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Abstract

Since typically the physics of many body quantum systems is solely described
and determined by pairwise interactions, the concept of reduced particle infor-
mation is fundamentally relevant, particularly for indistinguishable particles.
Determining the compatibility of r-particle reduced density operators (r-RDOs)
with some N -particle state is known as the N -representability problem. The
Pauli exclusion principle provides a set of necessary and sufficient conditions for
the N -representability of fermionic 1-RDOs. However, pure N -representability
requires a set of stricter conditions which are known as Generalised Pauli con-
straints (GPCs).

In this thesis we investigate the influence and significance of the GPCs beyond
the well-explored and established relevance of the Pauli exclusion principle. In
particular, we analytically study the (quasi-)pinning effect which corresponds
to a saturation of the GPCs and imposes structural simplifications on the N -
fermion state. So far, nothing is known about its origin and mechanisms. We
will close this gap by analytically examining the dependence of quasipinning on
the particle number, the dimensionality and the spin polarisation in a represen-
tative physical model system. Our results suggest the notion of a microscopic
Pauli pressure which is a consequence of the competition between energy min-
imisation and antisymmetry, and drives the system towards the boundary of
the allowed region. Furthermore, the relevance of quasipinning beyond the well-
known Pauli exclusion principle is evaluted by the Q-measure. The outcomes
provide first direct evidence for the need to incorporate GPCs into the physical
description.

To explore the role of the fermionic exchange symmetry beyond the Pauli
exclusion principle from a more general perspective, we consider systems of
hardcore bosons. Indeed, they exhibit a (lattice-based) exclusion principle,
although their exchange symmetry is bosonic. Occupation numbers on one-
particle states other than the lattice basis can exceed one. We prove that the
maximal occupation number is given by λmax = N/d(d − N + 1) where N , d
are the numbers of particles and lattice sites. In addition, we derive necessary
conditions for the N -representability of hardcore boson 1-RDOs and investi-
gate the one-particle entropy boundaries. Finally, we present one-dimensional
physical systems which macroscopically saturate λmax and exhibit (fractional)
Bose-Einstein condensation.
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Chapter 1

Pauli’s Exclusion Principle and
beyond

The indistinguishability of identical particles is a fascinating and fundamentally im-

portant feature of quantum mechanics. It plays a crucial role in the physical mech-

anisms governing numerous systems such as atoms, solids and even astronomical

objects like neutron stars. In particular, it was found responsible for the stability of

matter itself [60, 61].

At the beginning of the 1920s, studies of the atomic structure revealed the Aufbau

principle, which in 1925 prompted Pauli to postulate his famous exclusion principle

[75]. Just one year later, Dirac and Heisenberg [30] showed that the Pauli exclusion

principle could be considered merely a consequence of a more fundamental symme-

try in nature: the antisymmetry of the many-fermion wave function under particle

exchanges. The Pauli exclusion principle thus follows from the indistinguishability of

fermions in the form of the spin-statistics theorem. Since then, numerous works have

explored the nature of both fundamental particle species, bosons and fermions.

Many-fermion systems are frequently encountered in many branches of Physics and

form the basis of Chemistry and Materials Science. Providing an efficient description

for them has thus been an important objective of research for many decades. A

major challenge, however, is posed by the complexity of the underlying Schrödinger

equation, which grows exponentially with the size of the system.

In the 1950s, investigations into the concepts of reduced particle information raised

hopes that an efficient description of many-fermion systems could be given in terms

of one- and two-particle reduced density operators [26, 25]. This is because physical

non-relativistic Hamiltonians only comprise 1- and 2-body terms Ĥ1 and Ĥ2. More

specifically, it was noted that the energy functional of any such Hamiltonian Ĥ would

solely depend on the two-particle reduced density operator ρ2, whose complexity
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scales polynomially.

E = tr
(
ρNĤ

)
= tr

(
ρ2Ĥ2

)
. (1.1)

The ground state of a system could therefore easily be determined by a variation over

the domain of all those operators compatible with some N -particle state.

The question as to the compatibility of r-particle reduced density operators to N -

fermion quantum states became also known as the r-body N-representability problem.

This problem is a special type of the more general quantum marginal problem. In the

important case of fermionic two-particle density operators it was named Coulson’s

challenge.1 Unfortunately, the problem was recently shown to be Quantum Merlin-

Arthur (QMA) complete [63], which suggests that it cannot be solved efficiently in

the system’s size, even by using a quantum computer.

By contrast, the fermionic one-body N -representability problem possesses a fea-

sible solution. A set of necessary conditions is famously given by the Pauli exclusion

principle of having no more than one fermion on any one-particle orbital. Although

these conditions are also recognised sufficient for the N -representability by mixed

states, it was unknown whether this would hold for pure states as well.

First evidence for the existence of further restrictions beyond the Pauli exclusion

principle was found by Borland and Dennis in 1972 [12]. Only recently, the problem

of fermionic pure one-body N -representability was solved in a series of remarkable

works by Altunbulak and Klyachko [1, 2, 50, 51, 52]. They found that necessary and

sufficient conditions were given by a set of linear inequalities on the eigenvalues of

the one-particle reduced density operator, which now became known as Generalised

Pauli constraints. This further showed that the fermionic antisymmetry is a stronger

constraint than the exclusion principle.

In this thesis, we study the role of the particle exchange symmetry in the form

of the Generalised Pauli constraints, and try to determine its influence beyond the

weaker Pauli exclusion principle. Because the Pauli exclusion principle is known to be

of fundamental importance to our understanding of various physical systems, stronger

constraints can be expected to be of even greater physical significance. The behaviour

of fermionic systems heavily depends on the competition between the fermionic an-

tisymmetry and energy minimisation. Hence, one can expect the fermionic anti-

symmetry to play a crucial role whenever some of the Generalised Pauli constraints

1The national research council of the United States identified Coulson’s challenge as one of the
ten most important problems in Quantum Chemistry [27].
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are (approximately) saturated. This effect was coined as (quasi-)pinning by Kly-

achko [52] and Schilling [87], and has seen a growing interest over the past few years

[52, 7, 53, 87, 18, 84, 86, 9, 96, 64, 85].

One of the first analytical treatments [87] revealed a strong approximate saturation

of the Generalised Pauli constraints in a system of three harmonically interacting

particles confined in a one-dimensional external harmonic potential. However, little if

anything was known about the mechanisms and the general origin of this quasipinning.

Therefore, we systematically study the quasipinning of various physical model systems

and consider in detail the influence of the particle number, dimensionality and spin

polarisation on the quasipinning. The different ground states of these systems emerge

due to the competition between the energy minimisation and the antisymmetry of the

fermionic wave function and thereby unveil the mechanism behind quasipinning.

In order to evaluate the relevance of these results beyond what could be expected

from the weaker Pauli exclusion principle, we apply the Q-measure recently developed

by Schilling [94]. We find that quasipinning strongly relies on the ‘active space’

structure around the Fermi level. Increasing the number of particles and the degree

of spin polarisation, as well as decreasing the dimensionality yields a larger saturation

of the constraints which can be interpreted by the notion of a ‘microscopic Pauli

pressure’. The Q-parameter of these systems confirms the relevance of the Generalised

Pauli constraints beyond the exclusion principle.

In a second and different approach we consider hardcore bosons to study the role

of the exclusion principle in systems with bosonic instead of fermionic exchange sym-

metry. Hardcore bosons are particles which obey bosonic commutation relations and

exert a large particle-particle on-site interaction on one another. This gives rise to

a dynamically imposed exclusion principle for hardcore bosons on the lattice sites.

We will implement this analogue of the Pauli exclusion principle as a kinematical

constraint by restricting the N -boson Hilbert space to the smaller N -hardcore boson

Hilbert space. In contrast to fermions, the hardcore boson exclusion principle only

holds in a specific lattice basis. We will prove a theorem which constitutes an upper

bound λmax on one-particle hardcore boson occupation numbers. The maximal oc-

cupation number is found to depend on the number of particles N and lattice sites d

only:

λmax =
N

d

(
d−N + 1

)
. (1.2)

Equipped with this structural insight we study the one-body N -representability prob-

lem for hardcore bosons. Since in many hardcore boson systems the on-site interac-

tion is the only two-body term in the Hamiltonian, the knowledge about the set of all
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compatible one-particle density operators would allow for an efficient description of

many-body hardcore boson systems. Similar to fermions the reason for this is given

by a significantly simplified form of the energy functional, which in the case of various

hardcore boson systems will solely depend on the 1-RDO. We will determine neces-

sary conditions for the hardcore boson one-body N -representability of systems with

arbitrary numbers of particles and lattice sites. In addition, we will examine different

one-particle entropy measures. Our results provide evidence for a hybrid character

of hardcore bosons. Finally we will investigate two physical systems which exhibit

hardcore boson pinning, i.e. the saturation of the previously determined conditions

for N -representability.

The thesis is mainly structured in the following three parts:

Chapter 2 In the second chapter, we briefly review the concepts of many-body

quantum mechanics and introduce the conventions and notations used throughout

this thesis. We will define the N -representability problem and discuss its particular

solution in terms of Generalised Pauli constraints. Furthermore, we will present the

methods and tools required for the analyses in the third chapter. In particular, we

will review the quasipinning phenomenon and the Q-measure.

Chapter 3 In the third chapter, the results of the author’s research on the realm

of quasipinning will be presented. We will introduce the physical model system of

Harmonium and determine analytically its ground state for various particle numbers

and spatial dimensions. This will be followed by various (quasi-)pinning analyses for

systems of different particle numbers, different dimensionalities, including dimensional

crossovers, and different spin polarisations.

Chapter 4 In the fourth chapter, we present the result on the author’s research on

the one-body N -representability problem for hardcore bosons. We will start by prov-

ing a theorem on the maximal one-particle occupation number and discuss the struc-

tural properties of the maximising state. Next, we will derive necessary conditions

for the one-particle N -representability. Then we will discuss bounds on one-particle

entropy measures. Finally, we consider two systems whose ground states saturate the

maximal occupation number and exhibit fractional Bose-Einstein condensation.

In the fifth chapter, we will summarise and discuss the results of this thesis.

Selected supporting information will be provided in the appendix.

The results of the author’s research presented in the third chapter have also been

published in Refs. [94, 93, 95].
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Chapter 2

Many-body quantum systems,
fermionic N -representability

and the Q-parameter

2.1 Exposition

In this chapter we briefly review the language and key concepts of many-body quan-

tum physics. This will allow us to set up the notations and conventions which will

be applied throughout the rest of this thesis.

We shall start by consideringN -particle systems of bosons and fermions in Sec. 2.2.

This will be followed by an introduction of the concept of reduced particle information

in the form of reduced density operators. We shall discuss the physical relevance of

these operators. In particular, we shall see that one- and two-particle reduced density

operators give rise to a powerful structural simplification of the related physical energy

functionals. In order to make use of these functionals and reduce the complexity of

the description of many-body quantum systems, one has to solve the so-called N -

representability problem.

We shall define this problem and present two theorems on the N -fermion com-

patibility of one-particle density operators in Sec. 2.3. A set of necessary conditions

is given by the famous Pauli exclusion principle. These conditions, however, are

not always sufficient. For pure N -fermion states, a set of necessary and sufficient

conditions is given by the so-called Generalised Pauli constraints, which are more

restrictive than the Pauli exclusion principle. The saturation of these constraints,

which mathematically arise from the intrinsic nature of N -fermion states, is called

the pinning effect. In order to allow for an investigation of this effect in the third

chapter, we shall introduce the required techniques.
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For that, we shall review the concept of a truncated pinning analysis [87, 84] in

Sec. 2.4. In the last section, we shall report on the Q-measure which has recently

been developed in Ref. [94]. This measure provides a means to quantify the relevance

of the Generalised Pauli constraints beyond the influence of the well-known Pauli

exclusion principle in N -fermion systems.

2.2 N -particle Quantum Systems:

Framework and notational conventions

The quantum mechanical description of a single particle is based on the notion of

the d-dimensional1 one-particle Hilbert space H(d)
1 and unitary evolution in time. A

distinction is made between pure physical states represented by a vector |φ〉 ∈ H(d)
1

and mixed physical states, which are represented by hermitian, positive-semidefinite

trace-1-class operators on the Hilbert-Schmidt space HS
(
H(d)

1

)
of bounded linear

operators on H(d)
1 . The set of mixed states forms the closed convex hull of the set of

pure state density operators ρ = |ϕ〉 〈ϕ|. Famously, the unitary evolution operator Û

is determined by the Schrödinger equation:

i~
d

dt
Û(t) = Ĥ Û , (2.1)

which depends on the Hamiltonian Ĥ of the specific physical system at hand.

Many-particle concepts

For N distinguishable particles this framework can be generalised by introducing

the N -particle Hilbert space, which for N identical one-particle Hilbert spaces is

commonly written as:

HN ≡ H(d)
1 ⊗ . . .⊗H

(d)
1︸ ︷︷ ︸

N−times

≡
(
H(d)

1

)⊗N
. (2.2)

(Elementary) particles with identical properties, i.e. equal mass, charge, intrin-

sic spin, colour, etc., can in principle not be distinguished from one another. The

physical description must reflect this by remaining invariant under the operation of

swapping any two particles. The exchange of particles i and j possesses a unitary

representation Ûi↔j acting on HN . Applying this transformation twice to a system

1d ∈ {N ∪∞}.
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with a 3-dimensional single-particle configuration space equals the identity opera-

tion.2 Therefore, Ûi↔j has eigenvalues ±1. In nature, one can correspondingly find

two species of particles with definite exchange symmetry: bosons and fermions. N -

boson and N -fermion states are positive and negative eigenstates of all N(N − 1)/2

pair-swapping transformations Ûi↔j, respectively. If some N -particle Hamiltonian is

invariant under particle exchanges, its associated N -particle system can be regarded

as a bosonic or fermionic system. The Hilbert space of the quantum mechanical

description then has to be restricted to the subspace of either totally symmetric or

antisymmetric states, i.e. states with positive or negative exchange symmetry. We

shall now define the projectors onto these subspaces.

Bosonic and Fermionic Hilbert Spaces

Let SN denote the group of all permutations of N elements. A unitary representation

of the permutation group acting on HN may be found by successively applying the

particle swapping operations Ûi↔j. The unitary Ûσ, which represents the permutation

σ ∈ SN , is a linear operator whose action on a product of single particle states

|φi〉 ∈ H(d)
1 is given by:

Ûσ[|φ1〉 ⊗ |φ2〉 ⊗ . . .⊗ |φN〉] ··= |φσ−1(1)〉 ⊗ |φσ−1(2)〉 ⊗ . . .⊗ |φσ−1(N)〉 . (2.3)

The projectors onto the bosonic and fermionic subspaces of HN are the symmetrising

operator SN and the antisymmetrising operator AN , defined by:

SN |ΨN〉 =
1√
N !

∑
σ∈SN

Ûσ |ΨN〉, (2.4a)

AN |ΨN〉 =
1√
N !

∑
σ∈SN

sign(σ)Ûσ |ΨN〉. (2.4b)

Consequently, the fermionic and bosonic subspaces can be expressed as:

H(f)
N ≡ AN [HN ] ≡ ∧N

[
H(d)

1

]
� HN (2.5)

and

H(b)
N ≡ SN [HN ] � HN . (2.6)

In the language of density operators, a mixed N -fermion state ρ
(f)
N has to fulfil

the following conditions:

ρ
(f)
N = ANρ(f)

N = ρ
(f)
N AN . (2.7)

2Note that this is not true in strictly two-dimensional systems in which the different topology of
the configuration space gives rise to fractional statistics and the occurrence of anyonic quasi-particles;
see Ref. [89] for more information.
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Similarly, projective relations are found for mixed bosonic states. The convex sets of

mixed fermionic and bosonic density operators shall be denoted by M(f)
N and M(b)

N :

M(f)
N
··=
{
ρN ∈ HS

(
HN

) ∣∣ ρN = ANρN = ρNAN , tr(ρN) = 1 , ρN ≥ 0
}

;

M(b)
N
··=
{
ρN ∈ HS

(
HN

) ∣∣ ρN = SNρN = ρNSN , tr(ρN) = 1 , ρN ≥ 0
}
.

(2.8)

Reduced Density Operators

The full information encoded in ρ
(f/b)
N about N indistinguishable particles is usually

not required for understanding many physical properties of a system at hand. Consid-

ering only the reduced information about a smaller number of particles thus provides

a crucial concept. For that purpose, one has to introduce the partial trace.

Let {|ji〉}di−1
ji=0 be an orthonormal basis of {H(di)

1,i }, which induces the product ba-

sis |j1〉 ⊗ |j2〉 ⊗ . . . ⊗ |jN〉, ji ∈ {0, . . . , di − 1}, on the N -particle Hilbert space

HN . Denote the components of the N -particle density operator ρN in that basis by(
ρN
)
j1,...,jN ,j

′
1,...,j

′
N

. The reduced (N − 1)-particle density operator ρ
N\{k} is derived by

tracing out the kth particle of ρN . Its components in the product basis of {|ji〉}di−1
ji=0

are given by(
ρ
N\{k}

)
j1,...,jk−1,jk+1,...,jN ,j

′
1,...,j

′
k−1,j

′
k+1,...,j

′
N

=

dk∑
jk=1

δjkj′k
(
ρN
)
j1,...,jN ,j

′
1,...,j

′
N
. (2.9)

The partial trace is a linear operation and can therefore be restricted to the bosonic

and fermionic subspaces of HN . For states of indistinguishable particles, the partial

trace becomes independent of the traced out particle index:

tr{k}[ρ
(f/b)
N ] = tr{m}[ρ

(f/b)
N ], ∀m, k ∈ {1, . . . , N}. (2.10)

The partial trace over multiple particles can be defined by repeatedly applying

the partial trace over a single particle:

ρ
N\{k1,...,kr}

··= tr{k1} ◦ tr{k2} ◦ . . . ◦ tr{kr}[ρN ]. (2.11)

Due to the independence of the partial trace on the particle label in an ensemble of

indistinguishable particles (2.10), the partial traces of ρ
(f/b)
N can be defined merely by

the number of the particles to be traced out. Without loss of generality, this may

conveniently be written as:

ρ(f/b)
r ≡ trN−r[ρN ] ··= ρ(f/b)

N\{k1,...,kN−r}
. (2.12)

Henceforth, ρ
(f/b)
r shall be called the r-particle (reduced) density operator (r-RDO) of

the N-particle density operator ρ
(f/b)
N . In order to present and discuss various concepts

and relations of r-particle density operators, it proves helpful to use the language of

second quantisation, i.e. Fock spaces and ladder operators.
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Fock spaces and ladder operators

So far we have considered Hilbert spaces of systems with fixed particle number. Ad-

ditional powerful tools - also applicable to systems with constant particle number -

can be provided by allowing for variable particle numbers, which in turn requires the

introduction of the Fock spaces F (f/b):

F (f) ··=
d⊕

N=0

AN [HN ]. (2.13)

Recall that d represents the dimension of the underlying one-particle Hilbert space.

Similarly, the Fock space for bosons can be constructed as an infinite direct sum of

N -particle Bosonic Hilbert spaces:

F (b) ··=
∞⊕
N=0

SN [HN ]. (2.14)

The Fock spaces can be equipped with a basis induced by an orthonormal basis

{|i〉}d−1
i=0 of the one-particle Hilbert space H(d)

1 . The states

|i1, i2, . . . , iN〉(f) ··=
1√
N !

∑
σ∈SN

sign(σ) |iσ−1(1)〉 ⊗ . . .⊗ |iσ−1(N)〉 (2.15)

will be called Slater determinants. They form an orthonormal basis of the fermionic

Fock space F (f). For the bosonic Fock space F (b) one similarly defines orthonormal

basis elements

|i1, i2, . . . , iN〉(b) ··=
1√
N !

∑
σ∈SN

|iσ−1(1)〉 ⊗ . . .⊗ |iσ−1(N)〉 (2.16)

which will be called permanents.

At this point, let us introduce a convenient notational short form for Slater deter-

minants that will become useful in later sections. Since the space H(f)
N is spanned by(

d
N

)
Slater determinants that consist of N different single-particle states, we consider

the set PdN of all N -subsets of {0, 1, . . . , d− 1}:

PdN ··=
{
X ⊆ {0, 1, . . . , d− 1}

∣∣ |X| = N

}
. (2.17)

Every N -tuple s = (s1, . . . , sN) ∈ PdN , which is called a configuration, defines a Slater

determinant w.r.t. the orthonormal single-particle basis {|i〉}d−1
i=0 via |s〉 ≡ |s1, . . . , sN〉.

Consequently, the expansion of any N -fermion state |ψ(f)
N 〉 can be written as:

|ψ(f)
N 〉 =

∑
s∈PdN

cs |s〉 , ∀cs ∈ C. (2.18)
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The ladder operators ĉ|φ〉 and ĉ†|φ〉 create and annihilate fermions in the single-

particle state |φ〉. Their action onto arbitrary N -particle states can entirely be un-

derstood by considering the action of ĉ|i〉 and ĉ†|i〉 onto the Fock state basis (2.15) since

ĉ|φ〉 can be written as a linear superposition of the ĉ|i〉:

ĉ|i1〉 |i1, i2, . . . , iN〉
(f) = |i2, . . . , iN〉(f) , ĉ†|i1〉 |i2, . . . , iN〉

(f) = |i1, i2, . . . , iN〉(f) ,

ĉ|i1〉 | 〉 = 0.
(2.19)

The vacuum state is represented by | 〉. Evidently, the fermionic antisymmetry is

equivalent to the following fermionic anti-commutation relations:

{ĉ|i〉, ĉ†|j〉} = δi,j, {ĉ|i〉, ĉ|j〉} = 0, {ĉ†|i〉, ĉ
†
|j〉} = 0. (2.20)

Henceforth, we shall abbreviate ĉ|i〉 by ĉi when the reference basis is known by context.

In the same manner, bosonic ladder operators b̂|φ〉 and b̂†|φ〉 can be defined by:

b̂|i1〉 |i1, i2, . . . , iN〉
(b) =

√
n|i1〉 |i2, . . . , iN〉(b),

b̂†|i1〉 |i2, . . . , iN〉
(b) =

√
n|i1〉 + 1 |i1, i2, . . . , iN〉(b) , b̂|i1〉 | 〉 = 0,

(2.21)

where n|i1〉 represents the number of bosons in the one-particle state |i1〉. The bosonic

commutation relations read:

[b̂|i〉, b̂
†
|j〉] = δi,j, [b̂|i〉, b̂|j〉] = 0, [b̂†|i〉, b̂

†
|j〉] = 0. (2.22)

The ladder operators allow us to introduce another representation of the r-particle

reduced density operator:

(ρr)i1,...,ir;k1,...,kr ≡ 〈i| ρr |k〉 ··=
〈
â†i1 . . . â

†
ir
âkr . . . âk1

〉
ρN
. (2.23)

The operators âi and â†i symbolise either fermionic or bosonic ladder operators. Note

that by contrast to the earlier definition, this form of the reduced r-particle den-

sity operator is normalised to
(
N
N−r

)
. Commonly found in the literature of Quantum

Chemistry, this convention especially implies that the 1-particle reduced density oper-

ator is normalised to the particle number. Unless stated otherwise, it will be adopted

throughout the thesis.
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Physical significance of ρ1 and ρ2

In (classical) Hamiltonians n-body terms depend on n-tuples (αi1 , . . . , αin) ∈ Kn

of single-particle configuration space points. The n-body Hamiltonians associated

with systems of indistinguishable particles are inherently invariant under particle

exchanges. In the language of second quantisation they read:

Ĥ = Ĥ0 +
∑
m,m′

h
(1)
mm′ â

†
mâm′+

∑
m,l,m′,l′

h
(2)
mlm′l′ â

†
mâ
†
l âm′ âl′+ . . .+

∑
...

h(n)
... â

†
m1
. . . âm′1 . . .+ . . .

(2.24)

Again, â and â† can represent either bosonic or fermionic ladder operators. A detailed

treatment of the second quantisation of n-body operators may be found in Ref. [76].

It is now a crucial observation that all physically relevant Hamiltonians only in-

volve 1- and 2-body terms. By using Eq. (2.23) we can simplify the general expression

of the energy functional:

E[ρN ] ··= tr[ĤρN ]
(2.24)
= H0 + tr[ĥ(1)ρ1] + tr[ĥ(2)ρ2] ≡ E[ρ2], (2.25)

where it is understood that ρ1 = tr1[ρ2]. The energy functional becomes an effective

functional of the 2-particle reduced density operator. Since the complexity of the

many-particle Schrödinger equation grows exponentially with the number of particles,

this reduction in complexity of the energy functional to O(d4) has raised hopes to

find a computationally more efficient description of many-body quantum systems in

terms of reduced density operators [68, 97, 26, 24]. However, in order to carry out the

variation of (2.25) w.r.t. ρ2, a set of (compact) constraints is required that guarantee

the N -representability of the respective two-particle density operators.

Definition 1 (N-representability)

An r-particle density operator ρr is called pure-/ensemble-N-representable if it can

be written as an r-particle reduced density operator of some pure/mixed N-particle

density operator ρN : ρr = trN−r[ρN ]. The problem of determining a compact form of

the related set of necessary and sufficient conditions is generally known as the r-body

pure-/ensemble-N-representability problem.3

More generally, the task of identifying a compact set of criteria on a tuple of density

operators {ρA, ρB, ρC , . . .} to form marginals of a multipartite quantum system is

known as the quantum marginal problem [82]. A density operator ρA forms a marginal

3Unfortunately, the term of ‘N -representability’ has seen ambiguous use in the literature.
Whereas some authors (see, e.g., Ref. [63]) restrict its use to fermions, others include bosons, too
(see, e.g., Ref. [19]). This thesis adopts the latter convention.
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of the composite system X = (A∪B ∪ . . .) if a density operator ρX exists, such that

ρA is given by the partial trace of ρX : ρA = trX\A[ρX ]. Two marginals ρA and ρB are

called overlapping if A ∩ B 6= ∅. Accordingly, a quantum marginal problem is called

overlapping if any two of the marginals overlap.

For r ≥ 2 the r-body N -representability problem constitutes an example of an

overlapping quantum marginal problem. Liu et al. [63] have proven the fermionic

version to be QMA complete. Expressed in simplified terms this means that no

tractable general solution can be derived.4 A similar result was shown to hold for

bosons [104].

For r = 1 the problem becomes non-overlapping. The solution to a non-overlap-

ping quantum marginal problem can be entirely expressed in terms of the spectra of

the marginals and the total density operators. This is a consequence of local unitary

equivalence: Given a tuple of marginals {ρA, ρB, ρC , . . .} compatible with a composite

state ρX , any tuple of marginals related by local unitaries, i.e. ρ̃A = UAρAU †A etc.,

will be compatible with a composite state given by ρ̃X = (UA⊗ . . .)ρX(UA⊗ . . .)†. In

a series of ground-breaking works [1, 2, 50, 51, 52] Klyachko and Altunbulak derived

the solution to the non-overlapping quantum marginal problem for pure and mixed

states of the composite system. They found that the sets of compatible spectra are

generally given by polytopes. In fermionic systems this has established the notion of

Generalised Pauli constraints which are to be introduced subsequently. Before doing

so and exploring the concept of reduced particle information more deeply in the next

section, we shall add two closing remarks:

Firstly, as an immediate consequence of Eq. (2.1) we observe that systems with

definite exchange symmetry will preserve this symmetry under unitary evolution.

Secondly, note that the anti-commutation relations (2.20) together with the pos-

itivity of the operators ĉiĉ
†
i and n̂i = ĉ†i ĉi imply the famous Pauli exclusion principle:

0 ≤ 〈n̂i〉 ≤ 1 , (2.26)

which can also be recasted as 0 ≤ ρ1 ≤ 1. In words: There can be no more than one

fermion occupying the (arbitrary) single-particle state |i〉. Further also note that the

inequalities (2.26) especially hold for the occupation numbers of the eigenstate basis.

Since the largest and lowest eigenvalues of a hermitian operator constitute upper and

lower boundaries on the occupation numbers of any arbitrary basis, one may regard

4In order to still make use of the simplified form of the energy functional (2.25) several techniques
have been examined to provide an approximative description of the set of N -representable two-
particle density matrices (see, e.g., Refs. [24, 38, 34, 108, 69]).

12



(2.26) as a constraint on the eigenvalues of ρ
(f)
1 . For the remainder of this chapter,

we will consider fermionic systems only and shall therefore omit the fermionic index

on ladder and density operators.

2.3 Fermionic N -representability and

Generalised Pauli Constraints

At the beginning of this section, two theorems on the 1-body N -representability of

fermions will be presented. We shall consider settings with finite d-dimensional one-

particle Hilbert spaces. Since we have a non-overlapping quantum marginal problem

at hand, the solution can be expressed in terms of the spectra5 of the density operators

(see related remarks in the previous section). This suggests the following useful

definition:

Definition 2 (Natural occupation numbers and orbitals)

The eigenstates of the 1-particle (reduced) density operator are called natural orbitals

and will be denoted by {|Oj〉}j∈J ; the associated eigenvalues are called natural oc-

cupation numbers (NONs) λj. They form the non-increasingly ordered ~λ-vector of

eigenvalues: ~λ ≡
(
λj
)↓
j∈J .

The Pauli exclusion principle (2.26) was shown to represent a necessary condition

for the pure- and ensemble-N -representability of fermionic 1-RDOs. The following

theorem ensures that it is also a sufficient condition for ensemble-N -representability

(see, e.g., Ref. [24]):

Theorem 1 (Ensemble-N-representability)

A fermionic 1-particle density operator is ensemble-N-representable if and only if its

normalised eigenvalues obey the Pauli exclusion principle:

0 ≤ λj ≤ 1, ∀j ∈ J ; tr[ρ1] =
∑
j∈J

λj ≡ ||~λ||1 = N. (2.27)

Proof: In order to show that (2.27) is not only necessary but also sufficient let us

consider the Pauli (hyper-) cube Wd ≡ [0, 1]d of all ~λ ∈ Rd obeying the exclusion

principle. The extremal points of this linearly closed and linearly bounded convex

set are given by the 2d different vectors with entries 0 or 1. The convex subset W̄d

of N -normalised vectors within the Pauli cube is yielded by intersection of Wd with

5In the case of finite dimensional Hilbert spaces the spectrum coincides with the set of eigenvalues.
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the hyperplane defined by tr[ρ1] = N . Due to the theorem of Dubins,6 the extremal

points of W̄d are given by the
(
d
N

)
vectors ~si with N entries 1 and d − N entries

0. Consequently, some arbitrary vector ~λ fulfilling (2.27) can be written as a convex

combination of the vectors ~si: ~λ =
∑

i qi~si, where qi ≥ 0. One may now construct

Slater determinants |si〉 of the single-particle natural orbitals corresponding to the

occupations indicated by each ~si. The ensemble N -particle state derived by convex

superposition ρN =
∑

i qi |si〉 〈si| then constitutes an N -representation of the 1-body

state defined by ~λ.

Generalised Pauli Constraints

Unlike the ensemble-N -representability problem, the pure 1-body-N -representability

problem turns out to be much more intricate. For a long time after Pauli’s work [75]

it was unknown whether the conditions (2.27) would also be sufficient to guarantee

N -representability by a pure state. First evidence that further constraints would

be required in at least some cases was found by Borland and Dennis in 1970 [12].

The generalisation to arbitrary numbers of particles N and single-particle states d

was eventually derived in the remarkable works by Klyachko and Altunbulak (see

Refs. [1, 2, 50, 51, 52]). Their results may (without proof) be summarised in the

following theorem:

Theorem 2 (Pure N-representability and Generalised Pauli Constraints)

For arbitrary but fixed N and d, the set of fermionic 1-particle density operators that

are representable by a pure N-particle state is determined by a finite set of linear

constraints on the N-normalised ~λ-vector associated with ρ1:

Dj(~λ) = κ
(0)
j +

d∑
i=1

κ
(i)
j · λi = κ

(0)
j +~κj ·~λ ≥ 0 for j ∈ 1 . . . rN,d, ||~λ||1 = N. (2.28)

The number of constraints rN,d is finite. It is further a non-trivial mathematical fact

that all coefficients κ
(0)
j and κ

(i)
j can be chosen as integers. The inequalities (2.28) are

called Generalised Pauli Constraints (GPCs) of the setting ∧N
[
H(d)

1

]
. The set of all

functions Dj will be denoted by GN,d.

The relation between the GPCs and the Pauli exclusion principle is best under-

stood by a geometrical illustration of the constraints. Each GPC in (2.28) describes

a half-space of allowed ~λ-vectors in Rd. The intersection of all these half-spaces forms

6“Every extreme point of a convex set derived by intersection of a linearly bounded and linearly
closed convex set C with m hyperplanes is a convex combination of at most m + 1 extreme points
of C.” Cf. Ref. [32].
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Figure 2.1: Schematical illustration of the GPC-polytope geometry. Left: Hyperplane
Ξ of normalised vectors within the (λi, λj, λk)-subspace of the Pauli hyper-cube Wd

(dotted box frame). The ordering constraints λi ≥ λj and λj ≥ λk are marked with
dashed lines. The polytope P results from further intersection with halfspaces defined
by the GPCs. The schematic boundary of the polytope is marked by red segments.
Right: Reduction of the illustration to the (λi, λj)-subspace. Note that the polytope
P is a proper subset of the Pauli simplex Σ.

a polytope within the Pauli hypercube Wd. Additionally, one has to take into ac-

count the normalisation condition and the ordering constraints λi ≥ λi+1, which also

correspond to half-spaces. The resulting set becomes a polytope again:

P(N,d) ··= {~λ ∈ Rd|Dj(~λ) ≥ 0, ∀j = 1 . . . rN,d, ∧ λi ≥ λi+1 ∧ ||~λ||1 = N}. (2.29)

This polytope is contained within the Pauli simplex, which consists of all non-increas-

ingly ordered vectors fulfilling the conditions (2.27):

Σ(N,d) ··= {~λ ∈ Rd| 0 ≤ λi ≤ 1, ∀j = 1 . . . d, ∧ λi ≥ λi+1 ∧ ||~λ||1 = N}. (2.30)

Note that P(N,d) ( Σ(N,d) directly implies that the Pauli exclusion principle is

a weaker constraint on pure states than the antisymmetry of the N -fermionic wave

function. A sketch of these geometrical concepts is shown in Fig. 2.1 where a section

of the λ-space is displayed. It is a crucial observation that some half-space can ab

initio not be related to an inequality with unique coefficients since each common

multiple of the coefficients would give rise to the same set of points. This induces an

ambiguity in the representation of the GPCs in form of Dj functions. However, the

non-trivial fact that all coefficients may be chosen to be integers allows one to define
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Figure 2.2: (λ4, λ5, λ6)-space of the Borland-Dennis polytope. The extremal points
read ν2 = (1

2
, 1

4
, 1

4
), ν3 = (1

2
, 1

2
, 1

2
), ν4 = (1

2
, 1

2
, 0) and 0 = (0, 0, 0). The facets 0ν2ν3,

0ν3ν4 and ν2ν3ν4 correspond to the ordering constraints λ5 ≥ λ6, λ4 ≥ λ5 and
λ3 ≥ λ4, respectively. The inequality constraint (2.31b) specifies the facet 0ν2ν4
tagged by FD. The Pauli simplex Σ(3,6) is given by 0ν1ν4ν3, where ν1 = (1

2
, 0, 0).

a unique representation of the constraints by requiring the κ
(i)
j to assume the smallest

possible integer values.

Let us now briefly discuss the Borland-Dennis setting [12] as an important example

of GPCs. The GPCs of the setting ∧3[H(6)
1 ] are given by:

λ1 + λ6 = λ2 + λ5 = λ3 + λ4 = 1, (2.31a)

λ1 + λ2 + λ4 ≤ 2. (2.31b)

Due to the three equalities (2.31a), the set of compatible ~λ-vectors can be displayed in

the (λ4, λ5, λ6)-space, cf. Fig. 2.2. By this means, all (full six-dimensional) ~λ-vectors

are automatically normalised. The inequality gives rise to the facet of the polytope

spanned by the points (0, 0, 0), ν2 and ν4 and indicated by FD. The other facets

originate from the ordering constraints (see figure capture). The Pauli simplex Σ(3,6)

is spanned by the points (0, 0, 0), ν1, ν3 and ν4 and thus satisfies the embedding

relation P(3,6) ( Σ(3,6).

A couple of other settings of GPCs are provided in the appendix, Sec. A. In

principle, all settings of GPCs may be computed with help of the algorithm invented

by Altunbulak and Klyachko (see, e.g., Ref. [2]). Unfortunately, the computational
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resources required by this algorithm increase severely with the number of particles N

and dimensions d. So far, the GPCs are known for settings of up to N = 5 particles

in d = 10 dimensions and N = 3 particles in d = 11 dimensions. An alternative

approach to the computation of GPCs was suggested by Bürgisser et al. in 2015 [15]

(also cf. Ref. [21]). However, the description of higher-dimensional GPCs still remains

to be an open question. As we shall see further below, this poses a major challenge

to all physical applications since the required active spaces typically have dimensions

much larger than d = 10. Additional structural insight into the GPCs is given by

the particle-hole duality and a type of consistency requirement between settings of

different dimensions and particle numbers.

Particle-hole duality and the inclusion relation for GPCs

The particle-hole duality has its origin in a natural isomorphism between the N -

fermion and the (d − N)-fermion Hilbert spaces: ∧N
[
H(d)

1

]
' ∧(d−N)

[
H(d)

1

]
. This

isomorphism establishes a one-to-one correspondence between the two respective sets

of N -representable ~λ-vectors. Every GPC of the (N, d) setting gives rise to a GPC of

the (d−N, d)-setting:

D
(d−N,d)
j (λ1, λ2, . . . , λd) ··= D

(N,d)
j (1−λd, 1−λd−1, . . . , 1−λ1), ∀j ∈ 1 . . . rN,d. (2.32)

Another important property of GPCs linking settings of higher particle numbers

and dimensions to smaller settings is given by the inclusion relation. By physical

intuition one might surmise that a simplified description of an N -fermion system,

in which certain orbitals will remain occupied by ‘frozen’ fermions, while other or-

bitals will remain unoccupied, can be provided by considering the ‘active’ levels only.

‘Active levels’ in this context refers to those natural orbitals whose associated nat-

ural occupation numbers are strictly smaller than one and larger than zero. For

pure states this idea can be given a precise formulation in terms of GPCs as follows:

A ~λ-vector with u entries 1 and v entries 0 is compatible with a pure state of the

∧u+N
[
H(d+u+v)

1

]
-setting if the reduced ~λ-vector, consisting of the d active occupation

numbers, is compatible with a pure state of the smaller setting ∧N
[
H(d)

1

]
.

~λ ≡ (1, . . . , 1︸ ︷︷ ︸
u

, λ1, λ2, . . . , λd, 0, . . . , 0︸ ︷︷ ︸
v

) ∈ P(u+N,d+u+v)

if and only if ~λ(r) ≡ (λ1, λ2, . . . , λd) ∈ P(N,d).

(2.33)

Geometrically, this can be regarded as an isomorphism between the projected

polytope P(u+N,d+u+v) and P(N,d):

P(N+u,d+u+v)
∣∣∣λd+u+1=...=λd+u+v=0

λ1=...=λu=1

' P(N,d). (2.34)
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For a proof we refer to Ref. [84].

Finally, it shall be remarked that the inclusion relation in the form of (2.33) or

(2.34) does not induce a one-to-one correspondence between the sets GN+u,d+u+v and

GN,d. However, it is ensured that for every GPC of the smaller setting there will be

a GPC of the larger setting whose projection yields the smaller one:

GN,d 3 D′j : ∃Dj ∈ GN+u,d+u+v,

such that D′j(λ1, λ2, . . . , λd) = Dj(1, . . . , 1︸ ︷︷ ︸
u

, λ1, λ2, . . . , λd, 0, . . . , 0︸ ︷︷ ︸
v

) .
(2.35)

2.4 (Quasi-)pinning of GPCs

The remarkable discovery of the GPCs raises the question about their physical signif-

icance. Among other potential physical manifestations, the pinning effect postulated

by Klyachko [52, 53] presents the perhaps most exceptional one. Klyachko proposed

that under minimisation of the energy functional 〈ψN |Ĥ|ψN〉 the system might as-

sume a ground state whose NONs saturated some GPCs. Any further reduction of

〈ψN |Ĥ|ψN〉 would require a violation of the GPCs which was prohibited by the funda-

mental nature of fermions. Therefore, the ~λ-vector would be pinned to the boundary

of the polytope P .

In his PhD thesis [84], Schilling raised the objection that since 〈ψN |Ĥ|ψN〉 was a

functional of the 2-RDO, the minimisation would certainly lead to “pinning” on the

level of 2-RDOs, but that the same could not generally be expected for the 1-RDO. It

thus comes as a surprise that in various systems the ~λ-vector can be found very close

to, but not exactly on the polytope boundary. This effect was coined as quasipinning

and shall be made precise with the following definition (cf. Ref. [87, 84]):

Definition 3 (Pinning and Quasipinning)

If the distance between the ~λ-vector of a pure N-fermion quantum state and the bound-

ary of the polytope ∂P is comparatively small to the extent of the Pauli hypercube:

dist
(
~λ, ∂P

)
� 1, (2.36)

then the system is said to exhibit quasipinning. If the ~λ-vector lies exactly on ∂P,

i.e. if dist
(
~λ, ∂P

)
= 0, then this shall be called pinning.
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Note that the unit length of the Pauli hypercube constitutes a natural length scale

in the space of NONs.

In order to understand why quasipinning should be physically relevant one has

to specify the distance measure used in Def. 3. Before doing so, an extraordinary

structural property of pinned N -fermion states shall be discussed. Let us denote

the ladder operators for the natural orbital basis {|Oj〉}j∈J of some N -fermion state

|ψN〉 with corresponding NONs ~λ by âj and â†j. For a GPC D ∈ GN,d (2.28) with

coefficients κ0 and ~κ define the operator:

D̂|ψN 〉 ··= κ01 + κ1â
†
1â+ . . .+ κdâ

†
dâd. (2.37)

Obviously, we have D
(
~λ
)

= 〈ψN |D̂|ψN 〉|ψN〉 which implies

D
(
~λ
)

= 0 ⇐⇒ 〈ψN |D̂|ψN 〉|ψN〉 = 0. (2.38)

Furthermore, a theorem can be proven [64] that establishes even a stronger relation:

D
(
~λ
)

= 0 =⇒ D̂|ψN 〉 |ψN〉 = 0. (2.39)

Note that this is quite unexpected since D̂|ψN 〉 has positive and negative eigenvalues.

As a consequence, the pinning of a GPC D by a ~λ-vector associated with |ψN〉 imposes

a selection rule on the expansion series coefficients of |ψN〉:

Corollary 1 (Selection rule on Slater determinants)

Let |ψN〉 =
∑
k∈PdN

ck |k〉 be the self-consistent expansion of the N-fermion state |ψN〉
in terms of Slater determinants of its natural orbitals. Further assume that the asso-

ciated ~λ-vector of |ψN〉 saturates the GPC D, i.e. D(~λ) = 0. Then Eq. (2.39) implies

that:

D̂ |k〉 6= 0 =⇒ ck = 0. (2.40)

One recognises that the number of Slater determinants required in an expansion of

the N -fermion state is significantly reduced if the corresponding ~λ-vector is pinned

to the boundary of the polytope.

To illustrate this remarkable property of the GPCs, let us examine the selection

rule emerging from the Borland-Dennis setting (2.31). By the equality constraints

(2.31a), the number of Slater determinants required for an expansion of some arbitrary

state |ψN〉 is reduced to 8. If the inequality constraint (2.31b) is saturated, then the

corresponding 3-fermion state can be simplified further:

|ψBD〉 = a |1, 2, 3〉+ b |1, 4, 5〉+ c |2, 4, 6〉 . (2.41)
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Here, the Slater determinants are defined with respect to the natural orbitals of |ψBD〉.
Let us stress the significance of the selection rule. By extremising the one-particle

information, one obtains additional structural insight about the N -particle informa-

tion.

In his thesis [84], Schilling conjectured that the selection rule (2.40) could be

extended to quasipinned states. More specifically, for an N -fermion state |ψN〉 with

associated NONs ~λ and D(~λ) = δ � 1, the L2-weight of |ψN〉 on the subspace of

Slater determinants suppressed by Eq. (2.40) is of the order O(δ).

1− | 〈ψN |PD|ψN〉 |2 ≤ O(δ). (2.42)

Here, PD denotes the projector onto the subspace of Slater determinants selected by

Eq. (2.40). Only recently, a proof of this conjecture was found [81] and is going to be

published soon.

Note that Eq. (2.42) may be regarded as a generalisation of the single-Slater de-

terminant approximation of weakly correlated systems. If the particle-particle inter-

actions are comparatively weak, the ~λ-vector will be found close to the Hartree-Fock

point ~λHF :
~λHF = {1, . . . , 1︸ ︷︷ ︸

N

, 0, . . . , 0︸ ︷︷ ︸
d−N

}. (2.43)

The deviation of the ~λ-vector from this point sets bounds on the overlap of the weakly

correlated N -fermion state with a single Slater determinant.

Let us return to the question of quantifying the strength of quasipinning by spec-

ifying the distance measure in Def. 3. Due to the significance of the selection rule in

corollary 1, one may propose the following measure:

Dmin

(
~λ
) ··= min

j
Dj

(
~λ
)
. (2.44)

Indeed, it can be shown that for Dmin(~λ) � 1, the measure Dmin reproduces the

geometrical l1 distance between the ~λ-vector and the boundary of the polytope7 up

to a prefactor:

dist1
(
~λ, ∂P

)
= min

j

(
2Dj

(
~λ
)

∆κj,max

)
∝ Dmin

(
~λ
)
, (2.45)

where ∆κj,max ··= maxk,l>0

{
|κ(k)
j −κ

(l)
j |
}

. A proof may be found in Ref. [94]. For other

lp distance measures the dependence of distp(~λ,P) on Dmin becomes more involved.

7Note that here ∂P does not strictly refer to the entire polytope boundary but rather only
encompasses the facets defined by the respective GPCs.
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Therefore, the measure Dmin is the most natural choice and shall thus be used to

quantify quasipinning throughout the rest of this thesis.8 Generally, quasipinning

shall be said to become “stronger” when Dmin decreases.

Pinning analysis and method of truncation

In order to use the minimal distance measure Dmin for the evaluation of quasipinning

in physical systems, it is necessary to provide practical means of its computation for a

given set of NONs. For systems with a finite dimensional one-particle Hilbert space,

the procedure is apparently simple: By evaluating the finite set of GPCs at the finite

dimensional ~λ-vector and taking the minimum of all outcomes, one can determine the

minimal distance Dmin. However, a major obstacle to this is given by the fact that

the form of the GPCs is only known for a limited number of smaller settings ∧N [H(d)
1 ]

(cf. discussion in the previous section). The situation becomes even more difficult if

one considers physical systems with infinite dimensional one-particle Hilbert spaces.

As a consequence, many works (cf., e.g., Refs. [52, 7, 18, 9, 96]) have resorted

to truncating the one-particle Hilbert space before solving the Schrödinger equation.

With this approach to a pinning analysis, however, one encounters the unfortunate

side-effect of having no knowledge or control on the truncation induced error in the

quasipinning measure.

A method to overcome this difficulty is given by the concept of a so-called truncated

pinning analysis [84, 93]. The idea of this technique is to derive a sufficiently accurate

set of NONs before truncating the ~λ-vector. Let |ψN ′〉 be an N ′-fermion state in

∧N ′ [Hd′
1 ] with exact ~λ-vector ~λ′ = {λ′i}d

′
i=1. Due to the inclusion relation into the

reduced setting ∧N [Hd
1] with N ′ ≥ N and d′ ≥ d (see Eqs. (2.33) and (2.35)), we find

that every GPC D′j ∈ GN ′,d′ can be assigned to one of the following two cases:

1. In the reduced setting of ∧N [Hd
1] there exists a GPC Dj, such that:

Dj(~λ
(r)) = D′j

(
1, . . . , 1︸ ︷︷ ︸
N ′−N

, ~λ(r), 0, . . . , 0︸ ︷︷ ︸
d′−d−N ′+N

)
, ∀~λ(r) ∈ P(N,d). (2.46)

2. For all ~λ(r) ∈ P(N,d), the inequality D′j
(
1, . . . , 1, ~λ(r), 0, . . . , 0

)
≥ 0 is either

implied by a set of inequalities Dj

(
~λ(r)
)
≥ 0 or becomes a simple tautology:

D′j
(
1, . . . , 1, ~λ(r), 0, . . . , 0

)
= const. ≥ 0 .

8Note that the global measure of the minimal distance Dmin (2.44) can further be refined by

considering the set of minimal distances to all GPC facets FDj ··= {~λ ∈ P |Dj(~λ) = 0}.
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Due to the linearity of the GPCs, one can thus estimate the true minimal distance of
~λ′ to the boundary of P(N ′,d′):

D′j
(
~λ′
)

= Dj

(
~λ(r)
)

+O(1− λ′N ′−N) +O(λ′d+N ′−N+1). (2.47)

In summary, the concept of the truncated (quasi-)pinning analysis consists of the

following steps:

1. Derivation of the exact (or sufficiently accurate) NONs ~λ′ of the N ′-fermion

state |ψN ′〉 ∈ ∧N
′
[Hd′

1 ] to be investigated.

2. Truncation of the ~λ′-vector to a d-dimensional vector ~λ(r).

3. Evaluation of the minimal distance of ~λ(r) to the boundary of the reduced poly-

tope P(N,d).

4. If the outcome is larger than the truncation error, then the analysis has been

conclusive. Otherwise it becomes necessary to choose a larger-dimensional

truncated ~λ-vector. From Eq. (2.47) we see that this error is of the order

max
[
O(1− λ′N ′−N),O(λ′d+N ′−N+1)

]
In the following chapter, the truncated quasipinning analysis will be applied to various

systems. An explicit example of its step-by-step implementation will be provided in

Sec. 3.3.1.

Further note that the structure of the truncated (quasi-)pinning analysis also

supports the choice of Dmin (i.e. l1) as the quasipinning measure. If a different norm

lp, p > 1 was used, the more involved dependence of distp(·, ·) on D(·) would imply

that adding “frozen” fermions and unoccupied levels changed the quasipinning of

the system. Therefore, the minimal distance measure Dmin (2.44) and with it the l1

distance provide the most natural choice.

In the final section of this chapter we are now going to examine the relevance of

the GPCs beyond the well-known Pauli exclusion principle.

2.5 The Q-parameter

In the previous section we have seen that the values {Dj(~λ)} provide an absolute

measure of the quasipinning strength. It was further outlined that strong quasipin-

ning is an indicator for a crucial role of the fermionic antisymmetry in the behaviour

of the system. Yet, as we shall now elaborate, such influence can sometimes already
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D2

D1F1

F2

Figure 2.3: Minimal l1-distances Dmin = D1, D2 of two different vectors ~λ and ~λ′

to the polytope facets F1 and F2. The polytope P is a proper subset of the Pauli
simplex Σ, the Hartree-Fock point (2.43) is marked by a red point (see Eq. (2.44) and
text for more details).

be expected from the approximate saturation of the weaker Pauli exclusion princi-

ple constraints (2.26). In particular, the question arises: What additional physical

insights can be gained by incorporating the GPCs into the description of fermionic

systems? In order to answer this question, one has to quantify the amount by which

the quasipinning of GPCs is already implied by the quasipinning of the respective

Pauli exclusion principle constraints.

Let us start by considering the schematical drawing of the polytope P and the

Pauli simplex Σ in Fig. 2.3. Since the polytope P (2.29) is a proper subset of the

Pauli simplex Σ (2.30) one recognises that ~λ-vectors close to the boundary of Σ must

also lie close to the boundary of the polytope. Observe that the quasipinning of the

NONs ~λ to the Pauli exclusion principle constraint λi ≤ 1 also corresponds to an

approximate saturation of the GPC D1. However, the quasipinning of the NONs
~λ′ to the facet F2 can not be inferred from approximate quasipinning of any Pauli

exclusion principle constraint.

For instance, consider the GPC D
(4,8)
12 of the setting ∧4[H(8)

1 ] (see, e.g., Eq. (A.2)):

D
(4,8)
12 (~λ) ··= 2− λ1 − λ4 − λ5 + λ8 ≥ 0. (2.48)

For all NONs that saturate the Pauli exclusion constraints λ1 ≤ 1 and λ8 ≥ 0, this

GPC reduces to 1− λ4 − λ5 ≥ 0. By invoking the inclusion relation (2.33) one finds

that this inequality is equivalent to the inequality 1−λ′3−λ′4 ≥ 0 in the reduced setting
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∧3[H(6)
1 ], which is the Borland-Dennis setting (2.31). Notice that, due to its equality

constraints (2.31a), the reduced inequality of the GPC D
(4,8)
12 will be automatically

saturated. Therefore, D
(4,8)
12 is exactly pinned whenever λ1 and λ8 are pinned by the

Pauli exclusion principle.

In the following, these ideas shall be formally worked out. By a geometrical

analysis of the GPCs, we find them to be hierarchically ordered in different classes.

This and a proper definition of the Pauli simplex facets will pave the way for the

definition of a measure Q, which will evaluate the relevance of the GPCs beyond the

exclusion principle.

Recall that the polytope P is a proper subset of the Pauli simplex Σ. This implies

that for all ~λ ∈ P we have ~λ ∈ ∂Σ ⇒ ~λ ∈ ∂P . Note that the boundaries of P and

Σ also comprise the facets defined by the ordering constraints λi ≥ λi+1. In order to

explore the geometric relation between proper constraint facets of the GPCs and the

exclusion principle, introduce the functions S and respective inequalities

Sr,s(~λ) ··=
r∑
i=1

(1− λi) +
d∑

k=d+1−s

λk ≥ 0, (2.49)

which are equivalent to the Pauli exclusion principle constraints (2.26). Here, r ≤ N ,

s ≤ d−N and r+s > 0. These constraints give rise to the facets of the Pauli simplex:

Σr,s ··=
{
~λ ∈ Σ

∣∣Sr,s(~λ) = 0
}

= Σ
∣∣

λ1=...=λr=1
λd+1−s=...=λd=0

.
(2.50)

The Pauli simplex facet Σr,s corresponds to all ~λ-vectors of the Pauli simplex, which

have r entries 1 and s entries 0. Obviously, ΣN,d−N is given by the Hartree-Fock point

(2.43) and contained within the next larger facet ΣN−1,d−N−2. More generally, the

following nesting relation holds:

Σr,s ⊆ Σr′,s′ if and only if r ≥ r′ and s ≥ s′. (2.51)

As an example, consider Pauli-simplex facets of the Borland-Dennis setting in Fig. 2.2.

The facet Σ3,3 is given by the point 0, the facet Σ2,2 by the line 0ν1 and the facet

Σ1,1 by the triangle 0ν1ν4 .

Let us define the facet Fj of a GPC Dj:

Fj ··=
{
~λ ∈ P

∣∣Dj(~λ) = 0
}
. (2.52)
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For an arbitrary but fixed pair of indices (r, s), the saturation of the constraint Sr,s ≥ 0

implies pinning of the GPC Dj if and only if

Fj ⊃ P ∩ Σr,s ' P ′, (2.53)

where due to the inclusion relation (2.33) the polytope P ′ is associated with the

setting ∧(N−r)[H(d−r−s)
1 ]. Explicitly written out, Eq. (2.53) reads

Dj(1, . . . , 1︸ ︷︷ ︸
r

, ~λ′, 0, . . . , 0︸ ︷︷ ︸
s

) = 0 , ∀~λ′ ∈ P ′. (2.54)

Note that this recovers the approach in our example (2.48) above.

The relation (2.53) allows us to define the natural classes Cr,s of GPCs:

Cr,s ··=
{
Dj ∈ GN,d

∣∣ P ∩ Σr,s ⊃ Fj
}
. (2.55)

The class Cr,s contains all those GPCs which are automatically pinned for all ~λ-

vectors with r entries 1 and s entries 0. The hierarchy of Pauli simplex facets (2.51)

is inherited by the classes Cr,s:

Cr,s ⊆ Cr′,s′ if and only if r ≤ r′ and s ≤ s′. (2.56)

This imposes a partial ordering on the set of index pairs (r, s). Consequently, for

each GPC Dj whose facet contains the Hartree-Fock point, there exists a minimal

pair (r, s).9 Practically, this pair can be determined by extremising the projected

constraint (2.54) over the domain of the reduced polytope P ′. For each fixed trial pair

(r, s), this task can be accomplished by a linear algorithm (see appendix, Sec. D for an

introduction to constrained optimisation). The corresponding results are displayed

in the tables of the appendix, Sec. A. Let us emphasise that the minimal pair (r, s)

of a GPC Dj states the minimal numbers of 1’s and 0’s one has to substitute into ~λ,

such that Dj(~λ) will be automatically pinned.

We have seen that the pinning of some Pauli exclusion principle constraint Sr,s

(2.49) implies pinning of all GPCs contained within the class Cr,s. Obviously, this

also extends to quasipinning. Recall that the l1 distance of ~λ to the facet Fj of a

GPC Dj is a linear function in the NONs (see Eq. (2.45)). A similar relation can be

derived for the l1 distance of ~λ to the Pauli simplex facet Σr,s:

dist1
(
~λ,Σr,s

)
= Sr,s

(
~λ
)
. (2.57)

9If for some GPC Dj one has Dj(~λHF ) > 0, then the facet does not intersect the Hartree-Fock
point and no minimal pair exists. This corresponds to the facet F2 in Fig. 2.3.
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Therefore, we find that dist1
(
~λ, Fj

)
is linearly bounded from above by dist1

(
~λ,Σr,s

)
:

dist1
(
~λ, Fj

)
≤ cjdist1

(
~λ,Σr,s

)
, (2.58)

for all pairs (r, s) with Dj ∈ Cr,s, of which henceforth, due to the nesting relation

(2.51), the minimal pair shall be chosen. The prefactor cj is given by

cj ··= min
~λ∈P

(
dist1

(
~λ,Σr,s

)
dist1

(
~λ, Fj

) ). (2.59)

For any pair (r, s) and GPC Dj, cj can be derived by means of a constrained opti-

misation. Example results are included in the tables of the Appendix A. Note that

the inequality (2.58) can also be regarded as an immediate consequence of the flat

geometry of the polytope and Pauli simplex facets.

By comparing the two l1 distances of ~λ to Fj and Σr,s one yields a natural measure

for the degree by which quasipinning of Dj exceeds the quasipinning of the Pauli

exclusion principle. This gives rise to the important definition of the Qj-measures:

Qj

(
~λ
) ··= − log10

(
Dj(~λ)

cj dist1(~λ,Σr,s)

)
. (2.60)

Analogously to the measure of a global minimal distance Dmin (2.44), one can define

the global Q-measure:

Q ··= max
j

(
Qj

)
. (2.61)

Let us consider three examples (cf. Appendix A). For the GPC D
(3,10)
58 we find

Q58

(
~λ
)

= − log10

(
12D58(~λ)

29 dist1(~λ,Σ1,3)

)
. (2.62)

ForD
(3,10)
40 two minimal pairs (r, s) exist and thus we use the maximum of the distances

between ~λ and ∂Σ:

Q40

(
~λ
)

= − log10

(
D40(~λ)

max
(
dist1(~λ,Σ0,4), 1

2
dist1(~λ,Σ1,1)

)). (2.63)

If a GPC facet does not intersect with any facet Σr,s, i.e. if it does not even contain

the Hartree-Fock point, then we replace dist1(~λ,Σr,s) by the natural length scale of

the Pauli hypercube 1. For instance the GPC D
(3,10)
15 gives rise to:

Q15

(
~λ
)

= − log10

(
5D15(~λ)

3

)
. (2.64)
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Let us once again stress the meaning of Q. For any NONs ~λ, a value Q(~λ) means

that the encountered quasipinning of GPCs is stronger by a factor of 10Q(~λ) than one

could expect from the quasipinning of the Pauli exclusion principle. Anticipating the

results of the next chapter, we shall say that if Q . 1 quasipinning becomes trivial

and if Q & 2 it becomes non-trivial.

Furthermore, Q also has an operational meaning. Recall the selection rule on the

expansion coefficients of (quasi-)pinned states, Cor. 1. A similar relation holds for

the coefficients of the states that are (quasi-)pinned by the Pauli exclusion principle

constraint Sr,s, giving rise to the bounds:

αlow Sr,s(~λ) ≤ 1− | 〈ψN |PISr,s |ψN〉 |
2 ≤ αtop Sr,s(~λ), (2.65)

where the prefactors αlow and αtop are strictly positive and PISr,s denotes the projector

of the respective N -fermion state |ψN〉 onto the subspace of Slater determinants

selected by pinning of Sr,s. These are all Slater determinants which contain all r

natural orbitals associated with the NONs λ1 . . . λr, but none of the natural orbitals

related to the NONs λd−s+1 . . . λd. By taking the ratio of relation (2.65) with its

analogue for a GPC Dj, one finds:

βlow × 10−Qj(
~λ) ≤

1− | 〈ψN |PDj |ψN〉 |2

1− | 〈ψN |PISr,s |ψN〉 |2
≤ βtop × 10−Qj(

~λ). (2.66)

The Q-parameter thus provides insight into how far quasipinning of a GPC implies

additional structural simplifications on the N -fermion wave function.

In the next chapter, we are going to present model systems for which we demon-

strate the evaluation of the Q-measure. This will allow us to access whether the

encountered absolute quasipinning Dmin is trivial or non-trivial.
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Chapter 3

Quasipinning in physical model
systems

In the previous chapter, we have discussed the remarkable discovery of GPCs. Gen-

erally, these constraints can be expected to be of particular physical relevance due

to a number of reasons. For example, in formalisms such as reduced density matrix

functional theory (RDMFT) the variation of the effective energy functional is usu-

ally carried out over the domain of 1-RDOs which is solely constrained by the Pauli

exclusion principle (2.26).1 Only recently, Theophilou et al. [96] have found that re-

stricting the variation domain by the GPCs leads to significantly different estimations

of the energy values. GPCs might further play a role in modified master equations for

the dynamics of fermionic NONs. Another possible instance for the relevance of the

GPCs is given by the (quasi-)pinning effect, which has been introduced and discussed

in the previous chapter. Recall that the NONs of (quasi-)pinned systems exhibit con-

straints on their dynamical evolution and that the respective N -particle states have a

significantly simplified structure. Hence, the study of the (quasi-)pinning effect and

its occurrence in physical systems has become a subject of growing interest among

many branches of physics and quantum chemistry [52, 7, 18, 84, 86, 9, 96, 64, 85].

Despite deserving credit for taking the first steps in a new field, those works have

not yet investigated models with infinite dimensional one-particle Hilbert spaces and

higher spatial dimensions resembling situations found in numerous realistic physical

systems. Furthermore, little if anything has been understood about the origin of

(quasi-)pinning.

In this chapter, we are going to present results of systematic studies on the oc-

currence and behaviour of (quasi-)pinning in representative physical model systems.

In Ref. [87], evidence for remarkably strong δ8-quasipinning was found in the model

1For a review on RDMFT and density functional theory (DFT) see, e.g., Refs. [22, 70, 77].
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system of so-called Harmonium of three spin-polarised fermions in one spatial di-

mension. We shall extend this result and systematically explore the quasipinning

in systems of higher particle numbers, higher numbers of spatial dimensions, dimen-

sional crossovers and finite degrees of spin polarisation. The results indicate that

quasipinning becomes weaker when the dimensionality of the system is increased, but

grows stronger with the number of particles and the degree of polarisation. More-

over, in their entirety the results give rise to the notion of specific ‘active spaces’ of

NONs and the existence of a ‘microscopic Pauli pressure’. Supposedly, this ‘pressure’

is at the origin of quasipinning and forces the ~λ-vector towards the boundary of the

polytope. Throughout all investigations, the concepts for conclusive pinning analyses

presented in the previous chapter will be applied.

For all physical cases mentioned above, we shall in addition study the relevance of

the computed quasipinning beyond the respective quasipinning of the Pauli exclusion

principle. In order to do so, we shall make use of the Q-measure introduced in the

previous section.

We start by introducing and motivating the model system of Harmonium in

Sec. 3.1 and derive its N -particle ground state. Thereafter, we shall determine the

respective 1-RDO and its NONs, and discuss the required methods for the truncation

of the ~λ-vector. In Sec. 3.3, quasipinning in one-dimensional N -Harmonium will be

studied. Special attention will be directed towards the validity of the pinning anal-

yses and the applied methods of truncation. Following that, quasi-one-dimensional

Harmonium will be considered in Sec. 3.4. In the next section, higher dimensions and

dimensional crossovers will be closely examined. In the last section, we are going to

investigate quasipinning in systems of spinful fermions.

The results of my research presented in this chapter have been published in

Refs. [93, 95].

3.1 The model system and its ground state

In this section we introduce the model system of Harmonium in arbitrary spatial

dimensions. The structure of its ground state will be thoroughly examined and a

concise definition of all coupling parameters will be provided.

Consider a system of N identical (yet spinless) particles of mass m, which are

confined in an n-dimensional (not necessarily isotropic) harmonic trapping potential.

The potential may be characterised by its n trapping frequencies
{
ω(α)

}n
α=1

. Further

30



assume that the particles exhibit a harmonic particle-particle interaction of strength

K. Consequently, the Hamiltonian reads:

HN =
N∑
i=1

(
~p 2
i

2m
+
m

2
~x tiΩ~xi

)
+
K

2

∑
1≤i<j≤N

(~xi − ~xj)2. (3.1)

The quantities ~pi = (p
(α)
i )nα=1 and ~xi = (x

(α)
i )nα=1 represent the momentum and po-

sition operators of the i-th particle, respectively, and Ω ≡ diag(ω2
1, . . . , ω

2
n). In this

thesis, the N-fermion system associated with this Hamiltonian is referred to as Har-

monium.2

In Ref. [56], the Harmonium Hamiltonian was shown to emerge as an effective

model when a harmonic approximation is applied to systems of harmonically confined

interacting particles. A good example for the success of this approximation is given

by the effective description of quantum dots where the Coulomb interaction between

the electrons is screened (see Ref. [44]). Moreover, the Harmonium model allows one

to study the emergence of shell structures in atoms (see, e.g., Ref. [78]) and nuclei

(see, e.g., Ref. [109]). Last but not least, the model was also found to apply to

trapped ultracold gases in which the two-body interactions are tuneable [105, 11, 20].

In particular, this encompasses transitions from repulsive to attractive interactions.

In the context of our research, the Harmonium model offers a number of important

advantages, too. In order to analytically investigate the occurrence of quasipinning,

a system must permit the analytical execution of all of the following steps:

1. computation of the many-body eigenstates in a system of interacting fermions

(see, e.g. Refs. [102, 87, 83, 4]),

2. tracing out N − 1 particles (i.e. calculating analytically (N − 1)n integrals),

3. diagonalising the 1-RDO, either analytically in the regime of weak couplings or

exact numerically for medium and strong couplings.

While all three steps can be carried out for Harmonium, none of them is tractable for

most continuous physical models.

A priori, the Hamiltonian (3.1) acts as an operator on the N -particle Hilbert

space HN =
⊗N

i=1H1 (2.2), where the one-particle Hilbert space H1 is given by

2The term of Harmonium has seen ambiguous usage in the literature. Whereas some authors
consider it to be a system of N harmonically interacting particles in a harmonic external trapping
potential (see, e.g., Refs. [48, 8]), others use it to refer to a system of N particles in a harmonic trap
which interact via Coulomb forces (see, e.g., Ref. [23]).
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H1 = L2(Rn). When taking into account the spin degree of freedom in Sec. 3.6, the

one-particle Hilbert space will be modified to H = L2(Rn)⊗ C2.

Observe that HN remains invariant under arbitrary permutations of the particles.

In particular, this allows us to treat the N particles as indistinguishable fermions and

thus restrict the Hamiltonian (3.1) to the subspace of antisymmetric states ANHN ≡
H(f)
N , as defined in Eq. (2.5). In order to derive the set of fermionic eigenstates of the

Hamiltonian (3.1) we therefore may initially derive the set of all N -particle eigenstates

followed by a projection onto ANHN .

We shall now present a theorem on the general form and structure of the fermionic

ground state in Harmonium. A proof of this theorem may be found in the appendix,

Sec. B.1. As a first step, it is instructive to look at the Harmonium ground state

under zero particle-particle interaction, K = 0. In that case the time-independent

Schrödinger equation associated with the Hamiltonian (3.1) reduces to N uncoupled

one-particle eigenvalue problems of the form(
~p 2

2m
+

1

2
m~xtΩ~x

)
χ = ε χ . (3.2)

This specific equation is solved by the n-dimensional Hermite functions

φ(l)
µ (~x) ≡

n∏
α=1

ϕ
(l(α))

µ(α)
(x(α)) (3.3)

with corresponding energy eigenvalues

εµ =
n∑

α=1

(µ(α) +
1

2
)~ω(α). (3.4)

Here, ϕ
(l(α))
m denotes the m-th Hermite function in one dimension with natural length

scale l(α) ≡
√

~
mω(α) , µ ≡ (µ(α))nα=1 and l ≡ (l(α))nα=1.

It follows that the many-fermion eigenstates of the Hamiltonian (3.1) with K =

0 can be written as Slater determinants of the single-particle states (3.3). These

‘configuration states’ are characterised by a respective distribution of N particles on

N different states φ
(l)
µ . In particular, this applies to the ground state which is obtained

by choosing the N different one-particle states with lowest one-particle energies εµ,

and constructing their Slater determinant according to Pauli’s exclusion principle.

In general physical systems, the elegance of the one-particle description of many-

body energy eigenstates can not be retained when particle-particle interactions are

incorporated into the model. It thus comes as a surprise that at least the ground
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state of Harmonium for K 6= 0 still permits the usage of the convenient one-fermion

picture:3

Theorem 3

The N-fermion ground state Ψ(f) of the Harmonium model (3.1) is given by

Ψ(f)(~x1, . . . , ~xN) = N

∣∣∣∣∣∣∣∣
φ

(̃l)
µ1

(~x1) · · · φ
(̃l)
µ1

(~xN)
...

...

φ
(̃l)
µN (~x1) · · · φ

(̃l)
µN (~xN)

∣∣∣∣∣∣∣∣× e
~XtB ~X , (3.5)

with ~X ≡ 1
N

(~x1 + . . . ~xN) the centre-of-mass vector, B ≡ diag(B(1), . . . , B(n)), B(α) ≡
N
2

(
1

(l̃(α))2
− 1

(l(α))2

)
, ω̃(α) ≡

√
(ω(α))2 + NK

m
, l̃(α) ≡

√
~

mω̃(α) and N representing a

normalisation constant. The corresponding energy eigenvalue reads

Eµ1,...,µN ≡
N∑
i=1

ε̃µi , (3.6)

where the functionals ε̃µi are defined similar to those in Eq. (3.4):

ε̃µi ··=
n∑

α=1

(µ(α) +
1

2
)~ω(α). (3.7)

The quantum number vectors µ1, . . . ,µN in Eq. (3.5) are determined by the re-

quirement to simultaneously comply with the following two conditions:

1. the energy functional E (3.6) attains its minimal allowed value at µ1, . . . ,µN ,

2. all µi are different, i.e. they respect a form of an exclusion principle.4

Because the proof of Thm. 3 is not trivial, it shall be elaborated in the appendix,

Sec. B.1. Notice that the simple structure of the Harmonium ground states as pre-

sented in Thm. 3 does generally not extend to the excited states. It is thus not

possible to derive the form of the excited states by filling ‘boxes’ of higher energy and

multiplying the associated Slater determinant with the Gaussian factor in Eq. (3.5).

Instead we have to incorporate several different Slater determinants, which account

for the increasing correlations within the system.

3We remark that multi-dimensional Harmonium in isotropic traps, ω(1) = . . . = ω(n), has already
been considered in Ref. [102]. However, no constructive proof has been provided.

4Note that this exclusion principle should not be confused with Pauli’s exclusion principle which
applies to the entire wave function. Here, the constraint of two µi being different only applies to the
first factor of the wave function (3.5). In the same respect, the notion of distributing N fermions on
N places is more of an illustrative character.
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Figure 3.1: Graphical illustration of the fermionic ground state wave function Ψ(f)

for the exemplary case of N = 5 fermions in n = 2 spatial dimensions. The scheme
depicts the notion of Ψ(f) being given by a single Slater determinant times the factor
of e

~XtB ~X , which accounts for the physical correlations. Here, ~X ≡ 1
N

( ~x1 + . . . ~xN)
represents the centre-of-mass coordinate. The Slater determinant can be derived
by filling N ‘boxes’ with N particles. Each box is labelled by a quantum number
~µ = (µ1, . . . , µn) and describes a one-particle state in an n-dimensional harmonic
oscillator with frequencies ω̃(α), α = 1, . . . , n.

Let us now consider a graphical illustration of these ideas in Fig. 3.1. On the

left, a scheme of boxes which correspond to the energy functionals in Eq. (3.7) is

shown. The two conditions set out in Thm. 3 are met by successively filling these

boxes with N particles starting from the left lower corner and avoiding double oc-

cupancies. The ground state wave function is then derived by taking the Slater de-

terminant of the respective functions φ
(l̃)
µ and multiplying it with a factor of e

~XtB ~X .

Note that it is this factor which solely accounts for the non-trivial physical corre-

lations, whereas the Slater determinant only induces exchange-related correlations.

Fig. 3.1 explicitly depicts the example of N = 5 fermions in two-dimensional Har-

monium for which the occupied ‘boxes’ are given in terms of the ‘configuration’

C = {{0, 0}, {1, 0}, {0, 1}, {2, 0}, {1, 1}}.
We see that the Harmonium ground state for finite interaction bears resemblance

with the ground for vanishing interaction. More precisely, both states only differ

by the correlation term e
~XtB ~X and the modified natural length scales l̃(α) of the

Hermite functions φ
(̃l)
µ . The latter gives rise to a specific distinctiveness of ground
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states in the finite interaction regime. If some of the external parameters K and ω(α)

are tuned, the structure of the ground state can abruptly change at certain critical

values. Consider the energy ratios ε̃µ/ε̃µ′ which correspond to the ratios of distances

between the ‘boxes’ in different directions α = 1 . . . n (cf. Fig. 3.1). The tuning of the

external parameters changes these energy ratios, and it thus becomes possible that

the N -th and (N+1)th lowest energy levels ε̃µ cross. In turn, the initial configuration

{µ1, . . . ,µN} must be changed in order for the µi to comply with the requirement

for energy minimisation set out in Thm. 3.

An important example of such crossings occurs when one of the harmonic trapping

frequencies ω(α) is increasingly detuned such that the confining potential becomes

highly anisotropic. As a consequence, the motion in the α-direction is eventually

frozen. If, for instance, one increases ω(2) in the example set out in Fig. 3.1, then

the ground state configuration changes to {{0, 0}, {1, 0}, {2, 0}, {0, 1}, {3, 0}} and fi-

nally becomes {{0, 0}, {1, 0}, {2, 0}, {3, 0}, {4, 0}}, which corresponds to quasi-one-

dimensionality of the system (cf. Sec. 3.4).

At this point, it is instructive to compare the fermionic ground state Ψ(f) to the

bosonic ground state Ψ(b) of the Hamiltonian (3.1). Similar to the fermionic case, the

bosonic ground state can also be understood with the aid of the ‘box picture’. One

has to distribute N bosons on the lowest energy level, given by µ ≡ (0, . . . , 0) ≡ 0,

and multiply the resulting product state with e
~XtB ~X . This leads to the following form

of Ψ(b):

Ψ(b)(~x1, . . . , ~xN) ∼

(
N∏
i=1

φ
(̃l)
0 (~xi)

)
× e ~XtB ~X ∼

(
N∏
i=1

e−~xiA ~xi

)
× e ~XtB ~X . (3.8)

Here, A ≡ diag(A(1), . . . , A(n)) and A(α) ≡ 1
2(l̃(α))2

. For details, see appendix, Sec. B.1.

Before addressing the reduced one-particle information of Harmonium ground

states in the following section, it is worth taking a closer look at their symmetries.

First, note that for arbitrary sets of parameters, K and {ω(α)}nα=1, the Hamiltonian

(3.1) remains invariant when the α-coordinates of all N particles are simultaneously

reflected, P (α) : x
(α)
i → −x

(α)
i , i = 1, . . . , N . Specifically:

[Ĥ, U(P (α))⊗
N

] = 0 . (3.9)

In this equation, U represents the unitary operator on the one-particle Hilbert space,

which mediates the spatial reflection. Naturally, the symmetry of the Hamiltonian

enters the respective ground state: U(P (α))⊗
N

Ψ(f) = ±Ψ(f).
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Second, if the system is isotropic in particular spatial dimensions, e.g. if two

trapping frequencies coincide, ω(α) = ω(α′), then the Hamiltonian exhibits another

symmetry in form of an invariance under spatial rotations in the α − α′-plane:

R(α,α′) : (x
(α)
i , x

(α′)
i )t → R (x

(α)
i , x

(α′)
i )t, R ∈ SO(2). Clearly, the scheme also applies

to arbitrary numbers of spatial isotropies. Note further that it is this spatial degen-

eracy which gives rise to the interesting property of emerging energy shell structures

in isotropic Harmonium (see also Ref. [78]).

3.2 One-particle reduced density operator

and natural occupation numbers

In this section, we derive the 1-RDO of the N -Harmonium ground state which will

lay out the basis for all subsequent pinning analyses. We shall first address general

structural properties of the 1-RDO which arise from underlying symmetries of the

model Hamiltonian. This will be followed by a brief review on the form of the 1-RDO

in one-dimensional Harmonium, which has already been obtained in Refs. [87, 83].

Finally, the general form of the ground state 1-RDO for N -Harmonium in arbitrary

spatial dimensions will be presented and discussed.

3.2.1 General considerations

The fermionic 1-RDO, ρ
(f)
1 , of a pure quantum state has been defined in Eq. (2.12).

Throughout the rest of this chapter it shall be normalised to N and its lower index

shall be omitted where no confusion with ρN can arise.

At the end of the previous section, we have explored symmetries of the Harmonium

model. It is well-known that one-particle symmetries of the N -fermion state are

inherited by the respective 1-RDO (cf. Ref. [29]). Specifically, consider a one-particle

symmetry of the N -particle state |Ψ(f)〉 which is associated with the unitary operator

G = g⊗
N

. Here, g denotes a unitary operator on the one-particle Hilbert space H1.

For G to be a symmetry we have

G |Ψ(f)〉 = eiζ |Ψ(f)〉 , (3.10)

with ζ ∈ R. By the definition and nature of the partial trace this relation implies

that g and ρ(f) commute:

[g, ρ(f)] = 0. (3.11)
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The operators g and ρ(f) therefore share a common system of eigenstates, which in

turn implies that the 1-RDO, when regarded as a matrix in the basis of g-symmetry-

adapted states5, becomes block diagonal.

For example, consider a translationally invariant system of N spinful fermions.

The natural orbitals will be given by direct products of the Bloch states with spin

states. Hence, the natural orbitals and occupation numbers gain physical significance

by describing the one-particle momentum distribution.

In the case of N -Harmonium, the ground state symmetry under spatial reflection,

Eq. (3.9), permits a sophisticated choice of parity-adapted basis elements, which will

block-diagonalise the 1-RDO and make its diagonalisation easier.

3.2.2 One-particle reduced density operator
of the Harmonium ground state

We shall now discuss the 1-RDO of the one-dimensional N -Harmonium ground state

and present the tools that are required to compute its truncated spectrum. Then the

extension of these concepts to N -Harmonium in arbitrary spatial dimensions shall

be considered. In the following, it will be convenient to introduce the dimensionless

interaction strengths

κ(α) ··=
NK

m(ω(α))2
=

(
l(α)

l̃(α)

)4

− 1. (3.12)

For one-dimensional Harmonium the index of κ becomes redundant and shall be

omitted. Observe further that the spectrum and the eigenstates of the Harmonium

Hamiltonian (3.1) only depend on the ratios of K to (ω(α))2 and will thus merely be

functions of the κ(α).

The fermionic 1-RDO ρ(x, y) in spatial representation was derived in Ref. [83]

by integration of |Ψ(f)|2 over N − 1 particle positions. It becomes the product of a

symmetric polynomial F and a Gaussian:

ρ(f)(x, y) = F (x, y) e−α(x2+y2)+βxy . (3.13)

The coefficients of F , and the parameters α and β depend on the particle number N ,

the trapping frequency ω and the interaction strength K.6

5i.e. eigenstates of g
6The explicit form of these quantities may be found in the appendix, Sec. B.2, where the general

form of the fermionic 1-RDO is derived.
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In Sec. 3.1, Eq. (3.8), the form of the bosonic N -Harmonium ground state was

recognised to differ from the fermionic ground state only by a polynomial prefac-

tor. Integration over N − 1 particle positions yields the bosonic 1-RDO in spatial

representation (cf. appendix, Sec. B.2)

ρ(b)(x, y) =

√
2α− β
π

e−α(x2+y2)+βxy, (3.14)

which resembles the fermionic 1-RDO up to the polynomial prefactor F .

The bosonic 1-RDO is further recognised as the spatial representation of the Gibbs

state (see, e.g., Refs. [36, 84]) and can thus be analytically diagonalised:

ρ(b)(x, y) = c(κ)
∞∑
k=0

q(κ)k

k!
ϕ

(L)
k (x)ϕ

(L)
k (y). (3.15)

The eigenstates are given by the Hermite functions {ϕ(L)
k (x)}∞k=0 with natural length

scale L ≡
√
l l̃
[

(N−1)l̃2+l2

l̃2+(N−1)l2

] 1
4
. The prefactor reads c(κ) ≡ N

(
1− q(κ)

)
and the decay

factor q(κ) becomes:

q(κ) = 1− 2N

N +
√
N2 − (N − 1) [2− (1 + κ)2 − 1/(1 + κ)2]

. (3.16)

Unlike for bosons, it is more difficult to determine the spectrum of the fermionic

1-RDO (3.13) as this operator cannot analytically be diagonalised. Therefore, one

either has to resort to numerical techniques or to a perturbative expansion of ρ(f) in

the regime of small coupling strengths. Both methods initially require one to derive

a suitable matrix representation of the density kernel ρ(f). Due to the structural

similarities between the bosonic and fermionic 1-RDOs, it proves advantageous to

use the basis of bosonic natural orbitals, i.e. the Hermite functions:(
ρ(f)
)
kn
≡
(
〈ϕ(L)

k |ρ
(f)|ϕ(L)

n 〉
)
k,n≥0

. (3.17)

Note that the resulting (infinite-dimensional) matrix encompasses a number of prop-

erties:

First, since the Hermite functions have definite parity, ϕ
(L)
k (−x) = (−1)kϕ

(L)
k (x),

the matrix (ρ(f))kn can be decomposed into two diagonal blocks by sorting the basis

elements with respect to even and odd degree k (cf. Sec. 3.2.1):

ρ(f) = ρ(f)
even ⊕ ρ

(f)
odd. (3.18)

Hence, when the basis elements are ordered as in Eq. (3.17), the matrix elements

vanish,
(
ρ(f)
)
kn

= 0, whenever k + n is odd.
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Second, (ρ(f))kn has a band structure: By expressing x, y in terms of ladder op-

erators of a harmonic oscillator with length scale L, and noting that the polynomial

prefactor F has a finite degree 2(N − 1), one finds:(
ρ(f)
)
kn

= 0 , whenever |k − n| > 2(N − 1). (3.19)

Third, as a consequence of the Gaussian in the expression of ρ(f)(x, y) (3.13), the

matrix elements of
(
ρ(f)
)
kn

decay with powers of the decay factor q(κ):(
ρ(f)
)
kn
≤ const× q(κ)max(k,n). (3.20)

This relation paves the way for the derivation of the truncated ~λ-vector as shall now

be worked out in more detail.

The numerical computation of theR largest NONs of a fermionic 1-RDO with fixed

interaction strength κ can be accomplished by truncating the upper-left R×R block

of the matrix ρ
(f)
kn and determining its eigenvalues ~λ(R) ≡ (λ

(R)
i )Ri=1. The decaying

behaviour of the matrix (3.20), together with a norm estimate described in Ref. [79],

impose an upper bound on the deviation of ~λ(R) from the exact ~λ-vector:

‖~λ− ~λ(R)′‖1 ≤ const× q(κ)R+1, (3.21)

Here it is understood that ~λ(R)′ is the natural extension of ~λ(R) to an infinite dimen-

sional vector with λ
(R)′

i = 0 for i > R. For any arbitrary but fixed interaction strength

κ, the decay factor q determines the required size of truncation for a desired level of

accuracy in the natural occupation numbers. The dependence of q on κ is shown in

Fig. 3.2.

For small couplings one can further use perturbative methods to derive an ex-

pression for ~λ-vectors close to the Hartree-Fock point associated with K = 0 (see

Eq. (2.43)). Consider the expansion of q(κ) (cf. Eq. (3.16)) in the regime of weak

couplings:

q(κ) =
N − 1

N2
κ2 +

N − 1

N2
κ3 +O(κ4), (3.22)

In conjunction with the decay relation (3.20), this permits an expansion of the reduced

one-particle matrix
(
ρ(f)
)
kn

in a power series of κ:

ρ(f) ≡
∞∑
n=0

1

n!
ρ(n) κ

n. (3.23)

Note that as a consequence of the decay relation, all expansion coefficient matrices

ρ(n) have finite rank. By using degenerate Rayleigh-Schrödinger perturbation theory
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Figure 3.2: Dependence of the decay constant q(κ), defined in Eq. (3.16), on the
interaction strength κ.

one can therefore determine an analytical expression of the ~λ-vector to arbitrary order

in the perturbative interaction strength parameter.

Having thoroughly examined the case of one-dimensional Harmonium it is now

possible to generalise the above concepts to Harmonium in arbitrary spatial dimen-

sions. By using the Hubbard-Stratonovitch relation, a straightforward but labo-

rious calculation (see appendix, Sec. B.2) shows that the fermionic 1-RDO of the

n-dimensional Harmonium ground state is given by:

ρ(f)(~x, ~y) = F (~x, ~y) · ρ(b)(~x, ~y). (3.24)

Here, F (~x, ~y) is a multivariate polynomial and ρ(b)(~x, ~y) represents the corresponding

bosonic 1-RDO which is given by a product of Gaussians.

Similar to Eq. (3.15), the bosonic 1-RDO becomes diagonal in a product basis of

Hermite functions. Again, it proves beneficial to map the density kernel of ρ(f)(~x, ~y)

to the reduced density matrix in the product basis of Hermite functions. Following

that, one can apply the same concepts as set out after Eq. (3.17) above. Careful

attention needs to be paid to the altered decay relation, whose specific form will

depend on the ordering of the product basis elements.

In higher dimensional Harmonium, the use of symmetries for an efficient diago-

nalisation will become more important. Recall that the inversion symmetry could be

used to block-diagonalise the 1-RDO in bases with definite parity (cf. Sec. 3.2.1). For

instance, as a generalisation of the decomposition (3.18) one finds for two-dimensional

Harmonium:

ρ(f) = ρ(f)
ee ⊕ ρ(f)

eo ⊕ ρ(f)
oe ⊕ ρ(f)

oo , (3.25)
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where the indices e and o denote underlying even and odd parities for the respec-

tive dimensions α = 1, 2. Decomposition structures, such as (3.25), will help us to

significantly simplify the calculation of the eigenvalues of the 1-RDO ρ(f).

Finally, let us consider an alternative definition for a dimensionless interaction

parameter δ:

δ(α) ··= ln

(
l(α)

l̃(α)

)
=

1

4
ln
(
1 + κ(α)

)
=

1

4
κ(α) +O((κ(α))2). (3.26)

In Ref. [87], a duality relation for the ~λ-vector was observed which we find to extend

to Harmonium in arbitrary spatial dimensions. For all α = 1, 2, . . . , n, this duality

reads
~λ(. . . , δ(α), . . .) = ~λ(. . . ,−δ(α), . . .). (3.27)

If one chooses δ(α) as the perturbation parameter in the expansion of ~λ for small

coupling strengths (cf. Eq. (3.23)), then the series will only contain even order terms.

This furthermore establishes a one-to-one correspondence between quasipinning in the

regimes of attractive interactions (l̃(α) > l(α)) and repulsive interactions (l̃(α) < l(α)).

In the remainder of this chapter we shall explore the realm of quasipinning in

various physical situations.

3.3 One-dimensional Harmonium with

arbitrary particle numbers

Having developed the tools for computing truncated ~λ-vectors in the previous section,

we shall now discuss quasipinning in one-dimensional N -Harmonium. In the works of

Schilling et al. [87, 84], quasipinning of one-dimensional Harmonium has been investi-

gated by perturbation methods for N = 3 particles, and numerically for N = 4, . . . , 8

particles. In the present section, the perturbative analysis in the regime of weak

couplings shall be extended to higher particles numbers. Thereby, the active space

structure conjectured in Ref. [84] (cf. Tab. 3.1) will also be confirmed analytically.

In the regime of intermediate and strong couplings, we shall investigate the quasip-

inning and the validity of the truncation method. Furthermore, the Q-parameter

will be used to quantify the relevance of the encountered quasipinning beyond the

well-known pinning of the Pauli exclusion principle.
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. . . λN−3 λN−2 λN−1 λN λN+1 λN+2 λN+3 λN+4 . . .

. . . κ8 κ6 κ4 κ4 κ4 κ4 κ6 κ8 . . .

Table 3.1: Leading order corrections to the spectrum of the Hartree-Fock point ~λHF
(2.43), for the decreasingly-ordered NONs λi(κ) of the N-Harmonium ground state
for small coupling κ (also cf. Ref. [84]).

3.3.1 Weak couplings

To begin with, we shall extend the results of Ref. [87] to the 4-Harmonium ground

state. For weak couplings we can compute a perturbative series expansion of the
~λ-vector in the dimensionless interaction parameter δ (3.26) by applying degenerate

Rayleigh-Schrödinger perturbation theory. Up to correction terms of the orderO(δ10),

the nine largest NONs read:

λ1(δ) = 1− 555

65536
δ8 +O(δ10)

λ2(δ) = 1− 5

64
δ6 +

11735

196608
δ8 +O(δ10)

λ3(δ) = 1− 15

64
δ4 +

95

256
δ6 − 30387

65536
δ8 +O(δ10)

λ4(δ) = 1− 15

64
δ4 +

75

256
δ6 − 63281

196608
δ8 +O(δ10)

λ5(δ) =
15

64
δ4 − 75

256
δ6 58361

196608
δ8 +O(δ10)

λ6(δ) =
15

64
δ4 − 95

256
δ6 +

30987

65536
δ8 +O(δ10)

λ7(δ) =
5

64
δ6 − 15455

196608
δ8 +O(δ10)

λ8(δ) =
2835

65536
δ8 +O(δ10)

λ9(δ) = O(δ10) .

(3.28)

By exploiting the concept of truncation, we shall now perform a pinning analysis

for these NONs (also cf. Sec. 2.4):

1. Taking into account terms up to fourth order, O(δ4), the active space is given

by {λ3, λ4, λ5, λ6}, while all other NONs are either 1 or 0. The GPCs for the

(2, 4) setting, however, do not comprise inequalities and are therefore trivially

satisfied.

2. By considering all terms on the scale of O(δ6), one finds an active space with the

size of the Borland-Dennis setting (N ′, d′) = (3, 6) (cf. Eq. (2.31)). The active

NONs of this setting, λ′i, are linked with the ~λ-vector (3.28) via λ′i = λi+1,
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i = 1, 2, . . . , 6. Up to order O(δ8), these NONs fulfil the equality constraints of

the Borland-Dennis setting (2.31a):

λ′1 + λ′6 = λ′2 + λ′5 = λ′3 + λ′4 = 1 +O(δ8). (3.29)

The inequality constraint (2.31b) is saturated up to eighth order terms:

D(3,6)(~λ′) ≡ 2− (λ′1 + λ′2 + λ′4) = −47569

65536
δ8 ≥ 0. (3.30)

Since the truncation error is of the same order, one can conclude that the full

spectrum of NONs saturates at least some GPCs of the (4,∞) setting up to

order O(δ8), i.e. Dmin ∼ δr, r ≥ 8. In order to determine whether r = 8 is the

leading order degree of the minimal distance, one has to consider even a larger

setting.

3. By including all terms up to order O(δ8), one has to analyse the setting (4, 8) of

the eight largest NONs in Eqs. (3.28). This setting comprises 14 GPCs in form

of proper inequalities (cf. appendix, Sec. A). The pinning analysis establishes

true quasipinning of Dmin ∼ δ8, which is larger than the truncation error of

tenth order and thus completes the analysis.

Observe that the derived quasipinning of eighth order is remarkably strong in

comparison to the order of the distance between the ~λ-vector and the Hartree-Fock

point:

dist1(~λ(δ), ~λHF ) ≡
N∑
i=1

(1− λi) +
∞∑

j=N+1

λj ∼ δ4. (3.31)

Repeating the same procedure for higher particle numbers N = 5, . . . , 8 we obtain

perturbation series expansions of the NONs similar to (3.28). The pronounced pat-

terns in the leading order perturbations confirm the hierachy displayed in Tab. 3.1.

Note here that the leading orders of the κ and δ expansion series coincide due to

Eq. (3.26). Quasipinning analyses reveal that

Dmin = cN δ
2N +O(δ2N+2)

= dN κ
2N +O(κ2N+1),

(3.32)

for 4 ≤ N ≤ 8, where dN = cN
42N

. This is the analytical extension to higher particle

numbers of the original result of Dmin ∼ δ8 in Refs. [87, 84] for N = 3 particles.

Although pinning analyses cannot be performed for particle numbers N ≥ 9 (yet) due

to the lack of knowledge about the required larger settings of GPCs, it is plausible to

assume that Eq. (3.32) generalises to arbitrary particle numbers.
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λ1 0.999998533821 λ6 0.000001455434
λ2 0.999807955780 λ7 0.000000028353
λ3 0.999806535259 λ8 0.000000000265
λ4 0.000193443778 λ9 0.000000000002
λ5 0.000192047307 . . . . . .

Table 3.2: NONs of the one-dimensional 3-Harmonium ground state at κ = 1 up to
magnitude λi ≥ 10−12.

The strong increase of the quasipinning Dmin with the particle number N , to-

gether with the observed hierachy of NONs (cf. Tab. 3.1), suggests the existence of

a ‘microscopic Pauli pressure’. By this notion of a pressure, every additional particle

in the trap forces the ~λ-vector of the system closer to the boundary of the polytope,

and respectively to the boundary of the Pauli simplex Σ.

The result (3.32) is a strong indicator of the absolute influence of the fermionic

exchange statistics. To measure its relative influence one has to examine whether

the pinning of respective GPCs exceeds the pinning of the Pauli exclusion principle.

Due to Eq. (3.31), at least four orders of the quasipinning (3.32) will be trivial. By

applying the Q-parameter to NONs in the form of perturbation series expansions,

such as (3.28), one yields:

Q ∼ 2 log10 δ, (3.33)

for 3 ≤ N ≤ 8. Consequently, the respective quasipinning (3.32) is non-trivial by two

orders in the perturbation parameter.

3.3.2 Intermediate and strong couplings

In the previous section, the results on quasipinning in one-dimensional 3-Harmonium

have been analytically extended to higher particle numbers. The applied perturba-

tion methods are valid in the regime of small interaction strengths δ � 1. In terms

of the alternative interaction parameter κ this regime corresponds to weak physical

interactions κ . 1, since κ(δ = 1) ≈ 53.6 due to Eq. (3.26). In principle, the conver-

gence radii of perturbation series expansions of NONs, such as (3.28), may even be

of order O(1) although this could not be verified. We shall now explore quasipinning

in the regime of intermediate and strong couplings by numerical diagonalisation of

truncated 1-RDOs for various interaction strengths. To confirm the validity of the

analysis one has to evaluate the truncation error ∆Dmin as well. Here we use the
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Figure 3.3: Quasipinning exhibited by the 3-Harmonium ground state in one spatial
dimension: Numerical data points of minimal l1-distance Dmin of the NONs ~λ to
polytope boundary ∂P for intermediate up to very strong interaction strengths (blue
circles). Upper and lower error margins (red crosses) within the largest known setting
(N, d) = (3, 11) are found negligible for even strong interactions up to κ ≈ 5000.

definition of

∆Dmin ··=
r∑
i=1

(1− λi) +
d∑

j=d−s+1

λj, (3.34)

where r and s are the numbers of neglected NONs close to 1 and 0, respectively. Note

that a subtlety in such definition originates from the lack of knowledge about GPCs

in the limit of large one-particle Hilbert spaces.

Let us now consider “Lithium-like” 3-Harmonium with 3K = mω2, i.e. κ = 1.

Numerical diagonalisation of the truncated 1-RDO yields the set of NONs shown in

Tab. 3.2. Their values indicate weak correlations. A pinning analysis yields

Dmin = 7.66× 10−9 , (3.35)

which compares with a deviation from the Hartree-Fock point of

dist1(~λ,~λHF ) = 7.74× 10−4. (3.36)

By a factor of 105, the ~λ-vector lies closer to the boudary of the polytope than to

the Hartree-Fock point. The non-triviality of this quasipinning is measured by the

Q-parameters as Q = 1.85; this means that Dmin exceeds the pinning of Pauli’s

exclusion principle by a factor of 101.85 ≈ 71.
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Figure 3.4: Non-triviality of quasipinning: Q-measure for the N -Harmonium ground
state with N = 3, 5, 8 as function of the coupling κ. Q is seen to be similar for
various particle numbers. The logarithmic plot reveals a linear behaviour for small
interaction strengths κ. Since the corresponding slope is 2, this confirms that the
quasipinning is non-trivial by two orders in κ.

As a next step, one can study quasipinning in the regime of κ ≥ 1 and examine

the occurring truncation errors (3.34). The results of an interpolation of minimal

distancesDmin(κ) at a set of logarithmically distributed points κ are plotted in Fig. 3.3

(blue circles). The corresponding upper and lower error margins within the largest

known setting of GPCs, (N, d) = (3, 11), are marked by red crosses. One finds that

the truncation error remains negligible up to strong couplings of κ . 5000, which

affirms the validity of the respective pinning analyses. For ultra-strong couplings,

κ & 50000, the truncation error becomes too large for a conclusive pinning analysis.

Generally, one observes that the quasipinning effect in one-dimensional 3-Harmo-

nium is also present in systems with strong couplings. However, it becomes weaker

the more κ is increased and eventually vanishes approaching the scale of the polytope

diameter, i.e. O(1), in the regime of ultrastrong couplings.

For higher particle numbers 4 ≤ N ≤ 8, the dependence of Dmin on κ is similar

to the case of N = 3.

The non-triviality of the quasipinning is determined by using the Q-parameter.

Fig. 3.4 demonstrates that Q diminishes with increasing coupling strengths like Q ∼
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−2 log10(κ) independently of the particle number N in the regime of weak couplings.

The minimal distance to the polytope boundary exceeds the saturation of Pauli’s

exclusion principle constraints by two orders in κ. Furthermore, the results show

that the quasipinning remains non-trivial up to intermediate coupling strengths and

becomes trivial in the regime of large interaction strengths.

3.4 Quasi-one-dimensional Harmonium

Before investigating truly higher-dimensional systems in later sections, we will now

explore the quasipinning behaviour in quasi-one-dimensional systems. This will espe-

cially allow us to link outcomes of subsequent analyses to the results of the previous

section on strictly one-dimensional Harmonium. By quasi-one-dimensional systems

we mean systems in which all but one trapping frequencies have been highly detuned.

In addition, we assume those detuned frequencies ω(2), . . . , ω(n) to be identical yielding

a hypercylindrical trapping potential. In graphical representations of the Harmonium

ground state as shown in Fig. 3.1 this relates to a situation in which the inter-‘box’

spacings ~ω̃(α) have severely been increased in all but one dimension, ω̃(α)/ω̃(1) � 1

for α = 2 . . . N . Consequently, only energy levels along the one-axis will be occupied.

This resembles the physical situation in which harmonic oscillators in the directions

α ≥ 2 carry no excitations.

Generally, the notion of effective lower dimensionality can be captured more for-

mally as follows. If a configuration has quantum number vectors {µi}Ni=1 with µ
(α)
i = 0

for all α > n′ and i = 1 . . . N , the fermionic ground state function decomposes into

a product of the fermionic ground state function in the first n′ dimensions and the

bosonic ground state function in the remaining (n− n′) dimensions,

Ψ(f)
n = Ψ

(f)
n′ ⊗Ψ

(b)
n−n′ . (3.37)

Such effective lower dimensionality has structural implications on the fermionic 1-

RDO as well: The polynomial F in Eq. (3.24) will not depend on x
(β)
i , x′

(β)
i with

i = 1 . . . N and β > n′. Hence, the 1-RDO becomes a product of a fermionic 1-RDO

in the first n′ dimensions and the bosonic 1-RDO in the remaining (n−n′) dimensions,

ρ(f)
n =

1

N
ρ

(f)
n′ ⊗ ρ

(b)
n−n′ . (3.38)

The factor N originates from the specific normalisation of 1-RDOs, tr(ρ) = N .
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As a consequence of Eq. (3.38), the spectrum of ρ
(f)
n becomes the product of the

spectrum of the lower-dimensional fermionic 1-RDO and the spectrum of the bosonic

1-RDO,

~λ(f)
n =

1

N

(
~λ

(f)
n′ × ~λ

(b)
n−n′

)↓
, (3.39)

where ‘↓’ denotes decreasing ordering.

These considerations can now be applied to quasi-one-dimensional Harmonium

which is achieved for sufficiently large trapping frequency detunings, i.e.

ω̃(α) > (N − 1) ω̃(1) for α ≥ 2. (3.40)

The corresponding vector of ground state NONs is then given by the product of the

spectrum ~λ
(f)
1 of the one-dimensional fermionic 1-RDO and (n−1) spectra ~λ

(b)
1 of the

(n−1) decoupled one-dimensional bosonic 1-RDOs. In Sec. 3.2.2 the one-dimensional

bosonic 1-RDO was diagonalised in Eq. (3.15). For some coupling strength κ, the

spectrum can be read as:

λ
(b)
k (κ) = N(1− q(κ)) q(κ)k , k ∈ N+

0 , (3.41)

where q(κ) is defined via Eq. (3.16). The coupling strengths κ(2) = . . . = κ(n) ≡ κ

of the bosonic spectra that correspond to spatial directions α ≥ 2 can be expressed

as a function of δ ≡ δ(1) and the trapping frequency ratios χ ≡ ω(α)/ω(1). Further

note that with increasing detunings χ the bosonic spectra more and more approach

(N, 0, 0, . . .).

Let us apply these general ideas to the exemplary case N = 3 and n = 2. The

spectrum ~λ
(f)
1 was determined in Ref. [87] and is also listed in Appendix B.3. Using

the relation for the product spectrum (3.39) and the form of the bosonic spectra

(3.41), one can derive the NONs of the quasi-one-dimensional Harmonium ground

state. The pinning analysis of the spectra however, is intricate for two reasons.

First, variation of the external parameters δ and χ can and will change the ordering

hierarchy of NONs. This in turn changes the quasipinning behaviour as well. Note

that similar crossings of NONs have been described for the Hubbard model in Ref. [85].

Second, even when restricting the analysis to regimes with no crossings of NONs, it is

difficult to provide an analytical expression for the minimal distance since the specific

most saturated GPC associated with Dmin can change under the tuning of δ and χ.

Hence, it is necessary to divide the parameter space into different regimes, in

which the most relevant NONs do not cross. In the following, we will focus on the
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regime which comprises the limit χ → ∞. For perturbative interaction strengths

δ � 1 this regime is defined by

χ > χcrit(δ) ≡ 4

√
243

40

1

δ
3
2

. (3.42)

Using the concept of truncation one can execute a thorough and laborious pin-

ning analysis which reveals the occurrence of quasipinning in the truncated setting

∧3[H(10)
1 ]. The minimal distance as a function of δ and χ is computed as:

Dmin(δ, χ) =
4

9χ4
δ2 +

20

2187
δ8 +O(δ10). (3.43)

The truncation error of this analysis (cf. Eq. (3.34)) is of the order O(δ)10, which is

negligible since Dmin ∝ δ8 to leading order.7

Furthermore, taking the limit χ→∞ as a consistency check reveals that

lim
χ→∞

Dmin(δ, χ) =
20

2187
δ8 +O(δ10), (3.44)

which coincides with the quasipinning found for the strictly one-dimensional 3-Har-

monium (see Eq. (16) in Ref. [87]).

The result (3.43) indicates that the strength of quasipinning in one-dimensional

systems is only slightly reduced when a second spatial dimension is added. This

however, is not too surprising since the addition of spatial dimensions, whose degrees

of freedom are frozen, should not impose changes on any physical quantities.

3.5 Fully spin-polarised Harmonium in

higher spatial dimensions

Having presented an analysis on quasipinning of the Harmonium ground state in

quasi-one-dimensional setups in the previous section, we will now consider an ex-

tension to higher spatial dimensions assuming a complete alignment of all spins, i.e.

freezing out the spin degree of freedom.

3.5.1 Two spatial dimensions and corresponding
dimensional crossovers

To begin with, we consider the weak-coupling regime and restrict our analysis to the

setup of an isotropic external trapping potential, i.e. ω(2) = ω(1). This implies that

7By invoking condition (3.42), one gets δ8 & δ2/χ4 which confirms δ8 to be the leading order of
Dmin.
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a single parameter suffices to describe the interaction strength (cf. Eqs. (3.12) and

(3.26)), and so we set κ ≡ κ(1) = κ(2) and δ ≡ δ(1) = δ(2), respectively. Because of the

duality relation (3.27) it again proves helpful to compute the perturbative expansion

series of the NONs in the interaction strength parameter δ. First, we discuss the case

of three fermions. By invoking Thm. 3, one finds a unique Harmonium ground state

with configuration C = {{0, 0}, {1, 0}, {0, 1}}. Up to corrections of the order O(δ8),

the corresponding NONs read:

λ1(δ) = 1− 32δ4

81
+

224δ6

729
+O(δ8),

λ2(δ) = λ3(δ) = 1− 4δ2

9
+

4δ4

27
− 152δ6

3645
+O(δ8),

λ4(δ) = λ5(δ) =
4δ2

9
− 8δ4

27
+

16δ6

135
+O(δ8),

λ6(δ) = λ7(δ) =
4δ4

27
− 88δ6

729
+O(δ8),

λ8(δ) = λ9(δ) =
4δ4

27
− 40δ6

243
+O(δ8),

λ10(δ) =
8δ4

81
− 16δ6

243
+O(δ8),

λi≥11(δ) = O(δ6).

(3.45)

Note that some NONs are degenerate in pairs. This is a direct consequence of the

substructure of the 1-RDO as given by Eq. (3.25), since in the case of an isotropic

trap spec[ρ
(f)
1,oe] = spec[ρ

(f)
1,eo]. It should also be stressed that the extension of the

perturbation series to deformed anisotropic traps is a bit more tedious but can be

accomplished in a similar fashion.

To determine the minimal distance of the ~λ-vector (3.45) to the boundary of the

polytope, we again have to apply the concept of truncation. The analysis becomes

conclusive in the truncated setting ∧3[H(10)
1 ], where we find that

Dmin(δ) =
8

27
δ4 +O(δ6). (3.46)

The leading order of the truncation error is determined by the leading order of the

largest neglected NON, i.e. λ11 ∼ O(δ6). It is smaller than Dmin by two orders in δ.

The distance of the ~λ-vector (3.45) to the Hartree-Fock point (cf. Eq. (3.31)) is

derived as

dist1(~λ,~λHF ) ≡ DHF (δ) =
8

9
δ2 +

8

81
δ4 +O(δ6). (3.47)

Note that it is larger than Dmin by two orders in δ. In contrast to the minimal

distance observed in one-dimensional Harmonium however (Dmin ∼ δ8), this quasip-
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(N, n) O(δ2) O(δ4) O(δ6) Dmin 10−Q

(3, 2) ∧2[H(4)
1 ] ∧3[H(10)

1 ] ∧3[H(14)
1 ] ∝ δ4 ∝ δ0

(4, 2) ∧3[H(7)
1 ] ∧4[H(13)

1 ] ∧4[H(20)
1 ] ∝ δ4 ∝ δ2

(5, 2) ∧3[H(7)
1 ] ∧5[H(14)

1 ] ∧5[H(20)
1 ] ∝ δ4 ∝ δ0

(6, 2) ∧3[H(7)
1 ] ∧5[H(14)

1 ] ∧5[H(21)
1 ] ∝ δ6 ∝ δ0

(7, 2) ∧4[H(9)
1 ] ∧6[H(17)

1 ] ∧7[H(24)
1 ] ∝ δ6 ∝ δ0

Table 3.3: For the N -Harmonium ground states in n = 2 spatial dimensions we
present the ‘active space structures’ by considering NONs with corrections to the
values 1 or 0 up to the orders O(δ2), O(δ4) and O(δ6), respectively. The results
on quasipinning are presented (Dmin) as well as its ‘non-triviality’, quantified by the
Q-parameter (see text).

inning effect is less pronounced. Here, we see a first indication that reduced spatial

dimensionality might be essential for the occurrence of strong quasipinning.

Similar to the case of N = 3 particles, one can study the ground states of two-

dimensional Harmonium for N > 3. We have computed the Taylor series expansions

of the corresponding NONs for the cases N = 4, 5, 6, 7. The results are summarised

in Tab. 3.3. From left to right the columns display the respective number of particles

and spatial dimensions (N, n), the active spaces ∧N ′ [H(d′)
1 ] on the order scales of δ2,

δ4, δ6, the minimal distance to the polytope boundary and the Q-measure.

Let us specify the notion of the active space structure. On the scale of O(δr), the

active space structure ∧N ′ [H(d′)
1 ] is given by all N ′ NONs, λN−N ′+1, . . . , λN , and all

d′ −N ′ NONs, λN+1, . . . , λN+d′−N ′ , which have corrections on the scales δs, s ≤ r to

the maximal values 1 and 0, respectively. The manifestation of active space structures

is a remarkable property of the Harmonium model and can even be proven analyti-

cally. With respect to pinning analyses it provides a suitable means to determine the

size of the truncated setting that is required to achieve a negligible error. The results

of respective analyses are also shown in Tab. 3.3. For particle numbers N = 4, 5 the

quasipinning strength is calculated as δ4 and increases to δ6 for N = 6, 7. As for

one-dimensional Harmonium, adding particles to the system increases the quasipin-

ning. This supports the notion of a ‘microscopic Pauli pressure’ mentioned earlier,

which forces the ~λ-vector closer to the boundary of the polytope. We note that this

pressure also relies on the active space structure, which, due to degenerate angular

degrees of freedom, is less-pronounced for two-dimensional Harmonium than for its

one-dimensional counterpart (cf. Tab. 3.1).
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Recall that the inclusion relation P ⊂ Σ (cf. Fig. 2.1) implies that the minimal

distance Dmin is bounded from above by at least 1− λ1, which is the distance to the

(λ1 = 1)-facet of the Pauli simplex Σ. To examine the non-triviality of quasipinning

in two-dimensional Harmonium, we evaluate the Q-measure at the Taylor series ex-

pansions of the respective NONs. A ~λ-vector with Q-value Q(~λ) lies 10Q(~λ) closer to

the boundary of the polytope than could be expected from the saturation of Pauli’s

exclusion principle. The respective values for 10−Q are displayed in the right column

of Tab. 3.3. For all particle numbers except N = 4 the quasipinning is found to be

trivial. For N = 4 particles, it is non-trivial by two orders in δ. A comparison with

the results on the Q-measure in one-dimensional Harmonium (cf. Eq. (3.33)) suggests

that GPCs are more relevant in lower-dimensional systems. In what follows, further

evidence for this behaviour will be provided by studying dimensional crossovers of

Harmonium systems. These crossovers are achieved by detuning one trapping fre-

quency with respect to the other, thus causing the system to undergo a transition to

the effectively one-dimensional regime.

Let us now consider three fermions in two spatial dimensions. Instead of (κ1, κ2)

one can also use the parameters κ ≡ κ1 and the frequency detuning χ ≡ ω2/ω1 ≥
1 to characterise the coupling regime (recall Eq. (3.12)). For smaller detunings,

the Harmonium ground state assumes the configuration µ = {{0, 0}, {1, 0}, {0, 1}}
(cf. Fig. 3.1). When χ is increased while keeping κ fixed, the configuration of boxes

changes. As a result, at some specific critical value the ground state configuration

becomes µ′ = {{0, 0}, {1, 0}, {2, 0}}. The variation of χ thus induces a crossover from

two to one spatial dimension (see also related discussion and remarks in Sec. 3.4). In

the κ-χ parameter plane, the transition line between the two ground state configura-

tions is given by

κcrit = −4

3
+

1

3
χ2. (3.48)

To explore the behaviour of quasipinning over a range of parameters κ and χ, pinning

analyses have been carried out at a number of logarithmically distributed data points

in the κ-χ-plane. The required spectra were derived by numerical diagonalisation

of analytically computed 1-RDOs. Thereafter, interpolation functions for Dmin(κ, χ)

and Q(κ, χ) have been determined by using the respective values at the data points.

The results are presented in Fig. 3.5. Note that over the entire range of parameters

considered, the truncation errors of the pinning analyses were found negligible.

Note also, that in Fig. 3.5 the solid line represents the transition line (3.48) between

the configurations µ and µ′. The dashed lines correspond to crossings of some of the
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Dmin Q

Figure 3.5: Quasipinning results for the 3-Harmonium ground state in two spatial
dimensions with external trap frequencies ω1, ω2 and coupling strength κ. Minimal
distance Dmin of ~λ to polytope boundary is shown on the left and its ‘non-triviality’
is quantified on the right. The solid line represents the boundary κcrit(χ) in between
the two different ground state configurations with the effectively one-dimensional one
on the right. Dashed lines mark relevant crossing of NONs (see text for more details).

relevant NONs.8 These crossings and the associated re-orderings of NONs lead to

structurally different behaviours of the quasipinning in the regimes Ri.

In Fig. 3.5, we see that the minimal distance Dmin decreases monotonically when

the particle-particle interaction strength κ becomes smaller. This is not too unex-

pected since the ~λ-vector of systems with lower interaction strengths and thereby

reduced correlations approaches the Hartree-Fock point. In the isotropic setting

ω1 = ω2, the numerically determined minimal distances in Fig. 3.5 agree with the

analytical perturbative expression for Dmin derived above in Eq. (3.46), even up

to κ = 10.9 One also recognises that Dmin decreases when the trapping potential

becomes narrower by increasing ω2/ω1. This is another piece of evidence for the exis-

tence of the ‘microscopic Pauli pressure’ discussed in former sections. By constraining

the particles within an effectively lower dimensional trapping potential, the number of

available levels around the Fermi level is reduced which decreases the size of the active

spaces. Interestingly, the state with configuration µ = {{0, 0}, {1, 0}, {0, 1}} (which

for large detunings becomes an excited state) also exhibits stronger and stronger

quasipinning when χ is increased.10

8The left dashed line describes λ4 = λ5 and the right one λ6 = λ7. Although further crossings of
other NONs exist, the concept of truncation implies that these will not be of relevance to the value
of the minimal distance.

9Recall that δ = 1 translates into κ ≈ 55 (cf. Eq. (3.26)).
10Of course, this is not shown in Fig. 3.5, where only the quasipinning of the ground state is

displayed.
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Figure 3.6: Left: Minimal distanceDmin of ~λ to the polytope boundary as a function of
the trap frequency detuning χ ≡ ω2/ω1 for fixed particle-particle interaction strengths
κ. Right: Relevance of the quasipinning by GPCs beyond Pauli’s exclusion principle
as measured by the Q-parameter.

The relevance of the quasipinning beyond the Pauli exclusion principle as mea-

sured by the Q-parameter, however, shows a more complex and different behaviour to

Dmin. For κ . 1 fixed, the system undergoes multiple changes from ‘trivial’ quasip-

inning (green) to highly ‘non-trivial’ quasipinning (red). Between different regimes

Ri within the effectively one-dimensional state configuration, we observe sharp gra-

dients in both, the Q-parameter as well as the minimal distance Dmin. To study

these transitions further, we consider fixed κ-sections in Fig. 3.6. Evidently, the

absolute quasipinning is not strongly affected by the change of the ground state con-

figuration. This is different at the first dashed line where λ4 = λ5. Over a short

range of values ω2/ω1 the minimal distance increases by several orders in the sections

with κ = 1/10, 1/50. At the same time, the character of this quasipinning changes

from ‘trivial’ to highly ‘non-trivial’. Furthermore, we notice that the observed finer

structure (see, e.g., the ‘black’ circles) has to be attributed to crossings of smaller

eigenvalues which - as may be seen from the concept of truncation - does not severely

affect the quasipinning behaviour.

The case of four particles in two spatial dimensions is comprised within the analysis

of four particles in three spatial dimensions considered in the next section.

3.5.2 Three spatial dimensions and corresponding
dimensional crossovers

Let us examine the regime of weak couplings δ � 1 again. For the particle numbers

N = 3, 4, 5, 6 the results of comprehensive pinning analyses for the three-dimensional

Harmonium ground state in an isotropic trapping potential are shown in Tab. 3.4.

54



(N, n) O(δ2) O(δ4) O(δ6) Dmin 10−Q

(3, 3) ∧3[H(8)
1 ] ∧3[H(18)

1 ] ∧3[H(32)
1 ] O(δ4) O(δ2)

(4, 3) ∧3[H(8)
1 ] ∧4[H(20)

1 ] ∧4[H(34)
1 ] ∝ δ4 ∝ δ0

(5, 3) ∧4[H(12)
1 ] ∧5[H(26)

1 ] ∧5[H(45)
1 ] O(δ4) ?

(6, 3) ∧5[H(14)
1 ] ∧6[H(29)

1 ] ∧5[H(49)
1 ] O(δ4) ?

Table 3.4: For the N -Harmonium ground states in n = 3 spatial dimensions we
present the ‘active space structures’ by considering NONs with corrections to the
values 1 or 0 up to the orders O(δ2), O(δ4) and O(δ6), respectively. The results on
quasipinning are presented (Dmin) as well as its ‘non-triviality’, quantified by the Q-
parameter. A question mark indicates that no analysis was possible due to too large
active spaces.

Analogously to the case of two-dimensional Harmonium (cf. Tab. 3.3), the second,

third and fourth columns display the active space structures attributed to the orders

O(δ2), O(δ4) and O(δ6), respectively. One recognises that the additional angular

degrees of freedom in three-Harmonium give rise to significantly enlarged dimensions

of the active spaces. This in turn is found to decrease the ‘Pauli pressure’. Due to the

lack of knowledge about the specific form of the GPCs for one-particle Hilbert space

dimensions greater than 11,11 the increased dimensions of the active spaces prevent

the execution of a conclusive quasipinning analysis for all cases but N = 4. This is

also indicated in the right two columns of Fig. 3.4. To perform an analysis for particle

numbers N = 5, 6 one at least needs to know the GPCs of the settings (N, d) = (4, 12)

and (5, 14), respectively. A lower bound on the strength of quasipinning for these

particle numbers can be derived by invoking the inclusion relation P ⊂ Σ, which

implies that Dmin < 1 − λ1 is at least of fourth order in δ. For N = 3 particles, the

pinning analysis is not conclusive since the truncation error is of fourth order, too.

Note that only for N = 3 particles the Q-measure indicates non-trivial quasipinning

by two orders in δ.

To investigate anisotropic systems and gain more understanding about the in-

fluence of the spatial dimension on the quasipinning effect, we shall now consider

dimensional crossovers in a system with four fermions. Again we set κ ≡ κ1 and use

the detuning parameters χ1 = ω2/ω1 and χ2 = ω3/ω1 to describe the coupling regime.

The results are shown in Fig. 3.7. From left to right we start with an isotropic poten-

tial, i.e. ω1 = ω2 = ω3, and detune ω3 while keeping ω2 constant. Once ω3 = 1000ω1

11See remarks in Sec. 2 on the complexity of deriving GPCs for arbitrary settings (N, d).
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Dmin

Q

Figure 3.7: Quasipinning results for the 4-Harmonium ground state in three dimen-
sions with external trap frequencies ω1, ω2, ω3 and coupling strength κ. Minimal
distance Dmin of ~λ to polytope boundary is shown in the upper diagram and its ‘non-
triviality’ Q is quantified in the lower diagram (see text for details). The left and
right solid curve indicate a change of the ground state configuration.

we keep ω3 constant and also ramp up ω2 to 1000ω1. Initially, the system has a

ground state configuration of µ = {{0, 0, 0}, {1, 0, 0}, {0, 1, 0}, {0, 0, 1}}. When χ2 is

increased this changes to the configuration µ′ = {{0, 0, 0}, {1, 0, 0}, {0, 1, 0}, {2, 0, 0}}
at the first solid line. The transition to the quasi-one-dimensional configuration

µ′′ = {{0, 0, 0}, {1, 0, 0}, {2, 0, 0}, {3, 0, 0}} is achieved when χ1 is also increased (sec-

ond solid line). Note that κ has been restricted to the interval [0, 1] to guarantee a

sufficiently small truncation error. The range of κ values is seen to be reduced in

comparison to the investigations on two-dimensional Harmonium (cf. Fig. 3.5). The

necessity for this restriction originates in the larger dimensions of the active spaces

in three-dimensional Harmonium.

From Fig. 3.7 we find that the minimal distance Dmin of the ~λ-vector to the poly-

tope boundary monotonically decreases with decreasing κ. Within each regime of

state configuration µ, µ′ and µ′′, the quasipinning becomes stronger with increased

anisotropy of the trapping potential. A bit surprisingly, however, this does not hold

at the respective boundaries (marked by solid curved lines), where the quasipinning

strength falls sharply by several orders of magnitude. Recall that this has not been
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observed at the dimensional crossover of N = 3 particles in two-dimensional Harmo-

nium (see Figure 3.5).

The most striking aspect of the quasipinning analysis of this system, however, is

revealed by a comparison of Dmin and Q in the effectively one-dimensional config-

uration. While Dmin decreases with smaller κ and larger ω2/ω1, the Q-parameter

shows that the quasipinning becomes ‘trivial’ in parameter regions with small Dmin

(c.f. lower right corner of the diagram) and that it becomes highly ‘non-trivial’ in

parameter regions with large Dmin (c.f. upper right corner of the diagram). This

strongly demonstrates the importance of quantifying quasipinning by GPCs beyond

quasipinning by Pauli exclusion principle constraints.

Let us add a closing remark on degeneracies of the eigenspaces of Harmonium

in higher dimensions. The ‘box picture’ (see Fig. 3.1) reveals the occurrence of

shell structures in Harmonium systems, where an additional rotational symmetry

is given whenever two or more trapping frequencies will be equal. For example,

N = 4 particles in two dimensional Harmonium with ω1 = ω2 will have a three-fold

degenerate ground state space. The obvious question whether superpositions of these

states may experience a different quasipinning has been addressed by considering

various superpositions, including the rotational symmetry adapted eigenstates. The

quasipinning behaviour of these states was found to show the same scaling as the one

for non-symmetry adapted states. Hence, they have not been displayed separately in

the Tables 3.3 and 3.4.

3.6 Spinful Harmonium

So far, the quasipinning effect has been studied for spinless or fully polarised fermions.

In the present section, the spin degree of freedom shall eventually be taken into

account which brings a number of challenges. First, each spatial orbital splits into

2S+ 1 levels, where S denotes the spin of the particles. By increasing the dimensions

of the active spaces, this causes a reduction of the Pauli pressure and might thus

decrease the relevance of GPCs as well. Moreover, the additional spin degrees of

freedom will make an interpretation more involved. A finite degree of polarisation,

however, will allow us to consider changes of the quantum state which are induced

by a variation of the external magnetic field. The development of these conceptual

ideas might further be useful in finding a way for the experimental realisation of the

quasipinning phenomenon (cf. discussion in chapter 5).
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In the following, we shall focus on spin-1
2

fermions, which requires an extension

of the N -particle Hilbert space to ∧N [L2[Rn] ⊗ C2]. The spins shall be coupled to

an external homogenous magnetic field ~B via an additional Zeeman interaction term

ĤZ = −c~
∑N

i=1 ~si · ~B in the Hamiltonian (3.1). Here, c denotes a coupling constant.12

The Zeeman term commutes with the spatial part of the Hamiltonian (3.1), which

allows us to adopt the ‘box’ picture to the case of spinful fermions. We replace each

orbital φ
(̃l)
µj(~xj) in the Slater determinant of Eq. (3.5) by the product state of φ with a

spin state |σj〉 ∈ {|↑〉 , |↓〉}. Note that the spin states have been defined with respect

to the quantisation axis ~B/B. As a consequence of the level splitting due to the addi-

tional spin degree of freedom, two ‘box arrays’ associated with |↑〉 and |↓〉 arise. Their

respective boxes are energetically separated by 〈↓ |ĤZ |↓〉 − 〈↑|ĤZ |↑〉 = c~|B|. The

ground state configuration µ̄ = (µ↑,µ↓) may now be derived by distributing N parti-

cles on the N energetically lowest levels. The form of the ground state wave function is

given by the modified version of Eq. (3.5). Let us consider the example of N = 4 par-

ticles in an isotropic two-dimensional trapping potential of frequency ω1 = ω2 ≡ ω. If

the external magnetic field suffices ω
√

1 + κ/c < |B| < 2ω
√

1 + κ/c, then the ground

state configuration becomes µ↓ = {{0, 0}, {1, 0}, {0, 1}} and µ↑ = {{0, 0}}.
At first, we consider one-dimensional Harmonium in the weak coupling regime

δ � 1 with N = 3, 4 spinful fermions. Depending on the magnitude of the external

magnetic field B and the interaction strength δ, there are a couple of different ground

states which can be characterised by their magnetic quantum number M . For N = 3

we have M = ±3
2
,±1

2
and for N = 4 the magnetic quantum number can assume the

values M = ±2,±1, 0. By performing conclusive pinning analyses for all these states,

one gets

Dmin(δ) ∼ δ4+2|M | . (3.49)

Observe that the strength of the quasipinning strongly increases with the degree

of spin polarisation. Once again, this is an indicator for the proposed notion of

a microscopic Pauli pressure originating in the structure of the active spaces. By

increasing the degree of polarisation, the conflict between energy minimisation and

the antisymmetry intensifies which in turn leads to stronger quasipinning.

To characterise the relevance of this quasipinning of GPCs one has to invoke the

Q-measure. For N = 3 the quasipinning is non-trivial by two orders in δ for all

values of the magnetic quantum number, |M | = 3
2
, 1

2
. For N = 4 however, this only

12We skip the coupling of the magnetic field to the angular momentum of the fermions by assuming
them to be uncharged. One could in principle extend our model to charged fermions which, however,
would significantly complicate the description of the ground state for non-isotropic traps.
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Dmin Q

Figure 3.8: Quasipinning results for the non-fully spin-polarised 3-Harmonium ground
state in two spatial dimensions with external trap frequencies ω1, ω2, coupling strength
κ and some fixed homogenous magnetic fieldB fulfilling ω

√
1 + κ < c|B| < 2ω

√
1 + κ.

Minimal distance Dmin of ~λ to polytope boundary is shown in the left diagram and
its ‘non-triviality’ is quantified in the right diagram by the Q-parameter. The solid
line marks the boundary between the effective two- and one-dimensional ground state
configurations.

holds true for full polarisation, |M | = 2.13 For |M | = 0, 1 the quasipinning becomes

trivial. Especially for |M | = 0, this is not surprising since the ground state becomes a

spin-singlet state for which the only constraints on the NONs are given by the Pauli

exclusion principle constraints (cf. Ref. [88]).

Finally, we explore the influence of dimensionality on spinful Harmonium by con-

sidering three fermions in two spatial dimensions. The coupling regime can be char-

acterised by the parameters κ ≡ κ1 and χ = ω2/ω1 (cf. related remarks in the

previous section). The trap may initially be isotropic, i.e. χ = 1, and the magnetic

field strength may be chosen such that ω
√

1 + κ < c|B| < 2ω
√

1 + κ. Consequently,

the ground state configuration is given by the index sets µ↑ = {{0, 0}, {1, 0}, {0, 1}}
and µ↓ = ∅. By narrowing the trap, i.e. increasing χ, a dimensional crossover will

be induced and the new quasi-one-dimensional ground state configuration becomes

µ↑ = {{0, 0}, {0, 1}} and µ↓ = {{0, 0}}. Similar to the investigations in Sec. 3.5,

pinning analyses have been carried out for a number of logarithmically distributed

points in the κ-χ-parameter plane. The interpolated results are shown in Fig. 3.8.

Whereas the minimal distance Dmin of ~λ to the polytope boundary becomes

smaller when reducing κ and increasing χ = ω2/ω1, the behaviour of the Q-parameter

13Note that the fully-polarised Harmonium retrieves the system of spinless fermions studied before
(cf. Sec. 3.3).
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is more complex and shows similarities to the fully spin-polarised case in Section 3.5.

Again, the crossing of NONs induces different regimes leading to a high-low-high

transition of the Q-values when increasing χ for a fixed interaction strength κ. This

once more demonstrates the significance of the Q-parameter as it unveils the im-

portance of GPCs beyond the Pauli exclusion principle in parameter ranges with

attributed moderate minimal distances Dmin. Last but not least, in the regime of

the two-dimensional ground state configuration, i.e. left to the solid black line, the

quasipinning is ‘trivial’ (‘green’).
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Chapter 4

The 1-body N -representability
problem for hardcore bosons

In the previous part, the scope and influence of the fermionic exchange statistics in

form of the GPCs have been thoroughly studied. Generally, bosonic and fermionic

particle statistics are known to be at the heart of dramatically different behaviours of

their respective sorts of matter. This opens the question whether it might be possible

to interpolate between the two particle species in order to gain more understanding

about the specific character of the constraining mechanisms in fermionic statistics.

Good candidates for such an endeavour are hardcore bosons. Similar to fermions,

they obey a form of a basis dependent exclusion principle which originates in a large

repulsive particle-particle interaction. Yet they also exhibit bosonic statistics. The

concepts and notion of hardcore bosons arise in the context of the Hubbard model

and have seen application in a variety of disciplines beyond their well-known usage

in condensed matter and atomic physics. Amongst others these are emergent gravity

scenarios (see, e.g., Refs. [55, 54, 39, 17, 16, 37]), the study of chemical reactions (see,

e.g., Refs. [46, 74, 71]) and biological processes (see, e.g., Refs. [5, 90]).

In the treatment of fermions we have seen that the indistinguishability of particles

allows one to efficiently1 describe a plethora of physical properties by invoking the

concept of reduced particle information. Notably, this holds for the energy expecta-

tion value which, for physical fermionic Hamiltonians, comprising only 1-body and

2-body terms, becomes a functional of the 2-RDO (cf. Eq. (2.25)). By the form of this

functional the Hamiltonian may be regarded as a flow vector field and gives rise to

equi-energy hyperplanes in the space of two-particle density operators. Since the set

1Efficiently in this context refers to polynomial scaling of the required information (cf. discussion
at the end of Sec. 2.2).
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Figure 4.1: Illustration of the Hamiltonian flow −Ĥ on the 2-RDO and 1-RDO spaces
of fermions {ρ(f)

2 } (left), and hardcore bosons {ρ(hcb)
1 } (right), respectively. Equi-

energy hypersurfaces are orthogonal to the Hamiltonian flow and give rise to the
position of the ground state reduced density operators ρ

(f,gs)
2 and ρ

(hcb,gs)
1 on the

boundaries. For more details see text.

of compatible 2-RDOs is convex, the ground state energy is attained on its boundary.

An illustration of this concept is drawn on the left of Fig. 4.1.

The entire concept of reduced particle information may also be translated to sys-

tems of hardcore bosons. If further the 2-body interaction terms of a particular system

should only be given by the terms of the on-site hardcore interaction (a concise defini-

tion and treatment will shortly be given in Sec. 4.1), then the one-particle information

is already sufficient to determine the ground state energy and other properties. A

schematic drawing is depicted on the right of Fig. 4.1. This especially implies that

an efficient description of the set of compatible hardcore boson 1-RDOs will allow for

an efficient treatment of the underlying many-body dynamics.

In this part of the thesis, results of investigations on the 1-body N -representability

problem for hardcore bosons and related questions shall be presented. To begin with,

notations and conventions will be defined in Sec. 4.1. The sets of compatible one-

particle spectra of hardcore bosons are different to those of common bosons and

fermions. In Sec. 4.2 this fact will be demonstrated with the aid of an example.

Despite permitting at most one particle on a spatial orbital, hardcore bosons will be

found to populate some natural orbitals in numbers larger than one. In Sec. 4.3, a

key theorem on the upper bound of hardcore boson NONs will be proven. For N
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particles on d one-particle levels this bound will be determined as:

λmax =
N

d

(
d−N + 1

)
. (4.1)

Additionally, the structure of the states which saturate λmax will be examined in

detail.

In Sec. 4.4, a scheme will be presented which allows one to derive necessary con-

ditions for the 1-body N -representability of hardcore bosons. The key idea will be

to use concepts of constrained optimisation to evaluate the upper and lower bounds

of tr(ρm1 ). This in turn will impose restrictions on the ~λ-vector. Furthermore, the

extension to sets of neccessary and sufficient conditions will be studied.

In the next section, bounds on one-particle entropy measures of hardcore bosons

will be determined and compared with their counterparts of common bosons and

fermions. The results will provide strong testimony of the hybrid character of hard-

core bosons: for smaller systems, hardcore bosons are found to behave like fermions,

whereas for an increasing number of levels, they become boson-like in the thermody-

namic limit.

In Sec. 4.6, examples will be given of hardcore boson states whose ~λ-vectors are

exactly pinned to the boundary of the set of compatible spectra. More specifically,

the considered physical systems will allow one to engineer the occupation number

maximising state.

A discussion and outlook will be provided in the next chapter.

4.1 Exposition

To begin with, we provide a rigorous definition of hardcore bosons and present their

major properties. Consider N bosons in a system with a d-dimensional underlying

one-particle Hilbert space H(d)
1 . The associated N -particle Hilbert space H(d)

N (2.6)

and the language of second quantisation have been introduced in the first chapter.

Assume that a specific one-particle basis of H(d)
1 is distinguished by physical means.

Although this can most prominently be realised by systems of ultracold bosonic atoms

in optical lattices [58, 59], other mechanisms and systems are conceivable as well (see,

e.g., Refs. [91, 35, 92, 41]). The selected physical one-particle basis shall be called the

hardcore boson, lattice or simply hardcore basis Bhcb.

Bhcb ··= {|i〉}di=1 . (4.2)
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General physical Hamiltonians of N -boson systems comprise of 1- and 2-body

terms2 (2.24) from which one can extract the lattice related on-site interaction Ĥhcb:

Ĥ = −
d∑

i,j=1

(
tij b̂
†
i b̂j+h.c.

)
−

d∑
i1,...,i4=1
il 6=il+1

(
Vi1i2i3i4 b̂

†
i1
b̂†i2 b̂i3 b̂i4 +h.c.

)
+
U0

2

d∑
i

(
b̂†i b̂i(b̂

†
i b̂i − 1)

)
︸ ︷︷ ︸

≡Ĥhcb

.

(4.3)

Note that the ladder operators are defined with respect to the lattice basis Bhcb.
For large repulsive interaction strength U0, the bosons become impenetrable. N -

boson states are called hardcore boson states if the expectation value of Ĥhcb vanishes:

ρN , |ψN〉 hardcore ⇐⇒ 〈Ĥhcb〉 = 0. (4.4)

This imposes an exclusion principle on the lattice site occupation numbers:

0 ≤ 〈n̂i〉 = 〈
(
b̂|i〉
)†
b̂|i〉〉 ≤ 1, ∀i = 1 . . . d. (4.5)

Although there is a resemblance to the form of the Pauli exclusion principle for

fermions, Eq. (2.27), these inequalities only hold in the particular lattice basis. In

comparison to fermions, this gives rise to the distinct character of hardcore bosons.

Pure hardcore boson states can be expanded in terms of N -permanents of the

lattice basis:

|ψN〉 =
d∑

jl<jl+1

zj1,j2,...,jN |j1, . . . jN〉 ≡
∑
j∈PdN

zj |j〉 . (4.6)

Since the space of mixed N -boson states M(b)
N (2.8) is the convex hull of the pure

N -boson states and since Ĥhcb is positive semi-definite, every mixed hardcore boson

state can be written as a convex sum of pure hardcore boson states. This also implies

that all r-particle reduced density operators of mixed hardcore boson states can be

convexly decomposed in terms of r-particle reduced density operators of pure states.

ρ(mixed)
r =

∑
i

pi ρ
(pure),i
r , pi ≥ 0 and

∑
i

pi = 1, ∀r = 1 . . . N. (4.7)

For a given hardcore basis Bhcb define the projectors K̂N and K̂ via

K̂N ··=
∑
i∈PdN

|i〉 〈i| , K̂ ··=
d⊕

N=1

K̂N . (4.8)

2For instance, if one assumes that the particle-particle potential is given by a function of the par-
ticle positions only, f(x̂1, x̂2), then the matrix elements V become: Vq1,q2;q′1,q

′
2

= δq1,q′1δq2,q′2f(q1, q2).
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K̂N acts on the N -bosonic Hilbert space H(b)
N and K̂ acts on the Fock space F (b).

Hardcore boson states span a linear subspace of the common boson state space. This

allows one to consider the dynamical constraint imposed by Ĥhcb as a kinematical

constraint and restrict the description of states and unitary evolution to the hardcore

boson Hilbert space H(hcb)
N .

H(hcb)
N
··= K̂NH(b)

N ≡ span
(
|j1, . . . jN〉 ∈ H(b)

N |jl < jl+1

)
� H(b)

N . (4.9)

In addition, the space of mixed N -hardcore boson states M(hcb)
N is defined via:

M(hcb)
N
··= K̂NM(b)

N K̂N �M(b)
N . (4.10)

Generally, the projection of H(b)
N onto H(hcb)

N induces a projection on the space of

linear operators on H(b)
N . Observe that under this projection the Ĥhcb term in the

general Hamiltonian (4.3) will be removed.

In analogy to fermions (cf. Def. 1) one can define the N -representability problem

for hardcore bosons. In the following sections, we are now going to present results of

investigations on the role and character of reduced-particle information in systems of

hardcore bosons.

4.2 Hardcore bosons versus fermions: An

illustrative example of 2 particles on 3 sites

Despite sharing some resemblance with respect to the exclusion principle on the lattice

basis, the sets of N -representable one-particle density operators of hardcore bosons

and fermions are quite different. In particular, one finds that, contrary to popular

opinion, the natural occupation numbers of hardcore boson states can be larger than

one. In order to get a first impression of the distinct one-particle nature of both

particle species it is instructive to consider the example of two particles on three

lattice sites. For common bosons, the set of allowed one-particle spectra is only

constrained by the normalisation and ordering conditions, and the upper bound on

each natural occupation number by N = 2. For pure fermionic states, however, we

know that only the ~λ-vector ~λ = (1, 1, 0) is N -representable (cf. appendix, Sec. A).

Remarkably, the hardcore boson constraint will yield yet another different set of N -

representable one-particle spectra.

For N = 2 hardcore bosons on the d = 3 lattice sites, a normalised arbitrary pure

state can be expressed in terms of the lattice basis {|1〉 , |2〉 , |3〉} via

|ψN=2,d=3〉 = z1 |1, 2〉+ z2 |1, 3〉+ z3 |2, 3〉 . (4.11)
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Figure 4.2: Pure N -represent-
able one-particle reduced den-
sity operator spectra for systems
of either N = 2 bosons (blue
triangle), fermions (red dot at
(1, 1)) or hardcore bosons (solid
black line) on d = 3 lattice sites.
The sets of spectra can be dis-
played in the (λ1, λ2)-plane since
λ3 is determined by the normal-
isation condition (see text for
more details).

Normalisation to unity requires
∑

i |zi|2 = 1. In the lattice basis, the components of

the one-particle reduced density matrix read3

ρij ≡
(
〈i|ρ1|j〉

)
ij

=

 z1z
∗
1 + z2z

∗
2 z2z

∗
3 z1z

∗
3

z3z
∗
2 z1z

∗
1 + z3z

∗
3 z1z

∗
2

z3z
∗
1 z2z

∗
1 z2z

∗
2 + z3z

∗
3


ij

. (4.12)

In order to determine the set of compatible spectra, we consider the characteristic

polynomial pρ1 of ρ1:

pρ1(λ) = λ3 − 2
(
|z1|2 + |z2|2 + |z3|2

)
λ2 +

(
|z1|2 + |z2|2 + |z3|2

)2
λ− 4|z1|2|z2|2|z3|2

= λ3 − 2λ2 + 1λ− c0.
(4.13)

In the second line, the polynomial has been simplified by using the normalisation

condition of the wave function and defining c0 = 4|z1|2|z2|2|z3|2. Regarded as a

function on a compact domain, c0({zi}) : ([0, 1] × [0, 2π])3 → 4|z1|2|z2|2|z3|2, the

λ0 coefficient of the characteristic polynomial can be shown to lie within a compact

interval, c0 ∈ [0, 4/27]. The set of corresponding zero points {λi}3
i=1 of pρ1

∣∣
c0

thus

3Note that the analogous fermionic 1-RDO differs from the hardcore boson 1-RDO by specific

minus-signs: ρ
(f)
1 =

 z1z
∗
1 + z2z

∗
2 z2z

∗
3 −z1z

∗
3

z3z
∗
2 z1z

∗
1 + z3z

∗
3 z1z

∗
2

−z3z
∗
1 z2z

∗
1 z2z

∗
2 + z3z

∗
3

 .
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constitutes the set C(N=2,d=3) of spectra of N -representable hardcore boson 1-RDOs.

Due to the normalisation condition λ1 + λ2 + λ3 = 2, it can readily be displayed in

the (λ1, λ2)-plane, cf. Fig. 4.2. Note that in accordance with previous chapters the

spectra will generally be ordered non-increasingly.

As expected, the set of compatible hardcore boson spectra, represented by the

black solid line, forms a proper subset of the compatible spectra of common bosons,

marked by the blue triangle. The only compatible fermionic spectrum ~λ(f) = (1, 1, 0)

is highlighted by a red dot. One observes, that unlike for fermions, the set C(2,3) is

not a polytope and does not even form a convex set. This suggests that the general

description of 1-body N -representability conditions for pure hardcore boson states

may be more intricate than its fermionic counterpart in terms of GPCs (cf. Sec. 2.3).

For instance, an analogue of the fermionic particle-hole duality (see Eq. (2.32)) does

not exist for C(2,3) because this set is not isomorphic to the zero-dimensional set C(1,3)

obtained for a system of N = 3− 2 = 1 particle(s) on 3 sites.

Last but not least, the set C(2,3) in Fig. 4.2 also demonstrates that occupation

numbers of one-particle states other than the lattice basis states are not restricted by

the exclusion principle (4.5). In particular natural occupation numbers seem to have

different upper bounds.

4.3 Maximal occupation numbers

Above we have seen that occupation numbers of hardcore boson states may well

exceed the value of 〈n̂〉 = 1. This of course raises the question about the general form

of an upper bound on the occupation numbers. In this section we are going to prove

and discuss the following theorem:

Theorem 4 (Maximal hardcore boson occupation numbers)

Consider N hardcore bosons on d lattice sites with hardcore basis Bhcb ≡ {|i〉}di=1. The

maximal possible occupation number λmax,

λmax ··= max
|φ〉∈H(d)

1

ρN∈M
(hcb)
N

(
tr(ρN n̂|φ〉)

)
=
N

d

(
d−N + 1

)
, (4.14)

can be achieved for all |ϕ〉 ∈ H(d)
1

|ϕ〉 =
d∑
j=1

1√
d
eiφj |j〉 . (4.15)
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All other single particle states have always smaller occupation numbers.

The corresponding maximiser |ψλmaxN 〉 is a pure state and reads

|ψλmaxN 〉 =
∑
k∈PdN

(
d

N

)− 1
2

eiΘk1,...,kN |k1, . . . , kN〉 , (4.16)

with

Θj1,...,jN = Θ0 + φj1 + φj2 + . . .+ φjN , (4.17)

and Θ0 a global phase.

In order to prove Thm. 4, we shall initially derive a suitable expression for the occu-

pation number Λ = 〈ψN |n̂|ϕ〉|ψN〉 of single-particle orbitals in pure N -hardcore boson

states (Sec. 4.3.1). By promoting this functional to an action and implementing nor-

malisation constraints using Lagrange multipliers, we derive a set of Euler-Lagrange

equations in Sec. 4.3.2. The equations are solved and the solutions are discussed

and extended to mixed states, which completes the proof of Thm. 4. In Sec. 4.3.3,

some properties of λmax and |ψλmaxN 〉 shall be explored. Following that, a particular

physically relevant basis of states unbiased to the hardcore basis, the Bloch-states,

will be considered in detail and the structure of the corresponding states |ψλmaxN 〉 will

be related to N -permanents of Bloch-states in Sec. 4.3.4.

4.3.1 Derivation of a functional Λ for hardcore boson
single-particle state occupation numbers

In this section, we are going to derive a simplified form of the expression for the

occupation number Λ of a single-particle state |ϕ〉 in an N -hardcore boson state |ψN〉:

Λ(|ϕ〉, |ψN〉) ··= 〈ψN |n̂|ϕ〉|ψN〉 . (4.18)

Any arbitrary single particle state |ϕ〉 can be expanded in terms of the hardcore

basis Bhcb:

|ϕ〉 =
d∑
i=1

ci |i〉 . (4.19)

Let b̂†i and b̂j denote the ladder operators that correspond to Bhcb. The occupation

number operator n̂|ϕ〉 thus becomes:

n̂|ϕ〉 =
d∑

i,j=1

cic
∗
j b̂
†
i b̂j . (4.20)
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Next, we shall consider a suitable form of some (arbitrary) hardcore boson state

|ψN〉. Recall that every pure hardcore boson state may be written as a superposition

of bosonic permanents |i1, . . . , iN〉 of elements of Bhcb. Each such permanent can be

derived by the action of the annihilation operators b̂i on the state |ξ〉 = |1, . . . , d〉 of

N = d hardcore bosons on d lattice sites. Consequently, any arbitrary N -hardcore

boson state may be decomposed as:

|ψN〉 =
d∑

j1=1

. . .

d∑
jn=1

Aj1,j2,...,jn b̂j1 b̂j2 . . . b̂jn |ξ〉 , (4.21)

where n = d−N represents the number of holes (see discussion below). Note that the

sums over jk have not been restricted to jk+1 > jk. Therefore, Eq. (4.21) comprises

n! copies of each permanent. The advantage of this choice will become clearer in the

derivation of Λ below. Without loss of generality, one can choose the coefficients A...

to be totally symmetric and in addition, set those coefficients in which at least two

indices coincide to zero:

Aj1,...,jn =
1

n!

∑
σ∈Sn

Aσ(j1),...,σ(jn) , A...,k,...,k,... = 0. (4.22)

Finally, observe that since the expansion (4.21) contains n! copies of the same per-

manents, the normalisation condition on |ψN〉 translates into

d∑
j1=1

. . .
d∑

jn=1

|Aj1,j2,...,jn|2 =
1

n!
. (4.23)

We now simplify the form of the occupation number Λ (4.18). By substitution of

(4.21) and (4.20) into (4.18) one yields:

Λ =
∑
j

∑
k

∑
m,l

A∗j1,...,jnAk1,...,kncmc
∗
l 〈ξ| b̂

†
j1
. . . b̂†jn b̂

†
mb̂lb̂k1 . . . b̂kn |ξ〉 . (4.24)

The matrix elements of the ladder operator products can only assume values of 0 or 1.

This can be used to carry out the sums over k and l. In order not to vanish, the matrix

elements 〈ξ| b̂†j1 . . . b̂
†
jn
b̂†mb̂lb̂k1 . . . b̂kn |ξ〉 have to satisfy the following two conditions:

1. Both sets of indices, {j,m} and {k, l}, have each to be pairwise distinct, i.e.

m 6= j1, . . . , jn and jg 6= jh, as well as l 6= k1, . . . , kn and kg 6= kh.

2. (k, l) must be a permutation of (j,m).
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The first condition allows us to drop all elements of the sums over m and l for which

m ∈ j and l ∈ k. Note that due to the appropiate choice of the A... coefficients (4.22)

the pairwise distinctness of elements of j and k does not require the adjustment of

the sums over j and k.

Λ =
∑
j

∑
m|m/∈j

(∑
k

∑
l|l /∈k

A∗j1,...,jnAk1,...,kncmc
∗
l 〈ξ| b̂

†
j1
. . . b̂†jn b̂

†
mb̂lb̂k1 . . . b̂kn |ξ〉

)
. (4.25)

The second condition can be implemented by replacing the two inner sums with a sum

over all permutations of n+ 1 elements. The resulting expression then only includes

the non-vanishing matrix elements, which therefore can be omitted:

Λ =
∑
j

∑
m|m/∈j

( ∑
σ∈Sn+1

A∗j1,...,jncmAσ(j1),...,σ(jn)c
∗
σ(m)

)
. (4.26)

In a next step, one can split the sum over all permutations into a sum over the set of

those permutations for which σ(m) = m and a sum over the respective complement:

Λ =
∑
j

∑
m|m/∈j

( ∑
σ∈Sn+1

σ(m)=m

A∗j1,...,jncmAσ(j1),...,σ(jn)c
∗
σ(m) +

∑
σ∈Sn+1

σ(m)6=m

A∗j1,...,jncmAσ(j1),...,σ(jn)c
∗
σ(m)

)
.

(4.27)

The left inner sum contains n! elements of the same value due to the total symmetry

of A. The right inner sum may be evaluated by considering the n different choices

for σ(m), i.e. σ(m) = j1, . . . , jn, which, together with the symmetry of A, leads to

a factor of n. The remaining possible permutations contribute an additional factor

of (n!):

Λ =
∑
j

∑
m|m/∈j

(
n! · |Aj1,...,jn|2|cm|2 + n · n! · A∗j1,...,jncmAm,j2,...,jnc

∗
j1

)
. (4.28)

The constrained sum over m can be written as the difference of two sums:

Λ =
∑
j

d∑
m=1

(
n! · |Aj1,...,jn|2|cm|2 + n · n! · A∗j1,...,jncmAm,j2,...,jnc

∗
j1

)
−
∑
j

∑
m∈j

(
n! · |Aj1,...,jn|2|cm|2 + n · n! · A∗j1,...,jncmAm,j2,...,jnc

∗
j1

)
.

(4.29)

By carrying out the second sum over m, the first term in the lower brackets will pick

up a factor of n due to the symmetry of A, whereas in the second term only m = j1
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will be non-zero.

Λ =
∑
j

d∑
m=1

(
n! · |Aj1,...,jn|2|cm|2 + n · n! · A∗j1,...,jncmAm,j2,...,jnc

∗
j1

)
−
∑
j

(
n · n! · |Aj1,...,jn|2|cj1|2 + n · n! · A∗j1,...,jncj1Aj1,j2,...,jnc

∗
j1

)
.

(4.30)

By renaming indices and using the normalisation conditions on |ϕ〉 and |ψN〉 (4.23),

one now obtains a compact expression for Λ:

Λ = 1 + n · n!
∑
j2...jn

∣∣∣∣∑
m

cmAm,j2,...,jn

∣∣∣∣2 − 2n · n!
∑
j2...jn

(∑
m

∣∣cm∣∣2∣∣Am,j2,...,jn∣∣2). (4.31)

The simplified structure of Λ becomes more apparent by looking at the A coeffi-

cients as a set of vectors labelled by (n − 1) indices j2, . . . , jn with vector index m.

The second term in (4.31) comprises of a sum of scalar products of these vectors with

the c-vector of the single-particle state. The third term is built up by products of

absolute squared components from those vectors. This term is therefore independent

of the phases of c and A. The only phase dependence of Λ is given by the second

term in which only the relative phases of c and A enter. All phases of c can thus be

absorbed into the A coefficients. More fundamentally, this corresponds to a unitary

transformation |j〉 7→ e−iφj |j〉 of the one-particle basis Bhcb, where φj represents the

phase of the j-th coefficient of c. The transformed basis also satisfies the hardcore

constraint. For each possible value of Λ one can find a state such that the one-particle

state |ϕ〉 is a real-valued expansion of the underlying hardcore basis.

4.3.2 Global maximum of the Λ-functional

In order to determine the maximal single-particle state occupation number of hard-

core boson states, one has to consider the Euler-Lagrange equations related to the

expression of the occupation number functional Λ (4.31). It will prove helpful to

introduce the polar decompositions of the c and A coefficients,

cm = rme
iφm and Aj1,...,jn = aj1,...,jne

iθj1,...,jn , (4.32)

such that the action becomes:

S[r, φ, a, θ, µ, ν] = n · n!
∑
j2...jn

{∣∣∣∣∑
m

rme
iφmam,j2,...,jne

iθm,j2,...,jn

∣∣∣∣2 − 2
∑
m

r2
ma

2
m,j2,...,jn

}
+ 1 + ν

(∑
m

(r2
m)− 1

)
+ µ

( ∑
j1...jn

(a2
j1,...,jn

)− 1

n!

)
.

(4.33)
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Note that Lagrange multipliers µ and ν have been introduced to enforce the normal-

isation of |ϕ〉 and |ψN〉 to unity, (4.23). The variation of the action S though, may

still lead to negative values for r and a. This means that in a strict sense the non-

negativity of these variables would have to be imposed on the system by using the

KKT-formalism.4 Every solution involving negative r or a however, can be related

to another solution with equal value of S and positive r or a through a shift of the

respective phases by ±π. We thus proceed without implementing further constraints

of the KKT-formalism.

The Euler-Lagrange equations for φm and θm,j2,...,jn are derived as:

0 = rme
iφm

∑
j2...jn

(
am,j2,...,jne

iθm,j2,...,jn
∑
k

rke
−iφkak,j2,...,jne

−iθk,j2,...,jn

)
− h.c. , (4.34a)

0 = rme
iφmam,j2,...,jne

iθm,j2,...,jn
∑
k

rke
−iφkak,j2,...,jne

−iθk,j2,...,jn − h.c. (4.34b)

By summing over the free indices j2 to jn, one immediately recognises that Eq. (4.34b)

implies Eq. (4.34a). Observe that solutions of Eq. (4.34b) for which the sum over

k vanishes correspond to S[·] = Λ < 1 (4.33) and may therefore be disregarded.

Consequently, for the phases whose corresponding amplitudes rm are not zero, the

solution to Eq. (4.34b) has to fulfil:

φm + θm,j2,...,jn = (const.)j2...jn ∀m = 1 . . . d , (4.35)

where the constants depend on the indices j2 to jn.

The Euler-Lagrange equations for the amplitudes r... and a... may be written in

the following form:

0 = n n!
∑
j2...jn

{(
ei(φm+θm,j2,...,jn )am,j2,...,jn

∑
k

rkak,j2,...,jne
−i(θk,j2,...,jn+φk)

)
+ h.c.

}
+ 2 ν rm − 4n n!

∑
j2...jn

rm(am,j2,...,jn)2, (4.36a)

0 = n n!

{(
ei(φm+θm,j2,...,jn )

∑
k

rkak,j2,...,jne
−i(φk+θk,j2,...,jn )

)
+ h.c.

}
· rm

+ 2 µ am,j2,...,jn − 4n n! r2
mam,j2,...,jn . (4.36b)

4Solutions of constrained optimisation problems may be determined by using the Karush-Kuhn-
Tucker (KKT) formalism. An introduction to this technique, which will also be used in subsequent
sections, is provided in the appendix, Sec. D
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In order to determine the values of the Lagrange multipliers µ and ν one can multiply

Eq. (4.36a) with rm and Eq. (4.36b) with am,j2,...,jn , and sum over all free indices:

ν =
µ

n!
= −n n!

∑
j2...jn

(∣∣∣∣∑
m

cmAm,j2,...,jn

∣∣∣∣2 − 2
∑
m

(
|cm|2|Am,j2,...,jn|2

)) !
= −S[·] + 1 .

(4.37)

Both values are directly related to the value of the functional. Recalling the original

form of the functional as an expectation value of a positive operator (4.18) one can

conclude that ν and µ must always be less than or equal to one. Since we are

interested in finding the global maximum we can even restrict to solutions for which

ν � 0.5 In that case, Eq. (4.36b) implies that if rm = 0, then also am,j2,...,jn = 0 for all

choices of indices j2, . . . , jn. Due to Eq. (4.36a), a converse statement holds true for

sums of am,j2,...,jn . If we consider solutions in which p different amplitudes rm become

zero, the Euler-Lagrange equations for a setting of N particles on d sites (4.34) and

(4.36) will reduce to the respective equations for the setting of N − p particles on

d− p sites. The result for the maximal occupation number derived further below will

prove to be strictly monotonic increasing.6 We shall therefore a priori assume that

rm > 0, ∀m = 1 . . . d.

The Euler-Lagrange equations (4.36) can now be simplified by inserting the phase

relations (4.35):

0 =
∑
j2...jn

(
am,j2,...,jn

∑
k

rkak,j2,...,jn

)
+

ν

n n!
rm − 2

∑
j2...jn

rm(am,j2,...,jn)2, (4.38a)

0 = rm
∑
k

rkak,j2,...,jn +
µ

n n!
am,j2,...,jn − 2 r2

mam,j2,...,jn . (4.38b)

Since this is a set of multivariate quartic equations, determining all of their solutions

will generally prove to be difficult. In order to circumvent this obstacle, one may

regard the Euler-Lagrange equations (4.38) as dynamical equations of a simplified

action S ′:

S ′[r, a, µ′, ν ′] =
∑
j2...jn

{∣∣∣∣∑
m

rmam,j2,...,jn

∣∣∣∣2 − 2
∑
m

r2
ma

2
m,j2,...,jn

}
+ ν ′

(∑
m

(r2
m)− 1

)
+ µ′

( ∑
j1...jn

(a2
j1,...,jn

)− 1

n!

)
.

(4.39)

5The global minimum is obviously given by Λmin = 0. Solutions of the Euler-Lagrange equations
which correspond to this value of the occupation number are, for example, given by one-particle
states |φ〉 which have zero overlap with those states building up the permanents of the N -hardcore
boson state. Clearly, the global maximum will at least take the value 1.

6By strictly monotonic increasing it is meant that λmax(N + 1, d+ 1) > λmax(N, d).
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By carefully applying the Cauchy-Schwarz inequality to the first term in the curly

brackets, one obtains another action S̄ whose extremal points will constitute upper

limits to the maximal occupation number. Because of the symmetry properties of the

a... coefficients (4.22) the first term is seen to be bounded by:∣∣∣∣∑
m

rmam,j2,...,jn

∣∣∣∣2 (4.22)
=

∣∣∣∣ ∑
m:

m 6=j2...jn

rmam,j2,...,jn

∣∣∣∣2 ≤ ( ∑
m:

m 6=j2...jn

r2
m

)( ∑
k:

k 6=j2...jn

(ak,j2,...,jn)2

)
(4.22)
=

(∑
m

r2
m −

∑
m=j2...jn

r2
m

)∑
k

(ak,j2,...,jn)2 .

(4.40)

This implies that an upper bound to the functional S ′ (4.39) is given by:

S̄[r, a, µ′, ν ′] =
∑
j2...jn

{(∑
m

r2
m −

∑
m=j2...jn

r2
m

)∑
k

(ak,j2,...,jn)2 − 2
∑
m

r2
ma

2
m,j2,...,jn

}
+ ν ′

(∑
m

(r2
m)− 1

)
+ µ′

( ∑
j1...jn

(a2
j1,...,jn

)− 1

n!

)
≥ S ′.

(4.41)

The Euler-Lagrange equations of this new functional are computed as:

0 = rm

[
1

n!
− (n+ 1)

∑
j2...jn

(am,j2,...,jn)2 + ν

]
, ∀m = 1 . . . d; (4.42a)

0 = am,j2,...,jn

[
1−

∑
k=j2...jn

(rk)
2 − 2(rm)2

]
, ∀{m, j2, . . . , jn} ∈ Pdn. (4.42b)

Note that the form of both equations has already been simplified by using the nor-

malisation conditions. From the second equation (4.42b) we can deduce that rm is

constant for all m = 1 . . . d. Due to Eq. (4.42a), the same holds true for partial sums

of (am,j2,...,jn)2. Using the proper normalisations we can therefore conclude that:

rm = 1/
√
d and

∑
j2,...,jn

(am,j2,...,jn)2 = 1/(n!d), ∀m = 1 . . . d. (4.43)

The manifold of points fulfilling the two equations (4.43) are potential extremal points

of the action S̄ since they solve the related Euler-Lagrange equations (4.42). In order

to check whether these points represent local maxima, one can consider the Hessian

of the functional (4.41) and examine its eigenvalues. This unfortunately proves to

be a cumbersome task.7 We shall thus choose a more direct approach and check the

7Of course, since the functional S̄ is a quadratic form, its Hessian is a constant matrix. Never-
theless, determining the signs of the eigenvalues is generally not feasible.
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values of the action S̄ at points of the solution manifold defined by (4.43):

S̄

∣∣∣∣ rm=1/
√
d;∑

(am,j2,...,jn )2

=1/(n!d)

=
∑
j2...jn

((
1− n− 1

d

)∑
m

(am,j2,...,jn)2 − 2
∑
m

1

d
(am,j2,...,jn)2

)

=
1

n!

(
1− n+ 1

d

)
.

(4.44)

The functional assumes the same value at all points defined by (4.43). Hence, (4.44)

indeed represents the global maximum of S̄. If S̄ were to assume a larger value on

the boundary of the constrained parameter domain of r and a, at least one rm would

have to be zero according to the KKT-formalism. This scenario, however, has been

discussed above and related to a setting with reduced particle number and number

of sites (cf. remarks following Eq. (4.37)).

Let us now consider the relation between S̄ and S ′ (4.41) again. For sets of fixed in-

dices j2, . . . , jn define the (d−n+1)-dimensional vectors ~aj2,...,jn = (am,j2,...,jn)m6=j2...jn .

On the basis of Cauchy-Schwarz, the equality of S̄ with S ′ is achieved if and only if

all vectors ~aj2,...,jn are parallel to the vector with constant coefficients rm. This set of

coefficients is contained within the solution manifold (4.43). Because S̄ constitutes an

upper bound to S ′, the global maximum of S ′ is also given by (4.44) and achieved for

constant vectors (rm) and ~aj2,...,jn . The scheme further translates to the original ac-

tion S. Using the normalisation constraints, the functional S thus assumes its global

maximum at:

rm = 1/
√
d , aj1,...,jn =

1

n!
√(

d
n

) , φm + θm,j2,...,jn = const. , ∀m = 1 . . . d, j ∈ Pdn.

(4.45)

The value of S at these coefficients is given by:

λmax = S

∣∣∣∣
(4.45)

= 1 + n n!
∑
j2...jn

(∣∣∣∣ ∑
m 6=j2...jn

d−
1
2

1

n!

(
d

n

)− 1
2
∣∣∣∣2 − 2

∑
l 6=j2...jn

d−1 1

(n!)2

(
d

n

)−1)
= 1 +

(
n− n2

d
− n

d

)
.

(4.46)

Expressed in terms of the particle number N = d−n, the maximal occupation number

reads as:

λmax(N, d) =
N

d

(
d−N + 1

)
. (4.47)

As mentioned before, this result increases strictly monotonically with the number of

particles and sites in the sense that λmax(N + 1, d+ 1) > λmax(N, d) for N < d.
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In the next step, we shall more closely examine the structure of the states and

single particle orbitals for which λmax is achieved.

The equal weight of all amplitudes rm (4.45) confirms that |ϕ〉 is unbiased with

respect to the hardcore basis. The phases φm however, are not uniquely determined

in agreement with the comments made at the end of the previous section, Sec. 4.3.1.

The amplitudes aj1,...,jn may be related to the form of |ψN〉 (4.16) by recalling that

in their definition (4.21) they have been purposely overcounted. The total symmetry

cancels the factor n! and the binomial identity
(
d
n

)
=
(

d
d−n

)
=
(
d
N

)
establishes the

desired result (4.16).

The phases Θi1,...,iN of the expansion coefficients of |ψN〉 (4.17) can be uniquely

determined up to a global phase factor. Given a fixed set of phases φm let us choose

the global phase factor such that

θ(d−n+1),...,d = φ1 + φ2 + . . .+ φN . (4.48)

By using Eq. (4.35) one can compute other phases, e.g.

θ(d−n),(d−n+2),...,d = θ(d−n+1),...,d−φ(d−n)+φ(d−n+1) = φ1+φ2+. . .+φN−1+φN+1. (4.49)

The scheme may be extended to all phases: For any set {j1, . . . , jd} which is a per-

mutation of {1, . . . , d} the phase θj1,...,jn is given by:

θj1,...,jn = φjn+1 + φjn+2 + . . .+ φjd . (4.50)

Since in the expansion of |ψN〉 (4.21) the phase factor eiθj1,...,jn belongs to the perma-

nent |jn+1, . . . , jd〉, this verifies Eq. (4.17) and confirms Thm. 4 for pure states.

In order to include mixed states recall that the 1-RDO of every mixed hardcore

boson state can be convexly expanded in terms of 1-RDOs of pure states (cf. Eq. (4.7)).

By using Weyl’s inequalities8 [106] one finds that the upper bound for occupation

numbers is still given by λmax and further recognises that λ1 = λmax can only be

achieved for the pure state |ψλmaxN 〉. This completes the proof of Thm. 4 also for

mixed states.

If one extends the scope of maximal hardcore boson occupation numbers to sys-

tems with variable particles numbers, Thm. 4 leads to the following corollary:

8Let A,B be hermitian operators with non-increasingly ordered spectra ~λ and ~τ . For the spectrum
~σ of C = A + B it holds that σ(i+j−1) ≤ λi + τj where equality is achieved if the natural orbitals
coincide.
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Corollary 2 (Maximal occupation on the Fock space)

For the hardcore boson Fock space Fhcb[H(d)
1 ] based on a d-dimensional one-particle

Hilbert space, the maximal single-particle state occupation number is given by:

λ̃max ··= max
|φ〉∈H(d)

1
|ψ〉∈Fhcb

(
〈ψ|n̂|φ〉|ψ〉

)
=

{
(1+d)2

4d
, if d is odd;

1
2

(
1 + d

2

)
, if d is even.

(4.51)

Proof: Consider λmax(N, d) as a function of N and determine its maximum for both

cases of odd and even numbers of sites. Using Weyl’s inequlities from Ref. [106] yields

the desired result.

4.3.3 Structural properties of λmax and the occupation
number maximising state |ψλmaxN 〉

At first let us take a look at two different thermodynamic limits of λmax. Define the

filling factor ν = N
d

. By increasing the number of sites d while keeping ν constant,

the maximal occupation number normalised to N approaches a value smaller than

one:

lim
d→∞

ν=const.

(
λmax
N

)
= 1− ν . (4.52)

This captures the interesting result that for half-filling of a large number of lattice

sites d� 1, the maximal occupation number approaches N
2

.

Another limit is given by increasing the number of sites while keeping the particle

number constant:

lim
d→∞

N=const.

(
λmax

)
= N . (4.53)

In that case, the influence of the hardcore interaction on the upper bound of the

occupation numbers becomes weaker and the limit of λmax resembles the bounds on

common bosonic systems. The overlap of the corresponding states |ψλmaxN 〉 (4.16)

with the bosonic permanent of N single-particles states |ϕ〉 converges to unity (see

discussion below in Sec. 4.3.4).

We shall now investigate the structure of |ψλmaxN 〉 (4.16) in more detail. The one-

particle reduced density operator associated with ρN = |ψλmaxN 〉 〈ψλmaxn | can straight-
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State |ψ〉 〈n̂2
|a〉〉 (∆n|a〉)

2 〈n̂|a〉n̂|b〉〉 〈δn̂|a〉δn̂|b〉〉

BMI/FMI
∏d

j=1(â
†(b/f)
j )nj | 〉 n2

a 0 nanb 0

BCo e−N/2
∏d

j=1 e
√

N
d
b̂†j | 〉 N

d

(
1 + N

d

)
N
d

N2

d2
0

BSF 1√
N !

(∑d
j=1

1√
d
b̂†j
)N | 〉 N(d+N−1)

d2
N
d

(
1− 1

d

) N(N−1)
d2

−N
d2

|ψλmaxN 〉 N
d

N
d

(
1− N

d

) N(N−1)
d(d−1)

−N(d−N)
d2(d−1)

Table 4.1: On-site occupation number expectations and variances as well as number
and number-fluctuation correlations (from left to right) of various many-body states:
bosonic and fermionic Mott insulators (BMI and FMI), the bosonic coherent state
(BCo), the bosonic superfluid state (BSF) and |ψλmaxN 〉. Respective thermodynamic
limits are presented in Tab. 4.2.

forwardly be computed. In the underlying hardcore basis its components read as:

(
ρλmax1

)
ij

=


N
d

N(d−N)
d(d−1)

ei(φ1−φ2) . . .
N(d−N)
d(d−1)

ei(φ2−φ1) N
d

N(d−N)
d(d−1)

ei(φ2−φ3)

... N(d−N)
d(d−1)

ei(φ3−φ2) . . .


ij

=

(
N(d−N)

d(d− 1)

)
ei(φi−φj)︸ ︷︷ ︸

Eij

+

(
N(N − 1)

d(d− 1)

)
1 ij.

(4.54)

The maximally occupied single-particle state |ϕ〉 determines the phases φm. It is a

natural orbital of ρλmax1 with the non-degenerate eigenvalue λmax.
9 The remaining part

of the eigenspace is spanned by eigenvectors of the (d− 1)-fold degenerate eigenvalue

λ′ = λ2 = . . . = λd =
N(N − 1)

d(d− 1)
. (4.55)

A set of orthogonal eigenvectors that span the eigenspace of λ′ is given by:

|ek〉 =
1√

k(k − 1)

( k−1∑
j=1

(
eiφj |j〉

)
− (k − 1)eiφk |k〉

)
, ∀k = 2 . . . d . (4.56)

If |ϕ〉 is chosen to be a Bloch state, the eigenspace of λ′ (4.56) will be spanned by all

the other Bloch states (see Sec. 4.3.4).

An important set of quantities to classify and compare |ψλmaxN 〉 with other many-

body quantum states is provided by the expectation values of the on-site occupation

9This may be seen as an immediate consequence of the Schur-Horn Lemma in that the largest
diagonal entry of a matrix is bounded from above by the largest eigenvalue. Hence, by maximising
a diagonal entry, one gets an eigenvalue.
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State |ψ〉 lim
d→∞
〈n̂2
|a〉〉
∣∣
ν

lim
d→∞

(∆n|a〉)
2
∣∣
ν
〈n̂|a〉n̂|b〉〉 〈δn̂|a〉δn̂|b〉〉

BMI/FMI n2
a 0 nanb 0

BCo ν
(
1 + ν

)
ν ν2 0

BSF ν
(
1 + ν

)
ν ν2 0

|ψλmaxN 〉 ν ν
(
1− ν

)
ν2 0

Table 4.2: Thermodynamic limits of the on-site occupation number expectations and
variances as well as number and number-fluctuation correlations of various many-
body states (cf. Tab. 4.1). Limit values are displayed for the limit of increasing d
while keeping the filling factor ν = N

d
constant. The limits of all quantites under

constant N approach zero.

number operators n̂|a〉 = b̂†|a〉b̂|a〉, their fluctuations and correlations. Clearly, the

occupation number expectation and its higher momenta at any site a ∈ 1 . . . d are

given by:

〈ψλmaxN |n̂|a〉|ψλmaxN 〉 =
N

d
, and 〈ψλmaxN |

(
n̂|a〉
)p|ψλmaxN 〉 =

N

d
, ∀p = 2, 3, . . . (4.57)

As a consequence, the variance of n̂|a〉 does not vanish for filling factors smaller

than one:

(∆n|a〉)
2 =

N

d

(
1− N

d

)
= ν(1− ν). (4.58)

When looking at non-local pair correlations of the occupation numbers one finds that

for any pair of sites a 6= b:

〈ψλmaxN |n̂|a〉n̂|b〉|ψλmaxN 〉 =
N(N − 1)

d(d− 1)
. (4.59)

In order to describe fluctuations, it is advantageous to introduce the fluctuation op-

erator δn̂|a〉 = n̂|a〉 − 〈n̂|a〉〉. The expectation value of its square defines the variance

(4.58). Furthermore, it can be used to determine the non-local number-fluctuation

correlations which assume the same value for any arbitrary pair of sites a 6= b:

〈ψλmaxN |δn̂|a〉δn̂|b〉|ψλmaxN 〉 = −N(d−N)

d2(d− 1)
. (4.60)

A comparison of these characteristic values of |ψλmaxN 〉 with their counterparts from

other states is shown in Tab. 4.1. For an introduction to various many-body quantum

states see Refs. [58, 59].
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The fermionic and bosonic Mott insulator states (FMI and BMI) can be written

as single Slater determinants or bosonic permanents of the spatial basis, respectively.

Both do not exhibit any fluctuations and are thus completely localised states. The

bosonic coherent state (BCo) is a state with fluctuating total particle number.10

Despite this caveat, it shares some similarities with the |ψλmaxN 〉 state. For small

filling factors ν = N
d

the variances of the occupation numbers (∆n|a〉)
2 and their

pair correlations 〈n̂|a〉n̂|b〉〉 approach the respective values of |ψλmaxN 〉. In contrast to

|ψλmaxN 〉, however, the bosonic coherent state does not have any number-fluctuation

correlations. A state which shares similar properties is given by the bosonic superfluid

state. This state has negative number-fluctuation correlations, which for d � N

resemble those of the |ψλmaxN 〉 state:

lim
d→∞

(
〈ψBSF |δn̂|a〉δn̂|b〉|ψBSF 〉
〈ψλmaxN |δn̂|a〉δn̂|b〉|ψλmaxN 〉

)∣∣∣∣
N

= 1. (4.61)

Yet the number-fluctuation correlations of the |ψλmaxN 〉 and the superfluid state both

separately approach zero under the thermodynamic limits.

In general, it is instructive to consider the two different thermodynamic limits of all

these quantities for increasing d while keeping ν = N
d

or just N constant (cf. Tab. 4.2).

The limits emphasise that the bosonic superfluid state bears many similarities with

the |ψλmaxN 〉 state. In particular, when |ϕ〉 is chosen to be the lowest Bloch state the

corresponding state |ψλmaxN 〉 can be shown to be a projection of the bosonic superfluid

state (cf. Sec. 4.3.4). Before doing so, we shall add a brief remark on the different

characters of holes and particles in systems of hardcore bosons.

Already in Sec. 4.2 it has become apparent that the set of N -representable one-

particle density operators is generally not isomorphic to the respective set for systems

of (d−N) hardcore bosons on d sites. The result on the maximal occupation number

λmax allows one to even strengthen this statement: If, in the spirit of the fermionic

particle-hole transformation (cf. Eq. (2.32)), one were to define a transformation

(b̂i, b̂
†
j)particle 7→ (b̂†i , b̂j)hole, the occupation number expectations of the holes could

achieve negative values since λmax > 1 for 1 < N < d. This inconsistency originates

in the form of the on-site interaction term U
∑

i(n̂i(n̂i−1)) which defines the hardcore

boson space. Under the naively proposed particle hole transformation it will change

to U
∑

i(n̂i(n̂i+1)), which does not give rise to the hardcore boson space of n = d−N
10The total particle number operator N̂ =

∑
i b̂
†
|i〉b̂|i〉 does not fluctuate for the Mott insulator,

superfluid and |ψλmaxN 〉 states, i.e. (∆N)2 = 0. For the bosonic coherent state, however, one gets
(∆N)2 = N .
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particles on d sites. By physical intuition, one may say that in contrast to the particles,

the holes in systems of hardcore bosons do not exert a repulsive force on one another.

If existent, a concept of particle-hole similarity for hardcore bosons will be more

intricate than for fermions.

4.3.4 Maximal occupation and momentum eigenstates

Having studied the properties of |ψλmaxN 〉 for arbitrary defining orbitals |ϕ〉, unbiased

to the hardcore basis Bhcb ≡ {|i〉x}di=1 (recall Thm. 4), we shall now focus on states

of particular physical relevance: the Bloch states |k〉p associated with Bhcb.

|ϕk〉 = |k〉p ··=
1√
d

d∑
j=1

e+2πijk/d |j〉x , ∀k = 1 . . . d . (4.62)

As a consequence, the phases of the expansion coefficients of |ψλmaxN 〉 (4.16) and the

matrix elements Eij in the representation of ρ1 (4.54) simplify significantly:

Θj1,...,jN =
2π

d
k(j1 + . . .+ jN) , Eij = e

2π
d
k(i−j). (4.63)

The eigenspace of the corresponding one-particle density operator is spanned by |k〉p
with eigenvalue λmax and the remaining Bloch states {|k′〉p}k′ 6=k with the (d− 1)-fold

degenerate eigenvalue λ′ (4.55). This can either be proven by direct computation or

may be concluded from the translational invariance of |ψλmaxN 〉.11

In order to gain further structural insight into the state |ψλmaxN 〉, one may look

at its expansion in terms of bosonic permanents of Bloch states. The one-particle

Fourier transformation (4.62) induces a unitary transformation on the N -particle

Hilbert spaces of fermions and bosons. One generally finds that the fermionic Slater

determinants |k1, k2, . . . , kN〉(f)
p and bosonic permanents |k1, k2, . . . , kN〉(b)p of N Bloch

states {|ki〉p}Ni=1 can be expressed via:

|k1, k2, . . . , kN〉(f,b)p = N
d∑

n1=1

. . .
d∑

nN=1

[
e+ 2πi

d
(n1k1+...+nNkN ) |n1, n2, . . . , nN〉(f,b)x

]
.

(4.64)

Note that the normalisation constant N merely depends on the multiplicities of the

ki. For the sake of completeness of this thesis, a thorough derivation is presented in

the appendix, Sec. C.

11Let T̂l denote the translation operator on H(d)
1 . Since T̂⊗

N

l constitutes a symmetry operation on

|ψλmaxN 〉, i.e. T̂⊗
N

l |ψλmaxN 〉 = eiΦl |ψλmaxN 〉, the one-particle reduced density operator ρλmax1 commutes

with T̂l: [ρλmax1 , T̂l] = 0. Both operators thus have a common eigensystem which is given by the
Bloch states.
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For fermions, the form of Eq. (4.64) may be processed further by omitting those

terms in the sums over ni which have a vanishing Slater determinant, i.e. terms with

coinciding pairs of indices. Self-evidently, one may only choose a set of distinct ki,

which then yields:

|k1, k2, . . . , kN〉(f)
p = N

∑
n∈PNd

[( ∑
σ(n)∈SN

e+ 2πi
d
k·σ(n)(−1)sign[σ]

)
|n1, n2, . . . , nN〉(f)

x

]
.

(4.65)

The outer sum accounts for all N -subsets n of {1, . . . , d} whereas the inner sum

represents all terms resulting from permutations σ of a fixed n.12 As one might expect,

a single fermionic Slater determinant of Bloch states is unbiased with respect to all

Slater determinants of the hardcore basis states. It is thus the fermionic analogue of

the |ψλmaxN 〉 state, (4.16). The results on occupation number variances, correlations

and fluctuations of the hardcore boson state |ψλmaxN 〉, Eq. (4.57) to Eq. (4.60), are

easily seen to translate to the fermionic states |k1, k2, . . . , kN〉p. All this raises the

question whether |ψλmaxN 〉 can be more elegantly expressed in momentum space.

At a first glance, the bosonic version of Eq. (4.64) reveals that any expansion of

a single permanent of Bloch-states involves spatial permanents which contain more

than one boson per site and hence violate the hardcore constraint. It would therefore

be desirable to only select the hardcore permanents from the expansion (4.64). This

is facilitated by the hardcore space projector K̂, Eq. (4.8).

Let us apply K̂ to a bosonic permanent of Bloch states (4.64). As in the case of

fermions, only permanents with single occupancies will enter the K̂-projected expan-

sion on the right hand side. Hence, similar to Eq. (4.65), the sums over ni can be

rewritten bearing in mind the bosonic statistics:13

K̂ |k1, k2, . . . , kN〉(b)p = N
∑
n∈PNd

[( ∑
σ(n)∈SN

e+ 2πi
d
k·σ(n)

)
|n1, n2, . . . , nN〉(b)x

]
. (4.66)

If one further chooses all ki to be equal, the inner sum results in an additional factor

of N ! which can be absorbed into the normalisation constant. A comparison with the

phases in Eq. (4.63) establishes the important result:

K̂ |k, k, . . . , k〉(b)p ∝ |ψ
λmax
N 〉 . (4.67)

The state |ψλmaxN 〉 associated with a maximally occupied Bloch state |k〉p is given by

a normalised projection of the bosonic permanent of N Bloch states K̂ |k, k, . . . , k〉(b)p .

12A list of examples may be found in the appendix, Tab. C.1 and Tab. C.2.
13Examples of projected momentum-space hardcore bosons states may be found in the appendix,

tables C.3-C.7.

82



Moreover this also shows that the state |ψλmaxN 〉 for d = k represents the projection

of the general bosonic superfluid state |ψBSF 〉 (cf. Sec. 4.3.3) onto the hardcore boson

space. For |ψBSF 〉, the expectation value of the momentum occupation number and

its variance simply become:

〈ψBSF |n̂|d〉p |ψBSF 〉 = N , and (∆n|d〉p)
2 = 0 . (4.68)

Their counterparts for |ψλmaxN 〉 read as λmax and

(∆n̂|d〉p)
2 =

2N

d2
(d+N − 1)(N − 1) , (4.69)

which per definitionem represents the variance of λmax. Note that in the thermo-

dynamic limit of increasing number of sites d and constant particle number N the

variance of λmax vanishes, i.e. limd→∞(∆n̂|d〉p)
2
∣∣
N

= 0. This again strongly suggests

that by increasing the number of sites the hardcore constraint is weakened so that

|ψλmaxN 〉 approaches the form of a superfluid state.

4.4 Conditions for one-body N -representability

of hardcore boson states

The maximal possible occupation number λmax derived in the previous section consti-

tutes a constraint on the set of N -representable one-particle spectra. In the present

section, we shall extend our investigation to the structure of hardcore boson states

and determine conditions for their one-body N -representability.

In a first step, one has to consider what kind of information about the one-particle

density operator will be required to describe the one-body N -representability. In

Sec. 2.3, it was outlined that fermionic one-body N -representability can entirely be

described in terms of the ~λ-vector. For any one-particle unitary transformation U1

and one-particle density operator ρ
(f)
1 having an N -particle representation ρ

(f)
N , also

ρ̃
(f)
1 = U1ρ

(f)
1 U †1 is N -representable by ρ̃

(f)
N = U⊗

N

1 ρ
(f)
N (U †1)⊗

N
. This especially implies

that for some ~λ-vector which suffices the N -representability conditions, the attributed

natural orbitals may be chosen arbitrarily as long as they form an orthonormal system.

By contrast, this deduction is not possible for hardcore bosons. For some arbitrary

one-particle unitary transformation U1, the induced N -particle unitary transforma-

tion UN = U⊗
N

1 will generally not commute with the hardcore boson space projector

K̂ (see Eq. (4.8)). This imposes restrictions on the unitary equivalence of one-particle

density operators. The one-particle density operator

ρ̃1 = U1ρ
(hcb)
1 U †1 (4.70)
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Figure 4.3: Sketch of the set C(N,d) of compatible hardcore boson ~λ-vectors. The
set of all N -representable one-particle density operators

{
ρ

(hcb)
1

}
has a one-to-one

correspondence to the product set of C(N,d) and the pointwise defined classes of natural

orbitals
[{
|Oi〉
}d
i=1

]
U1

(
~λ(hcb)

)
. Note that the hyperplane defined by λ1 = λmax touches

C(N,d) in exactly one point. For more details see text.

is only N -representable by

ρ̃N = U⊗
N

1 ρ
(hcb)
N (U †1)⊗

N

, if [U⊗
N

1 , K̂] = 0. (4.71)

A good example of this fact is given by the |ψλmaxN 〉 state and its associated one-

particle density operator, Eq. (4.54). If one applies a unitary transformation to ρλmax1

which exchanges its natural orbitals {|φ〉 , |ei〉} with the hardcore basis {|j〉}dj=1, then

the resulting one-particle density operator violates the hardcore constraint.

In order to solve the N -representability problem for hardcore bosons, it is thus

generally required to incorporate spectra and natural orbitals into the description.

A form of restricted unitary equivalence (4.70) of hardcore boson one-particle den-

sity operators with identical spectrum is provided by the set of one-particle unitary

transformations U1 for which the induced N -particle transformation U⊗
N

1 commutes

with the projector K̂. Therefore, to each compatible ~λ-vector one may associate an

equivalence class of natural orbitals
[{
|Oi〉
}d
i=1

]
U1

(
~λ(hcb)

)
.

In this section we are going to examine the set C(N,d) of all ~λ-vectors which are in

principle N -representable by a pure hardcore boson state of N particles on d sites.

In principle here means that a compatible equivalence class of natural orbitals exists:

C(N,d) ··= {spec
(
ρ1

)
| ρ1 = trN−1

(
|ψ(hcb)
N 〉 〈ψ(hcb)

N |
)
, |ψ(hcb)

N 〉 ∈ H(hcb)
N }. (4.72)

An illustration of the set C(N,d) may be found in Fig. 4.3.
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How can one describe C(N,d)? The eigenvalues of a finite dimensional hermitian

operator are completely determined by its characteristic polynomial, which in turn

is uniquely defined by its coefficients. With the aid of the Faddeev and LeVerrier

algorithm [42] all coefficients can be expressed in terms of the traces of the first d

powers of ρ1:

0 = det
(
ρ1 − λI

)
=

d∑
i=0

ciλ
i; cd−k = −1

k

k∑
m=1

cd−k+mtr
(
ρm1
)

(4.73)

This implies that for any d-tuple

td(ρ1) ··= {tr(ρ1), tr(ρ2
1), . . . , tr(ρd1)}, (4.74)

the ~λ-vector associated with ρ1 is uniquely determined by the following d equations:

d∑
i=1

(λi)
k = tr(ρk1), ∀k = 1, . . . , d. (4.75)

Therefore, a description of C(N,d) shall be derived by specifying the set of all possible

td tuples. In a first step, unrelated extremal values of tr(ρk1) are computed, which

yields necessary conditions for the N -representability of ~λ-vectors.

4.4.1 Necessary conditions for N -representability

Let us begin by looking at systems with (d− 1) particles, i.e. systems with one hole.

Since there can be no confusion with ρN we shall drop the index on ρ1 in the remainder

of this section.

4.4.1.1 Systems with N = d− 1 particles

By using the annihilation operators b̂i ≡ b̂|i〉 and the d-particle state |ξ〉 (cf. Eq.

(4.21)), any arbitrary pure state of N = d− 1 particles can be decomposed as:

|ψN=d−1〉 =
d∑
i=1

Aib̂i |ξ〉 . (4.76)

Normalisation of |ψN=d−1〉 to unity imposes the standard condition σ(2) = 1 onto the

complex coefficients Ai, where for later use we have defined the sums of powers:

σ(i) ··=
d∑

k=1

|Ak|i. (4.77)
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The one-particle density operator of the state |ψN=d−1〉 assumes a simple form:(
ρ
)
ij

= (1− 2|Ai|2)δij + AiA
∗
j (4.78)

The first four entries of the d-tuple td (4.74) may easily be computed and can solely

be written in terms of the even power sums σ(2n):

tr
(
ρ
)

= 2σ(2);

tr
(
ρ2
)

= d− 2σ(2) + (σ(2))2;

tr
(
ρ3
)

= d− 3σ(2) − 6σ(2)σ(4) + 4σ(6) + 3(σ(2))2 + (σ(2))3;

tr
(
ρ4
)

= d− 4σ(2) + 16σ(6) − 16σ(8) + 6(σ(2))2 + 4(σ(2))3

− 24σ(2)σ(4) − 8(σ(2))2σ(4) + 16σ(2)σ(6) + (σ(2))4 + 8(σ(4))2.

(4.79)

Traces of higher powers of ρ will also depend solely on the even power sums σ(2n). The

expressions of tr(ρk) may be regarded as functionals of the coefficients Ai and one

can derive the Euler-Lagrange equations of the corresponding action. Note that this

requires one not to substitute the terms σ(2) by the normalisation 1 before carrying

out the variation but rather to implement the constraint using a Lagrange multiplier.

A closer look at ρ2, however, already reveals an interesting property of all one-hole

hardcore boson systems. Since ρ2 = d − 1 is constant, no variation is required and

one obtains:

(λ1)2 + (λ2)2 + . . .+ (λd)
2 = d− 1. (4.80)

Let us now more specifically consider the case of d = 4 lattice sites. In addition

to the equality constraints given by the normalisation of ρ and the identity (4.80),

one can determine the extremal values of tr(ρ3) by variation of the action:

S3[Ai, µ1] ··= tr(ρ3)− µ1(σ(2) − 1). (4.81)

The resulting Euler-Lagrange equations become a system of multivariate polynomial

equations. By using an implementation of the Buchberger algorithm (cf. Ref. [14])

in the CAS Mathematica one gets a solution set (up to permutations and arbitrary

phases) with a finite number of extremal values:

A1 = 0, A2 = 0, A3 =
√

1− (A4)2, µ1 = 0, S3 = 3;

A1 =
1√
3
, A2 =

1√
3
, A3 =

1√
3
, A4 = 0, µ1 = −4

3
, S3 =

31

9
;

A1 =
1

2
, A2 =

1

2
, A3 =

1

2
, A4 =

1

2
, µ1 = −9

4
, S3 =

15

4
;

(4.82)
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Without need for further analysis one can read off the maximum and minium of tr(ρ3)

to be 15/4 and 3, respectively.

Similarly, the extremal values of tr(ρ4) are found by solving the Euler-Lagrange

equations of the action:

S4[Ai, µ1] ··= tr(ρ4)− µ1(σ(2) − 1), (4.83)

which yields:

A1 = 0, A2 = 0, A3 =
√

1− (A4)2, µ1 = 0, S3 = 3;

A1 =
1√
3
, A2 =

1√
3
, A3 =

1√
3
, A4 = 0, µ1 = −80

27
, S3 =

113

27
;

A1 =
1

2
, A2 =

1

2
, A3 =

1

2
, A4 =

1

2
, µ1 = −6, S3 =

21

4
.

(4.84)

Together with the upper bound on the maximal occupation number, this forms our

first result on necessary constraints for N -representability:

λ1 + λ2 + λ3 + λ4 = 3; (λ1)2 + (λ2)2 + (λ3)2 + (λ4)2 = 3;

3 ≤ (λ1)3 + (λ2)3 + (λ3)3 + (λ4)3 ≤ 15

4
;

3 ≤ (λ1)4 + (λ2)4 + (λ3)4 + (λ4)4 ≤ 21

4
;

λ1 ≤ λmax, λi+1 ≤ λi.

(4.85)

Note that these inequalities are not yet sufficient to guarantee N -representability.

The reason for this is that we have not taken into account the boundary condition

that is imposed upon the variation of S4 by tr(ρ3) assuming a predetermined value in

the range of [3, 15/4]. This will be done subsequently (cf. Sec. 4.4.2) by using another

Lagrange multiplier µ2 and including the term µ2(tr(ρ3)−χ) to modify the action S4.

Further notice that additional enforcement of the boundary condition tr(ρ2) = 3 in

the actions S3 and S4 is redundant as it leads to the same Euler-Lagrange equations.

In the structure of the solutions Eqs. (4.82) and Eqs. (4.84) one recognises the

minimum to be achieved for a single bosonic permanent and the maximum to cor-

respond to the previously described |ψλmaxN 〉 state. The restricting character of the

conditions (4.85) becomes more obvious by comparing them with their analogues of

common bosons:
λ1 + λ2 + λ3 + λ4 = 3;

9

4
≤ (λ1)2 + (λ2)2 + (λ3)2 + (λ4)2 ≤ 9;

27

16
≤ (λ1)3 + (λ2)3 + (λ3)3 + (λ4)3 ≤ 27;

81

64
≤ (λ1)4 + (λ2)4 + (λ3)4 + (λ4)4 ≤ 81.

(4.86)
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The second equality constraint is weakened and splits into two inequalities, whereas

the upper and lower boundaries of tr(ρ3) and tr(ρ4) are extended.

The above derivation scheme can be generalised to arbitrary one-hole systems.

Because one encounters similar structures of the states for which tr(ρn) becomes

extremal, the question arises whether the aforementioned form of necessary conditions

might also be valid for arbitrary settings.

4.4.1.2 Arbitrary systems with N particles on d sites

In this paragraph, a general form of necessary conditions for N -representability shall

be worked out by using the tools of constrained optimisation, which are also known

as the Karush-Kuhn-Tucker formalism. For the sake of completeness of this thesis,

an introduction to this lesser-known technique is provided in the appendix, Sec. D.

The conditions will give rise to sets which are outer approximations of C(N,d).

For N particles on a finite number of sites d, the trace of ρm can be expressed in

terms of the ~λ-vector via Eq. (4.75). Formally, the extremal values of tr(ρm) - when

regarded as a functional - are yielded by variation over all ~λ ∈ C(N,d). This set, of

course, is yet unknown. We shall therefore increase the domain of variation to all
~λ-vectors within the ‘λmax-cube’, ~λ ∈ [0, λ

(N,d)
max ]d ⊃ C(N,d). A sketch of this concept is

displayed in Fig. 4.4.

The extension of the variation domain makes it necessary to consider some aspects

in more detail.

Firstly, if the global maximum of tr(ρm) within the λmax-cube is attained at a

point Pmax ∈ C(N,d), then the oriented hyperplane

lmax ··=
{
~λ|
∑
i

(λi)
m = tr(ρm)

∣∣
Pmax

}
(4.87)

provides an optimal bound. This means that no smaller value of tr(ρm) may be used

in the definition of lmax without lmax intersecting the set C(N,d). The same holds for the

global minimum. Both cases are schematically drawn in Fig. 4.4 (a). The λmax-cube

is indicated by the partially dotted black framed square. The dark grey set within the

cube represents the set of ordered and normalised spectra C(N,d). The points Pmax and

Pmin (blue reticles) mark positions of the global maximum and minimum of tr(ρm)

achieved under the condition of a proper normalisation of tr(ρ) to N . The red curved

solid lines represent lmax and lmin.

Because tr(ρm) is symmetric under arbitrary permutations of the λi, several equiv-

alent solutions to the optimisation problem exist. In the figure, this is indicated by
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Figure 4.4: Schematic illustration of constrained optimisation within the ‘λmax-cube’
(indicated by the partially dotted black framed square): The dark grey set within the
cube represents the set C(N,d). The points Pmax and Pmin (blue reticles) mark positions
of the global maximum and minimum of tr(ρm). The red solid curves represent the
constraining hyperplanes lmax and lmin. In (a), the variation yields optimal bounds;
in (b) the variation yields non-optimal bounds. The optimal upper bound in (b) is
indicated by the red dotted curve. For more details see text.

the mirrored light gray set and the points P ′max and P ′min. Instead of implementing

the ordering constraints λi+1 ≤ λi (marked by the 45◦-dashed line) in the variation

of tr(ρm), one therefore may more easily select the solutions with ordered spectra as

this will obviously yield the same constraining hyperplanes lmax and lmin. Notice that

most of the points in lmax and lmin are not extremal points of the variation since they

do not have the correct normalisation. Eventually, the outer approximation of C(N,d)

will of course be given by the intersection of all d conditions derived by the variation

of the traces of ρm,∀m = 1 . . . d.

Secondly, if the global maximum of tr(ρm) within the λmax-cube is not attained

at a point of C(N,d), then the constraint tr(ρm) ≤ tr(ρm)|Pmax will still exclude ar-

eas of common bosonic spectra and provide a restrictive necessary condition for N -

representability. As a caveat, it is not the optimal bound that would be achieved

by the (practically infeasable) variation over the domain of C(N,d). This scenario is

depicted in part (b) of Fig. 4.4, where the optimal bound is indicated by the curved

red dotted line. The optimal point Popt will lie on the boundary of C(N,d). Further

notice that the global maximum and the global minimum are not necessarily to be

associated with the same case (a or b) in Fig. 4.4.
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Let us now perform the constrained optimisation of tr(ρm). The normalisation

constraint tr(ρ) = N can be implemented via using the Lagrange multiplier τ ; the

inequality constraints λi ≥ 0 and λmax − λj ≥ 0 are built in using the strictly non-

negative KKT multipliers µi and νi, respectively. We notice that the quasi-regularity

of the constraints is guaranteed by their linearity (cf. appendix, Sec. D). The set of

KKT-equations (cf. Eqs. (D.9)) then reads as:

m(λi)
m−1 = τ + µi − νi , ∀i = 1 . . . d, (4.88a)

d∑
i=1

λi = N , (4.88b)

λi ≥ 0 , ∀i = 1 . . . d, (4.88c)

λmax − λj ≥ 0 , ∀i = 1 . . . d, (4.88d)

µi ≥ 0 , ∀i = 1 . . . d, (4.88e)

νi ≥ 0 , ∀i = 1 . . . d, (4.88f)

µiλi = 0 , ∀i = 1 . . . d, (4.88g)

νi(λmax − λi) = 0 , ∀i = 1 . . . d. (4.88h)

Due to Eqs. (4.88e) and (4.88f), one has to examine four different cases for each index

i = 1 . . . d. Let us define the sets of indices attributed to those four different cases as:

C1: c1 ··= {i|µi > 0 ∧ νi = 0}; C2: c2 ··= {i|µi = 0 ∧ νi > 0};

C3: c3 ··= {i|µi = 0 ∧ νi = 0}; C4: c4 ··= {i|µi > 0 ∧ νi > 0};
(4.89)

Observe that case C4 is impossible to achieve due to Eqs. (4.88g) and (4.88h). Because

of Eq. (4.88g) one finds that for indices accounted to case C1

λi = 0 , ∀i ∈ c1. (4.90)

Similarly, it follows from Eq. (4.88h) that the natural occupation numbers with indices

of case C2 saturate the upper bound:

λi = λmax , ∀i ∈ c2. (4.91)

All λi with indices belonging to c3 have the same value. This is a consequence

of Eq. (4.88a). Due to the normalisation condition Eq. (4.88b) and the fact that

λmax < N for 1 < N < d, one can further conclude that their value must be non-

zero:14

0 < λi = const. < λmax , ∀i ∈ c3. (4.92)

14Here, we neglect the trivial cases of N = d, N = 1.
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The set of potential maximising or minimising points of the variation of tr(ρm)

over the λmax-cube is given by all combinations of cases C1 to C3:

~λextr. =

{
λmax, . . . , λmax︸ ︷︷ ︸

|c2|

,

(
N − |c2|λmax

|c3|

)
, . . . ,

(
N − |c2|λmax

|c3|

)
︸ ︷︷ ︸

|c3|

, 0, . . . , 0︸ ︷︷ ︸
|c1|

}
. (4.93)

Note that the normalisation condition Eq. (4.88b) has been used to determine the

eigenvalues associated to case C3. For every specific setting, i.e. number of particles

and sites, one may now compute the value of tr(ρm) at all vectors of the finite set

{~λextr.(|c1|, |c2|, |c3|) : |c1|+|c2|+|c3| = d} and thereby determine the global maximum

and minimum. Example results are presented in Table 4.3.

Note that the normalisation condition further implies that λmax|c2| ≤ N . In

systems with half or lesser filling the multiplicity of λmax eigenvalues, |c2|, can thus

at most be one:

N − 1 <
d

2
=⇒ |c2| ≤ 1. (4.94)

Analogous restrictions to the multiplicity of λmax in ~λextr. (4.93) can also be found

for larger fillings. By similar considerations one also finds that |c3| ≥ 2.

Let us now add a few comments about Table 4.3. For various settings (N, d),

hardcore boson limits on tr(ρm) are derived by evaluation of tr(ρm) at the ~λ-vectors

in Eq. (4.93); the resulting values are compared with their counterparts for common

bosons. Limits with hardcore boson N -representation, i.e. optimal bounds (cf. dis-

cussion above and Fig. 4.4), are marked by asterisks. For the settings (2, 4), (3, 4)

and (4, 5) optimal upper bounds are added in round brackets. These bounds were

computed by adopting the methods presented in Sec. 4.4.1.1. Square brackets indi-

cate the conjectured optimal bounds and correspond to the spectrum of the |λλmaxN 〉
state.

Observe that for arbitrary settings of hardcore bosons (N, d) , the extended varia-

tion over the λmax-cube successfully gives rise to bounds on all tr(ρm) that are stricter

than for common bosons. For a couple of settings, however, these bounds are not yet

optimal. This is a consequence of Thm. 4, which implies that solution points (4.93)

with multiplicities of λmax greater than one are not N -representable.

Even though the variation over the λmax-cube yields the spectrum of |ψλmaxN 〉,

~λ
(
|ψλmaxN 〉

)
=
(
λmax,

N(N − 1)

d(d− 1)
, . . . ,

N(N − 1)

d(d− 1)

)
, (4.95)

to be the extremal point within C(N,d) with the largest value of tr(ρm), it could in

principle happen that on the restricted variation domain of C(N,d) a different maximal
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(N, d) m min
[
tr
(
ρm(b)
)]

min
[
tr
(
ρm(hcb)

)]
max

[
tr
(
ρm(hcb)

)]
max

[
tr
(
ρm(b)
)]

(2, 4)
2 1 1∗ 21/2 (2 1/3) 4

3 1/2 1/2
∗ 31/2 (3 7/18) 8

4 1/4 1/4
∗ 51/8 (5 7/108) 16

(3, 4)
2 21/4 3∗ 41/2 (3) 9

3 111/16 3∗ 6 3/4 (3 3/4) 27

4 117/64 3∗ 101/8 (5 1/4) 81

(3, 5)
2 14/5 14/5 4 17/25 [3 3/5] 9

3 12/25 12/25 7 14/25 [5 47/50] 27

4 81/125 81/125 12 357/625 [10 53/100] 81

5 243/625 243/625 2148/125 [18 4527/5000] 243

(4, 5)
2 31/5 4∗ 88/25 (4) 16

3 214/25 4∗ 1723/25 (4 24/25) 64

4 26/125 4∗ 39457/625 (7 9/125) 256

5 1399/625 4∗ 9014/125 (10 498/625) 1024

(3, 6)
2 3/2 3/2 5 [41/5] 9

3 3/4 3/4 9 [8 1/25] 27

4 3/8 3/8 17 [16 1/125] 81

5 3/16 3/16 33 [32 1/625] 243

6 3/32 3/32 65 [64 1/3125] 729

(4, 6)
2 31/5 31/5 8 [4 4/5] 16

3 31/5 31/5 16 [8 8/25] 64

4 31/5 31/5 32 [16 16/125] 256

5 31/5 31/5 64 [32 32/625] 1048

6 31/5 31/5 128 [64 64/3125] 4096

Table 4.3: Necessary conditions for N -representability of hardcore bosons. Third and
fourth column: hardcore boson upper and lower bounds on max~λ∈C(N,d)

(
tr(ρm(hcb))

)
and

min~λ∈C(N,d)
(
tr(ρm(hcb))

)
, respectively, derived by variation over the extended domain of

the λmax-cube for various settings (N, d). Asterisks indicate optimal bounds; optimal
bounds found by variation over C(N,d) are shown in round brackets. Conjectured
optimal bounds associated with the spectrum of |ψλmaxN 〉 are given in square brackets.
To allow for a comparison, the third and sixth column display corresponding bounds
for common boson 1-RDOs, ρ(b). For more details see text.
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value of tr(ρm) was attained somewhere on the boundary of C(N,d) (cf. Fig. 4.4). More

formally:

max
~λ∈C(N,d)

(
tr(ρm)

)
∈
[
tr(ρm)

∣∣
spec(|ψλmaxN 〉) , max

~λ∈[0,λmax]d

(
tr(ρm)

)]
. (4.96)

The optimal bounds for the setting (2, 4) found by optimisation over C(2,4) and the

equality constraint Eq.(4.80) for one-hole systems, on the other hand, suggest that

within C(N,d) the functionals tr(ρm) generally do attain their maximal value at the

spectrum of |ψλmaxN 〉. This prompts the following conjecture:

Conjecture 1 (Maximal values of tr(ρm) within C(N,d))

For any number of hardcore bosons N on d lattice sites, the maximal values of all

tr(ρm), ∀m = 1 . . . d, are simultaneously achieved at the ~λ-vector of the |ψλmaxN 〉 state

(cf. Eq. (4.16)):

max
~λ∈C(N,d)

(
tr(ρm)

)
=

(
N

d

)m(
(d−N + 1)m + (N − 1)m(d− 1)1−m). (4.97)

Note that in comparison with the upper bounds of common bosons, the hardcore

boson bounds derived by optimisation over the λmax-cube lie close to the conjectured

optima (cf. Tab. 4.3). The extended variation yields good results, especially for

settings with 2N ≈ d.

How about the lower bounds of tr(ρm)? Here, the situation is more intricate and

whether bounds are optimal depends on whether N, d are odd or even. For settings

with even N and even d the lower bound of

min
~λ∈[0,λmax]d

(
tr(ρm)

)
= d

(
N

d

)m
at ~λ =

(N
d
, . . . ,

N

d

)
(4.98)

is N -representable by

|ψ〉 = |1, . . . , N〉+ |3, . . . , N,N + 1, N + 2〉+ . . .

+ |d−N + 1, . . . , d〉+ |d−N + 3, . . . , d, 1, 2〉+ . . . ,
(4.99)

and thus optimal. In systems with odd numbers of particles or sites no analogous

construction to represent ~λ = (N/d, . . . , N/d) by a pure state is known to the author.

Again recalling the analytical result for one-hole systems, Eq. (4.80), one is promted

to conjecture that the optimal minimal bound for tr(ρm) is attained at exactly that

extremal point λextr. (4.93) which is still N -representable.

Before turning to the study of sufficient conditions in the next section let us briefly

summarise the main results on necessary conditons for the hardcore boson 1-body N -

representability. For the set of compatible spectra C(N,d), an outer approximation can
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be given in terms of bounds on the traces of the first d powers of ρ. By applying

techniques of constrained optimisation to an extended variation domain, one finds

bounds on each tr(ρm), which represent a severe restriction in the space of common

bosons. The derived restrictions give rise to necessary conditions on the ~λ-vector:

min
(
tr(ρm)

)
≤ (λ1)m + . . .+ (λd)

m ≤ max
(
tr(ρm)

)
, ∀m = 1 . . . d. (4.100)

Note that the upper bound lies in the interval defined in Eq. (4.96). Under the

thermodynamic limit of fixed particle number N and large number of sites d it thus

approaches the bound for common bosons ∼ Nd, which means that the influence of

the hardcore constraint vanishes.

For the set of 1-RDOs of mixed states, necessary conditions on the one-particle

spectrum may be determined the same way as above, extremising all traces tr(ρm)

over the λmax cube. Due to Thm. 4, this extended variation domain is also an outer

approximation for spectra of mixed states. The solution set of potentially extremal

points agrees with the ~λ-vectors in Eq. (4.93) and the same (perhaps not yet optimal)

bounds on all tr(ρm) are established.

4.4.2 Necessary and sufficient conditions
for pure N -representability

In order to determine necessary and sufficient conditions, one has to implement further

constraints into the variation of the tr(ρm). Let us illustrate the construction idea

at the (N = 3, d = 4) setting. Parametrised expressions for tr(ρ2), tr(ρ3) and tr(ρ4)

were derived in Sec. 4.4.1.1 (cf. Eq. (4.79)). Computing their maxima and minima

yielded necessary conditions.

Since, however, it was not taken into account that the variation of tr(ρ4) would,

in addition to the normalisation, be constrained by the value assumed by tr(ρ3), the

resulting boundaries did not give rise to sufficient conditions. This caveat can be met

by implementing another constraint into the variaton of tr(ρ4); the altered action

reads:

S ′4[Ai, µ1, µ2] ··= tr(ρ4)− µ1(σ(2) − 1)− µ2(tr(ρ3)− α). (4.101)

Here, α ∈ [3, 15/4] is the value assumed by tr(ρ3) which is enforced by the Lagrange

multiplier µ2. The Euler-Lagrange equations of the action S ′4 constitute a parameter

α dependent system of multivariate polynomial equations in the expansion coefficients

Ai and the Lagrange multipliers µ1/2. This system again can be solved by using an

implementation of the Buchberger algorithm to the CAS Mathematica. Because the
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Figure 4.5: Set of compatible points in the tr(ρ3)-tr(ρ4)-plane of the (N = 3, d = 4)
hardcore boson setting. The upper bound fup

(
tr(ρ3)

)
is marked by the red line, the

lower bound f low
(
tr(ρ3)

)
is marked by the green line.

solution set comprises more than 300 potential extremal points (Ai, µ1, µ2) it cannot

be displayed here. By a careful evaluation of the action at all those points, one finds

piecewise-defined analytical functions of the parameter α as upper and lower bounds

on tr(ρ4):

f low
(
tr(ρ3) = α

)
≤ tr(ρ4) ≤ fup

(
tr(ρ3) = α

)
. (4.102)

Both functions are plotted in Fig. 4.5. They surround the area of compatible points

in the tr(ρ3)-tr(ρ4)-plane and give rise to necessary and sufficient conditions for N -

representability of N = 3 hardcore bosons on d = 4 lattice sites:

λ1 + λ2 + λ3 + λ4 = 3, (λ1)2 + (λ2)2 + (λ3)2 + (λ4)2 = 3,

3 ≤ (λ1)3 + (λ2)3 + (λ3)3 + (λ4)3 ≤ 33/4,

f low
(∑

i

(λi)
3 = α

)
≤ (λ1)4 + (λ2)4 + (λ3)4 + (λ4)4 ≤ fup

(∑
i

(λi)
3 = α

)
.

(4.103)

Note that instead of modifying the action S4 by including a constraint on the value

of tr(ρ3), one equivalently could have modified S3 by implementing a constraint on the
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value of tr(ρ4). Both modified actions give rise to structurally similar Euler-Lagrange

equations and their solutions are found to coincide.

Although the above scheme can in principle be extended and applied to arbi-

trary settings (N, d) one cannot expect the arising systems of multivariate polyno-

mial equations to be analytically solvable. The original problem of determining the

set of roots of the characteristic polynomials of all parametrised 1-RDOs is converted

into a system of multivariate polynomial equations in the expansion coefficients of

the N -particle state. This approach may prove helpful in future investigations on the

complexity class of the hardcore boson N -representability problem.

4.5 Bounds on one-particle entropy measures

One-particle entropies of many-body quantum states ρN are important measures of

the information contained in reduced one-particle states about an N -particle state.

Several types of entropy functions S have been suggested in the past [80, 98, 13],

offering different characteristics and advantages. Though considered not to be actual

observables due to their non-linear dependence on ρ, (quantum) entropic measures

on density operators, encompassing 1-RDOs, were found to play a key role in many

branches of physics, such as generalised uncertainty relations [66, 103, 110], quantum

transport and diffusion processes [65, 31, 72, 3], and many others.

In this section, we are going to discuss the behaviour of three different one-particle

entropy measures in systems of hardcore bosons: the Rényi entropy, the Tsallis en-

tropy and the Shannon entropy. In the present section, the 1-RDO will be nor-

malised to one, i.e. tr[ρ1] = 1. Consequently, the maximal occupation number reads

λmax = (d−N + 1)/d.

It is well known that one-particle entropies of N common bosons can reach zero

since all particles may populate the same one-particle state. For fermions the Pauli

exclusion principle (cf. 2.2, Eq. (2.26)) prevents this and leads to strictly positive lower

one-particle entropy bounds. Although specific to a particular basis, hardcore bosons

also obey a form of an exclusion principle (cf. Eq. (4.5)). This raises the interesting

question of which mechanism - particle statistics or physical exclusion principle - will

dominate in the establishment of the lower one-particle entropy bound for hardcore

bosons.
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Rényi entropy

The Rényi entropy is defined via [80, 13]:

Rα(ρ) =
1

1− α
ln

(
tr
(
ρα
))
, α ∈ [0,+∞]. (4.104)

It is a non-increasing function in α, i.e. Rα(ρ) ≥ Rα′(ρ) if α ≤ α′ (see, e.g., Ref. [6],

chapter 5). In particular, one finds15

R0 ≥ R1 ≥ R2 ≥ R∞. (4.105)

The limit limα→1Rα retrieves the Shannon entropy, which is going to be examined

further below. R0, R2 and R∞ are known as the Hartley, Collision and min-entropy,

respectively.

The minimal value of all 1-RDO Rényi entropies in systems of N common bosons

on d lattice sites becomes 0. For Fermions one finds min(Rα) = ln(N). The question

is: what are the respective general limitations for hardcore bosons?

The min-entropy of ρ
(hcb)
1 assumes its smallest value at the |ψλmaxN 〉 state:

min
(
R∞) = − ln

(
max
i

(
λi
))

= ln(d)− ln(d−N + 1) ≤ ln(N), (4.106)

with equality only for N = 1, d. This value is smaller than for fermionic systems

but nevertheless strictly non-zero for N > 1. Rényi entropies for 1 < α < ∞ attain

their minimal value at the maximum of tr(ρα). The upper bounds for this quantity

have been studied in the previous section and possible values have been confined to

the interval given in Eq. (4.96). Note that this interval still has to be rescaled by

(tr(ρ1))−α to match the normalisation condition of tr(ρ1) = 1. For finite numbers

of particles and sites, the entropies are strictly positive, which may also be seen as

an immediate consequence of the inequalities (4.105) and Eq. (4.106). The minimal

values of Rα, 1 < α <∞, are bounded from above by the one-particle entropy of the

|ψλmaxN 〉 state:

0 < min(Rα) ≤ 1

1− α
ln

((
d−N + 1

d

)α
+ (d− 1)

(
N − 1

d(d− 1)

)α)
≤ ln(N). (4.107)

The last inequality is strict for all N < d if α > 2, which may be verified by examining

the functional form of the bounding term with respect to N and α; if Conj. 1 should

be confirmed, the second inequality would become an equality.

15The second inequality may quickly be seen as a consequence of Jensen’s inequality: Let f be a
real-valued convex function in one variable. For ~x,~a ∈ Rd and ai ≥ 0 and

∑
i ai = 1 the following

inequality holds: f(a1x2 + . . .+ adxd) ≤ a1f(x1) + . . . adf(xd); (cf. Ref. [43]).
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Furthermore, the relations (4.106) and (4.107) allow for the computation of the

thermodynamic limit of the lower bound of Rα, α > 1, under constant particle num-

ber:

lim
d→∞

(
min

(
Rα(ρ

(hcb)
1 )

))∣∣∣∣
N

= 0. (4.108)

The influence of the hardcore constraint diminishes and the lower bound approaches

the value of common bosons.

At this point, let us add a remark on the Collision entropy of one-hole systems.

By invoking the general constraint Eq. (4.80) on hardcore systems with N = d − 1

particles in a pure state one gets:

R2

(
ρ

(N=d−1)
1

)
= ln(N). (4.109)

The Collision entropy has the same constant value for all pure states. Firstly note

that since the set of all 1-RDOs is a convex set (cf. Eq. (4.7)) and R2 is a concave

function, the minimum of R2

(
ρ

(N=d−1)
1

)
will be achieved at a pure state, making the

rhs in Eq. (4.109) the lower bound also under inclusion of mixed states. Secondly, this

result agrees with the upper bound on min(Rα) in relation (4.107) when substituting

d by N + 1, which further supports Conj. 1. Thirdly, notice that the result does not

contradict the thermodynamic limit (4.108) since N depends on d.

Lastly, we observe that the |ψλmaxN 〉 state surprisingly maximises the Hartley en-

tropy. Numerical investigations suggest that the minimum of the Hartley entropy

is achieved at states of single permanents, though an analytical result remains an

objective of future research.

Tsallis entropy

The Tsallis entropy can be written as [98, 13]:

Tα(ρ) =
1

1− α

(
tr
(
ρα
)
− 1

)
. (4.110)

In the limit of α approaching unity, the Tsallis entropy reduces to the von Neumann

entropy. After its introduction by Tsallis in 1988, it was initially challenged because

of its non-additivity. The occurence of Tsallis statistics in the description and experi-

mental observation of a number of physical systems thus came as a surprise. Here, the

motion of ultracold atoms in optical lattices presents an important example relevant

to this thesis [65, 31]. Constraints on T that arise from the hardcore property may

lead to restrictions on the transport mechanisms. This motivates a closer look.
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1 2.5 *103 5 *103

1.5

1.0

0.5

(N, d) min(S) (N, d) min(S)
(2, 3) 0.693147 (3, 4) 1.098612
(2, 4) 0.693147 (3, 5) 1.098612
(2, 6) 0.693346 (3, 7) 1.099948
(2, 7) 0.693639 (4, 8) 1.386295
(2, 8) 0.687969 ln(3) ≈ 1.098612
ln(2) ≈ 0.693147 ln(4) ≈ 1.386294

Figure 4.6: Estimates of the lower one-particle von Neumann entropy bound min(S),
derived by sampling of generic hardcore boson states. Left: graphical display of
sampling convergence for N = 2 particles on d = 4 sites. Right: Selected minimal
sampled entropy values.

For α > 1, the minimal Tsallis entropy of N common Bosons on d sites is given

by 0, for fermions it becomes (α−1)−1(1−N1−α). The bounds of the Tsallis entropy

for α > 1 linearly depend on the bounds of tr(ρm) determined in Sec. 4.4.1. For finite

number of sites and particles, the lower bound is strictly postive and bounded from

above by the one-particle entropy of the |ψλmaxN 〉 state.

For α < −1, the smallest one-particle Tsallis entropy is achieved by the totally

mixed state with all λi = 1/d.

As for Rényi entropies, a special conclusion can be drawn for pure one-hole states

and α = 2. Using the equality constraint Eq. (4.80) one finds:

T2

(
ρ

(N+1=d)
1

)
= 0. (4.111)

von Neumann entropy

Most commonly encountered, the von Neumann entropy [101] is defined via:

S = −tr
(
ρ ln(ρ)

)
. (4.112)

In systems of common bosons the lower bound of this one-particle entropy is zero and

for N fermions it is given by ln(N).

For N = d hardcore bosons, the one-particle entropy is trivially given by ln(N).

For 1 < N < d, the maximal occupation number was shown to exceed one, which

suggests that the lower bound of S(ρ
(hcb)
1 ) might be smaller than the fermionic bound.

The numerical results of randomly sampled generic quantum states thus come as a

surprise since they indicate a lower bound of ln(N) for a number of settings (N, d).

A selection of these results is shown in Fig. 4.6. Observe that ln(N) cannot be the
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Figure 4.7: One-particle von Neumann entropies of single permanent (black, solid)
and |ψλmaxN 〉 states (red, dashed) for particle numbers N = 2, 3, 4 as a function of the
number of sites d (cf. Eq. (4.114)). For more details see text.

general lower entropy bound for hardcore bosons because - alongside other reasons -

a smaller value has numerically been found for the (2, 8) setting. Nevertheless, it is

possible to derive the lower bound for one-hole systems by using the inequality for

Rényi entropies (4.105) and the lower bound for the Collision entropy R2 (4.109):

min
(
S
)∣∣
N=d−1

= ln(N). (4.113)

The one-particle entropy attains this limit for any state comprising of a single hardcore

permanent |i1, . . . , iN〉.
What happens if one increases the number of sites while keeping N constant?

We know that for increasing d the maximal occupation number converges to one and

therefore a single-particle state can be macroscopically occupied. Consequently, the

one-particle entropy should converge to zero. Fig. 4.7 graphically illustrates this fact

by displaying the von Neumann entropies of a single permanent and the |ψλmaxN 〉 state.

The latter one is given by:

S(ρ1)
∣∣
|ψλmaxN 〉

(
N, d

)
≡ S(λmax) =

(d−N + 1)

d
ln
( d

d−N + 1

)
+
N − 1

d
ln
(d(d− 1)

N − 1

)
.

(4.114)

Regarded as a function of d for fixed N it is larger than ln(N) in the neighbourhood

of N ≈ d. However, when d increases further the entropy of the |ψλmaxN 〉 state falls
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below ln(N) and, as expected, converges to zero:

lim
d→∞

(
S(λmax)

)∣∣∣∣
N

= 0. (4.115)

Note that no analytical expression for the intersection points d̃, S(λmax)(d̃) = ln(N),

can be given since the defining equation is transcendental. Numerical solutions for

10 ≤ N ≤ 1060 suggest that S(λmax)(d) < ln(N) for d ≥ d̃ = N + 4.

In order to analytically derive the general form of the lower bound of S for hardcore

bosons, one has to evaluate the following expression:

min
~λ∈C(N,d)

(
−

d∑
i=1

λi ln(λi)

)
. (4.116)

This is a challenging task since no feasible expression of C(N,d) is yet known. Let us

now recall the techniques used in Sec. 4.4.1.2. By extending the domain of optimisa-

tion to the λmax-cube and using the KKT-formalism, one gets a system of necessary

conditions on ~λ-vectors at potential minima:

− ln(λi)− 1 = τ + µi − νi , ∀i = 1 . . . d, (4.117a)

d∑
i=1

λi = 1 , (4.117b)

λi ≥ 0 , ∀i = 1 . . . d, (4.117c)

λmax − λj ≥ 0 , ∀i = 1 . . . d, (4.117d)

µi ≥ 0 , ∀i = 1 . . . d, (4.117e)

νi ≥ 0 , ∀i = 1 . . . d, (4.117f)

µiλi = 0 , ∀i = 1 . . . d, (4.117g)

νi(λmax − λi) = 0 , ∀i = 1 . . . d. (4.117h)

Here, τ is a Lagrange multiplier enforcing the normalisation constraint Eq. (4.117b).

The KKT multipliers µi and νi are strictly positive. As well as tr(ρm), the von

Neumann entropy function is symmetric in all λi. By a similar line of reasoning as

in Sec. 4.4.1.2, the solutions therefore take a form as given in Eq. (4.93). In order

to determine the global minimum within the λmax-cube, one has to evaluate the von

Neumann entropy at a finite number of solutions, Eq. (4.93), taking into account the

normalisation condition. For d > 2N − 1, the multiplicity of λmax in ~λextr. (4.93) is

at most one (4.94), consequently:

min
~λ∈C(N,d)

(
S
)
∈
[
d−N + 1

d
ln
( d

d−N + 1

)
+
N − 1

d
ln
( d

N − 1

)
, S(λmax)

]
(4.118)
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Notice that the lower bound is strictly positive but converges to zero in the limit of

large numbers of sites and constant particle numbers.

To summarise, analytical (for one-hole systems) and numerical evidence suggests

that the lower bound on the one-particle von Neumann entropy of hardcore bosons

on ‘small’ Hilbert spaces (d−N ≤ 3) resembles the fermionic limit of ln(N). When

the size of H(d)
1 is increased, the macroscopic population of a single-particle state

becomes possible and the lower bound on the one-particle entropy approaches the

bosonic value in the thermodynamic limit. This observation supports the notion of

the hybrid character of hardcore bosons and is a direct witness of the competition

between particle statistics and the physical lattice based exclusion principle.

In the next section, we are going to examine Hamiltonians whose ground states

saturate the occupation number constraint.

4.6 Pinning of hardcore boson states

So far, we have investigated various ways to characterise the set of compatible one-

particle spectra C(N,d) of hardcore bosons. According to the introductory remarks on

minimisation of the energy functional (cf. Fig. 4.1) in systems which only encompass 2-

body interactions in form of the hardcore type, the respective ~λ-vector of the ground

state is pinned to the boundary of C(N, d). In this section, we shall present two

physical systems in which the saturation of constraints becomes explicit.

At first, the ground state of N bosons on a star lattice will be analytically derived.

It will be demonstrated that a projective measurement on the central site of the star

lattice will allow one to engineer the |ψλmaxN 〉 state on a one-dimensional ring of lattice

sites. Originally, this lattice type was proposed by van Dongen et al. in Ref. [99]

and investigated for spinful fermionic particles. More recently, Vidal et al. [100] have

described the behaviour of non-interacting bosons on the star lattice. The results for

hardcore bosons here emphasise their hybrid character.

The second model system to be considered is the 1D quantum lattice gas, which

was firstly studied by Matsubara and Matsuma [67]. Despite additional 2-body in-

teraction terms beyond the hardcore interaction, the ground state is found to be the

|ψλmaxN 〉 state. This is a remarkable aspect of the model since energy minimisation of

Hamiltonians comprising arbitrary 2-body terms generally only enforces pinning on

the 2-RDO level. Finally, a route to explore quasi -pinning of hardcore bosons will be

proposed.
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Figure 4.8: The (bosonic) Hub-
bard Star model. Only hopping
between the outer sites 1 to d
and the centre site 0 is permitted
(see text for more details).

4.6.1 The Hubbard Star

Consider a lattice with sites 1 to d located on a circle and site 0 placed in the center

of the circle (cf. Fig. 4.8). Further assume that tunneling between different sites on

the outer circle is suppressed. The particles, however, may tunnel between the ring

sites and the central site at a rate of t. The corresponding terms in the Hamiltonian

read −t(b̂†0b̂i + h.c.). In order to describe hardcore bosons, one has to project these

operators to the hardcore boson Hilbert spaceH(hcb)
N (cf. Eq. (4.9) and, e.g., Ref. [62]).

The resulting Hamiltonian is given by:

Ĥ = −t
d∑
i=1

b̂†0

√(
1− n̂0

)√(
1− n̂i

)
b̂i + h.c., (4.119)

where as usual n̂k = b̂†kb̂k represents the number operator. The Hamiltonian conserves

the total particle number, i.e. [Ĥ,
∑d

i=0 n̂i] = 0, and therefore the restriction to a

Hilbert space with fixed particle number is justified. The model shall be called the

(bosonic) Hubbard star.

In order to determine the ground state of the Hamiltonian it proves helpful to

apply the spin-1
2

Holstein-Primakoff transformation [40]:

Ŝ+
j =

√
1− n̂j b̂j , Ŝ−j = b̂†j

√
1− n̂j , Ŝzj =

1

2
− n̂j , ∀j = 0 . . . d. (4.120)

The new observables Ŝj are well known to form a spin-algebra:[
Ŝ+
i , Ŝ

−
j

]
= 2δijŜ

z
j ,

[
Ŝzi , Ŝ

±
j

]
= ±δijŜ±j . (4.121)
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The transformed Hamiltonian reads:

Ĥ ′ = −t
d∑
i=1

Ŝ+
0 Ŝ
−
i + Ŝ−0 Ŝ

+
i . (4.122)

It acts on the Hilbert space C2(d+1). Note that the vacuum state of the original Fock

space is transformed into the full-spin-up polarised state |↑0, . . . , ↑d〉 and that the

creation of a hardcore boson corresponds to a spin flip. Consequently, N -particle

states are mapped to states with total magnetic quantum number mtot = d/2 − N ,

i.e. ( d∑
i=0

Ŝzi

)
|ψ〉 =

(d
2
−N

)
|ψ〉 . (4.123)

In the next step, one introduces the total spin operator on the ring, SR =
∑d

i=1 Si,

which simplifies the Hamiltonian further :

Ĥ ′ = −t
(
S+

0 S
−
R + S−0 S

+
R

)
. (4.124)

Without loss of generality, one may use the ansatz:

|ψ〉 = α |↑0〉 ⊗ |ψA〉+ β |↓0〉 ⊗ |ψB〉 , (4.125)

and evaluate the Schrödinger equation. By sorting terms with respect to the spin

basis {|↑0〉 , |↓0〉} one gets:

Eα |ψA〉 = −tβS−R |ψB〉 ,

Eβ |ψB〉 = −tαS+
R |ψA〉 .

(4.126)

Here, E represents the energy eigenvalue. Normalisation of the ansatz state (4.125)

requires |α|2 + |β|2 = 1 if one assumes that the states |ψA/B〉 are normalised to unity.

Since at this point we are interested in the ground state of the Hubbard star, we only

consider solutions with negative energy E. Then Eqs. (4.126) imply that α, β 6= 0.

Both equations may easily be decoupled:

E2α |ψA〉 = t2αS−RS
+
R |ψA〉 ,

E2β |ψB〉 = t2βS+
RS
−
R |ψB〉 .

(4.127)

Recall that for spin states the solution to the second equation is given by elements

of the simultaneous eigenstate basis of S2
R and SzR, which may be labelled by the

respective eigenvalues sR and mR:

S+
RS
−
R |sR,mR〉 =

(
(sR(sR + 1)−mR(mR − 1)

)
|sR,mR〉 . (4.128)
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The lowest (negative) energy eigenvalue E is achieved when E2 becomes maximal

and thus one has to determine the maximal prefactor of the rhs in Eq. (4.128). Due

to Eqs. (4.123) and (4.125), the magnetic quantum number of |ψB〉 is fixed by mR =

d/2− (N − 1). Therefore, the maximal value of E2 is attained at the spin eigenstate

with sR = d/2 and the ground state energy E0 becomes:

E0 = −|t|
√
N(d−N + 1). (4.129)

Up to normalisation, the explicit form of the spin eigenstate |s,m〉 may be derived

by successive action of the ladder operators on fully polarised states:

|ψB〉 ∝ |sR =
d

2
,mR =

d

2
− (N − 1)〉 ∝

(
S−R
)(N−1) |↑1, . . . , ↑d〉 . (4.130)

Substitution into Eq. (4.126) allows one to determine the coefficients α and β, and

express the ground state of the Hubbard star in the spin basis:

|ψ〉 =
1√

2
(
d
N

)(S−R)N |↑0, ↑1, . . . , ↑d〉+
1√

2
(

d
N−1

)(S−R)N−1 |↓0, ↑1, . . . , ↑d〉 (4.131)

By using the inverse Holstein-Primakoff transformation, this state may be mapped

back to the hardcore boson Hilbert space. To summarise, the hardcore boson ground

state and energy are given by:

|ψ〉 =
1√
2
|ψλmaxR,N 〉+

1√
2
b̂†0 |ψλmaxR,N−1〉 , E0 = −|t|

√
N(d−N + 1). (4.132)

Here, |ψλmaxR,N 〉 denotes the state of maximal occupation number (4.16) of N particles

on d sites of the ring. Note that the ground state alternatively could have been derived

by using an ansatz state in H(hcb)
N similar to (4.125). The expansion coefficients of

this state may then be determined by a straightforward but tedious evaluation of the

Schrödinger equation and the ground state energy may be computed by considering

〈Ĥ〉 as a functional of the expansion coefficients.

The result shows that the ground state of hardcore bosons on a Hubbard star lat-

tice does generally not assume the form of the |ψλmaxN 〉 state of N particles on (d+ 1)

sites.16 However, if one carries out a projective measurement on the occupation num-

ber of the central site (e.g. by using a laser probe beam), then the resulting state on

the outer ring is indeed a |ψλmax〉 state and may be preserved by means of continu-

ing measurements and the quantum Zeno effect (see, e.g., Ref. [33]). The system’s

state saturates the λ1 ≤ λmax constraint and is exactly pinned to the boundary of

16An exception is given by N = 2 and d = 3.
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C(N,d). For smaller filling factors N/d, a large fraction of the bosons condensates into

the zeroth Bloch state of the ring. Recall that due to the structure of the 1-RDO

(cf. Eq. (4.54)), the projected ground state further exhibits off-diagonal long-range or-

der 〈b̂†j b̂k〉 and 2-body correlations (4.59), which do not vanish in the thermodynamic

limit. Together, these properties are commonly considered as the defining criteria of

a Bose-Einstein condensate [28, 107].

Further observe that the Hubbard star Hamiltonian for hardcore bosons is struc-

turally different from its fermionic counterpart. More specifically, by applying the

Jordan-Wigner transformation [45] of the spin operators

S−i =
∏
j<i

(
1− 2ĉ†j ĉj

)
ĉ†i , S+

i =
∏
j<i

(
1− 2ĉ†j ĉj

)
ĉi, (4.133)

to the Hamiltonian (4.122), one yields:

Ĥ = +tĉ0ĉ
†
1 + t

d∑
i=2

(
(1− 2ĉ†1ĉ1) . . . (1− 2ĉ†i−1ĉi−1)ĉ0ĉ

†
i

)
+ h.c. (4.134)

By contrast, the Hubbard star Hamiltonian for spinless fermions reads:

Ĥ = −t
d∑
i=1

ĉ0ĉ
†
i + h.c. (4.135)

A thorough investigation of the spectrum and a comparison with the hardcore boson

Hubbard star will be an objective of future research.17

Last but not least, we mention that the ground state of non-interacting bosons on

the Hubbard star lattice was derived by Vidal et al. [100]:

|ψ̄〉 =

(
1√
2
b̂†0 +

1√
2d

d∑
i=1

b̂†i

)N
| 〉 . (4.136)

Observe that, intriguingly, due to Eq. (4.67), the projection of this state onto the

hardcore boson Hilbert space exactly reproduces the ground state for hardcore bosons,

derived above (4.132), up to a normalisation factor. The question whether this rela-

tion also holds for more general types of lattices is still open and remains an objective

of future research.

17Note that in the work of van Dongen et al. the ground state has only been derived for spinful
fermions in the half-filled case.
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4.6.2 1D quantum lattice gas

The pinning of the Hubbard star ground state (4.132) may be seen as a natural

consequence of the Hamiltonian only comprising 2-body terms in form of the on-

site interaction (recall introductory discussion and Fig. 4.1). The ground state of

Hamiltonians encompassing further 2-body terms can not generally be expected to

be pinned on the boundary of C(N,d). Interestingly, for specific parameters the ground

state of the so-called 1D quantum lattice gas becomes the |ψλmaxN 〉 state despite of

additional 2-body interaction terms present in the Hamiltonian. The model, originally

proposed by Matsubara and Matsuda [67], considers a hardcore boson system with

hopping between neighbouring sites and attractive nearest-neighbour interactions:

Ĥ = −t
d∑
i=1

(
b̂†i b̂i+1 + h.c.

)
− V

d∑
i=1

n̂in̂i+1 +
U

2

d∑
i=1

n̂i(n̂i − 1) (4.137)

If one projects this Hamiltonian to H(hcb)
N and applies the Holstein-Primakoff trans-

formation, one derives the Heisenberg XXZ model:

Ĥ ′ = −2t
d∑
i=1

(
Sxi S

x
i+1 + Syi S

y
i+1

)
− V

d∑
i=1

Szi S
z
i+1. (4.138)

For V = 2t, the Hamiltonain reduces to
∑

i Si ·Si+1. The expectation value of each of

these terms becomes minimal if the quantum state is symmetric in both corresponding

spins and therefore the ground state is seen to be the |ψλmaxN 〉 state.

The model further provides an ideal testing ground to explore quasipinning of

hardcore boson states in future research. For specific settings (N, d), one can compute

the ground state of the Hamiltonian (4.138) for V = 2+δ and subsequently determine

its associated 1-RDO as a perturbation in δ. The quasipinning measured by D(ε) =

λmax − λ1(ε) can then be expressed as a function D(ε) = O(ε2) in the perturbation

parameter.
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Chapter 5

Summary and conclusion

In this chapter, we summarise and discuss the main results and provide an outlook

on possible objectives of future research.

In chapter 2, we have reviewed the concepts and notations of many-body quantum

mechanics. This allowed us to present the r-body N -representability problem, which

for r ≥ 2 is found generally intractable [63]. The physical relevance of reduced

particle information is a direct consequence of physical non-relativistic Hamiltonians

only comprising 1- and 2-body terms. This significantly simplifies the corresponding

energy functional (2.25) and opens the possibility for an efficient derivation of the

respective ground state, provided a concise solution of the N -representability problem

was found.

We have seen that the solution of the pure N -representability problem for ferm-

ionic one-particle reduced density operators (1-RDOs) is given by a set of linear

inequalities on the eigenvalues (NONs) of the 1-RDO, called the Generalised Pauli

constraints (GPCs) [1, 52]. They form tighter restrictions on the spectra of fermionic

1-RDOs than the Pauli exclusion principle, which itself provides a solution to the

mixed 1-body N -representability problem. The Pauli exclusion principle gives rise

to the Pauli hyper cube of compatible spectra of mixed states, whereas GPCs are

related to a polytope P of compatible spectra within the hypercube.

One major aspect of the physical relevance of the GPCs is given by the pinning

effect in which the NONs saturate some of the linear inequalities [52]. Pinning as an

effect in the one-fermion picture comes with a remarkable structural simplification

of the N -fermion wave function as it reduces the number of Slater determinants

required in an expansion series. This surprising reversibility of extremal reduced

particle information was also found to extend to the approximate saturation of GPCs,

which is called the quasipinning effect [87, 84]. The quasipinning effect is a direct

witness of the competition between energy minimisation and the antisymmetry of the

109



fermionic wave function. In order to study the origin and mechanism behind it, two

measures have been reviewed.

The minimal distance Dmin evaluates the l1 distance of the ~λ-vector of NONs to

the boundary of the polytope. It is an absolute measure, which also characterises

the degree of structural simplification of the corresponding N -fermion wave function.

Practical means of its computation have been introduced by the concept of a truncated

pinning analysis [87, 93]. It was demonstrated that quasipinning of the GPCs in some

cases would already follow from a quasipinning of the Pauli exclusion principle. In

order to decide whether quasipinning as measured by Dmin would have a relevance

beyond the Pauli exclusion principle an additional measure was reviewed.

The Q-measure [94] compares the l1 distances between the ~λ-vector and the poly-

tope and Pauli simplex boundaries, respectively. It is a relative measure for the

relevance of the GPCs. Large Q values correspond to a remarkably strong quasi-

pinning which could not be expected from the approximate saturation of the Pauli

exclusion principle.

Equipped with these tools, we have comprehensively examined the quasipinning

effect by analytical means in the third chapter. We have introduced the model system

of Harmonium, which consists of N harmonically interacting particles in an external

harmonic trapping potential. In a first analytical treatment, Schilling [87] had found

remarkably strong quasipinning Dmin ∼ κ8 for the one-dimensional 3-Harmonium

ground state. By systematically studying the influence of the particle number, the

degree of spin polarisation and the role of dimensionality, we found that the compe-

tition between the fermionic antisymmetry and the energy minimisation gives rise to

a sort of ‘microscopic Pauli pressure’.

For the ground state of fully spin-polarised one-dimensional N -Harmonium, the

minimal distance was derived as Dmin ∼ κ2N for N ≥ 4. The result shows that

by adding particles to the system, the ~λ-vector is forced closer to the boundary of

the polytope. Furthermore, we observed the emergence of a well-pronounced active

space structure of NONs around the fermi level. The evaluation of the Q-measure

confirmed the non-triviality of the quasipinning by two orders κ in the regime of

weak and intermediate coupling strengths. For large κ, the quasipinning was found

to become trivial.

In the next step, we have studied quasipinning of fully spin polarised N -Harmo-

nium in quasi-one-dimensional systems and truely higher dimensional systems.

For n = 2 spatial dimensions, we found κ4 quasipinning for N = 3, 4, 5 fermions,

which grows stronger and becomes κ6 quasipinning when N = 6, 7. We see that again
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adding particles increases the quasipinning. However, by increasing the dimensional-

ity quasipinning becomes weaker. This is a consequence of larger dimensions of the

active spaces, which originate in the additional angular degrees of freedom. By eval-

uating the Q-measure, it was shown that quasipinning is only non-trivial for N = 4

particles.

For n = 3 spatial dimensions, the sizes of the active spaces made conclusive

quasipinning analysis even more a challenge. For N = 3, 4 quasipinning of fourth

order in κ was found, which for N = 3 might be even stronger. While trivial for

N = 4, quasipinning for N = 3 becomes non-trivial by two orders in κ. Generally,

increasing the dimensionality confirmed the notion of a ‘microscopic Pauli pressure’.

This pressure, which still needs to be given a concise definition, illustrates for ground

states the conflict between the energy minimisation and the fermionic antisymmetry.

In another approach to examine the influence of the dimensionality, we have con-

sidered dimensional crossovers by detuning trapping frequencies. This has qualita-

tively provided additional evidence for the existence and role of a microscopic Pauli

pressure. The study of intermediate dimensions revealed that quasipinning is in-

creased by narrowing the trapping potential and decreasing the interaction strength.

In contrast to the absolute quasipinning, the Q-measure showed a much more complex

behaviour. When the interaction strength is constant the detuning of the trapping

frequencies causes multiple changes between different regimes with highly non-trivial

and trivial quasipinning. This provided further evidence for the need to characterise

the relevance of quasipinning of GPCs beyond the quasipinning of the Pauli exclusion

principle. It particular, it would be interesting to apply the Q-measure to the findings

on quasipinning in Refs. [7, 8, 9, 18].

By eventually considering spinful fermions, we observed that quasipinning strongly

depends on the degree of spin polarisation. Using a variable external magnetic field,

we discovered that for N = 3, 4 spinful fermions in one-dimensional Harmonium the

minimal distance depends on the magnetisation M via Dmin ∼ κ4+2|M |, i.e. quasip-

inning increases with the degree of spin-polarisation. Again, this provides evidence

for the notion of the microscopic Pauli pressure since increasing the degree of spin-

polarisation leads to reduced sizes of the active space structures.

Our findings on spinful fermions suggest the following idea for an experimental

implementation of the quasipinning effect. Assume that a system of spinful fermions

is prepared in a ground state which has NONs quasipinned to the polytope bound-

ary. By applying an oscillating external magnetic field, the NONs will be perturbed.
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Viewed in terms of the common one-particle picture and the Pauli exclusion prin-

ciple, no restrictions would be imposed upon the evolution of the NONs. However,

since the ~λ-vector is strongly quasipinned, only selected perturbations (perhaps by

the polarisation of the magnitic field) will not violate the GPCs, which potentially

gives rise to a GPC-induced transparency. Note that this is conceptually similar to

the suppression of transitions in atoms which would cause a violation of the Pauli

exclusion principle.

Future objectives of research on the GPCs comprise pinning analyses of further

physical systems such as atoms. A major challenge in this is posed by the limited

knowledge on settings of GPCs with one-particle Hilbert space dimensions larger

than 11. Unfortunately, even truncated realistic physical systems (e.g. the Lithium

atom) require at least 13 orbitals. GPCs might also be useful in effective energy

functional methods such as DFT and RDMFT. We emphasise that all quasipinning

analyses in this work have either been done analytically, or, if resorting to numerical

diagonalisation of the 1-RDO, have been carried out with a well-controlled truncation

error. The concept of a truncated pinning analyses, applied in this thesis, will allow

for the conclusive study of GPCs in other systems as well.

In the fourth chapter of this thesis, we have studied the role of the exclusion

principle in systems of hardcore bosons, where it only holds on a specific lattice one-

particle basis. The constraint arises due to a large particle-particle interaction and

can be implemented as a kinematical constraint by restricting the N -boson Hilbert

space to the N -hardcore boson Hilbert space H(hcb)
N . This space is spanned by all N -

permanents of N different lattice states, allowing only for single occupancies of every

lattice site. Since hardcore bosons obey bosonic commutation relations, occupation

numbers larger than one become possible, contrary to popular opinion. For the case

of two hardcore bosons on three lattice sites, we have analytically determined the set

of all compatible one-particle spectra. We found that this set is neither convex nor

does it agree with the respective sets of bosons or fermions, providing first evidence

for the hybrid character of hardcore bosons.

In the next step, we have considered an analogue of the Pauli exclusion principle

for hardcore bosons. More specifically, we have proven a key theorem on the maximal

occupation number λmax of hardcore bosons.

λmax =
N

d

(
d−N + 1

)
, (5.1)

where N and d represent the number of particles and lattice sites. This occupation

number is attained by any one-particle state which is mutually unbiased with respect
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to the lattice basis. Furthermore, the theorem established that the maximising N -

particle state is an equally weighted superposition of all permanents of the lattice

basis. We have investigated the structural properties of this state and found that

it resembles a bosonic superfluid state which has been projected to the hardcore

Hilbert space. Furthermore, note that for 2N = d the thermodynamic limit of λmax

approaches N/2.

The theorem paved the way for the investigation of the one-body N -representa-

bility problem for hardcore bosons. In systems of hardcore bosons which only have 2-

body interaction terms in the form of the hardcore interaction, the hardcore constraint

can be implemented kinematically. Then, the energy functional solely depends on the

1-RDO. Therefore, a solution of the one-body N -representability problem would allow

for an efficient description of this many-body system.

By using the Karush-Kuhn-Tucker-formalism, we derived general bounds on the

traces of the m-th power of the 1-RDO, which provided necessary conditions for the

N -representability of hardcore boson 1-RDOs. In some cases, these bounds have not

yet been confirmed optimal and it remains an important objective of future research to

verify conjecture 1. The computed bounds on tr(ρm) give rise to outer approximations

of the set of compatible one-particle spectra.

By applying a variational approach on parametrised expressions of tr(ρm), we have

developed a general algorithm, which in principle permits the computation of a com-

plete set of necessary and sufficient conditions for hardcore boson N -representability

of arbitrary settings (N, d). A complete set of such conditions was calculated for

N = 3 particles on d = 4 sites. The algorithm, though practically not feasible for

larger settings, might be the starting point for an analysis of the complexity of the

hardcore boson N -representability problem.

Next, we have studied one-particle entropy measures of hardcore bosons by again

applying the Karush-Kuhn-Tucker-formalism. Our results for different entropy mea-

sures indicate that hardcore bosons exhibit a hybrid character. In systems with

d − N ≤ 4, the lower one-particle entropy resembles the fermionic case, whereas

in the thermodynamic limit d → ∞ the lower one-particle entropy approaches the

bosonic case.

In the last section we have studied two physical systems whose ground states

exhibit a maximally occupied orbital. In the first system, N hardcore bosons are

placed in a star lattice with equal hopping rates between the ring sites and the cen-

tral site. Although its ground state does not immediately saturate λmax, a projective

measurement on the central site can collapse it to a state maximising the occupation
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number in the system of the ring sites. The second system we consider is known as

the 1D quantum lattice gas. Despite comprising additional 2-body terms, it has a

ground state at which λmax is attained. Due to our earlier results on the structure

of the respective 1-RDO, we find that the ground state of these two systems has

long-range order correlations which do not vanish in the thermodynamic limit. Fur-

thermore, both ground states show a macroscopic occupation of a single-particle state.

The systems therefore provide a means for (fractional) Bose-Einstein condensation in

strictly one-dimensional systems.

In a follow-up research project, both systems will also be the starting point for an

investigation of the approximate saturation of the maximal hardcore boson occupation

number. Depending on the parameters of the Hamiltonian, the 1D quantum lattice

gas can be mapped to either a Heisenberg XXX chain or an XXZ chain. In future

work, the exact diagonalisation of the XXZ chain can be used to derive an analytical

expression for the 1-RDO with maximal occupation close to λmax. By evaluating

λ1(δ) for some perturbation parameter δ, one can find a ‘quasipinning’ curve in the

space of compatible one-particle spectra.
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Appendix A

Examples of Generalised Pauli
constraints

In the following, we present the GPCs of various settings (N, d). For details on their

derivation we refer to the cited literature.

For settings with N = 2 and arbitrary d, an application of the Schmidt decompo-

sition establishes the conditions (cf. Ref. [84]):

λi = λi+1 , for i odd. (A.1)

For the setting (N, d) = (4, 8), there are 14 GPCs (see Ref. [1]):

D
(4,8)
1 (~λ) ··= 0− λ5 + λ6 + λ7 + λ8 ≥ 0 ,

D
(4,8)
2 (~λ) ··= 0− λ1 + λ2 + λ7 + λ8 ≥ 0 ,

D
(4,8)
3 (~λ) ··= 0− λ1 + λ3 + λ6 + λ8 ≥ 0 ,

D
(4,8)
4 (~λ) ··= 0− λ1 + λ4 + λ6 + λ7 ≥ 0 ,

D
(4,8)
5 (~λ) ··= 0− λ1 + λ4 + λ5 + λ8 ≥ 0 ,

D
(4,8)
6 (~λ) ··= 0− λ3 + λ4 + λ7 + λ8 ≥ 0 ,

D
(4,8)
7 (~λ) ··= 0− λ2 + λ4 + λ6 + λ8 ≥ 0 ,

D
(4,8)
8 (~λ) ··= 2− λ2 − λ3 − λ5 + λ8 ≥ 0 ,

D
(4,8)
9 (~λ) ··= 2− λ1 − λ3 − λ6 + λ8 ≥ 0 ,

D
(4,8)
10 (~λ) ··= 2− λ1 − λ2 − λ7 + λ8 ≥ 0 ,

D
(4,8)
11 (~λ) ··= 2− λ1 − λ2 − λ3 + λ4 ≥ 0 ,

D
(4,8)
12 (~λ) ··= 2− λ1 − λ4 − λ5 + λ8 ≥ 0 ,

D
(4,8)
13 (~λ) ··= 2− λ1 − λ2 − λ5 + λ6 ≥ 0 ,

D
(4,8)
14 (~λ) ··= 2− λ1 − λ3 − λ5 + λ7 ≥ 0 .

(A.2)
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The following tables are taken from Ref. [94]. They display the GPCs of the

settings (3, 10), (4, 10) and (5, 10), which were originally computed by Klyachko and

Altunbulak (see, e.g., Ref. [1]). Furthermore, the tables contain the minimal pairs

(r, s) and the optimal prefactors cj (cf. Sec. 2.5). By convention, the minimal pair

{r, s} is represented by {r, d + 1 − s}. If {} contains only a single entry, then {t}
refers to {0, d+ 1− t} if t > N and {t, 0}, if t ≤ N .

Setting (N, d) = (3, 10)

GPC κ(0) κ(1) κ(2) κ(3) κ(4) κ(5) κ(6) κ(7) κ(8) κ(9) κ(10) {r, d+ 1− s} c

1 1 −1 −1 1 −1 1 1 0 0 0 0 {1, 6} 1
2 1 −1 0 0 0 0 0 0 0 0 −1 {1, 10} 1/2
3 3 −2 0 0 0 −1 −1 −1 −1 0 −2 9/14
4 3 −2 −1 0 0 0 0 −1 −1 −1 −2 {3, 4} 1/2
5 3 −3 −2 2 1 0 0 0 0 −1 −2 {3, 4} 3/4
6 3 −3 1 0 0 0 0 −1 −2 2 −2 1
7 2 −1 0 −1 −1 0 −1 0 0 0 0 {7}, {1, 8} 1, 3/4
8 2 −1 −1 0 −1 0 0 −1 0 0 0 {1, 8} 3/4
9 2 −1 −1 0 0 −1 −1 0 0 0 0 {7}, {1, 8} 1, 3/4

10 2 0 −1 −1 −1 −1 0 0 0 0 0 {7} 1
11 3 −2 0 −1 −2 1 −1 0 0 0 −1 {1, 8} 5/4
12 3 −2 0 −1 −1 0 −2 1 0 0 −1 {7}, {1, 8} 2, 5/4
13 3 −1 0 −2 −2 0 −1 1 0 0 −1 {7} 2
14 3 −2 −1 0 0 0 −1 −1 −2 1 0 {3, 4} 2/5
15 3 −2 0 0 −1 −1 −2 1 −1 0 0 3/5
16 3 −2 0 0 −1 −1 −1 0 −2 1 0 3/5
17 3 −2 −1 0 0 −1 −2 1 0 0 −1 {7}, {1, 8} 2, 5/4
18 3 −1 −2 0 0 −2 −1 1 0 0 −1 {7} 2
19 3 0 −2 −1 −1 −2 0 1 0 0 −1 {7} 2
20 3 0 −1 −2 −2 −1 0 1 0 0 −1 {7} 2
21 3 0 −2 −1 −2 −1 1 0 0 0 −1 {1, 6} 1
22 3 −2 −1 0 −2 1 0 −1 0 0 −1 {1, 8} 5/4
23 3 −1 −2 0 −2 0 1 −1 0 0 −1 {1, 6} 1
24 3 −2 −1 0 −2 1 0 0 −1 −1 0 {1, 6} 1
25 3 −1 −2 0 −2 0 1 0 −1 −1 0 {1, 6} 1
26 3 −1 −2 0 −2 1 0 −1 0 −1 0 {3, 4} 1/3
27 3 −2 −2 1 −1 0 0 −1 0 0 −1 {1, 8} 5/4
28 3 −2 −2 1 −1 0 0 0 −1 −1 0 {1, 6} 1
29 3 0 −2 −1 −1 −2 1 0 0 −1 0 {1, 6} 1
30 3 0 −1 −2 −2 −1 1 0 0 −1 0 {1, 6} 1
31 3 −2 −2 1 0 −1 −1 0 0 0 −1 {1, 8} 5/4
32 3 −2 −2 1 0 0 −1 −1 −1 0 0 {3, 4} 2/5
33 2 −1 −2 1 0 −1 1 0 −1 1 0 {1, 6} 1
34 2 −1 0 −1 −2 1 1 0 −1 1 0 {1, 6} 1
35 2 0 −1 −1 −2 1 0 1 −1 1 0 {3, 4} 1/2
36 2 −1 −2 1 −1 1 0 0 −1 1 0 {3, 4} 1/3
37 1 0 −1 0 −1 0 1 0 0 0 0 {1, 6} 1/2
38 1 0 −1 0 0 −1 0 1 0 0 0 {7} 1
39 1 −1 0 0 −1 1 0 0 0 0 0 {1, 10} 1/2
40 1 −1 0 0 0 0 −1 1 0 0 0 {7}, {1, 10} 1, 1/2
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GPC κ(0) κ(1) κ(2) κ(3) κ(4) κ(5) κ(6) κ(7) κ(8) κ(9) κ(10) {r, d+ 1− s} c

41 1 0 0 −1 −1 0 0 1 0 0 0 {7} 1
42 1 −1 −1 1 0 0 0 0 0 0 0 {1, 10} 1/2
43 1 −1 0 0 0 0 0 0 −1 1 0 {1, 10} 1/2
44 3 −2 0 0 0 −1 −1 −1 −2 1 −1 9/14
45 3 −2 −2 1 0 0 0 −1 −1 −1 −1 {3, 4} 1/2
46 3 −2 −1 0 −1 0 −1 0 −1 0 −1 {1, 10} 3/4
47 3 −1 −2 0 −1 −1 0 0 −1 0 −1 {1, 6} 1/2
48 3 −1 −1 −1 −2 0 0 0 −1 0 −1 {1, 6} 1/2
49 2 −1 −2 1 0 −1 1 0 0 0 −1 {1, 6} 1
50 2 −1 0 −1 −2 1 1 0 0 0 −1 {1, 6} 1
51 2 0 −1 −1 −2 1 0 1 0 0 −1 {3, 4} 1/2
52 3 −2 −3 2 0 1 0 −1 −2 2 1 {3, 4} 2/3
53 3 0 −1 −2 −3 2 1 0 −2 2 1 {3, 4} 3/4
54 3 −3 1 −1 −2 2 −2 2 1 0 0 {1, 8} 29/12
55 3 −2 1 −2 −3 2 −1 2 1 0 0 {1, 6} 2
56 3 −3 −2 2 1 0 0 −1 −2 2 1 {3, 4} 17/24
57 3 −3 1 0 0 −1 −2 2 −2 2 1 6/5
58 3 −3 −2 2 1 −1 −2 2 1 0 0 {1, 8} 29/12
59 3 −2 −3 2 1 −2 −1 2 1 0 0 {1, 6} 2
60 3 1 −3 −1 −2 −2 2 2 1 0 0 {1, 6} 2
61 3 1 −2 −2 −3 −1 2 2 1 0 0 {1, 6} 2
62 3 −2 −3 2 −2 2 1 0 −1 0 1 {3, 4} 2/3
63 3 −2 −3 2 −2 2 1 −1 0 1 0 {3, 4} 2/3
64 3 −3 −2 2 −2 2 1 −1 1 0 0 {1, 8} 29/12
65 3 −2 −2 1 −3 2 2 −1 1 0 0 {1, 6} 2
66 3 −2 −3 2 −2 1 2 −1 1 0 0 {1, 6} 2
67 3 −3 −2 2 −2 2 1 0 0 −1 1 {1, 6} 2
68 3 −2 −2 1 −3 2 2 0 0 −1 1 {1, 6} 2
69 3 −2 −3 2 −2 1 2 0 0 −1 1 {1, 6} 2
70 3 −4 −3 4 2 1 0 1 0 −1 −2 {3, 4} 7/6
71 3 −4 2 1 0 1 0 −1 −3 4 −2 3/2
72 4 −3 0 −1 0 −1 −2 1 0 −1 −2 {1, 10} 2
73 4 −3 0 −1 −2 1 0 −1 0 −1 −2 {1, 10} 2
74 4 −3 −2 1 0 −1 0 −1 0 −1 −2 {1, 10} 2
75 4 −1 −1 −2 −3 1 0 0 0 −1 −2 {3, 4} 8/15
76 4 −3 0 −1 0 −1 0 −1 −2 1 −2 {1, 10} 2
77 4 −2 −3 1 −1 0 0 −1 −2 1 0 {3, 4} 1/2
78 4 −1 −1 −2 −3 1 0 0 −2 1 0 {3, 4} 19/36
79 4 −3 0 −1 −2 1 −2 1 0 −1 0 {1, 10} 2
80 4 −3 0 −1 −2 1 0 −1 −2 1 0 {1, 10} 2
81 4 −2 0 −2 −3 1 −1 1 0 −1 0 {1, 6} 3/2
82 4 −3 −2 1 0 −1 0 −1 −2 1 0 {1, 10} 2
83 4 −3 0 −1 0 −1 −2 1 −2 1 0 {1, 10} 2
84 4 −3 −2 1 0 −1 −2 1 0 −1 0 {1, 10} 2
85 4 −2 −3 1 0 −2 −1 1 0 −1 0 {1, 6} 3/2
86 4 0 −3 −1 −2 −2 1 1 0 −1 0 {1, 6} 3/2
87 4 0 −2 −2 −3 −1 1 1 0 −1 0 {1, 6} 3/2
88 4 −2 −3 1 −2 1 0 −1 −1 0 0 {3, 4} 1/2
89 4 −3 −2 1 −2 1 0 −1 0 −1 0 {1, 10} 2
90 4 −2 −2 0 −3 1 1 −1 0 −1 0 {1, 6} 3/2
91 4 −2 −3 1 −2 0 1 −1 0 −1 0 {1, 6} 3/2
92 3 −4 2 1 0 1 0 −1 −2 3 −3 3/2
93 3 −4 −2 3 2 1 0 1 0 −1 −3 {3, 4} 7/6
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Setting (N, d) = (4, 10)

GPC κ(0) κ(1) κ(2) κ(3) κ(4) κ(5) κ(6) κ(7) κ(8) κ(9) κ(10) {r, d+ 1− s} c

1 1 −1 0 0 0 0 0 0 0 0 0 {1} 1/2
2 3 −1 −1 −1 0 −1 0 0 0 −1 0 {2, 7} 1/2
3 3 −1 −1 −2 1 −2 2 1 2 0 0 {4, 5} 3/4
4 3 −1 −2 −1 1 −2 2 2 1 0 0 {2, 7} 2
5 3 −2 −1 −2 2 −1 2 1 1 0 0 {4, 5} 3/4
6 3 −1 −2 −2 2 −1 1 2 1 0 0 {2, 7} 2
7 4 −1 −2 −2 1 −3 3 2 2 0 0 {4, 5} 1
8 4 −2 −2 −3 3 −1 2 2 1 0 0 {4, 5} 1
9 5 −3 −1 −2 1 0 −1 1 0 −1 1 {2, 7} 7/4

10 5 −2 −1 −1 −1 −3 1 1 1 0 0 {2, 7} 5/4
11 5 −3 −1 0 −1 −2 1 1 0 −1 1 {2, 7} 7/4
12 5 −3 −1 −2 1 −1 1 0 0 −1 1 {4, 5} 5/8
13 5 −2 −3 −1 1 −1 1 0 0 −1 1 {2} 3/2
14 5 −2 −3 0 0 −1 1 −1 1 −1 1 {2} 3/2
15 5 −2 −3 −1 1 0 0 −1 1 −1 1 {2} 3/2
16 5 −3 0 −1 −1 −2 1 0 1 −1 1 {4, 5} 5/8
17 5 −2 −1 −3 1 −1 −1 1 1 0 0 {2, 7} 5/4
18 5 −2 −3 −1 1 −1 1 −1 1 0 0 {2} 3/2
19 2 −1 0 −1 0 −1 0 1 0 0 0 {7} 3/4
20 2 −1 0 0 −1 −1 0 0 1 0 0 {7}, {1, 8} 3/4, 2
21 2 −1 −1 0 0 0 0 0 0 −1 1 {2} 1/2
22 2 −1 −1 0 0 0 0 −1 1 0 0 {2}, {1, 8} 1/2, 2
23 2 0 −1 −1 0 −1 0 0 1 0 0 {7} 3/4
24 2 −1 0 −1 0 0 −1 0 1 0 0 {7}, {1, 8} 3/4, 2
25 2 −1 −1 0 0 −1 1 0 0 0 0 {2} 1/2
26 2 −1 −1 −1 1 0 0 0 0 0 0 {2} 1/2
27 4 −2 −1 −1 0 −1 0 0 −1 0 0 {2, 9} 1
28 4 −2 0 −1 −1 −1 −1 0 0 0 0 {7}, {1, 8} 1/2, 2
29 4 −2 −1 −1 0 0 −1 −1 0 0 0 {1, 8}, {2, 9} 2, 1
30 4 −2 −1 0 −1 −1 0 −1 0 0 0 {1, 8}, {2, 9} 2, 1
31 4 −1 −1 −1 −1 −2 0 0 0 0 0 {7} 1/2
32 4 −1 −1 −2 0 −1 −1 0 0 0 0 {7} 1/2
33 4 −1 −2 −1 0 −1 0 −1 0 0 0 {2, 9} 1
34 5 −2 −1 −1 −1 −2 0 0 0 −1 0 {2, 7} 3/4
35 5 −2 −2 −1 0 −1 0 −1 0 −1 0 {2} 3/4
36 5 −2 −1 −2 0 −1 −1 0 0 −1 0 {2, 7} 3/4
37 3 −2 −1 −1 1 −1 1 1 0 0 0 {2, 7} 5/4
38 3 −1 −1 −1 0 −2 1 1 1 0 0 {2, 7} 1
39 3 −1 −2 −1 1 −1 1 0 1 0 0 {2, 7} 5/4
40 3 −1 −1 −2 1 −1 0 1 1 0 0 {2, 7} 1
41 8 −2 −3 −4 1 −5 4 2 3 0 −1 {4, 5} 3/2
42 8 −2 −3 −4 1 −5 4 3 2 −1 0 {4, 5} 3/2
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GPC κ(0) κ(1) κ(2) κ(3) κ(4) κ(5) κ(6) κ(7) κ(8) κ(9) κ(10) {r, d+ 1− s} c

43 8 −3 −4 −5 4 −2 2 3 1 0 −1 {4, 5} 3/2
44 8 −4 −3 −5 4 −2 3 2 1 0 −1 {4, 5} 3/2
45 8 −3 −4 −5 4 −2 3 2 1 −1 0 {4, 5} 3/2
46 8 −2 −4 −3 1 −5 4 3 2 0 −1 {4, 5} 3/2
47 8 −3 −1 −2 −2 −3 0 0 −1 −2 0 {4, 5} 1/2
48 6 −2 −1 −3 0 −1 −2 1 0 0 −1 {7} 3/2
49 6 −1 −2 −3 0 −2 −1 1 0 0 −1 {7} 3/2
50 6 −3 −2 0 0 −1 −1 −2 1 −1 0 6/5
51 6 −3 −2 0 0 −1 −1 −1 0 −2 1 6/5
52 6 −3 −2 −1 0 0 0 −1 −1 −2 1 {4, 5} 3/4
53 6 −3 −1 −2 0 −2 0 1 0 −1 −1 {2, 7} 3/2
54 6 −3 −1 −2 0 −2 1 0 −1 0 −1 {4, 5} 7/12
55 6 −3 0 −1 −2 −2 −1 1 0 0 −1 {7} 3/2
56 6 −3 0 −2 −1 −1 −2 1 0 0 −1 {7} 3/2
57 6 −3 −2 −1 0 −2 1 0 0 −1 −1 {2, 7} 5/4
58 6 −3 −2 −2 1 0 0 −1 −1 −1 0 {4, 5} 3/4
59 6 −2 −1 −1 −2 −3 0 1 0 0 −1 {7} 3/2
60 6 −2 −1 −1 −2 −3 1 0 0 −1 0 {4, 5} 7/12
61 6 −3 −2 −2 1 −1 0 0 0 −1 −1 {2, 7} 5/4
62 6 −1 −2 −2 −1 −3 0 1 0 0 −1 {7} 3/2
63 6 −2 −1 −2 −1 −3 1 0 0 0 −1 {4, 5} 11/20
64 6 −1 −2 −2 −1 −3 1 0 0 −1 0 {4, 5} 7/12
65 8 −2 −2 −3 −1 −5 2 2 1 0 0 {4, 5} 1
66 8 −3 −1 −2 −2 −5 2 2 1 0 0 {4, 5} 1
67 8 −5 0 −1 −2 −3 2 1 0 −2 2 {4, 5} 1
68 8 −5 −2 −3 2 0 1 0 −1 −2 2 {4, 5} 5/4
69 8 −5 −3 1 0 0 −1 −2 2 −2 2 12/5
70 8 −5 −3 −2 2 1 0 0 −1 −2 2 {4, 5} 5/4
71 8 −5 −2 −3 2 −2 2 1 0 −1 0 {4, 5} 7/6
72 8 −5 −2 −2 1 −3 2 2 0 0 −1 {2, 7} 11/4
73 8 −5 −2 −3 2 −2 1 2 0 0 −1 {2, 7} 11/4
74 8 −5 −3 −2 2 −2 2 1 0 0 −1 {2, 7} 5/2
75 4 −2 −3 −1 2 −1 2 0 1 1 0 {2} 2
76 4 −2 −3 0 1 −1 2 −1 2 1 0 {2} 2
77 4 −1 −3 −1 1 −2 2 0 2 1 0 {2, 7} 2
78 4 −2 0 −3 1 −1 −1 2 2 1 0 {7} 3/2
79 4 −2 −1 −3 2 0 −1 1 2 1 0 {2, 7} 7/4
80 4 −1 −1 −3 1 −2 0 2 2 1 0 {7} 3/2
81 4 −1 −2 −3 2 −1 0 1 2 1 0 {2, 7} 7/4
82 4 −2 −3 −1 2 0 1 −1 2 1 0 {2} 2
83 4 −1 −3 −2 2 −1 1 0 2 1 0 {2, 7} 2
84 4 −3 −1 1 −1 −2 2 0 2 1 0 {2, 7} 2
85 4 −3 −1 −2 2 1 −1 0 2 1 0 {2, 7} 2
86 4 −3 −2 1 0 −1 2 −1 2 1 0 {2} 2
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GPC κ(0) κ(1) κ(2) κ(3) κ(4) κ(5) κ(6) κ(7) κ(8) κ(9) κ(10) {r, d+ 1− s} c

87 4 −3 −2 −1 2 1 0 −1 2 1 0 {2} 2
88 4 −3 1 −1 −1 −2 0 2 2 1 0 {7} 3/2
89 4 −3 1 −2 0 −1 −1 2 2 1 0 {7} 3/2
90 4 −2 −1 −3 2 −1 0 2 1 1 0 {2, 7} 7/4
91 4 −3 −1 −2 2 −1 1 2 0 1 0 {2, 7} 2
92 4 −3 −1 −1 1 −2 2 2 0 1 0 {2, 7} 2
93 4 −3 −2 −1 2 −1 2 1 0 1 0 {2} 2
94 4 −2 −1 0 −1 −3 2 1 2 1 0 {2, 7} 7/4
95 4 −1 −2 −1 0 −3 2 1 2 1 0 {2, 7} 7/4
96 4 −2 0 −1 −1 −3 1 2 2 1 0 {7} 3/2
97 4 −1 −1 −2 0 −3 1 2 2 1 0 {7} 3/2
98 4 −2 −1 −1 0 −3 2 2 1 1 0 {2, 7} 7/4
99 4 −3 −2 1 0 −1 2 1 0 −1 2 {2} 2

100 4 −1 −2 −3 2 −1 1 0 2 0 1 {4, 5} 3/4
101 4 −2 −3 −1 2 1 0 0 1 −1 2 {2} 2
102 4 −2 −3 −1 2 1 0 −1 2 0 1 {2} 2
103 4 −2 −3 1 0 −1 2 −1 2 0 1 {2} 2
104 4 −2 −3 1 0 0 1 −1 2 −1 2 {2} 2
105 4 −2 −3 1 0 −1 2 0 1 −1 2 {2} 2
106 4 −2 −3 −1 2 0 1 1 0 −1 2 {2} 2
107 4 −2 −3 0 1 −1 2 1 0 −1 2 {2} 2
108 4 −2 −3 0 1 1 0 −1 2 −1 2 {2} 2
109 4 −3 −2 1 0 1 0 −1 2 −1 2 {2} 2
110 4 −3 −2 −1 2 1 0 1 0 −1 2 {2} 2
111 4 −2 −3 −1 2 −1 2 1 0 0 1 {2} 2
112 4 −2 −1 0 −1 −3 2 2 1 0 1 {2, 7} 2
113 4 −3 −1 −2 2 −1 2 1 0 0 1 {4, 5} 5/6
114 4 −2 0 −1 −1 −3 2 1 2 0 1 {4, 5} 3/4
115 4 −2 −1 −3 2 0 −1 2 1 0 1 {2, 7} 2
116 4 −3 0 0 −1 −2 2 1 1 −1 2 {4, 5} 3/4
117 4 −3 −1 −2 2 0 1 1 0 −1 2 {4, 5} 5/6
118 4 −1 −2 −1 0 −3 2 2 1 0 1 {2, 7} 2
119 4 −1 −1 −2 0 −3 2 1 2 0 1 {4, 5} 3/4
120 4 −1 −2 −3 2 −1 0 2 1 0 1 {2, 7} 2
121 7 −2 −3 −4 2 −2 0 2 1 0 −1 {2, 7} 5/2
122 7 −2 −2 −3 0 −4 2 1 2 0 −1 {4, 5} 1
123 7 −2 −2 −3 0 −4 2 2 1 −1 0 {4, 5} 1
124 7 −4 −2 −3 2 −2 2 1 0 0 −1 {4, 5} 25/24
125 7 −2 −3 −2 0 −4 2 2 1 0 −1 {2, 7} 5/2
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Setting (N, d) = (5, 10)

GPC κ(0) κ(1) κ(2) κ(3) κ(4) κ(5) κ(6) κ(7) κ(8) κ(9) κ(10) {r, d+ 1− s} c

1 1 −1 0 0 0 0 0 0 0 0 0 {1} 1/2
2 4 0 −1 −1 −1 −1 −1 −1 0 0 0 {1, 8} 1/2
3 3 −1 −1 −1 0 0 0 0 0 0 −1 {3, 10} 1/2
4 2 0 −1 −1 −1 1 0 0 0 1 1 {3, 8} 5/6
5 2 −1 −1 0 0 0 −1 1 1 1 0 {3, 8} 5/6
6 2 0 −1 −1 0 0 −1 1 0 1 1 {3, 8} 5/6
7 2 −1 −1 −1 0 1 0 1 0 1 0 {3, 10} 3/4
8 2 −1 −1 0 −1 1 0 0 1 1 0 {3, 8} 5/6
9 2 0 −1 0 −1 0 −1 0 1 1 1 {1, 8} 3/4

10 6 −2 −2 −3 1 0 1 0 −1 2 −1 {3, 10} 2
11 6 −2 −2 −3 −1 2 1 0 1 0 −1 {3, 10} 2
12 6 0 −1 −2 −3 0 −1 −2 2 1 1 {1, 8} 2
13 6 −2 −2 −3 1 0 −1 2 1 0 −1 {3, 10} 2
14 6 0 −3 0 −1 −2 −1 −2 2 1 1 {1, 8} 2
15 6 0 −3 0 −1 −1 −2 −2 1 2 1 17/9
16 6 0 −1 −2 −1 −2 −3 0 2 1 1 {1, 8} 2
17 6 −2 −3 −2 −1 2 1 1 0 0 −1 {5, 6} 1
18 6 0 −1 −1 −2 −2 −3 0 1 2 1 {5, 6} 1
19 6 −2 −3 −2 1 1 0 0 −1 2 −1 17/9
20 7 −1 −2 −1 −3 0 −3 0 2 2 1 {1, 8} 7/4
21 7 −1 −3 0 −3 0 −2 −1 2 2 1 {1, 8} 7/4
22 7 −2 −3 0 −3 1 −1 −1 2 2 0 {3, 8} 11/6
23 7 −2 −3 −1 −3 2 −1 0 2 1 0 {3, 8} 2
24 7 −1 −3 0 −2 −1 −3 0 2 2 1 {1, 8} 7/4
25 7 −2 −3 −3 −1 2 0 1 −1 2 0 {3, 10} 7/4
26 7 −2 −3 −3 −1 2 −1 2 0 1 0 {3, 10} 7/4
27 7 −2 −3 −1 −3 2 0 −1 1 2 0 {3, 8} 2
28 7 −1 −2 −3 0 −1 −3 2 0 1 2 {3, 8} 13/6
29 7 −1 −3 −2 0 −1 −3 2 0 2 1 {3, 8} 2
30 7 −1 −2 −3 −1 0 −3 2 0 2 1 {3, 8} 2
31 7 −2 −3 0 −1 −1 −3 1 2 2 0 {3, 8} 11/6
32 7 −2 −3 −1 −1 0 −3 2 2 1 0 {3, 8} 2
33 7 −2 −3 −3 0 1 −1 2 −1 2 0 {3, 10} 7/4
34 7 −1 −3 −3 0 0 −2 2 −1 2 1 {3, 8} 11/6
35 7 −3 −2 −1 −3 2 0 −1 2 1 0 {3, 8} 13/6
36 7 −1 −3 −3 −2 2 0 0 −1 2 1 {3, 8} 11/6
37 7 −1 −2 −3 −3 2 −1 0 0 2 1 {3, 8} 2
38 7 −2 −3 −1 0 −1 −3 2 1 2 0 {3, 8} 2
39 7 −1 −3 −2 −3 2 0 −1 0 2 1 {3, 8} 2
40 7 −3 −2 −3 1 0 −1 2 −1 2 0 {3, 10} 2
41 7 −1 −3 0 −3 0 −1 −2 2 1 2 {1, 8} 2
42 7 −3 −2 0 −1 −1 −3 2 1 2 0 {5, 6} 19/20
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GPC κ(0) κ(1) κ(2) κ(3) κ(4) κ(5) κ(6) κ(7) κ(8) κ(9) κ(10) {r, d+ 1− s} c

43 7 −1 −3 −2 −3 2 0 0 −1 1 2 {5, 6} 19/20
44 7 −1 −2 −3 −3 2 0 −1 0 1 2 {3, 8} 13/6
45 7 −3 −2 −1 0 −1 −3 2 2 1 0 {3, 8} 13/6
46 7 −3 −1 −2 −3 2 −1 1 0 2 0 {5, 6} 19/20
47 7 −1 −3 −1 −2 0 −3 2 1 0 2 {5, 6} 19/20
48 7 −3 −1 −2 −3 2 −1 0 2 1 0 {3, 8} 2
49 7 −1 −2 −3 −1 0 −3 2 1 0 2 {3, 8} 2
50 7 −1 −3 −2 −3 2 −1 1 0 0 2 {5, 6} 19/20
51 7 −3 −1 −1 −2 0 −3 2 1 2 0 {5, 6} 19/20
52 7 −3 −1 −2 −1 0 −3 2 2 1 0 {3, 8} 2
53 7 −1 −2 −3 −3 2 −1 0 1 0 2 {3, 8} 2
54 7 −3 −2 −3 −1 2 1 0 −1 2 0 {3, 10} 2
55 7 −1 −3 0 −1 −2 −3 0 2 1 2 {1, 8} 2
56 7 −1 −1 −2 −3 0 −3 0 2 1 2 {1, 8} 2
57 7 −3 −2 −3 −1 2 −1 2 1 0 0 {3, 10} 2
58 7 −1 −1 −2 −3 0 −3 1 0 2 2 {5, 6} 31/30
59 7 −3 −3 −1 −2 2 −1 2 1 0 0 {5, 6} 31/30
60 9 −3 −4 −5 −1 4 3 2 1 0 −2 {5, 6} 2
61 9 −3 −4 −5 3 2 1 0 −1 4 −2 11/3
62 9 1 −5 0 −1 −2 −3 −4 4 3 2 11/3
63 9 1 −1 −2 −3 −4 −5 0 4 3 2 {5, 6} 2
64 4 −1 −2 0 −2 1 0 −1 2 1 0 {3, 8} 7/4
65 4 0 −1 −2 0 −1 −2 1 0 2 1 {3, 8} 7/4
66 4 −2 −2 −1 1 1 0 0 −1 2 0 3/2
67 4 0 −1 −2 −2 1 0 0 −1 1 2 {5, 6} 7/10
68 4 −2 0 −1 −1 0 −2 2 1 1 0 {5, 6} 13/20
69 4 0 −1 −2 −2 1 0 −1 0 2 1 {3, 8} 7/4
70 4 0 −2 −1 −2 1 0 0 −1 2 1 {5, 6} 7/10
71 4 −2 −1 0 0 −1 −2 2 1 1 0 {5, 6} 11/16
72 4 −2 −2 −1 −1 2 1 1 0 0 0 {5, 6} 4/5
73 4 0 −1 −1 −2 0 −2 1 0 2 1 {5, 6} 7/10
74 4 −1 −2 0 −1 0 −2 2 1 1 0 {5, 6} 13/20
75 4 −1 −2 0 0 −1 −2 1 2 1 0 {3, 8} 7/4
76 4 0 −2 0 −1 −1 −2 0 2 1 1 {1, 8} 3/2
77 4 0 −1 −1 −2 0 −2 0 2 1 1 {1, 8} 3/2
78 4 0 −2 0 −2 0 −1 −1 2 1 1 {1, 8} 3/2
79 2 0 −2 1 0 0 −1 −1 1 2 2 3/2
80 2 0 −1 −2 1 0 −1 2 0 2 1 {3, 8} 7/4
81 2 −1 −2 0 −1 2 1 0 2 1 0 {3, 8} 7/4
82 2 −2 −1 1 0 0 −1 2 2 1 0 {5, 6} 7/10
83 2 0 −1 −1 −2 2 0 1 1 0 2 {5, 6} 13/20
84 2 −1 −2 0 1 0 −1 2 2 1 0 {3, 8} 7/4
85 2 −1 −2 1 0 0 −1 2 1 2 0 {5, 6} 7/10
86 2 0 −1 −1 −2 2 1 0 0 1 2 {5, 6} 11/16
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GPC κ(0) κ(1) κ(2) κ(3) κ(4) κ(5) κ(6) κ(7) κ(8) κ(9) κ(10) {r, d+ 1− s} c

87 2 −1 −2 0 −1 2 0 2 1 1 0 {5, 6} 7/10
88 2 0 −1 −1 −2 2 0 1 0 2 1 {5, 6} 13/20
89 2 0 −1 −2 −1 2 1 0 0 2 1 {3, 8} 7/4
90 2 −1 −1 −2 1 1 0 2 0 2 0 {3, 10} 3/2
91 2 0 0 0 −1 −1 −2 1 1 2 2 {5, 6} 4/5
92 2 −1 −1 −2 0 2 0 2 1 1 0 {3, 10} 3/2
93 2 −1 −1 −2 0 2 1 1 0 2 0 {3, 10} 3/2
94 3 0 −1 −1 −1 0 −1 0 0 0 1 {3, 8} 2/3
95 3 −1 0 −1 −1 0 −1 0 0 1 0 {1, 8} 1
96 3 −1 −1 0 0 −1 −1 0 0 1 0 {1, 8}, {2, 9} 1, 2
97 3 −1 −1 −1 0 0 −1 1 0 0 0 {3, 10} 1/2
98 3 −1 −1 0 −1 0 0 −1 0 1 0 {1, 8}, {2, 9} 1, 2
99 3 −1 −1 0 −1 0 −1 0 1 0 0 {1, 8} 1

100 3 −1 −1 −1 −1 1 0 0 0 0 0 {3, 10} 1/2
101 3 −1 −1 −1 0 0 0 0 −1 1 0 {2, 9}, {3, 10} 2, 1/2
102 5 −1 −2 −1 −1 0 −1 0 0 −1 0 {3, 10} 1
103 5 −2 −1 −1 −1 0 −1 0 0 0 −1 {3, 8} 2/3
104 5 −1 −2 −1 −1 0 0 −1 −1 0 0 {2, 9}, {3, 10} 2, 1
105 5 −1 −2 −1 0 −1 −1 0 −1 0 0 {2, 9}, {3, 10} 2, 1
106 5 −1 −1 −1 −1 −1 −2 0 0 0 0 {1, 8} 1/2
107 5 −1 −1 −2 −1 0 −1 0 −1 0 0 {3, 10} 1
108 5 −1 −2 0 −1 −1 −1 −1 0 0 0 {1, 8}, {2, 9} 1/2, 2
109 5 −1 −1 −1 −2 0 −1 −1 0 0 0 {1, 8} 1/2
110 6 0 −2 −1 −2 −1 −3 0 2 2 1 {1, 8} 7/4
111 6 0 −3 0 −2 −1 −2 −1 2 2 1 {1, 8} 7/4
112 6 0 −2 −1 −3 0 −2 −1 2 2 1 {1, 8} 7/4
113 6 0 −3 0 −1 −2 −1 −2 1 2 2 {1, 8} 2
114 6 0 −1 −2 −2 −1 −3 1 0 2 2 {5, 6} 31/30
115 6 0 −2 −1 −1 −2 −3 0 2 1 2 {1, 8} 2
116 6 0 −2 −1 −3 0 −1 −2 2 1 2 {1, 8} 2
117 6 0 −1 −2 −1 −2 −3 0 1 2 2 {1, 8} 2
118 6 0 −1 −2 −3 0 −1 −2 1 2 2 {1, 8} 2
119 6 0 −1 −2 −3 0 −2 −1 2 1 2 {1, 8} 2
120 6 0 −3 0 −2 −1 −1 −2 2 1 2 {1, 8} 2
121 6 0 −3 0 −1 −2 −2 −1 2 1 2 {1, 8} 2
122 6 0 −2 −2 −3 1 0 −1 −1 2 2 {5, 6} 19/20
123 6 0 −1 −2 −2 −1 −3 0 2 1 2 {1, 8} 2
124 6 −2 −2 0 −1 −1 −3 2 2 1 0 {5, 6} 17/20
125 7 −3 −2 −3 1 0 0 1 −1 2 −1 {3, 10} 2
126 7 −3 −2 −3 0 1 1 0 −1 2 −1 {3, 10} 2
127 7 −3 −3 −2 1 0 1 0 −1 2 −1 {3, 10} 2
128 7 −3 −3 −1 −2 2 0 1 1 0 −1 {5, 6} 31/30
129 7 −3 −2 −3 −1 2 1 0 0 1 −1 {3, 10} 2
130 7 −3 −2 −3 1 0 −1 2 0 1 −1 {3, 10} 2
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GPC κ(0) κ(1) κ(2) κ(3) κ(4) κ(5) κ(6) κ(7) κ(8) κ(9) κ(10) {r, d+ 1− s} c

131 7 −3 −3 −2 −1 2 1 0 1 0 −1 {3, 10} 2
132 7 −3 −3 −2 1 0 −1 2 1 0 −1 {3, 10} 2
133 7 −3 −2 −3 0 1 −1 2 1 0 −1 {3, 10} 2
134 7 −3 −3 0 0 −1 −2 2 1 1 −1 {5, 6} 19/20
135 7 −3 −2 −3 −1 2 0 1 1 0 −1 {3, 10} 2
136 7 −2 −3 −3 0 1 −1 2 0 1 −1 {3, 10} 7/4
137 7 −2 −3 −3 −1 2 0 1 0 1 −1 {3, 10} 7/4
138 7 −2 −3 −3 0 1 0 1 −1 2 −1 {3, 10} 7/4
139 7 −1 −2 −3 −3 2 0 0 −1 1 1 {5, 6} 17/20
140 12 −2 −3 −4 −5 2 0 −1 −2 1 0 {5, 6} 9/8
141 12 −4 −5 0 −1 −2 −3 2 1 0 −2 {5, 6} 6/5
142 12 −4 −5 −3 1 0 0 −1 −2 2 −2 8/3
143 12 −4 −5 −3 −2 2 1 0 0 −1 −2 {5, 6} 43/30
144 12 −4 −5 −2 −3 2 0 1 0 −1 −2 {5, 6} 7/5
145 8 −2 −3 0 −1 −2 −4 3 2 1 0 {5, 6} 9/8
146 8 0 −2 −3 −4 1 0 −1 −2 3 2 {5, 6} 6/5
147 8 0 −1 −2 −3 −2 −4 1 0 3 2 {5, 6} 7/5
148 8 0 −4 0 −1 −2 −2 −3 1 3 2 8/3
149 8 0 −1 −2 −2 −3 −4 0 1 3 2 {5, 6} 43/30
150 4 −2 −2 −1 0 1 1 1 0 0 −1 {5, 6} 4/5
151 4 −2 −2 −1 1 1 0 0 0 1 −1 13/9
152 6 0 −2 −1 −1 −1 −2 −2 0 1 1 13/9
153 6 0 −1 −1 −2 −2 −2 −1 0 1 1 {5, 6} 4/5
154 15 −1 −7 0 −2 −3 −4 −5 3 2 1 11/3
155 15 −1 −2 −3 −4 −5 −7 0 3 2 1 {5, 6} 2
156 9 −3 −4 −5 3 2 1 0 −2 5 −1 11/3
157 9 −3 −4 −5 −2 5 3 2 1 0 −1 {5, 6} 2
158 8 0 −1 −2 −2 −3 −4 0 2 2 1 {5, 6} 4/3
159 8 0 −4 0 −1 −2 −2 −3 2 2 1 22/9
160 11 −3 −4 −4 −2 2 1 0 0 −1 −2 {5, 6} 4/3
161 11 −3 −4 −4 1 0 0 −1 −2 2 −2 22/9
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Appendix B

Ground state and 1-RDO of
Harmionium

B.1 Derivation of the Harmonium ground state

In this appendix, the ground state(s) of the Harmonium Hamiltonian (3.1) will be

derived, providing a neat proof of Thm. 3.

First, let us consider the Hamiltonian (3.1) to act as an operator on the Hilbert

space HN ≡ L2[Rn]⊗
N

of N distinguishable particles. In that case, the diagonalisation

can straightforwardly be achieved by a transformation to the center-of-mass (y
(α)
1 ) and

‘relative’ coordinates (y
(α)
k , k = 2, . . . , N) for all n spatial dimensions α = 1, . . . , n

(see, e.g., Ref. [83] for the case n = 1), which decouples the harmonic oscillators. The

eigenstates read

Φ(ω,K)
ν (~x1, . . . , ~xN) = N (ω,K)

ν ·

[
n∏

α=1

ϕ
(l(α))

ν
(α)
1

(y
(α)
1 (x

(α)
1 , . . . , x

(α)
N ))

]

×

[
n∏

α=1

N∏
k=2

ϕ
(l̃(α))

ν
(α)
k

(y
(α)
k (x

(α)
1 , . . . , x

(α)
N ))

]
,

(B.1)

where ν ≡ (ν
(α)
k ), ν

(α)
k ∈ N0, k = 1, . . . , N , α = 1, . . . , n, ω ≡ (ωα), K ≡ (K(α)) and

N (ω,K)
ν denotes a normalisation constant. The natural lengths l(α) =

√
~

mω(α) and

l̃(α) =
√

~
mω̃(α) are associated with the center-of-mass and relative motion in the α

direction, respectively. The related characteristic frequencies are given by (ω(α)) and

ω̃(α) ≡
√

(ω(α))2 +
NK(α)

m
. (B.2)

The center-of-mass coordinates y
(α)
1 (x

(α)
1 , . . . , x

(α)
N ) are (linear) symmetric functions

of the physical coordinates x
(α)
1 , . . . , x

(α)
N . By contrast, no unambigious definition of
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the relative coordinates exists which, however, is not required for our derivation. We

remark that Φ
(ω,K)
ν explicitly depends on the couplings (ω,K) which will become

important below.

When omitting a constant energy off-set, the energy eigenvalues of the eigenstates

(B.1) read

E(ω,K)
ν =

n∑
α=1

~ω(α)ν
(α)
1 +

n∑
α=1

~ω̃(α)

N∑
k=2

ν
(α)
k . (B.3)

Next, consider the space of coupling parameters

Ω ≡ {(ω,K) ∈ (R+)n× Rn | ∀α : NK(α) > −m(ω(α))2} . (B.4)

Since most energies E
(ω,K)
ν are degenerate on Ω, it proves useful to identify the re-

spective elements ν and define corresponding equivalence classes [ν]. Based on these

equivalence classes, one can describe the associated degenerate and finite dimensional

eigenspaces

H(ω,K)
[ν] ≡ span

({
Φ

(ω,K)
ν′ |ν ′ ∈ [ν]

})
, (B.5)

which analytically depend on the coupling parameters (ω,K) ∈ Ω.

The fermionic ground state of the Hamiltonian (3.1) at a fixed set of coupling

parameters (ω,K) ∈ Ω may be derived by considering the projector AN of the N -

particle Hilbert space onto the N -fermion Hilbert space (cf. Eq. (2.5)). Specifically,

the fermionic ground state is given by an element of ANH(ω,K)
[ν] with ν the minimiser

of (B.3) under the constraint ANH(ω,K)
[ν] 6= 0.

Generally, the explicit form of the relative coordinates y
(α)
i makes it difficult to

arrive at an elementary expression forAN -projected states. Fortunately, the fermionic

ground state can be given a concise form:

1. Since the center-of-mass coordinate in (B.1) is symmetric in the physical coordi-

nates, the antisymmetrisation operator commutes with the respective functions

ϕ
ν
(α)
1

. Therefore, the lowest energy is achieved for ~ν1 = 0 and the fermionic

ground state lies in the eigenspace of zero center-of-mass excitation.

2. In the next step, one constructs a map of the coupling parameter points (ω,K) ∈
Ω with finite particle-particle interaction strength to the points with zero inter-

action (ω′,K ′) ≡ (ω′,0) by requiring

ω′(α) ≡
√

(ω(α))2 +
NK(α)

m
, α = 1, . . . , n . (B.6)
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Note that for both points, (ω′,0) and (ω,K), the frequencies of the relative

motion are the same:

ω̃′(α) =

√
(ω′α)2 +

NK ′(α)

m
=

√
(ω(α))2 +

NK(α)

m
= ω̃(α) , α = 1, . . . , n .

(B.7)

Hence, the energies must be equal:

E
(ω,K)

(~0,~ν2,...,~νN )
= E

(ω′,0)

(~0,~ν2,...,~νN )
, ∀~ν2, . . . , ~νN . (B.8)

Furthermore, using Eqs. (B.7) and (B.1) one recognises that the eigenspaces

of (ω′,0) and (ω,K) are equivalent up to multiplication by a Gaussian factor

G(ω,K) = exp
[
−N

2

∑n
α=1

(
1

(l′(α))2
− 1

(l(α))2

)
(X(α))2

]
(see Ref. [83]):

H(ω,K)

[(~0,~ν2,...,~νN )]
= G(ω,K)H(ω′,0)

[(~0,~ν2,...,~νN )]
, (B.9)

with X(α) ≡ y
(α)
1 ≡ 1

N
(x

(α)
1 + . . . + x

(α)
N ) the center of mass coordinate in α-

direction.

3. The ground state for the coupling parameters (ω′,K ′) = (ω̃,0) of noninteract-

ing fermions is simply given by the Slater determinant of N different single-

particle states with lowest possible energy eigenvalues. These single-particle

states are solutions of the Schrödinger equation for the single-harmonic oscil-

lator in n-spatial dimensions, i.e. they are n-dimensional Hermite functions

φ
(l̃)
µ (~x) ≡

∏n
α=1 ϕ

(l̃(α))

µ(α)
(x(α)) with energies εµ =

∑n
α=1(µ(α) + 1

2
)~ω̃(α). The quan-

tum numbers µ1 = 0, . . . ,µN of the N lowest energies εµ are referred to as

’configuration’ of the ground state

Ψ(ω̃,0)
gs = φ(l̃)

µ1
∧ . . . ∧ φ(l̃)

µN
. (B.10)

Note that due to the structure of this ground state, the frequencies ω̃(α) must be

pairwise distinct and therefore the ground state associated with (ω̃,0) is unique

for arbitrary points (ω,K) ∈ Ω.

4. Bringing together Eqs. (B.10),(B.8) and (B.9), we can determine the ground

state for any point (ω,K) of the coupling parameter space:

Ψ(ω̃,0)
gs ∈ H(ω̃,0)

[(~0,~ν2,...,~νN )]
⇔ Ψ(ω,K)

gs ∈ H(ω,K)

[(~0,~ν2,...,~νN )]
. (B.11)

Therefore, we have

ANH(ω,K)

[(~0,~ν2,...,~νN )]
= ANG(ω,K)H(ω̃,0)

[(~0,~ν2,...,~νN )]
= G(ω,K)ANH(ω̃,0)

[(~0,~ν2,...,~νN )]
, (B.12)
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which implies

Ψ(ω,K)
gs = G(ω,K)Ψ(ω̃,0)

gs . (B.13)

This finalises the proof of Thm. 3. We note that only the fermionic ground state

can be derived in this manner. For excited states, this is not possible since the

center-of-mass motion might carry excitations and so ~ν1 = 0 cannot be assumed.

B.2 Derivation of the fermionic 1-RDO of

N -Harmonium in n spatial dimensions

Starting with the general form of the ground state wave function of N -Harmonium

in n spatial dimensions, Eq. (3.5), the partial trace over (N − 1) fermions of the

N -particle density operator ρN = Ψ∗Ψ will be computed by integrating ρN over the

particle positions ~xi ∈ Rn with labels i = 2, . . . , N . Using the Hubbard-Stratonovich

relation for each spatial dimension γ = 1, . . . , n,

exp[a(γ)(x
(γ)
1 + . . .+ x

(γ)
N )2]

=

√
a(γ)

π

∫
dy(γ) exp[−a(γ)(y(γ))2 + 2a(γ)y(γ)(x

(γ)
1 + . . .+ x

(γ)
N )],

(B.14)

one gets (see Ref. [83])

ρ
(f)
1 (~x; ~x′) (B.15)

= |N |2 ·
d∏

γ=1

(
exp

[
(

1

N2
B(γ) + C(γ) − A(γ))

(
(x(γ))2 + (x′(γ))2

)
+ 2C

(γ)
N x(γ)x′(γ)

])
︸ ︷︷ ︸

ρ
(b)
1 (~x;~x′)

×
N∑
i=1

(
d∏

γ=1

∫
duγ

{
e−u

2
γ

H
µ
(γ)
i

(pγuγ + rγ(x
(γ), x′(γ)))H

µ
(γ)
i

(pγuγ + rγ(x
′(γ), x(γ)))

2µ
(γ)
i (µ

(γ)
i )!

})
︸ ︷︷ ︸

≡F (~x;~x′)

.

In this expression, H
µ
(γ)
i

denotes the Hermite polynomial of degree µ
(γ)
i , where {µi}Ni=1

is the set of quantum number vectors introduced in Section 3.1. The quantities
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A(γ), B(γ), C(γ), p and r(·, ·) are given by

A(γ) =
1

2(l̃(γ))2
, (B.16)

B(γ) =
N

2

(
1

(l̃(γ))2
− 1

(l(γ))2

)
, (B.17)

C(γ) =
(N − 1)(B(γ))

2

2N2(N2A(γ) − (N − 1)B(γ))
, (B.18)

pγ =

√
B(γ)

N2A(γ) −B(γ)(N − 1)
and (B.19)

rγ(v, w) =
√

2A(γ)

(
v − B(γ)

2(N2A(γ) − (N − 1)B(γ))
(v + w)

)
, (B.20)

where we suppressed the index N of A(γ), B(γ) and C(γ). Again, l(γ) and l̃(γ) denote the

length scales in γ-direction for the center-of-mass and the relative motion, respectively.

The 1-RDO associated with the ground state of Harmonium for spinful fermions

can be derived by tracing out spin and spatial degrees of freedom by applying the same

ideas to the spatial part as in the case of fully spin-polarised Harmonium Eq. (B.15):

ρ
(f)
1 (~x, σ; ~x′, σ′)

= |N |2 ·
d∏

γ=1

(
exp

[
(

1

N2
B(γ) + C(γ) −A(γ))

(
(x(γ))2 + (x′(γ))2

)
+ 2C(γ)x(γ)x′(γ)

])
︸ ︷︷ ︸

ρ
(b)
1 (~x;~x′)

N↑∑
i=1

 d∏
γ=1

∫
duγ

e−u2
γ

H
µ↑i

(γ)(pγuγ + rγ(x(γ), x′(γ)))H
µ↑i

(γ)(pγuγ + rγ(x′(γ), x(γ)))

2µ
↑
i

(γ)

(µ↑i
(γ)

)!




︸ ︷︷ ︸
≡F↑(~x;~x′)

|↑〉 〈↑|

+

N↓∑
i=1

 d∏
γ=1

∫
duγ

e−u2
γ

H
µ↓i

(γ)(pγuγ + rγ(x(γ), x(γ)))H
µ↓i

(γ)(pγuγ + rγ(x′(γ), x(γ)))

2µ
↓
i

(γ)

(µ↓i
(γ)

)!




︸ ︷︷ ︸
≡F↓(~x;~x′)

|↓〉 〈↓|

 .
(B.21)

In this expression, the µ↑i and µ↓j quantum number vectors represent the set of

particles with spins parallel and antiparallel to the external magnetic field.
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B.3 Natural occupation numbers of the

3-Harmonium ground state in one dimension

For completeness, we include the natural occupation numbers of the fermionic one-

dimensional 3-Harmonium ground state presented in Ref. [87]. Up to corrections of

the order O(δ10), these NONs are given by:

1− λ1 =
40

729
δ6 − 1390

59049
δ8 +O(δ10) ,

1− λ2 =
2

9
δ4 − 232

729
δ6 +

3926

10935
δ8 +O(δ10) ,

1− λ3 =
2

9
δ4 − 64

243
δ6 +

81902

295245
δ8 +O(δ10) ,

λ4 =
2

9
δ4 − 64

243
δ6 +

73802

295245
δ8 +O(δ10) ,

λ5 =
2

9
δ4 − 232

729
δ6 +

3976

10935
δ8 +O(δ10) ,

λ6 =
40

729
δ6 − 2200

59049
δ8 +O(δ10) ,

λ7 =
80

2187
δ8 +O(δ10) ,

λk =O(δ2k−6) , for k ≥ 8 ,

(B.22)

where the coupling parameter δ is defined as in Eq. (3.26).
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Appendix C

Transformation of N -particle
states between Momentum- and

Position-space

In this appendix, we derive the explicit form of the transformation of N -particle

states from momentum to position-space and vice versa. Let {|j〉x}
d−1
j=0 denote an

orthonormalised one-particle position-space basis, where d represents the dimension

of the one-particle Hilbert space H(d)
1 . The related 1-particle momentum-space basis

is derived by a discrete Fourier transformation:

|k〉p =
1√
d

d−1∑
j=0

e+2πijk/d |j〉x . (C.1)

Under this convention, the corresponding back transformation becomes:

|j〉x =
1√
d

d−1∑
k=0

e−2πijk/d |k〉p . (C.2)

An orthonormalised basis of the Hilbert space of N indistinguishable particles is given

by Slater determinants or permanents of orthonormal single-particle states:

|k1, k2, . . . , kN〉 = A
∑
σ∈SN

(±1)sign[σ] |kσ(1)〉 ⊗ |kσ(2)〉 ⊗ . . .⊗ |kσ(N)〉 , (C.3)

where the plus sign refers to bosonic permanents, the minus sign to fermionic deter-

minants and SN represents the group of all permutations of N elements. The nor-

malisation constant A depends on the multiplicities of the levels ki in |k1, k2, . . . , kN〉.
Using Eq. (C.1), we can now decompose a momentum-space Slater permanent (de-
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terminant) into a linear superposition of position-space states:

|k1, k2, . . . , kN〉p =A
∑
σ∈SN

(±1)sign[σ] |kσ(1)〉p ⊗ |kσ(2)〉p ⊗ . . .⊗ |kσ(N)〉p

=A
∑
σ∈SN

(±1)sign[σ]

[(
1√
d

d−1∑
n1=0

e+2πin1kσ(1)/d |n1〉x

)
⊗

⊗

(
1√
d

d−1∑
n2=0

e+2πin2kσ(2)/d |n2〉x

)
⊗ . . .

. . .⊗

(
1√
d

d−1∑
nN=0

e+2πinNkσ(N)/d |nN〉x

)]
.

(C.4)

For some arbitrary but fixed permutation τ ∈ SN , each sum over ni will be equal to

a sum over nτ(i):

|k1, k2, . . . , kN〉p =A
∑
σ∈SN

(±1)sign[σ]

[ 1√
d

d−1∑
nτ(1)=0

e+2πnτ(1)kσ(1)/d |nτ(1)〉x

⊗
⊗

 1√
d

d−1∑
nτ(2)=0

e+2πnτ(2)kσ(2)/d |nτ(2)〉x

⊗ . . .
. . .⊗

 1√
d

d−1∑
nτ(N)=0

e+2πnτ(N)kσ(N)/d |nτ(N)〉x

] .
(C.5)

For each summand in the squared brackets we can therefore choose τ = σ yielding:

|k1, k2, . . . , kN〉p =
A√
dN

×
∑
σ∈SN

(±1)sign[σ]

[ d−1∑
nσ(1)=0

. . .

d−1∑
nσ(N)=0

e
2πi
d

(nσ(1)kσ(1)+...+nσ(N)kσ(N)) |nσ(1)〉x ⊗ . . .⊗ |nσ(N)〉x

]
.

(C.6)

It is now crucial to note that all N sums over nσ(i), i = 1 . . . N commute for some

arbitrary but fixed σ. Therefore, it is possible to re-order and write them as a series

of sums over ni, i = 1 . . . N for each fixed σ independently:

|k1, k2, . . . , kN〉p =
A√
dN

×
∑
σ∈SN

(±1)sign[σ]

[ d−1∑
n1=0

. . .

d−1∑
nN=0

e+ 2πi
d

(nσ(1)kσ(1)+...+nσ(N)kσ(N)) |nσ(1)〉x ⊗ . . .⊗ |nσ(N)〉x

]
.

(C.7)
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Further, the outer sum over all permutations σ ∈ SN commutes with each single sum

over ni:

|k1, k2, . . . , kN〉p =
A√
dN

×
d−1∑
n1=0

. . .
d−1∑
nN=0

[ ∑
σ∈SN

(±1)sign[σ]e+ 2πi
d

(nσ(1)kσ(1)+...+nσ(N)kσ(N)) |nσ(1)〉x ⊗ . . .⊗ |nσ(N)〉x

]
.

(C.8)

Since the exponential function remains invariant under simultaneous permutation of

the ki and ni, we can carry out the sum over σ:

|k1, k2, . . . , kN〉p =
d−1∑
n1=0

. . .

d−1∑
nN=0

[
1

A
√
dN

e+ 2πi
d

(n1k1+...+nNkN ) |n1, n2, . . . , nN〉x
]
, (C.9)

where |n1, n2, . . . , nN〉x represents the normalised Slater determinant or permantent

of single-particle position-space states.

Note that the general back transformation from momentum to position space is

mediated via:

|j1, j2, . . . , jN〉x = A′
d−1∑
k1=0

. . .
d−1∑
kN=0

[
1√
dN

e−
2πi
d

(k1j1+...+kN jN ) |k1, k2, . . . , kN〉p
]
, (C.10)

which only differs from the transformation (C.9) by the negative sign in the exponen-

tial function.

In the case of N fermions only Slater determinants with ni 6= nj for i 6= j will

not vanish in Eq. (C.9). Let PNd again denote the set of all N -subsets of {1, 2, . . . , d}.
The fourier transformed state can then be written as:

|k1, k2, . . . , kN〉p =
∑
n∈PNd

∑
σ(n)∈SN

[
1√
dN

e+ 2πi
d
k·σ(n)(−1)sign[σ] |n1, n2, . . . , nN〉x

]
;

(C.11)

the sum over σ(n) ∈ SN represents the sum over all permutations of elements of some

fixed N -subset n ∈ PNd . A list of examples can be found in Tables C.1 and C.2.

In the case of hardcore bosons, N -particle momentum-space permanents of the

form |k1, k2, . . . , kN〉p generally violate the hardcore boson constraint since the sum

in Eq. (C.9) also comprises of position-space N -particle states with some occupancies

larger than one, e.g. |0, 0, . . .〉x. We are therefore more interested in the expansion of

K̂ |k1, . . . , kN〉p, where K̂ represents the projection operator onto the hardcore boson

subspace (see Section 4.1). The projector clearly annihilates all terms but those with
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all ni distinct. This almost resembles the case of fermions up to the signature of

permutations and therefore allows us to conclude that:

K̂ |k1, k2, . . . , kN〉p = A
√
N !

∑
n∈PNd

∑
σ(n)∈SN

[
1√
dN

e+ 2πi
d
k·σ(n) |n1, n2, . . . , nN〉x

]
. (C.12)

Examples of projected momentum-space hardcore boson states may be found in the

Tables C.3-C.6.

K̂|0, 1〉p 1√
3
e−

5iπ
6 |0, 1〉x + 1√

3
e

5iπ
6 |0, 2〉x + 1√

3
i|1, 2〉x

K̂|0, 2〉p 1√
3
e

5iπ
6 |0, 1〉x + 1√

3
e−

5iπ
6 |0, 2〉x − 1√

3
i|1, 2〉x

K̂|1, 2〉p 1√
3
i|0, 1〉x − 1√

3
i|0, 2〉x + 1√

3
i|1, 2〉x

Table C.1: Expansion of momentum-space states in terms of position-space states of
N = 2 fermions on d = 3 sites.

K̂|0, 1〉p e−
3iπ
4

2
√

2
|0, 1〉x − 1

2 |0, 2〉x + e
3iπ
4

2
√

2
|0, 3〉x + e

3iπ
4

2
√

2
|1, 2〉x + 1

2 i|1, 3〉x + e
iπ
4

2
√

2
|2, 3〉x

K̂|0, 2〉p − 1
2 |0, 1〉x −

1
2 |0, 3〉x + 1

2 |1, 2〉x −
1
2 |2, 3〉x

K̂|0, 3〉p e
3iπ
4

2
√

2
|0, 1〉x − 1

2 |0, 2〉x + e−
3iπ
4

2
√

2
|0, 3〉x + e−

3iπ
4

2
√

2
|1, 2〉x − 1

2 i|1, 3〉x + e−
iπ
4

2
√

2
|2, 3〉x

K̂|1, 2〉p e
3iπ
4

2
√

2
|0, 1〉x + 1

2 |0, 2〉x + e−
3iπ
4

2
√

2
|0, 3〉x + e−

3iπ
4

2
√

2
|1, 2〉x + 1

2 i|1, 3〉x + e−
iπ
4

2
√

2
|2, 3〉x

K̂|1, 3〉p 1
2 i|0, 1〉x −

1
2 i|0, 3〉x + 1

2 i|1, 2〉x + 1
2 i|2, 3〉x

K̂|2, 3〉p e
iπ
4

2
√

2
|0, 1〉x − 1

2 |0, 2〉x + e−
iπ
4

2
√

2
|0, 3〉x + e−

iπ
4

2
√

2
|1, 2〉x + 1

2 i|1, 3〉x + e−
3iπ
4

2
√

2
|2, 3〉x

Table C.2: Expansion of momentum-space states in terms of position-space states of
N = 2 fermions on d = 4 sites.
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K̂|0, 0〉p 1
3

√
2|0, 1〉x + 1

3

√
2|0, 2〉x + 1

3

√
2|1, 2〉x

K̂|1, 1〉p 1
3

√
2e−

2iπ
3 |0, 1〉x + 1

3

√
2e

2iπ
3 |0, 2〉x + 1

3

√
2|1, 2〉x

K̂|2, 2〉p 1
3

√
2e

2iπ
3 |0, 1〉x + 1

3

√
2e−

2iπ
3 |0, 2〉x + 1

3

√
2|1, 2〉x

K̂|0, 1〉p 1
3e
− iπ3 |0, 1〉x + 1

3e
iπ
3 |0, 2〉x − 1

3 |1, 2〉x
K̂|0, 2〉p 1

3e
iπ
3 |0, 1〉x + 1

3e
− iπ3 |0, 2〉x − 1

3 |1, 2〉x
K̂|1, 2〉p − 1

3 |0, 1〉x −
1
3 |0, 2〉x −

1
3 |1, 2〉x

Table C.3: Expansion of K̂-projected momentum-space states in terms of position-
space states of N = 2 hardcore bosons on d = 3 sites.

K̂|0, 0〉p 1
2
√

2
|0, 1〉x + 1

2
√

2
|0, 2〉x + 1

2
√

2
|0, 3〉x + 1

2
√

2
|1, 2〉x + 1

2
√

2
|1, 3〉x + 1

2
√

2
|2, 3〉x

K̂|1, 1〉p − i
2
√

2
|0, 1〉x − 1

2
√

2
|0, 2〉x + i

2
√

2
|0, 3〉x + i

2
√

2
|1, 2〉x + 1

2
√

2
|1, 3〉x − i

2
√

2
|2, 3〉x

K̂|2, 2〉p − 1
2
√

2
|0, 1〉x + 1

2
√

2
|0, 2〉x − 1

2
√

2
|0, 3〉x − 1

2
√

2
|1, 2〉x + 1

2
√

2
|1, 3〉x − 1

2
√

2
|2, 3〉x

K̂|3, 3〉p i
2
√

2
|0, 1〉x − 1

2
√

2
|0, 2〉x − i

2
√

2
|0, 3〉x − i

2
√

2
|1, 2〉x + 1

2
√

2
|1, 3〉x + i

2
√

2
|2, 3〉x

K̂|0, 1〉p 1
2
√

2
e−

iπ
4 |0, 1〉x + 1

2
√

2
e
iπ
4 |0, 3〉x + 1

2
√

2
e−

3iπ
4 |1, 2〉x + 1

2
√

2
e

3iπ
4 |2, 3〉x

K̂|0, 2〉p 1
2 |0, 2〉x −

1
2 |1, 3〉x

K̂|0, 3〉p 1
2
√

2
e
iπ
4 |0, 1〉x + 1

2
√

2
e−

iπ
4 |0, 3〉x + 1

2
√

2
e

3iπ
4 |1, 2〉x + 1

2
√

2
e−

3iπ
4 |2, 3〉x

K̂|1, 2〉p 1
2
√

2
e−

3iπ
4 |0, 1〉x + 1

2
√

2
e

3iπ
4 |0, 3〉x + 1

2
√

2
e−

iπ
4 |1, 2〉x + 1

2
√

2
e
iπ
4 |2, 3〉x

K̂|1, 3〉p −1
2 |0, 2〉x −

1
2 |1, 3〉x

K̂|2, 3〉p 1
2
√

2
e

3iπ
4 |0, 1〉x + 1

2
√

2
e−

3iπ
4 |0, 3〉x + 1

2
√

2
e
iπ
4 |1, 2〉x + 1

2
√

2
e−

iπ
4 |2, 3〉x

Table C.4: Expansion of K̂-projected momentum-space states in terms of position-
space states of N = 2 hardcore bosons on d = 4 sites.
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K̂|0, 0, 0〉p + 1
6 |0, 1, 2〉x + 1

6 |0, 1, 3〉x + 1
6 |0, 1, 4〉x + 1

6 |0, 1, 5〉x + 1
6 |0, 2, 3〉x

+ 1
6 |0, 2, 4〉x + 1

6 |0, 2, 5〉x + 1
6 |0, 3, 4〉x + 1

6 |0, 3, 5〉x + 1
6 |0, 4, 5〉x

+ 1
6 |1, 2, 3〉x + 1

6 |1, 2, 4〉x + 1
6 |1, 2, 5〉x + 1

6 |1, 3, 4〉x + 1
6 |1, 3, 5〉x

+ 1
6 |1, 4, 5〉x + 1

6 |2, 3, 4〉x + 1
6 |2, 3, 5〉x + 1

6 |2, 4, 5〉x + 1
6 |3, 4, 5〉x

K̂|1, 1, 1〉p − 1
6 |0, 1, 2〉x + 1

6e
2iπ
3 |0, 1, 3〉x + 1

6e
iπ
3 |0, 1, 4〉x + 1

6 |0, 1, 5〉x + 1
6e

iπ
3 |0, 2, 3〉x

+ 1
6 |0, 2, 4〉x + 1

6e
− iπ3 |0, 2, 5〉x + 1

6e
− iπ3 |0, 3, 4〉x + 1

6e
− 2iπ

3 |0, 3, 5〉x − 1
6 |0, 4, 5〉x

+ 1
6 |1, 2, 3〉x + 1

6e
− iπ3 |1, 2, 4〉x + 1

6e
− 2iπ

3 |1, 2, 5〉x + 1
6e
− 2iπ

3 |1, 3, 4〉x − 1
6 |1, 3, 5〉x

+ 1
6e

2iπ
3 |1, 4, 5〉x − 1

6 |2, 3, 4〉x + 1
6e

2iπ
3 |2, 3, 5〉x + 1

6e
iπ
3 |2, 4, 5〉x + 1

6 |3, 4, 5〉x

K̂|2, 2, 2〉p + 1
6 |0, 1, 2〉x + 1

6e
− 2iπ

3 |0, 1, 3〉x + 1
6e

2iπ
3 |0, 1, 4〉x + 1

6 |0, 1, 5〉x + 1
6e

2iπ
3 |0, 2, 3〉x

+ 1
6 |0, 2, 4〉x + 1

6e
− 2iπ

3 |0, 2, 5〉x + 1
6e
− 2iπ

3 |0, 3, 4〉x + 1
6e

2iπ
3 |0, 3, 5〉x + 1

6 |0, 4, 5〉x
+ 1

6 |1, 2, 3〉x + 1
6e
− 2iπ

3 |1, 2, 4〉x + 1
6e

2iπ
3 |1, 2, 5〉x + 1

6e
2iπ
3 |1, 3, 4〉x + 1

6 |1, 3, 5〉x
+ 1

6e
− 2iπ

3 |1, 4, 5〉x + 1
6 |2, 3, 4〉x + 1

6e
− 2iπ

3 |2, 3, 5〉x + 1
6e

2iπ
3 |2, 4, 5〉x + 1

6 |3, 4, 5〉x

K̂|3, 3, 3〉p − 1
6 |0, 1, 2〉x + 1

6 |0, 1, 3〉x −
1
6 |0, 1, 4〉x + 1

6 |0, 1, 5〉x −
1
6 |0, 2, 3〉x

+ 1
6 |0, 2, 4〉x −

1
6 |0, 2, 5〉x −

1
6 |0, 3, 4〉x + 1

6 |0, 3, 5〉x −
1
6 |0, 4, 5〉x

+ 1
6 |1, 2, 3〉x −

1
6 |1, 2, 4〉x + 1

6 |1, 2, 5〉x + 1
6 |1, 3, 4〉x −

1
6 |1, 3, 5〉x

+ 1
6 |1, 4, 5〉x −

1
6 |2, 3, 4〉x + 1

6 |2, 3, 5〉x −
1
6 |2, 4, 5〉x + 1

6 |3, 4, 5〉x

K̂|4, 4, 4〉p 1
6 |0, 1, 2〉x + 1

6e
2iπ
3 |0, 1, 3〉x + 1

6e
− 2iπ

3 |0, 1, 4〉x + 1
6 |0, 1, 5〉x + 1

6e
− 2iπ

3 |0, 2, 3〉x
+ 1

6 |0, 2, 4〉x + 1
6e

2iπ
3 |0, 2, 5〉x + 1

6e
2iπ
3 |0, 3, 4〉x + 1

6e
− 2iπ

3 |0, 3, 5〉x + 1
6 |0, 4, 5〉x

+ 1
6 |1, 2, 3〉x + 1

6e
2iπ
3 |1, 2, 4〉x + 1

6e
− 2iπ

3 |1, 2, 5〉x + 1
6e
− 2iπ

3 |1, 3, 4〉x + 1
6 |1, 3, 5〉x

+ 1
6e

2iπ
3 |1, 4, 5〉x + 1

6 |2, 3, 4〉x + 1
6e

2iπ
3 |2, 3, 5〉x + 1

6e
− 2iπ

3 |2, 4, 5〉x + 1
6 |3, 4, 5〉x

K̂|5, 5, 5〉p − 1
6 |0, 1, 2〉x + 1

6e
− 2iπ

3 |0, 1, 3〉x + 1
6e
− iπ3 |0, 1, 4〉x + 1

6 |0, 1, 5〉x + 1
6e
− iπ3 |0, 2, 3〉x

+ 1
6 |0, 2, 4〉x + 1

6e
iπ
3 |0, 2, 5〉x + 1

6e
iπ
3 |0, 3, 4〉x + 1

6e
2iπ
3 |0, 3, 5〉x − 1

6 |0, 4, 5〉x
+ 1

6 |1, 2, 3〉x + 1
6e

iπ
3 |1, 2, 4〉x + 1

6e
2iπ
3 |1, 2, 5〉x + 1

6e
2iπ
3 |1, 3, 4〉x − 1

6 |1, 3, 5〉x
+ 1

6e
− 2iπ

3 |1, 4, 5〉x − 1
6 |2, 3, 4〉x + 1

6e
− 2iπ

3 |2, 3, 5〉x + 1
6e
− iπ3 |2, 4, 5〉x + 1

6 |3, 4, 5〉x

Table C.5: Expansion of K̂-projected momentum-space states in terms of position-
space states of N = 3 hardcore bosons on d = 6 sites.
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K̂|0, 0, 1〉p + 1
3
√

3
e−

iπ
3 |0, 1, 2〉x + 1

6
√

3
e−

iπ
3 |0, 1, 3〉x + 1

6
√

3
|0, 1, 4〉x + 1

3
√

3
|0, 1, 5〉x

+ 1
6
√

3
e−

2iπ
3 |0, 2, 3〉x + 1

6
√

3
|0, 2, 5〉x + 1

6
√

3
e

2iπ
3 |0, 3, 4〉x + 1

6
√

3
e
iπ
3 |0, 3, 5〉x

+ 1
3
√

3
e
iπ
3 |0, 4, 5〉x + 1

3
√

3
e−

2iπ
3 |1, 2, 3〉x + 1

6
√

3
e−

2iπ
3 |1, 2, 4〉x

+ 1
6
√

3
e−

iπ
3 |1, 2, 5〉x − 1

6
√

3
|1, 3, 4〉x + 1

6
√

3
e
iπ
3 |1, 4, 5〉x − 1

3
√

3
|2, 3, 4〉x

− 1
6
√

3
|2, 3, 5〉x + 1

6
√

3
e

2iπ
3 |2, 4, 5〉x + 1

3
√

3
e

2iπ
3 |3, 4, 5〉x

K̂|0, 0, 2〉p 1
6e
− iπ6 |0, 1, 3〉x − 1

6 i|0, 1, 4〉x + 1
6e

iπ
6 |0, 2, 3〉x + 1

6 i|0, 2, 5〉x + 1
6e
− iπ6 |0, 3, 4〉x

+ 1
6e

iπ
6 |0, 3, 5〉x + 1

6e
− 5iπ

6 |1, 2, 4〉x + 1
6e

5iπ
6 |1, 2, 5〉x − 1

6 i|1, 3, 4〉x
+ 1

6e
− 5iπ

6 |1, 4, 5〉x + 1
6 i|2, 3, 5〉x + 1

6e
5iπ
6 |2, 4, 5〉x

K̂|0, 1, 3〉p 1
3
√

6
e−

iπ
3 |0, 1, 2〉x − 1

3
√

6
|0, 1, 3〉x + 1

3
√

6
e−

iπ
3 |0, 1, 4〉x − 1

3
√

6
|0, 1, 5〉x

− 1
3
√

6
|0, 2, 3〉x + 1

3
√

6
e
iπ
3 |0, 2, 5〉x − 1

3
√

6
|0, 3, 4〉x − 1

3
√

6
|0, 3, 5〉x

+ 1
3
√

6
e
iπ
3 |0, 4, 5〉x + 1

3
√

6
e
iπ
3 |1, 2, 3〉x + 1

3
√

6
e−

iπ
3 |1, 2, 4〉x + 1

3
√

6
e
iπ
3 |1, 2, 5〉x

+ 1
3
√

6
e−

iπ
3 |1, 3, 4〉x + 1

3
√

6
e−

iπ
3 |1, 4, 5〉x − 1

3
√

6
|2, 3, 4〉x + 1

3
√

6
e
iπ
3 |2, 3, 5〉x

+ 1
3
√

6
e
iπ
3 |2, 4, 5〉x + 1

3
√

6
e−

iπ
3 |3, 4, 5〉x

K̂|0, 1, 2〉p − 1
6
√

6
|0, 1, 2〉x + 1

3
√

6
e−

iπ
3 |0, 1, 3〉x + 1

3
√

6
e−

2iπ
3 |0, 1, 4〉x + 1

6
√

6
|0, 1, 5〉x

+ 1
3
√

6
e−

2iπ
3 |0, 2, 3〉x − 1

2
√

6
|0, 2, 4〉x + 1

3
√

6
e

2iπ
3 |0, 2, 5〉x +

3
√

6
e

2iπ
3 |0, 3, 4〉x

+ 1
3
√

6
e
iπ
3 |0, 3, 5〉x − 1

6
√

6
|0, 4, 5〉x + 1

6
√

6
|1, 2, 3〉x + 1

3
√

6
e

2iπ
3 |1, 2, 4〉x

+ 1
3
√

6
e
iπ
3 |1, 2, 5〉x + 1

3
√

6
e
iπ
3 |1, 3, 4〉x + 1

2
√

6
|1, 3, 5〉x + 1

3
√

6
e−

iπ
3 |1, 4, 5〉x

− 1
6
√

6
|2, 3, 4〉x + 1

3
√

6
e−

iπ
3 |2, 3, 5〉x + 1

3
√

6
e−

2iπ
3 |2, 4, 5〉x + 1

6
√

6
|3, 4, 5〉x

Table C.6: Expansion of K̂-projected momentum-space states in terms of position-
space states of N = 3 hardcore bosons on d = 6 sites (continued).
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Setting State(s) ~λ

(N=2,d=3) K̂|0, 0〉p, K̂|1, 1〉p, K̂|2, 2〉p {4/3, 1/3, 1/3}

(N=2,d=3) K̂|0, 1〉p, K̂|1, 2〉p, K̂|0, 2〉p {4/3, 1/3, 1/3}

(N=2,d=4) K̂|0, 0〉p, K̂|1, 1〉p, K̂|2, 2〉p, K̂|3, 3〉p {3/2, 1/6, 1/6, 1/6}

(N=2,d=4) K̂|0, 1〉p, K̂|0, 2〉p, K̂|0, 3〉p {1/2, 1/2, 1/2, 1/2}

(N=2,d=4) K̂|1, 2〉p, K̂|1, 3〉p, K̂|2, 3〉p {1/2, 1/2, 1/2, 1/2}

(N=3,d=4) K̂|0, 0, 0〉p, K̂|1, 1, 1〉p, K̂|2, 2, 2〉p, K̂|3, 3, 3〉p {3/2, 1/2, 1/2, 1/2}

(N=3,d=4) K̂|0, 1, 2〉p, K̂|0, 2, 3〉p, K̂|1, 2, 3〉p, K̂|0, 1, 3〉p {3/2, 1/2, 1/2, 1/2}

(N=3,d=5) K̂|0, 0, 0〉p, K̂|1, 1, 1〉p, K̂|2, 2, 2〉p {9
5
, 3

10
, 3

10
, 3

10
, 3

10
}

(N=3,d=5) K̂|3, 3, 3〉p, K̂|4, 4, 4〉p {9
5
, 3

10
, 3

10
, 3

10
, 3

10
}

(N=3,d=5) K̂|0, 1, 2〉p, K̂|0, 1, 3〉p, K̂|0, 1, 4〉p, K̂|1, 3, 4〉p {43
35
, 23

35
, 23

35
, 8

35
, 8

35
}

(N=3,d=5) K̂|0, 1, 1〉p, K̂|0, 2, 2〉p, K̂|0, 3, 3〉p, K̂|1, 2, 2〉p {4
5
, 4

5
, 7

15
, 7

15
, 7

15
}

(N=3,d=6) K̂|0, 0, 0〉p, K̂|1, 1, 1〉p, K̂|2, 2, 2〉p {2, 1
5
, 1

5
, 1

5
, 1

5
, 1

5
}

(N=3,d=6) K̂|3, 3, 3〉p, K̂|4, 4, 4〉p, K̂|5, 5, 5〉p {2, 1
5
, 1

5
, 1

5
, 1

5
, 1

5
}

(N=3,d=6) K̂|0, 1, 2〉p, K̂|0, 1, 5〉p, K̂|0, 4, 5〉p, K̂|1, 2, 3〉p {1, 2
3
, 2

3
, 1

3
, 1

3
, 0}

(N=3,d=6) K̂|0, 1, 3〉p, K̂|0, 1, 4〉p, K̂|0, 2, 3〉p, K̂|0, 3, 5〉p {2
3
, 2

3
, 2

3
, 2

3
, 1

3
, 0}

(N=3,d=6) K̂|0, 2, 4〉p, K̂|1, 3, 5〉p {1, 1, 1, 0, 0, 0}

(N=3,d=6) K̂|0, 1, 1〉p, K̂|0, 2, 2〉p, K̂|1, 2, 2〉p, K̂|1, 4, 4〉p {1, 1
2
, 1

2
, 1

3
, 1

3
, 1

3
}

Table C.7: ~λ-vectors of hardcore-projected bosonic momentum-state permanents for
various settings of particle numbers and numbers of lattice sites.
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Appendix D

Constrained optimisation and the
Karush-Kuhn-Tucker formalism

In this section, we will introduce the terminology of constrained optimisation and

summarise key theorems of that discipline. The presentation will follow the textbooks

of Nocedal and Wright [73] and Bertsekas [10]. Constrained optimisation considers

the problem of finding the (global) minimum of a multivariate function f : Rn → R
on a constrained domain Ω ( Rn:

min
~x∈Ω

f(~x). (D.1)

Commonly, f is called the objective or utility function. Ω is called the feasibility

domain and will be defined by a set of algebraic constraints:

ci(~x) = 0 for i ∈ E ; ci(~x) ≥ 0 for i ∈ I, (D.2)

where E and I represent finite index sets of the families of equality and inequality

constraints.1 Consequently, Ω can be written as:

Ω ≡ {~x ∈ Rn | ci(~x) = 0, i ∈ E ∧ ci(~x) ≥ 0, i ∈ I}. (D.3)

Henceforth, the objective and constraint functions f and ci will be considered to be

smooth, even though it is possible to weaken this condition and extend the theorems

introduced below to more general types of functions.

Constraints on the domain imprint constraints on the related tangent bundle TΩ:

A non-zero vector ~d will be called a feasible direction at point ~x0 if there exists a

(piecewise smooth) curve ~γ : R ⊃ [a, b] → Ω such that for ~x0 = ~γ(t0) with t0 ∈ [a, b]

1Note that equality constraints are treated separately for practical reasons in later applications.
Each equality constraint ci = 0 could in principle be replaced by two inequality constraints ci1 =
ci ≥ 0 and −ci2 = −ci ≥ 0.
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Figure D.1: Feasibility domain Ω and inequality constraints ci(~x) ≥ 0. For two points
~x1 and ~x2, the respective sets of unit length vectors in the tangent cones T (~x1) and
T (~x2) are represented by light-grey fields. The gradient of c2 at ~x1 is indicated by a
black arrow. Whereas both constraints c2 and c3 are active in ~x2 (green point), only
c2 is active in ~x1 (red point).

the vector ~d is given by ~d = d~γ/dt |t0 . The set of all feasible directions at a point

~x ∈ Ω forms the tangent cone:

T (~x) ≡ {~d ∈ Rn ; ~d is a feasible direction from ~x}. (D.4)

At each point ~x ∈ Ω the set of inequality constraints {ci ≥ 0}i∈I decomposes into

the set of active constraints

{ci | ci(~x) = 0} ≡ {ci}i∈A~x (D.5)

and the set of inactive constraints {ci | ci(~x) 6= 0}. Note that the index set of active

constraints has been named as A~x ⊆ I and that every equality constraint may also

be regarded active. By definition, however, A~x does not comprise E . A graphical

illustration of these geometrical concepts is shown in Figure D.1.

This sketch further suggests that the angle between the gradient of a constraint

function at a point where it is active and any feasible direction ~d is less or equal π/2,

i.e. ~∇c · ~d ≥ 0.
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More rigorously, we can start by looking at some equality constraint cie(~x)ie∈E = 0.

For any curve ~γ(t)t∈[a,b] ∈ Ω the function γ̃(t) ≡ cie(~γ(t)) is obviously null on t ∈ [a, b];

taking the derivative therefore immediately implies:

~∇cie(~x) · ~d = 0 ∀ ~d ∈ T (~x) and ie ∈ E , (D.6)

i.e. the gradient of any equality constraint is always orthogonal to all feasible direc-

tions at any feasible point. This can be generalised to active inequality constraints.

Let ci(~x)i∈I ≥ 0 be an inequality constraint and ~x′ a feasible point where it is active,

i.e. ci(~x
′) = 0. For any feasible direction ~d from ~x′ a parallel infinitesimal direction

~∆ ∼ ~d can be chosen such that ci(~x
′+ ~∆) ≥ 0 since ~x′+ ~∆ ∈ Ω. A look at the Taylor

expansion of ci around ~x′ therefore establishes that

~∇ci(~x′) · ~d ≥ 0 ∀ ~d ∈ T (~x′) and i ∈ A~x′ . (D.7)

Together, Equations (D.6) and (D.7) motivate the definition of the set of first order

feasible directions :

F(~x) ≡ {~d ∈ Rn | ~∇cie(~x) · ~d = 0 ∀ ie ∈ E and ~∇ci(~x′) · ~d ≥ 0 ∀ i ∈ A~x}. (D.8)

Due to (D.6) and (D.7), it immediately follows that T (~x) ⊆ F(~x). The equality

however, does not generally hold. The tangent cone is a purely geometrically defined

object. By contrast, the form of F relies on the choice of constraint functions, which

for some fixed domain Ω is not unique.2 A feasible point ~x shall be called quasi-regular

if T (~x) = F(~x).

In order to determine conditions on those points ~x that globally or locally min-

imise the objective function f , one has to consider the gradient field ~∇f . For uncon-

strained optimisation, ~∇f(~x) = 0 constitutes a neccessary condition. In the case of

a constrained domain Ω (D.3), conditions for the minima of the objective function

may be determined by observing that a point ~x ∈ Ω cannot be a minium if there

exists a feasible direction ~d at ~x for which f descents, i.e. ~∇f · ~d < 0. Therefore,

a neccessary condition for a minium is given by ~∇f(~x) · ~d ≥ 0 for all feasible di-

rections ~d ∈ T (~x). The Karush-Kuhn-Tucker theorem3 makes use of this idea and

2The lack of uniqueness can be well demonstrated by considering a feasible domain defined by a
single inequality constraint c(~x) ≥ 0. The same geometrical set of points can also be defined by the
alternative constraint function c̃(~x) = c(~x)2 ≥ 0. Both constraint functions, however, have generally
different gradients.

3Although already derived by William Karush in his master thesis in 1939 (see [49, 47]), the
theorem initially remained unrecognised and was firstly attributed to Harald Kuhn and Albert
Tucker in 1951 [57]. More recent literature however, acknowledges all three authors. The Karush-
Kuhn-Tucker theorem therefore does not provide an extension of the formerly known Kuhn-Tucker
theorem.
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provides neccessary conditions for the minimising points of a multivariate function

on a constraint domain:

Theorem 5 (Karush-Kuhn-Tucker)

Let ~x′ be a local minium of the objective function f : Rn → R in the constrained do-

main Ω (D.3). Assume further that f and the constraint functions ci are continiously

differentiable. If ~x′ is a quasi-regular point, then there exist Lagrangian multipliers

λj, j ∈ E and µi, i ∈ I such that:

~∇f
∣∣
~x′

=
∑
j∈E

λj ~∇cj
∣∣
~x′

+
∑
j∈I

µj ~∇cj
∣∣
~x′
, (D.9a)

cj(~x
′) = 0 ∀j ∈ E , (D.9b)

ci(~x
′) ≥ 0 ∀i ∈ I, (D.9c)

µi ≥ 0 ∀i ∈ I and (D.9d)

µici(~x
′) = 0 ∀i ∈ I. (D.9e)

Solutions to these equations are called Karush-Kuhn-Tucker points (KKT-points).

Equation (D.9e) implies that the Lagrange multiplier of an inactive constraint has to

be strictly positive. The theorem states neccessary conditions on minimising points.

In order to determine the global minimum, one firstly has to check quasi-regularity

of the domain followed by a case-by-case analysis of the activity or inactivity of the

inequality constraints ci ≥ 0, i ∈ I. Evaluating the objective function at the resulting

KKT-points and taking the minium value will then yield the global minium.

A full proof of the Karush-Kuhn-Tucker theorem may be found in Refs. [73, 10].

Sufficient conditions for Quasi-Regularity

The application of the Karush-Kuhn-Tucker theorem requires Quasi-regularity of the

inequality constraints. It therefore proves helpful to identify conditions for Quasi-

regularity of a point ~x∗ ∈ Ω, i.e. T (~x∗) = F(~x∗). In the following, we list two

important conditions. The proofs may be found in the cited literature.

1. Affine conditions (AC): Every point of the feasibility domain Ω is quasi-regular

if all equality and inequality constraint functions (D.2) are linear functions [10].

2. Linear independence constraint qualifications (LICQ): A point ~x ∈ Ω is quasi-

regular if the gradients of the active inequality constraint and equality constraint

functions are linearly independent in ~x [73].
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[6] C. Beck and F. Schögl. Thermodynamics of Chaotic Systems: An Introduction.

Cambridge University Press, Cambridge, 1993.

[7] C. Benavides-Riveros, J. Gracia-Bondia, and M. Springborg. Quasipinning and

entanglement in the lithium isoelectronic series. Phys. Rev. A, 88:022508, 2013.

[8] C. Benavides-Riveros, I. Toranzo, and J. Dehesa. Entanglement in N-

harmonium: bosons and fermions. J. Phys. B, 47(19):195503, 2014.

[9] C. L. Benavides-Riveros and M. Springborg. Quasipinning and selection rules

for excitations in atoms and molecules. Phys. Rev. A, 92:012512, Jul 2015.

[10] D. P. Bertsekas. Nonlinear Programming. Athena Scientific, 1995.

[11] I. Bloch, J. Dalibard, and W. Zwerger. Many-body physics with ultracold gases.

Rev. Mod. Phys., 80:885–964, 2008.

143



[12] R. E. Borland and K. Dennis. The conditions on the one-matrix for three-body

fermion wavefunctions with one-rank equal to six. J. Phys. B, 5(1):7, 1972.

[13] G. M. Bosyk, S. Zozor, F. Holik, M. Portesi, and P. W. Lamberti. A family

of generalized quantum entropies: definition and properties. Quant. Inf. Proc.,

15(8):3393–3420, 2016.

[14] B. Buchberger. Ein Algorithmus zum Auffinden der Basiselemente des Restk-

lassenrings nach einem nulldimensionalen Polynomideal. PhD thesis, Univer-

sität Innsbruck, 1965.

[15] P. Bürgisser, M. Christandl, K. D. Mulmuley, and M. Walter. Membership

in moment polytopes is in NP and coNP. arXiv preprint arXiv:1511.03675v1,

2015.

[16] F. Caravelli, A. Hamma, F. Markopoulou, and A. Riera. Trapped surfaces and

emergent curved space in the Bose-Hubbard model. Phys. Rev. D, 85:044046,

Feb 2012.

[17] F. Caravelli and F. Markopoulou. Properties of quantum graphity at low tem-

perature. Phys. Rev. D, 84:024002, Jul 2011.

[18] R. Chakraborty and D. A. Mazziotti. Generalized Pauli conditions on the

spectra of one-electron reduced density matrices of atoms and molecules. Phys.

Rev. A, 89:042505, 2014.

[19] J. Chen, Z. Ji, N. Yu, and B. Zeng. Detecting Consistency of Overlapping

Quantum Marginals by Separability. Phys. Rev. A, 93:032105, Mar 2016.

[20] C. Chin, R. Grimm, P. Julienne, and E. Tiesinga. Feshbach resonances in

ultracold gases. Rev. Mod. Phys., 82:1225–1286, Apr 2010.

[21] M. Christandl, B. Doran, S. Kousidis, and M. Walter. Eigenvalue Distributions

of Reduced Density Matrices. Comm. Math. Phys., 332(1):1–52, 2014.

[22] J. Cioslowski. Many-electron densities and reduced density matrices. Springer

Science & Business Media, 2000.

[23] J. Cioslowski and K. Pernal. Wigner molecules: The strong-correlation limit of

the three-electron harmonium. J. Chem. Phys., 125(6), 2006.

144



[24] A. J. Coleman. Structure of fermion density matrices. Rev. Mod. Phys., 35:668–

686, Jul 1963.

[25] A. J. Coleman and V. I. Yukalov. Reduced Density Matrices: Coulsons Chal-

lenge. Lecture Notes in Chemistry. Springer Berlin Heidelberg, 2000.

[26] C. A. Coulson. Present State of Molecular Structure Calculations. Rev. Mod.

Phys., 32:170–177, Apr 1960.

[27] National Research Council. Mathematical Challenges from Theoretical/ Com-

putational Chemistry. The National Academies Press, Washington, DC, 1995.

[28] F. Dalfovo, S. Giorgini, L. P. Pitaevskii, and S. Stringari. Theory of Bose-

Einstein condensation in trapped gases. Rev. Mod. Phys., 71:463–512, Apr

1999.

[29] E. R. Davidson. Reduced Density Matrices in Quantum Chemistry. Academic

Press, New York, 1976.

[30] P. A. M. Dirac. On the Theory of Quantum Mechanics. Proc. R. Soc. A,

112(762):661–677, 1926.

[31] P. Douglas, S. Bergamini, and F. Renzoni. Tunable Tsallis Distributions in

Dissipative Optical Lattices. Phys. Rev. Lett., 96:110601, Mar 2006.

[32] L. E. Dubins. On Extreme Points of Convex Sets. Journal of Mathematical

Analysis and Applications, 5(2):237 – 244, 1962.

[33] T. J. Elliott and V. Vedral. Quantum quasi-Zeno dynamics: Transitions medi-

ated by frequent projective measurements near the Zeno regime. Phys. Rev. A,

94:012118, Jul 2016.

[34] R. M. Erdahl. Representability. Int. J. Quant. Chem., 13(6):697–718, 1978.

[35] B. Fauseweh and G. S. Uhrig. Low-temperature thermodynamics of multifla-

vored hardcore bosons by the Brückner approach. Phys. Rev. B, 92:214417, Dec

2015.

[36] R. P. Feynman. Statistical Mechanics: A Set Of Lectures. Advanced Books

Classics. Westview Press, 1998.

145



[37] M. Fujita, S. M. Harrison, A. Karch, R. Meyer, and N. M. Paquette. Towards

a holographic bose-hubbard model. JHEP, 2015(4):1–39, 2015.

[38] C. Garrod and J. K. Percus. Reduction of the N-Particle Variational Problem.

J. Math. Phys., 5(12):1756–1776, 1964.

[39] A. Hamma, F. Markopoulou, S. Lloyd, F. Caravelli, S. Severini, and K. Mark-

ström. Quantum Bose-Hubbard model with an evolving graph as a toy model

for emergent spacetime. Phys. Rev. D, 81:104032, May 2010.

[40] T. Holstein and H. Primakoff. Field Dependence of the Intrinsic Domain Mag-

netization of a Ferromagnet. Phys. Rev., 58:1098–1113, Dec 1940.

[41] A. Honecker, F. Mila, and B. Normand. Multi-triplet bound states and finite-

temperature dynamics in highly frustrated quantum spin ladders. Phys. Rev.

B, 94:094402, Sep 2016.

[42] S. H. Hou. Classroom Note: A Simple Proof of the Leverrier-Faddeev Charac-

teristic Polynomial Algorithm. SIAM Review, 40(3):706–709, 1998.

[43] J. L. W. V. Jensen. Sur les fonctions convexes et les inégalités entre les valeurs
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Matter. Schriften des Forschungszentrums Jülich. Forschungszentrum Jülich
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[85] C. Schilling. Hubbard model: Pinning of occupation numbers and role of sym-

metries. Phys. Rev. B, 92:155149, Oct 2015.

[86] C. Schilling. Quasipinning and its relevance for N-fermion quantum states.

Phys. Rev. A, 91:022105, Feb 2015.

[87] C. Schilling, D. Gross, and M. Christandl. Pinning of Fermionic Occupation

Numbers. Phys. Rev. Lett., 110:040404, Jan 2013.

[88] D. W. Smith. N-Representability Problem for Fermion Density Matrices. II.

The First-Order Density Matrix with N even. Phys. Rev., 147:896–898, 1966.

149



[89] A. Stern. Anyons and the quantum Hall effect A pedagogical review. Annals

of Physics, 323(1):204 – 249, 2008. January Special Issue 2008.

[90] N. Stollenwerk and V. Jansen. Population Biology and Criticality: From Crit-

ical Birth-death Processes to Self-organized Criticality in Mutation Pathogen

Systems. Imperial College Press, 2011.

[91] S. Streib and P. Kopietz. Hard-core boson approach to the spin− 1
2

triangular-

lattice antiferromagnet Cs2CuCl4 at finite temperatures in magnetic fields

higher than the saturation field. Phys. Rev. B, 92:094442, Sep 2015.

[92] T. Suzuki and N. Kawashima. Supersolid of hardcore bosons on the face-

centered cubic lattice. Phys. Rev. B, 75:180502, May 2007.

[93] F. Tennie, D. Ebler, V. Vedral, and C. Schilling. Pinning of fermionic occupation

numbers: General concepts and one spatial dimension. Phys. Rev. A, 93:042126,

2016.

[94] F. Tennie, V. Vedral, and C. Schilling. Generalized Pauli constraints: Hierarchy

of pinning and quasipinning-measure. arXiv preprint arXiv:1509.00358, 2015.

[95] F. Tennie, V. Vedral, and C. Schilling. Pinning of fermionic occupation numbers:

Higher spatial dimensions and spin. Phys. Rev. A, 94:012120, Jul 2016.

[96] I. Theophilou, N. N. Lathiotakis, M. A. L. Marques, and N. Helbig. Generalized

Pauli constraints in reduced density matrix functional theory. J. Chem. Phys.,

142(15), 2015.

[97] R. H. Tredgold. Density Matrix and the Many-Body Problem. Phys. Rev.,

105:1421–1423, Mar 1957.

[98] C. Tsallis. Possible generalization of Boltzmann-Gibbs statistics. J. Stat. Phys.,

52(1):479–487, 1988.

[99] P. G. J. van Dongen, J. A. Vergés, and D. Vollhardt. The Hubbard Star. Z. fr

Phys. B, 84(3):383–392, 1991.

[100] E. J. G. G. Vidal, R. P. A Lima, and M. L. Lyra. Bose-Einstein condensation

in the infinitely ramified star and wheel graphs. Phys. Rev. E, 83:061137, Jun

2011.

150



[101] J. von Neumann. Mathematische Grundlagen Der Quantenmechanik. Springer,

1932.

[102] Z. L. Wang, A. M. Wang, Y. Yang, and X. C. Li. Exact Eigenfunctions of N-

body System with Quadratic Pair Potential. Comm. Theor. Phys., 58(5):639,

2012.

[103] S. Wehner and A. Winter. Entropic uncertainty relations - a survey. N. J.

Phys., 12(2):025009, 2010.

[104] T. C. Wei, M. Mosca, and A. Nayak. Interacting Boson Problems can be QMA

Hard. Phys. Rev. Lett., 104:040501, Jan 2010.

[105] M. Weidemüller and C. Zimmermann. Interactions in ultracold gases: from

atoms to molecules. John Wiley & Sons, 2011.

[106] H. Weyl. Das asymptotische Verteilungsgesetz der Eigenwerte linearer partieller

Differentialgleichungen (mit einer Anwendung auf die Theorie der Hohlraum-

strahlung). Mathematische Annalen, 71(4):441–479, 1912.

[107] V. I. Yukalov. Basics of Bose-Einstein condensation. Physics of Particles and

Nuclei, 42(3):460–513, 2011.

[108] Z. Zhao, B. J. Braams, M. Fukuda, M. L. Overton, and J. K. Percus. The

Reduced Density Matrix Method for Electronic Structure Calculations and the

Role of three-index Representability Conditions. J. Chem. Phys., 120(5):2095–

2104, 2004.

[109] N. T. Zinner and A. S. Jensen. Nuclear α-particle condensates: Definitions,

occurrence conditions, and consequences. Phys. Rev. C, 78:041306, 2008.

[110] S. Zozor, G. M. Bosyk, and M. Portesi. General entropy-like uncertainty rela-

tions in finite dimensions. J. Phys. A, 47(49):495302, 2014.

151


	Pauli's Exclusion Principle and beyond
	Many-body quantum systems, fermionic N-representability Lg and the Q-parameter
	Exposition
	N-particle Quantum Systems: Framework and notational conventions
	Fermionic N-representability and Generalised Pauli Constraints
	(Quasi-)pinning of Generalised Pauli constraints
	The Q-parameter

	Quasipinning in physical model systems
	The model system and its ground state
	One-particle reduced density operator and natural occupation numbers
	General considerations
	One-particle reduced density operator Lg of the Harmonium ground state

	One-dimensional Harmonium with arbitrary particle numbers
	Weak couplings
	Intermediate and strong couplings

	Quasi-one-dimensional Harmonium
	Fully spin-polarised Harmonium in higher spatial dimensions
	Two spatial dimensions and corresponding Lg dimensional crossovers
	Three spatial dimensions and corresponding Lg dimensional crossovers

	Spinful Harmonium

	The 1-body N-representability problem for hardcore bosons
	Exposition
	Hardcore bosons versus fermions: An Lg illustrative example of 2 particles on 3 sites
	Maximal occupation numbers
	Derivation of a functional Lg for hardcore boson Lg single-particle state occupation numbers
	Global maximum of the Lg-functional
	Structural properties of Lg and the occupation nnumber maximising state Lg
	Maximal occupation and momentum eigenstates

	Conditions for one-body N-representability of hardcore boson states
	Necessary conditions for N-representability
	Systems with Lg particles
	Arbitrary systems with Lg particles on Lg sites

	Necessary and sufficient conditions for pure N-representability

	Bounds on one-particle entropy measures
	Pinning of hardcore boson states
	The Hubbard Star
	1D quantum lattice gas


	Summary and conclusion
	Examples of Generalised Pauli constraints
	Ground state and 1-RDO of Harmionium
	Derivation of the Harmonium ground state
	Derivation of the fermionic 1-RDO of Lg N-Harmonium in Lg spatial dimensions
	Natural occupation numbers of the Lg 3-Harmonium ground state in one dimension

	Transformation of N-particle states Lg between Momentum- and Position-space
	Constrained optimisation and the Karush-Kuhn-Tucker formalism
	Bibliography

