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MEAN-VARIANCE PORTFOLIO SELECTION WITH NON-LINEAR
WEALTH DYNAMICS AND RANDOM COEFFICIENTS

SHAOLIN JI', HANQING JIN? AND XIAOMIN SHI**

Abstract. This paper studies the continuous time mean-variance portfolio selection problem with one
kind of non-linear wealth dynamics. To deal with the expectation constraint, an auxiliary stochastic
control problem is firstly solved by two new generalized stochastic Riccati equations from which a
candidate portfolio in feedback form is constructed, and the corresponding wealth process will never
cross the vertex of the parabola. In order to verify the optimality of the candidate portfolio, the convex
duality (requires the monotonicity of the cost function) is established to give another more direct
expression of the terminal wealth level. The variance-optimal martingale measure and the link between
the non-linear financial market and the classical linear market are also provided. Finally, we obtain
the efficient frontier in closed form. From our results, people are more likely to invest their money in
riskless asset compared with the classical linear market.
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1. INTRODUCTION

A mean-variance portfolio selection problem is to find the optimal portfolio strategy which minimizes the
variance of its terminal wealth while its expected terminal wealth equals a prescribed level. Markowitz [1], [2]
first studied this problem in the single-period setting. Its multi-period and continuous time counterparts have
been studied extensively in the literature; see, e.g. Bielecki et al. [3], Jin et al. [4], Li et al. [5], Li et al. [6], Zhou
et al. [7] and the references therein. For the general topic of mean variance hedging, please refer to éerny et al.
8], Cerny and Kallsen [9], Schweizer [10].

Most of the literature on mean-variance portfolio selection stays in a linear market, i.e., the wealth dynamic is
a linear equation due to the proper market setting like frictionless trading. While in reality, the wealth dynamic
is rare to be linear because of different kinds of friction in trading, and we have to deal with nonlinearity in
the market. For example, a large investor’s portfolio may affect the return of the stock’s price which leads to a
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non-linear wealth dynamic. When some taxes must be paid on the gains made on the stocks, we also encounter
nonlinearity in the wealth equation.

As for the continuous time mean-variance portfolio selection problem with non-linear wealth dynamic, Ji
[11] obtained a necessary condition for the optimal terminal wealth when the drift of the wealth dynamic is
differentiable. He derived a stochastic maximum principle which characterized the optimal terminal wealth.
But the stochastic maximum principle in Ji [11] relies heavily on the differentiability assumption of the drift
with respect to (X, 7). For our non-differentiable case, the key step is to find an appropriate sub-derivative so
as to construct the optimal wealth which is not concerned in [11]. Fu et al. [12] studied the continuous time
mean-variance portfolio selection problem with higher borrowing rate in which the wealth dynamic is non-linear
and the coeflicient is not smooth. They employed the viscosity solution of the HJB equation to characterize the
optimal portfolio strategy.

In this paper, the continuous time mean-variance portfolio selection problem with one kind of non-
linear wealth dynamics is studied. The drift is not differentiable with respect to 7 in the model. When
the coefficients are all deterministic continuous functions, Ji and Shi [13] solved this problem wvia the
viscosity solution of the corresponding HJB equation. But for non-linear wealth dynamics with random coef-
ficients such as stochastic return rates and stochastic volatilities, the method of HJB equation is no longer
applicable.

Compared with classical linear market, the non-linear wealth dynamic brings new challenges. As the terminal
expectation constraint EXZ = K is no longer linear in w. Whence it is unclear whether the feasible portfolio
set is convex or not. Furthermore, the Lagrange strong duality which was widely used in solving mean-variance
portfolio selection problem for linear market (see e.g. [14], [6]) is absent a priori. Instead, by introducing a
Lagrange multiplier, we only have weak duality. Fortunately, we can take advantage of the weak duality to
fix a lower bound for our problem, then construct a candidate portfolio 7, and verify the optimality of 7
finally. In this procedure, we will in the first place confront a stochastic control problem without state constrain
(but with non-linear dynamic and quadratic cost). Inspired by Hu and Zhou [14] in which the mean-variance
portfolio selection problem with cone constraints was studied, this stochastic control problem could be solved by
a generalized linear quadratic (LQ) approach. We find that our problem can be solved by studying the positive

and negative parts of the process X; — deli Teds separately (see Thm. 4.6). This approach leads to two new
generalized stochastic Riccati equations. Through an exponential transformation, we prove the global solvability
of these two generalized stochastic Riccati equations. Furthermore, we show that the positive or negative of
the process X; — deli reds depends only on the positive or negative of its initial value (see Rem. 4.7). Things
become apparently different when there are jumps in the price processes, please see Czichowsky and Schweizer
[15], where a coupled system of backward stochastic differential equations (BSDEs) is deduced to characterize
the value process. Then by solving a convex optimization problem (2.6), a candidate portfolio in feedback form
is obtained.

But when it comes to verify the optimality of the candidate © (mainly EXZT = K), this feedback form is
no longer friendly. So the convex duality method, a theory which was highly developed in utility maximization
problems (see e.g. Cvitanic and Karatzas [16] and the seminal book [17] for a systematic account on this subject)
is applied to give another expression of the candidate portfolio and, especially, its corresponding terminal wealth.
The main advantage of this method at this stage is that it can directly identify the optimal terminal wealth by
studying the corresponding dual problem. Even though the quadratic function, that one is trying to minimise,
lacks monotonicity or Inada condition used in establishing convex duality of utility maximization problem,
problem (4.2) (with d in place of d) is still rather close to utility maximization because the optimal wealth
process X; never crosses the vertex of the parabola as suggested by Remark 4.7 ex post. Note that this is no
longer the case for processes with jumps as in Czichowsky and Schweizer [15].

Except for expressing the optimal terminal wealth more directly by establishing the convex duality, we obtain
some new sharp results which was not discovered in the generalized LQ approach. Further, this procedure helps
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us to understand the non-linear wealth dynamic better. In more detail, we succeed in obtaining the variance-
optimal martingale measure, a concept introduced firstly in Schweizer [18], from which we find the links between
the non-linear financial market and classical linear market. Actually, these two kind of markets are linked by
the equivalent martingale measures, also called risk-neutral measures (see [19-21]). It is worth to point out that
the financial market in our setting is incomplete which yields infinitely many equivalent martingale measures.
Based on the explicit characterization of the variance optimal martingale measure, we show that our non-linear
wealth dynamic is equivalent to a linear wealth dynamic with a appropriately chosen mean excess return rate
from the viewpoint of optimization. And this mean excess return rate is exactly the sub-derivative claimed in
Corollary 4.4 of Ji [11].

This paper is organized as follows. In section 2, we formulate the problem and sketch the idea to solve
it. Section 3 concerns the feasibility of problem (2.2). The generalized LQ approach is employed to solve an
auxiliary stochastic control problem without state constraint in section 4. A real valued Lagrange multiplier
is found in sections 5. In section 6, we construct and verify the optimality of a candidate portfolio. Finally,
the efficient strategy and efficient frontier are obtained in closed forms. Some concluding remarks are given in
Section 7. Appendices contain technique proofs of Theorem 6.1.

2. FORMULATION OF THE PROBLEM

Let W = (W1, ...,WW") be a standard n-dimensional Brownian motion defined on a filtered complete proba-
bility space (2, F,{F;}i>0,P), where {F;};>0 denotes the natural filtration associated with the n-dimensional
Brownian motion W and augmented.

We introduce the following spaces:

L?(Q, Fr;R) = {f Q= R‘f is Fr-measurable, and E[¢]? < oo},
L?(0,T;R) = {gb 1[0, 7] x Q= R|(¢1)o<i<r is an {F;}¢>0 -predictable process,
and E [ |¢y|2dt < oo},
L>(0,T;R) = {¢ (0, T x Q=R ‘ (¢t)o<t<r is an {F; }i>o-predictable essentially bounded process}.

These definitions are generalized in the obvious way to the cases when ¢ is R™ or R™*"-valued. We denote
the transpose of a matrix M by M’ and its norm by |M| = y/trace(M M’). In our argument, “almost surely”
(a.s.), “almost everywhere” (a.e.) and (t,w) may be suppressed for notation simplicity in some circumstances
when no confusion occurs. Throughout this paper, we take the following notations. For any = € R™, denote

where

and z; = (—x;

=] T if z; > 0;
i 0, ifz; <O,

For any z, £ € R™, we write x < Z if 2, <&, i =1,...,m.

Consider a financial market consisting of a riskless asset (the money market instrument or bond) whose price is
S and m (m < n) risky securities (the stocks) whose prices are S, ..., S™. An investor decides at time t € [0, T]
what amount 7} of his total wealth X; to invest in the ith stock, i = 1,...,m. The portfolio m; = (7}, ..., 7))’
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and 7 := X; — > ", 7w} are Fi-adapted. Then consider the following non-linear wealth dynamic:

{dXt = (reXe + ()1, — (w7 ) )t + iAW, @.1)

Xo=xz€R, te[0,T]

where r; is the interest rate, B, = (Hi, .

and short positions, and o; = {Uij H<i<m,1<j<n is the volatility rate of risky assets. Note that the drift of the
wealth equation (2.1) is Lipschitz but not differentiable with respect to 7, which violates assumption (H1) in
[11].

e ) e = (fif, ..., i)’ are mean excess return rates for long positions

Assumption 2.1. r is a deterministic measurable bounded scalar-valued function.
Assumption 2.2. u, g€ L*(0,T;R™) and B, <, i=1,...m.0€ L>(0, T;R™*"™) and
3 >0, ploworp > elpl|?, Vp e R™.
Indeed, it is the following three examples that motivate us to study the wealth dynamic (2.1). For simplicity,

we suppose that there is only one stock in each of these three examples.

Example 2.3 (Short selling is costly). Jouini and Kallal [22, 23] proposed the following model.
Let by > b, > r;. When short selling is possible but costly, one has different expected returns for long and
short position of the stock. In this case, the asset prices are given by

dSY = SPrdt, S§ = so;
a8} = S (b1 m20) + bl gr <0yt + oW, SF = 51> 0.

Then the wealth process X = X*™ of the self-financed investor who is endowed with initial wealth z is
governed by the following stochastic differential equation,

1 0
dX = Wt% + (Xt — Wt)%
= (’I”tXt + T(;_Ht — Wt_ﬂt)dt + WtUtth,
X() =x,

where p = b, — ¢, fir = by — 1, t €0, 7).

Example 2.4 (Price pressure model for large investors). Cuoco and Cvitanic [24] gave the following price
pressure model.

Let € be a small positive number such that b; — r; > & > 0. The portfolio strategy of a large investor could
affect the expected return of the stock and the affection level is small. The asset prices are governed by

dsY = SPrdt, 58 = S0;
sl = S} [(bt — esgn(r,))dt + atth}, St =5 >0,

where

0, otherwise.

Bl oeton
Sgn(m):{w’ 1 :E%O,
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In this specific large investor model, buying the risky security depresses its expected return while shorting it
increases its expected return as explained in Cuoco and Cvitanic [24].
The wealth equation can be written

dXt = (TtXt + (bt — ’I"t)ﬂ't — E|7Tt|)dt + WtUtth
= (’I“tXt + W?Ht — Wt_ﬂt)dt + WtUtth,
X() =,

where p :=b; — 1y — ¢ and fiy ;== by — 7 + ¢, t € [0, 7).

Example 2.5 (Trading with taxes). El Karoui et al. [25] studied the following financial model with taxes.
Let a € [0,1) be a constant. And b; > r;. The asset prices are given by

dSY = SPr,dt, S§ = s;
dS} = S}H(bdt + 0y dWy), S§ = s1 > 0.

And there are some taxes which must be paid on the gains made on the stock. In this case, the wealth equation
satisfies

dX; = (re X + (by — ry)m — amt(by — r4))dt + w0 dW,
= ((reXe + W;rﬁt —my jig)dt + mo dWy,
XO =T,

where p = (1 —a)(by — 1) and iy = by — 1y, £ € [0,T].
Remark 2.6. When p, = fit, t € [0,T], a.s., the wealth dynamic (2.1) degenerates to the classical linear case.
Definition 2.7. A portfolio 7 is said to be admissible if o’m € L2(0,T;R") and (X, 7) satisfies (2.1).

Denote by A(z) the set of admissible portfolio 7.

Under Assumption 2.1, for a given expectation level K > xoefoT 7545 " consider the following continuous time
mean-variance portfolio selection problem:

Minimize Var(X7) = E(X1 — K)?,

t. {EXT =K, (2.2)
m e A(z).

Denote II = {n|m € A(z), and EXy = K}. The problem (2.2) is called feasible if II is non empty. Any
m € II is called a feasible portfolio for the problem (2.2). Denote by X™ the wealth process (2.1) whenever
it is necessary to indicate its dependence on m € A(zx). An optimal strategy 7* to (2.2) is called an efficient
strategy corresponding to K. Then (Var(X%*),K ) is called an efficient point. The set of all efficient points
{(Var(X7'),K) | K € [mefoT rsds 1 50)} is called the efficient frontier.

To deal with the constraint EXp = K, we introduce a Lagrange multiplier —2\ € R and obtain the following
unconstrained optimization problem:

inf |E(Xr - K)? - 2\EXr — K)|. (2.3)
TeA(x)
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The problem (2.3) yields a lower bound on our original problem (2.2). To be more precise, we have the following
weak duality between problems (2.2) and (2.3):

sup inf [E(X;: — K)? — 2\(EXT. — K)} < inf E(XT — K)2 (2.4)
AER TEA() nell

In fact, let # € II be any feasible portfolio and A € R, we have
E(XT — K)? = 2A(EX% — K) = E(X} — K)2.
Hence

iﬁf( : E(XT — K)? = 2A\EXT — K)| <E(X% — K)? = 2\(EX} — K)
TEA(T

=E(X] - K)%,

for any A € R and any feasible portfolio #« € II. Then the weak duality (2.4) follows.

Note that we only have the weak duality (2.4) between problems (2.2) and (2.3). If the inequality becomes
equality, we say that strong duality holds. And the problem in the left-hand side (LHS) of (2.4) is more likely
to be solved than our original problem (2.2) (equivalently the right-hand side (RHS) of (2.4)). Actually, for
any A € R, the problem (2.3) is a stochastic control problem without state constraint (though with non-linear
dynamic), we can solve it by a generalization of linear quadratic control technique. And by denoting

U\ = inf [E(X;z ~K)? —2A(EXE - K)}, AER, (2.5)
TeA(x)

then ¢ is a concave function as it is the infimum of a class of linear functions of A. So it is not hard to solve the
convex optimization problem supycp £(A). But unfortunately, due to the non-linear wealth dynamic (2.1), it is
very difficult to establish the strong duality or even to prove the convexity of the set of feasible portfolios II.
Nevertheless, we can still take advantage of the weak duality (2.4) to construct a candidate portfolio 7* for our
original problem (2.2), then verify the optimality of 7*. The main idea is as follows:

e Step 1: For any A € R, find an optimal portfolio 7* to the problem (2.3).

e Step 2: Find an argument maximum A €ER of

sup £( ). (2.6)
AER

e Step 3: Set " = 7r5‘, then

sup inf [E(XE— K)? — 2\(EXE — K)} — sup []E(X%A CK)? - 2AEXE — K)]
AeR TEA(z) AER

=E(XFE — K)? —2\(EX} — K).
At this time, if we can show 7* € II, i.e. 7" € A(z) and EXF = K, then E(X7 — K)? attains the

lower bound of the original problem (2.2), i.e. the LHS of (2.4), which verifies the optimality of 7* for
problem (2.2).

3. FEASIBILITY OF THE PROBLEM (2.2)

Let us address ourselves to the feasibility of problem (2.2) first.
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Theorem 3.1. Under Assumptions 2.1 and 2.2, the mean-variance problem (2.2) is feasible for any K €

[xefoT rsds 4 00) if and only if
T
/ )_dt] > 0. (3.1)
0

ZE{/ +dt]>00rZ]E

i=1

Proof: (1) We first prove the “if” part.
Define

M; = {(t,w) iﬁi >0}, i=1,2,..,m

Ifry>" E UOT(H::)*dt} > 0, then there exists an iy € {1,2,...,m} such that the product measure (in terms of

P and the Lebesgue measure) of M;, is nonzero. Denote the iff' row of oy by o° = (01>, -+ ,0{°") and the
length of the vector o;° by |0;°|. Since oy is invertible, it is obvious that |o;°| > 0. Set

. | 1/1e°), if i =i and (t,w) € M;,;
T, =
o, if i # g or (t,w) & M,,.

For any nonnegative real number 3, we construct a portfolio s ; := B(mi, - ). g, is admissible due to
oimpe = B(01") Lwyen,, /|0t°] and

+oy Sy gl
(m5.0) 1, — (m5,,) e = 6|Jio|
t

(t,w)eM;, -

The wealth process corresponding to mg at time 7" is

Xr = pelo Tsds +/ els Tsds((w57t)+)’ﬁt - ((ﬂ57t)7)/ﬂt)dt +/ eft TSdSTr,IB o dWy
0

Ut

MO
_xefo rs ds_i_/@/ eft Tsds t tw Mlodt—’—ﬁ/ eff reds ]—(t,w)GJVIiOth'

Taking expectation on both sides, we get

EX;p = zels ™95 1 BE

T T, d u’io
/ eff, Ts .s| t |1(t,w)€Mi0dt .
0 t

Define

k=E

T Mlo
/ eft rsds |— 1 tw)EMiOdt .
0

o

T
K—refO rsds

We have k > 0 since |¢/°| > 0 and u 1(tw)yenr,, > 0. Taking 8 = , we obtain EX7 = K which means

that the problem (2.2) is feasible. For the case of > ;" | E [fo i) dt] > 0, the proof is similar.
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(2) Conversely, if the problem (2.2) is feasible for any K > zelo 7sds then for a given K > zelo 7sds there
exists an admissible portfolio 7 such that

Ko =EXp = zelo 9 4

T T
/ el (), — (Wt)’ut)dt]

0

which leads to

E

T -
/0 el “ds((ﬂf)'ﬁt — (m, )'/jt)dt] > 0. (3.2)
If (3.1) does not hold, then we have that 4, < 0 and fi; > 0 hold simultaneously for ¢ € [0, T]. It yields that

E

T
| ey, - (W?)’ﬁt)dt] <0
0

which contradicts (3.2). This completes the proof. O
Remark 3.2. When p, = fit, (3.1) degenerates to E UOT \Ht\th} > 0.

From now on, we will assume (3.1) holds throughout this paper.

4. SOLUTION TO THE PROBLEM (2.3)
For any A € R, set d = K + A, then

E(Xr — K)? = 2X\EX7 — K) = E(X7 —d)?> = N2 =E(Xr —d)? — (d — K)*. (4.1)
Therefore at this step, it suffices to solve
Minimize E(X7 — d)?, s.t. 7 € A(x), (4.2)

for any d € R.
Define the following mappings:
H{ (7, P,A) := Pr'ooym + 2[P((n ") ',

Hj,(m, P, A) = Pr'oioym — 2[P((7T+)/H

— (7)) + 7oy Al
— (7)) + 7o Al, (t, 7, P,A) €10,T] x R™ x R x R™,

t

and

Hi(PA)i= inf HY,(m,P,A),
TER™ ’

Hy,o(PA) i= inf Hj,(r, P,A), (£ P,A) € [0,T] x R x R™.
TER™ ’

Under Assumption 2.2, for any P > 0, A € R", there exists C1(P,A) >0

Ci(P +[A])

Hi y(n, P.A) 2 Pl = Cy(P+ ||| = ePlrl(jr] - 2

).
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Ci(P+|AD
If |7T'| > IT,

that

then H{,(m, P,A) > 0. Notice that infregm H (7, P,A) < Hf (0, P,A) = 0, this implies

Hy . (P,A) = inf HY y(m, P,A) > —oo0.

C1(P+[A]D
|ﬂ-|§1€7p

Therefore Hy (P, A) is finite. The same conclusion can be drawn for Hy (P, A).
In order to solve the sub-problem (4.2), we introduce the following two stochastic Riccati equations:

dPy = —[2r¢ Py + Hy o(Prg, Ay g)]dE + A7 dW,
P r=1, (4.3)
Py > 0;

APyt = —[2r¢ Py + Ho 1 (Pat, Ao ¢)]dt + A5 (dW,
Pyr =1, (4.4)
P27t > 0.

These are two BSDEs whose solutions happen to be in the class of martingales of bounded mean oscillation,
briefly called BMO martingales. Here we recall some facts about this theory, see Kazamaki [26]. The process
fd ALdWy is a BMO martingale if and only if there exists a constant C' > 0 such that

T
E[/ |Aq|%ds

for all stopping times 7 < T. The stochastic exponential £([; A,dW;) of a BMO martingale [; ALdWj is a
uniformly integrable martingale. Moreover, if [j ALdW, and [; Z/dW, are both BMO martingales, then under
the probability measure P defined by Z—P}i =& fOT ZLdWy), Wt =W — fot Zds is a standard Brownian motion,
and [ ALdW, is a BMO martingale. Set

ﬂ] <C

BMO = {A € L*(0,T;R")| / ALdW; is a BMO martingale}.
0

Definition 4.1. A pair of processes (P, A1) € L*>(0,T;R) x BMO (resp. (Ps,As)) is called a solution to the
Riccati equation (4.3) (resp. (4.4)) if it satisfies (4.3) (resp. (4.4)).

The Riccati equations (4.3) and (4.4) are highly non-linear BSDEs which violate both the standard Lipschitz
conditions and the quadratic growth conditions. There are several results on the solvability of stochastic Riccati
equations (see for example Hu and Zhou [14], Kohlmann and Tang [27]). But up to our knowledge, no results
can be directly applied to (4.3) and (4.4).

We first give the boundedness results of the solutions to (4.3) and (4.4), which is useful in Corollary (4.5).

Proposition 4.2. Under Assumptions 2.1 and 2.2, if (P, A) is a solution to equation (4.3) (or (4.4)), then
Pt S e2ftT rsds'

Proof. We only prove the claim for (4.3) and the proof for (4.4) is similar.
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Set
pt _ PtGZ Jirsds and ]\t _ Ate2 I rsds
Then (P, A) is a solution to the BSDE

dpt = —62 fot TsdsHlyt(e—2fJ T‘Sdspt7 6_2 fot Tsdslit)dt + Agth,
PT — e2 fOT Tsds,

P, > 0.

Since Hy, < 0, P; is a sub-martingale. Thus, P, < E[Pr|F;] = Pr which leads to P, < e? S reds

O

Now we prove the existence and uniqueness of solutions to (4.3) and (4.4). Hereafter, we shall use C' to

represent a generic positive constant which can be different from line to line.

Theorem 4.3. Supposer € L (0,T;R) and Assumption 2.2 holds. Then, there exists a unique solution (P, A1)

(resp. (P2, A2)) to (4.3) (resp. (4.4)), such that Py > C (resp. Py > C) for some C > 0.

Proof. We only prove the assertion for (4.4) and the arguments for (4.3) are analogous or obvious. The idea
is to turn the stochastic Riccati equation (4.4) to a quadratic BSDE (through an exponential transformation)

whose existence and uniqueness are known.
Set

B={v:[0,T] xQ—R" |veL>*0,T;R™) and B, Svp < fit}.
Recall the definition of Hy(P,A), we have, for P > 0, A € R™,

Hau(PA) = inf [Priovojm = 2AP((w) i, — () ) + 7'

= inf sup [Pr'oyo;m — 21" (Pv + o)

TER™ B
= sup igﬁ{fm [Pr'ooym — 21" (Pv + oy A)|
vEBT
oA _ oA
=sup [~ P(v+ ) (@) v+ 5]
. O'tA 1 O'tA
= *7}1612 [P(”U + 7)’(@02) (v+ ?)]a

where we use the min-max theorem in the third equality.
Consider the BSDE with quadratic growth

Yt=/ ou( s)ds—/ Ziaw,,
t t

where

1
gi(Z) = in;f3 CACT AR Z|2 —7'(I, — o}(00}) " Loy) Z — §|Z\2 — 27y,
ve

(4.5)

(4.6)

(4.7)

(4.8)

According to Theorem 9.6.3 and Theorem 9.6.4 in [28], BSDE (4.7) has a unique solution (Y, Z) € L>°(0,T;R) x

BMO.
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Set

(P Ay) = (€77, — Zie™70), (4.9)

then Pr = e Y7 = 1. And from the boundedness of Y;, we know A € BMO. Applying It6’s formula to e~ Y,

dP, = de ¥t

+ Zé(_[n - O';(O’toé)_la't)zt + 2Tti| dt — e_?fZéth

2
Ug(ataé)_lv — Zt‘

= eV [— inf
veB

A2 1
= _|:2TtPt —Pt inf U;(Utgé)_lvﬁ—ft +7/\2(]’”—Ué(O’tUé)_lUt)At]dt-f—A;th
veB P; P
) _ A _ Ay 2
= _ [QTtPt - P, 51612 ‘aé(ataé) Y+ Ut?:) + (I, — o1(0v0}) 10,5)FZ

1
+ FA;(In — Ué(O’tO'é)_lUt)At} dt + A;th
t

— —[2r,P, — P, inf ‘a’(ata/)_l(v + atﬁ)‘2 — P|(I — o}(on0) o) AL
L veB ¢ ¢ P, ¢ ¢ P,
1
+ 5 AT - o—g(ata;)—lat)z\t} dt + ALdw,
t

- A (2
= — 27“,5Pt — Pt lgg ‘0’;(0}0’;)_1(1} + O'tFt) :|dt +A;th

t

= — ZTtPt —|— H27t(Pt,At):| dt + A;th,

where we have used the orthogonality of o} (oyo}) 1 (v + Ut%:) and (I, — Ug(atag)_lat)%z in the fifth equality,
the idempotency of I,, — a}(o,0},) !0y in the sixth equality and (4.6) in the last equality.

Note that Y is bounded, thus there exists a constant C' > 0 such that P, = e~¥* > (. This shows that (P, Ay)
is actually a solution to (4.4).

Let us now prove the uniqueness. Suppose (P, A) and (P, A) are two solutions of (4.4), such that P > C, P >
C' for some C' > 0. Define the processes

(U, V) = <1np,£>, (U, V) = <1n15, ﬁ)

Then (U, V), (U, V) € L®(0,T;R) x BMO. By Itd’s formula and similar analysis as in the proof of the existence,
it’s not hard to show that both (U, V') and (U, V') are solutions of (4.7). From the uniqueness of solution to (4.7),

we have U = U. Hence P = P, which gives the uniqueness of solution to (4.4). This completes the proof. [

Remark 4.4. If m = n, then I,, — o}(0y0})"to, = 0, and (4.8) becomes
9¢(Z) = inf |o}(ov0y) v — Z‘2 - 1|Z|2 — 27y,
veB t t 2

The following corollary is useful in determining the Lagrange multiplier.
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Corollary 4.5. Suppose Assumptions 2.1 and 2.2 hold. Let (Py, A1) and (Pay, Ao y) be the unique solutions
to (4.3) and (4.4) respectively. Then we have

T T
PLOe_QfO rsds < 1 gnd P2)06_2 Jo rads

Proof. By Proposition 4.2, we have Pj ge™> Jo reds < 1 and Py ge? Jo reds < 1.
If Pyge? Jo rsds = 1 then H (P4, Aay) =0 for t € [0,T)]. Then (P4, Agy) = (€2 Ji r<ds 0), which leads to

Ha,i(Pa,1,0) = Po_inf [#'ovoim = 2((x*)pt, = (v )'ju)| = 0.
TeR™ -

Note that (3.1) implies that either one of the following two statements hold:
(1) there is at least one of u®, i = 1,...,m strictly greater than 0 on a set of (t,w) with strictly positive
measure; B
(2) there is at least one of ii*, i = 1, ..., m strictly lesser than 0 on a set of (,w) with strictly positive measure.
Without loss of generality, we suppose that Hll(t,w)eM > 0. Then for a.e. (t,w) € M,

Jnf [wovoim —2((n ), — (7Y o)

< inf {7‘(/0',50'1/571' —27'p }
TERT =t

Ht H; / H; 1,2 my\/
<C(Evoa ao)(gaov 70) _2(670""’0)(Ht’ﬁt’ "aﬂt )
1
= 76(72)2 < Oa
where C' is a strictly positive constant. Thus we deduce a contradiction. This completes the proof. O

For any P >0, A € R", HY ;(m, P, A) is not necessarily convex with respect to 7, so it may admit more than

one arguments minimum. Let II;(P, A) be the set of arguments minimum of H{,(m, P,A), ie.

ﬁt<P’ A) = {ﬂ-l,t(P7 A)lHit(ﬂ-Lt(Pa A)? P, A) = Wierﬂlgm Hik,t(ﬂ-’ P, A)}
Notice that Hy ,(m, P, A) is continuous with respect to 7, by a measurable selection theorem (see e.g. Cor. 18.14 in

[29] or Prop. 2.4 in [18]), there exists a predictable process w1 (P, A) € II,(P, A). While for any P > 0, A € R,
Hj3,(m, P,A) is strictly convex with respect to 7. So by a measurable selection theorem, it admits a unique
predictable argument minimum g ¢(P, A), such that

T2, (P, A) = argmin [Pr'o,0)m — 2[P((7r+)/ut
mTER™ -

— (7)) + 7' oy A]]. (4.10)

Theorem 4.6. Suppose Assumptions 2.1 and 2.2 hold. Let (Py, A1) and (Poy, Aoy) be the unique solutions

of (4.3) and (4.4) respectively. For any predictable m ; € ﬁt(Pl,t,ALt), w4 defined in (4.10), the state feedback
control

T T —
7 = m1( P, A1g) (X — de” Ji Tsds)+ + 2t (Payg, Aoy ) (Xy — de™ J reds) (4.11)
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is optimal for the problem (4.2). Moreover, the optimal value is

. Py o(x —de~ Iy Tsds)Q if x> de” Jo rads
inf E(Xp—d)?={ " ’ ’ 4.12
reA(z) Kr=d) {Pz,o(m —dem o' eds)2if g < dem Jo reds, (4.12)
Proof. For any m € A(x) with the wealth process X, define
Y, = X; — de I 7eds,
By Tanaka’s formula,
NI 1
dY;Jr — l{Yt>0}<TtYYt + (ﬂj)/ﬁt _ (7Tt )/Mt)dt + 1{Yt>0}7T£Utth + §st7
where L; is the local time of Y; at 0.
Applying Itd’s formula to (Y;7)2, we have
d(Y;")?
N 1
= 2}/;+{1{Yt>0}(7”tY;t + (ﬂ‘j)/ﬁt — (ﬂ‘t )/,U/t)dt + 1{Yt>0}71'£0'tth + §st} + 1{Yt>0}7T£0't0'£7Ttdt
= {2rt(Yt+)2 + 2V () p, = (7)) ) + 1{yt>0}7rgata,’57rt}dt + 2V, o dWs,

where we have used the fact fot | Y; | dL; = 0. Then applying It&’s formula to Py +(Y;1)2,

APy (YyF)?

= {l{yt>0}P17t7T£O'tO'£Tl't + 2()/;'_) [Plvt((ﬂ't—i_)lﬁt — (ﬂ't_)/ﬂt) + 7T£0'tA17t] — (}/,f+)2H1,t(Pl,t7 Al,t)}dt

+ {2P17th+7r,’50t + (Y;)QA’Lt}th. (4.13)
Similarly,

APy (Y,7)?

= {1{Yt§o}P2,t7f£0t0£7ft —2(Y,7) [P (") p, = (7)) i) + mpouhaye] — (31_)2H2,t(P2,t7A2,t)}dt
¥ { 9Py, Y, oy + (Y,f)QA’u}th. (4.14)

For n > 1, define a stopping time 7,, as follows:
t t
Tn = inf{t > 0 / 2P, Y, Folms + (Yi)? Ay s[2ds +/ | — 2P Y, olmg + (V)2 Ao s[Pds > n} AT,  (4.15)
0 0

where inf @ := 4o00. It is obvious that {7,},>1 is an increasing sequence and converges to 7. Adding and
integrating (4.13) and (4.14) from 0 to 7,, we get
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E[Piyr, (V)2 + Poyr, (V)
= Pio(Ygh)? + Poo(Yy )?

+ E/ {l{yt>0}P1,t7T£UtJ£7rt +2(Y;) [Pl,t(('ﬂ';r)/ﬁt — () e) + ﬂgatALt] — (Y1) 2Hy 1(Py g, A y)
0
+ 1{Yt§O}P2,t7T1/50tO—£7Tt — 2(}/;5_) [Pg’t((’fr:_)/ﬁt — (W;)/ﬂt) + 'ﬂ—éo-tAQ} — (}/;_)2]‘[27,5(}32,25, Agyt)}dt. (416)

For t € [0,T], denote by ¢(Y:, ;) the integrand on the RHS of the above equation (4.16). For any 7 € A(z)
with the wealth process X, define a R™-valued process u; by

B i YA
Uy = t
0, if Y;=0.

When Y; > 0, the drift term on the RHS of (4.13) becomes
Pyymiopoym + 2Y; [Pry((mf) p,—(m o) ) 4+ mouAy ] — Y2 Hy (P, Avy)

= YH{Prywjoropus + 2[Pre((wf) p, — (uy) i) + moeba ] — Hie(Prg, Ave) }
>0

by the definition of H; (P, A). By the definition of Hy (P, A), we can show ¢(Y;,m) > 0 if Y; < 0. Thus, we
obtain that ¢(Yz, m;) is nonnegative.

For any 7 € A(x), it’s easy to verify IE[ sup |Y}\2} < o0o. Let n — oo, and by the dominated convergence
t€[0,T]
theorem, we have

E(X7 — d)? = E(Yr)? = E[PLr(T)(Y;)? + Por(Yy ﬂ

:Pl,O(Yo) + P o( YO oYy, mp)dt
0

> Pro(Ygh)? + Pao(Yy )%,

where the equality holds at
T T —
7l = 14 (Pro, M) (Xo — de™ I 79T oy (Pog, Ao (X, — de™ I 7od9) 7

which is (4.11). As a consequence, (4.12) is proved.

The proof of o/7? € L?(0,T;R") is relegated to the appendix, and can be skipped in a first reading. This
completes the proof. O
Remark 4.7. From (A.4) and (A.5), we can see that if initial wealth z < d~ Jo 7545 the optimal state process
of problem (4.2) will never exceed d~ Jireds The case & > d~Jo 795 is parallel,

5. SOLUTION TO THE PROBLEM (2.6)

As d = A+ K, with a slight abuse of notation, both A and d are called Lagrange multipliers in the following.
From (4.1) and the definition of ¢ in (2.5),

sup£(A\) =sup inf [JE(X;E — K)? - 2A\(EX]F — K)}
AER AER TEA()

—sup inf |E(X% —d)? — (d— K)?|.
degﬂew[u )2 (d- K
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Therefore, it suffices to determine an argument maximum deR of

sup inf [E(XE—d)?— (d— K)Q]
deR TEA(x)

From Theorem 4.6,
inf E(X7 —d)?—(d— K)?
Louf B —d)” = ( )

Pl,O(x —de™ joT rsds)Z _ (d _ K)Q’ if 2> de— jUT rsds;
Py oz —de= Jo m=d45)2 (4 — K)2, if & < de Jo "sds,

_ J (Proe” Jo rads 1)d* — (22Pyge” Jo rads — 2K)d + P2 — K2, if d < zelo meds;
| (ProeJo meds —1)d2 — (22 Py ge o T4 — 2K)d + Py ga? — K2, if d > welo Teds,

Define

f(d) = (Proe 2 795 —1)d? — (2xPrge” Jo "% —2K)d + Py ga? — K
h(d) = (Poge™2d0 7% —1)d? — (2uPy e Jo 790 — 2K)d + Py o0 — K2,

According to Corollary 4.5, Plﬁoe_2 o rsds g <0, P2,06_2 Jo' rsds _ 1 < 0. Then we obtain

f(:nefoT rds)y = max  f(d) = f(xefoT rads )2 <0,
dg;vefoT rsds

- P, je—2Jy Tsds

h(d)= max h(d) = —220 2 _

dchff? rsds 1— P2’06_2f0 rsds

2
(K — zelo rsds) >0,

where

T
.TP2706_ fU rads _ K

d= :
F)2 Oef2f0T rsds _ 1

Since K > zelo rsds we have
d > a:efoT rsds7
and
h(d) > 0 > h(zelo m45) = —(zelo 75 _ K2,
Thus d defined in (5.2) is an argument maximum of

sup inf |E(XT —d)? - (d— K)?|.
ek TeA(x) (X —d)” = )}
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6. EFFICIENT STRATEGY AND EFFICIENT FRONTIER
For 7% and d defined in (4.11) and (5.2) respectively, set m* = 74, then 7 € A(z) by Theorem (4.6), and

E(XE — K)? - 2\(EXZE — K) = sup |E(XE — K)? — 2A\(EXZ — K
T T T T

AER
—sup inf [E(X;: — K)? — 2\(EXT — K)]. (6.1)
AeR TEA(z)

is a lower bound of our original problem (2.2), noting (2.4). If we can show EXJ = K, then 7* € TI, and
E(X7 — K)? =E(X} — K)? —2\(EX} — K) attains the lower bound (6.1) (the LHS of (2.4)) which verifies
the optimality of 7* for problem (2.2). Thus, it remains to prove EX% = K. Put 7* = 74 into the wealth
equation (2.1), and notice that (A.1), (A.5) and (5.3), we have

t
X A 1
X7 = (= de W ey exp { / (ro = (7)1, + (73 ) iy — 5mhosolma)ds

t
+ / wgadeS} + de Jo reds, (6.2)
0

where 7 is given in (4.10). As we do not have an explicit expression of o, it is difficult to verify EX%* =K
with the expression (6.2).

Therefore a more direct expression of the terminal wealth level under 7* is appealing. Noting the convex
duality method developed in [16] for utility maximization problem is efficient in finding the optimal terminal
wealth directly. In the following, with d given in (5.2) and (5.3), we will solve the problem (4.2) through convex
duality method. As some byproducts in this procedure, we obtain the variance-optimal martingale measure, a
concept firstly introduced in [18], from which the links between the non-linear financial market and classical
linear market are obtained. And we find the sub-derivative of the drift in the wealth equation (2.1) with respect
to 7 claimed in Corollary 4.4 of Ji [11].

For any v € B (see (4.5) for the definition of B), § € BMO, let N be the solution of the following stochastic
differential equation,

dNt”’e = —Ntv’e [rtdt + (Ué(ata,’f)_lvt + (I, — Ug(atag)_lat)et)lth},
NP =1,

Then N/ Belorads js g uniformly integrable martingale on [0, T]. Moreover, the equivalent martingale measures
{@”79}(U79)63X5M0 in this incomplete market could be constructed by Ntv’e7 i.e.

dQ’L},9 0 T
:NU, f rsds.
aP |z =0T

Note that stochastic exponentials of BMO martingales has been applied to characterize the equivalent martingale
measures in Delbaen et al. [30], Choulli et al. [31].
Applying Itd’s formula to X,N?? on [0,¢], we have

t
XNy = [N, = (Y s
0

t
+/0 N;”e [ﬂ'gas - st;(asag)flas — X0.(1, — 0;(0802)7103) dWs. (6.3)
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Set
By ={(v,0) € B x BMO | the stochastic integral in (6.3) is a martingale for any m € A(x)}.
Taking expectation of (6.3) and notice that B, S v < iy, we have
E[XpNY?) <z, for any (v,0) € By, © € A(x).

Theorem 6.1. Suppose Assumptions 2.1 and 2.2 hold. Let (Y, Z) be the unique solution of (4.7), d defined in
(5.2) and set

(= —2e Y0 (z —de” I reds) (6.4)
Then the variance-optimal martingale measure Q is defined through ’]__ Ng’éefoT rsds where
by = argmin |o}(0,0}) v — Zy|?, 0, = Z,, t € [0,T], a.s. (6.5)

veEB

Moreover, the optimal portfolio of the problem (4.2) could be represented as

S ) 09

and optimal terminal wealth of the problem (4.2) has the following expression
Xr=d-

Proof. Step 1: Convex duality. Note that d> zelo msds ip (5.3) and Remark 4.7, the terminal wealth X{fi will
never exceed d. For 0 < ¢ < oo, define

u(Q) = inf (e — )+ Ca] = dc — &

z<d
Then Vr € A(z), V(> 0, Y(v,0) € B1, we have

E(XF — d)? > E[u((N3’) - <x;sz]

= E[d¢Ny — )2 — (XFN3

vy
> dge 7 e — SN2 — ¢

and the equalities hold if and only if there exists 7 € A(z), ¢ > 0, and (2, 6) € By, such that

X:=Xp:=d—

(NN 7NN

9,0
Np7,
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is the terminal wealth under the portfolio 7, and
E[Xr N2 = o (6.7)

holds simultaneously. So we introduce the dual problem

7 7fT'r’ ds <2 v,0\2
sup [d{e o TsdS _ Z]E(NT’ )e — m(]
¢>0
(v,0)EB;
—— inf [f d¢e Jo mads 4 g1E(N”’9)2 n x(}
>0 4 T
(v,0)€EB;
= — inf {CQ inf  E(Np N2 4 ¢(x—de™ J5 7'Sd5)}. (6.8)
¢>0L 4 (v,0)eB;

We first deal with the term ( 19r)1fB E(Np %)2. From the definitions of N and Y; (see (4.7)),
v,0)ebBy

/

(N29)2670 = %0 xp { /Ot [Z — 20" (g0") v — 2(I, — a'(aa’)—lo)e} dw,
—7/’Z—20(00) Yo~ 2(L, — o'(00") 0)0"ds |
xp{ /|Z 20" (00') " v — 2(I,, — o' (00") )0 ds}
{/ [~ |0'(00) v+ (I — o' (00") )0 — 21 — 9(2)] s}
= s { / (220 (00) "0~ 2L~ o' (00") " 0)6] AW,
- ;/Ot’Z—Qa'(UU’)_lv—Z(In—U(aa 0)0|"ds)
. exp { /Ot [|a'(aa/)*1v ~ 2P+ (0 - 2) (I, — &' (o0") " o)(6 — Z)] ds}
exp { /Ot [~ 2(1u~o'(00') 10)Z — 5|2 — 2 — g(2)] s},

From the definition of g (4.8), (N;?)%e Yi is a submartingale for any (v, ) € Bi. By the martingale principle
t

[32], (6,6) € By is an optimal solution of ( 16r)1f6 E(NZ?)? if and only if (N, )2 ¥t is a martingale. Then we get
v,0)eb

the representation of (9,8) in (6.5):

by = argmin |0} (o0l Yo — Zi|?, 6, = Zy, t €[0,T), a.s
veEB

and

inf  E(NZ?)?2 = e¥o.
(v,0)€B;
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By simple calculation, the first infimum in (6.8) is attained at
(= —9e Yo (z — de™ I radsy > 0,

Clearly X7 =d — %N%e satisfies (6.7).

Step 2: We will show that there exists a portfolio # € A(z) such that X;E = Xr.

Step 3: We will show that (9,0) € By, i.e. the stochastic integral in (6.3) is a martingale for any 7 € A(z).
We postpone the proofs of Step 2 and Step 3 to the appendix, which can be skipped in a first reading.

Step 4: We need to show # € L?(0,T; R™). And this can be guaranteed by similar method as in the proof of

theorem 4.6 after noticing that N? USE satisfying the following equation

d(=§NEIeT) = | = §r NPT 4 7o, ] ds + #Lo,aW,,

_< 8,0 Yo — _CoYo
2N0 e’ = —3e’".

This completes the proof. O

Remark 6.2. From (A.13), if p* < 0" < ii*, then ((oy07) (0 — 01Z))" = 0, and 7/ = 0 by (6.6), i.e. the investor
should not invest in the ith stock.

Remark 6.3. Both 7 = 7¢ and # defined in (6.6) are solutions of the problem (4.2) (with d). They are
identical, i.e. * = @, the reason is left to the interested readers.

So far, we achieve the three steps in solving our original problem (2.2). Therefore we have

Theorem 6.4. Suppose Assumptions 2.1 and 2.2 hold. Let (Pay, Aay) be the unique solutions to (4.4), mg,d
defined in (4.10), (5.2). The efficient strategy of the problem (2.2) can be written as a function of time t and
the wealth X;:
5T ds
T (t, X) = w24 (Pa, Ao t) (X — de™ o m4%), (6.9)

or equivalently expressed by (6.6). Moreover, the efficient frontier is

P —2 [T r.ds 2
Var(Xr) = 200 © = (]EXT — zelo “ds) . (6.10)
1— P270e_2 fo rsds
Proof. The efficient frontier (6.10) comes from (5.1). O

Remark 6.5. When m =n =1 and o; > 0, we have

Hy (P, A) = inf [Po?n? —2[P(np, — 7 [ie) + oAl

(Pﬁt+crtA)2
- Pa?
= 0> if _/jtg P S_Et’

(Pii40:A)? e oA =
~Eitedl i oh <,

e oA
3 if tT Z _Eﬂ
Ot

>
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and
Pu +oiA . A
7130,2 ’ if Ult:’ 2 _Ht’
T4 (P,A) =40, if — <2< —p, (6.11)
P A . _
#}‘;;t , if U;:,A < —iy.

A significant departure from the deterministic coefficients case is the involvement of A in (6.11), where A serves

to capture the effect of the randomness of the coefficients y, i, 0. When these coefficients are all deterministic,
UrAt —

then A = 0. In the linear financial market, u = i = p, then 7*(¢, X)) = 0 if and only if —pe. See e.g. Lim
and Zhou Proposition 3.2 of [33] for blmllal“ results and note that, in the notations of [33] if the interest rate
r is deterministic, H = 1, then » in (17) of [33] equals 0. While in our non-linear market, 7*(¢, X) = 0 if and
only if —py < ol < —H, That is to say, the no-trading region becomes larger.

Remark 6.6. If m =n =1, and u,, fi, oy are deterministic continuous functions on [0,7], 0 < u, < fi; and
s =
o > 0, then the unique solutions of (4.3) and (4.4) are given by

T Ls s T r _ ks s
(Prs, Ary) = (efe Cra=a2)ds 0): (Pyy, Ag ) = (el Pre=2)ds ).

Thus the optimal value (4.12) of the problem (4.2) degenerates to [13], (3.6), and 7 in (6.11) becomes
mo4(P,A) = Ht/UtQ' Accordingly, the efficient portfolio (6.9) degenerates to [13], (3.15). Please note that, similar
in spirit to Remark 4.7, [13], (3.15) should be condensed to

0
Tt X) = — 2L (X — dre i mads) 1
Ot
since xg — d*e” Jo rods <0.

Remark 6.7. For any v € B, the following BSDE (6.12) admits a unique solution (PP, A}) € L>(0,T;R) x
BMOQO, such that Py > C for some positive constant C' by Theorem 2.2 of [27].

Y . . o AY oA} v
{dpt _ —{rPt — PP+ %) (000) 7 (v + T )}dH(At)’th’ (6.12)

Py =1.
Actually, (6.12) is the Riccati equation associated with mean-variance problem under the linear wealth equation:

dX; = (re Xy + mpvy)dt + oy dWy,
XO = XT.

Notice that the solution (Ps, Asy) of (4.4) is uniformly positive, by Theorem 9.6.7 in [28], we have P} < P,
for any v € B, thus esssup,eg P} < Pay, t € [0,T], a.s. Then for © € B defined in (6.5), we have

Py = P} =esssupP/, Aoy =AY, t €[0,T], a.s. (6.13)
veB

by the uniqueness of (4.4). Similarly, we can prove
P ;=P = essinfPy, Ayy = A}, t€[0,T], as
ve

THere we use the notations of [13].
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where

A A
o= argmin [ — (v + M)/(Utm’g)_l(v i w)]
veEB 1,t Pl,t

Remark 6.8. Let © be defined in (6.5). Consider the following mean-variance problem with a linear wealth
dynamic:

Minimize E(X7 — K)?,
EXr =K,
o'me L*(0,T;R"),

s.t. ! (6.14)
dXt = (TtXt + Wévt)dt + WéUtth,
Xo =XT.
According to Theorem 6.4, the above mean-variance problem admits the optimal portfolio
#(t, X) = =it (B, AD) (X — de™ [ 720%),
where
o4(P, AY) = argmin [P 7' opom — 2(PPn' oy + 7oy AY)],
TeR™
and
. po — [T reds _ K
d=20% " (6.15)

Pje 2l reds 1

We claim that both the problems (2.2) and (6.14) share the same optimal portfolio, i.e. (¢, X) = 7*(¢, X).
Consequently, © could be chosen as a proper sub-derivative of (7%)'u — (77) i with respect to 7 used in
Corollary 4.4 of Ji [11]. B

Indeed, combining (4.6), (A.12) with (4.9), we know that (0, m2(Pa, A2)) defined in (6.5) and (4.10) is a saddle
point of

inf sup [Pyr’oyoim — 27 (Pov + 0y Ag)| = sup inf [Par’oyoim — 20’ (Pov + 0y A0)],
TER™ yeB veB TER™

especially

Porta(Pa, Ag) or0yma(Pa, Ao) — 2ma (P2, Ag) (Pod + ot Ag)
< Poma(Pa, As) 00yma(Pa, Ag) — 2ma(Pa, A2) (Pov + 0y As), Yu € B.

Therefore, using (6.13), we have
ﬁg,t(Ptﬁ7 Af) = argmin [Pfﬂ’atogﬂ' — 2[Ptf’7r’ﬁt + W’atAfH
TER™

= argmin [Py 700w — 2[Py 7'ty + 7' oy Mg )]
TER™

= WQ(PQ,AQ).
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On the other hand, comparison of (6.15) and (5.2) shows that, using (6.13) again,

d=d.

7. CONCLUDING REMARKS

In this paper, we study mean-variance portfolio selection under non-linear wealth dynamics. Different from
the linear wealth case, by introducing a Lagrange multiplier, we only have the weak duality (2.4). Therefore,
solutions of the LHS of (2.4) only provide a lower bound for our original problem. After constructing a candidate
portfolio 7 from the LHS of (2.4), we need to verify that 7¢ € II, i.e. 7 is feasible (hence optimal) for our
original problem (2.2) (or equivalently the RHS of (2.4)). This is achieved by the convex duality method which
gives a more direct expression of the corresponding terminal wealth. Note that the quadratic cost function is
not monotone, a property which is usually required for establishing convex duality. Fortunately, Remark 4.7

and (5.3) render the corresponding terminal wealth X;Ed' of the candidate portfolio stay below d. That is to say,
without the analysis in Sections 4 and 5, the convex duality could not be established in Section 6. Finally, the
optimal portfolio, efficient frontier and the variance-optimal martingale measure are given in closed forms. And
we find the links between the non-linear financial market and classical linear market.

Extensions in other directions can be interesting as well. For instance: (1) How to characterize the optimal
portfolio of problems (2.2) or (4.2) when the interest rate r is a stochastic process? (2) Recently, the general
form of the mean-variance efficient frontier has been recently established in éerny, Czichowsky and Kallsen
[8] with stochastic interest rates and even only risky assets. Can we generalize the results in [8] to the present
setting with non-linear wealth dynamics? (3) Mean-variance portfolio selection when the diffusion term is also
non-linear with respect to .

APPENDIX A. PROOFS OF SOME TECHNICAL RESULTS

A.1 Proof of o’/n? € L?(0,T;R") of Theorem 4.6
It is sufficient to prove m € L?(0,T;R™) since o € L>(0,T;R™*"). Note that

(YT =7 YT 42V, and (7)) =7 YT 4+ V.
We next prove that the following equation (A.1) has a unique continuous F;-adapted solution.

dYe = (rYy + (7)), = (7)) )t + () o d WV
(Y ViR i, — Y+ Y (e, — Y (g Y )de+ (Vo + Yy mho)dWa, (AL)
Yo =a—deJo s te0,T).

Consider the following two equations:

AV = (rYs + (w7 Vs — (m7 ) 1Y) dt + Yy opd W,
_ . (A.2)
Yo = (& —de™Jo md5)T £ € (0,77,

and
dYs = (rYs — (7)1, Vi + (m3) Yy )dt — YimhodWr, a3
Yo = (z —de=Jo md5)= € [0,7). '
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Then
_ T t 1 t
Vo= (o= de 5y e { [ (ot (ol Vi, = (e = gioatm)ds + [ modwl} (a
0 0
and
~ . t 1 t
Vi = (2 — de I me4%) " exp { / (ra = (7)1, + (7)) s — 53050 ma)ds + / mho AW, }. (A.5)
0 0

It’s easy to verify that Y =Y — Y is a solution of (A.1). To prove the uniqueness, let Y and Y be two solutions
of (A.1). Set

Y, -V,

A L
Y, *}'/t {Vi#Yi}

ZZYt—Yn atzﬁ

Liviaviys be =

Then Y solves the following linear SDE

dy; = Yt(rt + at(ﬂf)’ﬁt —ae(my ) e + bt(ﬂ';)lﬁt — be(my ) g )dt + fft(aﬂr'lat + byho)dWy,
Yo =0, t €[0,7),

which has a unique solution Y =0.
Thus, (A.1) has a unique solution. We denote it by Y'¢. Then

i =m0, (Proy M) (V)T 4 72,0 (Paygs Ao (V)™
Denote by 7¢ the stopping time defined in (4.15) for (Y4, 7{). It follows from (4.16) that
]E[PLTS(YTE)Q + PQ,Tg(YT;L,f] = P1o(YyN)? + Poo(Yy )2 (A.6)
Recall that from Theorem 4.3, there exists a constant C' > 0 such that
P.>C, P,y >C, tel0,T)].
Then by (A.6), we know

CE(Y up,)? < Pro(Ye")? + Pao(Yy )?

for any stopping time ¢ valued in [0, T]. Fatou’s lemma gives E(Y,%)? < C. By It6’s formula, we have

t t
(Y;td)2 =y’ + / (QTS(YSd)Q + 2st(((7r;l)+)/ﬁs - ((7"?)_)//}8) + |0';7Tg|2)d8 + / 2st(7rg)lasdws-
0 0
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By the definitions of 71 and g, for each (t,w) € [0,T] x Q, i and 7} take values from {0, (—(o0’) = (uft +
UP—All))i, (oo’) " (pu!2 + %)i : I ¢ {1,2....,m}, I C {1,2...,m}}. Thus, there exists a constant C' such that

T
A A
/ loird2dt < C sup [V¥)? Z / (o) (" + 7 U+ (oo") M (w2 + Q)P)dt < 400, a.s.
0 0<t<T L P P,
c{1,2...,m}
I,C{1,2...,m}
(A7)
since A1, Ay are square integrable and the other terms are bounded. For n > 1, define a stopping time
n_mf{t>0|/ Vo md?ds > n} A T.
Then it converges to T almost surely due to (A.7). So
TS/\(S Tﬁ/\én
v+ ]E/ aumi*ds = E(Yirs, )" — E/ (2rs (V2 + 2V (7)) 1, — () 7) s))ds.
0 0
Let € > 0 be the constant in Assumption 2.2, then we have
Tﬁ/\én T,,‘f/\én
sE/ |7)%ds < C' + C]E/ 2|V4||nd|ds
0 0
TN, 2 TINS
n 2C n /0
<O+ %IE/ |74|2ds + —IE/ Y2 |2ds.
0
After rearrangement, it follows from Fatou’s lemma that
T
E/ |7d|%ds < C.
0
A.2 Proof of Step 2 of Theorem 6.1
Define a F;-adapted process X via
XN} = B[ NG| ] = Bl(d - SNEONEIIF)
— 467 fOT rsdsef(;‘ rsdsNtﬁ,é _ %(Ntv 9)2 Yf te [0 T]
i.e.
> AffTrsds CA 0,0 Y:
X, =de /i - §Nt e, te€0,T). (A.8)

Clearly we have X, = z, and

E[Cz\N;’é|ft] = dAe_ fOT TSdsefJ "'stN’l},é

Qb)

— de Jo Tsds {1 —/O elo rado o, 9( "os0h) Lig + (I, — ol(os0l) o) ) dWs},
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B[S (V30217 =

9,012 Y,
5 (IVy )26Y

DO [Ny DO Uy

From (6.3) and the above two equations, it suffices to prove that there exists & € A(x) such that

Nf’é [frgos — X0 (050%) Lo — X0 (1, — Ug(asog)_los)}
R R A N/
— —de™ I et v Ao NI (5 (0,00) 1, + (I — ol(0,0) o), )
é 5,00\2 Y, [ & 1 1 Y
— §(N: Ve’ (Zs — 200 (050%) s — 2(1,, — ol(050%)” 08)03> ,
and
(ﬁj)/ﬁs - (7%5_)//15 — frgls =0

hold simultaneously. Noting (A.8) and 6 = Z, we have

- Nf’éXsé/S(In - J;(asag)flas) — —de—Jo medsels T”daNf’éég(In - 0;(050;)7105)

)

— g(N@’é)QeY/S ((In — 0l (050") Y04 Zs — 2(I, — o' (050") Lo,)0s

S

Therefore (A.9) is equivalent to

~ A A ~ T s ~ A 4
NI oy = Xt owol) o] = —dem I el et N (o) 0500) 0,

¢

S

2

N v R
[e¥ +/ (N29)2eT (2, = 200(0000) 1o, = 21 = oh(0:04) 1 0,)0, )
0

A - _ /
— 2(N2F)2eYe (0;(050;)7105Z5 — 20;(0302)71”&3) .

(A.10)

(A.11)

Noting (A.8), # defined in (6.6) satisfies (A.11), hence (A.9). Moreover, we claim that 7 satisfies (A.10).

Actually, note that

b, = argmin |o}(oy0}) "o — Z,|?
veB

= argnéin ol (ovol) "o — ol (owol) Lor Zy — (I, — oh(0v0)) " Loy) Z4|?
ve

= argmin |0} (oy0)) " tv — ol (00)) Lo Zy|?
veEB

= argmin |0} (oy0}) " (v — 0¢ Zy) %
veB

For any u € B and ¢ € (0,1], we have ¢ + ¢(u — ) € B because B is convex, and

1 . - _ . . ~
~[lot(oio) ™ (0 = 0 Z)I? = loi(o10}) M0 + 2w —8) — e Z0)?] <0,

(A.12)
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Sending € | 0, we get

(u— ) (o10}) "1 — 0,2;) > 0, Yu € B. (A.13)

Denote the i*" component of (oy0}) " (6 — 0,Z;) by ((o40}) (6 — 04Z;))?, i = 1,...,m. Then there must be

Recall the presentation (6.6), this implies (A.10).

A.3 Proof of Step 3 of Theorem 6.1
According to (6.3), it suffices to prove that

t A ~
/ N {ﬂéds — X0l (0s00) Loy — X 0T, — U;(osag)flas)} dW,
0

is a uniformly integrable martingale for any m € A(x). Recall that elo reds NP9 and (N} ’Q)Qe?t are two uniformly
integrable martingales and 7 is bounded, we have

IE|: sup |Ntf),é|2:| < O]E|: sup eZ j[f rsds|Nz7,é|2:| < 062 foT rsdsE|:|N1U:,0A
te[0,T) t€[0,T]

2:| _ Ce2f0T rsdseffo < 00,
where the second inequality is due to Doob’s inequality. Thus we have
T oA % 1 oA T
E[(/ |Ntv’97r£at|2dt) } < f]E[ sup |ND7)? +/ |7r£0t\2dt] < 00,
0 2 Licp,m 0

and

T . 1 T . 1
IE[(/O NP Xy (o) o) | < C]E[(/O N Pt )]

SC’\/TE[ sup \vaéxt@
te[0,T]
< C;/TE[

sup |N?)2 4+ sup |Xt|2} < o0.
te[0,T] te[0,T]

From the definition of N, ' we know

t - . t . t
/ NG (I, — ' (0s0%) ‘o )dW, =1 — N° —/ reNO¥ds —/ N9 (5,00) Lo, dW,.
0 0 0
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By the BDG inequality, we have

T
E / NPT, — ol(r0}) o) Pt
]

<C+CE[ sup NUG|2 ‘/ N“gds + sup ’/ NP5 (0,00) ade\}
t€[0,T] t€[0,T]

/]

SCE sup ‘/ NY§ (I, — o' (0,0") 2oy)
te[OT

SC’—i—CE sup /N”glas Vlo,

te[o T)
] < o0

oA 2
< C+CE[/ ‘N;’G{};(asa;)_ o
0

Then
[ ( /OT YRS AV ACEARTAL %}
gEK sup Xt)</0T tﬁéé( Ué(ataé)_lat)Pdt)%}

te[0,T)

1 2 r . 6 A
< §E[< sup Xt) +/ IN0, (1, — ag(atag)_lot)ﬁdt} < 0.
te[0,T] 0

From the BDG inequality,
t R
/ N&? {7‘( o5 — X0l (050l) oy — X041, — cr;(osa;)*las)} dW
0

is actually a uniformly integrable martingale for any 7 € A(z).
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