
Analysis on Stochastic Anisotropic

Degenerate Parabolic-Hyperbolic

Mixed-Type Equations

‘

Peter Ho Cheung Pang

Jesus College
University of Oxford

A thesis submitted for the degree of

Doctor of Philosophy

August 2017



Acknowledgments

“For the wonders that astound us,

For the truths that still confound us,

Most of all that love has found us,

Thanks be to God.”

- Fred Pratt Green

This dissertation would not have been possible without the monumental patience

and gentle guidance of Gui-Qiang Chen, my supervisor. My parents’ sometimes forceful

encouragement also gave much-needed impetus to the project, and their support for me

generally and through the years cannot be here recounted, much less understated. The

work would also not have been without support from the Croucher Foundation, chiefly

financially, but the quiet helpfulness of two of the Foundation’s administrative staff,

who prefer to stay unnamed, have been an especial blessing. No less important were

the administrative help that Sandyha Patel, Mott Carter (no longer at the Institute),

Monica Finlayson, and Jonathan Whyman at the Mathematical Institute, and Carole

Thomas at Jesus College, rendered me, without all of whom navigating the systems

of forms and requirements would have been a much more formidable task. I also

must thank William Long, Rawan Yaghi, and Alan Jiang at Jesus College, Daniel

Navarro at the Queen’s College, Chris de L’isle at New College, Spencer Klavan at

Magdalen College, and Tobias Barker, Stefano Marchesani, Andi Wang, and Luca Alasio

at the Mathematical Institute for their careful readings of the dissertation for mistakes

typographical, grammatical, and mathematical – those that remain, remain my own.

Sometimes “emotionally at sea” can be quite a fitting description of one’s internal

development leading up to this dissertation – at sea in a canoe, no less, where having

rowed a mile or a hundred seem not to be very different. I could not have carried

through without the prayers and good cheer of the wonderful Eden Bailey, and Sarah

1



Siaw in particular, but very much also the communities at Just Love, at the Chapel of

Jesus College, at the Oxford Community Church, and at a certain film society. To them

I am eternally grateful. I am especially thankful for the support Eden was in a very

difficult fortnight when a big gap in a proof was discovered shortly before a planned

submission. If anyone else were to me lighthouses and charts, these people were very

much my stay.

It is important to my mind also to thank a few others perhaps whom I see less often,

but on and with whom I have both relied and consulted, and who also have been a source

of much comforting encouragement. I refer first to Walter Liu, who when we were still in

Toronto, encouraged me to consider coming to Oxford, and have been to me very much

a friend whilst we were both here. Without James Colliander I would not have gone past

simply considering. He asked me to thank him in theorems. Around the Institute, Jan

Kristensen’s, Yves Capdeboscq’s, Qian Wang’s, Gregory Seregin’s, Kostos Koumatos’s,
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Analysis on Stochastic Anisotropic Degenerate Parabolic-Hyperbolic Equa-

tions (archival copy) (Trinity 2017)

Abstract

This dissertation consists chiefly of four parts, which tell different facets in the develop-

ment of one topic. The first part is an exploration of continuous dependence estimates

of stochastically driven degenerate parabolic equations. The second is an extension of

work done by Debussche and Vovelle [30] on first order stochastic conservation laws

— we extend their results to degenerate parabolic-hyperbolic conservation laws with

additive noise, and derive results on the existence and uniqueness of invariant mea-

sures. In the third part we explore the long time behaviour of solutions to stochastic

degenerate parabolic-hyperbolic conservation laws with multiplicative noise, depending

non-linearly on the solution itself. The final part considers the existence of invariant

measures to a system of one-dimensional compressible Navier-Stokes equations, which

is a priori degenerate parabolic in its momentum equation.
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Chapter 1

Introduction

In this chapter we introduce some background literature to the topics we shall discuss

in the subsequent chapters. We also provide an overview on the techniques and tools

we shall use.

1.1 Background

1.1.1 Continuous Dependence

In the deterministic context, continuous dependence estimates to a whole host of nonlin-

ear equations have been studied by various authors. Classically, Benilan and Crandall

[4] considered continuous dependence to

∂tu+ ∆ϕ(u) = 0.

At its heart the question of continuous dependence is about the convergence of solutions

un to the equation

∂tu
n + ∆ϕn(un) =0,

un(0) =un0

as ϕn → ϕ∞, and un0 → u∞0 in some topology. This question is interesting in a more

general context in the study of various physical limits, via the equations that model

those physical phenomena such as the inviscid limit in fluid equations. They showed

that convergence occurred in C([0,∞);L1(Rd)) with different conditions depending on
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the dimension, d, and on the modulus of continuity of ϕ∞ near 0.

Cockburn and Gripenberg considered the more general class of equations

∂tv = ∇ · (Φ(v)) + ∆(ϕ(u))

on Rd in [21], where they derived bounds showing the dependence of solutions ‖u1(t)−
u2(t)‖ to t, ‖Φ1−Φ2‖ and ‖ϕ1−ϕ2‖ under various technical conditions. In particular,

they showed under these conditions that

‖u1(·)− u2(·)‖L1

∣∣∣∣t
0

≤ |u0|BV + t‖Φ′1 − Φ′2‖L∞ + C(d)
√
t‖
√
ϕ′1 −

√
ϕ′2‖L∞ . (1.1)

Their results can be easily generalised to the non-isotropic case where ∆ϕ is replaced by

∇ · (A(u) · ∇u), and A is positive semi-definite. We shall see in Chapter 2 that a very

similar continuous dependence estimate can be derived for a corresponding equation

with stochastic noise (satisfying some growth and regularity condition) in L1(Td) (or a

weighted finite measure space on Rd).

In [10], Chen, Ding, and Karlsen derived some continuous dependence estimates for

∂tu = ∇ · F (u) + σ(u)∂tWt, (1.2)

showing that for t ≤ T ,

E
(
‖u1(t)− u2(t)‖L1(ψ dx)

)
≤CTE

(
‖u1(0)− u2(0)‖L1(ψ dx)

)
+
√
t‖ψ‖L1(dx)‖σ1 − σ2‖L∞

+ tE (|u1(0)|BV ) (‖F ′1 − F ′2‖L∞ + ‖σ1 − σ2‖L∞) ,

and

E
(
‖u1(t)− u2(t)‖L1(ψ dx)

)
≤CTE

(
‖u1(0)− u2(0)‖L1(ψ dx)

)
+
√
t‖ψ‖L1(dx) sup

ξ 6=0

|σ1(ξ)− σ2(ξ)|
|ξ|

+ tE (|u1(0)|BV )

(
‖F ′1 − F ′2‖L∞ + sup

ξ 6=0

|σ1(ξ)− σ2(ξ)|
|ξ|

)
,

where CT = C(T, ‖F ′‖L∞), and ψ is some function integrable over Rd with exponentially

decaying tails as |x| → ∞, serving as the weight/density that makes ψ dx a finite
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measure on Rd.

However, the most significant contribution of [10] was their proof of a BV bound,

E(|u(t)|BV ) ≤ E(|u0|BV ),

for solutions. Of course, as the equation they studied was itself translation invariant,

the BV bound follows directly from the L1 contraction estimate they proved, as Chen

pointed out in private communications, and did not rely on the methods they used.

Nevertheless application of the BV estimate to develop an existence theory for solutions

to this class of equations sparked much subsequent work. Furthermore, their methods

were important as we develop in this dissertation a bound of a similar nature for a

translation non-invariant class of equations. We show here a fractional BV bound

which depends on the continuity of F (u, x) in its second argument, and becomes a BV

bound where the quantity in question is continuously differentiable in space (Theorem

8).

The work [10] was one among many built atop a study of Feng and Nualart [38] of

the same equation,

∂tu = ∂xF (u) + σ(u)∂tWt,

where the authors developed a well-posedness theory for the equation in one spatial

dimension (Feng and Nualart studied a more general noise σ(x, u; z), where z is a

variable from a Hilbert space). Feng and Nualart used the theory of compensated

compactness to prove existence, which depended on the equation being in one spatial

dimension. The work by Chen, Ding, and Karlsen discussed previously removed this

restriction via the BV estimate they proved. In the existence theory they proposed

for the equations in question, Feng and Nualart established the concept of a strong

stochastic entropic solution. This is an interesting point because it involved, unusually,

a non-adapted stochastic integral, of which [61] gives some explanation – we shall return

to this point in the concluding chapter.

Of immediate interest to us is the uniqueness statement shown in [38] via a Kruzhkov

variable-doubling technique with which an L1 contraction inequality was derived. Chen

pointed out in private communications that conceptually, one should expect to be able

to derive both L1 contraction estimates and BV bounds from a general continuous
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dependence estimate, with F1 = F2 (resp. F1(·, ·) = F2(·, · − h)), and σ1 = σ2 in a

pair of (1.2). We carry out this programme in Chapter 2 of this dissertation for the

degenerate parabolic equations.

We shall discuss invariant measures to stochastically driven equations further on,

but in order to set that discussion in context, we briefly describe the development of

the subject – the literature cited is in no way exhaustive, and a more complete survey

by Chen and Pang is forthcoming [12].

A pioneering work on stochastically driven hyperbolic conservation law was Sinai’s

paper [98] on space-periodic, Brownian-in-time noise of the Burgers equation on R,

∂tu+
1

2
∂xu

2 = ε∂2
xxu+ ∂xf(x)∂tWt.

Sinai showed that an invariant measure exists for the equation, and is supported on the

subspace of space-periodic functions. Also quite early on, Holden and Risebro [54] stud-

ied scalar conservation laws with multiplicative noise of compact support, constructing

a convergent approximation to weak solutions pathwise via a time discretization.

E, Khanin, Mazel, and Sinai [36] worked on the same equation with no constraint

that the force should be space-periodic. They showed that almost surely, for each sample

path, the corresponding force yielded a unique solution, by framing the problem as a

variational problem, and showing that unique minimizers exist globally almost surely.

Taking the viscosity ε→ 0 they were able to show that the dissipation provided by the

entropy condition alone was enough to preserve uniqueness. From this uniqueness, the

existence of an invariant measure follows. We keep this discussion quite short as, even

though [36] was important in the development of the subject, we shall not be using

techniques developed therein. Nakazawa also studied the inviscid limit earlier on [87],

and showed the existence of solutions that are pathwise continuous stochastic processes

in the space of bounded variation in the topology of L1.

The work of Debussche and Vovelle [30], which we do heavily reference, and on

which methods we shall develop a significant portion of this dissertation, showed that

invariant measures exists, and under further constraints were unique, for equations of

the form

∂tu+∇ · F (u) = Φdβ,

on Tn. Here, Φ is a Hilbert-Schmidt operator from an abstract Hilbert space H to
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L2(Tn), and β is a cylindrical Wiener process. They relied on velocity averaging ideas

to achieve the compactness required for deriving the existence of invariant measures.

We give a lengthier discussion on the historical development of velocity averaging in

§3.2. [30] further showed the uniqueness of invariant measures by an essentially coupling

method. We make further remarks on this in the following section. Following closely

the results of [30], Gess and Souganidis [41] showed thatin the Stratonovich case, again

with W as a standard Brownian motion,

∂tu+∇ · (F (u) ◦ dW ) = 0

also has unique invariant measures. In particular these were the Dirac mass concen-

trated on the zero function.

We also discuss briefly in Chapter 5 the existence of invariant measures to a system

of equations. The well-posedness of compressible fluid equations is a wide field, though

in one dimension it is much better understood than in higher dimensions. We give some

references and history of the subject in chapter 5 itself. However it bears mentioning

here that on the incompressible side, there are some well-known studies of 2D Navier

Stokes equations, such as those of Kuksin, and Kuksin and Shirikyan [71, 72]. Still

more recently, Hairer and Mattingly [49] proved the existence of a unique invariant

measure for the stochastic 2D Navier-Stokes equations. In particular, they introduce

an asymptotic strong Feller condition to capture a weaker form of the strong Feller

condition by which uniqueness of invariant measures can be generally deduced.

1.2 Overview

1.2.1 Kinetic Formulation

This dissertation is much more closely based on the works of Debussche, Hofmanova,

and Vovelle [28], and of Debussche and Vovelle [30]. In [28], the three authors provided

a well-posedness theory for the stochastic degenerate parabolic equation, on the d-torus,

Td,

∂tu = −∇ · F (u) +∇ · (A(u) · ∇u) + σ(u)∂tWt.
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which in some ways is the protagonist of our story. Importantly, the equation is “degen-

erate” because A is positive semi -definite. In the chapters following, precise continuity

and growth conditions will be placed on the coefficients for our purposes. These equa-

tions and systems of such equations model various physical processes such as porous

media flow and compressible flows [102].

Debussche, Hofmanovà, and Vovelle [] used the kinetic formulation approach, which

is probably furthest traceable to an idea of Giga and Miyakawa’s [43]. After the work of

Vol’pert and Hudjaev [104], [13] was one of the first to make a foray into the question of

anisotropic degenerate diffusion [102], and later the same authors [13] used the kinetic

formulation to settle questions of uniqueness via L1-contraction. The idea of the kinetic

formulation is concisely as follows. Let the “kinetic function” be defined as follows:

χ(ξ, r) =


1 0 < ξ < r

−1 r < ξ < 0

0 else

. (1.3)

Using this definition of kinetic functions, we see that for S ∈ C1 with S(0) = 0, we

have the representation formula

S(r) =

ˆ r

0

S ′(ξ)χ(ξ, r) dξ. (1.4)

Then for the (deterministic) equation

∂tu−∇ · F (u) = 0,

for example, we can find the kinetic formulation by considering the vanishing artifical

viscosity limit, multiplying the approximate equation with an additional dissipative

ε∆u term against Φ′(u), where Φ is convex, and satisfies Φ(0) = 0. Representing Φ(u)

by the formula (1.4), we see that

Φ′(uε)∂tu
ε =Φ′(uε)F ′(uε) · ∇uε + εΦ′(uε)∆uε

∂t

ˆ ∞
0

Φ(ξ)χ(ξ, uε) dξ =∇ ·
ˆ

Φ′(ξ)F ′(ξ)χ(ξ, uε) dξ + ε∆

ˆ ∞
0

Φ′(ξ)χ(ξ, uε) dξ

− ε|∇uε|2
ˆ ∞

0

Φ′′(ξ)δ(ξ − uε) dξ.
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In the limit ε → 0, we have the kinetic formulation of this equation, being the weak

formulation of

∂tχ(ξ, u) = F ′(ξ) · ∇χ(ξ, u) + ∂ξm(ξ, x, t),

where m is some non-negative measure called the “kinetic measure”, which is the defect

measure quantifying the dissipative loss via the artificial viscosity. Where there is a

stochastic forcing term σ(u)∂tWt, there will be Itô correction and noise terms, giving

us

∂tχ(ξ, u) = F ′(ξ) · ∇χ(ξ, u) + ∂ξm(ξ, x, t)− ∂ξp(ξ, x, t) + q(ξ, x, t)∂tW, (1.5)

where

1

2
σ2(ξ)δ(ξ − uε)→ p(ξ, x, t),

σ(ξ)δ(ξ − uε)→ q(ξ, x, t)

are the Itô correction and noise terms, respectively.

This understanding of kinetic functions is closely related to the theory of Young

measures. Young measures were first proposed by Young for the calculus of variations

[106], and was developed subsequently by Murat [85, 86], Tartar [103], Di Perna [90],

Serre [96], Ball and Murat [2], and others, particularly in the theory of compensated

compactness. A Young measure can be interpreted as the probability distribution

of the values of a limit of a sequence of functions that fluctuate wildly and have no

classical limit [37]; so that, if (un) were just a bounded sequence in L∞(U,Rd), then

there is a subsequence (also (un)) and a Borel probability measure νx such that for each

ϕ ∈ C(Rd), the weak* limit of ϕ(un) satisfies

w∗ − lim
n→∞

ϕ(un(x)) =

ˆ
ϕ(ξ) νx(dξ).

This Borel measure is the Young measure associated to the sequence (un).

By considering a sequence of functions un bounded in L1, there is a u ∈ L1
loc to which

a subsequence of un tend in the weak* topology of L1
loc, and a corresponding subsequence

χ(·, un) that tend in the weak* topology of L∞ to some f(ξ, x) ∈ L∞(R×Rd). It holds
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[91] (Lemma 2.3.1, Lemma 2.3.3, §2.6) both that, for every Lipschitz S,

w∗ − lim
n→∞

S(un(x)) =

ˆ
R
S ′(ξ)f(ξ, x) dξ,

and

∂ξf(ξ, x) = δ(ξ)− νx(ξ),

where νx(ξ) is a probability measure. This probability is of course the Young measure

associated with (un).

Another way to understand the kinetic formulation is as in [11], where the authors

took Φ(u) above to be Φ(u) = H(ξ)H(u− ξ)−H(−ξ)H(ξ− u), H being the Heaviside

function, in order to derive heuristically the same kinetic formulation. We carry out

this calculation for the stochastic degenerate parabolic equation

∂tu = −∇ · F (u) +∇ · (A(u) · ∇u) + σ(u)∂tWt (1.6)

on Td between (2.9) and (2.10), and a more complete description of the theory is found

in the section in which these equations are.

Lion, Perthame, and Tadmor discussed the wider applications of the kinetic formu-

lation in their classical paper on the subject [79], particularly to velocity averaging.

This is again a point to which we shall return later.

Apart from formula (1.4), another important property of kinetic functions is their

ability to represent the L1 difference, giving us a way to bound this difference and

establish continuous dependence in L1, or L1-contraction and other similar bounds by

way of the expression

ˆ ˆ
|χ(ξ, u)|+ |χ(ξ, v)| − 2χ(ξ, u)χ(ξ, v) dξ dx =

ˆ
|u− v| dx. (1.7)

There are a few modifications we make in our calculations in Chapter 2. Following

[28], we use the modified kinetic function χ(ξ, u) = 1 − H(ξ − u), H again being the

Heaviside function, instead, so that (1.4) and (1.7) read, respectively,

ˆ
S ′(ξ)(1−H(ξ − u)) dξ =S(u)− S(−∞),
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ˆ ˆ
H(ξ − u)(1−H(ξ − v)) dξ dx =

ˆ
(u− v)+ dx.

The second formula in particular will allow us to prove a comparison theorem in place

of an L1 contraction theorem.

Also following [28], and [38], another technique we shall employ is that of variable-

doubling of Kruzhkov’s [67, 68]. So that, doubling both the spatial and kinetic variables,

in fact, we investigate the quantity

¨ ¨
H(ξ − u(x, t))(1−H(ζ − v(y, t)))φ(x− y)ψ(ξ − ζ) dx dy dξ dζ, (1.8)

where φ and ψ are approximations to identity. Both the variable doubling technique

and the kinetic formulation are strategies to linearize an equation by introducing new

independent variables. By introducing new variables, we shall find that continuous

dependence estimates, as well as existence arguments can be distilled to a calculus

involving the relative rates at which φ and ψ tend to the delta function.

In [61], the authors remarked that there are various ways to achieve the results of

Feng and Nualart without resorting to the prima facie contrived notion of a strong

stochastic entropic solution proposed in [38]. Karlsen and Storrøsten pointed out that

there are three well posedness theories for the Cauchy problem to the equation (1.2).

Feng and Nualart [38] framed their results in the language of the strong stochastic

entropic solutions, Debussche and Vovelle [29] used the kinetic formulation we follow

in this dissertation, and Bauzet, Vallet, and Wittbold [3] used the framework of en-

tropy solutions. The three different methods of arriving at a well-posedness theory are

three ways of capturing the noise-noise interaction when comparing two solutions. [61]

points out that [3] avoided the strong entropic solution formulation by comparing en-

tropy solutions to a vanishing viscosity solution, and the analogous notion is captured

by the kinetic defect measure in the kinetic formulation approach of [29]. In the kinetic

approach, by linearizing the equation further by the introduction of new, kinetic, vari-

ables, the interaction in certain cross terms involving noise can be accounted for using

these defect measures instead of directly integrated.

Furthermore, [61] modified the Kruzhkov entropy condition to compare a solution

not to a constant, but to a general Malliavin differentiable variable, using an anticipating

Itô formula. They were able to show that the vanishing viscosity solution is Malliavin

differentiable, and use the framework of [3] to suggest where the notion of a strong
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stochastic entropic solution of [38] arose (Remark 5.1 [61] – although they do not derive

the condition completely). It would be interesting to study what theoretical connections

there are between kinetic formulations and this Malliavin framework of [61].

1.2.2 Invariant Measures

Turning now to invariant measures of processes described by (1.2) and (1.6), we fol-

lowed in the footsteps of [30]. An invariant measure may be disintegrated as a tensor

product of the probability measure and the stationary measure, and there is a one-to-

one correspondence between stationary measures and the invariant measure for Markov

invariant measures – this is the Ledrappier-Le Jan-Crauel theorem [74, 57, 22] (also in

[35] §10.2). As further described in §3.1, there are two primary ingredients to extrac-

tion of a stationary/invariant measure. The first is the compactness of the solution

map, and the second is the Krylov-Bogoliubov Theorem (Theorem 12, §3.1). Where

Ps : Cb(X)→ Cb(X) is a Markov semigroup on a Polish Space X, P∗
s : M(X)→M(X)

is the dual semigroup, and Υ is some initial measure, the Krylov-Bogoliubov Theorem

gives a stationary measure as a limit of

νT =

 T

0

P∗
sΥ ds, (1.9)

as T → ∞, contingent on the tightness of {P∗
sΥ} among other technical conditions.

This tightness is implied by the bounded of the temporal averages of norms ‖u‖Z in

spaces Z compactly embedded in X. This requires the compactness of the solution

operator.

Whilst [30] showed the compactness of the solution operator to

∂tu = −∇ · F (u) + σ(x)∂tWt (1.10)

on Td, under the condition that

ι(ε) = sup
|k|2+τ2=1

meas{v : |F ′(v) · k + τ | ≤ ε} ∼ εb

for some b > 0, we extend this analysis to (1.6), and show that we can use an anal-

ogous non-degeneracy condition similar to that of [13]. As mentioned in [79], these
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non-degeneracy conditions are multidimensional genuine non-linearity conditions and

related to a non-degeneracy condition of Tartar’s [103] in the theory of compensated

compactness. That is, the compactness relies essentially on the non-linearity of the

equation.

We owe the technique of showing compactness essentially to [30]. This allows us to

define a compact subspace Z of L1 of functions with some modulus of continuity. Next,

following [30], we re-arranged the equation (1.5) as

∂tχu − Aγ,θχu = (Bγ + θId)χu + ∂ξ(mu − pu) + qu∂tW,

with

Bγ =γ(−∆)α,

−Aγ,θ =F ′(ξ) · ∇+Bγ + θId + A(ξ) : ∇⊗∇.

We have written χu = χu(ξ, x, t) = χ(ξ, u(x, t)), χ being the kinetic function defined

in (1.3). Also, we have used the notation A : B for m × m matrices A = (aij) and

B = (bij) to denote the element-wise product
∑

1≤i,j≤m aijbij.

Here as before, mu is the kinetic measure, the vanishing viscosity limit of ε|∇uε|2Ξ(ξ−
uε), pu is the Itô correction, 1

2
σ2(x)δ(ξ − u), and qu is σ(x)δ(u− ξ).

Now using the mild formulation/Duhamel formula, we can split the solution into

the following parts:

u = u0 + u[ +M1 +M2,

where

u0 =

ˆ
S(t)χu(ξ, x, 0) dξ,

u[ =

ˆ ˆ t

0

S(s)(Bγχu + θχu)(ξ, x, t− s) ds dξ,

〈M1(t), ϕ〉 =−
ˆ t

0

ˆ
Td

ˆ
∂ξ(S∗(t− s)ϕ) d(mu + nu − pu)(ξ, x, t),

〈M2(t), ϕ〉 =

ˆ
Td

(S∗(t− s)ϕ)(x, u(x, s))σ(x) dWs dx.

Using the work on velocity averaging of Bouchut and Desvillettes [9], we estimate the

temporal average of the Z-norm of each of the components.
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Lions, Perthame, and Tadmor use the kinetic formulation to recover the velocity

averaging results in [31], as well as [45] and [46] where the velocity averaging result

was couched in the language of a compactness theorem. The fact that the kinetic

formulation is well suited to development of velocity averaging theory was noted in

[79], in the authors’ discussion of [31]. [11] used a similar kinetic formulation approach

to show that periodic solutions decay to the average of the initial data over a period for

multidimensional conservation laws. A more recent manifestation of this fact is [102],

where new regularity results were proven for quasi-linear second order PDEs. In the

deterministic case, as shown in [79] and [11], it was possible to take the space-time

Fourier transform of the entire equation in the kinetic formulation,

(τ + F ′(ξ) · k)χ̂u(ξ, k, τ) = ∂ξm̂(ξ, k, τ),

where k and τ are the Fourier variables corresponding to the periodic space and to time,

repsectively, and then divide the entire equation through by (τ + F ′(ξ) · k) in order to

perform estimates on χ̂u directly. Then by considering different embeddings and using

the non-degeneracy condition ι(0) = 0, one can attain some results on the compactness

of F . The introduction of the operators Aγ,θ and Bγ above allowed us to avoid thorny

questions on the Fourier transform of Brownian motion paired with δ(ξ − u).

To show that the invariant measure is unique, we follow largely in the steps of [30],

first showing that solutions enter a given ball finite time, then showing that for solutions

starting within that given ball, driven by small enough noise, solutions are themselves

small. Next one shows that since the noise is small with positive probability, over a

long enough time, all solutions must enter arbitrarily small balls (around one another).

The general philosophy behind this framework is explained in §4.3.3.

We briefly describe the idea involved, In a coupling argument we seek an almost

finite stopping time, defined to be the first meeting time, to control the probability

that two identical processes with different initial distributions will drift apart, showing

that eventually, all distributions tend to a unique, invariant distribution. Here we use

a relaxed version of the coupling argument, showing first that two processes enter a

given ball in finite time almost surely, shuch is the substitute for the traditional first

meeting time. From this an increasing sequence of almost surely finites stopping time is

contructed. Then it is shown that starting from the given ball, where the noise is small

for a fixed duration T , the solutions become small in some norm – as expected from
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deterministic results on zero-average solutions [11]. Next it is shown that the intervals

[T , T + T ] as T range over the sequence of increasing stopping times, must eventually

coincide with an interval on which the noise is small almost surely, forcing solutions to

coincide by L1 contraction.

The general philosophy behind this framework is further explained in §§3.1.5,4.3.1.

1.2.3 Multiplicative noise

Next we turn to the question of multiplicative noise. Surprisingly little is known about

the long time behaviour of solutions with general initial data to equations with multi-

plicative noise. The equation most intensively studied with multiplicative noise is the

Kolmogorov-Petrovskii-Piskunov equation (KPP).

It is given by

∂tu = ∇ · (A(x, t) · ∇u) + h(u) + g(u)∂tW,

u(0) = ϕ ∈ (ξ1, ξ2) ⊂ R,

where W is a standard Brownian motion. Attention is often restricted to the case in

which g and h both vanish at the the two points ξ1, ξ2 ∈ R, and g, h > 0 on (ξ1, ξ2). In

this way the asymptotic size is controlled in L1.

Chueshov and Villermot [16, 15, 17, 18, 19, 20] in a series of papers showed that

solutions to the semilinear equation with h(u) = sg(u), and evolution on the bounded,

open domain D with Neuman boundary condition

∂u

∂n
= 0,

were bounded in space. By considering moments of averages they showed that the

constant functions ui = ξi with i = 1, 2 were fixed points whose stability in probability

dependend on the values of s.

Bergé and Saussereau [5] refined the results of [20] and showed using monotonicity

methods that either the solutions oscillate between equilibrium states or decay exponen-

tially to them. They calculate the Lyapunov exponents exactly for the decay scenario.

Using uniform ellipticity, they are also able to show an “exchange of stability” between

two components of the global attractor in the oscillatory case.
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The chief reason that multiplicative noises complicate the analysis of stochastic

PDEs is that one fails to have much control over the norm, except when additional

restrictions on the noise and initial conditions are specified. Where the noise has a

root, that constant is immediately a fixed point. This cannot be avoided even when

working over the non compact domain R, and oftentimes, Lp boundedness relies on the

space being compact.

Using other methods, namely, by investigating the spatial moments of the solution

directly, possibly in the spirit of [80], we show here that for a class of unbounded

multiplicative Lipschitz noises with one root,

∂tu = ∇ · (A(u) · ∇u)−∇ · F (u) + σ(u)∂tW

exhibits decay in the solutions to the root, for any initial condition in L1(Td), with

corresponding results for

∂tu = −∇ · F (u) + σ(u)∂tW

as a special case.

The theorem is as follows:

Theorem 1. Let F and A be Hölder continuous with polynomial growth in their argu-

ments, and let the Hölder index γ of A satisfy 2γ > 1. Let p be a positive even number,

and

ε =

(
1− 1

2
√
p

)
.

Suppose there are real numbers λ, c with |c| > 0 such that σ : R → R is Lipschitz,

satisfying

|σ(u)/c| ≤ |u−R|, |σ(u)/c− (u−R)| ≤ (1− ε)|u−R|.

Then a kinetic solution to

∂tu = −∇ · F (u) +∇ · (A(u) · ∇u) + σ(u)∂tW
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exhibits the following long-time decay:

ˆ
|u−R|p dx→ 0.

This theorem implies via an L1 contraction estimate, and a Borel-Cantelli argument

a là [30] that there is a unique invariant measure centred at the constant L1 function R,

using a uniqueness framework of Kuksin and Shirikyan [73], and additionally, a decay

rate can be derived. The parity of p ensures there is no cancellation effect at work in

the integral as it tends to nought.

For typesetting reasons we refer the reader to Fig. 4.2, for a schematic representation

of the noise we consider.

1.2.4 Systems of Equation

By revisiting some calculations of Kanel”s [59], using spatial discretization ideas of

Hoff [51], we also derived an existence of invariant measure result for the stochastic

compressible Navier-Stokes equation in one spatial dimension.
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Chapter 2

Continuous Dependence Estimates

2.1 Introduction

Here we prove a continuous dependence estimate in the coefficients and intial data for

solutions to equations of the form

∂tu−∇ · (A(u) · ∇u) +∇ · F (u, x) = σ(u)∂tW, (2.1)

with evolution on Td. We derive from this continuous dependence estimate both an L1-

stability property for u and a Nikolskii semi-norm estimate (or fractional BV estimate,

defined at (2.49)). We require as a matter of first importance, that A is positive semi-

definite. In such a circumstance, it has also a positive semi-definite square root, which

we shall call α. The coefficients F and σ have growth and continuity assumptions given

later. In the noise term, Wt is a standard (one-dimensional) Brownian motion on the

abstract probability space (Ω,P ,P).

The significance of such a study is three-fold. First, the equation not being trans-

lation invariant, one can truly probe the question of a BV bound for solutions with

BV initial data, the reason for which the work of Chen, Ding, and Karlsen[10] was

so notable – unlike the equations studied there, a BV bound does not follow immedi-

ately from the L1-contraction inequality. In fact, we derive a fractional BV -in-space

bound, which depends on the smoothness of ∂iF
i in its spatial argument, and in the

special case that ∂iF
i is Lipschitz (or nought), we have a BV bound. Secondly, we

carry out our analysis as in [28], directly from the definition of a kinetic solution, and

not as in [10]. Most importantly we provide a uniform treatment of L1-boundedness,
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BV -boundedness, and L1-continuous dependence.

The work [10] was one among many results built atop a study of Feng and Nualart

[38] of the same equation,

∂tu = ∂xF (u) + σ(u)∂tWt, (2.2)

with evolution in Rd. The authors developed a well-posedness theory for the equation in

one spatial dimension (Feng and Nualart studied a more general noise σ(x, u; z), where

z is a variable from a Hilbert space). Feng and Nualart used the theory of compensated

compactness to prove existence, which depended on the dimension being d = 1. The

work by Chen, Ding, and Karlsen discussed previously removed this restriction via the

BV estimate they proved. In the existence theory they proposed for the equations

in question, Feng and Nualart established the concept of a strong stochastic entropic

solution, which involved, unusually, a non-adapted stochastic integral.

The flow of the logic here is this: First we compare equations

∂tu = −∇ · F (u, x) +∇ · (A(u) · ∇u) + σ(u)∂tW

∂tv = −∇ ·G(v, x) +∇ · (B(v) · ∇v) + τ(v)∂tW,

and in setting F = G, A = B, σ = τ , derive L1 and BV bounds. This shall be half

the work of proving a stability bound. Next, we use our BV bound to obtain a refined

version of the L1-continuous dependence estimate. Then we use the estimates we have

proven to show the existence of solutions.

2.1.1 Plan

In §2.2, we discuss the meaning and origin of the kinetic formulation. In §2.3, we use

the kinetic formulation and make preliminary estimates on the difference between the

equations. In §2.4, we take F = G, A = B, σ = τ , and show that L1 estimates follow

as a corollary of the preliminary estimates. In §2.5, we take G(·, x) = F (·, x + h), and

A = B, σ = τ , to derive a fractional BV estimate, noting both that in the translation

invariant case, the BV estimate follows trivially from the L1 (contraction) estimate,

and also that if u(x, t) satisfies the equation with flux F (u, x), then v(x, t) = u(x+h, t)

satisfies the corresponding equation with flux F (v, x) and all other coefficients and
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initial conditions the same.

Then using the (fractional) BV estimate in §2.5, we prove a continuous dependence

estimate in §2.6. In §2.7, we prove the existence of solutions, showing that a sequence

of BV solutions uε with degenerate parabolic term ∇ · ((A(uε) + εId) · ∇u) and initial

data uε0 tends to a limit, and also showing a temporal L1 continuity estimate as in [10].

The first limit is again a corollary of continuous dependence.

Before we proceed further we note that notationally, we shall use ∇ to denote

the material derviative, and ∇i the substantial derivative in the xi direction (the ith

coordinate of ∇, so that ∇iF (u, x) = ∂uF (u, x)∇iu + ∂iF (u, x), and ∇ · F (u, x) =∑
i∇iF i. We shall continue implicitly to sum over repeated indices.

We require the following assumptions on our coefficients:

∂2
uiF ∈L∞, (2.3)

|∂uF (ξ, x)− ∂uF (ζ, x)| ≤C|ξ − ζ|κ1 , (2.4)

|∂iF i(ξ, x)− ∂iF (ξ, y)| ≤C|x− y|κ2 , (2.5)

|σ(ξ)− σ(ξ)| ≤C|ξ − ζ|λ, (2.6)

sup
i,j
|αij(ξ)−αij(ζ)| ≤C|ξ − ζ|γ, (2.7)

where α = (αij) is the positive semidefinite square root of A. We shall write γα or

κF2 to specify that these indices are associated with α or with F , respectively, when

there is any chance of ambiguity, such as when comparing two equations of the same

type, with different coefficients.

We also assume that ∂iF
i and σ have at most linear growth in ξ, and aij has

polynomial growth in ξ. Furthermore, we require that 2γ > 1.

2.2 The Kinetic Formulation

First we define the solutions with which we seek to work. Following Lions, Pertham,

and Tadmore [79], Chen and Perthame [13], and Debussche, Hofmanova, and Vovelle

[28], we take the kinetic formulation approach. Because of spatial dependence in the

flux term, the definition of a kinetic solution has to be generalised relative to that used

in [28] in order to preserve a “divergence form” structure, as shall be evident below

(Definition 4).
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Definition 1 (Kinetic Function). For a measure space (A,Υ), a mapping ν : A →
M1(R), the set of probability measures on R, is a Young measure if for every bounded

continuous function ϕ ∈ Cb(R), x 7→ νx(ϕ) from A to R, is measurable. A Young

measure vanishes at infinity if for every p ≥ 1,

ˆ
A

ˆ
R
|ξ|p νx(dξ) Υ(dx) <∞.

A measurable function f : R×A→ [0, 1] is a kinetic function if there exists a Young

measure ν on A, vanishing at infinity, such that

f(ξ, x) = −νx((ξ,∞)), (2.8)

for Υ- almost every x ∈ A.

Where u ∈ Lp for every p, we can take our kinetic functions to be

f(ξ, (x, t)) = H(ξ − u(x, t)),

where u(x, t) generates the measurable Young measure via the relation

ν(x,t)(dξ) = −δ(ξ − u(x, t)) dξ,

where H is the Heaviside step function, defined as

H(r) = 1{ξ:ξ≥0}(r).

Next we motivate the notion of a “kinetic solution”, as a weaker form of a weak

solution.

Starting from the approximate equation with artificial viscosity,

∂tu
ε +∇ · F (uε, x) = ∇ · (A(uε) · ∇uε) + ε∆uε + σ(uε)∂tW, (2.9)

we can multiply through heuristically by ∂uH(ξ − uε), using

∂uH(ξ − uε) = −∂ξH(ξ − uε).
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We achieve:

∂tH(ξ − uε) =− ∂uH(ξ − uε)∂uF (uε, x) · ∇uε − ∂uH(ξ − uε)∂iF i(uε, x)

+∇ · (∂uH(ξ − uε)A(uε) · ∇uε)−A(uε) : (∇∂uH(ξ − uε))⊗∇uε

+ ε∆H(ξ − uε)− ε∇(∂uH(ξ − uε)) · ∇uε

+ ∂uH(ξ − uε)σ(uε)∂tW

+
1

2
∂2
uuH(ξ − uε)σ2(uε).

Here we use the colon to denote element-wise scalar product, so that if A = (aij)

and B = (bij) are d× d matrices,

A : B =
∑

1≤i,j,≤d

aijbij.

This is understood in the sense of distributions, so that for any ϕ ∈ C∞ξ,xC∞([0, T )),

we require that

−
ˆ T

0

¨
∂tϕH(ξ − uε) dξ dx dt−

¨
ϕ(ξ, x, 0)H(ξ − uε0) dξ dx

=−
ˆ T

0

¨
ϕ∂uH(ξ − uε)(∂uF (uε, x)− ∂uF (ξ, x)) dξ · ∇uε dx dt

−
ˆ T

0

¨
ϕ∂uH(ξ − uε)(∂iF i(uε, x)− ∂iF i(ξ, x)) dξ dx dt

−
ˆ T

0

¨
ϕ∂uF (ξ, x)∂uH(ξ − uε) · ∇uε dξ dx dt

−
ˆ T

0

¨
ϕ∂uH(ξ − uε)∂iF i(ξ, x) dξ dx dt

−
ˆ T

0

¨
∂uH(ξ − uε)(A(uε)−A(ξ)) : ∇ϕ⊗∇uε dξ dx dt

+

ˆ T

0

¨
∇2ϕ : A(ξ)H(ξ − uε) dξ dx dt

−
ˆ T

0

¨
ϕ∂2

uuH(ξ − uε)A(uε) : ∇uε ⊗∇uε dξ dx dy

+

ˆ T

0

¨
ϕ(ε∆H(ξ − uε)− ε∂2

uuH(ξ − uε)|∇uε|2) dξ dx dt

+

ˆ T

0

¨
ϕ∂uH(ξ − uε)σ(uε) dξ dx dWt
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+
1

2

ˆ T

0

¨
ϕ∂2

uuH(ξ − uε)σ2(uε) dξ dx dt.

Now using

∂uH(ξ − uε) = −δ(ξ − uε) = −∂ξH(ξ − uε),

we can write

−
ˆ T

0

¨
∂tϕH(ξ − uε) dξ dx dt−

¨
ϕ(ξ, x, 0)H(ξ − uε0) dξ dx

=

ˆ T

0

¨
ϕ∂uF (ξ, x)δ(ξ − uε) dξ · ∇uε dx dt+

ˆ T

0

¨
ϕδ(ξ − uε)∂iF i(ξ, x) dξ dx dt

+

ˆ T

0

¨
∇2ϕ : A(ξ)H(ξ − uε) dξ dx dt+

ˆ T

0

¨
∂ξϕδ(ξ − uε)A(ξ) : ∇uε ⊗∇uε dξ dx dy

+ ε

ˆ T

0

¨
∆ϕH(ξ − uε) dξ dx dt+ ε

ˆ T

0

¨
∂ξϕδ(ξ − uε))|∇uε|2 dξ dx dt

−
ˆ T

0

¨
ϕδ(ξ − uε)σ(ξ) dξ dx dWt

− 1

2

ˆ T

0

¨
∂ξϕδ(ξ − uε)σ2(ξ) dξ dx dt.

The divergence form structure was very helpful in the analysis of the spatially in-

variant equation. We contrive to retain this structure with an error. Notice we can

write

−
ˆ T

0

¨
∇ · (H(ξ − u)∂uF (ξ, x))ϕ dx dt

=

ˆ T

0

¨
ϕ∂uF (ξ, x)δ(ξ − uε) dξ · ∇uε dx dt−

ˆ T

0

¨
ϕH(ξ − uε)∂2

uiF
i(ξ, x) dξ dx dt

=

ˆ T

0

¨
ϕ∂uF (ξ, x)δ(ξ − uε) dξ · ∇uε dx dt−

ˆ T

0

¨
ϕH(ξ − uε)∂ξ(∂iF i(ξ, x)) dξ dx dt

=

ˆ T

0

¨
ϕ∂uF (ξ, x)δ(ξ − uε) dξ · ∇uε dx dt+

ˆ T

0

¨
ϕδ(ξ − uε)∂iF i(ξ, x) dξ dx dt

+

ˆ T

0

¨
∂ξϕH(ξ − uε)∂iF i(ξ, x) dξ dx dt.

Hence,

ˆ T

0

¨
ϕ∂uF (ξ, x)δ(ξ − uε) dξ · ∇uε dx dt+

ˆ T

0

¨
ϕδ(ξ − uε)∂iF i(ξ, x) dξ dx dt
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=

ˆ T

0

¨
H(ξ − uε)∂uF (ξ, x) · ∇ϕ dx dt−

ˆ T

0

¨
∂ξϕH(ξ − uε)∂iF i(ξ, x) dξ dx dt,

where we have integrated-by-parts in the spatial variable after the final equal sign.

Taking the artificial viscosity to nought, that is, as ε → 0, we arrive at the kinetic

formulation of the equation:

∂tH(ξ − u) =−∇ · (∂uF (ξ, x)H(ξ − u)) + ∂ξ(H(ξ − u)∂iF
i(ξ, x)) (2.10)

+ A(ξ) : ∇2H(ξ − u)− δ(ξ − u)σ(ξ)∂tW − ∂ξ(mu + nu − pu),

where the measures mu, nu and pu are the limit as ε → 0 of the kinetic dissipation,

parabolic defect, and Itô correction measures, respectively,

εδ(ξ − uε)|∇uε|2 →mu

δ(ξ − uε)A(ξ) : ∇uε ⊗∇uε →nu

δ(ξ − uε)σ2(ξ)→ pu.

However, in the following, Mu = mu +nu shall take on the name “kinetic measure”,

following [28], and in contradistinction to [13], where only mu is called the “kinetic

measure”, and nu shall take on the name “parabolic defect measure”.

First it is necessary to define exactly the two kinds of measures mentioned.

Definition 2 (Kinetic Measure). A measure M : Ω→M+
b (R×Td× [0, T ]) (where M+

b

is the space of non-negative, bounded Radon measures) is a kinetic measure provided

that

(i) for each ϕ ∈ C0(R× Td × [0, T ]), the map M(ϕ) : Ω→ R is measurable;

(ii) where Bc
R ⊆ R is the complement of the ball of radius R,

lim
R→∞

E(M(Bc
R × Td × [0, T ])) = 0; (2.11)

(iii) and for any ϕ ∈ C0(R× Td),
ˆ
R×Td×[0,T ]

ϕ(ξ, x)M(ω; dξ, dx, ds) ∈ L2(Ω× [0, T ])

admits a predictable representative (in the L2 equivalence classes of functions).
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Definition 3 (Parabolic Defect Measure). The parabolic defect measure of a certain

function u, nu : Ω→M+
b (R×Td×[0, T ]), is one for which, given ϕ ∈ C0(R×Td×[0, T ]),

nu(ϕ) =

ˆ T

0

ˆ
Td

ˆ
R
ϕ(ξ, x, t)

∣∣∣∣∇ · ˆ u

0

α(ζ) dζ

∣∣∣∣2 δ(ξ − u(x, t)) dξ dx dt. (2.12)

Having thus defined the parabolic defect measure, we shall write mu = M − nu. As

our next definition shall specify, the only case which interests us is that in which mu is

a non-negative measure.

Finally, the definition of the kinetic solution is as follows:

Definition 4 (Kinetic Solution). A member

u ∈ Lp(Ω× [0, T ];Lp(Td)) ∩ Lp(Ω;L∞([0, T ];Lp(Td)))

is a kinetic solution to (2.1) , with initial datum u0, if u satisfies the following,

(i)

∇ ·
ˆ u

0

α(ξ) dξ ∈ L2(Ω× Td × [0, T ]),

(ii) for any ϕ ∈ Cb(R), we have the following artificial chain rule, equivalent in D′(Td)
and almost everywhere in (t, ω):

∇ ·
ˆ u

0

ϕ(ξ)α(ξ) dξ = ϕ(u)∇ ·
ˆ u

0

α(ξ) dξ. (2.13)

(iii) writing H(ξ − u) for H(ξ − u(x, t)) – there is a kinetic measure Mu such that

given the parabolic defect measure, nu, Mu ≥ nu P-a.e.; and (Mu, nu) satisfies,

for any ϕ ∈ C∞c (R,Td × [0, T )), almost surely,

−
ˆ T

0

¨
∂tϕH(ξ − u) dξ dx dt−

¨
ϕ(ξ, x, 0)H(ξ − u0) dξ dx (2.14)

=

ˆ T

0

¨
∇ϕ · ∂uF (ξ, x)H(ξ − u) dx dt−

ˆ T

0

¨
∂ξϕ∂iF

i(ξ, x)H(ξ − u) dξ dx dt

+

ˆ T

0

¨
∇2ϕ : A(ξ)H(ξ − u) dξ dx dt+

ˆ T

0

¨
∂ξϕMu(ξ, x, t) dξ dx dt
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− 1

2

ˆ T

0

ˆ
(∂ξϕ)(u, x, t)σ2(u) dx dt−

ˆ T

0

ˆ
ϕ(u, x, t)σ(u) dx dWt.

This arises from testing (2.10) with ϕ, using the artificial chain rule (2.13).

Remark. A remark to be made here is that ∂uF (ξ, x) in (2.14) above means (∂uF )(ξ, x),

and this is equivalent to ∂ξ(F (ξ, x)). If we write ∇̄ = (∇,−∂ξ) the two integrals

involving the flux in (2.14) can be expressed as

ˆ T

0

¨
∇̄ϕ ·

(
∂ξF,

∑
i

∂xiF
i

)T

H(ξ − u) dξ dx dt,

showing clearly the divergence structure attained in this formulation of the kinetic

solution. Integrating-by-parts in all the spatial and kinetic variables, the integral above

is seen to be the negative of

ˆ T

0

¨
∇̄ϕ ·

(
∂ξF,

∑
i

∂xiF
i

)T

H̄(ξ − u) dξ dx dt,

where H̄ = 1−H.

2.3 Preparation Estimates

Having defined solution we consider the pair:

∂tu−∇ · (A(u) · ∇u) +∇ · F (u, x) =σ(u)∂tW, (2.15)

∂tu−∇ · (Bij(v) · ∇v) +∇ ·G(v, y) =τ(v)∂tW, (2.16)

where B is positive semi-definite, with positive semi-definite square root β.

Corresponding to assumptions (2.3) - (2.7) on (2.15) we have,

∂2
uiG ∈L∞, (2.17)

|∂uG(ξ, x)− ∂uG(ζ, x)| ≤C|ξ − ζ|κG1, (2.18)

|∂iGi(ξ, x)− ∂iG(ξ, y)| ≤C|x− y|κG2, (2.19)

|τ(ξ)− τ(ξ)| ≤C|ξ − ζ|λ, (2.20)

31



sup
i,j
|βij(ξ)− βij(ζ)| ≤C|ξ − ζ|γβ , (2.21)

where (βij) is the positive semidefinite square root of B. We allow for κF1, κF2 to be

different from κG1 and κG2, respectively, and also γα to be different from γβ. However,

we keep λσ = λτ for simplicity in the following.

We employ a Kruzhkov doubling-of-variable technique and attempt to bound the

difference of their kinetic solutions, so that u, the kinetic solution to the first equation

is understood to take the spatial variable x, and v, the kinetic solution to the second

equation is understood to take the spatial variable y.

In the following we assume u0, v0 ∈ Lp(Ω,P , dP;Lp(Td)) ∩ Lp(Ω,P , dP;BV (Td)).
The employability of kinetic functions is based on the following observation, that a

simple combination of them, heuristically, gives us

ˆ
R
H(ξ − u(x, t))(1−H(ξ − v(y, t))) dξ =(v(y, t)− u(x, t))+.

The manipulations are unjustified as they stand. So we turn to a mollified version.

Let η1 : R→ R be defined as a smooth, convex function, equal to (·)+ outside [−1, 1] ⊆
R, and symmetric about the origin in the sense that η′1(−r) = 1 − η′1(r). We will use

this symmetry repeatedly, such as in (2.23) below.

To see that η1 exists, let J̃1 be a standard symmetric bump function supported on

[−1, 1] , such as

J̃1(r) = C exp

(
1

1− r2

)
,

where C is a normalisation constant, so that
´
R J̃1(r) dr = 1. Setting η′1(r) =´ r

−∞ J̃1(s) ds gives 1− η′1(r) = η′1(−r).
Now scaling by ρ in the usual way to get an approximation to δ(r), thus:

η′′ρ(r) = ρ−1η′′1(r/ρ)

, we see on integration that η′ρ preserves this symmetry. Finally we can set

ηρ(r) =

ˆ r

−∞
η′ρ(s) ds. (2.22)

And by the symmetry 1 − η′ρ(r) = η′ρ(−r), we see that ηρ coincides with (·)+ outside
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[−ρ, ρ].

We shall now make further use of the convenient symmetry 1−η′ρ(r) = η′ρ(−r). Using

the definition of the Heaviside function H, and writing (1−H(ζ − v)) as H̄(ζ − v), it

holds that:

ˆ
R

ˆ
R
H(ξ − u(x, t))H̄(ζ − v(y, t))η′′ρ(ξ − ζ) dξ dζ (2.23)

=

ˆ
R

ˆ ∞
u(x,t)

η′′ρ(ξ − ζ) dξ H̄(ζ − v(y, t)) dζ

=

ˆ v(y,t)

−∞
(1− η′ρ(u(x, t)− ζ)) dζ

=ηρ(v(y, t)− u(x, t))

and ηρ(u−v) approximates (v(y, t)−u(x, t))+ as ρ→ 0, which integral in space against

a mollified instance of δ(x− y) we seek quantitatively to bound.

Before we proceed to manipulations that shall mould the equation into a form similar

to terms in (2.23) above, we shall state a lemma that gives us a way to leverage the

definition (2.14) into a more versatile form. This is essentially Proposition 10 of [29],

and Proposition 3.1 of [28]. It is also found in [53] as Proposition 3.1 – there is an

almost surely time-continuous representative of any possible kinetic solution.

Lemma 2. Let u be a kinetic solution to (2.1) with initial condition u(0) = u0. There

exist representatives f±(t) of H(ξ − u) = χξ≥u that are almost surely left- and right-

continuous-in-time. That is, for every τ ∈ [0, T ], and for all ψ ∈ C2
c (R × Td), almost

surely,

〈f±(τ + ε), ψ〉 → 〈f±(τ), ψ〉

as ε→ 0. Moreover, f+ = f− except on at most a countable subset of [0, T ].

Using the definition of kinetic solutions in (2.14), we can manipulate as follows to

arrive at bounds for terms in (2.23) above.

As demonstrated in [29], first we derive a version of (2.14) free of the temporal

integral by choosing a test function of the form ϕ(ξ, x, t) = ψ(ξ, x)α(t), with,

α(t) =


1 t ≤ s

1− t−s
ε

s ≤ t ≤ s+ ε

0 t ≥ s+ ε

,
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as ε→ 0, −∂tα approximates the delta function, and from (2.14), we have:

−
ˆ T

0

¨
∂tαH(ξ − u)ψ dξ dx dt−

¨
ψ(ξ, x)H(ξ − u0) dξ dx

=

ˆ T

0

¨
∇ψ · ∂uF (ξ, x)H(ξ − u)α dx dt−

ˆ T

0

¨
∂ξψ ∂iF

i(ξ, x)H(ξ − u)α dξ dx dt

+

ˆ T

0

¨
α∇2ψ : A(ξ)H(ξ − u) dξ dx dt+

ˆ T

0

¨
α∂ξψMu(ξ, x, t) dξ dx dt

− 1

2

ˆ T

0

ˆ
α(t)(∂ξψ)(u, x)σ2(u) dx dt−

ˆ T

0

ˆ
α(t)ψ(u, x)σ(u) dx dWt

→
ˆ s

0

¨
∇ψ · ∂uF (ξ, x)H(ξ − u) dx dt−

ˆ s

0

¨
∂ξψ ∂iF

i(ξ, x)H(ξ − u) dξ dx dt

+

ˆ s

0

¨
∇2ψ : A(ξ)H(ξ − u) dξ dx dt+

ˆ s

0

¨
∂ξψMu(ξ, x, t) dξ dx dt

− 1

2

ˆ s

0

ˆ
(∂ξψ)(u, x)σ2(u) dx dt−

ˆ s

0

ˆ
ψ(u, x)σ(u) dx dWt.

whilst on the left-hand side,

−
ˆ T

0

¨
∂tαH(ξ − u)ψ dξ dx dt−

¨
ψ(ξ, x)H(ξ − u0) dξ dx

→
¨

H(ξ − u(s))ψ dξ dx−
¨

ψ(ξ, x)H(ξ − u0) dξ dx.

For legibility, we shall use the angle brackets to denote integration in the spatial

and kinetic variables x and ξ, respectively.

Thus do we arrive at

〈H(· − u(s)), ψ〉 − 〈H(· − u0), ψ〉 (2.24)

=

ˆ s

0

〈∇ψ, ∂uF (·, ·)H(· − u)〉 dt−
ˆ s

0

〈∂ξψ, ∂iF i(·, ·)H(· − u)〉 dt

+

ˆ s

0

〈∇2ψ : A(·), H(· − u)〉 dt+Mu(∂ξψ × [0, s])

− 1

2

ˆ s

0

ˆ
Td
σ2(u(x, t))(∂ξψ)(u(x, t), x) dx dt

−
ˆ s

0

ˆ
Td
ψ(u(x, t), x)σ(u(x, t)) dx dWt.

As for the analogous equation for H(ζ− v), recall as in the derivation of (2.10), and
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again denoting 1−H(ζ − v) by H̄(ζ − v), using

−∂uH̄(ζ − v) = ∂ζH̄(ζ − v) = δ(ζ − v),

we can write:

−
ˆ T

0

¨
∂tϕH̄(ζ − vε) dξ dy dt−

¨
ϕ(ξ, x, 0)H̄(ξ − vε0) dξ dy

=

ˆ T

0

¨
∇ϕ · ∂uG(ζ, y)H̄(ζ − vε) dζ dy dt−

ˆ T

0

¨
∂ζϕH̄(ζ − vε)∂iGi(ζ, y) dζ dy dt

+

ˆ T

0

¨
∇2ϕ : B(ζ)H̄(ζ − vε) dζ dy dt−

ˆ T

0

¨
∂ζϕδ(ζ − vε)B(ζ) : ∇vε ⊗∇vε dζ dy dy

+ ε

ˆ T

0

¨
∆ϕH̄(ζ − vε) dζ dy dt− ε

ˆ T

0

¨
∂ζϕδ(ζ − vε))|∇vε|2 dζ dy dt

+

ˆ T

0

¨
ϕδ(ζ − vε)τ(ζ) dζ dy dWt

+
1

2

ˆ T

0

¨
∂ζϕδ(ζ − vε)τ 2(ζ) dζ dy dt.

Either by directly making the requisite changes in (2.10), or in the limit of the preceding

calculation, we arrive at

〈H̄(· − v(s)), φ〉 − 〈H̄(· − v0), φ〉 (2.25)

=

ˆ s

0

〈∇yφ, ∂uG(v, ·)H̄(· − v)〉 dt−
ˆ T

0

〈∂ζφ, ∂iGi(v, ·)H̄(· − v)〉 dt

+

ˆ s

0

〈∇2φ : B(·), H̄(· − v)〉 dt−Mv(∂ξφ× [0, s

+
1

2

ˆ s

0

ˆ
Td
τ 2(v(y, t))(∂ξφ)(v(y, t), y) dy dt

+

ˆ s

0

ˆ
Td
φ(v(y, t), y)τ(v(y, t)) dy dWt.

Therefore we can find expressions for the left-hand side in (2.23) via (2.24) by

choosing test functions as shall be subsequently prescribed.

Again, let ηρ be chosen as in (2.22). Next we elect to have the product ψ(ξ, x)φ(ζ, y)

take the form

ψ(ξ, x)φ(ζ, y) = η′′ρ(ξ − ζ)Jθ(x− y) = ϕ(ξ, ζ, x, y),
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where Jθ(·) = θ−dJ1(·/θ), and J1(·) is a smooth, symmetric, non-negative, and centred

at the origin, supported on B1(0).

Multiplying (2.23) through by Jθ(x− y) and integrating in x and y, we have

¨
Td×Td

ˆ
R

ˆ
R
H(ξ − u(x, t))H̄(ζ − v(y, t))η′′ρ(ξ − ζ)Jθ(x− y) dξ dζ dx dy

=

¨
Td×Td

ηρ(v(y, t)− u(x, t))Jθ(x− y) dx dy.

As θ → 0, right-hand side of tends towards
´
ηρ(u(x, t)−v(x, t)) dx. We shall resurrect

the name ϕ = ϕ(ξ, ζ, x, y) and use this to denote the product ψ(ξ, x)φ(ζ, y) above.

By such a choice of test function, we have the following usual identities:

∇xϕ =−∇yϕ,

∇2
xxϕ =∇2

yyϕ,

∂ξϕ =− ∂ζϕ.

(2.26)

We use ∇2
xx to denote ∇x ⊗∇x, and ∇2

xy to denote ∇x ⊗∇y. So (∇2
xy)

T = ∇2
yx.

2.3.1 The Product

Now we can obtain an expression for the left-hand side of (2.23) as follows:

Lemma 3. Write dE as a shorthand for dξ dζ dx dy. Let u be a kinetic solution to

(2.15) with initial datum u0, and let v be a kinetic solution to (2.16) with initial datum

v0. Let (2.15) and (2.16) have coefficients satisfying (2.3) - (2.7) and (2.17) - (2.21),

as well as remarks following (2.16).

We can express ηρ(v(y, t)− u(x, t)) as

¨
ηρ(v(y, s)− u(x, s))Jθ(x− y) dx dy

=

¨ ˆ
R

ˆ
R
H(ξ − u(x, t))H̄(ζ − v(y, t))η′′ρ(ξ − ζ)Jθ(x− y) dE

≤M + I0 + Ia + IF + Iσ,
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where M is a martingale, and

I0 =

ˆ
H(ξ − u0(x))H̄(ζ − v0(y))η′′ρ(ξ − ζ)Jθ(x− y) dE,

IF =

ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(∂uF (ξ, x)− ∂uG(ζ, y)) · ∇xϕ dE dt

−
ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(∂iF

i(ξ, x)− ∂iGi(ζ, y)) ∂ξϕ dE dt,

Ia =

ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(A(ξ) : ∇2

xxϕ+ B(ζ)∇2
yyϕ) dE dt

−
ˆ s

0

¨ ˆ
ϕ(ξ, v, x, y) nu dξ dx dy dt

−
ˆ s

0

¨ ˆ
ϕ(u, ζ, x, y) nv dζ dx dy dt,

Iσ =
1

2

ˆ s

0

¨
ϕ(u, v, x, y)(σ(u(x, t))− τ(v(y, t)))2 dx dy dt.

Proof. First we re-write (2.24):

〈H(· − u(s)), ψ〉 (2.27)

=〈H(· − u0), ψ〉

+

ˆ s

0

〈∇ψ, ∂uF (·, ·)H(· − u)〉 dt−
ˆ s

0

〈∂ξψ, ∂iF i(·, ·)H(· − u)ψ〉 dt

+

ˆ s

0

〈∇2ψ : A(·), H(· − u)〉 dt+Mu(∂ξψ × [0, s])

− 1

2

ˆ s

0

ˆ
Td
σ2(u(x, t))(∂ξψ)(u(x, t), x) dx dt

−
ˆ s

0

ˆ
Td
ψ(u(x, t), x)σ(u(x, t)) dx dWt

=Iu + fu +Bu,

with

Iu =〈H(· − u0), ψ〉

fu =

ˆ s

0

〈∇ψ, ∂uF (·, ·)H(· − u)〉 dt−
ˆ s

0

〈∂ξψ, ∂iF i(·, ·)H(· − u)ψ〉 dt

+

ˆ s

0

〈∇2ψ : A(·), H(· − u)〉 dt+Mu(∂ξψ × [0, s])
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− 1

2

ˆ s

0

ˆ
Td
σ2(u(x, t))(∂ξψ)(u(x, t), x) dx dt

Bu =−
ˆ s

0

ˆ
Td
ψ(u(x, t), x)σ(u(x, t)) dx dWt.

Similarly, with

Iv =〈H̄(· − v0), φ〉

fv =

ˆ s

0

〈∇yφ, ∂uG(v, ·)H̄(· − v)〉 dt−
ˆ T

0

〈∂ζφ, ∂iGi(v, ·)H̄(· − v)〉 dt

+

ˆ s

0

〈∇2φ : B(·), H̄(· − v)〉 dt−Mv(∂ζφ× [0, s])

+
1

2

ˆ s

0

ˆ
Td
τ 2(v(y, t))(∂ζφ)(v(y, t), y) dy dt

Bv =

ˆ s

0

ˆ
Td
φ(v(y, t), y)τ(v(y, t)) dy dWt,

we can write

〈H̄(· − v(s)), φ〉 = Iv + fv +Bv. (2.28)

Let dE be shorthand for dξ dζ dx dy. Multiplying (2.27) together with (2.28), we

have

ˆ
H(ξ − u(x, s))H̄(ζ − v(y, s))ψ(ξ, x)φ(ζ, y) dE

=

ˆ
H(ξ − u(x, s))H̄(ζ − v(y, s))ϕ dE

=IuIv + fu〈H̄(· − v(s)), φ〉+ fv〈H(· − u(s)), ψ〉 − fufv +BuBv.

Concentrating on the middle three terms, using integration by parts, we can write

fu〈H̄(· − v(s)), φ〉 =

ˆ s

0

〈H̄(· − v(s)), φ〉 dfu +

ˆ s

0

fu d(〈H̄(· − v(t)), φ〉)

=

ˆ s

0

〈H̄(· − v(t)), φ〉 dfu(t) +

(ˆ s

0

fu dfv(t) +

ˆ s

0

fu dBv(t)

)
.
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Similarly,

fv〈H(· − u(s)), ψ〉 =

ˆ s

0

〈H(· − u(s)), φ〉 dfv +

(ˆ s

0

fv dfu(t) +

ˆ s

0

fv dBu(t)

)
.

And finally,

fufv =

ˆ s

0

fu dfv +

ˆ s

0

fv dfu.

Adding the preceding three calculations together gets us

ˆ
H(ξ − u(x, s))H̄(ζ − v(y, s))ψ(ξ, x)φ(ζ, y) dE (2.29)

=IuIv +

ˆ s

0

〈H̄(· − v(t)), φ〉 dfu +

ˆ s

0

〈H(· − u(t)), φ〉 dfv +BuBv + M ,

where M denotes a generic martingale term, which has expectation nought.

Now,

IuIv =〈H(· − u0), ψ〉〈H̄(· − v0), φ〉

=

ˆ
H(ξ − u0(x))H̄(ζ − v0(y))η′′ρ(ξ − ζ)Jθ(x− y) dE

Also, recalling that we are using ϕ = ϕ(ξ, ζ, x, y) to denote η′′ρ(ξ − ζ)Jθ(x − y), we

can write

ˆ s

0

〈H̄(· − v(t)), φ〉 dfu =

ˆ s

0

ˆ
H̄(ζ − v(t))H(ξ − u)∂uF (ξ, x) · ∇xϕ dE dt

−
ˆ s

0

ˆ
H̄(ζ − v(t))H(ξ − u)∂xiF

i(ξ, x) ∂ξϕ dE dt

+

ˆ s

0

ˆ
H̄(ζ − v(t))H(ξ − u)A(ξ) : ∇2

xxϕ dE dt

+

ˆ s

0

ˆ
H̄(ζ − v(t)) ∂ξϕ Mu dE dt

− 1

2

ˆ s

0

¨ ˆ
H̄(ζ − v(t))σ2(u(x, t))(∂ξϕ)(u(x, t), ζ, x, y) dζ dx dy dt.

Using the form of the test function ϕ, we know that ∂ξϕ = −∂ζϕ. Also, integrating

against H̄(ζ − v) in ζ means integrating from −∞ to v in that variable. This allows us
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to write the last two lines of the preceding expansion as

−
ˆ s

0

¨ ˆ ˆ v

−∞
∂ζϕ dζ Mu dξ dx dy dt

+
1

2

ˆ s

0

¨ ˆ v

−∞
(∂ζϕ)(u(x, t), ζ, x, y) dζ σ2(u(x, t)) dx dy dt

=−
ˆ s

0

¨ ˆ
ϕ(ξ, v, x, y) Mu dξ dx dy dt

+
1

2

ˆ s

0

¨
ϕ(u, v, x, y)σ2(u(x, t)) dx dy dt,

where Mu = mu + nu is the kinetic measure as defined in Definition 2.

Likewise,

ˆ s

0

〈H(· − u(t)), φ〉 dfv

=

ˆ s

0

ˆ
H(ξ − u(t))H̄(ζ − v)∂uG(ζ, y) · ∇yϕ dE dt

−
ˆ T

0

ˆ
H(ξ − u(t))H̄(ζ − v)∂iG

i(ζ, y) ∂ζϕ dE dt

+

ˆ s

0

ˆ
H(ξ − u(t))H̄(ζ − v)B(ζ) : ∇2

yyϕ dE dt

−
ˆ s

0

¨ ˆ
ϕ(u, ζ, x, y) Mv dζ dx dy dt

+
1

2

ˆ s

0

¨
τ 2(v(y, t))ϕ(u, v, x, y) dx dy dt,

where again, Mv is the kinetic measure.

Furthermore, by Itô isometry, it holds that

BuBv =

(
−
ˆ s

0

ˆ
Td
ψ(u(x, t), x)σ(u(x, t)) dx dWt

)(ˆ s

0

ˆ
Td
φ(v(y, t), y)τ(v(y, t)) dy dWt

)
=−

ˆ s

0

ˆ
Td

ˆ
Td
ψ(u(x, t), x)φ(v(y, t), y)σ(u(x, t))τ(v(y, t)) dx dy dt

=−
ˆ s

0

ˆ
Td

ˆ
Td
σ(u(x, t))τ(v(y, t))η′′ρ(u(x, t)− v(y, t))Jθ(x− y) dx dy dt

=−
ˆ s

0

¨
σ(u)τ(v)ϕ(u, v, x, y) dx dy dt.
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Putting these expressions back together in (2.29), we get

ˆ
H(ξ − u(x, s))H̄(ζ − v(y, s))ψ(ξ, x)φ(ζ, y) dE

=M +

ˆ
H(ξ − u0(x))H̄(ζ − v0(y))η′′ρ(ξ − ζ)Jθ dE

+

ˆ s

0

ˆ
H̄(ζ − v(t))H(ξ − u)∂uF (ξ, x) · ∇xϕ dE dt

−
ˆ s

0

ˆ
H̄(ζ − v(t))H(ξ − u)∂xiF

i(ξ, x) ∂ξϕ dE dt

+

ˆ s

0

ˆ
H̄(ζ − v(t))H(ξ − u)A(ξ) : ∇2

xxϕ dE dt

−
ˆ s

0

¨ ˆ
ϕ(ξ, v, x, y) Mu dξ dx dy dt

+
1

2

ˆ s

0

¨
ϕ(u, v, x, y)σ2(u(x, t)) dx dy dt

+

ˆ s

0

ˆ
H(ξ − u(t))H̄(ζ − v)∂uG(ζ, y) · ∇yϕ dE dt

−
ˆ T

0

ˆ
H(ξ − u(t))H̄(ζ − v)∂iG

i(ζ, y) ∂ζϕ dE dt

+

ˆ s

0

ˆ
H(ξ − u(t))H̄(ζ − v)B(ζ) : ∇2

yyϕ dE dt

−
ˆ s

0

¨ ˆ
ϕ(u, ζ, x, y) Mv dζ dx dy dt

+
1

2

ˆ s

0

¨
τ 2(v(y, t))ϕ(u, v, x, y) dx dy dt

−
ˆ s

0

¨
σ(u)τ(v)ϕ(u, v, x, y) dx dy dt

=M +

ˆ
H(ξ − u0(x))H̄(ζ − v0(y))η′′ρ(ξ − ζ)Jθ dE

+

ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(∂uF (ξ, x)− ∂uG(ζ, y)) · ∇xϕ dE dt

−
ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(∂iF

i(ξ, x)− ∂iGi(ζ, y)) ∂ξϕ dE dt

+

ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(A(ξ) : ∇2

xxϕ+ B(ζ) : ∇2
yyϕ) dE dt

−
ˆ s

0

¨ ˆ
ϕ(ξ, v, x, y) nu dξ dx dy dt

−
ˆ s

0

¨ ˆ
ϕ(u, ζ, x, y) nv dζ dx dy dt
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−
ˆ s

0

¨ ˆ
ϕ(ξ, v, x, y) (Mu − nu) dξ dx dy dt

−
ˆ s

0

¨ ˆ
ϕ(u, ζ, x, y) (Mv − nv) dζ dx dy dt

+
1

2

ˆ s

0

¨
ϕ(u, v, x, y)(σ(u(x, t))− τ(v(y, t)))2 dx dy dt

=M + I0 + IF + Ia + Iσ

−
ˆ s

0

¨ ˆ
ϕ(ξ, v, x, y) (Mu − nu) dξ dx dy dt

−
ˆ s

0

¨ ˆ
ϕ(u, ζ, x, y) (Mv − nv) dζ dx dy dt.

Recall from (2.22) that ηρ : R → R is defined as a smooth, convex function, equal

to (·)+ outside Bρ(0), and so that η′ρ(−r) = 1 − η′ρ(r). Notice that since η is convex,

ϕ ≥ 0, and since Mu − mu and Mv − nv are also non-negative (see Definition 4), so

immediately,

0 ≥ −
ˆ s

0

¨ ˆ
ϕ(ξ, v, x, y) (Mu − nu) dξ dx dy dt

−
ˆ s

0

¨ ˆ
ϕ(u, ζ, x, y) (Mv − nv) dζ dx dy dt.

This concludes the proof of the lemma.

2.3.2 Difference Estimates

From the previous section, bearing in mind that E(M ) = 0, we know that

E
(¨

ηρ(v(y, s)− u(x, s))Jθ(x− y) dx dy

)
≤ E(I0 + IF + Ia + Iσ).

Therefore we need to estimate the following integrals:

I0 =

ˆ
H(ξ − u0(x))H̄(ζ − v0(y))η′′ρ(ξ − ζ)Jθ dE,

IF =

ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(∂uF (ξ, x)− ∂uG(ζ, y)) · ∇xϕ dE dt,

−
ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(∂iF

i(ξ, x)− ∂iGi(ζ, y)) ∂ξϕ dE dt,
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Ia =

ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(A(ξ) : ∇2

xxϕ+ B(ζ) : ∇2
yyϕ) dE dt

−
ˆ s

0

¨ ˆ
ϕ(ξ, v, x, y) nu dξ dx dy dt

−
ˆ s

0

¨ ˆ
ϕ(u, ζ, x, y) nv dζ dx dy dt,

Iσ =
1

2

ˆ s

0

¨
ϕ(u, v, x, y)(σ(u(x, t))− τ(v(y, t)))2 dx dy dt.

We shall refer to these integrals as the initial term, the flux terms, the parabolic

terms, and the Itô correction term, respectively.

Having now expressions by which we can estimate the left-hand side of (2.23), we

proceed so to do. We first estimate what is easy to estimate – the difference arising

from the noise.

Lemma 4. Let u be a kinetic solution to 2.15), and let v be a kinetic solution to 2.16).

Let σ and τ both satisfy 2.6) with index λ. Furthermore, suppose(
sup
r 6=0

|σ(r)− τ(r)|2

r1+θ

)
, ‖σ − τ‖L∞(R) <∞. (2.30)

The Itô correction terms suffers to be so bounded:

|Iσ| ≤min

[(
sup
r 6=0

|σ(r)− τ(r)|2

r1+θ

)
C‖u0‖1+θ

L1+θ

Cσρ
eCσs,

s

(
‖σ − τ‖2

L∞(R)

ρ

)
µ(Td)

]
+ Cτsρ

2λ−1µ(Td).

Here µ is the Lebesgue measure.

Proof. We split the proof in to two parts.

Itô Correction Terms I

We can calculate as follows:

Iσ =
1

2

ˆ s

0

¨
ϕ(u, v, x, y)(σ(u(x, t))− τ(v(y, t)))2 dx dy dt

=
1

2

ˆ s

0

¨
ϕ(u, v, x, y)(σ(u(x, t))− τ(u(x, t)) + τ(u(x, t))− τ(v(y, t)))2 dx dy dt

≤
ˆ s

0

¨
η′′ρ(u− v)(σ(u)− τ(u))2Jθ(x− y) dx dy dt
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+

ˆ s

0

¨
η′′ρ(u− v)(τ(u)− τ(v))2Jθ(x− y) dx dy dt

≤
(

sup
r 6=0

|σ(r)− τ(r)|2

r1+θ

)
1

ρ

ˆ s

0

ˆ
|u|1+θ

ˆ
Jθ(x− y) dy dx dt

+

ˆ s

0

Cτ |u− v|2λη′′ρ(u− v)Jθ(x− y) dx dy dt

≤
(

sup
r 6=0

|σ(r)− τ(r)|2

r1+θ

)
C‖u0‖1+θ

L1+θ

Cσρ
eCσs + Cτsρ

2λ−1µ(Td). (2.31)

In the final line of the preceding calculation we used that
´
Jθ(x− y) dy = 1, and the

Lp bound, that in expectation,

‖u(t)‖p
Lpx
≤ ‖u0‖pLpxe

Cσt

and Cσ is the Lipschitz constant for σ. This a priori bound can be proven by testing

the function against Φ′(u), where Φ(u) = |u|p.

Itô Correction Term II

Alternatively, we have

Iσ =
1

2

ˆ s

0

ˆ
Td×Td

(σ(u(x, t))− τ(v(y, t)))2ϕ(u(x, t), v(y, t), x, y) dx dy dt

≤
ˆ s

0

ˆ
Td×Td

((σ(u)− τ(u))2 + (τ(u)− τ(v))2)η′′ρ(u− v)Jθ(x− y) dx dy dt

≤
ˆ s

0

ˆ
Td×Td

(
‖σ − τ‖2

L∞ +
(τ(u)− τ(v))2

|u− v|2λ
ρ2λ

)
η′′ρ(u− v)Jθ(x− y) dx dy dt.

As above, we have

Iσ ≤ s

(
‖σ − τ‖2

L∞(R)

ρ
+ Cτρ

2λ−1

)
µ(Td). (2.32)

Remark. Unrelatedly, we see from the proof above that for the Hölder indices λσ of σ

and λτ of τ , as long as λσ, λτ > 1/2, it does not affect the proof that λσ 6= λτ . We shall

keep things simple and retain λσ = λτ = λ throughout.

Next we estimate the parabolic terms, using the following lemma as preparation:
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Lemma 5. Let u be a kinetic solution to (2.15), and let v be a kinetic solution to 2.16).

We can express the integral Ia, defined above, as the following sum of differences:

Ia =

ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(α(ξ)− β(ξ))(α(ξ)− β(ξ)) : ∇2

xxϕ dE dt

+

ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(α(ξ)− β(ξ))(β(ξ)− β(ζ)) : ∇2

xxϕ dE dt

+

ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(β(ξ)− β(ζ))(α(ξ)− β(ξ)) : ∇2

xxϕ dE dt

+

ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(β(ξ)− β(ζ))(β(ξ)− β(ζ)) : ∇2

xxϕ dE dt.

Proof. Recall that we denoted by the symmetric, semidefinite square root of A by α;

in the same way we denote the symmetric, semidefinite square root of B by β.

First we write out the parabolic terms, the integrals Ia, again, noting that as dis-

cussed in (2.26), ∇2
xxϕ = ∇2

yyϕ,

Ia =

ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(A(ξ) : ∇2

xxϕ+ B(ζ) : ∇2
yyϕ) dE dt

−
ˆ s

0

¨ ˆ
ϕ(ξ, v, x, y) nu dξ dx dy dt

−
ˆ s

0

¨ ˆ
ϕ(u, ζ, x, y) nv dζ dx dy dt

=

ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(A(ξ)−α(ξ)β(ζ)− β(ζ)α(ξ) + B(ζ)) : ∇2

xxϕ dE dt

+

ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(α(ξ)β(ζ) + β(ζ)α(ξ)) : ∇2

xxϕ dE dt

−
ˆ s

0

¨ ˆ
ϕ(ξ, v, x, y) nu dξ dx dy dt−

ˆ s

0

¨ ˆ
ϕ(u, ζ, x, y) nv dζ dx dy dt.

Let us next concern ourselves with the final two lines of the preceding expression.

Using ∇2
xxϕ = −∇2

xyϕ = −∇2
yxϕ, we can move the derivatives in the second line from

ϕ and onto the kinetic functions. Note that ∇2
xy = (∇2

yx)
T . Using the chain rule (2.13)

for kinetic solutions, we have

ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(α(ξ)β(ζ) + β(ζ)α(ξ)) : ∇2

xxϕ dE dt (2.33)

=−
ˆ s

0

ˆ
∇xH(ξ − u)⊗∇yH̄(ζ − v) : α(ξ)β(ζ)η′′ρ(ξ − ζ)Jθ(x− y) dE dt
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−
ˆ s

0

ˆ
∇yH̄(ζ − v)⊗∇xH(ξ − u) : α(ξ)β(ζ)η′′ρ(ξ − ζ)Jθ(x− y) dE dt

=

ˆ s

0

∇2
yx :

ˆ u

∞
α(ξ)

ˆ v

−∞
β(ζ)η′′ρ(ξ − ζ) dξ dζ Jθ(x− y) dx dy dt

+

ˆ s

0

∇2
yx :

ˆ u

∞

ˆ v

−∞
β(ζ)α(ξ)η′′ρ(ξ − ζ) dξ dζ Jθ(x− y) dx dy dt

=2

ˆ s

0

η′′ρ(u− v)∇x ⊗∇y :

(ˆ u

0

α(ξ) dξ

)(ˆ v

0

β(ζ) dζ

)
Jθ(x− y) dx dy dt,

as, where a derivative is present,

∇ ·
ˆ u

r

α(ξ)η′′ρ(ξ − ζ) dξ = ∇ ·
ˆ u

0

α(ξ)η′′ρ(ξ − ζ) dξ,

for any fixèd r.

Next we require the form (2.12) of the parabolic defect measure, which is

nu(ϕ) =

ˆ T

0

ˆ
Td

ˆ
R
ϕ(t, x, ξ)

∣∣∣∣∇ · ˆ u

0

α(ζ) dζ

∣∣∣∣2 δ(ξ − u(x, t)) dξ dx dt

=

ˆ T

0

ˆ
Td

ˆ
R
ϕ(t, x, ξ)

∣∣∣∣∇ · ˆ χ(ζ, u(x, t))α(ζ) dζ

∣∣∣∣2 δ(ξ − u(x, t)) dξ dx dt.

This gives us

−
ˆ s

0

¨
ϕ(ξ, v(y, t), x, y) dy nu(dξ dx, dt)

=−
ˆ s

0

¨
ϕ(ξ, v(y, t), x, y)

∣∣∣∣∇x ·
ˆ u

0

α(ζ) dζ

∣∣∣∣2 δ(ξ − u(x, t)) dξ dx dy dt

=−
ˆ s

0

¨
η′′ρ(u− v)Jθ(x− y)

∣∣∣∣∇x ·
ˆ u

0

α(ζ) dζ

∣∣∣∣2 dx dy dt,
and likewise,

−
ˆ s

0

¨
ϕ(u(x, t), ζ, x, y) dy nv(dζ dx, dt)

=−
ˆ s

0

¨
η′′ρ(u− v)Jθ(x− y)

∣∣∣∣∇y ·
ˆ v

0

β(ξ) dξ

∣∣∣∣2 dx dy dt.
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Therefore we have

ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(α(ξ)β(ζ) + β(ζ)α(ξ)) : ∇2

xxϕ dE dt

−
ˆ s

0

¨ ˆ
ϕ(ξ, v, x, y) nu dξ dx dy dt−

ˆ s

0

¨ ˆ
ϕ(u, ζ, x, y) nv dζ dx dy dt

=2

ˆ s

0

∇2
xy :

(ˆ u

0

α(ξ) dξ

)(ˆ v

0

β(ζ) dζ

)
ϕ(u, v, x, y) dx dy dt

−
ˆ s

0

¨ ∣∣∣∣∇x ·
ˆ u

0

α(ζ) dζ

∣∣∣∣2 ϕ(u, v, x, y) dx dy dt

−
ˆ s

0

¨ ∣∣∣∣∇y ·
ˆ v

0

β(ξ) dξ

∣∣∣∣2 ϕ(u, v, x, y) dx dy dt

≤0.

Inserting this into (2.33),

Ia ≤
ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(A(ξ)−α(ξ)β(ζ)− β(ζ)α(ξ) + B(ζ)) : ∇2

xxϕ dE dt

=

ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(α(ξ)− β(ζ))(α(ξ)− β(ζ)) : ∇2

xxϕ dE dt. (2.34)

This leaves us one last integral to estimate. Now notice that one part of the integrand

can be expanded to read:

(α(ξ)− β(ζ))(α(ξ)− β(ζ))

=((α(ξ)− β(ξ)) + (β(ξ)− β(ζ))) · ((α(ξ)− β(ξ)) + (β(ξ)− β(ζ)))

=(α(ξ)− β(ξ))(α(ξ)− β(ξ))

+ (α(ξ)− β(ξ))(β(ξ)− β(ζ))

+ (β(ξ)− β(ζ))(α(ξ)− β(ξ))

+ (β(ξ)− β(ζ))(β(ξ)− β(ζ)).

So we can estimate this last and only integral (2.34) thus:

ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(α(ξ)− β(ζ))(α(ξ)− β(ζ)) : ∇2

xxϕ dE dt (2.35)

=

ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(α(ξ)− β(ξ))(α(ξ)− β(ξ)) : ∇2

xxϕ dE dt
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+

ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(α(ξ)− β(ξ))(β(ξ)− β(ζ)) : ∇2

xxϕ dE dt

+

ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(β(ξ)− β(ζ))(α(ξ)− β(ξ)) : ∇2

xxϕ dE dt

+

ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(β(ξ)− β(ζ))(β(ξ)− β(ζ)) : ∇2

xxϕ dE dt.

We can estimate the various integrals after (2.35) above essentially by taking uniform

bounds of differences between the coefficient functions α and β, and taking Hölder

bounds between differences of the same coefficient function evaluated at different points.

We also bound the nth derivatives of Jθ by θ−1Jθ, and the derivatives of η′′ρ(ξ − ζ) by

ρ−1η′′ρ(ξ − ζ). These are written out in the lemma below.

Lemma 6. Let u be a kinetic solution to (2.15) with initial datum u0, and let v be a

kinetic solution to (2.16) with initial datum v0. Let ηρ and Jθ be as defined just preceding

(2.26). Suppose α and β satisfy (2.7), with indices γα and γβ, respectively.

Write

‖
√

A−
√

B‖L∞ := sup
i,j
‖αij − βij‖L∞ , (2.36)

and suppose this quantity is bounded.

For the parabolic integrals, we have

|Ia| ≤n‖
√

A−
√

B‖2
L∞θ

−2

ˆ s

0

¨
ηρ(v − u)Jθ(x− y) dx dy dt (2.37)

+ C(β, d)‖
√

A−
√

B‖L∞ργβθ−2

ˆ s

0

¨
ηρ(v − u)Jθ dx dy dt

+ C(β, d)ρ2γβθ−2

ˆ s

0

¨
ηρ(v − u)Jθ(x− y)uu dx dy dt,

where C(β, d) ≤ n supij |βij|Cγβ .

For the flux intergrals, we have

|IF | ≤C(d)‖∂uF − ∂uG‖L∞θ−1

ˆ s

0

¨
ηρ(v − u)Jθ(x− y) dx dy dt (2.38)

+ C(d)‖∂iF i − ∂iGi‖L∞ρ−1

ˆ s

0

¨
ηρ(v − u)Jθ(x− y) dx dy dt
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+ C(d)‖∂2
uiG‖L∞

ˆ s

0

¨
ηρ(v − u)Jθ(x− y) dx dy dt

+ C1(G, d)ρκG1θ−1

ˆ s

0

¨
ηρ(v − u)Jθ(x− y) dx dy dt

+ C2(G, d)θκG2ρ−1

ˆ s

0

¨
ηρ(v − u)Jθ(x− y) dx dy dt,

where C1(G, d) is a multiple of the Hölder norm of ∂uG in its first variable, and C2(G, d)

is a multiple of the Hölder norm of ∂iG in its second (spatial) variable, where both these

multipliers depend solely on n.

Proof. Parabolic Terms

The integrals constituting the parabolic terms are

ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(α(ξ)− β(ξ))(α(ξ)− β(ξ)) : ∇2

xxϕ dE dt

+

ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(α(ξ)− β(ξ))(β(ξ)− β(ζ)) : ∇2

xxϕ dE dt

+

ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(β(ξ)− β(ζ))(α(ξ)− β(ξ)) : ∇2

xxϕ dE dt

+

ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(β(ξ)− β(ζ))(β(ξ)− β(ζ)) : ∇2

xxϕ dE dt.

They can be estimated by invoking either the boundedness of ‖
√

A −
√

B‖L∞ or

the continuity of (αik) and (βik) in (2.7), as follows:

ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(α(ξ)− β(ξ))(α(ξ)− β(ξ)) : ∇2

xxϕ dE dt

≤n
ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)‖

√
A−

√
B‖2

L∞θ
−2|∇2

xxJθ(x− y)|η′′ρ(ξ − ζ) dE dt

≤n‖
√

A−
√

B‖2
L∞θ

−2

ˆ s

0

¨
ηρ(v − u)Jθ(x− y) dx dy dt. (2.39)

Writing γβ for the lowest Hölder exponent of all βij, we have the estimates:

ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(α(ξ)− β(ξ))(β(ξ)− β(ζ)) : ∇2

xxϕ dE dt

≤n‖
√

A−
√

B‖L∞
ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)

|β(ξ)− β(ζ)|
|ξ − ζ|γβ

ργβ |∇2
xxJθ|η′′ρ(ξ − ζ) dE dt

≤C(β, d)‖
√

A−
√

B‖L∞ργβθ−2

ˆ s

0

¨
ηρ(v − u)Jθ dx dy dt, (2.40)
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and similarly,

ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(β(ξ)− β(ζ))(α(ξ)− β(ξ)) : ∇2

xxϕ dE dt

≤C(β, d)‖
√

A−
√

B‖L∞ργβθ−2

ˆ s

0

¨
ηρ(v − u)Jθ dx dy dt.

Finally, we have the estimate:

ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(β(ξ)− β(ζ))(β(ξ)− β(ζ)) : ∇2

xxϕ dE dt.

≤C(β, d)ρ2γβθ−2

ˆ s

0

¨
ηρ(v − u)Jθ(x− y) dx dy dt. (2.41)

In all the above C(β, d) = n|β|Cγβ .

Flux Terms

The flux terms are

ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(∂uF (ξ, x)− ∂uG(ζ, y)) · ∇xϕ dE dt

−
ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(∂iF

i(ξ, x)− ∂iGi(ζ, y)) ∂ξϕ dE dt.

We can estimate these terms much as we did the parabolic integrals. First we have

ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(∂uF (ξ, x)− ∂uG(ζ, y)) · ∇xϕ dE dt

=

ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(∂uF (ξ, x)− ∂uG(ξ, x)) · ∇xϕ dE dt

+

ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(∂uG(ξ, x)− ∂uG(ζ, x)) · ∇xϕ dE dt

+

ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(∂uG(ζ, x)− ∂uG(ζ, y)) · ∇xϕ dE dt

≤C(d)‖∂uF − ∂uG‖L∞θ−1

ˆ s

0

¨
ηρ(v − u)Jθ(x− y) dx dy dt (2.42)

+ C1(G, d)ρκG1θ−1

ˆ s

0

¨
ηρ(v − u)Jθ(x− y) dx dy dt (2.43)

+ C(d)‖∂2
uiG‖L∞

ˆ s

0

¨
ηρ(v − u)Jθ(x− y) dx dy dt.
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And similarly,

−
ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(∂iF

i(ξ, x)− ∂iGi(ζ, y)) ∂ξϕ dE dt

=−
ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(∂iF

i(ξ, x)− ∂iGi(ξ, x)) ∂ξϕ dE dt

−
ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(∂iG

i(ξ, x)− ∂iGi(ζ, x)) ∂ξϕ dE dt

−
ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(∂iG

i(ζ, x)− ∂iGi(ζ, y)) ∂ξϕ dE dt

≤C(d)‖∂iF i − ∂iGi‖L∞ρ−1

ˆ s

0

¨
ηρ(v − u)Jθ(x− y) dx dy dt (2.44)

+ n‖∂2
uiG‖L∞

ˆ s

0

¨
ηρ(v − u)Jθ(x− y) dx dy dt

+ C2(G, d)θκG2ρ−1

ˆ s

0

¨
ηρ(v − u)Jθ(x− y) dx dy dt.

In the above, C1(G, d) is a constant multiple of the Hölder norm of ∂uG in its first

variable, and C2(G, d) is a constant multiple of the Hölder norm of ∂iG in its second

(spatial) variable, where both these constant multipliers depend only on n.

2.3.3 Mollification Estimates

Whilst by consulting Lemmata 4 and 6, we have a bound for

¨
ηρ(v(y, s)− u(x, s))Jθ(x− y) dx dy,

we shall need to translate this to a bound on

ˆ
(v(x, s)− u(x, s))+ dx.

In this section we estimate the difference arising from using a mollification.

To this end we turn to the basic inequalities, that

(·)+ ≤ ηρ(·) ≤ (·)+ + ηρ(0).

From the definition of ηρ, we also have, ηρ(0) = Cρ.
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Exploiting the finiteness of the Lebesgue measure on the torus, we have

¨
ηρ(v(y, s)− u(x, s))Jθ(x− y) dx dy

≤
¨

ηρ(v(y, s)− v(x, s))Jθ(x− y) dx dy

+

¨
ηρ(v(x, s)− u(x, s))Jθ(x− y) dx dy

≤
ˆ

(v(x, s)− u(x, s))+ dx+ Cρµ(Td)

+

¨
ηρ(v(y, s)− v(x, s))Jθ(x− y) dx dy.

On the other hand,

ˆ
(v(x, s)− u(x, s))+ dx =

¨
(v(x, s)− u(x, s))+Jθ(x− y) dx dy

≤
¨

(v(x, s)− v(y, s))+Jθ(x− y) dx dy

+

¨
(v(y, s)− u(x, s))+Jθ(x− y) dx dy

≤
¨

(v(x, s)− v(y, s))+Jθ(x− y) dx dy

+

¨
ηρ(v(y, s)− u(x, s))Jθ(x− y) dx dy.

Hence,∣∣∣∣¨ ηρ(v(y, s)− u(x, s))Jθ(x− y) dx dy −
ˆ

(v(x, s)− u(x, s))+ dx

∣∣∣∣ (2.45)

≤Cρµ(Td) +

¨
ηρ(v(y, s)− v(x, s))Jθ(x− y) dx dy.

We shall return to bound this quantity after we have attained a bound on the

bounded variation seminorm of v(s) in §2.5.

2.4 L1 Stability Estimate

The main theorem of this section is

Theorem 7 (L1 Estimate). Let u, v be kinetic solutions to (2.15) with initial datum
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u0, v0, repsectively. Suppose the coefficients of (2.15) satisfy the assumptions (2.3) to

(2.7). Then we have the L1 estimate

E
(ˆ

(v − u)+ dx

∣∣∣∣
s

)
≤ exp(C(d)‖∂2

uiF‖L∞s)E
(ˆ

(v0 − u0)+ dx

)
.

Remark. Where F is translation invariant, we have the familiar L1 contraction —

E
(ˆ

(v − u)+ dx

∣∣∣∣
s

)
≤ E

(ˆ
(v0 − u0)+ dx

)
.

Proof. Putting F (·, ·) = G(·, ·) and A(·) = B(·) and σ(·) = τ(·), we have from Lemmata

4, and 6

|IF | ≤ C(d)‖∂2
uiF‖L∞

ˆ s

0

¨
ηρ(v − u)Jθ(x− y) dx dy dt

+ C1(F, d)ρκ1θ−1

ˆ s

0

¨
ηρ(v − u)Jθ(x− y) dx dy dt

+ C2(F, d)θκ2ρ−1

ˆ s

0

¨
ηρ(v − u)Jθ(x− y) dx dy dt,

|Ia| ≤ C(α, d)ρ2γθ−2

ˆ s

0

¨
ηρ(v − u) dx dy dt,

|Iσ| ≤ Cτsµ(Td)ρ2λ−1.

Since C2(F, d) is nought when F is not dependent on the spatial variables directly,

we see that in that case, taking m = min(γ/2, κ1/2), and choosing ρ = θ1/m, we have

the bound:

¨
ηρ(v − u)Jθ dx dy

∣∣∣∣s
0

≤(C1(F, d) + C(α, d))θ

ˆ s

0

¨
ηρ(v − u)Jθ(x− y) dx dy dt

+ Cτsµ(Td) min(1, ρ2λ−1).

An application of Gronwall’s inequality and taking ρ, θ to zero at the chosen relative

rate yields the L1-contraction bound.

Putting B = A, G(u, x) = F (u, x+ h), τ = σ, from Lemms 6 and 4 , we have

|Ia| ≤ C(α, d)ρ2γθ−2

ˆ s

0

¨
ηρ(v − u) dx dy dt,

|Iσ| ≤ Cσρ
2λ−1µ(Td).
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For the flux bounds we make a small fine-tuning, related to the fact that F = G, so

that returning to (2.44), we have

−
ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(∂iF

i(ξ, x)− ∂iGi(ζ, y)) ∂ξϕ dE dt

=−
ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(∂iF

i(ξ, x)− ∂iF i(ξ, y)) ∂ξϕ dE dt

−
ˆ s

0

ˆ
H̄(ζ − v))H(ξ − u)(∂iF

i(ξ, y)− ∂iF i(ζ, y)) ∂ξϕ dE dt.

Now, focusing on the first integral after the equal sign in the calculation immediately

above,

−
ˆ
H̄(ζ − v)H(ξ − u)(∂iF

i(ξ, x)− ∂iF i(ξ, y)) ∂ξϕ dE

=

¨ ˆ ˆ
H̄(ζ − v)∂ζη

′′
ρ(ξ − ζ) dζ H(ξ − u)(∂iF

i(ξ, x)− ∂iF i(ξ, y))Jθ(x− y) dξ dx dy

=

¨ ˆ
η′′ρ(ξ − v)H(ξ − u)(∂iF

i(ξ, x)− ∂iF i(ξ, y))Jθ(x− y) dξ dx dy

≤C2(F, d)θκ2

¨ ˆ
η′′ρ(ξ − v)H(ξ − u)Jθ(x− y) dξ dx dy. (2.46)

This remaining integral is bounded because first,

ˆ
η′′ρ(ξ − v)H(ξ − u) dξ

is uniformly bounded by a constant in x, y and as ρ→ 0, being 1 or 0 according as v is

greater than or less than u, and 1/2 where u = v because of the symmetry required in

the definition of ηρ. And secondly,

ˆ ˆ
Jθ(x− y) dx dy = µ(Td).

Hence we arrive at a version of (2.38) adapted to this particular situation where

F = G:

|If | ≤C(d)‖∂2
uiF‖L∞

ˆ s

0

¨
ηρ(v − u)Jθ(x− y) dx dy dt (2.47)

+ C1(F, d)ρκ1θ−1

ˆ s

0

¨
ηρ(v − u)Jθ(x− y) dx dy dt
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+ C2(F, d)sθκ2 .

In fact we notice that as long as we have an improved bound on ∂iF (ξ, x)−∂iG(ξ, y),

calculations analogous to the preceding carry through.

Putting (2.47) together with the estimates we already have for |Ia| and |Iσ|, we see

that taking m = min(κ1/2, γ/2), and requiring ρ = θ1/m as ρ, θ → 0, we can again

apply Gronwall’s inequality to

E
(¨

ηρ(v − u)Jθ dx dy

∣∣∣∣s
0

)
≤E

(
(C1(F, d) + C(α, d))θ

ˆ s

0

¨
ηρ(v − u)Jθ(x− y) dx dy dt

+ C(d)‖∂2
uiF‖L∞

ˆ s

0

¨
ηρ(v − u)Jθ(x− y) dx dy dt

+ C2(F, d)sθκ2 + Cσsµ(Td)ρ2λ−1

)
.

The resulting bound will not be a contraction, but it is clear that the growth, if any,

results from ‖∂2
uiF‖L∞ .

2.5 Bounded Variation Estimate

We apply Lemmata 6 and 4 to the pair

∂tu =−∇ · F (u, x) +∇ · (A(u) · ∇u) + σ(u)∂tW,

∂tv =−∇ · F (v, x+ h) +∇ · (A(v) · ∇v) + σ(v)∂tW,

with initial conditions u(x, 0) = u0(x) and v(x, 0) = u0(x + h), respectively, where

u0 ∈ BV , we can derive a BV estimate. And using this BV estimate, we can refine

our continuous dependence estimate. We show:

Theorem 8 (Fractional Bounded Variation Estimate). Let u be a kinetic solution to

(2.15) with initial datum u0, and

E(|u0|BV ) <∞.
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Suppose the coefficients of (2.15) satisfy the assumptions (2.3) to (2.7).

Where C2(F, d) is a constant multiple of the Hölder norm of ∂iF in its second (spa-

tial) variable, with the constant dependent only on dimension d, we have the fractional

BV bound

E
(¨

(u(y + h, s)− u(x, s))+Jθ(x− y) dx dy

∣∣∣∣
s

)
(2.48)

≤ exp
(
C(d)‖∂2

uiF‖L∞s
) [
C2(F, d)s|h|κ2 + E

(¨
(u0(y + h)− u0(x))+Jθ(x− y) dx dy

)]
.

Proof. By the substitution z = x + h in the second equation, it can be seen that if

u(x, t) solves the first equation, u(z, t) = u(x+ h, t) solves the second equation.

As in the L1 stability estimate in the previous section, putting B = A, G(u, x) =

F (u, x+ h), τ = σ, from Lemmata 6 and 4 , we have

|Ia| ≤ C(α, d)ρ2γθ−2

ˆ s

0

¨
ηρ(v − u) dx dy dt,

|Iσ| ≤ Cσρ
2λ−1µ(Td).

Again, for the flux bounds we make a small fine-tuning, related to the fact that

G(·, ·) = F (·, ·+ h), so that returning to (2.44), and following (2.46), we have

−
ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(∂iF

i(ξ, x)− ∂iGi(ζ, y)) ∂ξϕ dE dt

−
ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(∂iF

i(ξ, x)− ∂iF i(ζ, y + h)) ∂ξϕ dE dt

≤C2(F, d)s(θ + |h|)κ2 .

Also, notice that

‖∂uF − ∂uG‖L∞ ≤ ‖∂2
uiF‖L∞|h|.

And hence altogether we have

E
(¨

ηρ(u(y + h)− u(x))Jθ(x− y) dx dy

∣∣∣∣s
0

)
≤E
(
C(α, d)ρ2γθ−2

ˆ s

0

¨
ηρ(v − u) dx dy dt

+ C(d)‖∂2
uiF‖L∞(|h|θ−1 + 1)

ˆ s

0

¨
ηρ(v − u)Jθ(x− y) dx dy dt
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+ C1(F, d)ρκ1θ−1

ˆ s

0

¨
ηρ(v − u)Jθ(x− y) dx dy dt

+ C2(F, d)s(θ + |h|)κ2 + Cσρ
2λ−1µ(Td)

)
.

Now we choose θ = |h|, and take ρ→ 0.

We conclude this section with a few remarks:

Remark. If u0 is in the fractional BV class with index κ2, that is, functions of bounded

1/κ2 variation, then we have the fractional BV bound

E(|u|Nκ2,1) ≤ exp(C(d)‖∂2
uiF‖L∞s)(C2(F, d) + |u0|Nκ2,1),

where | · |Nκ,1 denotes the bounded 1/κ variation seminorm (the Nikolskii semi-norm

[97]),

|u|Nκ,1 = sup
|h|>0

1

|h|κ

ˆ
|u(x+ h)− u(x)| dx. (2.49)

Remark. If we assume that κ2 = 1, we have an actual BV estimate in taking the supre-

mum whilst sending θ = |h| → 0. In fact, adding to the inequality the corresponding

inequality for (u(y + h)− u(x))−, we have

E(|u|BV ) ≤ exp
(
C(d)‖∂2

uiF‖L∞s
)
(C2(F, d)s+ E(|u0|BV )). (2.50)

Finally, in the translation invariant case, we have C2(F, d) = 0, ‖∂2
uiF‖L∞ = 0, and

reduce to the expected simple bound

E(|u|BV ) ≤ E(|u0|BV ). (2.51)

2.6 Continuous Dependence Estimate

A continuous dependence esimate for the equations,

∂tu+∇ · F (u, x)−∇ · (A(u) · ∇u) = σ(u)∂tW,

∂tv +∇ ·G(v, x)−∇ · (B(v) · ∇v) = τ(v)∂tW,
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is as stated an estimate of the form,

E(‖u(t)− v(t)‖) ≤ H(A,B, F,G, σ, τ, u0, v0, t)E(A−B, F −G, σ − τ, u0 − v0, t),

where E tends to nought as any of its arguments tend to zero, and ‖ · ‖ is some norm.

To prove the full continuous dependence estimates, we shall use our (fractional)

BV estimates to refine both the mollification estimates (2.45) and the estimates in the

Lemmas 6 and 4. This will allow us to show that

Theorem 9. Let u be a kinetic solution to

∂tu+∇ · F (u, x)−∇ · (A(u) · ∇u) = σ(u)∂tW,

on Td with initial condition u0 ∈ Lp, and let v be a kinetic solution to

∂tv +∇ ·G(v, x)−∇ · (B(v) · ∇v) = τ(v)∂tW,

on Td with initial condition v0 ∈ BV ∩ Lp.
Let F and G satisfy (2.3) - (2.5) and (2.17) - (2.19), respectively with coefficients

κF1 and κG1 in place of κ1, and both with κ2 = 1. Let σ, τ satisfy (2.6), And let

(aij), (bij) satisfy (2.7), respectively with γα and γβ in place of γ.

Let C1(G, d) be the supremum of κG1-Hölder seminorm of ∂uG(·, x) in first variable.

Let C2(G, d) be the supremum of the derivative of ∂xG(r, ·) in its second variable. Let

C(β, d) be the supremum of the γβ seminorm of βij over pairs (i, j).

Let

K(v0, s) =

ˆ s

0

exp(C(d)‖∂2
uiG‖L∞t)(C2(G, d) + |v0|BV ) dt,

and

Λθ =

(
sup
r 6=0

|σ(r)− τ(r)|2

r1+θ

)
C‖u0‖1+θ

L1+θ

Cσ
.

Let all the differences below be bounded. Then for free real variables ρ, θ > 0, we

have the continuous dependence bound:

E
(ˆ

(v(x, s)− u(x, s))+ dx

)
≤Cρµ(Td) + θ exp

(
C(d)‖∂2

uiG‖L∞s
)
(C2(G, d)s+ E(|v0|BV ))
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+ exp
[(
C(d)‖∂iF i − ∂iGi‖L∞ρ−1 + C(d)‖∂2

uiG‖L∞ + C2(G, d)θρ−1
)
s
]

·
[
E
(¨

ηρ(v(y, 0)− u(x, 0))Jθ(x− y) dx dy

)
+

+ (C(d)‖∂uF − ∂uG‖L∞ + C(β, d)ρ2γβθ−1)K(v0, s)

+ (C(β, d)‖
√

A−
√

B‖L∞ργβθ−1 + n‖
√

A−
√

B‖2
L∞θ

−1)K(v0, s)

+ C1(G, d)ρκG1K(v0, s) + Cτsρ
2λ−1µ(Td)

+ min

[
Λθ

ρ
eCσs, s

‖σ − τ‖2
L∞

ρ
µ(Td)

] ]
.

2.6.1 Refining the Mollification Estimate

Returning to the mollification estimate, (2.45),

E
(∣∣∣∣¨ ηρ(v(y, s)− u(x, s))Jθ(x− y) dx dy −

ˆ
(v(x, s)− u(x, s))+ dx

∣∣∣∣)
≤Cρµ(Td) + E

(¨
ηρ(v(y, s)− v(x, s))Jθ(x− y) dx dy

)
,

we can now properly bound it by assuming that v0 is of bounded variation.

Again we use the simple inequality:

ηρ(·) ≤ (·)+ + ηρ(0).

Using (2.48), we have

E
(∣∣∣∣¨ ηρ(v(y, s)− u(x, s))Jθ(x− y) dx dy −

ˆ
(v(x, s)− u(x, s))+ dx

∣∣∣∣)
≤Cρµ(Td) + E

(¨
ηρ(v(y, s)− v(x, s))Jθ(x− y) dx dy

)
≤Cρµ(Td) + E

(¨
(v(y, s)− v(x, s))+Jθ(x− y) dx dy

)
≤Cρµ(Td) + E

(¨
sup
|z|≤θ
|v(y, s)− v(y + z, s)| dy Jθ(z) dz

)
≤Cρµ(Td) + E (|v(s)|BV θ)

≤Cρµ(Td) + θ exp
(
C(d)‖∂2

uiG‖L∞s
)
(C2(G, d)s+ E(|v0|BV )). (2.52)
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Also, where s = 0,

E
(∣∣∣∣¨ ηρ(v0(y)− u0(x))Jθ(x− y) dx dy −

ˆ
(v0(x)− u0(x))+ dx

∣∣∣∣)
≤Cρµ(Td) + θE(|v0|BV ).

2.6.2 Refining the Continuous Dependence Estimate

Next we refine the continuous dependence estimate, using the fact that one solution is

of bounded variation, and assuming that κG2 = 1.

Since E(|v(s)|BV ) is bounded, we can refine the estimates in Lemmas 6 and 4. Let

P ∈ L∞ be some generic placeholder. Wherever there is a negative power of θ, an

estimate was made of the form

ˆ
H(ξ − u)H̄(v − ζ)P (ξ) · ∇xJθ(x− y)η′′ρ(ξ − ζ) dE

≤H(ξ − u)H̄(v − ζ)‖P‖L∞|∇xJθ(x− y)|η′′ρ(ξ − ζ) dE

≤‖P‖L∞θ−1

ˆ
H(ξ − u)H̄(v − ζ)Jθ(x− y)η′′ρ(ξ − ζ) dE

=‖P‖L∞θ−1

¨
ηρ(v − u)Jθ(x− y) dx dy.

Using our control of |v(s)|BV , we can refine some of these estimates to

ˆ
H(ξ − u)H̄(v − ζ)P (ξ) · ∇xJθ(x− y)η′′ρ(ξ − ζ) dE

=−
ˆ
H(ξ − u)H̄(v − ζ)P (ξ) · ∇yJθ(x− y)η′′ρ(ξ − ζ) dE

=−
¨ ¨

H(ξ − u)δ(v − ζ)(∇v)P (ξ)Jθ(x− y)η′′ρ(ξ − ζ) dζ dξ dx dy

≤‖P‖L∞
ˆ ˆ

η′ρ(v − u)Jθ(x− y) dx|∇v| dy

≤‖P‖L∞|v(t)|BV .

As ∇v is a measure in y (and not in ζ), the product δ(ζ − v)∇v makes sense. We have

used the boundedness of η′ρ. That is, we can replace

θ−1

¨
ηρ(v − u)Jθ(x− y) dx dy,
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with

|v(t)|BV ,

avoiding an application of Gronwall’s inequality, and an exponential penalization in

time here (which shall come from the estimate on |v(t)|BV instead).

In particular, each of the estimates (2.42), (2.43), (2.39), (2.40), and (2.41), respec-

tively,

(2.42):

ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(∂uF (ξ, x)− ∂uG(ξ, x)) · ∇xϕ dE dt

≤C(d)‖∂uF − ∂uG‖L∞θ−1

ˆ s

0

¨
ηρ(v − u)Jθ(x− y) dx dy dt,

(2.43):

ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(∂uG(ξ, x)− ∂uG(ζ, x)) · ∇xϕ dE dt

≤C1(G, d)ρκG1θ−1

ˆ s

0

¨
ηρ(v − u)Jθ(x− y) dx dy dt,

(2.39):

ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(α(ξ)− β(ξ))(α(ξ)− β(ξ)) : ∇2

xxϕ dE dt

≤n‖
√

A−
√

B‖2
L∞θ

−2

ˆ s

0

¨
ηρ(v − u)Jθ(x− y) dx dy dt,

(2.40):

ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(α(ξ)− β(ξ))(β(ξ)− β(ζ)) : ∇2

xxϕ dE dt

≤C(β, d)‖
√

A−
√

B‖L∞ργβθ−2

ˆ s

0

¨
ηρ(v − u)Jθ dx dy dt,

and
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(2.41):

ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(β(ξ)− β(ζ))(β(ξ)− β(ζ)) : ∇2

xxϕ dE dt

≤C(β, d)ρ2γβθ−2

ˆ s

0

¨
ηρ(v − u)Jθ(x− y) dx dy dt,

can be re-written respectively as

(2.42’):

ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(∂uF (ξ, x)− ∂uG(ξ, x)) · ∇xϕ dE dt

≤C(d)‖∂uF − ∂uG‖L∞
ˆ s

0

|v(t)|BV dt,

(2.43’):

ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(∂uG(ξ, x)− ∂uG(ζ, x)) · ∇xϕ dE dt

≤C1(G, d)ρκG1

ˆ s

0

|v(t)|BV dt,

(2.39’):

ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(α(ξ)− β(ξ))(α(ξ)− β(ξ)) : ∇2

xxϕ dE dt

≤n‖
√

A−
√

B‖2
L∞θ

−1

ˆ s

0

|v(t)|BV dt,

(2.40’):

ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(α(ξ)− β(ξ))(β(ξ)− β(ζ)) : ∇2

xxϕ dE dt

≤C(β, d)‖
√

A−
√

B‖L∞ργβθ−1

ˆ s

0

|v(t)|BV dt,

and
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(2.41’):

ˆ s

0

ˆ
H̄(ζ − v)H(ξ − u)(β(ξ)− β(ζ))(β(ξ)− β(ζ)) : ∇2

xxϕ dE dt

≤C(β, d)ρ2γβθ−1

ˆ s

0

|v(t)|BV dt.

From the bound on E(|v(t)|BV ) in Theorem 8, let us denote bound on the temporal

integral by K(v0, s), where

K(v0, s) = K(v0, s, G, θ, ρ, d) ≥
ˆ s

0

|v(t)|BV dt.

Finally, recalling Lemmata 6 and 4, along with the preceding remark, we have the

bound:

E
(¨

ηρ(v − u)Jθ(x− y) dx dy

∣∣∣∣s
0

)
(2.53)

≤(C(d)‖∂uF − ∂uG‖L∞ + C(β, d)ρ2γβθ−1)K(v0, s)

+ (C(β, d)‖
√

A−
√

B‖L∞ργβθ−1 + n‖
√

A−
√

B‖2
L∞θ

−1)K(v0, s)

+ C(d)‖∂iF i − ∂iGi‖L∞ρ−1

ˆ s

0

¨
ηρ(v − u)Jθ(x− y) dx dy dt

+ C(d)‖∂2
uiG‖L∞

ˆ s

0

¨
ηρ(v − u)Jθ(x− y) dx dy dt

+ C1(G, d)ρκG1K(v0, s) + C2(G, d)θρ−1

ˆ s

0

¨
ηρ(v − u)Jθ(x− y) dx dy

+ min

[(
sup
r 6=0

|σ(r)− τ(r)|2

r1+θ

)
C‖u0‖1+θ

L1+θ

Cσρ
eCσs, s

‖σ − τ‖2
L∞

ρ
µ(Td)

]
+ Cτsρ

2λ−1µ(Td).

We have taken κG2 to be unity as required for the BV bound. Of course, we could have

chosen to take u to be the solution with BV initial data. This is a minor complication,

which can be overlooked by restricting our attention to κG2 = κF2 = 1.

Because it is quite cumbersome, we shall in this section denote by Λθ the quantity

Λθ =

(
sup
r 6=0

|σ(r)− τ(r)|2

r1+θ

)
C‖u0‖1+θ

L1+θ

Cσ
. (2.54)
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2.6.3 Continuous Dependence Estimate

In this subsection, we prove the full continuous dependence estimate. First we demon-

strate the estimate for the translation-invariant case, then we state prove the entire

theorem.

Translation Invariant Case

Let us take a pause and show that in the-translation invariant case, the continuous

dependence estimate reverts to the expected one (as suggested by (1.1), also in [21]).

In the translation invariant case, C2(G, d), ‖∂iF i−∂iGi‖L∞ , and ‖∂2
uiG‖L∞ are nought.

Also, from (2.50), we can take

K(v0, s) = sE(|v0|BV ).

Furthermore, since setting these quantities to nought in the estimate above, there is

no need to apply the Gronwall inequality, which leaves us free to apply the mollification

estimate, (2.52), immediately. Hence, we have

E
(ˆ

(v(y, ·)− u(x, ·))+ dx

∣∣∣∣s
0

)
≤Cρµ(Td) + 2θE(|v0|BV )

+ (C(d)‖∂uF − ∂uG‖L∞ + C(β, d)ρ2γβθ−1 + C1(G, d)ρκG1)sE(|v0|BV )

+ (C(β, d)‖
√

A−
√

B‖L∞ργβθ−1 + n‖
√

A−
√

B‖2
L∞θ

−1)sE(|v0|BV )

+ min

[
Λθ

ρ
eCσs, s

‖σ − τ‖2
L∞

ρ
µ(Td)

]
+ Cτsρ

2λ−1µ(Td).

For simplicity let us make the estimate

min

[
Λθ

ρ
eCσs, s

‖σ − τ‖2
L∞

ρ
µ(Td)

]
≤s‖σ − τ‖

2
L∞

ρ
µ(Td).

All that is left is a judicious choice of ρ and θ. To this end we set

ρ = θ = ‖
√

A−
√

B‖L∞
√
s+ ‖σ − τ‖L∞

√
s.

Since

θ−1 ≤ 1

‖
√

A−
√

B‖
√
s
, ρ−1 ≤ 1

‖σ − τ‖L∞
√
s
,
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we have

E
(ˆ

(v(x, ·)− u(x, ·))+ dx

∣∣∣∣s
0

)
(2.55)

≤Cρ(1 + E(|v0|BV ))

+ (C(d)‖∂uF − ∂uG‖L∞ + C(β, d)ρ2γβθ−1 + C1(G, d)ρκG1)sE(|v0|BV )

+ (C(β, d)‖
√

A−
√

B‖L∞ργβθ−1 + n‖
√

A−
√

B‖2
L∞θ

−1)sE(|v0|BV )

+ s
‖σ − τ‖2

L∞

ρ
µ(Td) + Cτsρ

2λ−1µ(Td)

≤Cρ(1 + E(|v0|BV ))

+ (C(d)‖∂uF − ∂uG‖L∞ + C(β, d)ρ2γβ−1 + C1(G, d)ρκG1)sE(|v0|BV )

+ (C(β, d)ργβ + n‖
√

A−
√

B‖L∞)
√
sE(|v0|BV )

+
√
s‖σ − τ‖L∞µ(Td) + Cτsρ

2λ−1µ(Td).

Full Continuous Dependence

In the non-translation invariant case, we do not make immediate use of the molli-

fication estimate, (2.52), but take Grownwall estimates first. Applying the Gronwall

estimate to (2.53), we arrive at

E
(¨

ηρ(v − u)Jθ(x− y) dx dy

∣∣∣∣
s

)
≤ exp

[(
C(d)‖∂iF i − ∂iGi‖L∞ρ−1 + C(d)‖∂2

uiG‖L∞ + C2(G, d)θρ−1
)
s
]

·
[
E
(¨

ηρ(v(y, 0)− u(x, 0))Jθ(x− y) dx dy

)
+

+ (C(d)‖∂uF − ∂uG‖L∞ + C(β, d)ρ2γβθ−1)K(v0, s)

+ (C(β, d)‖
√

A−
√

B‖L∞ργβθ−1 + n‖
√

A−
√

B‖2
L∞θ

−1)K(v0, s)

+ C1(G, d)ρκG1K(v0, s) + Cτsρ
2λ−1µ(Td)

+ min

[
Λθ

ρ
eCσs, s

‖σ − τ‖2
L∞

ρ
µ(Td)

] ]
Now we apply the mollification estimate (2.52), arriving at

E
(ˆ

(v(x, s)− u(x, s))+ dx

)
≤Cρµ(Td) + θ exp

(
C(d)‖∂2

uiG‖L∞s
)
(C2(G, d)s+ E(|v0|BV ))
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+ exp
[(
C(d)‖∂iF i − ∂iGi‖L∞ρ−1 + C(d)‖∂2

uiG‖L∞ + C2(G, d)θρ−1
)
s
]

·
[
E
(¨

ηρ(v(y, 0)− u(x, 0))Jθ(x− y) dx dy

)
+

+ (C(d)‖∂uF − ∂uG‖L∞ + C(β, d)ρ2γβθ−1)K(v0, s)

+ (C(β, d)‖
√

A−
√

B‖L∞ργβθ−1 + n‖
√

A−
√

B‖2
L∞θ

−1)K(v0, s)

+ C1(G, d)ρκG1K(v0, s) + Cτsρ
2λ−1µ(Td)

+ min

[
Λθ

ρ
eCσs, s

‖σ − τ‖2
L∞

ρ
µ(Td)

] ]
.

This proves our theorem.

Remark. Some remarks are in order. First, there is no reason that σ and τ should not

satisfy continuity conditions with different indices λσ and λτ , in which case λ in the

theorem statement above should read λτ .

More importantly the generalization A(u, x) behaves differently and additional dif-

ficulties present themselves. In particular, in considering the BV estimate, to get a

sense of the calculations, one might take the ith derivative of the entire equation (at

the bulk, non-kinetic level) and test it against η′ρ(∂iu). One cannot easily propose an

assumption on ∂iA(u, x) by which to bound the terms

ˆ
η′′ρ(∂iu)∂iA(u, x) : ∇u⊗∇(∂iu) dx,

because inevitably, second derivatives appear in the estimates.

2.7 Existence

2.7.1 Convergence in ε

Let uε0 be a collection of initial conditions that tend to u0 almost everywhere, almost

surely.

We show here that there is convergence in the solutions uε of the approximate

equations. From the continuous dependence estimates we have that the kinetic solutions

to

∂tu
ε = −∇ · F (uε, x) +∇ · ((A(uε) + εId)∇ · uε) + σ(uε)∂tW,
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and

∂tu
ε′ = −∇ · F (uε

′
, x) +∇ · ((A(uε

′
) + ε′Id)∇ · uε′) + σ(uε

′
)∂tW,

satisfy

E
(ˆ

(uε
′
(x, s)− uε(x, s))+ dx

)
≤Cρµ(Td) + θ exp

(
C(d)‖∂2

uiF‖L∞s
)
(C2(F, d)s+ E(|uε′0 |BV ))

+ exp
[(
C(d)‖∂2

uiF‖L∞ + C2(F, d)θρ−1
)
s
]

·
[
E
(¨

ηρ(u
ε′(y, 0)− uε(x, 0))Jθ(x− y) dx dy

)
+

+ (C(α, d)ρ2γαθ−1)K(uε
′

0 , s)

+ (C(α, d)|
√
ε−
√
ε′|ργαθ−1 + n|

√
ε−
√
ε′|2θ−1)K(uε

′

0 , s)

+ C1(F, d)ρκF1K(uε
′

0 , s) + Cσsρ
2λ−1µ(Td).

We see that we need ρ, θ → 0 as ε, ε′ → 0, as well as

θρ−1 <∞

ρ2γαθ−1 →0

|
√
ε−
√
ε′|ργαθ−1 →0

|
√
ε−
√
ε′|2θ−1 →0.

Since we have assumed 2γα > 1, simply take

ρ = |
√
ε−
√
ε′|, θ = |

√
ε−
√
ε′|.

Temporal L1-continuity

Following [10], we show that

E
(ˆ T−∆t

0

ˆ
(u(t+ ∆t, x)− u(t, x))+ dx dt

)
≤ CT (∆t)1/3

as ∆t→ 0.

67



Let us define the temporal difference

w(·, t) = u(·, t+ ∆t)− u(·, t).

From the definition of the kinetic solution, for a test function ϕ(ξ, x; t), we have the

equality:

〈ϕ, H̄(ξ − u(t+ ∆t))〉 − 〈ϕ, H̄(ξ − u(t))〉

=

ˆ t+∆t

t

〈∇ϕ, ∂uFH̄(· − u(s)〉 ds−
ˆ t+∆t

t

〈∂ξϕ, ∂iF iH̄(· − u(s))〉 ds

+

ˆ t+∆t

t

〈∇2ϕ : A, H̄(· − u(s))〉 ds−Mu(∂ξϕ× [t, t+ ∆t])

+
1

2

ˆ t+∆t

t

ˆ
Td
σ2(u(x, s))(∂ξϕ)(u(x, s), x; t) dx ds

+

ˆ t+∆t

t

ˆ d

T
ϕ(u(x, s), x)σ(u(x, s)) dx dWs.

where as in (2.24), the angle brackets represent integral in the spatial and kinetic

variables. As before H̄ = 1−H, and H is the Heaviside function.

We now choose a test function convex in the kinetic variable ξ, so that we can avail

ourselves of the sign of the defect measures in the effort to estimate the left-hand side.

We retain the positive part function in favour of the sign function used by [10].

Nevertheless inspired by [10], we use the test function:

ϕ(ξ, x, t) = (Jθ ∗ (sgn(w(·, t)))+)(x)η′ρ(ξ − u(t)),

where Jθ is again an approximation to the delta function centred at the origin, that

is smooth, non-negative, supported on Bθ(0), and has unit mass. Let ηρ : R → R
continue to be as in the construction given in (2.22). Notice that here, Φ(ξ, x, t) for

which ∂ξΦ = ϕ, is convex in the kinetic variable.

Integrating above in time from nought to T −∆t, we have the expression:

ˆ T−∆t

0

〈ϕ, H̄(ξ − u(t+ ∆t))〉 dt−
ˆ T−∆t

0

〈ϕ, H̄(ξ − u(t))〉 dt

=

ˆ T−∆t

0

ˆ t+∆t

t

〈∇ϕ, ∂uFH̄(· − u(s)〉 ds dt−
ˆ T−∆t

0

ˆ t+∆t

t

〈∂ξϕ, ∂iF iH̄(· − u(s))〉 ds dt
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+

ˆ T−∆t

0

ˆ t+∆t

t

〈∇2ϕ : A, H̄(· − u(s))〉 ds dt−
ˆ T−∆t

0

Mu(∂ξϕ× [t, t+ ∆t]) dt

+
1

2

ˆ T−∆t

0

ˆ t+∆t

t

ˆ
Td
σ2(u(x, s))(∂ξϕ)(u(x, s), x; t) dx ds dt

+

ˆ T−∆t

0

ˆ t+∆t

t

ˆ d

T
ϕ(u(x, s), x)σ(u(x, s)) dx dWs dt

+

ˆ T−∆t

0

〈ϕ, H̄(ξ − u(t+ ∆t))− |w(x, t)|〉 dt.

Notice that though the test function depends on u(t + ∆t), in the stochastic integral

above, one can integrate first in s, so all integrals are well-defined either in the sense of

Lebesgue-Stieljes or more generally in the sense of Itô, and adapted.

On the right-hand side, as can be seen from the presence of η′ρ(ξ − u(t)) in the

definition of ϕ, as ρ → 0, we expect 〈ϕ,H(ξ − u(t))〉 → 0. We have the following

estimate: ∣∣∣∣ˆ T−∆t

0

〈ϕ, H̄(ξ − u(t))〉 dt
∣∣∣∣ ≤ CTρ.

For the left-hand side, first we mention that as remarked previously,

Mu(∂ξϕ× [t, t+ ∆t]) ≥ 0.

We proceed to analyse the remaining parts of the left-hand side.

Flux Terms:

Assuming that ∂iF
i has linear growth in its kinetic argument, we have an Lp estimate

on u, and so,

E
(ˆ T−∆t

0

ˆ t+∆t

t

〈∇ϕ, ∂uFH̄(· − u(s)〉 ds dt
)

− E
(ˆ T−∆t

0

ˆ t+∆t

t

〈∂ξϕ, ∂iF iH̄(· − u(s))〉 ds dt
)

≤CT (∆t/θ + ∆t/ρ).

Parabolic Term:
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Assuming polynomial growth in the entries of A, we have the esimate:

E
(ˆ T−∆t

0

ˆ t+∆t

t

〈∇2ϕ : A, H̄(· − u(s))〉 ds dt
)

≤CT∆t/θ2.

Itô Correction Term:

Assuming linear growth in σ, we have an Lp estimate on u, so we also have the

estimate:

1

2
E
(ˆ T−∆t

0

ˆ t+∆t

t

ˆ
Td
σ2(u(x, s))(∂ξϕ)(u(x, s), x; t) dx ds dt

)
≤ CT∆t/ρ.

Noise term:

Using the Burkholder-Davis-Gundy inequality, and the Lp estimate on u, we have

the bound:

E
(ˆ T−∆t

0

ˆ t+∆t

t

ˆ d

T
ϕ(u(x, s), x)σ(u(x, s)) dx dWs dt

)
≤ CT

√
∆t

Mollification term: Using the fractional-BV estimate we derived, and supposing

that ∂iF were κ2-Hölder in its second (spatial) argument, we have as in Chen-Ding-

Karlsen,

E
(ˆ T−∆t

0

〈ϕ, H̄(ξ − u(t+ ∆t))〉 − (w(x, t))+ dt

)
≤E

(ˆ T−∆t

0

ˆ
Jθ(x− y)|w(x, t)− x(y, t)| dx dy dt

)
≤E

(ˆ T

0

ˆ
J(z)

ˆ
|u(x, t)− u(x− θz, t)| dx dt dz

)
≤CT θκ2 .

Conclusion:

Taking ρ = θ2, and θ = (∆t)α, we have the bound:

E
(ˆ T−∆t

0

|w(x, t)| dx dt
)
. (∆t)2α + (∆t)1−α + (∆t)1−2α + (∆t)1/2 + (∆t)κ2α.
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This allows us to optimize the inequality to

E
(ˆ T−∆t

0

|w(x, t)| dx dt
)
. (∆t)κ2/(2+κ2). (2.56)

Remark. In [10], the authors suggested that the optimal bound for the first-order con-

servation law should be (∆t)1/2. Supposing we have a BV bound in place of a fractional

BV bound, on the torus their suggestion holds true. In the second-order case, the pres-

ence of the second derivative gives us another power of θ−1, which under optimization,

in the presence of a spatial BV bound, gives us a bound of C(∆t)1/3.

2.7.2 Conclusion of the Existence Argument

In conclusion we follow [10] and show that we have proven the following existence

theorem,

Theorem 10 (Existence in Lp ∩ Nκ,1). Let all the assumptions (2.3) - (2.7) hold,

then there exists a kinetic solution of the stochastic anisotropic degenerate parabolic-

hyperbolic equation such that the fractional BV bound (2.48) holds.

Proof. For any fixed ε, we can mollify u0 into uε0 ∈ C∞ so that for any s, E(‖u‖2
Hs) is

bounded for any s, and

E (‖uε0‖Lp + |uε0|Nκ,1) ≤ E (‖u0‖Lp + |u0|Nκ,1) <∞.

Then, as in [10], using the arguments of Section 4 of Feng and Nualart [38], along

with the convergence results in this section, we can conclude that there is a convergent

subsequence uε(x, t) that converges almost everywhere almost surely to u(x, t).

Remark. [28], a different path to existence was taken, using martingale solutions and

the Krylov-Gyöngy mechanism whereby a weak (martingale) solution together with

pathwise uniqueness ensures strong existence, though a form of parabolic approximation

was still used (which in fact was alluded to in the final sections of [30]).
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Chapter 3

Invariant Measure for the

Anisotropic Degenerate

Parabolic-Hyperbolic Equation with

Additive Noise

In this chapter we shall extend the work of Debussche and Vovelle in [30] to the degen-

erate parabolic case, and show that as in the case of the first-order equation, the process

associated to the degenerate parabolic equation also has unique invariant measures. We

follow their schema closely.

The equation we consider is

∂tu+∇ · F (u) = ∇T · (A(u) · ∇u) + σ(x)∂tW,

The evolution occurs over the torus Td.
To begin with we assume that σ(x) is bounded on Td. In [30], Debussche and Vovelle

used a Hilbert-Schmidt operator in place of a simply bounded noise, taking σ(x) =∑
k gk(x)ek, and W =

∑
k ekβk, a cylindrical Wiener process, where βk are independent

Brownian motions, and (ek) are a complete orthonormal system in a Hilbert space. In

the analysis below the difference between using a cylindrical Wiener process or a one

dimensional Wiener driving noise is of little account. We elect to keep the calculation

simple and legible by taking σ(x)∂tW as our driving noise, where dWt is simply white
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noise. Nevertheless, as in [30], we assume that

ˆ
Td
σ(x) dx = 0,

and that

|σ(x)|2 ≤ D0, (3.1)

|σ(x)− σ(y)| ≤ D1|x− y|. (3.2)

This assumption ensures that the average of the solution over the torus,
´
u dx = 0.

This is important in order to rule out the drift of solutions off to infinity in norm even

though they may smoothen out to a constant, as expected in the deterministic case

[11]. We shall make further remarks on this in the following chapter.

3.1 Mechanism for Extracting an Invariant Mea-

sure

In this section we introduce the notion of an invariant measure.

3.1.1 Motivation

The notion of invariant measures on a dynamical system is quite direct. Let (X,Σ, µ)

be a measure space, and let S : X → X be a map. System (X,Σ, µ, S) is a measure-

preserving system if µ(S−1A) = µ(A) for any A ∈ Σ, and then µ is called an invariant

measure of map S.

On a random dynamical system (RDS), there is an added layer of complexity.

We follow the standard definitions in [1]; see [23] for further references on RDSs and

[39, 40] in a specifically parabolic SPDE context.

Let (Ω,F ,P) be a probability space, and let θt : Ω→ Ω be a collection of probability-

preserving maps. A measurable RDS on a measurable space (X,Σ) over quadruple

(Ω,F ,P, θt) is a map:

ϕ : R× Ω× X→ X

satisfying the following:
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(i) Measurability: that ϕ is B(R)⊗F ⊗ Σ-Σ measurable, and,

(ii) Cocycle property: that ϕ(t, ω) = ϕ(t, ω, ·) : X→ X is a cocyle over θ:

ϕ(0, ω) =idX,

ϕ(t+ s, ω) =ϕ(s, θtω)ϕ(t, ω).

We think of Ω × X → Ω as a fibre bundle with fibres X. On the bundle, we have

the skew product defined as Θ = (θ, ϕ). Then, again following [1], we can define the

invariant measure:

Definition 5 (Invariant Measure). An invariant measure on a random dynamical sys-

tem ϕ over θ is a probability measure µ on (Ω× X,F ⊗ Σ) satisfying

(Θt)∗µ = µ, πΩµ = P.

Any probability measure µ on Ω× X admits a disintegration,

µ(dω, du) = νω(du)P(dω).

A measure νω is stationary if

ϕ(t, ω)∗νω = νθtω.

A Markov invariant measure is an invariant measure for which map ω 7→ νω(Γ) is

F0 − B(R) measurable for any Γ ∈ B(X).

The disintegration of measures is unique, and there is a one-to-one correspondence

between a Markov invariant measure and a stationary measure [22, 74, 57]. Associated

with an invariant measure is a random attracting set, which is generalized from the

deterministic context [25, 24]. In the context of dissipative PDEs perturbed by noise, it

can be shown that the Hausdorff dimension of an attracting set is finite by estimating

by using global Lyapunov exponents, such as in [27].

3.1.2 Existence Machineries

There are several approaches to establish the existence of invariant measures. One

approach is the Krylov-Bogoliubov mechanism as we are going to discuss here. Another
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approach is via Khasminskii’s theorem ([94], §8.1 of [81]). Both of them are based on

the compactness property provided by the Prohorov’s theorem [95].

First we recall that a sequence of probability measures {λn} on a measure space X

is tight if for every ε > 0, there is a compact set Kε ⊆ X for which, uniformly in n,

λn(X\Kε) ≤ ε.

Then we can state Prohorov’s theorem as

Lemma 11 (Prohorov’s theorem). A tight sequence of probability measures λn is weak*

compact in the space of probability measures – that is, there exists a probability measure

λ and a subsequence (still denoted) λn such that λn
∗
⇀ λ.

Proof. Following [35], notice that by the Stone-Weierstraß Theorem, for every compact

K ⊆ X, C(K) = Cb(K) is separable. Let D be a countable dense subset of C(K).

Then, {{ˆ
fλn

}
f∈D

}
n≥1

is a sequence in the countable Cartesian product

∏
f∈D

[inf(f), sup(f)].

As its factors are metrizable, L is metrizable in the product topology. By Tychonoff’s

theorem, it is compact in the product topology. By sequential compactness, there is a

subsequence (λnk) such that ˆ
fλnk

converges for every f ∈ D. By the density of D, this can be extended to C(K).

It remains to extend C(K) to Cb(X) and to show the limit is a probability measure.

This calls for tightness.

For each r = 1, 2, ·, let Kr be the compact set for which λn(Kr) > 1− 1/r for every

n. Now let D(r) be a countable dense subset of C(Kr). Then{{ˆ
fλn

}
f∈D(r), r≥1

}
n≥1

75



is a sequence in the countable Cartesian product

∏
r≥1

∏
f∈D(r)

[inf(f), sup(f)].

In the product topology there is again convergent subsequence,

ˆ
Kr

fλnk ,

for every f ∈ Cb(X).

The limit of this subsequence is a linear functional L. By the Riesz(-Markov-

Kakutani) Representation Theorem, there is a measure λ such that L(f) =
´
fdλ.

To see that λ is a probability measure, we need but take f ≡ 1.

Let St : X→ X be the solution operator of a well-posed Cauchy problem, where X

is a complete, separable, metric space. Let Pt be the process associated with St, that

is, for any ϕ ∈ Cb(X), Ptϕ = ϕ ◦ St.
Furthermore, a process is said to be Feller if for every ϕ ∈ Cb(X), it holds that the

map

(t, x) ∈ [0,∞]× X 7→Ptϕ(x)

is continuous.

The Krylov-Bogoliubov Theorem was proven first in [8], and is as follows:

Theorem 12 (Krylov-Bogoliubov theorem). Let P be a Feller semigroup, and let µ

be a probability measure on X for which {P∗
t µ} is tight. Then there exists an invariant

measure for Pt.

In fact, the invariant measure generated by this theorem is the weak* limit of

νT =
1

T

ˆ T

0

P∗
t µ dt.

Thus, the tightness of {νT} is the key, which is ensured by the tightness assumption of

(P∗
t µ).

By the Prohorov theorem, the tight sequence has a weakly converging subsequence

(still denoted as) (νt) for t ranging over a unbounded subset of R. Let its limit be ν∗.
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Then

ˆ
X

ϕ(u)P∗
s ν∗(du) =

ˆ
X

(Psϕ)(u)ν∗(du)

= lim
t→∞

1

t

ˆ t

0

ˆ
X

(Psϕ)(u)(P∗
τµ)(du) dτ

= lim
t→∞

1

t

ˆ t

0

ˆ
X

ϕ(u)(P∗
τ+sµ)(du) dτ

= lim
t→∞

1

t

ˆ t

0

ˆ
X

ϕ(u)(P∗
τµ)(du) dτ

+ lim
t→∞

1

t

ˆ t+s

t

ˆ
X

ϕ(u)(P∗
τµ)(du) dτ

− lim
t→∞

1

t

ˆ s

0

ˆ
X

ϕ(u)(P∗
τµ)(du) dτ.

We require the Feller property to execute the second equality, as Psϕ has to remain

continuous. With this, the second and third summation after the last equality tend to

zero in the limit t→∞, as s is fixed.

3.1.3 Philosophy

We now illustrate the mechanism in which the Krylov-Bogoliubov theorem is usually

applied.

Let X be a Banach space of initial condition, from which the solution map St : X→ X

takes its value, and let Y be a Banach space such that there is a compact embedding

Y ↪→ X. Suppose St were compact for t > 0 so that

St(X) ⊆ Y for almost all t.

Let KR = {x ∈ X : ‖x‖Y ≤ R}. Since Y ↪→ X, KR is compact in X. Let f be any

suitable function satisfying f(·) ≥ ‖ · ‖Y .

In order to show the tightness of {νT}, we apply the Markov inequality to f . The

suitability is defined by the justifiability of the following calculation:

If f(·) ≥ ‖ · ‖Y, then f(u) ≤ R implies that ‖u‖Y ≤ R, which in turn implies that

u ∈ KR. Therefore, if u ∈ X \KR, then f(u) > R.
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The bound sought is then the following: For every ε, we can find R such that

νT (X \KR) ≤ νT ({f(u) > R})

≤ 1

R

ˆ
X

f(u)νT (du)

=
1

RT

ˆ T

0

ˆ
X

(Ptf)(u)µ(du) dt

≤ ε.

If µ = δu0 , then

1

RT

ˆ T

0

ˆ
X

(Ptf)(u)µ(du) dt =
1

RT

ˆ T

0

(Ptf)(u0) dt =
1

RT

ˆ T

0

f(u(t)) dt.

Therefore, if the temporal average is bounded:

1

T

ˆ T

0

f(u(t)) dt < C, (3.3)

then a compact set KR has been found such that νT (X \ KR) ≤ C/R, and {νT} are

tight. This implies the existence of an invariant measure. Our efforts in §3.2 will be to

show this bound for the degenerate parabolic-hyperbolic equation.

It is important to point out that, where the initial condition is u0, and the solution

is u(t), the conditions of the Krylov-Bogoliubov Theorem are satisfied if there is an

increasing collection of compact sets Km and finite times tm such that

sup
t≥tm

P({u(t) /∈ Km}|u(0) = u0)→ 0 as m→∞.

We shall make use of this condition to invoke the Krylov-Bogoliubov machinery.

All the above can be found neatly summarised also in §2.5.1 of [73].

Now St in our problem is Feller, by L1-contraction. We shall show that L1 balls are

mapped into sets of uniformly equicontinuous functions.

3.1.4 Methods for Establishing Uniqueness

It is well known that the invariant measures of a map form a convex set in the probability

space on X. By the Krein-Milman theorem, the convex set is the closure of convex
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combinations of its extreme points. These extreme points µ happen to be the ergodic

measures, which are characterised as the property that, for a measurable subset A ⊆ X,

µ((S−1A)∆A) = 0 ←→ µ(A) = 0 or µ(A) = 1,

where A∆B := (A \B) ∪ (B \ A)

Ergodic measures heuristically carve up the solution space into essentially disjoint

subsets, since any two ergodic measures of a process either coincide or are singular with

respect to one another. This is a simple consequence of the property stated above.

It also follows from the extremal property of ergodic measures that, if there are

more than one invariant measure, then there are at least two ergodic measures.

One common condition used to guarantee the uniqueness of an invariant measure is

the following:

Definition 6 (Strong Feller Property). A Markov transition semigroup Pt is strong

Feller at time t if Ptϕ is continuous for every bounded measurable ϕ : X→ R.

The strong Feller property guarantees the uniqueness of invariant measures [34, 64]

(see also [94], Theorem 5.2.1, and [82] and the references therein).

The strong Feller property always holds for transition semigroups of processes associ-

ated with nonlinear stochastic evolution equations with Lipschitz nonlinear coefficients

and nondegenerate diffusion, for example, see [92].

3.1.5 Coupling Method

The coupling method is a powerful tool in the probability theory introduced in Doeblin-

Fortet[33, 32] (also see [77] for a reference), which can be used to show the uniqueness

of invariant measures.

The general argument proceeds as follows: Let Xt be a Markov process with initial

distribution λ, and let Yt be an independent copy of that process but with an initial

distribution that is an invariant measure π. Then the first meeting time T is a stopping

time, and the process defined by

Zt =

Xt, t < T ,

Yt, t ≥ T
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is also a copy of Xt by the strong Markov property.

Write f∗ν := ν ◦ f−1 as the pushforward measure (sometimes also denoted f]ν).

Using the definition of Zt, we can write

P∗
t λ− π = (Zt)∗P− (Yt)∗P

= (1{t<T }Zt)∗P + (1{t≥T }Zt)∗P− (1{t<T }Yt)∗P− (1{t≥T }Yt)∗P

= (1{t<T }Zt)∗P− (1{t<T }Yt)∗P.

Then the total variation norm of P∗
t λ− π can be estimates as follows:

|P∗
t λ− π|TV ≤

ˆ
(1{t<T }Zt)∗P(du) +

ˆ
(1{t<T }Yt)∗P(du)

=P({t < T }).

If S can be shown to be almost surely finite, then, as t→∞, we see that P∗
t λ→ π,

and there is only one invariant measure.

In our application below, S will be slightly modified to be the time of entry into a

small ball.

First, we show in §3.3.2 that two solutions u and v enter a given ball in finite time,

almost surely. This is a stopping time. From this, by the strong Markov property, we

construct a sequence of increasing, almost surely finite stopping times in (3.27), which

are spaced at least T apart, for some T > 0 later to be fixed.

Then we will show in 3.3.3 that, for T > 0 well chosen, if a solution starts within

the same given ball and the noise is uniformly small in W 1,∞
x over a duration of length

T , then the temporal average of ‖u(t)‖L1
x

over that temporal interval can be taken to

be smaller than some ε. Since the noise is σ(x)W , the uniform smallness in W 1,∞
x over

an interval [T , T + T ] depends entirely on the size of W .

We see that, for T > 0, the probability that the change in noise remains small

between [T , T + T ] is strictly positive and, by the strong Markov property, we can re-

place T with any other stopping time, for example the one in the sequence constructed,

spaced at least T apart. Using the L1–contraction, we will show finally in §3.3.5 that

the probability that the difference between two solutions remain large for all intervals

[T , T +T ] with T in the sequence of increasing stopping times is bounded by the prob-

ability that over all such sequences the noise is large in W 1,∞. This must be vanishingly
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small, as the probability is strictly less than unity on each individual sequence.

3.2 Existence of Invariant Measures

Consider the kinetic formulation of the equation

∂tu+∇ · F (u) = ∇T · (A(u) · ∇u) + σ(x)∂tW, (3.4)

where A is symmetric, positive semi-definite, and σ has zero average over Td.
This is given by

∂tχu + (F ′(ξ) · ∇ −A(ξ) : ∇⊗∇)χu = ∂ξ(mu + nu − pu) + σ(x)δ(ξ − u)∂tW.

In order to handle the measures mu + nu − pu and qu, we need to regularize the

operators as in [30], but by adding γ(−∆)2α + θId to each side:

∂tχu + (F ′(ξ) · ∇ −A(ξ) : ∇⊗∇+ (γ(−∆)α) + θId)χu

= γ(−∆)αχu + ∂ξ(mu + nu − pu) + σ(x)δ(ξ − u)∂tW.

There are very specific reasons to include these regularizing operators. They are

present in order that the measure σ(x)δ(ξ − u) can be estimated. The spatial regular-

ization (−∆)α gives us a spatial bound, and θId gives us temporal decay.

Denoting by S(t) the semigroup

S(t)f(x) =e(−F ′(ξ)·∇+A(ξ):∇⊗∇−γ(−∆)α+θId)tf

=e−θt(etA(ξ):∇⊗∇−tγ(−∆)αf)(x− F ′(ξ)t).

Expressing the solution in the mild formulation,

χu =S(t)χu(ξ, x, 0) +

ˆ t

0

S(s)(γ(−∆)α − θId)χu(ξ, x, t− s) ds

+

ˆ t

0

S(t− s)∂ξ(mu + nu − pu)(s) ds+

ˆ t

0

S(t− s)σ(x)δ(ξ − u(s)) dWs,
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leads us to the decomposition,

u = u0 + u[ +M1 +M2, (3.5)

where,

u0(x, t) =

ˆ
S(t)χu(ξ, x, 0) dξ,

u[(x, t) =

ˆ ˆ t

0

S(s)(γ(−∆)α − θId)χu(ξ, x, t− s) ds dξ,

〈M1, ϕ〉 =

ˆ t

0

¨
S∗(s)ϕ∂ξ(mu + nu − pu)(t− s) ds dξ dx,

〈M2, ϕ〉 =

ˆ t

0

¨
S∗(t− s)ϕσ(x)δ(ξ − u(s)) dξ dx dWs.

The compactness argument is pinned on an averaging lemma, in the spirit of velocity

averaging-in-space. Velocity averaging is a technique whereby a genuine nonlinearity

condition, or a non-degeneracy condition on the nonlinearity, is shown to imply im-

proved fractional regularity of solutions, which with the compactness of the solution

operator are two pages of the same leaf. The history of velocity averaging is short but

fruitful, with contributions from many authors,

Golse, Perthame, Sentis [46] and Golse, Lions, Perthame, Sentis [45] proved veloc-

ity averaging results for ut + v · ∇u = f(x, v) for f ∈ Lp(dx ⊗ dµ(v)), showing that´
u(x, v)dµ(v) is in some Sobolev or Marcinkiewicz space. Di Perna, Lions, Meyer, [31]

used Littlewood-Paley theory to extend regularity results into Besov spaces. Lions,

Perthame Tadmor [79] applied velocity averaging techniques and kinetic formulation

of equations to one another, developing genuine nonlinearity conditions under which

higher regularity can be expected via velocity averaging in nonlinear transport equa-

tions. They also showed in [80] the limits of velocity averaging in the case of systems of

isentropic gas dynamics equations, where a purely kinetic formulation also cannot easily

be formulated. Bézard [7] extended the results of [31] to potential spaces. Gérard and

Golse [44] considered velocity averaging problems for more general equations of the form

P (x, v,Dx, Dv)u(x, v) = f(x, v) under a transversality condition. DeVore and Petrova

[105] using a wavelet approach, established the optimality of some averages in a Besov

space. Golse and S. Raymond [47] extended the results of [45] in L1 to any spatial di-

mensions. Jabin and Perthame [55] used a mixture of Fourier and real-variable methods
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to establish new averaging lemmas, and C. De Lellis and M. Westdickenberg [75] showed

the optimality of these by considering Burger’s equation with finite entropy dissipation.

Further using real variable methods involving the Riesz and Radon transforms, Jabin

and Vega [56] obtained some optimal regularity results in the time-independent case.

Tadmore, Tao [102] collected many previous results in the stationary (time-independent)

framework, and showed that there is a general harmonic analysis viewpoint from which

to understand velocity averaging; they also provide new regularity results for anisotropic

nonlinear degenerate diffusion, which we did not have time to incorporate here. The

following averaging argument follows in spirit from that of [9], used heavily in [30], but

differs in its application. It also bears mentioning that Lions, Perthame, and Sougani-

dis [78] also developed a class of averaging lemma for stochastic equations of the form,

ut + Ḃ(t) ◦ v · ∇u = f(v, x, t), where Ḃ(t) is white-in-time noise. We shall not be using

these here.

Since the regularizations γ(−∆)α + θId were added to estimate measures arising

from the stochastic term, we see that u[ also exists for this reason. The existence of

u[ requires a non-degeneracy condition with a rate of decay, unlike in the deterministic

case in [14] where it is enough that it tends to nought. This non-degeneracy condition

is given, in the style of [14], and requires

sup
n∈Rn
τ∈R

ˆ
(4π2A(ξ) : n⊗ n+ γ|n|2α + θ)

(2πF ′(ξ) · n+ τ)2 + (4π2A(ξ) : n⊗ n+ γ|n|2α + θ)2
dξ = O((γr ∨ 1)|n|−2α−b)

(3.6)

for some positive b > 0 possibly dependent on α as |n| → 0,

Let us explain why this makes sense. Dividing the top and bottom of the integrand

by |n|2, and splitting the integral into {ξ : A(ξ) : n̂⊗ n̂ = 0} and its complement, where

n̂ = n/|n|, we see that where the integral is finite,

ˆ
{ξ:A(ξ):n̂⊗n̂=0}

(γ|n|2α + θ)

(2πF ′(ξ) · n+ τ)2 + (γ|n|2α + θ)2
dξ

=

ˆ
{ξ:A(ξ):n̂⊗n̂=0}

|n|−1(γ|n|2α−1 + θ|n|−1)

(2πF ′(ξ) · n̂+ τ/|n|)2 + (γ|n|2α−1 + θ|n|−1)2
dξ,

and when non-linearity is such that, for example, that |F ′(ξ)| & |ξ|c with 1/2 < c < 1,
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as |ξ| → ∞, we have that the above is bounded by

(γ|n|2α−1 + θ|n|−1)1/c−1|n|−1

ˆ
r1/c−1

r2 + 1
dr ∼ Cγ1/c−1|n|(2α−1)(1/c−1)−1.

On the other hand, writing γ|n|2α−1 + θ|n|−1 as ω(n) = ω,

ˆ
{ξ:A(ξ):n̂⊗n̂>0}

(4π2A(ξ) : n⊗ n+ γ|n|2α + θ)

(2πF ′(ξ) · n+ τ)2 + (4π2A(ξ) : n⊗ n+ γ|n|2α + θ)2
dξ

=

ˆ
{ξ:A(ξ):n̂⊗n̂>0}

(4π2A(ξ) : n̂⊗ n̂+ ω|n|−1)

(2πF ′(ξ) · n̂+ τ/|n|)2 + (4π2|n|A(ξ) : n̂⊗ n̂+ ω)2
dξ,

and where the non-linearity is such that additionally, |A(ξ) : n̂⊗ n̂| ∼ |ξ|d, with

2c− d− 1 > 2s > 0,

(so that the integrand is integrable), then the integral can be bounded by

ˆ ∞
0

ω(|ξ|dω−1 + |n|−1)

ω2(ξ2cω−2 + |n|2ξ2d + 1
dξ

=

ˆ ∞
0

rdω−1+d + |n|−1

r2cω−2+2c + |n|2r2dω−2+2d + 1
dr,

where we used the substitution r = ξ/ω. We can split this integral up into parts

according as r2cω−2+2c or |n|2r2dω−2+2d is greater. These correspond to respective parts

where r is greater than or smaller than

K = |n|1/(c−d)ω−1 ∼ γ−1|n|1−2α+1/(c−d).

Therefore,

ˆ
{ξ:A(ξ):n̂⊗n̂>0}

(4π2A(ξ) : n⊗ n+ γ|n|2α + θ)

(2πF ′(ξ) · n+ τ)2 + (4π2A(ξ) : n⊗ n+ γ|n|2α + θ)2
dξ

≤
ˆ
r<K

rdω−1+d + |n|−1

|n|2r2dω−2+2d + 1
dr +

ˆ
r>K

rdω−1+d + |n|−1

r2cω−2+2c + 1
dr

≤
ˆ
rω1−1/d<Kω1−1/d

ω1/d−1 (rω1−1/d)d + |n|−1

|n|2(rω1−1/d)2d + 1
d(rω1−1/d) + C

ˆ
r>K

rdω−1+d

r2cω−2+2c
dr.
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As |n| → ∞, K →∞. These two integrals can be respectively bound by

ˆ
rω1−1/d<Kω1−1/d

ω1/d−1 (rω1−1/d)d + |n|−1

|n|2(rω1−1/d)2d + 1
d(rω1−1/d)

≤C
ˆ
rω1−1/d<Kω1−1/d

ω1/d−1 (rω1−1/d)d

|n|2(rω1−1/d)2d
d(rω1−1/d)

.|n|−2+(1−d)/(c−d)

.|n|−2s/(c−d),

and

C

ˆ
r>K

rdω−1+d

r2cω−2+2c
dr = Cω1+d−2cK1+d−2c = C|n|(1+d−2c)/(c−d) ≤ C|n|−2s/(c−d).

so that,

ˆ
{ξ:A(ξ):n̂⊗n̂>0}

(4π2A(ξ) : n⊗ n+ γ|n|2α + θ)

(2πF ′(ξ) · n+ τ)2 + (4π2A(ξ) : n⊗ n+ γ|n|2α + θ)2
dξ

=O((γ1/c−1 ∨ 1)|n|−2s/(c−d)∨((2α−1)(1/c−1)−1)). (3.7)

Apart from the non-degeneracy condition (3.6), we also require that

|F ′′(ξ)| . |ξ|+ 1, |A′(ξ)| . |ξ|+ 1. (3.8)

for the existence of invariant measures, and

|F ′′(ξ)| . 1, |A′(ξ)| . 1 (3.9)

for uniqueness.

The main theorem of this chapter is as follows:

Theorem 13. Let A, F satisfy the non-degeneracy condition (3.7)1, and also (3.8). As-

1 (post-viva addendum: This has since been improved to

η(ε1, ε2) = sup
τ∈R

n̂∈Sd−1

(¨
∂2

∂a∂b

[
2(a+ 1)

(a+ 1)2 + b2

]
· µ({ξ : A(ξ) : n̂⊗ n̂ ≤ ε1|} ∩ {ξ : |F ′(ξ) · n̂+ τ | ≤ ε2}) da db

)
≤ c1εb11 ε

b2
2

for some fixed c1 > 0, and 1 > b1, b2 ≥ 0, and |b1 + b2 − 1| < 1, as ε1, ε2 → 0.)
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sume also the boundedness and Lipschitz conditions (3.1) and (3.2) on the noise. Then

there exists an invariant measure for the anisotropic degenerate parabolic-hyperbolic

equation (3.4) in L1(Td).

Furthermore where the addition conditions (3.9) are imposed, the invariant measure

is unique.

3.2.1 Analysis of u0

Taking the Fourier transform in x and integrating ξ, we have

û0(n, t) =

ˆ
S(t)χ̂u(ξ, n, 0) dξ

ˆ T

0

|û0(n, t)|2 dt =

ˆ T

0

|S(t)χ̂u(ξ, n, 0) dξ|2 dt

≤
ˆ ∞
−∞

∣∣∣∣ˆ e−2πiF ′(ξ)·nt−(4π2A(ξ):n⊗n+γ|n|2α+θ)|t|χ̂u(ξ, n, 0) dξ

∣∣∣∣2 dt
=

ˆ ∞
−∞

∣∣∣∣ˆ F (e−2πiF ′(ξ)·n·−(4π2A(ξ):n⊗n+γ|n|2α+θ)|·|
)
χ̂u(ξ, n, 0) dξ

∣∣∣∣2 dτ,
where F is the Fourier transform in time taking t  τ , and the meanings of γ and θ

have changed slightly to include multiplies of 2π. This is the Plancherel theorem.

The Fourier transform is given by

F
(
e−2πiF ′(ξ)·n·−(4π2A(ξ):n⊗n+γ|n|2α+θ)|·|

)
=

4π2A(ξ) : n⊗ n+ γ|n|2α + θ

(2πF ′(ξ) · n+ τ)2 + (4π2A(ξ) : n⊗ n+ γ|n|2α + θ)2
,

and has the integral,

ˆ
R

4π2A(ξ) : n⊗ n+ γ|n|2α + θ

(2πF ′(ξ) · n+ τ)2 + (4π2A(ξ) : n⊗ n+ γ|n|2α + θ)2
dτ =

ˆ
R

1

1 + τ 2
dτ.

By Cauchy-Schwarz,

ˆ T

0

|û0(n, t)|2 dt ≤
ˆ ∞
−∞

∣∣∣∣ˆ F (e−2πiF ′(ξ)·n·−(4π2A(ξ):n⊗n+γ|n|2α+θ)|·|
)
χ̂u(ξ, n, 0) dξ

∣∣∣∣2 dτ
≤
ˆ ∞
−∞

ˆ ∣∣∣F (e−2πiF ′(ξ)·n·−(4π2A(ξ):n⊗n+γ|n|2α+θ)|·|
)∣∣∣ dξ

·
ˆ ∣∣∣F (e−2πiF ′(ξ)·n·−(4π2A(ξ):n⊗n+γ|n|2α+θ)|·|

)∣∣∣ |χ̂u(ξ, n, 0)|2 dξ dτ
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≤ sup
τ

ˆ
4π2A(ξ) : n⊗ n+ γ|n|2α + θ

(2πF ′(ξ) · n+ τ)2 + (4π2A(ξ) : n⊗ n+ γ|n|2α + θ)2
dξ

·
ˆ

1

1 + τ 2
dτ

ˆ
|χ̂u(ξ, n, 0)|2 dξ

≤C|n|−2α−b‖χ̂(·, n, 0)‖2
L2
ξ
.

Summing up in n ∈ Zd\{0}, along with the property that u0 has zero spatial average,

gives us [88],

ˆ T

0

‖u0(t)‖Hα+b/2 dt ≤ C‖u(0)‖L1
x
. (3.10)

3.2.2 Analysis of u[

The analysis of u[ proceeds similarly. Again, taking the spatial Fourier transform leads

to

û[(n, t) =

ˆ ˆ t

0

e(−2πiF ′(ξ)·n−4π2A(ξ):n⊗n−γ|n|2α)sγ|n|2αχ̂u(ξ, n, t− s) ds dξ,

so that,

ˆ T

0

|û[(n, t)|2 dt

=

ˆ T

0

∣∣∣∣ˆ t

0

ˆ
e(−2πiF ′(ξ)·n−4π2A(ξ):n⊗n−γ|n|2α−θ)s(γ|n|2α + θ)χ̂u(ξ, n, t− s) dξ ds

∣∣∣∣2 dt
=

ˆ T

0

∣∣∣∣ˆ t

0

e−(γ|n|2α+θ)s

ˆ
e(−2πiF ′(ξ)·n−4π2A(ξ):n⊗n−γ|n|2α/2−θ/2)s(γ|n|2α + θ)χ̂u(ξ, n, t− s) dξ ds

∣∣∣∣2 dt
≤
ˆ T

0

ˆ T

0

1{t−s≥0}(γ|n|2α + θ)

∣∣∣∣ˆ e(−2πiF ′(ξ)·n−4π2A(ξ):n⊗n−γ|n|2α/2−θ/2)sχ̂u(ξ, n, t− s) dξ
∣∣∣∣2 ds dt

≤
ˆ T

0

ˆ ∞
−∞

(γ|n|2α + θ)

∣∣∣∣ˆ F (e(−2πiF ′(ξ)·n·−(4π2A(ξ):n⊗n+γ|n|2α/2+θ/2)|·|
)
χ̂u(ξ, n, t) dξ

∣∣∣∣2 ds dt,
where again, F is the Fourier transform between the variables s τ .

By the same manipulations we have

ˆ T

0

|û[(n, t)|2 dt
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≤
ˆ T

0

ˆ ∞
−∞

(γ|n|2α + θ)

ˆ
F
(
e(−2πiF ′(ξ)·n·−(4π2A(ξ):n⊗n+γ|n|2α/2+θ/2)|·|

)
dξ

·
ˆ
F
(
e(−2πiF ′(ξ)·n·−(4π2A(ξ):n⊗n+γ|n|2α/2+θ/2)|·|

)
|χ̂u(ξ, n, t)|2 dξ ds dt

≤ sup
τ

ˆ
(4π2A(ξ) : n⊗ n+ γ|n|2α + θ)(γ|n|2α + θ)

(2πF ′(ξ) · n+ τ)2 + (4π2A(ξ) : n⊗ n+ γ|n|2α + θ)2
dξ

·
ˆ

1

1 + τ 2
dτ

ˆ T

0

ˆ
|χ̂u(ξ, n, t)|2 dξ dt

≤C|n|−b
ˆ T

0

‖χ̂(·, n, t)‖2
L2
ξ
dt.

Again, using the zero-spatial average property, and summing up in n ∈ Zd,

ˆ T

0

‖u(t)‖2

H
b/2
x

dx ≤ C

ˆ T

0

‖u(t)‖L1
x
dx. (3.11)

Next we turn to the analysis of the measures M1 and M2. In this we shall follow [30]

quite closely, as the only difference is the parabolic defect measure, which has the same

sign as the kinetic dissipation measure, and the magnitude of the kinetic dissipation

measure is never invoked in [30].

3.2.3 Analysis of M1

Recall first that

〈M1, ϕ〉 =

ˆ t

0

¨
S∗(s)ϕ∂ξ(mu + nu − pu)(t− s) ds dξ dx.

From

S(t)f(x) =e−θt(etA(ξ):∇⊗∇−tγ(−∆)αf)(x− F ′(ξ)t),

we can see that

∂ξ(S∗(t− s)h(ξ, x)) =(t− s)F ′′(ξ) · ∇(S∗(t− s)h) + A′(ξ) : ∇2(S∗(t− s)h) (3.12)

− S∗(t− s)∂ξh,
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so that integrating-by-parts, we have

〈M1, ϕ〉

=−
ˆ t

0

¨
∂ξ(S∗(s)ϕ)(mu + nu − pu)(t− s) dξ dx ds

=

ˆ t

0

¨
(t− s)F ′′(ξ) · ∇(S∗(t− s)ϕ)(mu + nu − pu)(t− s) dξ dx ds (3.13)

+

ˆ t

0

¨
A′(ξ) : ∇2(S∗(t− s)ϕ)(mu + nu − pu)(t− s) dξ dx ds.

Following [30], we prove a total variation estimate.

Lemma 14. Let u : Td × [0, T ]×Ω be a solution with initial datum u0. Let ψ ∈ Cc(R)

be any compactly supported continuous function, and Ψ =
´ s

0

´ r
0
ψ(t) dt dr. Then,

uE
(ˆ

Td×[0,T ]×R
ψ(ξ) d|mu + nu − pu|(ξ, x, t)

)
≤D0E(‖ψ(u)‖L1

x,t
) + E(‖Ψ(u0)‖L1

x
).

Proof. The proof is the same as that found in [30], and involves bounding |mu + nu −
pu| ≤ mu + nu + pu, so that

E
(ˆ T

0

¨
ψ(ξ)|mu + nu − pu|(dξ, dx, dt)

)
≤E

(ˆ T

0

¨
ψ(ξ)(mu + nu − pu)(dξ, dx, dt)

)
+ 2E

(ˆ T

0

¨
ψ(ξ)pu(dξ, dx, dt)

)
=E

(ˆ
Ψ(u) dx

∣∣∣∣0
T

)
+ E

(ˆ T

0

ˆ
σ2(x)ψ(u) dx dt

)
,

using the equation. Now, using the non-negativity of Ψ, we have

E
(ˆ T

0

¨
ψ(ξ)|mu + nu − pu|(dξ, dx, dt)

)
≤ E

(ˆ
Ψ(u0) dx

)
+E

(ˆ T

0

ˆ
D0ψ(u) dx dt

)
.

This estimate is quite crude as one doesn’t take the cancellation betwen the measures

mu + nu and pu, which are both non-negative, into account. But seeing as there is no

ready way to quantify mu + nu, this is the best possible at the moment.
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In addition to a total variation estimate, we also require the kernel estimate∥∥∥(−∆)β/2e(A:∇⊗∇−γ(−∆)α/2)t
∥∥∥
Lp→Lq

≤ C(γt)−d/α(p
−1−q−1)−β/α.

The reason that this is no improvement over the estimate for the operator less

etA:∇⊗∇ is that we have not specified how degenerate A is — it may well be simply the

zero matrix.

It is the use of this kernel estimate that necessitated the inclusion of the regulariza-

tions γ(−∆)α + θId.

By Young’s convolution inequality, we can then estimate as follows:

‖(−∆)β/2∇(S∗(t− s)ϕ)‖L∞x ≤C(γ(t− s))−(β+1)/(2α)−d(1/(2α)−1/(2αp′))e−δ(t−s)‖ϕ‖
Lp
′
x

‖(−∆)β/2∇2(S∗(t− s)ϕ)‖L∞x ≤C(γ(t− s))−(β+2)/(2α)−d(1/(2α)−1/(2αp′))e−δ(t−s)‖ϕ‖
Lp
′
x
.

Importantly the constants C are independent of γ and θ.

Inserting these estimates into (3.13), we have the estimate

E
(ˆ T

0

〈(−∆)β/2M1, ϕ〉 dt
)

=E
[ˆ T

0

ˆ t

0

¨
[(−∆)β/2F ′′(ξ) · ∇(S∗(t− s)ϕ)(mu + nu − pu)(t− s) dξ dx ds dt

+

ˆ T

0

ˆ t

0

¨
(−∆)β/2A′(ξ) : ∇2(S∗(t− s)ϕ)](mu + nu − pu)(t− s) dξ dx ds dt

]
≤E

(ˆ T

0

ˆ
‖(−∆)β/2∇(S∗(t− s)ϕ)‖∞(t− s)|F ′′(ξ)||mu + nu − pu|(dξ, dx, ds) dt

)
+ E

(ˆ T

0

ˆ
‖(−∆)β/2∇(S∗(t− s)ϕ)‖∞|A′(ξ)||mu + nu − pu|(dξ, dx, ds) dt

)
,

Let

µ = −β + d+ 1

2α
+

d

2αp′
.

By the presence of the factor e−θ(t−s), we can bound the outer temporal integral as

well, arriving at

E
(ˆ T

0

〈(−∆)β/2M1, ϕ〉 dt
)
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≤
ˆ T

0

γ−1(γτ)µ+1e−θτ dτ E
(ˆ

R×Td×[0,T ]

‖ϕ‖Lp|F ′′(ξ)||mu + nu − pu|(dξ, dx, ds)
)

+

ˆ T

0

(γτ)µ−1/(2α)e−θτ dτ E
(ˆ

R×Td×[0,T ]

‖ϕ‖Lp|A′(ξ)||mu + nu − pu|(dξ, dx, ds)
)

≤γ−2
(γ
θ

)µ+2

|Γ(µ+ 2)| E
(ˆ

R×Td×[0,T ]

‖ϕ‖Lp |F ′′(ξ)||mu + nu − pu|(dξ, dx, ds)
)

+ γ−1
(γ
θ

)µ+1−1/2α

|Γ (µ+ 1− 1/(2α))| E
(ˆ

R×Td×[0,T ]

‖ϕ‖Lp |A′(ξ)||mu + nu − pu|(dξ, dx, ds)
)
.

By duality, the total variation estimate, and the sublinearity of F ′′ and A′, we have

the estimate

E(‖M1‖L1
tW

β,p′
x

)

≤γ−2
(γ
θ

)µ+2

|Γ(µ+ 2)| E
(ˆ

R×Td×[0,T ]

|F ′′(ξ)||mu + nu − pu|(dξ, dx, ds)
)

+ γ−1
(γ
θ

)µ+1−1/2α

|Γ (µ+ 1− 1/(2α))| E
(ˆ

R×Td×[0,T ]

|A′(ξ)||mu + nu − pu|(dξ, dx, ds)
)

≤C
[
γ−2

(γ
θ

)µ+2

|Γ(µ+ 2)|+ γ−1
(γ
θ

)µ+1−1/2α

|Γ (µ+ 1− 1/(2α))|
]

·
(

1 +

ˆ T

0

E(‖u(t)‖L1
x
) dt+ E‖u0‖3

L3

)
. (3.14)

Here we choose γ and θ such that

C

[
γ−2

(γ
θ

)µ+2

|Γ(µ+ 2)|+ γ−1
(γ
θ

)µ+1−1/2α

|Γ (µ+ 1− 1/(2α))|
]
≤ 1

4
.

3.2.4 Analysis of M2

〈M2, ϕ〉 =

ˆ t

0

¨
ϕS(t− s)σ(x)δ(ξ − u(s)) dξ dx dWs.

We again invoke the kernel estimate. In fact it is here that the kernel estimate

becomes indispensable. In the stochastic setting, with a forcing term given by σ(x)δ(ξ−
u(x, t))∂tW , which does not easily lend itself to the spacetime Fourier transform, one

cannot simply take the Fourier transform on both sides, so that on the left-side one has
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(as we do),

(i(τ + F ′(ξ) · n) + A(ξ) : n⊗ n)χ̂,

and (i(τ + F ′(ξ) · n) + A(ξ) : n⊗ n) can simply be divided out, with a certain genuine

non-linearity/ non-degeracy condition [11, 79, 102]. One has to find a way to handle

the forcing term. In this we follow [30].

Expanding the effect of the semigroup, we have

ˆ t

0

ˆ
Td
e−θ(t−s)ϕe(A(ξ):∇⊗∇−γ(−∆)α)(t−s)σ(x− F ′(u(s))(t− s)) dx; dWs.

Since σ is bounded in R, we see that σ(· − F ′(u(·, s))(t− s)) is bounded in x.

The kernel estimate then gives

‖e−θ(t−s)ϕe(A(u):∇⊗∇−γ(−∆)α)(t−s)σ(· − F ′(u(·, s))(t− s))‖Hβ

≤ C(γ(t− s))β/(2α)‖e(A(u):∇⊗∇(t−s)−2πiF ′(u)·∇σ(·)‖L2

≤ C(γ(t− s))β/(2α)‖σ‖L2 ,

just as in [30], and in the same way,

E

(∥∥∥∥ˆ t

0

ˆ
S(t− s)σ(x)δ(ξ − u(x, s)) dξ dWs

∥∥∥∥2

Hβ

)
≤ CD0γ

−β/αθβ/α−1 |Γ (1− β/α)| .

Hence we have

E
(
‖M2‖2

Hβ

)
≤ CD0γ

−β/αθβ/α−1 |Γ (1− β/α)| .

3.2.5 Conclusion of the existence argument

There is some W s,q into which Hb/2 and Hβ embed.

From (3.10) and (3.11), we have

E(‖u0 + u[ +M2‖2
L2
tW

s,q
x

) ≤‖u(0)‖L1 + ‖u‖L1([0,T ],L1
x) + CT,

and Jensen’s inequality,

1

T
E2(‖u0 + u[ +M2‖L1

tW
s,q
x

) ≤E(‖u0 + u[ +M2‖2
L2
tW

s,q
x

)
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E2(‖u0 + u[ +M2‖L1
tW

s,q
x

) ≤T (‖u(0)‖L1 + ‖u‖L1([0,T ],L1
x) + CT )

E(‖u0 + u[ +M2‖L1
tW

s,q
x

) ≤C(‖u(0)‖L1
x

+ T ) +
1

4
‖u‖L1([0,T ],L1

x),

by Young’s inequality.

From (3.14), we further have

E
(
‖M1‖L1([0.T ],Wβ,p′

x )

)
≤ 1

4
(1 + E(‖u‖L1([0,T ],L1

x)) + E(‖u0‖3
L3
x
).

Now choosing (β, p′) such that W β,p′ ↪→ W s,q allows us to write

E
(
‖u‖L1([0,T ],W s,q

x )

)
≤ C(α, β, γ, θ, d,D0)(1 + ‖u(0)‖3

L3
x

+ T ) +
1

2
‖u‖L1([0,T ],L1

x).

By the continuous embedding W s,q
x ↪→ L1

x,

E
(
‖u‖L1([0,T ],W s,q

x )

)
≤ C(α, β, γ, θ, d,D0)(1 + ‖u(0)‖3

L1
x

+ T ), (3.15)

and we have used the inequality:

‖u(0)‖L1(Td) ≤
(

1 + ‖u(0)‖3
L1(Td)

)
≤
(

1 + C‖u(0)‖3
L3(Td)

)
.

Since W s,q is compactly embedded in L1 for q ≥ 1, by the Krylov-Bogoliubov

mechanism (§3.1.3), an invariant measure exists.

3.3 Uniqueness of Invariant Measure

Next we turn to the more central issue of recurrence – in this we follow section 4.1 of [30]

closely. In this we follow §4 of [30] quite closely, but we have a more general discussion

on uniqueness of invariant measures in§4.3.2. We shall show first that solutions enter a

fixed ball in almost surely finite time. In the next section, we shall show that solutions

enter an arbitrarily small ball if the noise is small enough.

First we prove the lemma,

Lemma 15. There is a radius κ, dependent on the initial conditions, and an almost

surely finite stopping time τ for which a solution enters Bκ(0) ⊆ L1(Td) in time τ .
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3.3.1 Proof

Let u(t) and v(t) be solutions with initial conditions u0 and v0, respectively.

We partition time by defining the time steps,

t0 =0

tj+1 =tj + rj,

where the durations rj are constants to be determined.

In all the rest of this subsection, we follow almost exactly the development in §4.1

of [30].

Now define the events

Aj =

{
inf

s∈[tl,tl+1]
(‖u(s)‖L1

x
+ ‖v(s)‖L1

x
) ≥ 2κ, l = 0, . . . , j − 1

}
. (3.16)

We fix the constant κ later.

By the Markov property, as well as by Markov’s inequality,

P
(

inf
s∈[tj ,tj+1]

(‖u(s)‖L1
x

+ ‖v(s)‖L1
x
) ≥ 2κ

∣∣∣∣Ftj

)
≤P

(
1

rj

ˆ tj+rj

tj

(‖u(s)‖L1
x

+ ‖v(s)‖L1
x
) ds ≥ 2κ

∣∣∣∣∣Ftj

)

≤E

(
1

2rjκ

ˆ tj+rj

tj

(‖u(s)‖L1
x

+ ‖v(s)‖L1
x
) ds

∣∣∣∣∣Ftj

)
.

Now this expectation can be bounded by (3.15), which reads:

1

2

 T

0

E
(
‖u(s)‖L1(Td)

)
ds ≤ C(α, β, γ, θ, d,D0)(1 + ‖u(0)‖3

L3
x

+ T ). (3.17)

By the temporal translation invariance of the equation, we also have

E

( tj+rj

tj

‖u(s)‖L1(Td) ds

∣∣∣∣∣Ftj

)
≤ 2C

(
1 +

1

rj
+

1

rj
‖u(tj)‖3

L3
x

)
. (3.18)
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With the corresponding estimate for v, we can write

E

( tj+rj

tj

‖u(s)‖L1(Td) + ‖v(s)‖L1(Td) ds

∣∣∣∣∣Ftj

)
≤ κ

rj

(
rj + 1 + ‖u(tj)‖3

L3
x

+ ‖v(tj)‖3
L3
x

)
.

(3.19)

We identify this “κ” with the one in (3.16). In the following, κ will not change from

line to line.

In order to use (3.18), we turn to estimating ‖u(tj)‖3
L3 .

Testing the equation against Φ′, where Φ(r) = |r|3 and integrating in space, we get

‖u(t)‖3
L3 ≤ ‖u0‖3

L3 + 3

ˆ t

0

ˆ
sgn(u)|u|2σ(x) dx dWs + 3

ˆ t

0

ˆ
|u|σ2(x) dx ds. (3.20)

Hence, appealing to (3.19),

P
(

inf
s∈[tj ,tj+1]

(‖u(s)‖L1
x

+ ‖v(s)‖L1
x
) ≥ 2κ

∣∣∣∣Ftj

)
≤E

(
1

2rjκ

ˆ tj+rj

tj

‖u(s)‖L1
x

+ ‖v(s)‖L1
x
ds

∣∣∣∣∣Ftj

)
≤ 1

2rj

(
rj + 1 + ‖u(tj)‖3

L3
x

+ ‖v(tj)‖3
L3
x

)
≤ 1

2rj

[
rj + 1 + ‖u0‖3

L3 + 3

ˆ tj

0

ˆ
sgn(u)|u|2σ(x) dx dWs + 3

ˆ tj

0

ˆ
|u|σ2(x) dx ds

]
+

1

2rj

[
‖v0‖3

L3 + 3

ˆ tj

0

ˆ
sgn(v)|v|2σ(x) dx dWs + 3

ˆ tj

0

ˆ
|v|σ2(x) dx ds

]
≤ 1

2rj

[
rj + 1 + ‖u0‖3

L3 + ‖v0‖3
L3 + 3D2

0

ˆ tj

0

‖u(s)‖L1 ds+ 3D2
0

ˆ tj

0

‖v(s)‖L1 ds

]
+

1

2rj

[
3

ˆ tj

0

ˆ
sgn(u)|u|2σ(x) dx dWs + 3

ˆ tj

0

ˆ
sgn(v)|v|2σ(x) dx dWs

]
.

Following [30], we choose rj to satisfy two criteria – the first of which is

1

2rj
(‖u0‖3

L3
x

+ ‖v0‖3
L3
x

+ 1) ≤ 1

8
. (3.21)
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Next we multiply through by χAj and take expectations so that

P(Ak+1) ≤5

8
P(Aj) +

3D2
0

2rj
E
[ˆ tj

0

‖u(s)‖L1 ds χAj +

ˆ tj

0

‖v(s)‖L1 ds χAj

]
+

1

2rj
E
[
3

ˆ tj

0

ˆ
sgn(u)|u|2σ(x) + sgn(v)|v|2σ(x) dx dWs χAj

]
.

Using the Cauchy-Schwarz inequality we have

3D2
0

2rj
E
[ˆ tj

0

‖u(s)‖L1 ds χAj +

ˆ tj

0

‖v(s)‖L1 ds χAj

]
(3.22)

≤C
rj
E1/2

[(ˆ tj

0

‖u(s)‖L1 + ‖v(s)‖L1 ds

)2
]
P1/2(Aj)

≤C
r2
j

E

[(ˆ tj

0

‖u(s)‖L1 + ‖v(s)‖L1 ds

)2
]

+
1

16
P(Aj).

With the Itô isometry, we also have

1

2rj
E
[
3

ˆ tj

0

ˆ
sgn(u)|u|2σ(x) dx dWs χAj + 3

ˆ tj

0

ˆ
sgn(v)|v|2σ(x) dx dWs χAj

]
≤C
rj

[
E
(ˆ tj

0

‖u(s)‖4
L2 + ‖v(s)‖4

L2

)]1/2

P1/2(Aj)

≤C
r2
j

[
E
(ˆ tj

0

‖u(s)‖4
L2 + ‖v(s)‖4

L2

)]
+

1

16
P(Aj).

By the Itô formula, we have the following bounds to the above:

E
(
‖u(s)‖2

L2
x

)
≤E

(
‖u0‖2

L2
x

+

ˆ s

0

ˆ
σ2(x) dx dr

)
(3.23)

≤E
(
‖u0‖2

L2
x

)
+D2

0µ(Td)t.

By a repeated application of Itô’s formula, we further get

E
(
‖u(s)‖4

L2
x

)
≤E

(
‖u0‖4

L2
x

+ 6D2
0µ(Td)

ˆ s

0

‖u(r)‖2
L2
x
dr

)
(3.24)

≤E
(
‖u0‖4

L2
x

+ 6D2
0µ(Td)‖u0‖2

L2
x
t
)

+ 6D4
0µ

2(Td)t2

≤E
(

2‖u0‖4
L2
x

)
+ 15D4

0µ
2(Td)t2,
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and a corresponding bound holds for v. Adding the bound above to that corresponding

bound for v, and integrating in time we have

E
(ˆ tj

0

‖u(s)‖4
L2 + ‖v(s)‖4

L2

)
≤ C

(
tjE
(
|u0‖4

L2
x

+ ‖v0‖4
L2
x

)
+ t3j

)
.

Again, µ(Td) is the Lebesgue measure of Td.
Also, returning to (3.22), using Jensen’s inequality and (3.23), we similarly have

E

[(ˆ tj

0

‖u(s)‖L1 + ‖v(s)‖L1 ds

)2
]
≤C

(
t2jE
(
‖u0‖2

L2
x

+ ‖v0‖2
L2
x

)
+ t3j

)
.

Bringing the previous few calculations together we have

P(Ak+1) ≤3

4
P(Aj) +

C

r2
j

(
t2jE
(
‖u0‖2

L2 + ‖v0‖2
L2

)
+ t3j

)
+
C

r2
j

(
tjE
(
|u0‖4

L2
x

+ ‖v0‖4
L2
x

)
+ t3j

)
≤3

4
P(Aj) +

C

r2
j

[
E
(
‖u0‖4

L2
x

+ ‖v0‖4
L2
x

)
tj + t3j

]
.

Now atop one criterion for the choices of rj given in (3.21), we stipulate another —

that

C

r2
j

[
E
(
‖u0‖4

L2
x

+ ‖v0‖4
L2
x

)
tj + t3j

]
≤
(

3

4

)j
.

These criteria are compatible with one another, and these choices yield the telescop-

ing bound:

P(Aj+1) ≤ 3

4
P(Aj) +

3

4
,

so that,

P(Aj) ≤ j

(
3

4

)j−1

.

Now the Borel-Cantelli Lemma implies that

j0 = inf

{
j ≥ 0 : inf

s∈[tl,tl+1]
(‖u(s)‖L1

x
+ ‖v(s)‖L1

x
) ≤ 2κ

}
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is almost surely finite. Which in turn implies that the stopping time

τu,v(B2κ(0)) = inf {t ≥ 0 : ‖u(t)‖L1 + ‖v(t)‖L2 ≤ 2κ} (3.25)

is almost surely finite, by the bound

τu,v(B2κ(0)) ≤ tj0+1.

Remark. It follows that the recursively defined sequence of stopping times, with τ0 = 0,

and

τl = inf{t ≥ τl−1 + T : ‖u(t)‖L1 + ‖v(t)‖L1 ≤ 2κ} (3.26)

are also almost surely finite.

3.3.2 Uniqueness I: Finite Time to Enter a Ball

To show uniqueness we first show that solutions enter a certain ball in L1
x in finite time

almost surely. Then we show that solutions starting on a fixed ball enter arbitrarily

small balls if the noise is sufficiently small in W 1,∞. This allows us to conclude, since

the noise is sufficiently small for any given duration with positive probability, that any

pair of balls enter an arbitrarily small ball of one another. This is the property of

recurrence discussed in §3.1.5, and implies the uniqueness of invariant measure. In

showing recurrence we follow §4 of [30] quite closely.

The following lemma is proved in exactly the same way as it was in [30], via a

Borel-Cantelli argument.

Lemma 16. There is a radius κ, dependent on the initial conditions, and an almost

surely finite stopping time T for which a solution enters Bκ(0) ⊆ L1(Td) in time T .

The proof uses the coupling method, where v is another solution to the same equa-

tion with initial condition v(0) = v0. It furnishes us with the recursively defined

sequence of stopping times, with T0 = 0, and,

Tl = inf{t ≥ Tl−1 + T : ‖u(t)‖L1 + ‖v(t)‖L1 ≤ 2κ} (3.27)

which are also almost surely finite.
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3.3.3 Uniqueness II: Bounds with small noise

Finally we prove the lemma,

Lemma 17. For any ε > 0, there are T > 0 and η > 0 such that, for initial conditions

u0 satisfying,

‖u0‖L1
x
≤ 2κ,

and noise satisfying,

sup
t∈[0,T ]

‖σW‖W 1,∞ ≤ η,

one has,

 T

0

‖u(t)‖L1
x
dt ≤ ε,

where we have used the symbol
ffl

to denote the averaged integral.

Our estimates differ somewhat from [30] in that we use a kernel estimate on v]F +v]A

instead of velocity averaging techniques, because we need to handle the extra derivative.

Of course, this method can also be applied to the first order case, and eliminate the

need to estimate the average
ffl
v] dx that needed to be done in [30].

Following [30], Where u is a solution to

∂tu+∇ · F (u) +∇ · (A(u) · ∇u) = σ(x)∂tW,

with initial condition u(0) = u0, let ũ be the solution to the same equation with initial

condition ũ0 for which

‖u0 − ũ0‖L1 ≤ ε

8
, ‖ũ0‖L2 ≤ Cκε−d/2,

which can be found by convolving u0 with a mollifying kernel. Here “κ” is the “κ” of

Lemma 16.

Let us consider the difference between the solution and the noise v = ũ − σ(x)W ,

which is a kinetic solution to

∂tv = −∇ · F (v + σ(x)W ) +∇ · (A(v + σ(x)W ) · ∇(v + σ(x)W )).
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The kinetic formulation for this equation can be derived as in (2.10):

∂tχv + F ′(ξ) · ∇χv −A(ξ) : ∇2χv (3.28)

=(F ′(ξ)− F ′(ξ + σ(x)W )) · ∇χv −∇ · ((A(ξ)−A(ξ + σ(x)W )) · ∇χv)

− F ′(ξ + σ(x)W )δ(ξ − v) · ∇σ(x)W +∇ · (A(ξ + σ(x)W )δ(ξ − v) · ∇σ(x)W )

− ∂ξ(δ(ξ − v)A(ξ + σ(x)W ) : ∇σ(x)W ⊗∇σ(x)W )

+ ∂ξ(mu +Nu).

A notable difference here is that the parabolic defect measure is not (as perhaps

might be expected) the limit of

δ(ξ − (vε + σ(x)W ))A(ξ) : ∇(vε + σW )⊗∇(vε + σ(x)W ),

but rather the limit of

N ε
u =δ(ξ − vε)A(ξ + σ(x)W ) : ∇vε ⊗∇vε (3.29)

+ δ(ξ − vε)A(ξ + σ(x)W ) : ∇(σ(x)W )⊗∇(σ(x)W )

+ δ(ξ − vε)A(ξ + σ(x)W ) : ∇vε ⊗∇σ(x)W.

The asymmetry in the cross term in failing to contain both∇v⊗∇σ(x)W and∇σ(x)W⊗
∇v arises from the fact that the convex entropy used is rightly Φ(v) instead of Φ(v +

σW ). One of the key insights in [13] was that using the symmetry and non-negativity

of A, A can be written as the square of another symmetric, positive semi-definite ma-

trix, and (3.29) is non-negative. The limit of N ε
u is the non-negative parabolic defect

measure Nu.

As before we insert regularizing operators on both sides, being γ(−∆)α + θId.

Again, we can decompose the solution into various components as follows:

〈v(t), ϕ〉 = 〈v0 + v[ + v]F + v]A +MF +MA +M1 +M2, ϕ〉,

with,

v0(x) =

ˆ
S(t)χv(ξ, x, 0) dξ,
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v[(x) =

ˆ ˆ t

0

S(s)(Bγ + θId)χv(ξ, x, t− s) ds dξ,

v]F (x) =

ˆ ˆ t

0

S(t− s)(F ′(ξ)− F ′(ξ + σ(x)W )) · ∇χv(ξ, x, s) ds dξ,

v]A(x) =−
ˆ ˆ t

0

S(t− s)∇ · ((A(ξ)−A(ξ + σ(x)W )) · ∇χv(ξ, x, s)) ds dξ,

〈MF , ϕ〉 =−
ˆ ˆ t

0

F ′(v + σ(x)W ) · ∇σ(x)W (S∗(t− s)ϕ)(x, v(x, s)) ds dx,

〈MA, ϕ〉 =−
ˆ ˆ t

0

(A(v + σ(x)W ) : ∇σ(x)W ⊗∇(S∗(t− s)ϕ)(v(x, s), x) ds dx,

〈M1, ϕ〉 =−
ˆ ˆ t

0

ˆ
∂ξ(S∗(t− s)ϕ)d(mu +Nu)(ξ, x, s),

〈M2, ϕ〉 =

ˆ ˆ t

0

∂ξ(S∗(t− s)ϕ)(v(x, s), x)A(v + σ(x)W ) : ∇σ(x)W ⊗∇σ(x)W dξ ds dx.

Now we estimate these integrals one after another, which we do with slight variations

on[30].

We have the familar

ˆ T

0

‖v0(t)‖2
Hα
x
dt ≤ Cγr‖u0‖L1

x
,

and ˆ T

0

‖v[(t)‖2
L2
x
dt ≤ Cγr+1

ˆ T

0

‖v(t)‖L1
x
dt

from velocity averaging arguments, where |r| < 1 (we see that there is an extra power

of γ in the second estimate from thos arguments, no matter what r might be).

These imply that

 T

0

‖v0‖L1
x
dt ≤CT−1/2γr/2‖u0‖1/2

L1
x

(3.30)

 T

0

‖v[(t)‖L1
x
dt ≤Cγ(r+1)/2

( T

0

‖v(t)‖L1
x
dt

)1/2

. (3.31)

Analysis of v]·

Next for v]F and v]A, we use the fact that

(F ′(ξ)− F ′(ξ + σ(x)W )) · ∇χv(ξ, x, s) =∇ · ((F ′(ξ)− F ′(ξ + σ(x)W ))χv(ξ, x, s))
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− (F ′′(ξ + σ(x)W ) · ∇σ(x))χv(ξ, x, s)W

(A(ξ)−A(ξ + σ(x)W ) · ∇χv(ξ, x, s) =∇ · ((A(ξ)−A(ξ + σ(x)W ))χv(ξ, x, s))

− (A′(ξ + σ(x)W ) · ∇σ(x))χv(ξ, x, s)W.

In [30], v]· were taken care of by velocity averaging methods. It seems we can apply

the kernel estimates for the same purpose. Let ϕ ∈ L2 be any test function. Let 〈·, ·〉
be the pairing in L2.

〈v]F (t), ϕ〉 =

¨ ˆ t

0

ϕS(t− s)∇ · ((F ′(ξ)− F ′(ξ + σ(x)W ))χv(ξ, x, s)) ds dξ dx

−
¨ ˆ t

0

ϕS(t− s)((F ′′(ξ + σ(x)W ) · ∇σ(x)W )χv(ξ, x, s)) ds dξ dx

=

¨ ˆ t

0

∇(S∗(t− s)ϕ) · ((F ′(ξ)− F ′(ξ + σ(x)W ))χv(ξ, x, s)) ds dξ dx

−
¨ ˆ t

0

S∗(t− s)ϕ((F ′′(ξ + σ(x)W )) · ∇σ(x)Wχv(ξ, x, s)) ds dξ dx

And likewise,

〈v]A, ϕ〉 =

¨ ˆ t

0

ϕS(t− s)∇2 : ((A(ξ)−A(ξ + σ(x)W ))χv(ξ, x, s)) ds dξ dx

−
¨ ˆ t

0

ϕS(t− s)∇ · (A′(ξ + σ(x)W ) · ∇σ(x)χv(ξ, x, s))W ds dξ dx

=

¨ ˆ t

0

∇2(S∗(t− s)ϕ) : ((A(ξ)−A(ξ + σ(x)W ))χv(ξ, x, s)) ds dξ dx

−
¨ ˆ t

0

(∇(S∗(t− s)ϕ)⊗∇σ(x)W ) · (A′(ξ + σ(x)W )χv(ξ, x, s)) ds dξ dx

We have the estimates:

ˆ T

0

ˆ t

0

‖∇(S∗(t− s)ϕ) · ((F ′(·)− F ′(·+ σ(·)W ))χv(·, ·, s))‖L1
x,ξ
ds dt

≤
ˆ T

0

ˆ t

0

‖∇(S∗(t− s)ϕ)‖L∞x,ξ‖F
′(·)− F ′(·+ σ(·)W )‖L∞x,ξ‖χv(·, ·, s)‖L1

x,ξ
ds dt

≤
ˆ T

0

ˆ t

0

‖∇S∗(t− s)‖L2→L∞‖ϕ‖L2‖F ′(·)− F ′(·+ σ(·)W )‖L∞x,ξ‖χv(·, ·, s)‖L1
x,ξ
ds dt
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≤
ˆ T

0

ˆ t

0

eθ(t−s)(γt)−(d+2)/(4α)‖v(s)‖L1
x
ds dt

≤cη‖ϕ‖L2 sup
s∈[0,T ]

ˆ T

0

eθ(t−s)(γt)−(d+2)/(4α) dt

ˆ T

0

‖v(s)‖L1
x
ds

≤cη‖ϕ‖L2γ−(d+2)/(4α)θ(d+2)/(4α)−1

ˆ ∞
0

e−tt−(d+2)/(4α) dt

ˆ T

0

‖v(s)‖L1
x
ds;

=cη‖ϕ‖L2γ−(d+2)/(4α)θ(d+2)/(4α)−1|Γ(1− (d+ 2)/(4α))|
ˆ T

0

‖v(s)‖L1
x
ds;

ˆ T

0

ˆ t

0

‖S∗(t− s)ϕ∇σ(x)W · ((F ′′(·+ σ(·)W ))χv(·, ·, s))‖L1
x,ξ
ds dt

≤
ˆ T

0

ˆ t

0

‖S∗(t− s)ϕ‖L∞x,ξ‖F
′′(·+ σ(·)W )‖L∞x,ξ‖σW‖W 1,∞‖χv(·, ·, s)‖L1

x,ξ
ds dt

≤cη‖ϕ‖L2γ−d/(4α)θd/(4α)−1|Γ(1− d/(4α))|
ˆ T

0

‖v(s)‖L1
x
ds;

ˆ T

0

ˆ t

0

‖∇2(S∗(t− s)ϕ) · ((A(·)−A(·+ σ(·)W ))χv(·, ·, s))‖L1
x,ξ

≤
ˆ T

0

ˆ t

0

‖∇2(S∗(t− s)ϕ)‖L∞x,ξ‖A(·)−A(·+ σ(·)W )‖L∞x,ξ‖χv(·, ·, s)‖L1
x,ξ

≤cη‖ϕ‖L2γ−(d+4)/(4α)θ(d+4)/(4α)−1|Γ(1− (d+ 4)/(4α))|
ˆ T

0

‖v(s)‖L1
x
ds

ˆ T

0

ˆ t

0

‖(∇(S∗(t− s)ϕ)⊗∇σ(·)W ) : (A′(·+ σ(·)W ))χv(·, ·, s)‖L1
x,ξ

≤
ˆ T

0

ˆ t

0

‖∇(S∗(t− s)ϕ)‖L∞x,ξ‖σW‖W 1,∞‖A′(·+ σ(·)W )‖L∞x,ξ‖χv(·, ·, s)‖L1
x,ξ

≤cη‖ϕ‖L2γ−(d+2)/(4α)θ(d+2)/(4α)−1|Γ(1− (d+ 2)/(4α))|
ˆ T

0

‖v(s)‖L1
x
ds

Now by (3.9) we assumed that

|F ′′(ξ)| . 1, |A′(ξ)| . 1,
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and we also had ‖σ(x)W‖W 1,∞ ≤ η, so we used the estimates (the second from the first

by the Poincaré-Wirtinger inequality, since
´
Td σ dx = 0),

|F ′′(ξ + σ(x)W ) · ∇σW | ≤ cη |A′(ξ + σ(x)W ) · ∇σW | ≤ cη

|F ′(ξ)− F ′(ξ + σ(x)W )| ≤ cη |A(ξ)−A(ξ + σ(x)W )| ≤ cη.

Putting these estimate back in to bound ‖v]· (t)‖L2 = sup‖ϕ‖L2=1〈v]· (t), ϕ〉,

ˆ T

0

‖v]A(t) + v]F (t)‖L2 dt (3.32)

≤cη
(
γ−(d+2)/(4α)θ(d+2)/(4α)−1|Γ(1− (d+ 2)/(4α))|

+ γ−d/(4α)θd/(4α)−1|Γ(1− d/(4α))|

+ γ−(d+4)/(4α)θ(d+4)/(4α)−1|Γ(1− (d+ 4)/(4α))|
) ˆ T

0

‖v(t)‖L1 dt

Analysis of MF and M2

For MF and M2, we use the kernel estimate and ‖σW‖W 1,∞ ≤ η again. This gives

us

〈MF , ϕ〉 ≤
ˆ t

0

‖F ′(v + σW )‖L1
x
‖Sϕ‖L∞x ‖∇σW‖L∞x ds

〈MA, ϕ〉 ≤
ˆ t

0

‖A(v + σW )‖L1
x
‖∇(Sϕ)‖L∞x ‖∇σW‖L∞x ds.

Now, by (3.8),

‖F ′(v + σW )‖L1 ≤ C(1 + ‖v(t)‖L1
x

+ ‖σ‖L1
x
W )

‖A(v + σW )‖L1 ≤ C(1 + ‖v(t)‖L1
x

+ ‖σ‖L1
x
W )

These give us

ˆ T

0

‖MF (t) +MA(t)‖L1 dt (3.33)

≤Cη
ˆ T

0

ˆ t

0

(1 + ‖v(s)‖L1
x
)(e−θ(t−s) + e−θ(t−s)(γ(t− s))−1/(2α)) ds dt
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≤Cη(θ−1 + γ−1/(2α)θ1/(2α)−1|Γ(1− 1/(2α))|)
ˆ T

0

(1 + ‖v(s)‖L1
x
) ds

Analysis of MA

We have that

〈M2, ϕ〉 =

ˆ ˆ t

0

∂ξ(S∗(t− s)ϕ)(v(x, s), x)A(v + σ(x)W ) : ∇σ(x)W ⊗∇σ(x)W ds dx.

We use the fact, explained in (3.12), that

(∂ξSϕ)(v(x, s), x) = (t− s)F ′′(v(x, s)) · ∇(S∗(t− s)ϕ) + A′(v(x, s)) : ∇2(S∗(t− s)ϕ).

By (3.9) we assumed

|F ′′(ξ)| . 1, |A′(ξ)| . 1.

Again we also have

‖A(v + σ(x)W )‖L1 ≤ C(1 + ‖v(s)‖L1 + ‖σ‖L1W ).

Finally using the kernel estimate,

|〈M2, ϕ〉| ≤C
ˆ t

0

(t− s)‖F ′′‖L∞‖∇S∗(t− s)ϕ‖L∞‖∇σW‖2
L∞(1 + ‖v(s)‖L1 + ‖σ‖L1W ) ds

+ C

ˆ t

0

(t− s)‖A′‖L∞‖∇2S∗(t− s)ϕ‖L∞‖∇σW‖2
L∞(1 + ‖v(s)‖L1 + ‖σ‖L1W ) ds

≤cη2

ˆ t

0

(t− s)‖∇S∗(t− s)‖L∞→L∞‖ϕ‖L∞(1 + ‖v(s)‖L1 + ‖σ‖L1W ) ds

+ cη2

ˆ t

0

(t− s)‖∇2S∗(t− s)‖L∞→hL∞‖ϕ‖L∞(1 + ‖v(s)‖L1 + ‖σ‖L1W ) ds.

Therefore,

ˆ T

0

‖M2(t)‖L1 dt

≤cη2

ˆ T

0

ˆ t

0

(t− s)‖∇S∗(t− s)‖L∞→L∞(1 + ‖v(s)‖L1 + ‖σ‖L1W ) ds dt
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+ cη2

ˆ T

0

ˆ t

0

(t− s)‖∇2S∗(t− s)‖L∞→hL∞(1 + ‖v(s)‖L1 + ‖σ‖L1W ) ds dt

≤cη2

ˆ T

0

ˆ t

0

(t− s)(γ(t− s))−1/(2α)e−θ(t−s)(1 + ‖v(s)‖L1 + ‖σ‖L1W ) ds dt

+ cη2

ˆ T

0

ˆ t

0

(t− s)(γ(t− s))−1/αe−θ(t−s)(1 + ‖v(s)‖L1 + ‖σ‖L1W ) ds dt,

and

ˆ T

0

‖M2(t)‖L1 dt (3.34)

≤cη2

(
γ−1/(2α)θ1/(2α)−2|Γ(2− 1/(2α))|+ γ−1/αθ1/α−2|Γ(2− 1/α)|

)
·
ˆ T

0

(1 + ‖v(s)‖L1) ds.

3.3.4 Analysis of M1

Finally for the kinetic measure, M1, we use the total variation estimate again.

First, with ϕ ∈ L∞x ,

|〈M1, ϕ〉| =
∣∣∣∣¨ ˆ t

0

ˆ
∂ξ(S∗(t− s)ϕ)d(mu +Nu)(ξ, x, s)

∣∣∣∣
=

∣∣∣∣¨ ˆ t

0

(t− s)F ′′(ξ) · ∇(S∗(t− s)ϕ) + A′(ξ) : ∇2(S∗(t− s)ϕ)d(mu +Nu)

∣∣∣∣
≤c‖ϕ‖L∞

¨ ˆ t

0

γ−1/(2α)(t− s)1−1/(2α)e−θ(t−s)d|mu +Nu|

+ c‖ϕ‖L∞
¨ ˆ t

0

γ−1/α(t− s)1−1/αe−θ(t−s)d|mu +Nu|
ˆ T

0

‖M1(t)‖L1 dt ≤cγ−1/(2α)θ1/(2α)−2|Γ(2− 1/(2α))|
ˆ T

0

¨
d|mu +Nu|

+ cγ−1/αθ1/α−2|Γ(2− 1/α)|
ˆ T

0

¨
d|mu +Nu|.

Following [30], and as in Lemma 14 we test the equation (3.28) against ξ, to find

1

2
‖v(t)‖2

L2 + |mu +Nu|(R× Td × [0, t])

≤1

2
‖ũ0‖2

L2 +

∣∣∣∣ˆ t

0

¨
ξ(F ′(ξ)− F ′(ξ + σ(x)W )) · ∇χv dξ dx ds

∣∣∣∣
+

∣∣∣∣ˆ t

0

ˆ
vF ′(v + σ(x)W ) · ∇σ(x)W dxds

∣∣∣∣
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+

∣∣∣∣ˆ t

0

ˆ
A(v + σ(x)W ) : ∇σW ⊗∇σW dx ds

∣∣∣∣
≤1

2
‖ũ0‖2

L2 +

∣∣∣∣ˆ t

0

¨
ξF ′′(ξ + σ(x)W )) · ∇(σ(x)W )χv dξ dx ds

∣∣∣∣
+ cη

∣∣∣∣ˆ t

0

ˆ
v(1 + |v|+ |σ(x)W |) dx ds

∣∣∣∣
+ cη2

∣∣∣∣ˆ t

0

ˆ
(1 + |v|+ |σ(x)W |) dx ds

∣∣∣∣
≤1

2
‖ũ0‖2

L2 + c(η + η2)

ˆ t

0

(1 + ‖v(s)‖2
L2) ds.

By Gronwall’s inequality, we have

|mu +Nu| ≤ Cecηt(‖ũ0‖2
L2 + 1) ≤ Cecηt(κ2ε−d + 1).

Therefore,

ˆ T

0

‖M1(t)‖L1 dt (3.35)

≤c(γ−1/(2α)θ1/(2α)−2|Γ(2− 1/(2α))|+ γ−1/αθ1/α−2|Γ(2− 1/α)|)ecηT (κ2ε−d + 1).

C losing the Estimates

First we set α ≤ 1/2 so that the instances of |Γ| are never evaluated at a negative

integer, where it is infinite. Having ensured that all the values of |Γ| are non-infinte,

and there being finitely many instances of Γ in the estimates (3.30) - (3.35) above, we

can write those estimates as

 T

0

‖v0(t)‖L1 dt ≤CT−1/2γr/2‖u0‖1/2

L1

 T

0

‖v[(t)‖L1 dt ≤Cγ(r+1)/2

( T

0

‖v‖L1 dt

)1/2

≤ Cγ(r+1)/2

 T

0

(1 + ‖v‖L1) dt,

 T

0

‖v]F + v]A‖L1 dt ≤Cη
(
γ−(d+2)/(4α)θ(d+2)/(4α)−1

+ γ−d/(4α)θd/(4α)−1 + γ−(d+4)/(4α)θ(d+4)/(4α)−1
)  T

0

‖v(t)‖L1 dt,

 T

0

‖MF (t) +MA(t)‖L1 dt ≤Cη
(
θ−1 + γ−1/(2α)θ1/(2α)−1

)  T

0

(1 + ‖v(t)‖L1) dt,
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 T

0

‖M2(t)‖L1 dt ≤Cη2
(
γ−1/(2α)θ1/(2α)−2 + γ−1/αθ1/α−2

)  T

0

(1 + ‖v(t)‖L1) dt,

 T

0

‖M1‖L1 dt ≤C
T

(
γ−1/(2α)θ1/(2α)−2 + γ−1/αθ1/α−2

)
ecηT (κ2ε−d + 1).

Together we have

 T

0

‖v(t)‖L1 dt ≤C0T
−1/2γr/2‖u0‖1/2

L1 + C1γ
(r+1)/2

 T

0

(1 + ‖v‖L1) dt

+ C2(γ, θ)(η + η2)

(
1 +

 T

0

‖v(s)‖L1 ds

)
+ C3(γ, θ)T−1ecηT (κ2ε−d + 1).

We can choose γ, θ, T , and η in that order so that first, so that, for some q to be

determined,

C1γ
(r+1)/2 ≤ qε.

For α < 1/4, we see that every θ has positive power above except int the estimate of

‖MF +MA‖L1
t,x

. So we choose θ such that

C2(γ, θ) < 1.

Next we choose T such that

C0T
−1/2‖u0‖1/2

L1 + C3(γ, θ)T−1(κ2ε−d + 1) ≤ qε.

Finally we choose η such that

C2(γ, θ)(η + η2) ≤ qε,

and,

cηT ≤ qε.

By taking q sufficiently small, we have

 T

0

‖v(t)‖L1dt ≤ ε

4
,

 T

0

‖ũ(t)‖L1 dt ≤ 3ε

8
,
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and finally,

 T

0

‖u(t)‖L1 dt ≤ ε/2.

This proves Lemma 17.

3.3.5 Uniqueness III: Conclusion

We follow [30] quite closely again in the conclusion.

Let u1
0 and u2

0 be in L1
x and for a given ε > 0, let ũ1

0 and ũ2
0 in L3

x such that ‖ui0 −
ũi0‖L1

x
≤ ε/4. Denote their corresponding solutions by, u1, u2, ũ1, and ũ2, respectively.

Let us now put ũ1 and ũ2 in place of u and v in §3.3.2, and associate to them the

sequence of stopping times constructed recursively in (3.27),

Tl = inf{t ≥ Tl−1 + T : ‖ũ1(t)‖L1 + ‖ũ2(t)‖L1 ≤ 2κ}

By choosing T and η as above, we have by L1 contraction (for additive noise there

is almost sure L1-contraction)

P
( Tl+T
Tl

‖u1(s)− u2(s)‖L1
x
ds ≤ ε

∣∣∣∣FTl)
≥P
( Tl+T
Tl

‖ũ1(s)− ũ2(s)‖L1 ds ≤ ε/2

∣∣∣∣FTl)
≥P

(
sup

t∈[Tl,Tl+T ]

‖σW (t)− σW (Tl)‖W 1,∞
x
≤ η

∣∣∣∣FTl
)
.

Since η > 0 and σ is Lipschitz, we can denote the positive probability of the event

as λ. By the strong Markov property, we know it does not change with l.

This allows us to write

P
( Tl+T
Tl

‖u1(s)− u2(s)‖L1
x
ds ≥ ε for l = l0, l0 + 1, . . . , l0 + k

)
≤ (1− λ)k,

so that

P
(

lim
l→∞

 Tl+T
Tl

‖u1(s)− u2(s)‖L1
x
ds ≥ ε

)
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=P
(
∃l0∀l ≥ l0 :

 Tl+T
Tl

‖u1(s)− u2(s)‖L1
x
ds ≥ ε

)
=0

This limit exists as t 7→ ‖u1(s) − u2(s)‖L1
x

is non-increasing, by the L1 contraction

property. And by this same property,

P
(

lim
t→∞
‖u1(t)− u2(t)‖L1

x
≥ ε
)

= 0.

Therefore, almost surely,

lim
t→∞
‖u1(t)− u2(t)‖L1

x
= 0,

which implies the uniqueness of the invariant measure.
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Chapter 4

Remarks on various cases of

multiplicative noises

In this Chapter we remark on the case of multiplicative noises. In the case of general

multiplicative noises, with general initial data, there is no bound on the spatial average.

As we saw in §3.2 , this creates a major hurdle for anlayses. McKean[84], Øksendal,

V̊age, and Zhao [69, 70], Chueshov and Vuillermot [20], among others, studied the KPP

equation, which is:

du(x, t) =div(k(x, t)∇u(x, t) + sg(u)) dt+ g(u)dW

u(x, 0) =ϕ(x) ∈ (u0, u1),

where div(k∇) is uniformly elliptic, W is a standard Brownian motion, and while

g : R → R has roots u0 and u1, and is positive, twice continuously differentiable

between these roots. This keeps the spatial average within the range (u0, u1), and the

archetypal noise of such form is g(u) = u(1 − u). [20] in particular derived different

stability conditions for u0 and u1 as attracting or repelling (stable or unstable) fixed

points as s varies.

Here we derive a theory for the long-time behaviour of solutions to equations

∂tu = −∇ · F (u) + (cu+ λ)∂tW

∂tu = −∇ · F (u) +∇ · (A(u) · ∇u) + (cu+ λ)∂tW

111



with a class of unbounded, Lipschitz noise with one root, without any constraint on

initial conditions. Here as in previous chapters, A is positive semi-definite, and W is

a standard Brownian motion. A well-posedness theory for these equations with Hölder

continuous coefficients F and A with polynomial growth can be found in [28]. The

evolution occurs on Td.
We show that the root is always an attracting fixed point, using methods that depart

from both Debussche and Vovelle in [30], and the authors named in the previous para-

graph. Of course, another difference is that we are working with degenerate parabolic

(or first order) conservation laws. We do this in two steps. First we consider linear

noises in §4.1. After that we consider Lipschitz noises that are close to a linear noise

near the root of the linear noise §4.2.

4.1 Unbounded Noise: the Multiplicative Linear

Case

First we consider the linear case σ(u) = cu+ λ in which c and λ are deterministic (i.e.,

do not depend on the variable ω). Recall that the chief barrier to tackling multiplica-

tive equations was the possibility that their spatial averages were uncontrollable, and

may increase without bound. This leads us to investigate the behaviour of the spatial

average. We shall call the difference between a function and its spatial average the

“spatial fluctuation”. Whether for the first or the second order equation

∂tu = −∇ · F (u) + (cu+ λ) ∂tW, (4.1)

or

∂tu = −∇ · F (u) +∇ · (A(u) · ∇u) + (cu+ λ) ∂tW, (4.2)

in the linear multiplicative noies case, with c, λ ∈ R, and c 6= 0, we have the following

calculation for the “spatial average”:

Since ∂tu = ∂t(u+ λ/c) integrating through leaves one with,

1

c
∂t

ˆ
u+

λ

c
dx =

ˆ
u+

λ

c
dx ∂tW,
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Writing
´
u+ λ/c dx as X(1), we have,

dX(1) = cX(1) dW,

which can be solved – the solution being,

X
(1)
t = X

(1)
0 exp(cW − c2t/2).

We then can make two observations. First, the sign of X(1) does not change. Sec-

ondly, by the law of the iterated logarithm, the Brownian motion satisfies [60] (Theorem

2.9.23, and first proven in [65]),

lim sup
t→∞

|W (t)|√
2t log log(t)

= 1 a.s.,

which implies that almost surely, the spatial average of X(1) → 0 as tends t → ∞. Of

course, the strong law of large numbers also already implies such a limit.

Remark. In fact for the above calculation, we could have considered the even more

general form,

∂tu+ divA(u,∇u) = u ∂tW.

We further have the theorem:

Theorem 18. Let F and A be Hölder continuous with polynomial growth, and let the

Hölder index γ of A satisfy 2γ > 1. Let σ(u) = cu+λ. Let p be a positive even integer.

Then a kinetic solution to,

∂tu = −∇ · F (u) +∇ · (A(u) · ∇u) + σ(u)∂tW

exhibits the following long-time decay – almost surely,

ˆ ∣∣∣∣u+
λ

c

∣∣∣∣p dx→ 0.

The first-order equation is a special case of this theorem.

Proof. Specialising to the case of the two equations (4.1, 4.2), because we have a handle

on the sign on the defect measures arising from the kinetic (and parabolic) dissipative
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effects, for any even moment, multiplying the equation through by p(u − λ/c)p−1, we

have

d

ˆ (
u+

λ

c

)p
dx =cp

ˆ (
u+

λ

c

)p
dx dW +

c2

2
p(p− 1)

ˆ (
u+

λ

c

)p
dx dt

+

¨
p(ξ + λ/c)p−1∂ξmu(dξ, dx, t) dt

=cp

ˆ (
u+

λ

c

)p
dx dW +

c2

2
p(p− 1)

ˆ (
u+

λ

c

)p
dx dt

−
¨

p(p− 1)(ξ + λ/c)p−2(mu + nu)(dξ, dx, t) dt,

where mu is the non-negative kinetic measure that captures dissipative effects from

shocks, and nu is the non-negative parabolic defect measure that captures parabolic

dissipation. This is effectively the geometric Brownian motion.

We shall use D ≥ 0 to denote the non-negative quantity

D =

¨
p(p− 1)(ξ + λ/c)p−2(mu + nu)(dξ, dx, t).

Calling X(p) =
´

(u+ λ/c)p dx, we have

dX(p) =cpX(p)dW +
c2

2
p(p− 1)X(p) dt−D dt

d log(X(p)) ≤− c2

2
p dt+ cp dW.

This leads to

X
(p)
t ≤X

(p)
0 exp(p(cW − c2t/2)). (4.3)

And so we see that by integrating away the spatial variable, we transformed an SPDE

into an SDE.

For u0 ∈ L2, we have that, u0 + λ/c ∈ L2 also, and

 ((
u+

λ

c

)
−
 
u+

λ

c
dy

)2

dx+

( 
u+

λ

c
dx

)2

=

 (
u+

λ

c

)2

dx
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=
1

µ(Td)
X

(2)
t → 0,

the last limit holding again by the law of iterated logarithms.

This shows that both the spatial average and the spatial fluctuations (of u + λ/c)

tend to zero. Any initial condition u0 ∈ L1 can be approximated by an L2-valued

random variable v0 in the L1 norm, and the L1 contraction formula suggests that

E(‖u(t)− v(t)‖L1) ≤ E(‖u0 − v0‖L1).

This shows that for u0 ∈ L1 with v0 ∈ L2 so that E(‖u0 − v0‖L1) ≤ ε, one has

E(‖u(t) + λ/c‖L1) ≤ E(‖u(t)− v(t)‖L1 + ‖v(t) + λ/c‖L1) (4.4)

≤ε+ µ1/2(Td)E(‖v(t) + λ/c‖L2)→ ε,

as t→∞, and ε is arbitrarily small.

From (4.3) we can derive a rate for the decay – again, this is a small variation

of the geometric Brownian motion. Since p is even, we have that X
(p)
0 > 0. By

Jensen’s inequality on the convex function exp(·), and the fact that martingales have

zero expectation, we have

0 ≤ E(X
(p)
t )) ≤E(X

(p)
0 exp(cWt)) exp(−c2pt/2)). (4.5)

Now we know the distribution of W , and in fact this decay provides a much better

description of long-time behaviour than do invariant measures. Nevertheless, we prove

the uniqueness of invariant measures to this and similar equations with different noises

in §4.3.3 below.

Remark. Allowing c and λ to be random variables, we still have the formula

X
(p)
t ≤X

(p)
0 exp(p(cW − c2t/2)),

and still, almost surely, X(p) → 0. But the rate depends on the distributions of c and

λ.
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4.1.1 Estimate on the relative sizes of mu + nu and pu

This decay allows us to derive an estimate on the size of mu+nu−pu, which is the sum

of the kinetic and parabolic defect measures, less the Itô correction. In [30], the authors

derived a total variation bound as adapted in Lemma 14 above, but it did not take into

account the cancellation effects in the difference between the non-negative measures

mu + nu, the kinetic and parabolic defect measures, and pu, the Itô correction. We can

provide a better estimate here in the case of a multiplicative linear noise.

By a construction similar to 2.22, let η̃ρ be a smooth, convex approximation to the

absolute value function on R, such that η̃ρ(r) = |r| outside the ball Bρ(r). Convexity

necessarily means that η̃ρ(r) ≥ |r|. We also have the inequality that η̃ρ(r) ≤ |r| + ρ.

Therefore

E(‖η̃ρ(u)‖L1) ≤ E(‖u‖L1) + ρµ(Td).

Keeping in mind the L1 bound above, we also have,

E(‖η̃ρ(u(t))‖L1) = E(‖η̃ρ(u0)‖L1) + E
(

1

2

ˆ t

0

ˆ
η̃′′ρ(u)σ2(u) dx ds

)
+ non-positive dissipation.

Now using ‖u‖L1 ≤ ‖u− λ/c‖L1 + λ/cµ(Td), we have,

E
(

1

2

ˆ t

0

ˆ
η̃′′ρ(u)σ2(u) dx ds

)
− E

(ˆ t

0

¨
η̃′′ρ(ξ)(mu + nu)(dξ, dx, ds)

)
≤E(‖u+ λ/c‖L1) + (λ/c+ ρ)µ(Td)− E(‖η̃ρ(u0)‖L1).

Now the first summand on the last line decays to an arbitrarily small quantity in

enough time. So for sufficiently small ρ, and if λ/c ≤ 0 (that is, the root of σ(u) =

cu+λ is non-positive), we see that the kinetic dissipation and parabolic defect measures

eventually overcome the Itô correction.

4.2 Sublinear Unbounded Noises

Let v1 be a solution to the equation with noise τ1(v1) = c1v1 + λ1; and let v2 be a

solution to the equation with noise τ2(v2) = c2v2 + λ2, such that c1/λ1 = c2/λ2 = −R
– that is, τ1 and τ2 have the same root.
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The triangle inequality implies

‖v1 − v2‖L1 ≤ ‖v1 −R‖L1 + ‖v2 −R‖L1 . (4.6)

From (4.4), we see that E(‖v1 − v2‖L1) becomes arbitrarily small asymptotically in

time. This is of course much better than can be expected from the simple continuous

dependence result of the Second Chapter.

This motivates us to explore scenarios for which the noise σ(u) is almost linear,

perhaps between two linear noises with the same root. We know that this approximately

linear noise cannot have more than one root if we are to see decay, and where there

are multiple roots, we expect that with an initial condition taking values between two

roots, we revert to a situation much like noises of the form σ(u) = u(1− u), which was

studied intensively [20].

Let us first consider almost linear noises, writing

∂tu = −∇ · F (u) +∇ · (A(u) · ∇u) + σ(u)∂tW,

We think of σ(u) as a perturbation of cu + λ, and use the previously established

name R = −λ/c. By almost linear, we mean the conditions (4.7) and (4.8) given below,

which we give in the context in which they arise.

Carrying out the calculations as before, we have

d

(ˆ
(u−R)p dx

)
=p

ˆ
(u−R)p−1σ(u) dxdW +

1

2
p(p− 1)

ˆ
(u−R)p−2σ2(u) dx dt

− p(p− 1)

¨
(ξ −R)p−2(mu + nu)(dξ, dx) dt

=cp

ˆ
(u−R)p dxdW +

c2

2
p(p− 1)

ˆ
(u−R)p dx dt

+ cp

ˆ
(u−R)p−1

(
σ(u)

c
− (u−R)

)
dxdW

+
c2

2
p(p− 1)

ˆ
(u−R)p−2

(
σ2(u)

c2
− (u−R)2

)
dx dt

− p(p− 1)

¨
(ξ −R)p−2(mu + nu)(dξ, dx) dt.
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Suppose both that

|σ(u)/c| ≤ |u−R|, (4.7)

and,

|σ(u)/c− (u−R)| ≤ (1− ε)|u−R|. (4.8)

These two conditions respectively ensure that for p even,

c2

2
p(p− 1)

ˆ
(u−R)p−2

(
σ2(u)

c2
− (u−R)2

)
dx ≤ 0,

and, ∣∣∣∣ 1

X(p)

ˆ
(u−R)p−1

(
σ(u)

c
− (u−R)

)
dx

∣∣∣∣ < 1− ε,

where again we have used the old notation,

X(p) =

ˆ
(u−R)p dx.

The two conditions jointly ensure that,

sgn(σ(u)/c) = sgn(u−R).

We also point out the much more important fact that by the two conditions, σ is

bounded between cu+ λ and c1u− c1R, where sgn(c1) = sgn(c).

The noise we condsider is the following:

We shall now prove the theorem:

Theorem 19. Let F and A be Hölder continuous with polynomial growth in their

arguments, and let the Hölder index γ of A satisfy 2γ > 1 Suppose there are real

numbers λ, c with |c| > 0 for which σ : R → R is Lipschitz, and satisfies (4.7) and

(4.8) with fixed, even p, and

ε =

(
1− 1

2
√
p

)
.
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Figure 4.1: red line: admissible noise, solid black line: cu + λ, broken black line:
ε(cu+ λ), line with arrowhead: horizontal axis.

Then a kinetic solution to

∂tu = −∇ · F (u) +∇ · (A(u) · ∇u) + σ(u)∂tW

exhibits the following long-time decay

ˆ
|u−R|p dx→ 0 a.s..

Proof. Seeking again an expression for d log(X(p)) leads us to

d log(X(p)) ≤cp dW +
c2

2
p(p− 1) dt

+ cp
1

X(p)

ˆ
(u−R)p−1

(
σ(u)

c
− (u−R)

)
dx dW

+
c2p(p− 1)

2X(p)

ˆ
(u−R)p−2

(
σ2(u)

c2
− (u−R)2

)
dx dt

− c2p2

2

1

(X(p))2

(
X(p) +

ˆ
(u−R)p−1

(
σ(u)

c
− (u−R)

)
dx

)2

dt

=cp dW − c2

2
p dt (4.9)

+ cp
1

X(p)

ˆ
(u−R)p−1

(
σ(u)

c
− (u−R)

)
dx dW

+
c2p(p− 1)

2X(p)

ˆ
(u−R)p−1

(
σ(u)

c
− (u−R)

)
σ(u)/c+ (u−R)

(u−R)
dx dt
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− c2p2

2

2

X(p)

ˆ
(u−R)p−1

(
σ(u)

c
− (u−R)

)
dx dt

− c2p2

2

1

(X(p)))2

(ˆ
(u−R)p−1

(
σ(u)

c
− (u−R)

)
dx

)2

dt.

By (4.7) and (4.8), the quantity below is bounded and signed, respectively,

1 + ε ≤ σ(u)/c+ (u−R)

(u−R)
<∞.

The calculation above compels us to investigate the quantity

c2p(p− 1)

2X(p)

ˆ
(u−R)p−1

(
σ(u)

c
− (u−R)

)
σ(u)/c+ (u−R)

(u−R)
dx

− c2p2

2
2

1

X(p)

ˆ
(u−R)p−1

(
σ(u)

c
− (u−R)

)
dx

− c2p2

2

1

(X(p)))2

(ˆ
(u−R)p−1

(
σ(u)

c
− (u−R)

)
dx

)2

≤c
2p(p− 1)(1 + ε)

2X(p)

ˆ
(u−R)p−1

(
σ(u)

c
− (u−R)

)
dx

− c2p2

2
2

1

X(p)

ˆ
(u−R)p−1

(
σ(u)

c
− (u−R)

)
dx

− c2p2

2

1

(X(p)))2

(ˆ
(u−R)p−1

(
σ(u)

c
− (u−R)

)
dx

)2

.

Writing

Y =
1

X(p))

(ˆ
(u−R)p−1

(
σ(u)

c
− (u−R)

)
dx

)
,

we seek to optimize,

c2p2

2

(p− 1)(1 + ε)

p
Y − c2p2

2
(2Y )− c2p2

2
Y 2

over Y ∈ [−1, 0], and use the the variable ε of which we have control to bound the

optimized expression. This expression is optimized at,

Y =
(1 + ε)(p− 1)

2p
− 1,
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where the expression has the value,

c2p2

2

(
(1 + ε)(p− 1)

2p
− 1

)2

.

In view of the drift term in (4.9), we require that

c2p2

2

(
(1 + ε)(p− 1)

2p
− 1

)2

≤ c2p

2
(1− δ)

for some δ > 0.

By choosing,

ε =

(
1− 1

2
√
p

)
,

we have the bound above.

This gives us

d log(X(p)) ≤cpdW − c2p

2
δ dt (4.10)

+ cp
1

X(p)

ˆ
(u−R)p−1

(
σ(u)

c
− (u−R)

)
dW.

Since

0 ≥ Y =
1

X(p)

ˆ
(u−R)p−1

(
σ(u)

c
− (u−R)

)
dx ≥ −(1− ε)

is bounded, integrating (4.10) again allows us to conclude that almost surely,

X
(p)
t → 0.

Of course, this hinges on the pathwise property of
´ t

0
Y dW . Whilst it may be some

work to prove an interated logarithm theorem for the stochastic integral, we can see

that, by the Burkhölder-Davis-Gundy inequality,

E
(∣∣∣∣ˆ t

0

Y dW

∣∣∣∣) ≤ E1/2

(ˆ t

0

|Y |2 dt
)
≤ ‖Y ‖L∞Ω,t

√
t.
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So suppose there exists a set A ⊆ Ω with P(A) > 0 on which the limit superior

lim sup
t→∞

∣∣∣´ t0 Ys dWs

∣∣∣
‖Y ‖L∞Ω,tt1/2+0

is non-zero. Then the Burkhölder-Davis-Gundy inequality would be violated.

We now make a few remarks. The Lipschitzness of σ is required for the existence

and uniqueness of solutions to the stochastic hyperbolic-parabolic equation. This can

be relaxed to a Hölder type continuity (see Chapter 2 or [28]), but since σ lies between

two straight lines, at the root, σ must be strictly Lipschitz.

As mentioned previously, the first-order equation is a special case of this theorem.

Also, Theorem 18 is a direct corollary of this theorem. In the cases of the piecewise

linear noises

σ(u) =

{
c1u+ λ1 u ≤ R

c2u+ λ2 u > R
,

where c1 and c2 do not differ too much, is also a corollary of this theorem. Additionally,

this theorem frees the root from the constraint of being at the meeting of the two linear

pieces.

In particular, we have the corollary:

Corollary 20. Let σ : R→ R be given by

σ(u) =

{
c1u+ λ1 u ≤M

c2u+ λ2 u > M
,

with

M = −(λ1 − λ2)

(c1 − c2)
.

Let R be the single root of σ. We require that

|c1| ≥ |c2| ↔ R ≤M.
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Suppose finally that

1

(2 + ε)p
≤ c1

c2

≤ (2 + ε)p.

Then, almost surely,

ˆ
|u−R|p dx→ 0.

We can derive an expression for the rate at which E(X
(p)
t ) tends to zero. From

(4.10), it holds that

E(X
(p)
t ) = O

[
exp

(
−c

2pδ

2
t+O(

√
2t log log(t))

)]
.

4.2.1 Piecewise multiplicative noise

The equation 4.6, as well as the corollary following the previous proof also inspires us

to consider noises that are made of two linear segments, meeting at the point u = R.

This choice of having the meeting point of τ1(u) = c1u + λ1 and τ2(u) = c2u + λ2

at their common root is so that we do not have multiple zeros, which introduces other

phenomena, as an initial state at one root will never flow away from that root. However,

as we show here, our techniques are unable to show a similar kind of decay for noises

of the form

σ(u) =

{
c1u+ λ1 u ≤ R

c2u+ λ2 u > R
.

where R = −λ1/c1 = −λ2/c2, and sgn(c1) 6= sgn(c2).

Demonstration. Again, by the Itô formula, we have

∂t(u−R)p =p(u−R)p−1∇ · (F (u)−A(u) · ∇u)

+ p(u−R)p−1(c1(u−R)χ{u<R} + c2(u−R)χ{u>R})∂tW

+
p(p− 1)

2
(u−R)p−2(c1(u−R)χ{u<R} + c2(u−R)χ{u>R})

2

−
ˆ
p(p− 1)(ξ −R)p−2(mu + nu) dξ.
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Owing to the orthogonality (or mutual singularity) of χ{u<R} and χ{u>R}, one can

write

(c1(u−R)χ{u<R} + c2(u−R)χ{u>R})
2 =c2

1(u−R)χ{u<R} + c2
2(u−R)χ{u>R},

and,

(u−R)p−1(c1(u−R)χ{u<R} + c2(u−R)χ{u>R})

=(c1(u−R)pχ{u<R} + c2(u−R)pχ{u>R}).

Hence,

∂t

ˆ
(u−R)p dx =

ˆ
pc1(u−R)pχ{u<R} + pc2(u−R)pχ{u>R} dx∂tW (4.11)

+
p(p− 1)

2

ˆ
c2

1(u−R)pχ{u<R} + c2
2(u−R)pχ{u>R} dx

−
ˆ
p(p− 1)(ξ −R)p−2(mu + nu)(dξ, dx).

Let,

X
(p)
1 =

ˆ
{u<R}

(u−R)p dx, X
(p)
2 =

ˆ
{u>R}

(u−R)p dx,

and denote by D the non-negative quantity,

D =

ˆ
p(p− 1)(ξ −R)p−2(mu + nu)(dξ, dx).

Supressing the superscript (p), we can write the expression (4.11) as

d(X1 +X2) = p(c1X1 + c2X2) dW +
p(p− 1)

2
(c2

1X1 + c2
2X2) dt−Ddt.

Where p is even, both X1 and X2 are non-negative, so 0 ≤ X1, X2 ≤ X1 + X2, and

X1/X
(p) and X2/X

(p) are signed and bounded.

d log(X(p)) ≤pc1X1 + c2X2

X(p)
dW +

1

2
p(p− 1)

c2
1X1 + c2

2X2

X(p)
dt

− 1

2
p2

(
c1X1 + c2X2

X(p)

)2

dt.
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We require the following sufficient condition for decay:

(p− 1)

(
c2

1

X1

X
+ c2

2

X2

X

)
< p

(
c1X1

X
+
c2X2

X

)2

.

Since we have no a-priori bound on X1/X
(p) and X2/X

(p) except that they are

individually non-negative and sum to unity, we know only that it is sufficient that

(p− 1)
(
c2

1a+ c2
2(1− a)

)
− p (c1a+ c2(1− a))2 < 0

for any a ∈ [0, 1].

We find that the expression above is maximized at,

a =
1

2
− c1 + c2

2p(c1 − c2)
.

Putting this back in the expression, we arrive at the condition,

0 >(p− 1)

(
c2

1 + c2
2

2
− (c2

1 − c2
2)

(c1 + c2)

2p(c1 − c2)

)
− p

(
c1 + c2

2
− (c1 − c2)

(c1 + c2)

2p(c1 − c2)

)2

=(p− 1)

(
(c2

1 + c2
2)

2
− (c1 + c2)2

2p

)
− (p− 1)2

4p
(c1 + c2)2,

which would be impossible if c1 and c2 were of opposite signs, even if we take p = 2.

4.3 Uniqueness of Invariant Measures

Before we explain the framework from which uniqueness is very easily derived, we lay

some theoretical groundwork.

4.3.1 Aside: The dual Lipschitz norm

Before we continue on to proving the continuous dependence estimates that we need, let

us pause to consider the dual Lipschitz norm on M1(X), where (X, d) is a metric space.

It is shown in [35] that on the space of probability measures, the following topologies
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are equivalent. On the space of Radon measures, they are distinct.

The topologies are characterized by measures {νn} ⊆ M1(X) converging to ν ∈
M1(X) after the following modes:

(i) weak* convergence:

∀ϕ ∈ C(X),

ˆ
ϕ(νn − ν)→ 0;

(ii) dual Lipschitz convergence:

∀ϕ ∈ Lipb(X),with Lip(ϕ) = 1

ˆ
ϕ(νn − ν)→ 0.

(iii) For a set A ⊆ X, set

Aε = {y ∈ X : (∃x ∈ A : d(x, y) < ε)}

the Lévy-Prohorov convergence is:

inf{ε > 0 : νn(A) ≤ ν(Aε) + ε for every Borel A ⊆ X} → 0

Theorem 21. A sequence (νn) ⊆M1(X) converges to νn in one of the above topologies

if and only if it converges in any of the other two.

The equivalence of the three preceding topologies shows that the dual Lipschitz

norm defined by

‖ν‖Lip∗ = sup
f∈Lipb(X),Lip(f)=1

∣∣∣∣ˆ fνn

∣∣∣∣ ,
does indeed metrize the subspace of probability measures in the weak* topology. The

following proof is found in [35].

Proof. Since bounded Lipschitz functions with unit Lipschitz constant are continuous,

if λn → λ in the weak* topology, they do so in the dual Lipschitz topology.

Next suppose that λn → λ in the dual Lipschitz topology.

For any Borel set A, set

f(x) := max(0, 1− ε−1d(x,A)),
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so that Lip(f) ≤ 1 + ε−1. From the definition of the dual Lipschitz norm, we have,

λn(A) ≤
ˆ
fλn ≤

ˆ
fλ+ (1 + ε−1)‖λn − λ‖Lip∗ ≤ λ(Aε) + (1 + ε−1)‖λn − λ‖Lip∗ .

Therefore,

inf{r > 0 : νn(A) ≤ ν(Ar) + r for every Borel A ⊆ X} ≤ max(ε, (1 + ε−1)‖νn − ν‖Lip∗ .

Now choosing n large enough such that ‖νn − ν‖Lip∗ ≤ ε2, we have that

inf{r > 0 : νn(A) ≤ ν(Ar) + r for every Borel A ⊆ X} ≤ ε+ ε2.

This shows that convergence in the dual Lipschitz topology implies convergence in

the Lévy-Prohorov topology.

Next suppose that νn → ν in the Lévy-Prohorov topology.

Let A be a set of continuity of ν (that is, ν(∂A) = 0, where ∂A = Ā\int(A) is the

topological boundary of A in the metric topology). Set also ε > 0. Then for a small

enough δ,

ν(Aδ\A) ≤ ε and ν((Ac)δ\Ac) ≤ ε.

By assumption, for a large enough n,

νn(A) ≤ ν(Aδ) + δ ≤ ν(A) + 2ε,

and,

νn(Ac) ≤ ν((Ac)δ) + δ ≤ ν(Ac) + 2ε.

Hence for any A,

|νn(A)− ν(A)| ≤ 2ε,

this is convergence in total variation, which implies convergence in the weak* topol-

ogy as continuous functions can be approximated in L1(νn) by indicator functions of

Borel sets.

Remark. Since we required bounds for both νn(A) and νn(Ac), this proof cannot hold

for general Borel measures.

In our context, X is the space L1.
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4.3.2 Framework of uniqueness of invariant measure in infinite

dimensions

Here we use a framework suggested by §3.1 of [73], which makes clear the theoreti-

cal underpinnings of the uniqueness results. The uniqueness of an invariant measure

depends generally on two properties [73] (§3.1) – stability, and recurrence.

As remarked in [48], recurrence boils down to the idea that a path through solution

space does not move away forever, or that any collection of initial data eventually mix

reasonably homogeneously. This is a reflection of the fact that the collection of invariant

measures is convex, with ergodic measures as extreme points. This convexity implies

that if there are more than one invariant measure, there must be at least two ergodic

measures. Since two ergodic measures are either the same or singular with respect to

one another, the support of one measure cannot flow into the support of the other.

Heuristically, then, if each point of positive measure set is recurrent, then there cannot

be another invariant measure. Therefore it is not surprising that as all initial conditions

flow within an arbitrary ball of the constant function taking the value of the root, there

is only one invariant measure, but it is a matter of completeness to show it.

Stability: Let P (s, t, u, E) be the probability transition function that

starts at time s and at point u,such that ut is inside the set E at time t,

i.e.,

P (0, t, u, E) = (P∗
t θu)(E),

or more generally,

(P∗
t Υ)(E) =

ˆ
X

P (0, t, v, E) Υ(dv).

There exists a sequence θk → 0, a sequence of positive times (Tk), and a

sequence of closed subsets Bk ⊆ X, such that, for any two starting points

u, v ∈ Bk,

sup
t≥Tk
‖P (0, t, u, ·)− P (0, t, v, ·)‖Lip∗ ≤ θk,

where ‖ · ‖Lip∗ is the dual Lipschitz norm.

Recurrence: With the same sequence of Bk as in the condition above,

let ut and vt be the Feller Markov processes with transition function P as
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above, starting at u and v, respectively. Let T (Bk) be the hitting time,

T (Bk) = min{t ≥ 0 : ut ∈ Bk, vt ∈ Bk}.

Recurrence is the requirement that,

P({T (Bk) <∞}|u0 = u, v0 = v) = 1.

We have the following general theorem:

Theorem 22 ([73] (Theorem 3.1.3)). For an invariant measure ν satisfying the condi-

tions of recurrence and stability, for any other probability measure Υ on X, we have,

‖P∗
t Υ− ν‖Lip∗ → 0

as t→ 0, and µ is unique as an invariant measure.

The proof is included below for completeness. It is as found in Theorem 3.1.3 of

[73]. Still, the intuition is clear: If the balls Bm exist with associated θm → 0, and

increase to fill all space, stability alone will suffice – stability already is the theorem.

If such a sequence of balls does not exist, and the sequence does not increase to fill all

space, yet no matter how small a ball Bm gets, still the process enters it in finite time,

and within the safety of Bm, there is stability – up to θm.

Proof. For any k ≥ 1, and t ≥ Tk, set,

s(k, t) = min(T (Bk), t), p(u, v,m, t) = P({T (Bk) + Tk > t}|u0 = u, v0 = v).

Where P (0, t, (u, v), E1×E2) is the transition probability on X×X having P (0, t, u, E)

and P (0, t, v, E) as marginals is the transition probability for the coupled, or extended

Markov process, we can use the strong Markov property,

P (0, t, (u, v), E) = E(u,v)(P (T , t, (uT , vT ), E)),

to calculate thus:

P (0, t, u, E) =P (0, t, (u, v), E × X)
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=E(u,v)(P (T , t, (uT , vT ), E × X))

=E(u,v)(P (T , t, uT , E));

and similarly,

P (0, t, v, E) = E(u,v)(P (T , t, vT , E)).

Therefore,

‖P (0, t, u, ·)−P (0, t, v, ·)‖Lip∗

≤ E(u,v)(‖P (0, t− s(k, t), us(k,t), ·)− P (0, t− s(k, t), vs(k,t), ·)‖Lip∗).

Since T (Bk) + Tk ≤ t implies s(k, t) = T (Bk) and t− s(k, t) ≥ Tk, by the stability

condition,

‖P (0, t− s(k, t), u, ·)− P (0, t− s(k, t), v, ·)‖Lip∗ ≤ θk,

so,

‖P (0, t, u, ·)− P (0, t, v, ·)‖Lip∗ ≤ θk + p(u, v,m, t). (4.12)

By the recurrence condition,

P(T (Bk) <∞|u0 = u, v0 = v) = 1.

One can therefore first fix m, and then take t to be suffienciently large, so that

p(u, v,m, t) becomes sufficiently small.

Therefore,

‖P (0, t, u, ·)− P (0, t, v, ·)‖Lip∗

is arbitrarily small for sufficiently large t and → 0 as t→∞.

From this follows that for any bounded Lipschitz function f ∈ Lipb(X), we have,

|〈f,P∗
t Υ− ν〉| =|〈f,P∗

t (Υ− ν)〉|

=

∣∣∣∣¨
X×X

(Ptf(u)−Ptf(v)) Υ(du)ν(dv)

∣∣∣∣
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≤
¨

X×X
|Ptf(u)−Ptf(v)| Υ(du)ν(dv),

which tends to 0 from (4.12) above, via the Lebesgue dominated convergence theorem.

4.3.3 Uniqueness of invariant measures: Proof

We use the framework of Kuksin and Shirikyan, noting that from L1-contraction, we

have the Feller property.

Stability:

First we consider the issue of stability:

Let u, v ∈ Bk. Using the definition of the dual Lipschitz norm and the L1-contraction

inequality,

‖Pm(0, t, u, ·)− Pm(0, t, v, ·)‖Lip∗

= sup
f :Lip(f)=1

∣∣∣∣ˆ
X

f ((Pm
t )∗δu − (Pm

t )∗δv))

∣∣∣∣
= sup

f :Lip(f)=1

|Pm
t f(u)−Pm

t f(v)|

≤‖u(t)− v(t)‖L1

≤‖u− v‖L1

≤2 · radius(Bk).

Therefore choosing (Bk) such that the radii of the balls tend to 0 gives us a collection

of balls, as well as corresponding (θk), (Tk), which satisfy the stability condition. Nat-

urally we shall choose these balls to be centred about the constant function w(x) = R.

Recurrence:

Since X(2) → 0 for each of our processes it follows that X(2) is arbitarily small

in finite time. Therefore any solution u enters an arbitrarily small L2 ball around

w(x) = R in finite time.

From (4.4), we can change these balls to L1 balls, writing,

E(‖u(t)−R‖L1) ≤ E(‖u(t)− v(t)‖L1 + ‖v(t)−R‖L1)

≤ε+ µ1/2(Td)E(‖v(t)−R‖L2)→ ε,
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where v0 is an L2 approximation to u0 with E(‖v0 − u0‖L1) ≤ ε. By L1 contraction,

this means E(‖u(t)− v(t)‖L1) ≤ E(‖v0 − u0‖L1) ≤ ε.

In order to free ourselves from the expectation, we employ a Borel-Cantelli argument

in the spirit of one that Debussche and Vovelle used in [30].

Let Tl be a sequence of increasing deterministic times.

Let

Al = {u 6∈ Bk; t ∈ [0, Tl]}.

Here Bk are balls of radii θk centred at the constant function R ∈ L1.

Choose ε to be less than half the radius of the given ball we seek to have the solutions

enter, that is, ε ≤ θk/2, and let v0, v(t) be as before. We show that solutions do enter

Bk in finite time thus:

P({u 6∈ Bk; t ∈ (Tl, Tl+1]}|FTl)

≤P
({ Tl+1

Tl

‖u(t)−R‖L1 dt ≥ θk

} ∣∣∣∣FTl

)
≤θ−1

k E
( Tl+1

Tl

‖u(t)−R‖L1 dt

∣∣∣∣FTl

)
≤θ−1

k E
( Tl+1

Tl

‖u(t)− v(t)‖L1 dt

∣∣∣∣FTl

)
+ θ−1E

( Tl+1

Tl

‖v(t)−R‖L1 dt

)
≤εθ−1

k + µ1/2(Td)θ−1
k E

( Tl+1

Tl

‖v(t)−R‖L2 dt

∣∣∣∣FTl

)
.

Multiplying through by χAl and taking (uncondition) expectation on both sides,

one arrives at

P(Al+1) ≤ 1

2
P(Al) + µ1/2(Td)θ−1

k E
( Tl+1

Tl

‖v(t)−R‖L2 dt

)
.

Since E(‖v −R‖L2) decays, we can choose Tl+1 − Tl to be long enough that

µ1/2(Td)θ−1
k E

( Tl+1

Tl

‖v(t)−R‖L2 dt

)
≤ 2−l.

This in turn shows that P(Al) ≤ l2−l, so that almost surely,

l0 = inf{l ≥ 0 : inf
s∈[Tl,Tl+1]

‖u(s)−R‖L1 ≤ θk}

132



is finite. It follows that the first entry time into Bk is bounded by Tl0+1, and hence

almost surely finite as well.

Both stability and recurrence together show that there can be no more than one

invariant measure, and this invariant measure is the Dirac delta supported at w(x) = R.

4.4 Further Remarks on Multiplicative Noises

Where the noise has more than a root it may be that non-trivial asymptotic behaviour

emerges. A hueristic reason can be gleaned from the L1 contraction inequality.

Suppose R1 and R2 are two roots of σ(u). Let u0 ∈ L1, not necessarily taking values

between R1 and R2. Then we see that, both,

E(‖u(t)−R1‖L1) ≤ E(‖u0 −R1‖L1), and

E(‖u(t)−R2‖L1) ≤ E(‖u0 −R2‖L1).

So that in expectation, u(t) remains in the intersection between the spheres of radii

‖u0 − R1‖L1 and ‖u0 − R2‖L1 centred at R1 and R2, respectively. Apart from this

condition there does not seem to be any a-priori reason that the solution map cannot

explore this intersection of spheres densely. This is a question into which I intend to

look further.

4.4.1 Compactness results for bounded Lipschitz noises

In this section we show that modifying the techniques of Debussche and Vovelle, that

is, using velocity averaging techniques, it is possible to show that the solution operator

of

∂tu = −∇ · F (u) +∇ · (A(u) · ∇u) + σ(u) ∂tW (4.13)

smoothens for a bounded multiplicative noise σ, and F and A satisfying appropriate

nonlinearity conditions as dictated by the requirements of velocity averaging.

Let us suppose that |σ| is uniformly bounded by Σ > 0.
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Again, let

u0 =

ˆ
S(t)χu(ξ, x, 0) dξ,

u[ =

ˆ ˆ t

0

S(s)(Bγχu + θχu)(ξ, x, t− s) ds dξ,

〈M1(t), ϕ〉 =−
ˆ t

0

ˆ
Td

ˆ
∂ξ(S∗(t− s)ϕ) d(mu + nu − pu)(ξ, x, t),

〈M2(t), ϕ〉 =

ˆ
Td

(S∗(t− s)ϕ)(x, u(x, s))σ(u(x, s)) dWs dx.

The analyses of u0 and u[ coincide exactly with their analysis in the previous chapter,

except that there is no way to bound the zeroth mode. Suppose as in (3.6) that

sup
n∈Rn
τ∈R

ˆ
(4π2A(ξ) : n⊗ n+ γ|n|2α + θ)

(2πF ′(ξ) · n+ τ)2 + (4π2A(ξ) : n⊗ n+ γ|n|2α + θ)2
dξ = O(|n|−2α−b)

That is we have shown that

E
(ˆ T

0

|u0 + u[|2X dt
)
≤ C

(
‖u0‖L1 + E

(
‖u(t)‖L1([0,T ];L1(Td))

))
, (4.14)

where C depends only on the dimension, d, and X is a compact subspace of equicon-

tinuous functions, and | · |X its associated seminorm.

Now we turn to the analysis of M1 and M2.

Analysis of M1

Writing out the integral we have

〈(−∆)β/2M1(t), ϕ〉 =−
ˆ t

0

ˆ
Td

ˆ
(−∆)β/2∂ξ(S∗(t− s)ϕ) d(mu + nu − pu)(ξ, x, t)

=−
ˆ t

0

ˆ
Td

ˆ
F ′′(ξ) · ∇(−∆)β/2(S∗(t− s)ϕ) d(mu + nu − pu)(ξ, x, t)

−
ˆ t

0

ˆ
Td

ˆ
A′(ξ) : ∇2(−∆)β/2(S∗(t− s)ϕ) d(mu + nu − pu)(ξ, x, t).

Using a kernel estimate as before,

‖(−∆)β/2∇(S∗(t− s)ϕ)‖L∞x ≤C(γ(t− s))−(β+1)/(2α)−d/(2p′α)e−θ(t−s)‖ϕ‖
Lp
′
x
,

‖(−∆)β/2∇2(S∗(t− s)ϕ)‖L∞x ≤C(γ(t− s))−(β+2)/(2α)−d/(2p′α)e−θ(t−s)‖ϕ‖
Lp
′
x
.
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Therefore we have in turn

E
(ˆ T

0

〈(−∆)β/2M1(t), ϕ(t)〉 dt
)

≤C

(
sup
s∈[0,T ]

1

γ

ˆ T

s

(γ(t− s))1−(β+1)/(2α)−d/(2p′α)e−θ(t−s) dt

)

· ‖ϕ‖
L∞ω,tL

p′
x
E
(ˆ T

0

ˆ
Td

ˆ
|F ′′(ξ)|d|M1|(ξ, x, s)

)
+ C

(
sup
s∈[0,T ]

1

γ

ˆ T

s

(γ(t− s))1−(β+2)/(2α)−d/(2p′α)e−θ(t−s) dt

)

· ‖ϕ‖
L∞ω,tL

p′
x
E
(ˆ T

0

ˆ
Td

ˆ
sup
i,j
|A′(ξ)|d|M1|(ξ, x, s)

)
.

Where |F ′′(r)| ≤ 1 + |r|κ1 and |A′(r)| ≤ 1 + |r|κ2 , with κ1, κ2 ≤ 1, using the total

variation bound of Lemma 14 on |M1| (σ(u) in place of σ(x) remains L∞-bounded) and

L1-contraction estimate on u, we have a bound for the left-hand side and this yields

the familiar inclusion

M1 ∈ L1
ω,tW

β,p
x ⊆ L1

ω,tW
β,1
x ,

via the bound

E
(ˆ T

0

〈(−∆)β/2M1(t), ϕ(t)〉 dt
)

≤C
(γ
θ

)−(β+1)/(2α)−d/(2p′α)

θ−2Γ

(
2− β + 1

2α
− d

2p′α

)
· ‖ϕ‖

L∞ω,tL
p′
x
E
(ˆ T

0

1 + ‖u(t)‖L1
x
Σ2
m dt+ 1 + ‖u0‖3

L3
x

)
+ C

(γ
θ

)−(β+2)/(2α)−d/(2p′α)

θ−2Γ

(
2− β + 2

2α
− d

2p′α

)
· ‖ϕ‖

L∞ω,tL
p′
x
E
(ˆ T

0

1 + ‖u(t)‖L1
x
Σ2
m dt+ µ(Td) + ‖u0‖3

L3
x

)
≤CM1(α, β, γ, θ)‖ϕ‖

L∞ω,tL
p′
x
E
(

1 + T +

ˆ T

0

‖u(t)‖L1
x
Σ2
m dt+ µ(Td) + ‖u0‖3

L3
x

)
. (4.15)

Analysis of M2
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We again use the inequality of Burkhölder, Davis, and Gundy:

E
(

sup
s≤t
〈(−∆)−β/2M2(s), ϕ〉2

)
≤E

(ˆ t

0

( ˆ ˆ
Td
e−θ(t−s)e(Bγ+A(ξ):∇⊗∇)(t−s)((−∆)−β/2ϕ)(x+ F ′(ξ)(t− s))

σ(ξ)δ(ξ − u(x, s)) dx dξ

)2

ds

)

≤E
(ˆ t

0

(ˆ ˆ
Td

(e−θ(t−s)(−∆)−β/2e(Bγ+A(ξ):∇⊗∇)(t−s)ϕ(x+ F ′(ξ)(t− s)))2Ξ(ξ − u(x, s)) dx dξ

)
·
(ˆ ˆ

Td
σ2(ξ)δ(ξ − u(x, s)) dx dξ

)
ds

)
.

We apply the kernel estimate to ϕ(x + F ′(ξ)(t − s)))2, which, as ϕ ∈ L∞, is also

∈ L∞x . Writing ϕ(x− F ′(ξ)(t− s)) =: φ(ξ, x, s) ∈ L∞ξ,x,s, we have

∥∥(−∆)−β/2e(Bγ+A(ξ):∇⊗∇)(t−s)φ(ξ, x, s)
∥∥
L∞x

≤C(γ(t− s))−β/(2α)‖φ(ξ, x, s)‖L∞x = C(γ(t− s))−β/(2α)‖ϕ‖L∞ .

Whereupon, we also have

E
(

sup
s≤t
〈(−∆)−β/2M2(s), ϕ〉2

)
≤CE

((ˆ t

0

e−2Ξ(t−s)(γ(t− s))−β/α‖ϕ‖2
L∞

)
·
(ˆ

Td
σ2(u) dx

)
ds

)
≤ C ′E

((ˆ t

0

e−2Ξ(t−s)(γ(t− s))−β/α‖ϕ‖2
L∞

)
·
(
Σ2µ(Td)

)
ds

)
≤C ′‖ϕ‖2

L∞

(γ
θ

)−β/α
θ−1Γ

(
1− β

α

)
·
(
Σ2µ(Td)

)
=CM2(α, β, γ, θ) ·

(
Σ2µ(Td)

)
‖ϕ‖2

L∞ . (4.16)

A judiciously chosen β > 0, as well as γ and θ (which have both heretofore been

unconstrained except by positivity), ensures that the left-hand side of this inequality

remains bounded.

This implies M2 ∈ L2
ωL
∞
t W

β,1
x ⊆ L1

ωL
∞
t W

β,1
x .

A degree of compactness
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Again, let Z be the compact space of equicontinuous functions. Now either X ⊆
W β,1(Td) or the reverse inclusion holds. In either case, we end up with BR ⊆ L1

x being

mapped into a compact set.

From (4.14), we have

E
(ˆ T

0

|u0 + u[|2X dt
)
≤ C

(
‖u0‖L1 + E

(
‖u(t)‖L1([0,T ];L1(Td))

))
,

where C depends only on the dimension, d.

So

E
(ˆ T

0

|u0 + u[|X dt
)
≤ CT +

1

4

(
‖u0‖L1 + E

(
‖u(t)‖L1([0,T ];L1(Td))

))
.

From (4.15), and (4.16), we have

E
(ˆ T

0

‖M1 +M2‖Wβ,1
x

dt

)
≤CM1(α, β, γ, θ, p)

(
Σ2‖u‖L1([0,T ];L1(Td)) + Σ2T + µ(Td) + ‖u0‖3

L3(Td)

)
+ CM2(α, β, γ, θ)Σ2µ(Td)T

By taking | · |Z to be the seminorm of the bigger space of the two, we have

 T

0

E (|u|Z) dt ≤C +
1

4T
‖u0‖L1 + CM1(Σ2 +

µ(Td)
T

+
1

T
‖u0‖3

L3
x
) + CM2Σ2µ(Td)

+

(
1

4
+ CM1Σ2

)  T

0

‖u(t)‖L1 dt.

Since Z is compact in L1, this shows that the solution map associated with the

equation (4.13) does indeed map solutions into a compact subspace given the appro-

priate nonlinearity conditions. However, as there is no a-priori control on ‖u(t)‖L1 ,

one cannot give a bound to show that the Krylov-Bogoliubov hypothesis of tightness

is satisfied. Of course, if the zero function were a solution – that is, if σ(0) = 0, then

the L1 contraction property would provide a bound on ‖u(t)‖L1 , but in that case the

existence of an invariant measure is trivial.
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Chapter 5

Invariant Measures for a Simple

System of Equations

Here 1 we consider the compressible Navier-Stokes system,

∂t% =− ∂x(%u)

∂t(%u) =− ∂x(%u2 + p(%)) + µ∂2
xxu+ σ(%, u, x)∂tWt,

(5.1)

with initial data %(0) = %0, u(0) = u0, and with x ∈ R and t ≥ 0.

Here p(%) = %γ is the adiabatic relation between the pressure, p, and the density,

%. Here for simplicity we are going to require σ to be bounded in all its arguments and

compactly supported in x. We use only that σ ∈ L2 in x, and is bounded in all its

other arguments.

We are seeking an invariant measure.

The strategy is to use Hoff’s discrete difference scheme in [51] to show existence

of solutions and use Kanel”s classical energy method argument [59] to prove some

asymptotic bounds relating to higher regularity norms in both u and v = 1/%, in

the Lagrangian coordinates. Since we are using a discrete scheme, Kanel”s argument

requires some modification, in particular, a new auxiliary function to show that v is

bounded above from infinity and below from nought in finite time.

The background to this work is roughly as follows, though the literature is im-

mense. Kanel’ [59] showed existence and regularity of solutions to the system (5.1) in

Lagrangian coordinates on R. Kazhikov and Shelukhin [63] made the next landmark

1post-viva addendum: This chapter is incorrect – see Coti-Zelati, Glatt-Holtz, Trivisa 2018.
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step and proved a similar result for the system of three equations,

∂tv =∂yu

∂tu =∂y

(
−P (v) +

κ
v
∂yu
)

∂t

(
e+

u2

2

)
=∂y

(
κv−1∂yθ

)
+ ∂y

[
u
(
−P (v) +

κ
v
∂yu
)]
,

(5.2)

on a bounded domain, where θ is “temperature”, and e = cV θ is the “specific energy”.

Kanel’ and Kazhikov Shelukhin both considered, essentially, the specific volume on a

particle path,

Ẋ(t) =u(X(t), t)

X(0) =x0,

showing that the logarithm of the specific volume remains bounded. This was expanded

upon in Hoff’s papers in [50, 51], where Hoff employed the same argument as Kazhikov

and Shelukhin on a discrete collection of difference equations — and further explained

in greater clarity in [52]. The question of the boundedness of the density, or specific

volume, away from nought and infinity is fundamental to the smoothness of solutions,

as shall later be explained. The corresponding physical phenomenon for a blowup of the

specific volume is a vacuum, which leads to extreme effects such as cavitation. Infinite

density is also a physically troubling prospect.

Jiang [58] studied asymptotic behaviour on the half-line for problems with large

data, finding time-independent bounds above and below for density. Li and Liang

[76] improved on this in a very recent contribution to the subject by showing that

temperature is also bounded pointwise from zero and infinity.

5.1 Existence of Solutions

5.1.1 Lagrangian Coordinates

In Lagrangian coordinates, these equations become

∂tv =∂yu
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∂tu =− ∂yP (v) + ∂y(ε(v)∂yu) + σ∂tWt, (5.3)

where P (v) = p(1/v) = v−γ, and ε(v) = µ/v.

We shall continue to call the first equation “the continuity equation”, and the second

equation “the momentum equation”. Of course, for precision, the solution u in this set

of equations should properly be labelled uL, with uL(y, t) = u(x, t), but for simplicity

and legibility, we leave the distinction implicit.

In Lagrangian coordinates, the variables of interest to us are (y, t), where y = x(0),

and (x, t) are the Eulerian coordinates, for which fluid particles take the positions.

ẋ =u(x(t), t) t ≤ s

x(s) =y.

It is well known that the Lagrangian coordinates satisfy the transformation

y =

ˆ x

x0

%(s, t) ds,

as can also be seen from the continuity equation

∂t%+ ∂x(%u) = 0,

by postulating

% = ∂xy, %u = −∂ty.

Therefore changing ∂t + u∂x to ∂t and ∂x to %∂y changes an equation from the

Eulerian to the Lagrangian perspective. It is important that the Jacobian of the change-

of-coordinates be non-singular.

We see from the above that it is of primary importance that % remains bounded away

from zero – that vacuums do not spontaneously arise. This is of paramount importance

to the entire problem of well-posedness. Physically, where vacuums arise, we would ex-

pect cavitation, shocks, and classical well-posedness to break-down, so that the math-

ematical model fails adequately to describe the phenomenon at the vacuum/cavitation

limit which had done so up to that limit.

The theorem we shall to prove in the subsequent sections will be the following:
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Theorem 23. Assume that the initial data (v0, u0) satisfy 0 < v(0) < v0 < v̄(0),

and v0 − v′ ∈ L2(R) ∩ BV (R) for some fixed v′ > 0, and u0 ∈ L2(R). Assume that

σ = σ(u, v, x) in (5.3), is compactly supported in the last argument, and bounded in all

three. Then the Cauchy problem (5.3) has a weak solution almost surely for every time

t ≥ 0, satisfying

0 ≤ v(t) < v(x, t, ω) < v̄(t)ω − a.s. (5.4)

v(·, t)− v′, u(·, t) ∈ L2
xω − a.s., and (5.5)

ε1/2(v)ux ∈ L2
t,xω − a.s.. (5.6)

Furthermore, an invariant measure exists for the process Yt = (v(t)− v′, u(t)).

We mean by an almost sure (or pathwise) weak solution the notion that Hoff used,

being that of Kazhikov and Shelukin’s [63], that (v, u) almost surely satisfy

v, v−1 ∈ L∞([0, T ]; Ḣ1(R)),

v(·, t)− v′ ∈ L∞([0, T ];L2(R)), and

u ∈ L2([0, T ];H1(R)) ∩H1([0, T ], L2(R)),

and satisfy the equations almost everywhere in R× [0, T ] for any T <∞.

5.1.2 Bounds for Specific Volume

In this section we derive the four bounds (5.4) - (5.6). In the next section we conclude

the proof of the theorem.

Therefore first we derive a bound for the density, or more accurately, the specific

volume v = 1/%.

Following Hoff in[50] and [51], we introduce the semidiscrete difference scheme, with

h > 0, and xk = kh, with k ∈ Z. We approximate u at integral multiples of h and at

the midpoint between integeral multiples we approximate v, writing therefore uk(0) for

u(xk, 0) and vk+1/2(0) for v(xk+1/2, 0).

We denote the forward difference by ∆, so that, e.g.,

(∆u)k+1/2 =
1

h
(uk+1 − uk),
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and

(∆v)k =
1

h
(vk+1/2 − vk−1/2).

The approximate solutions uk(t) and vk+1/2(t) are then computed via the system of

SDEs:

∂tvk+1/2 =(∆u)k+1/2(t)

∂tuk =∆(−P + ε(v)∆u)k + σk∂tWt,
(5.7)

where P (v) = p(1/v) = v−γ.

First we prove the usual, a priori, energy bound. For convenience we follow Hoff

and define

ψ(v) :=

ˆ v

v′
P (v′)− P (r) dr. (5.8)

Since P is a decreasing function of its argument, the integral ψ is non-negative.

We enforce the boundary conditions that (uk, vk+1/2) → (0, v′) as |k| → ∞, where

v′ is a constant.

Multiplying the second equation in (5.7) by ukh, and using the Itô formula, we have

1

2
∂tu

2
kh = −∆(P (v)− P (v′))kukh+ ∆(ε∆u)kukh+

1

2
σ2
kh+ σkukh∂tWt,

noting that (∆P )k = ∆(P − c)k for any constant c.

Next we sum the indices k from −N to N and integrate in time from 0 to T ,

summing-by-parts,

1

2

N∑
−N

u2
kh

∣∣∣∣∣
T

0

+
N∑
−N

ψ(vk+1/2)h

∣∣∣∣∣
T

0

+

ˆ T

0

N∑
−N

ε(vk+1/2)(∆u)2
k+1/2h ds

=

ˆ T

0

(
(P (v′)− PN+1/2)uN − (P (v′)− P (v−N−1/2))u−N

)
ds

+

ˆ T

0

(
uNε(vN+1/2)(∂u)N+1/2 − u−Nε(v−N−1/2)(∂u)−N−1/2

)
ds

+
1

2

ˆ T

0

N∑
−N

σ2
kh ds+

ˆ T

0

N∑
−N

σkukh dWt
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Enforcing the boundary conditions, taking N →∞, we can write

1

2

∑
u2
k(T )h+

∑
ψ(vk+1/2)(T )h+

ˆ T

0

∑
ε(vk+1/2)(∆u)2

kh dt (5.9)

≤1

2

∑
u2
k(0)h+

∑
ψ(vk+1/2(0))h

+
1

2

ˆ T

0

∑
σ2
kh dt+

ˆ T

0

∑
ukσkh dWt,

where C is independent of T and h, depending only on initial data ‖u0‖L2 and ‖ψ(v0)‖L1 .

Now suppose σk = σ(uk, vk+1/2, kh), and that σ is compactly supported in its last

argument, and bounded in all three. Then

∑
σ2
kh,

∑
σkukh <∞.

Now for f(t) such that supt∈[0,T ] |f(t)| <∞,

X· =

ˆ ·
0

f(t) dWt

has continuous-in-time paths (or is indistinguishable from a process having continuous-

in-time paths), as

E(|Xt −Xs|2κ) =E

(∣∣∣∣ˆ t

s

f(τ) dβτ

∣∣∣∣2κ
)

=E
(∣∣∣∣ˆ t

s

|f(τ)|2 dτ
∣∣∣∣κ) ≤ E

(
sup
τ∈[0,T ]

|f(t)|2κ
)
|t− s|κ,

so that by the Kolmogorov continuity theorem, there is a version of Xt with sample

paths that are almost surely in the class C(κ−1)/2κ for every κ. Also, where the stochastic

process is indexed by a time variable in Rd, different versions of the same process are

indistinguishable from one another.

Alternatively, taking expectations, we have

E
[

1

2

∑
u2
k(T )h+

∑
ψ(vk+1/2)(T )h+

ˆ T

0

∑
ε(vk+1/2)(∆u)2

kh dt

]
(5.10)

≤C0 + E
(

1

2

ˆ T

0

∑
σ2
kh dt

)
,
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Hence, almost surely,

1

2

∑
u2
k(T )h+

∑
ψ(vk+1/2)(T )h+

∑ ˆ T

0

ε(vk+1/2)(∆u)2
k dt h <∞. (5.11)

This boundedness implies that uk ∈ l2, and (∆u)k+1/2 ∈ l2.

We also have the asymptotic bound

1

T
E
[

1

2

∑
u2
k(T )h+

∑
ψ(vk+1/2)(T )h+

ˆ T

0

∑
ε(vk+1/2)(∆u)2

kh dt

]
(5.12)

≤C0

T
+

1

T
E
(

1

2

ˆ T

0

∑
σ2
kh dt

)
.

Since σk is compactly supported in k and bounded in all its arguments,

1

T
E
(ˆ T

0

∑
σ2
kh dt

)
= O(1),

as T →∞, independently of h.

Next, following Kanel’ [59] (also found reproduced in [100]), we turn to an inequality

bounding (∆v)k/vk+1/2.

Writing Ek+1/2 = κ(log(vk+1/2)− log(v′)), we see that, as the continuity/mass equa-

tion does not have a stochastic forcing term, Itô formula coincides with the usual chain

rule to give

∆(ε(v)∆u)k = ∆(∂tE)k.

Therefore,

∂tuk + (∆P )k −∆(∂tE)k = σk∂tWt.

Again, as the mass equation does not have a stochastic forcing term, we can multiply

the momentum equation by −∆Ek, unpenalized by an additional correction term:

−(∆E)k∂tuk − (∆E)k(∆P )k + (∆E)k∂t(∆E)k =− (∆E)k − σk∂tWt

−
ˆ T

0

(∆E)k∂tuk − (∆E)k(∆P )k +
1

2
∂t(∆E)2

k dt =−
ˆ T

0

(∆E)kσkdWt.
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Integrating by parts and summing up |k| ≤ N , we have

−
ˆ T

0

∑
|k|≤N

(∆E)k(∆P )kh dt+
1

2

∑
|k|≤N

(∆E)2
kh

∣∣∣∣∣∣
T

0

=

ˆ T

0

∑
|k|≤N

(∆E)k∂tukh dt−
ˆ T

0

∑
|k|≤N

(∆E)kσkhdWt

=
∑
|k|≤N

(∆E)kukh

∣∣∣∣∣∣
T

0

−
ˆ T

0

∑
|k|≤N

∂t(∆E)ku)kh dt

−
ˆ T

0

∑
|k|≤N

(∆E)kσkh dWt

=
∑
|k|≤N

(∆E)kukh

∣∣∣∣∣∣
T

0

−
ˆ T

0

∂tEk+1/2uk

∣∣∣∣N
−N

dt

+

ˆ T

0

∑
|k|≤N

∂tEk+1/2(∆u)k+1/2h dt−
ˆ T

0

∑
|k|≤N

(∆E)kσkhdWt

=
∑
|k|≤N

(∆E)kukh

∣∣∣∣∣∣
T

0

− Ek+1/2uk

∣∣∣∣∣∣
N

−N

∣∣∣∣∣∣∣
T

0

+

ˆ T

0

Ek+1/2∂tuk

∣∣∣∣N
−N

dt

+

ˆ T

0

∑
|k|≤N

ε(vk+1/2)(∆u)2
k+1/2h dt

−
ˆ T

0

∑
|k|≤N

(∆E)kσkhdWt

=
∑
|k|≤N

(∆E)k(T )uk(T )h− (Ek+1/2(T )uk(T ))

∣∣∣∣∣∣
N

−N

+
∑
|k|≤N

Ek+1/2(0)(∆u)k+1/2(0) +

ˆ T

0

Ek+1/2∂tuk

∣∣∣∣N
−N

dt

+

ˆ T

0

∑
|k|≤N

ε(vk+1/2)(∆u)2
k+1/2h dt
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−
ˆ T

0

∑
|k|≤N

(∆E)kσkhdWt.

Via the bound

∑
|k|≤N

(∆E)k(T )uk(T )h ≤ 1

4

∑
|k|≤N

(∆E)2
k(T ) +

∑
|k|≤N

u2
k(T )h,

and using equation (5.9)

1

2

∑
u2
k(T )h+

∑ ˆ T

0

ε(vk+1/2)(∆u)2
k dt h

≤1

2

∑
u2
k(0)h+

∑
ψ(vk+1/2)h

∣∣∣0
T

+
1

2

ˆ T

0

∑
σ2
kh dt+

ˆ T

0

∑
ukσkh dWt,

we have

−
ˆ T

0

∑
|k|≤N

(∆E)k(∆P )kh dt+
1

4

∑
|k|≤N

(∆E)2
k(T )h+ 2

∑
|k|≤N

ψ(vk+1/2(T ))h

≤ 1

2

∑
|k|≤N

(∆E)2
k(0)h− (Ek+1/2(T )uk(T ))

∣∣∣∣∣∣
N

−N

+
∑
|k|≤N

Ek+1/2(0)(∆u)k+1/2(0) +

ˆ T

0

Ek+1/2∂tuk

∣∣∣∣N
−N

dt

+
∑
|k|≤N

u2
k(0)h+ 2

∑
|k|≤N

ψ(vk+1/2(0))h+

ˆ T

0

∑
|k|≤N

σ2
kh dt

+ 2

ˆ T

0

∑
|k|≤N

ukσkh dWt −
ˆ T

0

∑
|k|≤N

(∆E)kσkhdWt

+ 2

ˆ T

0

(P (v′)− Pk+1/2)uk

∣∣∣∣N
−N

ds+ 2

ˆ T

0

ukε(vk+1/2)(∂u)k+1/2

∣∣∣∣N
−N

ds.

First,

ˆ T

0

Ek+1/2∂tuk

∣∣∣∣N
−N

dt

=− (Ek+1/2(T )uk(T )− Ek+1/2(0)uk(0))

∣∣∣∣N−N − ˆ T

0

∂tEk+1/2uk

∣∣∣∣N
−N

dt.
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So, taking N → ∞, and using the fact that |uk| → 0 as |k| → ∞, we arrive at the

inequality

−
ˆ T

0

∑
(∆E)k(∆P )kh dt+

1

4

∑
(∆E)2

k(T )h+ 2
∑

ψ(vk+1/2(T ))h

≤1

2

∑
(∆E)2

k(0)h+
∑

Ek+1/2(0)(∆u)k+1/2(0)

+
∑

u2
k(0)h+ 2

∑
ψ(vk+1/2(0))h+

ˆ T

0

∑
σ2
kh dt

+ 2

ˆ T

0

∑
ukσkh dWt −

ˆ T

0

∑
(∆E)kσkhdWt.

Now observe that, as v 7→ log(v) in an increasing function and v 7→ v−γ is a

decreasing function:

(∆E)k(∆P )k =
1

h2
(log(vk+1/2)− log(vk−1/2))(v−γk+1/2 − v

−γ
k−1/2) ≤ 0,

so, coupled with the remark following (5.8) that ψ(v) ≥ 0, each summand in the left-

hand side of the preceding inequality is non-negative.

Next taking expectation and dividing by T , we attain the estimate

1

T
E
(
−
ˆ T

0

∑
(∆E)k(∆P )kh dt+

1

4

∑
(∆E)2

k(T )h+ 2
∑

ψ(vk+1/2(T ))h

)
≤ C0,

(5.13)

as in (5.12).

Next, consider as in Kanel’ [59] an auxiliary function. Kanel’s function was

f(v) =

ˆ v

v′
ε(r)

√
ψ(r) dr =

ˆ v

v′

κ
v

√
ψ(r) dr.

This can be bounded thus:

|f(v)| =
∣∣∣∣ˆ v

−∞

∂f

∂y
dy

∣∣∣∣ =

∣∣∣∣ˆ ∂ log(v)

∂y

√
ψ(v) dy

∣∣∣∣ (5.14)

≤
(ˆ ∞
−∞

∂ log(v)

∂y
dy

)1/2(ˆ ∞
−∞

ψ(v) dy

)1/2

,

and ∂y log(v) is the continuous analogue of ∆E, so that both factors are bounded. But
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as we are taking discrete differences here, we cannot use the same auxiliary function that

Kanel’ used. In particular the second equality in (5.14) above does not carry through

easily, so we seek an auxiliary function for which that equality becomes a bound – an

idea variously manifested and popular throughout analysis, such as the idea of weights

that underpins Selberg’s vast simplification of Brun’s Sieve. We know that f satisfies

(i)

|f(vN+1/2)| =

∣∣∣∣∣∑
k≤N

(∆f(v))kh

∣∣∣∣∣ ≤∑
k≤N

|(∆f(v))k|h,

and |(∆f(v))k| was in turn bounded by one of the summands on the left-hand

side of (5.13); and

(ii)

|f(v)| → ∞

as v → 0 or v →∞,

from which we can conclude that log(vN) is bounded.

To this end we define the auxiliary function

f(v) := κ log(v)
√
ψ(v).

Recall that ψ(v) ≥ 0.

Working backwards, we also define

Rk :=
√
ψ(vk+1/2) +

√
ψ(vk−1/2).

Notice now

1

κ
(∆E)kRk = log(vk+1/2)

√
ψ(vk+1/2)− log(vk−1/2)

√
ψ(vk−1/2)

+ (log(vk+1/2)
√
ψ(vk−1/2 − log(vk−1/2)

√
ψ(vk+1/2),

so

1

κ
∑

(∆E)kRkh

=
∑

∆(log(v)
√
ψ(v))kh+

∑
(log(vk+3/2)− log(vk−1/2))

√
ψ(vk+1/2)h
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=
∑

∆(log(v)
√
ψ(v))kh+

1

2

∑
[(∆ log(v))k+1 + (∆ log(v)k)]

√
ψ(vk+1/2)h

=
∑

∆(log(v)
√
ψ(v))kh+

1

2

∑
((∆Ek) + (∆E)k+1)

√
ψ(vk+1/2)h.

We bound f(vN) thus:

|f(vN(T ))| =

∣∣∣∣∣∑
k≤N

(∆f(v))kh

∣∣∣∣∣
≤
∑
|(∆E)k||Rk|h+

1

2

∑
|(∆E)k|

√
ψ(vk+1/2)h+

1

2

∑
|(∆E)k+1|

√
ψ(vk+1/2)h

≤3
(∑

(∆E)2
kh
)1/2 (∑

ψ(vk+1/2)h
)1/2

≤C(T )

<∞,

recalling that Rk =
√
ψ(vk+1/2) +

√
ψ(vk−1/2).

But also, |f(v)| → ∞ as v → 0 or v →∞. Therefore there is a constant M(T ) > 0

such that

M(T )−1 ≤ v ≤M(T ).

5.2 Existence of Invariant Measure

Now, this bound on v implies that the SDEs (5.7) have strong solutions globally in

time. Furthermore, we have the bounds independent of h that

E
(ˆ T

0

∑
ε(vk+1/2)(∆u)2

kh dt+
1

4

∑
(∆E)2

k(T )h

)
≤ C0T.

This implies, as in [51], that

E
(∑

(∆v)2
kh
)
≤ C0T,

Integrating in time, we have

E
(ˆ t

0

∑
(∆v)2

kh ds

)
≤ C(1 + T 2).
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Therefore we have the temporal average bound:

E

[(ˆ t

0

∑
(∆v)2

kh ds

)1/2
]
≤ C(1 + T ).

All the bounds above are uniform in h.

This implies that the the solution map S : (v0 − v′, u0) 7→ (v − v′, u) is compact

on L2 × L2, by the Tychonoff theorem (for example, even though this is just a finite

product). Since it is compact, it is also continuous. Therefore, composed with any

bounded continuous ϕ ∈ Cb(L2), it holds that the associated process Ps which takes

ϕ to Psϕ = ϕ ◦ S – a composition of continuous functions – is Feller. Now we invoke

the calculations in §3.1.3 and conclude that an invariant measure exists as a limit of

νT =
1

T

ˆ T

0

P∗
s δ(v0,u0) ds.
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Chapter 6

Conclusion

6.1 Summary

In summary, in this dissertation,

(i) we gave a unified framework for the L1 contraction, L1 stability and BV /Nikolskii

norm estimates;

(ii) we derived a Nikolskii semi-norm estimate for the spatial translation non-invariant

stochastic anisotropic degenerate parabolic-hyperbolic equation, which was non-

trivial and depended on the regularity of various coefficients, unlike in the trans-

lation invariant case, in which the BV estimate follows from the L1 contraction;

(ii) we generalised the results of [30] concerning existence and uniqueness of invari-

ant measures in the first order stochastic conservation law to the second order

equations, with additive noise, using insights from [13, 14];

(iv) we derived long-time behaviour results for the second order stochastic scalar con-

servation law with a class of unbounded, not necessarily smooth, and multiplica-

tive noises;

(v) we derived a simple result on the long-time behaviour of solutions to a system of

equations.

The Overview (§1.2.1) gave a summary of the techniques and ideas behind each of

these topics.
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6.2 Looking Ahead

Here we discuss some further questions.

6.2.1 Multiplicative Noises

There are a few natural questions that follow from the studies cited. We restrict our-

selves again to conservation laws (with stochastic force). The most natural is that of

long-time behaviour of multiplicative noise. Noises of the form ∇ · A(u) ◦ dW have

been considered [41, 42], because in that case the dynamics remains contained in the

zero-spatial-average subspace of L1(Td).
The well-posedness questions for equations with multiplicative noise is quite well

understood from several different perspectives – the strong entropic stochastic solutions

of Feng and Nualart [38], and of Chen, Ding, and Karlsen [10], the viscosity solution

methods of Bauzet, Vallet, and Wittbold[3], and the kinetic approach of Debussche,

Hofmanovà, and Vovelle [28, 29], which we have mentioned in the introductory chapter.

Nevertheless, apart from compactness as shown in Chapter 4, the question of long-time

behaviour is entirely open, because there is no effective way to control ‖u(t)‖L1 .

We remark on two aspects of the noise that can affect qualitative long-time be-

haviour:

(i) The question seems to be heavily dependent on the roots and growth of the noise

σ – If the noise were degenerate (not cylindrical), and σ(r) = 0 for certain r ∈ R,

then u(x) ≡ r is a fixed point of the evolution, and by L1 contraction, it is possible

to prove certain long-time behaviour results on solutions u as was done Chapter

4, which studied unbounded noise with one root. Both the growth of σ and how

many roots it possesses affect the long time behaviour of solutions, as is evident

also in studies of other equations like the KPP equation (discussed below). In the

case that σ has no roots, there are no fixed points. It is possible that bounded

noise with no roots exhibit other behaviours, such as the existence of a non-trivial

invariant measure.

(ii) If the noise is σ(u)dB =
∑

k gk(u)dW k, where B = W kek is a cylindrical Wiener

process, the behaviour is expected to be very different than if the noise is simply

σ(u)dW .
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6.2.2 Non-white noises

It would be interesting to explore the consequences of having more general Lévy noises in

place of a white noise. Whilst most studies on stochastically driven nonlinear equations,

such as the Burger’s Equation [98, 93, 36, 49] append to the equation a Brownian noise

term (and except in the case of [36], and thereafter, also a dissipation term), work has

also appeared in which Lévy noises were considered [62, 73, 66].

It would also be of interest to explore the question of invariant measures for equations

with noises arising from processes for which temporal increments are at least weakly

correlated, as do arise from fractional Brownian motion. The goal would be to establish

some correspondence between different types of noise and the corresponding invariant

measures where they exist – a kind of continuous dependence of the sets of invariant

measures on the noise, or the dynamics of the set of invariant measures (possibly null)

as a (deterministic) map varies the statistics of the noise. To our knowledge, no such

thing has been systematically done.

It is not immediately clear what it means to vary the statistics of the noise continu-

ously. A starting point can be that of varying the Hurst parameter of noise arising from

Brownian motion, and by and by in developing a topology for the statistics of (various

classes of) noises.

6.2.3 Infinite Dimensional Dynamical Systems

As remarked in [49], infinite dimensional dynamical systems is a field still early in devel-

opment compared to the finite dimensional theory. Properties of long-time behaviour

are not limited to the existence and uniqueness of invariant measures or their negations.

Invariant measures, whilst an indispensible tool in probing the asymptotic properties of

dynamical systems, themselves have properties beyond existence and uniqueness that

are of interest in the understanding of these systems. For example, it is well known

that random attracting sets are intimately related to the supports of invariant mea-

sures [25, 24], and these random attracting sets have interesting properties of their own

[26, 27] that give insight into statistical and asymptotic behaviour of solutions to infi-

nite dimensional random dynamical systems. It would be interesting to study the finer

properties of invariant measures to infinite dimensional random dynamical systems, and

through them to learn about the long-time behaviour of such systems.
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6.2.4 Systems of Equations

In the previous chapter we derived the existence of invariant measures for the one di-

mensional compressible Navier-Stokes system (of equations – not to be confused with

dynamical “systems”) with noise. A natural question to consider is the long-time be-

haviour of other common systems of equations. In systems of equations, such as for

the isentropic Euler system, the kinetic formulation might not be “pure” – it contains

instances of the solution u mixed with the kinetic equation [80]. At present it seems the

methods of [30] are not directly applicable to this system, although [6] have developed

a well-posedness theory for it and provided numerical evidence that we should expect

the existence of an invariant measure. Smith [99] showed global well-posedness of weak

solutions to the d-dimensional stochastic compressible Navier-Stokes equations. The

incompressible fluid equations have seen comparably more effort [71, 72, 49] (and ref-

erences in [83]). The intersection of infinite dimensional dynamical systems theory and

the theories of systems of nonlinear equations, especially of compressible fluid equations,

is a promising field as even the deterministic cases are rich with many phenomena such

as solitons.

6.2.5 Malliavin Calculus

The Malliavin Calculus is important in some aspects of the study of stochastic PDEs.

Malliavin originally invented his calculus to show that Hörmander’s condition is suf-

ficient for the existence of a smooth density for the solution of an SDE. In his book

Stroock [101] used a technique suggestive of the Malliavin Calculus to show that linear

degenerate parabolic equations have measure-valued solutions. The Calculus is also

widely applied to questions in the field of mathematical finance [89].

As mentioned in §1.2.1 Karlsen and Storrøsten [61] used Malliavin Calculus in modi-

fying the entropic framework of [3] to suggest an origin for the strong stochastic entropic

property introduced [38]. They also discussed how there were different approaches to a

well-posedness theory of stochastic first-order scalar conservation laws, mentioning that

the kinetic framework of [28] sidestepped the noise-noise interaction that called for the

strong stochastic entropic property. It would be interesting to study more generally the

relationship between the kinetic formulation and the Malliavin Calculus in the setting

of stochastic PDEs.
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opérateur de transport. C.R. Acad. Sci. Paris Séries I: Mathematique, 301(7):341
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