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Abstract

Stochastic analysis on fractals is, as one might expect, a subfield of anal-
ysis on fractals. An intuitive starting point is to observe that on many
fractals, one can define diffusion processes whose law is in some sense in-
variant with respect to the symmetries and self-similarities of the fractal.
These can be interpreted as fractal-valued counterparts of standard Brow-
nian motion on R%. One can study these diffusions directly, for example by
computing heat kernel and hitting time estimates. On the other hand, by
associating the infinitesimal generator of the fractal-valued diffusion with
the Laplacian on R, it is possible to pose stochastic partial differential
equations on the fractal such as the stochastic heat equation and stochas-
tic wave equation. In this thesis we investigate a variety of questions
concerning the properties of diffusions on fractals and the parabolic and
hyperbolic SPDEs associated with them. Key results include an exten-
sion of Kolmogorov’s continuity theorem to stochastic processes indexed
by fractals, and existence and uniqueness of solutions to parabolic SPDEs

on fractals with Lipschitz data.
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Chapter 1

Introduction

The study of random processes on fractals was motivated initially by interest in the
physical properties of such spaces — for example, how would one model the spread of
heat or other fluids on such a space?” What about the evolution of waves? These are
certainly pertinent questions from the viewpoint of the natural scientist since nature
is rife with structures that exhibit some level of self-similarity, from the shape of a
fern leaf to that of a coastline. Moreover, even the mathematician often encounters
self-similar structures in perhaps unexpected places; take for example percolation (in
the shape of clusters at criticality) or chaos theory (the logistic map). See [39] for a
survey, and for more mathematical approaches see [52], [3], [56].

To see how one might model the diffusion of heat on a fractal, consider the rela-
tionship between Brownian motion and the heat equation through the Feynman-Kac

formula [47]: for ¢ : R — R continuous and bounded, the function

w:[0,00) x R - R
(t,x) — u(t,x)

satisfies the partial differential equation (PDE)

1
atu = 5AU,
u(0,7) = p(z)

if and only if u(t,x) = E*[p(B;)], where B = (B;);>0 is a standard Brownian mo-
tion on R™. Therefore suppose that for ¢ > 0 we define an operator T; such that
Tip(z) = E*[p(B;)], known as the semigroup of B. T, is a semigroup because B
is a (time-homogeneous) Markov process, and from its derivative at t = 0 we re-
cover the Laplacian on R™: 0,(T,p) = %Acp. This suggests that if we can define

a Markov process on an arbitrary space M, we may derive from it a “Laplacian”



A, and finally from that a “heat equation” 0;f = Ay f on M for suitable func-
tions f : [0,00) x M — R. The first order of business is thus to construct Markov
processes on fractals.

We will take as an initial instructive example a characterisation of Brownian mo-
tion B on R. We proceed by first defining (.S,,),>0 to be the simple symmetric random
walk on Z, starting at 0. Let (S(t)):c,00) be the linear interpolation of (S, ),>0, and
let S;* = 27"5(4™t). Then Donsker’s invariance principle states that

sS" — B

in law in the space C10, 1] of continuous functions on [0, 1]. Intuitively, by repeatedly
halving the step size of the chain (so that it takes values in 271Z, then 272Z and so
on) and quadrupling its speed, we end up with a Markov process on the entire non-
discrete space R. Notice importantly that (27"Z),, are a nested increasing sequence
of subsets such that
R=|]J@2"z).
n>0

Many fractals of note, such as the Sierpinski gasket (Figure 1.1) and the Vicsek
fractal (Figure 1.2), can be characterised as limits of increasing sequences of graph
approximations similar to the way that 27"Z ~ R. Each subsequent approximation
is constructed by taking a number N > 1 of copies of the previous approximation,
contracting them, and rearranging them; this process will be defined rigorously later.
We might therefore hope that by defining a simple symmetric Markov process on each
of the approximations and speeding them up by the correct factor we can obtain in
the limit a Markov process that takes values on the entire fractal. This is indeed
possible on a class of fractals known as post-critically finite self-similar sets (p.c.f.s.s.
sets) which will be defined later on, and include the Sierpinski gasket and the Vicsek
set. It is in fact possible to show that the limiting process is a diffusion — that is, it
is a strong Markov process with continuous sample paths.

Once we have a diffusion X on a fractal, we may obtain its semigroup and its
infinitesimal generator, both of which respect the same symmetries of the fractal that
X does. We call the infinitesimal generator a “Laplacian” on the fractal, as its rela-
tionship with X is equivalent to the relationship between the standard Laplacian on
R? and Brownian motion on R? (ignoring a factor of 2). In particular, this allows us
to define a class of stochastic partial differential equations (SPDEs) on the fractal.
SPDEs can be interpreted as a generalization of stochastic differential equations to

infinite-dimensional spaces. The study of these equations is motivated by the desire



Figure 1.1: The Sierpinski gasket.

to understand physical systems that incorporate notions of random noise. The canon-
ical example, described in [77], is of a stringed instrument left out in a sandstorm.
We model an (ideal and frictionless) elastic string as the interval [0, 1]. Then its dis-
placement in a direction orthogonal to its length is, after scaling, classically described
by a well-known PDE called the wave equation:

O, P

W(t,x) =532 (t,x)+ f(t,z), (t,z)€[0,T] x [0,1],

with some appropriate initial and boundary conditions. Here f describes the influence
of any forces acting on the string which come from external sources. In the case of a
sandstorm we assume that the string is randomly struck from all directions by a large
number of particles. We assume that each collision is independent of all the others
and that the collisions are distributed evenly along the string in space and time. With
the central limit theorem in mind, the correct characterization of f should therefore
be as some kind of Gaussian process (which, after having subtracted the mean effect
of the collisions, can be assumed to be centred).

We thus model the force of the sandstorm on the string as a space-time white

noise, which at this point can be thought of as a centred Gaussian random measure



Figure 1.2: The Vicsek fractal.

¢ on [0,7] x [0,1] with covariance
E[§(A)¢(B)] = Leby (AN B)

for Borel measurable A, B C [0,T]x[0, 1], where Leb, denotes d-dimensional Lebesgue
measure. Using a scaling coefficient o > 0 to describe the magnitude of the noise, the
resulting wave equation is the following SPDE:

o? 0?

S(ta) = (b a) +og(ta), (ta) € [0,7]x [0,1],
We see that if A C [0, 1] is measurable, then the net impulse from the sandstorm on

the subset A of the string in time ¢ > 0 is the Gaussian random variable

/Ot/Aaf(S,x)dxds = 0€([0,1] x A),

and it is easy to show that the process t — ¢£([0, t] x A) has the law of a real Brownian
motion multiplied by the scaling factor o4/Leb;(A). Moreover, if A;, Ay C [0,1] are
measurable and disjoint, then the impulses on these two subsets over any intervals of

time are independent. This SPDE is popularly known as the stochastic wave equation.



In the remainder of this chapter we review much of the background theory that
we will need on analysis and probability on fractals, and we give a brief introduction
to the general theory of SPDEs. Every chapter after this one is based on an article
which is either published or in the process of being published; the first page of each
chapter bears a footnote referring to its original article. Because of this, each chapter
is notationally independent of the others. In Chapter 2 we consider a superclass of
p.c.f.s.s. sets for which it is possible to relax some symmetry conditions in order to
construct a continuum of different diffusions. It is shown that these diffusions tend
towards a natural limiting diffusion which exists not on the original fractal, but on
a topological quotient of it. The remaining chapters are devoted to developing a
theory of SPDEs on p.c.f. fractals. We show that unique solutions exist for general
parabolic SPDEs and for the stochastic wave equation, and we prove that under
additional minor assumptions these solutions are function-valued and almost surely
Holder continuous. We additionally prove a number of other regularity properties for
the solutions, such as moment bounds and limiting distributions. In the appendix we
prove two theorems concerning uniform tightness of families of continuous stochastic
processes indexed by fractals. These do not fit into any of the existing chapters but
are of independent interest. We then give an overview of possible directions for further

research based on the results proven in this thesis.

1.1 Dirichlet forms

We quickly review some of the theory compiled in [3, Section 4] on Dirichlet forms;
see also [52], [22]. Let F be a locally compact metric space with a countable base, and
w a Radon measure on F'. Let C'(F') be the space of real-valued continuous functions
on F' equipped with the uniform norm || - ||, let Co(F') € C(F) be the subspace of
functions that approach zero at infinity (which is a Banach space), and let L*(F, )
be the usual Hilbert space with inner product (f, g)s = fF fadp.

Definition 1.1.1. Let D be a linear subspace of L*(F, ). A symmetric form is a
map £ : D x D — R such that

(1). & is bilinear, symmetric.
(2). E(f, f)>0forall feD.
In addition, on D we define for each a > 0 a bilinear map &,(f, g) := E(f,9)+a(f, g)2

and a norm || - ||g, by
1£12, = II£12 + a&(f, f) = Ea(f, £).

5



Definition 1.1.2. Let (£, D) be a symmetric form.

(1). Eis closed if (D, ||-]e,) is complete. Note that £ is closed if and only if (D, ||-||¢,)

is complete for all a > 0.
(2). (£,D)1is Markov iffor f € D,if g := (0Vf)Altheng € Dand E(g,9) < E(f, f).
(3). (€, D) is a Dirichlet form if it is closed and Markov and if D is dense in L*(F, p).
Definition 1.1.3. Let (£, D) be a Dirichlet form.

(1). & is regular if the space D N Cy(F') is dense in D with respect to || - ||¢,, and is
dense in Cy(F') with respect to || - ||oo-

(2). & is local if £(f,g) = 0 whenever f, g have disjoint support.
(3). &€ is conservative if 1 € D and £(1,1) = 0.
(4). & is irreducible if it is conservative and E(f, f) = 0 implies that f is constant.

Definition 1.1.4. Let (€, D) be a Dirichlet form. For a > 0 the resolvent U, : D — D

associated with £ is the linear operator characterized by

ga(Uafa g) = <f7 g>2

for all f,g € D. This defines U, uniquely because of the completeness of (D, || - ||¢,)
and the Riesz representation theorem. It can be verified that U, satisfies the resolvent
equation and is strongly continuous. It follows by the Hille-Yosida theorem that (U,)

is the resolvent of a semigroup (7). Define this to be the semigroup associated with
E.

Remark 1.1.5. Using the resolvent, it is possible to reconstruct £ from its semigroup

(T3), implying that the mapping £ — (T3) is injective.

We now define the classes of stochastic processes that are naturally associated

with Dirichlet forms:

Definition 1.1.6. A strong Markov process X = (X})icp,00) O F' is a Hunt process
if it has cadlag sample paths and is quasi-left-continuous. It is a diffusion if it is

continuous.

The above definitions are sufficient for our purposes. More detailed definitions of

Hunt processes exist, see for example [22; Section A.2] or [7, Section 1.9].
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Definition 1.1.7. A diffusion X on F'is p-symmetric if

(Tif, 9)2 = (f, T19)2

for all bounded and compactly supported f,g € L*(F,u), where (T})ico,00) is the
semigroup associated with X (so that T} f(z) = E* f(X;) p-a.e.). If (T}) is associated
with a Dirichlet form &, then we say that £ is the Dirichlet form associated with X.

Theorem 1.1.8 (Fundamental theorem). Let (€, D) be a regular Dirichlet form on
L*(F,p). Then there exists a p-symmetric Hunt process X = (Xi)iejo,00) on F with
Dirichlet form &.

Moreover, X is a diffusion if and only if € is local. If € is conservative then X

has infinite lifetime. If € is irreducible then X is an irreducible process in the sense
of [3, Definition 4.4(b)].

Remark 1.1.9. The law of the process X is not a priori uniquely specified by (£, D).
However if all points in F' are non-polar for X, that is, if X “hits points in finite
time”, then X is indeed uniquely specified (see [22, Theorem 4.2.8]). This will be the

case for all of the processes that we will be considering.

Definition 1.1.10. For a measurable set H C F', its capacity Cap(H) is given by
Cap(H) = inf
ap(H) = inf [|flle,
where Ay :={f € D:f>1p-ae on H}.

Definition 1.1.11. Let v be a Radon measure on F', possibly distinct from p. Let
G be its topological support. For g € L?(F,v) define

and
D= {ge L*(F,v): g(g,g) < oo}

where we use the convention inf ) = co. The symmetric form & is called the trace of
£ on GG, and we write

£ =Tr(E|G).
Remark 1.1.12. Observe that if H C G C F', then
Tr(Tr(E|G)|H) = Tr(E|H),

and if f € D then
Te(E|G)(fla, fla) < ECL ).

7



Theorem 1.1.13 (Trace theorem). Let X be a p-symmetric Hunt process on (F )
with regular Dirichlet form (€, D).

(1). The pair (€, D) is a reqular Dirichlet form on L*(F,v).

(2). Suppose in addition Cap({z}) > 0 for all x € F. Then there exists a time-
change (1) of X such that if X is the process with X, = X,, then X is a
v-symmetric Hunt process on (G,v) with Dirichlet form (€,D). X is known as
the trace of X on G.

Remark 1.1.14. This is [22, Theorem 6.2.1] and [3, Theorem 4.17]. In the latter the

exact form of the time-change is given.

Theorem 1.1.13 gives us an elegant way of relating a Dirichlet form on the set F
to a Dirichlet form on a subset of F'. Moreover, the additional assumption given in
Theorem 1.1.13(2) will be true in all of the cases that we will be studying.

We might now hope that, if our space F' can be characterised as an increasing
sequence of subsets | J F™ where each F™ C F'is in some sense “easy” to study, then
we can use the trace theorem to glean some information about the process X on F
by studying its traces X" on each of the F". We might even hope for some kind
of convergence X" — X. For a certain class of fractals this can in fact be done!
The subsets F™ in this case are the natural approximations to the fractal, such as
the increasing finite collections of (vertices of) triangles that converge toward the
Sierpinski gasket. To do this, we need to first understand how Dirichlet forms behave

on finite sets. This is the subject of the next section.

1.1.1 Dirichlet forms on finite sets

We continue the review of theory from [3, Section 4]. Now let F' be a finite set and

i a finite measure on F' that charges every point (otherwise we just replace F' with
the support of ). Thus L*(F,u) = C(F) = {f : F — R}. We use the notation

w(x) == p({x}) for z € F.

Definition 1.1.15. A conductance matriz A on F is a symmetric matrix A =

(Agy)syer such that
e a,, >0 for x #y,

° ZyeFaw:Ofor all x € F.



In particular, this means that a,, = — Zy 4 Gy for all x € F. The conductance
matrix A is associated with an edge set E4 := {{x,y} : az, > 0} and a Dirichlet form
€4 with domain D = C(F') given by

E(f,9) = 5 3 an(F2) — FW)9(x) ~ 0))

A is irreducible if (F, E4) is a connected graph.

Notice that if the functions f, g are interpreted as vectors indexed by F' then

gA(f> g) = _fTAg

The pair (F, A) has the following interpretation in the context of electrical theory: if
F' is a collection of nodes where each pair of nodes in 4 is connected by a wire, and
azy is the conductance of the wire connecting the pair {z,y} € E4, and the nodes
are held at electric potentials given by f € D, then E4(f, f) is the power dissipation
of the circuit. For this reason, (F, A) is called a conductance network.

In fact, conductance matrices characterise all of the (interesting) Dirichlet forms

on a finite set:

Proposition 1.1.16 (Characterisation of Dirichlet forms). If A is a conductance
matriz on F, then €4 is a reqular conservative Dirichlet form on L*(F, ). Conversely,
if £ is a conservative Dirichlet form on L?(F,p), then there exists a conductance
matric A on F such that £ = E4.

Moreover, €4 is irreducible if and only if A is irreducible.

Every conductance matrix A on F' is thus associated with a symmetric Markov

process X on F. The generator L of X can be shown to be given by

Lf(x) = p@)™ Y au(fly) — f(2)),
y#£T

Ay
wx)”

so if x # y then the rate at which X jumps from z to y is

Remark 1.1.17. We see that the measure p only affects the transition rates of X;
it has no effect on the jump chain of X.
Remark 1.1.18. Let (Y},),>0 be the jump chain of X, let G C F, let & = Tr(€|G)
and let X’ be the Markov process associated with G. Let
no = inf{n >0:Y, € G},
nj =inf{n >n; Y, € G\ {Y,,}}, 7>0
be stopping times. Then the discrete process (Y;,);>0 is equal in law to the jump

chain of X’. This is a consequence of the trace theorem.

9



Remark 1.1.19. Having calculated the transition rates of X, it is easy to show that
it satisfies the detailed balance equations with stationary measure p; X is thus indeed
symmetric. The converse is also true: suppose X is a symmetric Markov chain on F
with generating matrix ) = (¢yy)zyer. There thus exists a measure 7 that charges

every point in F' such that for all z,y € F|,

T(2) ey = 7(Y)qya-

Let ¢ = 7 and let A be the conductance matrix such that a,, = 7(z)q,, for each
x #yin F. Then X is the Markov process associated with A on (F, p).

Definition 1.1.20. Let G, G; be disjoint subsets of F. The effective resistance
between GGy and G is given by

R(Go,G1) = (it {E(f, ) : flog =0, fley = 1}) .
Notice that this is always finite if A is irreducible.

Definition 1.1.21. Define a function r : F'x F' — [0,00) by r(xz,z) =0 for all x € F

and
r(z,y) = R({z},{y})

for x # y. It can be shown that r is a metric on F', known as the resistance metric.

Evidently the resistance metric is preserved under traces: if G C F' is a subset
with Dirichlet form £ = Tr(£|G) and resistance metric ' : G x G — [0, 00), then we
can easily show that

’I“, = 7"|G><G'
It is this property that makes the resistance metric the natural metric to use on F

when working with Dirichlet forms.

1.2 Fractals

In this section we discuss the precise construction of the fractals that we will be

studying. It is a review of theory from [3, Section 5] and [52].

Definition 1.2.1. Let (M, d) be a metric space. A map ¢ : M — M is a similitude
if there exists a € (0,1) such that d(¢(x),9¥(y)) = ad(x,y) for all x,y € M. The

constant a is called the contraction factor of .

10



Theorem 1.2.2. Let N € N and let 1, ...,Yn be similitudes on R™ with contraction
factors a;. For a subset A C R™ set

N

w(A) = Jwi(4).

=1

Then there ezists a unique non-empty compact I C R™ such that F = U(F).

See [44, Section 3] for a much more general version of this result. The proof uses
the Banach fixed-point theorem on the space of non-empty compact subsets of R"
with the Hausdorff metric. Many well known fractals (for example the Sierpinski
gasket or the Koch curve) can be obtained as fixed points using the above theorem.
These fractals are thus naturally embedded in Euclidean space. However, since we
are hoping eventually to define a new metric (a resistance metric) on F', we need to
be able to work with it without having to think about any particular embedding. We

therefore use the following more abstract definition:

Definition 1.2.3. Let (F,d) be a compact metric space. Then (F, (¢;)1<i<n) is a

self-similar structure if

(1). 1; are continuous injections with
N
F = Ju(F),
i=1

(2). There exists 0 > 0 such that

d(¥i(x),¥iy)) < (1 = d)d(z,y)
forall z,y € Fand 1 <i<N.

Notice that we have weakened the condition on the 1;; they no longer need to be
strict similitudes.

Let [ := {1,..., N}, and define the word spaces W,, = I, W = . Endow W
with the usual product topology, and let o be the left shift operator, which maps W
to W or W,, to W,,_;. That is, if w = (wy, ws, ws, . ..) then o(w) = (wy, ws,...). For
w = (wy,...,w,) € W,, define 1, := 1y, 0---01,, . For A C F let A, =, (A). If
n>1and weW (or we W, with m > n) then define w|n = (wy,...,w,) € W,.

Lemma 1.2.4. (1). For each w € W, there exists x,, € F' such that
ﬂ %m(F) = {zu}.
n=1

11



(2). Let 1 : W — F be the mapping given by w(w) = x,. Then m is the unique
mapping © : W — F such that (i - w) = ¢;(w(w)) for allw € W and i € I,
where 1-w € W denotes the concatenation of i with w. Moreover, 7 is continuous

and surjective.

It follows from the above that every word w € W is the “address” of a point in F,
and every point has at least one address. But can a point in F' have more than one
address? The answer is yes, but we must place a restriction on how many of these

points exist:

Definition 1.2.5. For a self-similar structure S = (F, (¢;)1<i<n), let

B=B©S)= |J FnE,
R
and let
I'= 7T71(B)
be the critical set of S. Let -
P=|Jo"(I)
n=1

be the post-critical set of S.

Definition 1.2.6. A self-similar structure (F, (¢;)1<i<n) is post-critically finite if P
is finite. A metric space (F,d) is a post-critically finite self-similar set, or p.c.f.s.s.
set, if there exists a post-critically finite self-similar structure (¢;)1<;<x on F. An

equivalent term for p.c.f.s.s. set is p.c.f. fractal.

This definition seems fairly contrived at first glance, but it can be reformulated

as follows:

P=x"! ({xEF:EIw,UG UW”’ w# v, ¢w(x)€Fv}>.

n>1

In words, P is the preimage under 7w of what is in some sense the “boundary” of F'.
The Sierpinski gasket is a p.c.f.s.s. set with N = 3. We see that in this case, |P| = 3
and 7(P) is the set of the three outermost vertices of the gasket.

The next step is to define a Dirichlet form on a p.c.f. fractal in a way that, in
some sense, is invariant with respect to the self-similarities of the fractal. Then we
may obtain an associated diffusion. This is recapped (in slightly greater generality)

in Section 2.2.
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1.3 Infinite-dimensional stochastic analysis

In this section we give a brief introduction to the theory of stochastic analysis on
infinite-dimensional spaces. Recall our example SPDE, the stochastic wave equation:

Ou P

_(t’x) - axz

o (t,x) +o&(t,x), (t,x)€[0,T]x[0,1].

Upon closer inspection, a problem quickly presents itself: what exactly is (¢, x) for
some (t,z) € [0,7] x [0,1]7 For example, suppose the function (¢,z) — £(t,x) were

continuous. Then we would have

n—o0

6(t.) = Jim (Leba(4,)) " [ (s, )dsdy = lim (Leba(4,))”"€(4,)

for any decreasing sequence of measurable subsets (A,) C [0,7] x [0,1] with finite
Lebesgue measure and for which (1), A, = {(¢,z)}. However, since £(A,,) is a centred
Gaussian random variable with variance Leby(A,,), it is easy to see that the sequence
of random variables ((Leby(A,)) " ¢(A,)), cannot converge, even in law! This is why
the stochastic wave equation can only be considered formally, and in fact there are
multiple ways to make sense of it. We briefly introduce two of these, specifically the
approaches of Walsh [77] and da Prato—Zabczyk [15]. We then discuss the similarities

and differences between these two approaches.

1.3.1 The Walsh approach

1.3.1.1 Martingale measures

The core notion of the Walsh theory of SPDEs is the martingale measure, developed
in [77, Chapter 2]. We will then define space-time white noise as a particularly
well-behaved example of a martingale measure. Let F be a Lusin space, that is, a
topological space homeomorphic to a Borel subset of a compact metric space. Let &
be the Borel og-algebra of E. Let (£, F,P) be a probability space. We start off with

a series of definitions:

Definition 1.3.1. Let & C & be an algebra and let v : &/ — L?*(2) be a countably
additive set function. We say that v is o-finite if there exists an increasing sequence
(E,) € o such that |J, E, = E and for all n, &|p, C o and sup{E[v(A)?] : A €
Elg,} < 0.

13



Definition 1.3.2. Let & C & be an algebra and let v : & — L?(2) be a o-finite

countably additive set function. Let v, be the following extension of v to &
(A lim,, o v(AN E,) if this limit exists in L*(Q),
Vs =
undefined otherwise.

Then v, is called a o-finite L?-valued measure.

Henceforth we identify all o-finite countably additive set functions on (F, &) with

their respective o-finite L2-valued measure extensions.

Definition 1.3.3. Let o7 C & be an algebra and let F = (F;):>0 be a right-continuous
filtration on (Q, F,P). A real-valued process M = (My(A) : t > 0,A € &) is a

martingale measure with respect to F if

(1). My(A) =0 for each A € o7,
(2). M, is a o-finite L?-valued measure for each ¢t > 0,

(3). t+— M(A) is an F-martingale for each A € <.

Definition 1.3.4. A martingale measure M = (M;(A) :t > 0,A € &) is orthogonal
if for all disjoint A, B € &7, the process t — M;(A)M,;(B) is a martingale.

Now we define space-time white noise on a general measure space and prove it has

all the properties defined above.

Definition 1.3.5. Let E be a Lusin space equipped with a o-finite Borel measure
w and let F be a right-continuous filtration. Let & = {A C E : u(A) < co}. A
space-time white noise on (E,pu) with respect to F is a centred Gaussian process
€= (&(A) 1t >0, A € /) with covariance given by

E[&:(A)&(B)] = (s At)u(AN B)
such that each t — &(A) is an F-martingale.

Note that the existence of space-time white noise on (F, i) is guaranteed by the
Kolmogorov extension theorem. We may just write space-time white noise on E if

the measure is obvious from context.

Theorem 1.3.6. Let E' be a Lusin space equipped with a o-finite Borel measure j and
let F be a right-continuous filtration. Then any space-time white noise £ on (E, )
with respect to F is (extendable to) an orthogonal martingale measure (with respect to
Proof. 1t is easy to show that each &; is a countably additive set function from & to

L2(2). The rest is definition chasing using the regularity of Gaussian processes. [
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1.3.1.2 Stochastic integrals

Let F be a Lusin space equipped with a o-finite Borel measure p and let F = (F;);>0
be a completed filtration. Let & be a space-time white noise on (E, ) with respect to
F. We now construct a theory of stochastic integration on (F, ) with respect to &.
In fact, the class of processes with respect to which a theory of stochastic integration
can be constructed includes all orthogonal martingale measures ([77, Corollary 2.9]).
As usual, we start by defining integrals with simple integrands explicitly and then

extend this to a wider space using an isometry.

Definition 1.3.7. A process f :  x [0,00) X E — R is elementary if it takes the

form
flw, t,z) = X (W)Ll (t)la(z),

where 0 < a < b < 0o, X is bounded and F,-measurable, and A € & = {B C F :
wu(B) < oo}, The process f is simple if it is a finite linear combination of elementary

functions. Let .¥ be the vector space of simple processes.

Definition 1.3.8. Let f € .. It thus has a representation as a finite linear combi-

nation of elementary functions

n m

f(wa S, l’) - Z Z Xi,j(w)l(ai,bi}(s)lz“j <I>

i=1 j=1

where the sets (a;, b;] are pairwise disjoint and the sets A; are pairwise disjoint. Its

stochastic integral with respect to the space-time white noise ¢ is then defined to be

/0 N /E F(s, )5, 2)(dn)ds == 33 Xej(@)(&(A) — Ear(A))

i=1 j=1

where, by convention, we suppress all dependence on w. If £ > 0 then the correspond-

ing integral up to time ¢ is

/ot/Ef e autnyds = [ [ pso)tog)ee s

Proposition 1.3.9 (Isometry). Let f € .7 as in the previous definition. Then

n m

(/ooo /E fs,)els, I)M(dm)d‘s) 2] - 2_: D E[X7] (b — an)u(4))
= /OOO/EE [f(s,2)?] p(dz)ds.

E
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Proof. Using (conditional) independence. O

The above result establishes an isometry from a subspace of L*(Q x [0,00) x E)
(namely the simple functions .%) to L*(€) (their stochastic integrals). The natural
way to extend the definition of stochastic integral to a wider space of integrands would
be to find the closure of the subspace . in L*(Q2 x [0,00) x E).

Definition 1.3.10. Let P(E) be the o-algebra generated by .#, called the predictable
o-algebra. Functions measurable with respect to P(FE) are called predictable. Let
P,(E) be the Hilbert space given by

Po(E) :={f € L*(Q x [0,00) x E) : f is predictable} .
Proposition 1.3.11. . is dense in Pa(E) (with respect to L*(Q x [0,00) x E)).

Proof. [77, Proposition 2.3] implies the result when p is finite. So the result is true
when F is replaced by any E,, for some increasing sequence of measurable subsets
(E,) C E for which p(E,) < oo and |J,, E,, = E. So it is true when P»(E) is replaced
by Py :={f € Po(E) : flgc = 0} (and .7 is restricted to . N Py). Finally, |, Py

is dense in Py(E) by dominated convergence. O

With the above result in mind, we can now extend the definition of stochastic
integral: let f € Po(E). Let (f,) € ¥ be a sequence converging to f. By the
isometry, the sequence [ [, fu(s, 2)&(s, z)pu(dz)ds has a limit in L*(Q) which is
independent of the convergent sequence chosen. We define this to be the stochastic
integral [~ [, f(s, 2)&(s, x)u(dx)ds. Further extensions can be made, but this is all

that we will need.

1.3.2 The da Prato—Zabczyk approach
1.3.2.1 Cylindrical Wiener processes

In [15], da Prato and Zabczyk develop a theory of stochastic integration on a class
of abstract infinite-dimensional vector spaces. Central to this is the concept of
Wiener processes on such spaces. We seek a analogue to Brownian motion in infinite-
dimensional Hilbert-spaces. In particular, we wish to replicate the characteristic
property that if B is a d-dimensional standard Brownian motion and z,y € R? and
s,t >0, then

E[(B(s), 2)g{ B(®), y)gs] = (5 A ){, y)e.
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Let (2, F,P) be a probability space with right-continuous filtration F = (F;)¢>0.
Let ‘H be a separable Hilbert space. Let ) be a symmetric non-negative finite-trace
operator on H. By a classical result, there exists a countable complete orthonormal
system (eg)p2, € H of eigenvectors of () with associated eigenvalues (A;)72,, such
that Ay > 0 for all k£ and >~ \x < oo. Let (B¥)32, be an independent collection of
real-valued standard F-Brownian motions and consider the process W% on H defined
by

We(t) .= Z B/ e
k=1

Then W is called a Q-Wiener process on H (with respect to IF). It is a well-defined

Gaussian process on H since
E[[We)5] =t> M < oo
k=1

Define W (t) := (WO(t), h)y for h € H and t > 0. Notice that W< satisfies the

covariance structure
E W2 (s)W2(1)] = (s A )1, Qo)

for s,t > 0 and hy, hy € H.

Since we require () to have finite trace, the above definition precludes @) = I,
the identity operator on H. We can get around this by defining generalized Wiener
processes on ‘H in a somewhat weaker sense such that they are not necessarily H-

valued processes:

Definition 1.3.12. Let ) be a bounded symmetric non-negative operator on the
separable Hilbert space H. Let W9 = {I/V,f2 : h € H} be a collection of real-valued

stochastic processes satisfying the following:
(1). The map h +— WhQ is linear.

(2). W2(t) is centred Gaussian for all h € H and ¢t > 0. For hy, hy € H and s,t > 0

it has the covariance structure

E [W,g(s)w,g ®)] = (s A ) (1, Qho)as.

(3). For h € H, W is an F-martingale.
Then W€ is called a Q- Wiener process on H with respect to F.
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Remark 1.3.13. Let () be a bounded symmetric non-negative operator on 4. Then a
Q-Wiener process on H with respect to F indeed exists; let (ex)52; be any orthonormal
basis of H and let (B*)?°, be an independent collection of real-valued standard F-
Brownian motions. Let Q% be the non-negative square root of (), then for h € H
define .
WR(t) = ZBfU%Q%ek)H-
k=1

Then W = {VV}S2 :h € H} is a @Q-Wiener process with respect to F.

Remark 1.3.14. The above definition of ()-Wiener processes extends its previous
definition in the following sense: suppose @ has finite trace. If W@ is a Q-Wiener
process in the old sense, then {{W? h)y : h € H} is a Q-Wiener process in the new
sense. If W@ is a Q-Wiener process in the new sense, then > - Weﬁz er is a Q-Wiener
process in the old sense, where (e;) is the orthonormal basis of eigenvectors of Q.
Moreover, these two “operations” are inverses of each other. For this reason, for
finite-trace () we can identify the two different definitions of a ()-Wiener process on

H.

Definition 1.3.15. Let I be the identity operator on H. A cylindrical Wiener process

on H is an I-Wiener process on H.

Since we have now defined Wiener processes on H in a somewhat abstract sense,
we need to extend the definition of what it means to transform a Wiener process

using a linear operator.

Definition 1.3.16. Let ) be a bounded symmetric non-negative operator on the
separable Hilbert space H. Let G be another separable Hilbert space and let T : H —
G be a bounded linear operator. Let W be a Q-Wiener process on H. Then TW®
is defined to be the TQT*-Wiener process on G given by

(TWQ)Q = WYQ*Q

for g € G, where T* : G — H is the adjoint of T". It is a Wiener process with respect
to the same filtration as that of W€.

It can be checked that the above definition is a valid extension, by looking at the

case where W@ is an H-valued process.
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1.3.2.2 Stochastic integrals

Let W be a cylindrical Wiener process on the separable Hilbert space H with respect
to some completed filtration F = (F;);>0. Let (ex)52; be an orthonormal basis of
H. As usual we first define stochastic integrals of simple integrands and then use an
isometry to extend this definition. Let L5 be the Hilbert space of Hilbert-Schmidt
operators on H. That is, it is the space of linear operators T" on H for which the
Hilbert-Schmidt norm

2

||| s := (Z ||T€k|’?+z>
k=1

is finite. The associated inner product is (17, To)us = > oy (Th€x, Toex)%. The Hilbert
spaces ‘H and L, are assumed to be equipped with their respective Borel o-algebras
B(H) and B(Ls).

Remark 1.3.17. It is a simple exercise to show that ||T*|us = ||7|lus and that
|T||ns is independent of the orthonormal basis (ex)52; chosen. The latter property

extends to the inner product (-, -)pyg by the parallelogram law.

Definition 1.3.18. A process ® : Q x [0,00) — Ly is elementary if it takes the form
P(w,t) = Ly (t)T(w),

where 0 < a < b < oo, and T : 2 — L, takes finitely many values and is F,-
measurable. The process ® is simple if it is a finite linear combination of elementary
processes. All simple processes can be represented as a finite linear combination of

elementary processes
(I)(w? t) = Z l(ai,bi} (t)T'l(C’"o
=1

such that the intervals (a;, b;] are pairwise disjoint. Let %3 be the vector space of

simple processes.

Definition 1.3.19. Let ® € .3 be a simple process as above. Then its stochastic
integral with respect to the cylindrical Wiener process W is defined to be

n

| eaw ) = S mwe) - 2w a)

i=1
where the dependence on w is suppressed by convention. Notice that if T" € L5 then

TW is a TT*-Wiener process on H, and TT™ is non-negative symmetric with trace

|T||}g < oo. Thus TW is in fact a well-defined H-valued process.
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Moreover, the respective stochastic integral up to some finite time ¢t > 0 is defined
to be

/0 B(s)dVV () = /0 " D)L 00 (5)AW (s).

Proposition 1.3.20 (Isometry). If ® € 4 as in the previous definition then

E

/0 " o(s)dW (s)

] = > (b~ a)E [T

H i=1
- / E[[9(s)]s] ds

Proof. Use properties of the processes T;WW and the cylindrical Wiener process W.
Since each T; takes only finitely many values, it helps to write T; = ;X ITI where

3 7

each T/ € £, is deterministic and each X7 is the indicator function of some event in
Fa;- O

By the above result we have established an isometry from a subspace of L?(Q x
[0,00); Lo), namely %, to L*(€;H) (the stochastic integrals).

Definition 1.3.21. Let P be the o-algebra on 2x [0, 00) generated by sets of the form
AX(s,t], where 0 < s < t < oo and A is Fs-measurable. In particular, P is generated
by #. P is called the predictable o-algebra. Functions that are PP-measurable are

called predictable.
Proposition 1.3.22. .%%, is dense in the Hilbert space
{® € L*(Q x [0,00); L3) : ® is predictable}.
Proof. Consequence of [15, Proposition 4.22(ii)]. O
Therefore through the isometry we now have a definition for the stochastic integral

J,° ®(s)dW (s) of any predictable ® € L*(Q x [0, 00); L2).

1.4 Comparison of the two approaches

The two approaches to stochastic integration described in this introduction evidently
share a few major similarities, and it turns out that their intersection is significant
and encompasses many (and dare I say most) significant examples. Let E be a

Lusin space equipped with a o-finite Borel measure . We see that L?(E,u) is a
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separable Hilbert space'. Let (Q,F,P) be a probability space with a completed
filtration F = (F;)i>0. Then there is a correspondence between space-time white
noises on (E, 1) and cylindrical Wiener processes on L?*(E, ). Recall that if A is a

set then 14 denotes its indicator function.

(1). If £ is a space-time white noise on (F, 1) with respect to [F, then

e ([ [ rwesons) herE

is a cylindrical Wiener process on L?*(E, i) with respect to F.

(2). If W is a cylindrical Wiener process on L?(E, i) with respect to F, then ¢ given
by
&(A) =Wy, (t), Ae{BCE:ulB)<oo}, t>0

is a space-time white noise on (E, u) with respect to F.

This correspondence can be used to translate results from the Walsh world into the

da Prato—Zabczyk world and vice-versa.

Indeed, let (E,), C E be an increasing sequence of measurable subsets such that u(E,) < oo
and J,, By, = E. Then |, L*(E,, ) is dense in L?(E, ), so it suffices to show that each L?(E,, u)
is separable. By [8, Exercise 13:4.4] it is enough to show that the space M,, of measurable subsets of
E,, (modulo p-null sets) equipped with symmetric difference metric (A, B) — pu(AAB) is separable.
Let O,, be the subspace of M,, of open subsets of E,,. F, is Lusin, and Lusin spaces are separable
and metrizable. Thus [71, Exercise 2.23] implies that E,, has a countable base for its topology, so
O,, is separable. By [78, Theorem 6.1] pu is regular on F,,, so in particular O, is dense in M,,. Thus
M., is separable.
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Chapter 2

Degenerate limits for one-parameter
families of non-fixed-point diffusions on
fractals

2.1 Introduction

The study of diffusion on fractals has largely focused on constructing and analysing
the ‘Brownian motion’, that is the stochastic process generated by the ‘natural’
Laplace operator, on a given fractal. For the Sierpinski gasket, the simple sym-
metric random walk on the natural graph approximation has the property of being
decimation invariant, in that it has same law when stopped at its visits to coarser
approximations and this enabled the initial detailed analysis of the diffusion and its
properties [5]. However the simple symmetric random walk is not the only possible
discrete Markov chain on graph approximations to the Sierpinski gasket that can be
used to construct a scaling limit. By considering processes invariant under reduced
symmetry groups it is possible to construct processes such as the rotationally and
scale invariant but non-reversible p-stream diffusions of [55], the not-necessarily scale
invariant homogeneous diffusions of [40] and the one that will provide a fundamen-
tal example for our work, the asymptotically one-dimensional diffusion of [36]. This
process is invariant under reflection in the vertical axis but is not scale invariant and
displays local anisotropy but global isotropy.

The construction of a canonical Brownian motion on the Sierpinski gasket was
generalized to nested fractals, [62], through to the large class of finitely ramified
fractals, the p.c.f. self-similar sets of [52]. In these extensions it became clear that

a straightforward approach to the construction of a Brownian motion was available

Original article: [28]
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through the theory of Dirichlet forms, [21], [59], [50], and the questions of the exis-
tence and uniqueness of the Brownian motion could be reduced to the existence and
uniqueness of a fixed point for a finite dimensional renormalization map on the cone
of Dirichlet forms over the basic cell structure in the fractal, [63], [72]. When seeking
to generalize some of the exotic diffusions on the Sierpinski gasket it is easiest to
work in the reversible case (which excludes the p-stream and homogeneous diffusions)
and use the theory of Dirichlet forms. Using this approach the asymptotically one-
dimensional diffusion processes were extended to some nested fractals in [33]. Our
first aim here will be to generalize this class further to a sub-class of p.c.f. self-similar
fractals.

The construction of a Laplace operator on a finitely ramified fractal through an
associated sequence of Dirichlet forms just requires that a compatible sequence of
resistance neworks can be constructed on the graph approximations to the fractal
[52]. The self-similarity allows this to be reduced to the study of a finite dimensional
renormalization map on a cone of discrete irreducible Dirichlet forms. The fixed point
problem for this renormalization map was the subject of the work of Sabot, Metz and
Pierone, see (among others) [72], [63], [64], [67], [68]. In solving the uniqueness prob-
lem for nested fractals [72] and [64] showed that when considering the renormalization
map, although it is not in general a strict contraction in Hilbert’s projective metric
on the cone, iterates of the map converge to a non-degenerate fixed point under some
conditions. Essentially one has to examine the map in the neighbourhood of pos-
sible degenerate fixed points on the boundary of the cone of irreducible Dirichlet
forms and find conditions that ensure there is a move ‘away’ from degeneracy and
hence the map can be iterated toward the non-degenerate fixed point. The construc-
tion of what we will call here a one-parameter family of non-fixed point diffusions
is then about associating a sequence of resistor networks with the inverse iterates of
this renormalization map, within a one-parameter family, so that the corresponding
networks resemble the degenerate fixed point on the small scale but resemble the
non-degenerate fixed point on the large scale. Using this approach, [36], [33] showed
that it was possible to construct a one parameter family of diffusions on the Sier-
pinski gasket by inverting a one-parameter version of the renormalization map and
placing suitable conductances on the graphs G,, which approximate the gasket so that
Gy, the graph given by the triangle, had the effective resistance given by (1, w,w).
Figure 2.1 shows the configuration of resistors and the renormalization of total resis-
tance R(w) = (12w? + 26w + 12)/(w® + 8w? + 15w + 6) and for the diagonal edges
y(w) = (6w? + 4w)/(w* + 6w + 3) obtained from the renormalization map.
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R(w) v (W) R(w) v (w)

R(w)

Figure 2.1: The original weighting of the edges of the Sierpinski gasket for the asymp-
totically one-dimensional process and the renormalization.

Let {X;"";t > 0} denote the continuous time random walk corresponding to the
sequence of resistance networks (,, in which the effective conductance over Gy is given
by the triple of conductors (1,w,w). Then, it was shown in [36], that for any starting
weight 0 < w < 1, as n — o0,

{ Xt = 0 = {X"" ¢ > 0},

weakly in Dg[0,00) (the space of cadlag functions on the limiting fractal G) where
X*" is the asymptotically one-dimensional diffusion, a continuous, strong Markov
process on (G. This is called an asymptotically one-dimensional diffusion as the local
behaviour of the conductances gives the horizontal line segment an increasing weight
relative to the two diagonal segments.

To see the large scale behaviour of this diffusion we can extend the graph G,
to an infinite Sierpinski gasket graph Go, in which each copy of the basic triangle
has conductance (1, w,w), and proceed to construct the limiting asymptotically one-
dimensional diffusion {X;**’;¢ > 0} on the infinite fractal G.. Then, in [33], it is shown

that under the classical scaling for the Brownian motion on G we have, as n — oo,
{27 XEY 1 > 0} — {By;t > 0},

weakly in Cg[0, 00) (the space of continuous functions on G), where B is the Brownian
motion on G. This is a homogenization result not seen in Euclidean space as the
geometry of the fractal causes the homogenization. If we think of a diffusing particle,
even though it moves much more frequently in a horizontal direction, in order to cross
large regions it must make vertical moves and thus on the very large scale it behaves
like the Brownian motion.

In [36] it is observed that, even in the situation where there is no fixed point for
the renormalization map, this procedure could lead to a diffusion on the O(1) scale
which was non-degenerate even though at both small and large scale the diffusion is
degenerate. This was illustrated in the case of abc-gaskets where the ratios between

a,b and ¢ are such that there is no fixed point [38].
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It is clear that for the asymptotically one-dimensional diffusion on the Sierpinski
gasket on the small scale there is a separation of time scales in that there will be many
more horizontal steps than vertical ones. The question of the so-called ultraviolet limit
of these processes was raised in [36]. Is there a rescaling of the diffusion process over
short time and space scales which will produce a non-trivial object in the short scale
limit? In other words does there exist a scaling A € (0,1) and a non-trivial process
X" such that

{2"X 50t >0} — {XP:t >0}

ATt
weakly as n — oo? Our aim in this chapter is to consider a class of fractals for which
there are asymptotically lower-dimensional processes and discuss their short time
scaling limits. The degenerate diffusions which arise could be called the ultraviolet
limits for the asymptotically lower-dimensional diffusions.

In order to examine the short time scaling limit we show that, by thinking of
the fractal as a resistance form, a metric space equipped with a resistance metric,
and shorting the high conductance edges, there is Gromov-Hausdorff convergence of
the fractals to a limit space. We can then exploit the recent work of [13] (extending
that in [14]) to establish that there is weak convergence of the rescaled diffusions to
a diffusion process on this limit fractal. This limit fractal is not a p.c.f. self-similar
set, but is typically a simple fractal space [66], and the theory for p.c.f. fractals is
easily extended to include such limit objects. We note that this limit construction
provides a case where we fuse each element of a countable collection of subsets of a
space, going beyond the fusing of a single subset or finite pairs of points as discussed
in [53], [12], [13].

In our approach to these non-fixed point diffusions we write the conductance
matrix in a different form to those used previously in that we fix (in Figure 2.1) what
was w to be 1 and let the edge which was 1 have conductance v for v > 1. Examples
are shown in Figures 2.2 and 2.3. This shows that, for the Sierpinski gasket, as we
look over smaller scales the horizontal edge has conductance which goes to infinity
and thus in the limit we expect that the horizontal edges will be shorted, leading to an
object which is shown on the right side of Figure 2.2. The analysis of the fixed point
problem in [72] required the analysis of such a shorted graph. Here we establish a
general result about the weak convergence of diffusions on a class of fractals as such a
parameter v tends to co. We work in the framework of (generalized) p.c.f. self-similar
sets but restrict the class to those which support a resistance form, and whose shorted
versions also support a resistance form. We will view our sequence of fractals with

the resistance metric as metric spaces and embed them along with the limit into a
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metric space M. We prove the weak convergence in D [0, 00), the space of cadlag
processes on M.

We can use our main result, Theorem 2.5.7, in the case of the Sierpinski gasket to
analyse the short time behaviour of the asymptotically one-dimensional diffusion. We
will consider the diffusion over small scales and times and prove the weak convergence
to a diffusion on the shorted gasket, the limit of the graphs on the right hand side of
Figure 2.2. We will think of the gasket G now as a self-sufficient metric space with
a resistance metric R¥ determined by the conductance parameter v. Let 1y, 19,13
denote the three similitudes used in defining the Sierpinski gasket and we assume
that they have fixed points p;, po and ps, respectively. We assume that for Gy, the
triangle graph on the points p;, the edge from p; to ps is of resistance v and the other
two edges are of resistance 1. We write T4(X) = inf{t > 0: X, € A} for the hitting
time of a set A by the process X. We write L,, for the image of the line joining p, p3
in the triangle ¥%(Gyp). That is the bottom edge of the triangle with Euclidean size
27" with top vertex at p».

Theorem 2.1.1. Let X*" denote the asymptotically one-dimensional diffusion on
the metric space (G, R") with conductances (1,1,v) on Gy and X3 = ps and let
X be the diffusion on the ‘shorted gasket’, that is the limit of the graphs shown in
Figure 2.2, with X; = 0, where 0 denotes the top vertex with only one edge into it
and the base vertex is denoted by 1. Then, there exists a constant o > 0 such that

{02 " (X(g/ay=ne); 0 < (9/2)7" < T, (X*")} = {X5,;0 <t < TW(X7)},

weakly in Dm0, 00).

Figure 2.2: The first two levels of the Sierpinski gasket and the corresponding levels
of the limit fractal obtained as v — oo.
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In the setting in which we work the limit spaces will have an associated resistance
form and it is straightforward to determine some of the properties of the limit diffu-

sion. In particular it is not difficult to see that the spectral dimension for the shorted

2log 3
log9/2"

(the exponent for the short time asymptotic decay of the on-diagonal heat kernel) for

gasket is In the paper [32] this was shown to be the local spectral dimension
the asymptotically one-dimensional diffusion on the Sierpinski gasket.

The outline of this chapter is as follows. We begin by giving the framework in
which we will work in Section 2. As the shorted gasket is not a p.c.f. self-similar set
we will need a small extension of the class of p.c.f. self-similar sets to discuss our
limit processes. In Section 3 we introduce the class of locally degenerate diffusions on
fractals. We then construct the limit spaces that will support our limiting diffusions
in Section 4. In order to prove our result we use Gromov-Hausdorff-vague convergence
and hence we construct a suitable space in which to embed the sequence of fractals
and the limiting space. We do this in Section 5 and establish the weak convergence
by showing how to employ the result of [13] (simplifying substantially our original 30

page direct proof of the weak convergence).

2.2 Preliminaries

We slightly generalize the idea of a post critically finite self-similar set [52]. A gener-

alization which goes beyond what we introduce here can be found in [75].

Definition 2.2.1. Fix some N € N. Let F = (F,d) be a metric space and for
i=1,...,Nlet ¢, : F — F be a function. Then § = (F, (¢;)1<i<n) is a self-similar

structure if
(1). (F,d) is compact,

(2). The 1; are continuous injections from F' to itself with
N
F=|Ju(F),
i=1

(3). There exists 6 > 0 such that

d(¥i(x), ¥i(y)) < (1 —0)d(z,y)

forall z,y € Fand 1 <i < N.
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Let I := {1,...,N}, and define the word spaces W,, = I", W = [N. Endow
W with the product topology, and let ¢ be the left shift operator, which maps W
to W or W,, to W,,_y. That is, if w = wjwews... then o(w) = wows.... For

w=wi...w, €W, we now define

¢w ::¢w10"'owwn~

For AC Flet Ay = ¢¥p(A). If n > 1 and w € W (or w € W,,, with m > n) then
define

win =wy ... w, € W,.

For each w € W, there exists z,, € F' such that
m djwln(F) = {:Bw}
n=1

and we write 7 : W — F for the mapping 7w(w) := z,. As in [3, Lemma 5.10], we

have the following result:

Lemma 2.2.2. The function 7 is the unique mapping ™ : W — F such that for all
weWandiel,

(i w) = i(m(w))
where 1 - w € W denotes the concatenation of i with w. Moreover, 7 is continuous

and surjective.

Definition 2.2.3. For a self-similar structure S = (F, (¢;)1<i<n), let

B(S)= |J FinEF;
4,5,1#]
This is the set of points that exist in the “overlap” of the images of two distinct ;.
Let
[(S) =n"(B(S))

be the set of words corresponding to B(S). This is called the critical set of S. Let

(e 9]

P(S) = | o"(I(S))

n=1

be the post-critical set of S.

Definition 2.2.4 (Generalized p.c.f.s.s. sets). A self-similar structure (F, (¢;)1<i<n)
is called generalized post-critically finite if m(P(S)) is finite. A metric space (F,d) is
a generalized post-critically finite self-similar set, or generalized p.c.f.s.s. set, if there

exists a generalized post-critically finite self-similar structure (¢;)1<i<ny on F.
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Now 7(P(S)) has two equivalent reformulations given below:

m(P(S)) = {x € F:3wve U W, w# v, ¥,(x) € Fv}

n>1

:{xeFQMELJmeM@EBw%.
n>1

Remark 2.2.5. Notice that Definition 2.2.4 differs from the definition of a p.c.f.s.s.
set (see [52]), which has the stronger condition of P(S) itself being finite.

Example 2.2.6. Any p.c.f. self-similar set is clearly a generalized p.c.f.s.s. set. Also
the ‘shorted gasket’ of Figure 2.2 and the Diamond Hierarchical Lattice studied in

[35] are examples of generalized, but not strictly, p.c.f.s.s. sets.
Definition 2.2.7. Let (F, (¢;)1<i<n) be a generalized p.c.f.s.s. set. For n > 0 we set

P™ = {weW:o"we P(S)},

Any set of the form ¢, (F), w € W,, we call an n-compler. Any set of the form
Y (F°), w € W, we call an n-cell.

The set F? is the “boundary” of F' and (F™),,>0 is an increasing sequence of subsets
of F' where for n > 0,

N
N )
=1

It can then be easily proven, by the compactness of F' and the contraction property
of the functions (1);), that

F=|]JFn (2.2.1)

n>0

2.2.1 Measures on I’

We first define a Bernoulli measure on W, and then push it forward onto F. Let
0 = (6q,...,0xn) be a vector such that Zfil f; =1 and 0 < 0; < 1 for each i. Writing
O = 04,04, ... 04, for w € W, and defining random variables &, : W — I by
&n(w) = wy, let fig be the unique Borel probability measure on W satisfying

ﬁ@({fl =wi,... agn = wn}) = 911}
for any n € N and w € W,,.
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Definition 2.2.8. We define a Bernoulli measure pg on F' to be the pushforward

(through our canonical mapping 7) of the corresponding Bernoulli measure on W:

o~ —1
Mo = Mg O T
We also define corresponding measures on each of our approximating sets F™.

Definition 2.2.9. For a fixed § = (6, ...,0y) such that Zf\il f;=1land 0< 0, <1

for each ¢, let u, be the measure on F™ given by

pn(@) = (H#F) Y Oulpg(z

weW,

Note that pu, charges every point of F™ and we have [3, Lemma 5.29].

Lemma 2.2.10. p, is a probability measure on F", and p, — pp weakly as n — oo.

2.2.2 The renormalization map

We first recall the concept of the trace of a Dirichlet form from [3, Chapter 4].

Definition 2.2.11. Let G be a set and (€, D) a Dirichlet form defined on G and
H C G. Define a Dirichlet form (€, D) on H by

E(h,h) =inf{E(g,9): g €D, gluw = h}.

and D is the set of functions h such that the above is finite. The form & is called the
trace of £ on H and is denoted by Tr(E|H).

This leads naturally to the notion of effective resistance with respect to a Dirichlet

form:

Definition 2.2.12. Let G be a set and (£, D) a Dirichlet form defined on G. Let H;
and Hj be disjoint subsets of G. The (effective) resistance between H; and Hs is

Re(Hy, Hy) = (inf {€(g,9) : g €D, glg, =0, glu, =1})"

with the convention that 07! = +oo. In particular, if H; = {x;} for z; € G, i = 1,2,
then let Re(xy,22) = Re({1}, {z2}). If this defines a metric on G (after extending it
such that Re(z,x) =0 for all x € G) then we call it the resistance metric associated
with (€, D).
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In this section we seek to define a Dirichlet form on each of the F™ respectively
such that the sequence of Dirichlet forms is “nested”, in the sense of taking traces.
From this sequence we can construct a Dirichlet form on F' as a limit. We follow
closely the approach given in Barlow [3].

Let (F, (¢;)1<i<n) be a generalized p.c.f.s.s. set with a Bernoulli measure p = puy.
Define r = (71, ...,7n) to be a resistance vector of positive numbers. Each r; roughly
corresponds to the “size” of the subset F; C F. For n > 0 let D, be the set of
conservative Dirichlet forms on F™. Observe that since F™ is finite, D,, is in direct

correspondence with the set of conductance matrices on F”. For £ € Dy we write

1

£(f.9)=35 > alw,y)(f@) = f)(9(x) — g(y) = =" Ag,

@,yeF°
where A = (a(z,y)),yero is a matrix of conductances with the diagonal terms given
by a(,x) = =32, ., alz,y).
Definition 2.2.13. We define the following maps as in [3]:
(1). The replication operation R : Dy — Dy is given by

N

R(E)(f,9) =Y i E(f o, g o).

i=1

The subset F'' can be viewed as N copies of F°. The Dirichlet form R(E) is

simply the sum of £ evaluated on each of these copies, weighted by r.

(2). The trace operation T : Dy — Dy is given by

T(E) = Tr(E|F).

(3). The renormalization map is A =T o R : Dy — Dy.

Remark 2.2.14. Note that A is positively homogeneous: if ¢ > 0 then A(c€) =

cA(€). However it is not in general linear, because 7" is non-linear.

The replication operation R can be regarded as a mapping R : (J, D, — U, D»
such that if £ € D, then R(€) € D,, 41 with

N

R(E)(f,9) =Y i E(f ot g o).

i=1
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Notice now that if £ € Dy, then R*(E) € D,, with

RYE)(f.9) = D ' E(f o thu, g0 tu).

wEW'rL

where 1, =7y, .. Ty, -

The fixed point problem is to find eigenvectors of A, that is, Dirichlet forms £ € Dy
such that there exists p > 0 with

AE)=plE.

For such a form, let £© := £ € Dy and for n > 1 put £™ := p"R"(€) € D,,. Thus

we have a nested sequence: if m < n then
Tr(EM|F™) = £,

Definition 2.2.15. Let £ € Dy be an eigenvector of A as above. If 0 < r;p~! < 1 for
all 1 <1i < N, then we say that (€,7) is a regular fized point. If £ is irreducible (see
[3, Definition 4.3]), then we call £ a non-degenerate fized point of A.

The term “non-degenerate” corresponds to the irreducibility of the Markov process
associated with £. If we were to take a degenerate fixed point and construct Dirichlet
forms £™ as before, then all of our associated Markov processes would be restricted
to only a small part of the fractal. We thus restrict our attention to non-degenerate

fixed points.

Example 2.2.16. Let F' be the Sierpinski gasket. F° C F is then a set of three
points, the outermost vertices of the gasket. Labelling these vertices F° =: {1, 2, 3},
A has a non-degenerate fixed point £4 where a;; =1 for i # j, i,j € F” and p = g
If instead we let a5 = 1, ass3 = 0, az; = 0 then we see that £4 is again a fixed point,

this time degenerate, with p = 2.

2.2.3 Fixed-point diffusions

We can now define a Dirichlet form on F', closely following the approach given in [52].
Let S = (F, (¢4)1<i<n) be a (connected) generalized p.c.f.s.s. set and r a resistance
vector. Let p = pg be a Bernoulli measure on F. Let ry;y, = min;r; and ry.e =
max; r;, and let O, and 6,., be defined likewise. For each n > 0 let u, be the

measure on F" given by Definition 2.2.9. Suppose the renormalization map A has a
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non-degenerate regular fixed point £© € Dy with eigenvalue p~', p > 0. Construct

the nested sequence of Dirichlet forms (£™),, as

EM(f.g)=p" Y ru' €0(f othu,gotu), fog€C(F).
weW,
For each n > 0, let X™ = (X]");>o be the Markov process associated with €M™ on
L*(F™, j1,,). From now on we identify real valued functions on F' with their restrictions
to F™ to simplify notation.
Observe that if f is a real-valued function on F, then the sequence (€™ (f, f)), is
non-decreasing by the properties of the trace operator and we can define our limiting

form

D= {f € C(F) :supEM(f, f) < oo},
E(f.f) = sgpé’(")(f, £, feb,

where C'(F) is the space of real-valued continuous functions on F.

Theorem 2.2.17. The pair (€, D) is a regular local irreducible Dirichlet form on
L3(F,p). It has an associated resistance metric generating a topology that is equivalent

to the existing topology on F.

Proof. The proof is identical to proofs of similar results in [52]. The resistance metric
result is from Theorem 3.3.4. (£, D) is a local regular Dirichlet form by Theorem 3.4.6.
It is irreducible since each £™ is irreducible and the union of the F™ is dense in F. It
is easy to verify that the form is densely defined given regularity: D is dense in C(F)
in the uniform norm. Since p(F) < oo, D also is dense in C'(F) in the L? norm. And
C(F) is dense in L*(F, 1) by the compactness of F. O

By [22] there therefore exists a p-symmetric diffusion X = (X});>0 on F associated
with (€, D) and L?(F, ). Let Dr|[0, 00) be the space of cadlag functions f : [0, 00) —
F'. Then the following also holds:

Theorem 2.2.18. X" — X weakly in Dp[0,00). Precisely, if (x,), is a sequence in
F such that x,, € F™ for each n and x,, — x € F, then

(X", P*™) — (X, P?)

weakly in Dr|0, 00).
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Proof. By the fact that the sequence (£™),, of Dirichlet forms are compatible, their
induced resistance metrics must agree. Therefore if each F™ and F' are interpreted
as metric spaces equipped with their respective resistance metrics (using Theorem
2.2.17), we see that each F™ is isometrically embedded in F'. In particular, by The-
orem 2.2.17 the resistance metric on F' induces the existing topology on F'. Since F'
is compact and J,~, F" is dense in F, the increasing sequence of finite subsets F"
must converge to FEn the Hausdorff topology on compact subsets of F' equipped with
its resistance metric. Taking into account that we also have the weak convergence
of Lemma 2.2.10, the result follows directly from [13, Theorem 7.1], since all of the
spaces F" and F' are compact (see [13, Remark 1.3(b)]). O

2.3 Non-fixed-point diffusions

The advantage of using a fixed point £ € D of the renormalization map A is that it is
easy to produce a nested sequence of Dirichlet forms. We will see in this section that
it is in fact possible to consider forms £ € D, that are not fixed points, but where
A(€) is sufficiently easy to understand. Now let S = (F, (¢;)1<i<n) be a connected
generalized p.c.f.s.s. set and r a resistance vector. Let u = pg be a Bernoulli measure
on F. For each n > 0 let u, be the measure on F™ given by Definition 2.2.9. Let

Tmins Tmasx, Omins Omax be defined as before.

Assumption 2.3.1. There exists a one-parameter family D C Dy of forms such
that if £ € D, then pgsA(E) € D for some pg > 0. It is such that there exists a
parametrisation D = (&SO))M where £ only has edges of conductance 1 or v, and
there exists at least one edge of conductance v. Call D a one-parameter invariant
family with respect to A. Additionally, we assume that the family is asymptotically
reqular, that is, there exists u € [0, 00) such that

-1
Tmax SUP pg(o) < 1.

v>u v

Remark 2.3.2. We specified edges to have conductance 1 or v; the constant 1 here
is arbitrary, due to the positive homogeneity of A. Other examples can be found in
[33].

In addition to the above assumption, we need another technical assumption on
the structure of F', in particular its diameter in the resistance metric. For v > 0
let R, be the resistance metric on F° associated with &". Let diam(F°, R,) be the

diameter of F° with respect to R,. We require that F° does not “shrink to zero” in
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R, as v — oco. This can be verified geometrically. Note that in the following result
we interpret (F°, 6}50)) as a graph with vertex set F° and edge set containing (x, ),

x # y if and only if the &9 _conductance between z and y is strictly positive.

Lemma 2.3.3. Suppose D = (&50))U>0 is an asymptotically regqular one-parameter

invariant family with respect to A. The following are equivalent:
(1). inf,~¢diam(F° R,) > 0.

(2). The subgraph of (F°, &50)) generated by removing all of the edges of conductance

1 is disconnected.

Proof. Suppose (2) holds. Evidently (F°, &50)) must have at least one edge of conduc-
tance 1. On the generated subgraph there exists by assumption z,y € F° in distinct
connected components. Consider a function f that takes the value 1 on the connected

component containing x and takes the value 0 elsewhere. Then for every v > 0,

() = F0)? - I
51(10)(f .f)  #edges of conductance 1 in (FY, 8750))

Ry(z,y) >

which does not depend on v and is positive. So inf,sqdiam(F°, R,) > 0.
Now suppose (2) does not hold. Then for any x,y € F° there is a path between

x and y consisting only of edges of conductance v. Thus
R,(z,y) < v~ ' - #edges of conductance v in (F°, &),

which only depends on v through the term v~!, as before. Thus R,(z,y) — 0 as
v — oo. There are only a finite number of pairs z,y € F°, so diam(F°, R,) — 0 as
v — 00 and 5o inf,~¢diam(F°, R,) = 0. O

The first property in the above lemma is the important one; the second is just a

simple geometric way of verifying it.

Definition 2.3.4. We will say that a one-parameter invariant family D with the first

property in the above lemma is non-vanishing.

Definition 2.3.5. Define functions p : (0,00) — (0,00) and « : (0,00) — (0, 00)
such that

(0)y _ —10(0)
A(g ) - p('U) Sa(v)

for any v > 0.
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The functions p and « can be computed by the standard method of taking traces
of conductance matrices, see [3, Chapter 4]. It follows that p and « are rational
functions of finite-degree polynomials. The non-vanishing property allows us to get

some additional control on these functions.

Proposition 2.3.6. Suppose that D = (55°>)v>0 15 an asymptotically reqular non-
vanishing one-parameter invariant family with respect to A. Then there exists a finite
positive limit

pa = lim p(v)

such that pg > Tmax-

Proof. p is a positive rational function so as v — oo we have p(v) — p¢ for some
pc € [0,00]. Recall the replication and trace maps from Definition 2.2.13. Consider
p(v)R(EM) € Dy. By definition, the trace of this form on F° is 50(23;) € Dy. If p(v) —
00 as v — 00, then the diameter of F'! with respect to the resistance metric induced
by p(v)R(&SO)) must tend to 0 as v — co. Then we would have diam(F, Ry()) — 0
which contradicts the non-vanishing property. Finally pg > rnax by the asymptotic
regularity property in Assumption 2.3.1. [

Proposition 2.3.7. Suppose that D = (55°>)v>0 15 an asymptotically reqular non-
vanishing one-parameter invariant family with respect to A. The following are equiv-

alent:
(1). lim, o a(v) = 00.

(2). For all z,y € F°, there exists a path in (F°, &EO)) from x to y consisting only of
edges of conductance v if and only if there is a path in (F?, R(&EO))) from z to

y consisting only of edges of conductance of the form r; v,

(3). There exist x,y € F° such that the &go)-conductance between x and y is v
and there is a path in (Fl,R(&SO))) from x to y consisting only of edges of

conductance of the form r; 'v.

Moreover, if the above statements hold then there exists 5 > 0 such that

1
lim a(v) = —.

v—ooo 15}

Proof. Obviously (2) implies (3) under Assumption 2.3.1.
Suppose (3) holds. Consider p(v)R(&EO)) € D;. By definition, the trace of this
form on FO is SC(V(E)) € Do. Since there is a path in (F', p(v)R(EL)) from = to y

v
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consisting only of edges of conductance of the form r; 'vp(v), and lim, ., vp(v) = oo
by the previous proposition, it follows that Ru)(z,y) — 0 as v — oo. Hence we
must have lim,_,., «(v) = oo and so (1) holds.

Now suppose (1) holds. Let z,y € F° such that there exists a path in (FO,&EO))
from x to y consisting only of edges of conductance v. By the assumption of (1) this
implies that

lim Ry ) (z,y) = vlgglo R,(z,y) =0.

V—00

Considering p(v)R(&SO)) € D; again, we see that this Dirichlet form only has edges
of conductance r; 'p(v) or r; tvp(v), for 1 < i < N. We know from the previous
proposition that as v — 0o, p(v) = pe and so vp(v) = co. Then Ry (x,y) — 0 as
v — oo implies that there is a path in (F', p(v)R(&EO))) from z to y consisting only
of edges of conductance of the form r; 'vp(v). Both of these implications are in fact
equivalences, and hence (2) is proven.

Finally, suppose (1), (2), (3) above hold. For v > 0 consider the Dirichlet form

Lo=1p(v) or 7, p(v), for

v! p(U)R(&EO)) € Dy, which only has edges of conductance r;”
1 < i< N. Its trace on F© is v‘lé’ggj) € Dy, which only has edges of conductance
vl or v a(v). Take x,y € F° from (3). We will consider the distance d, between
x and y in the resistance metrics associated with these two Dirichlet forms, which
are equal since the trace operator preserves the resistance metric. First we consider
d, with respect to v‘lp(v)R(&gO)) € D;. We know that p(v) — pg as v — 00, S0
v1p(v) = 0. By (3) there is a path in (F*,v~'p(v)R(E")) from z to y consisting

only of edges of conductance of the form r; ! p(v), so
dy = O(p(v)™) = O(pg") = O(1) as v — oo.

Now we consider d, with respect to v‘lc‘fgé)v) € Dy. Obviously vt — 0 as v — oo,
and by our choice of z,y € F° the e

o(vy-conductance between z and y is v a(v).

So similarly we see that
dy = O((v " 'a(v))™) = O(va(v) ™) as v — .

Combining these it follows that

@zO(l)asu—)oo,

and so since « is a positive rational function, it must be that




where p and ¢ are monic polynomials with degp = degq + 1, and § > 0. So

. a(v) 1
lim —= = —.
vggo v 15}

Assumption 2.3.8. The statements of Proposition 2.3.7 hold with g > 1.

An asymptotically regular non-vanishing one-parameter invariant family satisfying
this assumption will be known as a one-parameter iterable family.

For such a family, it follows from Assumptions 2.3.1 and 2.3.8 that if we define

Vo — MAX ({U : Z—j(v) _ o} Ufv:a(v) = v} U v : p) = rmc} U {0}> ,

then vy, € [0,00) and « is strictly increasing on (v, 00). The inverse a™! of a can
then be uniquely defined on (v, 00). It is continuous, strictly increasing, satisfies
a1 (v) > v for all v € (v, o), and

1
lim o (v)
V—>00 v

=06>1

"= o loa ™ can be defined

The Assumption 2.3.8 ensures that all the iterates o~
inductively on the same domain, that is, @™ : (Vpin, 00) = (Vmin, 00) for all n € N.

Hence the family is “iterable”.

Remark 2.3.9. In many cases v, is the largest (finite) fixed point of o and so

&Si)in is a non-degenerate fixed point of A. For example, in Figure 2.2 we may take
Umin = 1.

Henceforth we will be operating under the assumption of iterability of the one-
parameter family D, as only under this assumption do the definitions of v,;, and a™"

make sense.

Definition 2.3.10. For n > 0, define p, : (Vmin, 00) = (Umin, 00) by

n

pn(v) = [ pla™(v)).
Now for each n > 1 define

v

E = pu(w)R(ED. ). (2.3.1)
It is simple to show, as in the previous section, that (&En))n is a nested sequence of

Dirichlet forms on each of the F'™ respectively. As before, we define:
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Definition 2.3.11. Let

D, = {f e C(F) :supEM(f, f) < 00}7
E(f, f) =supEN(f, f), feD.

Theorem 2.3.12. For v € (Umin, ), the pair (€,, D,) is a reqular local irreducible
Dirichlet form on L*(F,u). It has an associated resistance metric that is equivalent

to the existing topology on F'.

Proof. Again the resistance metric result comes directly from [52, Theorem 3.3.4]. By
[51, Theorem 4.1] (&€, D,) is a Dirichlet form on L?*(F, u1). For regularity and locality
we can follow the respective arguments in [52, Theorem 3.4.6]. Finally, the proof
that (&,, D,) is irreducible and densely defined is identical to the respective proofs in
Theorem 2.2.17. O

Thus we have constructed a one-parameter family of diffusions on F’ which are not
necessarily associated with a fixed point of the renormalization map, as [22, Theorem

7.2.1] gives us

Corollary 2.3.13. For each v € (Uin, 00) there exists a p-symmetric diffusion XV =
(X))o on F with Dirichlet form (€,, D,) on L*(F, ).

Now we fix a v € (Upin, 00). For each n > 0, let X*™ = (X;"");>0 be the continuous

time random walk associated with £ on LA(F™, uy,).

Theorem 2.3.14. X"" — X" weakly in Dp[0,00). Precisely, if (x,)n is a sequence
i F' such that x, € F™ for each n and x, — x € F, then

(XU P) — (XY, P7)
weakly in Dr|0, 00).
Proof. This follows by an identical argument to Theorem 2.2.18. m

Although using a different parametrization, this diffusion corresponds to that
constructed in [36], [33] for the examples considered in those papers. If we take our
parametrization, set w = v~ and multiply all conductances by w, then we end up

with the parametrization in the aforementioned papers.
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2.4 Construction of a limiting self-similar set

We continue with the set-up of Section 2.3. We have S = (F, (¢;)1<i<n) a connected
generalized p.c.f.s.s. set with a one-parameter iterable family I (Assumption 2.3.1,
Assumption 2.3.8). We aim to investigate the limit as v — oo of our family . For
U > Ugin and n > 0, let GO = (F7, &) and G° = (F,&,). Let A™ = (a%)syern
be the conductance matrix associated with G*".

Let dgg be the Gromov-Hausdorff distance on the space of metric spaces, as
defined in [9, Definition 7.3.10]. This is in fact a metric on the space of isometry
classes of non-empty compact metric spaces ([9, Theorem 7.3.30]). When working
with the Gromov-Hausdorff distance on non-empty compact metric spaces, we will
always identify a space with its isometry class. We would like to find conditions under
which, taking v — oo, the space G converges in the Gromov-Hausdorff topology to
a (possibly different) generalized p.c.f.s.s. set. This will allow us to understand the

limiting behaviour of X". In this section we will prove the following:

(1). For each n > 0, G"" (equipped with its resistance metric) has a limit H™ in the
Gromov-Hausdorff topology as v — oo (Corollary 2.4.13). The metric on H" is

the resistance metric of some conductance matrix.

(2). Given a geometric assumption on F' and D (Assumption 2.4.14), there exists a
generalized p.c.f.s.s. set S, = (Fl, (¢;)1<i<n) such that its sequence of approxi-
mating networks (as in (2.2.1)) is (H"),>0 (Theorem 2.4.28).

(3). The Dirichlet form associated with H is a fixed point of the renormalization
map of S,. We can then define a limiting Dirichlet form and a diffusion on F,
(Theorem 2.4.29).

In fact it will eventually be proven that if F, is equipped with the resistance metric
associated with its Dirichlet form, then this metric space is the Gromov-Hausdorff

limit as v — oo of GY.

2.4.1 Preliminary results

We first need some more precise uniform estimates on the maps a(v) and p(v) as well

as control on the structure of G*.

Lemma 2.4.1. Fiz a vy > vmin. Then there exist positive constants k,, K, dependent
only on vy such that for all m,i > 0 and all v > vy,
a—m—i<v)

ko £ ———— < Ko,
a=m(v)f!

40



Proof. We will first prove that, given v > vy, there exist k. (v), K/, (v) > 0 such that
a " (v)
k/ < < K/
(o)< 2 < ki)
for all m > 0. Recall that by Assumption 2.3.8 we have that
fim @0 _ 1

v—oo QU 15}

Along with the fact that « is a positive rational function of finite-degree polynomials,
this implies that there exist [, [, > 0 such that

b ab g b (2.4.1)
v v v

for all v > vy, Since the above lower bound may be negative, we note that we also

a(v)f

have constant bounds

0<i3< <l

for all v > vy, and note that I3 < 1. By the fact that a~! is continuous, a™*(v) > v

for all v € [vy, 00) and # — > 1 as v — 00, there exists [5 such that

—1
1<l5<CY—(U)

for all v € [vg, 00). Now write

i (el 0)8)
-1 70

j Y
e vlg
m ll
> maxq 1 — N/
N U { /Uminl% 3}
7j=1
for v € [vg,00). It suffices to prove that the right-hand side has a strictly positive
lower bound over m > 0. Since for large j we will have 1 — —& 7> l3, it suffices to
VUminly

consider the asymptotics of




where k is high enough such that - lk < , say. Note that this expression is decreas-

ing in m. Taking logarithms and notlng that log(1 + z) ~ x for small z, there is a

7) -2

constant lg > 0 such that

logH <1 -

Umml5

m ll

> ,
jz:; Uminlg

o sl

o Umin(l5 - 1)

> —0Q.

Cma —1
It follows that (%) is bounded away from zero uniformly over all m and so

there exists some K/ (v) bounding =

(a;;ffv*

) from above for all m. For the lower bound,

we have that

IN

Il (1 ! alf@))

lols
< __Ee
<o (5727)

K (0) = exp (v(l‘:—z_ﬁ)) |

Now we can prove the result. Let us prove k, < Z::(;)(Z) first. Setting

and so set

k/
) = 12,
K/
Kifo) = 350
it is clear that “mi(y)
Folo) < S S Kaw)

i)
a=m(v)B?
[vg, 00). Observe that it is enough to minimize it over the much more manageable

for all v > vy and m, 7 > 0. For the lower bound, our job is to minimize = over
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interval [vg, ™! (vg)] since any higher values of v can then be covered by increasing

the value of m. Thus for all v € [vg, ™! (vg)], since o~ (v) is increasing in v,

a"'(v) a”"™"(vo) a ") kalwo)

B S (e w)F | am (w)f S B

and the proof is complete. The derivation of K, is essentially the same. O

=k,

Lemma 2.4.2. Fix a vg > vmin. There exist positive constants k,, K, dependent only

on vy such that for all m,i > 0 and all v > vy,

k: < pm-H'(U)

< ) < K
" pm(0)pl;

pe

Proof. The proof will proceed in much the same way as in the previous lemma. We
first prove that there exist &7,(v), K (v) > 0 such that

k) < 220 < gy w)
PG

for all v > vy and m > 0. We use the same constants as in the proof of Lemma 2.4.1,

and introduce l7, s > 0 satisfying

1_l_7§M§1+l8

(Y PG ;
for all v > vy, which is possible since p(v) is a positive rational function converging

to pg as v — 00. Also as before there exist lg, l;9 > 0 such that

ly < & <l
PaG

for all v > vy, where lg < 1. Writing

We bound the right-hand side away from zero by taking logarithms in exactly the

same way as in the proof of Lemma 2.4.1. For the upper bound,

<10+ )

Pa =1

43



which we bound by an exponential just as in the proof of Lemma 2.4.1. So we have
shown the existence of k/(v), K (v).

As before we now set

so that

i pm+l() "
= s =

for all v > vy and m,7 > 0. From the definition we know that

ﬂmﬂ H Sy

To do something similar to the above we need to prove some kind of monotonicity
property. We will prove that the function v — o~ (v)p,,(v) is non-decreasing for any

m. Indeed, consider the conductance network (F™, &Em))

, where all edges have had
their conductance multiplied by a factor of (a™™(v)p,,(v))~'. That is, this conduc-
tance network has conductances of the form 7! or rta=(v)~! for w € W,,. Taking
the trace onto FY, we see that the corresponding conductance network on F° has
conductances of either (o™ (v)p,(v))~ or v(a™™(v)pm(v))~t. Consider the mono-
tonicity law of conductance networks: decreasing some of the edge conductances of
the network cannot increase any of its effective conductances. On the other hand, if
we were to strictly increase all of the edge conductances of a network, all of its effec-
tive conductances would necessarily strictly increase. It follows that, since o™ (v) ™!
is decreasing in v, (a™(v)p,(v))~! cannot be increasing in v. So a ™ (v)p,(v) is
non-decreasing in v.

Now as in Lemma 2.4.1, we can similarly minimize only over [vg, ™! (vg)]. Using
Lemma 2.4.1,

Prm+i(V) _ (v) « m_i@)l)mﬂ'(?f)
pm(V)pg @™ ’(v) () P (V) P
" (vo) a”~"™"" () pm+i(vo)

2 o ) e o o )7
kaﬁi_l pm+i(U0)p(a_1(U0))
- K pi! Pm+1(710),0ic
o kap(a”! (v0))kj (vo)
N KaBQPG
and we define the right-hand side to be k,. The derivation of K, is similar. m
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Corollary 2.4.3. For any v > vy > Unin,

Aggoavﬁ(“)e[karkg]czaxoom
lim pm—f}f’) € [k, K,] C (0,00). (2.4.2)
m—oo P
Proof. —7= is a positive rational function so is monotone in v for sufficiently large v.
Therefore a_;(v) is monotone for sufficiently large v. Since %ﬁ(v) — 1 as v = oo,
this implies that < "(L”) is a monotone sequence in m for sufficiently large m. By

Lemma 2.4.1 this sequence is bounded in [k,, K,] so it must converge in this interval.

Similarly for the second statement, using Lemma 2.4.2. m

Lemma 2.4.4. For any vy > Unin,

sup diam G* < oc.
V>0

Proof. An adaptation of [3, Proposition 7.10] will suffice. First of all, observe that

¢:= sup diamG"! < .

V>VUmin

Fix v > vy. Let z € GV for some n > 0. Then there exists w € W,,_; and z; € G¥"!
such that x, z; € F,,. Thus

Rv(l', 513'1) S Crwpnfl(v)il-

Iterating this process, we find y € G¥ such that

n—1

&S,
(,y) e ) Tpapi(v) < —
Zz; kp(pG - Tmax)

where we have used Lemma 2.4.2. Thus for any z,y € UnZO F

2cpa
R, —+fc
@ 8) < = o) T €
Then F'is the closure of |, F" so we are done. ]

2.4.2 Finite approximations

Definition 2.4.5. Fixn > 0. For x,y € F", if v = y or if there exists a path between
r and y in G*" consisting only of edges with conductance of the form 7' p, (v)a™"(v),
then we say that x ~ y. By Assumption 2.3.8, ~ is independent of n. Thus ~ is an

equivalence relation on (J, -, F™.
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As v — 00, the resistance between certain pairs x, y of points in G¥ tends to zero.
This suggests that if any Gromov-Hausdorff limit of the spaces G¥ were to exist as
v — 00, then these pairs of points would have to be regarded as the same in that
space. The limit space is thus unlikely to have the same underlying set F'.

We start by identifying points of our original fractal for which the effective resis-
tance decreases to zero as v — oo. For each n > 0 define the conductance network
(F, A™) as follows: F! is the result of taking F™ and identifying all pairs of points
x,y € F" for which the effective resistance between x and y in G"™ tends to zero
as v — 0o. Equivalently, F!* is the set of equivalence classes of F™ under ~. The
A"-conductance between two distinct y;,yo € F" is defined to be

aZ1y2 = Z UILHJO ay).

TEY1
Z€Y2

It is thus always an integer multiple of pft. The natural measure to use on F}' is v,

where for y € F,

va({y}) = pn(y) = Z,Un({x})

ey
That is, each class is given a mass equal to the sum of the original masses of its
constituent elements. Let €™ be the Dirichlet form associated with (F', A™) and let
H™ = (Fr, ™). Each & is clearly irreducible.

2.4.3 The projection map

The identification of points through ~ induces a surjective projection map p : F™ —
F} for each n > 0 which takes each point of F™ to the class in F]' that contains it.
Recall that the equivalence relation ~ is independent of n. This means that if n > m
then F[" can naturally be thought of as a subset of F', analogously to how F™ is a
subset of F". Each element of F" is identified with the element of F* of which it is
a subset. Nesting the F!* in this way hence preserves the definition of the projection
map p, so that p is independent of n. Thus we can extend p to a surjective function

p:|JF = JFr (2.4.3)

n>0 n>0

which agrees with its previous definition when restricted to F™ for any n > 0.

Remark 2.4.6. Each measure v,, on F} is the pushforward through p of the respective

measure [, on F™.

We now prove a useful topological result, which is similar to results in [65]:
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Lemma 2.4.7. Let Ey, Es be topological spaces, and f : E; X Ey — (—00,00] a
continuous function. Suppose Ey is compact. Let g : By — (—00, 00| be given by

g(x) =1inf ep, f(x,y). Then g is a well-defined continuous function.

Proof. Since F, is compact, the infimum is well-defined and moreover for each = € F;

the infimum is attained by some y € E,. A sub-basis of the topology on (—o0, o] is
{(—OO,CL) rac <—OO, OO]} U {(CL, OO] ra e (_007 OO)} :
It is enough to show that g='(S) is open for each set S in the above sub-basis.
If S=(—00,a), then
g S)={z € B Iy k: flr,y) <a}
=m(f7(9))
where 7 is the projection map F; x Ey — Ej, which is an open map. f~!(S) is open,

thus g~!(S) is open.

If S = (a, 00|, then since the infimum is always attained,
971 (S) = {x € By :Vy € By, f(x,y) > a}.

If g7'(S) is empty then the proof is done, so we assume that g—'(S) is non-empty.
Again we consider f~!(S). Since this is open, then by the definition of the product
topology there exist for each (z,y) € f~'(S) open sets U,, € E; and V,, € Fy
such that (z,y) € Uy X Vi C f71(S). Now we fix 29 € ¢g7*(S). This means that
(zo,y) € f7HS) for all y € Fy, so the open sets {Vi,, : (z0,y) € f~1(S)} cover Es.

E, is compact so there is a finite subcover {V,,, }i. Now let
Uzy = m Uzoys
i

which is a finite intersection, thus open in F;. Moreover, U, X Vi, C f~(S) for
every %, so

Uy X By = Uy, X Uvﬂﬂoyi C f_1<S)‘

This implies that U,, C ¢~*(S5). The set U,, is open and zy € U,,. The point zy was
arbitrary, so g~1(S) is open. O

Our analysis of the limit space will be clearer if we define the preimages of the
Dirichlet forms €™ on F". Let C(F™) be the space of (continuous) real-valued

functions on F". For each n, we define a form % on the domain
Cu(F") :={f e C(F") :x~y= f(z)=fy)}
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such that
ENf f)=EM(fopt fop).

Remark 2.4.8. Note that C,(F") is closed in C'(F™), and that f o p~! makes sense
here because of the definition of C,(F™).

Defining 552)(]”, f)=ocforall f e C(F")\ C,(F"), we importantly have that for
all f e C(F™),
EL(S. f) = lim EM(F, ).

With this set-up, the pairs G*" := (F™, ECEQ)) and H" = (F], &E")) define essentially
the same structure, and so this provides an analytical link between the networks

(G"™)y>u,,,, and H™. This allows us, for example, to prove the following key result:
Proposition 2.4.9. Let m < n. Then the trace of H" on F" is H™.

Proof. Let f € C(F!"). We need to prove that
EM(f, f) = mt{EM (g, 9) : g € C(FL), glmm = [}
Since Eég)(g,g) = oo for all g € C(F™) \ Ci(F™),

inf{€™(g,9) : g € C(F"), glpm = f}
= inf{Ség)(g,g) cg€ C(F"), glpm = fop}
= inf{&M(g,9) : g € CL(F™), glpm = fop}.

Observe that we can restrict the function g to only taking values between max, f(x)

and min, f(z) inclusive, since if we let ¢’ = (¢ V min, f(z)) A max, f(x), then
g (¢',9) < g (g9,9). This makes the set over which we are taking the infimum

compact. We can thus use Lemma 2.4.7 and the fact that gim (g,9) is continuous in

v
inf{€{(9.9) : g € C.(F"), glpm = f o p}

= inf{ lim £ (g, 9) : g € C.(F"), glpm = f o}

= lim inf{€("(g,9) : g € C(F"), glrm = f o p}

= lim &M (fop. fop)

=& (fop, fop)

=&M(f. ).
where between lines three and four we have used the compatibility of the sequence of
Dirichlet forms (£{™),.. O
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The above proposition immediately implies that (E,En))nzg can be taken to be a
nested sequence of Dirichlet forms on |J,-, Fy' (by identifying a function with its
restriction to F'). It therefore induces a well-defined resistance metric d on J,,~, £}

Recall that R, is the resistance metric on G¥. We thus have the following result:

Proposition 2.4.10. Letn > 0 and z,y € F". Then

lim R, (2, y) = d(p(x), p(y))-

Proof. 1f x ~ y, then R,(z,y) — 0 = d(p(x),p(y)) as v — oo. So assume that we do
not have r ~ y. By Lemma 2.4.7 and the fact that we can take the infimum over a

compact set (as in the proof of Proposition 2.4.9),

Jim Ry(w,y)™ = lim inf{E(f, f) s f € CF™), f(z) =1, f(y) = 0}
= inf{lim EV(f.f): f € C(F"), f(2) =1, fly) = 0}
= inf{EM(f, f): f € C.(F"), f(z)=1, f(y) =0}
= inf{EMf,f): f € CED), fp(@) =1, fp(y)) = 0}

= d(p(x), p(y)) ™"
Here again we have used the fact that £ (g, g) = oo for all g € C(F™)\ C,(F"). O

We conclude this section with a small convergence result, showing the link between

the resistance metrics of the spaces G and H™.

Definition 2.4.11 ([9]). Let (M, d;), (Ma,dy) be metric spaces. Let f: M} — My

be a surjective function. The distortion of f is

dis f:= sup {|di(@1,22) — do(f(21), f(22))]}.

z1,22€M1

Lemma 2.4.12. Let (M, d,), (Ms,ds) be compact metric spaces and let f : My — My

be a surjective function. Then
1
dGH(Mla Mg) S 5 dlS f
Proof. Direct corollary of [9, Theorem 7.3.25]. O

Corollary 2.4.13. For each n > 0, G*™ — H" as v — oo in the Gromov-Hausdorff

metric.

Proof. All of these metric spaces have a finite number of elements, so are compact.
Fix n > 0. The map p is surjective, and by Proposition 2.4.10 its distortion from
GY™ to H™ tends to 0 as v — oo (as the distortion takes a supremum over a finite

number of pairs of elements). The result follows by Lemma 2.4.12. O
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2.4.4 The limit set

The natural thing to do now would be to take the F]' as an approximating sequence
to some generalized p.c.f.s.s. set. We require a further assumption about our set-up,

in order to avoid a number of pathological examples:

Assumption 2.4.14. For alln > 0, x,y € G"" and 1 <17 < N, x ~ y if and only if
i(x) ~ ¥;(y). This property will be known as D-injectivity of the functions v; with

respect to the one-parameter family D.

Remark 2.4.15. In fact to verify that Assumption 2.4.14 holds it is enough to verify
it in the case n = 0. Indeed, assume that D-injectivity does not hold. Then for
some n and 7 there exists z,y € G*" with ¢;(x) ~ 1;(y) but not  ~ y (since x ~ y
always implies ¥;(x) ~ 1;(y)). By definition, there is a path between ;(z) and 1;(y)
consisting only of edges with conductance of the form r_'p,(v)a™(v), but this path
cannot be contained in F; (otherwise its preimage in v; is a path that implies = ~ y).
Thus there exist 2;, 2o € GUY such that 1;(z;) and ¢;(23) lie on the path, and x ~ 2

and y ~ z2. S0 ¥;(z1) ~ 1;(22) but not z; ~ 29 and we are reduced to the case n = 0.

Henceforth we take Assumption 2.4.14 to be true. The resistance metric d on
U,,>0 £ is bounded by Lemma 2.4.4 and Proposition 2.4.10. Let F} be the completion
of On>0 F! with respect to d. Then (F,,d) is a bounded complete metric space. To
define contractions ;, recall the original generalized p.c.f.s.s. structure (F, (¢;)1<i<n)-
For z € UnZO F" and 1 < i < N, the natural definition of ¢; is

pi(z) =potpop ().

This is well-defined and injective because if z,y € UnZO F™ then x ~ y if and only if
Yi(x) ~ ¥;(y) by Assumption 2.4.14. It’s easy to check that

N
e (F1) = 7+ (2.4.4)
=1

for each n > 0 and thus that
N
U%’ (UR”) = UF*TL
i=1 n>0 n>0

Definition 2.4.16 (Harmonic extension). Let v > vy, and n > 0. For a function
f F™ — R, its harmonic extension to GV is the unique continuous function g : F' — R
for which

81)(979) = glgn)(f7 f)'
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This can be shown to exist by the following argument: by the same reasoning as [52,

Lemma 2.2.2], f can be extended uniquely to a function f; : UnZO F™ — R for which

EM(fr f1) = EMF. f)

for all m > n. Then for all x,y € |, -, F™ we have that

n>0
fi(2) = L) < Rulz, p)€M(F, 1),
so there is a unique continuous extension g of f; to F.

Our definition of harmonic extension given above coincides with that given in [52,
Section 3.2]. We notice by construction that if the function f is constant on ), (F°)
for some w € W,,, then its harmonic extension to G¥ must be constant on F, for any

UV > Umin-

Proposition 2.4.17. For each 1 < 1 < N, ¢; can be extended uniquely to an in-
jective contraction from F, to itself with Lipschitz constant at most rmaxpgl, and

(Fy, (pi)1<i<n) is a self-similar structure.

Proof. Notice (by using (2.3.1) for example) that if f € C(F") for n > 1 then

EN(S, ) = pla™ () RE IS )

in L (f o i, f o). 249

i=1

F7 then there exists n > 1 such that
z,y € F" ' and so (), p;(y) € F. Therefore, similarly to the proof of Proposition
9249,

d(pi(x),pi(y) ™ = inf {EM(f, f) - f € C(FD), flpi(x)) =0, flpily) =1}
= inf{}grgogv (f.f):fe€ C*(F”) Flori@n = 05 flp1(oiw) = 1}

= inf {}Lrgo EN(F, 1) f € CUF™), flurw) =0, fluomrw) = 1}

> por; Vint { lim £ (1, ) < f € CL(FT), f|p—1<x =0, flyry =1}

= per; tinf {ENTV(F, f) : f € C(EXTY), f(z) =0, fly) =1}
= pr; d(z,y)™!

for v > vpin. Tt follows that if z,y € (U,

Thus d(¢i(x), i(y)) < rmaxpéld(x,y), and rmaxpél < 1 by Proposition 2.3.6. So the

p; are all contractions, and so there exists a unique continuous extension of each ¢;
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to the whole of F., which is a contraction with the same constant. By [52, Theorem

1.1.4], there exists a unique non-empty compact subset K of F, satisfying

K:U%my

Take x € K. If y € Un>0 F then for each n > 0 there exists w € W,, such that
Yy € vu(Fy). Thus d(y, gp;(x)) < (rmaxpg’)" diam(F,) and of course ¢, (z) € K, so
y is a limit point of K, so y € K. So |J,sq FI' € K, so by denseness we must have
K = F.,. Hence F, is compact and B

N
F. = Jei(F.).
=1

A consequence of compactness is that for any n > 0, w € W, we have

Pw (UF*n> = pu(Fy).

n>0

We now prove that each ; is injective on F,. Suppose n > 0 and w,u € W, such
that ¢, (F,) and ¢,(F.) are disjoint. Thus F,, and F, are disjoint and in G"" the
two subsets 1, (F°) (which is equal to F™ N F,) and v, (F°) are not connected by
any path whose resistance tends to zero as v — co. Using Assumption 2.4.14 we can
say the same thing about 1, (F°) and ¢, (F°) in G*"'. For each v > vy, take a
function f on F™*! that is bounded in [0, 1], takes the value 1 on 1;,(F°) and the
value 0 on v, (F°) and f(z) = f(y) if  ~ y. Then consider its harmonic extension
to G, also called f. Now f is bounded in [0, 1], takes the value 1 on Fj, and the

value 0 on Fj,, so for any x1 € F},, and x5 € F},,

Ry(21,m0) > E,(f, f) = EMV(f, )7

-1

>ty > pn)(f(21) = f(2)?

21,206 F 1210029
-1 —1\n+1 1 -1
> K (rminpg )" #2120 € F'T 02y 0 20}
=!Cp+1 > 0
where we have fixed some vy > vy, such that v > vy and used Lemma 2.4.2. Note

that this bound is independent of v, x1 and 9, and indeed also w, u and . It follows
that for y; € %'w(Unzo F) and y, € 90iu(Un20 FI) there exist x1 € Fy, N Unzo m

52



and x5 € FiuﬂUnzo F™ such that p(z1) = y; and p(z2) = ye and so, using Proposition
9.4.10,
d(y1,12) = UILTEO Ry (x1,22) > cpy1 > 0.

Taking closures the same estimate holds for y; € ¢;,(Fy) and y2 € ¢;,(Fy). Thus
Viw(Fi) and @;,(Fy) are disjoint. Finally, if y;,y2 € F, with y; # yo then by the
contractive property there exists n > 0 and w,u € W,, such that y; € ¢, (F) and
Y2 € pu(FL) and @, (Fy), pu(Fy) are disjoint. Then ¢, (Fy), i (Fi) are disjoint and
50 pi(y1) # wi(ya)- O

Definition 2.4.18. For n > 0 and = € I let
DY(x) = | J{Fo:weW,, F,>a},

D} (x) := U{Fw cweW,, F,nD%x)#0}

be n-neighbourhoods of x. These are each a sequence of decreasing subsets of F' (as

n increases). Let
0D, (x) = (Dy(x) N F™) \ {x},

which is the boundary of D%(x) in the sense that any continuous path from an element
of DY(x) to an element of F'\ DY (x) must hit some element of 9D?(z).
Similarly for y € F, let

D?L(y) = U{@w(F*) rw € Wy, Sow(F*) = y}’

D}(y) == J{pu(F) : w € W, @u(F.) N DY(y) # 0}.

Proposition 2.4.19. The projection map p can be uniquely extended to a surjective

function p : G* — (Fi,d) (independently of v) which is continuous for all v > V.
Proof. Fix v > vpi,. Let € > 0. Then there exists n > 0 such that
2(rmaxpg’)" diam(F,) < e.

It follows that if y € F, then D.(y) C B(y,¢), the e-ball about y. Using a method
identical to that used in the proof of the previous proposition, we find that there is a
constant ¢, > 0 such that if w,u € W,, are such that F,, F,, are disjoint, then for all
21 € Fy and z3 € F,, Ry(z1,22) > ¢,. It follows that if 2 € F' then

B(z,¢,) C D} (z).
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Let © € U,z F™ and y = p(z) € U,50 FI'- We see that p(D)(x)) € D, (y), so we
may conclude that

p(B(z,¢cn)) € By, ).

The choice of ¢, did not depend on z, so p is uniformly continuous on = € |J,,-, F".
It is a uniformly continuous function defined on a dense subset of a metric sp?ace F
and taking values in a complete space F}, and so has a unique continuous extension
to the whole of F. Now let vi,v9 > vyin and let p1,ps : I — F, be the functions
generated by the above method by using v = vy, v9 respectively. By Theorem 2.3.12
G"r and G2 have the same topology and so p; and py are continuous functions on G”*
that agree on the dense subset | J,~, ™, and so must agree on the whole of F. So p
is independent of v. )

It remains to prove the surjectivity of the extended p, so let y € F,. There
exists a decreasing sequence of non-empty sets (¢, (Fx))n such that w, € W, and

Y € Yu, (Fy) for all n. Each ¢, (F.) is compact, hence closed, and
diam(¢py,, (Fi)) — 0

by the contractivity of the ¢;. Thus it must be the case that

{v} = [ pun(F),
and so .
P ) =[P (u.(FL))

where we note that the right-hand side is again a decreasing sequence of closed and

non-empty sets. So p~!({y}) must be non-empty. ]

Remark 2.4.20. We may now naturally extend the equivalence relation ~ to be

defined on the whole of F. For z,y € F, we define z ~ y if and only if p(x) = p(y).

Corollary 2.4.21. For all1 <i < N, g;op =po; on F. In particular, for any
weWwW,,

p(Fw) = ouw(F).

Proof. The maps ¢;op and pot); are continuous and agree on a dense subset of F'. [
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2.4.4.1 Structural regularity of the projection map

We seek to prove that S, = (Fi, (¢i)1<i<n) is a generalized p.c.f.s.s. set and that its
sequence of approximating networks (as in (2.2.1)) is (F}'),>0. To do this we need a

*

few more regularity results.

Lemma 2.4.22. Letn > 0 and w € W,,. Let vg > Umin. If v > vy then taking F,, as

a subset of G¥ we have

diam(F,, R,) < .. pn(v) ™" sup diam G

v’ >v0

Proof. Recall from Lemma 2.4.4 that sup,s,, diam G* < co. By the construction of
the G¥ through the replication map, the function

Yo : G = (Fu, Ry)

is a bijective contraction with Lipschitz constant at most r7_p,,(v) ™!, which is strictly
less than 1 by Assumption 2.3.1. Thus

diam(F,, R,) < . pn(v) L diam G "™ < 5. (v) 7t sup diam G

v' >0

Definition 2.4.23. For y € F, define C(y) to be the closure of the set

{ze UF":p(z):y}.
n>0
Note that by Theorem 2.3.12 all of the resistance metrics R, induce the same
topology on F', so there is no confusion when talking about closures of subsets of F'.
Clearly if = € C(y) then p(z) = y, by continuity of p. The purpose of the next result

is to prove a converse to this statement.

Proposition 2.4.24. Let y € F,. Suppose there exists z € Unzo F™ such that p(z) =
y. Then for all x € F, if p(x) =y then x € C(y).

Proof. Suppose € F such that x ¢ C(y). We aim to show that p(x) # y. If
z € [J,50 F™ then we may immediately conclude that p(x) # y, so we may assume
that z gé_Un>0 F" Fix a v > Upin.

We have that 2 € C(y). The set C(y) is a non-empty and closed subset of F', thus
is compact, so € := infyecq) Ro(x,2") > 0 is well-defined. Then by Lemma 2.4.22
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there exists n > 0 such that DY (x) C By(x,5), the open R,-ball in F with centre x

and radius 5, and also such that z € F". In particular,

<D2(:c) N U Fm> NC(y) =10, (2.4.6)
m>0
and notice that this is now independent of v. Now consider the indicator function
of C(y) N F™ as a function from F" to R, written as l¢y)npn. For zy,20 € G¥7, if
leynrn (1) # Le@)nrn (22) then the edge between z; and x, must either have zero
conductance or have conductance of the form r,'p,(v), by definition of C(y). Then
by Proposition 2.3.6, for each vy > vpyin,

sup 55”)(1c(y)an, Le(nmm) < 0.

V>0

We see by (2.4.6) that 1¢(,)ngn vanishes on DY (x) N EF™. Therefore for any v > vmin,
the harmonic extension of l¢(,)npr to G¥ takes the value 1 at z and must take the
value 0 in all of D2(x), so it follows that for each vy > vy, there exists a constant
¢ > 0 such that for all 2/ € D% (z) and v > vy,

R,(2',2) > c.

Now let (z;); be a sequence in D)) () NJ,5o F™ converging to x. For each x; we have
d(p(z;),y) > ¢ by Proposition 2.4.10. Thus by continuity of p, d(p(x),y) > c¢. So
p(x) #y. O

Corollary 2.4.25. Letn >0, w € W, and x € F,,. Suppose there exists z € Un20 I
such that z ~ x. Then there exists z' € Foy NJ,5o F™ such that 2 ~ .

Proof. By Proposition 2.4.24 there exists a sequence of z; € |J,,», F" such that z; ~
for all 7 and z; — x as © — oco. Suppose that the conclusion of ‘;he present result does
not hold, then the sequence (z;) must accumulate (in a subsequence) in F, for some
v € W,,, v # w. This implies that x € F,, N F,, = 1,(F°) N1, (F°) by [52, Proposition

1.3.5(2)], so z € F™ and we may simply take z’ = x, which is a contradiction. O
Now we provide a partial extension of Proposition 2.4.10 to points in the space F'.

Lemma 2.4.26. Let x,y € F'. Then

limsup R,(z,y) < d(p(z), p(y)).

V=00
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Proof. Fix a vy > Umin. Let (z;); and (y;); be sequences in (J,~, F" such that
z; € DY(x) and y; € DY(y) for each i. Evidently (Lemma 2.4.2_2) r; — x and
Yi — y as © — o0o. Let € > 0. Then there exists i € N such that for all ¢ > i
we have sup,s, R(z;,7) < € and sup,s, R.(yi,y) < € (by Lemma 2.4.22) and
d(p(z:),p(y:)) < d(p(x),p(y)) + ¢ (by continuity of p). Thus

limsup R,(z,y) < limsup (R,(x,z;) + Ry(x:,y;) + Ro(yi, y))

V—00 vV—00

< 2e + limsup Ry (z;, y;).

V—00

Then by Proposition 2.4.10,

limsup Ry(z,y) < 2 + d(p(z:), p(y:)) < 3¢ + d(p(x), p(y))-

vV—00

Finally we take € — 0 to get the required result. O]

Proposition 2.4.27. Let x,y € F such that © # y and p(x) = p(y). Then there
exists 2 € |5 " such that p(z) = p(z) = p(y).

Proof. If z € |J,,5o F™ or y € U, > F", then the result instantly holds, so we assume
that neither of these is the CaseiSince x # y, by Lemma 2.4.22 there exists ng > 0
such that for all n > ng we have DO(x) N D%(y) = 0. We have p(z) = p(y) so by
Lemma 2.4.26, lim, ., R,(z,y) = 0.

For n > ng and v > vy, we consider the distance R,(0D2(x),0D%(y)). The
sets OD?(x) and ODY(y) are both subsets of F", so it is enough approximate their
effective resistance by considering functions from F™ to R. Suppose v > v, and
suppose that the function f : F™ — R takes the value 0 on dD?(x) and takes the
value 1 on 9DY(xz). Since z,y ¢ |, F™ we must have 9D (z) = D(z) N F™ and
0D (y) = D%(y) N F™, so the harmonic extension of f to G¥ must take the value 0 at
x and the value 1 at y. It follows that

R, (0D, (x),0D;(y)) < Ru(z,y)
for all n > ng and v > vy;,. In particular,

lim R,(0D?(x),dDP(y)) =0

V—00

for all n > ng. This means that for each n > ng, on G¥" there exists some x, €
OD?(z) and some y,, € 9D (y) such that there is a path from x,, to y, consisting only
of edges with conductance of the form r,'p,(v)a™"(v). Since D} (x) N DY (y) = 0,

this path (which depends on n in general) must contain some z;, € 9D} (x) and some
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ys, € 0DY (y). Since the set DY (x) x DY (y) is finite we may take a subsequence
(Zng> Uny,) Of (Tp,yn) such that z;, =: 2’ € 9D) (x) and y, =:y' € D) (y) are
constant over k. Therefore

/ /

for all k. Since x,, € Dj () we must have x, — x as k — oo by Lemma 2.4.22,

and likewise y,, — y. So by the continuity of p,

and @', y" € U, F™ O
We may now finally prove the target result.

Theorem 2.4.28. S, = (F., (i)1<i<n) 15 a generalized p.c.f.s.s. set and its sequence

of approzimating networks (as in (2.2.1)) is (F")n>o0.

*

Proof. We see that

B(S.) = J (@i (F) N, (F))
i#]
=JwE) np(5)
i#]
and so p(B(S)) C B(S.). If y € B(S,), then let ¢ # j be such that y € ¢; (Fi) N
@; (Fy). Then there exist z; € F; and z; € F} such that p(z;) =y = p(x;). lf x; = z;,
then z; € F; N F; and so y € p(B(S)). On the other hand if z; # x;, then z; ~ z;
and so by Proposition 2.4.27 there exists z € |J,,»q F" such that z ~ 2; ~ ;. Then
by Corollary 2.4.25 there must exist z; € F; N U;ZO F™ and 7 € F; N J,,50 F™ such
that
T~ Xy~ Tj e~ X
Choose n > 0 such that j, 2, € F™. Then in G*" there must exist a path between

' consisting only of edges with conductance r'p,(v)a="(v). Since i # j, this

j
path must contain some element z of F;N Fy, for some k € {1,..., N} such that k # 1.

So z € B(S) and p(z) =y, so y € p(B(S)). Thus

and x
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Now it follows from the surjectivity of p that

m(P(S,)) = {x €F :3we | W, pulz) e B(S*)}

n>1

— {p(x) eF,:xelF, Jwe UW"’ poy(z) € B(S*)}

n>1

(2.4.7)
= {p(x) €F.:xcF, Jwe|JW,, JyeB(S), u(x)~ y}
=D ({x € F:3we [ JWn,, 3y B(S), vdulr) ~ y}) :

Recall that
m(P(S)) = {x eF:3Jwe U W, ¢y(x) € B(S)} ,
n>1
so it is clear that p(m(P(S))) C w(P(Sy)).

Now suppose that x is a member of the subset of F' described by the last line of
(2.4.7). That is, there exists n > 1 and w € W,, and y € B(S) such that ¢, (x) ~ y.
We observe that y € F!.

Assume that z ¢ 7(P(S)) = F°. Since n > 1, if y € F,, then y € 1,,(F°) so there
exists some z € F° such that p(v,(2)) = p(¥w(x)). We now suppose that y ¢ F,.
By Corollary 2.4.25 there exists 2’ € F,, N J,»o F" such that 2’ ~ 1,,(z) ~ y. Pick
m > n such that 2/, y € F"™. Then there exists a path in G*™ from ' to y consisting
only of edges with conductance of the form 7. p,,(v)a~™(v). Since 2’ € F,, and we
have assumed that y ¢ F,,, this path must contain some element of v,,(F°). So there
exists some z € F° such that p(¢,(2)) = p(¥w(z)).

We have seen that in every case there exists z € F° = m(P(S)) such that
P(Yw(2)) = p(Yuw(x)). So ¢u(p(2)) = ¢u(p(x)) and so p(z) = p(x) by the injec-
tivity of the ¢; (Proposition 2.4.17). We conclude that

p <{x € F:3we [ JW,, 3y € B(S), vula) ~ y}) C p(r(P(5))),

and so
m(P(S.)) = p(n(P(8))) = p(F°) = F.

This is finite, so S, is a generalized p.c.f.s.s. set. Then (2.4.4) implies that (F"),>o is

*

the associated sequence of approximating networks. O
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2.4.5 The limit process

Now let v be the pushforward measure of ;4 onto F, through the continuous function p.
It is easy to verify that v is a Bernoulli measure and that the v, are its approximations

as given in Definition 2.2.9.

Theorem 2.4.29. £ is a reqular non-degenerate fized point of the renormalization

operator A, of S, with respect to the resistance vector r. Let

D. - {f € C(F,) : sup EV(F, f) < oo} ,

E(f. ) =sw&M(f,9), f.9€D..

Then the pair (€., Dy) is a regular local irreducible Dirichlet form on L*(F,v).

If X*™ is the Markov process associated with H" = (Ff,gin)) and L*(F™,v,) for
each n, and if X* is the Markov process associated with (F,&.) and L*(F,,v), then
X" — X* weakly in Dr, [0, 00).

Proof. A, is defined on the set of conservative Dirichlet forms on F°. Let R, be the

associated replication operator. We see that

N

R(ED)(f,9) =D 1 €D (f o i g0 i)

=1

N
= 17 €O (fopiop,gogiop)
i=1

N
=Y 1 'EQ(fopor,gopo i)
i=1

= lim R(E)(fop,gop)

V—00

where R is the replication operator of S. Then

AEO(S, f) = mt{R.(E)(g,9) - g € C(F)), glro = [}
= inf{ lim R(E”)(gop,gop): g€ C(E)), glr = f}
= inf{vlirgloR(S(o))(g,g) g€ Cu(FY), glpo = fop}

v

Now we observe that for any g € C(F*)\ C.(F'), we have lim,_.o R(EX”)(g, g) = .

Also we can restrict the set over which we take the infimum to functions taking values
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in [min f, max f]. This is a compact set, so we can use Lemma 2.4.7. So

A(ED)(S, ) = lim inf{R(E)(g,9) : g € C(F"), glwo = fop}
= lim ANEMY(fop, fop)
= lim (p(0) €L (f o, f o p))
= eQ(fop, fop)
= pg;lgng) (fa f)

and so £ is a regular non-degenerate fixed point of A, with eigenvalue pg'. Tt is

then simple to verify that

EN(f.9) =08 Y ru EOfopu gopw), f.geC(F)

wEWn

and so we are able to use Theorems 2.2.17 and 2.2.18. OJ

2.5 Convergence of processes

We continue with the set-up of the previous sections; we have S = (F, (¢;)1<i<n) 2
connected generalized p.c.f.s.s. set with a one-parameter iterable family D (Assump-
tion 2.3.1, Assumption 2.3.8) satisfying D-injectivity (Assumption 2.4.14). We have
the spaces G¥ = (F,&,) and the limit space (F, E,) constructed in the previous sec-
tion. Recall that H" = (F", &g")). Let H = (F.,&.). Recall that X" is the diffusion

associated with G¥ and X™* is the diffusion associated with H.

2.5.1 The ambient space

Fix a vg > vpmin. We aim to construct a metric space M = (E,d) such that all of our
metric spaces (G")y>y, and H exist as disjoint subspaces of M in such a way that
G — H as v — oo in the Hausdorff topology on M. This will mean that we can
define all of the X” and X* on the same space and so it will be easier to study the
relationship between them. The new metric d will agree with the old definition of d as
the resistance metric on H, so no confusion will occur. We construct the underlying
set F as follows.
Let E be the disjoint union

E=Hul|]g"

V>0
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By construction E contains each G” and H. Notice that E also contains each G as
a subspace of its respective G¥ and likewise contains each H™ as a subspace of H.

We also perform our last extension of the projection map p. We will now have
p:M—H

where p(z) agrees with the previous definition if x € G¥ for any v > vy, and p(z) = =
if x € H. We also define restrictions of this new p to certain subspaces of E: for

v > vg and n > 0 let the functions p, , and p, be given by
Pon = p’G“’" (Gt — H”,
po=plgv 1 G = H.
2.5.1.1 Constructing the metric

We start with an extension of Lemma 2.4.22.

Lemma 2.5.1. diamH < oco. Letn >0 and w € W,,. Then
diam(¢py, (Fy)) < mpaxPo diam H.

Proof. H is a self-similar structure so is compact, so diamH < oo. This proof is
essentially the same as the proof of Lemma 2.4.22. The function ¢, on H is a
bijective contraction with Lipschitz constant at most 7. ps", which is strictly less
than 1 by Assumption 2.3.1. So

diam ¢, (Fy) < P diam H.
[l

Definition 2.5.2. Let ¢, be the Hausdorff metric on non-empty compact subsets of

G'. Let 0, be the Hausdorff metric on non-empty compact subsets of .

Corollary 2.5.3. For alln > 0,

sup 6,(G*™,G") < 1" pn(v)~! sup diam G

v>v0 V>0

and
0(H", H) <r]po" diamH.
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Proof. We observe that G is a metric subspace of G¥. If © € G" then there exists
w € W,, such that x € F,,. Then there exists y € G"™ such that y € F,, also. Then
by Lemma 2.4.22,

Ry(x,y) < 1", pn(v)”! sup diam G

v’ >v0
It follows that
5,(GP™,GY) < pn(v)~! sup diam GV

v’/ >vg

The second statement is proven similarly using Lemma 2.5.1. O
We now have all the pieces we need to construct d.

Definition 2.5.4 (The metric d on M). If z,y € G* for some v > vy then define
d(z,y) = Ry(z,y). On H likewise we define d to agree with the existing resistance
metric (which was also called d).

Let ng = 0. For each k > 1, using Corollary 2.5.3, Lemma 2.4.2 and regularity

(Assumption 2.3.1) we can choose a ny > 0 such that for all n > ny,

1
v,n V) <
5§£5U(G ,GY) < o
1
n < —
6.(H" H) < o7

Without loss of generality we may assume that the sequence (ng)r>o is strictly in-
creasing.

Let ¢ = sup,>,, dispy,0, which is finite by Proposition 2.4.10 and the fact that the
resistance metric R, restricted to F° is continuous in v (using Lemma 2.4.7). Now
for each £ > 1 we use the finiteness of F™ and Proposition 2.4.10 to find a vy > vg

such that for all v > vy,
c
dispyn, < ——.
Pome =331
Again without loss of generality we may assume that v,; > v, + 1 for all £ > 0.
Let v > vy. By the construction of the sequence (vg)r>0 we may pick the unique

k > 0 such that vy < v < viy;. For this k, for each x € G""™ C G" we set

d(@, o, () = 5 ( ¢ (2.5.1)

k+1)

The restriction of d to the spaces G” and H is then constructed naturally around this:
For x € G¥ and y € H, set

_ n, ¢ /
i) = it o)+ 5 + @) }.
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The bound on the distortion of p, ,, ensures that this is still a metric. Finally, for
vy # v, k1 € G, w9 € G2, we define

d<x17 Ig) - ylél?g {d(xla y) + d(y7 xQ)} :

This is indeed a metric. Checking that the triangle inequality holds is a simple but

tedious exercise.

2.5.2 Convergence

Definition 2.5.5. For each v > vy let ¥ be the Borel probability measure on M
given by

p'(A) = n(Ang"),
where p is interpreted as a measure on G¥ = (F, R,). That is, u¥ is the measure pu
defined on the vth copy of F in E.

Proposition 2.5.6. G* — H as v — oo in the Hausdorff metric on non-empty
compact subsets of M. Additionally, ¥ — v asv — oo weakly as probability measures

on M.

Proof. Let § be the Hausdorff metric on subsets of M. We take the sequences (n)>0
and (vg)g>o and the constant ¢ > 0 from Definition 2.5.4. Then for each £ > 0 we

have ny satisfying

sup §(G*"™ GY) < S

V>0 k,
]{j.

[\

S(H™H) < o

In addition, for all v > v we have

c
G H™) < ———
( HT) < 2(k+1)
by (2.5.1). Recall that we constructed the sequence (vg)x to be strictly increasing
with limy_, . v = 00, and so

lim §(G°,H) = 0.

v— 00
We now tackle the weak convergence result. Since v is the push-forward measure

of p¥ with respect to p, for all v > vy, it suffices to prove that

lim sup d(x,p(z)) = 0.

V—00 :EEQ“
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Let v > vg and x € G". There exists a unique k£ > 0 such that vy < v < vgyq. Let
w € W, such that x € F,, C G¥, and pick some y € (G"™ N F,) C G'. Then
Corollary 2.4.21 implies that p(z),p(y) € ¢u(Fy). Then by Lemma 2.4.22, Lemma

2.5.1 and the construction of the metric d we have that

d(z,p(r)) < d(z,y) + d(y,p(y)) + d(p(y), p(x))

/ &
<yl Mk (f—L di Y +diamH) + ———.
< kg (k, Usllzlgo iam G + diam )+2(k‘+1)

Therefore
, c
sup d(z, p(z)) < 7™ p™ (k' sup diam G¥ + diam H) + ——.
:ceglzi ( p( ))— Pa (p U’ZIU)O ) Q(k—l—l)

Proposition 2.3.6 states that rmaxpél < 1. Lemma 2.4.4 and Lemma 2.5.1 respectively
state that sup,,, diam GY < oo and diam H < co. By the construction of the metric
we have that n, — oo and v, — oo as k — oo. The choice of k is such that & — oo
as v — 0o. Therefore

lim sup d(z, p(z)) = 0.

V—00 TEGY

]

We are now in a position to state and prove the main theorem of this chapter. All

of the assumptions needed are described at the start of this section.

Theorem 2.5.7. Let x € F, and for each v > vy let ¥, € p~L(x) C G¥. Then
(X7, P™) — (X*,P")

as v — oo weakly as random variables in D0, 00), the Skorokhod space of cadlag

processes on M.

Proof. It suffices to prove convergence on a countable sequence (u,,)>>_, such that

Uy, > v for all m and lim,,, . u,, = co. Let

M =Hu| | g cM,
m>0
in which H and all the G" are isometrically embedded. This inherits the metric d
from M but is much more manageable, indeed it is compact. We prove sequential
compactness. Let (z;); be a sequence in M’. If an infinite number of the z; lie in
a single G"™ or in H, then all of these individual subspaces are compact so we can

take a convergent subsequence. Therefore assume that this is not the case. By taking

65



a subsequence, we can assume that for each i, z; € G"™ where (uy,); is a strictly
increasing sequence. Observe that lim;_, u,,, = co. For each 7, using the sequences
(ng)r and (vg)r and the constant ¢ > 0 defined in Definition 2.5.4, pick the unique
k; > 0 such that vy, < u,, < vg,11. The sequence (k;); is thus non-decreasing and
increases up to infinity. For each i, pick w; € Wnk such that z; € I, and then pick
some y; € Fo'' € G¥ni. Then d(z,y;) < diam(Fy,, Ry, ) and d(yi,p(y:)) = 5375
by the construction of M in Definition 2.5.4. By Lemma 2.4.2, Lemma 2.4.22 and
the fact that ny, — oo, we thus have that

Zlgg d(zi,p(yi)) < }E?o (k;l(rmaxpal)nki US/EEO diam G + 2(1@—64—1)) =0
Now (p(y:)); is a sequence in H, which is a compact metric space, and so has a
subsequential limit. By taking a subsequence, we can assume that p(y;) — 2z € H.
Thus z; — z as well, and so we have sequential compactness.

Now to prove convergence of processes we use [13, Theorem 7.1]. The method
of proof of weak convergence in Proposition 2.5.6 implies that x,, — = as m —
oo in M’. Then Proposition 2.5.6 and the compactness of the spaces G“ and H
immediately implies that (G“™, R, , u*™, ., ) — (H,d,v,z) as m — oo in the spatial
Gromov-Hausdorff-vague topology (see [13, Section 7]) on the compact space M.
Thus the conditions of [13, Theorem 7.1] are satisfied (see [13, Remark 1.3(b)]), and
so we conclude that

(X PPum) — (X, P7)

as m — oo as random elements of Dy [0, 00), the Skorokhod space of cadlag processes

on M. Therefore this convergence also occurs in Dyy[0, 00). O

2.5.3 The Sierpinski gasket

Finally we give the proof of the result stated in the introduction for the Sierpinski
gasket. Calculations with traces give that, for the Sierpinski gasket with conductances

as in Figure 2.2,
a(w) = (B3v*+6v+1)/(4v +6) and p(v) = (3v+2)/(2v + 1), (2.5.2)

and hence pg = 3/2 and § = 4/3 giving a one-parameter iterable family which is
also D-injective. As v — 0o, by Theorem 2.4.28, the Sierpinski gasket becomes the
shorted gasket of Figure 2.2.
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Proof of Theorem 2.1.1. Recall that we have X§" = py = (1/2,v/3/2). Welet L = L
denote the line segment from p; = (0,0) to ps = (1,0) and let

denote the line segment which forms the base of the triangle of side 27", with top
vertex at po. Now let 77, (X) = inf{t > 0: X; € L,}, that is the hitting time of the
base of the top triangle. If we set

X" =y ™(XY)), 0<t<Tp (XY,

then we have a process on the Sierpinski gasket, (G, run until it hits the base line
L, which has the same paths as the process in which the effective conductors on the
graph Gy associated to G are given by (p,(v), pn(v), pn(v)a™™(v)). Thus it is the
same process in law as X2 .0 < ¢ < Tp(X® "®) up to a time change. This time
change is 3"p,(v) to take into account the resistance scaling and the scaling in the
invariant measure. Hence the law of Xf/:?npn(v) = Xf“_n(”) for 0 <t < Tp(Xo @),
We recall that 1 denotes the base point of the shorted gasket. From (2.5.2) we
can apply Theorem 2.5.7 to see that X ") — X* weakly giving the result that

{win( tv/B”pn(v))a 0<t< TLn(XU)/?)npn(U)} - {Xf7 0<t< Tl(XS)}v

weakly in D0, 00).
Finally we observe that these are deterministic time changes and by (2.4.2) we
have the existence of a constant o = lim, . 3"pn(v)/3"pE > 0. Hence, as our

processes are almost surely continuous, we have the weak convergence

{or " (Xianpn), 0 <t <Tp (X7)/3"0} = {X35,, 0<t<Ti(X")}.
As pe = 3/2 the ultraviolet scaling factor is given by A = 3pg = 9/2 as required. [
Remark 2.5.8. We make the following observations:

(1). Tt is straightforward to extend the analysis here to many fractals based on the

d-dimensional tetrahedron. For instance the examples mentioned in [33].

(2). In the case of the (weighted) Vicsek set, with resistance weights r = (1,1, 1,1, s)
as shown in Figure 2.3, the analysis does not hold. Calculations with traces give
that

() L 4 () sv+ 2
(V) =54+ ——, as(v) = .
p 1+ s+ 2

Thus pg = s, =1+ 2/s and, even though § > 1 for all s > 0, we can see that

this is not asymptotically regular as p&lrmax > 1 for any s > 0 (the s = 1 case

was discussed in [33]).
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(3). In [37] a version of the asymptotically one-dimensional process is constructed on
a scale irregular Sierpinski gasket. This class of fractals was analysed in [31, 4],
where an analogue of the fixed point diffusion was constructed. Our approach
developed here could be applied to yield a scale irregular ‘shorted gasket’ as the
short time asymptotic limit for the asymptotically one-dimensional process on

the scale irregular Sierpinski gasket.

log 9
log9/2

which is the local spectral dimension of the asympotically one-dimensional dif-

(4). The spectral dimension of the limit fractal for the Sierpinski gasket is

fusion on the Sierpinski gasket [32]. We conjecture that the local spectral di-
mension for the non-fixed point diffusion should be the spectral dimension for

the limiting fractal in general.

1 1

1

Figure 2.3: The Vicsek set with resistance weights r = (1,1, 1,1, s) is not asymptoti-
cally regular for any s > 0.
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Chapter 3

Existence and space-time regularity for
stochastic heat equations on p.c.f. fractals

3.1 Introduction

The stochastic heat equation (or SHE) on R™, n € N is a stochastic partial differential

equation which can be expressed formally as

ou i
E@ z) = Au(t,z) + W(t, x),
u(0,-) = uo

for (¢t,x) € [0,00) x R™, where A is the Laplacian on R", wu is a (sufficiently regular)
function on R” and W is a space-time white noise on RxR"™. Written in the differential

notation of stochastic calculus this is equivalent to

du(t) = Au(t)dt + dW (t),
u(0) = uy,

where W is a cylindrical Wiener process on L?(R"). A solution to this SPDE is a
process u = (u(t) : t € [0,T]) taking values in some space containing L?(R") that
satisfies the above equations in some weak sense; see [15] for details. The SHE on
R"™ is one of the prototypical examples of an SPDE and has been widely studied, see
for example [17], [23] and [77]. It has two notable properties that are relevant to the
present chapter. The first is its so-called “curse of dimensionality”. Solutions to the
SHE on R™ are function-valued only in the case n = 1; in dimension n > 2 solutions
are forced to take values in a wider space of distributions on R™, see [77]. Secondly if
n = 1 and ug = 0 then the solution is unique and jointly Holder continuous in space

and time, see again [77]. One of the aims of the present chapter is to investigate what

Original article: [29]
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happens regarding these two properties in the setting of finitely ramified fractals,
which behave in many ways like spaces with dimension between one and two.

The family of spaces that we will be considering is the class of connected post-
critically finite self-similar (or p.c.f.s.s.) sets endowed with regular harmonic struc-
tures. This family includes many well-known fractals such as the Sierpinski gasket
and the Vicsek fractal but not the Sierpinski carpet. The unit interval [0, 1] also has
several formulations in the language of p.c.f.s.s. sets that belong to this family. Anal-
ysis on these sets is a relatively young field which started with the construction of a
“Brownian motion” on the Sierpinski gasket in [25], [58] and [5]. This broader theory
was then developed and provides a concrete framework where reasonably explicit re-
sults can be obtained, see [52] and [3]. Associated with a regular harmonic structure
on a p.c.f.ss. set (F,(¢;)M,) is an operator, called the Laplacian on F', which is
the generator of a “Brownian motion” on F' by analogy with the Laplacian on R"
as the generator of Brownian motion in R". We will see that there exists a constant
ds > 0 associated with the harmonic structure known as the spectral dimension, and
it will turn out that the assumption that the harmonic structure is regular implies
that ds € [1,2). The existence of a Laplacian allows us to define certain PDEs and
SPDEs on F', such as a heat equation and a stochastic heat equation. The former
has been studied extensively, see [52, Chapter 5] and further references. The latter is
the subject of the present chapter.

For examples of some previous work in this area, in [20] it is shown that on certain
fractals a stochastic heat equation can be defined which yields a random-field solution,
that is, a solution which is a random map [0,7] x FF — R. We extend this result
in the main theorem of Section 3.4 of the present chapter. In [46] (see also [41]) it
is shown that solutions to some nonlinear stochastic heat equations on more general
metric measure spaces have Holder continuous paths when considered as a random
map from a “time” set to some space of functions. However in that paper the authors
do not consider the Holder exponents of the solution when considered as a random
field, which is what we will do.

The structure of the present chapter is as follows: In the following subsection we
describe the precise set-up of the problem and the specific SPDE that we will be
studying, and state a theorem which is an important corollary of our main result. In
Section 3.2 we recall some useful spectral theory for Laplacians on p.c.f.s.s. sets from
[52] and show that (unique) solutions to the SPDE exist as L?(F)-valued stochastic
processes. In Section 3.3 we prove generic results analogous to Kolmogorov’s continu-

ity theorem for families of random variables indexed by F" and by [0, 1] x F'. In Section
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3.4 we show that the resolvent densities associated with the Laplacian are Lipschitz
continuous with respect to the resistance metric on F'. More importantly we also
show that evaluations of solutions to the SPDE at points (¢,z) € [0,00) x F' can be
done in a well-defined way, which is necessary for us to talk about continuity of these
solutions. Section 3.5 contains the main results of the chapter, which use our con-
tinuity theorems to establish space-time Holder continuity of solutions to the SPDE
and compute the respective Holder exponents. Section 3.6 serves as a “coda” of the
chapter, where we prove results on the invariant measures and long-time behaviour
of the solutions to the SPDE.

3.1.1 Description of the problem

Let M > 2 be an integer. Let S = (F, (¢5)M,) be a connected p.c.f.s.s. set (see
[52]) such that F' is a compact metric space and the ¢; : ' — F' are injective strict
contractions on F. Let I = {1,...,M} and for each n > 0 let W,, = I". Let
W, = Un>0 W,, and let W = IN. We call the sets W,,, W, and W word spaces and we
call their glements words. Note that W is a singleton containing an element known as
the empty word. Words w € W,, or w € W will be written in the form w = wjwows . ..
with w; € I for each 7. For a word w = wy,...,w, € W, let 1, = 1y, 0+ 0y,
and let F,, = ¥, (F).

If W is endowed with the standard product topology then there is a canonical
continuous surjection 7 : W — F given in [3, Lemma 5.10]. Let P C W be the
post-critical set of S (see [52, Definition 1.3.4]), which is finite by assumption. Then
let F* = m(P), and for each n > 1 let F" = |J,cw, Yuw(F°). Let F, = "o F™. Tt
is easily shown that (F"™),>0 is an increasing sequence of finite subsets and that Fj is
dense in F.

Let the pair (Ag,r) be a regular irreducible harmonic structure on S such that
r = (ry,...,my) € RM for some constants 7; > 0, i € I (harmonic structures are
defined in [52, Section 3.1]). Here regular means that r; € (0,1) for all i. Let
Tmin = Mine;r; and rp. = max;err;. Ifn >0, w = wq,...w, € W, then write

n

Tw = [ [y Tw;- Let dg > 0 be the unique number such that
>t
i€l
Then let u be the self-similar Borel probability measure on F' such that for any n > 0,

if we W, then u(F,) = r%. In other words, u is the self-similar measure on F' in
the sense of [52, Section 1.4] associated with the weights 7% on I. Let (£,D) be
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the regular local Dirichlet form on L?(F, 1) associated with this harmonic structure,
as given by [52, Theorem 3.4.6]. This Dirichlet form is associated with a resistance
metric R on F', defined by

R(z,y) = (inf{E(f, f): fx) =0, f(y) =1, f e D},

which generates the original topology on F, by [52, Theorem 3.3.4]. Additionally, let

Do={fE€D: flpo =0}.

Then by [52, Corollary 3.4.7], (€, Dy) is a regular local Dirichlet form on L?(F\ F°, p1).

By [3, Chapter 4], associated with the Dirichlet form (£,D) on L*(F,p) is a u-
symmetric diffusion XV = (X}V);>0 which itself is associated with a Cp-semigroup
of contractions S = (SN¥);50. Let Ay be the generator of this diffusion. Likewise
associated with (£,Dy) we have a p-symmetric diffusion X with Cy-semigroup of
contractions S” and generator Ap. The process X is similar to XV, except for
the fact that it is absorbed at the points F°, whereas X% is reflected. The letters
N and D indicate Neumann and Dirichlet boundary conditions respectively. As a
consequence of theory developed in [22, Sections 1.3 and 1.4], the operator —Ay is

the non-negative self-adjoint operator associated with the form (€, D), in the sense
that D = D((—Ay)2) and

D=

E(f,9) = (—AN)Zf, (—=AN)2g),

for all f,g € D. An analogous result holds with —Ap and (£, Dy). This justifies us
calling Ay the Neumann Laplacian and Ap the Dirichlet Laplacian.

Example 3.1.1. Let F' = [0, 1] and take any M > 2. For 1 <i < M let ¢; : FF — F
be the affine map such that ¢;(0) = 5, (1) = It follows that F° = {0,1}. Let
r; =M for all i € I and let

L
e

-1 1
w=(3 )

Then all the conditions given above are satisfied. We have D = H'[0,1] and E(f, g) =
fol f'g’. The associated generators Ay and Ap are respectively the standard Neu-
mann and Dirichlet Laplacians on [0, 1]. In particular, the induced resistance metric
R is none other than the standard Euclidean metric. This interpretation of the unit

interval as a p.c.f.s.s. set that fits into our set-up will be useful to us later on.
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The object of study in the present chapter is the following SPDE on F"

du(t) = Agu(t)dt + (1 — Ay) "2 dW (1),

(3.1.1)
u(0) = up € L*(F, p),

where b € {N,D} and a € [0,00) are parameters and W is a cylindrical Wiener
process on L2(F, p). That is, W formally satisfies

E[(f,W($)) 2ry) (W (1), ) 12(r)] = (s AO(f, 9) 12050

for all s,¢ € [0,00) and f, g € L*(F, u). Note that W is not an L?(F, j1)-valued process;
to be precise, it takes values in some separable Hilbert space in which L?(F, 1) can be
continuously embedded (see [15]). The vast majority of results in this chapter hold
regardless of the value of b; whenever this is not the case it will be explicitly stated.

The SPDE (3.1.1) in the case a = 0 will be called the stochastic heat equation or
SHE for (Ap,r) on F. It is well known (see for example [77]) that the solution to
the standard SHE on [0, 1] with initial condition uy = 0 is jointly continuous with
Holder exponents of essentially % in space and essentially i in time (the meaning of
“essentially” is given in Definition 3.2.10). The following extension of this result is a
simple consequence of our main result Theorems 3.5.6 and 3.5.7 and was the original

motivation for the writing of the present chapter:

Theorem 3.1.2. Equip F with the resistance metric R. Then for each b € {N, D},
the SHE for (Ag,r) on F with ug = 0 has a unique solution u = (u(t, x))t.2)c(0,00)x F
which is jointly continuous, essentially %-Hé'lder continuous in space (i.e. in (F,R))

and essentially %(1 — %)—Hdlder continuous in time, where

2dy

dy =
dH—|—1

is the spectral dimension of (F, R).

Note that many p.c.f.s.s. sets F' can be embedded into Euclidean space in such
a way that R is equivalent to the Euclidean metric up to some exponent. Therefore,
for such sets, we can also make sense of the above result with respect to a spatial

Fuclidean metric, see Remark 3.5.8.

Example 3.1.3. (1). (Interval.) Take F' = [0, 1] with the Dirichlet form given in
Example 3.1.1. Then d; = 1 and the resistance metric is the Euclidean metric,

so using the above theorem we obtain the usual well-known Holder exponents

for the SHE on [0, 1].
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(2). (n-dimensional Sierpinski gasket.) See [52, Example 3.1.5] and [43, Section 3.
The standard harmonic structure on the n-dimensional Sierpinski gasket (for

n > 2) fits into our set-up; it is given by M =n + 1,

-n 1 1 1

1 -n 1 1
dg=| 1 1 -n 1|

111 —n

and r; = Z—ié for all + € I. In fact for n = 1 we have the binary decomposition

of the unit interval and recover the usual case. For n = 2 the diffusion X% is

known as Brownian motion on the Sierpinski gasket and is ubiquitous in the field
log(n+1)
log(n+3)—log(n+1)

and d, = 2&)‘32@?. This gives us a family of examples which live naturally in R"

for any geometric dimension n and where the spectral dimension can be made

of analysis on fractals ([25], [58], [5]). We can compute dy =

arbitrarily close to 2 by taking n large. Using the properties of the resistance
metric we can have solutions that have arbitrarily small spatial (with respect
to the Euclidean metric) and temporal Holder exponents. See Remark 3.5.8 for

further discussion.

3.2 Existence (and uniqueness)

Definition 3.2.1. Henceforth we let H = L?(F, ). Denote the inner product on H
by (-,-),. Let T'> 0. Following [15], an H-valued predictable process u = (u(t) : t €
[0,77) is a (mild) solution to (3.1.1) if

t
u(t) = Stuy + / SP (1= Ay (s)
0

almost surely for every ¢t € [0,7]. We write u : [0,7] — H, where we suppress the
dependence of u on the underlying probability space. If T'= oo we call the solution

global.
Remark 3.2.2. Global solutions to (3.1.1) are unique up to versions by definition.

Notice that for any f € H, u is a solution to (3.1.1) with wy = 0 if and only if
u+ S’f is a solution to (3.1.1) with ug = f. Thus we can safely assume that ug = 0,

and so we are interested in the properties of the stochastic convolution
t
Wht) = / SP (1= Ay)-3dI(s). (3.2.1)
0
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Observe that if a solution exists for ug = 0, then it must equal W? up to versions.
The first thing to investigate is the validity of the operator (1 —A;)~2 in the case
a > 0. For an operator A on #H, we denote the domain of A by D(A). If A is bounded
then let ||.A]| denote its operator norm. The following statements are immediate by
standard operator theory (see [69, Theorem VIIL.5] and [70, Theorem 12.31]):

Corollary 3.2.3. Forb e {N, D} we have that

(1). SP = exp(tAy) fort >0,

(2). S° can be extended to an analytic semigroup (which we will identify with S°®),
(8). Fora >0, (1 —Ay)"% is a bounded linear operator.

Remark 3.2.4. The operator (1— Ab)_% is known as a Bessel potential operator, see
[46], [73].

3.2.1 Spectral theory of Laplacians

Now that we have established the close relationship between A, and £, we may make
use of the spectral theory of these Laplacians developed in [52, Chapters 4 and 5.

We summarise the useful definitions and results below:

Definition 3.2.5. The unique real dg > 0 such that

LY

iel
is the Hausdorff dimension of (F, R), see [52, Theorem 1.5.7 and Theorem 4.2.1]. The
spectral dimension of (F, R) is given by

2dy
Cdy+ 1

S

See [52, Theorem 4.1.5 and Theorem 4.2.1].

Remark 3.2.6. (1). The definition of d; given in [52] is far more general, but the
definition above is equivalent for our purposes. We immediately see that ds €
(0,2) a priori. Were the harmonic structure (A, r) not regular, it would be

possible to have dy > 2 via its more general definition.
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(2). It is possible to show that dg > 1. Indeed, by [52, Theorem 1.6.2 and Lemma
3.3.5] we have that

max R(z,y) < max R(F;(x) (Z 7’2> max R(x,y),

z,yeFo z,ye FO €Fo
Y ier ©Y iel Y

so that Y .., m > 1= 9 and thus dy > 1. It follows that d, € [1,2).

GIz

Proposition 3.2.7. For b € {N, D} the following statements hold:
There exists a complete orthonormal basis (£2)52, of H consisting of eigenfunc-
tions of the operator —Ay. The corresponding eigenvalues (\8)°, are non-negative

and limy,_,oo A2 = co. We assume that they are given in ascending order:
b b
0< A <M<
There exist constants c1, ca, c3 > 0 such that if k > 2 then
2 b 2
Clkds S >\k S CQk}ds

and

ds
loklloe < csl ARl

Proof. This is a simple corollary of results in [52, Chapters 4, 5], in particular Theorem
4.5.4 and Lemma 5.1.3. L]

Remark 3.2.8. Note that all functions f € D must be at least %—Hélder continuous

with respect to the resistance metric since

(@) = fF)I* < E(f. )Rz, y)

for all x,y € F (see [3, Proposition 7.18]). Thus it makes sense to consider ¢! (z) for

x € F. The above proposition then implies that |¢%(z)| < c3]A} k)
k> 2.

Remark 3.2.9. The reason why we require k£ > 2 in the above proposition is that
we may have A} = 0. In this case it follows that £(¢4, ¢4) = 0. By the properties of

the resistance metric R, for any distinct x1, 9 € F we have that

|¢lf($1) - %011(1’2
R(Jfl, IQ)

)|2 b by
< 8(9017901> =0.

It follows that (% is constant. Since ||¢4]|, = 1 and u is a probability measure we

conclude that ¢4 = 1. This confirms that if 0 is an eigenvalue it must necessarily
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have multiplicity 1, so we always have A} > 0. It also implies that we have \} = 0 if
and only if b = N, since the non-zero constant functions are elements of D\ Dy. In
the case that \b > 0, we will assume that ¢y, ¢y, c5 are chosen such that the estimates

in the above proposition hold for & > 1.

The existence of a complete orthonormal basis of eigenfunctions of A, allows us to
write down series representations of elements of H and operators defined on subspaces
of H in a way analogous to the Fourier series representations of elements of L?(0,1).

For example, an element f € H has a series representation
o0
b
f= Z fwer
k=1

where fr = (¢}, f),. Then for any map Z : [0,00) — R we have that the operator

=(—Ap) has the representation
E(—A0)f =Y fEN)EL,
k=1

and the domain of Z(—A,) is exactly those f € H for which the above expression is

in H. In particular
_\o
Stf = fre e}
k=1

for all f € H.

3.2.2 Existence of solution

Recall the expression (3.2.1). If we can show that W?(t) € H almost surely for every
t > 0, then we have a unique global solution of (3.1.1) for uy = 0, and thus by the
discussion after Definition 3.2.1 we have a unique global solution for any initial value
ug € H. In fact we can do better than that:

Definition 3.2.10. Let (M;,d;) and (Ms, d3) be metric spaces, and let f : My — M,
be continuous. For § € (0,1] we say that f is essentially §-Holder continuous if it
is v-Holder continuous for every v < §. That is, for every v € (0,d) there exists a
constant e, such that dy(f(x), f(y)) < e di(x,y)? for all z,y € M;.

Theorem 3.2.11 (Existence). For every o >0, b € {N,D} and T > 0 we have that

E [IIWa(T)I[3] < oo
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In particular for any o > 0, b € {N, D} and any initial condition ug € H there exists
a unique (up to versions) global solution to (3.1.1). There exists an H-continuous
verston of this solution. If ug = 0 then this version is essentially % (1 A(1— %S + a)) -

Holder continuous on compact intervals.

Proof. We refer to the proof of [26, Theorem 5.13]. By Ito’s isometry for Hilbert

spaces we have that

T
E [[W(T))2] = / 11 = )5 S| 2dt.

where || - [|ug is the Hilbert-Schmidt norm. If there exists 5 € (0,5 + ) such that
(1 — Ay)™P|lus < oo, then by the spectral decomposition of (1 — A,)#~2 5% we have
that

(1= Ap)72 SPllus < (1 — Ap) 7P [lus [l (1 — Ap)° 72 5P|

. 3.2.2
<C'(1vitP) (322)

for some constant C’ > 0, and the last expression is square-integrable on the interval
[0, 7). Therefore finding such a f is sufficient for W?(¢) to be square-integrable. We
see from Proposition 3.2.7 that

11— Ap) 7|l = ZH (1= 2A0) el

o0

(1+Ao)=28

=1
+ Z
k=1

and the final expression is finite for g > %. Since we know that d, < 2 we can pick
any 8 € (%,5+ %) # 0 to show that E [[|[W.(1)||2] < oo

For the continuity results, it follows from (3.2.2) that for any positive v < (1 A
(1 — % + «)) we have that

o

Q..‘m

IN
—

T
/ E2(1 = Ay 8 8P gdt < oo.
0

The continuity statements then directly follow from [26, Theorems 5.10 and 5.17]. O
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3.3 Some Kolmogorov-type continuity theorems

It is well-known that solutions to the one-dimensional stochastic heat equation are
essentially %—Hélder continuous in time and essentially %—Hélder continuous in space,
so we would like to prove analogous results for our SPDE. It will become clear that
the natural “spatial” metric to use on F'is the resistance metric R.

The usual method of proving continuity of processes indexed by R is to use Kol-
mogorov’s continuity theorem, see for example [57, Section 1.4]. Our aim in this

section is to prove versions of this theorem for the spaces F' and [0, 1] x F.

3.3.1 Partitions and neighbourhoods

We introduce some more theory and notation from [52] and develop it further for our

purposes.
Definition 3.3.1. If n > 1 and w = w; ... w, € W,, then let

Y ={w =wjwhy...e W:w, =w; Vi € {1,...,n}}.
If n =0 and w € Wy then w is the empty word and we set >, := W.

Definition 3.3.2. A finite subset A C W, is a partition if ¥, N2, = 0 for any
w#veAand W = [,
either ¥, C ¥, or ¥, N X, = 0 for any (w,v) € A x A

Yw- A partition A is a refinement of a partition A’ if

Definition 3.3.3. For a € (0,1) let
Aa)={w:w=wy...wy, € Wy, Ty ., >0a>T1y}

which is a partition, see [52, Definition 1.5.6]. For n > 1 let A,, = A(27"). Let Ag be

the singleton containing the empty word; this is also a partition.
Notice that if w € A(a) then rppma < r, < a.
Lemma 3.3.4. If ny > ny > 0 then A,, is a refinement of A,,.

Proof. Let w € A,,,, v € A,,, with 3, N X, # (. Then we must have either ¥, C X,
or ¥, C X, (or both). Suppose it is not the case that ¥, C ¥,. Then there exist
ms > my > 0 such that w € W,,,, and v € W,,,,, and w; = v; for all ¢ € {1,...,my}.
In particular v is not the empty word, so w is not the empty word (since n; > ns),
so it follows that mo > 2 and my > 1. But then ny,ny > 1 so

—ni — —n2
2 2 T’LU - rv1...vm1 > /r'Ulmva—l > 2

which is a contradiction. So ¥, C 3. O
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The above result in particular implies that if ny > ny > 0 and v € A,,, then there
exists a w € A,, such that F, C F,.

Definition 3.3.5. For n > 0 let F{ = J,cp. Yu(F°).

Obviously F{ C F, for all n. By Lemma 3.3.4 and [52, Lemma 1.3.10], (F})n>0

is an increasing sequence of subsets.
Lemma 3.3.6. (J,-, F} = F..

Proof. Let n > 0 and x € F™. Recall the canonical continuous surjection 7 :
W — F and the post-critical set P. By assumption z € F" = |J, oy Yu(F°) =
Uwew, Yuw(m(P)), so there exists w € W, and v € X, such that v, vp42... € P
and 7w(v) = x. By the definition of P it follows that for all integer i > 0 we must
have that v, ;1 1Vptite ... € P. Now consider the sequence w' := vy ...v,4; € W, for
i > 0. It follows that x € 1, (F°) for all 4 > 0. Also some w® must be in some A,,

for m > 1, since lim;_, o 7, = 0. O

Definition 3.3.7. For n > 0 and z,y € F} let x ~,, y if there exists w € A,, such
that z,y € F,,. Then (FY,~,) can be interpreted as a graph.

Lemma 3.3.8. Suppose thatn >0, w € A,, v € Ay and 2,NEy, # 0. If w € W,,,

log 2+log r 1 . . log 2+logr—+
and v € W, then 0 < mg —my < 2" 2lmin I particular if n, = [—g 28 imin
log Tmax log Tmax

then 1, (F°) C 1y, (F™).

Proof. By the refinement property (Lemma 3.3.4) we have that ¥, C 3, and so there
exist mg > my > 0 such that w € W,,, and v € W,,,,, and v; = w; for all 1 <i < m;.
Then by the comment after Definition 3.3.3,

T mi T'mi
—(n+1 min _ "'min
Ty > 2 ( )Tmin Z 2 Tw = 2 r'Ul---Um17
SO
T'min < mo—m1
9 max
log 2+logr 1
Thus me — my < —2—"8Tmin_ 0

10g Tmax
Lemma 3.3.9. There exists a constant ¢, > 0 such that if n > 0 and w € A,,, then

(FXt N Fy, ~ny1) is a connected graph and its graph diameter is at most c,.

80



Proof. For z € F{™'NF,, takew € 7 1(2)NY,, and let v € A, be such that w € %,,.
Then 33, C 3, by the refinement property. By [52, Proposition 1.3.5(2)], 2z € v,(F°).
So then by Lemma 3.3.8 we have z € ¢, (F™) for all z € Fy*' N F,. Therefore the
graph-length of any non-self-intersecting path in the graph (FY*' N F,, ~,.1) cannot

. So if we can verify that (FY*' N F,, ~,,1) is connected,

be greater than ¢, := |F"
we are done.

Consider by the refinement property (Lemma 3.3.4) that we must have F, =
Upens o, where

N={velA1:5,C3,}={wv:veA}

for some partition A”. With [52, Proposition 1.3.5(2)] in mind, the required connect-
edness result is thus reduced to showing the following: if a graph structure ~ is defined
on A” such that v ~ v if and only if F,NF,, # 0, then the graph (A", ~) is connected.
This is proven in exactly the same way as [52, Theorem 1.6.2, (3)=(1)]. O

Definition 3.3.10. Let n > 0 and w € W,,. For z € F' let
DY(x) = | J{F:weA,, F,>a}
be the n-neighbourhood of x. In addition, let
D} (z) = U{Fw cw €N, F,nDA(z)#0}.

By [52, Lemma 4.2.3] it must be the case that the quantities |[{w € A,, : F, 3 x}|
and [{w € A, : F,, N D2(z) # 0}| are bounded over all n > 0 and all x € F. Let

cy = max [{w € A, : F, N DY (x) # 0}]. (3.3.1)
In particular, observe that D°(z) C D!(z), and that if z,y € F} with x ~,, y
then y € DY(x).

Definition 3.3.11. For € F and € > 0 let B(x,¢) be the closed ball in (F, R) with

centre x and radius e.

The next result shows that the resistance metric R is topologically well-behaved
with respect to the structure of the p.c.f.s.s. set F' and the partitions A,,. Compare

similar results obtained in [34, Lemmas 3.2, 3.4].

Proposition 3.3.12 (Homogeneity of resistance metric). There ezist two constants
cs, cg > 0 such that
B(z,c527") C DX (x) C B(x,¢627")

for alln >0 and all x € F.
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Proof. For the second inclusion, if y € D} (z) then there exist w,v € A, such that
x € Fy, y € F, and F, N F, # (. Then the result is a direct consequence of [3,
Proposition 7.18(b)] and the definition of A,,.

For the first inclusion, let D, C D be the set of harmonic functions (see [52,
Proposition 3.2.1]) f € D for which f(z) € {0,1} for all x € F° A harmonic

function is completely characterised by the values it takes on F° so |Dy,| = 21 °l. Let
= £ > 0.
c=max&(f, f)

We now take g to be the harmonic extension to H of the indicator function 1po ) | Fp
F{ — R. Then by self-similarity, if w € A, then the function g o ¢, on F' agrees
exactly with an element of Dj,. Evidently g(z) = 1, and if y ¢ D} (z) then g(y) = 0.
Therefore it follows by the definition of the resistance metric and the comment after

Definition 3.3.3 that if y ¢ D} (x) then

R(z,y) > E(g,9)7"

= (Z r;lg(g 0y, g o ¢w)>

’weAn

> Foin (€427¢) 7,
where ¢, is defined in (3.3.1), and this completes the proof. O

The next result gives bounds on the growth of the cardinality of the sets A, in

terms of the Hausdorff dimension dg.

Proposition 3.3.13 (Cardinality of A,,). For alln > 0,

2™ < (A, | < rdHodun

Proof. For n > 0 and v € A,,, by the definition of the measure p we have that

pdi g=dun <y (F,) < 274um,

min
Then summing over all v € A,, gives

pin g=dun |\ | < 1 < 27dHn A, |,

min
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3.3.2 The continuity theorems

Theorem 3.3.14 (First continuity theorem). Let (E,dg) be a complete separable
metric space. Let & = (&;)zer be an E-valued process indexed by F' and let C, 5,7 > 0
such that

E [dp(&,€,)"] < CR(z,y)* ™

for all x,y € F. Then there exists a version of & which is almost surely essentially

%—Hb'lder continuous with respect to R.

Proof. The set F is uncountable, but F, = |J~, F} is countable and dense in F. We
may therefore consider the countable set (£,),cr, without issues of measurability. Let
6 € (0,%) and define the measurable event

Qs = {5’ = ;grglc &, exists Vo € F and © — & is 0-Holder w.r.t. (F, R)} :

€T
yEF*

We then define the random variables éz for z € F' by

; :{ & ifEeM{Q:0eQn(0,3)},

x .
ro otherwise,

for some arbitrary fixed zyp € FE. Then é = (éz)me r is measurable and essentially
z-Holder continuous. If P[Q25] = 1 for all § € QN (0,3) then € is also a version of
€. This is because ¢, is then the almost-sure limit of (§,),er, as y — z, so applying
Fatou’s lemma to the estimate in the statement of this theorem shows that ém =&,
almost surely. It therefore suffices to show that P[{2s] = 1 for all § € (0, ). We define

the random variable

dE(gmgy)
Hs = su
’ acyerll* R(l‘,y)(S
TF#Y

to be the Holder norm of ¢ restricted to Fi, and we observe that Qs = {Hs < 0o} by

the completeness of E. For n > 0 we also define the random variables

K, = sup dE(&:méy)

a:,yeF]\L
Tr~nlY

By Proposition 3.3.13,
(o) € Ff x Y v g} < PO [Ag] < O e,

min
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Then using the Markov inequality and Proposition 3.3.12,

P[K,>2"] = IP [KP > 27

s S Y Plde(&, &))" > 277
RV
Tr~nlY
2n5,3 5
z,yeFy
r~nyY
ndpS
< 022 > R(x,y)t
x,yelFy
Ty

< O/QdHHQ—n(dH-I-"/—(SIB)
— ('9—n(y=98)

for some constant C’ > 0. Now §3 < v so

Y P[K,>27] < 0,

n=0
so by the Borel-Cantelli lemma we have that limsup,,_,. (2" K,) < 1 almost surely.
In particular there exists an almost surely finite postive random variable J such that
K, <27 ] for all n > 0 almost surely.

Now recall the constant ¢, from Lemma 3.3.9. Let z,y € F, be distinct points,
and let mg be the greatest integer such that y € D}, () (which exists by Proposition
3.3.12). Then there exists w,v € A,,, such that z € F,,, y € F, and there exists some
z € F, N F,. In fact by [52, Proposition 1.3.5] and the definition of a partition, we
can choose z to be in ¥, (F°) N1, (F°) so that in particular z € F{™. Now if z € F{"™
then it follows by Lemma 3.3.9 that

dE(fﬂH gz) S CgKm0+1-

Otherwise, there exists m > mg such that x € F{* and we construct a finite sequence
(z;)5™ such that xg = z, z; € F\*"'NDY,_,(w;_1)NE, fori > 1 and ,,_,,, = 2. This
can be done in the following way: assume that we already have z; ; € FXH(FD N F,
for some ¢ € {1,...,m — mg}. There exists w'™! € 3, such that 7(w' ™) = z; ;.
Since A,,_; is a partition, there exists v*~! € A,,_; such that w*~! € ¥,i-1. Therefore
F, i+ 3 x;_1, so we may pick z; to be some element of 9,1 (F°). By the refinement
property S,i-1 C X, so we have that z; € F{" "N DY _(z;_1) N F,. If i =m —my

m—mo—1

then necessarily v = w and we can specifically choose z,,_,, = .
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We then have by Lemma 3.3.9 that

m—mg

dE(&xygz) < Z dE(gwiagxi—l)
=1

m—mo

S Cqg Z Kerlfi
i=1

< ¢ i K,.

n=mo+1
We can make the same estimate for y and z. Therefore we conclude that

chgf(moﬂ)é

dE(gma é-y) < ch Z Kn < 2Cg<] Z 2—n§ = 1_99

n=mo+1 n=mo+1

1
m

that R(x,y) > c52~ M+, Thus we find that

dE(&ca fy)
R(z,y)°

Now mq was chosen such that y ¢ D,, (), so we use Proposition 3.3.12 to conclude

SCHJ

for all z # y in F, almost surely, where C” > 0 is a constant. So Hj is almost surely
finite. So P[Q2s] = 1. O

Remark 3.3.15. Taking /' = [0, 1] as in Example 3.1.1 and E to be the Hilbert

space R™ we obtain the original Kolmogorov continuity theorem.

We would like the solution to our SPDE to be a (random) map [0,00) X F — R,
so the previous theorem is not quite enough. We now seek to prove a version of it for
stochastic processes indexed by [0, 1] x F. Let G be the set [0, 1] x F' equipped with

the natural supremum metric on R x F' given by

Reo((s,2), (t, y)) = max{|s — t], R(z,y)}.

Proposition 3.3.16. Let (E,dg) be a complete separable metric space. Let & = (&
(t,xz) € [0,1] x F) be an E-valued process indezed by [0,1] x F' and let C, 3,v,7 >0
be such that

E [dp (€, &y)°] < CR(a,y) %147,
E [dE(gsmv étz)ﬁ} < C|5 _ t|dH+1+’Y'

for all s,t € [0,1] and all z,y € F. Then there exists a version of & which is almost

surely essentially %M—Hdlder continuous with respect to G = ([0,1] x F, Ry,).
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Proof. This proof proceeds in much the same way as in Theorem 3.3.14, so we only
give an outline.
For n > 0 we let

={k27": k=0,1,...,2"} x F}

and .
G.=Jan
n=0
then G, is countable and dense in G. Then for each n > 0 we define a relation *,, on
G™ by (s,x)*,(t,y) if and only if either (|s—t| = 27" and z = y) or (s = t and = ~,, y).
Notice that this implies that if (s, z) *, (t,y) then Ry ((s,z), (t,y)) < (¢ V1)27", by
Proposition 3.3.12. Then as before we can define

K, = sup dE(gpagqy

p,geEG™
P*ngq

Since both [0,1] and (F, R) are bounded, for § € (0, 25

5 ') this satisfies

P[K, >2"] = IP [KJ > 277]
a Z dE fpagq > 277“%}

p qeG™
P*nq

2n5ﬁ

9 Z E [dE(fpva>B]

p,qeG™
P¥nq

<20719mF N R [dp(ben &)” + dp (6w &)”)
(s,@),(t,y)eGn
(S,w)*n(t)y)

< (C2f~19nsB Z <’S _ t’dH+l+,y/ b R(x, y)dH+1+y>

(s,2),(t,y)eG™
(5,2)%n(t,y)

<02 ST Ro((s.a), (ty)) e

(s,z),(t,y)EG™
(5,2)*n(t,y)

< C//2dHn2n2—n(dH+1+'y/w’—(5,3)

| /\

IN

— "9 n(yAy’ 6/8)

So as in Theorem 3.3.14, there exists an almost surely finite positive random variable
J such that K, < 27]J for all n > 0 almost surely. The sets analogous to D?(x)
and D) (x) in Theorem 3.3.14 are given by

Dy(s. ) = ([s—, 7] N[0,1]) x Dy ()
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and

~

Dy(s,z) = ([s- = 27" s~ +27"]N[0,1]) x Dy(x)
where s_ = max{k2™ : k € Z, k27" < s}, s7 = min{k2™" : k € Z, k27" > s}.
Using Proposition 3.3.12 it is simple to verify the analogous result that

Boo(p, (cs A1)27) € D}(p) € Boo(p, (c6 vV 2)27")

for all n > 0 and all p € G, where B, denotes the closed R.-balls of G. Now if
(s,x), (t,y) € G are distinct points, let mgy be the greatest integer such that (t,y) €
f)}no(s,m). Then there exists w,v € A, and 7,72 € {k270 : £k =0,1,...,2™ — 1}
such that

(s,x) € [r1, 11 +27™°] x F,

(t,y) € [12, T2 +27™°] X F,,

and there exists some
(1,2) € [, 71 +27™°] X Fy N |19, 7o +27™°] X F,.
In fact just as in the proof of Theorem 3.3.14 we may pick (7, z) such that
(7,2) € {71, 71 + 27} X b, (F°) N {12, 72 + 270} x 0, (F°) C G™.

We can then estimate dg (., &y) by constructing suitable finite sequences of points
from (s,z) to (7, z) and from (¢,y) to (7, z), similar to the proof of Theorem 3.3.14.

The rest of the details of the proof are left up to the reader; it suffices to adapt
the proof of Theorem 3.3.14, using for example ¢, + 2 instead of ¢,. O

We now extend the previous result to this section’s main theorem, which includes

spatial and temporal Holder exponents.

Theorem 3.3.17 (Second continuity theorem). Let (E,dg) be a complete separable
metric space. Let & = (&, @ (t,x) € [0,1] x F) be an E-valued process indexed by
[0,1] x F' and let C, 3,7, > 0 be such that

E [dE'<€m, é}y)ﬁ} < CR(;L’7 y)dH+1+’y,

E [dg(€a &)?] < Cls — |1+ (3.3.2)

for all s,t € [0,1] and all z,y € F. Then there exists a version £ = (&4 : (t,2) €
[0,1] x F') of & which satisfies the following:
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(1). The map (t,z) & is almost surely essentially 8o-Hélder continuous with

respect to R, where

50:%(7/\7,)~

(2). For every t € [0,1] the map z ém 1s almost surely essentially 61-Holder

continuous with respect to R where

|~

(3). For every x € F the map t — & is almost surely essentially 6,-Hélder contin-
uous with respect to the Fuclidean metric where
5y = (du +7)
2= g loH
Proof. (1) is exactly Proposition 3.3.16. For (2) we fix t € [0,1]. We see that the

space increment estimate is equivalent to
E |:dE<€tx, 5ty)6:| S CR(:C’ y)dH+551 .

Then by Theorem 3.3.14 there exists a version (fx)xe r of (ftx)xe r which is almost
surely essentially 0;-Hélder continuous with respect to R. Now using (1), (&;)ser and
(ém)ze r are both almost surely continuous on the separable space F' (see for example
F, C F) so we must in fact have that (éx)xe = (ém)ze r almost surely. We conclude
that (étx)xe r is almost surely essentially 6;-Holder continuous with respect to R. The
proof of (3) is conceptually identical — we use the standard Kolmogorov continuity
theorem for [0, 1]. O

Remark 3.3.18. This time by taking F' = [0,1] as in Example 3.1.1 the above

theorem reduces to the original Kolmogorov continuity theorem for [0, 1]2.

Corollary 3.3.19. Theorem 3.3.17 holds if the interval [0,1] is replaced with [0, T]
for any T > 0.

Proof. We have that £ = (&, : (t,z) € [0,T] x F) is an E-valued process indexed
by [0,7] x F. By taking a linear rescaling [0,7] <> [0, 1] of the time coordinate we
transform ¢ into an E-valued process indexed by [0, 1] x F' with the same exponents in
the continuity estimates (3.3.2). Then we use Theorem 3.3.17 to construct a Holder
continuous version of the rescaled &. Finally we reverse the rescaling, which is linear

so it preserves Holder exponents. O
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3.4 Pointwise regularity

Before we talk about Hoélder continuity of the solution u to (3.1.1) we show that
the point evaluations u(t,z) for (¢,z) € [0,00) x F' are indeed well-defined random

variables. Recall from Proposition 3.2.7 and the subsequent discussion that
St(1—Ay) 72 f = ka:e (LA 20

for all f € H = L*(F, ), where fy = (%, f),. Equivalently
SH1—Ay) 75 = Ze L+ M) bl

where o8 € H* is the bounded linear functional f — (¢}, f),. By Proposition 3.2.7

we have that

o0

o0 1 —e - [e.9] 5
1A / e k=g zias =3 L2 < oSk < oo,
> > s <CX
so it follows from Ito’s isometry for H-valued stochastic integrals that
wie) = [ st 1- ) 2wy
> t b a
=3 [[etegraw e
k=170
For each k > 1 define the real-valued stochastic process X = (Xf ’k)tzo by
t b
X = / e MDA () (3.4.1)
0

so we have the series representation

=) (1+ X)X (3.4.2)
k=1
Evidently X" is a centred real continuous Gaussian process. We compute its covari-
ance to be
bk yrb,k e 27t
E[X7X’:|:—1_e_k
t t+s 2)\2 ( )

if \2 > 0 and we identify X** to be a centred Ornstein-Uhlenbeck process with unit
volatility and rate parameter A\¢. If A2 = 0 then X®* is simply a standard Wiener

process. It is easy to check that the family (X**)°, is independent.
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Remark 3.4.1. We give an alternative view on the series representation (3.4.2).
Let u be the solution to (3.1.1) in the case ug = 0, so that u = W, We take an

eigenfunction expansion of (3.1.1):

di(t, k) = =Xoa(t, k)dt + (1 + X2) =2l dW (1), (3.43)
a(0,k) =0 .

for each k € N, where a(-, k) := (%, u(+)), is a real-valued process. This is analogous
to using Fourier methods to solve differential equations on R™. Now using standard
theory we see that {2 W} | is a family of independent real-valued standard Wiener
processes. It follows that (3.4.3) is just a family of decoupled one-dimensional SDEs,
and the solution to the kth SDE can be found to be exactly (1 + \8)~2 X%*.

3.4.1 Resolvent density

Definition 3.4.2. If A > 0 then D can be equipped with the inner product

<f7g>)\ = g(fag) +)\<f7g>,u

Since £ is a closed form, this turns D into a Hilbert space which we denote D*. Ob-
serve that the evaluation maps {f — f(z) : = € F'} are continuous linear functionals
on DA, by [3, Proposition 7.16(b)]. We have that Dy is the intersection of the kernels
of {f — f(z): x € F°} so it must be closed with respect to (-, -)y.

Definition 3.4.3. For A > 0 and b € {N, D} let p% : F x F — R be the resolvent
density associated with A,. By [3, Theorem 7.20], pY exists and satisfies the following:

(1). (Reproducing kernel property.) For x € F, pY(z,) is the unique element of D
such that

(X (z,-), ) = f(x)
for all f € D.

(2). (Resolvent kernel property.) For all continuous f € H and all z € F,

By a density argument it follows that for all f € H,

/OO e M8\ fdt = / px (5 9) f(y)p(dy).

0 F
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(3). pY is non-negative (easy to see from (2) and fact that SN f(x) = E*[f(X}Y)]),
symmetric and bounded. We define (for now) ¢z(A) > 0 such that
cr(N) = sup p} (,y).
zyel
(4). (Holder continuity.) For this same constant c¢7(A) we have that for all z,y,y" €
F,
o3 (,y) = p3 (2, 9)* < er(NR(y, ).

Using symmetry this Holder continuity result holds in the first argument as

well.

By an identical argument to [3, Theorem 7.20], p¥ exists and satisfies the analogous
results with (€, Dy) and SP. By the reproducing kernel property it follows that for
every € F, pP(z,-) must be the D*-orthogonal projection of pY (z,-) onto Dy. We
now choose ¢7(\) large enough that it does not depend on the value of b € {N, D}
for (3) and (4).

The Hélder continuity property of the resolvent densities p% described above is

the subject of this section. We seek to strengthen it into Lipschitz continuity.

Definition 3.4.4. Let B C F be closed and non-empty. Let gg : FF X F' — R be the
Green function on F with boundary B, see [53, Chapter 4]. This is the unique function
such that for all z € F, gg(x,-) € D, gp(x,-) vanishes on B and E(f, gp(x,-)) = f(z)
for all f € D vanishing on B.

The properties of the Green function that we require are given in [53, Theorem 4.1].
Note in particular that every Green function is symmetric and uniformly Lipschitz in

(F, R); this is the main tool of our proof.

Proposition 3.4.5 (Lipschitz resolvent). For A >0 and b € {N, D}, if x,y,y € F
then

A3 (., y) — pX(=,9")| < 2R(y, ).

Proof. Let 1 € H be the constant function taking the value 1. First of all, observe
that for all A > 0, x € F and b € {N, D},

o0 o0 1
(Ph(z,),1), = / e MSP1 (2)dt = / e MPT[X) € Fldt < T
0 0
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Fix A > 0. We prove the result for b = D first. Let gp = gro, the Green function

associated with Dirichlet boundary conditions. Then for z,y € F',

pf(x7 y) =£ (p)\D<$7 ')7gD(y7 )) - gD(y7 1:) - /\<pf(x7 ')79D<y7 )>,u

So if z,y,y’ € F then by [53, Theorem 4.1| and the non-negativity of the resolvent
density,

px (x,y) — pX (2, y) < lgp(y, ) — gp(y/ . @)| + A/Fp?(fc, 2lap(y, z) — 9oy, 2)|p(dz)

< 7)) (142 [ e N uta)
< 2R(y,y").

Doing the same estimate with y, 1y’ interchanged gives the required result. Now for

the case b = N, fix xg € F' an arbitrary point. We see that

px (@,y) = p3 (2, 20) = € (pX (2, 7), 9aor (U: 1)) = Ggaoy (¥, ) = Mo (@), 9o} (U5 )
and the rest of the proof is identical to the b = D case. n

As before, by the symmetry of p§ the above Lipschitz continuity property in fact

holds in both of its arguments.

3.4.2 Pointwise regularity of solution

We return to the SPDE (3.1.1). The next lemma is based on an argument in [20,
Section 7.2].

Lemma 3.4.6. Let u : [0,00) — H be the solution to (3.1.1) with initial condition
uy=0. Ifg e H and t € [0,00) then

E [(u(t),g)%] < %/F/Fp’i(fv,y)g(x)g(y)u(dﬁ)u(dy)-

Proof. Let g* € H* be the bounded linear functional f — (f,g),. We see by Ito’s

isometry that

t
- / 19" (1 — Ay) 8.5 2sds

t
- / 11— Ay 5S%g)2ds
0
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where the last equality is a result of the self-adjointness of the operator (1—A;)~2 5%

We know from the functional calculus for self-adjoint operators that ||(1—A;) 2| < 1

Eﬁwmmﬂslniwws

(o)
<e [ estglas

_ o < /O b e S5 gds, 9>M
=f</m<w<>@o>u
:D_//mmy 9(y)p(dz) p(dy).

Definition 3.4.7. For x € F' and n > 0, define

SO

Fr = n(Dy () oy,
see [20, Section 7.2].

min

Evidently f2 € H, |[f2|2 = p(DS(z)) ™t < 2% (by the definition of dpy and

the comment after Definition 3.3.3) and if g € H is continuous then

Jim (£, 9)u = 9(),

by Proposition 3.3.12. We can now state and prove the main theorem of this section.

Theorem 3.4.8 (Pointwise regularity). Let u : [0,00) — H be the solution to the
SPDE (3.1.1) with initial value ug = 0. Then for all (t,x) € [0,00) X F' the expression

=) (LA X ()
k=1

1s a well-defined real-valued centred Gaussian random variable. There exists a con-
stant co > 0 such that for allx € F, t € [0,00) and n > 0 we have that

E [((u(t), 2 - ult,2))’] < cge®2™

Proof. Note that ¢? € D(Ay) for each k, so ¢? is continuous and so @b (z) is well-

defined. By the definition of u(¢, z) as a sum of real-valued centred Gaussian random
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variables we need only prove that it is square-integrable and that the approximation
estimate holds. Let x € F. The theorem is trivial for ¢ = 0 so let ¢ € (0,00). By
Lemma 3.4.6 we have that

E [(u(t), fi = fu)}]
< %ALP?(A,Zz)(ﬁ(m) — £2(20) (f%(22) — £ (22)) (21 ) pu(dzs).

Then using the definition of f, Proposition 3.4.5 and Proposition 3.3.12 we have that

2t
E [(u(t), /7 = 23] < 5 (4627 + 4ce2™) (3.4.4)

= 2¢e% ¢y (2_” + 2_m) )

Writing u in its series representation (3.4.2) and using the independence of the X%*
and the fact that > 7, [(ka)g] < 00, this is equivalent to

> 1+ [Xf”“)ﬂ (40hs F2h = (2 2))" < 2¢¥es (277 +27™) .
k=1

It follows that the left-hand side tends to zero as m,n — oo. By Theorem 3.2.11 we
know that

Do+ N) B (X2 (e £ = E [(ul). £)3] < o0

forall z € F, n > 0 and t € [0,00), therefore by the completeness of the sequence

space (2 there must exist a unique sequence (yx)32; such that > 7, y2 < oo and
> 1 2
i —a bky\2] 2 -
s Y (B [0 (e £ - ) o
k=1

Since ¢} is continuous we have lim,, (¢}, f%), = ¢4 (z). Thus by Fatou’s lemma we

can identify the sequence (y;). We must have

50 0y [ (607 et < o 4
and ~
lim (14 ) E [(Xf”“)Q] (4, £ — (@) = 0.

Equivalently by (3.4.2),
E [u(t,z)*] <
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(so we have proven square-integrability) and

lim E [((u(t), f2), — u(t,x))ﬂ = 0.

n—o0

In particular by taking m — oo in (3.4.4) we have that
E [((u(t), f2)u — u(t,x))z} < 2cge?27m,
O

By virtue of the previous theorem it is possible to interpret solutions w to the
SPDE (3.1.1) as random maps u : [0, 00) X ' — R, where as usual we have suppressed
the dependence of u on the underlying probability space. It therefore makes sense to

consider issues of continuity of u on [0, 00) x F'.

Remark 3.4.9. We note that [20, Example 7.4] gives a similar result for stochastic
heat equations where the operator A is the generator for a fractional diffusion in the

sense of [3, Section 3] under suitable conditions.

3.5 Holder regularity

The aim of this section is to use our continuity theorems of Section 3.3 to prove Holder
regularity results for a version of the family defined in Theorem 3.4.8, and then show
that this version can be identified with the original solution to (3.1.1). We wish to use
Theorem 3.3.17 and Corollary 3.3.19, so we need estimates on the expected spatial

and temporal increments of the solution.

3.5.1 Spatial estimate

Proposition 3.5.1. Let T'> 0. Let u = (u(t,x))t2)c0,00)xF be the family defined in
Theorem 3.4.8. Then there exists a constant Cy > 0 such that

E [(u(t,z) — u(t,y))’] < C2R(z,y)
for allt € [0,T] and all x,y € F.

Proof. Recall from Theorem 3.4.8 that

i & | (a0 72, - utt. )| =0

n—oo
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and an analogous result holds for y. Thus by Lemma 3.4.6,
E [<u<t 7) = u(t,y))?] = lim E [<u<t>, fz - 2]
< i [ [ B m) () - R )~ Sl

et
= o5 (Pl(ﬂf»x) 291(%9) + pl(yay)) )
where we have used Proposition 3.4.5, Proposition 3.3.12 and the definition of f7
similarly to the proof of Theorem 3.4.8). Hence again by Proposition 3.4.5
( y p gain by Prop ,

€2T

E [(u(t,2) = u(t,9))’] < = (o (@ 2) = (2, 9) + pi(y:9) = Py, 2))

< 2¢*TR(z, ).

3.5.2 Temporal estimates

For the time estimates we can save ourselves some work by noticing that if X* is an
Ornstein-Uhlenbeck process then

—oNbs

E|(xX0F - x2h)?] = (1 - e M2,

)\b(

so that
1

2
for any s,t € [0,00). Therefore regardless of whether X** is an Ornstein-Uhlenbeck

1
(=) SE (05— X)) < 51—t
k

or Wiener process we have that
E[(x0h - X2 < 2B ()2

Now since (using the independence of the X%*)

o0

E [(u(s,2) = u(s + £,2))%] = 3 (1+ M) E | (X2* = X252 | eh(@)?,

k=1
it follows that it suffices to find estimates of the above in the case s = 0.
We start with a method similar to the proof of [77, Proposition 3.7] which does

not quite cover all values of a. First, a lemma:

Lemma 3.5.2. Consider the sum

o) =Y (K" A (K1)

Mg

£
Il

1

fort € (0,00), where a,b € R are constants. Then the following hold:
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(1). If a,b > 0 then ou,(t) diverges.
(2). If a € R, b < 0 then there exists Cop > 0 such that oup(t) < Copt for all t.
(3). If a <0, b > 0 then there exists C,p > 0 such that oq(t) < Ca’btﬁ for all t.

Proof. (1) is obvious. For (2) take C,; = ((1 — b) the Riemann zeta function.
For (3) we must consider two cases depending on the value of b. First assume that

b€ [0,1]. Then z s (¢! A (2°7')) is a decreasing function on (0, 00) so

oa(t) < /Ooo(a:a_l A (2P71))dx

where we have Cpp = b™' —a™. If b > 1 then x — (2% ' A (2b7'%)) is increasing
on [0, tﬁ] where it is equal to 2°~'t and decreasing on [tﬁ, o0) where it is equal to
1. Thus

KON (KPh) < RO (¢ vat) = KO A (B )
for all £ € N, and we are back to the case a < 0, b = 1. It follows that

—a
—a

ow(t) < (1=a™) (175) 7 = (1= a )t

so we have C,p =1 —a™ . ]

Proposition 3.5.3. Let T > 0. Let u = (u(t,x))t,2)c0,00)xF be the family defined in
Theorem 3.4.8. If a > ds — 1 then there exists a constant C3 > 0 such that

E [(u(s,z) — u(t,z))?] < Cyls — t|"I7dete)
for all s,t € [0, T) and all z € F.

Proof. We assume that A} > 0 to streamline our calculations. The case A\’ = 0 is
left as an exercise. By the discussion at the start of this section we may assume that
s=0. Fixx € FFand t € [0,T]. Recall the constant c¢3 from Proposition 3.2.7. By
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independence of the X** we have that

E [u(t,z)?] = E (Z(HW AC ))

e b 2
2: 90 ) 1 )b
S ( k‘ 1_6/\kt)
=1

L+ M) AL
) 1 — e Mt
§C3 .
(/\b) _*(1—1—/\17)

and we are within the scope of Lemma 3.5.2 (as long as ¢ > 0, though the case t =0
is trivial). We find that if & > ds — 1 then the sum converges and there exists ¢’ > 0
such that

E [u(t,x)ﬂ < AN +a—ds)

forallz € F, ¢t € [0,T]. O

Remark 3.5.4. In the case of Example 3.1.1 with F = [0, 1] the above estimate
can be made to work for all &« > 0. This is because in this case d, = 1 and the

eigenfunctions ¢! satisfy ||¢?]|. < ¢ for some ¢ > 0 so we instead have that

E[ C///Z —(24+2a) A k‘ Qat))
k=1

Therefore using Lemma 3.5.2, we have for all a > 0 that
E [(u(s, z) — u(t, z))?] < Csls — [N+,
This is the method used in [77].

We now prove an alternative estimate that is weaker for large a but holds for all
a > 0.

Proposition 3.5.5. Let T'> 0. Let u = (u(t,x))@z)cio,00)xF be the family defined in
Theorem 3.4.8. Then there exists Cy > 0 such that

E [(u(s, ) — u(t,2))?] < Cyls —t|'~%
for all s,t € [0,T) and all z € F.
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Proof. By the discussion at the start of this section we may assume that s = 0. Set

Tdy

dy
min

cy = (coe*) Vv

where the constant ¢y is from Theorem 3.4.8. By Theorem 3.4.8 and Ito’s isometry

(see proof of Lemma 3.4.6) we have that if n > 0 is an integer then
E [u(t, IL‘)Q} < 2FE [(u(t), f,f)ﬂ + 2¢ge?t27m

t
= 2/ (1 - Ab)f%sff,ﬂ\ids + 2¢9e?t27"
0
t
<2 [ 10 - a0 BSzIRds + 2ch2
0

By the functional calculus for self-adjoint operators, ||(1—A,)"25%|| < 1 forall s > 0.
Thus
E [u(t,)?] <2t f7]12 +2¢527"
< 2 dmpodun 4 9pgn

for all (¢,x) € [0, 7] x F and all integer n > 0. We assume now that ¢t > 0, and our
aim is to choose n > 0 to minimise the above expression. Fixing ¢ € (0,7, define
g:R = [0,00) by g(y) = 1y’

min
point which is a global minimum at

1 rdf o
— 1 min .
Yo (dp +1)log2 o8 dyt

Since t < T we have by the definition of ¢ that yo > 0. Since yo is not necessarily

241y + ¢427Y. The function g has a unique stationary

an integer we choose n = [yo|. Then g is increasing in [yy, 00) so we have that

E [u(t,z)*] < 2g(n) < 2g(yo + 1).

d

H
Setting ¢y = ¢ TC‘;I;“ and evaluating the right-hand side we see that

E [u(t, z)?] < 2tr fr2dn (%) Al +2cp27" (%9) W
< clg”tﬁ
= cy e
for all (t,z) € (0,7] x F, where the constant ¢j’ > 0 is independent of (¢,z). This
inequality obviously also holds in the case ¢t = 0. O]
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3.5.3 Holder regularity of solution

We are now ready to prove the Holder regularity result. It will turn out that the
continuous version of wu(t,x) can be interpreted as an H-valued process, and is a
version of the original H-valued solution to (3.1.1) found in Theorem 3.2.11. Recall

R, the natural supremum metric on R x F' given by

Roo((s,2), (£, y)) = max{|s — t], R(z,y)}.

Theorem 3.5.6 (Holder regularity). Let u = (u(t, %)) ¢2)cp0,00xF be the family de-
fined in Theorem 3.4.8. Let

%(1 - d?S)a a < %7
b =19 3s(1—ds+a), & <a<d,
%, a > ds.

Then there exists a version @ = (U(t,x))ww)cp,00)xF Of u which satisfies the fol-

lowing:

(1). ForeachT > 0, @ is almost surely essentially d,-Holder continuous on [0, T] x F
with respect to Ry .

(2). For each t € [0,00), a(t,-) is almost surely essentially 5-Holder continuous on
F with respect to R.

Proof. Take T > 0 and consider ur, the restriction of u to [0,7] x F. It is an easily
verifiable fact that for every p € N there exists a constant C} > 0 such that if Z is

any centred real Gaussian random variable then
E[Z%] = C’I’,IE[Z2]I’.

We also know that uy is a centred Gaussian process on [0,7] X F' by Theorem 3.4.8.
We will treat the case a < %S, which is precisely the region of values of o for which
Proposition 3.5.5 will give us a better temporal Holder exponent than Proposition

3.5.3. Propositions 3.5.1 and 3.5.5 then give us the estimates

E [(uT(tv l‘) - uT(tv y))Qp} < C;?CSR(xa y)p,

3.5.1
E [(ur(s,x) — ur(t,))”] < CyCfls — P05 (3:5.1)

for all s,t € [0,7] and all x,y € F. Taking p arbitrarily large and then using Corollary
3.3.19 we get a version ur of ur (that is, up is a version of w on [0, T'| X F') that satisfies

the Holder regularity conditions of the theorem for the given value of T'. This works
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because any two almost surely continuous versions of w7 must coincide almost surely
since [0, 7] x F' is separable.

If now 7" > T and we construct a version @7+ of u on [0,7"] x F in the same way,
then @7» must agree with ar on [0,7] x F' almost surely since both are almost surely
continuous on [0,7] x F' which is separable. Therefore let ' = n for n € N and let

Q) be the almost sure event

= m {41 agrees with @, on [0,n] X F'}.

n=1
Then for (t,z) € [0, 00)x F define a(t, x) = tp41(t, ) on ' and 4(t, z) = 0 otherwise,
and we are done.
Now if a > % then we use the temporal estimate of Proposition 3.5.3 rather than

the temporal estimate of Proposition 3.5.5 in (3.5.1). O

Theorem 3.5.7 (Continuous version is version of original solution). The collection of
random variables i = (U(t, T)).z)c0,00)x constructed in Theorem 3.5.6 is such that
(a(t, -))tepo,00) @5 an H-valued process, and moreover (U(t,-))icpo,00) 5 an H-continuous
version of the H-valued solution to (3.1.1) found in Theorem 3.2.11 (with ug =0).

Proof. From Theorem 3.5.6, @ is almost surely continuous in [0, 00) x F. Each a(¢, x)
is a well-defined random variable so by [2, Lemma 4.51], @ is jointly measurable.
Using continuity again, this implies that @(t, ) € H for all ¢t € [0, 00) almost surely.
We also have that ¢ — a(t, -) is a continuous function from [0, c0) to H for each w € Q
and that each (t,-) is a Borel measurable map from €2 to H; the latter follows from
the joint continuity of @ and the fact that the Borel o-algebra of H is generated by
the bounded linear functionals on H.
For each n > 1 and (¢, z) € [0,00) x F', define
WPt x) =Y (14 A) T ().
k=1

Then each u(™ is obviously jointly measurable, and by (3.4.5), u(™(t, x) — 4(t, z) in
L*(P) for each (t,z) € [0,00) x F. In fact by joint measurability we also have that

E { /F (™ (t,z) — alt, x))’ u(dw)} - /F E[(uw(t,x)—a(t,g;))z} p(dz)

:/E (Z (1+ X)) "5 XPF (o )) pu(da)

k=n+1

/FZ (1+ X)) QE[(W)}@Z@)?M(@)

k=n+1
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where in the last line we have used (3.4.5). Then by Tonelli’s theorem,

[e.e]

E { /F (u™(t, z) —a(t,x))Qu(dx)l = 2 (1+X)E {(th’kﬂ

k=n+1
—0

as n — 00, by the fact that 37> E[(X[*)?] < co. In particular, this implies that
(W™ (t,), 8, — (a(t,-), ), in L*(P) as n — oo, for every t € [0,00) and every
k>1.

Recall that if ug = 0 then the solution to (3.1.1) is simply given by the series

SRR B
k=1
It follows that for all ¢ € [0,00) and n > k we have that

(W™ (t,), e = L+ A)7EXE = (W20, b

almost surely. Therefore (t,-) = W?(t) almost surely for all ¢ € [0,00) and we are
done. 0

Remark 3.5.8. In [43] it is shown that under some mild conditions on the p.c.f.s.s. set
(F, (¢;)M,), it can be embedded into Euclidean space in such a way that its resistance
metric R is uniformly equivalent to some power of the Euclidean metric. Therefore in
this case the conclusion of Theorem 3.5.6 holds with respect to the spatial Euclidean
metric, albeit with a different Holder exponent. An example given in [43, Section 3]
is the n-dimensional Sierpinski gasket for n > 2, see Example 3.1.3(2). This fractal
has a natural embedding in R", and it is shown that in this case we have a constant
¢ > 0 such that
¢ Ha —y|™ ™ < R(z,y) < clo —y|™™Y

for all z,y € FF C R", where d,, = % is the walk dimension of the gasket and
df = % is its Euclidean Hausdorff dimension. These fractals all admit function-

valued solutions to their respective SHEs but their ambient spaces R™ do not.

Remark 3.5.9. From Theorem 3.5.6 we see that the operator (1 — A;)~2 has a
smoothing effect on the solution to (3.1.1) as « increases. However the theorem

suggests that this does not change the Holder exponents of the solution until a reaches

the value . On the other hand, recall from Remark 3.5.4 that if F = [0,1] as in

Example 3.1.1 then the temporal Holder exponent of the solution to (3.1.1), viewed
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as a function of «, is linearly strictly increasing in some neighbourhood of o = 0.
Intuitively this phenomenon should occur for any F. We therefore conjecture that
the Holder exponent in Theorem 3.5.6(1) is not sharp when a € (0,d;), and is in fact
equal to the exponent obtained in Theorem 3.2.11 for the solution interpreted as an

‘H-valued process.

We have shown regularity properties of the solution to (3.1.1) in the case uy = 0,
and henceforth we assume that we are dealing with the continuous version of this
solution. If we now take an arbitrary initial condition uy = f € H, then obviously
the same results may not hold since f may be very rough. We can however prove

continuity in almost the entire domain [0, 00) x F.

Theorem 3.5.10. Let u : [0,00) X F' — R be the solution to (3.1.1) with initial
condition ug = f € H. Then u (has a version which) is almost surely continuous in

(0,00) x F with respect to Ry,. Moreover, if either
(1). b= N and f is continuous on F, or
(2). b= D and f is continuous on F with f|po =0,

then w (has a version which) is almost surely continuous in [0,00) X F with respect
to Ru.

Proof. Theorem 3.5.6 gives us that the map (¢, z) — W2(¢)(z) (has a version which)
is almost surely continuous in [0,00) x F. We know that if ¢ > 0 then S? maps H

into D, and in particular into the space of continuous functions. Thus it makes sense
to talk about S?f(z) for x € F. Define

u(t, @) == Sy f(x) + Wa(t)(x),

then it suffices to prove continuity of the map (¢,x) — SPf(x). This follows in the
same way as the proof of [52, Proposition 5.2.6]. The last two statements in the

theorem are immediate corollaries of [52, Proposition 5.2.6]. ]

3.6 Invariant measure

We conclude with a brief description of the long-time behaviour of the solutions to
(3.1.1). In this section we allow the initial condition ug to be an H-valued random

variable which is independent of W.
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Definition 3.6.1. An invariant measure for the SPDE (3.1.1) is a probability mea-
sure Vo, on L?(F, ) = H such that if u is the solution to (3.1.1) with random initial
condition uy ~ vy (independent of W) then u(t) ~ v for all ¢ > 0.

In the following theorems, let (Z;)%2; be a sequence of independent and identically

distributed one-dimensional standard Gau551an random variables.

Theorem 3.6.2. Let b= D. Then (3.1.1) has a unique invariant measure v2 and it
15 given by
vl = Law <Z(1 + )\kD)_g(Z/\kD)_éZkgof> :
k=1
If u is a solution to (3.1.1) in the case b = D then u(t) converges weakly to v2 as

t — oo regardless of its initial distribution Law(ug).
Proof. We first show that the definition of 2 makes sense. We have that

—E | (1 AD) @A) 122

k=1
<Zl+/\D @ (2\D)~1

_1aoo

Zk dll—&-a

2
w

< 00,

so v2 is indeed a well-defined probability measure on H. Now suppose u has initial

distribution uy ~ v2. By Definition 3.2.1 and (3.2.1) we have that
=31+ (e*)‘th(Q)\kD)*%Zk + Xf’”"’) P,
k=1

where (Z;,)22, and (XP*)% | are understood to be independent. Recall that AP > 0
by Remark 3.2.9, so for every k, X?* is a centred Ornstein-Uhlenbeck process with
unit volatility and rate parameter \P. Moreover, ¢ e*AkD"/(Q)\kD)_%Z;c + XPF s
an Ornstein-Uhlenbeck process with unit volatility, rate parameter AP and initial
distribution given by the law of (2\? )’%Zk, which turns out to be exactly its invariant
measure (which we leave as an exercise for the reader). Thus the law of u(t) is equal

to v2 for all ¢ > 0, so v is an invariant measure. We also see that for all f € H,

o0 o0
ISPFI2 =3 e f2 < e PWENT 2= o2 |2
k=1 k=1
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where fi, = (o8, )4, 80 limyoo |SP]| = 0. Then the uniqueness and weak conver-
gence results are direct consequences of [15, Theorem 11.20] (or alternatively [26,
Proposition 5.23]). O

In the case b = N we do not have nearly as neat a result, but there exists a
decomposition of u into two independent processes, one of which has similar invariance

properties to the b = D case and the other of which is simply a Brownian motion.

Definition 3.6.3. Let H; C H be the space spanned by ¢V, which we recall from
Remark 3.2.9 to be the constant function ¢ = 1. Let Hi be its orthogonal comple-
ment. Let m; : H — H; be the orthogonal projection onto H; and let 7T1l cH — HY
be the orthogonal projection onto Hi.

Let x denote convolution of measures. For a measure v on H, let mjv denote the

pushforward of v with respect to m;, which is a measure on H;.

Theorem 3.6.4. Define the probability measure v\ on Hi by

v = Law (Z(l + )\kN)g(”\kN)éZk(PkN) .

k=2

Let u be a solution to (3.1.1) with b = N. Then there exists a one-dimensional
standard Wiener process B = (B(t))i>0 which is adapted to the filtration generated by
W such that B and u— B are independent processes, and if u has initial distribution
ug ~ v * VY for some probability measure v on Hy then u(t) — B(t) ~ v VY for all
t > 0. Moreover, if u has initial distribution ug ~ vy for some probability measure vg

on H then u(t) — B(t) converges weakly to (mivg) x VY ast — oo.

Proof. Recall that A\ = 0 and that A\ > 0 for k > 2. Just as in the b = D case we
can prove that v% is a well-defined probability measure on Hi-, and indeed on H as

well. We define .
B(t) == XV :/ O dW (s).
0

From our discussion after (3.4.1) we know that X™! is a standard one-dimensional
Wiener process, and by Remark 3.2.9, ;" = 1. From the representation (3.4.2) of
W? as a sum of independent stochastic processes it is clear that u — B is independent
of B.

Now suppose u has initial distribution uy ~ v x Y for some probability measure
v on H,. The space H; is one-dimensional so let Zj be a real-valued random variable
such that ZyoY has law v. By Definition 4.1.1 and (3.2.1) we can write

u(t) = (Zo+ X™) @ + 30+ 7F (@A) 2+ XF) o,
k=2
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where again Zy, (Z;)72, and (XVF)%  are understood to be independent. Now we
observe that 7" = 1(g ) (—Ax) using the functional calculus on self-adjoint operators,

and in particular 7 commutes with functions of Ay, including S». Then define

mlu(t) = u(t) — (ZO + XtN’l> — w(t),

where we have identified scalars ¢ € R with their associated constant functions cpl €
H. It is then easily verifiable that m-W is a cylindrical Wiener process on Hi- and
that u; is the (mild) solution to the SPDE on H; given by

du(t) = Ayu(t)dt + (1 — Ay)~2midW (1),

4(0) — 4 € HL (3.6.1)

with ug ~ vX. Note that all operators in (3.6.1) commute with 7 and so can
be identified with their restriction to Hi for the purposes of the above SPDE. By

definition,
o0

u(t) = 3+ F () E e+ X ol
k=2

Now just as in the b = D case, using [15, Theorem 11.20] (or [26, Proposition 5.23])
we find that v/Y is the unique invariant measure for (3.6.1) and that the solution to
(3.6.1) converges weakly to v/Y for any initial distribution on Hi. So we have that
for all t > 0,

u(t) — B(t) = Zo +up(t) ~vx ¥

as required.

We observe that if v has deterministic initial value ug = f € H then this is
equivalent to ug being distributed according to the convolution of Dirac measures
8, x 0y, for f1 = mi(f) € Hy, fo = 7 (f) € Hi. By doing the usual eigenfunction
expansion we have that u(t) = f; + X™! + u;(¢t) where u; is now the solution to
(3.6.1) with initial value fo. Thus u(t) — B(t) = fi + w1 (t) which converges weakly to
6, xvY. Now assume u has an arbitrary initial probability distribution ug ~ vy in H.
By conditioning first on the value of 7 (ug) € Hi, then on the value of mi-(ug) € Hi
and then using the dominated convergence theorem we find that E[g(u(t) — B(t))]
converges to ((mvy) * vY)(g) for any continuous and bounded function g on H. So

we have weak convergence of u(t) — B(t) to (mivg) » VY. O
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Chapter 4

Continuous random field solutions to
parabolic SPDEs on p.c.f. fractals

4.1 Introduction

In the study of the analytic properties of fractal sets, there is a large body of work on
so called finitely ramified fractals. These are fractals which can be disconnected by
the removal of a finite number of points and the Sierpinski gasket is an example. This
gives them analytic properties closer to sets in one dimensional Euclidean space than
to sets in higher dimensions. Our aim is to investigate a broad class of SPDEs on such
finitely ramified sets and for this we will work within the class of p.c.f. self-similar
sets as introduced by Kigami, see [52].

Let (F, (¢;)Y,) be a p.c.f.s.s. set which admits a regular harmonic structure in
the sense of [52]. This harmonic structure is associated with a collection of Laplace
operators {Ay}, on L?(F) (with respect to a natural measure on F' to be specified
later), where b denotes a boundary condition with respect to the space F. Each of
these Laplacians has an associated contraction semigroup S°. We are concerned with
stochastic processes U = (U(t) : t € [0,T]) on L*(F) of the form

U(t) = /Ot SP Bds + /Ot S o dW (s) (4.1.1)

for given boundary condition b, where W is a cylindrical Wiener process on L*(F)
and 0 and o are processes satisfying minimal regularity conditions for the above
integrals to make sense for all ¢ € [0,7]. Processes of this form arise as the mild
solutions of parabolic stochastic partial differential equations on L*(F'), for example

the stochastic heat equation

dU(t) = AU (8)dt + dW (t), t € [0,T] (4.1.2)

Original article: [27]
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and a version of the parabolic Anderson model

%(t,x) = ANyu(t, z) + u(t, 2)E(t,x), (t,z) €]0,T] x F, (4.1.3)

where ¢ is a space-time white noise on F'. Note that (4.1.2) is to be interpreted as a
stochastic evolution equation on the separable Hilbert space L?(F) in the sense of da
Prato and Zabczyk [15], so its solution is of the form (4.1.1) by definition. On the other
hand, (4.1.3) is a parabolic SPDE on F' in the sense of Walsh [77]. There is sufficient
overlap between these two theories on the space F' that even the solution of (4.1.3)
can be interpreted as an L?(F)-valued process of the form (4.1.1) — this is explained
in detail in Section 4.6. The main question we address is the following: under what
conditions does there exist a measurable function u : Q x [0,7] x F — R which is
almost surely continuous on [0, 7] x F' and such that the process (u(t,-) : t € [0,T])
is a version of U in (4.1.1)7

A well-known result in the vein of continuity of solutions to SPDEs concerns
the stochastic heat equation in one Euclidean spatial dimension, see for example
[77]. The result is that this equation has a unique mild solution that is essentially
%—Hélder continuous in space and essentially %—Hélder continuous in time. Here es-
sentially v-Holder continuous means that the given function is Holder continuous for
every exponent strictly less than ~. This result has since been extended in numer-
ous directions, for example [48], [20], [49], all of which preserve the condition that
the underlying space be Euclidean. In Chapter 3 an analogous result is found where
the “spatial” Euclidean space R is replaced with a p.c.f.s.s. set F' equipped with a
regular harmonic structure which determines a natural metric, called the resistance
metric on F. It is shown there that the stochastic heat equation (4.1.2) on F' has
a unique mild solution, and that this solution is function-valued and (has a version
which is) almost surely Holder continuous in [0,7] x F. We call such a solution a
continuous random field solution. The aim of the present chapter is to generalise this
result; we seek conditions on § and ¢ such that the process U given by (4.1.1) has
a version that is a continuous random field, and moreover we derive the dependence
of its Holder exponents on the properties of 5, ¢ and F. We then apply this result
to derive Holder continuity properties of the solutions of SPDEs on F' in the theories
of both da Prato—Zabczyk and Walsh. In this way we have a single regularity result
that allows us to prove properties of SPDEs in these two different theories.

The main theorem of the present chapter uses a Kolmogorov-type continuity the-
orem for stochastic processes indexed by [0, 7] x F', and extends the result of Chapter

3 in multiple directions; we use general multiplicative drift and diffusion terms and
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increase the number of boundary conditions that can be considered. Additionally,
it can be seen that the unit interval [0, 1] has an interpretation as a p.c.f. fractal
and its associated resistance metric is simply the Euclidean metric, so our theorem
thus provides an alternative proof for existence of continuous random field versions
of SPDEs on [0, 1], one that does not rely on Fourier transforms or on the explicit
form of the heat kernel. A significant issue that arises is the fact that the random
field version of U that we construct does not, in general, have an explicit expression
in terms of known quantities. This contrasts with the case of the stochastic heat
equation, the solution of which possesses an explicit representation in terms of the
spectrum of A, (Section 3.4). This means that certain nice properties such as joint
measurability of the solution do not come cheaply. A special case that we consider
is the situation where the diffusion coefficient ¢ is a time-dependent multiplication
operator on L?(F); in such a situation we find that a somewhat weaker condition on o
is sufficient to obtain the same result. This is the case that corresponds to Walsh-type
SPDEs.

Our results cover the version of the parabolic Anderson model over a compact
space with time dependent potential as given in (4.1.3). We will investigate this
further by considering the question of intermittency — does the solution exhibit tall
peaks over infinitely many different scales? This is shown by the exponential growth
of the moments in that the function A(p), defined by

1
Alp) = lim —log Eflu(t, 2)I],

should have the property that p — A(p)/p is strictly increasing on [2, 00). For a weak
form of intermittency it is enough to establish that A(2) > 0, [49], and this is what
will do for our model in Theorem 4.7.7. We conjecture that, for p.c.f. fractals F', we
have \(p) = O(p**dm) for large p, where dy is the Hausdorff dimension of F' with
respect to the resistance metric and can take any value in [1, 00).

The present chapter is organised in the following way: In Section 4.2 we set up
the problem precisely and state the main hypotheses and theorem. In Section 4.3 we
construct from the L?(F)-valued process U a candidate collection of random variables
(a(t,z) : (t,x) € [0,T] x F). Then in Section 4.4 we use the previously mentioned
continuity theorem to construct a Holder continuous version u of 4, which we identify
to be a continuous random field version of U and thus we prove the main theorem.
In Sections 4.5 and 4.6 we give applications of our main theorem to two classes of
stochastic partial differential equations; these are defined with respect to the SPDE
theories developed by da Prato—Zabczyk [15] and Walsh [77] respectively. Finally,
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in Section 4.7, in the Walsh case, we prove a number of upper and lower bounds on
the moments of global solutions under various hypotheses. In particular we establish

weak intermittency for the parabolic Anderson model on these fractals.

4.2 Set-up and statement of main result

4.2.1 The fractal

Our set-up is similar to that of Chapter 3. Let N > 2 be an integer, and let (F, (1;))
be a connected compact p.c.f. fractal such that each 1); is a strict contraction on F' (see
[52] for details). Let I ={1,..., N}, and forn > 0let W,, = I". Let W, = J,—, W,
and let W = IN. Elements of W, are called words and the element of the singleton
Wy is known as the empty word. For w = wy ... w, € W, let 1, = 1y, 0 -+ 0y,
and let F,, = 1,,(F). There is a canonical continuous surjection 7 : W — F' given
by defining m(w) to be the element of the singleton (~_, Fiy,. w,. (see [3, Lemma
5.10]). Let P be the post-critical set of (F, (¢;)Y,) and set F° = 7(P). In view of
[52, Proposition 1.3.5(2)], F can be said to be the boundary of F'.

Let (A,r) be a regular irreducible harmonic structure on F' ([52, Section 3.1]).
Since it is regular we have that r = (ry,...,ry) with r; € (0,1) for each ¢ € I. Let
Tmax = MaX;er 7y and 7Ty, = mingerr; and for w € W, let r, = 1y, ... 7y, . Let

m

dy > 0 be the unique number such that

erf’ =1.

il

Let u be the self-similar measure on F with weights given by (7% ),c;. Set H =
L*(F, p) with inner product (-,-),. Then the harmonic structure (A,r) is associated
with a local regular Dirichlet form (£,D) on H. This Dirichlet form provides a
resistance metric R on F which is compatible with its original topology ([52, Thoerem
3.3.4]), and it can be seen that the constant dy is in fact the Hausdorff dimension of
(F, R) ([52, Theorem 4.2.1]).

Let 27 be the power set of FO. For b € 2 define D, = {f € D : flrow = 0}
Then (€, Dy) is a local regular Dirichlet form on L2(F\ (F°\b), 1) which is naturally
associated with a diffusion X°® = (X}?);>0, which has semigroup S® = (S?);>¢ and
generator Ay, see [22]. The latter is known as the Laplacian, as (—Ay) is the self-
adjoint operator associated with the closed form (€, D) (see [22, Sections 1.3 and
1.4]). The value of b € 2 * represents the boundary condition that we impose on the

Laplacian — the operator A, is the Laplacian with Neumann boundary conditions at
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elements of b C FY and Dirichlet boundary conditions at elements of F°\ b. The case
b = F° therefore denotes Neumann boundary conditions and the case b = () denotes
Dirichlet boundary conditions. We may occasionally use the notation b = N instead

of b = F° and likewise we may use b = D instead of b = 0.

4.2.2 Preliminaries

We start with a couple of very useful results on the operator A,. Let L(#H) be the
Banach space of bounded linear operators on H with operator norm || - ||. If i, Ho
are Hilbert spaces, let L£o(H1, Hz) be the Hilbert space of Hilbert-Schmidt operators
from H; to Hy with inner product (-, )z, 3, 1,)- If A is a linear operator on H then
we denote the domain of A by D(A).

Definition 4.2.1. For A > 0 let D* be the space D equipped with the inner product
<.7 .>>\ — g(’ ) + )\<’ '>M'
Since (€, D) is closed, D* is a Hilbert space.

Remark 4.2.2. The space D contains only %-Hélder continuous functions since by

the definition of the resistance metric we have that

|f(2) = f)* < R(z,y)E(f, f) (4.2.1)

for all f € D and all z,y € F. We deduce that for each b € 25", D, is a subspace
of D* with finite codimension |F° \ b|. Indeed, Dy is the intersection of the kernels
of the set of evaluation functionals {f — f(x) : x € F°\ b}, which are linear and

continuous and linearly independent on D*. It follows that Dj is closed in D*.

Definition 4.2.3. The unique real dg > 0 such that
S
il
is the Hausdorff dimension of (F, R), see [52, Theorem 1.5.7].
The spectral dimension of (F, R) is given by

2y
S_dH"i‘l’

see [52, Theorem 4.1.5 and Theorem 4.2.1].

Remark 4.2.4. Tt is possible to show that we must have dy € [1,00) and thus
ds € [1,2), see Remark 3.2.6(2).
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Proposition 4.2.5 (Spectral theory). For b e 25 the following statements hold:
There exists a complete orthonormal basis (©2)%, of H consisting of eigenfunc-
tions of the operator —Ay. The corresponding eigenvalues (N\8)°, are non-negative

and limy_,oo A2 = 0o. We assume that they are given in ascending order:
0< A<M <
There exist constants cy,cy > 0 such that if k > 2 then
2 b ;g 2
cokds <\, < cokds.

Proof. With [52, Lemma 5.1.3] in mind, this is immediate from [52, Proposition
A.2.11] and subsequent discussion. [

Remark 4.2.6. We have k > 2 in the above proposition because of the possibility
that A} = 0. This occurs if and only if the non-zero constant functions are elements of
Dy, if and only if b = N. If this is the case, it follows that ¢7 = 1 and the eigenvalue
0 has multiplicity 1, so A5 > 0. See Remark 3.2.9. In the case b # N we assume that
the constants ¢, ¢{, in the proposition above are chosen such that the result in fact
holds for £ > 1.

4.2.3 The class of SPDEs

Let (Q, F,TF,P) be a filtered probability space that supports a cylindrical Wiener pro-
cess W = (W (t))i>0 on H (note that we always suppress the dependence of stochastic
processes on w € Q). Let F = (F;);>0 be a filtration satisfying the usual conditions,
and let P be the associated predictable o-algebra. Let T" > 0 be fixed. We are

concerned with stochastic partial differential equations on H of the form

dU(t) = AU (t)dt + Bydt + o, dW ()t € [0,T],

o) 20 (4.2.2)

where §: Q x [0,7] — H and 0 : Q x [0,T] — L(H) are predictable processes, and
b € 2. Our question is not one of existence or uniqueness of U — we simply assume
that a predictable H-valued process U = (U(t))ejo,r) exists and satisfies (4.2.2). In

particular, we assume that U satisfies (4.2.2) in the mild sense: for each t € [0, 7],

/ St Bsds + / o dW (s (4.2.3)
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almost surely. This means that a priori we require § and ¢ to be at least regular
enough such that the two integrals on the right-hand side of the above are well-
defined for all ¢ € [0,T]. To be precise, we need the following to hold almost surely
for each t € [0,T:

t
/ ”Sf—sﬁsnﬂds < 0,
0 (4.2.4)

t
| 1Sl unts < o

We will shortly make hypotheses that automatically guarantee (4.2.4), so these do
not need to be checked explicitly.

Remark 4.2.7. While (4.2.2) may seem to be an uninteresting equation in that there
is no explicit dependence of 8 and ¢ on U, it actually encompasses the solutions to a
large class of SPDEs. For example, if we take Y to be a mild solution of the SPDE

dY (t) = DAY (t)dt + f(t, Y (t))dt + g(t, Y (¢))dW (t) t € [0,T],
Y0)=YyeH
where the functions f : Q x [0,7] x H — H and g : Q x [0,T] x H — L(H) satisty

appropriate measurability conditions, then setting 5, = f(¢,Y(¢)) and o, = g(t, Y (¢))
we see that the process U given by U(t) = Y (t) — SPY, satisfies (4.2.3).

Definition 4.2.8. A (square-integrable) random field (on [0,7] x F) is a function
u: Qx[0,7]x F — R such that u(t, z) : 2 — R is a random variable for each (¢, x) €
0,7] x F, and (u(t,))wcpo,r] is an H-valued stochastic process. It is a continuous

random field if w is, in addition, almost surely jointly continuous in [0,7] x F.

Remark 4.2.9. Any continuous random field must be jointly measurable in € x
[0,7] x F by [2, Lemma 4.51] and the fact that [0, 7] x F is compact.

Definition 4.2.10. Let (M;,d;) and (Ma, ds) be metric spaces and let 6 € (0,1]. A
function f : My — M, is essentially 0-Hélder continuous if for each v € (0,0) there
exists C, > 0 such that

dy(f (), fy)) < Cyda(,y)
for all z,y € M;.

Define a metric R, on R x F' by Ry ((s,z),(t,y)) = |s —t| V R(x,y). We now
give two separate sets of hypotheses for the behaviour of the processes § and ¢ and

state our main theorem.
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Hypothesis 4.2.11. There exist p > (dy + 1)? and K > 0 such that

. K/OT HBSHZCIS)T < i

sup E [HJSHQP}
s€[0,7

Definition 4.2.12. For a measurable function f : F' — R, let M be the multiplica-
tion operator on H associated with f. That is, Mh is the pointwise multiplication
f-h:=(z~ f(z)h(x)) for all h € H such that f-h € H.

Note that for f: F' — R measurable, M € £(H) if and only if

esssup | f(x)| :=inf{c > 0: p({z € F : |f(x)] > ¢}) =0} < 0.

zeF

Additionally if the above inequality holds then
M|l = esssup | f ()],
zeF

see [11, Theorem II.1.5]. Note also that esssup,cp | f(2)| < sup,ep | f(2)]-
Our second set of hypotheses is similar to the first one, but we restrict the space of
operators in which the process o can take values to the set of multiplication operators.

This allows us to weaken the integrability condition on ¢ given in Hypothesis 4.2.11.

Hypothesis 4.2.13. There exists a jointly measurable function  : Qx [0, T|x F — R
such that for each ¢ € [0, T7,
or = Mz,

almost surely. There exist p > (dg + 1)? and K > 0 such that

e|(/ T||Bs||,3ds) |<x
< K.

sup  E [|o(s, 2)[*]
(s,2)€[0,T|x F

The following result shows that we need not check the conditions (4.2.4) if we

have assumed either of our above hypotheses:

Proposition 4.2.14. Assume either Hypothesis 4.2.11 or Hypothesis 4.2.13. Then
the conditions (4.2.4) are satisfied.
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Proof. Fix t € [0,T]. Assume Hypothesis 4.2.11. We have

t t
Aw%@mwslwmw<m

almost surely, and
t t
b 2 2 b 2
E[AH&ﬂ@mwwmm}slﬂﬂww}W%meﬂﬂs

t 00
=HWMMMAZWM%
k=1

s€[0,7T
ot
b
= sup E[||oJ]? /62’\de5
s€[0,7] [ }; 0
< o0

where the last inequality follows by Proposition 4.2.5 and the fact that d, < 2.

Now we instead assume Hypothesis 4.2.13. The condition on [ is the same as
in Hypothesis 4.2.11. Let o be the adjoint of o4 for each s € [0,7]. We note that
(bounded) multiplication operators are self-adjoint ([11, Example VI.1.5]), so we have

that

t t
B | [ 1Sl igurnds| = [ B [I03SE 1200 ds
t
0
(o] t b
=Y [ PR [ Mo s
k=10
0t
= Z/ 6”%3)/1@ [5(s,2)%] @h(x)?p(dz)ds
k=10 B

o0 t
= sup Eld(s,2)% Z/ e~ M5 s
k=10

(s,2)€[0,T|x F

Z ||M&(s,-)SffsS0l;c Hi] ds
k=1

< 00

where the last inequality follows by Proposition 4.2.5 and the fact that d, < 2.

The following is the main result of the present chapter:

Theorem 4.2.15. Assume either Hypothesis 4.2.11 or Hypothesis 4.2.13. Then the

process U given by (4.2.3) has a wversion which is a continuous random field u :

Qx[0,T] x F— R. In particular:
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1). The process u is almost surely essentially L ((dg + 1)"' — L) _Hilder con-
( p y Y3 =
tinuous in [0, T] x F with respect to Ry,

(2). For each t € [0,T], u(t,-) is almost surely essentially 3 (1 - df’) -Hélder con-

tinuous in ' with respect to R,

(3). For each x € F, u(-,x) is almost surely essentially ((dH +1)7 = %) -Hélder

continuous in [0, 7.

Example 4.2.16. We compare this with Theorem 3.5.6, which concerns the stochas-
tic heat equation on a p.c.f. fractal. In this case § and o are both deterministic and
constant, so in Hypothesis 4.2.11 we are able to take p — oco. In the case a = 0, The-
orem 3.5.6 and Theorem 4.2.15 then give the same Holder exponents for the random
field solution to the stochastic heat equation (since (dy +1)™' = (1 — %)). However
this is not the case for general a, and this is because in the present chapter we do not

take into account any potential smoothing properties of the process o.

4.3 Construction of random field

4.3.1 Resolvent density

We develop and expand some theory from Section 3.4:

Definition 4.3.1. For A > 0 and b € 27" let Py o F x F — R be the resolvent density
associated with Ay. By [3, Theorem 7.20], p} exists and satisfies the following:

(1). (Reproducing kernel property.) For x € F, p/(x,-) is the unique element of
Dy = D such that

(pX (z,-), f)x = f(x)
for all f € Dy.

(2). (Resolvent kernel property.) For all continuous f € ‘H and all z € F,

/oo e MY f(x)dt = /Fpiv(x, y) f(y)u(dy).

0

By a density argument it follows that for all f € H,

/Oo e NSN fdt = / px () f (y)p(dy).

0 F
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(3). pY is symmetric and bounded. We define (for now) ¢,(A) > 0 such that

cp(N) > sup oY (z, )]
I?y

(4). (Holder continuity.) For this same constant c,(\) we have that for all z,y,y €
F,
o3 (2, y) = 3 (2, 9)* < (N R(y. y).

Using symmetry this Holder continuity result holds in the first argument as

well.

By an identical argument to [3, Theorem 7.20], p} exists for each b € 27 * and satisfies
the analogous results with (£, D;) and the semigroup S°. By the reproducing kernel
property it follows that for every z € F, p§(z,-) must be the D*-orthogonal projection
of pY(x,-) onto D,. We now choose c,(\) large enough that it does not depend on
the value of b € 25 for (3) and (4).

Proposition 4.3.2 (Lipschitz resolvent). If A >0, b € 2F° and x,2',y € F then

Proof. The cases b € {N, D} are treated in Proposition 3.4.5. All other cases can be
proven in the same way as the b = D case, using the Green function with boundary
FO\ b. O

We will henceforth be using the resolvent density exclusively in the case A = 1, so
let ¢, = c,(1).
4.3.2 A priori estimates

The regularity of the resolvent density leads us to the first a priori estimates on
the behaviour of (4.2.3), which make clear the significance of Hypotheses 4.2.11 and
4.2.13:

Proposition 4.3.3. Lett € [0,T] and g > 1.

(1). For allbe 2F° and h € H we have that

([ stouts 3
<Sre[([1saas) | ([ [ s omemmntna)
7

11

2q

E




(2). Moreover there exists a constant C, > 0 depending only on q such that if
sup,epo.r) E [[|0s]]*] < oo then for all b € 2 and h € H we have that

E |</Ot St o dW (s), h>

<0 sup 5 [lonl®) ([ [ Ao phntntonan)

s€[0,t]

2q

(3). Finally, for the same constant C, > 0 the following holds: suppose there ezists a
jointly measurable function 6 : Q x [0,T] x F' — R such that for each t € [0,T],

Ot = M&(t,-)

almost surely. Then if sup s ,yepo.r1xr E [|5(5,x)]2q} < 0o then for all b € 2F°
and h € H we have that

t
E ‘< / Sf_sade(s),h>
0 M

< Ce*™  sup  E[|6(s,z) (/ / b (z,y)h )u(dx)u(dy))q.

(s,x)€[0,t]X F

2q

Proof. First of all we adapt the proof of Lemma 3.4.6; we see that if b € 2F°, ¢t > 0
and h € H then

t [e%¢)
/ 1S2h|2ds < th/ e || Sh||%ds
0 0
<e* < / e—2ssgshds,h>
0 H
62t
- —</ A uh)uldy), h>
I

_ / / (2, ) () () ) (dy). (4.3.1)

As a side-effect, this shows that the double integral on the right-hand side is non-

negative.
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(1). Using Cauchy-Schwarz and Hélder’s inequalities we find that

2 [ et 2q
—E ‘/ (Bs, Si_sh) , ds ]
| 0

i t 2q
<E (ArmmeiJmMM) ]
<E (AIWA%M>](K;W£Mﬁ%)

and then (4.3.1) implies the first required estimate.

t
E ‘</ S Bads, h>
0 1

. Let h* be the linear functional on H given by f — (f, h),. Then

2q

t
=E / h*SP o dW(s)
0

t
E < / Sp o dW (s), h>
0 M
Let o be the adjoint of oy for each s € [0, T]. We see that
t t
B | [ WSt ol nts| =2 | [ 1ozt aias)
0 0
t
< I [ B [l s

< 00

)

which implies that ¢’ +— f(f/ h*SP .o,dW(s) is a real-valued square-integrable
martingale for ¢’ € [0,¢]. Then by the Burkholder-Davis-Gundy inequality there
exists a constant C; > 0 depending only on ¢ such that

T/t a1
<o |([ st olpmds)
L 0

/ot a7 5
~CE (/ ||a;sfshy|ids>]
< [ ( [ Ierist izas) |

<&, [ Bl st alds

Q=

2q

t
/ h*SP o dW (s)
0

[un

=

2 ﬁ b
<€ sup E o] /HSst

s€[0,t]

where we have used the Minkowski integral inequality. Take powers of ¢ on

both sides, then (4.3.1) implies the second estimate.
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(3). Now we assume that there exists a jointly measurable function & : Q x [0, 7] x
F — R such that for each t € [0, 77,

O = M&(t,~)

almost surely. We note that (bounded) multiplication operators are self-adjoint
([11, Example VI.1.5]), so we have that

t t _
B | [ It ol pumds| = [ ]
0 0 -
t - , 9
:/0 E [|| Moo SE ]2 ds
oo
- [e|/ &(s,x>2<sfsh><x>2u<dx>] ds
0 LJ F
< sup a(s,x) //Sb dx)ds
(s,x)E[O,T]XF

< tHhHi sup K [5(
(s,2)€[0,T]x F

U:Sf_shHi] ds

< 00,

which as before implies that ¢’ +— fg/ h*SP .o,dW (s) is a real-valued square-
integrable martingale for ¢’ € [0,¢]. As in (2) we then have that

L 1

"<om e[( [ tozstnzas) |

with the same constant Cj. We apply the Minkowski integral inequality twice:

t q
E [( / uo:sfshnids) }
0

2q

t
E / h*S? o, dW (s)

0

o—;sf,shm "4
-/ B [ Mo S
B |( [ st merutan ) | as

/ B Lo, o))" (St utd)ds

l
< sup  E[[5(s, ) q/ ||Sbh|| ds.

(s,2)€E[0,t] X F

INA
O\H~
&=

Q=

Now we take powers of ¢ on both sides and use (4.3.1) for the required result.

]
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4.3.3 Partitions and delta-approximants

In this section we define sequences of functions in H that approximate the delta
functional on F' in a controllable way. We then use this sequence to “evaluate” U(t)
given in (4.2.3) at points x € F. Much of the material in this section follows the
method and results of Section 3.3.1.

Definition 4.3.4. Let m,n > 0. If w € W,, and v € W, then we say that w is a
prefiv of vif m <nand w; =v; foralli =1,... m. It is a proper prefiz if in addition

we have that m < n. These definitions also make sense if v € W.

We define a sequence of partitions (A,,), on W, by
A={w:w=wy...wn €Wy, T o, >2"">ry}

for n > 1, and we let Ay = Wy, which is also a partition (for the definition of a
partition see Definitions 3.3.2 and 3.3.3, or [52, Definitions 1.3.9 and 1.5.6]). These

possess the following properties:
Lemma 4.3.5. For each n > 0:

(1). |An| < o0 and | F,=F,

weh, Fw
(2). If w € A, then there exists a subset A" C A1 such that Fy = J,cp Fos
(3). If w,v € A, are distinct then |F, N F,| < oo,
(4). If w € A, then 1 9=dun < |(F,) < 2-dnn,
In addition, if w € W, then there exists some n > 0 and A’ C A,, such that F,, =
Usen Fo-

Proof. (1). Directly from definition of a partition.
(2). By Lemma 3.3.4.

(3). By the definition of a partition combined with [52, Proposition 1.3.5(2)]. If
w,v € A, are distinct then F, N F, = 1, (F°) N, (F°) which is finite since F

is post-critically finite.
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(4). By definition of p and definition of A,,.

Finally we prove the last claim. The empty word is in Ay so we can ignore that
case. Suppose w = w;...w, € W,. Pick n such that r,, ., _, > 27", then no
element of A, can be a proper prefix of w. By the definition of the map =, for any
x € F, there exists a w, € W which has w as a prefix such that m(w’) = z. By the
definition of a partition there must exist a unique v, € A,, such that v, is a prefix of
w,. Since v, is not a proper prefix of w, w must be a prefix of v,. This implies that
x=m(w,) € F,, CF,. Let ' ={v €A, :v=uv, for some z € F,} be the set of v’s
that can be obtained in this way. It follows that F,, = UUe A Fo O

Definition 4.3.6. Let n > 0 and w € W,,. For x € F let
DY(z) = {Fu:wen, F,>ax}
be the n-neighbourhood of x.

The following is an important structural property of n-neighbourhoods:

Lemma 4.3.7. There exists a constant co > 0 such that if z,y € F and y € D?(z)
then R(z,y) < ce27".

Proof. Simple corollary of Proposition 3.3.12. O]

We now define our family of functions approximating the delta functional, which

is identical to those given in Definition 3.4.7.

Definition 4.3.8. For x € F and n > 0, define
fi = w(Dy(2)) ™ 1pg a)-

In particular we note that by Lemma 4.3.5(4), || f7]|2 = u(D)(x)) " < i gdun,
and that by Lemma 4.3.7 we have that lim, ,(f¥,¢), = g(z) for any continuous

g € H. We are now ready to prove the main result of this section.

Theorem 4.3.9. Assume either Hypothesis 4.2.11 or Hypothesis 4.2.13. Then for
each t € [0,T] and x € F, the sequence ((U(t), fZ))nz0 is Cauchy in L**(Q) as
n — oo. Define u(t,x) to be the L*(Q)-limit of ((U(t), fX))n>0, then there exists a
constant cz such that for all (t,x) € [0,T] X F and all n > 0,

E[{U(0), ) — alt, )] < es27™.
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Proof. Recall that p > 1. By (4.2.3) and Proposition 4.3.3, for m,n > 0 we have that

E [[(U(t), f2), — (Ut), £ 7]
=E[[({U®), £ — f)ul*]

</3fﬁﬂam—ﬁ$ </3¥yAW@»m—ﬂ§
0 u 0 u

< ([ [ Aen0e ~ 2o - Feudn )

2p

2p
< 2%7E +

where ¢ = e?722771(277 + () K. By Lemma 4.3.2 and Lemma 4.3.7 and the defini-

tion of f¥, we see that

uééﬂ@wxm@—ﬁm»mm»—ﬁ@mumwms&ﬂzM+2w
If we let c3 = 4Pchc) then it follows that
E[[(U(), f2), — U @), f2ul*] < cs(27™ + 27",

so ((U(t), X)) nz0 is Cauchy in L?P(Q) as n — oo. If we let a(¢, ) be the limit, then

immediately we have that

E[[(U(), f)n — alt, )[*] < cs27™.

n

]

The collection (u(t,x) : t € [0,T], = € F) constructed in Theorem 4.3.9 is the
precursor to our candidate random field. Currently this is nothing more than a
collection of unrelated real random variables indexed by [0, 7] x F' so we cannot show
that (@(t,-))ieo,r is a version of U; there are problems of joint measurability which

will be resolved in the next section.

4.4 Continuity of random field

In this section we collect the estimates required to use the continuity theorems, The-
orem 3.3.17 and Corollary 3.3.19, on the collection (a(t,x) : t € [0,T], x € F).
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4.4.1 Spatial estimate

Proposition 4.4.1. Assume either Hypothesis 4.2.11 or Hypothesis 4.2.13. It follows
that there exists a constant ¢y > 0 such that for allt € [0,T] and x,y € F,

E [Jaft, ) — a(t, )] < ciR(z,y)"
Proof. By Theorem 4.3.9, Proposition 4.3.3 and (4.2.3),
E [[a(t, z) — a(t,y)[*] = lim E[{U®), f7 = f)al”]
<t ([ [ sz - e - fentnt) )

n—oo
where ¢ > 0 is independent of z,y,t. Since p} is jointly Lipschitz (Lemma 4.3.2) and
symmetric we see by Lemma 4.3.7 and the definition of the f? that

lim / / p1(z1, 22)(fr (1) — [ (1)) (fo (22) — [l (22))pldz1) pe(d )

n—oo

_P1 T,T) — 2p1($ Y) ‘|’/01(?J Y)
<A4R(z,y).

The result follows. O

4.4.2 Temporal estimate
The temporal estimate is slightly more complicated to derive. First we prove a lemma:

Lemma 4.4.2. Let S = (S;); be a contraction semigroup on a separable Hilbert space

generated by a self-adjoint operator. If ty,t € (0,00) then

t

Sty — S, < —

ISt = Sigedl <
Proof. Let L be the generator of S. This operator is non-positive and self-adjoint,
and S, = e!*. By the functional calculus for self-adjoint operators we thus have that

|Ste — Stoae]| < sup (e_’\to - e‘MtOth)) .
A€E[0,00)

The function A s e=o — =2+ on [0, 00) is smooth, non-negative, bounded, and
vanishes at 0 and infinity so we differentiate to find a maximum. We find that

to

t\ ¢+ t
sup (67”0 — e*A(tOH)) = <1 + t_) e
AE€[0,00) 0 0

Now for all z € (0,00) we have that (14 1) <1 so the result follows. O
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Proposition 4.4.3. Assume either Hypothesis 4.2.11 or Hypothesis 4.2.15. It follows
that there exists a constant cs > 0 such that for all s,t € [0,T] and x € F,

E [Ja(s, z) — a(t, z)|*] < c5s — t[PlatD ",

Proof. Fix x € F and s € [0,T], t > 0 such that s + ¢ € [0,7]. Then by Theorem
4.3.9, for all n > 0 we have that

E [|a(s +t,x) — ﬂ(s,x)\%] < 227K [[(U(s +t) — U(s), ﬁf)ufp] + g2t 7P,
(4.4.1)
Now if we let f* be the bounded linear functional on H given by h +— (h, f¥),, then
by (4.2.3),

s+t
(U(s + 1) — U(s), f5), = / 5 (St = Lo (E)SPy) Bodt
0

s+t
+ / frf* (SSJFt—t/ - 1[0,31 (t/)S;)—t’) Ut’dW(t/)-
0

We deal with these two terms separately. For the 8 term, both Hypothesis 4.2.11 and
Hypothesis 4.2.13 allow for the same calculation: by the self-adjointness of S® and

:

2p
(B, (Sgﬂ—t/ ~ Lo (t/)SS*t’) fs>“} dt/) ]

Holder’s inequality,

s+t
E / o (S;’ i — Loy (t’)Sf_t,) By dt’
0

Sl

s+t 2
<E </0 Hﬁt/HM H (Sg+t7t/ - 1[0,3] (t/)Sg,t/) frgf”“dt/) ]

r s+t p s+t 9 p
< E (/ Hﬁﬂ”idt/) ] (/ H (Sgﬂ‘ft/ - 1[0,5] (t/)SS,t/) fﬁ”ﬂdt/)

L 0 . pO » 2 )
< If IR [( / ||ﬁtf||,3dt') ] ( R CRPERTRIE dt’)

and then using Lemma 4.4.2,

s+t
/0 HS;)—&-t—t’ — 1,4 (t,)Ss_t/ dt’
s s+t
N /0 HSg“—t’ ~ Sy S+ / H‘S’g—&-t—t’

5 t
I/ H5§’+t/—5§’/|2dt'+/ IS5 |2 at (4.4.2)
0 0
s 2

t t
< —dt 1dt’
—/o (1 1)2 +/o

< 2t.

2

>t
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It follows that

s+t
E / fx*( s+t—t/ 1[0,s](t')52_t,) By dt’
0

2p
] < K| frller.

For the o term, we first assume Hypothesis 4.2.11. We use the Burkholder-Davis-
Gundy inequality (the validity of which, given Hypothesis 4.2.11, is easy to verify;

2p]

9 p
/

Lo(H,R) dt ) :|

1
P

see proof of Proposition 4.3.3(2)) and see that

hSA

s+t
E / fx* ( s+t—t! 1[0,5}(75/)5’2_15/) Ut/dW(t/)
0

B =

s+t
< C;E [(/0 fo* ( s+t—t 1[0,5] (t/)SiLt,) Oy

([

s+t
<G [ B L") ISk~ Loalt)SE) S e

p
(St = L)L) £t ) |

s+t
< C, sup E[”Ut’HQp};/O 1(S2si—v = Lol (¢)Se_) f;’”idt’

t'€[0,T]

2

1 x
< OZ/PKprnHi/ H sHt—t! 08](75,)524’ dt'

< 200K | f2||¢

where we have used the Minkowski integral inequality and the calculation (4.4.2) a
second time. If we instead assume Hypothesis 4.2.13 then we get the same estimate
by a similar calculation, but use the Minkowski integral inequality twice; see the proof

of Proposition 4.3.3. Plugging these values into (4.4.1) we get
E [Ji(s + t,2) — (s, 2)[*] < 2772(1 + (CL)") K || f2]|7Pt7 + 2%~ - 277,

We now use the fact that [|f72 = u(Dy ()~ < rodnodun If we let ¢) = 2°°72(1 4
(C1)?)Kr, P and ¢y = ;2% we have that

u(s+t,x) —u(s,x 2p <02dH”ptp+02"p
E [|a( ) — (s, )]

The final step is to minimize the right-hand side of the above equation over n > 0,
which is similar to the method used to prove Proposition 3.5.5. It is in fact easier to
let ¢§ = ¢, V dgc,TP and then minimize ¢}2¢H"PtP + 27 over n > 0. To this end,
let f(y) = ¢} 2919P + 427¥ be a function on R, then the unique minimum value of f

occurs at

1 /!
=1 2 > 0.
Yo (dg +1)log2 ©8 (dHc’ltp) -
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If we set n = [yop~!] then since f is increasing in [y, c0) we get

E [|11(5 +t,x) — u(s, x)|2p} < f(np)

< f(yo+p)
cy % cy _ﬁ
= 20 [ 2 P+ 27" d
= C//tﬁ
S
where ¢/ > 0 is a constant that does not depend on s, ¢, z. O

4.4.3 Proof of main theorem

Proof of Theorem 4.2.15. The spatial and temporal estimates in Proposition 4.4.1
and Proposition 4.4.3 respectively combined with the continuity theorem Corollary
3.3.19 together imply that there exists a version u : Qx [0, 7] x F' — R of the collection
(a(t,z) : t € [0,T], x € F) satisfying the required Holder continuity properties. We
have that u(t,z) is a random variable satisfying @(t,z) = u(t,z) almost surely for
each (t,x) € [0,T] x F. It only remains to show that (u(t,-)):co1) is a version of U.

We need to show that for each ¢ € [0,T], u(t, ) = U(t) as elements of H almost
surely. Fix t € [0,77]. Since u(t,-) is almost surely continuous on the compact metric
space (F, R) it is a Carathéodory function, so by [2, Lemma 4.51] it must be jointly
measurable on 2 x F'. Additionally the compactness of F' implies that u(t, -) is almost
surely bounded, so we have that u(t,-) € H almost surely. Since D is dense in H,, it will
suffice to show that (u(t, ), k), = (U(t), h), for all h € D almost surely. Furthermore,
every element of D is continuous, and thus can be approximated arbitrarily closely
in ‘H by finite linear combinations of functions of the form 15, , w € W,. Since W, is
countable, we therefore need only to show that (u(t,-),1p,), = (U(t), 1k, ), almost
surely for each w € W,. To this end, we fix w € W,. By the final part of Lemma
4.3.5 and then repeated application of Lemma 4.3.5(2), there exists n,, > 0 such that

for each n > n,,, there exists a subset A/, C A,, such that

U F,=F,.

veA!,

By Lemma 4.3.5(3), for each v € A/, we have that D%(z) = F, for all but finitely
many = € F,, so the map = — f* from F,, to H is measurable. Thus (w,z) —
({U(t), 1) 1p, (z) is jointly measurable. Again by Lemma 4.3.5(3), for each n > n,,
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the set of y € F such that y € F, N F, for two distinct v,v" € A/, is finite. It follows

that
/(()f””uud:v Z/ 0, £, d)

vEA],

Thus we have that

> [ W, fatin) = 3wy [ 00,10 i)

veEA!,

We conclude that

| W guntin) = @)1,

w

for all n > n,,. Finally from Jensen’s inequality, Tonelli’s theorem and Theorem 4.3.9

;

< p(Fy)! / E [[(U (). £2), — u(t, )] u(de)

w

< cap(F) 2

we have that

E

| W g2ntd) ~ (e, ). 1),

w

for n > n,,. Then using Markov’s inequality, for every € > 0 we have the bound

|

for sufficiently large n. Therefore by the Borel-Cantelli lemma,

| W) 12 de) = futt. ). 15,),

> 51 < c3p(Fy)Pe 27

/F (U (), f2) () = (u(t, ), 15, ),

as n — oo almost surely. So (u(t,-),1p,), = (U(t), 1p,), almost surely and the proof

is complete. O
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4.5 Application to a class of da Prato—Zabczyk
SPDEs

In this section we give an example of how to apply Theorem 4.2.15 to the solutions

of a class of SPDEs on p.c.f. fractals of the form

dY (t) = AY (t)dt + f(£, Y (1))dt + g(t, Y (£))dW (¢), t € [0,T],

YO v, (4.5.1)

with 7> 0 and b € 2. We recall that a mild solution of the SPDE (4.5.1) is a
predictable H-valued process Y = (Y3)scpo,) satisfying

t

v = s+ [ S F(s Y (s))ds + [ st sty pans

almost surely for each ¢ € [0,7]. For a topological space S, let B(S) be the Borel
o-algebra on S. Let Pr be the predictable g-algebra on € x [0, 7] associated with
the truncated filtration (F; : 0 < ¢ < T'). The following hypothesis is adapted from
[15, Hypothesis 7.2]:

Hypothesis 4.5.1. We make the following assumptions for the SPDE (4.5.1):

(1). Yy is an H-valued Fop-measurable random variable such that there exists g > 2
with E[[|Yp]|%] < oo.

(2). The function f: Q x [0,T] x H — H is measurable from Pr ® B(H) into B(H).

(3). The function g : Q x [0,7] x H — L(H) is measurable from Pr @ B(H) into
B(L(H)).

(4). There exists a constant C' > 0 such that for all h,h' € H, w € Q and t € [0, 7]
we have that
1f (@, t, )l + llg(w, £, W) < O+ [|A],)

and

| f(w,t,h) — f(w,t,B)], + lg(w, t, k) — g(w, t, 1| < C||h = |,

Definition 4.5.2. As in the proof of [15, Theorem 7.2], let .77, be the space of H-
valued predictable processes Z = (Z(t));cjo,r] such that

1
I1Z]l, = sup E[|Z(1)[1]* < oo
te€[0,T]
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We equip 7 with the norm |-, which makes it a Banach space. Define a stochastic-

process-valued function %" on J7, by

# @0 = i+ | 5P f(s, 2(s))ds + / 5P g(s, Z())dW (s).

Lemma 4.5.3. Assume Hypothesis 4.5.1. Then there exist constants aq,as > 0
dependent only on T' such that if Z € J, then

2 ()l < Ell[Yol[f]7 + an + ax[| Z]],-
In particular, the function & maps H; into itself.

Proof. Fix Z € 7. For t € [0,T] we see that

t

E|| [ stp z()as]
0 Iz

]
<o g ] [ 16 26l

t
< pricg [ [a+ r|z<s>||u>%zs]
0
< 21 (1 + |21

<E [ £ (5. 2(5)) s

and by [15, Theorem 4.37] there exists a constant k, > 0 such that

<y ([ 25t s 26D 0] 0 )g

t 2
<k, ( | Ellats. 2G0T 112, H,H)ds)

/0 SY g(s, Z(s))dW (s)

2

< ky sup E[llg(s, Z())| ( / Hsbucm)ds)

s€[0,t]
t :
< 2071 0%, (1 + (| Z]2) (/ HSSHZ(H,H)CZS)
0
< Q.

The integral of ||S;’H%2(H ») is finite by Proposition 4.2.5 and the fact that d; < 2.
Finally we note that ||S?Yp ||, < [|Yoll, < oo and we put together all of these estimates

to see that there exist constants ay, as > 0 dependent only on 7" such that
1
2 (), < E[l[Yol[]7 + ar + axl| Z]],-
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It remains to show that £ (Z) is predictable (that is to say, it has a predictable
version). The term S’Y, causes no trouble as it is Fy-measurable. By [15, Proposition
3.7(ii)], it is enough to show that the convolutions t fot SP f(s,Z(s))ds and t
fg S .g(s, Z(s))dW (s) are stochastically continuous. These follow in a similar way
to the proof of [15, Theorem 5.2(i)]. We treat the g integral first as it is the more
difficult of the two and is instructive. We in fact prove L? stochastic continuity. For
0 <t <t <T we have by Ito’s isometry:

( / St (s, Z(s))dW (s) / Sh_g(s, Z(s))dW (s >>

t
— [ [ 15t = o1t o5 2O ]
< [ 118t = 20161 E Ll 206D s
<2(1+[12]13) / [ LA R

and then
t
/0 |50_ — 1[0,t’]<S)Sg)’*SHig(HH ds

tl
= [ st st |@HH%+/H ey @

t/
/ 1880 — sHaQ(H,H) ds"‘/() HSbHcQ(H,H)d

, 2 00 t—t'
< Z/ ST (ef)\g(tft) _1> ds+2/ o2
k=10 k=170

which tends to 0 as t —¢' ™, 0 by the dominated convergence theorem and Proposition
4.2.5. Thus we have proven L? stochastic continuity for the g integral. Now L2
stochastic continuity for the f integral follows very similarly; we may even use the
fact that ||A| < ||All 2@ for all A € £2(H,H) to end up doing exactly the same

calculation as the one above. O

Theorem 4.5.4. Assume Hypothesis 4.5.1. Then the SPDE (4.5.1) has a unique
mild solution Y in J7,.

Let U(t) = Y (t) — SPY, for t € [0,T). If ¢ > 2(dg + 1) then U has a version
which is a continuous random field u : Q x [0,T] x F — R and has the following

Holder exponents:
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1). The process u is almost surely essentially ( L(dy + 1)1 — 2L _Helder contin-
( p y v (3 .
uous in [0, T] x F with respect to Ry,

(2). For each t € [0,T], u(t,-) is almost surely essentially (% - dTH> -Holder contin-

wous in I with respect to R,

3). For each x € F, u(-,x) is almost surely essentially (%(dyg +1)7' — 1 )-Hélder
(3) y y (3 ‘

continuous in [0, T].
Proof. For Z1, Z, € 7, we sece that
H(Z)E) - H ()0
= [ S0, 219) = s 2+ [ SE 006, Z1(6) ol Zels)) W (5),

0
<t | [ 156 2060) = £ 2000
0
< 20012, - 2l

We proceed in a similar way as in the proof of Lemma 4.5.3:

/0 St (F(5. Zu(s)) — F(s, Za(s))) ds

and by [15, Theorem 4.37] there exists a constant k, > 0 such that

Zl

<y ([ RISt 005 2105) — 006, e 0]

; St—s (9(s, Z1(s)) — g(s, Za(s))) AW (s)

QN

)

< kO (/OtE [121(5) = Za()I2]* 115212, 005 )

t g
< k,CZ1 - Za)" ( / ||s§||%2m,mds) |

Now f;HSgH%Q(HH)ds = Y%, [ieNds < oo for all t € [0,00), see the proof
of Lemma 4.5.3. Therefore by the dominated convergence theorem, the map t —
IN 152012, (30,205 is continuous with lim, IN 152012, 309045 = 0. We thus see that
there exists an increasing continuous function «s : [0,00) — [0, 00) independent of Yy

with a3(0) = 0 and such that
£°(21) = # (Z)ll, < es(T) |1 21 = 22l
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for all Zy,Zy € s,. Therefore using Lemma 4.5.3, if a3(7") < 1 then % is a strict
contraction on 7, and so the SPDE (4.5.1) has a unique mild solution in [0, 7] by the
contraction mapping theorem. If this condition does not hold we simply take some
T > 0 satisfying a3(T) < 1 and solve the SPDE in the intervals [0, 7, [T, 27, and so
on (this is possible by Lemma 4.5.3 and the independence of a3 from Y;). We have
thus proven existence of a unique mild solution Y to (4.5.1) in 7.

Now we assume q > 2(dy + 1)* and set U = Y — S*Y,. For t € [0,7], let
By = f(t,Y(t)) and o, = g(t, Y (t)). Then we see that (4.2.3) is satisfied. The solution
process Y is predictable, so 8 and o immediately have the required measurability

properties and so it remains to show that Hypothesis 4.2.11 holds. We have that

T 3 T 3
Bl ([ 1eyenia) | <cm| ([ arivels) ]
<7107 sup E[(1+ [[Y(s)]l,)]
s€[0,7
< 0
and
sup E(|lg(s,Y(s))[|?] <C? sup E[(1+ [[Y(s)]],)?] < o0
s€[0,T] s€[0,T)
so Theorem 4.2.15 can be used with p = . O

4.6 Application to a class of Walsh SPDEs

We consider the SPDE

%(t,x) = Ayu(t,x) + f(t,u(t,z)) + g(t, u(t, z))E(t, x),

u(0,x) = ug(x)

(4.6.1)

for (t,z) € [0,T] x F, where T > 0 and b € 2F° ug : @ x F — R, and f,g are
functions from Q x [0, 7] x F to R. We take £ to be an [F-space-time white noise on
(F, ) (in the martingale measure sense of [77]). Without loss of generality we may
assume that ¢ is the space-time white noise associated with the cylindrical Wiener

process W considered previously; that is, for all h € H and ¢t > 0,

/Ot/Fh(y)ﬁ(say)u(dy)ds = (h, W (t)) 4.

Recall that Py is the predictable g-algebra on Q x [0, 7] associated with the truncated
filtration (F; : 0 <t < T'). We now define the spaces in which we will look for solutions
to (4.6.1).
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Definition 4.6.1. Let ¢ > 2. Let S, be the space of processes v = {v(z) : © € F'}
such that v : Q x I’ — R is measurable from Fy ® B(F') into B(R) and

1
[vllg := sup E [Ju(z)[*]s < oo.
zeF

This can be shown to be a Banach space with the norm || - ||, if we identify processes
vy, v2 such that v(x) = ve(z) almost surely for all € F. Evidently S, C S,, if
Q=g =2

Likewise for 7" > 0 let S, be the space of processes v = {v(t,z) : (t,z) €
[0,7] x F} such that v is predictable (which means that v : Q x [0,7] x F — R is
measurable from Pr @ B(F') into B(R), see [77]) and such that

1
[0l == sup supE[[v(t, )|"]s < oco.
te[0,T] z€F
This is likewise a Banach space with the norm || - ||, 7, if we identify processes vy, vs

such that vy(t,z) = vqo(t,z) almost surely for all (t,z) € [0,7] x F. As before,
S €S if g1 > qp > 2.

Hypothesis 4.6.2. We make the following assumptions. Suppose there exists ¢ > 2
such that:

(1) Ug € Sq.

(2). f,9:9Q2x]0,7] x R — R are functions which are measurable from Pr @ B(R)
into B(R) and obey the following Lipschitz and linear growth conditions: There
exists a constant C' > 0 and a non-negative real predictable process M : €2 x
[0,7] — R with

|M||gr :== sup E[M(s)?]7 < co
s€[0,T

such that for all (w,t) € Q x [0,7] and all z,y € R,

]f(w,t,x) - f(watay)‘ + ‘g(W,t,CC) - g(watay)‘ < C|Z‘ - y|7
|f (w, t,2)| + |g(w, t,2)] < M(w,t) + Cl|z|.

We usually suppress the dependence of f, g and M on w. Note that we use the
same notation || - ||, for M and for elements of S, r, but the meaning will be clear
from context. For the sake of the following definitions we now give a (suboptimal)

technical result on the growth of the eigenfunctions ¢}. Compare [52, Theorem 4.5.4].
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Lemma 4.6.3. If b € 27, then sup, ., |ob(z)| < oo for all k > 1 and

sup [¢) ()| = O(k )

el
as k — 00.
Proof. By [3, Proposition 7.16(b)], there exists ¢ > 0 such that if b € 2F° and k > 1

then for all z € F,
b (r)? <2+ X

Then Proposition 4.2.5 implies the required result. O

Definition 4.6.4 (Heat kernel). Let b € 2F°. For (t,,y) € (0,00) X F x F let

Pz, y) =Y e b ()b (y).

k=1

This is non-negative and jointly continuous in (0,00) x F' x F'; see [52, Definition
A.2.12]. Tt is called the heat kernel associated with the boundary condition b. Note
the obvious symmetry in (z,y). Observe that if h € H and ¢,z € (0,00) x F then

/F Pz, y)h(y)uldy) = (. ), B = SPh(z),

which in particular implies that p® is the transition density of the diffusion X®. Due

to the above identity, for t = 0 we define

/F P (z, y)h(y)(dy) = h(z)

(so long as h(z) is well-defined). Thus if s > 0 and ¢t > 0 and x,y € F then we see
that

/F P, 2 (2, ) u(dz) = Pyl ).

Definition 4.6.5. A mild solution of the SPDE (4.6.1) is a predictable process
{u(t,z) : (t,z) € [0,00) x F'} such that for each (¢,z) € [0, 00) x F' we have that

ult,z) = / PR, y)uuo (y)u(dy) / / P, 9) f (5, u(s, ) u(dy)ds

(4.6.2)
/ / P (. w)g(s, u(s, 4))E(s, y)u(dy) ds

almost surely.
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4.6.1 Existence and uniqueness

We begin with a number of estimates that will be useful in the current and subsequent

sections.

Lemma 4.6.6. The following estimates on the heat kernel p® hold for any T > 0:

(1).

(2).

(3)-

There exists a constant c1(T) > 0 such that for all (t,z,y) € (0,T] x F x F and
any b € 2F°

ds

0 < pl(z,y) < (T 7.

There exists a constant co(T) > 0 such that for all (t,z, 2’ y) € (0, T| X Fx FxF
and any b € 2F°,

2 _1_ds
(. y) — pi(@,y)|” < eo(T)R(w, ")t~ %.

There exists a constant c3(T) > 0 such that for all (s,t,z) € (0,T] x (0,T] x F
with s <t and any b € 2",

5, ) — pi (@, @) | < es(T) (s‘%s - t‘%s) .

Proof. (1). By [52, Theorem A.2.16] we see that 0 < pb(z,y) < pY(z,y) for all

(t,z,y) € (0,00) x F' x F and b € 28, Now by [52, Theorem 5.3.1(1)] we see
that there exists ¢;(1) > 0 such that

ds
2

sup py (z,y) < cr(1)t
zyel

for t € (0,1]. Finally if T > 1 then the fact [52, Proposition 5.1.2(1)] that p" is
continuous in the compact set [1,7] x F' x F' (and hence bounded in this set)

implies that there exists ¢;(7") > 0 such that the required result holds.

. Fort >0 and z,y € F define p2”(y) := pl(z,y). By (1),

d d

182 = / P, y)2uldy) = (e, 2) < 2% e (2T %

for all ¢ € (0,T], € F and b € 2. Then we simply follow the method of [34,
Lemma 5.2], using [22, Lemma 1.3.3(i)].
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(3). For any z,y € F and b € 2F°, pb(z,y) is differentiable in ¢ with derivative
Abpi”x(y). This can be shown using Lemma 4.6.3 in the same way as the proof
of [52, Proposition 5.1.2(4)]. The regularity of p!(z,y) and A,p?™(y) is enough
(again using Lemma 4.6.3) that for (t,x) € (0,00) x F we can differentiate

under the integral thus:

%pfﬁ(%w) = %/Fp”;(w,y)%(dy) =2/Fp2’x(y)§tpt (y)u(dy)

=2 [ B Al ntay) = 26 (5787) <0,
F 2 2 2

so p(z,x) is decreasing in ¢ for any z € F. Then [22, Lemma 1.3.3(i)] and the
estimate for prIHi in the proof of (2) imply that there exists ¢5(7") > 0 such
that

—cg(T)t_l_%s < %p?(m,x) <0

for all (¢t,z) € (0,T] x F. Therefore if s,t € (0,T] with s <t then

t
ds
i) = plle)| < (1) [ 2% ds

= cé(T)d% <3_7 — t_7> :

]

Proposition 4.6.7 (Stochastic continuity). Fiz ¢ > 2 and T > 0. Then there exists
ce > 0 such that the following holds: Let vy € Sy and define

oty ) = / /F P ()95 vols, 9))E(s, y)u(dy)ds,
valt, ) = / /F P (2, 9) £ (5, vo(s, ) uldy)ds

for (t,x) € [0,T] x F. Then vy and vy are well-defined and for all s,t € [0,T] and
r,y €l

E [Jui(t, ) — oi(t,9)|"] < (1 + [[eollgr) Rz, )1,
E [Jvi(s, ) —vi(t, 2)]7] < c6(1 + Hvo|| )|3_t‘%(1—*
E [[oa(t, 2) — va(t, y)|*] < (1 + HvquT)R(x,y)%,
E [Jva(s, z) — va(t, z)|] < co(1 + |lvollg 7)|s — 1|30-%

Proof. We note that v; and v, are well-defined by the assumption on vy and the

regularity of p’ (Lemma 4.6.6(1)) and f,g. We now prove the spatial estimate for v;.
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By the Burkholder-Davis-Gundy inequality, there exists a universal constant C; > 0
such that
)

E [|v1(t, z) — vi(t, 2")|]
=E { /0 /F (07_o(z,y) — pi_ (&', y)) g(s, vo(s,9))E(s, y)u(dy)ds
/0 /F(Pi’_s(at,y) — Pl (2", 9))” gls,vo(s,y))u(dy)ds ]

< C,E

(SIS

=G /0 /F(pi’_s(fr,y) — Pl (@, 1)) Elg(s, vols, )| p(dy)ds

where in the last line we have used the Minkowski integral inequality. Now we have
that |g(s, vo(s,1))[7 < (M(s) + Clug(s,y)])7 < 271 (M(s)t + CJu(s, y)|7) so using
Lemma 4.6.6(2),

E [|v1(t, z) — vi (¢, 2")|]

2

< 27 C(IMII3 7 + C*llwollg )

\/O \/F (pg—s($7y) _p?—s(l'/,y))Q“(dy)ds

< 271G (I M1l 7 + C*llwollg )

/ (pg(t—s) (i’, ZIZ') - 2pg(t—s) (ZE, :BI) + pg(t—s) (l’/, $,)) ds
0

q q C L )
< 210 e @) IC (1 + ) ([ (653 %) R
0

q
2

T
2401 e, 2T)AC, (| M 7+ C ol ) ( / d) R(r, )}
0

IN

and the integral is finite since ds < 2. Now we take care of the temporal estimate for
vi: Let t,¢' € [0,T] with ¢ < t'. Then as before,

E [[vi(t, ) — v (t, 2)|"]

q

2

t/
2
<CE || [ [ (e tiecn = phose) oo, vls ) Pula)ds
0 F

[S]5S)

= /o /F(p?—s(l“ay)l{s«} — Pl (2,9)) " E[lg(s, vo(s, )| p(dy)ds

N

t/
_ 2
< 20710, (|M )% 1 + C¥ ol ) /0 /F (ph_ (2, y)Lsery — Pl (2, y))” pu(dy)ds

N

t/
— 2
<20, g+ Clunll)| [ [ (e Lieen = b)) s
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The integral in the final line above must be split into the sum of its parts s < ¢ and
s > t. The first part is

/Ot/F (b o(2,) — Pl (2,9))” pldy)ds
= [ [ 6 = st s

/0 (pgs<x7 T) — 2pgs+t’—t($a ) + pg(s—i—t’—t) (z, w)) ds
t

< | (Pl 2) = 2050 1 (2, 2) + Pyerw g (@, 7)) ds

=]

t
<2 fan) [ (sE et -0 )
0
—ds ds ! 1-4s N1—ds / 1-ds
=27 % (1-3 c3(2T)(t () () z)
_ds dy\ " , |_ds
<2 % (1-5) aenr -y

where we have used Lemma 4.6.6(3). The second part is

v t'—t
/ / Phr_o(x,y)*u(dy)ds = / ph(z, x)ds
t F 0

t'—t
< 2_(12801(2T)/ s~ %ds
0

-1
< 2% ¢ (27) (1 - %) t —t)%

where we have used Lemma 4.6.6(1). Together these give us the temporal estimate
for v;.

The respective estimates for vy can be found similarly, though they are generally
easier as there is no noise to deal with. In particular, we use Jensen’s instead of the

Burkholder-Davis-Gundy inequality. [

Corollary 4.6.8. Fiz ¢ > 2 and T" > 0. Let vo € S,r and define vi,v2 as in
Proposition 4.6.7. Then vi,vs € Sy .

Proof. The estimates found in Proposition 4.6.7 show us that v; and vy are uniformly
stochastically continuous on [0,7] x F. For each fixed ¢t € [0,T], vi(¢,-) and vy(t, )
are J; ® B(F)-measurable, which we can check by approximating the continuous map

(s,2,y) + pb . (x,y) pointwise from below by a sequence of finite positive linear
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combinations of rectangles (s, x,y) — 14,(s))1a,(2)14,(y) such that A; x Ay x A3 C
[0,t) x F' x F is jointly measurable.

Since v; and vy are both evidently adapted, a standard argument (see for example
[15, Proposition 3.7(ii)]) shows that they have predictable versions. As a rough sketch,
forn > 1 let

21 .
n l
vi(t,x) = Z V1 (Q—nT, x) 1(2%T72+T1T}(t)

i=0
for (t,x) € [0,T]x F. Then each v} is predictable and we can show that ||v] — vy ||, —
0 as n — oo.

It remains to show that ||v;]|,r < oo for ¢ = 1,2. This is easy to see by setting

s = 0 in Proposition 4.6.7, since v;(0,-) = 0. ]

To prove existence and uniqueness we follow closely the methods of [77, Theorem
3.2] and [49, Theorem 5.5].

Theorem 4.6.9 (Existence and uniqueness). Assume Hypothesis 4.6.2. Then the
SPDE (4.6.1) has a unique mild solution u in Syr.

Proof. Uniqueness: We may assume without loss of generality that ¢ = 2. Suppose
that uy,us € Sar are both mild solutions to (4.6.1). Let v = u; — us € Sar.
For (t,z) € [0,T] x F let G(t) = sup,cr E[v(t,z)?]. Note that G is non-negative
and bounded in [0,7] since v € Syr. Then for (¢,2) € [0,7] x F we have by the
Burkholder-Davis-Gundy inequality that

E [u(t, 2)?] <2TE [ / t /F o (@, )2 (f (s, w5 )) — F(s, ua(s, y>>>2u<dy>ds}
=] t [ ot = o wa(s,0) Pt s

so that
B [o(t2)] <200+ DE | [ [ 3t o) (0n(5:0) — sl ) ()]
<20 1) [ 66 [ ol o utdnyis
— 20T +1) /0 G (s )ds
and thus by Lemma 4.6.6(1), for all ¢ € [0, 7],
G(t) < 2% C2(T + 1)ea (27) /0 ()t — 5) s,
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Now ds < 2, so by [77, Lemma 3.3] we have that G(t) = 0 for all ¢ € [0,7]. This
concludes the proof of uniqueness.

Ezistence: We find a solution in §;r by Picard iteration. Let uy = 0 € S, r,
then for n > 1 we would like to let u,1 = {uni1(t,x) : (t,z) € [0,7] x F} be the
predictable version (using Proposition 4.6.7) of the process defined by

Un41(t, ) = /pt(rc y)uo(y)p(dy) + / /pt s(z,9) f(s,un(s,y)) u(dy)ds

(4.6.3)
/ / P, 9)g (5. n(5, )€ (5, ) u(dly)ds.

We need to show that this sequence is well-defined. By Proposition 4.6.7 it will be
enough to prove that if u,, € S, r for some n and wu,; is defined as in (4.6.3), then
Unt+1 € Syr. We do this by induction on n. Assume that u, € S, and define wu,;
as in (4.6.3). By Proposition 4.6.7 and Corollary 4.6.8, the second and third term
on the right-hand side of (4.6.3) are well-defined elements of S, r, which leaves us
to deal with the first term [, p!(x, y)uo(y)p(dy). This is trivially predictable as it is
Fo-measurable and, by dominated convergence using Lemma 4.6.6, it is almost surely

continuous in (0,7 x F. Finally using Minkowski’s integral inequality,
q N q
E{ } < (/ pi (. y)E [uo(y)|7) u(dy))
F

/F Py (x,y)p(dy) q (4.64)

/F P}, y)uo(y) pu(dy)

< [uollg

< [uollg

for all (t,x) € [0,T] x F, showing that the first term of the right-hand side of (4.6.3) is
indeed an element of S, r. So u,4+1 € S, 7, and in conclusion ()52, is a well-defined
sequence of elements of S, 7.

We now show that the sequence (u,)2%; is Cauchy. For n > 1 let v, = up41 —

U, € Sgr. Then by Jensen’s and Burkholder-Davis-Gundy inequalities, there exists
a constant C, > 0 such that for all (¢,z) € [0,T] x F' we have that

E [lvns1 (8, 2)|]
t
([ [t (05 tmsa(s.00) = 5,000 s ]
o JF

(/Ot/pr?s(x,y)2(g(s7un+1(s,y)) —g(s,un(s,y)))gu(dy)ds> g] ,

N

< 27ITIR

+27'CE
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Using the Lipschitz property of f and g and then Minkowski’s integral inequality this

(//ptsxy )*un(s,)? (dy)d>]
szrl@@+c@cﬂ(liéms@wama&wm/mwmﬁg

Let H,(t) = sup,cp E [|vn(t,m)|q]% forn > 1 and t € [0,7]. Since v, € S, r, each H,
must be bounded in [0,7]. Then the above equation implies that there is a constant
C' > 0 such that for all n and (¢, z),

implies that

[0S}

E [[vnia (£, 2)|9 < 2071 ( oqﬂ-«:

QN

Bllounatn)F < [ 1) [ e n(nas
= C/ H,( pQ(t oz, T)ds
2-% ¢, (27) / H,(s)(t — )~ % ds,
where we have used Lemma 4.6.6(1). This implies that

S

Hnﬂ(zf)gZ’7 (27) C’/ H,(s)(t—s)” % ds

for t € [0,7]. By [77, Lemma 3.3] and the fact that d; < 2, there then exists a
constant Cy > 0 and an integer & > 1 such that for each n,m > 1 and t € [0,7] we
have that

Hy i () / H,(s)(t—s)d

Thus for each n > 1, (HZ? . converges uniformly in [0,7]. This implies that

> H,% also converges umformly in [0, 7] and so the sequence (u,)>; is Cauchy in
S,r- Let u € S, 1 be the limit of this sequence. Now for each (¢,x) € [0,T] x F we
take the limit n — oo in L9(€2) on both sides of (4.6.3). The left-hand side tends to
u(t, ), whereas the right-hand side tends to

/pt(w y)uo(y)pu(dy) + / /pt Sz, y) f(s,uls,y))pu(dy)ds
L//msxy (s, uls, 9)&(s, y)u(dy)ds

by a calculation that by now is routine. Therefore u is a mild solution to the SPDE

(4.6.1) defined on [0,T] x F. O
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4.6.2 Continuous random field version

Assuming Hypothesis 4.6.2, let u € S, be the mild solution to (4.6.1) as obtained
in Theorem 4.6.9. Using Corollary 4.6.8, let u**® = {u*°(t,z) : (t,z) € [0,T] x F'} be

the element of S, r satisfying

ot 7) = / / P (@, y) £ (s, u(s, y)u(dy)ds
+/0 /Fp’is(:v,y)g(&U(s,y))E(s,y)u(dy)ds

almost surely for each (¢,2) € [0,T] x F. So u* is the “stochastic part” of u and

satisfies
W (t, 7) = u(t, z) — / PR, 1) o ()l dy)

F
almost surely for each (¢,z) € [0,7] x F. In this section we prove that u*° has
a version which is a continuous random field satisfying relatively weak continuity
properties, and then we use Theorem 4.2.15 to bootstrap these into stronger Holder

continuity properties.

Lemma 4.6.10. Let b € 25", Let h € H. Consider the map from (0,00) x F to R
given by

(t2) / P, ) h(y)(dy).

Then for every 0 < Ty < Ty, on [Ty, Ts] x F this map is %—Hdlder continuous with

respect to Roo. Moreover, if sup,cp |h(x)| < oo then

sup
(t,z)€(0,00)x F

/ pi’(%‘,y)h(y)u(dy)‘ < sup [h(a)|.

zeF

Proof. Fix 0 < T} < T;. It is enough to prove that the map is uniformly Holder
continuous in each argument. By Lemma 4.6.6, for any t € [17,Ts] and x,y € F,

/F Wiz, 2) — Py, 2))h(2)u(dz)

< (D) Rz, ) / Ih(2)la(d).

Similarly for any s,t € [T1, T3] with s < t and = € F, the fact that ¢’ — pb(x,z) is
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decreasing (evident by definition of p°) implies that
([ 0.2 = e Dnowcao))
< [ @) = b 2)Pta) / B(2)*u(d2)

aj\

S (pgs(l’,l‘) 2ps+t(x 'y +p2t Z, :L‘ h )

< (o)~ o)) [ APl
< Cafam) (297% = (5407 %) [ hPuta
< Cy2m) (5% —17%) /F B(=)?pu(dz).

Now ¢+t~ is Lipschitz in [T}, T3] so we have the required result.
For the last claim, if sup,cp |h(z)| = C then

Fp?(fﬁ,y)h(y)u(dy)‘ < C/Fpi’(xyy)u(dy) <C

for all (t,z) € (0,00) x F. O

sto

Our first result on u**° uses directly the stochastic continuity results of the previous

section.

Proposition 4.6.11. Assume Hypothesis 4.6.2 with ¢ > 2(dg + 1)%. Then there

to

exists v € (0,1] such that u®*® has a version @ which is predictable and ~v-Holder

continuous on [0, T| x F with respect to Ry, almost surely.

Proof. Given the stochastic continuity estimates in Proposition 4.6.7 and the fact
that dg > 1 (from Remark 3.2.6(2), the condition ¢ > 2(dy + 1)? is precisely what is
needed for us to be able to use Theorem 3.3.17 to construct an almost surely Holder
continuous version of u**® on [0, 7] x F for any T > 0. It is adapted, so its continuity

immediately implies that it is predictable. O

Let C'(F') be the Banach space of continuous functions from F' to R equipped with
uniform norm || - [|».. We use the above two results to construct a process in this space

which is “almost” a version of w.

Corollary 4.6.12. Assume Hypothesis 4.6.2 with ¢ > 2(dg+1)2. Then there exists a
predictable C(F)-valued process (u(t,-),t € [0,T]) such that u(0,-) =0, and u(t,x) =
u(t, z) almost surely for (t,z) € (0,T] x F. Moreover, t — u(t,-) is continuous from
(0,77 to C(F) almost surely.
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Proof. Define u(t,x) as follows: for ¢ = 0 let @(0,2) = 0 for all z € F. For all
(t,z) € (0,T] x F let

iM@=AWMMMM@HW%@,

Where @ is as defined in Proposition 4.6.11. We therefore obviously have a(t, x) =
u(t,z) almost surely for (t,z) € (0,7] x F. Hypothesis 4.6.2 implies that uy € H
almost surely, so Lemma 4.6.10 and Proposition 4.6.11 imply that @ is almost surely
Hoélder continuous in [T, 7] x F' with respect to R for any T} € (0,7). Thus
t — a(t,-) is well-defined as a C'(F')-valued process and is almost surely continuous
from (0,7] to C(F). It is therefore almost surely left-continuous on [0,7]. This
combined with its adaptedness implies that it is predictable. O

Lemma 4.6.13. Assume Hypothesis 4.6.2 with q¢ > 2(dg + 1)®. Let @ be as given
in Corollary 4.6.12. Let B = {B(t) : t € [0,T]} be the H-valued process given by
B(t)(x) = f(t,a(t,z)) forx € F, and let 0 = {o(t) : t € [0,T]} be the L(H)-valued
process given by o(t) = M asgtatzy)). Then B and o are predictable processes on

their respective spaces H and L(H).

Proof. Recall that t — 4 is a predictable C'(F)-valued process. To prove this result
we show that the processes § and ¢ are compositions of suitably measurable functions
of u.

To show that 3 is predictable, let f : Q2 x [0, 00) x H — H be given by f(w,t,h) =
(x = f(w,t,h(z))). For fixed (w,t) € Q x [0,00) this is continuous in h since f
is Lipschitz in x. For fixed h € H this is predictable; indeed for any closed H-ball
B(I',e) € B(H),

«%wJWmmwewan={wwzéumamm—wwwmmng}

which is predictable because (w,t,z) — f(w,t, h(z)) is predictable. Therefore by [2,

Lemma 4.51], f is Pr ® B(H)-measurable. So

B(t) = f(t,u(ut, ),

where ¢ : C(F) — H is the continuous inclusion map. This is now clearly a predictable
‘H-valued process.

Now we deal with o, which is slightly different. let g : Q x [0,00) x C(F) — C(F)
be given by g(w,t,n) = (z — g(w,t,n(x))). For fixed (w,t) € Q x [0,00) this is
continuous in 7 since g is Lipschitz in z. For fixed n € C(F) this is predictable;
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indeed, let {z;}; be a countable dense subset of F. Then for any closed C'(F')-ball
B(n',e) € B(C(F)),

{(w,t) 1 g(w,t,n(-)) € B, e)} = ﬂ{(w,t) Hglw, (@) — ' (w:)| < €}

which is predictable because (w,t,z) — g(w,t, h(x)) is predictable. Therefore by [2,
Lemma 4.51], g is Pr ® B(C(F))-measurable. Now consider the function n — M,
from C(F) to L(H). This is a continuous linear map since [|M,|| = |7« for all
n € C(F). So

o(t) = Mg

which is now clearly a predicable £(H)-valued process. O

We may now prove our Holder regularity result for u*:

Theorem 4.6.14. Assume Hypothesis 4.6.2 with ¢ > 2(dg + 1)%. Then u** has a

[e]

version w**° with the following Holder continuity properties:

(1). @ is almost surely essentially (%(dH +1)7t - %) -Hélder continuous in
[0, T] x F with respect to R,

(2). For each t € [0,T], a*(t,-) is almost surely essentially (% - %)—Hélder con-

tinuous tn F with respect to R,

3). For each x € F, @*%(-,x) is almost surely essentially ( 2(dy + 1)~' — L) -Hélder
2 q
continuous in [0, T].

o

Proof. We take @**° to be the almost surely continuous version of u**° as defined in

Proposition 4.6.11. Recall @ as defined in Corollary 4.6.12; we see that
t
@(ta) = [ [ oo f (s p)ldn)ds
0o JF
t
+/ /pf?_s(w, y)g(s, (s, y))&(s, y)u(dy)ds
0o Jr

almost surely for each (t,2) € [0,7] x F. This holds since the fact that @ does not
agree almost surely with u for ¢t = 0 has no effect on integrals or stochastic integrals.
Define an H-valued predictable process U = (U(t) : t € [0,T]) by U(t) = u**(t, ),
and let § and o be defined as in Lemma 4.6.13. Using the connections between the
space-time white noise £ and the cylindrical Wiener process W we can rewrite the

definition of @** on the level of H:
t t
Ut) = / St B(s)ds + / St o(s)dW(s)
0 0
6
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almost surely for each ¢ € [0,7]. This equation can be verified by taking (-, h;), on
both sides where h; are the elements of an orthonormal basis {h;}; of H and then
using (stochastic) Fubini’s theorem [77, Theorem 2.6]. Now we see that

(/ ) Hﬂ(s)l!ids)g (/ ) [ S its.)utans g]

E =E

T
<7 [ [ [ 136) + Cats. (s
o Jr
<T3 sup E[M(s)+ Culs, )|
(5,2)€0,T)x F
< Q.

In addition, (w, s, z) — g(w, s, u(w, s, x)) is evidently jointly measurable and
sup ~ Eflg(s,a(s,2)') < sup  E[|M(s) + Cu(s,2)|]
(s,2)€[0,T|x F (s,x)€l0,T|xF

< OQ.

Therefore Hypothesis 4.2.13 holds for p = 4. Thus by applying Theorem 4.2.15 there
exists a function u : 2 x [0,7] x F such that u(¢,x) is a random variable for each
(t,x) € [0, T] x F, @ is almost surely continuous in [0, 7] x F’ with the required Holder
exponents given in the statement of the present theorem, and 4 (¢, -) = U(t) = u**°(t, -)
(in the sense of elements of #H) almost surely for each ¢t € [0,7]. We now show
that a(t, z) = @ (¢, z) almost surely for each (t,z) € [0,7] x F. But this is clear:
a(t,) = u**(t,-) in H almost surely, and both are almost surely continuous in F,

so we must have that 4(t,z) = @**°(t,z) almost surely for all x € F. Now since

(o]

[0,7] x F is separable, any two almost surely continuous versions of «*° must be

indistinguishable on their domains of definition. Therefore ¢ = @ in [0,7] x F

almost surely and the proof is complete. O

4.7 Bounds on global solutions and intermittency

We seek upper and lower moment bounds on the global solutions to Walsh SPDEs
on fractals. A corollary of these results is that a certain class of these SPDEs, which
includes a version of the parabolic Anderson model, exhibits intermittency, see [49]

and further references.

Lemma 4.7.1. There exist c7,cg > 0 such that
cr (1 + t_%s) < p¥(z,7) < cg <1 + t_%s)

for all (t,x) € (0,00) X F.
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Proof. Recall that

oo

_\WN
p () =) e oY ()ep (1),
k=1

Therefore by [52, Theorem 4.5.4] and the fact that A\ = 0 < A} and ¢} = 1, the
map x +— pY (z, ) must converge to 1 uniformly as ¢ — co. Then [52, Theorem 5.3.1]

implies the result. O

In particular, for all b € 2, we have that p}(z,z) < cs (1 + t_%s> for all (¢,2) €
[0,00) X F.

Definition 4.7.2. Let k : [0,00) — [0,00) be the function such that x(0) = 0 and

for a > 0,
o0 ds
fﬂa{/ e*“<1+¢*?>dt:1_
0

Indeed, direct computation yields

. (6]
1+a%0(1 —d,/2)

k() (4.7.1)

where I' is the Gamma function. The following properties are easily verified:

(1). & is continuous in [0, 00) and continuously differentiable in (0, co) with positive
first derivative.
(2). k(a) =O(«a) as a — 0 and k(a) = @(al’%s) as o — 0.
The above two properties imply that « is a strictly increasing bijection on [0, c0). Its

first derivative is given by

1+ a%T(2—d,/2)
(1+a%0(1—d,/2)?

k(o) =
Corollary 4.7.3. For a >0 and b € 2F°,

R(Oé)/ e pb(z, z)dt < c.
0

Additionally in the case b= N,

cr < m(a)/ e “pN(x,z)dl.
0

Proof. Directly from Lemma 4.7.1 and subsequent discussion. O
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4.7.1 Upper moment bound

Let b € 27 and consider the following SPDE on F for time t € [0, 00):

%(t,x) = Ayu(t,z) + f(t,u(t,z)) + g(t, u(t, z))E(t, x),

u(0, ) = up(x).

Hypothesis 4.7.4. We make the following assumptions:

(4.7.2)

(1). up: F — R is measurable and bounded.

(2). f,g:2x][0,00) x R — R are functions which are measurable from P ® B(R) to
B(R). There exists a constant C' > 0 such that for all (w,t) € Q x [0,00) and
all z,y € R,

|fw,t,2) = flw, t,y)| + |g(w, t,2) — g(w, t,y)| < Clz —yl,
|f(w,t,2)| + [g(w, t, )] < C(1+ |=]).

We may now find an upper bound for the moments of the solution to (4.7.2).
Compare [49, Theorem 5.5].

Theorem 4.7.5 (General moment upper bound). Assume Hypothesis 4.7.4. Let u

be the solution to (4.7.2). Then there exist cy, 19 > 0 such that for all p > 1 and all
(t,x) € [0,00) X F,

1

E [|u(t, z)["]r < cgexp (crop'™7t) .

Proof. Let p> 2 and a > 0. Let (t,z) € [0,00) x F. We see that

e R [|u(t, z)|]r <e

l/m@ywa><@ﬂ

3=

+E[ ety (2, ) (5, u(s, y)u(dy)ds

]

ey _o(x,9)g(s,uls, ) (s, y)u(dy)ds

B =

+E[

T

which implies

™R [Ju(t, 2)|P]> < sup uo()]

el
o
+E[ “ﬁswyf@w@wDM@MS}
p 1
+2,/pE e 2l (@,y)?g(s,u(s,y))*u(dy)ds ] ,
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where we have used [49, Theorem B.1]. We treat the two integrals on the right-hand
side separately. Firstly,

iy ]

< / / ~atpt (2, y)E[|£(s, u(s, 1) )7 p(dy)ds

hSA

e~ py_(x,y) (s, u(s, y))u(dy)ds

<0 [ [ tttrn) (1+ B luts )P ) s
<C (te“t + Ot /F ~'p)_ (x,y) sup (JE UU(S,y’)Ip}%) u(dy)dS)

y'eF

t 1
<% e / e sup (e [Ju(s, y)|"]7 ) ds
0

yel

C 1
<ot s (TEluts )l )
« (s:y)€[0,t]x F

and secondly
g]

( / / 2l (o Ellas )P (s )
<C (/ / ) (x,y)? sup (1 +E [Iu(s,y/)|p];>2u(dy)d8>
e ( / el ( 2 sup (e +e-MEHu<s,y>\P1i)2ds)

yeF

3 =

—2at, b

pys(x,y)?g(s,u(s, y))* u(dy)ds

(S

2

2

N

t
<c s (e e ) ([ ek o)
X

(s,y)€[0,¢

S s (v uenr) ([ et )

<
V2 (5,9) €0t x F

Cg _ 1
<C 1+  sup <e O“SIE[|u(s,y)|p]1’> )
2k(a) ( (s:)El0,t)x F

Putting these estimates together we see that for all (¢,2) € [0,00) X F,

(S

e E [Ju(t, )|

1 2 1
<supluo(e)| + 0 (=4[22 ) (14 sup (e Efu(s )] )
zeF a |\ k(a) (s:0)€l0.4x F
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Now we pick « such that C' (é 4/ 2ep ) < % By the asymptotic properties of &, it

k()

is possible to find c¢;g > 0 such that the choice

(1-dey1

a = a(p) = cp

works for all p > 2, and note that (1 — %)_1 =1+ dy. Thus for all p > 2,

sup (e R [Ju(s, )] ) < 2supuo(w)] + 1.
(s,x)€[0,t]xXF x€F

Let ¢g = 2sup,cp |uo(z)| + 1. Thus for all p > 2 and (¢,x) € [0,00) X F,
E[luft, $)|p]% < cgexp (c1op' 1) .

The analogous result for p € [1,2) follows via Jensen’s inequality (and a minor ad-

justment of the value of ¢p). O

4.7.2 Weak intermittency

Consider the following SPDE on F' for time ¢ € [0, 00):

%%@ﬁwzzANuuﬂﬁ+g@dthﬂt$%

u(0, ) = up(x).

(4.7.3)

Hypothesis 4.7.6. We make the following assumptions:
(1). up : FF — R is measurable, bounded and non-negative.
(2). g : R — R is Lipschitz: there exists a constant C' > 0 such that for all z,y € R,

l9(z) — g(y)| < Clo —yl,
lg(z)] < C(1+ |z]).

Theorem 4.7.7 (Limiting second moment lower bound). There exists a constant
c11 > 0 such that the following holds: Assume Hypothesis 4.7.6. Let u be the solution
to (4.7.3), and let I(t) = inf,ep E [u(t, x)?] for t € [0,00). Then

liminf (exp (—ci1x~ " (L2)t) I(t)) > inf ug(z)?,

t—00 9 zel

where
9(2)

z

L,= inf
zeR\{0}
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Proof. This is similar to the proof of [49, Theorem 7.8]. Notice that since ug is

non-negative, for all x € I’ we have that

[ P uatontan) = inf o) [ e putdn) = inf uo(o)

yeFr

Using the mild formulation of the solution we see that

E [u(t, )?]
(/t/Fpi\i5<x,y)g(u(s,y))f(s,y)u(dy)ds) ]

=(/pﬁawwwmwwf+E

> inf ug(z / /pt (2, 9)°E [g(u(s,y))*] p(dy)ds

zeF

> inf uo(z / /Lgpt (2, 9)°E [u(s, y)?] p(dy)ds

for all (t,z) € [0,00) x F. It follows by Lemma 4.7.1 that

I(t) > inf ug(x / /Lgpt Sz, y)? I (s)p(dy)ds

zeF

= inf ug(x)? +/ szg(t ol@, ) (s)ds

el
> im}f?uo(x)2 + / 2_7507L§ (1 + (t— s)_%> I(s)ds.

Now if L, = 0 then the result is clear. Henceforth we assume that L, > 0. Recall

that the function & is strictly increasing and bijective on [0, 00). Let
a=r" (2’%507L§> > 0,
then we see that

t
e ™ I(t) > e inf ug(z)? + / k(a)e =9 <1 + (t— s)_%s) e *1(s)ds
0

zeF

for all t € [0, 00). Since

/Ooom(a) (14 st )as =1,

it follows that ¢ — e *'I(t) is a non-negative supersolution (in the sense of [49,

Definition 7.10]) to the renewal-type equation

zeF

f(t) = e inf ug(x)* + /Ot k(a)e =2 (1 + (t — s)’?) f(s)ds. (4.7.4)
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By classical renewal theory [19, Theorem XI.1.2], (4.7.4) has a unique non-negative
bounded solution f : [0,00) — R for which

lim (1) = fooo e~ inf cp uo(x)d?dt '
e wla) fy" te=ot (14 % ) at

We compute the upper integral and use an elementary result on derivatives of Laplace

transforms [19, XII1.2(ii)] on the lower integral. This gives

a~! infxep Uo(l‘)2

lim f(t) = o
fo0 ’i(a) : H(é)%
1+ a%5T(1 - dy/2) )

= inf up(x)
1 +a%0(2—d,/2)cF

ds
1 21(1 — 2
et ds+ Q2 ( ds/ ) lnf U()(l'>2,
1+ a% (1 —d,/2)0(1 — d,/2) *eF

and it follows that
lim f(7) > inf uo(r)?

t—00

for any o > 0. Now observe: by Theorem 4.7.5 there exists 5 > 0 such that

sup (e e *I(t)) < oo.
te[0,00)

Therefore by [24, Lemma A.2], e *'I(t) > f(t) for all ¢ € [0,00). Finally, there can

easily be found a constant ¢1; > 0 such that
2’d7$cm(x) > k(c11x)
for all # > 0. Taking x = (L) this implies that o > ¢35~ (L2). So
exp(—ens (L)1) > £(1)
for all t € [0, 00). The result follows. O

Corollary 4.7.8 (Weak intermittency). Assume Hypothesis 4.7.6. Suppose that

g9(2)

z

inf
2€R\{0}

Illelg up(z) > 0.

> 0,

Then the solution to (4.7.3) is weakly intermittent in the sense of [49, Definition 7.7].

Proof. Theorem 4.7.7 directly implies the required result. O]
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Chapter 5

The damped stochastic wave equation on
p.c.f. fractals

5.1 Introduction

The aim of this chapter is to investigate the properties of some hyperbolic stochastic
partial differential equations (SPDEs) on finitely ramified fractals. In one dimension
[77] motivated this problem as understanding the behaviour of a guitar string in a
sandstorm. That is, we have a one-dimensional string which is forced by white noise
at every point in time and space and are interested in the “music” — the properties of
the resulting waves induced in the string. In the fractal setting we may think of the
vibrations of a fractal drum in a sandstorm. For a two-dimensional drum, it is known
that the solutions to the stochastic wave equation are no longer functions and thus it
is of interest to see what happens in the case of finitely ramified fractals which behave
analytically as objects with dimension between one and two. As yet the theory for the
behaviour of waves propagating through a fractal is much less developed than that
for the diffusion of heat and we will not discuss such deterministic waves. Instead
we consider the regularity properties of the waves starting from rest and arising from
forcing by white noise, which are easier to capture, as it is the noise and its smoothing
via the Laplacian which are crucial to understanding the behaviour of the waves.

The damped stochastic wave equation on R™ n > 1 is the SPDE given by

0? 0
S (b) = =285 (@) + Au(t, @) + (@), -
ou o
U(O, ) = a(ou ) =0,

where § > 0, A = A, is the Laplacian on R" and £ is a space-time white noise on

[0,00) X R", where we interpret © € R™ as space and ¢ € [0, 00) as time. The equation

Original article: [30]
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(5.1.1) can equivalently be written as a system of stochastic evolution equations in
the following way:

du(t) = u(t)dt,

du(t) = =2pa(t)dt + Au(t)dt + dW (t),

u(0) = u(0) = 0 € L*(R"),

where W is a cylindrical Wiener process on L*(R"), and the solution u and its (formal)
derivative @ are processes taking values in some space of functions on R". Here we
have used instead the differential notation of stochastic calculus, and one should not
presume any a priori relationship between u and 4. The damped stochastic wave
equation (SWE) was introduced in [10] in the case n = 1, and a unique solution was
found via a Fourier transform. If 8 = 0, there is no damping, and this is the stochastic
wave equation. The solution then has a neat characterisation given in [77, Theorem
3.1] as a rotated modified Brownian sheet in [0, 00) x R, and this immediately implies
that it is jointly Holder continuous in space and time for any Holder exponent less
than % These properties, however, do not carry over into spatial dimensions n > 2.
Indeed, for n > 2 a solution to (5.1.1) still exists, but it is not function-valued. It is
necessary to expand our space beyond L?(R") to include certain distributions in order
to make sense of the solution. This is related to the fact that n-dimensional Brownian
motion has local times if and only if n = 1, see [20] and further references. There
is thus a distinct change in the behaviour of the SPDE (5.1.1) between dimensions
n = 1 and n > 2. One of the aims of the present chapter is to investigate the
behaviour of the SPDE in the case that dimension (appropriately interpreted) is in
the interval [1,2). When does a function-valued solution exist, and if it does, what
are its space-time Holder exponents? To answer these questions we introduce a class
of fractals.

The theory of analysis on fractals started with the construction of a symmetric
diffusion on the two-dimensional Sierpinski gasket in [25], [58] and [5], which is now
known as Brownian motion on the Sierpinski gasket. The field has grown quickly
since then; see [52] and [3] for analytic and probabilistic introductions respectively.
In [52] it is shown that a certain class of fractals, known as post-critically finite self-
similar (or p.c.f.s.s.) sets with regular harmonic structures, admit operators A akin
to the Laplacian on R™. This class includes many well-known fractals such as the
n-dimensional Sierpinski gasket (for n > 2) and the Vicsek fractal, though not the
Sierpinski carpet. The operators A generate symmetric diffusions on their respective

fractals in the same way that the Laplacian on R" is the generator of Brownian motion
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on R, and we therefore refer to them also as “Laplacians”, see [3]. In particular, the
existence of a Laplacian A on a given fractal F' allows us to formulate PDEs analogous
to the heat equation and the wave equation on F. The heat equation on F' has been
widely studied, see [52, Chapter 5| and many other papers showing results such as
sub-Gaussian decay of the heat kernel. It is possible in the same way to formulate
certain SPDEs on these fractals; for example the stochastic heat equation (Chapter
3) and, the subject of the present chapter, the damped stochastic wave equation on
F. The spectral dimension d,, defined as the exponent for the asymptotic scaling of
the eigenvalue counting function of A, for any of these fractals satisfies d, < 2, and is
the correct definition of dimension to use when investigating the analytic properties
of the SPDE. Since all of our fractals are compact, we can use spectral methods to
vastly simplify the problem and find a solution explicitly in terms of the eigenvalues
and eigenfunctions of the Laplacian.

Previous work on hyperbolic PDEs and SPDEs on fractals is sparse. The wave
equation was first introduced in [58]. Since then, there have been two strands of
work, either focusing on bounded or on unbounded fractals. In the case of bounded
fractals [16] gave strong evidence that there would be infinite propagation speed
for the deterministic wave equation (see also [61]) and [42] showed existence and
uniqueness for a non-linear wave equation. For the unbounded case there is work
by [60] and [74] discussing the long time behaviour of waves on manifolds with large
scale fractal structure and on fractals themselves.

In [20] it is mentioned that the stochastic heat equation on certain fractals has a
so-called “random-field” solution as long as the Hausdorff dimension of the fractal is
less than 2. The stochastic wave equation is studied elsewhere in that paper but an
analogous result is not given. In Chapter 3 the stochastic heat equation on p.c.f.s.s.
sets with regular harmonic structures is shown to have continuous function-valued
solutions, as the spectral dimension is less than 2, and its spatial and temporal Holder
exponents are computed; this can be seen to be the direct predecessor of the present
chapter and is the source of many of the ideas that we use in the following sections.

The structure of the present chapter is as follows: In the next subsection we set up
the problem, state the precise SPDE to be solved and summarise the main results of
the chapter. In Section 5.2 we make precise the definition of a solution to the damped
stochastic wave equation and prove the existence of a unique solution u in the form
of an L2-valued process. We show that it is a solution in both a “mild” sense and a
“weak” sense. Then, in Section 5.3, we show that this solution is Hoélder continuous

in L? and that the point evaluations u(t,x) are well-defined random variables. The
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latter is a necessary condition for us to be able to consider matters of continuity in
space and time. In Section 5.4 we utilise a Kolmogorov-type continuity theorem for
fractals proven in Chapter 3 to deduce the spatial and temporal Holder exponents of
the solution u. In Section 5.5 we give results that describe the long-time behaviour
of the solutions for any given set of parameters, in particular whether or not they

eventually settle down into some equilibrium measure.

5.1.1 Description of the problem

We use an identical set-up to Chapter 3. Let M > 2 be an integer. Let (F, (¢;)X,)
be a connected p.c.f.s.s. set (see [52]) such that F' is a compact metric space and
the ¢; : F — F are injective strict contractions on F. Let I = {1,..., M} and
for each n > 0 let W,, = I™. Let W, = Un>0 W,, and let W = IN. We call the
sets W,,, W, and W word spaces and we call tileir elements words. Note that Wy is
a singleton containing an element known as the empty word. We use the notation
w = wiwows . .. with w; € I for words w € W,UW. For a word w = wy,...,w, € W,,
let 1y, = Py, 0 -+ 01y, and let F, = ¥, (F). If w is the empty word then v, is the
identity on F'.

If W is endowed with the standard product topology then there is a canonical
continuous surjection m : W — F' given in [3, Lemma 5.10]. Let P C W be the
post-critical set of (F, (¢;)M,), which is finite by assumption. Then let F° = 7(P),
and for each n > 1let F* = {J, ey Yu(F°). Let F, = J,—, F". It is easily shown
that (F™),>¢ is an increasing sequence of finite subsets and that F, is dense in F.

Let the pair (Ao, r) be a regular irreducible harmonic structure on (F, (;)M,) such
that r = (r1,...,7ry) € RM for some constants 7; > 0, i € I (harmonic structures
are defined in [52, Section 3.1]). Here regular means that r; € (0,1) for all 7. Let
Tmin = Minje;r; and rp.c = maxX;err;. lfn > 0, w = wy,...w, € W then write
Tw = H’;:l Tw,;. Let dg > 0 be the unique real number such that

Z Tf =1

iel
Then let i be the Borel regular probability measure on F' such that for any n > 0,
if we W, then u(F,) = ri#. In other words, u is the self-similar measure on F
in the sense of [52, Section 1.4] associated with the weights 7 on I. Let (£, D) be

the regular local Dirichlet form on L?(F, u1) associated with this harmonic structure,

as given by [52, Theorem 3.4.6]. This Dirichlet form is associated with a resistance
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metric R on F, defined by

R(z,y) = (inf{E(f, f): f(x) =0, f(y) =1, f e D},

which generates the original topology on F, by [52, Theorem 3.3.4]. Now let 2% ' =
{b:bC F° be the power set of F°. Let Dpo = D, and for proper subsets b € 2F° let

Dy={f €D: f|po = 0}.

Then similarly to [52, Corollary 3.4.7], (£,D,) is a regular local Dirichlet form on
LA(F\ (F\'b),u). If b = F° then we may equivalently write b = N, and if b = ()
then we may equivalently write b = D, see Chapter 3. The letters N and D indicate
Neumann and Dirichlet boundary conditions respectively, and all other values of b
indicate a mized boundary condition. Intuitively, b gives the subset of F° of points
that are free to move under the influence of the SPDE, whereas the remaining elements
of F are fixed at the value 0.

Let b € 2F°. By [3, Chapter 4], associated with the Dirichlet form (€, D,) on
L*(F, p) is a p-symmetric diffusion X° = (X?);>¢ on F which itself is associated with
a Cp-semigroup of contractions S° = (S?);>o on L*(F,p). Let A, be the generator
of this diffusion. If b = N then X% has infinite lifetime, by [3, Lemma 4.10]. On
the other hand, if b is a proper subset of F° then the process X° has the law of a
version of X which is killed at the points F°\ b, by [22, Section 4.4]. Our notation
is identical to that of Chapter 4.

Let (€2, F,P) be a probability space. The damped stochastic wave equation that
we consider in the present chapter is the SPDE (system) given by

du(t) = u(t)dt,
du(t) = —2pa(t)dt + Apu(t)dt + dW (), (5.1.2)
u(0) = (0) = 0 € LA(F, ),

where 8 > 0 the damping coefficient and b € 2F° the boundary conditions are param-

eters, and W = (W (t))i>o is a P-cylindrical Wiener process on L*(F, u). That is, W

satisfies
E [(f,W(5)) 22 (W (1), 9) 12(m)] = (5 AO{F2 9) 22
for all s,t € [0,00) and f,g € L*(F,u). We would like the solution process u =
(u(t))e>0 to be L*(F, p)-valued, however it is not clear whether or not the same should
be required of the first-derivative process 4 = (@(t))¢>o. This will be clarified in the
following section.
The main results of the present chapter (Theorems 5.2.11, 5.3.9 and 5.4.5) can be

roughly paraphrased as follows:
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Theorem 5.1.1. Equip F with its resistance metric R. The SPDE (5.1.2) has a
unique solution which is a stochastic process uw = (u(t,z) : (t,x) € [0,00) X F'), which
is almost surely jointly continuous in [0,00) X F. For each t € [0,00), u(t, ) is almost
surely essentially 1-Hélder continuous in (F,R). For each x € F, u(-,z) is almost
surely essentially (1—%)-Hélder continuous in the Euclidean metric, where d, € [1,2)

is the spectral dimension of (F, R).

The precise meaning of essentially is given in Section 5.3. We see that the Holder
exponents given in the above theorem agree with the case “F = R” described in the
introduction — there we have d, = 1, and the solution is a rotation of a modified
Brownian sheet so it has essential Holder exponent % in every direction. Of course R
is not compact so it doesn’t exactly fit into our set-up, but we get a similar result by

considering the interval [0, 1] instead, see Example 3.1.1.

Example 5.1.2 (Hata’s tree-like set). See [52, Figure 1.4] for a diagram. This p.c.f.
fractal takes a parameter ¢ € C such that |c|,|1 — ¢| € (0,1), with F° = {¢, 0,1}, as

described in [52, Example 3.1.6]. It has a collection of regular harmonic structures

given by
—h h 0
Ag = h —(h+1) 1
0 1 -1

with r = (b7} 1 — h™2) for h € (1,00), and these all fit into our set-up. In the
introduction to [77] the stochastic wave equation on the unit interval is said to describe
the motion of a guitar string in a sandstorm (as long as we specify Dirichlet boundary
conditions). Likewise, by taking b = {¢, 1} in our tree-like set, we are “planting” it at
the point 0 so the associated stochastic wave equation approximately describes the

motion of a tree in a sandstorm.
For more examples see Example 3.1.3.

Remark 5.1.3. The resistance metric R is not a particularly intuitive metric on F'.
However, many fractals have a natural embedding in Euclidean space R", and subject
to mild conditions on F' it can be shown that R is equivalent to some positive power
of the Euclidean metric, see [43]. An example is the n-dimensional Sierpinski gasket
described in Example 3.1.3 with n > 2. In [43, Section 3] it is shown that there exists

a constant ¢ > 0 such that

¢ o —y|™ ™ < R(z,y) < clz —y|™=%
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for all x,y € FF C R", where d,, = loe(t3) ig the walk dimension of the gasket and

log 2
dy = loglgg—;-l) is its Euclidean Hausdorff dimension. It follows that the above theorem

holds (with a different spatial Holder exponent) if R is replaced with a Euclidean

metric on F'.

5.2 Existence and uniqueness of solution

In this section we will make explicit the meaning of a solution to the SPDE (5.1.2),

and show that such a solution exists and is unique.

Definition 5.2.1. Henceforth let # = L*(F,p) and denote its inner product by
(-,-)u- Moreover, for A > 0 let D* be the space D equipped with the inner product

<'7 '>>\ = 5(7 ) + )‘<> '>M'
Since (£, D) is closed, D* is a Hilbert space.

Remark 5.2.2. The space D contains only %-Hélder continuous functions since by

the definition of the resistance metric we have that

|f(x) = f(y)I* < Rz, y)E(f, f) (5.2.1)

for all f € D and all x,y € F. Therefore, since D, is the intersection of the kernels
of the continuous linear functionals {f +— f(z): x € F°\ b}, it is a closed subset of

any D* and has finite codimension |F° \ b|.

Definition 5.2.3. The unique real dy > 0 such that
I
el
is the Hausdorff dimension of (F, R), see [52, Theorem 1.5.7].
The spectral dimension of (F, R) is given by

2y
s_dH"i‘l’

see [52, Theorem 4.1.5 and Theorem 4.2.1]. Note by Remark 3.2.6 that dy € [1, 00)
and d € [1,2).
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If A is a linear operator on H then we denote the domain of A by D(A). If A is
bounded, then let ||A| be its operator norm. By Proposition 4.2.5, for each b € 2"
there exists an orthonormal basis (¢%)22, of H, where the associated eigenvalues
(A)2e | are assumed to be in increasing order. In particular any element f € H has

a series representation
o
b
[ = E Jror
k=1

where f = (¢, f),. Then for any function Z : [0,00) — R, the map Z(—4,) is a
well-defined self-adjoint operator from D(Z(—A,)) to H and has the representation

E(—A)f =Y HEN)S,
k=1

where the domain D(Z(—A,))) is the subspace of H of exactly those f for which
the above expression is in H. In fact the operator =(—Ay) is densely defined since
b € D(Z(—Ay))) for all k. This theory is known as the functional calculus for linear
operators, see [69, Theorem VIIL5].

In particular, if a > 0 then (1—A)? is an invertible operator on H, and its inverse
(1—A,)~2 is a bounded operator on H which is a bijection from H to D((1— A,)2).

Definition 5.2.4. Let a > 0 be a real number and b € 2F°. The bounded operator
(1 — Ay)~% is called a Bessel potential operator, compare [73], [46]. Let H,* be the

closure of H with respect to the inner product given by

(f9) = (1= D)2 f, (1 = Ay) "2 g),..

H, @ is called a Sobolev space or a Bessel potential space, compare [73], [1, Section

1.2], [76, Section 2.2.2].

Remark 5.2.5. Recall that D((1 — A;)?) is dense in H. It follows that the oper-
ator (1 — A)2 @ D((1 — Ay)2) — H extends to an isomorphism from H to H;

characterised by

(1— Ayt (Z fksok) =D (1+ )% fii.
k=1

It is easy to see from the above equation that if b € 2" then (L+ X))z )k:l is a

complete orthonormal basis of H, .
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5.2.1 Solution to the SPDE

Let @ denote direct sum of Hilbert spaces. Let a > 0. The SPDE (5.1.2) can be
recast as a first-order SPDE on the Hilbert space H © H, “ given by

dU(t) = Ay sU(H)dt + AWV (2),
U0) =0eHaH",

0 1
Aos = ( A, 28 >

is a densely defined operator on H & H, * with D(A,g) =D (Aél_%)w) @ H and

we(0).

There is a precise definition of a solution to evolution equations of the form (5.2.2)

(5.2.2)

where

which is given in [15, Chapter 5|, so we can now finally define the notion of a solution
to the second-order SPDE (5.1.2). Note that it is still not clear what value of « should
be picked.

Definition 5.2.6. Let 7' € (0, 00]. An H-valued predictable process u = (u(t))L, is
a solution to the SPDE (5.1.2) if there exists & > 0 and an H, “-valued predictable

process @ = (u(t))l_, such that
U:= ( Y )
u

is an H & H, “-valued weak solution to the SPDE (5.2.2) in the sense of [15, Chapter
5]. If T'= oo then it is a global solution.

Admittedly, the above definition is lacking as it is very abstract and unintuitive.
In Theorem 5.2.11 we prove that solutions to (5.1.2) also satisfy a property which is
analogous to the concept of weak solution as defined in [15, Chapter 5], and is much

more instructive.

Definition 5.2.7. For A > 0 and § > 0, let V3(),-) : [0,00) — R be the unique

solution to the second-order ordinary differential equation

d*v dv

— 4+ 28— 4+ X =0

gz g A =0
dv

v(0) =0, Z2(0) = 1.

(5.2.3)
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Explicitly,
(82 — \)~3e~P sinh ((52 - A)%t) A< 32
V(A1) = te Pt A= 3%
(A — §2)"3e P sin (()\ - 52)%t> x> B2

For fixed A and 3, this function is evidently smooth in [0, 00). Let V3(),-) = %(A, ).

Compare [10, Lemma 2.1].

Remark 5.2.8. The different forms of Vj correspond respectively to the motion of

overdamped, critically damped and underdamped oscillators.

Lemma 5.2.9. Let o = 1. Then for each 8 >0 and b € 2F" the operator Ay g gener-
ates a quasicontraction semigroup S** = (SP);>0 on H®H; " such that | S| < ez
for allt > 0. Moreover, the right column of Sf’ﬁ 15 given by

ShA — ( Vi(—=2p, 1) ) ’

Proof. Recall that

If f € D(A?), g € H then

Ao (900 )

= (g, Fu+ (A1 = Ay)72f, (1= Ay)"2g), — 28]|(1 — Ay) 2]
= (1= D)1= A)7 ) + (D1 — M)V g — 2811 — Ay) "2 g2
<f (1= 2y)"g)u — 28](1 — Ay)"2g]2

<If + %H(l — Ay)Thgl2 = 2811 — A) gl

where in the last line we have used the Cauchy-Schwarz inequality. Now |(1 —

Ay)7z|| < 1 by the functional calculus. It follows that

(=3 (0) (0

1 1 - -3
< —5 (10— 2) 2gI2 = (1= 2) 1g]2) — 2811 — &) gl
<0,
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which implies that the operator Az — % is dissipative. Moreover, it can be easily

checked that the operator A — A4, g is invertible for any A > 0 with bounded inverse

A= App) ' = ( 25&: A i ) (AN +28) — Ay~

It follows by the Lumer—Phillips theorem for reflexive Banach spaces [18, Corollary
I1.3.20] that A 5 — % generates a contraction semigroup on H @ 7-[6_1. It follows that
Ay 5 generates a quasicontraction semigroup S*# = (SP7),=9 on H ® H; ! such that
|SPP|| < ez for all t > 0.

To construct the semigroup S, we first observe that H © H, ! has a complete

orthonormal basis given by

U8 ) oot ) eery

and that all of the elements of this basis are in D(A, ). By a density argument, it

suffices to compute how A, 5 affects the elements of this basis. For £ > 1 we see that

SDb B O 1 SOb
()= (5 20 ) (7)),
A 0 - 0 1 0
W( (1+ M)} ) N ( —N 28 > ( (1+M\)2eh )

Therefore to compute the semigroup S* it will suffice to take a simple matrix expo-

nential. We see that

ol( % 2)1-( 288

where the left column of the matrix is not computed as it is not important. It follows

that the semigroup generated by A, s takes the form

O

Proposition 5.2.10. Let o = 1. Then for each >0 and b € 28 there is a unique
global H @ H;, '-valued weak solution U to the SPDE (5.2.2) given by

- fot Va(—Ap, t — 8)dW (s)
U(t) = < I VZ(_Ab,t — 5)dW (s) ) '

In particular, it is a centred Gaussian process and has an H@H;l—contmuous version.
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Proof. Following [15, Section 5.1.2], we define the stochastic convolution
t
Wh(t) == / StV = [ Saw
0

for t > 0, where 15 : H — H @ H, ' is the (bounded linear) map f ( S]C ) For
a € [0,1) we wish to show that

[
0

for all T' > 0, where | - |[y5% e, ) denotes the Hilbert-Schmidt norm of operators
from H to H @ H,'. We have that

T
L
0 HS(HHH@H?)
dt

Ab’ ) HeH; !
T
:Z/O tavg()\z,t)th—i—Z/o (1 XD TVE(AL )2,
k=1 k=1

and we treat the above two sums separately.

Sfﬁb H dt < oo
HS(H—HOH; 1)

2
dt = SPP 1yt dt

b,ﬂ
St, LZ
H®Hh 1

T o0
tfa
k=1

2

Now t — t=*V3(\, t)? is always integrable in [0, T so the only thing that can go
wrong is the sum. Since there are only finitely many k such that Ao < 32/ it suffices

to consider the case /\Z > (2. In this case we have that
T T
/ V(AR 1) dE = (A — 52)‘1/ =328t 6ip2 ((Ag _ g?)%t) dt
0 0
<N -1 —a) T

It follows that

T
V(A 1)7dt < / V(A 1)dt =47
Z/ (At Z s(Aps + 1 _a Z(k 8%)

k:ab<p2 kb > 2

which is finite by Proposition 4.2.5. We use a similar method for the Vﬁ sum. Taking
a = 0, it thus follows from [15, Theorem 5.4] that the SPDE (5.2.2) has a unique
global solution U = (U(t))2, in H © H; ' given by

fO V Ab; t— S>dW<S)
U(t) = Wi(t) = ( I VZ (—=Ay, t — s)dW(s) )

It is a Gaussian process in H @& H, ! by [15, Theorem 5.2]. As a stochastic integral
of a cylindrical Wiener process, it is centred. Moreover, taking a € (0,1) we see that

this U has an H @ H, '-continuous version by [15, Theorem 5.11]. O
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Theorem 5.2.11 (Solution to (5.1.2)). There exists a unique global solution u to the
SPDE (5.1.2). It is a centred Gaussian process on H given by

u(t) = /0 V(= Ay, t — )TV (s).

Moreover, u is the unique H-valued process which satisfies the following “weak solu-
tion” property: For all h € D(A,), the function t — (u(t), h), satisfies (u(0), h), =0,

is continuous in [0,00), and is continuously differentiable in (0,00) with

t t
Gul0): = [ Gule), Autds =280 ), + [ (W (),
Proof. Existence is given directly by Proposition 5.2.10, and yields the required cen-
tred Gaussian process u as a solution which is continuous in H, with its associated
@ continuous in H, '. Now note that our construction of S*? in Lemma 5.2.9 was
independent of the value of a. That is, for any a > 0 such that A, 3 generates a
Co-semigroup on H & H, , that semigroup must be S»”. This ensures uniqueness.

It can be checked directly that the adjoint of the operator A, s is given by

Ar . — 0 (1 — Ab)ilAb
58 — 1-— Ab —25 ’

with domain D(A; 5) = D(Ab%) ®H = D(App). By the definition of weak solution in
[15, Chapter 5] for (5.2.2) we see that for all f € D(A?) and g € H and ¢ € [0, 00),

(ult). £+ (D). gyt

= [ (fule), (= 20 Bug 4 (0l), (1= A1 =28 ) st [ o AW )
(5.2.4)

Take g = 0 and f € D(A?) in (5.2.4). Then by the fact that « is continuous in H; '
and the fundamental theorem of calculus, the function ¢ — (u(t), ), is continuously
differentiable in (0, co) with

s P = (0 (1= )l

Note in particular that the right-hand side of the above equation is equal to (u, f),
if « € H. Now in (5.2.4) we take f = 0 and let g = (1 — Ay)h for some h € D(A,),

which gives

(1), (1~ Ag)h)y s

- /Ot (<u(s>,Abh>u—2/3<u(s>,(1—Ab)h>Hb_1)d5+ /0t<(1_Ab)h,dW(S)>Hb—1,
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which is equivalent to

d t t

E<U(t)7h>u :/0 (u(s), Aph),ds — 25(u(t), by, —I—/O (h, dW (s)) -

Thus u satisfies the required “weak” property. It remains to prove that u uniquely
satisfies this property among all H-valued processes, so let u be a process also satis-
fying the property and let v = u — @. Let vg(t) = (v(t), %), for k > 1, t € [0,00).

Then v, can be seen to satisfy the ordinary differential equation

dQUk dvk
Z )\, —opE
de? KOk = 2075
dvk
0)=——(0)=0.
v(0) = —=(0)
The unique solution to this ODE is vy = 0 for every k, which implies v = . n

Now that we have our solution u to (5.1.2) given by Theorem 5.2.11, we show that

it has a nice eigenfunction decomposition. Let uy = (pbu), for k > 1. We see that

ui(t) = / Va(\lt — 5)(gbh, dW(5)u

and it can be easily shown that ({(¢}, W),)32, is a sequence of independent standard

real Brownian motions.

Definition 5.2.12 (Series representation of solution). Let § > 0 and b € 2F°  For
k> 0let V" = (V7P (t))i=0 be the centred real-valued Gaussian process given by

Y2I(t) = / Va(AL £ — 8) (gl ATV (s)),..

The family (Y;*")?2, is clearly independent, and if u is the solution to (5.1.2) for the

given values of 5 and b then
u(t) =Y V(). (5.2.5)
k=1

Remark 5.2.13. By Theorem 5.2.11, the real-valued process ka’ﬁ satisfies the fol-
lowing stochastic integro-differential equation:

t

v = ~2500) - . [ y(s)ds + [t awisn,

and it is easily shown to be the unique solution.

167



Remark 5.2.14 (Non-zero initial conditions). For a moment we consider the SPDE

du(t) = u(t)dt
du(t) = —26u( Ydt + Apu(t)dt + dW (t), (5.2.6)
u(0) = f, u(0) = g.

This is simply the SPDE (5.1.2) with possibly non-zero initial conditions. We can

characterise the solutions of this SPDE using the deterministic damped wave equation

du(t) = a(t)dt,
du(t) = —2Ba(t)dt + Ayu(t)dt, (5.2.7)
u(0) = f, w(0) =g,

which is studied in [16], [42], [61] in the case 8 = 0. Let u be the unique solution to
(5.1.2) given in Theorem 5.2.11. Then it is clear that a process @ solves (5.2.6) if and
only if @ — u solves (5.2.7). Thus understanding the stochastic wave equation with
general initial conditions on a fractal is equivalent to understanding the deterministic

wave equation on that fractal.

5.3 Regularity of solution

5.3.1 L?’-Holder continuity

The first regularity property of the solution u = (u(t));2, to (5.1.2) that we will
consider is Holder continuity in H, when w is interpreted as a function u : Qx [0, 00) —

H.

Proposition 5.3.1. Let u : Q x [0,00) — H be the solution to the SPDE (5.1.2).
For every T > 0 there exists a constant C' > 0 such that

E|llu(s) — u(s + DI} | < c2*
for all s,t > 0 such that s,s +t € [0,T].

Proof. By 1t0’s isometry for Hilbert spaces,
E [|lu(s) = u(s + D)1

s+t
=K / (Va(=Dp, s+t —t') — Va(=Ap, s — ') Lgp<qy) dW (T
0

2
/‘]
s+t 9
= / ||V5(—Ab, s+t— t/) - Vg(—Ab, S — t/)l{t’gs} HHS(?—L) dt/,
0
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where || - |lus) denotes the Hilbert-Schmidt norm for operators from H to itself. It
follows that

E [|lu(s) — u(s + D)1

S t
= / V(=0 + 1) = Vi(=, 1) |50 It + / V(=2 Olinsn 4 (5.3.1)
_Z/ (Ve t+ ) — Vs(AL ) dt’+2/ Vs(AL 1) dt!

and we treat each of the above two sums separately. Notice that by Proposition 4.2.5
there are only finitely many k such that A} < 32.

We consider the first sum of (5.3.1), and we first look at the case A2 > 2. Then
using standard facts about the Lipschitz coefficients of the functions exp and sin in
[0, T] we see that

/ (Vﬁ()‘k’t+t) V/B()‘Z7t,))2dt/

0
s , , 2
— (AL — 2! / (e—ﬁ<t+t>sin ((x,; - 52)%(t+t')) — e gin (()\Z - 52)%15’)) dt’
0
S 1 2
<Op-m)" [ ((B+ 00— phenz)
0
At AL
< 4TH .
b — 32
We get a similar result in the case A2 < 32, that is, a term of order O(#?). In this

case the dependence of this term on k is unimportant as there are only finitely many
k such that \? < 2. There therefore exists a constant C’ > 0 such that

MﬂAl
62

Z/ (Vo b+ 1) — Va(AL, #))* dt’ < C't? + 4T Z
k=0 V0

kXY >,6’2

Using Proposition 4.2.5, there therefore exists C” > 0 such that

Z/ (Va2 1) — Va(Ao, ) it < C” <t2 +3 kT A t2> .
k=0 "0

k=1

Then by Lemma 3.5.2, there exists a C” > 0 such that

Z/ (Va2 £+ 1) — Va(AL, £)) it < C? .
0

k=0
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Now for the second sum of (5.3.1), again we first look at the case A} > 32. Using
Lipschitz coefficents and the fact that V3(A?,0) = 0 we have that

/Ot (VoA #)) dr = (A — 52) ! /Ot =28 sin? ((/\ - 52)%t’) dt’
<ok- [ (64 0k- e ar)
4N — pgH~t /t (A ()2 A1) dt!
0

A2 AL
AP — g2

< 4t

In the case A\? < 3% we get as usual a similar result, of order O(¢*), and its dependence
on k is unimportant as there are only finitely many. Using the same method as for
the first sum of (5.3.1) we see that there exists a C"” > 0 such that

o t
Z / (Vﬁ(Az,t’))th’ < 0"
k=00

Plugging the estimates into (5.3.1) finishes the proof. O

Definition 5.3.2. Let (M;,d;) and (Ms,ds) be metric spaces and let § € (0,1]. A
function f : My — M, is essentially 0-Hdélder continuous if for each vy € (0,6) there
exists C > 0 such that

dg(f(.’ll‘), f(y)) < C’Ydl(xa y)’y
for all xz,y € M;.

Theorem 5.3.3 (L2-Hoélder continuity). Let u : Qx [0,00) — H be the solution to the
SPDE (5.1.2). Then there ezists a version @ of u such that the following holds: for
all T > 0, the restriction of @ to Q x [0,T] is almost surely essentially (1 — %)-Hdlder

continuous as a function from [0,T] to H.

Proof. Fix T > 0. This is a simple application of Kolmogorov’s continuity theorem.
It is a consequence of Fernique’s theorem [15, Theorem 2.7] that for each p € N
there exists a constant K, > 0 such that if Z is a Gaussian random variable on some

separable Banach space B then
p
E[IZI5] < KE[I1Z13]"

see also [26, Proposition 3.14]. Since u is a Gaussian process, Proposition 5.3.1 gives
us that
E [HU(S) - u(t)||ip] < Kpcp\s _ tlp(?—ds)
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for all s,t € [0,T], for all p € N. Then by taking p arbitrarily large and using
Kolmogorov’s continuity theorem, the result follows. Note that any two continuous
versions of u must be indistinguishable, which allows us to extend the construction

of @ on any given finite time interval [0, 7] to the whole interval [0, c0). O

5.3.2 Pointwise regularity

Let u be the solution to (5.1.2) in Theorem 5.2.11. Henceforth we assume that u is
the H-continuous version constructed in Theorem 5.3.3. We currently have u as an
‘H-valued process, so in this section we will show that the “point evaluations” u(t, )
for (t,z) € [0,00) x F' can be defined in such a way that they make sense as real-valued
random variables. This will allow us to interpret u as a function from 2 x [0, 00) X F’
to R, and is necessary for us to be able to talk about continuity of u in space and

time.

Definition 5.3.4. For A > 0 and b € 2" let p} : F x F — R be the resolvent density

associated with Ay, exactly as in Section 4.3.1.
Lemma 5.3.5. Let >0 and A\ > 0. If a > 0 then

o 1
/ e 2V (\, t)2dt =
0

4o+ B) (a2 + 206 + N)

Proof. Can be computed explicitly using (complex) integration in each of the cases

A< 3%, A= (3% and A > 32 using the definition of V. O

Lemma 5.3.6. Let u : [0,00) — H be the solution to the SPDE (5.1.2). If g € H
and t € [0,00) then

\//ﬁ B)t
E [(u(t), 9)%] < e ’ / / P (x )9(y)p(dz) p(dy).

Proof. Let g* € H* be the bounded linear functional f — (f,g),. We see by Ito’s

isometry that

t
- / 19 V(= g, 8)|sds

t
= [ et s)glias
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where the last equality is a result of the self-adjointness of the operator Vz(—A,, s).
If we let g, = (¢}, g), for k > 1 then for any a > 0 we have that

e}

E[(u(t),9)2] =3 & / Vo(AL, 5)%ds

k=1

< et Zgz/ e‘zO‘SVB()\%, s)2ds
k=1 0

- 1
2at 2
; "4(a+ B)(a + 208 + Ab)
2at

e (o +2a8 - Ay)7"g,9),

B zl(j—fﬁ) /F /F Przv2as(@, ¥)g(2)g(y) p(dz) u(dy),

where we have used Lemma 5.3.5. Finally we pick o = /32 + 1—f3 so that a?+2a/3 =
1 and the proof is complete. O

For x € F and € > 0 let B(z,¢) be the closed R-ball in F' with centre z and radius
€.

Lemma 5.3.7 (Neighbourhoods). There ezists a constant ¢s > 0 such that the fol-
lowing holds: If x € F and n > 0 then there exists a subset D°(z) C F such that
w(DO(z)) > ri 9=dun gpq

x € DY (x) C B(x,c527™).

Proof. The D?(z) we want is defined in Definition 3.3.10. The result D%(z) C
B(z,c527") then follows from Proposition 3.3.12. The result on u(D2(x)) is due to
the fact that by definition, F,, C DY(z) for some w € W, such that r, > ry2™". 0O

Definition 5.3.8. For x € F and n > 0, define

fE=p(DY(x)) " Lpo ).

Evidently f2 € H, ||f2[2 = w(DY(x))™ < rp24n™ by the above Lemma and if

g € H is continuous then
Jim (57, 9)u = 9(2),

by the above lemma.

We can now state and prove the main theorem of this section, compare Theorem

3.4.8.
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Theorem 5.3.9 (Pointwise regularity). Let u : [0,00) — H be the solution to the
SPDE (5.1.2). Then for all (t,x) € [0,00) X F' the expression

= Y (t)ek(@)

15 a well-defined real-valued centred Gaussian random variable. There exists a con-
stant cg > 0 such that for allx € F, t € [0,00) and n > 0 we have that

E [((u(t), iy — u(t,x))z} < 0662(\/52_+1_5)t2_".

n

Proof. Note that ¢? € D(A;) for each k, so ¢! is continuous and so ¢ (x) is well-
defined. By the definition of u(¢, ) as a sum of real-valued centred Gaussian random
variables we need only prove that it is square-integrable and that the approximation
estimate holds. Let x € F. The theorem is trivial for ¢ = 0 so let ¢ € (0,00). By

Lemma 5.3.6 we have that

E [(u(t), £2 — 2]
\/52+15
/ / A, 22) (2 (1) — F2(2)) (2 (22) — F2 (22)) ey ldzs).

Then using the definition of f?, Proposition 4.3.2 and Lemma 5.3.7 we have that

62( V /32+1_5)t
p2+1

Vo2V BPH1-pB)t

_ 2cs¢ (27" +27™m).

Vs

Writing u in its series representation (5.2.5) and using the independence of the ka’ﬁ ,
it follows that

E [(u(t), fi = fo)2] < (8¢527" + 8¢527™)

(5.3.2)

20562(‘/52“_[3”
VB +1

Thus the left-hand side of the above equation tends to zero as m,n — oo. The

SO [VP0?] (ks fhn — (b o) < (2 +27m).

solution u is an H-valued Gaussian process so we know that
b, x x
SUE R (b 12 = B [fult), £22] < oo
k=1

forall z € F, n > 0 and t € [0,00), therefore by the completeness of the sequence

space (? there must exist a unique sequence (yx)72; such that > 7, y2 < oo and

> 1 2
Jim > (E YR (e - yk) 0.
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Since ¢} is continuous we have lim,, (¢}, f%), = ¢4 (z). Thus by Fatou’s lemma we

can identify the sequence (yx); we must have
STE [P 0?] ) < o0
k=1

and

Tim SRV (07] ((eh fdu — (@) = 0.

Equivalently by (5.2.5),
E [u(t,z)*] < o

(so we have proven square-integrability) and

lim B [((u(t), £ — ult, 2)*) = 0.

n—o0

In particular by taking m — oo in (5.3.2) we have that

95 e2(VFHI-B)t
V3241

E [(<u<t)7 f;:f>u - ’LL(ZZ.QT))Q} S 9—n

]

We can now interpret our solution u as a so-called “random field” solution w :
2 x [0,00) x I — R. However, the relationship between the random field solution
and the original H-valued solution is still rather unclear. We discuss this in the next

section.

5.4 Space-time Holder continuity

Now that we have the interpretation of the solution u to (5.1.2) as a function w :
2 x [0,00) x FF — R, we can prove results about its continuity in time and space. In
particular, we show that it has a Holder continuous version which is also a version of

the original H-valued solution found in Theorem 5.2.11.

5.4.1 Spatial estimate

The spatial continuity of u is the same as for the stochastic heat equation, see Section
3.5.1.
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Proposition 5.4.1. Let T > 0. Let u : Q x [0,T] x FF — R be (the restriction of)
the solution to the SPDE (5.1.2). Then there exists a constant Cy > 0 such that

E [(U(t,l‘) - U,(t,y))ﬂ < ClR(x7y)
for allt € [0,T] and all x,y € F.

Proof. Recall from Theorem 5.3.9 that

im 2 | ((alt). 23, — u(t0)) | =0,

n—oo

and an analogous result holds for y. Thus by Lemma 5.3.6,

E [(u(t,) = ult,y))?] = lim E |(u(t), f; - f;z>i]

\/@ B)t
4 n—>oo/ / )01 21’22 ) - fag(Zl))(frf(@) - fg(ZZ))M<dZ1)M<dZQ)

e \/’82_H7’8 b b b
T A — 2 ).

where we have used the continuity of the resolvent density, Lemma 5.3.7, and the
definition of f7 (similarly to the proof of Theorem 5.3.9). Hence by Proposition
4.3.2,

2(y/B2+1-8)T
E [(u(t,z) — u(t,y))’] < 64? (P (z,2) = P} (2, y) + P (y.y) — PY(y, x))
2V BH1-B)T

< WR(%CU)

5.4.2 Temporal estimate

Lemma 5.4.2. We have the following estimates on Vs and Vg:

(1). Let >0 andt > 0. Then

sup [Va(A, 1) =

A>0

B~te Ptsinh (Bt) B >0,
t B =0.

In particular, sup,sq |Vs(A,1)| is O(t) ast — 0.
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(2). Let >0 and T > 0. Then

sup sup |Va(\, )| < e
0<I<T A>0

Proof. It is easy, if somewhat tedious, to prove that V3 and Vﬁ are both continuous
in A for fixed ¢t > 0. Note that

. sinz . sinhz
lim =1=I1lim
z—0 g x—0 x
and )
sin . sinh x
sup =1= inf
zeR\{0} | T zeR\{0} T

For (1), assume that ¢ > 0 (otherwise the result is trivial). We have that

sup |Vz(\, t)| = te P sup
A>p32 A>pB2

=te P!
= [Va(5°,1)],

so we need only consider the case A < %2 If 8 = 0 then this directly implies the

(0r- 52)%)_1 sin (A~ 5)%) ‘

result. Suppose now that g > 0. The function z — smh:‘ is positive and increasing

when x is positive so by continuity we have that

sup V(6] = sup V(1)

<32

—1
=te P su ( 2_\)2t)  sinh (8% — M)zt )
sup { (32 = 2)ke) b (52 = )
= te Pt (Bt) " sinh (Bt)
= e P sinh (Bt)
which is the required result.

Now for (2), assume that 7" > 0, otherwise the result is trivial. We have

sup sup |Vs(\, t)|

0<t<T A>p2
= sup sup " cos (()\ g )% ) —ﬁ()\—ﬁ2>_%6 sin (()\ 62)% >)
ogtsmwz
<1+ sup ‘ﬁte_ﬁt‘
0<t<T
<1+pT
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and

sup sup |Vs(A, )]

0<t<T A< 32
— sup sup [e ™ cosh (82 = A)ht) = B — A) e Hsinh (62 - 0t
0<t<T A< 32
1 -1 1
< cosh(BT) + BT sup sup <((B2 — /\)515) sinh ((62 — A)2t>)
0<t<T A< 32

< cosh(BT) + sinh(BT) = 7

and supg< <7 |Vs(8%,1)| = supyey<r |e=#t — Bte=?*| < 1+ BT. Finally we note that
the inequality 1 4+ BT < €T holds. O

We can now give the temporal estimate. Here we see the effect of the extra time

derivative compared to the stochastic heat equation in Proposition 3.5.5.

Proposition 5.4.3. Let T > 0. Let u: Q x [0,T] x FF — R be (the restriction of)
the solution to the SPDE (5.1.2). Then there exists Cy > 0 such that

E [(u(s.) — u(s +1,2))?] < Cot>*
for all s,t > 0 such that s,s +t <T and all x € F.

Proof. Let cf := 8cge2(V 62“_’3)T, where cg is from Theorem 5.3.9. By Theorem 5.3.9

we have that if n > 0 is an integer then
E [(u(s,z) —u(s +t,2))*] <2E [(u(s) —u(s+1), fi)5] +cc27". (5.4.1)
Then Ito’s isometry for Hilbert spaces (see also proof of Lemma 5.3.6) gives us that
E [(u(s) —u(s +1), )]

s+t 2
</ (Va(=Dp, s+t — 1) = Va(=Dy, s — ') Lp<sy) dW (), fff> ]
0

I

=K

s+t
— / |(Va(=Ap, s+t —t') = Va(=Ay, 5 — ') 1<) fiji dt’
0

s+t
< ||f;’§||5/0 |Va(=Ap, s+t —1t) = Vg(—Ap, s — t’)l{t/gs}‘fdt’.
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Recall that || f2[|2 < r##2¢nm. Using the functional calculus we see that

s+t
/ HVB(—AI,, s+t—t)—Vs(—=Ay, s — 15’)1{t,§s}||2 dt’
0 S s+t
- / V(=51 — 1) — Va(— Ay, s — )7 i’ + / IVs(=Lgs + ¢ — )| dt
0 s
s t
:/ ||V5(—Ab,t+t’)—VB(—Ab,t’)Hth’Jr/ V(=D t)||* dt!
0 0

S t
< / sup (Va(A, t + ') — Va(A, t’))2 dt’ + / sup V(A t')2dt
0 0

A>0 A>0

t
< t*T sup supvﬁ()\,t')z—k/ sup Va(\, t')%dt,
0<t'<T A>0 0 A0

where in the last line we have used the mean value theorem. Therefore by using

Lemma 5.4.2 there exists ¢ > 0 such that
s+t 9
/ |Va(=Dp, s+t — 1) = Va(=Dy, s — ) Lpp<gy || dt’ < ct?
0

for all s,t > 0 such that s,s +¢ < T. Letting ¢ = 27“;1?1{{0 and plugging this into
(5.4.1) we have that

E [(u(s,z) —u(s + t,2))?] < #2297 4 g2~
for all s,t > 0 such that s,s +t < T and all x € F. In fact, defining
&=V dydT?,
we have that
E [(u(s,z) — u(s + t,z))*] < 729" 4 ¢f27" (5.4.2)

as well. This estimate will turn out to be easier to work with.

We assume now that t > 0, and our aim is to choose n > 0 to minimise the
expression on the right of (5.4.2). Fixing ¢t € (0,7], define g : R — [0,00) by
g(y) = 122%Y + ¢f27Y. The function g has a unique stationary point which is a

global minimum at

1 s
= —1 )
Yo (dg +1)log2 °8 (dHc’tQ)
Since t < T we have by the definition of ¢ that yo > 0. Since ¥, is not necessarily

an integer we choose n = [yo|. Then g is increasing in [y, 00) so we have that
E [(u(s, x) —u(s+t, x))Q] <gn) <glyo+1).
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Setting ¢ = d(;gc, and evaluating the right-hand side we see that

d

H —1
AN AN T
E [(u(s,z) —u(s + t,2))*] < dt*2% (t—62> S 27t (t—g> !
-

_ Cg//thds
for all s > 0, ¢ > 0 such that s,s +t < T and all x € F, where the constant ¢’ > 0
is independent of s, ¢, z. This inequality obviously also holds in the case t = 0. [

5.4.3 Holder continuity

We are now ready to prove the main result of this chapter.

Definition 5.4.4. Let R, be the metric on R x F' given by
Ro((s,x),(t,y)) = |s —t| V R(z,y).

Theorem 5.4.5 (Space-time Holder continuity). Let u : Q2 x [0,00) X F' — R be the
solution to the SPDE (5.1.2). Let 6 = 1 — %. Then there exists a version @ of u

which satisfies the following:

(1). For each T > 0, @ is almost surely essentially (% A §)-Hélder continuous on
[0, T] x F with respect to Ry.

(2). For eacht € [0,00), (t,-) is almost surely essentially 1-Hélder continuous on
F with respect to R.

(3). Foreachx € F, a(-,x) is almost surely essentially §-Hdlder continuous on [0, T]

with respect to the Euclidean metric.

Moreover, the collection of random wvariables @ = (U(t,x))wz)e[0,00)xF 15 Such that
(a(t,-))icpo,00) @5 an H-valued process, and moreover (U(t,-))icio,00) 15 an H-continuous
version of the H-valued solution to (5.1.2) found in Theorem 5.2.11.

Proof. Take T' > 0 and consider up, the restriction of u to [0,T] x F. It is a well-
known fact that for every p € N there exists a constant Cj, > 0 such that if Z is any

centred real Gaussian random variable then

E[Z*] = C,E[Z*]".
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We know that ur is a centred Gaussian process on [0,7] x F' by Theorem 5.3.9.

Propositions 5.4.1 and 5.4.3 then give us the estimates
E [(ur(t, x) — ur(t,y))”] < C,CYR(z,y)",
E [(UT(s,x) — uT(t,x))%} < C,C3ls — t|p3=ds)

for all s,t € [0,T] and all z,y € F. The existence of a version @ with the required
Holder continuity properties then follows in the same way as in Theorem 3.5.6. Then
using Theorem 5.3.9 and the series representation of u, the rest of the present theorem

follows in the same way as in Theorem 3.5.7. [

5.5 Convergence to equilibrium

We conclude this chapter with a brief discussion of the long-time behaviour of the
solution u to the SPDE (5.1.2). We are interested in whether the solution “settles
down” as t — oo to some equilibrium measure. Intuitively, we expect this to be the
case when the damping constant [ is positive. However the undamped case § = 0 is
less clear. In this case there is no dissipation of energy, so is the rate of increase of
energy quantifiable? Note that in this section we use the term “weak convergence”
in the probabilistic sense, not in the functional analytic sense.

We treat the undamped case first. Throughout this section we will use the in-
terpretation of the solution u : £ x [0,00) — H as an H-valued process. Recall the

series representation of u,

U_Z k kau

given in (5.2.5).
Theorem 5.5.1 (8 = 0). Let u be the solution to the SPDE (5.1.2) with 8 = 0.

(1). If b+ N then t=2u(t) has a non-trivial weak limit in H as t — oo.

(2). If b= N then t2u(t) has no weak limit in H as t — oo. However u— Y{"PoN
and YNP N are independent H-valued processes and t 2 ( () = YV ()N >

has a non-trivial weak limit in H as t — oo.

Proof. Let ((x)72,; be an independent and identically distributed sequence of real
standard Gaussian random variables. We start with (1), so that A} > 0. For each
t €[0,00) let

i IR (t — (4\)) "% sin ((4Ak)% )) Cegh.

k=1
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It can be easily checked that u(t) is a well-defined H-valued random variable with

the same law as u(t) for each t € [0,00). Now let

o0

oo = Y (20) 2Gheh,
k=1
so that u, is also a well-defined H-valued random variable. It is then simple to check

using dominated convergence (see Proposition 4.2.5) that
. _1_ . 2|
lim E [t 3a(t) - use]2] =0,

1

so in particular t~2u(t) — u weakly as t — oo. Therefore the same weak conver-
gence holds for ¢ 2u(t).

We now tackle (2). The issue that forces us to consider this case separately is
that AN = 0, so the variance of (tzu(t), V), tends to infinity as t — co. We deal
with this by subtracting off the offending component, which is exactly YlN"B oN. Tt is
clearly independent of u — YIN’ﬁ oV by (5.2.5). Now A\ > 0 for all £ > 2, so similar
to (1) we let

0= e (£ = ()5 sin (A3 ))é Gl

k=2

which has the same law as u(t) — V"7 ()¢, and
oo = 3 _(2A) 3Gl
k=2

As with (1) we conclude that =2 ( (t) — YV (1)l ) — Uy weakly as t — 0o, [

We now tackle the damped case § > 0. It turns out that we must split this again
into two subcases: b # N and b = N.

Theorem 5.5.2 (5 > 0). Let u be the solution to the SPDE (5.1.2) with > 0.
(1). If b # N then u(t) has a non-trivial weak limit as t — oo.

(2). If b = N then u(t) has no weak limit as t — co. However u — Y, "N and
YVPoN are independent H-valued processes, and ( ) — YNt )901> has a

non-trivial weak limit as t — 0o.
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Proof. We do case (1) first. Observe that if 3 > 0 and b € 2\ {N} then V() )
decays exponentially as t — oo for any A > 0. It follows that

/ Vs(A, 5)%ds < 00 (5.5.1)
0

for all A > 0, and so by Ito’s isometry we may define
290 = [ Vi )ik (s,
0

for each ¢t € [0,00] and k > 1, which is an H-valued random variable. In the case
t € [0,00) this evidently has the same law as ¥"’(t). Then for each t € [0, c0) let

at) =) 2" 1)k
k=1

and
o0

oo = ¥ 207 (00}

k=1
It is clear that @(t) is an H-valued random variable with the same law as u(t), for all

t € [0,00). Now for any t € [0, 00) we have by Ito’s isometry that
E [[li(t) — s 2] ZE (270 - 2" )]
:Z/t Va(AL, 5)2ds (5.5.2)
/ Va(\2, 5)2ds + Z / Va(Al, )

kb <32 kb >

We treat each of these terms separately. As we mentioned in Proposition 5.2.10, there
are only finitely many & such that A} < 3%, see Proposition 4.2.5. Then by (5.5.1) we
have that

Z/Vﬂ/\z, )2ds < o0, t >0,
t

kb <32

lim ) Va(A\L, 5)%ds = 0.

t—o00 t
kb <32

Now for the the {k : A} > 32} sum we need to do some estimates. Our assumption
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that 5 > 0 allows us to improve on the estimates of Proposition 5.2.10:

Z /too V(A2 5)%ds = Z v i52 /Oo 02685 gin? ((AZ _ 62)%,3) ds

kiXo > 32 kX >p2 R ¢

1 > —208s
< Z —)\b—BQ/t e “Pids

kab>p2 k

R Y 1
" L N

kb >32

By Proposition 4.2.5 the infinite sum above converges, so we have by dominated

convergence that

Z / V(AL 5)%ds < 0o, >0,
¢

A\
k:\p >p2

: > b 2 _
lim > /t Vs(A\L, 5)%ds = 0.

kb >32

Setting ¢t = 0 in (5.5.2), we have now proven that
E [||uslli] < oo,

and S0 U is a well-defined H-valued random variable. From (5.5.2) we have also

proven that
. ~ 271
tlgiloE [1a(t) — uss||2] = 0.

In particular this implies that @(t) — us weakly as t — co. Since u(t) has the same
law as u(t) for all ¢, this implies that u(t) — u. weakly as t — oc.

In (2), we have the issue that A} =0 so V3(\Y, ) is not square-integrable, which
precludes u(t) from having a weak limit. We get around this issue by simply sub-
tracting the associated term of the series representation of u, leaving only the square-
integrable terms. We we still have AY > 0 for all k¥ > 2, so by Itd’s isometry we may
define

70 (00) = / VY, s)ol*div (s)

for k > 2. From the series representation (5.2.5) of u, observe that Y{¥? ()¢ is

simply the component of u(t) associated with the eigenfunction ¢, so that

u(t) = Y (el =Y Vi er
k=2
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and the independence result is clear. For each ¢ we then define

t
2 (1) = / Vs, syl div (s)

and
oo

at) =) 2" (t)er

k=2
so that @(t) has the same law as u(t) — Y"'? (). The proof proceeds from here in

the same way as in the proof of (1) — we show that
E [HUOOHZ} < 00

and
lim E [Hﬁ(t) — uoo||i] =0

t—00

which imply the result. [
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Appendix

Two tightness theorems for fractals

Let (F, (1;)X,) be a connected p.c.f. fractal with a regular harmonic structure (A, r),
and let R be the associated resistance metric (see [52]). Let (A, : n > 0) be the
partitions defined in Definition 3.3.3, with associated vertex sets F = (e ¥uw(F°).
Forx € F andn > 0, let D () be the neighbourhood of = defined in Definition 3.3.10.
Let dg > 0 be the Hausdorff dimension of (F, R); recall that dy is precisely the unique

erf’ =1

Let C(F) = C(F;R) be the separable Banach space of continuous functions from

real number satisfying

(F, R) to R equipped with supremum norm. The following two theorems are based

on similar results in [45, Section 1.4] and [57, Section 1.4].

Theorem A.1. For eachm € N, let &, = (§{m(x))zer be an R-valued process indexed
by F which is continuous on F. Suppose there exists K > 0 such that the following
hold:

(1). There exists v > 0 and xo € F such that

sup B [|&m (z0)["] < K,

meN

(2). There exist ., f > 0 such that

sup E [|6(2) — &u(y)|?] < KR(w,y)" 7

meN

for all x,y € F.

Then {&m }men is a tight family of C'(F)-valued random variables.
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Proof. Our argument is based on the proof of Theorem 3.3.14, a fractal version of

Kolmogorov’s continuity theorem. For m € N and € > 0 let

wi(€) = sup {|&m(7) — Em(y)| : @,y € F, R(z,y) <&}
be the modulus of continuity of &,,. Our first task is to show that for all ¢’ > 0,

lim sup P [wy,(g) > &'] = 0.

e—0 meN

For n > 0 and m € N define

KZI: sup |§m(x)_£m(y)|

zyeFy
r~nyY

Fixa o € (0, g) By a calculation in the proof of Theorem 3.3.14 we see that assump-
tion (2) of the theorem implies that there exists a constant C' > 0 such that for all n

and m,
P K > 27 < C27nF=0o),

The fact that C' is independent of m,n is key. Since [ > da, it follows that
lim sup P {Kgf > 2—”’5} — 0.
Jm sup [U ]

Fix &', ¢” > 0. Then we pick n = ng such that:

(1).
21—(n0+1)(5 ,
T =%

where ¢, > 0 is defined in Lemma 3.3.9,

(2).
sup P [ U {K;" > 2_”‘5}] <e.

meN n>no

Then for m € N define the event

Q= () {K;r <27},

n>ngo

so that P [Qf'] > 1 — £”. Now pick € > 0 such that if z,y € F with R(z,y) < ¢ then
y € D, (x) (this is possible by Proposition 3.3.12).
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Let x,y € F such that R(z,y) < e. Then y € D} (x) so in the same way as in
the proof of Theorem 3.3.14 we see that for m € N,

e (@) = EmW)] < 2¢ > K

n=ng+1
Therefore under the event ()" it must be the case that

2—(n0+1)5

‘fm(l’) - fm(y)‘ S 269 Z 27715 = 2091_—2_5 S 5/.

n=ng+1

This is true for all pairs z,y € F satisfying R(x,y) < ¢ so it follows that
Qp C {wm(e) <&}

Therefore we have found € > 0 such that

"

sup P [wy,(e) > £'] <"
meN

Note that the expression on the left-hand side of the above inequality evidently de-

creases as € decreases. Let us take stock: we have so far proven that for all &’ > 0,

lim sup P [wy,(g) > €] = 0.

e—0 N

Using assumption (1) of the theorem and Markov’s inequality it is easy to see that

lim sup P [|&,,(x0)| > n] =0.

n—o0 meN
Then a routine argument using the Arzela-Ascoli theorem on the compact space F'

proves the required tightness result, see [45, Theorem 1.4.2] or [6, Theorem 5.2]. [J

Let R be the metric on R x F given by Rw((s,2), (t,y)) = |s —t| V R(z,y). Let
C([0,1] x F') = C([0, 1] x F';R) be the separable Banach space of continuous functions
from ([0,1] X F, Ry) to R equipped with supremum norm.

Theorem A.2. For eachm € N, let &, = (§n(t, ) (t,0)c0,1)xF be an R-valued process
indexed by [0,1] x F which is continuous on [0,1] x F. Suppose there exists K > 0
such that the following hold:

(1). There exists v > 0 and xy € F such that

sup B [|£(0, z0)|"] < K,

meN
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(2). There exist o, B > 0 such that

sup E [|&n(t, 2) — En(t, v)|Y] < KR(x’y)l-i-dH—Fﬁ’
meN

sup B (|6 (s, ) — &u(t,2)]%] < K|s — ¢ T+0
meN

for all x,y € F.
Then {&m}men is a tight family of C([0,1] x F)-valued random variables.

Proof. Same method as Theorem A.1. See Proposition 3.3.16 for the analogous con-

tinuity theorem. O

Directions for further research

The results in this thesis lead naturally to further questions and promising avenues
for research, which I have not had the opportunity to investigate to an appreciable
extent due to time constraints. A selection of the most interesting problems are as

follows:

Non-fixed-point diffusions with multidimensional renormaliza-
tion functions

Suppose that in Chapter 2 we replace Assumption 2.3.1 with the following:

Assumption A.3. There exists a family D C Dy of forms such that if £ € D,
then pgA(€) € D for some ps > 0. It is such that there exists a parametrisation
D= (85?,)1,2)1,171}90 where 85?,)1,2 only has edges of conductance 1 or v; or vy, and there
exists at least one edge each of conductances v; and vy. Call D a two-parameter

inwvariant family with respect to A.

We could assume instead an n-parameter family, but n = 2 will suffice to illustrate
this generalization. Note that we have not included any assumption about asymptotic
regularity, as it is not immediately evident what form it should take. Lemma 2.3.3
still holds, and thus the definition of non-vanishing remains the same. We now define
multidimensional renormalization functions p : (0,00)? — (0,00) and « : (0,00)* —
(0, 00)% such that

A(g(o) ) = p(vl,w)‘lgﬂ)

V1,02 v1,v2)"

This is where the easy generalizations end. Consider Propositions 2.3.6 and 2.3.7.

What would we mean by taking a limit (vi,v5) — 00? There are many ways of
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“going to infinity” in (0,00)? and so there is no a priori guarantee that p(vi,vs)
and a(vq,vy) will have unique limits. After this immediately comes the challenge of
showing that « is invertible in some region of (0,00)? such that a™"(vy, vy) is well-
defined for all n € N. If one can surmount all of these technical hurdles, one arrives
at the real meat of the problem: what is the behaviour of a " (vy,vy) as n — o0,
given (vy,vy)? This is a question in the realm of two-dimensional dynamical systems,

and is thus far more complicated than the one-dimensional case.

Comparison theorems for Walsh SPDEs

Consider the following pair of Walsh SPDEs on a fractal ' up to time 7" > 0 indexed
by i=1,2:

881;’ (t,x) = Au'(t,z) + f(t,u'(t, z)) + g(t,u'(t, x))E(t, o),

u'(0,2) = uy(2),

(A.1)

where A is some Laplacian on F, ¢ is a space-time white noise on F', and f, g, u}, u3
are suitable functions. Assume that uj(z) < wd(z) for all x € F. What addi-
tional assumptions do we need for the two SPDEs to have unique solutions for which
u'(t, ) < u*(t,z) almost surely for each (t,z) € [0,T] x F? Results of this form,
known as comparison theorems, are common for stochastic (ordinary) differential
equations, and Kotelenez [54] gives such a result for a class of SPDEs on R. I am
confident that an argument based on Kotelenez’s proof can be made to prove a similar

comparison theorem for SPDEs on fractals.
Conjecture A.4. We make the following assumptions:

(1). uy : F — R is measurable and bounded for i = 1,2, and uj(x) < ud(z) for all
x el

(2). f,9:[0,T]xR — R are measurable functions which obey the following Lipschitz
and linear growth conditions: There exists a constant C > 0 such that for all
t€[0,T] and all z,y € R,

£t ) = f(t )+ |g(t,x) — g(t,y)| < Clo -y,
|f(t, @) + [g(t, x)] < C(1+ |z).

Let ut,u? : Q2 x [0,T] x F — R be the solutions to the SPDEs (A.1). Then u'(t,z) <
u?(t, ) almost surely for each (t,x) € [0,T] x F.
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Lower moment bound for the parabolic Anderson model

Recall Theorem 4.7.5, in which we prove that a certain class of Walsh SPDEs on
fractals admit a general upper bound on the pth moments of their solutions. This
result is based on [49, Proposition 5.8] which concerns SPDEs on R. On the other

hand, for the parabolic Anderson model on R given by

%(t,x) = Au(t,x) +u(t,x)é(t, z), (t,z) €[0,00) X F,

u(07 ) =1,

[49, Theorem 6.4] gives the reverse result — a lower bound for the moments of its

(A.2)

solution. The proof is not trivially generalizable to fractals as it uses the Ito calculus,

but I nevertheless believe that an analogous statement holds.

Conjecture A.5. Let F be a p.c.f. fractal with a reqular harmonic structure. Let
R and A be the associated resistance metric and Laplacian. Consider the parabolic
Anderson model (A.2) on F, where & is a space-time white noise on F. Let u be
its solution. Then there exist constants ay,as > 0 such that for all p > 1 and all
(t,x) € [0,00) x F,

E [Ju(t, :E)|p]% > ay exp (a2p1+dHt)
where dy is the Hausdorff dimension of (F, R).

Hyperbolic SPDEs

In Chapter 5 we show that the damped stochastic wave equation on a fractal F' has
a unique solution which is Holder continuous. Naturally the next question to ask is
whether this result can be generalized to a wider class of hyperbolic SPDEs. While
a relatively simple extension to da Prato—Zabczyk SPDEs seems possible using the
techniques of Chapter 4, Walsh SPDEs are perhaps slightly trickier to deal with.
Consider a general hyperbolic Walsh SPDE
2
%(t,x) = Au(t,z)+ f (t,u(t,x), %(t,x)) +g (t,u(t,as), %(t,m)) £(t, x),

u(0,x) = ug(x), (Z 0,2) = uy(x),

where A is some Laplacian on F', f is a space-time white noise on F', and f, g, ug, u;
are suitable functions. The term 2% Si(t, ) is immediately worrying. Is it well-defined?
Recall from Chapter 5 that there is no precedent for the first time derivative of the
solution to even be function-valued at any given time t > 0. One workaround would
be to simply preclude the functions f and ¢ from depending on ( x), though this
is avoiding the problem rather than dealing with it.
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