly non-linear BSDEs which violate both the standard Lipschitz
conditions and the quadratic growth conditions. There are several results on the solvability of stochastic Riccati
equations (see for example Hu and Zhou [14], Kohlmann and Tang [27]). But up to our knowledge, no results
can be directly applied to (4.3) and (4.4).

We first give the boundedness results of the solutions to (4.3) and (4.4), which is useful in Corollary (4.5).

Proposition 4.2. Under Assumptions 2.1 and 2.2, if (P,Λ) is a solution to equation (4.3) (or (4.4)), then

Pt ≤ e2
∫ T
t

rsds.

Proof. We only prove the claim for (4.3) and the proof for (4.4) is similar.
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Set

P̄t = Pte
2
∫ t
0
rsds and Λ̄t = Λte

2
∫ t
0
rsds.

Then (P̄ , Λ̄) is a solution to the BSDE
dP̄t = −e2

∫ t
0
rsdsH1,t(e

−2
∫ t
0
rsdsP̄t, e

−2
∫ t
0
rsdsΛ̄t)dt+ Λ̄′

tdWt,

P̄T = e2
∫ T
0

rsds,

P̄t > 0.

Since H1,t ≤ 0, P̄t is a sub-martingale. Thus, P̄t ≤ E[P̄T |Ft] = P̄T which leads to Pt ≤ e2
∫ T
t

rsds.

Now we prove the existence and uniqueness of solutions to (4.3) and (4.4). Hereafter, we shall use C to
represent a generic positive constant which can be different from line to line.

Theorem 4.3. Suppose r ∈ L∞(0, T ;R) and Assumption 2.2 holds. Then, there exists a unique solution (P1,Λ1)
(resp. (P2,Λ2)) to (4.3) (resp. (4.4)), such that P1 ≥ C (resp. P2 ≥ C) for some C > 0.

Proof. We only prove the assertion for (4.4) and the arguments for (4.3) are analogous or obvious. The idea
is to turn the stochastic Riccati equation (4.4) to a quadratic BSDE (through an exponential transformation)
whose existence and uniqueness are known.

Set

B = {v : [0, T ]× Ω → Rm |v ∈ L∞(0, T ;Rm) and µ
t
≤ vt ≤ µ̄t}. (4.5)

Recall the definition of H2(P,Λ), we have, for P > 0, Λ ∈ Rn,

H2,t(P,Λ) = inf
π∈Rm

[
Pπ′σtσ

′
tπ − 2[P ((π+)′µ

t
− (π−)′µ̄t) + π′σtΛ]

]
= inf

π∈Rm
sup
v∈B

[
Pπ′σtσ

′
tπ − 2π′(Pv + σtΛ)

]
= sup

v∈B
inf

π∈Rm

[
Pπ′σtσ

′
tπ − 2π′(Pv + σtΛ)

]
= sup

v∈B

[
− P (v +

σtΛ

P
)′(σtσ

′
t)

−1(v +
σtΛ

P
)
]

= − inf
v∈B

[
P (v +

σtΛ

P
)′(σtσ

′
t)

−1(v +
σtΛ

P
)
]
, (4.6)

where we use the min-max theorem in the third equality.
Consider the BSDE with quadratic growth

Ỹt =

∫ T

t

gs(Z̃s)ds−
∫ T

t

Z̃ ′
sdWs, (4.7)

where

gt(Z) := inf
v∈B

∣∣σ′
t(σtσ

′
t)

−1v − Z
∣∣2 − Z ′(In − σ′

t(σtσ
′
t)

−1σt)Z − 1

2
|Z|2 − 2rt. (4.8)

According to Theorem 9.6.3 and Theorem 9.6.4 in [28], BSDE (4.7) has a unique solution (Ỹ , Z̃) ∈ L∞(0, T ;R)×
BMO.
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Set

(Pt,Λt) = (e−Ỹt ,−Z̃te
−Ỹt), (4.9)

then PT = e−ỸT = 1. And from the boundedness of Ỹt, we know Λ ∈ BMO. Applying Itô’s formula to e−Ỹt ,

dPt = de−Ỹt

= −e−Ỹt

[
− inf

v∈B

∣∣∣σ′
t(σtσ

′
t)

−1v − Z̃t

∣∣∣2 + Z̃ ′
t(In − σ′

t(σtσ
′
t)

−1σt)Z̃t + 2rt

]
dt− e−ỸtZ̃ ′

tdWt

= −
[
2rtPt − Pt inf

v∈B

∣∣∣σ′
t(σtσ

′
t)

−1v +
Λt

Pt

∣∣∣2 + 1

Pt
Λ′
t(In − σ′

t(σtσ
′
t)

−1σt)Λt

]
dt+ Λ′

tdWt

= −
[
2rtPt − Pt inf

v∈B

∣∣∣σ′
t(σtσ

′
t)

−1(v + σt
Λt

Pt
) + (In − σ′

t(σtσ
′
t)

−1σt)
Λt

Pt

∣∣∣2
+

1

Pt
Λ′
t(In − σ′

t(σtσ
′
t)

−1σt)Λt

]
dt+ Λ′

tdWt

= −
[
2rtPt − Pt inf

v∈B

∣∣∣σ′
t(σtσ

′
t)

−1(v + σt
Λt

Pt
)
∣∣∣2 − Pt

∣∣(In − σ′
t(σtσ

′
t)

−1σt)
Λt

Pt

∣∣2
+

1

Pt
Λ′
t(In − σ′

t(σtσ
′
t)

−1σt)Λt

]
dt+ Λ′

tdWt

= −
[
2rtPt − Pt inf

v∈B

∣∣∣σ′
t(σtσ

′
t)

−1(v + σt
Λt

Pt
)
∣∣∣2]dt+ Λ′

tdWt

= −
[
2rtPt +H2,t(Pt,Λt)

]
dt+ Λ′

tdWt,

where we have used the orthogonality of σ′
t(σtσ

′
t)

−1(v + σt
Λt

Pt
) and (In − σ′

t(σtσ
′
t)

−1σt)
Λt

Pt
in the fifth equality,

the idempotency of In − σ′
t(σtσ

′
t)

−1σt in the sixth equality and (4.6) in the last equality.

Note that Ỹ is bounded, thus there exists a constant C > 0 such that Pt = e−Ỹt ≥ C. This shows that (Pt,Λt)
is actually a solution to (4.4).

Let us now prove the uniqueness. Suppose (P,Λ) and (P̃ , Λ̃) are two solutions of (4.4), such that P ≥ C, P̃ ≥
C for some C > 0. Define the processes

(U, V ) =

(
lnP,

Λ

P

)
, (Ũ , Ṽ ) =

(
ln P̃ ,

Λ̃

P̃

)
.

Then (U, V ), (Ũ , Ṽ ) ∈ L∞(0, T ;R)×BMO. By Itô’s formula and similar analysis as in the proof of the existence,
it’s not hard to show that both (U, V ) and (Ũ , Ṽ ) are solutions of (4.7). From the uniqueness of solution to (4.7),
we have U = Ũ . Hence P = P̃ , which gives the uniqueness of solution to (4.4). This completes the proof.

Remark 4.4. If m = n, then In − σ′
t(σtσ

′
t)

−1σt = 0, and (4.8) becomes

gt(Z) := inf
v∈B

∣∣σ′
t(σtσ

′
t)

−1v − Z
∣∣2 − 1

2
|Z|2 − 2rt.

The following corollary is useful in determining the Lagrange multiplier.
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Corollary 4.5. Suppose Assumptions 2.1 and 2.2 hold. Let (P1,t,Λ1,t) and (P2,t,Λ2,t) be the unique solutions
to (4.3) and (4.4) respectively. Then we have

P1,0e
−2

∫ T
0

rsds ≤ 1 and P2,0e
−2

∫ T
0

rsds < 1.

Proof. By Proposition 4.2, we have P1,0e
−2

∫ T
0

rsds ≤ 1 and P2,0e
−2

∫ T
0

rsds ≤ 1.

If P2,0e
−2

∫ T
0

rsds = 1, then H2,t(P2,t,Λ2,t) ≡ 0 for t ∈ [0, T ]. Then (P2,t,Λ2,t) = (e2
∫ T
t

rsds, 0), which leads to

H2,t(P2,t, 0) = P2,t inf
π∈Rm

[
π′σtσ

′
tπ − 2((π+)′µ

t
− (π−)′µ̄t)

]
= 0.

Note that (3.1) implies that either one of the following two statements hold:
(1) there is at least one of µi, i = 1, ...,m strictly greater than 0 on a set of (t, ω) with strictly positive

measure;
(2) there is at least one of µ̄i, i = 1, ...,m strictly lesser than 0 on a set of (t, ω) with strictly positive measure.
Without loss of generality, we suppose that µ11(t,ω)∈M > 0. Then for a.e. (t, ω) ∈ M ,

inf
π∈Rm

[
π′σtσ

′
tπ − 2((π+)′µ

t
− (π−)′µ̄t)

]
≤ inf

π∈Rm
+

[
π′σtσ

′
tπ − 2π′µ

t

]
≤ inf

π∈Rm
+

[
Cπ′π − 2π′µ

t

]
≤ C(

µ1
t

C
, 0, ..., 0)(

µ1
t

C
, 0, ..., 0)′ − 2(

µ1
t

C
, 0, ..., 0)(µ1

t
, µ2

t
, ..., µm

t
)′

= − 1

C
(µ1

t
)2 < 0,

where C is a strictly positive constant. Thus we deduce a contradiction. This completes the proof.

For any P > 0, Λ ∈ Rn, H∗
1,t(π, P,Λ) is not necessarily convex with respect to π, so it may admit more than

one arguments minimum. Let Π̃t(P,Λ) be the set of arguments minimum of H∗
1,t(π, P,Λ), i.e.

Π̃t(P,Λ) = {π1,t(P,Λ)|H∗
1,t(π1,t(P,Λ), P,Λ) = inf

π∈Rm
H∗

1,t(π, P,Λ)}.

Notice thatH∗
1,t(π, P,Λ) is continuous with respect to π, by a measurable selection theorem (see e.g. Cor. 18.14 in

[29] or Prop. 2.4 in [18]), there exists a predictable process π1,t(P,Λ) ∈ Π̃t(P,Λ). While for any P > 0, Λ ∈ Rn,
H∗

2,t(π, P,Λ) is strictly convex with respect to π. So by a measurable selection theorem, it admits a unique
predictable argument minimum π2,t(P,Λ), such that

π2,t(P,Λ) = argmin
π∈Rm

[
Pπ′σtσ

′
tπ − 2[P ((π+)′µ

t
− (π−)′µ̄t) + π′σtΛ]

]
. (4.10)

Theorem 4.6. Suppose Assumptions 2.1 and 2.2 hold. Let (P1,t,Λ1,t) and (P2,t,Λ2,t) be the unique solutions

of (4.3) and (4.4) respectively. For any predictable π1,t ∈ Π̃t(P1,t,Λ1,t), π2,t defined in (4.10), the state feedback
control

πd
t = π1,t(P1,t,Λ1,t)

(
Xt − de−

∫ T
t

rsds
)+

+ π2,t(P2,t,Λ2,t)
(
Xt − de−

∫ T
t

rsds
)−

(4.11)
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is optimal for the problem (4.2). Moreover, the optimal value is

inf
π∈A(x)

E(XT − d)2 =

{
P1,0(x− de−

∫ T
0

rsds)2, if x ≥ de−
∫ T
0

rsds,

P2,0(x− de−
∫ T
0

rsds)2, if x ≤ de−
∫ T
0

rsds.
(4.12)

Proof. For any π ∈ A(x) with the wealth process X, define

Yt = Xt − de−
∫ T
t

rsds.

By Tanaka’s formula,

dY +
t = 1{Yt>0}(rtYt + (π+

t )
′µ

t
− (π−

t )
′µ̄t)dt+ 1{Yt>0}π

′
tσtdWt +

1

2
dLt,

where Lt is the local time of Yt at 0.
Applying Itô’s formula to (Y +

t )2, we have

d(Y +
t )2

= 2Y +
t

{
1{Yt>0}(rtYt + (π+

t )
′µ

t
− (π−

t )
′µ̄t)dt+ 1{Yt>0}π

′
tσtdWt +

1

2
dLt

}
+ 1{Yt>0}π

′
tσtσ

′
tπtdt

=
{
2rt(Y

+
t )2 + 2Y +

t ((π+
t )

′µ
t
− (π−

t )
′µ̄t) + 1{Yt>0}π

′
tσtσ

′
tπt

}
dt+ 2Y +

t π′
tσtdWt,

where we have used the fact
∫ t

0
| Yt | dLt = 0. Then applying Itô’s formula to P1,t(Y

+
t )2,

dP1,t(Y
+
t )2

=
{
1{Yt>0}P1,tπ

′
tσtσ

′
tπt + 2(Y +

t )
[
P1,t((π

+
t )

′µ
t
− (π−

t )
′µ̄t) + π′

tσtΛ1,t

]
− (Y +

t )2H1,t(P1,t,Λ1,t)
}
dt

+
{
2P1,tY

+
t π′

tσt + (Y +
t )2Λ′

1,t

}
dWt. (4.13)

Similarly,

dP2,t(Y
−
t )2

=
{
1{Yt≤0}P2,tπ

′
tσtσ

′
tπt − 2(Y −

t )
[
P2,t((π

+
t )

′µ
t
− (π−

t )
′µ̄t) + π′

tσtΛ2,t

]
− (Y −

t )2H2,t(P2,t,Λ2,t)
}
dt

+
{
− 2P2,tY

−
t π′

tσt + (Y −
t )2Λ′

2,t

}
dWt. (4.14)

For n ≥ 1, define a stopping time τn as follows:

τn = inf{t > 0
∣∣ ∫ t

0

|2P1,sY
+
s σ′

sπs + (Y +
s )2Λ1,s|2ds+

∫ t

0

| − 2P2,sY
−
s σ′

sπs + (Y −
s )2Λ2,s|2ds ≥ n} ∧ T, (4.15)

where inf ∅ := +∞. It is obvious that {τn}n≥1 is an increasing sequence and converges to T . Adding and
integrating (4.13) and (4.14) from 0 to τn, we get
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E
[
P1,τn(Y

+
τn)

2 + P2,τn(Y
−
τn)

2
]

= P1,0(Y
+
0 )2 + P2,0(Y

−
0 )2

+ E
∫ τn

0

{
1{Yt>0}P1,tπ

′
tσtσ

′
tπt + 2(Y +

t )
[
P1,t((π

+
t )

′µ
t
− (π−

t )
′µ̄t) + π′

tσtΛ1,t

]
− (Y +

t )2H1,t(P1,t,Λ1,t)

+ 1{Yt≤0}P2,tπ
′
tσtσ

′
tπt − 2(Y −

t )
[
P2,t((π

+
t )

′µ
t
− (π−

t )
′µ̄t) + π′

tσtΛ2

]
− (Y −

t )2H2,t(P2,t,Λ2,t)
}
dt. (4.16)

For t ∈ [0, T ], denote by ϕ(Yt, πt) the integrand on the RHS of the above equation (4.16). For any π ∈ A(x)
with the wealth process X, define a Rm-valued process ut by

ut =

{
πt

|Yt| , if Yt ̸= 0;

0, if Yt = 0.

When Yt > 0, the drift term on the RHS of (4.13) becomes

P1,tπ
′
tσtσ

′
tπt + 2Yt

[
P1,t((π

+
t )

′µ
t
− (π−

t )
′µ̄t) + π′

tσtΛ1,t

]
− Y 2

t H1,t(P1,t,Λ1,t)

= Y 2
t

{
P1,tu

′
tσtσ

′
tut + 2

[
P1,t((u

+
t )

′µ
t
− (u−

t )
′µ̄t) + π′

tσtΛ1,t

]
−H1,t(P1,t,Λ1,t)

}
≥ 0

by the definition of H1,t(P,Λ). By the definition of H2,t(P,Λ), we can show ϕ(Yt, πt) ≥ 0 if Yt < 0. Thus, we
obtain that ϕ(Yt, πt) is nonnegative.

For any π ∈ A(x), it’s easy to verify E
[

sup
t∈[0,T ]

|Yt|2
]
< ∞. Let n → ∞, and by the dominated convergence

theorem, we have

E(XT − d)2 = E(YT )
2 = E

[
P1,T (T )(Y

+
T )2 + P2,T (Y

−
T )2

]
= P1,0(Y

+
0 )2 + P2,0(Y

−
0 )2 + E

[ ∫ T

0

ϕ(Yt, πt)dt
]

≥ P1,0(Y
+
0 )2 + P2,0(Y

−
0 )2,

where the equality holds at

πd
t = π1,t(P1,t,Λ1,t)

(
Xt − de−

∫ T
t

rsds
)+

+ π2,t(P2,t,Λ2,t)
(
Xt − de−

∫ T
t

rsds
)−

,

which is (4.11). As a consequence, (4.12) is proved.
The proof of σ′πd ∈ L2(0, T ;Rn) is relegated to the appendix, and can be skipped in a first reading. This

completes the proof.

Remark 4.7. From (A.4) and (A.5), we can see that if initial wealth x ≤ d−
∫ T
0

rsds, the optimal state process

of problem (4.2) will never exceed d−
∫ T
t

rsds. The case x ≥ d−
∫ T
0

rsds is parallel.

5. Solution to the problem (2.6)

As d = λ+K, with a slight abuse of notation, both λ and d are called Lagrange multipliers in the following.
From (4.1) and the definition of ℓ in (2.5),

sup
λ∈R

ℓ(λ) = sup
λ∈R

inf
π∈A(x)

[
E(Xπ

T −K)2 − 2λ(EXπ
T −K)

]
= sup

d∈R
inf

π∈A(x)

[
E(Xπ

T − d)2 − (d−K)2
]
.
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Therefore, it suffices to determine an argument maximum d̂ ∈ R of

sup
d∈R

inf
π∈A(x)

[
E(Xπ

T − d)2 − (d−K)2
]
.

From Theorem 4.6,

inf
π∈A(x)

E(XT − d)2 − (d−K)2

=

{
P1,0(x− de−

∫ T
0

rsds)2 − (d−K)2, if x ≥ de−
∫ T
0

rsds;

P2,0(x− de−
∫ T
0

rsds)2 − (d−K)2, if x ≤ de−
∫ T
0

rsds,

=

{(
P1,0e

−2
∫ T
0

rsds − 1
)
d2 −

(
2xP1,0e

−
∫ T
0

rsds − 2K
)
d+ P1,0x

2 −K2, if d ≤ xe
∫ T
0

rsds;(
P2,0e

−2
∫ T
0

rsds − 1
)
d2 −

(
2xP2,0e

−
∫ T
0

rsds − 2K
)
d+ P2,0x

2 −K2, if d ≥ xe
∫ T
0

rsds,

Define

f(d) =
(
P1,0e

−2
∫ T
0

rsds − 1
)
d2 −

(
2xP1,0e

−
∫ T
0

rsds − 2K
)
d+ P1,0x

2 −K2;

h(d) =
(
P2,0e

−2
∫ T
0

rsds − 1
)
d2 −

(
2xP2,0e

−
∫ T
0

rsds − 2K
)
d+ P2,0x

2 −K2.

According to Corollary 4.5, P1,0e
−2

∫ T
0

rsds − 1 ≤ 0, P2,0e
−2

∫ T
0

rsds − 1 < 0. Then we obtain

f(xe
∫ T
0

rsds) = max
d≤xe

∫T
0 rsds

f(d) = −(xe
∫ T
0

rsds −K)2 ≤ 0,

h(d̂) = max
d≥xe

∫T
0 rsds

h(d) =
P2,0e

−2
∫ T
0

rsds

1− P2,0e
−2

∫ T
0

rsds

(
K − xe

∫ T
0

rsds
)2

≥ 0, (5.1)

where

d̂ =
xP2,0e

−
∫ T
0

rsds −K

P2,0e
−2

∫ T
0

rsds − 1
. (5.2)

Since K ≥ xe
∫ T
0

rsds, we have

d̂ ≥ xe
∫ T
0

rsds, (5.3)

and

h(d̂) ≥ 0 ≥ h(xe
∫ T
0

rsds) = −(xe
∫ T
0

rsds −K)2.

Thus d̂ defined in (5.2) is an argument maximum of

sup
d∈R

inf
π∈A(x)

[
E(Xπ

T − d)2 − (d−K)2
]
.
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6. Efficient strategy and efficient frontier

For πd and d̂ defined in (4.11) and (5.2) respectively, set π∗ = πd̂, then π∗ ∈ A(x) by Theorem (4.6), and

E(Xπ∗

T −K)2 − 2λ̂(EXπ∗

T −K) = sup
λ∈R

[
E(Xπλ

T −K)2 − 2λ(EXπλ

T −K)
]

= sup
λ∈R

inf
π∈A(x)

[
E(Xπ

T −K)2 − 2λ(EXπ
T −K)

]
. (6.1)

is a lower bound of our original problem (2.2), noting (2.4). If we can show EXπ∗

T = K, then π∗ ∈ Π, and

E(Xπ∗

T −K)2 = E(Xπ∗

T −K)2 − 2λ̂(EXπ∗

T −K) attains the lower bound (6.1) (the LHS of (2.4)) which verifies

the optimality of π∗ for problem (2.2). Thus, it remains to prove EXπ∗

T = K. Put π∗ = πd̂ into the wealth
equation (2.1), and notice that (A.1), (A.5) and (5.3), we have

Xπ∗

t = (x− d̂e−
∫ T
0

rsds) exp
{∫ t

0

(
rs − (π+

2 )
′µ

s
+ (π−

2 )
′µ̄s −

1

2
π′
2σsσ

′
sπ2

)
ds

+

∫ t

0

π′
2σsdWs

}
+ d̂e−

∫ t
0
rsds, (6.2)

where π2 is given in (4.10). As we do not have an explicit expression of π2, it is difficult to verify EXπ∗

T = K
with the expression (6.2).

Therefore a more direct expression of the terminal wealth level under π∗ is appealing. Noting the convex
duality method developed in [16] for utility maximization problem is efficient in finding the optimal terminal

wealth directly. In the following, with d̂ given in (5.2) and (5.3), we will solve the problem (4.2) through convex
duality method. As some byproducts in this procedure, we obtain the variance-optimal martingale measure, a
concept firstly introduced in [18], from which the links between the non-linear financial market and classical
linear market are obtained. And we find the sub-derivative of the drift in the wealth equation (2.1) with respect
to π claimed in Corollary 4.4 of Ji [11].

For any v ∈ B (see (4.5) for the definition of B), θ ∈ BMO, let Nv,θ
t be the solution of the following stochastic

differential equation,{
dNv,θ

t = −Nv,θ
t

[
rtdt+

(
σ′
t(σtσ

′
t)

−1vt + (In − σ′
t(σtσ

′
t)

−1σt)θt
)′
dWt

]
,

Nv,θ
0 = 1.

Then Nv,θ
t e

∫ t
0
rsds is a uniformly integrable martingale on [0, T ]. Moreover, the equivalent martingale measures

{Qv,θ}(v,θ)∈B×BMO in this incomplete market could be constructed by Nv,θ
t , i.e.

dQv,θ

dP

∣∣∣
FT

= Nv,θ
T e

∫ T
0

rsds.

Note that stochastic exponentials of BMOmartingales has been applied to characterize the equivalent martingale
measures in Delbaen et al. [30], Choulli et al. [31].

Applying Itô’s formula to XsN
v,θ
s on [0, t], we have

XtN
v,θ
t = x+

∫ t

0

Nv,θ
s

[
(π+

s )
′µ

s
− (π−

s )
′µ̄s − π′

svs

]
ds

+

∫ t

0

Nv,θ
s

[
π′
sσs −Xsv

′
s(σsσ

′
s)

−1σs −Xsθ
′
s(In − σ′

s(σsσ
′
s)

−1σs)
]
dWs. (6.3)



MEAN-VARIANCE PORTFOLIO SELECTION WITH NON-LINEAR WEALTH DYNAMICS AND RANDOM COEFFICIENTS 17

Set

B1 = {(v, θ) ∈ B × BMO | the stochastic integral in (6.3) is a martingale for any π ∈ A(x)}.

Taking expectation of (6.3) and notice that µ
t
≤ vt ≤ µ̄t, we have

E[XTN
v,θ
T ] ≤ x, for any (v, θ) ∈ B1, π ∈ A(x).

Theorem 6.1. Suppose Assumptions 2.1 and 2.2 hold. Let (Ỹ , Z̃) be the unique solution of (4.7), d̂ defined in
(5.2) and set

ζ̂ = −2e−Ỹ0(x− d̂e−
∫ T
0

rsds) (6.4)

Then the variance-optimal martingale measure Q is defined through dQ
dP
∣∣
FT

= N v̂,θ̂
T e

∫ T
0

rsds, where

v̂t = argmin
v∈B

|σ′
t(σtσ

′
t)

−1v − Z̃t|2, θ̂t = Z̃t, t ∈ [0, T ], a.s. (6.5)

Moreover, the optimal portfolio of the problem (4.2) could be represented as

π̂t = − ζ̂

2
N v̂,θ̂

t eỸt(σtσ
′
t)

−1(σtZ̃t − v̂t), (6.6)

and optimal terminal wealth of the problem (4.2) has the following expression

X̂T = d̂− ζ̂

2
N v̂,θ̂

T .

Proof. Step 1: Convex duality. Note that d̂ ≥ xe
∫ T
0

rsds in (5.3) and Remark 4.7, the terminal wealth Xπd̂

T will

never exceed d̂. For 0 < ζ < ∞, define

u(ζ) = inf
x≤d̂

[(x− d̂)2 + ζx] = d̂ζ − ζ2

4
.

Then ∀π ∈ A(x), ∀ ζ > 0, ∀(v, θ) ∈ B1, we have

E(Xπ
T − d)2 ≥ E[u(ζNv,θ

T )− ζXπ
TN

v,θ
T ]

= E[d̂ζNv,θ
T − ζ2

4
(Nv,θ

T )2 − ζXπ
TN

v,θ
T ]

≥ d̂ζe−
∫ T
0

rsds − ζ2

4
E(Nv,θ

T )2 − xζ

and the equalities hold if and only if there exists π̂ ∈ A(x), ζ̂ > 0, and (v̂, θ̂) ∈ B1, such that

X π̂
T = X̂T := d̂− ζ̂

2
N v̂,θ̂

T ,
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is the terminal wealth under the portfolio π̂, and

E[X̂TN
v̂,θ̂
T ] = x (6.7)

holds simultaneously. So we introduce the dual problem

sup
ζ>0

(v,θ)∈B1

[
d̂ζe−

∫ T
0

rsds − ζ2

4
E(Nv,θ

T )2 − xζ
]

= − inf
ζ>0

(v,θ)∈B1

[
− d̂ζe−

∫ T
0

rsds +
ζ2

4
E(Nv,θ

T )2 + xζ
]

= − inf
ζ>0

[ζ2
4

inf
(v,θ)∈B1

E(Nv,θ
T )2 + ζ(x− d̂e−

∫ T
0

rsds)
]
. (6.8)

We first deal with the term inf
(v,θ)∈B1

E(Nv,θ
T )2. From the definitions of Nv,θ

t and Ỹt (see (4.7)),

(Nv,θ
t )2eỸt = eỸ0 exp

{∫ t

0

[
Z̃ − 2σ′(σσ′)−1v − 2(In − σ′(σσ′)−1σ)θ

]′
dWs

− 1

2

∫ t

0

∣∣Z̃ − 2σ′(σσ′)−1v − 2(In − σ′(σσ′)−1σ)θ
∣∣2ds}

· exp
{1
2

∫ t

0

∣∣Z̃ − 2σ′(σσ′)−1v − 2(In − σ′(σσ′)−1σ)θ
∣∣2ds}

· exp
{∫ t

0

[
−
∣∣σ′(σσ′)−1v + (In − σ′(σσ′)−1σ)θ

∣∣2 − 2r − g(Z̃)
]
ds
}

= eỸ0 exp
{∫ t

0

[
Z̃ − 2σ′(σσ′)−1v − 2(In − σ′(σσ′)−1σ)θ

]′
dWs

− 1

2

∫ t

0

∣∣Z̃ − 2σ′(σσ′)−1v − 2(In − σ′(σσ′)−1σ)θ
∣∣2ds}

· exp
{∫ t

0

[∣∣σ′(σσ′)−1v − Z̃
∣∣2 + (θ − Z̃)′(In − σ′(σσ′)−1σ)(θ − Z̃)

]
ds
}

· exp
{∫ t

0

[
− Z̃ ′(In − σ′(σσ′)−1σ)Z̃ − 1

2
|Z̃|2 − 2r − g(Z̃)

]
ds
}
.

From the definition of g (4.8), (Nv,θ
t )2eỸt is a submartingale for any (v, θ) ∈ B1. By the martingale principle

[32], (v̂, θ̂) ∈ B1 is an optimal solution of inf
(v,θ)∈B1

E(Nv,θ
T )2 if and only if (N v̂,θ̂

t )2eỸt is a martingale. Then we get

the representation of (v̂, θ̂) in (6.5):

v̂t = argmin
v∈B

|σ′
t(σtσ

′
t)

−1v − Z̃t|2, θ̂t = Z̃t, t ∈ [0, T ], a.s.

and

inf
(v,θ)∈B1

E(Nv,θ
T )2 = eỸ0 .
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By simple calculation, the first infimum in (6.8) is attained at

ζ̂ = −2e−Ỹ0(x− d̂e−
∫ T
0

rsds) > 0.

Clearly X̂T = d̂− ζ̂
2N

v̂,θ̂
T satisfies (6.7).

Step 2: We will show that there exists a portfolio π̂ ∈ A(x) such that X π̂
T = X̂T .

Step 3: We will show that (v̂, θ̂) ∈ B1, i.e. the stochastic integral in (6.3) is a martingale for any π ∈ A(x).
We postpone the proofs of Step 2 and Step 3 to the appendix, which can be skipped in a first reading.

Step 4: We need to show π̂ ∈ L2(0, T ;Rm). And this can be guaranteed by similar method as in the proof of

theorem 4.6 after noticing that N v̂,θ̂
s eỸs satisfying the following equationd(− ζ̂

2N
v̂,θ̂
s eỸs) =

[
− ζ̂

2rsN
v̂,θ̂
s eỸs + π̂′

sv̂s

]
ds+ π̂′

sσsdWs,

− ζ̂
2N

v̂,θ̂
0 eỸ0 = − ζ̂

2e
Ỹ0 .

Step 5: Combine (5.2) and (6.4), and notice that P2,t = e−Ỹt , we have

EX̂T = E
[
d̂− ζ̂

2
N v̂,θ̂

T

]
= d̂− ζ̂

2
e−

∫ T
0

rsds = K.

This completes the proof.

Remark 6.2. From (A.13), if µi < v̂i < µ̄i, then ((σtσ
′
t)

−1(v̂−σtZ̃t))
i = 0, and π̂i

t = 0 by (6.6), i.e. the investor
should not invest in the ith stock.

Remark 6.3. Both π∗ = πd̂ and π̂ defined in (6.6) are solutions of the problem (4.2) (with d̂). They are
identical, i.e. π∗ = π̂, the reason is left to the interested readers.

So far, we achieve the three steps in solving our original problem (2.2). Therefore we have

Theorem 6.4. Suppose Assumptions 2.1 and 2.2 hold. Let (P2,t,Λ2,t) be the unique solutions to (4.4), π2, d̂
defined in (4.10), (5.2). The efficient strategy of the problem (2.2) can be written as a function of time t and
the wealth Xt:

π∗(t,X) = −π2,t(P2,t,Λ2,t)
(
Xt − d̂e−

∫ T
t

rsds
)
, (6.9)

or equivalently expressed by (6.6). Moreover, the efficient frontier is

Var(XT ) =
P2,0e

−2
∫ T
0

rsds

1− P2,0e
−2

∫ T
0

rsds

(
EXT − xe

∫ T
0

rsds
)2

. (6.10)

Proof. The efficient frontier (6.10) comes from (5.1).

Remark 6.5. When m = n = 1 and σt > 0, we have

H2,t(P,Λ) = inf
π∈R

[
Pσ2

t π
2 − 2[P (π+µ

t
− π−µ̄t) + πσtΛ]

]

=


− (Pµ

t
+σtΛ)2

Pσ2
t

, if σtΛ
P ≥ −µ

t
,

0, if − µ̄t ≤ σtΛ
P ≤ −µ

t
,

− (Pµ̄t+σtΛ)2

Pσ2
t

, if σtΛ
P ≤ −µ̄t.
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and

π2,t(P,Λ) =


Pµ

t
+σtΛ

Pσ2
t

, if σtΛ
P ≥ −µ

t
,

0, if − µ̄t ≤ σtΛ
P ≤ −µ

t
,

Pµ̄t+σtΛ
Pσ2

t
, if σtΛ

P ≤ −µ̄t.

(6.11)

A significant departure from the deterministic coefficients case is the involvement of Λ in (6.11), where Λ serves
to capture the effect of the randomness of the coefficients µ, µ̄, σ. When these coefficients are all deterministic,

then Λ ≡ 0. In the linear financial market, µ = µ̄ = µ, then π∗(t,X) = 0 if and only if σtΛt

Pt
= −µt. See e.g. Lim

and Zhou Proposition 3.2 of [33] for similar results and note that, in the notations of [33], if the interest rate
r is deterministic, H ≡ 1, then η in (17) of [33] equals 0. While in our non-linear market, π∗(t,X) = 0 if and
only if −µ̄t ≤ σtΛt

Pt
≤ −µ

t
. That is to say, the no-trading region becomes larger.

Remark 6.6. If m = n = 1, and µ
t
, µ̄t, σt are deterministic continuous functions on [0, T ], 0 ≤ µ

t
≤ µ̄t and

σt > 0, then the unique solutions of (4.3) and (4.4) are given by

(P1,t,Λ1,t) = (e
∫ T
t

(2rs− µ̄s
σs

)ds, 0); (P2,t,Λ2,t) = (e
∫ T
t

(2rs−
µ
s

σs
)ds, 0).

Thus the optimal value (4.12) of the problem (4.2) degenerates to [13], (3.6), and π2 in (6.11) becomes
π2,t(P,Λ) = µ

t
/σ2

t . Accordingly, the efficient portfolio (6.9) degenerates to [13], (3.15). Please note that, similar
in spirit to Remark 4.7, [13], (3.15) should be condensed to

π∗(t,X) = − θt
σt

(X − d∗e−
∫ T
t

rsds), 1

since x0 − d∗e−
∫ T
0

rsds ≤ 0.

Remark 6.7. For any v ∈ B, the following BSDE (6.12) admits a unique solution (P v
t ,Λ

v
t ) ∈ L∞(0, T ;R) ×

BMO, such that P v
t ≥ C for some positive constant C by Theorem 2.2 of [27].{

dP v
t = −

{
rP v

t − P v
t (v +

σtΛ
v

Pv
t

)′(σtσ
′
t)

−1(v +
σtΛ

v
t

Pv
t

)
}
dt+ (Λv

t )
′dWt,

P v
T = 1.

(6.12)

Actually, (6.12) is the Riccati equation associated with mean-variance problem under the linear wealth equation:{
dXt = (rtXt + π′

tvt)dt+ π′
tσtdWt,

X0 = x.

Notice that the solution (P2,t,Λ2,t) of (4.4) is uniformly positive, by Theorem 9.6.7 in [28], we have P v
t ≤ P2,t

for any v ∈ B, thus ess supv∈B P v
t ≤ P2,t, t ∈ [0, T ], a.s. Then for v̂ ∈ B defined in (6.5), we have

P2,t = P v̂
t = ess sup

v∈B
P v
t , Λ2,t = Λv̂

t , t ∈ [0, T ], a.s. (6.13)

by the uniqueness of (4.4). Similarly, we can prove

P1,t = P ṽ
t = ess inf

v∈B
P v
t , Λ1,t = Λṽ

t , t ∈ [0, T ], a.s.,

1Here we use the notations of [13].
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where

ṽ = argmin
v∈B

[
− (v +

σtΛ1,t

P1,t
)′(σtσ

′
t)

−1(v +
σtΛ1,t

P1,t
)
]
.

Remark 6.8. Let v̂ be defined in (6.5). Consider the following mean-variance problem with a linear wealth
dynamic:

Minimize E(XT −K)2,

s.t.


EXT = K,

σ′π ∈ L2(0, T ;Rn),

dXt = (rtXt + π′
tv̂t)dt+ π′

tσtdWt,

X0 = x.

(6.14)

According to Theorem 6.4, the above mean-variance problem admits the optimal portfolio

π̌(t,X) = −π̌2,t(P
v̂
t ,Λ

v̂
t )
(
Xt − ďe−

∫ T
t

rsds
)
,

where

π̌2,t(P
v̂
t ,Λ

v̂
t ) = argmin

π∈Rm

[
P v̂
t π

′σtσ
′
tπ − 2(P v̂

t π
′v̂t + π′σtΛ

v̂
t )
]
,

and

ď =
xP v̂

0 e
−

∫ T
0

rsds −K

P v̂
0 e

−2
∫ T
0

rsds − 1
. (6.15)

We claim that both the problems (2.2) and (6.14) share the same optimal portfolio, i.e. π̃(t,X) = π∗(t,X).
Consequently, v̂ could be chosen as a proper sub-derivative of (π+)′µ − (π−)′µ̄ with respect to π used in
Corollary 4.4 of Ji [11].

Indeed, combining (4.6), (A.12) with (4.9), we know that (v̂, π2(P2,Λ2)) defined in (6.5) and (4.10) is a saddle
point of

inf
π∈Rm

sup
v∈B

[
P2π

′σtσ
′
tπ − 2π′(P2v + σtΛ2)

]
= sup

v∈B
inf

π∈Rm

[
P2π

′σtσ
′
tπ − 2π′(P2v + σtΛ2)

]
,

especially

P2π2(P2,Λ2)
′σtσ

′
tπ2(P2,Λ2)− 2π2(P2,Λ2)

′(P2v̂ + σtΛ2)

≤ P2π2(P2,Λ2)
′σtσ

′
tπ2(P2,Λ2)− 2π2(P2,Λ2)

′(P2v + σtΛ2), ∀v ∈ B.

Therefore, using (6.13), we have

π̌2,t(P
v̂
t ,Λ

v̂
t ) = argmin

π∈Rm

[
P v̂
t π

′σtσ
′
tπ − 2[P v̂

t π
′v̂t + π′σtΛ

v̂
t ]
]

= argmin
π∈Rm

[
P2,tπ

′σtσ
′
tπ − 2[P2,tπ

′v̂t + π′σtΛ2,t]
]

= π2(P2,Λ2).
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On the other hand, comparison of (6.15) and (5.2) shows that, using (6.13) again,

ď = d̂.

7. Concluding remarks

In this paper, we study mean-variance portfolio selection under non-linear wealth dynamics. Different from
the linear wealth case, by introducing a Lagrange multiplier, we only have the weak duality (2.4). Therefore,
solutions of the LHS of (2.4) only provide a lower bound for our original problem. After constructing a candidate

portfolio πd̂ from the LHS of (2.4), we need to verify that πd̂ ∈ Π, i.e. π is feasible (hence optimal) for our
original problem (2.2) (or equivalently the RHS of (2.4)). This is achieved by the convex duality method which
gives a more direct expression of the corresponding terminal wealth. Note that the quadratic cost function is
not monotone, a property which is usually required for establishing convex duality. Fortunately, Remark 4.7

and (5.3) render the corresponding terminal wealth Xπd̂

T of the candidate portfolio stay below d̂. That is to say,
without the analysis in Sections 4 and 5, the convex duality could not be established in Section 6. Finally, the
optimal portfolio, efficient frontier and the variance-optimal martingale measure are given in closed forms. And
we find the links between the non-linear financial market and classical linear market.

Extensions in other directions can be interesting as well. For instance: (1) How to characterize the optimal
portfolio of problems (2.2) or (4.2) when the interest rate r is a stochastic process? (2) Recently, the general
form of the mean-variance efficient frontier has been recently established in C̆erný, Czichowsky and Kallsen
[8] with stochastic interest rates and even only risky assets. Can we generalize the results in [8] to the present
setting with non-linear wealth dynamics? (3) Mean-variance portfolio selection when the diffusion term is also
non-linear with respect to π.

Appendix A. Proofs of some technical results

A.1 Proof of σ′πd ∈ L2(0, T ;Rn) of Theorem 4.6

It is sufficient to prove π ∈ L2(0, T ;Rm) since σ ∈ L∞(0, T ;Rm×n). Note that

(πd)+ = π+
1 Y

+ + π+
2 Y

−, and (πd)− = π−
1 Y

+ + π−
2 Y

−.

We next prove that the following equation (A.1) has a unique continuous Ft-adapted solution.
dYt = (rtYt + ((πd

t )
+)′µ

t
− ((πd

t )
−)′µ̄t)dt+ (πd

t )
′σtdWt

= (rtYt + Y +
t (π+

1 )
′µ

t
− Y +

t (π−
1 )

′µ̄t + Y −
t (π+

2 )
′µ

t
− Y −

t (π−
2 )

′µ̄t)dt+ (Y +
t π′

1σt + Y −
t π′

2σt)dWt,

Y0 = x− de−
∫ T
0

rsds, t ∈ [0, T ].

(A.1)

Consider the following two equations:{
dȲt = (rtȲt + (π+

1 )
′µ

t
Ȳt − (π−

1 )
′µ̄tȲt)dt+ Ȳtπ

′
1σtdWt,

Ȳ0 = (x− de−
∫ T
0

rsds)+, t ∈ [0, T ],
(A.2)

and {
dỸt = (rtỸt − (π+

2 )
′µ

t
Ỹt + (π−

2 )
′µ̄tỸt)dt− Ỹtπ

′
2σtdWt,

Ỹ0 = (x− de−
∫ T
0

rsds)−, t ∈ [0, T ].
(A.3)
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Then

Ȳt = (x− de−
∫ T
0

rsds)+ exp
{∫ t

0

(
rs + (π+

1 )
′µ

s
− (π−

1 )
′µ̄s −

1

2
π′
1σsσ

′
sπ1

)
ds+

∫ t

0

π′
1σsdWs

}
, (A.4)

and

Ỹt = (x− de−
∫ T
0

rsds)− exp
{∫ t

0

(
rs − (π+

2 )
′µ

s
+ (π−

2 )
′µ̄s −

1

2
π′
2σsσ

′
sπ2

)
ds+

∫ t

0

π′
2σsdWs

}
. (A.5)

It’s easy to verify that Y = Ȳ − Ỹ is a solution of (A.1). To prove the uniqueness, let Y and Ẏ be two solutions
of (A.1). Set

Ŷt = Yt − Ẏt, at =
Y +
t − Ẏ +

t

Yt − Ẏt

1{Yt ̸=Ẏt}, bt =
Y −
t − Ẏ −

t

Yt − Ẏt

1{Yt ̸=Ẏt}.

Then Ŷ solves the following linear SDE

{
dŶt = Ŷt(rt + at(π

+
1 )

′µ
t
− at(π

−
1 )

′µ̄t + bt(π
+
2 )

′µ
t
− bt(π

−
2 )

′µ̄t)dt+ Ŷt(atπ
′
1σt + btπ

′
2σt)dWt,

Ŷ0 = 0, t ∈ [0, T ],

which has a unique solution Ŷ = 0.
Thus, (A.1) has a unique solution. We denote it by Y d. Then

πd
t = π1,t(P1,t,Λ1,t)(Y

d
t )

+ + π2,t(P2,t,Λ2,t)(Y
d
t )

−.

Denote by τdn the stopping time defined in (4.15) for (Y d
t , π

d
t ). It follows from (4.16) that

E
[
P1,τd

n
(Y +

τd
n
)2 + P2,τd

n
(Y −

τd
n
)2
]
= P1,0(Y

+
0 )2 + P2,0(Y

−
0 )2. (A.6)

Recall that from Theorem 4.3, there exists a constant C > 0 such that

P1,t ≥ C, P2,t ≥ C, t ∈ [0, T ].

Then by (A.6), we know

CE(Y d
τd
n∧ι)

2 ≤ P1,0(Y
+
0 )2 + P2,0(Y

−
0 )2

for any stopping time ι valued in [0, T ]. Fatou’s lemma gives E(Y d
ι )

2 ≤ C. By Itô’s formula, we have

(Y d
t )

2 = y2 +

∫ t

0

(2rs(Y
d
s )

2 + 2Y d
s (((π

d
s )

+)′µ
s
− ((πd

s )
−)′µ̄s) + |σ′

sπ
d
s |2)ds+

∫ t

0

2Y d
s (π

d
s )

′σsdWs.
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By the definitions of π1 and π2, for each (t, ω) ∈ [0, T ] × Ω, πi
1 and πi

2 take values from {0, (−(σσ′)−1(µI1 +
σΛ1

P1
))i, (σσ′)−1(µI2 + σΛ2

P2
)i : I1 ⊂ {1, 2...,m}, I2 ⊂ {1, 2...,m}}. Thus, there exists a constant C such that

∫ T

0

|σ′
tπ

d
t |2dt ≤ C sup

0≤t≤T
|Y d

t |2
∑

I1⊂{1,2...,m}
I2⊂{1,2...,m}

∫ T

0

(|(σσ′)−1(µI1 +
σΛ1

P1
)|2 + |(σσ′)−1(µI2 +

σΛ2

P2
)|2)dt < +∞, a.s.

(A.7)
since Λ1, Λ2 are square integrable and the other terms are bounded. For n ≥ 1, define a stopping time

δn = inf{t > 0
∣∣ ∫ t

0

|Y d
s σ

′
sπ

d
s |2ds ≥ n} ∧ T.

Then it converges to T almost surely due to (A.7). So

y2 + E
∫ τd

n∧δn

0

|σ′
sπ

d
s |2ds = E(Y d

τd
n∧δn

)2 − E
∫ τd

n∧δn

0

(2rs(Y
d
s )

2 + 2Y d
s (((π

d
s )

+)′µ
s
− ((πd

s )
−)′µ̄s))ds.

Let ε > 0 be the constant in Assumption 2.2, then we have

εE
∫ τd

n∧δn

0

|πd
s |2ds ≤ C + CE

∫ τd
n∧δn

0

2|Y d
s ||πd

s |ds

≤ C +
ε

2
E
∫ τd

n∧δn

0

|πd
s |2ds+

2C2

ε
E
∫ τd

n∧δn

0

|Y d
s |2ds.

After rearrangement, it follows from Fatou’s lemma that

E
∫ T

0

|πd
s |2ds ≤ C.

A.2 Proof of Step 2 of Theorem 6.1

Define a Ft-adapted process X̂ via

X̂tN
v̂,θ̂
t = E[X̂TN

v̂,θ̂
T |Ft] = E[(d̂− ζ̂

2
N v̂,θ̂

T )N v̂,θ̂
T |Ft]

= d̂e−
∫ T
0

rsdse
∫ t
0
rsdsN v̂,θ̂

t − ζ̂

2
(N v̂,θ̂

t )2eỸt , t ∈ [0, T ],

i.e.

X̂t = d̂e−
∫ T
t

rsds − ζ̂

2
N v̂,θ̂

t eỸt , t ∈ [0, T ]. (A.8)

Clearly we have X̂0 = x, and

E[d̂N v̂,θ̂
T |Ft] = d̂e−

∫ T
0

rsdse
∫ t
0
rsdsN v̂,θ̂

t

= d̂e−
∫ T
0

rsds
[
1−

∫ t

0

e
∫ s
0
rαdαN v̂,θ̂

s

(
σ′
s(σsσ

′
s)

−1v̂s + (In − σ′
s(σsσ

′
s)

−1σs)θ̂s

)′
dWs

]
,
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E[
ζ̂

2
(N v̂,θ̂

T )2|Ft] =
ζ̂

2
(N v̂,θ̂

t )2eỸt

=
ζ̂

2

[
eỸ0 +

∫ t

0

(N v̂,θ̂
s )2eỸs

(
Z̃s − 2σ′

s(σsσ
′
s)

−1v̂s − 2(In − σ′
s(σsσ

′
s)

−1σs)θ̂s

)′
dWs

]
.

From (6.3) and the above two equations, it suffices to prove that there exists π̂ ∈ A(x) such that

N v̂,θ̂
s

[
π̂′
sσs − X̂sv̂

′
s(σsσ

′
s)

−1σs − X̂sθ̂
′
s(In − σ′

s(σsσ
′
s)

−1σs)
]

= −d̂e−
∫ T
0

rsdse
∫ s
0
rαdαN v̂,θ̂

s

(
σ′
s(σsσ

′
s)

−1v̂s + (In − σ′
s(σsσ

′
s)

−1σs)θ̂s

)′
− ζ̂

2
(N v̂,θ̂

s )2eỸs

(
Z̃s − 2σ′

s(σsσ
′
s)

−1v̂s − 2(In − σ′
s(σsσ

′
s)

−1σs)θ̂s

)′
, (A.9)

and

(π̂+
s )

′µ
s
− (π̂−

s )
′µ̄s − π̂′

sv̂s = 0 (A.10)

hold simultaneously. Noting (A.8) and θ̂ = Z̃, we have

−N v̂,θ̂
s X̂sθ̂

′
s(In − σ′

s(σsσ
′
s)

−1σs) = −d̂e−
∫ T
0

rsdse
∫ s
0
rαdαN v̂,θ̂

s θ̂′s(In − σ′
s(σsσ

′
s)

−1σs)

− ζ̂

2
(N v̂,θ̂

s )2eỸs

(
(In − σ′

s(σsσ
′
s)

−1σs)Z̃s − 2(In − σ′
s(σsσ

′
s)

−1σs)θ̂s

)′
.

Therefore (A.9) is equivalent to

N v̂,θ̂
s

[
π̂′
sσs − X̂sv̂

′
s(σsσ

′
s)

−1σs

]
= −d̂e−

∫ T
0

rsdse
∫ s
0
rαdαN v̂,θ̂

s

(
σ′
s(σsσ

′
s)

−1v̂s

)′
− ζ̂

2
(N v̂,θ̂

s )2eỸs

(
σ′
s(σsσ

′
s)

−1σsZ̃s − 2σ′
s(σsσ

′
s)

−1v̂s

)′
. (A.11)

Noting (A.8), π̂ defined in (6.6) satisfies (A.11), hence (A.9). Moreover, we claim that π̂ satisfies (A.10).
Actually, note that

v̂t = argmin
v∈B

|σ′
t(σtσ

′
t)

−1v − Z̃t|2

= argmin
v∈B

|σ′
t(σtσ

′
t)

−1v − σ′
t(σtσ

′
t)

−1σtZ̃t − (In − σ′
t(σtσ

′
t)

−1σt)Z̃t|2

= argmin
v∈B

|σ′
t(σtσ

′
t)

−1v − σ′
t(σtσ

′
t)

−1σtZ̃t|2

= argmin
v∈B

|σ′
t(σtσ

′
t)

−1(v − σtZ̃t)|2. (A.12)

For any u ∈ B and ε ∈ (0, 1], we have v̂ + ε(u− v̂) ∈ B because B is convex, and

1

ε

[
|σ′

t(σtσ
′
t)

−1(v̂ − σtZ̃t)|2 − |σ′
t(σtσ

′
t)

−1(v̂ + ε(u− v̂)− σtZ̃t)|2
]
≤ 0.
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Sending ε ↓ 0, we get

(u− v̂)′(σtσ
′
t)

−1(v̂ − σtZ̃t) ≥ 0, ∀u ∈ B. (A.13)

Denote the ith component of (σtσ
′
t)

−1(v̂ − σtZ̃t) by ((σtσ
′
t)

−1(v̂ − σtZ̃t))
i, i = 1, ...,m. Then there must be

v̂i =

{
µi, if ((σtσ

′
t)

−1(v̂ − σtZ̃t))
i ≥ 0,

µ̄i, if ((σtσ
′
t)

−1(v̂ − σtZ̃t))
i ≤ 0.

Recall the presentation (6.6), this implies (A.10).

A.3 Proof of Step 3 of Theorem 6.1

According to (6.3), it suffices to prove that

∫ t

0

N v̂,θ̂
s

[
π′
sσs −Xsv̂

′
s(σsσ

′
s)

−1σs −Xsθ̂
′
s(In − σ′

s(σsσ
′
s)

−1σs)
]
dWs

is a uniformly integrable martingale for any π ∈ A(x). Recall that e
∫ t
0
rsdsN v̂,θ̂

t and (N v̂,θ̂
t )2eỸt are two uniformly

integrable martingales and r is bounded, we have

E
[

sup
t∈[0,T ]

|N v̂,θ̂
t |2

]
≤ CE

[
sup

t∈[0,T ]

e2
∫ t
0
rsds|N v̂,θ̂

t |2
]
≤ Ce2

∫ T
0

rsdsE
[
|N v̂,θ̂

T |2
]
= Ce2

∫ T
0

rsdseỸ0 < ∞,

where the second inequality is due to Doob’s inequality. Thus we have

E
[( ∫ T

0

|N v̂,θ̂
t π′

tσt|2dt
) 1

2
]
≤ 1

2
E
[

sup
t∈[0,T ]

|N v̂,θ̂
t |2 +

∫ T

0

|π′
tσt|2dt

]
< ∞,

and

E
[( ∫ T

0

|N v̂,θ̂
t Xtv̂

′
t(σtσ

′
t)

−1σt|2dt
) 1

2
]
≤ CE

[( ∫ T

0

|N v̂,θ̂
t Xt|2dt

) 1
2
]

≤ C
√
TE
[

sup
t∈[0,T ]

|N v̂,θ̂
t Xt|

]
≤ C

√
T

2
E
[

sup
t∈[0,T ]

|N v̂,θ̂
t |2 + sup

t∈[0,T ]

|Xt|2
]
< ∞.

From the definition of N v̂,θ̂
t , we know

∫ t

0

N v̂,θ̂
s θ̂′s(In − σ′

s(σsσ
′
s)

−1σs)dWs = 1−N v̂,θ̂
t −

∫ t

0

rsN
v̂,θ̂
s ds−

∫ t

0

N v̂,θ̂
s v̂′s(σsσ

′
s)

−1σsdWs.
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By the BDG inequality, we have

E
∫ T

0

|N v̂,θ̂
t θ̂′t(In − σ′

t(σtσ
′
t)

−1σt)|2dt

≤ CE
[

sup
t∈[0,T ]

∣∣∣ ∫ t

0

N v̂,θ̂
s θ̂′s(In − σ′

s(σsσ
′
s)

−1σs)dWs

∣∣∣2]
≤ C + CE

[
sup

t∈[0,T ]

|N v̂,θ̂
t |2 +

∣∣∣ ∫ T

0

N v̂,θ̂
s ds

∣∣∣2 + sup
t∈[0,T ]

∣∣∣ ∫ t

0

N v̂,θ̂
s v̂′s(σsσ

′
s)

−1σsdWs|2
]

≤ C + CE
[

sup
t∈[0,T ]

∣∣∣ ∫ t

0

N v̂,θ̂
s v̂′s(σsσ

′
s)

−1σsdWs

∣∣∣2]
≤ C + CE

[ ∫ T

0

∣∣∣N v̂,θ̂
s v̂′s(σsσ

′
s)

−1σs

∣∣∣2ds] < ∞.

Then

E
[( ∫ T

0

|N v̂,θ̂
t Xtθ̂

′
t(In − σ′

t(σtσ
′
t)

−1σt)|2dt
) 1

2
]

≤ E
[(

sup
t∈[0,T ]

Xt

)(∫ T

0

|N v̂,θ̂
t θ̂′t(In − σ′

t(σtσ
′
t)

−1σt)|2dt
) 1

2
]

≤ 1

2
E
[(

sup
t∈[0,T ]

Xt

)2
+

∫ T

0

|N v̂,θ̂
t θ̂′t(In − σ′

t(σtσ
′
t)

−1σt)|2dt
]
< ∞.

From the BDG inequality,

∫ t

0

N v̂,θ̂
s

[
π′
sσs −Xsv̂

′
s(σsσ

′
s)

−1σs −Xsθ̂
′
s(In − σ′

s(σsσ
′
s)

−1σs)
]
dWs

is actually a uniformly integrable martingale for any π ∈ A(x).
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