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Tissue engineering has great potential as a method for replacing or repairing lost or dam-

aged tissue. However, progress in the field to date has been limited, with only a few clin-

ical successes despite active research covering a wide range of cell types and experimental

approaches. Mathematical modelling can complement experiments and help improve un-

derstanding of the inherently complex tissue engineering systems, providing an alternative

perspective in a more cost- and time-efficient manner.

This thesis focusses on one particular experimental setup, a hollow fibre membrane

bioreactor (HFMB). We develop a suite of mathematical models which consider the fluid

flow, solute transport, and cell yield and distribution within a HFMB, each relevant to a

different setup which could be implemented experimentally. In each case, the governing

equations are obtained by taking the appropriate limit of a generalised multiphase model,

based on porous flow mixture theory. These equations are then reduced as far as possible,

through exploitation of the small aspect ratio of the bioreactor and by considering suitable

parameter limits in the subsequent asymptotic analysis. The reduced systems are then either

solved numerically or, if possible, analytically. In this way we not only aim to illustrate

typical behaviours of each system in turn, but also highlight the dependence of results on key

experimentally controllable parameter values in an analytically tractable and transparent

manner. Due to the flexibility of the modelling approach, the models we present can readily

be adapted to specific experimental conditions given appropriate data and, once validated,

be used to inform and direct future experiments.
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Chapter1
Introduction

The field of tissue engineering covers a wide spectrum of techniques, all with the central aim

of developing biological replacements for damaged tissue or organs. When tissue function

is impaired due to disease, trauma, or old age, current therapies generally rely upon donor

transplants or artificial implants. However, there is a chronic shortage of donors: for exam-

ple, there are approximately 27,000 deaths from liver disease annually in the United States,

but less than 7,000 transplants take place. In addition, US waiting lists for all organ trans-

plants are growing by around 5% each year [53]. Even when a suitable donor can be found,

additional complications can arise due to infection or rejection of the new tissue. Issues

can also arise from the artificial materials used, for example, in hip and knee replacements;

these have a limited lifespan and may cause allergic reactions [137]. As a result of our ageing

population and the limitations of existing approaches, there is an increasing clinical need

for alternative procedures. The potential impact is great: a 2001 review by Lysaght and

Reyes [97] reported that tissue replacement treatments account for around 8% of all medical

expenditure worldwide, at an annual cost of $350 billion. Tissue engineering is a promising

alternative providing it can be made affordable on a clinical scale. The implantable tissue

can be grown using cells which are often much more readily available than donor organs,

removing the problem of supply shortage and reducing waiting times. In addition, in the

cases where the patient’s own (autologous) cells are used, there is a significantly reduced

risk of rejection and viral infection and hence an improved prognosis [158].

There are two main approaches to tissue engineering: in vivo and in vitro. Both can

involve the expansion of a cell population which is then seeded onto a biocompatible scaffold,

designed eventually to degrade and be fully replaced by extracellular matrix [100,158]. The

in vivo method transplants the cell-seeded scaffold (which we refer to as the cell-scaffold

1
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construct) directly to the appropriate site in the body where it is left to develop and integrate

into the surrounding tissue over time (see e.g. [55, 157]). For in vitro tissue engineering,

which is the focus of this thesis, the construct is first cultured in a bioreactor. This closed,

fluid-filled system allows extra control of the tissue’s mechanical and chemical external

environments as it grows. Only once the desired quantity and type of fully developed,

functional tissue is produced is it then implanted into the body (see [34, 158]). Figure 1.1

gives a schematic overview of the in vitro process. Tissue constructs engineered in this way

can also be used for toxicity testing in the development of drugs. This reduces the need for

animal testing and, as human cells are used, is also more reliable in predicting adverse effects

of drugs earlier on in the development process, minimising the occurrence of drug withdrawal

at later stages and significantly reducing the associated costs [36,102,167,179,183].

1

In vitro bioreactor

cultivation

Cell isolation

and expansion

Cell seeding

in scaffold

Patient biopsy

/ stem cell harvest

In vivo

implantation

1

Figure 1.1: Overview of the in vitro tissue engineering process (based on figures from
[30, 34, 103, 158]). Bioreactor photo courtesy of the Tissue Engineering Group, University
of Bath.

This thesis focusses on one particular bioreactor, namely a single-module hollow fibre
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membrane bioreactor (HFMB), which is currently under investigation for use in bone, car-

diac, and liver tissue engineering by Dr Marianne Ellis’ group in the Centre for Regenerative

Medicine, University of Bath. This bioreactor can be used in numerous configurations for a

variety of purposes, including cultivation of a tissue, and expansion and/or differentiation

of a cell population. We have developed a number of mathematical models for the fluid

flow, mass transport, and cell dynamics within these systems, investigating the possible cell

yields and distributions which arise from different experimental regimes. In §1.1 of this

chapter we discuss in more detail the biological background to tissue engineering, including

a detailed description of the HFMB setup, why and when it is used in preference to alter-

native experimental approaches, and open questions which we aim to address through the

modelling work in this thesis. We motivate these models in §1.2 by illustrating how math-

ematical models can aid experimental progress. We also review the relevant experimental

and theoretical literature, including the different mathematical modelling approaches which

are commonly employed. An outline of the thesis is given in §1.3, in which we summarise the

aims and methods of each chapter in turn. In §1.4 we present the generalised mathematical

model which forms the basis for the more specialised models in each chapter. Finally, in §1.5

we summarise the novel aspects of this work, including details of existing and submitted

publications arising from this thesis.

1.1 Biological background

We begin this section by reviewing the existing successes and remaining challenges in tissue

engineering, before discussing in more detail several important features which must be taken

into consideration when pursuing research in this field: the cell types under investigation

and their sources, the cell processes involved, and choices of scaffold materials and bioreactor

designs. The section concludes with a description of the HFMB setup which is the focus of

this thesis.

1.1.1 Successes and challenges in tissue engineering

There have been a number of notable achievements in tissue engineering to date. Many

skin substitutes have been developed and implemented clinically [60], and cartilage defects

have been repaired using in vitro-expanded chondrocytes [19]. More recently, Jungebluth

et al. reported a successful tracheobronchial transplant using an engineered substitute [73].
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These are just a few of the numerous success stories in the field; however, a number of

challenges remain. Firstly, the vast range of cell types which are under investigation are ex-

tremely sensitive to their surrounding environment and so a specially tailored experimental

setup is needed for each to enable them to grow [105]. Thus, progress for one particular

cell or tissue does not necessarily inform research on another. Secondly, advances thus far

have been limited to tissues which are relatively thin (effectively two-dimensional, such as

skin) or avascular (such as cartilage) [103, 158]. The reason for this lies in nutrient supply

constraints. Without a network of blood vessels to transport nutrients and waste products,

the cells must rely on diffusion alone to receive the nutrients necessary for survival. For

thin or avascular cell types as mentioned above this does not pose a problem, but once

a tissue reaches a certain thickness (depending on the tissue type, this can be just a few

hundred micrometres), the supply of nutrients via diffusion is no longer able to balance

the metabolic requirements of the cells. As a consequence, cells start to become nutrient

depleted and necrotic regions can form [61, 104]. This highlights the importance of being

able to vascularise engineered tissue, which is a focus of ongoing research [30] and notably

absent from clinical solutions to date. Finally, laboratory-scale experiments are extremely

expensive, which has further limited scale-up to viable clinical procedures.

1.1.2 Cell types

As mentioned above, research into tissue engineering covers a wide variety of cell types,

encompassing most tissues and organs present in the human body; see [158] and references

therein for a summary of active research areas. Each therapy requires an initial cell popula-

tion, and in deciding upon the most appropriate cell source there are a number of choices to

be made. Firstly, the cells can be autologous (obtained from the patient via a biopsy), allo-

geneic (from e.g. a human donor or embryo), or even xenogeneic (from a different species).

Autologous cells are desirable for reasons already stated, but a direct biopsy may not al-

ways be possible (for instance in the case of neural tissues [158]), or a sufficient quantity of

healthy cells may not be available [38]. All other sources bring with them the risk of disease

transmission and immunological rejection, and whilst embryonic and xenogeneic sources

avoid the problem of low yields, they raise many complicated ethical issues [60,146].

No matter what the primary source of cells, there is also the choice of nonspecific (stem)

cells, tissue-specific cells, or a mixture of the two. Stem cells are difficult to isolate and iden-

tify, but in general have a high proliferative capacity and the potential to differentiate into
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many different cell types [43,60,146]. However, once the population has been expanded var-

ious growth factors must be supplied in order for the cells to differentiate into the required

type, and controlling this process is not necessarily straightforward [30,158,161]. Differen-

tiated cells do not have this additional complication, yet also do not proliferate as readily.

Therefore obtaining a sufficiently large population of such cells can be a challenge [38,144].

Given that there are significant drawbacks no matter which route is taken, there is a

significant amount of ongoing research dedicated to overcoming these problems. Finding

alternative sources of stem cells which avoid the ethical problems associated with the use of

embryonic stem cells is a core focus. One example is mesenchymal stem cells (MSCs) which

are found in various adult human tissues [139,168]. Perhaps more promising, as they avoid

the need for invasive procedures, are stem cells obtained from the placenta [52], umbilical

cord blood [90], umbilical cord tissue [96], or dental pulp [63,78]. Current work also includes

improving cell isolation and identification protocols, and developing techniques to increase

the proliferative capacity of cells in culture [27,34,139,168].

1.1.3 Cell processes

Cells are extremely sensitive to their surrounding environment, and processes such as cell

migration, proliferation, and differentiation, to name but a few, can all be affected by cues

in their external environment [22]. The models presented in this thesis will include the

effects of both chemical and mechanical signals on cell dynamics, and in the following we

discuss biological examples relevant to our modelling.

Chemical sensitivity

We will consider several forms of chemical sensitivity in our modelling. Firstly, nutrient

concentration can affect rates of cell proliferation. One example of this behaviour is the

regulation of fibroblast proliferation rate by oxygen concentrations [116]. Chemical signals

will also be included in the form of chemotaxis, that is the directed movement of cells in

response to a chemical concentration gradient. We consider chemicals, known as chemoat-

tractants, which induce cellular movement up gradients in their concentration. Such be-

haviour has been documented experimentally for several cell types, including neutrophils

in response to varying interleukin-8 concentrations [71], fibroblasts subject to gradients in

transforming growth factor (TGF)-β concentration [138], and osteoblasts exposed to vari-

ations in vascular endothelial growth factor (VEGF) [107]. In addition, recent advances
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include work on quantifying the speed of fibroblast migration through collagen constructs

for given oxygen concentration gradients [10]. Finally, differentiation of one cell type into

another can be stimulated by chemical cues in their environment, often by growth factors.

Several examples of this type of stimulus exist in the literature, in particular relating to

osteogenesis [106,110] and endothelial differentiation [18,106,132].

Mechanical sensitivity

Mechanotransduction is the name given to the mechanism by which physical forces are

converted into biochemical signals and integrated into a cellular response [69]. Specifi-

cally, the mechanical effect that we will consider is that of fluid shear stress on both cell

proliferation and differentiation. Firstly, cell proliferation can either be enhanced or in-

hibited by increased levels of fluid shear stress. Cells whose proliferation is enhanced in-

clude osteoblasts [74], chondrocytes [101], and (more controversially) endothelial progenitor

cells [185], whilst inhibited proliferation has been observed in smooth muscle cells [127] and

certain types of endothelial cells (e.g. human aortic endothelial cells [70] and human um-

bilical vein endothelial cells [4]). Secondly, cell differentiation can be induced mechanically

as well as chemically. Examples of cell types whose differentiation rates are enhanced as a

result of applied fluid shear stress include osteoblasts [13,74] and endothelial cells [118,184].

Finally, as well as having potentially important effects on proliferation and differentiation

rates, fluid shear stress is thought to be an important factor in ensuring the mechanical

integrity of tissue such as bone and cartilage, stimulating higher rates of matrix deposition

and cartilage formation, respectively [15, 54]. Thus levels of shear stress experienced by

cultured cell populations are an important consideration for tissue engineering research.

1.1.4 Scaffolds

Irrespective of the particular tissue engineering application, there are a number of essential

criteria which a scaffold must meet. Most importantly, the material needs to be biocompati-

ble in order for it to safely and successfully integrate with the host tissue upon implantation.

For this reason, natural materials such as decellularised allogeneic or xenogeneic matrices are

a promising option for scaffolds, although artificial polymers such as polyglycolide (PGA)

can also be used. Synthetic substances offer additional advantages: for example, prop-

erties such as surface hydrophobicity/hydrophilicity or degradation rate can be carefully

controlled [43, 158]. Growth factors or other signalling molecules can also be incorporated
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into a scaffold during the manufacturing process, and their subsequent release over time as

the polymer degrades offers an alternative and predictable way of delivering these chemicals

to the growing tissue [38,43]. For more examples of scaffold materials, see [38,43,158,161].

A vital role of a scaffold is to provide structure to the seeded cell population given the

initial lack of extracellular matrix (ECM). Hence the material chosen for the scaffold must

be able to withstand any mechanical loading (in and/or ex vivo) and retain the desired shape

of the construct. This is particularly crucial, for instance, in bone regeneration, where the

engineered tissue will be under a significant amount of stress/strain in the body [43, 146].

However, over time the cells will produce ECM until eventually the scaffold is no longer

needed. Therefore the material must also be biodegradable: ideally, the degradation should

be controlled to complement ECM deposition and ensure a smooth transition from cell-

scaffold composite to functional tissue [79,146,161].

Additional desired features of a scaffold are related to its internal architecture. Firstly,

the porosity and pore size must be such that cells can be seeded at a high enough den-

sity throughout the construct. Secondly, the permeability must also allow sufficient nutri-

ent/growth factor delivery to, and waste removal from, the cell population. Both of these

need to be achieved without compromising the mechanical integrity of the scaffold. The

surface properties can also greatly affect tissue development. Cells must be able to adhere

to and interact with the scaffold to a certain extent, but should also be free to migrate where

necessary [146]. Finally, as mentioned above, scaffolds can aid in the delivery of chemicals

which need to be supplied to the cells over a long period of time, once the construct has been

transplanted into the patient, or to specific regions of the tissue. For example, this may be

the case with certain growth factors if the rate and extent of cell differentiation needs to

be carefully controlled, or to encourage the onset of angiogenesis. In such a situation the

scaffold can be impregnated with the necessary chemicals and designed to release them at

the required rate and time [43,79,115].

Clearly, affordably manufacturing a scaffold to meet the above requirements is a complex

process, and the result can have a huge impact upon the success or failure of a procedure.

The challenge is not only to find an appropriate material and design for a given tissue type,

but also a successful fabrication procedure, which can greatly affect the end result [79]. As

such a great deal of ongoing research concerns the development of methods and materials

which can reliably generate a scaffold with the desired characteristics [115,144,158].
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1.1.5 Bioreactors

As a further consequence of the sensitivity of cells to their surroundings, bioreactors must

mimic the in vivo environment as closely as possible in order to successfully grow functional

tissue. Experimental requirements may also differ for separate stages of the culture process,

for example cell population expansion compared to differentiation [83]. As a result of this, a

vast array of bioreactor designs exist, and within each of these optimal operating conditions

need to be found for each cell and/or tissue type. The simplest bioreactors involve static

culture, in which cells are bathed in culture medium containing the necessary nutrients

and growth factors. Here, there is no flow of fluid through the bioreactor; instead the

culture medium is replenished when needed to remove potentially toxic waste products.

Such systems are primarily used for monolayer cell cultures, and examples include a Petri

dish or T-flask. Although appealing in their ease of use, there is a limit to the number of

cells which can be grown in such setups due to the physical size of the vessel and the fact

that mass transport is dependent solely on diffusion. Furthermore, there is relatively little

control over the extracellular environment [95,105,137].

To improve nutrient delivery and waste removal and thus grow larger, three-dimensional

tissues with properties matching those in vivo, various ‘dynamic’ bioreactors have been

developed which incorporate fluid flow. For some tissues such as cartilage and blood vessels,

this has the added benefit of exposing the cells to a certain amount of shear stress which

has been shown to improve tissue quality [158]. However, care must be taken to ensure

stress levels do not result in damage to more sensitive cell types (e.g. hematopoietic stem

cells) [95, 105]. Stirred or shake flasks are the simplest extension to static culture and

significant increases in tissue thickness have been reported using these systems. However,

tissue damage due to turbulent eddies in the flow (impeller Reynolds numbers of O(104)) has

also been found and there is little scope for growing tissues on a clinical scale [104,105,158].

Another design is the rotating-wall bioreactor, in which the cell-scaffold constructs are

placed in a fluid-filled vessel and the whole system rotated at a rate which ensures the

construct is maintained in a state of free fall. This increases mass transport in a low shear

stress environment, but the rotation rate must be continuously adjusted to allow for the size

of the growing tissue [104,105,137]. A third option is the perfusion bioreactor, where fluid

is pumped directly through the scaffold pores. As well as greatly improving mass transport,

this setup allows constant replenishment of the culture medium and has also been shown to
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result in a more uniform distribution of cells throughout the scaffold. A potential limitation

of this approach is the close proximity of the cells to the imposed flow and resulting exposure

to shear stresses [104]. Finally, dynamic compression bioreactors apply mechanical load to

tissue during cultivation with the aim of replicating the forces experienced by cells in vivo;

this is of importance, for instance, in bone and cartilage tissue culture and can be used in

combination with perfusion or rotation of the construct [46,47,104].

The bioreactor upon which this thesis focusses has many features in common with the

systems described above, but also a few notable differences. In the following section we

describe this HFMB in detail, and explain its great potential for use in tissue engineering.

Hollow fibre membrane bioreactors

There are a variety of applications for HFMBs, including filtration in wastewater treatment

[172, 180], production of biopharmaceuticals [137, 173], enzymatic reactions [75, 145], and

bioartificial livers (BALs) [5,117,128,182]. For tissue engineering purposes, the main method

involves using a single porous hollow fibre, or bundle of several aligned fibres, inside a

bioreactor (see Figures 1.2(a) and (b)). As well as ensuring mass transport throughout the

system, these fibres mimic a capillary in vivo [187] and could provide an initial template for

vascularisation as required [48]. Cells are seeded either in the lumen of the hollow fibre(s),

or in the space exterior to the fibre(s) [57,135,143]. Culture medium can then be perfused

over the outside fibre surface(s), or through the fibre centre(s), or both. In this way, if

necessary, the cells can be protected from the main fluid flow so that relatively large flow

rates can be used without exposing the cells to the resulting high fluid shear stresses. In

this case, the permeability of the fibre wall(s) means that the cells can still receive sufficient

nutrients and growth factors. Alternatively, it is also possible to expose the cells directly

to the fluid flow if desired. Thus the HFMB is ideal for both shear-sensitive cells that

have high nutrient demands, such as hepatocytes [104, 135], and also cells which require

a certain level of shear stress exposure (e.g. osteoblasts and chondrocytes, as discussed

above). Furthermore, HFMBs have great potential for generating replacement tissues on a

clinical scale. A key advantage of the design when used for monolayer culture is that the

surface area available for seeding cells is large compared to the bioreactor volume, providing

efficient mass transfer conditions and minimising the use of expensive growth factors [57].

As a specific comparison to standard flask culture, a 1000 l flask would be required in order

to grow the same number of cells as in a 0.5 l HFMB, assuming a monolayer seeded on
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the fibre surface [156]. In addition, HFMBs are capable of growing cells at high densities,

even comparable to those of tissue in vivo [85,86,165]. Finally, using bioreactors containing

multiple parallel fibres opens up the possibility of generating tissues or quantities of cells

on a larger (and eventually clinical) scale.

In spite of the above, using HFMBs for tissue engineering is still very much an open

research area, and outstanding questions include how best to tune the operating conditions

to obtain the desired final cell yield or distribution (e.g. uniform or non-uniform), and how to

ensure sufficient delivery of nutrients to, and removal of waste products from, the cells. Only

when these issues have been resolved will such procedures present feasible and affordable

future alternatives to current tissue replacement strategies. Experimental parameters which

can be varied include bioreactor geometry, fibre porosity and permeability, seeding regime,

inlet fluid flux values, flow regimes, and concentrations of culture medium components.

Hence in order to determine these optimal operating conditions, a significant amount of

research must first be carried out at the laboratory scale.

Answering such questions is the aim of work being carried out by Dr Marianne Ellis’

group in the Centre for Regenerative Medicine, University of Bath. Their system consists of

a cylindrical, hollow glass module with a port at each of the up- and downstream ends (see

Figure 1.2(a)). A single synthetic, porous hollow fibre (which is impermeable to cells) is

inserted through the centre and fixed to the module at the ends. The choice of fibre materials

can vary, but recent research has focussed on using poly(vinyl alcohol)-poly(lactide-co-

glycolide acid) (PVA-PLGA), which results in fibres which are more hydrophilic than those

made using PVA alone, removing the need for wetting agents [109, 156]. Here, cells are

seeded in the ECS; there are two main methods to achieve this. The first involves suspending

the cells in a collagen gel solution which is then injected through the ports, and the gel left

to set (see [187] for more details). This results in a cell-seeded natural scaffold occupying

all, or part of, the extracapillary space (ECS), and is applicable when growing a three-

dimensional tissue; the models developed in this thesis are based upon such a setup. In

the second method, which is an appropriate choice when expanding a cell population, cells

are suspended in culture media and the mixture is again injected through the ports. The

bioreactor is then rotated for a period of time to allow the cells to settle on the outer surface

of the fibre, forming a layer of attached cells [48]. Culture medium is then driven through

the fibre lumen and/or the ECS ports by a pump at a prescribed flux. In the case of lumen-
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(a)

Lumen inflow

ECS port (closed)

Hollow fibre ECS port (open)

1

(b)

Lumen inflow

ECS port (open)

Hollow fibre
bundle

ECS port (open)

1

Figure 1.2: Photographs of representative hollow fibre membrane bioreactor modules (ruler
scales in cm) with (a) a single hollow fibre, and (b) a bundle of hollow fibres running through
the centre of the module. The ports (one of which is closed off in (a)) can be seen at either
end.
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driven flow, the medium reaches the cells via the porous fibre walls, and flows out through

the end of the fibre lumen (the retentate) or either of the ECS ports (the permeate). The

ratio of retentate to permeate is controlled by imposing a downstream pressure via a clamp

at the lumen exit, the outlet ECS port being left open to the atmosphere.

1.2 Mathematical modelling

Given the considerable cost and complexity of tissue engineering experiments, it is clear

that mathematical modelling of the systems could be of great benefit. Modelling has the

advantage of having the flexibility to allow parameters and geometries to be changed more

quickly and easily than in an experimental setup, as well as being much cheaper than

experiments. Furthermore, once validated, mathematical models are able to provide spatial

and temporal information that is hard or impossible to obtain experimentally. Online

monitoring of experiments can be carried out using biosensors, either invasively or non-

invasively. Invasive monitoring allows increased accuracy of measurements, but problems

can arise with sterilisation and re-calibration of the devices [46]. In addition, the small

sizes of certain bioreactors (for instance, some HFMBs) mean that invasive techniques are

not always practical [186]. Non-invasive methods avoid these complications, but are only

feasible for certain variables [31, 46, 111, 186]. As an example, it is possible to monitor

the change in spatial composition of an engineered tissue over time, as long as highly

sophisticated imaging techniques are used [31]. On the other hand, detailed information

about the nutrient concentration within a bioreactor is much harder to obtain: only inlet

and outlet concentrations can be measured, but not local variations within the bioreactor,

which could be determined using a validated mathematical model [186]. In this section we

give a broad overview of the existing literature on mathematical models of tissue engineering,

highlighting the different techniques and approaches which are typically employed and the

insights which they can provide. More detail can be found in the comprehensive reviews [20]

and [150].

Since many bioreactor experiments are still at a relatively early stage of development,

a rare opportunity exists to use mathematical modelling to inform and direct experimental

work. For example, determining optimal operating conditions experimentally must be done

using trial and error, but this can be avoided if a theoretical approach is included alongside

experiments [104]. This was demonstrated by Shipley et al. [156], who derived a model for
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the retentate and permeate flow rates in a HFMB using lubrication theory, by exploiting

the small aspect ratio of the bioreactor. Theoretical values for the membrane permeability

were determined and validated against experimental data. This led to the identification

of equations which could be used by a tissue engineer to determine bioreactor operating

conditions (e.g. flow rates, pressures, and bioreactor geometries) correlated to a specific cell

culture environment. A HFMB was also modelled in [155], where the ECS was assumed to

be seeded with cells, and fluid flow through both the porous membrane and cell-packed ECS

was modelled using Darcy’s law. Concentrations of both oxygen and lactate were tracked,

with, respectively, a constant rate of uptake and production by the cells. Two experimental

configurations were considered, with the ECS ports (modelled as a single distributed port)

either open or closed, and operating conditions were found in each case to satisfy required

bounds on the solute concentrations.

Another example of mathematical modelling being used to suggest suitable experimental

setups is the paper by Davidson et al. [41]. Here, a two-dimensional, axisymmetric model of

oxygen transport in a single hollow fibre of a bioartificial liver (BAL) device was developed.

The governing equations were solved numerically and the results were used to find and

plot ‘operating regions’ within which two operating constraints were satisfied. The first of

these was the maximum number of fibres that the device can support without any of the

cells being exposed to hypoxic conditions. The second was the minimum number of fibres

possible such that a given number of cells, at a given density, could be seeded onto their

outer surfaces. The authors investigated the dependence of these regions on variations in

key operating parameters, namely the lumen radius, fibre length, total flow rate through

the device, cell number, and membrane thickness. Subsequent application of the model to

a specific BAL device could in theory allow its design to be optimised to avoid hypoxia. In

addition, more qualitative results could be taken from this work, as the graphical depiction

of the operating regions indicated ‘safer’ modes of operation in which there is more room

for experimental error before hypoxic conditions are encountered.

Cummings and Waters [37] developed a model for tissue growth in a rotating high-aspect

ratio vessel bioreactor, again with the aim of informing bioreactor design and operating

conditions. By rotating the bioreactor about its cylindrical axis at an appropriate rate,

it is possible to keep the tissue construct suspended in the nutrient-rich culture medium.

An asymptotic approach was taken, exploiting the high aspect ratio of the bioreactor (its
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depth being small relative to its radius) in order to simplify the governing equations. The

different timescales inherent in the setup allowed the authors to solve for the fluid flow,

construct position, nutrient concentration, and construct growth rate in distinct stages.

The possible trajectories of the tissue construct within the bioreactor were determined in

two distinguished parameter limits, corresponding to flow regimes which are near to, or

far from, rigid body rotation. The first regime was shown to result in orbits in which the

construct drifts towards the centre or edge of the bioreactor, whilst the second always led

to a periodic construct orbit. The subsequent dependence of the nutrient distribution and

construct growth rate on the supplied nutrient concentration and uptake rate was then

determined.

Mathematical models can also help identify the roles of the most important regulatory

stimuli in tissue growth (for example, an appropriate fluid shear stress distribution), as

different aspects of the model can be adjusted independently of each other. This separa-

tion is often not possible in experiments, and the results of such theoretical studies can

help interpret experimental results as well as suggesting the focus for future experimental

work [150,186]. In [149], Sanz-Herrera et al. investigated the effect of different scaffold prop-

erties on bone regeneration using a multiscale approach and a combination of asymptotics

and finite element methods. By varying the parameter under investigation whilst keeping

the others constant, they were able to determine the effect of scaffold porosity, pore size,

stiffness, degradation rate, and cell pre-seeding on the quality of the regenerated tissue.

Trends in the results were supported by experimental data.

In another study by Ye et al. [186], a theoretical framework was developed for modelling

nutrient distribution within a HFMB used for engineering three-dimensional bone tissue.

The Krogh cylinder assumption was made, which is commonly used when modelling HFMBs

containing several fibres. This states that the behaviour of the system can be represented

by modelling a single fibre surrounded by an annular ECS, thus ignoring the remaining

interstitial space between the fibres. In the setup considered by the authors, the ECS con-

sisted entirely of a cellular matrix. Both oxygen and glucose concentrations were modelled,

and solutions determined using the finite element method. The results demonstrated that

at sufficiently high cell densities glucose was significantly more depleted than oxygen within

the device. This suggested that for the existing operating conditions (specifically, the device

length) glucose was the limiting nutrient for tissue growth. However, if longer fibres were
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considered, this dependence switched and oxygen concentration became the limiting factor.

In addition, the sensitivity of the results to variations in key parameters, such as lumen

flow rate and cellular matrix thickness, was investigated. The work aimed to support and

inform ongoing experimental studies by the authors.

Once the effect of different mechanisms has been determined, mathematical models

can be developed and simplified in order to focus on one or two specific aspects of inter-

est. This was demonstrated in Shipley et al. [153], where the problem of oxygen delivery

was addressed. It is known that oxygen is often the limiting nutrient in tissue growth in

vitro [104, 105]. By developing operating equations that linked flow rates and bioreactor

geometry to critical oxygen levels in HFMBs for a variety of cell types, Shipley et al. [153]

provided tissue engineers with a way of optimizing bioreactor design to ensure sufficient

oxygen delivery to cells throughout the bioreactor. Michaelis-Menten kinetics described the

nonlinear dependence of oxygen uptake on the underlying concentration, and a combination

of analytical and numerical techniques were used to simplify and solve the model’s govern-

ing equations. Model reduction as demonstrated in [153] can have many benefits. As well

as reducing computation time compared to solving the full system numerically, it can give

insight into the relative balance of the physical and biological processes present in a model.

Hay et al. also focussed on oxygen delivery, this time in a hollow fibre BAL, with hepa-

tocytes attached to microcarriers seeded in the ECS [64]. Concentrating solely on transport

and uptake of oxygen reduced the complexity of the system and allowed the authors to

focus on the effect of key parameters governing these dynamics. These included the maxi-

mal oxygen consumption constant used in Michaelis-Menten kinetics, the ECS permeability

(which was taken to be constant), and the inlet flow rate and partial oxygen pressure. Flow

in the fibre membrane and ECS was modelled using Darcy’s law. Model solutions were

obtained numerically, and suggested that there were significant regions of hypoxia within

the device. These results were compared to experimental data where possible, with some

success. Those cases in which theoretical and experimental findings did not match well

were attributed to a lack of consistent experimental data, and the modelling assumption of

a constant ECS permeability.

A further use of mathematical models can be to compare and contrast different exper-

imental approaches, which again would not be straightforward to set up in practice. An

example of such work can be found in the paper by Abdullah et al. [3]. Here, the suit-
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ability of three bioreactors for growing bone tissue was investigated: a HFMB, suspended

tube bioreactor, and confined perfusion bioreactor. Glucose was assumed to be the main

limiting nutrient in this study, and concentration profiles within the bioreactors were taken

to be indicative of cell viability. Results were obtained using a finite element approach, and

operating conditions such as inlet velocity, cell density, and scaffold hindrance factor were

varied in order to determine their effect on the nutrient distribution. The HFMB was found

to provide improved mass transfer compared to the other bioreactors, and therefore was the

most appropriate design for growing cells in the high densities required for generating bone

tissue.

Similarly, Whittaker et al. [178] developed a mathematical model for the flow field and

nutrient transport within a perfusion bioreactor. Three different setups were considered.

In each, a porous hollow fibre was inserted into the bioreactor scaffold, serving as an extra

source of fluid and transport route for nutrients. The various configurations involved dif-

ferent numbers and orientations of fibres, with the exterior scaffold surface either acting as

a distributed outlet for flow, or having specific inlet and outlet pipes. Through analytical

simplification and numerical solution of the governing equations for each setup, the authors

were able to determine and compare the corresponding distributions of fluid shear stress

and nutrient and waste product concentrations throughout the bioreactor. The results in-

dicated that the setup in which the exterior scaffold surface was a distributed outlet led to

fewer regions of stagnant flow than if specific inlet and outlet pipes were inserted, but also

resulted in higher rates of shear overall. The framework developed could thus be used to

provide insight into which choice of setup is most appropriate for a particular experiment.

Given the complexity of the physical systems being modelled in tissue engineering, a

variety of mathematical techniques and approaches exist in the literature and each method

can be extremely powerful if applied to the right problem. The most appropriate choice will

depend on the focus and scope of the model in question. Inherent in any biological problem

is the vast range of spatial scales, and models can capture behaviour on single or multiple

levels. At the microscale are the dynamics of individual cells and their interactions with each

other and the surrounding environment, as well as the finer detail of scaffold geometries. A

discrete modelling approach, such as that taken in [23], is useful for accurately capturing

all of this information. However, a downside of this approach is that it is computationally

expensive and not particularly flexible to, for instance, changes in key parameter values. On
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the other hand, continuum models such as those discussed above capture the macroscale

tissue dynamics and can easily and quickly be adjusted for different setups or operating

conditions. The disadvantage here is the loss of more detailed microscale information.

A number of models have employed techniques to combine these length scales (for ex-

amples, see [40,148,154]). In [154], the authors employed asymptotic homogenisation tech-

niques to determine fluid flow and nutrient/waste transport within a tissue engineering

construct. The construct consisted of a printed hydrogel scaffold in which the cells were

seeded, and through which culture medium flowed. The printed scaffold was built from

several cylindrical strands of gel, and could thus be assembled in various configurations.

Through the homogenisation procedure, the effect of the microscale scaffold structure on

the solid fraction and permeability of the entire construct could be found. Results were used

to determine optimal configurations and bounds on parameters (such as the strand diameter

and separation) which satisfied mass transfer requirements throughout the construct and

were therefore more favourable for tissue growth.

Another common way of incorporating information from both the micro- and macroscales

when modelling cell populations is to use porous flow mixture theory, which involves tak-

ing volume averages across an intermediate spatial scale. This method is comparable to a

homogenisation approach: for a thorough comparison of the two techniques, see the review

by Davit et al. [42]. The majority of the work in this thesis is based upon models which

have been developed using mixture theory, which we extend and apply to HFMB tissue

engineering scenarios. In §1.4 we present the generalised multiphase framework from which

the models in this thesis are derived. In the next section we focus on reviewing existing

multiphase models of tissue engineering; we refer the reader to [119,150] for a more in-depth

discussion of the merits of different types of models.

1.2.1 Multiphase models

Porous flow mixture theory can be applied to a system of two or more interacting and

interpenetrating phases (which can either be solid, liquid, or gas); see [44,58,142,176,177] for

more detail. In brief, the dynamics of each phase are tracked via an assigned volume fraction,

a continuous quantity which can vary both spatially and temporally. Microscale governing

equations for the conservation of mass and momentum of each phase are then averaged

over a suitable representative volume, resulting in a system of equations which describe

the macroscale dynamics of each phase. Microscale properties such as interactions between



Chapter 1. Introduction 18

phases (both active and passive) and intraphase pressures are incorporated via constitutive

laws. As a result, each phase can be tracked independently on the macroscale without

needing to resolve microscale dynamics, but still allowing for the incorporation of important

microscale effects. This allows the behaviour of inherently complex systems to be modelled

relatively simply, with the possibility of solution by analytical and/or numerical methods.

In the present context of tissue engineering, an entire cell population in a bioreactor can be

treated as one continuous phase through which the macroscale behaviour of the cells can

be modelled. This averaging approach enables inclusion of microscale interactions such as

those between cells, but without needing to track each individual cell. As well as tissue

engineering, porous flow mixture theory has been used to model tumour growth [24, 50],

biofilms [32,33], cell motility [8, 25,80–82,84,124], and even soil dynamics [166].

One such model was developed by Lemon et al. [92] and applied to in vitro tissue

growth. The scaffold, cells, and culture medium (modelled as water) were all treated as

separate phases. Constitutive equations were chosen to describe the interactions between,

the rate of production of, and the stress terms in each phase, and the linear stability of the

system to perturbations about its equilibrium state was analysed. This analytical approach

was used to show that cells seeded into a scaffold in a static setup can either disperse

or aggregate depending on the relative strengths of cell-cell interactions and cell-scaffold

tractions, a behaviour also observed experimentally. This model was extended in [91] to

include cell proliferation and death, and a spatially varying scaffold volume fraction in a

one-dimensional geometry. Initial conditions were chosen to represent either a static or

a dynamic seeding regime, and the edges of the seeded cell population were treated as

free boundaries. Solutions for the cell population distribution and nutrient concentration

were obtained in different limits of the cell-scaffold drag: zero (highly motile cells), infinite

(immobile cells), and intermediate values. Parameter values for nutrient uptake, mitosis,

and apoptosis were obtained by fitting solutions to experimental data for chondrocytes,

enabling the model setup to be applied to tissue engineering of cartilage. Results indicated

that in the absence of cell migration, a necrotic region developed in the centre of the scaffold

due to insufficient supply of nutrient. At the other extreme, however, the case of highly

motile cells led to either uniform distribution of cells throughout the scaffold, or a single

cell aggregate in a similar manner to Lemon et al. [92]. In regard to tissue engineering of

cartilage, it was thus suggested that it may be preferable to initially seed a scaffold with
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mesenchymal stem cells, which have the ability to differentiate into chondrocytes at a later

point in time, instead of starting with a population of the differentiated cells which are less

motile.

In vitro culture of hepatocytes was the focus of the paper by Green et al. [59]. Here,

the aim was to determine favourable conditions for the formation of cell aggregates. Ex-

periments have found that culturing hepatocytes in clusters is more likely to be successful

than culturing them in monolayers, as they more closely replicate the three-dimensional

structure of liver tissue in vivo. The model in [59] described a one-dimensional culture

well containing a deformable, viscoelastic layer of extracellular matrix (ECM), on top of

which lay a two-phase mixture of cells and culture medium. Constitutive laws described

the mechanical properties of each phase, and the nature of the interactions between phases.

Results from numerical simulations and a linear stability analysis predicted that large-scale

aggregates were most likely to form with a relatively high initial cell density, low cell-ECM

and low cell-culture medium drag, whilst the effects of viscosity and elastic modulus of the

ECM were fairly negligible.

Finally, Mohebbi-Kalhori and co-authors took a computational approach in [111]. Using

a computational fluid dynamics (CFD) code to solve their model permitted a more compli-

cated geometrical setup: a HFMB containing a hexagonal array of hollow fibres, and cells

seeded in a gel matrix in the ECS. Cell proliferation was assumed to be nutrient-dependent,

and the effect of several key parameters on cell volume fraction and oxygen and glucose

concentration was determined. These parameters included the interfibre spacing, which is

ignored in the typical Krogh cylinder assumption when modelling HFMBs (see, for exam-

ple, [153, 156, 186]), and was found to have a significant effect on cell growth in the long,

but not the short, term.

In this thesis we develop a number of multiphase models of HFMBs which include cell

kinetics. As discussed in §1.1.3, there are various stimuli which can affect the behaviour of

a cell population. In addition to nutrient concentration (models of which have already been

discussed in detail above), we will investigate the respective roles of chemotaxis and mechan-

otransduction (via fluid shear stress) on cell motility and cell proliferation/differentiation.

In the following sections we review relevant models which also incorporate these effects.
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1.2.2 Chemotaxis

There have been many different attempts to model chemotaxis, spanning stochastic [159],

discrete [39], and continuum [77] descriptions of cellular motion, and connections between

the various approaches [7, 9, 14]. The existing literature is extensive and common applica-

tions include cell migration in angiogenesis (for instance in wound healing [133] or tumour

growth [9, 28]) and morphogenesis [14,94], to name but a few.

Incorporation of chemotactic effects in multiphase models is relatively rare, however.

Cristini et al. [35] considered the role of chemotaxis in tumour invasion, through a mul-

tiphase model in which the nutrient acted as a chemoattractant for the cell population.

Their results suggested that this chemotaxis may lead to fingering instabilities in the tu-

mour growth dynamics, which are augmented by the presence of nutrient gradients or under

conditions of reduced cell proliferation. Findings were reminiscent of experimental obser-

vations of invasive tumour morphology. Improving drug delivery to hypoxic tumours was

the focus of the multiphase model by Webb et al. [175]. An avascular tumour spheroid

was modelled, in which hypoxic cells produced macrophage chemoattractants. This setup

was used to investigate the potential efficacy of two cancer treatments involving engineered

macrophages. In the first, hypoxia induced the production of an enzyme by the macrophages

which then activated a therapeutic drug, whilst in the second the macrophages released a

cytotoxic factor directly. These two modes of operation were compared to a model for

standard chemotherapy, with the second method showing improved results as it acted more

locally and was thus more successful in targeting hypoxic regions.

The approach which we follow in Chapter 2 of this thesis is that taken by Byrne and

Owen [25]. The model in [25] was motivated by an earlier paper by Keller and Segel

[76]. This was one of the first to propose a mathematical description of chemotaxis and

has influenced much of the subsequent work in the field; for a thorough review of models

influenced by [76], see the review by Hillen and Painter [66]. In [76], movement in response to

gradients in chemical concentration was assumed to occur in a similar manner to Brownian

motion. The hypothesis was that individual cells detect and respond to changes in their

local chemical environment, resulting in stochastic behaviour on the microscale, but that

the average behaviour on the macroscale is directed movement up chemical concentration

gradients. The presentation of the model was phenomenological; however, Byrne and Owen

demonstrated that the relevant equations could be derived more formally if a multiphase
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approach was taken [25]. Here, a one-dimensional Cartesian geometry was assumed for the

two-phase model, and equations were obtained via conservation of mass and momentum in

the usual way. The effect of chemotaxis was introduced through the addition of a potential

function to the constitutive law for the cell stress, the idea being that movement up a

chemical gradient relieves the pressure in the cell phase. Further analysis demonstrated

that this description resulted in the concentration affecting not only movement up chemical

gradients (i.e. chemotaxis), but also the random motion of the cells (chemokinesis), an

observation that has also been made experimentally. In the remainder of [25], the stability

of the system was analysed in the context of pattern formation in slime mold.

1.2.3 Mechanotransduction

Previous work on multiphase modelling of mechanotransduction in tissue engineering in-

cludes a series of papers by O’Dea and co-workers [120, 122, 123]. These build upon the

model developed by Lemon et al. [92] by applying it to a perfusion bioreactor setup.

In [122], the authors considered a two-dimensional, two-phase model of tissue growth in

a perfusion bioreactor. This consisted of a cell-scaffold construct placed in a cylindrical

chamber through which culture medium was driven using a pump. They included depen-

dence of cell proliferation, ECM deposition, and cell death on the local cell density and

fluid pressure. Modelling predictions indicated that these effects could dramatically alter

the composition of the resulting tissue construct. This model was extended to include an

extra porous scaffold phase in [123], in which the system was simplified analytically by

taking the long-wavelength limit appropriate for a small channel aspect ratio. The effect of

fluid shear stress, as well as cell density and fluid pressure, on the construct composition

was considered. Findings supported the earlier conclusion that mechanotransduction can

significantly affect cell distribution. The same setup was modelled by Osborne et al. [125],

who solved the full system from [123] numerically using the finite element method. They

found that the long-wavelength approach used in [123] was good at predicting average be-

haviour; however to determine the detailed spatial distribution of cells it was necessary to

consider solutions of the full system. A further extension of this work is given in [120] in

which degradation of the scaffold was included, and whose spatially non-constant porosity

was informed by experimental data. Each of these studies provides a qualitative description

of the dynamic processes at work in a perfusion bioreactor, and has the potential to be
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used to optimise operating conditions and identify dominant regulatory stimuli given data

relevant to a specific setup.

As well as cell proliferation and death, mechanotransduction can affect cell differentia-

tion. This is the focus of a paper by Byrne et al. [23], in which finite element analysis was

used to model a poroelastic cell-scaffold construct for bone regeneration with the objective

of determining optimal scaffold porosity, stiffness, and degradation rate under different me-

chanical loading conditions. The dependence of stem cell differentiation on fluid velocity

and shear strain was considered by employing the mechanoregulation framework developed

by Prendergast et al. [141]. Depending on the stimulus level, differentiation into fibroblasts,

chondrocytes, or osteoblasts could occur. Aiming to identify possible treatment options in

fracture healing, Lacroix and Prendergast [88] developed a three-dimensional model of a hu-

man tibia fracture, again using the mechanoregulation framework proposed in [141]. Two

different compressive loading magnitudes were simulated, and it was shown that only the

lower load led to successful healing.

Driessen et al. [45] also used the finite element method to model the effect of the different

mechanical loading regimes resulting from closed and open configurations on collagen fibre

content and orientation in an aortic valve. The mechanical properties of the tissue construct

were shown to depend on the type of configuration, as the fibres aligned with the princi-

pal strain directions, and results were validated against experimental data where possible.

Cardiac tissue was also the focus of the work by Latimer et al. [89], who determined the

stress and strain distribution in two- and three-dimensional tissues. Analytical solutions

were found and exploited to predict mechanotransduction effects on the tissue following

ischemia, and could be combined with models of the heart’s electrical activity to determine

mechanisms leading to stretch-induced arrhythmias. Finally, the importance of scaffold de-

sign in bone tissue engineering motivated the theoretical study by Sanz-Herrera et al. [148].

The need for an implantable construct that has the required macroscale properties, but

which is affected by biophysical phenomena on the microscale, led to the development of a

multiscale model which incorporated a realistic scaffold microstructure. Bone regeneration

on the microscale was assumed to be dependent on mechanical stimuli, and properties of the

macroscale model such as the scaffold stress and strain, and cell migration, were obtained

through analysis of the underlying microstructure using a homogenisation process. This

microstructure then in turn evolved as a result of macroscale cell migration. The resulting
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governing equations were solved using the finite element method.

In this section we have reviewed a number of mathematical models pertinent to the

work in this thesis, and shown how such studies can help inform and direct experiments.

However, it should be noted that there are also significant limitations associated with math-

ematical modelling of such complex biological systems. Firstly, all mathematical models

are necessarily only approximations of the physical system they aim to describe. Thus,

although modelling can be invaluable in gaining insight into a particular aspect of a sys-

tem, any model runs the risk of excluding potentially crucial components. For this reason,

close interaction with experimentalists is vital to ensure theoretical models are biologically

well grounded and retain key features. Secondly, for a mathematical model to provide any

quantitative predictions it must first be validated against experimental results. This is often

not straightforward, for instance if the theoretical model predicts information which cannot

be obtained experimentally [3, 186], or if the theoretical and experimental work progress

at different rates. To overcome this, models can be partly verified against existing (ana-

lytical or numerical) theoretical results if possible, or developed in a generalised, flexible

framework which easily permits adaptation once data are available. Furthermore, it may

be possible to validate global quantities (e.g. predicted bioreactor inlet and outlet nutrient

concentrations) against experimental data even if this cannot be done for local information

(such as the spatial concentration field within the bioreactor).

1.3 Thesis aims and outline

In this thesis we develop a number of different models of fluid flow, cell dynamics, and solute

transport within the HFMB setup depicted in Figure 1.2(a), each exploring a different

experimental scenario. We work in two-dimensional, Cartesian coordinates throughout.

Common to each model is the assumption that the cells are seeded in a natural scaffold

(formed from a solidified collagen gel, as described in §1.1.5), instead of in a monolayer on

the outer surface of the hollow fibre, so that we model the dynamics of a bioactive cell-

scaffold construct. Due to the current early stage of experimental work, direct comparison

of the results of our theoretical models with experimental data has not been possible. We

instead explore a number of the possible bioreactor configurations and operating regimes

which could be employed experimentally, and for each setup provide a modelling framework

which demonstrates the range of behaviours to be expected. In each case the modelling
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approach taken is flexible and could be readily adapted to specific experimental conditions

given appropriate data; in Chapter 6 we discuss potential experiments which would be useful

in this regard.

In each chapter, the model governing equations are obtained by taking a different limit

of a generalised multiphase model, which is based on porous flow mixture theory and pre-

sented in §1.4. To the best of our knowledge, the application of porous flow mixture theory

to a single-fibre HFMB setup has not been carried out before. We then reduce the rel-

evant governing equations as far as possible by employing asymptotic analysis, through

exploitation of the small aspect ratio of HFMBs and consideration of a physically relevant

distinguished limit. The reduced system is either solved numerically or, if possible, an-

alytically. By considering different experimentally motivated setups we not only aim to

illustrate typical behaviours of each system in turn, but also highlight the dependence of

results on key experimentally controllable parameter values (such as inlet fluid fluxes and

solute concentration) in an analytically tractable and transparent manner.

In Chapter 2, we consider a 3-layer modelling domain consisting of the lumen, porous

membrane, and ECS. The cell-scaffold construct occupies the entire ECS, in which we

employ a multiphase modelling approach to track the dynamics of each phase, as well as

the concentration of a dissolved solute (either a nutrient or chemoattractant). A number

of experimentally motivated case studies are presented, considering either different flow

regimes or different interactions between the solute and cell population. These interactions

take the form of nutrient-limited cell proliferation, or chemotaxis in response to a supplied

or produced chemoattractant. In each case, the effect of inlet fluid flux on cell distribution

and yield is investigated, and ‘optimal’ fluxes determined for the candidate case in which

a spatially uniform cell population is desired. In addition, when the solute of interest

is a nutrient, we also analyse the concentration throughout the bioreactor for different

operating conditions to ensure that it is sufficient for cell survival. This model is adapted

to include four layers in Chapter 3, so that the ECS is split into a multiphase cell layer

surrounding the hollow fibre and an exterior layer of free-flowing fluid. We still assume that

cell proliferation is limited by nutrient concentration, however we now focus on the effects of

mechanotransduction, instead of chemotaxis, on the cell population. Through consideration

of cell types whose proliferation rates are affected (adversely or favourably) by fluid shear

stress, we investigate the effect of the cell layer thickness and exterior fluid layer inlet fluid
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flux on cell distribution and yield.

Chapter 4 incorporates both the 3- and 4-layer models discussed above, but is extended

to include two cell populations (one undifferentiated and one differentiated). Cell differen-

tiation is assumed to depend on either the concentration of a growth factor, or both growth

factor concentration and the fluid shear stress experienced by the cells. The effect of inlet

growth factor concentration and fluid fluxes on the percentage and yield of differentiated

cells is investigated.

In Chapter 5 we derive a 4-layer model in which we neglect cell kinetics, so that the

cell-scaffold construct is modelled as a rigid porous medium. The focus is instead on the

distribution of a solute throughout the system and its dependence on key parameters (which

would be either measurable or controllable experimentally). The model permits analysis

analogous to classical Taylor dispersion.

Finally, in Chapter 6 we conclude by summarising the main results from each model,

and indicate possible future extensions to the work in this thesis.

1.4 Generalised multiphase model

In this section we outline a generalised model for a multiphase flow, following closely the

work of Lemon et al. [92] and O’Dea et al. [123]. As mentioned in §1.2.1, similar approaches

have been used to model a wide variety of processes, including tumour growth [24, 50],

biofilms [32,33], cell motility [8,25,80–82,84,124], and soil dynamics [166]. The multiphase

region we consider consists of one culture medium phase (modelled as water), k other active

(cell) phases, and one scaffold phase. For simplicity, throughout this thesis we neglect

degradation of the scaffold and deposition of ECM by the cells, so that the scaffold is

inert. In addition, we assume a rigid scaffold. Although some deformation of the solidified

collagen gel would be expected physically, this is a reasonable first approximation given that

the behaviour of such scaffolds under experimental operating conditions is unknown [1]. We

also include the equation for the mass transport of m dissolved solutes in the water phase.

This model will be given in a general coordinate system, with t denoting time; the specific

spatial coordinates used for each of our models will be stated at the beginning of the relevant

chapter.

The volume fraction of the ith cell phase is denoted by θi (i = 1, . . . , k), that of the

water phase by θw, and that of the scaffold phase by θs. Given our assumption of a rigid,
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inert scaffold, θs is constant. We assume that there are no voids in the mixture, so that

θw + θs +
k∑
i=1

θi = 1. (1.1)

The remaining governing equations are in the form of conservation of mass and of momentum

for each active phase. We begin with conservation of mass, given by

∂θi
∂t

+∇ · (θiui) = Ji (i = w, 1, . . . , k), (1.2)

where ui is the velocity of the ith phase, ∇· is the usual divergence operator, and Ji

represents the net rate of production of phase i. Here we have assumed that the density

ρi of the ith (cell) phase is constant, and we have made the assumption that the cells and

water are of equal and constant density, i.e. that ρi = ρw (i = 1, . . . , k). This is a good

approximation since cells are mainly comprised of water, and this assumption is consistent

with that taken in many other multiphase models, for example, [24, 59, 91, 92]. Note that

for the work in this thesis we will always take

Jw +
k∑
i=1

Ji = 0 (1.3)

so that mass is conserved. Each of these mass transfer functions Jw, Ji (i = 1, . . . k) may

depend on any of the volume fractions θj (j = s,w, 1, . . . , k), the fluid shear stress, and also

the concentration of any dissolved solutes in the mixture, and are prescribed constitutively

in each chapter.

Conservation of momentum for the ith phase (neglecting inertial effects) is given by

∇ · (θiσi) +
∑
j 6=i

fij − θiρig = 0 (i = w, 1, . . . , k), (1.4)

where σi is the macroscale stress tensor for the ith phase, fij represents the interphase force

exerted on the ith phase by the jth phase, and g is the acceleration due to gravity. By

Newton’s third law we have fij = −fji, ∀i, j, i 6= j.

We pose constitutive forms for σi and fij , following the approach in [92]. Beginning

with the water phase, we assume the stress tensor is given by

σw = −p̄wI, (1.5)

where p̄w is the water pressure and I is the identity tensor. The form (1.5) is chosen so

that the relevant force balance from (1.4) and the constitutive laws prescribed below for the
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interphase forces (see (1.9)) lead to the transport of water being governed by Darcy’s law,

and thus the microscale effects of the water viscosity are included in the macroscale model

through this formulation.

We model the remaining active (cell) phases as viscous liquids, setting

σi = −p̄iI + τi (i = 1, . . . , k), (1.6)

where p̄i is the ith intraphase pressure and τi is the deviatoric stress tensor for the ith

phase, given by

τi = µi

(
∇ui + (∇ui)T − 2

3 (∇ · ui) I
)

(i = 1, . . . , k), (1.7)

where superscript T denotes transpose and µi is the (effective) viscosity of the ith cell

phase. We decompose the intraphase pressure p̄i into the water pressure p̄w plus an extra

component Πi,

p̄i = p̄w + Πi (i = 1, . . . , k), (1.8)

where Πi may depend on any of the θj and any solute concentrations. This extra pressure

Πi accounts for cell-cell interactions and, if applicable, chemotaxis, and will be specified as

necessary in each chapter.

Next we impose constitutive laws for the interphase forces fij in equation (1.4) of the

form

fij = pijθj∇θi − pjiθi∇θj + γijθiθj(uj − ui) = −fji

(i, j = s,w, 1, . . . , k, i 6= j), (1.9)

where pij represents the interphase pressure exerted on the ith phase by the jth phase, with

pij = pji. Each interphase force fij is decomposed into three components; see [92] for details.

The first represents the interfacial force exerted on the ith phase by the jth phase. The

second term represents the reaction to the corresponding interfacial force exerted on the jth

phase by the ith phase. Finally, the third term represents drag between the phases, where

γij is the drag coefficient (assumed constant). We note that, for i or j = s the above forms

will be simplified somewhat given our assumption of a constant scaffold volume fraction.

The interphase pressure pij = pji is assumed to consist of the water pressure p̄w, which

is ‘contact independent’, and an extra pressure ψij due to the tractions between the ith and

jth phases:

pij = p̄w + ψij . (1.10)
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In this thesis we include tractions between the cells and the scaffold only, assuming that

those between the cells and fluid, between the fluid and scaffold, and between different

cell phases, are negligible by comparison. This simplifying assumption is motivated by

the fact that we would expect the cells to strongly adhere to the scaffold. We therefore

take ψij = ψji = 0 (i, j = w, 1, . . . , k, i 6= j) and ψws = ψsw = 0. In order to keep the

derivations in each chapter as general as possible, for now we assume only that ψis = ψis(θi)

(i = 1, . . . , k), motivated by the form used in [123]. When a specific form is required, we

take a simplified version of that used in [123], setting ψis to be a constant function:

ψis = −η (i = 1, . . . , k), (1.11)

where η is a positive constant representing the cells’ affinity for the scaffold.

Finally, the concentrations of any dissolved solutes in the multiphase mixture are tracked

in the water phase only, where their transport is governed by

∂(θwci)
∂t

+∇ · (θwciuw) = Di∇ · (θw∇ci) +Ri (i = 1, . . . ,m), (1.12)

where ci is the concentration of the ith solute per unit volume of water, Di is the diffusion

coefficient for the ith solute in water (assumed constant), and Ri is a reaction term which

accounts for the production or uptake of solute i per unit volume of mixture by any of

the active phases. This reaction term may depend on any of the θj and ci and is given a

constitutive form as necessary in each chapter.

It remains to prescribe constitutive forms for the functions Ji, Πi (with or without

chemotaxis), and Ri; these will be specified in each chapter as required, along with the

exact phases included in each model.

1.5 Novel contributions

To the best of our knowledge, the application of multiphase modelling to the different

HFMB setups considered in this thesis has not yet been reported. Further novel aspects are

the solution of the models by asymptotic reduction and numerical methods and, in Chapter

5, the formulation and numerical solution of the unsteady problem in a manner analogous

to that of classical Taylor dispersion. The majority of Chapter 2 has been published in

Mathematical Medicine and Biology: A Journal of the IMA [129]. The work comprising

Chapter 3 has been published in Biomechanics and Modeling in Mechanobiology [131]. Most
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of the work in Chapter 5 has been submitted for publication in the Journal of Engineering

Mathematics [130].



Chapter2
Three-layer multiphase model

2.1 Introduction

This chapter closely follows Pearson et al. [129]. A multiphase model is developed for fluid

flow, solute transport, and the evolution of a single cell population in a HFMB. Motivated by

a candidate experimental setup for culture of a tissue construct, we consider the scenario in

which the cells are seeded in a scaffold throughout the ECS, so that there are three distinct

layers (the lumen, porous membrane, and ECS). The model presented is two-dimensional

for simplicity, to enable analytical progress. It is expected, however, that results from

a three-dimensional setup would be qualitatively similar; this could be a focus of future

work (see Chapter 6). The flow in the lumen is modelled by the incompressible Stokes

equations and the flow in the membrane is governed by Darcy’s law. In the ECS the

governing equations are derived from the generalised mixture theory model introduced in

§1.4, and we model the scaffold, culture medium (modelled as water), and cells as three

distinct phases. Interactions between these phases are incorporated via extra pressure,

force, and drag terms in the governing equations, as shown in §1.4. The water contains a

solute of interest, which is either a nutrient (e.g. oxygen) or chemoattractant (for examples

see [30,56,138]). In particular, we are concerned with the yield and distribution of the cell

population, and how these depend on experimentally controllable aspects of the bioreactor

environment such as inlet fluid flux and inlet solute concentration. We focus on obtaining

‘optimal’ inlet fluid fluxes in the situation where a spatially uniform distribution of cells is

desired.

30
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2.1.1 Chapter outline

In §2.2 we describe the model setup, outlining the governing equations and boundary con-

ditions in each layer in §§2.3.1-2.3.4. In §2.4 we argue that a simplified geometry may be

considered, which permits analytical progress whilst still incorporating the key features of

the system. This simplified system is summarised in §2.4.1. The resulting system is non-

dimensionalised in §2.5.1, exploiting the small aspect ratio of the bioreactor and considering

the transport regime in which axial advection and diffusion of solute are in balance in the

lumen. In §§2.5.2-2.5.4 we use systematic asymptotic methods to reduce the system from

sixteen to three unknowns. This results in a coupled system of partial differential equations

(PDEs) at leading order in the lumen aspect ratio for the cell volume fraction, solute con-

centration, and reduced water pressure, along with analytical expressions for the remaining

variables. Typical dimensional and dimensionless parameter values for this model are given

in §2.5.5. In §2.5.6 we perform a linear stability analysis of the system on an unbounded do-

main. We describe the numerical scheme used to solve the reduced coupled system in §2.6,

along with convergence checks and comparisons to analytical results. In §2.7 we present and

compare results from a number of different case studies relating to possible experimental

setups, including nutrient-limited cell growth, response to a delivered or produced chemoat-

tractant, and backflow through the ECS. We consider the effect of inlet fluid flux on cell

yield and distribution, and determine optimal fluxes for each case study in order to achieve

a spatially uniform cell distribution. We conclude by discussing our findings in §2.8.

2.2 Model description

We consider an idealised two-dimensional problem in Cartesian coordinates (x, y), motivated

by taking a cross section of the HFMB module in Figure 1.2, and shown schematically

in Figure 2.1. In the geometry of the cross section, we have included two up- and two

downstream ECS ports to mimic the fact that, in the full three-dimensional setup, the ECS

ports are connected to the entire ECS due to its annular geometry. Firstly, we consider the

setup in which only the downstream ECS ports are open. The water is pumped into the

lumen and, due to an imposed pressure downstream, flows out either through the lumen

outlet or the downstream ECS ports. In §2.7.6 we briefly look at the case where all of

the ECS ports are open and there is an additional flow driven through the downstream

ECS ports in the opposing direction to the flow in the lumen. In both setups the up- and
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downstream ends of the porous membrane are sealed so that no fluid or cells can leave the

system there. The ECS is comprised of the cells (one cell type only), water, and a (rigid,

inert) natural scaffold. The porous membrane is impermeable to the cells so that they

cannot leave the ECS. In addition to the assumptions made about interphase tractions in

§1.4, here we also assume that the drag between the water and cells is much smaller than

that between the scaffold and water or between the scaffold and cells. These simplifying

assumptions are again motivated by the fact that we expect the cells to strongly adhere to

the scaffold.

In Figure 2.1, the layers Ωi (i = 1, 2, 3) respectively denote the lumen, porous mem-

brane, and ECS. The (permeable) interfaces between the lumen and porous membrane, and

between the porous membrane and ECS, are respectively given by ∂Ω12 and ∂Ω23, and the

remaining (impermeable) boundaries of each layer are denoted by ∂Ωi (i = 2, 3). Finally,

A, B, C, and D represent line segments across the pipes a finite distance away from the

lumen inlet, upstream ECS ports, lumen outlet, and downstream ECS ports, respectively.

The up- and downstream regions containing these ports (within the dashed boxes in Figure

2.1) will subsequently be neglected in the simplified modelling domain introduced in §2.4;

in this first presentation of the model we include them for completeness.

2.3 Governing equations

Now we outline the governing equations for each of the three layers in the bioreactor: the

lumen, the porous membrane, and the ECS. We state relevant boundary conditions in §2.3.4

to couple the layers and close the system. Parameter values are determined later in §2.5.5.

2.3.1 Lumen

In the lumen (Ω1) there are no cells, and so we consider the flow of water and transport of

solute only. The former is modelled using the incompressible Stokes equations. Conservation

of mass gives

∇ · ul = 0, (2.1)

where ul = (ul, vl) is the water velocity in the lumen, and the density of water, ρw, is

assumed constant. We exploit the fact that inertial effects in the lumen are negligible (this

is confirmed a posteriori in §2.5.5), so that conservation of momentum yields

∇ · σl − ρwg = 0, (2.2)
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Figure 2.1: 3-layer modelling domain in a two-dimensional Cartesian geometry, with the
up- and downstream regions near the ECS ports enlarged (not to scale). The solid black
arrows denote the direction of fluid flow in the first setup considered, where only the down-
stream ECS ports are open. The lumen, porous membrane, and ECS respectively occupy
Ωi (i = 1, 2, 3). Dashed lines represent the permeable boundaries ∂Ω12 and ∂Ω23 between
the lumen and membrane, and membrane and ECS, and solid lines denote the impermeable
boundaries ∂Ω2 and ∂Ω3. The dash-dotted lines A, B, C, and D respectively denote line
segments across the width of the pipes a finite distance away from the lumen inlet, upstream
ECS ports (which are closed in this diagram), lumen outlet, and downstream ECS ports.
Here H and L, H � L, are typical vertical and horizontal length scales, respectively, and
will be specified during the asymptotic analysis in §2.5.

where σl is the stress tensor for the water in the lumen, given by

σl = −p̄lI + µw
(
∇ul + (∇ul)T

)
, (2.3)

and where p̄l is the water pressure in the lumen, µw is the water viscosity (assumed constant),

and g = (0, g) is the acceleration due to gravity. In this work we shall consider flow rates

which are towards the lower end of those employed experimentally (see discussion in §2.5.5),
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and we must account for the effects of gravity in this instance. We introduce the reduced

water pressure pl, given by pl = p̄l + ρwgy, and subsequently similarly define reduced

pressures in the porous membrane and ECS.

Conservation of mass for the solute concentration is given by the advection-diffusion

equation
∂cl
∂t

+∇ · (clul) = D∇2cl, (2.4)

where cl is the solute concentration per unit volume in the lumen and D is the diffusion

coefficient for the solute in water (assumed constant).

2.3.2 Porous membrane

In the porous membrane (Ω2) we model the flow using Darcy’s law for flow in porous media,

which takes into account the microscale effects of viscosity on the macroscale:

um = −km
µw
∇pm, (2.5)

where um = (um, vm) is the water velocity in the porous membrane, km is the porous

membrane permeability (assumed constant), and pm = p̄m + ρwgy is the reduced water

pressure in the membrane. Furthermore, conservation of fluid mass yields

∇ · um = 0, (2.6)

where we have assumed that the porous membrane pore fraction φm is constant. Similarly to

above, and following our discussion in §1.4, conservation of mass for the solute concentration

is given by the advection-diffusion equation

∂cm
∂t

+∇ · (cmum) = D∇2cm, (2.7)

where cm is the solute concentration per unit volume of water in the membrane.

2.3.3 Extracapillary space

Finally we consider the ECS (Ω3), comprised of cells, water, and scaffold. We derive the

governing equations for the multiphase flow in the ECS from the generalised multiphase

model presented in §1.4.

The three phases in this model are the cells, water, and scaffold, with volume fractions

θn, θw, and θs, respectively. Therefore the no voids constraint (1.1) is now

θn + θw + θs = 1. (2.8)
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Conservation of mass for the cells and water is given by
∂θn
∂t

+∇ · (θnun) = Jn,
∂θw
∂t

+∇ · (θwuw) = Jw, (2.9)

where un = (un, vn) and uw = (uw, vw) in our Cartesian coordinate system. We recall

that Jw = −Jn so that mass is conserved. In this chapter we assume that Jn is a function

of θn and cw (the solute concentration per unit volume of water in the ECS) to keep our

model as general as possible. We prescribe a functional form in §2.7 for each experimentally

motivated case study that is considered.

Conservation of momentum for the cell and water phases (neglecting inertia) is given by

∇ · (θnσn) +
∑
j 6=n

fnj − θnρwg = 0, ∇ · (θwσw) +
∑
j 6=w

fwj − θwρwg = 0, (2.10)

where σn and σw are the stress tensors for the cell and water phases, given by (1.5) and

(1.6) respectively. We recall the form for the cell pressure p̄n introduced in §1.4:

p̄n = p̄w + Π. (2.11)

For now we assume only that Π is a function of θn and cw. In §2.7, motivated by [25]

and [123], we split Π into two components Πn and Πc which, respectively, account for cell-

cell interactions (such as osmotic stress and surface tension in the cell membranes) and

chemotaxis, and take the following forms:

Π = Πn + Πc, Πn = θn

(
−ν + δaθn

1− θs − θn

)
, Πc = χexp

(
−cw
c̄

)
, (2.12)

where ν, δa, χ, and c̄ are positive constants. The first term in Πn represents the fact that

cells tend to aggregate at low densities, i.e. when θn is small, whilst the second models

the repulsive forces which arise due to contact inhibition [123]. The function Πc represents

chemotactic movement up gradients in the solute, with a greater effect in areas of lower

concentration, a behaviour which has been observed experimentally [71]. The effect of both

Πn and Πc on the cell phase dynamics can be seen more clearly once we have derived the

reduced equation for θn (see equation (2.59a)).

Recalling that the interphase forces fij as presented in equation (1.9) are simplified by

our assumption of a constant scaffold volume fraction and the fact that ψij = ψji = 0 unless

i = n and j = s, we have

fnw = pwθw∇θn − pwθn∇θw + γnwθnθw(uw − un) = −fwn, (2.13)

fns = (pw + ψns) θs∇θn − γnsθnθsun = −fsn, (2.14)

fws = pwθs∇θw − γwsθwθsuw = −fsw, (2.15)
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where, as stated in §1.4, ψns is a constant (ψns = −η); however for the sake of generality

we delay inclusion of this form until obtaining our results in §2.7.

We define reduced pressures in the ECS as in the lumen and porous membrane by setting

pw = p̄w + ρwgy, pn = p̄n + ρwgy = pw + Π. (2.16)

Making use of the constitutive relations (2.11) and (2.13)-(2.15), neglecting drag between

the cells and water as stated in §2.2, and substituting in for pw from (2.16), the resulting

governing equations for the cell phase in the ECS are given by

∂θn
∂t

+∇ · (θnun) = Jn,

−θn∇pw −∇(θnΠ) +∇ · (θnτn) + ψnsθs∇θn − γnsθnθsun = 0,
(2.17)

and for the water phase they are given by

∂θw
∂t

+∇ · (θwuw) = −Jn, −θw∇pw − γwsθwθsuw = 0. (2.18a,b)

We note that in (2.18b) we have indeed recovered Darcy’s law, which models the microscale

effects of the water viscosity on the macroscale. Now we return briefly to the membrane

flow model to define the stress tensor in the context of the multiphase formulation. We note

that within the multiphase framework Darcy’s law (2.5) corresponds to the force balance

∇ · (φmσm)− φmµw
km

um − φmρwg = 0, (2.19)

with

σm = −p̄mI, (2.20)

this being the only choice for σm which is consistent with the choice for σw above.

Finally, again following §1.4, conservation of mass for the (single) solute in the ECS is

given by
∂(θwcw)
∂t

+∇ · (θwcwuw) = D∇ · (θw∇cw) +R, (2.21)

assuming that mass transport only occurs in the water phase as stated in §1.4. Here, the

reaction term R may depend on θn and/or cw. Specific forms will be given in §2.7, to model

either the uptake of nutrient, or the production or uptake of chemoattractant.

Across the three layers, we have a system of sixteen equations for the sixteen unknowns

ui, vi (i = l,m, n,w), pi, ci (i = l,m,w), θn, and θw. Next we impose boundary conditions

to close the problem.



Chapter 2. Three-layer multiphase model 37

2.3.4 Boundary conditions

Boundary conditions for the fluid on each of the interfaces between the layers will take the

form of continuity of fluid flux and of normal stress, and on the impermeable bioreactor

boundaries we impose no flux and no slip of fluid. In addition, the lumen/membrane

interface is a boundary between free-flowing fluid and flow through a porous medium and

hence needs an extra condition; we shall impose no slip of fluid in the lumen on this interface

for reasons discussed below. We impose continuity of solute concentration and of solute flux

on the interfaces between layers, and no flux of solute out of the impermeable bioreactor

boundaries. Boundary conditions are also needed for the cell phase on the membrane/ECS

interface and bioreactor top; these are presented below. In the following, tij is the unit

tangent to ∂Ωij , ni is the outward pointing unit normal to ∂Ωi and nij is the unit normal

to ∂Ωij pointing into Ωj .

Therefore, as discussed, on the lumen/membrane interface we impose no slip, as well as

continuity of water flux, of normal stress, of concentration, and of solute flux, so that

ul · t12 = 0, ul · n12 = φmum · n12, n12 · σl · n12 = n12 · σm · n12,

cl = cm, ∇cl · n12 = φm∇cm · n12 on ∂Ω12,
(2.22a-e)

where we have assumed that all of the fluid stress from the lumen is taken up by the fluid

in the membrane. This results in condition (2.22c) reducing to continuity of (reduced)

pressure in the leading-order model as the gravitational contributions cancel (see §2.5.1).

The assumption of continuity of pressure at the boundary between flow through materials

of different permeabilities is also taken in [16,72]. The no slip condition (2.22a) is motivated

by the work of Shipley et al. [156] who found that slip is insignificant for the membranes

used by our experimental collaborators in Bath.

The membrane/ECS interface is impermeable to cells as the mean pore radius (≈ 1 µm)

is much smaller than that of a cell (≈ 5 µm) [155], and hence we impose no flux of cells

here. In addition we impose no slip of cells, along with continuity of flux of water, of normal

stress, of solute concentration, and of flux of solute. We make the constitutive assumption

that all the stress is taken up by the water in the ECS, not the cells, which again leads to

continuity of (reduced) water pressure across the membrane/ECS interface at leading order

in §2.5.1. These give

un = 0, θwuw · n23 = φmum · n23, n23 · σm · n23 = n23 · σw · n23,

cm = cw, φm∇cm · n23 = θw∇cw · n23 on ∂Ω23.
(2.23a-e)
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The outer boundary of the porous membrane is sealed, as mentioned above, and hence

we impose no flux of water or of solute there:

um · n2 = 0, ∇cm · n2 = 0 on ∂Ω2. (2.24)

The bioreactor boundary ∂Ω3 is a solid boundary on which we impose no flux and slip

of cells, and no flux of water or solute, so that

un = 0, uw · n3 = 0, θw∇cw · n3 = 0 on ∂Ω3. (2.25)

It now remains to prescribe boundary conditions at the lumen inlet A, lumen outlet C,

and the ECS ports at B and D. The exact conditions depend on the precise flow regime

and setup under consideration, and so will change for each of the case studies presented in

§2.7. For the sake of brevity, here we give only the physical description of the boundary

conditions required, delaying their mathematical statement until analysis of the reduced

model in §2.5.3.

In the pipe entering the lumen inlet, we assume that the flow is of Poiseuille form with

prescribed inlet volume flux Ql,in per unit length in the z-direction (here and henceforth

taken to be perpendicular to both x and y). Depending on whether solute is being delivered

into the bioreactor or not, we also prescribe either the solute concentration at A, or no flux

of solute in there. Downstream, the lumen outlet pressure is controlled experimentally by a

clamp on the outlet pipe; this condition is set via continuity of normal stress at C and will

be in terms of reduced pressures. We also assume no transverse flow in the lumen outlet

pipe. The final condition required in the lumen is for the solute concentration at C. There is

no constraint here experimentally, and so we prescribe no diffusive flux of solute. This is the

condition that will have the least effect on the theoretical results (prescribing a downstream

concentration, for instance, would have a large effect on the concentration elsewhere in the

bioreactor), and we note that this still allows an advective flux of solute out of the bioreactor.

This choice is motivated by the expectation that the solute concentration is constant in space

as it leaves the bioreactor due to the effect of diffusion, and is investigated in more detail

in Chapter 5.

The up- and downstream conditions in the ECS will depend on the flow regime: in

this chapter we consider two cases, as mentioned above. In the first setup, the upstream

ports at B are closed and those at D are open (as is the case in Figure 2.1), whilst in the

second (considered in §2.7.6 only) both sets of ports are open and there is an imposed flow



Chapter 2. Three-layer multiphase model 39

into the ECS at D in the opposing direction to that in the lumen. If the upstream ECS

ports are closed, we remove the inlet pipes at B from the geometry of the modelling domain

so that ∂Ω3 is just a continuous wall in the upstream region. When the ports at D are

open and are therefore inlets to fluid flow, we assume Poiseuille flow entering the pipes and

prescribe an inlet volume flux Qe,in per unit length in the z-direction. Depending on the

setup being considered, we also prescribe either the solute concentration or zero solute flux

at D. Whenever ports are outlets to fluid flow, we prescribe conditions analogous to those

at the lumen outlet C: no transverse flow, continuity of normal stress, and no diffusive

flux of solute, for the same reasons discussed above. Additionally, we assume that the cells

cannot leave the scaffold and so impose no flux of cells out of the bioreactor through any

open ECS ports (at D and, if open, those at B).

In §2.5.3 when we impose the up- and downstream conditions on the reduced model, we

will see that not all of the boundary conditions described above are needed. The adjustment

from the prescribed value in the full system to the value which is taken by our reduced model

occurs in boundary layer regions at the up- and downstream ends near the ECS ports. We

examine the boundary layer structure in detail for the regime considered in Chapter 5, in

which cell kinetics are neglected and solute is supplied at the lumen inlet and upstream

ECS ports.

2.4 Simplification of the modelling domain

The modelling domain illustrated in Figure 2.1 is complicated by the up- and downstream

ECS ports. Numerical approaches would be needed to make any progress in solving this

system, and this would be computationally expensive. We instead simplify the modelling

domain to consider the central region, excluding the ECS ports. This makes the prob-

lem amenable to analytical techniques whilst still capturing key features of the bioreactor,

and allows a rapid exploration of the subset of parameter space most relevant in practice.

This assumption is similar to the Krogh cylinder assumption often taken when modelling

HFMBs in an axisymmetric geometry (see [2, 20, 153, 186] for examples). The influence

of the regions near the ports will be included through the up- and downstream boundary

conditions imposed on our simplified domain. We note that in order to determine these

conditions exactly, it would be necessary to match with the solutions obtained in the up-

and downstream regions near the ports. This is not something we pursue here; we instead
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refer ahead to Chapter 5, where we perform an analysis of these regions in a setup which

neglects cell kinetics.

Even though we have included the effects of gravity in our model, the governing equations

are symmetric about the lumen centreline (which is assumed straight) when expressed in

terms of the reduced pressures. Therefore, for simplicity, we consider the upper half of

the bioreactor only, so that the modelling region 0 < x < L, 0 < y < H consists of three

rectangular compartments: the lumen, porous membrane, and ECS (see Figure 2.2). We

note that this requires additional boundary conditions on the line of symmetry y = 0. We

take the origin of the Cartesian coordinate system, (x, y) = (0, 0), to be at the bottom left

of the domain, so that the x-axis lies along the lumen centreline. We denote by h1, h2, and

h3 the heights of the lumen, porous membrane, and ECS respectively, with the total height

of the half-bioreactor given by H := h1 + h2 + h3. The total domain length is denoted by

L, and we note that h1, h2, and h3 are comparable, with h1/L � 1, so that the aspect

ratio of each layer is small. The simpler geometry and small aspect ratio of the domain

motivate the non-dimensionalisation in §2.5.1 and allow the system of governing equations

in the lumen, porous membrane, and ECS to be studied analytically.

L

h1

h2

h3

H

Lumen

Porous membrane

ECS

x

y

1

Figure 2.2: Simplified modelling domain with the x-axis running along the lumen centreline
(not to scale). The red star denotes the origin (x, y) = (0, 0), and the solid black arrow
denotes the direction of the imposed fluid flux into the lumen.

2.4.1 Governing equations and boundary conditions for the simplified
domain

The governing equations in each layer are unchanged from §2.3, as are the boundary condi-

tions on the interfaces between the layers and on the bioreactor boundary ∂Ω3 (now y = H).
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Only the boundary conditions at the up- and downstream ends of the bioreactor are altered.

These are chosen to represent conditions in the excluded regions near the ECS ports and

at the lumen inlet and outlet, and will be introduced as required in §2.5.3 after reduction

of the dimensionless system in §2.5.2. In addition, as we now consider the upper half of the

bioreactor only, we impose the following symmetry conditions on the lumen centreline:

∂ul
∂y

= 0, vl = 0, ∂cl
∂y

= 0 on y = 0. (2.26)

Initial conditions are imposed as necessary in §2.7.

2.5 Model reduction

The choice of non-dimensionalisation in the lumen reflects its small aspect ratio ε, and

leads to the equations for lubrication theory in this layer at leading order. This results in

a reduced pressure in the lumen which is independent of y, allowing us to explicitly solve

for the flow velocity there. Similar scalings are physically relevant in the remaining two

layers as well, as they also have a small aspect ratio. In the ECS, this leads to the reduced

water pressure gradient term dominating in the y-force balance in the water phase, and both

the reduced water pressure and intra-/interphase pressure terms dominating in the y-force

balance in the cell phase. As a result, both the reduced water pressure and cell volume

fraction are independent of y at leading order in the ECS, as well as the leading-order

solute concentration in each layer. This allows significant simplification of the governing

equations, and results in a coupled system of three second-order nonlinear PDEs at leading

order in the lumen aspect ratio to solve for the cell volume fraction, solute concentration, and

reduced water pressure in the ECS, along with corresponding expressions for the remaining

leading-order unknowns.

2.5.1 Non-dimensionalisation

We non-dimensionalise as follows, using hats to denote dimensionless variables:

x = Lx̂, y = εLŷ, hi = εLĥi (i = 2, 3), H = εLĤ, t = L

U∗
t̂,

ul = µn
µw

U∗ûl, vl = εµn
µw

U∗v̂l, ui = U∗ûi, vi = εU∗v̂i (i = m,w,n),

pi = patm + µnU
∗

ε2L
p̂i (i = l,m,w), Πi = µnU

∗

ε2L
Π̂i (i = n, c),

ψns = µnU
∗

ε2L
ψ̂ns, ci = C∗ĉi (i = l,m,w), R = R∗R̂, Jn = U∗

L
Ĵn,

(2.27)
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where ε = h1/L is the (small) aspect ratio of the lumen, C∗, R∗, and U∗ are, respectively,

typical concentration, reaction, and porous membrane/ECS velocity scales, and patm is

(reduced) atmospheric pressure. We consider the biologically plausible regime where the

viscosity of the cell phase (on the macroscale) is much greater than that of water due to

the presence of the cytoskeletal network, the cells’ adherence to the scaffold, and the effect

of cell-cell interactions (on the microscale). In particular, we consider the limit in which

µw/µn = λε for some λ = O(1) as ε → 0 (see §2.5.5). We note that other limits could be

considered, for instance taking the cell and water phases to be of comparable viscosity (as

in [50, 122, 123], which here would involve solving a much more complex system) or taking

the cell phase to be inviscid (as in [92]).

We have multiplied the velocity scales in the lumen by a factor of µn/µw so that the

same pressure scales can be applied throughout the system. This choice is also motivated

by the fact that we would expect the porous structures to hinder the fluid flow in the

membrane and ECS. In addition, this choice enables substantial analytical progress to be

made in the mathematical reduction of §2.5. As previously stated, we expect inertial effects

to be negligible compared to viscosity, and hence have employed a viscous pressure scaling

throughout. The resulting horizontal velocity scale in the lumen, µnU
∗/µw, represents

the typical horizontal velocity of the fluid flowing through the lumen as determined by the

imposed lumen inlet fluid flux. We choose the timescale L/U∗ and take the inverse of this as

the scale for Jn so that the timescales for advection in the ECS/porous membrane layers and

proliferation are assumed comparable. This is appropriate given that we consider very slow

flows (see discussion in §2.5.5). We also choose R∗ = DC∗/L2 so that uptake/production

of solute occurs on the same timescale as axial diffusion. This is chosen for illustrative

purposes, as it yields a non-trivial dominant balance in the solute governing equations,

with the reaction term appearing in the reduced model at leading order (as will be shown

in §2.5.2). Relevant dimensionless parameter values will be determined in §2.5.5.

In the following we move into component form, substituting for the reduced pressures

throughout and eliminating vm in favour of ∂pm/∂y in the boundary conditions (2.22b) and

(2.23b) using the y-component of equation (2.5). Dropping hats, the dimensionless system
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of equations in the lumen (0 < y < 1) is therefore

∂ul
∂x

+ ∂vl
∂y

= 0, −∂pl
∂x

+ ε2∂
2ul
∂x2 + ∂2ul

∂y2 = 0, −∂pl
∂y

+ ε4∂
2vl
∂x2 + ε2∂

2vl
∂y2 = 0, (2.28)

ε2Pe
(
λε
∂cl
∂t

+∇ · (clul)
)

= ε2∂
2cl
∂x2 + ∂2cl

∂y2 , (2.29)

where Pe = LU∗/(λεD) is the Péclet number for axial flow in the lumen. Similarly, the

porous membrane equations become (for 1 < y < 1 + h2)

um = −ε2κm
∂pm
∂x

, vm = −κm
∂pm
∂y

, ε2∂
2pm
∂x2 + ∂2pm

∂y2 = 0, (2.30a-c)

and

λε3Pe
(
∂cm
∂t

+∇ · (cmum)
)

= ε2∂
2cm
∂x2 + ∂2cm

∂y2 , (2.31)

where κm = km/(λε5L2) is the dimensionless permeability. We will assume a dominant

balance between the radial terms in equation (2.30b), and so take κm = O(1) (see §2.5.5).

In the ECS (1 + h2 < y < 1 + h2 + h3), the no voids condition is unchanged:

θn + θw + θs = 1. (2.32)

The dimensionless conservation of mass equations are

∂θn
∂t

+ ∂

∂x
(θnun) + ∂

∂y
(θnvn) = Jn,

∂θw
∂t

+ ∂

∂x
(θwuw) + ∂

∂y
(θwvw) = −Jn, (2.33)

conservation of momentum for the cell phase is given by

−θn
∂pw
∂x
− ∂

∂x
(θnΠ) + ψnsθs

∂θn
∂x

+ 2ε2

3
∂

∂x

[
θn

(
2∂un
∂x
− ∂vn

∂y

)]
+ ∂

∂y

[
θn

(
∂un
∂y

+ ε2∂vn
∂x

)]
− ζnsθnθsun = 0, (2.34)

−θn
∂pw
∂y
− ∂

∂y
(θnΠ) + ψnsθs

∂θn
∂y

+ ε2 ∂

∂x

[
θn

(
∂un
∂y

+ ε2∂vn
∂x

)]
+2ε2

3
∂

∂y

[
θn

(
2∂vn
∂y
− ∂un

∂x

)]
− ε2ζnsθnθsvn = 0, (2.35)

and for the water phase is given by

−θw
∂pw
∂x
− ζwsθwθsuw = 0, −θw

∂pw
∂y
− ε2ζwsθwθsvw = 0, (2.36)

where ζis = γisL
2λε3/µw (i = n,w) are dimensionless. The dimensionless solute transport

equation is

λε3Pe
(
∂

∂t
(θwcw) +∇ · (θwcwuw)

)
= ε2 ∂

∂x

(
θw
∂cw
∂x

)
+ ∂

∂y

(
θw
∂cw
∂y

)
+ ε2R. (2.37)
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Finally, the boundary conditions on the lumen centreline become

∂ul
∂y

= 0, vl = 0, ∂cl
∂y

= 0 on y = 0, (2.38)

on the lumen/membrane interface

ul = 0, ε
∂pm
∂y

= − 1
λκmφm

vl, pl + 2ε2

3

(
∂ul
∂x
− 2∂vl

∂y

)
= pm,

cl = cm,
∂cl
∂y

= φm
∂cm
∂y

on y = 1,
(2.39a-e)

on the membrane/ECS interface

un = vn = 0, vw = −κmφm
θw

∂pm
∂y

, pw = pm,

cm = cw, φm
∂cm
∂y

= θw
∂cw
∂y

on y = 1 + h2,

(2.40)

and on the bioreactor boundary

un = vn = vw = 0, θw
∂cw
∂y

= 0 on y = H. (2.41)

2.5.2 Derivation of the reduced model

Next we use asymptotic analysis to derive a reduced system of governing equations at

leading order in ε, before introducing up- and downstream boundary conditions to close the

problem. We begin by expanding each dependent variable as an asymptotic series in powers

of ε. For example, we let ul ∼ ul0 + εul1 + ε2ul2 + . . . and similarly expand the remaining

velocities vl, ui, vi (i = m,w,n), the reduced pressures pi (i = l,m,w), the concentrations

ci (i = l,m,w), and the volume fractions θn and θw. We will consider the transport regime

where Pe = O (1) (see §2.5.5), corresponding to a dominant balance between axial diffusion

and advection in the lumen. In the following we consider the leading-order system in each

layer in turn, omitting the subscript 0 from the leading-order variables except where needed

for clarity.

Substituting the expansions into the lumen equations (2.28) and (2.29), and boundary

conditions (2.38) and (2.39a,b), and equating coefficients of ε0 gives

∂ul
∂x

+ ∂vl
∂y

= 0, ∂2ul
∂y2 = ∂pl

∂x
,

∂pl
∂y

= 0, ∂2cl
∂y2 = 0, (2.42)

with

∂ul
∂y

= 0, vl = 0, ∂cl
∂y

= 0 on y = 0, (2.43)



Chapter 2. Three-layer multiphase model 45

and

ul = vl = 0 on y = 1, (2.44)

which yields

pl = pl(x, t),
∂2pl
∂x2 = 0, ul = 1

2
∂pl
∂x

(y2 − 1), vl ≡ 0, cl = cl(x, t). (2.45)

In the porous membrane, the governing equations (2.30) and (2.31) become

um ≡ 0, vm = −κm
∂pm
∂y

,
∂2pm
∂y2 = 0, ∂2cm

∂y2 = 0, (2.46a-d)

and so our assumption on the size of κm leads to a reduced pressure gradient at leading

order across the porous membrane. Boundary conditions (2.39c-e) yield

pl = pm, cl = cm, φm
∂cm
∂y

= ∂cl
∂y

= 0 on y = 1. (2.47)

Equations (2.46c,d) thus integrate to give

pm = P (x, t)(y − 1) + pl(x, t), cm(x, t) ≡ cl(x, t), (2.48)

for some function P (x, t) which remains to be determined as part of the solution to the

reduced model.

In the ECS, equating coefficients of ε0 in equation (2.32) yields

θn + θw + θs = 1, (2.49)

equation (2.33) becomes

∂θn
∂t

+ ∂

∂x
(θnun) + ∂

∂y
(θnvn) = Jn,

∂θw
∂t

+ ∂

∂x
(θwuw) + ∂

∂y
(θwvw) = −Jn, (2.50a,b)

equations (2.34) and (2.35) give

−θn
∂pw
∂x
− ∂

∂x
(θnΠ) + ψnsθs

∂θn
∂x
− ζnsθnθsun + ∂

∂y

(
θn
∂un
∂y

)
= 0, (2.51)

−θn
∂pw
∂y
− ∂

∂y
(θnΠ) + ψnsθs

∂θn
∂y

= 0, (2.52)

and equations (2.36) and (2.37) are now

−θw
∂pw
∂x
− ζwsθwθsuw = 0, −θw

∂pw
∂y

= 0, ∂

∂y

(
θw
∂cw
∂y

)
= 0. (2.53a-c)
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Boundary conditions (2.40) and (2.41) yield

un = vn = 0, vw = −κmφm
θw

∂pm
∂y

, pw = pm,

cm = cw, φm
∂cm
∂y

= θw
∂cw
∂y

on y = 1 + h2,

(2.54a-f )

and

un = vn = vw = 0, θw
∂cw
∂y

= 0 on y = H. (2.55a-d)

From equation (2.53c) and boundary conditions (2.54e,f ) and (2.55d), we find that the

solute concentration is independent of y at leading order, and set ci := c(x, t) (i = l,m,w)

for some global concentration c(x, t) which will also be determined as part of the solution

to the reduced model.

Equation (2.53b) tells us that the reduced water pressure pw is independent of y, and

thus it follows from (2.52) and (2.49), respectively, that the leading-order cell and water

volume fractions θn and θw are also independent of y. In addition, from (2.51) and boundary

conditions (2.54a) and (2.55a) we can deduce that

un(x, y, t) = M(x, t)
θsζns

{
sinh

[√
θsζns(y −H + h3)

]
+ sinh

[√
θsζns(H − y)

]
sinh

(√
θsζnsh3

) − 1
}
, (2.56)

where here

M(x, t) := ∂pw
∂x

+ Φ(θn, c)
θn

∂θn
∂x

+ Π′c
∂c

∂x
,

Φ(θn, c) := Πn + Πc + θnΠ′n − ψnsθs, Π′c = −χ
c̄

exp
(
−c
c̄

)
,

(2.57a-c)

whilst (2.53a) and (2.54d) respectively give

uw(x, t) = − 1
θsζws

∂pw
∂x

, pw(x, t) = h2P (x, t) + pl(x, t), (2.58)

where P (x, t) was introduced in (2.48). In equation (2.57), primes denote differentiation

with respect to the argument of a function. Furthermore, by integrating (2.50) over the ECS

and applying boundary conditions (2.54b,c) and (2.55b,c) we obtain the following equations

for θn and pw (via P (x, t)):

∂θn
∂t

+ ∂Qn
∂x

= Jn,
∂

∂x
(Qn +Qw) = −κmφm

h3
P (x, t), (2.59a,b)

where the cell flux Qn and water flux Qw are given by

Qn = F

(
∂pw
∂x

θn + Φ(θn, c)
∂θn
∂x

+ θnΠ′c
∂c

∂x

)
, Qw = − θw

θsζws

∂pw
∂x

, (2.60a,b)
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with

F := 2 cosh(α)− α sinh(α)− 2
θsζnsα sinh(α) , α := h3

√
θsζns. (2.61)

From (2.59a) and (2.60a) we can see more clearly the effect of the cell aggregation/repulsion

term Πn and chemotaxis term Πc on the evolution of θn, through the contributions to the

nonlinear advection (involving Π′c only) and diffusion (involving Φ and therefore, from

(2.57b), Πn, Π′n, and Πc) terms in Qn.

Now we determine an equation for c before introducing up- and downstream boundary

conditions to close the resulting coupled system. The solute equations (2.29), (2.31), and

(2.37) at O(ε) are in terms of ci1 (i = l,m,w) and independent of c(x, t), and hence we

must go to O(ε2) to find an equation for c(x, t). Equating coefficients of ε2 in the solute

equations in each layer (briefly returning to subscript 0 notation for leading-order variables

for clarity), we obtain

Pe
(
∂

∂x
(cl0ul0) + ∂

∂y
(cl0vl0)

)
= ∂2cl0

∂x2 + ∂2cl2
∂y2 , (2.62)

∂2cm0

∂x2 + ∂2cm2

∂y2 = 0, (2.63)

∂

∂x

(
θw0

∂cw0

∂x

)
+ ∂

∂y

(
θw0

∂cw2

∂y
+ θw2

∂cw0

∂y

)
= −R0. (2.64)

The corresponding boundary conditions are given by

∂cl2
∂y

= 0 on y = 0, (2.65)

∂cl2
∂y

= φm
∂cm2

∂y
, cl2 = cm2 on y = 1, (2.66a,b)

φm
∂cm2

∂y
= θw0

∂cw2

∂y
, cm2 = cw2 on y = 1 + h2, (2.67a,b)

and

∂cw2

∂y
= 0 on y = H. (2.68)

We integrate equations (2.62), (2.63), and (2.64) with respect to y across the lumen, porous

membrane, and ECS respectively, and add them together (multiplying the integrated form

of equation (2.63) by the pore fraction φm first). Applying boundary conditions (2.65),

(2.66a), (2.67a), and (2.68) then yields

∂Qc
∂x

= −h3R(θn, c), (2.69)
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where the solute flux Qc is given by

Qc = 1
3Pe∂pl

∂x
c+ b(θn) ∂c

∂x
, b(θn) := 1 + h2φm + h3(1− θs − θn). (2.70)

2.5.3 Boundary conditions for the reduced model

To close the coupled system given by equations (2.59a,b) and (2.69), we prescribe up- and

downstream boundary conditions appropriate to this flow regime. These are motivated by

the boundary conditions for the full two-dimensional domain (including the ECS ports)

discussed in §2.3.4. Firstly, we prescribe a volume flux of fluid per unit length in the

z-direction (perpendicular to x and y) into the lumen, setting∫ 1

0
ul dy = Ql,in at x = 0, (2.71)

where Ql,in is dimensionless and assumed constant. Additionally, we anticipate a small flux

of fluid into the ECS (due to fluid which has already permeated through the fibre from the

lumen), and set ∫ H

1+h2
θwuw dy = Qe,in at x = 0, (2.72)

where Qe,in is also constant and dimensionless. Here, we fix a dimensional value for the ECS

inlet fluid flux which is much less than that into the lumen, and leads to the dimensionless

relationship Qe,in = 2.5Ql,in (see §2.5.5). This is motivated by the expectation that the

permeate flow rate in the ECS will be of O(ε) lower than that in the lumen due to the

choice of velocity scales in §2.5.1. We also carry out a sensitivity analysis of this and other

key parameters in §2.7.5.

Next, we prescribe a (reduced) downstream lumen pressure (to mimic the clamp present

experimentally as discussed in §2.3.4), setting

pl = Pdwn at x = 1, (2.73)

where Pdwn is dimensionless, fixed, and constant. At the downstream ECS end in an

experiment, the bioreactor ECS port is left open to the atmosphere, and so to mimic this

condition we take (given the choice of non-dimensionalisation in (2.27))

pw = 0 at x = 1. (2.74)

As discussed in §2.3.4, we impose no flux of cells out of the reduced region by setting

Qn = 0 at x = 0, 1. (2.75)
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Depending on whether the solute is being delivered at the lumen inlet or not, we impose

either a fixed concentration cin upstream (in which case C∗ = cin) or no total flux of solute

into the lumen. These give, respectively,

c = 1 or Qc = 0 at x = 0. (2.76)

At the lumen outlet we impose no diffusive flux of solute, as discussed in §2.3.4:

∂c

∂x
= 0 at x = 1. (2.77)

These boundary conditions allow us to solve explicitly for more of the leading-order

unknowns in terms of θn, c, and pw, so that, in the lumen,

ul(y) = −3
2Ql,in(y2 − 1), vl ≡ 0, pl(x) = 3Ql,in(1− x) + Pdwn, (2.78)

in the membrane,

um ≡ 0, vm(x, t) = −κmP (x, t),

pm(x, y, t) = 3Ql,in(1− x) + P (x, t)(y − 1) + Pdwn,
(2.79)

and in the ECS,

uw(x, t) = − 1
θsζws

∂pw
∂x

,

un(x, y, t) = M(x, t)
θsζns

{
sinh

[√
θsζns(y −H + h3)

]
+ sinh

[√
θsζns(H − y)

]
sinh

(√
θsζnsh3

) − 1
}
,

(2.80)

where P is given in terms of pw by

P (x, t) = 1
h2

[pw(x, t)− 3Ql,in(1− x)− Pdwn] , (2.81)

and M(x, t) is as defined in equation (2.57). We note that equations (2.50a,b) still hold for

vn and vw, respectively.

2.5.4 Summary of the reduced model

To summarise, the reduced model for θn(x, t), c(x, t), and pw(x, t) is given by

∂θn
∂t

+ ∂Qn
∂x

= Jn,
∂Qc
∂x

= −h3R(θn, c),

∂

∂x
(Qn +Qw) = −κmφm

h2h3
[pw − 3Ql,in(1− x)− Pdwn] ,

(2.82)
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where the fluxes are given by

Qn = F

(
∂pw
∂x

θn + Φ(θn, c)
∂θn
∂x

+ θnΠ′c
∂c

∂x

)
,

Qc = −PeQl,inc+ b(θn) ∂c
∂x
, Qw = − θw

θsζws

∂pw
∂x

,

(2.83)

and we recall that

F := 2 cosh(α)− α sinh(α)− 2
θsζnsα sinh(α) , α := h3

√
θsζns,

Φ(θn, c) = Πn + Πc + θnΠ′n − ψnsθs,

Π′c = −χ
c̄

exp
(
−c
c̄

)
, b(θn) := 1 + h2φm + h3(1− θs − θn).

(2.84)

The boundary conditions are

Qn = 0, c = 1 or Qc = 0, Qw = Qe,in
h3

at x = 0, (2.85)

Qn = 0, ∂c

∂x
= 0, pw = 0 at x = 1, (2.86)

and the initial condition on θn is taken to be

θn(x, 0) = θ∗n(x) for 0 < x < 1, (2.87)

for some initial profile θ∗n(x). Thus, the original system (equations (2.1)-(2.6), (2.7), (2.8),

and (2.17)-(2.21)) has been reduced from sixteen to three unknowns, and from two dimen-

sions to one dimension, having eliminated the dependence on y. We now have a coupled

system comprising an advection-reaction-diffusion PDE for θn, and quasi-steady second-

order nonlinear ordinary differential equations (ODEs) for c and pw. The main effects

contributing to the cell flux Qn are cell advection (dependent on the reduced water pres-

sure gradient and chemotaxis), cell diffusion (dependent on the cell intraphase pressure and

cell-scaffold interphase pressure), and the cell-scaffold drag (through F ). The water flux

Qw contains an advection term which also depends on the reduced water pressure gradient

and water-scaffold drag. Finally, the solute flux Qc has an advective term dependent on the

lumen inlet fluid flux, and a diffusive term which is affected by the widths and (effective)

porosities of the membrane and ECS. This coupled system can now be solved numerically,

given appropriate constitutive forms for Jn and R.

2.5.5 Parameter values

Before solving the system from §2.5.4 we determine the sizes of the dimensionless param-

eters, guided by our experimental collaborators and dimensional values obtained from the
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Table 2.1: Dimensional parameters.

Parameter Dimensional value and units Ref.
h1 200 µm [156]
h2 200 µm [156]
h3 600 µm [156]
L 0.1 m [156]
ρw 1 g cm−3 [155]
µw 10−3 Pa s [155]
km 6.73× 10−16 m2 ∗

patm 14.69 psia [156]
Ql,in 1.02× 10−11 - 1.02× 10−8 m2 s−1 †

Γnw 5.79× 10−6 s−1 †

Γwn 4.13× 10−7 s−1 †

cin 0.22 mol m−3 [155]
D 3× 10−9 m2 s−1 [155]
U∗ 1.02× 10−8 m s−1 †

C∗ 0.22 mol m−3 [155]
∗ Value obtained experimentally (unpublished data).
† Values based on estimations by our experimental collaborators.

literature where possible. This justifies the distinguished limit taken to obtain our leading-

order system in §2.5.4. Typical dimensional parameter values are given in Table 2.1, with

dimensionless parameters summarised in Table 2.2. Dimensional parameter values for which

data could not be found are omitted from Table 2.1; instead, their dimensionless equivalents

are defined in Table 2.2 and values chosen so that our asymptotic analysis retains as many

features as possible at leading order. Once data for these parameter values are available,

we could verify whether the distinguished limit taken here is relevant or not, and perform

further reductions of the system if required. The column entitled ‘Restriction’ in Table 2.2

states any physical or asymptotic bounds on the parameter in question required for the

validity of the analysis (compared to our small parameter ε = 2 × 10−3). We also discuss

parameter choices for which either no data are available in the literature and therefore

assumptions must be made, or there exist a variety of possible values. Throughout this

section, we reintroduce hats denoting dimensionless parameters for clarity.

Firstly, we set the membrane/ECS velocity scaling U∗ by using an experimental lu-

men inlet fluid flux of 3.86 × 10−5 ml min−1. This has been chosen so that the maxi-

mum inlet flux considered (corresponding to a dimensionless flux of 10) is equivalent in

volume to that used in flask culture (in which 50 ml of culture medium is supplied ev-
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Table 2.2: Dimensionless parameters, along with any bounds imposed either physically or
by the asymptotic analysis.

Parameter Definition Value Restriction Ref.
ĥ2 h2/(εL) 1 ĥ2 > 0 -
ĥ3 h3/(εL) 3 ĥ3 > 0 -
θs - 0.4 0 < θs < 1 [92]
ε h1/L 2× 10−3 0 < ε� 1 -
λ µw/(εµn) 1 ε� λ� 1/ε -
ε2Pe εLU∗/(λD) 6.83× 10−4 ε3 � ε2Pe� ε -
ε2Re ερwLU

∗/(λµw) 2.05× 10−6 ε2Re� 1 -
φm - 0.77 0 < φm < 1 [109]
κm km/(λε5L2) 2.1 ε� κm � 1/ε -
Q̂l,in λQl,in/(LU∗) 0.01 - 10 ε� Q̂l,in � 1/ε -
Q̂e,in Qe,in/(εLU∗) 0.025 - 25 ε� Q̂e,in � 1/ε -

= 2.5Ql,in/(LU∗)
ν̂ λε3Lν/(µwU∗) 0.3 ε� ν̂ � 1/ε [123]
δ̂a λε3Lδa/(µwU∗) 0.1 ε� δ̂a � 1/ε [123]
η̂ λε3Lη/(µwU∗) 0.3 ε� η̂ � 1/ε [123]
χ̂ λε3Lχ/(µwU∗) 9.06 ε� χ̂� 1/ε -
ˆ̄c c̄/C∗ 5 ε� ˆ̄c� 1/ε -
ζns γnsL

2λε3/µw 1 ε� ζns � 1/ε -
ζws γwsL

2λε3/µw 0.1 ε� ζws � 1/ε -
Γ̂nw LΓnw/U

∗ 56.52 ε� Γ̂nw � 1/ε -
Γ̂wn LΓwn/U

∗ 4.04 ε� Γ̂wn � 1/ε -
Γ̂R1 L2ΓR1/(C∗D) 50 ε� Γ̂R1 � 1/ε -

or L2ΓR1/D

Γ̂R2 L2ΓR2/(C∗D) 50 ε� Γ̂R2 � 1/ε -
K̂, K̂1 K/C∗, K1/C

∗ 1 ε� K̂, K̂1 � 1/ε -
ĉin cin/C

∗ 1 ε� ĉin � 1/ε -
P̂dwn ε2L(Pdwn − patm)/(µnU

∗) 2.5 ε� P̂d � 1/ε -
P̂up ε2L(Pup − patm)/(µnU

∗) 6, 15 ε� P̂u � 1/ε -

ery 3 days to cells covering a 75 cm2 cross section). The corresponding axial lumen ve-

locity is U∗/(λε) = 5.12 × 10−6 m s−1 and hence our membrane/ECS velocity scaling

U∗ = 1.02 × 10−8 m s−1. Achieving such a small flow rate in a HFMB setup is one of the

aims of experiments being undertaken by our collaborators in Dr Marianne Ellis’ group in

the Centre for Regenerative Medicine, University of Bath. It is not known whether such a

low flow rate will guarantee sufficient supply of nutrient to the cell population, and this is

something that we will verify as part of our results in §2.7.

Using the parameter values in Table 2.1, we note that the reduced Reynolds number in
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the lumen ε2Re = ερwLU
∗/(λµw) = 2.05 × 10−6, which justifies the lubrication approxi-

mation taken in equation (2.2). The corresponding reduced Reynolds number in the ECS

is equal to λε3Re = 4.1 × 10−9 and hence it was also appropriate to neglect inertial terms

in this layer in (2.10). In fact, inertia is negligible in all limits considered in the remainder

of this thesis. As mentioned in §2.5.2, we consider the regime in which Pe = O (1). This

is the appropriate distinguished limit given the choice of flow velocity U∗, and taking the

solute diffusion coefficient D to be that for oxygen in water (see Table 2.1). We assume

in this chapter that D is the same whether the solute under consideration is a nutrient

or a chemoattractant. Whilst this assumption is valid (as oxygen itself, for instance, is a

chemoattractant for e.g. fibroblasts [10]), much larger molecules can also be chemoattrac-

tants (such as the protein vascular endothelial growth factor (VEGF) [107]). In such cases

D would be smaller in value, and thus it would yield a larger value for Pe. We do not

consider this case here, as the alternative distinguished limit Pe = O(1/ε) is considered in

Chapter 4, but we note that the corresponding analysis for the model here would follow

through in a similar way to that of Chapter 4. We set C∗ to be 0.22 mol m−3, a typical

inlet concentration for oxygen when culturing a variety of cell types [155]. This choice of

nutrient is motivated by the fact that the main cause of limited cell growth in in vitro

tissue engineering (and, more specifically, HFMBs) is a deficiency in the delivery of oxy-

gen [104, 105]. As for D, when chemoattractants are considered in §2.7 it is assumed that

the typical concentration scalings for chemoattractants are similar to those for oxygen and

so the same value for C∗ is used throughout.

In the membrane, we set κm = O(1) as discussed previously: in fact, κm ≈ 2.1 using the

parameter values in Table 2.1.

In the ECS, although we do not have data indicating typical sizes of the drag terms,

we take both ζns and ζws to be of O(1) so that their effects are retained at leading order

in ε, but set ζws < ζns (as we might expect physically). In Πn and ψns, the (dimensionless)

constants ν̂, δ̂a, and η̂ are taken to have the same values as their counterparts in [123]. In

Πc, the coefficient χ̂ is chosen so that the effects of chemotaxis appear at leading order,

whilst the parameter ˆ̄c is taken to have a value comparable to a typical concentration.

A number of dimensionless parameters appear in the constitutive forms of Jn and R in

§2.7. In Jn, the (dimensional) cell proliferation rate coefficient Γnw is chosen to correspond

to one cell division every 48 hours, and we assume that cells live, on average, 28 days when
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fixing the (dimensional) cell death rate coefficient Γwn (these values are based on estimations

by our experimental collaborators [1]). InR, the dimensionless uptake coefficient Γ̂R1 (taken

to be the same for nutrient and chemoattractant) is taken to be O(1), as is the dimensionless

chemoattractant production rate coefficient Γ̂R2, so that we obtain a balance between uptake

and production. The (dimensionless) uptake constants K̂ and K̂1 which appear in Jn and

R, respectively, are taken to be comparable to a typical dimensionless concentration value.

Finally, we determine values for Ql,in. The velocity scale U∗ was calculated based on a

three-dimensional fluid flux of Ql,in 3D = 3.86 × 10−5 ml min−1, and we therefore choose a

range of fluxes about this value, that is, 3.86×10−7 - 3.86×10−4 ml min−1. These values have

been converted into two-dimensional fluxes (which we state in m2 s−1) by first calculating

the corresponding fluid velocity and then multiplying by the length scale in the y-direction,

εL, so that Ql,in = εLQl,in 3D/A where A is the cross-sectional area of the three-dimensional

lumen. The (reduced) dimensionless downstream pressure P̂dwn can take a range of values

in an experimental setup and is set to be of order unity in our model, again so that we

retain as many physical effects as possible at leading order. The (reduced) dimensionless

upstream pressure P̂up appears in §2.7.6 when the backflow regime is considered, and is also

taken to be of order unity.

2.5.6 Linear stability analysis (unbounded domain)

We wish to gain insight into the mechanisms governing the stability of the leading-order sys-

tem to perturbations about an equilibrium state. However, the coupled system summarised

in §2.5.4 does not have a spatially homogeneous steady state. Instead, we consider the

simplified system which results from taking the limit where 1/ζws (in Qw) is large compared

to 1/ζns (which appears in Qn through F ) and κmφm, but the product ζwsQe,in = O(1) (see

Table 2.2). This corresponds to the limit in which the water-scaffold drag is very small

compared to the cell-scaffold drag, and the fluid flux into the ECS is large. In this case, we

find that equation (2.82c) reduces to

∂Qw
∂x

= 0, (2.88)

and using boundary condition (2.85c) we find that the reduced water pressure gradient in

the ECS
∂pw
∂x

= −θsζwsQe,in
h3θw

. (2.89)
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This decouples equation (2.82c) from (2.82a,b), leaving us with two equations to solve for

θn and c:
∂θn
∂t

+ ∂Qn
∂x

= Jn(θn, c),
∂Qc
∂x

= −h3R(θn, c), (2.90a,b)

where

Qn = F

(
− θsζwsQe,inθn
h3(1− θs − θn) + Φ(θn, c)

∂θn
∂x

+ θnΠ′c
∂c

∂x

)
, (2.91)

and Qc and F are unchanged from (2.70) and (2.61), respectively. We recall that F is given

by (2.61), that is

F := 2 cosh(α)− α sinh(α)− 2
θsζnsα sinh(α) , α := h3

√
θsζns. (2.92)

We can now perform a linear stability analysis about a spatially homogeneous steady

state (θn, c) = (θn,eq, ceq) on an unbounded domain. For the purposes of this analysis we

leave Jn andR as unspecified functions of θn and c, and use subscript eq to denote a function

evaluated at (θn,eq, ceq).

We begin by perturbing the system via

θn(x, t) = θn,eq + δ<
[
θ̂ne

ikx+σt
]
, c(x, t) = ceq + δ<

[
ĉeikx+σt

]
, (2.93)

for some constants θ̂n and ĉ, wave number k, 0 < δ � 1, and where < denotes the real part.

Here, σ is the perturbation growth rate, so that <[σ] > 0 indicates exponential growth in

time and hence instability, whilst <[σ] < 0 gives exponential decay in time and a stable

solution.

Substituting these forms into (2.90) and equating coefficients at leading order in δ yields

Jn,eq = 0, Req = 0, (2.94)

which gives two equations to solve for θn,eq and ceq. Assuming such a solution exists, the

O(δ) system gives

σθ̂n −
ikθsFζwsQe,in

h3(1− θs − θn,eq)

(
1 + θn,eq

1− θs − θn,eq

)
θ̂n

− k2FΦeqθ̂n − k2Fθn,eqΠ′c,eqĉ = ∂Jn
∂θn

∣∣∣∣
eq
θ̂n + ∂Jn

∂c

∣∣∣∣
eq
ĉ, (2.95)

and

ikPeQl,inĉ+ k2beqĉ = h3

(
∂R
∂θn

∣∣∣∣
eq
θ̂n + ∂R

∂c

∣∣∣∣
eq
ĉ

)
, (2.96)
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Figure 2.3: Plot of θsζnsF versus α (defined in (2.61)). Other parameter values are as in
Table 2.2.

leading to the expression

<[σ(k)] = FΦeqk
2 + ∂Jn

∂θn

∣∣∣∣
eq

+
h3

∂R
∂θn

∣∣∣
eq

(
−h3

∂R
∂c

∣∣∣
eq

+ beqk
2
)(

∂Jn
∂c

∣∣∣
eq

+ Fθn,eqΠ′c,eqk
2
)

Pe2Q2
l,ink

2 +
(
−h3

∂R
∂c

∣∣∣
eq

+ beqk2
)2 . (2.97)

We are now interested in specific parameter values which give positive <[σ], and hence

instability, for some value of k. A plot of θsζnsF versus α can be seen in Figure 2.3, which

shows that θsζnsF < 0, and therefore F < 0, for 0 < α < 10 (in fact this can be shown

analytically to be true for all α). For the problem to remain well-posed we therefore require

Φ > 0 (and therefore also Φeq > 0, which indeed it is given the chosen parameter values

in Table 2.2). Negative Φ means that the coefficient of ∂θn/∂x is positive in equation

(2.91), so we have backwards diffusion in (2.90a) and the problem is ill-posed (see Byrne

and Owen [25] for discussion of a similar system). Therefore, for a well-posed problem, the

first term in (2.97) is negative. As |k| becomes sufficiently large, this term dominates and

hence we have stability regardless of our choices for Jn, R, and specific parameter values.

To determine the signs of the remaining terms, we consider the following typical forms

of Jn and R (see §2.7.3 for details):

Jn = Γnwθnθw − Γwnθn, R = ΓR2θn − ΓR1θnθwc. (2.98)
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Figure 2.4: Graph of <[σ(k)] for parameter values as in Table 2.2, for a range of lumen
inlet fluxes Ql,in. For these chosen parameter values, <[σ(k)] < 0 for all k and hence the
equilibrium state is stable.

The equilibrium state is therefore given by

θn,eq = 1− θs −
Γwn
Γnw

, ceq = ΓR2Γnw
ΓR1Γwn

. (2.99)

Furthermore, the derivatives of Jn and R with respect to θn and c at equilibrium are

∂Jn
∂θn

∣∣∣∣
eq

= Γwn − (1− θs)Γnw,
∂Jn
∂c

∣∣∣∣
eq

= 0,

∂R
∂θn

∣∣∣∣
eq

= ΓR2

((1− θs)Γnw
Γwn

− 1
)

= −ΓR2
Γwn

∂Jn
∂θn

∣∣∣∣
eq
,

∂R
∂c

∣∣∣∣
eq

= −ΓR1θn,eq(1− θs − θn,eq) < 0.

(2.100)

We also know from equation (2.84d,e) that the leading-order chemotaxis term Π′c is negative

and beq is positive. Hence the second and third terms in equation (2.97) are of opposite

signs. Given that there is then always one positive term in (2.97), for the choices of Jn and

R from (2.98), instability is possible for suitable parameter values. However, we see that

for the choice of parameter values in Table 2.2 this is not the case, and this equilibrium

state is always linearly stable as illustrated in Figure 2.4. We also find that ∂Jn/∂θn < 0 at

equilibrium, and so it is the (negative) first two terms in (2.97) which dominate the third

(positive) term in this case.

For a more general characterisation of the stability of this equilibrium state for different

parameter regimes, we would need to consider the values of k at which a maximum value of
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<[σ] is attained. This would involve solving a quartic in k2, which we do not pursue here.

2.6 Numerical solutions

Now we present the method used to solve numerically the system of equations (2.82)-(2.87)

for the leading-order cell volume fraction θn, solute concentration c, and reduced water

pressure pw. We then summarise the checks which were performed on this scheme before

using it to obtain the results in §2.7.

2.6.1 Method of lines

We use the method of lines to solve the system (2.82)-(2.87), which involves first discretising

the system in x and then seeking approximate solutions to the resulting system of ODEs

in time. We divide the region 0 < x < 1 into N intervals of length ∆x = 1/N , and denote

the centres of these intervals by xi, so that xi = (i − 0.5)∆x (i = 1, . . . , N). The half-grid

points are denoted by xi−1/2 = (i− 1)∆x (i = 1, . . . , N + 1) (see Figure 2.5(a)). Our choice

of discretisation approximates each of θn, c, and pw at the grid points xi (i = 1, . . . , N)

and enables a straightforward application of the boundary conditions at x = 0, 1. We

first find approximate values for the fluxes Qn, Qw, and Qc at the half-grid points xi−1/2

(i = 1, . . . , N + 1), using the grid points either side to approximate derivatives of θn, c, and

pw. We can then use these expressions to approximate the x-derivatives of Qn, Qw, and

Qc at the grid points xi (i = 1, . . . , N). Figure 2.5(b) illustrates this process, showing the

resulting 5-point stencil required to approximate the solution at a general point xi (away

from x = 0, 1).

We denote the approximate solutions for θn, c, pw, Qn, Qc, Qw, Jn, and R at each of

the points by

θnj ≈ θn|x=xj
, cj ≈ c|x=xj

, pj ≈ pw|x=xj
,

Qn,j±1/2 ≈ Qn|x=xj±1/2
, Qc,j±1/2 ≈ Qc|x=xj±1/2

, Qw,j±1/2 ≈ Qw|x=xj±1/2
,

Jj ≈ Jn|x=xj
, Rj ≈ R|x=xj

(j = 1, . . . , N).
(2.101)

Next we approximate ∂θn/∂x, ∂c/∂x, and ∂pw/∂x at xi−1/2 using a central difference scheme
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(a)

x1 x2 x3 xN−1 xN
x3/2 x5/2 xN−1/2

x1/2 = 0 xN+1/2 = 1

∆x

(b)

First discretisation, using values of variables at xi−1, xi, and xi+1
to approximate fluxes at xi−1/2 and xi+1/2.

Second discretisation, using values of fluxes at xi−1/2 and xi+1/2
to enable solution to be approximated at xi.

xi−1/2 xi+1/2

xi−1 xi xi+1

Figure 2.5: Diagram of (a) the x-discretisation used in the method of lines, showing the
grid points xi (i = 1, . . . N), and half-grid points xi−1/2 (i = 1, . . . , N + 1); and (b) a
representative stencil used to approximate the solution at general point xi.

(see [114] for details):

∂θn
∂x

∣∣∣∣
x=xi−1/2

≈ 1
∆x

(
θn|x=xi

− θn|x=xi−1

)
(i = 2, . . . , N), (2.102)

∂c

∂x

∣∣∣∣
x=xi−1/2

≈ 1
∆x

(
c|x=xi

− c|x=xi−1

)
(i = 2, . . . , N), (2.103)

∂pw
∂x

∣∣∣∣
x=xi−1/2

≈ 1
∆x

(
p|x=xi

− p|x=xi−1

)
(i = 2, . . . , N), (2.104)
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and for the fluxes employ the discretisation

Qn,i−1/2 = F

(
θnav,i(pi − pi−1)

∆x +
Φ(θnav,i , cav,i)(θni − θni−1)

∆x

+
θnav,iΠ′c(cav,i) (ci − ci−1)

∆x

)
(i = 2, . . . , N), (2.105)

Qw,i−1/2 = −
(1− θs − θnav,i)(pi − pi−1)

θsζws∆x
(i = 2, . . . , N), (2.106)

Qc,i−1/2 = −PeQl,incav,i +
b(θnav,i) (ci − ci−1)

∆x (i = 2, . . . , N), (2.107)

Qn,1/2 = Qn,N+1/2 = 0, (2.108)

Qw,1/2 = Qe,in
h3

, (2.109)

Qw,N+1/2 = −
(1− θs − θnN+1/2)

(
−6pN + 3pav,N−1 − 2

3pN−1
)

θsζws∆x
, (2.110)

Qc,1/2 = −PeQl,in +
b(θn1/2)

∆x

(
−11

3 + 6c1 − 3cav,1 + 2
3c2

)
or 0, (2.111)

Qc,N+1/2 = −6PeQl,in
11

(1
3cN−1 −

3
2cav,N + 3cN

)
, (2.112)

where

θnav,i =
θni + θni−1

2 , cav,i = ci + ci−1
2 , pav,i = pi + pi−1

2 (i = 2, . . . , N),

θn1/2 ≈ θn|x=0 , θnN+1/2 ≈ θn|x=1 , cN+1/2 ≈ c|x=1 .

(2.113)

The Fornberg formula [49] with O
(
(∆x)3) error (to ensure our scheme remains accurate

to O
(
(∆x)2)) has been used to find an approximation for ∂c/∂x|x=x1/2

in (2.111), for

∂pw/∂x|x=xN+1/2
in (2.110), and also for cN+1/2 in (2.112) by setting ∂c/∂x|x=xN+1/2

to

zero. We also use this method to approximate θn1/2 in (2.111) and θnN+1/2 in (2.110), again

with an O
(
(∆x)3) error:

θn1/2 = 3θn1 − 3θnav,2 + θn2 , θnN+1/2 = 3θnN − 3θnav,N−1 + θnN−1 . (2.114)

Finally, we approximate the x-derivatives of Qn, Qw, and Qc at xi, again using central

differences:

∂Qn
∂x

∣∣∣∣
x=xi

≈ 1
∆x

(
Qn|x=xi+1/2

− Qn|x=xi−1/2

)
(i = 1, . . . , N), (2.115)

∂Qw
∂x

∣∣∣∣
x=xi

≈ 1
∆x

(
Qw|x=xi+1/2

− Qw|x=xi−1/2

)
(i = 1, . . . , N), (2.116)

∂Qc
∂x

∣∣∣∣
x=xi

≈ 1
∆x

(
Qc|x=xi+1/2

− Qc|x=xi−1/2

)
(i = 1, . . . , N), (2.117)
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so that the system discretised in space is

dθni

dt = − 1
∆x

(
Qn,i+1/2 −Qn,i−1/2

)
+ Ji (i = 1, . . . , N), (2.118)

0 = − 1
∆x

(
Qc,i+1/2 −Qc,i−1/2

)
+Ri (i = 1, . . . , N), (2.119)

0 = − 1
∆x

(
Qn,i+1/2 −Qn,i−1/2 +Qw,i+1/2 −Qw,i−1/2

)
− κmφm

h3

(
pi
h2
− 3Ql,in(1− xi)− Pdwn

)
(i = 1, . . . , N). (2.120)

This is a coupled system comprising an ODE in time for θni , and algebraic equations for ci
and pi, and can be solved in MATLAB using an inbuilt ODE solver given an initial profile for

θn. For this work, we used ode15s, a solver for stiff ODEs based on numerical differentiation

formulas which has a variable step size and uses backward difference schemes [151,152].

2.6.2 Verification of the numerical scheme

Before using the scheme described in §2.6.1 to obtain results for a number of experimen-

tally motivated case studies, several checks were performed, details of which are given in

Appendix A.1. We began by ensuring that the scheme converges as expected for candi-

date constitutive laws. By further simplifying the system (2.90) and (2.91) from §2.5.6

to include no solute (taking c = 0 and the chemotaxis coefficient χ = 0), we verified the

numerical solution against the results of a linear stability analysis on a bounded domain,

by setting the initial conditions on θn to be a small perturbation away from the steady

state θn,eq and comparing the growth rates of the two systems. Finally, we returned to

the simplified system (2.90) and (2.91) and solved it analytically subject to a new inlet

concentration boundary condition, perturbed slightly above the equilibrium concentration

value. This yields a new analytical steady state (close to the original equilibrium state)

for θn and c which we compared to numerical results with excellent agreement (maximum

absolute errors of O
(
10−7)).

2.7 Experimental case studies

Having developed a model for the leading-order cell volume fraction θn, solute concentration

c, and reduced water pressure pw, we consider a number of case studies which correspond

to typical experimental nutrient and chemoattractant scenarios. In §2.7.1 we neglect the

effect of chemotaxis and consider the effect of nutrient limitation of the cell proliferation

rate on the resulting cell distribution. As discussed in §2.5.5, the nutrient is taken to be that
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most likely to limit cell growth, oxygen [104,105]. In §2.7.2 we consider a chemoattractant

delivered at the lumen inlet to mimic endocrine cell signalling (cells responding to an ex-

ternally supplied stimulus) and in §2.7.3 we investigate a chemoattractant produced by the

cells to model paracrine signalling (cells responding to a chemical secreted by nearby cells).

In §2.7.4 we combine the case studies from §2.7.1 and §2.7.3 by modelling both delivered

oxygen and a produced chemoattractant. For each experimental case study, we specify ap-

propriate forms for the cell mass transfer term Jn, reaction term R, and inlet concentration

boundary condition. The forms for these terms are chosen based on discussions with our

experimental collaborators, and results indicate the typical behaviour to be expected from

the system in question, with the aim of informing bioreactor operating conditions (specif-

ically, lumen inlet fluid fluxes). We investigate the sensitivity of these results to various

parameter values of interest in §2.7.5. Finally, with the aim of counteracting downstream

cell bunching effects without using a chemoattractant, in §2.7.6 we consider the alternative

flow regime where we specify a downstream fluid flux into the lumen and a backflow in the

ECS, instead of a downstream flux into both.

In each experimentally motivated case study in §§2.7.1-2.7.4, we first investigate the

steady-state distributions of the cells, the relevant solute(s), and the reduced water pressure

for a number of different inlet fluid fluxes in a representative range of Ql,in for which our

asymptotic solution is valid (see Table 2.2). We found that for arbitrary, smooth initial

conditions, the steady state obtained is independent of the choice of θ∗n in (2.87). Hence for

the results presented here, we take θ∗n to be the constant value 0.3 without loss of generality

and, as pseudo-initial conditions for the numerics, set c(x, 0) = pw(x, 0) = 1. The system is

deemed to have reached a steady state at time T if the maximum change in θn, c, and pw

between time T − 0.062 and T (corresponding to a dimensional time of around one week) is

less than 10−4, and hence the end times are different for each case study. We note that the

maximum change in the solutions for each of θn, c, and pw between these steady-state end

times and an experimentally relevant end time is less than 10% for each case study. Hence

results obtained within the time frame of an experiment would be very similar to those

presented here. Specifically, the results from §2.7.6 are within 10% of the steady state after

a dimensional time of around 2 weeks, those from §2.7.2 and §2.7.3 after 3 weeks, those

from §2.7.5 after 4 weeks, and results from §2.7.1 and §2.7.4 after 6 weeks.

Next, we consider the effect of the lumen inlet fluid flux on cell yield and cell distribution
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in each case study by finding the mean and standard deviation of θn for a range of Ql,in

values. In this work the mean µ is given by

µ :=
∫ 1

0
θn(x, T ) dx, (2.121)

and the standard deviation σ by

σ :=

√∫ 1

0
[θn(x, T )− µ]2 dx, (2.122)

where T is the relevant end time. The MATLAB function trapz is used to estimate µ and

σ for a given θn. This analysis is motivated by typical aims of experiments: to maximise

either the cell yield or spatial uniformity of the cell population in a particular scenario. We

choose to focus on the latter, and for each case study we minimise σ with respect to Ql,in

to find the inlet flux Ql,opt which results in the most uniformly distributed cell population.

For this, as well as plotting Ql,in versus σ as described above, we use the inbuilt MATLAB

function fminbnd to find the minimum standard deviation of θn within the flux range

considered, that is, 0.01 < Ql,in < 10. By also considering the value of µ as the inlet fluid

flux is adjusted, we are able to determine whether or not cell yield is being compromised

by requiring a uniform cell distribution.

In §2.7.5, we vary a number of key parameters and investigate their effect on µ and σ.

Finally, in §2.7.6 where there is a backflow in the ECS, we consider steady-state results

for a range of Qe,in values, including the optimal ECS flux Qe,opt for which the standard

deviation σ of θn is at a minimum.

In the case studies in §2.7.1 and §2.7.4 which explicitly include oxygen, we additionally

check that the optimal inlet fluid fluxes result in an oxygen concentration which is above

the minimum required for cell viability throughout the bioreactor. This minimum is taken

to be a dimensional concentration of 0.08 mol m−3, which is at the upper end of the range

of minimum oxygen concentrations required for functional cells (see [153]) and here cor-

responds to a dimensionless concentration of 0.36. For the case studies in which oxygen

concentration is not explicitly taken into account (§2.7.2 and §2.7.3), we assume firstly that

the cells are supplied with sufficient oxygen to remain functional for all fluid fluxes in the

relevant range, and secondly that there is enough oxygen to ensure that there is no limiting

effect on cell proliferation rate. However, care needs to be taken with this first assump-

tion. It is supported by the results from §2.7.4 (where both oxygen and chemoattractant

are explicitly modelled), where the oxygen concentration is (just) above 0.36 for all fluid
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fluxes considered. On the other hand, in §2.7.1 where only oxygen is considered, the oxygen

concentration does fall below 0.36 at the downstream end of the bioreactor for the lowest

inlet flux Ql,in = 0.01. This suggests that if fluid fluxes at the lower end of the range con-

sidered here are to be used, the cells may not have a sufficient supply of oxygen throughout

the bioreactor. The second assumption is shown not to have a significant effect on trends

in results. This is seen by comparing the cell distributions from §2.7.3 (where oxygen is

not included and assumed to be in abundance) and §2.7.4 (where oxygen concentration is

explicitly modelled and has a limiting effect on cell proliferation rate). Unless stated other-

wise, all parameter values are taken from Table 2.2 and the (dimensionless) fluid flux ratio

Qe,in/Ql,in is kept constant and equal to 2.5. We note that although the kinetic parameter

values used here are fairly generic, specific cell types could be explored as required given

the necessary data.

2.7.1 Nutrient-driven proliferation

In the first case study, we consider a nutrient (taken to be oxygen) of concentration c(x, t)

which is supplied at the lumen inlet and does not induce a chemotactic response from the

cells. This situation is relevant to, for instance, hepatocytes in a liver sinusoid which can be

modelled using a HFMB for tissue engineering applications. Gradients in many chemical

components, including oxygen, are set up along the length of a sinusoid. These gradients

correlate with changes in metabolic cell function along the sinusoid, but do not induce

cellular migration [179]. The corresponding inlet boundary condition is

c = 1 at x = 0, (2.123)

and χ = 0 in Πc in equation (2.12). The cell mass transfer term Jn takes the form

Jn = Γnwθnθwc

K + c
− Γwnθn, (2.124)

where Γnw, Γwn, and K are all constants. The first term in Jn is motivated by the form of

the corresponding mass transfer terms in [92] and [123] with an additional dependence on

the cell volume fraction so that there is no proliferation in the absence of either water (and

hence solute) or cells. We have also included a dependence on the oxygen concentration via

Michaelis-Menten type kinetics. The second term represents the rate of cell death which is

assumed proportional to the cell volume fraction. The reaction term R is taken to be

R = −ΓR1θnθwc

K1 + c
, (2.125)
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where ΓR1 and K1 are constant. This represents the rate of oxygen uptake by the cells,

which is assumed to be of Michaelis-Menten form and proportional to the volume fractions

of cells and water (for the same reasons as discussed above).

The results for this case study can be seen in Figures 2.6(a) and 2.8(a). We see in the

plot of θn that for the lowest inlet fluid flux Ql,in = 0.01 there is slight bunching upstream

of the cell population due to the higher oxygen concentration (and hence cell proliferation

rate) in that region. As the flux is increased the distribution of cells becomes relatively

uniform along the bioreactor, due to the concentration, and therefore proliferation rate,

becoming more uniform (see c plot, Figure 2.6(a)). For the highest inlet fluid flux of 1, there

is significant downstream bunching of cells as they are advected along the bioreactor. We

note also that c is above the required minimum of 0.36 for cell viability except for the lowest

inlet flux Ql,in = 0.01, when the cells towards the downstream end of the bioreactor may

not have a sufficient oxygen supply. We can see that the optimal inlet flux Ql,opt = 0.0732

results in a relatively uniform distribution of cells along the bioreactor, with σ taking a

minimum value of 6.4 × 10−3. The plot of pw shows that the reduced water pressure is

monotonically decreasing along the bioreactor for all inlet fluid flux values. Figure 2.8(a)

shows that there is a slight trade-off between cell yield and distribution in this case: the

mean µ is at a maximum around Ql,in = 1, which does not correspond to the minimum

value of σ, although the variation in σ is small.

2.7.2 Chemoattractant: endocrine signalling

The second situation we consider is that of a delivered chemoattractant to which the cells

respond. This is similar to endocrine signalling, where the stimulus is delivered via the

bloodstream (represented by the lumen in a HFMB). This type of signalling is involved in,

for example, regulating the metabolic activity of liver and muscle cells [17]. In this case, we

impose an inlet concentration so that

c = 1 at x = 0. (2.126)

We assume that cell proliferation is not limited by the chemoattractant concentration and

that there is also sufficient oxygen in the system (the concentration of which we do not

track) so that its concentration does not affect the growth rate. Therefore, motivated by

the large c limit of (2.124), we take

Jn = Γnwθnθw − Γwnθn, (2.127)
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Figure 2.6: Steady-state distributions of the cell volume fraction θn, oxygen concentration
c, and reduced ECS water pressure pw versus x for a range of lumen inlet fluid fluxes Ql,in
including the optimal value Ql,opt. (a) Nutrient-driven proliferation case study results (from
§2.7.1), end time T = 1.3, optimal inlet flux Ql,opt = 0.0732, and corresponding standard
deviation σ = 6.4 × 10−3. The horizontal dashed black line in the graph of c denotes
the minimum oxygen concentration 0.36 required for viable cells. (b) Endocrine signalling
case study results (from §2.7.2), end time T = 0.6, optimal inlet flux Ql,opt = 0.1061,
and corresponding standard deviation σ = 1.6 × 10−3. (c) Paracrine signalling case study
results (from §2.7.3), end time T = 0.6, optimal inlet flux Ql,opt = 1.053, and corresponding
standard deviation σ = 0.0148. Parameter values are as in Table 2.2.
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Figure 2.7: Steady-state distributions of the cell volume fraction θn, oxygen concentration
c1, chemoattractant concentration c2, and reduced ECS water pressure pw versus x for a
range of lumen inlet fluxes Ql,in including the optimal value Ql,opt. Results are from the
nutrient and chemoattractant case study presented in §2.7.4, end time T = 1.5 and optimal
inlet flux Ql,opt = 1.341 (corresponding standard deviation σ = 0.013). The horizontal
dashed black line in the top-right plot denotes the minimum oxygen concentration c1 = 0.36
required for viable cells. Parameter values are as in Table 2.2.

where Γnw and Γwn are constants. The reaction term takes the form

R = −ΓR1θnθwc, (2.128)

where ΓR1 is constant. This represents the rate of chemoattractant uptake by the cells,

which is taken to be proportional to the concentration of chemoattractant and the volume

fractions of cells and of water.

The results for this case study can be seen in Figures 2.6(b) and 2.8(b). Here, we

see that for the lowest inlet fluid flux of 0.01 there is upstream bunching of the cells due

to the negative gradient in c, which causes an increase in cells upstream due to chemo-

taxis. However, as the inlet flux increases further this gradient decreases, and the effect of

chemotaxis is reduced so that θn is more uniform in x. Eventually, for Ql,in = 1, advection

dominates and the cell volume fraction increases downstream. In this case study the most
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Figure 2.8: Plots of the mean µ of θn (solid red line) and the standard deviation σ of
θn (dash-dotted blue line) versus Ql,in for results from the (a) nutrient-driven proliferation
(§2.7.1), (b) endocrine signalling (§2.7.2), (c) paracrine signalling (§2.7.3), and (d) nutrient
and chemoattractant concentrations (§2.7.4) case studies. The dashed vertical line in each
plot corresponds to the optimal inlet flux Ql,opt for which σ is at its minimum value, and
the black asterisk corresponds to the maximum value of µ. Parameter values are as in Table
2.2.

uniform distribution of cells occurs when these effects are in balance, for Ql,opt = 0.1061

with σ = 1.6 × 10−3. Once again, the reduced water pressure is monotonically decreasing

in x for all fluid flux values. In Figure 2.8(b), we see that this time the value of µ is fairly

constant across the range of inlet fluxes 0.01 < Ql,in < 10, but drops off slightly as the flux

value increases past 1. Furthermore, the maximum cell yield in this case is achieved at the

same fluid flux as the minimum standard deviation.
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2.7.3 Chemoattractant: paracrine signalling

The third case study models the concentration c(x, t) of a chemoattractant which is pro-

duced by the cells and also induces a chemotactic response. This local signalling between

cells is known as paracrine signalling, and controls processes such as neutrophil chemotaxis

during inflammatory responses, and the migration of haematopoietic stem cells in bone mar-

row [17]. Bioreactor expansion of haematopoietic stem cells in particular is needed for many

therapeutic applications (see [95]). In this situation, we assume that no chemoattractant is

supplied at the inlet and hence impose the boundary condition

Qc = 0 at x = 0. (2.129)

We take the same mass transfer term as in §2.7.2:

Jn = Γnwθnθw − Γwnθn. (2.130)

Since we must also consider production of the chemoattractant here, R takes the form

R = ΓR2θn − ΓR1θnθwc, (2.131)

where ΓR2 is constant. The additional first term in (2.131) signifies production of chemoat-

tractant by the cells at a rate proportional to the cell volume fraction and represents sit-

uations where the chemoattractant is always produced by the cells (and hence appears at

higher concentrations where there are more cells, a situation which could arise, for instance,

with stem cells [1]).

Results for this case are shown in Figures 2.6(c) and 2.8(c). As Ql,in is increased from

0.01 to 0.1 we can see that the extent of the downstream bunching of cells increases. How-

ever, between Ql,in = 0.1 and Ql,in = 1, the opposite trend is seen. The explanation for this

behaviour lies in the interplay between advection and chemotaxis. For the inlet flux Ql,in

between 0.01 and 0.1, there is a positive feedback between the distributions of c and θn:

slight downstream bunching of cells due to advection results in more chemoattractant being

produced towards x = 1, which increases the (positive) gradient in c and promotes further

downstream bunching of cells due to chemotaxis. However, as Ql,in is increased to 1, the

chemoattractant concentration becomes much more uniform as a result of increased advec-

tion, and so too does the distribution of cells as chemotaxis has a lesser effect. When the
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inlet fluid flux is further increased to 10, advection dominates and the cells are swept down-

stream (results not shown). As in §2.7.1, the reduced water pressure is again monotonically

decreasing in x for all inlet fluid flux values.

Here, the optimal inlet fluid flux within the range considered is Ql,opt = 1.053, where

the standard deviation of θn is at a minimum value of 0.0148. We also see in Figure 2.8(c)

that the mean µ does not vary much with Ql,in in this case, and hence we would expect

a similar yield of cells no matter which fluid flux value was chosen. However, the optimal

inlet flux Ql,opt does correspond to a maximum cell yield, as well as a minimum in σ.

2.7.4 Nutrient and chemoattractant concentrations

We now consider two solutes: a nutrient (again, oxygen) which is supplied at the lumen

inlet, and a chemoattractant which is produced by the cells and induces a chemotactic

response. The governing equations can be derived as before but with two solutes, and a

similar model reduction performed to yield (where subscript 1 refers to oxygen and subscript

2 to chemoattractant concentration)

ci,j := cj(x, t) (i = l,m,w, j = 1, 2), (2.132)

where θn, c1, c2, and pw satisfy
∂θn
∂t

+ ∂Qn
∂x

= Jn,
∂Qci

∂x
= −h3Ri(θn, ci) (i = 1, 2),

∂

∂x
(Qn +Qw) = −κmφm

h2h3
[pw − 3Ql,in(1− x)− Pdwn] ,

(2.133)

and the fluxes are given by

Qn = F

(
∂pw
∂x

θn + Φ(θn, c2)∂θn
∂x

+ θnΠ′c
∂c2
∂x

)
,

Qci = −PeQl,inci + b(θn)∂ci
∂x

(i = 1, 2), Qw = − θw
θsζws

∂pw
∂x

,

(2.134)

again with

F := 2 cosh(α)− α sinh(α)− 2
θsζnsα sinh(α) , α := h3

√
θsζns,

Φ(θn, c2) = Πn + Πc + θnΠ′n − ψnsθs,

Π′c = −χ
c̄

exp
(
−c2
c̄

)
, b(θn) := 1 + h2φm + h3(1− θs − θn).

(2.135)

The corresponding boundary conditions are

Qn = 0, c1 = 1, Qc2 = 0, Qw = Qe,in
h3

at x = 0, (2.136)

Qn = 0, ∂ci
∂x

= 0 (i = 1, 2), pw = 0 at x = 1. (2.137)



Chapter 2. Three-layer multiphase model 71

The mass transfer term is taken to be that from §2.7.1, while the reaction terms take

the appropriate forms from §2.7.1 and §2.7.3:

Jn = Γnwθnθwc1
K + c1

− Γwnθn, R1 = −ΓR1,1θnθwc1
K1 + c1

,

R2 = ΓR2,2θn − ΓR1,2θnθwc2,

(2.138a-c)

with the uptake constants ΓR1,1 and ΓR1,2 and production constant ΓR2,2 set to the same

values as the corresponding parameters in the single-solute cases (where ΓR1 = ΓR2 = 50).

This case study corresponds to that from §2.7.3 with the addition of an explicitly mod-

elled oxygen concentration, and therefore nutrient-limited proliferation. By comparing the

two cases we can investigate the effect of explicitly including oxygen on cell distribution

and yield, to see if the more complicated two-solute model is necessary, or if a single-solute

model will suffice. Results for this two-solute system can be seen in Figures 2.7 and 2.8(d)

and correspond to Figures 2.6(c) and 2.8(c), respectively, from the single-solute case. Fig-

ures 2.6(c) and 2.7 show the same overall trend in cell distribution as the inlet fluid flux

increases, but from Figure 2.8(d) we can see that in the two-solute case there is an overall

increase in cell yield as the inlet fluid flux increases. However, we also note from comparing

Figures 2.8(c) and (d) that in the two-solute case the cell volume fraction is lower in general,

due to the additional dependence of Jn on c1 in equation (2.138a) compared to equation

(2.130). We see similar trends in chemoattractant concentration and reduced water pressure

between the two case studies, albeit with higher overall values when oxygen is not explic-

itly modelled. This is due to the higher cell volume fraction overall which results in more

chemoattractant being produced. As a brief comparison to the nutrient-limited prolifera-

tion case from §2.7.1, we note that the distribution of oxygen in Figure 2.7 is similar to that

seen in Figure 2.6(a) and that here the oxygen concentration is always above that required

for cell viability. In this case, the optimal inlet flux is Ql,opt = 1.341, with a corresponding

standard deviation of σ = 0.013. Figure 2.8(d) shows that this flux value produces a cell

yield which is very close to the maximum value.

2.7.5 Parameter sensitivity

We now investigate how sensitive our model results are to the key dimensionless parameters

Qe,in, η, ζns, ζws, κm, φm, and λ. In each case the parameter value in question is varied within

a range which retains the validity of our asymptotic analysis. With the exception of the

Qe,in investigation, results throughout this section are from the nutrient-driven proliferation

case study from §2.7.1, which we use as a simple candidate case since it neglects chemotaxis.
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Effect of Qe,in

To examine how sensitive the results of our model are to the dimensionless ECS fluid flux, we

calculate the mean and standard deviation of θn for a range of values of Qe,in. Results for all

case studies are summarised in Table 2.3 and indicate that overall, increasing Qe,in greatly

increases the standard deviation σ of θn and also slightly reduces its mean µ (presumably

through the contribution of numerous nonlinear effects in the model). Plots of the final cell,

oxygen concentration, and pressure distributions for the case study from §2.7.1 can be seen

in Figure 2.9 and show that increasing Qe,in results in increased downstream bunching of

cells as expected, due to a greater degree of advection.

Table 2.3: Values of the mean µ of θn and the standard deviation σ of θn for different values
of the ECS flux Qe,in, and their percentage changes overall for each case study, which are
defined by 100[(value at Qe,in = 10) − (value at Qe,in = 0.1)]/(value at Qe,in = 0.1). The
lumen flux Ql,in is fixed at 1 and all other parameter values are as in Table 2.2.

Case study µ
(Qe,in = 0.1)

µ
(Qe,in = 2.5)

µ
(Qe,in = 10)

Overall %
change in µ

§2.7.1 Nutrient 0.4551 0.4544 0.4503 −1.05
§2.7.2 Endocrine 0.5279 0.5278 0.5273 −0.11
§2.7.3 Paracrine 0.5277 0.5276 0.5269 −0.15
§2.7.4 Nutrient and
chemoattractant

0.4553 0.4551 0.4546 −0.15

σ
(Qe,in = 0.1)

σ
(Qe,in = 2.5)

σ
(Qe,in = 10)

Overall %
change in σ

§2.7.1 Nutrient 0.0147 0.0223 0.0485 230
§2.7.2 Endocrine 5.4× 10−3 8.7× 10−3 0.0191 254
§2.7.3 Paracrine 0.0117 0.0148 0.0241 106
§2.7.4 Nutrient and
chemoattractant

0.0112 0.0135 0.0207 84.8

Effect of η, ζns, and ζws

Now we compare steady-state cell distributions for varying values of the cell-scaffold affinity

parameter η, and the dimensionless cell-scaffold drag ζns and water-scaffold drag ζws (see

Figures 2.10(a)-(c)). As expected, increasing either η or ζns results in less downstream

cell bunching (and therefore a smaller standard deviation σ of θn) due to the increased

cell-scaffold affinity and cell-scaffold drag, respectively. Increasing ζws gives the opposite

effect: this results in a higher drag between the water and scaffold, so that there is more
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Figure 2.9: Steady-state distributions of the cell volume fraction θn, oxygen concentration
c, and reduced ECS water pressure pw versus x from the nutrient-driven proliferation case
study (§2.7.1) for a range of values of the ECS flux Qe,in and fixed lumen flux Ql,in = 1
(end time T = 0.9). All other parameter values are as in Table 2.2.

resistance to the fluid flowing downstream. This results in a comparatively higher water

volume fraction upstream and therefore, by the no voids condition (2.49), an increase in θn

downstream.

Effect of membrane properties κm and φm

Next we consider the effect of the membrane porosity φm and dimensionless permeability κm

on the cell population distribution. Increasing both parameters results in more downstream

bunching of cells and therefore a greater standard deviation σ of θn (see Figures 2.10(d)

and (e)). This is due to the increased flow into the ECS from the membrane (from either a

greater porosity or permeability) and therefore greater effect of advection on the cells.

Effect of viscosity parameter λ

Finally we look at the effect of λ, which enters the viscosity ratio through µw/µn = λε

so that decreasing λ increases the effective viscosity of the cells µn. Results show that

when the cells are more viscous, the distribution is less uniform overall (i.e. the standard

deviation σ of θn is greater) and the cells also have more of a tendency to bunch downstream

(see Figure 2.10(f)). This downstream bunching is non-intuitive, but likely to be due to

the interactions between many different parameters, as we note that λ appears in several

dimensionless parameters (see definitions in Table 2.2).
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Figure 2.10: Steady-state distributions of the cell volume fraction θn versus x from the
nutrient-driven proliferation case study in §2.7.1 (end time T = 0.9) for a range of values
of (a) the cell-scaffold affinity parameter η, (b) the cell-scaffold drag ζns, (c) the cell-water
drag ζws, (d) the dimensionless membrane permeability κm, (e) the membrane porosity
φm, and (f) the viscosity parameter λ. The (dimensional) lumen flux Ql,in is fixed at
1.02× 10−9 m2 s−1. All other parameter values are as in Table 2.2.

2.7.6 Backflow

We now consider the influence of an opposing flow in the ECS, which can be used exper-

imentally for greater control of the cell environment (see Figure 2.11). Throughout this

section, the ‘upstream’ and ‘downstream’ ends of the bioreactor should be interpreted as

relative to the direction of flow in the lumen (i.e. at x = 0 and x = 1, respectively). We

impose an inlet fluid flux at the downstream end of the ECS (mimicking a flow into the

bioreactor through the open downstream ECS port):∫ H

1+h2
θwuw dy = −Qe,in at x = 1, (2.139)
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Figure 2.11: Simplified modelling domain in the backflow regime with the x-axis running
along the lumen centreline (not to scale). The red star denotes the origin (x, y) = (0, 0),
and the solid black arrows denote the directions and locations of the imposed fluid fluxes
into the lumen and ECS.

which corresponds to the following downstream boundary condition for the water flux

Qw = −Qe,in
h3

at x = 1. (2.140)

We also impose a prescribed (dimensionless, reduced) upstream pressure Pup so that

pw = Pup at x = 0. (2.141)

Experimentally, this setup corresponds to an additional clamp controlling the pressure at

the upstream ECS port. In our numerical simulations, we found that this was necessary to

avoid a dominating upstream flow in this setup, and so to obtain a uniform cell population in

the absence of chemotaxis. If a zero pressure was imposed upstream we would always have

a positive water pressure gradient in the ECS and therefore net upstream advection of the

cells. The value of Pup could be controlled experimentally, and here we choose illustrative

values to demonstrate possible behaviours in this flow regime.

We now investigate the effect of this flow regime on the cell distribution, again using

the nutrient-driven proliferation case study from §2.7.1 as a candidate example. Our aim

is to see whether a uniform distribution of cells can be obtained without relying on the

effect of chemotaxis, and for higher inlet fluid fluxes than those in §2.7.1 so that low oxygen

concentrations are not a concern. Hence, once again we look for inlet fluid fluxes which

minimise the standard deviation σ of θn. Given that the upstream lumen and downstream

ECS inlet fluxes Ql,in and Qe,in are now independent of one another, we fix a value of Ql,in
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Figure 2.12: Steady-state distributions of the cell volume fraction θn, oxygen concentration
c, reduced ECS water pressure pw, and net cell proliferation function Jn versus x in the
backflow regime of the nutrient-driven proliferation case study (§2.7.1) for a range of ECS
inlet fluxesQe,in including the optimal valueQe,opt (end time T = 0.8). Plots of (a) θn, c, and
pw for fixed Ql,in = 2 and Pup = 6, optimal ECS flux Qe,opt = 1.1905, with corresponding
standard deviation σ = 1.6 × 10−3; (b) θn, c, and pw for fixed Ql,in = 5 and Pup = 15,
optimal ECS flux Qe,opt = 5.9128, with corresponding standard deviation σ = 0.0105; and
(c) Jn for fixed Ql,in = 2, Pup = 6 (left) and Ql,in = 5, Pup = 15 (right). All other parameter
values are as in Table 2.2.
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and allow Qe,in to vary. Plots of the cell, oxygen concentration, and reduced water pressure

distributions, and the proliferation function Jn for a range of values of Qe,in, can be seen in

Figure 2.12. These plots show that as Qe,in is increased, the cell distribution switches from

downstream to upstream bunching as expected, and we note that the pressure gradient

changes from negative to positive. In addition, we can see that it is still possible to obtain

a fairly uniform cell population in the case where Ql,in = 2 and Pup = 6 (corresponding

σ = 1.6× 10−3, see Figure 2.12(a)), whereas for Ql,in = 5, Pup = 15 the profile is peaked in

shape (σ = 0.0105, Figure 2.12(b)). The plots of Jn show that regions of lower cell volume

fraction correspond to a higher net proliferation rate.

To illustrate further the behaviour of the system in the case where Ql,in = 5 and

Pup = 15, Figure 2.13 shows plots of the cell and water streamlines, and the advective

and diffusive cell flux contributions for each Qe,in value. We only plot the water streamlines

in the ECS and porous membrane, and not in the lumen, as those in the lumen are simply

horizontal. In Figure 2.13(a), we observe a net flow of water downstream as the lumen flow

is dominating, resulting in the downstream bunching of cells observed in Figure 2.12(b).

In contrast, Figure 2.13(c) shows results for Qe,in = 10, when the ECS flow dominates and

the net flow (and cell bunching) is upstream. In the flux figures, we note the switch in

the respective directions of the advective and diffusive cell fluxes between Figures 2.13(a)

and (c). Finally, in Figure 2.13(b), for the optimal value of Qe,in we can see that there is

a balance between forward and backward water flow in the ECS, with a stagnation point

at around x = 0.6 which corresponds to the peak in θn observed in Figure 2.12(b). This

stagnation point is also present in the cell velocity streamlines, which in general show a

flow in the direction opposite to that of the water. Furthermore, we note that, apart from

near x = 0, there is a flow of water into the membrane from the ECS for all values of Qe,in

considered.

2.8 Conclusions

We have developed a multiphase model of fluid flow, cell population evolution, and so-

lute transport in a simplified HFMB setup. The governing equations have been reduced

through careful asymptotic analysis to exploit the separation of length scales inherent in

the experimental setup. The resulting leading-order system of equations has been solved

numerically.
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Figure 2.13: Plots of streamlines for the cell (left) and water (centre) velocities, and advec-
tive and diffusive cell fluxes (right), for the nutrient-driven proliferation case study (§2.7.1),
with fixed Ql,in = 5 and Pup = 15. In (a) Qe,in = 0.01, in (b) Qe,in = Qe,opt = 5.9128, and in
(c) Qe,in = 10. All other parameter values are as in Table 2.2. Streamlines were calculated
using the streamslice function in MATLAB.
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To demonstrate the variety of possible steady-state cell distributions, we have investi-

gated and compared a number of different case studies which represent different experimen-

tal setups. In each case there is a complex interaction between the effects of advection,

diffusion, and chemotaxis on the cell population dynamics. This has been shown to result

in a variety of steady states, with cells mainly aggregated up- or downstream, or being

more uniformly distributed. We have shown that in almost all cases the requirement for

a sufficient oxygen supply to maintain cell function is satisfied, but for the nutrient-only

case study from §2.7.1 this may not be true throughout the bioreactor for the lowest fluid

flux value considered. When chemoattractant is delivered into the system, we observe com-

petition between advection and chemotaxis: initial upstream bunching of cells due to the

chemoattractant concentration gradient is overcome by downstream advection of cells for

large enough inlet fluid fluxes. This competition also results in the non-monotonic rela-

tionship between cell distribution and increasing inlet fluid flux which is observed in §2.7.3,

where chemoattractant is produced by the cells. Downstream bunching of the cell pop-

ulation due to advection has also been observed experimentally [134]. By comparing the

results from §2.7.3 to those in §2.7.4, we have shown that similar trends in cell distribution

are observed as the lumen inlet fluid flux is increased, whether or not oxygen is explicitly

included in the model. In the alternative flow regime where there is a backflow in the ECS,

we have found that the competition between the up- and downstream fluid fluxes can result

in bunching at either end of the bioreactor, or towards the centre. This central bunching

of the cell population is reminiscent of cell distributions found experimentally when the

direction of the imposed flow is periodically switched [134].

We have additionally found ‘optimal’ inlet fluid fluxes for each setup by minimising the

standard deviation of the cell volume fraction and considering the corresponding cell yield.

The extent to which a given setup is able to achieve a uniform cell population, and the

shape of the resulting cell distribution, varies from case to case. For instance, when cells

are undergoing paracrine signalling and/or nutrient-limited proliferation, the most uniform

distribution possible has slight downstream bunching of the cell population. In contrast, in

the case where endocrine signalling occurs, the most uniform distribution involves both up-

and downstream cell aggregation, with a dip towards the middle of the modelling domain.

However, our results all show that provided an appropriate inlet fluid flux value is chosen,

each setup is capable of providing a cell population with relatively little spatial variation (the
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largest standard deviation σ being 0.0148 in §2.7.3), and that despite the low experimental

fluid fluxes considered here (Ql,in = 0.01 - 10 approximately corresponding to 3.86× 10−7 -

3.86× 10−4 ml min−1), these fluxes ensure sufficient oxygen delivery to cells in all but one

case. We also note that the minimum values of σ and optimal cell distributions found in the

matching case studies with and without oxygen (from §2.7.3 and §2.7.4) are very similar,

and hence we can conclude that the trends in cell population uniformity found here do not

heavily depend upon the inclusion (or exclusion) of oxygen in the model.

Furthermore, in most cases we either see relatively little variation in the mean value µ of

θn, or find that minimising the standard deviation σ of θn gives a value of µ that is very close

to its maximum. Hence by choosing optimal inlet fluid fluxes based on cell distribution, we

are not compromising on cell yield. In the nutrient-only case (§2.7.1), however, the optimal

inlet fluid flux gives a lower cell yield than could be achieved with higher flux values, and

hence in this situation a slight trade-off may have to be made between desired cell yield

and distribution.

Finally, we have used the nutrient-limited growth case study from §2.7.1 to investigate

the sensitivity of our results to a number of key dimensionless parameters, and the alterna-

tive flow regime where there is an upstream flux of fluid into the ECS. For instance, we have

found that increasing the fluid flux into the ECS does not significantly affect cell yield, but

does decrease the uniformity of the cell distribution by causing more downstream bunching.

In the case of backflow, we have shown that by choosing an appropriate downstream lumen

flux and upstream ECS flux, it is possible to generate a uniform distribution of cells in this

alternative flow regime without the need for chemotaxis. This is more predictable as inlet

fluid fluxes can be easily controlled in an experiment compared to chemotaxis effects and,

in addition, the optimal flux values are higher than in the standard flow regime and thus

oxygen limitations are less likely to affect cell viability.

We further note that the steady-state cell volume fractions (which were found to be

independent of the choice of initial condition) were around 0.45 - 0.5 in each case study

presented in this chapter. This is comparable to final densities obtained experimentally in

HFMBs (around 108 cells ml−1, see [86]), which are estimated to be equivalent to a volume

fraction of 0.42 if we assume that cells are spherical, with a representative radius of 10 µm.

As mentioned previously, the constitutive forms of the kinetic functions Jn and R have

been chosen to demonstrate the range of behaviour which could be expected from this
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system, and would need validation in order for this model to be applied to a specific ex-

perimental setup. However, given that our analysis was carried out for general Jn and R,

it would be straightforward to obtain new results for different kinetic functions. In addi-

tion, the kinetic parameter values currently used are not specific to any one cell type and,

again, the model could easily be altered for specific cell types given appropriate data. It

is noted that these alterations could quantitatively alter our findings (for instance, pro-

liferation could become the dominating effect over advection and therefore lead to more

uniform cell distributions for higher fluid flux values than observed here), but we would

expect results to correlate qualitatively to one of the case studies presented in §2.7. There

are a number of other simplifications in our current model which could be explored further,

and future work which would be necessary before it could be used to make any quantitative

predictions. However, these are more generally applicable to the modelling approach taken

throughout this thesis, and so we delay their discussion until Chapter 6.



Chapter3
Four-layer multiphase model

3.1 Introduction

In this chapter we closely follow Pearson et al. [131], building on the model developed in

Chapter 2 which described fluid flow, solute concentration, and cell distribution in a single

HFMBmodule. In Chapter 2 the entire ECS was filled by the cell-scaffold construct, through

which culture medium (modelled as water) could flow. Fluid velocities in the membrane

and ECS were assumed to be an order of ε smaller than those in the lumen as a result of the

resistance to flow through these porous layers, where ε � 1 is the lumen aspect ratio. As

discussed in Chapter 1, a number of different cell seeding and flow regimes can be employed

experimentally in HFMBs. In this chapter, we consider the alternative setup in which the

cell-scaffold construct fills only part of the ECS (that directly above the porous membrane,

which we define as the cell layer) and fluid can flow freely throughout the remainder. The

depth of this cell layer can be controlled experimentally, and will be varied as part of our

investigation. We also consider a different flow regime in which fluid is pumped into the

system via both the lumen inlet and (now open) upstream ECS port (see Figure 3.1), such

that the fluid velocity in this exterior fluid layer is of the same order of magnitude as in the

lumen. As well as enabling the relevant solutes to be more quickly delivered to, or removed

from, the cells, we expect the exterior fluid flow to enhance the flow through the cell layer

so that the cells are exposed to a higher level of fluid shear stress. The impact of this setup

remains an open question experimentally: as discussed in Chapter 1, depending on the cell

type, fluid shear stress can be either beneficial or detrimental to cell growth and survival.

In this chapter we consider the potential significance of mechanotransduction effects, which

were not included in Chapter 2, by modelling cell populations whose proliferation rates are

either enhanced or limited when they are exposed to certain levels of fluid shear stress. By

82
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Upstream ECS port
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Figure 3.1: Photograph of a single HFMB module (ruler scale in cm) with both ECS ports
open. The hollow fibre which runs through the centre of the module can again be seen.
Cells are seeded in a natural scaffold on the outside of the fibre which partially fills the
ECS.

varying the fluid flux into the exterior fluid layer, we can explore the effect of changes in this

fluid shear stress on cell yield and distribution. We determine ‘optimal’ inlet fluid fluxes

for which the fluid shear stress has an advantageous effect, i.e. enables a more spatially

uniform cell population and/or a higher cell yield to be obtained. In addition, the fluid

flux affects the concentration of a nutrient (taken to be oxygen), which can itself limit

the cell proliferation rate. This effect is included in the cell proliferation rates in this

chapter, however we do not explicitly analyse the variation in nutrient concentration that

arises from different operating conditions, as results are very similar to those of §2.7.1. We

instead simply verify that the nutrient concentration is above the threshold required for cell

viability (as discussed in Chapter 2) for all operating conditions considered here.

3.1.1 Chapter outline

We begin in §3.2 by describing the full two-dimensional modelling domain, before making the

same assumption in §3.2.1 as in Chapter 2 and considering the central region only, excluding

the ECS ports. We then introduce the governing equations and boundary conditions for

each layer in the simplified domain in §3.2.2 and §3.2.3. In §3.3.1 we introduce relevant

parameter values. These motivate the non-dimensionalisation of the system, details of
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which are given in §3.3.2. In §§3.3.3-3.3.5 we exploit the small aspect ratio of the lumen to

reduce the system to two coupled PDEs for the leading-order cell volume fraction and solute

concentration. Results for the cases in which cell proliferation is either enhanced or limited

by fluid shear stress are presented in §3.4.1 and §3.4.2 respectively, and the sensitivity of our

results to the cell layer height is investigated in §3.4.3. Finally, key findings and conclusions

are discussed in §3.5.

3.2 Model description

As in Chapter 2, our modelling domain is motivated by taking a cross section of a single

HFMB module and described using two-dimensional Cartesian coordinates (x, y). Two up-

and two downstream ECS ports are included to mimic the connectivity, in three dimensions,

of the ports to the entire ECS. A schematic of this setup can be seen in Figure 3.2, showing

in red the new aspects of the model compared to Chapter 2: the cell layer occupying only

part of the ECS with free-flowing fluid in the remainder, and the open upstream ECS ports

through which an additional flux of fluid is driven. The remaining inlet/outlet conditions

are unchanged: there is an imposed flux of fluid into the lumen at the upstream end and a

prescribed pressure at the downstream end of the lumen, whilst the downstream ECS ports

are at atmospheric pressure.

As in Chapter 2, we consider the cell layer to be a multiphase region consisting of the

cells (one cell type only), water, and a rigid, inert scaffold, and thus it can be described

using the same reduction of the generalised model presented in §1.4. Once again, the up-

and downstream ends of the porous membrane are sealed so that no fluid or cells can leave

the system there, and the porous membrane is impermeable to the cells so that they cannot

leave the ECS. In addition, we assume that the cells remain within the scaffold so that they

are confined to the cell layer only (and do not enter the exterior fluid layer). We again make

the simplifying assumption that the drag between the water and cells is much smaller than

that between the scaffold and water or between the scaffold and cells. The single solute of

interest in the water in this chapter is a nutrient (e.g. oxygen).

In Figure 3.2, the layers Ωi (i = 1, 2, 3, 4) respectively denote the lumen, porous mem-

brane, cell layer, and exterior fluid layer. The (permeable) interfaces between the lumen

and porous membrane, between the porous membrane and cell layer, and between the cell
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layer and exterior fluid layer are respectively given by ∂Ω12, ∂Ω23, and ∂Ω34 and the re-

maining (impermeable) boundaries of each layer are denoted by ∂Ωi (i = 2, 3, 4). Finally

A, B, C, and D represent line segments across the pipes a finite distance away from the

lumen inlet, upstream ECS ports, lumen outlet, and downstream ECS ports respectively.

The regions containing these ports (within the dashed boxes in Figure 3.2) will be neglected

in the simplified modelling domain introduced in §3.2.1, as in Chapter 2.

To avoid unnecessary repetition of Chapter 2, we do not give explicit details of the

governing equations and boundary conditions here, simply stating those that are new and

delaying any mathematical presentation until §3.2.2 once the modelling domain has been

simplified. However, it is worth mentioning that the governing equations in the lumen,

porous membrane, and cell layer are unchanged from Chapter 2, as are the boundary con-

ditions on the interfaces between them and on their (impermeable) boundaries.

The flow in the new exterior fluid layer Ω4 is described by the incompressible Stokes

equations as in the lumen. The boundary conditions on the cell layer/exterior fluid layer

interface ∂Ω34 have much in common with the lumen/porous membrane interface ∂Ω12,

as the cell layer/exterior fluid layer interface is also a boundary between a region of free-

flowing fluid and porous media flow. We impose no slip of fluid in the exterior fluid layer,

and continuity of fluid flux, of normal fluid stress (again assuming that all the stress is

taken up by the water), of solute concentration, and of solute flux. The no slip condition

is motivated by the assumption that the cell-scaffold construct can be treated similarly

to the porous hollow fibre (on the surface of which a no slip condition is taken in the

lumen). Alternatively, we could have imposed a non-zero slip length, which would require

prescription of a slip function and thus the introduction of another constitutive law and

more unknown parameters. However, this choice of boundary condition does not affect the

analysis in this chapter, which could be followed through in exactly the same way if a finite

slip condition were applied. We must also impose two boundary conditions on the cell phase

at the cell layer/exterior fluid layer interface. We prescribe no flux of cells out of the cell

layer due to our assumption that the cells remain within this layer. The second condition

required is on the stress in the cell phase at this interface. The correct choice of condition

is unclear as there is a lack of relevant data in the literature to inform our decision. For

simplicity, we choose to impose no shear stress on the cell phase at this interface, assuming

that the cells on the surface are to some degree ‘protected’ by the scaffold.
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Figure 3.2: 4-layer modelling domain in a two-dimensional Cartesian geometry, with the up-
and downstream inner regions near the ECS ports enlarged (not to scale). The differences
between this modelling domain and that of Chapter 2 (depicted in Figure 2.1) are shown in
red for ease of comparison: the imposed flow in through the open upstream ECS ports, and
the edge of the cell layer in the ECS which results in a fourth layer of free-flowing fluid. The
solid black/red arrows denote the direction of fluid flow. The lumen, porous membrane, cell
layer, and upper fluid layer respectively occupy Ωi (i = 1, 2, 3, 4). Dashed lines represent
permeable boundaries ∂Ωij between layers Ωi and Ωj , and solid lines denote impermeable
boundaries ∂Ωi where applicable. The dash-dotted lines A, B, C, and D respectively denote
line segments across the width of the pipes a finite distance away from the lumen inlet,
upstream ECS ports, lumen outlet, and downstream ECS ports respectively. Again, H
and L are typical vertical and horizontal length scales respectively, with H � L, and are
specified in §3.3.

On the outer bioreactor boundary of the exterior fluid layer, ∂Ω4, we must now impose

both no flux and no slip of fluid as it borders a region of free-flowing fluid. Finally, the

upstream ECS ports are now open, and hence the appropriate boundary conditions to

prescribe in the pipe entering the ECS at B are the same as at A: we assume that the
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flow is of Poiseuille form with a prescribed inlet volume flux Qf,in per unit length in the

z-direction, and impose an inlet concentration.

3.2.1 Simplified modelling domain

We simplify our modelling domain by excluding the up- and downstream regions near the

ECS ports for the same reasons as in Chapter 2, namely to enable analytical progress and

to avoid the need for extensive numerical computations, whilst still capturing key features

of the system. As before, the influence of the regions near the ports will be captured

through the up- and downstream boundary conditions imposed on our simplified domain.

For simplicity, we again consider the upper half of the bioreactor only, with the modelling

region thus consisting of four rectangular compartments (see Figure 3.3): the lumen, porous

membrane, cell layer, and exterior fluid layer (which from now on we call the upper fluid

layer). We again take the origin (x, y) = (0, 0) to be at the bottom left of the domain,

with the x-axis along the lumen centreline and the axial dimension of the modelling domain

given by 0 < x < L. The lumen and membrane are then respectively given by 0 < y < h1

and h1 < y < h1 +h2 in the transverse direction. The cell layer is taken to be of comparable

thickness to the membrane, occupying h1 + h2 < y < h1 + h2 + h3, and the upper fluid

layer occupies H − h4 < y < H, where H := h1 + h2 + h3 + h4. Water variables in the

lumen, membrane, cell layer, and upper fluid layer are denoted by subscripts l, m, w, and

f respectively, with the velocities given by ui = (ui, vi), the (reduced) water pressures by

pi, and the solute concentrations per unit volume of water by ci (i = l,m,w, f). In the cell

layer, we track the dynamics of the cell, water, and scaffold phases through their respective

volume fractions θn, θw, and θs, where θs is again constant due to the assumption of a rigid,

inert scaffold.

3.2.2 Governing equations

The dimensional governing equations in each layer take the form of conservation of mass

and momentum for the water and (in the cell layer) the cell phase, and conservation of mass

for the solute. As mentioned above, in the lumen, porous membrane, and cell layer these

are the same as for the 3-layer system in Chapter 2, and the dynamics in the additional

upper fluid layer are governed by the same equations as the lumen. We take the membrane

porosity φm to be constant, and work with reduced pressures throughout since gravitational

effects are not negligible at the flow rates considered, as discussed in Chapter 2. We also
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Figure 3.3: Simplified modelling domain with the x-axis running along the lumen centreline
(not to scale). The red star denotes the origin (x, y) = (0, 0), and the solid black arrows
denote the directions of the imposed fluid fluxes into the lumen and upper fluid layer.

neglect inertial terms from the start as in Chapter 2. In the lumen the relevant water

equations are those of Stokes flow, together with an advection-diffusion equation for the

solute:

∇ · ul = 0, −∇pw + µw∇2ul = 0, ∂cl
∂t

+∇ · (clul) = D∇2cl, (3.1)

where µw is the water viscosity (assumed to be constant) and D is the diffusion coefficient

for the solute in water (also assumed to be constant). In the porous membrane we use

Darcy’s law for flow in porous media, with

um = −km
µw
∇pm, ∇ · um = 0,

∂cm
∂t

+∇ · (cmum) = D∇2cm,

(3.2)

where km is the (constant) membrane permeability. In the cell layer, the no voids condition

is given by

θn + θw + θs = 1, (3.3)

while conservation of mass and momentum for the cell phase are given by

∂θn
∂t

+∇ · (θnun) = Jn,

−θn∇pw −∇ (θnΠ) +∇ · (θnτn) + ψnsθs∇θn − γnsθnθsun = 0,
(3.4)
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where we have already substituted in the forms for the stress tensor σn, (reduced) intraphase

pressure pn, and interphase forces fij (i, j = n,w, s) given in §1.4 and §2.3.3. We recall that

ψns is assumed to be a negative constant representing the cells’ affinity for the scaffold:

ψns = −η. (3.5)

Here, we neglect the effect of chemotaxis and so take the extra pressure component Π to be

a function of θn only. To obtain our results in §3.4 we will use the explicit form motivated

by [123] and introduced in Chapter 2 which accounts for cell-cell interactions, namely

Π = Πn = θn

(
−ν + δaθn

1− θs − θn

)
, (3.6)

where we recall that ν and δa are constants. The corresponding equations for the water

phase are given by

∂θw
∂t

+∇ · (θwuw) = −Jn, −θw∇pw − γwsθwθsuw = 0, (3.7)

where we have used the fact that Jw = −Jn so that mass is conserved. Conservation of

solute mass in the cell layer yields:

∂(θwcw)
∂t

+∇ · (θwcwuw) = D∇ · (θw∇cw) +R, (3.8)

where here the reaction term R accounts for nutrient uptake by the cells. Finally, in the

upper fluid layer the governing equations are given by

∇ · uf = 0, −∇pf + µw∇2uf = 0, ∂cf
∂t

+∇ · (cfuf) = D∇2cf . (3.9)

It remains to prescribe constitutive relationships for Jn and R. Explicit forms will be given

as needed in §3.4; for now we assume only that Jn and R are functions of the cell volume

fraction θn, cell layer solute concentration cw and, in the case of Jn, the fluid shear stress in

the cell layer. As will be seen in §3.3.3, the fluid flow in the cell layer is independent of y,

and thus we estimate the fluid shear stress by taking it to be proportional to the (reduced)

water pressure gradient ∂pw/∂x (which is also independent of y).

3.2.3 Boundary conditions

The boundary conditions on the lumen centreline, the lumen/porous membrane interface,

and the porous membrane/cell layer interface are as in Chapter 2. Those on the cell
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layer/upper fluid layer interface and on the top of the bioreactor follow from our discus-

sion in §3.2. In the following, ni (i = l,m, e) are, respectively, the unit normals to the

lumen/membrane, membrane/cell layer, and cell layer/upper fluid layer interfaces pointing

in the positive y-direction, and te is the unit tangent to the cell layer/upper fluid layer

interface.

On y = 0 symmetry requires that

∂ul
∂y

= 0, vl = 0, ∂cl
∂y

= 0. (3.10)

On the lumen/membrane interface y = h1 we impose no slip of fluid, and continuity of fluid

flux, of normal stress, of solute concentration, and of solute flux, viz.

ul = 0, vl = φmvm, nl · σl · nl = nl · σm · nl,

cl = cm,
∂cl
∂y

= φm
∂cm
∂y

.
(3.11)

On the membrane/cell layer interface y = h1 + h2 we impose no flux and no slip of cells,

and continuity of fluid flux, of normal stress, of solute concentration, and of solute flux,

un = 0, φmvm = θwvw, nm · σm · nm = nm · σw · nm,

cm = cw, φm
∂cm
∂y

= θw
∂cw
∂y

.
(3.12)

On the cell layer/upper fluid layer interface y = H − h4, we impose no flux and no shear

stress on the cell phase, no slip of fluid, continuity of flux and of normal stress on the water

phase, and continuity of concentration and of flux of solute:

vn = 0, ne · σn · te = 0, uf = 0, θwvw = vf ,

ne · σw · ne = ne · σf · ne, cw = cf , θw
∂cw
∂y

= ∂cf
∂y

.
(3.13)

Finally, on the top of the bioreactor y = H we impose no slip and no flux of fluid, and no

flux of solute:

uf = 0, ∂cf
∂y

= 0. (3.14)

We impose boundary conditions at the up- and downstream ends of the bioreactor once the

system has been reduced in dimension, as we shall now describe.
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3.3 Model reduction

In this section we discuss relevant dimensional parameter values which motivate our choice

of non-dimensionalisation in §3.3.2. The resulting dimensionless parameter values, and our

asymptotic expansion of the system variables in powers of the lumen aspect ratio, allow the

system of governing equations and boundary conditions to be reduced significantly to four

coupled PDEs. Imposing up- and downstream boundary conditions closes the problem and

eliminates two of these equations, leaving a system of two coupled PDEs for the cell volume

fraction and solute concentration at leading order in the lumen aspect ratio. The remaining

leading-order unknowns can be determined a posteriori via analytical expressions.

3.3.1 Parameter values

Typical dimensional parameter values are, where possible, taken from the literature or

guided by our experimental collaborators. Those which are new to this chapter are presented

in Table 3.1; for others see Table 2.1. All corresponding dimensionless parameters required

in this chapter are given in Table 3.2 along with any physical or asymptotic (compared to

our small parameter ε = 2 × 10−3) bounds on their size required for the validity of the

subsequent analysis. A few choices are worth mentioning or reiterating here following our

more in-depth discussion in Chapter 2. Firstly, we note that the aspect ratio of each layer

is small; in particular, we define the lumen aspect ratio by ε = h1/L � 1 and use this as

the small parameter for our asymptotic analysis in §3.3.3. We again set the viscosity ratio

µw/µn = λε for some constant λ = O(1), motivated by the fact that we would expect the

(macroscale) viscosity of the cell phase to be much greater than that of water as a result of

the cytoskeletal network, the cell-scaffold affinity, and microscale cell-cell interactions. We

choose the dimensionless cell-scaffold and water-scaffold drag to be of O(1), so that their

effects are retained in the leading-order model.

Table 3.1: Dimensional parameters new to this chapter.

Parameter Dimensional value and units Ref.

h3 + h4 600 µm [156]
Ql,in, Qf,in 1.02× 10−11 - 1.02× 10−8 m2 s−1 †

† Values based on estimations by our experimental collaborators.
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Table 3.2: Dimensionless parameters used in this chapter, along with any bounds imposed
either physically or by the asymptotic analysis.

Parameter Definition Value Restriction Ref.

ĥ2 h2/(εL) 1 ĥ2 > 0 -
ĥ3 + ĥ4 (h3 + h4)/(εL) 3 ĥ3, ĥ4 > 0 -
θs - 0.4 0 < s < 1 [92]
ε h1/L 2× 10−3 0 < ε� 1 -
λ µw/(εµn) 1 ε� λ� 1/ε -
ε2Pe εLU∗/(λD) 6.83× 10−4 ε3 � ε2Pe� ε -
ε2Re ερwLU

∗/(λµw) 2.05× 10−6 ε2Re� 1 -
φm - 0.77 0 < φm < 1 [109]
κm km/(λε5L2) 2.1 ε� κm � 1/ε -
Q̂i,in (i = l, f) λQi,in/(LU∗) 0.01 - 10 ε� Q̂i,in � 1/ε -
ν̂ λε3Lν/(µwU∗) 0.3 ε� ν̂ � 1/ε [123]
δ̂a λε3Lδa/(µwU∗) 0.1 ε� δ̂a � 1/ε [123]
η̂ λε3Lη/(µwU∗) 0.3 ε� η̂ � 1/ε [123]
ζns γnsL

2λε3/µw 1 ε� ζns � 1/ε -
ζws γwsL

2λε3/µw 0.1 ε� ζws � 1/ε -
Γ̂nw LΓnw/U

∗ 56.52 ε� Γ̂nw � 1/ε -
Γ̂wn LΓwn/U

∗ 4.04 ε� Γ̂wn � 1/ε -
Γ̂R1 L2ΓR1/(C∗D) 50 ε� Γ̂R1 � 1/ε -
K̂, K̂1 K/C∗, K1/C

∗ 1 ε� K̂, K̂1 � 1/ε -
ĉin cin/C

∗ 1 ε� ĉin � 1/ε -
P̂dwn ε2L(Pdwn − patm)/(µnU

∗) 2.5 ε� P̂d � 1/ε -

We define the velocity scale U∗ to be a typical horizontal velocity of the water in the

porous membrane. We then take the corresponding horizontal velocity scale in the cell

layer to be U∗, and in both the lumen and upper fluid layer to be µnU
∗/µw, as discussed

in Chapter 2. The reduced Péclet number in the lumen and upper fluid layer, ε2Pe, is

of order ε2 which results in radial diffusion dominating advection throughout. The cell

layer height could be varied in an experimental setup, and we investigate the effect of

doing so in §3.4.3. Elsewhere, we set h3 = 1 (and so h4 = 2). The concentration scale

C∗ and inlet concentration cin are both set to be a typical oxygen concentration used in

cell culture [155], as oxygen is the solute of interest in §3.4. The two-dimensional lumen

and upper fluid layer inlet fluxes Ql,in and Qf,in (which come into the upstream boundary

conditions in §3.3.4) are assumed to be comparable in size and have been converted from

three-dimensional experimental values by first calculating the corresponding fluid velocity

and then multiplying by the length scale in the y-direction, εL. The (reduced) downstream
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lumen outlet pressure Pdwn and atmospheric pressure patm are also introduced in §3.3.4,

and the cell proliferation/death rates Γnw / Γwn and solute uptake rate ΓR1 are parameters

in the constitutive laws for Jn and R, both of which we introduce in §3.4.

3.3.2 Non-dimensionalisation

Motivated by the discussion in §3.3.1, we non-dimensionalise as follows:

x = Lx̂, y = εLŷ, t = L

U∗
t̂, hi = εLĥi (i = 2, 3, 4), H = εLĤ,

ui = µn
µw

U∗ûi, vi = εµn
µw

U∗v̂i (i = l, f),

ui = U∗ûi, vi = εU∗v̂i (i = m,w,n),

pi = patm + µnU
∗

ε2L
p̂i (i = l,m,w, f), Π = µnU

∗

ε2L
Π̂, ψns = µnU

∗

ε2L
ψ̂ns,

ci = C∗ĉi (i = l,m,w, f), R = DC∗

L2 R̂, Jn = U∗

L
Ĵn,

(3.15)

where we have employed a viscous pressure scaling throughout (motivated by lubrication

theory as in Chapter 2). In choosing the timescale L/U∗ and mass transfer scale U∗/L for

Jn we have assumed that the timescales for advection in the porous membrane/cell layer

and proliferation are comparable, an appropriate assumption given the very slow flow rates

considered here (see Table 3.1).

Dropping hats on dimensionless variables, the dimensionless governing equations in the

lumen (0 < y < 1) are therefore

∂ul
∂x

+ ∂vl
∂y

= 0, −∂pl
∂x

+ ε2∂
2ul
∂x2 + ∂2ul

∂y2 = 0, −∂pl
∂y

+ ε4∂
2vl
∂x2 + ε2∂

2vl
∂y2 = 0,

ε2Pe
(
λε
∂cl
∂t

+∇ · (clul)
)

= ε2∂
2cl
∂x2 + ∂2cl

∂y2 ,

(3.16)

and in the porous membrane (1 < y < 1 + h2)

um = −ε2κm
∂pm
∂x

, vm = −κm
∂pm
∂y

, ε2∂
2pm
∂x2 + ∂2pm

∂y2 = 0,

λε3Pe
(
∂cm
∂t

+∇ · (cmum)
)

= ε2∂
2cm
∂x2 + ∂2cm

∂y2 ,

(3.17)

where κm = km/(λε5L2) is the O(1) dimensionless permeability (see Table 3.2). In the cell

layer (1 + h2 < y < H − h4) the no voids condition is given by

θn + θw + θs = 1, (3.18)



Chapter 3. Four-layer multiphase model 94

the cell equations are given by

∂θn
∂t

+ ∂

∂x
(θnun) + ∂

∂y
(θnvn) = Jn, (3.19)

−θn
∂pw
∂x
− ∂

∂x
(θnΠ) + ψnsθs

∂θn
∂x

+ 2ε2

3
∂

∂x

[
θn

(
2∂un
∂x
− ∂vn

∂y

)]
+ ∂

∂y

[
θn

(
∂un
∂y

+ ε2∂vn
∂x

)]
− ζnsθnθsun = 0, (3.20)

−θn
∂pw
∂y
− ∂

∂y
(θnΠ) + ψnsθs

∂θn
∂y

+ ε2 ∂

∂x

[
θn

(
∂un
∂y

+ ε2∂vn
∂x

)]
+2ε2

3
∂

∂y

[
θn

(
2∂vn
∂y
− ∂un

∂x

)]
− ε2ζnsθnθsvn = 0, (3.21)

the water equations are given by

∂θw
∂t

+ ∂

∂x
(θwuw) + ∂

∂y
(θwvw) = −Jn,

−θw
∂pw
∂x
− ζwsθwθsuw = 0, −θw

∂pw
∂y
− ε2ζwsθwθsvw = 0,

(3.22)

and the solute equation is given by

λε3Pe
(
∂

∂t
(θwcw) +∇ · (θwcwuw)

)
= ε2 ∂

∂x

(
θw
∂cw
∂x

)
+ ∂

∂y

(
θw
∂cw
∂y

)
+ ε2R, (3.23)

where ζij = γijL
2ε2/µn (i = n,w, j = s) are dimensionless. In the upper fluid layer

(H − h4 < y < H)

∂uf
∂x

+ ∂vf
∂y

= 0, −∂pf
∂x

+ ε2∂
2uf
∂x2 + ∂2uf

∂y2 = 0, −∂pf
∂y

+ ε4∂
2vf
∂x2 + ε2∂

2vf
∂y2 = 0,

ε2Pe
(
λε
∂cf
∂t

+∇ · (cfuf)
)

= ε2∂
2cf
∂x2 + ∂2cf

∂y2 .

(3.24)

The dimensionless boundary conditions on the lumen centreline are given by

∂ul
∂y

= 0, vl = 0, ∂cl
∂y

= 0 on y = 0, (3.25)

on the lumen/membrane interface (substituting in for pm in place of vm) by

ul = 0, ε
∂pm
∂y

= − 1
λκmφm

vl, pl + 2ε2

3

(
∂ul
∂x
− 2∂vl

∂y

)
= pm,

cl = cm,
∂cl
∂y

= φm
∂cm
∂y

on y = 1,
(3.26)
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on the membrane/cell layer interface (again substituting in for pm in place of vm) by

un = vn = 0, vw = −κmφm
θw

∂pm
∂y

, pw = pm,

cm = cw, φm
∂cm
∂y

= θw
∂cw
∂y

on y = 1 + h2,

(3.27)

on the cell/upper fluid layer interface by

vn = 0, ∂un
∂y

+ ε2∂vn
∂x

= 0, uf = 0, λεθwvw = vf ,

−pw = −pf + 2ε2

3

(
2∂vf
∂y
− ∂uf
∂x

)
, cw = cf , θw

∂cw
∂y

= ∂cf
∂y

on y = 1 + h2 + h3,

(3.28)

and finally on the bioreactor top by

uf = vf = 0, ∂cf
∂y

= 0 on y = H. (3.29)

3.3.3 Derivation of the reduced model

Having non-dimensionalised the governing equations and boundary conditions, we asymp-

totically expand each dependent variable in powers of ε, setting ul ∼ ul0 +εul1 +ε2ul2 +. . . as

ε→ 0, and similarly for the remaining velocities, reduced pressures, solute concentrations,

and volume fractions. In the following we omit the subscript 0 from leading-order variables

except where needed for clarity. Equating coefficients of ε0 in the lumen then yields

∂ul
∂x

+ ∂vl
∂y

= 0, ∂2ul
∂y2 = ∂pl

∂x
,

∂pl
∂y

= 0, ∂2cl
∂y2 = 0, (3.30a-d)

in the membrane,

um ≡ 0, vm = −κm
∂pm
∂y

,
∂2pm
∂y2 = 0, ∂2cm

∂y2 = 0, (3.31a-d)

in the cell layer,

θn + θw + θs = 1, ∂θn
∂t

+ ∂

∂x
(θnun) + ∂

∂y
(θnvn) = Jn,

∂θw
∂t

+ ∂

∂x
(θwuw) + ∂

∂y
(θwvw) = −Jn,

−θn
∂pw
∂x
− ∂

∂x
(θnΠ) + θsψns

∂θn
∂x
− ζnsθnθsun + ∂

∂y

(
θn
∂un
∂y

)
= 0,

−θn
∂pw
∂y
− ∂

∂y
(θnΠ) + θsζns

∂θn
∂y

= 0,

θw
∂pw
∂x

+ ζwsθwθsuw = 0, θw
∂pw
∂y

= 0, ∂

∂y

(
θw
∂cw
∂y

)
= 0,

(3.32a-h)
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and in the upper fluid layer,

∂uf
∂x

+ ∂vf
∂y

= 0, ∂2uf
∂y2 = ∂pf

∂x
,

∂pf
∂y

= 0, ∂2cf
∂y2 = 0. (3.33a-d)

The leading-order boundary conditions on the lumen centreline are given by

∂ul
∂y

= 0, vl = 0, ∂cl
∂y

= 0 on y = 0, (3.34a-c)

on the lumen/membrane interface by

ul = vl = 0, pl = pm, cl = cm,
∂cl
∂y

= φm
∂cm
∂y

on y = 1, (3.35a-e)

on the membrane/cell layer interface by

un = vn = 0, vw = −κmφm
θw

∂pm
∂y

, pm = pw,

cm = cw, φm
∂cm
∂y

= θw
∂cw
∂y

on y = 1 + h2,

(3.36a-f )

on the cell layer/upper fluid layer interface by

vn = 0, ∂un
∂y

= 0, uf = vf = 0, pw = pf ,

cw = cf , θw
∂cw
∂y

= ∂cf
∂y

on y = 1 + h2 + h3,

(3.37a-g)

and finally on the bioreactor top by

uf = 0, vf = 0, ∂cf
∂y

= 0 on y = H. (3.38a-c)

Consideration of the above solute equations (3.30d), (3.31d), (3.32h), and (3.33d), and

boundary conditions (3.34c), (3.35d,e), (3.36e,f ), (3.37f,g), and (3.38c) shows that at lead-

ing order there is again a global concentration, independent of y: ci := c(x, t) (i = l,m,w, f).

To close the problem and find c(x, t), we must also consider the solute equations at O(ε2),

as the O(ε) systems in each layer do not contain terms in c(x, t). Therefore at O(ε2) (in the

lumen, membrane, cell layer, and upper fluid layer respectively, and reintroducing subscript

0 notation for clarity)

Pe
(
∂

∂x
(cl0ul0) + ∂

∂y
(cl0vl0)

)
= ∂2cl0

∂x2 + ∂2cl2
∂y2 ,

∂2cm0

∂x2 + ∂2cm2

∂y2 = 0,

∂

∂x

(
θw0

∂cw0

∂x

)
+ ∂

∂y

(
θw0

∂cw2

∂y
+ θw2

∂cw0

∂y

)
+R = 0,

Pe
(
∂

∂x
(cf0uf0) + ∂

∂y
(cf0vf0)

)
= ∂2cf0

∂x2 + ∂2cf2
∂y2 ,

(3.39)
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together with boundary conditions

∂cl2
∂y

= 0 on y = 0, (3.40)

cl2 = cm2 ,
∂cl2
∂y

= φm
∂cm2

∂y
on y = 1, (3.41)

cm2 = cw2 , φm
∂cm2

∂y
= θw

∂cw2

∂y
on y = 1 + h2, (3.42)

cw2 = cf2 , θw
∂cw2

∂y
= ∂cf2

∂y
on y = 1 + h2 + h3, (3.43)

∂cf2
∂y

= 0 on y = H. (3.44)

A substantial amount of analytical progress can be made in the distinguished limit

considered above, which closely follows the working for the 3-layer system in Chapter 2.

Equations (3.30c), (3.32g), and (3.33c) respectively tell us that the leading-order reduced

water pressures in the lumen, cell layer, and upper fluid layer are independent of y. From

(3.32e), and given θs is constant, we can thus conclude that the cell volume fraction θn

is also a function of x and t only, which again allows substantial simplifications to be

made. We can obtain expressions for the leading-order variables in terms of the lumen

reduced water pressure pl(x, t), the upper fluid layer reduced pressure pf(x, t), the cell

volume fraction θn(x, t), and the solute concentration c(x, t). Thus the fluid velocities and

solute concentration in the lumen are

ul = 1
2
∂pl
∂x

(y2 − 1), vl ≡ 0, cl = c(x, t), (3.45)

the fluid velocities and reduced pressure, and solute concentration in the membrane are

um ≡ 0, vm = −κm
h2

(pw − pl), pm = 1
h2

(pw − pl)(y − 1) + pl, cm = c(x, t),

(3.46)

the axial cell and water velocities, reduced water pressure, and solute concentration in the

cell layer are
uw = − 1

θsζws

∂pw
∂x

, pw ≡ pf(x, t), cw = c(x, t),

un = M(x, t)
ζnsθs

{
cosh

[√
ζnsθs (1 + h2 + h3 − y)

]
cosh

(√
ζnsθsh3

) − 1
}
,

(3.47a-d)

and the fluid velocities and solute concentration in the upper fluid layer are

uf = 1
2
∂pw
∂x

[
y2 + (h4 − 2H)(y −H)−H2

]
, vf ≡ 0, cf = c(x, t), (3.48)
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where here M(x, t) is defined by

M(x, t) := ∂pw
∂x

+ 1
θn

Φ(θn)∂θn
∂x

, Φ(θn) := Π + θnΠ′n − ψnsθs. (3.49a,b)

Hence, at leading order, we have Poiseuille flow in the lumen and upper fluid layer, and

transverse flow only in the porous membrane. In the cell layer, the horizontal fluid flow

is Darcy-like (i.e. uw is proportional to the pressure gradient ∂pw/∂x). The remaining

variables vn and vw can be determined from the leading-order conservation of mass equations

(3.32b,c), respectively.

In addition, we have the following equations for pl, θn, the global leading-order concen-

tration c, and pf :

∂2pl
∂x2 = 0, ∂θn

∂t
+ ∂Qn

∂x
= Jn,

∂Qc
∂x

= −h3R,
∂2pf
∂x2 = 0, (3.50a-d)

where the cell flux Qn is given by

Qn = M(x, t)
ζnsθs

(tanh(α)
α

− 1
)
θn, α :=

√
ζnsθsh3, (3.51)

and the solute flux Qc by

Qc =
(

1
3Pe∂pl

∂x
+ h3

4
12Pe∂pf

∂x

)
c+ b(θn) ∂c

∂x
, b(θn) := 1 + h2φn + h3(1− θs − θn) + h4.

(3.52)

Equations (3.50a,b,d) for pl, θn, and pf come from integrating the respective conservation

of mass equations (3.30a), (3.32b), and (3.33a) across the lumen, cell layer, and upper

fluid layer. The remaining equation (3.50c) has been obtained by summing the O(ε2)

solute equations in (3.39) after averaging each across the appropriate layer and (in the

porous membrane) weighting by porosity. We now impose up- and downstream boundary

conditions to close the problem.

3.3.4 Boundary conditions for the reduced model

As described above, we mimic the experimental setup where fluid is pumped into the biore-

actor via both the lumen inlet and (upstream) ECS port, and so impose

Ql,in =
∫ 1

0
ul dy, Qf,in =

∫ H

H−h4
uf dy at x = 0, (3.53)

where Ql,in and Qf,in are prescribed (dimensionless) volume fluxes per unit length in the

z-direction into the lumen and upper fluid layer respectively, and are assumed constant.
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We note that in this case, the dimensional version of Qf,in is of the same order as the

dimensional version of Ql,in given that the velocity scales in the lumen and upper fluid layer

are the same. We also prescribe a downstream lumen pressure and mimic the atmospheric

pressure conditions at the downstream ECS port by setting

pl = Pdwn, pf = 0 at x = 1. (3.54)

For the cells, we again impose no flux out of the modelling domain:

Qn = 0 at x = 0, 1. (3.55)

Finally, we prescribe an inlet solute concentration and assume no diffusive flux of solute at

the downstream end of the bioreactor, as discussed in Chapter 2:

c = 1 at x = 0, (3.56)
∂c

∂x
= 0 at x = 1. (3.57)

It is worth recalling here that in the experimental setup considered in this chapter, solute

is supplied to the bioreactor at both the lumen inlet and upstream ECS port and these

inlet concentrations could be set to be different. However, given our leading-order solute

concentration is independent of y, we can only prescribe a single inlet concentration at

x = 0 at leading order. We do not investigate this condition further here, but instead refer

ahead to Chapter 5 where analysis of the neglected regions near the up- and downstream

ECS ports is performed for the case of constant cell volume fraction (the analysis is also

applicable to the multiphase case (results not shown)).

Applying boundary conditions (3.53) and (3.54) allows us to solve (3.50a,d) explicitly

for pl and pf , giving

pl = 3Ql,in(1− x) + Pdwn, pf = 12Qf,in
h3

4
(1− x), (3.58)

and thereby specific expressions for ul, vm, pm, uw, pw, and uf from (3.45)-(3.48). In

particular, we note the form for the reduced water pressure in the cell layer, which is

equivalent to pf (see (3.47b)),

pw = 12Qf,in
h3

4
(1− x), (3.59)

which will be required for the fluid shear stress approximation in §3.4.
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3.3.5 Summary of the reduced model

To summarise, we have derived the following coupled system to solve for θn and c:

∂θn
∂t

+ ∂Qn
∂x

= Jn,
∂Qc
∂x

= −h3R, (3.60)

where

Qn = M(x, t)
ζnsθs

(tanh(α)
α

− 1
)
θn, Qc = −Pe (Ql,in +Qf,in) c+ b(θn) ∂c

∂x
, (3.61)

with the boundary conditions

Qn = 0 at x = 0, 1, (3.62)

c = 1 at x = 0, (3.63)
∂c

∂x
= 0 at x = 1. (3.64)

Here M , α, and b are as in (3.49a), (3.51), and (3.52) respectively, and the only initial

condition required is the prescription of θn at t = 0 for 0 < x < 1. We can compare this to

the corresponding system (2.82)-(2.86) from Chapter 2: it is interesting to see that, despite

the apparently more complex setup here (with four layers in the modelling domain instead

of three), the governing equations can be reduced to a system of two, instead of three,

coupled PDEs. The elimination of one of the PDEs is due to the fact that in the 4-layer

setup we can explicitly solve for the reduced water pressure in the upper fluid layer, pf .

This yields an analytical expression for the reduced water pressure in the cell layer, since

pw ≡ pf , and hence only two unknowns remain, θn and c.

3.4 Numerical results

The reduced system (3.60)-(3.64) was solved numerically using the method of lines as de-

scribed in detail in §2.6.1, first discretising in x and then performing the time integration

using the MATLAB function ode15s. A convergence check was carried out on the scheme

before it was used to obtain our numerical results, a graph of which can be found in Ap-

pendix A.2. We are interested in steady states of the system, as these arise on timescales

comparable to the long culture time of experiments (see §2.7 for a more thorough discus-

sion). These states were found to be independent of the choice of initial condition in our

simulations, but for completeness we note that in the simulations presented in this chapter

we set θn(x, 0) = 0.3 and (as a pseudo-initial condition for the numerics) c(x, 0) = 1 for
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0 < x < 1. We confirm that, as stated in §3.1, the nutrient concentration is above the

threshold required for cell viability (as discussed in Chapter 2) for all operating conditions

considered here (results not shown).

We consider the effect of the fluid shear stress on the cell distribution and yield in the

case where the solute of interest is a nutrient (e.g. oxygen), and with the aim of determining

optimal experimental conditions which result in both a spatially uniform cell population

and high cell yield.

In each of the following sections, we consider the Michaelis-Menten type reaction term

used for oxygen uptake in the nutrient-limited proliferation case study of Chapter 2:

R = −ΓR1θnθwc

K1 + c
, (3.65)

where we recall that ΓR1 and K1 are constants. We take the cell mass transfer term Jn to

have the form

Jn = F (S)Γnwθnθwc

K + c
− Γwnθn, (3.66)

where Γnw, Γwn, and K are constants, and S is a variable capturing the (dimensionless)

fluid shear stress in the cell layer which we define below (see equation (3.67)). If F (S) were

equal to unity, then we would recover the form used in the nutrient-driven proliferation

case study in Chapter 2. In the following analysis we take F (S) to have different forms

depending on the cells’ response to shear stress. As we effectively have Darcy flow of water

through the cell layer, we find an estimate for S motivated by a similar expression in [178],

which is based upon the assumption that there is Poiseuille flow through each of the ‘pores’

in the cell layer, with the pores approximated as circular ducts, and results in an expression

for the shear stress which is proportional to the modulus of the pressure gradient (see [178]

for details). Given that in our setup, ∂pw/∂x is (spatially and temporally) constant, we

make the constitutive choice to additionally weight the shear stress by 1/θw so that we can

investigate the effect of spatially varying shear stress on the cell population. This choice

reflects the fact that we would expect the cells to experience higher levels of shear stress

in smaller ‘pores’ (i.e. in regions where θw is lower), as they effectively occupy more of the

pore space and hence are exposed to faster flow [65]. We thus take

S =

∣∣∣∂pw
∂x

∣∣∣
θw

. (3.67)

Given the assumed form (3.67) for S, and the expression for ∂pw/∂x in (3.59), we see that

the fluid shear stress is dependent on both the upper fluid layer fluxQf,in and cell layer height
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h3 (via h4 = H − (1 + h2 + h3)), both of which can be controlled experimentally. In what

follows we investigate the sensitivity of our results to variations in these two parameters.

Moreover, for a given upper fluid layer inlet flux and cell layer height, we note that variations

in S can also arise purely through variations in θw.

In each case study, we present results for the steady-state cell volume fraction, where

the criteria for the solution having reached steady state are the same as in Chapter 2. That

is, the solution is assumed to be at steady state if the maximum change in θn and c between

the end time T and T − 0.062 (corresponding to a dimensional time of around one week) is

less than 10−4. For all simulations presented here this corresponds to setting T = 1.5. As

in Chapter 2, we use the mean µ and standard deviation σ of θn(x, T ) to characterise the

cell yield and distribution, where

µ :=
∫ 1

0
θn(x, T ) dx, σ :=

√∫ 1

0
[θn(x, T )− µ]2 dx. (3.68)

3.4.1 Shear stress-enhanced proliferation

Firstly, we consider the case when cell proliferation is enhanced by increased levels of fluid

shear stress, which has been observed in cells such as osteoblasts [74], chondrocytes [101],

and (more controversially) endothelial progenitor cells [185], and is thought to be an impor-

tant factor in ensuring the mechanical integrity of tissue such as bone and cartilage [15,54].

The exact nature of the dependence is not known and will depend on the cell type in ques-

tion. To capture the qualitative aspects of the dependence, and motivated by similar forms

used in [123] we set

F (S) = 0.3 + 0.5 tanh(2S − 4)− 0.8 tanh(2S − 15), (3.69)

so that the cell proliferation rate increases with shear stress up to a maximal level, but

sufficiently high levels of shear stress result in a reduced proliferation rate (see Figure 3.4).

The coefficients in (3.69) have been chosen to capture the possible qualitative behaviours

of the cell population within the range of computed shear stresses in our model.

Results from this case study can be seen in Figure 3.5, where the steady-state cell

population distribution obtained with F (S) from equation (3.69) is compared to that when

F (S) ≡ 1 (denoted the shear-insensitive population, i.e. when the fluid shear has no effect on

the cells) for a range of upper fluid layer inlet fluxesQf,in. From Figures 3.5(a) and (b) we see

that for the lowest flux of Qf,in = 0.1, the cell volume fraction of the shear-sensitive (hereby
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Figure 3.4: Plot of F (S) in the case where increasing shear stress first enhances cell prolif-
eration (equation (3.69)).
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Figure 3.5: Plots of the steady-state cell volume fraction for a range of values of the upper
fluid layer inlet flux Qf,in, in the (a) shear-insensitive, and (b) shear-enhanced proliferation
cases. The lumen inlet flux Ql,in = 0.1, the cell layer height h3 = 1, and other parameter
values are as in Table 3.2.

called shear-enhanced) population is less than that of the shear-insensitive population for

0 < x < 1, but then it increases above the shear-insensitive volume fraction once Qf,in is

increased to 0.5. This corresponds to the shear stress exceeding the value (around 2.5) at

which F (S) is increased above 1 and is to be expected given our chosen form of F (S). The

increase in θn is observed across the whole bioreactor domain as a result of the relatively
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small variation in θn (and hence θw) for 0 < x < 1, which in turn means that there is

little spatial variation in S. At the intermediate flux value (Qf,in = 0.5) we also see that the

shear-enhanced population becomes much more spatially uniform than the shear-insensitive

cells. For the highest flux Qf,in = 1, the shear-enhanced θn decreases at each point in x as

the shear stress reaches levels which decrease the cell proliferation rate. In addition, greater

up- and downstream variation is seen in θn for both populations due to advection, but the

changes are less extreme for the shear-enhanced cells. Hence, overall, the effect of the shear

stress is to ‘smooth out’ the cell population: an increase in θn corresponds to a decrease in

θw, and thus a higher value of S. Thus regions where θn is relatively high experience a fluid

shear stress sufficient to decrease F (S) and hence the proliferation rate, whilst regions where

θn is relatively low experience a lower shear stress and therefore increased proliferation rate.
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Figure 3.6: Plots of (a) the mean µ, and (b) the standard deviation σ of θn, for a range
of Qf,in values in the shear-insensitive, shear-enhanced proliferation, and shear-limited pro-
liferation cases. The vertical dashed lines indicate the optimal fluid flux range for the
shear-enhanced case, within which the cell yield is higher than the shear-insensitive popu-
lation, and the black asterisks denote the values of µ and σ at the optimal flux Qf,opt. The
vertical dash-dotted line indicates the critical fluid flux value for the shear-limited case,
below which the shear-limited and shear-insensitive cases are indistinguishable (see text for
details). The lumen inlet flux Ql,in = 0.1, the cell layer height h3 = 1, and other parameter
values are as in Table 3.2.

The effect of shear on the cell yield and population uniformity can be seen more clearly in

Figure 3.6, and the plots support the findings discussed above. The mean µ and standard

deviation σ of θn are plotted for a range of values of Qf,in, for the shear-enhanced and
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shear-insensitive cases. Figure 3.6 shows that the shear-enhanced population has a lower

yield and greater standard deviation than the shear-insensitive population for low Qf,in

values, but that this relationship is reversed when Qf,in increases beyond a critical value

just above 0.2. This switch corresponds to the critical value of S being reached, above which

F (S) > 1 and the cell proliferation rate is enhanced. As can be seen in the graphs for both

µ and σ, the change occurs relatively abruptly; this is due to the fact that (as mentioned

above) there is relatively little variation in θn at this value of Qf,in so the fluid shear stress

(and therefore F (S)) is relatively constant along the domain. The standard deviation of

the shear-enhanced population remains lower than the shear-insensitive population for all

subsequent values of Qf,in, but the yield drops below that of the shear-insensitive population

once another critical value of Qf,in is reached, around 0.7, at which point the value of F (S)

falls below 1. Thus between these critical values (shown by vertical dashed lines in Figure

3.6), there is an optimum range of Qf,in within which shear stress helps to promote both

cell yield and population uniformity. Within this range, the most uniform population is

obtained at the (optimal) inlet flux of Qf,opt = 0.2137. We also note that, for an inlet fluid

flux above the first critical value, the shear-enhanced population is always more spatially

uniform than the shear-insensitive population for a given yield.

3.4.2 Shear stress-limited proliferation

The second case study considers cells whose proliferation rate is inhibited by high levels

of fluid shear stress (hereby denoted the shear-limited population). Cells which have been

shown to be sensitive to shear stress in this way include smooth muscle cells [127] and certain

types of endothelial cells (e.g. human aortic endothelial cells [70] and human umbilical vein

endothelial cells [4]). As in the previous case, the exact form of the cells’ shear stress

dependence is unknown, and our choice of F (S) and corresponding parameter values have

been chosen so that our model captures the range of possible qualitative behaviours. We

thus take F (S) to be of the following form

F (S) = 1
2 [1− tanh(2S − 15)] , (3.70)

so that the cell proliferation rate decreases for sufficiently high fluid shear stress values (see

Figure 3.7).

Figure 3.8 shows the steady-state results for θn obtained from this case study. For low

values of Qf,in (below 0.3), the shear stress has no effect on cell proliferation (as F (S) is
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Figure 3.7: Plot of F (S) in the case where increasing shear stress inhibits cell proliferation
(equation (3.70)).
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Figure 3.8: Plots of θn in the shear-limited proliferation and shear-insensitive cases, for a
range of values of the upper fluid layer inlet flux Qf,in. The lumen inlet flux Ql,in = 0.1, the
cell layer height h3 = 1, and other parameter values are as in Table 3.2.

equal to 1) and thus the shear-limited and shear-insensitive population distributions are the

same. As Qf,in is increased, however, there is increased bunching of cells downstream due

to advection so that θw is lower in this region. This in turn increases S, and so the cells

downstream experience a greater level of shear stress which is now high enough to decrease

the proliferation rate of the shear-limited population. This results in the shear-limited

population becoming more uniform than the shear-insensitive population. In contrast to

the previous section, we note that regions of lower cell volume fraction are unchanged by
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Table 3.3: Comparison of cell yield µ and standard deviation σ for the shear-limited and
shear-insensitive populations, for a range of Qf,in values.

µ

Qf,in Stress-insensitive Stress-limited % change

0.4 0.4539 0.4539 −1.1× 10−4

0.6 0.4545 0.4501 −0.97
0.8 0.4531 0.4228 −6.7
1 0.4484 0.3837 −14.45

σ

Qf,in Stress-insensitive Stress-limited % change

0.4 0.0147 0.0147 −0.002
0.6 0.0259 0.0226 −13.0
0.8 0.0415 0.0328 −20.92
1 0.0644 0.0515 −20.05

the shear sensitivity, as the fluid shear stress is lower there (due to the greater water volume

fraction) and hence has no effect on proliferation rate. Thus the increased uniformity of

the shear-limited population is at a cost of a lower overall volume fraction compared to the

shear-insensitive cells. The plots of µ and σ in Figure 3.6 show that there is just one critical

value of Qf,in in this case (around 0.4, shown by the vertical dash-dotted line in Figure 3.6),

below which the shear-limited and shear-insensitive cases are indistinguishable. Above this,

the shear-limited population is more uniform than the shear-insensitive population, but also

has a lower yield. In spite of this, Table 3.3 demonstrates that the percentage decrease in σ

is (at least three times) larger than the percentage decrease in µ for 0.4 . Qf,in . 0.8, and

thus this provides a potentially optimal inlet fluid flux range if a uniform cell population is

more important than a high cell yield.

3.4.3 Sensitivity to cell layer height

Finally, we investigate the sensitivity of our results to the cell layer height h3, which may

be prescribed experimentally. In each case we compare the steady-state cell volume frac-

tion θn(x, T ), and note that, physically, larger values of h3 correspond to greater overall

cell numbers, and vice versa for smaller values of h3. The cell layer height also affects

the pressure gradient in the cell and upper fluid layers, since ∂pw/∂x depends linearly on

h−1
4 = [H − (1 + h2 + h3)]−1. Figures 3.9(a) and (b) show plots of the mean µ and stan-
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dard deviation σ of θn for a range of values of Qf,in for a thinner cell layer than Figure 3.6,

whilst Figures 3.9(c) and (d) show the corresponding plots for a thicker cell layer. In Figure

3.9(a), we see that the optimal ranges for Qf,in are now higher. The corresponding optimal

inlet flux is also higher than before, with Qf,opt = 0.9955. This results from the form of

|∂pw/∂x|, which decreases with h3 as stated above. The shear stress therefore also decreases

as h3 decreases and so we need higher fluid fluxes in order to obtain the same behaviour

from the cell populations as in §3.4.1 and §3.4.2. As expected, this trend is reversed in

Figure 3.9(c) when h3 takes the higher value of 1.5, with an optimal inlet flux in this case

of Qf,opt = 0.0911. In addition, for h3 = 1.5 and Qf,in greater than around 1 we see that

the cell population decreases significantly, no matter what the shear stress dependence. We

therefore conclude that, for both shear-enhanced and shear-limited populations, a thinner

cell layer makes the cell population less sensitive to the upper fluid layer inlet flux, as higher

fluid fluxes can be used before compromising on cell yield, and vice versa for a thicker cell

layer. In each case the maximum value of µ is very similar, and hence (as θn is independent

of y) the higher the value of h3, the higher the maximum achievable cell yield.

3.5 Conclusions

We have developed a multiphase model of fluid flow, solute transport, and cell distribution

in a simplified HFMB. This extends the work presented in Chapter 2 by considering the

alternative setup in which the cell-scaffold construct only partially occupies the ECS and

there is an additional upper layer of free-flowing fluid. Fluid is pumped into the upper

fluid layer via the upstream ECS port, and hence this region experiences higher flow rates

compared to when fluid is only supplied at the lumen inlet. It is therefore hypothesised

that this could result in a greater fluid shear stress in the cell layer which could have an

important, and possibly beneficial, effect on the cell dynamics. This is confirmed from our

model results which imply that the fluid shear stress in the cell layer is dependent on both

the upper fluid layer inlet flux and cell layer height, both of which were varied as part of

our investigation.

We have presented results from two different case studies. In the first (relevant to

osteoblasts, chondrocytes, or endothelial progenitor cells), the cell proliferation rate was

enhanced by fluid shear stress, but only up to a certain critical level. Results demonstrated

that the shear-enhanced cell population required a certain minimum upper fluid layer inlet
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Figure 3.9: Plots of the mean µ and standard deviation σ of θn, for a range of Qf,in values
in the shear-insensitive, shear-enhanced proliferation, and shear-limited proliferation cases.
For (a), (b) h3 = 0.5; and for (c), (d) h3 = 1.5. The vertical dashed lines indicate the
optimal fluid flux range for the shear-enhanced case, and the black asterisks denote the
values of µ and σ at the optimal flux Qf,opt. The vertical dash-dotted line indicates the
critical fluid flux value for the shear-limited case (see text for details). The lumen inlet flux
Ql,in = 0.1 and other parameter values are as in Table 3.2.

flux in order to reach yields comparable to the shear-insensitive population. Once inlet fluid

fluxes were reached which resulted in fluid shear within the ‘enhancing’ range, however, the

mechanosensitive population had a higher yield and was more uniform than the shear-

insensitive cells. This uniformity persisted even once the shear levels became detrimental

to the proliferation rate and the yield decreased.
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In the second case study, fluid shear was assumed to have no effect on cell proliferation

until a critical value was surpassed, after which it decreased the proliferation rate. This

could be applicable to smooth muscle cells, or certain types of endothelial cells. Results

again showed that the mechanosensitive cell population was more uniform than the shear-

insensitive cells, but always had a lower cell yield. However, an ideal inlet fluid flux range

could again be found, within which the mechanosensitive population was more uniform than

the shear-insensitive population and the yield had not yet been significantly compromised.

Finally, we considered the effect of the cell layer height on these results, and found that

a thinner cell layer experiences a lower level of shear stress than a thicker layer, and hence

can withstand higher flow rates.

The results presented in this chapter are qualitative in nature, demonstrating the range

of expected behaviours in each situation. In particular, the functional forms for F (S) are

constitutive and relatively simple, having been chosen to clearly demonstrate the possible

effects of mechanotransduction on cell distribution in a HFMB. Any choice of F (S) would

need experimental validation to be applied to a specific experimental setup. However, the

model framework developed here is extremely flexible and permits interrogation of different

candidates for the constitutive laws, thus readily allowing its application to a particular cell

population. We discuss in more detail the limitations of our modelling and relevant future

work in Chapter 6.



Chapter4
Three- and four-layer multiphase
models: two cell populations

4.1 Introduction

In this thesis so far we have focussed on the yield and spatial distribution of a population of

a single cell type in a HFMB, and how these measures are affected by various flow regimes

and solute concentrations. This is relevant to, for instance, cell expansion experiments in

which only one cell type is present. However, differentiation of one cell type into another is

also required in tissue engineering setups (examples include differentiation of bone marrow

mesenchymal stem cells into neuronal cells [140] and chondrocytes [93]). In this chapter we

therefore extend the multiphase models considered thus far to include two cell populations,

one undifferentiated and one differentiated. We also include the concentration of a single

solute, which is taken to be a growth factor. This allows us to model cell differentiation

induced both chemically (via a growth factor) and mechanically (via fluid shear stress), in

the 3- and 4-layer HFMB setups of Chapters 2 and 3, respectively. By varying the inlet

fluid fluxes and solute concentrations, we investigate their effect on the yield of differentiated

cells, and the percentage of cells which are of the differentiated phenotype. This allows us to

seek operating conditions which result in a high yield and percentage of differentiated cells,

but also do not consume too much expensive growth factor. We show the potential of our

model, once validated, to determine the experiment end time, inlet concentration, and inlet

fluid fluxes which are ‘optimal’ given the relative importance of cell percentage, cell yield,

and growth factor consumption. We note that differentiation of certain cell types has been

found to be stimulated by fluid shear stress alone, without the need for growth factors (for

instance, osteoblasts [13, 74] and endothelial cells [118, 184]). However, as we have chosen

111
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to make growth factor consumption the focus of this chapter we do not consider this case

here.

4.1.1 Chapter outline

We begin by describing the model setup in §4.2, again presenting the governing equations

and boundary conditions in a simplified modelling domain. We discuss relevant dimensional

and dimensionless parameter values in §4.3.1 and non-dimensionalise the governing equa-

tions and boundary conditions in §4.3.2, before considering a reduction of the 4-layer model

in §4.3.3 and §4.3.4 that is appropriate when the aspect ratio of the modelling domain is

small. In §4.3.5 we present the corresponding reduced 3-layer model. Numerical results

for both the 3-layer and 4-layer models are presented in §4.4. In §4.4.1 we investigate the

case where cell differentiation is dependent on growth factor concentration alone, whilst in

§4.4.2 we consider differentiation dependent on both growth factor concentration and fluid

shear stress. These dependences are incorporated via the constitutive laws for the cell mass

transfer functions. Finally, we discuss our findings and conclude in §4.5.

4.2 Model description

As in Chapters 2 and 3 we model a HFMB in two-dimensional, Cartesian coordinates (x, y),

motivated by taking a cross section of a single bioreactor module. In the 3-layer model, we

consider the flow regime in which the upstream ECS ports are closed (as depicted in Figure

2.1) and fluid is pumped into the lumen inlet only. In the 4-layer model, we consider the

regime shown in Figure 3.2, in which fluid is pumped in through both the lumen inlet and

open upstream ECS ports.

In the multiphase layer (the ECS for the 3-layer setup or the cell layer for the 4-layer

setup), we take the simplest mechanical model possible to gain insight into the effects

caused by the differentiation stimuli. As in Chapters 2 and 3, we assume for both cell

populations that the drag between the water and cells is much smaller than that between

the cells and scaffold, or water and scaffold, and that the cells cannot leave the scaffold

and so remain in the ECS (3-layer model) or cell layer (4-layer model). We additionally

assume that there are no tractions or drag between the two cell phases. For simplicity

and to focus on cell differentiation only, we neglect the effect of chemotaxis on both cell

populations. We denote the volume fraction of the undifferentiated cell population by θu
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and that of the differentiated cell population by θd. Corresponding parameters relating

to the undifferentiated and differentiated populations are denoted with subscripts u and

d respectively, and all other notation is unchanged from previous models. The scaffold is

again assumed to be rigid and inert, with its volume fraction θs constant in space and time.

4.2.1 Simplified modelling domain

In this chapter we move straight to the simplified two-dimensional modelling domain, ar-

guing as in Chapters 2 and 3 that by modelling the dynamics in the central region of the

bioreactor only, excluding the ECS ports, we can make analytical progress whilst still cap-

turing key features of the system. We also exploit the symmetry of this region and model

the dynamics in the upper half of the domain only. The simplified domains for both the

3- and 4-layer models are depicted in Figure 4.1. Note that here H always denotes the

height of the bioreactor, and so is given by H = h1 + h2 + h3 in the 3-layer case, and by

H = h1 + h2 + h3 + h4 in the 4-layer setup.

4.2.2 Governing equations

In the lumen, porous membrane, and (for the 4-layer system) upper fluid layer, the equa-

tions for fluid flow and mass transport are unchanged from the single cell population models

in Chapters 2 and 3. We therefore do not present them here, but introduce them in dimen-

sionless form in §4.3.3 once we have carried out our non-dimensionalisation. The governing

equations in the multiphase region (either the whole ECS or the cell layer), however, are

presented below. They are easily obtained from the generalised model in §1.4 in the case

where there are two active cell phases.

In the ECS (3-layer system) or the cell layer (4-layer system) we begin with the no voids

condition, that is, θu + θd + θw + θs = 1. Conservation of mass for each of the active phases

is
∂θi
∂t

+∇ · (θiui) = Ji (i = u, d), ∂θw
∂t

+∇ · (θwuw) = Jw, (4.1)

where the mass transfer functions Ju, Jd, and Jw will be kept general for the time being,

and only assumed to be functions of θu, θd, θw, the fluid shear stress (through ∂pw/∂x as

in Chapter 3), and the growth factor concentration cw. As before we assume conservation

of mass so that Ju + Jd + Jw = 0.
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Figure 4.1: Simplified modelling domains for (a) the 3-layer model, and (b) the 4-layer
model, with the x-axis running along the lumen centreline (not to scale). In each diagram
the red star denotes the origin (x, y) = (0, 0), and the solid black arrows denote the direction
of the imposed fluid flux into the lumen and (in (b)) the upper fluid layer.

Conservation of momentum for each phase is of the form

−θi∇pw −∇ (θiΠi) +∇ · (θiτi) + ψnsθs∇θi − γnsθiθsui = 0 (i = u, d), (4.2)

−θw∇pw − γwsθwθsuw = 0, (4.3)

where we have substituted in for the cell stress tensors σu and σd, the reduced intraphase

pressures pu and pd, and the interphase forces fij (i, j = u, d,w, s, i 6= j) from §1.4. We

note that they respectively take the same forms as σn, pn, and fij (i, j = n,w, s, i 6= j) as

presented in Chapter 2. In the above we have also assumed that the two cell populations

have the same effective viscosity µn. We note that this assumption could easily be relaxed,
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and would just lead to the inclusion of an extra parameter representing the ratio of the two

effective viscosities in the dimensionless system. We have further assumed that the extra

pressure term ψns and cell-scaffold drag coefficient γns are the same for each cell population.

We recall from §1.4 that the extra pressure ψns due to cell-scaffold tractions is assumed

to be a negative constant, so that

ψns = −η. (4.4)

As chemotaxis has been neglected in this model, the extra intraphase pressure term Πi

(i = u,d) for each cell population just consists of the term accounting for cell-cell interac-

tions, first introduced in §2.3.3:

Πi = θi

(
−ν + δaθi

1− θs − θi − θj

)
(i, j = u,d, i 6= j), (4.5)

where ν and δa are constants and we have again assumed that they are the same for each

cell population.

Finally, we model mass transport in the multiphase layer with the same equation em-

ployed previously, namely

∂

∂t
(θwcw) +∇ · (θwcwuw) = D∇ · (θw∇cw) +R, (4.6)

for some reaction term R which may depend on any of θu, θd, and cw. We note here that

growth factors are proteins, which are typically much larger than nutrient molecules such as

oxygen which have featured in our models thus far. Hence it could be argued that a Fickian

diffusion term is unsuitable, and an approach taking into account multi-component effects

(e.g. interactions between solute molecules) would be more appropriate. Abdullah and Das

included these effects via Maxwell-Stefan equations in their model of nutrient transport

in a HFMB [2], and found that they could be of significance in reducing mass transfer

in certain experimental configurations, namely sufficiently high inlet concentrations, solute

molecular sizes, and ECS and fibre wall thicknesses. However, inclusion of such interactions

necessitates a much more complicated modelling framework, involving additional parameter

values which are currently unknown or difficult to interpret physically. We therefore neglect

these effects in our first differentiation model and assume a Fickian diffusion term for the

growth factor concentration, an approach also taken in, for example, [21, 26,136].

It remains to prescribe constitutive forms for Ju, Jd, and R; as in previous chapters we

keep our analysis general and delay their specification until results are obtained in §4.4.
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4.2.3 Boundary conditions

The boundary conditions for the water and solute concentration on the lumen centreline,

interfaces between layers, and bioreactor top are unchanged from Chapters 2 and 3. We

introduce these in §4.3.3 after we have non-dimensionalised, along with the up- and down-

stream conditions at the inlets and outlets.

Here we present only the boundary conditions applied to the cell phases, which are

assumed to be the same as for the corresponding single cell population models. Thus on the

membrane/ECS (3-layer model) or membrane/cell layer (4-layer model) interface we have

no flux and no slip of cells,

ui = 0 (i = u,d) on y = h1 + h2. (4.7)

In addition, on the bioreactor top (3-layer model) we also have no flux and no slip of cells,

ui = 0 (i = u,d) on y = H, (4.8)

and on the cell layer/upper fluid layer interface (4-layer model) we impose no flux and no

shear stress on the cell phase,

vi = 0, ne · σi · te = 0 (i = u, d) on y = H − h4, (4.9)

where ne and te are, respectively, the unit normal (positive y-direction) and unit tangent

to the cell layer/upper fluid layer interface.

We also impose no flux of both cell populations out of the multiphase region at x = 0, L,

and introduce this along with the other up- and downstream conditions as required in §4.3.3.

4.3 Model reduction

In this section, we begin by discussing dimensional and dimensionless parameter values

before non-dimensionalising and reducing the 4-layer model to a coupled system of three

PDEs. We then summarise the corresponding system of four coupled PDEs for the 3-layer

model.

4.3.1 Parameter values

We take the majority of the dimensional parameter values to be the same as in our previous

multiphase models, with a few exceptions. New dimensional parameter values can be found
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in Table 4.1 (for others see Table 2.1) and all dimensionless parameters required in this chap-

ter in Table 4.2. The key difference between this model and those of Chapters 2 and 3 is that

the solute of interest in this model is a growth factor. These molecules are much larger than

oxygen, and we take a representative value for D of 2× 10−10 m2 s−1, an estimate for the

diffusion coefficient for vascular endothelial growth factor (VEGF) in aqueous solution [99].

This results in a reduced Péclet number of 0.0102, so that ε2 � ε2Pe� 1, and hence we are

in a different distinguished limit to Chapters 2 and 3 in the system of equations governing

the solute concentration. The typical concentration used to set the scaling C∗ is larger for

growth factors than for oxygen; we choose C∗ = 7.69 mol m−3, an example inlet concentra-

tion of bone morphogenetic protein 2 human growth factor (BMP-2), following discussions

with our experimental collaborators [1]1. In §4.4 we then investigate the effect of varying

the inlet growth factor concentration on the yield of the cell populations by considering a

range of values of cin. We correspondingly choose the reaction scale R∗ = C∗D/(εL2) so

that R appears in the solute equations at O(ε), and as a result solute uptake appears in

our leading-order model (see §4.3.3).

Table 4.1: Dimensional parameters.

Parameter Dimensional value and units Ref.
D 2× 10−10 m2 s−1 [99]
C∗ 7.69 mol m−3 †

T 2.42× 106 s †

† Values based on estimations by our experimental collaborators.

Instead of considering steady-state results in this chapter, we fix a maximum end time T ,

and look at the percentage and yield of cells which are of the differentiated type within this

time range. A typical length of the ‘differentiation phase’ of an experiment is 2-4 weeks [1],

and so we set T to be the upper value of 4 weeks, corresponding to a dimensionless end

time of 0.2477 (given the timescale L/U∗ introduced in §4.3.2).

The dimensionless values of the constants appearing in the drag and pressure terms

for the cell populations, ν, δa, and η, are set to be the same as the single cell population

models in Chapters 2 and 3, as are the dimensionless cell-scaffold and water-scaffold drag
1We note that the values for D and C∗ are for different growth factors; this is due to a scarcity of data

as these parameters are rarely quantified experimentally.
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Table 4.2: Dimensionless parameters used in this chapter, along with any bounds imposed
either physically or by the asymptotic analysis.

Parameter Definition Value Restriction Ref.
ĥ2 h2/(εL) 1 ĥ2 > 0 -
ĥ3 h3/(εL) 3a ĥ3 > 0 -
ĥ3 + ĥ4 (h3 + h4)/(εL) 3b ĥ3, ĥ4 > 0 -
θs - 0.4 0 < θs < 1 [92]
ε h1/L 2× 10−3 0 < ε� 1 -
λ µw/(εµn) 1 ε� λ� 1/ε -
ε2Pe εLU∗/(λD) 0.0102 ε2 � ε2Pe� 1 -
ε2Re ερwLU

∗/(λµw) 2.05× 10−6 ε2Re� 1 -
φm - 0.77 0 < φm < 1 [109]
κm km/(λε5L2) 2.1 ε� κm � 1/ε -
Q̂i,in (i = l, f) λQi,in/(LU∗) 0.01 - 10 ε� Q̂i,in � 1/ε -
ν̂ λε3Lν/(µwU∗) 0.3 ε� ν̂ � 1/ε [123]
δ̂a λε3Lδa/(µwU∗) 0.1 ε� δ̂a � 1/ε [123]
η̂ λε3Lη/(µwU∗) 0.3 ε� η̂ � 1/ε [123]
ζns γnsL

2λε3/µw 1 ε� ζns � 1/ε -
ζws γwsL

2λε3/µw 0.1 ε� ζws � 1/ε -
Γ̂nw LΓnw/U

∗ 6 ε� Γ̂nw � 1/ε -
Γ̂wn LΓwn/U

∗ 4.04 ε� Γ̂wn � 1/ε -
Γ̂ud LΓud/U

∗ 70 ε� Γ̂nw � 1/ε -
Γ̂R1 εL2ΓR1/D 1 ε� Γ̂R1 � 1/ε -
K̂ K/C∗ 0.4 ε� K̂ � 1/ε -
ĉin cin/C

∗ 0.1 - 1 ε� ĉin � 1/ε -
P̂dwn ε2L(Pdwn − patm)/(µnU

∗) 2.5 ε� P̂d � 1/ε -
T̂ U∗T/L 0.2477 - -
a 3-layer model.
b 4-layer model.

parameters ζns and ζws. In the 4-layer model we once again take the cell layer height h3

(and therefore also h4) to be of O(1).

In the case studies that follow in §4.4, we also need to specify parameters within the

constitutive forms for Ju, Jd, and R. The cell death rate Γwn (assumed for simplicity to

be the same for both populations) is taken to have the same dimensional value as before,

corresponding to a dimensionless value of 4.04. The cell proliferation rate Γnw is also

assumed to be the same for both populations and is taken to have a lower dimensional

value than before (see below for the exact choice of value), as would be expected in the

differentiation phase of an experiment [1].

The remaining parameters are the cell differentiation rate Γud, the solute uptake rate
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ΓR1, and the Michaelis-Menten uptake constant K. Given that experimental data for these

parameters are not available, their dimensionless equivalents (which are defined in Table

4.2) are chosen to be of O(1) for illustrative purposes, so that we retain as many effects

as possible in our leading-order model. In addition, values are assigned according to two

experimental observations [1]: (1) the cell differentiation rate is much faster than the cell

proliferation rate (in the differentiation phase of experiments which we are modelling), and

(2) at the end of an experiment almost all (98-99%) cells are of the differentiated type. To

find values for Γud, ΓR1, Γnw, andK such that our model satisfies the second observation, we

first set the other parameters whose values can vary to the following fixed values: Ql,in = 1,

Qf,in = 0.1, cin = 1. The dimensionless values for Γnw, Γud, ΓR1, and K given in Table 4.2

were then chosen so that (to two significant figures) 99% of cells were of the differentiated

type at the maximum end time T when solving the case study from §4.4.1.

4.3.2 Non-dimensionalisation

With the exception of the reaction scale R∗ (as discussed in §4.3.1), we non-dimensionalise

with the same scalings as in Chapters 2 and 3, assuming that the two cell populations have

the same velocity scale:

x = Lx̂, y = εLŷ, t = L

U∗
t̂, hi = εLĥi (i = 2, 3, 4), H = εLĤ,

ui = µn
µw

U∗ûi, vi = εµn
µw

U∗v̂i (i = l, f), ui = U∗ûi, vi = εU∗v̂i (i = m,w,u, d),

pi = patm + µnU
∗

ε2L
p̂i (i = l,m,w, f), Πi = µnU

∗

ε2L
Π̂i (i = u, d), ψns = µnU

∗

ε2L
ψ̂ns,

ci = C∗ĉi (i = l,m,w, f), R = DC∗

εL2 R̂, Ji = U∗

L
Ĵi (i = u, d).

(4.10)

Substituting these scalings into just the multiphase equations for now (and dropping hats

on dimensionless variables) yields for the cell phases

∂θi
∂t

+ ∂

∂x
(θiui) + ∂

∂y
(θivi) = Ji (i = u, d), (4.11)
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and

−θi
∂pw
∂x
− ∂

∂x
(θiΠi) + 2ε2

3
∂

∂x

[
θi

(
2∂ui
∂x
− ∂vi
∂y

)]
+ ∂

∂y

[
θi

(
∂ui
∂y

+ ε2∂vi
∂x

)]
+ ψnsθs

∂θi
∂x
− ζnsθiθsui = 0 (i = u,d), (4.12)

−θi
∂pw
∂y
− ∂

∂y
(θiΠi) + ε2 ∂

∂x

[
θi

(
∂ui
∂y

+ ε2∂vi
∂x

)]
+2ε2

3
∂

∂y

[
θi

(
2∂vi
∂y
− ∂ui
∂x

)]
+ ψnsθs

∂θi
∂y
− ε2ζnsθiθsvi = 0 (i = u,d), (4.13)

and for the water phase

∂θw
∂t

+ ∂

∂x
(θwuw) + ∂

∂y
(θwvw) = Jw = −(Ju + Jd),

−θw
∂pw
∂x
− ζwsθwθsuw = 0, −θw

∂pw
∂y
− ε2ζwsθwθsvw = 0,

(4.14)

where the dimensionless parameters have the same definitions as before, ζns = γnsL
2ε2/µn

being the dimensionless cell-scaffold drag for each population. The dimensionless boundary

conditions for the cell phases are

ui = vi = 0 (i = u,d) on y = 1 + h2, (4.15)

ui = vi = 0 (i = u,d) on y = H, (4.16)

vi = 0, ∂ui
∂y

+ ε2∂vi
∂x

= 0 (i = u, d) on y = H − h4, (4.17)

where (4.16) applies to the 3-layer model and (4.17) to the 4-layer model.

4.3.3 Derivation of the reduced 4-layer model

We now present the asymptotic analysis for the 4-layer model, which is similar to that in

Chapter 3 and reduces it to a coupled system of three PDEs which can be solved numerically.

The 3-layer model can be reduced in an analogous way to the single cell population model

from Chapter 2, and we therefore omit the detail but summarise the resulting system of

four coupled PDEs in §4.3.5.

We expand all dependent variables in powers of the lumen aspect ratio ε, setting

ul ∼ ul0+εul1+ε2ul2+. . . and similarly for the remaining velocities vl, ui, vi (i = m,w,u,d, f),

the reduced pressures pi (i = l,m,w, f), the concentrations ci (i = l,m,w, f), and the volume

fractions θu, θd, and θw. We then collect coefficients of ε0 to obtain the leading-order system

in each layer. Beginning in the lumen (0 < y < 1) and omitting the subscript 0 from the
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leading-order variables, the O(1) equations are

∂ul
∂x

+ ∂vl
∂y

= 0, ∂2ul
∂y2 = ∂pl

∂x
,

∂pl
∂y

= 0, ∂2cl
∂y2 = 0, (4.18)

and in the porous membrane (1 < y < 1 + h2)

um ≡ 0, vm = −κm
∂pm
∂y

,
∂2pm
∂y2 = 0, ∂2cm

∂y2 = 0. (4.19)

In the cell layer (1 + h2 < y < H − h4) the no voids condition is

θu + θd + θw + θs = 1, (4.20)

the cell phase equations are

∂θi
∂t

+ ∂

∂x
(θiui) + ∂

∂y
(θivi) = Ji (i = u, d), (4.21)

−θi
∂pw
∂x
− ∂

∂x
(θiΠi) + ψnsθs

∂θi
∂x
− ζnsθiθsui + ∂

∂y

(
θi
∂ui
∂y

)
= 0 (i = u, d), (4.22)

−θi
∂pw
∂y
− ∂

∂y
(θiΠi) + ψnsθs

∂θi
∂y

= 0 (i = u,d), (4.23)

the water phase equations are

∂θw
∂t

+ ∂

∂x
(θwuw) + ∂

∂y
(θwvw) = Jw = −Ju − Jd, (4.24)

−θw
∂pw
∂x
− ζwsθwθsuw = 0, −θw

∂pw
∂y

= 0, (4.25a,b)

and the solute equation is

∂

∂y

(
θw
∂cw
∂y

)
= 0. (4.26)

Finally, the leading-order equations in the upper fluid layer (H − h4 < y < H) are

∂uf
∂x

+ ∂vf
∂y

= 0, ∂2uf
∂y2 = ∂pf

∂x
,

∂pf
∂y

= 0, ∂2cf
∂y2 = 0. (4.27)

The leading-order boundary conditions on the lumen centreline are

∂ul
∂y

= 0, vl = 0, ∂cl
∂y

= 0 on y = 0, (4.28)

on the lumen/porous membrane interface

ul = vl = 0, pl = pm, cl = cm,
∂cl
∂y

= φm
∂cm
∂y

on y = 1, (4.29)
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on the porous membrane/cell layer interface

ui = vi = 0 (i = u,d), vw = −κmφm
θw

∂pm
∂y

, pm = pw,

cm = cw, φm
∂cm
∂y

= θw
∂cw
∂y

on y = 1 + h2,

(4.30a-f )

on the cell layer/upper fluid layer interface

∂ui
∂y

= 0, vi = 0 (i = u, d), uf = vf = 0, pw = pf ,

cw = cf , θw
∂cw
∂y

= ∂cf
∂y

on y = H − h4,

(4.31a-g)

and on the bioreactor top

uf = vf = 0, ∂cf
∂y

= 0 on y = H. (4.32)

We also now introduce the up- and downstream boundary conditions on the fluid ve-

locities and pressures in the lumen and upper fluid layer, as they are identical to those

in Chapter 3 and so that they can be used in the model reduction below. We therefore

prescribe the inlet fluid fluxes and outlet pressures in both the lumen and upper fluid layer,

setting

Ql,in =
∫ 1

0
ul dy, Qf,in =

∫ H

H−h4
uf dy at x = 0, (4.33)

pl = Pdwn, pf = 0 at x = 1. (4.34)

For the leading-order system to reduce in a similar manner to Chapter 3, we must show

that the cell volume fractions θu and θd are independent of y. Given that ∂pw/∂y = 0

from (4.25b), the leading-order cell phase y-momentum equations (4.23) can be put into the

following matrix form: −Πu − θu
∂Πu
∂θu

+ ψnsθs −θu
∂Πu
∂θd

−θd
∂Πd
∂θu

−Πd − θd
∂Πd
∂θd

+ ψnsθs

 ∂θu
∂y

∂θd
∂y

 = 0. (4.35)

In general, the determinant of the matrix in (4.35) will be non-zero, i.e.(
−Πu − θu

∂Πu
∂θu

+ ψnsθs

)(
−Πd − θd

∂Πd
∂θd

+ ψnsθs

)
− θuθd

∂Πu
∂θd

∂Πd
∂θu

6= 0, (4.36)

from which we can conclude that we must have ∂θu/∂y = ∂θd/∂y = 0. Hence, similarly

to the single cell population models, we have θi = θi(x, t) (i = u,d). We also find that the

solute equations and boundary conditions again yield

ci := c(x, t) (i = l,m,w, f), (4.37)
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for some c(x, t) to be determined.

The remaining leading-order variables can be found in a similar manner to before, in

terms of the cell volume fractions θu and θd, and the solute concentration c. In the lumen

we have

pl = 3Ql,in(1− x) + Pdwn, ul = 3
2Ql,in(1− y2), vl ≡ 0, (4.38)

and in the membrane

pm = 1
h2

[(12Qf,in
h3

4
− 3Ql,in

)
(1− x)− Pdwn

]
(y − 1) + 3Ql,in(1− x) + Pdwn,

um ≡ 0, vm = −κm
h2

[(12Qf,in
h3

4
− 3Ql,in

)
(1− x)− Pdwn

]
.

(4.39)

In the cell layer, we consider the leading-order x-momentum equations for each cell phase,

−θi
∂pw
∂x
− ∂

∂x
(θiΠi) + θi

∂2ui
∂y2 + ψnsθs

∂θi
∂x
− ζnsθiθsui = 0 (i = u, d). (4.40)

These can be solved, along with (4.30a) and (4.31a), to find

ui = M̃i(x, t)
ζnsθs

{
cosh

[√
ζnsθs (H − h4 − y)

]
cosh

(√
ζnsθsh3

) − 1
}

(i = u, d), (4.41)

where

M̃i := ∂pw
∂x

+ 1
θi

Φ̃i (θu, θd) ∂θi
∂x

+ ∂Πi

∂θj

∂θj
∂x

,

Φ̃i := Πi + θi
∂Πi

∂θi
− ψnsθs (i, j = u,d, i 6= j).

(4.42)

The remaining cell layer variables are

pw = 12Qf,in
h3

4
(1− x), uw = 12Qf,in

h3
4θsζws

, (4.43a,b)

with vu and vd given implicitly by their respective mass equations in (4.21), and vw by

(4.24). Finally, in the upper fluid layer we find

pf = 12Qf,in
h3

4
(1− x), uf = −6Qf,in

h3
4

[
y2 + (h4 − 2H)(y −H)−H2

]
, vf ≡ 0. (4.44)

Given the increased size of ε2Pe here compared to Chapters 2 and 3, we must consider

the solute system of equations at O(ε) to determine an equation for the leading-order

concentration c. At this order we have (briefly returning to subscript 0, 1 notation for

clarity)

εPeul0
∂c

∂x
= ∂2cl1

∂y2 ,
∂2cm1

∂y2 = 0, θw0
∂2cw1

∂y2 = −R, εPeuf0
∂c

∂x
= ∂2cf1

∂y2 , (4.45)
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together with the corresponding continuity of solute and of solute flux conditions on the

interfaces between layers, and no flux of solute conditions on the lumen centreline and biore-

actor top. Integrating the equations in (4.45) across their respective layers (appropriately

weighted in the membrane and cell layer) and adding together the resulting equations yields

the following equation for c:

εPe(Ql,in +Qf,in) ∂c
∂x

= h3R (θu, θd) . (4.46)

This couples to the equations for the remaining unknowns θu and θd, obtained by integrating

the mass equations in (4.21) across the cell layer:

∂θi
∂t

+ ∂Qi
∂x

= Ji(θu, θd, c) (i = u,d), (4.47)

where

Qi = M̃i(x, t)
ζnsθs

(tanh(α)
α

− 1
)
θi (i = u, d), α :=

√
ζnsθsh3, (4.48)

and M̃i (i = u,d) are defined in (4.42).

We must finally prescribe the remaining up- and downstream conditions which are

needed in order to close the system. These are very similar to those in the single cell

population model in Chapter 3, except that only one boundary condition is needed on c as

equation (4.46) is only first-order in c. Thus we choose the condition most directly relevant

to an experimental setup, a prescribed inlet concentration. We also impose no flux of cells

out of the cell layer, and therefore have

Qi = 0 (i = u, d) at x = 0, 1, (4.49)

c = cin at x = 0. (4.50)

4.3.4 Summary of the reduced model

In summary, we have reduced the 4-layer, two cell population model to a coupled system

of three PDEs to solve for the leading-order cell volume fractions θu and θd and solute

concentration c. Thus we have

∂θi
∂t

+ ∂Qi
∂x

= Ji(θu, θd, c) (i = u,d),

εPe(Ql,in +Qf,in) ∂c
∂x

= h3R (θu, θd) ,
(4.51a,b)
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subject to

Qi = 0 (i = u, d) at x = 0, 1, (4.52)

c = cin at x = 0, (4.53)

and where Qi (i = u,d) are given in (4.48).

4.3.5 Reduced 3-layer model

If only three layers are considered (so that the whole of the ECS is filled with cells), we

must solve for pw as well as θu, θd, and c, as in the single cell population model in Chapter

2. The analysis follows through in a similar manner (but, as in §4.3.3, going to O(ε) instead

of O(ε2) to determine the solute equation), and the resulting coupled system of equations

to solve is

∂θi
∂t

+ ∂Qi
∂x

= Ji (i = u,d), εPeQl,in
∂c

∂x
= h3R,

∂

∂x
(Qu +Qd +Qw) = −κmφm

h2h3
[pw − 3Ql,in(1− x)− Pdwn] ,

(4.54a-c)

where

Qi = M̃i(x, t)θi
ζnsθsα sinh(α) [2 cosh(α)− α sinh(α)− 2] (i = u,d),

α :=
√
ζnsθsh3, (4.55)

Qw = − θw
ζwsθs

∂pw
∂x

, (4.56)

subject to the boundary conditions

Qi = 0 (i = u,d) at x = 0, 1, (4.57)

Qw = Qe,in
h3

, c = cin at x = 0, (4.58)

pw = 0 at x = 1, (4.59)

where M̃i (i = u, d) is defined in (4.42).

4.4 Numerical results

Numerical results were once again obtained using the method of lines described in §2.6.1.

Details of the convergence tests performed are given in Appendix A.2. However, as equa-

tions (4.51b) and (4.54b) now only involve an advection term for the solute concentration,
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a regularising diffusion term was included for the purposes of numerical solution. The co-

efficient of this term was taken to be O(10−4) for all results presented here, and it was

verified that reduction of this coefficient to O(10−5) had no significant impact upon results

(maximum absolute difference between solutions of O(10−7), less than the O(ε2) accuracy

of the scheme; details not shown). Due to a lack of experimental data for initial cell vol-

ume fractions, all results were obtained with the initial conditions θu = 0.3 and θd = 0,

and we note that the value of θu would need to be verified in order to obtain quantitative

predictions.

In the following sections we present results from two different case studies, each relating

to a specific constitutive choice for Ju and Jd, motivated by experimental observations of

cell differentiation stimuli. In both cases we will assume that the cells take up the growth

factor, and that both populations do so at the same rate, so that the constitutive form for

R is given by

R = −ΓR1cθwθu − ΓR1cθwθd = −ΓR1cθw (θu + θd) , (4.60)

similar to that used for solute uptake in the chemoattractant case studies in Chapter 2.

Experimentally, minimising the necessary quantity of growth factor is of particular im-

portance due to the high cost of these proteins, for example, just 100 µg of BMP-2 cur-

rently costs £1562 [68]. Mathematical modelling could therefore be of use, for instance, in

determining the minimum growth factor concentration needed to obtain a particular per-

centage/yield of differentiated cells after a certain time, or optimum operating conditions

which ensure that a given percentage/yield of differentiated cells can be obtained given a

fixed amount of available growth factor. As an example to illustrate how our model may

be used in this way, for each case study we discuss experimental operating conditions (inlet

fluid fluxes, inlet concentration, and experiment end time t̃ ) which result in a minimum

percentage (98%, following our discussion in §4.3.1) of differentiated cells being reached,

whilst also taking into account the yield of differentiated cells and amount of growth factor

used. Once validated, similar analysis of our model could be used to make more quantitative

predictions and inform experimental protocol.

We denote the percentage of cells which are of the differentiated phenotype at time t by

πd(t), and the yield of differentiated cells by µd(t). These are defined, respectively, by

πd(t) := 100µd(t)
µu(t) + µd(t) , (4.61)
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and

µi(t) :=
∫ 1

0
θi(x, t) dx (i = u, d). (4.62)

We also estimate the quantity of growth factor qin supplied to the system by the leading-

order flux of solute that has entered the system at time t. In the 3-layer model this is

qin(t) := εPe
∫ t

0

∫ 1

0
c(x, t′)ul(y, t′)

∣∣
x=0 dy dt′ = εPeQl,intcin, (4.63)

and in the 4-layer model

qin(t) := εPe
∫ t

0

(∫ 1

0
c(x, t′)ul(y, t′)

∣∣
x=0 dy +

∫ H

H−h4
c(x, t′)uf(y, t′)

∣∣
x=0 dy

)
dt′

= εPe(Ql,in +Qf,in)tcin. (4.64)

Finally, we calculate the amount of growth factor taken up by the cells at leading order by

time t, qup. For both the 3- and 4-layer models this is given by

qup(t) := −h3

∫ t

0

∫ 1

0
R(x, t′) dx dt′, (4.65)

where we note that the minus sign results in a positive value for qup. The quantities qin(t)

and qup(t) give estimates for the total amount of growth factor supplied during the exper-

iment up to time t (assuming the culture medium is not recycled during the experiment,

which could be the case) and the amount of growth factor ‘lost’ during the experiment up

to time t, respectively. This provides a measure of how expensive each set of operating con-

ditions are likely to be based on the amount of growth factor required, assuming that any

not taken up by the cells can be retained and used later. Practically, however, only around

95% of any unused growth factor can be recovered [1] and so qup should be interpreted as

an underestimate. We estimate the integrals in (4.61)-(4.65) from our numerical solutions

using the MATLAB function trapz.

4.4.1 Growth factor-dependent differentiation

In the first case study, we consider cell differentiation which is dependent solely on growth

factor concentration. Several examples of this type of relationship can be found in the

experimental literature, in particular relating to osteogenesis [106,110] and endothelial dif-

ferentiation [18,106,132]. We take the following forms for the mass transfer functions:

Ju = Γnwθuθw − Γudθuθw
c

K + c
− Γwnθu, (4.66)

Jd = Γnwθdθw + Γudθuθw
c

K + c
− Γwnθd. (4.67)
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In the above, the first and last terms in each of Ju and Jd are the same as the cell prolifer-

ation and death terms in Chapter 2 in which nutrient is assumed to be in abundance. As

mentioned in §4.3.1, we have assumed for simplicity that each cell population proliferates

and dies at the same rate. The middle terms in each constitutive law represent the differ-

entiation of the θu cell population to the θd cell population, with a constant differentiation

rate coefficient Γud. The differentiation rate is assumed proportional to the volume fraction

of undifferentiated cells so that, in particular, no differentiation occurs in the absence of

undifferentiated cells. Finally, the dependence of cell differentiation rate on the growth

factor concentration is included via a Michaelis-Menten type term.

Results for this case study, in which the inlet concentration cin is varied, can be seen in

Figure 4.2. Only results from the 3-layer model are plotted, as in this case the 4-layer model

results are very similar (not shown). This suggests that, for this case study, solving the less

computationally intensive (three instead of four coupled PDEs) 4-layer model is sufficient to

determine the behaviour of either system in response to variations in cin. Figure 4.2(a) shows

that the differentiated cell percentage πd increases over time for all cin values, with a more

rapid initial increase and greater final value for higher values of the inlet concentration cin.

This is to be expected given the dependence of cell differentiation on c in (4.66) and (4.67).

Furthermore, the decreasing difference between subsequent πd plots as cin increases shows

that, at higher inlet concentrations, the differentiation term is approaching its saturating

value Γudθuθw.

However, for all cin values, the differentiated cell yield µd reaches a peak before decreas-

ing towards the end of the experiment due to cell death (see Figure 4.2(b), where we note

that this behaviour for cin = 0.1 is out of the range of t considered). The peak value is

greater, and achieved at earlier times, as cin increases, behaviours which can be attributed

to two factors. Firstly, for higher cin values the rate of differentiation will be greater, and

so µd will increase more quickly and to a higher value. Secondly, a higher differentiated

cell yield also results in a higher cell death rate (see equation (4.67)), and so its effect in

decreasing µd becomes apparent at earlier times. Figure 4.2(c) shows a plot of πd versus µd

which clearly shows the trends discussed above: as πd increases over time, at a particular

point the maximum yield is reached and thereafter µd decreases.

From Figure 4.2 we can see that the required value of πd = 98 is only reached by the

end of the simulation time (which we recall corresponds to a typical maximum experimental
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Figure 4.2: Results for the growth factor-dependent differentiation case study. (a) Per-
centage of differentiated cells πd versus t, with the horizontal dashed black line denoting
πd = 98; (b) differentiated cell yield µd versus t; and (c) a direct comparison πd versus µd,
for the 3-layer model and varying inlet concentration values cin. The legend in (a) applies
to all subfigures. The lumen inlet flux was fixed at Ql,in = 1 and all other parameter values
take their fixed values from Table 4.2.

end time of 4 weeks) for cin = 0.7 and 1, with corresponding values of µd = 0.185 and 0.193,

and at times t̃ = 0.247 and 0.222, respectively. The resulting quantities of growth factor

supplied and used are qin(t̃ ) = 0.885 and 1.138, and qup(t̃ ) = 0.043 and 0.056, respectively.

Thus, although setting cin = 1 reaches the required value of πd earlier than if cin = 0.7,

and with a higher yield of cells, a larger quantity of growth factor is needed and more is

also used overall (in fact 30% more). In this case, therefore, a compromise must be made

between the quantity of growth factor and yield of cells.
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We note that in this case study, changing the inlet fluid flux values will affect the

distribution of growth factor and therefore also πd and µd. However, trends were shown to

be qualitatively similar to those obtained in the next case study, and we therefore postpone

discussion of varying fluid fluxes until §4.4.2.

4.4.2 Growth factor- and shear stress-dependent differentiation

Next we consider the case where cell differentiation is dependent both on growth factor

concentration and fluid shear stress, as observed by Wu et al. [181] for endothelial cell

differentiation. We take the same approximation for the fluid shear stress S as in §3.4, that

is,

S =

∣∣∣∂pw
∂x

∣∣∣
θw

. (4.68)

In calculating S for the 3-layer setup in which we do not have an explicit expression for pw,

we estimate the pressure gradient ∂pw/∂x from the numerical solution to pw using central

differences. The constitutive forms for Ju and Jd in this case are

Ju = Γnwθuθw − ΓudθuF (S)θw
c

K + c
− Γwnθu, (4.69)

Jd = Γnwθdθw + ΓudθuF (S)θw
c

K + c
− Γwnθd, (4.70)

where the cell proliferation and death terms are unchanged from §4.4.1, and F (S) has been

added to the cell differentiation term to represent the functional dependence of the cell

differentiation on the shear stress. Given that shear stress has been observed to increase

cell differentiation only once a certain physiological threshold of shear stress is reached [181],

the form we choose for F (S) is similar to that used in Chapter 3:

F (S) = 0.3 + 0.5 tanh(2S − 2)− 0.8 tanh(2S − 15). (4.71)

The coefficients in (4.71) have again been chosen to capture the possible behaviours of the

cell population within the range of computed shear stresses in our model, and we assume

that if high enough levels of shear stress are exceeded then differentiation is no longer

promoted. A plot of F (S) can be seen in Figure 4.3.

In this case study we consider the effect of varying both the inlet growth factor concen-

tration and inlet fluid fluxes on differentiated cell percentage, with results shown in Figures

4.4-4.6. Firstly, in Figure 4.4 the inlet concentration cin is varied for two different values

of Ql,in and results are plotted for both the 3- and 4-layer models, showing qualitatively
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Figure 4.3: Plot of F (S) versus the shear stress S, within the range of values achieved by
our model.

similar trends to results from §4.4.1. Figures 4.4(a) and (b) show that for the lower value

of Ql,in = 0.05, πd and µd are always lower in the 3-layer model than in the 4-layer model,

whereas the opposite is true for the higher lumen flux of Ql,in = 1 (see Figures 4.4(c) and

(d)). This is due to the dependence of the shear stress on the lumen inlet fluid flux in the

3-layer model: for Ql,in = 0.05, F (S) in the 3-layer model is on average lower than that

in the 4-layer model, so that differentiation is promoted more in the latter, and vice versa

at the higher fluid flux value (results not shown). These plots demonstrate that, with the

additional shear stress dependence, there is a greater difference between the 3- and 4-layer

model results compared to §4.4.1.

The dependence on the lumen inlet fluid flux is shown in Figure 4.5. Changing Ql,in

has very little effect on πd or µd for the 4-layer model, as θu, θd, and c do not vary much

with variations in Ql,in, and the reduced water pressure ∂pw/∂x (which contributes to S)

is independent of the lumen inlet fluid flux (see equation (4.43a)). Plots of πd and µd are

therefore only given for Ql,in = 1 but can be taken to be representative of all lumen inlet flux

values. For the 3-layer model, πd increases more quickly and reaches a higher final value as

Ql,in increases, until Ql,in = 2. For large enough times t, this trend is then reversed as Ql,in is

increased above 2. This non-monotonic behaviour is also found in µd, as well as the peaked

trends in time seen in §4.4.1, with Ql,in = 2 achieving the maximum yield over the range of

time considered. This non-monotonicity is partly due to the effect of shear stress. As Ql,in

increases from 2 to 5, the value of S near x = 1 for the time range considered increases from
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Figure 4.4: Plots of πd and µd versus t for varying values of the inlet growth factor concen-
tration cin in the combined growth factor- and shear stress-dependent differentiation case
study, for the 3- and 4-layer models. In (a), (b) Ql,in = 0.05, and in (c), (d) Ql,in = 1.
The legend in (c) applies to all subfigures. The upper fluid layer inlet flux and cell layer
height (for the 4-layer model) were fixed at Qf,in = 0.1 and h3 = 1 respectively. All other
parameter values take their fixed values from Table 4.2.

around 3 to more than 10 (results not shown), and so F (S) goes from the region in which

differentiation is enhanced, into that at which the shear stress is too high and differentiation

is no longer stimulated. However, similar non-monotonic behaviour is observed in πd and

µd if Ql,in is varied in the case study from §4.4.1 in which the effects of shear stress on cell

differentiation are not accounted for (results not shown), and so the effect cannot be due to

shear stress alone. This second contribution is less straightforward to see as it arises from

the nonlinearities in the model. For large enough values of Ql,in, advection becomes strong

enough to ‘sweep’ more cells downstream, and this results in local variations in the values
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of θu and θd. These differences feed into the cell proliferation, differentiation, and death

rates (in a nonlinear way for the first two), and it is this complex combination which also

contributes to the non-monotonic trends in πd and µd discussed above. This hypothesis is

supported by repeating the same simulations with either an increased cell-scaffold drag ζns

or cell-scaffold traction parameter η. In both cases we would expect advection to have a

lesser effect on cell distribution (due to cells being ‘swept’ downstream less readily), and we

find that the non-monotonic behaviour does not arise between Ql,in = 2 and 2.5, but only

for higher values of Ql,in (results not shown).
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Figure 4.5: Plots of (a) πd, and (b) µd, versus t for varying values of the lumen inlet
flux Ql,in, for both the 3- and 4-layer models in the combined growth factor- and shear
stress-dependent differentiation case study. The horizontal dashed black line in (a) denotes
πd = 98. The legend in (a) applies to both subfigures. The inlet concentration was fixed at
cin = 1, and (for the 4-layer model) the upper fluid layer inlet flux Qf,in = 0.1 and cell layer
height h3 = 1. All other parameter values take their fixed values from Table 4.2.

As can be seen in Figure 4.5, πd reaches 98% for Ql,in = 1, 1.5, 2, and 2.5. The times t̃

at which this value is achieved, along with the corresponding values of µd, qin, and qup can

be found in Table 4.3, and show that qin increases with Ql,in, whilst t̃, µd, and qup follow

the non-monotonic dependence of πd, with their trends reversing between Ql,in = 2 and

Ql,in = 2.5. Hence in this case, setting Ql,in to 2 results in both the highest cell yield and

the lowest growth factor consumption. However, if growth factor was not easily recoverable

in a particular experiment, it may be worth setting the lumen inlet fluid flux to a lower

value to reduce the amount qin supplied to the system, with a slight compromise on cell

yield.
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Table 4.3: Values of the time t̃, differentiated cell yield µd, supplied growth factor qin, and
used growth factor qup corresponding to the point at which the percentage of differentiated
cells πd reaches 98 for the combined case study, for the 3-layer (Ql,in varying) and 4-layer
(Qf,in varying) models.

Model Inlet fluid flux and value t̃ µd(t̃ ) qin(t̃ ) qup(t̃ )
3-layer Ql,in = 1 0.1944 0.2017 0.9958 0.049
3-layer Ql,in = 1.5 0.1635 0.2126 1.2563 0.0419
3-layer Ql,in = 2 0.1533 0.2163 1.5706 0.0395
3-layer Ql,in = 2.5 0.1565 0.2149 2.0042 0.0403
4-layer Qf,in = 0.5 0.1273 0.2268 0.974 0.0217
4-layer Qf,in = 1 0.1372 0.2219 1.3997 0.0289

Finally, in Figure 4.6 the dependence of πd and µd on Qf,in can be seen for the 4-layer

model. Here we also see the effect of the non-monotonic form for F (S), as πd increases more

quickly and to a greater final value as Qf,in increases up to 0.5, but then the opposite trend

is seen for higher fluid flux values. The differentiated cell yield follows a similar trend, with

the greatest final value of µd also achieved when Qf,in = 0.5. In addition, for Qf,in < 2,

µd reaches a peak value before the maximum end time T = 0.2477, as seen in previous

graphs. The shape of πd over time changes once Qf,in reaches 2, increasing more slowly at

first and then more sharply at later times; this is the opposite to the trend for lower fluid

flux values. As Qf,in increases above 2, πd increases approximately linearly with time but

takes much lower values. From these results, it can be seen that πd only reaches a value

of 98 for Qf,in = 0.5 and 1, and hence it is not beneficial in this case to increase the upper

fluid layer flux further. Corresponding values of t̃, µd, qin, and qup can be found in Table

4.3 and show that here the best choice of operating condition is clear, as setting Qf,in = 0.5

results in not only a higher final yield and percentage than if Ql,in = 1, but also consumes

less growth factor, independent of whether it is recoverable or not.

4.5 Conclusions

We have solved a multiphase model for fluid flow, solute concentration, and the evolution

of two cell populations, one undifferentiated and one differentiated, in a simplified HFMB

setup. We have considered case studies in which cell differentiation is dependent either on

the concentration of a growth factor, or on both growth factor concentration and fluid shear

stress. Within these case studies, we varied the fluid fluxes into the lumen and upper fluid
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Figure 4.6: Plots of (a) πd, and (b) µd, versus t for varying values of the upper fluid layer
inlet flux Qf,in, in the combined growth factor- and shear stress-dependent differentiation
case study and for the 4-layer model. The horizontal dashed black line in (a) denotes
πd = 98. The legend in (a) applies to both subfigures. The inlet concentration was fixed at
cin = 1, the lumen inlet flux Ql,in = 1, and the cell layer height h3 = 1. All other parameter
values take their fixed values from Table 4.2.

layer, as well as the inlet growth factor concentration in order to determine their effect on the

percentage and yield of differentiated cells within an experimental time frame. Furthermore,

for a candidate required percentage of differentiated cells, we compared the corresponding

differentiated cell yield, experiment end time, and quantity of growth factor used/required

for different operating conditions, to illustrate their relative merits and how our model

could be used to inform experimental procedure once validated. In each case, the results

have identified ranges of the experimentally controllable parameter values within which the

required percentage of differentiated cells was achieved. These could be used as starting

points for a more thorough parameter analysis to determine ideal operating conditions.

We have simplified the setup somewhat by assuming that parameters appearing in the

cell drag and pressure terms, namely ψns, ν, δa, and γns, are the same for each cell popula-

tion. We note that it would be straightforward to repeat the analysis of this chapter with

parameters which differ between cell populations.

Results presented here are qualitative in nature, but the model derivation is general and

could easily be applied to a specific experimental setup given appropriate parameter values.

For a target differentiated cell percentage, this model could be used to optimise operating

conditions (specifically, end time, inlet fluid fluxes, and inlet growth factor concentration) to

achieve the required quantity of differentiated cells in an efficient manner, e.g. by minimising
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the amount of growth factor needed to reduce costs.



Chapter5
Rigid porous cell layer model

5.1 Introduction

In this chapter, we again consider the alternative experimental setup introduced in Chapter

3 in which the up- and downstream ECS ports are open and the cell-scaffold construct

only fills part of the ECS, so that there is an additional exterior layer of free-flowing fluid

between the construct and bioreactor edge.

In Chapters 2-4, the timescale of interest was that of fluid flow through the porous mem-

brane/ECS/cell layer, and these flow rates were sufficiently slow that it was appropriate to

include cell proliferation, motility, and death in the mathematical model. Here we consider

higher flow rates, such that the timescale of interest (that of fluid transport in the lumen)

is on the order of minutes and therefore much shorter than those of cell kinetics (which are

typically days). It is therefore appropriate to neglect cell kinetics on this timescale, as well

as the effects of the fluid shear stress on the cells which we would expect to become appar-

ent over a longer timescale (for instance through a change in proliferation or differentiation

rate). Thus, we assume that the cell-scaffold construct can be modelled as a rigid, porous

medium similarly to the fibre membrane. The only role of the cells in this scenario is to con-

tribute to the solid fraction of the porous medium, and to take up a solute (such as oxygen)

which is supplied to the system at the upstream ends of the lumen and exterior fluid layer.

This allows us to focus on the solute distribution throughout the system in a setup which is

more analytically tractable than the multiphase models of previous chapters. Models in the

literature which have taken this approach include work by Shipley and co-authors [153,155].

This simplification also allows detailed analysis of the up- and downstream regions of the

bioreactor containing the ECS ports which have been neglected thus far.

137
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In addition, the higher flow rates considered in this chapter lead to the reduced Péclet

number being comparable in size to the small lumen aspect ratio. We note that, although

this ratio of advective to diffusive effects in the lumen is the same asymptotic size as the

reduced Péclet number used in Chapter 4, the transport regimes are not the same. As well

as looking on a different timescale of interest, in Chapter 4 both the diffusion coefficient for

the solute in water, D, and the porous membrane velocity scale, U∗, were lower than we

consider in this chapter.

The simpler setup and different transport regime considered here permit a more thor-

ough analysis of the solute concentration. In fact, it will be shown that the dispersion

of solute is enhanced by the increased flow in a manner analogous to classical Taylor dis-

persion [11, 162, 163]. This adds to the findings of Griffiths et al. [62], who determined a

generalised dispersion coefficient for flow in a long, thin porous-walled tube. We note that

other models have also considered the effect on Taylor dispersion of porous media, or porous

boundaries (see, for example, [87, 126, 171]), and solute absorption [108, 113, 169], but are

rarely motivated by questions relevant to tissue engineering scenarios. In the following sec-

tion we give a brief overview of the Taylor dispersion literature most pertinent to the work

of this chapter.

5.1.1 Taylor dispersion

In his work of 1953 [162], Taylor described the dispersion of a solute in a fluid flowing

slowly through a cylindrical tube. He showed that the molecular diffusion of the solute and

the (non-zero) transverse velocity gradient of the fluid combine to enhance the longitudinal

diffusion of the solute, and found an effective diffusion coefficient which describes this spread.

His theoretical work was validated by experiments involving flow of potassium permanganate

solution through a horizontal glass tube. This phenomenon subsequently became known as

‘Taylor dispersion’ and the original work has since been extended by many authors. We

present here a brief review of the area, with a focus on porous media and permeable or

absorbing boundaries as these are the applications with most relevance to our work.

Taylor’s initial paper was generalised by Aris [11] to a pipe of arbitrary cross section.

A new method using the moments of the solute distribution was also introduced, which

removed certain parameter restrictions necessary in [162]. This method has been widely

used since (see, for example, [108, 112, 113, 170, 171]). A detailed comparison of this and

other common techniques used to determine the dispersion tensor for flow through porous
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media, such as multiple scale analysis and random walks, can be found in [147]. When

deriving the equations for classical Taylor dispersion from our system in Appendix D we

use the multiple scale approach discussed by Salles et al. [147], which involves splitting the

fluid velocities and solute concentrations into mean and fluctuating parts before considering

an asymptotic expansion.

A number of different geometries have been explored, often motivated by specific ap-

plications. The cylindrical pipe setup first considered by Taylor was extended to consider

dispersion in a core with porous surrounding walls in [62, 171]. In [171], Vikhansky and

Wang considered the flow of a non-Newtonian fluid in the core, neglecting flow in the sur-

rounding porous medium, and applied this to a capillary surrounded by tissue. Griffiths et

al. [62] considered flow of a Newtonian fluid both in the pipe and the surrounding porous

membrane (where Darcy’s law was employed), and showed that this mimics flow in a HFMB.

In an application to chromatography, Aris [12] considered a pipe containing gas and liquid

flowing in two coaxial cylinders, with a specified rate of solute transfer across the interface.

Mondal and Mazumder considered the dispersion of a solute in an annulus with an ab-

sorbing outer boundary in two different flow configurations: steady laminar flow [113], and

pulsatile flow [108]. Both setups were applied to the problem of dispersion in a catheterised

artery, and the dependence of the results on the annulus aspect ratio and reaction rate was

analysed.

Taylor dispersion in a two-dimensional channel has also been considered, and the relative

simplicity of this setup allows both more complicated boundary conditions to be employed

and the determination of solutions that are more analytically transparent. Van den Broeck

and Dekempeneer [169] determined the effective diffusion coefficient when either one or both

of the channel boundaries were absorbing. They also considered the effect of sedimentation

of the solute, and the case where the channel was filled with a ‘network’ in which solute

particles could become trapped, with applications to chromatography. In a different study,

Pal et al. [126] considered a two-dimensional channel with porous boundaries, analogous to

capillary blood vessels in the lung. Flow in the porous media was assumed to be governed

by Darcy’s law. The dispersion coefficient arising from a Beavers-Joseph slip condition [16]

on the walls was compared with that using a no slip boundary condition, and slip was

found to be significant if the walls were permeable to the solvent only and not the tracer

particles, but insignificant if they were permeable to both. Kumar and co-workers [87]
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investigated the effect of dispersion in a channel consisting of two regions, each filled with a

fluid of different viscosity, density, and velocity. In addition, one region was porous, and the

Brinkman equation was used to describe the fluid flow in this area. Finally, in [170], flow

through shallow micro-channels was modelled. Parabolic, elliptical, and triangular cross

sections were considered, and numerical results for the solute dispersion in each setup were

compared.

The literature discussed so far has been primarily concerned with unidirectional flow,

one exception being [108] which instead considered oscillatory flow. This also features

in [112], where a periodic pressure gradient resulted in a pulsatile flow through a two-

dimensional channel with absorbing walls. Solute dispersion in the cases where the flow has

a zero and non-zero mean value were compared to unidirectional flow. Two further studies

[121, 174] investigated the effect of solute dispersion when flow was driven by oscillating

walls, motivated by the motion of a heart beating. In [174] a two-dimensional pulsating

channel with solute uptake at the walls was modelled. Results were applied to perfusion of

oxygenated blood in channels surgically drilled in a patient’s heart in order to treat severe

coronary artery disease. Diffusion in coronary artery flow also motivated the work of O’Dea

and Waters [121], where an axisymmetric tube was surrounded by a homogeneous medium

which consumes solute. Flow was induced by oscillations in the length and radius of the

tube, and also by a twisting motion of the tube walls. Finally we note that turbulent flow

has also been considered, initially by Taylor [164] and Aris [11], but also by Fredberg [51],

motivated by diffusion in the central airways of the lung.

5.1.2 Chapter outline

We begin in §5.2 by describing the model setup in a two-dimensional, 4-layer geometry.

The governing equations and boundary conditions are presented in each layer, and those

for the cell layer are derived from the generalised multiphase model introduced in §1.4. In

§5.3 we consider a simplified geometry in order to make analytical progress, which allows

the dynamics of the bulk of the bioreactor region to be studied through the solution of

an ‘outer’ problem similar to those of previous chapters. We discuss relevant parameter

values in §5.3.3, which motivate our choice of non-dimensionalisation in §5.3.4. In §5.3.5

and §5.3.6 we solve for the flow velocities and solute concentrations in each layer at leading

and first order in the lumen aspect ratio. This includes specifying the axial boundary

conditions which must be applied in order to match with the inner problems in the regions
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near the bioreactor inlets and outlets, details of which are given in Appendix B. This allows

us to investigate the y-variation in the solute concentration which enters at O(ε), and also

picks up the axial diffusion term which comes into the Taylor dispersion analysis later.

In §5.3.7, in the special case of constant inlet concentration, we are able to determine

explicit expressions for the solute concentration at leading and first order. In §5.3.8 we

sum the depth-averaged version of the leading- and first-order equations governing the

solute concentration to obtain a single reaction-advection-diffusion equation for the (depth-

averaged) mean solute concentration, suitable for efficient numerical simulations. This

combined-order equation also allows us to put our matched asymptotic analysis in the

context of Taylor dispersion, in a system consisting of four layers, the inner two being of

differing porosities (and one with solute uptake), and the outer two having differing free

fluid flow. To the best of our knowledge, this is a new result not present in the literature.

Furthermore, in the limit of an impermeable membrane and cell layer the classical Taylor

dispersion equations for flow in a two-dimensional pipe can be recovered in both the lumen

and upper fluid layer. Results for the constant inlet concentration system are presented in

§5.4.1, investigating the dependence of the first-order concentration in each layer on key

dimensionless parameters that are controllable experimentally. In §5.4.2, we investigate

the dependence of the effective diffusion coefficient on these key parameters, and consider

the effect that they have on the mean solute uptake and solute exposure time throughout

the bioreactor. In §5.5 we briefly discuss an extension to the model, which considers a

non-constant cell layer porosity. Finally we conclude our findings in §5.6.

5.2 Model description

We again consider a two-dimensional simplified HFMB shown schematically in Figure 5.1,

in which (x, y) are Cartesian coordinates and we have included two up- and two downstream

ECS ports to mimic the connectivity of the three-dimensional setup. However, it is worth

noting that, given that this model is greatly simplified compared to those of previous chap-

ters as a result of neglecting cell kinetics, the work presented here readily carries over to

the three-dimensional case, provided an axisymmetric geometry is assumed in the central

‘outer’ region. Although the analysis would in itself be straightforward, we have chosen not

to pursue this here as it would yield highly complicated algebra even in an axisymmetric

geometry, inhibiting clear exposition of the underlying asymptotics. Instead our choice of



Chapter 5. Rigid porous cell layer model 142

a two-dimensional Cartesian domain permits a clearer presentation of results, whilst still

demonstrating typical behaviours of the system.

As in previous chapters, the layers Ωi (i = 1, 2, 3, 4) respectively denote the lumen,

porous membrane, cell layer, and upper fluid layer, and ∂Ωij (i, j = 1, 2, 3, 4, i 6= j) denote

the (permeable) interfaces between layers. The remaining (impermeable) boundaries for

each layer are denoted by ∂Ωi (i = 2, 3, 4). Finally A, B, C, and D represent line segments

across the inlet/outlet pipes a finite distance away from the lumen inlet, upstream ECS

ports, lumen outlet, and downstream ECS ports respectively. In anticipation of the asymp-

totic analysis which is to follow, we have labelled the central ‘outer’ region in which we will

solve for the outer solution. This will need to be matched with the inner solutions in the

up- and downstream ‘inner’ regions which include the complicated geometry of the ECS

ports. For the purposes of this analysis we take these inner regions to be of O(1) aspect

ratio, with their width comparable to their height, both of which are much smaller than

the bioreactor length.

5.2.1 Governing equations

We begin by presenting the governing equations in the lumen, porous membrane, and upper

fluid layer, which are unchanged from Chapter 3. We still work with reduced pressures

throughout as, even at these higher flow rates, gravity cannot be neglected in our asymptotic

analysis. We then present a reduction of the generalised multiphase model which leads to

the correct governing equations in the cell layer for flow through a porous medium. As

in previous chapters, water variables in the lumen, membrane, cell layer, and upper fluid

layer are denoted by subscripts l, m, w, and f respectively, with the velocities given by

ui = (ui, vi), the stress tensors by σi, the (reduced) water pressures by pi, and the solute

concentrations per unit volume of water by ci (i = l,m,w, f).

In the lumen and upper fluid layer (Ω1 and Ω4), the reduced Reynolds number is much

smaller than the lumen aspect ratio (this is again confirmed a posteriori, see §5.3.3). For

the work presented here, this means that inertial effects will only appear at higher orders

than we consider (specifically, at second order in the lumen aspect ratio). We thus neglect

these effects from the start for simplicity, so that the appropriate governing equations for

the fluid flow in these layers are:

∇ · ui = 0, ∇ · σi = 0, σi = −piI + µw
(
∇ui + (∇ui)T

)
(i = l, f). (5.1)
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Figure 5.1: Full modelling domain in a two-dimensional Cartesian geometry, with the up-
and downstream inner regions near the ECS ports enlarged (not to scale). For ease of
comparison with previous chapters, the novel aspect of this model has been depicted in
red: this is the cell layer, which is now regarded as a rigid porous medium as opposed to
a multiphase layer. The solid black arrows denote the direction of fluid flow. The lumen,
porous membrane, cell layer, and upper fluid layer respectively occupy Ωi (i = 1, 2, 3, 4).
Dashed lines represent permeable boundaries ∂Ωij between layers Ωi and Ωj , and solid
lines denote impermeable boundaries ∂Ωi where applicable. The dash-dotted lines A, B,
C, and D respectively denote line segments across the width of the pipes a finite distance
away from the lumen inlet, upstream ECS ports, lumen outlet, and downstream ECS ports
respectively. As in previous chapters, H and L, H � L, are typical vertical and horizontal
length scales respectively, and will be specified in §5.3.4.
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The porous membrane (Ω2) is assumed to have constant permeability km and porosity

φm, and the governing equations are those for Darcy flow in a porous medium:

∇ · um = 0, um = −km
µw
∇pm. (5.2)

Mass transport in the lumen, porous membrane, and upper fluid layer is again described

by the relevant conservation of mass advection-diffusion equation. Thus we have
∂ci
∂t

+∇ · (ciui) = D∇2ci (i = l, f),

∂cm
∂t

+∇ · (cmum) = D∇2cm,

(5.3)

where D is the (constant) diffusion coefficient of the solute in water.

It now remains to derive the governing equations for the fluid flow and mass transport

in the cell layer (Ω3), which we present below.

5.2.2 Reduction of the generalised multiphase model for a rigid, porous
cell layer

We now recover the governing equations for the fluid flow and mass transport in the porous

cell layer from the generalised multiphase system in §1.4 by taking a suitable parameter

limit in which the cells are included as part of the solid porous scaffold.

We begin with the (dimensional) equation governing mass transport (1.12),

∂

∂t
(θwcw) +∇ · (θwcwuw) = D∇ · (θw∇cw) +R. (5.4)

If θw is assumed to be constant, (5.4) is already of the form required for mass transport

with uptake in a porous medium of constant porosity θw. We will assume constant uptake

per unit volume of mixture provided the solute concentration is non-zero, i.e. we set R = 0

if cw = 0 and constant otherwise. We note that this constant uptake can be derived from

the high concentration limit of Michaelis-Menten kinetics; although it is not clear if the

concentration is always sufficiently high here, we retain this form for simplicity.

We now turn our attention to the (dimensional) conservation of mass and momentum

equations for the cell and water phases, which are given by

∂θn
∂t

+ ∂

∂x
(θnun) + ∂

∂y
(θnvn) = Jn, (5.5)

−∇ · (θnσn) + ψnsθs∇θn − γnsθsθnun + γwnθwθn(uw − un) = 0, (5.6)
∂θw
∂t

+ ∂

∂x
(θwuw) + ∂

∂y
(θwvw) = −Jn, (5.7)

−θw∇pw − γwsθwθsuw + γwnθwθn(un − uw) = 0, (5.8)
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where we have retained the cell-water drag term involving γwn which was neglected in the

multiphase reductions in Chapters 2-4. We now non-dimensionalise (5.5)-(5.8) according to

x = Lx̂, y = εLŷ, t = T ∗t̂, ui = U∗ûi, vi = εU∗v̂i (i = m,w),

σn = µnU
∗

ε2L
σ̂n, pw = µnU

∗

ε2L
p̂w, Jn = J∗Ĵn,

(5.9)

so that, as in the models of previous chapters, the scalings for x, y, un = (un, vn),

and uw = (uw, vw) are motivated by the small aspect ratio of the bioreactor and the

stress/pressure scaling is based on the cell viscosity µn. We have kept the time scale T ∗

and mass transfer scale J∗ general. This yields (dropping hats on dimensionless variables,

and splitting (5.6) and (5.8) into x- and y-components)

L

U∗T ∗
∂θn
∂t

+ ∂

∂x
(θnun) + ∂

∂y
(θnvn) = LJ∗

U∗
Jn, (5.10)

∂σn1,1
∂x

+ ∂σn2,1
∂y

+ ψnsθs
∂θn
∂x
− ζnsθsθnun + ζwnθwθn(uw − un) = 0, (5.11)

∂σn2,1
∂x

+ ∂σn2,2
∂y

+ ψnsθs
∂θn
∂y
− ε2ζnsθsθnvn + ε2ζwnθwθn(vw − vn) = 0, (5.12)

L

U∗T ∗
∂θw
∂t

+ ∂

∂x
(θwuw) + ∂

∂y
(θwvw) = −LJ

∗

U∗
Jn, (5.13)

−θw
∂pw
∂x
− ζwsθwθsuw + ζwnθwθn(un − uw) = 0, (5.14)

−θw
∂pw
∂y
− ε2ζwsθwθsvw + ε2ζwnθwθn(vn − vw) = 0, (5.15)

where ζij = ε2L2γij/µn (i, j = n,w, s, i 6= j) are the dimensionless drag coefficients,

ε = h1/L is the lumen aspect ratio, and we have denoted the (i, j)th entry of σn using

subscript i, j.

Large drag limit

We now consider the limit in which the cell-scaffold drag is very large, i.e. ζns → ∞. To

retain a balance between the dominant terms in (5.11) and (5.12) it is consistent to also

take

un, vn = O
(
ζ−1

ns

)
, (5.16)

so that the cell velocity tends to zero in the limit considered, but ζnsun is held constant.

Given the form of σn in (1.6), we find that each term of the deviatoric stress tensor also

scales with ζ−1
ns as ζns →∞. We also assume that the remaining parameters and dependent

variables, namely ε, ζwn, ζws, ψns, uw, pw, and Jn, are fixed as ζns → ∞. From this, we

can readily determine the dominant terms in the dimensionless system (5.10)-(5.15) and
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therefore the corresponding relevant limit of the dimensional equations (5.5)-(5.8). We

begin by returning to (5.10), which in the limit ζns →∞ reduces to

1
T ∗

∂θn
∂t

= J∗Jn. (5.17)

If we additionally neglect mass transfer by setting Jn = 0, then we find that θn, and hence

θw, are independent of t. We then find that equation (5.13) becomes

∂

∂x
(θwuw) + ∂

∂y
(θwvw) = 0, (5.18)

which, if θn, and therefore θw, are further assumed to be constant, is just the continuity

equation
∂uw
∂x

+ ∂vw
∂y

= 0. (5.19)

We also have from equations (5.14) and (5.15) respectively, the relationships

uw = − 1
ζwsθs + ζwnθn

∂pw
∂x

, vw = − 1
ε2 (ζwsθs + ζwnθn)

∂pw
∂y

. (5.20)

Finally, (5.11) and (5.12) yield

ζnsθsθnun = ζwnθwθnuw + ψnsθs
∂θn
∂x

, (5.21)

ε2ζnsθsθnvn = ε2ζwnθwθnvw + ψnsθs
∂θn
∂y

, (5.22)

which, for constant θn, reduce to

ζnsθsθnun = ζwnθwθnuw, ε2ζnsθsθnvn = ε2ζwnθwθnvw. (5.23)

If we now re-dimensionalise equations (5.19), (5.20), and (5.23), we find that (5.19) is

unchanged, viz.
∂uw
∂x

+ ∂vw
∂y

= 0, (5.24)

and (combining x- and y-components) the remaining equations yield

uw = − 1
γwsθs + γwnθn

∇pw, (5.25)

and

un = γwnθw
γnsθs

uw. (5.26)

In (5.25) we can recognise Darcy’s law for the cell layer if we define the permeability kw by

kw := µw
γwsθs + γwnθn

. (5.27)
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Furthermore, (5.26) yields an expression for the cell velocity in terms of the water and

scaffold volume fractions, water velocity, and cell-scaffold and cell-water drag coefficients.

Hence, although decoupled from equations (5.24) and (5.25) for the water phase, the cell

velocity can still be found once uw is known. We note that this also enables the cell stress

σn to be determined via equation (1.6).

In summary, in (5.24) and (5.25) we have recovered the governing equations for a rigid

porous cell layer with (constant) porosity θw and permeability kw. From now on we will

denote the porosity of the cell layer by the constant φw for consistency with the notation

used in the porous membrane.

5.2.3 Boundary conditions

We now impose boundary conditions to couple the layers and close the problem. On each

of the interfaces between the layers, we impose continuity of fluid flux, of normal stress, of

solute concentration, and of solute flux. In addition, the lumen/membrane and cell/upper

fluid layer interfaces are at the boundary between free fluid flow and flow through porous

media and hence need an extra condition; in both cases this is given by no slip of fluid in

the free-flowing layer.

In the following, tij is the unit tangent to ∂Ωij , ni is the outward unit normal to ∂Ωi,

and nij is the unit normal to ∂Ωij pointing into Ωj . We begin with the lumen/membrane

interface ∂Ω12, where we impose no slip of fluid, continuity of fluid flux and of normal stress,

and continuity of concentration and of solute flux:

ul · t12 = 0, ul · n12 = φmum · n12, n12 · σl · n12 = n12 · σm · n12,

cl = cm, ∇cl · n12 = φm∇cm · n12 on ∂Ω12,
(5.28)

where σm = −pmI and we have again assumed that all the stress is taken up by the water

in the membrane. The no slip condition is motivated by the results from [156] as discussed

in §2.3.4. On the membrane/cell layer and cell/upper fluid layer interfaces ∂Ω23, ∂Ω34, we

impose continuity of fluid flux, of normal stress, of concentration, and of solute flux:

φmum · n23 = φwuw · n23, n23 · σm · n23 = n23 · σw · n23,

cm = cw, φm∇cm · n23 = φw∇cw · n23 on ∂Ω23,
(5.29)

and

φwuw · n34 = uf · n34, n34 · σw · n34 = n34 · σf · n34,

cw = cf , φw∇cw · n34 = ∇cf · n34 on ∂Ω34,
(5.30)
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where σw = −pwI, and again we have assumed that the water takes up all the stress. In

addition, we also prescribe no slip of fluid on the cell/upper fluid layer interface (as discussed

in §3.2):

uf · t34 = 0 on ∂Ω34. (5.31)

On the edges of the bioreactor ∂Ωi (i = 2, 3, 4) we impose no flux of fluid and, on ∂Ω4, no

slip of fluid and no flux of solute:

um · n2 = 0, ∇cm · n2 = 0 on ∂Ω2, (5.32)

uw · n3 = 0, ∇cw · n3 = 0 on ∂Ω3, (5.33)

uf = 0, ∇cf · n4 = 0 on ∂Ω4. (5.34)

It now remains to prescribe boundary conditions at the lumen inlet and outlet, and the

ECS ports. These are identical to those in Chapter 3. In the pipes entering the lumen

inlet and upstream ECS ports, we assume that the flow is of Poiseuille form with prescribed

volume fluxes in per unit length in the z-direction Ql,in and Qf,in, respectively. We also

prescribe the solute concentration at these inlets, so that

cl = cl,in(t) at A, (5.35)

cf = cf,in(t) at B, (5.36)

for some cl,in and cf,in which (for now) are assumed to be functions of time. Experimen-

tally, the lumen outlet pressure is controlled by a clamp, and the pipe connected to the

downstream ECS port is left open to the atmosphere as discussed previously. We pre-

scribe continuity of normal stress and no transverse flow at these positions, and thus the

appropriate conditions are

nC · σl · nC = Pdwn, ul · tC = 0 at C, (5.37)

nD · σf · nD = patm, uf · tD = 0 at D, (5.38)

where Pdwn is a given constant (reduced) downstream pressure, patm is (reduced) atmo-

spheric pressure, nC (tC) and nD (tD) are the outward pointing normals (tangents) at C

and D respectively, and σi (i = l, f) respectively are the viscous fluid stress tensors in the lu-

men and upper fluid layer. Finally, we must impose a condition on the solute concentration

on the line segments C and D. As discussed in previous chapters, there is no experimental
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constraint here and so we prescribe no diffusive flux of solute. This condition is considered

more carefully in our subsequent boundary layer analysis in Appendix C. Hence we have

∇cl · nC = 0 at C, (5.39)

∇cf · nD = 0 at D. (5.40)

5.3 Outer solution

The geometry of the modelling domain as illustrated in Figure 5.1 is complicated by the up-

and downstream ECS ports. As discussed in previous chapters, numerical approaches would

be needed to make any progress in solving this system, and this would be computationally

expensive. As mentioned in §5.2, we instead concentrate on determining the solution in

the central outer region, excluding the ECS ports, as it greatly simplifies the geometry yet

still incorporates the majority of the bioreactor. This will be sufficient to obtain a general

understanding of the fluid flow and solute distribution in this system, and their dependence

on certain key experimental parameters. However, the simpler setup of this model compared

to the multiphase models of Chapters 2-4 permits a more in-depth analysis of the up- and

downstream regions. Here, the up- and downstream boundary conditions for the outer

problem are determined by matching with the solutions in the up- and downstream inner

regions, details of which are given in Appendix B. It is worth noting that the analysis used

to determine the leading-order up- and downstream boundary conditions in Appendix B

follows through in a similar manner in the multiphase systems of Chapters 2-4.

5.3.1 Geometry for the outer solution

The modelling domain for the outer solution is depicted in Figure 5.2. As in previous

chapters, we consider the upper half of the bioreactor only, given the symmetry of the two-

dimensional system depicted in Figure 5.1. The coordinate system is fixed from the full

setup in Figure 5.1: the origin (x, y) = (0, 0) is taken to be at the far left of the full domain,

on the lumen centreline. Thus (in the limit ε→ 0, where ε is the small lumen aspect ratio)

the bottom left-hand corner of the outer region corresponds to (x, y) = (0+, 0), with the

axial dimension of the outer bioreactor region defined by 0+ < x < L−. For the remainder

of this chapter we will remove the + and − superscripts for presentational purposes, but

they should be implicitly understood. They are reintroduced in Appendices B and C for

clarity. The lumen then occupies 0 < y < h1 in the transverse direction and the membrane



Chapter 5. Rigid porous cell layer model 150

h1 < y < h1 + h2. We take the cell layer to be of comparable thickness to the membrane,

defined by h1 + h2 < y < h1 + h2 + h3 =: H − h4, and the upper fluid layer to occupy the

remaining H − h4 < y < H.

L

h1

h2

h3

h4

H

Lumen

Porous membrane

Cell layer

Upper fluid layer

x

y

Figure 5.2: Upper-central bioreactor region representing the modelling domain for the outer
problem in a two-dimensional Cartesian geometry (not to scale). The red star denotes the
point (x, y) = (0, 0) and solid black arrows denote the direction and location of the fluid
flow into this outer region.

5.3.2 Governing equations and boundary conditions for the outer solution

The governing equations in each layer are unchanged from §5.2.1, as are the boundary

conditions on the interfaces between the layers and on the outer bioreactor boundary ∂Ω4.

Only the boundary conditions at the up- and downstream ends of this central outer region

are altered. These can be determined from matching with the corresponding inner solutions

at each end (see Appendix B for details) and are introduced as required in §5.3.5 and §5.3.6.

In addition, as we now consider the upper half of the outer region only, we require the

following symmetry conditions on the lumen centreline:

∂ul
∂y

= 0, vl = 0, ∂cl
∂y

= 0 on y = 0. (5.41)

5.3.3 Parameter values

Dimensional parameters which are new to this chapter are given in Table 5.1 (for others see

Table 2.1), and all dimensionless parameter values required for this model can be found in

Table 5.2. Where possible, values have been taken from the literature, or estimated based on
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Table 5.1: Dimensional parameters new to this chapter.

Parameter Dimensional value and units Ref.

h3 + h4 600 µm [156]
Ql,in, Qf,in 1.33× 10−9 - 1.33× 10−6 m2 s−1 †

R 4.8× 10−5 mol m−3 s−1 [155]
U∗ 1.33× 10−6 m s−1 †

†Values based on estimations by our experimental collaborators.

discussions with experimentalists. The lumen aspect ratio is given by ε = h1/L � 1. The

imposed fluid fluxes into the bioreactor can vary greatly experimentally and, as mentioned

in Chapter 1, optimal operating regimes for HFMBs are not currently known [1]. In this

chapter we have chosen to investigate a different flow regime which could be implemented

experimentally, in which the range of three-dimensional fluid fluxes considered is higher

than that of Chapters 2-4 (specifically, 5× 10−5 - 0.05 ml min−1). Fluxes within this range

have also been used in perfusion bioreactor culture [36, 167] and these choices result in

different asymptotic bounds on both the reduced Reynolds number ε2Re = ερwLU
∗/µw

and reduced Péclet number ε2Pe = εLU∗/D (see Table 5.2). The horizontal lumen/upper

fluid layer velocity scaling U∗/ε was calculated from the mid-range three-dimensional flux

value 5 × 10−3 ml min−1. It was then assumed, as before, that the horizontal fluid flow

in the porous layers was an order of ε smaller, so that the corresponding velocity scale in

the porous membrane/cell layer is U∗. As in previous chapters, the two-dimensional fluid

fluxes into the lumen and upper fluid layer were determined from the corresponding three-

dimensional values by first calculating the corresponding velocity and then multiplying by

the length scale in the y-direction, εL. The concentration scaling C∗ is taken to be a

typical inlet concentration for oxygen used in culturing a variety of cell types [155]. The

dimensionless inlet concentrations cl,in and cf,in are thus assumed to be of O(1). Finally,

the reaction term R can also vary in size significantly; here a representative value is taken

which corresponds to the rate of oxygen uptake in bovine chondrocytes [155].

In some cases either we have not been able to obtain experimental values, or a wide

range of possible values exists. In such situations we make choices which retain the greatest

number of features at leading order in our model. Specifically, the values of the cell layer

permeability kw and porosity φw will vary greatly depending on the type of scaffold and

cells used, and the seeding regime employed. We have therefore taken kw such that its
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Table 5.2: Dimensionless parameters used in this chapter, along with any bounds imposed
either physically or by the asymptotic analysis.

Parameter Definition Value Restriction Ref.

ĥ2 h2/(εL) 1 ĥ2 > 0 -
ĥ3 + ĥ4 (h3 + h4)/(εL) 3 ĥ3, ĥ4 > 0 -
ε h1/L 2× 10−3 0 < ε� 1 -
ε2Pe εLU∗/D 0.0884 ε2 � ε2Pe� 1 -
ε2Re ερwLU

∗/µw 2.66× 10−4 ε2Re� ε -
φm - 0.77 0 < φm < 1 [109]
φw - 0.54 0 < φw < 1 [155]
κm km/(ε5L2) 2.1 ε� κm � 1/ε -
κw kw/(ε5L2) 1 ε� κw � 1/ε -
Q̂i,in (i = l, f) Qi,in/(LU∗) 0.01 - 10 ε� Q̂i,in � 1/ε -
R̂ εL2R/(DC∗) 1.454 ε� R̂ � 1/ε -
ĉl,in cl,in/C

∗ 1 ε� ĉl,in � 1/ε -
ĉf,in cf,in/C

∗ 1 ε� ĉf,in � 1/ε -

dimensionless equivalent κw is of O(1) to keep the model as general as possible. The

porosity φw must take values between 0 and 1, and in what follows we will examine its

influence on the results of the model. When its value must be fixed, we take φw = 0.54

based on calculations by Shipley and Waters in [155].

5.3.4 Non-dimensionalisation

We use the same scalings in the upper fluid layer as in the lumen, since both have a small

aspect ratio and are supplied with prescribed fluid fluxes of the same order of magnitude at

the upstream end. As in previous chapters, we employ a viscous pressure scaling throughout.

We set the timescale of interest to be that for advection in the lumen (≈ 2.5 mins given

the choice of velocity scale in Table 5.1). Hence the relevant non-dimensionalisation is as

follows:

x = Lx̂, y = εLŷ, hi = εLĥi (i = 2, 3, 4), H = εLĤ, t = εL

U∗
t̂,

ui = U∗

ε
ûi, vi = U∗v̂i (i = l, f), ui = U∗ûi, vi = εU∗v̂i (i = m,w),

pi = patm + µwU
∗

ε3L
p̂i, ci = C∗ĉi (i = l,m,w, f), R = DC∗

εL2 R̂.

(5.42)
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Dropping hats on dimensionless variables and substituting in for pm and pw in place of um,

vm, uw, and vw where relevant, the governing equations are, in the lumen (0 < y < 1)

∂ul
∂x

+ ∂vl
∂y

= 0, −∂pl
∂x

+ ε2∂
2ul
∂x2 + ∂2ul

∂y2 = 0, −∂pl
∂y

+ ε4∂
2vl
∂x2 + ε2∂

2vl
∂y2 = 0,

ε2Pe
(
∂cl
∂t

+∇ · (clul)
)

= ε2∂
2cl
∂x2 + ∂2cl

∂y2 ,

(5.43)

in the porous membrane (1 < y < 1 + h2)

um = −ε2κm
∂pm
∂x

, vm = −κm
∂pm
∂y

, ε2∂
2pm
∂x2 + ∂2pm

∂y2 = 0,

ε2Pe
(
∂cm
∂t

+ ε∇ · (cmum)
)

= ε2∂
2cm
∂x2 + ∂2cm

∂y2 ,

(5.44)

in the cell layer (1 + h2 < y < H − h4)

uw = −ε2κw
∂pw
∂x

, vw = −κw
∂pw
∂y

, ε2∂
2pw
∂x2 + ∂2pw

∂y2 = 0,

ε2Pe
(
∂cw
∂t

+ ε∇ · (cwuw)
)

= ε2∂
2cw
∂x2 + ∂2cw

∂y2 −
εR
φw

,

(5.45)

and in the upper fluid layer (H − h4 < y < H)

∂uf
∂x

+ ∂vf
∂y

= 0, −∂pf
∂x

+ ε2∂
2uf
∂x2 + ∂2uf

∂y2 = 0, −∂pf
∂y

+ ε4∂
2vf
∂x2 + ε2∂

2vf
∂y2 = 0,

ε2Pe
(
∂cf
∂t

+∇ · (cfuf)
)

= ε2∂
2cf
∂x2 + ∂2cf

∂y2 .

(5.46)

Here κm = km/(ε5L2) and κw = kw/(ε5L2) are the dimensionless permeabilities of the

membrane and cell layer respectively. As well as κm, we also take κw to be of O(1) as stated

in §5.3.3 and so the leading-order flow in both porous layers is in the transverse direction.

The Péclet number for axial flow in the lumen and upper fluid layer, Pe = LU∗/(εD), is of

O(1/ε) (see Table 5.2) and so advection dominates axial diffusion in these layers.

The dimensionless boundary conditions are as follows (again substituting in for pm and

pw where applicable):

∂ul
∂y

= 0, vl = 0, ∂cl
∂y

= 0 on y = 0, (5.47)

ul = 0, vl = −εκmφm
∂pm
∂y

, pl + 2ε2

3

(
∂ul
∂x
− 2∂vl

∂y

)
= pm,

cl = cm,
∂cl
∂y

= φm
∂cm
∂y

on y = 1,
(5.48)
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φmκm
∂pm
∂y

= φwκw
∂pw
∂y

, pm = pw,

cm = cw, φm
∂cm
∂y

= φw
∂cw
∂y

on y = 1 + h2,

(5.49)

uf = 0, −εφwκw
∂pw
∂y

= vf , pw = pf + 2ε2

3

(
∂uf
∂x
− 2∂vf

∂y

)
,

cw = cf , φw
∂cw
∂y

= ∂cf
∂y

on y = H − h4,

(5.50)

uf = vf = 0, ∂cf
∂y

= 0 on y = H. (5.51)

Next we analytically solve for the fluid velocities and reduced pressures at O(1) and

O(ε), before using these expressions to derive equations for the solute concentrations at

equivalent orders.

5.3.5 Flow solution

To find the leading- and first-order fluid velocities and reduced pressures, we expand all

variables in powers of ε, for instance setting ul ∼ ul0 + εul1 + ε2ul2 + . . ., and similarly for

the remaining velocities and reduced pressures. At leading order (dropping the subscript

0), this yields the following governing equations in the lumen
∂ul
∂x

+ ∂vl
∂y

= 0, ∂2ul
∂y2 = ∂pl

∂x
,

∂pl
∂y

= 0, (5.52)

in the porous membrane

um ≡ 0, vm = −κm
∂pm
∂y

,
∂2pm
∂y2 = 0, (5.53)

in the cell layer

uw ≡ 0, vw = −κw
∂pw
∂y

,
∂2pw
∂y2 = 0, (5.54)

and in the upper fluid layer
∂uf
∂x

+ ∂vf
∂y

= 0, ∂2uf
∂y2 = ∂pf

∂x
,

∂pf
∂y

= 0. (5.55)

The leading-order boundary conditions are given by
∂ul
∂y

= 0, vl = 0 on y = 0, (5.56)

ul = vl = 0, pl = pm on y = 1, (5.57)

φmκm
∂pm
∂y

= φwκw
∂pw
∂y

, pm = pw on y = 1 + h2, (5.58)

uf = vf = 0, pw = pf on y = H − h4, (5.59)

uf = vf = 0 on y = H. (5.60)
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Finally, we impose the up- and downstream boundary conditions found from matching with

the inner solutions in Appendix B. Analysis of the fluid equations in the upstream inner

region shows that fluid flux is conserved in both the lumen and upper fluid layer at O(1),

and so the inlet fluid flux conditions are (having non-dimensionalised appropriately):

Ql,in =
∫ 1

0
ul dy, Qf,in =

∫ H

H−h4
uf dy at x = 0. (5.61)

Similarly, analysis of the fluid equations in the downstream inner region shows that the

reduced pressure in the lumen and upper fluid layer is constant at O(1), and so the outlet

pressure conditions on the outer solution at leading order are:

pl = Pdwn, pf = 0 at x = 1. (5.62)

We are thus able to solve for the leading-order velocities and reduced pressures analyt-

ically, to find in the lumen

ul = −3
2Ql,in(y2 − 1), vl ≡ 0, pl = 3Ql,in(1− x) + Pdwn, (5.63)

in the porous membrane

um ≡ 0, vm = −κmFm(x), pm = Fm(x)(y − 1) + 3Ql,in(1− x) + Pdwn, (5.64)

in the cell layer

uw ≡ 0, vw = −φmκm
φw

Fm(x),

pw = φmκm
φwκw

[y − (1 + h2)]Fm(x) + h2Fm(x) + 3Ql,in(1− x) + Pdwn,

(5.65)

and in the upper fluid layer

uf = −6Qf,in
h3

4
(y −H) [y − (H − h4)] , vf ≡ 0, pf = 12Qf,in

h3
4

(1− x), (5.66)

where for algebraic convenience we have set

Fm(x) := Amx+Bm, Am := − φwκw
φmκmh3 + φwκwh2

(12Qf,in
h3

4
− 3Ql,in

)
,

Bm := −Am −
φwκwPdwn

φmκmh3 + φwκwh2
.

(5.67)

To determine equations for the solute concentrations up to O(ε) in §5.3.6, we also require

the O(ε) velocities in the lumen and upper fluid layer. In the lumen, the governing equations

at this order are (temporarily returning to subscript 0, 1 notation for clarity)

∂ul1
∂x

+ ∂vl1
∂y

= 0, ∂pl1
∂y

= 0, ∂2ul1
∂y2 = ∂pl1

∂x
, (5.68)
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subject to
∂ul1
∂y

= 0, vl1 = 0 on y = 0,

ul1 = 0, vl1 = −κmφm
∂pm0

∂y
, pl1 = pm1 on y = 1,

(5.69)

and ∫ 1

0
ul1 dy = 0 on x = 0, (5.70)

where the zero flux condition again follows from the inner region analysis in Appendix B,

which shows that fluid flux in the lumen is also conserved at O(ε). This O(ε) system can

be solved to find

ul1 = −3κmφm
2

(
Am
2 x2 +Bmx

)
(y2 − 1), vl1 = 3κmφm

2 (Amx+Bm)
(
y3

3 − y
)
.

(5.71)

Similarly in the upper fluid layer, the O(ε) governing equations are

∂uf1
∂x

+ ∂vf1
∂y

= 0, ∂pf1
∂y

= 0, ∂2uf1
∂y2 = ∂pf1

∂x
, (5.72)

with

uf1 = 0, vf1 = −κwφw
∂pw0

∂y
, pw1 = pf1 on y = H − h4,

uf1 = 0, vf1 = 0 on y = H,

(5.73)

and, as above, ∫ H

H−h4
uf1 dy = 0 on x = 0. (5.74)

Solving these yields

uf1 = 6φmκm
h3

4

(
Am
2 x2 +Bmx

)
(y −H) [y − (H − h4)] ,

vf1 = −6φmκm
h3

4
(Amx+Bm)

[
y3

3 −
1
2(2H − h4)y2 +H(H − h4)y −H2

(
H

3 −
h4
2

)]
.

(5.75)

5.3.6 Mass transport

Now we return to the governing equations for the solute in (5.43)-(5.46), expanding the

concentration in each layer in powers of ε as in §5.3.5. At leading order (dropping the

subscript 0), we find that diffusion in the y-direction dominates throughout, so that

∂2ci
∂y2 = 0 (i = l,m,w, f), (5.76)
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with the corresponding boundary conditions

∂cl
∂y

= 0 on y = 0, (5.77)

cl = cm,
∂cl
∂y

= φm
∂cm
∂y

on y = 1, (5.78)

cm = cw, φm
∂cm
∂y

= φw
∂cw
∂y

on y = 1 + h2, (5.79)

cw = cf , φw
∂cw
∂y

= ∂cf
∂y

on y = H − h4, (5.80)

∂cf
∂y

= 0 on y = H. (5.81)

Solving this system implies that (as in Chapter 4 and the lower Pe regimes of Chapters 2

and 3) the leading-order concentration is independent of y and hence common to all layers,

that is, ci := c0(x, t) (i = l,m,w, f). Hence the solute concentration must be independent

of y at leading order as it leaves the upstream inner region in order to match with this

outer solution. We denote this limit of the inner concentration by cin(t) and, given the

conservation of fluid flux across this inner region, we have (see Appendix B for details)

c0(0, t) := cin(t) = Ql,incl,in(t) +Qf,incf,in(t)
Ql,in +Qf,in

at x = 0. (5.82)

No condition is required downstream, and we note that the concentration in the inner region

will be determined by the value of c0 as x→ 1.

To determine the leading-order concentration c0 we must consider the O(ε) solute sys-

tem. In doing so we will also be able to find the next-order correction to the solute concen-

tration in each layer up to an unknown function of x and t, which can be determined by

considering the O(ε2) set of equations. In the following, we again return to subscript 0, 1

notation for clarity.

Equating coefficients of ε in each layer, with εPe = O(1) as ε→ 0, yields

εPe
(
∂c0
∂t

+ 3
2Ql,in(1− y2)∂c0

∂x

)
= ∂2cl1

∂y2 , εPe∂c0
∂t

= ∂2cm1

∂y2 ,

εPe∂c0
∂t

= ∂2cw1

∂y2 −
R
φw

, εPe
(
∂c0
∂t

+ 6
h3

4
Qf,in(y −H)(H − h4 − y)∂c0

∂x

)
= ∂2cf1

∂y2 ,

(5.83)

where we have also substituted in the known forms for ul0 and uf0 from (5.63) and (5.66),
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respectively. The boundary conditions at this order are

∂cl1
∂y

= 0 on y = 0, (5.84)

cl1 = cm1 ,
∂cl1
∂y

= φm
∂cm1

∂y
on y = 1, (5.85)

cm1 = cw1 , φm
∂cm1

∂y
= φw

∂cw1

∂y
on y = 1 + h2, (5.86)

cw1 = cf1 , φw
∂cw1

∂y
= ∂cf1

∂y
on y = H − h4, (5.87)

∂cf1
∂y

= 0 on y = H. (5.88)

Beginning in the lumen, the system (5.83)-(5.88) can be solved to find

cl1 = εPe
[
y2

2
∂c0
∂t

+ Ql,in
8

(
6y2 − y4

) ∂c0
∂x

+ g(x, t)
]
, (5.89)

along with

cm1 = εPe
{[

y2

2 +
( 1
φm
− 1

)
(y − 1)

]
∂c0
∂t

+Ql,in

(
y − 1
φm

+ 5
8

)
∂c0
∂x

+ g(x, t)
}
, (5.90)

cw1 = εPe
[
Aw(y)∂c0

∂t
+Ql,in

(
y − (1 + h2)

φw
+ h2
φm

+ 5
8

)
∂c0
∂x

+ R
2εPeφw

(1 + h2 − y)2 + g(x, t)
]
, (5.91)

cf1 = εPe
[
Af(y)∂c0

∂t
+ Qf,in

h3
4
Bf(y)∂c0

∂x
+Ql,in

(
h2
φm

+ h3
φw

+ 5
8

)
∂c0
∂x

+ h2
3R

2εPeφw
+ g(x, t)

]
, (5.92)

for some unknown function g(x, t) to be determined from the O(ε2) solvability condition,

where

Aw(y) := y2

2 − (1 + h2)y + (1 + h2)2

+ 1 + h2φm
φw

[y − (1 + h2)] + h2

( 1
φm
− 1

)
, (5.93)

Af(y) := y2

2 −Hy + 1
2
[
H2 − h2

4 + h2
3 + (1 + h2)2

]
+ h3 (1 + h2φm)

φw
+ h2

( 1
φm
− 1

)
, (5.94)

Bf(y) := −y
4

2 + (2H − h4)y3 − 3H(H − h4)y2

−H2 (3h4 − 2H) y − H4

2 + h4H
3 − h4

4
2 . (5.95)
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Furthermore, in applying the continuity of solute flux condition from (5.87) on y = H −h4,

we also obtain the following solvability condition for c0:

h̄
∂c0
∂t

+ (Ql,in +Qf,in)∂c0
∂x

= −h3R
εPe , (5.96)

subject to

c0 = cin(t) at x = 0, (5.97)

and where

h̄ := 1 + h2φm + h3φw + h4. (5.98)

To find g(x, t), we consider the solute equations from (5.43)-(5.46) at O(ε2) in each layer,

which are

εPe
(
∂cl1
∂t

+ ∂

∂x
(c0ul1 + cl1ul0) + ∂

∂y
(c0vl1)

)
= ∂2c0

∂x2 + ∂2cl2
∂y2 , (5.99)

εPe∂cm1

∂t
= ∂2c0

∂x2 + ∂2cm2

∂y2 , (5.100)

εPe∂cw1

∂t
= ∂2c0

∂x2 + ∂2cw2

∂y2 , (5.101)

εPe
(
∂cf1
∂t

+ ∂

∂x
(c0uf1 + cf1uf0) + ∂

∂y
(c0vf1)

)
= ∂2c0

∂x2 + ∂2cf2
∂y2 . (5.102)

Integrating equations (5.99) and (5.102) with respect to y across the lumen and upper

fluid layer respectively, and substituting in the known forms for the leading- and first-order

variables from (5.63), (5.66), (5.71), (5.75), and (5.89)-(5.92), yields

(εPe)2
(
α1
εPe

∂c0
∂x

+ α2
∂2c0
∂x∂t

+ α3
∂2c0
∂t2

+ α4
∂2c0
∂x2 + ∂g

∂t
+Ql,in

∂g

∂x

)
= ∂2c0

∂x2 + ∂cl2
∂y

∣∣∣∣
y=1

,

(5.103)

and

(εPe)2
(
β1
εPe

∂c0
∂x

+ β2
∂2c0
∂x∂t

+ β3
∂2c0
∂t2

+ β4
∂2c0
∂x2 + h4

∂g

∂t
+Qf,in

∂g

∂x

)
=

h4
∂2c0
∂x2 −

∂cf2
∂y

∣∣∣∣
y=H−h4

,

(5.104)

where

α1 := κmφm

(
Am
2 x2 +Bmx

)
, α2 := 13

40Ql,in, α3 := 1
6 , α4 := 39

280Q
2
l,in,

(5.105)
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and

β1 := −α1,

β2 := Qf,in

(
1 + h2

2 + h2
3

2 + h2
φm

+ h3
φw

+ h2h3φm
φw

− 7h2
4

10

)
+Ql,inh4

(
h2
φm

+ h3
φw

+ 5
8

)
,

β3 := h4

(
1 + h2

2 + h2
3

2 + h2
φm

+ h3
φw
− h2

4
3 + h2h3φm

φw

)
,

β4 := Qf,in

[
Ql,in

(
h2
φm

+ h3
φw

+ 5
8

)
− 13h4Qf,in

35

]
.

(5.106)

To eliminate ∂cl2/∂y|y=1 and ∂cf2/∂y|y=H−h4 , we can integrate equations (5.100) and (5.101)

for the evolution of cm2 and cw2 across the porous membrane and cell layer, respectively,

and use the following O(ε2) boundary conditions

∂cl2
∂y

= φm
∂cm2

∂y
on y = 1, (5.107)

φm
∂cm2

∂y
= φw

∂cw2

∂y
on y = 1 + h2, (5.108)

φw
∂cw2

∂y
= ∂cf2

∂y
on y = H − h4, (5.109)

to find that

∂cl2
∂y

∣∣∣∣
y=1

= (εPe)2
(
γ2
∂2c0
∂x∂t

+ γ3
∂2c0
∂t2
− (h2φm + h3φw)∂g

∂t

)

+ (h2φm + h3φw)∂
2c0
∂x2 + ∂cf2

∂y

∣∣∣∣
y=H−h4

, (5.110)

where

γ2 := −Ql,in

(
15
24(h2φm + h3φw) + h2

2 + h2
3

2 + h2h3φw
φm

)
,

γ3 := −
(

(1 + h2
2 + h2

3)(1 + h2φm + h3φw)
2 − 1

2 −
h3

2φm + h3
3φw

3 + h2h3φw
φm

)
.

(5.111)

Hence, by adding together (5.103) and (5.104) we can obtain the following solvability con-

dition for g(x, t):

h̄
∂g

∂t
+ (Ql,in +Qf,in)∂g

∂x
=

(γ2 − α2 − β2) ∂
2c0

∂x∂t
+ (γ3 − α3 − β3)∂

2c0
∂t2

+
(

h̄

(εPe)2 − α4 − β4

)
∂2c0
∂x2 . (5.112)

However, the physical interpretation of g(x, t) is not immediately clear. To formulate this

system in a more physically relevant way, we rewrite equation (5.112) in terms of the globally
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averaged concentration at O(ε), which we denote by c̄1. To determine c̄1, we average the

O(ε) concentrations in each layer in turn, and then add them together, with appropriate

weighting by porosity in the membrane and cell layer:

c̄1 := c̄l1 + h2φmc̄m1 + h3φwc̄w1 + h4c̄f1 , (5.113)

where

c̄l1 =
∫ 1

0
cl1 dy, c̄m1 = 1

h2

∫ 1+h2

1
cm1 dy,

c̄w1 = 1
h3

∫ 1+h2+h3

1+h2
cw1 dy, c̄f1 = 1

h4

∫ H

H−h4
cf1 dy.

(5.114)

Using the expressions for the O(ε) concentrations from equations (5.89)-(5.92), we find

c̄1 = εPe
(
λ1
∂c0
∂t

+ λ2
∂c0
∂x

+ h2
3(h3φw + 3h4)R

6εPeφw
+ h̄g(x, t)

)
, (5.115)

where

λ1 := 1
2
(
1 + h2

2 + h2
3

)
h̄− 1 + h3

2φm + h3
3φw + h3

4
3

+ h4

(
h2
φm

+ h3
φw

)
+ h2h3φw

φm
+ h2h3h4φm

φw
, (5.116)

λ2 := Ql,in

[1
2(h2

2 + h2
3) + 5

8(h2φm + h3φw + h4)

+h2h3φw
φm

+ h4

(
h2
φm

+ h3
φw

)
+ 9

40

]
− 7h2

4Qf,in
20 . (5.117)

We can therefore rewrite equation (5.112) for g(x, t) in terms of c̄1, which yields

εPe
(
h̄
∂c̄1
∂t

+ (Ql,in +Qf,in)∂c̄1
∂x

)
= h̄2

[
1 + (εPe)2 K̃

] ∂2c0
∂x2 , (5.118)

where we have used the fact that differentiating equation (5.96) with respect to x yields the

relationship
∂2c0
∂x∂t

= −(Ql,in +Qf,in)
h̄

∂2c0
∂x2 , (5.119)

in order to eliminate ∂2c0/∂x∂t. We also note that the coefficients of ∂2c0/∂t
2 cancel, so

that this term does not appear in the final equation. The O(1) constant K̃ is given in terms

of previous constants by

K̃ := 1
h̄2

(
(Ql,in +Qf,in)(α2 + β2 − γ2)− (Ql,in +Qf,in)2 λ1

h̄
− h̄(α4 + β4)

)
. (5.120)

We now again consider the upstream inner region, and through the analysis in Appendix

B.1 find that there is an O(ε) contribution to the outer inlet concentration, due to uptake



Chapter 5. Rigid porous cell layer model 162

of solute in the inner region at this order. This will affect the outer solution through the

boundary condition on c̄1 at x = 0, and is an unknown function of t which would need to

be determined by numerically solving the full inner problem (see Appendix B.1 for details).

This would be extremely computationally expensive due to the complex geometry of the

ECS ports and lies beyond the scope of this chapter. Instead, we denote this degree of

freedom by h̄c̄u(t) (we have introduced h̄ for algebraic convenience later on), so that the

appropriate upstream boundary condition to apply on c̄1 is

c̄1(0, t) = h̄c̄u(t). (5.121)

Given c̄u, this then fully determines the solute concentrations at this order and hence again

no condition needs to be applied downstream, with the outer solution instead influencing

the O(ε) downstream inner solution.

Through equations (5.96) and (5.118), and boundary conditions (5.97) and (5.121), we

therefore have the following system to solve for c0 and c̄1:

h̄
∂c0
∂t

+ (Ql,in +Qf,in)∂c0
∂x

= −h3R
εPe ,

εPe
(
h̄
∂c̄1
∂t

+ (Ql,in +Qf,in)∂c̄1
∂x

)
= h̄2

[
1 + (εPe)2 K̃

] ∂2c0
∂x2 ,

c0 = cin(t), c̄1 = h̄c̄u(t) at x = 0,

(5.122)

given appropriate forms for cin(t) and c̄u(t), and initial conditions for c0 and c̄1.

5.3.7 Constant inlet concentration

Firstly, we consider the simplest case in which cin is constant in time, i.e. the lumen

and upper fluid layer inlets are maintained at constant concentration. The correspond-

ing time-dependent inlet concentration problem is considered in Appendices B and C.

We use the method of characteristics to solve (5.122), subject to the initial conditions

c0(x, 0) = c̄1(x, 0) = 0. For simplicity, and given that we do not have a form for c̄u, we also

assume that c̄u (and so, in steady state, c̄1), is a constant. This yields

c0 =


− h3R
εPe(Ql,in +Qf,in)x+ cin for 0 ≤ x ≤ ξ,

0 otherwise,
(5.123)

c̄1 =

 h̄c̄u for 0 ≤ x ≤ ξ,

0 otherwise,
(5.124)
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where

ξ := min
[(Ql,in +Qf,in)

h̄
t,
εPe(Ql,in +Qf,in)cin

h3R
, 1
]
. (5.125)

The first term in the definition of ξ denotes the x coordinate that the wave of solute has

reached by time t, whilst the second term represents the x value at which the concentration

reaches zero due to uptake. Thus, as expected, constant uptake of solute in the cell layer

results in a linear concentration profile at leading order.

5.3.8 Averaged formulation

To investigate numerically the unsteady results arising from situations in which cin is not

constant, and motivated by similar problems in the literature (as discussed in §5.1), we

return to the system (5.122) along with initial conditions

c0 = 0, c̄1 = 0 at t = 0. (5.126)

By setting

c̄0 := h̄c0, (5.127)

we can combine equations (5.96) and (5.118) to yield

∂c̄

∂t
+ (Ql,in +Qf,in)

h̄

∂c̄

∂x
= Deff

∂2c̄

∂x2 −
h3R
εPe , (5.128)

where

c̄ = c̄0 + εc̄1 (5.129)

and

Deff := 1
Pe
[
1 + (εPe)2 K̃

]
, (5.130)

where K̃ is defined in equation (5.120). Equation (5.128) describes the transport of the

averaged, combined-order solute concentration c̄ throughout the bioreactor, accurate up to

and including terms of O(ε). If we consider the form of Deff we recognise it as an effective

diffusion coefficient (of O(1/Pe) = O(ε)) of a similar form to that found in classical Taylor

dispersion [11, 162, 163], illustrating the fact that the diffusion of the (averaged) solute

throughout the bioreactor is enhanced by the flow field. In §5.4.2 we will investigate the

dependence of this enhanced diffusion on relevant dimensionless parameters in our model.

We note that in combining the O(1) and O(ε) equations we have, through the addition

of a diffusion term at leading order, moved from a coupled system of two hyperbolic PDEs



Chapter 5. Rigid porous cell layer model 164

with the necessary two upstream boundary conditions to a single, parabolic PDE with a

single boundary condition:

c̄ = h̄[cin(t) + εc̄u(t)] at x = 0. (5.131)

The parabolic nature of the system will be advantageous for solving the problem numerically;

however, to do so we require an additional boundary condition which we impose at x = 1.

The exact choice is unimportant, as long as the selected boundary condition does not

introduce significant errors. Any such error will become apparent in a boundary layer near

x = 1 in which the diffusion term is no longer smaller than the remaining terms in equation

(5.128) and instead there is a dominant balance between advection and diffusion. From

analysis of this boundary layer (see Appendix C), we find that choosing the condition

∂c̄

∂x
= 0 at x = 1 (5.132)

results in an error of O(ε2) away from this boundary layer, and of O(ε) within the boundary

layer. Hence, except for in a region of width O(ε) near x = 1 the introduced errors only

come in at orders greater than the accuracy of the system. This is therefore an appropriate

choice for the second boundary condition to impose on (5.128).

In the limit of an impermeable membrane and cell layer (φm, φw → 0), we recover from

our asymptotic analysis the equations of classical Taylor dispersion in a pipe. This is done

by averaging the solute governing equations in the lumen and upper fluid layer at O(1) and

O(ε), combining orders and re-dimensionalising (see Appendix D for details), which gives

∂c̄l
∂t

+ ūl
∂c̄l
∂x

= D

(
1 + 1

210
(2h1)2ū2

l
D2

)
∂2c̄l
∂x2 , (5.133)

∂c̄f
∂t

+ ūf
∂c̄f
∂x

= D

(
1 + 1

210
(h4)2ū2

f
D2

)
∂2c̄f
∂x2 , (5.134)

where the mean velocities ūl and ūf are respectively given by

ūl = 1
h1

∫ h1

0
ul dy, ūf = 1

h4

∫ H

H−h4
uf dy. (5.135)

We note that the mean velocity in the lumen is the same whether we consider the half-

lumen 0 < y < h1 or the full lumen −h1 < y < h1. Hence the result for the half-lumen

problem considered here is equivalent to that for the full lumen, only valid for a different

range of y values. The classical Taylor dispersion result corresponds to Poiseuille flow in a

full channel of width 2h1, and hence here we must consider the full lumen for the purposes
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of comparison. The classical Taylor dispersion result for flow in a two-dimensional channel

of width d and mean velocity U is [12, 162]

∂c

∂t
+ U

∂c

∂x
= D

(
1 + U2d2

210D2

)
∂2c

∂x2 , (5.136)

and thus equation (5.133) agrees with the classical result for the (full) lumen (width 2h1,

mean velocity Ql,in/h1) and equation (5.134) with the classical result for the upper fluid

layer (width h4, mean velocity Qf,in/h4).

5.4 Results

We now investigate the behaviour of the solutions obtained in §5.3.7 and §5.3.8, focussing

on how variations in key parameter values affect the distribution and uptake of solute

throughout the outer region.

5.4.1 Constant inlet concentration

We first consider the solutions to the outer problem derived in §5.3.6 at both O(1) and O(ε)

and investigate the qualitative trends arising from varying certain key parameters. We focus

on the steady-state solutions (i.e. once the initial wave of solute has passed through the

bioreactor) and so from (5.123)-(5.125) we have

c0 =

 −
h3R

εPe(Ql,in +Qf,in)x+ cin for 0 ≤ x ≤ min
[
εPe(Ql,in +Qf,in)cin

h3R
, 1
]
,

0 otherwise.
(5.137)

Thus at leading order the nutrient concentration decreases linearly in x, and provided

cin >
h3R

εPe(Ql,in +Qf,in) , (5.138)

we have a non-zero solute concentration throughout the bioreactor. In steady state at O(ε),

(5.124) tells us that c̄1 is constant in space provided (5.138) holds (which we henceforth

assume is the case). We therefore note from equation (5.115) that, given the solution for c0,

g is also a constant. Hence (from (5.89)-(5.92)) the first-order outer solute concentrations ci1
(i = l,m,w, f) are independent of both x and t. Thus, we investigate how the y-dependence

of these solutions varies for different values of the inlet fluxes Ql,in and Qf,in, the cell-scaffold

porosity φw and the cell layer height h3.
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Figure 5.3: Plots of the first-order solute concentration in each layer for (a) varying lumen
inlet flux Ql,in, fixed point y = 5; (b) varying upper fluid layer inlet flux Qf,in, fixed point
y = 0; (c) varying cell layer porosity φw, fixed point y = 0; and (d) varying cell layer height
h3, fixed point minimum of the first-order solute concentration. In addition to translating
to obtain a fixed point common to all 3 lines, plots have been normalised so that the dashed
curved line representing results for the middle parameter value (which is the same for each
plot) always lies between 0 and 1. Thin horizontal dashed lines denote the boundaries
between the four layers; in (d) the cell layer/upper fluid layer interfaces are denoted using
the same line style as the corresponding concentration. Fixed parameter values are as in
Table 5.2, with Ql,in = Qf,in = h3 = 1.
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In Figure 5.3, we plot the first-order outer solute concentrations ci1 (i = l,m,w, f) across

the entire bioreactor height 0 < y < H. The boundaries between each of the four layers

are represented by horizontal lines. Given that the constant c̄1 (and so g, via (5.115))

could depend on any parameters (including those being varied), we focus on the qualitative

differences which arise as a result of varying Ql,in, Qf,in, φw, and h3, noting that the exact

value of c̄1 (and so g) only affects the translation of each ci1 curve in y-space, and not its

shape. In order to compare the relative changes, firstly the whole plot is normalised so that

the curve corresponding to the middle parameter value (the dashed blue line in each plot)

lies between 0 and 1. This middle line uses the same parameter values for each of Figures

5.3(a)-(d), so that a direct comparison can be made between these plots. In addition, the

other two curves are then translated so that all three curves take the same value at a

particular fixed point. The choice of fixed point depends on the parameter being varied,

and is chosen in order to make the differences between the relative shape of the curves as

clear as possible.

In each of the plots in Figure 5.3 we observe that, as expected, the concentration is

greatest in the lumen and upper fluid layer in each case, with a minimum in the cell layer.

The point yc,min at which this minimum occurs can be found by setting ∂cw1/∂y = 0 for c0

given by equation (5.137), which yields

yc,min = 1 + h2 + h3Ql,in
Ql,in +Qf,in

. (5.139)

Thus if Ql,in = Qf,in, the minimum occurs at 1 + h2 + h3/2, i.e. in the middle of the cell

layer. In the two limiting cases of no flow either in the lumen, Ql,in = 0, or in the upper

fluid layer, Qf,in = 0, the minimum occurs on the membrane/cell layer interface and cell

layer/upper fluid layer interface, respectively.

Figure 5.3(a) shows the trend resulting from varying Ql,in, where the fixed point is the

concentration on the top of the bioreactor (y = 5). As Ql,in increases, we see that the

concentration in the lumen increases relative to that in the upper fluid layer as the solute

is being advected more strongly in the lumen (and vice versa if Ql,in is decreased). In both

of the cases Ql,in > Qf,in and Ql,in < Qf,in, the minimum concentration moves away from

the centre of the cell layer, as expected from (5.139), towards the upper fluid layer and

lumen, respectively. Figure 5.3(b) (where the fixed point is the concentration on the lumen

centreline, y = 0) shows that corresponding trends are observed if Qf,in is varied, with the

upper fluid layer concentration either increasing or decreasing relative to that in the lumen.
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We note that the concentration in the upper fluid layer is less than that in the lumen when

the inlet fluxes are equal. Although, for h3 = 1, the cell layer is in the ‘middle’ of our two-

dimensional domain, this asymmetry is not unexpected since the remaining layers below

are both porous and free-flowing, whilst above there is only free-flowing fluid. From (5.89)

and (5.92) we can find the required inlet fluid flux ratio in order for the O(ε) concentrations

on the lumen centreline and bioreactor top to be equal:

Ql,in
Qf,in

=
h3
φw

+ h4

2
(

5
8 + h2

φm
+ h3

2φw

) . (5.140)

Figure 5.3(c) shows the trends arising from varying the cell layer porosity φw, again with

fixed point the lumen centreline y = 0. To interpret these results, we recall that R is defined

as the uptake per unit volume of mixture (see §1.4). Here, we find that the only qualitative

change in concentration occurs in the cell layer, where the concentration decreases relative

to elsewhere as φw decreases. This is due to the fact that decreasing φw is equivalent to

increasing the uptake per unit volume of fluid (R/φw). It could also be interpreted as an

increase in cell population density, which would also result in more solute being taken up.

Finally, varying the height of the cell layer is investigated in Figure 5.3(d), where the

fixed point is the minimum concentration value. For lower values of h3 there is less overall

variation in concentration throughout the bioreactor. This is due to the fact that a thinner

cell layer implies less solute is being taken up by the cells, and is to be expected given that

h3 appears in the uptake term in (5.96). Additionally, and in agreement with our findings

in equation (5.139), we observe that the minimum concentration is always in the middle of

the cell layer.

5.4.2 Averaged formulation

We now consider features of the unsteady system derived in §5.3.8, beginning with the

effective diffusion coefficient Deff and its sensitivity to certain experimentally controlled

parameters. We then solve the unsteady system in order to investigate variations in the

mean solute uptake and solute exposure time.

Effective diffusion coefficient

The form of Deff as given in (5.130) is algebraically complex and its dependence on the

main varying parameters φm, φw, Ql,in, Qf,in, and h3 is not transparent. In Figure 5.4, we

have plotted the effective diffusion coefficient versus each of these parameters, taking into
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account the range of validity and any physical constraints in each case. We also plot Deff for

a range of values of the Péclet number Pe to demonstrate the amount of variation obtained

for 1 � Pe � ε−2. Figure 5.4(a) shows that Deff monotonically decreases with increasing

membrane porosity for 0 < φm ≤ 1. When the cell layer porosity φw is increased, however,

we see that after an initial decrease Deff reaches a minimum and then increases again as φw

approaches 1 (see Figure 5.4(b)). Figures 5.4(c) and (d) show the dependence of Deff on

the lumen and upper fluid layer inlet fluxes. For Ql,in or Qf,in sufficiently large (& 0.63, 1.23

respectively for the parameter values used here), Deff increases with increasing inlet fluid

flux as would be expected from the classical Taylor result [12, 162]. However, below these

minimum values, there is a slight increase in Deff as the fluid flux decreases towards zero.

We claim that this is due to the nonlinearity of Deff , which has terms that depend on

Ql,inQf,in as well as their respective squares. We note that if we set Ql,in = Qf,in then

Deff increases monotonically with inlet fluid flux (results not shown). In Figure 5.4(e) we

can see that there is a gradual decrease in Deff as the cell layer height h3 increases to

around 1. For values greater than this, however, the effective diffusion coefficient increases

more rapidly with h3. This is an interesting observation, but it is not straightforward to

determine from the form of Deff given that increasing h3 results in a corresponding decrease

of the upper fluid layer h4, both of which contribute to Deff . Finally, Figure 5.4(f) shows

the expected combination of linear and inverse dependence of Deff on Pe. This is included

for completeness and to show the magnitude of the variation in Deff which can be obtained

by varying Pe.

Pulse of solute

We move on to investigate the behaviour of the unsteady system (5.128) by considering

what happens to a pulse of solute introduced upstream. To make analysis of the results

more transparent, we simplify the boundary condition at x = 0 by taking c̄u(t) ≡ 0 and

setting

c̄(0, t) = h̄cin(t) = 10√
π

e−100t2 , (5.141)

where the form of h̄cin(t) is motivated by a similar condition in [62]. At leading order, this

could be interpreted physically as setting the concentration into the upstream ECS port to

be zero, and sending a pulse of solute into the lumen inlet such that (see equation (5.82))

cl,in(t) = (Ql,in +Qf,in)
h̄Ql,in

10√
π

e−100t2 . (5.142)
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Figure 5.4: Plots of Deff versus (a) the membrane porosity φm, (b) the cell layer porosity
φw, (c) the lumen inlet flux Ql,in (inset showing detail at the minimum of Deff), (d) the
upper fluid layer inlet flux Qf,in, (e) the cell layer height h3, and (f) the Péclet number Pe.
Fixed parameter values are as in Table 5.2, with Ql,in = Qf,in = h3 = 1.
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We close the system with the boundary condition (5.132) as discussed previously. The

system (5.128), (5.132), and (5.141) was solved in MATLAB using the method of lines

discussed in §2.6.1 and the inbuilt solver ode15s. Given that the order of accuracy of

this system is O(ε2), the reaction rate R was set to be zero for c̄ < 10−6 = O
(
ε2) and

equal to the constant value from Table 5.2 otherwise. Figure 5.5 shows a typical solution,

demonstrating the evolution of the pulse of solute throughout the bioreactor. The effect of

advection and diffusion on the solute concentration can clearly be seen, and we note that

the uptake of solute can also be calculated (results not shown).
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Figure 5.5: Plot of c̄ versus x at fixed times between 0 and 1, with inlet condition given by
equation (5.141). Fixed parameter values are as in Table 5.2, with Ql,in = Qf,in = h3 = 1.

Next, we investigate how the solute exposure time and the (spatial and temporal) mean

solute uptake varies with certain parameter values. To do this, we define the ‘solute exposure

time’ T to be the time at which the concentration is less than 10−6 (= O
(
ε2)) throughout

the bioreactor, i.e. the time it takes for the pulse of solute to leave the bioreactor, up to

the order of accuracy of the system. We then compute the uptake J(x, t) for 0 < x < 1,

0 < t < T where

J(x, t) :=


h3R
εPe if c̄ > 10−6,

0 otherwise.
(5.143)

We define the mean uptake µ to be

µ :=
∫ T

0

∫ 1

0
J(x, t) dx dt, (5.144)
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where we use the MATLAB function trapz to approximate the integrals using our numerical

solution for c̄. Figure 5.6 shows the dependence of µ and T on the parameter values φm,

φw, Ql,in, Qf,in, h3, and Pe. We note that the graphs of µ and T show identical trends for

φm, φw, Ql,in, and Qf,in, indicating the fact that a longer solute exposure time correlates

with a greater mean uptake as would be expected. The same is not true for the dependence

of µ and T on h3 and Pe, as these parameter values also affect the rate of solute uptake.

However, Figures 5.6(e) and (f) do show that the maximum values of µ and T occur for the

same values of h3 and Pe, respectively. With the exception of the dependence of µ on h3 and

Pe, all graphs in Figures 5.6(a)-(f) demonstrate non-monotonic behaviour. This is likely to

arise from the fact that the inlet fluid fluxes, porosities, and cell layer height all contribute

(often nonlinearly) to both the advection speed (Ql,in + Qf,in)/h̄ and diffusion coefficient

Deff , which in turn have different effects on both µ and T . For instance, we would expect

an increased advection speed to reduce the solute exposure time in the bioreactor T , and

thereby also the mean uptake µ, as the cells have less time in which to take up nutrient.

On the contrary, we would expect an increased diffusion coefficient to increase both µ and

T , as it results in a more ‘spread out’ pulse of solute, and thus the cells are exposed to a

significant concentration for longer.

5.5 Model extension

We recall our assumption in §5.2.2 of a constant cell layer porosity φw, but note that this

is likely to not be the case. Therefore, we now briefly consider an extension to the model

presented thus far, by deriving an expression for the leading-order steady-state concentration

in the case where the cell layer porosity φw is not constant, but can vary in x and t.

5.5.1 Non-constant cell layer porosity

We revisit the analysis of §5.2 and §5.3 without the assumption that the cell volume fraction

is constant, corresponding to a cell layer porosity φw (= θw) which can vary in x and t (but

not y, motivated by the solutions to the multiphase systems). It therefore also follows

that the cell volume fraction θn will vary in x and t, by virtue of the no voids condition

θn + θw + θs = 1, and hence we need an additional equation compared to §5.2 and §5.3.

Returning to the multiphase reduction presented in §5.2.2 but with θn and θw non-constant,
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Figure 5.6: Plots of the mean solute uptake µ (top of each subfigure) and solute exposure
time T (bottom) versus (a) the membrane porosity φm, (b) the cell layer porosity φw, (c)
the lumen inlet flux Ql,in, (d) the upper fluid layer inlet flux Qf,in, (e) the cell layer height
h3, and (f) the Péclet number Pe (inset showing the detail for Pe < 1000). Fixed parameter
values are as in Table 5.2, with Ql,in = Qf,in = h3 = 1.
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we find that the cell layer dynamics are governed via θn by equation (5.17)

∂θn
∂t

= Jn(θn, c), (5.145)

and we also have the continuity equation in the cell layer, which takes the form (5.18)

∂

∂x
(φwuw) + ∂

∂y
(φwvw) = 0. (5.146)

We further assume that the solute reaction termR depends on x and t through φw. We non-

dimensionalise with the same scalings as in §5.3.4 and, following the asymptotic analysis

from §5.3.5 and §5.3.6, the leading-order system to solve for c is (dropping the subscript 0)

h̄
∂c

∂t
+ (Ql,in +Qf,in) ∂c

∂x
+ h3c

∂φw
∂t

= −h3R(φw)
εPe . (5.147)

We are interested in the steady state to which this system evolves on the long timescale.

We would expect the solute concentration to settle down to a steady state on a relatively

short timescale given the flow regime we consider, and then the cell layer porosity to reach

steady state over a longer timescale (that of the previously neglected cell kinetics). These

steady states, once reached, will be governed by the steady states of equations (5.145) and

(5.147):

Jn(θn, c) = 0, ∂c

∂x
= − h3R(φw)

εPe(Ql,in +Qf,in) . (5.148a,b)

The solution for c and φw (via θn) then depends on the exact form of Jn and R. Taking a

typical form for Jn in the case of nutrient-dependent cell growth used in Chapters 2 and 3,

Jn = Γnwθnθwc

K + c
− Γwnθn, (5.149)

and replacing θw by φw yields the following expression for φw in terms of c at steady state:

φw = Γwn(K + c)
Γnwc

. (5.150)

We note that, given this form for Jn, (5.150) does not guarantee that φw < 1 for all x,

which would be a requirement for a more generally valid model. However, for the purposes

of this brief analysis, the choice of parameter values in Figure 5.7 does ensure this condition

is satisfied. If we now, for simplicity, set R = Rφw for some constant R (which is then the

rate of uptake per unit volume of fluid), then equation (5.150) for φw can be substituted

into (5.148b) to give
∂c

∂x
= − h3RΓwn

εPe(Ql,in +Qf,in)Γnw

(
1 + K

c

)
. (5.151)
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We impose the steady-state constant inlet concentration condition

c = cin at x = 0, (5.152)

which enables an implicit expression for c to be found:

c−K ln(c+K) = − h3RΓwnx

εPe(Ql,in +Qf,in)Γnw
+ cin −K ln(cin +K). (5.153)

Thus we have found an expression for the steady-state, leading-order solute concentration

in a simple first case of non-constant R and φw which couples the fast-timescale fluid flow

considered in this chapter with the slow-timescale cell kinetics neglected in the analysis

thus far. Plots of c and φw at steady state can be seen in Figure 5.7 showing that, with

this choice of Jn and R and representative parameter values, the steady-state cell layer

porosity increases monotonically with x, i.e. the volume fraction of cells decreases along

the length of the bioreactor. The nutrient concentration decreases from the inlet towards

the downstream end of the bioreactor, as has been seen in the previous nutrient results of

Chapter 2. This suggests that in this case the cells (slightly) preferentially grow upstream

where there is more nutrient, but not at a sufficiently high density to deplete the nutrient

in that region. With a higher uptake rate, however, this would not necessarily be the case.

We also note that the corresponding first-order analysis is possible in this case, but becomes

much more algebraically complex and so we do not pursue this here.

5.6 Conclusions

We have developed a two-dimensional model for a simplified HFMB in which the ECS

consists of a rigid, porous cell layer below a free-flowing upper layer of fluid. Our aim was

to determine the dependence of the solute concentration field on the underlying parameters

of the system: the inlet fluid fluxes, membrane porosity, cell layer height and porosity

(and hence, implicitly, solute uptake rate). By considering sufficiently high flow rates and

focussing on a timescale characterised by advection in the lumen, cell motility, death, and

proliferation, all of which occur on longer timescales, can be neglected and the cell layer

assumed to have constant porosity and permeability. A solute, for instance a nutrient such

as oxygen, is supplied at both the lumen and upper fluid layer inlets and is taken up by the

cells at a constant rate per unit volume of mixture. The governing equations and boundary

conditions have been non-dimensionalised, exploiting the small aspect ratio ε of the lumen.
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Figure 5.7: Steady-state plots of (a) the cell layer porosity φw, and (b) the leading-order
solute concentration c, in the case where φw can vary in x. Representative parameter values
were chosen as follows: h3 = 1, R = 50, Γnw = 10, Γwn = 1, K = 1, cin = 1, Ql,in = 1,
Qf,in = 1, εPe = 44.2.

The flow regime in which the Péclet number Pe = O(1/ε) is considered, leading to advection

dominating axial diffusion in the lumen and upper fluid layer. The system of equations for

the fluid flow has been solved analytically at leading and first order in the small parameter

ε, and these solutions have been used to obtain equations for the leading- and first-order

solute concentration. We have identified the appropriate up- and downstream boundary

conditions through analysis of the corresponding inner problems; these would need to be

solved numerically in order to obtain the exact solution in the inner regions near the up-

and downstream ECS ports. In addition, we have formulated our problem in the context of

Taylor dispersion and derived the effective diffusion coefficient governing the dispersion of

the averaged, combined-order solute concentration throughout the bioreactor. The resulting

equations have also been shown to simplify to those of classical Taylor dispersion in a two-

dimensional pipe in the case of an impermeable membrane and cell layer.

We considered the results of the outer asymptotics problem, where it is possible to

solve analytically for the outer solute concentration at leading and first order in all four

layers. From this we determined expressions for the lower bound on the (constant) inlet

concentration cin which ensures a non-zero concentration throughout the bioreactor; for

the y value at which the minimum concentration is obtained in terms of the cell layer

height and inlet fluid fluxes; and for the ratio required between the lumen and upper fluid

layer inlet fluxes in order to obtain equal concentrations at the top and bottom of our
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simplified bioreactor domain, all with an accuracy of O
(
ε2). Furthermore, we investigated

the qualitative trends which arise in the first-order solute concentrations when a number of

key dimensionless parameters are varied. We note that to obtain more quantitative results

it would be necessary to solve the full inner problem numerically at this order, something

which we do not pursue here.

We also investigated the dependence of the effective diffusion coefficient Deff on key

dimensionless parameters. This revealed complex non-monotonic behaviours in all cases

except the dependence on φm. These results are due to the interaction of the many dif-

ferent processes involved in the model, as Deff contains effects from all four layers in the

bioreactor. Finally, we solved the unsteady, combined-order equation in order to investigate

the behaviour of a pulse of solute delivered into the system. Analysis of the dependence of

the mean solute uptake and solute exposure time on key parameter values demonstrated

how optimal operating parameters could be determined for a specific experimental setup

which guaranteed sufficient nutrient delivery throughout the cell layer, ideal for generat-

ing a viable cell population. It should be noted that the results here are only qualitative

in nature, and in order to predict the absolute variation in µ and T , values for the fixed

parameters particular to an exact experimental setup would need to be used as inputs for

the model, along with generalisation of the two-dimensional geometry presented here to a

three-dimensional domain.

Finally, we have briefly shown that similar leading-order asymptotic analysis can be

performed in the case where the cell layer porosity is non-constant, varying on a much

slower timescale than that for fluid flow. We were able to determine an implicit analytical

expression for the steady-state solute concentration, but note that a much more in-depth

analysis would be needed to determine the time-dependent behaviour of this system.

Whether or not the cells receive sufficient nutrient in a particular setup remains an open

question experimentally, and one which we have made some progress towards answering in

this chapter. Equation (5.138) gives a minimum inlet concentration required in order to

achieve a non-zero nutrient concentration throughout the bioreactor. If we take the nutrient

to be oxygen (as in Chapter 2) and wish to check that the concentration is above the

minimum required for cell viability (which is equivalent to a dimensionless value of 0.36, see

Chapter 2 and [155] for relevant parameter values), we obtain a more restrictive constraint
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on the inlet concentration:

cin >
h3R

εPe(Ql,in +Qf,in) + 0.36. (5.154)

Both equations (5.138) and (5.154) are accurate up to leading order and depend on param-

eters which can be determined from the specific cell type and experimental conditions in

a particular setup. To find more accurate constraints, it would be necessary to solve the

upstream inner problem numerically to determine c̄u, as discussed previously. Although we

do not undertake this numerical analysis here, we have found an equation for the y value

at which the minimum concentration will be attained, again dependent on experimentally

obtainable parameters (see (5.139)), and also qualitative trends to suggest how severe the

depletion in the cell layer will be compared with the other layers (see Figure 5.3).

The system considered here is clearly simplified, but nonetheless enables a great deal

of information to be obtained analytically regarding the fluid flow and solute concentration

in a setup where the Péclet number is large (to be precise, of O(1/ε)). If we compare the

nutrient concentration distributions obtained here to those for the nutrient-driven prolifer-

ation case study in §2.7.1, we see that in both cases we have a leading-order concentration

which is independent of y. However, here we can find an analytical expression for this

y-independent concentration, making the dependence on key parameters more transparent.

The distribution obtained numerically in the multiphase system in §2.7.1 is approximately

linear in x for fluid fluxes at the higher end of the range considered (which are closer to

those used in this chapter; see, for instance, Figure 2.6(a)), and hence qualitatively matches

the analytical linear distribution found here and given in equation (5.137). In addition,

here we can obtain a great deal of information about the next-order correction to the solute

distribution which was not possible in a multiphase context. As mentioned at the start of

this chapter, this permits investigation of the y-variation in the solute concentration which

comes in at O(ε), as well as allowing analysis in the context of Taylor dispersion through

the inclusion of the axial diffusion term. Finally, we reiterate our comment from §5.2 that

the asymptotic analysis presented in this chapter is analogous to that needed for the three-

dimensional case, provided an axisymmetric geometry is assumed in the outer region. It

could be readily investigated, but the complexity of the resulting algebra would hinder a

clear analytical interpretation of the results. We postpone further discussion of future work

arising from this chapter until Chapter 6.



Chapter6
Discussion

6.1 Summary of key results

In this thesis we have presented a number of models for fluid flow, mass transport, and cell

dynamics in a HFMB, all based on porous flow mixture theory. Each model has been mo-

tivated by a different experimental scenario, and has been developed following discussions

with our experimental collaborators in the Centre for Regenerative Medicine, University of

Bath. Given the early stage of experiments in this field, there are currently no data avail-

able to validate our models. We have instead focussed on determining the possible range of

qualitative behaviours demonstrated by each system, and have predicted the trends arising

in response to variations in operating conditions. We have investigated the influence of

key experimentally controllable parameters on the yield and distribution of the cell popu-

lation(s), and on the solute concentration throughout the bioreactor domain. Our overall

aim in deriving each successive modelling framework has not only been to demonstrate its

potential through candidate experimental case studies, but also to present it in a general

setting which is flexible and therefore, given appropriate data, could be readily applied to

a specific physical setup. The hope is that this would enable the model to be validated and

then used to inform future experimental work.

In §1.4 we presented a generalised multiphase model for k cell phases, one water phase,

and one scaffold phase which provided the basis for the remaining work in this thesis. Each

chapter thereafter considered a different reduction of this system, and used asymptotic

analysis to obtain a simplified system which was solved numerically for key variables of

interest. Table 6.1 summarises the main features of each model, which we also discuss

below.

179
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Table 6.1: Summary and comparison of thesis chapter content, where ε � 1 is the lumen
aspect ratio.

Chapter 2 Chapter 3 Chapter 4 Chapter 5
No. of layers 3 4 3/4 4
No. of cell types 1 1 2 1
Size of Péclet number 1 1 1/ε 1/ε
Multiphase model? X X X ×
Chemical sensitivity of cells? X X X ×

Proliferation X× X × ×
Motility X× × × ×
Differentiation × × X ×

Mechanical sensitivity of cells? × X X ×
Proliferation × X × ×
Differentiation × × X ×

In Chapter 2 we considered one cell population only, which was seeded in a scaffold

throughout the ECS. A number of case studies were investigated, which considered the sys-

tem dynamics in response to either nutrient-dependent proliferation, a delivered/produced

chemoattractant, or a combination of the two. We also considered an alternative flow regime

with backflow in the ECS. The results demonstrated how the interplay between advection

and chemotaxis, or between opposing fluid flows, affected the cell yield and distribution

as the inlet fluid fluxes were varied, and we were able to determine ‘optimal’ flow rates

which led to a spatially uniform cell population. In those cases which tracked a nutrient, we

were also able to verify whether or not the cells were exposed to sufficient concentrations

to ensure viability under the given operating conditions.

In Chapter 3, the single cell population was seeded in a scaffold which only partially

occupied the ECS, representing a possible alternative experimental setup. Here we chose

to focus on mechanical, instead of chemical, effects on the cell dynamics, in particular the

effect of fluid shear stress levels on cell proliferation. We demonstrated how the fluid shear

stress can be beneficial in increasing the resulting uniformity of a cell population, both in

cases where it enhances proliferation rate and where it limits cell growth. We also discovered

that this seemingly more complicated setup (with four layers instead of three) results in a

simpler numerical system to solve for the leading-order variables, with qualitatively similar

results for corresponding case studies (not shown).

Chapter 4 looked at both the 3- and 4-layer setups of previous chapters, but was extended
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to include two cell types. This system was analysed in the context of differentiated and

undifferentiated cell populations, with differentiation either stimulated by growth factor

concentration alone or by the combined effects of growth factor concentration and fluid shear

stress. We presented results in the example case where a specific percentage of differentiated

cells was required. Given this restriction, we demonstrated how our modelling could be used

to find operating conditions which (as far as possible) satisfied the further requirements of

a high yield of differentiated cells and the use of a minimal quantity of growth factor.

In the final model of Chapter 5, we considered a different reduction of the generalised

multiphase model, looking on a longer timescale so that cell kinetics could be neglected.

The subsequently simpler setup allowed us to focus on a more in-depth analysis of the

fluid flow and solute concentration throughout the modelling domain. We found analytical

expressions for the leading-order and first-order solute concentrations, and obtained an

averaged, combined-order system which we showed exhibits behaviour analogous to Taylor

dispersion. Through more careful consideration of the inner regions near the ECS ports,

we were also able to determine the appropriate up- and downstream boundary conditions

for the central outer region. This analysis showed that there is a single degree of freedom

in the first-order outer problem and demonstrated how this remaining unknown parameter

may be computed numerically to close the system. Performing the corresponding leading-

order analysis in these regions in a multiphase setup yields the same up- and downstream

boundary conditions for the central outer region. This justifies the choices of boundary

conditions in the multiphase models of Chapters 2-4.

6.2 Further work

Throughout this thesis we have identified where necessary those assumptions (e.g. on pa-

rameter values, boundary conditions, and constitutive laws) which have been taken in the

absence of relevant experimental data. In such cases we have tried to make choices which

do not introduce further complexity into our models and which, where possible, are based

on physical intuition. To potentially overcome these limitations, we now discuss a number

of experiments which would provide data to greatly improve the parameterisation of our

models and would be particularly useful as first steps towards our models being validated

and used to quantitatively predict experimental outcomes.
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Firstly, to gain insight into the fluid regime in the ECS, it would be useful to measure

the flow rate in this region in the central part of the bioreactor (i.e. in our central modelling

domain). This could be done through injection of fluid coloured with a soluble dye into the

lumen inlet and subsequent tracking of its spread downstream, and would help determine the

appropriate value for the lumen/ECS fluid flux ratio Ql,in/Qe,in in Chapter 2. In addition, a

similar method could be used to measure the flow rate through both the porous membrane

and the cell-scaffold construct, to investigate the validity of our assumption on the velocity

scales in these regions compared to the lumen/upper fluid layer. The permeability of the cell-

scaffold construct at different stages of an experiment could be determined using the same

method currently used to find the permeability of the fibre membrane, that is, imposing

a fluid flow through the lumen inlet, weighing the retentate and permeate, and using the

equations determined by Shipley et al. [156] which relate these quantities to one another.

Finally, experiments to assess the response of different cell types to the mechanical and

chemical stimuli considered in this thesis would also be of great use in validating our choices

of constitutive laws for the mass transfer, reaction, and intra-/interphase force terms, but

such experiments would be challenging to implement. Furthermore, not all the parameters

in our models could be isolated and identified through experimental procedure; some must

instead be determined by fitting the results of our models to relevant experimental data.

The models could then be adjusted to reflect more accurately the outcomes of experiments,

before performing further data fits and iterating this process until the models were validated

to a desired degree of accuracy.

It would also be beneficial to relax certain simplifying assumptions to make the modelling

more physically realistic. However, in these cases such a drastic analytical reduction of

the governing equations may not be possible, and a numerical scheme may need to be

implemented at an earlier stage. One such extension would be the incorporation of ECM

deposition and degradation of the scaffold through a non-constant scaffold volume fraction

θs and associated constitutive relationships. This would greatly increase the complexity of

the multiphase modelling through the addition of an extra active phase, but is an important

consideration if the relevant timescales (those of tissue growth [160]) are to be studied. In

addition, we could include a more comprehensive description of mass transport by modelling

the solute concentration within the cell phase, instead of just in the water phase. This would

require prescription of constitutive laws for the transport of solute between the phases, as
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well as the uptake within the cell phase.

The work in this thesis has been mainly analytical, as we have chosen to focus on

explicitly reducing the governing equations to gain insight into the contribution of key

parameters to the system dynamics. However, we greatly simplified the bioreactor geometry

in order to obtain our two-dimensional rectangular modelling domain. Obtaining numerical

results in the whole bioreactor region (including the ECS ports) in either two dimensions or

the full three-dimensional geometry would give great insight into the validity of the model

reduction presented here and allow a more detailed investigation of the problem. We have

chosen not to pursue this here as any such methods would be extremely computationally

expensive due to the complicated geometry and small aspect ratio of the HFMB, and this

work is beyond the scope of this thesis.

There are a number of variations to our models which could easily be investigated,

for instance if they were particularly relevant to an experimental setup or found to be

more physically realistic than the choices taken in this thesis. Firstly, we have focussed on

varying inlet fluid fluxes and solute concentrations, but we note that the outlet pressures

can also be varied in an experiment. Our models could be used to investigate the influence

of outlet pressures in their current form, and we note that such an investigation has also

been carried out in the context of cell aggregate growth on the surface of hollow fibres in

HFMBs [29]. Secondly, we have considered operating conditions (inlet fluid fluxes and solute

concentrations) which are constant, with the exception of Chapter 5 where we allow the inlet

concentration to be a prescribed function of time. It would be straightforward to include

time variations in other parameters, for instance the inlet fluid fluxes, given candidate

forms being investigated by experimentalists. Finally, we have focussed on achieving a

uniform cell distribution in the majority of our case studies (required, for instance, for

viable cartilage [98]), but note that we could readily investigate other desirable experimental

outcomes, such as a non-uniform distribution of cells. This could be useful in modelling

tissue engineering of liver, in an attempt to replicate the spatial variation in morphology

and function (known as zonation) found along liver sinusoids [6].

It would also be interesting to use the results of our models to compare the environmental

conditions (e.g. solute concentration and fluid shear stress distributions) in different bioreac-

tors, for instance between HFMBs and perfusion bioreactors as considered in [120,122,123].

A direct comparison could only usefully be made between validated models, and if identical
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constitutive laws were used, but could be instructive in determining preferential bioreactor

systems for specific tissue types.

In conclusion, in this thesis we have developed and analysed a number of models for fluid

flow, solute concentration, and cell population dynamics in a HFMB. The flexible modelling

framework has allowed us to gain insight into the various qualitative behaviours which could

be expected from each setup. Overall, each study has helped to improve our theoretical

understanding of these systems and has the potential to be used to predict experimental

outcomes for a range of protocols and operating conditions, and as a result to inform future

research directions.



AppendixA
Verification of numerical schemes

In §A.1 we begin by detailing three different checks on the numerical scheme described in

§2.6.1. We then present convergence graphs for the schemes from Chapters 3-5 in §A.2.

A.1 Verification of the numerical scheme for Chapter 2

This section focusses on the numerical scheme described in §2.6.1 which was used to obtain

the numerical results for Chapter 2. We first carry out a convergence test in §A.1.1, be-

fore comparing numerical results for the growth rates and steady states to those obtained

analytically for simplified systems in §A.1.2 and §A.1.3.

A.1.1 Convergence

The scheme described in §2.6.1 has an error of O
(
(∆x)2). In order to verify that this is

the case for our solutions, we take the candidate forms for Jn and R in equation (2.98) and

numerically solve the coupled system (2.82) subject to the stated boundary conditions (2.85)

and (2.86) (with an imposed inlet concentration) and initial condition θn(x, 0) = 0.3 for

different step sizes ∆x. The absolute and relative tolerances in the numerical solver ode15s

were taken to be 10−9, to ensure that the error in the time integration was o
(
(∆x)2) for all

values of ∆x considered, and the error we observe arises due to the spatial discretisation.

For θn, c, and pw the error is taken to be the maximum absolute difference between the

numerical solutions obtained with step sizes ∆x and 5∆x, evaluated at x = (1 − 5∆x)/2,

t = 1.5. The results can be seen in Figure A.1 and the log-log plots are approximately linear

with gradient 2, confirming that the scheme is O
(
(∆x)2) accurate as expected.
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Figure A.1: Log-log plot of absolute error versus step size ∆x for the numerical scheme from
Chapter 2, showing an approximately linear relation with gradient 2 as expected for θn, c,
and pw. The error was taken to be the maximum absolute difference between numerical
solutions obtained with step size ∆x and 5∆x, for x = (1 − 5∆x)/2, t = 1.5. Parameter
values are as in Table 2.2 with Ql,in = 1.

A.1.2 Comparison to analytical growth rate

For a second verification of the numerical solution, we further simplify the system considered

in §2.5.6 by neglecting solute concentration, so that the governing equations from (2.90)

reduce to
∂θn
∂t

+ ∂Qn
∂x

= Jn(θn), (A.1)

where now

Qn = F

(
−θsζwsQe,inθn

h3θw
+ Φ(θn)∂θn

∂x

)
, F := 2 cosh(α)− α sinh(α)− 2

θsζnsα sinh(α) ,

α := h3
√
θsζns, Φ(θn) := Πn + θnΠ′n − ψnsθs,

(A.2)

and Jn is taken to have the form in equation (2.98). We carry out a linear stability analysis

as described in §2.5.6, but this time on the bounded domain 0 < x < 1. The zero cell flux

condition cannot be satisfied up- and downstream at equilibrium however, and hence we

impose the alternative boundary condition

Qn = Qn,eq = − FθsζwsQe,inθn,eq
h3(1− θs − θn,eq) at x = 0, 1, (A.3)

where θn,eq is the equilibrium solution from (2.99). Considering a general perturbation to

this equilibrium solution of the form

θn = θn,eq + δθ̂n(x)eσt, (A.4)
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and substituting this into (A.1) yields at O(δ)

θ̂n(x) = Ae[G1+G2(σ)]x +Be[G1−G2(σ)]x, (A.5)

for some constants of integration A and B, where

G1 := θsζwsQe,in
2h3Φeq(1− θs − θn,eq)

(
1 + θn,eq

1− θs − θn,eq

)
, (A.6)

G2(σ) :=
√
G2

1 −
1

FΦeq
[σ + (1− θs)Γnw − Γwn]. (A.7)

The growth rate σ is determined by applying the equilibrium flux boundary conditions

(A.3), which require for non-trivial solutions

G2(σ) = kπi, k ∈ Z+, (A.8)

and hence

σ = FΦeq(G2
1 + k2π2) + Γwn − (1− θs)Γnw, k ∈ Z+. (A.9)

This analytical growth rate can now be compared to the growth rate of the numerical

solution. We set the initial θn equal to

θn(x, 0) = θn,eq

+ δ

[(
1− G2

1 − k2π2

G2
1 + k2π2

)
cos(kπx) + 2kπG1

G2
1 + k2π2 sin(kπx)

]
eG1x, k ∈ Z+, (A.10)

where δ is small enough to ensure
∣∣∣δθ̂n

∣∣∣ � 1 for all x ∈ [0, 1]. The second term on the

right-hand side of (A.10) (i.e. the chosen expression for θ̂n) corresponds to the real part of

the mode from (A.5) in which B = 1 and (in order to satisfy (A.3))

A = −
(
G2

1 − k2π2 + 2kπi
)

G2
1 + k2π2 . (A.11)

We numerically solve for θn in time, subject to (A.10) and the equilibrium flux boundary

condition (A.3). The solution for θn should be (from the above analysis)

θn(x, t) = θn,eq + δθ̂n(x)eσt, (A.12)

and hence if we plot

log

∣∣∣∣∣∣ θn(x, t)|x=X − θn,eq

δθ̂n(x)
∣∣∣
x=X

∣∣∣∣∣∣
 =: N(t) (A.13)

versus time for some fixed x = X, we should (at least for small t) see a straight line with

gradient σ. This gradient can be compared to the value of σ calculated using equation
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Table A.1: Estimated values of σ obtained from numerical solutions (0 < t < 10−4, averaged
over 0 < x < 1) compared to those from the linear stability analysis for different values of
k. Initially θn was set to the form in equation (A.10), with δ = 10−8. Parameter values are
as in Table 2.2 with Ql,in = 1 and the step size used was ∆x = 5× 10−4.

k σ (numerical solution) σ (linear stability analysis) % error
1 −51.45 −51.48 0.0583
2 −114.4 −114.7 0.2616
3 −219.6 −219.9 0.1364
4 −366.4 −367.4 0.2722
5 −554.7 −556.9 0.395
6 −776.8 −788.5 1.484
7 −1042 −1062 1.883
8 −1344 −1378 2.467
9 −1683 −1736 3.053
10 −2088 −2136 2.247

(A.9). An example of such a plot is shown in Figure A.2, and values of σ from the linear

stability analysis compared to the estimated values from the plots are given in Table A.1,

showing good agreement between the two.
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Figure A.2: Plot of N(t) (dashed line) versus time at x = 0.4998, showing a linear relation
as expected, with a gradient which matches well with the analytically obtained σ value (solid
line, see Table A.1). Initially θn was set to the form in equation (A.10), with δ = 10−8 and
k = 5. Parameter values are as in Table 2.2 with Ql,in = 1 and the step size used was
∆x = 5× 10−4.
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A.1.3 Comparison to analytical steady state

A final check of the numerical scheme from Chapter 2 is performed by considering the

simplified system from §2.5.6 once again:

∂θn
∂t

+ ∂Qn
∂x

= Jn,
∂Qc
∂x

= −h3R, (A.14)

with the alternative boundary conditions

Qn = Qn,eq at x = 0, 1, (A.15)

c = ceq + δc̃ at x = 0, ∂c

∂x
= 0 at x = 1, (A.16)

where we have chosen to impose a lumen inlet concentration at x = 0, with δ � 1 and c̃

some constant value. Choosing Jn and R to have the forms in equation (2.98), we note that

(θn,eq, ceq) from equation (2.99) is an equilibrium solution to this system in the case where

the inlet concentration is set equal to ceq. By perturbing the inlet concentration above this

value (i.e. setting δ > 0), we can investigate alternative steady states of this system. We

note that using this method, any new steady states will be near to the equilibrium state

(θn,eq, ceq). As for the linear stability analysis, we perturb the leading-order solutions θn

and c about the original steady state (θn,eq, ceq) but keep the forms of the perturbations

general functions of x, and so seek solutions of the form

θn = θn,ss(x) = θn,eq + δθ̂n(x), c = css(x) = ceq + δĉ(x). (A.17)

We seek solutions for the functions θ̂n(x) and ĉ(x) by substituting these expansions into

equations (A.14)-(A.16) and equating coefficients of δ1. Upon eliminating θ̂n we obtain a

fourth-order ODE for ĉ:

ĉ(4) + (A+ α)ĉ′′′ + (B + β +Aα− ξG)ĉ′′ + (Aβ +Bα)ĉ′ + (Bβ − γG)ĉ = 0, (A.18)

where primes represent derivatives with respect to x,

α := − θsζwsQe,in
h3Φeq(1− θs − θn,eq)

(
1 + θn,eq

1− θs − θn,eq

)
, β := −

∂Jn
∂θn

∣∣∣
eq

FΦeq
, γ := −

∂Jn
∂c

∣∣∣
eq

FΦeq
,

ξ :=
θn,eqΠ′c,eq

Φeq
, A := −PeQl,in

beq
, B :=

h3
∂R
∂c

∣∣∣
eq

beq
, G :=

h3
∂R
∂θn

∣∣∣
eq

beq
,

(A.19)
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Figure A.3: Plots of analytical (subscript ss) and numerical (end time t = 0.1) steady-
state solutions for (a) θn, and (b) c, for the simplified system (A.14) with equilibrium
and perturbed boundary conditions. Maximum absolute errors between analytical and
numerical θn and c solutions are 1.1247× 10−7 and 1.1466× 10−7 respectively. Parameter
values are as in Table 2.2, with Ql,in = 1, δ = 0.1, c̃ = 1, c̄ = ceq, and step size ∆x = 10−3.

and θ̂n is related to ĉ via

θ̂n = − 1
G

(
ĉ′′ +Aĉ′ +Bĉ

)
. (A.20)

The characteristic equation corresponding to (A.18) can be solved numerically to find the

four solutions λ1, λ2, λ3, and λ4, so that (for real, distinct λi),

ĉ(x) = c1e
λ1x + c2e

λ2x + c3e
λ3x + c4e

λ4x, (A.21)

for some constants c1, c2, c3, and c4. These can be determined using the boundary conditions

ĉ = c̃ at x = 0, ĉ′ = 0 at x = 1, (A.22)

θ̂′n + αθ̂n + ξĉ′ = 0 at x = 0, 1, (A.23)

where condition (A.23) can be expressed in terms of ĉ and its derivatives using equation

(A.20), and θ̂n then determined using equation (A.20). We used MATLAB to solve for λi
(i = 1, 2, 3, 4) and thus find ĉ. We then once more used the method of lines to numerically

solve the time-dependent system with the same boundary conditions, and with the initial

conditions set to the original equilibrium state. Parameter values are as in Table 2.2 unless

stated otherwise. Comparing the resulting analytical and long-time numerical solutions

shows excellent agreement between the two for δ . 0.1 (see Figure A.3).
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A.2 Convergence graphs for Chapters 3-5

We carried out convergence tests on the numerical schemes used in Chapters 3-5 as described

above in §A.1.1. All schemes had an estimated error of O
(
(∆x)2). In each case the relevant

coupled system of PDEs was numerically solved for different step sizes ∆x, and the absolute

and relative tolerances in the numerical solver ode15s were taken to be 10−9, to ensure that

the error in the time integration was o
(
(∆x)2), and the error we observe arises due to the

spatial discretisation. The error between solutions was taken to be the absolute difference

between those obtained with step sizes ∆x and 5∆x, evaluated at x = (1 − 5∆x)/2 and a

specified time t.

The results for Chapter 3 were obtained using the respective forms for R and Jn from

(3.65) and (3.66) (with F (S) ≡ 1), and can be seen in Figure A.4. The results for Chapter 4

were obtained using the forms for R, Ju, and Jd from (4.60), (4.66), and (4.67) respectively,

and non-zero initial conditions (θu = θd = 0.2, c = 1, pw = 1) and can be seen in Figure A.5.

The results for Chapter 5 were obtained by solving the unsteady combined-order system

from §5.4.2 and can be seen in Figure A.6. All log-log plots are approximately linear with

gradient 2 which confirms that the numerical schemes are converging as expected as ∆x

decreases.
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Figure A.4: Log-log plot of absolute error versus step size ∆x for the numerical scheme
from Chapter 3, showing an approximately linear relation with gradient 2 as expected for
θn and c. The error was taken to be the absolute difference between numerical solutions
obtained with step size ∆x and 5∆x, for x = (1 − 5∆x)/2, t = 1.5. Parameter values are
as in Table 3.2 with h3 = 1, Qf,in = 1, and Ql,in = 1.
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Figure A.5: Log-log plot of absolute error versus step size ∆x for the numerical schemes
from (a) the 3-layer model, and (b) the 4-layer model from Chapter 4 (end time t = 0.25),
showing an approximately linear relation with gradient 2 as expected for θu, θd, c, and (in
(a)) pw. The error was taken to be the absolute difference between numerical solutions
obtained with step size ∆x and 5∆x, for x = (1−5∆x)/2. Parameter values are as in Table
4.2 with cin = 1, Qf,in = 0.1, and Ql,in = 1.
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Figure A.6: Log-log plot of absolute error versus step size ∆x for the numerical scheme
from Chapter 5, showing an approximately linear relation with gradient 2 as expected for
c. The error was taken to be the absolute difference between numerical solutions obtained
with step size ∆x and 5∆x, for x = (1 − 5∆x)/2, t = 2. Parameter values are as in Table
5.2 with h3 = 1, Qf,in = 1, and Ql,in = 1.
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Inner region analysis

In §5.2 we introduced a two-dimensional model of a HFMB which included the regions

near the up- and downstream ECS ports. We then excluded the inner regions near these

ports in §5.3, and focussed on finding the solution valid in the central outer region. In

this appendix, we analyse these previously neglected up- and downstream inner regions

and determine the matching conditions needed to close the outer problem, which appear

as up- and downstream conditions on our outer solutions in Chapter 5. We further note

that the leading-order analysis presented in this appendix would also follow through in a

multiphase setup (results not shown), and hence the corresponding up- and downstream

boundary conditions applied in Chapters 2-4 were appropriate.

B.1 Upstream inner region

We begin with the upstream inner region, where we need to determine matching conditions

for the inlet fluid fluxes and solute concentrations up to and including O(ε) in the outer re-

gion. We return to the dimensionless equations (5.43)-(5.46) and rescale to move into the up-

stream inner region depicted in Figure 5.1 in which x = O(ε). We set x = εX and vi = Vi/ε

(i = l,m,w, f). For clarity we also set pi(x, y, t) = Pi(X, y, t), ci(x, y, t) = Ci(X, y, t),

ui(x, y, t) = Ui(X, y, t) (i = l,m,w, f), and ∇X =
(
∂
∂X ,

∂
∂y

)
, ∇2

X = ∂2

∂X2 + ∂2

∂y2 . This pro-

motes the x-derivatives that were neglected in the outer region due to the lubrication scaling,

and thus results in both x- and y-derivatives contributing to the leading-order behaviour in

193
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the inner region. The flow equations are now

∂Ui
∂X

+ ∂Vi
∂y

= 0, −∂Pi
∂X

+ ε∇2
XUi = 0, −∂Pi

∂y
+ ε∇2

XVi = 0 (i = l, f), (B.1)

Um = −εκm
∂Pm
∂X

, Vm = −εκm
∂Pm
∂y

, ∇2
XPm = 0, (B.2)

Uw = −εκw
∂Pw
∂X

, Vw = −εκw
∂Pw
∂y

, ∇2
XPw = 0, (B.3)

while the transverse boundary conditions become

∂Ul
∂y

= 0, Vl = 0 on y = 0, (B.4)

Ul = 0, Vl = −ε2κmφm
∂Pm
∂y

,

Pl + 2ε
3

(
∂Ul
∂X
− 2∂Vl

∂y

)
= Pm on y = 1,

(B.5a-c)

φmκm
∂Pm
∂y

= φwκw
∂Pw
∂y

, Pm = Pw on y = 1 + h2, (B.6)

Uf = 0, −ε2φwκw
∂Pw
∂y

= Vf ,

Pw = Pf + 2ε
3

(
∂Uf
∂X
− 2∂Vf

∂y

)
on y = H − h4,

(B.7a-c)

Uf = Vf = 0 on y = H. (B.8)

We also assume (as stated in §5.2.3) that there is a prescribed two-dimensional flux Ql,in at

the lumen inlet, and Qf,in at each of the upstream ECS ports.

We note that the equations in (B.1) for the lumen and upper fluid layer are only valid

at O(1) and O(ε) here, since the inertial terms would appear at O(ε2) (see discussion in

§5.2.1). However, this does not affect this analysis since only expressions for the leading-

order inner velocities (which are found from the O(ε) system) are required, as will be seen

below.

We first determine the fluid flux conditions to be imposed on the outer problem by

considering how fluid transfers between layers. From inspection of boundary conditions

(B.5b) and (B.7b), we can see that there is no flux of fluid across either the lumen/membrane

or cell layer/upper fluid layer interfaces at O(1) or O(ε). Thus, at O(1) and O(ε), the flux

into the inner region in the lumen and upper fluid layer must equal the flux out of the inner

region in these layers, which in turn must equal the flux into the outer region in both layers.
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Hence the correct inlet conditions to impose on the outer flow solution at leading and first

order in §5.3.5 are given by (5.61), (5.70), and (5.74).

We now determine the correct upstream inlet conditions to apply on the solute concen-

tration at O(1) and O(ε). The inner problem for the solute concentration in each layer is

given by

εPe
(
ε
∂Cl
∂t

+∇X · (ClUl)
)

= ∇2
XCl, (B.9)

ε2Pe
(
∂Cm
∂t

+∇X · (CmUm)
)

= ∇2
XCm, (B.10)

ε2Pe
(
∂Cw
∂t

+∇X · (CwUw)
)

= ∇2
XCw −

εR
φw

, (B.11)

εPe
(
ε
∂Cf
∂t

+∇X · (CfUf)
)

= ∇2
XCf , (B.12)

for which the boundary conditions are

∂Cl
∂y

= 0 on y = 0, (B.13)

Cl = Cm,
∂Cl
∂y

= φm
∂Cm
∂y

on y = 1, (B.14)

Cm = Cw, φm
∂Cm
∂y

= φw
∂Cw
∂y

on y = 1 + h2, (B.15)

Cw = Cf , φw
∂Cw
∂y

= ∂Cf
∂y

on y = 1 + h2 + h3, (B.16)

∂Cf
∂y

= 0 on y = H, (B.17)

together with the inlet conditions

Cl = cl,in(t) at A, Cf = cf,in(t) at B, (B.18)

where we have assumed that the solute concentration is spatially uniform in the inlet pipes

(to be expected experimentally if it comes from a well-mixed reservoir).

We begin with the leading-order problem. As in the outer region, we expand all variables

in powers of ε, so that at O(1) we obtain (dropping the subscript 0)

εPe∇X · (ClUl) = ∇2
XCl, ∇2

XCm = 0,

∇2
XCw = 0, εPe∇X · (CfUf) = ∇2

XCf .
(B.19)

If cl,in = cf,in = cin, say, then we can see that Ci ≡ cin (i = l,m,w, f) satisfies these leading

order equations and the relevant boundary conditions, and hence is the (unique) leading-

order solution. On the other hand, in the more general case where cl,in 6= cf,in, we note that
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this full inner problem must be solved in order to determine Ci (i = l,m,w, f). However, as

seen in §5.3.6, since the leading-order outer concentration is independent of y, the leading-

order inner concentration must be independent of y as we leave the inner region. It can

therefore be determined by appealing to global conservation of mass without knowing the

solution of the O(1) inner problem. Hence we can equate the total flux of solute into the

inner region and the total flux of solute out of the inner region at this order, which yields

cl,in(t)Ql,in + cf,in(t)Qf,in = cin(t) (Ql,in +Qf,in) , (B.20)

where cin(t) is the (as yet unknown) inlet concentration for the outer solution, recalling

c0(0+, t) := cin(t). To obtain the expression (B.20), we have used the fact (from (B.18))

that there is only advective (and no diffusive) flux of the solute into the lumen and upper

fluid layer, and that fluid flux in these layers is conserved at O(1) from above. Therefore

the correct inlet condition for the O(1) solute in the outer region is (5.82),

c0(0+, t) = cin(t) = Ql,incl,in(t) +Qf,incf,in(t)
Ql,in +Qf,in

. (B.21)

The final upstream condition required is for the O(ε) inlet concentration. We there-

fore move on to the O(ε) problem for the concentration, and note that we do not state the

momentum equations for the fluid velocities at this order as we only require the incompress-

ibility condition on Ul1 and Uf1 in the following analysis. The O(ε) governing equations

for the solute concentration are (reintroducing the subscripts 0, 1 for clarity)

εPe
(
∂Cl0
∂t

+∇X · (Cl0Ul1 + Cl1Ul0)
)

= ∇2
XCl1 , ∇2

XCm1 = εPe∂Cm0

∂t
,

∇2
XCw1 = εPe∂Cw0

∂t
+ R
φw

, εPe
(
∂Cf0
∂t

+∇X · (Cf0Uf1 + Cf1Uf0)
)

= ∇2
XCf1 .

(B.22)

In general, solution of this system would be complicated by the appearance of Ul1 and

Uf1 , since inertia is not negligible at O(ε2) in (B.1). However, progress can be made by

considering the far-field expansion of the inner solutions as X →∞.

We begin by making the assumption that the leading-order fluid flow in both the lumen

and upper fluid layer is Poiseuille as it leaves the inner region. That is, as X →∞,

Ul0 ∼
(3

2Ql,in(1− y2), 0
)
, Uf0 ∼

( 6
h3

4
Qf,in(y −H)(H − h4 − y), 0

)
. (B.23)

Substituting these expressions into the far-field limits as X → ∞ of the O(1) lumen and

upper fluid layer equations for the solute concentration in (B.19), we find that

∂2Ci0
∂y2 ∼ 0 (i = l,m,w, f) as X →∞, (B.24)
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and so, along with application of the leading-order transverse boundary conditions from

(B.13)-(B.17), we find that the far-field O(1) concentration is constant in space in all four

layers, and therefore equal across all layers; we set Ci0 ∼ C0(t) (i = l,m,w, f) as X → ∞

for some C0. Hence, by the continuity equation, the terms involving Ul1 and Uf1 in (B.22)

disappear in the far field.

As we have shown at leading order that C0 is spatially constant in the far field, we could

naïvely make the same choice at O(ε) for C1. If we then consider X → ∞ in (B.22) and

substitute in for the leading-order far-field velocities from (B.23), we lose the advection terms

in the lumen and upper fluid layer, and also the ∂2/∂X2 terms in each layer. Following this

through to solve for the O(ε) solute concentrations, we find that we can only match with the

outer solution at O(1) if cin(t) takes a specific form, namely cin(t) = −h3Rt/(εPeh̄)+const..

Therefore to find a consistent match without such a restriction on cin(t) we must consider

an alternative dominant balance of the O(ε) equations. To retain the advection terms in the

lumen and upper fluid layer as X → ∞, and motivated by the fact that the leading-order

outer solution c0 is linear in x (see (5.123)), we pose the expansions

Ci1 ∼ −ϕ(t)X + fi(y, t) (i = l,m,w, f) as X →∞, (B.25)

for some ϕ(t) and fi(y, t) (i = l,m,w, f) to be determined. It is straightforward to see

that the coefficient ϕ(t) of these linear terms must be the same in each layer, due to the

continuity of concentration boundary conditions on the interfaces between layers.

Substituting these forms (and those for the leading-order far-field velocities) into the

O(ε) governing equations in (B.22) and considering the resulting dominant balance as

X →∞, we find

∂2fl
∂y2 = εPe

(
−3

2Ql,inϕ(1− y2) + C ′0(t)
)
,

∂2fm
∂y2 = εPeC ′0(t),

∂2fw
∂y2 = R

φw
+ εPeC ′0(t), ∂2ff

∂y2 = εPe
(
− 6
h3

4
Qf,inϕ(y −H)(H − h4 − y) + C ′0(t)

)
,

(B.26)
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along with boundary conditions

∂fl
∂y

= 0 on y = 0, (B.27)

fl = fm,
∂fl
∂y

= φm
∂fm
∂y

on y = 1, (B.28)

fm = fw, φ
∂fm
∂y

= φw
∂fw
∂y

on y = 1 + h2, (B.29)

fw = ff , φw
∂fw
∂y

= ∂ff
∂y

on y = 1 + h2 + h3, (B.30)

∂ff
∂y

= 0 on y = H. (B.31)

These can be solved to find

fl = −εPeQl,inϕ

8 (6y2 − y4) + εPe
2 C ′0(t)y2 + c∞(t), (B.32)

fm = −εPeQl,inϕ

(
y − 1
φm

+ 5
8

)
+ εPeC ′0(t)

[
y2

2 −
(

1− 1
φm

)
(y − 1)

]
+ c∞(t), (B.33)

fw = −εPeQl,inϕ

(
y − (1 + h2)

φw
+ h2
φm

+ 5
8

)
+ R

2φw
(1 + h2 − y)2

+ εPeC ′0(t)
{
y2

2 − (1 + h2)y + (1 + h2)2 + φm
φw

(
h2 + 1

φm

)
[y − (1 + h2)]

−h2

(
1− 1

φm

)}
+ c∞(t), (B.34)

ff = −εPeQf,inϕ

h3
4

Bf(y)− εPeQl,inϕ

(
h2
φm

+ h3
φw

+ 5
8

)
+ εPeC ′0(t)

[
y2

2 −Hy + (1 + h2)2 + (H − h4)(h3 + h4)

+h3φm
φw

(
h2 + 1

φm

)
− h2

(
1− 1

φm

)]
+ h2

3R
2φw

+ c∞(t), (B.35)

Bf(y) := −y
4

2 + (2H − h4)y3 − 3H(H − h4)y2 −H2(3h4 − 2H)y

− H4

2 + h4H
3 − h4

4
2 , (B.36)

where

ϕ(t) = h3R+ εPeh̄C ′0(t)
εPe(Ql,in +Qf,in) , (B.37)

and c∞(t) (appearing in the expressions for fi) is a degree of freedom which, once known,

and through matching with the outer solution, will determine the correct form for h̄c̄u(t),

the inlet condition for c̄1 from (5.121).

We now match the far-field inner solution with the outer solution obtained in §5.3.6 up

to and including O(ε) using Van Dyke’s rule “(n t. o.)(m t. i.) = (m t. i.)(n t. o.)” [67]. In
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the outer region we have, from §5.3.6,

ci = c0(x, t) + εci1(x, y, t) (i = l,m,w, f), (B.38)

where c0 satisfies (5.96) and ci1 (i = l,m,w, f) are given in equations (5.89)-(5.92). We note

that we can solve (5.96) for c0 subject to the inlet condition (5.97) using the method of

characteristics, which yields

c0 = − h3R
εPe(Ql,in +Qf,in)x+ cin

(
t− h̄

Ql,in +Qf,in
x

)
, (B.39)

where we do not need to worry about the range of x for which this solution is valid (i.e. non-

negative) since we are only concerned with the limit as x→ 0+, at which point c0 will always

be greater than or equal to zero (and zero if and only if cin is zero).

In the far field of the inner region, from the above analysis we have

Ci ∼ C0(t) + ε [−ϕ(t)X + fi(y, t)] (i = l,m,w, f), (B.40)

where fi (i = l,m,w, f) are given in equations (B.32)-(B.35). Matching with m = n = 1

then yields

C0(t) = c0(0+, t) = cin(t). (B.41)

Matching with m = 2, n = 1 and m = 1, n = 2 is automatically satisfied in all layers and

so we omit the details. Moving on to m = n = 2, in the lumen we have

(2 t. i.) = cin(t)− εϕ(t)X + εfl(y, t) (B.42)

= cin(t)− ϕ(t)εX − ε2PeQl,inϕ(t)
8 (6y2 − y4) + ε2Pe

2 c′in(t)y2 + εc∞(t), (B.43)

and so

(2 t. o.)(2 t. i.) = cin(t)− ϕ(t)x− ε2PeQl,inϕ(t)
8 (6y2 − y4) + ε2Pe

2 c′in(t)y2 + εc∞(t).
(B.44)
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We also have

(2 t. o.) = − h3R
εPe(Ql,in +Qf,in)x+ cin

(
t− h̄

Ql,in +Qf,in
x

)

+ ε2Pe
[
y2

2
∂c0
∂t

+ Ql,in
8

(
6y2 − y4

) ∂c0
∂x

+ g(x, t)
]

(B.45)

= − h3R
εPe(Ql,in +Qf,in)x+ cin

(
t− h̄

Ql,in +Qf,in
x

)

+ ε2Pey2

2 c′in

(
t− h̄

Ql,in +Qf,in
x

)

+ ε2PeQl,in
8

(
6y2 − y4

) [
− h3R
εPe(Ql,in +Qf,in)

− h̄

Ql,in +Qf,in
c′in

(
t− h̄

Ql,in +Qf,in
x

)]
+ ε2Peg(x, t), (B.46)

and so

(2 t. i.)(2 t. o.) = cin(t)− h̄εX

Ql,in +Qf,in
c′in(t)− h3R

εPe(Ql,in +Qf,in)εX + ε2Pey
2

2 c
′
in(t)

+ ε2PeQl,in
8

(
6y2 − y4

)(
− h3R
εPe(Ql,in +Qf,in)

− h̄

Ql,in +Qf,in
c′in(t)

)
+ ε2Peg(0+, t). (B.47)

Setting (2 t. o.)(2 t. i.) = (2 t. i.)(2 t. o.) and recalling the form for ϕ(t) from (B.37) then

yields

c∞(t) = ε2Peg(0+, t), (B.48)

and so we have an expression for g(0+, t) (and hence c̄u(t) using (5.115) and (5.121)) in

terms of c∞(t). The matching with m = n = 2 in the remaining 3 layers follows through in

a similar manner and, given (B.48), is automatically satisfied so we omit the details.

In order to determine c∞(t) (and hence c̄u(t) via g(0+, t)) it would be necessary to

solve the full inner problem numerically at O(1) and O(ε), which we do not pursue here.

However, as discussed in §5.4.1, the exact form of c̄u will determine the magnitude of the

first-order solute concentrations in the outer region, but will not affect their shape, and

thus a qualitative analysis can still be performed without knowledge of c∞(t).

From this analysis, we can see that the outer solution up to and including O(ε) is

unaffected by the exact geometry of the inner region except through the unknown degree of

freedom c∞(t). Hence the exact position of the ECS ports in this region does not affect the
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solute concentration in the outer region at leading order, and only comes into the solution

for the O(ε) concentration through the time-varying (but spatially independent) c∞(t).

B.2 Downstream inner region

We now move to the downstream inner region near x = 1, where we set x = 1 − εX and

apply the same transverse velocity scaling vi = Vi/ε (i = l,m,w, f). This gives the same

system to solve as the upstream inner region, except for sign changes in front of single

X-derivatives, and with the downstream boundary conditions

Pl = Pdwn at C, Pf = 0 at D. (B.49)

We therefore find that the leading-order pressure in the downstream inner region of the

lumen and upper fluid layer is a function of time only, and by the above boundary conditions

we can deduce that, at leading order, Pl ≡ Pdwn and Pf ≡ 0. By matching with the outer

solution as X →∞, this gives the correct downstream boundary conditions to apply on the

leading-order outer system in §5.3.5 as

pl = Pdwn, pf = 0 at x = 1−. (B.50)

This analysis is sufficient for our purposes, however we note that this downstream inner

problem would also need to be solved numerically if the full solution was required; for

instance if it was necessary to know the fluid flux and solute concentration leaving the lumen

outlet and downstream ECS ports in order to compare with experimental measurements.



AppendixC
Boundary layer analysis of the
combined-order equation

In this appendix we revisit the combined-order solute concentration equation from §5.3.8.

We analyse more closely our choice for the additional boundary condition (5.132),

∂c̄

∂x
= 0 at x = 1−, (C.1)

which is required to close the averaged system (5.128) and (5.131):

∂c̄

∂t
+ (Ql,in +Qf,in)

h̄

∂c̄

∂x
= Deff

∂2c̄

∂x2 −
h3R
εPe ,

c̄ = h̄(cin + εc̄u) at x = 0+.

(C.2a,b)

As discussed in previous chapters, there is no constraint on the downstream solute concen-

tration in an experiment. We are therefore free to choose a boundary condition and, as

discussed in §5.3.8, although the exact choice is unimportant we aim to minimise the error

between the combined-order solution and the asymptotic solutions up to the order consid-

ered (i.e. up to and including O(ε)). Any error between these two solutions as a result

of taking the averaged formulation will arise in a boundary layer near x = 1 in which the

diffusion term in (C.2a) is no longer small compared to the remaining terms. To investigate

the error that arises from our choice (C.1), here we solve the combined-order equation in

both the outer region and the boundary layer near x = 1 up to and including O(ε) and

compare the resulting composite solution with the globally averaged asymptotic solutions

at O(1) and O(ε), namely c̄0 and c̄1. We assume throughout our analysis that, at the orders

considered, the concentration is non-zero throughout the domain (i.e. large enough t and

appropriate operating conditions). Otherwise, if the concentration is zero for some x, it is

zero for all values downstream of that point, and hence boundary condition (C.1) is trivially

satisfied.

202
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We first solve the asymptotic equations and boundary conditions at O(1) and O(ε) from

(5.122) and write in terms of averaged concentrations. This yields

c̄0 = − h̄h3R
εPe(Ql,in +Qf,in)x+ h̄cin

(
t− h̄

Ql,in +Qf,in
x

)
, (C.3)

c̄1 = h̄Deff
ε

(
h̄

Ql,in +Qf,in

)3

xc′′in

(
t− h̄

Ql,in +Qf,in
x

)
+ h̄c̄u

(
t− h̄

Ql,in +Qf,in
x

)
, (C.4)

where c̄0 = h̄c0 and primes denote differentiation with respect to the argument of a func-

tion. We define the combined, averaged asymptotic solution up to and including O(ε) by

c̄as := c̄0 + εc̄1, which will be compared to the composite solution to the combined-order

equation later.

We now consider the combined-order concentration equation (C.2a), subject to the

corresponding boundary conditions (C.1) and (C.2b). Firstly, we note that if we expand

the combined-order concentration c̄ in powers of ε and solve (C.2a) at O(1) and O(ε)

subject to the inlet boundary condition at x = 0+ only, this yields ‘outer’ solutions which

are identical to c̄0 and c̄1 in (C.3) and (C.4). For clarity of notation when we form the

composite solution later, we will denote this combined-order outer solution by c̄out.

We now wish to find the inner solution in the boundary layer near x = 1 at O(1) and

O(ε). To do so, we rescale

x = 1− εX (X > 0), c̄(x, t) = C̄(X, t), (C.5)

and (C.2a) then becomes

ε
∂C̄

∂t
− (Ql,in +Qf,in)

h̄

∂C̄

∂X
= Deff

ε

∂2C̄

∂X2 −
h3R
Pe , (C.6)

subject to
∂C̄

∂X
= 0 at X = 0, (C.7)

and matching with c̄ as X → ∞. Recalling that Deff = O(ε) and Pe = O(1/ε), and

expanding C̄ in powers of ε with the usual subscript notation, we find at O(1)

−(Ql,in +Qf,in)
h̄

∂C̄0
∂X

= Deff
ε

∂2C̄0
∂X2 ,

∂C̄0
∂X

= 0 at X = 0.
(C.8)

Solving (C.8) implies that

C̄0 = α(t), (C.9)
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for some function α(t), which can be determined through matching with c̄0 as x → 1 and

X → ∞. Using Van Dyke’s rule (n t. o.)(m t. i.) = (m t. i.)(n t. o.) [67] and setting

m = n = 1 gives

C̄0 = α(t) = − h̄h3R
εPe(Ql,in +Qf,in) + h̄cin

(
t− h̄

Ql,in +Qf,in

)
. (C.10)

At O(ε) the system to solve is

∂C̄0
∂t
− (Ql,in +Qf,in)

h̄

∂C̄1
∂X

= Deff
ε

∂2C̄1
∂X2 −

h3R
εPe ,

∂C̄1
∂X

= 0 at X = 0,
(C.11)

which has solution

C̄1 = h̄

Ql,in +Qf,in

[
Deff h̄

ε(Ql,in +Qf,in)exp
(
−ε(Ql,in +Qf,in)

h̄Deff
X

)

+X − Deff h̄

ε(Ql,in +Qf,in)

] [
h̄c′in

(
t− h̄

Ql,in +Qf,in

)
+ h3R
εPe

]
+ β(t), (C.12)

for some function β(t). Matching is automatically satisfied for m = 2, n = 1 and m = 1,

n = 2, and for m = n = 2 we find

β(t) = Deff
ε

(
h̄

Ql,in +Qf,in

)2 [
h̄c′in

(
t− h̄

Ql,in +Qf,in

)
+ h3R
εPe

+ h̄2

Ql,in +Qf,in
c′′in

(
t− h̄

Ql,in +Qf,in

)]
+ h̄c̄u

(
t− h̄

Ql,in +Qf,in

)
.

(C.13)

From (C.10) and (C.12) we can thus obtain the combined-order inner solution, defined

as C̄in := C̄0 +εC̄1, and then also construct an additive composite solution to the combined-

order equation,

c̄comp := c̄out + C̄in − c̄over, (C.14)

where c̄over is the ‘overlap’ between the outer and inner solutions which is given by the (2

t. i.)(2 t. o.) terms. We can now compare the composite solution c̄comp to the combined-order

equation (C.2a) to the combined, averaged asymptotic solution, c̄as. Given the analysis

presented here, we expect the two solutions to match up to O(ε2), except in the boundary

layer of width O(ε) near x = 1 within which we expect an error of O(ε) as the additional

diffusion term in (C.2a) becomes significant. The plots in Figure C.1 confirm that this is the

case, and hence (C.1) is an appropriate choice of boundary condition for the combined-order

system in §5.3.8.
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Figure C.1: Plots of (a) the combined-order asymptotic solution c̄as and the composite
averaged solution c̄comp (inset showing detail of the boundary layer region near x = 1),
and (b) the absolute error |c̄as − c̄comp|. Inlet conditions were set to be constant, with
cin = c̄u = 1. Fixed parameter values are as in Table 5.2, with Ql,in = Qf,in = h3 = 1.



AppendixD
Reduction to classical Taylor
dispersion

In this appendix, we revisit the combined-order analysis of §5.3.8 and show that the equa-

tions for classical Taylor dispersion in the lumen and upper fluid layer can be recovered

from our 4-layer system in the limit of an impermeable membrane and cell layer. This

corresponds to taking the limit φm, φw → 0, and these parameters come into (5.128) via h̄

(specifically, 1/h̄) and the effective dispersion coefficient Deff . However, both 1/h̄ and Deff

tend to infinity as the porosities tend to zero (the latter of which is confirmed in Figures

5.4(a) and (b)) and so we cannot take the limit of (5.128) as φm, φw → 0 as it stands.

We instead return to the dimensionless solute governing equations in the lumen and upper

fluid layer (first presented in §5.3.4) and re-derive the combined-order, averaged equations

by decomposing the solute concentrations in these layers into average and fluctuating parts,

before taking the impermeable limit.

D.1 Lumen

Beginning in the lumen, we return to the dimensionless solute governing equation from

(5.43),

ε2Pe
(
∂cl
∂t

+ ∂

∂x
(clul) + ∂

∂y
(clvl)

)
= ε2∂

2cl
∂x2 + ∂2cl

∂y2 , (D.1)

together with the boundary conditions

∂cl
∂y

= 0 on y = 0, (D.2)

cl = cm,
∂cl
∂y

= φm
∂cm
∂y

on y = 1, (D.3)

cl = cl,in on x = 0. (D.4)
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We define the dimensionless average in the lumen by

〈 · 〉l :=
∫ 1

0
·dy, (D.5)

and decompose the solute concentration and water velocity into y-independent (denoted by

a bar) and fluctuating (denoted by a prime) components as follows:

cl(x, y, t) = c̄l(x, t) + c′l(x, y, t), ul(x, y, t) = ūl(x, t) + u′l(x, y, t), (D.6)

so that 〈c′l〉l = 〈u′l〉l = 〈v′l〉l = 0 by definition. Substituting the ansätze in (D.6) into (D.1)

yields

ε2Pe
{(

∂c̄l
∂t

+ ∂c′l
∂t

)
+ ∂

∂x

[
(ūl + u′l)(c̄l + c′l)

]
+ ∂

∂y

[
(v̄l + v′l)(c̄l + c′l)

]}
=

ε2
(
∂2c̄l
∂x2 + ∂2c′l

∂x2

)
+ ∂2c′l
∂y2 , (D.7)

whilst averaging equation (D.1) across the layer 0 < y < 1 leads to

ε2Pe
(
∂

∂t
〈cl〉l + ∂

∂x
〈clul〉l + clvl|y=1

)
= ε2 ∂

2

∂x2 〈cl〉l + ∂c′l
∂y

∣∣∣∣
y=1

. (D.8)

Substituting the decomposition (D.6) into this averaged equation (D.8) and using the fact

that the average of the fluctuations is zero gives

ε2Pe
(
∂c̄l
∂t

+ ∂

∂x
(c̄lūl) + ∂

∂x
〈c′lu′l〉l + clvl|y=1

)
= ε2∂

2c̄l
∂x2 + ∂c′l

∂y

∣∣∣∣
y=1

. (D.9)

Finally, subtracting equation (D.9) from (D.7) yields

ε2Pe
(
∂c′l
∂t

+ ∂

∂x

(
c′lūl + c̄lu

′
l + c′lu

′
l
)
− ∂

∂x
〈c′lu′l〉l

+ ∂

∂y

(
c′lv̄l + c̄lv

′
l + c′lv

′
l
)
− clvl|y=1

)
= ε2∂

2c′l
∂x2 + ∂2c′l

∂y2 −
∂c′l
∂y

∣∣∣∣
y=1

. (D.10)

The corresponding boundary conditions are given by

∂c′l
∂y

= 0 on y = 0, (D.11)

c̄l + c′l = cm,
∂c′l
∂y

= φm
∂cm
∂y

on y = 1. (D.12)

We now expand c̄l, c′l, ūl and u′l in powers of ε as before, aiming to find an expression

for c′l from (D.10) which can be substituted into (D.9) and thereby obtain an equation

for c̄l accurate up to and including O(ε). This analysis will make use of the leading-order

velocities, and so we introduce the flow solution from §5.3.5,

ul0 = −3
2Ql,in(y2 − 1), vl0 ≡ 0, (D.13)
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noting that this gives

ūl0 = Ql,in, u′l0 = Ql,in
2 (1− 3y2). (D.14a,b)

The analysis of §5.3.6 indicates that the leading-order concentration is independent of

y and hence common to all layers. We therefore expect c′l0 ≡ 0, and note that this satisfies

equation (D.10) at leading order and the corresponding boundary conditions

∂c′l0
∂y

= 0 on y = 0, 1, (D.15)

c̄l0 + c′l0 = cm0 on y = 1, (D.16)

together with the requirement 〈c′l0〉l = 0. At O(ε), equation (D.10) becomes

εPeu′l0
∂c̄l0
∂x

=
∂2c′l1
∂y2 −

∂c′l1
∂y

∣∣∣∣∣
y=1

, (D.17)

while the relevant boundary conditions for c′l1 are

∂c′l1
∂y

= 0 on y = 0, (D.18)

c̄l1 + c′l1 = cm1 ,
∂c′l1
∂y

= φm
∂cm1

∂y
on y = 1. (D.19)

Substituting into (D.17) the known form (D.14b) for u′l0 , integrating with respect to y, and

applying boundary condition (D.18) yields

∂c′l1
∂y

= εPeQl,in
2 (y − y3)∂c̄l0

∂x
+
∂c′l1
∂y

∣∣∣∣∣
y=1

y. (D.20)

Integrating (D.20) with respect to y and using the fact that we require 〈c′l1〉l = 0, we find

c′l1 = εPeQl,in
8

(
2y2 − y4 − 7

15

)
∂c̄l0
∂x

+ 1
6(3y2 − 1)

∂c′l1
∂y

∣∣∣∣∣
y=1

. (D.21)

Furthermore, we can now compute

∂

∂x
〈c′l1u

′
l0〉l = −

2εPeQ2
l,in

105
∂2c̄l0
∂x2 −

Ql,in
15

∂

∂x

∂c′l1
∂y

∣∣∣∣∣
y=1

. (D.22)

We return to equation (D.9), noting that all terms at leading order are now zero. Upon

dividing through by ε (recalling that Pe = O(1/ε)), we consider the resulting O(1) and O(ε)

equations which are, respectively,

εPe
(
∂c̄l0
∂t

+ ∂

∂x
(c̄l0 ūl0)

)
=
∂c′l1
∂y

∣∣∣∣∣
y=1

, (D.23)

εPe
(
∂c̄l1
∂t

+ ∂

∂x
(c̄l1 ūl0 + c̄l0 ūl1) + ∂

∂x
〈c′l1u

′
l0〉l + c̄l0vl1 |y=1

)
= ∂2c̄l0

∂x2 +
∂c′l2
∂y

∣∣∣∣∣
y=1

. (D.24)
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If we now set c̄l = c̄l0 + εc̄l1 and substitute (D.21) and (D.22) into (D.23) and (D.24),

respectively, we can combine the equations (weighting (D.24) by ε) to find

∂c̄l
∂t

+ ∂

∂x
(c̄lūl0) + ε

∂

∂x
(c̄lūl1) = 1

Pe

(
1 +

2ε2Pe2Q2
l,in

105

)
∂2c̄l
∂x2 + εQl,in

15
∂

∂x

∂c′l1
∂y

∣∣∣∣∣
y=1

− εc̄lvl1 |y=1 + 1
εPe

∂c′l1
∂y

∣∣∣∣∣
y=1

+ 1
Pe

∂c′l2
∂y

∣∣∣∣∣
y=1

, (D.25)

which is accurate up to and including O(ε). In the following section, we present the corre-

sponding analysis for the upper fluid layer, before taking the impermeable limit φm, φw → 0.

D.2 Upper fluid layer

Next we carry out a similar procedure in the upper fluid layer, where the dimensionless

mass transport equation from (5.46) is

ε2Pe
(
∂cf
∂t

+ ∂

∂x
(cfuf) + ∂

∂y
(cfvf)

)
= ε2∂

2cf
∂x2 + ∂2cf

∂y2 , (D.26)

along with boundary conditions

∂cf
∂y

= 0 on y = H, (D.27)

cf = cw,
∂cf
∂y

= φw
∂cw
∂y

on y = H − h4. (D.28)

We define the (dimensionless) average in the upper fluid layer by

〈 · 〉f := 1
h4

∫ H

H−h4
· dy, (D.29)

and once again decompose the solute concentration and water velocity into mean and fluc-

tuating components:

cf(x, y, t) = c̄f(x, t) + c′f(x, y, t), uf(x, y, t) = ūf(x, t) + u′f(x, y, t). (D.30)

Performing the same averaging and decomposition analysis on equation (D.26) as in the

lumen yields two equations, the first corresponding to (D.9),

ε2Pe
(
∂c̄f
∂t

+ ∂

∂x
(c̄f ūf) + ∂

∂x
〈c′fu′f〉f −

1
h4

cfvf |y=H−h4

)
= ε2∂

2c̄f
∂x2 −

1
h4

∂c′f
∂y

∣∣∣∣
y=H−h4

,

(D.31)
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and the second to (D.10),

ε2Pe
(
∂c′f
∂t

+ ∂

∂x

(
c′f ūf + c̄fu

′
f + c′fu

′
f
)
− ∂

∂x
〈c′fu′f〉f

+ ∂

∂y

(
c′f v̄f + c̄fv

′
f + c′fv

′
f
)

+ 1
h4

cfvf |y=H−h4

)
= ε2∂

2c′f
∂x2 + ∂2c′f

∂y2 + 1
h4

∂c′f
∂y

∣∣∣∣
y=H−h4

.

(D.32)

The corresponding boundary conditions are

∂c′f
∂y

= 0 on y = H, (D.33)

c̄f + c′f = cw,
∂c′f
∂y

= φw
∂cw
∂y

on y = H − h4. (D.34)

Next we expand c̄f , c′f , ūf and u′f in powers of ε as in the lumen, with the aim of finding an

expression for c′f1 . We will again need to use the leading-order flow solution in the upper

fluid layer,

uf0 = 6Qf,in
h3

4
(y −H)(H − h4 − y), vf0 ≡ 0, (D.35)

which gives

ūf0 = Qf,in
h4

, u′f0 = −Qf,in
h4

{ 6
h2

4
(y −H) [y − (H − h4)] + 1

}
. (D.36a,b)

As in the lumen, at O(1) we expect that c′f0 ≡ 0. We note that this satisfies equation (D.32)

at leading order, the corresponding boundary conditions

∂c′f0
∂y

= 0 on y = H − h4, H, (D.37)

c̄f0 + c′f0 = cw0 on y = H − h4, (D.38)

and also the requirement 〈c′f0〉f = 0.

We move on to O(ε), where equation (D.32) yields

εPeu′f0
∂c̄f0
∂x

=
∂2c′f1
∂y2 + 1

h4

∂c′f1
∂y

∣∣∣∣∣
y=H−h4

, (D.39)

with corresponding boundary conditions for c′f1

∂c′f1
∂y

= 0 on y = H, (D.40)

∂c′f1
∂y

= φw
∂cw1

∂y
on y = H − h4, (D.41)

c̄f1 + c′f1 = cw1 on y = H − h4. (D.42)
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Integrating twice and applying boundary conditions (D.40) and (D.41), along with 〈c′f1〉f = 0,

yields

c′f1 = εPeQf,in
h3

4

[
−y

4

2 + (2H − h4)y3 +
(
−3H2 + 3Hh4 −

h2
4

2

)
y2

+(2H3 − 3H2h4 +Hh2
4)y +H3h4 + h4

4
60 −

H2h2
4

2 − H4

2

]
∂c̄f0
∂x

+ 1
2h4

(
y(2H − y) + h2

4
3 −H

2
)
∂c′f1
∂y

∣∣∣∣∣
y=H−h4

, (D.43)

which enables us to find

〈u′f0
∂c′f1
∂x
〉f = −Qf,in

420

2εPeQf,in
∂2c̄f0
∂x2 − 7 ∂

∂x

∂c′f1
∂y

∣∣∣∣∣
y=H−h4

 . (D.44)

We now return to (D.31), and divide through by ε as it is again zero at leading order.

Equating coefficients of ε0 and ε1 then yields, respectively,

εPe
(
∂c̄f0
∂t

+ ∂

∂x
(c̄f0 ūf0)

)
= − 1

h4

∂c′f1
∂y

∣∣∣∣∣
y=H−h4

, (D.45)

and

εPe
(
∂c̄f1
∂t

+ ∂

∂x
(c̄f1 ūf0 + c̄f0 ūf1) + ∂

∂x
〈c′f1u

′
f0〉f −

1
h4

c̄f0vf1 |y=H−h4

)
= ∂2c̄f0

∂x2 −
1
h4

∂c′f2
∂y

.

(D.46)

We now set c̄f = c̄f0 + εc̄f1 , substitute in (D.43) and (D.44), and combine (D.45) and (D.46)

(multiplying the latter by ε) to find

∂c̄f
∂t

+ ∂

∂x
(c̄f ūf0) + ε

∂

∂x
(c̄f ūf1) = 1

Pe

(
1 +

ε2Pe2Q2
f,in

210

)
∂2c̄f
∂x2 −

εQf,in
60

∂

∂x

∂c′f1
∂y

∣∣∣∣∣
y=H−h4

+ εc̄fvf1 |y=H−h4
− 1
εPeh4

∂c′f1
∂y

∣∣∣∣∣
y=H−h4

− 1
Peh4

∂c′f2
∂y

∣∣∣∣∣
y=H−h4

. (D.47)

This is again accurate up to and including O(ε) and corresponds to (D.25).

D.3 Impermeable limit

We are now in a position to consider the limit in which φm, φw → 0 in equations (D.25) and

(D.47), i.e. the limit in which the membrane and cell layer are both impermeable. We note
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that in this case, as taking φm, φw → 0 changes the physical problem, there are changes to

the flux boundary conditions affecting the lumen and upper fluid layer solutions, namely

vl = 0, ∂cl
∂y

= 0 on y = 1, (D.48)

vf = 0, ∂cf
∂y

= 0 on y = H − h4. (D.49)

This results in the O(ε) (and indeed higher-order) velocities in the lumen and upper fluid

layer being identically zero (i.e. ul1 ≡ uf1 ≡ 0), and also the y-derivatives of cl and cf

being zero at all orders on the lumen/membrane and cell layer/upper fluid layer interfaces

respectively.

Hence in this limit, and given the forms of ūl0 and ūf0 from (D.14a) and (D.36a),

respectively, equations (D.25) and (D.47) become

∂c̄l
∂t

+Ql,in
∂c̄l
∂x

= 1
Pe

(
1 +

2ε2Pe2Q2
l,in

105

)
∂2c̄l
∂x2 , (D.50)

∂c̄f
∂t

+ Qf,in
h4

∂c̄f
∂x

= 1
Pe

(
1 +

ε2Pe2Q2
f,in

210

)
∂2c̄f
∂x2 . (D.51)

Upon re-dimensionalising both equations (noting that the appropriate scaling for Ql,in and

Qf,in is LU∗), we arrive at

∂c̄l
∂t

+ Ql,in
h1

∂c̄l
∂x

= D

[
1 + 1

210
(2h1)2

D2

(
Ql,in
h1

)2
]
∂2c̄l
∂x2 , (D.52)

∂c̄f
∂t

+ Qf,in
h4

∂c̄f
∂x

= D

[
1 + 1

210
(h4)2

D2

(
Qf,in
h4

)2
]
∂2c̄f
∂x2 . (D.53)

We can also find the dimensional axial velocities in the lumen and upper layer which are,

respectively,

ul = 3Ql,in
2h1

(
1− y2

h2
1

)
, uf = −6Qf,in

h3
4

[
y2 − (2H − h4)y +H(H − h4)

]
, (D.54)

and hence the dimensional mean velocities are

ūl = 1
h1

∫ h1

0
ul dy = Ql,in

h1
, ūf = 1

h4

∫ H

H−h4
uf dy = Ql,in

h4
. (D.55)

Equations (D.52) and (D.53) can now be compared to the classical result for Taylor disper-

sion in a two-dimensional channel, with average velocities given in (D.55); details of this

comparison are presented in §5.3.8.
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