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Abstract

In this dissertation we focus on safe model based policy search, a subfield
of reinforcement learning with two main objectives: data efficiency and safety.
To achieve data efficient learning, we use Gaussian process regression to model
the dynamics of unknown non-linear systems. The flexibility and probabilistic
nature of GPs, along with their useful mathematical properties that often al-
low for closed form calculations, facilitate building accurate models efficiently,
and using these models to optimise control policies for the underlying systems.
Furthermore, our safety objective, also probabilistic in nature, is formalised as
predefined state space constraints. The model’s predictions are used to cer-
tify the safety of a candidate policy before deploying it on the system, and
we thus manage to avoid constraint violations while training. We present an
open source, openly available software tool implementing our proposed al-
gorithm for safe and data efficient policy search. Furthermore, we propose a
novel method for planning over multiple time steps with Gaussian processes,
and provide formal guarantees bounding the predictive uncertainty. We con-
sider safety and data efficiency critical challenges for the wider adoption of
reinforcement learning algorithms, and we hope that our contributions will

be useful in this effort.
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Introduction

Reinforcement learning has seen a huge surge in research interest in recent
years. Independent improvements in hardware, software and infrastructure,
along with the introduction of novel algorithms, have made tackling increas-
ingly complex problems possible. Two important challenges that persist are
data efficiency and safety. Data efficiency allows algorithms to reach their
learning objectives with limited data, a consideration that has always been sig-
nificant but becomes imperative in specific domains, such as physical systems,
financial applications and user-facing systems, which are all critical for the
wide adoption of reinforcement learning. Safety, when referring to a learning
system, can be a hard to define, ambiguous and multifaceted property. It can
be interpreted as a reduction in the variance of the performance of a system,
as operational constraint specifications, or as a formally defined property in a
temporal logic, among others options. Nevertheless, some concept of safety,
or its opposite, risk, is present in most domains of application, often with cru-

cial importance. In this thesis we focus on safe model based policy search to



address both of these concerns.

In the following, we assume that we need to control a system without hav-
ing a priori access to a model of its dynamics. Instead, we learn a probabilistic
model of the system dynamics, based on the observed data. The model al-
lows us to predict the system’s behaviour under different control policies. This
serves a dual purpose: it allows us to guide the policy search to promising,
high-performing policies and therefore increases data efficiency; moreover, it
enables the assessment of a candidate policy’s safety (which for us takes the
form of state space constraints) before it is deployed on the unknown sys-
tem. Finally, as reliable predictions are a prerequisite of ensuring safety via
the model, we introduce formal guarantees for multi-step ahead predictions
with Gaussian processes, the class of models used throughout this thesis.

Our main contributions are three:

e We present a new software tool, based on the PILCO framework, imple-
mented in Python and taking advantage of popular and efficient machine
learning libraries. The new tool is modular, easy to use and expand, and

publicly available.

e We develop a new algorithm expanding the PILCO framework, that in-
corporates state space constraints and promotes the synthesis of safe con-

trollers that respect the introduced constrains.

e We provide anew method for propagating uncertainty in multi step ahead
planning with Gaussian processes, and provide formal bounds for its ac-

curacy.

With the introduction of the SafePILCO tool we aim to facilitate the use of

the PILCO framework both by the research community and in industrial and

1.0



educational applications. Modern RL research results are often hard to repro-
duce, due to the dependence of performance on seemingly insignificant im-
plementation decisions, the non-trivial software engineering effort required
for implementation and the high computational demands, that in practice of-
ten require expensive hardware infrastructure, or equivalently costly access to
computational resources on the cloud. PILCO has comparatively more mod-
est requirements in compute, and by reworking the implementation, we aim
to make experimentation with model based RL more accessible, thus encour-
aging future research in this direction.

A challenging aspect of applying RL in practical problems is related to
safety, and this is the focus of our second and third contributions. We first
incorporate state space constraints in the PILCO framework and we develop a
method to estimate constraint violation risk for a specific policy, before it is im-
plemented. Two fundamental objectives are at tension here: the main learning
task of synthesizing a high performing policy by policy exploration and data
collection, and keeping the system safe by minimizing or ideally eliminating
constraint violations. Our method accepts a natural definition of an accept-
able risk threshold in probabilistic terms, which, under certain assumptions,
is respected throughout training and by the resulting policy.

Finally our third contribution re-examines a commonly used approxima-
tion technique used in for multi-step prediction with GPs, including PILCO,
moment matching. While useful, and reasonably accurate in the average case,
moment matching can introduce unaccounted for errors in the uncertainty
quantification of the prediction. Instead, we provide formal probabilistic guar-
antees, at the expense of additional computational demands. In safety critical

applications this can be a significant advantage.
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1.1 Assumptions

Here we outline the main assumptions of our work, examine them, and discuss
them critically along with alternatives. Throughout, we rely on the learnt GP
models both for their predictions and for the uncertainty quantification they
provide. We do not try to estimate or bound the modelling error itself; instead
we depend on the uncertainty expressed as the variance of the GP. Thus, we
can focus on the model, and make sure we take full advantage of the informa-
tion it captures. To estimate the modelling error directly, one needs to pose
assumptions on the properties of the system the GP is modelling [78]. Such
work can be complementary to ours, and developing methods that use both is
a promising direction for future research.

Furthermore, throughout the thesis we opt to use very limited prior in-
formation in general, and especially so towards modelling and policy design.
Our models are learnt from scratch, despite the fact that for many systems
some approximate model could capture part of their dynamics. An alterna-
tive approach would be to use the approximate model in combination with a
trainable model that learns to predict the difference between the real system
and the approximate model. We chose to focus on the GP model itself and
develop a methods that are agnostic to the real system and independent of
prior models to keep the applicability of our method as wide as possible, and
to focus our efforts on the key issues that arise with the use of learnt models.
We leave the hybrid model approach for future work, despite considering it
potentially significant in numerous practical applications.

Beyond model construction, prior information can be available regarding
the policy itself. There can be available data of an expert (human or not) op-

erating the system, without access to a parameterised policy (as is often the

1.1



case in imitation learning), or even a previous policy that needs to fine tuned.
We assume that we start fresh with no such prior information. However, as
our models are trained from an initial dataset, in contrast with the method-
ology we explore in this work, that is constructing this dataset from random
actions, any dataset that is available before training can be used. Additionally,
the policy could also be trained, in a supervised manner, to match the actions
chosen by the expert system, and the resulting trained policy be used as the
initialisation point for the model based policy search approach we pursue.
Finally, it is worth highlighting here that we assume that the real states of
the system are observable. Dealing with systems with partial observability is
very important, but in combination with our previous assumptions of very lim-
ited prior information about the system, and the safety requirements we aim to
satisfy, create a very challenging problem. Tackling all out once would either
restrict the scale of the environments the method can practically be applica-
ble for drastically, leaving in its scope only small toy problems of educational
or illustrative value, or would otherwise require particularly strong assump-
tions on their properties. For these reasons, such systems are left outside of

the scope of this thesis.

1.2 Structure

In Chapter 2, we introduce some of the key notions used throughout the dis-
sertation with an emphasis on the mathematical tools that facilitate our anal-
yses. We also review the PILCO framework, which we further investigate and
extend in later chapters. In Chapter 3, we review the relevant literature, fo-
cusing first on Reinforcement learning in general and safe model based policy

search in particular, before reviewing different definitions of safety and the
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associated methods. In Chapter 4, we present our software tool, giving more
insight into the workings of PILCO. We evaluate the tool in a number of widely
used benchmark environments. In chapter 5 we extend the PILCO algorithm,
adding constraints and the algorithmic changes needed to enforce them. In
Chapter 6 we introduce our new algorithm for iterative prediction with Gaus-
sian processes, and show how bounds can be calculated for the predictive un-
certainty and its evolution over multiple time steps. Finally, in Chapter 7 we

summarise our work and conclude the thesis.

1.3 Publications

Parts of the work that comprises this thesis, and mainly Chapters 4, 5 and 6
have been been presented in peer reviewed conference proceedings, and, in
certain cases, preliminary versions were presented in conference workshops.

In chronological order:

e A workshop paper was presented in the workshop on Transparent and
Interpretable Machine Learning in Safety Critical Environments, at NIPS
2017 (no proceedings published), as: Kyriakos Polymenakos, Alessan-
dro Abate, Stephen Roberts. “Safe Policy Search with Gaussian Process
Models™*.

e A conference paper was presented in AAMAS on our work on Safe PILCO
(Chapter 5): Kyriakos Polymenakos, Alessandro Abate, and Stephen Roberts.
“Safe Policy Search Using Gaussian Process Models”. In: Proceedings of
the 18th International Conference on Autonomous Agents and Multi Agent Sys-
tems. IFAAMS. 2019, pp. 1565-1573.

Ihttps://sites.google.com/view/timl-nips2017/submissions



e Anextended version of the previous AAMAS paper is available on Arxiv:
Kyriakos Polymenakos, Alessandro Abate, and Stephen Roberts. Safe Pol-

icy Search with Gaussian Process Models. 2019. arXiv: 1712.05556.

e Preliminary results on our work on safe iterative planning with Gaus-
sian processes were presented in the workshop on Safety and Robustness
in Decision Making, at NeurIPS 2019 (no proceedings published), as:
Kyriakos Polymenakos, Luca Laurenti, Andrea Patane, Jan-Peter Calliess,
Luca Cardelli, Marta Kwiatkowska, Alessandro Abate, Stephen Roberts.

“Safety Guarantees for Planning Based on Iterative Gaussian Process”?.

e The software tool, described in Chapter 4 and used for the experiments of
Chapter 5, was presented in QEST 2020 as a software tool demonstration:
Kyriakos Polymenakos, Nikitas Rontsis, Alessandro Abate, and Stephen
Roberts. “SafePILCO: a software tool for safe and data-efficient policy
synthesis”. In: International Conference on Quantitative Evaluation of Sys-

tems. Springer. 2020.

e A conference paper, corresponding to the material of Chapter 6, has been
accepted for publication at CDC 2020: Kyriakos Polymenakos, Luca Lau-
renti, Andrea Patane, Luca Cardelli, Marta Kwiatkowska, Alessandro
Abate, and Stephen Roberts. “Safety guarantees for iterative predictions
with Gaussian Processes”. In: Proceedings of the IEEE Conference on Deci-

sion and Control. IEEE Xplore. 2020.

*https://sites.google.com/view/neurips19-safe-robust-workshop
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1.4 Notation

An important note on notation, we use a slightly unusual convention to discern
between scalar, vectors and matrix valued variables and random variables.
Scalars are denoted with lowercase italic characters x, vectors with lowercase
bold italics © and matrices bold capital italics X. For the corresponding in-

stances of random variables we use x, x and X.



Background

2.1 Reinforcement Learning

Reinforcement learning (RL) is a computational paradigm that allows an agent,
acting in an environment, to improve its performance over time based on feed-
back provided through rewards. In a common taxonomy of machine learn-
ing approaches, reinforcement learning represents the third machine learn-
ing branch, alongside supervised and unsupervised learning. In the super-
vised learning paradigm, the dataset is comprised of inputs and the (possibly
noisy) outputs; the model needs to fit those outputs and generalise to unseen
data coming from the same data generating distribution. The model’s eval-
uation usually involves some comparison with the provided outputs, despite
the differences between the different metrics employed. In the typical unsuper-
vised learning setting there are no outputs provided, and the machine learning
model commonly seeks to identify some structure underlying the data, such as

data clusters, principal components, or the presence of anomalies. Evaluating
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unsupervised learning models tends to be more subtle, due to the lack of out-
puts to compare against. In reinforcement learning, the reward provides a met-
ric for the agent to maximise, but it doesn’t provide exemplary outputs. The
reward constitutes an external metric for the reinforcement learning model,
which can straightforwardly be used for model evaluation and comparison.
Still, in contrast with supervised learning, the reward does not directly provide
the RL model with the actions or behaviour to follow. In that sense reinforce-
ment learning takes an intermediate spot on a spectrum between supervised
and unsupervised learning: the rewards collected provide some supervision

to the RL agent, but no direct outputs for a given input.

2.1.1 The setup and problem formulation

To ground RL theoretically, we introduce the most common mathematical frame-

work used for RL, the Markov Decision Process (MDP). A MDP is a tuple
< X,U,T,R >, which includes the state space X, the control input or action
space U, the stochastic transition function 7 and the reward function R.

The state space is the set of all possible states of the environment. Through-
out this thesis we work in continuous spaces, so we assume X C R":, where N;
is the number of dimension of the state space. Similarly the action (or input)
space is the space of all possible actions, i/ C R"«, with N, the dimensionality
of the action space. The transition function of the MDP, for a given pair of state
and action gives a stochastic transition to the state of the environment at the
next time interval, T : X x Y — X. Instead of a stochastic transition function,
the MDP can also be defined using the transition probabilities P,, that give a
probability distribution over the next state, given the current state and input

Po: X xUx X — [0,1], Po(z,u,2’) = p(a'|z,u). The reward function R,

21
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R : X xU — R, assigns a numerical value to the state of the environment and
the control input at each time step, providing valuable feedback to the agent.

The MDP framework is abstract and adaptable [140] and many variations
exist in the literature. These are the core components that one way or another
are shared between the wide majority of variations. Some other components
that are often present include the initial distribution py, thatis a probability dis-
tribution over the state space, which the first state follows, x ~ p(xo) = po, po :
X — [0,1]; some tasks are characterised as episodic, where the agent’s interac-
tion with the environment can be broken down into independent sequences of
transitions, known as episodes; the number of transitions in an episode (and
sometimes the time duration of an episode) is called the horizon, 7’; a set of
terminal states G C & upon which, if reached, the episode terminates; and
tinally the return, which refers to the sum of rewards during an episode.

It's worth noting that there are two equally popular types of notation used
in the RL community, the one we outlined above and an alternative, using S
and A for state and input (action) spaces. Similarly, with respect to terminol-
ogy, the agent’s policy (and sometimes the agent itself) is referred to as the
controller and the environment as the the controlled system. In general we
stick with the mathematical notation presented in the MDP definition, but we

use both sets of terms interchangeably.

2.2 Gaussian Processes

Gaussian Processes (GPs) are stochastic processes widely used in Machine
Learning [118, 18], from Bayesian optimisation and time-series forecasting to
reinforcement learning [108, 135, 119, 34]. In this work we use GPs extensively

to model the dynamics (the transition probabilities) of unknown systems. For-
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mally:

Definition 1 A Gaussian process is a collection of random variables, any finite num-

ber of which have a joint Gaussian distribution.

Let z € R and the Gaussian process map x — f(z) € R. The mean function
m(z) and the covariance function k(x,2’) are enough to fully specify a Gaus-

sian process [118]. For a real process f(z) they can be defined as

m(z) = Elf(x)], (2.1)

k(w,2') = B[(f(z) — m(2))(f(z") — m(a"))]. (22)

We may then write the GP as

f(z) ~ GP(m(z), k(z,z")). (2.3)

The mean function m(x) is often assumed to be zero for all z, with no loss of
generality. That allows us to focus on the covariance function k(x,z’) as the
sole element that specifies a GP. With the covariance function we can calculate
the covariance between any two of the random variables of Definition 1 that
form the GP. Note that this definition does not restrict the number of random
variables that can be used; indeed, in most interesting cases that number is
infinite. After all, a finite number of random variables that are jointly Gaussian
distributed defines a multivariate Gaussian distribution. As an example, let
us assume that there is an unknown function, A : [a,b] C R — R, that we
want to model with a GP f(z) !. The jointly Gaussian random variables of f(z)

correspond to the values that % takes over the interval [a,b]. These random

Tt would make more sense to model a stochastic process with a GP rather than a well
defined function, but we use a function here for simplicity.
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variables are infinite, because they correspond to the continuous domain of h.
The covariance function, for any z;, z2 € [a, b] defines the covariance between
the values that the random variables take (and, for the model to be accurate,
reflects a similar relationship between the values h(x;), h(z3)).

There are many types of covariance functions that can be used with GPs
(see [118]), often referred to as GP kernels. We mostly work with the squared
exponential covariance function, which in its simplest form can be written as

covlf(z), f(z")] = k(x,2") = exp (—%M — :1:’|2> , (24)

where ) is the lengthscale hyperparameter of the kernel. The choice of covari-
ance function encodes some information about the type of function the GP can
model. The squared exponential can in principle model any infinitely differ-
entiable function and is usually a good first choice of kernel to try. The length-
scale hyperparameter, roughly speaking, corresponds to how slow the value
of the function changes. A large lengthscale means that the function values
change slowly (since the value of the covariance k(z,z’) decreases slowly as
the distance between = and 2’ increases), while a relatively smaller lengthscale
means the function values change relatively rapidly. Other types of structure,
like periodicity for example, are more effectively captured with other kernels

(a periodic kernel in this case) [118, 36].

2.2.1 Gaussian Process Regression

Regression is a standard, widely studied supervised learning task and repre-
sents a natural application domain for Gaussian processes.
Let us consider a dataset D := {z1,22,...,%n,Y1,, Y2, - ., Yn} generated by

v = h(x;) + €;, with b : R — R, and additive, independent, identically dis-

2.2
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tributed Gaussian noise €; ~ N (0,02). We also define sets X = {zy,...,z,}
and Y = {y1,...,yn}, and the corresponding vectors x = [z1,...,2,]T,y =
1, ..., ys)". The standard regression goal is using the finite dataset D to re-

cover the values of the function % over its domain.

Using a Gaussian process for this purpose, and in particular a zero mean
GP with a squared exponential kernel, we start by considering a set of random
variables, for the values of f(z;) at each point in . The covariance between
any two of these is given by k(z;, ;) and they can be summarised in a matrix
K, with elements K, ; = k(x;, z;). Consider now a new random variable, cor-
responding to the value of f at an arbitrary point z, in the domain of h. The
covariance between f(z,) and f(x;),i = 1, ..., n, is given by k(x;, x,). For a finite
set X, := {x1,..., 1.}, we form the vector ¢, = [11,..., 2]’ and we calculate

the covariance matrix K,, where (K,,), . = k(z;,z;), for the covariances be-

Y]
tween the values of f at these new points. Similarly, the covariance matrix K,

with (K,), . = k(z;, z;) summarises the covariances between the values of f at

1]
points in the dataset z; € X and the new points z; € A,. Now we can consider
the joint Gaussian distribution of the values of f for the points in « and z,,

which in matrix form can be written as: 2

£(X) K K,
~N |0, (2.5)
£(X,) K, K.,

Note that so far we have not used the values y; in any computation; what we
have is a prior, and specifically a prior Gaussian distribution, obtained by the
prior Gaussian process by selecting a specific set of points. The only informa-

tion it contains is the choice of kernel along with its hyperparameter values.

’Matrices K, K, , K,, are all symmetric and positive definite, as they are covariance ma-
trices.

2.2
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Since this is a standard Gaussian distribution we can straightforwardly sam-
ple from it. However, these samples, coming solely from the prior, do not take
advantage of the data at all.

To perform the regression task, we of course need to incorporate the dataset
D in our predictions. In probabilistic terms, we have noisy observations for
a subset of the random variables that form the joint Gaussian distribution in
Equation (2.7). Thus what we need to do is condition the random variables that
correspond to the data z; on their observed values y; and then calculate the
posterior Gaussian distribution of f at the points z, € X,. Denoting f(x,) =
[f(x1),..., flzp)]" for z;, ..., 2p € X,, the distribution we are interested in is

p(f(x4)|y) and from Bayes’ rule we have

p(ylf(z)p(f ()
p(y) (26)

p(f(.)|y) =

Adjusting the prior to acknowledge the observation noise can be done by adding

the noise variance on the diagonal elements of K giving the prior

y K+’ K,
~N o, (2.7)
f(m*) K* K**

The posterior distribution of the unobserved variables can be obtained using

standard properties of Gaussian distributions as

p(f(ac*)ly) =N (m(f*)> cov (f*)) (28&)

m(f*) = Ef[f<w*)] = K*[K + UZI]_1y7 (28b)

cov (f,) = E¢[(f(x,) — m(f,)?] = K., — K,[K + 0’1 'K,. (2.8¢)

2.2
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The function view of Gaussian processes

The discussion above focused on specific points, either in the observed x or
some selected unobserved points forming x,, but the real power of GPs is that
these points (especially the ones in x,) are arbitrary, and the same procedure
would be valid for any number of points. So, instead of looking at the GP as
providing a prior on the values of specific random variables, that correspond to
specific function values, we can see it as providing a prior over functions them-

selves (for more details see [118]). So we can write the prior over the modelled

function h:
p(h) = GP(m(x), k(z,z")) (29)
and the posterior:
_ p(ylh)p(h)
p(hly) = () (2.10)

For any new chosen set of points x,, the posterior Equations (2.8) are still valid.

2.2.2 Model selection and hyperparameter adaptation for

Gaussian processes

So far, we have assumed the kernel along with its hyperparameters to be pre-
specified. In most practical scenarios, these hyperparameters need to be ad-
justed to the data. Firstly, let us revisit Equation (2.4), where we gave the sim-
plest form of a squared exponential kernel, that has a single hyperparameter,
the lengthscale. A more flexible version, which can also been seen as combin-

ing an exponential kernel with a distinct white noise kernel, is given by:

1
k(z,2') = oFexp (—ﬁu — x'|2) + 020000, (2.11)

2.2
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This definition allows for two more hyperparameters, the signal variance o7
that simply scales how much the GP varies, and the noise variance o2, that
accounts for observational noise. Notice the 9, ,/, that is the Kronecker delta,
that is 1 only if 2 and 2’ are the same point, and 0 otherwise. This extra noise
on the diagonal actually serves a secondary purpose in addition to modelling
additive measurement noise: it improves numerical conditioning of necessary
algebraic operations, such as matrix inversions. We define 8,,, := {\, 07,02} to
refer to all the hyperparameters of the model at once.

Often the term Model Selection is used to refer both to the choice of the co-
variance function type (e.g. squared exponential, linear, Matérn etc.) and the
hyperparameter values [118]. We will not consider choosing between differ-
ent types of covariance functions (since we are building on specific properties
of the exponential kernel), but instead consider only the hyperparameter val-
ues. We start by rewriting Equation (2.10) so as to make the dependence on

0., explicit:
(ylh, 0 )p(1]6,)
p(y[6n)

Next we focus on the term on the denominator, p(y|6,,), known as the marginal

p(hly,6,) ="~ (2.12)

likelihood or the evidence. To obtain the marginal likelihood we need to start
from the likelihood of the observations p(y|h, 8,,) given the GP prior h, and

subsequently marginalise out h:

n

p(ylh, 0,) = [ [N (h(@:), 02), (2.13)

=1

P(yl6.,) = / p(y. h]6,)dh = / p(ylh. 0,)p(h0) A (214)

Furthermore, in a fully Bayesian approach, we would put a prior over the hy-

perparameters, p(6,,) and keep track of the posterior distribution of the hyper-
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parameters

p(y]60.)p(6,,)

P(y) (215)

p(Onmly) =

This is often called level-2 inference, that is inference over the hyperparam-
eters, after performing inference at the level of the model itself (level-1 infer-
ence) in Equation (2.14). Notice how the marginal likelihood at level 1, ap-
pears as the likelihood in level 2. The fully Bayesian approach is unfortunately
not tractable in most cases [30, 118]. Instead, we obtain a point estimate 8,,, for

the hyperparameters 6,,, by maximising the marginal likelihood p(y|6,,)

~

0., € argmax, p(y|6,,) (2.16)

This procedure is referred to as evidence maximisation or type-II maxi-
mum likelihood [89, 18]. In certain cases we do take into account an informa-
tive prior over the hyperparameters and we instead maximise p(y|6,,)p(0,,),
a procedure which for similar reasons is called type-II maximum a posteriori
probability estimation (type-Il MAP). The optimisation objective is then given
by:

~

0., € argmax, (p(y[6:)p(6:)) (2.17)

Both of these optimisation problems are reasonably hard, as they are non-
linear and non-convex [30]. Additionally, they are naturally constrained, since
the hyperparameters (lengthscales and variances) have to be positive. For
practical reasons, chiefly numerical stability, we actually constrain them to be
greater than some small value, usually 10~ for the variances and 10~ for the
lengthscales. We solve this problem locally using an off-the-self implemen-
tation of the Limited memory Broyden-Fletcher—-Goldfarb—Shanno algorithm
(L-BFGS-B, [87] as implemented in the Python library Scipy [150]). L-BFGS-

2.2



19

B is a popular [104] optimisation algorithm in the quasi-Newton family. As
such, it requires the gradients of the optimisation objective with respect to the
variables, but uses an estimate of the (inverse) Hessian. From this point we
will refer to this process of optimising the GP hyperparameters by maximising
the evidence as training the GP model. Despite this problem being potentially
hard, in the practical applications we are considering it is not the computa-

tional bottleneck of the algorithms we present.

2.2.3 Gaussian process regression on noisy inputs

In the previous, we showed how we can obtain the posterior distribution of
the GP at any arbitrary point z,, or a number of arbitrary points we denoted
z,. In certain scenarios, as we will see later, we do not have perfect knowledge
of the point where the prediction needs to be made; instead the point itself is
a random variable, which we assume it follows a Gaussian distribution of its
own x, ~ N (u;,c2). This can be obtained by using the posterior of f(z), and

integrating out the random variable x,

(f(2)]y, 6m) = / P(f (22) s 9, O )pl)des (218)

Even though the term p(f(x.)|z., y, 0:,) is given by Equation (2.8), this inte-
gration is intractable analytically.

There are multiple ways of dealing with this issue: different approximation
techniques [22, 52], estimating the posterior through Markov Chain Monte
Carlo (MCMC), or using other numerical integration techniques [148]. In the
next section we summarise moment matching, arguably the most widely used
of these methods, which we extensively use in the rest of this thesis before

exploring an alternate approach in Chapter 6.

2.2
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Moment Matching

With moment matching we approximate the integral in Equation (2.18) with a
Gaussian distribution: the integral itself is intractable, but calculating its first
two moments has been shown to be [22] analytically tractable for GPs with
squared exponential (or linear) kernels. By calculating the mean and variance
of p(f(x.)|y, 0,,) and ignoring all higher moments, we end up with a Gaussian
posterior distribution for f(x,). We reiterate all the components of the GP here,
and we slightly expand them to account for GPs with multiple dimensions in

their input. We assume:
e adataset D = {zx,y}" ,, with every z; € RM and every y; € R

e aSEkernel of the form k(x, ') = oF exp(—2(z—2')" A~ (x—2'))+ 02000/,
where A is an M x M diagonal matrix, with each entry in its diagonal a

lengthscale \; corresponding to an input dimension

e azeromean Gaussian process using the above covariance function, where

K is the covariance matrix of f at the data points x;, with K, ; = k(x;, x;),
e a distribution over a point x, ~ N (@, ;).

Then the mean of the predictive posterior distribution over the noisy input
x, is given by

fi,) = Ea, s[f(20)] = Ba, (2.19)

with B an M x 1 vector

B=(K+d)y. (2.20)
and q an N x 1 vector whose elements are

2
g

@ = /|2xA_1 + I|—0.5 exp

(—%v?(f)x 4 A)‘lvi) , (2.21)
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where

v; = (; — Hz)- (2.22)

Turning our attention to the variance of the predictive distribution we start

from

Ofa,) = Vare, f[f(x.)] = Eaf [(f(22) = 1s@.)’] (2.23)

From the law of total variance we have

0?'(3:*) = Em* [Varflac* [f(m*)u + Varm* []Ef\ac* [f(w*mv (2‘24)

where Vary,, [f(x,)] and Ef,, [f(x.)] are given by Equation (2.8) as cov(f.)
and m( f,) respectively. After substitution of these expressions and some linear

algebra (see [30] or [117] for more details) we obtain:
Tl = 0f —tr (K +021)7'Q) + 8" QB —m; (2.25)

The elements of the n x n matrix @Q are

Qi = k(@ po) k(5 o)
Z’] |2X, A1 + 1|05

1. _ _
eXp ((Si,j - Ux)T(Zx + §A) 121‘/1 1(Si,j - “'a:))
(2.26)

with Sij = %(513@ + ij).

2.3 Probabilistic Inference and Learning in

Control - the PILCO framework

PILCO takes advantage of the modelling power and attractive analytical prop-

erties of GPs, in a reinforcement learning setting, in order to train successful

2.3
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policies with minimal interaction between the RL agent and its environment.
In this section we review how this is achieved, while in the next chapter we

focus on real applications and our implementation of the PILCO framework.

2.3.1 Problem formulation

The overall goal is to design a controller for an unknown, non-linear dynamical
system that achieves good performance, as indicated by a reward function over

a time horizon 7. We assume:

a state space X C R,
e an input space U C R as the set of all legal inputs,

e adynamical system with an unknown transition functionx; 1 = f(x, u;)+

vy, where vy is assumed to be i.i.d. Gaussian noise,

e areward functionr : X — R,

a normally distributed initial state distribution such that x, ~ p(xy) =

N (po, o), g € X.

Our task is to design a policy, 7 : X — U, with parameters 0, that max-
imises the expected total reward over time 7. An episode is a sequence of T
transitions of the dynamical system, with the initial state drawn from p(x).
The sequence of states the system passes through during an episode, is called

a trajectory, is X, = {x1,...,Xr}.

Modelling the dynamical system

We use the GP regression framework to obtain a model of the dynamical sys-

tem. We will often refer to the dynamical system as the real system, in contrast
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to the model that we ourselves build.

We assume that there are available, or at least that we can obtain, a number
of observed trajectories of the dynamical system, along with the inputs that
produced them. In other words, for each time step, there is a starting state
x € X, aselected input v € U, and a new state ' € X. From those dat-
apoints, we construct a dataset D in the appropriate form for regression as
D ={z; = (z,u),y; = ' — x}",. Thus, the inputs to the regression are pairs
of state and input «, u which we denote &, and the targets of the regression
are the differences between the new state ' and the starting state «. For con-
venience we define Ax; = x; — x;_, for two consecutive states x;_;, x;, where
subscripts ¢,t — 1 denote time. For each target dimension (D in total) we use
an independent Gaussian process, and each of these GPs takes x, u pairs as in-
puts, so their dimensionality is R”*# — R. The dimensionality of the overall
model, that combines the predictions of the individual GPs is RP+# — RP.

We use a squared exponential kernel for each GP model, and they are all

trained with evidence maximisation as outlined in Section 2.2.

2.3.2 Controllers

PILCO uses two main controller types, a linear controller and a controller
based on a set of Radial Basis Functions (RBF). To incorporate constraints on
the control signal, when necessary, the inputs are transformed via a sinusoidal

function and are scaled appropriately. The final controllers take the form:

u = 7% (x) = esin(W_.x + b,) and (2.27)
Tt

u=rnx) = esin(Z(a: — gi)TWcTil(:z: -9)) (2.28)

i=1
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where ny¢ is the number of basis functions for the RBF controller and e a scal-
ing coefficient, assuming constraints of the form —e < u < e. For the linear
controller, 6 will denote {W., b.}, while for the RBF {g;, W, } ™.

Notice that in both cases the analytical form of the controller allows us to
a) calculate the mean and variance of the distribution of w, if  is Gaussian

distributed, b) calculate the gradient of u with respect to « and 6.

2.3.3 Trajectory predictions

In this section we outline the GP model can be used to obtain predictions for
a whole trajectory of the system.

Starting with an estimate of x;_;, as a Gaussian distributed random variable
with mean p;_; and variance X;_; our goal is to estimate the state x;. Firstly,
using the policy 7 we calculate the input u;_;, as p,, and X,. Then %, ;| =
(x¢_1,u4_1) is Gaussian distributed too, x; 1 ~ N (g, ,, Xx,_,)-

We recognise here that the prediction we have to make requires the GP
posterior predictive distribution at a normally distributed (noisy) input x,_;.
We obtain these using Equations (2.19), (2.25).

Now we have a prediction for Ax;, as pax and Y'ax. A prediction for p(x;)

can be obtained via:

e = -1+ pax (2.29)
Zt = Etfl + EAX + COV[thl, Axt] + COV[AXt, thl] (230)
cov[x, 1, Ax;] = cov[x; 1, u; 1] X, 'cov|us_ 1, Ax,] (2.31)

This process can be repeated for all time steps in a trajectory, or in other words

forallt=1,...,T.

2.3
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2.3.4 Reward function

We assume a reward function of the form:

r(x) = exp (—(m - a:target)Tzr_l(w - a:target)) . (2.32)

It is worth considering this assumption in more detail. Firstly, the reward
function is known a priori which is not usually the case in Reinforcement Learn-
ing. Secondly, the reward function has the specific form outlined in Equation
(2.32), which is smooth and unimodal, making many manipulations signifi-
cantly easier (as discussed later). This assumption can be seen as limiting the
applicability of PILCO; however, we argue that it is not necessarily as restric-
tive as it might appear at first glance. While it is true that in the typical RL
setting, as with the MDP framework we described in Section 2.1, the reward
function is unknown and can be fairly arbitrary, these requirements are often
relaxed in different ways.

In many practical scenarios, a researcher may wish to train the agent to per-
form a task that does not come with an independent numerical reward func-
tion. The specifications of the desired agent behaviour are often loosely de-
scribed in natural language, and specifying an appropriate reward function is
part of the research question. Taking into account domain expertise, the na-
ture of the agent and the algorithm the agent is trained with are all part of
this process, often called reward shaping [102]. Furthermore, surrogate reward
functions are often used, usually to encourage certain aspects of the agent’s be-
haviour, for example, encouraging exploration throughout training [142, 14]
or accelerating learning [91, 92]. In all these cases the reward function does
not fit the canonical description of an arbitrary, unknown, externally defined

function. The assumption that PILCO makes, while it can be restrictive, poses

2.3
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the challenge of capturing the essential aspects of the task at hand in the pre-
specified reward function form. In cases where the task comes with a reward
function that is not given in closed form, but a qualitative understanding of
what behaviour this reward function encourages is available, it is often possi-
ble to approximate the original reward function, with a function of the form
specified in Equation (2.32). We present examples of this in the experimental

sections of Chapters 4 and 5.

2.3.5 Policy Evaluation and Policy Improvement

Predicting the trajectory of the system for a given controller is a crucial step,
but it is not our end goal: the goal is obtaining a controller that maximises the
expected return. So far, for any parameter value 8, we can produce a sequence
of mean and variance predictions for the states the system is going to be in the
next 7" time steps. We use this prediction to estimate the reward that would be
accumulated by implementing the policy. We hence only evaluate promising
policies, and we drastically increase the data efficiency of the method.

The sequence of predictions we get from the model (Gaussian posteriors
over states) form a probabilistic trajectory, which can be parametrised using the

posterior means and covariances as:

tr® = {p1, X1, po, X, ..., pr, X1} (2.33)

The expected value of the sum of rewards accumulated over an episode,
known as the expected return, is the sum of the expected rewards received at

each time step. Since every predicted p(x,) is approximated by a Gaussian
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distribution we can write the total expected reward as:

RT( (0) = ]Extr

ZT(CEt)] = ZEXt [T(mt)]u (234:)

t=1 t=1

where:

By [r(x)] = / P ()N (%, ) . (2.35)

Given the form of the reward function we use, calculation of the integral in
equation (2.35) is easy to obtain in closed form [30]. This step is known as
policy evaluation and many different RL approaches implement a version of it.

After evaluating a candidate policy, PILCO proposes a modified, improved
policy for evaluation. A gradient-based optimisation algorithm is used to op-
timise the controller’s parameters so that the expected return is maximised. In
fact, the same optimiser used for training the GP model with evidence maximi-
sation, L-BFGS-B is used here too. The gradient of the return R with respect
to the parameters 0 is calculated analytically using the model. In the policy
gradient literature (for example [156, 141, 130]), the gradients are usually es-
timated stochastically. However, we do not have to resort to stochastic estima-
tion, which is a major advantage of using (differentiable) models in general
and GP models in particular.

In order to calculate the gradients of the return over the parameters, we

sum the gradients of the reward at each time step over all time steps, as:

dR™(8)  ~— dEy,[r(z))]
= Z e (2.36)

t=1

Now we consider a single time step t. We can write

dEy,[r(x,)]  OE[r(x,)] dp N OE[r(x;)] dX2,

= 2.37

2.3



28

The partial derivatives can be calculated from Equation (2.35) and basic iden-

tities for Gaussian distributions (the fact that the reward belongs in the expo-

nential family of functions makes this possible). The terms % and

dX
de

require
us to consider how the parameters 8 influence the mean and variance of the
system’s state at time ¢. To address that we will have to use recursion back to
the starting state. We here focus on the mean p but the analysis for the variance

is similar [30]. For p; we have from Equation (2.29) and (2.19):

e = -1+ Bax, = Be-1 + BRf(ze_1)s (2.38)
and thus:
dpe  dpeor | diby(zeoy)
0~ 40 ' de (2.39)

where p15(%, ) is obtained by applying Equation (2.19) D times, each time ob-

taining one (scalar) j¢(x, ,)q, for each dimensiond = 1,..., D.
For d‘;%l we repeat the same process, but on the previous time step, thus

completing the recursion.

Let us focus our attention on the dth component of the vector p14(x, ), which

dpf(xy_1).d

we denote (5%, )« and its derivative with respect to 6, %

. Equation
(2.19) allows us to calculate jif(x, ,)q as the mean of the Gaussian predictive
posterior distribution at the noisy input x;1 ~ N(px, ,, Y%, ,). Recall that
%1 = (-1, w1), withx,_1 ~ N (1, Xy_1) and u,_; = 7%(x,_1). Hence, af-

ter making the appropriate substitutions, we can express pf%, ,), as a function

of three variables, pu; 1, 3,1 and 6. We thus write:

i d _ Ol d dpeor | Oty dZir | Oty )
0 Oy dO 0%, ., db 00

(2.40)
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The partial derivatives can be directly calculated by the expression that gives

ILf(%,_1),d, in part thanks to the specific form of the controllers used. The terms

d’ggl and dzdgl again lead to a recursion, as they correspond to the same terms
we are calculating here, but at the previous time step. For additional details
we refer the reader to [30].

This step, obtaining a new candidate policy based on some criterion and
previous data, is known as policy improvement and is also common in numerous
RL algorithms. The policy improvement step is, in computational terms, the
most expensive operation of the algorithm, since it involves multiple passes

through the equations for GP predictions with noisy inputs, one for each time

step.

Algorithm 1 Main PILCO algorithm

1: Initialize model and policy with 8,, and 6
2: Interact with the system, collect data
3: Train GP model (updating 6,,) with evidence maximisation
4: repeat
5: repeat
Evaluate policy with R™(0)
Update policy (updating 6) using gradient of R™(6)
until Convergence or a time limit is reached
Interact with the system, collect data
10: Retrain GP model on the new data set
11: until task learned (or run out of time, interactions budget etc.)

2.3.6 Discussion

Algorithm 1 offers an overview of the high level steps PILCO follows. After
initialisation, the model training proceeds. Subsequently, the model is used in
the policy evaluation - policy improvement loop, both to evaluate the expected
return, which is the objective function used to optimise the policy parameters,

and to provide the gradients of the objective with respect to said parameters.
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Once a new candidate policy is available, the controller is implemented on
the original dynamical system and new data are collected. This process is re-
peated until either the task is successfully learnt (based on some task-specific
criterion) or until a limit in the number of interactions is reached.

PILCO’s main advantage is its unprecedented data-efficiency. The com-
bination of a flexible probabilistic model, that allows for closed-form, prob-
abilistic predictions of entire trajectories, with closed-form gradient calcula-
tions proved very successful for training controllers with very few data points.
PILCO’s limitations are not entirely unrelated to its strengths: while data-
efficient, the policy optimisation can be very costly computationally; the GP
model uses a smoothness assumption to learn fast and generalise, but that can
make dealing with discontinuities or stiffness rather hard; the gradient com-
putations (hard-coded in PILCO’s implementation) can make changing any
component of the algorithm time consuming.

In the Chapter 4, we introduce our own software tool that implements and
expands the PILCO framework. We detail how each component of the algo-
rithm performs separately and various test cases of the whole algorithm in

action.
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Review of relevant literature

This dissertation is focused on model based policy search methods for safe
reinforcement learning. To ground our work in the wider research field, we
tirst discuss model based policy search as a subset of RL methods, and then
focus on notions of safety, as employed within RL as well as in other research
communities, along with the various methods used to achieve these safety ob-

jectives.

3.1 Model-based policy search methods as part of
the reinforcement learning literature

Reinforcement learning is a wide field with a rich and complex history. It uni-
ties independently developed lines of research and it tackles a wide range of
applications, each with its own priorities that call for distinct approaches de-
spite the overarching similarities. Sutton and Barto [140] identify research on

optimal control, and the related introduction of value functions and dynamic
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programming as the one thread leading to modern RL research, with another
being research on learning through trial-and-error, inspired by learning in an-
imals. This taxonomy is interesting from a historical perspective, but as these
threads have been successfully brought together long since [140], this alone
cannot make sense of the multitude of current RL algorithms.

While there is no definitive classification for RL methods, it is helpful to
consider some high-level distinctions. One such distinction is that between
value function based methods and policy search methods (often the distinc-
tion is formulated as between value function based and policy gradient meth-

ods, but policy gradient methods are just the most popular class of policy

search algorithms [32]). Another distinction is between model-based and model

free methods, and a third between methods that assume access to perfect state
information and those that take into account partial information. Another
class of RL algorithms are those that combine RL techniques with deep learn-
ing methods [53]. Deep learning has achieved momentous success in numer-
ous domains, including reinforcement learning, computer vision [79], natural

language processing [147, 75] and speech recognition [8].

3.1.1 Value function and policy search methods

Policy search methods generally work with policies that are parametrised, and
try to find values for these parameters that maximise long term return [140,
32]. Optimising the policy for maximum expected return is thus formulated
as a search task in the space of the policy parameters. Value function based
methods focus on learning a mapping from states (or state-action pairs) to
long term return (the value function). The value function is subsequently used

either for action selection directly, or to update the current policy. Still, as
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the crucial task is learning an accurate value function, the core components of
these algorithms work in the space of states, or the combined space of state and
actions [32]. Bridging the gap between these two categories of RL methods are
actor-critic approaches, that employ both a parametrised policy and a value
function [140, 10].

Policy search methods are generally considered a better fit for applications
involving physical systems [32]. They can handle stochastic policies and incor-
porate prior knowledge (e.g. in the form of structured policies) more naturally
than their value function based counterparts [140, 32]. As an example, robotic
systems typically involve continuous (and possibly high dimensional) state
and action spaces which tend to be more challenging for value function based
methods [32].

The policy search domain can be further broken down in different seg-
ments, depending on the type algorithm used to perform the search: gradi-
ent free methods, such as evolution strategies [62, 123] have been explored,
along with optimisation schemes inspired by expectation-maximisation [77]
and information theory [110]. The most common approach however is that of
using the gradients of the expected return with respect to the policy parame-
ters, leading to policy gradient methods [141, 73, 111]. PILCO [34] belongs to
the policy gradient family, but is not a typical example: most policy gradient
algorithms rely on a stochastic estimator of the gradients, while PILCO uses
the learnt model of the system dynamics to analytically calculate the gradi-

ents, based on the model’s predictions.
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3.1.2 Model-based and model-free RL

Model-Free Reinforcement Learning (MFRL) approaches rely on sampled tra-
jectories for learning without using an explicit model, whether they construct
a value function or optimize the policy directly. In contrast, Model-Based Rein-
forcement Learning (MBRL) approaches use a model of the system dynamics
to predict trajectories and/or future rewards, instead of (or sometimes in com-
bination with) sampling directly from the real system. The term Model-Based
Reinforcement Learning (MBRL) is somewhat ambiguous. On one hand it
refers to algorithms that assume a model of the environment is given (a pri-
ori), for example as a simulator, or as a closed form description of the transi-
tion probabilities. Simultaneously, the term can refer to algorithms that build
a model of the environment as an intermediate step in the effort of training a
policy that achieves maximal return.

The difference between these three approaches can be illustrated by con-
sidering three major recent papers that attracted a lot of attention both from
within and without the research community. Firstly, Deep Q-Network (DQN)
[97], is a model free algorithm, combining the original Q-learning algorithm
of Watkins and Dayan [154] with deep neural networks, introducing several
novelties that improve and stabilise training. It showed human-level results
in a large set of video games based on the Atari 2600 engine, taking the raw
pixels as inputs, and thus having an extremely high dimensional state space
[97]. The algorithm does not try to learn the system dynamics (a very hard
task given the dimensionality of the state space), and does not have access
to a simulator. AlphaGo [133], a hybrid algorithm using both reinforcement
learning and Monte Carlo Tree Search (MCTS) to play the game of Go, is a

model-based algorithm, in the sense that it relies on a provided simulator for
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the game’s transitions. Finally, MuZero [129] is an algorithm applicable to
both Atari games and Go, but also Shogi and Chess, matching or surpassing
the state of the art in each of these domains, without access to a simulator. In-
stead, MuZero, also a model-based algorithm, learns a model of each domain
that allows for long term prediction. As we focus on learnt models, we use the
term MBRL to associate with the latter meaning exclusively from this point
forwards.

While the line between MBRL and other methods can be blurry, Dyna [139]
is often considered the first seminal work representing the start of the field. As
a general architecture Dyna allows learning a model, and choosing whether to
sample trajectories from the model, or interacting with the environment. The
model is learning the dynamics of the system, on a timestep-by-timestep basis
and the potential use of various classes of models is outlined. Two variants are
presented in Sutton [139], one closely related to value iteration and one based
on Q-learning [154]. Both methods demonstrated how planning even with an
incomplete learnt model is beneficial and can accelerate learning drastically.
The notion of non-stationary environments, where the dynamics of the sys-
tem are changing over time is also described, as an additional motivation for
the use of a flexible model. Another early work in MBRL is Moore [99], where
a very simple model keeps track of all pairs of initial and successor states en-
countered, and updates value estimates not uniformly but by prioritizing im-
portant and relevant updates.

MBRL has attractive qualities [153], with data-efficiency and cross-task gen-
eralisation being the most prominent. The core idea behind the data-efficiency
potential of MBRL is that an agent that builds a model of the environment can
use that internal model to reduce the amount of interactions with the envi-

ronment necessary to achieve a certain level of performance. For cross-task
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generalisation, it is assumed that when the task changes in a limited, struc-
tured way, a model-based RL algorithm might be able to leverage the model
it has constructed to speed up learning, whereas a model-free agent, having
only trained a task-specific policy, will have to restart learning virtually from
scratch. A canonical example involves a robotic agent, which has learned to
follow a specific goal trajectory as a first task. A change in the goal trajectory
can be reflected as a change of the reward function in a MDP. Since the tran-
sition probabilities remain unchanged, a model-based agent can in principle
leverage the model built during the first task to adapt to the second task, while
there is no such straightforward way for a model-free agent to make use of the
structure that is shared across the two tasks.

For Deep Reinforcement Learning (DRL) in particular, we note that early
successes came mostly in the model free domain [97, 96], but model based
approaches have gained significant interest more recently [155, 109, 57, 40,
72]. This push also includes approaches combining DRL with online control
[157, 27] and high level planning performed with neural networks [81].

An argument against MBRL is that building an accurate, global model of
the environment’s dynamics can often be a lot harder than the actual RL ob-
jective of finding a good policy (one that achieves high reward) [56, 28]. This
claim is of course informal, since it is unclear what ‘hard” means in this context
and actually formalising it is surprisingly challenging. Nonetheless, it seems to
hold true in some scenarios; for example, for the widely used RL benchmarks
based on Atari video games, building a model that is accurate enough to pre-
dict screen outputs, for hundreds of time steps, with any degree of accuracy,
seems difficult no matter which definition of hardness we choose. However
this is not necessarily the case for all settings, and in particular settings where

the transition probabilities have more benign properties (e.g. smoothness). In-
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terestingly, physical systems, have both a need for data-efficiency, as data col-
lection can be costly, and their dynamics, having to follow physical laws, tend
to have a degree of structure rather than being completely arbitrary, which can
be exploited in building a model.

A major limiting factor in the usage of model-based methods is model bias:
an inaccurate model favours policies that are suboptimal. When that inaccu-
racy is due to limited data (variance), then as more data are collected, inaccu-
racy reduces. If the inaccuracy is due to the model being not flexible enough
however, it persists even in the limit of infinite data. Since a very flexible, but
complex, model can be very hard to train, some model bias is to be expected.
In fact the trade off between greater model flexibility, and thus less model bias,
and the cost of training and using a complex model is an important topic on
its own. More expressive models typically require more data, and are more
expensive to use, on a per-prediction basis, which can be crucial in real-time
settings. An interesting approach to dealing with the issue of model bias, and
the one we follow, is to quantify the uncertainty of the model’s predictions.
This can encourage further exploration for uncertain predictions, or in general
be used for a principled trade off between exploration and exploitation. To
quantify the model’s uncertainty one may choose to use a probabilistic model,
such as Gaussian processes, which is the approach we and others [34, 25, 148]
adopt. GPs also indirectly address the issue of model flexibility, as they are not
based on a fixed number of parameters, but use the available data for predic-
tions [118]. Other methods [27, 151] estimate the predictive uncertainty using
ensembles of neural networks models. Another research direction is to com-
bine model based and model free methods in a hybrid approach that ideally

retains the advantages of both methods [105, 101].
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3.1.3 Perfect and partial state information

So far we have assumed that the state of the system can be measured directly,
perhaps in the presence of measurement noise. However, it is often the case
that certain state variables cannot be measured at all, and they need to be in-
terred indirectly through a model that takes into account both the transitions
of the unobserved states, and the generating process of the observations. In

general the model takes the form:

vy = f(zi—1; A) + nyy (3.1)

Yr = g(x4; B) 4 vy, (3.2)

where z is the unobserved state, y are the observations, n,v represent noise
terms and A, B represent parameters of the functions f and g. The Partially
Observable Markov Decision Process (POMDP) [11, 70] is a standard frame-
work, suitable for this setting. Surveying the whole corpus of the POMDP
literature is beyond our scope, but surveys of the field are available [131, 121],
and we point out that in the special case of a linear system (both f, g assumed
to be linear) and Gaussian noise, an excellent review was provided by Roweis
and Ghahramani [122]. It is also worth noting that dual control theory [41]
follows an equivalent formulation, but early work in the two communities was
largely independent [140]. Our work assumes observable states, but some of
the methods developed in partially observed environments is closely related

to ours, and the similarities open up promising directions for future research.
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3.1.4 Reinforcement learning with Gaussian Process based

models and full observability

After briefly reviewing the characteristics of the various reinforcement learn-
ing approaches, we now focus on methods close to our approach. In this sec-
tion we start with PILCO [34] and discuss relevant model based RL methods
that mostly use Gaussian processes, in a fully observable setting.

PILCO [34] assumes no latent states and uses a single GP model to cap-
ture the system dynamics. As previously discussed, the GP model is used
with moment matching to predict the outcome of a given policy (policy eval-
uation). The gradients of the error along the policy parameters can then be
calculated allowing the optimal policy problem to be solved as a standard
gradient-based non-convex optimisation problem, using L-BFGS or a similar
method (policy improvement). Once the policy is designed, it is implemented
on the actual system (typically not the GP model, but potentially a simulation
environment), the GP model is refined and the process is repeated until the
task at hand is successfully solved.

An extension to PILCO has been proposed [33] that allows a robotic ma-
nipulator to avoid obstacles in the state space while training. The method can
successfully deal with many practical challenges of the application (low cost
robot manipulator, simple, off-the-self camera sensor and so on) but the most
interesting element is the introduction of obstacles in the state space. In order for
PILCO to avoid the obstacles, Gaussian-shaped penalties are incorporated (by
simple addition) in the reward function. Comparing this approach with the
original algorithm, we note that it takes slightly longer for the successful pol-
icy to be learned (due to the more complex reward structure), but the number

of collisions while training is drastically reduced.
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The PILCO framework offers a rich and carefully implemented base for
modelling dynamical systems with GPs, incorporating inputs and a procedure
to evaluate, improve and test policies. Some of its limitations are related to
intrinsic problems with GPs, such as scalability, since, with a naive approach,
the computational complexity of fitting the GP model is cubic to the number of
data points. This restriction in the amount of data that can be handled favours
low-dimensional state spaces over high dimensional and complex ones. Other
limitations arise from the moment matching assumption made by PILCO in
order to perform longer term predictions in a tractable way (we discuss this
further in Chapter 6).

In another work [46] extending PILCO, some of the aforementioned limita-
tions of the framework are addressed by replacing the GP model with a neural
network. To incorporate uncertainty in this neural network approach dropout
is used as an approximation of the output uncertainty [45] and particle filter-
ing to capture the input uncertainty. The proposed method can leverage GPU
architectures for training and, combined with much better asymptotic com-
plexity (constant in the number of trials and linear to the number of input and
output dimensions), shows promising results on the benchmark tests, espe-
cially for higher dimensional applications with larger datasets.

PILCO updates its model and policy offline, between episodes, based on the
predicted trajectory. An alternative approach is to update the model, the pol-
icy, or both online during the episode, using the extra observations as they be-
come available. Several works have explored this direction [74, 9, 146 | combin-
ing GP-based models with Model Predictive Control (MPC). MPC is a widely
used methodology originating in control theory, with the key concept of using
a (usually linearised) model to plan for a number timesteps, taking a number

of actions according to that plan and then updating it, based on the new state
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observations. The online setting clearly increases the need for formulating op-
timisation problems that can be solved quickly, so typically these methods use
additional approximations. In Kamthe and Deisenroth [74] for example a re-
formulation of the stochastic problem of optimising a control policy given a
probabilistic model is employed, resulting in an equivalent deterministic prob-
lem. In the deterministic setting, MPC can be straightforwardly applied. Other
works [9, 146] use sparse GP approximations [134, 83] to facilitate faster up-

dates, obviating the naive cubic complexity associated with GP training.

3.1.5 GP state space models with partial observability

We focus next on a number of methods for the POMDP setting that are closer to
our work, i.e. combining GP-based models with other techniques to improve
scalability or enable online planning.

Gaussian Process Dynamical Models (GPDM) [152] use GPs for modelling
dynamical systems with latent variables. GPDM uses a more elaborate scheme
than PILCO to model the system dynamics, but without designing a controller,
as no control input is present in this formulation. It is assumed functions f and
g, from equations (3.1) and (3.2), can be expressed in terms of linear combi-

nations of basis functions as:

[l A) = Zai¢i (3.3)
g(z; B) = Z bjvj, (34)

where ¢ and 1 are the basis functions, a, b are trainable weights, and N, M the
number of basis functions used in each case.

Isotropic priors are placed on the weights a;..ay and b,..by; and the func-
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tions f and g are modelled by a GP each, where a squared exponential (SE)
kernel is used for g and a linear + SE kernel used for f. The algorithm is tested
in open loop prediction and shows improved performance in comparison with
baselines (e.g. [82]). Hybrid Monte Carlo (HMC) sampling is also used, and
the authors suggest that initialising HMC using the mean-prediction trajecto-
ries offers a speed up on HMC convergence. In another experiment, the GPDM
approach outperforms a linear dynamical system approximation, as expected.

An extension to GPDM has been proposed [76] that attempts to verify
safety properties of the GPDM model. While the two GP approach of GPDM
is followed, there are no latent variables in this model. The safety property is
expressed in linear temporal logic (LTL) (similar to other works [58, 69]) and
the problem is formulated as a probabilistic reachability objective: a require-
ment of reaching some "unsafe" states 7" with probability less than some given
A. Equivalently, this can be posed as a time invariance property, demanding
that the system does not leave a safe subset of the state space with probability
greater than some A. To answer whether the system admits the safety prop-
erty Hybrid Monte Carlo is used, an approach that is in essence statistical: the
probability of the property being verified is estimated by the fraction of exper-
iments where it holds. At the same time, this is part of an iterative algorithm
that uses the HMC samples to refine the GP model, and samples from the new
model. The assumption behind this iterative process is that convergence (of
the GP model) implies that the GP is an unbiased estimator and that the HMC
samples are fair.

Another approach was presented by Frigola et al. [44], where Gaussian
processes are used in combination with variational Bayes and sequential Monte
Carlo to learn a state-space model. The goal of learning is to provide an ap-

proximation of the posterior distribution over the possible dynamical systems,
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given a very flexible prior and the available data. The use of sparse GPs allows
the user to trade off model capacity with computational burden at will. Inter-
estingly, the system is shown to be capable of learning latent models of higher
dimensionality than the observation space available. Furthermore, the varia-
tional approximation allows keeping the computational complexity of making
predictions independent of the length of the time series trained on. Elefthe-
riadis et al. [37] adopt a similar variational Bayes approach, but combine it
with a recognition model using a bi-directional recurrent neural network, in-
stead of a particle based method. Their approach can use effectively different
kernel functions (smooth and non-smooth), which benefits learning, allowing
the model to capture both sharp, instantaneous changes, and more consistent
behaviour away from the training data. This is achievable due to the combi-
nation of shorter and longer length scales used. Experimentally the system is
shown capable to correctly capture the latent dynamics, with few data points
of partial observations.

Berkenkamp and Schoellig [17] use a GP to model a dynamical system, and
design a controller that guarantees stability while learning. The dynamics are
given by:

Trp1 = f(or, ur) + g(xr, up) (35)
yr = Cap + wy, (3.6)

where function f represents an a priori known model and function g the un-
known part of the system’s dynamics, while w is white noise. Function g is
modelled with a GP. Assuming an operating point, the GD, as well as its analyt-
ically calculated derivative, which is also a GP, are used to linearise the system.
Then, robust control theory is employed to create a stable controller for the

linear system in question. As more data become available, the GP model is
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updated. To ensure online stability during the learning procedure good priors

and initial values for the hyperparameters are needed.

3.1.6 Imitation Learning

Imitation learning is a framework centered around the key idea of learning
from observation, either with or without direct access to the states and actions
of the demonstrator. It is often connected with RL, despite being a distinct
methodology with a rich history of its own [126, 106]. Roughly speaking, im-
itation learning can often provide the crucial initial information that an RL
algorithm needs to bootstrap learning in complex tasks where uninformed ex-
ploration would be prohibitively data intensive and time consuming [126]. It
has achieved wide usage and significant practical success in robotics. DAG-
GER [121], standing for dataset aggregation, is a popular imitation learning al-
gorithm, incorporating prior knowledge about the task at hand from an expert
while also providing strong theoretical guarantees in a no-regret framework.
Briefly, an agent collects experience with a policy and an expert annotates op-
timal actions for the states encountered by the agent. Then, the dataset of past
state-action pairs is aggregated with the expert’s suggestions and the policy is
optimised on the aggregated dataset. In Innes and Ramamoorthy [67] imita-
tion learning is combined with added specification information, expressed in
linear temporal logic. This way the safety considerations are explicitly embed-
ded in the learning process. Ideas from robust control and curriculum learn-
ing are also used to enable robotic agents to data-efficiently learn policies that

respect even complex specifications.
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3.2 Safety

Broadly speaking, there are diverse considerations under the term of safety,
coming from different research communities. We examine some of these def-
initions, along with the relevant methods devised to solve this wide array of
problems.

Ideas relevant to safety have been in the scope of control theory for decades.
Usually the focus is stability, which in coarse terms corresponds to the abil-
ity of the controller to keep the system operating close to a set point, under
certain disturbances. Robust control is more relevant to our problem, since it
deals with model uncertainty (certain parameters are not exactly known, but
take values within bounds) and optimising performance simultaneously. The
dual estimation problem refers to the problem of estimating a good model of
the system, while inferring its state at the same time (it is indeed directly re-
lated to section 3.1.5). Furthermore, H., (H-infinity) theory allows optimising
performance, while guaranteeing stability. Model predictive control (MPC)
also optimises performance, uses a model of the system, deals naturally with
constraints and is widely used in practical applications [88]. Chance con-
straint optimisation deals with optimising a cost function under uncertainty
and constraints. Constraints are probabilistic, in the sense that they have to
be respected with some predefined probability. For more on chance constraint
optimisation, see Li et al. [85]. A survey of the safe reinforcement learning
literature was presented by Garcfa and Fernandez [48].

In the following we try to identify and group together various notions of
safety, in other words the different considerations that are encapsulated in the
term safety, and then describe the various strategies and techniques employed

to achieve them.
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3.2.1 Formalising safety
Lower bounds on the return

A central idea in RL, almost synonymous with RL itself, is learning by ‘trial
and error”: the algorithm has to explore new policies and/or areas of the state
space, in order to learn how to make optimal decisions, based on the feedback
from the reward function. In the long run a successful RL algorithm will lead
to increased expected return!. However, two important issues can be raised

[48]:

e Even a policy that is optimal in terms of expected return can have signifi-
cant variance, so that in a fraction of episodes it collects very low return

(e.g. due to the stochasticity of the environment).

e During training, policies with very low performance might be explored

by the agent.

In different risk sensitive contexts, one, or both of the above can be unacceptable.
In finance, for example, the agent can lose a significant part, or the totality, of
the portfolio it manages. In robotic applications the agent could be causing
costly damage to the robot itself or its surroundings. A straightforward way of
formulating a safety property for a reinforcement learning algorithm is thus
providing a, perhaps probabilistic, lower bound on the return the algorithm
achieves, either exclusively for the final policy it converges at, or also valid dur-
ing training. To address such concerns several risk aware reinforcement learn-
ing algorithms have been proposed [137, 16, 54, 124 ], some of which we review

in more detail in Section 3.2.2.

Recall that return is defined as the sum of rewards in an episode
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State space constraints

In many RL tasks the agent operates in a state space with subsets known a pri-
ori to be undesirable. These can include parts of the physical two dimensional
or three dimensional space, where (stationary) obstacles exist, or operating
conditions, such as temperatures and pressures that are dangerous or costly.
A typical RL approach would be to assign negative reward to these states, cap-
turing the task designer’s preference for avoiding them. In practice however,
this is much harder than one might initially think, both because the negative
rewards need to be carefully weighted versus the possible increase in posi-
tive reward the agent would get by passing through these states to reach its
eventual goals, and because, during exploration, the agent would either need
to experience these negative rewards for a number of times or the negative
rewards have to be given on a superset of the dangerous states, introducing
extra hyperparameters and design choices. An alternative approach, mostly
applicable to model based methods, is to encode the fact that certain states
should not be visited in a set of constraints. Then, by using the model, the
agent can evaluate whether a set of actions (or a policy) will lead to constraint
violations, in a deterministic or probabilistic fashion, depending on the nature
of the model. Several methods [9, 146, 33, 74, 4] adopt such an approach to
encode a notion of safety, and this is the approach we follow in Chapters 5 and

6.

Safety as ergodicity

Another way to define safety is through the notion of ergodicity [145, 98]; the
agent can explore states in the state space only if it is possible to reverse its

actions and revert to previous states. At first glance, the connection between
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ergodicity and other notions of safety can be unclear. With the appropriate for-
mulation though, we see that by ensuring ergodicity we can guarantee other
safety notions too. A robotic agent cannot destroy its physical components, as-
suming that it lacks the capacity to repair itself, as this change is irreversible.
Similarly, in a financial context, a complete loss of an agent’s portfolio is also
irreversible, as in a typical scenario there is no action to recover from such a
situation. In general, an ergodic policy prohibits the agent from visiting “sink
states”; parts of the state space the agent cannot escape from once it enters. On
the other hand, in practice it can be hard to ensure safe operation in this fash-
ion, as the MDP framework rarely models the full spectrum of possible conse-
quences of the agent’s actions, e.g. the integrity of the physical components of
a system. Still, this approach is especially attractive for non-episodic settings,
where the agent’s experience cannot be broken down in limited episodes, after
which the agent and the environment resets, but is treated like a continuous

stream.

Safety as a verifiable property

An alternative approach to similar safety notions comes from the formal veri-
fication community. The tools of formal verification can provide a robust basis
for a rigorous treatment of systems’ properties [13]. In fact we already men-
tioned such an approach [67] discussing imitation learning. Junges et al. [69]
assume a known model, unknown costs/rewards and safety constraints. The
safety constraints here take the form of a probabilistic reachability objective.
The problem of designing a policy that minimises the expected cost and re-
spects the safety constraint is solved iteratively. First a set of safe policies is
constructed in the form of a permissive scheduler, using an SMT solver. Then,

reinforcement learning is used, along with the safe permissive scheduler, to
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minimise the expected cost given this scheduler (this is equivalent to picking
the best policy from the set). In the next step the permissive scheduler is en-
riched through the SMT solver, the policy is optimised again and so on.

In another work [58] in this direction it is assumed that a set of Linear Time
Invariant (LTI) systems with no process noise, parametrised by some 6, can
effectively capture the system dynamics. Then probabilistic reachability prop-
erties are expressed in Linear Temporal Logic (LTL). A satisfaction function
is constructed, as a mapping from the parameter space to the interval [0,1]
(the probability of the system satisfying the property). A priori knowledge
is encoded by placing priors on the parameters 6. As noisy observations are
obtained, the prior is replaced by the posterior distribution in a Bayesian ap-
proach. The probability of satisfying the safety property is calculated as an
expectation over the posterior of §. An important theoretical result presented
is that if the property is admitted in a polytope in the state space, the feasible
values of f form a polytope in the parameter space ©. In conclusion, the paper
outlines an algorithm that allows, given a prior and noisy observations, to esti-
mate whether a property is admitted, along with an estimate of the uncertainty
of this answer.

Another line of research also specifies the safety property using LTL, but
in this case the LTL formulas are translated into Limit Buchi Deterministic Au-
tomata [59, 60]. The automata are combined with the MDP of the task, to pro-
duce a reward function that by design ensures safety, with no need for further
prior knowledge, or hyperparameter tuning. The intersection of formal verifi-
cation methods with RL is a very active research field exploring new directions
[29] and combining formal verification with deep reinforcement learning [61,

65].
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3.2.2 Promoting safety and applications
Safety with accurate uncertainty estimation for planning

An important challenge when planning with Gaussian processes is tracking
uncertainty accurately, as predicting over uncertain inputs is analytically in-
tractable, as we show in Section 2.2.3. Underestimating predictive uncertainty
canlead to critical safety risks, such as policies that violate imposed constraints.
PILCO uses moment matching to approximate this computation.

An interesting alternative approach is presented in [149, 148], but it is fo-
cused on stability, not safety. Two distinct cases are drawn early on: system
dynamics described by the mean of a GP and system dynamics described by
a full GP distribution. The authors define two variants of stability, one equiv-
alent to Lyapunov’s, for systems with deterministic dynamics (mean of a GP)
and the stochastic equivalent for systems with process noise, dubbed finite
time stochastic stability. The novelty of this work does not lie in the introduc-
tion of these definitions though: it lies in the way uncertainty is propagated
through the system’s dynamics. In PILCO, the non-Gaussian distributions that
result from iterative predictions are approximated via moment matching. That
makes the uncertainty bounds that are propagated along time to be dependent
on the precision of this approximation. For a multimodal distribution for ex-
ample, the uncertainty bounds tend to be inaccurate. In these methods [149,
148] numerical quadrature is used to approximate the analytically intractable
integral that one needs to calculate to propagate the distribution over states
through the dynamics for multiple time steps; the distribution is approximated
by a mixture of Gaussians and the uncertainty takes explicitly into account the
error in this computation through quadrature error analysis.

In related work Koller et al. [78] focus on bounding the modelling error,
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that is the difference between the underlying system dynamics and the learnt
GP model, with the same goal objective of planning safely with GP models. In
order to compute error bounds they assume that the underlying function, de-
scribing the system dynamics, that is approximated by the GP has a bounded
RKHS norm and use existing results for this setting [136].

In Chapter 6 we present a novel method that formally bounds the propa-
gated uncertainty on the model’s predictions, and explain in more detail the

differences between the aforementioned methods and ours.

Safe Bayesian optimisation of policy parameters

As Bayesian optimisation provides principled uncertainty estimates, it is a nat-
ural fit for risk aware applications. Schneider [128] combines ideas from the
control literature with Bayesian model approximation, using the uncertainty
estimates provided to keep exploration of new policies safe. The focus of this
work is on industrial applications, where data are available only in a small re-
gion of the parameter space, and while local adjustments and improvements
are desirable, there are significant costs associated with aggressive exploration.
The models employed provide probabilistic estimates of the performance for
different values of the controller’s parameters and are subsequently used to
guide exploration in a conservative manner, penalising high variance. The
method is tested on the classic cart-pole system, with the objective of mov-
ing the system from one set point to the next while balancing the pole, which
starts from the upright position every time.

Another line of work [137, 16] incorporates constraints into the Bayesian
optimisation framework, rendering parameter optimisation safer. According
to the problem statement, there is an unknown reward function, f : D — R,

where D is a finite set of decisions, for example values for some parameters
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under tuning. In each round a decision a; is made and a noisy observation
y; = f(a;) + n; is obtained. Both studies take constraints into account, albeit
formulated differently. In the first case [137] a lower bound is imposed on
the algorithm’s performance, i.e. f(a;) has to be greater than some h. In the
second case [16] a number ¢ of constraints are imposed, where each one is an
inequality of the form g(a;) > 0. Every g function is similar in essence with the
reward function f: unknown, but for every episode a new noisy observation
is obtained.

This formulation blurs the line between the interpretation of safety as guar-
anteeing performance and the one that respects state space constraints, as ev-
ery g function can in principle capture the minimum distance between the sys-
tem’s trajectory and violating a state space constraint. On the other hand, as the
method is not considering the state space at all, it is arguably closer in essence
with other methods that bound the worst case reward or return. Again, cau-
tious exploration is encouraged, without use of simulator capable of predicting
trajectories. The probability of satisfying the safety property is calculated as an
expectation over the posterior. The reward function, as well as the constraint
function in [16] are assumed to be smooth, and using a Lipschitz continu-
ity assumption, probabilistic guarantees are proven. Instead of assuming or
determining the Lipschitz constants, in their practical implementations, both
algorithms rely on GPs with a squared-exponential kernel for capturing the

assumed smoothness.

Monotonic improvement for safety

Trust region policy optimisation (TRPO) [130] is a practical policy gradient
algorithm, suitable for large nonlinear policies, that can solve diverse complex

tasks, continuous, such as simulated robotic swimming and walking, and dis-
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crete, like Atari games with raw pixels as inputs. An interesting trait of the
algorithm, is that it is based on a procedure that is proven analytically to give
monotonic improvements with every new policy suggested. It uses a total vari-
ation divergence penalty on every step, keeping the proposed policy similar
to the previous one. To get the practical algorithm to be scalable though, the
total variation divergence penalty is replaced with a KL-divergence bound for
computational reasons. Still, TRPO is empirically shown not only to work well,
but also to be able to produce monotonic improvements (after some hyperpa-
rameter tuning) in practical settings. Monotonic improvement guarantees can
be connected to notions of safety; for example, as long as every unsafe pol-
icy achieves a lower reward than safe policies, starting from a safe policy, the
algorithm is guaranteed to not deploy any unsafe policies.

Constrained Policy Optimisation (CPO) [4] is also a policy search algo-
rithm closely related to TRPO. CPO guarantees not only monotonic improve-
ment in expected return but also constraint satisfaction, throughout training.
A theoretical result is presented first, expanding the results of TRPO, which
bounds the difference of the expected return of two policies, given their av-
erage divergence. Assuming there are available numerical costs that quantify
how close a policy is to violating each of the constraints, the algorithm guar-
antees, in a similar fashion with monotonic improvement, the satisfaction of
the constraints. Based on these results, a practical, approximate algorithm is
designed, in a scalable and computationally efficient way. Again the practical
algorithm is shown empirically to respect the constraints without impeding
learning in complex environments such as video games, observing only the

raw pixel information.
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Switching policies to ensure safety

A common practical strategy to achieve safe operation of a system is to switch
to a safe policy when needed [50, 42, 86, 69]. This approach is simple concep-
tually, and can achieve strong empirical performance. The requirement that a
safe policy exists can seem restrictive, but in practice this function can often
be performed by low-level stabilising controllers, or even simple rule-based
policies (e.g. "slowly back away from obstacle"). Another issue is the timely
identification of the need to switch to the safe policy, and the fact that switch-
ing between policies can hamper exploration [26].

The field of robotics is a natural domain of application for safety-aware
learning methods. Here the common assumption is that a reasonably accurate
model of the robotic system is available, but uncertainty can still be present,
either in the motion of the system [138, 68], or in the map, or model of the
environment the robotic agent operates in [12]. Of particular interest to us is
the work of Akametalu et al. [6] which also uses Gaussian process regression
for safe learning. In their case, safety is achieved by the system switching,
when necessary, to a safe control law, while in our case a single controller is
combining both objectives. We also avoid solving the expensive Hamilton-
Jacobi-Isaacs partial differential equation [51] that is used to initially compute

the safe control law.

Safety as collision avoidance

In Calliess et al. [21] collision avoidance is considered, in a multi-agent setting,
with the planning performed centrally. The trajectories of the agents, not be-
ing available explicitly, have to be predicted. The two first moments are used

for this prediction, but in a very different manner to PILCO [34]: instead of
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assuming that the distribution is Gaussian with the known moments, it is re-
quired that the collision is avoided for any distribution with these moments;
thus the approach is conservative. Another interesting point comes from the
way the space is partitioned to ensure no collision has too high a chance of oc-
curring. A Lipschitz continuous function predicting collisions is constructed,
such that when it takes a 0 value, the probability of a collision occurring is
equal to some marginally acceptable value \, whereas positive values are safe
and negative unsafe. This allows the authors to refine the grid at each area as
much as needed for the Lipschitz factor to guarantee no negative values, or for
anegative value to be found (a collision is likely to occur). It also worth noting
the ways collisions are resolved when identified. In the first case, agents wait
at their starting position before following the designed trajectory in order to
avoid colliding. Alternatively, agents are allowed to add different set-points
in their plan, and conflicts are resolved through a fixed priority or an auction

protocol.

Safety for transfer learning

An issue that arises when modelling physical systems is that the parameters
of the system can change, due to multiple reasons such wear and tear, sensor
drift etc. An instance of this problem is addressed in Held et al. [63], where
a robotic system changes in time and has to be controlled with a learnt policy.
The policy thus has to be updated periodically to adapt to the changing system.
This situation can lead to unsuccessful and possibly catastrophic behaviour
during the time it takes for the policy to adapt to the new characteristics of the
system. This notion is formalised with a damage measuring function, which is
used to define a safety constraint, by demanding its expected value to be lower

than a threshold. The proposed algorithm assumes that when there is high
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uncertainty about the system’s parameters, the torques applied by the robot’s
motors are limited and so the expected damage can be reduced. Assuming a
safe starting torque limit, the algorithm allows the system to continue training
safely, increasing the limit as more data become available. The uncertainty is
modelled with Gaussian distributions, and the KL divergence between policies
in each iteration is used to estimate, and bound, how much the policies can
change in a single step, and subsequently how much the torque limit can be

increased. In that sense this work is closely related to TRPO and CPO.

Safety by human supervision

Abel et al. [3] develop a general framework called a protocol program that con-
tains different ways for a human to intervene in an agent’s learning without
major assumptions on the agent’s structure or inner workings. Curriculum

learning, reward shaping and action pruning are incorporated as special cases

of human-in-the-loop reinforcement learning. Subsequently, they develop some

specific protocols, again as special cases of the proposed framework, in one of
which the agent has to deal with a safety constraint: certain state action pairs
are deemed catastrophic and the agent should never realise them. In this pub-
lication the actions are simply pruned (forbidden to the agent). In [125], the
approach is extended and the agent learns to play Atari games without vio-
lating some predefined constraints, using human intervention in the starting
phases of training and learning to imitate it successfully.

Table 3.1 contains a classification of the works mentioned above, along with
some of the described axes. We describe the state and action spaces as contin-
uous or discrete (C and D). The observability is described as full (F), referring
to access to all state variables or partial (P). Approaches that allow for noise

in the observations, but where each observations still corresponds to one state
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variable, are classified as fully observable. In other words, only works that ex-
plicitly accommodate hidden/latent states are denoted with P. The model col-
umn takes the values of Free, meaning model free, Full, assuming access to real
dynamics, NN, referring to modelling approaches based on neural networks
(ranging from simple to more complex architectures, including variational au-
toencoders, recurrent neural networks etc.), GP for Gaussian processes and
Other. A single paper is classified with GP, NN because it combines both of
these. Safety refers to any of the safety notions described earlier (denoted only
with a Yes or No), and Online refers to online planning specifically, and not on-

line learning or related notions.
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Table 3.1: Characterisation of important works in the literature, based on the

properties discussed in the rest of the chapter.
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A new software tool for PILCO

4.1 Chapter overview

Reinforcement learning (RL) is widely used to find suitable policies for a broad
range of tasks. Model free methods are especially popular, but they often re-
quire a large number of interactions with the system, usually a simulator, in
order to converge to an effective policy. In applications without a reliable and
accurate simulator, each policy has to be evaluated on a physical system. Phys-
ical systems limit the possible evaluations, since there is a non-negligible cost
associated with each evaluation, in multiple resources: time, since every trial
usually lasts several seconds, normal wear-and-tear inflicted to the system etc.

This scarcity of evaluations motivates us to be more data-efficient. Model-
based methods are known to often converge to a solution faster than model-
free alternatives. However, models are also known to inhibit learning either
by lack of flexibility or by introducing model bias, in both cases favouring so-

lutions that are suboptimal, often persistently enough to stop the learning al-
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gorithm from finding better solutions. We address the lack of flexibility by
using a non-parametric model which can in principle be as flexible as needed.
Model bias is also addressed, by using a model that explicitly accounts for
uncertainty in its outputs. That way, even when the model’s predictions are
wrong, the model should provide them along with a suitably high uncertainty
estimation, indicating that there is more to be learnt in the area and motivating
further evaluations by the learning algorithm. Gaussian processes (GPs), our
Bayesian non-parametric model of choice, fulfil both these criteria and are a
suitable match for our purposes. PILCO came originally as a MATLAB open-
source implementation. Our tool, termed SafePILCO, extends the original algo-
rithm with safety constraints embedded in the training procedure, and comes
as a concise and efficient Python implementation, which can benefit a wide
community of researchers and practitioners that is largely moving towards this
language. In this chapter we focus on highlighting the shared components of
PILCO and SafePILCO, throwing light in the inner workings of the algorithm
in practical scenarios, while showcasing the capabilities of our new implemen-
tation, and examples of usage !. In Chapter 5 we expand on this framework,
incorporating safety constraints.

Ongoing discussion regarding reproducibility of results in RL [64] pin-
points a set of factors, including computational cost of large-scale experiments,
algorithm sensitivity to design choices and brittleness to environmental vari-
ation, and high variance observed in performance across random seeds. As a
possible mitigation, the community favours the development of open-source
implementations evaluated on common benchmarks that are easy to obtain
and be re-used [35, 153]. With this in mind we made our implementation

freely available and as easy to use as possible.

IThe software tool was presented as a tool demonstration paper in QEST 2020 [116]
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411 Goals and design philosophy

SafePILCO is underpinned by an object-oriented architecture, enabling code
re-use by keeping the implementation short and modular, with the capabil-
ity to flexibly replace individual components. It takes advantage of available
open source libraries, both as building blocks of the core algorithm, and as
scenarios for evaluation in the case studies. It uses standard libraries to imple-
ment specific sub-tasks and facilitates extensions: libraries like GPflow give
access to an array of models with a consistent interface, making new studies
in this direction easier; Tensorflow provides automatic differentiation, allow-
ing gradient-based optimisation to be employed with minimal effort; OpenAl
gym provides a suite of easy to use reinforcement learning tasks, making pro-
totyping and testing easy and consistent across algorithms. SafePILCO takes
advantage of these capabilities, enabling users to employ it as a benchmark to

easily compare their own methods against.

4.2 Description of the Software Tool

Our implementation of SafePILCO comes as an open source Python package,
available for download 2. To make reproduction of the experiments presented
here easier we provide additional functionalities (such as logging, post pro-
cessing results and creating the plots presented) in a separate repository °. In
standard object-oriented fashion, the main components of the algorithm are
organised as objects, following a hierarchy of classes. The main components

of this implementation are:

*Main package repository: https://github.com/nrontsis/PILCO
SExperiments and figures reproduction repository: https://github.com/kyr-pol/
SafePILCO_Tool-Reproducibility
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e the environment, or scenarios, which capture the environment dynamics

the agent interacts with;

e the Gaussian process model of the system dynamics providing short-

term and long-term predictions;

e the policy or controller, which selects an action based on the state obser-

vation at every time step;

o the parametric reward function, which captures the performance of the

algorithm.

In the following we give an overview of how these components come together

to form a reinforcement learning problem.

4.2.1 Environments

Firstly, the environment the agent interacts with needs to be specified. Re-
membering the MDP definition in 2.1.1, the environment specifies the dimen-
sionality of the state space X' C RP and action space A C R, the transition
probabilities P,, and, in most cases, the length of the episode 7. The combina-
tion of environment and reward function defines a task.

The RL community has recently gravitated towards using a set of available,
common environments, for several reasons. The task of defining environments
that are reliable and have the right degree of difficulty can be time consuming
work, which is not directly related with the research goal of designing bet-
ter algorithm and/or gaining new insight. Having high quality environments
available to all researchers significantly reduces that burden. Further, having
common environments used widely, facilitates comparisons across algorithms

and paradigms, addressing the reproducibility concerns of the community.
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Several such efforts have been made, resulting in a multitude of available
frameworks [20, 15, 107, 143, 144]. The OpenAl gym [20] is a popular Python
library providing such a suite of reinforcement learning tasks. It provides a
large number of tasks, including discrete and continuous problems, from sim-
ple toy-example tasks to complex high-dimensional ones. It includes both the
popular set of Atari games that are widely used as the standard large-scale, dis-
crete space test cases with very high dimensional observations, and the suite
of continuous RL tasks that are based on the Mujoco [144] physics simulator,
where the agent controls simulated robots. Figure 4.1 shows snapshots from
some gym environments, using the visualisation capabilities that come with
the library. In addition to the provided tasks, gym offers an easy to use inter-
face, so new tasks and algorithms can easily be connected even if they have
been developed independently. SafePILCO is designed to seamlessly interface
with any environment following the OpenAl gym interface. Therefore, gym
environments can be directly invoked, as well as user-defined environments
equipped with the necessary functionalities.

Let us introduce an example here, for illustration purposes, in parallel with
the discussion of the algorithm’s components. The inverted pendulum gym
task (Figure 4.1b), is a variant of the classic cart-pole stabilisation task, where
a pendulum is attached to a cart on a rail, and the controller applies a force to
the cart. The pendulum starts close the upright position and the controller’s
task is to stabilise it by moving the cart to the left or to the right on the rail.
The episode terminates either after a set number of timesteps (40) or, when
the angle of the pendulum (with respect to the upright position), gets over a
certain threshold (0.2rad). The state space has four dimensions, X C R?, that
correspond to the position and velocity of the cart, and the angle and angular

velocity of the pendulum. The action space has one dimension, A C R that is
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the force applied to the cart by the controller. For every episode, an initial state
is randomly sampled from the initial state distribution, which for this scenario
is uniform with a range of 0.02 around the starting upright position for all four
dimensions. Parenthetically, one might have noticed that throughout we have
relied on Gaussian distributions for modelling our beliefs over the states and
not uniform distributions. Part of the challenge of using externally defined
environments is that they do not always match the assumptions of one’s pre-
ferred algorithm completely, and various approximations need to be made,
sometimes simple (like approximating this uniform initial distribution with a
Gaussian), sometimes more involved, and of course sometimes the differences
are too large to be reconciled and the algorithm is not applicable for the task.
In our view this is a healthy sanity check, implicitly verifying the algorithm’s
versatility. As we are mostly using prespecified tasks for our experiments, we
will encounter similar situations a number of times.

Moving back to the environment’s interaction with the algorithm, once the
initial state is sampled, the agent receives an observation and is called to choose
an action. The action is provided to the environment and the environment
transitions to a new state. If the conditions for terminating the episode are
satisfied, the episode finishes and the sequence of states and actions from the
initial state to the current state form a complete trajectory. Otherwise, the agent
chooses a new action, given the state, and this process is repeated until the

episode terminates.

4.2.2 Model

The model is possibly the most crucial component of the framework as a whole.

It contains all the knowledge accumulated from past data, allowing us to pre-
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@

(a) Mountain Car (b) Inverted Pendulum  (c¢) Pendulum swing-
up

>

(d) Double pendulum (e) Swimmer

Figure 4.1: Snapshots of various OpenAl gym environments, as visualised in
OpenAl gym.

dict the system’s trajectories, and thus evaluate and improve the proposed
policies. As mentioned earlier, the model takes as inputs state-action pairs
x = (x,u) € RP*E, and its outputs are probabilistic predictions over the next
state, and specifically over the difference between the current state and the
next state Ax = x’ — x € R?, and is thus a multi-input, multi-output model.
The multi-input multi-output model is constructed by a combination of dis-
tinct multi-input, single output GP models, one for each output dimension,
wrapped up in one object. The user only needs to interact with the wrapper
object and not the underlying models.

The main functionalities we require from the model is the ability to be
trained, so that it fits the collected data, and to predict the next state, as a Gaus-
sian distribution, given a Gaussian distribution over the current state and the
control input.

Turning back to the inverted pendulum example, the state space is 4 dimen-
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sional and the control input has 1 dimension. The overall model then takes
a 5 dimensional input, and produces 4 dimensional outputs, using four dis-
tinct GP models, each one with 5 inputs and a single output. Every GP model
has a squared exponential kernel which as we mentioned has 3 types of hy-
perparameters, the lengthscales, the signal variance and the signal noise. The
lengthscales of each model form a 5 x 5 diagonal matrix. The overall model has
thus 28 hyperparameters, that are trained with evidence maximisation using
the L-BFGS-B algorithm.

In Figure 4.2 we see the model predictions for the system trajectory for two
controllers. We plot the the four state variables of the inverted pendulum sys-
tem, for a randomly initialised controller (a to d) and for an optimised con-
troller (e-h). The shaded area signifies two standard deviations. The stabilis-
ing effect of the optimised controller is appropriately identified by the model,
with the uncertainty bounds staying relatively close to the reference point in
comparison with the random controller. Note that the episode where the ran-
dom controller is used is cut short, due to the pendulum deviating from the
reference point leading to the environment terminating the episode. The ran-
dom controller is suitable for this comparison, to demonstrate the model’s ca-
pability to discern between unstable and stable controllers. This illustration is
not informative however on the quality of the trained controller used.

The model is of critical importance for the performance of the algorithm as
the process of evaluating and improving candidate controllers is entirely de-
pendent on the trajectories predicted by the model. To evaluate the model’s
performance, standard metrics can be used, such as the mean squared error
(MSE) or the root mean squared error (RMSE). In any case, we are simultane-
ously facing the fundamental reinforcement learning challenge of the strong

coupling between the observed data and the policies we are using or trying
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Figure 4.2: Model predictions for the system’s trajectories. Top row shows predic-
tions for a randomly initialised controller, while the bottom row for a controller that
has been optimised. Each column corresponds to a different state variable for the cart-
pole system.

to evaluate: even a model that is fairly accurate when evaluated on data gen-
erated from previously applied controllers, can be significantly less accurate
under a new policy [140]. This issue is mitigated to an extent by the proba-
bilistic nature of our model as the uncertainty of the predictions made is cap-
tured accurately, and by the fact that the policies proposed, evaluated and used
are updated incrementally: every update to the policy is made such that the
estimated performance of the policy is improving, and policies that are rad-
ically different than all policies tried so far would generate highly uncertain

predicted trajectories, unlikely to achieve high return.
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4.2.3 Controllers

Next, we turn our attention to the controller, or policy, the agent follows. The
controller defines the manner in which the agent selects appropriate actions at
each time step. Policies are implemented as memory-less, deterministic feed-
back controllers. The control input choice is hence directly dependent on the
state the agent observes in the environment at the current time-step. The agent
implements a policy 7 of the form u = 7%(x), where 6 are the policy parame-
ters. The package provides the two types of controllers described in Equations
2.27 and 2.28, the linear and the radial-basis function (RBF) based controller. The
policies are parametric and optimising the values of these parameters, 8, con-
stitutes the overall policy search objective.

Linear controllers have a fixed form, and do not introduce additional hyper-
parameters. The total number of parameters trainable parametersis D x F+ E.
The only added design choice is the initialisation scheme for these weights,
but in general initialising them normally following a zero mean Gaussian dis-
tribution with small variance has performed well, and as it is a fairly standard
choice, alternative schemes were not investigated further. For RBF controllers
the trainable parameters, denoted by 0 are {g;, W, }* where ny is the num-
ber of basis functions used. There are 2 x nps x D x E trainable parameters
(the W, matrix is diagonal). The number of basis functions, ny, is a hyperpa-
rameter that is not optimised, but instead its value needs to be set in advance.
Roughly speaking, a higher number of basis functions allows for more com-
plex behaviours to be learnt, but it increases the computational demands of
the algorithm and consequently its run time. We did not run any type of grid
search for the number of basis functions, but rather chose sensible values, in

general increasing as the (perceived) complexity of the task increases, and us-
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ing roughly similar magnitudes with the original PILCO implementation.
For the inverted pendulum example used earlier both type of controllers
would be applicable. The only parameter we would need to specify is the num-

ber of input and output dimensions (4 and 1 in this case).

4.2.4 Reward functions

The next point to be addressed is the choice of the reward function. We note
that this is somewhat different from most of the RL literature: in SafePILCO,
much like for the original PILCO [34] algorithm, the reward function is known
analytically a priori. Having an analytic expression for the reward function is
necessary for the GP model to estimate the reward of a proposed policy, with-
out interacting with the environment. We use two types of reward functions,
one with the exponential form of Equation 2.32, as used in the original PILCO

implementation, and an additional linear one, given by:

r(x) = w ' x, (4.1)

where w, is a weight vector.

We further note that it is the choice of reward function, along with the en-
vironment, that defines a task, not the environment alone. Indeed, we can
design multiple tasks with a shared environment by varying the reward func-
tion. This setup is suitable for transfer learning, or for multi-task learning [31],
since the same model is valid across multiple tasks.

Choosing a suitable reward function invariably requires some, at least high
level, understanding of the agent’s desired behaviour for a given task, and
specifically, an understanding of which are the desirable system states. The

two types of reward functions we have implemented, despite their simplicity,
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are flexible enough to tackle a number of diverse tasks, as they represent two
fundamental and complimentary requirements: the exponential form allows
us to specify target states for the system to reach and stabilise at, whereas the
linear reward specifies directions along which the agent should move; for ex-
ample, a requirement for maximising forward movement could be encoded
with a linear reward on the agent’s position. For the inverted pendulum case,
a reward function with an exponential form would be most suitable. The ex-
ponential would be centered at the origin, giving maximal reward at 0.
Figure 4.3 shows a possible implementation of a Python script using the
software tool for the inverted pendulum task. Lines 13-19 collect an initial
dataset with a random controller. In lines 22-30, the necessary components
are defined. Note that the reward function is left undefined, as by default
an exponential placed at the origin is used. The commented lines 29 and 30
define an alternative reward function (suitable for a different task, one where
the pendulum needs to be moved and stabilised in a different position than

the initial state). Lines 32-39 contain all the main algorithmic steps.

4.2.5 Libraries

The tool relies on other Python packages, allowing us to leverage their op-
timised functionalities and to keep the codebase succinct. Furthermore, this
allows users to easily apply our algorithm to new tasks, helping with more
straightforward comparison.

We use Tensorflow [90] to obtain automatic gradient computations (of-
ten referred to as auto-diff) so significantly simplifying the policy improve-

ment step.* GPflow [93] is a Python package for Gaussian Process modelling

4By way of comparison, all gradient calculations in the Matlab implementation are hand-
coded, thus extensions are laborious as any additional user-defined controller or reward func-
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import numpy as np

import gym

from pilco.models import PILCO

from pilco.controllers import RbfController, LinearController
from pilco.rewards import ExponentialReward

import tensorflow as tf

from gpflow import set_trainable

# from tensorflow import logging

np.random.seed(0)
from utils import rollout, policy

env = gym.make('InvertedPendulum-v2")

# Initial random rollouts to generate a dataset

XY, _r _

for i in range(1,5):
Xy Y, _, _
X = np.vstack((x, x_))
Y = np.vstack((Y, Y_))

= rollout(env=env, pilco=None, random=True, timesteps=40, render=True)

= rollout(env=env, pilco=None, random=True, timesteps=40, render=True)

state_dim = Y.shape[1]
control_dim = X.shape[1] - state_dim
controller = RbfController(state_dim=state_dim, control_dim=control_dim, num_basis_functions=10)

# controller = LinearController(state_dim=state_dim, control_dim=control_dim)

pilco = PILCO((X, Y), controller=controller, horizon=4@)
# Example of user provided reward function, setting a custom target state
# R = ExponentialReward(state_dim=state_dim, t=np.array([0.1,0,0,0]))

# pilco = PILCO(X, Y, controller=controller, horizon=40, reward=R)

for rollouts in range(3):
pilco.optimize_models()
pilco.optimize_policy()
import pdb; pdb.set_trace()
= rollout(env=env, pilco=pilco, timesteps=100, render=True)

X_new, Y_new, _,
# Update dataset
X = np.vstack((X, X_new)); Y = np.vstack((Y, Y_new))
pilco.mgpr.set_data((X, Y))

Figure 4.3: The full Python script necessary to run the algorithm for the inverted
pendulum case study used as an illustrative example.

built on Tensorflow. GPflow provides a full set of basic GP functionalities, and
gives access to many specialised models. Having a Tensorflow back-end, gra-
dients in all the GPflow models are also calculated automatically. Addition-
ally, GPflow allows the user to readily define priors and to employ different
optimisers or alternative implementations of sparse approximations for GPs.

Finally, our implementation is interfaced with the Open-Al gym [20], a suite of

RL tasks widely used in the community. Gym tasks have consistent interfaces

tion has to include these gradient calculations too.
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Figure 4.4: The basic structure of the SafePILCO implementation. Black arrows cor-
respond to object-attribute relationship, dashed lines to inheritance, and wide arrows
to data flow. Classes are represented by blue boxes and key functions by green boxes.

and detailed visualisation capabilities. Importantly, Open-Al gym includes a
wide range of tasks of different difficulties, varying in different dimensions of
complexity: dimensionality, smoothness of dynamics, length of episodes and
so on. Users can quickly prototype their algorithms using easier tasks and

move to more complex, time-consuming experiments as the project matures.

4.2.6 Structure

We examine the major components of the package from a software perspective,
highlighting how they relate to each other and which component implements
each algorithmic step. We note that this is not a complete description of every
function, class, and method, but it should help in understanding the main in-
teraction between the various components and in navigating the source code.
Figure 4.4 the overall structure of the software tool.

The PILCO class is the central object of the package, encapsulating the GP
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model, the controller, and the reward function as attributes. PILCO employs
the model and the controller to predict a trajectory, elicits the reward function
to evaluate it, and uses the gradients calculated through automatic differen-
tiation in combination with an external optimiser, to improve the controller
parameters.

The mgpr class implements the multi-input, multi-output Gaussian pro-
cess regression that underpins the model. Specifically, mgpr combines sev-
eral, multi-input/single-output GP models. These GP models are provided
by GPflow, so avoiding the need to implement any standard GP inference and
prediction from scratch. Our code provides, however, GP predictions for mul-
tiple output dimensions, when the inputs are multi-dimensional and noisy.
This functionality is necessary for obtaining multi-step trajectory predictions.
This methodology is implemented in mgpr, following the derivation in 2.2.3
and PILCO. Priors for the GP hyperparameter inference can also be included
in this object. GPflow provides a number of standard statistical distributions
(gamma, Laplace, beta etc.) to be used as priors, as well as numerous helpful
transformations, to constrain trainable parameters (e.g. positive values only).

The controller class, including linear and RBF sub-classes, mainly imple-
ments action selection: for a given state, an appropriate control input is chosen.
The only extra requirement from the controller is that it should be able to cal-
culate, for a Gaussian-distributed state (as are the predicted states during the
planning phase), a similarly Gaussian-distributed control input, so that the
state and input are jointly Gaussian.

The reward class implements the reward function and encodes the risk of
violating safety constraints. It provides, for any given state, a scalar that cap-
tures the expected reward or the constraint violation probability.

The above components are employed on all the different case studies. They
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are tailored to a specific case study when combined with a particular environ-
ment. Such combination is obtained in separate files that can be run as simple
scripts. We do not in general wrap this process within a function or new class,
as in our experience this extra layer is not beneficial when prototyping. How-
ever, for large-scale experiments we provide such functionality as part of a
separate repository, to readily reproduce all the results presented in the exper-

imental section.

4.3 Case Studies

To evaluate the performance of the package we run a set of experiments on
different tasks. The results reported are averaged over 10 random seeds (stan-
dard deviations over random seeds are reported too). To get a more accurate
evaluation of the controller at each iteration, for each random seed, we test it
5 times and take the mean (the variance is not used).

Details of the OpenAl gym tasks that are used with no modification are in
[20] or on the gym website’. All hyperparameters used and some environment
characteristics are summarised in Table 4.1. Experiments are presented in or-
der of increasing complexity. Each task has its own characteristics, some of
which can be straightforwardly compared, like dimensionality and the num-
ber of time steps per episode, while others, like the existence of local minima,
or the smoothness and regularity of the dynamics, cannot be so easily evalu-
ated and we only describe them qualitatively. Having a number of different
tasks, we showcase how the algorithm can deal with these distinct challenges
without relying excessively on ad hoc solutions.

A quick note on the reward functions used: as mentioned previously in

Shttps://gym.openai.com/
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Figure 4.5: Experimental results for different OpenAl gym tasks. Episode returns
are on the y-axis and algorithm iteration numbers on the x-axis. We plot the mean
and two standard deviations around it. The performance of a random policy is also
shown (red dashed line) for comparison. For the swimmer we report both the average
performance of 10 random seeds at each iteration, and the best performance so far in
all previous iterations of each random seed.

Section 4.5.2, SafePILCO assumes a predetermined, closed-form reward func-
tion. Often it can be hard to come up with a reward function that accurately
captures the desired behaviour of the system for a given task and that has the
required structure. In all of the above examples, we evaluate our algorithm on
the native reward function of the environments, despite training them with a
closed-from reward function of our design. Of course one needs to incorpo-
rate some prior knowledge about the task, but in our experience and for the
environments used, that was not too involved. We give specific information for
each environment, its reward function and the one used by SafePILCO, along

with the descriptions of the environments themselves.
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Mountain Car

The mountain car experiment uses the MountainCarContinuous-v0 gym envi-
ronment. Small negative rewards are given at those step when the car has not
reached the top of the hill corresponding to the goal state, and a large reward is
given only once, as the agent gets to the top. The goal state is the terminal state
for the environment and no further reward is obtained. This is easily captured
with an exponential reward, centered at the goal state.

The mountain car task is a fairly simple problem, with low dimensionality
(2 dimensional state space, and 1 dimensional control), and fairly smooth dy-
namics, but it still poses its own unique challenges. There is an obvious local
minimum where local search algorithms can easily get stuck, trying to get scale
the goal state hill directly, to greedily decrease the distance to the goal position.
Additionally, the scale of the two state variables is quite different with the posi-
tion taking values between -1.2 and 0.6, while the velocity is restricted between
-0.07 and 0.07. This needs to be accounted for in the controller initialisation,
otherwise if the initial centers of the basis functions are drawn from the same
Gaussian distribution, a variance that is large enough to encourage exploration
in the first dimension can lead to irrelevant values for the second dimension,
and consequently to zero-valued gradients, hampering policy optimisation.

There are two mechanisms that allow our algorithm to deal with these sort
of local minima. Firstly, we employ random restarts, so that one (or more) ad-
ditional policy optimisation runs are executed, and the best performing solu-
tions, as evaluated by the model is executed. Secondly, since we are optimising
in the space of parameters, and not actions, and the RBF controllers employed
can have a significantly higher number of parameters than a linear controller

for the same task, there are less local minima to get stuck at, according to rel-
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evant research [132].

To deal with the difference in magnitude of the state variables we normalise
the data, in tasks that pose such issues. Note that the model also employs
automatic relevance determination, that also helps with dealing with potential
differences in scale between the state variables. Still we, have empirically seen
that normalisation can help performance, and we hypothesise this can be due

to other components than the model, such as the controller initialisation.

Cart-pole inverted pendulum

In this experiment the OpenAl gym [20] InvertedPendulum-v2 environment is
used. Itis a variant of the classic cart-pole stabilisation task, where a pendulum
is attached to a cart on a rail, and the controller applies a force to the cart.
The pendulum starts close the upright position and the controller’s task is to
stabilise it by moving the cart to the left or to the right on the rail. For this
scenario, as well as for the double inverted pendulum scenario (see below),
the original reward function simply gives +1 reward for every time-step the
pendulum angle is less than some threshold. Once out of this area the episode
terminates as the controller cannot exert a stabilising input. An exponential
reward centered at the upright position is again used.

In this scenario, as in other stabilisation tasks, planning has a distinct na-
ture: the mean of the initial distribution coincides with the goal position. The
controller’s task then is not to push the predicted trajectory towards a goal
state, but to reduce the variance of the predictions, while keeping their mean
close to its initial value. Experimental results show (Figure 4.5) that the algo-

rithm can successfully perform tasks of that nature too.
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Pendulum swing-up

The pendulum swing-up task is based on the gym Pendulum-vO0 environment,
where a pendulum, starts from a random initial position, and the task re-
quires the controller to bring it and stabilise it in the upright position. For
our own version of the task, we modify part of the default behaviour of the
gym Pendulum-v0 environment: the initial starting state distribution of the
pendulum is too wide (any eligible angle with different angular velocities),
which makes unimodal planning infeasible. We restrict this initial distribu-
tion to the pendulum starting close to the downward position. For this task,
the environment penalises the agent with negative rewards correlated to the
distance from the goal position, where the pendulum is upright. Similarly, an
exponential reward is employed, centered at the goal position.

A successful trajectory for the swing-up task includes a dynamic, high ve-
locity part, which can be hard for the model to accurately predict, followed by
a stabilisation sub-task, that requires more precise control. A local minimum
can also be encountered, since the controller does not have enough power to
bring the pendulum upright directly, but needs to gather momentum first. Re-

sults indicate that the algorithm can successfully learn a policy for the task.

Inverted double pendulum

For the inverted double pendulum task we use the
InvertedDoublePendulum-v2 environment. This is similar to the cart
pole task, except that the pendulum now consists of two links. We only apply
force to the cart and have to stabilise the system to the upright positions. We
add a wrapper to the default environment that is not modifying its behaviour,

but changes slightly the interface, unrolling a state variable corresponding
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to an angle to its sine and cosine values. This corresponds to an existing
functionality from PILCO [34] (also see [30]). The task is overall very similar
to the cart-pole task, with the increased dimensionality and the more complex

dynamics posing a more challenging problem.

Swimmer

In the Swimmer-v2 environment from the OpenAl gym, a robot with two joints
navigates a 2-d plane by "swimming" in a viscous fluid. Both joints are con-
trolled by an actuator each, and the system is rewarded for moving in the direc-
tion of the x-axis. This is a more challenging task, with an 8D state space, 2D
control space, and nonlinear dynamics. Furthermore, the system is severely
under-actuated, requiring coordination between the two controllers for the
robot to start moving towards the right direction: this makes the acquisition
of a reward signal at the early stages of training hard [84]. The rewards are
given for distance travelled in the positive direction of the x-axis, based on the
position of the root link (to the right of Figure 4.1e). This position variable
however is not one of the state variables directly observed and, for this task,
there is no specific goal position. Thus we define a linear reward for PILCO,
based on the x-axis velocity of the agent. Also (even in the plain PILCO ver-
sion) we lightly penalise extreme angle at the joints, which leads to a smoother
gait, allowing the policy to generalise outside of the planning horizon, and the

agent to cover longer distances.

4.4 Discussion

in this chapter we presented SafePILCO a new, flexible and extensible software

tool based on the PILCO framework, for data-efficient policy search. We eval-
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Variable Tasks
- MountainCar InvPend  PendSwing  DoublePend Swimmer
State dim 2 4 3 6 8
Control dim 1 1 1 1 2
J 2 5 4 5 15
N 4 3 8 10 10
Controller Type RBF RBF RBF RBF RBF
Basis Functions 25 5 30 40 40
SUBS 5 1 3 1 5
T 25 30 40 40 15
o 0.1I 0.1I 0.01diag[1,5,1] 0.5I 0.005I
maxiter 100 100 50 120

Table 4.1: List of hyperparameter values employed in the experiments

uated the software’s performance in a variety of standard benchmarks, and
we have released a modular, extensible open source implementation for re-
producibility and further use by the community.

In the following sections, 4.5 and 4.5.2, we investigate some practical con-
sideration and we discuss restrictions associated with the current implemen-
tation of the algorithm, as well as possible extensions, including modelling the
reward function and joint training in a number of predicted trajectories, and
making planning more effective in highly uncertain settings (including partial
observations).

In the next Chapter we explain how we extend the current algorithm and
tool to incorporate constraints on the state space, which we respect with high
probability both throughout training and at test time. This way, we leverage
the model-based, uncertainty aware approach to reinforcement learning, to
perform safe policy synthesis while maintaining high data efficiency, charac-

teristics that are favourable for physical systems dynamics.
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Notation Description Python Variable

- initial random rollouts ]

N # training episodes per run N

- Type of Controller Linear or RBF
dt sampling period SUBS

T time steps per episode H

I initial state mean Minit

2 initial state variance Sinit

maxiter optimiser iterations maxiter
€ max tolerable risk th

Table 4.2: List of hyperparameters - notation, meaning and source-code variable.
4.5 Practical considerations and user advice

In this section we address some more practical concerns about the use of
the implementation we presented, going briefly into hyperparameter selec-
tion and outlining some of the current restrictions of the algorithm and how

further work and extensions can amend them.

4.5.1 Setting hyperparameter values and troubleshooting

In this section we provide practical advice to users who wish to solve new tasks
after successfully installing the package and working through the examples
provided. There are several hyperparameters that need to be set in advance,
but these (in general) are related to aspects of the problem at hand: early ex-
perimentation can thus help to avoid exhaustive hyperparameter searches. We
organise the rest around the major components of the framework and we com-
ment on hyperparameter settings and possible troubleshooting for each major
component in turn.

We note that although the model is a crucial component of the algorithm,
the associated hyperparameters do not need to be set in advance: indeed, sig-

nal variance, signal noise, and length scales can all be optimised when training
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the model. In a low data-regime, however, optimisation can result in extreme
values which lead to numerical instabilities. To avoid these issues we recom-

mend:
e setting the signal noise to a fixed value (as done in the examples),

e putting priors can be used to regularise hyperparameter values, such as
the Gamma priors on the lengthscale hyperparameters and signal vari-

ance,

e increasing the amount of data collected before the first run of the algo-

rithm

reducing the iterations of the optimisation runs.

The exponential reward function from Equation (2.32), used for most ex-
periments has two hyperparameters, the target, x;4,4: and the weight matrix,
X2, The hyperparameter values are not estimated from training data, so care-
tul prior selection is required. The target value should be the goal state to
which a successful policy should drive the system. Intuitively, the weight ma-
trix defines how quickly the reward is reduced as the distance between the
current state and the target state increases. While the weight matrix can, in
general, be any symmetric positive definite matrix, in all our test cases we use
diagonal matrices, as we did not see a need for off-diagonal elements. For di-
agonal weight matrices, each value dictates how quickly the reward decays
for a corresponding state variable. We recommend these weights should take

reasonable values between two extremes:

e high-magnitude values make the reward decay faster and make explo-

ration harder (the reward signal becomes sparser);
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e low-magnitude values can make the reward gradient uninformative, or

very small in magnitude, slowing down learning.

Finally, users inevitably face the ubiquitous RL challenge of ensuring that the
reward function actually rewards behaviour that is desirable: RL agents are
known to exploit the reward functions provided, an issue often referred to as
reward hacking or goal misalignment [7,39]. A strong indication that is the case,
is when the agent consistently collects high reward, but its behaviour is far
from what a human would consider as solving the task. In such cases, recon-
sidering the reward function hyperparameters (target and weight matrix) is
advised.

Another issue we find can arise is that of learning being inhibited by a bad
controller initialisation. While we try to resolve this issue automatically, it can
still happen that the controller parameters are so chosen that the agent takes
no actions whatsoever, or that the policy function (u = 7(), as introduced in
Section 2.3) is close to flat in relevant regions of the state space visited, result-
ing in (near) zero gradients. This can be due to the environment dimensions
being multiple orders of magnitude apart, in which case normalisation of the
data (included in the functionality of the package) can help.

More extensive advice on troubleshooting, with examples and code, can be

found in a Jupyter notebook associated to the SafePILCO package.

4.5.2 Algorithm assumptions and restrictions

We delineate here some of the restrictions of the algorithm, for two purposes:
tirstly, for users to easily assess whether the current version fits their applica-

tion, and secondly, to outline directions for future research.
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A strong assumption of the PILCO algorithm is that the environment is fully
observable and Markovian. That means that the full state can be observed by
the agent at every time step, and that all information relevant for predicting
the next state is captured by the current state measurement and selection of the
present control input. Empirically we have seen that small amounts of noise
in the state measurements, despite violating this assumption, can be benefi-
cial, improving numerical stability, but performance deteriorates as the mag-
nitude of the noise increases (resulting in actual lack of observability). Since
extensions in the direction of partial observations exist for the original PILCO
algorithm [95], we expect they might as well apply to this setup, and would
constitute a relevant extension of this project.

The reward function is assumed to be predefined, in closed form, so that
for a Gaussian distributed state, the expectation of the reward can be efficiently
calculated. Aswe show in the experimental section, for a range of RL tasks (not
designed for our algorithm), such a reward function can be provided, without
extensive hyperparameter searches or tuning. On the other hand, many tasks
have complicated reward functions that cannot be easily captured in such a
form. Reward shaping can mitigate this issue, however it is out of the scope
of this paper. In future work, the reward function can be approximated with a
Gaussian Mixture Model, which would maintain Gaussian features for noisy
states. Learning the reward function from observations has been used in other
model-based RL approaches [43].

Our model is based on GPs with squared exponential kernels, which are
underpinned by an assumption of universal smoothness and differentiability
of the system dynamics. This does not hold for all environments, e.g. when-
ever contact dynamics need to be modelled, or under hybrid/switching dy-

namics. This is a significant challenge for the kind of model we are using, and

4.5



85

replacing this component would require rethinking of the moment matching
approximation used for multi-step planning. Work in this direction [148], re-
placing moment matching by numerical quadrature, can be a promising ap-
proach.

A final consideration is that the planning step is based on Gaussian-
distributed predictions. This assumption can be limiting in several cases,
particularly when the task at hand has high initial uncertainty, e.g. when
each episode starts from an arbitrary state. Then, the unimodal, Gaussian-
distributed trajectory prediction is uninformative, and PILCO often fails to es-
timate useful gradients of the objective function with respect to the policy pa-
rameters. Training from multiple distinct initial states can help to mitigate this

issue [30].
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Safe PILCO - Safe Policy Search

Using Gaussian Process Models

5.1 Chapter Overview

Reinforcement learning, as previously discussed, is a widely applicable
methodology and model based approaches to RL can support data efficient
learning !. In many application domains a primary concern, alongside those
of performance and data-efficiency, is that of safety. The notion of safety in
this context can take many forms and the related literature is extensive and
rapidly growing (see Section 3.2). In this chapter we present an extension to
the PILCO framework that directly addresses safety concerns, particularly the
avoidance of specific states, or sets of states, which are considered dangerous
or undesirable for the system (for example, obstacles). These constraints are
defined a priori on the state space and we require them to be respected even

during training. We introduce a composite objective function that combines

This chapter is based on work presented in [113].
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the return (as in PILCO), with the introduced safety requirements, in a stan-
dard policy optimisation process. We make use of the learnt Gaussian process
model of the system dynamics to estimate the risk of violating the constraints,
before any candidate policy is implemented in the actual system. If the risk is
too high, we search for safer policies by updating the objective function used
for policy optimisation. Once a policy is found that is adequately safe, the
agent follows it for the duration of an episode, collecting new data that are

then used to update the model and the policy.

5.2 Problem Statement

Our goal is to design a controller for an unknown, non-linear dynamical sys-
tem that collects maximal return, as indicated by the reward function, whilst
avoiding unsafe states.

We follow the standard MDP framework, modified to incorporate state

space constraints:
e astate space X C R",
e an input space i/ C R™ as the set of all legal inputs,

e the dynamical system with a transition function x;11 = f(x;, us) + vy,

where v is assumed to be i.i.d. Gaussian noise,

e aset S C X of safe states and a corresponding D = X \ S of unsafe
(dangerous) states, where one of the two sets takes the form of an axis

aligned hyper-rectangle,

e areward functionr : X — R.
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Our task is to design a policy, 7% : X — U, with parameters 6, that max-
imises the expected total reward over time 7', while the system remains in safe
parts of the state space at all times. We require the probability of the system
lying in safe states to be higher than some threshold, 1 — ¢ > 0, with e > 0
being the risk tolerance, the highest acceptable probability of constraint viola-
tion. The sequence of states the system passes through, namely the trajectory,
is denoted Xy, = {x,...,xr}, and we require all x; € X4, to be safe, meaning
that x; € S. Considering the probability associated with the trajectory as the
joint probability distribution of the 7' random variables x;, p, we focus on the

probability:

Q( PI"X1€SX2€S XTGS)
(5.1)
/ / (X1, X2, ..., X7 )dX1dXs...dXT,

which is the probability of all states in the trajectory being in the safe set
of states S. As the model used is not perfect but probabilistic, and the pre-
dictions produced have infinite support as Gaussian distributions, certifying
safety with perfect certainty is infeasible. Instead, we require that each policy
deployed on the real system (but not the model), respects the constraints with
high enough probability Q™ (6) > 1 — e.

Our second goal is, as in Section 2.3, to maximise the performance of the
system, specifically by maximising the expected return. Once more this return
expectation is evaluated via the joint probability distribution over the set of the

states the system passes through, using (2.34), which we rewrite here:

T

> T(Xt)] =D Eulr(x)] (52)

t=1

6) = ]Extr
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5.3 Algorithm

5.3.1 Policy and risk evaluation

So far, for any parameter value 8, we can produce a sequence of mean and
variance predictions for the states the system is going to be in the next 7" time
steps. As in PILCO [34], we use this prediction to estimate the reward that
would be accumulated by implementing the policy, and we additionally esti-
mate the probability of violating the state space constraints. The reward func-
tion can be assumed to take either the exponential form of Equation (2.32)
or the linear form of Equation (4.1). The policy evaluation step, with regard
to the expected reward, remains practically unchanged from PILCO, so Equa-
tions (2.34), (2.35) continue to be valid. For convenience, we also note here

that:

= Ex, [ ) r(x)] =Y B [r(x0)], (5.3)

where:

Ey,[r(x:)] = /r(xt)/\/(xtmt,zt)dxt. (5.4)

Similarly, for the probability of the system being in safe states during the

episode, using the prediction for the trajectory:

Q"(0)=Pr(x;€8,x€8,...xp €8) =

/ / p(X1, X2, ..., X7)dX1dXy...dX .

According to the moment matching approximation we use, the distribution

(5.5)

over states at each time step, is given by a Gaussian distribution, given the
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previous state distribution, hence:

p<Xt‘lfl'tfla thl) ~ N(Xt‘lim 216)7

and
Q7(0) ~ /S /S (1)l ) (1 s . (5.6)
thus , .
Q™(0) ~ H /SN(Xt’Nt, Xi)dx; = Hq(Xt), (5.7)

where ¢(x;) is the probability of the system being in the safe parts of the state

at time step ¢.

q(x¢) = /SN(Xt|.u’t>2t)dXt- (5.8)

The integral in Equation (5.8) is, in general, not available in closed form. We
assume axis-aligned constraints, and that either the set of safe states S or the
set of unsafe states D take the form of a hyper-rectangle, so that S or D can be
written as {x € X : ' < 2’ < u'}, where [*, u’ are lower and upper bounds for
the i-th component of the state vector x, 2*. The hyper-rectangular constraints
can be a restrictive assumption. It is important however to keep the integration
of equation (5.8) tractable. The integrated function is a Gaussian distribution,
and the constraints correspond to the integration region. Despite the overall
very convenient properties of Gaussians, this integration in high dimensional
spaces is not straightforward. With the hyper-rectangular on the other hand,
standard techniques [49] (and off the self libraries [150]) can provide highly
accurate numerical approximations for the multivariate Gaussian integral in

Equation (5.8). Further research could investigate use of other numerical in-
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tegration techniques that can handle more general classes of constraints, and
the associated computational cost. We should also note here that multiple, dis-
joint, hyper-rectangular constraints can be used in the current version of the
algorithm, in order to (over) approximate constraints of different shapes.
Another important note, is that as all estimates regarding safety are com-
bined in a single estimate, we lose some flexibility, as we cannot vary the safety
requirements on a step-by-step basis, but only on the level of a whole episode.
This could be restrictive, as different constraints, relevant at different timesteps
may be qualitatively different. Furthermore, there might be some computa-
tional redundancy here: predicted states that are multiple standard deviations
2 away from the constraints are irrelevant from a practical perspective, but they
are still considered in the computations, both of the objective function and of

its gradients.

5.3.2 Policy improvement

After evaluating a candidate policy, our algorithm moves to a policy improve-
ment step that seeks a better policy. This improvement can represent a higher
probability of respecting the constraints (making the policy safer) or an in-
crease in the expected return. As a secondary reward, we use a scaled version
of the probability of respecting the constraints throughout the episode. We in-
vestigate alternatives ot this approach, and report the results in Section 5.4.1.
The objective function, capturing both safety and performance (a risk-

sensitive criterion according to [48]) is defined as:

J7(0) = R™(0) + £Q7(6), (5.9)

ZWe refer to the standard deviation of the model’s predictions
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where we introduce hyperparameter £ € R*. This hyperparameter controls
the balance between safety and performance, and by combining the two ob-
jectives, it allows us to compare different policies based on a single numerical
score.

There are alternatives to scalarising the two objectives into a single one,
mainly from the field of multi-objective optimisation [120]. Another approach
would be to formulate an optimisation problem that also controls the value of
¢, with a gradient ascent/descent scheme, or as a Lagrange multiplier. We
opted for the most straightforward approach, of taking a weighted sum of the
objectives, as is often the case in RL. We hypothesise that even a more thorough
treatment would lead to relatively small gains, as there are other (unavoid-
able) sources of suboptimality, mainly the fact that the optimisation problem
is not convex but we use a local algorithm, and the model inaccuracies that are
unavoidable in the limited data setting.

The same gradient-based optimisation algorithm used for PILCO, namely
L-BFGS, is used to propose a new policy. The gradient of the objective func-
tion J with respect to the parameters 8 can be calculated using the model; the
calculations are similar to the calculation of the reward gradient, which we
presented in Section 2.3, and can also be found in Deisenroth and Rasmussen
[34] and in more detail in Deisenroth [30]. As noted previously most policy
gradient algorithms use a stochastic estimator of the expected return gradient.
However, in PILCO and in our case, we do not have to resort to stochastic esti-
mation, which is a major advantage of using (differentiable) models in general
and GP models in particular.

The return R™(6#) accumulated over an episode, following PILCO, is a sum
of the expected rewards received at each time step. In order to calculate its

gradient over the parameters we need to sum the gradients over all time steps.
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The same applies when penalties are used to discourage visiting unsafe states,
asin [33]. In that case, instead of calculating a probability of being in an unsafe
state, the system receives an (additive) penalty for getting to unsafe states. The
penalty is of the same form with the reward, and its gradients, gradients of the

error with respect to the parameters, are calculated the same way:

dR™(0) ET: B opia [ (%0)]

0 - 10 (5.10)

t=1

We hence follow the steps outlined in Section 2.3.5 and specifically Equations
(2.36-2.40).

The probability of the system remaining in safe parts of the state space,
(7 (0), on the other hand, is the product of the probabilities of the system being

safe at every time step ¢(x;), hence:

=z

dQ” i dg(

t=1 ;ét

(). (5.11)

This change only affects the first step of the derivation. We need to calculate

the gradients of ¢(x;). This can be broken down, similarly to Equation (2.37),

as:
dq(:) _ 0q(x¢) dpy I dq(x;) dX, (5.12)

de op, dé 0, do
The terms dd‘g and %>t appeared already in Equation (2.37), and they are recur-
sively calculated. The partial derivative terms, aaqﬁt and 86‘5’;(’; for rectangular

constraints, can be calculated straightforwardly using standard matrix identi-
ties [112] and the approximation used for estimating ¢(x;) [49].
With the gradients of reward and risk in place, we can calculate the gradient

of the full objective function, J, and use it in the gradient-based optimisation
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algorithm.

5.3.3 Safety check and adaptively tuning ¢

When the optimisation terminates, we have a new candidate policy to be de-
ployed on the real system. However before doing so, we need to ensure that
it is safe. It is possible for an unsafe policy to be optimal in terms of J, as long
as the expected reward is high enough. Here, we add a safety check: an addi-
tional step to the algorithm that evaluates the safety of the candidate policy. In
the event that the policy is unsafe it prohibits implementation, increases ¢ by a
multiplicative constant and restarts the optimisation’s policy evaluation-policy
improvement steps. Further, we check whether the policy is too conservative:
if the policy is indeed safe enough we implement it, and we also reduce £ by
a multiplicative constant, allowing for a more performance-focused optimisa-
tion in the next iteration of the algorithm.

One can interpret the resulting optimisation through the lens of Pareto op-
timality [103]. The original problem is finding a policy that maximises return
while it respects the constraints with a probability higher than some threshold.
A given model, and a given £ correspond to a Pareto front of optimal policies.
Assuming temporarily that the optimisation algorithm reaches a policy in the
Pareto front, by changing the values of {, we aim to align that Pareto front with
the set of optimal solutions of the original problem.

When the policy is implemented, we record new data from the real system.
If the task is performed successfully the algorithm terminates. If not, we use
the newly available data to update our model and repeat the process.

This adaptive tuning of the hyperparameter ¢ guarantees that only safe

policies (according to the current GP model of the system dynamics) are im-
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plemented, while mitigating the need for a good initial value of {. Indeed, us-
ing this scheme, we have observed that starting with a high initial value of ¢,
focusing on safety, leads to safer policies that, via interaction with the system,
gather more data, thus leading to a more accurate model, steadily discovering
high performing policies as  decreases. For a succinct sketch of this approach
see Algorithm 2.

Figures 5.1 and 5.2 show how the algorithm takes into account safety con-
siderations (both figures use the collision avoidance case study). In Figure 5.1
the model predicts three trajectories, for three different controllers. Since only
two state variables are plotted, this projection of the state space can be plot-
ted in 2D. The means of the model’s prediction at each time step are shown
as points, and ellipses around them represent the variance of each prediction.
The predicted trajectory in blue comes from a model at the initial iterations
of the algorithm, with less available data, leading to higher predictive uncer-
tainty. The trajectory shown in red, illustrates a case where the controller, ac-
cording to the model, is deemed unsafe, as it passes through the constrained
(unsafe) area near the origin. The trajectory in green is deemed safe, as the
model predicts that the system has very low probability of entering the con-
strained area.

Figure 5.2 focuses on the estimated risk of constraint violation, for two runs
of the algorithm of 20 policy optimisation iterations each. In both cases the al-
gorithm starts by proposing policies that are deemed unsafe for the system, as
the probability for the constraints to be respected throughout the episode is too
low. As ¢ increases, in one of the runs the algorithm proposes a safe enough
policy, and that policy is implemented (green). In the other case (red), the
algorithm fails to find a safe enough policy and interaction with the system is

prohibited. In this scenario the algorithm fails to proceed any further. This
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is a legitimate outcome, indicating either infeasibility of the problem (given
the available policies), or, more commonly, lack of training data for the model.
Such a lack leads to higher variance in the model’s predictions, and conse-
quently policies that could very well be safe are evaluated as unsafe by the

model.

Algorithm 2 Main SafePILCO algorithm

1: Initialize 6, ¢
2: Interact with the system, collect data
3: Train GP model on the data

4: repeat
5 repeat
6 Evaluate policy as J™(0) = R™(0 + £Q™(0)
7: Update policy using gradient of J™ ()
8: until Convergence or a time limit is reached
9: Calculate Q™(0)
10: if Q7(0) > 1 — ¢ then
11: if Q™(0) > upper_limit then
12: Decrease & < 0.75¢
13: Interact with the system, collect data
14: Retrain GP model on the new data set
15: else
16: Increase £ <+ 1.5¢&

17: until task learned (or run out of time, interactions
budget etc.)

5.4 Experiments

5.4.1 Simple Collision Avoidance

In this scenario, we consider the case of two cars approaching a junction. We
assume the point of view of one of the two drivers with the objective of crossing
the junction safely by accelerating or braking.

The system’s state space X is 4 dimensional (2 position and 2 velocity vari-



97

ables), thus:
x¢ = [z),... ,xﬂT. (5.13)

The input u has one dimension, proportional to the force applied to the first
car.

In this example the differentiation between safe and unsafe states is intu-
itive and straightforward. In order to not collide, the cars must not simultane-
ously be at the junction (set to be the origin (0,0)) at any point in time. This

can be set as a constraint of the form:
lz{| >a OR |2}|>a (5.14)

for the two cars positions, where a is a reasonably valued constant (10m for

example). We hence denote the set of safe states as,
S={xeXx: |z!|>aOR |2’ >a}. (5.15)

If we ignore velocities and consider the state space as a plane with the two
position variables as the axes, the unsafe set of states forms a rectangle around
the origin: D = {x € X : —a < 2' < a,—a < 2*® < a}. The legal inputs are one
dimensional corresponding to the force applied to the controlled car (carl)
which we assume bounded at 2000N, accelerating or decelerating the car.

The controller used is a normalised RBF network with 20 basis functions
as in [34], initialised randomly. The reward function is an exponential, (see
Equation (2.32)) with the target, ®iareet, chosen so that carl is rewarded for
crossing the junction (by setting the z{,,,,, > 0), while the weight matrix X?

is chosen so that the value of the reward is largely independent to other three
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state variables by setting

(B > (S22, (S8, ()

with (X?2)% the ith component of the diagonal of X?. The risk tolerance, ¢ is
set to 0.10.

The first approach we employ is inspired by [33], and is a variant of
the standard PILCO framework, adding penalties on states that need to be

avoided. The penalties are smooth, based on exponential functions, much like

the rewards. We denote this as PILCOPen.

Car2 position

Predicting Trajectories
100 1 o

50

-50 - e ®

-100 —50 0 56 160
Car1 position

Figure 5.1: Three trajectories and as-
sociated predictions. In blue an in-
accurate model captures the underly-
ing uncertainty in a scenario where the
first car accelerates and passes through
the junction first. In green, an accurate
model predicts well the trajectory in a
scenario where the second car crosses
the junction first. In red, both cars
cross the junction at the same time, re-
sulting in a collision.
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Figure 5.2: Evaluations of Q™(8), at
step 9 of Algorithm 1, for two training
runs. In the first case, in green, @ is
less than the threshold 1 — ¢ = 0.9 for
the the first 5 policies proposed. On-
wards, safe enough policies are pro-
posed by the algorithm. With red
we highlight a potentially problem-
atic scenario, where the algorithm fails
to propose a safe enough policy after
20 cycles. Still collisions are avoided,
since while Q™ (0) < 1 — ¢ interaction
with the physical system is prohibited.
Experimentally, this behaviour is un-
common but possible.
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SafePILCO PILCOPen

£ - 1 10 20

collisions 30 614 32 81
av. cost 8.89 506 9.87 9.96
interactions 526 720 720 720

Table 5.1: Comparison between SafePILCO (our algorithm) and PILCOPen. The
number collisions captures overall safety during training, while the average cost refers
only to the performance component R of the objective function J (a convention we
follow for the rest of the paper). Both methods are evaluated on 48 runs, with a max-
imum of 15 interactions with the real system per run.

Table 5.1 shows a performance comparison between our proposed method
(SafePILCO) and the baseline PILCOPen. For PILCOPen, we report results for
different values of the hyperparameter {. We note how sensitive the baseline’s
preformance is to the choice of £. Our approach however, by not allowing un-
safe policies to be implemented, while optimising ¢ adaptively, achieves good
performance and respects the risk threshold of 0.1. Furthermore the hyper-
parameter initialisation does not have a significant effect on performance. We
note that SafePILCO interacts with the system fewer times, due to avoiding in-
teractions when the policy is not safe enough. In one case out of the 48 runs,
no interaction took place, since the algorithm failed to propose a safe policy

(see Figure 5.2).

Surrogate loss functions for the safety objective

As discussed previously 5.3.3, the probability of the system violating the con-

straints during an episode has a dual role:

e Inthe policy-evaluation policy-improvement iterations, the probability is

a component of the objective function, along with the expected reward.
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o In the safety check step, the probability is evaluated in order to decide
whether the policy is safe enough to be implemented in the physical sys-

tem.

For most problems we need to keep the probability of violating constraints
under some tolerable risk threshold every time the learning algorithm inter-
acts with the physical system. This requirement corresponds to the second
case described above. In the first case, on the other hand, evaluating this prob-
ability is not a necessity so long as the policy resulting from the optimisation
procedure verifies the safety requirement. We therefore explore substituting
this probability, namely Q™ (@), with a surrogate loss function which we de-
note Q”(O). We investigate whether this substitution increases computational
efficiency without impeding performance. Increased performance is expected
if the surrogate creates a loss landscape that facilitates the optimisation pro-
cess. Indeed, we can interpret the exponential penalties used in [33] as an
example of a surrogate loss function and we evaluate its performance in the
experiments that follow.

Two loss functions have been considered thus far: a scaled version of the
probability itself (no surrogate in this case) and exponential penalties. For
completeness, we consider two more: an additive cost function based on the
sum of the probabilities of violating the constraints at each time step (ProbAdd
for short) and one based on a logarithmic transform of the original (multiplica-
tive) probability (LogProb).

The additive cost based on the risk of constraint violation (ProbAdd) is

defined as:

Q7 (0)aas = 3 alx:). (5.16)

with ¢(x;) as defined in Equation (5.8).
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Assuming perfect safety is feasible, with all ¢(x;) = 1, maximising this sur-
rogate loss function leads to a maximisation of the original objective, which is
the product of ¢(z;) for all . When this is not feasible on the other hand, the
maximum is not necessarily the same. Keeping in mind that convergence to
the global maximum is not guaranteed for any of the methods used here for
policy optimisation, the effectiveness of the surrogate cost function is evalu-
ated empirically.

Taking the logarithm of the original multiplicative probability allows us to
create an additive cost function, while maintaining the same maximum, since

the logarithm is a concave function, defined as:

Q()iog = log [ [ a(xt) = Y _ log(a(x)). (5.17)

Differentiating the above is not significantly different than the process de-
scribed previously and the gradients are used in the same optimisation algo-
rithm.

We present results in Table 5.2. The four cost functions are evaluated over
32 runs, with 15 maximum allowed interactions per run with the physical sys-
tem (480 interactions allowed in total). We can see that all methods achieve a
fairly low number of collisions (much lower than the maximum allowed risk of
10% per interaction), and the Prob and Log surrogate cost functions achieve
slightly better performance. The Log and the ProbAdd cost functions fail to
propose a controller for a non-negligible number of cases (4 and 6 out of 32), a
fact suggesting that the optimisation proved harder using these cost functions.
For the rest of this thesis the Prob cost function is used (and thus denoted sim-
ply SafePILCO, except when explicitly stated otherwise), since it achieves good

performance and is in general a simpler approach, in the sense that objective
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Prob (SafePILCO) Exp Log ProbAdd

collisions 12 8 4 11
av. cost 8.75 9.19 8.78 9.28
interactions 327 412 166 315

unsolved 0 0 4 6

Table 5.2: Surrogate cost function comparison. ‘Prob’ denotes
the probability of collision used as a multiplicative cost, ‘Exp’
smooth exponential penalties, ‘Log’ the log of the probability of
collision, and ‘ProbAdd’ the sum of the probabilities of collision
at each time step (additive cost).

(low risk) and cost function match, other than the multiplicative constant (&).

Hyperparameter tuning

Here we examine the effects of the method we introduce for tuning the hyper-
parameter . Using the same objective function, we change only the way ¢ is set
and tuned, isolating and evaluating its effects on performance. The simplest
version we evaluate uses a fixed value for ¢, as in [33] and the PILCOPen algo-
rithm we employed in Section 5.4.1. We compare the latter with a version of
our algorithm that checks whether the policy is safe enough, increasing ¢ if not
(but never decreasing it). Finally, we compare with a version of the algorithm
that adapts £ by increasing or decreasing its value accordingly (SafePILCO in
Section 5.4.1). To provide a fairer comparison we use the same surrogate loss
in all cases, namely that of exponential penalties on the unsafe parts of state
space. Since the dynamics of the system are simple and linear, in this case an
optimal controller could be designed with standard methods, and a compari-
son with the average cost our methods incurred would be informative.

We see in Table 5.3 that an adaptively tuned ¢ leads to similar, or better,

performance and more robustness to the initial choice of &.
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PILCOPen PenCheck SafePILCO

(starting) £ 5 10 5 5 10
collisions 36 0 0 1 2
av. cost 7.54 13.31 14.45 1451 12.66
interactions 240 240 138 97 138

Table 5.3: Different strategies of setting £ and their effects for different
initial values. PILCOPen picks one value for £ and implements all policies
that are proposed by the policy optimisation algorithm, PenCheck uses
the safety check before implementing a policy and increases € if the policy
is unsafe, and SafePILCO, increases and decreases the hyperparameter
adaptively.

5.4.2 Building Automation Systems

We here apply our approach to a problem in the domain of building automation
systems, often referred to as smart buildings. The usual aim here is to effi-
ciently use the air conditioning system, keeping the temperature and possibly
CO; emission levels within given limits, or close to specified values. These
values often correspond to comfortable conditions for occupants, but can vary
significantly depending on the building’s purpose. As the number of avail-
able sensors and their connectivity increase, so does the sophistication of the
controlling mechanisms of these systems. Increased emphasis on energy con-
sumption, with its associated financial and environmental cost, and of course
the desire to improve the experience of those in the buildings, contribute to the
rising interest in the area [24]. Finally, it’s worth noting that one of the most
well-known real-world applications of reinforcement learning was in this do-
main, with Deepmind offering an RL optimised system for cooling Google’s
data centres [47].

For our experiment we use as ground truth an open source simulator ? that

3Code for the simulator can be found at https://gitlab.com/natchi92/BASBenchmarks.
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models air conditions, released as part of a set of benchmarks [24, 2] for the
verification of stochastic systems. Following the same approach outlined in
Section 5.4.1, we treat the simulator as a black box: our algorithm sees the
data generated, as sequences of states and actions, but has no access to the
simulator’s internal parameters. With the data collected, we train a GP-based
dynamics model, and follow Algorithm 2.

In this setting, matching Case Study 2 from Cauchi and Abate [24], we
control the temperature in two adjacent rooms. The cost we minimise is the
quadratic error between the temperatures in the two rooms and the reference
temperature. The total number of state variables is 7 (including room temper-
atures, wall temperatures etc.) while the control input we have at our disposal
is one-dimensional and corresponds to the (common) air supply temperature
for the two rooms. The measurements have a sampling period of 15 minutes.
We collect 72 hours worth of data to start training, and use a simple linear con-
troller. The initial temperature in room 1 is 15°C and the target temperature
is 20°C, while room 2 starts with the target temperature. The task is to grad-
ually increase temperature in room 1, while keeping the temperature in room
2 below 20.5°C. Since the air supply for the two rooms is shared, aggressive
temperature control for room 1 would lead to the temperature in room 2 over-
shooting both the target of 20°C, and the constraint of 20.5°C, a hypothesis we
verify by running plain PILCO.

In Table 5.4, we summarise the results obtained by plain PILCO, optimis-
ing performance exclusively (without regard to constraints), PILCOPen, using
an exponential penalty of preset weight to encourage safety, and SafePILCO,
using the adaptively weighted penalty and the safety check we introduced.
All algorithms interact with the system for 5 episodes of 12 hours each. The

results are averaged over 10 random seeds. Please note that in this case we
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PILCO  SafePILCO (Add) PILCOPDen (¢ =2)

Con. Viol. (steps) 26.1 £8.7 0.0+ 0.0 0.0 +0.0
Con. Viol. (epis.) 45+15 0.0£0.0 0.0 £ 0.0
RMSE 0.94 +0.32 0.95+0.31 1.24 £ 041

Table 5.4: Results for the BAS environment. Regarding constraint violations,
we report the number of time steps where constraints were violated during
the 5 episodes of interaction in Con. Viol (steps), as well the number of
unique episodes with at least one constraint violation in Con. Viol (epis.).
The RMSE refers to the temperature difference of the two rooms from the tar-
get value and is used as an interpretable cost. Results are averaged over 10
random seeds, with one standard deviation shown.

report cost, and specifically root mean squared error. Again we operate under
the assumption that the task has a specified reward function independent of
PILCO, and we achieve similar behavior using one of the two reward functions
implemented in the software tool. As expected, plain PILCO achieves the best
score of all three methods, but also results in the highest number of constraint
violations. We report two metrics with respect to constraint violations: the to-
tal number of timesteps the constraints were violated for, and the number of
episodes where the constraints were violated for at least one timestep. We can
see in 5.4 that SafePILCO manages to respect the constraints without incur-
ring practically any extra cost, while PILCOPen (using a hand-crafted reward,
whose shape and weight were tuned to good values to the best of our knowl-
edge) respects constraints but with significant additional cost. Plain PILCO is
included to show the performance of unconstrained policies, in terms of both
cost and constraint violations. In Figure 5.3 we see a typical response of the
two-room system (as predicted by the simulator) to the controller trained with
the proposed algorithm (SafePILCO). Note that for this system too, designing
an optimal controller that respects the constraints is possible with standard

techniques, and potentially informative.
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Two rooms temperature control
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Figure 5.3: Temperature control scenario where room 1 starts with a significantly
lower temperature than the target. The linear controller used has been trained with
our algorithm (SafePILCO).
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(a) Max angle at the first joint (b) Frame from a healthy gait

Figure 5.4: Various configurations of the Swimmer Robot

5.4.3 OpenAi Gym experiments - Swimmer

Next we evaluate our method using a challenging task from the popular

OpenAi-gym set of benchmarks for RL. Specifically we work with Swimmer-
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v2, a scenario where a robot with two joints navigates a 2-d plane by "swim-
ming" in a viscous fluid. We used the same task to evaluate our PILCO imple-
mentation in Chapter 4.

The scenario does not originally provide safety constraints. We therefore
impose constraints on the mechanism by limiting the angles of the two joints to
a maximum value, with the intuition being that pushing the joints to the edge
of their working range can lead to damage, either from the accumulated stress
to the joints themselves or by having parts of the robot collide. Furthermore,
an interesting qualitative observation is that in many runs of the simulation, in
the absence of constraints, a gait emerges that has the robot bend its first joint
with full force, effectively using it as single paddle, gaining significant speed
and getting high reward early in the episode, but getting stuck in the resulting
configuration - often with full force still being applied to one or both joints (see
5.4a). We consider this a characteristic example of the pitfalls that come with
the use of RL where failure can have significant costs.

We evaluate two variants of PILCOPen and our proposed algorithm
SafePILCO. In these experiments, every episode has 25 time steps (correspond-
ing to 125 steps in the original environment since we subsample by a factor of
5), all algorithms obtain data from J = 10 episodes from a random policy at
tirst and then a maximum of N = 10 interactions with the environment. The
best return metric corresponds to the highest return of these N interactions,
averaged over 10 runs with different random seeds. Similarly the number of
constraint violations corresponds to the number of time steps with a constraint
violation during training (for the IV episodes where a trained policy is imple-
mented and not the initial random rollouts), averaged over 10 random seeds.
We also report the number of episodes where at least one constraint viola-

tion occurred, out of the 10 interactions with a simulator the algorithms are
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PILCOPen SafePILCO (Add)
£ 1 10 -
Con. Violations (steps) 59.2+288 13+3.6 3.2+4.07
Con. Violations (epis.) 74+26 0.3 £+ 0.64 1.0+ 1.0
Best Return 10.63 £ 0.87 4.80 + 2.09 7.63 £2.15

Table 5.5: Results for the swimmer environment. Con. violations (steps)

refer to the total number of time steps where a constraint is violated during

training, while con. violations (epis.) counts the different episodes (out of
10) where a constraint violation occurred. All results are averaged over 10
runs, and reported along with one standard deviation.

allowed.

Table 5.5 summarises the experimental results. The proposed algorithm
SafePILCO, ends up violating the constraints with the maximum allowed fre-
quency (e = 0.1 here, and we have 1 constraint violating episode out of 10 on
average). PILCOPen, when using a small penalty, achieves better performance

with a higher number of constraint violations, while a higher penalty leads to

safer behaviour and decreased performance, as expected.

5.5 Discussion

In this work we propose a method to integrate model-based policy search with
safety considerations throughout the training procedure. Emphasis is given to
data-efficiency, since we require our approach to be suitable for applications on
physical systems. Using a state-of-the-art PILCO framework, we incorporated
constraints in the training, estimating the risk of a policy violating the con-
straints and preventing high risk policies from being applied to the system.
Our contribution uses probabilistic trajectory predictions obtained as model
outputs in two ways: (a) to evaluate the probability of constraint violation

and (b) as part of a cost function, to be combined with performance consid-
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erations. Furthermore, the proposed adaptive scheme successfully allows a
trade-off between the two objectives of safety and performance, alleviating the

need for extensive hyperparameter tuning.

5.6 Supplementary material

5.6.1 Experiments - details and hyperparameters
Collision Avoidance

The original dynamical system is a very simple linear system, described by

x = Ax + Bu with

0 1 00
0 —2 00
A = M (5.18)
0 0 01
0 0 00

and B = [0,1,0,0]”. Table 5.6 includes the values for other relevant parame-
ters. The multiple (6) values for the initial state mean correspond to different
variations of the collision avoidance scenario. Performance results reported in

Section 5.4.1 are averaged over these variations.

Building Automation Systems

Detailed description of the simulated model used can be found in Cauchi and
Abate [24]. The simulator’s parameters were trained on data from an experi-
mental setup within the Department of Computer Science at the University of
Oxford. The library provided with [24] allows the user to create new models,
with multiple rooms, independent or joint temperature control, deterministic

dynamics, or stochastic, with additive or multiplicative disturbances. For our
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Notation Description Value
b Friction Coefficient 1.0
M Car Mass 1000
] # of initial rollouts 1
- Type of Controller RBF
bf # of RBF basis functions 50
dt sampling period 0.5(s)
H episode duration 25(s)
T time steps per episode 50
o1 initial state mean 10[-5,1,—5,1]
o2 initial state mean 10[-5,1,—6,1]
Ho,3 initial state mean 10[-5,1,—7,1]
o4 initial state mean 10[-6,1, —5,1]
Ho5 initial state mean 10[—6,1,—7,1]
o6 initial state mean 10[-7,1,—7,1]
DI initial state variance  diag([1,0.01,1,0.01])
maxiter iterations of L-BFGS-B 50
€ max tolerable risk 0.10

Table 5.6: Parameters for the collision
avoidance scenario.

experiment we use one of the predefined models, simulating two rooms, with
joint temperature control, and additive disturbances present (see section 3.2
in [24]). The simulator models the dynamics as a linear time-invariant dy-
namical system, described by x[k + 1] = Az[k] + Bulk] + Fd[k] + Q., where
matrices A, B, according to usual conventions, refer to the inherent system
dynamics with u[k] being the controller’s input, while F' model the effects of
additive disturbances and Q. captures constant terms of the model. For the
exact numerical values of these parameters see the Appendix of Cauchi and
Abate [24].

Note that in the original publication [24] not all state variables are observ-
able. The observations come as y = Cx, with C = [1,0,0,0,0, 0,0]. Since our
algorithm requires full observability we assume access to the full state x. This
is one of the reasons that our results are not directly comparable with that of

other studies in the domain (see Abate et al. [2] for an evaluation of various
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5.6

Notation

J
N

dt
H
T
Ho
2
maxiter
€

Description
# of initial rollouts
# training episodes per run
Type of Controller
sampling period
episode duration
time steps per episode
initial state mean
initial state variance
iterations of L-BFGS-B
max tolerable risk

Value
6
5
Linear
15 (min)
12 (h)
48
[15,20,18,...,18]
0.21,
50
0.05

Table 5.7: Parameters for the BAS sce-
nario.

methods); the second main reason is that most of these approaches assume an

a priori existing model. With the dynamical system defined, we set the initial

and target state, and the cost function as described in Section 5.4.2. Table 5.7

includes further parameter values used for the experiments in that Section.

Swimmer

The swimmer environment we use is coming unmodified from the OpenAi-

gym Python package, and is using the Mujoco physics simulator. The param-

eters used for training are summarised in Table 5.8.
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Notation Description Value
] # of initial rollouts 10
N # training episodes per run 10
- Type of Controller RBF
bf # of RBF basis functions 30
T time steps per episode 25
T initial state mean 0
20 initial state variance 0.11,
maxiter iterations of L-BFGS-B 40
€ max tolerable risk 0.10

Table 5.8: Parameters for the Swimmer experiment.



Safety Guarantees for Iterative

Predictions with Gaussian Processes

6.1 Chapter Overview

Gaussian processes (GPs) have been extensively used for modelling due to the
variety of suitable properties they possess !: they are probabilistic models, pro-
viding uncertainty estimates on their predictions, both within and outside of
the RL research community; they are non-parametric, effectively adjusting the
model complexity to the data, and finally they are usually data-efficient [118].
In plenty of scenarios (e.g. planning, forecasting, and time-series modelling)
one needs to make several, possibly correlated, predictions at once (the second
prediction is made before the first one can be evaluated versus a ground truth,
and so on). For this we can discern two options: either train multiple models,

each one predicting at different time-scales, or use a single model, that itera-

IThis chapter is largely based Polymenakos et al. [115]
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tively computes predictions that get in turn fed back as input to the model in
the next step. We refer to the latter as iterative predictions and iterative planning.

Of particular interest for the iterative planning scenario is the model-based
reinforcement learning setting, where a GP model is used to evaluate a can-
didate control policy on the system. The evaluation requires the model to
provide predictions for the system’s state over multiple time-steps under the
proposed policy. It is important in these cases to have a realistic assessment of
the error on the predictions, as this allows quantification of the risk of costly
system failures, like collisions with obstacles or financial losses, and analysis
of safety-critical applications. In such settings, we require predictions that are
not only accurate on average, but also provide robust, (probabilistically) guar-
anteed worst-case accuracy.

Unfortunately, as GP models output probability distributions, iterative
planning poses the problem of prediction over successive noisy inputs, i.e.
with a distribution placed over the input space. This leads to an analytically
intractable problem for such non-linear input-output mappings (see Section
2.2.3). While several approximation techniques have been proposed [52, 148],
to the best of our knowledge, none of them provides guarantees, in the form
of formal error bounds on their estimations, making it difficult to estimate re-
liability and trust predictions in application scenarios (Section 3.2.2).

In this chapter we provide a probabilistic bound for iterative predictions
with GPs and develop a method for its explicit computation. Given a user-
defined tolerance € > 0, our method works by computing probabilistic bounds
at each prediction step and propagating them over multiple time-steps in the
form of intervals. The GP trajectories are guaranteed to lie inside these inter-
vals at each time step with probability at least 1 —¢. In practice, this allows us to

perform long-term predictions for the GP trajectory with the prediction prov-
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ably staying within known bounds with a specified probability. We further
show how the bound can be used within a reinforcement learning scenario,
in order to guarantee the safety of proposed control policies. We provide an
algorithmic framework for the explicit computation of every value involved in
the bound calculation, directly and efficiently from data, so that the bound can
be explicitly computed independently of the form of the learned GP.

On a set of case studies, we show how our method can correctly proba-
bilistic bounds that account for the GP uncertainty over its trajectories. Finally,
we illustrate how our bound can be successfully employed to verify both open
loop and feedback policies and therefore guarantee the safety of proposed con-
trollers for the learned GP. In summary, the paper makes the following main

contributions:

e We develop a formal bound, for iterative prediction settings, on the prob-
ability that the trajectories of a GP lie inside a specific region. We provide

explicit computational techniques for calculating the bound.

e We incorporate control laws and take into account their effects on the

model’s trajectories.

e We provide experimental validations of our method, highlighting cases
in which a competitive state-of-the-art method fails to properly propa-
gate the GP uncertainty. We provide case studies on certification of open-

loop and feedback policies.

6.2 Related Work

Performing iterative predictions, and using them for planning, is an exten-

sively studied problem across various model types [1, 55, 71, 151].
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In particular, GP multi-step-ahead prediction is generally achieved using
heuristic approximations [52]. The most widely used approach is Moment
Matching (MM) which computes a Gaussian approximation over the (non-
Gaussian) output distribution of a GP for a noisy input [52, 22]. The uncer-
tainty estimated in this fashion can then be leveraged to learn control policies
in frameworks such as PILCO [34, 30]. It is also the method we employed in
Chapters 4 and 5, as well as in various extensions of PILCO that have been
proposed [33, 31, 80, 94]. However, building on MM, all the cited approaches
inherently fail to take into account multi-modal behaviour and tend to under-
estimate uncertainty. As such, the synthesised policies are not guaranteed to
be safe. The method we present in this chapter on the other hand comes with
probabilistic guarantees that allow us to compute the subregions of the input
space in which the trajectories of the analysed GP are bound to lie with high
probability. As such it provides formal, guaranteed bounds on the GP trajec-
tories and makes no particular assumptions on the GP model, enabling its use
in safe reinforcement learning scenarios.

In Section 3.2.2 we reviewed a number of alternative approaches to mo-
ment matching, with a similar focus to safety as our method [149, 148, 78].
Numerical approximations have been proposed for multi-step-ahead predic-
tions [148] where the output distribution is directly approximated by using
quadrature formulas and, in principle, worst-case scenario error bounds could
be computed using existing techniques for numerical quadrature [149]. How-
ever, the analysis that leads to the bounds proposed in [149] is focused on
stability, with the assumption that trajectories monotonically decrease the dis-
tance to a target state, and the authors explicitly exclude trajectories that move
away from the target state before eventual convergence and stabilisation. In

[148], where more general tasks are solved, no formal bounds are provided.
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Our algorithm instead provides valid probabilistic bounds for the general case.
Furthermore, the bounds provided by Koller et al. [78] require the computa-
tion of constants very difficult to compute in practice. In contrast, in this paper
we assume that the underlying function is a sample from a GP (and hence
we do not consider any possible model mismatch) and derive formal bounds
whose required constants are directly computed.

Formal and probabilistic guarantees for GPs have been discussed in [23]
and [19] for regression and classification with GPs, respectively. Albeit for-
mal, these methods cannot be directly applied to multi-step-ahead predictions
scenarios as they are designed for GPs over single input points. Whereas, our
method, by propagating probabilistic bounds through each time step is appli-
cable to multi-step ahead prediction scenarios and can be used in reinforce-

ment learning settings to verify controller safety.

6.3 Bounds for Multi-step Ahead Predictions with
Gaussian Processes

Given an input space i/ C R™ and a time horizon [0, 7], fort € {0,...,T—1} C

N we consider a stochastic dynamical system
X1 = f(mt, Ut), Uy € U, (61)

where we assume that for x € X C R", f(z,u,) ~ N(pf, Xf ) that is,
f(x,u) is normally distributed with mean vector uf and covariance matrix
2F o2 Mean and variance of f'(x, u,), the i-th component of f(x,u,), are de-

noted with pf and Z'gfg(gzl) Intuitively, x, is a discrete-time stochastic process,

ZFor simplicity we drop the dependence on u; in both mean vector and covariance matrix.
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whose time evolution depends on an input signal taking values in ¢/. A para-
metric memory-less and deterministic policy 7% : X — U with parameters 0
is a function that assigns a control input given the current state. By iterating
equation (6.1), we have that, for ¢t > 0, x; is a random variable as it is the out-
put of process f. Subsequently, the problem of multi-step ahead predictions is

cast as a problem of prediction over noisy inputs.

6.3.1 Prediction over noisy inputs

For a given € X', u € U we have that f(x, u) is a Gaussian random variable.
However, if x, is a random variable itself (which is the case for prediction over
noisy inputs), then f(x;, u) is generally not Gaussian and its distribution is

more often than not analytically intractable. In particular, we have that

f(x;,u) ~ /p(xt+1|a:,u)p(xt =x)dx (6.2)

where p(x;41|®, u) is the (normal) distribution of f(x,u) and p(x; = ) is the
distribution of x,. As a consequence, the predictive distribution for x,; is not
Gaussian and approximations are required [52].

In this chapter, given x,, we consider a predictor &, for x;, such that
T, = 9(531,717 utfl)a (6-3)

where g(&;_1,u;_1) is a deterministic function. That is, #; is a deterministic
process that predicts the value of x;. We set &, equal to the mean of x;, as
estimated with moment matching techniques [52].

In what follows, in Theorem 1 we compute a probabilistic bound on the er-

ror between &, and x;. The bound has a recursive structure, as the uncertainty
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needs to be propagated over multiple prediction steps. Note that this is not
a modelling error, coming from the GP imperfectly capturing the behaviour
of an underlying system, but comes solely from propagating the uncertainty
while performing iterative predictions. Then, in Corollary 1 we show that,
given an € > 0, this bound can be used to build a tube around &, such that,
at each time step, the trajectories of x; are guaranteed to be within such tube
with probability at least 1 — e. For any safe region S C X we can hence pro-
duce certificates on whether GP trajectories will lie inside that region with high

probability or not.

6.3.2 Bounds for Multi-Step Ahead Predictions

Consider as a random variable the error at time ¢, i.e. ¢, = |x; — &/, and a
constant K; > 0. In Theorem 1 we compute the probability that the error

between x; and &, is greater than K;, namely P(e; > K).

Theorem 1 Forany K > Oand x* € X, let [K = {x € X : |z* — x|, < K}.

Assume xg ~ N (o, Xo). Then, for arbitrary constants Ky, K; > 0, it holds that

P(e1 > K1) <

P( sup |Zi't+1 — f(m,ut)|l > Kt+1)P(et S Kt)

Ky
mEIit

+ P(et > Kt)7
with
P(eo > K()) =1- /K N(z|p,0,2070)dz
;0
forany K, > 0, where py and X are respectively the mean and covariance of X.

The proof of the above theorem is reported in Section 6.6. The resulting bound

6.3



120

in Theorem 1 is recursive. Hence, in order to estimate the prediction error at
time ¢, we need to compute the prediction error at the previous time steps,
which is propagated over time through the bound. The recursion terminates
as the distribution for xo, that is the initial condition, is given. Intuitively K is
a parametric cutoff threshold for the distance at time ¢, and the resulting bound
at time ¢ + 1, that is e,;4, is the sum of the contribution obtained by assuming
that e, < K and by the contribution of assuming e, > K, (and remains valid
for any value of k).

Note that the bound in Theorem 1 requires the computation of P(sup,_ 1<
lg(2+, ur) — £(x, uy)|1 > Kyiyq) that is, the probability that the supremum of a
stochastic process is greater than a given threshold. This is in general a difficult
problem [5]. However, f(x, u,) is a Gaussian process and ¢(2;, u;) a constant.
Therefore, we can use the result from [23], where bounds for the supremum
of a GP have been derived. These are extended to the current setup in the

following proposition.

Proposition 1 Let u(x, &;) = g(&, ws) — pl,. Assume I ftt is a hyper-cube with sides

of length D > 0. Fori € {1,...,n} let

K = sup s (@)
’r] = —
n

)\i

Li D n
12 1n<<\/ﬁ—”“+1) )dz,
z

0

with X' = 5 SUPﬁ,mg €la, dg) (1, x2) and n being the dimension of the state space. For
eachi € {1,...,n} assume ij* > 0. Then, it holds that
_@hH?

P(sup [g(dr, wp) — £z, u)y > Kipg) <2) e 20,

Ky -
(BEIit =1
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where £ = sup__ x, i,
¢

, . ‘ i\ 2
A (@1, @) = \/E {(mwz,ut) — 1L — (F (@) — pi)) ]

and LY is a local Lipschitz constant for dgt)

By using the upper bound of Proposition 1 in Theorem 1 we can propagate
the bound through time for any value of K; > 0,¢ =0, ...,T. This give us the
degree of freedom necessary to iteratively select, given K, the values for K; 4
that meet an a priori specified probabilistic error ¢ > 0. To do this it suffices
to evaluate the one-step bound resulting from the combination of Proposition
1 and Theorem 1, and choose the smallest value of K;,; such that P(e;y; >

Kt-i—l) < €.

Corollary 1 (of Theorem 1) For any e > 0 pick the smallest K, ..., Ky such that for

any t € {0, ..., T} we have that P(e; > K,) < e. Then, this implies that
vte{0,...,T}, Px €llt)>1—c¢

Proof of Corollary 1

Proof 1 Consider a timestep t+1, for which we need select a K, fort € {0,...,T—1}
so that P(ey+1 > K1) < €. Also assume that K, is known. Using Theorem 1, this

is equivalent to showing

P(sup |21 — f(2,w)]; > K1) Pley < Ky) + Pley > Ky) <€
(BGI;?
1

P(sup |81 = f(@,u)l > Ki) < pro——pos

Ky
melit

(e — P(e; > Ky))
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But by Proposition 1

(i i>2
P( sup |1 — (@, uy)|; > Kiq) < 226 26t

a:e] i=1

so we need to show that

@42

226 260 leq K)( e — P(e; > Ky)),
¢

_@h?
and we can make Y e %% arbitrary small by choosing a large enough K, 1,

I~

since as K, increases, j° also increases.

As a result we can compute a sequence of subsets Ié? of the state space
such that the GP trajectories are bounded to stay inside them with probability
atleast 1 —e at each time step. Given a safe region S C X we can hence produce
a certificate on the GP trajectories lying inside S with probability at least 1 — ¢

by checking the intersection between the I** and S.

6.3.3 Background on Bounds in Bayesian Learning Settings

GPs have been studied and used widely for many years [118] but the seminal
work explicitly bounding modelling error, and subsequently regret, in an opti-
misation setting using GPs is Srinivas et al. [136]. A key assumption is that the
function modelled by the GP is either sampled from a GP, or has a bounded
reproducing kernel Hilbert space norm. This work had great impact, both
from a practical perspective, as it grounded theoretically and provided an ef-
ficient algorithm for the use of GPs for Bayesian optimisation, but also from a
methodological standpoint, as it presented a general technique for obtaining

regret bounds for kernel methods. The result we are using and expanding on
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here from Cardelli et al. [23] refers to the distinct problem of bounding not
the modelling error, but the output of the GP for a bounded disturbance in
the input. This key result is presented here in Proposition 1. The derivation
of the bound makes use of the Borell-TIS inequality and Dudley’s entropy in-
tegral [5]. The full derivation can be found in the supplementary material of
Cardelli et al. [23]. In order to use the result in practice, several quantities of
interest need to be computed explicitly for the given GP.

Specifically, the bound in Proposition 1 requires the computation of
SUD . /5 | (z, &)|1, €9, L% and )y, which are related to the extrema of the
mean atnd variance of the GP f in [ g’f and to a Lipschitz constant on dgf) Ina
Bayesian learning setting, these can be computed by relying on the methods
discussed in [23] and applying them to the GP of Equation (6.1). We here
briefly review and adapt to the current settings the methods for the bound-
ing of sup__ 15 |1 (2, &)1, €9, while we refer to Cardelli et al. [23] for a de-
tailed explana:tion of how to compute L, and \; (which are not changed by
the control input) Let £'(-, -) be the GP kernel function for the i-th output di-
mension, € Igftt be a test point and D = {(x;,y;)|j = 1,..., M} a training
data set. Then the mean and variance of the Gaussian process f conditioned
on the training data is given by the set of Equations (2.8) (also in Rasmussen
and Williams [118]). Reiterating here, if K’ is a matrix with K* = k(z;, x;) for

x;,x; € D,and K a vector with K} = k(z;, z) for x; € D:

pe = KU(K') ™y (6:4)
226" = ke, @) — Ki(K) ™ (KD)" (6.5)
where y = [y1, ..., yu]”. Assuming continuity and differentiability of the ker-

nel function k(-, -), it is possible to find linear upper and lower bounds on the
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covariance between a test point and a point in the training dataset. In the case
of squared exponential kernel it suffices to see that the covariance between a
test point  and a training point «; can be written as a differentiable, convex

function of the uni-dimensional auxiliary variable z; = || — x,||. As such, by

L bk qU

inspection of the derivatives it is possible to find linear coefficients aj, b7, a;

and bY such that®:
af + bt ||e — x| < K (m, ;) < af + 0] ||@ — x|, Vo € I (6.6)

These bounds can be propagated through the inference formula for f by
performing the matrix multiplication involved in Equations (6.4) and (6.5).
The resulting equation for the mean and variance are respectively linear and
quadratic on the auxiliary variable z; = ||« — «;||, and can hence be optimised
analytically by inspection of the derivatives. This can then be further refined
using a branch and bound optimisation approach over /7.

This can be straightforwardly generalised to take into account the extra in-
put dimensions coming from a deterministic control strategy 7 (x) = u, with-
out increasing the size of the branch and bound search space, that is with-
out significantly change the computational time. To do so it suffices to solve

. . . L o . U .
the optimisation problems u; = min__,x, 7;(x) and u; = max

e

merkt 7;(x) for
j = 1,...,m, that is computing maximum and minimum of the control al-
lowed in the current state space sub-region. Notice that for the classes of pol-
icy functions that we use (e.g. linear or sum of radial basis functions) this can

be computed analytically and in constant time [34]. The bounds can then be

used by treating u and = symmetrically.

3By definition of convex function, a lower bound is given by any tangent to the function
(computed through derivative calculations) and an upper bound is given by connecting the
extrema of the function in /. ftf.
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Computational Complexity of Bound

Computation of the bound involves the calculation of Equation (6.6) for each
point in the training set D, and the computation of the inference formulas (6.4)
and (6.5) on the resulting bounds. This is O(M) for the mean function and
O(M?) for the variance (as the latter is quadratic), where M = |D| is the num-
ber of training samples used. Refining the bounds with a branch and bound
approach has a worst-case cost that is exponential in n, the dimension of the
variable . Bounding of L% and ), is done in constant time. This is iterated for
any output dimension of the GP. After branch and bound converges, computa-
tion of the optimal value for K., is linear on the number of candidate values
explored, as it involves the computation of the integral in Proposition 1 with
known constants. Finally the procedure is identically repeated for each time

step .

6.3.4 Using the Safety Guarantees for PILCO

In this section we briefly examine how the safety guarantees can be used in
conjunction with the Safe PILCO framework of Chapter 5. Safe PILCO intro-
duces constraints that demand the system to stay in a safe subset of the state
space S C X with high probability. Specifically, after a controller is trained us-
ing a learned GP model, and before the controller is applied to the controlled
system, the probability that this controller violates the constraints is estimated
using moment matching. Since moment matching is an approximation that
might lead to underestimating the true uncertainty of the iterative predictions
(as we show below) controllers that violate the constraints can be allowed to be
implemented. We therefore suggest to replace this step, referred to in Chapter

5 as a safety check, with the bounds estimated from Corollary 1. This replace-
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ment is straightforward and provides better protection from unsafe controllers
used in possibly safety critical applications.

In Algorithm 3 we present the modified algorithm for Safe PILCO. In more
detail, Step 5 employs the safe PILCO framework to synthesise a candidate
policy (optimising its parameters €) by maximising the composite objective
function J™(0). Note that the objective function component related to safety,
(), can take various forms as long as it is correlated with the probability of vi-
olating the constraints (the surrogate losses tested in Chapter 5). In principle,
the results of Corollary 1 could also be used in this step to replace moment
matching. We do not do this as because Step 5 requires the policies to be eval-
uated multiple times, depending on the optimiser’s budget (in current experi-
ments 50-100 times). Hence, the computational burden required to recompute
the bounds so many times may make policy optimisation very costly compu-
tationally. Furthermore, note that in safe PILCO moment matching allows one
to obtain analytic gradients of the objective function with respect to the param-
eters 0 of the policy 7%, which would not be available using Corollary 1. Due
to these points, we propose using the new bounds only for Step 6, replacing

the safety check.
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Algorithm 3 High level algorithm description for mod-
ified Safe PILCO with safety guarantees.

1: Initialise policy parameters 6
2: Interact with the system, collect data

3: Train GP model on the data
4: repeat
5: Policy optimisation, maximise J™(0) = R™(6)+
wQ"(0)
6: Calculate bounds for chosen € from Corollary 1
7: if Bounded trajectory satisfies constraints with
probability at least 1 — € then
8: Interact with the system, collect data
9: Retrain GP model on the new data set
10: else
11: Return to policy optimisation with an

adapted objective function that has higher w

12: until task learned (satisfactory performance
achieved or limited computational time/number
of iterations reached.)

6.4 Experiments

In this section we apply the methods presented above to various GPs with SQE
kernel trained from data. In all the experiments we use the bound from The-
orem 1 with the L1 norm, that is with d = 1. First we explicitly compare our
formal, guaranteed bounds with the probability estimation obtained by Mo-
ment Matching (MM) in two iterative prediction scenarios (with no control
involved). We then investigate in the Mountain Car application [99] the be-
haviour of our methodology for certification of a given control policy. Finally
we show how to compute bounds for the behaviour of closed-loop systems
for a given controller. GPs are trained with the GPML package, using max-
imum marginal likelihood for hyperparameter selection. Candidate policies
are either arbitrarily selected for the purpose of demonstration or obtained

from PILCO. They are either linear or linear, squashed through a sine wave, to
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constrain the input magnitude [34].

6.4.1 Iterative Prediction

We analyse the behaviour of our method in a one-dimensional synthetic
dataset where the system dynamics are distributed as a Gaussian at each time
step. Further, we assume that the initial state of the system is Gaussian, that is
xo ~ N (o, Xo), with mean and variance given by py = 0 and Xy = 0.01. We
compute predictions and bound the trajectory for an horizon of 7' = 10 time
steps. We use € = 0.05, that is we require bounds holding with probability at
least 95% and compare with the results obtained by MM. Namely, we compare
our bounds with plus/minus two standard deviation estimated by MM. Notice
that when MM is exact (i.e. when the system dynamics are effectively Gaus-
sian at each time-step), then this would as well correspond to bounds at 95%
probability. Results for this analysis are given in Figure 6.1, where our bound
is depicted with a thick red solid line, and MM results are represented by the
green shaded area. Further, we extract 100 trajectories from the GP, which are
depicted with thin colored lines, in order to provide statistical validation for
the results. Notice that the latter are almost entirely within the MM shaded
area. In fact, since the system dynamics are fully Gaussian at each time step,
that is x; is Gaussian for each ¢, then the approximation made by MM is al-
most exact and well behaved. Notice that our method successfully bounds the
sampled trajectories at each time step.

In the previous example, MM succeeds in bounding the GP trajectories be-
cause the Gaussian approximation performed by MM is well suited for that
setting. However, as soon as this does not hold anymore, the results obtained

with MM fail to bound the actual GP trajectories. As an example of this, con-

6.4



129

_0-5 1 1 1 1 1 1 1 1
1 2 3 L 5 6 7 8 9 10

Time-steps

Figure 6.1: A set of 100 trajectories sampled from a GP (thin coloured line). The
green shaded area corresponds to plus/minus two standard deviations of the moment
matching prediction, and the thicker red lines delimit the area with 95% probability
according to Theorem 1.

sider a system with dynamics given by:

ign(x)x?, if |z
hz) = sign(x)z?, if |z| < 1 67)

x, otherwise.

We train a GP on data sampled from by this system. With the function being
non-linear, we have that x; is non-Gaussian for ¢ > 0, which implies that ap-
plication of MM will introduce unaccounted approximation errors, see Figure
6.2. Furthermore, the specific dynamics chosen are such that the MM variance
prediction will inevitably shrink, leading to a systematic underestimation of

the actual region in which GP trajectories are located. In fact when the initial
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Normally distributed Xy (1=0, 0=0.5) Dynamics function f(x)

0.4 -
0.35
0.3
0.25 -
0.2-
0.15 -
0.1~
0.05

Distribution of X = f(xt)

Figure 6.2: Initial state distribution, system dynamics and state distribution after a
time-step for the system described by the set of Equations 6.7. Histograms show em-
pirical results for 10000 trajectories. On the top left is the normally distributed initial
state, which passes through the non-linear dynamics function in the top right, leading
to the distribution at the bottom.

position of the trajectory, x, is greater than 1, then the trajectory will constantly
be at zy. As such, assuming xg ~ N (10, Xo), one can choose a X, big enough
such that the GP trajectories will be outside any tube parallel to the x-axis with
probability greater than e. However after finitely-many time steps MM vari-
ance will wrongly shrink to values very close to zero, hence failing to account
for the majority of the probability mass of the GP.

Empirical results for this system using ¢ = 0.05 are plotted in Figure 6.3,
for values of initial variance X, going from 0.1 to 0.6. The empirical results
agree with the discussion above. If the initial variance is small enough, than

the overwhelming majority of GP trajectories will converge to zero. However,
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Trajectories sampled from the trained GP, Ei"it=0.1 Trajectories sampled from the trained GP, Einit=0.2
4 4

2 4 6 8 10 2 4 6 8 10
Time-steps Time-steps
Trajectories sampled from the trained GP, Einit=0.4 Trajectories sampled from the trained GP, Einit=0.6

4 5

Time-steps Time-steps

Figure 6.3: As the initial variance increases, more trajectories, having an initial state
|zo| > 1, do not converge to 0. Moment matching fails to account for this fact (green
shaded area showing two standards deviations). Our bound (red line) grows appro-
priately. Thinner colored lines represent 100 sampled trajectories from the GP.

as the initial variance grows, more and more trajectories diverge. MM fails to
account for this behavior, and the variance predicted by MM fails to mirror the
actual dynamics of the GP under analysis. Note that, our method, being guar-
anteed to provide correct results, is able to successfully bound (up to probabil-
ity 1 — €) the actual trajectory of the GP, independently of the initial variance.
In fact, our method does not rely on any particular assumption, and is able to

provide worst-case scenario analysis independently of the general shape of the

GP.
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6.4.2 Open-loop control for Mountain Car

In this section we show how our method can be used to certify a control input
for a dynamical system. The environment we are considering is a version of
the continuous mountain car problem [99]. Briefly, a car is required to ascend
up a hill to its right, with a goal state on top of the hill. Because it does not have
enough power to climb the hill directly, it has to initially ascend a hill to the
left first to gain potential. The state space has two dimensions (position and
velocity of the car), and the control input is one dimensional and corresponds
to a force applied to the car.

As previously, we train a GP on data generated from the environment, in
this case, following a random policy. We assume we have access to an ini-
tial (normal) distribution for the starting state and our task is to to evaluate
a proposed sequence of actions. Specifically, we want to perform predictions
about the sequence of states (position and velocity) of the car, and to provide
high probability bounds for these predictions. The trained GP model has a
3-dimensional input space, as it takes (x:, u;) pairs as inputs, corresponding
to the two state-space variables and the control input, and 2-dimensional out-
puts, that correspond to x;;;. The two output dimensions correspond to two
independent GPs, each one predicting a state variable. However, the predic-
tions of each model are based on the previous predictions of both models. In
more detail, we assume a state ¢; € X C R?, where both components of x; are
bounded. These form a tuple [z}, 27, u], where x; € [lby, ub;], and x? € [lby, ubs),
and the exact value of u is known (as we are verifying an arbitrary, fixed con-
trol policy). This tuple is the input to the two GP models, with one of them
providing the predicted position z;, ;, with its new lower and upper bound,

and the other one providing the same quantities for the velocity =7, ;.
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t Controlu z! 2?2 Bound z' Bound 22
1 1.85 -0.50 0.00 0.020 0.020
2 -0.97 -0.38 0.53 0.030 0.080
3 1.39 -0.37 -0.49 0.055 0.125
4 0.17 -0.53 -0.20 0.105 0.220
5 -1.95 -0.57 -0.02 0.130 0.405
6 - -0.87 -0.05 0.225 0.595

Table 6.1: Predictions along with 90% probability bounds for a sequence of
5 actions applied to the mountain car. Columns z! and z? report the mean
value of position and velocity of the car. Columns Bound z! and Bound z?
report the computed the interval around x! and 22 containing at least 90% of
the trajectories.

We train the GP model on a dataset of 500 random actions applied to the
mountain car. Now, for a proposed sequence of actions, we can bound the
predicted trajectories, using our method with € = 0.1 (that is bound with 90%
probability). Results from a typical run are presented in Table 6.1. Drawing
1000 trajectories from the mountain car system we verify that empirically more
than 90% (91.6%) of them stay within the bounded area around the predictions

obtained by our bound.

6.4.3 Closed-loop control of linear and quadratic systems

Here we use the proposed method to predict the closed-loop behaviour of sev-
eral dynamical systems for a proposed feedback controller. The systems are

either linear, or linear with an added quadratic term, of the general form:

i'= Az + 2 Q'x + B'u, (6.8)

where 2" is the i-th component of the state vector . We assume a dataset

D = {x;,u;,y;} of transitions is provided, where y; = x;11 = f(x;,u;) and
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System 1 System 2 System 3 System 4 System 5
t/Bounds for: x, W=0 z, W=-02 2! x? 2! x? 2! 22 at 2 28
t=1 0.165 0.165 0.165 0.165 0.165 0.165 0.165 0.165 0.165 0.165 0.165

0.170 0.165 0.161 0.161 0.162 0.161 0.143 0.159 0.165 0.161 0.165
0.174 0.164 0.157 0.158 0.160 0.158 0.042 0.153 0.165 0.155 0.165
0.178 0.164 0.153 0.154 0.158 0.155 0.009 0.147 0.162 0.153 0.165
0.182 0.163 0.149 0.151 0.157 0.152 0.005 0.141 0.159 0.152 0.165
0.186 0.163 0.145 0.148 0.154 0.150 0.005 0.134 0.157 0.147 0.165
Viol. ratio 0.073 0.090 0.0841 0.0957 0.0347 0.0659

T
o Ul W N

Table 6.2: Calculated bounds for different systems over an episode with 5
transitions. As "Viol. ratio", violations ration, we denote the fraction of tran-
sitions for which the bounds (calculated with a tolerance ¢ = 0.10) were vio-
lated out of the 1000 sampled trajectories for each system.

a candidate controller C. We train the GP model on 300 data points, and the
bounds are calculated with € = 0.1 (90% probability bounds). The controller is
either linear, or linear squashed by a sine function, as in PILCO [34] (see Equa-
tions (2.27), (2.28)). The reference point is the origin and the starting region is
a hypercube around the origin with size 0.1650 for each dimension. In this set-
ting the mean of the predicted states for the system is of secondary importance
(in the linear case it is trivially zero) and our interest is focused on the width
of the bounds on the prediction error. Shrinking bounds can be interpreted as
similar to a probabilistic notion of stability for the GP model: shrinking bounds
indicate that with the current controller and initial conditions, the model, with
high probability, will stay in a (shrinking) region around the origin.

For each scenario, once the data and candidate controller is provided we:
e Train a GP model on the provided dataset.

e Assuming that the model is accurate, use the presented method to make

bounded iterative predictions

e Statistically verify that the bounds are valid by sampling trajectories

from the real system (verifying both that the learned model is accurate
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enough, and that the predicted bounds quantify uncertainty correctly).

All results are presented in Table 6.2.

System 1, 1-dimensional state space, 1 control input, linear

In this simple case, we start with a linear, one-dimensional system with one
control input. The parameters take the following values A = 0.05,Q) = 0, B =
1.0. We use a linear controller for this case, so u = Wx. For the system to be
asymptotically stable, we need A + BW < 0 & W < —A. We estimate the
bounds with no control, W = 0, and for a controller that stabilises the system,
W = —0.2. In the first case the bounds must be getting wider (since our bounds
are conservative), while in the second, the bounds should be getting narrower
around the origin but that’s not guaranteed. Results show that without a con-
troller the bounds indeed get wider, while with the controller the bounds get

narrower.

System 2, 2-dimensional, 1 control input, linear

Here we make bounded predictions for a linear system with 2 dimensions and
a single control input. This is only incrementally harder than the previous
example, since the two dimensions have independent dynamics and the con-
troller stabilises the first dimension only while the second dimension has in-

herently convergent dynamics. The system parameters:

0.1 0.0 1.0
A= , B = ,W:{—Oﬁ 0.0]
0.0 -04 0.0

The bounds on both dimensions contract with time.
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System 3, 2-dimensional, 2 control inputs, linear

Next we work with a system that’s still 2-dimensional with state variables that

are not independent, but two control inputs available. The system parameters:

0.1 0.08 1.0 0 —-0.4 0.0

—0.05 0.15 0.0 1.0 0.0 -0.5

As shown in Table 6.2 the bounds contract in this case too.

System 4, 2-dimensional, 1 control input, quadratic dynamics, controller

from PILCO

Here we train a linear controller squashed by a sine function (effectively
bounding the control inputs between —1 and 1) with PILCO [34] and then

we calculate the bounds for the resulting system.

—-0.2  0.05 1.0 1.0 0.0
A= ,B = Q' = ,
—0.05 —04 0.0 0.0 0.0
, 1.0 0.0
Q= W = [—8.61 —0.02].
0.0 0.2

The estimated bounds verify convergence.
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System 5, 3-dimensional system, 2 control inputs, linear

In this example the system is linear and has 3 dimensions and 2 control inputs.

Its parameters are:

-02 00 -0.0 1.0 0.0
A=100 -03 00 |.B=100 10,
0.0 00 -06 0.0 0.0

—-04 0.0 0.0
0.0 =02 0

Notice that for the third state variable, even though the system is contractive
(by inspecting A), the bound does not contract (it coincidentally stays con-
stant).

Overall the results indicate that the bounds can correctly identify contrac-

tive behaviour due to the controller.

6.5 Conclusions

In this chapter, we derived a new formal probabilistic bound for iterated pre-
dictions with a GP model, without control, in open-loop and in closed-loop
scenarios. Our approach does not make any further assumptions on the prop-
erties of the GP, other than knowledge of the kernel hyperparameters, learnt
through maximum marginal likelihood, and every intermediate quantity used
is calculated directly from the data. The experimental results show that our
method is able to correctly propagate uncertainty even when existing heuris-
tic approaches fail. Furthermore, they showcase how our method can be used

to certify the safety of proposed controllers using GP models.
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6.6 Proofs

Proof of Theorem 1 First we prove the following Lemma:

Lemma 1 Let f(x) be a stochastic process. Consider measurable sets A and 3. Then,

it holds that

P(f(y) € Aly € B) < P(supf(y) € A).

yeB

Proof 2 For the proof we use g as the joint probability distribution of f(y) and y.

P(f(y) = Aly € B) =
fA f[gg(f(y =LY = ?j)d%dg _

P(y € B)
Ja S5 96 @) = wly = 9)g(y = y)dwdy _
P(y € B) -
S Jssupgep 9(£(9) = 2|y = y)dady
P(y € B) a
o Jgely=19)
J sipoten) = oya e K <
[ suwo(t() = z)ds -
A 9eB

P(supf(y) € A)

yeB
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Now the following calculations follow

Peyy1 > Kiiq)
(By Definition of e;)
=P(lg(@, we) — £(xp, ue) |1 > Kig1)
(By Marginalising with the events e, > K;, ¢, < K)
<P(lg(@:, ur) — £(xi,ue) 1 > Ky | ey < Kp)Ple; < Ky)
+ P(e; > K;)
(By Lemma 1)

SP( sup |g(§3taut) - f(X7ut>|1 > Kt+1)P(et < K3)

=T b
X¢
+ P(et > Kt)

(By the fact that P(e; < K;) =1 — P(e; > K3))

=P(sup [g(&;, w) — F(x,ue)[1 > K1) (1 — Pley > Ky))

Ky
acelﬁt

+ P(et > Kt)
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Discussion

7.1 Summary

The sharp increase in interest in reinforcement learning in recent years has led
to an ever increasing number of algorithms and approaches, with significant
quantitative performance gains in comparison with the previous state of the
art. The majority of these algorithms operate in simulated domains, where
massive datasets can be amassed at very low cost, the only restriction being
the available computational resources. Even the methods that have physical
components (such as robotic agents) are trained and evaluated, for the most
part, in controlled laboratory environments. Moving these algorithms from
their current environments closer to the real world requires direct addressing
of the issues of safety and the associated implications of data scarcity.
Furthermore, many of the newer reinforcement learning approaches, espe-
cially based upon deep-RL, although capable of achieving impressive perfor-

mance, have been shown to be surprisingly brittle [64, 66, 38]. As a growing
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body of literature indicates, performance is largely dependent upon hyperpa-
rameter selection, can vary significantly from run to run (changing exclusively
the random seed used ) and is sensitive to seemingly unimportant implementa-
tion details. These issues, beyond simply rendering conclusive empirical eval-
uation harder, as exhaustive hyperparameter searches are necessary and eval-
uation of computationally taxing experiments have to be repeated a large num-
ber of times to reduce the uncertainty of the observed performance, have led
to questioning commonly accepted interpretations of recent results [66, 38].

The community has addressed this challenge, in part, by favouring more
comprehensive experiments [35, 153]. This approach, although definitely
valuable, is only empirical and, to achieve the required reliability for safety crit-
ical applications [100], extremely large (perhaps unrealistically large) datasets
would be needed. Thus, if we are to accept the ever-increasing role of intelli-
gent algorithms in society, industry and commerce, algorithm safety, trust and
verifiability are prerequisites and need to be addressed directly.

Throughout this thesis we have focused on providing degrees of guaran-
teed safety in model-based policy search. We trained models to capture the
dynamics of unknown systems and used the subsequent model predictions to
evaluate, improve and verify the safety of proposed parametric policies, defin-
ing safety in terms of the probability of satisfying predefined constraints. We
developed an open source software tool for this purpose, and made it avail-
able for the wider research community. Finally, we provided an alternative
approach for an integral component of the process that verifies the safety of a
candidate policy: uncertainty tracking, over multiple time steps, for Gaussian
process models.

We hypothesised and verified experimentally that a policy-search method

(or indeed a reinforcement learning method in general) that is exclusively
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focused on performance cannot be naively assumed to discover safe policies
based on a generic reward function. We consider such a requirement to be sat-
isfied only by tackling the problem of meticulous reward function design, or by
encoding the relevant safety specifications in an other manner. Our method-
ology allows for such state-space safety constraints to be clearly stated and en-
forced. We consider this an intuitive encoding of prior knowledge, that covers
a wide selection of probable scenarios, and showcase its use in several problem
domains.

In Chapter 4, we presented our new implementation of the PILCO frame-
work. We outlined its main components and their functionalities, and high-
lighted the advantages of the new Python implementation in comparison with
the existing Matlab version. We showed experimentally that it has the flexibil-
ity necessary to solve popular RL benchmark problems, not designed specifi-
cally with PILCO in mind, while maintaining data-efficiency.

In Chapter 5, we augmented the PILCO framework with safety constraints.
The constraint formulation preserves desired properties of the framework,
such as efficient evaluation of the proposed policies. By adaptively tuning
the objective function, we effectively replace the need for hand tuned reward
functions, and by verifying probabilistically that a policy complies with the
imposed constraints before deployment, we reduce the number of constraint
violations, with minimal effect on performance.

In Chapter 6, we provided formal probabilistic bounds for the predictive
uncertainty of a Gaussian process model, over multiple iterative predictions.
While moment matching can be sufficient for systems without strong non-
linearities, or in scenarios where some underestimation of uncertainty is ac-
ceptable, other problems call for a more conservative approach. For such sce-

narios, our new method provides stronger theoretical results and formal guar-
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antees.

The main challenges we set out to tackle with our work are related to the
impediments of more widespread use of RL algorithms: the need for exten-
sive datasets, and the high risks associated with training and deploying RL
agents without taking safety into account. Overall we developed methods and
proposed solutions that make clear contributions towards this direction. Our
software tool provides a straightforward and accessible way for experimenta-
tion with model based RL methods, without the need for the resources neural
network-based methods often require. By embedding safety constraints in the
PILCO framework, we demonstrated how probabilistic models, with very lim-
ited prior knowledge, can naturally address safety considerations. With our
tinal contribution, we addressed the often overlooked issue of possibly inac-
curate uncertainty propagation, for a popular class of models. Of course, the
applicability of our methods is not universal, as we made significant assump-
tions on the characteristics of the tasks we take on. Additionally, the emphasis
we put on data efficiency and safety can potentially put our work at a disad-
vantage, in cases where data are abundant, or high dimensional environments
(which typically require large datasets, independent of the algorithm used).
We outline research directions with the potential of addressing these limita-

tions in the next and final section of this dissertation.

7.2 Future Work

We conclude the thesis by highlighting some possible extensions to the work
we presented thus far.
Firstly, our work was based exclusively on Gaussian processes as the model-

building engine. While the probabilistic nature of GPs offers important ad-
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vantages, ensembles of neural networks [27] as well as neural networks using
dropout [45, 46 ] have been shown to be able to approximate these probabilistic
properties. These models can combine uncertainty quantification with scala-
bility, which is of crucial importance for complex domains. Furthermore, in-
vestigating alternatives to the kernel, namely a global, RBF-kernel, might allow
the modelling of systems without the smooth, differentiable dynamics we have
mostly focused on.

A crucial issue for the wider adoption of the proposed methods is tackling
problems with higher dimensional state and action spaces. There are multiple
research directions that could offer valuable results in this effort. Incorporat-
ing prior knowledge in the modelling process, with an approximate model
used in conjunction with a learnt one, is a viable option. Informative priors
on the hyperparameters of a GP is another option, although intuition about a
system’s properties is often hard to encode in such priors. Using multiple local
models, instead of a global one, has also been explored in the literature with
success ([127, 84]). Local models are commonly employed in online frame-
works similar to MPC, as they are typically simpler than global models, which
in turn allows for efficient online computation.

Moreover, adapting our methods to partially observable settings represents
an important challenge with high practical significance, as in a large part of
relevant problems (in robotics for example), we cannot directly observe all
relevant state variables. The closest work to ours in the partially observable
domain has been presented by McAllister and Rasmussen [94], and a unify-
ing framework that takes into account both safety concerns and partial observ-
ability, although challenging, should be possible. Another work in this area,
Eleftheriadis et al. [37], increases the modelling power of PILCO, but does

not tackle policy optimisation. Further research in this direction, investigating

7.2



145

which existing policy optimisation schemes are suitable for such models, and
what adaptations or expansions would be needed, is clearly promising.
Finally, an important future challenge would be applying our method to
real-world systems, with all the additional complexity that comes with mov-
ing away from simulation. Moving to robotic applications for example, would
require dealing with noisy sensors and unpredictable disturbances. This raises
practical difficulties (e.g. communicating with on-board sensors), which, de-
spite not insurmountable, are non-trivial indeed. Nevertheless, the combina-
tion of data efficiency and safety awareness renders the method well-suited for

physical systems.
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