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LIST OF FREQUENTLY USED SYMBOLS

(Wherever a symbol occasionally has another meaning,
it is made clear from the context.)

radius of plasma column
area of plasma column

pth velocity moment of the axial electron distribution function,
(see p.60)

normalised ensemble average of the instantaneous auto-correlation,

(see p.79)

radius of cylindrical waveguide

uniform axial magnetic field

velocity of light
ion acoustic speed

normalised ensemble average of the instantaneous two-probe
cross-correlation, (see p.81)

Dispersion relation, (see p.12)
electronic charge
fluctuating, self-consistent, electrostatic field

critical field for the electron-ion two-stream instability,
(see p.23)

Dreicer field, (see p.8)
uniform applied electric field

one-particle distribution function, (subscripts 'i' denotes
ions, 'e' denotes electrons)

Heaviside step function
plasma current

critical plasma current, (see p.34)
wave-vector

component of k in the axial direction
length of plasma column

electron mass, (also me)

ion mass, (also mi)

particle number density

number of particles in a Debye cube

th root of the uth-order Bessel's function of the first kind

A%
radial coordinate for cylindrical polar coordinate system

position vector
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resistance of plasma column

fluctuation signal detected by an electrostatic probe
time coordinate,(measured from start of pulse)
temperature, (subscripts 'i' denotes ions, 'e' denotes electrons)
characteristic velocity for the plasma column, (see p.40)
velocity vector

electron drift velocity

electron root mean square (or thermal) velocity

electron thermal velocity at t=0

axial component of velocity

voltage at cold plate, (see p.34)

open-circuit pulse generator voltage, (see p.32)

voltage across plasma column excluding cold plate sheath,
(see p.34)

voltage across cold plate sheath, (see p.34)

energy density of collective fluctuations

axial coordinate for cylindrical polar coordinate system
characteristic impedance for the plasma column, (see p.40)
angle of propagation of k with respect to B, (see p-17)
temporal growth rate

plasma dielectric tensor

permittivity of free space

electrostatic potential

amplitude of electrostatic oscillation

Boltzmann's constant

Debye length

permeability of free space

azimuthal mode number, (see p.14)

‘radial mode number, (see p.15)

binary collision frequency for collisions between ions
and electrons :

effective collision frequency.for collisions between ions
and electrons

plasma electrical conductivity
wave coherence time
binary collision time for collisions between ions and electrons

effective collision time for collisions between ions and
electrons
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particle trapping time

azimuthal coordinate for cylindrical polar coordinate system

211 X wave frequency

21 X cyclotron frequency,

21 X plasma frequency,

real part of y

211 X characteristic frequency for the electron-ion two-

stream instability.
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ABSTRACT

This thesis is an experimental study of a plasma which is made
strongly turbulent by conducting an electric current. The experiments
are performed on the cylindrical potassium plasma column which exists
between the hol and cold end-plates of a single—ended Q-machine. The
plasma is continuously produced at the hotplate by contact ionization and
confined radially by a strong axial magnetic field such that ., » ube.
The electrons and ions are initially close to thermal equilibrium with
the hotplate, with a common tempeyature =0.2eV, The plasma density
(~ 10° cm_z), is such that the time for collisions between eleftrons and

ions is very long compared to the time taken for an electron to travel the

length of the column.

Pulsed electron currents of duration ~ 2 s are drawn through the
plasma by applying positive voltage pulses (< 100\0 to the cold plate.
Simple electrical measurements indicate that, above a critical current,
the plasma has an anomalously low conductivity accompanied by the onset of
a high level of potential fluctuations, which are detected in the plasma

by electrostatic probes.

A diagnostic techmnique has been developed to study the temporal
evolution of the distribution function of axial electron velocities.
This involves time-resolved measurements of the dispersion of electron
plasma waves during the current pulse. Analysis of this dispersion gives
unambiguous measurements of the electron density n, drift velocity \FE
and root mean square (or thermal) velocity Voo during the pulse. The
results indicate that, after an initial transient, n and vy are axially

uniform, n remains equal to the initial value and the current drawn from

the plasma gives a good measure of their product. The critical current

(ix)



corresponds to Vq = 1.3 Vi, which linear theory predicts, is the thres-
hold for the electron-ion two-stream instability. Above this threshold,
v, quickly exceeds Vi and, in contrast to the predictions of linear

theory and computer simulation, continuecs to rise for constant V4 to
high values, (indicating electron temperatures < 80eV) , limited only by
the energy containment time of the column, The values of conductivity
deduced from the effective scattering rate and from the electrical measure-

ments are in good agreement, and are consistent with an empirical scaling

law found in a pulsed toroidal discharge by other workers.

Measurements on the potential fluctuations indicate a broad fre-
quency spectrum: in the low frequencies the correlation lengths were too
short to be measured; in the high frequencies the fluctuations were shown

to consist of relatively coherent, long wavelength electron plasma waves.

(x)



CHAPTER I

INTRODUCTION

This work is an cxperimental investigation of a plasma which is made
strongly turbulent by conducting an electric current. In this chapter we
introduce the phenomenon of plasma turbulence by considering the relaxation
times associated with transport processes in a fully ionized plasma. From
this we sce that the effective collision frequency for plasmas which are
not in thermal equilibrium * might be greatly enhanced by collective fluc-
tuations, when compared with plasmas in thermal equilibrium. In particular,
we consider the response of a plasma to a steady electric field and the

chapter concludes with an introduction to the experiment.

1.1 PLASMA TURBULYNCE

Fully ionized plasma can be regarded as an assembly of electrons and
ions, (which in this particular work are singly charged), whose average
number densities n , when considered over sufficiently long time and length
scales, are such as to produce no net charge. In this work we consider
only elastic collisions so that the particles interact only through their
coulomb fields, Those transport processes which are responsible for dissi-
pating some available free energy into particle thermal energy, can bc
expressed in %érms of appropriate microscopic relaxation timgs 7, or effec-

tive collision frequencies, V = 71

, which are determined by the interaction
of particles with fluctuating electrostatic fields EJ which are themselves

due to the coulomb fields of all the particles, i.e. self-consistent fields

* By theisal equilibrium we mean that both species of particles have
Maxwellian velocity distributions, with a common temperutuce T .

% In general we should consider self-consislent electromagnetic fields,
but in this work we can neglect these because all electromagnetic
fluctuations have phase velocities very much faster than particle
velocities.,



Plasma kinetic theory can be applied to the problem of calculating
Ei provided the parameter ND’ is very large, where

_ 3
Nb =n XD » 1
and [ KT'

Ny = —9——2— , the Debye length.

ne

... (1.1)

For the purposes of this discussion we will only summarize the main
results by referring to various texts, (e.g. CLEMMOW and DOUGHERTY (1969)
chapter 12 and references therein, also KRALL and TRIVELPIECE (1973) chap-

ter 11).

For scalelengths > XD the dynamics of each specie of particles in

phase space (Zn Z), is described in terms of one-particle distribution

*
functions, Fi e(z,:x,t). The evolution of Fi o and the self-consistent
) b}

fields are determined by the set of Vlasov-Maxwell equations:

—Bltl-e—JrK'-YrFi,e im.e [—E-Jrzl\-]-ﬂ’vai,e =0
7
¢, ivE=p . +e [ (F, -F) a¥
div B = 0 r(1.2)
oB
curl E = -~ 3

—eX

ok
curl H = J t'ke«F(XFi':XFe) a¥v 4 € =

The fields which describe the collective nature of particle interac-

tions are known as collective fields. They are smooth continuous functions

that do not take into account the discrete nature of particle interactions.
Linearized perturbation solutions describe the propagation of a great vari-
ety of collective oscillations <exp i(E. zﬁ-um), with wa%elengths kXD;Zl
and phase velocities u/k, which can be much less than ¢, the velocity of

light.

* Subscripts i for ions, e for electrons

-2 -



For scalélengths < N), Ei is dominated by the discrete nature of
parlicle interactions. For most of the time there are weak binary corre-

~J

lations between particles and E can be related to F(zjz) by a two-parti-

) . .
cle correlation function

When a plasma is in thermal equilibrium, the energy density W, of
the collective fluctuations is very small compared with the particle ther-
mal energy, (e.g. see Krall and Trivelpiece (op. cit.) p.567) , i.e.

v 1 . ... (1.3)

nkT N
For each particle the dominant contribution to Ei is due to the binary
correlations between it and all other particles within a Debye length. If
the plasma is slightly perturbed, it is possible to estimate a relaxation
time for particles to return to thermal equilibrium. For electrons, in

the absence of a static magnetic field,

1 3 ]
1, _.1.9(4ﬂ€°>2 (k2 T
V. T ¢ n 2 teT
c e 4 11log [\3 wpe log ND
where ( )3
12 11 ( e, KT
= T 03 > ... (1.4)
n< e
/ nezﬂ electron
d 0 = f Be.
an pe N . ’ plasma

frequency <

(see Clemmow and Dougherty (op.cit.) p.434).

If the plasma is not in therm;l equilibrium there is the possibility
of amplifying some of the modes of oscillation so that W exceeds the equi-
librium value (1.3). If sufficient free energy is available, the linear
solutions of (1.2) may indicate that some of the collective oscillations
are unstable and these will grow at the expense of the free energy. 1In
general the nonlinear development of these growing waves leads to a spectrum

of collective fluctuations which begin to significantly perturb the particle

* This is true for thermal equilibrium, but may not be true
for states far from thermal cquilibrium, (see Clemmow and
Dougherty (op.cit.) p.407).

- 3 -



motions and contribute an effective collision frequency Vopsg to ii in
addition to Ve in equation (1.4). It is possible that Vorg 2 Vo ! but

we may say that if vV, Z A then the plasma is turbulent.  The turbu-

ff
lence is a mechanism by which the plasma can effectively dissipate avail-

able free energy via collective fluctuations. A general scheme is shown

in Fig.1.1.

Since equation (1.2) conserves entropy, strictly speaking this is not
a thermal dissipation but conversion of f{ree energy into a pathological
form represented by the very fine-grained structure of F(EJX) in phase
space. However if F(EnX) is reaveraged over a coarser grain, although

it may not be in thermal equilibriuwm, it can be effectively considered as

heated in certain regions of phase space.

In principle the calculation of Ei for collective fluctuations in a
turbulent plasma requires a full nonlinear solution of the Vliasov-Maxwell
equations (1.2). In practice considerable theoretical progress has been
made for weakly turbulent plasmas, (see é.g. TSYIOVICII (1972), DRUMMOD and
ROSS (1973) and references therein). The theory assumes that the waves
have random phases with respect to each other and small growth or damping
rates, i.e, amplitude = exp(Yt) expi(k.r- wt) where Y2« @®. The
amplitudes sat?rate by weak nonlinear interactions between waves and parti-

cles at low energy levels, i.e,

1 W
Nb « v « 1,

The phenomenological description is thal of separate entities, waves and
particles, where the concepts of energy and momentum for both are clearly
and separately defined and the conservation laws, which describe their

interaction, are easy lo interpret.

Ilowever this analysis breaks down if Y~ w, when high level ampli-

tude saturation might occur, or if the spectrum of growing waves is



Effective relaxation
time < binary collision
time T, in (1.4)

*

!

Thermal relaxation

time Te

Plasma in thermal //;
equilibriun temperature
Too Maxwellia? F(;Z-J ‘//‘t////////’

UNSTABLE F(v)

'

Plasma instability: grow-
ing waves described by
lincar solution of (1.2)

!

As amplitudes increase, there -
are non-linear interactions
between waves and particles,

w(k) spectrum of collective
fluctuating fields

i

Interactions between fluctu-~ >

ating fields and particles
alter F(v) substantially,

Particle random velocity
2 .
I v’ Fdv, increased,

free energy "'dissipated!,
stable F(v).

Available free cnergy,

-
electron drift motion

Complete thermalisation brought

about by binary collisions*

Plasma in thermal equilibrium
with temperature >T,

- Turbulent regime ,
transport coeffi-
cients characterised
by an effective

collision frequency

* By binary collision time we mean the time taken for a particle
to be scattered through an angle of m/2 by the weak but con-
. tinuous binary correlations between the particle and its neigh-
bours within a Debye sphere.

Fig.1.1

A general scheme for plasma turbulence



sufficiently narrow such that the cohercnce time Tac’ is long enough for

particles to become temporarily 'trapped' by the wave, (see e.g. Chapter 11).

By considering the two restrictions for weak turbulence theory,
Drummond and Ross (op.cit.) derive a convenient classification of turbulent

regimes., They define two parameters:
W

T, = 77 ... (1.5)
and To
I\ - L 9 o o0 (1.6)
2 T
tr
where T is the time for particles to become trapped by a coherent wave.

tr

The classification scheme is shown in Fig.1.2.

The regime Il, Té « 1
is classified as weak turbu-

lence and the other regimes

are arbitrarily referred to
7 tufbulenc
as strong turbulence of one
form or other, although as
Drummond and Ross admit,
'coherent turbulence' is per-

haps a contradiction in

terms. However the initial

=0

I =

nonlinear saturation of col- _ﬁf
1 nt

Fig.1.2

Classification of plasma turbulence

lective fluctuations in cer- .
after Drummond and Ross (op.cit.)

tain situations may well consist of coherent oscillations.

Theoretical models for the strongly turbulent regimes cannot be
derived from weak turbulence theory and so we must rely on experiments or
numerical simulations to suggest and test theoretical hypotheses. In the
work reported here the aim has been to experimentally excite the elcctron-
ion two-stream instability which has very fast growth rates, Y 2 w, so

that we might ohtain an insight into one aspect of strong plasma turhulence.

- 6 -



1.2 RESPONSE OF PLASMA TO A STEADY ELECTRIC FIELD

Consider a uniform electric field Eo’ applied to a plasma in
thermal equilibrium at time t=0. Initially the electrons and ions are
accelerated in opposite directions. The zero momentum frame of reference
is approximately the ion rest frame hecause of the large ion-to-electron
mass ratio M/m. Thus the current conducted by the plasma is almost
entirely due to the electron drift motion. The equation for the electron

drift velocity vg, (parallel to E%), can be expressed as:

dvd eEO
T S - o~ Verr Va ee. (1.7)
where Veff is the effective collision frequency of the interaction by

which the electrons lose momentum to the ions.

el
0 o . .
If \Veff‘ﬂi‘ « = then the plasma response is inductive, i.e.
the current density J = - nev,, is given by:
at m 0

which, for a voltage drop V, across a plasma of length 4, and area A,

leads to —
dI
V =-L Tt
md, : - ... (1.8)
where the inertial inductance, L = .
neA
dVd
However if a steady state is reached such that el 0, then the plasma
is resistive with a conductivity
5 .
ne 1
o = m v A . ¢ o (1.9)
eff

If a steady state is reached while the plasma is very close to

thermal equilibrium, then Vv

of f will be dominated by the hinary collisions

discussed in the previous section. An estimate for v would then ye

eff
Ve in equation (1.4), however we quote here a result of calculations

reported in the literature, (see Clcmmow and Dougherty, np.376-377 and

references therein),



ND @ e
O - 745 —B ... (1.10)
41T€O log A

DREICER (1956) pointed out that for sufficiently large Eo, the
binary collisions would not stabilise V4 because the Rutherford scatter-
ing cross-section for two particles with relative velocity v, diminishes
as 1/v*. His calculations show that the electrons freely accelerate if,

Eo 2 'EDr' i
|

The critical field EDr’ can be expressed in the formi

mve VC n
By = — < m .. (1.11)

where v, is the electron thermal %elocity”* and an estimate of Ve is
i
given by equation (1.4). Thus if the electrons are accelerated to Vd23ve

before one binary collision time, the phenomenon of electron runaway occurs.

If initially EO < EDr’ the electrons are heated by binary collisions until
Eo > EDr so that electron runaway eventually occurs for weak fields; an
unfavourable consequence for controlled thermonuclear fusion since it
appears impossible to heat plasmas to high temperatures by passing electric

currents through them.

Such a ilreatment ignores the possibility of collective fluctuations
limiting v, when the plasma is no longer in thermal equilibriwm, DBURENAX
(1958,1959) suggested that the electron-ion two-stream instability, which

occurs with fast growth rates for » Vo would produce a turbulent spec-

Va
trum of collective fluctuations involving both ions and electrons, thereby
greatly increasing Vet from the value in equation (1.4). (In general

various instabilities can occur when electrons drift relative to ions;

these are discussed in Chapter I1.)

* 17 .
In general we shall define v, as the root mean square

electron velocity which for a one-dimensional Maxwellian
distribution is KT/m ,



Experimentally it is found that when Eo » EDr’ instabilities
occur and appcar to prevent runaway. The plasma becomes resistive with
a conductivity much lower than (1,10) and, consistent with this, electron
and ion heating have been observed accompanied by a non-thermal level of
fluctuations and electromagnetic radiation; +the phenomenon is known as

turbulent heating.

Although there is further comment on these experiments in Chapter VI,
we mention here the particular results of HAMBERGER and FRIEDMAN (1968).
They found that for three different ion masses, hydrogen, argon and #enon,
in a sufficiently strong electric field, o could be represented by the
empirical formula :

(M\O.ZiO.l

a M
Tme, = (0.45 = 0.04).\m) e * ce. (1.12)

It is instructive to compare equation (1.12) with (1.10), viz:

1

o W)

where o, is the 'anomalous' conductivity measured in this experiment and

... (1.13)

a, is the 'classical' conductivity for a plasma in thermal equilibrium.
For ND » 1 not only can the estimates differ by orders of magnitude, but

the parameter scalings are very different.

The measurements for scaling (1.12) were taken under conditions
wvhere the electron-ion two-stream instability was expected to be excited,

Hamberger and Friedman (op.cit.) point out that the corresponding

; N,
s

~ m

1 /m"E
Vet ~ om T/ Wpe
is related to the characteristic frequency of the linear stages of this
instability, (see Chapter II). Unfortunately this experiment suffered
from difficulties of delailed interpretation. In general large pulsecd
experiments can only be made once every minute or so. It is difficult to

achieve precise reproducibility from pulse to pulse so that a temporal



resolution of the experimental data is very difficult. In particular it

is difficult {to measure unambiguously the evolution of n, Va and v,

These problems suggested a simpler experiment to study the strong
current-driven turbulence arising from the electron-ion two-stream insta-

bility.

A single-ended Q-machine continuously produces a uniform, cylindri-
cal,'(diameter ~3cm) , potassium plasma column between two end-plates
(~1m apart) within a uniform, axial magnetic field (~ 2kG) . Under
suitable operating conditions, (n < 10%° cm"s, T ~ 2,500K) the plasma is
close to thermal equilibrium and it is possible to draw large pulsed elec-—
tron currents (Vd > Ve), of duration <10 ps with repetition rates S1klz
by applying pulsed potential differences of <100V between the two end

plates with a pulse generator.

This arrangement has considerable advantages. The initial condi-
tions for each pulse are well defined and reproducible. It should be
possible to follow the detailed evolution of the plasma from the known
initial conditions by using pulsed voltages rather than d.c. voltages,

(this point concerns the magnitude of various timescales which will be con-
sidered in Chapter III). The fast repetition rate permits the use of elec-
tronic sampling techniques to measure ensemble averages over many pulses, a

useful type of measurement for turbulent plasmas.

The experiment has a serious disadvantage compared with the toroidal
or mirror magnetic confinement schemes used in other experimentis, in that
the energy confinement time is very short due to the column end losses.
However, providing this is kept in mind, with such an experiment we should
hope to study in more detail the initial processes that occt » in a particu-

lar case of strong current-driven plaswia turbulence.

- 10 -



In Chapter II the various current-driven instabilities that can be
excited in the experiment are discussed in detail, mainly in the contlext
of linear theory. In Chapter III the experiment is described with measure-
ments of the macroscopic plasma parameters. Chapter IV describes a novel
but important technique which provides unambiguous time-resolved measure-
ments of n, V3 and v,

In Chapter V there are measurements concerning the observed turbulent

fluctuations and Chapter VI concludes with an overall discussion of the

results in comparison with other work and suggestions for future work.

- 11 -



CHAPTER TII

CURRENT-DRIVEN ELECTROSTATIC INSTABILITIES

9.1  INTRODUCTION

In this chapter we review the linear theory concerning the various
instabilities that occur when electrons drift through ions in a warm
plasma column with an axial magnetic field. Initially we consider the dis-
persion relation D(w, k) =0, for collective oscillations crexpi(ki.ll—(nt),
that exist in a cold one-dimensional (1-D) plasma where the only instability

that can occur is the electron-ion or current-driven two-stream instability.

The complications introduced by magnetic field, cylindrical geometry and
temperature are discussed in turn, leading to the conclusion that in the
experiment, the fastest growing instability can be described to a good
approximation by the simple 1-D theory with minor modifications. The
chapter concludes with a comment on the nonlinear development of the current-
driven two-stream instability and in particular why it is expected to excite

strong turbulence.

The linear theory is based on two assumptions: (a) the plasma is
'collisionless', i.e. the collective fields are determined by equations(1.2),
and (b) because the strong interaction between fluctuating fields E, and
the particles occurs for (m/k K c, E_ can be considered in the electro-
static approximation, viz. E =~ V. When a steady magnetic field 30’ is

present a further consequence of (b) is that w/k must be much smaller than

the Alfven speed, \/3§/po nM .

The general method of deriving D(w, k) is to consider the plasma as
a dielectric by including the self-consistent fields in the formulation of

the plasma dielectric tensor _g(w,k),(see e.g. STIX, (1262) chapter I).

Thus in the electrostalic approximation we- solve Laplace's equation:
V(.Y =0 ee. (2.2)

with appropriate boundary conditions.

- 12 -



The general expression for € is very complicated but we shall
restrict the disccusion to approximations which are developed in the

following sections.

2.2 COLD, ONE-DIMENSTONAL PLASMA

In 1-D, unbounded, cold plasma, equation (2.1) becomes, (Stix, op.

cit.)
633 = 0. ’
Substituting for €5, we have , V
o, o .\
D(w,k) =1 - -—5 =0 . ... (2.2)

2w
(LU— ka)

Solving equation (2.2) in terms of complex-w for real-k always predicts

% \
growing oscillations (i.e. e % if V3 ;40; this is the electron-
ion two—stream instability. BUNEMAN (1958) computed the growth rates Y,
using an approximation which can be shown to require

m\%

<ﬁ) «1,
(there is a detailed discussion of ihese solutions in Appendix A1), The

maximum growth rate Ymax’ is given by

Ymax = 24/3 WM U)pe 0.69 w

and occurs at, real frequency

1
. 1 /‘m‘\; 3 N e *
T hb"t%e 0.4 w ... (2.3)

and real

. W

kK = 22
Vg4 |
where o = "E\%
: - KM/ @pe :

The solution for Y is shown in Iig.2.1(a) and the complete solu-

tion for equation (2.2) is sketched in Tig.2.1(b).

- 13 -



o =

A (a) (v)
w /w¥
1.0 +
Y B
0.5 7 . unstable solution
y .
W™
0.0 — i T >k
0.0 1 “Va * . 0 k _'EJf_e_
: Whe Va
225.2.1

Dispersion relation for the electron-ion two-strcam insta-
bility in the ion rest frame (solution to eguation 2.2)
(a) Unstable part of solution (for hydrogen plasma)

(b) Complete solution (schematic)

Branches A and B in Fig.2.1(b) for w» Wi represent the fast and
slow waves of the electron plasma oscillations which propagate undamped in a
cold plasma. (The complete complex-uw solutions of equation (2.2) are com-
plex conjugates, but the damped solution has been omitted from Fig.2.1).
Notice that in the ion rest frame the amplitude of the fastest growing wave
increases by exp (2m/3) =5 x 10 5, in one oscillation period 2'n/w11.

2.3 COLD PLASMA IN CYLINDRICAL GEOMETRY WITH
AN AXIAL MAGNETIC FIELD

A plasma contained within a hollow cylindrical conductor by a uniform
axial magnetic field (0,0 BZ), will have a discrete set of eigenmode solu-
tions propagating as exp (iké;z) for a given w. To obtain these we
solve (2.1) in cylindrical polar coordinates (r, 8, z), considering first of
all the idealised model of a uniform cold plasma completely filling a cylin-

drical waveguide of radius, a . The boundary conditions are : -

o(r, 8 ,z)g =0
r=a .. (2.4)

Cp(l",e,Z) = CP(I"aeiZTTU,Z)

where p is an integer.

- 14 -



For a cold plasma in a magnetic field with drifting electrons and
stationary ions (vd\\BZ) , € takes the form,(sce e.g. KRALL and

TRIVELPIECE (1973) p.179) »

€, +ie, 0
= | —-1¢€ 0
g 1€2 e1
| 0 0 €z
where
wf.e uﬁi
€1 = 1+ 2 2 2p 2
- - v -
u%e (w kz d) u%l W
W 2 w . UJ2
c _ ce pe cl p1
2 T W P 2 W 2 2
- -k v . -
UUce (w Z d) UU01 w
wze wzi
63 = 1— p land p e o 0 (2.5)

l

o

=

o

e
o)

I
|

N

where W

ce 1

Substitution of equations(2.5) into (2.1) using the beoundary condi-

tions (2.4) leads to eigenfunctions'*

. i(k z-wt)
(b L) du8 oz ... (2.6)

=@ Jp !_‘pp\) 5/ €

with a dispersion relation for each eigenmode of the form

i

€ k a2
Lo (2 =g . (2.7)

, I

where p‘.l is the vth root of the pﬁh—order Bessel's function of the

first kind, (sce KRALL and TRIVELPIECE (op.cit.) p.202).

The concise form of equation (2.7) can be written explicitly in terms

of w:
P 2 2 2
® : 2 W W,
D(UJakZ) =1+ 1 5 > e 2+ 2%1 S0 LS 5 = 2+ }'J2~ =0
. 1+K (uée--(u%kzvd) W, =W 1T+K (u%—k;vd) w

... (2.8)

* (2.1) can be manipulated to produce a separation of the (r,%,z)
coordinates because ¢ contains tlhe appropriate zeros and does
not implicitly contain an (r,8) dependence.



For a given eigenmode , equation (2.8) has four solutions of  for
real—ké ana hence the possibility of further instahilities. In Appendix
A.2 we discuss the complcte solution in an approximation represented by

2 2 2 2 2 g
Woo » We > Wi > U ... (2.9)

which corresponds to the experimental conditions. This effectively means
that the electrons are constrained to one-dimensional motion parallel to

B whereas the ions are allowed motion in all three dimensions. This leads
to an estimate of Yﬁax for each instability, the results of which show
that the electron-ion two-stream instability has by far the fastest growth

with a maximum value modified from the 1-D solution (2.3), to

P Va2 |1, - \
Y =~0.69 g* 1_\—£\l—d) 76
max w a
P
W, = Y./ V3 . ... (2.10)
and p v.2|%
K = e _( 9NY; d)
VA Vv \a W
d pe -

The approximation applies for drift velocities which satisfy:

P VN2
I .. (2.11)

\ p_—
pe

If the experimental conditions satisfy condition (2.11) for low order mode
numbers, the cylindrical geometry has a negligible effect on the dispersion

of these fast growing eigenmodes.

Since these wavelengths are very short compared to the radius, to a
first approximation +the plasma is effectively unbounded; We can then
re-write sslution (2.10) in a simpler form for these short wavelengths, (i.e.
ignoring mode—discreteness), by introducing the angle of propagation @, the

wave vector malkes with the magnetic field, i.e.

——

1
— _ . Tk
/3 W= Yoo = 0.69 (cos ¢) ® w
k ? o s 0 (2.12)
‘k‘ — zZ ~ mpe
- Cos Q. Vd

- 16 -
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A plot.of (cosa)® in Fig.2.2 shows that waves propagating at angles

< n/4 to the dircction of B have 'Ymax within 10/ of the 1-D solution

(2.3).

k
\
\
_ \
4 \
i
\\ R >BZ’Vd
N /
N\
N /
\
\/4\\ o
|kl = &=
Va

Fig.2.2
Angular dependence of propagutiocn of the most unstable
wavelengths for the two-stream instability in an
unbounded cold plasma where : >
: p Wee 7 Whe > W3 > Wy

2.4 WARM PLASMA

We now consider the effects of finite temperature, starting as before

with a 1-D treatment.

2.4.1 One-Dimensional Plasma

If we assume Maxwellian velocity distributions for each specie but
with drifting electrons, then two further parameters become relevant; the
electron thermal velocity Vo and the electron-to-ion temperature ratio
Te/’Pi. Finite temperature modifies the cold 1-D plasma in two ways;
firstly there is a critical drift veiocity below which the plasma is stable,

and secondly there exists the slow-growing ion acoustic instability if

For a 1-D model, D(w,k) can be derived from the linearised Vlasov-

Maxwell equations (1.2) using the electrostatic approximation (2.1). This

lead to :
eads to , - dFe o ) 4w dFi .
W W . r —
e av : d
D(w,k) =1 - L2 | B D 0 .. (2.13)



where T, (v) is normalised as follows,
r ,
F, (v) av=1. .. (2.11)

e ’
Care must be taken concerning the contours of integration in (2.13),
(see e.g. Clemmow and Dougherty, chapter 8). For Maxwellian F(v), (2.13)

can be normalised in terms of the electron and ion plasma frequencies and

the Debye length XD, viz:

: Q -kAV 2 Q. R
D(w,k) = R S— _5;__}2_ _E g —2—) -0 ... (2.15)
2(kX,) ® /210 2(kM;) VERIN
where 0 = =2 , €. = _Cs
e LUPe 1 UJpl
v v T
V = ;9 -2 R-= 'i“'e'
e N/%Eg 1
m
+© >
g -2 [ ),
Jmose (C-2)

Z’(Q) is the derivative of the Plasma Dispersion Function which has been

tabulated by FRIED and CONTE (1961).

JACKSON (1960) considers T = T, and shows that for instability

V4 must exceed some critical value, 1i.e.

| ol
.l

v.>v - 1,308 (1 +J5) Ve - ... (2.16)

d crit

His solutions of W, and Y for three values of 'Vd/Vé are shown
in Fig.2.3, demonstrating how quickly the solutions approach the cold plasma
solution for large V-
Notice that, for even the modest value vy = 3.1 v, the ma X 1inmum

amplification during one period of oscillation is ~ 3 X 107

-~ 18 -



v/w*
w ./ w* A
A 0.7 -
5.5
1 L=
Va4
R
v, NG 1
o 1 St T P
1 AL 0 1 K -4
(real part) D V¢ (imaginary part) D Vg

Fig.2.3
Unstable solutions of the electron-ion two-stream instability
for a one-dimensional warm hydrogen plasma, Tg =Ty
after Jackson (op. cit)

- STRINGER (1964) presents solutions of equation (2.15) over a wide

range of parameters. He finds that, for T, > T;, Vv is reduced from

crit

(KT,
the value in equation (2.16) and for Te » T; becomes -~ ¢, = ﬁf—ﬁf-, the

ion acoustic speed. In this situation, if V4 is between g and Vo

the instability has a different nature, i.e. unstable ion acoustic oscilla-

tions with slow growth rates Y « w < w.. However if v_ > 1.3 v _,
max r pi d e

.. fast growing oscillations occur,

vd/ve h
Y Z® > W ., which are charac-
* max T i
-y Y w g . - 3
10 mm/ipl teristic of the electron-ion two-
2.2

2.0 —— stream instability. Fig.2.4

_;lﬂ2~__—————”‘”“""—“"—~‘”” .
1.04 05 ) © shows how Y varies with
. max

Te/Ti and 'vd/ve.

critical velocity for the
onset of growing waves

0.1 - 4&’// In the experiment the ini-
0.01 . C ~
tial conditions are Te —'Ti SO
0.0 ‘ . . .FTi/Te that we Go not expect to excite
0.01 0.1 1.0 10
Fig.2.4 the slow-growing ion acoustic in-

Growth rate of fastest growing wave in a current-
carrying plasma (after Stringer, op. cit)

stability in the early stages.
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2.4,2 The Experimental Plasma

The plasma column used in the experiment is shown schematically in

Fig.2.5. L ()

IJ]III{/IIIII}I//_])]IIIJ

b=>~2a cylindrical copper waveguijde ——\\

} N ! : . '

y ! L /
~/ /ecylind 'é( //
LT f]/“ ?“‘ "°’/"““ / /// e

" AN LRy SN SERY SRS LY IR S SR SR SR SRR AR S A 4 VAN SR AR S0P AV sl F

(2) Fig.2.5 (b)

The experimental plasma column
(a) radial boundary conditions
(b) density profile

The radial density gradient at the column edge introduces the
possibility of current-driven drift wave instabilities, (see e.g. HENDEL
and YAMADA (1974)), but the boundary conditions do not substantially alter
D(w,k) from the completely filled plasma waveguide case discussed in
section 2,3 and Appendix A.2, Finite temperature effects all the insta-
bilities in various ways, but because of the ordering (2.9) they are
slowly growing, Y K @r and have low frequency, W, « ubi’ when compared

b

with the electron-ion two-stream instability.

In the experiment the two characteristic scalelengths, a and XD

are well separated, viz:

a®» N ... (2.17)

Thus with moderate drift velocities, it is possible to satisfy conditions

(2.16) and (2.11) simultaneously, Viz ;

a Va
e > 1.3, . ... (2.18)

(OAY; u%e

In this situation the electron-ion two-stream instability is approximately
described by the simple cold plasma theory in section 2.2 with two modifi-
cations; a critical drift velocity given by (2.16) if T, =T, and wave

propagation at an angle to the cylindrical axis as given by equation (2.12).

Finally, hecause of their importance in Chapter IV, we comment on

the dispersion of the stable electron plasma waves in the plasma column,

- 20 -~



i.e. branches A and B in the cold 1-D plasma, Fig.2.1(b). The modifica-
tion to D(w,k) by the electron tempecrature and the cylindrical geometry
is discussed in detail in Appendix A.3, however, for the sake of complete-
ness we show in Fig.2.6 the dispersion of the (0,0) mode of electrostatic
oscillations that occur in a warm plasma column with Te = Ti and electrons

drifting, Vi > 1.3 Vo with respect to stationary ions.

unstable

1/XD
*
Y/w growth rate of electron-ion
(v) ‘IA ‘two-stream instability
i, Y , K
i -
=ity 1/}\ A
D
1 3
Y damping rate of electron -
plasma waves
wvae
Fig.2.6

The aispersion of the (0,0) mode of electrostatic

oscillations which occur in. a plasma column with

Te_.T electrons drlftlng. vg > 1.3 Ve, with

respect to stationary ions in the frequency range
: Wee > W 2 wpi

(a) real part of w; (b) imaginary part of
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2.9 FURTHER COMMUNTS

2.5.1 Electron Acceleration in a Stezdy Field I

The linear theory so far has :::zumed a steady drifll velocity, where-

as in the experiment the electrons ar: accelerated from (hermal equilibrium

by a steady electric field E . Thus initially
eEo't
Vg= - o . ... (2.19)

In the cold fluid theory Y, I:r a given unstable wavelength 2m/k,
is a function of (kvd) so that as the electrons accelerale the growth rate

of a wave k, will vary in time. We can use the resulls of cold fluid

theory to estimate the growth after Vg has reached a sufficient magnitiude
|
!
such that
&
d
— l« Y ... (2.20)
Vd wa L 1

i.e. thi: means that the rate of chiange of the growth rate is much slower
than the growth rate itself. If the amplitude of the wave in thermal

equilibrium is <, (0), then at time - . the amplitude ix:
t

J‘Oy(t')dt’

@, (1) = o () e .. (2.21)

Physically, when v_ becomes > 1.3've a wide range of wavelengths are

d

. Upe \ .
unstable, i.e. 0 <k S el For w.velengths » Ay, y Dbegins at a low
d .

. e . .
value, since k « %?—, but as v, 1i:creases, Y increases to \hax when
d d

k 2=%%f. After this, Y rapidly dr:vus to zero and the wave stops growing,
(sce IFig.2.1(a)); most of the growt: has occurred when Y < Ypax + Ibis
point was made by SISOIENKO and STIT MOV (1971). In Appendix A1, we show
that an estimate of the right—hahd-siﬁu of (2.21) is:

™. .t -
where m~ |

B (1) ~ G (0) e
b L. (2.22)

for oW




Thus an unstable wavelength 2n/k:, will reach a maximum amplitude :

~o

at time

The timescale

my W,
~ pe pi
cpk (max) ~ cpk(()) exp eE k
o}
m @
t ~ .—Rg
eEolc

S

Z . ... (2.23)

-

;i, implied by estimate (2.22) is the characteristic

growth time of the electron-ion two-stream instability when driven by a

steady field.

For this argument to be valid, Eo must be sufficiently

large so that the electrons are accelerated beyond the threshold 1.3 v

in a time < W .
pi

introduced in section 1.2, we define EC

Notice that

B, > B,

me .V
E = D1 ¢

C

g 0T

By analogy with the Dreicer field EDr’ which was

... (2.24)

In this context we will term those fields for which E0 > Ec as

: . . : a )
strong fields. The maximum amplitude (2.23) is related to EO/EC by :

~J

1

P () ~ By (0) exp
]

.k
Yo L,

Cc

... (2.25)

Stepanov and Sizonenko (op.cit.) claim that the growth rate (2.22)

is not sufficient to stabilise v_ by nonlinear particle motions parallel

to the drift.

d

At this stage we note that provided sufficiently long wave-

lengths can propagate in the plasma, it is possible 1o find a wave whose

linear growth is

-t
« ¢ Pi

for many ion plasma periods, whereas the drift

is ot , Whether or not growth will be maintained at this rate to suffi-

ciently large amplitudes will be discussed in the next section.

- 23 -



2.5.2 Nonlinear Development; A Comparison with

the Beam-Plasma Two-Stream Instability

As was pointed out in Chapter I, a systematic theory for the non-
linear development of the fast-growing two-stream instability does not
appear possible; at present theoretical progress can only be achieved by
making.a priori assumptions about the nonlinear state. In this respect

some progress has been made with the beam-plasma two-stream instability

for which the linear 1-D theory is closely related to the electron-ion
two-stream instability. That is, D(w,k) for a weak, cold electron beam,

(density n temperature T,, and drift Vd), penetrating a warm electron

'b1
plasma (no, TO), is identical to equation (2.15) provided the substitutions
™ m Tb Ti

= —y and T > §yT

0 0 e

=B

are made and the frame of reference is changed from the ion 'beam' frame
to the 'warm' electron frame, (y is the same in either frame but W, is

Doppler shifted by = kv ) .

The initial nonlinear saturation of the beam-plasma instability has
been explained by a particle trapping theory (see O'NEIL et al. (1971)).
The phenomenological description is that the fastest growing wave (k 2‘%?2),

d
dominates the E speclrum after a few oscillation periods and its amplitude

'50 , grows until,when viewed in an inertial frame travelling at the phase
velocity of the wave k , beam electrons are reflected by the potential
minima, i.e. the beam electrons begin to be 'trapped' by the wave. In

I'ig.2.7 we show the velocity distributions of both sets of particles as

seen in the wave frame.

The onset of trapping of the becam electrons occurs when

2e’EJpO = tm(Av)?
where N < E ( - /ﬁRT;R
v === \7) Va Ve > 135
2°% 0
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Fig.2.7
Velocity distribution of beam-plasma instability as seen
from the frame of reference of the fastest growing wave
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o}

The energy density W, of the collective oscillation is then:

Wt = —%—eoE = -—;— (\;h) n mvy

In an earlier heuristic treatment, Drummond et al. (1970) predict a time
assymptotic value of W = 512 Wt' Using this value,

we can estimate the

parameter I, introduced in Chapter I, i.e.

~ 1078 > __2>2
Tl 10 for Vd = K m
and nb/n.O = electrcn-to—-ion mass ratio for potassium, Since Ié » 1,

this theoretical model is an example of 'small wave, coherent turbulence’,
(see Fig.1.2). There is experimental evidence to support this picture for
the initial amplitude saturation of the beam-plasma instability,(GENTLE

and LOHR (1973)).

We should not expect the same phenomenon %o occur in the electron-
ion two-stream instability because the beam in this case consists of massive

ions.

- 25 -



Thus for the onset of ion trapping,

2e = ¥M(Av)?
i
1 (M \'-3 1 2
=== \—= /) 3 mv
2%% m/ 2 d
For potassium ions, Ze?po =6.6 %mvg

whereas the onset for trapping the warm electrons is

2emO'V%mv3.

&~

Hence if EEO can grow to a sufficient amplitude it will trap the
electrons before effecting the ion 'beam', so that IH.N'i. However

the growth rates calculated from linear theory are only valid for :

2
d

ecpo K mv
(see Appendix A.1). Thus it is not certain that potential fluctuations
can grow to sufficient amplitudes for trapping to be a nonlinear mechanism.
Further comment on various nonlinear theories is made in Chapter VI. We
conclude that although the predictions of Yy from linear theory for the
beam-plasma and the electron-ion two-strcam instabilities are the same,
their nonlinear develépments are very different. 1In particular we might

expect the electron-ion two-stream instability to generate a high level of

collective fluctuations (Tl'v 1).
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CHAPTER TIII

THE EXPIRIMENT

3.1 THE PLASMA

The plasma device used for these experiments is the single-ended
Q-machine 'THESEUS' which has been built at the UKAEA Culham Laboratory.
The large amount of rescarch experience that has been gained on this type

of plasma over the last fifteen years is reviewed in the book 'Q-Machines’

by R.W. MOTLEY (1975). In this chapter we mention only those details

relevant to this work.

The experiments are performed on a thermally ionized, potassium
|
plasma column, radially confined by a strong (1-4 kG), uniform, axial

magnetic field, The experimental arrangement is shown schematically in

Fig.3.1.

Diagnostic access to the plasma is by electrostatic probes that can
move either axially along the column or radially across the column or re-
main fixed at various positions in the column, Constructional details of

these will be given where necessary in later sections.

Plasma is synthesised in a water-cooled (~ 15OC), evacuated (back-
ground pressure < 5X 1077 torr) stainless steel tube, internal diameter 15 cm,
at a single grounded tungsten plate 6 mm thick and 25mm diameter which
is heated by electron bombardment on its back surface. The temperature of
the froni surface can be maintained hetween 2200°K and 2600°K and is kept
uniform to within 100°K by'using the spiral shaped filaments shown in Tig.

3.1 as the source of bombarding electrons,

The elecctrons are produced by thermionic emission and the ions by
surface ionization of potassium vapour. This vapour is produced in a
thermostatically controlled oven, collimated into a uniform bheam which is

then directed on to the tungsten hot plate. For a reason that will become
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clear in section 3.2, the flux of electrons leaving the ionizing surface
is much greater than the flux of ions, so that the electron-rich space
charge sheath betwecen the hot plate and the plasma causes the plasma poten-
tial to be ~ -1V with respect to ground. The column is terminated 80 cm
from the hot plate by a cold, plane, tantalum disk which is d.c. isolated
from ground. This plate reflects all but the fastest electrons so that
the quiescent Fe(vz) is almest a complecte 1-D Maxwellian with a tempera-
ture T,, equal to the hot plate temperature T, (see SMITH (1971)).

The ions are accelerated into the plasma by the electron-rich sheath at
the hot plate and absorbed at the cold plate so that Fi(vz) has a drift
velocity in the plasma column. Measurements of the ion energy distribu-
tion, (ANDERSON et al (1971), CLARK (1972)), indicate that Fi(vz) can be

approximately represented by a drifting Maxwellian with a temperature

1
T, =T, and a drift velocity ~ 2 (KT;/M)2.

Over the range of plasma densities used in the experiment, the
axial density is uniform to within 1%, The most reliable method of check-
ing this is by measuring the variation
of wavelength of electron plasma waves
excited in the column at a frequency
close éo gbe/2ﬂ. At these frequen-
cies, the wa#eiength is very sensitlive
to changes of the electron density(see

Chapter IV). A radial profile of the

ion saturation current to a c¢ylindri-

cal Langmuir probe, (diameter 0.1mm ,

r— 1 Ll 1 T T
length 3opm), indicates that the Fig.5.2
The radial profilc of the ion satura-
column diameter ==2.6cm, CFig.IS.Z). tion current to a Langmuir probe at a

density 6x 10° cn™®; maximum currentlz
7.2 pA, horizontal scale: 1 cm div™
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Under these operating conditions the plasma is almost quiescent.

In practice it is impossible to completely suppress all electrostatic

instabilities, particularly those associated with the radial variation of

plasma potential, (Motley (op. cit) pp.67-82).

However the non-thermal

level of fluctuations under these conditions is very small compared to

that produced by the pulsed electron currents;

very close to thermal equilibrium.

vant plasma parameters.

TABLE 3.1

the initial conditions are

INITIAL PLASMA CONDITIONS

Table 3.1 gives a list of the rele-

number density

electron plasma frequency
ion plasma frequency

axial magnetic field
electron cyclotron frequency
ion cyclotron frequency
electron and ion temperatures
electron thermal velocity
Debye length

column length

column radius

number of particles per Debye

cuhe

electron-neutral collision mean free path
ion-neutral collision mcan free path

background neutral gas density

n
wpe/2ﬂ

wpi/ZTr

en

in

10°-10*° cm™ 9
300-1000 MHz
1.1-3.8 MHz
2-4 kG
5.5-11 GHz
75-150 kHz
=2500°K =0,2 eV
2 % 107 cm s~ %
100-30 ym
80 cm
1.3 cm
103~ 3,102

*
~10% cm

*
~102 em

~10%° e~ % *

"l

*

These estimates are based on the assumption that the partial pressure

of neutral potassium vapour in the plasma column is no greater than

the total pressure measured at the vacuum chamber wall.
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3.2 THE EXPERTMENT

An experiment to study the evolution of a plasma from the above
initial conditions to a turbulent state resulting from the electron-ion
two-stream instability, requires an electron drift, V3 > 1.3 Voo The
plasma equilibrium arising from a steady electron drift may bear little
relation to the initial quiescent conditions since it will depend on plasma

production and loss processes at the two ends.

These considerations suggest that, if the timescale characterising
the growth of the two-stream instability is short compared with the time
taken for electrons to travel the length of the column, it should be possi-
ble to study the evolution of the instability by inducing a pulsed elec-
tron drift. (In practice it was not found possible to induce steady
electron drifts of the same magnitude as Veo') The relevant timescales

for a pulsed experiment are shown in Table 3.2.

TABLE 3.2

TIMESCALES FOR A PULSED EXPERIMENT

pulse repetition period T, P 107° s variable
electron containment time, JQ- T ~ 107° a:;L-< ——-l;__.
v 2 va 1.3 v

d €eo
pulse duration Ty ™ 107° variable
growth timescale for two-stream { 7, ~ 1077 “'AI
. i -1 n2
instability, i (for n~10° cm™ %)}

The requirement

T T, 2T YT, coe (3.1)
gives a lower limit to the plasma density suitable for the experiment. An

upper limit is given by the reouirement

Ny » 1 ... (1.1)

Also, if we accelerate the electrons with a uniiorm field Eo’ applied at

t =0, then from equation (2.24) we require,
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w .
E >E = —2>-P1 | ... (3.2

Over the range of densities in Tabhle 5.1, Ec varies from 7 to 20V m .

It is possible to draw pulsed currents from the plasma by using the
circuit in Fig.3.3(a). Positive going voltage pulses with a risetime TR’
of 20ns are applied via a 1 \F decoupling capacitor to the cold plate,with
a repetition rate determined by the time taken for the plasma column to
return to equilibrium. (The optimum rate,which is found empirically,
depends on the amplitude and duration of the voltage pulses but always lies
in the range 100-1000 Hz.) The coaxial cable feed and the cylindrical

waveguide provide a low inductance return path for the current from the hot

plate to the pulse generator.

pulse generator . cylindrical waveruide .
;” PR ET) , /

‘ ’ hot
| oson oy Y s</ plagla /|| i1ate
| 1 ! r
l ¢ : 1/ cold plate -

(a)
mA
600}
400¢
Current
200}
0 [ 2 M3
(b) Time
Fig.}.}

(a) Schematic arrangement of the experiment
(b) Current at the cold.plate



Figure 3.3(b) shows how a 2ys duration current pulse I(t), varies
with Vo’ the open circuit pulse generator voltage. In general for low
Vos i.e. <5V, the current pulsc can remain steady for 20-30 us, but for
Vo 100V it rapidly decays after 3-4yus . If V, » 20V then an initial
current overshoot occurs and there is a large increase in the level of
potential fluctuations detected by electrostatic probes immersed in the
plasma (see Chapter V). The current is not effected by the magnetic field
provided it exceeds 1kG, below which the initial plasma density diminishes.
Neither is the current effected by the hot plate temperature provided it
exceeds a critical value (~ 2,500°K) ; presumably the hotplate must provide
a sufficient electron flux to balance the loss of electrons at the cold

\
plate. |

These results pose two questions:

(a) Does the current at the cold plate represent a uniform elec-
tron drift in the plasma column ? (We should not expect a
aniform field E 4 in a collisionless plasma since the plasma

would shield the cold plate potential in a time ugg « TR')

(b) Can we estimate vd(t) for the electrons by assuming

vg(t) = -i% ... (3.3)

where n is constant and determined by the initial conditions ?

To answer both questions coumpletely we require knowledge of n(z,t)
and Vd(z,t), which can be determined unambiguously from measurement of
the dispersion of electron plasma waveé and is dealt with in Chapter IV.
It would seem from these regults that after the overshoot, when the current
is constant (i.e. t m’l.ps), relation (3.3) is a good approximation for
the electron drift all along the column. In section 3.4 we give a theory

which explains how a uniform electron drift might be set up in a collision-~

less plasma colunn by applying a positive potlential to ihe cold plate.
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3.3  BELECTRICAL MEASUREMENTS

A log-log plot of plasma current I, versus potential difference
' g
between the end plates V, at t=1us for a density of 6 X 10° cm 57 is

shown in Fig.3.4.

Below a critical value Ic , the current appears to be space-charge
limited (i.e. I =IKV%), whereas above Ic corrcspondingly larger voltages
are required to drive the current. The onset of fluctuations and the
current overshoot also occur when I > Ic' In Fig.3.5 we see that if
relation (3.3) holds, then Ic corresponds to the critical drift velocity

for the onset of the two-stream instability, equation (2.16).

These results suggest a simple model for the plasma column. The
potential applied to the cold plate is dropped across a space-charge limited
sheath in series with the plasma column. TFor I <'Ic the plasma is quies-
cent and has a negligible resistance, but for I > IC the plasma becomes
unstable to the two-stream instability which leads to a turbulent plasma
with an appreciable resistance. The field Eo, in the turbulent plasma
can be estimated by subtracting the extrapolated sheath potential drop VS,

from the potential V , at the cold plate, viz:

2
LT VY vewmd
o~ 4L - X R

... (3.4)

The estimate of the column conductance 1/R, at t=1ps for various
densities, is shown as a function of current in Fig.3.6, along with the

corresponding values of V For correspondingly large currents, 1/R

pl’
appears to become independent of I, although the trend is not so clear at

lower densities.

In Fig.3.7 we compare the limiting wvalues of 1/R with the

tclassical' value, computed from equation (1.10), and the value predicted

* The density of the quiescent plasma,(ile. without the current pulse),
was deduced from an estimate of the electron plasma frequency by measur-

ing the dispersion of electron plasma waves, (see Chapter IV).
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by the scaling (1.12) measured by Hamberger and Friedman (see section 1.2),

Further comment on these results will be made in the next chapter,

Finally, F'ig.3.8 shows how the perveance K, 0f the sheath (measurecd

3
for I < Ic)’ varies with density; (again at low densities the VZ? 1law is
not so clearly evident as in Fig.4.5), The relation K =< n shows that
if K is determined by
a1
K = te, /2e>2 ma’ (3.5)
— 9 m d2 o & o L4

which is the Langmuir-Child formula for a space-charge limited diode with

cold electrons,(see e.g. VON ENGEL (1955), p.13), then the sheath dimen-

sion d, is

a =5l ... (3.6)

-1k

—

perveance-
K=1/V?

—

TR 1 Dt
if K--9 (m)

. o ~ thend=5A_

2
i

17
a

[ R I B ( ]1]]]71|,O } } }

density n (cm”) 0

Fig.3.8

Relation between sheath perveance and density
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3.4 A THEORY DESCRIBING THE ESTABLTSIMENT OF AN ELECTRON
DRITT IN A COLLISIONLESS PLASMA COLUMN

In this section we give a cold fluid theory which describes the
column response to a positive voltage pulse applied to the cold plate of

a collisionless plasma, i.e. this thcory is applicable only for I < IC

3.4.1 The Transmission Line Equations for a

Cold Electron Plasma Column

The potential of the cold plate is raised by applying a voltage

pulse with a risetime TR 1 such that
-1 =1
whi > > ue - co. (3.7)

This does not produce a uniform axial electric field in the plasma column
because the potential varies slowly in terms of the electron timescale u%l
so that the electrons can easily move to screen the cold plate from the
plasma by establishing an electron sheath. (We shall ignore the ion dyna-
mics in this problem,although a positive potential on the cold plate upsets

the ion equilibrium on a timescale M/m times larger than the transit time

for electrons in the column.)

The boundary conditions at the cold plate are substantially altered
in that electrons approaching the plate will be absorbed instead of reflec-
ted, This produces an electron density rarefaction which moves away from
the cold plate down the column towards the hot plate. The propagation of
this electron density perturbation can be described in terms of the disper-
1

sion of low frequency (w'w Tﬁ

& u%e), electron plasma waves in the column.
As in section 2.3, we consider the model of a cold, collisionless
plasma, completely filling a cylindrical waveguide in a strong magnetic

field, (uée » u%e). (The dispersion in a partially-filled voveguide is

discussed in Appendix A.3.)

e b



Provided u/k & ¢, the dispersion of electron plasma waves for

0® » @Ei is given by, (see equation (A2.2) in Appendix A.2),

2,2
W2 k-a
= 4 . oo (3.8)
o k?a® + p2
pe z (SAY)

A perturbation of arbitrary radial and azimuthal variation can be
described by a superposition of eigenmodes, but a plane cold plate will
principally excite the lowest order (0,0) mode. The low frequency
(uﬁ<§u§e), long wavelength (k232«:(2.4)2), electron plasma waves will he
non-dispersive in that W'k = constant, i.e. potential perturbations of
the form

. ik z-wt)
). 7 loen (3.9)

CP(I',Z,t) = CPJO ‘
(with similar expressions for density and velocity), have a dispersion

relation:
kza

= 33 ... (3.10)

pe

Equation (3.10) can be derived from the linearised 1-D electron continuity

and momentum equations with a long wavelength approximation for Poisson's

equation, viz:

& _ X ~
ot T 7 o 2z
¥ e 030
3t " m oz > cee (3.11)
2 -
% 1 3 _ (2:4)% _ He
3r? Trar 2 =-\R /¥ €, -
The a.c. conduction current carried by these waves is
N i(hzz-um) -
I(z,t) =1 e
where o a
I = - le ev(r) 2mr dr % ... (3.12)
v 0
=noe$A B
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where

1
_ 2 _
A = 2ma g XJ6(2.4X)dX
J,(2.4)
= 2ma® -—12 T =0.43 ma® ... (3.13)

(see e.g. GRADSHTEYN and RYZHIK (1965) p.683). Now we can re-write

equations (3.11)

A _ 1 39 -
ot T T = D?dz
L
{ ... (3.14)
30 1
Bt—_a oz

These are the equations for a loss-less transmission line where :

inductance per unit length, L = L T
noezA
B c A(2.4)2 F ) (3.15)
capacitance per unit length, C = —= >
a -
Hence the velocity of propagation
1 UU'pea
u = —_— = e (3.16)
i T 2.4

and the characteristic impedance

anﬂ_a Jm (3.17)
o c T 2.4A ¢ n e ’ T ’
00

-3
)

For a plasma column radius 1.2cm and density 10° cm

a=09.4x10%cems™?

... (3.18)

Z =1.4KQ
0

The linearised equations (3.11) and (3.14) are a good approximation provided

Y o« o u? -
® e
~ mu? 1 ... (3.19)
I & —— " =
e 7

(see cquation (A1.3) appendix A.1),

Using the values (3.18) we have
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« 600V
... (3.20)

2 8

& 1 amp
These conditions are well satisfied, so that the equivalent cir-
cuit for the plasma column when T < IC,(i.e. when the column is not resis-

tive), is represented, to a good approximation, by a loss-less transmission

line.

3.4.2 The Equivalent Circuit

The equivalent circuit for the experiment is shown in Fig.3.9.

-< 4 -
R =500 C=1uF

- H > 2, [* °

cold plate T
sheath ¢ . ssion line hot
transmissi y A late
v(t) characteristic 2 zhgath
impedance Zo
& "
Fig.3.9

Equivalent circuit for the experiment

To estimate the nonlinear impedances Z1 and Z2 we use simple but

appropriate sheath models. For the cold plate we assume a space-charge
3
limited, electron-rich sheath, i.e. V2 = I/K. Then
1
2,(I) ==z - .. (3.21)
K—C?I—B_
The value of Zi(I) can be estimated from the conditions; we choose in

particular, n = 5 X 10° cm—l, I = 20mA (sec Fig.3.12). Thus from Tig.

' 3
3.8, I =12 % 10"3 AV™ 2, then
At tlhe hot-plate we have a large reservoir of electrons in the electron-
rich sheath. If we assume
eV
Too1, e

R €

where IR is the electron current due to thermionic emission and VS is

the potential difference between the hot-plate and the plasma, then the

incremental impedance

i
=l

KT
Y .. (3.22)

S
ot
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In the experiment I, ~ 6A and KT/e ~ 0.2V thus 2, ~ 1072 Q.

2

To a good approximation we can consider Z1 as conslant and ignore
22 and C in I'ig.3.9 so that our circuit is just the pulse generator

loaded with a short-circuited transmission line of length 4, i.e,

A v(t)
R I(t)
o AN ———
v(t) ert
> t L4
F—TR—+
where
VO r '
V(t) = v G(t) = E gntH(t) - (t- TR) H(t - ‘TR)]
and
. o
Zeff = 1 Z0 tan o

" (see e.g. BLEANEY and BLEANEY (1965), p.309).

The standard method of determining I(t) is by use of Lapiace

transforms, viz: .
+ic

1(t) = [ T(s) e as ... (3.23)
-] . :
where
i(s) = V(s) ... (3.249)
R + Zotanh(s{/u)
and ' |
~ V -S Ty
V(s) =—>1-e ] ... (3.25)
TRSZ -
Manipulating equation (3.24),
- -s/sO
~ _V(s) 1+ e
I(S) R+7 —s/ s
° 1. pe
Vgs; { (p+1) < -ns/s 3
= \‘ + L/ e
(R+ZO) p n=1
(5.26)
where the reflection coecfficient,
ZO—R
P= 7 7R (5.27a)
0
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and the time for a pulse to travel up the column and back,

1 24, -
E; ==, (3.27b)

In the experiment T < %%f. Substitution of equations (3.26) and

(3.25) into (3.23) will determine T(t), however it can be seen by inspec-

tion that the solution takes the form (3 28) shown in Fig.3.10:

s Py T o\
I(t) = [G(t) + ) L o G(t - E*’)_l ... (3.28)
(R z,) " =1
I(t)
A
)Y
_° - - - - g
R — — |
Ve N
/
/7
/
/
/
Vo /
R+7Z ~17
(o]
>t
2L/u ur, /u

]
R
Fig.3.10

Electron current at the cold plate

The envelope of 1I(t) (dashed line in Fig.3.10), is described by the func-

tion
v 1+
o P, o
1) = g (10 (50 (- ) |
0
\Y \Y Z
.__9._ 0 . -9 P (3 29)
"R "R+z, "R P e L9
u
where P =5 (t-jR). Thus
p
a_ o o P (3.30)
The function (3.20) obeys the diffcrential equation,
ar -
Lg +RT =V, (.3.00).
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where

L2, R
~u o log (1/p)
7
If o ¥ R then L7 o
Lo~ = ——— . ... (3.30)
noezA

The effective inductance L,is just the inertial inductance of the plasma

column, i.e. equation (1.8).

Physically, a potential ramp travels up and down the column at a
velocity u, being totally reflected at the hot plate and partially reflec-
ted (with a coefficient of reflection F)X at the cold plate. In this way
the electron drift in the column is built up in steps as shown in Fig.3.11,
For timescales » 2{/u, the electrons in the column are uniformly acceler-
ated so that the maximum current is limited by R and the risetime of the

current by the electron inertial inductance L, of the column.

3.4.3 Comparison with Experiment

The stepped nature of the rising current at the cold plate is clearly
seen in Fig.3.12 which shows a typical current trace for I < Ic' Also
shown 1is the signal received from an electrostatic probe situated micway
along the column, The interpretation of this is complicated by the plasma-
probe coupling which tends to differentiate plasma potential fluctuations
(see Chapter V), but measurements of the sPatial'Variatién of thié signal

indicate that it represents a disturbance propagating up and down the column,

The paramelters u, ZO and L estimated from Fig.3.12 are compared
with the theoretical predictions in Table 3.3. The discrepancy is proh-
ably due to the fact that equations (3.9) and (3.10) are not good approxi-

mations for the long wavelength dispersion in a partially-filled waveguide

where b = 2a.

- 45 -



TABLE 3.3

Experiment
(sce Fig.3.12)

Theory
(for a completely-filled
waveguide) n=5xX10° cm™

3

u = 5.6 X 109cmls—1

u = 2 x 10° em 71
from (3.16)

Z = 400 Q Z = 700Q
0 from (3.17)
(inductance of the external from (3.30)
circuit =0.5uH)
I A (@)
lOOmA_1 B
7 -
50 - (b)
[ g t..l_.fr_ -

Fig.3.12
(a) The current at the cold plate for I <1I ,

ng, = 5x 10% em™2, V

O:/]OV;

(b) The signal rcceived (into 500 load) from
an electrostatic probe midway along the
column; time axis: 50ns div™t
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The experimental value of u suggests that the eigenfunctions (3.9),
for long wavelengths are better approximated by, (see Appendix A.SL

o ik z-wt)
o=0J (2.4 E) e

... (3.31)
where c =~2.8a

Applying this correction to equation (3.12) for A and using the experi-

mental value of u produces better agreement for L, but hardly effects
Z ,viz:
0 z =17200 , L=12pH .

A hetter theory would include the correct long wavelength dispersion
for a partially-filled waveguide and the effects of the nonlinear sheath
impedance Zi’ but the physics would be substantially the same as the simple
theory presented here. The physics for the establishment of an electron

drift when the plasma is resistive is somewhat different and will be dis-

cussed in Chapter 1V,
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.CHAPTER IV

A PLASMA DIAGNOSTIC: DISPERSION OF ELECTRON PLASMA WAVES

4.1 INTRODUCTION

An understanding of the physics of the experiment requires know-
ledge of F, e(zﬁzﬁt)' In this chapter we show that time-resolved
b}

measurements of the dispersion of electron plasma waves can give useful

information about the space-averaged value of Fe(vz,t) and in particular

provide a good measure of the moments n, vy and Ve

Measurements of the dispersion of small amplitude electron plasma
waves in a Q-machine plasma column have been reported in the literature,
(BARRETT et al. (1968) and FRANKLIN et al,(1974)). Fe(vz) was known in
these experiments with some accuracy, so that the good agreement found
between the predictions of linear theory and experiment suggests that

measurement of the dispersion when Fe(vz) is unknown may be a method for

gaining information about the electrons.

Figure 4.1(a) shows that the dispersion of lightly damped waves has
three distinct regions when a » KD and w,, » ube, while F1g.4.1(b)

shows the effect of electron drift, (cf Fig.2.6).

4,2 TIME-RESOLVED MEASUREMENT OF THE DISPERSION

The previous measurements of the dispersion were carried out under
steady conditions, by launching a wave from a transmitter probe connected
to an r.f. oscillator and measuring its phase variation along the column
with a receiver probe connected to an r.f. interferometer, so that wave-
length could be measured as a function of frequency, (see e.g. FRANKLIN
et al (op.cit)). However in a pulsed experiment the wavelengths will in
general change during ihe pulse making this technique unsuitable. This
problem is overcome by means'of an eclectronic sampling circuit which is

described in the next section, This technique effectively takes
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Fig.4.1
Dependence of the electron plasma wave disper-
sion on the various plasma parameters
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'snapshots' of the instantaneous wavelength at a given frequency by record-
ing the spatial variation of the instantaneous phase of the wave from an

ensemble average taken over many pulses.

Interpretation of such measurements is possible if the parameters
determining the dispersion relation are changing on a timescale much longer
than the oscillation period of the waves, and a lengthscale much shorter

than their wavelengths.

In Table 4.1 we show that these conditions exist in the experiment

for lightly damped electron plasma waves.

TABLE 4.1
Growth timescale for two-stream Ty ™ 1077 s <x'%£
instability o ! n2
pi
Electron plasma wave period T ~ 107% g a-gg
n
Electronic sampling gate width Ts ~3x107'° s

fixed

Lengthscale for two-stream instability u@e/vd ~ 1072 em

Wavelength of lightly damped electron 2n/k < 0.5cm
plasma waves, (determined emipirically) z

4.3 ELECTRONIC SAMPLING TECINIQUE

Figure_4.2 shows the arrangement and design of the r.f. probes.

The loop part preferentially couples to the lowest order (0,0) mode but
does not couple effectively to high frequency (w > u%e), short wavelength
(ka » 1) waves for which the cross-wire is effective. As well as provid-
ing a low inductance coaxial return path for the current pulse, the cylin-
drical waveguide (diameter 5.1cm) , has a cut-off frequency ~5 GHz, so
that electromagnetic resonances in the column aud direct 2lcctromagnetic
coupling between the probes are diminished for frequencies below ~1 GHz.

All these features help to give clean, sinusoidal interferometer traces.

- b0 —~
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Fig.4.2(a)
Schematic arrangement of the experiment
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Fig.4.2(b)

Detail of r.f. probe design
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Figure.4.3(a) shows the electronic sampling circuit. The trans-
mitter continuously excites an electron plasma wave at a fixed frequency
QB/2ﬂu The sampling oscilloscope samples after a fixed time-delay from
the start of each voltage pulse from the main pulse generator, by measuring
the amplitude of the received signal when the sampling gate is open,(dura—
tion 350 ps). The d.c. output of the sampling unit is the amplitude of
this instantaneous signal averaged over many pulses, the number being
determined by the external integrating circuit. As the transmitter-
receiver separation is slowly increased,(at a rate ~0.2 cm sml),the d.c.
output oscillates as the phase of the wave varies along the column, pro-
vided the phase of the transmitted signal does not change from sample to
sample, This condition is maintained by triggering the sampling unit with
a signal derived from both the voltage pulse and the transmitted signal,

as shown in Fig.4.3(b).

The trigger level of the sampling unit is set to trigger when the
r.f. output of the balanced mixer is close to a maximum. The sampling
gate opens for fixed phase of the transmitted signal but at fixed time-
delay after the start of each current pulse, with a jitter equal to the

period of oscillation of the transmitted signal.

- Thus the received signal 1is:

dlc
where Z
' kz at | €% -

If the sampling unit samples at t::t0 for each pulse, then the

d,c. output 1is: /

Y(z) <Acos!\_kz(to)z u~>0t0)>

A cos (kz(to)z-:. 5) ... (4.2

where 0 is a constant phase angle.
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Circuit for measuring time-resolved electron
plasma wave dispersion

I\
Input to L.O. port /\\/A\//\\/ TN\ N
Input to I.E port ,f \
somplmo unit trigger set at thns level
/\al

Outpui from RF. port Qvﬁvz\j[\

Fig.4.3(b)
Input and output signals at the balanced mixer




This signal is fed to the y-axis input of an x-y recorder and a
voltage proportional to the probe separation is fed to the x-axis input.
Measurements of the wavelengths pérallcl and antiparallel to the electron
current are made hy interchanging the transmitter and receiver probes,
although the receiver will detect both waves, particularly at long wave-

lengths, because of reflections at the end plates.

In practice this is not a serious problem for moderate wavelengths.
However it is possible to distinguish between the two waves by a modifica-
tion shown in Fig.4.4(a). The time-delay for the sampling gate now varies

in proportion to the transmitter-receiver separation.

ou

l?( Position indicator
/1

potentiometer
—AMAMA—
—=7 " A =
~~ e e e ] -
o

ext. S\oep i/p

: |

Sampling
unit X
external
trigger d.c. o/p

l chart recorder

Fig.u.u(n)

Modification to circuit (Fig.4.3(a)) which varies the sampling gate _
time-delay in proportion to the transmitter-receiver separation
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An examdlc of interferometer truces at t=0.24s for a transmitter
frequency wo/2n =220}z, plasma freguency wpe/zn = 540 MHz
(i) & (ii) - traces obtained for parallel and antiparallel propaga-
tion recpectively with a fixed compling gate time-delay.
(iii) - Trace obtained with a time-delny which increnses zt a rate
of 0.007ys per cm of prote scprration; the antiparallel
wavelength calculated from (4.3) is 2.8 cm.



The time-delay per unit distance ¢, is adjusted so that there is
no phase variation with distance for one of the waves, but the phase
variation of the other wave is now increased, The received signal is
effectively sampled in the inertial frame of the wave with stationary phase
and the observed frequency of the other is Doppler-shifted from the labora-
tory frame. Thus the received signal is

R(t) = Acos (k+(t) Z - wot) + Bcos (k_(t) Z + wot) ... (4.3)

where the wavelengths 2ﬂ/k+ and 2n/k are for waves propagating in
the +z and -z directions respectively, where k,~k_. The sampling unit

now samples at t:’ﬂ)+ oz, where

dk -1

-1 1 _ %
w, <o (zl—-zz) « k, i .. (4.9)

Condition (4.4) requires that the maximum time-delay a(zlf-zz),_is much

shorter than the timescale for a change in the wavelength.
The d.c. output to the X-Y recorder is

Y(z) = {(Acos [k_.r(to)z -t -o woz] + Bcos [k_(to)z U +(1(,UOZ]>

... (4.5)

If o is adjusted such that
k(t) = o{wo , ... (4.6)

then.equation (4.5) becomes:
i Y(z) = Acos ® +1300s(keffz4-5) ... (4.7)

where the effective wavelength i}n/keff, is related to the wavelength in

ithe laboratory frame by

k_ =k co-auw . ... (4.8)

An example js shown in Fig.4.4(b).
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4.4 RESULTS
Figure 4.5 shows typical interferometer traces (with a fixed time-
delay), for a particular frequency, where t=0 is the beginning of the

current pulse. At t =0 the wavelengths are equal for both directions, bhut
for I>ZIC and t >0 the traces, which were taken between 15 and 35cm

from the cold plate, fall into two classes.

(a) t < 0.2 Us

For t < 0.2 ps the traces indicate that the wavelengths are chang-
ing with position, implying that an initial transient propagates along the
Vcolumn. Interpretation of these results is facilitated by knowledge of
the plasma behaviour for t> 0.2us so a discussion of this is%postponed

until section 4.7.

propagation parallel to . Time, t propagation antiparallel
the electron drift to the electron drift

S e o U, V) AV .V VS

W VAVAVAVAVAVAVAVAVAVLS

LB I U L
5 10 15 20 cm
probe separation
Fig.4.5

Typical interferometer traces at different times for transmitter
frequency 720 MHz, plasma frequency 740 MHz
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Ve=2:1x107 cm sec!
t=0

700

600
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1
%00 Atem™)
-10 1.0 20
Propagation antiparallel to the electron drift Propagation parallel to the electron drift
Fig.4.6

Typical measured dispersion curves for a pulse amplitude Vo = 4OV

(b) t 2 0.2 ys

For distances =<35cm from the cold plate the wavelengths are spa-
tially uniform and it is possible to measure the dispersion of undamped

waves with wavelengths between 1 and 5 cm. Fig.4.6 shows a typical
result for t::O,'0.2 and 0.9 us. The solid lines are theoretical curéés.

fitted to the experimental data by the method outlined in the next section.

4.5 AWNALYSIS

The analysis of the experimental data is the reverse of the usual
theoretical problem, viz. given the dispersion of electron plasma waves
D(w, k_), what is the distribution of electron velocities Fe(vz)‘? Although
in principle Fe(vz) can be deﬁermined uniquely from a complete knouledge
of D(w, kz), a limiteg numher of exPeri@ental points provides only res-

tricted information of Fe(vz), i.e. the fitting parameters will bhe the
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low order velocity moments of Fe(vz). At first sight it would seem that
three or more parameters can be fitted to the experimental data in an arbi-
trary manner. However the following analysis is a systematic fitting pro-
cedure in which the velocity moments are fitted in sequence with decreasing
precision, starting at the zeroth order moment, followed by the first, and
so on up to the fourth order moment, beyond which the uncertainty becomes

greater than the estimate.

The details of the dispersion of electron plasma waves for boundary
conditions found in the experiment are discussed in Appendix A.3, where it

is shown that, in general the geometrical and thermal factors effecting

D(w, kz) can be separated, viz:

... (4.9)

For the rest of the chapter the subscripts 'z' are implicitly understood.

Experimentally we measure how the dispersion changes from its ini-
tial form at t=0, so that if we assume the column radius, a, does not
alter between 0 and t we can eliminate G(k) by taking the ratio
+© Fe(v) av

-]

— o UﬂJﬂ/wzut

<’%>2 =;{f +o Fe(V) v ' ... (4.10)
...J.oo (1——k.'V/U))2 =0

where a wavelength Zn/k, has frequencies W, at time t , and W at
t=0. If w/k has a small imaginary part, (i.e. lightly damped waves),
then the integrals in equation (4.10) can he evaluated to a good approxi-
mation by assuming w/k as real and taking the principal value, (see e.g.
JACKSON (1960)). Tor ﬁ}> v, the denominator can he expr-ssed in a

binomial expansion and if we further assine that Fe(v) ~0 for v°= (%)2,

then:

- 59 -



4 4
F (v) av . 2 e
J. =~ F (v) <1+2_k1+3(£v_) ) av
- (1-kv/u02 Yo © W /
. A
= ;) (p+1) __P—F > oo (4.11)
pP=o0 (&/k)
where +
A = J v F (v) av |
P e . |
A =1 |
0

Initially we assume that the dispersion at t=0 is for a cold
plasma so that the integral in the denominator of (4.10) is unity. Then

equation (4.10) becomes:

ibiz _ 3 l—i ) 2A, 34, ) R {
e W R LA

<u)\2 n, ( 24, 34, i} ¢ ee. (4.13)
o) =a 11- - -~ ...

ub) n oL |w/k | | Wk |2 4]

where the + and - subscripts refer to parallel and antiparallel propa-

gation respectively.

Adding and subtracting the two expansions (4.13) for frequency ratios

which have the same phase speed |“Vk‘, leads to:

PR (e B e S 2 ..

5 ) =3 (u) + \ub = oy 1 f SA, C + 5A4:Q cee ] ees (4.14)
1 A__i._}_f(___) e ey P

27—5_?/ - \wo) j_no L2A1 + 4A3€... J PRI (4:.15)

where _ 1
(W)?

Thus 2 and _j% can be computed from the dispersion data taken at
time t, and t=0 and plotted as a function of (. Even and odd moments
of Fe(v) can be deduced from the coefficients of a least squares polyno-
mial fit,(in practice no higher than a quadratic),to the two plots. The

procedure is summarised schemétically in Fig.4.7, and an example of' the

polynomial fitting shown in Fig.4.8(a).
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. W, 2 W_\3 2
L & A derived from (E;> and (—-) at (%9 = §~1

2 k

k 0 k

Fig.4.7

Scheme for computing ¥ and A
The three assumptions made in the analysis can be checked

a posteriori. Firstly the assumption that G(k) remains constant between

0 and t., This assumes that the radial density profile, which effects the
dispersion at long wavelengths, does not change between 0 and t . Inspec-
tion of the plots of & and A//(C for small ¢ (i.e. long wavelengths),
indicates that this is not so, (see Fig.4.8(a)). After the coefficients
have heen fitted to X2 and A//C 1t is possible to work backwards from the
long wavelength data points and determine how the long wavelength disper-
sion has changed at time t, due to a change in the radial density profile.
The result of this procedure is shown in Fig.4.8(b) suggesting that the
density profile broadens at later times (cf Fig.4.1(a)), however it is

difficult to deduce reliable quantitative data from such a measurement.

Secondly, the assumptions for the validity of the expansion (4.11)
can be checked by ensuring that velocities computed from the fitted
coefficients are much smaller than the phase velocities of the waves used

in the analysis. A consequence of this is that the value of <+ I must
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Fig.4.8(a)
Graphical determination of the first five velocity moments
of the electron distribution function
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Fig.4.8(v)

The change of the long wavelength dispersion in the electron drift
frame for a pulse amplitude V, = 100V, n_ = 6x 10° cm=

always be close to unity, (in practice 0.8 <1% <1.4),

Thirdly, the assumption that the dispersion for a cold plasma can be
used at t=0 is checked by estimating the correction to equation (4.10)

for a finite temperature plasma at t=0; i.e. if

2 3y
/w
g-9;> =~ G(k) [ 1 4.-—7—551—{] - .. (4.16)

where Voo™ 2 X 107 ecm s~ 1 , then the correction to term A2 in equation

(4.12) is ~ v2, and the correction to term A, is ~ 2vZv_ . These
eo’ . S eo d

corrections are smaller than the uncertainties in A2 and A3.

4,6 DISCUSSION OF THE RESULTS FOR t > 0.2 yus

A series of measurements of the dispersion for t > 0.2 ps, were
taken at two plasma densities with pulsed curreut amplitudes, I > Ic' In
order to achieve reasonable accuracy, about forty points are required for

each dispersion curve so that collecting and analysing data is very time-
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7 .
xI0'cm s consuming. In Appendix A.4 there is

10— a description of two variants of the
. [
40- /I V, basic technique which can be used to
,’}}-I" speed up the process.
30- g
I/
20 /! Figure 4.9 shows the evolution
] =T
,{"I of the first five velocity moments in
104 g
e .V the electron rest frame for
O L L T T .15 L 1] 1. 1 I.'O ’E_t(ps) 0.4 S t S 0.9 L;ls
\
-} 0- v where
\
\ 40 —
\
20- Mo l.-- Va vd:f vF (v).dv
— OO
-4- O
2 2
Fig.lt.9 Vo = f (v-vg)© F_(v) av
Evolution of the first five velocity moments =
first fiy > ... (4.17)
of the electron distribution function paral- 4o '
lel to B, (in the electron frame); 3 r 3
n = 6 X 109 Cm-a, Vo = 4OV ! Va = Iw(v—vd) Fe(V) dV
)
4
v, = I (v-vy)" F (v) av
— O -

This data exhibits the following general features:

(a) The electron density for 0.4 < t < 0.9 lUs remains con-

stant and equal to the initial density no .

(b) The drift velocity remains more or less constant during

this period, and the product
I.—__noevdA ... (4.18)
is consistent with the current measured at the cold plate.

(¢) The clectron rms velocity v, . very quickly exceeds

Va and continues to increase implying substantial elec-

tron 'heating'.

(a) Although there is a large uncertainty in the estimate of
v, it definilely becomes negative, 1.e. in the ion rest

frame v, has the opposite sign to V-

Thus in the electron drift frame, Fe(v-vd) is asymmetric (as is also the
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wave dispersi . C e
1spersion when Doppler-shifted by kvd). This indicates that in
velocity-space the electron velocities are preferentially scattered towards

~the direction of the ion drift, see Fig.4.10.

Fe(v)

A

S V
jion zero-momentum frame T___ electron zero-momentum frame
Fi5.4.10

Shape of Fe(v) when f v Fe dv has the opposite sign

toI vFe dv in the ion rest-frame

Figure 4.11 shows the evolution of n, v, and v _ between 0,2 and
e

d

2us for different pulsed currents at two densities. Generally, as the

voltage across the plasma Vfl is increased, the density decays more rapidly

nd . - ’. - - - X . 3
a v, reaches a maximum at earlier times, while the drift is more or less

1 2

constant, The.maximum value for gﬂhVé 'is close to eeVD implying that ’

' pl
most of the electrical dissipation has gone into increasing the parallel
kinetic energy; e.g. for n = 6 X 10° cm™ 2, Voy =60V, I ~600m for

1 ps, thus the energy input =36 X 10-®J , while the colwmn contains a
total of ~ 2.4 X 1012 electrons. If distributed uniformly, this repre-
sents a maximum energy of ~90eV per electron compared with the maximmum

: 1 2 ~
value of (vae parallel 70 eV .
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Fig.4.11

Evolution of n, v, and v, (in the

electron frame), for

different pulsed currents at two densities
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Figure 4,12 shows that the 7

& X10
relation between the maximum value 8(lﬁ
of Vé and the time taken to rcach
Ve mex.

it is consistent with a simple pic- Cﬂlsﬂ

ture of a kinetic energy confine-

ment time O<1/t,/ve.

It is possible to estimate 10
the effective electron-ion colli-

sion frequency Vo from the

ff?’ Fig.k.12

initial rate of increase of vV Relation between the time taken
e

Ty 3 for vg to reach a maximum
assuming more or less constant n value vVgpox
and Vo i.e. power dissipated per unit volume = J'EO, where J 1is the

electron current density. With a steady drift velocity, ~eB =mv Vv oo

If we assume that all the dissipation goes into increasing the electron
kinetic energy parallel to the drift, then:

d
JE =3¢ (-;—nmvi). ... (4.19)

Substituting for J and EO:
2

Veff=2v2 -~ 592 bt ... (4.20)
a d

In Fig.4.13; A(vi)/vg is plotted against At for the results at
n=6x10° cm™ > showing that Vort ‘has about the same value for all
three currents. This result does not occur at the lower density,
n==34x10° cm™® but as Fig.4.14 shows the estimates of ¢ from Vors

are consistent with the values estimated from the plasma column current-

voltage characteristic at t =1 us.

In Fig.4.14 the conductivity has been scaled with plasma frequency
in order to compare the results with the scaling law (1.12) {found

by Hamberger and Friedman,(gjx Fig.3.7). The horizontal. axis shows the
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drift velocity (computed from equation (4.18)) normalised to the thermal
velocity at t=0. Also shown arc the corresponding values of E /E
_ o' ¢

at 1 ps (where E is computed from equation (3.4)).

With these results in mind we return to the initial stages of the

current pulse.

4.7 THE INITIAL TRANSIENT (for I > Ic)

For pulsed currents I > Ic’ before a uniform electron drift exists
!
in the plasma column, there is an initial phase which is characterised by

the following observations.

(a) Tor t < 0.2 us (in the region 5 to 35 cm from the cold
plate) the 'parallel' wave has a wavelength discoﬁtinuity
which propagates towards the hot-plate while the 'anti-
parallel' wave disappears if the frequency is close to
Wpe/ 211, (see Fig.4.5). This implies that an electron drift
discontinuity propagates from the cold plate to the hot
plate as shown schematically in Fig.4.15.

(b) This effect is not observed if I < I . (The aispersion
measurements for I < IC are consistent with the predic-.
tions of the collisionless theory presented in Chapter III
although the technique is not very sensitive to changes of
V4 < Ve).

(c) The propagatingidrift discontinﬁity cannot be explained by
the collisionless theory in Chapter III, because the esti-
mated time for the discontinuity to reach the hot plate
(~JO.5 Us) is an order of Magnitude greater than X .

(a) The estimated time for a uniform electron current to be
established in the column is equal to the duration of the

current overshoot, (see Fig.3.3(b)).

(e) When the drift has become spatially uniform along the

column, the density is the same as the initial density

n .
)

(£) The phenomenon is associated with the onset of plasma

resistivity.
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drift discontinuity propa-
> gating towards the hot plate
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Fig.h.15
Dependence of parallel and antiparallel propagation
at a fixed frequency wo/Zn , on the presence of a
propagating electron drift discontinuity.
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It might be possible to describe this transient with a theoretical

model similar to the collisionless theory but with a phenomenological colli-

sion frequency v in the 1-D electron momentum equation. Unfortunately

eff
the propagation velocity of the drift discontinuity is of the sgme order as
the drift velocity so that it is not possible to linearise the momentum
equation by neglecting V‘%%; also the long scalelength approximation for
Poisson's equation (3.11) may not hold in this problem. Thus even a sim-
ple cold fluid model requires a nonlinear solution of the electron con-
tinuity and momentum equations in conjunction with Poisson's equation,

However, it is possible to discuss the physics of the phenomenon by making

deductions from the experimental observations.

It would appear that there are two stages in the establishment of a

large uniform electron drift v, » 1.3 Voo in the plasma column. Firstly,

d
as the potential of the cold plate is raised to ~100V with rise-time g *
a potential ramp begins to propagéte away from the cold plate as predicted
by the collisionless theory. However when the ‘electrons close to the cold
plate have been accelerated to Va > 1.3v€ , the two-stream instability is
excited, causing them to experience a deceleration due to the enhénced col-
lision frequency, Vort * The space-charge density changes in such a way
that the ramp 'collapses' and the potential difference is dropped across a
short distance. (A small part of the ramp is left undeforméd and separates

from the main part to propagate back and forth in the column, as predicted

by the collisionless theory. ) The process is illustrated in Fig.4.16.

The dynamics of this potential front cannot be described by a colli-
sionless theory. The experimental observations suggest it has three more
or less distinct regions:

(a) A space-charge limited sheath adj%cegt to the cold plate
where the potential drop, 'Vs = I?/kg.
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potential

Ei‘ Behaviour predicted by
he collisionless theor
\<k/A: Y

~

collapse of potential ramp y
Fig.4.16 \
The inital stages of the transient for

3 >
I>» Ic ,t3 > t2 t1

(b) A region (0 <z <5) of more or less uniform electric field

- - . - 3 - ‘ -
which maintains a uniform electron drift v in'a resis-~

d’
tive plasma so that the potential drop Vg o is given by
Is
V = "3 . s 00 .
o= ok (4.21)

(c) An acceleration region, i.e. a region where the conduction
current is discontinuous, which propagates along the column

with a velocity ~v_, establishing an electron drift but

leaving the electrog density unchanged from its initial value
after it has passed by. The total current continuity is
maintained by a displacement current, eo-%%. Because of
the relatively slow propagation velocity, the electron con-
tinuity equation requires the potential profile of the
acceleration region to change as i@-propagates. To illus--
tréte this, consider'an inertial frame z', travelling at
the same velocity as the acceleration region, then as Fig.
4,17 shows, in order to maintain the same electron density
before and after acceleration

o !
I;ccel. region ot ° dz” ™~ nvg . oo (4.22)

on : .
The dispiacement current is related to S by Poisson's equation,
. : . . : Ocp .
hence it is impossible to find an inertial frame where il 0. This is
to be contrasted with the collisionless theory where, for the propagation

velocity, u » vy, so that the potential ramp propagates along the column
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Fig.4.18
Schematic of the propagation of the potential front

in a resistive plasma. t3 > t2 > t1
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undistorted leaving the density unchanged. (In the collisionless theory
the displacement current is the changing radial electric field between the
plasma and the waveguide wall, whereas in this case it is not clear where
the major contribution to the displacement current is flowing. If the
acceleration region is changing over scalengths 2a then the radial com-

ponent of JE /3t may be significant.)

Thus we can explain in a qualitative mamner, how the current over-
shoot evident in Fig.3.3(b), occurs. In the early stages, just after the
collapse of the potential ramp (Fig.4.16), Vacc =YV, so that the initial
rising current observed at the cold plate is due to the acceleration of
electrons hy a comparitively large field in the region close to the cold
plate. As the acceleration region moves along the column, its potential
drop Vécc’ decreases because V., = s, (see Fig.4.18). Thus the drift
velocity of those electrons leaving the acceleration region and entering
the uniform region, also decreases. In the uniform region the displace-
ment current is very small, so that the current at the cold plate is
proportional to the drift velocity produced by the acceleration region.
Hence the current passes through a maxinmum and begins to decline. This

decline ceases when the acceleration region has reached the hot plate,

after which a more or less uniform drift prevails throughout the column.

4.8 CONCLUSION

In this chapter we have described how the measurement and interpre-
tation of the dispersion of long wavelength electron plasma waves facili-
tates an elementary understanding of the response of the plasma to a large
positive potential step applied to the cold plate. This diagnostic has
indicated how the initial transient establishes an electron drift in the
column without greatly effecting the initial qﬁiescent density,(which 1s

determined by the ion equilibrium),over a Limescale ~ 2 Us. If the

- P4 -



KT
electron drift velocity exceeds 1.3\#759 (where Te::Ti), the results

from the dispersion and electrical measurements consistently indicate that
the plasma has an anomalous conductivity 0. The estimates of ¢ are
consistent with the empirical scaling law (1.12) found by Hamberger and
Friedman in a pulsed toroidal discharge in a different density regime and
with different ion masses, although the dispersion measurements indicate
that limitations imposed by end losses make it difficult to determine how

0 depends on n and Eo in this experiment. Further comment will be

made in Chapter VI.
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CHAPTER V

THE TFLUCTUATION SPUCTHUM

5.1 INTRODUCTION

This chapter concerns the potential fluctuations detected by elec-

trostatic probes during the current pulse. The probes are of a simple

construction: a short length of extruded, copper, coaxial cable, (charac-

teristic impedance 50 ohms), which is coated with alumina and immersed in

the plasma. The details are shown in Fig.5.1,

0.01"
copper coax.

0.085" copper sheathed

. coaxpal cable
copper, housing

W

N

2.210 | (¢ 330?
1/
5002
7777
inside outside
vacuum f*F“-—‘vacuum
chamber chamber
amplifier

waveguide

Fig.5.1

(a) schematic diagram of the

electrostatic probe
(b) probe tip detail

(b) ° i 0.25mm .
/// silvered copper
. ////////,wire 0.025mm dia.

copper outer

— \Iz\

.t\—f’”“"”'conductor
T H
1~ A
A A . s
» ] A PTFE dielectric
-~ A
- |
] A alumina coating
" 1
/
¢ e
|~
g 2
¢ -~
2
2
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An example of a typical pair of photographs of fluctuations detec-
ted by two probes, closely spaced, during the same current pulse is shown

in Fig.5.5.

We might ask the question: what information do we require from such
data ? From the discussion in Chapter I, it follows that there are three
qualities that characterise the fluctuation spectrum.

(a) The frequency spectrum or associated correlation times.

(b) The wave-vector spectrum or associated correlation lengths.

(c) The energy of the fluctuations (i.e. the absolute amplitude).
Associated with this consideration is the quality of the
fluctuations, e.g. are we detecting potential fluctuations
or density fluctuations and are the two related ?

Qualities (a) and (b) raise the question: are the g-spectrum and the

k-spectrum related by a dispersion relation ? Let us consider their

measurement in more detail.

5.2.1 Frequency Spectrum

For low frequencies with periods the same order as the duration of
the current pulse, there is the‘conceptual problem of describing transient
oscillations in terms of a frequency spectrum; yet we are particularly
interested in this frequency range, since it is most likely that the ion

dynamics are involved.

One, possible analysis of the data is to Fourier-analyse numerically
the traces of many photographs from single pulses, (bearing in mind the
limitations at IOW'frequencies) and determine the statistical trend for an
ensemhle of pulses; a time-consuming process which has been carried out
for a toroidal experiment by HAMBERGER and JANCARIK (1972), (see Chapter VI).
However in this experiment{ we can take advantage of the higﬁ\rate of repeti-

tion of the pulses and devise an electronic sampling tebhnique to detect the
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statistical trends of an ensemble which also avoids the conceptual problem

connected with the Fourier analysis of transient oscillations.

We define the parameter A(to,T), as the ensemble average of the

instantaneous auto-correlation. This parameter describes how the instan-

taneous potential at time t_, is correlated to the instantaneous potential

0’
at timé (tO—T). Unlike Fourier analysis at low frequencies, it is meaning-
ful to consider how this parameter evolves with time t,. Thus during
each pulse (i.e. experiment),the fluctuating potential detecfed by a
single probe is
s(t,)) = s, () + §(t0) ... (5.1)
where to = 0 is the start of the pulse and, |
(s(ty)7 =8 (t)

S(t,)) = 0

... (5.2)

We define the function A(td’T)’ as the normalised ensemble average
of the instantaneous auto-correlation, viz:
S(t,) - S(t,-1)?

<§(t0)2> ... (5.3)

A(to, T) =

The ( ) brackets imply an ensemble average taken from many pulses. Note
that in the definition (5.2) we have subtracted the reproducible part of

S(to) so that A(tO, T) applies only to the random part of the fluctuat-

ing potential §(to).

A(tO,T) cannot provide a complete statistical description for the
lensemble of S(to) since the averaging introduées an ambiguity. If the
measured values of A(to,T) indicate a short auto-correlation time, then
this result has two possible interpretations.  Either there are relatively
coherent fluctuations during each pulse whose fluctuation frequency changes
substantially from pulse to pulse, or the fluctuations in each pulse have

short correlation times. This ambiguity is demonstrated in Fig.5.3.
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Two possible ensembles for a gaussian A(T)
A further problem connected with this ambiguity, is that if the
fluctation spectrum is broadband it is necessary te use filters in order
to split it up into manageable parts,(e.g. to separate the high frequencies

from the low frequencies). Then the frequency respounse of the filter will

be folded into A(LO,T).

The experimental technique of measuring A(tO,T) for the low fre-
quency fluctuations is described in section 5.3. At high frequencies these
problems do not arise in the experiment, and it is possible to determine

the @-spectrum using an electronic spectrum analyser,(see section 5.4).
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5.2.2 Wave-Vector Spectrum

Similar considerations apply to measurcment of the k~spectrum which

~J

requires comparing the fluctuation signals Si and gz detected by two

probes separated by the vector £. By analogy with A(tO,T) we define

C(totg), the normalised ensemble average of the instantaneous two—probe

cross—-correlation:

~J

s .5) (S,(t %) - S,(t ,x -~ &) (5.
12 = ~ ~ L ) 5.4
° (S,(t %) - S,(t ,x )

In general both A(T) and C(§) are functions of both time to, and

position x ,
-0

5.3 PRACTICAL PROBLEMS ENCOUNTERED WITH ELECTROSTATIC PROBES

In the low density, low temperature plasma used in this experiment

there are two serious practical problems.

5.3.1 Frequency Response and Absolute Amplitude Calibration

This involves the input impedance of the probe as seen by the plasma.
The coupling of high frequency signals (i.e. w?> @pi)’ between plasma and
probe is not understood in these low temperature, low density plasmas with
strong magnetic field, Experimentally it seems that-the probe detects
displacement currents because altering the d.c. potential between probe and
plasma has no,effect on the received signal. If we assume that the coup-
ling is -capacitive where the capacitor C, is the probe sheath, (i.e.
thickness ~ XD, area ~ probe area énd dielectr;é constant ~ 1), then for
typical'experimental conditions, C < 10713 F, The coaxial cable connect-
ing the probe to the amplifier outside.the vacuum chamber must bg terminated
with its characteristic impedance of 50 Chms in order to eliminate reflec-

tions. On this basis the detection circuit is a high pass Jilter, see

Fig.5.4.
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Model circuit for electrostatic probe

In practice this very weak plasma-probe coupling is a problem which
is difficult to overcome. One possible solution is to use a high-impedance
buffer amplifier situated very closé to the probe. The input capacitance
of the probe could also be reduced by having a double coaxial ghield with
the inner shield bootstrapped to the input signal, technically a difficult
problem at high frequencies. In the present work, padding resistors

(2.2 kQ) were used to increase the impedance as shown in Fig.5.4, but these

are not very satisfactory since the sensitivity is correspondingly reduced,

The consequences of this problem are twofold. Firstly the absolute
amplitude and the frequency response are unknown, although they can be esti-
mated with great uncertainty from the simple model suggested by Fig.5.4.
Secondly, if the sheath thickness XD’ is changing due to an increasing
electron temperature, the frequency response will be changing with time,

making it impossible to measure growth rates directly.

5.3.2 Local Disturbance of the Plasma

The probes and their electrostatic shields will disturb the plasma,
influencing results for wavelengths which are the order of, or much less
than the probe dimensions. In particular, a Fourier component of tﬁe
spatial disturbance could provide an initial amplitude, for a growing wave,

which is greatly enhanced above the level it would otherwise be in a quies-

cent plasma.
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With these problems in mind we now discuss the results ohtained

from electrostatic probes.

5.4 LOW ITREQUENCY FLUCTUATIONS, 3 - 20 Iz

The frequency range is to some extent arbitrarily defined by the
available filters. The lowest frequency is determined by the 330 pF
decoupling capacitor, (see Fig.5.1). Frequencies in this range are more
likely to be.the main source of A since the electron distribution
“function can only lose momentum by interacting with the ions. From Fig.
5.2 it can be seen that the fluctuations appear to start after 1 pus. It
is difficult to draw any conclusions about growth rates since we know from
the measurements in Chapter IV that the electron 'temperature' is rising

during this time and the plasma probe coupling may be decreasing.

Oscilloscope photographs of single pulses were taken of fluctuations
during the period to =1 to 3 ys and then digitally Fourier-analysed by
computer. Fig.5.5 sﬁows a typical result for fluctuations detected by
two probes within 0.5mm of each other during the same current pulse.
Although there .is some sort of.structure, the frequency spectrum during a
single pulse is quite broad. This structure varies from pulse-to-pulse
and there seems to be very little or no correlation between signals from

two probes close to each other.

The eiectronic circuit for measuring A(tO,T) is shown in Fig.5.6.
The received signal is.split into two channels which are fed into separate
sampling units. The sampling units are triggered by a pulse from the main

voltage pulse generator. One sampling unit samples the instantaneous

voltage at a fixed time to, the other unit samples at a time tO—T, which

is slowly swept (about 1yus per 3 min.), from T = 0.25ps to 1 =-0.25ps.

The outputs from the sampling units are low frequency pulses whose

duration is the repetition time for the current pulses and whose amplitude
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is the instantaneous voltage sampled during each pulse. These two out-
puts are electronically multiplied by a four-quadrant analogue multinl er
and then integrated over a time of about 1 sec. In this way we can mea-
sure A(tO,T) from an average over an ensemble of about 50,000 pulses in
100 sec. In order to ensure that A(to,T) relates to the random part of
S(to) it is necessary to adjust the d.c. offset of the fixed-time sampling
unit so that the average output is zero, i.e. from channel A, the d.c.

output for each sample : .
= S(to) - So(to) = S(to)
where the d.c. offset has been adjusted to So(to). From channel B, the

d.c. output for each sample

=S _(t -1) + §(t0_¢) .

Thus the time-averaged output from the multiplier

= (S(t ) s, (t,-7) +S(t -1 D)
= (S(t,) . S(t ~1)) .

A typical result is shown in Fig.5.7 along with the corresponding
conditional probability plots; (i.e. the probability of g(to) and
g(to-T) taking values in the range [y, y+dy) and [x, x+dx] respec-
tively, is proportional to the density of spots). These are obtained by
applying one sampling unit output to the horizoﬁtal deflection plates of a
sampling oscilloscope and the other to the vértical deflection plates, so
that each spot represents one pulse and its coordinates are '§(to) and
g(to-T) for that particular pulse. Such photographs enable us to deter-
mine qualitatively at a glance,ﬁow well two instantaneous voltages are

correlated over many current pulses.

Using this technique, A(tO,T) was measured over a wide range of
densitics and currents for 0.5 < to < 2.0 pus. There was little or no

variation in the shape of A(tO,T) from that shown in Fig.5.7. This, in
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For these frequencies it is possible to gate the detected signal with a
'window' 0.2 us wide and apply this signal to an electronic spectrum ana-
lyser. The gating is achieved by using a balanced mixer as a switch which
is operated by the second pulse generator, as shown in Fig.5.9, (gi. the

trigger arrangement in Tig.4.35(h)).

d.c. block .
from_)_l l,_ 1/p - 5
probe -
Lo RF) - Spectrum analyser
¥
balancea

switch pulse mixer »

fro:n:second 2ms

pulse generator 0.2us

input at IF —J

S~
A e

e AL T
output =t RF‘—-I\/ﬂ@tiébb SS *ﬁquﬂﬁ®W%,____.

Fig.5.9

Bal

Circuit for higr Ifrequency spectrum analysis

The spectrum analyser records the frequency spectrum of the r.f.
output from the mixer, thus the gate width and repetition rate are folded
into the result. Provided ti.: local oscillator of the spectrum analyser
is swept sufficiently slowly a=i the video filter has been removed, a gate
width of 0.2 ys and a repetiticn rate of 500 Hz has a negligible effect
when sweeping from 50 to 1007 'z, (see Appendix A.5 for a discussion of
the details). By varying the Zelay of the switch pulse it is possible
to achieve a coarse time resol-:zion for the frequency spectrum. Fig.5.10

shows a typical result.
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(a) Inhanced potential flucluations arise when the plasma is
resistive and increase in magnitude with increasing current
(see Fig.5.2). llowever the frequencies, growth rates and
wavelengths of the unstable oscillations have not been
measured in the early stages, so the initial instability
has not been positively identified as the electron-ion two-

stream instability,

(b)  Although an w or k power spectrum for the fluctuations has
not been definitely measured,it seems that the high frequency
fluctuations consist of a broad band of long wavelength cohe-
rent electron plasma waves with a well-defined dispersion
relation, whereas the low frequency fluctuations are incoherent

oscillations, uncorrelated over scalelengths = 0.5 mm.

(c) Although the absolute amplitudes of the potential fluctuations

are not known,there are two pieces of circumstantial evidence

both of which suggest amplitudes ~ tens of volts. Firstly,
estimates of the plasma-probe coupling from the simple model
in T'ig.5.4 suggest an attenuation of ~40dB at 10MHz. For
signals ~ 100mV (see I'ig.5.2) this implies fluctuation ampli-
tudes ~ 10V . Secondly, the amplitude of the ringing signal
should be related to the potential applied to the end plate,
(see Chapter JII). This suggests an attenuation of ~ 45 dB
at 20MHz (sce Fig.3.12).
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CHAPTER VI

CONCLUSION

In this chapter there is a brief review of other work reported in

the literature relevant to this experiment, This is followed by a sum-

mary of the aims and achievements of the present work, from which future

possible topics for research are discussed.

6.1 TURBULENT HEATING EXPERIMENTS

As pointed out in Chapter I, the primary purpose of many turbulent
heating experiments has been to investigate the application of turbulent
heating to controlled thermonuclear fusion devices, in contrast to this work
which is intended to be an investigation into the physics of strong electro-
static plasma turbulence. Consequently a direct comparison of the results
of this work with many of those obtained from turbulent heating experiments
is not always possible. In particular, most turhulent heating experiments
are conducted at higher plasma densities,(iOll--io14 cm—3) and generally
have confinement times long enough to allow processes with very long time
scales, (i.e. very many ion plasma periods), to become important: there
is considerable interest in the long timescale ion heating by the turbulent
fluctuations. Many turbulent heating experiments have operated under con-
ditions where‘fhe plasma cannot be unstable to the electron-ion two-stream
instability,but is unstahle to the ion acoustic instability, i.e. cs<<vd<fve
(see Chapter II). In the present experiment Ti Q:Te before the heating
pulse is applied, so that the ion acoustic instability cannot occur in the
early stages. During the later stages, although we may have Te » Ti’ the
» duration of.the experiment CV 2Lw) is too short to observe the results of
the slower growing ion acoustic instability (see Fig.2.4), assuming that it
can occur in an already strongly turbulént plasma. We mention here

results from three pulsed cxperiments which are particularly relevant to

this work.
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Firstly, at Jutphaas in Holland an anomalous conductivity which,
in the early stages, is consistent with the scaling (1.12) found by
Hamberger and Friedman (op. cit.); has been observed in a turbulently
heated mirror machine experiment. Unfortunately precise measurements of
0 and a detailed interpretation of the results are complicated by an in-
crease in plasma volume due to ionization in the early stages of the heat-
ing pulse, (see De KLUIVER et al. (1971) and SCHRIJVER et al. (1974)).
Secondly, at Cornell in the USA similar observations have been made by
ROBERTSON et al. (1973) who also observed a critical current for the onset
of anomalous conductivity, (but no scaling of this with density). Again
no precise measurements of ¢ during the early stages of the heating pulse

were possible.

Finally there is the work by Hamberger et al. in a toroidal turbu-
lent heating experiment at Culham Laboratory, which partly stimulated the
work reported here. In addition to the conductivity scaling found at
high fields (EO > Ec)’ which has been used for comparison in Chapters III
and IV, there are data on the potential fluctuations detected in the plasma
by a balanced, electrostatic, double probe. The frequency spectra of these
fluctuations during a single heating pulse have been computed from oscillo-
scope photographs by IJAMBIRGER and JANCARIK (1972). Under conditions where
the electron-ion two-stream instability was expected to occur, peaks were
observed at frequencies around %—w*, (see equation (2.3)); similar obser-
.vations have been reported by Schrijver et al. (op.cit.). This result is

to be compared with the rather broad-band of low frequency oscillations

reported in Chapter V.

The electron thermal energy in the toroidal experiment was deduced
indirectly hoth from the electrical dissipation (assuming energy is con-
served), and from the X-ray emission spectra from a solid carbon target

immersed in the plasma. The implication of these results was that v,
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rapidly exceeded v. as shown in Fig.6.1,(from HAMBERGER et al. (1975)).

d

This hehaviour is in agrecement with that deduced from the dispersion of

electron plasma waves in this experiment, as reported in Chapter IV (gi.

Figs.4.9 and 4.11),

O = N LA W,

10" | T
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V 2%
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' |
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Fig.6.1

The behaviour of the electrical parameters, E;, 1 and ¢, and
the deduced behaviour of v4q and Vv, in the toroidal experi-
ment, TWIST, (after Hamberger et al. 1975)
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6.2 COMPUTER SIMULATTIONS

One type of 'experiment' whose results can be directly compared
with this work, is the computer simulation. In computer simulations of
the two-stream instability, the individual trajectories of a large number
of particles (104-.105) are determined in phase space for short time-steps,
by solving numerically for the self-consistent fields after each step, and
using this solution to determine the trajectories during the next time-
step. It is possible to follow the evolution of the plasma for many
plasma periods, although computer resources usually restrict the simulation

to 1-D or 2-D plasmas and purely electrostatic, self-consistent fields.

Various simulations of the current-driven two-stream instability
have been reported in the literature, (BORIS et al. (1970); MORSE and
NIELSON (1971); BISKAMP and CHODURA (1971); NISHIHARA and HASEGAWA (1972);
WESSON et al. (1973), and HAMBERGER et al. (1975)). These have been car-
riéd out under vérious conditions, (e.g. constant driving field or cons-
tant current, different ion masses and different Te/Ti ratios), but we
only consider results from those with a constant driving field and Te::'l‘i
at t=0. (Unlike the turbulent heating experiments, in the present experi-
ment the inductance of the external circuit is very small compared to the -
effective inductance ‘due to the electron inertia, so that the plasma current

is not determined by the external circuit.)

Figure 6.2 shows a typical example of the results obtained from a
1-D hydrogen plasma simulation by Morse and Nielsen (op. cit.) fof a cons-
tant driving field, EO/Ec ~1, As can be seen in Fig.6.2(a), v, does not
become constant, but increases on average at about half the free accelera-
tion rate, while v, increases at about the same rate so thrat V3 é've.

This result is consistent with an attractive physical picture. Initially

the electrons frcely accelerate until the plasma is unstable (Vd > 1.3 Veo)’
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Fig.6.2
Results obtained from a 1-D computer simulation of a hydrogen plasma
subject to a constant field Ej = 1.1 Ec, where Tg =T; at t =0
(Morse and Nielson, 1971) L
(a) Evolution of Vg and v, (the dotted line corresponds to free-
electron acceleration) . -
(b) Phasc-space (x,v), plots of the electron and ion distribution
functions at t = 400
(c) Corresponding space-averaged F.(v)
(d) Corresponding space-averaged F.(v)

(Nelocity scales: units of L[ dse ; time-scale: units of=-gﬂ;
enymy e | “pe
k]

length scale: wunits of XD)

During the nonlinear development of the instability, the electrons are

'heated' at the expense of losing some forward momentum, until v, > Va

The plasma now becomes stable, the fluctuations decrease rapidly allowing

V4 to increase again until the plasma is unstable, so that the process

can repeat itself, ad infinitum.

In general, 1-D and 2-D simulations with a constant driving field
do not exhibit constant conductivity but predict a form of electron runaway
combined with dissipation.  The conductivity }xf the plasma increases
linearly with time, so phat the plasma presents an inductive load to the

external driving field,

The deformation of Fe(v) observed in the computer simulations (see
Fig.6.2(c)), i.e. the scattering of the electrons in velocity space towards
the ion drift, is qualitatively similar {o the behaviour of Fe(v) deduced
from the dispersion of electron plasma waves in this experiment, (sce Tigs.

4.9 and 4.10). However the behaviour of v

i' Ve and V, in the =simu-

ff

lations is in sharp contrast with the results found in this work and that
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of Hamberger et al: following the initial transient, for which a heuristic
explanation was given in Chapter IV, the results presented in Chapters III

and IV indicate that Vi is axially uniform and remains steady, while v

rapidly increases to values greater than v_. and the conductivity remains

d

essentially constant. This contradiction is an unresolved mystery in this
work since the experimental conditions in the Q-machine experiment, (strong
uniform magnetic field, predominantly electrostatic fluctuations, etc.),
would seem to be very close to the idealised plasma of the computer simula-
tions when compared to the experimental conditions in many turbulent heat-

ing experiments.

It would seem that the computer simulations do not provide an ade-
quate description of the physics in the experimental plasma. In particular,
they may suffer from two limitations:

(a) The size of the physical space used in the calculations may
be too small to include a sufficiently wide range of wave-
lengths for the collective modes. I.g. in the work by
Morse and Nielsen (op. cit.), they consider a 1-D plasma which
is initially 2000 Debye lengths in extent.  Although this is
treated as part of an infinite plasma by applying periodic
boundary conditions, such a simulation cannot include modes
with k)y < 0.003. In the course of the simulation as v,
increases, this extent réduces to. effectively ~ 60 XD in
400 plasma periods, (see Fig.6.2), so by then modes with
kkr)é 0.1 cannot be included,

(b) The electrostatic nature of the simulations cannot include
electromagnetic phenomena. It has been suggested that the
resistivity in toroidal experiments might be explained by
the electron current breaking up into filaments, (see
HAMBERGER and SHARP (1973)). However, the scale-length
perpendicular to the magnetic field for this electromagnetic
process 1s huc/u%e , which, in the present experiment, is an

order of magnitude greater than the column radius.
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6.3 THEORETICAL APPROACHES

At present, attempts to describe theoretically the nonlinear develop-
ment of the electron-ion two-stream instability are very limited because of
the difficulties outlined in Chapter I. We mention here three approaches

in the literature specifically directed towards this instability.

As mentioned in Chapter II, electron trapping is a possible nonlinear
saturation mechanism; indeed there is evidence of this happening in the
early stages of some 1-D computer simlations. (As pointed out in Chapter
IT, because u%i » W in this experiment, the unstable waves propagate
over a wide range of angles to BZ. Particle trapping requires a well-
defined monochromatic wave, so the experimental conditions may militate

against this process.)

DRUMMOND et al. (1971) have attempted to describe the final state of
the instability in terms of a large amplitude wave which traps nearly all
of the electrons. By making assumptions about the different timescales of
the wave and particle dynamics, they can use the BGK theory of large
amplitude waves (BERNSTEIN, GREENE and KRUSKAL (1957) to célculate the parti-
cle distribution functions. They then compute the thermodynamic and sta-
bility properties of such a state. The results indicate that the level of
collective fluctuations remains high (I& ~ 1) and the electrons are con-
tinually heafed as long as the driving field is applied. The behaviour of
the current depends on the distribution of untrapped electrons, which the
theory cénndt describe, (presumably this is determinea in the early stages

of the instability).

These general conclusions are consistent with the experimental
observations hut unfortunately the predictions ¢f this 'big wave theory',

(or 'big hand-waving theory' as it is known in some circles), are insuffi-

ciently precise 1o be checked.
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SIZONENKO ana STEPANOV (1971) adopt a different approach. As
pointed out in Chapter II, when the electrons are undergoing steady accel-
eration, the characteristic growth rate of the two-stream instability is
~ u%i rather than 0.7 @¥* (q.v. (2.3)). They estimate the effects of
the nonlinear particle dynamics at this lower growth rate, and claim that
for u%e » u%e, the nonlinear components of electron and ion motions

parallel +to B cannot limit Vae They require the nonlinear terms in

the electron motion perpgndicular to B to limit v A consequence of

- a
this is t.ha.t Vot depends on B, viz:

W '6\2
%ﬁth%inL} fM‘(%e«(%e
ce \‘
and
Vefflv @pi for ube ? Qe -

This scaling contradicts the experimental observation that Voff is

1 d d . - .
independent of BZ for @ce » gbe

Finally there is the application of quasilinear theory to the prob-
lem by HAMASAKI et al. (1971). This work was stimulated by the results
from the computer simulations and predicts a plasma behaviour in good
agreément with them. Quasilinear theory is the lowest order stage in
‘weak turbulence theory. Briefly, it determines the temporal evolution
in velocit§;space of the.space;averaged particié distribution functions
due to the broad spectrum-of weak electrostatic fluctuatioﬁs.‘ HAMASAKI
et ai. state "that,

" Since the particle phase space in the simulation experimenté
acquires considerable spatial structure, it is indeed instruc-
tive that quasilinear theory which is inherently a space-

averaged description, produces such good agreement. "
Unforfunately since neither the theory or the computer simulations

correspond to physical reality, the agreement is rather academic.
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6.4 SUMMARY OF RESULTS AND OUTSfANDING PROBLIMS

The prineipal aims of this work can be summarized as :

(a) To demonstrate the existence, threshold and nature of
current-driven electrostatic turbulence in a collision-—

less plasma with well-defined initial conditions.

(b) To measure the fluctuation spectrum of the instability
in the nonlinear phase in order to explore its develop-

» . ment, correlation properties and dispersion.

(¢) To examine the time development of the electron distri-
bution function which results from interaction with the

collective electrostatic fields excited by the instability.
(d) To compare the electrical behaviour of the plasma with
scaling laws obtained from other experiments.
At least some of these objectives have heen met. Fér (a) the
same well-defined threshold was observed for the onset of both anomalous
conductivity and noise fluctuations. This threshold is in excellent
agreement with the predictions of linear theory for the two-stream insta-
bility. On the other hand, it has proved much more difficult to make
substantial progress for (b): while the observed spectral width and ampli-
tude were of the right order to explain the measured particle scattering,
it has not so far proved possible to measure correlation times and lengths,

this is clearly a topic for further work.

As regafds (c), the new techn;gue‘Qeveloped-fqr this problem (i.e.
the time-resolved measurement of the dispersion of electron plasma waves),
has proved to be a powerful means of measuring tﬁe most impértant moments
of Fe(v”,t) in an unambiguous way; Thus some of the doubts regarding
the reliabilily of more conventional measurements in large turbulent hecat-

ing experiments have diminished,

T'or (d): once the overall circuit behaviour, including the initial

transients and the build-up of current, were understood, electrical

- 101 -



measurements of plasma conductivity during the turbulent phase became
possible. The values of average electrical conductivity found in this
way agreed well with the electron scattering rate deduced from the dis-
persion of electron plasma waves, and were consistent with the results

from other work when an appropriate ion mass and density scaling was used.

At present there is no understanding of the discrepancy between
the overall behaviour predieted by computer simulation and physical
experiment. In particular, the maintenance of strong turbulence after
the clear violation of the linear instability criterion,(vd > 1.3 Ve)'

requires explanation.

Apart from the obvious continuation of work on the fluctuation
spectrum itself, there are a number of other points which arise from this
work:

(a) What, if any, are the changes in particle energies transverse
to the magnetic field? This might be explored using a dia-

magnetic loop to measure Avis

(b) What effect does the turbulence have on the ions? In many
turbulent heating experiments significant ion heating

occurred in the later stages.

(c) What is the explanation for the slow density decay;(Fig.
4.11) ? Does it result from turbulent diffusion across the
magnetic field, an expansion of the column (due to perpen-
dicular pressure), or merely a change in the equilibrium

properties of the Q-machine ?

(a) Since relatively long wavelength electron plasma waves can
clearly propagate through the turbulent plasma, what happens,
(i) when their wavelengths become of the same order as those
of the fluctuating fields; (ii) when their amplitudes are so
large that they would, in quiescent plasma, be subject to

nonlinear processes such as three-wave decay, (see e.g.

FRANKLIN et al. (1975)).

- 102 -



APPENDIX A.1

DISPERSION RELATION FOR THE ELICTRON-ION
TWO-STREAM INSTABILITY FOR A COILD 1-D PLASMA

Equation (2.2) can be derived from a self-consistent solution of the
linearised particle continuity and momentum equations in conjunction with

Poisson's equation, viz:

_ i 3, _,_e 239 -
(mi = M) _8_11‘;— T Ve,i ox Ve,i = * 3 0x > ... (A1.1)
I
and | % e
§=- —6" (ni-—n)

~ i (kx - wt)

n. =n + n, e

i,e 0 i,e
v, = "\;i ei(kx— wt)

| ~  i(kx- wt)

v - V_+V @€

e d e

o =% ei(kx-wt) « !

After substitution of (41.2) into (A1.1) we can linearise the equations if

we assume

,r\; .«&n ]
and ,‘7 L v ... (A1.3
Ve, € w/k e Vg > (A1.3)
/ '\2 ~ ' \‘.2
~ ) [ W .
(& = ,
ep « My and. P My - Vy)

(9,)2 UU2.
pe P L | (2.2) .
(u)- kvd)2 wz

For real-k , there are complex conjugate solutions W = W iy,

if , (see e.g. MIKHATLOVSKIT (1974) p.15),
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Kk < (_”P_‘E ‘—1 ‘m\* 2 _ pe
Vd L + \\M) _l A"
d
: 1 L 1 1
for which ‘w‘ < , {/E\a -1 /m<)3-1 P _ "I_I]_.\"B
pe W/ 1P\ 0 T e W

Manipulating equation (2.2) leads to :

2 1

Wit~z
w-lkvy =g 11 2L
Pe w.—l

If we assume that o » w;i sy So that:

2
W . =
== ~Pp1
w - kvg :bwpe [1+ > e.. (M1.4)
2w
then we can estimate complex solutions of w (BUNEMAN (1958)).
In particular, if k = = wpe/vd
w (1)2.
@S = . B&PL
2
i.e., three solutions:
(.U*
w= U.)r = __3%
2 ... (A1.5)
* -
— W |
W= w *iy= % !—1 +i/3 !
o LR
1
* _ (m)
where w" = \M./ wpe
Clearly the approximation for equation (Al.4) holds, if
w ol E
(_pe "pi \3> 02
\ 2 / > p1
1
1 (MY .
i.e. —-5(_—-/.' »1 . ... (A1.6)
23 M

On the other hand if k « % e /vd then, (MIKHAILOVSKII (op.cit.) p.13)
1
sive (B kv ... (A1.7)
v=215) Wy - '

N,
.

in

W

These solutions of @ apply to the ion irertial fram~: in the

electron inertial frame vy is unchanged but W, is Doppler-shifted by
kvd .
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ig.A1.
Fig.A1.1 w_,
Solutions of (2.2) for k S—;}L and W ¢ Whe
. d

In section 2.5.1 we require an estimate of

t

[ y¢") at’

r_ ) ‘
where t = mvd/eEo, thus keE t’\

'Y(ka) = 'Y./\—'—EO_-_) .

Using the approximations shown above; in the range

m W t
<+ < —PC Y at! =
0 <t < Tk £ Wt') at 0.5 @pit .
In the range,

1 3 1 3
oW "B 2 m ) soNB 3
_pe I _ (E' D g ¢ €« D8 B
o K -/ s St SCT_k {1 +\§/) |
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1

t+ A \ %
. (m

[ ooyath =1.40g) w;t

t

=0.2 wpit for potassium ions.

Thus maximum amplification =~ exp (0.7 wpi t), in a time

Finally, the restriction on the amplitude rcvp, for the results of linear

theory to hold. From condition (A1.3)

~ W N“2 ~ /w\'.z
ep € m [E—vdj and ecp<<M\-E/ .

Thus if |w| ~ w* , i.e. around maximum growth rate,

. L
\,r

2 ~ iy z 2
and ey « \ g/ mvy -

e « mVy

Thus the linear growth rates (Y~ Ymax) apply for

2

ey K mvd
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APPENDIX  A,2

DISPFRSTON RELATION FOR A COLD PLASMA COMPLETELY FILLING
A CYLINDRICAL WAVEGUIDE WITH AN AXTAL MAGNETIC FIFID SUCH
THAT o » of » o2, » o,

. ce pe pi ci

The complete dispersion relation is equation (2.8), i.e.

2 2 2 2
W w_. 2 I W w .
D(w,k)=0=1 + 1 > > pe ~+ pi | __K pe . 2;
. ( > 2 2 )i 2
1+K W, (w k;%) W~ W 1+K kw kfh) W
k a
where K = =2 ... (2.8)

Each term in this equation represents a plasma resonance. If the
condition w?> » w? > ol » wz., holds then to a first approximation we
ce pe pi ci

can consider each resonance separately. E.g. if vd::O, equation (2.8) has

three resonances, (see Mikhaelovskii (op.cit.) pp.142-145), viz. for w~w

ce
2
W
D(wk) =1 +— pe
1+K%> P - o
ce-
2
then ) ) o
w? =, + —-9-—2 ... (A2.1)
1+K

i.e. electrostatic electron cyclotron oscillations. Similarly for

Ww 2 OW2Ww.
pe pi

w K2 m) \
W = ... (A2.2)
K2 + 1

i.e. electrostatic plasma oscillations. Also.for w S W, ;

P T . (42.3)
1 + EE'M

i.,e. electrostatic ion cyclotron oscillations.

When the electrons drift with velocity V3 , it 1s possible for the
electron resonant frequencies, when Doppler-shifted by kvd. into the ion

inertial frame, to coincide with the ion resonant frequencies. The dis-

persion relation is shown schematically in Fig.A2.1,
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Y,
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Y,
w.. 4//' r

. r‘.. 2. o
\f . [
/ / "'...:.f/, / / :. .:l ‘——k
: 0 Tz
Fig.A2. .
Schematic representation of the dispersion relation (2.8)

purely real solutions
------ real part complex conjugate

eeessss positive imaginary part solutions of y

PP XXX AALN

To estimate the maximum growth rates of the two instabilities, Y,

and Y,» @as hefore, we consider each interaction separately.

Interaction between Doppler-shifted electron plasma oscillations

9
and jon plasma oscillations in the ion inertial frame, i.,e. the

electron-ion two-stream instability:

For w -kzvd\ » \w\ » W,y equation (2.8) becomes :

ce
K24 . of
D(wk) =0 =>1 - —> - ... (A2.4)

1+K% (w-KV)2 W

V4D Y
where V = ——;H—
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If we now consider V as the variable rather than K, (A2.4) is
mathematically identical to the 1-D dispersion relation (2.2), provided

the substitution 2 2

Kw

—pc
1+K2 pe

is made. Thus the solutions follow from Appendix A.1, viz:

Y.

~ /3« K2
L max 24/300 (\1+K2/ ... (A2.5)

for

and KV = .
(1+ 1{2)7

Substituting for K in equation (A2.5) leads to
2 2 \1
Py ¥ /6

2 w-_ a
- pe S ... (A2.6)
for W P, Vg \2

n
N
[

The approximation condition (A2.4) means that

\Yl max‘ » ubi ?
thus we require,
p2vv§ S
WS 1, ... (A2.7)
UU.2 a2
pe

Notice that if both electrons and ions are magnetised, 1i.e. We 4 » W .

. pi
then the result is somewhat different
2 2\1
p\)V 2
Y- max20’7 UJ* 1___H___(.l.
1 UJ2 a2
pe
and the two-stream instability is stabilised if
1, 371
W 1% !
vz 2 T1 . (B)7 ]
a P \M i
00 f ... (A2.8)
wherce o ‘
P 2.% '
00 -
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Y, , Interaction between Doppler—shifted electron cyclotron

oscillations and ion plasma oscillations

For ‘u%e-kzvd\ » lw\ » ubi, equation (2.8) becomes :
N 1 e s
D(w,k) =0 —-1.+(1_+K2) 2 (a1 " w? ... (A2.9)
Thus, W - (w-1602k==_-iié— (1-+E§1>
ce 14+K2 o
r R NRY: 0, - .
w-KV ~- o 1145 (Je pr. . ... (A2.10)

This equation (A2.10), is mathematically analogous to (Al1.4). Thus at

KV = U..‘ce 5
w2 = (u$e> 1 u%eA%Ei
— — \ -
\wce 1+K2 2

Following the same procedure as in appendix A.1,

Y. :==—‘/ w* pe\% ' _d pu\))%—
2max 45 Wee/ Naw,,
<
for ’ " > ... (A2.11)
k o _Cg
z A |

where the condition for the approximation is (A2.7).

Intersection between the dispersion curves for Doppler-shifted
electron cvclotron oscillations and jon cyclotron oscillationrs

These two oscillations do not interact and there is no instability.’

This can be proved as follows.

In the intersection region, |w-k v | » W S0 that (2.8) becomes

2 2 2
- 1 E)pe 1 U«pi K2 wpi
D(w,k) = 0=1 + 5 , - — __ _
L+KS g2 - OU-KV)2 1+K° o, -y 1+XK W
- . ... (A2.12)

Again we can fix K and consider @ and V as the two variables. Trans-

forming these to the new variables ¢ and B where,

@=u ... A2.13)
B:: UJ—~IW

and multiplying (A2.12) through by a?(wie— 82)(w§i— 2) gives :
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W - _
al _pe 2 2y 20,2 o/ 2 2 We 7
a -+ - - ; - 2
-1 4 K2 Wee B ..i o - (wce B )(wpi * wci) * 1 4+ K2 Yei
P R 2 2 _ 4
+1+K2 %du%e_a) = 0 ... (A2.14)

Now consider the solution for o where

2 2
B™ = W,
wze Wl we.
i.e. ot —Pe_ _ 2 _peci_ g
1+K? 1+K?
and (12 = UJ2.
} C1l

i.e, at the intersection of the dispersion curves

= k A" + d = ﬂ: .
w 7z d UOce an W wCl

there are real solutions for ® and kz; the curves pass through each

other (see Fig.A2.1),
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APPENDIX A.3

DISPERSION RITLATION FOR IILECTRO: PLASMA WAVES

The following is an outline of the linear theory for the dispersion
of electron plasma waves in a warm, magnetised plasma column partly filling
a cylindrical waveguide. For a more detailed account see FRANKLIN et al.
(1974).

Following the discussion in section 2.3 we solve

Y. (39 =0 (2.1)
where, in the frequency regime,

p) 2 o .2 p) )
W, » e P U » Wi ... (A3.1)

the plasma dielectric tensor is well approximated by

0 1 0 ... (A3.2)
0 0 €
where
aFe
2 400 =  dv
PR TR s B (x5.
€ (w, k ,r) =1 - (r) | e .
3 2 J
g 2 de (v o)
and the radial density profile is given by
n(r) = n_ f(r) ' ... (A3.4)

such that n_ is the density at r=0, (see Fig.2.5).

Substitution of equations (A3.3) and (A3.4) into (2.1) yields a

solution of the form i(k z- wt)

¢ (r,8,2,t) = Rp(r) W ¢ (A3.5)
where RU(T) is a solution to
2 -
2 AR _‘IR_{ 22 2} ~
r a2 + T g ._1 + f(r) h(uu kz)i kzx' + M R-=-0 .. (A3.6)
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and e

Uﬁe Fw sz'dvz
h(w,k) =- == | . ... (A3.7)
kz —-® (Ve"uykz)

The boundary condition

p(r=b) = 0 ... (A3.8)
determines the dispersion relation for a prescribed f(r). 1In principle
it is.possible to integrate equafion (A3.6) from r=0 to r=b with pre-
scribed values of ké and y to determine the numerical values of h which
make R vanish at r=b; i.e, for the prescribed variable ké , the bound-
ary condition (A3.8) determines an eigenvalue equation

h = gw(kz) ... (A3.9)
for a prescribed f(r) such that equation (A3.7) can be solved for y.

oF
2 4 = dv

( ) Ehﬁ j sz z
k = -
z = ® (Vz_.w/kz)

... (A3.10)

Integrating by parts and manipulating (A3.10) we obtain the form for the

lowest order (0,0) mode used in section 4.5, viz

o

2 x F (v) dav

g%— = G(k_) j =z Z ... (4.9)

z k v (2 :
“pe - (1 z 2
- " )
where G(k ) = ——17——7
. - Z b g k *
00 Z
If the density is radially uniform such that
| f(r) =1 for 0 <r <a
=0 for a<r b .o (A3.11)

then the general solution to equation (A3.6) will be
R=al (Ve kr) + BK <\/e k r) ... (A3.12)
M Sz M\ T3z

where 1T and K are modified Bessel function: of the fir: . and seccnd
kinds respectively. For a finite value of R at r=0, we require B=0

so that inside the plasma column (r < a),
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' . i(k z-wt)
I g i
Q= AIH< € kzr) P

i(k z- wt)

_ r) ipd 5
_cpJu<pHV ) e e ... (A3.13)

where ¢ = C(w’kz) .

Outside the column (a < r < b) ,

i(kzz - wt)

SR
¢ = [A'Iu(kzr) + B'K ) (k1) | e e oo (A3.14)

The solution for the (0,0) mode is shown in Fig.A3.1,

o(r)
A

L 1{%5)
%///I A‘I (k,r)+B’ Kok, r)
/ ;

A \ le———— waveguide wall
: |
/ | .
z | —~ iy / ! \\ -
a b c
Fig.A3.1 :

The radial potential profile of the lowest order (0,0) mode

in a uniform plasma column, @ < wpe; c—a as g — wpe

The eigenvalue equation (A3.9), is obtained by matching solutions
(A3,13) and (A3.14) at r=a, combined with equation (A3.8); this leads
to the well documented but rather cumbersome form :

Ju( ive, kza) Iu(kza) K“(kzb) - Iu(kzb) Ku(kza)

. 0 (A3.15)
/
i/eBJ‘l(i Jegk a) Ié(kza) Ku(kzb) - Iu(kzb) Ku(kza)

(see e.g. BECK (1958), p.168).

A particuiarly simple form of G(kz) occurs in the completely-

filled waveguide model used in Chapter III; i.e. if a=b +then
2,2
k®a

4]

k_ia2 + (2.4—)2

Gk,) =

(cf. equation (3.8)).
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BARRETT et al. (1968) have computed the dispersion relation for
parabolic f(r) with -g-* ©, When compared with the results for a
uniform f(r), (equation (A3.11)), the modification to the dispersion curve

is greatest at long wavelengths,(see Fig.4.1(a)).
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APPINDIX A.4

VARTATIO!'S OF TIE TECINIQUE FOR TIME-RESOLVED MEASUZLMIZITS
OF THE DISPERSION OF ELECTRON PLASMA WAVES

In order to obtain the data shown in Figs.4.9 and 4.11, ~ 500 wave-
length measurements are required for each set of conditions. With the
standard technique outlined in section 4.3 this procedure would take
~ 8 hours! 1In this appendix we describe two variants of the basic tech-

nique which permit faster data acquisition.

In general the phase~difference between the transmitted and received
. signals depends on three variables: frequency @/Zn, separation z , and
time~delay t, of the sampling gate. In the standard technique ® and

t are kept constant whilst z is varied; however it is possible to keep

z constant whilst sweeping one of the other two variables.

(a) Swept-Delay, Constant Sepafation and Frequency
In this variant the interferometer trace is a record of the varia-
tion with t of the transmitter-receiver phase difference for fixed w

and z, due to the temporal variation of the Qavelength 2T[/kz(t).

If the wavelength is measured at times t, and t2 using the basic
technique, then it is possible to interpolate accurately for wavelengths
in the interval t, <t { tz, from the swept-delay interferometer trace.
The circuit is shown in Fig.A4.1; (although unnecessary in this circuit,
it was found that the signal-to-noise ratio for the interferometer trace is
improved if the trigger for the sampling unit is synchronised to W, using

the method depicted in Fig.4.3(b)). Thus the received signal is:

A\
R,(t) = Acos(kz(t)zo—- wt) .. (A4.1)
. .
wherec 1 ff_ <
kz at o °
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Circuit for swept-delay interferometer
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Schematic illustration of wavelength interpolation for a
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The reference.signal is
R,(t) = Bcos w t ... (81.2)

so that the output from the signal adder will be

4 \
R4(t) = Acos \kz(t) zZy —Wwt)+ Beoswt ... (44.3)

The detector squares RS(t) and averages over one cycle ZTVuB.
This signal is applied to the sampling unit whose delay is heing swept

slowly (~ 1usmin™?) between t, and t, so that the d.c. output will

be
Y(t) = % (A°+B?) + ABcos (s, (t) 2,) ... (A4.4)

Figure A4,2 shows schematically how the value of kz can be interpolated

between t1 and tzi Care must be taken to ensure that the measurements
dk
are self-consistent. The interpolation will be incorrect if Tﬁ? should

change sign between tl and t, or if kz is not spatially uniform, as

is the case during the initial transient,

(b) Swept-Frequency, Constant Delay and Separation

The principle of this variant is analogous to (a) with the roles of
w and t interchanged. -The swept-frequency interferometer trace is a
record of the variation with @ of the transmitter-receiver phase differ-

ence for fixed to and Z, due to the dispersion of wavelengths ZTVkZ(u».

The trace is calibrated in an analogous manner by measuring the wave-

lenéth at two frequencies wy and @, so that it is possible to inter-

2

polate for wavelengths in the interval, U < w< @2. The circuit is shown

in Fig.A4.3,

The phase-delay of the coaxial cables in the external circuit varies
as the frequ ncy is swept. Thus the delay line in the external trigger
must be trimmed such that the time-delay of the sampling gate with respect
to the second pulse generator is equal to the time-delay of the amplifier,

filter and cables connected to the transmitter and receiver probhes. Then
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the phase change ohserved as ® 1is swept consists only of the phase

change hetween the transmitter and recciver probes due to the propagation

of electron plasma waves in the éolumn.

In practice the probes are set close together so that the coupling
of the signal is dominated by the waveguide cut-off mode whose phase change
will not vary with w for fixed to . The delay is trimmed by adjusting
the manual delay control on the sampling unit until the swept-frequency
interferometer trace shows zero phase change over the swept frequency range.
If the probes are now separated such that the electromagnetic coupling is
negligible, traces similar to the one in Fig.A4.4 are observed. The timeT

delay of the sampling gate with respect to the current pulse can be varied

by varying the time~delay of the second pulse generator.
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APPIMDIX A.5

Til; ENSEMJLE AVIRAGE POWER SPECTRUM OF TIE HIGH-FREQUENCY

FLUCTUATIONS MEASURED WITIL AN ELECTRONIC SPECTRUM AMALYSER

If a signal £(t), is gated with a series of window pulses of width

Tg, and repetition time e s in the manner depicted in Fig.5.9, then the

Yourier transform of the product will be a convolution integral, viz:

gated signal S(t) is given by

+©

S(t) z f(t) . w(t—n'rr)

where

w(t)

H(t+—;—¢g) ! (t-%;'rg)

Thus the Fourier transform S(w) is given by

4
S = | T(u-w) W) av’
- CO
N
where too sin [(w W 1 4
L 2 gd <
= N _ y 5 " _
w(w) = j T T 77 : (w
-0 g (—'——w = W > T -

Figure A5.1 shows a sketch of

tion of }(uﬂ.

the
, ... (45.1)
, . (A5.2)
2Tn "
18 ) a
T

- 2 N 4 A / AN /I,
SHRE \ , \ / L

\ / \ ,
\ / \

- -
1

2n/"rr ZH/Tg

Fig.AS5.1

—— /
The function w(w )
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In the experiment the situation is more complicated, The input to
the spectrum analyser is a scries of short duration (0.2 ps) pulses whose
frequency spectra may vary from pulse to pulse. The spectrum analyser can

only make measurements on signals whose frequency spectra are stationary

during the period of measurement, (which can be varied from 0.01 to 100s).
In order to understand how the instrument can measure ensemble average
pover spectra for pulses 0.2 us in duration, consider an idealised model
for an electronic spectrum analyser shown in Fig.A5.2(a). In Fig.A5.2(b)
we show how a Fourier component of the signal at frequency w, passes
through the system when the local oscillator frequency @ is close to w.

Thus the input signal S(t), can be considered as
4
S(t) :J [ A (w) cos & cos wt w(t-n'r):] av (A5.3)
Jdo - é_ n n ) r 21 ttt )

where An(uﬂ is the amplitude and én the phase of a component with fre-
quency @ during the nth pulse:'thus the ensemble average power spectrum

is a measure of (\An(ub‘2>.

The mixer multiplies S(t) with the local oscillator signal, so that

the 1i.f. output
400

Nl ] du
= [m[ E: A (w) cos & (cos(uw- wo)t + cos{w+ wo)t). w(t”nTr)J o
to B & .

The passage of this signal through the i.f. filter will depend in
detail on the transfer function for the filter. For éxample, if we con-

sider a simple low-pass RC filter, then only those components with

\w_ W \ é-gﬂ will pass through relatively unattenuated and for those com-
o

T

2
ponents where \uy-ub\ K ;E the amplitude of the output pulses will be
g

[0

- g/RC>

A cos b <1 - e
. n n

B~

In general the instrument can only detect signals if:

- 1
Tg 7 i.f. bandwidth

~_
=
(@1
>

p—
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(a)

input = S(t)
P
i.f. output square CRT
Mixer - i.f. filter —>—- law ———>= display
detector
CcOS U,)ot
ocal
oscillator
(v)
T
Bg__;
1 k Wm
. V AVnUAVAJ] V\lnvhvh\]nr input, S( t)
— Tr = —\ l bh \J \J
A, cos 6n (’H]M\MKMJQ i.f. output

AOANYWAVAY from mixer for

) -l <22

output from

i.f. filter

N—

;4////”‘\\\\¥ ,//////’—\\\\ output from souare
_/—\— .

law detector

Fig.A5.2
(a) Schematic circuit for an idealised spectrum analyser
(b) Passage through the circuit of a Fourier component

with frequency w close to Wo
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The square law detector rectifies and squares the pulse output from
the i,f. filter and the final output is wriiten on to a cathode ray tube
storage scrcen as the local oscillator is slowly swept, producing a dis-
play « (‘An(ub‘2> ,(the integration is carried out on the screen itself
because the intensity of the display o writing density). Tor the data
shown in Tig.5.10, the logarithmic display facility was used. Most com-
mercial instruments have a video filter between the detector and the display.
This must be switched off for this type of measurement otherwise the pulse
output from the detector will be filtered out. The criteria which deter-
mine the instrument parameters are listed below.

(a) i.f. bandwidth: the maximum i.f. bandwidth of the instru-

ment determines the minimum gate width (A5.4). This was

300 Kz on the instrument used; (Hlewlett Packard HP 8554L

spectrum analyser).
(b) Gate width: determines the frequency resolution (A5.2).
(c) Video filter: this must be switched off.

(a) Local oscillator sweep rate: this determines the number
of samples per frequency interval, e.g. with a sweep rate
of 10 Mz s~% and a pulse repetition rate of 500 s™1,~

Number of samples per Mz = 50,
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