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Analysis on Stochastic Anisotropic Degenerate Parabolic-Hyperbolic Equa-
tions (archival copy) (Trinity 2017)

Abstract

This dissertation consists chiefly of four parts, which tell different facets in the develop-
ment of one topic. The first part is an exploration of continuous dependence estimates
of stochastically driven degenerate parabolic equations. The second is an extension of
work done by Debussche and Vovelle [30] on first order stochastic conservation laws
— we extend their results to degenerate parabolic-hyperbolic conservation laws with
additive noise, and derive results on the existence and uniqueness of invariant mea-
sures. In the third part we explore the long time behaviour of solutions to stochastic
degenerate parabolic-hyperbolic conservation laws with multiplicative noise, depending
non-linearly on the solution itself. The final part considers the existence of invariant
measures to a system of one-dimensional compressible Navier-Stokes equations, which

is a priori degenerate parabolic in its momentum equation.
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Chapter 1
Introduction

In this chapter we introduce some background literature to the topics we shall discuss
in the subsequent chapters. We also provide an overview on the techniques and tools

we shall use.

1.1 Background

1.1.1 Continuous Dependence

In the deterministic context, continuous dependence estimates to a whole host of nonlin-
ear equations have been studied by various authors. Classically, Benilan and Crandall

[4] considered continuous dependence to
Oru + Ap(u) = 0.

At its heart the question of continuous dependence is about the convergence of solutions

u™ to the equation
o™ + A, (u™) =0,
u™(0) =ug
as Yn = Poo, and uj — ug® in some topology. This question is interesting in a more
general context in the study of various physical limits, via the equations that model

those physical phenomena such as the inviscid limit in fluid equations. They showed

that convergence occurred in C([0,00); L'(R?)) with different conditions depending on
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the dimension, d, and on the modulus of continuity of ¢, near 0.

Cockburn and Gripenberg considered the more general class of equations
O =V - (®(v)) + Alp(u))

on R in [21], where they derived bounds showing the dependence of solutions ||u;(t) —
us(t)|| to t, [[®1 — Pof| and |1 — 2| under various technical conditions. In particular,

they showed under these conditions that
t

() = uz()llzr| < luolsy + 95 — @4z + CAWVHIV GG — Viehllz=.  (L1)

0

Their results can be easily generalised to the non-isotropic case where Ay is replaced by
V- (A(u) - Vu), and A is positive semi-definite. We shall see in Chapter 2 that a very
similar continuous dependence estimate can be derived for a corresponding equation
with stochastic noise (satisfying some growth and regularity condition) in L'(T¢) (or a
weighted finite measure space on R?).

In [10], Chen, Ding, and Karlsen derived some continuous dependence estimates for
0tu =V F(U) + U(U)atwt, (12)
showing that for t < T,

E (Jlu1(t) — w2 ()| 2w ay) SCTE (JJur (0) — ua(0)[| 21 awy) + VE 1wy lor — 02|z
+ tE (|u1(0)|sv) (||[F] — Fyllz~ + [lor — 02|z )

and

E ([|u1(t) — w2 ()] 11 (g a))
<CTE (||ur(0) = u2(0) | 1 ar)) + VEI |11 (a) sup

|U1<§> - U2(§)|
)

|01(f) —02(5)|
€]

Y

T E (|ur ()| v) (HF{ - Fil~ +sup
€40

where Cp = C(T, || F'|| ), and 9 is some function integrable over R? with exponentially

decaying tails as |x| — oo, serving as the weight/density that makes ¢ dz a finite



measure on R?.

However, the most significant contribution of [10] was their proof of a BV bound,

E(|lu(®)|sv) < E(|uolpv),

for solutions. Of course, as the equation they studied was itself translation invariant,
the BV bound follows directly from the L' contraction estimate they proved, as Chen
pointed out in private communications, and did not rely on the methods they used.
Nevertheless application of the BV estimate to develop an existence theory for solutions
to this class of equations sparked much subsequent work. Furthermore, their methods
were important as we develop in this dissertation a bound of a similar nature for a
translation non-invariant class of equations. We show here a fractional BV bound
which depends on the continuity of F'(u,z) in its second argument, and becomes a BV
bound where the quantity in question is continuously differentiable in space (Theorem
B).

The work [10] was one among many built atop a study of Feng and Nualart [38] of

the same equation,
Ou = 0, F(u) + o(u)o, Wy,

where the authors developed a well-posedness theory for the equation in one spatial
dimension (Feng and Nualart studied a more general noise o(z,u;z), where z is a
variable from a Hilbert space). Feng and Nualart used the theory of compensated
compactness to prove existence, which depended on the equation being in one spatial
dimension. The work by Chen, Ding, and Karlsen discussed previously removed this
restriction via the BV estimate they proved. In the existence theory they proposed
for the equations in question, Feng and Nualart established the concept of a strong
stochastic entropic solution. This is an interesting point because it involved, unusually,
a non-adapted stochastic integral, of which [61] gives some explanation — we shall return
to this point in the concluding chapter.

Of immediate interest to us is the uniqueness statement shown in [38] via a Kruzhkov
variable-doubling technique with which an L' contraction inequality was derived. Chen
pointed out in private communications that conceptually, one should expect to be able

to derive both L' contraction estimates and BV bounds from a general continuous
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dependence estimate, with Fy = Fy (resp. Fi(-,-) = Fa(-,- — h)), and 01 = 09 in a
pair of (1.2). We carry out this programme in Chapter 2 of this dissertation for the
degenerate parabolic equations.

We shall discuss invariant measures to stochastically driven equations further on,
but in order to set that discussion in context, we briefly describe the development of
the subject — the literature cited is in no way exhaustive, and a more complete survey
by Chen and Pang is forthcoming [12].

A pioneering work on stochastically driven hyperbolic conservation law was Sinai’s

paper [98] on space-periodic, Brownian-in-time noise of the Burgers equation on R,
Lo 5 2
oy + §8Iu = €0, u+ 0, f ()0, W,.

Sinai showed that an invariant measure exists for the equation, and is supported on the
subspace of space-periodic functions. Also quite early on, Holden and Risebro [54] stud-
ied scalar conservation laws with multiplicative noise of compact support, constructing
a convergent approximation to weak solutions pathwise via a time discretization.

E, Khanin, Mazel, and Sinai [36] worked on the same equation with no constraint
that the force should be space-periodic. They showed that almost surely, for each sample
path, the corresponding force yielded a unique solution, by framing the problem as a
variational problem, and showing that unique minimizers exist globally almost surely.
Taking the viscosity ¢ — 0 they were able to show that the dissipation provided by the
entropy condition alone was enough to preserve uniqueness. From this uniqueness, the
existence of an invariant measure follows. We keep this discussion quite short as, even
though [36] was important in the development of the subject, we shall not be using
techniques developed therein. Nakazawa also studied the inviscid limit earlier on [87],
and showed the existence of solutions that are pathwise continuous stochastic processes
in the space of bounded variation in the topology of L.

The work of Debussche and Vovelle [30], which we do heavily reference, and on
which methods we shall develop a significant portion of this dissertation, showed that
invariant measures exists, and under further constraints were unique, for equations of

the form

Ou+V - F(u) = ddp,

on T". Here, ® is a Hilbert-Schmidt operator from an abstract Hilbert space H to
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L?(T™), and 3 is a cylindrical Wiener process. They relied on velocity averaging ideas
to achieve the compactness required for deriving the existence of invariant measures.

We give a lengthier discussion on the historical development of velocity averaging in

3

13.2l [30] further showed the uniqueness of invariant measures by an essentially coupling
method. We make further remarks on this in the following section. Following closely
the results of [30], Gess and Souganidis [41] showed thatin the Stratonovich case, again

with W as a standard Brownian motion,
Ou+ V- (F(u)odW) =0

also has unique invariant measures. In particular these were the Dirac mass concen-
trated on the zero function.

We also discuss briefly in Chapter [5] the existence of invariant measures to a system
of equations. The well-posedness of compressible fluid equations is a wide field, though
in one dimension it is much better understood than in higher dimensions. We give some
references and history of the subject in chapter [5] itself. However it bears mentioning
here that on the incompressible side, there are some well-known studies of 2D Navier
Stokes equations, such as those of Kuksin, and Kuksin and Shirikyan [71) [72]. Still
more recently, Hairer and Mattingly [49] proved the existence of a unique invariant
measure for the stochastic 2D Navier-Stokes equations. In particular, they introduce
an asymptotic strong Feller condition to capture a weaker form of the strong Feller

condition by which uniqueness of invariant measures can be generally deduced.

1.2 Overview

1.2.1 Kinetic Formulation

This dissertation is much more closely based on the works of Debussche, Hofmanova,
and Vovelle [28], and of Debussche and Vovelle [30]. In [28], the three authors provided
a well-posedness theory for the stochastic degenerate parabolic equation, on the d-torus,
T,

Ou=—V-F(u)+ V- (Au) - Vu) + o(u)0;W;.

12



which in some ways is the protagonist of our story. Importantly, the equation is “degen-
erate” because A is positive semi-definite. In the chapters following, precise continuity
and growth conditions will be placed on the coefficients for our purposes. These equa-
tions and systems of such equations model various physical processes such as porous
media flow and compressible flows [102].

Debussche, Hofmanova, and Vovelle [] used the kinetic formulation approach, which
is probably furthest traceable to an idea of Giga and Miyakawa’s [43]. After the work of
Vol'pert and Hudjaev [104], [13] was one of the first to make a foray into the question of
anisotropic degenerate diffusion [102], and later the same authors [13] used the kinetic
formulation to settle questions of uniqueness via L'-contraction. The idea of the kinetic

formulation is concisely as follows. Let the “kinetic function” be defined as follows:

1 0<é<r
X(Er)=q -1 r<&<o0 . (1.3)
0 else

Using this definition of kinetic functions, we see that for S € C* with S(0) = 0, we

zﬂfﬁ@u@n»%. (1.4

Then for the (deterministic) equation

have the representation formula

du — V- Fu) = 0,

for example, we can find the kinetic formulation by considering the vanishing artifical
viscosity limit, multiplying the approximate equation with an additional dissipative
eAu term against ®'(u), where ® is convex, and satisfies $(0) = 0. Representing ®(u)
by the formula , we see that

& ()0 =B (1) F' () - Vr© + @/ (uF) A
@A B(E)N(E, ) dE =V - / N %+eA/ () de
—deFA (€)5(€ — u) de.
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In the limit ¢ — 0, we have the kinetic formulation of this equation, being the weak

formulation of

Oix (& u) = F'(&) - VX(&,u) + Oem(&, x, 1),

where m is some non-negative measure called the “kinetic measure”, which is the defect
measure quantifying the dissipative loss via the artificial viscosity. Where there is a
stochastic forcing term o(u)0;W;, there will be It6 correction and noise terms, giving

us

Oix (& u) = F'(§) - VX(&§,u) + Ogm(§, x, 1) — Oep(§, 2, 1) + q(&, z, ) O W, (1.5)

where

%0’%5)5(6 - ’LLE) — p(ﬁ,x,t),
(€)5(¢ —u') = q(&,2,1)

are the Ito correction and noise terms, respectively.

This understanding of kinetic functions is closely related to the theory of Young
measures. Young measures were first proposed by Young for the calculus of variations
[106], and was developed subsequently by Murat [85] 86], Tartar [I03], Di Perna [90],
Serre [96], Ball and Murat [2], and others, particularly in the theory of compensated
compactness. A Young measure can be interpreted as the probability distribution
of the values of a limit of a sequence of functions that fluctuate wildly and have no
classical limit [37]; so that, if (u,) were just a bounded sequence in L>(U,R%), then
there is a subsequence (also (u,)) and a Borel probability measure v, such that for each
¢ € C(RY), the weak* limit of o(u,) satisfies

w* — lim (un(z)) = / () valde).

n—oo

This Borel measure is the Young measure associated to the sequence (u,).

By considering a sequence of functions u,, bounded in L', there is au € L] _ to which

1
locy

X (-, u,) that tend in the weak* topology of L* to some f(&,z) € L®(R x R%). It holds

a subsequence of u,, tend in the weak* topology of L{ ., and a corresponding subsequence

14



[91] (Lemma 2.3.1, Lemma 2.3.3, §2.6) both that, for every Lipschitz S,

w = Jim Sun(a)) = [ S(€)(6) de

n—oo

and

agf(f,l‘) = 5(5) - V.r(g)v

where v, (§) is a probability measure. This probability is of course the Young measure
associated with (uy,).

Another way to understand the kinetic formulation is as in [I1], where the authors
took ®(u) above to be ®(u) = H(§)H(u—&) — H(—§)H(§ — u), H being the Heaviside
function, in order to derive heuristically the same kinetic formulation. We carry out

this calculation for the stochastic degenerate parabolic equation
Ou=—-V-Fu)+ V- (Au)-Vu) + o(u)0,W; (1.6)

on T? between and , and a more complete description of the theory is found
in the section in which these equations are.

Lion, Perthame, and Tadmor discussed the wider applications of the kinetic formu-
lation in their classical paper on the subject [79], particularly to velocity averaging.
This is again a point to which we shall return later.

Apart from formula , another important property of kinetic functions is their
ability to represent the L' difference, giving us a way to bound this difference and
establish continuous dependence in L', or L'-contraction and other similar bounds by

way of the expression

/ / (€ )]+ (€ v)] — 2x (€)X (€, v) dé dar = / vl dr.  (L7)

There are a few modifications we make in our calculations in Chapter [2] Following
[28], we use the modified kinetic function x(§,u) =1 — H({ — u), H again being the
Heaviside function, instead, so that (|1.4)) and (1.7 read, respectively,

/ S'(E)(1 — H(€ —u)) de =S(u) — S(—o0),
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//H(g_u)u—H(g—v)) de dx:/(u—v)+ da.

The second formula in particular will allow us to prove a comparison theorem in place
of an L! contraction theorem.

Also following [28], and [38], another technique we shall employ is that of variable-
doubling of Kruzhkov’s [67,[68]. So that, doubling both the spatial and kinetic variables,

in fact, we investigate the quantity

JJ [ = wteopa - ¢~ w000t - ot - ) dedydgac. 1)

where ¢ and v are approximations to identity. Both the variable doubling technique
and the kinetic formulation are strategies to linearize an equation by introducing new
independent variables. By introducing new variables, we shall find that continuous
dependence estimates, as well as existence arguments can be distilled to a calculus
involving the relative rates at which ¢ and ¢ tend to the delta function.

In [61], the authors remarked that there are various ways to achieve the results of
Feng and Nualart without resorting to the prima facie contrived notion of a strong
stochastic entropic solution proposed in [38]. Karlsen and Storrgsten pointed out that
there are three well posedness theories for the Cauchy problem to the equation (1.2)).
Feng and Nualart [38] framed their results in the language of the strong stochastic
entropic solutions, Debussche and Vovelle [29] used the kinetic formulation we follow
in this dissertation, and Bauzet, Vallet, and Wittbold [3] used the framework of en-
tropy solutions. The three different methods of arriving at a well-posedness theory are
three ways of capturing the noise-noise interaction when comparing two solutions. [61]
points out that [3] avoided the strong entropic solution formulation by comparing en-
tropy solutions to a vanishing viscosity solution, and the analogous notion is captured
by the kinetic defect measure in the kinetic formulation approach of [29]. In the kinetic
approach, by linearizing the equation further by the introduction of new, kinetic, vari-
ables, the interaction in certain cross terms involving noise can be accounted for using
these defect measures instead of directly integrated.

Furthermore, [61] modified the Kruzhkov entropy condition to compare a solution
not to a constant, but to a general Malliavin differentiable variable, using an anticipating
Ito formula. They were able to show that the vanishing viscosity solution is Malliavin

differentiable, and use the framework of [3] to suggest where the notion of a strong
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stochastic entropic solution of [38] arose (Remark 5.1 [61] — although they do not derive
the condition completely). It would be interesting to study what theoretical connections

there are between kinetic formulations and this Malliavin framework of [61].

1.2.2 Invariant Measures

Turning now to invariant measures of processes described by and , we fol-
lowed in the footsteps of [30]. An invariant measure may be disintegrated as a tensor
product of the probability measure and the stationary measure, and there is a one-to-
one correspondence between stationary measures and the invariant measure for Markov
invariant measures — this is the Ledrappier-Le Jan-Crauel theorem [74], 57, 22] (also in
[35] §10.2). As further described in , there are two primary ingredients to extrac-
tion of a stationary/invariant measure. The first is the compactness of the solution
map, and the second is the Krylov-Bogoliubov Theorem (Theorem , . Where
P Cp(X) — Cp(X) is a Markov semigroup on a Polish Space X, Z2F : M(X) — M(X)
is the dual semigroup, and T is some initial measure, the Krylov-Bogoliubov Theorem

gives a stationary measure as a limit of

T
vp = ][ 2T ds, (1.9)
0

as T" — oo, contingent on the tightness of { 2T} among other technical conditions.
This tightness is implied by the bounded of the temporal averages of norms ||ul|3 in
spaces 3 compactly embedded in X. This requires the compactness of the solution
operator.

Whilst [30] showed the compactness of the solution operator to
Owu=—V - F(u) + o(x)oW,; (1.10)
on T¢, under the condition that

v(e)= sup meas{v:|F'(v) - k+7|<e}~e
|k|24+72=1

for some b > 0, we extend this analysis to (1.6, and show that we can use an anal-

ogous non-degeneracy condition similar to that of [13]. As mentioned in [79], these
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non-degeneracy conditions are multidimensional genuine non-linearity conditions and
related to a non-degeneracy condition of Tartar’s [I03] in the theory of compensated
compactness. That is, the compactness relies essentially on the non-linearity of the
equation.

We owe the technique of showing compactness essentially to [30]. This allows us to
define a compact subspace 3 of L! of functions with some modulus of continuity. Next,
following [30], we re-arranged the equation as

atXu - A’y,@Xu = (B'y + 61d)Xu + aﬁ(mu - pu) + QuatW
with

By =y(=A)",
— Ay =F'(&) V4B, +0ld+A(£): V& V.

We have written x, = xu(§, x,t) = x(§, u(z,t)), x being the kinetic function defined
in (1.3). Also, we have used the notation A : B for m x m matrices A = (a;;) and
B = (bj;) to denote the element-wise product >, ; i, ai;bi;.

Here as before, m,, is the kinetic measure, the vanishing viscosity limit of | Vuf|?Z (¢ —
u®), py is the Ito correction, 30%(x)6(€ — u), and ¢, is o(x)d(u — ).

Now using the mild formulation/Duhamel formula, we can split the solution into
the following parts:

u:u0+ub+M1+M2,
where
W = / S(t)xulé,2.0) d,
t
o = / / S(9)(Byxu + 0xu) (€, 2,1 — 5) ds de,

== [ [ [ ot = 0) dlm =6 o0

(My(t), ) = / (8(t~ 9)¢)a,ula, ))o(x) dVW, dr.

Using the work on velocity averaging of Bouchut and Desvillettes [9], we estimate the

temporal average of the 3-norm of each of the components.
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Lions, Perthame, and Tadmor use the kinetic formulation to recover the velocity
averaging results in [31], as well as [45] and [46] where the velocity averaging result
was couched in the language of a compactness theorem. The fact that the kinetic
formulation is well suited to development of velocity averaging theory was noted in
[79], in the authors’ discussion of [31]. [11] used a similar kinetic formulation approach
to show that periodic solutions decay to the average of the initial data over a period for
multidimensional conservation laws. A more recent manifestation of this fact is [102],
where new regularity results were proven for quasi-linear second order PDEs. In the
deterministic case, as shown in [79] and [II], it was possible to take the space-time

Fourier transform of the entire equation in the kinetic formulation,

(7 + F'(&) - k)Xu(&, K, 7) = Oern(&, K, 7),

where k£ and 7 are the Fourier variables corresponding to the periodic space and to time,
repsectively, and then divide the entire equation through by (7 4+ F'(€) - k) in order to
perform estimates on y, directly. Then by considering different embeddings and using
the non-degeneracy condition ¢(0) = 0, one can attain some results on the compactness
of F'. The introduction of the operators A, and B, above allowed us to avoid thorny
questions on the Fourier transform of Brownian motion paired with 6(§ — u).

To show that the invariant measure is unique, we follow largely in the steps of [30],
first showing that solutions enter a given ball finite time, then showing that for solutions
starting within that given ball, driven by small enough noise, solutions are themselves
small. Next one shows that since the noise is small with positive probability, over a
long enough time, all solutions must enter arbitrarily small balls (around one another).
The general philosophy behind this framework is explained in §4.3.3]

We briefly describe the idea involved, In a coupling argument we seek an almost
finite stopping time, defined to be the first meeting time, to control the probability
that two identical processes with different initial distributions will drift apart, showing
that eventually, all distributions tend to a unique, invariant distribution. Here we use
a relaxed version of the coupling argument, showing first that two processes enter a
given ball in finite time almost surely, shuch is the substitute for the traditional first
meeting time. From this an increasing sequence of almost surely finites stopping time is
contructed. Then it is shown that starting from the given ball, where the noise is small

for a fixed duration T, the solutions become small in some norm — as expected from
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deterministic results on zero-average solutions [11]. Next it is shown that the intervals
[T, T + T] as T range over the sequence of increasing stopping times, must eventually
coincide with an interval on which the noise is small almost surely, forcing solutions to

coincide by L' contraction.

The general philosophy behind this framework is further explained in §§3.1.5)

1.2.3 Multiplicative noise

Next we turn to the question of multiplicative noise. Surprisingly little is known about
the long time behaviour of solutions with general initial data to equations with multi-
plicative noise. The equation most intensively studied with multiplicative noise is the
Kolmogorov-Petrovskii-Piskunov equation (KPP).

It is given by

Owu =V - (A(x,t) - Vu) + h(u) + g(u)0, W,
u(0) = ¢ € (&1,6) CR,

where W is a standard Brownian motion. Attention is often restricted to the case in
which g and h both vanish at the the two points £1,& € R, and g,h > 0 on (£,&). In
this way the asymptotic size is controlled in L!.

Chueshov and Villermot [16, 15, 17, 18, 19, 20] in a series of papers showed that
solutions to the semilinear equation with A(u) = sg(u), and evolution on the bounded,

open domain D with Neuman boundary condition

ou

an "
were bounded in space. By considering moments of averages they showed that the
constant functions u; = & with ¢ = 1,2 were fixed points whose stability in probability
dependend on the values of s.

Bergé and Saussereau [5] refined the results of [20] and showed using monotonicity
methods that either the solutions oscillate between equilibrium states or decay exponen-
tially to them. They calculate the Lyapunov exponents exactly for the decay scenario.
Using uniform ellipticity, they are also able to show an “exchange of stability” between

two components of the global attractor in the oscillatory case.
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The chief reason that multiplicative noises complicate the analysis of stochastic
PDEs is that one fails to have much control over the norm, except when additional
restrictions on the noise and initial conditions are specified. Where the noise has a
root, that constant is immediately a fixed point. This cannot be avoided even when
working over the non compact domain R, and oftentimes, L” boundedness relies on the
space being compact.

Using other methods, namely, by investigating the spatial moments of the solution
directly, possibly in the spirit of [80], we show here that for a class of unbounded

multiplicative Lipschitz noises with one root,
Ou=V-(Au)-Vu) — V- F(u) + o(u)o,W

exhibits decay in the solutions to the root, for any initial condition in L!(T?), with

corresponding results for
Ou ==V - F(u) + o(u)o;W

as a special case.

The theorem is as follows:

Theorem 1. Let F' and A be Holder continuous with polynomial growth in their argu-
ments, and let the Holder index v of A satisfy 2~y > 1. Let p be a positive even number,

and

Suppose there are real numbers X\, ¢ with |¢| > 0 such that o : R — R is Lipschitz,
satisfying
lo(u)/c| <|u—R|,  lo(u)/c—(u—R)| < (L—-¢)lu—R|

Then a kinetic solution to

Ou=—V-F(u)+ V- (Au) - Vu) + o(u)oW
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exhibits the following long-time decay:
/|u—R|pda:—>O.

This theorem implies via an L' contraction estimate, and a Borel-Cantelli argument
a 1a [30] that there is a unique invariant measure centred at the constant L' function R,
using a uniqueness framework of Kuksin and Shirikyan [73], and additionally, a decay
rate can be derived. The parity of p ensures there is no cancellation effect at work in
the integral as it tends to nought.

For typesetting reasons we refer the reader to Fig. for a schematic representation

of the noise we consider.

1.2.4 Systems of Equation

By revisiting some calculations of Kanel”s [59], using spatial discretization ideas of
Hoff [51], we also derived an existence of invariant measure result for the stochastic

compressible Navier-Stokes equation in one spatial dimension.
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Chapter 2

Continuous Dependence Estimates

2.1 Introduction

Here we prove a continuous dependence estimate in the coefficients and intial data for

solutions to equations of the form
Ou—V - (Au) - Vu) + V- F(u,x) = o(u)oW, (2.1)

with evolution on T¢. We derive from this continuous dependence estimate both an L'-
stability property for u and a Nikolskii semi-norm estimate (or fractional BV estimate,
defined at ) We require as a matter of first importance, that A is positive semi-
definite. In such a circumstance, it has also a positive semi-definite square root, which
we shall call a. The coefficients F' and o have growth and continuity assumptions given
later. In the noise term, W; is a standard (one-dimensional) Brownian motion on the
abstract probability space (2, P, P).

The significance of such a study is three-fold. First, the equation not being trans-
lation invariant, one can truly probe the question of a BV bound for solutions with
BV initial data, the reason for which the work of Chen, Ding, and Karlsen[I0] was
so notable — unlike the equations studied there, a BV bound does not follow immedi-
ately from the L!'-contraction inequality. In fact, we derive a fractional BV-in-space
bound, which depends on the smoothness of 9;F" in its spatial argument, and in the
special case that 9;F" is Lipschitz (or nought), we have a BV bound. Secondly, we
carry out our analysis as in [28], directly from the definition of a kinetic solution, and

not as in [I0]. Most importantly we provide a uniform treatment of L'-boundedness,
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BV-boundedness, and L'-continuous dependence.
The work [10] was one among many results built atop a study of Feng and Nualart

[38] of the same equation,
Oyu = 0, F(u) + o(u)o, Wy, (2.2)

with evolution in R?. The authors developed a well-posedness theory for the equation in
one spatial dimension (Feng and Nualart studied a more general noise o(x, u; z), where
z is a variable from a Hilbert space). Feng and Nualart used the theory of compensated
compactness to prove existence, which depended on the dimension being d = 1. The
work by Chen, Ding, and Karlsen discussed previously removed this restriction via the
BV estimate they proved. In the existence theory they proposed for the equations
in question, Feng and Nualart established the concept of a strong stochastic entropic
solution, which involved, unusually, a non-adapted stochastic integral.

The flow of the logic here is this: First we compare equations

Ou=—=V-F(u,z) + V- (A(u) - Vu) + o(u)oW
oww=-V-Gv,z)+ V- (Bv)-Vov)+71(v)o,W,

and in setting F = G, A = B, ¢ = 7, derive L' and BV bounds. This shall be half
the work of proving a stability bound. Next, we use our BV bound to obtain a refined
version of the L'-continuous dependence estimate. Then we use the estimates we have

proven to show the existence of solutions.

2.1.1 Plan

In we discuss the meaning and origin of the kinetic formulation. In we use
the kinetic formulation and make preliminary estimates on the difference between the
equations. In we take ' = G, A = B, 0 = 7, and show that L' estimates follow
as a corollary of the preliminary estimates. In §2.5 we take G(-,z) = F(-,x + h), and
A =B, 0 =7, to derive a fractional BV estimate, noting both that in the translation
invariant case, the BV estimate follows trivially from the L' (contraction) estimate,
and also that if u(x,t) satisfies the equation with flux F'(u,z), then v(z,t) = u(x+h, t)

satisfies the corresponding equation with flux F'(v,z) and all other coefficients and
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initial conditions the same.

Then using the (fractional) BV estimate in , we prove a continuous dependence
estimate in In §2.7, we prove the existence of solutions, showing that a sequence
of BV solutions u® with degenerate parabolic term V - ((A(u®) + €ld) - Vu) and initial
data u§ tends to a limit, and also showing a temporal L' continuity estimate as in [10].
The first limit is again a corollary of continuous dependence.

Before we proceed further we note that notationally, we shall use V to denote
the material derviative, and V* the substantial derivative in the z* direction (the ith
coordinate of V, so that V'F(u,z) = 0,F(u,z)Viu + 0;F(u,z), and V - F(u,z) =
>, VIF. We shall continue implicitly to sum over repeated indices.

We require the following assumptions on our coefficients:

O F eL™, (2.3)

|0,F(€,2) — 0. F' (¢, )| <CI€ — (™, (2.4)
0 F (€, 2) — O, F (&, y)| <Clx — y|*, (2.5)
|0(€) = a(&)] <ClE ¢, (2.6)
sup e (€) — o (Q)] <ClE =7, (2.7)

7_]

where @ = (a;;) is the positive semidefinite square root of A. We shall write ~, or
kEF2 to specify that these indices are associated with o or with F', respectively, when
there is any chance of ambiguity, such as when comparing two equations of the same
type, with different coefficients.

We also assume that 0;F* and o have at most linear growth in ¢, and a;; has

polynomial growth in £. Furthermore, we require that 2y > 1.

2.2 The Kinetic Formulation

First we define the solutions with which we seek to work. Following Lions, Pertham,
and Tadmore [79], Chen and Perthame [13], and Debussche, Hofmanova, and Vovelle
[28], we take the kinetic formulation approach. Because of spatial dependence in the
flux term, the definition of a kinetic solution has to be generalised relative to that used

in [28] in order to preserve a “divergence form” structure, as shall be evident below
(Definition [4)).

25



Definition 1 (Kinetic Function). For a measure space (2, Y), a mapping v : A —
9, (R), the set of probability measures on R, is a Young measure if for every bounded
continuous function ¢ € Cp(R), 2 — v,(p) from 2A to R, is measurable. A Young

measure vanishes at infinity if for every p > 1,

[ [ 1€r vt vido) < .

A measurable function f : Rx 2 — [0, 1] is a kinetic function if there exists a Young

measure v on 2, vanishing at infinity, such that

f(gvx) = _Vx<<€7 OO))? (28)

for Y- almost every x € 2.

Where u € L? for every p, we can take our kinetic functions to be
f(& (2,1) = H(§ — u(x,t)),
where u(z,t) generates the measurable Young measure via the relation
Ve (dS) = —0(§ — u(z, 1)) dE,
where H is the Heaviside step function, defined as
H(r) = Ligeso)(r)-

Next we motivate the notion of a “kinetic solution”, as a weaker form of a weak
solution.

Starting from the approximate equation with artificial viscosity,
O + V- Fu',x) =V - (A[°) - Vu°) + eAu + o(u®)0, W, (2.9)
we can multiply through heuristically by 9, H (¢ — u®), using

O H(E —u°) = —0:H( — uf).
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We achieve:

OH (& —uf) = — O, H(§ — w0, F(uf, 2) - Vuf — O, H (& — uf)0; F' (uf, x)
+ V- (0,H(E —u)AW) - Vu) — A[w®) : (VOLH(E —u’)) ® Vu’
+eAH( —u’) —eV(0,H(E —uf)) - Vu©
+ 0, H (& — u)o(u®)o,W

F SO H(E — )0,

Here we use the colon to denote element-wise scalar product, so that if A = (a;;)

and B = (b;;) are d x d matrices,

A:B= Z az-jbij.

1<i,j,<d

This is understood in the sense of distributions, so that for any € Cg5,C>((0,7)),

we require that

—/OT/ OrpH (€ — 1) dfdxdt—//¢(g’x70)H(§_u8) dé da
o / [ #obte — )@ ) - 0, (¢ ) de -V

- /OT // PO, H (€ —uf) (0,F (v, ) — OiF'(€, ) dE du dt

- /OT//WuF(&@@uH(ﬁ —uf) - YV dE dx dt

- /OT // PO H(§ —u)OF' (&, x) d€ dx dt

- /OT/ O0uH (& —u)(A(u) — A(€)) : Vo ® Vur dE du dt

+/OT//V2<P CAOH(E —w) dE dadt

B /OT //Wiuﬂ(s‘ —u)A(uf) : Vu© @ Vu© d dz dy

+/OT//¢(5AH(§_UE) 0 H (€ — ) [V ) d di

+/OT//90<%H(£ — u¥)o(uf) dé da dW,
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/ //9082 w) de du dt.

OuH({ —u’) =—0(6 —u®) = —0:H(E —u),

Now using

we can write

_ /OT //atgoH(f—UE) dé de dt // (6.2 O H(E — ) de d
:/T//¢8F§,x5 (6 — e de .Wadde/T//w O E, 2) dE dad
/ /vzso A(QH(E dfdmdt+/ /a@ VA : Vi @ Vi de dedy
+5/ //AsOH £~ ) dgdxdt+5/0 //agsogg_ua NIVE[? de da e
/ //905 —u®)o(€) d¢ dx dW;
——/ //6‘&05 — uf)o (&) dE da dt.

The divergence form structure was very helpful in the analysis of the spatially in-
variant equation. We contrive to retain this structure with an error. Notice we can

write

///V (€ — WO F (&, 2))p du dt
/ //W)Féx (€ —uf) dE - Vu' dxdt—/ //ng —uf)O%F (&, 1) dE da dt
:/O //goauF € 2)5(€ — ) de .Wedxdt_/o //¢Hg_u€ L€, 7)) dE dardt
—/T//¢auF(§ax)5(f—uE) d¢ - Vu® dxdt—l—/T//wé(g—uf)aiFi(&x) d¢ dx dt
0 e | 0
+ /0 // OeoH (€ — u®)O; F' (&, ) dE d dt.

Hence,

/OT//908uF(fa$)5(f —u®) d¢ - Vu© dedt + /OT//@é(ﬁ — uf)O,F (€, ) dE da dt
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_ /0 ' // H(E — )0, F(E,7) - Vo da dt — /O ' / De H(E =)D, FH (€, ) de durdt,

where we have integrated-by-parts in the spatial variable after the final equal sign.
Taking the artificial viscosity to nought, that is, as € — 0, we arrive at the kinetic

formulation of the equation:

OH(E —u) ==V - (9,F(&x)H(§ — u)) + 0e(H(§ — u)diF' (&, x)) (2.10)
+ A(é) : V2H<f - u) - 5(5 - U)U(é)atw - a§<mu + Ny, — pu)?

where the measures m,, n, and p, are the limit as ¢ — 0 of the kinetic dissipation,

parabolic defect, and It0 correction measures, respectively,

e0(€ — uf)|Vus > = my,

(€ —u)A(E) : Vu' @ Vu® —n,

0(€ = u)a*(&) = pu.
However, in the following, M, = m, +n, shall take on the name “kinetic measure”,
following [28], and in contradistinction to [13], where only m,, is called the “kinetic

measure”, and n,, shall take on the name “parabolic defect measure”.

First it is necessary to define exactly the two kinds of measures mentioned.

Definition 2 (Kinetic Measure). A measure M : Q — 9 (R x T x [0, 77]) (where 9"
is the space of non-negative, bounded Radon measures) is a kinetic measure provided

that
(i) for each ¢ € Cy(R x T? x [0,T]), the map M(p) : Q2 — R is measurable;

(ii) where B§ C R is the complement of the ball of radius R,

lim E(M (B x T x [0,T])) = 0; (2.11)

R—o0
(iii) and for any ¢ € Cy(R x T?),

/ (&, )M (w; d€, dx,ds) € L*(Q x [0,77)
RxTex[0,T

admits a predictable representative (in the L? equivalence classes of functions).
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Definition 3 (Parabolic Defect Measure). The parabolic defect measure of a certain
function u, n, : Q@ — M,"(RxT?x[0,T]), is one for which, given ¢ € Co(RxT?x [0, T]),

:/OT/TGZ/R@(g,x,t)’V-/OUa(C)

Having thus defined the parabolic defect measure, we shall write m, = M —n,,. As

25(§—u(x,t)) d¢ dx dt. (2.12)

our next definition shall specify, the only case which interests us is that in which m,, is
a non-negative measure.

Finally, the definition of the kinetic solution is as follows:

Definition 4 (Kinetic Solution). A member
u € LP(Q x [0, T]; LP(T?)) (1 LP(€; L%([0, T]; LP(T7)))
is a kinetic solution to , with initial datum wug, if u satisfies the following,
(i)

v./ua(g) d¢ € L3(Q x T x [0,T]),

ii) for any ¢ € Cy(IR), we have the following artificial chain rule, equivalent in D’(T¢%
¥

and almost everywhere in (¢,w):

v/ £) dé = o(u v/ (2.13)

(iii) writing H(¢ — u) for H(§ — u(z,t)) — there is a kinetic measure M, such that
given the parabolic defect measure, n,, M, > n, P-a.e.; and (M,,n,) satisfies,
for any p € C®(R, T? x [0,T)), almost surely,

T
- /O [ ente —w dca it~ [ o(e w011~ ) de i (2.14)
T T
:/0 / V- 0,F (& x)H(E —u) dxdt—/o / Oep O;F' (€, 2)H (& — ) dé dx dt
T T
2 . _
+/O /V@.A(é)H(é ) dgda;dt+/o /ﬁggoMu(f,:c,t) de dz dt
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! /0 ' / (Oe)(, 2, )02 () dar dt — /O ' / o,z )0 (u) dz dW.

This arises from testing ([2.10) with ¢, using the artificial chain rule (2.13]).

Remark. A remark to be made here is that 0,F (£, z) in (2.14]) above means (0, F) (¢, z),
and this is equivalent to O¢(F(£,z)). If we write V = (V,—0;) the two integrals
involving the flux in (2.14)) can be expressed as

/OT//W. <85F,;8miFi)TH(f—u) d¢ da dt,

showing clearly the divergence structure attained in this formulation of the kinetic
solution. Integrating-by-parts in all the spatial and kinetic variables, the integral above

is seen to be the negative of

/OT//W. <8§F,;ariFi)TH(f—u) d¢ da dt,

where H=1— H.

2.3 Preparation Estimates

Having defined solution we consider the pair:

Ou—V - (Au) - Vu) + V- F(u,x) =0 (u)oW, (2.15)
Ou—V - (By;(v) - Vu) + V- G(v,y) =7(v)0 W, (2.16)

where B is positive semi-definite, with positive semi-definite square root 3.

Corresponding to assumptions ((2.3)) - (2.7)) on (2.15) we have,

92,G eL™, (2.17)

|0.G (€, 2) — .G (C, )| <OJE — (|, (2.18)
0,6 (€, x) — ,G(E,y)| <Clo —y|*?, (2.19)
(&) = 7(§)] <Cl¢ = ¢I, (2.20)
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sup [8;(§) — By Q)] <CJE ¢, (2.21)
2¥)

where (,6'”) is the positive semidefinite square root of B. We allow for kF'1, kF'2 to be
different from xG'1 and kG2, respectively, and also v, to be different from 5. However,
we keep A\, = A, for simplicity in the following.

We employ a Kruzhkov doubling-of-variable technique and attempt to bound the
difference of their kinetic solutions, so that u, the kinetic solution to the first equation
is understood to take the spatial variable x, and v, the kinetic solution to the second
equation is understood to take the spatial variable y.

In the following we assume ug, vg € LP(Q, P, dP; LP(T4)) N LP(Q2, P, dP; BV (T?)).

The employability of kinetic functions is based on the following observation, that a

simple combination of them, heuristically, gives us
[ HE = )1~ H(E -~ v(0.0)) € ~(0(0:1) = u.6).
R

The manipulations are unjustified as they stand. So we turn to a mollified version.
Let 1, : R — R be defined as a smooth, convex function, equal to (-); outside [—1,1] C
R, and symmetric about the origin in the sense that nj(—r) = 1 — n;(r). We will use
this symmetry repeatedly, such as in below.

To see that 7, exists, let Ji be a standard symmetric bump function supported on
[—1,1] , such as

~ 1
JI(T) = Cexp <1 —7”2> )

where C' is a normalisation constant, so that [, Ji(r) dr = 1. Setting 7j(r) =

[7 Ji(s) ds gives 1 — i (r) = 0} (—7).
Now scaling by p in the usual way to get an approximation to §(r), thus:

n,(r) = p~ 'l (r/p)

, We see on integration that 77;) preserves this symmetry. Finally we can set

ny(r) = /T n;(s) ds. (2.22)

And by the symmetry 1 —n/(r) = n,(—7), we see that 5, coincides with (-); outside
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[=p, pl.

We shall now make further use of the convenient symmetry 1—n/,(r) = n,(—r). Using
the definition of the Heaviside function H, and writing (1 — H(¢ —v)) as H(¢ —v), it
holds that:

[ = ute. o)A = ol )i e - ) d g (223)
L//1t (€~ ¢) de H(C — v(y. 1)) dC

v(y,t)
=/ (1= (ult) — O)) d¢

—00

=n,(v(y,t) — u(z,1))

and 7,(u—v) approximates (v(y, t) —u(z,t))+ as p — 0, which integral in space against
a mollified instance of §(z — y) we seek quantitatively to bound.

Before we proceed to manipulations that shall mould the equation into a form similar
to terms in above, we shall state a lemma that gives us a way to leverage the
definition into a more versatile form. This is essentially Proposition 10 of [29],
and Proposition 3.1 of [28]. It is also found in [53] as Proposition 3.1 — there is an

almost surely time-continuous representative of any possible kinetic solution.

Lemma 2. Let u be a kinetic solution to (2.1)) with initial condition u(0) = ug. There
exist representatives f*(t) of H(§ — u) = Xeso that are almost surely left- and right-
continuous-in-time. That is, for every T € [0,T], and for all v € C?(R x T?), almost

surely,

(fE(r+e),9) = (fH(r),9)
as € = 0. Moreover, f* = f~ except on at most a countable subset of [0,T].

Using the definition of kinetic solutions in ([2.14]), we can manipulate as follows to

arrive at bounds for terms in ([2.23]) above.
As demonstrated in [29], first we derive a version of (2.14) free of the temporal
integral by choosing a test function of the form (&, z,t) = (&, z)a(t), with,

1 t<s
alt)=¢ 1-=2 s<t<s+e ,
0 t>s+¢
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as ¢ — 0, —0, approximates the delta function, and from ([2.14)), we have:

//ataH — ) dgdxdt—/¢gx € — up) dé d

:/ /Vw-(?uF 5,:16H§—uozda:dt—/ /851/}8,-5” &, x)H(E —u)a dé dx dt
0 0

+/T//av2 CA(6H( —u)dfdmdt+/T//aa§¢M (€, ,1) de du dt
_‘/ / )(0e) (u, 2)0? (u) dx dt — / / w) da dWW;

—>/0 //vw'a“F &) H(E —u dwdt—/o //Q?ﬂaﬂm &, 2)H(§ — u) dé dx dt
+/OS//V21/):A(§)H —u) dgda:dt+/s/ Detp M, (€, x,t) dE dz dt
—%/OS/(agw)(u,w) dxdt—/ /w u, )0 (u) d dW;.

whilst on the left-hand side,

//@QH — w) dé dv dt — /¢§x ¢ — up) dé du

—>//H —u(s dgdz—/¢5, § — ug) df du.

For legibility, we shall use the angle brackets to denote integration in the spatial
and kinetic variables x and &, respectively.

Thus do we arrive at

(H(- = u(s)),¥) = (H(- — uo), ) (2.24)
- / (V6. O, F (-, ) H(- — ) di — / (Oth, O.F (- VH(- — u)) dt
/ (VR AC), H — ) di + M@t x [0, 5])

__/ /T 1) (0e) (u(x, 1), ) de dt

—/ Y(u(x,t), x)o(u(z,t)) de dWs.
0 Jrd

As for the analogous equation for H(¢ —v), recall as in the derivation of (2.10]), and
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again denoting 1 — H(¢ — v) by H(¢ — v), using
_au[r[(c - U) = aCH(C - U) = 5(C - U)>

we can write:

_/OT//atsDFI(C—UE) dgdydt—/ o€, 2, 0)H (€ — ) dE dy
:/TZVVW-%GKJAH@—w%dowdt—/T[7@wﬁ«>wﬂaa%gwdo@dt
///V% B(QH(C —v") dCdydt - ///5&05 —)B(() : V£ ® V£ dC dy dy
*5/‘[7A@ﬁ“‘””dﬁwdf—éé /QQWMC—03NVdeOwdt
///905 —v9)7(C) d¢ dy dW;

+ 5/0 / A pd (¢ —v)T2(¢) d¢ dy dt.

Either by directly making the requisite changes in (2.10)), or in the limit of the preceding

calculation, we arrive at
(H(- = v(s)), ) — (H(- = v0), ) (2.25)
:/Os<vy¢, D.G(v, VH (- — v)) dt — /OT@@, 0 (v, V(- — v) dt
+ [ (765 B~ ) d = M3k % 0,5
w3 | [Pt
+Aﬂﬁmmmwm@wwwm.

Therefore we can find expressions for the left-hand side in ([2.23)) via (2.24) by
choosing test functions as shall be subsequently prescribed.

Again, let 7, be chosen as in (2.22). Next we elect to have the product ¥ (&, 2)o(¢, y)
take the form
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where Jp(-) = 07Jy(-/0), and Jy(-) is a smooth, symmetric, non-negative, and centred
at the origin, supported on Bi(0).
Multiplying (2.23|) through by Js(z — y) and integrating in x and y, we have

//de /R /R H(E — ua, 1)) H(C — v(y, ) (€ — () Jo(a — y) d€ ¢ da dy
= //M p(v(y,t) — u(z, 1)) Jo(x — y) dz dy.

As 6 — 0, right-hand side of tends towards [ n,(u(z,t) —v(z,t)) dz. We shall resurrect
the name ¢ = ¢(&, ¢, x,y) and use this to denote the product ¥(&, z)o(¢,y) above.

By such a choice of test function, we have the following usual identities:

Vz@ = - Vy(pv
2 2
Ve =V, 0, (2.26)
Oep = — Ocp.

We use V?, to denote V, ® V,, and V32, to denote V, ® V,. So (V2,)" = V2 .

2.3.1 The Product

Now we can obtain an expression for the left-hand side of (2.23)) as follows:

Lemma 3. Write dE as a shorthand for déd{dxdy. Let u be a kinetic solution to

(2.15)) with wnitial datum ug, and let v be a kinetic solution to (2.16|) with initial datum

vo. Let (2.15) and (2.16|) have coefficients satisfying (2.3)) - (2.7) and (2.17) - (2.21)),
as well as remarks following ([2.16)).
We can express n,(v(y,t) — u(x,t)) as

J] tvta5) = ute (o~ o) dzdy
= [ [ [ e = ute.op i = oty = it =) i

<M+ 1o+ 1, + I + I,
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where A is a martingale, and

I = [ H€ = wl@) (G = woly)l¢ = Oole ~ v) dE.
IF—/ /H —0)H (& —u)(0,F (&, z) — 0,G(C,y)) - Vaop dE dt

- [ ] A= v~ w(@F € a) - 06 ) g dE

1, :/0 /H — ) —u)(A(€) : V2 0o+ B(()V§y<p) dE dt

_/Os///cp(f,v,aj,y) ny dé d dy dt
—/Os///gp(u,g,x,y) ny dC da dy dt,
I, :% /OS//gp(u,v,x,y)(a(u(x,t)) oy, 1)) da dy dt.

Proof. First we re-write (12.24)):

= u(s)), ) (2.27)

5 [ [t om .o dra
_/0 Y(u(z,t), z)o(u(x,t)) dedW;

with

o= [ 900G -0 di = [ 000~ )
N /SW% L AC), H(-—u)) dt + My(9ew> x [0, 5))

0
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1/5/ o*(u(x,t))(Oet) (ula, ), x) da dt
/ W¢ u(z,t), x)o(u(z,t) dedW,.

Similarly, with

(H(- =), 9)
:/ v, 0, 0.G(v —v)) dt—/o (0c0, 0,G" (v, ) H(- — v)) dt

/XW¢I%>H< ) dt = M (06  [0,5])

/ /Td N(0co)(v(y, t),y) dydt

/ (b y7 7 )) dy tha
’Ird
we can write
<[_{( _U(5)>7¢> :[v+fv+Bv- (228)

Let dE be shorthand for d€ d¢ dx dy. Multiplying (2.27)) together with (2.28]), we

have
t/H@—U@ﬁ»H@—U@J»W&@MdeE

:/H(f—u(x,S))ﬁ(C—U(ya s))p dE

=11, + fu<H< - U(S))>¢> + fv<H( - U(S)),W - fufv + B,B,.

Concentrating on the middle three terms, using integration by parts, we can write
ﬁ&m—v@x@:/XHc—vs )t [ fud((H( = o(0).6))
0

:/OS(H(~ 6) df.(t) (/ fu df(t) /fudB >
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Similarly,

v T ) = S T UlS)), dv S Udu 8 vd u .
folH (- = u(s)), ) /O<H( u(s)), @) df +(/0 f f(t)+/0 f B(t))
And finally,

Adding the preceding three calculations together gets us

/ H(E — ulz, ) B¢ — vy, s)(& 2)6(C, ) dE (2.29)
I+ / E(— ot)).6) df + / H(— u(t)). ¢) dfy + BuB, + A,

where .# denotes a generic martingale term, which has expectation nought.

Now,

— /H(g — (%)) H(C = vo(y))n,(§ = ¢)Jo(x — y) dE

Also, recalling that we are using ¢ = ¢(§, ¢, 7, y) to denote 1;(§ — () Jo(z — y), we

can write

N %/:///H(C —v(t))o*(u(z, 1)) (De) (u(, 1), ¢, 2,y) d¢ dz dy dt.

Using the form of the test function ¢, we know that dep = —0p. Also, integrating

against H({ —v) in ¢ means integrating from —oo to v in that variable. This allows us
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to write the last two lines of the preceding expansion as

_/Os////ioﬁcgpdg‘Mudfdxdydt

w3 ] et ¢ otuta, ) dody at
—/Os///go(g,v,x,y) M, dé de dy dt
+%As//w(u,v,x,y)UQ(u(x,t)) d dy dt,

where M,, = m, + n,, is the kinetic measure as defined in Definition [2]

Likewise,

| = ute. o dr

/ /H —u(t))H (¢ = v)0.G(C,y) - Vyp dE dt
N /0 /H(5 —u(t))H(¢ —v)AiG'(C,y) Oy dE dt
+/0 / H(E —u(t)H(C —v)B(C) : Vi,p dE dt

_//// (w,C, 2, y) M, dC de dy dt
/// o(u, v, 2, y) de dy dt,

where again, M, is the kinetic measure.

Furthermore, by It isometry, it holds that

B, B, —( / wa u(w,t), z)o(u(z,t)) d:zcht> (/ Td¢ Wy, 1), y) (v (y,t))dyth)
/0 / Y(u(,t),2)p(v(y, ), y)o(u(z, )7 (v(y,t)) dvdy dt

Td JTd

/0 /Td /Td" x, )7 (v(y, 1), (u(z, 1) — v(y, 1) Jo(z — y) dedy dt

—/ //a(uTvgpu,v,x,y) dx dy dt.
0
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Putting these expressions back together in ([2.29)), we get

/Hg u(w, ) H(C = v(y, $) Y (€ 2)6(C,y) dE
-+ [ H(E = @) HC = o) — o dE
//Hg () H (€ — w0, (€, 2) - Vo dE dt
)
)

(
//H o)) H(E — u)dy FH (€, ) Do dE dt
(

//H( v(t))H
A e
/// (u, v, z,y)0*(u(z,t)) dovdy dt

(
(€ — V2 o dE dt
,Y)

M, d¢ dz dy dt

//Hg u(t 0)0,G(C,y) - Vyp dE dt
//H§ u(t 0)0;,G*(C, y) Ocp dE dt
//H§ u(t))H (¢ ): Vo o dE dt

//// (u, ¢, 2, y) My dC da dy di
/// v(y,t))p(u, v, x,y) dedy dt
(u, v,

i+ / H(E — uo(w)) A (¢ — vo(u)(€ — C)Jp dE

WS
e

/ /H v)H (€ — ): Vi +B(C): Vi,p) dE dt

/0/// (&, v,2,y) n, d€ dx dy dt
—/Os///gp(u,c,x,y) Ny, d¢ dx dy dt

41
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—/Os///np(f,v,m,y) (M, —n,) d§ dzx dy dt
_/OS///@(u,C,:L‘,y) (M, — ny) d¢ dz dy dt

= ] et o tute ) = (ot 0)? dedy de

:%+IO+IF+Ia+Ia

- [ [etevm 4 ) dgazay at
_/05///90(%4,95,@ (M, — ny) dC dz dy dt.

Recall from (2.22) that 7, : R — R is defined as a smooth, convex function, equal
to (-)4 outside B,(0), and so that n,(—r) = 1 —n,(r). Notice that since 7 is convex,
¢ > 0, and since M,, — m, and M, — n, are also non-negative (see Definition , SO

immediately,

02—/08///g0(§,v,x,y) (M, — ny) dé da dy dt
_/OS///¢(u,g,x,y) (M, — n,) d¢ dz dy dt.

This concludes the proof of the lemma.

2.3.2 Difference Estimates

From the previous section, bearing in mind that E(.#) = 0, we know that

E (// o (v(y, s) — u(z, 8))Jo(z — y) dz dy) <E(Io+ Ir + I, + L,).

Therefore we need to estimate the following integrals:

Io = [ H(E = (@) FC ~ olu)(€ — O dE.
Iy = / [ G- HE - 0O (E) ~ 0.6(C.) - Vop dE dr
_ /0 s / H(C = ) H(E =) (BiF (€, 2) — BGH(C, y)) dep dE dt,
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1= / [ G- 0 HE - )(A©): o+ B Vi) dE b

_ 4517l/¢4§u¢ay)nudgdxdydt
—/OS///go(u,(,x,y) n, d¢ dz dy dt,
JJ:%[fzywuhuxyxa@@;oy—ﬂv@J»fdm@”w

We shall refer to these integrals as the initial term, the fluz terms, the parabolic
terms, and the Ito correction term, respectively.

Having now expressions by which we can estimate the left-hand side of , we
proceed so to do. We first estimate what is easy to estimate — the difference arising

from the noise.

Lemma 4. Let u be a kinetic solution to 2.15)), and let v be a kinetic solution to [2.16|).
Let o and T both satisfy with index A. Furthermore, suppose

jo(r) —7(r)?
(iilo) ) o = 7| L) < 00. (2.30)

The Ito correction terms suffers to be so bounded:

1+6
|IU| <min | | sup |O(T) — 7‘(7“)|2 OHUOHL—LG eCo'S’
B r#0 T‘1+9 Cap

lo = 71l e
s (f() (T

Here p is the Lebesgue measure.

+ CTSP2>\_1M(Td).

Proof. We split the proof in to two parts.

Ito Correction Terms I

We can calculate as follows:

:%[f[7¢wﬂhayxa@@;w> oy 1) d dy dt

_L /S//go(u,v,x,y)(a(u(x,t)) —7(u(z,t)) + 7(u(x, 1) — T(v(y,1)))? do dy dt

/ //77,) u—w)(o(u) —7(u)*Jo(x — y) dz dydt
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///”p“_“ (u) = 7(v))*Jo(z — y) dx dy dt
< (sup TN L g [t =) ay o

+ /0 Crlu — o0 (u — v)Jo(x — y) da dy di

— 2\ C\uolA10
< <8171£ |J(T)T1+Z(T)| ) ”(;)HpL el 4 Crsp? 7 u(TY). (2.31)

In the final line of the preceding calculation we used that [ Jy(z —y) dy = 1, and the

L? bound, that in expectation,
lu@®)IL, < lluol, e

and C, is the Lipschitz constant for o. This a priori bound can be proven by testing
the function against ®'(u), where ®(u) = |ulP.

Ito Correction Term 11

Alternatively, we have

:% /OS /TdXTd(U(U(x,t)) —7(v(y, ) *o(u(z, t),v(y, t), z,y) dedydt
S/ /deqrd(((j(u) —7(w)* + (1(u) — T(v))2)n;'(u —v)Jy(x —y) de dydt

/ /de (”“‘T”Lw g (‘ v ;g))Qﬁ“) 0w — v)Jo(w — y) dw dy dt.

As above, we have

lo — TH%""(R) 2A—1 d
lo<s| == +Cw p(T%). (2.32)

O

Remark. Unrelatedly, we see from the proof above that for the Holder indices A\, of o
and A, of 7, as long as \,, A, > 1/2, it does not affect the proof that A\, # \,. We shall
keep things simple and retain A\, = A, = A throughout.

Next we estimate the parabolic terms, using the following lemma as preparation:

44



Lemma 5. Let u be a kinetic solution to (2.15)), and let v be a kinetic solution to [2.16|).

We can express the integral 1, defined above, as the following sum of differences:

I = / S / (¢~ 0)H(E — u)(a(€) — BE) () — B(E) : Vi dE di
n /0 s [ 16 =0~ u)(ale) - BEONBO — AQ) : Vip dE d
n / S / H(C — ) H(E — ) (BE) - BO) () — BE)) : Voo dE di
n / s [ B =)~ w)(BE) — BONBE) ~ BQ) s Vi dE

Proof. Recall that we denoted by the symmetric, semidefinite square root of A by «;
in the same way we denote the symmetric, semidefinite square root of B by 3.

First we write out the parabolic terms, the integrals I,, again, noting that as dis-

cussed in (2.26), V2,0 = V2 o,

I = /0 S / (¢~ 0)H (€~ u)(A(E) - V2,0 + B(O) : V2,0) dE dt

—/OS///gp(f,v,x,y) ny d dz dy dt
—/OS///go(u,C,x,y) n, d¢ dx dy dt

- /0 / H( —v)H(E —u)(AE) — a(6)B(C) — B(Oa(E) + B(Q)) : V2, ¢ dE dt
+ /0 / H(¢ = v)H(& — u)(a(§)B(C) + B)e(€)) : Vi, dE di

_/OS///‘P(S,U,JE,?J) Ny dfdxdydt—/os///go(u,(,x,y) Ny dC dx dy dt.

Let us next concern ourselves with the final two lines of the preceding expression.

Using V2 p = —Viyw = —nggo, we can move the derivatives in the second line from

¢ and onto the kinetic functions. Note that V2 = (V7,)". Using the chain rule (2.13)

for kinetic solutions, we have

/OS/I:I(C —0)H(E —u)(a(§)B) + B(Oa(E)) : V2, o dE dt (2.33)
- /0 / VoH(E —u) @ V,H(C = v) - a(§)Bn) (= O) oz — y) dE dt
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= [ S0 0 V(e = 0 @B ~ it — ) dE
:/0 vgz;/oo / BO)N(E = C) dedC Jo(x — y) dudy dt

+/0v§$:// B(Q)a(&)my(€ —¢) dEd¢ Jo(x — y) da dy dt
=2 [ - 09,09, ( | ato d&) ( | s dc) Tyl —y) dedy dt,

as, where a derivative is present,

V/ E)l(€ — C) dé = V/ £l — C) de,

for any fixed r.

Next we require the form (2.12)) of the parabolic defect measure, which is

o= [ fealr [
[ [ [etr0|v- [catzna

This gives us

2
(& —u(x,t)) dEdrdt

2
0(& — u(z,t)) d€ dx dt.

_/O / 90(£7U(yat)7xay) dynu(dfdx,dt)

__/S/ o(& vy, 1), z,y) Vx-/oua(C)
///npu—ngx— Vx-/oua(é)

and likewise,

2
0(& —u(z,t)) d€ dx dy dt

2
dx dy dt,

p(u(z,t), ¢, z,y) dyny(dC d, di)

vy-/ovmf) x|

npu—v YJo(z —y dz dy dt.

oy
yy
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Therefore we have

/S/H ¢ =) H(E — u)(e(§)BC) + B(Q)ax(§)) : Vi, dE dt

//// (& v, @, y) A dr dy dt - //// (u, ¢, 2,y) ny d¢ da dy dt
/V2 (/ d€> (/ﬁ dC) oy, v, 2,y) de dy dt

Voo, ac

v, [ 8o 6 de|

Inserting this into ([2.33)),

o(u,v,z,y) drdydt

o(u,v,z,y) drdydt

lo = /O / H(¢ = v)H(E = u)(A(€) - a(9)B(S) — B)a(&) + B(Q) : Vip dE dt
:/OS/H(C —v)H(§ = u)(a(&) = B(Q))(eu(§) = B(Q)) : Vi, dE dt. (2.34)

This leaves us one last integral to estimate. Now notice that one part of the integrand

can be expanded to read:

| [ == wie© - BONa©) -BQ): Vigarar (23)
= [ [ =0~ u(ate) - BEN @) - BE) : Vi dE d
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+

H(C—v)H(§ —u)(a(§) — BE))(BE) — B)) : Viyp dE dt
H(C = v)H(E —u)(B(&) = BO))(@(&) = B(E)) : Vip dE dt

+
S5
—— —

n /0 [ B¢ - 0)HE - 0)(B() - BONBE) - BO) : V2 dE dt.

]

We can estimate the various integrals after (2.35)) above essentially by taking uniform
bounds of differences between the coefficient functions o and 3, and taking Hoélder
bounds between differences of the same coefficient function evaluated at different points.

We also bound the nth derivatives of Jy by 0~'.Jy, and the derivatives of n,(§ —¢) by

p~ (€ — ¢). These are written out in the lemma below.

Lemma 6. Let u be a kinetic solution to ([2.15)) with initial datum ug, and let v be a
kinetic solution to (2.16)) with initial datum vy. Letn, and Jy be as defined just preceding

(2.26). Suppose v and B satisfy (2.7)), with indices v, and g, respectively.
Write

IVA = VB = sup e — Bl (2:36)
2y}

and suppose this quantity is bounded.

For the parabolic integrals, we have
11,| <n|VA — VB|2.672 /08 //np(v —u)Jyp(z —y) de dy dt (2.37)
+CBAIVA - VBlu=p#0? [ [[ 0~ ) dady at
+C(B,d)p*B0~? /05 // np(v —u)Jy(x — y)uu d dy dt,

where C(B,d) < nsup,; |By;|cs-

For the flux intergrals, we have

L] <C(A)[|0,F — 0,G 10" / // (v — oz —y) dudy di (2.38)
0

+ C@IOF = 0G =p™ [ [[ no = w)le — ) dody at
0
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S CIRG [ ] o= uhate — ) dody at
0

+ C1(G, d)p“to~* / //np(v —u)Jo(x —y) dedy dt

0

+ (G [ [ ayfo = wiata - y) dody at,
0

where C1(G, d) is a multiple of the Hélder norm of 0,G in its first variable, and Co(G, d)
is a multiple of the Héolder norm of 0;G in its second (spatial) variable, where both these

multipliers depend solely on n.

Proof. Parabolic Terms

The integrals constituting the parabolic terms are

[ [ A= v~ wae) - pe)a(E) - ) : Tiap i dt

[ [ A= 0~ (@) - BONBE - B s Vi dE d
+ [ A= 0= (86 - BON ) - BE) s Vi dE d
+ [T [ A= 0= 066 - BB - B s Vg dE b

They can be estimated by invoking either the boundedness of ||[vA — vB|| = or
the continuity of (ayx) and (8,;,) in (2.7), as follows:

| [ A= 0HE = )(a©) - pe)a(E) - ) Thap i dt
<n/ /H — ) H(E —w)|[VA — VB2V, Jy(x — y)li(€ — C) dE dt
<n|[VA - VB|2.6~ A//np(v—u)Jg(x—y)dxdydt. (2.39)

Writing g for the lowest Holder exponent of all 3,;, we have the estimates:

| [ A= 0H~ wiat©) - BE)B(E - 60) : Tiap dE b
<nlVE - VBl [ [ fic—oy(e - 0 ZE= 2 ule npe - ) i o

<C(B. D) |VA — VBl p 62 /O //n,,v_ujg da dy dt, (2.40)
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and similarly,

/0 S [ (6= (e = w(B(E) - BO)(e) - ) : Vv dE
<C(B, D) |VA — VB| o p6~2 /0 //np(v )y du dy dt.

Finally, we have the estimate:

[ [ = 0~ 86 - BONB(E - BQ) - Vi dE de
<C(B,d)p*s02 /OS //np(v —u)Jg(x —y) dedy dt. (2.41)

In all the above C'(8,d) = n|B|cs-

Flux Terms

The flux terms are

//H COH(E — u)(0uF (& 1) — 0,G(C.y)) - Vo dE dt
//H C— 0V H(E — u)(QF (€, ) — G (C, ) Bep dE dt.

We can estimate these terms much as we did the parabolic integrals. First we have

/

/H £ —u)(0uF (& 7) = 0.G(C,y)) - Vop dE dt
_l’_

/OS/H(C —0)H(€ —u)(0,G(E, ) — 0,G(C, ) - Vap dE dt

/S/H(C_U)H<5_“ )(0uG(C,x) = BuG(C,y)) - Vo dE dt

<C()||0uF — 0,G|| 10" / //npv—ngx— dz dy dt (2.42)
+ i@, d)pCe ! /0 //np v — )yl —y) dudy dt (2.43)

+ OG- [ [ nto =t -y dedyar
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And similarly,

/ W) (OF (€. 1) — D,GHE x)) Oep dE di
/ @G (1) — GG, y)) Dep dE di

<C@)|F — 0G| ///npv—wex— y) du dy dt

)l 2,G / // n(6 — W) Jo(x — y) da dy dt
0

+ Cy(G, )92 p~? / // np(v —u)Jy(x — y) dx dy dt.
0

NEC
e
/ ! — ) (@G (& x) — 0,G'((, ) Dep dE dt
f e
i —

(2.44)

In the above, C}(G,d) is a constant multiple of the Holder norm of 9,G in its first

variable, and Cy(G, d) is a constant multiple of the Hélder norm of 9;G in its second

(spatial) variable, where both these constant multipliers depend only on n.

2.3.3 Mollification Estimates

Whilst by consulting Lemmata [4] and [6], we have a bound for

J[ et s) —ute ) date — ) e dy

we shall need to translate this to a bound on

[l ~ uw.9). d

In this section we estimate the difference arising from using a mollification.

To this end we turn to the basic inequalities, that

()4 <1o() < ()4 +1(0).

From the definition of 7,, we also have, 1,(0) = Cp.

o1
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Exploiting the finiteness of the Lebesgue measure on the torus, we have

J] tvta.5) ~ ute. )t~ ) dady
< // 1 (0(y, 5) = v(, ) Jolw — y) da dy
//np z,s) —u(z,s))Jop(r —y) dody

</(v(:v s) —u(x, s))4 dx + Cpu(T?)

//'np v(y, s z,8))Jg(x —y) dedy.
On the other hand,

[ w9~ utw9) do = [[ (0(0.5) ~ ula, ) dole ~ y) dody
// 2.5) — v(y, 8)) s Jo(x — y) d dy
+ [ 0les) = e s)) ol ) dody
< [[ ww9) — ot0. 50l ) dody
+ //np(v(y, s) —u(z,s))Jg(x — y) dedy.

Hence,
‘// No(v(y, s) —u(z,s))Jo(x —y) dedy — /(v(az, s) —u(x,s)), dx (2.45)
<Cpu(T?) + //np(v(y, s) —v(x,s))Ja(x — y) dx dy.

We shall return to bound this quantity after we have attained a bound on the
bounded variation seminorm of v(s) in

2.4 L' Stability Estimate

The main theorem of this section is

Theorem 7 (L' Estimate). Let u,v be kinetic solutions to (2.15) with initial datum
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ug, Vo, repsectively. Suppose the coefficients of (2.15|) satisfy the assumptions (2.3) to
(2.7). Then we have the L' estimate

B [ ) < exp( D1 Fl=9)8 ( [ (00w dr).

Remark. Where F is translation invariant, we have the familiar L' contraction —

E(/(v—u)+dxs> SE(/(vo—u0)+dx>.

Proof. Putting F(-,-) = G(-,-) and A(-) = B(+) and o(-) = 7(+), we have from Lemmata
M}, and [0]

|Ir| < C(d) F||Loo///17pv—uJ9:1:— y) dx dy dt

+ O(F,d)pr 6! /0 //np(v—u)Jg(x—y) dr dy dt

+ Cy(F,d)02pt n,(v —u)Jyg(x — y) dzx dy dt,
P

|I,| < Cla,d)p* 02 / //77;) u) drdy dt,

15| < Crsp(T4)p* "

Since Cy(F, d) is nought when F' is not dependent on the spatial variables directly,
we see that in that case, taking m = min(y/2, x1/2), and choosing p = /™, we have
the bound:

//np@ — )y da dy 0 <(Cy(F.d) + C(a d))@/os //np@ )l — ) dady dt

+ Crsp(T?) min(1, p** 7).

An application of Gronwall’s inequality and taking p, # to zero at the chosen relative

rate yields the L'-contraction bound.

Putting B = A, G(u,z) = F(u,z + h), 7 = o, from Lemms [6] and [4] , we have
|I,] < C(a,d)p*"072 ///npv—u dx dy dt,
1] < Cop? L (T,
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For the flux bounds we make a small fine-tuning, related to the fact that F' = G, so

that returning to (2.44)), we have

- [ [ e onte —w@r e - 061G drp ar
—— [ [ ¢ o= O € - 9F ) 0p dE at
-/ [ HC - ) HE - W@ €. - A (C.w) p dE

Now, focusing on the first integral after the equal sign in the calculation immediately

above,

- [ BG - 0)HE - )OF (€ 2) - 0F(€.v)) o dE
= | [ ] ¢~ vaagic - 0 ¢ s ~ )@ (€ )~ 0F (€.l ) dé dady
=[] [te - vnie - w@F €0 - 0F (€ )l ) dedrdy
<Co(F. )9 // / 1€ — o) H(E —u)Jo(z — y) d€ de dy. (2.46)

This remaining integral is bounded because first,

/ 7€ — V) H(E - u) de

is uniformly bounded by a constant in x,y and as p — 0, being 1 or 0 according as v is
greater than or less than u, and 1/2 where u = v because of the symmetry required in

the definition of 77,. And secondly,

/ / Jol — ) da dy = p(T?.

Hence we arrive at a version of (2.38)) adapted to this particular situation where
F=aG:

1] <C(d) |02, F| / S [ ot = vsnte ) ddy a (2.47)
+ Cy(F,d)p™ 0~ /03 //np(v —u)Jg(x —y) dedy dt
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+ Cy(F, d)s6".

In fact we notice that as long as we have an improved bound on 0, F (£, x) —0;G(&, y),
calculations analogous to the preceding carry through.

Putting (2.47)) together with the estimates we already have for |I,| and |I,|, we see
that taking m = min(k;/2,7/2), and requiring p = Y™ as p,6 — 0, we can again
apply Gronwall’s inequality to

E (//np(v—u)Jg d dy 0)

<E ((Cl(F, d) + C(a,d))@/os//np(v —u)Jy(x —y) de dy dt
O [ [ no = whie—y) dody d

+ Cy(F,d)sh™ + Casu(Td)pQ’\_l) :

The resulting bound will not be a contraction, but it is clear that the growth, if any,
results from |02, F || .
O

2.5 Bounded Variation Estimate

We apply Lemmata [6] and [ to the pair

Owu=—V"-Flu,x)+ V- (Alu) - Vu) + o(u)oW,
Ow=—-V-F,z+h)+V-(A@)-Vv)+o)oW,

with initial conditions u(z,0) = ug(z) and v(z,0) = ug(x + h), respectively, where
ug € BV, we can derive a BV estimate. And using this BV estimate, we can refine

our continuous dependence estimate. We show:

Theorem 8 (Fractional Bounded Variation Estimate). Let u be a kinetic solution to

(2.15)) with initial datum ug, and

E(|UO|B\/) < 0.

25



Suppose the coefficients of (2.15|) satisfy the assumptions (2.3)) to (2.7)).
Where Co(F,d) is a constant multiple of the Holder norm of O;F in its second (spa-

tial) variable, with the constant dependent only on dimension d, we have the fractional

BV bound

([ twty+09) — ers) e = ) sy

< exp (C(d)|08,F | 15) [@(F, d)slhl" +E ( [ oty +1) = wo(@)) i~ ) da dy)] |

) (2.48)

Proof. By the substitution z = x 4+ h in the second equation, it can be seen that if
u(x,t) solves the first equation, u(z,t) = u(x + h,t) solves the second equation.

As in the L' stability estimate in the previous section, putting B = A, G(u, ) =
F(u,z +h), 7 = o, from Lemmata [6] and [4] , we have

11| < C(a,d)p*6~ ///npv—u dx dy dt,
d

|[ ’ < Cop”\ 1N(T

Again, for the flux bounds we make a small fine-tuning, related to the fact that

G(-,-) = F(-,- + h), so that returning to (2.44)), and following (2.46|), we have

- /0 S / (¢~ ) H(E — )@ F(,2) — BG (. y) dep dE dt

- [ [ B 0HE - 0@F€0) - 0F Gy ) O dE

SCQ(F7 d)S(Q + |h|>’{2
Also, notice that
10uF = 0uG || < (|05 F |z |h.
And hence altogether we have

E (// no(ly + h) — u(@))Jo(z — y) dz dy 0)

<E( )p20~ / //np ) dx dy dt

C(A)||0%F o~ (|6~ + 1) / // o0 — u)Jol — ) da dy dt




—l—Cl(F,d)p’“Hl/ //np(v—u)Jg(x—y) dx dy dt
0

+ Co(F,d)s(0 + |h|)™ + C’UpQ’\_l,u(Td)> .

Now we choose ¢ = |h|, and take p — 0.

We conclude this section with a few remarks:

Remark. If ug is in the fractional BV class with index ko, that is, functions of bounded

1/k9 variation, then we have the fractional BV bound
B[] yean) < exp(C(d) |02 F | = )(Ca(F, d) + g yes ),

where | - |y=1 denotes the bounded 1/k variation seminorm (the Nikolskii semi-norm

[97]),

1
|u| jwr = sup T / lu(z + h) —u(z)| de. (2.49)

|h|>0

Remark. 1f we assume that ko = 1, we have an actual BV estimate in taking the supre-
mum whilst sending 6 = |h| — 0. In fact, adding to the inequality the corresponding
inequality for (u(y + h) — u(x))—, we have

E(lulpy) < exp (C(d)[|05;F |~ s) (Co(F, d)s + E(|uo| pv)). (2.50)

Finally, in the translation invariant case, we have Cy(F,d) = 0, |02, F||r~ = 0, and

reduce to the expected simple bound

E(|ulpv) < E(|uolav). (2.51)

2.6 Continuous Dependence Estimate

A continuous dependence esimate for the equations,

Ou+V-Flu,z)— V- (Au) - Vu) = o(u)o,W,
v+ V- -Gv,z)— V- (B(v)- Vo) =1(v)oW,
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is as stated an estimate of the form,
E(Hu(t) - U@)H) S H(A, B7 F7 Ga g, T,Ug, Uo,t)E(A - B> F— Ga 0 —T,Uy — UOat>7

where E tends to nought as any of its arguments tend to zero, and || - || is some norm.

To prove the full continuous dependence estimates, we shall use our (fractional)
BV estimates to refine both the mollification estimates and the estimates in the
Lemmas [l and @ This will allow us to show that

Theorem 9. Let u be a kinetic solution to
Ou+ V- F(u,z) — V- (A(u) - Vu) = o(u)o; W,
on T with initial condition ug € LP, and let v be a kinetic solution to
ow+V-G,z)—V-(Bv)- Vv)=1(v)o,W,

on T with initial condition vy € BV N LP.

Let F and G satisfy (2.3)) - (2.5) and (2.17) - (2.19), respectively with coefficients
kF1 and kG1 in place of k1, and both with k2 = 1. Let o,7 satisfy (2.6), And let

(ai;), (byy) satisfy [2.7), respectively with v, and ~g in place of .

Let C1(G,d) be the supremum of kG1-Holder seminorm of 0,G (-, x) in first variable.
Let Cy3(G,d) be the supremum of the derivative of 0,G(r,-) in its second variable. Let
C(B,d) be the supremum of the vg seminorm of B,; over pairs (i, j).

Let

K (v, s) = / exp(C/(d)[|0,:Gl1=1)(C2(G, d) + |vo| pv) dt,
0

and

0
o (gl 700 Clmls
r#£0 rit Ca
Let all the differences below be bounded. Then for free real variables p,0 > 0, we

have the continuous dependence bound:

E (/(U@;, $) — u(z, 9)), dx)

<Cpp(T) + O exp (C(d)[|05,Gl 15) (C2(G, d)s + E([vo| v))
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[(C(@) O F = 0G| e p™* + C(d)|0%G | 1 + Ca(G, d)0p™") s]

p
. [E < /np(v(y,()) ~ (e, 0))Jo(x — y) da dy) +
) 0F — BuClli + C(B, )50 K (v, )
C(B,d)|[VA = VB 1=p?07" + n|VA — VB30 ) K (v, )
C1(G, d)p"°* K (vg, 8) + Crsp™ (T

A — 7|2
+ min {—eec"s, SMM(T‘i)] } :
p p

2.6.1 Refining the Mollification Estimate

Returning to the mollification estimate, ([2.45]),

E (] [ 1ot =t ) e =) ey — [ (wlos) = ), o

<Cpu(T% + E (// Mp(v(y, s) — v(z, ) Jo(x —y) dx dy) ,

)

we can now properly bound it by assuming that v, is of bounded variation.

Again we use the simple inequality:
1p(-) < ()4 +1,(0).
Using ([2.48)), we have

E (\ J[1tw9) = wte ) =) drdy = [(0lo.5) = o). de

<Cpu(T) +E (// 0o (05, 5) — v(x, ))Jo(x — y) dxdy)

<Cpu(T) +E (// v(y, s )4 Jo(z — )d:vdy)

<Cpu(T?) +E<//sup|v y,8) —v(y + z,8)| dy Jo(z )d)

|z|<6

)

<Cpu(T) + E (Ju(s)| 5v0)
<Cpu(T*) + O exp (C(d)]|05,Gl 5) (Ca(G, d)s + E([vo| 5v))-
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Also, where s = 0,

(V/” vo(y) = (7)) Jo(w — y) drdy — /( o) — up(w)) 4 dav

<Cpu(T?) + OE(|vo| pv)-

)

2.6.2 Refining the Continuous Dependence Estimate

Next we refine the continuous dependence estimate, using the fact that one solution is
of bounded variation, and assuming that kG2 = 1.

Since E(|v(s)|py) is bounded, we can refine the estimates in Lemmas [6] and [dl Let
P € L* be some generic placeholder. Wherever there is a negative power of 6, an

estimate was made of the form

/ H(E — w)H(v — Q) P(€) - Vado(z — y)l(€ — C) dE
(€ — w) B (v — OIP|l1~|Vads(z — y)if!(€ — ) dE
<Pt / H(E —w)H (o — ) Jo(z — )€ — ) dE

Pl J[ na(w =~ whdo(o ~ ) dwdy.

Using our control of |v(s)|gy, we can refine some of these estimates to

[ H(E =00 = OP©) - Vodale — e - O dE
—— [ HE -0 H© - OPO) - Tyhle (€~ ¢) dE
—— J[ [[ #6~ w0~ /0PIt ~ it ~ ) dc dgdray
<IPle~ [ [ 1o = wste ) dalVol dy
<IPlpelo®) oy

As Vv is a measure in y (and not in (), the product §(¢ —v)Vov makes sense. We have

used the boundedness of 77;). That is, we can replace

070 [ v = date = ) e dy
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with
[v(t)| B,

avoiding an application of Gronwall’s inequality, and an exponential penalization in
time here (which shall come from the estimate on |v(t)|py instead).

In particular, each of the estimates (2.42)), (2.43)), (2.39), (2.40), and (2.41)), respec-
tively,

2.12):
/O [ ¢ e - @€ 1) - 066 1) Vo d e
<C(d)||0uF — 0,G|| 0" /08 //np(v —u)Jop(x —y) dx dy dt,
@2.43)
/0 [ ¢ e - 0@.6(6 0) - 06 0) - Vo dE at
<ci@ap o [ [t = wite =) dedy i
[2-39):
/0 S [ B =)~ wlal) - BEN(O) ~ BE) Vi dE di
VA= VB30 [ [ e~ wite — ) dedy i
(2.40)
/0 S / H(C — ) H(E — u)(a(é) — BE)(BE) — BQ) : Vo dE dt
<CB VA~ VBl [ [[ 0wy dzdyar
and
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/0 [ H1c= 0= (36 - BONBEO - BQ) - Vi dE
<@ [ [[ o= uita =y sy ar

can be re-written respectively as

@47):
//H ) H(E — u)(0uF(€,2) — 0.G(E, 7)) - Vo dE dt
<C(d)|0uF — 0,61 / [o()lpy dt,
@43
/ /H C ) H(E — w)(0,G(E,7) — 0uG(C, ) - Vg dE dt
<Ci(G, d)p /0 [o()]py dt.
239
| [ A= v~ wiae) - pe)@(E) - ) : Tiap i dt
<n|VE - VBIEo [ lofolav di
@40
[ [ A= 0t - @) - BB - 50 Vi dE a
<CB VA - VBlo=p*0! [ ool dr
and
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/0 S [ G =0~ )8 - BB - BQ)) : Vivp dE d

<C(B,d)p*e0~ / lo(t)| gy dt.
0

From the bound on E(|v(t)|sy) in Theorem [8] let us denote bound on the temporal

integral by K (vg, s), where
K(vo, s) = K (vo,5,G, 0, p, d) 2/ () sy dt.
0

Finally, recalling Lemmata [6] and [, along with the preceding remark, we have the

bound:
(//npv—ngx— y) d dy ) (2.53)

<(CD)0F — 0,G = + C(B,d)p*#67 ") K (vg, 5)
+(C(B, d)|VA = VB 1=p207" + 0| VA = VBI[767") K (v, 5)

C()|OF — G p™ / // (0 — ) ol — ) da dy dt
0

0)]|0%.C 1 / // (0 — ) o( — ) do dy dt
0

OGO Klun, )+ Cu Gty [ [[ o= =) dn

( o (r) _T(TW) C||uoy|;ﬁ’9€cos S||a_7||%mM<Td)

sup 5
r#0 ri+é Oap P

+ Crsp®™ 1 u(T9).

+ min

We have taken kG2 to be unity as required for the BV bound. Of course, we could have
chosen to take u to be the solution with BV initial data. This is a minor complication,
which can be overlooked by restricting our attention to kG2 = kF2 = 1.

Because it is quite cumbersome, we shall in this section denote by Ay the quantity

a(r) —7(r)|2\ Clluol*?
AG — (Ei](;))| ( )T1+0< )‘ ) CgL ""9' (254)
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2.6.3 Continuous Dependence Estimate

In this subsection, we prove the full continuous dependence estimate. First we demon-
strate the estimate for the translation-invariant case, then we state prove the entire

theorem.

Translation Invariant Case

Let us take a pause and show that in the-translation invariant case, the continuous
dependence estimate reverts to the expected one (as suggested by (1.1)), also in [21]).
In the translation invariant case, Cy(G,d), ||0;F" — 0;G*|| 1, and ||0%,G|| 1~ are nought.

Also, from ([2.50)), we can take
K (vg, s) = sE(|vo|sv)-

Furthermore, since setting these quantities to nought in the estimate above, there is

no need to apply the Gronwall inequality, which leaves us free to apply the mollification

estimate, (2.52), immediately. Hence, we have
B ([ )~ ule. ) do

)
<Cpu(T?) + 20E(|vo| pv)
+ (C(DN|0F = 0,G 1= + C(B,d)p*20~" + C1(G, d)p"™")sE(|vo| )
+(C(B,d)IVA = VB 1=p?07" + 1| VA — VB|10"")sE(|vo| 5v)

A — 7|2
+ min [—Gec"s, SMM(Td)] + Crsp™ (T,
p p

For simplicity let us make the estimate

A - 200 - 200
mln |:_9€CUS7SHO- THL M(Td>:| SSHO- THL
P P P

p(TY).
All that is left is a judicious choice of p and 6. To this end we set
p=0= VA = VBlli=v5 + |l — Tl

Since
1

1
< T
VA — VB||s o —7|lLev/s

-1
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we have

([ (o) = ule ) da

<Cp(1 + E(|vo|pv))
+ (C(d)||0uF — 0,G| 1 + C(B,d)p*0~ + C1(G, d)p"“1)sE(|vo| zv)
+(C(B, d)|[VA — VB||1=p"?07" + n||[VA — VBI[}0")sE(|vo| )
||0 — 7]
P
<Cp(1+ E(|volpv))

T+ (CA)0F = 0,Gll 1= + C(B,d)p*» " + Co(G )" )E(Juo|v)
+(C(B,d)p™ + | VA — VBl =)V5E(uolsv)
+V5llo = llma(T?) + Crsp™ (T,

) (2.55)

0

(T 4 Crsp® 1 pu(T9)

Full Continuous Dependence
In the non-translation invariant case, we do not make immediate use of the molli-

fication estimate, (2.52)), but take Grownwall estimates first. Applying the Gronwall
estimate to (2.53)), we arrive at

£ (] o= wila = ) dody )

<exp[ C(d)||O:F" — 0;G"||Lpt +C(d )H(?SiGHLoojLC’g(G,d)Qp’l) 5}

[ <//np u(@,0))Js(z —y) dxdy> +

+ (C(d)]|0uF — 0uG|| 1 + C(B,d)p*?0~ 1) K (vg, 5)
+(C(B,d)||VA = VB 1=p07" + n||[VA = VB|[767") K (v, 5)
Cl( ) KGlK(/UO,S)"—CTSpQ)\_l/J/(Td)

A —7)|5
+ min [—960"5, suu('ﬂd)} }
P P

Now we apply the mollification estimate ([2.52)), arriving at
E (/(v(a:, s) —u(z,s))y dx)
<Cpp(T?) + O exp (C(d)]|05,G | r=5) (C2(G, d)s + E(Jvo| )
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+exp [(C(A)|0F" — 0G| pep™ + C(d) 105Gl + Co(G,d)fp™") 5]

{ (// (v —u(,0))Jo(z —y) dx dy) +

+ (C(d)]|0uF — 8,G|| = + C(B,d)p*?0 ") K (vo, 5)
+(C(B, )|VA = VBl p™0 " + 1| VA = VB[]0 K (vo, )
+ C1(G, d)p"“ K (vg, 5) + Crsp® (T
. ﬁecas SHU—T”%OO d
+m1n[p S M(T)]}

This proves our theorem.

Remark. Some remarks are in order. First, there is no reason that ¢ and 7 should not
satisfy continuity conditions with different indices A, and A,, in which case A in the
theorem statement above should read \,.

More importantly the generalization A (u, ) behaves differently and additional dif-
ficulties present themselves. In particular, in considering the BV estimate, to get a
sense of the calculations, one might take the ¢th derivative of the entire equation (at
the bulk, non-kinetic level) and test it against n’p(&-u). One cannot easily propose an

assumption on ;A (u,x) by which to bound the terms
/ 1y (i) A(u, ) : Vu @ V(du) d

because inevitably, second derivatives appear in the estimates.

2.7 Existence

2.7.1 Convergence in ¢

Let ug be a collection of initial conditions that tend to uy almost everywhere, almost
surely.

We show here that there is convergence in the solutions u® of the approximate
equations. From the continuous dependence estimates we have that the kinetic solutions

to

o = V- F(uf ) + V- (Awf) + eIV - ) + o (u)A,I,
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and
ouf ==V -Fu,2)+ V- ((A@W) 4+ 1)V - uF) + o (uf)o,W,
satisfy

E (/(ual(x, s) — u(z, 8))s d:zc)

<Cpu(Td) +0exp (C(d)[|02,F|| po=5) (Ca(F, d)s + E(|ug | v))
+exp [(C(d)||0F:F || p + Ca(F, d)op™") s]

{ (// M(u” (9,0) = w(2,0)) Jo(x — v) d.rdy) n

+(Cla,d)p™07 K (ug, )
+(Cla, d)|Ve = Ve|po~" +nlve = VPO K (uf, 5)
+ O (F,d)p" " K (u, s) + Cpsp™ L u(TY).

We see that we need p,0 — 0 as €, — 0, as well as

Op~' < 0
P20t =0
Ve = Velpg™ =0
Ve — Ve 207 =0,

Since we have assumed 27, > 1, simply take
p=VE— Va0 = v - Ve

Temporal L'-continuity

Following [10], we show that

E (/OT—N /(u(t + At,x) —u(t,z))s dx dt) < C'T(At)l/3

as At — 0.
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Let us define the temporal difference
w(at) = u('a t+ At) - U(,t)

From the definition of the kinetic solution, for a test function ¢(&, z;t), we have the

equality:

(0, H(§ — ul(t + At))) = (@, H(E — u(t)))
A ) t+AL o
:/t (Vo,0,FH(- — u(s)) ds — /t (O, O;F'H (- — u(s))) ds

t+At

+/t (V2o : A H(-—u(s))) ds — M,(0ep ¥ [t,t + At])

t+AL

= / / o (u(w, )(Oep) (u(, 5), ;1) dods
t+At d

+/t /T o(u(z,s),r)o(u(z,s)) dodWs.

where as in , the angle brackets represent integral in the spatial and kinetic
variables. As before H =1 — H, and H is the Heaviside function.

We now choose a test function convex in the kinetic variable £, so that we can avail
ourselves of the sign of the defect measures in the effort to estimate the left-hand side.
We retain the positive part function in favour of the sign function used by [10].

Nevertheless inspired by [10], we use the test function:

p(§,m, 1) = (o (sgn(w(-, 1))+ ) ()7, (€ — u(t)),

where Jy is again an approximation to the delta function centred at the origin, that
is smooth, non-negative, supported on By(0), and has unit mass. Let 1, : R — R
continue to be as in the construction given in (2.22)). Notice that here, ®(, x,t) for
which 9¢® = ¢, is convex in the kinetic variable.

Integrating above in time from nought to T" — At, we have the expression:

/0 7 t<90,H(£—u(t+At))>dt—/o ) t@,H(g_u(tmdt

T—At t+At _ T—At t+At o
_ / / (V. O H (- — u(s)) ds dt — / / (Oep, O H (- — u(s))) ds dt
0 t 0 t
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T—At t+At B T—At
+/ / (V2o A, H(- — u(s))) dsdt — / Mo (e x [t + At]) dt
0 t

0

+% /0 o /t o /T 0wl ) O, ), ;1) dr ds
N /O o /t e /T (e, s), D)o (ulr, s)) dedWV, de
b [ e =t A0) ot

Notice that though the test function depends on u(t + At), in the stochastic integral
above, one can integrate first in s, so all integrals are well-defined either in the sense of
Lebesgue-Stieljes or more generally in the sense of Ito, and adapted.

On the right-hand side, as can be seen from the presence of n,(§ — u(t)) in the
definition of ¢, as p — 0, we expect (¢, H(§ — u(t))) — 0. We have the following

estimate:

[ o (€ — ut) dt| < Crp.

For the left-hand side, first we mention that as remarked previously,
M, (0gp x [t, t + At]) > 0.

We proceed to analyse the remaining parts of the left-hand side.

Flux Terms:
Assuming that 9;F" has linear growth in its kinetic argument, we have an L? estimate

on u, and so,

E ( /0 o /t N o O H( — u(s) ds dt)

_E ( /0 o /t T e O — u(s)) ds dt>
<Cr(AL)0+ At/p).

Parabolic Term:
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Assuming polynomial growth in the entries of A, we have the esimate:

E (/OT_N /tt+m<v2¢ LA H( — u(s)) ds dt)
<CrAt)6?.

Ito Correction Term:
Assuming linear growth in o, we have an L” estimate on u, so we also have the

estimate:
1 T—At t+At
§]E (/ / / o*(u(z, 8))(0ep) (u(z, s), z;t) dx ds dt) < CrAt/p.
0 t Td

Noise term:
Using the Burkholder-Davis-Gundy inequality, and the L” estimate on u, we have
the bound:

E ( /O o /t o /T (e, s). 2)o(ulz. s)) d IV, dt) < VAL

Mollification term: Using the fractional-BV estimate we derived, and supposing

that 0;F were ko-Holder in its second (spatial) argument, we have as in Chen-Ding-

Karlsen,
e ([ e A ute+ 20) - (wie. ). 1)
< ([ [ate - ot oty dedyar
<E (/OT/J(Z)/yu(x,t) e — d:cdtdz)
<Cr0™.
Conclusion:

Taking p = 62, and § = (At)®, we have the bound:

E </OTAt \w(z,t)| dx dt> < (AD> + (A + (A1) 2 (At)1/2 (Aryee,
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This allows us to optimize the inequality to

T-At
E (/ \w(z,t)| do dt) < (At)Re/@Hr2) (2.56)
0

Remark. In [10], the authors suggested that the optimal bound for the first-order con-
servation law should be (At)/2. Supposing we have a BV bound in place of a fractional
BV bound, on the torus their suggestion holds true. In the second-order case, the pres-
ence of the second derivative gives us another power of #~!, which under optimization,

in the presence of a spatial BV bound, gives us a bound of C(At)'/3.

2.7.2 Conclusion of the Existence Argument

In conclusion we follow [10] and show that we have proven the following existence

theorem,

Theorem 10 (Existence in LP? N N®1). Let all the assumptions (2.3) - (2.7) hold,
then there exists a kinetic solution of the stochastic anisotropic degenerate parabolic-
hyperbolic equation such that the fractional BV bound (2.48)) holds.

Proof. For any fixed €, we can mollify ug into u§ € C™ so that for any s, E(||ul%.) is

bounded for any s, and
E ([luglle + |uglyer) <E ([[uoll e + uolnn) < oo

Then, as in [10], using the arguments of Section 4 of Feng and Nualart [38], along
with the convergence results in this section, we can conclude that there is a convergent

subsequence u®(x,t) that converges almost everywhere almost surely to u(z, ). O

Remark. [28], a different path to existence was taken, using martingale solutions and
the Krylov-Gyongy mechanism whereby a weak (martingale) solution together with
pathwise uniqueness ensures strong existence, though a form of parabolic approximation

was still used (which in fact was alluded to in the final sections of [30]).
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Chapter 3

Invariant Measure for the
Anisotropic Degenerate
Parabolic-Hyperbolic Equation with
Additive Noise

In this chapter we shall extend the work of Debussche and Vovelle in [30] to the degen-
erate parabolic case, and show that as in the case of the first-order equation, the process
associated to the degenerate parabolic equation also has unique invariant measures. We
follow their schema closely.

The equation we consider is
ou+V - F(u) =V (Au) - Vu) + o(z)0,W,

The evolution occurs over the torus T¢.

To begin with we assume that o(x) is bounded on T¢. In [30], Debussche and Vovelle
used a Hilbert-Schmidt operator in place of a simply bounded noise, taking o(x) =
Y wgk(z)er, and W = 3", €0, a cylindrical Wiener process, where j; are independent
Brownian motions, and (ej) are a complete orthonormal system in a Hilbert space. In
the analysis below the difference between using a cylindrical Wiener process or a one
dimensional Wiener driving noise is of little account. We elect to keep the calculation

simple and legible by taking o(x)0;W as our driving noise, where dW, is simply white

72



noise. Nevertheless, as in [30], we assume that

and that

|o()[* < D, (3.1)
|o(x) = o(y)] < Dilz —yl. (3.2)

This assumption ensures that the average of the solution over the torus, f udr = 0.
This is important in order to rule out the drift of solutions off to infinity in norm even
though they may smoothen out to a constant, as expected in the deterministic case

[11]. We shall make further remarks on this in the following chapter.

3.1 Mechanism for Extracting an Invariant Mea-

sure

In this section we introduce the notion of an invariant measure.

3.1.1 Motivation

The notion of invariant measures on a dynamical system is quite direct. Let (X, 3, u)
be a measure space, and let S : X — X be a map. System (X,X, i, S) is a measure-
preserving system if u(S'A) = u(A) for any A € 3, and then p is called an invariant
measure of map S.

On a random dynamical system (RDS), there is an added layer of complexity.

We follow the standard definitions in [I]; see [23] for further references on RDSs and
[39, 140] in a specifically parabolic SPDE context.

Let (92, F,P) be a probability space, and let 0; : 2 — Q be a collection of probability-
preserving maps. A measurable RDS on a measurable space (X,%) over quadruple
(Q,F,P,0,) is a map:

P  RxOxX—X

satisfying the following:
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(i) Measurability: that ¢ is B(R) ® F ® ¥-3 measurable, and,

(ii) Cocycle property: that p(t,w) = ¢(t,w, ) : X — X is a cocyle over 6:

@(O, (,U) :ldx,
QO(t + S, (,4)) :SO(Sa Htw)go(t, (,U).

We think of 2 x X — () as a fibre bundle with fibres X. On the bundle, we have
the skew product defined as © = (0, ). Then, again following [I], we can define the

Invariant measure:

Definition 5 (Invariant Measure). An invariant measure on a random dynamical sys-

tem ¢ over 0 is a probability measure p on (2 x X, F ® X) satisfying
(©)upt = p, Topu =P.
Any probability measure p on €2 x X admits a disintegration,
p(dw, du) = v, (du)P(dw).

A measure v, is stationary if

O(t, W)l = Vg,w-

A Markov invariant measure is an invariant measure for which map w — v, (') is
Fo — B(R) measurable for any I' € B(X).

The disintegration of measures is unique, and there is a one-to-one correspondence
between a Markov invariant measure and a stationary measure [22] [74], 57]. Associated
with an invariant measure is a random attracting set, which is generalized from the
deterministic context [25, 24]. In the context of dissipative PDEs perturbed by noise, it
can be shown that the Hausdorff dimension of an attracting set is finite by estimating

by using global Lyapunov exponents, such as in [27].

3.1.2 Existence Machineries

There are several approaches to establish the existence of invariant measures. One

approach is the Krylov-Bogoliubov mechanism as we are going to discuss here. Another
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approach is via Khasminskii’s theorem ([94], §8.1 of [81]). Both of them are based on
the compactness property provided by the Prohorov’s theorem [95].
First we recall that a sequence of probability measures {)\,} on a measure space X

is tight if for every € > 0, there is a compact set K. C X for which, uniformly in n,
M (X\K,) <e.

Then we can state Prohorov’s theorem as

Lemma 11 (Prohorov’s theorem). A tight sequence of probability measures A, is weak™
compact in the space of probability measures — that is, there exists a probability measure

A and a subsequence (still denoted) N, such that A, = .

Proof. Following [35], notice that by the Stone-Weierstrafl Theorem, for every compact
K C X, C(K) = Cy(K) is separable. Let D be a countable dense subset of C'(K).

Then, {{/f)\n}fel)}n>1

is a sequence in the countable Cartesian product

[T int (), sup(f))-

feb

As its factors are metrizable, L is metrizable in the product topology. By Tychonoff’s

theorem, it is compact in the product topology. By sequential compactness, there is a

[

converges for every f € D. By the density of D, this can be extended to C(K).

subsequence (A, ) such that

It remains to extend C'(K) to Cp(X) and to show the limit is a probability measure.
This calls for tightness.

For each r = 1,2, -, let K, be the compact set for which \,,(K,) > 1 —1/r for every
n. Now let D(r) be a countable dense subset of C'(K,). Then

U)o
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is a sequence in the countable Cartesian product

H H [inf(f),sup(f)].

r>1 feD(r)

In the product topology there is again convergent subsequence,

f>\nk7

K,

for every f € Cyp(X).

The limit of this subsequence is a linear functional L. By the Riesz(-Markov-
Kakutani) Representation Theorem, there is a measure A such that L(f) = [ fdA.
To see that A is a probability measure, we need but take f = 1.

O

Let S; : X — X be the solution operator of a well-posed Cauchy problem, where X
is a complete, separable, metric space. Let &2, be the process associated with S, that
is, for any ¢ € Cy(X), Pyp = p o S;.

Furthermore, a process is said to be Feller if for every ¢ € Cy(X), it holds that the
map

(t,x) € [0,00] X X = Pp(x)

1S continuous.

The Krylov-Bogoliubov Theorem was proven first in [8], and is as follows:

Theorem 12 (Krylov-Bogoliubov theorem). Let &2 be a Feller semigroup, and let p
be a probability measure on X for which {2} u} is tight. Then there exists an invariant

measure for ;.

In fact, the invariant measure generated by this theorem is the weak™® limit of

1 T

Thus, the tightness of {vr} is the key, which is ensured by the tightness assumption of
(Zfn).
By the Prohorov theorem, the tight sequence has a weakly converging subsequence

(still denoted as) (v;) for ¢ ranging over a unbounded subset of R. Let its limit be v,.
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Then
/ () v (du) = / (2.0) (). (du)
X

—thm //9(,0 W ZEp) (du) dr
~tim 1 [ [ (@)
= Jim / / (u)( ) (du) dr
t+s
—|—t11rn / du) dr

—tliglo / / du) dr.

We require the Feller property to execute the second equality, as &, has to remain
continuous. With this, the second and third summation after the last equality tend to

zero in the limit ¢ — oo, as s is fixed.

3.1.3 Philosophy

We now illustrate the mechanism in which the Krylov-Bogoliubov theorem is usually
applied.

Let X be a Banach space of initial condition, from which the solution map S; : X — X
takes its value, and let ) be a Banach space such that there is a compact embedding

) — X. Suppose S; were compact for ¢ > 0 so that
S(X)CY for almost all ¢.

Let Kr = {z € X : ||z]]y < R}. Since Y — X, Ky is compact in X. Let f be any
suitable function satisfying f(-) > || - ||y -

In order to show the tightness of {vr}, we apply the Markov inequality to f. The
suitability is defined by the justifiability of the following calculation:

If f(-) > - |ly, then f(u) < R implies that ||ully < R, which in turn implies that
u € Kg. Therefore, if u € X\ Kg, then f(u) > R
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The bound sought is then the following: For every ¢, we can find R such that

vr(X\ Kg) <vr({f(u) > R})

—/f w)vr(du)
e (Zf)(w)p(du) di
7]

If 1 = 6y, then

LT/OT/%(ﬁtf)(u)u(du) dt = % OT(%f) / flu

Therefore, if the temporal average is bounded:

/ Flu(t) dt < C, (3.3)

then a compact set Kg has been found such that vp(X \ Kg) < C/R, and {vr} are
tight. This implies the existence of an invariant measure. Our efforts in will be to
show this bound for the degenerate parabolic-hyperbolic equation.

It is important to point out that, where the initial condition is ug, and the solution
is u(t), the conditions of the Krylov-Bogoliubov Theorem are satisfied if there is an

increasing collection of compact sets K, and finite times t,, such that
sup P({u(t) ¢ K, }|u(0) = ug) — 0 as m — oo.
t>tm

We shall make use of this condition to invoke the Krylov-Bogoliubov machinery.
All the above can be found neatly summarised also in §2.5.1 of [73].
Now S, in our problem is Feller, by L!-contraction. We shall show that L' balls are

mapped into sets of uniformly equicontinuous functions.

3.1.4 Methods for Establishing Uniqueness

It is well known that the invariant measures of a map form a convex set in the probability

space on X. By the Krein-Milman theorem, the convex set is the closure of convex
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combinations of its extreme points. These extreme points ;. happen to be the ergodic

measures, which are characterised as the property that, for a measurable subset A C X,
p((STTA)AA) =0 +— p(A) =0or u(A) =1,

where AAB := (A\ B)U(B\ A)

Ergodic measures heuristically carve up the solution space into essentially disjoint
subsets, since any two ergodic measures of a process either coincide or are singular with
respect to one another. This is a simple consequence of the property stated above.

It also follows from the extremal property of ergodic measures that, if there are
more than one invariant measure, then there are at least two ergodic measures.

One common condition used to guarantee the uniqueness of an invariant measure is

the following:

Definition 6 (Strong Feller Property). A Markov transition semigroup &, is strong

Feller at time t if Z,p is continuous for every bounded measurable ¢ : X — R.

The strong Feller property guarantees the uniqueness of invariant measures [34] 64]
(see also [94], Theorem 5.2.1, and [82] and the references therein).

The strong Feller property always holds for transition semigroups of processes associ-
ated with nonlinear stochastic evolution equations with Lipschitz nonlinear coefficients

and nondegenerate diffusion, for example, see [92].

3.1.5 Coupling Method

The coupling method is a powerful tool in the probability theory introduced in Doeblin-
Fortet[33, 32] (also see [77] for a reference), which can be used to show the uniqueness
of invariant measures.

The general argument proceeds as follows: Let X; be a Markov process with initial
distribution A, and let Y; be an independent copy of that process but with an initial
distribution that is an invariant measure 7. Then the first meeting time 7 is a stopping

time, and the process defined by

X, t<T,
Yi, t>T

Zt:
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is also a copy of X; by the strong Markov property.
Write f.v :=wvo f~! as the pushforward measure (sometimes also denoted ftv).

Using the definition of Z;, we can write

PN —7 = (Z).P — (V)).P
=Ly Z0)P + Loy Z1):P — (L Y2)uP — (Lo Y2) P
= (Liery Z0)sP — (Lppey V1) P

Then the total variation norm of &\ — 7 can be estimates as follows:

P20 =l < [ (Luer Z)Bd) + [ (Luer)¥).Bldu)

—P({t < T}).

If S can be shown to be almost surely finite, then, as ¢ — oo, we see that 2\ — T,
and there is only one invariant measure.

In our application below, § will be slightly modified to be the time of entry into a
small ball.

First, we show in that two solutions v and v enter a given ball in finite time,
almost surely. This is a stopping time. From this, by the strong Markov property, we
construct a sequence of increasing, almost surely finite stopping times in (3.27)), which
are spaced at least T' apart, for some T > 0 later to be fixed.

Then we will show in that, for T" > 0 well chosen, if a solution starts within
the same given ball and the noise is uniformly small in W} over a duration of length
T, then the temporal average of |[u(t)||;1 over that temporal interval can be taken to
be smaller than some . Since the noise is (z)W, the uniform smallness in W} over
an interval [T, 7T + T] depends entirely on the size of .

We see that, for T" > 0, the probability that the change in noise remains small
between [T, T + T is strictly positive and, by the strong Markov property, we can re-
place 7 with any other stopping time, for example the one in the sequence constructed,
spaced at least T apart. Using the L!-contraction, we will show finally in that
the probability that the difference between two solutions remain large for all intervals
[T, T +T] with T in the sequence of increasing stopping times is bounded by the prob-

ability that over all such sequences the noise is large in W, This must be vanishingly
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small, as the probability is strictly less than unity on each individual sequence.

3.2 Existence of Invariant Measures
Consider the kinetic formulation of the equation
ou+V - F(u) =V (Au) - Vu) + o(z)0,W, (3.4)

where A is symmetric, positive semi-definite, and ¢ has zero average over T¢.

This is given by
OrXu + (F'(€) -V = A(§) : V@ V)xu = Oc(mu + 1y — pu) + 0()(§ — w)O,W.

In order to handle the measures m, + n, — p, and ¢,, we need to regularize the

operators as in [30], but by adding (—A)%« + 61d to each side:

Ixu+ (F'(§) -V =A() : VRV + (7(=A)%) + 01d) xu
= Y(=A)*y + Oc(my + ny — pu) + o(x)0(§ — u)O,W.

There are very specific reasons to include these regularizing operators. They are
present in order that the measure o(z)§(§ — u) can be estimated. The spatial regular-
ization (—A)® gives us a spatial bound, and 0Id gives us temporal decay.

Denoting by S(t) the semigroup

S(t)f(aj) :e(*F/(ﬁ)-V+A(5):V®V77(,A)a+91d)tf

:e,gt(etA(g):V@JV*t’Y(*A)af)(33 — F'(&)t).

Expressing the solution in the mild formulation,

Yo =8 ()X, 2, 0) + / S(8)(v(—A) — 1) (€, .t — 5) ds

+/0 S(t — 5)0¢(my + 1y — pu)(s) ds + /0 S(t— s)o(x)d(& —u(s)) dWs,
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leads us to the decomposition,
u=u’+u + M + M,, (3.5)
where,

wat) = [ SOnl.,0) ds.

i) = [ [ S0-8) — olal ai — ) dsde,
) = [ [ S0t e ) ds aca
) = [ [[5:6=s1eote)ite — uls) ded .

The compactness argument is pinned on an averaging lemma, in the spirit of velocity
averaging-in-space. Velocity averaging is a technique whereby a genuine nonlinearity
condition, or a non-degeneracy condition on the nonlinearity, is shown to imply im-
proved fractional regularity of solutions, which with the compactness of the solution
operator are two pages of the same leaf. The history of velocity averaging is short but
fruitful, with contributions from many authors,

Golse, Perthame, Sentis [46] and Golse, Lions, Perthame, Sentis [45] proved veloc-
ity averaging results for u; + v - Vu = f(x,v) for f € LP(dx ® du(v)), showing that
[ u(x,v)du(v) is in some Sobolev or Marcinkiewicz space. Di Perna, Lions, Meyer, [31]
used Littlewood-Paley theory to extend regularity results into Besov spaces. Lions,
Perthame Tadmor [79] applied velocity averaging techniques and kinetic formulation
of equations to one another, developing genuine nonlinearity conditions under which
higher regularity can be expected via velocity averaging in nonlinear transport equa-
tions. They also showed in [80] the limits of velocity averaging in the case of systems of
isentropic gas dynamics equations, where a purely kinetic formulation also cannot easily
be formulated. Bézard [7] extended the results of [31] to potential spaces. Gérard and
Golse [44] considered velocity averaging problems for more general equations of the form
P(z,v, D, D,)u(z,v) = f(x,v) under a transversality condition. DeVore and Petrova
[105] using a wavelet approach, established the optimality of some averages in a Besov
space. Golse and S. Raymond [47] extended the results of [45] in L' to any spatial di-

mensions. Jabin and Perthame [55] used a mixture of Fourier and real-variable methods
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to establish new averaging lemmas, and C. De Lellis and M. Westdickenberg [75] showed
the optimality of these by considering Burger’s equation with finite entropy dissipation.
Further using real variable methods involving the Riesz and Radon transforms, Jabin
and Vega [50] obtained some optimal regularity results in the time-independent case.

Tadmore, Tao [102] collected many previous results in the stationary (time-independent)
framework, and showed that there is a general harmonic analysis viewpoint from which
to understand velocity averaging; they also provide new regularity results for anisotropic
nonlinear degenerate diffusion, which we did not have time to incorporate here. The
following averaging argument follows in spirit from that of [9], used heavily in [30], but
differs in its application. It also bears mentioning that Lions, Perthame, and Sougani-
dis [78] also developed a class of averaging lemma for stochastic equations of the form,
u; + B(t)ov-Vu = f(v,z,t), where B(t) is white-in-time noise. We shall not be using
these here.

Since the regularizations v(—A)* + #1d were added to estimate measures arising
from the stochastic term, we see that u” also exists for this reason. The existence of
u’ requires a non-degeneracy condition with a rate of decay, unlike in the deterministic
case in [14] where it is enough that it tends to nought. This non-degeneracy condition

is given, in the style of [I4], and requires

su / (47?2A(€) nen+ ”y\n\Qa 4 9)
wetn | @rF(€) 0+ 1)? + (4nPA(€) : n @ n + A+ 6)

TER

5 dé = O((y" v 1)[n|72%7?)
(3.6)

for some positive b > 0 possibly dependent on « as |n| — 0,
Let us explain why this makes sense. Dividing the top and bottom of the integrand
by |n|?, and splitting the integral into {£ : A(§) : n®n = 0} and its complement, where

n = n/|n|, we see that where the integral is finite,

[ (lnf* + ) "
{¢

A)aon=0y 2TF(&) -n+7)% + (y|n[|*> + 0)?

_/ [n[~ (vIn**~t + 6|7
(¢

A (€):A@A=0} (2mF'(&) -+ 7/|n|)? + (y|n]?*=1 + 0]n|~1)?

dg,

and when non-linearity is such that, for example, that [F'(§)| 2 [£|¢ with 1/2 < ¢ < 1,
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as || — oo, we have that the above is bounded by

1/c—1

a— — c— — r c— a— c—1)—
(2 4 Ol el [ T d e Oy,

On the other hand, writing v|n|>**~! + 0|n|~! as w(n) = w,

/ (4m*A(§) s n@n +yn** +0)
(ea©azis0y CTF(&) - n+17)? + (4m2A(§) : n®@n +v|n[** +0)
:/ (m*A() :n®@n+wn|™h)

(A aeis0y (2TF'(E) -+ 7/|n])? + (4m2[n|A(§) : A ® N+ w)?

S

dg,

and where the non-linearity is such that additionally, |A(§) : 7 ® n| ~ |£]%, with
2c—d—1>2s>0,

(so that the integrand is integrable), then the integral can be bounded by

[Tttt
0 w2(§20w—2_’_|n|2§2d+1

00 wa—1+d + |n|—1 J
- o 12w 2t |p|Zr2dgy-2t2d ] T

where we used the substitution » = {/w. We can split this integral up into parts

according as 72¢w=212¢ or |n|*r2dw=2+24 i greater. These correspond to respective parts

where r is greater than or smaller than

K = |n|1/(c—d)w—1 ~ ,y—1|n|1—2a+1/(c—d)‘

Therefore,
/ (4n*A(§) :n®@n +9[n|* +0) dé
(ea@)aens0y CTF(E) -n+7)2+ (Am2A(€) : n®n + [n[> + 0)?

d, ,—1+d -1 d, —1+d —1
S/ rw + |n dr—l—/ riw + |n| o
T T

<K |n|27“2dw_2+2d + 1 K Tch—2+2(3 + 1
d, ,—1+d

1—1/d)d + ’n’—l rdy
< wt/41 (rw d(rw' Y4 + C/ ———— dr.
o /,,:wl—l/d<Kw1—1/d |n|2(rw1*1/d)2d +1 ( ) S K r2cy—2+2c
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As |n| — 0o, K — oo. These two integrals can be respectively bound by

1/d—1 (rwt=Yd)d 4 |n|t 1-1/d

w d(rw )
rol—1/d< Kpl—1/d ’n|2<rw171/d)2d+ 1

<C VR G

rwl=1/d< K1—1/d |n|2(rw1—1/d)
<|n| 20D/ (=)

1-1/d
57 d(rw /dy

§|n|—25/(c—d)7

and
pd,—1+d
C dr = Cw1+d_2CK1+d_26 _ O|n|(1+d—2c)/(c—d) < O|n|—2s/(c—d)‘
S K T2Cw—2+26 -
so that,
/ (4m*A(§) : n@n +yn** +0) it
(eA@©azas0y CTE(E) -n+7)2 + (4n2A(§) 1 n®@n + vy[n[>* + 0)?
:O((’}/l/c_l v/ 1)|n|—23/(c—d)\/((2a—1)(l/c—l)—l))' (37)
Apart from the non-degeneracy condition ([3.6]), we also require that
F'OI S El+1, [AQI S €+ L (3.8)
for the existence of invariant measures, and
I, JA9IST (3.9)

for uniqueness.

The main theorem of this chapter is as follows:

Theorem 13. Let A, F' satisfy the non-degeneracy condition and also (@ As-

L (post-viva addendum: This has since been improved to

e = s ([ s [ ] e s a©aon <y e (@) 4ol < cab) doad)

hesd

< crefrel

for some fized ¢; > 0, and 1 > by,bo >0, and |by + by — 1| < 1, as 1,9 — 0.)

85



sume also the boundedness and Lipschitz conditions and on the noise. Then
there exists an invariant measure for the anisotropic degenerate parabolic-hyperbolic
equation in L'(T?).

Furthermore where the addition conditions (@ are imposed, the invariant measure

1S unique.

3.2.1 Analysis of v’
Taking the Fourier transform in x and integrating &, we have
(n,t) / S(t)xu(&,n,0) d
l/wwwWﬁ /I(Mﬁ%@ﬁfﬁ
0 0

oo 2
‘/GQﬁiF’(ﬁ)-nt(47r2A(§):n®n+'y|n2“+9)|t|f<u(£,n,O) df

dt

2

OW/;@mW@WW%@mWme)h@mm% dr.

where F is the Fourier transform in time taking ¢ ~» 7, and the meanings of v and 6
have changed slightly to include multiplies of 2. This is the Plancherel theorem.

The Fourier transform is given by

F (6—27riF’(§)~n~—(47r2A(§):n®n+7|n|2°‘+9)H) _ 4m*A(E) :n@n +9[n** + 6
2rF'(&) -n+ 1)+ (4n2A(&) : n @ n + y|n|?* + )2’

and has the integral,

/ AT*A(§) s n@n +9[n[** + 6 _/ Lo
g 2TF' (&) -n+7)2+ (4m2A(§) : n @ n + y|nl2> + 6)? gl1+72

By Cauchy-Schwarz,

2

T 00
/ [@(n, )| dt < / ‘ / F (et @ nt AQmen ol 01 ¢ (¢,n,0) de| - dr
0 —00

< / b / ‘]—“ e‘27riF’(£)~n~—(4w2A(£):n®n+v|nl2a+9)|~\)‘ d§

/ ‘ ]_- o= 2miF! (€)m—(4n? A(€)mn@n-+7n| 2 +0)| \)

Xu(&,m, 0 d€ dr
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<4 / A2 A(E) :n@n +y|n|** + 6
=5Up 2rF" (&) -n+7)% + (4m2A(E) i n@n +yn|>> +06)

1
'/1 + 72 dT/Wu(&”aO)F d¢

<Clal 2|3 (,m, )|

IS

Summing up inn € Z4\{0}, along with the property that u" has zero spatial average,
gives us [8§],

T
/ 1) | grwsorz dt < Clu(0)]) 1. (3.10)
0

3.2.2 Analysis of «’

The analysis of u* proceeds similarly. Again, taking the spatial Fourier transform leads

to
t e 2 2
ﬁb(n,t) :// 6(—271'1F (&) n—4m2 A(&)n@n—y|n| )S"}/’TLPOC)A(U(&,?’L,{J— S) ds df,
0
so that,
T
/ i (n, )2 dt
0
T
),
T
-
e 2a (—2miF’ (€)-n—4m2 A(€):m@n—y|n|?®/2—0/2)s
< ]-{tstO}(’y'nl + 9) € Xu(éa n,t— S) d§
0 0

T 00 2
S/ / (,}/‘n‘2a + 9) '/f (6(727riF/(5)-n-*(47r2A(§):n®n+7|n|2a/2+0/2)\-|) Xu(g’n’ t) d§
0 —00

2

t
/ /e(27riF’(£)-n4772A(£):n®n'yn|2a9)s<7|n|2a + G)Xu(fa n,t — 8) d£ dsl dt
0

2

t
/ o~ Olnl?e+0)s / (2T (€ m—dm? A©men— | 2=0/2)s (|20 1 @), (€, n,t — ) dEds| dt
0

2

ds dt

ds dt,

where again, F is the Fourier transform between the variables s ~» 7.

By the same manipulations we have

T
/ (i (n, £)|? dt
0
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T [e'e)
< / / (y|n* + ) / f(e(—2m‘F’(£)~n~—(47r2A(£):n®n+~/lnl2a/2+0/2)\-l) dé¢
0 —00

) /]_— (6(727riF’(5)-n-7(47r2A(§):n®n+7|n|2a/2+9/2)H> IVu(&,n, t) [ dE ds dt

(4m*A(E) s n @ n+lnl* + 0)(1nl** + 0)
<ow | @rF/(§) - n+7)? + (47A(§) - n® n+ [0 +6)

'/1 +172 dT/OT/Wu(&mt)F de dt

T
<Clnl™ [ IRty de.
0

RS

T

Again, using the zero-spatial average property, and summing up in n € Z,

T T
| M@y de <0 [l de (3.11)

Next we turn to the analysis of the measures M; and Ms. In this we shall follow [30]
quite closely, as the only difference is the parabolic defect measure, which has the same
sign as the kinetic dissipation measure, and the magnitude of the kinetic dissipation

measure is never invoked in [30].

3.2.3 Analysis of M;

Recall first that

) = [ ]S 00— pie—s) ds de

From
S(t)f(z) = (eMOVEVOERT £y (0 — F(E)1),

we can see that

De(S*(t — s)h(&,x)) =(t — s)F"(&) - V(S*(t — s)h) + A'(€) : V*(S*(t — s)h)  (3.12)
- S*(t - 5)85h,
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so that integrating-by-parts, we have

(M, 0

/ //ag (S™(8)9) (1 + 1 = pu)(t = ) d€ dar ds
/ // $)F(€) - V(S*(t — 8)@)(my + ny, — pu)(t — ) d€ dz ds (3.13)
+/0 / A(€) : V(S (t — 8)9) (M + nu — pu)(t — 5) d€ da ds.

Following [30], we prove a total variation estimate.

Lemma 14. Let u : T? x [0,T] x Q be a solution with initial datum ugy. Let 1) € C.(R)
be any compactly supported continuous function, and ¥ = fo fo ) dtdr. Then,

ulE (/ V(&) dlmy + 1y = pu|(€, 7, t)) <DoE([[¢(u)llzs ,) +E([[¥(uo)] £1)-
Tx[0,T]xR

Proof. The proof is the same as that found in [30], and involves bounding |m, + n, —

Pul < My + 1y + pu, so that

: (/OT//W@'W + 1y — pul(d€, dz, dt))
<E (/(]T//w(f)(mﬁnu—pu)(dé, dz, dt)) O (/OT/ DEpulde, do, dt))
:E</\D(u e )*E(// d:zcdt)

using the equation. Now, using the non-negativity of ¥, we have

E (/OT//¢(§)|mu+nu—pu|(d§,dx, dt)) <E (/\I/(uo) d:zc) +F (/OT/DO¢(U) dx dt).

[]

This estimate is quite crude as one doesn’t take the cancellation betwen the measures
m, + n, and p,, which are both non-negative, into account. But seeing as there is no

ready way to quantify m, + n,, this is the best possible at the moment.
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In addition to a total variation estimate, we also require the kernel estimate

< C(,yt)—d/a(p’l—q’l)—ﬁ/a'

LrP—1L4

H (_A)B/Ze(A:V®V—y(_A)a/2)t

The reason that this is no improvement over the estimate for the operator less
e!AVEV g that we have not specified how degenerate A is — it may well be simply the

zero matrix.

It is the use of this kernel estimate that necessitated the inclusion of the regulariza-
tions y(—A)* + 61d.

By Young’s convolution inequality, we can then estimate as follows:

I(=2)72V(S*(t = 5)¢)l|ze= SC(y(t — )T/ =AU/ EO=/CD == )|
I(=2)P2V2(S*(t = 8)p)llree SO(y(t — 5))” CHA/EdU O CAD= || 1.

Importantly the constants C' are independent of v and 6.

Inserting these estimates into (3.13)), we have the estimate

e ([ (o, o i)

_E[/ / // AYRE"(€) - V(S (t = 5)0)(mu +nu — pu)(t — ) d€ da ds dt
/ / // AYIEA(E) : VAS (t = 8)9)](mu + = pu)(L = 5) dsdxdsdt}
(/ J I8PV (S = 9@t = I ©llm -+ ma = pal(de, do, d dt)

(/ / I(=A)72v(S*(t ~ >go>uoo!A'<s>Hmu+nu_puwg,dx,ds)dt)

Let
b+d+1 d
_I_

200 2ap’

By the presence of the factor e ?~%) we can bound the outer temporal integral as

well, arriving at
T
E ( | eaeang dt)
0
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T
g/ () 4 R (/ ool o L F” ()| + 7 — pul (dE, d, ds)>
0 RxT4x[0,77]

T
+ [ Grpiees s ( / 10llr | A/ ()] 4+ — pl (e, de, ds>)
0 RxT4x[0,T)

—o (V\IT? ;
< (3" w2 E ([ el P+l d ds)
RxT4x[0,T]

—1/2a
—|—,.)/—1 (%)/‘4‘1 1/2 ’F(,U‘l'l— 1/(20{))‘ E (/R ”SOHLP|A/(5)Hmu+nu—pu|(df, dx, ds)) ‘

xTdx[0,T]

By duality, the total variation estimate, and the sublinearity of F” and A’, we have

the estimate

B(1Mi ] gyp5)

< —2 v pt2 "
<7 <5> I'(p+2)|E i o |F"(&)||may + 1y — pu|(d€, da, ds)

()T w1 - Y B ( /
>u+11/2a

(AY(E) I + 1 — pul(de, do, ds>)

xTdx[0,T]

<c |2 (3) a1+ (G e+ 1= 1/(20)]
i+ CE(lu®)l) it + Bl (3.14)

Here we choose v and 6 such that

A

ol (3) el () I 1= 1/ea) <

3.2.4 Analysis of M,

(My, o) = /0 t // SS(t— $)0(2)5(€ — u(s)) de dz dIV,.

We again invoke the kernel estimate. In fact it is here that the kernel estimate
becomes indispensable. In the stochastic setting, with a forcing term given by o (z)d (& —
u(z,t))0,W, which does not easily lend itself to the spacetime Fourier transform, one

cannot simply take the Fourier transform on both sides, so that on the left-side one has
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(as we do),
(i(7T+ F'(§) -n) + A(§) : n@n),

and (i(7 4+ F'(§) -n) + A() : n®n) can simply be divided out, with a certain genuine
non-linearity/ non-degeracy condition [I1) [79 [102]. One has to find a way to handle

the forcing term. In this we follow [30].

Expanding the effect of the semigroup, we have
t
/ / e~ 0=9) peAQVOVA AN 5 (0 F'(u(s))(t — 5)) da; dW.
0o Jrd

Since o is bounded in R, we see that o(- — F'(u(+, s))(t — s)) is bounded in z.

The kernel estimate then gives

le™ et ANETACEAIE 6 (- — F(u(-,8))(t — 5))| s
< C(’y(t o S))ﬁ/(2a) H6(A(u):V®V(tfs)727riF’(u)-VO,(') HL2

< C(y(t =)oz,

just as in [30], and in the same way,

“

Hence we have

2

/0 t / S(t — $)o(2)5(& — ulz, s)) dé AW, ) < CDyy#*0%* 1T (1 - o).

HB

E (|[Mz]l%) < CDoy#%0%/% 10 (1 = B/a)].

3.2.5 Conclusion of the existence argument

There is some W*? into which HY?2 and H? embed.

From (3.10) and (3.11]), we have

E([|u” + " + Ma|Zays0) <[1u(0)l|22 + lfull rqo,r,ee) + CT.
and Jensen’s inequality,

1 b
TEQ(HUO 4 Mol| pawse) <E([[u + o’ + Mo Zzwza)
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E*([|u® + v’ + Mol pywses) <T(|u(0)llr + lullpr oz + CT)
1
E(|[u® + o’ + Ma| pryysa) <C([u(0)||z + T) + Z||U||L1([0,T],L;)7

by Young’s inequality.
From (3.14)), we further have

1

E (M0 o) < 301+ Ellulisom,za) + Eluolly).

Now choosing (3, p') such that W5?" — W#4 allows us to write
E ([[ull L1 owee) < Cle, 8,7,0,d, Do) (1 + [[u(0)[|75 + T) + %HUIILl([o,T],L;)-
By the continuous embedding W57 < L1,
E ([ull ot qomyweey) < Cle, B,7,0,d, Do)(1 + [[u(0)|7, +T), (3.15)

and we have used the inequality:

()l < (14 1O ey ) < (1+ CluO) ) ) -

Since W*? is compactly embedded in L' for ¢ > 1, by the Krylov-Bogoliubov

mechanism (§3.1.3]), an invariant measure exists.

3.3 Uniqueness of Invariant Measure

Next we turn to the more central issue of recurrence — in this we follow section 4.1 of [30]
closely. In this we follow §4 of [30] quite closely, but we have a more general discussion
on uniqueness of invariant measures in§4.3.2l We shall show first that solutions enter a
fixed ball in almost surely finite time. In the next section, we shall show that solutions
enter an arbitrarily small ball if the noise is small enough.

First we prove the lemma,

Lemma 15. There is a radius k, dependent on the initial conditions, and an almost

surely finite stopping time T for which a solution enters B,(0) C L'(T?) in time T.
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3.3.1 Proof

Let u(t) and v(t) be solutions with initial conditions ug and vy, respectively.

We partition time by defining the time steps,

t() :O

tj+1 :tj + Tj,

where the durations r; are constants to be determined.

In all the rest of this subsection, we follow almost exactly the development in §4.1
of [30].

Now define the events

A= {se[inf }(HU(S)HL_% + lv(s)|[z2) = 2K, 1=0,...,5 — 1} : (3.16)

Lt

We fix the constant & later.

By the Markov property, as well as by Markov’s inequality,

)
1

tj‘f"r‘j
<P (; [ 0l + 1)l ds = 26
t

J Jt

P( inf  ([lu(s)ly + [lv(s)lley) = 25

s€[t;t541]

o
tj)

Z |

SE( ! / " ) s + [lo(s)]1oe) ds

2rik Jy,

Now this expectation can be bounded by (3.15]), which reads:

1

T
31 Eu)lm) ds < C.57.0.4 DO+ O + 7). (317)

By the temporal translation invariance of the equation, we also have

tj+Tj
E(f (o)l ds
t,

J

1 1
g}].) <20 (1 +—+ ;||u(tj)||zg> . (3.18)

J J
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With the corresponding estimate for v, we can write

K
%JS;OﬁIHMm%+M@MQ-
J

(3.19)

ti+r;
E (f ()l Lrcray + [[o(s)] 11 (ra) ds
t

J

We identify this “<” with the one in (3.16]). In the following, x will not change from

line to line.

In order to use ([3.18)), we turn to estimating ||u(;)[|35
Testing the equation against ®, where ®(r) = |r|> and integrating in space, we get

t t

u(®)][3s < |luoll3s +3/ /sgn(u)|u|20(x) dx dW +3/ /|u|02(:r) drds. (3.20)
0 0

Hence, appealing to (3.19)),

P(iﬁ(MﬂMHMwmz%

s€[t)tj+1]

1 tj —H"j
<E / la()llzs + llo(s)s ds
L

2rjk

1

£J
<o (s + 1+ ) Iy + o))
TJ

tj
g; {r] + 1+ Jluol3s + 3/ /sgn Mul?o(z) de dW, + 3/ /|u\02(:c) dxds]
j
+to- |:||UO||L3 +3/ /sgn VolPo(x) dx dW, +3/ /|v|a dzds]
1 2 2 [
—2_ rj+ 1+ [luollza + llvollzs + 3D; ||U(3)||L1 ds + 3Dg [o(s)[|zr ds
0 0
tj
2 [ / /sgn Vul?o(z dIdWS+3/ /sgn(v)|v|20(x) dxdWs] .
Ty 0
Following [30], we choose r; to satisfy two criteria — the first of which is

(3.21)

|

1
;(lelig + Jlvoll7s +1) <
J
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Next we multiply through by x4, and take expectations so that
5 3D2 t; t;
P(er) <G4 + 508 | [Tl dsa, + [ oGl ds

+—E{/ /sgn Julo(z) + sgn(v )|v[20(x)da;dWSXA].]

2r;

Using the Cauchy-Schwarz inequality we have

3D2 t' tj
D [ ot s, + [ Il s v (3.22)
0 0

2r;

C t; 2
<C | ([ Il + ool ds) | P
J 0

C t; 2

<G| ([ 1o + ool ds) |+ 55RA)
Tj 0

With the Ito isometry, we also have

t
o [ / /sgn Wulo(z) dox dW, X4; + 3/ /sgn(v)|v|2g(x) dx dWs X 4,
T 0

<o ([ 1l + ot )] ey
<SE([ It + 1ot )| + 2o

2
TJ

By the Ito6 formula, we have the following bounds to the above:

E (luol) <& (Il + [ [ o) doar) (3.29

<E (l[uoll3z ) + DEu(T)t.

By a repeated application of It6’s formula, we further get
E (llu(s)llfz ) <E (nuonig + 6 D3u(T) / ()13 dr)
<E (|luoll}z + 6D3u(T) Juo35¢ ) + 6D4*(T*)t

<E (2|juoll}: ) +15D43(T)e2,

(3.24)
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and a corresponding bound holds for v. Adding the bound above to that corresponding

bound for v, and integrating in time we have

tj
E ( / Ju(s)lI3 + ||v<s>ui2) < C (4E (Juollfz + lluolisz) + )
0

Again, ;(T?) is the Lebesgue measure of T,
Also, returning to (3.22)), using Jensen’s inequality and ([3.23)), we similarly have

(/otj lu(s)lzr + [l(s)]l e ds)

Bringing the previous few calculations together we have

2

. <C (£E (JJuol3z + leoll3s ) +£2)

3 C
P(Ac1) TP(A) + 5 (HE (luollFe + llvolF2) +19)
J
C
+ 5 (68 (juollly + luolldy) +£2)
J
3

C
<P(4) + o [E (ol +Ileollly) &5+ £]
J

Now atop one criterion for the choices of r; given in (3.21)), we stipulate another —
that

& I (ol + itz )+ ] < (3

J

These criteria are compatible with one another, and these choices yield the telescop-

ing bound:

so that,

Now the Borel-Cantelli Lemma implies that

jo = inf {j >0: inf  (JJu(s)|ly + [[v(s)|r) < 2“}

s€[tyt141]
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is almost surely finite. Which in turn implies that the stopping time
7 (Bax(0)) = inf {t = 0 - [[u(®)][zr + [[o(@)][L2 < 2k} (3.25)
is almost surely finite, by the bound
T (B2x(0)) < tjot1-

Remark. 1t follows that the recursively defined sequence of stopping times, with 7 = 0,

and
n=inf{t > 71+ T : ||u(t)]p + ||v@)| <2k} (3.26)

are also almost surely finite.

3.3.2 Uniqueness I: Finite Time to Enter a Ball

To show uniqueness we first show that solutions enter a certain ball in L in finite time
almost surely. Then we show that solutions starting on a fixed ball enter arbitrarily
small balls if the noise is sufficiently small in W1, This allows us to conclude, since
the noise is sufficiently small for any given duration with positive probability, that any
pair of balls enter an arbitrarily small ball of one another. This is the property of
recurrence discussed in §3.1.5] and implies the uniqueness of invariant measure. In
showing recurrence we follow §4 of [30] quite closely.

The following lemma is proved in exactly the same way as it was in [30], via a

Borel-Cantelli argument.

Lemma 16. There is a radius k, dependent on the initial conditions, and an almost

surely finite stopping time T for which a solution enters B.(0) C LY(T?) in time T .

The proof uses the coupling method, where v is another solution to the same equa-
tion with initial condition v(0) = wvg. It furnishes us with the recursively defined

sequence of stopping times, with 7o = 0, and,
Ti=mf{t > T 1 +T:||ul®)|p+ o) <2k} (3.27)

which are also almost surely finite.

98



3.3.3 Uniqueness II: Bounds with small noise

Finally we prove the lemma,

Lemma 17. For any e > 0, there are T' > 0 and n > 0 such that, for initial conditions
ug satisfying,

|uollr < 2,

and noise satisfying,

sup [[oW |[pre <,
t€[0,T]

one has,

T
F Il <,
0

where we have used the symbol § to denote the averaged integral.

Our estimates differ somewhat from [30] in that we use a kernel estimate on v%, + 0%,
instead of velocity averaging techniques, because we need to handle the extra derivative.
Of course, this method can also be applied to the first order case, and eliminate the
need to estimate the average f v* dz that needed to be done in [30].

Following [30], Where u is a solution to
Opu+V - Fu) + V- (A(u) - Vu) = o(z)0,W,

with initial condition u(0) = ug, let @ be the solution to the same equation with initial

condition gy for which

- 9 - _
luo — || < 3’ | tol| 2 < Cke @2,

which can be found by convolving uy with a mollifying kernel. Here “x” is the “x” of
Lemma [0
Let us consider the difference between the solution and the noise v = 4 — o(x)W,

which is a kinetic solution to

Oov=—-V-Flo+o@)W)+V-(Alw+ao(x)W) -V(v+a(x)WV)).

99



The kinetic formulation for this equation can be derived as in ([2.10)):

Oixw + F'(€) - Vxo — A(E) : VPx (3.28)
=(F'(§) = F'(€ + a(x)W)) - Vo = V- ((A(§) — A(§ + o(2)WV)) - Vxo)

— F'(€+a(x)W)3(& —v) - Va(x)W + V- (A({ + a(x)W)d(§ — v) - Vo(a)W)

— 0:(0(& = v)A(§ + o(2)W) : Vo(z)W @ Vo (x)W)

+ Oc(my + Ny).

A notable difference here is that the parabolic defect measure is not (as perhaps

might be expected) the limit of
I(E— W+ a(@)W)A(E) : V(v° + W) @ V(v° + o(z)W),
but rather the limit of

N; =0(§ — v )A(E +o(x)WV) : Vv© @ Vo© (3.29)
+0(§ = )A(E +a(z)W): V(eo(z)W) @ V(o (x)WV)
+ (& = v )A(E+ o(x)W) : Vo° @ Vo (x)W.

The asymmetry in the cross term in failing to contain both Vo@Ve(x)W and Vo (z)IW®
Vo arises from the fact that the convex entropy used is rightly ®(v) instead of ®(v +
oW). One of the key insights in [I3] was that using the symmetry and non-negativity
of A, A can be written as the square of another symmetric, positive semi-definite ma-
trix, and is non-negative. The limit of /V; is the non-negative parabolic defect
measure N,.

As before we insert regularizing operators on both sides, being v(—A)® 4 #1d.

Again, we can decompose the solution into various components as follows:
(w(t), 9 = (W + 0 + v} + 04 + Mp + Ma+ My + My, ),
with,

_ / S(t)xu (€. 2,0) dt.
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://OtS(s)(BW+91d)xv(§,x,t—s) ds d§,
- / / S(t— $)(F'(€) = F'(€ + o(a)W)) - V(€. x.5) ds .

-/ St = )V - (A(S) = A€ + o(@)W)) - V(€ 5)) ds e,

(M, // Fl(o+ o(x)W) - V(@)W (S (t — 8)p)(x, v(x, s)) ds da,

(M., // (w4 o(2)W) : Vo ()W @ V(S*(t — 8)0)(v(x, 5), ) ds dx,

(My, ) = // [ 26(8° ¢ = Dl + N)..9)

(My, // De(S™(t = 8)0) (v, ), 2)A (v + o ()W) : Vo (@)W @ Vo ()W de ds de.

Now we estimate these integrals one after another, which we do with slight variations

on[30].
We have the familar

T
| 1@y d < ol
0

T T
/ 1 (1)]12, dt < €y / o(t)]| de
0 0

from velocity averaging arguments, where |r| < 1 (we see that there is an extra power

and

of v in the second estimate from thos arguments, no matter what r might be).
These imply that

T
F 100Ny de <OT 22 (3.30)
0

T T 1/2
]ﬁ [0 (1) || oy dt <CHT+D/2 (]g |v(t)| 22 dt) : (3.31)

Analysis of v

Next for v%, and v, we use the fact that

(F,(f) - F/(é + O'(JZ)W)) ’ VXU(§7x7 S) =V ((F,(S) - F/(f + U($>W))Xv(§7x78))
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— (F"(E+o(@)W) - Vo(x))xu(&, z, s)W
— (A€ +o(@)W) - Vo(z))xu(&, 2, 5)W.

In [30], v* were taken care of by velocity averaging methods. It seems we can apply
the kernel estimates for the same purpose. Let ¢ € L? be any test function. Let (-, )
be the pairing in L?.

/// pS(t = s)V - (F'(§) = F'(§ + o(x)W))xu(§, 7, 5)) ds d€ dx

_// /0 eS(t = ) (F"(&+ o ()W) - Vo ()W)xu(€, 2,5)) ds d€ dx
- // / V(S (t = 5)¢) - (F'(§) = F'(§ + o(2)W)xo(€, 7, 9)) ds dg da

- // /0 t3*<t — 8)p((F"(§ + o(x)W)) - Vao(2)Wx.(&, z, 5)) ds d dx

And likewise,

-l (- )V (AS) ~ ALE + o)Wl . 5)) dsde de
/// pS(t —5)V - (A'(§+o(@)W) - Vo (2)x.( @, 5))W dsdS du
:/// VS (t = 9)¢)  (A(E) = A(E + o (@)W))xu(§, 7, 9)) ds dE dur
/// "t = s)p) @ Vo (n)W) - (A€ + o (2)W)xu (&, , 5)) ds dE da
We have the estimates:
[ [ 19 =900 (70 = 4+ oWl s
< /OT / IVt = )@l IF'C) — F'C 4 o)l o)l s
< /OT / 198t = iz Il 7' ) = F -+ oWl I8l ds
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T t
< [ [ e e o), ds d
0 0
T T
SanQO”LQ sup / e@(t—s)(,yt)—(d+2)/(4a) dt/ ||U(S>||L910 ds
0 0

s€[0,T

00 T
<ol | oy (D42 gle+2) ()1 / —t—(@42)/(10) gy / lo(s)llzs ds:
0 0

T
:CT]||90”L27_(d+2)/(4&)9(d+2)/(4a)_1|F(1 — (d + 2)/(40{))| / ||U(S)||Lalc dS;
0

T t
| [ 187 = 9eVa@W - (B4 oWt )l dse
0 0 ’
T t
< [ [ 15° = 9ol P+ oWz oW o 9l s

T
SC??”%0||L27_d/(4“)9d/(4“)_1IF(l—d/(4a)>|/ [v(s)llzs ds;
0

/0 /0 IV2(S*(t = s)¢) - (A() = Al +o(IW))xo (0 8))le
g/o /Ot IVA(S™(t = )9l IA() = AC+ (W) e, X0 9) e,

T
SC”HQOHL27*(d+4)/(4a)9(d+4)/(4a)71’1“(1 —(d+4)/(4a))| / lv(s)]|r1 ds
0

| [0S €= 510 @ Vg w) s (A + oWt sl
s/o /0IIV(S*(t—s)go)nL;?gnawnwlm||Af(.+a(.)W)||L;?§HXU(.,.,S)”%

T
SCUH90||L27_(d+2)/(4a)9(d+2)/(4a)_1’F(l . (d+2)/(4a))| / ||U(5)||L}c ds
0

Now by (3.9) we assumed that
FOI<st,  [AOIS L
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and we also had ||o(x)W||y1e <1, so we used the estimates (the second from the first

by the Poincaré-Wirtinger inequality, since de o dr =0),

|F"(& +o(x)W)-VoW| < cen |A'(& + o(x)W) - VoW| < en
[F'(§) = F'(§+o(@)W)[ <en  |A(§) — A(§ +o(x)W)| < en.

Putting these estimate back in to bound |[v*(¢)||z2 = sup”q;”LFl(v#(t), ©),

T
/ 10 (8) + vk (8)| 2 di (3.32)
0
<en (/y_(d+2)/(4a)0(d+2)/(40‘)_1|F<1 — (d + 2)/(40[)”
4 W) gd/ (=1 P(1 — q/(4a))]

T
+ 7—(d+4)/(4a)9(d+4)/(4a)—1|[‘(1 —(d+ 4)/(4a))|> / lo(t)]| L dt
0

Analysis of M and M,
For Mp and M,, we use the kernel estimate and |[cW ||y~ < 1 again. This gives

us
t
(Mp, ) < / 1P (0 + oW 12 [ Sl e VoW e ds
0
t
(M) < / 1A @+ o W) 12 [V (S s VoW 1 ds.
0

Now, by (33),

1F' (w4 oWl < CA+ [lv®) ]y + ol W)
[A (0 + W) < OO+ [lo(@)l[cy + o]y W)

These give us

/O M () + Ma(h)||e de (3.33)

T t
<Cn / / (1 + [Jo(s)]| ) (e770 4 7= (y (¢ — 5))~H ) gs dt
0 0
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T
<O(9" 47 VEDGHED(1 — 1/(204))|)/O (T4 [lv(s)llzy) ds

Analysis of My
We have that

(Ms, ) ://Ot Oc(S*(t — s)p)(v(z, s),x)A(v+ o(x)W) : Vo(x)W @ Vo(x)W ds dz.
We use the fact, explained in , that
(0cSp)(v(@, ), ) = (t = 5)F"(v(z,5)) - V(S™(t = 5)) + A'(v(z,5)) : VH(S™(t — 5)0).
By we assumed
FYOIsL AL
Again we also have
[A (0 + o (z)W)l[ < CA + [lo(s)llzr + ol W).
Finally using the kernel estimate,
(M2, )| <C /Ot(t = )| F 1= IVS*(t = 8)plloe [ VoW [ (1 + v (8) 2 + llo |2 W) ds
+ C/Ot(t = $)[A [l 2= [IV2S™(t = 5)@ll o= VoW [ Lo (1 + v (8) [ 2t + [lo]| 2 W) ds
<o / (1= )|Vt — 5) e ol (4 [o(3)]r + [l ]l77) dis
+ oy’ /Ot(t = 8)|V2S*(t = )llLmosnr ol e (L + u(s)[|zr + [lof| W) ds.

Therefore,

T
| e d
0

T t
<o / / (t— $)IVS*(t — )| sz (11 [0(8) 1 + loll1 W) ds e
0 0
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T t
et [ [ 6= DIVt = 9 mona (L ols) s+ W) ds
0 0
T rt
San/ / (t — s)(y(t — 5))"YCDe =) (1 4 |ju(s)||p1 + ||o|| . W) ds dt
0 0
T prt
+ cnz/ / (t —s)(v(t — ) Ve )1+ [Ju(s)|| 12 + ||o|| 2 W) ds dt,
0 0
and
T
| 1o a -
0
T
<en? (7—1/(204)Q1/(2a)—2|1—‘(2 —1/2a))| + 4o (2 — 1/a)|) ' / (14 [o(s) L) ds.
0

3.3.4 Analysis of M,

Finally for the kinetic measure, M;, we use the total variation estimate again.
First, with ¢ € LS°,

el =| ] [ [ o7t = 9eatma+ v s
=[] [ €= 9P© -9 - ) + 40 - TS - il + o)

t
SC”SOHLOO /// 7—1/(20()({: _ 8)1—1/(2a)6—0(t—s)d|mu + Nu|
0
t
sl [ [ et sy Odim, + N
0
T T
/ | My (1)|| 1 dt <ey~YC0gl/Ca)=2p(2 — 1/(204))]/ //d|mu + Ny|
0 0
T
+ ey VeV r(2 — 1/0) / //d|mu + N|.
0
Following [30], and as in Lemma [14] we test the equation ({3.28)) against &, to find
1 2 d
Slv@Ize + lma + Nul (R x T x [0, ¢])

<yl +| [ [ str© - i+ oo - . deasa

+ /Ot/vF/(v +o(z)W) - Vo(x)W dzds
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+

/ot/A@ +o(2)W) : VoW @ Vol dads
/Ot//fF//(£+a(:c)W)).V<U(x)W)XU dé do ds
/ot /”(1 + [o] + |o(@)W]) dz ds
/0/ (L+ |o] + [o(2)W]) dz ds

1 ~ t
<glinl+ e+ ) [ (14 o)) ds.

1, .
§§HU0H%Q +

+cn

+ cn2

By Gronwall’s inequality, we have

|y, + Ny| < C’ec”t(||ﬁg||2L2 +1) < C’ec”t(/@Qs_d +1).

Therefore,

T
/ |Ma(8) e dt
0

<c(yTVENPUEOD(2 — 1/(2a))] + 470V D2 ~ 1/ a))|

(3.35)
e (k%™ 4- 1),
C'losing the Estimates

First we set a < 1/2 so that the instances of |I'| are never evaluated at a negative

integer, where it is infinite. Having ensured that all the values of |I'| are non-infinte,

and there being finitely many instances of I in the estimates (3.30) - (3.35)) above, we
can write those estimates as

T
f 10(8) 1 dt <CT=247/2|jug /2
0

T T 1/2 T
][ 10 ()] dt <CHo+D72 (7[ o]l dt) gcy(’““)”][ (1 + [oll) dt,
0 0 0

T
][ [0+ vl di <Ci(y~ 2/ Aedgler)/te)=
0

T
+,y—d/(4a)(9d/(4a)—1+,y—(d+4)/(4a)6(d+4)/(4a)—1)][ ||U(t)HL1 dt,
0

T T
][ | Mp(t) + Ma(t)||p2 dt <Cn (07 4 471/ @)t/ o)1) ][ (1+ [lo()|| ) dt,
0 0
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T T
][ My (1) dt <Cr? (7—1/@&)91/(2&)—2+7—1/a91/a—2)][ (1+ o] ) dt,
0 0

T
C
][ ||M1||L1 dt ST (7—1/(20()61/(2&)—2 +7—1/a§1/a—2) €m7T(KJ2€_d + 1)
0
Together we have

T T
f M@M}ﬁé@ﬁ*ﬂWﬂwa+Cwmﬂﬂf(LHWMOﬁ
0 0

+ Ca(y, 0)(n +1°) (1 + ]f [o(s)]| s dS) +Ca(7, )T e (%™ + 1),

We can choose v, 6, T, and n in that order so that first, so that, for some ¢ to be

determined,
C«l,y(r-‘rl)/Q < ge.

For o < 1/4, we see that every 6 has positive power above except int the estimate of

|Mp + Mal[1: . So we choose 6 such that
CQ(’}/, 6) < 1.
Next we choose T" such that

CoT 2 |Jug ||} + Cs(7, )T~ (k2™ + 1) < ge.

Finally we choose 7 such that

Co(7,0)(n+n°) < g,

and,

enl’ < qe.

By taking ¢ sufficiently small, we have

T T R
Foleipae<s, o lao i< E
0 0

A~ m
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and finally,

]f l(®) d < 2/2.

This proves Lemma, [17]

3.3.5 Uniqueness III: Conclusion

We follow [30] quite closely again in the conclusion.

Let uj and w2 be in L. and for a given € > 0, let @} and @2 in L3 such that ||uj —
|1 < e/4. Denote their corresponding solutions by, u',u? @', and a2, respectively.
Let us now put @' and @ in place of v and v in §3.3.2) and associate to them the

sequence of stopping times constructed recursively in (|3.27)),
Ti=inf{t > T + T :||a'@)||p + [|[@2#)]| 2 < 2K}

By choosing T and 7 as above, we have by L' contraction (for additive noise there

>p (][T Ji(6) = ()l ds < /2|7 )

Ti

is almost sure L'-contraction)

Ti+T
P(f ) - o)l ds <

Ti

>P ( sup  [loW(t) — oW (T) |l < 77‘3475> :
te[Ti, Ti+T)

Since n > 0 and o is Lipschitz, we can denote the positive probability of the event
as A. By the strong Markov property, we know it does not change with [.

This allows us to write

Ti+T
P (][ Ju'(s) —u(s)||z ds > efor l=lo,lo+1,..., 1o+ k;) < (1—=MN)F,
T

so that

Ti+T
P <lim ][ |u'(s) — u?(s)||z1 ds > 8)

l—o00 72
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Ti+T
=P <E|l0‘v’l >l ][ Ju'(s) — u?(s)|| 11 ds > 5)

=0

This limit exists as ¢ + ||u'(s) — u?(s)||z1 is non-increasing, by the L' contraction

property. And by this same property,
P (lim ul(t) — w2 (t)|| 2 > 5) = 0.
t—o00 *

Therefore, almost surely,
lim [|u'(t) — w*(t) |2 =0,

t—o00

which implies the uniqueness of the invariant measure.
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Chapter 4

Remarks on various cases of

multiplicative noises

In this Chapter we remark on the case of multiplicative noises. In the case of general
multiplicative noises, with general initial data, there is no bound on the spatial average.
As we saw in , this creates a major hurdle for anlayses. McKean|84], (Oksendal,
Vage, and Zhao [69] [70], Chueshov and Vuillermot [20], among others, studied the KPP

equation, which is:

du(z,t) =div(k(z, t)Vu(z,t) + sg(u)) dt + g(u)dW
u(x,0) =p(x) € (uo, ua),

where div(kV) is uniformly elliptic, W is a standard Brownian motion, and while
g : R — R has roots uy and uy, and is positive, twice continuously differentiable
between these roots. This keeps the spatial average within the range (ug, ), and the
archetypal noise of such form is g(u) = u(1l — u). [20] in particular derived different
stability conditions for uy and u; as attracting or repelling (stable or unstable) fixed
points as s varies.

Here we derive a theory for the long-time behaviour of solutions to equations

Ou=—V - F(u) + (cu + \)o,W

Ou=—=V-F(u)+ V- (Au) - Vu) + (cu + \) oW
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with a class of unbounded, Lipschitz noise with one root, without any constraint on
initial conditions. Here as in previous chapters, A is positive semi-definite, and W is
a standard Brownian motion. A well-posedness theory for these equations with Holder
continuous coefficients F' and A with polynomial growth can be found in [2§]. The
evolution occurs on T¢.

We show that the root is always an attracting fixed point, using methods that depart
from both Debussche and Vovelle in [30], and the authors named in the previous para-
graph. Of course, another difference is that we are working with degenerate parabolic
(or first order) conservation laws. We do this in two steps. First we consider linear
noises in After that we consider Lipschitz noises that are close to a linear noise
near the root of the linear noise §4.2

4.1 Unbounded Noise: the Multiplicative Linear

Case

First we consider the linear case o(u) = cu+ A in which ¢ and A are deterministic (i.e.,
do not depend on the variable w). Recall that the chief barrier to tackling multiplica-
tive equations was the possibility that their spatial averages were uncontrollable, and
may increase without bound. This leads us to investigate the behaviour of the spatial
average. We shall call the difference between a function and its spatial average the

“spatial fluctuation”. Whether for the first or the second order equation
Ou ==V - F(u) + (cu + \) O W, (4.1)
or
Ou=—V-F(u)+ V- (Au) - Vu) + (cu+ \) oW, (4.2)

in the linear multiplicative noies case, with ¢, A € R, and ¢ # 0, we have the following
calculation for the “spatial average”:

Since dyu = Jy(u + \/c) integrating through leaves one with,
1 A A
—8t/u+—d$:/u+—dxatI/V,

c c c

112



Writing [u + A/c dz as XV, we have,
dXW = cx® qw,
which can be solved — the solution being,
x = Xél) exp(cW — c*t/2).

We then can make two observations. First, the sign of X does not change. Sec-
ondly, by the law of the iterated logarithm, the Brownian motion satisfies [60] (Theorem
2.9.23, and first proven in [65]),

lim sup W)l

— =1 a.s.,
t—00 2t log log(t)

which implies that almost surely, the spatial average of X — 0 as tends t — co. Of

course, the strong law of large numbers also already implies such a limit.

Remark. In fact for the above calculation, we could have considered the even more
general form,

Oyu + divA(u, Vu) = u o, W.
We further have the theorem:

Theorem 18. Let F' and A be Holder continuous with polynomial growth, and let the
Hélder index v of A satisfy 2y > 1. Let o(u) = cu+ \. Let p be a positive even integer.

Then a kinetic solution to,
Ou=—-V-F(u)+ V- (Au) - Vu) 4+ o(u)oW
exhibits the following long-time decay — almost surely,

/

The first-order equation is a special case of this theorem.

P
dx — 0.

u+ —
c

Proof. Specialising to the case of the two equations , , because we have a handle

on the sign on the defect measures arising from the kinetic (and parabolic) dissipative
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effects, for any even moment, multiplying the equation through by p(u — A/c)P~!, we

have

)\ p /\ p 2 /\ p
d/(u+—) dx:cp/(u—l——) d:ch—i—%p(p—l)/(u—ir—) dx dt
c c c

+ //p(f + N/c)P e, (dE, du,t) dt

A\ c? A\ 7
:cp/(u%—z) d:vdW+§p(p—1)/(u~l—E) dx dt

- //p(p — D)€+ NP2 (my + ny)(dE, dx, t) dt,

where m, is the non-negative kinetic measure that captures dissipative effects from
shocks, and n, is the non-negative parabolic defect measure that captures parabolic
dissipation. This is effectively the geometric Brownian motion.

We shall use D > 0 to denote the non-negative quantity

D= // p(p = 1)(€ + N2 (ma + n) (de, e, 1).

Calling X® = [(u+ A/c)? dz, we have

2
dX® =cpX O qw + %p(p ~1)X® gt — D dt

2
dlog(X®) < — %p dt + cp dW.

This leads to
XP <x exp(p(cW — 2t/2)). (4.3)

And so we see that by integrating away the spatial variable, we transformed an SPDE
into an SDE.
For uy € L?, we have that, ug + A/c € L? also, and

]z(<u+g2)_]zu+gdy)zm(][wgdmy
(o)
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1
_ (2
_M( d)Xt — 0,

the last limit holding again by the law of iterated logarithms.
O

This shows that both the spatial average and the spatial fluctuations (of u 4+ \/c)
tend to zero. Any initial condition uy € L' can be approximated by an L2-valued

random variable vy in the L' norm, and the L' contraction formula suggests that

E(llu(t) = o)1) < E(luo — vollz1).
This shows that for uy € L' with vy € L? so that E(||ug — vo||z1) < €, one has

E(flu(t) + Mell1) S E(|lu(t) — o)l + o) + Aellr) (4.4)
<e+ ul/Q(Td)E(|]v(t) + A/c|z2) = e,

as t — oo, and ¢ is arbitrarily small.

From we can derive a rate for the decay — again, this is a small variation
of the geometric Brownian motion. Since p is even, we have that Xép ) > 0. By
Jensen’s inequality on the convex function exp(-), and the fact that martingales have

zero expectation, we have
0 < E(X)) <E(XP exp(cW))) exp(—cpt/2)). (4.5)

Now we know the distribution of W, and in fact this decay provides a much better
description of long-time behaviour than do invariant measures. Nevertheless, we prove

the uniqueness of invariant measures to this and similar equations with different noises
in below.

Remark. Allowing ¢ and A to be random variables, we still have the formula
X <X exp(p(cW — ¢t/2)),
and still, almost surely, X® — 0. But the rate depends on the distributions of ¢ and

A
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4.1.1 Estimate on the relative sizes of m, + n, and p,

This decay allows us to derive an estimate on the size of m,, +n, — p,, which is the sum
of the kinetic and parabolic defect measures, less the 1t6 correction. In [30], the authors
derived a total variation bound as adapted in Lemma [14] above, but it did not take into
account the cancellation effects in the difference between the non-negative measures
m, + Ny, the kinetic and parabolic defect measures, and p,,, the It6 correction. We can
provide a better estimate here in the case of a multiplicative linear noise.

By a construction similar to [2.22] let 7, be a smooth, convex approximation to the
absolute value function on R, such that 7,(r) = |r| outside the ball B,(r). Convexity
necessarily means that 7,(r) > |r|. We also have the inequality that 7,(r) < |r| + p.
Therefore

E(ll7,(u)llz) < E(lfullze) + ppu(T?).

Keeping in mind the L' bound above, we also have,

E(||7(uw(@)llz1) = E(lI7, (o)l 1) +E( / /~" u) dx ds) + non-positive dissipation.

Now using ||ullpr < |lu — M|z + A/eu(T), we have,

( // d“”ds)— (/// mu-l—nu)(df,dx,ds))

<E(|lu+ Aellr) + (Ve + p)u(T?) = E([[7,(uo) | 1).

Now the first summand on the last line decays to an arbitrarily small quantity in
enough time. So for sufficiently small p, and if A\/c¢ < 0 (that is, the root of o(u) =
cu+ A is non-positive), we see that the kinetic dissipation and parabolic defect measures

eventually overcome the It6 correction.

4.2 Sublinear Unbounded Noises

Let v; be a solution to the equation with noise 71(v1) = cjv1 + A1; and let vy be a
solution to the equation with noise 75(vg) = covy + Ay, such that ¢; /Ay = co/As = —R

— that is, 71 and 7 have the same root.
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The triangle inequality implies
o1 = v2llpr < flor = Rl[11 + [Jvz — B[ 2. (4.6)

From , we see that E(|lv; — va]|z1) becomes arbitrarily small asymptotically in
time. This is of course much better than can be expected from the simple continuous
dependence result of the Second Chapter.

This motivates us to explore scenarios for which the noise o(u) is almost linear,
perhaps between two linear noises with the same root. We know that this approximately
linear noise cannot have more than one root if we are to see decay, and where there
are multiple roots, we expect that with an initial condition taking values between two
roots, we revert to a situation much like noises of the form o(u) = u(1 — u), which was
studied intensively [20].

Let us first consider almost linear noises, writing
Ou=—V-F(u)+ V- (Au) - Vu) + o(u)oW,

We think of o(u) as a perturbation of cu + A, and use the previously established
name R = —\/c. By almost linear, we mean the conditions (4.7 and (4.8]) given below,
which we give in the context in which they arise.

Carrying out the calculations as before, we have

o[- )

= [~ By o) deadW + oo - 1) [ (w= RY 0% w) do d
ol = 1) [ (€= R o+ ) (d. do)

—ep / (= R) dedW + ;p(p _1) / (u— R du dt
+ cp/(u — Ry (@ — (u— R)> ddW
T %Zp(p _ 1) / (u— Ry ("20(2“> (- R)?) da dt

—plp—1) // (€ — R)P"2(my + ny)(d€, dx) dt.
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Suppose both that
jo(u)/el < Ju—RJ, (4.7)
and,
lo(u)/e—(u—R)| < (1 —e)lu—R| (4.8)

These two conditions respectively ensure that for p even,

o= [ Ry ("—“‘) ~(u=RP) dr<o

c2

where again we have used the old notation,

and,

<1-—c¢,

X® = /(u— R)? dx.

The two conditions jointly ensure that,
sgn(o(u)/c) = sgn(u — R).

We also point out the much more important fact that by the two conditions, o is
bounded between cu + A and ¢;u — ¢ R, where sgn(c;) = sgn(c).
The noise we condsider is the following:

We shall now prove the theorem:

Theorem 19. Let F' and A be Holder continuous with polynomial growth in their
arguments, and let the Holder index v of A satisfy 2y > 1 Suppose there are real
numbers A, c with |c| > 0 for which 0 : R — R is Lipschitz, and satisfies and
(@ with fized, even p, and
€= (1 — L) .
27
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Figure 4.1: red line: admissible noise, solid black line: cu + A, broken black line:

e(cu + N), line with arrowhead: horizontal axis.
Then a kinetic solution to

Ou=—-V-Fu)+V-(Au)-Vu)+ o(u)o,W
exhibits the following long-time decay

/|u—R|p dx — 0 a.s..

Proof. Seeking again an expression for dlog(X®) leads us to

2
dlog(X®)) <ep dW + %p(p —1)dt

+ cpﬁ /(u — Ry? <"(c“) —(u— R)) dx dW
Ll —1) /(u — Ry? ("2(2“) — (u-— R)2> da dt
- g (X(lp)>2 (X@) + /(u — R (U(C“) —(u— R)) dm)2 dt

=cp dW — %p dt

+ cp% /(u — R)P! (ﬁ — (u— R)) dx dW

C

[\

Aplp—1) o1 ((o(u) o(u)/c+ (u— R)
+ X /(“_R) (T_(“_R)) (W —R)
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_ g%/(u_ R <U(Cu) — (u~— R)) dz dt

_ gm (/(u Ry ("(C“) - R)) dm)2 d.

By (4.7) and (4.8]), the quantity below is bounded and signed, respectively,

o(u)/c+ (u— R)
(u—R)

1+e< < 0.

The calculation above compels us to investigate the quantity

Ap(p—1 [ o(u o(u)/c+ (u—R
S (22

- ?2;@) /(u - Ry <@ — (u— R)) dx

Writing

we seek to optimize,

2.2 (. 2,2 2,2
cpp-DA+e),, cp (2y)_%

Y2
2 P 2

over Y € [—1,0], and use the the variable € of which we have control to bound the

optimized expression. This expression is optimized at,

o (41

~1
2p

Y
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where the expression has the value,

o (Ur96-1 _1>2.

2 2p

In view of the drift term in (4.9)), we require that

cp? ((I+e)(p—1) M
(0 s

for some § > 0.

By choosing,

= (a)

we have the bound above.

This gives us

2
dlog(X®) <cpdW — %5 dt (4.10)

+ cpﬁ /(u — RyP! (@ — (u— R)) dW.

Since

OzY:%/(u—R)pl (@—m—}z)) dr > —(1—¢)

C

is bounded, integrating (4.10|) again allows us to conclude that almost surely,
xP = o.

Of course, this hinges on the pathwise property of f(f Y dW. Whilst it may be some
work to prove an interated logarithm theorem for the stochastic integral, we can see
that, by the Burkholder-Davis-Gundy inequality,

t t
E (/ YdWD < EY? (/ Y2 dt) < 1Y [|zes, V2.
0 0 ’
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So suppose there exists a set A C Q with P(A) > 0 on which the limit superior

Jy Yo AWV,
lim sup

e ||Y||Lg°§tt1/2+0
is non-zero. Then the Burkholder-Davis-Gundy inequality would be violated. O

We now make a few remarks. The Lipschitzness of o is required for the existence
and uniqueness of solutions to the stochastic hyperbolic-parabolic equation. This can
be relaxed to a Hélder type continuity (see Chapter 2 or [28]), but since o lies between
two straight lines, at the root, o must be strictly Lipschitz.

As mentioned previously, the first-order equation is a special case of this theorem.
Also, Theorem is a direct corollary of this theorem. In the cases of the piecewise

linear noises

aqu+XM u<R
o(u) = ,
cu+ X u>R

where ¢; and ¢y do not differ too much, is also a corollary of this theorem. Additionally,
this theorem frees the root from the constraint of being at the meeting of the two linear
pieces.

In particular, we have the corollary:

Corollary 20. Let 0 : R — R be given by

01U—|->\1 USM
o(u) =
CoU+ Ay u>M

with
A1 — A2)

_(
M= (c1 = c2)

Let R be the single root of . We require that

|Cl| > ’CQ‘ — R< M.
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Suppose finally that

1 C1
— < =< (24 €)p.
(2+5)p_02_( P

Then, almost surely,

/|u—R|pdx—>().

We can derive an expression for the rate at which E(Xt(p )) tends to zero. From

[-10), it holds that
2p6
E(X,”) =0 {exp (—%t +0(y/3tlog log(t)))} |

4.2.1 Piecewise multiplicative noise

The equation 4.6, as well as the corollary following the previous proof also inspires us
to consider noises that are made of two linear segments, meeting at the point © = R.
This choice of having the meeting point of 7 (u) = ciu + A\ and m(u) = cou + Ao
at their common root is so that we do not have multiple zeros, which introduces other
phenomena, as an initial state at one root will never flow away from that root. However,
as we show here, our techniques are unable to show a similar kind of decay for noises

of the form

aqut+Xi u<R
o(u) = .
U+ A u>R

where R = —\;/c; = —Xa/ca, and sgn(cy) # sgn(ca).

Demonstration. Again, by the 1to formula, we have

Oi(u — R)? =p(u — R)*"'V - (F(u) — A(u) - Vu)
+p(u— RP e (u — R)Xquery + c2(t — R)X{usry) W

p(p—1)
5

- /p(p - 1)(€ - R)p_Z(mu + ) d§.

+ u— R)P*(c1(u— R)X{u<ry + c2(u — R)X{usry)
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Owing to the orthogonality (or mutual singularity) of X{u<py and x{usg}, one can

write

(c1(u — R)X{u<R} + co(u — R)X{u>R})2 :C%(U - R)X{u<R} + Cg(u - R)X{u>R},

and,
(u—R)* " (e1(u— R)Xqu<ry + c2(u — R)X{u>r})
=(c1(u — R)’Xqu<ry + c2(u — R) X {u>Ry)-
Hence,
oy /(u — R)? dx = /pcl (u — R)PXqu<ry + pc2(tu — R)P X qus>nry deoW (4.11)
+ p(pz_ D /Cf(u — R Xu<ry + &3(u — R)PX(usry do
= [ bl = 16 = By 2ma 4 ma)(de. o)
Let,

x® = / (u— R de, X¥ = / (u — R)? dx,
{u<R} {u>R}

and denote by D the non-negative quantity,
D= / p(p — 1)(€ = R)2(my, + n,)(de, d).

Supressing the superscript (p), we can write the expression (4.11)) as

(p—1)
2

d(X1 + XQ) = p(Cle + CQXZ) dW + p (C%Xl + C%XQ) dt — Ddt.

Where p is even, both X; and X, are non-negative, so 0 < X7, Xy < X; + X5, and
X;/X® and X,/X® are signed and bounded.

2 2
(1)) <, 1%L+ 2 X2 Lo XLt aXs
dlog(X'")) <p <) dW+2p(p 1) <0 dt
1 2 Cle —|—CQX2 2
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We require the following sufficient condition for decay:

X X X, . Xo\?
_ 241 242 1441 29
(p 1)(01X+02X)<p(X + X)'

Since we have no a-priori bound on X;/X® and X,/X® except that they are

individually non-negative and sum to unity, we know only that it is sufficient that
(p—1) (Ga+c3(1—a)) —p(aa+c(l—a)® <0
for any a € [0, 1].
We find that the expression above is maximized at,

1 C1 + C2
a==———.
2 2p(01 —Cg)

Putting this back in the expression, we arrive at the condition,

(i35
(T2 el )
=(p—1) ((c% ; 4 _ (@ "22)02)2) o ;p1)2 (c1 4 )2,

which would be impossible if ¢; and ¢y were of opposite signs, even if we take p = 2.
O

4.3 Uniqueness of Invariant Measures

Before we explain the framework from which uniqueness is very easily derived, we lay

some theoretical groundwork.

4.3.1 Aside: The dual Lipschitz norm

Before we continue on to proving the continuous dependence estimates that we need, let
us pause to consider the dual Lipschitz norm on 9% (X), where (X, d) is a metric space.

It is shown in [35] that on the space of probability measures, the following topologies
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are equivalent. On the space of Radon measures, they are distinct.
The topologies are characterized by measures {v,} C 9% (X) converging to v €
M, (X) after the following modes:

(i) weak™ convergence:

Vo € C(X), /(p(yn—u)—>0;

(ii) dual Lipschitz convergence:
Vo € Lip,(X), with Lip(¢) = 1 /gp(z/n —v)—0.
(iii) For a set A C X, set
A ={yeX:(JrecA:d(x,y) <e)}
the Lévy-Prohorov convergence is:

inf{e > 0: 1, (A) < v(A°) + ¢ for every Borel A C X} — 0

Theorem 21. A sequence (v,) C M1 (X) converges to v, in one of the above topologies

if and only if it converges in any of the other two.

The equivalence of the three preceding topologies shows that the dual Lipschitz

[

does indeed metrize the subspace of probability measures in the weak™® topology. The

norm defined by

[v[|Lip = SUP
J€Lip, (X),Lip(f)=1

Y

following proof is found in [35].

Proof. Since bounded Lipschitz functions with unit Lipschitz constant are continuous,
if A\, = X in the weak™ topology, they do so in the dual Lipschitz topology.

Next suppose that A, — A in the dual Lipschitz topology.

For any Borel set A, set

f(z) := max(0,1 — e d(z, A)),
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so that Lip(f) < 1+ e~!. From the definition of the dual Lipschitz norm, we have,
Aa(A) < /fAn < /fA+ (L4 e DA = Mluips < AA%) + (L + )M = MJnipe-
Therefore,
inf{r > 0:v,(A) < v(A") +r for every Borel A C X} < max(e, (1+ e ||t — v|Lip*-
Now choosing n large enough such that ||, — v||Lip+ < €%, we have that
inf{r > 0:v,(A) < v(A") +r for every Borel A C X} < ¢+ &%

This shows that convergence in the dual Lipschitz topology implies convergence in
the Lévy-Prohorov topology.

Next suppose that v, — v in the Lévy-Prohorov topology.

Let A be a set of continuity of v (that is, ¥(9A) = 0, where A = A\int(A) is the
topological boundary of A in the metric topology). Set also € > 0. Then for a small
enough ¢,

V(A\A) <e and v((A9)°\A°) <e.

By assumption, for a large enough n,
Un(A) < v(A%) + 6 < v(A) + 2,
and,
n(A°) < v((A9)°) + 6 < v(A°) + 2.

Hence for any A,
[V A) — w(A)] < 22,

this is convergence in total variation, which implies convergence in the weak* topol-
ogy as continuous functions can be approximated in L!(v,) by indicator functions of
Borel sets. O]

Remark. Since we required bounds for both v,(A) and v,(A°), this proof cannot hold

for general Borel measures.

In our context, X is the space L.
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4.3.2 Framework of uniqueness of invariant measure in infinite

dimensions

Here we use a framework suggested by §3.1 of [73], which makes clear the theoreti-
cal underpinnings of the uniqueness results. The uniqueness of an invariant measure
depends generally on two properties [73] (§3.1) — stability, and recurrence.

As remarked in [48], recurrence boils down to the idea that a path through solution
space does not move away forever, or that any collection of initial data eventually mix
reasonably homogeneously. This is a reflection of the fact that the collection of invariant
measures is convex, with ergodic measures as extreme points. This convexity implies
that if there are more than one invariant measure, there must be at least two ergodic
measures. Since two ergodic measures are either the same or singular with respect to
one another, the support of one measure cannot flow into the support of the other.
Heuristically, then, if each point of positive measure set is recurrent, then there cannot
be another invariant measure. Therefore it is not surprising that as all initial conditions
flow within an arbitrary ball of the constant function taking the value of the root, there

is only one invariant measure, but it is a matter of completeness to show it.

Stability: Let P(s,t,u, E) be the probability transition function that
starts at time s and at point u,such that u,; is inside the set E at time t,
ie.,

P(O’tau’ E) = (gzt*eu)(E)a

or more generally,

(2:7)(E) = / P(0,1,0, E) T(dv).

X

There exists a sequence 0, — 0, a sequence of positive times (7}), and a

sequence of closed subsets By C X, such that, for any two starting points

u,v € Bk’a
sup HP(Oatvua ) - P(O,t,?}, ')HLip* < ek,
t>Ty

where || - ||Lip* is the dual Lipschitz norm.

Recurrence: With the same sequence of Bj as in the condition above,

let u; and v; be the Feller Markov processes with transition function P as
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above, starting at u and v, respectively. Let T (By) be the hitting time,
T(By) =min{t > 0:u; € By, vy € Bg}.
Recurrence is the requirement that,
P({T(By) < co}ug =u, vg=v) = 1.

We have the following general theorem:

Theorem 22 ([73] (Theorem 3.1.3)). For an invariant measure v satisfying the condi-

tions of recurrence and stability, for any other probability measure T on X, we have,
20T = v|lLip- = 0

ast — 0, and p 18 unique as an invariant measure.

The proof is included below for completeness. It is as found in Theorem 3.1.3 of
[73]. Still, the intuition is clear: If the balls B,, exist with associated 6,, — 0, and
increase to fill all space, stability alone will suffice — stability already is the theorem.
If such a sequence of balls does not exist, and the sequence does not increase to fill all
space, yet no matter how small a ball B,,, gets, still the process enters it in finite time,

and within the safety of B,,, there is stability — up to 6,,.

Proof. For any k > 1, and t > T}, set,
s(k,t) = min(T (Bg),t), p(u,v,m,t) =P{T(Bg) + Tk > t}uo = u, vg =0).

Where P(0,t, (u,v), By X Ey) is the transition probability on Xx X having P(0, ¢, u, )
and P(0,t,v, F) as marginals is the transition probability for the coupled, or extended

Markov process, we can use the strong Markov property,
P(0,t,(u,v), E) = E@u(B(T,t, (ur,vr), E)),
to calculate thus:
P(0,t,u, ) =P(0,t, (u,v), E x X)
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:E(u,v) (B(Ta t7 (UT7 UT)v E x x))
:E(u,v) (P(Ta t7 ur, E))a

and similarly,
P(0,t,v,FE) = Eq(P(T,t,vr, E)).
Therefore,

”P(Ov t7 u, )—P(O, t) v, ')HLip*
< By ([[P(0, 8 — s(k, 1), Uiy, -) — PO, 1 — (K, 1), Vs(0), )| Lip*)-

Since T (By) + Ti <t implies s(k,t) = T(By) and t — s(k,t) > T, by the stability
condition,

||P(0>t - S<k7t)auv ) - P(Oat - S(k,t),@, ')HLip* S 9167

S0,
| P(0,t,u,-) — P(0,t,v,)||Lip* < Ok + p(u,v,m,t). (4.12)
By the recurrence condition,
P(T (B) < oolug = u, vg =v) = 1.

One can therefore first fix m, and then take ¢ to be suffienciently large, so that

p(u, v, m,t) becomes sufficiently small.
Therefore,
HP(O’ t,u, ) - P(O’ i, ')HLip*

is arbitrarily small for sufficiently large t and — 0 as ¢t — oo.

From this follows that for any bounded Lipschitz function f € Lip,(X), we have,

(20— )] =I{f, 2T —w)
‘ / (Pof(w) — Pof(v)) Y(du)(do)
XxX
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< //x 124w~ Zf0)] Ydup(dv)

which tends to 0 from (4.12)) above, via the Lebesgue dominated convergence theorem.
[

4.3.3 Uniqueness of invariant measures: Proof

We use the framework of Kuksin and Shirikyan, noting that from L!-contraction, we
have the Feller property.

Stability:

First we consider the issue of stability:

Let u,v € By,. Using the definition of the dual Lipschitz norm and the L!-contraction

inequality,

HPm<O, tvua ) - Pm(ovtu v, ')HLip*
— sup / FU(PIYS, — (P7Y6)
fiLip(f)=11J%

= gup ‘gz?f(u)_@tmf(v)\
f:Lip(f)=1
<[lut) = v()1

<llu =l

<2 - radius(By).

Therefore choosing (By) such that the radii of the balls tend to 0 gives us a collection
of balls, as well as corresponding (6y), (), which satisfy the stability condition. Nat-
urally we shall choose these balls to be centred about the constant function w(x) = R.

Recurrence:

Since X® — 0 for each of our processes it follows that X is arbitarily small
in finite time. Therefore any solution u enters an arbitrarily small L? ball around
w(z) = R in finite time.

From (4.4), we can change these balls to L' balls, writing,

E(lJu(t) = Bllz1) < E([Ju(t) = o)l + v(t) = Rllz1)
<e + uA(TOE(lu(t) — Rl12) = €,
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where vy is an L? approximation to ug with E(||vg — ug|[z1) < €. By L! contraction,
this means E([|u(t) — v(t)||z1) < E(||vo — uol|z1) < e.
In order to free ourselves from the expectation, we employ a Borel-Cantelli argument
in the spirit of one that Debussche and Vovelle used in [30].
Let T; be a sequence of increasing deterministic times.
Let
Ay ={u ¢ By;t € [0,T7]}.

Here B;, are balls of radii 8, centred at the constant function R € L'.
Choose € to be less than half the radius of the given ball we seek to have the solutions
enter, that is, ¢ < 0;/2, and let vy, v(t) be as before. We show that solutions do enter

B, in finite time thus:

P({u & By;t € (T}, T111]} 1)

T
<P ({][ u(t) — Rl dt > ek} ‘%)
T

T
<67'E (][ u(t) = Rl dt‘%,)

T
T T4
<6'E (76 u(t) = ()| dt‘%) L oIE (]i lo(t) — ||, dt)
l l

T
<etit 4T (£ 100 - Rl at|73,).

T

Multiplying through by x4, and taking (uncondition) expectation on both sides,

one arrives at

1 Ti1
(i) < 5B + AT E (£ oto) - Rlus ).

T

Since E(||lv — R||z2) decays, we can choose Tj1 — 1} to be long enough that

T4
p/2(Te,'E (][ lv(t) — R||L2 dt) <27l
T,

This in turn shows that P(4;) < 127!, so that almost surely,

lo=inf{{l>0: inf |u(s)— Rl <0k}

SG[Tl 7ﬂ+1]
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is finite. It follows that the first entry time into Bj is bounded by 7j,4+1, and hence
almost surely finite as well.
Both stability and recurrence together show that there can be no more than one

invariant measure, and this invariant measure is the Dirac delta supported at w(x) = R.

4.4 Further Remarks on Multiplicative Noises

Where the noise has more than a root it may be that non-trivial asymptotic behaviour
emerges. A hueristic reason can be gleaned from the L! contraction inequality.

Suppose R; and R; are two roots of o(u). Let ug € L', not necessarily taking values
between R; and Ry. Then we see that, both,

E([Ju(t) = Rillz1) < E(|luo — Ral|z1), and
E(llu(t) — Rallr1) < E([[uo — Rallz1)-

So that in expectation, u(t) remains in the intersection between the spheres of radii
|lup — Ryl and |jug — Ral|z1 centred at Ry and Ry, respectively. Apart from this
condition there does not seem to be any a-priori reason that the solution map cannot
explore this intersection of spheres densely. This is a question into which I intend to
look further.

4.4.1 Compactness results for bounded Lipschitz noises

In this section we show that modifying the techniques of Debussche and Vovelle, that
is, using velocity averaging techniques, it is possible to show that the solution operator
of

du=—V - F(u)+ V- (Au) - V) + o (u) W (4.13)

smoothens for a bounded multiplicative noise o, and F' and A satisfying appropriate
nonlinearity conditions as dictated by the requirements of velocity averaging.

Let us suppose that || is uniformly bounded by ¥ > 0.
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Again, let

W = [ Stxale .0 de
W= / | SEBx o€t =) dsds

== [ [ [ ot se) doma = pinn)

(My(t), @) = /’er (S*(t — s)p)(z,u(x, s))o(u(z,s)) dWs dx.

The analyses of uy and u” coincide exactly with their analysis in the previous chapter,

except that there is no way to bound the zeroth mode. Suppose as in (3.6)) that

(4r*A(§) :n@n+v[n** +0) B s
5 | e 4 A o R 4 = Ol )

TER

That is we have shown that

T
B[ 1+ dt) < (lunllo +E (lnOlsgomanns) . (01)
0

where C' depends only on the dimension, d, and X is a compact subspace of equicon-
tinuous functions, and | - |y its associated seminorm.

Now we turn to the analysis of M; and Ms.
Analysis of M,

Writing out the integral we have

(arman.e) == [ [ [a0a0s e e don - pi&.n0)
—— [ [ [ F©- Ve - 1) dlma - p)(e 0
- [ L[ 2©: T ears ) dima - e,

Using a kernel estimate as before,

I(=2)?2V(S*(t = $)p)llze= SO(3(t — 5)) V=IO | ),
I(=2)?2V3(S*(t = 8)p)llze SC(y(t — 5)) "D/ IO | .
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Therefore we have in turn

e ([ (o, o)

T
<C ( sup 1/ (y(t — 3))1*(,3+1)/(20¢)*d/(2p,04)efe(tfs) dt)

selo, 1Y

Nl B (/ [ [iFr@anic.e.)

+C ( sup —/ (V(t—s)) —(B+2)/(20)—d/(2p' @) , ~0(t—s5) dt)

selo,1] Y

el ® ([ [, [sminieranier.s).

Where |F”(r)] < 1+ |r|® and |A/(r)] < 1+ |r|*2, with k1, k2 < 1, using the total
variation bound of Lemmal[l4on |M;] (o(u) in place of o(z) remains L>®-bounded) and
L'-contraction estimate on u, we have a bound for the left-hand side and this yields

the familiar inclusion

M, € Li’th’p c ng,thﬁ’lv

via the bound

e ([ (o, o) )

—(6+1)/(2a)—d/(2p'a) 1 d
gc(l) gor (o OHL
0 2a 2«

T
Dol ([ 1+ IO de+ 1+ )
w,t T 0
—(B+2)/(2)—d/(2p'a) 2 d
2 " 92F<2—6+ - )

+C (5 2a 2p'a

T
Wl ([ 1 105 T+l
T
<Cun 087 Ol B (147 + [ a0l oot ™) + ol ) - (415
w,tHT 0

Analysis of My
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We again use the inequality of Burkholder, Davis, and Gundy:

E (sup<(—A)‘5/2Mz(s), @)2)

s<t

<E ( [([ [ eenevmmazeneaay s e - )
o(£)0( — u(z,s)) dr d§>2 ds)

<E ( / t ( [ [y BT o Pt — )Pl (o) d dg)

. (//T c2(€)0(E — ulx, 5)) dxd§> ds>.

We apply the kernel estimate to ¢(z + F'(£)(t — s)))?, which, as ¢ € L*, is also
€ L. Writing p(z — F'(&)(t — 8)) =: ¢(&,x,s) € L, ., we have

57175 ’

H (_A)—6/26(Bw+A(£):V®V)(t—s)¢<§7 z,s) ||Loo

<C(y(t = 5) Vg (&, @, 5)llzee = CO1(t = 9)) 7 C o .

Whereupon, we also have

E (sup((—A)_ﬂ/2M2(5)a so>2>

s<t

<ce(( [ ) 1 N lelle ) - ([ o ar) as)

<o ([ =t - el ) - (am) as)

e G e )

(07

=Cipy (e, ,7,0) - (Z2u(T%) [l 7. (4.16)

A judiciously chosen f > 0, as well as v and 6 (which have both heretofore been
unconstrained except by positivity), ensures that the left-hand side of this inequality
remains bounded.

This implies My € L2LXWAL C LLLXWAL.

A degree of compactness
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Again, let 3 be the compact space of equicontinuous functions. Now either X' C
WHAL(T) or the reverse inclusion holds. In either case, we end up with Br C L! being
mapped into a compact set.

From (4.14), we have

T
E ( [ dt) < € (Juoller +E (Ja®ll gorsrey))
0

where C' depends only on the dimension, d.
So

T
1
B ([ 1+l dt) £ CT 4§ (s + B (1l rprsancny))-
0

From (4.15)), and (4.16]), we have

T
E (/ [ M7+ Mo e dt)
0

<Chu, (o, B,7,0,p) (EQHUHU([O,T};D(W)) + 2T + pu(TY) + HUOH?ES(W)>

+ CMQ (O'/a 57 e Q)ZQM(Td)T

By taking | - |3 to be the seminorm of the bigger space of the two, we have

g 1 2 #(Td) 1 3 2 d
E (Juls) dt <C + gl + Co (52 + 222 + uollly) + Cu,Z2p(T)
0

1 T
+ <Z +CM122> F ) ar
0

Since 3 is compact in L', this shows that the solution map associated with the
equation does indeed map solutions into a compact subspace given the appro-
priate nonlinearity conditions. However, as there is no a-priori control on ||u(t)||1,
one cannot give a bound to show that the Krylov-Bogoliubov hypothesis of tightness
is satisfied. Of course, if the zero function were a solution — that is, if ¢(0) = 0, then
the L' contraction property would provide a bound on |[u(t)||z1, but in that case the

existence of an invariant measure is trivial.
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Chapter 5

Invariant Measures for a Simple

System of Equations

Here E] we consider the compressible Navier-Stokes system,

Oro = — 0(0ou)

(5.1)
di(ou) = — 0, (ou® + p(0)) + pdZ,u + oo, u, )0, W,

with initial data o(0) = go, u(0) = g, and with z € R and t > 0.

Here p(o) = o7 is the adiabatic relation between the pressure, p, and the density,
0. Here for simplicity we are going to require o to be bounded in all its arguments and
compactly supported in x. We use only that ¢ € L? in x, and is bounded in all its
other arguments.

We are seeking an invariant measure.

The strategy is to use Hoff’s discrete difference scheme in [51] to show existence
of solutions and use Kanel”s classical energy method argument [59] to prove some
asymptotic bounds relating to higher regularity norms in both w and v = 1/p, in
the Lagrangian coordinates. Since we are using a discrete scheme, Kanel”s argument
requires some modification, in particular, a new auxiliary function to show that v is
bounded above from infinity and below from nought in finite time.

The background to this work is roughly as follows, though the literature is im-
mense. Kanel” [59] showed existence and regularity of solutions to the system in

Lagrangian coordinates on R. Kazhikov and Shelukhin [63] made the next landmark

Lpost-viva addendum: This chapter is incorrect — see Coti-Zelati, Glatt-Holtz, Trivisa 2018.
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step and proved a similar result for the system of three equations,

atU :ayu
P
O =0, (—P(v) + Z0,u) 5:2)
u? _ »x
O (e + ?) =0, (v™'0,0) + 0, [u (—P(v) + Z@u)] ,

on a bounded domain, where @ is “temperature”, and e = ¢y 0 is the “specific energy”.
Kanel” and Kazhikov Shelukhin both considered, essentially, the specific volume on a

particle path,

X(t) =u(X (1), 1)
X(O) =X,

showing that the logarithm of the specific volume remains bounded. This was expanded
upon in Hoft’s papers in [50] [51], where Hoff employed the same argument as Kazhikov
and Shelukhin on a discrete collection of difference equations — and further explained
in greater clarity in [52]. The question of the boundedness of the density, or specific
volume, away from nought and infinity is fundamental to the smoothness of solutions,
as shall later be explained. The corresponding physical phenomenon for a blowup of the
specific volume is a vacuum, which leads to extreme effects such as cavitation. Infinite
density is also a physically troubling prospect.

Jiang [58] studied asymptotic behaviour on the half-line for problems with large
data, finding time-independent bounds above and below for density. Li and Liang
[76] improved on this in a very recent contribution to the subject by showing that

temperature is also bounded pointwise from zero and infinity.

5.1 Existence of Solutions

5.1.1 Lagrangian Coordinates

In Lagrangian coordinates, these equations become

O =0,u
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dyu = — 0,P(v) + 0,(c(v)dyu) + oW, (5.3)

where P(v) = p(1/v) =v77, and £(v) = p/v.

We shall continue to call the first equation “the continuity equation”, and the second
equation “the momentum equation”. Of course, for precision, the solution u in this set
of equations should properly be labelled wuy, with uy(y,t) = u(z,t), but for simplicity
and legibility, we leave the distinction implicit.

In Lagrangian coordinates, the variables of interest to us are (y,t), where y = z(0),

and (z,t) are the Eulerian coordinates, for which fluid particles take the positions.

& =u(x(t),t) t<s

z(s) =y.

It is well known that the Lagrangian coordinates satisfy the transformation

y=/ o(s,t) ds,

o

as can also be seen from the continuity equation

by postulating
0=0y,  ou=—0y.

Therefore changing 0; + u0, to 0, and 0, to pJ, changes an equation from the
Eulerian to the Lagrangian perspective. It is important that the Jacobian of the change-
of-coordinates be non-singular.

We see from the above that it is of primary importance that ¢ remains bounded away
from zero — that vacuums do not spontaneously arise. This is of paramount importance
to the entire problem of well-posedness. Physically, where vacuums arise, we would ex-
pect cavitation, shocks, and classical well-posedness to break-down, so that the math-
ematical model fails adequately to describe the phenomenon at the vacuum/cavitation
limit which had done so up to that limit.

The theorem we shall to prove in the subsequent sections will be the following:
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Theorem 23. Assume that the initial data (vy,uo) satisfy 0 < v(0) < vy < 9(0),
and vg —v' € L*(R) N BV(R) for some fized v' > 0, and uy € L*(R). Assume that
o=o(u,v,) in , 15 compactly supported in the last argument, and bounded in all
three. Then the Cauchy problem has a weak solution almost surely for every time
t > 0, satisfying

0<o(t) <v(z,t,w) < v(t)w — a.s. (5.4)
v(-,t) — v, u(-,t) € L2w — a.s.,and (5.5)
2 (v)u, € L} w—as. (5.6)

Furthermore, an invariant measure exists for the process Y, = (v(t) — v, u(t)).

We mean by an almost sure (or pathwise) weak solution the notion that Hoff used,
being that of Kazhikov and Shelukin’s [63], that (v, ) almost surely satisfy

v, vt e LOO([OaT]QHI(R»a
v(-,t) — v € L>([0,T]; L*(R)), and
u € L*([0,T]; H'(R)) N H'([0, T, L*(R)),

and satisfy the equations almost everywhere in R x [0, 7] for any T < oo.

5.1.2 Bounds for Specific Volume

In this section we derive the four bounds - . In the next section we conclude
the proof of the theorem.

Therefore first we derive a bound for the density, or more accurately, the specific
volume v = 1/p.

Following Hoff in[50] and [51], we introduce the semidiscrete difference scheme, with
h > 0, and z, = kh, with k € Z. We approximate u at integral multiples of h and at
the midpoint between integeral multiples we approximate v, writing therefore u(0) for
u(xy,0) and vgy1/2(0) for v(zgq1/2,0).

We denote the forward difference by A, so that, e.g.,

—_

(Au)k+1/2 = E(ukJrl — Ug),
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and .
(Av)k = E(Uk+1/2 - Uk—l/Q)-

The approximate solutions uy(t) and vj11/2(t) are then computed via the system of
SDEs:

OpUrg1/2 =(Au)gy1/2()
atUk :A<—P -+ E('U)AU)k -+ Jk&th,

(5.7)

where P(v) = p(1/v) =v7".
First we prove the usual, a priori, energy bound. For convenience we follow Hoff
and define

(o) = / " PW) - P(r) dr. (5.8)

Since P is a decreasing function of its argument, the integral v is non-negative.
We enforce the boundary conditions that (ug,vei1/2) — (0,7") as |k| — oo, where
v' is a constant.

Multiplying the second equation in (5.7) by uih, and using the It0 formula, we have
Lo / L,
§atukh = —A(P(v) — P(V"))rurh + A(eAu)gugh + §0kh + oruho, Wy,

noting that (AP), = A(P — ¢), for any constant c.
Next we sum the indices £ from —N to N and integrate in time from 0 to T,

summing-by-parts,

N
+ Z Y(Vgr1/2)h
—-N

%Zuih / Z E\Vk+1/2 (Au>k+1/2h ds
:/0 ((P(U/) - PN+1/2)UN - (P(U/) - P(UfN71/2))U7N) ds

T
+/ (UN€(UN+1/2)(5U)N+1/2 _U—NE(UfN71/2)(8U)7N71/2) ds
0

1 T N T N
+§/ Zaihds—i—/ > opugh dW,
0 "N 0 “x

142



Enforcing the boundary conditions, taking N — oo, we can write
1 T
3 > up(Th+ > (vesry2) (1)t / D e(vrsrye) (Au)ih dt (5.9)
0
1
5 D up(0)h+> 1 (vs1/2(0)h
1 (7 T
+ 5/0 > oph dt +/0 > ugoph dW,

where C'is independent of T" and h, depending only on initial data |Jug||z2 and ||t (vo)|| 2.
Now suppose 0, = 0(uk, Vk41/2, kh), and that o is compactly supported in its last

argument, and bounded in all three. Then

Zaih, Zakukh < 0.

Now for f(t) such that supco 7 | f(t)] < oo,

X = /0 (1) dW,

has continuous-in-time paths (or is indistinguishable from a process having continuous-

E(|X; — X,[*) =E</tf(7) dp- )

= (|[ 1o a )smz(sup If(t)!2“> o= sl
s 7€[0,T7]

so that by the Kolmogorov continuity theorem, there is a version of X; with sample
»—1)/2k

in-time paths), as

paths that are almost surely in the class O for every . Also, where the stochastic

process is indexed by a time variable in R?, different versions of the same process are
indistinguishable from one another.

Alternatively, taking expectations, we have
1 2 g 2
E|5 ST+ (vsa)(Dh+ [ e(irye)(Au)ih dt (5.10)
0
<Cy+E E/TZ 2h dt
<Cop 2/, Ok ]
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Hence, almost surely,

%Zui(T)h + Zw(vkﬂ/Q)(T)mZ/o e(Vps1/2)(Au)} dt h < oo, (5.11)

This boundedness implies that uy € [?, and (Au)i1/2 € 1%
We also have the asymptotic bound

%E B S T+ (o) (T + /0 S (o) (Duhdt|  (5.12)
g% + %]E (%/g > oih dt) :

Since oy is compactly supported in £ and bounded in all its arguments,

%E (/OTZogh dt) = 0(1),

as T — oo, independently of h.

Next, following Kanel’ [59] (also found reproduced in [I00]), we turn to an inequality
bounding (Av)g/Vk11/2-

Writing Ej1/2 = 2(log(ves1/2) —log(v’)), we see that, as the continuity /mass equa-
tion does not have a stochastic forcing term, [t6 formula coincides with the usual chain

rule to give

Therefore,
atUk + (Ap)k — A(@tE)k = a;ﬁtWt.

Again, as the mass equation does not have a stochastic forcing term, we can multiply

the momentum equation by —AFE,, unpenalized by an additional correction term:

—(AE)kﬁtuk — (AE)k(AP)k + (AE)kat(AE)k = — (AE)k — O'katWt

T 1 T
- / (AB)Bour — (AE)(AP)+ 50:(AE); dt = - / (AE)yopd W,
0 0
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Integrating by parts and summing up |k| < N, we have

T
T
—/ > (AE)(AP)h dt+% > (AE)A
O k<N k|<N 0
T T
= / > (AE)yugh dt — / > (AE)rorhdW,
O k<N 0 k<N
T
T
= 3" (AB)uh| — / S° O(AB)u)ih di
k|<N 0 0 |k<N
T
—/ Z (AE)kO'kh th
O |k<N
T T N
= Z (AE)kukh —/ 8tEk+1/2uk dt
k<N 0 0 —N
T T
+/ Z 8tEk+1/2(Au)k+1/2h dt—/ Z (AE)kO'kdet
O k<N 0 |kl<N
T N T
= Z (AE)kukh —Ek+1/2uk
<N o v,
T N
+/ Ek+1/28tuk dt
0 —N
T
+ Z E(Uk+1/2)(Au)i+1/2h dt
O |k<N
T
—/ Z (AE)kO'kdet
O |k<n
N
= > (AE)(T)ur(T)h — (B jo(T)ur(T))
|K|<N N
T N
+ Z Ek+1/2(0)(Au)k+l/2(O>+/ Eyy1/200uy, dt
0 —N

[k|<N

T
+/ Z G(Uk+1/2)(Au)i+1/2h dt
0

<N
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/ Z AE kakdet

O |k<N

Via the bound

S ABR(T)uTh < 7 S (ABRT) + 32 wi(T)h

k<N k|<N k|<N

and using equation ((5.9))

1 T
<= Zuk o+ > (vraye)h / > oih dt+/ > woph dW,

we have
/ > (AE)(AP)h dt + — 1 Z (AER(T)h+2 > th(vs1/2(T))h
Ik|<N k| <N k| <N
N
1
< B) Z (AE)i(O)h - (Ek+1/2(T)uk(T))
IKI<N N
T N
+ Y Erg12(0)(Au)is12(0) +/ Eiy1/200ug|  dt
0 -N

k|<N

+ 3w (0)h+2 ) (vrry2(0) h+/ > othdt

|k|<N |k|<N |k|<N
+2 / > ugoph dW, — / > (AE)iophdW,
k|<N k<N
T T N
+2/ (P(V') = Pry1y2)us d8+2/ Uk€(Vky1/2) (W k12| ds.
0 —N 0 —N
First,
T N
/ Ej1/20uy, dt
0 N
T N
— (Ers1/2(T)u(T) = Epsryo(0)ur(0)) |X —/ O Eyprjou|  dt.
0 N
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So, taking N — oo, and using the fact that |ux| — 0 as |k| — oo, we arrive at the

inequality

- [ S@nuarma Z(AE)imh +23 (oo (T))h
<= Z (AEZ(0)h+ > Eirry2(0)(Aw)g1/2(0)
+ 2/Tzuk0'kh th - /TZ(AE)kO'kdet

Now observe that, as v + log(v) in an increasing function and v — v 7 is a

decreasing function:

1 _ _
= _(IOg(Uk+1/2) - IOg(Uk71/2))(rUk11/2 - Ukj1/2) <0,

(AB)(AP): =

so, coupled with the remark following (5.8]) that ¢ (v) > 0, each summand in the left-
hand side of the preceding inequality is non-negative.

Next taking expectation and dividing by 7T, we attain the estimate

%E (—/0 > (AE)(AP)h dt+iZ(AE) (T)h+2) " t(vps1/2(T)) ) < Cp,

(5.13)

as in ((5.12]).

Next, consider as in Kanel’ [59] an auxiliary function. Kanel’s function was

f0) = [ ety dr= [ 200 ar

! v’

This can be bounded thus:

por=|[_ ol | 25 v

([ a) " ([Loma)”

and 0, log(v) is the continuous analogue of AE, so that both factors are bounded. But
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as we are taking discrete differences here, we cannot use the same auxiliary function that
Kanel’ used. In particular the second equality in ((5.14]) above does not carry through
easily, so we seek an auxiliary function for which that equality becomes a bound — an
idea variously manifested and popular throughout analysis, such as the idea of weights

that underpins Selberg’s vast simplification of Brun’s Sieve. We know that f satisfies
(i)
> (Af(v)h

k<N

< S U(AF@))lh,

k<N

|f(unt12)] =

and [(Af(v))r| was in turn bounded by one of the summands on the left-hand

side of ([5.13)); and
(ii)

|f(v)] = o0
as v — 0 or v — o0,

from which we can conclude that log(vy) is bounded.

To this end we define the auxiliary function

f(v) := xlog(v)v/(v).

Recall that ¥ (v) > 0.

Working backwards, we also define

Ry = \/w(vk+1/2) + \/¢(Uk_1/2)-

Notice now

(AE)rRy, =log(viy1/2)1/ ¥ (Ves12) —log(vi—1/2)1/ ¥ (Vk—1/2)

+ (log(vit1/2)1/ ¥ (Vk—1/2 — log(vg—1/2) \/ Y (Vpg1/2),

1
>

SO

iZ(AE)kRkh
= Z A(log(v)\/9(v))rh + Z(log(vma/z) - log(vk—1/2)) w(vk+1/2)h
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= 3" Alog(o) BNk + 5 S I(A log(v))eer + (Alog(v)i)]y/w(vkerso)h
=37 Alog(0)v/ BN + 5 S AE) + (AE) )b (wka)h

We bound f(vy) thus:

[Fon (D) =) (AF())h

k<N

< S IABNIRD + 5 ST IAB)L bty + 5 37 IAB )il oyl
<3 (Z(AE)ihY/Q (Z ¢(0k+1/2)h>1/2

<C(T)

<00,

recalling that Ry = \/1(Vky1/2) + /U (Uk—12).
But also, |f(v)| = 0o as v — 0 or v — oo. Therefore there is a constant M(7") > 0
such that
M(T)™ <v < M(T).

5.2 Existence of Invariant Measure

Now, this bound on v implies that the SDEs (5.7) have strong solutions globally in

time. Furthermore, we have the bounds independent of A that

r 1
E ( /0 D (Vi) (Au)ih dt + 1 Z(AE)%(T)h) < CyT.
This implies, as in [51], that

E (Z(Au)ih) < T,

Integrating in time, we have

E (/;Z(Av)ih ds) < C(1+1T?).
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Therefore we have the temporal average bound:

(/Ot > (Av)ih ds) v

All the bounds above are uniform in h.

E <COA+T).

This implies that the the solution map S : (vg — v',up) — (v — ', u) is compact
on L? x L? by the Tychonoff theorem (for example, even though this is just a finite
product). Since it is compact, it is also continuous. Therefore, composed with any
bounded continuous ¢ € Cy(L?), it holds that the associated process &, which takes
v to Psp = oS — a composition of continuous functions — is Feller. Now we invoke

the calculations in §3.1.3| and conclude that an invariant measure exists as a limit of

1 T
Vp = T/O\ ysé(vo,u(}) ds.
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Chapter 6

Conclusion

6.1 Summary

In summary, in this dissertation,

(i)

(i)

(i)

we gave a unified framework for the L' contraction, L! stability and BV /Nikolskii

norm estimates;

we derived a Nikolskii semi-norm estimate for the spatial translation non-invariant
stochastic anisotropic degenerate parabolic-hyperbolic equation, which was non-
trivial and depended on the regularity of various coefficients, unlike in the trans-

lation invariant case, in which the BV estimate follows from the L' contraction;

we generalised the results of [30] concerning existence and uniqueness of invari-
ant measures in the first order stochastic conservation law to the second order

equations, with additive noise, using insights from [13], 14];

we derived long-time behaviour results for the second order stochastic scalar con-
servation law with a class of unbounded, not necessarily smooth, and multiplica-

tive noises;

we derived a simple result on the long-time behaviour of solutions to a system of

equations.

The Overview (§1.2.1)) gave a summary of the techniques and ideas behind each of

these topics.
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6.2 Looking Ahead

Here we discuss some further questions.

6.2.1 Multiplicative Noises

There are a few natural questions that follow from the studies cited. We restrict our-
selves again to conservation laws (with stochastic force). The most natural is that of
long-time behaviour of multiplicative noise. Noises of the form V - A(u) o dW have
been considered [41, 42], because in that case the dynamics remains contained in the
zero-spatial-average subspace of L*(T?).

The well-posedness questions for equations with multiplicative noise is quite well
understood from several different perspectives — the strong entropic stochastic solutions
of Feng and Nualart [38], and of Chen, Ding, and Karlsen [10], the viscosity solution
methods of Bauzet, Vallet, and Wittbold[3], and the kinetic approach of Debussche,
Hofmanova, and Vovelle [28] 29], which we have mentioned in the introductory chapter.
Nevertheless, apart from compactness as shown in Chapter 4, the question of long-time
behaviour is entirely open, because there is no effective way to control [|u(t)]|L:.

We remark on two aspects of the noise that can affect qualitative long-time be-

haviour:

(i) The question seems to be heavily dependent on the roots and growth of the noise
o — If the noise were degenerate (not cylindrical), and o(r) = 0 for certain r € R,
then u(x) = r is a fixed point of the evolution, and by L' contraction, it is possible
to prove certain long-time behaviour results on solutions u as was done Chapter
4, which studied unbounded noise with one root. Both the growth of o and how
many roots it possesses affect the long time behaviour of solutions, as is evident
also in studies of other equations like the KPP equation (discussed below). In the
case that ¢ has no roots, there are no fixed points. It is possible that bounded
noise with no roots exhibit other behaviours, such as the existence of a non-trivial

invariant measure.

(ii) If the noise is o(u)dB = Y, gr(u)dW*, where B = We, is a cylindrical Wiener
process, the behaviour is expected to be very different than if the noise is simply
o(u)dW.
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6.2.2 Non-white noises

It would be interesting to explore the consequences of having more general Lévy noises in
place of a white noise. Whilst most studies on stochastically driven nonlinear equations,
such as the Burger’s Equation [98] 93, 36, 49] append to the equation a Brownian noise
term (and except in the case of [36], and thereafter, also a dissipation term), work has
also appeared in which Lévy noises were considered [62] [73] [66].

It would also be of interest to explore the question of invariant measures for equations
with noises arising from processes for which temporal increments are at least weakly
correlated, as do arise from fractional Brownian motion. The goal would be to establish
some correspondence between different types of noise and the corresponding invariant
measures where they exist — a kind of continuous dependence of the sets of invariant
measures on the noise, or the dynamics of the set of invariant measures (possibly null)
as a (deterministic) map varies the statistics of the noise. To our knowledge, no such
thing has been systematically done.

It is not immediately clear what it means to vary the statistics of the noise continu-
ously. A starting point can be that of varying the Hurst parameter of noise arising from
Brownian motion, and by and by in developing a topology for the statistics of (various

classes of) noises.

6.2.3 Infinite Dimensional Dynamical Systems

As remarked in [49], infinite dimensional dynamical systems is a field still early in devel-
opment compared to the finite dimensional theory. Properties of long-time behaviour
are not limited to the existence and uniqueness of invariant measures or their negations.
Invariant measures, whilst an indispensible tool in probing the asymptotic properties of
dynamical systems, themselves have properties beyond existence and uniqueness that
are of interest in the understanding of these systems. For example, it is well known
that random attracting sets are intimately related to the supports of invariant mea-
sures [25], 24], and these random attracting sets have interesting properties of their own
[20, 27] that give insight into statistical and asymptotic behaviour of solutions to infi-
nite dimensional random dynamical systems. It would be interesting to study the finer
properties of invariant measures to infinite dimensional random dynamical systems, and

through them to learn about the long-time behaviour of such systems.

153



6.2.4 Systems of Equations

In the previous chapter we derived the existence of invariant measures for the one di-
mensional compressible Navier-Stokes system (of equations — not to be confused with
dynamical “systems”) with noise. A natural question to consider is the long-time be-
haviour of other common systems of equations. In systems of equations, such as for
the isentropic Euler system, the kinetic formulation might not be “pure” — it contains
instances of the solution u mixed with the kinetic equation [80]. At present it seems the
methods of [30] are not directly applicable to this system, although [6] have developed
a well-posedness theory for it and provided numerical evidence that we should expect
the existence of an invariant measure. Smith [99] showed global well-posedness of weak
solutions to the d-dimensional stochastic compressible Navier-Stokes equations. The
incompressible fluid equations have seen comparably more effort [71], [72, [49] (and ref-
erences in [83]). The intersection of infinite dimensional dynamical systems theory and
the theories of systems of nonlinear equations, especially of compressible fluid equations,
is a promising field as even the deterministic cases are rich with many phenomena such

as solitons.

6.2.5 Malliavin Calculus

The Malliavin Calculus is important in some aspects of the study of stochastic PDEs.
Malliavin originally invented his calculus to show that Hormander’s condition is suf-
ficient for the existence of a smooth density for the solution of an SDE. In his book
Stroock [101] used a technique suggestive of the Malliavin Calculus to show that linear
degenerate parabolic equations have measure-valued solutions. The Calculus is also
widely applied to questions in the field of mathematical finance [89].

As mentioned in Karlsen and Storrgsten [61] used Malliavin Calculus in modi-
fying the entropic framework of [3] to suggest an origin for the strong stochastic entropic
property introduced [38]. They also discussed how there were different approaches to a
well-posedness theory of stochastic first-order scalar conservation laws, mentioning that
the kinetic framework of [28] sidestepped the noise-noise interaction that called for the
strong stochastic entropic property. It would be interesting to study more generally the
relationship between the kinetic formulation and the Malliavin Calculus in the setting
of stochastic PDEs.
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