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Abstract

This thesis is concerned with the application of sieve theory to the study of
gaps between primes. It focuses on techniques which combine sieves with
methods from classical analytic number theory. We consider the following
two questions: On average, how big are the squares of gaps between two
consecutive primes less than z? How big is the smallest integer which

appears infinitely often as a gap between m consecutive primes?

Concerning the first problem, we prove that the average size of the squares

O.23+£) for

of differences between consecutive primes less than x is O.(x
any fixed e > 0. This improves on a result of Peck [36], who gave bound
O-(2%%7¢) in the place of O.(z%?3%¢). Key ingredients of this work are
Harman’s sieve, Heath-Brown’s mean value theorem for sparse Dirichlet

polynomials and Heath-Brown’s R* bound.

Concerning the second problem, we prove that the primes below z are,
on average, equidistributed in arithmetic progressions to smooth moduli

1/241/40-¢ ~ The exponent of distribution % + % improves

of size up to z
on a result of Polymath [37], who had previously obtained the exponent
% + %. As a consequence, we improve results on intervals of bounded
length which contain many primes, showing that

lim inf (prym — pn) = O(exp(3.8075m)).

n—oo

The main new ingredient of our work is a modification of the g-van der
Corput process. It allows us to exploit additional averaging for the expo-

nential sums which appear in the Type I estimates of [37].
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Chapter 1

Introduction

1.1 Sifting for primes

For millennia, mathematicians have been fascinated by prime numbers, by random-
ness and by surprising patterns in the distribution of primes. Which integers appear
infinitely often as prime gaps? For primes of a given size, what is the maximal length
of gaps between two consecutive primes, and how often do unusually long or short
gaps occur? Primes are the subject of many famous conjectures. To name just a
few, the twin prime conjecture suggests that 2 appears infinitely often as prime gap,
and Legendre’s conjecture suggests that primes below z are no more than O(x'/?)
apart. But despite mounting numerical evidence, the proofs of these old conjectures

still seem impossibly far out of reach.

However, recent decades have seen the proof of several important partial results. Sieve
methods have played a key role in many of these breakthroughs: both Chen’s proof of
an almost prime version of the Goldbach and twin prime conjectures [6] and Zhang’s

proof of bounded gaps between primes [45] made heavy use of tools from sieve theory.

The basic goal of sieve theory can be described as follows: Consider a set A C N.
Suppose this set has a reasonably nice structure. That is, suppose we have good
estimates for the number of elements of A which are divisible by d (when d is small).
Then how many elements remain in A if we “sift out” integers with certain undesirable
properties? For instance, can we obtain upper or lower bounds for the number of
primes in A? What about the number of twin primes in A? If this problem is too
difficult (as is often the case), can we at least get good estimates for the number of

elements of A which have only few prime factors?

Examples of sets which may be targeted by sieve methods include short intervals A =

[z, 2+ 2% NN and values of polynomials A = {f(m,n) : m,n ~ z}. The shorter the



length of interval [x, x+2%] or the higher the degree of polynomial f(m,n), the harder
it is to detect primes and almost primes in A — counting primes in sparse subsets of
N is difficult. Success or failure also hinges on the extent of our understanding of the
structure of set A. Below we will now explain what kind of information about A is

needed to make good use of sieves.

1.1.1 Sieve weights

Here we give an (informal) description of how to construct a basic sieve. Say we are
given a set A and a property P(n), and we simply want to prove that some element of
A satisfies the property P(n). That is, we want to show that > _, 1p@y > 0 (where
1p(ny is the indicator function of property P(n)). However, it is often very difficult to
estimate the sum ), 1p(,) directly — for instance when 1p,) is the prime indicator

function. Sieve weights now come to our aid.

First, we try to identify a collection of functions f : A — R for which good estimates
for ). 4 f(n) are available. Let us denote this collection by C. If we are unable to
give a good estimate for ) _ , 1p@), we try to replace 1p(, by a linear combination
of elements of C. To be precise, the goal is to construct a weight function w : A — R

with the following properties:
e (Property 0:) w=3}_._;c;f; for some ¢; € R, f; € C. Here 3, f;(n) = a;.
e Property 1: w(n) is a minorant for 1p(,). That is, 1p,) > w(n) on A.

e Property 2: Y _ w(n) ~ 3, ;cija; > 0.

Application: Suppose w : A — R with the above properties exist. By Property 1 and
Property 2, > - 1 1pm) = > ,caw(n) > 0. This immediately implies that 1p(,) = 1
for some n € A. Then there exists an n € A which satisfies P(n), as desired. O

Thus to prove {n € A: P(n) holds} # (), the general strategy is to find elements of C
and use these to build a function w : A — R with Properties 0, 1 and 2. The success
(or failure) of this method depends crucially on the known elements of C, which is

the “information” known about summation over A (more on that below).

(In a sense, Property 0 is redundant: If w =) ._;¢;f; for some f; € C, then we are

jeJ
able to give good estimates for ) _, ¢;f;(n) and hence also for ) _ , w(n). But then
w is itself an element of C and so there was no need to mention linear combinations.
However, we included Property O to highlight the constructive nature of w: one

first tries to identify many nice/simple functions f which can be summed accurately

2



over A, and one then uses these simple functions as building blocks to construct an

approximation or minorant for 1 p(n).)

1.1.2 Decomposition of indicator functions

Intuitively, the bigger the collection of known elements of C, the easier it should be to
construct a function w with Properties 0, 1 and 2. However, when trying to identify
elements of C, it is certainly not helpful to aimlessly look at arbitrary functions.
Instead, we should first think about which functions may be useful when trying to

build an approximation or minorant for 1p,).

So far, our explanations have been quite abstract. We now remedy this by looking at
a concrete choice of P(n): Given some nice set A, we want to show that A contains
primes. That is, we want to approximate ) _,1p(n). This sum is very hard to
estimate directly, but luckily, there are several very useful decompositions of 1p(n)
into more easily summable functions. Below we describe the two decompositions

which are used extensively in this thesis.

1.1.2.1 Heath-Brown’s identity

Heath-Brown’s identity [18] (see Prop. 17.2 of [9]) states that for K € N and n < =z,

M = () S g lostay). (L

] 4
Hfil ni=n

ni<zl/K for i<j

Approximating 1p(n) by % and substituting 1} for A(n), we find that there exists

a collection of convolutions (ay ¢ * - --* azkye), £ € N, such that for n € [3,z)

lp(n) =~ Z co(aqp* - xagke)(n).

LeN

j=1

By dyadic decomposition, we see that the relevant convolutions (ay - -+ x agg ) can
be chosen to all have the following nice properties: Every «; is supported on some
interval [N;, 2N;] with (N; < 2V for i < K) and [[:%, N; ~ . Here (a; € {y,1} on
[N;,2N;] for i < K) and (o; € {1,log} on [N;,2N;] for i > K).

In short, we can approximate 1p(n) by a linear combination of convolutions of func-
tions which have small support or are slowly varying. This is very useful, as it is
typically easier to estimate ) _,(a* 3)(n) than ) _ , 1p(n), particularly when the
support of « is located in an interval of some convenient size (depending on A) or
when « is slowly varying and has large support. When searching for elements of C,

it is thus a good idea to focus on such convolutions.



1.1.2.2 The Buchstab identity

The Buchstab identity [13] is a simple, but important combinatorial identity. Writing

1 ifpln—op>y,

w(nv y) = {

0 otherwise,

the identity is given as follows: For z > u,

¢(naz) :¢(n7u) - Z ¢(%ap)

pln
u<p<z

This statement is easily obtained from inclusion-exclusion. It provides us with a

convenient way to rewrite 1p(n). For n € [£,z), we have 1p(n) = 1 (n,z'/?), and thus

lp(n) =v(nu) — Y d(Zu) + Y UG p). (1.2)
piln pip2|n

u<py <z'/? u<po<pr<zl/?

For nice sets A, it is typically possible to give good estimates for sums ), ¥(n,u)
and >0, 4>, ¥(5H u), provided that u is small compared to z (e.g. u = 291)
and provided that we have good estimates for > _,(a % §)(n) when a = Ijyani,
supp(f) € [%, Qﬁ] and N is reasonably large (e.g. N € [2%3, z]). This is a consequence
of the fundamental lemma of sieve theory. Therefore, convolutions with slowly varying

functions again play an important role: If 1y on) %3 € C for large N and 3 supported
on [, 3: then 1p(n) = 37, ;¢ fi(n) + 20 (55-, pa) for some f; € C.

The final expression in , Zw(]%m, p2), counts the number of choices of p; and
po for which we may write n = pipa(qi1 ... ¢), where p; > py > u and ¢; > po for all
i. The contribution of primes p; € [P1,2P], ps € [P, 2P,] and ¢; € [Q;, 2Q;] can be

estimated using the following convolution:

% Z Ip(p1)1e(p2)le(qr) - - - 1p(qr).

T p1p2q1-.gr=n
pZE[Pl,2Pl}
4:€[Qi,2Q;]
The problem of estimating >, _, 1p(n) has been reduced to working with sums
Spealar x - % a,p0)(n), where a; = 1p on [N;,2N;] and [[/°7 N; =~ 2. Whether
or not we can show aj % - - - x . € C generally depends on the values of N;.

An important difference between the Buchstab identity and Heath-Brown’s identity is
the following: In our current construction, all functions «; are non-negative. Therefore

we may construct a minorant for 1p(n) by deleting the contribution of those P; and

4



Q; for which the corresponding convolution (cy * - - - % .1 2)(n) is not in C. This way,
we obtain a function w which satisfies Property 0 and Property 1 of Section [1.1.1]
(However, if few elements of C are known, we must delete many p;. The resulting
minorant w may have ) _,w(n) < 0 and will therefore not satisfy Property 2. It

thus remains important to obtain a lot of information concerning summation over .A.)

The ideas described above are a fundamental ingredient of a sieve method known as

Harman'’s sieve [14], which is used extensively in this thesis. More on that later.

1.1.3 Type I/II estimates (and beyond)
Section [1.1.2.1} and Section [1.1.2.2] highlighted that certain convolutions can be used

to construct estimates and minorants for the prime indicator function. To detect
primes in A — or to detect certain other prime-related properties P(n) in A — we

therefore seek estimates for ), f(n) when f(n) is of the form

1 k
f(n) = Z aél) : ..a&k).

n=dj...dg
diE[Di,QDi]

1.1.3.1 Useful terminology

The following terminology is commonly used to describe the available information:

Type I information (up to level D): Type I sums are of the form

Z aq- (1.3)

dec A
d<D

Here (aq) are arbitrary coefficients, with only minor restrictions (e.g. ag = O(7(d))).
If good estimates for (|1.3) are available for a given D and arbitrary coefficients (ay),
we have Type I information up to level D. Naturally, the bigger the size of D, the

harder it is to obtain suitable estimates.

Type II information (in range [A, B]): Type II sums are of the form

> agbe. (1.4)

dee A
de[D,2D)

Here both (a4) and (b.) are fairly arbitrary coefficients, say with ay = b, = O(7(d)).
We say that we have Type II estimates on [A, B] if good approximations to (|1.4) are
available for any choice of D € [A, B] and any coefficients (a4) and (b,).



Beyond Type II information: If no Type II estimates are available for some support

[D,2D], one may instead consider further convolutions, such as

Z agbe or Z agbecy. (1.5)

defeA defeA
de[D,2D) de[D,2D)
e€[E,2E] e€[E,2E]

As more and more sequences are added to the convolution, it becomes increasingly
complicated to decide which supports lead to suitable estimates, and the construction
of associated weight functions w becomes more complicated. While inconvenient, this
is sometimes the only way to obtain sufficient information to prove > 1pm) > 0.

We will repeatedly use estimates beyond Type I and II in this thesis.

1.1.3.2 Significance of Type II information

In general, Type I information is much easier to obtain than Type II information,
and classical sieve methods typically only make use of Type I information. Type I
estimates have been employed very successfully in the search for products of few
primes (so called almost primes) in well-understood sets .A. However, it is not possible
to give non-trivial lower bounds for the number of primes in A if one solely uses Type I
information. This is the parity barrier. To break the parity barrier and show that

some set A contains primes, one must also obtain appropriate Type II information.

Obtaining Type II information can be very difficult, and techniques from many dif-
ferent areas of analytic number theory might make an appearance. Examples include
bounds for exponential sums [37], bounds for Dirichlet polynomials and zeta func-
tions [36], and lattice point counting arguments [31]. (The cited papers are provided

as examples, rather than as an exhaustive list.)

The methods used to produce suitable Type II ranges, as well as the success or failure
of these methods, hinge on the choice of set A and property P(n). We will now discuss
which sets A play a role in the proof of the two main results of this thesis, and how

Type II estimates are obtained in these two cases.

1.2 Squares of prime gaps

To further our understanding of the primes, a common approach is to compare their
occurrence with a probability distribution. Assuming the prime k-tuple conjecture,

Gallagher [10] showed that the number of primes in short intervals follows a Poisson



distribution, and so the lengths of prime gaps follow an exponential distribution.

Considering moments of exponential distributions, we expect the following to be true:

My(z) = Z (Pny1 — pn)k ~ k!z(log x)k_l‘
pn<a
Empirical evidence can be found in [7]. However, currently a proof of the asymptotic
Ms(x) ~ 2xlogz seems impossibly far out of reach and even good upper bounds
are hard to obtain. In 1979, Heath-Brown [I6] proved that My (z) = O(x27+¢) and
in 1996, Peck [36] obtained the bound My(x) = O.(x'?**¢). Improving on Heath-

Brown’s and Peck’s results, in this thesis we show that

Ma(@) = 3 (puss — p)? = O.(2" ).

pn<x

1.2.1 Primes in short intervals

If the interval [y, y + y°] contains no primes, then it contributes at least y** to the
sum » o (Pnt1 — pn)?. If « is large, prime free intervals of length y* make a
big contribution to Ms(z). Thus in order to give a good upper bound on Ms(x),
we must show that only few intervals [y,y + y*] contain no primes. To be precise,

My(z) =37 (Pas1 — pn)? = O(2'+7F%) holds if the following statement is true:

Sufficient condition: The interval [y, y + y®] contains primes for all but O, (z!*~*+¢)

choices of y € [z,2x] N N. That is, for a € [v,1] and all but O, (z't"~**¢) values y,

nely,y+y°]

This reduces the problem of bounding moments of prime gaps to detecting primes in
short intervals [y, y + y®]. It is believed that for fixed a > 0 and large y, the interval
ly, y + y®] always contains primes. However, even under assumption of the Riemann
hypothesis, this problem is open for o < 0.5. In particular, Legendre’s conjecture
(the case @ = 0.5) remains open. Unconditionally, Baker, Harman and Pintz [I]

0-525] contains primes when y is large. We must still deal with

1+ufa+z-:)

proved that [y,y +y
the case a < 0.525. Fortunately, we are allowed to have O.(z bad choices of

y € [z,2x] NN, for which [y, y + y*] does not contain primes.

In short, we seek Type II information for summation over A(y) = [y,y + v*]. A
special feature of our problem is that this Type II information is allowed to fail for
O.(z't=2%¢) choices of y € [z,2x] NN.



1.2.1.1 Obtaining Type I/II+ estimates

We try to estimate sums >, .\, .\ o) f(n), where f(n) is of the form

1 k
f(n) = Z afh) : ..a&k).

d;€[D;,2D;]

Typically it is difficult to sum f over a short interval [y, y + y®], but we expect the
value of the sum to be proportional to the corresponding sum of f over the longer
interval [y, 2y]. The latter is generally easier to evaluate. Luckily, sums over [y, y+y°]

can be related to sums over [y, 2y] via use of Perron’s theorem. We have

3 f(@%% S fn)

nEly,y+y°] nely,2y]

provided that F(s) =Y f(n)n™* = H?Zl(ZdNDJ_ al(ij)dfs) satisfies

0, (@) | (1.6)

Thus the problem of estimating Zne[y,y oy S (n) can be reduced to bounding integrals

-«

2y ]
/ (1 + it)dt
Yy

et

of the corresponding Dirichlet polynomial F(s) = > f(n)n™*.

To give good upper bounds on the LHS of (1.6), we use various Dirichlet polynomial

bounds: Montgomery’s mean value theorem, Huxley’s large value estimate, Heath-

Brown’s R* bound and Heath-Brown’s mean value theorem for sparse Dirichlet poly-
nomials all play important roles. In the case of Type I estimates, properties of the

Riemann zeta function are also used.

The bound does not need to hold for all choices of y € [z,2z], O.(z'T"—*¢)
exceptions are allowed. This is important since both Heath-Brown’s R* bound and
Heath-Brown’s bound on sparse Dirichlet polynomials are designed to give upper
bounds on the number of bad y. Observe that the allowed number of exceptions
decreases as v decreases. So if we aim for a smaller bound M, (z) = O (2 ), (1.6)
needs to hold for more y, which is harder to prove. For that reason, the amount of

available Type II information decreases as v decreases.

Which Dirichlet polynomial bounds work sufficiently well depends not just on the pa-
rameters Dy, ..., Dy, but also on the interval length y®. We combine bounds in many
different ways, the computations are quite involved. The resulting Type I/I11+ ranges

are complicated and dependent on «, so we shall not state them in this introduction.



1.2.1.2 Improvements

Both Peck [36] and later Maynard [29] proved the bound My(z) = O.(z'?¢). To

obtain the bound M (z) = O.(21%3*¢), we improved on their work in two ways:

On the one hand, we made use of Heath-Brown’s mean value theorem for sparse
Dirichlet polynomials [20], which is a relatively new result and was not available to
Peck and Maynard. It played a key role in improving estimates, and without this
ingredient, our bound on Ms(x) would have been considerably worse. However, this
new Dirichlet polynomial bound on its own would have been insufficient to go below

x1?® — there is a more fundamental, technical barrier at this point (see below).

Peck [36] and Maynard [29] both approached the problem of bounding squares of
prime gaps via methods from classical analytic number theory. They used the Heath-
Brown identity to approximate 1p(n) and subsequently needed to give good upper
bounds on integrals of Dirichlet polynomials of many different lengths. The case
D)~ Dy~ Dy~ Dy ~ z'/* (products of 4 Dirichlet polynomials of the same length)

125 " which could not be removed via

is the most difficult. It presented a barrier at x
classical methods. By using sieve methods, and in particular the Buchstab identity
and Harman’s sieve, we are able to avoid some bad convolutions, such as the case

D; ~ z'/*, and can go below z'?°.

1.3 Interlude: Harman’s sieve

We already briefly mentioned Harman’s sieve [14] in Section [I.1.2.2] where we high-
lighted advantageous properties of the Buchstab identity. This sieve method is used
extensively in this thesis, and plays a role in the proofs of both of our main results.
So, as a brief interlude, we give an introduction to Harman’s sieve via the example of

squares of prime gaps.

1.3.1 Notation

For convenience’s sake, we first introduce some standard notation from sieve theory:
For C € N and z > 0, we write

S(C,z) =#{neC:(n,p)=1for p < z}.

This is the number of elements of C not divisible by any prime less than z. In

particular, the number of primes contained in the short interval A(y) = [y, y + y°] is



S(A(y), (2y)'/?). We write Cg = {m € N : md € C}. The Buchstab identity reads
S(C,w)=5(C,z) = > S(Cpp).
2<p<w

(If n € C is counted by S(C, z), but not by S(C,w), then n has a prime factor p with

z < p < w and all other prime factors of n are of size at least p.)

1.3.2 Buchstab iterations

The basic idea behind Harman’s sieve is to compare the number of primes in some
sets A and B, where A is the set we are actually interested in and B is a related, but
better understood set. (By better understood we mean that we know more about
summation over B.) To make such a comparison, the Buchstab identity is applied
repeatedly. This allows us to instead compare the number of products of primes of a

certain size in A and B, which is often easier to accomplish.

We now carry out this process for A(y) = [y, y + y*], which is our set of interest, and
for B(y) = [y, 2y], which is the related, better understood set.

> Ie(n) = (™) D 1e(n) = S(Ay), ¥°) — (¥* )SB(y),v°) (1.7)

neA(y) neBb(y)

> SAW- ) — GSBW) YY) (18)

Yo <p1<(2y)05
+ Z S(A(y)p1p2,p2) - (ya_l)S(B(y)plpmpZ)' (19)
Y0 <pa<p1<(2y)°-®

In order to show that A(y) contains primes, we thus need to give suitable lower

bounds for (1.7), (1.8)) and (1.9)).

1.3.3 Using Type I and II information

In Section [1.1.2.2) we observed that to evaluate S(C,z) = >, ..¥(n,2), we must
be able to give good estimates for ) . f(n) whenever f(n) is a convolution of
some suitable functions. In the current set-up, we guess that > _, f(n) can be
approximated by (i—?) > nep f(n). The goal is therefore to find many convolutions f
for which the following holds true:

= #—Jél n Smadll error
5= 10 = (%) 3 o)+ (omat xor),

In the case A = [y, y + y*] and B = [y, 2y], such a relationship is proved by bounding

Dirichlet polynomials. We now give a list of relevant Dirichlet polynomials.

10



1.3.3.1 Corresponding Dirichlet polynomials

As mentioned in Section [1.2.1.1} we have }_ . . o f(n) = % D nely2y [ () pro-
vided that F(s) =Y f(n)n~° satisfies

l—«

2y )
/ G (1 + it)dt
Yy

j et

— 0, (m) | (1.10)

Which convolutions and corresponding Dirichlet polynomials are of interest to us
depends on whether we are looking at (1.7)), (1.8]) or (1.9). We split the summation
ranges into dyadic intervals, so that p; € [P;, 2P|, and the corresponding Dirichlet

polynomials also depend on P;.

Dirichlet polynomials for ((1.7): We must consider

J (@)
F(s)=[Si(s)  with  Si(s)= Y 2
jzl ne[Ni,QNi] n

where [[_, N; = x and (N; > z° for at most one choice of j). Further, if there is
such a long factor S;(s), we may assume it has all coefficients aY equal to 1. If 1)
holds for all such choices of F(s), then the RHS of ([1.7)) is O(y®/(logy)?).

Dirichlet polynomials for (1.8) and p; € [P, 2P;]: We must consider

n J al?
F(s):< 3 %)Hsj(s) with  S()= 3

nG[Pl,QPﬂ TLE[NZ',2N¢]

where H;.Izl N; ~ & and (N; > 2° for at most one choice of j), and the long factor
has coefficients 1. (Additionally, if necessary, Heath-Brown’s identity can be used
to replace the Dirichlet polynomial »°  p op1le(n)n™ by a product of Dirichlet
polynomials which are short or have coefficients 1.) If holds for all such choices
of F(s), then the contribution of p; € [P, 2P;] to is O(y*/(log y)?).

Dirichlet polynomials for (1.9) and p; € [Py,2P;] and py € [P2, 2P5): We consider

ro-( 3 B 5 BT

n€[P1,2P1] nE[PQ,QPQ]

for Si(s),...,5;(s) of total length 5%-. This time we cannot assume that all but
one S;(s) are short — the lengths of the Dirichlet polynomials S;(s) are completely

arbitrary. If (1.10) holds for all such choices of F(s), then the contribution of p; €
[Pl, 2P1] and p, € [PQ, 2P2] to " is O(yo‘/(log y)4)

11



1.3.3.2 Good and bad products

We recall now the set-up of Section .2} Our aim is to prove Ms(z) = O(z'?>~?) for
some ¢ > 0. To do so, we must show that A(y) = [y, y + y*] contains primes for all
but O(z%7279) choices of y € [z,2z] N N. Looking at the Buchstab iterations in

Section and at Section [1.3.3.1] we must prove that the bound ([1.10]) holds for

suitable Dirichlet polynomials at all but at most O(z%?~%7%) values of y € [z, 22] NN.

Initially, we focus on very small . When § = 0 and F'(s) is a product of 4 Dirichlet
polynomials of length %2, fails to hold too often. Increasing J slightly, more
problematic products appear. We need to avoid products Si(s)S2(s)S3(s)S4(s) with
N; € [29%5750) g0-25+£(9)] Here £(6) is an increasing function of § with £(6) — 0 as
0 — 0. For small ¢, this is the only bad case — suitable bounds are available for
products F(s) = [[._, Si(s), provided no factor S;(s) is too long (e.g. all factors are

shorter than x%3%) and provided N; ¢ [2%2°75(0) 20-25+¢()] for some i € {1,...,J}.

Regarding Type I information, if § > 0 is very small and F(s) = []/_, Si(s) has a
factor S;(s) with (N; > %% and all coefficients equal to 1), then ([1.10]) holds for all
but at most O(x1?°=2=9) choices of y € [x,2x] N N.

1.3.3.3 A minorant

Observe now that the Dirichlet polynomials corresponding to and all have
many short factors or one fairly long factor with coefficients 1. In particular, we never
run into the situation where we have four factors all of length close to 2°23. For all but
O(z+#~279) choices of y € [z, 2x] NN, quantities and are O(y*/(logy)?).
Looking at , we are in trouble when P, ~ P, ~ 2%2°, as there could be two factors
S;(s) also of length 2%?°. We are also in trouble if P; ~ 2%° and P, ~ z%2°: In order
to produce Dirichlet polynomials of short length or with coefficients 1, Heath-Brown’s
identity must be applied to Zne[ Propy] 1p(n)n~*, which can produce two new factors

of length 2%25. All other choices of P; correspond to suitable Type II estimates.

Comment: Following the exposition in Section [I.I] this information can be used to

produce a good minorant w(n) for 1p(n), which is given by

— n n
wn) = Tem) — Y e — Y (A
p1p2(n p1p2|n
0.2576(6)7x0.25+6(5)] ple[x0.575(6)‘7w0.5+5(5)]
0.25-¢(5) 30.25+(9)] pa€[£0-25—(8) £0.25+¢(8)]

p1€[x
p2€x

This choice of w(n) satisfies Property 0 and Property 1. (Property 2, which is the
criterion ) w(n) > 0, must still be verified.)

12



However, instead of working directly with w(n), we will continue to use the notation
of Section [1.3.2] comparing A and B. The difference between these two approaches

is merely cosmetic, and we use both viewpoints in later chapters of this thesis.

1.3.4 Lower bounds

Using the Buchstab iterations of Section [1.3.2] and using our information concerning

(1.7), (1.8)) and ((1.9)), obtained in Section [1.3.3.3, we conclude that for all but at most
O(x125=279) choices of y € [z, 22] NN,

> e(n) =)D 1p<n)+o( v ) (1.11)

neA(y) neB(y) (log y)*
+ Z S(A(y)plpzapZ) - (ya_l)S(B(y)plpmpZ) (112)

Y2 <pa<p1<(2y)%°
p1E[y0-25—5(8) 40.25+5(5)]

Po€ly0-25—5(8) 40.25+2(9))

+ > SAWppsrp2) — WS BWpipsrp2)-  (113)

Yo <pa<p1<(2y)°
p1€[y0'5’5(6) 7y0.5+5(6)]

Pa€y0-25—5(8) 4/0.25+2(8)]

To give a lower bound on }_ . Aly) 1p(n), we can simply delete the contribution of
A(y) to and (L.13), as this contribution is positive. On the other hand, B(y)
is the long interval [y, 2y|. For that reason, it is easy to compute asymptotics for the
sums in (1.11)), (1.12)) and ((1.13]) which involve B(y): By the prime number theorem,
D nen(y) p(n) = vdtel) - Using a generalized version of the PNT,

logy
y(1+ of 0.25+¢(8)  0.25+2(5)
Z S(B(y)plpz ) p?) 1 / / dOzldOZQ,
p1E[y0-25-5(8) 0.25+2(9)) o8y 0.25—e(6) J0.25—¢(9) alaz

0.25—¢(8) /0.25+2(8)]

1 + O 0.5+¢(6 0.25+(8
§ : S(B(y)plm ) p2) / / dozldozg,
0.5 0.

pLEYO-5—E(8) 0-5+2(8)] log Y 25—£(8 alaQ
P2 €ly0-25—2(6) 4/0.25+¢(5))

p2E[Y

Since £(d) — 0 as 6 — 0, we can find Jp > 0 with

0.25+¢(do) 0.25+¢(do) d d 0.54+¢(d0) 0.25+¢(do) d d
0(50):1—/ / anday / / odaz
0 0 0 0.

2
25—2(80) 25—¢(8o) 105 5—e(d0) 25—e(8o) 102

Putting everything together, we have > ) 1p(n) > %goy(l))C(éo) > 0 for all but

at most O(x12°727%) choices of y € [z,22] NN. Then My(x) = O(z2~%). O
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1.3.5 Doing better

As shown above, Harman’s sieve can be used to easily improve the bound O(x!25t¢)
to O(z!?°7%) for some very small d; > 0. However, we want to do much better than

that, proving a bound O.(z!#*¢). This is much less straightforward:

As ¢ increases, many other bad products of Dirichlet polynomials appear. No longer
are products of Dirichlet polynomials of equal length the only concern - conditions
which identify bad cases become much more complicated and depend on the interval
length y®. Using just two Buchstab decompositions is no longer enough, we need
to apply the Buchstab identity 4 or even 6 times, and compute the loss much more
carefully. Since the available Type I/I114 information depends on «, we need to apply

Harman’s sieve not just once, but multiple times, considering different ranges of a.

In short, it is possible to prove My (z) = O (x'?37¢), but will require much more work.

1.4 Bounded gaps between primes

One of the biggest open problems in number theory is the Hardy-Littlewood prime
k-tuple conjecture. For a given k-tuple (hq,...,h), this conjecture predicts the
asymptotic density of the natural numbers n for which all entries of (n+hy, ..., n+hy)
are prime. A famous special case of the Hardy-Littlewood k-tuple conjecture is the

twin prime conjecture:

#{ngx:nandn—i—Zprime}NQH<1_( 1 )2)/290 dt

_ 2°
e p—1 (log?)

A resolution of the prime k-tuple conjecture would have far reaching consequences,
giving us very precise information about the distribution of prime numbers. For in-
stance, the k-tuple conjecture tells us precisely which integers are expected to appear

infinitely often as the difference between m + 1 primes. Writing
H,, = liminf(ppym — pn),
n—oo

it has been conjectured that H; = 2, H, =6, H3 =8, ..., and so on. Unfortunately,
a resolution of these conjectures appears far out of reach of modern techniques. Only
10 years ago, no upper bounds on H,, were known at all. In 2013, Zhang [45] achieved
a big breakthrough when he showed that H; < 70000000. This was followed by work
of Maynard [30] and Tao (unpublished), who proved that H,, < oo also holds for

m > 2. Prior to our work, the best known upper bounds on H,, for m € {1,...,5}
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were results of the Polymath project [38], while Baker and Irving [2] gave the bound
H,, = O(exp(3.815m)), best for large m. Improving on the results of Baker and
Irving, in this thesis we show that

H,, = liminf = O(exp(3.8075m)).

n—o0

Improving on the results of Polymath, we also show Hy < 396504, Hs < 24407016,
H,y < 1391051532 and Hs < 77510685234.

1.4.1 The GPY sieve

To detect integers n for which a tuple (n + hq,...,n + hg) contains multiple primes,
Goldston, Pintz and Yildirim developed the so called GPY method [I1]. The basic
idea is as follows: Pick a tuple h = (hy, ..., hg) with hy < --- < hy and

VpeP:{h;mod p:1<i<k}+#Z/pZ.

Such tuples are called admissible. Choose some v : N — [0, c0) and define

N(z;h,v) = Z v(n) (Z lp(n+ h;) — m) .

r<n<2z

Application: Suppose that for some admissible tuple h = (hy, ..., hy) and some weight
function v, we can show that N(z;h,v) > 0 for all large x. Then if x is large, there
exists an integer n € [z, 2] with (Zle lp(n+h;)—m) > 0, so that (n+hq,...,n+hg)

contains at least m + 1 primes. As x was arbitrary, this implies

H,, = liminf(p,sm — pn) < hg — hy.
n—0o0

1.4.1.1 A second sieve problem

The problem of bounding H,, has been reduced to the search for a suitable weight
function v(n). This is still a very difficult problem. In 2005, Goldston, Pintz and

Yildirnm [I1] used their GPY sieve to show liminf, . % = 0, and it took

almost another decade until Zhang [45] managed to show liminf,, . (ppi1 —pn) < 00.
It turns out that in order to construct suitable v(n), one must have a good understand-
ing of the behaviour of primes in arithmetic progressions. This, too, can be viewed as
a sieve problem. Not the GPY sieve itself, but this secondary sieve problem is a focus
of this thesis. We study the behaviour of primes in A(q) = {n € [1,z] : n = a(q)},

)

where ¢ is a product of primes less than x°. Such common differences g are called

r°-smooth moduli. They played a key role in Zhang’s proof [45].
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1.4.2 Primes in arithmetic progressions

A classical result of Dirichlet states that the arithmetic progression (a, a+q, a+2q, . . .)

contains infinitely many primes when (a,q) = 1. More precisely, it is known that

_Hp<aj
¢(q)

Asymptotically, the primes equidistribute over the residue classes (Z/qZ)*. To con-

#{p<z:p=a(q} as q — oo.

struct good weights v(n) for an application of the GPY sieve, one needs strong upper
bounds on the corresponding error terms |#{p < z:p=alq)} — @#{p < z}|. To

be precise, we need to prove the following statement for some 6 > %:

Equidistribution estimate for smooth moduli: There exists § > 0 with

1 T
Y 1p(n)—@z 1p(n) | <a llog )7 (1.14)

g<z? n<x n<x
q|P(a?) n=ald)
(g,0)=1

)

Here P(2°) = [I,<.s - The criterion g | P(2°) simply ensures that ¢ is x°-smooth

and squarefree. This restriction is key to allowing us to take 6 > %

Zhang [45] proved with § = £ + - —¢e. (Here € > 0 is arbitrary, but ¢ and the
implied constant depend on ¢.) Polymath [37] obtained 6 = 1 + ﬁ —e. We succeed
in proving the equidistribution estimate (|1.14]) with § = % + % — ¢. Larger values
of # allow for shorter admissible tuples A in the GPY sieve, and thus correspond to

stronger bounds on H,,.

1.4.2.1 Type II information

In Section we discussed at length how Type I and II information may be used to
detect primes in some nice set 4. Here, the sieve problem takes a more complicated
shape: It is already well known that A(q) = {n < z : n = a(q)} contains primes —
but we desire much more accurate information about the number of primes in A(q).

Nonetheless, the concept of Type I/I14 estimates is still extremely useful.

In this set-up, Type II estimates look as follows:

1 T
Y (a*ﬁ)(n)—m Y (axB)n) | < oz )" (1.15)

q<z? | n=a(q) (n,q)=1
q|P(z°)
(g,0)=1

where M N =< x and « and 3 are supported on [N,2N] and [M,2M], respectively.
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The Type II estimates ((1.15)) will be applied to convolutions arising from an appli-
cation of Heath-Brown’s identity. We must establish (1.15)) for all N € [2%4, 2%9],

as otherwise convolutions of 5 sequences of equal support cause problems. Polymath

showed (1.15)) for N € [z%4,2%6] and 6 = § + 5°5 — ¢, we instead take § = § +

0 E.
Here is not the place to give a detailed description of how Type II estimates ([1.15)) are
obtained - the process is quite technical. Linnik’s dispersion method and completion

of sums are used to reduce the problem to bounding exponential sums. To bound

exponential sums, various techniques are used: the g-van der Corput method, Weil’s
bound for Kloosterman sums and Deligne’s work on the Riemann hypothesis over
finite fields all make an appearance in the Polymath paper [37]. To finish the intro-
duction of this thesis, we just very briefly indicate how we improve on the exponential

sum estimates of Polymath.

1.4.2.2 Exponential sums

To prove Type II estimates (1.15) for § = $ + 2w and N € [z, 2°5], we must show
the following: For some D with 1 < D < N and for Y &~ 2%, m ~ 2'*% /(N D) and
B with (B, md) = 1,

2

=D

DI By | PN (1.16)
™\ '+ Cd xe ’

n=<N y<Y
(y,m)=1
To bound the exponential sum given in (|1.16)), Polymath fixed y and applied the so
called ¢g-van der Corput method to d and n, partitioning according to the value of n
mod d. We use the special form of the exponential phases in to introduce a
variant of the ¢g-van der Corput method, which is based on partitions according to
the value of y/n mod d. In Polymath’s work, the sum over y was bounded trivially.
By incorporating y into our computations, we get smaller diagonal terms, additional

averaging and better results. This idea is described more carefully in Section [3.1.1]

Comment: To conclude the introduction, we remark that Chapter 2 is based on the

arXiv preprint [41] and Chapter 3 is based on the arXiv preprint [42].
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Chapter 2

The mean square gap between
primes

2.1 Introduction

Let pi1,po,... denote the sequence of primes and write 7(z) = #{n : p, < z}. We
study the average size of the squares of gaps between consecutive primes less than
x, given by ﬁ Y <Pyt — pn)?. Under assumption of the Riemann hypothesis,
Selberg [39] first showed that

Z (Pnt1 — pn)® < z(log z)*.
Pz

Assuming the Lindel6f hypothesis, Yu [44] proved that 3 _ (pni1—pn)® = Oc(2')
for every € > 0, implying that the average size of (p,1 — pn)? with p, <z is O.(z°).

A first unconditional result was given by Heath-Brown in [I5]. He showed that

Z (pn—i-l - pn)2 <<8 ‘TH—V—’—E (21)

pn<z

holds with v = 1/3 = 0.3. In [I6] he improved this bound to v = 5/18 = 0.27. The
problem was further studied by Peck [36] and later Maynard [29], who both obtained
(2.1) with v = 1/4 = 0.25. New phenomena occur when v < 0.25 and handling these

issues is the key technical innovation of our work. We prove the following result:

Theorem 2.1. For any € > 0, we have

Z (pn-i-l - pn)2 <<6 x1.23+6~

pn<zx
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At the core of our proof is a parametric version of Harman’s sieve [I4]. To obtain
the information required for the application of this sieve, we rely on a complicated
combination of bounds on large values of Dirichlet polynomials, in particular Heath-

Brown’s R* bound [29] and Heath-Brown’s sparse mean value theorem [21].

2.1.1 Key ideas

First we recall the argument of Peck. Given some value of 7 and a prime gap p,+1—p»
with p,y1 — p, > 62/7 and p, < 2x, we note that y € (p,, (pn + Pns1)/2) implies
that the interval [y,y + y/7| contains no primes. This differs significantly from the
expected number of primes in an interval of length y/7 and, by Perron’s formula,
roughly implies that

/2T yit Z p—it dt

p<2x

is unusually large. We can show this happens rarely by combining L>, L? and L*
bounds over y € [x,2z]. To get adequate bounds we apply a combinatorial decom-
position to the primes and reduce the situation to obtaining suitable mean value

estimates for products of Dirichlet polynomials. Doing this for all relevant values of

7 gives result (2.1)) with v = 0.25.

Unfortunately, this argument breaks down when v < 1/4, as there is a discontinuity
in the estimates of Peck [36] and Maynard [29]. By refining the underlying estimates,
most of the problematic terms can be handled, but products of 4 Dirichlet polyno-
mials of length roughly z'/* cannot be treated using existing mean value theorems.
(Limitations correspond to the 3/4-line, just like in many similar problems.) To han-
dle this issue, we instead count primes with a minorant chosen via Harman’s sieve,
allowing us to exclude some small number of bad terms. In principle, this new ar-
gument should then be sufficient to give with v = 1/4 — ¢ for some very small
6> 0.

However, as v decreases further away from 1/4, we quickly encounter many new
bad factor lengths, which cannot be treated using the approaches of Peck [36] and
Maynard [29]. (Here issues are also no longer only clustered around the 3/4-line, there
are many bad Dirichlet polynomial sizes.) To handle many of these new bad terms, we
introduce a new estimate based on a mean value theorem of Heath-Brown for sparse
Dirichlet polynomials, which combines well with the previous techniques, particularly
Heath-Brown’s R* bound. Which terms still cause issues depends on the parameter 7

and so we require a parametric version of Harman’s sieve. In this parametric version
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of the sieve, the retained terms, which must have no bad sizes, must depend on 7 in a
suitably concrete way that we can verify certain integral computations for all relevant
values of 7 and thus can ensure that the minorant constructed produces primes. It is

handling these difficulties where our key new ideas appear.

2.1.2 Proof outline

To prove Theorem , we must show that the interval [y,y + y/7] with 7 < 2977

0.23+a)

contains primes for most choices of y € [x,3xz] NN — no more than O(7z ex-

ceptions are allowed. When 7 is large, [y,y + y/7] is a short interval and we lack
good estimates for m(y +y/7) — 7(y), the number of primes it contains. However, we
guess that for most choices of y, the number of primes in short interval [y,y + y/7]

is roughly proportional to that in the longer interval [y, y + y/z°], where b is a small

Y

gz Primes. Hence if y

constant. This larger interval is known to contain (1 + o(1))
satisfies

l'b

(rly+9/7) = 7(0) — () (o + /) =7} > - )

Tlog x

for some fixed a € (0,1), then [y,y + y/7| contains primes. To show that such

0-23+¢) choices of y, we use the Buchstab

an inequality indeed holds for all but O(rx
identity, an inclusion—exclusion argument, which lets us compare the number of primes
in [y,y +vy/7] and [y,y + y/2%] by comparing the number of multiples of products
of primes of certain sizes. These multiples sometimes provide additional structure in
computations, making them easier to count than the primes itself. This process of
comparison of multiples of certain primes in a short and in a long interval is known
as Harman’s sieve. Our application of Harman’s sieve and proof of Theorem are
split into three propositions and one lemma, each corresponding to one section of this
chapter. The precise formulation of these results can be found in Section 2.2 but we
first give a rough outline of the main arguments. For clarity of exposition, details are

suppressed.

In Section We compare certain sums over [y, y+y/7] and [y, y+y/z’]. We consider

b

i X i

) (H aﬁ) - X (H aéﬁ), (23)

ki ke€lyyty/r] \1<i<r vk €y gty /ab] \1<i<r
ki€(N;,2N4] k;€(Ni,2N4]

where a) = 1p(n) (the prime indicator function) or at = 1 whenever N; is large.

We also consider corresponding Dirichlet polynomials F'(s) = []/_, Si(s) which look
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roughly like [Ti_, >~ €(N;.2N;] ak k: *, except factors of the form 3, ¢y oy, 1e(ki)k;
are replaced by their combinatorial decomposition into smooth or short factors via
Heath-Brown’s identity. By Perron’s formula, is Oa(oam7)

some corresponding Dirichlet polynomial F(s) = Z 1 Si(s) for which the integral

unless there is

1

T

/ y TR (L + dt) dt’ (2.4)

b

fails to be bounded by
S;(s), we split the domain of integration of into O((log z)’*!) regions, considering
nes; 1, 1+ 1] where Sy is the set of n € [T, 2T]NN C
[z%, 7] for which each factor S;(1+it) is of size between BY*~' and 2B " on [n,n+1]
and for which F(1 + it) has a total size of about 27~ on [n,n+1]. If #8; < 2'777¢,
this region contributes only little to for every y and can be ignored. If instead

#S1 > 21777, we wish to show that the contribution of (J, g [n,n + 1] to .
0.23+¢)

W Denoting by B; the length of Dirichlet polynomial

separately the contribution of | J

exceeds —po—Sarr for only O(rx values y € [z,3z] N N. Taklng a second

(log =
moment over y € [z, 3z],

3z n+1 )
/ Z/ Y TUR(1 4 at) dt

neS v "

2
dy,

we get the desired bound on the number of bad y whenever #8; < Ta!721023 We
denote #8; by R(F,(S;), (0;),T). Alternatively, by taking a fourth moment, we find
that we also have a suitable bound if the number of quadruples nq,...,ns € S with

3404023 We denote this number of

niy + ne = nz + nyg is bounded above by 7x
quadruples by R*(F,(S;),(0;),T). For a third approach, we denote by J the set of
m € [1,7]NN for which the contribution of ( J, s, [n,n+1] to with y = [3x/7]m
exceeds T(logxxW' Effectively, we sample bad y, leaving large gaps to ensure that
#J < 7. Multiplying by some &, € {z € C: |z| = 1} to remove absolute value signs

and summing over 7, we find

#._7 < 1ng A+]+2

Z/ (ngm> (14 4t)dt|.

neSy meJ

We have introduced a second Dirichlet polynomial G(s) =" ; &nm~°. If the inte-
gral on the RHS is small, there are only few bad y. We split up the sum, restricting
our attention to n € Sy, where Sy is the set of n € [T,27] for which the size of
G(it) is contained in a prescribed dyadic interval (L?,2LY]. We find that the de-
sired bound #J = O(722%271) holds if #(S; N Sy) < (FJ)7/E 171 /AgT/8-0+0.23/8 op
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#(S51NS2) < (#J)7x!77. We write #(S1NSs) = Q(F, G, (S:), (0;),7,T) and have
reduced the problem of obtaining a good bound of O(W) on to showing
that R(F,(S;), (0:),T), R*(F,(S:),(0;),T) and Q(F, G, (S;),(0;),7,T) satisfy one of
five inequality conditions for every choice of (;), v and T. The formal statement of
this result is Proposition [2.1], which is proved in Section [2.3]

In Section [2.4] we then give various bounds for R, R* and (). Heath-Brown’s bound
on sparse Dirichlet polynomials plays a key role: it is used to replace the con-
dition Q < max{(#J)7/8 11/ AgT/8=0+023/8 (4 7)1=7g1=7} by an alternative con-
dition R < min{r~V/AMZ-1g7/47204v/4 N [26-2,2720% where M = [[,.; B and
MP = Tl.., B for some I C {1,...,5} and m; € N. We also use Heath-

Brown’s R* bound to replace condition R* < 7237497023 by an alternative condi-
cz 7_U]\4VﬁfWIXfYU+O.23Z

el

tion R < minw,v,w,x,y,z) , where Z is a set of nine tuples
(U,V,W, XY, Z) specified in Section This reduces the problem of bounding
to obtaining good upper bounds on R(F, (S;), (0;),T), the number of intervals
[n,n + 1] on which Dirichlet polynomials S;(s) are of size about B7~'. We then use
results such as Montgomery’s mean value estimate and Huxley’s large values esti-
mate to obtain such bounds. These are very sensitive to the lengths B; of Dirichlet
polynomials S;(s). We show that we get adequate bounds on R provided that some
combination of factors S;(s) is of a convenient length (depending on 7). The formal
statement of this result is Proposition [2.2] proved in Section [2.4

In Section we use our bounds on the differences (2.3) to prove that if P, ..., P,
are in certain good ranges, then there exists Z C [z,3x] NN with #Z = O(72%27%¢)
such that y € ([z,3z] NN) \ Z implies

b

3y 1p(k1)...1p(k,,)—x? S (k). le(k) R 0. (25)

ki...krmely,y+y/7] ki..krmely,y+y/zP)
kie(P;,2F;) ki€(P;,2F;]
(m,p)=1for p<z(py) (m,p)=1for p<z(px)

Here z is a function of p; with 2(px) = py, or z(py) = 2P for some small 3. This allows
us to compare how many elements of [y,y + y/7] and [y,y + y/2°] are of the form
p1-..p,m with p; € (P;,2P;] and m not divisible by any prime less than z(py). The

formal statement of this result is Lemma 2.1]

Finally, recall that we are looking to bound (7(y+£) —7(y)) — (%b)(ﬂ(y +5)—7(y))
from below. We may use the Buchstab identity, an inclusion—exclusion argument, to
rewrite the difference (7(y+%)—7(y))— (%b)(w(qu %) —7(y)) as a sum of terms which
look like the LHS of weighted by (—1)". From Lemma [2.1] we know that the LHS
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of is close to zero for most y when P, ..., P, are in certain good ranges. On the
other hand, when P, ..., P, are bad and r is even, then the LHS of , weighted
by (—1)" = 1, can be bounded below by discarding the contribution of short interval
[y,y + y/7] and estimating the sum over long interval [y,y + y/x°] asymptotically.

This is possible because counting multiples of certain primes in a long interval is easy.

If we choose our Buchstab decomposition so that the overall bound on the bad [y, y+

y/2’]-sums does not exceed Tlagz for some fixed o € (0,1), then this gives the

desired lower bound for all but O(r2%?3*¢) choices of y € [z,3z] NN, which
in turn proves Theorem 2.1} In practice, finding suitable Buchstab iterations is a
long and calculation-heavy process. These computations, reformulated as seeking a
suitable minorant for 1p(n), can be found Section 2.6 Since the good ranges of P,
vary with 7, we apply Harman’s sieve six separate times. The formal statement of
the results of Section [2.6|is Proposition [2.3]

2.1.3 Notation

We will use the following notation from sieve theory: For C C N and z > 0,

S(C,z)=#{neC:(n,P(z)) =1} where P(z)= Hp.

<z

We also let V(2) = [[,..(1 —1/p) and Cq = {n € N: nd € C}. For any n € N and

any z > 0, we take

1 ifpln=p>=z
Y(n,z) = | .
0 otherwise.

In particular, Y . ¥(m, z) = S(Cq, 2).

1¢ is the indicator function of C and P is the set of primes. We write n ~ N to mean
n € (N,2N]NN.

Throughout this chapter, we will work with a fixed, but arbitrary constant € > 0 and
with quantities v = 0.23, a € [0.475 — £,0.77 —¢], 7 = 2%, b = 1/10°, ; = £/105,
Ty = 72°* and Ty = 2?71 where 7 € [1,2] is chosen such that log(T,/T})/log2 €

Z, allowing for a nice dyadic decomposition of [T, Ty]. We compare sets
Aly) = [y,y—k %} NN and B(y) = [y,y—l— %} N N.

Throughout all our proofs, we will assume without loss of generality that x is very

large and ¢ is small.
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2.2 Key propositions

In this section we now introduce important definitions, formally state our key propo-

sitions and lemma and then show that they combine to give a proof of Theorem [2.1]

2.2.1 About Proposition 2.1

Our first proposition relates bounds on differences between sums over A(y) and B(y)

0.475—¢ 0.77—5]
)

to values of Dirichlet polynomials. Given ¢ > 0 and 7 € [x x , we consider

where (a,) is a sequence with the following properties: There exist K € N, N; €
[5,00), 71,72 € N with 0 < 7y < 7y < 10° and at) € C with a¥) = O(log(n + 3)) for
1 > ry such that

Ay = Z <1N(k0) H 1[[»(]{31) H CLE;})

k:()k1...k72 =n 1<i<ry r1<i<rg
ki~N;

Here we require that 272z < [[2, N; < 6z and N; < 2K for i > r; and N; > 2V/K
for 1 < i <r;. We additionally assume that r;, Ny, ..., N,, and (aﬁf)) satisfy one of

the following three options:
(i) r1 > 2 or Ny > 209,
(11> =1 and NO > xl/loglOga}'

(iii) 1 € {0,1} and there exists i > r; with @) = 1p(n) for all n € N and N; >
xl/loglogx.

We will associate with (a,) a collection of Dirichlet polynomials with various nice
properties. In particular, the factors of these Dirichlet polynomials will be of the

form described below.

Definition 2.1. For a given T € [1,z] and a Dirichlet polynomial H(s) =Y.,

n~N ns’

we say H(s) has property (Z1|) with respect to T if there exists w € [=T/2,T/2] with

logn

H(s+iw) = — or H(s+iw) = Z (Z1)

ns
n~N n~N
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We say H(s) has property (Z2)) with respect to T if there exists w € [=T/2,T/2] with
. - 1
k=2 pk~N

We say that H(s) has property (D)) with respect to T if there exists w € [—T/2,T/2]
such that H(s + 1w) equals one of the following five Dirichlet polynomials:

1 [e.e]
H(s +iw) € Zni Zofsn, sz;k Zli?), u:lzz)

n~N n~N k=2 pk~N n~N n~N

(D)

For (a,) with corresponding (Nj, ..., N,,) and K, we consider the following sets of

Dirichlet polynomials:

Definition 2.2. F*(T, J, K) is the set of Dirichlet polynomials F(s) with
F(s) =] Sis)

for some j <J and some Si(s) =, p. b= which satisfy:
(1) b € C with bY = O(logn).
(2) B; >logz and 277z < Hle B, < 2'z.
(3) If By > 2*/K then Sy(s) has property or with respect to T .
(4) At least one of the following three conditions is satisfied:
(A) There exists £ € {1,...,5} with B, > x*%X and there exists iy # { such

that B;, > wiEiez and such that Si,(8) has property @) with respect to T'.

(B) For everyi € {1,...,5}, B; < 2?5, and there exists iy € {1,...,7} such
that B;, > wEies and such that Si,(8) has property @) with respect to T'.

(C) There exists ¢ € {1,..., 5} with By > 2%9.

F((No,...,Ny), T, J, K) is the set of F(s) € F*(T,J,K) for which factorisation

1_1 Si(s) can be chosen so that the following three conditions are all satisfied:

(i) There exist disjoint subsets Xy, ..., X, of {1,...,7} with

(logw)*QKleg < H B; < (logx)ZK“Ng for 1<?0<nr.

1€Xy
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(ii) If No > logx, there exists ig € {1,...,j} \ (UL, X¢) with Siy(s) = > oy, K%

(iil) Ifi & Uy~ Xe and i # ig, then B; < z'/%.

G(T,e) is the set of Dirichlet polynomials with the following property: If G(s) €
G(r.2), then G) = Ty " for some T € (1,729 with # > 7727 and
some &, € C with |§,| = 1.

Next we give the formal definition of quantities R, R* and @, first introduced in

Section 2.1.2

Definition 2.3. Let ¢ = 1+ 1/logx. For Dirichlet polynomials F(s) = []/_, Si(s) =

i=1<zn~31 l’;:), G(8) = ners & and (0;) €RI, vy €R and T € [Ty, Ty), we define:

J

Sl(F, (51)7 (Uz)) = m {n eN: sup ’Sl(c + Zt)| c (Bi_c+ai, ZB;C+Ui]},

i=1 t€n,n+1]
R(F’ (Sz)’ (Ji)7T) = #(Sl(Fv (51)7 (Uz>> N [Tv ZT])v (26)
ST(F, (Sl), (O’l)) = {(nl, N, 7”L3,TL4) € Sl(F, (Sl), (O'i))4 M1 +ng =n3g+ 714} ,
R*(F,(8): (), T) = #(S1(F, (), (03)) N [T, 2T)*), (2.7)
$:(Gu1) = {n€N: swp (G| € (7). 27)7] .
Q(F7 G> (52)7 (Ui)a e T) = #(Sl(F’ (Sz)’ (Uz)) N S2<Ga 7) N [T> ZT]) (28)

We are now ready to state Proposition [2.1]

Proposition 2.1. Let ¢ > 0, 7 € [20477° 2%7¢] and A € N. Suppose that
(ay) is as described at the start of Section with corresponding constants 1,7,
(No,...,N,,) and K. Let J = A+ 10"K.

Suppose each choice of T € [Ty, Ty], F(s) = [[_; Si(s) = le(ZnNBi bil)) €

F((No,...,Nw), T, J,K), G(s) = >, créan™® € G(7,¢), v € (—00,1) and (o3) with

o, € Rand o = T oa() satisfies at least one of the following five conditions:
sl
R(P.(S).(0).T) € ooy (1)
R(F,(S;), (0;),T) < rat23720+2e1 (C2)
R*(F,(S)), (0,), T) < ma>®-10+21 (C3)
Q(F, G, (), (0:),7, T) < (#J)7/8=171/45T/8-0+023/8421, (C4.A)
Q(F.G,(S),(03),7. T) < (#T) a' 77 (C4.B)
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Then there exists T C [x,32] NN such that #I = O(72%23%/2) and such that y &
([,3z] "N N) \ Z implies

Here the constant implied by big O notation only depends on A, K and ¢.

2.2.2 About Proposition 2.2

The second proposition gives conditions on the factor lengths of F(s) = []/_, Si(s)

which ensure that one of , , , (C4.A)) or (C4.BJ) holds. For a fixed ¢ > 0,

g1 = ¢/10° and a given a, we define a quantity xo(a) and regions x;(a), x2(a) and

x3(a) as follows:

(0.290 —¢;  if a < 0.53,
0.315 —¢&; if a € (0.53,0.545],
0.335 — if a € (0.545,0.57
Xo(a> _ €1 1 a ( ) ]7 (29>
0.330 —e; if a € (0.57,0.59],
0.330 —e; if a € (0.59,0.61],

(0320 — ¢, if a > 0.61.

[0.290 — ¢4, 0.360 + ¢,
0.315 — £1,0.345 + £1] U [0.427 — £1,0.474 + &1]  if a € (0.53,0.545],

] if a < 0.53,
]

0.400 — 1, 0.475 + &1] if a € (0.545,0.57],
]
]
]

[
[
< [
[
[
[

a) =
N0 =Y 10380 — £,.0420 + &, if a € (0.57,0.59],
0.365 — £1,0.420 + £, it a € (0.59,0.61],
0.355 — 1,0.420 + 2, ita> 0.61.
xi(a) = Xxi(a) U (1 —Xxi(a)) = Xi(a) U{l = £: L € X1(a)}. (2.10)
x1(a) if a <0.53,
[0.405 — &1,0.485 + &1] U [0.515 — &1,0.595 + 1] if a € (0.53,0.545],
a it a € (0.545,0.57],
0@ (054,057

[0.380 — &1, 0.455 + £1] U [0.545 — £1,0.620 + 21]  if a € (0.57,0.59],
[0.365 — £1,0.435 + £1] U [0.565 — £1,0.635 + 21]  if a € (0.59,0.61],
L x1(a) if a > 0.61.

(2.11)
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x1(a) if a <0.53,

[0.285 — £1,0.375 + £1] U [0.625 — £1,0.715 + 21]  if a € (0.53,0.545],
x1(a) if a € (0.545,0.57],
[0.315 — £1,0.420 + £1] U [0.580 — £1,0.685 + 21]  if a € (0.57,0.59),
[0.330 — £1,0.420 + £1] U [0.580 — &1,0.670 + £1]  if a € (0.59,0.61],
L x1(a) if a > 0.61.

(2.12)

The following result then holds for xo(a), x1(a), x2(a) and xs3(a) as given in (2.9),

E10). @11 and @T:

Proposition 2.2. Let ¢ > 0, a € [0.475 —¢,0.77 — ¢], 7 = 2%, K = 2000, J > 10"K
and T € [T1,Ty]. Let F*(T,J,K) and G(T,¢) be as described in Definition and
suppose that F(s) = [[_, Si(s) = T[], > nB, bns € F(T,J,K) and G(s) €
G(r,¢).

Write €, = % for 1 <k <j. Suppose one of the following options holds:

(1) There exists k € {1,...,7} with £, > xo(a).
(2) There exists Iy C {1,...,j} with Y ., £; € x1(a).

(3) There exist I, € {1,...,7} with Y ;.; € € xa(a) and I3 C {1,...,j} with
Zielg gz € X3(a)'

Then there exists a large constant C, dependent only on J and ¢, such that for x > C

and for every v € (—o0,1) and (0;) with o; € R and o0 = Z%%g?g‘;i, one of the five
i=1 19854

conditions , , , (C4.A)) or (C4.B), described in Pmposition holds.

2.2.3 About Lemma 2.1

We combine Proposition and to compare sifted sets. Criteria concerning the

size of Dirichlet polynomials are now replaced by purely combinatorial conditions.
Definition 2.4. Let 5 € [0.01,0.15], 7 € {0,...,5} and B < €; <0.5+4¢, {; > 07,
and 0y + -+ 05 < 0.75. We denote by =*(¢5,... 05 ) the set of finite sequences

{0V, with 0y, .. 0; €[0,1], S0, £i =1 and j < 10% for which there exist disjoint
subsets Xq,..., X, of {1,...,7} with

Z b € [ES ~ 10p100° b+ 10100

1€Xs
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for s <r and £; < B+ 107" for all but at most one i € {1,...,7}\ Ui_, X,

Letr € {2,4,6} and 0.01 —e < 0f <0.5+4¢, 0 > and {5+ --- + £ <0.99.
We denote by Z**(£%, ..., ) the set of finite sequences {€;})_, with {1, ..., ¢; € [0,1],

T 0 =1andj <10% for which there exist disjoint subsets X1, ..., X, of {1,...,j}
with

. e . €
Z&-e [ﬁs— 10100765"‘10100] for s <.

i€X,
Suppose {6;Y_, € EX(0,... 05 8) or {L;}_, € (..., 05). We then say that
{6:;Y_, satisfies one of the options (1), (2) or (3) for a given a € [0.475 —¢,0.77 — €]

if one of the following conditions holds:

(1) There exists k € {1,...,7} with £, > xo(a).
(2) There exists Iy C {1,...,j} with ) ,.; l; € x1(a).

(3) There exist I € {1,...,j} with Y .., i € xa(a) and I3 € {1,...,7} with
> ier, bi € x3(a).
We have the following relationships between sifted sets:

Lemma 2.1. Let ¢ > 0. Let a € [0.475 —¢,0.77 — €| and set T = z°.

Let B € [0.01,0.15], » € {0,...,5} and P, = 2% with B < £ < 05+¢, P, > Py
and Py ... P, < 297 Suppose that every {{;}_, € Z*(¢%,... %, B) satisfies one of
the options (1), (2) or (3) for the given a.

Then there exists T C [z,3z] NN such that #Z = O(72*?33¢/Y) and such that y €
([x,3z] "N) \ Z implies

{L’b

Z S(-A(y)mmpmxB) T Z S(B(y)mmpwxﬁ) <
pi~P; pi~F;

Alternatively, let r € {2,4,6} and P, = 2% with 0.01 —¢ < ¢ <05+¢, P, > Py
and Py ... P. < 2%%. Suppose that every {&-}{:1 € (05, ..., L) satisfies one of the
options (1), (2) or (3) for the given a.

((log log x)o(”y>

7(log z)?*r

Then there again exists T C [z,3z] NN such that #I = O(ra%%B+3/%) and y €
([,3z]) "N N) \ Z implies

((log log :C)O“)y)

7(log )%+

(Eb
Z S(A(y)pl..-prapr) - ? Z S(B(y)P1-..prvpr) S

pi~ P pi~ Py

Here the constants implied by big O notation depend only on €.
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2.2.4 About Proposition 2.3

The final proposition concerns minorants of the prime indicator function, which are
constructed via Harman’s sieve, using as input the comparison of sifted sets from
Lemma 2.1, We work with the following regions:

Definition 2.5. Let R*(a) denote the set of tuples (¢5, ..., 05, B) with B € [0.01,0.15],

re{0,...,5}, 6f,.... 0 € [8,05 +¢], &y > L7, and 7 + --- + £ < 0.75 and for
which every {€;}_, € Z*(£,. .., (%) satisfies one of the options (1), (2) or (3) for a.

Let R**(a) denote the set of tuples (¢%,...,0%) which have r € {2,4,6}, ¢5,..., 0% €
0.01 — £,0.5 +¢], €& > 5, and So_ ¢ < 0.99 and for which every {{;}_, €
=0y, ..., 0) satisfies (1), (2) or (3) for a.

Proposition 2.3. Let ¢ > 0 and a € [0.475 — ¢,0.77 — ¢|. If = is sufficiently large,
there exists a function p : [x,62] NN — R with the following properties:

(a) For anyn € [z,6z] NN, p(n) < 1p(n).
(B) p can be written as a sum p =Y, | pi, where each p; : [x,62] NN — R satisfies

pi(n) = (—1)" Z Y(m,2?) for somer € {0,...,5}, (¢%,...,0:,8) € R*(a),

pi~$éi

or  p(n) = Z w(m,p,) for somer € {2,4,6} and (¢3,...,0:) € R™(a).
n=pi...prm
PiNze:

Here only O((logz)") choices of t shall have r = u.

(v) For anyy € [z,3z] NN,

0.99999y
2blogx

S (1e(n) — p(n)) <

neB(y)

The required size of x depends only on €.

2.2.5 Final steps

We now show how to deduce Theorem from Lemma [2.1] and Proposition [2.3
Recall that our goal is to prove bound > _ (Pny1 — pn)? <c 2%+ for every € > 0.
By dyadic decomposition, it is sufficient to show that for any 7 > 0,

>, (Ps1 — Pn)” e 225, (2.13)

T<pn<2x
62/7<(pn+1—pn)<12z/T
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0.77=¢ A result of Baker, Harman and

This statement holds trivially when 7 > x
Pintz [I] also tells us that (p,.1 — p,) < £°%% and so (2.13) holds when 7 < z%4757¢,
Hence we restrict our attention to 7 with 2%47—¢ < 7 < 2%77¢_ Following an

argument of Peck [36], we observe that

Z (pn+1_pn>2<<§ Z #{yeN:y€<mpn+2pn+l)}'

<pp <2z <pnp <2z,
6x/7<(prt1—pn)<12z/T Prnt1—pn>62/T

y+y/7 <y+3x/7. I ppy1—pn = 62/7, then also y+y/7 < y+ (Pus1 —Pn)/2 < Pni1-

Hence [y,y + y/7] is free of primes. To obtain bound ([2.13)) it thus suffices to show
0.23+2)

If vy € (P, (Pn + Pnsr1)/2) and p, < 2z, then y < 3z by Bertrand’s postulate and

that there are only O(7z integers y € NN [z, 3z] for which [y, y + y/7] contains

no primes.

We count the number of primes in short interval A(y) = [y, y+y/7]NN by comparing it
to the number of primes in the longer interval B(y) = [y, y+y/2°]NN, where b = 107°.
Using Proposition 2.3 with 7 = 2%, there is a minorant p(n) = Y_;_, p;(n) of the prime
indicator function 1p(n) which satisfies properties («), (8) and (7). Using («) and

(7), we obtain lower bound

x® x®

Y ) =T Y = Y o)~ LY )+ (1en) — o)) (2.14)
neA(y) neB(y) neA(y) neB(y)
u b 0.99999y
22| 2w = 3 nl) | =2
=1 \neA(y) neB(y) &

Recall that S(Cq,2) = > 4 ec ¥(m, 2) for any C € N, d € N and z > 0. By property
(8) we thus have that > 4. pe(n) — (2°/7) > nes(y) P(n) equals one of

<m<2amwww—22ammww>

pi~FP; pi~ P
b
x
or < > SAW b2 == D S(B(y)pl...pr,pr)),
pi~ P pi~P;
where P, = 2 and where every {¢;}_, € Z*(¢%,. .., (%, B) satisfies one of the options

(1), (2) or (3) (when z = 2P) or every {{;})_, € =**(¢%,..., (*) satisfies one of the
options (1), (2) or (3) (when z = p,). Here Z*(¢5,..., 05, 3), 2*(¢;,...,¢5) and (1),

YT

(2) and (3) (with a = log, (7)) are as given in Definition [2.4]
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Hence by Lemma there exists for each t € {1,...,s} a set Z; such that #Z;, =
O(72%%3+3¢/4) and such that every y € ([z,32] "N) \ Z, satisfies

oglog )M
S nlo) =) 3 ) > - 1B

neA(y) neB(y)

However, as part of property () we also have that only O((logx)") choices of ¢
have 7 = w. Thus when y € ([z,32] N N) \ (Ui T), also 37 (37, c 40 (1) —

(@°/7) Xepy Pe(n)) > —(loglogz)°Wy/(r(logz)?). Rearranging (2.14), we find
that Z = Ut:1 T, has #Z = O(72"%%) and y € ([z,32] NN) \ Z implies

S L) > at S Lo - 0.999999y _ (0.000001 + o(1))y (2.15)

nely) T neBl) Tlog x Tlog x

In the final inequality we used that B(y) is an interval of length y /2%, where y € [z, 37]
and b is very small, and thus must contain (1 + o(1))y/(xblogx) primes. Inequality
(2.15)) implies that A(y) contains primes, provided that x is sufficiently large. We have

0.23+a)

shown that there are only O(rz integers y € NN [z, 3z] for which [y,y + y/7]

contains no primes. As discussed above, this implies Theorem 2.1}

Hence to complete the proof of Theorem it remains to show that Proposition
and Proposition are true (see Section and Section respectively), to derive
Lemmafrom Proposition and Proposition (see Section and to construct
minorants which satisfy the requirements of Proposition (see Section .

2.3 From sums to Dirichlet polynomials

The goal of this section is to prove Proposition [2.1], which roughly states that

3 (1N<ko> I1 1p<ki>Ha§3) —— 3 <1N(k70) 11 m(m)Haé?)

kOmer EA(y) 1<i<r i>r] ko...kr2€B(y) 1<i<r; i>Tr]
ki~N; ki~oN;
(2.16)
is O ,4(T(10gaj ) for most y € NN [z, 3z] and that the number of y for which is

larger can be bounded by counting how often the values of corresponding Dirichlet

polynomials are of a certain size.

Throughout Section we work with a fixed ¢ > 0 and a € [0.475 — £,0.77 — €]
and set 7 = % We also recall that e; = £/10°, Ty = 72! and T} = v2*?~°1, where
v € [1,2] is chosen such that log(Ty/T1)/log 2 € Z and [T}, Ty can be split into dyadic

intervals.
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2.3.1 Comparison lemma
We begin with a simple consequence of Perron’s theorem.

Lemma 2.2. Let A € N and J € N. Suppose (a,) is a complex sequence with |a,| <
2°M) . Suppose also that a, = 0 unless 272 < n < 272, Write F(s) = > a,n"*.
Then for any y € [x,3x],

Z xb Z e+iTo .
Ap — — Ay = O( / ySCT(S)F(S) ds ) -+ O(—A)
neA(y) T neB) c+iTy 7(log )
xb C+iTo
+0 (— / Yy’ Cu(s)F(s)ds > ,
T c+iTy

where c =14 1/logx and C,(s) = ((1 +1/2)° —1)/s.
The constants implied by big O notation only depend on A, J and €.

Proof. Let I(2) = [y,y + y/2] "N. We consider z € {r,2°}. By Perron’s theorem,

since a,, = O(z°1/%),

1 c+iTy plter/2
> a, = or y*C.(s)F(s)ds + 0( - > (2.17)
nel(z) T J e~y 0
1 c+iTy . c+ilp . x
“omi ) y’C.(s)F(s)ds + O< /CHT1 y’C,(s)F(s)ds ) +0 (7’9551/2) :

We further note that

V)5 — ¢ y+Y y+Y t
(y + ) Y N ys—IY _ / ti_l _ yS_l dtl = (3 — 1) / / t§_2 dtg dt,
s v y y

and hence obtain ((y +Y)* —5*)/s = y*'Y + O(|s — 1|yR®72Y2) for Y = y/z with
z € {r,2%}. Since a,, = O(x°*/%) and T} = y2*/?~%1 with v € [1,2], we thus have

1 c+ily 1 c+iTy ys T2.T1+61
9 . y*C,(s)F(s)ds = 5 N ?F(s) ds + O( ! o ) (2.18)
1 c+iTy T
- SF(s)d o( ) .
2miz /c_iTl yF(s)ds + Zxf1

Combining (2.17) and (2.18)), once with z = 7 and once with z = 2°, and multiplying
the latter equation by 2°/7, we obtain Lemma . O

Applying Lemma [2.2] to the choice of (a,) given at the start of Section we then
[T s L (s) F (s) dsD, where

have to work with error terms O (

c+iTy
ro= (5 TS ) 11 (5 %)
ko~No i=1 \k;~N; v i>ry \kj~N; °
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But F'(s) has long factors with coefficients 1p(n). We do not have good Dirichlet
polynomial bounds in this case - instead we would rather work with short factors or
factors with smooth coefficients 1 or logn. To fix this problem, we decompose 1p(n)

via Heath-Brown’s identity.

2.3.2 Heath-Brown’s identity

Heath-Brown’s identity states the following:
Lemma 2.3. Forn <6x and K € N

A<n>:2<—1>j+1([.() ST ). ;) log(nsy).

J
sz n;=n
(Gx)l/K for i<j

=1

Proof. This follows from equation (6) of [18]. See also Proposition 17.2 of [9]. O

Corollary 2.4. Let z € {72}, JJ K e N and T € [T}, Tp).

Suppose F(s) = [[;_; Si(s) wherer < J and Si(s) = 32, . a'n=* for some a) € C
with %) = O(r5(n)log(n +3)) and some N; > 1/2 with 2~z < [[_, N; < 27x.
Suppose Si(s) =, .y, 1e(n)n™* with Ny > z'/¥.

Denote by Sy the set of n € N with n = p* for some prime p. Denote by M(N, j, K)

the set of (M, )jlwzthME{% 1<m<% 1}f0ri§jandMi€

{ N ()<< o8N 1} fori>j and 272K N < [[2, M; < 22K N.

log 2

Then there ezists Uy € (Ny,2Ny] with

c+i2T c+i2T 1s, (n
y*C.(s)F(s)ds| = 0( y'Ca(s) Y ( k ) JIE6) (2.19)
c+iT c+iT n~N; k=9 i>2
c+i2l pU-(Mi)
+Z 3 / ?JSCZ(S)<Z nns )HSi(S)dS)
M)eM(Ny j,K) |V etiT n~Ny i>2
where

2j—1
bglj’(M")) = Z (log(mgj H m;) i_[ In(m; ) .

H?ilm’i:" =i+l
Here the constant implied by big O notation depends only on K.
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Proof. By some rearrangements and partial summation, we have

1]}»71 1
Z %: Z nslogn Z Z kns

n~N1 n~Ny n~Np
n=pF for a prime p

B 1 A(n) 2N A(n) = 1g,(n)
~ log(2N,) n%;l ns Jr/ t(logt)? n%;l ns dt - Z (Z 7{718 )

Ny

n<t

Using Heath-Brown’s identity, stated in Lemma [2.3] then

K
1p(n) 1 : p(ma) - . . p(m;) log(ma;)
S () Yy
mi<(61)11/K for i<j

+/NZ:\:(10;)2 f;(_l)jﬂ( ) 3 Z 1( ml mg)log(mm) a

n~Ny HZ 1 mi=n -T2 )
-3 (X
kns '
n~Ny

n<t
- m1<(6:c)1/K for 1<j

We now substitute this identity into I = CC:';T y*CL(s)F(s) ds’ and split sums over
mi, ... mgj up by restricting the ranges of m; to m; ~ M;. The quantities M; satisfy

M; € () 1<m <l°g(26¢+1 forz<jandM€{2m

-0 < < 1Og(Nl) + 1}
for ¢ > 7. The following bound holds:

[<<Z Z /C%l y*C.(s) Z <log<(m,,§i> i= 1# i >HS

M)eM(N1,4,K) | 7 etiT n~Ny i>2

2j —
II;2, mi=n
mg~M;

c+i2T lo ma; 7 m;
| e )Z( st 1] m; )HS

nE(Nl t] i>2

(2.20)

2Ny K
/ logt Z )Z

(2.21)

(2.22)
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Now choose U; € (Ny,2Ny] so that

K e+iTo log(ma;) [T, m(m
DS / yCus) 3 ( g((ml) M )HS

J=1 (M)eM(Ny 5, K) | 7 it ne(N1,U1 i>2

is maximized. Then the RHS of (2.20), (2.21]) and (2.22) each is bounded above by
the RHS of (2.19). O

2.3.3 Removal of inequality conditions

Applying Lemma to the choice of (a,) given at the start of Section and
repeatedly applying Corollary [2.4] to the error terms, we eventually end up working
with bounds O <(logw)c fCHTO SCL(s)F(s) dSD where F(s) factorises as F(s) =

c—HTl

7 S(s) for some S;(s) which are either short or have property or (with

i=1
w = 0) or which are of the form

§ : log(m; H p(mi ) 2l—Ijil In(mig)

Si — ) 2]7, i,k N ik ' 993

(3) yi ( Tnz 2 mzk : mfk ( )
T2, mi k€(Ni, U] ! k=j;+1 ,

mi g~M; k

If we could omit the condition [[:%, m,x € (N;, U], then S;(s) would factorise very
nicely. The goal of this section is thus to remove certain inequality conditions which
prevent further factorisation of a Dirichlet polynomial. More precisely, we will prove

the following result:

Lemma 2.5. Let F(s) = [[_, Si(s) where j < J and where Si(s) = D N, atn=s
for some aif) € C with oY = O(75(n)log(n + 3)) and some N; > 1/2 with 277z <
z:l Nz S 2‘]33'.

Suppose there exist € € {1,...,j}, Uy € (Ny,2Ny], b € C with b = O(log(n + 3))
for 1 <i <r <J and (M;) with 2=/2/7 < 27/N, <T[,_, M; < 2’ N, such that

1 r

d = N ol
n=ki...kr
ki~ M;

k1...kr€(Ng,Uy]

Let T € [Ty, Tp]. Suppose also that there exists ig # £ such that Ny, > x'/°8le® gnd
such that S;,(s) satisfies property (D)) with respect to T
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Let z € {1,2}, C.(s) = (1 +1/2)* —1)/s and ¢y = 1/logxz. Then

c+2T

y>C,(s)F(s)ds

c+iT

‘O(//gf i
+O(W)

where F*( H ( Z b@k;*“) HSi(s)

Eop~ My, il

c+i2T
/ y°CL(s)F*(s;ty — tg) ds

c+iT

dtldt2>

The constants implied by big O notation depend only on J and €.

2.3.3.1 Large values of Dirichlet polynomials

We first record upper bounds on the size of Dirichlet polynomials which satisfy prop-
erty @ These results will be very important when we bound error terms in the

proof of Lemma and will also make multiple other appearances in Section [2.4]

Lemma 2.6. Let T € [T1,Ty] and t € [T,2T]. Suppose S(s) = _a,n~° for some
N € [z!/18loe® 6] and S(s) has property @) with respect to T. Let c=1+1/logx
and 1 = (logz)~/*. Then |S(c+it)| < N=* and, for D > 0,

1
S it —.
|S(c+it)| <p (log 2)P
Proof. Since S(s) has property (D) with respect to T, there exists w € [—T/2,T/2]
with S(s + iw) = >\ b,n"° such that b, = 1 or b, = logn or b, = p(n) or
b, = 1p(n) or b, = 2 _ 1,(n) for all n.

logn

We first consider the case where

‘ 1 , logn . p(n)
S(C —+ Zt) — Z m7 S(C + Zt) = Z m or S(C + Zt) = nc+i(t*’LU) .
n~N n~N n~N

Note t —w € [%, %] Let py = %. By the proof of Lemma 5.5 of [29],

S(c +it)| < (logz)* (N~ + 171

for a suitable constant Cy > 0. This is a consequence of the Vinogradov-Korobov
estimate. Then since N > gl/leglogz  4]gq N—Com < z—Co((logz)™ */3(loglog @) ~1/%) <
= (logz)~® and so |S(c+it)| < N~ Since pu < Copy for large
x, further |S(c+it)| < N~*.

73(log log z)(log x)
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Now say S(c+it) =y 1p(n)n "% Lemma 1.5 of [14] and N > g oEtoRr give

log N (log z)?
log(57/2)7/10 T

—7/10

< N—(logx) — N~H

|S(c+it)| < exp (—

Finally, if S(c+it) = ¥,y (A2 — 1o(n))n-ei-0) = 522 5™ (Byn=emilt=), e
have |S(c +it)| < (log N)N~/2 < N=#. We conclude the proof with observation

(log $)3/10
log log x

1
(log )P

N™' < exp (— ) <p exp(—Dloglogx) =

2.3.3.2 Comparison of integrals of Dirichlet polynomials
Now we give a proof of Lemma

Proof of Lemma[2.5] Recall that we wish to remove condition k . .. k, € (N, Uy| from

Se(s). To do so, we use the following identity, a precursor to Perron’s formula:

1 (co+iT)/4 , w co/4 1 ify>1
— y—dw:H(y)+O( i ) where H(y) = 1 v
2700 J(co—imyja W T log y| 0 fo<y<l.

(2.24)

We first apply (2.24) with y = ([Ue| +1/2)/(I],_, k). For k; ~ M; we have [[,_, k; €
[272JN QZJNK] while U, € [Ng,QNg]. Soy € [273‘], 1-— 1/(2LUM + 2)] ory c [1 +
1/(2|U,]), 23] and y®/* = O(1). Combining error terms O(1/(T|logy|) via standard

summation arguments, for s = ¢ + it,

1 r
B o)

Sls) = D ke ks

ki~ M;
kl...kTE(Ng,Ug}
1 r co+i w
_ 1 b, - b /< DA (|0 +1/2°
2w ki~ M; ki k7 (co—iT) /4 w(HZﬂki)w
k1.. kr>Ng

o rue (4127)

)

1 flodiD/4 (1] 4 1/2)w b )

1 (LUe] +1/2) S et gy (2.25)

27'('@ (co—iT)/4 w oo M ]{?1 e k’f—"_w

kl Zkr>1]\[l
log z)’ logx )+
. 2.2
ro 3 ey S 220
k;lNMl =1 k:lNMl
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For fixed t; € [-T/4,T/4] we define Dirichlet polynomial

0 Bl
. — 1 T
Sy (sit1) = Z (ky ... ky)steo/dtit
ki~ M;
ki...kr>Ng
Substituting (2.25]) and - for Sy(s) and changing the order of integration, then
c+i2T
y’CL(s)F(s)ds
c+iT
c+12T O+Zt
1/2 !
—O< :)— /2) y'C, st1 HS dt1d5>
g + ity) iy
c+i2T (1 J+1
+0 / HS ( o5 ) ) ds
C+ZT ’L#Z

cti2T
/ y°C (s;t1) HS )ds

C+ZT Z#Z

e ( logx)‘]“)

£l

T
:O(/ -
-z Z+zt1‘
c+1i2T
+0/
c+iT

To treat the error term ([2.28)), we recall that there exists ig # ¢ such that N;, >
pl/logloee and S; (s) satisfies property @ with respect to 7. By Lemma , then

a&f‘))

c+zt

dt1> (2.27)

ds) . (2.28)

S (8)] = (2.29)

7 (logz)P

TLNNiO

for any D > 0 and ¢t € [T,27T]. Also, |y*| = O(x) and C,(s) = O(1/z). Since
) = O(ry(n) log(n+3)), we have |S,(c+it)] = O(log(8N,)?) by Shin’s theorem [,
Taking D = J*+.J+A+1in (2.29), error term (2.28) is thus bounded by O35 5x)-

The main term (2.27) still involves Sél)(s;tl), which is a sum over k; ~ M; with

restriction &y ...k, > N,. Repeating the above argument but choosing y = EVT:%,
2
we also remove this condition and upper bound by O( bg p ——2—) plus

% % 9 1 c+i27; -
O //HW /y@(s)H(Z s+zt1 tz)HS Yds|dt| . O

n=1 kann £l

2.3.4 Summary and sampling

Next we combine our results from Section [2.3.1] Section and Section [2.3.3] giving
a first bound on the number of y € NN [z,3z] for which difference (2.16) is large.
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This bound involves the integral of a Dirichlet polynomial which factorises nicely
into short factors and long factors with smooth coefficients and another Dirichlet
polynomial which has no more than 7 non-zero coefficients. Both of these properties

will be very important for further bounds in Section [2.4]

Lemma 2.7. Let Aec Nand K €N and 0 <r; <17y <10°. Let J > 10°K.
Let N; € [%, o0) with 27"z < T2, N; < 6z, N; < 2V fori > ry and N; > 2K for
1<i<ry. Letal € C with ol = O(log(n + 3)) and consider (a,) with

an= > <1N(k0) 1T 1P(k;,~)Ha,(C?>.

k0k1...k7—2 =n 1<i<ry 1>T1
ki~N;

Suppose also that one of the following three options holds:

(i) 1y > 2 or Ny > 299

(i) r, = 1 and Ny > g'/losloez,

(iii) r1 € {0,1} and Fi > ry with a¥¥ = 1p(n) for alln € N and N; > x!/leglosr
Let T denote the set of y € NN [x,3x| for which

zan-_zan > g

neA(y) neB(y

Then if v > C and #I > 1072%?3, there exist F € F((N;),T,J,K), G(s) =
SeseG(re), z€{rat}, T €1, Ty) and u € {1,...,(2logz)'"K} with

/QT (M) @F(Hit)dt‘ > o

T H —itqctit z(log x)A+5~106K

and #I < 10(x/To)#JT
Here the required size of C' depends only on A, J, K and ¢.
Recall here that sets F((N;), T, J, K) and G(7,¢) were defined in Definition

Proof. First note that y € Z if and only if y € NN [z, 3z] and

Diff(7, (an),y) = Za—m—b | > ——
y\an ), Y) = n T n
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Set H = [3x/Ty] and let Z* be the set of y € HZ N [z, 3x] with Diff(r, (a,),y) >
x/(r(logz)*Y). Consider Hm + d, where Hm € HZ N [z,3z] and |d| < H — 1.
Using the J-fold divisor bound of Shiu [40], noting that a,, = O(7x1(n)(log z)%) and
recalling H < 4x/(7z°"), we have

|Diff(7, (a,), Hm) — Diff(7, (a,), Hm + d)|

T
P ST SR
ne A(Hm)AA(Hm+d) neB(Hm)AB(Hm+d)
T

Hence if Hm + d € I, also Diff(t, (a,), Hm) > z/(r(logz)4*!) and Hm € I*.
Conversely, Hm ¢ Z* implies Hm +d ¢ T for |d| < H — 1 and thus #Z < 2H#T*.
Write 7 = {m e N: Hm € Z*} C [1, Tj).

—(log 7K <«

For each y € Z*, we now apply Corollary 2.4 to (a,) (with A+ 2 in the place A). The
resulting error terms involve integrals over [c+ 417, ¢+ iTp], but T} was chosen so that
interval (77, Ty can be split exactly into O(log x) intervals (T, 2T]. If x is sufficiently
large, there must exist z, € {r,2°} and T, e {2 : 1 <n < %} with

c+i2T, L ; a()
(z/T) <A / ySCZy(3)< Z %?) H( Z %) H( Z r )ds

A+3 .
(log ZIT) T |JetiT, ko~No i=1 \k;~N; v i>r1 \ki~N;
(2.30)

Next we alternate between applying Corollary and Lemma to the RHS of
, removing coefficients 1p(k;) for 1 < i < ry. The first application of Lemma
is possible because options (i), (ii) and (iii) imply that the relevant Dirichlet poly—
with Ny > amiees or Y, 20 with N, > gmeees,

ns

nomial has a factor 37y -

This factor satisfies property @ with respect to T' (with w = 0). Each application
of Lemma gives another factor with property @, allowing for more applications

of Lemma By Corollary 2.4l and Lemma s syt is bounded by

T T c+i2T,
1
SC, (s)F*(s;t —s, 1, (jr), (Mg ;)) ds| dtds,
/ /H | ] VO (50), (M)
167’(7”1) ,1 _r kel c+iTy,
Jk€{l,..., 4 ‘

(M, i )EM(Nk Jk K)

No)
Wh(%reF*(s;t,I,...):(Z k5>HS (s;t, ks (M) H Z ( LZLS )H(Z kké>

kel n~Npg i>ry \k;~N; !

ko~N,

NS (SN & ST o8]
an s;t, ... —H Z §+Zzeez H Z ns"'izzeltf Z 5403 perte |

ni~Mp; T i=jr+1\ni~My ; 'Y n2jk"’]\/[k,2jkni
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Here P(ry) is the power set of {1,...,r1}, M(N, j, K) is as described in Corollary [2.4]
and we integrate with respect to variables ¢; and s; with ¢ € I, using t as shorthand
for (t;)icr and dt as shorthand for [[..;
shorthand for (ji), (M) and once for jg, (My.;).

dt;. To save space, ... was used once as

The number of possible combinations of I, (ji) and (Mj;) in the above sum is
O((log z)'°°K). There are two choices for z, and O(log) choices for T). Summing
over all y € Z*, we thus find that there exist I C {1,...,m}, jx € {1,..., K},
(My.;) € M(Ny, ji, K) (for k € I), z € {r,2"} and T € [Tl,To] with L

)A+106K+6

c+i2T

Z / 1 s x( . .
<Z/ /HI 2 itk] |2+ syl /y CL(s)F*(s;t — s, 1, (jr), (My,))ds| dtds.

yel*r  r kel il
4 4

Now choose t;,s; € [=T/4,T/4] such that u = (t; — s;);c; maximises

c+12T

S| [ vCF s L ), 06 ds

yeLr c+iT

Recalling that ¢g = 1/logx and #1 < r; < 105, we get

c+12T
TH#L* 5 . ,
z(log x)A+106K+106 < Z / ) OZ(S)F (S; u, /, (]k‘)7 (Mk,l)) ds|. (2'31)
yer” c+iT

In our definition of F*(s;u, 1, (jx), (My,)), we wrote F*( ) as a product [[/_, Si(s)
where j < 10°K and Si(s) = >, 5 b n=s with by = O(log(n + 3)) and 27z <
[T, Bi < 2’2z. The factorisation was chosen so that B, > 2% implies that Sy(s)
has property or with respect to T" and so that there exist disjoint subsets
Xi,.., X of {1,..., 5} with #X, < 2K and

2N, < [[ B < 2N, for 1<i<y,

1€Xy

and so that one of the conditions (A), (B) or (C) holds. However, we might have
factors S;(s) with B; < logx and so F*(s;u, [, (ji),(Mg;)) is not necessarily in
F((N:), T, J, K).

Hence write E = {i € {1,...,j}: B; <logz} and define

Fy(ssw, I, (), (M) = [ Si(s) and  F5(s;u, 1, (), (Mia)) = [[ Si(s)

ie{l,... j\E icE
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There still exist disjoint subsets Y, ...,Y,, of {1,...,j}\ E with
(logaz)_ZK_lNg < H B; < (10g$>2K+1Ng for 1</<mr
i€y
and now Fy(s;u, I, (ji), (M) € F((N;), T, J,K) for J > 10°K.
On the other hand, write F3(s) = 3" d,n~*. We have d,, = 0 for n > (2log )'*¥ and
d,, = O(1105 % (n) (log n)'°K) for n < (2log )% so that d,, = (logz)°("). Continuing
on from (2.31)), there is some u € {1,..., (2logz)'*"X} with

c+i2T

/ Ut Cu(s)Fr(siw, 1, (), (M) ds| . (2.32)

c+iT

TH#HIL* <
2(log ) A2 10°K+105+1 =

yeT*

Write F(s) = Fy(s;u, 1, (ji), (Mgs)) € F((N;), T, J, K). Now recall that m € J C
[1,Ty] if and only if Hm € Z*. Suppose first that #J < 7227%7. Then #Z <
2H#J < 1072%%. Hence we now assume #J > 7227 %77, For each m € J choose
&m € C with |€,| = 1 and

c+i2T c+12T

Em / (Hm)*u°C,(s)F(s)ds | = / (Hm)*u=°C,(s)F(s)ds|.
c+iT c+iT
Then set G(s) = >_,.c;&mm™ € G(7,¢€). Since Hm € [z, 3z], inequality (2.32) gives
4T T et it)
2(log x) A+210°K+105+2 < o\ H-ityetit G(it)F(c+it) dt. -

2.3.5 Introduction of R, R* and ()

Now we complete the proof of Proposition [2.1] Let Z denote the set of y € NN [z, 3]

for which

Recall that we wish to show #Z = O(72%2+¢/2) for (a,) as glven in Section m By
Lemma. it is enough to show the following: If F(s) = [[_, Si(s) € F((N;), T, A+
107K, K), G(s) = Y e &n™ € G(r,e), T € [T}, To) and u € {1,...,(2log )"k}
satisfy

[ () Glr e+ i > P

T | —itqctit z(log x)A+5~106K
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and F(s), G(s) and T satisfy one of the conditions (C1f), (C2)), (C3), or
(C4.B) of Proposition for every choice of v € (—o0,1) and o; € R and z is

large, then #J < 72292371%¢/2_ This implies 10(z/Ty)#J < 72°23*%/2 and hence
#Z < 7_21,0.23—1-&-5/2.

Proof of Proposition 2.1 We write J = A+ 10"K and consider F(s) = f L Si(s) €
F((N)iLy, T, J,K), G(s) = > ,cs&an™™ € G(r,¢), z € {r,a"}, T € [T1,Ty] and
ue{l,...,(2logx)*} which satisfy

2T .
=y : #J . C.(c+1it)
/T Dz<C + Zt)G(’Lt)F(C + Zt)dt Z Z(log m)A+5-106K Where DZ(C —+ Zt) = W
(2.33)

We assume that F(s), G(s) and T satisfy one of the conditions (C1)), (C2)), (C3),
(C4.A)) or (C4.B|) of Proposition for each choice of (0;) and 7. Recall here that
we defined S;(F, (S;), (0)), R(F,(S;),(0:),T), S;(F,(S:), (0:)), R*(F,(S:),(04),T),
S2(G,~) and Q(F, G, (S;), (0:),7,T) in Definition

Since Si(s) = 3,5, b8'n~° with b = O(logn), |S;(c + it)| < log(2B,)B; . So if
op > 1+ &, for some £, then S;(F, (S;), (0;)) = 0. Let

0, = —210g$+k10g2:1§k 2logz (14 &1)log B; '
log B; log 2 log 2

Since |G(it)] < #J, S2(G,v) = 0 when v > 1. Write

—2log z + klog 2 2logxr  log(#J)
’ { log(#7) =¥ Togz " log?2

MEGSLGO =) U SEGLe) U U SE).

k=1o0,€R for i#k _ 2logx
! <_ 2logx ’YS log(#J7)
Ok>— log N;

Sets {M(F,(S;),G)} U{Si(F,(S;),(0:)) N S2(G,v) : 0; € O;,7 € O} partition
NN [T,2T]. By (2.33),

0o jiamGK < Z Z / D.(c+it)G(it)F(c +it)dt| (2.34)
8 (04):0:€0; | n€S1(F,(S;),(04))

~EOL n€S2(G,v)

ne(T, 2T]
+ > / .(c+it) G(z‘t)F(cH't)‘ dt (2.35)

neM(F,(S;),
nelT, 2T]
+ / D.(c+ )G Flc+ it)’ dt. (2.36)
[T, T+1]U[2T,2T+1]

44



We have D, (c+it) = O(1/z2), |G(it)| < #J and S;(c+it) = O(log x). Recall that F'(s)
also has factor Sy(s) which satisfies property @ with respect to 7. Using Lemma ,
1Se(c + it)| < (logz)~AHFI°K+IH) and so |F(c + it)| < (logz)~(A+810°K+1) g
is O(#J /(z(log x)AT510°K+1)) 1 n ¢ M(F, (S;), G), we also have Sy(c +it) =
O(1/2?) for all t € [n,n + 1] and at least one choice of £ or G(it) = O(1/2?) for all
t € [n,n + 1]. Hence the contribution of is also < To(#J)(logx)’ /(2?2) <
(#7)/(z(log x)AT510°K+1) - Hence we focus on the RHS of . Since #0; =
O(log z) and #0; = O(log x), there exist (0;) with o; € ©; and v € ©F, such that

i AT : #J
Z / D.(c+it)G(it)F(c + it)dt| > ~(log ) AR (2.37)

neSy (F,(Si),(O'i))ﬂSQ (G,:)O[T,ZT]

3 log(By)as
Set o0 = g (B O that (]2

Recall that we assumed that F(s), G(s) and T satisfy one of the conditions (CI)),
(C2), (C3)), (C4.A) or (C4.B) of Proposition 2.1 for any given v € (—o0,1) and (0;).
We now split our argument into four different cases, depending on which of these
conditions holds for the choice of v and (o;) which satisfies (2.37). The goal is to
show that #J < 72z0-23-1+¢/2,

Bi)” =1Ii-, BY"-

=1

Case 1: Condition (C1) holds. Suppose F(s), (0;) and T satisfy both ([2.37)
and condition (C1|) of Proposition . Recalling D.(c 4 it) = O() and |G(it)| <
#J, using the size of F(c + it) prescribed by S;(F, (S;), (0;)) (namely O(x~°)) and
rearranging, the LHS of ([2.37)) is certainly of size
e F i)y \V1 7T
o (ESRESLTTY .

z

But R(F, (S), (0:),T) < g2z by (C1). Recall that J = A+ 107K Hence (2.38) is
#J . This contradicts (2.37) when #7 > 0. Hence #J = 0.

z(log x)A+5-100K+J+3

Case 2: Condition (C2) holds. Suppose F(s), (0;) and T satisfy both (2.37)
and condition (C2)) of Proposition . By the Cauchy-Schwarz inequality and Mont-

gomery’s mean value estimate for Dirichlet polynomials (see Theorem 7.3 of [34]),

Z /n+1 ‘Dz(c +it)G(it) F(c + it)‘ dt

n€S1 (F,(S:),(0:))NS2(Gy)N[T,2T] "

< < / 2T]G(z't)|2 dt) v > / n+\lDz(c +it)F(c+t)|” dt

T neS1(F,(S;),(0:))NS2(Gy)N[T,2T] 7 ™

< (To#T)Y?R(F, (Sy), (0:), T)V*(277¢) 27

less than

1/2
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(When applying Montgomery’s mean value estimate, we used that J C [1,Tp].) Com-
paring with (2.37)), we get #J < 722 2T 1 R(F, (S;), (0;),T). But by (C2) we have
R(F,(S;),(0;),T) < 7at#720%281 and so #J < 722021+

Case 3: Condition (C3) holds. Suppose F(s), (0;) and T satisfy (2.37) and
condition (C3). Let

K(y) = Z / yum DO (e +it)F(c +it) dt.

neS (F,

neSQ(G 'y)
n€l[T,2T]
#J
z(log x)A+510°K+J+2 = Z D (c+it) (zt) (c+it)dt
nESl (o-z
TLGSQ(G v)
ne(T,2T)
<> ) / (Hm)" ™, (e + it) F(c + it)dt
meJ | n€S1(F,(Si),(04))
neS2(G,y)
ne[T,27T]
- i< 3 [ i 3 [ e
meJ meJ Hm

s%( / x\K(w)ﬁdw)lMHH#Jﬁ/‘* ( / |K'<w>\4dw)1/4. (2.39)

The purpose of these estimates was to remove G(s) and to introduce a factor w"
with w varying over all w € [z,4z]. This change is needed for the introduction of
R*(F,(S;),(0;),T). To be precise, we have

/ﬁK(wwdw - /:x Z / ( ucc:ft)) Fle+it)dt 4

dw, (2.40)
4zK/ 4d B 4z n+llt . C + Zt) » N d 4
g K (w)]*dw = g ucﬂt (c+dt)dt

neSy(
nGSQ(G 7 ﬂ[T 2T]

dw. (2.41)

neSi (
neSs( G ’y 2T]

An upper bound for (2.40) and (2.41)) was given in the proof of Lemma 4.2 of [29]:
The LHS of (2.40) is O(z= 3o 274R*(F,(S;), (0;),T)), while the LHS of (2.41)
is O(riax~THotbe =R (F (S;), (0;),T)). But holds and R*(F, (S;), (0:),T) <
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3.23—40+42¢1

T . Hence we have the upper bound

s (3 ([ orse) ¥ (fiwora) ) < 9
(2.42)

and by combining (2.39) and (2.42)) we find that #J < 7220%71%¢/2_ provided z is
sufficiently large.

Case 4: Condition (C4.A) or (C4.B) holds.  Finally, suppose F(s), (o;),

G(s), v and T satisfy (2.37) and one of condition (C4.A) or condition (C4.B|) of
Proposition Using the sizes of F' and G prescribed by S;1(F, (S;), (05)) NS2(G, ),

Z / (c+it)G(it)F(c+ it)dt| < ((#T) 27 Q(E,G, (5),(0i): 7, T)
neS: (F, o'l) z
nESQ
nE[T 2T]

Hence by " (#j)li’y < x071+61Q(F7 Ga (Sz)a (Ui)v e T)
If (C4.A) holds, then Q(F, G, (S:), (0:),7, T) < (#J)7/8 171/ Ag7/8-o0.28/84e1 g

o—1+¢e1 . . 8
T + Q(@?;giz);<az>777T)) < 7_21.0-23—1""5/2‘ (243)

Alternatively, if (C4.B) holds, then Q(F,G,(S;),(0:),7,T) < (#J)'z'=77¢1. In

particular,

#J<(

xo‘—l—i—qQ(F’ G7 (52)7 (O-i)a 7 T
(#T )=

This gives a contradiction when #J # 0. So #J = 0 < 7220237 14¢/2,

Hence each of the conditions ., ., and (C4.B|) implies #J <

TT an x TX . Continuing on from Lemma [2.7, this
2,.0.23—1+4¢/2 d 10( /To)#j S 0.23+¢/2  (Conti g f I .’ thi
completes our proof of Proposition [2.1] n

) <1, (2.44)

1<

2.4 Values of Dirichlet polynomials

The goal of this section is to prove Proposition 2.2 We will give various bounds on
R(F, (S;),(0:),T), R*(F,(S;),(0;),T) and Q(F, G, (S;), (0:),7,T), dependent on the

factorisation of F(s).
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Let K = 2000 and J > 10" K. Throughout Section we assume for given 7, ¢ and
T € [Ty, Ty] that F(s) = []_, Si(s), where

=1

for some j < J and some a € C with o) = O(logn). Further, N; > logz for
all i € {1,...,7} and 2772 < [J_, N; < 27z. Additionally, we have the following

criteria:

Definition 2.6. Let F(s) = [[_, Si(s) be as described at the start of Section
with N; < 2% for all i.

Assume that S;(s) has property (Z1)) or with respect to T whenever N; > /K.
Assume also that there exists £ € {1,...,5} with N, > 2*/X and some iy # ( for
which Ny, > z'/1°81e and for which S;,(s) has property @ with respect to T

Then we say that F(s) = 5:1 Si(s) is a Dirichlet polynomial of Type A at T.
Here (DJ), and are as described in Definition 2.1}

Definition 2.7. Let F(s) = [[_, Si(s) be as described at the start of Section
with N; < 2% for all i.

Assume that for some ig € {1,...,j}, Si,(s) has property (D)) with respect to T and
Nio Z xl/logloga:'

Then we say F(s) = 5:1 Si(s) is a Dirichlet polynomial of Type B at T.
Definition 2.8. Let F(s) = [[_, Si(s) be as described at the start of Section .

Assume that for some € € {1,...,5}, Si(s) has property or with respect to
T and Ny, > 299,

Then we say F(s) = ngl S;i(s) is a Dirichlet polynomial of Type C at T.

Throughout Section we only work with F'(s) which are of Type A, B or C at T.
Note in particular that all choices of F(s) € F*(T, J, K), described in Definition [2.2]

satisfy one of the above criteria.

We also assume that G(s) = > ., &n™°, where J C [1,Tp] with #7 > 22077 a1 d
|£n| =1
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>, log(Ni)oi
Z:l log(N;)

If z is large and o; > 1+ ¢; for some j, then R(F,(5;),(0:),T) = 0. So we assume
0; < 1+¢; forall 7. If 0 < 0.6, then

We work with v € (—o00, 1) and (0;) with o; € R and corresponding o =

R(F7 (Sz)7 (O-1>,T> S T S szl S Tx1A23720+2€1

and condition (C2)) of Proposition [2.1] holds. Hence we restrict our attention to (o;)
with o € [0.6,1 + &].

We set N = ngl N; and write N; = N%, so that Zgzl /; =1 and Zgzl lio; = 0O.

2.4.1 Standard bounds on R

We now consider a non-empty set I C {1,...,7} and let {k; : ¢ € I} be a correspond-
ing set of positive integers, with k; bounded by an absolute constant. For simplicity’s
sake, we assume that k; < J. We set M = [[.., N and M? =T].., N, so that

R(E,(S)), (03),T) g#{nez N(T27) ssup [ ISi(e + it)

ten,n+1] el

ki g M5, 2"2M*C+5]}.

For the set on the RHS, concerning the size of Dirichlet polynomial [[,., Si(s)*, a

number of standard bounds are available. We will frequently use the following bounds:

Lemma 2.8. Uniformly for T <T < Ty and for d >0

R(F,(S;),(0:),T) <5 2 M*™28 25Ty M2 (2.45)
R(F,(S;),(0:),T) <5 2 M*™28 4 25T, M*=5 (2.46)
R(F,(S;),(0),T) <5 a° M?*=28 4 20T, M1, (2.47)

Result ([2.45) is a consequence of Theorem 7.3 of [34] and is known as Montgomery’s
mean value estimate. (2.46) is a consequence of Equation 2.9 of [23], Huxley’s large

values estimate. All three bounds can also be deduced from Lemma 8.2 of [25].

Next we list simple bounds on R(F, (S;), (0;), T) which require F(s) to be of Type A,
B or C at T. Here it is important that long factors of F(s) satisfy or .
2.4.1.1 Long factors

Dirichlet polynomials of Type C' are easy to deal with, as the next lemma shows.

J

Lemma 2.9. Suppose F(s) = [[I_, Si(s) is a Dirichlet polynomial of Type C at T,
where T € [Th,To). Then for large x and for (o;) with corresponding o > 0.6 we have

R<F7 (Sz)7 (Ui)a T) =0.
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Proof. Let Sy(s) denote the factor of F(s) which has N, > 2%%. Suppose first that
Se(s) satisfies . Then |Sy(c 4 it)| < (log No)N, /> < 27°47. Now suppose that
Se(s) satisfies . By van der Corput’s method of exponential sums, taking for
instance | = 2 on page 37 of [29], we have for ¢ € [T, 271,

1/2+46

Ny

|Se(c+it)] <5

But we are working with 7' < Ty = 72t < 2! and hence v = 0.23 and N, >

299 ensure again that |Sy(c + it)] < x7%47. Our general assumptions on F(s) also

guarantee |S;(c + it)| <5 2°. So

|F(c+it)| = |Se(c +it)] <H|Si(c+it)\> < 270,

it
In particular, R(F, (S;), (0;),T) = 0 for o > 0.6 and z large. O

Very good bounds on R(F, (S;), (0;),T) are also available when a Dirichlet polynomial
of Type A has a particularly long factor.

Lemma 2.10. Suppose F(s) = []]_, Si(s) is as described at the start of Section .
Let T € [T1, Ty).

Suppose Sy(s) has property or with respect to T'. Suppose also that there
is some ig # € for which S;,(s) has property (]E[) with respect to T and for which
N;, > ol logloge,

Then if x > C, one of the following two inequalities holds:

mlfo'

R(F,(S;),(0:),T) < W or
R(F,($)), (0:), T) < 2 min { TN 170, T2N{* 1270}
Here C' is a large constant dependent only on J € N, B >0 and § > 0.
Proof. We begin by assuming that S,(s) satisfies property with respect to T.
It follows from small modifications of the proof of Lemma 5.5 of [29] that either
R(F,(S)),(0),T) <5 2°/* min {TNZQ_M’“’), T2N€(6_1205)} ,

in which case we are done, or

T < (log2)*N, 7 < (logx)*x' ™7 H N7 (2.48)
il
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(This is (i) and (ii) on page 22 of [29].)

Since S, (s) has property (D)) and N;, > z'/1°81¢% Lemmal2.6) gives

| Cp.s (i loes | L el
’Si0<c+ Zt)‘ < W - Nz‘o

for t € [T, 2T, where Cg ; is a suitable large constant, dependent on B and J. Hence
R(F, ($), (0:),T) = 0 when o;, > ¢ — EotDloglosr | 1oalCon) gt g, (¢ 4 it)| <«

IOg(Ni()) (NlO)
log(N;) for all other i. By (2.48) we must have R(F, (S;), (0;),T) =0 or
1
44+J , 1—-0c
R(F,(5;),(0:),T) <T <ps (logz)"x (log 2)B 57"

This concludes the proof for the case where Sy(s) has property .

Now suppose that Sy(s) has property with respect to T, so that Sy(c + it) =
O((log NZ)NKI/Q_C). This implies that for o, > 3 + 228182 and 7z large, we have

log Ny
R(F,(S;),(0;),T) = 0. On the other hand, if o, < 1 + % then trivially
. 2—4o0 6—120
R(F,(S)), (02),T) < T < 2% min {TNg ) T2N f>} . O

2.4.1.2 Very large sigma

We also observe that extremely large values of ¢ occur only rarely.

Lemma 2.11. Suppose F(s) = [[1_, Si(s) is of Type A or Type B at T.
Suppose (0;) corresponds to o with 1 —107°%° < ¢ < 1+¢;. Then for B > 0,

1-o
(logz)B"
Proof. First we suppose that F(s) is a Dirichlet polynomial of Type A. Then F(s)
has a factor Sy(s) with N, > 225 which satisfies or . If Sy(s) has property
, the computations of Case 1B on page 37 and 38 of [29], using van der Corput’s

method of exponential sums, apply in slightly amended form with &£ = 1000 and give
R(F,(S;),(0;),T) = 0 when z is large and ¢ > 1 — 1075%.

R(F,(S5),(0:),T) <

If Sy(s) has property , then R(F,(S;),(0;),T) = 0 whenever oy > 1 + Zloglog,

log Ny

- 2log 1 j j
But if o, < + 4 %, then Y7 6;=1,%7_ lio; =0,0; <1+ and Ny > z%0%

certainly give o < 1 — 1079,

Now suppose that F(s) is a Dirichlet polynomial of Type B. There exists iy such
that Sy, (s) has property (D)) and such that N;, > z'/1¢1°8* By Lemma then

|F(C + Zt>| < (log x)Jx*(IOgl")_”w(log logz)~1!
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and we may work with 0 < 1 — (logz)~%/'. Since v = 0.23, a few small numerical

changes to the computations of Case 1A on page 37 of [29] give
R(F,(S), (03), T) < ;""" (log x)°

for a very large constant C, dependent only on J. However, Ty M < g17001 5ng
—(1 —0) < —(logx)~8/10.

1—0o

R(F,(S)), (07), T) < al=7) 7001008 log ) <

(logz)”

for 1 —107°° < ¢ < 1 — (logz)~%1°, as proposed. O

2.4.1.3 Simple general bounds

Finally, we also give some bounds on R(F,(S;), (0;),T) which do not depend on the

lengths N; of factors S;(s). Often they are convenient for simple computations.

Lemma 2.12. Suppose F(s) = [[1_, Si(s) is of Type A or B at T, where T € [Ty, Tp).
Let I C{1,...,75} and suppose Y .., {; > 0.01 and o7 = (D _,c;lioi)/ (D, i) = 0.6.
Let B> 0 and 6 > 0. Suppose

Then the following four bounds hold:

R(F,(S)), (0:),T) < T 8on/@onteur 51> 6/10, (2.49)
R(F,(S;), (0:), T) < T37300/Bor=0 e 5 > 6/10, (2.50)
R(F,(S;), (0:), T) < T30/ Q0or=0%0 e 710 < 0 < 25/28, (2.51)
R(F,(S;), (0:), T) < T\ Aon/Gor=bF0 e 5 > 25 /98, (2.52)

Here the implied constants depend on B and 6.

Proof. This statement follows from the proof of Lemma 5.6 of [29]. Key in that proof
was the observation that bounds (2.49), (2.50)), (2.51) and (2.52)) hold if there exist
I, € I and k € N with (T[,c,, N9)* € Y2, Y] and Y, lios > 07(3 ¢, &) and
k = O(1), where

i€l

Y = Inin{f]'g’/(8—401)7 /_Z'g’/(1201—4)7 T(?/(4OJI_28), Tg/(401_1)}.
Since Ty > %47 and o7 € [0.6,1 + &;], we got ¥ > %11
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If F(s) is a Dirichlet polynomial of Type B, all S;(s) have N; < x2%%! and we can
easily choose I such that [],., N% € [z%9Y] and ", lio; > o7(3
satisfied.

icl ¢;) are

On the other hand, in the presence of longer factors, the proof of Lemma 5.6 of [29]
additionally required that the conclusion of Lemma holds whenever ¢ € I and
N; > Ya 00 > 2% But if F(s) is of Type A, then N; > 2%! implies that S;(s)
satisfies property or , so that Lemma is indeed applicable. Hence
Lemma follows from the proof of (134), (135), (136) and (137) of Lemma 5.6
of [29]. O

We often use the following version of Lemma [2.12}

Corollary 2.13. Suppose F(s) = 5:1 Si(s) is of Type A or B at T, where T €
(T1, To).

Let I C{1,...,j5} and suppose Y .. {; > 0.01. Write o7 = (3_,c;Cioi) /(D ier bi)-
Let B > 0. Suppose that oy > o or Y ._;; > 0.2. Then one of the following three

statements holds:

il

R(F.(S)),(0,),T) < W (2.53)
R(F,(S;), (07),T) < rat-20tvi2en (2.54)

(3—30p) (83—307)

R(F,(S;),(0:),T) < min{ R e ,x2517<3011>} and oy > 0.35. (2.55)

Let B(a,o0) be a non-negative function dependent on a € [0.475 — £,0.77 — €] and
o €10.6,1-107°%]. If (2.55)) holds, we also have R(F, (S;), (:),T) < 2B provided

(2.56)

or Zmin{ga_ZB(a’U)+451 3a + B(a,0) — 2& }

3a — B(a,o) + 2¢1 ' 3a+ 3B(a,0) — 6&;

Finally, if or > 0.7, we also have (2.53) or R(F,(S;), (0;),T) < 28 whenever

oy > max{ 3a+ 7B(a,0) — 141  4a + B(a,0) — 2, } |

2.57
3a+10B(a,0) — 20e, 4a + 4B(a,0) — 82, (2.57)

Proof. Assume R(F,(S;),(0:),T) > '~ (logz)™?. We always take o > 0.6, so if
or > o, follows directly from Lemma [2.12] (We use that (3 — 3z)/(3z — 1)
and (3 —3x)/(2 — x) are bounded by 1.5 on [0.6,1] to replace Ty by 7.) If 0; < o,
Lemma [2.12] applied with {1,...,j} in the place of I, gives

R(F, (S)), (0:), T) < min {221 7(3-30)/2=0) y2617(3-30)/(30-1)} (2.58)
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But (3 —3x)/(2 — ) is decreasing on = < 2 and (3 — 3xz)/(3z — 1) is decreasing on
x > 0.35. Thus if 0.35 < 07 < o, then (2.58) implies (2.55)). Finally, if o; < 0.35 and
Y ierli > 0.2, then I' = {1,...,j} \ I satisfies

0~ Yierbioi 003502
1=l = 1-02

o =

In this case, Lemma [2.12 applied with I’ in the place of I, gives

(3.2625—3.750) (3.2625—3.750) }

R(F,(S5),(0;),T) < min {x2€17<2'0875‘1‘25"> , 721 T (3.750-1.2625) (2.59)

For a € [0.475 — £,0.77 — ¢] and o > 0.6, the RHS of (2.59) is less than

maX{Tx1—20'+0.23+261 7 {L‘I_U_sl }

Now suppose we have (2.55). If B(a,0) > a + ¢y, R(F,(S;),(0:),T) < Ty < x8@2)
holds trivially. Thus we assume 0 < B(a,0) < a+¢;. Inequality x25173=300)/(2=on) <

B9 ig satisfied if

3a — 2B(a,0) + 4&;
or 2 ;
3a — B(a,0) + 2¢

while inequality 2251 73=300)/(Bor=1) < 3:B(a.9) holds if

3a+ B(a,o) — 2¢;
o :
"= 34+ 3B(a,0) — 6e;

(3—307) (4—4oy)

Finally, if o7 > 0.7, then R(F,(S;),(0;),T) < max{z*1700e=7 p217G=0} hy
bounds (2.51) and (2.52) of Lemma [2.12] The RHS of this inequality is at most

xB@9) if (2.57) holds. []

2.4.2 Heath-Brown’s R* bound

We now have plenty of bounds on R and move on to R*. We use the following result
of Heath-Brown [17], stated here like in Lemma 5.4 of [29]:

Lemma 2.14 (Heath-Brown’s R* bound). Let F(s) = [[._, Si(s) be as described at
the start of Section . Let I C{l,...,5} and k; € NN [1,J]. Set M = [[,.; NI
and MP = ,c; NF*°'. For T € [Tv, T,

R (F,(80),(00), T) <5 o M2 (RM + B + RATY )2 (R°M + R' + R(R)VT )2,
where R = R(F,(S;), (0;),T) and R* = R*(F,(S;), (0;),T).
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To obtain a good bound on R*, we thus again need to bound R. In particular, recalling
that condition (C3]) of Proposition requires R*(F, (S;), (0;),T)) < rad—totvizen

we desire the following bounds:

Corollary 2.15. Let F(s) = [[]_, Si(s) be as described at the start of Section .
Suppose the following condition (C3*) holds:

There exist I C {1,...,7} and k; € NN [1,J] such that M = [[,.; N and

MP = [Lic; Nf"”i satisfy each of the following nine inequalities:

Y
>
N
S

IA

Y
>
N
S

IA

H IR NN RRBD
5|

T

2222222828

Sl

SNORCIICHICHICIICIICHC)

N 9 9 H 49 9 39 83 93

!
2
S

IA
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o
N
N

IA

Y
b
N
S

IN

Y
>
N
S

IN

X I
RS
»n =
ST
VARVAN VAN

Then R*(F,(S;), (0:),T) < ra®totvize,

FMAP— S o tvta /2.

71/2 \f28-8/28/2=20+(1/2v+e1/2
72/5 \f(16/5)8=12/5,.12/5—(16/5)0+(4/5)v+e1/2
72/5 \[(4/5)8=3/5,.6/5=(8/5)0+(2/5)v+e1/2.
713 D R/3)B=1/3 1=(4/3)o+(1/vte1/2
72/7 ) (16/21)8-8/21,8/7T=(32/2) 7 +(8/2)v+e1 /2.
73/8 ) [28-3/2,15/8=(5/2)0+(5/8)v+e1/2
T4 D[A/3)B=2/3,5/4=(5/3)0+(5/12v+21/2

7_1/9M(16/9)5—8/9x5/3—(20/9)U+(5/9)u+61/2‘

(C37)

Proof. We rearrange the bound R* < 29 M'"%(RM + R? + R¥/ATY*)V2(R*M +
R* + R(R*)3/AT)/*)1/2, given in Lemma [2.14] For a fixed § > 0 and all sufficiently

large x, one of the following nine inequalities holds:

3
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N
S
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AA/\/\/\*AA/-\/\
&
e e e e e e e N
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M Y N~ Y~ N~
/\/\/‘\/‘\6\/\/\/\/'\
N 9999335383
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S
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S
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S
@
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=
S
»
S

=
e

N
M N T N ' ~—
IN

<

x5M3_4*8R5/4T01/2,

20 M3/2-28 R5/2.

2O M2 RS,
x5M1*25R21/8T01/4,

< l,6M12/57(16/5),8R8/5T02/5’
< I6M8/5—(16/5)BR12/5T02/57
x6M8/5—(16/5)6R9/5T61/57
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where R = R(F,(S;), (0:),T). However, if R*(F,(S,), (0:),T) < 2’ MA1~BBRGOT
with ¢ sufficiently small compared to e, then R*(F,(S;),(0;),T) < rad—dotvi2a

whenever

R(F’ (S’L>7 (Ui)7 T) S T(l*Dl)/ClM(Bl/cl)ﬁffh/clx3/01*(4/01)0+l//01+€1/2. (278)

Applying (2.78]) to inequalities (2.69)) — (2.77]), we obtain inequalities (2.60]) — (2.68)).
O

2.4.3 Heath-Brown’s () bound

To bound @, we use recent work of Heath-Brown [21]. It provides good bounds on

long Dirichlet polynomials with few non-zero coefficients:

Lemma 2.16. Let G(s) = Y ., &n™° with J C [1,Ty] and [&,] = 1.
Let F(s) =), <y ann~° with a, € C. Write L =#J. Then

o
[z

meJ
holds for any fixed § > 0.

2
dt <5 (N*L? + (NTy)*(NLTy + NL*T3"")) max |a,|?

Qp,
D i

n<N

This is Proposition 1 of [2I]. This result was also used by Heath-Brown in [20] to give
a bound on the squares of gaps between smooth numbers and in [2I] to improve a
bound on the number of very long prime gaps. Simultaneously to our work, the latter
bound was further improved by Jarviniemi [26], who showed that at most O(z%57"¢)
intevals [y, y + y'/?] with y € [z, 22] "N do not contain primes. Recently, Matoméki
and Terdvéainen [28] also used Heath Brown’s sparse Dirichlet polynomial bound to
improve a bound on the length of intervals which almost surely contain products of

exactly two primes.
We use Lemma to deduce the following bound on Q(F, G, (S;), (04),v,T):

Corollary 2.17. Let F(s) = [[._, Si(s) and G(s) both be as described at the start of
Section . In particular, G(s) = 3, 7 &mm™* with L = #J > 7227077,

Let I C {1,...,5} and ki € NN [1,J]. Set M = [[,.; N and MP = [[,., NJ*".
Then for every 6 > 0,

QE.G.(8).(00).7.T) <5 2 (MP 212720 4 ML),
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Proof. Let 81(F,(S;), (0:)) and S»(G,7) be as given in Definition [2.3] For each k €
S NS N|T, 2T, select 1\ € [k, k+1] and £\ € [k, k+1] with | S;(c+it\))| > N
and |G(z’t,(€G))| > L7. By partial summation we find that for ¢ € [k, k + 1]

i N (9)
Si(c +itl)) = Z alDp et

nNNZ'
-0 S0 [ (S|
n~N; Ni n<y
We obtain a similar expression for GG (it,gG)). Multiplying these together, we find
LM~ < \GGt) [ Sile + ity (2.79)
iel
5 g+ [ 5
meJ m<y
1 ;
: H (ﬁ Z aDn~%| + / Z (D) it dy) (2.80)
el v In~N; Ni n<y

and thus work with summands of the form

(HN’“H >/ /

el

l

I

Jj=r+1

r

[I

j=1

(45)
>

n<y;

an
>

n~N;

mlt dy; ... dy,
meJ

or similar products which involve (1/y) )" < £,m~ integrated with respect to y
rather than the full Dirichlet polynomial > &, m~". Here iy, ..., are such that each

1 € I appears exactly k; times.

Next, we integrate (2.80) over ¢ € [k, k + 1] and sum k over all elements of S; NSy N
[T,2T]. On the LHS we get LYM~“*Q(F,G,(S;), (:),7,T), while on the RHS we

are now looking at summands of the form

(Mt L) s s

i€l " keS

bn(y
> n(it) dtdy, ... dy,,

n<2aM

mej

(2.81)

<

l
e 3 = T | S| T ().

n<2a M j=1 \n<y; j=r+1 \n~N;

or similar expressions in which Y &, m™" is replaced by (1/y)>_, . < Enm ™ and in-

tegrated over [1,7p]. Here v = Y, ; ki and |b,(y)| < n° for § > 0 and S =
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S1(F, (S;), (0:)) N Se(G,y) N[T,2T]. Focusing only on the innermost integral, the
Cauchy-Schwarz inequality gives
dt < Q/? /
0

>

kes

where Q = Q(F, G, (5;), (04),7,T). Lemma applies to the RHS and hence ([2.81))
is bounded above by O5(QY22%(1/M)(M2L* + MLT, + ML7AT/*)/2). Returning
to (2.79), which we integrated over [k, k+ 1], k € S, we have LYM~¢5(Q on the LHS
and a finite number of multiple integrals of the form given in (2.81)) on the RHS. So

1/2

b, 2
> =

n<2oM

ar |

me

m<y

b,
Z n<zt )

n<2a M

m<y

Q(F, G, (S)), (0:),7, T) L M2+ <5 a® M~ (M2L? + MLT, + MLV'T;).
Since 7 > %47 and L > 72277 we have L > 71/% and M LT, < ML7/4T§/4. Then
Q(F, G, (S)),(0:),7, T) <5 a®(M> 20227 4 NMI=20 [T/A=2 /%)
for 6 > 0. This is what we wanted to show. O

We now use Corollary to replace conditions (C4.Al) and (C4.B|) by bounds on R.

Corollary 2.18. Let F(s) = [[_, Si(s) and G(s) = Y mey Emm* be as described at
the start of Section . Suppose the following condition (C4%) holds:

There exist I C {1,...,75} and k; € NN [L,J] such that M = [[,.; N/ and
MP = [Lcs Nik"‘” satisfy each of the following two inequalities:

(C47)
R(F, (Sz>7 (Ui)a T) < 7_—1/4M26—1x7/4—20+y/4—4817 (282)
R(F,(S)), (0:),T) < M?P=2g27 2041, (2.83)

Then Q(F, G, (1), (0:),7.T) < max{(#J)7/5 71/ 1a7/5=obv/ster (7)1 g1-0-21},
Proof. Corollary tells us that one of the following inequalities holds:

Q(F7 G’ (Sl)v (O-i)a s T) < :L‘€1M1_25(#j)7/4_27T§/4, (284)
Q(F,G,(S:),(03),7, T) <a® M P (#T)*2. (2.85)

Note that Q@ = Q(F, G, (S;),(0:),7,T) < R = R(F,(S;),(0;),T). First assume we
have (2.84]). Then

Q(F, Gv (52)7 (0i>7 Y, T) < Q1/2R1/2 < $€1/2M1/275(#‘7)7/877T§/8R1/2. (286)
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But the RHS of is at most (#J)7/8- 1l /AgT/8=o+v/8+e when
R(F,(S), (0,), T) < 7-VAM2-157/4=204v/14e1/1,
Now assume we have , so that
Q(F,G,(S:),(0:),7,T) < Q'PRY? < a®PM" P (#J) 'R'2. (2.87)
But the RHS of is at most (#J)' " 72'77°* when

R(F7 (Sl)v (Uz),T) S M2'8_2x2_20_451' =

2.4.4 Computations

Let F(s) = [[)_, Si(s), G(s), (¢;) and 5 be as described at the start of Sectionwith
F(s) of Type A, B or C at T Recall that Si(s) = > an=* with N = [T_, N;

and N; = N%. We now consider F(s) which satisfy one of the following three criteria:
(1) There exists k € {1,...,75} with £, > xo(a).
(2) There exists I; € {1,...,7} with .., £; € x1(a).
(3) There exist I, I3 € {1,...,j} with >, ., £ € x2(a) and Y., {; € x3(a).

Here xo(a), x1(a), x2(a) and xa(a) are as given in (29), (210), @11) and @12).

To prove Proposition , we need to show that one of the inequalities , ,
(C3), (C4.A) or (C4.B) of Proposition holds. If F'(s) is of Type C at T, then
Lemma [2.9)immediately tells us that R(F, (S;), (0;),T) = 0 and these bounds are triv-
ial. Hence we focus on F'(s) of Type A or B. We use Corollary and Corollary

to replace (C3)), (C4.A]) and (C4.B|) by conditions (C3*) and (C4*). Write

Z ={(1,4,4,3,4,1), (1/2,2,3/2,3/2,2,1/2), (2/5,16/5,12/5,12/5,16/5,4/5),
(2/5,4/5,3/5,6/5,8/5,2/5), (1/3,2/3,1/3,1,4/3,1/3),
(2/7,16/21,8/21,8/7,32/21,8/21), (3/8,2,3/2,15/8,5/2,5/8),
(1/4,4/3,2/3,5/4,5/3,5/12), (1/9,16/9,8/9,5/3,20/9,5/9)}. (2.88)

The proof of Proposition is complete if we can show for large = and given F'(s) =

le S;i(s) and (o;) that there exist I C {1,...,75} and k; € NN [1,J] such that

29



M =1le; NP and MP = [[,., N satisfy one of the following four conditions:

iel
R(F,(S;),(0:),T) < 277 (logz) ™2/, (C1)
R(E,(Sy), (07), T) < rart=2o+v+2e (C2)
R(F,(S)), (0:), T) < (Uy,WI,nXi,%Z)eZ FUNVB-W pX—YotZuter (C3%)
R(F,(S)), (03), T) < min{r— /A €N20-1,7/4-20v/a=der ) 26-2,2-20—der) (C4¥)

To accomplish this goal we use the many bounds on R introduced in Section [2.4.1]

2.4.4.1 Long factors

When F(s) = [[_, Si(s) is of Type B at T, all its factors S;(s) are very short.
However, if it is of Type A, there are some longer factors and these have property
or . We now show that one of (C1)), (C2)) or (C4*)) holds if one of these factors is

very long.

Lemma 2.19. Let F(s) = [, Si(s) be as described at the start of Section .
Recall Si(s) = >N, a!n=* and N; = N% with v < N = TN, < x. Let
T € [Th,Ty] and suppose that F(s) is of Type A at T. Write T = x*. Suppose there
exists k € {1,...,j} such that one of the following three options holds:

(1) 4 >0.335 — &1 and a < 0.57,
(2) ¢ > 0.330 — &y and a € [0.57,0.61],
(3) £, > 0.320 — g1 and a > 0.61.

Then if x > C, one of the following three inequalities holds:

R(F,(S)),(0:),T) < 2" (log z) ™2, (2.89)
R(F,(S:), (0),T) < ra!72otvi2en, (2.90)
R(F, (S’L>7 (Ui); T) < min{Tfl/4N]30'k—1$7/4720+ll/474617 Ngak—2x27207451 } (291)

Here C' is a large constant dependent only on J and e, = £/10°.

This completes the proof of Proposition [2.2l when a > 0.545 and F(s) = []/_, Si(s)
has ¢ > xo(a) for some k. For smaller values of a we still need to cover the case

Uk € [x0(a),0.335] in a later lemma.
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Proof. If ¢ > 1—107%%, we are done by Lemma[2.11] Thus we consider o € [0.6,1 —
107°%].  Since F(s) is of Type A at T and Si(s) has ¢ > 0.32 — &1, Si(s) has
property or with respect to T. Hence Lemma applies. We assume
R(F,(S:), (0;),T) > x'7?(logz)~%/, as otherwise holds. Taking B = 2J in

Lemma [2.10, we then get
R(F,(S), (0,),T) < * min {TNE—‘*%), TzN,gﬁ—l%k)} . (2.92)

Write B(a,0) = max{l — 0 —e1,a + 1 — 20 + v + 2¢; }. If one of the inequalities

. zler N2 1/4 3 g1 T2 NS 1/12
Nkk Z (W) or Nkk Z (W) (293)
is satisfied, (2.92) gives R(F,(S;), (0:),T) < 2849 = max{x!l=o—51 gotl-20+v+2a)
Suppose first that o) > 0. Then (2.93) holds if 4, > “A=Ze0 2 - The RHS of
this inequality is at most 0.5 whenever a € [0.47,0.77] and o € [0.6,1—107°%]. Hence

we may assume 1 — € > 0.2 or 0, < 0 and oy > o for I = {1,...,j} \ {k}. Either
way, Corollary is applicable with I = {1,...,5} \ {k}. We thus have (2.89)) or
Eo0) it

3a —2B(a,0) +4¢1 3a+ B(a,0) — 2e,
3a — B(a,0) +2¢1 ' 3a+3B(a,0) —6e; J

So one of (2.89) or (2.90) holds whenever one of the following four inequalities holds:

or > min{

a [l Bla,o)
>+ - ——1 249 2.94
lyop > 1t 1 2% (2.94)
a [l Bla,o0)
14 > - 4 = — 2 2.
KOk = G + 7 B + 2¢1, (2.95)

3a+ B(a,0) — 2¢,
3a+ 3B(a,0) — 6e;

3a —2B(a,0) + 4e;
_ > (1 —
(1= b)or = (1= ) ( 3a — B(a,0) + 2¢;

Note on + (1 — £)or = 0. Adding (E93) and (296)) or (€ and (ZT7)) or
((2.95) and (2.96))), we find that one of (2.94)), (2.95)), (2.96) or (2.97) certainly holds

whenever one of

(1 — ék)O'[ Z (1 — @k) ( ) = (1 — ék)CH(CL, O'), (296)

) = (1 —4)Cs(a,0). (2.97)

o> (g — Bl 4 ¢ (a,0) + 251> + (3 - Cila,0)) Ly, (2.98)
o> (g — Bl 4 Cy(a,0) + 2el> + (5 — Ca(a, 0)) L, (2.99)
o> (% - @ + Ci(a,0) + 261) + (3 — Ci(a,0)) by, (2.100)
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is satisfied. Note that the coefficient of /5 in (2.98)) and ([2.100) is negative if —3a/2+
B/2 — ¢, < 0. This is certainly true for o € [0.6,1]. The coefficient of ¢ in ([2.99)
is negative if —3a/2 + 3B/2 — 32y < 0 and hence if B(a,0) < a + 2¢;. But if
B(a,0) > a + 2¢1, then certainly R(F, (S;), (o), T) < Ty = 22+t < 2B@9) . Thus we
may assume that all coefficients of ¢, are negative. Rearranging, we get that one of
(12.98), (2.99) or (2.100) holds whenever ¢, > min{X;(a, o), Xa(a,0), X3(a,0)}, where

Xi(a,0) = (0= 4+ 242 — Ci(a,0) = 261 ) (= Ca(a,0)) ",

Xo(a,0) = (0= &+ 242 — Cy(a,0) = 261 ) (4 = Cala,0)) ™,

Xs(a,0) = (0 — &+ B(laég) - Ci(a,0) — 251> (2 = Ci(a, O'))_l .

Since condition ¢ > min{X;(a, ), Xs(a,0), X3(a, o)} only involves the two variables
a and o, it is easy to check explicitly that min{X,(a, o), Xs(a,0), X3(a,0)} < 0.3—¢;
if a > 0.65. For smaller a we still need to do a bit more work. Using , we note
that holds whenever

.,L,451,7_Nk(:2*40'k) < min{T—l/4N]30k—1x7/4—2z7+1//4—4&1 7 Nsak—2$2—20—451 1. (2.101)

Rearranging a bit, we find that (2.101]) is satisfied if both inequalities

5a 7 o v 0y,
> - - :
Ekak_M 24+3 24+251+2, (2.102)
a 1 o 20
14 > ———-—+-+2 — 2.1
KOk 2 & 3+3—|— €1+3 (2.103)

hold. Adding ((2.102)) and (2.96))) and ((2.103) and (2.96))), we are done if the follow-

ing is true:

5a 7 g 14 1
> 24 24 2 9q P .
0_(24 24+3 24+251+C’1(a,0))+(2 C’l(a,a))ﬁk, (2.104)
a 1 o 2
o> (6 —3 + 3 +2e1 + C1(a,a)> + (5 - Cl(a,a)) . (2.105)

The coefficient of ¢; in (2.105)) is only non-negative if B(a, o) > a+ 2¢; and hence we
may again assume that all coefficients of ¢, are negative. Rearranging, (2.91)) holds
if ¢, > max{Yi(a,0),Ys(a,o)} where

ML+ 2L +2+Ci(a,0)))
(3 — Ci(a,0)) |

1+ 2 +2e 4+ Ci(a,0)))

7= Crao)

Yl(CL,J): (U_(

ol

Ya(a,o) = (U_<
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In summary, we have one of (2.89)), (2.90)) or (2.91)) whenever

0, > min{ X, (a,0),Xs(a,0),X3(a, o), max{Y1(a,0),Ys(a,0)}}.

Evaluating the expression min{X(a,0), Xs(a,0), X3(a,0), max{Yi(a, o), Y2(a,0)}}
explicitly, we see that the quantity is strictly less than 0.335 when a < 0.57, strictly
less than 0.33 when a € [0.57,0.61] and strictly less than 0.32 when a > 0.61. O]

2.4.4.2 Large 7

Next we deal with particularly large values of 7.

Lemma 2.20. Let F(s) = []/_, Si(s) be as described at the start of Sectz’on. Recall
Si(8) = X nen, a!n=* and N; = N% with v < N = [T, N: < 2. Let T € [T}, Ty
and suppose that F(s) is of Type A or B atT. Write 7 = z*. Suppose a > 0.685 and
there exists I C {1,...,j} such that

D 4 €035 21,048+ £1] U[0.52 — £1,0.65 + &1].

iel
Then if x > C, one of the following two inequalities holds:

R(F,(S)),(0:),T) < 2" (log z) ™2, (2.106)
R(F,(Sy), (0:),T) < ' 20 tvt2en, (2.107)

Here C' is a large constant dependent only on J and 1, and €, is assumed to be small.

Lemma [2.20] completes the proof of Proposition [2.2] when a > 0.685.

Proof. If ¢ > 1—107°", we are done by Lemma[2.11] Thus we consider o € [0.6,1 —
107°%]. Suppose R(F, (S;), (c:),T) > x'=7(logz)~2/. Write B(a,o) = max{l — o —
e1,a+1—20 + v+ 2¢}. By Corollary we have R(F, (S;), (o), T) < xB@) if

(2.108)

o> min{?)a—QB(a,a) +4e1 3a+ B(a,0) — 2¢; }

3a — B(a,0) +2¢, ' 3a+ 3B(a,0) — 6&;

This inequality condition can be rewritten in terms of four simple quadratic equations
in 0. Solving these quadratic equations, we find that (2.108) holds whenever a €
[0.685,0.77] and o € [0.6,0.88].

For o > 0.88, we use bound ([2.47)) of Lemma For {; =%, ;0 and o7 = M,

R(F’ (Sl>, (Uz), T) S max {x€1(27201)+251’ xa+f[(1171401)+251} )
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We thus have R(F, (S;), (0;),T) < xB@o) if

{61— B(a,o0) 11€ L B(a70)}+€1.

or > g—max

(2.109)

2 7147714 14
However, for ¢; € [0.35 — £1,0.48 + £1], the RHS of (2.109) is at most max{c, 0.92}.
Hence we may assume o; < max{o,0.92}, so that (‘Hfzf)’) > min{o, 2(c — 0.46)} >
0.84 for o > 0.88. But Corollary [2.13] applied with K = {1,...,j}\ [ in the place of
I, then gives R(F, (S;), (o), T) < xB@) if

3a 4+ 7B(a,0) — 141 4a+ B(a,0) — 25
= F(a,0). (2110
3a+ 10B(a,0) — 20, 4a + 4B(a,0) — 8 (a,0).  (2.110)

Multiplying (2.109) by ¢; and (2.110) by (1 —¢;) and adding up, we are hence done if

(; < b (a + B(C; 7) _ F(a,0) — 61) and

O > max{

1— F(a,o0)

1 a B(a,o0)
0> 8 2 pae)—e ).
"= 114~ F(a,0) (‘7 VIR (a.0) 51)

Both inequalities are satisfied if a > 0.685, 0 > 0.88 and /; € [0.35—&1,0.48+¢,]. O

2.4.4.3 Small 7

Next we work with particularly small 7, say 7 < 293, or large o, say o > a +v — €.
Here condition ((C4%)), which was derived using Q(F, G, (S;), (¢:),7,T), is very useful.

Lemma 2.21. Let F(s) = [[]_, Si(s) be as described at the start of Section .
Recall Si(s) =), .y, a?n= and N; = N%. Let T € [Ty, To] and suppose that F(s)
is of Type A or B at T. Write T = x°.

Suppose there exists I C {1,...,j} such that I, a and o satisfy one of the following
five options:

(1) a € [0.47,0.53] and Y, €; € [0.29 — £1,0.36 4 £1] U [0.64 — £1,0.71 + &4,
(2) a €[0.53,0.545) and Y, b € [0.315 — £1,0.345 + £4] U [0.655 — &4, 0.685 + &4,

(3) a € [0.53,0.545], Zie] l; € [0.285 — £1,0.375 + £1] U [0.625 — £1,0.715 4 4] and
o>a+v—eq,

(4) a € [0.53,0.685] and o > min{a + v — £1,0.85} and

> b€ [t—m(a,0)+107'°, 1~ M(a,0) —107'], (2.111)

iel
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where M(a,o) and m(a,o) are given by:

. 3a 3a 2a
M(a,a):mln{m,max{ma_14,40_1}}, (2.112)
m(a, o) = max{mi(a, o), min{ms(a, o), ms(a,o)}}, (2.113)

B a—3— v a(3 — 3s)
ma,0) = min { 41— 2s) (35— 1)(1— 2s) } ’ (2.114)

a—3—1/ a(3 — 3s)
2.11
mala,0) = min { 41— 2s) (10s — 7)(1 — 2s) } ’ (2.115)

-3 - a(4 — 4s)
rrale: se{wz}{ 1—25) 43—1>(1_23)} (2.116)

and alzmln{l,a+§} and 05 = max 3a+m,a+4},

(5) a € [0.53,0.685] and o satisfies o > min {a + 3, max {3¢ + L a+ 1} }+1071°.

Write M =[]

imequalities holds:

N; and M? = [Lc, VY. Then if x > C, one of the following two

el

R(F,(S)),(0:),T) < 2" (logz)~?”, (2.117)
R(F,(S)), (0), T) < min{r V4 M20-1,T/4-20+v/a=der | p26-2,2-20—4e1y © (9.118)

Here C' is a large constant dependent only on J and €1, and €1 is assumed to be small.

In particular, Lemma [2.21] completes the proof of Proposition for a < 0.53 and
also combines with Lemma to fully cover the case ¢, > xo(a) when a < 0.545.

Proof. We first consider an arbitrary a € [0.47,0.685]. If ¢ > 1 — 1077 we
have R(F,(S;),(0:),T) < x'77(logz)™?/ by Lemma Thus we consider o €
[0.6,1 — 107°%] and also assume R(F,(S;),(0;),T) > z'77(logx)™2/. (Otherwise
holds.) We ask when is satisfied.

Case 1: 7 VAN2B-1,7/4-20+v/4~der > | [26-2,2-20—4e1

Write €7 = 3, ., ¢; and Z(f_lfl)a = a, sothat N = (N/M)*M? = NO—t)a N8 Since

< N < zand M = N, further M?$—2g2-20-4e1 > 5(2-20)(-)=b=1  provided z is
sufficiently large.

Suppose a > ¢. By Lemma [2.12] applied with {1,...,7}\ [ in the place of I, we have

R(F,(S;), (07), T) < 2 min {78732/ e) 7(3=8a)/Ba=1)1 (2.119)
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Hence R < z(®7200~t0=5%e1 jf 2(1 — () max{(2 — a),(3a — 1)} —a — C*&; > 0,

where C* is a very large absolute constant. (Here we assumed that o < 1 — 107109,

This assumption is valid as (2.119)) immediately gives (2.117)) if o > 1 — 10719 and
o < 1—1075%) Rearranging, we are done if

g] < 1-— mm{ 3a 3a } — C**€1.

4 —2a’ 6o — 2
C** is another large constant. On the other hand, if o < o, then z(?=20)0~fr)=5e1 >
x(2720)0=t0=5e1 T emma [2.12] applied with {1,...,j} in the place of I, tells us that
R(F,(S;),(0;),T) < x*' min {7(3_30)/(2_0), 7'(3_3‘7)/(30_1)} : (2.120)

By the same computation as above, with ¢ in the place of «, R(F,(S5;),(0;),T) <

l.(2720’)(17€])*5€1 if

3a 3a
< _ : _ k% .
(<1 m1n{4_20,60_2} C*™eq

Hence we have (2.118) if ¢; < 1 — min{2%-, 321 — C**¢; holds for every v €

4—2v7 6y—2
[0, 1 — 10-1000],

Case 1A: Now suppose that a € [0.47,0.545].

Note that 1 — min{ 43‘;7, 63Z2} — C**¢y is strictly greater than 0.36 if @ < 0.53. It is
also strictly greater than 0.345 if a € [0.53,0.545]. Further, for ¢ sufficiently small and
o > o*, quantity 1 —min{ 43‘57, 6332 } —C**&y is greater than 1—3a/(60* —2) — 107109,
If a € [0.53,0.545] and 0* = a+v — ¢y, then 1 —3a/(60* —2) — 1071% is greater than

0.375. This covers options (1), (2) and (3) for Case 1.

Case 1B: Now consider a € [0.53,0.685] and ¢ > min{a + v — €, 0.85}.

Inequality ¢; < 1 — min{ﬁ‘%, 6312} — C**¢; holds for all v € [o,1 — 1071909] if

lr <1—3a/(60—2)—1071% and in that case (2.118) is satisfied. On the other hand,

Lemma [2.12] also gives
R(F,(S;),(0:),T) < x*' max {7'(3_30“)/(100‘_7), 7(4_40‘)/(40‘_1)} : (2.121)

We still desire R(F, (S;), (0;),T) < z27200=f0)=5e1 and (2.121)) provides this bound

whenever

3a 2a
< _ _ kk . .
;<1 maX{ZOa—14’4a—1} C*™ey (2.122)
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The RHS of is increasing in «, so if a > o, we only need to assume that
this inequality holds with a@ = ¢ to obtain (2.118)). For a < ¢ we replace a by o
in the application of Lemma [2.12| and arrive at the same conclusion. In summary,
upper bound ¢; <1 — M(a, o) — 10719 suffices to give (2.117)) or (2.118) in the case
o > min{a + v — £1,0.85} and 74N pT/A20Hv/Ander > \[26-252=20—4e1 - Thig

covers option (4) for Case 1.

Case 2: 7 VAN2B-1,7/4=20+v/4~4er ) r26-2,2-20—4e1

Note 7= V4 N[28-1yT/A=20+v/i=de1 > p(1-20)(1~L)=a/4+3/44+v/4=5e1 Tf o > g > 0.6, we ap-
ply Lemmal[2.12|with {1,...,5}\I in the place of I to obtain and additionally
note '~ (log x) ™% > 2'=%(log z)~2’. If & < &, we note g1 7201 ~fr)=a/4+3/4+v/4=5e1 >
(1720)(=tr)—a/443/44v/4=521 and apply Lemma with {1,...,j} in the place of T
to obtain ([2.120)).

Either way, we have one of (2.117) or (2.118)) if

$281 min {T(373'y)/(27'y)’ 7_(3737)/(3771)} < max {‘,E(172'y)(1751)7a/4+3/4+1//47551 : xlf'yfsl}

for every v € [0,1 — 10719%]. Rearranging, we require one of the following two

inequalities to hold:

a—3-—v a(3 —3v) a(3 —3y) }
>1-272""  ax , 1356, (2123
21 g e S ey iy e @)

1
Y>aty+C7e (2.124)

Case 2A: Again we first consider a € [0.47,0.545]. The RHS of is strictly
less than 0.29 if @ < 0.53 and v < a + 0.34. It is also strictly less than 0.315 if
a € [0.53,0.545] and v < a+ 0.34. For a € [0.53,0.545] and v € [a +v — &1, a + 0.34],
it is less than 0.285. This covers options (1), (2) and (3) for Case 2.

Case 2B: For a € [0.53,0.685] and o > min{a + v — £1,0.85}, the maximum of the
RHS of (2.123)) over v € [0, min{1 — 10719 q 4 1/3 + C**¢,}] is attained at one of
the endpoints of the interval. Hence, for ; sufficiently small, (2.123) holds if

¢ >1— min
se{o09}

Alternatively, using Lemma with bounds (2.51)) and (2.52)) rather than ({2.49)
and (2.50]), we also have one of (2.117)) or (2.118]) for ¢ > min{a + v — ,0.85} if

{a—S—V a(3 — 3s)

11—25) " @s-1){—2s) } +107 (2.125)

x251 max {T(3737)/(10'yf7)7 7_(474'}/)/(4'y71)} < max {I(172'y)(1751)7a/4+3/4+11/475517 xlf'yfsl }
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for every v € [o,1 — 10719%°]. Rearranging, we require one of the following two

inequalities to hold:

a—3—v , a(3 — 3y) a(4 — 4~) }
¢ 21———mln{ , 1 35e,, (2126
T (107 — 7)1 —27) Iy — (1 —2y) J T3 (120)
da 7 1
> _ _ - %k . .
’y_max{10+10,a+4}+0 €1 (2.127)

The RHS of (2.126)) also attains its maximum over v € [0, 09 + C**&1] at one of the
endpoints of the interval and this gives the lower bound 1—min{ms(a, o), ms(a,o)}+

10719 for the size of ¢, covering option (4) for Case 2.
Case C: Finally, let a € [0.53,0.685] and o > min{a+ 5, max{3¢+ L a+1}}+1071%.

Here we take I = (), so that 7= /4M2P-1g7/4-204v/4~4e1 o \[26-242-20-481 4 we are
back in Case 2. But every v € [0, 1 — 1071%%] satisfies one of (2.124) or (2.127)). This
concludes the treatment of option (5) and the proof of Lemma [2.21} O

2.4.4.4 Large o

Having dealt with large and small 7, we now focus on large ¢ and midsized 7.

Lemma 2.22. Let F(s) = [/, Si(s) be as described at the start of Section .
Recall Si(s) =, .y, a’n= and N; = N%. Let T € [Ty, To] and suppose that F(s)
is of Type A or B at T. Write T = x°.

Finally, suppose we have one of the following two options:

(1) a €]0.545,0.57] and 0 > a+ v — ¢y,

(2) a€[0.53,0.545], 0 > a+ v — ey and 3] with Y, {; € [0.427 — £1,0.474 + &4].
Let Z be as defined in (2.88]). Then if x > C, there exist K C {1,...,j} andr < J

such that M = [[,cx Ni and MP = [Lick N/7* satisfy one of the following three

mequalities:

R(F,(S)),(0:),T) < 2" (logz) 2, (2.128)
R(F, (Sz)7 (Ui>7 T) < min{Tf1/4M2671x7/472a+u/47451 7 M2672x27207451 }7 (2129>
R(F,(Sy), (0:),T) < min TUMYVP—W X —Yotrdvre (2.130)

(UV,W,X,)Y,Z)eZ

Here C is a large constant dependent only on J and €1, and 1 is assumed to be small.
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Proof. We first work with an arbitrary a € [0.53,0.57] and ¢ > a + v — &. If
o >1-107" we are done by Lemma [2.11] Thus we consider o € [0.6,1 — 1075%].
We also assume R(F, (S;), (0;),T) > '~ (logz)~>/. Recall F(s) = [[7_, Si(s) with
Si(8) = D nen, a’n=*, N; = N% and # < N < z. Combining factors of F(s) which
have ¢; < 0.0001, we note that {1,...,j} can be partitioned into sets Uy, ..., Uy with:

(I) €5 =" ;cp. ¢i <0.0001 holds for at most one element s of {1,...,k},
(IT) €5 = > ey, i > 0.0002 implies that set U, is a singleton,
(D) 0% = (X iew. lioi)/ (D sep, Ui) are such that o} > -+ > o}
Since F'(s) is assumed to be of Type A or B, we have k > 2. Note that of > o.

Case 1: Long factors. We first assume that ¢} > 0.249 or (¢ < 0.0001 and
5 > 0.2489).

Since 03 > o for s > 2, the latter option implies 05 > (0 —¢i07)/(1—£) > 0—0.0002.
For both options we have some S;(s) with ¢; > 0.2489 and o; > o — 0.0002. Then
F(s) must be of Type A and S;(s) must have property or with respect to
T, so that Lemma [2.10| applies and

R(F,(S)), (0:),T) < e 2 N (6-1200) 0 2a-+0.2489(6-120+0.0024)+de (2.131)

The RHS of (2.131)) is bounded above by z'=77°1 if ¢ € [0.53,0.57] and o € [a + v +
0.027,1 — 107°%]. On the other hand, if additionally ¢; > 0.27, we have

R(F (Sz> (0-1) T) < :E4€1T2N-(6_120i) < x2a+0.27(6—12cr+0.0024)+451‘ (2132)

and the RHS of (2.132)) is bounded above by z!=°~¢1 for all 0 € [a+v —&;,1—1079%)].
Now the only case left to consider is a € [0.53,0.57], ¢ € [a + v — €1,a + v + 0.027]
and ¢; € [0.248,0.27]. Here we take M = N; in condition (2.129). We require

R(F, (SZ)’ (Ui)> T) < min{Tfl/lechri—lx7/4—2a+u/47451’ Nfoi—2$2—207451 } (2_133)

But the RHS of ([2.133) is greater than g(2—20)~6i(2=20+0.0004)+4—(at1-v)/4=5a1  (Op the
other hand, by bound (2.46)) of Lemma [2.8, with I = {4} and k; = 2, we have

R(F,(S)), (0:),T) < 2% max {Nf@_?‘”), TN?“—W} (2.134)

(2

< max { 24i(2-2040.0004)+ 321 , xa+2€i(4760+0.0012)+351} .
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The RHS of (2.134) is less than z(2~20)~4(2-20+ 555) +6— 572 =521 o 4. € [0.2489, 0.27]
and 0 € [a+ v —e1,a + v+ 0.027]. We indeed have (2.128]) or (2.130)) if ¢; > 0.249
or (¢; < 0.0001 and 5 > 0.2489).

Case 2: Short factors. We now assume that ¢; € [0.0001,0.249] or (¢ < 0.0001
and £ < 0.2489).

We can choose U = U, or U = Uy U U, such that S(s) = [[,c,, Si(s) satisfies fy =
Y icv i € 10.0001,0.249] and oy = (3,c lioi)/lu > 0. Take m € N such that
2M0y € [0.1245,0.249]. We now describe three different approaches to obtaining
regions in which one of (2.128)), (2.129) or (2.130) holds.

Approach 1: Use of (C1). Choose r; € {2,3}. By bound (2.46) of Lemma [2.]
with I = U and k; = 2™ry, we have R(F, (S;), (0:),T) < z'777°1 whenever

max {r12" 0y (2 — 201),a + 112"y (4 — 60p)} + 261 <1 —0 —&y.

But we assumed oy > . Thus the inequality certainly holds when

—1+o+a+3e < 9mp, < 1—0—351_
r1(60 — 4) r1(2 — 20)

Write S = {(0,0):0 € [a+v —e;,1 —1075%], ¢ € [0.1245,0.249]} and

—14+0+a+ 3¢ 1—0—3¢
= : << —
Sr(a) {(U’ fes r(6c — 4) sts r(2 — 20) }

If (0,2™ly) € S,(a) for some r € {2,3}, then (2.128)) holds.
Approach 2: Use of (C4). Note R < min{r 1 M?$~Lgi—20+5—4e1 )[26-2,2-20—4e1}
with M = HieU Ni2mr2 if R < T8 min{x”QmeU(20_1”%_%_2‘”%, xT22m£U(20—2)+2—2U}'

Applying once more Lemma 2.8 with [ = U and k; = 2™ry, this condition is certainly

satisfied whenever

(2 —20)+12(1 —20)) <7/4—a/d—20+v/4—Tey, (2.135)
ri(4 —60) +12(l —20)) <T7/4—5a/d —20+v/4—Tey, (2.136)
Ury+719)(2—20) <2—20— Tey, (2.137)
Uri(4—60)+19(2—20)) <2—20—a—"Te (2.138)

all hold for ¢ = 2™{;. Denote by S? . (a) the region of S in which inequalities

1,72

(2.135), (2.136), (2.137) and (2.138) are all satisfied. If (0,2™¢y) € S, (a), then
[@.129) holds.
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We compute that the union Sy(a) U Ss(a) U SgQ(a) U 823(a) covers S N {(0,0) : £ <
0.2 — C*e1}. Here C* is a large absolute constant, not dependent on any variables.

Hence we only need to consider ¢ > 0.2 — C*e;. For that case, we also make use of

condition ([2.130)):
Approach 3: Use of (C3). Let r, € Nand M = [[,.,, N/ ™. (2.130) holds if

R(F7 (Sl)a (gi)v T) < fTQQmEU(VU_W)"'aU"'X—YU-FZV

for every (U,V,W,X,Y,Z) € Z. Applying Lemma with I = U and k; = 2™rq,

this is true if

Uri(2—=20)+1r(W —=Vo)) <aU+X —Yo+ Zv —2¢; and (2.139)
lri(4—=60)+ (W —-Vo) <a(U-1)+X —Yo+ Zv—2¢

for £ = 2™y and every (U,V,W, X,Y,Z) € Z. Denote by S; ., (a) the intersection
over Z of the regions of S cut out by (2.139).

We now distinguish between option (1) and (2) from the statement of the lemma.

Case 2A: Treatment of option (1). Suppose a € [0.545,0.57]. Careful computa-

tions tell us that

SN{(6,0): £>0.2—C"} C Sy(a) U S;a(a) U Siq(a).

Hence we have one (2.128)), (2.129) or (2.130)) for any choice of 2™¢; € [0.1245, 0.249]
and this concludes the proof for option (1).

Case 2B: Treatment of option (2). Suppose a < 0.545 and suppose there exists
ITC{l,...,j} with >, £; €[0.427 — £1,0.474 + &1]. Now Sy(a) U S5 4(a) U S5 ,(a)U

Sgl(a) only covers the region

(SN{(l,o):0>02—-C"e})\S5°
where S° = {(0,f) :0 € [a+v —e1,a+v+0.025],¢ € [0.2 — C*e1,0.215] }.

We consider the case 270 € [0.2 — C*eq,0.215] separately when o < a + v + 0.025.

Suppose first that m > 1. Note 2™ 1, € [0.1 — C*e1/2,0.1075]. We take M =
HZ.GUNZ?W”’2 in (2.129) and note that (2.135)), (2.136]), (2.137) and (2.138|) are sat-
isfied if 1y = 5, 1, = 4, £ € [0.1 — C*¢/2,0.1075], a € [0.53,0.545] and o €
l[a + v —e1,a + v + 0.025]. This gives for m > 1 and thus we now as-

sume m = 0, so that ¢y € [0.2 — C*eq,0.215]. Either U = U; and U is a singleton

71



with ¢; € [0.2 — C*¢1,0.215] or U = U; U U, and £ € [0.2 — 0.0001 — C*ey,0.215],
oy > 0 —0.0002 and U, is a singleton. Thus we may assume that there exists Sk(s)
with ¢ € [0.2 — 0.0001 — C*ey,0.215] and oy > o — 0.0002.

Recall that there exists I with )., ¢; € [0.427 — £1,0.474 + £1]. Suppose first that
k& 1. Then 0, + 3., 6 € [0.627 — 0.0001 — 2C*e,,0.7 + &,] and

el

> L€[03-£1,0375+¢].
igIu{k}

But for a € [0.53,0.545], this sum then satisfies option (3) of Lemma [2.21] Hence by
Lemma we have or for 0 > a4+ v — 1. So suppose instead that
k € I. Assume first that ) ., ¢;0; < 0. Then we replace the partition of {1,...,;}
into Uy, ..., Uy, carried out at the start of our proof, by a partition of {1,...,7}\ I
with the same properties (I), (II) and (III). Since } ., f;0; > o, all arguments still
work the same way and give one of (2.128)), (2.129)) or unless there is some
ko € {1,...,4} \ 1 with £, € [0.2 —0.0001 — C*ey,0.215]. But then €y, + >, , {; €
[0.627 — 0.0001 — 2C*e1, 0.7 + &1] and we are again done by Lemma [2.21] Hence we
may finally assume that ), , f;o; > o. Taking M = [],.; V; in and noting
that conditions are satisfied for each (U, V,W, XY, Z) € Z, a € [0.53,0.545],
o€la+v—e,a+v+0.025 and £ € [0.427 — 1,0.474 + 1] when 1 = ry = 1, we

conclude the proof. O

2.4.4.5 Midsized 7, small o

Now we move on to midsized 7 and small . Here condition (C3*), which was derived
using R*(F, (S;), (0:),T), is used extensively. However, (C4*|) also makes another
appearance, together with all lemmas of Section — this is the most complicated

computation.

Lemma 2.23. Let F(s) = [[_, Si(s) be as described at the start of Section .
Recall Si(s) = >, N, a!n=* and N; = N%. Let T € [T1,Ty] and suppose that F(s)
1s of Type A or B atT. Write T = x®.

Finally, suppose there exists I C {1,...,j} such that I and a satisfy one of the

following conditions:
(1) > el €10.405 —£1,0.485 + 1] U [0.515 — €1,0.595 4 &1] and a € [0.53,0.545],
(2) > el €10.400 — £1,0.475 + 1] U [0.525 — €1,0.600 4 £1] and a € [0.545,0.57],

(3) Y1y i € [0.380 — £1,0.455 4 &1] U [0.545 — £1,0.620 + &1] and a € [0.57,0.59),
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(4) Y, 6 € [0.365 — £1,0.435 4 &1] U [0.565 — 1,0.635 + 1] and a € [0.59,0.61],
(5) 3,e; b € [0.355 — £1,0.420 + 1] U [0.580 — &4, 0.645 + &1] and a € [0.61,0.685).

Write M = [1,c; Ni and MP =[[,.; N7 Let Z be as given in (2.88). Then if x > C

and (o;) has corresponding o < a+v—eq, one of the following four inequalities holds:

R(F,(S)),(0:),T) < 2" (logz) ™, (2.140)
R(F,(Sy), (0:),T) <t 20tvi2en (2.141)
R(F,(S)),(0:),T) < min{Tf1/4M2B71x7/4720+z//474517 ]\/[25723327207451}7 (2.142)
R(F,(Sy), (0:),T) < min TUMYVP=W X Yot dvre (2.143)

(UV,W,X,)Y,Z)eZ

Here C' is a large constant dependent only on J and €1, and €1 is assumed to be small.

Lemma[2.23|combines with Lemma[2.22]to complete the proof of Proposition 2.2 when
a € (0.545,0.57]. It also combines with Lemma and Lemma to complete
the proof of Proposition when a € (0.53,0.545]. For a € (0.57,0.685], it covers
the case 0 < a+ v —¢e1, explaining our choice of ys(a), while o > a+v — ¢ is treated

in a later lemma.

Proof. We assume R(F,(S;), (0;),T) > 2~ (logx)~2/. Suppose (U,V,W,X,Y,Z) €
Z is such that

TUMVBfWIXfYU+Z1/+51 _ TUl leﬁfwlxleyngFZlVJFEl . (2144)

min
(Ul,V1,W1,X1,Y1,Z1)€Z
Write (; = > ;4 and (3,5, ioi) /(1 — £1) = a, so that N7 = (N/M)*MP =
NO=tDaNtB — Since # « N <« ¢ and M = N, then 7V MVA-WpX-Yotivter >

pDW=Va)+aU+(X=W)=(Y=V)o+Zv By [Lemma [2.8 with {1,...,j}\ I in the place of

I and k; = 1, we have
R(F,(S;),(0:),T) < %1 max {x(l_zf)(Q_Qo‘), min {Tm(l_ef)(l_m), Tx(l_m(ll_m)}} )

Hence if max{(1 — ¢;)(2 — 2a),a+ (1 — 4;)(y — da)} + 21 < (1 = £)(W — V) +
aU + (X — W) — (Y —V)o + Zv holds for some (v,0) € {(1,2), (4,6)}, then

is satisfied. Rearranging, we need the following:

(V=2)1—L)a< (1—)(W=2)+alU +(X —W)— (Y =V)o+Zv—2e1, (2.145)
(V=08)(1— L)< (1— 1) (W =) +a(U—1)+(X ~W)— (Y =V)o+Zv—2e,. (2.146)

IN

We will now derive many conditions which ensure that (2.145) and (2.146]) hold.

73



Step 1: Treatment of (2.146) with 6 = 6.

Since (U, V,W, XY, Z) € Z, we have V' < 6. Hence for § = 6, (2.146]) holds whenever

aU-1)4+(X-4) - -V)o+Zv—2e; (W —4)
1—7 > — lr. 2.147
( o > (V —6) (V —6) I ( )
On the other hand, taking B(a,0) = a+ 1 — 20 + v + 2¢, Corollary tells us that

@.141) holds if

. 3a+ B(a,0) — 2¢, 3a —2B(a,0) + 4e;
> = .
4 = trmin { (3@ +3B(a,0) — 651) ’ ( 3a — B(a, o) + 2& biE(a,0)
(2.148)

Adding [2.147) and (2.148), we have (2.141) or ((2-146) with § = 6) if

Jo U =1+ (X 4()1/_—(1;)_ V)o + Zv—2e, ((%) B E(w)) .

(2.149)

W—-4 4a+1-3/24+v
But ((V76)) — E(a,0) < % — % < 0 whenever (U, VW, XY, Z) € Z, a €

[0.53,0.68] and o € [0.75,1]. Rearranging, ([2.149) becomes

0>0.75 and ¢; < Yg(a,0; (U, V,W, X,Y, 7)) (2.150)
aU—-1)+(X—4)— (Y —6)0+ Zv — 2¢
(W —=4)—(V—6)E(a,0) '

Step 2: Treatment of (2.145)) and ((2.146) with § = 2).

We now split into three cases, depending on whether V=2,V >2or V < 2.

).
Then (2.145]) holds if £;(W —2) < aU+ (X =2)— (Y —=V)o+ Zv —2¢;. But W =3/2

and so we need

where Yg(a,o; (U, V,W, X,Y, 7)) =

Case 1: V =2. Here (U, V,W, XY, Z) is (%,2,%,

N

,2,%) or (

e[Sy}

3 15
a27§7§a

DOt
|t

)

0> —2aU —2(X —2) +2(Y — Vo — 2Zv + 4e;.

Further, (2.146) with § = 2 holds if (W —1)¢; < a(U—-1)+(X—-1)—(Y =V)o+Zv—2¢,

and so if
l<2a(U—-1)+2(X—-1)=2(Y = V)o +2Zv — 4e;.
Write 2, = {(1/2,2,3/2,3/2,2,1/2),(3/8,2,3/2,15/8,5/2,5/8)} and define
A(a, o, (U, VW, XY, Z)) = =2aU — 2(X —2) +2(Y = V)o — 2Zv + 4eq,
Yo(a, o (U, VW, XY, Z)) =2a(U — 1)+ 2(X — 1) = 2(Y — V)o + 2Zv — 4ey,
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for (U, V,W,X,Y,Z) € Z,.

Case 2: V > 2. Here (U,V,W, X,Y, Z) is (1,4,4,3,4,1) or (2,16 12 12 16 "2y

5°5°57'57 575
Then (2.145) and ((2.146)) with 6 = 2) hold if the following inequalities are satisfied,

respectively:

aU+(X—-2)—(Y -V)o+Zv—2¢e, (W—-2)

(1—t)a < =5 ~ (2.151)
aU-1)+(X-1)—-Y -V)o+Zv—2¢e, (W-1)
(1—tr)a < 5 ~ gl @152)

On the other hand, by Corollary with {1,...,5}\ I in the place of I, R < xB(@)
if

(1= t)a > (1—€I)min{(3a+B(a’a>_2€1 ) 7 <3a—2B(a,a)+4gl)}_

3a+ 3B(a,o) — 6&; 3a — B(a,0) + 2¢;
(2.153)

. 3a+B(a,0)—2 3a—2B(a,0)+4
Let E(a,0) = min { (feeae) (2Bedia) ] (5151) and (2.153) com-

bined then give that one of (2.140)), (2.141)) or (2.145]) holds whenever

aU+(X—2)—(Y—V)U+ZV—251_E( >>((W—2)

V-2 =2~ Fle) o

(2.154)
If (U, V, W, X,Y, Z) = (1,4,4,3,4,1), then (W — 2)/(V — 2) — E(a,0) = 1 — E(a,0)
is positive for all a € [0.53,0.77] and ¢ € [0.6,1 — 107°%]. If (U, V,W,X,Y,Z) =
(2/5,16/5,12/5,12/5,16/5,4/5), then (W — 2)/(V — 2) — E(a,0) = 1/3 — E(a, o)
is instead negative for all a € [0.53,0.77] and o € [0.6,1 — 107°%°]. Thus to satisfy
(2.154]), we require

2a + 2+ 4v — 6E(a,0) — 10g <y < a+1+v—2E(a,0)— 2
6(1/3— E(a,0)) == 2(1 - E(a,0))

We proceed similarly for (2.146[): (2.152) and (2.153) combined give that one of
(2.140)), (2.141) or ((2.146) with 6 = 2) holds whenever

aU-1)4+(X—-1)— (Y =V)o+ Zv — 2¢; (W —1)
- F >(—-+—-F lr.
(V—2) (@o) 2 (=g ~Eleo))b
But (W —1)/(V —2) is either 3/2 or 7/6 and (W —2)/(V —2) — E(a, o) is positive
for all a € [0.53,0.77] and o € [0.6,1 — 107°%] in both cases. So we require

aU-1)+(X—-1)+Zv—(V —2)E(a,0) — 2&
(W —=1)—(V—=2)E(a,0) '

l; <
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Next, a second approach to lower bounds on (1 — ¢;)a: So far, we have made use of
Lemma [2.12, but if we instead use Lemma we have R(F, (S;), (o), T) < xBl@2) if

max {(1—/;)(2—2a),a+min {(1—¢;)(1—2a), (1—¥;)(4—6a)}}+2e1 < B(a, o).
(2.155)

We have £a+ (1 —¢;) (A — pa) + 261 < B(a, o) if and only if (1 —£¢;)a > (1 —61)(/%) -

@ + %‘1 + 2% Combining this inequality with (2.151)) and (2.152)), we need
((W—Q) - (5»6 LW (X =2+ 2y -2 Blao) fa (é) _2a
v-2 \u)) '~ (V-2 I 1t 1 w’
(2.156)
<(W ~1) (i)) (< W=D +(X-1)+Zv-2e,  Bla,o) &a_ (5) 2
(V -2) L r= (V—-2) e jz 1 2
(2.157)

for both (€, A, 1) = (0,2,2) and (€, \, 1) = (1,1,2)) or for both (¢, A, ) = (0,2,2)
and (&, A\, 1) = (1,4,6)). Then one of ((2.140)), (2.141) or (2.145])) and one of ((2.140)),
(2.141) or (2.146))) is satisfied.

But % is either 1 or %, while % is either % or % and 2 is 1, % or % We first
o
consider the case % =1, where (U, V, W, X,Y,Z) = (1,4,4,3,4,1).

If (&, \, 1) = (0,2,2), then %—g = 0. Since B(a,0) = a+1—20+v+2¢y, (2.156

becomes 0 < a+ v — ;.

If (&, )\, 1) €{(1,1,2),(1,4,6)}, then =2 — ﬁ is positive and (2.156)) becomes

V—2
EIS (1_§)—1 <a—|—1—|—l/—2€1 +B((I,O') _2_&_@)7
I 2 1 oo
For the case (W —2)/(V —2) = 1/3, we note that ((VVV__;)) — %L is certainly negative.

We have (U, V,W, XY, Z) = (2/5,16/5,12/5,12/5,16/5,4/5) and ({2.156)) becomes
€IZ<1 )\)1 (2a+2+4u—1061+B(a,0) fa A @)

6 N A N

3 p

On the other hand, Y=V ﬁ is certainly positive and (2.157)) rearranges to

) T
(W=1) A\ (aU-1)+(X-1)+2Zv—2e; Bla,0) fa X 25
v (v 5) (e )

Finally, for yet another treatment of (2.146|), recall from Step 1 that we have (2.140)
with 6 = 6 if
aU-1)+(X-4)—-Y -V)oe+Zv—2¢, (W —-4)

(1—()a> T ava=rs 6. (2.158)
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Combining (2.158]) and ([2.152)), we have ([2.146) with 6 =2 or = 6 if

(W—4) W=\ [(4a(U—1)+4X =3V +2+4Zv — 8¢,
vs (=g - w=n) V-2V -0 )

We summarize these conditions as follows:

For (U,V,W, XY, Z) = (1,4,4,3,4,1), we have one of (2.140)), (2.141)) or (2.145)) if

c<a+v—e and

1 —2F -2
0 < max{<a+ v (a,9) El), (2.159)

2(1— E(a,0))

( A)l(a+1+1/—251 B(a,0) a A 251)
max 1—— R Sk A A - )
(A €{(1,2),(4,6)} o 2 ] wop

Denote the RHS of (2.159) by Y.(a,0;(1,4,4,3,4,1)). Write Z5; = {(1,4,4,3,4,1)}.

Write 2,0 = {(2/5,16/5,12/5,12/5,16/5,4/5)}. For (U, V,W,X,Y,Z) € 255, we
have one of (2.140)), (2.141)) or (2.145)) if ¢; is greater than or equal to

2 244v —6F -1
min{( a+2+4v—6E(a,o0) 051)’ (2.160)

6(1/3 — E(a,0))

2\ ' (2a+2+4v—10s;  B(a,0)
max —3 5 + 2 —1—g],

, (1 )\)1(2&+2+41/—1051 B(a,0) a X 251)
min - — — 4 T - .
Ame{(1,2),46)}\ 3 p 6 w wopop

Denote the RHS of (2.160) by A.(a,0;(2/5,16/5,12/5,12/5,16/5,4/5)).

For any (U,V,\W,X,Y,Z) € Z5 = Z51 U 235, we have one of (2.140)), (2.141]) or
((2.146)) with 6 =2 or § = 6) if ¢; is less than or equal to

aU -1+ (X -1)+2Zv—(V—-2)E(a,0) — 2
max { ( (W =1)= (V= 2E(a,0) ) : (2.161)
(W=4) W=D\ (40U -1)+4X -3V +2+42Zv -8
(V 6 (V- )) ( (V =2)(V -6) )
(W —1) aU-1)+ (X—-1)+Zv -2y B(a,0)
mm{(w 2) 1)( V=2 HyHoa),
a(U-1)

1 _|_(()‘(/* ;;-}—ZV 2e1) + (B(a,0) —a—X—2e)/p
A (W =1/(V—=2)=\u |
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Denote the RHS of (2.161) by Ya(a,o; (U,V,W, XY, Z)) when (UV,W,X)Y,Z) € Z,.

) : o 2 4368 2
Case 3: V' < 2. This case covers the remaining elements of Z, namely (£, %, 5,2, 5, ),

1 2 1 4 1 2 16 8 8 32 8 1 4 2 5 5 5 1 16 8 5 20 5 :
5sbss)h Gabmnmah (03513 ) and also (5, ¢, 5.3, 5, 3). Write

Zy=Z\ (21U 2,).

Then (2.145) and ((2.146)) with 6 = 2) hold if the following inequalities are satisfied,

respectively:

aU+(X—=-2)— (Y -V)o+2Zv—2¢¢ (W -2)
(1 — g])Oé 2 (V — 2) — (V — 2) 6[, (2162)
aU-1)+X-1)—-Y -V)o+Zv—2¢e, (W—-1)

On the other hand, Corollary tells us that R(F, (S;), (0;),T) < 2B@?) whenever

, 3a+ B(a,0) — 2¢; 3a —2B(a,0) + 4&;
> =/(F .
4f 2 fymin { (Ba +3B(a,0) — 651) ’ ( 3a — B(a, o) + 2& tE(a.0)
(2.164)

Summing up (2.162)) and (2.164)), we have one of (2.140)), (2.141)) or (2.145) if

alU+ (X —-2)— (Y =V)o+ Zv—2¢ (W =2)
72 V=2 + (Bl -y )

0> (E(a’ o) ((VVV_—QQ)))—1<0_ (aU+(X—2)—(‘(/Y_—Q‘;)J—i—ZV—Zal)) (2.165)

Summing up (2.163)) and (2.164)), we certainly have one of (2.140)), (2.141]) or ((2.146)
with 0 = 2) if

o>

aU-1)+(X—-1)—(Y=V)o+Zv—2¢; N (E(a, )_(W—l)

=) = ) 0. (2.166)

But E(a,o0) — (W —1)/(V —2) > (3a — 2B +4¢1)/(3a — B+ 2¢1) — 1/2 > 0 when-
ever B(a,0) < a + 2¢,. Of course, if B(a,0) > a + 2¢;, we automatically have
R(F,(S)),(0:),T) < Ty = 2%+t < 2849 So we may assume B(a,0) < a + 2¢; and
E(a,0) = (W —=2)/(V —2) > 0. Thus rearranges to

%> ‘1(0_ (a(U—l) + (X—lzv—_();)—V)o + Zv — 251)> |

6[ < (E(CL, O')—
(2.167)
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For a > 0.64 and A = (U, V, W, X,Y, Z) € Z5 , we now simply set
(W — 2))1( aU—l—(X—Q)—(Y—V)cH—ZV—Qsl)
0— )

A(a,0;A) = <E(a,0)—

(V' —2) (V —2)
DAY W=D\ aU=1)+(X-1)—(Y=V)o+Zv—2¢
To(a,o;A) = (E(a,o)—m) (a— =) ) :

For a < 0.64, we also mix in condition (2.142)): It is satisfied if
R(F,(S)), (0y),T) < a@F=Dbrg2=20=521 i fppli—(Iha=v)/4 (2.168)
If @ < 0.64 then 1%~ < 0.3525 and ¢; > 0.355 — &; gives min{z/r~(+e=»/4 1} = 1.
Applying Lemma , we have whenever
Ea+ (AN—uB)lr+2e; < (28 —2); + 2 — 20 — bey

for both ((57 >‘mu) = (Oa 272) and (57)‘7:u) = (171’2)) or ((£7>‘MU) = (Oa 2?2) and
(&, A pn) =(1,4,6)) or ((§, A\, 1) =(0,2,2) and (&, A\, ) = (1,11, 14)). The inequality

rearranges to
1

Summing up (2.162)) and (2.169)) and rearranging, one of (2.142) or (2.145)) holds if

W—2\"" aU+(X—=2)—(Y =V)o4+Zv—2e; 2+420—Te,
> - —
0> (1 _2> ( — + 1 and

(2.170)

s (A2 W2 - _U+(X=2)=(Y=V)o+Zv=22, 2+po—a=Te,
=\pu+2 v-2 V-2 2+ 4
(2.171)

A —
for some (A, p) € {(1,2),(4,6), (11,14)}. Here we used that E“IZ; — ((VVV_QQ)) <1-{<0.

For a < 0.64 and (U, V,W, XY, Z) € Z3, set Ai(a,o0; (U, V,W,X,Y, 7)) equal to

min {(E(a, )-a) 1((,_ (A Vo2

(V=2 - _aU+(X—2)—(Y—V)a+Zy—251+2+20—751
V-2 V-2 4 ’
L 3 w2 - _aU+(X—2)—(Y—V)a+Zy—251+2—|—20—a—751
4 V-2 V-2 4 ’
6 W-2 - _CLU+(X—2)—(Y—V)U+ZV—2€1+2+60’—CL—781
8 V-2 V-2 8 ’
13 W-2 _1_aU+(X—2)—(Y—V)U—|—ZV—251+2—|—140—a—751
16 V-2 V-2 16 '
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One of (2.140)), (2.141)), (2.142)) or (2.145) holds if ¢; > A.(a,0; (U, V,W, XY, Z)).

Instead summing up (2.163]) and (2.169) and rearranging, we have one of (2.142) or
(2.146) if both

1
KIS( W—l) <_CL(U—1)—|—(X—1)—(Y—V)CT—{—ZI/—2€1+2+20—7€1> and

=7 V-2 4

(2.172)

poo (A2 W1 _1_a(U—1)+(X—1)—(Y—V)U+ZV—251+2—|—,u0—a—751
=\u+2 v=2 V-2 24 4 '
(2.173)

Let To(a,o; (U, V,W, X,Y, Z)) = max{(2.167), min{(2.172), max(2.173) } }, where the
terms (2.167)), (2.172) and (2.173)) are short-hand for the RHS of the corresponding

inequalities and the innermost maximum is taken over (A, u) € {(1,2), (4,6), (11, 14)}.
One of (2.140), (2.141), (2.142) or (2.146) holds if a < 0.64 and 0.355 — &; < £; <
Yo(a,o; (U, V,W, XY, Z)).

Step 3: Treatment of large a.

We are now done with the discussion of and , which combine to give
(2.143). But for large a it is sometimes better to take a direct approach, working only
towards conditions and . Recall that we already know from ([2.155])
in Step 2, Case 2 and in Step 2, Case 3 that R(F,(S;), (o), T) < zB@7)
whenever one of the following three inequalities is satisfied:

(1—6,)azmax{(1—e,)—@Hbu—m (%) —@%Hl},

2 B(a,o a 2
—1—517(1—61)(5)— <6 )+6+?1}7

, 3a+ B(a,0) — 2¢; 3a —2B(a,0) + 4e;
> =(b .
42 2 £y roin { (3a +3B(a,0) — 651) ’ ( 30— B(a,0) + 26, tiBla,0)

Adding up and rearranging, we have (2.140)) or (2.141)) if ¢ > 0.75 and

B(a, o)

(1—4)a > max{(l — ) —

2 Au(@,0) = El(a,a)) (1 - B(C;’ ) o +51> ,
et (D) (Lt

(The assumption o > 0.75 ensured that 2 — E(a,0) < 2 — E(a,0.75) < 2 —

E(0.68,0.75) < 0.) For ¢ > 0.65 we still have (2.140) or (2.141]) if

1—-B(a,0)+a— 20+ 2
1—2E(a,0) '

Ag(a,0) <l <Tgi(a,0) = (
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Alternatively, we can also use option (4) of Lemma [2.21} It gives ([2.140) or (2.142)
if o > min{a + v —€1,0.85} and Ag(a,0) < {; < Yg(a,o), where

B , 3a 3a 2a —100
TQ(a,J)—1—mln{6a_2,max{2oa_14,4a_1}}—10 and

Ag(a,0) = 1 — max{m(a, o), min{ms(a, o), ms(a,o)}} + 107"  where
a—3—v a(3 —30) a—3—v a(3 —307)

4(1 - 20) * (3o —1)(1 —20)" 4(1 — 20%) (305 — 1)(1 — 207) } ’
a—3—v a(3 —30) a—3—v a(3 —309)
4(1—=20) (100—T7)(1-20)" 4(1 —2039) (1005 —7)(1—203) } ’
a—3—v a(4 — 4o) a—3—v a(4 — 403)

41 —-20) (4o —1)(1—20)" 4(1 —203) (405 —1)(1 — 205)}

mi(a, o) = min {

ma(a, o) = min {

ms(a, ) = min {

and L in<1, a+ ! and 5 a s + ! + !
nd o] = min a+ = nd o5 =max{-—+-—,a+- .
! 3 ? 10 100 4
Summary: We assume ¢; € [0.355 — £1,0.645 + £1], a € [0.53,0.685] and o €
[0.6,a+v—¢1]. If B(a,o) > a+2¢1, we immediately have R(F, (S;), (0;),T) < 2B,

Thus we also assume o > (14 v)/2.

At least one of (2.140)), (2.141)), (2.142)) or ((2.145) and (2.146)) with § =2 or § = 6)
holds if o0 < a+ v — &7 and

max _ A(a,0;0) </l < min{ min T.(a,o;A), min Ts(a, o; A)} . (2.174)

A€EZ1UZ5 2UZ3 AEZs 1 NEZ

We also have one of (2.140)), (2.141)), (2.142)) or ((2.145) and (2.146))) if 0.75 < o <

a+v—eg; and

max A, (a,0; A)</;<min { min Y, (a,0; A), min max Y,(a,o; A)} . (2.175)

AEZlLJZQ’QUZ;g AEZQJ NEZ 36{2,6}

One of (2.140) or (2.141) holds if (¢ > 0.65 and Ag(a,0) < ¢; < YTgi(a,0)) or
(0 > 0.75 and Ap < ¢; < Tga(a,0)). One of (2.140) or (2.142) holds if o >

min{a + v —£1,0.85} and Ag(a,0) < {; < Yg(a,o).

But if (2.145)) and (2.146) are satisfied for some (v,9) € {(1,2),(4,6)}, then (2.143))

holds and we are done. So all we have got left to do is to give explicit lower and
upper bounds on the minima and maxima in (2.174)) and (2.175)). These expressions
may appear complicated at first, but quantities Y, (a,0; A), Tao(a,0; ), Te(a,o; D)

and A,(a,0;/A) individually are easy to bound for a and ¢ contained in some fixed
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intervals. In particular, we numerically compute the following:

0.405 — e, if a € [0.53,0.545],
0.400 — &, if a € [0.545,0.57],
[

max  Au(a,0;A) < ' (2.176)
AEZ1UZ35UZ3 0.380 — &1 if a € [0.57, 0.59],
0.365 — ¢, if a € [0.59,0.61],
0.485 + &, if a€[0.53,0.545],
0.475 if a€]0.545,0.57
min{ minY,(a,o; ), m1nT2(a o; A)} e 1 a€l ,0-57, (2.177)
N 0.455 + 1 if a€[0.57,0.59],
[

0.435 +; if a€[0.59,0.61],
0.485 + 1 if a€[0.53,0.545],

[
0.475 if 0.545,0.57
mln{ min Y.(a,0;A), min max Ys(a,o;A)}> Té 1 a€| ) ],
A€Z21 A€z se{2,6} 0.455 + &, if a€[0.57,0.59],
[

0.435 + &, if a€[0.59,0.61],
(2.178)

where in (2.176) we additionally assume o € [(1 4 v)/2,a + v], in (2.177) we addi-
tionally assume o < 0.75 and in (2.178) we additionally assume o € [0.75,a + v].

For a € [0.61,0.685], o € [0.6,a+v] and ¢; € [0.355—¢1,0.424¢], there are instances
in which and fail to hold, particularly when (o is close to 0.75 and
(; is close to 0.42) or (o is close to a + v and ¢ is close to 0.355). But these cases
are instead easily covered by ((¢ > 0.65 and Ag < ¢; < Tg,) or (0 > 0.75 and
Ap <l <TYgy)) or (o >0.85 and Ag(a,o) < {; < Tg(a,0)), respectively. O

2.4.4.6 Midsized 7, large o

Most parts of the proof of Lemma[2.23|are actually also applicable when o > a+v—¢;.
In particular, combining the proof of Lemma with Lemma [2.21] we get the

following result, which is very important for the treatment of midsized 7 and large o:

Lemma 2.24. Let F(s) = [/, Si(s) be as described at the start of Section .
Recall Si(s) = >, .y, a?n= and N; = N%. Let T € [T1,To] and suppose that F(s)
is of Type A or B at T. Write T = x°.

Finally, suppose there exists I C {1,...,j} such that I and a satisfy one of the

following conditions:
(1) > ierli €10.315 —£1,0.420 + £,] U [0.580 — €1, 0.685 + 1] and a € [0.57,0.59],

(2) 3,c; b € [0.330 — £1,0.420 + 1] U[0.580 — &1, 0.670 + 1] and a € [0.59,0.61],
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(3) Y,e; li € [0.355 — £1,0.420 + ] U [0.580 — &4, 0.645 + &1] and a € [0.61,0.685).

Write M =[]

and (o;) has corresponding o > a+v —eq, one of the following four inequalities holds:

s Nioand MP =T, ; N7'. Let Z be as given in (2.88). Then if z > C

R(F,(S)),(0:),T) < 2" (logz) ™2, (2.179)
R(F,(S;), (03), T) < a2, (2.180)
R(F,(S)),(0:),T) < min{,]_—l/élMQ,B—lx7/4—20+1//4—451’ M26_2x2_20_451}, (2.181)
R(F,(S)),(0:),T) < min TUMVA=WyX—YotZvte (2.182)

(UVW,X)Y,Z)EZ

Here C' is a large constant dependent only on J and €1, and €1 is assumed to be small.

Lemma explains our choice of x3(a) and completes the proof of Proposition
when a € (0.57,0.685].

Proof. 1f ¢ > max{3¢ + L a+ 1} +107'%, we are done by option (5) of Lemma[2.21]
Thus we only consider o € [a+v —ey, max{3% + L a+ 1} +107'%]. We also assume
R(F,(S;), (o), T) > 277 (logz)~%/. Suppose (U,V,W, XY, Z) € Z is such that

TUMVﬁ—WxX—YO'—l-ZV—l-El — TU1 leﬁ—Wlxxl—Ylo'—‘erl/—‘rsl .

min
(U1,V1,W1,X1,Y1,Z1)eZ

Write {7 = ) .., ¢; and z‘(f_lfgl = a, so that N7 = (N/M)*M? = NU-taNtB and

FUNVB—W X ~Yo+Zv+er > 2D W=Va)+aU+(X-W)—(Y =V)o+Zv_ By Lemma 7

R(F,(S), (03), T) < &** max {1 =1)E=2) rp(=Dl60) 1
Rearranging, we thus have (2.182)) whenever

(V=2)1—t1)a< (1—) (W =2)+aU+(X —W)— (Y = V)o+Zv—2e1, (2.183)
(V=6)(1—t1)a< (1—) (W —4)+a(U—1)+(X —W)— (Y =V)o+Zv—2e,. (2.184)

In the proof of Lemma we carefully derived conditions which ensure that
and hold. We assumed o < a+v —e; and took B(a,0) = a+1—20+v+2¢y,
but all but one of our arguments work just as well with o € [a + v — &1, max{?—g +
+,a+1}+107" and B(a,0) = 1 —0—¢;. The exception is the treatment of
with (U, VW, XY, Z) = (1,4,4, 3,4, 1), for which we now give a different approach.

Note that (2.183)) holds with (U, V, W, X,Y, Z) = (1,4,4, 3,4, 1) whenever

1+v—2
(1—t)a< 2™ +2” Ly, (2.185)
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So suppose instead that o > (=21 — 1) /(1—¢;). For {; < 0.5, this gives a > 0.6.
By Lemma with {1,...,7} \ { in the place of I, then

R(F,(S)),(0;),T) < a¥17B373)/Ba=1), (2.186)

Assume now that ¢; > 0.365. Then ¢; > (a + 1 —v)/4 for a < 0.685. Condition
(2.181]) is satisfied if

R(F,(S)), (0y),T) < a(1=t1)@=200=5e1 (2.187)
Combining (2.186)) and (2.187)) and rearranging, we thus require
2

Here C* is a large absolute constant. (We assumed o < 0.99 as otherwise (2.179)
follows trivially from (2.186) and o < max{3a/10 + 7/10,a + 1/4} + 10719 < 0.95.)
But o > (&2 — ¢) /(1 — ¢;) and so

2 1 4
§<1 — 61)(304 — 1) —a— 0*81 > <§ + v — 281 — 0*61) — 56[

Therefore we have (2.181]) if /; < 1/443v/4—C**¢;. It suffices to take {; < 0.42+¢;.

The requirement 0.365 < ¢; < 0.42 + &; replaces conditions ¢ < a + v — g; and
lr < Yi(a,0;(1,4,4,3,4,1)) of the proof of Lemma Leaving the rest of that
proof unaltered, we thus have one of (2.179), (2.180)), (2.181)) or if o €la+
v — &1, max{3a/10 + 7/10,a + 1/4} + 1)7'%] and

max { max _ A.(a,0; D), 0.365} < /; < min {min Ye(a,o;A),0.42 + 51} .
AEZIUZQ’QUZ:; NEZ
(2.189)

Here A,(a,0; /) and Yg(a,0;A) are as defined in the proof of Lemma except

B(a,0) =1 — 0 — ;. Alternatively, the proof of Lemma also gives (2.179) or
(2.181]) whenever

Agla,0) <l <Yg(a,o0). (2.190)

Computing the values of A.(a,0;4), Ye(a,0;2), Ag(a,0) and Yg(a,o), we find
that one of (2.189)) or (2.190) holds for any o € [a + v — 1, max{3a/10 4+ 7/10,a +
1/4} + 1)719] provided we have (a € [0.57,0.59] and ¢; € [0.315 — £1,0.420 + &;])
or (a € [0.59,0.61] and ¢; € [0.33 — £1,0.420 + &4]) or (a € [0.61,0.685] and ¢; €
0.355 — &1,0.420 + &4]). O
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2.5 Comparison of sifted sets

The goal of this section is to prove Lemma [2.1] For certain Py, ..., P., we show

xb og log )0
> S 2) ~ 5 X SBn0)| < (FEELY).

pir Py pi~ Py

Here we use the following notation from sieve theory: For C C N and z > 0, we
write P(2) = [[,..p. Then S(C,2) = #{n € C : (n,P(z)) = 1}. We also write
V(2)=1l,..(1 —1/p) and Cqg = {n € N:: nd € C}.

2.5.1 Results so far

Lemma will be derived from Proposition and Proposition These two

propositions can be summarized as follows:

Corollary 2.25. Let ¢ > 0 and a € [0.475 —£,0.77 —€]. Set 7 = x*. Let K = 2000
and 0 < r; <ry <10°. Let N; € [%,oo) with 27z <[22, N; < 6z and N; < /K
fori > and N; > 2VE for 1 <i <. Let a? € C with o = O(log(n + 3)) for

i >ry. Then consider

kok1...kro=n 1<i<r; i>r]

ki~N;

Suppose also that one of the following three options holds:
(i) 7 >2 or Ny > 2%9.
(ii) 11 =1 and Ny > "/ 1slos

(iii) r1 € {0,1} and there exists i > ry with all) = 1p(n) for all n and N; > pToEieEs

*
i

Let A € N. Write N; = % . Denote by Z(£5, ..., 0*) the set of finite sequences {£;}_,
with Cy, ..., 0; € [0,1], 5:161' =1 and j < A+ 10"K for which there exist disjoint
subsets X1,..., X, of {1,...,j} with

N e €
D i€ [ﬁs — goer b+ 10100] for 1<s<n
1€Xs

and with ¢; < 2/K = 0.001 for all but at most one i € {1,...,j}\ UL, Xs.
Let xo(a), x1(a), x2(a) and xs(a) be as given in equations @9), [E10), @IT) and
1. of Section . Suppose every {&-}g:l € =0y, ...,0r) satisfies one of the follow-

ing three options:
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(1) There exists k € {1,...,7} with £, > xo(a).
(2) There exists Iy C {1,...,j} with ) ., l; € x1(a).

(3) There exist Iy, I3 C{1,...,5} with ;. 4 € xa(a) and 3. ;. € € x3(a).

Then there exists T C [z,3z] NN such that #I = O(72%%*¢/2) and such that y &
([,3z] "N N) \ Z implies

Here the constant implied by big O notation only depends on A and €.

Proof. Here (a,,) is as given at the start of Section m Let F(s) = [[_, Si(s) €
F((N), T, A+ 10K, K) with Sy(s) = ¥, 5 bu'n~*, B = [[._, B; and B; = B".
There exist disjoint sets X1,...,X,, € {1,...,5} with B; < /¥ for all but at most
oneie{l,...,7}\ UL, X, and

(logz) 7N, < H B; < (logz)*!™'N, for 1</¢<r.

i€Xy

Hence we must have {{;}/_, € Z(¢%,...,£). But then one of the options (1), (2) or
(3) of Proposition holds. Hence by Proposition 2.2] every choice of F(s), G(s),

(0;) and 7 described in Proposition satisfies one of (C1)), (C2), (C3)), (C4.A)) or
(C4.B)). But by Proposition the set Z of y € [x,3z] NN with

b
T T
n - n > T N A
I S Il
neA(y) neB(y)

then has #Z = O(72%%3*2), where the implied constant only depends on A and e. [

2.5.2 Fundamental lemma

We now show how Corollary can be used to compare S(A(y), w) and S(B(y), w)
when w is very small. This, too, will be a key ingredient in the proof of Lemma [2.1]

Lemma 2.26. Let y€[z,3z]NN, Ky € N, A>0 and w=qzTEees for some a €1, 2].

Let (cs) be a sequence with |cs| < logx and c¢s = 0 when (s, P(w)) # 1 ors > PR
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Then there exist sequences ( C(ll)) and (5&2)), dependent on x, such that |§C(ll)| <1 for
1=1,2 and fg) =0 for d > 252 and such that the following is true:

By <) e S(A®y)s w ch ) < B, (2.191)
where  Ey = Z Cs C(ll) — x—b Z Cs fc(ll) + O T , (2.192)
T 7(log x)4
dsneA(y) dsneB(y)
d|P(w) d|P(w)
Br= Y cgl - v Yo oet? 0 ). (2193)
T 7(log x)A
dsneA(y) dsneB(y)
d|P(w) d|P(w)

Here the implied constants only depend on the choice of A and K.

1/K2 i Theorem 7

Proof. Wetake §(p) =1,k =1,5 = (& )(F82 4

Ko/ \logzx
of [35]. We apply the theorem twice for each ¢ = s, once with A = A(y), X = £

T

Ry = |A(y)| — o and v = 1, and once with A=By), X =%, Ry=|B(y)| - —

and v = 2.

1 —1 —
loglogm) and y=x

Y Y log log = log log log x
< —_ - - .
S(A(y)s, w) < 7_SV(w) +0 <7‘S exp ( 8Ky >> (2.194)
Y
* d; 5 ( Tds)’
d<:r:1/K2
Y log log z log log log x
> T .
S(B()w) = LV (w >+o( L (HOBLETRELEOSE) ) (o5
Y
>y & (1Bl - =) -
d<:r:1/K2

Now we note that ||[B(y)4s| — y/(2°ds)| is bounded by 1 and that
y z? o x
AWl = - = 1A~ 186l + (Z) (1Bl - )
- 1AWl — 1Bl + (L)
T T
Substituting the identity into and summing and over s, we get

l‘b
> eS(Aww) - T B esSB

S

b+1/K2
< 10 (log SB) log loglog z/(8K2) Z + Z |Cs

s<:v
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D IDI ( dsl——|8<) |)

s d|P(w)

=3 5 el (Ml - 180l ) +0 ().

s d|P(w)

1-b—2/K>

Here we used that ¢, = 0 for s > x . By the same argument,

QJb (2
ZCSS(A(y>57w) - 7 ZCSS(B > Z Z ngd) (|A ds’ - _|B< )ds‘) 9

s d|P(w)

where we omitted an error term of O(z/(7(logx)?)) on the RHS. O

2.5.3 Buchstab’s identity and small prime factors

We now prove the first half of Lemma [2.1}

Lemma 2.27. Consider 7 = 2% with x'%/40=¢ < 7 < 2077¢_ Let 3 € [0.01,0.15].
Letr € {0,...,5} and P, = 2% with 3 < £; < 0.5+¢,, P, > Py and Py ... P, < 207

YT

7 0=1and j <10% for which 3 disjoint sets Xy,..., X, C{1,...,j} with

Zé < [6* 10100’@ 106100

ZEXS

Denote by (L5, ..., 0, 3) the set of finite sequences {€;Y_, with (1. .. ;€ ]0,1],

for s <r and €; < B+ 107" for all but at most one i € {1,...,7}\ Ui_, X,
Suppose that {;}_, € Z*(¢3, ..., (%, B) implies that one of the following options holds:
(1) There exists k € {1,...,7} with £, > xo(a).
(2) There exists Iy C{1,...,7} with X7, i € x1(a).

(3) There exist Iy, I3 C {1,...,5} with Y ., Ui € xa2(a) and Y, € € x3(a).

Here xo(a), x1(a), x2(a) and x3(a) are as described in (2.9)), (2.10), (2.11)) and (2.12),

respectively.

Then 3T C [z,3z] NN such that #I = O(r2"#+3/4) and y € ([x, 3x)NN)\ T implies

(loglog )My
< . .
p;) S<A(y)p1mprv pZN}:D S m prs L ) — < T(lOg; x)2+r (2 196)

Here the constants implied by big O notation only depend on €.
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The key ingredients of the proof of this lemma are Corollary Lemma [2.26] and
the Buchstab identity. Lemma is related to Theorem 3.1 of Harman’s book [14],
but the sequences (a,) allowed in Corollary are of a significantly more restrictive

form than those considered in Theorem 3.1 and thus we include a sketch of the proof.

Proof. We first prove the following lower bound:
b o
(1 (Z AW 2’ = = Y S<B<y>m...pr,xﬂ>> > - (“iifggj;iﬁy) -
(2.197)
Write D = |log(z?/z'/1°818%) /1og 2| and w = 2727, We repeatedly apply the
Buchstab identity S(C,z) = S(C,w) — >_,<,..S(Cp,p), starting with the LHS of
. At intermediate steps, we look at

pi~P; pi~P;

b

(1" 32 SAWppr ) = =SBy P (2.198)
pe~Py
Pr<Pk-1

where P, € {2_%5 : 1 < d < D}. The condition py < pg_1 is only relevant when
P,=P,1. f P, < P,y and py...pp1 < 2%9% we decompose further via
the Buchstab identity. If P, = P,_; and k is even, we bound trivially from
below by discarding the contribution of the A(y)-terms and only recording the B(y)—
terms. If P, = P,_; and k is odd, we instead remove the condition p, < p_1 from
the A(y)-terms, making their contribution more negative, and also add and subtract
the corresponding B(y)-terms. For k odd, we then decompose further, but

the restriction pp < pp_1 is omitted.

Overall, we obtain the following lower bound on the LHS of (2.197)):
b

r e
0" Y SAWppw) —S(BW)pr..pr ) (2.199)
pi~P; for i<r
|loglog x| % xb
LD DN DI C VLD SAY)pr.p>w) = —SBY)propn,w)  (2:200)
k=r+1 Pri1,..,P pe~Py
p1p2ap3...pp—1 <0999
|loglog x| % xb
£ Y U Y SAWpo ) = =SBy (2:201)

k=r+3 Pri1,...,Pg pe~Dy
P1P2p3..-Pk—25T
P1p2p3...Pr—1>T

0.999
0.999

J,’b |log log x| *

T > > SBW)pr...pw> Pr) (2.202)
k:’/‘-‘rQ PT+1 ..... Pk,1 peNPe
pr~Pr_1

P1p2ps...pr—o <9999
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where sums Z}Tﬂij range over all choices of P; € {g—i :1 <d < D} with Pyq >
P.i9>--->P;and P, > P, for odd i. Recall here that P, ..., P, are fixed.

We first bound the contribution of (2.202)). Since B(y) is an interval of length about

x/2®, we can use standard results, such as [19], to estimate Y S(B(Y)p,. pe,Pr) for
. > ( T )7/12'
x°p1---Pk — “P1---Pk

Since b < 107°, we only require say pipops...pr < x99 We split (2.202)) into

(2.202))1+(2.202)2, where ([2.202)); is the component of (2.202) with pipeps...px <
229999 and (2.202), is the component with pipaps ... pp > 209999,

p; ranging over some intervals, provided we impose condition

We fix k and M C {r+1,..., k—1}NN°4 set m = #M and denote by Zg,...ﬂ_l the
sum over P, ..., P._; which appear in 291631,---,&_1 and additionally satisfy P, = P;_4
if and only if ¢ € M. Then

XY SBOwr) € gy X SEWhem)

Pry1,.. Py pe'}Pg P1..p <x0-9999
Pr~ -1 pe~Py for £<r
p1p2p3...py—g <0999 w<py<a? for £>r Lg MU{k}
p1p2ps...pp<z0-9999 pe<2p;_1 for LeMU{k}

pe>(1/2)pe—1 for Le MU{k}
(2.203)
where we used that in Y., P,y > --- > B,_; with P, = P,_; for only m choices of i,

and removed the double counting introduced by ignoring this condition by dividing

by (k—1—r—2m).

Let v(x) = i‘)gi. For i € M U {k} we set 8 = a;_1 +(z ) and 5 = a;—1 — y(x).
Fori ¢ MU{L,...,r, }U{k} weset 5 = and 3] = jqo7. Fori € {1,...r} we
set B = 0f + y(z) and B; = ¢}. For p;...pp < 29999 standard computations give

y( +
HS of (2.203) < day ...d
RHS o " = l‘b(k'— 1—r— 2m / / 873 aq

Log1ai logx

kl’/‘m( m-+2

C*y (logloglog z) log log x)
—ab(k—1—r—2m)! (log x)m+2+r ’

where C* is a large constant. Summing over all choices of £ < loglogx and M C

{r+1,..., k—1}NN°dd (2.202)); is thus bounded below by —y(log log z)? /(7 (log )**").

Next we consider (2.202)),, where pips ... pr > 2%99%. Since we also got p; ... pp_o <

2999 the relevant products have p; > py > -+ > pyy > 2%, This implies that

any n € [r,6z] with m prime factors greater or equal to z%%°! is counted at most

mF~! times by quantities S(B(Y)p,. p., k) present in (2.202),. Here we must have
m < 10001 and k& < 10001 and hence we count any single n € [z, 6x] at most O(1)
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times. For a lower bound on ({2.202))2, it thus suffices to count the elements of B(y)
which have two prime factors p,_; and p, which are very close together and also have
prime factors p; ~ P; for i < r. Using again [19], simple computations give a lower

og logx 3 og log 5
bound of —% and overall we find that (2.202) > —%.

To treat (2.201)), we fix some k, tg =7 <t; <---<ty=k—2and Q, € {279 :1 <
d< D} for t € {to+ 1,t1,t1 + 1,to,...,ts_1 + 1,15,k — 1, k} and denote by

T (o, s tss Quor1s Quys Quivts Quas - -+, Qry141, Qryy Qr1, Ok, k)
the set of (P)}_, 4 € {27%” : 1 <d < D}*" with the following properties:
1. Pp=Q, whenever { =t; 1 +1orl=t;forl1<i<sorl{=k—1or{=k%k.
2. Pbyy>---> Pyand Py > Py, for odd /.
3. Pyy1... Py <a%%% and Py By, > 2%09% for 0 < < s — 2.
4. P 1. Py, <2900V — ¢ > 2

We can partition the set of (F);_, ; which are under consideration in 75— p

in 2201 via such T<t07 s 7t57 Qt0+17 Qtp Qt1+17 tha s 7Qts_1+17 Qts7 Qk*lv Qka k)
Here k < loglogz, s < 10, and there are at most loglogz choices for each t; and

log x choices for each @);. Only (log x)lOG sets are needed to complete the partition.
For a T(t07 s atsa Qto+17 Qtla Qt1+17 Qt27 tt Qtsfl—i—la Qtsv Qk—l: Qk:7 k:) of intereSta note
S Y S = Y e 2200

(P)k_ €T pe~Py n1..npqs+26C
ST bl pp_p<a0-999 ni~P; for i<r
p1..pp_1>20999 Nrgs+1~Qp—1

0.999
0.999

n1..Npgs<T
Ny..Npt 541>

where a9 =1p(n) for i€ {l,...,r,r+s+1},

*

alrHith) — Z Z 1 for ie{0,...,s—2},

Py, Py Pty+1--Ptyp =0
Py i1...Pyy ;1 <a0-00003 pe~Py
Py Py, >a000005
Pri41=Qt;41, Py 1 =Qt;

*

a7(17"+s) _ Z Z 1’

Pr, i+41505Ptg Ptg_1+1---Pts=n
Piy_y 410 P <al000 if t—t, y>2  Pe~Be
Pry_1+1=Qt,_1+1, Py =Qt,

(r+s+2) _ ﬁ) . < (E )>
a = E 1 1 cd , P .
n N( i {13 8 i (pk)

Pe~Qk
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Here o = O(logn). We split up by restricting the summation ranges to
ng ~ N; forr+1 < i <r+sand n,.5190 ~ Nyysi2. The properties of T ensure
that we only need to consider (%099 /2) < N; < 2 for r + 1 < i < r + s, while
Nyipoyn < 20001 Additionally, a\f) = 1p(n) if N; > 2%99! Set

_ (1) (r+s+2)
a, = g Apy -y 2T

N1..Np4s42=N
n;~P; for i<r
n;~N,; for r+1<i<r+s
n'r+s+1NQk—1
1 ooy ps <0-999
N1y g1 > 20999

b

We split ([2.201)) into expressions (—1)k(zn€A(y) an — () D ey @) With a, as de-
0.999

scribed above. Conditions ny ... 70,4 < 2% ny .. nppe >
.1’0'999

: 0.999 0-999 0.999
itP...P.N,y1...N, g € [2T+S,x ]orPl...PTNTH...NTJrst_lE [2“"i+—+1,35 ]

b

In that case, if & is even, we bound (—1)*(37, c 4 @n — (%) 2 epy) @n) below by dis-

are only relevant

carding the contribution of the sum over A(y) and bounding below the contribution
of long interval B(y). To do so, we use standard integral computations, very similar
to the ones used in the treatment of . In particular, for given N,y ..., Nppis_1,
the choice of N,,, is severely restricted by requirements P;...P.N,i1... N,y s €

20999 (.999 20999 .999 : -
(S, 2" or Pro . PeNpy1 .. NpysQro1 € [grrr, 277 (effectively giving us an

extra factor of 1/logz). We get a total lower bound of —y(loglogz)®/(7(logz)?*")
for the contribution of problematic terms with even k. If k is odd, we instead remove
conditions ny...n,4s < 2%%9% and ny ... 1 > 299 from the A(y) term, mak-
ing it smaller, and from the B(y) term, making it larger. What we have added to
the B(y) term is again easy to bound from above, as interval B(y) is long. In total,

the error introduced by removal of these conditions for even k is bounded below by
—y(loglog x)*/(r(log 2)**").

Hence we may exclusively work with (a,,) for which the conditions n; ... n, ., < 2099

and ny...nppe1 > %999 have been removed or are not relevant. But then (a,)
is of the form given in Corollary m The corresponding {(;}_, € Z are all also
contained in Z*(¢1, ..., (5, B) and so satisfy one of the options (1), (2) or (3). Hence
Corollary applies. We apply it once for each relevant choice of 7 and N; — no
more than (log :1:)107 applications are needed in total. We find that there is some
7y C [z,32] NN with #Z7 < (log )" 72¥</2 such that y € ([z,32z] "N) \ Z; implies

that (2.201)) is at least —y(loglogx)%/(7(logx)*™).

We apply Lemma [2.26 to (2.199)), obtaining upper and lower bounds FE; and FEj,
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where

b
_ () @ (s) z
E,= > & - Yoo +O(W>, (2.205)

dpi...prn€A(y) dp1..prneB(y)
pi~P; for i<r pi~P; for i<r
d|P(w) d|P(w)

and where £ = 0 for d > 2°%°0" and s € {1,2}. Decomposing into sums

xb
> In(no)le(na) ... 1p(n,) gs)—? > In(no)lp(n) .. 1p(n,)E”

P(w P(w
no~N,n;~P;, d~D no~N,n;~P;,d~D

(2.206)

with 2/2"%2 < NP,...P,D < 6x and D < 29001 g0 that N > g%9999-G—~6
we see that Corollary is applicable with option (i) or (ii). The correspond-
ing {¢;}_, € Z are again contained in Z*(¢%,...,¢*, 3). Hence the assumptions of
Lemma together with Corollary imply that there is some Z C [z,32] NN
with #Z, < 72v7/2 such that y € ([z,32] N N) \ Z, implies that quantity is

O(z/(7(log )'™)).

To treat ([2.200f), we simply combine the techniques used in the treatment of (2.199)

and . To be a little more precise, we decompose using a partition very
similar to the previously described T, splitting the expression into < (log x)loﬁ parts.
To each of the resulting parts we then apply Lemma and the resulting upper
and lower bounds can be described by expressions similar to (2.205)), except now k
rather than r prime factors appear in the sum and these are combined using 7T like
in . Corollary is applicable to the resulting expressions and gives us some
Ts C [z,32] NN with #7Z3 < (log )" 727 +</2 such that y € ([z,3z] NN) \ Zs implies

that quantity (2.200) is at least —y(loglogx)®/(7(log z)*').

Combining our bounds on (2.199)), (2.200)), (2.201) and (2.202)), we now have that
T* = T, UT, U Ty satisfies #I* < 727 73/* and whenever y € ([x,37] N N) \ Z*,

-1y (z S(AD )~ 2 Y sw(y)m,_.pr,mﬁ)) )

T(log z)2+r

pi~P; pi~P;

This assumes that x is large, but the required size of x depends only on ¢.

The corresponding upper bound

-1y (Z SAWp s - = Y S(B(y);n...pr,xﬂ)) < (Lmee )



can be derived in almost exactly the same way, we only need to swap the words “odd”
and “even” or “lower” and “upper” in various places. We omit its proof here. O
2.5.4 Products of larger primes
We now prove the second half of Lemma [2.1}

Lemma 2.28. Consider 7 = 2% with x'9/%07¢ < 7 < 2977 Let r € {2,4,6}.
Let P, = 2% with 0.01 —¢ < ¢ < 05+¢, P, > Py and P,...P. < 209,
Let = (03,...,05) be as described in Definition . Suppose that every {Ei}{zl €
=07, ..., ) satisfies one of the options (1), (2) or (3).

Then 3T C [z, 3z) NN such that #I = O(72%%+3%/%) and y € ([z,3z] NN)\ T implies

x® og log )0
> SAW g pr) = — D SBW)p1p2r)| < ((lillogx))w y) . (2:207)

pi~Fb; i~ P
Here the constants implied by big O notation depend only on ¢.

Proof. Again we first derive the lower bound

? og log )01
> SAW g pr) = — D SBGppepr) = - (alelo:x))W y) . (2.208)

pi~ P pi~ Py

We split the LHS of ([2.208)) into sums

( > leznlwmz Z Hlpmnlpmz), (2.200)

n;~P; i=1 n;~P; i=1
mi~M; mi~M;
MG >N m; >Ny

[Ini [Tmi€A(y) [Ini[TmieB(y)

where we consider 1 < k < (1 =Y ¢)/¢: and M; € {2¢P, : 0 < d < D} for
D = [log(z/P,)/log2]. The factor  is included to account for double counting,

which arises from rearrangements of M.

Double counting is still an issue when M; = M; for some ¢ # j. However, the
contribution of such terms to the LHS of is small: We discard the A-term
n (2.209) and bound below the B-term, noting that it only involves n € B(y) which
have two prime factors q¢i, g, with ¢1,qs ~ M; as well as prime factors p, ~ P, for
1 < ¢ <r. Since B(y) is an interval of length y/2* and we multiply by x°/7, standard
computations then give a bound of O(y/(7(logz)>™)). Summing over the O(logz)
choices for M; then gives a total bound of O(y/(r(logz)*™)). Hence we can ignore
the contribution of case M; = M;.
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Similarly, the condition m; > n, is only relevant whenever M; = P, for some i and
this case also only contributes O(y/(7(log z)"*?)). For M; # P,, is of the form
described in Corollary with option (i) and its corresponding = is contained in
=61, ..., ¢5). Hence our assumptions ensure that Corollary is applicable and
we obtain that there exists some Z* N [z, 3z] C N with #Z* = O(72+3/4) such that

every y € ([x,3z] NN) \ Z* satisfies (2.208]).

The corresponding upper bound ((loglog z)°™My)/(r(log x)>*") is derived in almost

exactly the same way and so we omit its proof. O

2.6 Harman’s sieve

The goal of this section is to prove Proposition We construct a minorant of
the prime indicator function with various nice properties, linked to a comparison
of sums over sets A(y) and B(y). This approach is based on Harman’s sieve [14].
Relatedly, Harman’s sieve was also used by Baker, Harman and Pintz [I] to improve
an upper bound on the lengths of prime gaps. It was also used by Matoméki [27]
and later Islam [24] to improve a bound on the number of very long prime gaps.
Simultaneously to our work, these results were improved by Jarviniemi [26], who

showed that anﬁz,pmrpnle/? (Dot — Pn) <o £0-5T+e

2.6.1 Preparation

Before embarking on the proof of Proposition [2.3] we introduce a few more definitions.

2.6.1.1 Good* and good** functions

Recall that our ultimate aim is to show that A(y) = [y,y + y/7] contains primes for
all but O(7z%%7%¢) choices of y € [z, 3z] NN. We write 7 = z%.

Write X = (7x)Y/2. Fix some a € [0.475 — ¢,0.77 — ¢]. Throughout Section we
say that U : [x,62] "N — R is good* if it can be written as

Un)=(-1)" > W(ma’)

n=pi...prm
2P <pr<--<p1<X
g

for some 5 € [0.01,0.15], r € {0,...,5} and a set of conditions G, with #G < 100 and
each g € G of the form 3, k(i) log,(pi) € [ag, by] for some Iy C{1,...,7}, k(g €N
and a4, b, € [0, 1]. Additionally, we require that condition (0.5+¢ > ¢{ > --- > 0 > 3
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and >, k(g l; € lag— 5,0y + ] for all g € G) implies (¢1,..., (7, B) € R*(a). (We

»Er

also allow [ag, by| to be replaced by (a4, b,], [ag, by) or (ag,b,).)

We say a function ¥ : [z,62] NN — R is good™ if it can be written as

= Y pmp)
n=pi...prm
pr<-<p1
g

for some r € {2,4,6} and a set of conditions G, with #G < 100 and g € G of the form
> ict, kg log,(pi) € [ag,by] for some I, C {1 7}, ki € N and ag,b € [O 1].
Additionally, we require that (0.5 +¢ > ¢} >--- > {5 >0.01 —¢ and ) W€
lag — 5, by + 5] for all g € G) implies (43, ... ,K:) R*(a).

1€ly

Here 9 (n,z), R*(a) and R**(a) are as given in Section and Definition [2.5]

respectively. In particular, for any n € N and z > 0,

1 ifpln=p>=z
¢<n,z>={ |

0 otherwise.

Specific subsets of R*(a) and R**(a) are computed later on, in Section [2.6.2]

2.6.1.2 Key strategy

Fix some a. Suppose 3 ¥q,... ¥, :[z,62] "N — R and O4,...,0,, : [z,62] "N —
[0, 00) such that sy, s < 100, such that each ¥; is good* or good**, and such that

= Ui(n)+ > 64(n) and Z Z 0,(n) < ifigggg (2.210)
=1 =1

=1 neB(y
We now show that Proposition [2.3] then holds for a.
Proof: We split each W;(n) up, restricting the range of p; to p; ~ P;. If ¥;(n) is
good*, there are some § € [0.01,0.15], » € {0,...,5} and G such that ¥;(n) can be
written as a sum of O((logz)") functions p;; : [z,62] NN — R of the form

pir(n) = (=1)" > W(m,a”).

.
nN=p1...prm, pj~a I
:C/BSpr<é~<p1 <X

Here £7,...,¢; depend on t and satisfy 25 = P; € {2427 : 0 < d < log,(%X)}. (For
d = 0 we may take p; € [P;,2P;] rather than p;, € (P;,2P;| to ensure that the case
p; = 27 is covered. Any of our results concerning comparisons of ij S(AW)py..prs 2)
and }- S(B(Y)p,..p,, ) are still valid with this change.)
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If > 5er, keall, G + 1og,(2)] N [ag,by] = 0 for some g € G or £; < {j,, for some

Jjedl,... ,r}, then p;(n) = 0 for all n and we can discard p;;. Denote by U; the
set of ¢ for which p;; has 3 c; kg [E* 0t 4+ log,(2)] C [ay,b,] for all g € G and for

ERY
which ¢ +log,(2) < log,(X) and ¢} > --- > £f. If r is even, denote by W; the set of
¢ for which p;¢ has (32;c; kg6, 65 + logm(2)] Z [ag, by] for some g € G or £} = {5,

for some j € {1,...,r} or ¢} + log,(2) > log,(X)) and for which ¢} > --- > ¢:. If
r is odd, instead denote this set by V;. If r is even, write V; = (). If r is odd, write
W; =0. For t € V;, set

pen)=(=1) > W(ma®) and  Dig(n) = pie(n) = pis(n).
n:plu.p:m
pjr~xd
Observe that p;:(n) counts the number of ways in which n can be written as n =
p1-..prm with p; ~ 2% and (p; < pj+1 for some j, g not satisfied for some g € G or

p1 > X). In particular, p;;(n) is non-negative.

If W;(n) is good*™, we proceed similarly. There are some r € {2,4,6} and some
conditions G such that W;(n) can be written as a sum of O((logx)") functions p;; :
[2,62] NN — R of the form

pir(n) = > U(m, pr).

o*
n=pi...prm,p;~x J
Pr<--<p1

g

We denote by U; the set of ¢ for which p;; has 3=, kiy[C5, €5 +108,(2)] C [ag, by]
for all ¢ € G and for which ¢ > --- > ¢:. We denote by W, the set of ¢ for
which piy has (32;cp kg ll5, 05 + log,(2)] € [ag, bg] for some g € G or £ = £,

for some j € {1,...,r}) and for which »Z,c; kg[6}, €] + 10g,(2)] N [ag, bg] # 0 and
05> -+ > 05 We also write V; = ().

We have ensured that every p;.(n), t € U;, and p;+(n), t € V;, can be written as

(—1)" Z Y(m,2%)  for some r € {0,...,5} and (£5,...,¢5, 3) € R*(a),
n=pi...prm

7
pj~T J

or Z (m,p,) for some r € {2,4,6} and (¢7,...,¢;) € R™(a).
n=pi...prm
pi~a’i

Hence every p;; with ¢t € U; and every p;, with ¢ € V; is of the form given in property
(B) of Proposition 2.3 Furthermore, the prime indicator function 1p(n) has been
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decomposed as

DI WHOED PP ILNOES B BLIIED DY BN DD BN

i=1 teU; i=1 teV; i=1 teV; i=1 teW;

But every p;; with ¢t € V;, every p;; with ¢ € W, and every ©; is non-negative
and so the function p(n) = > 770, 37 0 pie(n) + D272, Y ey, Pir(n) is a minorant of
1p(n) (property («)) and decomposes into functions which satisfy property (3) of

Proposition [2.3] Futhermore, we have simple estimates

Y
dopam)< > Y W =D SBWhp:2) =0 5a——7 )
zb(log x)
neB(y) neB(y) "=P1prm oy
ijxj

where P; = 2% and z € {2 p,}. Similarly, Zneg(y) pir(n) = O(W) But
since ¢ € V; UW; requires ., [(7, (] 4+ 1og,(2)] N [ag,by] # @ and 3., [¢7, 65 +
log,(2)] Z [ay,by] for some g € G or &5 = (7, for some j € {1,...,r}, we have

#(Uiz ViU Uiy Wi) = O((log 2)"™"). Summing up,

S (sl S S )+ 30 gl +ze ) < T
neB(y) =1 teV; =1 teW;
This is property (y). Hence to prove Proposition , it suffices to show that we
can write 1p(n) as a sum lp(n) = > 01, Ui(n) + > 72, ©;(n) with s1, s, < 100 and
each U; : [z,62] NN — R good* or good™ and ©; : [z,6x] "N — [0,00) such that
D et Domen(y) Oi(n) < 0,,91999@/, just like described in (2.210)). O

(Note: On a few occasions, we will also run into functions of the form

n=pi...prm
2 <p, <é'<p1 <X

where G is a set of conditions (with g € G of the form 7, ; k(g log,(p:) € [ag, by])
such that the inequalities (0.5 +¢& > (7 > --- 2 {7 = 0.01 — € and }_,.; kil €
lag — &, by + F] for all g € G) imply ({7, ... ,E:,/B} € R*(a) for g = £;.

Restricting each p; to p; ~ 2%, the function ¥(n) can be decomposed into a sum
> pe(n) + pi(n) with

pn)+pi(n) = Y (“Dy(ma) + Y ($(m,a") = ¢ (m,py),

% *

n=p1...prm, pj~a'i n=p1...prm, pj~va

2P<p < <p1<X P <pr<<p1<X
g g
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where p;(n) denotes the first big sum and pj(n) denotes the second big sum on the
right and where ¢, ..., ¢ depend on t. Here p;(n) counts n which are divisible by
some p; ~ 25 and have one additional factor in [#%,22%], so that > neby) PL(n) =
O(W). Since there are only O((logz)") choices for ¢7,..., (s, this error can
easily be discarded. On the other hand, just like in the treatment of good* functions,
the requirements placed on G ensure that ), p,(n) can be written as a sum of functions
with property () and an error term ©(n) with 3 s,y ©(n) = O(m) In short,
the above discussion of decompositions of 1p(n) also applies to functions of the form
described in . These will only be relevant on rare occasions and for simplicity’s

sake we also call them good*.)

2.6.2 Suitable ranges

To construct good* and good*™ functions, we need to know elements of R*(a) and
R**(a). Recall here that a € [0.475 — £,0.77 — €], with A(y) = [y,y + y/y*]. We

remind ourselves of several definitions from earlier sections:

Let Z*(¢5,..., ¢, 8) and Z**(¢5,...,¢;) be as given in Definition 2.4, Recall that
{0V, €254, 02, B) U (0%, ..., %) implies that ¢y,...,¢; € [0,1], S7_ ;=1

Y

and j < 10?° and that there exist disjoint subsets X1,..., X, of {1,...,j} with

* * €
Sotie |t o] for s<n

1€Xs

If {Ei}gzl € =X(0, ..., 05, 8), additionally ¢; < B + 10719 for all but at most one

i {L.. UL, Xo.
Let yo(a), x1(a), Xa(a) and xa(a) be as described in @9), (10), 1) and (212).

respectively. Recall that we say that {{;}/_, € Z*(¢%, ... ,ﬁﬁ, 5) U™ (4, ..., 0 sat-

isfies one of the options (1), (2) or (3) for a given a if one of the following three

conditions holds:
(1) There exists k € {1,...,7} with £, > xo(a).
(2) There exists I; C {1,...,j} with Y, ., £; € x1(a).
(3) There exist Iy, I3 € {1,...,j} with > .., ¢; € x2(a) and Zief3 l; € xs(a).

Then recall that R*(a) denotes the set of tuples (¢f,...,¢5 B) which have €

[0.01,0.15), r € {0,...,5}, £5,..., £ € [B,05 4], £ > £, and 5 + -~ + £ < 0.75
and for which every {£;}J_, € Z*(¢%,..., 0%, 3) satisfies one of the options (1), (2) or

»Er
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(3). Further, R**(a) denotes the set of tuples (¢3,...,¢) which have r € {2,4,6},
0f,..., 0 €]0.01 —e,05+¢], £ > £, and £ + --- + £; < 0.99 and for which every
{0;Y_, € 2**(¢%, ..., 0¥) satisfies one of the options (1), (2) or (3).

To find many good* and good** functions, we now wish to compute elements of R*(a)
and R*(a). We begin by listing a few simple criteria which ensure that {¢;}/_, has

some [ C {1,...,j} such that >, /; is contained in a fixed interval [a; — 5, az + 5.

Lemma 2.29. Let r € {0,...,5} and suppose (5, ..., 05 satisfy 0.01 < 5 < 0.5+ &
and 03 > Ci . Let Z*(¢3,. .., 6;, B) and (L5, ..., £%) be as given in Definition[2.4]

»Er

Let x = a1 — F,a2 + 5] € [0,1]. Let p> 0. Let by € [0,1] and by € [0, 1].

Assume that one of the following conditions holds:
(A) ol_ tr<as and1—p>a.

(B) Forsomek €{2,...,r}, Zkil r <agand ;; < by and 1—p—(r—k+1)by > a;.

s=1"s

(C) ST 0t <ag and 0 < by and 1 — p—by > ay.

s=27s

(D) a1 > 0.5+ey, S 2 <1—p—(2a,—1) and (3F_, 0* € [1 —ay— (2a1 — 1), as]

s=1"%s s=1"s

for some k).
(E) There exists some S C {1,...,r} with Y o l; € a1, as].

For conditions (A), (B), (C) and (D), additionally assume that ay —a; > 3. (This

assumption is not required when using condition (E).)

Then if {6;}_, € Z5(5,....0:,8) and {; < pVie{l,....5}, 3L, C{1,...,j} with

T

Y tiex (2.212)

ses ls € la1,as] and suppose

{0 Y, € Z(€5,... . 0%). Then there exists some I, C {1,...,j} with >ier bi € -

Alternatively, assume some S C {1,...,r} satisfies )

Proof. Let {£;}_, € =*(¢*,... 0%, B) and let X1, ..., X, C {1,...,j} be disjoint with

o

Z li € [gs " 10100° b+ 10100

1€Xs

for s <rand ¢; < f+1071% for all but at most one i € {1,...,5}\U;_; X,. Assume
that ¢; < p for every i € {1,...,j}.
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Then there exists Yy C {1,..., 5} \ U_; X, with

iZEﬁ—Z&El—p (2.213)

s=1 1€ X, 1€Y7

and ¢; < 3+1071%% for every ¢ € Y;. With condition (A) we have Y . £* < ay, while
S, Yiex. lit D iey, i = 1 —p > ai. Recall also that a; — a; > 3. Thus, starting
with >0 3. x. li < az+¢e1/2 and adding elements of Y}, we must eventually hit
interval [a; — £1/2, as + £1/2]. There exists Y3 C Y] with

;lezxsgl—i‘zezyggl € [al—%,a2+%:| .

Taking I, = |J,_, X; UY>, (2.212) is satisfied for condition (A).

With condition (B) we have £; < b; and since £; > 0%, (2.213) gives
ZZ@ +Z£ >1— T—k+1>b1—€1/2>a1—81/2
s=11€X; €Y

On the other hand, we also have Y%~ Zzexg 0 <S4 e /2 < ag +e1/2. Since
l; < B+10710 < ay —a; + 10719 for ¢ € Y, there exists some Y, C Y such that

I, = U] X, UY, satisfies (2.212).

With condition (C) we have ¢ < by, so that (2.213]) gives

XT:Z&-I—Z&Zl—p—62_51/22a1_51/2’

s=2 i€ X, iev
while Y7 _, ¢* < a,, and hence 3Y; C Y] such that I, = |J._, X;UY satisfies (2.212)).

With condition (D) we have 3% £* € [1—ay— (20, — 1) o) TESSF_ 0% € [ay, as), we
simply take I, Us 1 X, to satisfy 1} If Zs L Us € [1—ay,1—aq], we recall that
{6y, € =(¢3,. ... €, B) implies 3°7_ ¢; = 1 and take I, = {1 ,...,j}\(ulg LX) to

satisfy (2.212). This leaves the cases Y¢_ ¢* € [1 — ay,a1] and S2F_ ¢* € [1 —ay —
(2a; — 1),1 — ay]. But condition (D) and ([2.213]) give

Zﬁiz1—p—i2€i22a1—1—51/20.

€Y s=1 i€ X

Soif S-F_, 0% € [1 —ay, a1], we have ZI; V2 iex, it D ey, li = (T—an) + (241 — 1) —
e1/10 = a; —e;/10 and if 3% 0% € [1 —az — (241 — 1), 1 —ay), then 3°F_ 37,y £+
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> ievy li > 1—ay —&1/10. Since also £; — 107" < B < ay —a; = (1 —ay) — (1 — ay)
for ¢ € Y;, there exists Yo C Y] with

k

Z Z&«FZ& €[l —ay—e1/10,1 —a;] U [a; —£1/10, as]

s=1ieX; 1€Ys

and one of I, = J*_, X, UYs or I, = {1,..., 5} \ (U"_, X, UY) satisfies (2.212).

On the other hand, if {¢;}/_, € Z*(¢%,..., 05, 3) or {£;}_, € =*(¢, ..., %) and there
exists some S C {1,...,r} with > __ 0% € a1, ag], the definitions of Z* and Z** tell
us that there exist some disjoint subsets Xi,..., X, of {1,...,j} with

. £ . €
Z li € [63 "~ 10100’ b+ 10100

1€Xs

and (2.212) is satisfied by taking I, = (J,cg X,. This covers the final case of the

proof, the only case for which assumption § < as — a; is not needed. ]

We are now ready to list elements of R*(a) and R**(a). We split the argument up

according to the size of 7 = z%.

Corollary 2.30. Let ¢ > 0 and a € [0.475 — ¢,0.53].

Let r € {0,...,5}. Suppose (7,..., 0} satisfy f < € < 0.5+ ¢, €f > {, and
G+ 4 05 <0.75. Assume that one of the following conditions (i) — (iil) holds:

(i) (r=0o0rr=1) and g =0.07.

(ii) (r=2o0rr=3) and 5 < (0'7124;) + % and 8 = 0.07.

(i) (r=4 orr=25) and@igw—i-% and 8 = 0.07.

Then (€3,...,L5 B) is contained in R*(a).

Alternatively, letr € {2,4,6}, 0.07—5 < 07 <0.53, €7 > 07, and {1+ - -+£x < 0.99.
Assume that one of the following conditions (a) — (f) holds:

(a) r=2 and (] € [0.29 — 5,0.36 + 5].

(b) 7 =2 and £ € [0.64 — € — 5,071 — 65 + Z].

(c) r=4and ey < O 42t and 05> 0.64— 05— 05— 5

(d) r=4 and {1 € [0.22 — 5,029 + 5] and £3 < 0.36 — (] + 5.

(e) =16 and {7 +£; € [0.29 — F,0.36 + 5] for some i # j.
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(f) r=6and 7 +---+0; <071+ 5, /7 >0.18 = & and {3 € [0.145 — 5,0.29 + .
Then (€3, ...,L5) is contained in R**(a).

Proof. Suppose a < 0.53. Recall yo(a) = 0.29 —¢; and x;(a) = [0.29 —£1,0.36 +£1] U
[0.64 — 1,0.71 + &4].

Case 1: Treatment of Z*. Let {{;}_, € Z*(¢*,...,0*,0.07). If there exists k €

{1,...,5} with £, > xo(a), then {£;})_, satisfies option (1). So we may assume that
l; < xo(a) for each ¢ and take p = xo(a) in Lemma [2.29]

Note that Y, ¢5 < 0.71 + 5 in each of the conditions (i), (ii) and (iii). We also
have 1 — (0.29 — &) = 0.71 + &, > 0.64 and (0.71 + ) — (0.64 + ) = 0.07 + &,.
Hence we may apply Lemma with 8 = 0.07, a; = 0.64 — 5+ and ap = 0.71 + 5
(so that x =[0.64 —£1,0.71 + £1]) and p = 0.29 — ;. Condition (A) is satisfied and
there is some I € {1,...,j} with 3, ¢ € [0.64 — £1,0.71 4 &1]. But then {£;}]_,

satisfies option (2).

Case 2: Treatment of Z**. Now let {¢;}7_, € =*(¢*,...,¢*). Option (a) gives i €
[0.29 — £,0.36 4 %], (b) gives £} + 5 € [0.64 — &,0.71 4 ], (c) gives £ + 05 + (5 €
0.64 — 5,0.71 + ], (d) gives {7 + €5 € [0.29 — 5,0.36 + ], (e) gives 7 + £} €
[0.29 — &£,0.36 + 5] and (f) gives €] +--- + (5 € [0.64 — F,0.71 + 5]. In every case
there is some S C {1,...,r} with ) o f: € [0.29—5,0.36+5]U[0.64—5,0.71+ 5.
Applying Lemma [2.29 with x = [0.29 — £1,0.36 + &1] or x = [0.64 — &1,0.71 4 &1], we
find that {¢;}7_, satisfies option (2). O

Corollary 2.31. Let € > 0 and a € (0.53,0.545].

Let r € {0,...,5}. Suppose 0;,..., 05 satisfy f < € < 0.5+ ¢, €f > {0, and
G+ -+ 05 <0.75. Assume that one of the following conditions (i) — (iv) holds:

(i) r€{0,1} and B = 0.08.

(i) re{2,3}, € > 0474+ G, £3 < min{0.595 — £ + 5, CT=0) | 21y 4nd B < 0.00.

i) 7€ {2,3) and 0F < 0.427 + &, g5 < ©8524) 4 e g 8 — 0.08.
1 2 2 2 4

* 3 *
() 7€ {4,5), £ <0285+, 5 < OO Lo g o OS5FL6) Lo i 0.

Then (€3,...,L5 B) is contained in R*(a).

Y

Alternatively, let r = 2, 0.08 — & < 07 < 0.53, €7 > {7, and {7+ --- + £; < 0.99.
Assume that one of the following conditions (a) — (c) holds:

103



(a) =2 and £ € [0.315 — 5,0.345 + 5] U [0.427 — &,0.474 + 5.
(b) 7 =2 and £;+05 € [0.427— 5, 0.474+51]U[0.526— 5, 0.573+51]U[0.655— 5, 0.685+ 5.

(c) r =2 and ¢ € [0.285 — §,0.375 + 5], {5 + €5 € [0.405 — §,0.485 + S| U[0.515 —
£1.0.595 + 2L
290 21

Then (€3, ...,L5) is contained in R**(a).

Proof. Suppose a € (0.53,0.545]. Recall xo(a) = 0.315 — €1, x1(a) = [0.315 —
£1,0.345+ 21 U[0.427 — £1, 0.474 4+ £,]U[0.526 — &1, 0.573 +£1] U[0.655 — 1, 0.685 + 21,
Xa(a) = [0.405— &1, 0.485+£1]U[0.515 — &1, 0.595+ 1] and y3(a) = [0.285 &1, 0.375+
1] U[0.625 — £1,0.715 + &4).

Case 1: Treatment of Z*. Let {£;}_, € Z*(¢*,..., 0%, ). If there exists k € {1,...,j}

with ¢, > yo(a), then {¢;}/_, satisfies option (1). So we may assume that ¢; < xo(a)
for each i and take p = xo(a) in Lemma [2.29|

With each of the conditions (i), (ii), (iii) and (iv) we have Y 7 ¢ < 0.715 + &.
Also, 1 — 0.315 = 0.685 > 0.625, while 0.715 — 0.625 = 0.09. Hence we may apply
Lemma 2.29 with 8 < 0.09, y = [0.625 —&1,0.715+¢1] and p = 0.315—&;. Condition
(A) is satisfied and there is some I3 C {1,...,j} with > 7., £; € x3(a).

On the other hand, with condition (i) we also have Y . _, £ < 0.595, while 1—0.315 =
0.685 > 0.515 and 0.595 — 0.525 = 0.08. We may apply Lemma with 8 = 0.08,
X = [0.515 — £1,0.595 + 1] and p = 0.315. Condition (A) is satisfied and there is
some I, C {1,...,j} with >, ., #; € xa2(a). With condition (ii) we instead have
01 + ¢35 € [0.554 — 5-,0.595 + £}] and by condition (E) of Lemma there exists
I C{l,...,j}ywith >, £; €[0.515—¢1,0.595+¢1] C xa(a). (Note that § < 0.09 is
allowed in this case.) Finally, with condition (iii) or (iv) we have > _ ¢* < 0.655 +
S =1-0.315—(2:0.515—1)+ 5, while ¢1 +£5 < /7 +(0.655—(7)/2+ 5 < 0.595+ 5.
If 07+ 05 < 0.375, we must have ¢; < 0.19 for ¢ > 2 and so either ¢; 4 ---4+¢7 < 0.375
or there exists k with ¢; + --- + ¢; € [0.405 — 0.03,0.595]. In the first case we use
condition (A) and in the second case we use condition (D) of Lemma taking
B =0.08, x =[0.515 — £1,0.595 + &1] and p = 0.315 — €1, to deduce that there exists
Iy C{1,...,j} with >, £ € xa(a). But then {0;}_, satisfies option (3).

Case 2: Treatment of =*. Now let {{;}_, € =Z*((i,...,¢:). With (a) we have
0} € [0.315 — 5,0.345 + ] U [0.427 — £1,0.474 + &] C xi(a), with (b) we have
G405 € [0.427— 2, 0.474+ 2] U[0.526— £, 0.573+ 2] U[0.655 — &, 0.685+ 2] C 1 (a)
and with (c) we have /7 € [0.285 — 5,0.375 + 3] C x3(a) and £} + {3 € [0.405 —
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£,0.485 + 9] U [0.515 — %,0.595 + £] C xo(a). Lemma [2.29] tells us that {6;})_
satisfies option (2) or (3). O
Corollary 2.32. Let e > 0 and a € (0.545,0.57].
Let r € {0,...,5}. Suppose 05,..., 05 satisfy f < € < 054 ¢, €f > (5, and
04+ 02 < 0.75. Assume that one of the following conditions (1) — (iv) holds:

(i) (r=0o0rr=1) and 8 =0.075.

(ii) (r=2orr=23) and £5 € [0.475 — {7 — 5, min{0.525 — £],0.14} + 5| and 3 = 0.075.

(iii) (r=2orr=23) and 5 < (0'62_@) + & and B = 0.075.

3 *
(iv) (r=4orr=5) and {5 <0407+ 5 andéiﬁ%—k% and 8 = 0.075.

Then (€5,...,L5 B) is contained in R*(a).

Yo

Alternatively, let r € {2,4}, 0.075 =5 < 07 < 0.53, €7 > {7, and £1+---+Lr < 0.99.
Assume that one of the following conditions (a) — (c) holds:

(a) r=2and (] € [0.4 — 5,0.475 + 5.
(b) r=2 and € € [0.4— £f — 0475 — €5 + 2] U[0.525 — £ — &,0.6 — &5 + 5.

(c) =4 and 65 € (0.4 — £; — 05 — 50475 — £ — 05+ ).
Then (¢5,...,0:) is contained in R*™*(a).

Proof. Suppose a € (0.545,0.57]. Recall xo(a) = 0.335 — g1 and x;(a) = [0.4 —
€1,0.475 + 1] U [0.525 — £1,0.6 + £4].

Case 1: Treatment of Z*. Let {{}_, € Z*(¢,...,¢%,0.075). If there exists k €

{1,...,5} with £, > xo(a), then {¢;})_, satisfies option (1). So we may assume that
{; < xo(a) for each i and take p = xo(a) in Lemma [2.29]

With conditions (i) and (iii) we have ¢; +--- +£; < 0.6 + 5. We apply Lemma
with 8 = 0.075, x = [0.525 — €1,0.6 + &1] € x1(a), p = 0.335 — £ and condition
(A) to deduce that option (2) of Proposition is satisfied. With condition (ii)
we have (1 + (5 < 0.525 + 5, while /3 < (5 < 0.14 + & and r € {2,3}. Note
1-0.335—(3—3+1)0.14 = 0.525. For r = 2 we again use condition (A). For r = 3
we apply Lemma with 8= 0.075 — &1, x = [0.525 — £1,0.6 + 1], p = 0.335 — &,
and k = 3 in condition (B) to deduce that option (2) is satisfied. Finally, in condition
(iv) we have {1 4 --+£; < 0.615+ % =1-0.335—(2-0.525 — 1) + 5. We also have
(i +105 <04+ and €5 < 0.2+ 5. If 47 +-- -+ £; < 0.4, we again use condition (A)
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of Lemma [2.29] Otherwise there exists k with 7 4+ ---+ (3 € [0.4 — ,0.6 + ¢]. So
we may apply Lemma with 8 = 0.075, x = [0.525 —£1,0.6 + 1], p = 0.335 — &,
and condition (D) to obtain that {£;}/_, satisfies option (2).

Case 2: Treatment of =**. The cases (a) — (c¢) can be treated just like the correspond-
ing cases of Corollary and Corollary The values of £} have been carefully
restricted to ensure that there exists a set Sy C {1,...,r} with Y, ¢ € +6 € x1(a)
for all 6 € [=,F] or two sets Sp, 55 C {1,...,r} with >, ¢ £; +0 € x;(a) for
6 € [-2,2] and j € {2,3}. For a given {£;}_, € (¢,...,L2), Lemma again
tells us that {¢;}/_, satisfies option (2) or (3). O

Corollary 2.33. Let e > 0 and a € (0.57,0.59].

Let r € {0,...,5}. Suppose {;,..., 05 satisfy f < € < 054 ¢, €f > €, and
G+ -+ 05 <0.75. Assume that one of the following conditions (1) — (viii) holds:

(i) r€{0,1}) and g = 0.075.

(i) 7 € {2,3} and £; > 0.455— -, 03 < min{0.58 — £ + 5, CE=) | ey 459 3 = 0.075.

(iii) € {2,3} and £} € [0.42 — 5,0.455 + ], ¢ < L= a1 5 < 0,105,

(iv) r € {2,3}, £ € [0.315 — 5,0.38 + ], £3 < max{0.145 + g, L2 | =1y gpg
3 =0.075.

(v) 7€ {2,3} and €} € [0.29 — 5,0.315 + ], ¢ < L2275 4 21 gng g = 0.075.

(vi) 7 € {2,3} and € < 0.29+ %, 3 < min{0.2275 + 5, LIV 4 =1y) 4p4 g = 0.075.

(vii) € {2,3} and £ <0.29+ 5, 05 € [0.42 — £] — 5,0.455 — (7 + ] and 3 < 0.105.

3 *
(vili) 7 € {4,5} and £ < 0.29+ 5, ¢; < ©2=2i=18) | 21 gng g = 0.075.

Then (€3,...,L5 B) is contained in R*(a).

Alternatively, let v € {2,4}, 0.075 - < ;7 <0.53, f > ;) and (1 +---+£r < 0.99.
Assume that one of the following conditions (a) — (g) holds:

(a) r=2and (] € [0.38 — 5,0.42 + 5]

(b) 7 =2 and {1 €[0.42 — 5,0.455 + 5] and {3 € [0.58 — {1 — 5-,0.685 — {7 + 5.

(c) r€{2,4} and £ € [0.315 — &,0.38 + 5], £5 + £5 € [0.38 — £,0.455 + 2] U [0.545 —
5,0.62 + 5] for some i # 1.

(d) r€{2,4} and £; € [0.38 — {1 — 5,042 — (1 + S| U[0.58 — (] — ,0.62 — (7 + 5] for
some i # 1.
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(e) 7 =4 and £ € [0.42 — £} — 5-,0.455 — 5 + ), €5 € [0.315 — 05 — 5,042 — % + 5],

(f) r =4 ande* <029+, 65 € [0.315—6’{—71,0.38—ZI+71], 0+ 0+ 0 €
[0

38 0455+€1]

(&) r =4 and £ < 029+, 65 € [0.315 — &5 — 5,038 — 05 + F, G+ 0+ 0 €
[0.38 — £L,0.455 + 5.

Then (65, ..., 0k

18 contained in R**(a).
’)

Proof. Suppose a € (0.57,0.59]. Recall xo(a) = 0.33 — 1, x1(a) = [0.38 — £1,0.42 +
51] U [058 — &1, 0.62 + 51], XQ(CL) = [038 — &1, 0.455 + 81] U [0545 — &1, 0.62 + 81] and
x3(a) =[0.315 — £1,0.42 + £,] U [0.58 — €1, 0.685 + &4].

Case 1: Treatment of Z*. Let {£;}_, € Z*(¢%,..., L%, B). If there exists k € {1,...,j}

with ¢, > yo(a), then {¢;}/_, satisfies option (1). So we may assume that ¢; < xo(a)
for each i and take p = xo(a) in Lemma [2.29,

With each of the conditions (i), (ii), (iii), (iv), (v), (vi), (vii) and (viii) we have
i+ -+ £ <0685 + 5. We apply Lemma with 8 < 0.105, x = [0.58 —
e1,0.685 + 1] C xs(a), p = 0.33 — &; and condition (A) to deduce that there exists
I3 C{1,...,j} with >,/ 4 € x3(a).

In condition (iii) we also have /] € [0.42 — £,0.455 4+ %] and in condition (vii)
we have (7 + (5 € [0.42 — 5,0.455 4 &]. By condition (E) of Lemma , there
exists Ip C {1,...,7} with >, ., #; € x2(a). With condition (i), (v) and (viii) (as
well as (iv), if max{0.145 + 5,(0.62 — ¢})/2 + &} = (0.62 — ¢})/2 + &), we have
0+ -+ £y <062+ 5 and 8 = 0.075. Applying Lemma with g = 0.075,

= [0.545—¢1,0.62+¢4], p = 0.33—¢; and condition (A), we again find I, C {1,...,j}
with >, 4 € xa(a ) With condition (ii) we observe that 3 < (0.685 — (})/2+ &L <
0.125 for £7 > 0.455— 5, while (1+/; < 0.62+5-. We note that 1—0.33—0.125 = 0.545
and apply Lemma with f = 0.075, x = [0.545 — £1,0.62 + 1], p = 0.33 — &
and condition (A) or (B) (where k¥ = 3 and b = 0.125), depending on whether
r =2 or r = 3. Similarly, if max{0.145 + %, (0.62 — (7)/2 + &} = 0.145 + 5, then
condition (iv) is treated by observing that 1—-0.33—-2-0.145 = 0.38 and takmg
B =10.075, x = [0.38 —£1,0.455 + &1}, p=0.33 —¢; and k = 2 and b; = 0.145+ & in
condition (B) of Lemma . Finally, in condition (vi) we have £} < 0.29 + - and
S22, 0 <0455+ 2. Since 1 — 0.33 — 0.29 = 0.38, we can apply Lemma with
B =0.075, x = [0.38 — £1,0.455 4 £1], p = 0.33 — £ and by = 0.29 + & in condition
(C) to deduce that there exists I, € {1,...,5} with >, ., £; € xa(a). Hence {6:}_,
satisfies option (3).
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Case 2: Treatment of =**. The cases (a) — (g) can be treated just like the correspond-
ing cases of Corollary and Corollary The values of ¢} have been carefully
restricted to ensure that there exists a set Sy C {1,...,7} with Y, ¢ € +6 € x1(a)
for all 0 € [—F,F] or two sets 53,93 € {1,...,r} with } ;.o €7 + 0 € x;(a) for

2772
6 €[~%, %] and j € {2,3}. For a given {6:Y_, € E(¢3,..., %), Lemma again
tells us that {¢;})_, satisfies option (2) or (3). O

Corollary 2.34. Let ¢ > 0 and a € (0.59,0.61].

Let r € {0,...,5}. Suppose (7,... 05 satisfy B < £ < 0.5 +¢, € > 0f, and
04+ 02 <0.75. Assume that one of the following conditions (1) — (vil) holds:

(i) (r=0o0rr=1) and g =0.07.

(i) (r=2 orr=3) and £} >0.435— %, £3 < min{0.105 + 5, L) 1 =1y 5 — .07,

(iii) (r=2orr=3) and £} € [0.42 — ,0.435 + 9], £ < ) 4 =1 4nd B < 0.09.
(iv) (r=2 orr=3) and £} € [0.33 — 5,0.365 + ], £ < 0.1524 + &, B = 0.07.

(v) (r=2orr=3) and £} € [0.305 — 5,033+ 3], 3 < L= L = g—o07.
(vi) (r=2o0rr=3) and {1 <0.305+ 5, £5 <0.2099 + 5, B = 0.07.
(vii) (r=4 orr=5) and £ <0305+ 5, ¢ < LB B L= g 007,

Then (€3,...,L5 B) is contained in R*(a).

Alternatively, let r € {2,4}, 0.07 = < 07 <0.53, £ > 07, and {7+ - - -+ {5 < 0.99.
Assume that one of the following conditions (a) — (c) holds:

(a) r € {2,4} and 3 S C {1,...,r} with Y,;csl; € [0.365 — &,0.42 + 5] U [0.58 —
,0.635 + 5.

(b) r =2 and £f € [0.42 — Z,0.435 + & and £5 € [0.58 — £ — 5, 0.67 — £5 + ).
(¢) r =2 and £} € [0.33 — %,0.365 + 5], £} + £5 € [0.365 — &,0.435 + 5] U [0.565 —
5,0.635 + 5.
Then (€3, ...,L05) is contained in R**(a).

Proof. Suppose a € (0.59,0.61]. Recall xo(a) = 0.33 — &1, x1(a) = [0.365 — 1,0.42 +
el U0.58 — £1,0.635 + 1], ya(a) = [0.365 — £1,0.435 + £,] U [0.565 — 21, 0.635 + £1]
and Xg(a) = [033 — &1, 0.42 + 61] U [058 — &1, 0.67 + 51].

Case 1: Treatment of Z*. Let {£;}_, € Z*(¢3, ..., %, B). If there exists k € {1,...,5}

with £ > xo(a), then {£;}/_, satisfies option (1). So we may assume that £; < yo(a)
for each i and take p = xo(a) in Lemma [2.29]
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With each of the conditions (i), (ii), (iii), (iv), (v) and (vii) we have ¢ + -+ + £ <
0.67 + 5. We apply Lemma with 8 < 0.09, x = [0.58 — £1,0.67 + £1] C x3(a),
p = 0.33 — ¢; and condition (A) to deduce that there exists Iy C {1,...,j} with
> ier, i € x3(a). On the other hand, with condition (vi) we have £ < 0.305 + 5
and (5 < 0.2099 + £, so that 322, £ < 042 + 2. Note 1 — 0.33 — 0.305 = 0.365.
We apply Lemma with 8 = 0.07, x = [0.33 — £1,0.42 + &1], p = 0.33 — ¢; and
by = 0.305 + & in condition (C) to deduce that there exists I3 C {1,...,j} with

Zie[s gz S X3(a’)'

In condition (iii) we have ¢} € [0.42—},0.435+ %|. By condition (E) of Lemma m,
there exists I, C {1,...,j} with >7,_; i € x2(a). With condition (i), (v) and (vii),
we have ¢} + --- + £; < 0.635 + % and § = 0.07. Applying Lemma with
B =0.07, x = [0.565 — £1,0.635 + 1], p = 0.33 — £; and condition (A), we again find
I, C{1,...,j} with > ;) f; € x2(a). With condition (ii) we have ] + 5 < 0.635,
while £3 < 0.105 + 5. We note that 1 —0.33 — 0.105 = 0.565 and apply Lemma
with § = 0.07, x = [0.565 — £1,0.635 + 1], p = 0.33 — 1 and condition (A) or
(B) (where & = 3 and b; = 0.105 + ), depending on whether » = 2 or r = 3.
Condition (iv) is treated by observing that 1 — 0.33 — 2 - 0.1525 = 0.365 and taking
B =10.07, x = [0.365—¢1,0.435+¢1], p = 0.33 —¢; and k = 2 and b; = 0.1525+ % in
condition (B) of Lemma . Finally, in condition (vi) we have /7 < 0.305 + 5 and
2?22 €7 <0.42+ 5. Since 1 — 0.33 — 0.305 = 0.365, we can apply Lemma [2.29| with
B =0.07, x = [0.365 — £1,0.435 + 1], p = 0.33 — £ and by = 0.305 + % in condition
(C) to deduce that there exists I, C {1,...,j} with . ; {; € xa(a). Hence {6:}_,
satisfies option (3).

Case 2: Treatment of =**. The cases (a) — (c¢) can be treated just like the correspond-
ing cases of Corollary and Corollary The values of ¢} have been carefully
restricted to ensure that there exists a set Sy C {1,...,r} with } ..o £; +0 € x1(a)
for all § € [—%, 5] or two sets S9, S35 C {1,...,r} with Ziesj r+ 9§ € yj(a) for

2772
5 €[-2,2] and j € {2,3}. For a given {(;}]_, € =*(¢;,..., ), Lemma again
tells us that {¢;}_, satisfies option (2) or (3). O

Corollary 2.35. Let ¢ > 0 and a € (0.61,0.77 — ¢].

Let r € {0,...,5}. Suppose {;,..., 05 satisfy f < € < 054 ¢, €f > (, and
G+ -+ 05 <0.75. Assume that one of the following conditions (i) — (vi) holds:

(i) (r=0o0rr=1) and 8 = 0.065.
(i) (r=2orr=3) and {] > 0.42 — &, {5 < min{0.58 — ¢7,0.1} + & and § = 0.065.
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i) (r=2orr=23) and * € [0.325 — 5, 0.355 + =], £5 < OB o1 i 53— 0.065.
1 2 2 2 2 4

iv) (r=2o0rr=23) and £7 <0.325+ &, /5 <0.2099 + & and S = 0.065.
1 2 2 2

3 *
(v) (r=4orr=>5) and £; <0325+ %, £; < B2 b 4 a1 gng 8 = 0.065.

0.42—5—£%)
2

(Vi) (r=4 orr=>5) and £} <0.325+ %, £5 < + < and B = 0.065.

Then (€3,...,L5 B) is contained in R*(a).

Y r

Alternatively, let v € {2,4}, 0.065 —F < €7 < 0.53, 7 > ;) and (1 +---+£r < 0.99.
Assume that one of the following conditions (a) — (b) holds:

(a) r =2 and (7 € [0.355 — §,0.42 + ).

(b) r€{2,4} and {1 +£; € [0.355 — 5,0.42 4+ 5] U[0.58 — 5-,0.645 + 5] for some i # 1.
Then (€3, ...,L5) is contained in R**(a).

Proof. Suppose a € (0.61,0.77 — ¢]. Recall xo(a) = 0.32 — &7 and x;(a) = [0.355 —
€1, 0.42 + 61] U [058 — &1, 0.645 + 81].

Case 1: Treatment of Z*. Let {£}_, € Z*(£%,...,¢:,0.065). If there exists k €

{1,...,5} with £, > xo(a), then {£;}]_, satisfies option (1). So we may assume that
l; < xo(a) for each i and take p = xo(a) in Lemma[2.29]

In conditions (i), (iii) and (v) we have €5+ - -+£; < 0.645+ 5. We apply Lemma[2.29|
with = 0.065, x = [0.58 —€1,0.645 4 £1], p = 0.32 — &1 and condition (A) to deduce
that option (2) holds. With condition (ii) we have (7 + £5 € [0.42 — £,0.58 4 £}],
while 5 < 0.1+ % and r € {2,3}. For r = 2 we again use condition (A), while for
r =3 we note 1 —0.32 — (3 -3+ 1)0.1 = 0.58 and then apply Lemma with
B = 0.065, x = [0.58 —£1,0.645 + 1], p = 032 — ¢y and k = 3 and b = 0.1 + %
in condition (B). Finally, with (iv) or (vi) we have > 7 ,¢; < 0.42 + & and (] <
0.325 + £ and note 1 —0.32 — 0.325 = 0.355. We apply Lemma with 8 = 0.065,
X = [0.355 —¢€1,0.42+¢1] € x1(a), p=0.32—¢; and by = 0.325 + & in condition (C)
to deduce that {¢;}/_, satisfies option (2) of Proposition

ek

Case 2: Treatment of =**. The cases (a) and (b) can be treated just like the cor-
responding cases of Corollary and Corollary The values of ¢; have been
carefully restricted to ensure that there exists aset S C {1,...,r}with Y, ¢ ;40 €
x1(a) for all § € [=5, 5] or two sets S5,53 € {1,...,r} with 3, ¢ €7 +0 € x;(a) for

202
6 € [-%, %] and j € {2,3}. For a given {6;Y_, e ==(¢5,...,¢%), Lemma [2.29) again
tells us that {¢;}/_, satisfies option (2) or (3). O
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2.6.3 Computations and the Buchstab identity

To complete the proof of Proposition , we just need to use the elements of R*(a)

and R**(a) given in Corollaries [2.30, [2.31} [2.32] [2.33] [2.34] and [2.35| to decompose

Ip(n) into a sum which is as described in (2.210): 1p(n) = > 1, U;(n) + 372, 6,(n)

with s1, $2 < 100 and each ¥, : [z,62] "N — R good* or good*™ and ©; non-negative
. s 0.9999

with Zi:l ZnGB(y) 61 <n) < xbl—ogg'

2.6.3.1 Useful identities and notation

Recall the Buchstab identity: For z; < 2o,

w(n? 22) = ¢<n7 Zl) - Z ¢(m7p1)'

n=p1m
21<p1<22

Recall X = (72)Y/2. We only need to decompose 1p(n) when n € [z,6x], where
1p(n) = 1(n, X). The desired decomposition will be obtained via repeated use of the
Buchstab identity, starting with ¢ (n, X).

To denote the expressions which appear in repeated applications of the Buchstab
identity, we define the following shorthand notation: Let R C [0,1]" and let g € [0, 1].
Using ¢f as a shorthand for log,(p;), we then set

Q*(n; R, 2") = Z P(m, 2”),

n=pi...prm
2P <pr<-<pr<X
(o eR

Q™ (n; R, 2") = Z U(m, pr).

n=pi...prm
2B<p,<<pr1<X
(01, L5)ER

In our computations, R will typically be defined via some inequalities of the form
kpli + -+ + k£ < c. To decide if Q*(n; R, z?) is a good* function and Q**(n; R, 27)

is a good™ function, we will compare these inequalities with the conditions of Corol-

laries 2.30, 2-31) 232, 2-33] .34 and [2.35|

When O**(n; R, 2”) is not good™*, we will have to compute Zneg(y) O*(n; R, 2"). For
reasonably nice sets R, a generalised prime number theorem can be used to bound
> nesy) (R, 27) from above. We define I(R, z°) as follows:

(1—a1) -7l ay)

0.5+€e1pmin{ay, 512} pmin{o, 1, 2=_ } 1 — r N 1 o ]

I(R,xﬁ): w 2iz1 @i\ Irfon, 7OZT)dozT...dozl.
2
B B B Qr—1

(678 aq ... r
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Here w(u) is the Buchstab function, which satisfies w(u) < max{0.6, X} for u > 1.
(See pages 16 and 17 of [14] for a detailed discussion of w(u).) We have also adopted

the convention that fcd = (0 whenever ¢ > d.

For nice sets R (such as polytopes) then

ZQ**nR:c)

neB(y

In particular, (2.214)) will be applicable to all sums ZnEB(y) *(n; R, z") which ap-
pear in our Harman’s sieve computations on the following pages.

y(L+o(1)),

By, 2.214
oy [(R) (2:214)

2.6.3.2 Sieve computations

Having defined all this useful notation, we are now finally ready to prove Propo-

sition The case a € (0.53,0.545] corresponds to one of the more complicated

situations and its treatment also demonstrates the full range of arguments required

to deal with all other cases. For illustrative purposes, we thus begin with a very

detailed proof of for a € (0.53,0.545], and then discuss the hardest case,
€ (0.57,0.59]. The remaining four cases are postponed to Appendix A.

Case 1: a € (0.53,0.545].

0.08

After two applications of the Buchstab identity with z; = 2", and after using ¢; as

a shorthand for log,(p;), we have

Iﬂ(n,X) = w(nu x0.08> - Z ¢(m,P1)

n=pim

2008<p < X
0.08 0.08
n=pim n=pipam
2908<p <X 2008 <py<pi<X
- w(na x0.0S) - Z ¢<m? x0.0S) (2215>
n=pim
0.08 <p1 <X
+ Z (m, p2) Z Y(m,pa) + Z U(m, ps) (2.216)
n=pipam n=p1pa2m n=pip2m
2008 <py<pr <X 2908 <py<pr <X 2008 <py<pr<X
f{>0.474 0.427§€T§0.474 0.375<ZT<0.427
n=p1pam n=pipam n=p1pzm
2008 <py<pr<X 2008 <py<pr<X 2908 <py<pr <X
£3€[0.285,0.315)U(0.345,0.375] 0.315<0% <0.345 £5<0.285

We thus define the following regions:
Ro1 = {(£7,65) €[0,1)% : £] > 0.474},
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Ron = {({7,05) €[0,1]% : 0.427 < 07 < 0.474},
Ras = {(€5,05) €[0,1]%:0.375 < ¢ < 0.427},
Roa = {(6;,63) €[0,1]%: £; €[0.285,0.315) U (0.345, 0.375]},
Ros = {(45,63) €0,1]*: 0.315 < £ < 0.345},
={(61,63) € [0, 1]
Using the notation of Section [2.6.3.1} we then have
U(n, X) = p(n, 2%%) = Q*(n; 0,1, 2°%) + 26: O (n; Ry i, 2*).

i=1
By condition (i) of Corollary 2.31] 1 (n, 2%%) and —Q*(n; [0, 1], 2%%) are good* func-

tions. By condition (a) of Corollary [2.31], 0**(n; Ra2,2%%) and **(n; Ra5, 2%%) are
good** functions. It remains to treat **(n; Ry;, 2%%) for i € {1,3,4,6}.

Step 1: Treatment of Q**(n; Ry, 2%%).
Recall Roq = {(¢5,¢5) € [0,1)% : £f > 0.474}. We partition Ry as follows:

RQ’Ll = {(6;, f;) € Rg’l : g; 2 m1n{0595 — E{, (()715 — E{)/Q},
R271,2 = {(6;, 6;) € ’R,QJ : g; < m1n{0595 — f{, <O715 — E{)/2}

We then have
Q**(n; R2,17 1’0'08) — Q**(n; RQ,Lly x0.0S) + Q**<Tl; R2,1,27 x0.0S).

Write ©1(n) = Q**(n; Ra11,2°%). Using a generalised prime number theorem, we

can bound s ©1(n) from above by %ﬁ—(;g?[(?%ll’l,xo'og). Note that Ryy;1 =
{(€3,05) € [0,1)%: €1 > 0.474, 5 > min{0.595 — ¢;, (0.715 — ¢3)/2}. Hence
0.5+e1 p(l—a1)/2 w 1—027—042
Z 6,(n) < Y11 oD) / / 7< 2 )dagdal < D185
neB(y z°logx 0.474 in{0.595—a1,(0.715—a1)/2} Q1o z"logx

Next we apply two Buchstab iterations to Q**(n; Ra 1.2, 2%%), the first with z; = 2008

and the second with z; = 2009,
*k (. 0.08\ __ 0.08
*(n; Ropo,x°) = E (m,z>™") — g Y(m,ps) (2.218)
n=pipam n=pip2p3m
2908 <py<pr <X 2008 <ps<py<pr <X
£7>0.474 £:>0.474, £5<0.09
05 <min{0.595—£%,(0.715—£3) /2} 5 <min{0.595—£% (0.715—£%) /2}
0.09
— E (m, ™) + E Y(m,pyg). (2.219)
n=pip2p3m n=pip2p3pam
2908 <p3 <po<pr <X 29-99<py<p3<pa<p1 <X
£:>0.474, £5>0.09 0:>0.474
5 <min{0.595—£%,(0.715—£%) /2} 05 <min{0.595—£%,(0.715—£}) /2}
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By condition (ii) of Corollary [2.31] both sums in are good* functions. (The
second sum is of the special type of good* described at the end of Section M)
The first sum in is also good* by condition (ii) of Corollary Denote the
second sum in by ©2(n). Then 3, 5, ©2(n) is bounded above by:

(0.715—aq) =33, ) -3 o
1 4 0 0.54¢e1 mm{O 595—aq, } mm{ocg 7’2 } w ( o 0.001y
SR 5—da < — :
T 10% T 0.474 J0.09 0.09 J0.0 Qa3 Ciy x’log

Step 2: Treatment of Q" (n; R s, 2008).

Recall Ry3 = {(¢;,03) € [0,1]%: 0.375 < ¢} < 0.427}. We partition Ry 3 as follows:

Rost = {(0,65) € Ry : 05 € (0.573 — £5,0.655 — £5) U (0.685 — 0%, £%)},

Rosas = {(£3,05) € Ras : U + €5 € [0.427,0.474] U [0.526,0.573] U [0.655, 0.685]},
Rass = {(03,03) € Ras : 3 € (0474 — ££,0.526 — £), 05 > (0.655 — £)/2},
Rasa = {(03,03) € Ras : 3 € (0AT4 — £5,0.526 — £5), 05 < (0.655 — £5)/2}.

We then have

4
Q**(n; R2,37 .1'0'08) — Z Q**(n; R2,3,i7 370'08).

=1

By condition (b)

of Corollary 2.31] Q** (n; Ra .2, 2%%) is a sum of three good** func-
tions. Write O3(n) = 2

(7’L ,R,27371, )and @4( ) O (TL ’R,27373, 008) Then

l—aij—as
y(1+ o(1 0.427 w (T) 0.175y
E : O5( < ————Fdagdoy < )
3(n) < xblog:r /0375 /[0 573—1,0.655—a1] a2 @i xPlog x

1055
neB(y) U[0.685—a1,(1—a1) /2]
l—a—«
1 + O 0.427 0.526— aq w (#) 001y
T 0y < YL+o) ) o < 20
neB(y) T 10g:1: 0.375 Jmax{0.08,0.474—a,(0.655—a1)/2} Q109 z’logx
Now we apply two more Buchstab iterations to Q**(n; Ra 34, 2°%):
*k (o, 0.08\ __ 0.08 0.08
O (n; Roga, v") = > P(m, 2" — ) P(m, ™) (2.220)
n=pipam n=p1papsm
2008 <po<pr <X 2908 <ps<pa<pi <X
0.375<¢;<0.427 0.375<47<0.427
05€(0.474—£%,0.526— ) £5€(0.474—£% 0.526— %)
£5<(0.655—1) /2 05<(0.655—07) /2
+ > d(mpa). (2.221)

n=pip2p3pam
20-08 <py <p3<pa<p1 <X
0.375<£} <0.427
£5€(0.474—£3,0.526—L7)
05<(0.655—£7) /2
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Writing Rasa = {(€5, 65, 05) € [0, 1] : (€1, 03) € Rosa} and Russ = {(£5, 65,05, 65) €
[0, 1]* : (€5, 05) € Ra3.4}, this equation can also be expressed as

Q**(n; R2,374, JIO’OS) — Q*(TL; R2’374, 1‘0'08) . Q*(n; R3’3,4, x0.08) 4 Q**(n; 'R,473,4, :EO'OS).

By condition (iii) of Corollary [2.31] both Q*(n; Ra 3.4, 2%%) and —Q*(n; R334, 2%%)
are good* functions. Write O5(n) = Q*(n; Ry34,2°%). Then 3 () Os(n) is
bounded above by:

neB

1*2? 1 O"i)

53 o -
y(l+O(1))/0‘427/min{0.526a1,(0.655al)/Q]]ocz /min{ae,}(l 212:1 z)} w( o o < 0.013y
xPlogz  Jos7s max{0.08,0.474—a; } 0.08 J0.08 ajagagai ablogw

Step 3: Treatment of **(n; Ry 4, 2%%).

Recall Ro4 = {(¢3,03) € [0,1]* : ¢} € [0.285,0.315) U (0.345,0.375]}. We define the
following partition of R 4:

Rous = {(01,03) € R : € > 0.595 — (7},

Rous = {(€5,03) € Ry : € € [0.515 — £1,0.595 — £3]},

Rous = {(01,03) € Rou: 0 € (0.485 — £7,0.515 — 1), &5 > (0.655 — £3)/2},
Roua = {(03,05) € Ry : € € (0.485 — £7,0.515 — £3), 65 < (0.655 — £7)/2},
Rous = {(3,05) € Roy: € € [0.405 — £1,0.485 — £3]},

Rous = {01, 03) € Rou: 6 < 0.405 — £},

We then have

6
Q**(TL; R2,4> 1’0'08) _ Z Q**(n; R2,47i, $0.08).
i=1
By condition (c) of Corollary [2.31] both Q**(n;Ra.42,2%%) and Q*(n; R 45, 2%%)
are the sum of two good** functions. Write Og(n) = Q**(n; Raa1,2°%) and ©7(n) =
Q™ (n; Raus,2°%). We bound 3, g, ©i(n), i € {6,7}, by LFXII(Ry y, 200)

xblogx L)
y(1+o(1)) 0.08 :
and £ ] (Ra.43,x""), respectively. More precisely:

. l—a—«
S ot et () o
=T 0.285,0.315 2 b ’
neB(y) zlogx L£[0.345,0.37]5] 0.595—a a1 " logx
1704170(2
y(1 + of 0-515=0n w (7042 ) 0.062y
Z 87 S .’Eb logx /[0 285,0.315) / (0.655—aq) a1a2 dOéQdOél < b ]ogx.
neB(y) U[0.345,0. 37 max{0.485—a1, =—5—} 2
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This leaves 0**(n; Ra4.4, 2°%) and Q**(n; Ra46, 2°%). We apply two more Buchstab

iterations to each. Defining the regions
Rjai ={(05,....0) €[0,1) : (£;,65) € Roui}
the resulting equality can be expressed as follows: For ¢ € {4,6},
O (13 R, 2%%) = Q(n; Ro.a s, 2%%) — Q(n; Ryas, 2%%) + (0 Rz, 2°%).

For i € {4,6}, Q*(n; Ra44,2°%) and Q*(n; R34, 2%%) are good* by condition (iii) of
Corollary [2.31} Write Og(n) = Q*(n; Rya4,2%%) and Og(n) = Q*(n; Ryse, 2°).
Note that (7 < 0.315 implies 0.485 — ¢ > (0.655 — £7)/2. Hence }_, z ) Os(n) and
Y nes(y) O9(n) are bounded above by the following quantities, respectively:

l—oj—as—az—ay )

(1 + o 0.375  (0.655—a1)/2 min{ag, 22100 ) () ( s 0.012y
b 2 dg < b I
x log T Jo.34s J0.485—on 0.08 J0.0 Q1030 z’logx

170(170(27&370(4

y(1+ of /0 -315 /0 A405—0a / /mm{as Rty ( o )da < 0.003y
xb logz  Joass Joo 0.08 Jo.o ajapaza? = T ablogax’

Step 4: Treatment of Q**(n; Rag, 2008),

Recall Ryg = {(¢;,03) € [0,1)%: £; < 0.285}. We partition Rqg as follows:

R27671 = {(W{,E;) - R276 : f; > 0.526 — E{},
R276’2 = {(E{,E;) € R276 : ﬁ; < 0.526 — ET,E; > (0655 — ET)/Q},
R27673 = {(f}k,@‘) € ’R,276 : £§ < 0.526 — g?,ﬁ; < (0655 — g;)/Q}

We then have

3
Q**(n; R2,67 1‘0'08) _ Z Q**(n; R2,6,i: 330.08).
i=1
By condition (b) of Corollary [2.31, 0**(n; Rag.1,2%%) is a good** function. Write
@1()(”) _ Q**(H;RQ,672,$0‘08). Then ZnEB @10( ) < y(+o(l ))I(R 008) S0

— 2zblogzx
17&17&2
1 + 0 0.285 min{a1,0.526—a1} w (7) 0.01
Y. Ouln) < / / — 5 dayda; < biy
neB) z’logx  Jo.655/3.(0.655—-a1)/2 143 v log

Finally, we apply up to four Buchstab iterations to **(n; Ra 63, 2°%). We define:
Riss={(0},....00) € [0,1) : (1, 03) € Rogs} for je{3,4},
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R476,371 = {(£T,£;,£§,£D c R47673 : gz > (0655 — gT — E; — €§)/2},
R4’6,372 = {(6?,6;,&;52) € R476,3 : EZ < (0655 — f; — f; — £§)/2},
Risse = {(65,....0;) € 0,17 : (61,05,05,03) € Rugse} for je {56}

Since Rup3,1 U Rae32 = Rags, the Buchstab identity gives

O (15 Rag3, %) = Q" (n; Rags, 2%%) — Q(n; Ry g5, 2°%)
+ Q% (n; Rugs1, 2°%) + Q% (n; Rag 3.2, 20%)
_ Q*(n7 R5,6,3,2, $0'08) + Q**(TL; R6,6,3,27 IO'OS).

O*(n; Rapz, 2%%) and —Q*(n; R363,2°%) are good* functions by condition (iii) of
Corollary , while Q**(n; Re 632, 2°%) and Q*(n; Rae3,2%%) are also good* by
condition (iv) of Corollary 2.31] Set ©11(n) = Q™ (n; Rags1,2°%) and Oa(n) =
0**(n; Re 32 2%%). Tt follows that

Oun)= > Plmp) and  Opm)= Y ¥(mpe)

n=pi1p2p3p4m N=p1p2p3P4P5Pemm

2008 <py<ps<pa<pi<X 2998 <pg <p5 <py<p3<pa<p1<X
:<0.285 5 <0.285
£5<min{(0.655—07)/2,0.526 1} £5<min{(0.655—¢7)/2,0.526—1}
0;>(0.655—0;—5—£%) /2 05<(0.655— 5 —05—1%) /2

Quantity Zneg ©11(n) is bounded above by

4 .
1 + 0 0.285 rnln{a1 1)} mln{ag )} w (%4:10{1) 0 296y
—  _Zda< — .
xb log z /0 /o /008 max{0.08, 20T 0y ajasazad z’logz

Finally, to bound ), s, ©12(n), note that 5 +--- + £5 < 0.655 implies £5 < 0.17.
Hence it is sufficient to count the number of integers n = py ... pem in B(y) which have
(m, P(2%%)) = 1 and (py, ps € [2°17, 2925] or p; € [2°17, 0285] s € [2998, 2017] or
p1,p2 € [2%9% 2%17)) and p; € [2°9%, 2%17] for i > 3. The double counting introduced
by ignoring the conditions p; > p;11 can be removed by dividing by 6! or 5! or 412!,
respectively. We obtain the following upper bound:

6 4 2
S 1y < L E () Ton(850)"  Tog(B4D)"08(() , on(D) hon(49)" _ o0
12(n) < zblogz \ 0.08-6! 0.08 - 5! 0.08 - 412! zblogz’

neB(y)

In summary, we have shown that 1p(n) can be written as 1p(n) = W(n)+ 312, ©(n),
where ¥(n) is a sum of no more than 100 good* and good*™ functions and where each

©; is non-negative and

_ 0887y
Z Z O S logx

=1 neB(y)
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This concludes the proof of Proposition [2.3] for the case a € (0.53,0.545].
Case 2: a € (0.57,0.59].

Now we treat the hardest case, a € (0.57,0.59]. We define the regions

Rop = {(¢5,05) € [0,1]% : €5 > 0.455},

Roo = {(£7,03) €[0,1]7 : 0.42 < £} < 0.455},
Ros = {(£;,03) € [0,1]2:0.38 < £; < 0.42},
Roa={(£7,03) €[0,1]*: 0.315 < ¢ < 0.38},
Ros = {(£5,63) €0,1]*: 0.29 < £ < 0.315},
Ras = {(€1,63) € [0, 1) : £] < 0.29}.

0.075

After two applications of the Buchstab identity with z; = x , we have

6
Y(n, X) = ¥(n,2°07%) — O*(n;[0,1],2°°7) + Z O*(n; Ra, 2°0™).

=1

By condition (i) of Corollary Y(n, x%9) and —Q*(n; [0, 1], 2°°7) are good*
functions. By condition (a) of Corollary [2.33, Q**(n; Ra 3, 2%97) is a good** function.
It remains to treat Q**(n; Ra;, 2%07) for i € {1,2,4,5,6}.

Step 1: Treatment of **(n; Ry 1, 2%07).

Recall Roq = {(¢,¢3) € [0,1)% : £§ > 0.455}. We now define the following regions:
R2’171 = {(f{,g*) c RQ 1 > 0.62 — f{},

Raio={(7,05) € Ras € [0.58 — £7,0.62 — (7]},

R271’3 = {(ET,g*) S RQ 1 < 0.58 — gi,ﬁ; > (0685 — ET)/2},

R271’4 = {(F{, E*) - RQ 1 < 0.58 — K{, E; < (0685 — ET)/Q}

Additionally, following the same notational conventions as in the treatment of the

case a € (0.53,0.545], we extend tuples by writing
Rj,174 = {([{7 s ,E;‘) S [07 1]] : (€>{7€§> S R2,174}'
Applying two more Buchstab iterations to the region R 4, then

O™ (n; R, 2%77) = 07 (n; Raojp1, 2%) + Q7 (n; Ra 2, 2°°7)
+ 7 (n; Raa s, 2907 4 O (n; Ro1.4, 2%-07%)
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_ Q*(n; R371,47 x0'075) + Q*(n; 724,174, x0'075).

O*(n; Rop.4, 2%07) and —Q*(n; Ra 1.4, 2%97°) are good* functions by condition (ii) of
Corollary . Further, Q**(n; Rq1.2,2%%7) is good** by condition (d) of Corol-
lary [2.33] Now we set ©;(n) = Q0 (n; Ra 1,1, 2°97), ©2(n) = Q*(n; Ra,1 3, 2%°7) and
O3(n) = Q*(n; R4, 2%97%). We have computed the following upper bounds:

Z O:(n) < MI(R2,1,17$0'075) < 0.2029y

b ; ,
neB(y) 2’ logz rblog x
1+ o(1 0.0099
Z O(n) < MI(RQJ,;),,:BO'O?E’) <= y,
z’logz zblog x
neB(y)
1+ o(1 0.0038
> o) < P g, ooy < L0050
neB(y) rlog z’logw

Step 2: Treatment of **(n; R, 2%07).
Recall Roo = {(¢5,05) € [0,1)% : 0.42 < ¢} < 0.455}. We define the following regions:

Ropa = {(01,05) € Rap : 45 > 0.685 — (1},
Ropo ={({},03) € Rop: 05 € [0.58 — (},0.685 — (3]},
Raos = {({},65) € Rap : €5 € ((0.685 — £7)/2,0.58 — £7)},
t) <
03)

RQQ {(ET, ERQQ 26* (O 685—?{)/2,6; < 0105},
R225 {(E{, ERQQ f* (O 685-?{)/2,6; >0105},
{01, 6) €10,1)7 + (6, 63) € Raps} for j € {3,4}.

Next we apply two Buchstab iterations with z; = 2%1% to Raa5.

4
O (n; R, 207 = Z O (13 Ranz, 2°075) + O (n; Ro 5, 2°075)
i=1
— " (n; Ra25, 2°1%) + Q™ (n; Raas, 2°19).

Since condition (iii) of Corollary allows 8 < 0.105, Q**(n;Rao4,2%°™®) and
O (n; Raas, 2%07) and —Q*(n; R3a5, 2%1%) are good*. (Q0**(n; Ra2.4,2%97) is of the
special type of good* described at the end of Section[2.6.1]) By condition (b) of Corol-
lary , O**(n; Raa2,2°07) is good**. We now set O4(n) = O**(n; Raa1, 2°07),
Os5(n) = 0*(n; Ra23,2%°) and O4(n) = 0**(n; Raas, 2%1%). We have computed
the following upper bounds:

Z O4(n) < MI(RM,I@O'O%) < 0.0345y

neB(y) zlogz zblogx’
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0.0502y
2blogx’

Z 65(n) < MI(RQ’Z&JZO'O%) <

zblog x

0.0004y

y(1+o(1)) 0.105
D 6(n) < S (Rags, a™'%) < gz

xblog x

Step 3: Treatment of **(n; R4, 2%07).

Recall Roy = {(¢;,03) € [0,1)%: 0.315 < £} < 0.38}. We define the following regions:

Roan = {(01,03) € Ros: l5 > 0.62 — (7},

Roso = {05, 03) € Roa: 05 €[0.38 — £;,0.455 — £7) U (0.545 — £7,0.62 — (7]},
Rous = {(£5,05) € Ry : 5 € [0.455 — 1,0.545 — 1], 43 > max{0.145, &2y
Roua = {(61,03) € Ry - 0 € [0.455 — £5,0.545 — £;], £5 < max{0.145, 2240

Rj,474 = (f{, Ce ,gj) € [0, 1]J . (K{,gp € R2,474} for j € {3,4},
Ruyaan = {(07,05,05,01) € Ryaq: ;> 0.455 — (7},
Raaao ={(07,05,05,0;) € Ryaa: l; <0455 — (7}

By condition (iv) of Corollary [2.33] Q2**(n; Ro.4, 2%07) can be written as

3 2
Q**(n; Ros, :L‘O'075) _ \114(71) + Z Q**(n; R274,i7 :130'075) + Z Q**(n; R4,4,4,i7 $0'075)
=1 =1
where Wy(n) is a sum of four good* functions, resulting from Buchstab iterations
applied to region Ry 44. By condition (¢) of Corollary O*(n; R a2, 2%07) and
V*(n; Raga2,2%°7) are good™. We write O7(n) = Q**(n; Ro41,2%°7), Og(n) =
Q**(n; R2’473, ZL’0'075) and @9(71) = Q**(n; R474,471, 130'075). Then

Z O7(n) < MI(RQAJ,I‘O'O’YS) < 0.0889y

b b ’

B x’logx xlogx

1+o(1 0.1993
Z Os(n) < MI(Rz,zx,&xo'om) < b—y’

xblog x xblogx
neB(y)

1+ o(1 0.0114
Z Oy(n) < WI(RZLAAJ"TO.O?B) < a y
neBi) xblogx xblogx

Step 4: Treatment of **(n; Ry 5, 2%07).
Recall Ry = {(¢;,03) € 0,1)%: 0.29 < ¢ < 0.315}. We define the following regions:
R2,571 = {(f{,gp € R275 : 6; > 0.62 — f{},

120



Roso = {(£;,03) € Rys : [0.58 — £3,0.62 — (3]},

Rass = {((1,05) € Ros: €5 € [(0.62 —£7)/2,0.58 — (1)},

Raosa = {(€;,03) € Roy: 05 < (0.62 —(7)/2},
Rjsa=A{(6;,....,05) € [0,1) : ({7, 65) € Rosa} for je{3,4},
Rusan = {05, 05,05, 05) € Rusa: > 042~ (7},

Rusao = {05, 05,05, 05) € Rusa: L €[0.38 —£;,0.42 — (3]},
Rusaz = {(01,05,05,03) € Rysa:ly <038 — (7}

By condition (v) of Corollary [2.33] Q2**(n; Ras5, 2°97) can be written as

3 3
O (13 Ra s, 2%07) = Wy(n) + Z O (1; R 5, 2°07) + Z O (n; Raz, 2°07)

i=1 i=1

where Us(n) is a sum of two good* functions, resulting from Buchstab iterations

applied to region Ry 54. By condition (d) of Corollary 2.33] €**(n; R0, 2%°7) and

O (n; Rags.a2,2%°7) are good*™. We write O19(n) = Q**(n; Ras1,2%9), O11(n) =

O (n; Ras, 2°07), O1a(n) = Q7 (1 Rz, 2°07), O3(n) = O (n; Rasas, 2°07).

We then compute

Z O19(n) < MI(RZ&hmO.O%) - 0.0007y

b b ’
B xblogx xblogx
14 o(1 0.1343
Z Onu(n) < MI(Rz,a&xO'O%) < b—y7
xblog x xblog x
neB(y)
1+o(1 0.0020
Z O12(n) < MI(R4,5,4,1,$0'075) <= 3
x®log x xblogx
neB(y)
14 o(1 0.0092
Z O13(n) < M[(R4’574’37x0.075) <= y
el xblog x xblogx
neB(y

Step 5: Treatment of **(n; Rag, 2%07).

Recall Rog = {(¢;,03) € [0,1)%: 5 < 0.29}. We define the following regions:

Roea = {(61,05) € Rag : £5 > min{0.2275, (0.685 — ¢7)/2},
Rapso = {(7,05) € Rap : {5 < min{0.2275, (0.685 — £7)/2},
Rusz = {(4, 6, 03,03) € 0, ]4 D (01,45) € Ragpt,

Ragoa = {0, 05, 05,0}) € Rugo: €5 > LEEEZ0)

R4,6,2,a,1 = {(é;,gz,ég,a;) € R4,6,2,a : 6; > (0.455 — g;,ﬁ; < 0.38 — ZT},
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Rus2a2 = {(01,05,05,05) € Rug2a:ly > 0455 — (7,05 € [0.38 — £1,0.42 — (7]},
Rupoas = {(01,05,05,0;) € Ragoa: ly > 0455 — 01,05 > 0.42 — (7},

Rusoas = (6,05, 05,03) € Rugoa: b € [0.42 — £7,0.455 — 03], €; > 0.105},
Rag2.a5 = 101, 05,65,03) € Ragoa: €5 € (0.38 — (1,042 — (1)},

Rug2a6 = 101, 05,03,0;) € Rugoa:ls €[0.315 — (7,0.38 — (7]},

R4,6,2,a,7 = {(@{, g;, g;, EZ) c R4,6,2,a : 6; < 0.315 — ET},

Ruoon = {6 03,05, 05) € Rugp: £ < COTHZ0))

R6,672,b - {(£T7£§7£§7£L£;7£(§) S [07 1]6 : (€T7£;7£§7£1> S R4,672,b}'

Using conditions (vi), (vii) and (viii) of Corollary and applying the Buchstab
identity, we find that Q**(n; Ra¢, 2°°7) equals

Q**(TL; ’R/276’ $0'075) — \116 (n> + Q**(TL; R2,6,17 $0.075)
7
+ Z ™ (n; Rag2,a.i0 2907 4 O (n; R6.6.2., 2007),

=1
where Wg(n) is a sum of nine good* functions. Both Q**(n;R462.4.2,2%°) and
Q™ (n; Rug 2,05 2°07) are good*™* by condition (d) of Corollary 2.33] Now we de-
fine ©14(n) = 0**(n; Rag1, %) and O15(n) = 0*(n; Ru6.2.4.1,2°°7) and O6(n) =
O*(n; Rag2.a7,2°07) and O17(n) = 0*(n; Re 6.2, v°07). We then compute

Z ©14(n) < MIU@%J@O.O%) < 0.1145y

b b ’

By xblog x xblog x

1+o(1 0.0116
Z O15(n) < MI(RM@&M%O'O%) <= .

xblog x xblogx
neB(y)

1+o(1 0.0127
Z O16(n) < MI(R4,6,2@,7,$0'075) <= 3

xblogx zblogx
nebB(y)

1+o(1 0.0524
Z O17(n) < MI(Raﬁ,z,b;ﬂ?O'O%) < b—y
) xblogx xblog x
neB(y

It remains to treat Q**(n; Ryg2.4.:, 2°07) for i € {3,4,6}. Note

Q**(n RQ 6T 0 075 + Z @ _'_ Z Q**(n; R4,6,2,a,i7 LCO'075>,

i=14 i€{3,4,6}

where Wg1(n) is a sum of eleven functions that are good* or good**.
We split Ru62.4,3, Ra62a4 a0d Rag2q6 up as follows:

R4,6,2,a,3,1 = {(f;, f;, f;, KZ) € R4,6,2,a,3 : gz < 0.38 — g;},
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G050 00) € Rigoas: U € [0.38 — 5,042 — £5]},
G000 € Rigoas: 0> 042 — (1},
4

7?'4,6,2,&,3,2 =

{
7?/4,6,241,3,3 = {
{

( )

( )
Rug2aa1 = {07, 05,05,03) € Rapoaa:ly > 042 — 11},
Rup2a42 = {07, 05,0501) € Rag2a4:ly €[0.315— (7,042 — (7]},
Rup2.a61 = {07, 05,0501) € Rag2ae: {3 > 0455 — 05 — (3},
Rup2a62 = {07, 05,05 03) € Rag2as: s €[0.38— 05— 05,0455 — 05 — (3]},
Rup2a63 = {01, 05,0503) € Rag2as6: s € (0455 — 07 —(5,0.38 — 05— (3)},
Rup2a6a = {01, 05,0501) € Rag2ae: {y < min{0.455 — €7 — 05,0.38 — 05 — (5} }.

This gives the following equality:

17 3
™ (n; Rae, 2°°7) = g1 (n) + Z ©,(n) + Z Q*(n; Rag2.035,2°7)

=14 j=1

2 4
*k [, 0.075 *k [, 0.075
+ E O (n; Ra62,a4,T )+ E Q (n7R4,6,2,a,6,jax ).

j=1 j=1

The function Q**(n; R4 62432, 2°°7) is good** by condition (d) of Corollary and

77777

O*(n; Rag2.a42 2%°7) is good™ by condition (e) of Corollary The function

77777

*(n; Rag2.a6.4, 22°7) is good*™ by condition (f) of Corollary and the function

77777

O*(n; Rag2.a6.2 x°°7) is good™ by condition (g) of Corollary [2.33] Now write

77777

O18(n) = X7 (n; Ra62,0,3,1, 5170'075)7
O19(n) = X7 (n; Ra62,0,33; $0'075),
Oa0(n) = 0™ (n; Ra6.2,a,4.15 $0'075)7
O21(n) = 0™ (n; Ru6,2,0,6,15 $0'075),
Og2(n) = Q™ (1n; Ra6,2,0,6.3: 550'075)-
We then compute
1+ o0(1 0.0129
Z O15(n) < yl 7 ( ))I(R4,6,2,a,3,17x0075) > y
x’logx xlogx
neB(y)
1+ o(1 0.0027
Z O19(n) < y( 3 ( ))I(R4,672,a,3,3,x0075) T Y
xblog x xblogx
neB(y)
1+o(1 0.0012
Z Oa0(n) < y( _ ( ))I(R4,6,2,a,4,1,930 075) . Y
xlogx xlogx
neB(y)
1+ o(1 0.0048
Z @21(n) < y( 3 ( ))I(R4,6,2,a,6,17$0075) T Yy
B xblog x xblogx



0.0252y
2tlogx’

1+o(1
Z O2(n) < u1(734,6,2@,6,37900'075) <

In summary, we have shown that 1p(n) can be written as 1p(n) = W(n)+ 3.2, Q:(n),
where ¥(n) is a sum of no more than 100 good* and good*™ functions and where each

O, is non-negative and

22
0.9855y
; rblogx
=1 neB(y)

This concludes the proof of Proposition for the case a € (0.57,0.59].

The remaining cases of Proposition 2.3, a € (0.59,0.61], a < 0.53, a € (0.545,0.57]
and a > 0.61, are covered in Appendix A.

2.6.4 Final comments

Section [2.6] completed the proof of Theorem [2.1 and gave

Z (pn—i-l - pn>2 < xl—i—r/-ﬁ-a‘ (2222)

pn<zx

with v = 0.23. More careful computations with Harman’s sieve could improve this

upper bound a bit further, but the necessary effort increases rapidly as v decreases.

For v = 0.23, the case a =~ 0.59 was particularly tricky: For a € [0.57,0.59] we

0.99y
zblogx

. As we decrease v, new

constructed a minorant p(n) with > g (1e(n) — p(n)) ~

. This is already

Y
zblog

dangerously close to the required strict upper bound of
bad terms appear, but there is not much room left to discard them. For instance, if
we were to apply the arguments of Section with v = 0.22 and a € [0.57,0.59], we
would have to take xo(a) C [0.39,0.45]U[0.55, 0.61], x3(a) C [0.32,0.415]U[0.585, 0.68]
and y1(a) C [0.39,0.415]U[0.585,0.61] and this is likely insufficient input for Harman’s
sieve. However, we could split [0.57,0.59] into many shorter intervals and this extends
the suitable ranges xi(a), x2(a) and xs(a) by about 0.01 for each smaller interval.
A proof of , using our techniques, with 1.22 in the place of 1.23 and 7 €

0.57 0.59]
)

(97 2%, thus still appears somewhat feasible, although it would require much

greater computational effort.

For v = 0.21, our suitable ranges are already very short, even for fixed a. For example,

a = 0.59 would require x2(a) C [0.385,0.44] U [0.56,0.615], x3(a) € [0.33,0.41] U

124



[0.59,0.67] and x1(a) C [0.385,0.41] U [0.59,0.615]. Thus bound (2.13)) with v = 0.21

appears almost certainly out of reach of our techniques.

We conclude this chapter with the remark that Guth and Maynard [12] very recently
proved stronger Dirichlet polynomial bounds in the critical range o € [0.7,0.8]. These
very new results appeared after the submission of this thesis and have therefore not
been implemented in our work. However, it appears that Guth and Maynard’s new
results allow one to break the barrier at v = 0.25 without the use of Harman’s sieve.
Further, if used in conjunction with our other methods and bounds, they should
enable us to give a significantly improved upper bound on angm(pnﬂ — )% A

bound of O.(x!*7) now certainly appears well within reach.
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Chapter 3

Primes in arithmetic progressions
to smooth moduli

3.1 Introduction

In this chapter we study equidistribution estimates for primes in arithmetic progres-

sions. For # > 0 and Q C N, consider the following statement: For any a € N,

1 T
Z Z 1—% Z 1 | KA, W. (3.1)

g<zf—=e | p<x p<w
q€Q p=a(q) (p.a)=1
(g,a)=1

Bombieri [4] and Vinogradov [43] showed in 1965 that (3.1]) holds with the exponent

0= % and @ = N. The Elliott—Halberstam conjecture suggests that 1} also holds

with # = 1, but to date 1) remains unproven for any 6 > % when Q = N.

Better exponents have been obtained for smaller sets Q: In the 1980s, Bombieri,
Fouvry, Friedlander and Iwaniec proved variants of in which the absolute value
signs were replaced by suitable coefficients. For instance, Fouvry and Iwaniec [§]
obtained the exponent of distribution 1% for well-factorable coefficients and Bombieri,

Friedlander and Iwaniec [5] improved this exponent to %. Bombieri, Friedlander and

Iwaniec [5] also obtained the exponent 23 for a less restrictive set of coefficients,

provided that Q only contains integers with a divisor of a certain suitable size. More

recently, Maynard [32] proved that 1' holds with § = X and Q = {1z : @1 <

21
o/ g, < 2'921=2) provided that the implied constant is allowed to depend on

a. Further, Maynard [33] proved that (3.1) holds with § = § 4§ for § € (0, 1555)

when Q = {qig2gs : @1 < Q1,42 < Qa,q3 < @3} with 2% < @y < /2077 and
$1/10+126Q2—1 < QB < x1/10,45Q2—3/5‘
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In this work, we are interested in the case @ = {q € N : ¢ | P(2°)} where P(2°) =

)

Hp <0 P- This is the set of squarefree, 2°-smooth integers. Equidistribution estimates

for primes in APs to smooth moduli played a key role in Zhang’s proof of bounded gaps
between primes [45]. Zhang obtained the exponent of distribution 3 + = for a variant
of (3.1). Polymath [37] improved on these equidistribution estimates, showing that

(3.1) holds with 6 = $ + 57 when @ = {g € N: ¢ | P(z°)}. We prove the following:

Theorem 3.1. Let P(z) = [],..p. Let e > 0. There exists § > 0, dependent on ¢,
such that the following is true: For every A > 0 and every a € Z, we have

1 T
Z Z 1—m 1 <<A,5W.

q<wl/2+1/40—5 p<z
T g|P@d) p=a(q) (p.g)=1
(g,0)=1
The key ingredient of our proof is an improved exponential sum bound for what was
the limiting case in previous works. By taking advantage of the precise shape of the
exponential phases appearing in this problem, we are able to exploit the summation
over a variable which was previously treated trivially. A sketch of this argument can

be found in Section B.1.1]

Since equidistribution estimates of the form described in Theorem are closely
linked to bounds on the infimum limit of gaps between primes, we also study

H,, = liminf(p,ym — pn)-

—

For large m, a first upper bound on this quantity was given by Maynard [30], who
showed that H,, < m?®exp(4m). A similar bound was also obtained by Tao around
the same time (unpublished). The methods of Maynard and Tao were further op-
timized in the Polymath paper [38], leading to the bound H,, < exp((4 — &=)m).
Note here that 4 — 2% ~ 3.822. Baker and Irving [2] combined the techniques of
the previous papers with Harman’s sieve, which gave H,, < exp(3.815m). Using the
method of Polymath together with Theorem [3.1] we are immediately able to deduce
that H,, < exp(3.81m), improving on the result of Baker and Irving. However, if
we additionally combine our new equidistribution estimates with Harman’s sieve, like

in [2], we arrive at the following bound:

Theorem 3.2. The quantity H,, = liminf, . (pnim — Pn) satisfies

H,, < exp(3.8075m).
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Our new equidistribution estimates can also be used to improve bounds on H,, for
fixed small m > 2. Denoting by H(k) the diameter of the narrowest admissible
k-tuple, Polymath [38] showed that

H, < H(35410) < 398130,

H; < H(1649821) < 24797814,

Hy < H(75845707) < 1431556072,
Hs < H(3473955908) < 80550202480.

For given m € {2,3,4,5}, we are now able to decrease the size of k for which it
is known that H,, < H(k). Sutherland computed corresponding bounds on H(k),

giving us the following improvement:

Corollary 3.1. Write H,, = iminf, o (pntm — pn). Denote by H(k) the diameter

of the narrowest admissible k-tuple. Then the following is true:

Hy < H(35265) < 396504,

H; < H(1624545) < 24407016,

H, < H(73807570) < 1391051532,
Hy < H(3340375663) < 77510685234.

3.1.1 A sketch of the proof of Theorem 3.1

We now outline the main arguments of the proof of Theorem Many details are

suppressed for clarity.

By Heath-Brown’s identity (see Section , in order to prove that the primes
have exponent of distribution 1/2 + 2w to smooth moduli, it suffices to show the
following: If a; : N — C with a; supported on [N;, 2N;], [T/_, N; < « and (ay(n) = 1
when N; > 2%), then

3 S (%*"'*%‘)(”)‘M > (o x-xap)(n)| Kap (Tog )™

q<gl/2t2w—e n=a(q) (n,q)=1
a|P(z%) né€(z,2z n€lz,2z)
(g,0)=1
(3.2)
The current techniques for establishing estimates of the form (3.2)) are highly de-
pendent on the values of Ny,...,N;. For instance, if we use the Type I/II/III es-

timates of Polymath [37] and take w = 7/600, then (3.2) holds if there are distinct
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i1,09,43 € {1,..., 5} with N;, N;, N;, > 2% and Nj;, > 2° and (3.2)) also holds if there
exists I C {1,...,7} with J],.; N; € [2%* 2%°]. Every choice of ay - - - x a; under
consideration satisfies one of these two propertles, and so Polymath [37] obtained the

exponent of distribution 2 5 T 305 However, if we increase w just a little further, then

300
the results of Polymath do not provide sufficiently good equidistribution estimates

whenever Ny, ..., N5 are all close to 22

To establish a larger exponent of distribution, our goal is to prove that ((3.2)) still holds
for Ny,...,N; with [],.; N; ~ 2°* if w is a bit larger than 7/600. (We thus improve
the Type I equidistribution estimates of Polymath [37].) In [37] it was shown that in

order to obtain such a result, it is enough to prove that

S| 5 () <2 52

d=A | n=<N yvy
(y,m)=

for some choice of A with 1 < A <« N and some € > 0 and for N ~ 24, YV ~
2% m ~ '™ /(NA) and B with (B,md) = 1. (This is primarily a consequence
of Linnik’s dispersion method and completion of sums.) The sum over d will be
incorporated into the g-van der Corput process to reduce the modulus to m. The
optimal choice of A balances the resulting diagonal and off-diagonal terms: larger
choices of A correspond to better bounds for the off-diagonal terms, but worse bounds

for the diagonal terms.

3.1.1.1 The g-van der Corput method - Polymath

We first recap the arguments of Polymath [37], paying particular attention to the

diagonal terms. Using the Cauchy-Schwarz inequality, we have

|2 T (i) <22 2 | e (i)

d=A | nxN yxY d=A c(d
(ym)=1 (y m)=1 n=c(d)
1/2
A2 1/2 ZZ Z Z By(n —n) /
e N d(n+ Cd)(n+ Cd)

(y m) 1 n,n=c(d)

s X Sy (2)

y<Y k<<N d=<AnxN
(y,m)=1

1/2
Byk
3/2 Ar1/2
<K AN Y—i—AYsup( E E E ( n+kd))> i

(ym)=1 1<k<<N d=<A nx<N
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Here A3/2N1/2Y is the contribution of the diagonal terms (which correspond to n =
n). We seek an upper bound of AN/x¢, so this forces A < N/Y?2. For the off-diagonal
terms, Polymath [37] used the g-van der Corput process and Deligne’s work on the
Riemann Hypothesis over finite fields to prove that

Byk Nm?/3
DD IAC TR 3.4

1<k< & N d=AnxN

Recall that m ~ 2! /(NA), Y ~ 2% and A ~ N/Y2. To get an upper bound
of AN/z¢ on the LHS of (3.3), we require (Nm?3/AY?)'/2 <« N/(2Y) and hence
N > p/17+2400/17+12¢/17 - Byt recall that we are interested in the case N ~ x%%. This

now forces w < 7/600.

Larger A gave better bounds on the LHS of , but the maximal possible size of
A was determined by the diagonal terms, which contributed A3%2N'/2Y. So to get
an improvement, the key idea is to change the shape of the diagonal terms, reducing
their contribution. Observe that the argument above made no use of the summation

over y. This summation can be exploited to get smaller diagonal terms.

3.1.1.2 The g-van der Corput method - Variant

Now we introduce our new argument. Notice that if we set y/n = ¢ mod d, then

e (205) e ) () - (2) ()

and the d-factor no longer depends on n and y, allowing us to apply the g-van der

Corput process with both n and y on the inside. More precisely, we have

2 ZZ@M( +(Jd) <<ZZ 2 2 em(m)‘

d=A | n<N yxY d=A ¢ nxN yxY
y/n=c(d)

_ 1/2
By By
< A<ZZ 2. o (d(n+C’d) - d(ﬁ+0d)>>

d=A ¢(d) n,n=<N
y,y=<Y

y/n=y/n=c(d)

1/2
(yn —yn+ Cy —y)d)
<<A<ZZ 2. ¢ ( d(n+ Cd) (7 + Cd) )) :

y,y<Y d<A nnxN

yn=yn(d)
To prove that ( @ holds, it thus suffices to show that for all y,y <Y,
— C d N?
S Y e (PSRN < 35)
oy d(n+ Cd)(n+ Cd) x%Yy
yn=yn(d)
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Observe that yn = yn(d) if and only if 7 = (ny + kd)/y for some k < Y N/A with
y | ny + kd. Then

. (B(yﬁ—gm(?(y—g}’)d)):e B(k+C(y—Y))
"\ d(n+Cd)(n+ Cd) (n+Cd)(In+ %+ Cd) )

The diagonal terms of now correspond to choices of n, k and d for which k +
C(y—y) =0and y | ny+kd. Fix some d < A. The diagonal terms have k = —C(y—y)
with y | ny — dC(y —y). Assuming (y,y) = 1, only O(N/Y") choices of n satisfy this
divisibility condition. Overall, the diagonal terms thus contribute O(AN/Y') to (3.5).
This forces A < N/Y. (The value of A is thus allowed to be larger than in the work
of Polymath [37], where A < N/Y?2)

For the off-diagonal terms, we first notice that the condition y | ny + kd gives n =
yni + de for some n; € N and some constant Fj (dependent on k). We further
write £ n + = kd = yny + Gxd mod m and have the relatlonshlp =k 2k = —vs mod m.
Substltutlng and using Deligne’s bounds for the summation over d and n, we obtain:
2 2 > ( (n + (JZ)EZ% kdg—?(]d))
et e

B(yz+C(5 —

- 2 ZZ%( <+>d><1+<

k<Y N/A d=xAnixN
k+C(y—9)#0

Then (3.5) and hence (3.3 hold provided that m < NA/(z*Y3). Recalling that
~ N/Y and m =~ 2'*%/(NA), we require N > /412 At w = 1/80, this

condition is satisfied by N ~ 2%, concluding the sketch of our proof.

In this argument, we exploited the simple shape of the quotient (-2 —&q) inside the

exponential sums of (| . This is what gave us simple expressions for the diago-
nal terms and what allowed us to easily deal with arising modularity conditions via

substitution of linear expressions.

3.1.2 Notation

Below is a list of notational conventions and important definitions.

3.1.2.1 Basics

In this chapter, lower case Roman letters denote integers and upper case Roman

letters denote real numbers (unless specified otherwise). In particular, all sums and
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products are over the integers, with the exception of sums and products over p or p;,

which are over the primes.

We let h ~ H denote the condition h € (H,2H| U [2H, H). Here H may be positive
or negative. (If a > b, then (a,b] denotes the empty set.) We also use Vinogradov
notation (< and >) and write X <Y if Y < X < Y. If we write X <4 Y, then

the implied constant may depend on A.

For 6 > 0, we set P(2°) = [[ _.s p- Divisors of P(2°) are squarefree and x°-smooth.

p<zd
As usually, Dirichlet convolutions are defined as follows: If o, 5 : N — C, then

(axB)(n) = ald)s (%)

din

The function ¢(n) is the Euler totient function, A(n) is the von Mangoldt function
and p(n) is the Mébius function. If Q(n) is a statement about integers, then 1g, is
the indicator function of that property.

In all our proofs, we assume without loss of generality that x is very large.

3.1.2.2 Exponentials

For ¢ € N and ¢ € Z, we define e,(c) = exp(2mic/q). For a,b € Z/qZ,

. (g) _ )& (a_/b) if a/b is well-defined mod g,
! 0 otherwise.

Here a/b represents an integer ¢ which satisfies ¢ = a/b mod q.

By the Chinese Remainder Theorem, if (¢, ¢2) = 1, then

C C
€q192 (C):elh g €qo a :

More generally, for ¢ € Z and pairwise coprime natural numbers q, . .., g,

eql...qk<c>:Heqi< ‘ ) (3.6)

i=1 H#i 4

3.1.2.3 Sequences

For a given sequence, we now formally define the exponent of distribution to smooth

moduli, using essentially the same definition as in [2]:
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Definition 3.1 (Exponent of distribution). We say that a function f : N — C,
supported on [x,2x], has exponent of distribution 6 to smooth moduli if the following
holds: For any € > 0 there exists 6 > 0 such that for any a € Z and A > 0, we have

1 x

q<z?—< | n=a(q)
q|P(z°)
(q7a):1

We work with coefficient sequences, as defined in Definition 2.5 of Polymath [37]. For

convenience, we recall their definition here, and correct a typo in (iii):

Definition 3.2 (Coefficient sequences). Given x, a coefficient sequence with respect to

x is a finitely supported sequence o : N — R which satisfies |a(n)| < (7(n)log z)°W.

(i) « is located at scale N if it is supported on [cN,CN] for some 1 < ¢ < C' < 1.
(ii) If a is located at scale N, it is said to have the Siegel-Walfisz property if

an) — —-— aln AT 7”0(1) N
> al)— g Y aln)| <t g

n=a(q) (n,qr)=1
(n,r)=1

for any q,r > 1, any A > 1, and any residue class a mod q with (a,q) = 1.

(i) « is said to be shifted smooth at scale N if there exists a constant xo € R and
a smooth function 1 : R — C supported on [c, C], with [V (t)| <; (logz)% M
for all t € R, such that

If we can take xog = 0, a 1s said to be smooth at scale N.

3.2 Key propositions

We now state our two main propositions and show how Theorem Theorem
and Corollary [3.1] follow from these.

3.2.1 Equidistribution estimates

The following result improves on part (iii) of Theorem 2.8 of [37].
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Proposition 3.1. Let w,d,0 > 0. Suppose the following 3 inequalities are satisfied:

T2w+ 246 < 1,
48w + 166 + 40 < 1,
64w + 200 + 20 < 1.

Let 3 be a coefficient sequence at scale N with N € [zY/277, x1/2].  Additionally,
suppose that [ has the Siegel-Walfisz property. Let o be a coefficient sequence at
scale M with M =< .

Then for any A > 0 and any a € Z,

1
2| 2 e 3 e <

q|P(x?)
(g,0)=1

3.2.1.1 Comment 1: Comparison with Polymath

The bound 1} is of a form similar to Polymath’s Typegi) [w, d, o] and Typeg? [w, 0, 0]
estimates (see [37], Definition 2.6). We only made the following modification: In part
(iii) of Theorem 2.8 of [37], the sum was taken over ¢ € D( (z°), the set of 4-tuply

9_smooth ¢g. We made this

x%-densely divisible integers, whereas we merely sum over x
change purely for convenience’s sake and our proof could also be adapted to the case

q € D§3)(x5), the set of 3-tuply x’-densely divisible integers.
Polymath obtained the equidistribution estimate (3.7)) when

68w + 140 < 1
0w +160 + 2o < 1, (3.8)
64w + 186 + 20 < 1.

In order to prove that the primes have exponent of distribution 9 to smooth moduli,

one needs to show that 1.} holds for 6 =0, 0 = % and w < 5 — Substltutlng

these values into (3.8, the inequality ‘3w + 166 + 2to < 1 forces 9 <t+45. In

order to improve on Polymath’s exponent of dlstrlbutlon 5+ ﬁ’ we therefore have

to weaken the requirement 160w + 160 + 3 0 < 1.

The three conditions in (3.8]) are essentially the consequence of various exponential
sum bounds and a rough outline of the proof (with ¢ = 0.1 and § = 0) can be found

in Section [3.1.1.1, To improve on this result, we use an alternative version of the
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g-van der Corput method. A rough sketch of the argument (with o = 0.1 and § = 0)
can be found in Section |3.1.1.2] Using this method, we obtain (3.7) if:

T2w + 240 < 1,
48w + 166 + 4o < 1, (3.9)
64w + 200 + 20 < 1.

Note in particular that %w +160 + %a < 1 has been replaced by 48w+ 160 +40 < 1.

1 1 : " 1, 1
5 1, we obtain the condition § < 5 + 4,
7

which improves upon the prior requirement 6 < % + 505-

Substituting in 6 = 0, 0 = and w < g —

Caution: So far we have only looked at the second inequality in (3.9). However, the
third inequality is now equally important. Substituting § =0, 0 = % and w < g — }1
into 64w+200+20 < 1, we again get 6 < %4—4%. Therefore the third condition in
now also prevents further improvements of the exponent of distribution 8. Note that
condition 64w + 200 4+ 20 < 1 in corresponds to condition 64w + 180 4+ 20 < 1 in
. Ignoring 4, both and require 64w + 20 < 1 — our new approach did
not weaken this requirement. This is not a coincidence: we improved on Polymath by
reducing the size of certain diagonal terms in the ¢-van der Corput method, but the
condition 64w 4 20 < 1 did not depend on the size of these diagonal terms. This is a

roadblock to further improvements of the exponent of distribution to smooth moduli.

As a final remark, note that while we improved on when ¢ = 0, the coefficients
of ¢ in are larger than those in . As such, Polymath’s results are better
than our results when ¢ is somewhat larger than w. This is a rather unfortunate
consequence of our amendments to the g-van der Corput method. The size of the
coefficients of § is important when proving explicit bounds on Hy, Hs, Hy and Hs, and

for that reason the larger coefficients of ¢ have limited our improvements of bounds
on HQ, Hg, H4 and H5

Using the new conditions (3.9)), we now derive Theorem from Proposition .

3.2.1.2 Proof of Theorem 3.1 (assuming Proposition 3.1)

We want to deduce that for any € > 0 there exists § > 0 such that for every A > 0

and for every a € Z,

1 T
b L <ae g oA
qgmlﬂ;/ﬂ)s ; (b(CI) Z (log SL’)

alP(z%) p=a(q) (pg)=1
(g,a)=1



By partial summation and dyadic decomposition, it suffices to show that for given
e > 0, sufficiently small 6 > 0 and a € Z,

3 3 An) - Z A(n)| <as (logxx) . (3.10)

q<z1/2+1/40—¢ | nelz,2x] nE[J} 2z)
q|P(z?) n=a(q) (n,q)=1
(g,a)=1

In the terminology of Polymath [3§], is referred to as a Motohashi-Pintz-Zhang

estimate: We ask for MPZw, 0] to hold when w = g — 5. Polymath [37] gave the

following sufficient condition for when MPZ|w, 4] is true:

Lemma 3.2 (Combinatorial Lemma). Consider w € (0,5) and § € (0 : +w) with

68w + 146 < 1. Suppose there exists o € (E’ 3) with § > w and 0 > & + 28w + 2(5

such that - the conclusion of Pmposztzonm holds for the given w, § and o.
Then MPZ[w, d] is true.

Proof. This follows from the proof of Lemma 2.7 of [37] by applying part (iv) and (v)
of Theorem 2.8 of [37] and additionally replacing @ = {¢ < Q : ¢ € D (%)} with
Q=1{¢<Q:q| P(°} everywhere. O

Using Proposition and Lemma [3.2] we deduce:
Corollary 3.3. Let w > 0 and § > 0 with 80w 4+ 36 < 1. Then MPZw, 6] holds.

Proof. By Proposition holds if 72w + 240 < 1 and 48w + 16§ + 40 < 1 and
64w+200+20 < 1. The second and third inequality rearrange to o < }L— 12w—46 and
0 < 3—32w—100. By Lemma 3.2, MPZw, ¢] thus holds provided that 72w+ 246 < 1
and provided the following inequality is satisfied:

1 28w 20 1 1 1
maX{E+T+ 9 10} <m1n{é—1—12w—45,§—32w—105}.

After some careful computations, this condition rearranges to 80w + %—05 < 1. [

Proof of Theorem 3.1 (assuming Prop. 3.1) — Final Step: Recall that corre-
sponds to MPZ[s — £, ]. Hence we have the desired bound (3.10) - ) whenever € and ¢
satisfy 80(g5 — 5) + 805 =1—40c + 86 < 1. Choosing § = ¢, this inequality holds.
Theorem [B.] follows. O

In [37] and [38] it was shown and used that MPZ[w, d] holds when 00 4 1800 7,
Our alternative criterion 80w + %5 < 1, stated in Corollary , is an improvement

over Polymath’s result when w > %.
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3.2.1.3 A first improvement of bounds on H,,

We recall now from [38] some of the main steps of Maynard’s and Tao’s method for
bounding H,,: First, if the weak Dickson-Hardy-Littlewood prime tuples conjecture
DHL[k, m + 1] holds, then H,, < H(k), where H(k) is the diameter of the narrowest
admissible k-tuple. By Theorem 3.10 of [38], DHL[k, m + 1] holds if MPZ|w, ¢] holds
and M,LM%] > 174> where M,La] is as defined in equation (34) of [38]. By the
proof of Theorem 6.7 of [3§], Mk[:a] > logk — O,(1). Finally, by Theorem 3.3 of [3§],
H(k) < klogk + kloglogk + o(k). Combining all this with Corollary [3.3] we have

(1+e)m )

o <o (@ i

In particular, we have H,, < exp(3.81m), as claimed in the introduction.

3.2.1.4 Proof of Corollary 3.1 (assuming Proposition 3.1)
To get bounds on Ho, ..., Hs, we again follow the arguments of Polymath [3§].

In particular, we use Theorem 6.7 of [38] with

35265, 0.99479, 0.85213) for m = 2,
1624545,1.00422,0.80148) for m = 3,
73807570, 1.00712,0.77003) for m = 4,

(
(k,clogk,Tlogk) = E
(3340375663, 1.0079318, 0.7490925)  for m = 5,

)
to deduce that M ,Ll/ Sl S _m polds for the following choices of w and §:

1/4+w
(0.00556625, 0.0207987) for (m, k) = (2,35265),
(o.5) — ] (0:00768602,0.0144419) for (m, k) = (3,1624545),
"7 (0.00883292, 0.0110012) for (m, k) = (4, 73807570),
(0.0095447064335, 0.0088658806979)  for (m, k) = (5, 3340375663).

Each of these choices of w and ¢ satisfies 80w + 50 < 1, so that MPZw, 6] holds.
Thus DHL([35265, 3], DHL[1624545, 4], DHL[73807570, 5] and DHL[3340375663, 6] are
true. In particular, Hy < H(35265), Hy < H(1624545), Hy < H(73807570) and
Hs < H(3340375663). Sutherland computed the following:

H(35265) < 396504,
H(1624545) < 24407016,
H(73807570) < 1391051532,
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H(3340375663) < 77510685234.

For k € {35265, 1624545, 73807570}, a link to admissible k-tuples of lengths 396504,
24407016 and 1391051532 can be found on page 7 of the arXiv preprint [42] corre-
sponding to this thesis chapter. To compute bound H(3340375663) < 77510685234,
the shifted Schinzel sieve was used as described in Section 10.2.2 of Polymath [38],
with [s, s + x] = [3343896484, 80854581718] and m = 13090609. This concludes the
proof of Corollary [3.1] O

3.2.1.5 Comment 2: Proof outline for Proposition 3.1

As highlighted above, Proposition is really the key result of Chapter 3. In Sec-
tion [3.1.1| we already gave a sketch of the most important ideas of Chapter 3, and
hence of the proof of Proposition [3.1. However, the proof outline glossed over many
important technical details. A rigorous account of the key steps of the proof of

Proposition [3.1] can be found in the following places:

Polymath ([37], Section 5) used Linnik’s dispersion method and completion of sums to
reduce the proof of equidistribution estimates of the form given in to bounding
exponential sums of the form given in (3.3)). The precise shape of these exponential
sums can be found in our Lemma [3.5] where we summarize the results of the first

steps of the Polymath paper.

After handling some small technical details, the g-van der Corput method is then
applied in Lemma [3.8] In Lemma [3.9) we remove the resulting diagonal terms. To
bound the off-diagonal terms, we wish to apply the exponential sum bounds of ([37],
Section 8). Initially, our expressions do not have the correct form and we spend several
lemmas removing various divisibility conditions and linear congruence conditions. In
Lemma [3.19, we are finally ready to apply the exponential sum bounds of Polymath

and complete the proof of Proposition [3.1]

3.2.2 Harman’s sieve

We now use Harman’s sieve to further improve our bounds on H,,. Section [3.4] is
focused on the construction of a suitable minorant for 1p(n), using as input the Type
[/11 equidistribution estimate given in Proposition and the Type III equidistribu-
tion estimate given in part (v) of Theorem 2.8 of [37]. Write

1 ifp|ln—p>y,
0 otherwise.

¢(”> y) = {
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We will prove the following:

Proposition 3.2. Fiz some large x, write p; = % and set

p(n) =1p(n) — Z Y(ns,pa) — Z L.

n=pi1p2p3p4ns N=p2p3P4P5P6

0.19038< g <z <aa <1 <0.40481 0.19038<ag,a3,014 ,a05,006 <0.23848
a1 +a9<0.40481 a2,04>03
az+asz+ayg>0.59519 a2+a4<0.40481
az+az+a5>0.59519
ag>as

Then p(n) is a minorant for 1p(n) on [x,2x], has exponent of distribution 0.5253 to

smooth moduli, and

> p(n) = (1-2-107° + o(1))

ne(z,2x)

loga

3.2.2.1 Proof of Theorem 3.2 (assuming Proposition 3.2)

Baker and Irving [2] combined results of [3§] with Harman’s sieve as follows:

Lemma 3.4 (Baker, Irving). Fiz a small § > 0 and ¢; € (0,1). Suppose that for

every large x, there exists a function p : [x,2z] — R with the following properties:
(i) p(n) is a minorant for the indicator function of primes, that is, p(n) < 1p(n).
(i) If p(n) # 0, then all prime factors of n exceed x*.

(iii) The function p(n) has exponent of distribution 6 to smooth moduli.

(iv) The sum of p(n) over [x,2x| satisfies

S pln) = (1— e +o(1))

nelz,2x]

T

logx’

Then we have, for every e > 0,

. 2(1+¢€

Proof. This is Lemma 1 of [2]. O

Lemma and Proposition give H,, < exp(3.8075m), concluding the proof of
Theorem [3.2
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3.3 Equidistribution estimates

In this section we consider a coefficient sequence « at scale M and a coefficient
sequence [ at scale N with x < M N < x. We assume that § has the Siegel-Walfisz
property. We write N = 27. Our aim is to prove the following equidistribution
estimate for certain w > 0, § > 0 and v € (12w + 66, 3 — 2w — 8¢): For every A > 1

and every integer a € Z,

1 x
qé;;ﬁw n;(q)(a s Wq) (n;)ﬂ(a *Om) <as (logz)A” (3.11)
i

3.3.1 A summary of Polymath’s results

We begin by summarizing some of the results of Section 5 and Section 8.1 of Poly-

math [37]. These results provide a starting point for our proof.

Lemma 3.5 (Reduction of Type I bounds to exponential sums [37]). Let w,0 > 0.
Let e € (0,107199). Let N = 17, where v € (12w + 65, 1 — 2w — 8¢).

Let o and (8 be coefficient sequences at scales M and N with v < MN < x. Assume
B has the Siegel-Walfisz property.

Denote by Zy the set of tuples (Q,R,U,V,H* qo,?,a,by, by, Ypr,¥n) which satisfy
the following properties: @, R, U and V are positive. qo € N with ¢ < @ and
(qo, abiby) = 1. ¢ satisfies 0 # |{| < %. Wy and Yy are real, non-negative coeffi-
cient sequences, smooth at scales M and N. Further, for H = 2° RQ*(qoM)™!, the
quantities Q, R, U, V, H* satisfy H > 1, 1 < |H*| < H and

T N < R< 2 %N, (3.12)

21775 < QR < g2t (3.13)

gl Q/H < U < qpta™™Q/H, (3.14)

2 H <V < 2" H, (3.15)

UV = Q/q. (3.16)

For a given z € Zy, we define the indicator function Cy(n) = 1&7715 by Forh < H,

n+Lr (qo)

we set pi(h) = M Y om l/JM(m)e(quuva;%) and i (h) = 5 >, bu(m)e (rqo_uﬁ)};qz)'

1
M
h bih bohh
\11<n7 hl,hQ,T,U1,U1,U2,Q2>:eT (L) Caou 11)1( 1 1) ( 2101 )
Nqou1v1q2 nrqs (n + 0r)rqousv;
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ah2 blhz b2h2
er| ——— | eoourvs|l ——— |eq| — .
ngouivaga ) N\ nrge ) B\ (n4 Or)rgousvs

For z € Zy and Cy(n), ¢§(h), ©57(h) and VU(n, hy, ho, 7, u1,v1, 02, q2) as above, we set

Z ‘ Z Z CO n SOH h’l (hQ)Q/JN( ) (n7 h17h27r7 U17U1;U2,Q2) .

TU1,U1,02,42 by kg

r=R By~ H* (n, TQ0u1v1v2)
wuxU o g (ntir, qoqz)zl
V1,02 X
2=Q/qo

rqous [v1,v2]q2| P(2%)
(rqou1vivaqa,abiba)=1

Suppose that ¥1(z) = O.((qo, () RQNUV?2x=%) for every z € Zy. Then for A > 0,

2

q<m1/2+2w

q|P(x%)
(g,a)=1

1 T
n;(q)(a * B)(n) — ) (n,q)zl(a *B)(n)| Kae (log )"

This lemma follows almost directly from the arguments of Section 5 and Section 8.1
of [37]. Some small changes have to be made, so for completeness’ sake a full proof of
Lemma , starting from the point at which we first diverge from [37], can be found
in the appendix of this thesis.

3.3.2 The g-van der Corput method

We now prepare to carry out the variant of the ¢g-van der Corput method which was
described in Section B.1.1.2

3.3.2.1 Diagonal terms + Splitting r

Our first lemma has two main aims: On the one hand, we remove certain inconvenient
terms from our sums. (To be precise, we remove combinations of hy, ha, v1,ve with
hivs = hovi.) On the other hand, we split up r, writing » = dr; for d and r; of a
certain good size. The factor d will later be incorporated into the ¢g-van der Corput

method to reduce the modulus.

Lemma 3.6 (Extraction of a suitable factor d). Let Z; and ¥ be as described in

Lemma (3.5 For a gwen z; € Zy, we set

N

Denote by Zy(z1) the set of tuples
(AJ ri, U1, V1, V2,49, d07 l/JAl)
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which satisfy the following properties: A is a positive real number with x°D <
A < D and Y, (dy) is a real, non-negative coefficient sequence, smooth at scale

Ay = A/(x%). Further, ri,uy,v1,v9,q2,dg € N with uy < U, vi,vy XV, dy < A,

= %; 2 = %; T1qoui[v1, valge | Pz ) and (r1qou1v1v2q2, abiby) = 1.

Write C(n) = 1, For given z1 € Z1, z9 € Zs(2z1), we set Xa(z1, z2) equal

%Errfld'rl( 0)
wAl dl ‘ Z Z C Squ hl (h2)¢N( ) (n,hl,hg,drl,Ul,Ul,’UQ,(]Q)‘.
hi,h2
(d7"1q0u1) 1 }hilwg* ((n drlqO)) 11
V1.V = ~H* n,u1v1v2
(((117 [s;&as"]e(ﬁ)ee ! h1v227éh2v1 (n+Ldry,q0)=1
where d=do+d1 (n+4€dr1,q2)=1
O)AN
If ¥o(21,20) = Os(qo(q07 ) m (Ul’v2)> for all z3 € Z5(z1), then
1 10e
t0. ) RQNUV?
Bi(e) = 0, (BT,

Proof. Our aim is to bound 3 (z1), which is given by

Z ‘ Z Z CO 7’L QOH h’l (h’Q)wN< ) (n,h1,h2,r,u1,vl,vg,q2) :

T,u1,01,02,q2 hi,h
r=<Ruy=xU h NH* (n, 7“‘10”1111’02):1
v1,v2xV,q22Q/q0  ho~H* (nHr,gog2)=1
rqoui [vi,v2]ga | P(?)
(rqourvivage,abibz)=1

We now factorise . Recall that R > 2% 9N. Hence D < 27N <« = %R On
the other hand,

e 2 e 2 1+4w+3e 4e+90 4w—+o+T7e
QoM MR g MN do

and so D = %% N/H? > p~8%~20-64 N Using that v > 12w + 66, then D > 1. For
r € N with 7 | P(2°) and » < R, we can thus find d and r; such that r = dr; with
179D < d < D. We define a quantity Yo(A, 71,11, ) as follows:

Ty = Z ‘ Z Z C <PH hl (h2>?/1N< ) (n7h17h2,d7“1,u1,v1,v27Q2)~

d
d”i 2 h NH* (n, drlqoulvlvz)

01,0a=V ho~ ' (nHdry ,qoq2)=1

(Here > indicates that the outer sum is restricted to d, vy, vy with drigous v, v2]gs |

P(2°) and (driqouiv1v2q2, abiby) = 1.) Then by dyadic decomposition,

295 RU
Yi(21) <o (—AQ) sup Yo (A, r1,u1, ¢2),
qo
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where the supremum is taken over all choices of A with 27°D <« A < D and all
choices of 71, uy, go with rq < %, u <X U, g < C% and (rjuyqa, abibe) = 1. To show that
Y1(21) <o 27%(qo, () RQNUV?, it thus suffices to show that sup To(A, ry, u1, g) <o

2745 q0(qo, () ANV2,

Next we wish to exclude choices of h; and v; for which hyvy — hovy = 0. By the

Triangle inequality, To < YTy 4+ To, where T; and T, are given by

*
Tl :Z ’ : : C SOH hl (hQ)wN( ) (nvh’l7h25dr17u1>vl71}27QZ) )
d,v1,v2 hi,ho
d=A hi,ho~H* (n, dTlQ0U1v1U2)
v1,02XV hyjvg—hovi= —0 (n+Ldr1,q0q2)= 1

Tz :Z ‘ Z C (-PH hl (hQ)wN< ) (nahl7h27drl>ul>vl7v2aQ2)‘-
d,v1,v2 hi,ho

A=A R ho~ H* (n, dr1q0u1v1112)
v1,02XV hyvg—hov1 £0 (n+Ldry, qoqg)il

Recall that H* < |H| < x7°V. A trivial bound on Y is thus given by

T, < 2 WAH*VN < 7 T*WANV2.

To get the desired bound on ¥;(21), it thus suffices to show that To <. W(ﬁ%.

Consider the quantity Y5(vy,vs), defined to equal

Z ‘ Z Z C SDH hl (hZWN( ) (”ahl7h2>d7"1,U1,111ﬂ)2,QQ)

d=A
(d,r1qour)=1 h1,h2~H* (ndrlqoulvlvg) 1
(d,[v1,v2]q2)=1 hqva—hov1#£0 (nF€dri,qog2)=1
d squarefree

for vy, vo with riqousi[vy, va]ge | P(2°) and (vivy,abiby) = 1. (Note here that we

removed the conditions d | P(2°) and (d, abyby) = 1. This increases the sum.) Now
T2 < Z Z T/Q(’Ul,vg).
leV ’L}QXV

For technical reasons, it will later be important to have a shorter summation range
for d. Currently we are looking at d < A. Recall that A; = A/(z%). We partition
the set of d with d < A into sets of the form {dy + d; : A; < dy < 2A;}. We only
need O(x¢) choices of dy to cover the range d < A. Define T3(v1, v2, dy) as follows:

TS Z¢A1 dl Z : :O SOH hl (h2)¢N( ) (nﬂhbh%drl)ul7vl7v27QQ) .
hi,h2
(dﬁqmn) 1 hl,hQNH* (n, d?‘lqo) 1
(d,[vl,vg]qg):l hiva#havy (nu1v1v2)=1
d squarefree (n+tdri,q0)=1
where d=do+d; (n+tdri,q2)=1

where d=dp+d;
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Here dy < A and ¥a,(dy) is a coeflicient sequence which is smooth at scale A; and
has ¥, (dy) > 0 for all d; € R and 9, (dy) > 1 for all d; € [Ay,2A,]. We then have

T, (v1, v9) < 2°° sup T3(vy, va, do).

Now observe that Y3(vy, va,dp) is of the form ¥o(21, 22) for some 2z, € Zy(21). Hence,
by the assumptions of Lemma [3.6, we have Y3(vi, v, do) < 272%¢0(go, () AN (01, v2).
This in turn implies (v, ve) <. 2 °qo(qo, ) AN (v1, v2). Summing over vy, vy <V,

we then obtain the desired bound

T, <. :C’E’qu(qo, ()AN Z Z (v1,09) K x’4'55q0(q0, E)ANVZ.

V1 =V v2 =V

Hence X5(z1, 22) = OJW) indeed implies Y(2;) = OE(W;#UVQ), as

proposed. O

3.3.2.2 Simplifying exponentials

We now inspect W (n, hy, ho, dry, uy, vy, v2, g2) more closely.

Lemma 3.7 (Factorising W). Consider n,d, hy, ha, ¢,71, qo, 1, v1, Ve, G2, a, b1, by € Z.
Assume that riqoui[vi,valge | P(x) and (rigouivivage, dabiby) = (n, drigouivive) =
(n+ ldry, qoq2) = 1. Let U(n, hy, he, dry, uy,vi, v, q2) be as defined in Lemma .

Write vi = v1/(v1,v2) and vy = vo/(v1,v9). Write v* = (v1,vs). Then

a(hqvy — havy) ) . (A(hwé‘ — hgvi‘))

NT1 QU V¥ VTV d(n + Bd)

\IJ(TL, h17 h27drlaul7vlyv27q2) = €4 (

where m = r1qou v VIVsqy = riqous[vi, v2]qe and where A and B are residue classes

mod m which are independent of n, d, hy and hy. Furthermore, A satisfies (A,m) = 1.

Proof. Using the Chinese Remainder Theorem as stated in (3.6)), we find the following:
\I/(TL, hl, hg, d?”17 e )
ahy ahs bihy bihy
=€ r — € ULV R e Wi J—
an NQoUIVIg2  NQouVaqe ) O \ ndriga ) T ndriqs

e b2h1 . thQ
2\ (n+ dr)drigouyvr (n + Cdry)driqgouivs
— ey <Cl(h1U2 — hgvl)) e (a(hy@ — hg’Ul)) e (b1 (hﬂ); — hg'l}ik))

nriqoui1v1V2q2 ndgot V1022 ndriqou1 ViV 42
e b1 hy e _ bihy e b2(h1112 - h2111)
WHU N ndrivrgy ) ndriv¢qs ) %\ (n + dry)driqouivivs
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B (a(h1v2 — h2v1)) (a(hlvék — hovy) ) (bl(hlv’2k — hw’{))
= €q €rq Co

NT1QoU1V1V2Gs ndqou V¥ Uivigs ndriqoui vivsqe

b1 (hﬂ); — hQ'Uik) b1 (hﬂ); — hQ'Uik) bl (hﬂ); — hg'l]ik)
Cqour d Kk K Cot d * %k Cuz d *

nar v vvaqe nariqouU1V vy qa nariqou1 Vv gz

( bQ(hlU; — hQ’UT) )
6112

(n 4 £dry)drigouv*oivs

) < a(hivy — hovt) ) . (A(hﬂ); - hﬂﬁ))

NT1qoU VTV d(n + Bd)

where m = riqou v viv3qe = T1qou1[V1, V2]g2 and where A and B are residue classes
mod m which are independent of n, d, h; and hy. Since (abib, r1qouiv1v2q2) = 1, we

have that a, b; and by are coprime to m and A satisfies (A, m) = 1. O

3.3.2.3 ¢-van der Corput process

We now apply the ¢g-van der Corput method. This is where our arguments diverge
from the work of Polymath [37]: On page 97 of [37], sums were partitioned according
to the value of n mod d. Instead, we now partition according to the value of (hjv} —
hovy)/n mod d. By including both h and d in the innermost sum of the g-van der
Corput method, the contribution of diagonal terms is decreased. This allows for a
larger choice of D: In [37], the proof used D ~ N/H*, but now we may work with
D ~ N/H?, which leads to a smaller modulus m in the exponential sums. This

change is what allows for an improvement of the equidistribution estimates.

Lemma 3.8 (Alternative g-van der Corput method). Let Z1, Z(z1) and ¥a(z1, 22)
be as described in Lemma and Lemma . For given z € Zy and zy € Zy(2z1),
denote by Zs(z1, z2) the set of tuples

(W17 Y7 Wy, Wy, W2, A? B7 C(”))

which satisfy the following: Y € R with 1 < |Y| < A% and Wy € (0,00) with

(v1,v2)

1< Wy < A, A and B are residue classes mod m with (A,m) = 1, where m =

r1qous[v1, V2|qa. Further, wo, wi,wy € N with wy | wy, wy squarefree, (wy,m) = 1,

wy < Wi and wy | m* = ml21°82l . Finally, C(n) is the indicator function of a set Ey,

mod qo, dependent on d mod qq, which has at most (qo, ) elements.

Set L = {hivy — hov} : hy, ho ~ H*}, where vi = vy /(v1,v2) and vi = vy/(vy, V7).
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For given z1 € Zy, z9 € Zy(z1) and z3 € Z3(z1, 22), define 33(z1, 29, 23) to equal

2 | Dosin) Semcmome (15 e )|

y,yeL

y,g~Y wow1 |d (n,wir1gouivive)=1

w1 |(y,) ( d myQy =1 (Mawirigouivive)=1
(y,m*)=wz “1 h“’l (R+e€dry1,q0q2)=1
(,m*)=w2 dwdgfd (n+Ldr1,q0q2)=1
yn=yn mod d

We then have the bound

Yo(z1,22) € sup (w3'55(vl,112)W11/2A) Y3(21, 22,23)1/2.

23€Z3(21,22)

In particular, if ¥3(21, 29, 23) = Os(—qgi%o?fa;fv?), then (21, 29) = OE(—qO(qo’ﬁ)zAléZ(vl’w))

Proof. Our goal is to bound ¥5(z1, 23), which is given by

Z¢A1 (dy) Z ZC( )¢k (h)e} (h2)¢N( YW (n,hho,dryus,vr,02,G2) |-

hi,ho n
(dquoul) 1 hi,horH*  (:dr1go)=1
(d,[v1,v2]q2)= hiva#hovy (M1v102)=1
d squarefree (n+tdri,q0)=1
where d=do+d1 (n+Ldri,q2)=1
Here C(n) = 1y _ (40)? and this is the indicator function of a set E; mod qqo,
n _n+£dr1

which depends on the value of d mod ¢q.

We begin our proof by splitting up the sums inside the absolute value signs of
Y9(21, 22) according to the value of (hivy — hov})/n mod d, where vi = vy /(vy,v2)
and vy = vy /(v1,v2). We recall Lemma 3.7 If (hyvi — hov})/n = v mod d, then

a(hyvy — hav}) ) . (A(hw%‘ — hg@f))

W(n, hy, ho, dri, uy, v, Vg, =e
(n: R, o, dry, a, 01,02, G2) = €4 (m’lqoulv*vagkqg d(n + Bd)

. ( ay ) . (A(hlva‘ - hg?}f))
d Qo v Uivige ) d(n + Bd) ’

where m = riqous[v1, v2]g2 and A and B are residue classes mod m, independent of

n, d, hy and hy, with (A,m) = 1. The d-factor no longer depends on hy, he and n.
So we find that ¥o(21, 22) < Ey(z1, 22), where Fj is defined to equal

Sos @[S T st (P )|

h1,ha
(dm) 1 By~ H* (ndr1q0u1v1v2) 1
d squarefree ho~H* ("+fd7"1 ‘13‘12) 1
where d=dg+d1 hiva#hovy (h1vg—hovy) __
=)
The condition (n,d) = 1 could become bothersome at a later stage. To ease its

removal, we now partition according to the value of wy = (hjv — hovi, d) and will
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later only insist that (n,w;) = 1. Similarly, choices of hjvj — hov} which share
prime factors with m may cause issues, and so we partition according to the value
of wy = (h1vi — hyv, m21982]) (Since 212'°82] > 2 this means that we partition
according to the largest factor of hjvy — hov] which consists solely of powers of primes
which divide m.) Writing m* = ml2182 we get Yy(21, 20) < Ea(21, 22), where Fj is

¢A1 (dy) Z‘ Z ZC n)e () (han (n)e (A(;L(l;ja—_Bh;;ik))"

d17w1,w2 ~v(d) hi,ho
(dym)= hi~H* (n,quouwwz) 1
d squarefree ho~H™ (n+tdr1,9092)=1
wi|d hiva7#havy M 7(d)

walm* (hivi—hovi,d)=w;  ©

where d=dg+d;  (h1v3—hav,m*)=w2

Now we count the number of wy | m* which have wy < . Since |hyvi — hov| < z,
these are the only wy which contribute a non-zero amount to ¥o(21, 22). Recall that
m is squarefree and denote the number of prime factors of m by k. Here k < |2log x]|.
There is an injection from the set {wy € N : wy | m*, wy < '} to the set [, = {n €
N:n=p"...pi¥,n < z}, where py,...,p; are the k smallest primes. (Denoting
the prime factors of m in ascending order by ¢, ..., qx, we send wy = ¢7' ... ¢.* to
pit ... pp®, which is less than or equal to ws.) But I is the set of py-smooth numbers
bounded by z. Here p, = O(klogk) = O.((logx)'*</2) since k < |2logz]. It is
known that the number of (logz)'**/2-smooth numbers less than z is bounded by
O, (z'=1/0+e/2)+0()) = O_(2°). (See Hildebrand and Tenenbaum [22].) Hence we only

need to consider O.(z¢) different values of ws.

Next we partition according to the size of wq, restricting to w; < W; for some W,
with 1 < W7 < A. We also fix wy. Finally, we restrict the value of hyv; — hov} to
a dyadic interval, writing hivj — hov] ~ Y for some Y with 1 < |V| < ¢ IV Here

v2)”
we use that hivy — hov] # 0. (Note that hyvi — hov} and Y may be negatlve, but not

zero.) Using dyadic decomposition, we define Yo (W7, Y, wy, wy) to equal

Ty = Z ¥a, (dr) Z‘ Z Z Cn)ehy ()i (hain (n)e (A<0}ZL(17:;—I-_B}LC?;T))

Y

hi,h
(d, m) 1 7(d) Pk (n, d?“lqo) 1
d squarefree (nyu1viv2)=1
w|d (n+Ldr1,q0g2)=1
where d=do+d1 sz(d)

n

where > denotes the sum over hy and hy with hy,hy ~ H*, hyvi — hovi ~ Y,

(h1vs — hov,d) = wy and (hyvy — hovy, m*) = we. We now have

So(z1,22) o sup (W) To(Wh, Y, wi, wo).
W1,Y wi,we
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Here the supremum is taken over choices of W7 and Y with 1 <« W; < A and
1< Y| <7

Corn ) and over all squarefree w; < W; with (w;,m) =1 and all wy | m*.

We retained the condition that d is squarefree up to this point to ensure that we
only need to consider squarefree w;. Now we remove the condition, replacing it by
(d/wy,wy) = 1. Observe that Ty < T for

Z b, (dh) Z’ Z ZC’ n) @y (h1) @i (ha)on (n)e (A<;L(l7:§_|__3hj)ﬁ)) )

hi,h
(d, m) 1 (@) Pk (n, dquo) 1
(d/w1,w1)=1 (n,u1v1v2)=1
wi|d (n+£dr1,90q2)=1
where d=do+dy M 7(d)

n

(Here we used that 1a,(d;) > 0 and that w; | d and d squarefree imply (wil, wy) = 1.)

Since we only sum over hy and hy with (hivy — hov}, d) = wy, and n with (n,d) = 1,
residue classes v(d) with (v,w;) # w; do not contribute to Y;. Hence, for each
residue class mod (d/w;), only one lifted residue class mod d contributes to ;.
Furthermore, % is invertible mod (d/w;). We may replace summation over

hiv3—hav

v(d) by summation over v, (d/w;) and invert , as follows:

=Y (@)Y ‘Z Z C(n)% (h) @5 (ha)on (n)em (A(;L(lsi—;;;ﬁ))‘.

(d dl) 1 71(dfw) 1,k (n d?”lqo) 1

m)= )

(d/wy,w1)=1 (nu1vive)=1
wi|d (n+Ldry 7110q2)=1d

where d:dOerl WE’YI(W)

The condition (n,d) = 1 ensures that only congruence classes 7, (-- -) with (71, 2 4)=1
contribute to 1. If we replace (n,d) = 1 by (n,w;) = 1, we get new summands

corresponding to (71, ) # 1 and this increases the sum. Hence

T, <<Z¢A1(dl ‘Z ZC n) @ ()it (ha)n (n)e (A(;l(lngr—Bh;)Uf))‘

@y D) R g1
,m )=
(d /w1 y01)=1 (nZiwwz) 1_1
w |d ("+ 1,9092)=
d
where d=dp+d; W ’Yl(wfl)

Next we apply the Cauchy-Schwarz inequality. We have T2 < T? <. Y9 Y3, where

Ty = 2" Amax { AW, 1} < :UEAQWI_I,

LEDINNDY D3 > ()i (i () ()

m(5 2 )hl h2 by hs

(dm) 1 (nwlhqmtlvlvz) 1
(d/w1,w1)=1 (Mywir1gouivive)=1

wild (n+fdrl,qoq2) (7i+Ldr1,q0g2)=1
where d=dy+d; n

(hl'U 7h2v1) (hl’l]*—h21}*) 71(?1)
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with (x) = C(n)C(@)tn (n)in (W)en (A(g(lsgfgh;; n) €m <_A(3<1§§+_Bh§>m> .

In particular, we now have the upper bound

E2(2172’2) < sup ($2'5€W11/2A)T3(W1,Kw17w2)1/2~
W1,Y w1 ,we

Since (hiv — hovl,d) = wy and (hyvi — hovl, d) = wy and (wy, wi) = 1, the condition

n
(h1v3—havy)

(El%nh2v*) = 71( ) together with the sum over 71( ) reduce to

(hyv — hov?)7t = (hyv} — hov?)n mod d.

Note also that |p%(h)|, | (k)] < (log M)°W) for |h| < H. Hence we have the

following upper bound:

Ty < 2? > ' Y. tai(d—dy) >, ‘

Ri,h1,h2,he n,n

T w |d (n,w1r1gou1v1v2)=1

h1,h17h3,h2 H (d,m)=1 (Ryw1 1 qou1v1va)=1

hivy —havl, hivy — hQUlNY (d/w1,(h1vs—hovi)/w1)=1 (n+£dr1,qog2)=1

w1 |h1v3—haot, w1|h1v2 h2”1 (d/w1,(h1vi—havt)/w1)=1 (n+edr1,qoq2)=1
(h1v3 EQvl m*)=ws (d/w1,w1)=1 (h1vi—hovy )n_(h1v2 hgvl)n mod d

(ﬁlvg —hov],m*)=w2

with () = CONC@wx (e (G2 (‘A(SE%);{B}?; T)) |

Now consider y ~ Y and count the number of choices of (hq, hy) with hy ~ H*
and hy ~ H* such that y = hjvi — hovf. (Recall here that v; and vy are already
fixed.) Suppose that (hf,h3) is a solution. Since (v}, vs) = 1, the other possible
solutions to hjvi — hovy = y are of the form (hy, hy) = (b} + kvi, hi + kvl). However,
since vj =< V/(v1,v9) and since we also require hy ~ H*, the number of possible k
is bounded by O(max{1, (vi,v2)H*/V}) = O((v1,v2)). Now write L(v],vs, H*) =
{h1v} — hov} : hy,he ~ H*}. Set T4 equal to

A(y(n + Bd) — j(n + Bd))
3 Z% (d) ZC (n)pn(R)e ( d(n + Bd)(7 + Bd) )‘

Y, yEL
yﬂ?NY w1|d (nm, w1r1q0) 1
wil(vy) (L w)_l (niuyviv2)=1

(y,m*)=ws ((n-+£dr1),q092)=1
(g,m*)=ws (d/w1, wl) L ((R+tdr1),qog2)=1
where d=do+d1  y7F=gn mod d

We then have T3 <. (2°(v1, v9)?)Y4. In particular,

Yo(z1,22) € sup (x3€(v1,02)W11/2A)T4(W1,Y,w1,w2)1/2.
W1,Y w1 ,w2
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Finally, we remove the condition (wil, wy) = 1: By Mébius inversion,

Ty < Y pwe)| D ' Dovad—do) Y () ‘

y,geL n,n

wolwi y,y~Y wowlld (nm,wir1gouivive)=1
wl‘(yvg) (’UJL’L’!/Qy):l ((n+£dr1)(ﬁ+€dr1),q0q2):1
(y,m*)=ws oy yn=ygn mod d
(¥;m*)=w2
| _ [ Aly(R + Bd) — j(n + Bd))
with (x) = C(n)C(n)Yy(n)Yn(n)en, < in ¥ BA)( 1 Bd)

But w; has only O.(z°) divisors. For a given wy | wy, define T5(wp) to equal

~ AT + Bd) — §(n + Bd))
> dZI¢A1(d1) %C(H)C(HWN(”WN(”)%( Jn+ Bd)(n + Bd) )'

y,geL ,
y,g~Y wow1|d (nm,wir19o0)=1
wl‘(yv?j) (i7m7112y):1 (nﬁ,u:ﬂq’ug):l
(yvm*):w2 1wy ((n-"_édrl)v‘JOqQ):l
(

(Fm*)=ws  Whete, - ((ftLdr1).qog2)=1
yn=yn mod d

Observe that we now have the bound

Yo(z1, 22) K sup (33'3'58(U17U2)W11/2A) Ts(Wh, Y, wi, wy, w0)1/2’
W1,Y, w1 ,we,wo
where the supremum is taken over wy with wg | wy. But Y5(Wy, Y, wy, wa, wp) is of

the same form as 33(21, 29, 23) for some z3 € Z3(21, z2). This concludes the proof. [

3.3.2.4 Large divisors

We have reduced the problem of obtaining equidistribution estimates to estimating
exponential sums of the form Y3 given in Lemma [3.8] Tuples (n,n,y, ) with y(n +
Bd) — y(n + Bd) = 0 contribute a large amount to ¥3. We also have no non-trivial
estimates for the exponential sums when (y(n+ Bd)—y(n+ Bd))/d shares a very large
divisor with m. In the next lemma we thus remove such bad choices of (n,n,y, 7).
Here it is of great importance that D has been chosen sufficiently small. (Due to the
involvement of y, the diagonal /bad terms here are different from the ones in [37], and

this is what allows us to choose a larger D.)

Lemma 3.9 (Removing diagonal terms). Let Zy, Z5(z1), Z3(z1, 22) and ¥3(21, 22, 23)
be as described in Lemma Lemma [3.6] and Lemma [3.8.

For given zy € Zy, z9 € Zy(21) and z3 € Z3(21, 22), denote by Z4(z1, 22, 23) the set of
tuples (y,y) which satisfy the following: y,y € Z \ {0} with y,y ~Y, wy | (y,y) and

(y,m*) = (y,m*) = wy, where m = r1qous[v1,v2)qa and m* = ml2lew],

150



1 1 5+100€H2N
Set T(z1, 22, 23) = max{(w%m), + I(Uwzml and define ¥4(z1, 22, 23, 24) to equal

i o ()

wowi|d (nn,wir1gqourv1v2)=1
(wilvmfyzy):l ((n+Ldr1)(n+Ldr1),q0q2)=1
“1 yn=yn mod d

((y(n+Bd)—y(n+Bd))/d;m)<T(21,22,23)

We then have the bound

xé Oe gy° 4 2
Y3(21,22,23) < sup | <max{wl+(;2§$, ng,%m)}) Ya(21, 20, 23, 24) + (fé\i—m> :

24€724(21,22,23

Note here that if 34(21, 29, 23, 24) = O. (min {ﬁfé?}}m (w;{’fl)} qg(qi;?:m), then

2 ’g 2W71N2
Es(z1, 22, 23) = O: (qO(qo 2275 - ) .

Proof. Our goal is to bound Y3(z1, 23, 23), which is given by

S S ZC<n>C(ﬁ)wN(n)wN(ﬁ)em(A(yc(i?(ln++Bgii )—(ﬁgin ;dj)gd))>|

y,g~Y wow1~|d (n,wir1gouivive)=1

w1 |(y,Y) (wl,m—%y):l (Mywir1gouivive)=1
(y,m*)=wz " h“’1 (n+0dr1,q0q2)=1
(I:m*)=w2 P (n+tdri,qoq2)=1

yn=yn mod d
Notice that d divides (y(n 4+ Bd) — y(n + Bd)) since yn = yn mod d. Write

St 7.) = { 7)o (P EOZIOEED, ) g

T*(y,7,d) = U S(q; 9,9, d).
1 1 $6+1005H2N
quaX{ (wg,m) ’ﬁ} (1)1 ,'vz)Al

5+1006H2N

We partition the set of (n,n), using S(¢;y,y,d) with ¢ > max{ (w21m), %}x(vl A
and using T*(y,y,d). We define

Tr= >, > o (d—dy) >, ®

y,yeL d n,n
y,y~Y wows |d (nm,wir1gourvive)=1
wi|(y,y) (L, m4)=1 ((n+Ldr1)(f+Ldr1),q0q2)=1
(y,m*)=w2 1wy yn=yn mod d
(ﬂ,m*):uu (n,ﬁ)ET*(y,ﬂ,d)
Tslg)= >, ‘ Yo Yald—do) > () |
y,gyeL d n,n
y,y~Y wow |d (nn,wi1r1gou1vIv2)=1
wil(y,y) (L, mY)=1 ((n+Ldry)(n+€dr1),q0q2)=1
(y,m*)=ws 1wy yn=yn mod d
(I:m*)=w2 (n,n)eS(q3y,9,d)
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The number of divisors of m is bounded by O.(z), so S(¢;y,y,d) is empty for all
but O.(x¢) choices of q. Therefore we have the upper bound

Ys(z1, 22, 23) < Lo+ sup  x° Tg(q).

q>T(z1,22,23)

§+100e 772
T H N
(wa2,m)’ H} (v1,v2)A1 We

wish to count the number of choices of (y,y,n,n,d) which appear in Yg(q) with
dw+5+T7e

Initially, we focus on Yg(q). Fix ¢ > T'(z1, 22, 23) = max{

(n,n) € S(Q'y y,d). For use in the computations below, recall that H < x

6+55H2

A< D= 505H2 &IldY<<( )<< oroa) Hence

Y < min{ (wy, m), H}
q £ 150e []2 :

We first count the number of y € £ with (wy, m) | y. Note that (wy, m) is squarefree
since m is squarefree. Write w§ = ((wq,m),v]). Suppose y = hyvi — hovi with
hyi,he ~ H*. Since (vi,v}) = 1, we have (wy,m) | y if and only if (h; = 0 mod
wg and hy = (v /v7)hy mod (ws, )/wg) Thus there are O(H*/w$) choices for hy,
and for each hq, there are O(max{ 1}) ch01ces for hy. In total, the number of
y € L with ws | y is thus bounded by O(max{ 7 }). (By the exact same kind of
argument, and using that w, < Wy is squarefree and coprime to ws, we also have that

the number of y € £ with w; | y and wy | y is bounded by O(max{m H}).)

To count the number of choices of (y,y,n,n,d) which appear in Tg(q) with (n,n) €
S(q;y,9,d), we first consider the case (y = y and n = n). There are O(A/(woW1))
choices for d with d < A and wyw; | d, there are O((H*)?) choices for y ~ Y with
y € L = {hyvy — hov} : hy,hy ~ H*} and there are O(N) choices for n. The total
contribution of case (y = 7 and n = 1) is thus O(W; 'AH?N) = O(x %W, ' N?).

Next we consider the case (y = y and n # n). Then (n,n) € S(q;y,y,d) implies
q | (y(m —n)). Given d < A with wow; | d, y ~ Y with y € £ and w, | v,
and n < N, there are only O(NY/(Aq)) suitable choices for n — n, each of which
gives only one choice for n. There are O(max{H?/(wq,m), H}) choices for y € L
with wsy | y, there are O(A/(woW7)) choices for d < A with wow; | d and there are
O(N) choices for n < N. Overall, this bounds the contribution of the case y = y by

O(max{ (w};{in) JH %,]YZZ) = O(z~°"W,; ' N?). We thus assume y # 7.
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Next we treat the case n = n. Fix a value of d < A with w; | d. We count the
number of (n,y,7) with ¢ | (y — §)(n + Bd). First we note that dg has O.(2°)
divisors and fix some ~ | dg. We now assume that (y — y,dq) = . Then we must
have Ci—q | (n + Bd). There are O(%) choices for y — y, O(w%) choices for y ~ Y with
wy |y, and O(% + 1) choices for n. Note that (%)(% +1) = O(% +Y). Overall,
this bounds the contribution of the case n = n by OE(:L'EWflAYQw%(Aﬂq +1)) =
O (W IN + 2PW[TH2N) = O(27°% W, ' N?) since H?> <« 2573 <« 773N,

We thus now also assume n # n.

Fix some d with d — dy < A; and wow; | d, some n < N and some y; € L — £ with
lyal <Y, ya # 0 and wy | y4. Since £ — L C {hvi — hov} : hy, ho << H*}, there are
O(max{(— H}) choices for 44 and so in total there are O(max{ 21— o H}VV1 'AN)
choices for (d,n,yq). Consider y, ¥ and n with y —y = y, and (n,n) € S(q;y,7y,d).
Then ¢ divides 2(y(n+ Bd)—j(n+ Bd)) and (yn—yn)+ Bdy, = C’dq for some C' € Z.
Observe |yn — yn| < YN < —=2°**H2N and |dg| > max{;

oro)”
Hence C = Byy/q + O (max{

(wa,m)’ H

choices for C. Choose one such C. We have y(n —n) = Cdq — (Bd+n)yy. All values

on the RHS have been fixed, whereas the LHS is assumed to be non-zero. This gives

} 1‘6+100€H2N
(wa,m)’ H (v1,v2)

L1- 1) and this bounds the number of possible

O.(z%) choices for the factors on the LHS. The values of 7 and n — n determine the
value of n. Overall, this bounds the number of (y,%,n,n,d) which appear in Tg(q)
with (n,n) € S(¢;y,y,d) by O(x495W ). So

Ts(q) <. v W N2

Now we look at YT7. Consider y and y with v,y € L, y,y ~ Y and wy | (y,7)
and wq | (y,y). As observed earlier, there are O(max{#:m)27 H?}) pairs y,y with

y,y € L and wy | (y,y) and wy | (y,y). On the other hand, the number of pairs
Y,y ~ Y Wlth wiwsy | (y,y) is clearly also bounded by O(w—m)g) Now observe
that m = O(%) when Wi (wy,m) > 2°H. But when Wi (wy, m) < 2°H,

we also have H? = O( o’ ). Overall, the number of relevant y and y is bounded

Wl(w ,m)
by O(max{ Mﬁjif , Wl(w2 m)}) Recall that 34(z1, 29, 23, (y,¥)) is defined to equal

-0 . coxmnor. (525 a0

w0w1|d (n,w1T1q0UIVIV2)=1
(u(,il T:Lyzy) 1 ((n+Ldri)(n+Ldri),q0q2)=1
1 yn=yn mod d
(n,n) €T (y,9,d)
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£0+10e 13 4

We then have T7 < (max{ Wrlmem) Wl(l;lug,m)}) sup(, g 24(21, 22, 23, (3, 9)), where the

supremum is taken over all choices of y and y with y,y € £, y,y ~ Y, wy | (y,y) and
(y,m*) = (y,m*) = wy. Thus

xé Oe 73 4 2
Y3(21, 22,23) < sup | <maX{W1+(;;;)a Wl(lz,%m)}) Ya(21, 2, 23, 24) + (ﬁ]?i—wl) :

24€Z4(21,22,23

This completes the proof. n

3.3.3 Summary - Results so far

By now, we have accumulated a lot of notation. For this reason we now summarize

our results up to this point and simplify their presentation.

Lemma 3.10 (Summary). Let w,d > 0. Let ¢ € (0,1071095). Let N = 27, where
v € (12w + 60, % — 2w — 8¢). Let a and [ be coefficient sequences at scales M and N
with v < MN < z. Assume (3 has the Siegel-Walfisz property.

Denote by Zs the set of tuples
(Q? RJ Ah A7 m, qo, 67 21, dO; U1, U2, W1, Wy, C1, C2, l7 >\7 X? A7 BJ ¢N7 ¢A17 C(”v d))

with the following properties: m, qo,t, 21, dy, v1,Va, w1, Wy, c1,co € N with m | P(x%),
G | mand ¢ € Q, { K %, 21 < A and (z1,m) = 1, dy < °°A1, wy square-
free and wy | 21, wy | m* for m* = ml2*l and ¢, | m and cy | m. Further,
LAX€E ZN\{0} with |I| < N and A\, A ~ A and (\,m*) = (\,m*) = wy. A and B
are residue classes mod m with (A, m) = 1, ¥y and YA, are non-negative, real coeffi-
cient sequences, smooth at scales N and Ay, and C(n;d) = lycp,(qy) 5 the indicator
function of a set Eq mod qy (dependent on d mod qo) with |E4| < (qo,{). Finally,

15 2 4w—+6+7e
1< H = TR sttt

¥ N <« R< z %N,
x1/275 < QR < x1/2+2w+67
SL’5€H L V1, Uy K I6+5EH,

N N
—werege < A1 K s5gpms

RQ*H = RQ*H
qo(v1,v2)A1 <M < qo(v1,v2)A1”

1< A< —L—ot% g2,

w1 (v1,v2)
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5+100€H2N

For z € Zs, we set T'(z) = max{ o m) H}z(vl e

and define ¥5(z) to equal

. (A(\@ + Bd) — A(n+ Bd))
Zml 21d = do) ZO (m; YO djow (n WN(”)Q’”( d(n+ Bd)(i + Bd) )‘

(d, m):l (nm, wlcl)fl
(d,A)=1 ((n+1d)(R+1d),c2)=
(d,\)=1 A= n mod (zld/wl)

((A(@+Bd)—X(n+Bd))/d,m)<T(z)

If sup,c 5. ¥s5(2) = O, (min {ngfé?}}g, (wQ’m)} qg(q;);l;fW), then for C >0 and a € Z,

H4
> | X @t - o 3 (e8| <o e
d<at/2+2 | n=alg) D (ng=1 &
JP()
(¢,0)=1

Proof. This is simply a summary of Lemma 3.6] and Recall that in
Lemma , for given ay € 73, ag € Zo(1), ag € Z3(a, ) and oy € Zy(a, g, a3),

we defined X(aq, ag, ag, ay) to equal

S st 3 comememson (UG

n,n
wow1~|d (nn,wir1gouivive)=1
(-+ myyy=1 ((n+€dr1)(n+€dr1) gogqz2)=1

b
W1 wy yn=yn mod d

((y(@+Bd)=y(n+Bd))/d;m)<T(c1,az,a3)
Here m = rigous[vi, va]ga = m1qou1v1vega/(v1, v2) with rp < R/A, ujvy, uive < Q/qo,
°H < v,vy < 2°7H and ¢ < Q/qo. Hence m T RQ*H/IA < m <
—L g0t RQ2H/A.

qo(v1,v2)

We now write z; = wow;. We observe that w; | z1, (z1,m) =1 and z; < £°°A; when
Ya(on, g, az, ay) is non-zero. Recall that wy | y and wy | ¥ and write y = wi A and
7= w 'Ehen M A~ A = Y/w;, where |A| < wl(vll’v2)x5+55H2. Write d = zie. If
(z1/w1,mAN) # 1, then ¥y (a1, ag, as, ay) is zero. Hence we assume (z1/wy, mAN) = 1

and replace (z1e/wy, m)\X) =1 by (e,m)\X) = 1 in the first sum in ¥4(aq, ag, asz, ay).
Further, wiA\n = wﬁn mod zpe is equivalent to An = \n mod (z1/w1)e since wy | 2.
Finally, since (z1,m) = 1 and w | 21, we have (ZL(A(n+ Bze) — X(n+ Bze)),m) =
(LA + Bzie) — X(n + Bze)), m).

So whenever ¥4 (aq, ag, az, ay) # 0, there exists some z € Z5 with ¥y(aq, ag, a3, ay) =
¥5(z). This choice of ¥5(2) has £z7r; in the place of [, r1gous[vy, v2] in the place of
1, Qogz in the place of ¢y, Aw;/2; mod m in the place of A mod m, Bz in the place
of B and Y/w; in the place of A.
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o (wa2,m) wgm q2(qo,0)2N?
We now assume sup,. . ¥s5(z) = O (mm{ p 1T }*"5%—). Then

2 2
Yalar, ag, a3, a4) <K 2SélZp ¥5(2) = O (min{ Iaffoanm s, m)}qo(quZt;E al )
5

for ay € Zy, ag € Zy(1), a3 € Z3(aq, ) and oy € Zy(ay, an, ). By Lemma [3.9]
this implies X3(aq, ag, a3) = O; (q‘)(qolgz—?vfm). By Lemma , then Yo(an, an) =

O. (QO(QO f)xAlé\!(m vz))' By Lemma M’ 21( 1) =0, (W) So by Lemma 7

xie

S Y @) - 3 (ax )| <or e N

C
d<gl/2+2w | n=a(q) ¢(q) (n,q)=1 (lOgZIT)
q|P(z°)
(g,0)=1

3.3.4 Further adjustments

In Section we simplify Y5 further, aiming to replace it by an expression to
which the exponential sum bounds of [37], and in particular a version of Polymath’s

Proposition 8.4, can be applied.

3.3.4.1 Removal of

As a first step, we remove n. We use A\n = An mod (Zld) to replace n by a linear

combination of d and n, and Taylor expand to separate variables n and d in ¥y (7).

Lemma 3.11 (Removing a linear congruence condition). Let Z5 and X5 be as given
in Lemma[3.10, For z € Zs, denote by Wg(z) the set of tuples (Y, YA, di, i) which
satisfy the following conditions: 5 (n) and Y}, (d1) are coefficient sequences, smooth

at scales N and Ay. d, and n, are residue classes mod qq.

For given z € Zs, w € Wy(2) and k € Z with |k| < Y2Y  we set Yg(z,w, k) equal to

T A

S A((Z )k + (A= \)B) )\
A (21d = do v(n)em 1
dz%qw ! )n;%qo)¢ " <(”+Bd)(§(kn+(zl)kd)+3d)
(d,mAN)=1

* ~
where  denotes summation over integers n with A | An + k(Z-)d, (n,wic;) = 1,

(LOn+ k(2)d), wie) = 1, (n+1d,¢;) =1 and (2(An + k(2)d) + 1d, c) = 1.

We denote by = the set of sequences (&) with & € [0,00) and > & <. 1

w1 AN
|k|<<x5sA1

*

(3= indicates that we sum over k with wy | k and ((Z-)k + (A — NB,m) < T(z).)
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Suppose that for every z € Zs, there exists (§) € = such that for all k with k| <
WAN S |k and (ZH)k+ (A — NB,m) < T(z),

J?SEAl’
- (wy,m)  (wz,m) go(qo, ()N
sup Eﬁ(zv w, k) <e ék (mln { ) :
weWe(2) $6+10€H3 H4 $27s

(w27 m) (w27 m) qg(q(h £)2N2
$5+10€H3’ H4 127 :

Then also sup,c . ¥5(2) <. min {

Proof. Our goal is to show Y5(2) <. min{ zéffoleS, (wa,m) }qo q;)QQQNQ. Recall Y5(2) is

. (AG + Bd) — X(n + Bd))
Zwm (21d — do) ZC n; d)C(; d)yn(n WN(")%( d(n + Bd)(n + Bd) >|

(dm :1 (nn, wlcl) 1
(d, A)zl ((n-+ld)(Fi+1d),c2)=
(d.N)=1 Mi=An mod (zld/wl)

(A(@+Bd)—X(n+Bd))/d,m)<T(z)
Consider the condition A7l = An mod (z1d/w;). Rearranging, we get

An + k(2)d
-

for some k € Z with A | An + k(Z-)d. Since yn(n) is a coeflicient sequence at
scale N, the contribution of n and n to ¥5(2) is only non-zero when 1 < n,n < N.
Since A, A ~ A, then |A\fi — An| < AN. Further, ¥a,(d;) is a coefficient sequence
at scale Ay and dy < 2°°A;. Hence the contribution of d to ¥5(z) is only non-zero
when 21d < 2>A;. However, k = (324)(An — An) and so |k| < gg}g whenever the
contribution of k to ¥5(2) is non-zero. Observe that now (A(n+ Bd) — A(n+ Bd)) =
((2)kd + (A — \)Bd) and

[ AQG+ Bd) — Xn + Bd)) _, A((2)k+ (A= X)B)
" d(n + Bd)(n + Bd) "\ (n+ Ba)(E(An + (2)kd) + Bd)

Hence we may write

* 4 k(2)d
= ' Z Zl/)m(zld— d@ZC(n;d)C(%;d) (%)

|k|<<”1AN (dm)\)\)
(ZH)k+(A— /\)Bm)<T(z)

o W+ k() AUGE+ (A= VD)
with (%) = ¥y (n) %v( \ ) €m<(n+ Bd)(%(/\n+ (Z-)kd) + Bd))
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Since ¥y(n) is a smooth coefficient sequence, there exists a smooth ¢ : R — C,
supported on [c, C], with W) (t)| <; (log2)?™" and yn(n) = 1(%). We focus on

oy (Xn + k(j}—ll)d) Ly (Xn +(G)do | () (and - d0)> |

A AN AN

Since ¥a,(d;) is smooth at scale Aj, the contribution of d to ¥5(2) is zero unless
|21d — dy| < A;. But then

(fsﬂAﬁ) A1 !
w AN xde’

(=) (21d — do)
AN

Choosing J = [22] and using Taylor expansions, we may write

Xn+k(%)d ‘1 (wﬁl)(zld—dg) ! j X”+(w£1)d0 ~100
() () ) e

i=0 )
(3.19)

Consider the function P (t) = w(t)w(j)((é)t + (%)) Since A\, A ~ A, we have
|4] < 1. So the Leibniz product rule and [/@(t)| <; (logz)%") tell us that ¢,(t) is
also smooth with |@Z)f)(t)| <; (log )M, Further, the support of 1, (t) is contained
in the support of ¥ (t). Overall, we see that 1,(n/N) is a coefficient sequence which

is smooth at scale N.

Since ¥a,(dy) is a smooth coefficient sequence, there also exists a smooth function
¢ : R — C, supported on [c, C], with |9 (¢)| <; (log2)%™M) and ¥a, (d1) = ¢(di/Ay).
Now set ¢, (t) = %((wil)(f—]\l,)t)fqﬁ(t) We already know that |(wil)(f—]\l,)| < 4 <1
and so by the product rule we find that |¢%”(t)] <; (log )%, Hence the coefficient
sequence ¢, (d; /A1) is smooth at scale A;.

We substitute the RHS of (3.19) for ¢ ((An + ZLkd)/A) in ¥5(2). The contribution
of 1en,ony(n)O(z1%) is trivially bounded by O.(x~°), while the substitution of
j%((wl%)(zld—do))jd)(j) (ALN(Xn—i—(wﬁl)do)) creates a new smooth coefficient sequence of
the form v, () and a shifted smooth coefficient sequence of the form gzﬁ*(A%(zld—dO)).

Note that J = [2] = O.(1). We define

*

T1(¢¥n, ¥a,) = > D A (nd—do) Y wn(n) ()

n

k
w1 AN I\
k< (d;mAN)=1

(ZL)k+OA-X)Bm)<T(2)
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1

ka(;—a)dd A((2)k + (A = \)B)
) "\ + Bd)(2(An + (22)kd) + Bd))

with (x); = C(n; d)C’( 3

Taking the supremum over all coefficient sequences 13 (n) and ¥ (di) which are

smooth at scales N and A, we get

Y5(2) < sup Tl(w]*\/awgl) + OS(xigo)'
(Wi h,)

Hence we have the desired bound on ¥5(z) if we can show that

; (w2,m)  (w2,m) | 45(g0,0)>N?
T; <. min {x5+105H3’ A S

Next we partition according to the value of k£ and write

*
rgk>:' S vh(ad—do) 3 vkl (o)

(d;mAN)=1

Suppose that (&) is a sequence with Z|k|<< w AN el (20t (R Bm)<T(2) = O.(1). If
PN w1y =

Tgk) = O.(&1) for each k € Z with |k| < %EAA]Y and ((ZH)k + (A —A)B,m) < T(2),

then also Ty = O.(I).

Finally, we also remove C(n;d). Recall that C(n;d) is the indicator function of a
set gy mod qg, which depends on the value of d mod ¢o. In particular, if we fix
the values of n and d mod ¢o, then C(n;d) is constant. Since A and k are all
already fixed in TS, the function C'((An + k(%1)d)/X;d) is also constant when n and
d are fixed mod qo. But Ey; has at most (qo, ¢) elements for each d mod ¢y and thus
C(n;d) is only non-zero for at most go(qo,¢) choices of n and d mod go. We recall

that Xg(2, (Vx, YA, di, ), k) is defined to equal

* A((Z)k+ (A= X)B)
* d—d * . w1’ 7
d% | Y4, (21d = do) nz%qo)¢N<”) ‘ ((n + Bd)((An + (2-)kd) + Bd)
(d;n;;;ozl

and observe that

sup Ték) < qo(qo,¢) sup 62z, (Vi YA, duy ), k).
(ﬂ’}‘vﬂﬁzl) (1/)7\/’1021’6[*’”*)

* ~ ~
The sum ) is restricted to n which satisfy A | An + k(ZL)d. But ws | A and ws | A,

while (z1,m) = (d,m) = 1, so that ((£)d,ws) = 1. Hence if w; 1 k, we immediately

E2
wi
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get Xg(z, w, k) = 0. Additionally, we only need to consider k which satisfy ((Z-)k +
(A — X)B, m) < T(z). But by the assumptions of Lemma m, there exists (&) € =
so that for all |k| < ;"QEAA]Y with w | k and ((Z5)k + (A — N)B,m) < T(z),

sup  Yo(z,w, k) <. & (min{ (ws, m) (w”m)}%(qo’g)m).

0410, 37 4 27
weWs(2) a0t i H xe’e

wo,m w m q5 (g Z2N
Then also Tg <, kmln{xéﬁogm, 2 }0(2275 and so

: (w2,m)  (w2,m) | ¢§(a0,0)*N?
T; <. min {$6+105H3a A it

It follows that ¥5(2) <. min{ mgfiﬁ”}}m wz,m) }qo qxozt;e , as proposed. O

3.3.4.2 Divisibility by )
Next we remove the condition A | An + (2-)kd.

Lemma 3.12 (Removing a divisibility condition). Let Z5 be as given in Lemma m

and let Wg(2) and Xg(z,w, k) be as given in Lemma |3.11| For z € Zs and k € Z,

denote by Wy (z, k) the set of tuples (¢ ax, w(?)]\n Fy, Gy) which satisfy the following:
Z1

Yax(d) and w(x%w(n) are shifted smooth coefficient sequences at scales (é—l) and
Z1

(3 )N, with corresponding shifts vo < x. Here A* = min{5, A} and \* = (A N).

F. and G}, are residue classes mod m with
(A—g)(Gk +B)— (AT)(F,C 4 B) = {(%) (%)} {% ((w—>k+ (A —X)B)}mod m.
(3.20)

Fork €Z, z € Zs, ws € We(2) and wy; € Wr(z, k), we let 7(z, we, wr, k) equal

X A)E)A(Z)k + (A= 2)B)
Zw?f(d)Z%U(y)N(nl)em(( + ) (Fe + B)d)(n1 + (5)(Gx + B)d)

where Y1 denotes a sum over ny with (£ )ny + Frd = n*(qo) ((X)n1 + Frd, wicr) =
((/\*)nl + Grd, wicr) =1, (( c)ny + Frd+1d, co) = 1 and (( c)ny + Grd +1d, o) = 1.

Then for all z € Z5, wg € Wes(2) and k € Z which satisfy |k| < Q;QEAAJY, wy | k and
(ZH)k+ (A — NB,m) < T(z), we have

A
w7 EWr(z,k) A

160



In particular, to show that Xg(z,ws, k) <. & <min {gggfi;’;}}:,,, (wf[’;n)} qo(i(;’fg)m), it

suffices to prove that for all w; € Wr(z, k)

A* . wy,m)  (wg,m ,O)N?
27(z,w6,w7,/€) + Oe( _90> <<5 gk <A1> <m1n {x(HiOaH)y ( ]2_14 )} QO(qx()Q?e) ) ’

Proof. Our goal is to bound Yg(z, ws, k), which is given by

(Z5)k+(A=X)B)
Eﬁ(Z,wﬁ, ’ Z ¢A1 Zld do Z ¢N ((n+Bd)(§1( +(21 )kd)+Bd)> |
d= d*(qo) n= n*(qo)
(d;mAN)=1 )\|/\n+l<:(;—11)d

(n,wic1)=(n+ld,c2)=1
(%()\n+k(%)d),wlcl):1

(%(ka(%)dmd,@)ﬂ

Here we assume that k € Z with |k| < w}EAAN, wy | k and ((;—i)k%—(A—X)B, m) < T(z).

We now consider the condition A | An + (Z-)kd. Write A = (A, X). The divisibility
condition implies that A* | (Z-)kd. But (d, mAX) = 1 in 3. So if A* ¢ (Z-)k, then
Y6(z,wg, k) = 0. Hence we may assume that A* |£%)k Note that A | An + (Z-)kd is
equivalent to 2 | %n—i—( z1k )d But since (A/A\*, A\/A\*) = 1, this is further equivalent

ton = —(5—*)— (24 )d mod . Choose Fy, € {1,...,} with F = —(3)'(:2%)
mod 3. Thenn = de+( )n1 for some ny € Z. Further, —(Xn#—("‘—l)kd) = l(X(de—i—
(L)) + (2 “)kd). But there exists Gy, € Z such that (&) F = (Zl )k + Gr(%)
and so ()\de—i- (£-)kd) = Gyd. Hence

n=(2)m+Fd and (e (2)kd) = (3)m+ Ged
Therefore, 3¢(z, wg, k) transforms as follows:

. B —__— A((ZH)k+(A=X)B)
5 v (5 = o) 32 U3 () + ) em<( S <<g>m+akd+3d>) |
d=d,(qo) 2 )n1+Frd=n.(qo)

)1+ Frdawicr)=1
%)nﬁerd wier)=1
ni+Frd+ld,ca)=

n1+de+ld,02)—l

~ o~ o~
V‘y
— —

~ o~
—
>
*|
vv

Recall that (A, m*) = (X, m*) = w,. Here w is the largest factor of A (and A) which
only consists of _powers of primes that divide m. Since wy | A*, this further implies

that (&) and (£) are coprime to m.

(OO A((E)k+(—N)B)
Zwm (22d — do) ZW w)m+ F kd)em(( T EA B+ (Gt B

d= d*(Qo) "
(d;mAN)=
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Observe now that ( -)(Gy + B) — (X)(Fr + B) = (,\,\)( )k + ( )()\ NB. We

assumed that wy | k. Hence we may write

(5)0ere - ()2 {(5) (2 (21 0-9) ot

(3.21)

where both of the two factors surrounded by {}-brackets are well-defined residue

classes mod m.

Next we use Taylor expansions to treat 1} (($x)n1 + Fid), which depends on both
ny and d. Currently, the summation range of d is still a bit too long, so we first
use a partition of unity to shorten it: Choose a smooth function ¢ : R — [0, 00)
with supp(¢) C [—2,2] and ¢(t) > 1 on [—1,1]. Define ¢, : R — [0,00) by setting
Om(t) = (Zj:_4 ot —m+7))ro(t —m) on [m — 3, m+ 3] and ¢,,(t) = 0 elsewhere.
The function ¢, is well-defined and smooth since (Z?:_4 ¢t —m+j))~t > 0 on
[m — 3, m+ 3]. Further, for every t € R, 3> ¢, (t) = 1. Now recall that ¥} (dy)
is a smooth coefficient sequence and there is a smooth function ¢ : R — C, supported
on [¢, C], with [¢U)(¢)| <; (log )%™ and ¢3 (di) = @D(i—ll) Set

. . N
A* = min {W’ Al}
and observe that

Wi (ad — do) = ¢ <(§_1) @) S 4 (zldA—* do)

£ () e (58 -

where x,, = do/z1 + (A*/z1)(m — 5) € R and 7,,,(t) = qb((ﬁ:)(t +m —5))¢ps(t). In
the last line we used that 7, is identical to zero unless m < A;/A*. The support of
Tm is contained in [3,7] and since A*/A; < 1, we also have |7U)(t)| <; (logz)% (M.

Thus 7,,,((d — x,,)/(A*/21)) is a coefficient sequence which is shifted smooth at scale
A*/z. We then define

*1 * * ~
COEDAGDHO-N)B)
o * A A bN w1
W* _| Zw“ )2 Un(Gm + kd)€m<<n1+<§*><Fk+B>d><n1+<*;><Gk+B>d>>
ni
d= d*(QO)
(d;mAN)=1
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We now substitute » Tm(&:%> for 1A, (z1d — do) in Xg. Taking a supremum over

all coefficient sequences % (d) which are shifted smooth at scale f—f and have shift
21

xo < 7/, we find that

A
Y e (—i) sup Yo(9ax).
A ¢0A* z1
c

We have thus shortened the summation range of d. In particular, for a given T,
there exists o € R with zy < x°A; such that the contribution of d to Y is zero
unless |d — zg| < A*/z;. Note that whenever d contributes to Y,

[Fe(d—z0)| | A

N A*

A* < 1
2N x5

We set 1} (n) = ¢(%). Choosing J = [2] and using Taylor expansions,

J 7 A
G ((2) i+ Fud) = Zl' (W) W(M) O (11, ).
i=0 ) (T)N

(3.22)

n1+(¥)Fk1‘0

The sequence ¢U)( N ) is a shifted smooth coefficient sequence in ny at scale
A

* * _ J
(4 )N, while the sequence % (F’“(AN/ 21) &J%) %+ (d) is a shifted smooth coefficient
21

sequence in d at scale S—f. We now substitute the RHS of 1} for 3 ((2)n1 + Frd)
in To. The contribution of O.(x71%1,,, ) is trivially bounded by O.(z~°). For the

treatment of other terms, set

*1 * * ~
_ () 0)AGHE+(A-1)B)
Tl(w(ﬁ*)N’wéf)_| ;¢§(d)Zw(Y)N(”l)em((m+(§*)(Fk+B)d)(n1+(§*)(Gk+B)d) :
ny

dEd*EQO)
(d,mAN)=1

Here we consider those coefficient sequences ¢, Xy ~(n1) and 1 a+ (d) which are shifted
Z1

smooth at scales (AT)N and f—:, and for which the corresponding shifts xy are bounded

by x¢ < x. By the discussion above, we find

To(Yar) < sup Ty, as) + O (7).
“1 (7/1(%)]\,#1&) A 1
21

Hence we have the bound

A
Eﬁ(Z,wﬁ, k’) < sup (Ai> (Tl(w(&)mlpg) + 05(1790))_
W(%)N@Ai*) A 21

Z1

But Tl(@b(%)N,@/}g) = Y7(z, wg, wr, k) for some w; € Wy (2, k). O
et
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3.3.4.3 Coprimality conditions

For a final simplification, we remove the various coprimality conditions by using

Mobius inversion.

Lemma 3.13 (Removal of coprimality conditions). Let Zs and ¥; be as given in
Lemma B.10 and Lemma [B.12L.

For z € Zs, denote by Wg(z) the set of tuples

(AQa N27 wAz/zanz) qs, d*a TL*, A17 A27 Bl)

which satisfy the following: Ay, Ny € (0,00) with Ay < A* = min{25, A} and
Ny < N. g3 € Nwith g3 | (32). ¥ay/z(d) and ¥, (n) are shifted smooth coefficient
sequences at scales Ao/zy and Ny. d* and n* are residue classes mod (qoqs) and Ay,
Ay, By are residue classes mod m with (Ay,m) = (As, m) = 1.

For given z € Zy, wg € Wg(2) and k € Z, set

E8<Zaw8ak) = ’ Z Z 1/}A2/21 ¢N2( )

d
d=d*(qogs) "=" (qoqs)

where Ly = Asy { ! ((—1> k+(A— X)B) } mod m.
Wao w1

Then for all k € Z with k| < ZQEIX\L wy |k and ((Z2)k + (A — NB,m) < T(z), and
for all z € Zy, wg € Wg(2) and wy € Wo(z, k), we have

(ot

27(Z7 We, Wr, k) < sup (:E26q3) ES(Za ws, k:) + Os(x_gg)'
wgEW3g(z)

In particular, to show X7(z, we, wr, k) < & <ﬁ—:> (min {ngi;?g?), (wf{’f)} qo(jgfgm),

it suffices to prove that
1 . (w27 m) (w27 m) CIO(QOa g)NQ
26(]3 mnin 6+10e 73’ H4 127 ’

Proof. Our goal is to bound ¥7(z, we, wr, k), which is given by

<*T>(£>A<<w—l>k+<x N)B)
Z w%*@) Z w A*)N(nl)em((nﬁ(*A Y(Fx+B)d )(n1+( (G’k—&—B)d)) ‘

d
dEd*Sqo)
(d;mAX)=1

Sz s, ) + O ™) <. 6 (5

—

n1+de nx(qo)

n1+Fid, w1C1) 1
¥ )n1+Grd, wlcl) 1
n1+de+ld CQ) 1
S )n1+de+ld c2)=

22 s
g ﬁ"y\wi‘yﬂy
= — v
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Here we assume that k € Z with |k| < 22Y w, | k and ((%)k+(A—X)B, m) < T(z).

CC5€A1 )

Step 1: Removal of coprimality conditions (Part 1). We first remove copri-
mality conditions which do not involve factors of m. Recall that (A, m*) = ws and
(X, m*) = w,. Hence we may replace (d, mA\) = 1 by (d, m(\/ws)(X/ws)) = 1, where
both \/w; and \/w, are coprime to m. Recall also that (wy,m) = 1. For the moment,
we wish to remove the requirements (d, (N w2)(NJws)) = 1, () + Fpd,wy) =1

and ((2)n + Gyd, wy) = 1. Using Mobius inversion, we observe that X, equals

(AOEA(EL k+(A-2)B)
> nlfm(f)u(fs) D var (d Zz/“* (1 6m<( O Er B e ) Gt B)d) ) |

f1,f2, f3

d=d.«(q0) ni+(A~ )de (A Y (q0)
fl\w =~ 1+(& :
by A ST
fsler Sl )m 4G

((/\—)nl—i-de Cl) 1

((%)Tﬂ-‘erd,Cl)fl
+de+ld,62)=1

ni +de+ld,62):1

[
~ \/

For fi, fo, f3 € N with fi | PPN , Jo | wy and f3 | wy, we define T1(f1, f2, f3) to equal

wg w2’

B B A(ERk+(A-N)B)
T = Z d’“ (fid:) Z Y n(m 6m<< PHA) (FietB) f1da) (i 50 (GotB) frdh) ) |
fidi= d*(QO) n1+(3- )kaldl (30)n4(90)
(d1,m)= F2l(F)n1+Fifrda

3|(A*)n1+ka1d1
(¥ )n1+Fy frdy,e1)=1
((F)n1+Gy frdy,c1)=1
)n1+ka1d1+lf1d1,Cg) 1
n

((
( 1+Gg frdi+H fidy,c2)=1

(

2
A*
2
NF

Since wii and w; have only O.(2°/3) divisors, we then have
2 W2

Y7(z, we, wr, k) <. sup (2°)Y1(f1, f2, f3), (3.23)
f1,f2,f3

where the supremum is taken over fi, fo, f3 € N with f; | u%wig’ fo | wy and f3 | w;.

Next we consider the conditions (/\A)nl = —F,.fid; mod (f>) and ( S ny = —Gfidy
mod (f;). Write f5 = (fa, A/A*) and f§ = (fg,)\/)\*) Write fs = f3/(fs, Frf1)
and f; = f3/(f3,Grfr) and set fo3 = [f3, f5]. For (r)m = —Fifidi mod (f»)
and ( s )n1 = —Gyfid; mod (f3) to simultaneously have solutions, we require that
fos | di. Write diy = fo3ds. In that case, the conditions are satisfied if ny =

~(2) T (P2)dy mod (fo/ f5) and my = —(32) (P42 )dy mod (f3/f3). Now
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recall that w; is squarefree. Hence fo/f; and f3/f; are also squarefree. Sup-

pose p ’ (fZ/f;af3/f§k) It _(A*)\f*)_l(%) = _(A*)\f*)_l(Gk}cifZB) mod p, then

—(A*)‘f )_1(%)@ = —(/\Xf*) (G’“flf%)d mod p only holds if p | dy. Denote

the product of p | (fo/f3, fo/ f3) with —(52z) 7 (Fefbf) 2 —(A0)1(9eifs) mod
p by fi. Choose Hy, € {1,..., f—4[f2/f2,f3/f3]} with Hy, = —(/\*Af;)_l(%g%) mod p
for every p | fo/(f5f1) and Hy = _(/\Ef;)—l(Gkgf%) mod p for every p | f3/(f5 f1).
Overall, we then find that the conditions ($+)n, = —Ffidi mod (f2) and (&)ny =
—kaldl mod (f3) are satisfied if and only if d; = fozfsds for some d3 € Z and

= [fo/ 13, f3/ filns + Hy fads for some ng € Z. To simplify notation, we now set
f = fife3f1, where f* | w—w—2w1 and (f*,m) = 1, and we set ws = [fo/fs, f3/f5]

where ws | wy and (w3, m) = 1. Then Y1(f1, f2, f3) transforms as follows:

Ti(f1, f2, f3) = ‘ Z ¢%<f*d3) Z Yoy y (wang + Hi fads) () ‘
d
d=(F) Mdelao)  ms=— o (e fat () B ) () Lo (3 0)

X )
(ds,m)=1 (R wsns+((2) H fart Fi f)ds.c1)=1
(R wsna+((55) H fa+Gr f*)d3,e1)=1
() wsna+((3e) Hifat-Fr f*+1f%)ds,c2)=1
() )Hy, fa+G f*+1f*)dg,c0)=1
()2 () (A k+(A-2) B)
(n3+o- (ka4+(A*)(Fk+B)f*)d3)(n3+ - (ka4+(A*)(Gk+B)f*)d3)

w3

(
(

wanz+((x

where (%) = e, <

Step 2: Taylor expansions. Next we use Taylor expansions once more, this time
to treat ¢(¥)N(w3n3 + Hy fads). Since - nn(n) is a shifted smooth coefficient
sequence, there exist a constant o € R and a smooth function ¢ : R — C, supported
on [c, C], with |9 (t)| <; (logz)°M and Y n(n) = gb((/\*//\) ). Since 1/)%* (d)is a
shifted smooth coefficient sequence at scale A*/z;, there also exist a constant yo € R
and a smooth function ¢ : R — C, supported on [¢,C], with | (¢)| <; (logz)°W
and w%* (d) = gp(ﬁj—/yzol). (Looking at the definition of W7(z, k), we also note the
additional assumptions g < = and yo < z.) Recall that A* < N/(Az") and

observe that

Hifs(A /(2 f7)) (ds — F)
AN A/ (2 f*)

< A*A < 1
N .T}5€

< ’[fz/fék,fs/fék]A*A‘ < ‘UMA*A

ZlN ZlN

whenever |f*d; — yo| < A*/z1. Choosing J = [2], we may write

Hy fa(ds — 42) ’ wang — w9 + (L )y,
1/)(¥)N(w3n3 + Hy, fads) = ZO ?<T/\)f> ¢V ( (/AN d ) (3.24)
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+ Og(x’1001n3<<x).

The sequence ¢V ((nz — L2 s (ka4)y0)/(’\wN)) is a shifted smooth coefficient sequence

frws A
Hy fa(dz—22)\7 (ds )
in n3 at scale ( )N The sequence Jl ( (/\*/A)A;‘ ) © (A*/(fo*)) is a shifted smooth
coefficient sequence in ds at scale 2?7. We now substitute the RHS of (3.24)) for

Yoy (wsns + Hi fads) in Ti(fy, f2, f5). Set Ta(f1, f27f3,¢(%)1v7¢%) equal to

Ty = ‘ Z ¢z§* (d3) Z w(%)N<n3) (%) ‘

d n3
ds=(F*) 1, mod (q0)  my=— k- (H fat (3 Fef ) () "t 2 (3 i mod (3
(ds;m)=1 (R ywsns+ () Hi fat Fif*)ds 1) =
((A)w3n3+((”)H,€f4+ka )dsz,c1)=1

A*

w 3n3+((,\*)ka4+ka*+lf*)d3762) 1
%)w3n3+((/\*)ka4+ka*+lf )ds,c2)=

20 (A A((ZLk+(A-X)B) )

(
(53
(n3+ o (Hi fat-(50) (Fi+ B)f s )(ns+ 52 (Hi fat (5 (Grt B) f*)ds)

where () = e

Taking the supremum over all coefficient sequences w(ﬁ* yn(n3) and w a (d3) which

are shifted smooth at scales (- ~)N and Af*, we then have

Tl(fl,fQ,fg) <<5 sup TZ(f17f27f37w(%)N7¢ZlA;*) +OE<I‘790). (325)

(w A* YN 7¢ )

(RXwg Zlf*

Step 3: Removal of coprimality conditions (Part 2). Finally, we now remove

the remaining coprimality conditions. Again we use Md&bius inversion. For ey | m,

€1, €2 | c1 and e3, e4 | c2, we define Ts(fbf%fsaw(;* )N7¢%,€0,€17627€3,€4) by
’LU3 Zl

Ty = ‘ > Vs (ds) > Yipyn(na) (%) '

ds n3
FE) et s (5 = )nx mod (qo)

A

(f*)kaHka )d5=0 mod (e1)

+(()He fa+ Gy f*)d3=0 mod (e2)

(7)w3n3+((%) Hy fa+Fp f*+1f*)d3=0 mod (es)
%)

\H
~
=
E

:~
+
-
%
=

d3=(f*)"1dx mod (q0) n3=—
d3=0 mod (eg)

()20 A AEHk+(A-N)B)
)ds)

where (x) = em (<n3+ (0T Frr () et B) ) s o (Bt G Gt B

Using the same argument as in Step 1, we then have

(flaf27f3)¢ 7¢ ) < sup ( )T3(f17f2,f37¢(;7*)N,¢A7f**760761,62763764)7
€0,€1,€2,€3,€4 w3 Z1
(3.26)
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where the supremum is taken over e, ey, €9, €3, €4 with eg | m, ey, e | ¢; and ez, ey | co.

Now recall that ¢; | m and ¢; | m and (A, m*) = (A, m*) = w,. Since (A, \) = A*, then
wy | A* and ((3)ws, merca) = (()ws, meycz) = 1. So the summation conditions of

T3 can be rewritten as follows:

dz = % mod (¢o) and dz =0 mod (&), (3.27)

ng = —wig (ka4 + (§> ka*) d3 mod (61), (329)

ng = _’U)ig (ka4 + (%) ka*> dz mod (es), (3.30)

ma= o (s () (s 107 damod (e, (331)
ws A

ng = 1 (ka4 + (£> (Grf*+1f" )) d3 mod (ey). (3.32)
ws A

Now denote by ¢; the least common multiple of the six integers qq, €g, €1, €2, e3 and
es. Denote by go the least common multiple of ¢y and ey;. Denote by g3 the least

common multiple of qg, €1, s, e3 and e4. Note that g1 = [g2, 93] and qo | (92, g3).

Step 4: A final partition. We now partition T3 according to two new conditions:

d3 = d° mod (&) and ng =n° mod (&> : (3.33)
92 93

The conditions (3.27)), (3.28]), (3.29), (3.30), (3.31) and may be incompatible.
However, if they are compatible, then and the LHS of determine the
congruence class of d3 mod g;. Replacing d3 by this congruence class in (3.28]),
(3:29), (3:30), (3-31) and (3.32), these expressions, together with the RHS of (3.33)),

in turn determine the congruence class of ng mod g;. We write d3 = d4y mod ¢; and

nz = ng mod g;. The only choices we made were the value of d° and the value of n°,

so there are at most (£:)(£) choices of dy and ns mod g; which contribute to Y. Set

T ,d :
ae s dasng) | Z Z wsz* w3)N(n3) (%) ‘
ds= d4(gl) n3= n4(gl)

(230 )A((%)H(A N)B)

— N
where (x) = em ((ns+,,}3<ka4+(*;‘><Fk+B> 7)ds) (st o (Hifat O ) (Grt BT >d3>>‘
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For w = <f17f27f37’l/}(;$ )Nuw%7€0761762763764)7 we then have
3 1

Ts(w) < (gl) (g—l) sup Yy(w,dy,ng) < (%) sup Ty(w,dy,ng), (3.34)
0/ (

g2 93/ (dsng) dy,ng)
where the supremum is taken over all residue classes d4 and ny mod g;. (In the second

upper bound we also used that [g2, g3/q] = g1 and g293/q0 > 91.)

To conclude the proof, we now simplify the expression for T, a bit further. Set

B, = wig <ka4+ (%) (Fk+B)f*) ,
e (§) - () er)

We recall (3.20)) to observe that

= () E) B () -0-90)) i

The residue class in the first pair of {}-brackets is primitive. We choose a residue
class A; mod m such that A; = <%)(u%)(w3) (’\*)A mod m. Here (A4;,m) = 1.
The enumerator of the fraction inside e,,() in T4 now reads weA;L; and we have

((Z)k+ (A= D)Bym) = (ws Ay Ly, m).

Furthermore, we relabel our coefficient sequences, writing ¢a, /., (d3) = 1 o (d3) and
U, (ng) = w(%)N(ng). Here Ay < A* and Ny < N. We recall that ¢; is divisible by
qo and write gldz qoq3- Then

Tale-.odayna) = Z Z ¢A2/z1 ()t (n3)em <("3+Bld31)0(2n[:-1+L(1191+L1)d3)> ’

dz= d4(l]0¢13)"3 n4(q0q3)

We now see that Y4(f1, f27f3,@/)( A* N>¢ ax_, €o, e1, €2, €3, €4, dg, ny) = Xg(z, ws, k) for
some wg € Ws(z). Putting (3. 23|) (|3 25|) (|3 20) and (3.34) together, we obtain the
proposed bound

Yr(z,we, wr, k) K sup (x25q3) Ss(z, ws, k) + O-(z79). B
’UJ8€W8(Z)

3.3.5 Exponential sums

We have finally arrived at an expression to which the exponential sum bounds of
Section 8 of Polymath [37] can be applied. In particular, we use bound (8.21) of
Proposition 8.4 of Polymath [37], a version of which is stated below:
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Lemma 3.14 (Deligne’s bounds [37]). Let § > 0 and € € (0, 1255). Let m | P(2°)
with m < z°M and let A and N be positive real numbers with A, N < x°M. Let
A, B, L, v1 and 5 be residue classes mod m. Let Yn and Yy be shifted smooth

coefficient sequences at scales A and N. Then

AL
Zd: ; Yald)pn(n)en ((n +Bd+y)(n+ (B+ L)d+ 72))

. N A
<. (AL, m) (W + m1/2) (W + m1/2) :

This lemma is not quite applicable to 3s(z, ws, k) yet, since ¥g(z, ws, k) also involves

the congruence conditions d = d* mod (gogs) and n = n* mod (qog3). Proposition 8.4
of [37] actually allows for the presence of such congruence conditions, but its stated
bounds are not sufficiently strong for our purposes, and it potentially also contains
some small mistakes: some factors ¢y appear to be in the wrong place. Hence we give

a different version of this proposition below.

Lemma 3.15 (Deligne’s bounds with moduli). Let § > 0 and ¢ € (0, 1500). Let
m | P(2%) with m < 21, Let 0 < A, N < 29W. Let A, B and L be residue classes
mod m. Let Yn and Yy be shifted smooth coefficient sequences at scales A and N.

Let g | m and let d* and n* be residue classes mod q. Then

Z ZwA(dWN (n)em< (n+Bd)(ﬁ(B+L)d)) < IE(AqL’m) (i +m'?) (5= +m'?).

dEcEi(q) n=n*(q)

Proof. To remove the congruence conditions, we write d = diq+d* and n = niq+n*.

T = Z Z ¢A(d)¢N(n)em<(n+Bd)(ﬁ(B+L)d)>

dEdd*(q) nzg*(q)

. * * AL
- Z Z wA(qdl +d )wN(qnl +n )em<(qn1+n*+B(qd1+d*))(qn1+n*+(B+L)(qd1+d*))) .

di ni

Write ¢a/q(di) = ¥a(qdi + d*) and ¥n/q(n1) = Y (gni +n*). Observe that s /q(d1)
is a shifted smooth coefficient sequence at scale A/q and ¥y/4(n1) is a shifted smooth
coeflicient sequence at scale N/q. Set y; = n* + Bd* and v, = n* + (B + L)d*. Since

m is squarefree, we may write m = gm;, where (¢,m;) = 1. In particular, ¢ has an

inverse mod m;. Then note that

AL _ AL
€m<(qm+n*+B(qd1+d*>>(qm+n*+<B+L>(qd1+d*>>> = Cam ((qm+Bqd1+71)(qm+(B+L)qd1+72))

—¢ AL e AL
2\ m1(gni+Bgdityr)(gniHB+L)gdity2) ) ~™1 \ g(gnitBgdityr)(gniH B+L)qdi+y2)
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— e ALY, (AL/q®)
= %4\ miyine ) Om/9\ i+ Bdi+1/9) (mi+(B+L)di+2/q) )

AL
(m1v172)

Here e,( ) is a constant which is either equal to zero or has modulus 1. So

1] <

(AL/q°)
Z Z ¢A/q(dl)wN/q(n1)€m/Q((nl + Bdy +71/q)(ny + (B + L)d, + Vz/q)) ( '

dq ni

Now Lemma is applicable to the expression above. We apply the lemma with A /q
in the place of A, N/q in the place of N, m/q in the place of m and A; = AL/¢® mod
m/q in the place of AL mod m. We also note that (A, m/q) = (AL,m/q) < (AL, m)
since (¢, m/q) = 1. The result follows. O

3.3.5.1 Upper bounds on >

We combine Lemma |3.12] [3.13] and [3.15| to obtain upper bounds on .

Lemma 3.16 (Bounding ). Let Zs, Ws(z) and 3¢ be as given in Lemma and
Lemma . Then for all z € Zs, wg € Wg(2) and k € Z which satisfy |k| < ;JJEAA]Y,
wy |k and ((Z5)k + (A — NB,m) < T(z), we have

oz, we, k) <z ((2)k + (A= X\)B,m) (%) (31) (20 4+ mb/2) (A5 4+ m!/?).

ml/

Proof. Consider z € Zs, wg € Ws(2) and k € Z which satisfy |k| < %2Y w, | k and

155A1 )

(ZH)k+ (A= N)B,m) < T(z). We first recall from Lemma [3.12| that

Ye(z,we, k) <. sup (%) (Sr(2, we, wr, k) + O (%)),
w7€W7(z,k)

Lemma then gives

Y7(z, we, wr, k) <. sup  (2%°g3) Bs(z, ws, k) + O (™).
wsEW3g(z)

In combination, we have the bound

Se(z,we, k) <. sup  (RL) (z%q3) Ss(z, ws, k) + O:(x™). (3.35)

wg €Wy (z)

Now we recall that for a given wg € Wx(2),

?

w2A1L1
28(2771)87 k) = ; Z wAg/zl (d)wN2<n)€m((n n Bld)(n + (Bl -+ L1)d))

n
d=d*(qoqs) "=""(2093)
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where L) = Ay { - ((;—ll)k + (A — X)B)}mod m. By Lemma |3.15] then

Tz, ws, k) <. Tl (N g pl/2) (82 gpl/2),

49093

Recall that wg € Wg(z) implies (A1 A3, m) =1, Ay < A* and Ny < N. Thus

x€ 2L ~NBm
Sa(z, ws, k) <. ((wl)m(/\ X)B, ) (m]1V/2 +m1/2)( .. _{_ml/Z). (3.36)

9093

Substituting (3.36) into (3.35)), we then get

a3 ((E- —X)B,m
ol 1) s LB (1) (o) (2 ).

This is what we wanted to show. O

3.3.5.2 Sums of greatest common divisors

Next we will bound ¥5. Our bounds on g involve geds and so we need to bound

sums of common divisors. We use the lemma below.

Lemma 3.17 (ged sums). Lete >0, m € Nand K, T > 0 withT > K. Let A,B € Z
with A # 0. Then the following bound holds:

E (Ak 4+ B,m) <. m*(A,m)T.
k<K
(Ak+B,m)<T

Proof. We have

Y (Ak+Bm)<> Y d<> ) d

Ik|<K dm  |k<K dim  [K<K
(Ak+B,m)<T (Ak+B,m)<T d<T d|Ak+B
d|Ak+B

Now Write w(d) = (A,d). We have Ak + B = 0 mod d if and only if (w(d) | B and
A vk T ww = la@ d ; for some £ € 7) if and only if (w(d) | B and k = —(ﬁ)_l(%)
mod (= ))) For d Wlth d|m and d < T, this implies that

2 1< (g +1) < a (B ) < T
d|Ak+B

and hence we get

S (Ak+ Bym) < Y (A, m)T <. mé(A,m)T. 0
|k|<K dlm
(Ak+B,m)<T d<T
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Lemma 3.18 (Finding a sequence (&) € Z). Let Zs, 3¢ and Z be as given in
Lemma and Lemma|3.11| Let z € Zs. Then for all wg € We(z) and k € Z with
k| < 958wy |k and ((2)k+ (A= \)B,m) < T(z),

24 (wy, m)T(2) Ay N 1/2 A* 1/2
26<27w6;k) <<€§k( % > <A*> <m+m >(W+m )7

where &§, = ((Z-)k + (A — N) B, m)(af (wy, m)T(2)) ",

Furthermore, (&) € Z.

Proof. Fix z € Zs. We recall from Lemma that for wg € Ws(z) and k € Z with

w 2 g 5+100¢e 172
k| < BAY awy | & and ((22)k+ (A — N)B,m) < T(z) = max{ L, £ }E 0N

" 3e A N A*
Yoz, we, k) <c ((ZH)k + (A — A)B,m) (x—) (Kl) (W + m1/2) (W + m1/2) .

qo

$6+56H2 o 1 1 w5+1005H2N x6+1005H2N ’UJlAN
Recall A < oroa)” So T'(z) = max{ ) B oro > TCTRTALS > AT

Recall that (21,m) =1 and so ((Z-)wz,m) = (w2, m). By Lemma [3.17}

D (ER+O=X)B.m) =3 () wsky +(A=X)B.m) < o (wp, m)T(2).

AN AN
|k\<<;uslsA1 ‘k1|<<z5ué1WQA1
walk (FEywaki+(A=X)Bm)<T(2)

(GHE+(A=X)B.m)<T (=)

Setting & = ((Z5)k + (A — N B, m)(zf(we, m)T(2))~!, we thus get 3 & <. 1 and
(&) € Z. This is what we wanted to show. O

3.3.5.3 Proof of Proposition 3.1

To prove Proposition [3.1 it remains to combine Lemma [3.10] Lemma and
Lemma B.18

Lemma 3.19 (Small 7). Let w,d > 0. Lete € (0,1071%00). Let a and 3 be coefficient
sequences at scales M and N with v < MN < x. Assume [ has the Siegel-Walfisz
property. Write N = x7 and suppose that v satisfies

1 1
max {Z + 12w + 40 + 100e, 32w + 106 + 4005} <7< 3~ 4w — 20 — H0e.
Then for every C' > 0 and every a € Z,
> | T @rhm - g 3 e h))| €os e (330
d<z'/?+2« | n=a(q) (n,q)=1 &
q|P(2°)

(g,a)=1
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Proof. Lemma tells us that for every z € Z, there exists (§;) € = so that for all
we € We(2) and k € Z with [k| < DAY w, [ k and ((2)k + (A — N)B,m) < T(2),

JCSEAl )

21 (wy, m)T(2) Ay N 1/2 Ar 1/2
26(2,w6,k) <5 &k ( % ) (A*) (m1/2 +m ) (ml/g_ +m > .

Suppose the following bound is satisfied for every z € Zs:

T T (2)\ (A [ N 1) [ AF 1o 1 1) qo(qo,¢)N?
< % ) (A*) (m1/2 +m /> ( 1/2 +m /> < min {I5+10€H3’ ﬁ} 227
(3.38)

(wa,m) wgm}qo (q0,£)2N?

Then by Lemma [3.11} sup,.,, 35(2) <. mln{ pr e 5= However, by

Lemma |3.10] this upper bound implies (3 .

1)6+1005 2 5+1005 2 *
Recall that T'(z) = max{ D) H} (vl’UQ)IilN < or UQ)ILN and A* < N. To prove
(3.38) and hence , it thus remains to verify the following three bounds:
NAT AT 1 1\ (v1,v2)q5(q0, OO)NA
m < (A1) hin { 20+10e []37 ﬁ} pO+131e 2 ) (3.39)
AT 1 1\ (v1,02)q5(q0, )N A
N < (A1) min {x5+105H3’ ﬁ} 3131z ]2 , (3.40)
A’ 1 1\ (v1,v2)q5(q0, ()NA,
m< <A1> min {x6+106H3’ ﬁ} 20+131e FT2 ' (3.41)
RQ?H =S RQ2H «_ s f N
Recall that etz < A1 < g oA <m< m A m1n4{wi561[;5, A},
A < g PTH?, RQ? = qoMH, H = 2"RQ*(qoM) ™" and H < *
We begin with (3.39). This condition rearranges to
l.6+131€ max I6+108H57 HS
2 { } < 1 (3.42)
(v1,v2)q5 (90, ¢) m

RQQH x55€ RQ2 H3 $545MH4
Note that m > q0(v1,02)A1 qo(v1,v2) N = (v1,02)N ~

and upper bounds on H, the LHS of (3.42)) is bounded by

ZE6+1318 max {$6+105H5, HG}
((th)qg(%a 5))

Substituting lower bounds on m

< x71+5+77€N2 max {$6+1OEH, H2}
m

< - 1+8w+35+100e N2

But we assumed -y S — 4w — 20 — 50e. Hence and ( - ) hold.

Next we consider (3.40). Rearranging, we find that this condition holds if
pO+131e

A max {a:‘SHOEHE’ H6} < 1.
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m4«;.)—0—6-&-’75
q0

We have A* = min{-£5, A1} > 87 and H < . Hence ([3.40|) holds if:

l,32w+105+4005 < N.

It thus suffices to assume that v > 32w + 106 + 400¢.

Now we consider the final condition, (3.41)). Recall that m < ORPH o gou’ MIT?

(v1,v2)A1 (v1,02)A1

So (3.41)) is true if

plH20+131e Si10e 17 o

———— max 2z’ "H' H 1.

NQA*AI X { b } <
Using H < x%;#, we see that (3.41]) holds if the following inequalities are satisfied:

p1H320+1064200e /7 56 \ p1H+320+1064200e /|
1 d — 1. 3.43
e (AlN) <1 an e (A%) < (3.43)

Using A < 297 H? and A > —3¥7, we observe

x1+32w+106+200£ .’1,’5EA 1 < x1+48w+165+4005
max - .
N2 AN )\ A2 N

Hence (3.43)) and (3.41)) hold when v > 1/4 4+ 12w + 46 4 100e and (3.37)) is true. [

Proof of Proposition 3.1 (Final Steps) : We consider a coefficient sequence « at scale
N and a coefficient sequence [ at scale M, where NM =< z and N = 27 with
v € [1/2 — 0,1/2]. We also assume that  has the Siegel-Walfisz property. Finally,

we assume that the following three inequalities are satisfied:

T2w + 248 < 1,
48w + 166 + 4o < 1, (3.44)
64w + 200 + 20 < 1.

The second and third inequality rearrange to 1/4+12w+4d < 1/2—o0 and 32w+10§ <
1/2—o0. But v > 1/2 — 0. Choosing ¢ sufficiently small compared to ¢, we then find

max{1/4 + 12w + 40 + 100, 32w + 106 + 400} < ~.
By Lemma we thus have the desired equidistribution estimate (3.37)) when also
v <1/2 —4w — 2§ — 50e.

On the other hand, Theorem 2.8 of Polymath [37] tells us that (3.37) holds if 68w +
146 < 1 and v > % + 214—70w + %5 and v > 32w + 90. Observe that max{% + %w +
%5, 32w+ 90} < % — 4w — 26 — 50¢ if 72w + 246 < 1. Hence under the assumptions
(3.44)), the equidistribution estimate (3.37)) holds for every v € [1/2 — o,1/2]. This
concludes the proof of Proposition [3.1] O]
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3.4 Harman’s sieve

In this section we apply Harman’s sieve, constructing a function p(n) which is a
minorant of the prime indicator function 1p(n) and has exponent of distribution
0 =0.5253 =1/2+2-0.01265.

3.4.1 Motivation

We first explain our choice of . In the arguments of Maynard [30] and Polymath [38],
bounds on H,, were derived using the exponent of distribution of A(n). This exponent
of distribution was determined by decomposing A(n) via the Heath-Brown identity
and treating various convolutions of coefficient sequences separately. Certain bad
coefficient sequences, corresponding to convolutions of 5 sequences of length about
292 formed a barrier to improving the exponent of distribution of A(n) further. The
idea behind a use of Harman’s sieve is to discard these bad convolutions: Baker and
Irving [2] noticed that if we replace A(n) by log(z)p,(n), where p,(n) is a minorant

for 1p(n) which satisfies

1 T
Yool D ) === D puln)| <as . (3.45)
q<zl/2+2w | nelz,2x] qb(q) né€(z,2z| (log {L‘)
q|P(z®)  n=a(q) (n,q)=1
(g,0)=1

and Y o, Pu(n) = (1 = c1(w) + 0(1)) 27, then we still have a bound of the form

logz’

(1+¢e)m )
(1/4+w)d —aw))/)

H, < exp (

The quantity ¢;(w) describes the loss incurred by discarding bad convolutions and
increases as w increases, since fewer and fewer equidistribution estimates are available.
(For w = 1/80 thus ¢;(w) = 0.) Harman’s sieve then gives an improvement over a
direct treatment of A(n) whenever the loss ¢;(w), incurred by discarding bad cases,
does not outweigh the gain of a larger w, so that (1/4 4+ w)(1 — ¢;(w)) > 1/4 + 1/80.

3.4.1.1 Limitations

This particular application of Harman’s sieve has a discontinuity, present in the same

form both in Baker and Irving’s and in our work:

The minorant p,(n) is constructed using the Buchstab identity, and in the process

one must consider whether or not a; x as x a3 with a;(n) = 1p(n) on [N;,2N;] and
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Ni1NyN3 =< z has exponent of distribution 1/2 + 2w. To do so, each «; is first
decomposed further via the Heath-Brown identity and we consider «; = v; x ;,
where 1); and 3; have support [4;,24;] and [B;,2B;], A;B; ~ N;, B; < 2%! and
i(n) = 1 on [A;,24;]. Good equidistribution estimates are available if A;A5A3 is
large or if the product of some subset of {A;, Ay, A3, By, By, B3} is close to 2°°. In
particular, if w = 1/79 then we either need that A; Ay Az > 2989% or that a product
of Ay, Ay, As, By, By, By is contained in [2%4% 295%] and one of these two cases is
always satisfied by 11 * 19 x 103 x B1 * B2 x (3.

However, as soon as w is increased slightly beyond 1/79, our equidistribution estimates

0-8925 _ the three smooth factors

do not cover the case where A; A5 A; is very close to x
are too short for Polymaths’s Type III estimate, but too long for our Type I/II
estimate. When constructing p,(n), this forces us to discard many products of three
primes in Buchstab’s identity, leading to a sudden jump where ¢;(w) becomes much

larger as w increases beyond 1/79.

This discontinuity determines the choice w = 0.01265 < 1/79. Here we still have
c1(w) < 2-107° and thus obtain the proposed bound H,, = O(exp(3.8075m)).

3.4.2 Type I, II and III information

We now record the available Type I, IT and III information for the case w = 0.01265 ~

%. (Here we are using Type I/II in the sense of Harman rather than Polymath.)

Lemma 3.20. Let 6 = 10%0. Suppose f: N— C satisfies one of the following condi-

tions:

(I) f = ax B, where «a is coefficient sequence at scale M and ( is a smooth
coefficient sequence at scale N with MN =< x. Additionally, N = x7 with
v > 0.33856 — 9.

(IT) f = axpf, where a is coefficient sequence at scale M, (B is a coefficient sequence
at scale N with MN =< x, and o and 3 both have the Siegel-Walfisz property.
Additionally, N = x7 with 0.40481 — § <~ < 0.59519 + 6.

(IIT) f = av* by x1hg % b3, where av is a coefficient sequence at scale M and 1,19, 13
are smooth coefficient sequences at scales Ny, No, N3 with M N{NyN3 =< .
Additionally, Ny Ny, Ny N3, NoNg > 209970 qnd 2019790 < N; Ny, Ny < 20405+,
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Then for any integer a € Z and for any A > 0, we have

In particular, f has exponent of distribution 0.5253 to smooth moduli.

Proof. For option (I), we use Lemma 5 of Baker and Irving [2]. We take n = 0.0138825
to get # = 0.5253 and observe that 0.33856 > 199/600 + 1191/240. For option
(II), we use Proposition 3.1l We take w = 0.01265 and observe that 0.40481 >
max {1 + 12w, 32w}. Finally, for option (III) we use part (v) of Theorem 2.8 of
Polymath [37]. Again we take w = 0.01265 and observe that 0.595 > 1/2 4+ 1/18 +
98w/9, while 0.405 < 1/2 — 1/18 — 28w /9 and 0.19 > 2(1/18 + 28w/9). O

3.4.3 Good sifted sets

From here on out, we follow the arguments of Baker and Irving [2] closely, effectively
only updating their proofs with better Type II information. As a first step, we record
a version of Baker and Irving’s Lemma 7. Recall that

1 ifp|ln—p>y,

n? - .
v(ny) { 0 otherwise.

Lemma 3.21. Write p; = x%. Let ( = 1 — 0.33856 — 0.40481 = 0.25663 and
A =0.59519 — 0.40481 = 0.19038. FEach of the functions given below has exponent of
distribution 0.5253 to smooth moduli.

(1) 01(n) = P(n,2*).

f2(n) = > W(ng, ).

n=pin2
0.19038<a1 <0.40481

(2)

b3(n) = E Y(ns, z).
(3) n=p1pans
0.19038<az<a1 <0.40481
a14a2<0.40481

04(n) = > P(ng, ).
(4) n=pipans
0.19038< a2 <1 <0.40481
a14a9>0.59519, aa<(
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05(n) = )(ng, 2*).
(5) n=p%2;3n4

0.19038<a3<a2<a1<0.40481
a14a2<0.40481, az<(

A
Os(n) = > b(n, 7).
(6) n=n1p2p3pa
0.19038<ay <a3<a2<0.40481
a3+a4<0.40481, aa<(, s> a3
Proof. This follows from the exact same arguments as Lemma 7 of [2]. We have

simply updated the available Type II information.

More precisely, we use Lemma 14 of Baker and Weingartner [3] with o = 0.40481,
B = 0.59519 — 0.40481 = 0.19038 = , 5o that a + § = 0.59519, and M — z1-0-338%6 —
2066144 " Tn the notation of that lemma we must then take R < x040%! and S <
Mz~ = 202663 — 2¢ After verifying that the sequences which appear in the proof of
Lemma 14 of [3] have the Siegel-Walfisz property, we obtain that 6 (n) has exponent
of distribution 0.5253 to smooth moduli if the following is true: We can partition
{1,...,7} into I and J so that ) .., a; < 0.40481 and )., a; < ¢ = 0.25663. (Here
Jj is the number of p; which appear in 0;(n). In (6) we partition {2, 3,4} rather than

{1,...,7})

For (1), we simply take I = J = (. In (2), we choose [ = {1} and J = {). In (3) we
take I = {1} and J = {2}. We use that as < (o + ag)/2 < 0.40481/2 < (. In (4)
we also take I = {1} and J = {2}. For (5), we take I = {1,2} and J = {3}. Finally,
in (6) we use I = {3,4} and J = {2}. O

el

3.4.4 Buchstab decompositions

We now decompose the prime indicator function using Buchstab iterations. Write
A =0.19038 and ¢ = 0.25663 and set p; = x“. For n € [z,2z] NN, we have

1p(n) = ¢(n, (32)"/?)
= ¢(n, ) — D Wne,aY) — Y P(na,p) (3.46)

n=pinz2 n=pinz
A<a1<0.40481 0.40481<a1<0.5
A A
+ § 1/1(713,37 ) + E w(n37p2) + E w<n37x ) (347)
n=pip2mns n=pip2mns n=pip2mns
A<ao<a <0.40481 A<ao<a1<0.40481 A<ag<a1 <0.40481
a1+a2<0.40481 0.40481<a1 +@2<0.59519 a14a2>0.59519
a2<(
A
+ § w(n37p2) - § ?/)(TM#U ) - § w(n4,])3) (348)
n=pipa2ns n=pip2p3n4 n=pip2p3n4
A<ag<a; <0.40481 A<az<ag<a;<0.40481 A<az<az<a1<0.40481
a1+a2>0.59519 a1+a9<0.40481 a1+a2<0.40481
az>( az<( az>(
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+ > Wnsp) — D $(na,ps). (3.49)

n=pi1p2p3pans n=pi1p2p3n4
A<lay<az<az<a;<0.40481 A<az<ao<a1<0.40481
a14a2<0.40481 a14+a2>0.59519
a3<( a2<(

We may apply part (1) of Lemma to the first function in (3.46)) and part (2)
to the second function in (3.46)). Further, the third function can be treated directly,
using our Type II information, recorded in Lemma |3.20f The first and third function

in (3.47) can be treated via part (3) and part (4) of Lemma [3.21] respectively. On
the other hand, the second function is treated directly, using Type II information

from Lemma For (3.48), part (5) of Lemma can be applied to the second

expression. If ag > ¢, then ay + as > 2-0.25663 > 0.40481. Hence the third sum is
zero. This leaves only the first function in (3.48). Finally, for the moment, we also
leave the two functions in (3.49)) unchanged.

Overall we have found that there exists a function 6y(n) which has exponent of dis-
tribution 0.5253 to smooth moduli and which satisfies that for all n € [z,2z] NN,

1p(n) = bo(n Z Y(ns,p2) + Z Y(ns,pa) — Z Y (14, p3)-

=p1P: N=p1pP2P3pP4ns N=p1p2p3n4
0. 19038<a2 <041 <0 40481 0.19038<ay<az<az<a1<0.40481 0.19038<az<ap<a1<0.40481
a1+a2>0.59519 a1+02<0.40481 a1+a2>0.59519
022>0.25663 a3<0.25663 a2<0.25663

3.4.5 3 prime factors

Next we inspect the first sum in the above expression for 1p(n) more closely. This

corresponds to Lemma 10 of [2].

Lemma 3.22. Forn € [z,2z] NN, define the function

I'(n) = Z Y (n3, pa)-

n=pip2n
0.19038< a2 <1 <0 40481
a1+02>0.59519
a2>0.25663

Then ' has exponent of distribution 0.5253 to smooth moduli.

Proof. Consider n = p1pong with 0.19038 < ay < a; < 0.40481 and s > 0.25663.
Suppose that ns3 has no prime factor less than py. Assume for a contradiction that
ng is not prime. Then n has at least 4 prime factors, all of which are of size at least
2025663 But then n is certainly larger than 2z, assuming that x is large. We work

with n < 2z, so this gives a contradiction. Hence it suffices to consider n = pypops.
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We now look at the sum

To(n) = > 1.

n=pip2p3
0.19038< a2 <1 <0.40481
a1+a2>0.59519
a3>a9>0.25663

Applying the Heath-Brown identity like in Section 3 of Polymath [37], we find that
I'o(n) has exponent of distribution 0.5253 to smooth moduli provided that each co-
efficient sequence § € B, with B as described below, has exponent of distribution
0.5253 to smooth moduli.

The set B denotes the set of coefficient sequences

B=01%xp
with £ < 40 which satisfy the following properties:

1. Each (; is a coefficient sequence, located at some scale N;, with Hle N; < x.

Further, if S C {1,...,k}, then Y ;cgf; is a coefficient sequence at scale [ ], .o V;.

2. If N; > 2!, then B; is smooth at scale N;.

3.IFS C{1,... .k} with [T,.g N; > 2° = 297" then ,es/3; satisfies the Siegel-
Walfisz property.

4. There exits a partition Iy, I, I3 of {1,... k} such that 27 = Hidj N; satisfy
0.19038 — & < 74,75 < 0.40481 + &, 71 + 72 > 0.59519 — & 45 > 0.25663 —
5

and 71,73 > 72 — 15-

It remains to show that the functions in B have the desired exponent of distribution.
As a first step, partition {1,...,k} into sets Ji,...,J; such that 2 = [[.., N;
satisfies ps > 0.05 for all but at most one s € {1,...j} and such that J; is a singleton

whenever 1, > 0.1. In particular, %;cs,3; is smooth when ps > 0.1. We also assume

> >

If there exits s with s > 0.33856—¢, then we may use the Type I information available
in Lemma[3.20/to deduce that 8 has exponent of distribution 0.5253 to smooth moduli.
If there exists K C {1,...,j} with > __. ps € [0.40481 — 6, 0.59519 + 6], we use Type
IT information to deduce the same. Hence we may assume that neither of these two

statements holds.
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Now consider iy + p13. Since Y, p1s & [0.40481 — §,0.59519 + 6], we either have
po+ g > 0.59519+0 or o+ g < 0.40481—0. Assume first that s+ pus > 0.59519+9.
Then also py + pg, 1 + pz > 0.59519 + 6. We certainly must have p; < 0.405 + 6,
since otherwise p; > 0.59519 + 6 and p; + po + s > 1. Hence if also pz > 0.19, then
% ics. i is smooth for s < 3, and by part (III) of Lemma , the sequence

(Fic, Bi) * (KicsBi) x (KicsBi) * (KignugnusBi)-

has exponent of distribution 0.5253 to smooth moduli. (The set {1,...,5}\ (J/; U
Jo U J3) may be empty. In that case we replace the final (empty) convolution by
the delta function.) Thus we may assume that ps < 0.19. But this implies ps >
0.40519 + 6, contradicting our earlier assumptions. This concludes the treatment of
the case pg + pz > 0.59519 + 6.

Finally, we consider the case pp + p3 < 0.40481 — 4. We have py + -+ + pj >
1 —0.33856 = 0.66144, so if g < 0.59519 — 0.40481 = 0.19038, then there exists
K with Y~ . ps € [0.40481 — §,0.59519 + 6], contradicting our earlier assumption.
Similarly, since py < ps < 0.21, we have po + p3 + ps + -+ + p; > 1 — 0.33856 —
0.21 = 0.45144 > 0.40481, and thus may also assume that ps > 0.19038. Notice that
i,y s > 0.1 and thus Jy, ..., J5 are singletons. In particular, there exist N; with
N; =zt > 919938 for 4 < 5. We also have p;+ (e +- -+ p5) < pir+ (g ++ -+ p5) <
1 —4-0.19038 = 0.23848 for 1 < i < 5.

Looking at condition (4) of B, we have 71, 72,73 > 0.25663 — . Each of {NV; :i € I}
and {N; :i € I,} and {N; : i € I3} must then contain at least two choices of x*¢ with
1 <4 < 5. This is because p; + (g + -+ - + pj) < 0.25663 — 6 for 1 < i < 5. But
2-3 =6 > 5, so there are not enough x* available to satisfy this requirement. Hence
condition (4) tells us that pg + ps < 0.40481 — 6 is impossible unless there exists K
with ) pts € [0.40481 — §,0.59519 + 6]. This concludes the proof. O

3.4.6 5 prime factors

Next we consider products of 5 primes. This corresponds to Lemma 11 of [2].

Lemma 3.23. For n € [z,2z] NN, define the function

['(n) = E Y (ns, pa)-
n=pip2p3p4ns
0.19038<ay<az<as<ai <0.40481
a1+a2<0.40481
a3<0.25663
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If z is sufficiently large, we can write I'(n) = I'1(n)+Ts(n), where I'1(n) has exponent

of distribution 0.5253 to smooth moduli and I's(n) is non-negative with

3x
Z F2<n): Z Z ¢(n5ap4) SW

9 2 N=p1p2p3p4ans
née(z,2z] n€[z,2z] 0.19038< vy <az<as <oy <0.40481
a1 +a2<0.40481
ag+az+aq>0.59519

Proof. The inequality a3 < 0.25663 automatically follows from oy + ay < 0.40481

and a3 < ag, so we may remove it. We now split I'(n) up into

L(n)=Ti(n)+Ton) = Y dlnsp) + D ¥(ns,pa).

N=p1p2p3p4ns N=p1p2p3p4ns

0.19038< g <az<ao<a1<0.40481 0.19038<au<az<as<ai<0.40481
a1 +a2<0.40481 a1 +a2<0.40481
az+asz+a4<0.59519 ag+az+ag>0.59519

Notice here that ag 4+ a3+ a4 > 3-0.19038 > 0.40481. Hence our Type II information
tells us that I'; (n) has exponent of distribution 0.5253 to smooth moduli. On the other
hand, if as+as+ay > 0.59519, then oy +as+as+3ay > (4/3)-0.5951942-0.19038 >
1. Hence if ns contributes positively to I's(n), then ns is prime. Using standard

techniques, and in particular the prime number theorem for short intervals, we find
that 3 c(, 0, I'2(n) equals

1 _|_0 /O 4048/m1n{a1 ,0.40481— al}/ag /min{ag,(l—al—ag—a;;)/Q} 1 p
Q.
4 =
log x 0.19038 J0.19038 0.19038 J/max{0.19038,0.59519—az —as} Q10aaz0a(l — Y. o)

In particular, we have >° i, 51 T2(n) < # when z is large. O

3.4.7 4 prime factors

It remains to look at products of 4 primes. This corresponds to Lemma 13 of [2], and

we closely follow the steps of that proof.

Lemma 3.24. For n € [z,2z] NN, define the function

['(n) = E Y (14, p3).
n=pip2p3n4
0.19038< a3 <vz <1 <0.40481
a1+as>0.59519
2<0.25663

If x is sufficiently large, we can write I'(n) = ['y(n) —Ty(n), where I'y(n) has exponent

of distribution 0.5253 to smooth moduli and I's(n) is non-negative with

0.00001

n=p2p3papspe
n€lz,22] "E[2:22] () 10038 < crmntns con e oup <0.23848
Q2,064 >03
ag+a4<0.40481
as+astas>0.59519
ag>as
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Proof. Notice that ay + as + 3ag > 0.59519 + 3-0.19038 > 1. Hence if ny contributes
to A(n), then ny is prime. Notice also that a; +as > 0.59519 and ap < 0.25663 imply
a1 > . Further, o; > 0.19038 implies oy < 1 —3-0.19038 < 0.59519. We may write

I'(n) = T1(n) + Ta(n) = D > 1.

nN=p1p2p3p4 n=p1p2p3p4
0.19038<a3<a2<0.40481 0.19038<a3<a2<0.40481
a1+a2>0.59519 a1+a2>0.59519
a2<0.25663 a2<0.25663
ag>as ag>as

@1 €[0.40481,0.59519)

Using the available Type II information, we immediately see that the second sum has

exponent of distribution 0.5253 to smooth moduli. YT;(n) may be rewritten as

Ti(n) = Z 1.

n=p1p2p3p4
0.19038<a3<2<0.40481
a3+a4<0.40481
a2<0.25663
ag>asz

First applying reversal of roles to p;, and then using the Buchstab identity, we get

Ti(n) = S ()
nN=nip2p3p4

0.19038< a3 <av2<0.40481
a3z+a4<0.40481

@2<0.25663
as>as
_ A
- E v(ng,xt) — E Y (16, ps).-
nN=nip2p3p4 N=p2p3papsne
0.19038<a3<@2<0.40481 0.19038<a3<a2<0.40481
a3z+a4<0.40481 a3+a4<0.40481
@2<0.25663 a2<0.25663
ag>as ag>o3

O.19038§O¢5<(1—O¢2—a3—0¢4)/2

Notice that part (6) of Lemma applies to the first sum in the second line, which
hence has exponent of distribution 0.5253 to smooth moduli. Hence we may focus
on the second sum. Observe that 6 - 0.19038 > 1. Hence if ng contributes a non-zero

amount to Y1(n), then we must have ng prime. Let

Ts(n) = > 1.

nN=p2p3p4pP5pP6
0.19038< a3 <2<0.40481
a3+a4<0.40481
a2<0.25663
aszas
0.19038<as<ag

Our proof is finished if we can show that T3(n) is the sum of a function T4(n) which

has exponent of distribution 0.5253 to smooth moduli and a non-negative function
5

F2<n) with Zné[w,Q:c] FQ(”) < 11(());:6%'
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The contribution of (ay,...,ag) with Y, ¢ a; € [0.40481,0.59519] to T3(n) can be
treated via the available Type II information. Notice also that (a; > 0.19038 for all
i) implies a; < 1 —4-0.19038 = 0.23848 < 0.25663 for i € {2,3,4,5}. So we consider

*

Y5(n) = >,

N=p2p3pP4pPs5pP6
0.19038< 2,3, 004,50 <0.23848
2,004 >03
a3+a4<0.40481
ag>as

where )" denotes the sum over (o, ..., ag) with >, ¢ o; & [0.40481,0.59519] for all
S C{2,...,6}. Observe that ag + a4 < 2-0.24 < 0.59519. Hence we may assume
as + a4 < 0.40481. This immediately also implies a3 + a4 < 0.40481. Further,
as 4+ ag + a5 > 3-0.19038 > 0.40481 and so as + a4 + a; > 0.59519.

Ti(n) <Ty(n) = E L.
N=p2p3p4pPspPe6
0.19038§a2,o¢3,a4,a5,a6§0.23848
2,004 >03
ag+a4<0.40481
az+ag+a5>0.59519
as>as

Using standard techniques, we find that ['y(n) is asymptotically equal to

ne(z,2x]
o 023848 min{0.23848,a2 } rmin{0.23848,0.40481—az }pmin{0.23848, (1- 1, o) /2} do
5 5 :
log 55/0.19038 0.19038 /max{ag,O.lQOSS} /max{O.19038,0.59519a3a4} [ 0a(l =307 5 o)

00001z

In particular, we have »° . o T2(n) < O'Ing when z is large. O

3.4.8 Construction of a minorant

Now combining the Buchstab decomposition given in Section with Lemma [3.22]
Lemma and Lemma [3.24] we have that for n € [z,2z] NN,

lp(n) = 0%(n) + > ¥(ns, ps) + > L,

n=pi1p2p3p4ns nN=p2p3pP4PsP6
0.19038<ay<az<aa<a;<0.40481 0.19038<aq,as,a4,as5,06 <0.23848
a1+a9<0.40481 a2,04>03
az2+a3+ays>0.59519 ao+04<0.40481
az+a3z+a5>0.59519
ag>as

where 6*(n) has exponent of distribution 0.5253 to smooth moduli and where

0.0000103x
1 -0 < ——
> (1x(m) - 07 (m)) < 200
né€(z,2z]
when z is sufficiently large.
Setting p(n) = 6*(n), this concludes the proof of Proposition O
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Appendix A

Harman’s sieve: Computations

In Appendix A, we complete the proof of Proposition for the cases a € (0.59,0.61],
a < 0.53, a € (0.545,0.57] and a > 0.61.

(Note: The detailed treatment of the cases a € (0.53,0.545] and a € (0.57,0.59] was
aimed at readers who are not very familiar with Harman’s sieve. As such, we used
the convenient, but somewhat non-standard notation of Section The purpose
of this appendix is to supply the computations needed to treat the remaining cases,
but with a much smaller focus on details. As the intended audience is a different one,

we now return to standard Harman’s sieve notation.)

Case 3: a € (0.59,0.61].

The treatment of a € (0.59,0.61] follows almost the exact same steps as the earlier

case a € (0.57,0.59]. Applying the Buchstab identity twice with z; = 27 we have

¢<H,X) = w(n’x0.0'?) - Z ¢<m,$0.07) (A]')
n=p1m
IO'O7SP1<X
n=p1pam n=p1pam n=p1pam
2007 <py<pi<X 2907 <py<pr <X 20 07<py<pr <X
£7>0.435 0.42<£5<0.435 0.365<£1 <0.42
+ Z Y(m,pa) + Z Y(m,p2) + Z ¥(m,p2).  (A3)
n=p1pam n=pipam n=p1pam
2007 <py<pr <X 2007 <py<pr <X 2007 <py<pr <X
0.33</47<0.365 0.305<£7<0.33 £7<0.305

By condition (i) of Corollary 2.34 ¢(n,2%%) and =37, . oor<e <054, ¥ (1, 2°07)
in (A.1)) are good* functions. Denote the first sum in (A.2)) by T;(n) and the second

sum by Yy(n). The third sum in (A.2) is a good*™ function by condition (a) of
Corollary [2.34. Denote the first sum in (A.3)) by YT3(n), the second by Y4(n) and
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the third by YT5(n). We now treat Yi(n), Ta(n), Ys(n), T4(n) and Ys(n) further,
beginning with Y;(n).

Step 1: Treatment of Yi(n). Applying two more Buchstab iterations to parts of
Ty(n), condition (ii) of Corollary tells us that

Ti(n)=Ti(n) + > dlmp) + D (m,p) (A4)

n=p1pam n=p1pam
2907 <py<p1 <X 2007 <py<pr <X
67>0.435 07>0.435
5>0.635— 7 5€[0.58—0%,0.635— 7]
n=p1pam n=p1p2p3pam
20-07<py<pr1 <X 2907 <py<p3<pa<pi<X
07>0.435 0:>0.435
05<0.58—0; 5 <min{0.58—0},0.105,(0.67—£%) /2}

£5>min{0.105,(0.67—¢%)/2}

where Wy(n) is a sum of two good* functions. Denote the first big sum in by
©1(n). The second big sum in is good*™ by condition (a) of Corollary [2.34]
Denote the first sum in (A.5) by ©2(n) and the second by ©3(n). Upper bounds for
> nesy) Qi(n), i € {1,2 3} are given below:

0.5+e1 p(1— al)/Zw 1 L 0‘2) 0.2182y
— = 2 dapda; < —=
xb loga: 0.

2 b
435 J0.635—ay ar1a; zblog
1 + O 0.54¢1 p0.58—a; w (17(’27;&2> 0.0921y
T b — dasday < T
x Ing 0.435 Jmin{0.105,(0.67—a1)/2} 105 z”log x
4 .
1 + 0 0.5+¢1,min{0.58—«1,0.105, (0:67-03) 67 } mm{ozg ’ 124) tw (1720?4:1 al) 0.0083y
da < = )
xb log z /0 435 /007 /0 07/0 aapazag zblogx

Step 2: Treatment of To(n). We apply two more Buchstab iterations to parts of
Yy(n), one with z; = 297 and one with z; = 2%%. Noting that (iii) of Corollary
allows 8 < 0.09, we find

To(n) =Wa(n) + D> Wlmp) + Y W(mp) (A.6)

n=p1pam n=p1pam
2007 <po<pr <X 2007 <py<pr1 <X
‘0. 42<0%<0.435 ‘. 4205 <0.435
£5>0. 67— o £5€(0.58— é* 0.67—0%)
+ Y Plmp) + > d(m,pa), (A7)
n=p1pam n=p1p2p3pam
2007 <py<pr1 <X 20-07 <py <p3<pa<p1 <X
0.42<£7<0.435 0.42<0%<0.435
05€[(0.67—£7)/2,0.58—¢] £3<(0.67—0%)/2
£5>0.09

where Wy(n) is a sum of three good* functions. Denote the first big sum in ({A.6)
by ©4(n). The second big sum in (A.6) is good*™ by condition (b) of Corollary [2.34]
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Denote the first sum in (A.7) by ©5(n) and the second by ©¢(n). Upper bounds for
ZnGB(y) ©;(n), i € {4,5,6}, are given below:

1 11— —ag
y(1+ of 0435 p(1=ea)/2 w s ) 0.0189y
————Fdagday < ———,
;vb logx 0.4 0.67—as a3 xlog
1 l—a1—as
y(1+o(1)) (0435 (0-58=en s ) 0.0356y
— 2 Jdayday < ——?
zblogm 0.4 0.67—a1)/2 a1a2 zblog x

y(1 + of 0.435 (0.67—a1)/2 min{ag, 1 199y (1 Zojfl m) 0.001y
e 5—da < — :
x log;v 0.4 0.0 0.09 /0.0 Q12a30y ’log

Step 3: Treatment of Y3(n). By condition (iv) of Corollary [2.34]

Ts(n) = Ts(n) + > dlmp) + Y. ¢(mp) (A.8)
n=pipam n=p1pam
2007 <py<pr <X 2007 <py<pr <X
0.33</7<0.365 0.33<47<0.365

05>0.635—05  £5€[0.365—¢%,0.435—£F]U[0.565—£%,0.635—£}]

-+ Z m pg + Z ¢(m,p4) + Z 7v/}(”%pﬁl)? (AQ)

n=p1pam n=p1p2pspam n=p1p2pP3pam
20-07<po<pr <X 2907 <py<p3<pa<p1<X 29 07<py<ps<pa<p1<X
0.33<47<0.365 0.33<€T <0.365 0.33<£{§0.365
05€[0.1524,0.565—£) £5€(0.435—0,0.1524) 05€(0.435—07,0.1524)
;>0.435— 07 05<0.435—03

where U3(n) is a sum of two good* functions. Denote the first big sum in by
©+(n). The second big sum in is good™ by condition (c) of Corollary [2.34]
Denote the first sum in by Og(n) and the second by ©g(n). The third sum is
again good*™ by condition (c). We then have:

l—aj—ay
Z ©7(n) <? y(L+of /0 365/m111{a1,(1—a1)/2} Mdazdal < 0.0367y
neB(y) - xb logz Joss Joess—on o a3 zblogx’
y(1 0.365 10.565—a; w lai—ap az) 01186
Z Bs(n) < b+ of / / V) fogday < v
neB(y) zlogz  Josz Jo.as2a Qrog zblog
S o < Mgt g e ) oo
9 - ablogw —_— .
neb(y) xb logz Jo.33 Jo.a35-a1J0.435-01 J0.435—a, aranased zblog x

Step 4: Treatment of T4(n). By condition (v) of Corollary [2.34}

Ty(n) = Va(n) + Z Y(m,p2) + Z ¥(m, pa) (A.10)
n=p1pam n=p1pam
2007 <py<pr <X 2007 <po<pr <X
0.305<¢%<0.33 0.305<¢%<0.33
03>0.635—07 05€(0.58—07,0.635—L7]
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+ Z ¢(m7p2) + Z ¢(m7p4) + Z ¢(map4)’ (All)

n=p1pam n=p1p2pspam n=p1p2pP3pam
2007 <py<pr <X 2907 <py<ps<pa<pi<X 29 07<py<ps<pa<p1<X
0. 305<€* <0.33 0.305<£T <0.33 0.305<€1‘§0.33
£5€[(0.635—)/2,0.58— %] 03<(0.635—67)/2 03<(0.635—67)/2
0;>0.42— 0 05<0.42— 07

where Wy(n) is a sum of two good* functions. Denote the first big sum in (A.10)) by

©10(n). The second big sum in (A.10) is good*™ by condition (a) of Corollary [2.34]
Denote the first sum in (A.11)) by ©;1(n) and the second by ©12(n). The third sum
is again good™ by condition (a). We then have:

1 1
y(1+o(1) [ e %) 0.0043y
Z O10(n xb logx a1a2 dagda; < Plog’
neB(y) 0.305 J0.635— a1 3
l—ay 2
y(+o(n) (% o8 (T> 0.1178
Z @11(n)§ 5] / / — 2 dasday < fy’
neB(y) L7108 T J0.305 J/(0.635—a1)/2 Q1Qy zblogx

(0. 635 aq)

. 1=, o) 1‘2?: o
" 01s(n) y(1 4 of /0 33/ / /mm{as, L }w( o )da _ 0.0062y
12 a .
neBly) xb logz Jo.305 Jo.a2— ay J0.42—a1J0.42—a; 041042043%21 zblogx

\ /\

Step 5: Treatment of Y5(n). Using conditions (vi) and (vii) of Corollary W, we find
that Y5(n) equals

Us(n) + S wlmp)  + > g(m,pa) (A.12)

n=pipam n=pipam
2997 <py<pr <X 2907 <py<pr <X
£7<0.305 £5<0.305
05€[0.365—%,0.42—01)U(0.58—0%,0.635—£%] £5€(0.2099,0.58—£}]
n=p1p2p3p4m n=p1p2p3pam n=p1p2p3pam
2907 <py<ps<pr<p1<X 2007 <py<ps<pa<p1<X 2907 <py <p3<pa<p1 <X
1<0.305 £:<0.305 £:<0.305
£5€[0.42—£5 0.2099] 5€[0.42—£%,0.2099] £5€[0.42—£% 0.2099)
05>0.42— 0% 05>0.42— 0% 05>0.42— 0%
05>0.42— 0% £5€[0.365—07,0.42—£%] £5<0.365— 0%
n=p1p2p3pam n=p1p2p3pam
2907 <py<p3<pa<pi<X 2907 <py<p3<pa<pi<X
5{ <0.305 €T§0.305
£5€[0.42—£50.2099)] £5€[0.42—£5 0.2099)
05€[0.365—£5,0.42—£%] £5<0.365— £
+ > (m,p) + >~ p(m,py) (A.15)
n=p1p2p3pam n=p1p2p3pam
29-07<py<p3<pa<pi<X 2007 <py<ps<pa<pi<X
E{ <0.305 f’f <0.305
£5<0.365— 05<0.365—
05>0.42—05— 05 05€]0.365—£5—€5,0.42— 05— 15
05>(0.635— 05 —05—05) /2 05> (0.635—05 —05—05) /2

189



+ Z ¢(m,p4) + Z ?/)(m7p6)7 (A16)

n=p1p2pspam N=p1P2P3P4P5P6M
29 07<py<ps<pa<p1<X 2997 <pg<ps<pa<ps<p2<p1<X
£:<0.305 £:<0.305
£5<0.365— 0% 05<0.365—1
05<0.365— 503 05<(0.635— 05 —05—£5) /2

05>(0.635—05 —05—03) /2

where W5 (n) is a sum of six good* functions. The first sum in (A.12]), the second sum

in (A.13)), the first sum in (A.14)) and the second sum in ({A.15]) are good*™ by condition

(a) of Corollary [2.34] Enumerate the remaining seven big sums as ©13(n), ..., ©19(n).
Upper bounds for 3°, 5,y ©:i(n), i € {13,...,19}, are given below:

y(1 +o(1 0.305 pmin{ay,0.58—a1} W (1_‘3;12_“2) 0.1723y
bl — dasday < b] s
€T ng 0.2099 J0.2099 Q1ag r-logx
S5 o,
y(1+o(1 /0300 02099/ /mm{aa, E el Gary )d _ 0.0104y
B N Y 7
xblogx 0.2 0.42—a; J0.42—a; J0.42—04 arasazay - allogw
y(1+ o(1 /0 305 £0.2099 / /mln{ag, 1 1%4) 0.365— al}w(%}lai)d < 0.0212y
o b
xblogx 0.2 0.42—a; J0.42—a; J0.0 arapazai —  allogz
4 .
1+0 /0 .305 /O 2099 /IHIII{(XQ,O 365— al}/min{(x370.365—a1} w (%fl%)d - 0.0397y
a b
xblogaj 0.2 0.42—a; J0.0 0.07 arapazad alogx
4 .
y(1 4 o(1 /0 295/m1n{a1,0 365— al}/aQ /min{ag,(lzlzll)} w(l_%%la)d 3 0.0105y
N da ,
xblogx 0.07 Jo.07 0.07 Jmax{ CEPE1 ) 6450y ay) arogaze; ablogw
4
1+O /0 295 /mln{a10365 al}/ /mm{a30365 Qg — ag} w (%)d _ 0023y
A o )
xblogx 0.0 0.0 0.07 Jmax{0.07, 253 Zz 100y ajgazai o ablogw
6
y(L+o(1)) (log (557) +10g(°d.10675) log (55') +10g(00103?) log (§58) | _ 0.0379y
zblogx 0.07 - 6! 0.07 - 5! 0.07 - 5! xzblogx’
In summary, we have shown that 1p(n) can be written as 1p(n n)+ 19 2, 6;
Y

where ¥(n) is a sum of no more than 100 good* and good** functions and Where each

©; is non-negative and
0.9937y
O;(n) < ——.
Z Z (n) xblog x

This concludes the proof of Proposition for the case a € (0.59,0.61].
Case 4: a < 0.53.

For the remaining cases, a < 0.53, a € (0.545,0.57] and a > 0.61, option (2) and (3)
of Definition [2.4] were not used in the search for elements of R*(a) and R**(a). The
corresponding Buchstab decompositions are also considerably simpler. Thus we now

skip past the detailed step-by-step derivation given in previous cases and immediately
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write down the final decomposition. We begin with case a < 0.53. By conditions (i),
(ii) and (iii) of Corollary [2.30, Buchstab iterations give

Y(n, X) =Vi(n) + E Y(m,p2) + E Y(m, ps) (A.17)
n=pipam n=pip2m
2007 <py<pr <X 2007 <py<pr <X
7>0.36 #>0.36
£5>(0.71—£7) /2 05>(0.71—£7) /2
05 ¢[0.64—€%,0.71—%] 5€[0.64—%,0.71—%]
+ > (m,py) + > b(m,py) (A.18)
n=p1p2p3pam n=p1p2p3pam
2007 <py<ps<pa<p1<X 20-07 <py<p3<pa<p1 <X
£:>0.36 £:>0.36
g;§(0.71,g%{)/2 Z;S(O.?lfg’l‘)/Q
£§<0.64f£’1‘783 Z;ZO.647Z’{ -5
n=pip2m n=pip2m n=pip2p3psm
2007 <py<pr <X 2907 <pyr<p1 <X 2907 <py<ps<pa<p1<X
€T€[0.29,0.36] Z’{ <0.29 0.22<Z’{<0.29
05>(0.71—%) /2 05<(0.71—£%) /2
05> (0.71— 05 —5—03) /2
05>0.36—0}
n=p1p2p3psm n=p1p2p3p4m
2907 <py<p3<pa<p1<X 2907 <py<p3<pa<pi<X
0.22<£%<0.29 £:<0.22
05<(0.71—07) /2 05<(0.71—07) /2
05> (07105 —5—03) /2 05> (07105 —5—03) /2
£5<0.36—0;
N=p1P2P3P4P5P6M N=p1p2P3P4P5P6M
20-07 <pg <ps <ps<p3<p2<p1 <X 20-07 <pg <ps<ps<p3<p2<p1 <X
ZT<O.29 01<0.29
€§§(0.71—Z’1‘)/2 Z;S(OYI—Z’{)/?
EZS(O.?lfK’{fE’Q‘ng)/Q €Z§(O.7175{ 75’2‘ ,gg)/Q
C1 c2

N=p1p2p3papspeim
2907 <ps<ps <pa<ps<pa<p1<X

£:<0.29
05<(0.71—£7)/2

0 <(0. 71— —05—03) /2

Cs

N=p1p2p3p4pPspem
2907 <pg<ps <pa<ps<pa<p1<X
:<0.29
05<(0.71-7) /2
0 <(0TL—0 — 05 —05) /2
Cy

where Wy(n) is a sum of eight good* functions and where C; denotes the condition
(05,05 € [0.145,0.18] for some i # j), Co denotes the condition (£3 € [0.145,0.29]
and ¢f € [0.145,0.18] for at most one i), C3 denotes the condition (¢; > 0.18, ¢} €
[0.145,0.29] and ¢35 < 0.145) and C,4 denotes the condition (¢5 < 0.145). Conditions
Cy, Co, C3 and C, partition the set of (€7, 05,05, 5, 03, ¢5) which satisfy 0.07 < £f <

< 0y < 05 <03 <07 <029 05<(0.71 —y)/2 and £ < (0.71 — oy — a9 — a3) /2.

Denote the first big sum in (A.17) by ©;(n). The second sum in (A.17) is good**
by condition (b) of Corollary 2.30, Denote the first sum in (A.18) by ©5(n). The
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second sum in is good™ by condition (c) of Corollary 2.30] The first sum
in is good™ by condition (a) of Corollary . Denote the second sum by
©3(n) and the third sum by ©4(n). The first sum in is good* by condition
(d) of Corollary Denote the second sum by O5(n ) Since (7, ¢; € [0.145,0.18]
implies £; + ¢5 € [0.29,0.36], the first sum in is good* by condition (e) of
Corollary By condition (f), the second sum is also good. Denote the first sum
in by ©¢(n) and the second sum by ©7(n).

Upper bounds for 3, 41 ©i(n), i € {1,...,7}, are given below:

1 Q] — Qo
y(1 0.54¢1 w (4 ) 0.513
b+ O / / a22 dasday < biy,
z’logz  Jo3 [(0.71—1)/2,0.64—1]U[0.71—ay,(1—cr1 ) /2] Q103 z’logx

4 .
1 +O /O 5+e1 /mln{al ,(0.71—a1)/2} /min{a270.64o¢1a2} /043 w (%)d _ 0079y
N e < -
xb logz  Jos 0.0 0.07 007 uasazal zblogw
1
y(1+ of 029 e 0.08y
— ——— 2 dasday < 5 s
xblogx 0.07 J0.71-a1)/2 a1a2 zblogx
4 .
y(1+o(1 /O 29/mln{al (07"‘“1)}/% /‘“ v <172a74:1a)d L 012y
N M e < -t
»Tb logz  Jo.22 Jo.07 0.07 Jmax{0.36—ay, ©T=o1z02=0n) ) anopazed - ablogaw
S5 g,
1 n 0 /0 29 /mln{al 1)} / /043 w (1 23;4:1 Oé») do < 0063y
a
xb logz  Joor Joo 0.07 Jmax{0.07, @TI=e1—e2=0n)y  arapazei aPloga’

1 ] —Qa—Q3— Qg — Q5 —Qg
y(1 + of 0.29 0.290 (0.145 (0.145 (0.145 (0.145 w - ) 0.056y

T blooa Al da < — ,
T logx 4 0.18 Jo.145 Jo.o 0.0 0.0 0.0 0.07a1 apazagis g zblogx

1 ] —Qa—Q3— 04— Q5 —Q
y(1+ o(1 /029/0145/0 145/0145/0 145/0145w 1020040 G)d ; 0.035y

o :
xb logx 5 Joor Joo 0.0 0.0 0.0 0.0 0.07Taq asazaasag = " zblogz

In summary, we have shown that 1p(n) can be written as 1p(n) = ¥(n)+ Zzzl O;(n),

where ¥(n) is a sum of no more than 100 good* and good* functions and where each

©; is non-negative and

0.938
Y e < WY
=1 neB(y) &
This concludes the proof of Proposition 2.3 for the case a < 0.53.
Case 5: a € (0.545,0.57].

Next we cover the case a € (0.545,0.57]. By conditions (i), (ii), (iii) and (iv) of
Corollary Buchstab iterations give

Y, X)=Wi(n) + > dlmp) + > dlmp) + Y w(m,p) (A23)

n=pip2m n=pip2m n=pip2m

$0'075§p2<p1<X 1‘0‘075§p2<])1<X x0'075§p2<p1<X
£7>0.475 £5>0.475 0.4<6<0.475
£5>0.6—07 £5<0.6—€%
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+ E ¢(m7p2) + E ¢(m7p2)
n=pip2m n=pip2m
x0'075§p2<p1<X x0'075§p2<p1<X
;<04 ;<04
£5>0.6—£7 £5€[0.4—¢7,0.475—£7]U[0.525—¢7 ,0.6—¢7]
+ § 1/}(m7p2> + E ¢(map4)
n=pip2m n=pip2p3p4m
20075 <py <p1 <X 20-075 <py <p3<pa<p1<X
07<0.4 £7<0.4
£5€(0.475—¢£7,0.525—47) £5€(0.475—£7,0.525—£7)
£5>0.14 £5<0.14
+ § 77Z)(7nap4) + § w(m7p4)

n=p1p2pspam
20075 <py <p3<pa<p1<X
03<0.4—07
0> (0.615— 07 —05—05) /2
0i>0.475— 07— 03

Z Y(m,ps) +

n=p1p2p3pam
20-075<py <p3<pa<p1<X
05<0.4—15
05>(0.615—£7 —05—3) /2
05<0.4—07 =03

_|_

e

n=pip2p3p4m

20075 <py <ps<pa<p1<X

05<0.4—07
05>(0.615—07—05—03)/2
[0.4— €5 —£5,0.475— 2% — 3]

Z w(mapﬁ)a

N=p1p2p3p4apspemm

29078 <pg<p5<ps<p3<pa<p1<X

£5<0.4—07

2<(0. 615— e*fe*fz*)/

(A.24)

(A.25)

(A.26)

(A.27)

where Wq(n) is a sum of eight good* functions. Denote the first big sum in by
©1(n). The second big sum is good** by condition (b) of Corollary and the third
is good*™ by condition (a). Denote the first sum in (A.24)) by ©5(n). The second sum
is again good™ by condition (b). Denote the first sum in by ©3(n) and the
second by ©4(n). Denote the first sum in by ©5(n). The second sum is good*™*
by condition (c¢). Denote the first sum in by ©g(n) and the second by ©7(n).

Oi(n), i € {1,.

Upper bounds for ) By

.., T}, are given below:

g4 o(1)) (o5t e/ w (1mezes) 0.166y
5 ——= ‘2 dasda; < 5 s
xb logx 0.475  J0.6—ay 10 log x
y(1+ o min{ai,(1-a1)/2} w (1_%172_%) 0.187y
———dasda; < 7,
xblogx 03 Jo.6—ay a1l zblog T
1 + O 0.385 mln{Oél 0.525— 041} w (10;1720‘2) d d 0302y
T 2blocas @2 2P loo '
x” logx 0.475/2 Jmax{0.14,0.475—a } a1a2 ogx
oy
y(1+ o / /mm{o 14,0.525— al}/ /mm{as l L2 W (1 Zcfl ) 0.032y
95b log z 0.335 J0.475—ay 0.075 J0.075 0‘10‘20‘30&% zblogx’
oy
y(1+o(1 /0 s%/mm{ahm m}/ /mm{ag, UGBl o9 w(lz#:l)d _ 0.0y
JUET AR Q ,
xblogfﬂ 0.075 J0.075 0.075 Jmax{ ST 00 475 g, —an} Q102030 aPlogw
1+0 / .325 pmin{ay,0.4—a1} pas /mln{ag,(lzil(m,o.él—al—ag}w(lzza’;lal)d - 001y
o )
xb logz  Jo.075.J0.075 0.075./max{0.075, LSS Eay @)y aagazai  ablogw
0.155 0.15 55 2
y(1 +o(1)) 1og(0075) log (§522 ) log(0155) 10g(0075) log (5755 155) < 0.1y
zblogx 0.075 - 6! 0.075 - 5! 0.075 - 412! zblogx’
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In the final upper bound, which is the upper bound for - s, ©7(n), we used that

0+ -+ ¢ < 0.615 implies £ < 0.155. In summary, lp(n) can be written as
lp(n) = ¥(n) + ZZ:1 ©;(n), where ¥(n) is a sum of no more than 100 good* and

good*™ functions and where each ©; is non-negative and

3 % o< it
i=1 neB(y
This concludes the proof of Proposition [2.3| for the case a € (0.545,0.57].
Case 6: a > 0.61.
This is our final case. By conditions (i), (ii), (iii), (iv), (v) and (vi) of Corollary [2.35)]

Buchstab iterations give

Y, X)=Wi(n) + > dlmp) + > lmp) + Y, (m,p) (A28)

n=pipam n=p1pam n=pipam
20-005<po <py <X 20-065<po<pr <X 20-005<po <y <X
£5>0.42 £5>0.42 £7>0.42
05>0.645—(% £5€[0.58—£7,0.645—£7] £5<0.58—07
£>0.1
+ > w(mops) + D W(m.ps) + Y d(m,py) (A29)
n=p1p2pspam n=p1pam n=p1pam
20-065<py <p3<pa<p1 <X 29065 <po<py <X 20-05<py<p1 <X
£;>0.42 0.355<£7 <0.42 £:<0.355
£5<min{0.58—¢7,0.1} £5>0.645—0;
n=pipam n=p1pam
104065§p2<p1 <X 10.065Sp2<p1 <X
£7<0.355 0.325<4% <0.355

£5€[0.355—£3,0.42—£7)U(0.58—£1,0.645—L7]  €5€[0.42—£},0.58—1]]
5>(0.645—£7) /2

+ > Ulmpy) + > (m,ps) (A.31)

n=p1p2pspam n=p1p2pspam
20065 <py<p3<pa<pi<X 20005 <py <p3<pa<pr1<X
0.325<¢% <0.355 0.325</%<0.355
£5€[0.42—07,0.58—03] £5€[0.42—07,0.58—0%]
£5<(0.645—07) /2 £5<(0.645—07) /2
05>0.42—0% 5€]0.355—£5,0.42—£%]
+ Z Y(m,p2) + Z ¥(m, pa) (A.32)
n=p1pam n=p1p2pspam
20-05<po <pr <X 39965 <py <p3<pa<p1 <X
7<0.325 :<0.325
3 € (max{0.42—¢%,0.2099},0.58—¢7] £5€[0.42—£3,0.2099)

G>(0.42—05—03) /2
£5<0.355— ¢

+ > Ulmpy) + > (m,ps) (A.33)

n=p1p2pspam n=p1p2pspam
x0-065<py <p3<pa<p1<X 29065 <py <p3<pa<p1<X
£:<0.325 :<0.325
£3€[0.42—03 0.2099) £35€[0.42—03 ,0.2099)
05>(0.42—05—05) /2 05> (0.42—05—05) /2
£5€[0.355—£7,0.42—£7] 03>0.42— 0

05<0.355—(}

194



n=pip2p3psm n=pip2p3psm
20065 <py<p3<pa<pi <X 10005 <py <p3<pa<pr1 <X
07<0.325 £7<0.325
£5€[0.42—%,0.2099) £5€[0.42—%,0.2099)
05>(0.42—05—03) /2 05>(0.42—05—03) /2
£5>0.42— 07 £5>0.42— 0%
5€[0.355—¢7,0.42—¢%] £5>0.42—0}
+ > ¢(mpe) + > b(m,pa) (A.35)
N=p1P2P3P4P5P6M n=p1p2p3pam
20:065 <pg <pg <pa<p3<p2<p1<X 20-065 <py <p3<pa<p1 <X
£7<0.325 £7<0.325
£5€[0.42—07,0.2099) £5<0.355—0]
£:<(0.42—05—0%) /2 05>(0.645—07 —05—%) /2

Nn=p1p2p3p4pspem
x0-065 <ps<ps <pa<ps<pa<pi<X
1<0.325

5<0.355—0}
05<(0.645—05 —05—03) /2

where Wy (n) is a sum of twelve good* functions.

Denote the first big sum in by ©1(n) and the third by ©5(n). The second
sum in (A.28) is good*™ by condition (b) of Corollary Denote the first sum in
by O3(n) and the third by ©4(n). The second sum in is good™ by
condition (a) of Corollary 2.35 The first sum in is good*™ by condition (b).
Denote the second sum in by ©5(n). Denote the first sum in by ©g(n).
The second sum in is good** by condition (b) of Corollary 2.35] Denote the
first sum in by ©7(n) and the second by Og(n). The first sum in is
good** by condition (b). Denote the second sum in by Og(n). The first sum in
(A.34) is also good*™ by condition (b). Denote the second sum in by O19(n).
Denote the first sum in by ©11(n) and the second by ©12(n). Denote the sum

in (A36) by O13(n)

Upper bounds for }_, 4, ©i(n), i € {1,...,13}, are given below:

0.54¢1 (1—a1)/2 w 1 022 a2> 02194y
3 dOZQdOLl < T
:cb logx 0.4 0.645—a1 143 wlogx

0.48 (0.58—a; w 1 ao; (XQ) 0.1769y
/ / s m— dasday < N
:cb log T Joaz Joa a0 zblogx
23:1 a;) 1_24:1 Qi
min{0.1,0.58—« } mm{ag & }w 0‘14 0 0170y
YT o)) da < =
xb logx /0 /0 065 /0 065 /0 065 a1 agazag zblogx’
0.355 pmin{aq,(1—a1)/2} w (170;1727&2> 00191y
b —_— dasdag < 5 ,
x logx 0.3225 J0.645—an 105 2’ log x
1
0.355 [0.58—a (’;12 a2) 0.1266y
—_— s m— dasday < 5 s
T 108293 0.325 J(0.645—a1)/2 a1a2 z”log x
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_y4 ;g
/0 .355  (0.645— al)/2/ /mm{a3, Z 1 ”}w(l %f ) 0.0282y
Yy +~oll)) — ‘2 da<
0.42—a; JO

l’b logx 0.325 J0.42—ay 42—0n aiagazay abloga’
0.325 pmin{o,0.58—a1} w (1(272(’2) 0.2102y
b dan 7[) 3
z log T J0.2099 J0.2099 araj log z
, v
/0 325/0 21 /mln{a2,0.355a1}/min{a3, S STTINE ( ! %;1 al) e 0.0249y
xb logx 0.21 J0.42—ay J0.065 max{0.065, (242-02-3)y aagazai  abloga’
0.325 (0.21 min{asg,0.355—az, = 21 =) w (1_%4:1 0‘77) 0.0191y
bi - da <
z’logz  Jo.o 0.42—a J0.42—a1 Jmax{0.065, L-42=22-23)y Q1 o3y x?log x
0.325 (0.2 s min{o, S Eiz1 20) ) w (717%51 ai) 0.0280y
b 2 dg < b bl
T logff 0.2 0.42—a; J0.4 max{0.42—q,,{&22-02 a3y QO30 z”log x
0.325 14 0.18 0.145 0.21 0.11 \4
y(1+ o(1)) 108 ( 0.21 )( 1Og(o 065 ) +log (gs) 10g<0.065) +log(5:75) log (55) ) 0.0471y
< )
zblogx 0.065 - 4! zblogx

1 1 %) 1*2?: Qg
/O .325 /mln{al,O .355— al}/ /mm{ag, } w (Tl) o 0.0180y
J\E T O o ,
9Ub logx 0.065 J0.065 0.065 / max{0.065, (20451 —az—03)y apagazay - ablogw
0.1775\6 0.22 0.1775\° 0.29 0.135)°
y(140(1)) (log ( 0.10655) I log (0.1775) log ( 0.0655) i log (0 22) log (0 éﬁg) < 0.0576y
zblogx 0.065 - 6! 0.065 - 5! 0.065 - 5! zblogx’

In summary, we have shown that 13(n) can be written as 1p(n) = ¥(n) + 3212, 0;(n),
where ¥ (n) is a sum of no more than 100 good* and good*™ functions and where each

©; is non-negative and

09921
Y e < L

2blogx’
=1 neB(y)

This concludes the proof of Proposition [2.3] for the case a > 0.61. O
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Appendix B

Proof of Lemma 3.5

In Appendix B, we give a proof of Lemma [3.5 It follows the arguments of Section 5
and Section 8.1 of Polymath [37] and only small changes need to be made. As a first
step, we summarize the first pages of Section 5 of [37], which can be used largely

unchanged.

Lemma B.1. Let w,§ > 0. Let e € (0,107199). Let N = 27 with v € (4w + 26,1/2].
Let o and 8 be coefficient sequences at scales M and N with v < MN < x. Assume
B has the Siegel-Walfisz property.

Let pr(m) be a real, non-negative coefficient sequence which is smooth at scale M.
Let ¢y € C with |cy,| = 1, a,by, by € Z with (byby, P(2°)) = 1 and Q, R € (0, 00) with

TN < R< 27%N, (B.1)
2Y?%7f <« QR < gV/Fr2te (B.2)

Let C*(n) = 1s

%1
n n+€7

Write Dy = exp((log z)'/?) and set X(by, by) equal to

Z Z Z Zcql qu2r ZC* n—l—ﬁ?“ Z@bM =y ([q1,92]7)

TR |« Q1AQ 2=Q
(ra)= ‘ ‘K;AOR qir|P(2°) qar| P (29)
(q1,0)=1 (q2,a)=1
(q1,P(Do))=1 (gq2,P(Do))=1

where y is a function of n,{, a,b;,r,q; with y = %(ql),y = nf’fh(qg) and y = %(r).

((q1,92)) form with (n,qr) = (n+r,qa) = 1.

(n7q17n):1
(”"!‘47’:(12):1

Then suppose that X(by,by) = X +04 . (N?*MR~(logz)~*), where X does not depend
on by and by and the implied constant does not depend on Q, R, ¥, (cqr), @, by and

by. In that case we have

1 T
)
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Proof. This is essentially a summary of pages 42 to 48 of Section 5.3 of [37], which

concluded with an application of the dispersion method of Linnik. O

The next step is to complete sums in 3(by, by), with the goal of reducing the proof of
(B.3)) to bounding certain exponential sums. For this purpose we record the following
minor amendment of Lemma 4.9 of [37], which (unlike Lemma 4.9) preserves the

smooth coefficients of h:

Lemma B.2 (Completion of sums). Let M > 1 be a real number and let 1y be a
shifted smooth coefficient sequence at scale M. Let I be a finite set, let ¢; € C, g € N

and let a;(q) be a residue class. Set

—mh
ZwM ( , ) . (B.4)
Then for A>0, e >0 and B > qM~1*¢,

ZCiZl/JM(m)lm ai(g Z¢M Zci+oA,a<M_AZ|Ci|>

i€l m m>1 icl el
M
2 et S ().
0<|h|<B el
Proof. This is a direct consequence of the proof of Lemma 4.9 of [37]. O

Before we apply Lemma to 3(b1, by), it is convenient to record one more result of

Polymath [37], which will be used to bound some of the error terms which soon arise:

Lemma B.3. Let w,6 > 0. Let M, N, QQ and R be positive real numbers such
that MN =< x and such that conditions (B.1)) and (B.2)) of Lemma hold. Let
a,bi, by € Z. Let C*(n) be as given in Lemma . Write Dy = exp((log)/?). Then

2.0 > 2

2

Z (T(n)7(n + r))°MC*(n) <4

A
r=R |« X ( 17;1(1?3<<)632 . q1, Q2|;? . Q1, q2 n, q1nr):1 (log l’)
14 90 0 q17,q2T o
750 1(q1 72q N (n+er,g2)=1
Proof. This is shown on page 49 of [37]. 0

Applying Lemma and Lemma to Lemma we obtain Lemma [B.4] stated

below. This is an amended version of Theorem 5.8 of [37], in which the smooth

coeflicients of variable h have been preserved.
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Lemma B.4 (Exponential sum estimates). Letw > 0 andd > 0. Lete € (0,107196).
Let N = 27 with vy € (4w + 20,1/2]. Let a and B be coefficient sequences at scales M
and N with v < MN < z. Assume that B has the Siegel- Walfisz property.

Write Dy = exp((logz)'/?). Consider Q, R € (0,00) such that conditions (B.1)) and
(B.2) of Lemma are satisfied. Let 1y (m) be a real, non-negative coefficient
sequence, smooth at scale M. Let qy be a positive integer with qy < Q, qo | P(x°) and
(o, P(Dy)) =1, let £ € Z with 0 # (| < % and let a,by, by € Z with (qo, abibs) = 1.
Write H(qy) = * B ond set X equal to

qoM
Z > > eu(h) Z Co(n)B(n)B(n + tr)®e(h, n,7, g0, a1, ¢2) |,
91,92<Q/q0 |h|<H(qo)
(ra) 1 1 (n, 7”%‘11) 1
ENI;I; ! (Q1(qq21aqb21)b2) 1 " (n+rig0q2)=1
7,02 )=

! goqim,q0q2r| P ()

here by (h ) ah bih bah
where n,r = €, Cooqr |\ — |\ 77—~ |-
e\, Ty 4o, 41, 42 nGoq1 g2 q0q nrqs q (?7/ + gT)Tqul

Here Cy(n) = 1s

21
n

) while @ (m) is as defined in Lemma|B.2|, with ¢ = rqoq1q2-

n+£ (q

Suppose that ¥* <. (qo, {)RQ*N (z°¢3)™", with the implied constant independent of
the choice of Q, R, ¥ar, qo, ¢, a, by and by. Then (B.3)) is satisfied.

Proof. We consider Y(by, by), described in Lemma [B.1] for b, by with (b1by, P(2%)) =
1. For fixed r, ¢, q; and g9, we apply Lemma to the remaining variables m and n
and find that 3(by, by) = 35(b1, ba) + X5 (b1, be) + Oa(N?M R~ (log z)~4), where

bl,bQ (ZwM )Z Z ZZ CQITCQQT’ ; C*(n)ﬁ(n)ﬁ(n—kh’),

- 91 C]2
(TT;)R < lI2|PC(Q 5 (a1
T, r €T
70 ql((l1qq22,a):1 (n4br,ga)=1

(q192,P(Do))=1

cqlrcqw C*(n)B(n)B(n + r
S (b1, bo) Z Z ZZ Z Mon(h Z (n)B(n)B(n + ).

(T“)R o< a1, q2vQ5 rla ¢] b < 2°BQ° (n, qlr) . e[‘thﬂr(_yh>
T,a)=
’ 70 ‘II(;Q;QT\(S( 1) (1171'5612)]\4 (n+0r,q2)=1

(q192,P(Do))=1

(Here the modulus of ¢y is [g1, g2]r.) Observe now that the component of 33(by, bs)
which has (¢1,¢2) = 1 is given by

X = (ZwM(m))Z > 2> Cq”cq” > Bn)B(n+er).

Q1 Q2
<R |£|<<R q1,92 (n nr):l
(r,a)= 020 q17,q27| P(2?%) 41
(q12,0)=1 (n6r,g2)=1
(q192,P(Do))=1
(q1,92)=1
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(Here we used that C*(n) = 1 on this component.) Observe that X does not depend
on by and by. Writing (¢1,¢2) = ¢o and using Lemma [B.3] the remaining terms of
Y5(b1, bo), for which gy # 1, are bounded in absolute value by

& 3D D DD D) D DI s fer SR
1 A a1
TR |€\<<f( 17;f(IOD<<)CjQ Lo |qz(A o =1 a1, g2(C*(n))~ R(log z)
(#0 \90 0 qu‘Pm . _
7 g2r| P(a) (n+Lr,g2)=1
(91,42)=q0

Now we look at 33 (by, be). We split the sum up according to the value of (g1, ¢2) and
deduce that |27 (b1, b2)| < E, where E is given by

S S RES SN | S en ) Y Culm B T+ (b )|

N
lt< 7 90<Q =R q1,92xQ/q0 1|h|<H(qo) (n,rqoql):1

0" (q1,42)=1 h£0 =
g (rqoq1g2,ab1b2)=1 (n+er,g2)=1

qoq17,gogqar| P(z°)

(B.5)

(Notice that we introduced the condition (rgoqiqs, bibs) = 1. Since (byby, P(2°)) = 1,
while 7qolq1, ¢2] | P(2°), this condition is trivially satisfied and does not change the
summation range. This is merely a technical restriction, which now allows us to drop
the requirement (b;by, P(2°)) = 1.)

Note that the inner sums of (B.5)) are of the form ¥* described in the statement of
Lemma [B.4 and recall that we assumed that $* <. (go, ()RQ?N(2°¢2)~" for any
choice of Q, R, ¥, qo, ¢, a, by and by. Hence,

qoM (qo, ) RQ*N N2M

X7 (b1, b2)| <. Z 5 Z s <4e 5
s R ot TEQG R(log )

0

Overall we have shown that (b1, by) = X + O (N*MR ' (logz)~*), with X not

dependent on b; and by. By Lemma this implies that (B.3]) is satisfied. ]

For the final step of our proof of Lemma [3.5] we use the Cauchy-Schwarz inequality
to remove . We proceed like in Section 8.1 of [37].

Lemma B.5. Let w >0 and § > 0 and € € (0,1071905).

Let N = 27, where v € (4w + 20, 5 — 2w — 8¢).

Let o and (8 be coefficient sequences at scales M and N with v < MN < x. Assume
B has the Siegel-Walfisz property.

200



Let Zy and > be as described in Lemma and let 3* be as described in Lemma(B.4].
Suppose that ¥1(z) = O-((qo, () RQNUV?x=%) for every z € Z;. Then also

¥ <. (qo, E)RQ2N(x5qg)_1.

Proof. We consider ¥*, described in Lemma [B.4 We wish to show that ¥* <.
W Recall that ¥* is equal to

€ qO

Z ZZ Z wu(h Z Co(n B(n +lr)®(h,n,7, g0, q1,2) |,

<R q1,92<Q/q0 0<|h|<H
(T7ab1 b2):1 (ql 7q2):1
(q192,ab1b2)=1
qoq17,gogqar|P(x°)

(nﬂ"qoql)=1
(nJFzT:QOQQ):l

where H = £ R]\Cj (Since the value of gy has been fixed in ¥*| it is no longer necessary
to indicate the dependence of H on ¢qy.) Observe first that if H < 1, then the
sum over h is empty and X* = 0. Hence we may assume that H > 1. But then

25 Q/H < 17°°(Q/qp). Further, since RQ < x'/**2+ MN < x and N = 27
with v < 1/2 — 2w — 8¢, we also have ¢;'z°>Q/H > 27°°. Hence for any
q1 < Q/qo with ¢q; | P(2°) we can find u; and v; with ¢; = u;v; and qo_lx"s’f’sQ/H <

up < gy e Q/H.

So, using dyadic decomposition, we deduce that the bound ¥* <, % holds if
0

the following is true for every H* € R\ {0} with 1 <« |H*| < H and all U and V/

which satisfy (3.14]), (3.15) and (3.16)):

Z Z Z ZSDH ZCO(TL B(n + br)®,(h,n,r, qo, u1v1, q2)

=R  UL,U1 @2=Q/qo0 | h~H*
u=Uo1 =V (u1v1,q2)=1

5
qourvir|P(z°) d0qzr|P (%)
(rgouivige,abiba)=1

(qu ) Q2N

% g5

(n, rq0u1v1):1
(n+er,gog2)=1

<e

(Recall here that ¢ (h) has modulus rqoq1ga, ©3;(h) has modulus rgouiv1ge and @37 (h)
has modulus rgyu1v2q2.) Denote the LHS of the above expression by 7 and observe
that X7 is equal to

Z Z ZCO n+€'r’ Z ZcmlvlngpH h)®s(h,n, 7, qo, u1v1, G2),

r=R ©1,G2 h~H* vV
w=xU (n, TQOul) 1 (v1,n)=1
72=Q/qo (n+Lr,qog2)=1
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where ¢, 4, 4, 4, are 1-bounded constants, supported on r, uy, v; and go with gouyv1gar |
P(2°%) and (rqouiv1ge, abiby) = 1. Next we apply the Cauchy-Schwarz inequality. We
find (3%)? < T, Y5, where

_ n)B(n + 0r)? (g0, ) RQUN
=>.> > Z Colm)|Bn)Bln + T < = =,

r=<Ru1xU ¢2<Q/qo (n rq0u1):1 0

(n+£r,qog2)=1

T2 :Z Z Z ZCO Z Zcrm,m,qz(pH )q)f(h’an QO7u1U17QZ)

2

r<R ulAU h~H* v1 <XV
qo (n, quul) 1 (v1,n)=1
(n+0r,go)=1
(n+2r,q2)=1

Z ‘ Z ZCO SOH h1 (hz)l/JN( )E’e(hlah2,n77“aQO,U1701;U2aQ2)

TU1,V1,V2,92  hj hg

r=R A ~H* (n, rqo) 1

w1 =<xU h;NH*(n urvivg)=1
v1,v2=V (n+£r,qogq2)=1
22=Q/qo

(rqouivivage,abibz)=1
qou1v1gar|P(z?®)
qou1vaqer|P(z°)
for some smooth coefficient sequence ¥y, located at scale N, with ¢)y(n) > 0 for all

n and ¥y(n) > 1 on the support of 5. Here we used the notation

(,I\Sf(hla h’27 n,r,qo, U1, V1, U2, CI2> = (bZ(hl? n,r, qo, U1V, qQ)(DZ(h% n,r, qo, U1V2, q2)

Then ¥} <. (qo, () RQ*N (2*¢3)~! provided that Ty <. (g0, /) RQNUV?*z~%. How-
ever, looking at the notation of Lemma [3.5, we see that To < X;(z) for a suitable
choice of z € Z;. Recall the assumption X (2) = O.((qo, ) RQNUV?27%) to conclude
the proof. O

Lemma [3.5 is simply a summary of Lemma [B.1I] Lemma [B.4] and Lemma [B.5]
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