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Abstract

A healthy brain possesses an intrinsic collection of mechanisms, known as dynamic

cerebral autoregulation, that allow it to withstand physiological disturbances and main-

tain a sufficient and continuous supply of blood required to perform its functions. Ab-

normalities in cerebral autoregulation have been implicated in various disease condi-

tions, including ischaemic stroke, and more recently neurodegenerative diseases such as

Alzheimer’s. These protectivemechanisms occur predominantly in themicrovasculature,

the site of exchange between the blood and the brain tissue. However, the microvascu-

lature’s role in diseases is poorly understood, primarily due to the current imaging gap

between the scales of clinical imaging (mm) and the microvasculature (µm). Hence,

models of blood flow in the microvasculature can play a key role in filling this gap and

help achieve a better understanding of cerebrovascular pathologies. These conditions are

often linked to structural modifications in the vessel network, alterations in blood flow

patterns, as well as impairment in the autoregulatory responses, all of which are changes

that the model should be able to address if it were to have any clinical value.

We use perturbation methods to derive a model of dynamic blood flow and control

in the microvasculature, one that resolves the structure of the individual microvessels in

the network, and the autoregulation mechanisms are incorporated via a feedback model

that alters the compliance of the individual vessels. We then validate the model and use

it to model blood flow in the cortical penetrating vessels, whereas we model the capil-

lary bed of the cortex as a porous medium and geometrically discretise it using a novel

finite volume algorithm that ensures numerical accuracy and computational feasibility

of the numerical solver. We then appropriately couple the discrete and continuum parts

of the networks, giving rise to a single multiscale system that characterises the dynamic

pressure and flux variations throughout an MRI voxel-sized network.

We conduct parameter calibration and sensitivity analyses to ensure an accurate char-

acterisation of the feedback model parameter space. Finally, to demonstrate the utility of

the models, we use the constructed networks as in-silico vascular testing beds to explore

the biophysical origins andmechanisms behind the hypercapnic response, which remain

poorly understood due to the difficulties of investigating the response in a conventional

experimental context. Drawing from the available experimental data, we propose a se-

quence of the signalling events underpinning the hypercapnic response, anduse themod-

els to test the hypothesis and provide compelling evidence that strongly corroborates its

validity, thereby providing an important addition to our understanding of the blood flow

control processes and motivating further in-vivo investigations.
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Chapter 1

Introduction

1.1 Autoregulation and Cerebrovascular Diseases

The brain is comprised of an intricate web of billions of neurons involved in information pro-

cessing, which in turn enable us to experience the world. Supporting the neurons are ap-

proximately the same number of glial cells, the extracellular matrix, around 700 km of blood

vessels, and the surrounding cerebrospinal fluid (CSF), which all together work to preserve

the delicate environment of neurons and sustain the brain’s functions.[1] To meet the high

metabolic rate associated with information processing, the brain requires large amounts of

oxygen and glucose: even though the brain represents only 2 % of the body weight, it ac-

counts for 20 % of the body’s total oxygen consumption and 14 % of the total cardiac output

under resting conditions.[2],[3] Since the brain generally lacks reservoirs for storing energy

substrates, it relies on a steady and reliable supply of oxygen and nutrients from the cerebral

vascular system, and cannot afford to be subjected to significant and prolonged reductions in

flow; if not mitigated, any disruptions in cerebral blood flow (CBF) would lead to rapid neu-

ronal cell death and permanent damage to the brain regions, thereby affecting the functions

of the brain and leading to death. Even subtle alterations in CBF can impact brain health

and function and are linked to dementia and cognitive decline.[4] As such, cerebrovascular

diseases continue to be among the leading causes of human morbidity and mortality, with a

substantial burden on public health and the lives of the affected population.

A healthy brain canwithstand physiological disturbances such as perturbations in blood pres-

sure and maintain a sufficient and continuous supply of blood required to sustain its func-

tion. The mechanisms that perform this function are highly complex and are collectively

known as dynamic cerebral autoregulation (dCA). The functional operation of these autoreg-

ulatory mechanisms over the lifespan preserves cerebrovascular health and supports brain

longevity.[5] Conversely, it follows that any dysfunction or impairments in the robustness of

the autoregulatory protective processes render the brain more susceptible to hypoperfusion,

which can lead to metabolic deficit and precipitation of neuronal damage[5]; this is partic-
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ularly true in the presence of risk factors such as hypertension and diabetes, in which the

brain becomes particularly susceptible to damage in case of impairments in the dCA mecha-

nisms.[6] Another widely accepted theory is that ischaemia and ischaemic strokes occur sec-

ondary to (that is, require) dysfunction in the functions of the microvessels supplying the

brain parenchyma,[7] with functional deficits to CBF theorized to precede cognitive and struc-

tural atrophy.

Indeed, abnormalities in autoregulation have been reciprocally implicated in various disease

conditions, including ischaemic stroke,[8] orthostatic hypotension,[9] vascular occlusions,[10]

and neurological diseases such as Alzheimer’s disease, the pathology of which has been tra-

ditionally attributed to the accumulation of amyloid plaques, but is now recognized to also

involve a very strong vascular contribution to its onset andprogression, including impairment

in the autoregulatory response[11] and changes in the microvascular network;[12]–[14] these, in

turn, could potentially impede the vasculature’s ability to clear the accumulated proteins.[15]

A key requirement for understanding cerebrovascular diseases is the study of vascular be-

haviour, as well as structural changes in the vasculature, in response to physiological chal-

lenges and diseases.[16] More generally, as Bullit[17] has remarked, “almost every disease from

cancer to the common cold affects blood vessel attributes (vessel number, radius, tortuosity,

and branching pattern).” In particular, many of the brain pathological conditions, including

small vessel obstruction during stroke, progressive capillary rarefaction, impaired regulation

efficiency, neuropathologies such as Alzheimer’s, and morphological changes during the de-

velopment and treatment of brain tumours, occur in the cerebral microcirculation,[14],[18]–[23]

where the majority of the cerebral vascular length is found.[24] Furthermore, it has been sug-

gested that changes in the vascular geometry, and particularly that of the microvasculature,

can provide earlywarning signs of pathological andneurological changes such asAlzheimer’s

disease,[25] and can potentially become one of the main biomarkers for the prevention and

personalized treatment of stroke and other cerebrovascular diseases.[16]

Clearly, the cerebralmicrovascular architecture has profound implications for both health and

disease.[26] However, due to issues pertaining to access, complexity, and scale, the microvas-

culature is also the portion of the vasculature where our understanding of blood flow control

remains most incomplete.[27] In the context of whole-brain haemodynamic modelling, there
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has been little focus on the microvasculature, and in most cases, its details are often lumped

into a simplified compartmental representation for the sole purpose of providing the appro-

priate boundary conditions (BCs) for the larger cerebral circulation (see[28]–[35] for examples).

1.2 The Challenges of Studying the Cerebral Microvasculature

Clinical imaging techniques have resolutions that could be down to 0.8-0.9mm; hence, they

are unable to capture themicron-scale anatomical features of themicrovasculature. The scarce

data available on themicrovasculature’s anatomical properties have been obtained either from

in-vivo imaging of animal brains, primarily rodents, or through ex-vivo examination of post-

mortem human brains. Most of the data has been obtained from the former, using high-

resolution methods like two-photon microscopy, which requires highly invasive techniques

like the generation of cranial windows for optical access to the cortex. It should also be noted

that there are several significant and documented geometrical and anatomical differences be-

tween the microvasculature in humans and that in animals[36]; therefore, care must be taken

when generalising any results across the species.

Perhaps the most prominent example and source of data for the microvasculature proper-

ties obtained from ex-vivo human brain imaging is the experiment conducted by Duvernoy et

al.[37] In their experiment, detailed and high-quality images of the cortical penetrating arteri-

oles and venules were obtained through the intravascular injection of India ink and gelatin as

well as low-viscosity resin to outline the lumen of the vessels, which were then examined by

stereoscopic and scanning electron microscopes, respectively. From these images, the statisti-

cal properties of a small section of the microvasculature, including the statistical distributions

for the vessel diameter and length, volume and surface densities, branching angle, tortuosity,

and diameter ratios, were quantified and recorded by Cassot et al.[38] The gathering and pa-

rameterization of such data enabled the generation of statistically accurate microcirculation

networks, for example, via minimum spanning trees algorithms,[39],[40] which are based on

matching the statistical properties of the generated networks with the measured and parame-

terised properties. The use of statistically generated networks bypasses the labour-intensive,

time-consuming and error-pronemethod of experimentally extracting and reconstructing the

dense and complex microvasculature structure.[41],[42] Note that there are other algorithms
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and approaches for reconstructing the microvasculature network, such as constrained con-

structive optimization[43] and tissue metabolism-driven arterial tree generation,[44], but the

trees generated via the method of minimum spanning trees are the only ones which relate

directly to experimentally recorded the morphometrical properties of the microvasculature

and are thus the ones used in this thesis.

Furthermore, it is extremely challenging to obtain any in-vivo measurements of the pressure

fields in the cerebral microvasculature networks.[45] Commonly used micropipette measure-

ments are limited to vessels close to the cortical surface and are only applicable to vessels

with diameters ⪆ 25µm.[46],[47] If the flow through the vessels were to be calculated, then

many pressure measurements at different locations would be needed to calculate the pres-

sure gradients, which is not feasible in in-vivo studies.[45] The difficulty in obtaining in-vivo

measurements inside the cerebral microcirculation, combined with the difficulty in obtaining

accurate anatomical information on the network properties, render mathematical models as

key for filling in the gap of our understanding of the microvasculature.

1.3 Using Mathematical Models to Bridge the Gap

This work aims to develop computational fluid dynamic (CFD)models that can then be com-

bined with statistical models that capture the connectivity and anatomical features of the mi-

crovasculature, as well as with physiologically grounded feedback models of the blood flow

control mechanisms, to provide large-scale models of CBF and regulation in the microvas-

culature. CFD models are well-suited for investigating the pressure and flow fields in the

microvasculature, which are hard to obtain and assess using in-vivo techniques. The outputs

from such large-scalemodels can then be comparedwith clinically observablemeasurements,

thereby bridging the gap between the microvasculature and macroscale observable proper-

ties, such as CBF.

For instance, in functional magnetic resonance imaging (fMRI), Blood Oxygenation Level

Dependent (BOLD) imaging is used to infer the changes in neuronal activity and determine

which brain regions become activated and deactivated, for example, while performing par-

ticular tasks. The basic premise of the BOLD technique is that during heightened neuronal

activity in a particular brain region, there is an increase in oxygen consumption and local
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blood flow to that region, a process known as neurovascular coupling (NVC). The increase

in blood flow normally exceeds that of oxygen consumption, leading to a relative increase

in the concentration of oxygenated haemoglobin relative to the deoxygenated haemoglobin.

Since oxygenated and deoxygenated haemoglobin have different paramagnetic properties,

themagnetic signal recorded can then be used as a surrogatemeasure for delineating changes

in neuronal activity across the different brain regions. Note that the recorded signal provides

an indirect proxy measure of neuronal metabolism and activity. Furthermore, each voxel,

which is the tiniest 3-D imaging unit from which a measurement can be obtained, contains

thousands of microvessels. Hence, the usefulness of the BOLD technique in fMRI strongly

depends on the understanding of the NVC process, as well as the underlying vascular archi-

tecture and function, which controls blood flow through its physical dilation and constric-

tion.[48] Accordingly, spatially and temporally informed haemodynamic models of CBF and

metabolism in the microcirculation can greatly contribute to the reconstruction of a coherent

picture of the NVC process examined during fMRI and enable a better quantitative interpre-

tation of the measured BOLD signal.

Unhampered by the limitations encountered by in-vivo experiments, in-silicomodels can also

be used to formulate and test important hypotheses and elucidate themechanisms behind im-

portant brain functions and processes (as we shall demonstrate in Chapter 6). The in-silico

representations can also act as virtual safe, low-cost testing beds[49],[50] that offer preliminary

assessments for the different outcomes before any clinical interventions or treatment plans,

especially risky ones. For instance, in hypertensive patients with impaired autoregulation, it

remains unclear which patients are ideal candidates for the administration of blood-pressure-

lowering medications, and in which patients could reductions in blood pressure result in se-

vere compromises in CBF.[51],[52] In such cases, in-silico models can facilitate the evaluation of

the efficacy and risks of the treatment strategies,[53] which could, in turn, help guide clinicians

towards the optimal, patient-specific treatment plan, as part of a new paradigm in medicine

termed ‘predictive medicine’,[54] which entails predicting the probability of disease and in-

troducing preventive measures to prevent or mitigate the effects of the disease.

With awide range of numericalmodelling techniques available, a computational approach for

studying cerebral haemodynamics also offers the flexibility and the option of accommodating

the modelling context, including scale, complexity, data availability and computational re-
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sources available, as described in Section 2.6. This is of particular importance when studying

themicrovasculature, for twomain reasons: first, asmentioned, there is limited data available

on the network structure, on measurements quantifying the pressure and flow fields, and on

the response and behaviour of the microvessels. Second, the microvasculature region is char-

acterised by a very high vascular density that would preclude any upscaling of the model

if the individual vessels are resolved; for instance, the capillary vessels in the cortex have a

density of approximately 8000 vessels/mm3.[55] This means that a network simulation on the

scale of the whole cortex that accounts for every vessel would simply be computationally

infeasible. Accordingly, the lack of anatomical data on the microvasculature and the compu-

tational infeasibility of stimulating every single microvessel necessitate a different approach.

One option available with computational modelling, which is utilised in this thesis, is the use

of a multiscale approach, in which numerical models of different resolution scales are com-

bined into a single model to offer an accurate and computationally feasible characterisation

of the overall system across its range of scales.

Computational haemodynamic models are playing an increasingly significant role in current

vascular research and clinical practice,[56] with haemodynamic-based models for other or-

gans like the heart, which have been extensively developed and successfully validated with

experimental data, showing significant promise and value in model-based surgical and ther-

apy planning (see[57]–[59] for examples). Cerebral haemodynamic models, on the other hand,

are still relatively nascent and have receivedmuch less attention, but with the increased avail-

ability of experimental and imaging data, there has been rapid progress in the field in the last

15 years.[50] It is hoped that the models introduced in this thesis will help in filling in the gaps

pertaining to the clinical imaging and computational modelling of the cerebral microvascula-

ture and its autoregulatory behaviour, lay down the ground for futuremultiscale whole-brain

dynamic simulations, and ultimately increase the translatability of haemodynamic models

into the clinical environment.

What I found interesting and rewarding about this work are the various mathematical anal-

yses and engineering techniques that I had to apply and learn about in order to inspect and

analyse what might, from the first instance, be framed as a fundamentally physiological or bi-

ological problem. This is evident in the numerous approaches adopted in the main chapters

of this thesis, which include: perturbation methods, control theory, time-frequency analy-
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sis, ordinary differential equation (ODE) solvers, finite difference (FD) and finite volume

(FV) solvers for hyperbolic, elliptic and parabolic partial differential equations (PDEs), sta-

bility analyses, method of characteristics, statistical analyses, parameter sensitivity analyses,

Laplace transforms, Monte Carlo filtering (MCF), and Approximate Bayesian Computations

(ABC) schemes. More importantly, these techniques and solvers have not been used in iso-

lation; rather, their application has been physiologically grounded, whenever possible, with

experimental and imaging data, and with knowledge of the histological and haematological

properties and biological mechanisms in the cerebral microcirculation, which is of utmost im-

portance if the models introduced here were to have any clinical utility in the future. Indeed,

as Thomas[60] has remarked: “mathematics is playing an ever-important role in the physical

and biological sciences, provoking a blurring of boundaries between scientific disciplines and

a resurgence of interest in modern and classical techniques of applied mathematics.”

1.4 Synposis

The literature review in Chapter 2 provides an overview of brain physiology and cerebral

circulation, with a particular focus on the microvasculature. We examine the relevant mi-

crovascular and mural cell morphologies, and demonstrate how these features aid in the de-

lineation of the different microvasculature zones. We discuss the mechanisms responsible for

CBF control and regulation, which interact with one another and change the vascular smooth

muscle (VSM) tone of the vessel walls and hence alter the pressure-radius relationship of the

autoregulatory vessels. We look at the blood composition and its impact on blood flow in

the microvasculature; in particular, we define the concept of apparent viscosity, describe the

mathematical formulations used to calculate it, and discuss the important rheological con-

siderations that emerge as a result of blood flow in the micron-scale microvasculature. We

examine the general approaches available for haemodynamic modelling and outline the ad-

vantages, limitations and general usages of each. In particular, we illustrate an example of

a compartmental representation of the vasculature, and how the CBF control and regulation

mechanisms are incorporated into the model. We also introduce the theory of homogenisa-

tion and how it can be used to obtain an upscaled representation of the capillary bed.

In Chapter 3, we introduce the networkmodel of dynamic CBF and autoregulation. We derive
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the model from combining the three equations, or principles governing haemodynamic flow

inside a compliant, autoregulatory vessel, giving rise to a second-order harmonic oscillator

PDE, and obtain an approximate analytical solution for the PDE using perturbation analysis.

This solution characterises the inlet and outlet flows in a vessel in terms of the pressure profile

at the vessel ends, as well as the vessel and blood properties, via a simple ODE formulation.

We then connect the vessels of the network by assuming conditions of mass conservation of

blood and static pressure continuity at the nodes where vessels meet, resulting in a system of

linear ODEs that characterises the pressure (and thus flow) throughout the whole network

once the boundary node pressures are prescribed. Themyogenic and endothelialmechanisms

modify the vessel wall stiffness of the autoregulatory vessels via a first-order feedback equa-

tion emulating low-pass filter dynamics; the vessel stiffness is then non-linearly mapped into

the vessel compliance to account for the effect of the dCA mechanisms on CBF. We apply the

model to a simplemicrovascular network that functions as a vascular testing bed and examine

its response to a drop in the inlet pressure. We find that the model reproduces the physio-

logical features in terms of biphasic response that characterises the dCA mechanisms. We

benchmark-validate the model by comparing the outputs of the developed model to the out-

puts obtained from themore elaborate 1-DCBFmodels, and find that the results of ourmodel

are in very good agreement with those obtained from the 1-D models, while significantly re-

ducing the computational cost, thereby permitting the upscaling of network simulations for

themicrovasculature in which individual vessels are resolved. We also look at how themodel

can be used to examine the interplay between the myogenic and endothelial responses across

the different generations. Finally, we conduct a variance-based global parameter sensitivity

analysis to obtain important insights into the importance of each of the compliance feedback

parameters, which in turn lay the grounds for the parameter calibration in Chapter 5.

If haemodynamic models were to be validated against clinical data, the model needs to be

upscaled up to (at least) the size of an MRI voxel-sized network. Hence, in Chapter 4, we

extend the model developed in Chapter 3 and devise a dynamic multiscale model of CBF and

regulation in the cortical grey matter microvasculature. Owing to its net-like and periodic

vascular structure, which is homogeneous and space-filling above a characteristic length of

25 − 75µm, the capillary bed is homogenised and treated as a porous continuum, thereby

eliminating the need for an explicit architectural representation of the complex and dense
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capillary vessels and suppressing the strong impacts of the BC allocation. We model the flow

in the capillary bed using Darcy’s law, while that in the cortical penetrating vessels, which

exhibit a fractal-like and hierarchical branching topology and thus cannot be homogenised,

is modelled using the model developed in Chapter 3. We link the two representations us-

ing a distributed source flow formulation at the transition interface, one that ensures that the

model is scale-invariant and does not give rise to physical and numerical singularities. We use

the FV method to solve Poisson’s equation characterising the flow in the capillary bed, which

arises from combining Darcy’s law with mass conservation, and discretise the capillary do-

main within the MRI voxel-sized network using a novel non-uniform grid that uses tighter

meshing at the transition interface between the terminal vessels and the capillary continuum

to ensure the numerical accuracy while maintaining the computational feasibility of the nu-

merical solver. We test the model on a statistically generated MRI voxel-sized network, and

examine the network’s response to a drop in inlet pressure, similar to the approach adopted

in Chapter 3. We perform an MCF analysis to enable us to efficiently obtain the permissi-

ble range of values for the parameters characterising the mesoscopic-scale properties of the

homogenised capillary bed, as well as those of the arteriole-capillary and venule-capillary

transition regions. We conduct an error analysis on the steady-state model output in order to

verify the scale-invariance of our model, such that below a particular threshold for the size of

the FV element, the pressure and flow fields become independent of the element size. Finally,

we utilise the Elementary Effects (EE) method to conduct a sensitivity analysis of the com-

pliance feedback model parameter values. This method permits screening of the parameters

over their entire range, while also avoiding the large number of realizations required for the

variance-based analysis conducted in Chapter 3 which for themultiscale model would render

the sensitivity analysis as computationally prohibitive.

In Chapter 5, we use a class of ABC schemes, called sequential Monte Carlo (SMC) methods,

to estimate the distribution of the compliance feedback model parameters used in Chapters

3 and 4 based on the experimental data available. Here, we introduce a prior distribution

of the parameter space, one that is, whenever possible, physiologically grounded based on

information on the possible range of the parameter values. We use the distribution to create a

Monte Carlo (MC) ensemble of realizations, whichwe then feed into the dynamicmodel. The

model output of a particular realization is then compared to the experimental data and the
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realization is accepted if the discrepancy between the model output and the measured data

is within a predefined error tolerance, after which the accepted realizations are mapped back

into the input parameters and are used to obtain a posterior distribution of the parameter

space. In SMC methods, the posterior distribution is used as a prior distribution for the next

round of fitting, and the error tolerances are gradually reduced iteratively, allowing a gradual

convergence towards the optimal distributions. We use the experimental data to calibrate the

compliance feedback model and trace the diameter changes of individual isolated arteriolar

vessels in response to changes in one or both of the transmural pressure and the pressure

gradient, which elicit myogenic and endothelial responses, respectively. We create an in-silico

representation of the experimental set-up and input conditions, and compare the output of

the dynamic model to the measured experimental data within an ABC scheme; in this way,

we ensure that the model is both physics-based and data-informed. Upon the parameter cali-

bration, we find that the computationally low-cost compliance feedback model achieves very

good agreement with the experimental data. We also demonstrate how the SMC parameter

calibration process reveals valuable mechanistic insight into model dynamics, as evident in

the significant differences in the obtained time constants between myogenic-induced vessel

dilation and constriction.

Chapter 6 provides a case study that demonstrates how the models developed in Chapters 3

and 4 can play a vital role in clinical research. In this case, we use the models to test and vali-

date a proposedmechanistic pathway that underlies the increase inCBF following increases in

blood CO2 gas levels, or what is known as the hypercapnic response, which remains poorly

understood due to the challenges of in-vivo investigations in the microvasculature. Experi-

mental data indicate that the release of Acetylcholine (ACh) in the cortex is a prerequisite for

the occurrence of the hypercapnic response. Furthermore, it is known that Acetylcholine is an

endothelial-dependent agonist of the conducted vascular response (CVR), in which local hy-

perpolarization of the endothelium as a result of ACh administration is conducted upstream

of the vascular network. The hyperpolarizing current is also transmitted from the endothe-

lial cells (ECs) to the adjacent VSM cells, eliciting their relaxation and hence causing ves-

sel dilation. Finally, it has been experimentally demonstrated that the hypercapnic response

is more strongly correlated with tissue rather than arterial or arteriolar CO2 levels. Putting

these pieces together, we propose amechanistic pathway for the hypercapnic response, where
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the increase in tissue CO2 levels would trigger the local release of ACh, thereby eliciting the

CVR that transmits the waves of hyperpolarization and dilation upstream, decreasing the

vascular resistance and increasing CBF. Each of these mechanisms is encoded via a suitable

mathematical model, after which the model parameters for each constituent mechanism are

calibrated from experimental data. We test our model using both the simple network model

developed in Chapter 3, as well as the multiscale model developed in Chapter 4 and obtain

model outputs that are strongly aligned with the experimentally determined characteristics

of the overall response, thereby supporting the proposition that these series of mechanisms

are behind the hypercapnic response, prompting further in-vivo investigations, and opening

the potential for the development and administration of better-targeted drugs and treatment

plans for impaired cerebrovascular reactivity.

Finally, in Chapter 7, I summarise the findings of the thesis and conclude by discussing the

potential future work that can be undertaken based on the work presented in this thesis.
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Chapter 2

Literature Review

2.1 The General Structure of the Brain

The brain is composed of three regions that work in concert to carry out the brain’s vital

functions: the brain stem, cerebellum and cerebrum. The largest andmost developed of these

brain regions is the cerebrum; it is the structure that people have in mindwhen they visualize

the brain. The cerebrum is composed of the right and the left hemispheres. It is the source

of our thoughts and voluntary actions and is responsible for most of the brain’s functions

including memory, emotions, language, vision and hearing.

The surface of the cerebrum is coated by an important layer that is approximately 2-4mm

thick, known as the cortex. The foldings in the cortex, known as the gyrus, increase the sur-

face area of the brain to allow more neurons to fit inside the skull and thereby increase in

information processing capacity of the brain. With around sixteen billion neurons arranged

in six layers, the cortex plays a crucial role in the information-processing tasks of the brain,

including perception, language, and memory. The cortex is made of grey matter, which con-

sists primarily of neuronal cell bodies, or soma, with relatively few insulated (myelinated)

axons. Underneath the cortical layers resides the white matter, which is comprised mostly

of long-range myelinated axons that transmit signals across the different brain regions. The

high concentrations of cell bodies in the greymatter andmyelinated axons in thewhitematter

give rise to the grey and white shading found in imaging data (hence the names). Figure 2.1

depicts the distribution of the grey and white manner in a cross-section of the cerebrum. The

grey matter is much more vascularized and perfused than the white matter, due to the high

energetic demand of the neurons.[37] In this thesis, we will focus on CBF and control in the

cortical microvasculature.

The brain is also protected by several layers, which are the skull, pial matter, arachnoidmatter

and duramatter, with the CSF circulating between the arachnoid and pial matter to cushion it

against the skull and absorb any shocks. The CSF also occupies the ventricular system where

it is produced, and flows through the perivascular space around cerebral vessels, combining
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Figure 2.1: A cross-section of the brain. The outer section is the cortical grey matter, and underneath is the
whitematter, with CSF produced in the ventricles and pervadingmost of the brain. Reproducedwithout change
from[61].

with the interstitial fluid as part of the glymphatic clearance pathway, the waste clearance

system for the central nervous system.

2.2 Cerebral Circulation

The cerebral vasculature is a very complex, interconnected network of blood vessels across

multiple length scales that provides a continuous supply of glucose and oxygen to the brain

tissue.[50] Broadly speaking, the cerebral vasculature is sub-divided into different vessel types

in the samemanner as the rest of the circulatory system: arteries, arterioles, capillaries, venules

and veins. At the largest scale, arteries form an efferent network of vessels that carry oxy-

genated blood at high pressure from the heart to the peripheral circulation. The vessel walls

of the large arteries are compliant, allowing them to store blood volume during the systolic

phase of the heartbeat and eject it during the diastolic phase, maintaining amore nearly steady

flow than if the arteries were rigid.[49],[62] The distensibility of the arterial walls gives rise to

the ’fluid-structure’ interaction that is addressed in the thesis, and that is responsible for the

propagation of the pulse pressure waves.[49]

The brain is supplied by four primary arteries: the left and right internal carotid arteries

run anteriorly on the sides of the neck, and the left and right vertebral arteries supply the

posterior part of the brain. The vertebral arteries join together to form the Basilar artery,

which travels up the brain stem to join the internal carotid arteries through the interconnecting

arteries, forming the Circle of Willis (CoW), shown in Figure 2.2. The CoW interconnects

the major vessels that supply blood to different regions of the brain, which are the left and

right middle cerebral arteries, posterior cerebral arteries, anterior cerebral arteries, as well
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Figure 2.2: The blood supply to the brain enters through the internal carotid arteries and the vertebral arteries,
eventually giving rise to the circle of Willis. Reproduced without change from[63].

as the anterior communicating artery. The interconnectivity between the vessels of the CoW

provides a safety mechanism for perfusion through collateral flow; for instance, if one of the

arteries becomes occluded and blood flow through it is reduced, retrograde flow from the

other blood vessels can often preserve cerebral perfusion of the affected portion of the brain

to avoid ischaemia. It is worth noting that various configurations for the CoW exist in the

human population, with about half of the population having an incomplete circle.[55]

The arteries then bifurcatewith strong branchings at ever-decreasingdiameters and lengths[50]

until reaching the pial arteries, which are situated in the subarachnoid space (between the

arachnoid and pia matter) on the cortical space of the brain, as shown in Figure 2.3. The pial

arteries then branch into the descending penetrating arterioles which bifurcate into gradually

narrowing trees, transversing the six layers of the grey matter at different depths as shown in

Figure 2.4(a), and are intimately in contact with the brain parenchyma, their astrocytic end

feet, and the releasedmetabolites.[64] The terminal arterioles then connect to the capillary bed,

which forms a complex dense and interconnected network of narrow vessels, with diameters

in the range of 5-10 µm. The capillary bed is the site where most of the nutrients and waste

exchange between the vasculature and the brain tissue takes place, although recently the ar-

teriolar vessels have also been recognized to play an important role in nutrient and oxygen
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Figure 2.3: Depiction of the anatomical hierarchy of the arterial, arteriolar, venule and venous vessels in the
cortex. The colour map represents the pressure distribution, with arteries in red and veins in blue. Large pial
arteries distribute blood along the cortical surface, from which pial arterioles branch and feed the capillary bed
across the cortical layers. Venules collect blood from the capillary vessels and return it to the cortical surface.
Pial veins then carry the deoxygenated blood from the pial surface to the sinuses. Reproduced without change
from[67].

exchange.[65],[66]

Similar to the descending arteriolar network, a parallel network of ascending venules (Figure

2.4(a)) drains the capillary bed and carries deoxygenated blood back to the pial veins on the

cortical surface. The penetrating arteriole and venule networks are comprised of individual

trees with conspicuous orthogonal columns[68] and a fractal branching topology[37] that lends

itself to a hierarchical ordering analysis,[50] as shown in Figure 2.4(b). While different pene-

trating trees feed and drain different layers, the majority of the penetrating vessels terminate

halfway through the greymatter.[37] Together, the penetrating vessels contribute to about 52%

of the cerebrovascular volume.[69] In Chapter 4, we discuss the relevant statistical properties

of the structure and distribution of the cortical penetrating trees in greater detail. Once in the

venous circulation, blood then drains through the cerebral sinuses into the jugular veins in

the neck, and back to the heart via the superior Vena Cava. In addition to their function as

an afferent network returning blood to the heart, the veins also serve the purpose of a blood

reservoir, since they are much more distensible than the arteries.

2.3 The Microvasculature: Vascular and Cellular Structure

The taxonomical subdivision of the vasculature introduced in Section 2.2 is reflective of the

differential characteristics in terms of vessel size, physiological function, wall structure (in-

cluding the surrounding mural cells), branching patterns, and CBF behaviour across the ves-
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(a) (b)
Figure 2.4: Typical cortical arteriole (red) and venule (black) trees transversing the grey matter layers (a). The
penetrating vessels form individual units (b). Reproduced without change from[37].

sel generations. Nonetheless, and particularly in the microvasculature, it is important to bear

in mind that there are no strict borderlines between the vessel types based on the aforemen-

tioned properties, which change smoothly across the microvasculature. As Sims has put it:

”a continuum of cell morphologies will occur in these regions so that discrepancies of cell

names will inevitably arise.”[70] Indeed, while recognizing the continuous transition in mu-

ral cell morphology, there are ongoing disagreements regarding how to refer to the different

microvascular segments and their associated mural cells.[27]

In their excellent review paper, Hartmann et al.[27] addressed the nomenclature issues and

attempted to reconcile the different classifications used in the literature. Drawing on the most

recent findings from in-vivo optical imaging and single-cell transcriptomics, they delineated

the different microvasculature zones based on the surrounding mural cells, including their

morphology and cellular composition, gene expression, and control dynamics.[27] On that

account, they have identified four types of mural cells, which accordingly define the major

microvasculature zones in the cortex: 1) VSM cells on the arterioles, 2) Ensheathing pericytes

on the arteriole-capillary transitional (ACT) zone, 3) capillary pericytes, exhibiting bothmesh

and thin stranded process on the capillaries, and 4) stellate VSM cells on venules. The four

mural cell types and their associated microvasculature zones are illustrated in Figure 2.5.

Both the pial arteries and the penetrating arterioles are covered with a layer of concentric,

ring-like VSM cells that are rich in alpha-smooth muscle actin filaments (α-SMA), an impor-

tant component of the actomyosin contractile machinery, as discussed in Section 2.4. The

vessel walls also include a layer of elastin, which together with the VSM cell layer permits
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Figure 2.5: The different zones of the brain microvasculature and the associated mural cell types, according
to the nomenclature proposed by Hartmann et al.[27] The microvasculature zones are divided as follows: pial
arteriole, penetrating arteriole, arteriole-capillary transition (ACT), capillary, post-capillary venule, ascending
venule, and pial venule. Reproduced without change from[27].

the vessel to rapidly dilate or constrict and hence facilitate a robust response from the vessels

during CBF regulation.[27] Between the penetrating arterioles and the ACT, and positioned

at the mouths of the offshoots from the penetrating arterioles, there often but not always ex-

ist annular, contractile sphincter cells which express α-SMA but lack an elastin layer.[71] The

localized regions of constriction created by these sphincters provide a buffering capacity for

the capillaries from any fluctuations in pressure occurring upstream.[71] Furthermore, those

pre-capillary sphincters could dilate, thereby offering tighter control of and promoting CBF

to the capillary bed during functional hyperemia.[71]

In the ACT zone, the vessels are covered by what is termed the ensheathing pericytes, which

express α-SMA, similar to VSM cells, but also possess a hybrid morphology of both the VSM

cells and the classic pericytes with their processes incompletely surrounding the capillary

bed.[27] Similar to the VSM cells, the ensheathing pericytes wrap around the entire endothe-

lial layer, yet at the same time they have processes that are elongated and exhibit protruding

cell bodies like the classic pericytes.[72] With further branchings, α-SMA expression abruptly

drops to levels that are very low or undetectable as the mural cells coverage transitions from

ensheathingpericytes to the capillary pericytes,marking the start of the ’true’ capillary zones.[27]

If the orthogonal cortical column of the penetrating arteriole tree was assigned a branching
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order of zero, and the branching order with each subsequent branchingwas increased by one,

then theACT-capillary junctionwould inmost cases occur between the first and fourth branch

orders, with higher orders possible in trees with larger diameter offshoot.[72] This means that

most capillaries have branching orders in the range of three to six,[66],[73] while orders up to

the ninth can be reliably traced from in-vivo imaging.[24]

The wall of the capillary vessels is made up of an endothelial layer and a thin basement mem-

brane, and is, on average, 0.5µm thick. The walls are permeable to allow for the transport

of nutrients and small molecules, like O2 and CO2, primarily via diffusion. Morphologically

speaking, in the middle region of the capillary bed, which constitutes the majority of the

capillary length, the capillary pericytes extend thin-strand, long processes that only partially

cover the endothelium.[27] These processes may span multiple capillary segments, coordinat-

ing communication with the endothelial cells where the membrane thins.[74] These pericyte-

endothelial communications play a crucial role in establishing the blood-brain barrier, CBF

control, immune response regulation, and angiogenesis.[27] Closer to the ACT and in the post-

capillary venule zone, the pericyte processes take on more of a mesh-like structure, still in-

completely covering the endothelium,[27] as shown in Figure 2.5. Of course, the thin-strand

andmesh-like capillary pericytes are difficult to unequivocally delineate, and represent a true

continuum of morphologies.[27],[72]

An important and perceptive distinction in nomenclature proposed by Hartmann et al.[27] is

that the ascribed function of the vessels is not factored in the designation of themicrovascular

zones, despite the strong apparent correlation between structure, location and function. This

is because the ascribed functions can change over time as we learn more and develop more

advanced technologies for experimental investigations. For instance, in the optogenetics ex-

periment by Hill et al.,[75] while the VSM cells surrounding the arterioles contracted readily

upon simulation, no changes in capillary diameter were recorded over the tens of seconds of

capillary pericyte simulation, leading the authors to conclude that capillary pericytes lack the

contractile ability and thus cannot possibly play a role in CBF regulation.[27],[75] A reassess-

ment of the contractile ability of the capillary pericytes by another group of researchers[24] us-

ing the same technique found that the pericytes were indeed contractile, but required a much

longer timescale and intense simulations, echoing the results of other recent experiments that

demonstrate the contractile ability of pericytes. While the role of capillary pericytes in CBF
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control and regulation is becoming increasingly recognised,[5],[76]–[78] their precise contribu-

tion towards CBF control, in terms of reactivity, timescale, and initiating stimulus, remains an

important question and a source of controversy among researchers. On a similar note, while

the capillary vessels mostly have diameters in the range of 5−10µm,[62] basal diameters were

not used regarded as a reliable metric to distinguish between the different vessel types and

the microvascular zones, because the decrease in diameter as we move downstream is not

necessarily strictly monotonic; for instance, due to the frequent presence of the sphincters

between the arterioles and the ACT zone.

2.4 MechanismsofDynamicCerebralAutoregulation andBloodFlowCon-

trol

The cerebral vascular bed is a highly dynamic active system that responds to multiple local

and global stimuli over a range of lengths and time scales to ensure a tightly coupled rela-

tionship between the blood’s local supply and demand.[50] During steady-state conditions,

the flow (Q) of blood through a vessel can be assumed to be solely governed by the blood

pressure difference (∆P ) between its two ends and the Hagen-Poiseuille resistance (R), ac-

cording to the linear relationship in Equation (2.1):

Q =
∆P

R
(2.1)

where R is the Poiseuille resistance, which depends on the vessel and blood properties, in-

cluding the vessel length (L), internal radius (R), and the blood dynamic viscosity (µ), which

in turn depends on vessel diameter and haematocrit levels, as explained in Section 2.5:

R =
8µL

πR4
(2.2)

Of course, if we were to consider the dynamics of blood flow rather than assuming simple-

steady state conditions, then it becomes necessary to incorporate the effects of blood iner-

tia and wall compliance,[55],[79], as demonstrated in Chapters 3 and 4, but for the large part,
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Figure 2.6: Response of the cerebral vasculature to a step decrease in arterial blood pressure (ABP). Reproduced
without change from[2].

the flow through the microvessel is dictated by the Hagen-Poiseuille flow. Since the length

of the vessel is largely invariant, and the blood haematocrit levels are generally adequately

maintained in the cerebral circulation, the only way in which blood flow can be controlled is

through changes in the vessel radius.[55] The dependence of the resistance on the radius to

power four provides a fine degree of flow control since small changes in radius can lead to

substantial changes in the resistance and thus the flow.

Considering the linear relationship between blood flow and the driving blood pressure in

Equation (2.1), a decrease in the driving pressure will lead to a decrease in flow. Further-

more, given the compliant nature of the vessel walls, a decrease in the transmural pressure

will also lead to vessel constriction, which in turn leads to an increase in the resistance accord-

ing to Equation (2.2). This increase in resistance gives rise to a further decrease in blood flow

in response to a pressure drop. To maintain blood flow, the passive response of the vessels

needs to be counterbalanced by an active myogenic response, corresponding to a paradoxical

vessel dilation in response pressure drop, as shown in Figure 2.6. Because this autoregula-

tory process takes time to occur, the passive response would start instantaneously when the

pressure drops, leading to a slight drop in CBF, before the active response takes effect and re-

stores blood flow, thereby giving rise to the biphasic autoregulatory response,[80] a schematic

of which is shown in Figure 2.6.

Hence, on a fundamental level, blood flow is controlled by adjusting the radius of the vessels,

which in turnmodifies their resistance. Since it is thewall compliance (or its inverse, stiffness)
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that sets the relationship between the vessel radius and transmural pressure, dCA is thus

achieved through control of the vessel wall compliance.[81] By adjusting the compliance of

the vessel, the relationship between pressure and radius is altered, and the vessel establishes

a new equilibrium state in response to changes in the transmural pressure.[82] Indeed, almost

all haemodynamic models of autoregulation, both on the scale of the individual vessel or in

compartmental representations, incorporate the autoregulatory mechanisms via some form

of a compliance feedback response, an example of which is described in Section 2.6.

The changes in the wall stiffness are brought by adjusting the level of activation and thus the

tension in the VSM cells in the wall of the vessel. The VSM cells are in a partially contracted

state under normal physiological conditions. From this baseline tone, the cells can then con-

tract further or relax to modify the vessel stiffness. Since the small cerebral pial arteries and

the arterioles have the largest fraction of VSM cells among blood vessels, they are the pri-

mary vessels that actively control blood flow (although the role of the capillary pericytes is

becoming increasingly recognized (see[5],[76],[77]).

The pressure-induced myogenic response is not the only mechanism involved in maintaining

CBF. CBF control can be roughly divided into four components: myogenic, metabolic, en-

dothelial and neurogenic. The distinction is more of an artificial one, since the mechanisms

are not independent but are in constant interaction to maintain CBF, and changes in one vari-

able will affect all aspects of cerebral vasculature’s behaviour,[81] as we shall demonstrate in

the upcoming Chapters. Note that, strictly speaking, dCA refers to the vasculature’s response

to perturbations in the arterial blood pressure (ABP), or more accurately, in cerebral perfu-

sion pressure (CPP), the net pressure gradient causing cerebral blood flow to the brain.[83]

Hence, technically, dCA is only a subset of the larger umbrella of the dynamic CBF control

mechanisms, which encompass feedback pathways that respond to other stimuli, including

perturbations in blood gas levels (see Chapter 6). While the exact processes by which each

component adjusts CBF are highly complex and different, they all converge to the same final

mechanism: controlling the level of VSM tone.

The VSM cells are composed of thin actin and thick myosin filaments. Upon contraction, the

two filaments slide over each other, shortening the length of the VSM cell and hence eliciting

vessel wall constriction. Essentially, it is the intracellular concentration of the calcium ions,
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modulated by the various CBF control mechanisms, that controls the degree of VSM cell con-

traction. The free calcium ions bind to a protein called calmodulin. The calcium-calmodulin

complex then activates myosin light chain kinase (MLCK), an enzyme which, in the presence

of ATP, phosphorylates the myosin light chains found on the myosin heads. The phospho-

rylation of the myosin light chains leads to the cross-bridge formation between the myosin

heads and the actin filaments, thereby leading to smooth muscle contraction. In the same

manner, vasodilation is achieved by the inhibition of myosin light chain phosphorylation.

The different CBF control mechanisms depend on different signalling mechanisms to mod-

ulate the intracellular calcium concentration. In the myogenic response, the stretch-induced

activation of the potassium channels due to the changes in the VSM tension[84],[85] leads to

an electrical depolarization that opens the voltage-gated calcium channels, leading to cal-

cium influx. In the endothelial response, the shear stress on the endothelial lining as blood

brushes against it stimulates the endothelial cells to synthesize several vasoactive substances

such as Prostacyclin, endothelin-1, and, perhaps the most important of which, nitric oxide,

that freely diffuse and bind to receptors on the VSM. Nitric oxide is then involved in the pro-

duction of cyclic guanosine monophosphate (cGMP), which acts as a second messenger that

eventually results in muscle relaxation. It activates protein kinases that decrease calcium en-

try, stimulates myosin light chain phosphatase, and decreases inositol trisphosphate (IP3)

levels required to release the stored calcium in the SR, ultimately decreasing levels of myosin

phosphorylation and eliciting VSM relaxation.

In the case of the metabolic response, when the metabolic activity of the brain cells is not

matched with an equivalent supply of oxygen and nutrients, vasodilating metabolites (such

as adenosine, CO2, H+, and lactate) build up and are released into the bloodstream. They

would then diffuse into VSM cells and activate signal transduction pathways that decrease

intracellular calcium concentration, thereby stopping cross-bridge formation and inducing a

relaxation response. For instance, Adenosine andH+ activate ATP-sensitive potassium chan-

nels, which then leads to hyperpolarization and closing of voltage-gated calcium channels. In

addition, Adenosine can bind to the adenosine A2A receptor, which leads to the formation of

cyclic adenosine monophosphate (cAMP) inside the cell. Just like cGMP, cAMP acts as a sec-

ondmessenger that leads to the activation of protein kinases. The protein kinases result in the

uptake of calcium by the sarcoplasmic reticulum (SR), the internal storage unit of the muscle
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cell, and the opening of calcium-activated potassium channels leading to hyperpolarization

and inhibition of calcium entry, thereby decreasing intracellular calcium concentrations.

In the case of the neurogenic response, the mechanisms can either be intrinsic or extrinsic.

Intrinsically, cells such as neurons, astrocytes, and microglia release neurotransmitters with

vasoactive properties, which affect the VSM tone in the walls of small and medium-sized

arteries.[86] In Chapter 6 where we introduce and investigate a potential model of the vas-

cular response to elevations in arterial CO2 levels, termed the hypercapnic response, we ex-

amine the potential role of the intrinsic neurogenic release of ACh in mediating the hyper-

capnic response. As for the extrinsic response, despite the extensive autonomic innervation

in the brain,[2],[87] experimental studies in humans have found only a modest and somewhat

frequency-dependent role of sympathetic[88]–[90] and parasympathetic[89] activity in influenc-

ing dCA. Autoregulation was maintained in sympathetically and parasympathetically dener-

vated animals, indicating that a major contribution of extrinsic neurogenic factors to autoreg-

ulation of cerebral blood flow is unlikely.[91] Hence, although the cerebral circulation is richly

innervated with sympathetic nerve fibres,[92] the role of sympathetic nerve activity on CBF

control and regulation remains controversial.[93] It is believed that the local response, incor-

porating the combination of the myogenic, metabolic, and intrinsic neurogenic mechanisms

described above, is the dominant one, enabling the response to be adapted to local needs,

with the extrinsic response merely providing a degree of coordination.[2],[55] Interestingly,

the CBF control and regulation mechanisms have recently been shown to extend beyond the

brain. The astrocytes surrounding the capillary web have been shown[5] to be able to monitor

reductions in CPP and transmit signals to the central nervous system, which in turn results in

increases ABP, heart rate and stroke volume. Hence, these glial cells function as intracranial

baroreceptors of some sort, forming a homeostatic loop that maintains CBF and protects the

brain from hypoperfusion.

2.5 Blood Properties

Blood makes up about 7 % of the human body weight or about 5L in volume. Plasma is the

liquid part of blood. The solid part ismade up primarily of three cell types: 1) erythrocytes, or

red blood cells (RBCs), 2)leukocytes, or white blood cells, and 3) thrombocytes, or platelets.
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Blood is therefore not a fluid in the traditional sense, but rather a suspension of the three

cell types, along with ions and proteins, within the plasma fluid. RBCs essentially carry all

of the haemoglobin, the iron-containing molecule that binds O2, to supply the tissues with

the O2 needed for metabolism as blood flows through the microcirculation. With a typical

concentration of approximately 4-6 million cells permm3 of blood,[94] RBCS comprise a large

volume (approximately 45 %[95]) of the total blood volume. Because of their high concentra-

tions, RBCs have a significant effect on the mechanical properties of blood,[95], particularly

in the microvasculature, where the shear rates and the vessel diameters are lower than in the

rest of the circulation.

RBCs are uniform in their shape and sizes, with humanRBCs having a biconcave shapewith a

disk diameter of approximately 6.2−8.2µm. However, they are very elastic and soft, allowing

the outermembrane to deform and for the cell to squeeze through the capillary vessels, where

they would flow in a single line, or what is referred to as ’single file.’ At this smallest level

in the capillaries, blood cannot be modelled as a homogeneous fluid anymore, since the RBC

dimension is now of the same order as that of the vessel. In general, blood behaves as a

non-Newtonian fluid, in which the dynamic viscosity depends on the vessel geometry and

RBC content. In the macrocirculation, the non-Newtonian effects are negligible and blood is

modelled as a homogenous fluid with a constant dynamic viscosity. In the microcirculation,

however, the presence of the RBCs can have interesting and important implications on the

rheology of blood, giving rise to three unique flow phenomena, as described below.

Even though blood behaves as a non-Newtonian fluid in the microcirculation, an ’apparent’

dynamic viscosity (µapp) characterising the rheology of blood in the microvessel can be ob-

tained by combining and rearranging Equations (2.1) and (2.2) to get:

µapp =
πR4

8QL
∆P (2.3)

This observed or apparent viscosity is experimentally determined, and would thus take into

consideration the geometry of the vessel and, if measured in-vivo, the interactions of the RBCs

with the endothelial layer,[96],[97] thereby enabling us to model blood in the microvessel as

a Newtonian fluid with a single effective viscosity. In vessels below 300µm in diameter, it
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Figure 2.7: The dependence of the in-vivomeasured apparent viscosity µapp on the discharge haematocrit (HD)
and the vessel diameter. Reproduced without change from[97].

was found that this apparent viscosity decreases with vessel diameter, and this drop con-

tinues monotonically until reaching a diameter of around 10µm, below which the apparent

viscosity of blood exhibits a marked increase in viscosity up to a diameter of around 2.7µm,

which is regarded as the critical diameter below which deformable RBCs can no longer pass

through the capillaries.[98],[99] This phenomenon is known as the Fåhræus-Lindqvist effect,

and in such cases, empirical relationships are commonly used to determine the apparent vis-

cosity of blood, which is calculated as a function of both the vessel diameter and the discharge

haematocrit (defined as the volume flow rate of RBCs as a fraction of the total volume flow

rate). Perhaps the most noteworthy of these empirical relationships are the ones developed

by Pries et al., for both in-vitro and in-vivo conditions. In this thesis, we will be using in-vivo

empirical model by Pries et al.[100] in Equation (2.4) to approximate the effective viscosity rel-

ative to plasma (µrel) based on the vessel diameter in µm (D) and the discharge haematocrit

(HD):

F =
(
0.8 + e−0.057D

)(
−1 +

1

1 + 10−11D12

)
+

1

1 + 10−11D12

µ45 = 6e−.0.85D + 3.2− .244e−0.06D0.645

µrel =

[
1 + (µ0.45 − 1)

(1−HD)
F − 1

(1− 0.45)F − 1

(
D

D − 1.1

)2
](

D

D − 1.1

)2

(2.4)

Figure 2.7 illustrates the dependence of the in-vivo measured µapp on HD and the measured

vessel diameter.
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Figure 2.8: Phase separation (plasma skimming) at a bifurcation in the microcirculation. Reproduced without
change from[102].

Two other important rheological phenomena in the microcirculation are the Fåhræus effect

and phase separation. The Fåhræus effect refers to the decrease in haematocrit content inside

the vessel or glass tube (referred to as tube haematocrit) as the diameter of the vessel or tube

in which it is flowing decreases,[101] and is one of the reasons behind the Fåhræus-Lindqvist

effect described above. This phenomenon arises because, in the microvessels, RBCs move

over to the centre of the vessel, leaving only plasma near the surface of the vessel wall. Phase

separation, or plasma skimming, refers to the uneven distribution of RBCs and plasma in the

microcirculation as blood flows from a parent vessel to the daughter branches, and occurs due

to the presence of the cell-free layer at the surface of the vessel walls,[102] as shown in Figure

2.8. Similar to the case of the Fåhræus-Lindqvist effect, empiricalmodels have been developed

to account for both the Fåhræus effect and plasma skimming. Phase separation empirical

models tend to be non-linear, and thus require an iterative procedure that is normally solved

in tandem with a model of CBF at the bifurcations or trifurcations to obtain the haematocrit

distribution if phase separation were to be accounted for (see[103] for example).

2.6 Haemodynamic Modelling Landscape

There are various approaches available for modelling blood flow within a vascular network,

which are summarised in Figure 2.9. The choice of which modelling approach(es) to use

highly depends on the context of themodelling application and is dictated bymultiple factors

including the aims, scope, desired level of accuracy, and computational resources available.
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Figure 2.9: An overview of the haemodynamic modelling approaches used in literature. In 3-D models, the
pressure distribution, and the velocity fields are calculated. In figure (f),[104] the pressure is indicated by the
colourmap throughout the geometry of the CoW, and the velocity field is indicated by the white arrows along
the 2D slices, with the colours inside the slices representing one of the inplane velocity components. From
the velocity fields, the instantaneous streamlines can be computed, as shown in figure (g).[104]. Comparably,
with only three primary variables to solve for, 1-D models permit the simulation of blood flow in a much larger
number of arteries, as shown in the figure (d),[28] due to the reduced number of primary variables, which are
depicted in figure (e). In 0-D steady-state models, the network is represented as a simple graph composed of
edges and nodes as shown in figure (c),[65] and the steady-state Hagen-Poiseuille flow is calculated according
to Equation (2.1). In compartmental models, multiple generations of blood vessels are lumped together into
compartments, each of which is then composed of one or multiple components, as shown in figure (a).[105] The
basic unit of compartmental models is the Windkessel model, one iteration of which is shown in figure (b),
where a single compartment would be comprised of a resistor and capacitor. All images are reproduced with
permission from the respective sources.
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2.6.1 Three-Dimensional Models of Blood Flow

On one end of the computational spectrum, 3-D models employ some form of the Navier-

Stokes momentum conversation and incompressible continuity equations, which, when com-

bined with some form of a tube law that relates changes in transmural pressure to changes in

the cross-sectional area (CSA) due to the wall’s elastic (or viscoelastic) behaviour, give rise to

a system of PDEs that characterises the 3-D velocity vector and pressure fields within the rel-

evant domain of the distensible vessel. By using segmented images from imaging modalities

such asMRI or computed tomography (CT) scans, amesh can be generated for the domain on

which the underlying PDE system is defined and solved, thereby allowing for the integration

of patient-specific geometry into 3-D models.[30],[104]

2.6.2 One-Dimensional Models of Blood Flow

While 3-D models are the most comprehensive and accurate of the options in Figure 2.9, they

are extremely computationally expensive, which is why their use is typically reserved for only

small sections of the arterial system where the geometry of the underlying section is believed

to have a significant effect on local haemodynamics; these include bends such as the ascending

aorta and particular bifurcations like the common carotid bifurcation.[49],[62] For example, the

calculated velocity vector andpressure fields near the vesselwalls in the 3-Dmodel can permit

an accurate characterisation of the wall shear stress, the profile of which is widely regarded

as an important contributor to vascular disease initiation and progression.[49],[95] Subject to

certain simplifications, including the assumption of a specific radial velocity profile within

the vessel and of a uniform pressure over the vessel’s CSA, spatial 3-D models can reduced

to uniaxial 1-D models. The list of the relevant simplifications and assumptions of the 1-D

model can be found in Appendix D.

When benchmarked against their 3-D model counterparts[28],[29],[104],[106] as well as in-vitro

measurements,[107]–[109] 1-D models have shown a great capacity for capturing the pressure

and flow waveforms arising from the arterial pulse at a significantly reduced computational

cost compared to 3-D models (by about three orders of magnitude[110]), thus allowing the

haemodynamic simulations to be extended to larger sections of the arterial network. Nonethe-
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less, the governing equations for the 1-D model are still in the form of a non-linear PDE sys-

tem (see Section 3.3), and thus 1-D models remain a computationally intractable option for

modelling blood flow within a network with a large number of vessels, such as in the mi-

crovasculature (see Chapter 3).

2.6.3 Zero-Dimensional Steady-State Models of Blood Flow

On the other end of the spectrum, low-dimensional models like the 0-D steady-state model

and compartmental models require relatively modest computational resources. In the 0-D

steady-state model, flow (Q) inside the vessel is assumed to be solely governed by the blood

pressure difference (∆P ) between its two ends and the Hagen-Poiseuille resistance (R), ac-

cording to the linear relationship in Equation (2.1). The vessel network can then be repre-

sented as a graph comprising a collection of edges, denoting the vessels weighted by their

resistances, each of which connects a pair of nodes representing the locations where vessels

bifurcate, converge, or end. Coupling the linear Hagen-Poiseuille flow relationship with con-

ditions of flow conversation and static pressure matching at the nodes then yields a simple

linear system that can be used to solve for the steady-state pressure at the nodes, and thus for

the steady-state flow through the vessels according to Equation (2.1), with a drastic reduction

in geometry, computational complexity, and required number of variables when compared

to the high-dimensional options. This approach, however, assumes a response that is instan-

taneous and fixed throughout the network, and thus cannot capture the dynamic effects of

flow, such as the blood flow transit time arising due to the compliant behaviour of the vessel

walls (i.e., the ability of the vessel to expand or constrict), which have important implications

on CBF characterisation (see Chapters 3 and 4).

2.6.4 Compartmental Models of Blood Flow

In compartmental (lumped parameter models), blood vessels with common attributes such

as diameter, generation number, or structure of the vessel wall are effectively lumped together

and partitioned into compartments. The compartmentalization can either be carried out over

whole segments of the brain or only the terminal branches of the circulatory system; the lat-

ter case is utilised in a multiscale framework to provide appropriate terminal BCs for 1-D or
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3-D vessel network models of the macrocirculation in lieu of a detailed representation of the

microvasculature branchings. Owing to the similarities between the cardiovascular system

and electric circuitry, well-established methods for electric circuit analysis are often applied

in this context.[111] Perhaps the most popular member of this family is theWindkessel model,

shown in Figure 2.9(b), where the relevant compartment is taken to be comprised of a resis-

tance element to account for the viscous losses of the blood fluid, and a capacitance element

accounts for the vessel’s ability to ’store’ or ’discharge’ blood due to the movement of the

elastic wall.

The aim behind these models is to develop the simplest representation that captures the com-

plex behaviour of the haemodynamic system, typically via a coupled system of ODEs and

algebraic equilibrium relations. Such a flexible and simple description makes it a powerful

tool for cerebrovascular modelling, and indeed one that has been thoroughly utilised, estab-

lishing the first models of cerebral blood flow,[112] and helping explain evidence from clinical

trials[105],[113] andmeasurements from functional imaging techniques.[114],[115] From themod-

elling approaches illustrated in Figure 2.9, the compartmental approach is the one that has

been extensively, and to the best of our knowledge, exclusively utilised to model for the pro-

cesses of dCA and CBF control in the vasculature (see[86],[116]–[124] for examples), where in

response to perturbations in flow or pressure, the control feedback mechanisms would mod-

ify one of the compartments’ lumped properties, typically the compliance.

We briefly describe one example of a compartmental model of cerebral haemodynamics that

incorporates dCA through a compliance feedback response. We choose the model developed

byUrsino et al.[123], because themodels developed byUrsino and colleagues have been highly

influential in providing a solid foundation for modelling cerebral haemodynamics, and be-

cause we use some of the proposed approaches and constitutive relations in our model. The

model incorporates a simplified biomechanical representation of the cerebrovascular bed, in-

cluding the large intracranial arteries, the pial arterial-arteriolar vessels, the cerebral veins,

CSF production and reabsorption processes, and the craniospinal storage capacity. Figure

2.10 shows the mechanical analogue of intracranial dynamics according to the model.

Blood flowenters the large cranial arteries, at a pressure equal to the systemic arterial pressure

(Pa). This segment consists of a constant resistance (Rla), which accounts for the pressure
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Figure 2.10: The mechanical analog of intracranial dynamics according to the presented model. Reproduced
without change from[123].

drop in the pial arterial pressure (Pla). Blood then enters the pial arterial-arteriolar segment

comprisingmultiple blood vessel generations, from the large pial arteries down to and includ-

ing the small pial arteries and parenchymal arterioles. The whole segment is characterised

by its values of compliance (Cpa) to account for the storage of cerebral blood volume (CBV),

and hydraulic resistance (Rpa), which accounts for pressure drop to capillary pressure (Pc),

and is where the CBF regulation is modelled to take effect.

At the capillary level, CSF is produced through a CSF formation resistance (Rf). Blood then

passes through the venous cerebrovascular bed, described by the series arrangement of two

segments. The first extends from the small postcapillary venules down to the large cerebral

veins and includes the venous resistance (Rpv) and the intracranial venous capacity (Cvi).

The second segment represents the terminal intracranial veins (lateral lakes and bridge veins)

and is represented by a single hydraulic resistor (Rvs). Finally, CSF is reabsorbed at venous

sinus pressure (Pvs) through CSF outflow resistance (Ro). The intracranial pressure (Pic) is

governed by the volume stored in the intracranial capacitor (Cic), arising from the balance of

CSF inflow (qf), CSF outflow (qo), and blood volume changes in pial arteries and veins.

Because cerebral veins behave passively, their blood volume (Vvi) variations can be solely

ascribed to changes in transmural pressure:

dVvi

dt
= Cvi

(
dPv

dt
− dPic

dt

)
(2.5)
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In contrast, changes in the CBV in the arterial-arteriolar pial segment (Vpa) can be ascribed to

both transmural pressure changes and the action of cerebrovascular control mechanisms:

dVpa

dt
= Cpa

(
dPpa

dt
− dPic

dt

)
+

dCpa

dt
(Ppa − Pic) (2.6)

The first term in the right-hand side of Equation (2.6) corresponds to passive blood volume

changes, ascribed to transmural pressure alterations, whereas the second term accounts for

active volume changes as a result of the autoregulatory control mechanisms that modify the

pial arterial-arteriolar compliance.

In this model, two distinct control mechanisms are considered: flow-mediated dCA, to ac-

count for the metabolic response, and CO2 reactivity to account for the response of the cere-

bral vasculature toCO2 gas levels, as illustrated in Figure 2.11. The input quantity for autoreg-

ulation is flow percentage change (∆CBF), while the input quantity for CO2 reactivity is the

logarithm of CO2 partial pressure (∆PaCO2 = log10
PaCO2

PaCO2n
). The dynamics of each mecha-

nism are reproduced by means of a gain factor (G) and a first-order low-pass filter with time

constant τ . The gain factor of CO2 reactivity is multiplied by the corrective factor ACO2 to

account for the dependency of the strength of CO2 reactivity on CBF levels during ischaemia.

Finally, autoregulation and the CO2 reactivity response interact nonlinearly through a sig-

moidal static relationship, thus producing changes in pial arterial-arteriolar compliance. The

sigmoidal relationship accounts for the existence of maximal limits for the vascular response.

The volume, and thus the resistance of the arterial-arteriolar pial segment (since the two are

related by geometrical laws), is then set by the relationship in Equation (2.6).

Ultimately, however, compartmental models do drastically simplify the brain geometry and

do not include any morphological details about the interconnectivity of the vessel network,

or the attributes and responses of the individual vessels, the characterisation of which is cru-

cial, given the strong coupling between the haemodynamics of blood flow, and the precise

vascular architecture[26],[125]. Hence, compartmental models do come with their limitations,

particularly regarding modelling the microvasculature comprising the sub-cortical arterioles,

capillaries, and venules, where themajority of the brain’s vascular length is found, andwhere

our understanding of blood flow control remains incomplete.[27] As Cassot et al.[26] have re-
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Figure 2.11: Block diagram describing the action of cerebrovascular regulation mechanisms. The upper
branch describes autoregulation, while the lower branch indicates CO2 reactivity. Reproduced without change
from[123].

marked: ”All the details of the vascular geometry, including the capillary net, the arterial

and venous trees, need to be considered to analyse the flow field in the organ.” The limita-

tions and drawbacks of compartmentalmodels in the particular context ofmodelling the dCA

mechanisms are discussed in Chapter 3.

2.6.5 ContinuumModels Using Homogenisation theory

Finally, one more relevant approach for modelling CBF in the cortical capillary bed is ho-

mogenisation. With homogenisation, the microscopic properties and details of the capillary

architecture are implicitly represented via an effective parameter, the permeability tensor (K),

that characterises the aggregate of small-scale contributions of the capillary vessels on the

flow and pressure fields at a larger mesoscopic scale. Homogenisation eliminates the need

for an explicit, discrete representation of the capillary bed architecture at the level of the indi-

vidual vessel, and suppresses the effects of BC allocation[126],[127] which have a strong impact

on the haemodynamic simulations,[43],[67] thereby permitting the assembly of larger models

of the capillary bed that could be comparedwith results from imaging data. Homogenisation

theory has been previously used[41],[128],[129] to model the capillary bed as a porous medium,
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Figure 2.12: A statistically generated capillary network in a cube with 375 µm side length with the additional
constraint of spatial heterogeneity. Reproduced without change from[41].

in which the macroscale flow is described using a volume-averaged form of Darcy’s law[128]:

uc = −K∇P (2.7)

where uc is the volume averaged capillary velocity, K is the capillary permeability tensor

(m3s/kg), and ∇P is the gradient of the spatially averaged pressure field at the mesoscopic

scale. Such averaged representation is valid for the capillary bed since it exhibits a mesh-like,

interconnected periodic structure with no structural correlation to the location of the cortical

penetrating columns, one that is homogeneous and space-filling above a characteristic length

of 25 − 75µm,[130]–[132] as is required by the homogenisation procedure.[41],[128] One of the

advantages of such representations is that they lend themselves nicely to the assimilation

of numerical or experimental data obtained over small volumes[133]; for instance, values for

the K entries have been acquired via numerical simulations over small periodic cubes which

are anatomically representative of networks of the capillary bed,[41] one example of which

is shown in Figure 2.12. The numerical simulations have revealed that K is isotropic and

diagonally dominant, which greatly simplifies the FV numerical derivations in Chapter 4
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2.7 Summary

In this literature review, we have provided a brief overview of the structure and function of

the human brain, before describing the cerebral circulation, with a particular focus on the

microvasculature. We have outlined the different zones of the microvasculature, which are

distinguished from one another primarily by the morphology of the mural cells surrounding

the vessels, and with the understanding that these zones do not form discretised regions but

rather represent a continuum of vascular and mural cell morphologies. We then described

the processes governing CBF control in the arteriolar vessels, including the myogenic, en-

dothelial, metabolic and neurogenic mechanisms, which alter the VSM tone in the vascular

walls and thus modify the pressure-radius relationship of the vessels. Next, we examined

the composition of blood, and the important rheological implications arising from the inter-

actions of the RBCs with the fluid plasma and the vessel walls. In particular, we described

how an effective, or apparent viscosity can be obtained as a function of the vessel diameter

and haematocrit content from in-vivo empirical formulations, which are to be used in the next

chapters. Finally, we outlined the general modelling approaches available for conducting

haemodynamic simulations, which include 3-D, 1-D, steady-state 0-D, and compartmental

models, as well as upscaled homogenised representations of the capillary bed, and outlined

the advantages, limitations, and general uses of each. We described one example of a com-

partmental model that incorporates CBF and regulation feedback mechanisms, which in turn

paves the way for discussing the models of dynamic CBF and control in the next chapters.
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Chapter 3

A Network-Based Model of Dynamic Cerebral Blood Flow

and Autoregulation

Abstract

Cerebrovascular diseases continue to be among the leading causes of morbidity and

mortality in humans. Abnormalities in dCA have been implicated in many of these dis-

ease conditions. Accurate models are therefore needed to better understand the complex

pathophysiology behind impaired dCA. We thus present here a simple framework for

modelling a vessel-driven network model of dCA in the microvasculature, as opposed to

the conventional compartmental modelling approach. Network models incorporate the

actual connectivity and anatomy of the vasculature, thereby allowing us to include and

trace changes in the calibre and morphology of individual vessels, investigate the spa-

tial specificity and heterogeneity of the various control mechanisms to help disentangle

their contributions, and link the model parameters to the actual network physiology. We

incorporate the proposed control feedback mechanisms at the level of the individual ves-

sel, and solve for the dynamic pressure and flow fields within a simple vessel network.

In response to an upstream pressure drop, the network is found to be able to recover CBF

while exhibiting the characteristic autoregulatory behaviour in terms of changes in ves-

sel calibre and the biphasic flow response. We assess the feasibility of our formulation

in larger networks by comparing the simulation results to those obtained using a one-

dimensional (1-D) model of CBF applied to the samemicrovasculature network and find

that our model results are in very good agreement with the 1-D solution, while signifi-

cantly reducing the computational cost, thus enabling more detailed models of network

behaviour to be adopted in the future. Accurate and computationally feasible models of

dCA that are more representative of the vasculature can help increase the translatability

of haemodynamic models into the clinical environment, which would help developmore

informed treatment guidelines for patients with cerebrovascular diseases.
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3.1 Introduction

Abnormalities in dCA have been implicated in various cerebrovascular diseases. A thorough

understanding of the processes that govern dCA is thus required to gain greater insight into

the link between dCA impairment and the associated cerebrovascular pathologies. This is

particularly true in the microvasculature, an area that has received relatively little attention

due to issues pertaining to access, complexity, and scale.

In response to physiological perturbations, the dCA feedback mechanisms act to change the

wall stiffness (or its inverse, the compliance),[2] and hence the diameter, of the autoregula-

tory microvessels. Models of dCA within a vascular network have adopted a wide range of

complexity, but they all more or less rely on the same fundamental compartmental approach

described in Section 2.6. Compartmental models, however, do not include anymorphological

details regarding the attributes and responses of individual microvessels, which become rele-

vantwhen attempting tomodel themechanisms responsible for dCA, aswell as the associated

pathological conditions, such as vessel occlusion or remodelling of mural cell coverage, all of

which predominantly occur at the level of the individual vessel.[2],[17],[27] A key requirement

for the understanding of cerebrovascular diseases is studying the vascular response, aswell as

the acute and chronic changes in the vasculature structure, in response to physiological chal-

lenges and diseases.[16] Altered vascular properties, including diameter, branching pattern,

and tortuosity, are closely and reciprocally correlated with cerebrovascular diseases such as

atherosclerosis and stroke,[134],[135] with altered brain vessel status shown to be both a potent

biomarker and predictor[18],[136] as well as a potential outcome[17],[137] of cerebral pathologies.

Consistent with this concept, compartmental models are also unable to account for the mi-

crovasculature’s spatial heterogeneity (see[78],[138]–[140]) and its complex interconnectivity,

and thus cannot be used to investigate the complex interplay between the variousCBF regulat-

ingmechanisms across the different vessel generations covering awide range of length scales.

In addition, lumped models cannot be used to examine the flow patterns in the microvascu-

lature, alterations in which have been theorized and shown to be implicated in disease condi-

tions.[141]–[144] Network models of the microvasculature can help to predict the pressure and

flow profiles in the smaller vessels, thereby shifting the role of microvasculature modelling

from merely providing the BCs for the larger vessels, to being actively studied in normal and
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diseased conditions, when examined either in isolation or as part of multi-scale efforts that

is aimed towards capturing the strong interactions between components at different length

scales.

Even when the focus is on the physically measurable waveforms in the larger vessels, such

as the pressure and flow waveforms, which are of a high diagnostic significance,[62] an accu-

rate characterisation of the local microcirculation topology, with its specific wave transmis-

sion and reflection properties, is still crucial, given the strong coupling between the global

haemodynamics of CBF, and the precise vascular architecture.[26],[108],[125],[145] A proper rep-

resentation of the terminal branches is warranted to ensure accurate wave propagation and

reflection at the macro-micro circulation interface. Indeed, elementary lumped models of the

microvasculature were unable to capture important features such as pressure wave propaga-

tion effects[62],[146]–[148] when compared to their arterial tree counterparts, even when includ-

ing a compliant element to account for the delay in response or when directly specifying the

equivalent reflection coefficient. In the particular context of cerebral haemodynamic mod-

elling, the importance of a detailed tree of the cerebral arteries on wave reflections was first

recognized by Avolio[149] and later recognized by Reymond et al.,[108] who showed that the

predicted waveforms in the carotid artery are strongly affected by the presence of a detailed

model of the cerebral circulation. The effects of lumped cerebral representation on the pres-

sure and flow waveforms in the aorta were less affected by whether or not an arterial tree

representation was present, implying that while a detailed description of the cerebral circu-

lation may not be necessary when the scope of the model is confined to the larger systemic

circulation, it becomes important to incorporate a sufficient representation of the cerebral

vasculature when the focus is on the regional cerebral haemodynamics.

While compartmental models have agreed reasonably well in some respects with experimen-

tal data, there have been some discrepancies noted by authors. For instance, Zheng[150] high-

lighted some disagreements between simplified compartment models and experimental data

acquired at high temporal resolutionwith invasive opticalmeasurements of haemoglobin and

blood flow changes. While increasing the number of compartments statistically improved

the fit to experimental data and provided more reliable estimates of the haemodynamic re-

sponse[150],[151], the compartmental models were still not capable of describing spatial charac-

teristics of the haemodynamic response[103], such as the surround negativity response[138],[139]
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and the negative BOLD signals[78],[140], observed in the cortex with optical imaging.

Indeed, in some cases, adding extra elements and compartments to the lumped representation

can provide a better fit with microcirculation dynamics.[152] However, the addition of extra

componentsmakes the identification of themodel parameters from the limitedmeasurements

more difficult and less robust. As more elements are included, the regression analysis that

is normally conducted for parameter identification becomes non-trivial,[153] starts producing

poor results, and is often replaced by a trial and error procedure that seeks to obtain an ac-

ceptable combination of parameters from an initially identified reasonable range.[111] In such

cases, more than one set of parameters can satisfy the limited data supplied, and indeed the

values adopted by different researchers show enormous differences and inconsistencies.[111]

There is no way to tell which set of parameters is correct, because their values are only sup-

posed to capture the aggregate properties of the different vessel generations, and hence they

lack any physical interpretation or quantitative connection to the actual network physiology,

such as measured lengths, diameters and mechanical properties of the constituent vessels.

The percentage changes in the values of the lumped parameters are often calibrated based on

experimental data[154],[155] that measure the response of individual vessels to changes in pres-

sure and flow.[105],[118],[156] Accordingly, the compartmental models presume that the haemo-

dynamic changes caused by the collective response of a particular segment in the vasculature

can directly translate into changes in the effective parameter of the representative compart-

ment. The relationship between the lumped parameters and the characteristics of the haemo-

dynamic response, however, is unknown, and thus the accuracy of any estimates obtained

from these models is uncertain.[103]

The percentage changes in vessel diameters in response to changes in flow or pressure, their

time constants, and the relative contributions of the various dCA mechanisms are highly het-

erogeneous, depending on the vessel size, generation, and brain region.[141],[154],[157]–[162] For

instance, experimental data[154],[161],[162] indicate that there is a hierarchy of responsiveness by

arterioles that is dependent on both the size and type of themicrovessel aswell as the systemic

arterial pressure. On the other hand, a single compartment in a lumpedmodel can often con-

tain many vessel generations.[55] What is needed are network models of the microvasculature

that assign realistic vessel geometry and properties to the individual vessels; these, in turn,

can be useful in the parameter setting of the lumped models.
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Networks models of CBF have been constructed before; see[42],[62],[79],[103],[148],[163] for exam-

ples. Such models incorporating information about the geometries and connectivities of the

vessels provide a much better characterisation of the flow and pressure distributions within

the microvasculature networks, and how these distributions dynamically change in response

to various stimuli. Indeed, a comparison of purely topological characteristics of the cerebral

microvasculature with flow-based ones shows that a combined interpretation of flow and

topology is indispensable.[45] For instance, the influence of localized changes on surround-

ing vessels was demonstrated in the simple network model by Boas et al.,[103] in which the

dilation in one vessel causes a local increase in flow but a decrease in flow in other vessels.

However, none of the previous network models explicitly models the active dynamic pro-

cesses that govern the haemodynamic response. While models of dCA within an individual

vessel have been constructed (see[116],[124] for examples), these single-vessel models do not

account for the network effects.[67]

We thus construct a simple framework for modelling a vessel-driven network model of dCA,

assembled from the actual connectivity and anatomy of the microvasculature under consid-

eration. The different mechanisms of dCA adjust CBF by controlling the level of VSM tone,

changing the stiffness (or compliance) of the vessel wall, and thereby adjusting the pressure-

radius relationship of the vessel.[2],[79] At this stage, we include the myogenic and endothelial

responses, and reserve the calibration of the two feedback pathways with experimental data,

as well as incorporating other mechanisms, to Chapters 5 and 6.

Since the small cerebral arteries and arterioles have the largest fraction of VSM cells among

the blood vessels, they are the primary vessels that control CBF[2],[164] (although the role

of the capillary pericytes is becoming increasingly recognised; see[5],[76]–[78],[165]). Arteri-

oles respond to changes in both shear stress and intraluminal pressure.[155] The shear stress

response is caused by the viscous friction between the flowing blood and the endothelial

wall,[2],[155],[166] and leads to VSM relaxation, inducing vasodilation. Meanwhile, the myo-

genic response is caused by increased transmural pressure andhas a constrictive effect[155],[167]

which interacts competitively with the endothelial response. Essentially, it is the balance be-

tween vasoconstricting and vasodilating factors that controls the wall stiffness by controlling

the degree of VSM phosphorylation in the arteriolar walls.[2],[82]
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Wefirst describe how the fundamental haemodynamic principles are used to derive the equa-

tions for the dynamic pressure and flow fields throughout a network model of the microvas-

culature. Next, we describe the compliance feedback model through which the dCA mecha-

nisms are incorporated, thereby allowing the vessels to respond to perturbations in pressure.

We briefly describe the 1-D network model used as a benchmark test case to assess the ac-

curacy of the proposed model. We then show how our model can be applied to a simple

bifurcating network in response to a drop in inlet pressure, and examine the associated errors

and differences in computational cost when comparing the results to those obtained from the

1-Dmodel. This validation is important in ensuring that the computational cost of a network-

based model of autoregulation is not prohibitive, which would be the case when using a 1-D

model. We then conduct a global sensitivity analysis to quantify the relative importance of

the compliance input parameters on the model output variables. Finally, we discuss the re-

sults, assumptions and limitations of the proposed model, and how the network model paves

the way for developing the multiscale model in Chapter 4.

3.2 Materials and Methods

In this section, we first derive an approximate analytical solution for the dynamic pressure

and flow fields within a single compliant vessel, and obtain a relationship between the vessel

inlet and outlet pressures and flows that is similar to the one presented in the previous work

of Payne and El-Bouri.[79] However, to account for the effects of the dCA mechanisms on the

pressure and flow fields within the vessel, the new derivation proposed in this chapter ac-

commodates the additional degree of freedom of a dynamically changing vessel compliance

that changes in response to the feedback mechanisms, giving rise to an additional term in the

final expressions for the vessel inlet and outlet flows when compared to the similar deriva-

tion which has assumed a static vessel compliance.[79] We also propose a simple feedback

formulation to reproduce the effects of the myogenic and endothelial mechanisms, which, in

response to changes in transmural pressure and wall shear stress, respectively, alter the wall

stiffness, and hence compliance, of the autoregulatory vessels. By changing the compliance,

the relationship between the vessel diameter and transmural pressure is altered, allowing the

vasculature to establish a new equilibrium state in response to changes in ABP.[82] The en-

suing changes in the vessel resistance and compliance in response to perturbations in blood
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pressure then act to restore flow within the vessel.

3.2.1 The Governing Haemodynamic Equations

The cross-sectional (CS) area-averaged equation for mass conservation within a compliant

vessel is given by[168]:

∂Q

∂x
+

∂A

∂t
= 0 (3.1)

where the flow rate (Q) is the integral of the axial velocity over the CS area (A). Similarly,

the momentum conservation equation can also be written in its CS area-averaged form.[168]

Since the advection term can be effectively ignored throughout the cerebral vasculature,[4],[79]

the momentum equation can be reduced to a linear form and transferred into the frequency

domain (see[169]), which, under the relevant assumptions (see Appendix D) simplifies to the

generalised Darcy’s law[169]:

Q̂(x, ω) = −Aµ

iωρ

[
1− 2J1(i

3/2α)

i3/2J0(i3/2α)

]∂P̂ (x, ω)

∂x
(3.2)

where P is the uniform pressure over the CS, µ is the dynamic viscosity of blood, ρ = 1040

kgm−3 is the blood density, and the hat denotes that the variables are transformed into the

frequency domain. We will assume hereon that ρ and the gravity vector (g) are constant

within the cerebral microcirculation, as is customary in cerebral haemodynamic modelling

studies,[81],[133] such that the pressure in all equations is defined as the fluid pressures minus

the hydrostatic pressures. J0 and J1 are Bessel functions of the first kind of order zero and

one, respectively. The Womersley number is denoted by α = R
√

ω
ν (where ν is the kine-

matic blood viscosity), and is a dimensionless ratio of the oscillatory forces to the viscous

forces. In practice, a common approximation when applying the Womersley model for blood

flow in a compliant vessel is to use a time (and occasionally also space) averaged CS area

([62],[147],[169],[170]), denoted here as A, to maintain linearity in the frequency domain. A is

usually obtained after running 1-D flow simulations in the time domain under the same ini-

tial and BCs and network properties and averaging the CS area profile for each vessel or using

the CS area of the vessel at the mean arterial pressure (MAP).
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We use the in-vivo empirical model[100] in Equation (2.4) to approximate the effective vis-

cosity relative to plasma (µrel) based on the vessel diameter in µm (D) and the discharge

haematocrit (HD). For simplicity, HD is assumed here to have a uniform value of 0.42, an

assumption that is discussed in Section 3.5. To close the loop, we need a relationship that

relates the changes in the transmural pressure (Pt = P − Pext) to those in the CS area, which

is commonly known as the tube law. Many different formulations for this tube law have been

used in previous studies; see[171] for a general summary. In this study, we will consider the

relations which are derived from linear elastic theory (see Appendix A.1). One pressure-area

relationship that has been extensively used[107],[170],[172]–[175] is given by Equation (3.3):

Pt = β
(√

A−
√

Aref

)
(3.3)

whereAref is the referenceCS area at zero transmural pressure. The parameterβ characterises

the material properties of the vessel, and is given by:

β =
4
√
πEh

3Aref
(3.4)

where h is the vessel thickness and E is the Young’s modulus of the vessel wall.

Another tube law that has beenused is the compliance law (see[62],[108],[123],[145],[147],[148],[169],[176]).

By definition, the vessel compliance (C) in the passive (non-autoregulating) case is given by:

C =
dV

dPt
(3.5)

which is often written in the more convenient form:

dV

dt
= C

dPt

dt
(3.6)

where V is the vessel volume, the integration of the CS area over the vessel length (L). Similar

to the assumptions made in deriving Equation (3.3), the expression for baseline compliance
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(C0) around the baseline radius (R0) can be derived from combining Laplace’s law for cylin-

drical vessels with the constitutive relation for linear elastic and incompressible wall material

behaviour (see Appendix A.1), giving rise to the independent ring model[169],[177]:

C0 =
3πR3

0L

2Eh
(3.7)

We can obtain an expression for C in terms of β around the baseline radius R0 (assuming

uniform CS area such that V ≈ LA) by applying the definition of compliance in Equation

(3.5) to the non-linear formulation in Equation (3.3) to get:

C =
∂V|V0

∂P
=

2
√

LV|V0

β
(3.8)

Note that we can obtain this relation between C and β via linearization of the pressure-area

relationship in Equation (3.3) around the baseline CS area and then applying the definition

of compliance in Equation (3.5) to the linearized approximation.

The compliance tube law can be adapted to accommodate the active case where the vessel

stiffness can change due to the action of the dCAmechanisms. We use the equation proposed

by Ursino et al., which successfully reproduced the qualitative effects of the regulatory mech-

anisms in their lumped compartmentalmodel.[123] The equation can be applied locally at each

CS area to account for the pressure variation across the vessel length to give:

∂A(x, t)

∂t
=

1

L

(
C(t)

∂Pt(x, t)

∂t
+

dC(t)

dt
Pt(x, t)

)
(3.9)

Based on Equation (3.9), we distinguish between two vessel types. Non-regulating vessels

have a constant C, and hence only react passively to changes in Pt. On the other hand, in reg-

ulating vessels, C is dynamically modified by the actions of the cerebral control mechanisms.

Hence, the change in the CS area can be ascribed to both the passive response to Pt changes

and the action of control mechanisms on C. To maintain linearity when working in the fre-

quency domain, we assume that the perturbations in P and C for each vessel occur about their

baseline conditions:
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Pt(x, t) ≈ Pt + P̃t(x, t) (3.10)

C(t) ≈ C + C̃(t) (3.11)

where Pt = P v − P ext and P v denotes the average baseline intraluminal pressure inside the

vessel. The three governing haemodynamic principles in Equations (3.1), (3.2), and (3.9) can

then be combined together (see Appendix A.2) to obtain the second order harmonic oscillator

partial differential equation (PDE) for Pt:

−
(

i3/2αJ0(i
3/2α)

i3/2αJ0(i3/2α)− 2J1(i3/2α)

)(
ω2ρ

πR2L

)(
CPt + PtC

)
=

∂2Pt

∂x2
(3.12)

We conduct perturbation analysis to obtain an approximate solution for the PDE in Equa-

tion (3.12). The analysis is similar to the one presented in the previous work of Payne and

El-Bouri,[79] with the difference being that the tube law used here accommodates dynamic

compliance. The first step in the perturbation analysis is to assign a non-dimensional pertur-

bation parameter ϵ, defined as:

ϵ = i3/2α (3.13)

This parameter should be sufficiently small (ϵ << 1), meaning the analysis is only valid for

vessels with a sufficiently small diameter (D ≲ 1mm).[79] The next step is to perform an

asymptotic series expansion of the pressure variable (dropping the t subscript for now), such

that the solution can be broken into a solvable, or zeroth order part and perturbative parts of

successively higher orders of ϵ.

P = P0 + ϵP1 + ϵ2P2 + ... (3.14)

Successive terms in the series at higher powers of ϵ become smallerwhen ϵ is sufficiently small,

and thus an approximate perturbation solution is obtained by truncating the series, usually
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after the second-order solution. Hence, Equation (3.12) can be written as:

ϵ5J0(ϵ)

(
νµ

πR6L

)(
C(P0 + ϵP1 + ϵ2P2 + ...) + PC

)
=
(
ϵJ0(ϵ)− 2J1(ϵ)

)
(
∂2P0

∂x2
+ ϵ

∂2P1

∂x2
+ ϵ2

∂2P2

∂x2
+ ...) x ∈ [0, L] (3.15)

where we used the fact that (ϵ4 = −R4(ων )
2), according to Equation (3.13). We next use the

series expansion of the Bessel functions:

J0(ϵ) = Σ∞
k=0

(−1)k

22k(k!)2
ϵ2k = 1− ϵ2

4
+

ϵ4

64
− ... (3.16)

J1(ϵ) = Σ∞
k=0

(−1)k

22k+1(k!)(k + 1)!
ϵ2k+1 =

ϵ

2
− ϵ3

16
+

ϵ5

384
− ... (3.17)

to arrive at the following expression:

ϵJ0(ϵ)− 2J1(ϵ) = Σ∞
k=0

(−1)k

22k(k!)2
ϵ2k+1 k

k + 1
= ϵ3

(
−1

8
+

ϵ2

96
− ϵ4

3072
+ ...

)
(3.18)

Non-dimensionalizing the length variable in Equation (3.15) and inserting the series expan-

sion for the Bessel functions, we obtain:

νµL

πR6
ϵ2
(
1− ϵ2

4
+ ...

)(
C(P + ϵP1 + ϵ2P2 + ...) + PC

)
=

(
−1

8
+

ϵ2

96
− ...

)
(
∂2P0

∂x2
+ ϵ

∂2P1

∂x2
+ ϵ2

∂2P2

∂x2
+ ...) x ∈ [0, 1] (3.19)

Equation (3.19) is a nested sequence of problems corresponding to different powers of ϵ.

We make the usual assumption that the BCs, which are the values for pressure at the inlet

(Pin = P (x = 0)) and the outlet (Pout = P (x = 1)) of the vessel, are contained within the ze-

roth order solution, hence the BCs for all the higher order solutions are zero. Balancing the
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coefficients of ϵ in terms of ascending powers of ϵ, we solve for the zeroth, first, and second

order solutions for the pressure field in Equation (3.14) to obtain:

P̂0 = P̂in + (P̂out − P̂in)x (3.20)

P̂1 = 0 (3.21)

P̂2 = −4νµLC

3πR6
(Pout − Pin)x

3 − 4νµL

πR6
(CPin + PC)x2 +

4νµL

3πR6

(
C(Pout + 2Pin) + 3PC

)
x

(3.22)

The pressure solution can be reconstructed by summing the perturbation series given in Equa-

tion (3.14). Similarly, the flow field can then be calculated, using a power series expansion

for the flow:

Q̂ = Q̂0 + ϵQ̂1 + ϵ2Q̂2 + ... (3.23)

Substituting the solution for the pressure field into Equation (3.2), non-dimensionalizing the

length variable, and balancing in terms of powers of ϵ, an expression for the flow field inside

the vessel is obtained, just as we have done for the pressure field. The zeroth, first, and second

order solutions for flow can then be given by:

Q̂0 =
1

R
P̂0 (3.24)

Q̂1 = 0 (3.25)

Q̂2 =
−1

R

(
P̂ ′
0

6
+ P̂ ′

2

)
(3.26)

where (R = 8µL
πR4 ) is the Poiseuille resistance. We note from Equations (3.20-3.22) that the

pressure profile at the vessel boundaries is sufficient to fully characterise the pressure and

flow fields. Hence, we can more usefully simplify the 1-D flow solution into the 0-D solution

by solving for the flow in Equations (3.24-3.26) at the vessel boundaries, and inserting the
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solution back into Equation (3.23) to obtain:

 Q̂in

Q̂out

 =
1

R

1 −1

1 −1


 P̂in

P̂out

−

 R2

6νR

1 −1

1 −1

+
C

6

−2 −1

1 2


 iω

 P̂in

P̂out



+
P

2
iωC

 1

−1

 (3.27)

To obtain an expression for the flow in the time domain, we take the inverse Fourier transform

of Equation (3.27). Next, we rewrite the pressure terms in terms of intraluminal and external

pressure Pt = P − Pext. The end result is the final approximate analytical solution for the

vessel inlet (Qin) and outlet (Qout) flows in terms of the inlet (Pin) and outlet (Pout) pressure

profiles and the vessel properties:

Qin

Qout

 =
1

R

1 −1

1 −1


 Pin

Pout

−

 R2

6νR

1 −1

1 −1

+
C

6

−2 −1

1 2


 d

dt

 Pin − Pext

Pout − Pext



+

(
P v − P ext

2

)
dC

dt

 1

−1

 (3.28)

Note that the steady-state term in Equation (3.28) exactlymatches the Poiseuille flow solution,

while the remaining terms, which depend on both the fluid and vessel properties, correspond

to the dynamic flow behaviour due to the fluid-wall interaction. Note that in the passive case

when C is constant, Equation (3.28) matches the one that has been derived previously[79];

the additional term arising from the current analysis accounts for the contributions of the

dCA mechanisms on flow via the dynamically changing C. Also, note that the inlet and

outlet flows can be swapped around and the formulation will remain the same, as would be

expected. Finally, defining the vessel volume rate of change according to principles of volume

conservation (dV
dt = Qin−Qout), and using the formulae forQin andQout fromEquation (3.28),

we get:
dV

dt
= C

(Pin + Pout

2
− Pext

)
+

dC

dt

(
P − Pext

)
(3.29)
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which is consistent with the tube law approximation in Equation (A11) that we used to derive

the approximate analytical pressure and flowfield solutions since integrating the zeroth order

pressure from the perturbation analysis in Equation (3.20) along the vessel length gives the

average of the inlet and the outlet pressures.

3.2.2 Compliance Feedback Model

To model the interaction between the myogenic and the endothelial responses, we assume a

linear feedback model for the vessel relative stiffness k, with first-order low-pass dynamics:

Tk
dk

dt
= −(k − 1) + Sσ

(σ
σ
− 1
)
− Sτ

(τ
τ
− 1
)

(3.30)

where S is the sensitivity, or gain factor, for the perturbations of each of the direct (σ) and

shear (τ) stress from their baseline values, and Tk is the time constant, which for simplicity is

assumed to be the same for bothmechanisms (although this assumption is relaxed inChapters

5 and 6). We approximate the intraluminal pressure as the average of the inlet and outlet

pressures, as a result of integrating the zeroth order pressure solution from the perturbation

analysis along the vessel length. The shear stress can be derived from force balance analysis

in the quasi-steady state,[84] and thus can be given as a fraction of the baseline shear stress:

τ

τ̄
=

R|Pin − Pout|
R̄|P̄in − P̄out|

(3.31)

We then map the vessel stiffness into vessel compliance through a non-linear sigmoidal func-

tion, as proposed by Ursino et al.,[121] since compliance can only vary within set limits:

C = C0

[
1 +

∆C±

C0
tanh

(
1

G

C0

∆C±

(
1

k
− 1

))]
(3.32)

The maximum positive and negative changes in compliance, given by ∆C±

C0
, are different to

account for the fact that compliance is not symmetrical about its baseline value.[105] The pa-

rameter G sets the central slope steepness of the sigmoidal dependence of compliance on

stiffness. Figure 3.1 depicts a block diagram summarising the action of cerebrovascular reg-

49



Figure 3.1: Block diagram describing the action of cerebrovascular regulationmechanisms in the present model.
The upper branch describes the myogenic response, while the lower branch indicates the endothelial response.
The input quantity for the myogenic and endothelial responses are the perturbations of the direct (σ) and shear
(τ) stresses from their baseline values, respectively. The dynamics are simulated bymeans of a gain factor (S) for
each mechanism and a first-order low-pass filter with time constant Tk. The wall stiffness is then non-linearly
related to the compliance via a sigmoidal static relationship that sets the compliance relative to the baseline
vessel compliance (C0).

ulation mechanisms according to the present model.

3.2.3 Connecting the Network

We represent the cerebral microvasculature as a graph, comprising a collection of edges de-

noting the vessels, each of which connects a pair of nodes representing the locations where

vessels bifurcate, converge, or end. To solve for the pressure and flow fields throughout the

network, an appropriate choice of BCs relating to flow and pressure at the internal nodes

where vessels meet is required. We assume conservation of flow at the nodes such that the

inlet and outlet CBF into any internal node, according to Equation (3.28), from all vessels

connected to the node, must balance at all times:

∑
j∈N

qj = 0 (3.33)

where the index j refers to any vessel connected to node N . We match the static pressures

at the nodes where vessels meet since the difference between matching the static pressure

and the total pressure in the microvasculature is minuscule and can effectively be ignored

(see[79],[110] and Section 3.4). Hence, each node is associated with a pressure value, giving

rise to a linear system of equations:

Bint
dpint

dt
+Aintpint = −Bb

dpb

dt
−Abpb −C (3.34)

where the subscript b refers to the boundary (inlet and outlet) entries. We impose pressure
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BCs (pb and dpb

dt ) at the external nodeswhere arterioles andvenules enter and exit the network,

and solve for the pressures at the internal nodes (pint). Each row in Equation (4.30) is a

restatement of the zero net flow condition given in Equation (3.33) for each internal node.

The A, B and C matrix entries are populated according to the connectivity of the nodes and

the dynamic vessel properties as per Equation (3.28).

3.2.4 Parameter Values

Given the heterogeneous composition and the anisotropic properties of the vesselwalls,[95],[178]

and the presence of structural support surrounding the vessels,[178]–[181] we use the experi-

mentally derived values for the effective Young’s modulus (Table 1) that capture the overall

radial stretch of the microvessel walls in response to applied stresses. When used in 1-D flow

simulations,[182] these values have generatedwave propagation characteristics in complexmi-

crovascular networks that are in very good agreement with experimental data.[183]

Table 1: Values of the effective Young’s modulus (E) in the microvasculature.

Vessel E (×105 Pa) Source

Capillary 3.70 [181]

Venule 3.88 [181]

Arteriole (Diameter ≥ 20µm) 6.3 [184]

Arteriole (15µm ≤ Diameter < 20µm) 2.6 [184]

Arteriole (Diameter< 15µm) 1.6 [184]

Since Kontos et al.[154] reported a time constant of about 5-20 seconds for the arteriolar dila-

tion in response to acute hypotension, and in line with Ursino’s choice of a time constant for

pressure-dependent autoregulatory mechanisms,[121] we use a value of Tk=10 seconds. The

maximum changes in compliance are taken directly from Ursino’s model.[105]

There is, however, no clear validation from experimental data for the other values in the com-

pliance feedback model (Sσ,Sτ , G), due to limited data on the cerebral microvasculature net-

works. For now, we make an initial estimate of these values based on our understanding of
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how the overall response behaves. We choose Sσ to be higher than Sτ since myogenic contri-

butions have previously been found to dominate over endothelial ones.[86] The values for the

feedback parameters used here are given in Table 2. We conduct a global parameter sensitiv-

ity analysis (Section 3.4) to quantify the strengths of the different feedback mechanisms and

assess their relative importance on CBF recovery.

Table 2: Compliance feedback parameter values

Parameter Value

Sσ 4

Sτ 0.5

Tk 10 seconds

∆C+/C0 10

∆C−/C0 0.8

G 0.1

3.3 1-D Model used for Benchmark Assessment

We assess the accuracy of the derivedmodel and the assumptions on which it is predicated in

a benchmark test case in which we compare the simulation results of the model derived from

perturbation theory with those of more elaborate models, namely a full 1-D flowmodel when

run using the same network properties and pressure BCs, and examine the associated errors

and differences in computational cost. This is done to quantify whether our proposed model

can be easily scaled over larger networks in the future, enabling our approach to be adopted

more widely. Table D.1 in Appendix D summarises the differences in the assumptions and

formulations between the derived perturbation model and the 1-D model. 1-D models have

been extensively assessed and found to agree favourably with 3-D models,[29],[104],[106],[185]

as well as benchmarked against physical measurements.[107]–[109] The 1-D governing CS area

averaged momentum conservation equation can be given by[49],[110],[168]:
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∂Q

∂t
+

∂

∂x
(αm

Q2

A
) +

A

ρ

∂P

∂x
= −2πν(λ+ 2)

Q

A
(3.35)

where λ is the polynomial order of the CS velocity power law profile that satisfies the relevant

BCs (i.e. zero velocity at the wall and zero velocity gradient at the centre) and is assigned a

value of 2 for the microvasculature to account for the parabolic velocity profile (as a function

of radial distance from the centerline) resulting from Newtonian flow.[186] The coefficient αm

is the momentum correction (Coriolis) factor and is related to λ via Equation (3.36):

αm =
λ+ 2

λ+ 1
(3.36)

Equations (3.1), (3.3), and (3.35) can be combined to form a PDE system in terms of the two

variables A andQ, which can be expressed in the conservative form in terms of the conserva-

tive variable (U), the flux (F ), and the source (S) vectors:

∂U

∂t
+

∂F (U)

∂x
= S(U) (3.37)

where

U =

A

Q

 F =

 Q

αm
Q2

A + β
3ρA

3/2

 S =

 0

−2πν(λ+ 2)QA + A
ρ

dB
dx (
√
Aref − 2

3

√
A)



The analytical steady-state solution of Equation (3.37) can be given by:

β

5ρ

[
A5/2 −A

5/2
1

]
− αmQ

2
0ln(

A

A1
) = −2πν(λ+ 2)Q0x (3.38)

where Q0 is the steady-state flow through the vessel, A1 is the CS area at the vessel inlet, and

x is the axial position from the vessel inlet. When the network initial BCs are imposed, the

initial Q and P profiles throughout the network are obtained by coupling the steady-state

formulation for each vessel in Equation (3.38) to the conditions of mass conservation and
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(a) (b)
Figure 3.2: Illustration of a compliant vessel segment. The uni-axial flow rate is Q, the internal pressure is P, and
the internal CS area is A (a). Configuration of a bifurcating node, with six unknowns at the conjunction point:
A1, Q1, A2, Q2, A3, Q3 (b).

total pressure continuity (Bernoulli’s equations) at the internal nodal junctions, which for

the sample bifurcation shown in Figure 3.2(b) can be given by:

Q1 −
∑
i

Qi = 0 i = 2, 3 (3.39)

P (A1) +
1

2
ρ
(Q1

A1

)2 − P (Ai)−
1

2
ρ
(Qi

Ai

)2
= 0 i = 2, 3 (3.40)

where P (A) is provided by Equation (3.3). Of course, all other (e.g. converging) junction

points can be treatedwith the samemethod. In response to perturbations in the inlet pressure,

the dynamic system can then be numerically solved using the explicit second-order MacCor-

mack FD method,[187] with a slight modification based on source term averaging[188] which

has been shown to improve the scheme’s stability. To ensure the proper allocation of the BCs

at the vessel ends, one must carry out a local characteristic analysis of the hyperbolic PDE

system in Equation (3.37).

3.3.1 Characteristic Analysis of the 1-D Model Hyperbolic System

For PDEs with two independent variables, one important mathematical property is the ex-

istence or non-existence of the so-called characteristic curves of the system, which in turn

dictates the types of BCs that are appropriate.[189] In this section we analyse the characteristic

system of the governing PDEs, which provides a framework to discuss the proper allocation
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of the BCs. We can rewrite the conservative of our PDE system in Equation (3.37) in its quasi-

linear (non-conservative) form:

∂U

∂t
+A(U)

∂U
∂x

= B(U) (3.41)

where A(U) is the Jacobian matrix of the flux vector:

A =
∂F
∂U =


0 1

β
2ρ

√
A− αm

(
Q
A

)2
2αm

Q
A


(3.42)

and, in the case of uniform properties of the vessel wall (such that ∂β
∂x =

∂Aref

∂x = 0), then

B(U) = S(U), although this assumption could be easily relaxed. It has been shown[49] that,

as long as A > 0, which is indeed the case if we want to have a physically relevant solution,

then the Jacobian matrix J(U) has two unique eigenvalues:

λ1,2 = αm
Q

A
±

√
c2 +

(
Q

A

)2

αm (αm − 1) (3.43)

where c denotes the system pulse wave speed, which depends on the local area-pressure

relationship within the vessel:

c =

√
A

ρ

∂P

∂A
(3.44)

In the case of the tube law given in Equation (3.3), the pulse wave velocity can be expressed

as:

c =

√
β

2ρ

√
A (3.45)

The existence of real and distinct eigenvalues (since αm ≥ 1) means that the PDE quasilinear
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system is strictly hyperbolic.[190] Hyperbolic PDEs are used to model a large and extremely

important collection of phenomena, which include dynamic flows of fluid through porous

media and atmospheric flows, among many others.[60] The phenomena modelled by hyper-

bolic equations, and hence the solutions to those equations, tend to be more complex and

interesting compared to their parabolic and elliptic PDE counterparts.[191]

One of the main distinguishing features of hyperbolic initial boundary value problem (IBVP)

PDE systems is that boundary treatment is not as simple as for elliptic or parabolic PDEs.[192]

As discussed in Section 3.3.2, one of the crucial issues regarding boundary treatment is the

determination of the correct number and kind of boundary conditions that can be imposed

to yield a well-posed problem.[193] Another characteristic of hyperbolic PDEs is that pertur-

bations in the spatial domain propagate at a finite speed,[192] such that perturbations at one

point in space do not instantly affect the whole spatial domain. The finite speed of propa-

gation has interesting implications on the stability and convergence and hence on the limits

of the spatial and temporal discretisations of the numerical schemes used to solve the PDE

system, as discussed in Section 3.3.3.

Given the uniqueness of the eigenvalues, the Jacobian matrix A has two right eigenvectors

(r1,2), each of which satisfies:

Ark = λkrk k = 1, 2 (3.46)

Since the eigenvalues are distinct, the two eigenvectors form a basis set. Similarly, each of the

two left eigenvectors (l1,2) of the Jacobian matrix satisfies:

lTkA = lTk λk k = 1, 2 (3.47)

The expression for the left eigenvectors is given by[49]:
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l1 = ζ


β
2ρ

√
A+

(
Q
A

)2
αm (αm − 1)− αm

Q
A

1


l2 = ζ


− β

2ρ

√
A+

(
Q
A

)2
αm (αm − 1)− αm

Q
A

1


(3.48)

where ζ(A,Q) is an arbitrary smooth function, which in our case is simply considered to be

a scaling constant. The two couples of the left and right eigenvectors are mutually orthogo-

nal,[49],[194] such that:

lTj rk = lj · rk = 0 j ̸= k (3.49)

Therefore, and without loss of generality, we can normalise the left eigenvectors such that:

lTj rk = δjk (3.50)

where δjk is the Kronecker delta function. Accordingly, we can define two matrices R and L,

where R is the matrix with columns r1 and r2 and L is the matrix with rows lT1 and lT2 :

R =


r1 r2

 L =


lT1

lT2


(3.51)

such that (RL = I). This means that the Jacobian matrix A can be decomposed into the

diagonal form:

A = RΛL (3.52)

where Λ is the diagonal matrix of the eigenvalues. Inserting Equation (3.52) into Equation
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(3.41), we multiply both sides by L, to obtain:

L∂U
∂t

+ ΛL∂U
∂x

= LB (3.53)

Next, we introduce the characteristic variables of our hyperbolic system,W = [W1,W2]
T , also

known as the Riemann invariants, which satisfy:

∂W
∂U = L (3.54)

Component-wise, this reads:

∂W1

∂U = l1 (3.55)
∂W2

∂U = l2 (3.56)

Inserting Equation (3.54) into Equation (3.53), we obtain:

∂W
∂t

+ Λ
∂W
∂x

= LB (3.57)

The two Reimann invariants determine the pulse wave dynamics of the system.[111] For the

physiological vessel elastic properties andflowconditions, the pulsewave velocity (c) ismuch

greater than the convective average velocity U = Q
A (i.e. the flow is subcritical), which means

that λ1 > 0 > λ2. As a result, one characteristic W1, to be called the forward characteristic,

propagates changes in pressure and flow downstream the vessel from the proximal to the

distal parts, while the backward characteristic W2 carries the information upstream from the

distal to the proximal parts. In Section 3.3.2 we examine the practicality behind the working

in terms of the characteristic variables for purposes of properly prescribing the network and

vessel ends BCs, where boundary treatment must undergo a local characteristic analysis.
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3.3.2 Boundary Conditions for the 1-D Model Hyperbolic System

The discussion about the admissibility and proper treatment of BCs for hyperbolic equations

is classical and can be found in many textbooks dealing with general hyperbolic systems and

ones about the applications in fluid dynamics,[60],[190],[192],[194]–[197] and also in the particular

context of 1-D modelling of blood flow in a compliant vessel.[49] The BCs for the hyperbolic

system cannot be arbitrarily assigned, since care must be taken to ensure the analytic hyper-

bolic IBVP problem is well-posed1. For a subcritical hyperbolic system where c > 0, one

should prescribe as many BCs at x = 0 as the number of negative eigenvalues of the Jacobian

matrix A, and as many BCs at x = L as the number of positive eigenvalues,[60],[190] which in

our case translates to one BC at each end of the vessel.

If an explicit formulation of the characteristic variables is available, BCs may be directly ex-

pressed in terms of the relevant characteristic variable.[110] Hence, at each boundary, one

would prescribe the BC corresponding to the characteristic entering the domain (W1 at the

inlet,W2 at the outlet), while ensuring that the outgoing characteristic, which carries informa-

tion from within the interior of the domain, satisfies Equation (3.57), which, when expanded

component-wise at each boundary, provides the so-called ’compatibility relations’[49],[110]:

∂W2

∂t
+ λ2

∂W2

∂x
= l2B x = 0 (3.58)

∂W1

∂t
+ λ1

∂W1

∂x
= l1B x = L (3.59)

Note that while the outgoing characteristic must be computed from the differential equation

or the values of the primitive variables (A,Q) within the interior domain of the vessel (either

via extrapolation or via FD discretisation as described below), the incoming characteristic

must be prescribed, meaning it cannot be extracted solely from the differential equations in

the interior of the domain as can be done for the outgoing characteristic, or else instability

occurs.[190]
1A problem is well-posed if it has a solution, the solution is unique, and it depends continuously on the data

given in the problem, primarily the initial conditions and BCs.[60],[190],[192],[194]
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In the most general case, the inlet characteristics prescribed at the boundaries can take the

following form[194]:

W1(t, 0) = S0(t)W2(t, 0) + g0(t) x = 0

W2(t, L) = S1(t)W1(t, L) + g1(t) x = L (3.60)

where g0(t) and g1(t) are smooth vector functions and S0 and S1 are the rectangular reflection

matrices (in our case of only 2 eigenvalues of different signs they are of size 1×1). In the sim-

plest non-reflecting case, S0,1 = 0 and the incoming characteristics are explicitly prescribed

by the vector functions g0,1(t). However, seldom does one have an explicit formulation of the

incoming characteristics (or the vector functions g0,1(t)) at one’s disposal, and in practice it

is more intuitive and convenient to work in terms of the primitive physical variables (A,Q)

that come from measurements or other models.

Here we need to distinguish between the given analytical treatment of BCs that follow from

the brief description earlier on the one hand, where only one BC at each end of the vessel is

admissible, and the numerical BCs on the other hand, which involve the allocation of both

A,Q at each boundary as required by the chosen numerical solver (the MacCormack scheme

in our case). In the context of 1-D blood flow modelling in a compliant vessel, it has been

shown that the prescription of either the area or the flow at each boundary is permitted.[49]

The other BC as required for the numerical scheme cannot be arbitrarily assigned, but must

rather be chosen carefully in accordance with the compatibility relations in Equations (3.58)

and (3.59) to ensure the well-posedness of the hyperbolic IVBP.

If we want to work in terms of the primitive variables, the correct way to ascribe the BCs then

is to work in terms of the characteristic variables, which we know would make the problem

stable and well-posed, and then transform the characteristic variables into the primitive vari-

ables, so that the BCs in terms of the primitive variables are also stable andwell-posed.[191],[192]

We first briefly describe the simplifications, assumptions, and ensuing interpretations that

have conventionally been made by authors when conducting a local characteristic analysis

to assign BCs in 1-D models of blood flow in a compliant vessel, discuss the limitations and
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contrarieties behind such assumptions, and describe alternate methods for properly handling

BCs.

The existence of the characteristic curves means that the PDE system can be reduced to a

system of ODEs in terms of the Reimann invariants.[189] This characteristic analysis of the

hyperbolic system of the 1-D model of blood flow in a compliant vessel has been previously

described.[49],[174] If we define x̂(t) as the parametric function in the (x,t) space, then we can

write the variation of the characteristic variables with time along the parametric path x̂(t) as:

dW (x̂(t), t)

dt
=

∂W
∂t

+
dx̂(t)

dt
I∂W
∂x

(3.61)

Comparison of Equations (3.57) and (3.61) shows that if

dx̂

dt
I = Λ (3.62)

then:

dW
dt

= LB (3.63)

Hence, the continuity and momentum PDEs, which are expressed in terms of the primitive

variables (A,Q), are transferred into a system of ODEs in terms of the hyperbolic system

characteristic variables (W1,W2), the solution for which can be integrated along the param-

eterised characteristic curves from some initial data on those curves.[62],[174],[189]) We can see

from Equation (3.63) that in the special case where B = 0 (source term neglected), then the

characteristic variables W1 and W2 are decoupled, and are constant along the two character-

istic curves in the (x,t) plane defined by expressing Equation (3.62) in its component-wise

form:
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dx̂

dt
= λ1 for W1

dx̂

dt
= λ2 for W2 (3.64)

Many authors[31],[49],[109],[110],[174] utilise the implications of ignoring the source term in the

neighbourhood of any boundary points to decouple the two characteristic variables. For in-

stance, solving the decoupled ODE equations in (3.64) would provide the solution for the

characteristic variables at any point in time and space in terms of their initial value at the

appropriate point within the vessel’s interior domain:

Wk(x, t) = Wk(x− λkt, 0) k = 1, 2 (3.65)

Or more appropriately, since the Jacobian matrix A and hence the eigenvalues are not con-

stant or uniform, the value for the outgoing characteristic at the boundary for the time step

(n+ 1) can be extrapolated from the previous time step n using the value of the characteris-

tic variable propagating in the same direction at an appropriate location within the vessel’s

interior domain:

W n+1
2 (x = 0) = W n

2 (−λn
2 (x = 0)∆t)

W n+1
1 (x = L) = W n

1 (L− λn
1 (x = L)∆t) (3.66)

Note that for a discrete representation of the spatial domain (such as the one obtained from an

FD scheme), the characteristic valuewithin the interior domainwould also need to be interpo-

lated from those at the neighbouring grid points. This method of characteristic extrapolation

has been readily proposed and implemented,[49],[109] along with other extrapolation proposi-

tions that similarly rely on the assumption of local inviscid fluid in the neighbourhood of the

boundaries points.[31],[174]

The second assumption that has been repeatedly made by authors is that the value of the
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Coriolis correction coefficient αm is equal to 1 at the boundaries. This assumption is made

to considerably simplify the expressions for the left eigenvectors (l1, l2) in Equation (3.48),

thereby enabling the integration of Equation (3.54) to obtain an explicit formulation of the

characteristic variables in terms of the primitive physical variables:

W1,2 =
Q

A
± 4(c− c0) (3.67)

The values of the outgoing characteristics (W2(0)
n+1,W1(L)

n+1) obtained from the character-

istic extrapolation, along with the imposed BCs in terms of one of the primitive variables, and

the explicit expression of the characteristics in terms of the primitive variables as in Equation

(3.67), effectively complete the system and enable a direct calculation of the second primitive

numerical BC, while also ensuring that the overall problem is well-posed. Such simplifica-

tions have also been applied at the bifurcation nodes where vessels meet, in which the com-

patibility conditions for the outgoing characteristics at the bifurcating interface are expressed

in terms of the primitive variables and supplemented with conditions of flux continuity and

total (or static) pressure matching.

We discuss the limitations and inconsistencies behind these two assumptions. First of all, ig-

noring the term B(U), which accounts for the dissipation of the momentum due to friction

loss, would erroneously dismiss the natural decay in the pressure P (and hence A) due to

the source term at the boundaries. Given the large number of bifurcations in the cerebral

microcirculatory network, ignoring the effect of friction loss at both endpoints of each arte-

rial vessel in the whole cerebral arterial network when solving for the primitive variables at

the bifurcation interface could potentially accumulate significant errors. Furthermore, the

presence of the source term (due to friction loss) means that the characteristic variables are

no longer constant along the characteristic curves in the (x, t) space, and hence they can no

longer be decoupled. Oftenwhen dealingwith systems of PDEs, it often not necessarily desir-

able or even possible to uncouple a system, and any uncoupling as a result of simplifications

or assumptions is usually more of a theoretical tool rather than a practical tool.[60]

Second, the assumption of αm = 1 essentially means that the velocity profile is flat at the

boundaries. While the blood velocity profile tends to be close to plug flow in the larger ves-
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sels with a Stokes layer near the wall, a completely blunt velocity profile would violate the

imposed no-slip BC at the vessel walls that characterises the power law velocity profile, which

is required to derive the expressions for the friction loss and the convective acceleration terms

in Equation (3.35). For instance, by rearranging Equation (3.36), the polynomial order of the

velocity profile can be expressed in terms of the correction coefficient (αm):

λ =
2− αm

αm − 1
(3.68)

A value of αm = 1 results in an unbounded value of λ and therefore an unbounded value of

the fiction loss term according to Equation (3.35), which is physiologically unrealistic, and

is also in stark contrast to the prior assumption of inviscid flow at the boundaries. If imple-

mented incorrectly, the numerical realisation of BCs can often be a potential source of insta-

bilities in the numerical solver,[192], and indeed we have found that when these assumptions

were applied at the vessel boundaries of the 13-generation network[198] representing to cere-

bralmicrovasculature in order to simplify the treatment of BCs, the numerical scheme became

unstable. Thus, it is preferable to refrain from resorting to any assumptions that would give

rise to such mathematical inconsistencies, especially if such simplifications are unwarranted.

The relation between the imposed BC in terms of one of the primitive variables, and the nu-

merical BC in terms of the other primitive variable required to solve the numerical problem,

is indeed provided by enforcing themass andmomentum conservation differential equations

themselves, yet projected along the direction of the outgoing characteristic. Multiplying the

compatibility relations for each of the outgoing characteristics in Equations (3.58) and (3.59),

by their respective left eigenvector, and using the definition of the characteristic variables

in Equations (3.55) and (3.56) to transform the characteristic variables back in terms of the

primitive variables, we end up with a single relation at each boundary:

lT2
(
∂U
∂t

+ J∂U
∂x

− B
)

= 0 x = 0 t > 0 (3.69)

lT1
(
∂U
∂t

+ J∂U
∂x

− B
)

= 0 x = L t > 0 (3.70)
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This boundary treatment for hyperbolic systems was proposed by Gottlieb et al.[199] and later

generalised by Canuto and Quarteroni[200] and Quarteroni,[192] where it was referred to as

the ’spectral collocation approximation’ (since it entails satisfying the differential equations

at the collocation nodes, or grid points). The same idea has been used[201] for the numerical

treatment of reflecting BC in the context of gas dynamics. For further analysis of the method

the reader is referred to Canuto et al.[202]

Transforming the quasi-linear expressions in Equations (3.69) and (3.70) back to their con-

servative form (since B(U) = S(U)) and expanding the dot product to a scalar expression we

get:

±
√

β

2ρ

√
A+

(
Q

A

)2

αm(αm − 1)− αm
Q

A

[∂A
∂t

+
∂Q

∂x

]

+

[
∂Q

∂t
+

∂

∂x

[
αm

Q2

A
+

β

3ρ
A

3
2

]
+ 2πν(λ+ 2)

Q

A

]
= 0 (3.71)

where for inlet boundaries, the first term is negative, while for outlet boundaries the first

term is positive. We see from Equation (3.71) that projecting the differential equation along

the outgoing characteristics at the boundaries is equivalent to imposing a linear combination

of the mass and momentum conservation equations. The compatibility relation in Equation

(3.71) is discretised in time and space to convert it from the non-linear differential form to

the non-linear algebraic form before solving for the numerical BC at each time step. The

spatial derivative termsmay be evaluated from values of the interior[194] using a one-sided FD

formulation, whichmakes sense since the outgoing characteristic captures the propagation of

information from the vessel’s interior domain.

Care must be taken when the equation corresponding to the BC is discretised, such that the

numerical solver at the boundary is at least of the same order of accuracy and stability as the

original (Mackormack) scheme to ensure that the order of accuracy and stability of the overall

numerical scheme is not compromised.[60] Hence, the time derivative in Equation (3.71) is

discretised using a second-order implicit trapezoidal scheme, and the spatial derivative is

discretised using a higher (≥ 2nd) one-sided FD scheme.
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We do realise that, to obtain the second numerical boundary condition at each timestep, the

proposed method entails solving a non-linear equation for each boundary, as opposed to its

direction evaluation from the imposed boundary condition and the values of the primitive

variables within the vessel’s interior domain at that timestep, as would be carried out if the

assumptions of inviscid flow at the boundaries and that of αm = 1 were allowed. However,

we do note that solving for the vessel terminal values of (A,Q) at each nodal junction also

requires solving a non-linear system of equations at each time step, and hence the added

computational cost of solving the non-linear Equation in (3.71) at the network boundaries is

very nominal.

To solve for the variables at the junctions, the compatibility equations in Equation (3.71) ac-

counting for the transfer of mass and momentum across each branching point are supple-

mented with conditions of flux continuity and total pressure matching as given in Equations

(3.39) and (3.40) (for the bifurcating node example in Figure 3.2(b)). The six equations give

rise to a non-linear square system of unknowns that is solved at each time step using an iter-

ative Levenberg–Marquardt algorithm implemented in the MATLAB Optimization Toolbox

function lsqnonlin.

3.3.3 Numerical Stability of the 1-D Solver

As a result of the finite speed of propagation, the solution for hyperbolic equations has a finite

analytical domain of dependence.[60],[203] For a linear hyperbolic equation with a propagation

speed c, the information at any given ϵ on the x-axis at any given time t influences the solution

at another time t+∆t only in the interval [ϵ− c∆t, ϵ+ c∆t].[203] Equivalently, perturbations at

any point ϵ influence the solution at another point x = x∗ only after ∆t∗ = |x∗−ϵ|
c has elapsed.

Accordingly, a requirement for the stability (andhence the convergence) of a numerical scheme

is that the analytical domain of dependence in space and time is constrained within the nu-

merical domain of dependence,[60],[203] which is in turn determined by the spatial and tempo-

ral discretisation parameters of the numerical scheme. In other words, the time step ∆t used

in the approximation scheme must be less than the time required for the wave to travel to

adjacent grid points, in order to ensure that the numerical scheme could access information

needed to form the solution. The numerical domain of dependence encompasses the analytic
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domain of dependence when the Courant–Friedrichs–Lewy (CFL) convergence condition is

met:

C =
|U + c|∆t

∆x
≤ Cmax (3.72)

where Cmax = 1 for the second-order accurate MacCormack scheme when used for a linear

PDE. Assuming a uniform spatial discretisation of∆x = L
N−1 , whereN is the number of grid

points in a vessel, and inserting the expression for c in Equation (3.45) into Equation (3.72)

and rearranging, we obtain an expression for the upper bound value of ∆t:

∆t ≤ L

(N − 1) ·
∣∣∣QA +

√
β
2ρ

√
A
∣∣∣Cmax (3.73)

It is crucial to note, however, that for systems of PDEs, and especially non-linear ones, it

becomes difficult to pinpoint an exact criterion for stability. In fact, for non-linear hyper-

bolic systems, the CFL condition becomes a necessary but not sufficient condition for stabil-

ity,[60],[203] and the exact stability limit can only be determined via numerical experimenta-

tion. Nonetheless, the CFL condition remains a useful (albeit abused[60]) metric to provide

a coarse measure, or upper bound on the timestep ∆t, because it is easy to compute. For the

microcirculation network used in this chapter, Cmax was approximated from the simulations

to be around 0.37, which is within the 0.35-0.99 range for the CFL number reported when

implementing the Mackormack scheme in large arteries and arterial networks of the human

systemic circulation.[106]

We can also see from Equation (3.73) that as we start incorporating the shorter vessels on the

distal end within the network under study, the stability limit entails the imposition of smaller

simulation time-steps (∆t). By the point at which we start incorporating cortical and sub-

cortical arteries and arterioles, the timestep becomes too small, rendering any computational

simulations unfeasible.
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3.4 Results

3.4.1 Numerical Simulation in a Simple Bifurcating Network

We test the behaviour of our proposednetwork regulationmodel using the simple 13-generation

symmetrical network proposed by Payne and Lucas,[198] shown in Figure 3.3, as this has been

validated against experimental data in steady-state conditions. The vessel wall thickness in

Equations (3.3) and (3.7) is set to h = 0.2R. As only the arteriolar vessels exhibit this form

of autoregulation, we only allow vessels in generations A1-A6 to regulate with the remaining

vessels remaining passive in behaviour. Due to the low Womersley numbers (α < 0.1), the

pulsatile nature of cortical blood micro-flow can be ignored.[4] We consider the response of

the network to a 15% drop, 15% increase, and 10% drop in the starting inlet pressure (P0)

according to the smooth functions in Equations (3.74), (3.75), and (3.76), respectively, while

maintaining a constant outlet pressure (Pout) and a zero external pressure Pext.

Pinlet = P0

(
1−

(
0.075

(
1 + tanh

(
t− 0

0.3

)))
(3.74)

Pinlet = P0

(
1 +

(
0.075

(
1 + tanh

(
t− 0

0.3

)))
(3.75)

Pinlet = P0

(
1−

(
0.05

(
1 + tanh

(
t− 0

0.3

)))
(3.76)

The functions are selected purely to test the model, and are not necessarily intended to sim-

ulate a real physiological stimulus; rather they provide a convenient method for examining

the system response to a stimulus. For the simple network, P0 = 60 mmHg and Pout = 25

mmHg according to the network steady-state conditions. The network CBF for both the ac-

tive and passive (i.e. impaired autoregulation) cases is shown in Figures 3.4(a), 3.5(a), and

3.6(a) when solved for using our perturbationmodel and in Figures 3.4(b), 3.5(b), and 3.4(b)

when solved for using the 1-D model under the same network properties and pressure BCs.

In the active case, the arteriolar compliance is quasi-statically updated according to the feed-

back model described in Section 3.2.2, after which the vessel stiffness parameter β is updated

according to Equation (3.8). The maximum errors in the pressure, flow, and radius profiles
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Figure 3.3: The 13 generation network under steady-state conditions, with the inlet and outlet pressures defined
at the left node of the A1 vessel, and the right node of the V1 vessel, respectively.

(a) (b)
Figure 3.4: Flow (relative to baseline) through the 13-generation bifurcating network using our perturbation
model (a), and using the 1-D model (b), in response to a 15% inlet pressure drop, featuring both the active (A)
and passive (P) cases representing functional and impaired CA, respectively.
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(a) (b)
Figure 3.5: Flow (relative to baseline) through the 13-generation bifurcating network using our perturbation
model (a), and using the 1-D model (b), in response to a 15% inlet pressure increase, featuring both the active
(A) and passive (P) cases representing functional and impaired CA, respectively.

(a) (b)
Figure 3.6: Flow (relative to baseline) through the 13-generation bifurcating network using our perturbation
model (a), and using the 1-D model (b), in response to a 10% inlet pressure drop, featuring both the active (A)
and passive (P) cases representing functional and impaired CA, respectively.
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Table 3: Maximum Errors in Q, P and R between the perturbation and 1-D models for both the active case and
the passive case in response to a 15% drop, 15% increase, and 10% drop in the microvasculature inlet pressure.

∆Pinlet Condition Flow Pressure Radius

−15%
Active 2.9% 0.9% 2.4%

Passive 0.4% 0.2% 0.3%

+15%
Active 1.5% 0.7% 1.2%

Passive 1.5% 0.7% 0.1%

−10%
Active 2.5% 0.7% 2.7%

Passive 0.6% 0.3% 0.1%

between the perturbationmodel and the 1-Dmodel simulations, as calculated fromEquations

(3.77-3.79), are given in Table 3.

EQ
max = max

vessel

{
|Qnetwork(t)−Q1D(t)|

0.5(Qnetwork(t) +Q1D(t))

}
×100 (3.77)

EP
max = max

node

{
|Pnetwork(t)− P1D(t)|

0.5(Pnetwork(t) + P1D(t))

}
×100 (3.78)

ER
max = max

vessel

{
|Rnetwork(t)−R1D(t)|

0.5(Pnetwork(t) +R1D(t))

}
×100 (3.79)

where Q1D is computed for the inlet and outlet of each vessel, and R is the average CS ra-

dial profile across the vessel grid points in the 1-D model. The 1-D model simulations for

the response in the 20s following the pressure drop took 12 days to complete on the clus-

ter (the job was using 12 cores of one Intel Xeon Platinum CPU 8268 CPU @ 2.90GHz, and

96GB of memory, on a server running Linux (CentOS 8.1)), even when utilising the network

symmetry, due to the CFL stability condition dictating the upper bound for the time-step in

Equation (3.73). Conversely, when solved semi-implicitly, our perturbationmodel simulation

took around 1 minute to complete.

To quantify how themodel can be used to investigate the relative contributions of the different

dCAmechanisms across the different vessel generations, Figure 3.7 shows the relative changes

in the intraluminal pressure and shear stress for each arteriole vessel generation in the simple
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network, along with the corresponding changes in vessel radius, flow, and wall stiffness, in

response to a 15$ drop in the inlet pressure, when both mechanisms are intact, and when

only the myogenic response is functioning. Figure 3.8 shows the changes in the intraluminal

pressure (Figure 3.8(a)) and vessel radius (Figure 3.8(b)) in the third generation arteriole in

response to the 15% inlet pressure drop, under different combinations of controlmechanisms:

endothelial and myogenic (E+M), endothelial only (E), myogenic only (M), and no control

mechanisms (None). Figure 3.9 shows the changes in the capillary perfusion in response

to the 15% inlet pressure drop, under the different aforementioned combinations of control

mechanisms.

3.4.2 Global Parameter Sensitivity Analysis

Global parameter sensitivity analysis is the process of apportioning the uncertainty in outputs

to the uncertainty in each input variable over the entire range of interest when all input factors

are varied simultaneously. For the input parameters, we chose the four compliance feedback

parameters in Table 2, which are the myogenic sensitivity Sα, the endothelial sensitivity Sτ ,

the stiffness-compliance slope G, and the maximum fractional change in compliance ∆C+

C0
,

since compliance increases in response to pressure drop. We investigate the effects of these

input parameters on the model output variables, which are listed in Figure 3.10.

We use the Sobol sequence to generate quasi-random sample sizes of the input space, which

is assumed to have a uniform distribution at ±50% of the baseline values in Table 2. Using

the framework developed by Saltelli,[204],[205] the input space is fed into an MC simulation

(N=2000) to produce variance-based estimates of the first-order sensitivity indices of the in-

put parameters on the model output variables, the results of which are summarised in Figure

3.10. Input-output scatterplots are constructed and are provided (see Appendix A.3) to help

visualise the total effects of the model inputs on the outputs.

3.5 Discussion

We developed a simple framework for modelling dCA, using a network representation of the

cerebral microvasculature. As shown in Figure 3.4(a), in response to the upstream pressure
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(a)

(b)
Figure 3.7: The changes in the radius, stiffness, intraluminal pressure, shear stress, and flow, relative to their
baseline values, across the arteriole vessel generations in the 13-generation network, under the actions of both
the myogenic and endothelial responses (a) and the myogenic response only (b).
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(a) (b)
Figure 3.8: Change in the intraluminal pressure (a), and the corresponding change in the vessel calibre (b),
relative to their baseline values, in a third generation arteriole vessel in the 13-generation bifurcating network,
under different combinations of control mechanisms: endothelial and myogenic (E+M), endothelial only (E),
myogenic only (M), and no control mechanisms (None).

Figure 3.9: Perfusion of the capillary bed (relative to baseline) in the 13-generation network under different
combinations of control mechanisms: endothelial and myogenic (E+M), endothelial only (E), myogenic only
(M), and no control mechanisms (None).

drop, the network recovers perfusion while exhibiting the physiologically occurring charac-

teristic autoregulatory behaviour in terms of the biphasic flow response observed experimen-

tally.[80] The dynamic differences between the network inlet and the outlet flows are clearly

shown, with the net differences marking a net increase in the arteriolar volume as indicated

by the increase in the arteriolar radii in Figure 3.7(a). These dynamic differences are primarily

due to the vessel compliance, and demonstrate that changes in pressure and flow through-

out a network are not instantaneous as one would get from assuming a steady-state solution,

but rather exhibit some delay as changes in pressure propagate downstream from the inlet

to the outlet. Such dynamic differences could have implications in terms of determining the

speed of the dCA response, as well as in terms of linking model simulations to actual phys-

ical measurements and imaging modalities, for instance, to those obtained from dynamic

susceptibility contrast (DSC) brain MRI studies, where a bolus injection of a paramagnetic
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Figure 3.10: First order sensitivity indices for the compliance feedbackparameters on themodel output variables.
Darker values indicate higher sensitivity of the input parameter to the output parameter. The output variables
are: the final and peak capillary perfusion, the final, peak and nadir of the arteriolar volume, the final and nadir
of the mean transit time (MTT), defined as the network CBV/CBF, and the maximum discrepancy between the
network inlet and outlet flows, defined as Qin(t)−Qout(t).

contrast agent is administered, and its passage through the vasculature is monitored by serial

measurement of the MRI signal loss in the surrounding tissue. Ignoring the delay effects that

take place from the site of measurement (of the arterial input function) to the tissue can cause

significant errors in the quantification of CBF, and thus can lead to inaccurate information on

stroke since DSC MRI is commonly used in clinical studies of cerebral ischaemia.[206]–[208]

Figure 3.7(a) demonstrates the variations in the autoregulatory response across the arteriole

generations in the simple network. Generally, the greater the deviation of the vessel wall

stiffness from its baseline value, the stronger the autoregulatory response found in that ves-

sel. In the first-generation vessel, the inlet pressure is decreased and maintained at 85% of its

baseline value according to Equation (3.74). Hence, the intraluminal pressure in the vessel

can only exhibit a limited recovery. The dCA mechanisms in the first two vessel generations

respond to the relatively high perturbation in intraluminal pressure from its baseline value

by decreasing the vessel wall stiffness, which results in the vessel being maintained at a rela-

tively highly distended state. Aswemove downstream, the vessels becomemore distant from
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the source of the pressure drop (which could correspond to a decreased MAP in the larger

circulation), and the upstream resistance decreases. Hence, the intraluminal pressure sus-

tains a more marked recovery towards its baseline value in the later generation vessels, and

the changes in the wall stiffness, and hence in the calibre of the vessels, become progressively

less pronounced in the subsequent generations. It is worth noting that such response varia-

tion across the vessel generations is present even when using the same compliance feedback

parameters values for the vessels; i.e. without accounting for response heterogeneity across

the vessels. For now, we used the same feedback values, though this assumption could be

easily relaxed in the future to account for response heterogeneity.

When considering each of the myogenic and endothelial mechanisms in isolation, the con-

trasting effects of the two responses are evident. The endothelial response further constricts

the arteriolar vessels (Figure 3.8(b)) in response to the pressure drop, thereby increasing ar-

teriolar resistance and decreasing capillary perfusion (Figure 3.9). In contrast, the myogenic

response results in arteriolar dilation (Figure 3.8(b)), thereby increasing capillary perfusion

(Figure 3.9). It is clear from Figure 3.9 that when both mechanisms are present, the myogenic

response is the dominant one, and that this is modulated by the endothelial response, as has

been previously proposed.[86] Interestingly, while the myogenic response produces a slight

temporary overshoot in the radial profile of the downstream arteriolar vessels (Figure 3.7(b))

with a subsequent temporary overshoot in the capillary perfusion as shown in Figure 3.9, the

end-steady-state perfusion is the same as when the competing endothelial mechanism is also

present (Figure 3.9), indicating that the different mechanisms impact the steady-state and

dynamic components of the response in different ways.

We hypothesise that this may be the case because the endothelial response attenuates the re-

covery of the intraluminal pressure towards its baseline value in the downstream arterioles.

For instance, when the endothelial response is impaired in Figure 3.7(b), the intraluminal

pressure in the downstream arterioles drops in response to the pressure drop, then recovers

due to the myogenic mechanisms, resulting in a concomitant increase then decrease in the

vessel radius, before they both reach their steady-state value. In contrast, the intraluminal

pressure in the downstream arterioles never makes the same recovery when the endothe-

lial response is intact (Figure 3.7(a)). Since Sσ > Sτ in the stiffness feedback model (Table

2), the vessel radius is more directly affected by the intraluminal pressure than by the shear
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stress. Hence, due to the endothelial response, the perturbation of the intraluminal pressure

from its baseline value is maintained, which preserves the myogenic response and the vessel

distension.

Of course, the feedback parameter values, which determine the dynamic interaction between

the two mechanisms, are not unequivocally established and may differ between subjects, in

particular, due to pathological conditions or clinical manoeuvres. The purpose of these ob-

servations is to demonstrate how the current model could be used to better understand such

interplay. To help better assess the relative contributions of the feedback parameters on the

model output, we performed a global sensitivity analysis for the compliance input parameters

as shown in Figure 3.10. We employ a global, variance-based sensitivity analysis as opposed

to a local, derivative-based one since derivatives are only informative at the base point where

they are computed and do not provide an exploration for the rest of the space of input fac-

tors, which would matter greatly for non-linear models with high uncertainty in the model

inputs. Examining the first-order sensitivity indices in Figure 8, it appears that the myogenic

sensitivity (Sα) and the stiffness-compliance slope (G) are the most important parameters

influencing perfusion. Examining the total effects of the input variables from the slope of

input/output scatterplots (in Appendix A.3), the myogenic sensitivity input factor appears

to be the dominant factor affecting perfusion. This finding supports the earlier conclusion

of myogenic dominance from Figure 3.9, which is also in agreement with earlier modelling

studies.[82] Hence, this model parameter can be chosen to be the focus of further studies.

Next, we discuss some of the limitations and assumptions in the current framework. With

only three feedback parameters (Sσ, Sτ , and G), we have restricted ourselves to a high-level

treatment of the processes that drive dCA through changes in the vessel stiffness, as sum-

marised in Figure 3.1. To maintain the simplicity of our model, we do not explicitly include

the exact biochemical pathways that set the level of phosphorylation of the myosin heads, nor

do we rely on a mechanical interpretation, such as Laplace’s law, to describe how changes in

the wall tension affect the P-A relationship, as has been done by some authors, both in single

vessel models[209] and compartmental models.[116],[121]

However, such detailed models contain a large number of parameters, which would under-

mine the model’s utility in clinical problems due to excessive mathematical intricacy.[105] In

77



their compartmental model, Ursino et al.[123] attempted to verify the possibility of charac-

terising intracranial dynamics through a limited number of parameters, and found that the

capacity of their simplified model employing the compliance tube law in Equation (3.9) to

reproduce the velocity and intracranial pressure (ICP) tracings was equivalent to that of a

previous, more complex model[121] that characterises changes in the compartmental wall ten-

sion, but with a much shorter computational time when both models were used aposteriori

after a best-fitting procedure to assign some parameter values. Purely law-driven models

without any simplifications are customarily overparameterized, as they may include more

relevant laws than the amount of available data would support.[204] This work aims to de-

scribe and validate a simplified model that can incorporate the main mechanisms involved in

dCA and permit their quantitative assessment, with a drastic reduction in computational cost

and mathematical complexity, which can in turn improve the clinical meaning of the results

obtained and facilitate parameter assignment.[121]

For the tube law in Equations (3.3) and (3.9), the vessel wall behaviour was assumed to be

that of an elastic one, and the viscoelastic behaviour was ignored. While opinions on the im-

portance of the viscoelastic effects are mixed, these effects seem to be small within the physi-

ological range of pressure and flow,[110],[210] and have thus been disregarded in many studies.

It is also well known that the vessel wall exhibits a non-linear stress-strain curve[95],[178] due

to the heterogeneous composition of the vessel wall, with the arteries and arterioles becom-

ing markedly stiffer as they are stretched. Therefore, the value of E used in Equation (3.4)

is an effective Young’s modulus that captures the cumulative contributions of the vessel wall

layers (and potential support from external structures; see Section 3.2.4), and depends on at

which point along the stress-strain curve the wall material is operating.

However, since the diameter changes in the microvasculature are relatively small, the vessel

wall material tends to operate in a relatively linear region of the stress-strain curve in the

pressure range exhibited over the cardiac cycle and during physiological perturbations,[111]

such that the assumption of a linear elastic behaviour is a reasonable one in this context.

Comparing the tube law non-linear formulation in Equation (3.3)with the linear one in Equa-

tion (3.6), it becomes evident that C is a function of P (or equivalently R), even in the ab-

sence of the dCA mechanisms, and indeed the dependence of C on P in models utilising
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the compliance tube law has been included by some authors,[108],[145] while neglected by oth-

ers.[62],[123],[147],[169],[170],[176] The computational differences between the linear and non-linear

representations of the vessel wall behaviour have been previously investigated. There appear

to be no significant differences in the results obtained from the linear vs non-linear formula-

tions of the tube law, both in compartmental models (see[123],[211]) and in 1-D network mod-

els (see[107],[172],[212]). Comparably, the linear frequency-based formulation in Flores et al.[169]

derived from locally applying the linear compliance tube law in Equation (3.6) at each CS

produces nominal maximum errors in pressure (<2.1%) and flow (<2.3%) in their studies

when used for the macrovasculature when comparing the results to those obtained from 1-

D and 3-D models in the time domain. In their review, Shi et al.[111] commented that while

it might be deemed necessary to consider the pressure-dependent vascular properties in the

coronary vessels and collapsible veins, the argument for their usage in the other vessels is less

compelling.

On that account, we have used the linear compliance tube law in the derivation of our model.

This is because of the practicality procured when working with linear terms in the frequency

domain as part of the model derivation, and because usage of the compliance tube law could

facilitate the direct correspondence and comparisonwith compartmental models that employ

similar compliance feedback models for the autoregulation mechanisms, for instance, for fu-

ture parameter setting. Benchmark corroboration of our network model with the results of

more elaborate 1-Dmodels employing the non-linear tube law in Equation (3.3) (Section 3.4)

also demonstrate the validity of working with the linear tube law representation. In addi-

tion, in Chapter 5 we demonstrate how the compliance feedback model achieves very good

agreement with experimental data upon parameter calibration.

Absi[171] remarked that the different linear and non-linear tube laws commonly used are prac-

tically indistinguishable if
(
Pt

Eh
Rref

< 0.05
)
, and simple linear relationships can be used ’with

an acceptable gap’ until
(
Pt

Eh
Rref

= 0.1
)
, after which the divergence becomes non-negligible.

We have found that under baseline conditions, for the microvasculature network used in the

simulations of the study (Figure 3.3),
(
Pt

Eh
Rref

< 0.05
)
for all microvessels except for the cap-

illaries where
(
Pt

Eh
Rref

= 0.14
)
. Similarly, we find (see Appendix A.1) that the non-linear

dependence of C on P is minor for all microvessels except for the capillaries. On that ac-

count, we deduce that the compliance tube law is a valid representation of the linear elastic
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vessel behaviour for the cerebral cortical vessels except for the capillaries, which in any case

could be more appropriately represented as a homogenised porous medium within a hybrid

multiscale framework, as described in Chapter 4.

As mentioned, in line with the approach that has been conventionally adopted in the fre-

quency domain,[62],[147],[169],[170] the radial profileR is replacedwith a time and spatially aver-

aged radius R to maintain linearity. However, obtaining this averaged value strictly requires

prior simulations of the network of interest in the time domain under the same conditions us-

ing higher dimensional models. As an alternative approximation, we have retained the use of

the averaged radius as required to maintain the linearity in the frequency domain, and pro-

ceeded with the perturbation analysis to derive the approximate analytical solution for the

vessel inlet and outlet flows, and only after inverse transforming the solution back into the

time domain in Equation (3.28), dowe substitute the time-averaged radius parameter with its

dynamic counterpart that is updated quasi-statically at each time-step according to Equation

(3.9). By invoking the quasi-steady state approximation for R, our model is thus relatively

simple, requiring only two dynamic (P,Q) variables to be perturbed.

When compared to 1-D simulations, the maximum errors as defined by the metrics in Equa-

tions (3.77-3.79) were less than 3%, 1% and 2.7% for the vessel flow, nodal pressure and ves-

sel radial profiles, respectively. Potential sources of discrepancy between the perturbation

and 1-D network models include the use of different tube laws for the vessel wall behaviour,

neglecting the advection term, and assuming a uniform CS area in our perturbation model.

Other sources of error could arise due to the use of a time and spatially averagedCS area in the

frequency domain which is then substituted by its dynamic counterpart in the time domain

when deriving the model, neglecting the higher-order terms in the asymptotic expansion of

the pressure and flow variables as normally required in the perturbation analysis, andmatch-

ing the static pressure at the junction nodes in the perturbation model compared to matching

the total pressure in the 1-D model. However, these errors are relatively minor and are well

within the acceptable range, and are likely thus to be irrelevant in clinical applications. This

is because they are well below the range of errors that normally arise when comparing ex-

perimental and numerical (1-D or 3-D) results, which are in the range of 4 − 6% for P and

19 − 26% for Q waveforms,[106]–[108],[153] which normally arise due to measurement uncer-

tainties, modelling limitations, and lack of patient-specific adaptations. Hence, the network
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model developed provides a very accurate representation of the microvasculature haemody-

namics when used within an active regulation model.

We also note the significant computational advantage our approach bears over the 1-D ap-

proach when used for modelling the microvasculature. We can see from Equation (3.73) that

as we start incorporating the shorter vessels on the distal end, the stability requirement of the

numerical scheme, as provided by the CFL condition, will entail the imposition of smaller

simulation time-steps (∆t), such that the simulation becomes too computationally demand-

ing by the point we start incorporating cortical and subcortical vessels. Simulations using the

1-D approach to model the network response in the 20s following the pressure drop took 12

days to complete on the cluster (the job was using 12 cores of one Intel Xeon Platinum CPU

8268 CPU @ 2.90GHz, and 96GB of memory, on a server running Linux (CentOS 8.1)) even

when utilising the network symmetric geometry, while the simulation time using our model

was finished in 1 minute when the equations were solved implicitly. Thus, our proposed

model offers a considerable advantage over more detailed models of CBF and regulation.

It should be noted that our model has incorporated only the myogenic mechanism, which has

been previously mathematically proposed to dominate the autoregulatory response,[82],[86]

and the endothelial mechanism, and did not account for other effects and control modali-

ties such as the metabolic response, the vascular reactivity in response to the partial pres-

sure of CO2, the neurovascular coupling which requires a detailed model of local changes

in metabolism, or the role of the sympathetic response, which remains poorly understood.

We have also assumed that each vessel responds to local changes, with no coordination of

the response or information transfer between the vessels arising, for instance, from the up-

stream conducted response. Furthermore, we note that the current model does not yet incor-

porate the intracranial pressure dynamics, which have been shown to have an important role

in cerebral haemodynamics[105],[121],[213]; because the overall intracranial volumemust remain

constant, changes in the vessel volumes must be accompanied by an opposite change in the

remaining intracranial volumes with a concomitant variation in the intracranial pressure.

However, our model could provide a highly suitable framework for examining such effects

to varying degrees of complexities in the future, considering the modular manner by which

it has been set up, as shall be demonstrated in Chapter 6. We also note that the endothelial

81



and myogenic response dynamics are combined into the same linear feedback equation in

(3.30), thereby assuming the same time constant for both processes. In Chapters 5 and 6,

and as more autoregulatory mechanisms are incorporated, the dynamics of each mechanism

can be modelled separately to account for the heterogeneity in the time response across the

mechanisms, before they are non-linearly imposed to effect changes on the vessel compliance.

In our simulations, we used a uniform haematocrit value of 0.42 throughout the network

when calculating µ in Equation (2.4), and hence do not account for the phase separation ef-

fect. Compared to the in-vitro empirical models, the viscosity from the in-vivo laws used here

is more sensitive to the haematocrit levels in the diameter ranges investigated. However,

previous studies have found that phase separation models have very little influence on the

pressure distribution, and only a minor effect on the blood flux and that the haematocrit vari-

ations inside the cortex are quite modest (< 15%).[214] The distribution of haematocrit in the

network and the phase separation effect could, in theory, be accounted for using an empirical

law that links haematocrit and flow rate ratios at bifurcations[215]; this however, would render

the problem non-linear and would thus necessitate an iterative solver. Hence, we maintain

the constant haematocrit in our framework, significantly reducing the computation time.

In addition to performing a sensitivity analysis for the compliance input parameters, it is cru-

cial in the future to extract the parameter values from in-vivomeasurements and compare the

simulation results to such measurements. However, CBF and blood pressure measurements

in the cerebral microvasculature are very scarce and are challenging to acquire.[216] In Chap-

ter 5, we show how the compliance feedback model parameters can be calibrated based on a

set of experimental data examining the response of individual arteriolar vessels to changes in

pressure and flow. Furthermore, if CBF measurements were to be validated against clinical

data, the model needs to be upscaled to the size of a realistically sized MRI voxel, and po-

tentially linked to the larger cerebral circulation, for which there are more available data on

how dCA is challenged by blood pressure variations; see[86]for example. Thus, as we move

towards more realistic network geometries, our approach can be extended to develop a dy-

namic hybrid network-continuum model, in which a spatially informed network structure of

the cortical penetrating vessels is constructed and modelled via the approach developed in

this chapter, and is then coupled to the capillary bed, which is, in turn, homogenised and

treated as a porous medium (see[41],[133],[217]), as illustrated in Chapter 4.

82



3.6 Conclusion

Overall, the proposed model shows how the network can recover CBF close to basal levels,

while successfully reproducing the characteristic physiological autoregulatory behaviour in

terms of changes in the vessel calibre and the biphasic flow response that arise from the dCA

mechanisms. To the best of our knowledge, this is the first network model of cerebral vas-

culature that incorporates the dCA mechanisms at the level of the individual vessel, within

a network of both active and passive vessels. This model can be used to investigate the spa-

tial specificity and heterogeneity of the various control mechanisms and help to disentan-

gle their contributions, which is hard to do experimentally.[2] The network model can also

be used for investigating some of the recent (and occasionally controversial) premises re-

garding the increasingly recognised role of the capillaries and pericytes in controlling CBF

(see[5],[76],[77]). For instance, the role of the pericytes could relatively easily be incorporated

from a recent model[165] that is derived from experimental data on capillary diameter varia-

tion due to the activity of pericytes. A network model can also help better understand how

various pathologies and vascular alterations affect the network CBF under both normal and

impaired autoregulatory responses, by imposing subtle changes in the in-silico model input

or the microvasculature geometry. The model can also be used for preliminary testing of hy-

potheses which are challenging or dangerous to conduct in real life, such as whether or not

blood pressure should be lowered in hypotensive or stroke patients. Networkmodels can also

be useful for validating assumptions in the compartmental models, which remain valuable

tools in modelling the haemodynamic responses due to their simplicity and low computa-

tional cost.
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Chapter 4

A Multiscale Model of Blood Flow and Control in the

Cerebral Cortex

Abstract

For the results of the haemodynamic model to be validated against clinical MRI data,

the model simulations need to be computationally feasible when used on networks on

the scale of an MRI voxel. This requires some form of an upscaling approach that by-

passes the need for an explicit architectural representation of the whole network while

maintaining the relevant anatomical connections. To this end, we developed a hybrid

multiscale model of blood flow and autoregulation that traces the dynamic changes in

blood flow, volume, and pressure in the cortical microvasculature, in which the discrete

topology of the penetrating vessels is preserved, and these are then appropriately cou-

pled to the homogenised capillary bed by a spatially distributing support function in the

terminal endings. In contrast to the other multiscale models, the model developed here

accounts for the dynamic physiological phenomena of the blood flow and the autoregu-

lation processes in the microvessels. We show how the adaptive meshing scheme for the

capillary bed developed in this study can be employed to ensure a scale-invariant cou-

pling formulation and numerically accurate simulations, all without compromising the

computational feasibility of the model. A statistically accurate cortical network on the

scale of an MRI voxel is generated, and the model parameter values are calibrated using

a Monte Carlo Filtering analysis to ensure that the model results are physiologically in-

formed. The model is found to be able to capture the steep pressure gradients that have

been reported to occur at coupling interfaces. Furthermore, in response to an upstream

pressure drop, the network is found to be able to recover cerebral blood flow while ex-

hibiting the characteristic autoregulatory behaviour in terms of changes in vessel calibre

and the biphasic flow response. Overall, the model developed here offers a high-quality

characterisation of dynamic flow and autoregulation in themicrovasculature at improved

computational efficiency and lays the ground for whole-brain dynamic simulations.
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4.1 Introduction

Models of CBF in the microvasculature can be used to investigate the complex interplay

between the flow control mechanisms across the vessel generations and examine the flow

and pressure patterns in the microvasculature, alterations in which have been theorised and

shown to be implicated in disease conditions.[141]–[144],[218] To be able to achieve such func-

tionality, the model must account for the network’s spatial heterogeneity[78],[138]–[140] and its

complex interconnectivity. The model discussed in the previous chapter provided an accu-

rate and computationally feasible framework to be used in the microvasculature networks for

the dynamic modelling of CBF and dCA. However, the model relies on a classical network

representation of the vasculature and thus requires information about the vessels’ connectiv-

ity and vascular geometry, the extraction and reconstruction of which for the capillary bed

is a non-trivial task, for which the available quantitative anatomical data specifically focused

on the spatial organisation of cerebral capillary networks in humans are very scarce.[131] Fur-

thermore, with a capillary vessel density of approximately 8000 vessels/mm3,[55] a network

simulation on the scale of thewhole brain region, using the classical network approach, would

simply be computationally infeasible.

What is needed is some form of an upscaling approach. One natural approach for represent-

ing the structure and function of the capillary bedwhile bypassing its innatemicro-scale com-

plexity is the use of the homogenisation technique, described in Section 2.6. However, the ho-

mogenisation method might not be the most suitable representation to describe CBF through

the sub-cortical penetrating arteriole and venule trees feeding into and draining from the cap-

illary bed, respectively, since it cannot capture their fractal-like branching patterns, which are

non-homogeneous at the network scale.[37],[130],[133] This becomes particularly relevant when

attempting to model the cerebral autoregulation mechanisms, which predominantly induce

changes at the level of the individual arteriolar vessel.[2],[164] For example, Reichold et al.[42]

observed that the dilation of the penetrating arterioles leads to increased flow in the capillary

bed but this increase is limited to a cortical depth that coincides with the depth of the terminal

arterioles of the tree, indicating a strong dependence of flow on the topological features of the

penetrating arterioles. Alternatively, one way to proceed is to use some form of a multiscale

approach, in which models of different resolution scales are combined to offer an accurate
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and computationally feasible characterisation of the overall system across its range of scales.

Multiscale modelling is an emerging modelling paradigm that has shown a lot of promise

and utility in models across various disciplines,[219] and has been recently extended to in-

clude cerebral haemodynamics (see[127],[133],[217]). For such an approach, a hybrid network-

continuummodel of the microvasculature is generated, in which the network structure of the

cortical penetrating vessels is preserved and is coupled to the capillary bed, which is, in turn,

homogenised and treated as a porous medium. The flow through the terminal penetrating

vessels becomes the source (or sink) flow in the porous capillary bed, thereby mediating the

flow between the discrete and continuum representations.

However, a challenging topic within multiscale flow models is the designation of the pre-

cise mathematical formulation at the coupling interface.[133],[217],[220] Peyrounette et al.[133]

demonstrated that, under steady-state conditions, assuming a simple condition of pressure

continuity at the transition between theHagen–Poiseuille 0-Dmodelled penetrating vessels of

the cerebral cortex and the FV discretised capillary porous medium leads to a significant un-

derestimation of the strong local pressure gradients at these transitional regions and thereby

results in a loss in the local shape of the solution. By imposing a simple condition of pres-

sure continuity, the local errors in pressure and flow in their model significantly increased

with the ratio h/lcap, where h is the side length of the control volume (CV) cube arising from

the geometrical FV discretisation (i.e. meshing), and lcap is the characteristic capillary length.

In particular, for h/lcap = 4, the local errors at the coupling points reach up to 29% for the

pressure and up to 150 % for the flow and continue to rise for higher ratios of h/lcap.[133]

This problem at the transition region arises in part because there is a modelling gap between

the explicit, macro-scale representation of blood flow in the penetrating trees, and the micro-

circulation in the porous 3-D domain.[133],[217] While the blood pressure in the conventional

0-D and 1-D networkmodels describes the cross-sectional area-averaged pressurewithin each

tube at the vessel ends, the pressure in the continuum representation represents a spatially av-

eraged field over themesoscopic scale. In the case of a cell-centred second-order FV approach,

the error is a result of the assumed linear variation of the pressure field solution within the

CV,[221] since the pressure that is defined at the centroid of the CV is the local averaging of

the pressure field within the whole CV. Although it does not change the nature of the orig-
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inal differential equation being solved, an incorrect scheme can provide a locally incorrect

picture of the solution[221] at the network-continuum interface and by extension can alter the

overall picture of the pressure field in the multiscale model as errors propagate through the

whole system. With larger CVs, the discrepancies in the physical interpretation of the pres-

sure between the coupled FV cells and the cortical terminal vessels become more prominent,

explaining the aforementioned increase in error as the ratio of h/lcap increases.

Another concern with multiscale modelling is the possibility of scale variance and the emer-

gence of physical and numerical singularities in the model. The use of a Dirac formulation to

represent the highly localized forcing function of flow at the coupling interface confines the

source flow at the terminal endings at a single point, which is not physically sound, compro-

mises the numerical accuracy of the governing equation,[217] and can lead to numeric scale

variance in which the pressure gradient at the coupling point becomes dependent on the

choice of size of the CV discretisation (in case of a FV approach) at the transitional interface,

with very small CVs leading to singularities in the solution. Hence, an appropriate mathe-

matical formulation at the coupling interface is also required. Hodneland et al.[217] proposed

using a mass-conserving and smooth spatially distributing support function, in which the

source/sink flow is distributed across a finite support radius in the continuumdomain around

the terminal endings tomaintain the well-posedness and stability at the interface and circum-

vent the emergence of any singularities and scale variance in the numerical solution.[217]

Still, and to the best of our knowledge, none of the multiscale models constructed so far ac-

count for the dynamic behaviour of CBF arising, for instance, due to the fluid oscillation and

the interaction between the unsteadyfluidmotion and an elasticwall,[79] asmodelled inChap-

ter 3. In addition, none of the previous models accounts for the dCA mechanisms that act

to regulate CBF. This is because to maintain computational feasibility, the constituent sub-

models are typically chosen to be linear, which would in turn ensure that the final multiscale

model assembled from the sub-models is also linear. Characterising the dynamic behaviour,

especially that of the strongly time-dependent and usually non-linear dCA mechanisms,[129]

would typically require non-linear formulations, as opposed to the resistive part of themicro-

circulation. However, as shown in Chapter 3, the resistive and dynamic behaviour of CBF in

a vessel network, as well as the effects of the dCA mechanisms, can all be feasibly accounted

for using a 0-D CBF model comprised of a linear system of ODEs used in tandem with a
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quasi-steady-state compliance feedback model of the dCA mechanisms.

To this end, we develop a comprehensive multiscale system in this study that can be used to

examine the dynamic CBF and dCA mechanisms in the human cerebral cortical microcircu-

lation. The model is assembled from the following parts: (i) the 0-D network-based model of

CBF and dCAdeveloped in Chapter 3 tomodel the flow in the cortical penetrating vessels; (ii)

the 3-D Darcy flow within the homogenised capillary continuum, that is, in turn, discretised

using an adaptive non-uniform meshing scheme developed here to ensure mass balance and

numerical accuracy without compromising the model’s computational feasibility; and (iii)

the spatially distributed support function to model the transition between the two domains

at the coupling interface, as proposed byHodneland et al.,[217] which in the proposedmodel is

adapted to a dynamic context. We also propose the employment of a simple, methodological

analysis that utilises an MCF scheme to obtain physiologically informed estimates for some

of the model parameter values and their interactions even before any data fitting (which is

conducted in Chapter 5). We use our model to analyse the changes in CBF and CBV in the

microcirculation in response to pressure perturbations, and show how the model proposed is

physiologically grounded, mathematically robust, and computationally feasible, all of which

are important characteristics of the model as we move towards the goal of developing accu-

rate, spatially informed and computational feasible simulations of whole brain perfusion and

its control.

The chapter is divided as follows: Section 4.2.1 outlines howwe can generate a data-informed

statistical model of a hybrid network of the size of an MRI voxel. Section 4.2.2 describes the

novel meshing algorithm used to carry out the local mesh refinement of the capillary bed.

Section 4.2.3 describes the FV equation discretisation procedure following from the geomet-

rical domain discretisation procedure in Section 4.2.2, the sources of errors arising from local

mesh non-orthogonality and skewness, and how the meshing scheme helps to ensure such

errors are mitigated. Section 4.2.4 outlines how the distributed support function can be used

in a dynamic context to address the modelling gap at the interface between the discrete and

continuous representations, which would in turn allow us to combine the equations govern-

ing the flow in the two domains into a single linear dynamic system, as described in Section

4.2.5. Section 4.2.6 outlines how the model parameter values are assigned and analysed, in-

cluding a description of the MCF analysis and the Elementary Effects (EE) global parameter
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sensitivity analysis conducted in this study. Next, in Section 4.3, we present the results of the

MCF analysis, the dynamic changes in CBF, CBV and the pressure field in the hybrid network

in response to a pressure drop, the effect of the meshing scheme on the overall flow, as well as

those of the parameter sensitivity analysis. Finally, in Section 4.4, we discuss the simulation

results of the study, compare our model results and formulation with those of other models,

discuss some of the limitations of multiscale approaches in haemodynamic modelling, and

offer concluding remarks in Section 4.5.

4.2 Materials and Methods

4.2.1 Generating a Statistical Hybrid Network of the Size of an MRI Voxel

Wegenerate a large-scalemodel of a clinically sizedMRI voxel (1×1×2.4mm3). Assuming the

porous capillary bed covers the entire voxel volume, we discretise the voxel domain into CV

cells, with the cell centroids representing the capillary internal nodes. We chose a cubic shape

for the CV to ensure an ideal meshing aspect ratio[222] and to simplify the non-uniform mesh

and equation discretisation procedures (see Sections 4.2.2 and 4.2.3). The depth of the voxel

runs from the pial surface down to around the grey matter/white matter interface.[69] The

penetrating vessels can then be embedded into the discretised voxel in 3-D space to construct

the multiscale model network. The penetrating trees start at the cortical pial surface and then

transverse the greymatter cortical layers where they bifurcate into gradually narrowing trees,

whose terminal vessels feed into or drain from the capillary bed.[37]

Each penetrating tree is normally found to transverse the cortex, with conspicuous large

columns orthogonal to the pial surface.[68] Hence, each tree can be individually embedded

into the cortex, starting from the pial surface.[39] The brain pial system acts as a reservoir that

delivers blood at a near-uniform pressure over the entire cortical surface[223]; hence, we im-

pose Dirichlet BCs by prescribing the same inlet (and outlet) pressure values at the arteriole

(and venule) nodes on the cortical surface, respectively. We use the statistically generated

arteriole and venule penetrating vessels[39] of average pial surface diameters of 40 and 110

µm, respectively which have been morphometrically validated against experimental data,[26]

thus bypassing the labour-intensive, time-consuming and error-prone method of experimen-
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tally extracting and reconstructing the microvasculature structure.[41],[42] One example of a

penetrating arteriole is shown in Figure 4.1(a).

We assume that the capillary bed is periodic, as required by the homogenisation procedure,

which is reasonable due to the randomness of the network at this length scale.[224],[225] It has

been previously shown[133] that amultiscale scheme becomes less accuratewhen the coupling

point occurs less than one cell from the boundary point. Therefore, given the assumption of

periodic BCs, and to mitigate the errors induced by the proximity of the coupling points to

the domain boundaries, we allocate periodic BCs to the four sides of the voxel perpendicular

to the pial surface, where FV cells at the boundary are connected to the cells at the opposite

boundary. The capillary bed at the pial surface of the voxel is given aNeumann no-flowBC, as

is the grey/white matter interface at the bottom, as has been assumed in previous multiscale

models,[127],[133] since the penetrating cortical vessels transverse the six layers of the cortex,

and the white matter is much less vascularized than the grey matter.[37]

The homogenisation of the capillary bed, as well as the assumption of periodic BCs at the sur-

faces of the capillary voxel, mitigate the strong effect of the BCs on the haemodynamic predic-

tions.[126],[127] Nonetheless, the current mathematical model could still suffer from boundary

effects at sides perpendicular to the cortical surface due to insufficient characterisation of the

vascular topology at these borders.[43],[67] In our case, such effects could for instance arise

due to the necessary pruning of vessels that terminate outside the domain, or failure to in-

clude branches terminating in the voxel domain whose upstream connections originate from

outside the chosen pial surface. Therefore, we can further suppress the boundary effects by

simulating flow through a larger voxel of size (1.5× 1.5× 2.4mm3), and restricting our anal-

ysis to a central region of interest (ROI) that is of the same size as the clinically sized MRI

voxel.

The surface area density of the penetrating vessels is chosen to be 9 vessels/mm2 in line with

experimental data.[26],[226] Earlier studies in humans[125],[227] have indicated that the arterioles

make up approximately two-thirds of the total penetrating vessels connected to the pial sur-

face, the remaining one third being venous vessels. As the precise spacing of these vessels

is uncertain, and this model is statistical, we split the 1.5 × 1.5mm2 pial surface area into 9

equally sized squares, each containing 1 arteriole, and also split it into 4 squares, each con-
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(a) (b) (c)
Figure 4.1: (a) Example of one statistically generated arteriole with an inlet node (black circle) at the pial surface
and terminal nodes (red) embedding the cortex. (b) Example of a real penetrating arteriole tree extracted from
imaging (reproduced with permission from[37]). (c) The penetrating arterioles (red) and venules (blue) are
randomly positioned on the pial surface and a 1× 1mm2 ROI is then selected.

taining 1 venule. We then randomly place the trees inside each square on the pial surface, an

example of which is shown in Figure 4.1(c).

4.2.2 Finite Volume Method Mesh Refinement Algorithm

The geometrical discretisation step involves the transformation of the physical domain into

a mesh that forms the computational domain, resulting in a set of non-overlapping elements

whose centres or vertices represent the points at which the solution is sought.[221],[228] Previ-

ous studies[133] have shown that using a more refined mesh for the capillary bed could result

in a better approximation of the local pressure gradient around the coupling points. The local

mesh refinement near the terminal endings also prevents the clustering of multiple coupling

points inside a single CV; errors by up to 7% for flow and 2.5% for pressure were observed for

configurations involving more than coupling inside one CV cell, suggesting that the accuracy

of reconstructing the pressure field is limited by the density of couplings per cell.[133] Intu-

itively, a finer mesh would help to mitigate this issue, and we have found that CV cubes of

at most 50µm side length generally appear to prevent multiple couplings in one CV in most

voxel reconstructions.

Furthermore, we have observed that insufficient mesh resolution around the coupling points
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compromises the numerical accuracy of the distributed source flow integral between the

discrete vessels and the homogenised capillary continuum, and in some cases can lead to

non-conservative flow (see Section 4.2.4). All these points support the use of locally refined

meshes around the coupling points. In the first iteration of themodel, we attempted to employ

two levels of mesh refinement: one tight mesh that ensures no local clustering of more than

one coupling point inside a single CV around the coupling points, and a coarser mesh for the

remaining voxel domain. The resulting number of capillary nodes significantly decreased

compared to when using a uniform tight mesh but was still too large if the model were to

be up-scaled or if we were to conduct repeated dynamic simulations, such as for parameter

sensitivity analysis (see Section 4.2.6).

To overcome the aforementioned challenges, we have created a new meshing algorithm that

employs three levels of refinement (an octree mesh), as illustrated in Figure 4.2. To the best

of our knowledge, none of the previous multiscale models of blood flow has previously im-

plemented an adaptive localized mesh refinement process. In this automated algorithm, the

voxel domain is discretised using an initial coarse mesh (of cubes of side length L1 = 75µm),

with the nodes representing the CV centroids. The penetrating network vessels are then em-

bedded into the domain, and CVs that contain at least one coupling point are labelled and

further discretised (using cubes of side length L2 = L1/2). The penetrating vessel network

is re-embedded into the non-uniform mesh, and the CVs that still contain multiple terminal

nodes, where the first level of refinement was insufficient, are marked for successive refine-

ment and are further discretised (using cubes of side length L3 = L1/4). Cells of side length

L1 neighbouring cells of side length L3 are also further discretised to cells of side length L2

to ensure a smooth transition in size between contiguous cells. Finally, the penetrating vessel

network is then re-embedded into the non-uniform mesh, and the final element-to-element

relations for the structured mesh are stored.

Note that in Figure 4.2, using too small of an initial coarse cube length (L1) will increase the

computational cost due to many unnecessarily small CV cells in the voxel domain that are not

within proximity to the terminal endings. On the other hand, using too large of a coarse cube

length will, in addition to comprising the accuracy of the model, also increase the compu-

tational cost due to a greater number of smaller FV cells upon further discretisation around

the coupling points. In the last discretisation step in Figure 4.2, we only further discretised
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(a) (b)

(c) (d)
Figure 4.2: a) The voxel domain is discretised using an initial coarse mesh of cubes of side length L1 = 75µm,
with the markers representing the CV centroids. b) The penetrating network vessels are embedded into the
domain. CVs with at least one coupling point are labelled and further discretised using cubes of side length
L2 = L1/2. c) The penetrating vessel network is re-embedded into the non-uniformmesh, and the CVs that still
contain multiple coupling points, where the first level of refinement was insufficient, are marked for successive
refinement and are further discretised using cubes of side length L3 = L1/4. Cells of side length L1 neighbour-
ing cells of side length L3 are also further discretised to cells of side length L2 to ensure a smooth transition
in size between contiguous cells. d) The penetrating vessel network is then re-embedded into the non-uniform
mesh, and the final element-to-element relations for the structured mesh are stored.
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the cells with multiple coupling points down to CV of L3 = L2/2, for which the finer mesh

using cubes of side length L2 was found to be insufficient to prevent coupling point overlap.

To ensure mesh quality, it is desirable to create a mesh with a smooth transition between the

coarse and fine regions. Hence, after step (c) in Figure 4.2, any remaining cells of side length

L1 neighbouring cells of side length L3 are also further discretised to cells of side length L2 to

ensure a smooth expansion rate. This, in turn, will also minimise themesh non-orthogonality

angle and skewness effects, which are discussed in Section 4.2.3. Finally, the connectivity of

the continuum nodes is modified according to Figure 4.3, and the corresponding element-to-

element relations in the structured grid are stored.

Figure 4.3: (a) When two neighbouring CV cubes are of the same size, connect the centre nodes. (b) When a
larger CV cube of side length L1 or L2 is adjacent to a smaller CV cube of side length L2 or L3, respectively
connect the centroid node of the larger CV cube to the four centroid nodes of the smaller CV cubes.

4.2.3 Modelling Blood Flow in the Capillary Bed

Asdiscussed in Section 2.6, whenmodelling the capillary bed as a porousmedium, themacro-

scale flow through the capillary bed can be described by the volume-averaged form of Darcy’s

law in Equation (2.7). We combine Equation (2.7) with the principle of mass conservation in

Equation (4.1):

∇ · uc = S (4.1)

where S represents any source or sink flow (per unit volume) into or out of the porousmedia,

giving rise to Poisson’s Equation in 3-D:
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−∇ · (K∇P ) = S (4.2)

Poisson’s equation in Equation (4.2) is characteristic of a second-order continuum mechanics

problem, and thus we use a second-order accurate FV discretisation scheme to solve for the

pressure field. The equation discretisation procedure is divided into two steps. In the first

step, the conservation PDE in Equation (4.2) is integrated and transformed into balance alge-

braic equations over each element. Integrating Equation (4.2) over an arbitrary CV element

C and applying the divergence theorem to the volume integral we get:

−
∫
VC

∇ · (K∇P ) dV = −K

∮
SC

d
−→
S · (∇P ) (4.3)

where, given the isotropic, diagonally dominant structure of the permeability tensor,[41] we

have used the approximation thatK∇P ≈ K∇P (whereK11 = K22 = K33 = K). The surface

integral can then be replaced by summation over the CV faces through the use of simple

mean value integration, in which the pressure gradient is evaluated at the centroid (fi) of the

surface:

−K

∮
SC

d
−→
S · (∇P ) = −K

∑
f∈faces(C)

∫
f

d
−→
S · (∇P ) ≈ K

∑
f

−
−→
S fi · (∇P )fi (4.4)

Themajor focus in discretisation here will be on the second step, which involves the lineariza-

tion of the surface flux in Equation (4.4) in a non-uniformmesh setting. The pressure gradient

in Equation (4.4) needs to be evaluated at the face centroid to maintain the second-order ac-

curacy of the scheme.[221],[228],[229] When the two neighbouring cube CV are of the same size,

the surface normal vector−→S fi and the line vector−−→CNi connecting the two cell centroids strad-

dling the surface Sfi are in parallel, as shown in Figure 4.4(a). This is known as an orthogonal

neighbouring arrangement, and in such a case the term (∇P )f i ·
−→
S f i can be easily computed

using a central differencing scheme:

(∇P )f i ·
−→
S f i ≈ Sfi

PNi − PC

|
−−→
CNi|

(4.5)
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(a) (b)
Figure 4.4: 2D projection of an orthogonal (a) and non-orthogonal (b) neighbouring arrangement between two
adjacent cube CVs. The DGEM method in (b) is applied to construct a virtual grid point for the larger cube of
side length L1. The virtual grid point for the smaller cube is maintained at its centroid.

When the neighbouring orientation is non-orthogonal, which means that there exists a non-

zero angle between −→
S fi and −−→

CNi as in Figure 4.4(b), then (∇P )f i ·
−→
S f i can no longer be

explicitly expressed solely in terms of the pressure values of the two centroids straddling the

surface. In such cases, the diffusive flux between two CVs can be divided into two parts: a

principal (or orthogonal) flux that can be expressed in terms of the values at the nodes strad-

dling the surface, and a non-orthogonal correction or cross-diffusion term, the computational

molecule or stencil ofwhichwould include ’secondneighbours’, or non-conjunctional CVs not

directly neighbouring cell C.[221],[228]

This non-orthogonality can be quantified by the angle between−→
S fi and

−−→
CNi, which can range

from 0◦ (best) to 90◦ (worse):[221],[228],[230]

θ = arccos
( −→

S fi ·
−−→
CNi

|
−→
S fi ||

−−→
CNi|

)
(4.6)

The larger the angle θ, the larger the explicit (non-orthogonal) flux contribution term, and

the less robust the discretisation method becomes.[228] Higher degrees of non-orthogonality

should generally be avoided since they could cause numerical instability.[221],[228] The non-

orthogonality angle throughout most of the voxel domain is 0◦ (since it is mostly occupied

by CVs with an orthogonal neighbouring arrangement). By bounding the smoothness ex-

pansion rate between neighbouring CVs of different sizes to 2 as explained in Section 4.2.2,

the non-orthogonality angle for the geometric neighbouring arrangement shown in Figure

4.4 is set to ≈ 25◦, which is well within the acceptable limit that has been proposed of below
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60◦.[221],[230]

Here we also introduce the concept of mesh skewness. Skewness between two centroids C

and Ni is characterised by the non-coincidence between the face centroid (fi) and the in-

tersection point (f∗
i ) between the line −−→

CNi and the interface, as shown in Figure 4.4(b). To

maintain the second-order accuracy of the scheme, all pressure gradients at the interface sur-

faces need to be calculated at or interpolated to the point fi.[228] If f∗
i is instead used as the

integration point in Equation (4.4), the accuracy of face integrals is effectively reduced to first

order,[221],[231] thereby introducing a numeric-diffusion type of error called the skewness er-

ror, the influence of which in highly distorted meshes could be significant.[221] As is the case

with non-orthogonality, it is desirable to keepmesh skewness to a minimum. Mesh skewness

can be quantified by a skew factor[221]:

skew factor = |
−−→
fif

∗
i |

|
−−→
CNi|

(4.7)

Again, as with the non-orthogonality angle, we can calculate the skewness factor from the

geometrical arrangement in Figure 4.4(b), and find that it has maximum value of 0.14, which

is within the acceptable range for meshes of reasonable quality, reported to have a skew factor

of less than one.[221]

To proceed, we simplify the nomenclature and rewrite Equation (4.2) in itsmore rudimentary

and intuitive form:

∑
Ni∈N (C)

ϕC→Ni = Sc (4.8)

where Sc represents the absolute source or sink flow (in m3s−1) into or out of the CV, N (C)

represents the set of CVs directly adjacent to cell C and ϕC→Ni represents the flow flux from

the ‘owner‘ CV cell C to the ‘neighbour‘ CV cell Ni through the mutual surface Sfi with

centroid fi and the unit normal vector n̂C→Ni that points outwards from the ‘owner‘ CV cell

C:
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ϕC→Ni = −KSfi(∇P )fi · n̂C→Ni (4.9)

We employ the direct gradient evaluation method (DGEM) to decompose ϕC→Ni for the par-

ticular non-orthogonal neighbouring arrangement demonstrated in Figure 4.4(b) into its or-

thogonal and non-orthogonal parts. The core idea of the DGEM scheme is to construct two

virtual points, one for each CV involved in a non-orthogonal neighbouring arrangement, on

themid-perpendicular line of the interface that passes through the surface centroid fi.[229],[231]

Different choices for the location of the virtual points are possible (see[231]–[233]). In this study,

the virtual point for the larger cell in a non-orthogonal neighbouring arrangement is obtained

from the orthogonal projection of the CV cell centroid onto the mid-perpendicular line, while

the virtual point for the smaller cube is maintained at the CV centroid, as outlined in Figure

4.4(b). Assuming that cell C in Equation (4.9) is the larger cube with side length LC and cell

Ni is the smaller cube with side length LNi , then the mutual face surface area is L2
Ni

and the

orthogonal distance is LC + LNi . Hence, using Equation (4.9), we can express the diffusive

flux from centroid C to Ni as:

ϕC→Ni =
2KL2

Ni

Lc + LNi

(PC∗ − PNi) (4.10)

where P ∗
C is the interpolated pressure at the virtual point of the larger cube, and LC and LNi

are the side lengths of the FV cells. PC∗ can be approximatedusing the following second-order

expression from the Taylor series expansion:

PC∗ = PC + (∇P )C ·
−−→
CC∗ (4.11)

Inserting Equation (4.11) into Equation (4.10), we obtain the decomposition of the diffusive

flux term into its orthogonal and non-orthogonal parts:

ϕC→Ni =
2KL2

Ni

Lc + LNi

(PC − PNi) +
2KL2

Ni

Lc + LNi

(∇P )C ·
−−−→
CC ‘

Ni
(4.12)
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Note that the orthogonal contribution to the flux, which is the first part of the RHS in Equation

(4.12), explicitly depends only on the pressure values of the centroids straddling the interface

surface. In the orthogonal arrangement where FV cells C and Ni are of the same size, the

skewness and hence the non-orthogonal flux contribution (the second part of the RHS in

Equation (4.12)) is zero, and the orthogonal contribution is the same as that in Equation

(4.5). For non-orthogonal neighbouring arrangements, the evaluation of the gradient term

(∇PC) in the interpolation of Equation (4.11) is normally the main source of error in the

DGEM method.[231]

In models of fluid dynamics, the boundedness of the solution may not be guaranteed when

evaluating the gradient term in Equation (4.12).[221],[231] Indeed, when attempting to account

for the non-orthogonal flux contributions by using the Green-Gauss theorem to evaluate the

pressure gradients, the capillary CV pressures were no longer bound by the boundary pres-

sures of the system that are prescribed at the cortical surface. Often, if boundedness is essen-

tial (as is in our case), it is permissible and even sometimes necessary to relax the order of

accuracy and disregard the non-orthogonal contribution in certain regions of the discretisa-

tion domain,[221],[231] which is the approach that is followed in this study.

To examine if the non-orthogonal contributions can be ignored without significant loss of

accuracy, we compared the steady-state pressure and flow fields in a voxel network with a

non-uniform capillary bed mesh obtained from applying the proposed meshing scheme, to

those from a voxel network with a more refined, uniform mesh in which there are no regions

of mesh non-orthogonality and skewness (see Section 4.3). Hence, accounting only for or-

thogonal contributions, we can simplify the flux between two adjacent centroids in Equation

(4.12) and express it in terms of the pressures at the two centroids:

ϕC→Ni = Geff
C,Ni

(PC − PNi) (4.13)

whereGeff
C,Ni

is the effective conductance between the two centroids that can be given in terms

of K and the side lengths (Lc and LNi) of the FV cubes:

Geff
C,Ni

=
2KL2

Ni

Lc + LNi

(4.14)
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4.2.4 The Distributed Source Term

We evaluate the dynamic flow through the penetrating vessels using the model developed

in Chapter 3. The source term in Equation (4.2) forms the link between the 0-D penetrat-

ing cortical network and the homogenised capillary continuum representations. A suitable

coupling model for the transmittance of flow between the two mediums should ensure scale

invariance, in which, as long as the size of the CV discretisation is within the convergence

range, the source/sink flow between the 1-D tubular network terminals and the 3-D capillary

continuum should be independent of the discretisation level of the capillary bed. Hence, we

employ the local support function, as proposed by Hodneland et al.,[217] which entails the

distribution of the volumetric source flow Qϵ [s−1] from the network terminal endings over

the region of the capillary domain that is enclosed within a specified (prescribed) support

radius (ϵ) around the terminal endings. Similarly, for terminal venules, which function as

sink vessels, the opposite process takes place with fluid uptake instead of distribution.

In the limit of a localised source flow, in which all the source flow within the capillary bed

were to be restricted to the terminal node of the penetrating vessel, the support radius would

be ϵ = 0, giving rise to what is essentially the Dirac measure, a mathematical artifice for

representing an extremely localized function within a finite total area[189]:

Q0(x) =
∫
Ω

Q(y)δ(x− y) dy (4.15)

where Ω represents the capillary domain. The choice of the Dirac measure, however, might

not be physically sound,[217] since it implies the collection of fluid flow from a terminal ves-

sel with a finite radius into a singular, infinitesimally small point in space. The numerical

accuracy of elliptic PDEs with Dirac source terms can also be below order estimates given

that the solution is not in H1(Ω).[65],[217],[234] The problem of numerical stability can be miti-

gated by using smoothing kernels for the source term itself, by using locally refined meshes,

or quasi-uniform meshes.[65],[235] And yet, in a multiscale setting, where different mathemat-

ical formulations for the different sub-systems are combined into a single system of equa-

tions, the use of the Dirac measure to represent the source flow can give rise to scale variant,

non-convergent solutions, in which the pressure drop at the multiscale system transitional
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interface keeps increasing with smaller local FV sizes (see Figure 4.10 and Section 4.4).

The idea proposed by Hodneland et al.[217] is to replace the Dirac measure with a more realis-

tic model of the source region with some prescribed characteristic radius ϵ, representing the

unresolved fine scale network within the capillary continuum around the terminal endings

throughwhich blood from the terminal vessel is distributed. In such amanner, the span of the

source or sink flow becomes approximately independent of the mesh discretisation choice, so

long as sufficient mesh refinement is locally introduced. In what follows, we describe how

the distributed flow source model can be incorporated into our dynamic multiscale setting.

We first define the support function ηϵ:

ηϵ(x) :=
1

ϵ3
η
(x
ϵ

)
(4.16)

where η is a positive and continuously differentiable shape function and x is the distance

from the terminal ending. In principle, η should reflect the sub-resolution structure of the

surrounding capillarymicrocirculation, but due to the lack of such data the authors of the dis-

tributed sourcemodel have adopted the generic, monotonically decreasing function choice[217]:

η(x) =


Cexp

(
1

|x|2−1

)
x < 1

0 x ≥ 1

(4.17)

The expression for the volumetric source term then becomes:

Qϵ(x) =
∫
Ω

Q(y)ηϵ(|x− y|) dy (4.18)

To ensure global mass balance from the terminals (such that Equation (4.18) converges to

(4.15) in the limit as ϵ → 0), the source distribution function in Equation (4.16)must integrate

to unity over the spatial domain. Representing the integral in spherical coordinates, we can

hence use this fact to find the analytical value for the constant C in Equation (4.17):
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∫
Ω

ηϵ(|x|) dx = 1 = C

∫ π

ϕ=0

∫ 2π

θ=0

∫ ϵ

r=0

1

ϵ3
exp

(
1(

r
ϵ

)2 − 1

)
r2sin(ϕ) drd dθ dϕ (4.19)

Hence the constant C can be computed as:

C =
1

4π
∫ 1

0 exp
(

1
u2−1

)
u2 du

(4.20)

where we have used the change in variables u = r
ϵ . We numerically evaluated the integral in

Equation (4.20) and found it has a value of 0.0351. Using the (∼) notation to refer to variables

from the cortical penetrating tree networks, the volumetric source term can be related to the

absolute flow q̃k (in m3/s) from/into the terminal node by:

Qϵ(x) = q̃kη
ϵ(|x− xk|) (4.21)

In the flow-distribution region around each terminal (|x− xk|) ≤ ϵ), we require that the pres-

sure drop between the terminal node Nk and the surrounding capillary bed scales with the

terminal flow up to a user-provided constant γ [m4s/kg][217] representing the conductance

in the unresolved network at the arteriole-capillary (γa) and capillary-venule (γv) interfaces,

extending from the terminal node Nk:

q̃k = γ

(
P̃k −

∫
Ω

ηϵ(|x− xk|)Pc(x) dx
)

(4.22)

where P̃k and Pc(x) are the pressure values at the terminal node and in the capillary contin-

uum, respectively. Let N (Nk) be the set of all capillary nodes (j) receiving a non-zero fluid

distribution (ηϵ(|x − xk|) > 0) from terminal node Nk: i.e. N (Nk) := {j : |xj − xk| < ϵ}. The

condition in Equation (4.22) can then be approximated as:

q̃k = γ

(
P̃k −

∑
j∈N (Nk)

ηϵ(|xj − xk|)Pj |Ωj |

)
(4.23)
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where Pj is the CV centroid pressure, and |Ωj | is the CV volume. In moving from the analyti-

cal representation in Equation (4.22) to the discrete one in Equation (4.23), we have assumed

that the values of the pressure (Pj) and the support function (ηϵ(|xj−xk|)) at eachCV centroid

can be used to represent the values throughout the whole CV:

∫
CVj

ηϵ(|x− xk|)Pc(x) dx ≈ ηϵ(|xj − xk|)Pj |Ωj | (4.24)

Following the spatial discretisation of the capillary continuum, there will be CVs whose cen-

troids are within the radius of influence (i.e. part of N (Nk)) and are thus included in the

summation in Equation (4.23), but which contain segments that are outside the radius of in-

fluence (grey CVs in Figure 4.5). Comparably, there are CVs with regions inside the radius

of influence but whose centroids lie outside the peripheries of the region of influence and

are thus excluded from the summation in Equation (4.23) (blue CVs in Figure 4.5). Such

partial volume effects, along with the approximation made in Equation (4.24), undermine

the numerical evaluation of the integral in Equation (4.22) as we move from the integral to

the discrete representation, and has resulted in non-conservative flow between the discrete

vessels and the capillary continuum in our simulations. Intuitively, a finer mesh around the

coupling points, as per the proposedmeshing scheme, decreases the ratio ϵ
L , thereby reducing

these sources of errors and ensuring numerical flow conservation.

Due to slight discrepancies between the numerical and analytical integration of the support

function in Equation (4.16), and to guarantee the conservation of flow at the interface, the

final value of C in Equation (4.20) for each terminal ending is adjusted such that:

∑
j∈N (Nk)

ηϵ(|xj − xk|)|Ωj | = 1 (4.25)

4.2.5 Numerical Implementation of Flow

We connect the different segments of the multiscale model described in Sections 4.2.3, 4.2.4

and Chapter 3 using the fundamental premises of mass conservation, such that the sum of
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Figure 4.5: Capillary CVs surrounding the terminal ending with a prescribed radius or influence ϵ (orange
circle). Orange CVs are those that are fully within the radius of influence. Grey CVs are those whose centroids
arewithin the radius of influence butwhich contain segments outside the radius of influence. Blue CVs are those
whose centroids are outside the radius of influence but which contain segments within the radius of influence.

flow out of any internal node is zero. For a nodeC that is part of the capillary bed continuum,

the flow conservation condition in Equation (4.8) becomes:

∑
Ni∈N (C)

Geff
C,Ni

(PC − PNi)−
∑

k∈Ta(C)

Qa,k
outη

ϵ(|xC − xk|)|ΩC |+
∑

k∈Tv(C)

Qv,k
in ηϵ(|xC − xk|)|ΩC | = 0

(4.26)

where the first term results from the FV discretisation, k refers to the terminal arteriole (a)

or venule (v) network node, and Ta(C) and Tv(C) correspond, respectively, the terminal ar-

teriole and venule nodes with a non-zero source flow to the capillary node C. Inserting the

expressions for the network inlet and outlet flows in Equation (3.28) into Equation (4.26), we

obtain:

∑
Ni∈N (C)

Geff
C,Ni

(PC − PNi) + |ΩC |
∑

k∈T (C)

ηϵ(|xC − xk|)
[ 1
R

(Pk − Pj)

− R2

6νR

(
dPk

dt
− dPj

dt

)
+

C

6

(
2
dPk

dt
+

dPj

dt

)
+

P v

2

dC

dt

]
= 0 (4.27)

where j refers to the preceding network node connected to the terminal node k. The final ex-
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pression for the computational stencil of the distributed source flow from a terminal node is

the same whether the terminal node belongs to the arteriole or venule network, as expected,

even though the expressions for Qin and Qout are different (in Equation (3.28)), since what

determines if a terminal vessel functions as a source or a sink vessel is the prescribed pres-

sure BC at the cortical node of its penetrating tree. For a terminal arteriole or venule node k,

connected to the network node j, and for which the source flow into or out of the capillary

bed is given by Equation (4.23), the flow conservation condition becomes:

1

R
(Pk − Pj)−

R2

6νR

(
dPk

dt
− dPj

dt

)
+

C

6

(
2
dPk

dt
+

dPj

dt

)
+

P v

2

dC

dt

+ γ

(
Pk −

∑
j∈N (Nk)

ηϵ(|xj − xk|)Pj |Ωj |

)
= 0 (4.28)

For the interior network nodes of the penetrating arterioles and venules, the mass conserva-

tion condition is coupled with that of static pressure matching at the nodes where the vessels

intersect. The zero-sum flow condition then becomes:

∑
β∈N (k)

Qv
in(k, β) = 0 (4.29)

whereN (k) is the set of network nodes connected to node k, andQv
in(k, β) is the inlet flow in

Equation (3.28) of the vessel with k and β as the inlet and outlet nodes, respectively. Equa-

tions (4.27), (4.28), and (4.29) are first-order linear ODEs describing the flow conservation

condition for each type of internal node. In all three cases, the flow into any internal node is

expressed in terms of the pressure at the node and the surrounding nodes, and the relevant

vessel, fluid, FV geometry, and/or capillary permeability properties. We can combine these

equations to create a linear system of the form in Equation (4.30), the solution of which char-

acterises the pressure at the internal nodes (pint) containing both the penetrating vessel trees

nodes and the FV-discretised homogenised capillary bed nodes, once the pressure profile at

the external nodes on the pial surface (pb) is specified:
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Bint
dpint

dt
+Aintpint = −Bb

dpb

dt
−Abpb − C (4.30)

A =



K


FVc→c

 Ssteady
a,v→C

Ssteady
C→a,v

N steady
a,v→a,v

Ssteady
a,v→a,v


B =


0 Sdynamic

a,v→C

0 Ndynamic
a,v→a,v


Pint =



PC,1

...

PC,end

PNint,1

...

PNint,end



C =



Ca,v→C

...

Ca,v→a,v

...



(4.31)

Each equation (row) in the linear system of 4.30 is thus a restatement of the zero-sum flow

conditions for the internal nodes. Matrices A and B represent the steady-state and dynamic

portions of Equations (4.27), (4.23), and (4.29), respectively. The sub-matrix FVc→c in A

denotes the interactions among the nodes of the capillary bed, based on the connectivity

of the capillary centroids and the values of Geff
C,Ni

in Equation (4.14), and only needs to be

constructed once for the dynamic simulation, during the meshing procedure. Any potential

dynamic modulations happening within the capillary bed can be incorporated by changes in

the value of the permeability constant K, either globally or locally.

The other entries of the A and B matrices are updated quasi-statically following the changes

in vessel compliance, and the ensuing changes in vessel radius and resistance, as described

in the model in Chapter 3. Sa,v→C denotes the contribution of the terminal nodes to the zero

sum flow conditions in the capillary bed according to Equation (4.27), and SC→a,v denotes

the contributions of the capillary bed to the zero sum flow condition of the terminal nodes in
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Equation (4.28). Na,v→a,v corresponds to the interaction among the nodes of the penetrating

arteriole and venule trees according to Equation (4.29). The entries of the vector C corre-

spond to the dynamic compliance term in Equation (3.28). We use an implicit Euler solver

for Equation (4.30) due to the stiffness of the system to ensure numerical stability.

4.2.6 Parameter Assignment

In the original steady-state model by Hodneland et al.,[217] there was no physiological basis

behind the choice of the input parameters (Xi = K, γa, and γv), which encapsulate the sub-

imaging resolution connective and geometrical properties of the capillary bed. Hence, in this

study, we establish the parameter values by determining the ranges that provide physiolog-

ically meaningful pressure and flow distributions throughout the hybrid network. We first

conduct anMCF analysis (see[204]) for the steady-state case to ensure the physiologically rele-

vant parameter value assignments of the parameters (Xi = K, γa, and γv). We sample each of

the three input parameters independently over the range of parameter values shown in Figure

4.6(a), for a total set ofN = 8×104 MC runs. We compute the steady-state pressure and flow

profiles for each MC run, and partition the MC realisations into complementary behavioural

(B), or acceptable, and non-behavioural (B) subsets based on whether or not the steady-

state model outputs complied with the predetermined physiological target ranges, defined

as follows:

1. The steady-state internal nodes pressure profile is bounded by the prescribed inlet and

outlet cortical pressures.

2. The steady-state whole network perfusion should ensure global flow conservation (i.e.,

Qnetwork
in = Qnetwork

out ).

3. The flow through all the arteriole and venule penetrating vessels obeys the expected

directionality; i.e. from the cortical surface to the capillary bed for the arterioles and

vice versa for the venules.

4. The distribution of the pressurewithin the capillary bed has a range of at least 10mmHg.

5. The regional cerebral blood flow (rCBF) per 100g of tissue, or perfusion, within the
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central ROI, falls within the 45− 65ml/100g/min range. The relationship between flow

and perfusion in this context can be defined in Equation (4.32):

rCBF =
100Q

V ρ (1− λ)
(4.32)

in which V is the flow domain volume, ρ is the parenchymal tissue density, taken to be

1.04g/cm3,[236] and λ is the vascular volume fraction, taken to be 3.19%.[226] For the MCF

analysis,Q (inmL/min) is defined as the sum of flow leaving the terminal arterioles confined

within the central ROI and into the capillary bed, and V is the volume of the central ROI. We

examine the reasons behind choosing the target ranges mentioned above in Section 4.4. We

map the (B−B) partitioning of the output for each run back onto the input parameters, each

of which is also partitioned into behavioural and non-behavioural subsets. We then use the

two-sample Kolmogorov-Smirnov test to determine if each parameter’s behavioural and non-

behavioural subset distributions are different, and plot a three-dimensional projection of the

behavioural sub-samples to determine the range of permissible values.

To examine the dynamic behaviour of the network, we consider its response to a 7.5% drop

in the arterial inlet pressure (P0) according to the smooth function in Equation (4.33), while

maintaining a constant outlet pressure (Pout) and a zero external pressure Pext.

Pinlet = P0

(
1−

(
0.05

(
1 + tanh

(
t

2

))))
(4.33)

The function is selected to test the model and is not necessarily intended to simulate a real

physiological stimulus. The baseline values of the inlet (P0) and outlet (Pout) are set to be 52

and 20 mmHg, respectively, as explained in Section 4.4.

The dynamic parameter values were primarily taken to be the same as those used for the

network model in Chapter 3 (Table 2, except that Sσ was set to 6 instead of 4), in which the

parameter values chosen from analysing themodel output based on an overall understanding

of the behaviour of the network physiological response. As previously explained, the values

for the time constant and the (maximum and minimum) fractional changes in compliance

were based on experimental data and previous modelling studies. However, there is no clear
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validation from experimental data for the other values of the compliance feedback model

(Sσ,Sτ , G, ∆C±

C0
), due to limited data on the dynamic behaviour of the cerebral microvascula-

ture vessels. Hence, given the uncertainty in these parameter values, we conduct a sensitivity

analysis of the model to examine how changes in the input values affect the multiscale model

output and to explore which input factors influence the model output the most. The ranges

for the dynamic input parameters are taken here to be ±25% of their baseline values, while

the model outputs are chosen to be the final perfusion inside the central ROI and the final

blood volume inside the penetrating vessels.

To conduct the sensitivity analysis, we use the Elementary Effects (EE) method as proposed

initially byMorris[237] which produces twomeasures of sensitivity: themean (µEE ) and stan-

dard deviation (σEE) of the EEs. As proposed by Campolongo et al,[238] a revised sampling

strategy is implemented to facilitate better sampling through the hypercube in the input pa-

rameter space, and a third metric (µ|EE|), which takes the absolute values of the elementary

effects before averaging, is estimated from the EEs analysis, both of which are carried out at

no extra computational cost (same number of model executions). We then analyse the three

metrics in tandem to extract the maximum amount of sensitivity information. For a fuller dis-

cussion of the meaning of these metrics and the techniques used to calculate them, the reader

is referred to the text by Saltelli et al.[204] The use of the EEmethod is convenient here because

it offers the advantage of examining each factor individually (to prevent cancellation effects)

across the input space and provides a well-defined strategy to assess the importance of each

factor,[204] without the significant cost of sophisticated variance-based techniques.[204],[238] In

this study, using 10 trajectories to analyse the effects of the 4 dynamic input parameters re-

quired only a total of N = 50 model executions when using the EE method. In contrast, with

four input factors, variance-based techniques would require a much larger number of model

executions (N > 1000) to achieve convergence, which, when given the execution time per

each MC realisation, would render the computational cost of variance-based techniques ex-

cessive for the sole purpose of conducting a parameter sensitivity analyses of the compliance

feedback parameter values in Table 2.
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Table 4: Results of the MCF analysis showing the permissible range of values for the parameters K, γa, γv , as
well as the p-value obtained from the two-sample Kolmogorov-Smirnov test when comparing the distributions
between the behavioural and non-behavioural subsets.

MCF Parameter K (×10−12m3s/kg) γa (×10−16m4s/kg) γv (×10−16m4s/kg)

Behavioural Range 1.2− 7.6 0.01− 7.6× 105 1.6− 26

p-value < 0.001 0.432 < 0.001

4.3 Network Simulation Results

Figure 4.6(a) demonstrates the 3-D projection of the behavioural and non-behavioural sub-

samples when conducting theMCF analysis on themodel steady-state output for the network

generated in Figure 4.2, from which the ranges for the permissible values of the steady-state

input parameters are then extracted. For the input ranges shown in Figure 4.6(a), the two-

sample Kolmogorov-Smirnov test revealed significant differences between the distributions

of the behavioural and non-behavioural sub-samples for the parameters K and γv but a non-

significant difference between the distributions for γa, as indicated by the p-values in Table 4.

Figure 4.6(b) presents the two-dimensional projection of the behavioural subsets for K and

γv ((K|B) vs (γv|B)) over the range of the behavioural values, which are summarised in Table

4, demonstrating a clear inverse relationship between the two parameter values.

Figure 4.7 shows the steady-state (initial) 3-D pressure profile of the capillary bed within

the central ROI for the network constructed in Figure 4.2 when a behavioural realisation of

the steady-state input factors is randomly chosen. The resulting steady-state capillary per-

fusion inside the central ROI of the voxel is calculated to be 56.5ml/100g/min. Assuming

a capillary bed volume fraction of 2.22% in grey matter,[239] the steady-state distribution of

the CBV within the microvessels can be approximated to be distributed as follows: 13.4% in

the arterioles, 37.5% in the venules, and 49.1% within the homogenised capillary bed, for a

total baseline CBV of 4.25ml/100g of tissue, which is in agreement with the experimentally

obtained range of values of 4.6± 1ml/100g.[240]

Next, and in response to the 7.5%drop in inlet pressure, the dynamic changes in perfusion for

both the active and passive (i.e. impaired autoregulation) cases are shown in both the whole

network (Figure 4.8(a)) and within the capillary bed inside the central ROI domain (Figure
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(a) (b)
Figure 4.6: Three-dimensional projection of the behavioural (magenta) and non-behavioural (green) sub-
samples obtained from the MCF analysis (N = 8 × 104) of the model steady-state output. The model inputs
used in the MCF analysis are the three steady-state input parameters characterising the sub-resolution capillary
properties: K, γa, and γv (a). Two-dimensional projection of the behavioural subset along theK and γv param-
eters (b).
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Figure 4.7: The steady-state pressure profile of the capillary bed inside the central ROI, for the network con-
structed in Figure 4.2, when setting K = 1.71 × 10−12m3s/kg, γv = 8.20 × 10−16m4s/kg, and γa =
1.17× 10−10m4s/kg. The values for the pressure were interpolated from the calculated capillary centroid pres-
sure values using the nearest neighbour interpolation scheme in MATLAB.

4.8(b)). Figures 4.8(c) and 4.8(d) show the dynamic changes in the blood volume inside the

penetrating vessels for both the active and passive cases. The job was run using 1 core of one

Intel Xeon Platinum CPU 8268 @ 2.90GHz, and 96GB of memory, on a server running Linux

(CentOS 8.1), for a total duration of 110 minutes.

W calculate the three metrics of the EE sensitivity analysis from the network’s response to

the drop in inlet pressure to characterise the relative influences of the compliance feedback

parameters on the model outputs, defined in this case to be the final ROI perfusion and the

final CBV in the penetrating vessels, and are plotted in Figures 4.9(a) and 4.9(b). Themeaning

behind the EE sensitivity results is examined in Section 4.4. We also construct input-output

scatter plots (see Appendix B.1) to help visualise the total effects of two of the model inputs

(Sσ and G) on the model outputs and determine the extent to which the final perfusion and

blood volume are affected by changes in those input parameters.

Finally, we examine the impact of the mesh refinement level and the mesh non-orthogonality

and skewness, on the steady-state solution. We have found that (ϵ/L1) needs to be in the
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(a) (b)

(c) (d)
Figure 4.8: The dynamic perfusion through the inlet arterioles and outlet venules of the whole network (a), and
through the terminal arterioles and venules inside the central ROI domain (b), and the dynamic changes in the
total volume of the arteriole penetrating vessels (c), and the total volume in the arteriole and venule vessels (d),
for the network constructed in Figure 4.2, in response to a 7.5% drop in inlet pressure, under both the active (A)
and passive (P ) cases.
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(a)

(b)
Figure 4.9: The mean vs the standard deviation of the EEs (a) and the mean of the absolute values of the EEs
vs the absolute value of the mean EE (b) based on the effects of fractional changes in each of the dynamic
compliance parameters on the final perfusion (left) and CBV (right).
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approximate range of 0.35 ≤ ϵ/L1 ≤ 0.45, to ensure numerical stability. Hence, and to exam-

ine solely the influence of the mesh refinement level, the value of ϵ is fixed (to 30µm as used

for the voxel domain with L1 = 75µm in Figure 4.7), and the steady-state flow through the

network is compared across the different values for L1 (67 − 86µm). We also compare the

results of our model over this range to that in which no coupling scheme is used, where the

terminal coupling nodes are simply shifted and superposed to the centroids of the enclosing

FVs, as shown in Figure 4.10(c), and a simple condition of pressure continuity is assumed.

For validation, we compare the flow throughout the network for both meshing arrangements

to that when using a refined uniformmeshing scheme of L2 = L1/2 = 37.5µmwhich features

no mesh non-orthogonality or skewness. Because the computation of the steady-state pres-

sure field inside the 1.5 × 1.5 × 2.4mm3 voxel requires significant computational resources

and memory allocation when using the refined mesh throughout the whole voxel domain,

the simulations conducted for validation are carried over a smaller reconstructed voxel do-

main of 0.75× 0.75× 2.4mm3, with no two coupling points sharing the same FV (hence there

is no need for the further discretisation using L3 = L2/2). The results are shown in Figure

4.10(a). In addition, for the original network shown in Figure 4.2(d), we examine the im-

pact of changing the value of ϵ, the radius of support, within the permissible range described

above, on the steady-state flow and pressure profiles, while fixing the values of K, γa, and

γv. The impact of the ϵ value on the network’s global flow, the pressure profile within the

capillary bed ROI, and the probability density function (PDF) for the pressure distribution

throughout the capillary bed, are demonstrated in Figures B3, B4, and B5, respectively.

4.4 Discussion

Several multiscale frameworks employing a porous representation of the capillary bed have

been constructed.[129],[133],[217] However, to the best of our knowledge, all these models solely

capture the steady-state perfusion by accounting only for the resistive part of the microcir-

culation, and do not account for the dynamic behaviour of CBF. As a consequence, none of

the previous models is suited for modelling the strongly time-dependent and non-linear pro-

cesses that characterise the dCA mechanisms.[129] Our main contribution here is the devel-

opment of a comprehensive model that integrates three sub-models at different length scales

into a single multiscale model to describe the dynamic haemodynamics of the cerebral grey
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(a)

(b)

(c)

Figure 4.10: (a) The relationship between the value of L1, the side length of the largest FV, and the network
flow (Q) of the reconstructed voxel of size 0.75× 0.75× 2.4mm3, when utilising the distributed flow coupling
schemewith ϵ = 30µm (blue line) as depicted in (b) orwhen assuming a simple condition of pressure continuity
between the network and continuum domains (black line) as depicted in (c). The network flows are compared
to the flow (QL2) obtainedwhen using a uniformFV side length ofL2 = L∗

1/2 and ϵ = 30µm, whereL∗
1 = 75µm

(red line) is the largest side length used for the discretisation of the voxel in Figure 4.7.

matter cortex, including the effects of the CBF control mechanisms. The underlying system

of equations characterising the spatiotemporal pressure and flow profiles in Equation (4.30)

is a linear one, constructed from the integration of linear sub-models, thereby preserving the

computational feasibility of the simulations. Furthermore, with only 3 microscale and 4 dy-

namic feedback parameters, our model remains a compact, albeit physiologically informed

representation of the system, avoiding the sometimes highly complex and over-parameterised

approach of other authors.

The first sub-model, proposed in Chapter 3, is a 0-Dmodel that describes the dynamics of CBF

and CBV in the tubular vessels of the cortical penetrating trees, and this is used in tandem

with a compliance feedback model to account for the dCA mechanisms. The second sub-

model employs an FV formulation to discretise the homogenised capillary bed and model it

as a continuum, relying on a newly devised meshing algorithm that selectively refines the

capillary domain to capture the important physiological features occurring at the transition

interface and to ensure the numerical accuracy of the overall hybrid scheme without compro-

mising its computational feasibility. Finally, the third sub-model adapts the support func-

tion proposed by Hodneland et al.[217] to the dynamic context to ensure a smooth, physically

plausible, and numerically stable transition between the discrete vessel representation of the

116



penetrating trees and the continuum representation of the homogenised capillary bed.

A suitable coupling scheme for linking the 0-D flow in the discrete vessel network to the 3-

D Darcy flow in the continuum must generally obey the following five criteria: it must not

give rise to any singularities in the model output, it must achieve scale-invariance, it must

be physically sound, it should ideally not rely on any prior knowledge of the precise micro-

scopic properties of the sub-resolution transitional network, and it must ensure the computa-

tional feasibility of the overall model. We have shown that ourmultiscalemodel precludes the

emergence of singularities and achieves scale invariance, and thus meets the first two crite-

ria. When examining the steady-state solution at different levels of mesh refinement in Figure

4.10(a)when no coupling scheme is applied, the resulting pressure gradients around the cou-

pling points, and hence the pressure profile throughout the hybrid network, were found to

be dependent on the choice of the CV size, which would ultimately give rise to singularities

in the solution for smaller CVs. The smaller the FV cell size around the coupling point, the

greater the resistance and pressure drop at the coupling point, the lower the flow throughout

the whole network, and the lower the pressure drops across the resistance arteriole vessels.

The network flow continues to exhibit scale variance for smaller values of L1. Meanwhile, the

use of the support function with a prescribed radius of influence in our model means that at

the slight cost of non-locality of the source term[217] in Equation (4.2), the spatial range of the

source flow distribution becomes independent of the size of the chosen FV cell. Indeed, after

a local mesh refinement threshold around the coupling points (around 77µm), the pressure

and flow profiles become approximately independent of the degree of discretisation, with the

flow error converging to around 5%, as shown in Figure 4.10(a).

The proposed support function in Equation (4.17) is also compliant with what is physiologi-

cally expected from the distribution of the microflow from the terminal vessels into the sub-

imaging resolution network: it assumes that the majority of the fluid is distributed close to

the terminals rather than far away and allocates no fluid flow beyond a strict threshold radius

of ϵ. Furthermore, provided sufficient local mesh resolution, the distributed flow ensures a

local, and thus global conservation of flow as a result of the volumetric normalisation of the

source term in Equation (4.25). This mass balance can indeed also be demonstrated in the

dynamic flow results for the whole hybrid network in Figure 4.8(a), in which the inlet and

outlet network flows converge at the beginning and the end of the simulation as the network
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reaches steady-state, as is indeed required when prescribing periodic BCs. Furthermore, the

proposed coupling model can capture the steep pressure gradients that occur at the pene-

trating tree-capillary continuum interface,[133] as demonstrated by the red and blue spherical

clusters in the steady-state pressure profile in Figure 4.7, simply by calibrating the ranges of

the model inputs in such a way that the model output achieves the prescribed physiological

pressure and perfusion profiles (seeMCF analysis in Section 4.2.6). The choice of the support

function is not constrained to the one in Equation (4.17), and other formulations adhering to

the requirements above are in theory also permissible.

Of particular relevance for comparison is the work by Peyrounette et al.[133] in which local an-

alytical coupling formulations are derived and used around the terminal nodes. Comparing

the two coupling formulations to one another, the one proposed by Peyrounette et al. re-

quires a pointwise consistency of the pressure drop across the adjacent FV cells and does not

explicitly allocate the distributed flow across the adjacent FV cells, while the one proposed by

Hodneland et al.[217] and used in this study requires consistency only in the average pressure

drop as in Equation (4.22) while specifying the allocation of the distributed flow into the ad-

jacent FV cells based on the distance of the FV centroids from the coupling point according

to Equation (4.17). The piecewise analytical formulation by Peyrounette et al. is comprised

of a linear variation in pressure in the region closest to the coupling point up to a distance

lτ , derived from solving for the network structure at the scale of the capillary vessel, which

is then pointwise matched to the spherical pressure approximation derived from an analyti-

cal approximation of the solution for Darcy’s law in Equation (2.7). The coupling condition

is completed by assuming the existence of a domain where both the spherical approxima-

tion and the FV formulation are valid, such that the pressure from the FV formulation at two

cells away matches the pressure of the pointwise spherical solution. Similar to the work by

Hodneland et al.,[217] the governing equations for flow across the three scales can then be

appropriately integrated into a single system of algebraic linear equations.

The coupling scheme proposed by Peyrounette et al. was also successful at capturing the

strong pressure gradients around the coupling points and was found to significantly reduce

the errors in flow and pressure that arise from assuming a simple condition of pressure con-

tinuity.[133] In their model, however, the linear variation in pressure in the vicinity of the cou-

pling point follows from adopting the Hagen-Poiseuille flow description in the pre-capillary
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andpost-capillary transitional vessels. Given that the red blood cells (RBCs) percolate ’single-

file’ in the dense capillary network,[24] the use of the Hagen-Poiseuille flow model, which is

aimed at capturing the Newtonian flow dynamics in the capillary vessels, might not be the

most accurate representation of the flux dynamics of the RBCs in the narrow capillary vessels,

where only a single RBC can go through at one time.[45],[62],[67] Furthermore, prior knowledge

of the architecture and connectivity of the capillary bed around the coupling points was re-

quired to determine the values for the coupling parameters (for example, lτ) of the analytical

formulation. This prerequisite posed no problem in their work since the capillary connec-

tivity was pre-established and was assumed to comprise a regular lattice topology since the

goal of the study was to evaluate the accuracy of the proposed coupling model in the hybrid

coupling approach, and the use of synthetic capillaries precludes the generation of uncertain-

ties in the effective parameters (i.e. K), which would otherwise be indiscernible from errors

induced in the coupling model.

However, in a realistic setting, the capillary bed, albeit isotropic and homogeneous at network-

scale[41],[131] is highly asymmetrical and locally randomised,[131],[224],[225] and its precise mor-

phological nature around the different coupling points cannot be assumed to be known a

priori.[217] Smith et al.[131] demonstrated that the simple approach of constructing grid-like

networks, particularly the cubic lattice network with 6 connectivities per node, was not suffi-

cient to replicate the geometrical or functional properties of cerebral capillary networks, and

highlighted the need for introducing a sufficient level of randomness in the capillary gener-

ation schemes. A hybrid framework that requires information about the exact capillary con-

nectivity would not meet the fourth criteria for a suitable coupling scheme mentioned above,

and would also defeat the purpose of homogenisation; i.e., to eliminate the need for precise

knowledge of the capillary network topology. In theory, the transitional network segments

at the mesoscale below the imaging resolution could be reconstructed from a set of growth

rules, but ultimately the generation of such networks is mathematically redundant to achiev-

ing the goal of a smooth distribution of flow,[217] as we have demonstrated in our study that

a simple, smooth support function can achieve the same goal even in a dynamic context.

The use of the MCF analysis to assign physiologically realistic values of the coupling param-

eters (γa and γv) reduces the need for knowledge about the pre-capillary and post-capillary

transitional network structures. Of course, in principle, a similar MCF analysis could be car-

119



ried out when implementing the coupling formulation proposed by Peyrounette et al. to gain

general insight into the range of permissible values for the parameter lτ , without needing to

reconstruct the sub-resolution network, and it would indeed be interesting in the future to

make a comparison between the results of the MCF analysis and the dynamic simulations

when adopting both coupling schemes, under both the steady-state and dynamic contexts.

Note that in our model, as well as that of Peyrounette et al.,[133] the penetrating arteriole and

venule trees are embedded into the same compartment (the 1.5× 1.5× 2.4mm3 voxel), while

the model by Hodneland et al.[217] separates the capillary domain into two identical compart-

ments, one for each of the two vessel networks. The flow between two capillary domains is

then computed from the pressure difference between each CV pair, multiplied by a perfusion

parameter. This is done to explicitly express perfusion as a clinical parameter in line with

its proposed definition; i.e. the transmittance of blood from the arteriole ’side’ to the venous

’side’ in a two-compartment model.[241]–[244] In both our and their compartmental representa-

tions, perfusion refers to the flow through the capillary domain and thus both can be viewed

as valid characterisations of clinical perfusion.

The two-compartmental model, however, introduces an additional sub-resolution parameter

that needs to be evaluated, thereby adding to the challenge of correctly selecting the sub-

resolution parameter settings in cerebral haemodynamic models, which typically have a high

parameter dimensional space and limited experimental data available.[82],[129] In addition,

anatomically speaking, there is no obvious segregation between the arteriolar and venous

territories of the capillary bed.[126] Most importantly, however, is that a two-compartmental

model requires twice the number of capillary bed CVs, thereby significantly increasing the

computational cost of any multiscale simulation, which is an important barrier for extending

the dynamic model and achieving whole region or organ dynamic simulations.

Finally, it is worth comparing the model proposed in this paper to the porous Finite Element

framework proposed by Jozsa et al.[129] In their study, the microcirculation is segmented into

coexisting arteriole, venule, and capillary compartments. However, instead of using a discrete

topological representation of the cortical trees, their model also extends the porous represen-

tation to the arteriole and venule compartments; i.e. by using the volume-averaged Darcy’s

law with anisotropic permeability tensors. The remaining pre-capillary and post-capillary
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vessels that are not part of any compartments are effectively lumped into arteriole-capillary

and capillary-venule coupling coefficients that link the compartments, similar to the γa and

γv parameters in our model. The values for the coupling coefficients are selected based on a

combination of inferences made from experimental pressure values from rodents, estimates

of cerebral perfusion pressure, selection for the value of grey matter perfusion, and minimi-

sation of a constructed cost function.

However, since the branching patterns of the descending arterioles and the ascending venules

dictate the location of the terminal coupling nodes where this pressure drop occurs, a porous

representation of the arteriole and venule compartments would be unable to account for the

key influence that the patterns of anatomical branching exert on the spatial pressure and per-

fusion profiles throughout the cortical domain. In contrast, the network model of dynamic

CBF and dCAdeveloped in Chapter 3 and used here accounts for the penetrating vessels’ spa-

tial heterogeneity and incorporates the morphological details that account for the attributes

and responses of individual microvessels and is suitable for investigating the impact of the

vessels’ individual dCA responses to perturbations in pressure or flow.

It is important to use physiologically informed values for the model parameter space to en-

sure that the model outputs reflect the physiological reality of the microvasculature. Hence,

another important novelty of this work is utilising the MCF framework, combined with a

global parameter sensitivity analysis, to gain valuable insights into the parameter influence,

the range of permissible parameter values, and the interaction among the parameters prior to

parameter value extraction. These, in turn, could aid in the model simplification and param-

eter research prioritization[204] and thus prepare grounds for more efficient and insightful ex-

traction and uncertainty quantification of the physiological parameters, which are burdened

by very high uncertainties and limited experimental data.[82],[129]

The pressure drop and distribution across the capillary bed, as well as the CBF through the

voxel, are determined in part by the values of K, γa, and γv characterising the sub-resolution

structure of the capillary bed and the pre/post-capillary vessels, respectively. This means

that the degree to which the pre-capillary arterioles have to dilate to restore CBF is also

affected by the value of these parameters. However, the relative contribution of the cere-

bral capillary bed to the total resistance is not unequivocally established due to the diffi-
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Table 5: Comparison of the effective isotropic capillary permeability values (Keff) between the different mul-
tiscale models employing a porous representation of the cortical grey matter capillary bed.

Model Keff (×10−12m3s/kg) Approximation Method

Peyrounette et al.[133] 1.1-7.8 Simulations over capillary network micro-cells.[133]

El-Bouri et al.[127] 0.428 Simulations over capillary network micro-cells.[41]

Hodneland et al.[217] 4160-8320 Trial and error process.[217]

Smith et al.[131] 0.384 - 0.428 Simulations over capillary network micro-cells.[131]

Our Model 1.2-7.6 MC filtering analysis.

culty in measuring the in-vivo pressures in those vessels, with authors reporting anywhere

between 15% to 70% of the cortical microvasculature pressure drop occurring in the capil-

laries.[2],[45],[67],[129],[132],[245]–[247] Different authors have resorted to different methods to de-

termine the effective capillary permeability (see Table 5), with a noticeable variation in the

values obtained between the models.

While the aim is not to settle the aforementioned controversy, we note that the MCF analysis

presented here offers a very simple yet insightful approach for investigating the permissi-

ble values of K, its influence on the pressure and perfusion profiles, and its interaction with

the other parameters, namely γv. Interestingly, the permeability values obtained here are

very similar to the range of values obtained by Peyrounette et al.,[133] the latter of which was

obtained by conducting flow simulations over a cubic domain of a capillary network com-

prised of a 3-connectivity (periodic) and 6-connectivity (cubic) regular network topology of

vessels of uniform or Gaussian diameter distribution. This could imply that, even though

simple lattice networks could fail to replicate the architectural (morphometric, topological

and space-filling) properties of human cerebral capillary networks at the local scale,[131] they

can potentially be used to match the fundamental functional (flow and transport) properties

at the network-scale.

In our first iteration of the MCF analysis, before adding the fourth MCF criterion in Section

4.2.6, the capillary bed pressure profile exhibited narrow and non-physiological distributions.

Hence, an extra filtering criterion of a steady-state pressure range of at least 10mmHg was

added to ensure an adequately spread pressure distribution throughout the capillary bed.
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We have chosen the range of permissible perfusion values in the MCF analysis to be predom-

inantly weighted towards those obtained from the Positron Emission Tomography imaging

modalities, which traces flow through functional tissue that can exchange nutrients andwaste

products, rather than that of perfusion computerised tomography (CT) scans, which include

signals from regions without functional exchange with the brain tissues.[248] Since our frame-

work also accounts for the CBV inside the penetrating vessel trees, an MCF criterion for rCBF

obtained from CT perfusion measurements can also be in theory introduced.

Examining Figure 4.6, there is an identifiable behavioural subset of values for each of γv and

K, as is confirmed by the two-sample k-S test, indicating that both these input parameters are

likely key factors driving the steady-state perfusion and pressure profiles. Interestingly, from

Figure 4.6(a), any value of γa is likely to fall into either the behavioural or non-behavioural

subsets, as is confirmed by the results of the KS-test (p = 0.4132); the behavioural and non-

behavioural subsets are statistically and visually indistinct, signifying that γa is unlikely to

exert an important influence on the steady-state profile, and can potentially be factor-fixed in

the future. These results make for an interesting contrast when compared to the sensitivity

analysis results of the model by Jozsa et al.,[129] which revealed a weak impact of the capillary

permeability, and a strong impact of the coupling coefficients, on perfusion. In the future,

these microscale variables of the model can be included in the global parameter sensitivity

analysis conducted for the dynamic compliance feedback model parameters, and their inter-

action with the dynamic parameters investigated.

Upon prescribing the pressure BCs and the permissible range of perfusion values, and given

that the baseline network properties of the penetrating vessels are fixed, the remaining net-

work resistance is then allocated between either at the venule-capillary interface or within the

capillary continuum, which explains the inverse relationship between the permissible values

for γv and K in Figure 4.6(b). The precise range of permissible values for K, γa, and γv esti-

mated here should of course be taken with caution since the simulations are based on a single

reconstruction of the voxel domain, and it would be of interest in the future to examine the

range across a larger set of statistically generated networks.

In this study, the support radius ϵ for the distributed source flow was chosen to be equal to

0.45L∗
1, where L∗

1 is the side length of the largest cube in the capillary mesh in Figure 4.2(d).
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In general, the choice of ϵ has been found to be tied to the choice of L1: 0.35 ≤ ϵ/L1 ≤ 0.45.

Intuitively, the lower limit is needed to ensure that each terminal node is coupled to the capil-

lary bed FV centroids. The upper limit has been found to be required to ensure boundedness,

possibly by preventing excessive overlap in the support radii of the terminal nodes. Physio-

logically speaking, the penetrating vessels link to the capillary vessels at a small number of

bifurcations at the transition regions.[24] Hence, the logic behind choosing a relatively small

value for ϵ, as opposed to the large values used in the whole-brain perfusion model by Hod-

neland et al.,[217] is to achieve a scale-invariant transition at the coupling interface while also

minimising the non-locality of the distributed source term so as not to disrupt the capillary

flow dynamics which aremodelled using the volume-averagedDarcy’s law in Equation (2.7).

In Figure B3, we examine the influence of the value of ϵ on the steady-state flow profile for the

network in Figure 4.2(d). The global network perfusion increases with a semi-linear trend as

the value of ϵ increases. This could be explained by the increase in the number of pathways

for blood to flow between the terminal arteriole and venule vessels, and the capillary bed,

thereby decreasing the network’s overall effective resistance to blood flow. Nonetheless, the

overall change in perfusion between the maximum and minimum permissible values of ϵ is

only 2.6mL/min/100g, or 6% of the original value in Figure 4.8(a). We also examined the

influence of the ϵ parameter value on the capillary bed pressure profile. As expected, smaller

values of ϵ result in smaller spherical clusters around the terminal coupling points in Figure

B4, though the permissible range of values for ϵ is not wide enough to lead to any significant

changes in the overall pressure profile, as demonstrated by Figures B4 and B5.

In addition to the proper assignment of the model parameter values, prescribing the correct

pressure BCs is crucial to obtain the correct perfusion and pressure profile throughout the

network, given the strong influence of the imposed pressure BCs at the inlet/outlet of the

penetrating vessels on the CBF.[214] There are no human studies reporting blood pressure in

the distal arterioles. In most models (see[127],[198],[249]), a pressure of 65-75 mmHg is typi-

cally chosen for the penetrating arterioles of 40µm inlet diameter, and a pressure of 15-22

mmHg is chosen at the penetrating venules of 110µm outlet diameter. These models rely on

the data from Zweifach and Lipowsky[250],[251] to set the pressure BCs. These data, however,

rely on studies that examine the microvasculature in the cat mesentery and the omentum.

The pressure distribution in the microvasculature in one organ is not necessarily the same
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in another organ, due to differences between the organs in the relative contributions of the

microvasculature to the total resistance across a network. Fukaswa showed that the large ar-

terial branches are responsible for a much larger proportion of the total arterial length (and

hence resistance) in the brain compared to arterial systems in other organs and that cerebral

arterioles are relatively shorter.[252] While it is the small arteries and arterioles that are the

major resistance vessels in peripheral organs,[2],[247] both large arteries and small arterioles

contribute significantly to vascular resistance in the brain.[247][253] Measurements of blood

pressure in the brains of anaesthetized cats[154],[254] have demonstrated that 40-45% of the to-

tal flow resistance is located upstream of cerebral pial arteries 30-40µm diameter, meaning

that the pressure at the pial inlet is approximately 55% of the MAP. Interpolating data from

similar experiments[46],[245] leads to similar conclusions. Hence, while recognising the limita-

tions of extrapolating from animal studies, and assuming a MAP of 93 mmHg, we chose an

inlet pressure of 52 mmHg and an outlet pressure of 20 mmHg.

Since the error that can be potentially caused by insufficient mesh resolution covers only a

small portion of the computational domain (i.e. at the coupling points), one can use larger

elements on areas where the mesh resolution changes slowly, and use local patches of re-

finement only in the vicinity of the coupling points where high resolution is needed.[221] In

addition to capturing the pressure gradient, the local mesh refinement serves two other pur-

poses. First, it prevents the occurrence of multiple coupling terminal nodes inside the same

CV, which has been found to introduce local pressure and flow errors.[133] The second pur-

pose is to ensure local mass balance and improve the accuracy of the numerical integration

in Equation (4.18), as discussed in Section 4.2.4. The latter case is similar to that of local grid

refinement in the model by Jozsa et al.[129] which was needed to mitigate the errors in volu-

metric blood flow estimation through cortical surface regions when using a non-conservative

finite element formulation. Note that the selectivemesh refinement, as needed to ensuremass

balance, is only around the terminal endings, since the FV formulation for the capillary bed

is inherently conservative,[228] as is the 0-D model for flow in the penetrating vessels, thus

any sources of mass imbalance would stem from numerical inaccuracies from the distributed

source flow. The conservative feature of the FV method used here makes it a particularly ap-

propriate choice for domain discretisation that would help ensure global flow conservation

throughout the entiremultiscale network, as opposed to other non-conservative discretisation
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schemes that have been used in multiscale blood flow modelling,[129] in which mass balance

could not be guaranteed.

Having said that, a non-uniform domain discretisation, as a result of employing local patches

of mesh refinement, does introduce local regions of mesh non-orthogonality and skewness,

that could potentially undermine the accuracy of simple FV formulations, like the two-point

flux approximation method, that is widely applied in simple schemes to estimate the face

gradients.[221],[228],[229],[255] There are ongoing efforts to improve the diffusion schemes and

to incorporate the best available ones for various types of non-uniform and unstructured

meshes.[231],[256]–[260] However, these scheme implementations are generally designed for con-

ventional CFD settings and contexts as they generally require iterative solution procedures

that potentially preclude them from being utilisable in a coupled multiscale setting where

the source term in the capillary continuum sub-matrix assembled from the FV discretisation

needs to be implicitly treated and appropriately incorporated into the final global matrix as

in Equation (4.30).

Remedies to decrease the errors induced by the non-orthogonality (θ) and skewness (x(fi)−

x(f∗
i )) errors would normally entail the use of higher interpolation schemes and applying lo-

cal mesh refinement to areas where they occur in the spatial grid.[221] The meshing scheme

proposed here (see Figure 4.2) by default overlaps the areas of non-orthogonality and skew-

ness in the regions surrounding the coupling points with areas of greater local mesh refine-

ment, with the rest of the voxel domain having a uniform mesh. Hence, the scheme automat-

ically helps to ensure that such errors are kept to a minimum. As seen in Figure 4.10(a), after

achieving sufficient local mesh resolution, the error introduced as a result of local mesh non-

orthogonality and skewness oscillates around 5% for the global flow (and < 2% for coupling

pressure), which the authors perceive to be well within the acceptable limit.

We have also demonstrated how themodel can be used to quantify the dynamic alterations in

rCBF and CBV in the microcirculation following a drop in CPP, as well as the role of the dCA

mechanisms in restoring the flow, as shown in Figure 4.8. In the passive simulations when

no dCA mechanisms are accounted for, the rCBF dropped by 16.6%, which is slightly greater

than the drop in CPP (≈ 12%) due to the decrease in the transmural pressure of the compliant

arteriole vessels that leads to their constriction, as shown in Figures 4.8(c) and 4.8(d), leading
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to an increase in the arteriolar resistance and a further drop in flow. Meanwhile, in the active

case, the final fractional decrease in rCBF (9.4%) was smaller than that in CPP, with the rCBF

recovery exhibiting a biphasic behaviour, as shown in Figures 4.8(a) and 4.8(b) that is char-

acteristic of the autoregulatory response observed experimentally,[8],[80] and which occurs a

result of the dCA mechanisms altering the vessel tone and hence the calibre of the arteriolar

vessels, as demonstrated in Figure 4.8(c).

This transient increase in the arteriolar blood volume as a result of changes in the compli-

ance of the vessels gives rise to the transient discrepancies between the inlet and the outlet

flows shown in Figure 4.8(a). Such dynamic differences underscore the fact that changes

in pressure and flow throughout a network are not instantaneous as one would obtain from

assuming a steady-state solution, but rather exhibit some delay as the changes propagate

downstream from the inlet to the outlet. The potential to model and quantitatively trace such

small dynamic changes in rCBF and CBV (4.2% change in total CBV in our simulations) can

have important implications in terms of interpreting the results of the transient, small, and

oftentimes noisy[261] changes in the signal acquired from perfusion images that occur as the

contrast agent passes through the vasculature, especiallywhen used in conjunctionwith kine-

matic models of the administered contrast agent. For instance, it is known that the reduction

in CPP that is associated with pathological conditions results in delayed bolus arrival time

and prolonged vascular transit time, two conditions that are not appropriately addressed in

current singular value decomposition and deconvolution image post-processing algorithms,

thereby potentially leading to a gross underestimation of the rCBF and CBV from the perfu-

sion images.[261] In addition, by running the acquired measurements against various in-silico

simulation settings, the dynamic model can be used to help provide an elementary assess-

ment of the microvascular architecture and the autoregulatory response under both healthy

and pathological states.

Note that the perfusion (in mL/min/100g) for the whole voxel in Figure 4.8(a) is less than

that in the central ROI in Figure 4.8(b), as expected, due to the lower vascular density in

the whole voxel as a result of voxel reconstruction artefacts discussed earlier in Section 4.2.1,

and which are collectively referred to here as the boundary effects, thereby highlighting the

importance of restricting our analysis to a central ROI at a distance from the boundaries. When

the capillary bedwas assumed to comprise 2.22%of the total volume in the greymatter cortex
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(and hence encompass 50% of the total CBV), the baseline CBV throughout the whole voxel

domain was found to be 4.25ml/100g, which is in good agreement with the experimentally

obtained range of values of 4.6± 1ml/100g.[240] This measurement is a rough estimate, since

the blood volume in the capillary bed, which constitutes about half of the total CBV, was

estimated from the capillary fraction in the grey matter cortex[239]; nonetheless, it serves as a

valuable measurement for tracing the changes in the total CBV, the quantifiable CBV metric

from the perfusion maps.

Lastly, we look at the results of the global parameter sensitivity analysis. Traditionally, there

have been few attempts to quantify themost important parameters in haemodynamicmodels;

these considerations, however, are becoming increasingly important for ”preventing models

from becoming unvalidated black boxes with too many/few parameters.”[81] The µEE metric

in Figures 4.9(a) and 4.9(b) assesses the overall influence of the factor on the output. Mean-

while, the σEE metric estimates the ensemble of factor’s effects, whether nonlinear and/or

due to interaction with other factors; a high value indicates that the effect of the parameter

on the output is closely tied to the choice of its and other parameters’ values.[204] However,

factors with non-monotonic effects can produce both positive and negative elements in the el-

ementary distribution, thus producing a low µEE even for an important factor, which is why

it is important for the value of µEE for each parameter to be considered against the values of

both σEE and µ|EE| of that parameter, as has been done in this study.

All the points of the µ|EE| vs µEE plot in Figure 4.9(b) lie on or very close to the µ|EE| = µEE

line, indicating a high degree of monotonicity for all the model parameters. This is supported

by the input-output scatterplots (see Appendix B.1) examining the influence of the two vari-

ables Sα and G on the final perfusion and CBV, in which there are clearly identifiable and

monotonic input-output trends. The points for the maximal fractional change in compliance

parameter, ∆C+/C0, lie close to the origin in all the EE plots and indicate that the parame-

ter can be regarded as non-influential and thus it can be potentially factor-fixed in the future

to reduce the model’s dimensional parameter space. This is understandable, given that for

the small perturbations in inlet blood pressure examined here (< 15%), the vessel compli-

ance is far from its saturation limits and is still operating in the relatively linear regime of the

stiffness-compliance curve in Figure 3.1.
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The sensitivity analysis results indicate that the myogenic sensitivity (Sα) is the most influ-

ential factor affecting perfusion and CBV since it has the greatest values across all σEE , µ|EE|

and σEE metrics. Examining the total effects in the input-output scatterplots (in Appendix

B.1), the myogenic sensitivity input factor appears to be the more dominant factor affecting

capillary perfusion and CBV changes, as indicated by the greater slope between Sα and the

outputs. While one has to be careful from making any direct conclusions from a sensitivity

analysis, this result supports the conclusion of the myogenic dominance in the earlier mod-

elling studies[82],[86] and in Chapter 3, although ultimately a direct comparison with the pre-

vious models cannot be made due to different methods and network representations used.

It is interesting to note that this result resembles what happens in the case of autoregula-

tion mechanisms in retinal microcirculation.[262],[263] The retinal and cerebral microcircula-

tion share many physiological and morphological properties, with recent interest in utilising

non-invasive clinical assessment and measurements of the state of autoregulation and vas-

cular reactivity in the retinal microvasculature as a marker for the cerebral autoregulation

state.[264],[265] Hence, while the exact network geometry used in this study is specific to the

cortical cerebral microvasculature, the mathematical model can be extended to other regions

of the body.

Examining Figure 4.9(a), the endothelial sensitivity (Sτ) has a greater µEE compared to the

stiffness-compliance central slope parameter (G) for both perfusion and penetrating vessel

CBV output parameters, leading one to think that Sτ could be the more important factor.

However, variations inG produce greater σEE , possibly indicating a greater interaction of the

parameter with the other input parameters. This is understandable, given that in the stiffness-

compliance formulation used in this model, as summarised in Figure 3.1, the effects of both

the myogenic and endothelial mechanisms are mapped onto the compliance via the factorG.

Hence, both factors can be flagged as important factors influencing the output.

TheMC analysis conducted to generate the scatterplots (in Appendix B.1) could also be used

to give further insight into the autoregulation response. With up to±25% variation in Sα and

G from their baseline values, the recovery of perfusion and changes in penetrating treeCBVdo

not exceed 2% and 4.5%, respectively, from their initial values, despite the monotonic effects

of the variables. It should be noted that the parameter baseline values are not unequivocally

established at this stage, and hence the results are by nomeans conclusive. Nonetheless, these
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results could indicate that while the myogenic response plays a significant role in attenuating

the rCBF drop in response to the CPP drop, it might be insufficient in itself to restore the

perfusion close to the baseline values, and other mechanisms must also play a role.

Given that our model employs a dynamic network representation of the arteriolar vessels, it

is very much well-suited for the purposes of examining the other mechanisms responsible

for dCA and their interplay, as well as the associated pathological conditions, such as ves-

sel occlusion or remodelling of mural cell coverage, or the myogenic response impairment

implicated in acute ischaemic stroke, all of which predominantly occur at the level of the in-

dividual vessel.[2],[17],[27],[266] For instance, some of themechanisms that could be investigated

with our model include the conducted vascular response that relies on the propagation of the

vasomotor signal, as demonstrated in Chapter 6, the modelling of which would require the

ability to account for the vessel connectivity and geometry, and the neurovascular response,

an intrinsically local response that requires consideration of the local changes in flow, all the

requirements of which are provided by our model.

In this study, we did not account for the role of the capillaries and pericytes in regulating

flow, which is becoming increasingly recognised.[5],[76]–[78] This is due to the much slower

response dynamics of the capillary vessels, which are relatively stable over time, at least over

the timescale explored in this study.[24],[27] Nonetheless, in the future, and for simulations

over a longer period, the model can be used to account for the contribution of the capillaries

and pericytes to the regulation of the flow at the network scale, for instance, via a varying

value for the capillary bed permeability, whose dynamics can be obtained from conducting

simulations over a periodic micro-cell of the capillary network.

Regarding the limitations of themodel, the homogenisation approach is not capable of captur-

ing the discrete paths of blood flow through the capillary bed.[43] Furthermore, as discussed

in Section 2.3, the cerebralmicrovasculature exists as a continuumofmorphologies; hence, the

transition boundary between the branching penetrating arterioles, modelled here as discrete

vessels, and the mesh-like capillary bed, which is homogenised and treated as a porous con-

tinuum, is not as straightforwardly delineated. Nonetheless, when examining the diameter

and the vessel generation number (from the pial surface) of the statistically generated[39] arte-

riole vessel trees used in constructing the MRI voxel-sized networks, we find that they mostly
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agree with the proposed nomenclature and categorisation distilled by Hartman et al.,[27] de-

scribed in Section 2.3. The terminal vessels have been found to approximately correspond

to the ACT region that is covered by the ensheathing pericytes, while the vessels upstream

correspond to the penetrating arterioles, covered by VSM cells. This means that the vessels

downstream of the terminal arterioles, which in our multiscale network would be part of the

homogenised capillary bed, are indeed likely to belong to the net-like vessels of the capillary

bed that are covered with mesh pericytes. Additional attributes of the cortical microvascu-

lature, such as the precapillary sphincters and the distension of the lumen that often occurs

right after (denoted as the bulb),[71] can be integrated in the future into the multiscale net-

work model, for instance, by incorporating such features into the density-filling algorithms

used to generate the penetrating vessels based on statistical morphological data.[39]

4.5 Conclusion

The framework developed here lays down the foundation for enabling dynamic simulations

of CBF and control over sizeable portions of the cerebral cortex, as well as for further valida-

tion and uncertainty quantification of the model output and its parameters. These, in turn,

can shift the role of microvasculature modelling frommerely providing the BCs for the larger

vessels to being actively studied in normal and diseased conditions, whether when examined

in isolation, or as part of dynamic multiscale whole-brain perfusion models where the mi-

crovasculature model developed here is coupled to 1-D models of blood flow in the larger

arteries. Hence, the model in this study constitutes an important step towards gaining a bet-

ter understanding of the disruptions in flow that occur in the cerebral microvasculature, their

role in the initiation and progression of brain pathologies, as well as the interaction of the

microvasculature with the rest of the circulation, enabling a better representation of cerebral

haemodynamics across the vast scale range of the brain vasculature, from the carotid artery

with a diameter close to 6mm down to the capillaries with a diameter of approximately 6µm.
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Chapter 5

Using Approximate Bayesian Computation Schemes to

Calibrate the Compliance Feedback Model

Abstract

This chapter aims to utilise available experimental data on the vessels’ elastic and au-

toregulatory behaviour, primarily the myogenic and endothelial responses, to calibrate

the parameters and functional form of the compliance feedback model. We devise and

employ a two-stage sequential MC approximate Bayesian computation (ABC) scheme to

obtain a posterior distribution for the model parameter space. The final parameter space

distribution is informed by the prior distributions and knowledge of the parameters, the

model dynamics, and the available experimental data. The experimental data used in this

chapter traces the changes in vessel calibre of individual arteriolar vessels in response to

changes in intraluminal pressure and/or the pressure gradient, which correspond to the

myogenic and endothelial mechanisms, respectively. Furthermore, we demonstrate how

the adoption of a suitable parameter calibration scheme can help provide insights into

the mechanistic features of the dynamical system. Namely, the ABC scheme reveals that

there is a marked difference in the time constants between themyogenic-induced dilation

and constriction. Overall, upon parameter calibration, the compliance feedback model

achieves very good agreement with the experimental measurements, despite the limited

data availability. This indicates that the compliance feedback model utilised is a simple,

compact, and physiologically grounded characterisation of the autoregulatory response,

and could enhance the model’s potential clinical utility in the future.
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5.1 Introduction

In models of CA and CBF control, there have been very few attempts to estimate the model

parameter values in a rigorous manner or to quantify which ones are the most influential.

This is partly because models describing the elastic and autoregulatory behaviour of the arte-

riolar vessels tend to be overparameterized (see[124],[209] for example) and often include more

relevant laws than the limited amount of available data would support.[204] For this reason, in

Chapters 3 and 4, we have relied on a simple representation, the compliance feedback model,

to characterise the elastic and autoregulatory behaviour of the individual vessels; this, in turn,

would facilitate parameter assignment from the limited data available.

The experiments by Kuo et al.[155],[267] are, to the best of our knowledge, the only experiments

that trace the change in the diameters of the individual arteriole vessels when activating the

myogenic and endothelial mechanisms, both in isolation as well as when interacting, in re-

sponse to changes in the transmural pressure and the pressure gradient. In these experiments,

the arteriole vessels are first identified and isolated, and the ends of each arteriole vessel are

cannulated and secured with glass micro-pipettes. Each of the two tips is connected to an

independent reservoir system. The cannulated arteriole can be pressurized without flow by

setting the reservoirs at the two ends to the same hydrostatic level, which can be achieved

by simultaneously moving both reservoirs in the same direction, thereby initiating the myo-

genic response without the endothelial response. Conversely, flow can be initiated by si-

multaneously moving the reservoirs in opposite directions by the same magnitude thereby

generating a pressure difference (∆P ) and initiating the endothelial response without alter-

ing the midpoint intraluminal pressure (PI). The two mechanisms are examined both under

isolation and when interacting with one another by changing the PI , ∆P , or both, and the

corresponding changes in the internal diameter of the cannulated vessel are measured con-

tinuously throughout the experiment using video-microscopic techniques.

We utilise ABC techniques to calibrate the compliance feedbackmodel parameters. ABC con-

stitutes a class of computational methods rooted in Bayesian statistics that can be used to

estimate the posterior distributions of model parameters. Let θ be a parameter vector to be

estimated. Given some prior distribution π(θ), the goal is to approximate the posterior dis-

tribution, π(θ|x) ∝ f(x|θ)π(θ), where f(x|θ) is the likelihood of obtaining the data x given
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θ.[268] ABC methods have been conceived to infer posterior distributions without having to

calculate the likelihood functions, which in many cases can be computationally intractable

or too costly to evaluate.[268] Instead, they exploit the computational efficiency of modern

simulation techniques by replacing the calculation of the likelihood with a comparison be-

tween the measured and simulated data, via some form ofMC simulations, which in our case

would correspond to the output of the dynamic compliance feedback model. We have used

the compliance feedback model in Chapters 3 and 4 for model development, verification, and

parameter sensitivity analysis, as well as to provide general insight into the interactions be-

tween the myogenic and endothelial responses prior to parameter extraction. Hereon, we

introduce a few modifications to the compliance feedback model to achieve better parameter

calibration while still maintaining its mathematical simplicity and numerical feasibility.

To this end, we first describe the experimental data by Kuo et al. used to calibrate the compli-

ance feedbackmodel. We then describe themodifications applied to the compliance feedback

model used in Chapters 3 and 4, and the reasons behind introducing these modifications. We

then describe the two-stage ABC iterative schemes devised and utilised in this study and

present the results for each stage, which correspond to the parameter posterior distributions,

as well as the comparison between the simulated and the measured diameter traces. Finally,

we discuss the results and insights from the parameter calibration approach adopted in this

chapter and offer concluding remarks.

5.2 Experimental Data used for Model Calibration

Figure 5.1 demonstrates the continuousmeasurements in internal diameters of the six isolated

vessels from the two studies in response to the changes in PI and ∆P . The isolated arterioles

from the two studies have in-vivo diameters in the range of 40−80µm, and lengths in the range

of 0.7 − 1.1mm.[155],[267] Since the model is not suitable for large perturbations in pressure

and compliance, the experimental data by kuo et al.[155],[267] have been effectively truncated

so as not to include any time series points in which the perturbations in PI and ∆P from

the baseline value are greater than 40 cm H2O (30 mmHg) and 10 cm H2O (7.3 mmHg),

respectively. Also, any step changes in PI and ∆P input functions were slightly smoothed

out to circumvent any singularities in the numerical simulation output. It should be noted
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that these experimental data are for porcine coronary autoregulating arterioles; while the use

of animal models to try and understand the behaviour of human physiology is not without

flaws,[81] it does provide a useful starting point from which this can be attempted, especially

since obtaining in vivo human data is naturally very difficult.

5.3 Model Mathematical Formulation

Equation (3.9) characterises the dynamic relationship between the vessel pressure and diam-

eter, and how the relationship is altered due to the effect of the autoregulatory mechanisms

on vessel compliance. The initial diameters of the vessels can be determined from the in-

dividual experimental measurements. The exact lengths of the vessels, however, which are

needed to calculate the baseline compliance and the vessel volume rate of change according

to Equations (3.7) and (3.9), have not been specified for each experiment. Hence, we use the

definition of compliance per unit length (C∗ = C/L) and rewrite Equation (3.9) as:

2πR
dR

dt
= C∗

bPI + P v
dC∗

dt
(5.1)

where C∗
b is the baseline compliance per unit length and is now equal to:

C∗
b =

3πR3
0

2Eh
(5.2)

We first assume a linear feedback model emulating first-order low-pass filter dynamics for

each of the myogenic (xm) and endothelial (xe) activation factors, which are then combined

into a single activation factor. This is in contrast to assuming a single equation for the vessel

stiffness (k) for both the endothelial and myogenic responses in Chapters 3 and 4. The sep-

aration is carried out to account for the potentially different time constants between the two

mechanisms; indeed, at least in non-cerebral vascular beds, shear stress-based regulation is a

slow process, characterised by a time constant on the order of 60s.[269],[270] Furthermore, the

separation would facilitate the incorporation of additional autoregulatory feedback mecha-

nisms, which we carry out in Chapter 6.
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(a) (b)

(c) (d)

(e) (f)

Figure 5.1: The experimental data, reproduced from the traces by Kuo et al.[155],[267] which includes continuous
recordings of the internal diameters of six arteriolar vessels when changing the intraluminal pressure (PI) and
the pressure difference (∆P ). The data has been deliberately truncated so as not to include any time series
points in which the perturbations in PI and ∆P from baseline are greater than 40 cm H2O (30 mmHg) and 10
cm H2O (7.3 mmHg), respectively. The subfigures (a-f) correspond to experiments (1-6).
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Secondly, we note that, conventionally, the myogenic response initiation has been modelled

to be driven by changes in the transmural pressure (PI).[121],[156] However, physiologically

speaking, the vessel VSM wall cannot directly detect changes in the transmural pressure but

rather responds to alterations in the tension in the VSMwall,[84],[85] as described in Section 2.4,

the latter of which is modified via changes in the transmural pressure according to Laplace’s

law: T = PIR (note here that intramural and transmural pressure are used interchangeably

since Pext is assumed to be negligible). Accordingly, in the modified feedback model, the

perturbation signal initiating the myogenic response is a change in the VSM tension and not

PI .

In the previous compliance feedback model, the gain factor S for each of the myogenic and

endothelial responses amplified the perturbations in each of the transmural pressure and

shear stress from their baseline values. At the time, such a choice for a model was satisfac-

tory when the goal was to get an ’activation’ of these two mechanisms following decreases in

the transmural and shear stresses. However, physiologically speaking, the myogenic and en-

dothelial responses are present and set the vessel tone during, or even below baseline tension

and shear stress values,[2],[271] and the dCA is affected by the basal VSM tone.[80] Hence, in

this newmodel, the activation term for each of the two responses depends on the perturbation

from a reference value of tension T0 and shear value τ0 (equal to shear stress divided by 2L),

respectively, at which the myogenic or endothelial gain factor would be zero. Furthermore,

to ensure that no activation (or deactivation) happens below such reference values, we also

borrow from the field of neural networks the rectifier or ReLU activation function:

ReLU(x) = max(0, x) (5.3)

such that the perturbation signal for each of the two responses first goes through the ReLU

function before being amplified by the gain factor. Finally, as seen in Figures 5.1(b), 5.1(c),

5.1(d), 5.1(e), and 5.1(f), we notice that when endothelial-induced constriction takes place as

a result of a drop in∆P , there is a delay before the constriction takes place (for Figure 5.1(b),

the endothelial constriction is postulated to occur as a result of removing the vessel from

an environment where shear stress was present, to the experimental setup where ∆P = 0).

This delay can be hypothesized (though in no way confirmed) to occur as a result of the
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presence of lingering nitric oxide endothelial factor that takes time to degrade[271] or wash

away through advection and diffusion when the shear stress acting on the endothelial layer

decreases. Regardless of the underlying physiological basis, this delay in activation (d) can

be simply mathematically described as:

d =


ζ dτ

dt < 0

0 otherwise
(5.4)

Incorporating all these changes into the previous compliance feedback model, we obtain the

two first-order low-pass filter dynamic equations for the myogenic and endothelial activation

factors:

dxm

dt
=

1

τm

(
−xm + Sm

(
ReLU

(
RPI − T0

T0

)))
(5.5)

dxe

dt
=

1

τe

(
−xe + Se

(
ReLU

(
R(t− d)∆P (t− d)− τ0

τ0

)))
(5.6)

where τm and τe are the time constants of the myogenic and endothelial mechanisms, respec-

tively. S is the sensitivity, or gain factor, for the perturbations of each of the wall tension

or shear stress from their reference values. The sum of the myogenic and endothelial acti-

vation factors is then non-linearly mapped into the vessel compliance via a non-symmetrical

sigmoidal function, similar to the stiffness-compliance feedback model in Chapters 3 and 4:

C∗ = C∗
b

[
1 +

∆C±

Cbtanh
(
1
G

C0

∆C± (xe − xm)
)] (5.7)

We differentiate Equation (5.7) with respect to time to obtain an expression for dC
dt in terms

of xe and xm, as well as their rates of change, dxm

dt and dxe

dt , the expressions for which can be

derived from Equations (5.5) and (5.6). The expression for dC
dt can then be inserted into Equa-

tion (5.1), to obtain the first-order differential equation for the rate of change of the internal

radius:
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dR

dt
=

1

2πR

[
C∗

bPI + P v
C∗

b

G
sech2

(
C∗

b

G
(xe − xm)

)
·

(
xm

τm
− Sm

τm

(
ReLU

(
RPint − T0

T0

))
− xe

τe
+

Se

τe

(
ReLU

(
R(t− d)∆P (t− d)− τ0

τ0

)))]
(5.8)

Equations (5.5), (5.6), and (5.8) form a system of three first-order non-linear ODEs in terms

of the system variables U:

dU
dt

= f(U, θ,X) (5.9)

where U = [R, xm, xe]
T are the system variables, θ = [Sm, Se, G, T0, τ0, τm, τe, d]

T are the eight

model parameters, and X = [IP ,∆P ]T is the input vector for the experimental setup. Note

that from the state variables U, only R is directly measured. Furthermore, to account for

errors in the radialmeasurements anduncertainties in the state variables, the initial conditions

Ui = [Ri, xmi, xei]
T are also assumed to be unknown and are concatenatedwith the parameter

vector θ to obtain the vector of variables V to be calibrated.

5.4 First-Stage Approximate Bayesian Computation

The simplest ABC algorithm is the ABC rejection sampler,[272] which is summarised below:

1. Sample candidate parameter vector θ∗ from some proposal (prior) distribution π(θ).

2. Simulate a dataset x∗ from the dynamic model, described by a conditional probability

distribution f(x|θ∗).

3. Compare the simulated dataset, x∗, with the experimental data, x0, using a distance

function, d and tolerance ϵ. If d(x0, x
∗) ≤ ϵ, accept θ∗, otherwise reject.

4. Return to step (1) and repeat.
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The ABC rejection sampler is very easy to implement, and relies on the generation of inde-

pendent realisations and thus can be very easily parallelised. However, the acceptance rate

is low when the prior distribution is very different from the posterior distribution.[268],[273]

In our model, while some form of a prior distribution can be constructed for some parame-

ters based on physiological grounds (e.g. the time constants), the prior distribution for other

parameters cannot be approximated a priori, as discussed in Section 5.4. To mitigate this

problem, Marjoram et al.[273] introduced a Markov Chain Monte Carlo (MCMC) scheme for

generating observations from a posterior distribution without the use of likelihoods. How-

ever, when we tried implementing the MCMC AMC algorithm, we ended up with very long

chains, and the chains often got stuck in regions of low probability for a long time. This has

indeed been identified as a potential disadvantage of ABC MCMC algorithms as a result of

the correlated nature of samples coupled with the potentially low acceptance probability.[268]

Furthermore, since MCMC algorithms rely on some form of a perturbation kernel to obtain

the parameter space for the next iteration from the previous iteration, the process cannot be

straightforwardly parallelised.

The disadvantages above can, at least in part, be mitigated in ABC algorithms based on SMC

methods, which were first developed by Sisson[274] and later adapted by Toni et al.[268] One

of the key features of SMC methods is that the acceptance tolerances gradually tighten from

one iteration to another, such that the distributions gradually evolve or converge towards the

target distribution. The two proposedABC SMCalgorithms, however, are toomathematically

involved, especially when there are multiple parameters to be calibrated.

As an alternative, we have devised our own iterative SMCalgorithm for parameter calibration,

which utilises the notion of sequential narrowing of the tolerances and convergence of the

parameter distributions, while bypassing the mathematical intricacy of the two developed

SMC methods mentioned earlier. As shall be demonstrated, the iterative algorithm devised

here is not entirely streamlined but rather requires systematic input and analysis by the user

between each iteration to fit and convert the posterior distribution from one iteration into the

prior distribution of the next iteration, and to decide on the tolerances of the next iteration.

Nonetheless, given that we only have one dynamic model to verify and for which to extract

the parameters, and given that for each iteration the realisations can be run independently

thereby permitting the parallelisation of the computation, the semi-automated nature of the
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algorithm did not pose any major challenges. The first-stage algorithm is summarised below:

1 f o r i =1: r %number o f i t e r a t i o n s

2 V = sample (pi_V , MC) %I n i t i a l i z e the vec to r space V = [ theta , U_i ] by ...

sampling from the p r i o r d i s t r i b u t i o n f o r a t o t a l o f MC number o f ...

r e a l i s a t i o n s .

3 accepted_V = [ ]

4 f o r j =1:MC %f o r each r e a l i s a t i o n j in the MC r e a l i z a t i o n s generated :

5 D_j = obtain_diameter_trace (V, P_I , dP) %Simulate the diameter ...

da ta se t us ing the dynamic model , sub j e c t to the exper imenta l ...

inputs o f P_I( t ) and Delta P( t ) o f the exper iment .

6 i f i=1 %f o r f i r s t i t e r a t i o n only use two - e r r o r norm

7 i f L2 (D_j ,D_0) ≤ eps i lon_2 %i f the two - e r r o r norm i s with in ...

p r e s c r i b e d t o l e r a n c e

8 accepted_V [ end +1 , : ] = theta %accept r e a l i z a t i o n

9 e l s e i f i ̸= 1

10 i f L2 (D_j ,D_0) ≤ eps i lon_2 & L4(D_j ,D_0)≤ eps i lon_4 & ...

L_inf (D_j ,D_0)≤e p s i l o n _ i n f %i f a l l e r r o r norms are with in ...

p r e s c r i b e d e r r o r t o l e r a n c e s

11 accepted_V [ end +1 , : ] = theta %accept r e a l i z a t i o n

12 pi_V_new = d i s t r i b u t i o n _ f i t ( accepted_V ) %Use the space o f accepted ...

r e a l i s a t i o n s to generate a p o s t e r i o r p r o b a b i l i t y d i s t r i b u t i o n that ...

i s with in a l l the p r e s c r i b e d e r r o r t o l e r a n c e s

13 pi_V = pi_v_new %Set the obtained p o s t e r i o r p r o b a b i l i t y d i s t r i b u t i o n ...

from the prev ious i t e r a t i o n to be the p r i o r d i s t r i b u t i o n f o r the ...

next i t e r a t i o n .

14 Decrease the e r r o r t o l e r a n c e ( s ) eps i lon_2 ( and eps i lon_4 and ...

e p s i l o n _ i n f f o r i >1) .

In the algorithm above, r is the number of iterations (set here to 5). For i = 1, The starting

prior distribution for the variable space V was assumed to be a Gaussian (normal) distribu-

tion, as described in Section 5.4. For the sake of simplicity, we assume that the experimental

inputs PI(t) and ∆P (t) have no associated errors. For the first iteration (i = 1), the L2 (Eu-

clidean) norm is calculated between the simulated dataset D∗
j and the measured dataset D0,

and itmust be below the error tolerance ϵ2 for the realisation to be accepted. For the remaining

iterations, the L4 andL∞ norms are also calculated andmust also be below certain thresholds
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to accept the realisation, which we have found to result in better filtering of the realisations

overall since the two norms prevent larger discrepancies for a particular time point.

After the realisations are accepted or rejected, and the space of accepted realisations Vk is

compiled, MATLAB’s DistributionFitter application from the Statistics andMachine Learning

toolbox is used to fit a univariate distribution to Vk. The choice of the univariate distribution

is selected via visual inspection of the one that provides the best fit. Themost commonly used

distributions fitted were the normal, beta, gamma, Nakagami, and Weibull distributions, but

other distributions used included the logistic, exponential, half-normal, extreme value, gen-

eralised extreme value, Burr, and Birnbaum Saunders distributions. In some cases, other

non-univariate distributions, such as a uniform distribution, were used. In rare cases, when

no univariate distributionwas deemed fit, a kernel distribution, defined by a smoothing func-

tion and a bandwidth value that controls the smoothness of the fitting curve, was used to fit

the data. The parameters characterising the posterior fitted distribution are then used to gen-

erate the variables spaceV for the next iteration fromwhich the realisations are sampled. The

error tolerances are appropriately decreased for the next iteration, the exact value by which

depends on the calculated L-norms of the accepted realisations Vk. The algorithm is first ap-

plied independently for each of the six experiments involving six different vessels, such that

for each experiment, final posterior distributions for the parameters and initial conditions are

obtained.

The ABC algorithm described above requires an initial prior distribution of the parameters.

Asmentioned, the initial distribution of all parameters (except xei) is assumed to beGaussian,

which requires two parameters to be specified, the mean (µ) and the standard deviation (σ).

The mean for the initial diameters is set to µ = D0(0) (i.e. the experimentally measured

initial diameter) and the standard deviation is set to σ = 5µm. Since the myogenic response

has been reported to occur faster than the endothelial response, the initial distributions of

the time constants are set to τm ∼ N(18, 10)s and τe ∼ N(40, 20)s in line with the range of

values from the literature.[105],[156],[267] The distributions for the gain factors of the myogenic

and endothelial responses are initialized to Sm ∼ N(4, 2) and Se ∼ N(1, 0.75), which are

approximately the values used in Chapters 3 and 4. In these previous models, the parameter

values were chosen after analysing the model output based on an overall understanding of

the behaviour of the network physiological response, with Sm chosen to be greater than Se
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due to the myogenic dominance reported in other studies.[82],[86] Similarly, the mean value for

Gwas chosen from the previousmodel simulations, to give a distribution ofG ∼ N(0.1, 0.03).

Themean values for reference values of tension (T0) and normalised shear stress (τ0) atwhich

no activation occurs were chosen to be equal to half of the baseline values of the vessel wall

tension and shear stress, respectively for each vessel. The baseline values for tension and

shear stress were extracted as follows: in the experiments by Kuo et al.,[155],[267] the baseline

value for PI reflecting in-situ conditions for vessels of such diameter and length range was

reported by the authors of the study to be 60cmH2O = 44.13mmHg (which is also the value

for P v in Equation (5.8)). The baseline (in-situ) value for the ∆P was set to 5mmHg by

extrapolating the data by Payne and Lucas,[198] which has listed the pressure drop across

the arteriolar microvessels based on their lengths and internal diameter. The distribution

mean for the constrictive endothelial response delay (ζ) was determined by calculating the

delay across the experiments between the time points at which ∆P is decreased, and the

time points when endothelial-induced constriction starts, which was then averaged across

the different experiments involving endothelial-based constriction, resulting in a distribution

of ζ ∼ N(33, 10)s.

The initial values for xm and xe for each experiment were determined by approximating the

values that give rise to the steady-state value of D0(0) using the dynamic model when the

vessel is subject to PI(0) and ∆P (0). The initial values were used as the mean, with standard

deviations of 1 and 0.75 for xm and xe respectively. For all experiments with ∆P (0) = 0,

µ(xei)was set to zero and the distribution was modelled using a half-normal distribution (i.e.

ignoring the negative values). Finally, only for the second experiment in Figure 5.1(b), an

additional parameter τ0,hist, also calculated from the initial steady-state baseline conditions,

was initialized and added to the variable space as a parameter to be calibrated. This param-

eter corresponds to the value of the normalized shear stress before starting the measurement

recording (τ(t < 0)), since at t = 0, ∆P drops, giving rise to a delayed endothelial-induced

constriction, which, according to Equation (5.8) requires prior knowledge of τ(t < 0). The

distributions were chosen such that it is highly unlikely for a random variable to have a value

< 0; nonetheless, a filtering criterion was added to prevent negative value realizations.

143



5.5 Results of the First-Stage Approximate Bayesian Computation

Figure 5.2 demonstrates a comparison between themeasured internal diameter and the values

obtained from the dynamic model simulation for each experiment when using a parameter

realisation obtained from the final posterior distribution. We can see that there is a very good

agreement between the simulated andmeasured diameter traces, except for Figure 5.2(f) cor-

responding to experiment 6. Given the low agreement between the experimental data and

model output in Figure 5.2(f), experiment 6 is excluded from the second-stage analysis in

Section 5.6, and the potential reasons for such discrepancies are discussed in Section 5.8. Fig-

ure 5.3 demonstrates an example of the evolution of the PDF for one of the parameters as it

converges towards its final posterior distribution across the first-stage ABC scheme iterations.

We can see that the range (and hence the uncertainty) in the parameter values narrows, and

the distribution changes from a normal to a slightly left-side skewed (Weibull) distribution

as it converges across the iterations.

Figures 5.4(a) and 5.4(b) demonstrate the final posterior distribution for τm for experiments

involvingmyogenic-induced dilation (due to a decrease in wall tension), while Figures 5.4(c)

and 5.4(d) demonstrate the distribution of τm obtained fromexperiments involvingmyogenic-

induced constriction (due to an increase in wall tension). While there is a general agreement

in the final distributions of τm within each group, we can see that τm in the case of a con-

striction response converges to a final distribution encompassing greater values compared

to that of myogenic-induced dilation. We can approximate the time constants for myogenic

dilation and constriction directly from the experiments, by calculating the time it takes from

the initiation of the myogenic response for the vessel diameter to drop to 1− 1/e of its value.

Indeed, the interquartile values of τm for myogenic-induced constriction of (48-61) seconds

are greater than those calculated for myogenic-induced dilation of (21-34) seconds. A sim-

ilar trend can be noticed for the extracted variable distribution of Sm (results not shown),

in which the distribution tends to be the same within the experiments involving myogenic-

induced constriction or those involvingmyogenic-induced dilation, but the distribution in the

case of dilation encompass values that are higher ( ≈ 3− 5 interquartile values) compared to

the distribution in the case of constriction ( ≈ 1− 3 interquartile values).

This effectively demonstrates how sequential ABC schemes can not only be used for model
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(a) Experiment 1 (b) Experiment 2

(c) Experiment 3 (d) Experiment 4

(e) Experiment 5 (f) Experiment 6
Figure 5.2: The first-stage ABC results of the dynamic model simulations when choosing a realisation from the
final posterior variable space distribution for each experiment (sim), compared to the experimental measure-
ments obtained by kuo et al.[155],[267] (measured). The model achieves good agreement for all vessels/experi-
ments except for experiment/vessel 6, the data for which are hence not used for the second-stage ABC scheme.
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(a) (b)

(c) (d)

(e) (f)
Figure 5.3: The evolution of the probability distribution function across the five iterations of the first-stage ABC
scheme for the tension reference parameter T0 (Pa.m) for experiment 3. The red lines correspond to the univari-
ate distributions (or kernel functions) that are fitted to the posterior data after each iteration. The distributions
fitted to the posterior data across the iterations are as follows: (a) normal (r=0), (b) Nakagami (r=1), (c) nor-
mal kernel smoothing function (r=2), (d) Weibull (r=3), (e) Weibull (r=4), and (f) Burr (r=5).
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(a) (b)

(c) (d)
Figure 5.4: The final first-stage posterior distributions of τm (in seconds) from experiments (3 and 5) involving
myogenic-induced dilation due to a decrease in wall tension (top figures (a) and (b)), and from experiments (4
and 6) involving myogenic-induced constriction due to an increase in wall tension (bottom figures (c) and (d)).

parameter calibration and validation but can also give insight into the mechanistic features

of the dynamical system that the model is trying to simulate; in this case, it elucidates the

differences in the myogenic time response and sensitivity between vessel dilation and vessel

constriction. Accordingly, for the second-state ABC in which we seek a unified parameter

distribution based on all experiments simultaneously, we differentiate between the two cases

of myogenic-induced constriction and dilation, as described in Section 5.6.

5.6 Second-Stage Approximate Bayesian Computation

The ABC scheme aims to obtain a single final probability distribution of the model parame-

ters. The final distributions obtained from the first stage relate to each experiment (i.e. vessel)

individually. Due to the interaction and non-linear effects between the model parameters il-

lustrated in Chapters 3 and 4, the final distributions for the model parameters cannot be sim-
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ply combined across the different experiments to obtain a single distribution representative

of all experiments. The final distribution for the model parameters must fit all relevant ex-

periments, meaning that a single realisation of the parameter space must simultaneously lie

within the prescribed error tolerance across all the relevant experiments for it to be accepted.

To this end, we carry out a second round of an iterative ABC scheme as described below.

First, we divide the experiments, the results for which are demonstrated in Figure 5.1, into

two groups: group A encompassing experiments (1, 3, and 5), where the myogenic response

is dilation-based, and group B encompassing experiments (1, 2, and 4) inwhich themyogenic

response results in constriction. Note that both groups include experiment 1, which does not

feature any significant myogenic response (PI is kept constant), but is rather used to help

calibrate the parameters of the endothelial response along with the other experiments in the

group.

Within each group, variables that are specific to the individual experimental setup (the initial

conditions Di, xmi, xei) are treated independently and are sampled from the final posterior

distribution of the first-stage ABC in Section 5.4. Meanwhile, variables that are shared (all

the parameter space θ) are sampled from a single distribution. The prior distribution for the

shared parameters is initially constructed by sampling from the fitted final posterior distri-

butions from section 5.4 with an equal probability across the three experiments within each

group. Note that for the first iteration, the final posterior distributions of the parameters from

the first-stage ABC of the myogenic response (T0, τm and Sm) for experiment 1 are not used in

constructing the prior distribution in second-stage ABC, since the myogenic response is not

directly induced in that experiment.

Next, we devise an iterative ABC algorithm, where, just as in the first-stage in Section 5.4,

a variable space realisation is accepted only if the L2, L4, and L∞ norms across all three ex-

perimental measurements and simulation outputs are within the prescribed error tolerances;

these, in turn, being gradually narrowed across the iterations. Again, just as for the first-stage

ABC, the fitted posterior distributions for a particular iteration become the prior distribution

for the next iteration from which the variable space is sampled. Note that after the first itera-

tion, before the parameter space starts to converge, the posterior parameter distributions can

(and tend to be) be multimodal (mostly bimodal), and hence cannot be fit by the univariate
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(a) (b)
Figure 5.5: (a) The posterior bimodal distribution for the parameter Se, obtained after the first iteration of the
second-stage ABC scheme for group B experiments (experiments 1,2, and 4). (b) The prior bimodal distribu-
tion (purple), constructed from the weighted mixture of two normal distributions (orange and red) to fit the
posterior data (blue).

distribution options offered by the DistributionFitter application. In that case, if upon visual

inspection the distribution is found to be bimodal, then a separate algorithm, developed to fit

a bimodal distribution to the data through the weighted mixture of two normal distributions,

is used. Figure 5.5(a) shows the initial bimodal distribution for the Se parameter after the

first iteration of the second-stage ABC algorithm for experiments group B, and Figure 5.5(b)

demonstrates how the distribution can be approximated from the weighted mixture of two

normal distributions. Themultimodal parameter distributionwould then gradually converge

into a more pronounced univariate distribution across the iterations, as shown for the final

distribution in Figure 5.7(b). The algorithm for the second-stage iterative SMC ABC scheme

is described below.

1 f o r i =1: r %number o f i t e r a t i o n s

2 V = sample (pi_V , MC) %I n i t i a l i z e the vec to r space V = [ theta , U_i ] by ...

sampling from the p r i o r d i s t r i b u t i o n f o r a t o t a l o f MC number o f ...

r e a l i s a t i o n s .

3 accepted_V = [ ]

4 f o r j =1:MC %f o r each r e a l i s a t i o n j in the MC r e a l i z a t i o n s generated :

5 D_j_1 = obtain_diameter_trace (V, P_I_1 , dP_1) %Simulate the f i r s t ...

d iameter datase t from the f i r s t experiment us ing the dynamic ...

model , s ub j e c t to the exper imenta l inputs o f P_I_1( t ) and ...

Delta_P_1 ( t ) o f the exper iment .

6 i f L2 (D_j_1 ,D_1) ≤ eps i lon_2 & L4(D_j_1 ,D_1)≤ eps i lon_4 & ...

L_inf (D_j_1 ,D_1)≤e p s i l o n _ i n f %i f a l l e r r o r norms are with in ...
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pr e s c r i b e d e r r o r t o l e r a n c e s f o r f i r s t experiment

7 D_j_2 = obtain_diameter_trace (V, P_I_2 , dP_2) %Simulate the ...

second diameter datase t from the second experiment ...

us ing the dynamic model , sub j e c t to the exper imenta l ...

inputs o f P_I_2( t ) and Delta_P_2 ( t )

8 i f L2(D_j_2 ,D_2) ≤ eps i lon_2 & L4(D_j_2 ,D_2)≤ eps i lon_4 & ...

L_inf (D_j_2 ,D_2)≤e p s i l o n _ i n f %i f a l l e r r o r norms are ...

with in p r e s c r i b e d e r r o r t o l e r a n c e s f o r second experiment

9 D_j_3 = obtain_diameter_trace (V, P_I_3 , dP_3) %Simulate ...

the th i rd diameter datase t from the th i rd ...

experiment us ing the dynamic model , sub j e c t to the ...

exper imenta l inputs o f P_I_3( t ) and Delta_P_3 ( t )

10 i f L2 (D_j_3 ,D_3) ≤ eps i lon_2 & L4(D_j_3 ,D_3)≤ eps i lon_4 ...

& L_inf (D_j_3 ,D_3)≤e p s i l o n _ i n f %i f a l l e r r o r norms ...

are with in p r e s c r i b e d e r r o r t o l e r a n c e s f o r th i rd ...

experiment

11 accepted_V [ end +1 , : ] = theta %accept r e a l i z a t i o n

12 pi_V_new = d i s t r i b u t i o n _ f i t ( accepted_V ) %Use the space o f accepted ...

r e a l i s a t i o n s to generate a p o s t e r i o r p r o b a b i l i t y d i s t r i b u t i o n that ...

i s with in a l l the p r e s c r i b e d e r r o r t o l e r a n c e s f o r a l l exper iments ...

s imu l taneous ly

13 pi_V = pi_v_new %Set the obtained p o s t e r i o r p r o b a b i l i t y d i s t r i b u t i o n ...

from the prev ious i t e r a t i o n to be the p r i o r d i s t r i b u t i o n f o r the ...

next i t e r a t i o n .

14 Decrease the e r r o r t o l e r a n c e ( s ) epsi lon_2 , epsi lon_4 , and e p s i l o n _ i n f

5.7 Results of the second-stage ABC scheme

Figures 5.6 and 5.7 show the final unifiedmodel parameter distributions for group A (experi-

ments 1, 3, and 5where themyogenic response elicits dilation) and group B (1, 2 and 4, where

themyogenic response is constriction-based), after 5 iterations (r=5) of the second-stageABC

algorithm. Figures 5.8 and 5.9 illustrate comparisons between the measured internal diame-

ter and the values obtained from the dynamic model simulation for each experiment when

using a parameter realisation obtained from the final posterior distribution.
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(a) Sm (normal) (b) Se (normal) (c)G (normal) (d) Delay d [s] (Burr)

(e) T0 [Pa.m] (normal) (f) τ0 [Pa.m] (normal) (g) τm [s] (normal) (h) τe [s] (gamma)
Figure 5.6: The final posterior distribution of the eight model parameters obtained from the second-stage ABC
scheme (5 iterations) for group A experiments (1, 3 and 5), in which the myogenic response (if any) results in
dilation. The best-fit univariate distribution (red curves) family type is indicated below each figure.

(a) Sm (normal) (b) Se (normal) (c)G (Weibull) (d) Delay d [s] (normal)

(e) T0 [Pa.m] (normal) (f) τ0 [Pa.m] (normal) (g) τm [s] (normal)
(h) τe [s] (Generalized Extreme
Value)

Figure 5.7: The final posterior distribution of the eight model parameters obtained from the second-stage ABC
scheme (5 iterations) for group B experiments (1, 2 and 4), in which the myogenic response (if any) results in
constriction. The best-fit univariate distribution (red curves) family type is indicated below each figure.

(a) Experiment 5 (b) Experiment 3 (c) Experiment 1
Figure 5.8: Examples comparing the traces of the simulated datasets to those of experimental measurements
for each of the experiments in Group A, after sampling from the unified parameter distribution in Figure 5.6
obtained from the second-stage ABC scheme.
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(a) Experiment 4 (b) Experiment 2 (c) Experiment 1
Figure 5.9: Examples comparing the traces of the simulated datasets to those of experimental measurements
for each of the experiments in Group B, after sampling from the unified parameter distribution in Figure 5.7
obtained from the second-stage ABC scheme.

5.8 Discussion

In this chapter, we have presented a two-stage semi-automated parameter calibration algo-

rithm and used it to calibrate parameter values for the vessel compliance model, which incor-

porates the myogenic and endothelial responses. The experimental data used for calibration

consists of diameter traces of individual arteriolar vessels in response to the stimulation of the

myogenic or endothelial mechanisms, as well as their interactions. Five out of the six exper-

iments available across the two studies by the same research group,[155],[267] were ultimately

used for parameter calibration. In the second-stage ABC scheme, and based on the results of

the first-stage scheme, the experiments were divided into two groups (with one experiment

present in both groups), to distinguish between myogenic-induced dilation and constriction.

The distributions of the parameters characterising themyogenic response (Sm, τm, and T0) are

different between the two groups, with the constriction-based myogenic response exhibiting

lower values of Sm, higher values of τm, and slightly higher values of T0. Hence, it appears

that the vessel responds faster and stronger to a drop in blood pressure viamyogenic-induced

dilation than to an increase in blood pressure eliciting myogenic-induced constriction. The

mechanisms underlying this greater reactivity to hypotension than to hypertension may be

related to a greater influence of vasodilator than vasoconstriction mediators on intracranial

vascular tone.[92],[275] In other words, ensuring proper oxygenation might be more important

than exerting protective influences elicited by hypertension. The differences in the parame-

ter distributions characterising the myogenic response illustrate how adopting a suitable pa-

rameter calibration scheme to analyse experimental data could potentially provide valuable

insights into the mechanisms and pathways of dynamical biological systems under study.
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Meanwhile, there is a very good overall agreement and overlap in the remaining model pa-

rameter values between groups A and B, demonstrating general consistency and reliability of

the compliance feedback model to reproduce the vessel response dynamics.

For the second-stage ABC scheme, the final parameter space distribution within each group

was collectively calibrated based on data from all three experiments in that group; thus, it

is understood as somewhat of a compromise between the optimal distributions of the three

experiments within each group. This explains why the agreement between the simulated

and measured traces in Figures 5.6 and 5.7 is slightly less pronounced than in Figures 5.2(a),

5.2(b), 5.2(c), 5.2(d) and 5.2(e) from the first-stage ABC scheme, in which the parameter dis-

tributions were independently calibrated for each experiment. Nonetheless, sampling from

the final unified distribution has resulted in an overall very good agreement among all five

experiments in groups A and B, meaning that the compliance feedback dynamic model can

achieve great accuracy following parameter calibration, all whilemaintaining a very low com-

putational cost: the simulation duration per realization for a single vessel was< 2swhen run

on a Desktop computer for a 300s simulation time. Furthermore, while the final distributions

in Figures 5.6 and 5.7 are meant to accommodate data from all three experimental setups

within each group, the distributions are sufficiently narrow that a meaningful range of the

parameter values can be obtained and used in future simulations (see Chapter 6).

Next, we discuss some of the reasons for the discrepancy between the simulated and mea-

sured diameter traces for experiment 6 in Figure 5.1(f), which was excluded from the second-

stage ABC scheme. First, we note that there is a delay of about 10s between the increase in PI

and the myogenic-induced vessel constriction (and a delay of about 4.5s between the increase

in∆P and the following endothelial-induced dilation). In the compartmental model by Lan-

zarone et al.,[276] a pure delay of 2.5s was introduced to simulate the time interval between the

reading of the arteriolar pressure and the myogenic response of the smooth muscle, poten-

tially as a result of the viscoelastic behaviour of the vessel wall.[95],[277],[278] However, these vis-

coelastic effects seem to be small within the physiological range of pressure and flow,[171],[210]

which is why many models using tube laws derived from linear elastic theory disregard the

viscoelastic behaviour.[171] Considering that the myogenic time delay is negligible in the re-

maining experiments exhibiting increases in PI , the 10s delay seems unlikely to be due to the

viscoelastic effects. Second, we note that there is an increase in the vessel diameter occurring
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simultaneously with the increase in PI , and this could be attributed to the ’passive’ compo-

nent of the vessel compliance behaviour in our model; i.e., before the myogenic-induced con-

striction takes place. However, this increase of 17µm seems to be quite significant, especially

when compared to the passive changes observed in the other experiments conducted under

similar conditions. Experimental data can be affected by confounding factors and corrupted

by artefacts and noise, such that an accurate calibration can sometimes be difficult to achieve.

Data thus have always to be treated with caution. Furthermore, we recognize that the com-

pliance feedbackmodel, while physiologically grounded, is a simplified representation of the

VSM cell dynamics. Ultimately, given the significant discrepancies between the simulation

results and measurements, we decided to exclude experiment 6 from further analysis so as

not to erroneously affect the parameter calibration process.

Note that we have treated the maximal and minimal fractional change in compliance param-

eters (∆C±

Cb
)) as constants, with values of 10 and 0.8, respectively, based on the values from

a previous compliance feedback model.[105] Incorporating those additional parameters into

the variable space could have resulted in a better fit between the simulated data set and the

experimental measurements, but we opted not to include them to maintain a reasonable pa-

rameter space dimensionality, with eight model parameters. In addition, potentially better

fits between the simulated datasets and the measurements, as well as narrower final pos-

terior distributions, could have been obtained by increasing the number of iterations in the

second-stage ABC scheme, but we have generally found that after conducting five iterations

the decrease in the error norms is insignificant, especially when contrasted against the in-

creased computational cost. We note that in the future, the semi-automated algorithm could

be potentially streamlined so that it is entirely automated, by exclusively using smoothing

kernels, as opposed to relying on known univariate (or bivariate) distributions, to fit the pos-

terior distributions. However, the designation of the error tolerances, which get gradually

reduced in the SMC scheme across the iterations, did require some trial and error process

that necessitated intervention in between the ABC iterations.
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5.9 Conclusion

Overall, we have demonstrated that the chosen compliance model functional form provides

a succinct but suitable description of the vessel behaviour mechanics. While haemodynamic

models and mathematical formulations, especially ones characterising the vessel compliance

and autoregulatory responses, traditionally tend to be either law-driven or data-driven, the

calibration of the parameter space and the functional form of the compliance feedback model

means that the model combines both approaches. The mathematical simplicity, computa-

tional feasibility, physiological relevance, and favourable agreement with the experimental

data render the compliance feedback model a suitable candidate to be integrated into haemo-

dynamic simulations and future clinical studies.
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Chapter 6

The Conducted Vascular Response as a Mediator of

Hypercapnic Reactivity: A Modelling Study

Abstract

It is well established that CBF shows exquisite sensitivity to changes in the arterial

blood partial pressure ofCO2 (Pa,CO2), which is reflected by an index termed cerebrovas-

cular reactivity. In response to elevations in Pa,CO2
(hypercapnia), the vessels of the cere-

bral microvasculature dilate, thereby decreasing the vascular resistance and increasing

CBF. Due to the challenges of access, scale and complexity encountered when studying

themicrovasculature, however, themechanisms behind cerebrovascular reactivity are not

fully understood. Experiments have previously established that the cholinergic release of

the Acetylcholine (ACh) neurotransmitter in the cortex is a prerequisite for the hypercap-

nic response. It is also known that ACh functions as an endothelial-dependent agonist, in

which the local administration of ACh elicits local hyperpolarization in the vascular wall;

this hyperpolarization signal is then propagated upstream the vascular network through

the endothelial layer and is coupled to a vasodilatory response in the VSM layer in what

is known as the conducted vascular response (CVR). Finally, experimental data indicate

that the hypercapnic response ismore strongly correlatedwith theCO2 levels in the tissue

than in the arterioles. Accordingly, we hypothesize that the CVR, evoked by increases in

local tissue CO2 levels and a subsequent local release of ACh, is responsible for the CBF

increase observed in response to elevations in Pa,CO2
. By constructing physiologically

grounded dynamic models of CBF and control in the cerebral vasculature, ones that inte-

grate the available knowledge and experimental data, we build a new model of the series

of signalling events and pathways underpinning the hypercapnic response and use the

model to provide compelling evidence that corroborates the aforementioned hypothesis.

If the CVR indeed acts as a mediator of the hypercapnic response, the proposed mech-

anism would provide an important addition to our understanding of the repertoire of

metabolic signalling pathways possessed by the brain andwouldmotivate further in-vivo

investigation. We also model the interaction of the hypercapnic response with the mech-

anisms of dCA and show how the dCA mechanisms, which otherwise tend to be over-

looked when analysing experimental results of cerebrovascular reactivity, could play a

significant role in shaping the CBF response to elevations in Pa,CO2
. Such in-silicomodels
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can be used in tandem with in-vivo experiments to expand our understanding of cere-

brovascular diseases, which continue to be among the leading causes of morbidity and

mortality in humans.

6.1 Introduction

6.1.1 Cerebrovascular Reactivity

It is well established that the cerebral vasculature is profoundly affected by the bloodCO2 gas

levels.[279] Elevations in the arterial partial pressure of CO2 (Pa,CO2), known as hypercapnia,

lead to vascular dilation and a corresponding increase in CBF, whereas reductions in Pa,CO2

(hypocapnia) lead to vasoconstriction and a subsequent decrease in CBF.[280] This ability of

the cerebrovascular bed to constrict or dilate with changes in Pa,CO2 is reflected by an index

called cerebrovascular reactivity.[92] The highly sensitive CBF response to blood CO2 levels

serves as a vital homeostatic regulator that helps regulate and maintain the central pH in

the environment surrounding the brain parenchyma.[92] Impairments in the cerebrovascular

reactivity response have been implicated with numerous cerebrovascular pathologies includ-

ing ischaemia,[281] small vessel disease,[282] cognitive impairment[283] and Alzheimer’s,[284] as

well as with peripheral pathologies, such as breathing instability in patients with obstructive

sleep apnea[285] via interactions with the chemoreflex control of breathing.[92]

The mechanism behind cerebrovascular reactivity has not, however, yet been fully eluci-

dated.[92],[286]–[288] Experimental evidence indicates the vasodilatory response involves the ac-

tivation ofK+ channels on the VSM and ECs, resulting in hyperpolarization and a decrease in

the activity of voltage-dependent Ca2+ channels; the reduced intracellular Ca2+ then lead to

VSM relaxation and dilation.[288]–[292] This theory is supported by the fact that the ECs express

four different types ofK+ channels,[292],[293] and that the endothelial and smooth muscle lay-

ers are connected via connexin myoendothelial gap junctions that relay the membrane poten-

tial changes from the endothelial layer to the VSM layer.[288],[294],[295] Another complementary

pathway proposed involves the activation of nitric oxide synthase in ECs in response to in-

creased CO2 levels and/or pH[296]–[298]; nitric oxide, which functions as a vasoactive factor, is

then released and diffuses into the VSM cells resulting in relaxation.[92],[288]
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The precise mechanism through which changes in blood CO2 levels evoke endothelial and

VSM hyperpolarization remains to be understood. Some authors[299],[300] have proposed that

the influence of CO2 in the cerebral circulation involves the direct effects of extracellular pH

on pial vessels. This theory, however, does not account for the different response dynamics

between hypercapnic-induced dilation and hypocapnia-induced constriction. It has become

increasingly clear that the cerebrovascular response to changes in CO2 levels, is not symmet-

ric, with the hypocapnic and hypercapnic responses exhibiting considerable differences in the

speed and sensitivity of the response, location of signal initiation, and correlations with the

blood gas levels in the different arteriole, venule and tissue compartments.

While the cerebrovascular reactivity is generally reported to be around 2 − 4% around the

baseline conditions,[286],[301],[302] a closer examination reveals a higher sensitivity in the hyper-

capnic range compared to the hypocapnic range.[303]–[307] Ainslee and Duffin[92] have specu-

lated that, from a functional perspective, the higher reactivity in the hypercapnic rangemight

serve as a protective mechanism to prevent compromised CBF during transient drops in ar-

terial CO2 levels, which could occur in a range of physiological (eg., exercise or postural

changes) or pathological (e.g. congestive heart failure, anxiety attacks, asthma) situations.

In other words, preserving sufficient oxygenation of cerebral tissue might be more important

than mitigating pH disturbances. Furthermore, experimental data on cerebrovascular reac-

tivity have reported that there was a threshold in Pa,CO2 (as low as ≈ 44.4mmHg), above

which increases in CO2 tension can also result in increases in blood pressure.[92],[286] Such

hypercapnia-induced increases in blood pressure would contribute to increases in CBF irre-

spective of changes in vascular resistance, and would thus mask the true interpretation of

cerebrovascular reactivity,[92] which is conventionally ascribed to the changes in CBF that

arise as a result of adaptive changes in vessel calibre.[92]

Interestingly, the cerebrovascular reactivity in the hypercapnic range has been reported to

be significantly higher (by 97%) when presented against jugular venous partial pressure in-

stead of that in the arterioles, compared to a relatively modest increase (by only 24%) in the

hypocapnic case.[92] Experimental observations demonstrate that during hypocapnic condi-

tions, Pa,CO2 may have a more important role in dictating the CBF response than the partial

pressure in the jugular vein.[308] However, under conditions of CO2 elevation, changes in the

jugular venous CO2 partial pressure provided a better correlation to the CBF response com-
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pared to changes in Pa,CO2 .[309] Furthermore, while the hypocapnic-induced vasoconstriction

is unaffected by vessel size, it is primarily the smallest blood vessels that are most respon-

sive to elevations in CO2 levels.[310] For instance, in cats, when Pa,CO2 was increased from

35−43.5mmHg to 47−117mmHg the average percentage increase in the diameter of arteriole

vessels of ≤ 30µm resting diameter was 92%, nearly threefold that of vessels of resting diam-

eter of ≥ 30µm (34%). Meanwhile, when Pa,CO2 was lowered from 35− 45 to 17− 33mmHg,

the average percentage decreases in diameters were 16.9% and 13.9% across the two vessel

groups.[307] Finally, we note the earlier works of Kontos et al.,[299] which demonstrated that,

while vasodilation as a result of an increase in Pa,CO2 was completely inhibited by a reduction

in CSF CO2 (which is likely reflective of tissue CO2 levels, Pt,CO2), an equivalent reduction in

Pt,CO2 but under normal Pa,CO2 resulted in no vasoconstriction. Given that the jugular venous

CO2 partial pressure is likely to be a closer index ofPt,CO2 thanPa,CO2 is toPt,CO2 ,[305],[311]–[314]

these experimental findings seem to reflect a differential control of CBF, that is primarily in-

stigated by changes in the CO2 levels on the arterial side during hypocapnia,[315] and brain

tissue CO2 levels during hypercapnia; the latter would, in theory, permit a response that is

more specific and reflective of the tissue environment and metabolic demands, thereby cir-

cumventing the risk of hypoperfusion.

Different values have been reported in the literature regarding the speed and latency of the

cerebrovascular response to CO2,[307] and in many cases, the data do not allow for a calcu-

lation of an exact time constant.[316] For example, Poulin et al.[287] reported a time constant

of 45s for a hypercapnic stimulus, while a value of 80s can be approximated from the data

by Shapiro et al.[309] In one study measuring the hypercapnic response, a time constant of

up to 339.2s was reported for the hypercapnic response (and 40.9s for the hypocapnic re-

sponse).[317] Meanwhile, for the CBF response to a step hypocanic response, Severinghaus

and Lassen[308] found a time constant of about 18s. These differences in timescale can be at-

tributed, in part, to different studies relying on different measurement techniques and mea-

suring different quantities; for instance, it has been proposed that the delay between the input

and output reported in some studies is a result of measuring end-tidal PCO2 as opposed to

directly measuring Pa,CO2 and that delay differences seem to derive from different speeds for

CO2 uptake anddifferent transit time it takes for blood to pass fromblood to the brain.[122],[307]

Furthermore, it is worth noting that different experimental protocols for changing CO2 gas
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blood levels could give rise to different response dynamics. For instance, the steady-state and

rebreathing techniques, the two methods employed to elicit changes in blood CO2 levels, can

result in different incremental changes in Pt,CO2 ,[312],[313] and can have different effects on the

CO2 gradients between the arterial, venous and brain tissue compartments, which could ex-

plain the differences in the reported cerebrovascular reactivity between the two methods.[92]

Clearly, this is a case in which a better understanding of the physiological changes induced by

changes in blood CO2 levels can help better interpret experimental data, which, at times, can

appear contradictory, and assist researchers in making a more informed decision regarding

the choice of breathing intervention, depending on the objectives of the experiment.

Finally, while previous compartmental models have used the same value (20s) for the cere-

brovascular reactivity time constant under both hypocanpic andhypercapnic responses,[86],[122]

results from the same experimental protocol suggest that the two responses operate on dif-

ferent time scales. For instance, the fitted time constant for the hypercapnic response was

more than seven times larger than that for the hypocapnic response, with the cerebrovascu-

lar response reaching its peak by around 6 seconds and 2 minutes following hypocapnic and

hypercapnic step protocols, respectively.[287] Similarly, the time constant for the hypocapnic

response in anaesthetized cats when measuring the end-tidal PCO2 was 8.3 times smaller on

average than that for the hypercapnic response.[317] While such experiments provide impor-

tant and valuable insights, it is difficult to rely on such limited data, most of which provide

information on only the arterial-venous CO2 partial pressure gradients with no information

on the CO2 flux across the brain, to obtain accurate interpretation and representation of the

mechanisms behind the cerebrovascular reactivity response.[92]

Discerning the physiological dynamics behind cerebrovascular reactivity is also crucial for

understanding the pathophysiology behind impaired reactivity, and its implications on the

brain and the body. For instance, an emerging field of interest is the interaction between cere-

brovascular reactivity and the ventilatory response.[92] An impaired CBF reactivity response

affects the control of central pH, which would in turn alter the gain of the chemoreflex control

of breathing andmay thus be a critical cause behind breathing instability that occurs in central

sleep apnoea in patients with cognitive heart failure,[92] a notion that indeed has been sup-

ported by experimental studies.[306],[318] In such a scenario, understanding the physiological

mechanisms behind cerebrovascular reactivity can help better elucidate the close relationship
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between CBF and chemoreflex control of breathing, and help provide a more integrative and

holistic understanding and treatment of the pathologies underpinning breathing instability.

However, given that the hypercapnic response occurs predominantly in the cerebralmicrovas-

culature,[307],[310] our capacity to investigate the response’s physiological dynamics and ori-

gins in vivo becomes limited due to the challenges of access, insufficient spatial and temporal

resolutions, and complexity of the cerebral microcirculation.[319] The authors of a previous

study[287] have remarked that a first-order model consisting of a single delay, gain term, time

constant and offset may be an oversimplified representation of the CBF dynamics recorded

during a hypercapnic protocol. Consistent with this notion, another study demonstrated that

the initial CBF response to a step change in thePa,CO2 is a highly complex processwithmarked

intrasubject variability,[92] and that no stable relation is observable between vessel diameter

andPa,CO2 .[307]Furthermore, experimental data examining the reactivity response (see[287] for

example) lack the time resolution required to capture the nuances of the complex hypercap-

nic response. Finally, experiments assessing the cerebrovascular reactivity examine either the

overall response of CBF in response to blood CO2 level changes or the response of individual

vessels to changes in pH. Hence, they are unable to capture the spatial and regional variations

in the vascular response, as well as the possible interactions between the vessels within the

interconnected network, the characterisation of which is crucial, given the strong coupling

between the haemodynamics of blood flow, and the precise vascular architecture.[26],[125]

Increasingly,mathematicalmodelling is beingutilised to provide an alternative, precisely con-

trolled tool for investigating biophysical phenomena,[320] especially when accompanied by

corroborating in-vivo data. Unhampered by the limitations of the in-vivo experiments, in-silico

models can play a vital role in filling in the gap in our understanding of the in vivo function

of the brain. In this study, we integrate established experimental data and knowledge con-

cerning the structural, chemical and electrical properties of the microvasculature, and encode

these pathwayswithin amathematical computational framework that is then used to enhance

our understanding of the in vivo processes within the brain, and offer a viable explanation

of the sequence of events underpinning the physiological origins and dynamics of the hy-

percapnic response. The in-silico model developed in this study offers a fast, easy, and safe

environment for selectively altering the constituent signalling components of the hypercap-

nic response. By comparing the model output under the different simulation conditions with
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experimental and clinical data, the model can provide researchers with insight into the sig-

nalling components that are affected in cases of a compromised hypercapnic response and can

help guide clinicians towards the development and administration of better-targeted drugs

and treatment plans.

To this end, we first review the evidence from experimental data that motivates the choice

of signalling pathways used in this study. We then describe how such signalling pathways

can be mathematically formulated and encoded into the computational simulations. We also

demonstrate how the model parameter values of the constituent cellular pathways can be

calibrated and verified from the experimental data available. Finally, we run dynamic sim-

ulations of CBF and control and compare the model output to available experimental data

characterising the overall response of the vasculature to assess the validity of the hypothesis

being tested regarding the mechanistic origins and dynamics of the hypercapnic response.

6.1.2 Experimental Background

Acetylcholine as a Mediator of the Cerebral Hypercapnic Response We first review the

experimental evidence that supports the involvement of the ACh cholinergic system in medi-

ating the effects of hypercapnia on cerebrovascular resistance. ACh released from the neurons

or the supporting glial cells is known to affect cerebrovascular resistance and CBF.[321]–[325]

The administration of atropine in animals, an agent that blocks the AChmuscarinic receptors,

has been shown to completely block the hypercapnic-induced increase in CBF, though it did

not affect the CBF under normocapnic conditions when the animals were breathing normal

air.[326] Furthermore, the hypercapnic CBF response was considerably amplified upon the

administration of esserine, an inhibitor of cholinesterases that breaks down ACh.[326] Other

experiments have similarly reported that the increase in CBF normally accompanying hyper-

capnia is potentiated by the inhibition of acetylcholinesterase activity, and reduced or abol-

ished by muscarinic cholinergic receptor blocking agents,[323],[327],[328] thereby corroborating

the notion that the hypercapnic response is mediated via a cholinergic step.

The involvement of the cholinergic pathway in the hypercapnic response seems to occur

through the release of the ACh neurotransmitter and its local effect on the blood vessels.

Previous experiments have established the presence of cholinergic neurons in the cortex,[329]
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as well as the presence of cholinergic dilatory receptors on the surface of cortical vessels.[330]

The release of ACh in the cortex was shown to induce vasodilation and an increase in regional

cortical CBF.[322] The dilatory effects of ACh were abolished in the cerebral arteries and ar-

terioles of M5 muscarinic receptor knockout mice, but not the extra cerebral arteries outside

the brain, implying that cholinergic dilation is uniquely mediated by M5 receptors situated

on the cerebral blood vessels.[331] Furthermore, the fact that elevations in CO2 levels did not

trigger ACh release in in-vitro preparations[332] suggests that ACh efflux likely originates from

the brain neuronal and glial cells.

Metz et al.[333] showed that hypercapnia evoked a significant increase in ACh release from

the cerebral cortex above baseline levels. Interestingly, a combined stimulus of hypoxia and

hypercapnia produced a similar ACh release comparable to the hypercapnia alone, while hy-

poxia alone did not affect ACh release,[333] indicating that the release of ACh is a direct result

of elevated CO2 (or decreased pH) levels. Along the same lines, other experimental obser-

vations reported that the effects of elevated CO2 levels on ACh release were not correlated

with metabolic activity.[323],[332] These experimental results seem to echo the more general

notion put forward by Zhu et al.,[334] which is that the main signalling pathways involved in

neurovascular coupling and metabolic feedback mechanism rely on the release of vasoactive

molecules by neurons and astrocytes that would then act on the contractile cells of the vessel

walls, rather than on direct metabolic feedback signals such as glucose levels.[335],[336]

We also discuss the relationship between ACh release and pathological conditions involv-

ing impaired CBF, notably cerebral ischaemia. Under transient ischaemic conditions, there is

an increase in ACh release,[337]–[339] which was hypothesized to stabilize CBF in cerebral is-

chaemia.[323] Such an increase could be theorized to occur due to the decreased flow of blood

and the reduced washout of accumulating CO2 produced from metabolism. When the is-

chaemic state is prolonged, ACh output decreases, potentially due to decreased availability

and synthesis ofAChprecursors, notablyAcetyl-CoA.[323],[337],[340],[341] This reduced availabil-

ity of ACh was hypothesised to impair the survival of cells within the CNS and contribute to

the pathology of dementia.[323] Conversely, ACh enhancers significantly improved perfusion

in experimental models of cerebral ischaemia and brain traumatic injury.[323] Clearly, under-

standing the dynamic relationship between CBF control and ACh release can open new av-

enues for understanding both the disease conditions and potential treatments of cerebrovas-
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cular diseases.

TheConductedVascularResponse Endothelial-dependent agonists administered in prepa-

rations and animal models elicit remarkably robust conducted vasodilations whose magni-

tudes are positively correlated with hyperpolarization.[294] The electrical responses always

preceded the local changes in diameter, and both decayed with distance in an electronic man-

ner.[294],[342] Perhaps the most notable of those agonists administered is ACh, which has rou-

tinely and characteristically evoked a conducted response that spread several mm along the

arterial connection and cross-branching points.[343],[344] Experimental data have confirmed

that ECs acted as both the local source of charge production in response to ACh administra-

tion, as well as the primary pathway for conducting the hyperpolarization current lengthwise

along the arterial wall.[295],[342],[343],[345],[346]

The arterial wall is optimally designed to facilitate the upstream ’ascension’ of the CVR from

the penetrating arterioles to the cortical surface.[295] In arterioles, ACh hyperpolarizes the

ECs by activating Ca2+-activated K+ channels.[343] Direct cell-cell contact, as well as homo-

cellular junctions between the ECs, were deemed as the two pathways for the longitudinal

electrical conduction,[295] since interventions that diminished the gap junctional conductance

or introduced a focal disruption in the endothelium impaired or eliminated the longitudi-

nal hyperpolarization spread and the corresponding vasomotor responses along the arteri-

oles,[295],[342],[347],[348] while reciprocal experiments introducing focal disruption to the VSM

connectivity did not attenuate the spread of the hyperpolarization signal.[342],[345]

As the hyperpolarization signal travels along the endothelium, it is transmitted into the sur-

rounding VSMs via connexin myoendothelial gap junctions, promoting vessel wall relaxation

by decreasing intracellular levels ofCa2+ which decreases the levels ofmyosin-light phospho-

rylation required for VSM contraction.[295],[346],[349]–[353] Constrictor responses on the other

hand, which are often but not exclusively initiated in VSM cells, spread with a marked de-

gree of variability,[294] and generally decay steeply with distance.[353]

Summary and Hypothesis Summing up the principal points in Section 6.1.2, we note that:

1) the hypercapnic response is mediated in some means by the cholinergic release of ACh, 2)

164



ACh plays a prominent role as an endothelial agonist evoking local hyperpolarization that is

then robustly conducted upstream via the endothelial layer, and 3) the hyperpolarizing cur-

rent in the endothelial layer is transmitted to the VSM layer via myoendothelial gap junctions,

thereby eliciting a vasodilatory response by changing the vessel wall tone. Given the previous

data and information in Section 6.1.2, we hypothesise that the ACh and CVR signalling path-

ways, which are utilised in neurovascular coupling, are also activated during the hypercapnic

response to allow for sufficient and widespread coordinated vasodilation in response to ele-

vations in tissue CO2. The capillary bed and pericytes have already been shown to function

as an extensive sensory web[5] to detect and transmit neuronal signals with ECs, astrocytes

and other pericytes during NVCs,[294],[354]–[357] and in theory, the upstream conduction of the

dilatory response from the regions exhibiting an increased CO2 burden would allow for a

finer, more precise, and more efficient delivery and redistribution of blood and oxygen to the

regions experiencing a mismatch between blood supply and demand.

Nonetheless, the isolated and correlative nature of these observational, cause-and-effect in-

vivo studies means they are insufficient to establish a reconciliatory explanation of signalling

mechanisms behind the cerebral hypercapnic response. To test this hypothesis, we propose a

computational model of the hypercapnic response, which comprises the following four com-

ponents: 1) the chemical signal, in the form of ACh release, in response to the increase in

tissue CO2, 2) the electrical event responsible for the local current generation and changes

in membrane potential in response to ACh release, 3) the charge spread along the endothe-

lium responsible for conducting the dilatory response upstream, and finally 4) the mechan-

ical events translating changes in membrane potential into tone development in the VSM.

The different components of the hypercapnic response according to our model, along with

their interaction with the rest of the components of the cerebrovasculature, are summarised

in Figure 6.1.
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Figure 6.1: Summary of the components of the hypercapnic response in the model (indicated by bold and
solid arrows and borders), and their interactions with the rest of the CBF control mechanisms (indicated by the
dashed lines). The hypercapnic response is evoked by changes in tissue CO2 levels, which could happen as
a result of changes in any of the Pa,CO2

, capillary CBF or tissue metabolism. Increases in tissue CO2 concen-
trations above their baseline values result in the local release of ACh, an endothelial agonist that elicits a local
hyperpolarization response in the ECs. This hyperpolarization response is conducted upstream of the arteriolar
network through the endothelial layer. The hyperpolarizing currents are conducted from the ECs to the adja-
cent circumferential VSM cells via myoendothelial gap junctions, causing the VSM cells to relax and the vessels
to dilate, decreasing vascular resistance and thus increasing CBF. The hypercapnic response interacts with the
myogenic and endothelial responses, which, in response to perturbations in the vessel wall tension and the shear
stress, respectively, also alter the vessel tone.

6.2 Mathematical Model Formulation

6.2.1 The Metabolic Response: Signal Initiation

In our model, the metabolic response is initiated as a result of an increase in CO2 levels, sim-

ilar to the approach adopted by[86],[358] in their lumped compartmental models, given the

role of CO2 as a potent vasodilator,[299] as is in line with experimental findings like that by

Auerr[307] who, in light of the lag between Pa,CO2 and diameter changes, suggested there is

a metabolic event between changes in Pa,CO2 and its effect, vessel dilation. In this model,

the hypercapnic response is mediated by changes in brain tissue CO2 concentration, Ct,CO2 ,

rather than theCO2 concentration in the arterioles,Ca,CO2 , as theCt,CO2 provides a better cor-

relate of the physiological stimulus during hypercapnia,[305],[311]–[314] as discussed in Section

6.1. However, it is the Pa,CO2 that has been customarily correlated in experimental measure-

ments to changes in CBF in experiments quantifying the cerebral vasoreactivity (see for exam-
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ple[286],[301],[302]). Furthermore, in such experiments, a hypercapnic state is achieved through

voluntary modulations of the breathing pattern, including hyperventilation, breath-holding,

and paced breathing[288],[359],[360] or by inhalation of CO2-enriched gas.[288],[361],[362] Hence, it

is theCO2 level on the arterial sidewhich is directly influenced by suchmanoeuvres. To allow

for comparison and validation of the model output with experimental data, it is important to

formulate the initial stimulus in our model, Ct,CO2 , in terms of Pa,CO2 , which can be achieved

by considering the molar balance betweenCO2 production and disposal in a volume of tissue

perfused by a capillary segment[86]:

dCt,CO2

dt
= mCO2 −

Qc

Vt
(Cv,CO2 − Ca,CO2) (6.1)

where mCO2 corresponds to the rate of CO2 production in the brain tissue (in mol/(m3.s)),

Qc is the flow through the capillary bed perfusing a particular volume of brain tissue Vt, and

Cv,CO2 is theCO2 concentration (inmol/m3) on the venule side of the capillary bed. Note that,

since Equation (6.1) refers to the molar balance of CO2 as blood passes through the capillary

bed, Ca,CO2 refers to the total content per unit volume of CO2 in the arterioles, including

that which is bound to haemoglobin, rather than solely to that which is dissolved in blood

plasma (Cp,CO2). Given that the CO2 dissolved in the arteriolar plasma constitutes around

6% of Ca,CO2 ,[363] and CO2 has a solubility of 0.07mLCO2/(100mL.mmHg) in arterial blood

at body temperature,[364] a relationship between Pa,CO2 and Ca,CO2 which includes the total

CO2 content (dissolved and haemoglobin bound) can accordingly be derived:

Ca,CO2 =

(
0.5208mol

m3mmHg

)
Pa,CO2 (6.2)

Due to its significantly higher solubility in water, CO2 can diffuse about 20 times as rapidly as

O2,[365] such that the pressure difference required to cause CO2 diffusion is far less than the

pressure difference required for O2 diffusion.[299],[365] Hence, with a partial pressure differ-

ence between intracellular, interstitial, and venous CO2 of less than 1mmHg,[365] we assume

that the tissue CO2 is in equilibrium with venous CO2, as has been previously assumed in

other modelling studies.[86] Note that for two dissolved gases to be in equilibrium, their par-

tial pressures (not their concentrations) should be equal.[86],[366]
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The relationship between venous CO2 concentration and partial pressure can be described

by Equation (6.3), which has been empirically derived from reduced blood samples having

14.7g% Hb in a sample of healthy exercising individuals[367]:

Cv,CO2 = Cv,CO2,0

(
Pv,CO2

Pv,CO2,0

)0.34

(6.3)

with Cv,CO2,0 = 21mol/m3 and Pv,CO2,0 = 40mmHg. By combining Equation (6.3) with

measurements of brain tissue CO2 concentrations and partial pressures measured in dog

brains,[368] and using the aforementioned assumption of equal partial pressures between the

two compartments, Spronck et al.[86] empirically derived a linear relationship between Ct,CO2

and Cv,CO2 :

Cv,CO2 = αt,vCt,CO2 + βt,v (6.4)

where αt,v = 0.96 and βt,v = 8.9mol/m3. Inserting Equation (6.4) into Equation (6.1), we can

obtain an equation relating Ct,CO2 to Ca,CO2 , mCO2 , and Qc:

dCt,CO2

dt
+

Qc

Vt
αt,vCt,CO2 = mCO2 +

Qc

Vt
(Ca,CO2 − βt,v) (6.5)

When applying Equation (6.5) to the 13-generation network proposed byPayne andLucas[198]

that is used in Chapter 3, if wewere to assume a simple Krogh-cylinder arrangement, inwhich

tissue is treated as a continuum of cells and represented as an array of uniformly distributed

cylinders, then each capillary vessel independently perfuses a separate concentric tissue vol-

ume, Vt,i,[369] such that Qc,i refers to the flow through each capillary vessel. When applying

the model to a multiscale network like the one constructed in Chapter 4, we assume that ter-

minal arterioles feeding into the capillary bed are in sufficient proximity to the cholinergic

site of ACh release, with a representative tissue volume surrounding each terminal arteriole,

such that Qc,i would refer to the flow out of each terminal arteriole into the capillary contin-

uum, also perusing a particular tissue segment of volume Vt,i. The use of the venous-arteriole

CO2 concentration gradient in Equation (6.1) in the multiscale network as a proxy of theCO2
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disposal is then justified by the fact that there are large overlapping regions of tissue fed and

drained by the arterioles and venules,[126] and that set of arterioles feeding the capillary bed

is in close proximity to the venous return,[86],[370] which can be indeed observed in the sta-

tistically generated multiscale network in Chapter 4, as demonstrated by the proximity of

the red and blue clusters representing the locations of the terminal arterioles and venules,

respectively, in Figure 4.2(d).

Finally, as discussed in Section 6.1.2, changes in Ct,CO2 at each representative tissue volume

Vt,i, which could arise as a result of changes in any combination ofCa,CO2 ,mCO2 , orQc,i, would

lead to the release of ACh, which then initiates the hyperpolarization response. As discussed,

the blockage of the ACh cholinergic pathway has been shown to abolish the hypercapnic in-

crease in CBF completely, yet it did not affect the basal CBF levels when breathing normal

air.[326] On a similar note, while vasodilation as a result of increases in Pa,CO2 in arterioles has

been completely inhibited by a reduction in CSFCO2 levels (which are reflective of tissueCO2

levels), no vasoconstriction was observed with an equivalent reduction in tissue CO2 levels

when Pa,CO2 was maintained under normal levels.[299] These experimental insights indicate

that the signal triggering ACh release in response to hypercapnia is the increase in Ct,CO2

from its baseline level. To this end, we model the dynamics for such release via a first-order

low-pass filter equation:

τACh
dACh

dt
= −ACh+ SACh

(
Ct,CO2 − Ct,CO2

Ct,CO2

)
(6.6)

where τACh corresponds to the time constant characterising the ACh release in response to

increases in Ct,CO2 from its baseline value, Ct,CO2 , and SACh is the gain factor. The amount of

ACh released is in arbitrary units (see Section 6.2.2). According to Equations (6.5) and (6.6),

both a decrease in CBF or an increase in Pa,CO2 would result in an increase in ACh released

from the cortex, which is in line with experimental data.[323]

AssumingCO2 metabolism occurs due to aerobic respiration, themolarmetabolic rate ofCO2

production,mCO2 , is then equal to that ofO2 consumption, due to the identical stoichiometric

coefficients of O2 and CO2 during cellular respiration. The O2 cortical consumption rate in

normal, conscious humans is 3.2 − 3.8ml/100g/min,[371] which, assuming tissue density of
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1.04g/cm3,[372] corresponds to a metabolic rate of≈ 0.023− 0.027mol/(m3s). This is in agree-

ment with the CO2 metabolic rate of 0.58mLCO2/(kgs) used in other studies,[86],[373] (the

conversion can be done using the ideal gas law). Hence, mCO2 in our model is chosen to be

0.025mol/(m3s). Previous studies have shown that cerebralO2 consumption was unchanged

with alterations in Pa,CO2 , at least in the range comparable with those measured during cere-

brovascular reactivity testing,[3],[7],[374] meaning that, as long as the hypoxic threshold is not

reached, mCO2 can be approximately independent of the blood oxygen content and hence of

Qc. Note that metabolism can be linked to the levels of neuronal simulation (for example

see[86]), but for simplicity, we assume here there are no changes in neuronal sensory input.

We can calculate the representative tissue volume Vt,i perfused by each capillary region (Qc,i)

from the steady-state conditions (denoted by an overbar) of Equation (6.1):

Vt,i =
Qc,i

mCO2

(
Cv,CO2 − Ca,CO2

)
(6.7)

where Qc,i refers to the calculated baseline flow through the capillary segment, and for the

steady-state conditions, we assume CO2 partial pressures of 40mmHg and 45mmHg on the

arteriole and venule-sides, respectively. Note that, for the 13-generation network case, if the

Krogh cylindrical arrangement is assumed, then we obtain a Krogh radius of ≈ 36µm, which

is below the 100µm upper limit that characterises the maximum distance between the blood

vessel and cells required to ensure adequate oxygen diffusion to all tissue cells.[81] We also

obtain a ratio of≈ 9 for the tissue to capillary cylindrical radii, which is within the 7−11 ratio

used in modelling studies of O2 transport.[369],[375]

There are no available experimental data from which one can directly deduce the values of

τACh and SACh in Equation (6.6) relating changes in tissue CO2 levels to the amount of ACh

released. To calibrate the SACh parameter, we examine the overall response of the network to

elevations in Pa,CO2 , and compare the final, steady-state increase in CBF in the simulations as

a result of the electrophysiological and CVR responses (as described in Sections 6.2.2, 6.2.3,

and 6.2.4) to those recorded from experimental measurements. Experiments measuring cere-

brovascular reactivity have generally derived a linear relationship between Pa,CO2 and CBF

around baseline conditions, with a reported sensitivity in the range of 2 − 4%/mmHg de-
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pending on the study (see[286],[301],[302]). We first conduct simulations using the 13-generation

network,[198] to determine the range of values for SACh that produce a 2− 4% percentage in-

crease in CBF in response to a 1mmHg increase in Pa,CO2 , because they are significantly less

computationally involved than those on the multiscale network. The obtained SACh values

are then used to infer a value for SACh in the multiscale network, which is more representa-

tive of the microvasculature structure. The simulations are then conducted on the multiscale

network using different levels of Pa,CO2 input, to assess whether or not the model can capture

the experimentally derived linear relationship between CBF and Pa,CO2 , as well as compare

the overall time dynamics of CBF changes to those reported from experiments.

To control for the confounding factor of blood pressure increases past the hypercapnic thresh-

old, and to allow for appropriate comparison with the experimentally derived CBF −Pa,CO2

relationship, we limit the Pa,CO2 used in calibration to amaximum of 44mmHg. Also, for sim-

plicity, and due to lack of available data otherwise, we assume τACh = 1, the choice for which

is discussed in Section 6.4. Furthermore, while the reported increases in CBF as a result of

changes in CO2 levels are typically (and understandably) attributed to the cerebrovascular

reactivity response, the measurements were likely recorded under fully functional myogenic

and endothelial mechanisms that respond to the changes in the blood pressure and vessel

calibre profile across the microvasculature network; these, in turn, would interact with the

hypercapnic response. Hence, it is important to account for the presence of such mechanisms

in the simulations, which are described in Section 6.2.4, when comparing the simulation re-

sults to experimental data for purposes of verification or parameter calibration.

6.2.2 Translating the Chemical Signal into an Electrical Signal

In arterioles, ACh hyperpolarizes ECs by activating Ca2+ activated K+ channels; the hy-

perpolarizing current is then transmitted into the VSM layer via myoendothelial gap junc-

tions. A model characterising the behaviour of the coupled endothelial-VSM cell behaviour

to ACh and NE agonist administration has been previously constructed.[376],[377] The cou-

pled model was formulated by combining the EC model of Silva et al.[378] which consisted

of 10 differential equations, and the VSM model of Kapela et al.[379] which incorporated 25

ODEs, which were coupled through modelling the intercellular current and paracrine diffu-
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sion of signallingmolecules through themyoendothelial gap junctions.[376],[379] The equations

thus characterise the electrophysiological behaviour of each respective cell type by tracing the

flows of various ionic currents and signalling molecules.

Themultiple ion channels and secondarymessenger pathways throughwhich neurotransmit-

ters like ACh andNE elicit changes in the membrane potential render the mathematical mod-

elling of the EC and VSM cell membrane potential dynamics a non-trivial task.[376] It has been

subsequently demonstrated[376] that, in response to step increases in administered ACh, the

membrane potential dynamics of each of the two cell types in the coupled endothelial-VSM

cell model could be accurately and succinctly represented by the response of a second-order

system, the solution for which takes the form of:

v(t) = ae
− t−δ

τ1 + ce
− t−δ

τ2 (6.8)

where v(t) = V (t) − V ◦
m corresponds to incremental voltage changes from the cell’s resting

or quiescent membrane potential, and δ represents the delay in the EC response. This, in

turn, allowed for the extraction of the transfer function in the Laplace domain, which, assum-

ing system linearity, facilitates the interrogation of the membrane potential dynamics of the

coupled system to other forms of ACh input, and not only a step response. To examine the

appropriateness of the linear system approximation, the EC membrane potential dynamics

in response to stimulation by concomitant ACh and NE, obtained from the Laplace transfer

function approach, were compared to the membrane potential dynamics obtained from the

original coupled cell model, with a very favourable agreement between the results obtained

from the two methods,[376] thereby supporting the approximation of system linearity.

Here on, we describe how the transfer function can be used to derive an approximate relation

in the timedomain betweenACh levels and the corresponding changes inmembrane potential

in response to any ACh input. For the subsequent analysis, we shall focus on the modelling

of the EC membrane potential response to ACh simulation, since the EC layer represents the

predominant pathway of conducting the hypercapnia-induced hyperpolarization signal, as

discussed in Section 6.1.2, though the analysis is equally valid for the VSM layer.

Transforming Equation (6.8) into the Laplace domain, we obtain:
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vstep(s) =
a

s− b
e−δs +

c

s− d
e−δs (6.9)

where b = −1/τ1, and d = −1/τ2. Note the amount of ACh administered was initially for-

mulated in terms of arbitrary units (a.u), in line with the other models,[376],[379] and a value

of ACh(t) = 1 a.u was assigned to the simulation input condition of the coupled cell model

from which the Laplace model variables (a, b, c, d) were extracted. 1 a.u corresponds to the

ACh concentration in the original model by Kapela et al.[379] which yields an IP3 release rate

of 5.46 × 10−8M/s. By comparing the ACh-induced response from the models to empirical

data recorded from while-cell-patch-clampled ECs in situ in isolated vessels,[380] it was sub-

sequently determined[376] that 1 a.u approximately corresponds to an ACh concentration of

360nM . Working in terms of the a.u, the Laplace transform of the simulation input corre-

sponding to a step increase in ACh to 1 a.u can be given by:

xstep(s) =
1

s
(6.10)

and the resulting transfer function can be formulated as:

H(s) =
vstep(s)

xstep(s)
= s

(
a

s− b
+

c

s− d

)
e−δs

=

(
(a+ c) + ab

(
1

s− b

)
+ cd

(
1

s− d

))
e−δs (6.11)

The membrane potential output to any ACh administration input, ACh(s), is then equal to

v(s) = H(s)ACh(s), and can be formulated as:

v(s) = (a+ c)ACh(s)e−δs + ab
ACh(s)e−δs

s− b
+ cd

ACh(s)e−δs

s− d
(6.12)

Equation (6.12) can then be inverse Laplace transformed to obtain a numerical expression in

the time domain for the dynamics of the local incremental voltage of the endothelial layer in

terms of any ACh concentration profile (in a.u): vendo(t) = v
(
t, ACh(t)

)
. The inverse Laplace
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transform of the first term on the RHS of equation 6.12 can be given as:

L−1

(
(a+ c)ACh(s)e−δs

)
= (a+ c)ACh(t− δ) (6.13)

The second term on the RHS of equation 6.12 can be written as the product of the Laplace

transform of two functions in the time domain:

ab
ACh(s)e−δs

s− b
= F (s)G(s) (6.14)

where

F (s) = abACh(s)e−δs (6.15)

G(s) =
1

s− b
(6.16)

Consequently, f(t) = L−1

(
F (s)

)
and g(t) = L−1

(
G(s)

)
can be obtained from the inverse

Laplace transform of Equations (6.15) and (6.16):

f(t) = abACh(t− δ) (6.17)

g(t) = ebt (6.18)

Using the convolution theorem, the inverse Laplace transform of the second term in Equation

(6.12) can be written as:

L−1

(
ab

ACh(s)e−δs

s− b

)
= (f ⊛ g)(t) =

∫ t

0

eb(t−t∗)abACh(t∗ − δ) dt∗

= abebt
∫ t

0

e−bt∗ACh(t∗ − δ) dt∗ (6.19)

Using the trapezoidal integration schemewith timestep∆t (where n = t/∆t) to approximate
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the integral in Equation (6.19), and assuming steady-state conditions before any stimulus is

introduced (i.e. v(t < 0) = 0, ACh(t < 0) = 0), then we can rewrite the expression in

Equation (6.19) as:

abebt
∫ t

0

e−bt∗ACh(t∗ − δ) dt∗ ≈ abebt∆t

 t
∆t

−1∑
n=1

ACh(n∆t− δ)e−n∆tb

+
1

2
ACh(t− δ)e−bt


(6.20)

Similarly, we can obtain an expression for the inverse Laplace transform of the third term on

the RHS of Equation (6.12):

L−1

(
cd

ACh(s)e−δs

s− d

)
≈ cdedt∆t

 t
∆t

−1∑
n=1

ACh(n∆t− δ)e−n∆td

+
1

2
ACh(t− δ)e−dt


(6.21)

Finally, the expressions in Equations (6.13), (6.20), and (6.21) can be added to obtain an

expression for the local change in membrane potential in terms of any ACh concentration

profile in the time domain: vendo(t) = v
(
t, ACh(t)

)
.

Parameter Values of the Chemical-Electrical Coupling Emerson and Segal[345] reported

that the onset of ACh stimulus preceded that of hyperpolarization by 0.8 ± 0.1s in their ex-

perimental measurements. By comparing the ACh-induced response of the coupled EC-VSM

cellular model to experimental data by Carter and Ogden,[380] Rego[376] calculated a value

of 1.5s for the delay between ACh stimulus and initiation of local hyperpolarization. As a

compromise, we choose a value of δ = 1s for the delay in our model.

To obtain the values for the a, b, c, and d parameters characterising the local ACh − vm re-

lationship in Equations (6.13), (6.20) and (6.21), we fit the EC-VSM cellular coupled model

output to a step increase in ACh,[376] to the characteristic second-order response solution in

Equation (6.8), using the Curve Fitting Toolbox from MATLAB version 2023a (The Math-

Works, Natick, MA, USA). Note that the Curve Fitting Toolbox does not accommodate the

option of a response delay (δ in Equation (6.8)), and hence the vm response of the EC to a
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(a) (b)
Figure 6.2: Data points from the response of incremental change in membrane potential (vm = Vm−V ◦

m) in the
EC-VSM cellular coupledmodel output to a step increase in ACh, alongwith the fitted second order exponential
fit of the form v(t) = ae−bt + ce−dt using MATLAB Curve Fitting toolbox (R2 = 0.99078). Note that the data
points were shifted by 1s to account for the delay in Equation (6.8). (a) Residual plot for the second-order
exponential fit to the simulation data points. (b)

step ACh stimulus obtained from the model by Rego[376] was shifted in time by δ = 1s before

fitting. Figure 6.2(a) shows how the best-fit curve compares against the model output data,

while Table 6 summarises the range of values characterising the local EC Vm response to ACh

stimulus.

Table 6: Values for the parameters characterising the relationship between local ACh release and the local change
in membrane potential in Figure 6.2(a), obtained using the MATLAB Curve Fitting Toolbox.

Parameter Optimal Value Range

a -16.84 [-17.99, -15.7]

b (s−1) -1e-5 [-2.741, 0.682] e-3

c 26.24 [25, 27.48]

d (s−1) -2.259e-1 [-2.482, -2.037] e-1

6.2.3 Relaying the Electrical Signal: Cable Model

The size of the ECs transmitting the electrical response is sufficiently small that a continuum

approximation can be applied.[381] One option that can be used is the cable model. The use of

the cablemodel implies that the endothelial andVSM layers are treated as a syncytium,which,

intriguingly, despite the high myoendothelial coupling resistance,[294],[319] can be justified by

the fact that the two layers are approximately isopotential around the physiological range
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in response to endothelial-initiated agonists, with the endothelial layer eliciting near-parallel

electrical responses in the VSMs as demonstrated both in experimental[124],[342],[382],[383] and in

two cell-layeredmathematical models,[376],[384],[385] producing an arterial wall Vm in the range

of -35 to -55 mV under normal physiological conditions.[386],[387] Furthermore, VSMs lying

circumferentially on a given ring around the arteriole have the same membrane potential,

which justifies the treatment of the arteriolar tree conduction pathway as a branching network

of 1-D vessels.[383]

The cable equation can be fundamentally derived by combining the core conductor model

with a parallel conductance-capacitance circuit characterisation of the membrane electrical

properties.[382] The core conductor equation can be given by:

∂2Vm(x, t)

∂x2
= (ri + r0)Km(x, t) (6.22)

where ri and r0 are the resistances per unit length (Ω/m) of the inner and outer conductors,

respectively, with ri >> r0.[381],[382] Since longitudinal electrical conduction occurs predomi-

nantly through the endothelial layer,[346],[388] ri represents the resistance within the EC cyto-

plasm and between the EC cells through the homocellular gap junctions, and is dominated

by the latter.[381],[389] Km(x, t) is the membrane current per unit length (A/m) flowing from

the inner conductor to the outer conductor.

To use the core conductor Equation in (6.22) to find the membrane current and voltage, an-

other equation relating these variables via the electrical properties of the syncytium mem-

brane must be utilised.[382] The electrical characteristics of the cell membrane could be repre-

sented by parallel conductance and capacitance,[382] such that (Km) can be expressed as:

Km(x, t) = gm (Vm(x, t)− V ◦
m) + cm

∂Vm

∂t
(6.23)

where cm is the membrane capacitance per unit length (F/m) of the cylindrical syncytium,

representing the insulation of the lipid bilayer, and gm is the conductance per unit length

(S/m) of the syncytium membrane, representing the conduction through the membrane ion

channels. Combining Equations (6.22) and (6.23) we get the Equation for the cable model:
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1

ri + r0

∂2Vm(x, t)

∂x2
= cm

∂Vm(x, t)

∂t
+ gm(Vm(x, t)− V ◦

m) (6.24)

Expressing themembranepotential as the incremental change from its resting value (vm(x, t) =

Vm(x, t)− V ◦
m(x)), Equation (6.24) can be written in the incremental form:

1

ri + r0

∂2vm(x, t)

∂x2
= cm

∂vm(x, t)

∂t
+ gmvm(x, t) (6.25)

It is useful to define two constants; the time constant τM (s):

τM =
cm
gm

(6.26)

and the space constant λC (m):

λc =
1√

(ri + r0)gm
(6.27)

The time constant and space constant are characteristic values that indicate the speed and the

discernible distance of signal propagation, respectively.[382] Hence, it is then useful to express

the incremental form of the cable in terms of these two constants as follows:

λ2
C

∂2vm(x, t)

∂x2
= τM

∂vm(x, t)

∂t
+ vm(x, t) (6.28)

We spatially discretise the vessels within a network into grid points with a spatial discretisa-

tion step of∆xv within each vessel v. Using a step-size of∆t in the time domain, the solution

at a point (x, t) = (k∆x, n∆t) will be denoted as vnk . Equation (6.28) can then be appropri-

ately spatio-temporally discretised to obtain a linear system of equations that can be used to

solve for vn+1 in terms of vn and vt, where vt represents the incremental membrane poten-

tial at the terminal gridpoints where the electrical signal is initiated (i.e. where ACh acts).

The discretisation stencil is then dependent on whether the relevant gridpoint is an interior,

boundary, or junction gridpoint (see Figure 6.3(a) for an illustration of the gridpoint types).
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(a) (b)
Figure 6.3: The flow of the hyperpolarizing current (I) at a vessel junction from the downstream daughter
vessels (A, B) to the upstream parent vessel (C) (a). A schematic of the cable model at the junction, composed
of 3 vessels meeting at the converting node with incremental lengths of ∆x1,∆x2, and ∆x3 (b).

For an interior gridpoint at location k surrounded by two gridpoints within the same vessel

at locations k − 1 and k + 1, we can combine the second-order central spatial differencing

scheme with the second-order Crank-Nicolson (CN) method, to obtain:

λ2

2∆x2
vn+1
k−1 +

(
− λ2

∆x2
− τM

∆t
− 1

2

)
vn+1
k +

λ2

2∆x2
vn+1
k+1

= − λ2

2∆x2
vnk−1 +

(
λ2

∆x2
− τM

∆t
+

1

2

)
vnk − λ2

2∆x2
vnk+1 (6.29)

Similarly, for boundary gridpoints, a second-order, one-sided differencing scheme can be

combined with the CN method to obtain:

λ2

2∆x2
vn+1
k−2 +

−λ2

∆x2
vn+1
k−1 +

(
λ2

2∆x2
− τM

∆t
− 1

2

)
vn+1
k

=
−λ2

2∆x2
vnk−2 +

λ2

∆x2
vnk−1 +

(
− λ2

2∆x2
− τM

∆t
+

1

2

)
vnk (6.30)

To obtain an expression for vm at the junction gridpoint where vessels meet in Figure 6.3(a),

we impose the fundamental law of charge conservation at the node:

IA + IB = IC (6.31)
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and assume that the voltage drop across the junction is zero (i.e. the terminal gridpoints of

the vessels meeting at the junction are equipotential). Figure 6.3(b) shows a schematic of the

core conductor model for each of the 3 vessels meeting at the converting node with incre-

mental lengths of (∆x1,∆x2, and ∆x3), combined with a parallel conductance-capacitance

representation of the membrane used to derive the cable model. VA, VB and VC are assumed

to be equipotential (i.e. they all denote the same gridpoint), but for ease of visualisation they

have been all connected via a zero-resistance pathway to the virtual gridpoint of membrane

potential Vj in Figure 6.3(b). The variables in Equations (6.22), (6.23), and (6.25) have been

intentionally expressed in their intrinsic form; i.e, they have no dependence on the length (or

surface area) of the conductor ormembrane under consideration (see Section 6.2.5). From the

incremental representation of the cable model in Figure 6.3(b), an expression for the currents

IA, IB , and IC flowing into the terminal gridpoint can be obtained:

IA =
vA− − vA
ri∆xA

− gm∆xAvA − cm∆xA
dvA
dt

(6.32)

IB =
vB− − vB
ri∆xB

− gm∆xBvB − cm∆xB
dvB
dt

(6.33)

IC =
vC − vC−

ri∆xC
+ gm∆xCvC + cm∆xC

dvC
dt

(6.34)

Substituting Equations (6.32), (6.33), and (6.34) into Equation (6.31), replacing vA, vB and

vC by vj , and using a first-order implicit scheme for the temporal discretisation, we obtain:

(
λ2

(∑
i

1

∆xi

)
+
(τM
∆t

+ 1
)∑

i

∆xi

)
vn+1
j +

∑
i

(
vn+1
i−

−λ2

∆xi

)
=

τM
∆t

(∑
i

(∆xi)

)
vnj (6.35)

where i denotes the vessel number and vn+1
i− denotes the incremental voltage of vessel i at

the gridpoint just preceding the junction. Since the signs of the voltage terms for the vessels

meeting at the junction in Equation (6.35) are the same, the direction of the signal propagation

across a converging junction does not depend onwhether the vessel is a parent or child vessel.

In other words, the propagation of the membrane potential is independent of the direction of

CBF, as experimentally shown.[390] With Equations (6.29), (6.30) and (6.35) we have a linear
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equation characterising the membrane potential for each gridpoint. The equations can be

combined into a linear system of equations consisting of sparse matrices A and B accounting

for the respective gridpoint adjacencies and gridpoint connections:

Aa×bvn+1
b = Ba×bvnb (6.36)

matricesA and B are of size a×b, where a corresponds to the total number of interior, bound-

ary and junction gridpoints, which from now on will be collectively referred to as internal

(int) gridpoints, and b corresponds to the total number of gridpoints, including the terminal

(term) gridpoints from which the signals are initiated. Rearranging the system of Equations

in (6.37), we can finally solve for the membrane potential at the internal gridpoints (vintn+1
a ):

Aint
a×avint

n+1
a = −Aterm

a×(b−a)vterm
n+1
(b−a) + Ba×bvnb (6.37)

Note that, while the numerical CN scheme is unconditionally stable and second-order accu-

rate, it can under certain conditions give rise to oscillations that propagate as weakly damped

and could get amplified in time, thereby compromising the accuracy of the solution.[391] This

happens when there is a sudden jump in the initial or BCs, which occur, for instance, when

simulating the hypercapnic response by a sudden increase in Pa,CO2 (see Section 6.3). In Ap-

pendix C.1, we describe how the numerical solver for modelling the propagation of the elec-

trical component of the CVR is modified to circumvent the emergence of such oscillations.

6.2.4 Converting the Electrical Signal into a Vasodilatory Response

The final stage of the CVR is to convert the changes in membrane potential for each vessel

into an appropriate autoregulatory response. As the hyperpolarizing currents longitudinally

travel to neighbouring ECs by way of homocellular gap junctions, they may then be transmit-

ted radially into the surrounding VSMs, via myoendothelial gap junctions,[346],[392] resulting

in the closure of voltage-gated Ca2+ channels, and a subsequent reduction in intracellular

Ca2+.[3],[292],[393]
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When examining the physiological characteristics and effects of the cerebrovascular CO2 re-

activity, it is important to take into account the dynamics of other physiologically occurring

control feedback mechanisms at play, such as the myogenic and endothelial mechanisms. For

instance, increases in the vessel calibre as a result of changes in arterialCO2 levels, along with

the corresponding changes in the upstream and downstream transmission of pressure, can

lead to changes in the shear stress exerted on the endothelial layer, and changes in the VSM

wall tension, thereby triggering the endothelial and myogenic mechanisms in tandem with

the hypercapnia response. While the cerebrovascular reactivity measurements reported in

experimental measurements can predominantly be attributed to changes in CO2 levels, the

measurements likely reflect the combined effects of different mechanisms on cerebrovascular

resistance. Incorporating such mechanisms into the in-silico simulations of cerebrovascular

reactivity can result in better model parameter calibration and interpretation of the available

experimental data.[311]

Regardless of the vasodilatory stimulus and the corresponding pathway, whether it is changes

in vessel wall tension that trigger the myogenic response, changes in the endothelial layer

shear stress that trigger the release of vasodilatory metabolites like nitric oxide, or changes in

the membrane potential that influence the open probability of Ca2+ channels, vasodilation is

achieved via VSM relaxation as the various signalling pathways ultimately converge towards

the common denominator of reducing the amount of intracellular Ca2+, which is required to

sustain the actin-myosin cross-bridge cycling and hence VSM contraction.[2],[349]–[351],[394]

To this end, we model the effect of each of the myogenic, endothelial and conducted vascular

responses on the vessel VSM tone via an activation factor (xm, xe and xC , respectively), that is

altered via changes in the corresponding signal via a first-order equation emulating low-pass

filter dynamics:

τm
dxm

dt
= −xm + Sm

(
ReLU

(
RPI − T0

T0

))
(6.38)

τe
dxe

dt
= −xe + Se

(
ReLU

(
R(t− d)∆P (t− d)− τ0

τ0

))
(6.39)

τCV R
dxC

dt
= −xC + SCV R

(
ReLU

(
vm
V 0
m

))
(6.40)
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where PI = (Pin + Pout)/2 − Pext is the vessel intraluminal pressure in terms of the vessel

inlet, outlet and external pressures, ∆P = Pin − Pout is the pressure gradient across the ves-

sel, and R is the vessel radius. T0 and τ0 correspond to the reference tension and shear stress

values, respectively, at which the vessel exhibits no myogenic and endothelial activation, and

d corresponds to the time delay during endothelial-induced constriction (see Section 6.2.5).

Finally, τ and S denote the time constant and sensitivity, or gain, for each of the mechanisms.

The use of a first-order model in Equation (6.40) to relay the changes in the membrane po-

tential into the appropriate vasomotor response, is similar to the approach by Diep et al.,[351]

and was necessary since the vessel diameters do not concomitantly change with alterations

in membrane potential.[345],[351]

We note that the CVR model is used to account for only the hypercapnic case (i.e. v ≤ 0),

since, based on the discussion in Section 6.1, the hypocapnic and hypercapnic responses are

unlikely to utilise the same constituent pathways and are likely to elicit different response

dynamics. Furthermore, to ensure that no activation (or deactivation) happens for each feed-

back mechanism below the reference values at which no activation occurs, we borrow from

the field of neural networks the rectifier or ReLU activation function:

ReLU(x) = max(0, x) (6.41)

such that the perturbation signal for each of the three responses first goes through the ReLU

function before being amplified by the gain factor. We then non-linearly map the summation

of the control mechanism activation factors into the vessel wall compliance via an asymmet-

rical sigmoidal relationship, just as has been proposed in other compliance-based models of

autoregulation[121] and in Chapters 3, 4, and 5:

C = C0

(
1 +

∆C±

C0
tanh

(
C0 (xC + xe − xm)

G∆C±

))
(6.42)

where ∆C± refer to the maximal and minimal changes in compliance, G is a parameter that

dictates the central slope of the compliance sigmoidal curve, and C0 is the baseline vessel

compliance, which is obtained from the independent ringmodel[169],[177] for linear elastic and
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incompressible wall material behaviour in Equation (3.7).

Changes in muscle tone thereby alter the pressure-radius relationship of the vessel,[2],[82] as

required to elicit the appropriate changes in cerebrovascular resistance to maintain CBF, ac-

cording to the tube law[62],[108],[123],[145],[147],[148],[169],[176] in Equation (3.9).

6.2.5 Conducted Vascular Response Model parameters

In our model, the CVR is assumed to be an intrinsic property of the arteriolar wall since it

was shown to occur independently of any neural activity, intravascular pressure, and blood

flow.[395] In contrast to applying the cable model to model electrical conduction in neuronal

axons, the inner conductor in the CVR scenario is not the cytoplasm but rather the coupled

endothelial-VSM syncytium. Hence, while the electrical properties of the inner conductor

in the former case would depend on the vessel radius,[382] in the CVR case the conduction

is more likely influenced by the vessel wall properties. Within the cerebral cortex, arteriole

vessel walls generally share similar structural features across the generations, in which the

vessels are encircled by awall composed of circumferentially arranged VSMs forming a single

VSM layer that is 5− 8µm in thickness, and longitudinal ECs forming a single layer 3− 5µm

in thickness. Hence, we assume that the CVR parameters are uniform across the arteriolar

vessels of the microvasculature network.

We use simple MC ABC schemes to obtain representative distributions of the CVR model pa-

rameters, one that is informedby the prior distribution, themodel dynamics, and the available

experimental data. In an experiment by Emerson and Segal,[345] a single hamster arteriole ves-

sel was isolated, and ACh was administered to one end of the vessel (at x = 0), resulting in

local hyperpolarization and vasodilatory responses at the stimulation site. The local simula-

tion also resulted in electrical and vasomotor responses downstream, and the peak changes in

membrane potential and diameter from their resting values were recorded at predefined dis-

tances (xi = 0, 500, 1000, 2000µm) from the simulation site. These recorded measurements

(∆V meas
m (xi), ∆Dmeas(xi)) constitute the observed data that are subsequently compared to

the outputs of our dynamic model.

First, we construct an in-silico representation of the experimental setup described above. We
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start with a single vessel of the same length (4000µm), with the same initial conditions as

those of the experiment, which are a resting diameter (54 − 58µm) and resting membrane

potential (≈ −37mV ), and assume an intravascular pressure of PI = 40mmHg that is typical

in vivo for an arteriole of such diameter.[155] Then we numerically impose a local change in

membrane potential at the location corresponding to the simulation site that is identical to

the trace obtained under the experimental conditions.[345] Next, we employ the cable model

in Equation (6.28) using different values of τM and λ sampled from a prior distribution, to

obtain the peak changes in the membrane potential at the recording sites xi. Resting values

for the cable model parameters have been observed experimentally and have been reported to

be in the range of≈ 1−2.5mm for λ,[348],[383],[396],[397] and≈ 0.2−0.6s for τM .[383] Accordingly,

we start with a uniform prior distribution for each of the two parameters covering the ranges

above. An MC realization is accepted if the membrane potential simulation output at all the

recording sites (∆V sim
m (xi)) is within the recorded standard deviation range of (∆V meas

m (xi)).

The obtained posterior distribution for τM and λ are then used again as prior distributions

for a second round of an MC ABC, this time integrating the vasomotor response and com-

pliance feedback models in Equations (3.9),(6.40), and (6.42) into the dynamic simulations,

and comparing the peak diameter outputs of the simulation to ∆Dmeas(xi) to obtain a rep-

resentative distribution of the remaining parameters which characterise conveyance of the

electrical signal into an appropriate vasodilatory response. In this case, an MC realization is

accepted if both the membrane potential and diameter simulation outputs at all the record-

ing sites (∆V sim
m (xi) and ∆Dsim(xi)) are within the recorded standard deviation range of

(∆V meas
m (xi) and ∆Dmeas(xi)).

Experimental data has shown that the vasodilatory response closely follows the hyperpolar-

ization response with a time constant of 1334ms;[342] hence the prior distribution for τCV R is

chosen as N(1334, 10)ms. Since there is no prior information for the gain parameter SCV R,

we assume a normal prior distribution of N(4, 2.5)with a truncation interval of 0−10. Figure

6.4 shows how a realization from the posterior distribution parameter space compares with

experimental data.

The distributions for the remaining parameters characterising the myogenic and endothelial

responses, including the parameter G, are obtained from the results of Chapter 5. The final
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(a) (b)
Figure 6.4: The experimentally measured values for ∆V = V peak

m − V ◦
m (a) and ∆D = Dpeak −D0 (b) along

with their standard deviations recorded at x = 0, 500, 1000, and 2000µm from the site of Acetylcholine ad-
ministration, are shown in blue. The outputs of one parameter space realization from the calculated posterior
distribution of the CVR parameters are shown in orange.

distribution for the G parameter was then used as an initial distribution for the CVR model

calibration process described above. The posterior distributions obtained for the model pa-

rameters are shown in Appendix C.2

6.3 Cerebrovascular Response Simulation Results

We examine the CBF response of the two networks to an increase in Pa,CO2 of the form:

Pa,CO2 = 40

(
1 +

(
0.0125ϕ

(
1 + tanh

(
t

2

))))
(6.43)

where ϕ corresponds to the amount of increase in Pa,CO2 (in mmHg) from the baseline con-

ditions of P 0
a,CO2

= 40mmHg. Note that the function is selected purely to test the model and

is not necessarily intended to simulate a real physiological stimulus; rather it provides a con-

venient method for examining the system response to a stimulus. We use the 0-D dynamic

model developed in Chapter 3 to solve for dynamic flow and pressure profiles in the simple

network[198] consisting of compliant vessels. The resulting change in Ca,CO2 in response to

a 1mmHg increase in Pa,CO2 (i.e. ϕ = 1), as well as the ensuing changes in Ct,CO2 for the

13-generation network, are shown in Figure 6.5. The resulting changes in the CBF into the

capillary vessels in response to a 1mmHg increase in Pa,CO2 are shown in Figure 6.6.

Next, we examine the dynamic CBF and vasomotor responses of the multiscale network to in-
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Figure 6.5: Percentage changes in the CO2 concentrations in the arteriole vessels and the brain tissue for the
13-generation network, in response to a 1mmHg increase in Pa,CO2

. The following parameters are used for the
CVR: SACh = 0.75, λ = 2.5mm, τM = 2.5s, τCV R = 1.33s.

Figure 6.6: Changes in the capillary CBF (relative to baseline) in the 13-generation network in response to a
1mmHg increase in Pa,CO2

at t = 0s, using the following parameter values for the CVR: SACh = 0.75, λ =
2.5mm, τM = 2.5s, τCV R = 1.33s.

creases in Pa,CO2 , using the hybrid networkmodel constructed in Chapter 4. The baseline val-

ues of CBF reported in experimentsmeasuring the cerebrovascular reactivity responsewere in

the range of 48−51mL/100g/min.[286],[301],[302] In themultiscalemodel, calibration of the three

parameters characterising the mesoscopic-scale properties of the homogenised capillary bed

were done by ensuring that the steady-state flow and pressure profile throughout the network

complies with physiologically reported values of CBF in the range of 45 − 65mL/100g/min.

Hence, for an appropriate comparison between the model and experimental data, a parame-

ter space realization of the three parameters was chosen such that the steady-state CBF inside
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(a) (b)
Figure 6.7: Changes in the inlet and outlet perfusion for the whole network (a) and for the central ROI (b),
in response to an increase in Pa,CO2

by 1mmHg at t = 0. The following parameters are used for the CVR:
SACh = 2.5, λ = 2.5mm, τM = 2.5s, τCV R = 1.33s.

the ROI that is sufficiently distant from the network boundaries is 50ml100g/min. In response

to a 1mmHg increase in Pa,CO2 , the CBF response for both the whole network and the central

ROI, are calculated and are shown in Figure 6.7(a) and 6.7(b), respectively. The response

dynamics for the change in the vessel calibre are shown in Figure 6.8 for both a downstream

and an upstream arteriolar vessel, corresponding to short and long distances of the CVR elec-

trical signal propagation, respectively. The change in ACh concentrations and the ensuing

local changes in vm at one of the terminal arterioles in shown in Figure 6.9.

Figure 6.8: Changes in the vessel radius (relative to baseline) for an upstream and a downstream vessel in
the multiscale network, representing a long and a short distance of electrical signal propagation, respectively,
in response to a 1mmHg increase in Pa,CO2

at t = 0s. using the following parameter values for the CVR:
SACh = 2.5, λ = 2.5mm, τM = 2.5s, τCV R = 1.33s.

Next, we examine the response of the multiscale network to different levels of Pa,CO2 . Figure

6.10(a) shows the final steady-state ROI perfusion for different values of Pa,CO2 in the range of

40− 49mmHg, while Figure 6.10(b) shows the same relationship but with the Pa,CO2 values

restricted to a maximum of 44mmHg, along with the linear best-fit line which indicates a

cerebrovascular reactivity sensitivity of 2.3%/mmHg for a value of SACh = 2.5. Figure 6.11(a)
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Figure 6.9: Changes in the ACh concentration and local membrane potential at a terminal arteriolar node in the
multiscale network, in response to a 1mmHg increase in Pa,CO2

at t = 0s. using the following parameter values
for the CVR: SACh = 2.5, λ = 2.5mm, τM = 2.5s, τCV R = 1.33s.

(a) (b) (c)
Figure 6.10: Relative changes in CBF in the multiscale network ROI from its baseline value for different values of
Pa,CO2

(a), and the linear best fit (R2 = 0.9875) (b), alongwith the residual plot (c) for Pa,CO2
up to 44mmHg,

above which increases in the inlet blood pressure might occur.

compares the time dynamics of the CBF response of the whole network when Pa,CO2 is raised

by 5mmHg to when it is raised by 1mmHg. If we were to define the net time constant as the

time it takes from the hypercapnic stimulus initiation for the change in CBF to reach 1−1/e of

its final value, thenwe can calculate the net time constants for different values ofPa,CO2 , which

are plotted in Figure 6.11(b). Finally, to assess the impact of the myogenic and endothelial

mechanisms on CBF under the hypercapnic response, Figure 6.12 compares the dynamic CBF

profile in response to an increase of Pa,CO2 to 43mmHg when the myogenic and endothelial

mechanisms are impaired, to when all three mechanisms are intact.
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(a) (b)
Figure 6.11: Comparison between the response dynamics of the multiscale network CBF within the central ROI
in response to increases in Pa, CO2 at t = 0 by 1mmHg and by 5mmHg (a). The net time constants, defined
as the time it takes from the hypercapnic stimulus initiation for the change in CBF to reach 1 − 1/e of its final
value, for different values of Pa,CO2

(b).

Figure 6.12: TheCBF response to a 3mmHg increase inPa,CO2
at t = 0 in the central ROI region of themultiscale

networkwhen all threemyogenic, endothelial andCVRmechanisms are intact, andwhen only the CVR response
is present. The following parameter values were used for the CVR: SACh = 2.5, λ = 2.5mm, τM = 2.5s,
τCV R = 1.33s.

6.4 Discussion

It is well known that manipulation of Pa.CO2 is routinely used both as a prognostic index to

assess cerebrovascular vasomotor capacity,[398],[399] as well as a means of controlling ICP and

adjusting CBF to metabolic requirement.[400],[401] Uncontrolled alterations in Pa,CO2 and ABP,

however, can have a dramatic impact on CBF and ICP, leading to intracranial hypertension

and cerebral ischaemia.[399] This study attempts to assemble a mathematical framework from

constituent sub-models that is then used to explore the biophysical foundations anddynamics

of the hypercapnic cerebrovascular reactivity response. The response is assumed to occur as

a result of sequential signalling pathways, each of which is modelled based on experimental
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data and knowledge of the chemical, structural, and electrical properties of the microvascula-

ture. We obtain themodel parameter space for each constituent signalling pathway, except for

SACh and τACh in Equation (6.6), by using the available experimental data to independently

calibrate the parameter values for each of the constituent sub-models. We obtained the range

of values for the SACh parameter in the simple bifurcating and the hybridmultiscale networks

by ensuring that the percentage CBF increase in response to a 1mmHg increase in Pa,CO2 from

baseline was within the experimentally measured range of 2−4%. We then assessed the over-

all response of the integrated model in the multiscale network by comparing the percentage

CBF increase vs Pa,CO2 relationship obtained from the in-silico model to the experimentally

observed trends in human subjects.

As shown in Figure 6.10(b) the CBF increase inside the central ROI of the multiscale net-

work varies linearly (R2 = 0.9875) with the Pa,CO2 in the range of 40 − 44 mmHg, with a

line of best-fit slope of 2.3%/mmHg which very favourably compares with the linear trend

with a sensitivity of 2− 4% observed experimentally.[286],[301],[302] It should be noted that nor-

mally there is a marked inhomogeneity in the cerebrovascular reactivity within the cerebral

vasculature,[402],[403] as evident by the higher reactivity in grey matter vs white manner de-

tected using arterial spin labelling,[7] and BOLDMRImaps.[92] The 2−4%/mmHg sensitivity

that is conventionally reported in the literature, which has been obtained from transcranial

Doppler ultrasound measurements, can thus be understood as more of an average indicator

of the CBF response over larger brain volumes.[92] Nonetheless, with no reported values for

the cerebrovascular reactivity specifically within the cortical grey matter, we use the afore-

mentioned sensitivity range to calibrate SAch, noting that higher values of SAch can be used in

the dynamic simulations to achieve higher reactivities.

Above a value ofPa,CO2 = 44.5mmHg, cerebrovascular reactivity starts decreasing, as evident

by the diminishing gradient of the CBF increase vs Pa,CO2 curve in Figure 6.10(a). This is in

contrast to the linear trend reported in the experimental data. It is known that above a thresh-

old value forPa,CO2 in the range of 44−47mmHg, blood pressure also starts increasing,[92],[286]

which would also contribute to the increase in blood flow independently of the changes in

cerebrovascular resistance. The reported cerebrovascular reactivity values for Pa,CO2 values

above 44mmHg are thus likely to reflect the combined effects of reduced cerebrovascular re-

sistance and increased blood pressure. The likely reason for the traditional lumping of both
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effects into a single index is that complex modelling methods and well-controlled experi-

ments may not be practical for clinical use.[404] Thus, if the cerebrovascular reactivity index

was based purely on changes in the resistance, then the relationship between Pa,CO2 and the

CBF increase would likely exhibit the trend shown in Figure 6.10(a).

Regarding the time dynamics, the CBF response to a hypercapnic step protocol has been pre-

viously reported to reach its peak value within 2 minutes of the start of the response,[287],[316]

while Kontos et al.[299] and Shapiro et al.[309] reported that 4 and 5 minutes were adequate to

achieve steady-state, respectively, the latter from the beginning ofCO2 inhalation. These time

scales are generally in agreement with our simulation results (Figures 6.6, 6.7, and 6.11(a)).

Note that the overall speed of the hypercapnic response in our simulations depends on the

degree of Pa,CO2 increase, with an equivalent time constant in the range of 20 − 25s that de-

creases with Pa,CO2 , as demonstrated in Figure 6.11(b). This observed variability is in line

with the earlier conclusions of authors who reported marked intra-subject variability in the

response,[92] as well as the inability to fully and accurately characterise the response using

a first-order model.[287] Note that the range obtained from the dynamic simulations for the

hypercapnic response net time constant is lower than the experimentally reported value of

45s.[287] This could be due to the assumption of a fast ACh release (τACh = 1) used in this

model in response to perturbations in tissueCO2 concentrations. Given the lack of experimen-

tal data on the dynamics of ACh release in response to changes in tissue CO2 concentration,

we opted not to make any prior unwarranted assumptions about the speed of the response,

and simply use a value of τACh = 1s corresponding to an almost concomitant release. Ac-

cordingly, if the hypercapnic response were to be indeed mediated by local ACh release and

the CVR, we speculate that the release of ACh would occur on a slightly slower timescale. As

expected, a response dynamic with an equivalent time constant of 44s, as shown in Figure C2,

that better matches the experimentally reported time constant, can be achieved by increasing

the value of τACh, for example, from 1s to 20s. This form of in-silico modelling can also help

interpret the experimental data regarding the hypercapnic response, which, as discussed in

Section 6.1.1, can at times appear contradictory, and can help explain the discrepancies be-

tween the reported values for the time constants, for instance, through in-silico replications of

the experimental conditions by which blood CO2 levels are increased.

Given that the time constants for the constituent signalling pathways all have relatively low

192



values (≤ 2.5s), it isworth investigatingwhich of the signalling pathwaysdictates the timescale

of the hypercapnic response with a net time constant≈ 20− 25s. Firstly, we derive an expres-

sion for the time constant characterising the change in the tissueCO2 concentrations from the

first order-ODE in Equation (6.1): τCO2 = Vt/(αQc). The resulting value for τCO2 in both the

simple and multiscale networks under baseline flow conditions is ≈ 44.5s, decreasing with

increasing CBF, which matches the calculated time constant of ≈ 41.7s from Figure 6.5, even

though the arteriolar CO2 concentration increases via a rapid step response. This highlights

the importance of accounting for the different response dynamics for the changes in CO2

concentrations across the arteriolar and tissue microvascular components, rather than simply

assuming steady-state equilibration of blood gas levels, and thus of choosing the appropriate

breathing stimulus that matches the aims of the conducted experiments.[92],[312],[313]

Furthermore, as demonstrated in Figure 6.8, the upstream arteriolar vessels respond with

much slower time dynamics compared to the downstream arteriolar vessels. Hence, even

though the time constant used for the hyperpolarization signal propagation is only τm =

2.5s, it takes time for the signal to travel upstream and it gets attenuated as it reaches the

upstream arteriolar vessels. This could also explain why, in contrast to the generally non-

discriminatory nature of hypocapnia-induced constriction, the smallest blood vessels are the

ones that primarily dilate in response to elevations inCO2 levels,[310] since the electrical signal

gets progressively attenuated as it travels upstream. Hence, even though we have used the

same parameter values, and thus assumed identical response dynamics, across the arteriolar

vessel generations, we show that the segmental heterogeneity in the vascular response[122]

could, in part, be a consequence of the attenuation and the time required for the signal to travel

to the vessels upstream. Thiswould alsomean that themicrovasculature network architecture

and properties, such as vessel lengths, connectivity, and number of generations, can have a

profound effect on the hypercapnic response and thus need to be accounted for in modelling

studies. This complex relationship between the vessel location and ensuing diameter changes

could also partially explain why no stable relation was observable between vessel diameter

and Pa,CO2 .[307] In general, it seems that the overall speed of the response is primarily dictated

by the rate of change of tissueCO2 concentrations, the time required for the hyperpolarization

signal to travel upstream, and the time dynamics of ACh release.

The local vm response to a step increase inACh concentration was obtained from the coupled

193



endothelial-VSM cellular model,[376],[377] andwas then fit to a second-order exponential equa-

tion to obtain the values for the parameters in Table 6. The least absolute residuals method

was used to fit the data points, coupledwith the Levenberg-Marquardt algorithm in theCurve

Fitter toolbox on MATLAB. This resulted in a very good fit for the data points for t >= 2s

from the time of the simulation (after accounting for the delay) but also resulted in the fitted

curve not matching the first few data points for t < 2s in Figure 6.2(a), as indicated by the

high residual between the first three extracted simulation data points and the corresponding

second-order exponential fit in Figure 6.2(b). Other combinations of non-linear least square

methods and algorithms provided a better fit for the initial data points at the expense of a less

matching fit for later data points. Ultimately, however, all non-linear least square optimizing

schemes examined generally achieved a very good agreement (R2 = 0.99078 for the current

fit in Figure 6.2(a)), and provided a very similar range of values for the parameters shown in

Table 6. Figure 6.9 shows the local vm response at one of the terminal arterioles of the mul-

tiscale network to a 1mmHg increase in Pa,CO2 . In this case, vm changed by 1.6mV, or 4.3%

of the endothelial resting membrane potential of V ◦
m ≈ −37mV . The local Vm response at the

terminal arterioles to the other Pa,CO2 input stimuli (in the range of 41− 49mmHg) was also

within the experimentally reported physiological range of -35 to -55 mV.[386],[387]

It is important to note that cerebrovascular reactivity does not occur in isolation but rather oc-

curs concomitantly with other dCAmechanisms.[405] The signalling pathways for the various

control mechanisms generally converge towards the same end response; i.e. altering the intra-

cellular Ca2+ concentration in VSM cells, which in turn affects the actin-myosin cross-bridge

cycling and contraction.[2],[349]–[351],[394] Perhaps the most obvious demonstrations of this su-

perposition effect are the use of the cerebrovascular reactivity response to assess the VSM

overall dynamics and functionality, as well as the use of hypercapnia as a surrogate of im-

paired dCA, since it tends to saturate the vasodilatory capacity of the arteriole vessels, which,

according to Equation (6.42) have amaximal change in compliance. This likelymeans that the

cerebrovascular reactivity values reported in experiments, which are ostensibly attributed to

changes in Pa,CO2 , are influenced by themyogenic tone and the other dCAmechanismswhich

are activated as a result of changes in vessel radius and downstream transmission of intravas-

cular pressure. One benefit of in-silico experiments is that we can isolate the individual effects

of the different controlmechanisms (e.g. by setting the gain factor equal to 0) to better capture
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the individual contributions to the total CBF response, as well as to investigate the dynamic

interplay between the different mechanisms. Indeed, the discrepancy between the two CBF

responses in Figure 6.12 highlights the significance of the other dCA control mechanisms,

and indicates that such mechanisms must be borne in mind when assessing cerebrovascular

reactivity in experimental and clinical settings.

This non-linear interaction betweenCO2 reactivity andCA is documented in both experimen-

tal[310] and clinical[399] studies, giving rise to what is referred to as the ’inhibitory-facilitatory

summation’ effect.[122] Basically, as ABP decreases from its basal levels, vasoreactivity to CO2

levels increases, indicating a ’facilitatory’ overlapping of the two mechanisms. As ABP ap-

proaches the lower limit of dCA, however, the responsiveness to CO2 diminishes, suggesting

an ’inhibitory’ overlapping between the hypercapnic response and the dCAmechanisms.[122]

Both of these effects arising from the combined stimuli can be explained by the proposed

model in this study. The non-linear interaction is accounted for in this model by mapping the

summation of the activation factors into the static sigmoidal compliance relationship in Figure

3.1, which accounts for the natural bounds in VSM tension[122] regardless the stimuli, thereby

echoing the general notion all feedback/control mechanisms share a common denominator;

that is, regulating the levels of VSM intracellular calcium required for contraction.

When ABP decreases, so does the capillary blood flow, which leads to the accumulation of

CO2 in the tissue according to Equation (6.1); when coupled to the independently raised

Pa,CO2 from the introduced hypercapnic stimulus, this augments the vasoreactivity response.

Conversely, as ABP reaches the lower limit of dCA, capillary flow significantly decreases,

which potentially leads to diminished ACh release and CVR-induced vasodilation as the lev-

els of the ACh synthesis precursors become deficient, explaining the saturation of the hyper-

capnic response during the inhibitory phase. It would be interesting to use our model and

attempt to replicate such interactive effects in the future. Nonetheless, in essence, both our

model and the clinical results highlight the important point that, even though cerebrovascular

reactivity serves as an important prognostic tool that is significantly correlated with clinical

outcome, this analysis of this index in isolation can be misleading if not integrated with infor-

mation on cerebral autoregulation status, ABP and CBF.[122] For example, hyperventilation

as a manoeuvre is routinely and effectively used to control ICP in neurological patients; its

effectiveness, however, depends on the CA and ABP status,[399] an important consideration
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that should be borne in mind when clinicians are planning for surgical treatments.[122]

Next, we discuss some potential limitations of using the cable theory in Equation (6.24) to

model the conducted vascular response. First of all, we note that the cablemodel homogenises

the electrical and structural properties of the endothelial and VSM layers. This continuum

approach thus neglects the effects of the orientation and morphology of the vascular wall

cells, as well as that of vessel branching, which have been shown in in-silico simulations to

distinctly shape the electrical conduction.[351],[406] Furthermore, the cable model assumes an

ohmic behaviour for the gap and membrane junction electrical properties, as implied by the

use of the space and time constants in Equation (6.28) that are derived from constant values

for ri and gm in Equations (6.26) and (6.27). In reality, however, ion channels have time and

voltage-dependent activation and inactivation properties.[377],[381] Nonetheless, the currents

through the gap junctions of the membranes have been shown to exhibit a near-linear de-

pendence on the membrane potential for small changes in the membrane potential from its

resting value,[353],[382],[383] corresponding to ±20mV ,[389],[407] which roughly conform to the

changes in vm encountered under normal physiological conditions.[386],[387] In addition, the

junctionswhere the vessels meet are likely to constitute a structural obstacle from an electrical

perspective due to the increasedmass of cells at the branching points, resulting in an electrical

decay[389] that is not accounted for in our model, where the terminal gridpoints of the vessels

meeting at the junction are assumed to be equipotential.

The membrane proteins that form the homocellular and endothelial gap junctions are also

subject to modulations and regulations from mechanical, electrical and endocrine signals,

such as post-translational modifications[294],[406] which are not accounted for in our model.

In-silico simulations using a two-layer model of the VSM and ECs[406] have demonstrated how

alterations in gap channel conductance and ion channel properties can evoke distinct changes

to the longitudinal and radial spread of charge, leading the authors to consider the CVR as

‘pliant’ to the current regulatory state and electrical environment. Finally, one of the major

assumptions when applying the cable theory to model the CVR is that the endothelial and

VSM layers can be regarded as a single isopotential syncytium. Some computational studies

have demonstrated that the VSMand endothelial layers have distinct voltage profiles and thus

cannot be treated as a single continuum.[351],[381] On the other hand an overwhelming number

of both experimental and computational studies, which were examined in Section 6.2.3, have
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shown that within the physiological membrane potential range, endothelial-initiated agonists

elicit quasi-parallel electrical responses in endothelial and VSM layers, thereby supporting

the notion that the two layers can be regarded as a single continuum. Such divergent views

on the applicability of the syncytium approach may arise in part due to variability in the

experimental conditions (ex different agonists, hyperpolarization vs depolarization) used to

investigate the CVR.

Definite evidence of conduction deficit has been shown to be present in the pathological cases

of sepsis, hypertension, and ageing (see[294] for an in-depth review). In all three pathological

conditions, the limited blood flow delivery, especially during periods of enhanced metabolic

demand, has been shown to occur for the most part as a result of diminished endothelial-

endothelial conductance, which attenuates the conduction of the hyperpolarization signal.

The cause of the increased resistance, however, is different for each case. There has been

recent interest in how pharmacology could restore biological function; for instance, bolus in-

jections of antioxidants do restore the conduction required for functional hyperemia in sepsis

animals,[408],[409] in which the overproduction of reactive oxygen species is the underlying

cause for the conduction deficit by impairing gap junction activity. These approaches, how-

ever, remain restricted and speculative,[294] and do not offer any viable predictions on how

such interventions can potentially disrupt other aspects of the system dynamics. For instance,

in the two-layer in-silico model by Hald and Welsh,[406] increased endothelial resistance im-

paired longitudinal but enhanced radial current spread to the VSM, thereby augmenting the

local hyperpolarization and vasomotor responses. Given the potential interaction between

impairments in the CVR during NVC and conditions under which brain ischaemia might

occur,[319], and with the impact of disease on the CVR and cerebrovascular reactivity just

starting to emerge, in-silico models like the one developed in this study can offer a fast and

safe exploratory option for providing a preliminary assessment of the impact of different

treatment options. By providing insight into the mechanisms underpinning the hypercapnic

response, the in-silico model can also help identify druggable targets that could be used in

future therapies for disorders implicated in an impaired hypercapnic response.

197



6.5 Conclusion

The current studywas conducted to test whether the CVRplays a central role inmediating the

cerebrovasculature’s response to hypercapnia, using an in-silico experimental representation

of the microvasculature, one that is physiologically grounded with in-vivo experimental data

and knowledge. The results of the candidate model are consistent with the vascular mani-

festations of the hypercapnic response and suggest that the main signal initiating the hyper-

capnic response in the cerebral microvasculature is the increase in tissue CO2 concentrations

and that the local ACh release, the conduction of the hyperpolarization current upstream,

and the corresponding vasomotor changes are all integral to the hypercapnic cerebrovascular

reactivity response. The results do offer compelling evidence to support the hypothesis and

provide a strong motivation to further examine the validity of the in-silico experimental re-

sults through in-vivo experiments, which are facilitated by the advancement of sophisticated

imaging techniques like multiphoton microscopy that allow researchers to record responses

deep within brain tissues, as well as those which allow for a spatially specific focal simulation

of the brain arterioles, such as localized uncaging of Ca2+ or IP3 in a single or few cells.[319]

In that sense, the cerebrovascular sensitivity to tissue CO2 concentrations would constitute

an important component of the metabolic response, since it would allow the vasculature to

respond to the accumulation of the local tissue metabolites, for instance, due to a discrepancy

between the supply and demand of glucose and oxygen. Thus, this study offers an important

addition to our understanding of the metabolic response. The CO2 response would likely act

in concert with other signalling pathways to ensure a robust metabolic response that is less

susceptible tomalfunctions or impairments in any single pathway. For example, some studies

have shown that the cerebral vasculature is sensitive to hypoxia independently of an increase

in blood CO2 levels.[287],[410] Thus, in the future, other components of the metabolic response

can be added into the present mathematical framework; for instance, through incorporating

multiscale models of oxygen transport and diffusion.
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Chapter 7

Conclusions and Future Work

7.1 Summary of the Models Developed

The primary aim of this thesis is to construct a multiscale model of CBF and control in the

cortical microvasculature. This model could then be utilised as an in-silico platform for per-

forming experiments and testing hypotheses that would be inaccessible in a conventional

experimental context (such as exploring the mechanisms behind the hypercapnic response

in Chapter 6) as well as for investigating the interplay between the CBF control mechanisms.

The models developed in this thesis build upon one another: the dynamic network model

developed in Chapter 3 is embedded into the dynamic multiscale model used in Chapter 4.

The compliance feedback model used in these two chapters is then validated and its parame-

ter space is calibrated in Chapter 5. The calibrated network and multiscale models are finally

used in a case study in Chapter 6 where we demonstrate one of the potential uses of these

models by numerically testing and providing insight into a plausible mechanistic pathway

behind the hypercapnic cerebrovascular response.

In Chapter 3, we combine the three equations governing haemodynamic flow in a compliant

autoregulatory microvessel, which are mass conservation, momentum conservation, and a

tube law that accounts for the dCAmechanisms via a dynamically changing compliance, and

then utilise perturbation techniques to derive an approximate analytical solution which char-

acterises the flow in and out of the vessel in terms of the pressure profile at the vessel ends,

as well as the vessel and blood properties. We incorporate the effects of the endothelial and

myogenic mechanisms on the vessel stiffness via a first-order equation emulating low-pass

filter dynamics, after which we non-linearly map the stiffness into the compliance through

an asymmetrical sigmoidal function. Changes in the vessel compliance would then alter the

pressure-radius relationship of the vessel. We link the vessels of the network together by as-

suming conditions of mass conservation and static pressure continuity at the nodes where

vessels meet, giving rise to a first-order ODE system that characterises the pressure through-

out the internal nodes of the microvasculature network.
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Next, we apply the model to examine the response of the 13-generation network to a reduc-

tion in the ABP and find that the model captures the biphasic response that is characteristic of

dCA. We also find that the model captures important flow dynamic features arising from the

interaction of blood with the compliant vessel walls and thus the non-zero transit time distri-

butions, which give rise to the transient discrepancies between the network inlet and outlet

flows; these could have important implications, for instance when incorporating models of

the contrast agent and tracer kinetics into the models of CBF, as discussed in Sections 3.5 and

7.2.2. We also benchmark-validate The derived model by comparing the results of the model

with those obtained from a 1-D model of CBF in a network of compliant vessels and find that

our model achieves very favourable agreement with a significantly lower computational cost

compared to the 1-D model.

We also show how the model can be used to investigate the complex interplay of the dCA

mechanisms across the different microvasculature generations. Finally, a variance-based,

global parameter sensitivity analysis is conducted to assess the relative importance of the

compliance feedback parameters. Even though the parameters have not been calibrated at

this stage, the sensitivity analysis provides useful insights, such as the likely dominance of

the myogenic response, and the weak impact of the parameters characterising the maximal

and minimal changes in fractional compliance, which were in turn factor fixed in the calibra-

tion scheme in Chapter 5 to decrease the number of parameters that need calibration and thus

improve the calibration process.

If the output of the microvasculature models were to be validated against macroscale clini-

cal measurements, such as those of CBF, then the network structure needs to be upscaled (at

least) to the size of anMRI voxel-sized network. Hence, in Chapter 4, we develop amultiscale

model of CBF and control in the cortical microvasculature. A representative network the size

of an MRI voxel is generated by embedding the statistically generated penetrating arteriole

and venule penetrating trees into the homogenised capillary bed continuum. A hybrid CFD

model is utilised, inwhich blood flow and control in the penetrating vessels ismodelled based

on the work in Chapter 3, while the capillary bed is treated as a porous medium and blood

flow is modelled via the volume-averaged Darcy’s law, and solved for using the FV method.

This distinction and separation of scales was important sincewe lack both the anatomical data

as well as the computational power to model the dense, complex web of capillary vessels, yet
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we also need to preserve the hierarchical, fractal-like topology of the penetrating vessels. We

assumed a distributed source flow formulation, in which the flow between the terminal pen-

etrating vessels and the capillary bed FVs is restricted to a particular radius around the termi-

nal nodes, in order to ensure a proper, numerically scale-invariant, and physically sound flow

transition between the two media. We discretise the capillary domain using a non-uniform

grid of cubes that ensures tighter meshing at the transition interface between terminal pene-

trating vessels and the capillary bed to ensure the numerical accuracy as well as the feasibility

of the solver.

An implement an MCF scheme to efficiently derive the physiological range of values for the

three parameters characterising flow at the mesoscopic scale, which are γa, γv, and K, from

which useful insights, such as the weak impact of γa on the model output, as well as the re-

ciprocal relationship between the permissible values of γv and K, were obtained. We also

demonstrated the scale-invariance of our modelling formulation by showing how the voxel

perfusion becomes independent of the FV size below a particular threshold. We constructed

a statistically accurate multiscale network of the size of an MRI voxel, and examined the net-

work’s response to a drop inABP, resulting in similar conclusions to those in Chapter 3. Given

the higher computational costs of running simulations on the larger multiscale network com-

pared to the simple small network in Chapter 3, we use the EEmethod to screen for the effects

of the compliance feedback parameters. The sensitivity analysis results indicate myogenic

dominance and the weak impact on the model outputs of the parameters characterising the

maximal andminimal changes in fractional compliance, as before, but also highlight the non-

linear effects arising from the interactions of the compliance feedback mechanisms.

In Chapter 5, we calibrate the model parameters of the myogenic and endothelial compliance

feedback mechanisms based on experimental data that measure the diameter changes of in-

dividual isolated arteriole vessels to changes in the intraluminal pressure and the pressure

gradient, in order to ensure that our model is both law (physics) and data-driven. At this

stage, and in line with the experimental data, we first distinguish between the myogenic and

endothelial time constants by modelling each activation factor separately in a first-order ODE

emulating low-pass filter dynamics, before the two activation factors are summated and are

non-linearly mapped into the vessel compliance. The myogenic response is also assumed to

be elicited as a result of changes in wall tension rather than in intraluminal pressure since it
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is the changes in the vessel wall tension that trigger the mechanistic pathway responsible for

VSM relaxation or constriction. We also add a delay for the endothelial constriction based

on our observation of the experimental data. We use an SMC ABC scheme for obtaining the

parameter distributions. In an SMC scheme, a prior distribution of the parameters (as well

as the initial conditions) is introduced and is used to create MC realizations, which are then

used in the dynamic simulations to obtain the in-silico diameter traces. These traces are then

compared to the original measurements carried under the same experimental conditions to

calculate the error norms, which dictate whether a particular realization output is accepted

or not. The accepted output realizations are mapped back into the input parameters to create

a posterior distribution of the parameter space. The posterior distributions become the prior

distributions for the next calibration iteration, and the error tolerances that control whether or

not anMC realization is accepted are gradually reduced, thus achieving convergence towards

the optimal parameter distributions.

The parameters are first calibrated for each experimentwhichmeasures the response of the in-

dividual vessels separately, before using the obtained parameter distributions to collectively

calibrate all the experiments to obtain unified parameter distributions representative of all

the data. Upon calibration, we obtain very good overall agreement between the simulation

output and the diameter measurements for all experiments except one, for which the sources

of discrepancies are very likely to be due to experimental artefacts and measurement errors,

as explained in Section 5.8. The compliance tube law and feedback models are very compu-

tationally feasible, such that a simulation that traces the response of a microvessel over hun-

dreds of seconds takes less than 5 seconds of computation time on a Desktop computer. Thus,

the compliance model for characterising the response of the microvascular walls achieves a

very good balance between accuracy, computational feasibility, and physiological informed-

ness. The calibration scheme also reveals important mechanistic features of the autoregula-

tory response, such as the difference in timescales between themyogenic-induceddilation and

constriction, which have been normally assumed to operate under the same time constant.

Finally, in Chapter 6 we put all the pieces together, and use the calibrated dynamic network

and multiscale models in a case study that examines the biophysical origins of the hypercap-

nic cerebrovascular response. Drawing from information from various experimental data and

observations, we propose a model in which the hypercapnic response is elicited by changes
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in the local tissue CO2 concentrations; these in turn, trigger the local release of the ACh neu-

rotransmitter, which acts as an endothelial agonist that induces the local hyperpolarization

of the ECs of the microvessels that are in close proximity to the affected tissue. The hyperpo-

larizing current gets conducted upstream of the network through the endothelial layers and

is relayed from the ECs to the VSM cells via the myoendothelial gap junctions, resulting in

VSM cell relaxation and hence vascular dilation. ACh is released in response to an increase

in the local tissue CO2 concentration above its baseline level. We derived a transfer func-

tion in the Laplace domain that relates the levels of local ACh release to the local changes in

the membrane potential and calibrated it by examining the output of a coupled EC-VSM cell

model that accounts for the constituent signalling pathways and traces the movement of the

individual ions. We then transform the membrane potential output back into the time do-

main to obtain the analytical approximation of the membrane potential response to any ACh

concentration.

We model the upstream conduction of the hyperpolarizing current using the cable model,

and the resulting second-order parabolic PDE is spatiotemporal discretised using a hybrid

CN-implicit scheme. We model the effects of the local decreases in the membrane potential

on the VSM tone via an activation factor, along with the myogenic and endothelial responses,

in line with the approach in Chapter 5. We non-linearly map the summation of the activation

factors into the vessel compliance. We calibrate the parameters of the CVR model using a

simple MC ABC scheme, in which experimental membrane potential and diameter measure-

ments along the length of an arteriole vessel in response to the local administration of ACh

are compared to the outputs of an in-silico representation of the experimental set-up. We first

test the proposed model on the 13-generation network model in response to an increase in

Pa,CO2 to obtain an approximate range of the parameter values for the SACh parameter char-

acterising the amount ofACh released in response to local perturbations in tissueCO2, before

applying the electrophysiological model to the multiscale network, where the percentage in-

crease in the CBF as a function of Pa,CO2 was found to be in very good agreement with the

experimentally recorded trends.

Other important aspects that are featured in the model output include the attenuation and

delay in the diameter changes as the CVR signal travels upstream, which could explain why

the CVR response has been primarily identified in the downstreammicrovasculature vessels,
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as well as the dependence of the cumulative time constant characterising the hypercapnic

response on the level of Pa,CO2 increase, which could explain the marked experimental in-

tersubject and intrasubject variability, as well as the inability to fit the experimental data to

a simple model emulating a first-order low-pass filter dynamics. Furthermore, we demon-

strate how the dCA mechanisms (the myogenic and endothelial responses), which are other-

wise neglected in experiments measuring cerebrovascular reactivity, play an important role

in shaping the cerebrovascular response. Overall, in this chapter, we have used the in-silico

modelling framework developed in this thesis to provide compelling evidence for the CVR

response as amediator of the hypercapnic cerebrovascular reactivity, thereby complementing

the available macroscale experimental data and prompting further in-vivo investigations. A

better understanding of the mechanisms underpinning the hypercapnic response could lead

to the development and administration of better-targeted drugs and treatment plans for im-

paired cerebrovascular reactivity, and the model developed in this chapter has the potential

to be utilised as a safe and low-cost platform for screening and examining the impact of any

treatment approaches before any real-life interventions.

7.2 Future Work

I hope that the models developed in this thesis become part of the fascinating cumulative

work of many researchers spanning decades, which has and will continue to further our un-

derstanding of the complex and crucial network that is the cerebral microvasculature. For

example, the network model in Chapter 3 was built on the model by Payne and El-Bouri,[79]

which used as its vascular testing bed the 13-generation network by Payne and Lucas,[198]

which itself was constructed based on measurements by Zweifach and Lipowsky[250],[251] in

the 1970s. Furthermore, in the multiscale model of the cortical microvasculature that was

generated in Chapter 4, we have relied on the statistically generated arteriole and venule

penetrating tree structures by El-Bouri and Payne,[39] which were constructed based on the

morphometric data recorded by Cassot et al.[38]; these, in turn, have been obtained from the

detailed images of the cortical microvasculature, provided by Duvernoy et al.[37] in the 1980s.

Similarly, the case study in Chapter 6 relied on the network andmultiscale models developed

in Chapters 3 and 4, respectively, as well as on experimental data, both old and very recent.

The research in this thesis is indeed a testament to the cumulative nature of scientific work;
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to this end, I propose future work that could build upon what was presented here to advance

our understanding of the role of the microvasculature and the CBF control mechanisms in

health and disease.

7.2.1 Combining the Micorcirculation and the Macrocirculation Models

The model developed here has the potential to be used as part of multiscale dynamic simula-

tions of CBF and regulation over the entire brain or large segments of it. This could be impor-

tant for understanding the impact of diseases or interventions on the whole-brain scale, and

also to help with model validation and integration into clinical practice, since the measure-

ments of CBF routinely made in clinical settings, as well as those recorded in experimental

settings, tend to be mostly for the larger vessels. The human macrovasculature with diame-

ters ⪆ 0.8mm can be detected via clinical imaging data, and CBF through these vessels can

be modelled using 1-Dmodels, one example of which was derived and thoroughly discussed

in Section 3.3. The models developed in Chapters 3 and 4 can then be used for modelling

CBF and regulation in the microvasculature, since they are suitable for vessels with diameter

⪅ 1mm. Accurate representations of the microvasculature can be obtained using statistically

generated microvasculature networks like the ones used in this thesis, which match the mor-

phometric properties of the humanmicrovasculature that are available for vessels with diam-

eter (⪅ 50µm). It would also be straightforward to adapt themodels in this thesis to networks

generated via other means, such as via constrained constructive optimization[43] and tissue

metabolism-driven arterial tree generation,[44] or from the reconstructed in-vivo imaging of

animals, subject to the appropriate scaling laws.

The final gap to fill would be to reconstruct the ’intermediate’ pial vessels connecting the

microvasculature that is visible in clinical images, to the cortical microvasculature, the sta-

tistical properties for which have been thoroughly documented and parameterized. These

vessels have diameters below 1mm (and are thus not detectable using conventional clinical

imaging), and also, unlike the cortical penetrating vessels, their anatomical and connective

properties have not been, as far as I know, documented and parameterised. Recently, there

has been some interesting and remarkable work in clinical imaging that was able to detect

the pial arteries at this mesoscopic scale down to an isotropic resolution of 140 µm.[411] With
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higher resolution future data obtained from advanced imaging techniques, potentially sup-

plemented with the application of scaling laws,[412] accurate reconstructions and representa-

tions of those ’intermediate’ vessels can be obtained and used in themodels, thereby enabling

multiscale dynamic simulations of CBF and regulation over large sections of the brain.

Each modelling approach within the multiscale model can be fittingly matched to the scale

and zone of the vasculature it is used for. For instance, while the microcirculation model in

Chapter 3 cannot be used for modelling CBF in the larger vasculature due to the restrictions

imposed in the derivation (see for example Equation (3.13)), the longer vessel lengths of the

macrovasculature mean that we do not need to resort to very small timesteps to meet the CFL

stability condition (see Section3.3.3), which was the main computational deterrent from us-

ing 1-D models in the microvasculature. In the pial and penetrating arteries which exhibit

fractal-like branching patterns that need to be accounted for, the network model developed

in Chapter 3 would be the most suitable. Meanwhile, in the capillary bed, due to the mesh-

like, isotropic and locally periodic topology of this complex network of vessels, as well as the

collapse of the assumption of Newtonian flowmechanics at this micron-scale, a porous repre-

sentation would be more appropriate. The penetrating vessels and the capillary bed can then

be appropriately coupled, for instance via the distributed source term formulation described

in Section 4.2.4. The 1-Dmodels of the microvasculature and the branching microvasculature

would also need to be strongly coupled via a formulation that meets the conditions of pres-

sure continuity as well as mass and momentum conservation, which we have developed but

not presented in this thesis. Figure 7.1 illustrates how the different length scales of the brain

could be modelled using different modelling approaches developed and used in this thesis,

which can then be combined into a single multiscale model.

7.2.2 Coupling with Multiscale Models of Mass Transport

The dynamic multiscale framework developed in this thesis for modelling CBF and regula-

tion in the microvasculature can be coupled with other multiscale models of mass transport,

such as those of O2 transport and tissue perfusion, drug delivery, and tracer mechanics, to

help better understand the effects of CBF dynamics and dCA impairments on their trans-

port. As mentioned in Section 2.1, O2 transport can occur both within the capillary bed as
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Figure 7.1: Multiscale modelling of CBF and regulation across the different length scales of the brain. The
constituent images were reproduced from[41],[127] with permission.

well as through the walls of the penetrating arterioles,[65],[66] with different transport mech-

anisms (ex., advection vs diffusion) dominating at the different length scales.[413] Models of

oxygen transport across the different length scales have been constructed and coupled to sim-

ple haemodynamic models. These models have provided insights into the O2 distribution in

the microvasculature that are otherwise inaccessible in a conventional experimental context;

for example, Hartung et al.[43] demonstrated how structural changes in the microvasculature

induce hypoxic pockets in the aged brain, Sweeney et al.[320] showed how it is the vasocon-

striction of smoothmuscle actin-covered vessels, rather than pericyte-covered capillaries, that

induces stable reductions in downstream intravascular capillary and tissue oxygenation, and

Celaya-Alcala et al.[414] predicted the levels of reduction in perfusion or increase in oxygen

demand that would result in tissue hypoxia.

So far, however, these studies have generally utilised simple, steady-state models of CBF that

do not account for the flow dynamics or the dCA mechanisms. Combining the models of

dynamic CBF control and regulation developed in this thesis with models of O2 transport

can provide valuable insights into how impairments in the autoregulatory mechanisms affect

O2 delivery, distribution and exchange across the different microvascular zones and regions;

these, in turn, could enable a better understanding of the spatiotemporal patterns of ischaemic

stroke, such as the ability to predict the location and volume of the infraction, and their inter-
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play with the dCA mechanisms, which can ultimately lead to clinical breakthroughs.[133]

Similarly, themodels here can be combinedwithmodels of drug transport to establish a better

understanding of pharmaceutical interventions, especially under different disease conditions

of the microvasculature architecture and dCA impairments, which would ultimately help

achieve more targeted drug delivery. Another application of these models is to stimulate

the movement of contrast agents and tracers used in clinical imaging, which are particularly

sensitive to CBF dynamics and transit time distributions. These coupled models could, in

turn, help in the development of more informed models of trace kinetics and hence achieve a

better quantification of the measurements obtained from imaging data.

7.2.3 Investigating Additional Mechanisms and Impact of Diseases

Considering the modular manner by which the modelling framework in this work has been

set up, the models in this thesis could provide a highly suitable in-silico modelling platform

for incorporating additional features of varying degrees of complexity into the model, which

could give rise to new mathematical modelling and experimental research. For example, in

NVC, local CBF increases in response to increased neural activity. In addition, neuronal fir-

ing can also be affected by the levels of blood supply.[218] Incorporating models of NVC into

the models of CBF regulation and control developed in this thesis, can help us explore the

interplay between the dCAmechanisms andNVC and further our understanding of the NVC

process for both health and disease. Another example would be to incorporate the effects of

changes in intracranial pressure (which so far has been assumed to be constant in our model)

as a result of changes in CBV, which has been done in compartmental models[105],[121] but not

in network models where individual cortical penetrating vessels are resolved.

Finally, it would be very interesting and insightful to model the effects of penetrating vessel

occlusion as a result of micro embolisms, similar to what has been done previously,[127] but

now in the presence of the dCAmechanisms, in order to understand the role that dCAmech-

anisms could play in contributing towards reperfusion and alleviating the impact of vessel

occlusion. This could help us discern, for instance, which regions and vessel generations in

the microvasculature, or layers in the cortical tissue, are most ’suscesptible’ to the occlusions,

and the impact the different treatment options have on restoring local CBF.
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Appendices

A Appendix A

A.1 Compliance as a Function of Pressure

Assuming the material of the vessel wall to be linearly elastic, the circumferential strain (ϵθθ)

and stress (σθθ) in the vessel wall can be given by:

ϵθθ =
R−Rref

(1− ν2)Rref
(A1)

σθθ = Eϵθθ (A2)

where ν is the Poisson’s ratio. Next, Laplace’s law for thin-walled cylinders, (where a thin-

walled cylinder is defined by h
R0

<< Pt

Pext
)[415] which is given by:

σθθ =
PtR

h
(A3)

can be combined with Equations (A1) and (A2) to provide a function for the transmural

pressure in terms of the radius:

Pt =
Eh(R−Rref )

(1− ν2)RRref
(A4)

If h is approximated as constant, and the wall material is assumed incompressible (ν = 0.5),

then using the definition in Equation (3.5), then the compliance as a function of radius can

be given by Equation (3.7). Also note that if 1
R ≈ 1

Rref
, then we retrieve the non-linear tube

law in Equation (3.3).

We can obtain the baseline Q and P throughout the network by solving the steady-state ver-

sion of Equation (4.30). Rref for each vessel can then be calculated from Equation (A4) using
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the vessel Pt and R baseline conditions.

We can rearrange Equation (A4) to express R as a function of Pt, which can be inserted into

Equation (3.7) to obtain a function for C in terms of P (in the absence of CA mechanisms):

C(Pt) =
3πL

2Eh

(
EhRref

Eh− 3
4RrefPt

)3

(A5)

Figure A1 shows C as a function of P (assuming Pext = 0) around baseline conditions for

each vessel generation in the microvasculature network in Figure 3.3. For all microvessels

except the capillaries, perturbations up to 15% in Pt result in < 2.1% change in C.

Figure A1: Changes in the Vessel compliance with changes in the vessel transmural pressure around baseline
conditions for each vessel in the 13-generation network.

A.2 Combining the Governing Haemodynamic Equations

Equation (3.9) can be combined with Equation (3.1) to get:

∂Q(x, t)

∂x
= − 1

L

∂

∂t

(
C(t)Pt(x, t)

)
(A6)

which can then be transformed into the frequency domain to get:

∂Q̂(x, ω)

∂x
= − iω

L
Ĉ(ω) ∗ P̂t(x, ω) (A7)
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where ∗ denotes the linear convolution operator:

(Ĉ ∗ P̂t)(ω) =

∫ ∞

−∞
Ĉ(τ)P̂t(ω − τ) dτ (A8)

Differentiating Equations (3.10) and (3.11) we get:

∂Pt(x, t)

∂t
≈ ∂P̃t(x, t)

∂t
(A9)

dC(t)

∂t
≈ dC̃(t)

dt
(A10)

Ignoring higher order terms (C̃P̃t ≈ 0), the tube law in Equation (3.9) can be written as

L
∂A(x, t)

∂t
= Pt

dC̃(t)

dt
+ C

∂P̃t(x, t)

∂t
(A11)

Taking the Fourier transform of Equations (3.10) and (3.11) and dropping that hat notation

we obtain:

Pt(x, ω) = 2πδ(ω)Pt + P̃t(x, ω) (A12)

C(ω) = 2πδ(ω)C + C̃(ω) (A13)

which can then be inserted into the convolution integral in Equation (A8):

(C ∗ Pt)(ω) =

∫ ∞

−∞

(
2πδ(τ)C + ˜C(τ)

)
.

(
2πδ(ω − τ)Pt + P̃t(ω − τ)

)
dτ

= 4π2CPt

∫ ∞

−∞
δ(τ)δ(ω − τ) dτ + 2π

(
C

∫ ∞

−∞
δ(τ)P̃t(ω − τ) dτPt

∫ ∞

−∞
C̃(τ)δ(ω − τ) dτ

)
·
∫ ∞

−∞
C̃(τ)P̃t(ω − τ) dτ = 4π2CPt

(
δ(ω) ∗ δ(ω)

)
+ 2π(CP̃t + PtC̃)

+ (P̃t ∗ C̃)(ω)4π2CPtδ(ω) + 2π(CP̃t + PtC̃)
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where we have neglected the convolution of the higher order terms
(
F
{
C̃(t)P̃t(x, t)

}
=

1
2π (P̃t ∗ C̃)(ω) ≈ 0

)
. Inserting the expression above into Equation (A7), we obtain:

∂Q(x, ω)

∂x
= − 1

L

(
C(iωP̃t) + Pt(iωC̃)

)
(A14)

As proof, the same expression can be derived by taking the Fourier transform of Equation

(A11). Equations (A9) and (A10) can then be inserted into Equation (A14) to obtain:

∂Q(x, ω)

∂x
= − 1

L

(
C(iωPt) + Pt(iωC)

)
(A15)

Assuming that the external pressure is uniformaround themicrovessel (such thatF
{

∂Pt(x,t)
∂x

}
=

F
{

∂P (x,t)
∂x

}
), then Equation (3.2) can be written as:

Q(x, ω) = − A

iωρ

[
1− 2J1(i

3/2α)

i3/2J0(i3/2α)

]∂Pt(x, ω)

∂x
(A16)

We differentiate Equation (A16) with respect to x, and insert into Equation (A15) to obtain

the second order harmonic oscillator PDE for Pt in Equation (3.12).

A.3 Input-Output Scatter Plots for the Network Model

(a) (b)
Figure A2: Scatterplots for the final(a) and peak(b) perfusion versus the compliance model parameters.
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(a) (b)
Figure A3: Scatterplots for the final(a) and maximum(b) arteriolar CBV versus compliance model parameters.

(a) (b)
Figure A4: Scatterplots for the final(a) and minimum(b) Mean Transit Time (MTT) versus compliance model
parameters.

B Appendix B

B.1 Input Output Scatterplots for the Multiscale Model

Figure B1: Scatterplots for the final perfusion (normalised to baseline perfusion) inside the capillary central
ROI versus the myogenic sensitivity (Sα) and stiffness/compliance slope (G) compliance feedback parameters.
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Figure B2: Scatterplots for the final volume of blood inside the penetrating vessels (normalised to baseline
volume) inside the capillary central ROI versus the myogenic sensitivity (Sα) and stiffness/compliance slope
(G) compliance feedback parameters.

B.2 Examining the Impact of the Radius of Support (ϵ) Value

Figure B3: The steady-state perfusion of the network in Figure 4.2(d) using different values of ϵ within the
permissible range of ϵ/L1. The values of the other parameters were fixed to K = 1.71 × 10−12m3s/kg, γv =
8.20× 10−16m4s/kg, and γa = 1.17× 10−10m4s/kg.
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(a) (b)

(c) (d)
Figure B4: The steady-state pressure profile of the capillary bed inside the central ROI, for the network
constructed in Figure 4.2(d), for the different values of ϵ within the permissible range: ϵ/L1 = 0.45 (a),
ϵ/L1 = 0.425 (b), ϵ/L1 = 0.40 (c), and ϵ/L1 = 0.38 (d). The values of the remaining variables were fixed
to: K = 1.71 × 10−12m3s/kg, γv = 8.20 × 10−16m4s/kg, and γa = 1.17 × 10−10m4s/kg. The values for the
pressure were interpolated from the calculated capillary centroid pressure values using the nearest neighbour
interpolation scheme in MATLAB.
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(a) (b)

(c) (d)
Figure B5: The PDF of the pressure distribution throughout the capillary bed, for the network constructed in
Figure 4.2(d), for the different values of ϵ within the permissible range: ϵ/L1 = 0.45 (a), ϵ/L1 = 0.425 (b),
ϵ/L1 = 0.40 (c), and ϵ/L1 = 0.38 (d). The values of the remaining variables were fixed to: K = 1.71 ×
10−12m3s/kg, γv = 8.20 × 10−16m4s/kg, and γa = 1.17 × 10−10m4s/kg. The values for the pressure were
interpolated from the calculated capillary centroid pressure values using the nearest neighbour interpolation
scheme in MATLAB.
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C Appendix C

C.1 Stability Analysis for the Conducted Hyperpolarization Signal

One major advantage of the CN method is that it is unconditionally stable, meaning that,

unlike explicit methods that require resorting to cumbersomely small timesteps to achieve

solution convergence, the simulation can be run with significantly larger timesteps, as long

as ∆t is sufficiently small compared to the smallest time constant (of ≈ 0.25s; see Section

6.2.5), which is of great importance in terms of computational complexity andmemory when

the model is extended to a multiscale hybrid network-continuum representation of the mi-

crovasculature. Furthermore, the method is second-order accurate, such that, compared to

the first-order accurate implicit (backwards) Euler method, a larger∆t can be used to achieve

the same desired level of accuracy. However, one drawback of the CNmethod is that, depend-

ing on the network structure and the values of λ, τM , ∆t and ∆x, the solution can oscillate

if there are sudden jumps in the initial and/or BCs, and these oscillations can propagate as

weakly damped in time, thereby compromising the accuracy of the solution.[391] While such

oscillations were not encountered with the symmetrical 13-generation network, for a stiff sys-

tem that arises from the discretisation of the arteriolar network of the multiscale representa-

tion, some vessel gridpoints started exhibiting oscillations in vm that lead to divergence in the

solution for vm which then emanated into the solution for the pressure and flow profiles.

To understand under what conditions these oscillations occur, it is instructive to use the

Fourier transform approach as described in[391],[416]. Note that the analysis has been primarily

conducted for the simple diffusion of the form:

∂u

∂t
= b

∂2u

∂x2
(C1)

However, the cable model in Equation (6.28) can be written in a similar form:

∂vm
∂t

=
λ2

τM

∂2vm
∂x2

− 1

τM
vm (C2)
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where b in Equation (C1) is equal to λ2

τM
for the cablemodel. Hence, for small values of vm, the

analysis derived in[391] is applicable to the cable model. The propagation of the FD solution

from one timestep to another is governed by a growth factor g(ϕ), which for the CN method

can be given by[391]:

g(ϕ) =
1− 2bµsin2

(
ϕ
2

)
1 + 2bµsin2

(
ϕ
2

) − π ≤ ϕ ≤ π. (C3)

where µ = ∆t/∆x. ϕ is the parameter in the frequency domain, with ϕ close to 0 corre-

sponding to slowly varying components, and ϕ close to π corresponding to highly oscillatory

components of the solution propagating to the next time step, which could arise due to discon-

tinuities or jumps in the initial or BCs.[391] Since |g(ϕ)| ≤ 1, the CN scheme is unconditionally

stable for all values of bµ and ϕ. However, for the high oscillatory components (i.e. when

ϕ ≈ ±π), then g(ϕ) ≈ 1 for large values of bµ, resulting in the undamped propagation of

oscillations in time. Using representative values of λ = 2.5mm, τm = 2.5s, ∆t = 0.1s used in

the simulations, and spatial discretisation of five equally spaced gridpoints for the arterioles

in the multiscale network, which have lengths in the range of 39 − 930µm, we get values for

bµ in the range of ≈ 46 − 26950, which produce a growth factor of g(±π) ≈ −1 for the CN

method. This explains the emergence of the oscillations and their amplification in time.

Considering the backward Euler implicit method, the growth factor can be given by[391]:

g(ϕ) =
1

1 + 4bµsin2
(

ϕ
2

) − π ≤ ϕ ≤ π. (C4)

Similar to the CN method, it can be easily seen that |g(ϕ)| ≤ 1, which implies unconditional

stability. Interestingly, contrary to the CN method, the growth factor is small for the high

oscillatory components of the solution for large values of bµ, and decreases with increasing

values of bµ. This means that the components for which CN produces the most troublesome

behaviour are the same components that are damped most by the implicit method, for suffi-

ciently large values of bµ. However, since the Euler method is first-order accurate, it requires

smaller time steps than the CN to achieve the same level of accuracy. Therefore, the best

possible way to proceed to achieve optimal computational feasibility and accuracy is to use
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the CN method, combined with the backward Euler method with a smaller timestep in the

time regions where such oscillations are likely to occur. In our case, when simulating the hy-

percapnic response by a sudden increase in Pa,CO2 , the implicit method can be used for the

temporal range in the region encompassing the arteriolarCO2 increase. This combination has

been shown to eliminate the spurious oscillations arising from adopting a pure CN scheme.

C.2 Posterior CVRModel Parameter Distributions

(a) (b) (c)
Figure C1: Final posterior distributions of the CVR model parameters obtained from Approximate Bayesian
Computation (ABC) schemes.

C.3 Investigating the effect of increasing τACh

Figure C2: The CBF response to an 3mmHg increase in Pa,CO2
at t = 0 in the multiscale network, when τACh

is increased to 20s. The equivalent time constant, defined as the time it takes for the response to reach 1-1/e of
its final value, is equal to 44s.

D Appendix D
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Table D1: Comparison between the 1D Hyperbolic PDE Model and the 0D Microcirculation 
Model using Perturbation Methods for Blood Flow in a Vessel Network 

Hyperbolic Method  Perturbation Method 

Governing 
Equations

Mass Conservation 

   

 
Momentum Conservation 
 

 

 

 

 

 

 

Tube Law 
Elastic Wall/Laplace Law: 
 

 

 

 

 

 

 

 

 

Single Vessel Model 

Hyperbolic PDE system: 
 

 

 

 

 

 

 

 
Solved using 2nd order accurate 
(modified) MacCormack scheme 
(other FD, FV, or FE methods also 
applicable). 

Harmonic oscillator equation for pressure in 
the frequency domain: 

 

 
Use of Perturbation Methods and frequency-
time analysis to arrive to the 0th dimensional 
solution for flow: 
 
 

 

 

Assumptions 

Blood Properties 
 Newtonian, incompressible fluid. 
 Viscosity modelled via empirical in-vivo model. 
 Negligible gravity. 

Blood Flow Profile 

 Axis-symmetric flow (hence laminar flow implicit assumption). 
  is sufficiently small, such that  and . 
 The vessel wall moves at the same velocity as the fluid at the interaction 

between them such that . 
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Velocity Profile 

Power Law Velocity Profile 
Assumption: 
 

 
 

 

 

 

A Womersley velocity profile is assumed. 

Vessel Dimensions Long Wave assumption ( >>R) Narrow vessels (R  

Advective Contributions 

Incorporated: integration of 
momentum term over cross-
sectional area is compensated for via 
the Coriolis coefficient . 

Advective Term Neglected. 

approximation 
 

 

Tube Law\Vessel Wall 

  

  

  
  in quasi-steady-state. 

  

  
 C in quasi-steady-state. 
 R is in quasi-steady-state; the R in the 

harmonic oscillator equation used in 
perturbation analysis is the space and 
time averaged R; the R in the derived 
approximate analytical solution in the 
time domain is updated quasi-
statically. 

Boundary Conditions 

Prescription of either the Q or P (but 
not both) at each boundary is 
permissible and required to ensure 
the analytical problem is well-posed. 
 
The other BC at each boundary as 
required for the numerical problem 
is obtained by enforcing the 
compatibility condition (spectral 
collocation approximation) on the 
outgoing characteristic. 

Prescription of either Q or P (but not both) at 
each boundary is required. 

Nodal 
Junctions 
Conditions 

Mass (flow) Conservation 
from the (N) vessels 
connected to the node( j). 
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Pressure Continuity 
(ex. for a bifurcating node) 
 

 
 

Matching Total Pressure (Bernoulli 
Equation) 
 

 

 

Matching Static Pressure 
 

     
 
 

Information propagation 
from the interior domain 
of connecting vessels. 

 

 

 

 

Resulting System of 
Equations at each node. 

6x6 non-linear square system 
(including 3 PDEs). Linear ODE system of equations at each node. 

Connecting the Network Together 

At each timestep, variables of the 
vessel interior are updated via 
numerical solver, after which the 
terminal variables at the junctions 
are solved for via compatibility 
relation supplemented with 
conditions of mass conservation and 
pressure continuity. 

All vessels in the network are connected into 
single ODE linear system to solve for the static 
pressure at the interior nodes: 

- C

 

Scheme Order Accuracy 

2nd order in space and time overall: 
 Modified MacCormack 

scheme is  2nd order accurate 
in space and time. 

 Nodal Junction scheme is 2nd 
order accurate in time 
(trapezoidal) and >2nd order 
accurate in space. 

Can be 2nd order (trapezoidal method) or 1st 
order accurate (Euler method). 

Scheme Stability 

Conditionally stable: 
 MacCormack scheme is 

explicit, nodal junction 
scheme is implicit, hence 
explicit scheme overall. 

 Lower (minimum) bound on 
stability (i.e., necessary but 
not sufficient* condition) is 
given by the CFL condition: 

 

 
*The CFL condition is not sufficient 
because the problem is a non-linear 
PDE system of equations. 

Unconditionally stable:  
 The first-order ODE system of 

equations is discretized and solved 
using a -implicit scheme. 

 is only bounded by accuracy limits 
(i.e., should be small enough to 
capture any perturbations). 

 
 

Simulation Time (for 13-generation 
network) 1.037×  seconds 58 seconds 
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