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We study the classical problem of recovering a multidimensional source
signal from observations of nonlinear mixtures of this signal. We show that
this recovery is possible (up to a permutation and monotone scaling of the
source’s original component signals) if the mixture is due to a sufficiently
differentiable and invertible but otherwise arbitrarily nonlinear function and
the component signals of the source are statistically independent with ‘non-
degenerate’ second-order statistics. The latter assumption requires the source
signal to meet one of three regularity conditions which essentially ensure that
the source is sufficiently far away from the nonrecoverable extremes of be-
ing deterministic or constant in time. These assumptions, which cover many
popular time series models and stochastic processes, allow us to reformulate
the initial problem of nonlinear blind source separation as a simple-to-state
problem of optimisation-based function approximation. We propose to solve
this approximation problem by minimizing a novel type of objective function
that efficiently quantifies the mutual statistical dependence between multi-
ple stochastic processes via cumulant-like statistics. This yields a scalable
and direct new method for nonlinear Independent Component Analysis with
widely applicable theoretical guarantees and for which our experiments indi-
cate good performance.

1. Introduction. A common problem in science and engineering is that an observed
quantity, X, is determined by an unobserved source, S, which one is interested in. Denoting
by f the deterministic relationship between X and S, one thus arrives at the equation

ey X = f($),

where X is known but both the relation f and the source S are unknown.

The premise that the data X is determined by its source S reflects in the assumption that
f is a deterministic function, while the premise that S can be completely inferred from X—
that is, that no information be lost in the process of going from S to X—is reflected in the
assumption that the function f is one-to-one; for simplicity, it is typically also assumed that
f is onto. Any function f of this kind will be referred to as a mixing transformation.

The central challenge, known as the problem of Blind Source Separation (BSS), then be-
comes to infer—or ‘identify’—the hidden source S from the given data X:

Under which assumptions is it possible to recover the source data S in (1) if only
2) its mixture X is observed? To what extent can such a recovery be achieved
and how can it be performed in practice?

It is clear that without additional assumptions, the above problem of inference (2) is severely
underdetermined: If X and equation (1) is the only information available but both f and §
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are unknown, then we may generally find infinitely many possible ‘explanations’ (S, f) for
X which all satisfy (1) but are not otherwise meaningfully related to the true explanation
(S, f) underlying the data. In many cases, however, this ‘indeterminacy of S given X with f
unknown’ can be controlled by imposing certain statistical conditions on the source S.

The following simple example illustrates this situation.

EXAMPLE 1.1. Suppose that you are on a video call and want to follow the simulta-
neous speeches of two speakers S' and S%, modelled as real-valued time series each. As
the propagation of sound adheres to the superposition principle, the acoustic signals X'
and X2 that reach your left and right ear, respectively, may be modelled as linear mixtures
X! =a;; S + a;2S8? of the individual speech signals St and S2. Denoting X = (X!, X*)T and
S=(S!, 8T and A = (g j) € R2*2 the relation between the audio data X and its underlying
sources S can hence be expressed by the model equation X = A - S, which for A invertible
is a special case of (1) for the linear map f := A. The above problem (2) then becomes
to recover the constituent speeches S I"and $? from their observed mixtures X!, X2 alone,
given that the relationship between X and S is linear. Now without further assumptions, the
true explanation (S, A) of the data X cannot be distinguished from any of its ‘alternative
explanations’ {(S A) =(B-S,AB H|B e R2x2 invertible}. But if the speech signals S !
and S? were assumed to be uncorrelated, say, then the above family of best-approximations
of (S, A) reduced to {(S,A) = (BA - S, AA"'BT)|A € R**2 (invertible) diagonal, B €
R?*2 orthogonal};' hence if they are uncorrelated, S' and S may be recovered from X
uniquely up to scale and a rotation.

This simple observation can be significantly improved by way of the classical Darmois—
Skitovich theorem [17, 49, 54] which implies that for f linear, the original source S may be
identified from X even up to scaling and a permutation of its components if S is modelled
as a random vector whose coordinates S’ are not only uncorrelated but statistically indepen-
dent. This mathematical insight, elaborated in P. Comon’s seminal framework [14], quickly
became the theoretical foundation of Independent Component Analysis (ICA), a popular sta-
tistical method that has since seen far-reaching theoretical investigations and extensions, for
example, [3, 51], and has been successfully implemented in numerous widely-applied algo-
rithms, for example, [5, 9, 26, 31]; see, for instance, [22, 32, 43] and the monographs [15,
33] for an overview.

Comon'’s contribution is arguably the most conceptionally influential answer to the above
inference task (2) to date that was both practically relevant and mathematically rigorous.
However, Comon’s approach applies to linear relationships (1) between X and § only, be-
cause among nonlinear mixing functions on R? there are many ‘nontrivial® transformations
that preserve the mutual statistical independence of their input vectors [36]. This is a sub-
stantial limitation not only from a theoretical perspective but also in applications, where real-
world data is often assumed to depend nonlinearly on certain nonredundant (independent)
explanatory source signals and the instantaneous invertible nonlinear model (1) is deemed
an adequate description of this dependence. See, for instance, [2, 16, 19, 27, 38, 40, 46] and
the references therein for a few according example applications of nonlinear BSS ranging
from the analysis of star clusters in interstellar gas clouds and biomedical tissue monitoring
during surgery over electroencephalography and molecular simulation to statistical process
monitoring, vibration analysis and stock market prediction.

Indeed: The assumption of uncorrelatedness complements the original model equation (1) by the additional
(statistical) source condition Cov(S’, 5‘) = Cov(S, S) = I, which implies that BTB = Cov(S, S) = Io (where the
components of § are assumed to be scaled to unit variance).
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Overcoming the traditional confinement to linearity has thus been a long-standing sci-
entific endeavour, and the past twenty-six years have seen various attempts of establishing
alternative identifiability approaches to recover multivariate data from their nonlinear trans-
formations. Prominent ideas in this direction include the optimisation of mutual information
over outputs of (adversarial) neural networks, for example, [1, 7, 28, 39, 55], or the idea of
‘linearising’ the generative relation (1) by mapping the observable X into a high-dimensional
feature space where it is then subjected to a linear ICA-algorithm [25].

More recently, the works of Hyvérinen et al. [34, 35, 37] achieved significant progress re-
garding the recovery of nonlinearly mixed sources with temporal structure (e.g., time series,
instead of random vectors in R?) by first augmenting the observed mixture of these sources
with an auxiliary variable such as time [34] or its history [35], and then training logistic
regression to discriminate (‘contrast’) between the thus-augmented observable and some ad-
ditional ‘variation’ of the data. This variation links the asymptotical recovery of the source
S = f~1(X) to a trainable optimisation problem, namely the convergence of a universal func-
tion approximator (e.g., a neural network) learning a classification task. These results were
extended and embedded into the context of variational autoencoders in [39].

Motivated by the classical ICA framework of Comon [14] and the recent contrastive
learning breakthrough [35], we revisit the inference problem (2) for stochastic processes’
X = (X;) and S = (S;) with recent tools from stochastic analysis. We believe the following
to be our main contributions to the existing literature:

Identifiability for Stochastic Processes We provide general identifiability results that gener-
alise Comon’s classical independence-based identifiability criterion from linear mixtures
of random vectors to nonlinear mixtures of discrete- and continuous-time stochastic pro-
cesses; cf. Theorems 1, 2, 3. On a theoretical level, working with infinite-dimensional
(i.e., path-valued) random variables poses new challenges that we address by using rough
path theory. From an applied perspective, many models are naturally formulated in contin-
uous time rather than in discrete time (e.g., in biology, physics, medicine or finance), which
our approach accounts for by naturally covering both discrete-time and continuous-time
models alike, including Stochastic Differential Equations (SDEs) in particular.

Blind Source Separation via Signature Cumulants Our identifiability theory allows us to
reformulate the problem of nonlinear blind source separation as an easy-to-state optimisa-
tion problem which involves the minimisation of statistical dependence between multiple
stochastic processes, see Theorem 4. Unlike for vector-valued data, statistical dependence
between stochastic processes can manifest itself inter-temporally, in the sense that differ-
ent coordinates of the processes may exhibit statistical dependencies both instantaneously
and over different points in time. We propose to quantify such complex dependency re-
lations by using so-called signature cumulants [6] as objective functions. These signature
cumulants can be seen as generalising the concept of cumulants from vector-valued data
to path-valued data. Analogous to classical cumulants, signature cumulants then provide a
graded, parsimonious, and efficiently computable quantification of the degree of statistical
(in)dependence between stochastic processes. Joined with our optimisation approach, this
combines to a widely applicable new and robust statistical method for the nonlinear blind
source separation of time-dependent signals, see Theorem 4 and Section E.4 in [53].

Consistency With Respect to Time Discretization and Sample Size When applying our
methodology in practice, the following issues arise: Firstly, although the underlying
stochastic model is often formulated in continuous time, in practice one usually has access
to time-discretized samples only, often taken over nonequally spaced time grids. Secondly,

2Throughout, ‘stochastic process’ means ‘continuous-time stochastic process’ unless mentioned otherwise.



490 A. SCHELL AND H. OBERHAUSER

oftentimes only a single (time-discretized) sample path of the process is available rather
than many independent realisations, for example in the classical cocktail party problem.
We address both of these issues and show that our method is statistically consistent even if
only a single, time-discretized and finite sample of the observable is given [53], Section E.
This is also the setting in which our experiments are carried out in Section 8.

This article is structured as follows. We precede our statistical analysis with an informal
yet concise summary of this paper’s main contributions (Section 2). The formal exposition of
our approach towards the recovery of nonlinearly mixed independent sources begins there-
after by recalling the main results of [14] as conceptional points of reference (Section 3).
The core of our identifiability theory is developed in the subsequent two sections: advocating
for the incorporation of time as an integral dimension of our source model (Section 4), we
show how sources admitting a nondegenerate ‘temporal structure’ harbour sufficient mathe-
matical richness to encode any nonlinear action performed upon them as a sort of ‘intrinsic
statistical fingerprint’, based on which the constituent relation (1) may then be inverted up
to a minimal deviation by maximizing an independence criterion (Section 5). Our approach
covers sources of various types of statistical regularity, including popular time series models,
various Gaussian processes and Geometric Brownian Motion (Section 6). The practical appli-
cability of our ICA-method is enabled by a novel independence criterion for time-dependent
data (Section 7) which leads to a practical and statistically consistent separation algorithm
that we demonstrate in a series of numerical experiments (Section 8). The paper ends with
a brief conclusion and an outlook on future directions (Section 9). Due to space constraints,
most of the proofs, along with a consistency analysis for our method, are presented in the
Supplementary Material [53]. This supplement further contains some technical auxiliaries
and additional remarks, including an explication of how, as promised in the title, the results
and methods in this paper are directly applicable to the separation of discrete-time signals as
well ([53], Section G).

2. Summary of contribution. Motivated by recent breakthroughs of Hyvérinen and
Morioka [34, 35], we propose a new approach to the problem of nonlinear blind source sep-
aration (2) for multidimensional time-dependent signals that leverages modern tools from
stochastic analysis: For an unknown discrete- or continuous-time signal § = (S;) in R? and
an unknown function f : R? — R, a new statistical method to recover S from its transfor-
mation X = f(S) = (f(S;)) via ‘signature cumulants’ is presented.

In essence, we provide a new algorithm? that performs the inversion, or ‘retransformation’,

3) X+—S

of the generative relation (1) in the case that f and S are not explicitly known and f is
sufficiently differentiable and (by necessity) invertible* but otherwise arbitrarily nonlinear.

Finding ways to achieve this ‘blind inversion’ (3) has been of long-standing scientific
interest, and efforts in this direction gave rise to an established area of specialised statistical
research that has been very active for nearly three decades now. Apart from only a small num-
ber of exceptions, however, related works were predominantly confined to the very limiting
assumption that the hidden relation f be a linear map on R¢—the few existing approaches
towards the blind inversion of nonlinear causal relations were either heuristic or required
f to belong to very narrowly defined function classes only, and it was not until the recent
breakthroughs of Hyvérinen et al. that the first mathematically justified ideas for the blind
inversion of general nonlinear relationships between X and S have emerged. Our work is a
contribution to the dawning research on nonlinear blind inversion.

3That is, an explicitly computable map—or estimator, in the statistical sense—that takes in [a realisation of] the
mixture X and returns an ‘optimal’ approximation of [the corresponding realisation of] S as an output.
“4Invertible at least on the smallest subset of RY which is actually reached by §, but see Definition 2 and (13).
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2.1. Identifiability (Theorems 2, 3). To achieve a meaningful recovery (3) of the source
S from X, we need to compensate for the blindness regarding f and S by imposing some
additional assumptions on the latter. The most established such assumption, and arguably the
most relevant one in practice, is that the component signals of S are statistically independent;
we adopt this assumption throughout.

Many of the conceptional issues that arise in the nonlinear blind reconstruction of an
independent-component source S from X can then be anticipated from the classical, that
is, linear case f € Rdxd already. Similar to the classical case (cf. Theorem 1):

e the blindness® underlying (3) makes an exact recovery of S impossible, but statistical prior
information on the source allows to identify S from X up to a minimal ambiguity, namely
up to a permutation and monotone scaling of the source’s original component signals;

e these minimally ambiguous (in the above sense) estimates S of the original source S pre-
serve the initial condition of intercomponental independence (IC), but under some natural
assumptions on § the converse is also true: those retransformations of X which are IC must
be minimally ambiguous to S.

These insights into the blind inversion (3), which are rigorously discussed in Section 5, are
the mathematical heart of our approach. Especially the equivalence stated in the last point,
which is made precise in Theorems 2 and 3, is a central new finding:

Under some mild statistical conditions on the source S, we can show that the assumed IC
property of the source is strong enough to trivialise® the action of any spatial diffeomorphism
which preserves this property; in other words: their property of having minimal intercompo-
nental statistical dependence distinguishes the minimally ambiguous estimates S of S from
any other invertible nonlinear transformations of X.

This makes ‘minimisation of intercomponent-dependence’ an illuminating optimisation
principle for the initially blind search for S, which immediately translates into the following
strategy for the desired inversion (3):

4 as an estimate S for S, choose S= 0.(X), 0, invertible, s.t. 6,(X) is IC;

that is, the right retransformations of X are those that minimise intercomponental depen-
dence.

As mentioned, the sources S for which this strategy works are those that ‘carry their IC
property well enough’ for this property to characterise them, up to minimal ambiguity, among
their (invertible) nonlinear transformations. But not every source is of this kind, as becomes
particularly clear from considering two ‘unrecoverable’ statistical extreme cases: If the source
S is deterministic,’ then the IC property is void and a meaningful blind inversion (3) of the
source’s mixtures is generally impossible. If S is constant in time, that is, S = (Z);¢[0,1] for
some random vector Z in R?, then the IC property on S cannot manifest cross-componentally
over different time-points and is then generally too weak to support the strategy (4) for non-
linear mixtures, see [36] and Example 3.1.

These unidentifiable source types can be seen as degenerate extremes that are naturally
interpolated by the mathematical model class of continuous-time stochastic processes, and
said interpolation can be controlled at the level of the second-order finite-dimensional dis-
tributions (fdds) of such processes, see Section 4. In fact, we can formulate three regularity
assumptions on the family of fdds of a source S which enable the IC-based identifiability

SThat is, the fact that the inverse problem (3) is inherently underdetermined since the constituents f and S of
the RHS in (1) are both unknown.

Here, ‘trivialise’ means reduce to the composition of a permutation and a componentwise monotone scaling.

TThat is, if S attains exactly one sample path with probability one.
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(4) of the source by ensuring that it is sufficiently far away from the above degeneracies
(Section 5). More specifically, our nondegeneracy assumptions on the source require that
sufficiently many of its fdds admit a probability density which is sufficiently complex in that
it satisfies one of the following conditions:

(a) the density avoids local factorisations and is not of a certain ‘pathological’ Gaussian-
like shape, as is made precise in Definition 6;

(b) the density has locally nonvanishing mixed log-derivatives that lie outside certain
nullsets, as specified in Definition 7.

While the nonfactorizability and nonvanishing-log-derivative conditions ensure that the
source is ‘stable enough’ to make its IC property unfold® into its component signals in such a
way that the (‘residual’) action inflicted upon S by the composition of the mixing transforma-
tion f with an IC-enforcing retransformation [as in (4)] does not collapse when considered
jointly at different points in time, the exclusion of Gaussian-like shapes or algebraically de-
generate density configurations ensures that this residual action on § is ‘expressive’ enough
(as per implying a nondegenerate eigenspectrum of a Jacobian). All of this is made precise in
Section 5.1 and the proofs of Theorems 2 and 3.

The source conditions (a) and (b) again generalise classical theory in a natural way (cf.
Section 3 and the remarks on p. 499 and Remark C.2), and in Section 6 we illustrate their
broad applicability by compiling a set of widely used signal classes to which these conditions
apply.

Thus far, our work has established the dependence-minimising approach (4) as a suc-
cessful mathematical strategy to achieve the nonlinear blind source separation task (3), see
Theorem 2 and Theorem 3: We identified natural probabilistic conditions (a) and (b) on the
source which guarantee that its IC property manifests strongly enough to characterise that
source among any invertible (re)transformations of X up to some inevitable ambiguity.?

2.2. Blind inversion via optimisation (Theorem 4). In the second part of the paper, we
propose a way to turn this theoretical strategy into a ready-to-use statistical method that can
be easily implemented in practice. What we need to do for this is provide the observer of the
mixture X with three things, namely:

— aset O of invertible candidate demixing transformations on R? which is ‘large enough’ to
include approximations of the original inverse f~! up to permutation and scale, and for
consistency is endowed with a suitable approximation topology;'°

— a ‘pair of goggles’ ¢ that allows the observer to gauge the degree of intercomponental
statistical dependence of any given (re)transformation of X: the weaker the statistical de-
pendence between the component signals of a process Y, the smaller shall be ¢ (Y) € R>o;
the desired inversion (3) is then performed [via (4)] by choosing those transformations
0(X), 0 € ®, of X for which the value ¢ (6 (X)) is minimal;

— an automatable optimisation procedure that combines ® and ¢ and returns

5 0, € argmin (9 (X)) and then S =6,(X)
0ec®
as the desired [minimally ambiguous] estimate of S, in accordance with (4).

8Instead of holding it merely within its fixed-time marginals, as in the generally unidentifiable case of IC random
vectors in R9.
9That is, as we recall, up to a permutation and monotone scaling of the source’s original component signals.
10For a specification of ‘large enough’ see the hypothesis on ® that is formulated in Theorem 4, and for a
sufficient assumption on the approximation topology on ® see [53], Assumption 3 (on p. 39).



NONLINEAR ICA FOR TIME-DEPENDENT SIGNALS 493

The above is formalised in Theorem 4. A natural choice in practice is to implement ® as
the realisation space of an invertible artificial neural network (NN) with d input nodes; cf.
Section 8.3 and [53], Remark C.3(ii). Adding ¢ as a loss function to the NN, the optimi-
sation (5) can then be performed efficiently via backpropagation; details in Sections 7, 8,
and E.

Intuitively speaking, in the course of the optimisation (5) the observer gradually per-
forms the desired inversion (3) directly by comparing different transformations of the data
and choosing as most akin to the true inverse those that minimize the ¢-quantified statisti-
cal dependence of X. For nonlinear f the theoretical justification of this procedure is new,
while the underlying idea of source separation via quantified dependence minimisation is a
well-established concept for the recovery of linearly mixed random vectors in R?, see, for
example, Corollary 1.

Inspired by another classical concept (cf. (9) on page 496), in Section 7 we propose as
dependence quantification ¢ a ‘cross-cumulant’-based energy functional of the form

e}
(6) ) =" Y kg, (7,
m=2 49,

where iy (Y) denotes ‘the (standardised) signature cumulant at index ¢’ of a stochastic pro-
cess Y in R9, see Definition 9 and Notation 7.1, and the inner sums run over all ‘cross-
shuffles’ of word-length m (see (141) on page 33). The entirety of all signature cumulants
(kq(Y)), which can be thought of as a carefully chosen ‘coordinate vector’ for the distri-
bution of the multidimensional stochastic process Y, provides a hierarchical and parsimous
description of the statistical dependence relations within Y, which may occur simultaneously
between coordinates and over different points in time. The functional (6) summarises the as-
pects of this description that are most central for us, namely ‘how much’ of this dependence
there is between the multiple component signals of Y. Since the above ¢ vanishes over exactly
those processes that are IC (Proposition 4), the functional (6) is well suited to operationalise
the inversion strategy (4) via the optimisation scheme (5), as described in Theorem 4; further
aspects are discussed in Sections E and 8.

2.3. Consistency ([53], Theorem E.1). Up to this point, we discussed the method (5)
in a setting where the whole distribution of X is assumed to be known. This idealisation
is of course difficult to uphold in practice, where mixtures are typically not available as
continuous-time stochastic processes and only discrete-time sample trajectories of X, that
is, finite sequences of data points in R¢, are observed.

The statistical guarantees of Theorem E.1 in [53] ensure that our method remains appli-
cable under these practical constraints. More specifically, a statistical consistency analysis of
the procedure (5) requires to simultaneously deal with:

— time-discretization: if S, and hence X, are continuous-time signals, then ‘full” sample ob-
servations of the underlying model X (i.e., continuous paths in R?) are not available in
real-world applications, where only discrete-time data can be used; !

— finite samples: typically, one of two situations arise in applications. One is that n presum-
ably independent [discrete-time] sample trajectories of the observable are recorded, for
example, medical recordings of n patients. The other situation is that only one [discrete-
time] sample trajectory of X is given and ergodicity or mixing assumptions are invoked to
make inference about the underlying distribution; for example, this situation is common in
finance and economics.

Hpp spirit, this is similar to the well-developed statistical question of parameter estimation for stochastic differ-
ential equations where also only time-discretized sample trajectories are observed.
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FIG. 1. A source S with four components S Lo, st (orange) is mapped under some nonlinear transformation
f, resulting in the observed mixture X (blue). We present a new method to recover the original source S from its
mixture X up to a minimal deviation: Given X, this approach returns an estimate S= (S L. 3‘4) (brown) that
approximates S up to the original order of its channels (corrected here for ease of comparison) and a monotone
scaling.

We show that under general conditions, which for example are satisfied by many classical
SDE models, our method (5) is (strongly) consistent in a sense that addresses both of these
points: As the grid of observational time-points gets finer and the length of the observed
time series increases, our method (5) produces a signal S that gets closer to the unobserved
source signal S, even when the model for S is formulated in continuous time; see Theorem
E.1 for the precise statement. Additionally, Theorem E.1 shows that our method is robust
under approximations of the contrast function ¢ (for computational purposes, the series (6)
of signature cumulants needs to be truncated in practice). The key ingredients to establish
this result are tools from stochastic analysis, natural assumptions on the topology of function
approximators (e.g., deep neural networks), and statistical arguments on the optimality of
extremum estimators. Practitioners may find the displayed algorithm in Section E.4 a useful
summary.

Our exposition is complemented by a number of numerical examples (Section 8) which
further illustrate the practical utility of our method by applying it to a series of nonlinear
blind inversion problems (3) with multidimensional source signals in discrete and continuous
time.

A practical illustration of our blind inversion approach (5) and its underlying procedure,
contextualizing Figure 1 above, is given as Example A.1 in the Supplementary Material [53].
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We emphasize that the above methodology in its entirety, including any of our definitions
or theorems, applies to both continuous-time and discrete-time signals alike.'> The latter type
includes signals that are ‘genuinely discrete’, that is, generated from a discrete-time process,
and signals that are of continuous origin but ‘discretely observed’, that is, obtained from
sampling a continuous-time process at a discrete set of time points. These cases are treated
in detail in Section E and [53], Section G, which are referenced accordingly throughout the
text.!?

In total, the contents of this paper combine to a general and flexible new statistical method
for the nonlinear blind source separation of multidimensional time-dependent signals.

3. Comon’s framework of linear independent component analysis. Our approach to
the problem of nonlinear Blind Source Separation (2) for stochastic processes can be regarded
as a natural extension of Comon’s identifiability framework [14]. This section briefly recalls
the main results of this classical framework as conceptional points of reference.

THEOREM 1 (Comon [14], Theorem 11). Ler S = (S, ..., ST be a random vector in
R? with mutually independent, nondeterministic components S', ..., S of which at most
one is Gaussian. Let further X = C - S for an orthogonal'* matrix C € R?*¢_ Then, for any
orthogonal matrix 6 € R4 we have the following characterisation:

(S',....89):=0-X=AP-S forsome (A, P)e Ay xPy
(7 . -
ifand only if S VoS are mutually independent.

The significance of Theorem 1 is that it characterises—up to some minimal deviation,
namely their scaling and reordering—the independent sources S', ..., ¢ underlying an ob-
servable linear mixture X = A - (S', ..., S9)T as precisely those transformations 6, - X =:
(X 1*, X g*) of the data whose components X é* are mutually independent.

Theorem 1 enables the recovery of S from X by way of solving an optimisation problem.

COROLLARY 1 ([14]). Let X and S be as in Theorem 1. Then for any function" ¢ :
MiRY) — Ry such that p(u) =0 iff p=pu' @ --- @ u?, it holds that'®

(8) [argmin¢(9-X)]-X§Md-S,
0e®

where My :={A - P|(A, P) € Ag x Py} is the subgroup of monomial matrices and ® C GLg4
is the subgroup of orthogonal matrices.

In other words: For f linear and S = (S L ..., 8T arandom vector with mutually inde-
pendent, non-Gaussian components, the constituent relationship (1) between the observable

12For the case of discrete-time signals, everything basically applies as in the continuous case up to very minor
modifications necessitated by the change from (path-)connected to discrete realisations of the underlying signals.

3 For overview: [53], Section G.1, explicates our identifiability theory (Sections 4 to 7) for the exact inversion of
genuinely discrete mixtures, while the (asymptotic) recovery of signals from samples of their discretely observed
nonlinear mixtures is developed as part of Section E (Theorem E.1 in particular) and in [53], Section G.2.

14This orthogonality constraint imposes no loss of generality w.r.t. linear mixtures; cf. [53], Remark C.1(i).

I5SHere and in the following, M (V) :={u : B(V) — [0, 1]|u is a (Borel) probability measure} denotes the
space of probability measures over the Borel o -algebra B(V) := o (T) of a topological space (V, T).

16we write ,u,i ‘=uo ni_l for the ith marginal of a (Borel) measure @ on RY. We further abuse notation by
writing ¢ (Z) := ¢ (Pz) for any random vector Z : (2, #,P) — (Rd, B(Rd)).
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X and its source S can be inverted (up to a minimal deviation) by optimizing some indepen-
dence criterion ¢ over a set of candidate transformations ® applied to X.

Partially driven by their applicability (8) to ICA, a variety of such criteria ¢, referred to in
[14] as contrast functions, have been developed.

The ‘original’ independence criterion ¢, proposed in [14] quantifies the statistical depen-
dence between the components Y i of a random vector Y = (Y!,...,Y d) in R? via the sum
of the squares of all standardized cross-cumulants Ki{---i, of Y up to rth-order (see [14] and

cf. [53], equation (131), Section 3.2), that is, via the quantity

-
x 2
9) $e(V)i=3" > (.) (r=2),
J=2i1,0i; '
where the inner sum runs over the indices iy, ..., i; € [d] corresponding to (54).

Initially proposed in [14], the statistic (9) originates from a truncated Edgeworth-expansion
of mutual information in terms of the standardized cumulants of its argument. A variety of
alternatives to (9) soon followed, including kernel-based independence measures [3, 24], a
variety of (quasi-) maximum-likelihood objectives, for example, [4, 44, 47], as well as mutual
information and approximations thereof, for example, [8, 14, 29, 30].

While successfully achieving the separability of linear mixtures, Theorem 1 has its lim-
itations: Being based on somewhat of a probabilistic curiosity (Rem. C.1(ii)), it might not
be surprising that the characterisation (7) cannot be generalised to guarantee the recovery of
independent scalar sources from substantially more general nonlinear mixtures of them [36].
Roughly speaking, the reason for this is that for a single random vector in R, the statisti-
cal property of componental independence is too weak to characterise the nonlinear mixing
transformations preserving this property as ‘trivial’ in a sense made precise by Definition 5
below. The following example illustrates this.!”

EXAMPLE 3.1 (Comon’s criterion (7) does not apply to nonlinearly mixed vectors in
R?). Let S' and $? be independent with S! Rayleigh-distributed of scale 1 and S! uni-
formly distributed over (—, ), and consider the nonlinear mixing transformation f given
by f(u, v) := (ucos(v), u sin(v)) (transformation from polar to Cartesian coordinates). Then
even though their functional relation f to S', §? is ‘nontrivial’ (i.e., f is not monomial in the
sense of Definition 5) the mixed variables X! and X? defined by (X!, X?) := f(S!, §?) are
[normally distributed and] statistically independent.'8

4. Modelling sources as stochastic processes. A central direction along which the blind
recovery of the source S from its nonlinear mixture X can be controlled is the amount of sta-
tistical structure that S carries: If the source S is deterministic, then no additional information
is given and a meaningful recovery of S from X is generally impossible; cf. Example 1.1. If,
on the other hand, the source S were to be described merely as a random vector in R4, then a
recovery of S from X is possible but in general only if X is a linear function of S; cf. [14, 36]
and Example 3.1. A key insight from [35] is to go for the middle ground (see Remark 4.2):
if we demand the source S to have a ‘nondegenerate temporal structure’ and exploit this
in a suitable manner, then the recovery of S from even its nonlinear mixtures is possible.
To formalize such temporal statistical dependencies requires us to model the source S as a

17Example 3.1 is based on the ‘Box—Muller transform’, a well-known subroutine from computational statistics.
For a systematic way of constructing ‘unidentifiable’ nonlinear mixtures of IC random vectors in RY, see [36].

18Note that since the density pg of (st, 52) reads pg(sy,sp) = %szeﬂg/z, the (joint) density px = (pso f) -
| det Jfl_1 of (X!, X2) factorizes, implying the independence of X! and X2 as claimed.
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stochastic process. To this end, we use this section to briefly recall foundational notions from
stochastic analysis (Section 4.1) and provide some basic notions and lemmas (Section 4.2)
that we will use for our subsequent identifiability results in Section 5.

4.1. Stochastic processes interpolate statistical extremes. Here and throughout, let I
be a compact interval, d € N be some fixed integer, write Cy = C(I; RY) := {x:1—
Rdl the map I > ¢ — x(¢) = : x; is continuous} for the space of continuous paths in R4, and
let (2, %, P) denote a fixed probability space.

DEFINITION 1 (Source model). We call a continuous stochastic process in R? any map
$:Q—>Cq stowr S =(S(w),is (F, B(Cyq))-measurable,

where B(C4) = o (;|t € I) denotes the Borel o-algebra on the Banach space (Cy, || - ||oo)-
Writing St (w) = (St1 (w), ..., S,d ()T € R? for each w € 2, the scalar processes St = (Sf)td
(i € [d]) are called the component processes or the components of S = (S',..., 5%). We say
that a stochastic process S = (S 1., Sd) has independent components, or that S is IC, if its
distribution Pg :=P o S~! satisfies the factor-identity'®

(10) ]P)(Sl Sd):]Psl ®®]P)S(1

REMARK 4.1. From a more local perspective, Definition 1 is equivalent to the descrip-
tion of a continuous stochastic process S as an [-indexed family S = (S;);<r of random vec-
tors2? S, in R? such that the map S(w):I>1t+— S;(w) € R4 is continuous for each w € €,
for example, [50], Section I1.27. Consequently (cf. also [53], Section C.2), condition (10) is
equivalent to

1 1 2 2 d d .
(Says s S ), (S5 5%)s -5 (S%4s - -+ S%) mutually P-independent
n I, I Ik, h Ik,
for any finite selection of time-points tl(l), e, t,ﬁll), e tl(d), e tlgj) el ky,..., ks € Np.

Stochastic processes can be given a prominent role in the BSS-context, namely as natural
interpolants between deterministic signals and random vectors. While the first type of signal
is the unidentifiable default model for the source in (1), the latter is the predominant source
model in classical ICA-approaches. More specifically, the following is easy to see.

REMARK 4.2 (Stochastic processes interpolate between extremal source Models).  Let
S = (8¢):c1 be a continuous stochastic process in R? such that either:

(a) Ss and S; are independent for each s, € I with s #t,or
(b) Sg = S; almost surely for each 5,7 €1,

for some I C I dense. Then S is either a single path in C;z almost surely (i.e., S is deterministic;
‘statistically trivial’)?! namely iff (a) holds, or the sample-paths of S are constant almost
surely (i.e., S is a random vector; ‘temporally trivial’) namely iff (b) holds.

198 trictly speaking, (10) reads Pt siy=Pg ®---®Pga)o ¥~1, an identity of measures on B(C,), where
Y:C 1>< d_, Cg4 is a canonical isometry defining the Cartesian identification Cy = C 1><d ([53], Remark C.2).

20For us every random vector in RY is Borel, that is, (7, B(Rd ))-measurable.

21 This implication is obtained from Kolmogorov’s zero-one law (applied after a straightforward subsequence
argument) and the sample continuity of S.



498 A. SCHELL AND H. OBERHAUSER

Remark 4.2 asserts that both deterministic signals (a) as well as random vectors (b) can be
seen as degenerate stochastic processes, and that for a given stochastic process S = (S)se1
this degeneracy manifests on the level of its 2nd-order finite-dimensional distributions, that
is, on

(11) the distributions of  {(Ss, S;)|(s, 1) € Ax(D},

where the index set As(I) := {(s, 1) € [*?|s < 1} is the (relatively) open 2-simplex on I x I. In
the following, we refer to (11) as the femporal structure of a stochastic process S = (S¢);er.

The following is essential: As mentioned above and illustrated in the next section, if the
temporal structure of the IC source S in (1) is ‘degenerate’ in the sense of Remark 4.2(a),
(b), then S is unidentifiable from X unless f is of a very specific form, for example, linear
(cf. Theorem 1). Conversely, we will argue that if the source S has a temporal structure
which is ‘nondegenerate’ (in some specified sense) and satisfies some additional regularity
assumptions, then § = (S ..., Sd) will be identifiable from even its nonlinear mixtures up
to a permutation and monotone scaling of its components S’ (Theorems 2, 3, 4).

4.2. Stochastic processes as sources: Basic notions and assumptions. Recall that the BSS
problem (2) concerns the recovery of the source S from its image X under some mixing
transformation f on R?. It is thus clear that given X, the map f can be analysed only on that
part of its domain that is actually reached by S during the time X is observed. With this in
mind, we introduce the ‘spatial support’ of a stochastic process as the smallest closed subset
of R? which contains (the trace of) P-almost each sample path of the process.??

DEFINITION 2 (Spatial support). For ¥ = (Y;)se1 a (continuous) stochastic process in
R4, the spatial support of Y is defined as the set

(12) Dy =|_Jsupp(Y;)

tel

with supp(Y;) = supp(Py,) = : Dy, denoting the support of the distribution of Y;, and where
the closure is taken w.r.t. the Euclidean topology on R?.

A few useful elementary properties of the set (12) are compiled in [53], Lemma C.1.

(Readers uncomfortable with (12) may for simplicity assume that Dg = R? throughout.)

Given the above, we can describe the mixing transformation f mapping S to X via?? (1)
as

(13) a homeomorphism24 f:Ds— Dx,

with the action of f outside of Dg and Dy being irrelevant (and inaccessible) to us.
We now introduce some smoothness conditions on the density which we require later on.

DEFINITION 3. A random vector Z in R” will be called C*-distributed, k € Ny, if its
distribution admits a Lebesgue density ¢ € Ck(G) for G := int(supp(¢)); if ¢ is C* on some
open neighbourhood of xq € R”, then Z will be called CX-distributed around x.

22Analogous to how the support Dz := supp(Z) of a random vector Z in R is the smallest closed subset of RY
within which Z is contained with probability one.

23Recall that X = f(S) means: X; = f(S;) foreachr €.

Z4Note that while the assumption of invertibility of f is canonical, the additionally imposed bi-continuity of the
mixing transformation f is a technical condition to ensure that the sample-continuity of the considered processes
is preserved under any of the operations that follow.
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REMARK 4.3. Werecall that for ¢ : R" — R" a Cz—diffegmorphism, £ > 1, the classical
transformation formula for densities asserts that the image Z := 9 (Z) of a C*-distributed
random vector Z with density c¢ is itself C*"¢~D_distributed with density & given by

(14) E=(cod™) |detJy-1].

The action of the mixing transformation (13) on the source can be profitably captured by
imposing the temporal structure (11) of S to meet the following analytical regularity condi-
tion:

In the following, a stochastic process ¥ = (Y;);e1 in R4 will be called

Ck-regular at (s, t) € Ar(I) if the random vector (Y, Y;) is Ck-distributed;

the process Y will be called Ck-regular at ((s,1), y0) € Ax(I) x R24 if the random vector
(Y5, Y is C k_distributed around Yo € R24 and its density at yg is positive.

REMARK 4.4. Note that if ¥ is C¥-regular at (s, ¢), then the boundary of the support of
the joint density of (Y;, Y;) is a Lebesgue nullset. (A direct consequence of Sard’s theorem.)

The theory of ICA knows two prominent ‘exceptional cases’ for which the recovery of
an IC random vector S in R¢ from even its linear mixtures X cannot be guaranteed without
further assumptions, namely the cases in which:

(i) more than one of the components of S is Gaussian (cf. Theorem 1), or
(ii) the source S is ‘statistically trivial’ in the sense of Remark 4.2.

As it turns out, a generalised version of these pathologies carries over to the first and more
‘static’ of our separation principles (Theorem 2), owing to the fact that certain analytical
forms of the joint distributions constituting (11) will be ‘too simple’ to guarantee nonlinear
identifiability even for sources whose temporal structure (11) is not otherwise degenerate.

Generalising (i) and (ii) from ‘spatial’ to ‘inter-temporal statistics’, these exceptional types
of joint distributions®> will be named ‘pseudo-Gaussian’ and ‘separable’, respectively:

DEFINITION 4 (Non-Gaussian, (regularly) nonseparable). A function ¢ : G — R, G C
R? open, will be called pseudo-Gaussian if there are functions ¢y, ¢2, ¢3 : R — R for which

(15) c(x,y) =¢1(x) - 52(y) - exp(£s3(x) - 53(y))

holds on all of G; the function ¢ will be called separable if the above holds for ¢3 = 0. The
function ¢ : G — R will be called strictly non-Gaussian if it is such that

(16) ¢|o is not pseudo-Gaussian, for every open subset O of G;

the property of ¢ being strictly nonseparable is declared mutatis mutandis. Furthermore, the
function ¢ : G — R will be called almost everywhere non-Gaussian if

there is a closed nullset N C G s.t. ¢|(g\n) is strictly non-Gaussian;

the notion of ¢ being a.e. nonseparable is defined analogously. _
Finally, a twice continuously differentiable function ¢ : U x U — R. ¢, with U € R open,
will be called regularly nonseparable if

(17 G is a.e. nonseparable and (9, dy log g)|A0 #0ae.on Ay,
where Ay 1= {(x, x)|x € U} denotes the diagonal over U.
25Distributional pathologies similar to Definition 4 have been first described in [35], see Section C.13. More

specifically, the above notions of (strict) nonseparability and pseudo-Gaussianity generalise the notions [35], Def.
1 and Def. 2, respectively.
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(Clearly, if ¢ is [strictly/a.e.] non-Gaussian then it is also [strictly/a.e.] nonseparable.)

It will be convenient for us to have an analytical characterisation of these ‘pathological’
types of densities at hand. Such a characterisation is provided by Lemma C.2 in [53], Sec-
tion C.5.

REMARK 4.5.

(1) In light of [53], Lemma C.2(ii), the assumption of regular nonseparability can be re-
garded as a minimal extension of the above notion of strict nonseparability. The necessity of
this extension will become clear in Section 5.2.

(ii) The log-derivative condition of (17) is nonvacuous as there are (strictly) nonseparable
functions whose mixed log-derivatives vanish on the diagonal, see [53], Example C.6.

5. An identifiability theorem for nonlinearly mixed independent sources. We are
now ready to present the core ideas behind our identifiability results for nonlinearly mixed
time-dependent sources. Following an outline of our strategy (Section 5.1), we state and prove
our main results (Sections 5.2 and 5.3) and conclude by comparing to related work.

Throughout, let S and X be two continuous stochastic processes in R? that are related via

(18) X =f(S)

for a mixing transformation f which is C-invertible on some open superset of Ds.
Here, we say that f : R? — R is C*-invertible on an open set G of R?, in symbols: f €
Ck(G), if the restriction f ]G isa Ck-diffeomorphism (with C¥-inverse f -1, f(G) — G).
Throughout the rest of this paper, we operate under the following convenience assumption:

ASSUMPTION 1. For the source § in (18), every connected component of Dg is convex.

REMARK 5.1. While Assumption 1 holds for most conventional process models (in-
cluding the examples in Sections 6 and 8 below), it can be dropped immediately at the only
price that for a given realisation s = S(w) of S the scales o; = «;(s) in (23) may26 then
vary with each maximally convex subset of Dy that the trace of s passes through, see [53],
Section C.12.%

5.1. Overview. Starting from (18) with the components (Sll)te]l, cees (Std)te]l of the source
S=(S!, ..., S,d )re1 assumed mutually independent, we seek to identify S from X by exploit-
ing the main dimensions of our model, space and time, via their statistical synthesis (11), the
temporal structure of S. This is done along the following lines.

Given (s,t) € Az(I), we first double the available spatial degrees of freedom by lifting the
mixing identity (18) to an associated identity in the factor-space R? x R?, namely

(19) (X5, Xo) = (f x [)(Ss, S).

The lifted mixing identity (19), which directly involves the temporal structure (11) of the
source, now allows for the following statistical comparison in the spirit of [35]:

For X} an independent copy of X, consider the intertemporal features Y := (X, X;) and
Y*:= (X, X[) of the observable X at fixed (s, ¢) together with their random combination

Y:=C-Y+(1-C)-Y*

26Even for nonconvex geometries of Dy this price is not necessarily incurred, see [53], Example C.1.

2TEven without Assumption 1 and except for the incurred s-dependence of the multiples ¢;, the last identity in
(23) below continues to hold as stated with the permutation P depending on only the connected component of Dg
that the realisation s of S is [almost surely] contained in, cf. [53], Theorem C.1.
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for an equiprobable {0, 1}-valued random variable C independent of ¥, Y*. Combining (19)
with the fact ttlat S is IC, we obtain for the (deterministic) functional L(Y, Y™*) := v o p with
p(y) :=E[C|Y =y] and ¥ (p) :=1log(p/(1 — p)) a contrast identity of the form

(20) L(Y,Y*)=R(f, (S5, S0))

for a function R = R(f, (Ss, S;)) which depends exclusively on f and the distribution of
(Ss, S¢). In other words, (20) relates X to S by way of the source’s temporal structure (11).

Since the LHS L = L(Y, Y*) in (20) is a function of the (joint) distribution of (¥, ¥*)—and
thus of the mixture X—only, we for any alternative pair ( f ,S) with f () = X and fec?
and S IC analogously obtain that L(Y, Y*) = Ié(f, (S‘s, S‘,)) and hence

1) R(f, (S5, 8)) = R(f, (S5, S1))

by (20), where again R=R( f , (S, S)) is some function which depends only on f ‘and the
distribution of (Sy, S;). Using the C2-invertibility of f, the IC-properties of both S and §
allow us to derive from (21) via (14) a (deterministic) system of functional equations

(22) Lo (5e. 5. (80, 80) =0 forg:= ("o f)[ .

which involves the partial derivatives of the ‘mixing residual’ ¢ and is otherwise completely
determined by the distributions of (S‘s, S‘,) and (S;, S7).

The assumed distributional properties of (Ss, S;), that is, the temporal structure of S as
specified by Definition 6, together with the required IC-property of S are then sufficient to
infer from (22) that the residual o must be ‘monomial’ in the sense of Definition 5.

In other words, we obtained the following: Given a C2-invertible map f, we have that

(23) (§',....8)=8=f1X)=[Po(a; x - x ag)](S)
for some P € P; and monotone oy, ...,y if and only if
(24) . .
the component processes S b 8 are mutually independent.

The characterisation (24), formulated as Theorem 2, can thus be read as a natural extension of
Comon’s classical independence criterion (7) to nonlinear mixtures of IC stochastic processes
whose temporal structure is sufficiently regular.

Additional source conditions that qualify S for the characterisation (24) are obtained by
‘unfreezing’ the above time pair (s, t) € Az(I); see Theorem 3 in Section 5.3.

Analogous to how Comon’s criterion (7) became practically applicable by way of (8), our
extended criterion (24) is clearly equivalent to the optimisation-based procedure (cf. Theo-
rem 4)

[argmimp(g(X))] -XCDP;-S forany ¢: M;(Cq) - Ry
(25) ge®

suchthat: ¢(uw) =0 iff p=p'® - @ u,

for ® some ‘large enough’ family of C2-invertible candidate transformations, and DPy a
nonlinear analogon of the family of monomial matrices My (Definition 5).

Based on a ‘moment-like’ coordinate description for (the laws of) stochastic processes, we
propose an efficiently computable such objective ¢ that generalises Comon’s original contrast
(9) from random vectors to stochastic processes (Section 7).
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5.2. Main theorem. This section forms the heart of our identifiability theory.

We seek to recover the source S = (S!, ..., §9) from its nonlinear mixture X in (18) uptoa
minimal deviation, namely a permutation and monotone scaling of its coordinates S', ..., 59,

The following nonlinear analogue of the family of monomial matrices makes this precise.

DEFINITION 5 (Monomial transformations). Given a subset G of RY, amap o : R —
R? will be called monomial on G if for each connected component G of G we have that

olg=Po(a; x--xag) forPePyanda; eDiff (7;(G)).

(The above differentiability condition is considered void at isolated points of ni(é).) We
write DP,4(G) for the family of all functions on R? which are monomial on G.

Accordingly, we say that any two paths X and x in C4 coincide up to a permutation and
monotone scaling of their coordinates, in symbols:

(26) X eDPy - x,

if (X;)re1 = (0(x;))sen for some o € DP,(tr(x)), where tr(x) = ;¢ x; is the trace of x.

Definition 4 describes analytical forms that need to be avoided by ‘sufficiently many’ of
the distributions constituting its temporal structure (11) if the source S is to be identifiable
from X up to a monomial transformation. Sources for which this is the case will be given the
following label of regularity (or ‘nondegeneracy’).

DEFINITION 6 («-contrastive). A continuous stochastic process S = (Sll, cees Std)tTE]I in
R? with spatial support Dg will be called a-contrastive if S is IC and there is a collection
of time-pairs P in A(I) and an associated collection (Dy)pep of open subsets of R4 such
that:

(i) the union Uy syep Dis.r) is dense in Dg, and
(ii) for each (i, (s, 1)) € [d] x P it holds that S’ is C 2-regular at (s, t) with density {j,t,
and

i
Cs.t

., 1sregularly nonseparable for all i € [d], and
(s,1)

{si | pr2 is almost everywhere non-Gaussian for all but at most one i € [d],
(s.1)

where the above restrictions of the densities are understood w.r.t. the abuse of notation
¢l () :=¢! (xi, xiqq) for x = (x,) e R

Notice that the conditions in Definition 6(ii) reflect the classical pathologies (ii) and (i)
from page 499. Further below we will see how the assumptions of Definition 6 are linked to
related works (Section C.13) and that they are satisfied for a number of popular copula-based
time series models (Section 6.1). Recall that the following result operates under Assump-
tion 1.

THEOREM 2. Let the process S in (18) be a-contrastive. Then for any transformation h
which is C-invertible on some open superset of Dy, we have with probability one that:

27) h(X)eDPy-S ifandonlyif h(X) has independent components.



NONLINEAR ICA FOR TIME-DEPENDENT SIGNALS 503

PROOF. The ‘only-if’-direction in (27) is clear, so we only need to show the converse
implication. To this end, we in total prove the slightly stronger assertion that

(28) If h(X) isIC and D = Dy, as in Definition 6, then {Jjor(u)lu € D} SMy.

Given (28) (and Definition 6(i)), the assertion (27) follows by way of [53], Lemma C.3(ii),
and the fact that the trace of almost every realisation of S is contained in a connected compo-
nent of Dg ([53], Lemma C.1(ii)) which in turn is convex by Assumption 1.

Let now (s, 1) € Ax(I) be as in Definition 6(ii), that is, suppose that (Ss, S;) = 7(s,1)(S)
admits a (joint) C%-density £ = ¢1 - - - ¢4 (where ¢; = g“s ;) with a support D :=supp(¢) € R

whose boundary 8D is a Lebesgue nullset (cf. Remark 4.4).
Moreover, let X7 be a copy of X; which is independent of (X, X;), and denote

(29) Y :=(Xs,X;) and Y*:=(Xy, X)).

For C ~ Ber(1/2) and independent of Y and Y*, consider further
Y:=C-Y+(1-C)-Y*

(so that Py = %Py + %]Py*) together with the associated regression function

(30) p:R* 10,11 givenby p(y) :=E[C|Y = y].

The function p then satisfies the following central equation.

LEMMA 1. For u the probability density of Y, and u* the probability density of Y*,
31) Yvop=logu—logu* a.e.on D:= supp(i)
for the logit-function ¥ (p) :=log(p/(1 — p)).

The proof of Lemma 1 is given in [53], Section C.8. Recalling now that the components
of § are mutually independent, we obtain from the transformation formula for densities (14)
that for the inverse g = (g1, ..., g4) := f~' and the density ¢; of ¢, resp. the density &, of
St

d . .
(32)  logu —logu® =7 [logéi o (gi x gi) —log&j o gi(u) —log&; o gi(v)]
i=1
almost everywhere on f)(: (f x f)(f))). Using (31), it follows that
d
(33) Yop=) Pio(gixg) forPi=logsi— Y log¢om,.
i=1 v=1,2
Let now h = (hy,...,hg) € Diffz((’)x), for some Ox D Dy open, be such that the process

S := h(X) has independent components. Using that the above function ¥ o p depends on the
observable X only, we due to (Sy, S;) = (h x h)(X;, X;) and (14) obtain that

d
(34) Yop=>Y_ Qio(hixh) a.e.on D
i=1
analogous to (33), where the functions®® Q; € C2(D’), i € [d], are given as
; i e Py s Wy
(35) Q;:=log¢ — 1)gzlog ¢,om, with¢; = d(uj %) and ¢, := W‘

for ri :=s and rp := 1, and where D’ € R?“ denotes the support of ¢ = El <Ly

28Note that here, we employ the abuse of notation Q; (x) = Q; (x;, x;j44) forx = (xy) € D



504 A. SCHELL AND H. OBERHAUSER

Note that the Q; are indeed twice continuously differentiable: By (14) we have
dPs. 5
d(u, v)
for the C2-density ¢ and for ¢ := ((ho f) x (ho f))' € Diffz(ng; (9§2), with Oz 1=

h(Oy); reading off the marginal densities ¢;, E‘ﬂ (cf. [53], equation (C.4)), we see that the
Jacobians appearing in (35) cancel out as they did in (32), giving us Q; € C*(D’) as desired.
Combining the identities (33) and (34) yields that

P = |det(Jp)| - [¢ 0 p] € C(D')

d d
(36) Y Qio(hixh)=) Pio(g Xxg)

everywhere on the dense open subset D), := {u > 0} of D.
Therefore, the desired implication (28)—and hence the assertion of the theorem (see the
initial remarks of this proof)—holds if we can show (36) to imply that for o :=h o f we have

37) {Jow)lu e D} My  for each open D C Dy as in Definition 6(ii),

that is, for any (nonempty) open subset D of R for which ¢’ DX is regularly nonseparable
for all i € [d], and a.e. non-Gaussian for all but at most one i € [d]. Let any such D be fixed.
The remainder of this proof is aimed at deriving (37) from (36). To this end, notice that
since (36) can be equivalently written as
Qo(hxh)y=Po(gxg)

for Q :=¢o(Qy xX---xQg)otand P:=co (P X ---x Py)ot with ¢(y1,...,yq) =
Z?:l yvi and T(xy,...,X2q) := (X1, Xd+1, X2, Xd+2, - - - » Xd, X24), We obtain that (36) is equiv-
alentto Q o (0 x @) = P, thatis, to the (D, := {¢ > 0}—everywhere) identity?’

d d
(38) > Qo xoN =Y P.
i=1 i=1

The above is an identity between two twice-continuously-differentiable functions in the ar-
guments (uy,...,uUq4,Vv1,...,09) € Dy C C R% | 50 we can apply the cross-derivatives 9, 8vk
to both sides of (38) to arrive at the identities

d

(39) > ai o (0i x 01)] - 0u;0i - 0 = Zs,- ik (J.keld]),

i=1
where the g; are the components of (37) and the functions ¢; and &; are given as
(40) qi ‘= 8u,~ 3,)[ QO; and §& = au,avi P, = aui avi log ¢;,

respectively. (Note that 9,0y Ri = ri - &iji (R,r) € {(Q,q), (P,§)}) by the Cartesian
product-form of the functlons (33) and (35).) Observe now that the system of equations (39)
can be equivalently expressed as the congruence relation

JI-Ng-Jo=NAs (6 JJ(u) - Ag(u,v) - Jo(v) = Ag(u, v))
for J, the Jacobian of ¢ and for A, A¢ defined as the matrix-valued functions
Ay = dlag [q, o(0i x0i)] and Ag:= dlag (&].

i=1,..., i=1,...,

290nce more, we abuse notation by writing P; (x) = P; (x;, xj4+4) (x € D) for the RHS of (38).



NONLINEAR ICA FOR TIME-DEPENDENT SIGNALS 505

Since o is a diffeomorphism over D, its Jacobian Jo is invertible and hence
(41) Ag=B]-A¢-B, onDy, forBy:=1J,".

Since B, = J,-1 00 by the inverse function theorem, the matrix-valued function B, is clearly
continuous. Hence®® we can apply [53], Lemma C.4, to from (41) and the assumptions of

Definition 6(ii) obtain as desired that
(42) {Jow)|lu e D} S M,.

Indeed, since the above open set D C Dg has been chosen such that the (positive) functions
¢t ., are regularly nonseparable for each i € [d] and a.e. non-Gaussian for all but at most
one i € [d] (Definition 6(ii)), [53], Lemma C.4, is clearly applicable to the system (41),
providing (42) as required. But since the above set D was chosen without further restrictions,
(42) amounts to (37) and hence proves Theorem 2 as desired. [

5.3. An extension to sources of alternative temporal structures. We can generalise the
strategy behind Theorem 2 by ‘unfreezing’ its usage of the temporal structure (11), that is
by allowing the considered time-pairs (s, t) to ‘vary more freely’ across A;(I); see [53],
Lemma C.5. This qualifies additional source classes for nonlinear identification via the char-
acterisation (27). As before )cf. [53], (41)), the technical key for this is to have the Jacobian
of the mixing residual serve as change of basis for a source-dependent matrix function with
nondegenerate eigenspectrum. The next definition describes two sufficient conditions for this.

Define ¥ (x, v, 2) :=x_2yz, and denote by V* :={(1,) € ]RdEIi,j eldl,i#j: A=A}
the set of all vectors in R? whose coordinates are not pairwise distinct.

DEFINITION 7 ({8, y}-contrastive). A continuous stochastic process S = (Sll, ey
S;d)te]l in R¢ with independent components and spatial support Dg will be called:
e B-contrastive if Dy is the closure of its interior and for any open subset U of Dy there is
an open subset U of U and p=(s,1),p € Ar(I) such that, for all i € [d],
the density {S’.J of (S, 87, likewise Q’;,, exists with {;, g“é, € C*(U*?) and

(43) g = [0x00,,l0g¢] Jorz #0 and &) #0 (ae), and

@ = e cer)

with e Usurs (u,u) € Ay and both U, U nonempty;31
e y-contrastive if there is a dense open subset U/ of Dg for which the following holds:

for each u € U there exists (v, po, P1,P2) € R? x AZ(H)X3 such that
S is C2-regular around (po, (, v)), (p1, (u, w)) and (p2, (v, v)), and
(45) (W (Epy (. ). & (1), &, (v, V)1 € (RT\ V),
where Sé := 0Oy, Ox; 4 l0g ¢p 1s the mixed log-derivatives of the C?-density qé of (S;, Sf).
30Notice that D*%2 c D = supp(¢) (and hence D*2 C D¢, as D is open) since ;!sz > 0 a.e. by the fact that

Z| px2 is a.e. nonseparable (and hence a.e. nonzero in particular).
31Here, as before, we abuse notation by writing ;S’,t(x) = ;é,,(xi , Xitq) forx =(xy) € R,
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Notice that every «-contrastive process is also y -contrastive (for pg = p1 = p2, as the proof
of Theorem 2 shows), while S-contrastivity does not imply—nor is it implied by—either o-
or y-contrastivity. We will see in Section 6.2 that the assumptions of y-contrastivity are
satisfied for a number of popular stochastic processes.

Recall that the following theorem operates under Assumption 1.

THEOREM 3. Let the process S in (18) be B- or y-contrastive. Then for any transforma-
tion h which is C*-invertible on an open superset of Dx, we have with probab. one that

(46) h(X)eDPy-S§ ifandonlyif h(X) has independent components.

A comparison to related work can be found in Section C.13 of the Supplementary Material
[53].

6. Examples of applicable sources. The statistical nondegeneracy assumptions of «-,
B- or y-contrastivity hold for a number of well-established models for stochastic signals,
among them most popular copula-based time series models (Section 6.1) as well as a variety
of Gaussian processes and Geometric Brownian Motion (Section 6.2).

6.1. Popular copula-based source models are a-contrastive. It is well-known (e.g., [45],
Section 2.10, [18]) that the temporal structure (11) of a scalar stochastic process S = (S)se1
can be given an analytical representation of the form

(47) Coi (%, ) = LX) (0) - s (FY (), FP(3) - ((s.0) € Aa(D)),

where £ ; is the probability density of (Ss, S;), FrS is the cdf of the vector S, with ¢, its
density, and c; ; : [0, 11*2 - Riis the uniquely determined copula density of (S, St).

PROPOSITION 1. Let S = (S));e1 = (SY, ..., S be an IC stochastic process in RY such
that S; admits a C?-density ¢; for each t € I with the property that t — ;(x) is continuous
for each x € R?. Suppose further that for some P € Ay () with Ues.nepils - & > 0} dense in

Ds.3? it holds that the copula densities {c§7t|(s, 1) € P} of S (cf. (47)) are such that

(48) i, are positive and strictly non-Gaussian and 3,9y log ¢ , vanishes nowhere,

for each i € [d]. Then the process S is a-contrastive.

A popular approach in finance, insurance economy and other fields is to read (47) as a
semi-parametric stationary model for S = (S;);cr by assuming the existence of some Z C I
discrete (‘set of observations’) such that ¢, = ¢ with cdf F; foreachr € Z, and Dg = supp(¢)
and ¢ ; = cp uniformly parametrized for all (s, ) e P:=7 x2n A>(I); see, for example, [10],
Section 2, [21]:

(49) Eot (X, ¥) = S()E(Y) - co(Fp (x), Fe (y)),  (s,0) €P.

We verify exemplarily that a source S = (S, ..., $¢) in R? whose components S’ are mod-
elled according to (49) is «-contrastive for a number of popular copula densities cg.

COROLLARY 2. Let § = (S L ..., 8% be a stochastic process whose independent com-
ponents S' are modelled according to (49) for each i € [d] with copula-density c; belonging
to one of the following popular classes:

32The existence of such a set P is guaranteed by [53], Lemma C.1(v).
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(i) (Clayton)
i, y) =1 +0) )T (=1 4 x70 4 y=0)2 19,

where 6 € (—1, 00) \ {0, —%};
(i) (Gumbel)

ci(x,y)=140(1-2x)(1 -2y), 6e[-1,1]\{0};
(iii) (Frank)

969(x+y)(69 -1
(ef — % — by 4 0 +y))2°

ci(x,y) = 6 e R\ {0}.

Then S is a-contrastive.

PROOF. This is a direct consequence of Proposition 1 upon checking that each of the
copula densities (i), (ii) and (iii) satisfies (48). This, however, follows from inspection and a
straightforward computational verification. [J

6.2. Popular Gaussian processes and geometric Brownian motion are y-contrastive.
Given an interval I and functions u : I — R? and « : I*2 > GLy(R), we write S ~
GPr(u, k) to denote that S = ()1 is a Gaussian Process in R4 with mean u = (u;) and
covariance k¥ = (x'/). We assume that any pair (u, ) we consider in the following is such
that each process S ~ GP (i, k) admits a version with continuous sample paths.

We demonstrate contrastivity for a number of popular Gaussian processes.

PROPOSITION 2. Let S =(S!, ..., S;i)te]l be an IC stochastic process in R? with ST ~
GP(ui, ki) for each i € [d]. Then S is y-contrastive in each of these four classical cases.

(1) Foreachi € [d], the componental autocovariance functions (2) of S are of the form

; [t —s| 7Y
K(s,t)zexp(—[ ” ] )

with y = (¥i)iea) € (0, 21% and o = (aj)icla) € (Ry )4 \N,,, where N, C R? is a Lebesgue
nullset defined in the proof below.3?
(i) Each component process S' of S is an Ornstein—Uhlenbeck process

(50) dS! =6; - (ui — S')dt +0;dB!, Sy =a;, (i €[d])

with a;, u; € R and o = (0)ie[a) € Rio and 0 = (0;)ie[a) € Rio \/\7, where N C R4 is a
Lebesgue nullset defined in the proof below.

(iii) The component processes of S are fractional Brownian motions with pairwise distinct
Hurst indices, that is their autocovariance functions (2) take the form

4 1
ki (s, 1) = §(|t|2Hi + |52 — |t — 5?5 (i e [d])
for some (H;)ic[q) € (0, 1)d \ VX,

33This includes the family of y-exponential processes; cf. [48], Section 4.2 (pp. 84 ff.).
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(iv) Denoting s At :=min(s, t), the autocovariance functions (2) of the S are of the form

A SAL
k' (s, 1) =/ ni(rydr foreachi € [d],
0

with functions 11, ..., n1q : 1 — R for which there are ro, r1 € I such that the products {n; (ro) -
nj(roli, j € [d]} are pairwise distinct. This is includes deterministic signals perturbed by
white noise, that is, signals S = (S,l, R Std),eﬂ which, for (Bf)tzo some standard Brownian
motion in RY, are given by

dS! = p;(t)dt +0;(t)dB!  for each i € [d]

with ui, o; : 1 — R integrable and continuous such that the entries of (Ui2 (ro) - 012 (r1))i, jeld)
are pairwise distinct for some ro, r1 € L.

The proposition below concludes our short compilation of applicable source models.

PROPOSITION 3. Let S = (S;);>0 = (SY, ..., 8% be an IC geometric Brownian motion
in RY that is, suppose that there is a standard Brownian motion B = (B,l, e B,d)tzo such
that

ds! =S' - (wi(t)dt +o0;(t)dB)),  Sh=sb (i €ld])

for some sé > 0 and continuous functions w; : 1 — R and o; : 1 — R.q. Then S has spa-
tial support Dg = Ri, and S is y-contrastive if there are ro,r1 € 1 for which the numbers
{al.z(ro) -ajz(rl)l(i, J) €ld] x [d]} are pairwise distinct.

7. Signature cumulants as contrast function. This section uses the identifiability re-
sults of Section 5 to reformulate the problem of nonlinear blind source separation as an opti-
misation task in the spirit of Corollary 1. Central to this is the concept of an IC-characterising
contrast function on stochastic processes. We propose such a function by means of signature
cumulants, which we introduce as a natural extension of classical (multivariate) cumulants to
multidimensional stochastic processes.

REMARK 7.1. In this section, we restrict our exposition to stochastic processes whose
sample paths are smooth (i.e., of bounded variation®#), and further assume that the expected
signature of these processes (defined below) exists and characterizes their law. These as-
sumptions can be avoided by using rough integration and tensor normalization, but since this
requires background in rough path theory and is not central to our methodology, we simply
refer the interested reader to [23, 42] and [11, 12], respectively. Let further I = [0, 1] w.l.o.g.

7.1. Signature cumulants. Many results in statistics, including Corollary 1 via (9), are
based on the well-known facts that laws of R?-valued random variables are often charac-
terised by their moments, and that statistical independence turns into simple algebraic re-
lations when expressed in terms of cumulants. Our main object of interest are Cy-valued
random variables (stochastic processes), for which the so-called expected signature [11] pro-
vides a natural generalisation of the classical moment sequence. Similar to classical moments,
these signature moments form multi-indexed collections of numbers that can characterize the
laws of stochastic processes. Similar still, upon their ‘logarithmic compression’ these number

3A path x = (x1)rej0.1] € Ca is called of bounded variation if its variation norm ||x||_yar := |xo| +
sup > |xg, — Xz | is finite, where the supremum is taken over all finite partitions {0 <#; <--- <t <1} (n €N)
of [0, 1]; cf. also definition (135) and Section F.7 in the Supplementary Material [53].
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collections give rise to signature cumulants that quantify the statistical dependencies within
multidimensional stochastic processes (that is, between their coordinates and over time).

Denote by [d]* := [,,>old]*™ the set of all multi-indices® with entries in [d] =
{1,...,d}.

DEFINITION 8 (Expected signature). For ¥ = (Ytl, cee, Ytd),e[o,l] a stochastic process
in RY with sample-paths of bounded variation, the collection of real numbers (if it exists)
S(Y) :=(0i(Y))ic[ay defined by the expected iterated Stieltjes integrals

(51) o,-(Y)::EU dr}! dY;';---dY;'m] fori = (i, ..., im),
0=t < <<ty <1 "
with o5 (Y) := 1, is called the expected signature of Y .

The expected signature is to a stochastic process roughly what the sequence of moments
is to a vector-valued random variable, and analogous to the case of classical moments, for
many statistical purposes the concept of cumulants is better suited. This leads to the notion of
signature cumulants [6] below. (See Remark 7.2 and [53], Sections C.18 and D, for details.)

DEFINITION 9 (Signature cumulants). For Y a stochastic process in R¢ with sample-
paths of bounded variation, the collection of real numbers>®

(52) (Ki(Y))ie[d]* ==log[&(Y)]
is called the signature cumulant of Y. We further define
ki (Y)

(53) ki(Y):= fori = (i1, ...,im) € [d]",

Kll(Y)m(i)/2 ER Kdd(Y)nd(i)/z
where 1, (i) denotes the number of times the index-value v appears in i. We refer to
(ki (Y))iepay as the standardized signature cumulant of Y.

REMARK 7.2. The signature cumulant of a process Y is an efficiently computable [41],
informationally condensed and hierarchically graded (cf. [53], Section D.2) compression of
the statistical information contained in [the distribution of] Y (cf. [53], Sections C.18, D.1),
which enjoys a broad variety of excellent practical and theoretical features [12]. Just as for
standardized classical cumulants, the normalisation (53) brings the additional benefit of scale
invariance which facilitates our below usage of signature cumulants as a contrast function.

7.2. Signature contrasts for nonlinear ICA. Similar to how classical cumulants are tra-
ditional in linear ICA (cf. page 496), the usage of signature cumulants in our present ICA-
context is due to the following observation: Recall that a random vector ¥ in R¢ has inde-
pendent components if and only if all of its cross-cumulants vanish, that is iff, in the notation
of (9) and for * the concatenation of indices,

d
(54) K; =0 forallge |_|{t x jli € [k — 11"\ {2}, j € (k}*\ {@}}.
k=2
Now in the same way that the expected signature generalises the classical concept of mo-
ments (cf. [53], Remark C.18), it was shown in [6] that signature cumulants generalise this
classical relation (54) to an algebraic characterisation of statistical independence between [the

35We define [d]*" := {2} with & the empty set, and let {k}* := U,,=0lk} " (= (@, k, kk, kkk, ...}).
36The log in (52) denotes the logarithm on the space of formal power series, see [53], Section D.2.1, and [6].
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components of] stochastic processes, cf. also [53], Remark D.3. This is particularly useful in
our context as it yields a natural and explicitly computable contrast function for path-valued
random variables (Proposition 4) as desired for nonlinear ICA.

Algebraically (cf. [53], Remark D.2), the (52)-based extension of the characterisation (54)
to stochastic processes requires us to replace the simple operation * of index concatenation
by a slightly more involved combinatorial operation on [d]*. This operation is defined next.

NOTATION 7.1.  For convenience, we denote by [d]’ the family of all finite sums of
indices in [d]*, and for any such sum i =iy + --- +i¢ € [d]} define k; :=K; + -+ + ki,.

The shuffle product of two multi-indices i = (i1, ..., i) and j = (41, ..., imtn) in [d]*
is defined as the element of [d]’, which is given by
(55) iU—'j = Z(ir(l)a ---»it(m+n)) € [d]:_7
T

where the sum is taken over the family of permutations
(56) [t eSpinlt(l) <~ <t(m)and t(m+1) <--- < t(m +n)}.

This enables us to formulate the following central observation.

PROPOSITION 4. For a stochastic process Y = (Y1, ..., Y?) in R? whose expected sig-
nature exists, the component processes Y, ..., Y¢ are mutually independent if and only if
d
(57) ki)=Y > i&(¥)*=0,
k=2 qeW;

where Wy = {i w jli € [k — 11"\ {2}, j € {k}*™, m > 1} C [dT".

d

PROOF. Observe that the component processes Y!, ..., Y¢ are mutually independent iff

for each 2 < k <d, the process Y* is independent of (Yl, e, Yk_l).

The asserted characterisation is a direct consequence of this and [6], Theorem 1.2(iii). [

We may now combine Proposition 4 with Theorems 2 and 3 to obtain the following in-
stance of (25) for the inversion ‘X + §’ that is desired in (2) (cf. Corollary 1).
(Recall Remark 7.1 for the well-definedness of the signature statistics featured in (58).)

THEOREM 4. Let the process S in (18) be a-, B- or y-contrastive with sample-paths of
bounded variation. Then it holds with probability one that

(58) [arg min &ic (2 (X)) |- X SDPy - §
he®

or any family of transformations © C C>%(Dx) with ©® N (DP4(Ds) - f~1) .
D
X

This theorem states that the initial problem (2) of nonlinear blind source separation can be
reformulated as a problem of optimisation-based function approximation. More specifically,
statement (58) says that the desired demixing transformations of the data can be found as
minimizers of the energy-like functional (57). In [53], Section C.20, we complement Theo-
rem 4 with a few practical and contextualising remarks, and in Section E of [53] we derive
from Theorem 4 a practical blind inversion algorithm with strong consistency guarantees.
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8. Numerical experiments. We present a series of numerical examples to illustrate the
practical applicability of our ICA method on discrete- and continuous-time signals. A com-
plete account of the following experiments and results, including their full parameter settings
and all relevant implementations and estimates, is provided on the public repository [52].

8.1. A performance index for nonlinear ICA. As before, we consider stochastic processes
X and S in continuous or discrete’” time such that

(59) X = f(S) forsome f e C>%(Dy).
In order to assess how close an estimate S = S’(X ) of S is to the true source S in (59), we

propose to quantify the distance between $ and the orbit®® DP, - § by way of the following
intuitive? performance statistic (cf. [53], Remark C.3(iii), for applicability).

DEFINITION 10 (Monomial discordance). Given two time series X := (X 1 ..., Xfl),ez
and Y := (Y, ..., Y9z in RY for 7 finite, define the concordance matrix of (X, ) as
1 . .
c@.y)i= (7 Llox(xi.v7)]) € [0, 119%¢,
1] ,;' (¥, Y7)| (i.j)eldP

where pk is the Kendall*? rank correlation coefficient. Furthermore, we define

(60) o(X,)) = ll}éi}g}lHC(X,y)—PHZE[O,I]

1
Jd(d—1)

and call this quantity the monomial discordance of X and ).

PROPOSITION 5. Let X and S be as in (59) with S IC, and h be C'-invertible on some
open superset of Dx. Then for I C 1 finite and o as in (60), we have that

(61) (h(X0),ez €DPa - (Siez  iff o((h(X1)),ez, (S)iez) =0.

Hence the smaller the monomial discordance between S and a transformation 4 (X) of its
observable, the closer to optimal will be the deviation between 2(X) and S.

Below we provide a brief synopsis of our experiments and the results that we obtained. For
brevity, the truncated approximations (142) of the above contrast xic will be denoted ¢,

8.2. Nonlinear mixings with explicitly parametrized inverses. First, we consider three
families of C2-diffeomorphisms on the plane whose inverses are explicitly parametrized.

More specifically: We sample two types of source processes in R?, namely: an IC
Ornstein—Uhlenbeck process Sou = (Sgu, Sgu), and an IC copula-based time-series Scy =

(Scly, Sczy) that follows the dependence model (47).*! Both Sy, and Scy are contrastive by

Proposition 2(ii) and Corollary 2(i), respectively.*? These sources are first mapped to the

373ee [53], Section C.3(iii), for an explicated treatment of the latter.

385ee (26) for notation, and recall that the elements of DP; - § are in a minimal distance from S.

39Recall the classical facts (e.g., [20]) that Kendall’s (and Spearman’s) rank correlation coefficient pk attains its
extreme values %1 iff one of its arguments is a monotone transformation of the other, with pg (U, V) = 0 if its
arguments U and V are independent.

40yf preferred, px might alternatively be chosen as Spearman’s rank correlation coefficient.

1
4Iwith F,SCy chosen as the cdf of A(0, 1) and ¢ chosen as the Clayton-density (cf. Proposition 1(i)).
42Note further that the Ornstein—Uhlenbeck processes Sou, While continuous-time by nature, are processed as
discrete-time observations according to their classical Euler—Maruyama approximation. The copula-based time-
series Scy, on the other hand, are simulated at their observation frequency and thus showcase the applicability of
our method to discrete-time signals (in accordance with Section G in [53]).
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F1G. 2. The image of the square [—1, 112 (leftmost) under three increasingly nonlinear mixing transformations
f1, fa, f3, namely conjugates of the Hénon map (f1 and f>; panels (a) and (b), respectively) and of the Mobius
transformation (f3; panel (c)).

square [—1, 1]? upon centering and scaling them to unit amplitude, and then transformed by
one of three mixing maps f; : R? — R? (j = 1,2, 3) with increasing degree of ‘nonlinear-
ity’, see Figure 2. (For an explicit definition of the f;, see [52].) [53], Figure 2, shows the
spatial trace of a sample realisation of S,y and Sy (panels (a) and (b)) next to an excerpt of
the time-parametrised components of these realisations, together with their nonlinear mix-
tures X;(j/) == fj(8y) for j =1,2,3 and n = ‘ou’ (panels (¢), (e), (g)) and n = ‘cy’ (panels
(d), (), ().

Each of the ‘true’ inverses g/ := fj_1 (j = 1,2,3) are contained in an (injectively
parametrized) family ©; = {gé € C2(R?)|0 € €) j} of candidate de-mixing transformations

gé, where © ;i € R? is some open parameter set. On these parameter sets, we consider the
data-based objective functions

(62) ®/:0; >R, O ¢, (gh(XY)).

with ¢, 1= El[g I as in (142) and capped at the cumulant orders m; = my = m3z = 6, and
compare the topography of the functions (62) to that of the monotone discordances

(63) 5:0, >R, 0> 0(g) (X)), 8,)  (cf. (60)).

Recall that the latter are ‘distance functions’ that quantify how much a candidate source
estimate Sg = gé (X ,(7] ) ) deviates [from the monomial orbit DPy - S, of S, that is] from the
true source S, up to order and monotone scaling of its components.

The results are displayed in the first three columns of Figure 5, with the ‘estimator’s view’

CID(I)L2|3 of the demixing performance shown in the top-row panels and the ‘true view’ Séll,m of

F1G. 3. [llustration of the three-dimensional mixing transform fy : R3 — R3 via its action f4(S2) (right panel)
on the 2-sphere §2 = {x e R3||x| = 1} (left panel).
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FIG. 4. Spatial trace and sampled components of a three-dimensional IC Ornstein—Uhlenbeck process Sou (top
left) and an IC copula-based time-series model Scy (top right) and their respective nonlinear mixtures f4 (Sou)

(bottom left) and f4(SCy) (bottom right).

the demixing performance shown in the bottom-row panels.*> This shows clearly that within
the given families ® ; of candidate transformations, those candidate nonlinearities which map

the data X ,(7] )toa best-approximation of its source S, are precisely those that minimise the
contrast (62), as asserted by Theorem 4.

An analogous experiment (j = 4) is performed for a mixing transformation f : R? — R3,
see Figures 3 and 4. The results, obtained for a contrast capped at cumulant order m4 = 7 and
shown as the rightmost column of Figure 5, are again affirmative of Theorem 4.

8.3. Nonlinear mixings with inverses approximated by neural networks. The practical
applicability of our ICA-method is illustrated by running the optimisation (58) over (approx-
imate) demixing-transformations which are modelled by an artificial neural network.

More specifically: We subject two Ornstein—-Uhlenbeck sources S and S with two
resp. four independent components to a two- resp. four-dimensional nonlinear mixing trans-
form (see [52] for details). The resulting mixtures X M and X@ are then passed on to can-
didate demixing-nonlinearities g, € ©, which are given as elements of the parametrized
families

(64) 0, :={g) : R — R?|g} is an ANN with weights € ©,} (v=1,2).

Here, the families of transformations ®,, are spanned by the various configurations of some
artificial neural network (ANN) instantiated over weight-vectors 6 which are chosen from a
given parameter set ©, in R™v, where the number of weights m, is part of the predefined
architecture of the ANN. Given these candidate-inverses, the optimisations (58) are run by

(65) minimizing O, 3 6 —> ¢, (g5 (X)),

43For brevity, Figure 5 shows the case n = ou only; the results for the case n = cy can be found in [52].
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FIG. 5. Contour plot (leftmost column) and heatmaps of the log-transformed contrast functions (62) (top row)
and of the associated discordance functions (63) (bottom row) for the mixings X((){l) = fj(Sou), j=1,...,4.

The parameters 9(] ) = (9(] ) GZ(J )) of the true inverses f ) €®; are 9(1) 0.5, 449(2)

o =,

=5 (~0.35, 1),

—2), and 6P = (0.2, —5).

that is, by training each constituent ANN (64) with the truncated contrast ¢,,, = KIC mv] (cf.
(142)) as its loss function, where the optimization steps are computed via backpropagation
along the weights of the ANN. For technical details behind the setups of (64) and (65), see
[52, 53].

For the case v = 1 we applied the mixing transformation depicted in Figure 6 (leftmost
panel), and for the case v =2 we followed the simulations of [34, 35] in using as a mix-
ing transformation an invertible feedforward-neural network with four-nodal in- and output
layers and two four-nodal hidden layers with tanh activation each.

Denoting by 6 € @, the (local) optimum obtained by the minimisation of the objective
(65) and setting SO .= 8o (X ™)) for the associated estimate of the source S (cf. (58)), we
obtained as results to these experiments the concordance matrices (cf. Definition 10)

0.853  0.065
1) ()
(66) C(s. sy = (0 079 0.930) and
0.834 0003 0.037 0.016
. 0.148 0.725 0.109 0.069
2) ¢@) -
(67) CS™ S = 10037 0034 0.803 0265 |°
0.077 0.131 0072 0.787

where we corrected for the permutation ambiguity between Sand S to simplify comparison.

Both (66) and (67) indicate a good fit between S™ and S™ in the sense that, to a good
approximation, S™ and SO differ only up to (an inevitable permutation and) monotone
scaling of their components,* as stated by Theorem 4. A visual comparison of the original
samples S, @ and their estimates S S@ gee Figures 1 and 6, confirms these results.

44Notice that: (a) by definition of ®1, the function <1>1 depends on the one-dimensional parameter 6, only;

(X(l)) and Sou is (5933 9929 (indicating a close proximity
~0.5

between S_0.5 and DPy - Soy, cf. Proposition 5), the observation of <I>(1,u attaining a low local minimum at
is in accordance with Theorem 4.

4SRecall that the optimal deviation S0 ¢ DP, - S™ between S$O) and SM is achieved iff (66) and (67) are
permutation matrices (Proposition 5).

(b) as the concordance matrix of S_ 0.5 = g
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FI1G. 6. Nonlinear mixture X (sampled trace (a) and components (f), (g)) of an IC Ornstein—Uhlenbeck source
S ((b) and (d), (e)). Further shown is the residual g o f|[_1’1]2 ((0); cf. (68)) for an estimate g of f71 IDy - The
Sfunction g is found by optimising an articifial neural network (gg) via the loss function (65), and the resulting
estimate S 1= g(X) of S is shown in brown ((c) and (h), (i)). To a good approximation, the source S and its
estimate coincide up to (a transposition and) a monotone scaling of their components, as quantified by (66).

Specifically, Figure 1 shows the components, excerpted over 1000 data points each, of: the
source S© (orange), its nonlinear mixture X @ (blue), and its estimate S® (brown).

To reaffirm that the above results of finding good approximations to the source are not
simply due to chance, we ran our experiments repeatedly with randomly chosen realisations
and initial configurations for the data and the learning process (64) and (65), see [52], [53],
Section 3.

These experiments underline the practical applicability of our proposed ICA-method.

To conclude, we note the following empirical findings.

REMARK 8.1 (Empirical comments).

(i) Given an observable X = f(S) together with a family ® of candidate transformations
on R4, the technical compatibility condition (DP;(Dyg) - f ) ‘D nNe ] Dy # & of Theorem 4
X

can in practice typically not be guaranteed a priori. However, as indicated by the above find-
ings (66) and (67), infringements of this (sufficient) technical condition might typically be
innocuous, provided that at least

(68) (DP4 'g)|Dx N ®|DX # & for some g with g|DX ‘close enough’ to f_1 ‘Dx’
which will be satisfied if ® is chosen large enough, say as a suitable ANN or another universal
approximator. In a similar vein, our experiments indicate that the regularity condition ® C
C?(Dy) may in practice be softened by merely requiring that the ‘approximate inverse’ g in
(68) be ‘C?-invertible on most of Dx’ (cf. e.g., Figure 6, panel (c)) and the parametrization
of ® be ‘continuous’ at (some) point g € © with g| py € DPa - g| Dy though this a priori
reduces the optimisation (58) to the search for a (low) local minimum.

(i) We emphasize that the configurations of the neural networks and their backpropaga-
tion that we used in our experiments were ad hoc and not tuned for approximational opti-
mality. Since the loss functions (65) are typically nonconvex with their topography crucially
depending on the choice of (64) (cf. e.g., Figure 5), we expect that the accuracy and efficiency
of our estimates may be significantly improved by applying our ICA-method to ANN-based
approximation schemes (64), (65) which are more carefully designed.

9. Conclusion. This paper has addressed the problem of Blind Source Separation via
the classical approach of Independent Component Analysis. As our main contribution, we
have formulated and proved a statistical method to recover multidimensional stochastic pro-
cesses (in both continuous- as well as discrete-time) from observations of their nonlinear
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mixtures. Conceptually, our method assumes a source process with independent component
processes and, by exploiting the temporal structure of this source, characterises its nonlinear
transformations by the degree of intercomponental statistical dependence that they inflict on
the source. Quantifying the latter by way of an efficiently computable contrast function de-
rived from the signature cumulants of a stochastic process, the initial source separation prob-
lem may then be reformulated as a provably robust problem of optimisation-based function
approximation which in practice can be conveniently implemented by, for example, contem-
porary neural network-based learning schemes. A comprehensive consistency analysis [53],
Section E, ensures that the resulting method is usable in real-world situations (discretized
time, one sample trajectory), which is further illustrated by a number of theoretical and nu-
merical examples.

The mathematics of the identifiability theory established in this work appears flexible
enough to allow for extensions in various further directions. For instance, by considering
third-order in place of second-order finite-dimensional distributions it may be adapted to infer
the identifiability of stochastic processes from their time-dependent nonlinear mixing trans-
formations (‘invertible flows’). By adapting the ideas of this paper further, it does now also
seem within reach to prove the identifiability of stochastic sources from more general nonlin-
ear relations, such as for instance in the setting of controlled differential equations where one
may be interested to recover an (independent-component) stochastic control from its nonlin-
ear response. As with most methods involving an optimisation over flexibly parametrisable
nonlinearities, however, a significant practical caveat of our approach is the occurence of spu-
rious local minima in the approximation of the demixing transformation. This leaves room for
improvement that future research might explore: In addition to practical deliberations such
as spanning the optimisation domain by more carefully designed learning architectures, or
amplifying the contrast function by the addition of tunable hyperparameters such as weights
attached to its summands, one may attempt to tame the critical optimisation task by adjusting
it to (localised) polynomial approximations of the mixing nonlinearity and harvesting the ad-
ditional algebraic structure that then results from the fact ([13]) that the signature transform
‘dualises’ the action of polynomial transformations on its arguments.
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SUPPLEMENTARY MATERIAL

Supplement to ‘“Nonlinear independent component analysis for discrete-time and
continuous-time signals” (DOI: 10.1214/23-A0S2256SUPP; .pdf). Due to page number
limitations, we have moved some of the more technical aspects of this paper to several ap-
pendices that we provide as supplementary material [53]. This includes:

e a guided use case for our method and a table of frequent notation (Appendices A, B);

all omitted proofs along with auxiliary results and further remarks (Appendices C, D, G);
a theoretical consistency analysis of our ICA-method (Appendices E, F) together with a
readily implementable algorithm to perform this method in practice (Appendix E.4);

a code documentation for the numerical experiments from Section 8 (Appendix H).
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