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Abstract

During the past 30 years, the proliferation of electronic trading has catal-
ysed profound structural change in the global foreign exchange (FX) spot
market. Today, more than 60% of the market’s volume occurs via elec-
tronic trading platforms [13], which provide traders with round-the-clock
market access from anywhere in the world. Such platforms offer sev-
eral practical benefits that have encouraged market participation from a
broad new class of financial institutions and have thereby spurred market

growth.

The most widely used electronic trading platforms in the FX spot mar-
ket incorporate several features that differentiate them from those used
in other financial markets. These features raise many important ques-
tions about order flow, market state, price formation, trader behaviour,
and volatility. Despite the enormous trade volumes that such platforms

facilitate, these questions have received almost no attention to date.

In this thesis, we study a recent, high-quality data set from a large elec-
tronic trading platform in the FX spot market in order to investigate
several aspects of trading via this mechanism. We calculate a wide range
of statistics regarding order flow and market state, and we highlight how
our findings contrast to those reported by empirical studies of electronic
trading platforms in other markets. We study the autocorrelation prop-
erties of returns, absolute returns, and order flow, and we investigate the
extent to which the market’s organization impacts price formation. We
also introduce a model designed to reproduce the most important prop-
erties of trading via such a platform. We derive several results regarding
the model’s temporal evolution, and we simulate the model to investigate
how the interactions between individual traders influence volatility. We
conclude that electronic trading platforms in the FX spot market retain
many desirable features of centralized markets while providing traders

with explicit control over their personal trading partnerships.
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Chapter 1

Introduction

According to the 2013 Bank for International Settlements (BIS) Triennial Central
Bank Survey [13], the average daily turnover of the global foreign exchange (FX)
spot market! exceeds US $2 trillion. This enormous volume of trade surpasses the
average daily turnover of the New York Stock Exchange (NYSE) by a factor of more
than 50 [172], outstrips the daily global gross domestic product by a factor of more
than 5 [83], and constitutes a more than five-fold increase in market activity since
2001 [11]. The relatively poor growth of the global economy during the same period
[83] suggests that this sustained expansion in FX volumes is not a consequence of
increased global trade [125]. To the contrary, several recent surveys [13, 14, 50] have
concluded that the key factor driving FX growth in recent years is the proliferation
of automated systems called electronic trading platforms, which enable traders to
interact and conduct trades electronically via global telecommunications networks.

Electronic trading platforms provide traders with real-time, round-the-clock access
to the FX market from anywhere in the world. They also offer traders a wide range
of practical benefits, such as lower execution costs [14], higher execution speeds [70],
faster transaction processing [50], and greater market transparency [185]. Electronic
trading has encouraged market participation from a broad new class of financial
institutions, which, in turn, has spurred market growth [125].

As we discuss throughout this chapter, there exist several different types of elec-
tronic trading platforms in the FX spot market. In this thesis, we seek to address
several questions regarding the market’s most widely used [13] type of electronic

trading platform, which we call “multi-institution trading platforms” (see Section

!'The FX market consists of several constituent parts, including the spot, forwards, options,
and swaps markets. Spot transactions are contracts for the exchange of two currencies within two
business days. The 2013 BIS Triennial Central Bank Survey [13] estimates that the spot market
accounts for approximately 38% of the FX market’s total volume.



1.3). Multi-institution trading platforms incorporate several features that differen-
tiate them from the trading platforms used in other financial markets. Given the
enormous trade volumes that these platforms facilitate [13], the use of these fea-
tures raises many important questions for research. Although several authors have
discussed these features in detail [14, 43, 75, 85, 185, 189], both empirical and the-
oretical study of their effects has remained extremely limited due to the relatively
recent uptake of electronic trading [185] and the difficulty of obtaining adequate data
[70, 179].

Thanks to our collaboration with HSBC bank, we have been granted access to
a recent, high-quality data set from a large multi-institution trading platform called
Hotspot FX [128, 129, 130]. Empirical study of this data, complemented by a model
of trade via such a platform, enables us to investigate several important questions
regarding order flow, market state, price formation, trader behaviour, and volatil-
ity. Therefore, we hope that our results are useful for practitioners, regulators, and
scholars alike. Moreover, trading in a financial market is the outcome of a complex
social process where human decision-making is recorded within a highly structured
environment, and in which complicated global phenomena emerge as a result of the
local interactions between many heterogeneous agents. This makes a financial market
an example of a complex system [169]. The unusually rich, detailed, and high-quality
historic data from electronic trading platforms provides an excellent testing ground
for ideas regarding universality, scaling, and emergence, which are popular topics in
the field of complex systems.

In the remainder of this chapter, we briefly introduce some of the common themes
that run throughout this thesis and provide a brief outline of the work that we present

in the the subsequent chapters.

1.1 A Brief History of the FX Market

As World War II drew to a close, delegates from 44 allied nations attended the United
Nations Monetary and Financial Conference in Bretton Woods, New Hampshire. Fol-
lowing what was perceived as a disastrous period of floating FX rates during the 1930s
[175], the primary aim of the conference was to establish an international monetary
constitution based on stable exchange rates that promoted post-war prosperity via
the growth of international trade [9, 31]. After weeks of discussions, all participat-
ing nations signed the so-called Bretton Woods Agreement, which stated that their

central banks would implement monetary policy to maintain a “par-value” system of



fixed exchange rates between their domestic currencies and the US dollar. Similarly,
the US government agreed to fix the price of gold at $35 per ounce, in order to assure
the participating nations that the value of the US dollar was dependable.

Although it took more than a decade for all 44 nations to perform the necessary
economic adjustments to join the par-value system, by the late 1950s the fixed-rate
convertibility set out in the Bretton Woods Agreement became a practical reality.
Consequently, the US dollar quickly became the de facto currency of international
trade [86]. According to several economic indicators, this era of full convertibility be-
tween the member currencies was the most stable economic period in the last century
[31, 73]. However, weaknesses of the system gradually appeared, and within less than
a decade it became apparent that the Bretton Woods Agreement was unsustainable
[9]. Amid mounting political and financial pressure, President Nixon announced on
15 August 1971 that the US government would no longer honour its agreed fixed price
on gold. Without this crucial link, the par-value system quickly fell into turmoil.

On 1 March 1973, the collapsing Bretton Woods Agreement was replaced by
a regime of free-floating FX rates [31]. Throughout the remainder of the 1970s,
trading volumes in the global FX market grew rapidly [185]. At this time, market
participants fell into one of two categories: customers, who sought to convert one
type of currency into another (often for the purpose of conducting retail transactions
overseas), and dealers, who acted as market makers for customers. Trades in which
one counterparty is a customer and the other is a dealer are often deemed to belong
to the customer market. Dealers also traded among themselves in a closed inter-
dealer market, in which spreads were typically much tighter than those accessible to
customers [125, 185].

Throughout the 1970s, both the customer and dealer markets relied almost ex-
clusively on phone-based technologies [70, 185]. When customers wished to obtain a
quote for an FX transaction, they did so by telephoning one of more dealers. Sim-
ilarly, dealers who sought to arrange inter-dealer trades telephoned either another
dealer or a so-called wvoice broker, who (in exchange for a fee) searched for trading
interest among other dealers and matched suitable counterparties to transact [85].
Because market conditions changed rapidly, it was necessary for dealers to make very
frequent calls throughout each trading day to stay up-to-date with current market

prices [14].



1.2 The Dawn of the Electronic Era

The history of electronic trading in the FX spot market dates back to the launch of
an electronic bulletin board called the Reuters Market Data Service (RMDS) in 1981
[185]. RMDS enabled dealers to post messages to convey their trading interest in the
inter-dealer market. If a dealer browsing RMDS identified a potential trading partner,
he/she contacted the relevant counterparty by telephone to discuss and arrange the
trade.

In 1987, Reuters replaced RMDS with a new electronic platform called D2000-1
[85]. D2000-1 was a closed network for bilateral communication that enabled dealers
to engage in instant-message conversations to arrange trades in the inter-dealer mar-
ket.? In contrast to RMDS, which ultimately required dealers to finalize trades via
telephone, D2000-1 facilitated all stages of the trade-agreement process electronically.

In 1992, Reuters launched a new electronic trading platform called D2000-2 [85].
D2000-2 enabled dealers to submit orders that stated their desire to buy or sell a given
quantity of a given currency pair at a given price. Whenever a dealer submitted a new
order, the D2000-2 servers checked whether it was possible to perform a matching
to an outstanding order in the system. If so, the owners of the respective orders
performed the relevant trade at the agreed price; if not, the incoming order was added
to the list of outstanding orders. Due to its automatic order-matching functionality,
the D2000-2 system was an early example of an electronic limit order book (LOB)
[98]. We provide a detailed discussion of LOBs in Chapter 2.

A year later, a consortium of banks launched a rival inter-dealer platform called
Electronic Broking Services (EBS), which had similar functionality to D2000-2 [189].
The popularity of D2000-2 and EBS grew throughout the 1990s, and by the end of
the decade these platforms dominated transaction volumes in the inter-dealer market
[14]. Due to their similarities with the functions of a voice broker (i.e., matching
outstanding trading interest among dealers), D2000-2 and EBS came to be known as

electronic broking systems.

1.3 A Changing Market Landscape

Throughout the 1990s, access to the D2000-2 and EBS platforms — and, therefore, to
their many practical benefits — was restricted to traders in the inter-dealer market.

Towards the end of the decade, however, the increasing capabilities of the internet

2Evans [75] provides a detailed description of the process via which dealers agreed trades on
D2000-1.



facilitated the development of two new types of trading platforms that broadened the
accessibility of electronic trading to a much wider class of market participants [50].

The first new type of electronic trading platforms were proprietary systems called
single-institution trading platforms [14]. The exact functionality of early single-
institution trading platforms varied somewhat, but ultimately their purpose was to
enable customers to arrange trades with dealers via a computer, rather than via
telephone [50]. The second new type of electronic trading platforms were electronic
communication networks (ECNs) [185]. ECNs were designed to mimic the function-
ality of electronic broking systems, but without the requirement that their users had
access to closed inter-dealer networks [43, 50, 125]. Because of their similarities, we
use the term multi-institution trading platforms to describe both electronic broking
systems and ECNs.

The widespread availability of ECNs triggered an important change in the FX
spot market [14]: participation from a wide new class of financial institutions that
did not fit the traditional “customer/dealer” partitioning. Examples of these insti-
tutions — which the BIS calls other financial institutions [12] — include smaller
commercial banks, investment banks, securities houses, mutual funds, pension funds,
hedge funds, currency funds, money market funds, building societies, leasing compa-
nies, insurance companies, financial subsidiaries of corporate firms, and central banks.
As participation on ECNs widened, liquidity on the platforms increased, and today
many ECNs offer similar spreads to those in the inter-dealer market [43, 53, 85].

Another major consequence of the widespread use of ECNs was an increased
automation of trading tasks. Today, many traders use computer algorithms that
monitor and assess the state of the market from direct data feeds and submit or
cancel orders without human intervention [44]. There are several possible uses for
such algorithms — including automatic hedging of inventory risk, automatic market
making, and capitalizing on statistical arbitrage opportunities [14, 125]. According to
the 2010 BIS Triennial Central Bank Survey [12], the rise in popularity of algorithmic
trading was a key factor in the surge of FX spot volumes towards the end of the last
decade. We return to the topic of algorithmic trading at several points throughout

the subsequent chapters.

1.4 Electronic Trading Today

Electronic trading now accounts for more than 60% of turnover in the FX spot market
[13]. Although Reuters have replaced D2000-2 with a new platform called Dealing



3000 [43], the new platform inherits most of its functionality directly from the old
D2000-2 system. The EBS platform continues to operate, and a wide selection of new
ECNs and single-institution trading platforms have emerged during the last decade
[176]. Most multi-institution trading platforms offer similar core functionality [43],
but electronic broking systems remain primarily aimed at the inter-dealer market

whereas ECNs welcome participation from a much wider class of financial institutions.

1.5 A Quasi-Centralized Marketplace

Multi-institution trading platforms use electronic LOBs to facilitate trade. In contrast
to those used in many other financial markets, however, the LOBs used by multi-
institution trading platforms in the FX spot market do not allow all traders to trade
with all others. Although the prices of all trades on such platforms are announced
publicly, each trader is only able to access the trading opportunities that are offered by
his/her trading partners. We present a detailed discussion of this trading mechanism
— which we call a quasi-centralized LOB — in Chapter 2.

An important consequence of the quasi-centralized structure of trade in the FX
spot market is that different traders on the same multi-institution trading platform
face different trading opportunities at the same time. This raises several questions for
research. Do the statistical properties of order flow and LOB state vary from those in
other markets? Do arbitrage opportunities arise for some traders? What impact do
trading partnerships have on price formation? Does this market structure influence
volatility? How do traders assess their local information about market state when
deciding how to act? Despite the widespread use of quasi-centralized LOBs in the
FX spot market [43, 189], these questions have received almost no attention to date.

Therefore, detailed study of this trading mechanism is a very important task.

1.6 Outline

This thesis is organized into seven additional chapters. In each chapter that contains
new research, we discuss our motivations and provide an overview of the literature
most relevant to our work. In Chapter 2, we discuss the microstructure of multi-
institution trading platforms in the FX spot market and highlight several important
features that distinguish these platforms from those used in other markets. We also
list many important definitions that we use throughout the thesis. In Chapter 3, we

introduce the Hotspot FX trading platform, provide a detailed description of the data



that we study in the subsequent chapters, and discuss our data pre-processing and
cleaning methodology.

In Chapter 4, we perform an empirical investigation of order flow and LOB state
on Hotspot FX. We calculate several statistics regarding order arrival and cancellation
rates, the mean LLOB depth at given prices, and the distributions of limit order arrivals
and cancellations. We identify several properties of order flow and LOB state that
vary across trading days. We also uncover a simple, linear rescaling that causes each
day’s order-flow distributions to collapse onto a single curve.

In Chapter 5, we employ a wide range of estimators and techniques to perform
a scientifically rigorous investigation of the the long-memory properties of returns,
absolute returns, and order flow on Hotspot FX. Due to the extremely high levels
of activity on the platform, we are able to detect long memory with high levels
of statistical significance, even in cases when it is relatively weak. We find that
autocorrelations in the return series disappear within less than 1 second, but we find
strong, statistically significant evidence for long memory in absolute returns and order
flow. We also uncover a low-order, negative autocorrelation in order flow that (to our
knowledge) has not been reported by studies of other markets.

In Chapter 6, we investigate how heterogeneity in traders’ access to trading op-
portunities impacts price formation on Hotspot FX. Specifically, we calculate the
difference between the price at which each trade occurred and the price at which it
would have occurred if the owner of the relevant market order had access to all trad-
ing opportunities on the platform at its time of its submission. We call this difference
the bypassing price of a trade. Although we identify a small number of trades that
have a large bypassing price, we find that the vast majority of market orders match
at a price that is close to the best quotes at their time of execution, and we find that
changes in bypassing price provide much weaker explanatory power for changes in
trade price than do changes in the best quotes.

In Chapter 7, we introduce an agent-based model of trade on a quasi-centralized
trading platform. We design our model to be sufficiently simple to enable us to
derive several analytical results about its temporal evolution. We simulate our model
using different trade-partnership networks and calculate the volatility of the resulting
trade-price series in each case. We find that volatility is lowest when the trade-
partnership network is complete, and that reducing the total number of edges in the
trade-partnership network often — but not always — leads to an increase in volatility.

Finally, in Chapter 8, we offer some conclusions and discuss several possible av-

enues for future research.






Chapter 2

The Microstructure of Electronic
Trading in the FX Spot Market

In this chapter, we discuss several important aspects of multi-institution trading
platforms (see Section 1.3) in the FX spot market. The work in this chapter is also
described in the jointly authored papers [98,; 100].

2.1 Introduction

During the past 30 years, a growing body of research has concluded that macroeco-
nomic activity fails to explain several important features of price formation in financial
markets [79, 81, 82, 121, 149, 166, 195]. The poor performance of models that portray
price movements as reflections of changes in exogenous fundamentals suggests that
many important factors are extraneous to the variables that they consider [81, 82].
These findings provide strong motivation to explore alternative approaches.

One such alternative is the market-microstructure approach [79, 82, 87, 149, 150,
195]. This approach emphasizes that price formation is a direct consequence of
traders’ actions, and thereby highlights the need to study in detail the processes
by which traders’ latent trading intentions translate into trades. In recent years,
microstructure models have provided alternative explanations for many important
phenomena. For example, several authors have highlighted that volatility can emerge
as a natural consequence of trader heterogeneity [32, 34, 42, 58, 204], and have there-
fore brought into question the notion that increased volatility necessarily signifies
fundamental economic revaluations.

In this chapter, we provide a detailed description of the microstructure of multi-
institution trading platforms in the FX spot market. We highlight several important

features that distinguish these platforms from the electronic trading platforms used



in other markets. We also list several important definitions that we use throughout
the subsequent chapters.

The remainder of this chapter is organized as follows. In Section 2.2, we introduce
a general framework for LOB trading. In Section 2.3, we discuss several features of
the LOBs used by multi-institution trading platforms in the FX spot market that
distinguish them from those used in other financial markets. In Section 2.4, we
discuss a network representation for the trading partnerships between traders on a
multi-institution trading platform in the FX spot market. In Section 2.5, we present

a brief summary of the main points from the chapter.

2.2 Limit Order Books

More than half of the world’s financial markets use an electronic limit order book
(LOB) mechanism to facilitate trade [187]. In contrast to quote-driven systems,
in which buy and sell prices are set by designated market makers, price formation
in an LOB is a self-organized process that is driven by traders’ submissions and
cancellations of orders. LOBs record comprehensive digital transcriptions of this
process and thereby illuminate the complex interplay between order flow, liquidity,
and price formation [57]. In this section, we provide a brief introduction to the main

features of LOBs. For a more comprehensive discussion, see our survey article [98].

2.2.1 The Mechanics of LOBs

In an LOB, traders interact by submitting orders.

Definition. An order x = (pg,ws,t,) submitted at time t, with price p, and size
wy > 0 (respectively, w, < 0) is a commitment to sell (respectively, buy) up to |w,|

units of the traded asset at a price no less than (respectively, no greater than) p,.
For a given LOB, the units of order size and price are set as follows.

Definition. The lot size o of an LOB is the smallest amount of the asset that can

be traded within it. All orders must arrive with a size w, € {+kolk =1,2,...}.

Definition. The tick size m of an LOB is the smallest permissible price interval
between different orders within it. All orders must arrive with a price that is specified

to the accuracy of m.
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Whenever a trader submits a buy (respectively, sell) order x, an LOB’s trade-
matching algorithm checks whether it is possible for x to match to a sell (respectively,
buy) order y such that p, < p, (respectively, p, > p,). If so, the matching occurs
immediately and the relevant traders perform a trade for the agreed amount at the
agreed price. If |w,| > |w,|, any residue size of x is then considered for matching
to other active sell (respectively, buy) orders, and so on until either = becomes fully
matched or there are no further active sell (respectively, buy) orders with a price that
makes them eligible for matching to x.

Any portion of x that does not match instead becomes active at the price p,, and
it remains active until either it matches to an incoming sell (respectively, buy) order
or it is cancelled. Cancellation usually occurs because the owner of an order no longer
wishes to offer a trade at the stated price. Many platforms allow traders to specify that
any portion of an arriving order that does not match immediately is automatically
cancelled upon arrival. The rules governing specific trading platforms can also lead
to the cancellation of active orders. For example, Hotspot FX automatically cancels
all active orders at 22:00:00 GMT each day, to prevent a large accumulation of stale
orders [130].

Orders that result in an immediate matching upon arrival are called market orders.
Orders that do not, instead becoming active orders, are called limit orders. Some
trading platforms allow traders to submit a wide variety of other order types (such as
fill-or-kill, stop-loss, or peg orders [33, 130]), but it is always possible to decompose
the corresponding order flow into limit and/or market orders. Therefore, we study

order flow in terms of these simple building blocks.

Definition. On a given electronic trading platform, the LOB L(t) for a given asset

15 the set of all active orders for the asset at time t.

2.2.2 LOB State

At any time ¢, the set of active orders can be partitioned into the set of active buy
orders B(t), for which w, < 0, and the set of active sell orders A(t), for which w, > 0.

Definition. The bid price at time t is the highest price among active buy orders at
time t:

b(t) = - 2.1
() max p (2.1)

The ask price at time t is the lowest price among active sell orders at time t:

) = min p,. 2.2
a(t) nin p (2.2)
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Definition. The bid-ask spread at time t is s(t) = a(t) — b(t).
Definition. The mid price at time t is m(t) = [b(t) + a(t)] /2.

The evolution of £(t) is a cadlag process.! It is often useful to consider the state
of L£(t) immediately before a specified time, so we introduce the underline notation
L(t) =lim L(t') (2.3)

/1t
to denote the state of £(t) immediately prior to time ¢. For example, if a limit order
x becomes active upon arrival, then = € L(t,) but = ¢ L(t,).

Each of b(t), a(t), s(t), and m(t) are also cadlag processes. We use the same under-

line notation as in Equation (2.3) to denote the values of these processes immediately

before time t. For example,
b(t) = limb(t').

- 1t

2.2.3 Priority

Often, LOBs contain several active orders that are eligible for matching to an incoming
market order. Different LOBs employ different priority systems to rank active orders
in these situations. By far, the most common priority mechanism currently used is
price-time, for which priority is first given to the active orders with the best (i.e.
highest buy or lowest sell) price, and ties are broken by selecting the active order
with the earliest submission time ¢, among those at the best price. An alternative
priority mechanism is price-size, for which priority is also first given to the active
orders with the best price, but ties are broken by selecting the active order with the

largest size among those at the best price.

2.3 Quasi-Centralized LOBs

Let © = {01,6,,...,0)} denote the set of M traders in a given LOB. In some LOBs,
every arriving buy (respectively, sell) market order x matches to the highest-priority
active sell (respectively, buy) order y € L(t,), irrespective of which traders own = and
y. We call such LOBs centralized LOBs. In a centralized LOB, each trader 6; € ©
faces the same trading opportunities at the same time because all traders are able to
trade with all others.

LA sample function on a well-ordered set is cadlag if it is continuous from the right and has left
limits everywhere. A stochastic process is cadlag if almost all of its sample paths are cadlag.
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Multi-institution trading platforms in the FX spot market adopt an alternative

LOB configuration, which we call a quasi-centralized LOB.

Definition. A quasi-centralized LOB is an LOB in which each trader’s orders can
only match to those of a specified set of trading partners but in which the price of each

trade is announced publicly.

We choose the name “quasi-centralized LOB” because these LOBs share some,
but not all, features of centralized LOBs. At some points throughout the thesis, and
particularly in Chapter 7, we also use the more general term quasi-centralized trading
platform to refer to any electronic trading platform (LOB or otherwise) on which
each trader can only trade with a specified set of trading partners but in which the

price of each trade is announced publicly.

2.3.1 Trade Partnerships

On a quasi-centralized trading platform, each trader 6; € © provides the exchange

with a list of the other traders with whom they are willing to trade.

Definition. Trader 6; € © accepts trader §; € © if 6, declares that he/she is willing
to trade with ;. Otherwise, 0; blocks 0;.

If 0, accepts 0;, we write 0; — 0;. If 0; blocks 0;, we write 0; - 0;. On a quasi-
centralized trading platform, each trader can only access the trading opportunities
that are offered by the subset of traders with whom they posses a mutual trading

agreement.
Definition. If 0, — 0, and 0; — 0;, then 0; and 0, are trading partners.

If 0; and 60, are trading partners, we write ¢; <+ 0;. Otherwise, we write 0; <= 0;.

In a quasi-centralized LOB, when a trader §; € © submits a buy (respectively,
sell) market order x, the order matches to the highest-priority active sell (respectively,
buy) order y € L(t,) that is owned by a trader 6; € © such that ; <> 6;. Therefore,
the temporal evolution of a quasi-centralized LOB depends not only on order flow,
but also on which traders own which orders. Where necessary, we write z; to denote

an order x that is owned by the trader 6;.
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2.3.2 Blocking

If a trader ¢, chooses to block another trader 6; (or vice-versa), then ¢; and §; are
unable to trade with each other. We suggest several possible reasons why this might
occur. First, if 6; believes 0; to possess superior private information or faster ma-
noeuvrability after the release of relevant news, then 6; might fear adverse selection
from 6;. For example, a trader who typically leaves orders active in the LOB might
be unwilling to trade with aggressive algorithmic traders [44, 115]. Second, 6; might
block counterparties that only submit small orders. For example, a large bank that
typically performs very large trades might not wish to trade with small financial
institutions. Third, 6; might block other traders whose activity clogs the trading
screen. For example, the strategies adopted by many high-frequency traders involve
the submission and rapid cancellation of limit orders over very short time intervals
22, 44, 115, 126]. Other traders might find it difficult to assess the state of the market

if a huge number of orders rapidly appear and disappear from their trading screens.

2.3.3 Local LOBs

In a quasi-centralized LOB, traders are not in general able to view the state of the
whole LOB L(t). Instead, each trader 6, € © views only the active orders that are
owned by his/her trading partners.

Definition. Trader 60;’s local LOB is the subset of active orders in L(t) that are

owned by 0;’s trading partners:

Definition. Trader 6;’s local bid price at time t is the highest stated price among

active buy orders at time t that are owned by 0;’s trading partners:

®) {fﬂjGég)zT(}?iH@j}p (2.4)

Trader 0;’s local ask price at time t is the lowest stated price among active sell orders

at time t that are owned by 0;’s trading partners:

(2.5)

a;(t) = min -
Q {ijA(t)\GiH(’j}p
Definition. Trader 6;’s local bid-ask spread at time ¢ is s;(t) = a;(t) — b;(t).

Definition. Trader 6;’s local mid price at time ¢ is m;(t) = [b;(¢) + a;(t)] /2.
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To highlight the differences between the definitions in Section 2.2 (which corre-
spond to the set of all active orders) and those in this section, we use the term global
LOB to describe L(t), global bid price to describe b(t), global ask price to describe
a(t), and so on. Figure 2.1 shows a schematic of a global LOB and a corresponding

local LOB at some instant in time.

2.3.4 The Trade-Data Stream

Because each trader’s local LOB only includes the active orders that are owned by
his/her trading partners, different traders in a quasi-centralized LOB do not in general
face the same trading opportunities at the same time. However, quasi-centralized
LOBs also publicly disseminate a trade-data stream that lists the price, time, and
direction? of every trade that occurs. Each trader is able to observe these details in
real time, irrespective of whether he/she is trading partners with the traders involved
in the trade.

Definition. The traded bid-price at time ¢, denoted B(t), is the price at which the
last seller-initiated trade occurred at or before time t. The traded ask price at time t,
denoted A(t), is the price at which the last buyer-initiated trade occurred at or before

time t.

At any time ¢, all traders in a quasi-centralized LOB are able to calculate B(t)
and A(t) from their trade-data stream. In contrast to b;(t) and a;(t), whose values

vary across traders, the values of B(t) and A(t) are common to all traders.

2.4 Trade-Partnership Networks

In this section, we propose a simple representation of the trading partnerships on a
quasi-centralized trading platform. We call this representation a trade-partnership
network. Consider a network with M nodes, where node i represents trader 6;, for
¢t =1,...,M. For each pair of traders 6; # 0;, connect node ¢ to node j with an
edge if and only if 6; <+ 0;. Figure 2.2 shows a trade-partnership network for a quasi-
centralized trading platform that is populated by the traders © = {61,062, 63} and in
which 6y <> 65 and 6; < 05 but 64 <» 05.

2The direction of a trade describes whether it is buyer-initiated or seller-initiated. A buyer-
initiated (respectively, seller-initiated) trade occurs when a buy market order matches to an active
sell order (respectively, sell market order matches to an active buy order).
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Figure 2.1: Schematic of (top) global LOB L(¢) and (bottom) 65’s local LOB Ly(t)
for a quasi-centralized LOB populated by traders © = {6, 05,03} with 6; <> 0, and
01 < 03 but 0y «» 3. To illustrate the role of the trading partnerships, each active
order in the figure is labelled according to its owner. However, in order to protect
traders’ identities, electronic trading platforms do not disseminate this information
to traders in real time.
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Figure 2.2: Network representation of the trading partnerships between traders © =
{61, 05,05} on a quasi-centralized trading platform where 6; <> 0y and 0; > 05 but
82 el 63.

Throughout this thesis, we do not consider the directed nature of traders accepting
or blocking other traders. However, we note that this network representation can
be extended to incorporate directed relationships by using directed edges instead of

undirected edges.

2.5 Summary

In this chapter, we have discussed several important features of trading via multi-
institution trading platforms in the FX spot market. We also introduced a network
representation of the trading partnerships between the traders on a quasi-centralized
trading platform. Many of the topics that we have discussed in this chapter form the

basis of our investigations throughout the remainder of the thesis.
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Chapter 3

Hotspot FX

In this chapter, we introduce the Hotspot FX trading platform, provide a detailed
description of the data that we study in the subsequent chapters, and discuss the
methods that we use to pre-process and clean the data. The work in this chapter is

also described in the jointly authored paper [100].

3.1 The Hotspot FX Platform

Since its launch in 2002, Hotspot FX [128, 129, 130] has grown to be one of the most
widely used multi-institution trading platforms in the FX spot market [176]. Hotspot
FX provides direct market access to a broad range of trading professionals, including
banks, financial institutions, hedge funds, high-frequency traders, corporations, and
commodity trading advisors [128]. More than 60 different currency pairs are traded
simultaneously on Hotspot FX, and the platform is open for trades 24 hours a day, 5

days a week.

3.1.1 The Hotspot FX Trading Screen

Figure 3.1 shows a screenshot of the Hotspot FX trading screen. The right panel of
the screen contains the trade-data stream that is common to all traders. For a given
trader 6; € O, the left panel of the screen contains the local LOBs for a selection of
different currency pairs. A price for the currency pair XXX/YYY denotes’ how many
units of the counter currency YYY are exchanged per unit of the base currency XXX.
For example, a GBP/USD trade of size 1 at price 1.52342 corresponds to an exchange
of 1.52342 US dollars for 1 pound sterling. Upon matching, the owner of a buy order

1To avoid potential confusion with fractions (e.g., z/y), some practitioners instead label currency
pairs as XXXYYY or XXX-YYY.
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T = (Pz, Wy, tz) gives |w,|p, units of the counter currency and receives |w,| units of
the base currency. Similarly, upon matching, the owner of a sell order y = (py, w, ;)
gives w, units of the base currency and receives wyp, units of the counter currency.

Each currency pair has its own lot size o and tick size 7 [130].

3.1.2 Trading Partnerships

Hotspot FX provides traders two ways to manage their trading partnerships on the
platform: by specifying simple accept/block choices (see Section 2.3.1) or by speci-
tying credit limits. If a trader 0; specifies a credit limit for another trader 6;, then
0; <+ 0; if and only if the total size of trades between ¢; and 6; that have been agreed
but not yet settled is less than a specified threshold. If the size of such trades ever
reaches the threshold, 6; temporarily blocks ¢; until either sufficiently many trades
have been settled to reduce the total size of outstanding trades back below the thresh-

old or 0; increases the credit limit for 6;.

3.1.3 Hidden Liquidity

Hotspot FX provides traders with an option that helps to hide the extent of their
intentions to trade. An iceberg order is an order that specifies not only a total size
and price but also a wvisible size. Other traders see only the visible size, which appears
(to them) as a standard active order. The hidden component of an iceberg order
has lower priority than the visible component of the same order, but it can still be
matched if a suitably large market order arrives. Whenever any of the visible portion
of an iceberg order is matched, the visible portion is automatically replenished by
reducing the invisible portion by the appropriate amount. An iceberg order with a
visible size of 0 is called a hidden order. For further discussion of iceberg orders, see
[98].

3.2 The Hotspot FX Data

In Chapters 4-6, we use data from Hotspot FX to investigate several features of
order flow, LOB state, and price formation in quasi-centralized LOBs. The data
that we study describes all limit order arrivals and cancellations and all trades for
the EUR/USD (Euro/U.S. dollar), GBP/USD (Pounds sterling/U.S. dollar), and
EUR/GBP (Euro/Pounds sterling) currency pairs® on the platform during May 2010

2 According to the 2013 BIS Triennial Central Bank Survey [13], these currency pairs constitute
about 24%, 9%, and 2%, respectively, of the total turnover of the FX market.
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and June 2010. On Hotspot FX, each of the three currency pairs has a lot size of
o = 0.01 units of the base currency and a tick size of 7 = 0.00001 units of the counter
currency.

Due to the extremely high levels of activity on the platform, the Hotspot FX
data is extremely large. After cleaning (see Section 3.3), the sizes of the EUR/USD,
GBP/USD, and EUR/GBP data files are approximately 13GB, 9GB, and 6GB, re-

spectively.

3.2.1 File Types

For each currency pair, the Hotspot FX data consists of two types of files: the trade-
data file, which describes all trades that occur, and the tick-data file, which lists all
updates to L(t).

3.2.1.1 The Trade-Data File

The trade-data file contains a transcription of the trade-data stream that traders on
Hotspot FX access in real time (see Section 2.3.4). Additionally, the trade-data file

lists the size of each trade. A short extract from a trade-data file is:

2010/05/03,00:11:28.547,S,1.32141,100000.00
2010/05/03,00:14:14.449,5,1.32148,100000.00
2010/05/03,00:14:19.608,B,1.32157,10000.00
2010/05/03,00:14:30.543,S,1.32141,700000.00
2010/05/03,00:14:30.741,S,1.32141,2300000.00
2010/05/03,00:15:06.838,B,1.32140,100000.00

From left to right, the fields of the trade-data file are date, time, direction [buyer

initiated (B) or seller initiated (S)], price, and size.

3.2.1.2 The Tick-Data file

The tick-data file consists of a separate data block for each minute during the trading
day. Each block begins with an up-to-date snapshot of the global LOB L(¢). After
the snapshot, each block contains a time series of all changes that occurred to L£(¢)

during the given minute. A short extract from a tick-data file is:

00:11:28.518,657730,N,2,1.32162,8000000
00:11:28.519,657694,C, ,,
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00:11:28.519,657731,N,1,1.30819,200000
00:11:28.519,657724,M,, ,900000
00:11:28.520,657732,N,2,1.32185,1000000
00:11:28.520,657617,C, ,,

From left to right, the fields are time, order ID, event type [new-order event (N),
modify-order event (M), or cancel-order event (C)], buy order (1) or sell order (2),
price, and size. For modify order and cancel order events, some fields are left blank;
these can be identified by looking up the relevant order ID entries earlier in the file.
For iceberg orders, only the visible portion is described in the tick-data file. Entirely
hidden orders do not appear in the tick-data file.

New-order events indicate that a limit order arrived and became active. Modify-
order events indicate that part — but not all — of an active order matched to an
incoming market order, leaving some of the order still active.®> The size field of a
modify-order event indicates the remaining size of the active order after the matching
occurred. If the active order involved in the matching was an iceberg order, then the
size field of the relevant modify-order event indicates the size of the visible compo-
nent after the automatic replenishment by the hidden component (see Section 3.1.3).
Cancel-order events indicate that an active order departed from the LOB. This can

occur for two reasons:

e an active order was cancelled;

e an active order fully matched to an incoming market order.
The tick-data file does not detail whether each cancel-order event relates to an active
order cancellation or a full matching. We discuss this issue further in the next section.

3.2.2 Understanding Active Order Departures

Whenever a market order matches to a visible active order,* Hotspot FX records the
activity in both the trade-data file (as a trade) and the tick-data file (as either a cancel-
order event or a modify-order event, depending on whether or not the corresponding
active order matches fully). Although both files record all events with millisecond

time stamps, the trade-data and tick-data files are recorded by different servers (as

3If a trader wishes to change the size or price of one of their active orders, then he/she must first
cancel the order and then submit a new one. Such an action is not recorded as a modify-order event
in the tick-data file.

4If an incoming market order matches to an entirely hidden order, the trade is reported in the
trade-data file but the tick-data file contains no record of the matching.
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is common with LOB data [114]), so the time stamps for corresponding events in
the two files often differ by a small, variable amount. Therefore, we are not able to
deduce with certainty whether cancel-order events in the tick-data file correspond to
active order cancellations or full matchings.

In Chapters 4 and 5, we study all active order departures together, irrespective
of whether they correspond to active order cancellations or full matchings. For our
calculations in these chapters, we study all cancel-order events as listed in the tick-
data file. In Chapter 6, we study only trades. For our calculations in this chapter, it
is necessary for us to infer which trades (as listed in the trade-data file) correspond
to which cancel-order events in the tick-data file. We perform such inference via
Algorithm 6.1, which we describe in Section 6.3.1.

3.2.3 Constructing L(t)

By first constructing the initial LOB state (according to the snapshot) and then
processing each subsequent line in the tick-data file, it is possible to reconstruct the
full state of £(t) at any given time ¢. Figure 3.2 shows the temporal evolution of L(?),
b(t), a(t), B(t), and A(t) for the EUR/USD LOB on Hotspot FX between 11:00:00
and 12:00:00 GMT on 3 May 2010.

Because trade for each currency pair on Hotspot FX occurs via a quasi-centralized
LOB (see Chapter 2), the trading opportunities that a given trader can access de-
pends on his/her trading partnerships. However, Hotspot FX do not disclose any
information regarding the trade-partnership network on the platform, and the data
does not contain any information about traders’ identities, so it is not possible to re-
construct the local LOB £;(t) for a specific trader 6; € ©. We return to this discussion

at several points throughout the subsequent chapters.

3.3 Data Pre-Processing and Cleaning

Before we perform our empirical calculations in the subsequent chapters, we pre-

process and clean the Hotspot FX data in the following ways.

3.3.1 Excluded Days

For each of the three currency pairs, the mean inter-arrival time for buy and sell limit
orders is less than 0.03 seconds. However, the data occasionally contains long periods

lasting up to several seconds that include no order arrivals or cancellations. Such
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gaps in recording are caused by a temporary loss of connectivity between the Hotspot
FX servers. Although such periods are rare, they cause substantial difficulties in
calculating the desired statistical properties from the data. Therefore, we exclude
from our study any days with gaps in recording of 30 seconds or more.> We also
exclude 3 May 2010 (May Bank Holiday in the UK) and 31 May 2010 (Spring Bank
Holiday in the UK/Memorial Day in the US) because market activity on these days

is extremely low. After these exclusions, a sample of 30 trading days remains.

3.3.2 Peak Trading Hours

On Hotspot FX, each trading day begins at 22:00:00 GMT and runs continuously
until 21:59:59 GMT, at which point the platform automatically cancels all active
orders [130]. However, far more trades occur during 08:00:00 — 17:00:00 GMT than
outside these times (see Figure 3.3). To ensure that our results reflect LOB activity

during these peak trading hours, we restrict our attention to the period 08:00:00 —

17:00:00 GMT each day.

3.3.3 Inferring Market Orders

If a market order matches to several different active orders (either across several prices,
which is often called walking up the book,S or at a single price), then the trade-data
file reports each partial matching as a separate event. Entries that are generated by
the same market order appear as consecutive lines in the data, and the time stamps of
each such pair of consecutive lines differ by at most 1 millisecond. We use Algorithm
3.1 to infer which lines in the trade-data file correspond to the same market orders.
It is possible that a pair of traders could submit market orders with the same
sign that arrive within 0.001 seconds of each other. In this case, Algorithm 3.1 will
incorrectly identify the two lines in the trade-data file as corresponding to a single
market order. However, the mean time difference between consecutive lines in the
trade-data file is of the order of several seconds for each of the three currency pairs,
so we deem it extremely unlikely that this will occur often. In the absence of explicit

details regarding which line corresponds to which market order, we perform inference

5We verified that the choice of 30 seconds was not too short by repeating all of our calculations
but excluding any days with gaps in recording of 5 seconds or more. The results were identical
because the list of days to exclude was the same in both cases.

8Some practitioners use the term drilling the book to describe this behaviour, but this terminology
is far less common in the published literature.
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Figure 3.3: Total size of market orders each hour for (top) EUR/USD, (middle)
GBP/USD, and (bottom) EUR/GBP. The percentage of total trading volume that
occurs between the hours 08:00:00 — 17:00:00 GMT during the data that we study
is 71.6%, 72.8%, and 73.7% for EUR/USD, GBP/USD, and EUR/GBP, respectively.

The grey regions indicate the hours outside of this time interval.

27



Let 7 <= 0.
Let tj — —1.
Let p; <= 0.
Let w; <+ 1.

for each line of the trade-data file do
Denote the time by T'.

Denote the price by P.
Denote the size by S.
if T'—¢; <0.001 and sign(S) = sign(w;) then
Let tj —T.

Let wj <1 w; +S.

if S <0 then

| Let pj <=+ max (p;, P)
end
else

| Let pj <= min (p;, P)
end

end

else

if 7 > 0 then
Record that the j™ market order arrived at time ¢; with price
p; and size wj.

end

Let j <=5+ 1.

Let t; <= T.

Let p; P.

Let w; <= S.

end

end

Algorithm 3.1: Algorithm to infer whether consecutive lines in the trade-data file
correspond to the same market order arrival.
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according to Algorithm 3.1 and regard any incorrectly grouped market orders as a
source of noise in the data.

The data does not provide a reliable way to perform inference about incoming
orders for which part matches immediately and part becomes active. For such orders,
we treat the matched part as a market order and the unmatched part as a separate

limit order.

3.4 Summary

In this chapter, we have discussed several important features of the Hotspot FX
platform and provided a detailed description of the Hotspot FX data. This data
— which, after cleaning, describes all limit order arrivals and cancellations and all
trades for the EUR/USD, GBP/USD, and EUR/GBP currency pairs during the peak
trading hours of 08:00:00 — 17:00:00 GMT for 30 trading days during May 2010 and

June 2010 — forms the basis of our empirical investigations throughout Chapters 4-6.
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Chapter 4

Statistical Properties of Order
Flow and LOB State on Hotspot
FX

In this chapter, we perform a statistical analysis of several properties of order flow
and LOB state on Hotspot FX. The work in this chapter is also described in the
jointly authored paper [100].

4.1 Introduction

During the past 20 years, empirical study of LOB data has provided new insights
into many long-standing questions about financial markets — such as the origins and
nature of large price changes, market efficiency, volatility, market impact, and the
determinants of the bid-ask spread [33, 34, 136, 204]. Although the breadth of such
work is substantial (see, e.g., [23, 36, 45, 47, 60, 107, 108, 167, 181, 207]), almost all
empirical investigations of LOBs to date have studied data from centralized LOBs.
The quasi-centralized LOBs used by multi-institution trading platforms in the FX
spot market distinguish them from centralized LOBs in several important ways (see
Chapter 2) and thereby present several alternative questions for empirical research.
In this chapter, we perform a statistical analysis of historical data that describes
all LOB activity for three liquid currency pairs on Hotspot FX during May 2010 and
June 2010 (see Chapter 3). We study several important features of order flow and
LOB state, including order arrival and cancellation rates, the mean LOB depth at
given prices, and the distributions of limit order arrivals and cancellations. To our
knowledge, all empirical studies of order flow and LOB state to date have measured

prices relative to the best quotes (see [98] for our recent survey). In a quasi-centralized
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LOB, however, traders do not in general know the values of the best quotes in real
time. Therefore, we also study an alternative coordinate frame in which we measure
prices relative to the most recent trades. We uncover several interesting statistical
regularities in each of these two coordinate frames that together provide insight into
how traders assess order flow and LOB state.

To date, most empirical studies of LOBs have examined data sets that aggregate
LOB activity from many different trading days [23, 36, 45, 60, 78, 107, 108, 167,
181, 207]. We call such data sets aggregate data. Although these studies provide
useful insight into long-run market behaviour [47, 78, 167], it is unclear whether the
statistical properties of aggregate data provide an accurate reflection of LOB activity
on shorter time scales. Due to the extremely high levels of market activity on Hotspot
FX, we can analyze market behaviour on each trading day separately. We call such
data daily data. We uncover several interesting differences between the statistical
properties of the daily data and those of the aggregate data. In both quote-relative
and trade-relative coordinates, we find that the distributions of limit order arrivals
and cancellations vary substantially across different trading days. We also uncover
a remarkably simple empirical universality: rescaling the data to account for daily
differences in the first two moments causes the distributions from each day to collapse
onto a single curve. We quantify the importance of daily differences in market activity
by comparing two statistical models of the distributions of limit order arrivals and
cancellations on a single trading day, and we find that the statistical properties of the
aggregate data poorly reflect market activity on a single trading day.

The results that we present in this chapter are important for several reasons. First,
they provide a statistical overview of recent activity in a highly liquid market. Second,
they illustrate the usefulness of quote-relative coordinates for studying and modelling
quasi-centralized LOBs. Third, they illuminate how the microstructure of multi-
institution trading platforms in the FX spot market affects order flow and LOB state.
Fourth, they provide a new statistical model for the distributions of limit order arrivals
and cancellations on a single trading day. Fifth, they demonstrate that long-run
statistical properties can poorly reflect market activity on shorter time horizons. This
finding is particularly important because many traders implement their investment
decisions and trading strategies during a single trading day [7, 25, 188]. Our results
suggest that using long-run statistical properties to forecast daily market activity
could produce misleading results and lead to poor management of risk exposure.

The remainder of this chapter is organized as follows. In Section 4.2, we survey

several statistical analyses of other markets. In Section, 4.3 we describe the methods
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that we use to perform our calculations. We present our results for the aggregate
data in Section 4.4 and for the daily data in Section 4.5. In Section 4.6, we compare
our two statistical models of order flow to assess the importance of daily variations in
market activity. We discuss our findings in Section 4.7. In Section 4.8, we summarize

our findings and discuss several possible avenues for future research.

4.2 Related Literature

Several authors have conducted statistical analyses of data from centralized LOBs.
For a comprehensive discussion of these studies, see our recent survey article [98].
In this section, we review a small selection of empirical results most relevant to our
work.

The distribution of limit order arrival rates was reported to exhibit its global
maximum at the best quotes b(t) and a(t) in data from the London Stock Exchange
(LSE) during 2000-2002 [167], the Shenzhen Stock Exchange during 2003 [107], and
the Paris Bourse during 1991 [23] and 2001 [36]. The distribution of limit order
arrivals was reported to exhibit a power-law tail [51] in LOB data from the Paris
Bourse during 2001 [36], NASDAQ during 2002 [181], the Shenzhen Stock Exchange
during 2003 [107], and the LSE during 1998-2000 [207] and 2004 [164], although the
reported power-law exponent varies across the different markets. Bouchaud et al. [36]
conjectured that the heavy tails of the distribution of limit order arrivals suggest that
some traders hold optimistic beliefs that large price swings could occur.

Several empirical studies of centralized LOBs for a wide range of different assets
(including equities on the Island ECN during 1999 [47, 112], an exchange-traded fund
that tracks the NASDAQ 100 during 2002 [181], and S&P 500 futures contracts during
2010-2012 [16]) concluded that cancellations play an important role in the evolution of
L(t). Among these studies, the reported percentage of cancelled active orders ranges
from approximately 65% (on the Island ECN in 1999 [112]) to approximately 80%
(also on the Island ECN but with no date range specified [47]). The cancellation rates
were reported to be highest among active orders close to b(t) and a(t) on NASDAQ
during 2002 [181] and on the Tokyo Stock Exchange (no date range specified) [60].
Several authors conjectured that the low cancellation rates among active orders far
from b(t) and a(t) provide evidence that traders who place such orders aim to profit
from large price swings on long time horizons and must therefore be willing to leave

such orders active for long periods of time [47, 181, 207].
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The mean LOB state was reported to exhibit a similar “hump” shape in a wide
range of centralized LOBs and over a wide range of dates, including the Paris Bourse
during 2001 [36], NASDAQ during 2002 [181], the Stockholm Stock Exchange during
1992 [116], and the Shenzhen Stock Exchange during 2003 [108]. Rosu [187] con-
jectured that such a hump represents a trade-off between the optimism that limit
orders placed far from the spread might eventually result in a significant profit and
the pessimism that such orders might never match.

Although the breadth of empirical work on centralized LOBs is substantial, the
overwhelming picture painted by the existing literature is that the data studied is old
(see Figure 4.1). In recent years, the speed and frequency of trading has increased
dramatically [57], volumes have soared [13], and traders’ strategies have evolved to
incorporate new technologies [50]. Therefore, it is unlikely that old data provides an

accurate reflection of today’s markets.
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Figure 4.1: Approximate total number of days’ data per year that was examined by
the empirical studies discussed in our recent survey article [98].

4.3 Methodology

4.3.1 Time Scales and Rates

Throughout this chapter, we perform all of our calculations in event time, whereby we
advance the clock by 1 unit whenever a limit order arrives. Event time helps to remove
nonstationarities in the statistical properties of order flow and LOB state that occur

in calendar time due to irregular bursts of trading activity [45, 102, 162, 193, 201].
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The number of cancel-order events (which denote either an active order cancellation
or a full matching to an arriving market order — see Section 3.2.1.2) in each unit of
time varies. We reset the clock at the start of each trading day so that the first limit
order each day has t, = 1.

4.3.2 Coordinate Frames

Almost all existing publications on LOBs measure order prices relative to b(t) and
a(t) (see, e.g., [23, 36, 45, 47, 60, 107, 108, 167, 181, 207]). We call this coordinate

frame quote-relative coordinates.
Definition. The quote-relative price of an order x at time ¢ is

50 1) = { Ll e el oder @)

The use of quote-relative pricing in centralized LOBs is motivated by the notion
that traders monitor b(t) and a(t) when deciding how to act. Because of the quasi-
centralized structure of the platform, each trader 6; on Hotspot FX is able to view
their local bid and ask prices b;(t) and a;(t) in real time (see Section 2.3.3) but does
not know the values of the global bid and ask prices b(t) and a(t). We are unable to
study the Hotspot FX data using a coordinate frame that measures prices relative to
b;(t) and a;(t) because we do not have access to the values of b;(t) and a;(t) for any
0; € O (see Section 3.2.3). However, all traders on Hotspot FX are able to calculate
the time series of previous trade prices B(t) and A(t) from their trade-data stream (see
Section 2.3.4), and we are able to construct these series from the trade-data files (see
Section 3.2.1.1). Therefore, we also study the Hotspot FX data using trade-relative

coordinates.

Definition. The trade-relative price of an order x at time t s

B(t) — ps, if x is a buy order,

A(pz,t) = { pe — A(t), if x is a sell order. (4.2)

4.3.3 The Trade-Data Stream

To prevent traders from exploiting trade information in real time, Hotspot FX lags
dissemination of the trade-data stream by 1 second. For example, if a trade occurred
at 08:34:26.346, the time stamp in the trade-data file would be 08:34:26.346 but the
information would not be disseminated in the trade-data stream until 08:34:27.346.

In order to align the activity reported in the trade-data file (which is a transcription
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of the trade-data stream that traders on Hotspot FX access in real time) with the
time that the relevant information arrived on traders’ screens, we add 1 second to the

times reported in the trade-data file when calculating the B(t) and A(t) series.

4.3.4 Trading Days

In Section 4.5, we study the statistical properties of each trading day separately. We
choose a single trading day as our longitudinal unit for three reasons. First, a trading
day on Hotspot FX represents a structural cycle because the platform automatically
cancels all active orders at the end of each day (see Section 3.3.1). Second, a single
trading day provides a compromise between including sufficiently many data points
in each longitudinal unit to ensure statistically stable estimation and including suffi-
ciently many longitudinal units to perform useful cross-sectional comparisons. Third,
several empirical studies have reported that most traders implement their investment
decisions and trading strategies during a single trading day [7, 25, 188]. The most use-
ful statistics for such traders are consequently those that describe market behaviour

on a single trading day.

4.4 Aggregate Market Activity

In this section, we present the results of our calculations for the aggregate data (see
Section 4.1).

4.4.1 Summary Statistics

Table 4.1 lists several summary statistics regarding order flow and the state of the
global LOB L(t). Although the total size and total number of limit order arrivals
and cancellations are similar for each of the three currency pairs, the corresponding
statistics for market orders vary across the currency pairs by more than a factor of 10.
Similarly, the mean total size of active orders is about 10® units of the base currency
in all cases, but the ratio of the mean total size of active orders to the total size of
market orders! varies between roughly 1072 for EUR/USD to 107! for EUR/GBP.
The Hotspot FX data does not provide a way to reconstruct the local LOB L;(t)
for any specific trader 6; € © (see Section 3.2.1.2), so it is unclear what fraction of
the total size of active orders each trader is able to access. Only a small percentage of

market orders walk up the book, which suggests that traders assess their local LOBs

IThis ratio was proposed by Wyart et al. [204] as a simple measure of liquidity.
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L;(t) and rarely submit market orders that exceed the depth at b;(t) or a;(t). The
mean size of market orders is smaller than that of limit orders (see Table 4.1), which
further suggests that traders are reluctant to submit large market orders. These
observations are consistent with a strategy called “order splitting” [34, 33, 137], by
which traders who wish to conduct large trades submit several small market orders
to minimize the impact of their actions [3, 4].

For each of the three currency pairs, the modal size of limit order arrivals, market
order arrivals, and cancellations is 1 million units of the base currency. This indicates
that even though the lot size for EUR/USD, GBP/USD, and EUR/GBP on Hotspot
FX is ¢ = 0.01 units of the base currency (see Section 3.2), many traders choose
much larger sizes for their orders. We discuss several possible reasons that traders
may favour “round-number” order sizes in Section 4.7.

Market orders constitute less than 0.05% of the total arriving order flow for each
of the three currency pairs. This percentage is much smaller than those reported for
other markets (which range from about 10% to about 30% [47, 89, 112, 143, 181]).
This implies that market orders play a much less prominent role in the evolution of

L(t) on Hotspot FX than has been reported elsewhere in the literature.

4.4.2 Bid-Ask Spread

The mean global spreads (i.e., the mean of s(t) = a(t) — b(t)) for the EUR/USD,
GBP/USD, and EUR/GBP LOBs are 3.62 ticks, 9.54 ticks, and 10.1 ticks, respec-
tively. Figure 4.2 shows the empirical cumulative distribution functions (ECDFs)
for each currency pair’s global spread. The global spread tends to be smaller for
EUR/USD than for the other two currency pairs. In a centralized LOB, a smaller
value of s(t) is often regarded as a sign of greater liquidity [70], because s(t) deter-
mines the cost of conducting a round-trip trade (i.e., buying a single unit at a(t)
and selling a single unit at b(¢) using a pair of simultaneous market orders). In a
quasi-centralized LOB, however, s(t) does not have a clear interpretation because the
liquidity available to each trader depends on his/her local LOB L;(t).

If s(t) < 0, then b(t) < a(t), so an arbitrage opportunity exists for any trader
0, who is trading partners with both the owner 6; of an active order at b(t) and
the owner 6; of an active order at a(t). The percentage of time that this occurs
in the EUR/USD, GBP/USD, and EUR/GBP LOBs is 9.99%, 4.08%, and 0.23%,
respectively. This suggests that among the traders who place limit orders closest to
the best quotes, there exist many pairs of traders 0; «» 6; with no mutual trading

partners.
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Figure 4.2: ECDFs of global bid-ask spread s(t) = a(t) — b(t) for EUR/USD,
GBP/USD, and EUR/GBP. The dotted black line denotes s(t) = 0.

4.4.3 Limit Order Arrivals and Cancellations

In this section, we study the distributions of limit order arrivals and cancellations? in

quote-relative and trade-relative coordinates.

Definition. Let L denote the set of buy limit order arrivals. The quote-relative

distribution of buy limit order arrivals is given by

2w Lid(pa ta)=p}
g(p) = ek ) (4.3)
ZJ:EL Wy

The corresponding definitions for sell limit orders are similar. The corresponding defi-

nitions in trade-relative coordinates are similar, using the trade-relative price A(py,ts)
instead of the quote-relative price 0(pg,t:). The corresponding definitions for can-
cellations are similar, using the set of active order cancellations and corresponding
cancellation times instead of the set of active order arrivals and corresponding arrival

times.

Figure 4.3 shows the distributions of limit order arrivals for each of the three

currency pairs. Limit order arrivals for EUR/USD and EUR/GBP tend to occur
closer to the best quotes than do those for GBP/USD, and limit order arrivals for

2Recall from Section 3.2.2 that “cancellations” refer to cancel-order events as listed in the Hotspot
FX tick-data files, which occur when an active order is either cancelled by its owner or fully matched
to an incoming market order.
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EUR/USD tend to occur closer to the most recently traded price than do those for
GBP/USD and EUR/GBP.

Distribution of Limit Order Arrival Rates in Quote—Relative Coordinates
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Figure 4.3: Distributions of limit order arrivals in (top) quote-relative and (bottom)
trade-relative coordinates for EUR/USD, GBP/USD, and EUR/GBP.

In both quote-relative and trade-relative coordinates, each of three currency pairs’
maximum limit order arrival rates occur at strictly positive relative prices. This
contrasts to the findings of several empirical studies of other LOBs [23, 36, 116,
167, 181], which report that the maximum limit order arrival rate occurs at the best
quotes. We propose two possible reasons for why this is not the case on Hotspot FX.

First, traders on Hotspot FX cannot view the values of b(t) and a(t), but instead
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view b;(t) < b(t) and a;(t) > a(t). If each trader 6; bases his/her trading decisions
on b;(t) and a;(t), and if b;(t) and a;(t) both typically reside at a strictly positive
quote-relative price, then the maximum arrival rate of the aggregate limit order flow
generated by all traders will similarly occur at a strictly positive quote-relative price.
Second, the tick size for each of the three currency pairs on Hotspot FX is smaller
than the tick sizes for the LOBs studied in Refs [23, 36, 116, 167, 181]. Therefore,
traders on Hotspot FX are able to specify order prices with greater accuracy than
was the case for the LOBs in the other empirical studies. Given this extra choice,
traders might prefer to place limit orders slightly behind the best quotes.

Figure 4.4 shows the distributions of cancellations for each of the three currency
pairs.® In contrast to limit order arrivals, it is not possible for cancel-order events
to occur at negative quote-relative prices, because the lowest possible quote-relative
price of an active order is 0 (which occurs for orders at b(t) or a(t)).

Each of three currency pairs’ quote-relative cancellation distributions have a local
maximum at 0, but cancellations for EUR/USD tend to occur closer to the most
recently traded price than do those for the other two currency pairs. Although some
cancel-order events are caused by market order arrivals, the total size of market orders
constitutes less than 0.05% of order flow for each of the three currency pairs (see Table
4.1). Moreover, market orders in a quasi-centralized LOB do not necessarily match
with a quote-relative price of zero, because a sell (respectively, buy) market order z
submitted by a trader §; € © matches to the highest-priority active buy (respectively,
sell) order that is owned by a trader 6; such that 6; <> 6;, but it bypasses any higher-
priority active buy (respectively, sell) orders that are owned by traders 6 such that
O «» 0; (we study this topic in detail in Chapter 6). Therefore, the large number
of cancellations at a quote-relative price of 0 are unlikely to be strongly influenced
by market order arrivals. This suggests that traders cancel active orders at the best
quotes particularly often. For strictly positive quote-relative prices, the cancellation
distributions have qualitatively similar shapes to those of limit order arrivals (see
Figure 4.3).

For each of the three currency pairs, the trade-relative distributions of limit order
arrivals have qualitatively similar shapes to those of cancellations. In all cases, limit
order arrivals and cancellations tend to occur particularly frequently at trade-relative
prices that are integer multiples of 10. This suggests that many traders calculate the

trade-relative prices of their limit order submissions and cancellations, which in turn

30bserve that these distributions count the total size of cancel-order events at a given relative
price, not the cancellation rate per active order (which we calculate in Section 4.4.5).
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Distribution of Cancellation Rates in Quote—Relative Coordinates
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Figure 4.4: Distributions of active order cancellations in (top) quote-relative and
(bottom) trade-relative coordinates for EUR/USD, GBP/USD, and EUR/GBP.
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suggests that traders regard the trade-price series B(t) and A(t) to contain important

information when deciding how to act.

4.4.4 Mean Relative Depth Profiles

In this section, we study the mean LOB depths at given quote-relative and trade-
relative prices. Recall from Section 2.2.2 that B(t) and .A(t) denote, respectively, the

set of active buy orders and sell orders at time ¢.

Definition. The bid-depth at quote-relative price p and time ¢ is
n(p,t) = > |ws] - (4.4)
{zeB(t)[d(pa,t)=p}

Definition. The mean bid-depth at quote-relative price p during the time interval
[to, tl] 18

1 f
lp.tot1) = 7 / n(p,1)dt. (4.5)
to

Definition. The mean bid-side quote-relative depth profile during the time interval

[to, t1] is the set of all ordered pairs (T(p,to,t1),Dp).

The corresponding definitions for the ask side are similar, using A(¢) instead of
B(t). The corresponding definitions in trade-relative coordinates are similar, using
the trade-relative price A(p,,t) instead of the quote-relative price §(py, t).

Figure 4.5 shows the mean relative depth profiles for each of the three currency
pairs. The mean total depth of active orders with a trade-relative price close to 0 is
larger for EUR/USD than it is for GBP/USD and EUR/GBP. Similarly, the mean
total depth of active orders near the best quotes is larger for EUR/USD than it is for
the other two currency pairs.

In quote-relative coordinates, all of the mean relative depth profiles have a local
maximum at 0. This implies that, on average, larger depths are available at b(¢) and
a(t) than at neighbouring prices. In both quote-relative and trade-relative coordi-
nates, all three currency pairs’ mean relative depth profiles exhibit the “hump” shape
that has been reported widely in the literature [36, 108, 116, 181]. For the LOBs
examined by the other empirical studies, however, market orders played a central role
in the evolution of L£(t) near the best quotes. On Hotspot FX, by contrast, market
orders play a much less prominent role (see Table 4.1). Therefore, the hump shape
of the mean relative depth profile is primarily maintained by limit order arrivals and

active order cancellations.
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Figure 4.5: Buy-side and sell-side mean relative depth profiles in (top) quote-relative
and (bottom) trade-relative coordinates for EUR/USD, GBP/USD, and EUR/GBP.
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Similarly to the distributions of limit order arrivals and cancellations (see Section
4.4.3), the mean depths at trade-relative prices that are integer multiples of 10 tend
to be larger than those at neighbouring relative prices. We discuss this observation

further in Section 4.7.

4.4.5 Cancellation Profiles

In this section, we study the cancellation rate per active order at given quote-relative

and trade-relative prices.

Definition. Let J denote the set of active buy orders that were cancelled during the
time interval [to,t1] and let ¢y, ca,...,cn denote the cancellation times. The mean

buy-order cancellation rate at quote-relative price p during [to,t1] is

2w 6o cr)=p) |¥r]
h to.t1) = ol Pa,Cz ) =P} . 4.6
(p, 0 1) (tl — to)ﬁ(p7 t07 tl) ( )

The function h describes the mean fraction of active orders at trade-relative price

p that are cancelled per arriving order during time interval [to, ¢;].

Definition. The buy-order quote-relative cancellation profile during [to, t1] is the set

of all ordered pairs (h(p,to,t1),p).

The corresponding definitions for sell orders are similar. The corresponding defini-
tions in trade-relative coordinates are similar, using the trade-relative price A(p,, ¢;)
instead of the quote-relative price d(p,, ¢, ).

Figure 4.6 shows the cancellation profiles for each of the three currency pairs.
In quote-relative coordinates, the cancellation rates vary considerably with relative
price. This is unsurprising, however, given that traders on Hotspot FX are not able
to calculate the quote-relative prices of their orders in real time and therefore cannot
use such information when deciding whether to cancel their active orders.

A different picture emerges in trade-relative coordinates. For each of the three
currency pairs, the cancellation rate is lower at trade-relative prices that are integer
multiples of 5 than it is at neighbouring trade-relative prices. This implies that on
average, traders leave orders active for longer at these “round-number” (see Section
4.7) trade-relative prices than they do at other trade-relative prices. Aside from
these round-number effects, each currency pair’s cancellation rate is approximately
constant among orders with negative trade-relative price, then decreases for positive
trade-relative prices (although this decrease occurs for larger trade-relative prices for

EUR/GPB than it does for EUR/USD and GBP/USD). This finding supports the
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hypothesis that traders who place orders with larger relative prices must be willing

to leave such orders active for longer times [47, 181, 207].

Cancellation Profile in Quote—Relative Coordinates
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Figure 4.6: Buy-order and sell-order cancellation profiles in (top) quote-relative and
(bottom) trade-relative coordinates for EUR/USD, GBP/USD, and EUR/GBP.
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4.5 Daily Market Activity

In this section, we present the results of our calculations for the daily data (see Section
4.1).

4.5.1 Summary Statistics

Figure 4.7 shows the total size of limit orders, market orders, and cancelled active
orders each day. Figure 4.8 shows similar plots for the mean size. The total size of
limit orders each day exhibits substantial longitudinal variation, but the longitudinal
variation in mean limit order size is relatively small. Similar results hold for market
orders and cancellations. Therefore, differences in order flow each day are primarily
caused by differences in the total number of order arrivals and cancellations rather
than by differences in their mean size.

We calculate the following imbalance factors to assess the imbalance between buy

and sell order flow.

Definition. Let 3; and «; denote, respectively, the total size of arriving buy limit
orders and sell limit orders for a given currency pair on day t. The limit order

imbalance factor is
30 = (Bi + ;) /2 .

The corresponding definition for market orders is similar, using the total size of ar-
riving buy market orders and sell market orders. The corresponding definition for
cancellations is similar, using the total size of cancelled active buy orders and active

sell orders.

Table 4.2 lists the limit order, market order, and cancellation imbalance factors

for each of the three currency pairs.

EUR/USD | GBP/USD | EUR/GBP
Limit Orders 0.008 0.008 0.005
Market Orders 0.109 0.101 0.249
Cancellations 0.008 0.008 0.005

Table 4.2: Limit order, market order, and cancellation imbalance factors for
EUR/USD, GBP/USD, and EUR/GBP.

For each of the three currency pairs, the limit order and cancellation imbalance

factors are small, but the market order imbalance factors exceed 10% in all cases. This
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Figure 4.7: Total size of (top panel) limit orders, (middle panel) market orders,
and (bottom panel) cancelled active orders each day for EUR/USD, GBP/USD, and
EUR/GBP.
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Figure 4.8: Mean size of (top) limit orders, (middle) market orders, and (bottom)
cancelled active orders each day for EUR/USD, GBP/USD, and EUR/GBP.
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implies that the total size of buy market orders on a given day often substantially
exceeds that of sell market orders (or vice-versa).

This imbalance between buy and sell market orders is important in the context
of price formation. Most existing LOB models assume that the buy-side and sell-side
rate parameters are equal [47, 60, 78, 167, 192], but there can exist strong imbalances
between the arrivals of buy and sell market orders on a single trading day. Our results
suggest that LOB models of price formation on short time scales should be sufficiently

flexible to incorporate short-term asymmetries in order flow.

4.5.2 Daily ECDFs

In this section, we compare the ECDFs of limit order arrivals and cancellations each
day. Figure 4.9 shows the ECDFs for EUR/USD limit order arrivals. The corre-
sponding plots for cancellations and for the other currency pairs are qualitatively
similar. In both quote-relative and trade-relative coordinates, the ECDFs vary sub-
stantially across the trading days. On some days, most market activity occurs with
a quote-relative (respectively, trade-relative) price that is close to 0; on other days,
market activity is spread over a much wider range of quote-relative (respectively,
trade-relative) prices.

Figure 4.10 shows the same ECDFs for EUR/USD limit order arrivals, after first
rescaling each day’s data by subtracting the day’s sample mean and dividing by the
day’s sample standard deviation. In both quote-relative and trade-relative coordi-
nates, the daily variation between the rescaled ECDFs is much smaller than that
between the ECDF's for the raw data. We quantify the strength of this effect in the

next section.

4.6 Model Comparison

In this section, we quantify the effectiveness of the rescalings described in Section
4.5.2 for reducing the differences between the order-flow ECDFs on different trading
days. Specifically, we choose a single trading day 7 and calculate the ECDF F; of the
relevant order-flow property (e.g., EUR/USD buy limit order arrivals in quote-relative
coordinates) on this day. We then compare F; to the outputs of two statistical models.
For the first model, we aggregate the data from the other 29 days to construct a data
set Z!, (where the subscript —i denotes that we exclude day i), then calculate the
ECDF F!, of Z!,. For the second model, we rescale the data from the other 29 days

to account for the daily differences in the first two sample moments, aggregate this
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ECDFs of Limit Order Arrival Rates for EUR/USD in Quote—Relative Coordinates
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Figure 4.9: ECDFs for EUR/USD limit order arrivals each day in (top) quote-relative

and (bottom) trade-relative coordinates.
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ECDFs of Limit Order Arrival Rates for EUR/USD in Rescaled Quote—Relative Coordinates
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Figure 4.10: ECDFs for EUR/USD limit order arrivals each day in (top) quote-
relative and (bottom) trade-relative coordinates after first rescaling each day’s data
by subtracting the day’s mean and dividing by the day’s standard deviation.
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rescaled data to construct a data set Z2,, then invert the rescaling (by multiplying
the data in Z2, by day i’s sample standard deviation and adding day i’s sample mean)
and calculate the ECDF F?, of the resulting data.

We compare the performance of each model by calculating the Kolmogorov—
Smirnov (KS) distances [191]

K] = sup |F’,(p) — Fi(p)
P

. i=1,2,...,30, j=1,2 (4.8)

(2

and the Cramér-von Mises (CvM) distances [61]
Cl = / (F(p) - Fi(p) dk,  i=1,2,...,30, j=1,2 (4.9)
p

between the F’;s and the true ECDFs.* Our model comparisons are based on the

mean distances

1 30 1 30
K= —YN KJ =N ¢’ i =1.2. 4.10
30; A 30; i JT S (4.10)

Smaller values of K7 and C7 correspond to smaller distances between the daily order-
flow ECDFs.

Table 4.3 lists the values of K, K? C', and C? for each of the three currency
pairs. In all cases, the values of K? and C? are smaller than the corresponding values
of K!' and C'. This implies that rescaling each day’s data to account for differences
in the first two moments reduces the KS and CvM distances between the order-flow
ECDFs on different days.

For EUR/USD and GBP/USD, all values of K? and C? for trade-relative coordi-
nates are smaller than the corresponding values for quote-relative coordinates. For
EUR/GBP, there are some instances for which the converse of this statement is true.
We provide two possible reasons for why this could be the case. First, trades for
EUR/GBP occur much less frequently for EUR/GBP than they do for EUR/USD
and GBP/USD (see Table 4.1). Therefore, updates to the B(t) and A(t) series occur
less frequently for EUR/GBP, which could cause traders to regard these series as
less informative than the corresponding series for EUR/USD and GBP/USD. Sec-
ond, heterogeneity in traders’ access to trading opportunities — and, in particular,

differences between different traders’ local bid-prices b;(t) and local ask-prices a;(t)

4The KS distance measures the largest difference between the two ECDFs. The CvM distance
measures the squared Ly norm between the two ECDFs. There are many other possible distance
measures [67], but we choose these because they are widely used, easy to interpret, and fast to
compute.
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Distance | Order Flow Coordinates EUR/USD | GBP/USD | EUR/GBP
Kt Limit Orders | Quote Relative | 0.055 | 0.052 | 0.039 | 0.038 | 0.073 | 0.072
K! Limit Orders | Trade Relative | 0.038 | 0.040 | 0.040 | 0.044 | 0.062 | 0.059
Kt Cancellations | Quote Relative | 0.056 | 0.052 | 0.040 | 0.038 | 0.075 | 0.075
K! Cancellations | Trade Relative | 0.039 | 0.041 | 0.040 | 0.044 | 0.063 | 0.059
C! Limit Orders | Quote Relative | 0.099 | 0.096 | 0.091 | 0.089 | 0.107 | 0.108
Ct Limit Orders | Trade Relative | 0.106 | 0.115 | 0.160 | 0.173 | 0.270 | 0.273
Cct Cancellations | Quote Relative | 0.100 | 0.097 | 0.091 | 0.089 | 0.109 | 0.110
ok Cancellations | Trade Relative | 0.106 | 0.114 | 0.160 | 0.173 | 0.269 | 0.273

Distance | Order Flow Coordinates EUR/USD | GBP/USD | EUR/GBP
K*? Limit Orders | Quote Relative | 0.033 | 0.033 | 0.029 | 0.028 | 0.050 | 0.044
K? Limit Orders | Trade Relative | 0.016 | 0.017 | 0.016 | 0.017 | 0.027 | 0.032
K? Cancellations | Quote Relative | 0.036 | 0.035 | 0.030 | 0.030 | 0.053 | 0.045
K? Cancellations | Trade Relative | 0.016 | 0.017 | 0.016 | 0.017 | 0.027 | 0.032
C? Limit Orders | Quote Relative | 0.024 | 0.023 | 0.024 | 0.023 | 0.035 | 0.027
C? Limit Orders | Trade Relative | 0.006 | 0.007 | 0.012 | 0.017 | 0.042 | 0.044
C? Cancellations | Quote Relative | 0.026 | 0.024 | 0.025 | 0.024 | 0.038 | 0.029
C? Cancellations | Trade Relative | 0.006 | 0.007 | 0.012 | 0.018 | 0.042 | 0.045

o4

Table 4.3: Mean Kolmogorov-Smirnov (KS) and Cramér-von Mises (CvM) distances for limit order arrivals and cancellations
in quote-relative and trade-relative coordinates for the (top) first and (bottom) second statistical models described in Section
4.6.



— could vary across the three currency pairs. If traders consider the values of b;(t)
and a;(t) when deciding how to act, and if the variation across b;(t) and a;(t) is
smaller for EUR/GBP than it is for EUR/USD and GBP/USD, then measuring the
distributions in quote-relative coordinates could produce stronger curve collapse for
EUR/GBP than it does for the other two currency pairs.

To illustrate how closely the output of our second model fits the data, we construct
quantile-quantile (Q-Q) plots of F?, against F* (see Figure 4.11 for EUR/USD limit
order arrivals on 29 June 2010; results for the other currency pairs, for cancellations,
and for other days are qualitatively similar). Although random fluctuations prevent
perfect curve collapse, our results demonstrate that the first two moments of the
order-flow distributions account for most of the daily variation in the ECDFs, and
therefore suggests that these two moments provide significant explanatory power for

daily order flow.
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Figure 4.11: Quantile-quantile (Q-Q) plots for F?, against F_; for EUR/USD limit
order arrivals in (left) quote-relative and (right) trade-relative coordinates. The points
denote the 0.01,0.02,...,0.99 quantiles of distributions. The solid black lines denote
the diagonal.

4.6.1 Aggregate Rescaled Data

In order to compare aggregate market market activity for each of the three currency
pairs, we also calculate the ECDF's of limit order arrivals and cancellations across all
30 days in the sample, after first separately rescaling each day’s data by subtract-
ing the day’s sample mean and dividing by the day’s sample standard deviation (see

Figure 4.12 for limit order arrivals; results for cancellations are qualitatively similar).
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The results reveal that the tails of the rescaled distributions of quote-relative prices
are heavier for EUR/GBP than for EUR/USD and GBP, but that otherwise the dis-
tributions in both quote-relative and trade-relative coordinates are extremely similar

for each of the three currency pairs.
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Figure 4.12: ECDFs for limit order arrivals for all 30 days in (top) quote-relative and
(bottom) trade-relative coordinates after first rescaling each day’s data by subtracting
the day’s mean and dividing by the day’s standard deviation.
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4.7 Discussion

In this section, we discuss several of our empirical results in more detail and suggest

possible explanations for our observations.

4.7.1 Market Orders

A particularly surprising feature of the Hotspot FX data is the extremely low per-
centage of market orders in the arriving order flow. This finding raises the question of
why traders submit so many limit orders, given that so few of them result in trades.
We propose three possible explanations. First, some traders might submit and imme-
diately cancel active orders to search for hidden liquidity. Second, some traders might
place limit orders with the same price on several different trading platforms simulta-
neously, to increase their chance of receiving a matching. If one of their orders match,
such traders can immediately cancel all duplicate orders on other platforms at no cost.
Third, some traders might submit and cancel limit orders to compete for priority with
other traders. For example, so-called “high-frequency traders” [22, 44, 115, 126] use
electronic trading algorithms that monitor order flow and LOB state and rapidly
submit and cancel large numbers of orders near the best quotes. Given the surge in
popularity of algorithmic trading towards the end of the last decade [12], we believe
that the third hypothesis provides the most plausible explanation for the behaviour
that we observe on Hotspot FX.

4.7.2 Time Scales

Many existing LOB models assume that order flow is governed by stochastic pro-
cesses with fixed rate parameters [47, 60, 78, 167, 192, 203]. To date, the empirical
verification of such models has typically consisted of using large data sets to estimate
their parameters and then comparing the long-run statistical properties of their out-
put to those of the data. Our results demonstrate that LOB statistics on short time
horizons (such as a single trading day) can differ substantially from their long-time-
horizon averages. Even though several models have been reported to mimic certain
long-time-horizon statistical averages from real markets, our results demonstrate that

their output over shorter time horizons could be misleading.
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4.7.3 Round Numbers

Similarly to several other empirical studies of other markets [47, 108, 170, 206], our
results reveal several examples in which traders demonstrate a preference for round
numbers, such as trade-relative prices that are integer multiples of 5 or 10 ticks and
order sizes of 1 million units of the base currency. We propose three possible reasons
to explain why traders might behave in this way. First, the tick sizes and lot sizes
on many other electronic trading platforms in the FX spot market are larger than
those on Hotspot FX. If traders who access several different trading platforms choose
to use the same order sizes (respectively, prices) on all platforms, then these sizes
(respectively, prices) will be integer multiples of the lot size (respectively, tick size)
on Hotspot FX. Second, many older trading mechanisms that predate the widespread
uptake of electronic trading used larger tick sizes and lot sizes than those on Hotspot
FX, so traders may still regard these numbers as important quantities. Third, traders

may simply find the sizes or prices that they use to be appealing or convenient.

4.7.4 Trade-Relative Coordinates

Trade-relative coordinates provide two important benefits when studying the Hotspot
FX data: they illuminate several interesting properties of order flow and LOB state
that are not apparent in quote-relative coordinates (such as the shape of the cancel-
lation profiles in Figure 4.6) and they provide a simple and efficient way to quantify
daily differences between the order-flow distributions using just two scalar parame-
ters (see Section 4.6). Although our use of trade-relative coordinates was motivated
by the quasi-centralized structure of Hotspot FX, we conjecture that this coordinate
frame could also provide useful insight in centralized LOBs. In many markets, the
rise in popularity of electronic trading algorithms has led to a sharp increase in the
frequency of order arrivals in recent years [22, 44, 57, 115, 126]. Due to the high levels
of market activity near the best quotes, the values of b(t) and a(t) — and therefore
the quote-relative prices of all orders — often fluctuate rapidly. By contrast, B(t) and
A(t) change only when a trade occurs, so measuring market activity relative to these

trade-price series avoids the excessive update frequency of quote-relative coordinates.

4.8 Summary and Future Work

In this chapter, we have uncovered several robust statistical properties of order flow

and LOB state in a recent, high-quality data set from Hotspot FX, which is a large
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multi-institution trading platform in the FX spot market. We have highlighted several
important ways in which the quasi-centralized structure of the platform causes our
results to differ from those reported for other LOBs, but we have also discussed
how other factors — such as the high levels of liquidity and the recent date range
of our data — could also play an important role in our results. Given that the
substantial literature on LOBs is based on a relatively small set of empirical studies
of centralized LOBs [98], we hope that these findings underline the urgent need for

detailed investigations of other recent, high-quality data sets.

4.8.1 Future Work
Our results suggest many possible avenues for future research.

e Investigating different time periods: Several publications have identified
intra-day seasonalities in market behaviour (see, e.g., [89, 102, 122, 143, 162])
that could cause order flow to vary within a trading day. The extremely high
levels of market activity on Hotspot FX would enable detailed study of these
effects. It would be interesting to see whether the in-sample and out-of-sample
performance of the statistical models in Section 4.6 improved when using shorter

time windows, such as an hour, rather than a whole trading day.

e Predicting scaling parameters: The statistical models that we describe in
Section 4.6 require prior knowledge of the sample mean and standard deviation
to rescale each trading day’s data. Therefore, the methods that we describe do
not provide a way to predict future order flow. A model that predicts the values
of the first two moments of the order-flow distributions, given a recent history,

would facilitate such predictions.

e Nonlinear rescalings: The rescalings that we used throughout this chapter
are simple linear transformations based on the first two sample moments of the
data. It would be interesting to formulate and solve a nonlinear optimization

problem to identify the rescalings that cause the optimal curve collapse.

e Round-number preferences: We have identified several different examples
of traders’ preferences for round numbers. In our second model in Section 4.6,
the process of rescaling and aggregating order-flow data from different trading
days has the undesired consequence of smoothing the peaks at round-number
relative prices. Given how strongly such peaks appear in the aggregate data (see

Figure 4.3), it seems likely that incorporating an additional step to redistribute
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the density and restore the peaks would improve the performance of our second
model. One possible approach would be to perturb our models’ output ECDF's
to slightly increase the probabilities of events at round-number trade-relative

prices and slightly decrease the probabilities of other events.

Analyzing other FX spot platforms: Both the Reuters Dealing 3000 [200]
and EBS [72] platforms operate quasi-centralized LOBs with very similar trad-
ing rules to Hotspot FX, but they also disseminate the values of b(t) and a(t)
to all traders in real time [43]. Empirical study of data from these platforms
would help address the question of whether providing traders with this addi-

tional information causes detectable differences in the order-flow distributions.

Trade-relative analysis of centralized LOBs: To our knowledge, all exist-
ing empirical studies of order flow and LOB state in centralized LOBs have used
quote-relative coordinates to perform their analysis. It would be interesting to
repeat these calculations in trade-relative coordinates to compare the results
with our findings for Hotspot FX.

Short-horizon LOB modelling: Our results suggest that the statistical prop-
erties of order flow and LOB state on a single trading day can differ substantially
from those of aggregate data. Given suitable parameter estimates from a single
trading day, it would be interesting to study the performance of several exist-
ing LOB models that were originally designed to mimic market behaviour over

longer periods.

60



Chapter 5

Long Memory on Hotspot FX

In this chapter, we study the long-range autocorrelation properties of returns, absolute
returns, and order flow on Hotspot FX. The work in this chapter is also described in

the jointly authored paper [99)].

5.1 Introduction

The long-memory properties of financial markets have been the subject of statistical
debate for several decades [56]. During this time, empirical studies have reported
long memory in a wide range of financial time series [29, 30, 34, 45, 59, 106, 136, 162],
but many authors have argued that these results are inconclusive for reasons such as
inadequacy of statistical techniques [141], inappropriateness of modelling assumptions
[7, 168], and lack of suitable data [103].

Understanding the long-memory properties of financial markets is an important
task for several reasons. First, the present values of a long-memory process are cor-
related with values in the distant past [18]. Therefore, quantifying the strength of
long memory is useful for forecasting. Second, understanding the various interacting
types of long memory in financial markets helps to illuminate the complex interplay
between order flow, liquidity, and price formation [33, 34, 136, 204]. Third, iden-
tifying the sources of long memory in order flow may provide insight into traders’
strategic decision-making processes [34, 137]. Fourth, several models suggest that
long-range autocorrelations may hold the key to understanding some of the so-called
“stylized facts” of financial markets, such as volatility clustering and the heavy-tailed
distribution of returns [55, 167, 203].

In this chapter, we employ a wide range of estimators and techniques to perform
a formal and scientifically rigorous investigation of the the long-memory properties of

returns, absolute returns, and order flow on Hotspot FX. Due to the extremely high
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levels of activity on the platform, we are able to study the long-memory properties
of intra-day time series without needing to aggregate data from different trading
days or different currency pairs. Moreover, we are able to detect long memory with
high levels of statistical significance, even in cases when the effect is relatively weak.
Therefore, our results address several criticisms of previous empirical studies of long
memory [7, 103, 141, 168]. We find no evidence for long memory in returns, but we
find strong, statistically significant evidence for long memory in absolute returns and
order flow. We also uncover a low-order, negative autocorrelation in order flow that
(to our knowledge) has not been reported elsewhere in the literature.

To investigate the impact of aggregating data from different trading days, we
also repeat our calculations using data that spans daily boundaries. We find that
the ensuing results are very similar to those for intra-day data. We test and reject
the hypothesis that the long-range autocorrelations in these series are an artifact
caused by a structural break at the daily boundaries, in favour of the alternative
hypothesis of true long memory. We conclude that on Hotspot FX, long memory is
a robust statistical property of absolute returns and order flow that persists across
daily boundaries.

The remainder of this chapter is organized as follows. In Section 5.2, we present
a technical discussion of long memory. In Section 5.3, we discuss several statistical
techniques for assessing the long-memory properties of an empirically observed time
series. In Section 5.4, we review the empirical findings of several other studies of long
memory in financial markets. In Section 5.5, we discuss our methods for analyzing
the Hotspot FX data. We present our empirical results in Section 5.6 and discuss
these results in Section 5.7. In Section 5.8, we summarize our findings and discuss

several possible avenues for future research.

5.2 Long-Memory Processes

Let
{W,} =Wy, W, ... (5.1)

denote a real-valued, second-order stationary® time series with mean

E(W:) = p. (5.2)

LA time series {W;} is second-order stationary if its first and second moments are finite and do
not vary with time [48, 196].
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Definition. For a time series {W,}, the autocovariance function 7 : Z — R is given

by
v(k) = cov (Wi, Wispw) - (5.3)

Definition. For a time series {W;}, the autocorrelation function (ACF) p : Z —
[—1,1] is given by
v(k
p(k) = Q (5.4)

5.2.1 Short Memory

Definition. A time series {W,} is said to exhibit short memory if

lim > [p(k)| < oo. (5.5)

N—oo

For example, if {I¥;} is an invertible autoregressive moving average (ARMA)

process [8], then there exist constants z; > 0 and 25 € (0, 1) such that
lim [p(k)] < 2125~ (5.6)
k—ro00

Therefore, by the convergence properties of geometric series,

N
lim k_X_jN p(k)| < oo, (5.7)

so {W;} is a short-memory process.

5.2.2 Long Memory

Definition. A time series {W,} is said to exhibit long memory if

dim Y [p(k)| = oo. (5.8)

One way in which a time series can exhibit long memory is if there exists some
a € (0,1) such that p(k) decays asymptotically as a power of k:
p(k) ~k~“L(k), k— oo, (5.9)

where L is a slowly varying function? [56, 136, 137]. Smaller values of « correspond

to slower decay of the long-range autocorrelations in {W,;} [33, 136].

2A function L is slowly varying if limy_, % =1 for all z > 0.
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5.2.3 Spectral Density

The autocorrelation properties of a time series {W,} can also be characterized by the

behaviour of its spectral density [18]

1 —i
fO)= 5= D k)™ (5.10)
k=—oc0
If
f(A) — constant as A — 0, (5.11)
then {W,} is a short-memory process. If
fO) ~ AP asA—0 (5.12)

for some constant 5 € (0,1), then {W;} is a long-memory process. Larger values of

S correspond to slower decay of the long-range autocorrelations in {W,} [18].

5.2.4 The Hurst Exponent

The Hurst exponent [18, 120, 157, 158, 159, 160] of a time series {WW;} provides an
alternative way to characterize its long-range autocorrelation properties.?

Definition. Let
t+k

1
Wi=1 > w (5.13)

j=t+1

The rescaled-range statistic [159] is the ratio

R(t, k)
t. k)= 14
where
t+i t+i
R(t.k) = max ; (W) = W) | — min ; (W, — W) (5.15)

3Study of the Hurst exponent dates back to the 1950s, when Harold Edwin Hurst [120] considered
how to build reservoirs to ensure steady flow from rivers whose natural behaviour is characterized by
long periods of dryness followed by long periods of returning floods [18]. Hurst plotted the rescaled-
range statistic (5.14) versus k for several different hydrological records (including, most famously,
flow data from the river Nile) on doubly logarithmic axes. He noted that for large values of k, each
hydrological record’s data points were scattered around a straight line with slope H > 1/2; whereas
similar plots for the number of successes from independent repetitions of a Bernoulli trial yielded
data points that were scattered around a straight line with slope H = 1/2. The steeper slope of the
plots for the hydrological records came to be known as the Hurst effect [18].
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and
| bk

S*(t k) = 7 ST(w - (5.16)
Jj=t+1
The rescaled-range statistic () measures the range of partial sums of deviations of
the time series {W7, W, ...} from its mean, rescaled by an estimate of its standard
deviation [141]. The following theorem by Mandelbrot [154] provides a formal rela-
tionship between a time series’ long-range autocorrelations and its Hurst exponent
H.

Theorem 5.1. If {W,} is a second-order stationary process such that W2 is ergodic
and t=H Zle W; converges weakly to a fractional Brownian motion* with parameter
H ast — oo, then

EHQ(t k) —4n as k — oo, (5.17)

where 1 is a nondegenerate random variable and —4 denotes convergence in distribu-

tion.

The constant H is called the Hurst ezponent of {W;}. A time series with a Hurst
exponent H = 1/2 is a short-memory process. For a long-memory process that

satisfies the conditions of Theorem 5.1, H is related to « in Equation (5.9) by

H=1-2 (5.18)
2
and to 8 in Equation (5.12) by
1
o= 5% (5.19)

5.3 Empirical Assessment of Long Memory

In many empirical applications, it is common to observe only a single, finite-length
realization {wy,ws, ..., wx} of {W;}. If the statistical properties of {W;} are un-
known, then estimating the long-memory properties of {W;} from {wq,ws, ..., wy}

entails considerable challenges [17, 18, 161].

For an empirically observed time series {wq, ws, ..., wx}, let
| N

4A fractional Brownian motion [156] is a Gaussian process By (t) with zero drift that satisfies
By(0) =0 and E [By (1) By (s)] = L (|t|2H s - S\QH) for some H € (0,1).
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denote the sample mean of {wy,ws, ..., wy} and let
K={-(N-1),-(N-2),...,N—2, N —1}. (5.21)

Definition. For an empirically observed time series {wy,ws, ..., wy}, the sample

autocovariance function 4 : K — R is given by

Z (wiypp) — @) (w; — @), k € K. (5.22)

Definition. For an empirically observed time series {wy,ws, ..., wy}, the sample
ACF p: K — [—1,1] is given by

k) = ) e g (5.23)

It is very difficult to estimate the large-k decay of p(k) from p, so direct estima-
tion of the long-memory properties of {W,;} from 4 often produces very poor results
[136]. Instead, most empirical studies employ heuristic methods for this task. The
performance of such techniques on empirically observed series varies considerably, so
it is common for empirical studies to evaluate the output of several heuristic methods
rather than relying on a single estimator [194]. In this section, we describe a selection
of such tests, which we use throughout the remainder of the chapter. For a more

detailed discussion of these and other techniques, see [18].

5.3.1 Rescaled-Range Plots
For a given block number B € N, let

aity = (1= M=

z:1,...,B;t+k§N} (5.24)

and let |G (k)| denote the number of elements in G(k).

Definition. A rescaled-range plot (also known as a pox plot) [157, 159, 198] is a
plot of
R(k ’ Z Q(t, k) (5.25)

teG(k

versus k on doubly logarithmic azes.

The slope of a rescaled-range plot for large values of k provides a rough estimate
for H [159].
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5.3.2 Lo’s Modified Rescaled-Range Statistic

Lo [141] noted that if {W;} is subject to short-range autocorrelations, then the de-
nominator S(t, k) of the rescaled-range statistic Q(t, k) is not a consistent estimator
for the standard deviation of {W;}. Therefore, an important problem with using
the rescaled-range statistic to assess the long-memory properties of an empirically
observed time series {wy, ws,...,wy} is that the finite-sample properties of @) are
not invariant to short-range dependence. Lo proposed replacing the denominator
of @ with the so-called Newey-West estimator [173],> which discounts short-range
dependence in {W;} up to a specified lag ¢ < N.

Definition. For an empirically observed time series {wy,ws, ..., wy}, Lo’s modified

rescaled-range statistic [141] is

Q) = — = 5.26
@ ="50 (5.26)
where

L S2(1,N), for g =0,

o(a) = S2(1,N)+237 (1 — ﬁ) 4(i), otherwise. (5:27)
5.3.2.1 Lo’s Modified Rescaled-Range Test
The statistic .

Vig) = 29 (5.28)

VN

can be used as a test statistic for the hypothesis test

Hy : {W,} is a short-memory process,

H, : {W,} is a long-memory process.

This hypothesis test is called Lo’s modified rescaled-range test [141]. In the limit
N — oo, the asymptotic critical region for the test at the 5% significance level is
[0.809, 1.862].

Teverovsky et al. [198] remarked that although Lo’s modified rescaled-range statis-
tic is a significant improvement over the original rescaled-range statistic, Lo’s test can
fail to reject Hy for time series with weak long memory. Moreover, they noted that

both the size and the power of the test depend on gq.

®Newey and West [173] showed that for a suitable choice of ¢ (see Section 5.3.2.2), 5(q) is a
consistent estimator for the standard deviation of {W;}, even if {W,;} is subject to short-range
autocorrelations.
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5.3.2.2 Choosing g

The optimal choice of ¢ for Q(¢) and V() depends on the behaviour of the spectral
density f of {W;} [5]. If f is unknown (as is often the case for empirically observed
series), then there exists no universal rule via which to choose ¢. In empirical appli-
cations, it is therefore customary to calculate Q(q) and V(q) using several different
choices of ¢ and/or to calculate a so-called plug-in estimator q [5, 7, 141] by assuming
that f is equal to the spectral density of a specified parametric process. Andrews
[5] derived plug-in estimators for several different parametric processes, including
autoregressive, moving-average, and ARMA models.

Throughout this chapter, we use the plug-in estimator for an AR(1) process
Wt = QbWt_l + &4, (529)

where ¢ € R is the autocorrelation parameter and ¢; is uncorrelated Gaussian noise.

This estimator is given by [5, 141]

. s\ [ 24\

where ¢ is the maximum likelihood estimate of ¢ given {wy,wq,...,wx} and |z|

denotes the greatest integer less than or equal to x.

5.3.3 Detrended Fluctuation Analysis

Detrended fluctuation analysis (DFA) [178] is a technique for estimating the Hurst
exponent from an empirically observed series {wy,ws,...,wy}. The technique is

performed as follows. Let
wi = w;, i=12... N (5.31)

For a given window length m € N such that m < N, divide {w},w;,..., wy} into
non-overlapping windows of length m. For each j = 1,2,..., N/m, label the data
points in window j as y1 5, %2, - - -, Ym,j, Perform an ordinary least-squares regression
to fit a straight line to the m data points in the window, and let ¢; ; denote the value
of the regression line at the point y; ; for each ¢ = 1,2,...,m. For each window,

calculate the detrended standard deviation

1 m
F}(m) = EZ Yij — yz,] ) (532)
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and then calculate the length-m mean detrended standard deviation

Flm) = k/im > Fim), (5.33)

Repeat this process for several logarithmically spaced choices of window length m,
and plot F'(m) versus m using doubly logarithmic axes. Identify the smallest value
Mmin Such that the plot is approximately straight for all m > my,;,. The DFA estimate
of H is given by the slope of the best-fit line for m > muyi,.

5.3.4 Log-Periodogram Regression

Recall from Section 5.2.3 that the long-memory properties of a time series {IV;}
can be characterized by the behaviour of its spectral density function f(\) as A —
0. Therefore, estimating the behaviour of f(\) close to 0 provides an alternative

approach to estimating the Hurst exponent H. Let

21k

N—-1
AN = —— k=1,2,...,|—— 5.34
k,N N ) y &y ) \‘ 9 J ( )
denote the Fourier frequencies of {wq,ws, ..., wy}, and let
N 2
— o _it)\k,N
Iwn) = 5— ; (w; — W) e (5.35)

denote the corresponding periodogram. The slope of an ordinary least-squares re-
gression of log (I(Arn)) onto log (A n) for small A,y is an estimator for —f, and
therefore an estimator for H [18, 136, 194].

Despite the attractiveness of its computational simplicity, log-periodogram regres-
sion suffers from a substantial practical drawback [18]: there is no universal rule for
choosing the number of Fourier frequencies ¢ with which to perform the regression.
The scaling in Equations (5.11) and (5.12) only holds for A — 0, so choosing ¢ too
large leads to large bias but choosing ¢ too small leads to high variance. Robinson [186]
derived an expression for the optimal choice of ¢ to minimize the mean squared error
of the estimated cumulative spectral distribution function, but the optimal choice
turns out to depend on the unknown value of H. Therefore, Robinson’s expression
does not provide a method for choosing ¢ for an empirically observed time series.
Instead, most empirical studies use one of two rules of thumb for this choice, namely
¢ =0.1x (N/2) [194] or ¢ = /N [91]. Despite their widespread use, it is important

to note that neither of these rules are based on rigorous derivation or optimization.
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5.3.5 Nonstationarities

Another difficulty with assessing the long-memory properties of empirically observed
time series is that the heuristic methods that we have discussed in this section can
produce similar output for a series with nonstationarities (e.g., a monotonic trend
[20] or change in mean [92, 105]) as they do for a stationary series with long memory
[183, 194, 205]. Several authors have thereby argued that the apparent long memory
reported by other empirical studies is actually an artifact caused by nonstationarities
in the underlying series [7, 19, 139, 168]. Assessing whether or not this is the case
is important for two reasons. First, observing a long history of a long-memory pro-
cess significantly improves forecasts [18], whereas including too many previous values
can instead harm forecasts for nonstationary series [19]. Second, understanding the
structure of a time series can help to illuminate the data-generating mechanism. For
example, estimating the times at which a series undergoes a change in mean can help
to identify important events in the underlying process [105].

Disentangling the statistical properties of a time series with long memory and
a time series with nonstationarities is a difficult task, and the choice of whether to
model such time series using a long-memory model or a nonstationary model often
depends on the desired application. Long-memory models are appealing for several
reasons: they are parsimonious and straightforward to simulate, and there are many
techniques that require only mild assumptions to estimate their parameters from data
[18]. Nonstationary models can illuminate important features of an underlying series
(such as the locations and frequency of structural breaks) that are not addressed
by long-memory models, but they typically require the inclusion of either a large
number of parameters (which can lead to over-fitting) or latent parameters (which
can be difficult to estimate from data).

Many standard tests for nonstationarities in an empirically observed series have
low power in the presence of long memory [68, 113], and there is no universal test that
is able to determine whether the apparent long-memory properties of an empirically
observed time series are an artifact caused by some unknown form of nonstationarity
[105]. However, Berkes et al. [19] developed a hypothesis test that can help distin-
guish between long memory and a specific type of nonstationarity, which they call a

structural break.%

6We use Berkes’ Change-Point Test to examine whether apparent long memory in the Hotspot
FX data is caused by a structural break between consecutive pairs of trading days, and we therefore
only test for a single change point. A similar framework can be used to test for any bounded number
of structural breaks [19].
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Definition. The time series {Z;} is a short-range dependent series with a structural
break at time k* if there exists a real-valued, second-order stationary, short-memory

process {(;} and a constant u* # 0 such that

_ ) G t <k,
Given a finite-length empirical observation {zi, 29, ..., 2x} of a time series {Z;},

Berkes’ change-point test is a hypothesis test

Hy : {Z;} is a short-memory process with a single structural break,

H, : {Z;} is a long-memory process.

The test makes use of the so-called cumulative-sum change-point estimator [19]

j j N k i
k _mln{k:lgljagv lei_N.IZi = ZIZZ‘_NIIZ%}. (5.37)
For a given ¢ < N, let
1 : 1 i
T = max sz - sz ,
6t (q) V k= 1=iske |52 ke 5=
N . 2. N
1 1 — k¥
T® = — max sz——Asz,
6(22)(q)‘ /N — f* k*<i<N fry N — k* Py
where 6(1)(¢) and 6(9)(q) are the values of (¢) from Equation (5.27) for the {z1, 22, ..., 2. }
and {z,;* 41 B gy - ,ZN} series, respectively. The test statistic for Berkes’ test is
M = max (T, 7@). (5.38)

In the limit N — oo, the asymptotic critical value of M at the 5% significance level
is 1.48 [19].
5.4 Long Memory in Financial Markets

5.4.1 Returns

The idea that financial time series could exhibit long-range autocorrelations dates
back to at least the 1970s, when Mandelbrot [153] proposed that returns followed a

long-memory process.
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Definition. Given a price series { Py, Ps, ...}, the return series is { Ry, R, ...}, where

Ri:ln(PiH), i=1,2,.... (5.39)
B

Several early empirical studies [29, 30, 106, 155] used the rescaled-range statis-
tic (5.14) to investigate this conjecture on time series of daily returns (i.e., where
P; denotes the closing price of a given asset on day i) and concluded in favour of
Mandelbrot’s hypothesis in a wide range of different markets.

Several years later, Lo [141] showed that the rescaled-range statistic used by these
studies is not robust to short-range dependence and thereby cast doubt upon their
findings. Lo proposed a new statistic (see Section 5.3.2), which he claimed could
overcome these problems, and applied it to daily returns for US stocks. Based on his
calculations, Lo rejected the hypothesis of long memory. However, Teverovsky et al.
[198] later showed that Lo’s test is too severe by giving examples of synthetic time
series with weak long memory for which Lo’s method does not reject the hypothesis
of short-range dependence. They thereby argued that Lo’s results are inconclusive.

More recently, the availability of high-frequency data has led to interesting in-
sight into the long-memory properties of returns on shorter time scales [162]. Many
empirical studies [2, 34, 37, 41, 45, 59, 95, 136, 206] covering a wide range of differ-
ent markets — including the New York Stock Exchange (NYSE), the London Stock
Exchange (LSE), the Paris Bourse, the Deutsche Bourse, Euronext, FX markets, the
S&P 500 index, German interest rates futures, and crude oil futures — have all re-
ported that intra-day return series exhibit no significant autocorrelations, except on
short time scales. Short-term autocorrelations seem to disappear more quickly in
recent data than in older data: they were reported to persist for about 30 minutes
for the S&P 500 index during 1984-1987 [162], about 20-30 minutes in FX markets
during 1991-1995 [37], about 10 minutes for the S&P 500 index during 1991-2001
[95], and only a few minutes on Euronext during 2007-2008 [45]. We return to this

interesting phenomenon in Section 5.7.1.

5.4.2 Absolute Returns

The absence of autocorrelations in returns does not imply that returns are temporally
independent [55]. Several empirical studies have reported that absolute-return series
{|R1|,|Rz2|, ...} exhibit long memory in a wide range of different markets, including
the S&P 500 index, Euronext, the Tokyo Stock Exchange, the Paris Bourse, the
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NYSE, and FX markets [45, 71, 104, 140]. The reported values of the Hurst exponent
range from H ~ 0.8 to H ~ 0.9.

The long memory of absolute returns implies that large absolute price changes
tend to follow other large absolute price changes and that small absolute price changes
tend to follow other small absolute price changes. This important stylized fact was
noticed by Mandelbrot more than 50 years ago [152] and is widely known as volatility
clustering [56]. The existence of volatility clustering has stimulated the design of
several important classes of models (such as GARCH [197] and its extensions) that
seek to mimic this effect [56]. Volatility clustering eliminates the simple random walk
as a model for the temporal evolution of asset prices, because large price changes are

more likely to follow other large price changes than they are to occur unconditionally
[142].
5.4.3 Order Flow

In recent years, some researchers have been granted access to data that describes the
temporal evolution of financial markets at the resolution of individual order arrivals

and cancellations.

Definition. The limit order sign series is {L1, Lo, ...}, where

[ —1, if the i limit order arrival is a buy limit order arrival, (5.40)
YT 41, if the i limit order arrival is a sell limit order arrival, '
fori=1,2,.... The cancellation sign series and market order sign series are defined

similarly, using active order cancellations and market order arrivals, respectively,

instead of limit order arrivals.

Lillo et al. [136] reported long memory in the limit order sign series, cancellation
sign series, and market order sign series on the LSE and the NYSE, and Bouchaud
et al. [34] reported long memory in the market order sign series on Euronext. The
reported values of the Hurst exponent range from H ~ 0.7 to H ~ 0.9, which suggests
that the strength of long memory in order flow varies substantially across assets.

Both Lillo et al. [136] and Bouchaud et al. [34] reported that the sample ACFs
for order-sign series contain no discernible breaks corresponding to the length of a
trading day and thereby argued that long memory in order flow persists across daily
boundaries. However, Axioglou and Skouras [7] reported different results for the
market order sign series on the LSE. They noted that although standard statistical

tests strongly support the existence of long memory, Berkes’ change-point test (see
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Section 5.3.5) detects daily boundaries in these series with high accuracy. They
thereby argued that the apparent long memory in market order signs on the LSE is
mostly an artifact caused by daily structural breaks. We return to this discussion in
Section 5.7.4.

5.5 Methodology

For each of the three currency pairs, we construct intra-day and cross-day time series

of returns, absolute returns, limit order signs, and cancellation signs as follows.

5.5.1 Returns and Absolute Returns

Let P(t) denote the price of the most recent trade’” that occurs at or before time t.
For a given trading day D; (see Section 3), we use the Hotspot FX trade-data file
(see Section 3.2.1.1) to reconstruct P(t) during the peak trading hours of 08:00:00 —
17:00:00 GMT (see Section 3.3.1). We then sample P(t) once per second to construct
the intra-day price series {pi, pa, - . . , P32401 }, intra-day return series {ry, 2, ..., 32400},
and intra-day absolute-return series {|r1|, |rza|,. .., |rs2400/} on day D;, according to
(5.39). We repeat this process for each of the trading days in our sample, which we
label Dy, Dy, ..., Dsy.

For a given pair of consecutive trading days D; and D, 1, we construct each of the
cross-day return series and absolute-return series by concatenating the second half
of the relevant intra-day series from day D; and the first half of the corresponding
intra-day series from day D,;.,. Each intra-day return and absolute series contains
32400 entries, so the boundary between trading days D; and D;;; in the cross-day
series occurs after the 16200 entry.

Figure 5.1 shows a schematic to illustrate how we construct the intra-day and

cross-day return series and absolute-return series.

5.5.2 Limit Order Signs and Cancellation Signs

For a given trading day D;, we use the Hotspot FX tick-data file (see Section 3.2.1.2)

to produce an ordered list of the limit order arrivals that occur during the peak trading

"Some authors study returns of the mid-price series m(t) = [b(t) + a(t)] /2. However, because
traders on Hotspot FX do not have access to the values of b(t) or a(t) in real time due to the
platform’s quasi-centralized structure (see Chapter 3), we instead study returns of the trade-price
series. This information is available to all traders on Hotspot FX in real time, via the trade-data
stream (see Section 2.3.4). We return to this discussion in Section 5.7.
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Intra-day Return Series 1 Intra-day Return Series 2 Intra-day Return Series 3 o o o Intra-day Return Series 29 Intra-day Return Series 30

I Return Series, Day 1 I Return Series, Day 2 I Return Series, Day 3 I o o o I Return Series, Day 29 I Return Series, Day 30

e o o
Cross-day Return Series 1 Cross-day Return Series 2 Cross-day Return Series 29

Figure 5.1: Schematic to illustrate construction of intra-day and cross-day return
series. We construct intra-day and cross-day absolute-return series in the same way.

hours of 08:00:00 — 17:00:00 GMT. For each day, we use this list to construct the intra-
day limit order sign series according to (5.40). We construct the intra-day cancellation
sign series similarly, using an ordered list of the active order cancellations.® We repeat
this process for each of the trading days Dy, Ds, ..., D3g. The lengths of the intra-
day limit order sign and cancellation sign series vary according to the number of limit
order arrivals and active order cancellations each day.

For a given pair of consecutive trading days D; and D, we similarly construct
each of the cross-day limit order sign series and cancellation sign series by concate-
nating the second half of the relevant intra-day series from day D; and the first half
of the corresponding intra-day series from day D;,;. If an intra-day series has odd
length, we round down to the next even number. In contrast to the returns and
absolute returns, both the series lengths and the locations of the boundaries between
different trading days vary according the number of limit order arrivals and active
order cancellations. Therefore, the boundary between trading days D; and D, does
not necessarily lie at the mid-point in the cross-day series.

Figure 5.2 shows a schematic to illustrate how we construct the intra-day and

cross-day limit order signs series and cancellation sign series.

Intra-day LO Sign Series 1 Intra-day LO Sign Series 2 Intra-day LO Sign Series 3: o o o Intra-day LO Sign Series 29 Intra-day LO Sign Series 30

I LO Sign Series, Day 1 I LO Sign Series, Day 2 I LO Sign Series, Day 3 I ¢ o 0 I LO Sign Series, Day 29 I LO Sign Series, Day 30 I

o o o
Cross-day LO Sign Series 1 Cross-day LO Sign Series 2 Cross-day LO Sign Series 29

Figure 5.2: Schematic to illustrate construction of intra-day and cross-day limit order
sign series. We construct intra-day and cross-day cancellation sign series in the same
way.

8Recall from Section 3.2.2 that “cancellations” refer to cancel-order events in the Hotspot FX
tick-data files. A cancel-order event occurs when an active order is either cancelled or fully matched
to an incoming market order.
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5.5.3 Normalizing Series Lengths

We introduce the following normalization to enable comparisons between the perfor-
mance of the cumulative-sum change-point estimator (5.37) for the cross-day series
on Hotspot FX, for which the locations of the daily boundaries differ for different
series. Let {wy,ws,...,wy} denote a cross-day series with daily boundary k* that

satisfies 1 < k* < N. The normalized change-point estimator k is given by

- A* * * : A>l<< *
{(/f k) /K, if b <k, (5.41)

- _
(k* — k*)/(k — k*), otherwise.

Observe that k € [—1,1] and k = 0 if and only if k* = k*.

5.6 Results

5.6.1 Intra-Day Series

5.6.1.1 Sample Autocorrelation Functions

For each of the three currency pairs, there is no evidence of autocorrelation in returns
at any lag k > 1 (see the top row of Figure 5.3 for EUR/USD; other currency pairs are
similar). By contrast, positive autocorrelations persist in the absolute-return series
for several hundreds of seconds (see the left panel in the second row of Figure 5.3 for
EUR/USD; other currency pairs are similar). The occasional negative values in the
daily sample ACFs do not persist when averaging across all 30 days (see the right
panel in the second row of Figure 5.4 for EUR/USD; other currency pairs are similar),
which suggests that these negative values are statistical noise caused by estimating
4 from a finite sample. It is difficult to discern the behaviour of the sample ACFs
for lags longer than about 1000 seconds because the statistical errors associated with
estimation are approximately constant for all k, but the signal strength decreases for
larger values of k due to data sparsity [33]. Although we do not attempt to fit a
curve to these plots (doing so often produces very poor results; see Section 5.3), the
slow decay of the sample ACFs (see the top panel of Figure 5.4 for EUR/USD; other
currency pairs are similar) suggests that it is plausible that absolute returns exhibit
long memory. We use several other tests to address this question throughout the
subsequent sections of this chapter.

Up to lags of about 25 events, the sample ACF's for both the limit order sign series
and cancellation sign series fluctuate between positive and negative values (see the

third and bottom rows of Figure 5.3 for EUR/USD; other currency pairs are similar).
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This behaviour arises for all three currency pairs and persists when averaging the
daily sample ACFs across all 30 days, which suggests that it is a robust statistical
property of the data that is not caused by statistical noise. After these fluctuations
subside, the mean sample ACFs remain positive for lags of several thousands of events
(see the middle and bottom panels of Figure 5.4 for EUR/USD; other currency pairs
are similar). Together, these observations suggest that the intra-day limit order sign
series and cancellation sign series exhibit both short-range negative autocorrelations
(which die out quickly but cause the sample ACF's to fluctuate between positive and
negative values for small k) and long-range positive autocorrelations (which decay

slowly over several thousands of lags).

5.6.1.2 Rescaled-Range Plots

For each of the three currency pairs, the slope of the rescaled-range plot (see Section
5.3.1) for each intra-day return series is close to 0.5 for all values of k (see the top left
panel of Figure 5.5 for EUR/USD; other currency pairs are similar). This suggests
that intra-day return series are short-memory processes. By contrast, the slope of
the rescaled-range plot for each intra-day absolute-return series is greater than 0.5 for
values of k larger than about 100 (see the top right panel of Figure 5.5 for EUR /USD;
other currency pairs are similar) and the slope of the rescaled-range plots for each
intra-day limit order sign and cancellation sign series is greater than 0.5 for values
of k larger than about 10000 (see the bottom left and bottom right panels of Figure
5.5 for EUR/USD; other currency pairs are similar). This suggests that the intra-day

absolute-return series and order-flow sign series are long-memory processes.

5.6.1.3 Lo’s Modified Rescaled-Range Test

For most of the intra-day return series, Lo’s modified rescaled-range test (see Section
5.3.2) does not reject the null hypothesis of short memory at the 5% significance level
for a wide range of ¢ (see Table 5.1 and the top panel of Figure 5.6 for EUR/USD;
other currency pairs are similar). Therefore, Lo’s test provides strong evidence that
the return series are short-memory processes.

For the intra-day absolute-return series, the values of Lo’s test statistic vary
considerably across the three currency pairs (see Table 5.1 and Figure 5.7). For
EUR/USD, the test rejects the null hypothesis of short memory at the 5% signifi-
cance level on all days and at all choices of ¢ that we study. For GBP/USD, the values
of the test statistic tend to be smaller than the corresponding values for EUR/USD,

but the test still rejects the null hypothesis of short memory on all but one or two
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Figure 5.3: Sample autocorrelation functions (ACFs) for EUR/USD intra-day (top
row) return series, (second row) absolute-return series, (third row) limit order sign
series, and (bottom row) cancellation sign series. In each row, the left plot shows the
sample ACF for 4 May 2010 (other days are similar) and the right plot shows the
mean sample ACF across all 30 days.
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Figure 5.4: Mean sample ACFs averaged across all 30 days for EUR/USD intra-day
(top) absolute-return series, (middle) limit order sign series, and (bottom) cancella-
tion sign series.
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Figure 5.5: Rescaled-range plots for EUR/USD intra-day (top left) return series, (top
right) absolute-return series, (bottom left) limit order sign series, and (bottom right)
cancellation sign series. In each plot, the grey curves indicate the R(k) statistics for
a single day and the red curves indicate the mean R(k) statistics across all 30 days.
The solid black lines have gradient 0.5. These plots use B = 100 blocks (see Section
5.3.1). We produced similar plots for several different values of B € [10,1000], and
we found the results to be qualitatively the same for all B in this range.
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days (depending on the choice of ¢). This provides strong evidence that the intra-day
absolute-return series for EUR/USD and GBP/USD are long-memory processes. For
EUR/GBP, however, the results are much less clear because the values of the test
statistic cluster close to the critical threshold for Lo’s test. When using Andrews’
plug-in estimator ¢ (see Table 5.1), Lo’s test suggests that about half of the 30 intra-
day series exhibit short memory, while the other days exhibit long memory. The
results of Lo’s test thus seem to be inconclusive for EUR/GBP.

For the intra-day limit order sign series and cancellation sign series, Lo’s test
rejects the null hypothesis of short memory at the 5% significance level for each
currency pair, on all days, and at all choices of ¢ that we study (see the middle and
bottom panels of Figure 5.6 for EUR/USD; other currency pairs are similar). This
provides strong evidence that the intra-day limit order sign series and cancellation

sign series are long-memory processes.

Series EUR/USD | GBP/USD | EUR/GBP
Returns 13.3% 6.7% 13.3%
Absolute Returns 100% 96.7% 53.3%
Limit Order Signs 100% 100% 100%
Cancellation Signs 100% 100% 100%

Table 5.1: Percentage of intra-day series for which Lo’s modified rescaled-range test
rejects the null hypothesis of short memory at the 5% significance level when using
Andrews’ [5] data-driven plug-in estimator ¢ from Equation (5.30).

5.6.1.4 DFA

When calculating the DFA estimates (see Section 5.3.3) of H for the limit order
sign series and cancellation sign series, the negative short-range autocorrelations (see
Section 5.6.1.1) dominate the mean detrended standard deviations F'(m) for small
window lengths m. Therefore, it is necessary to choose carefully the range of m
over which to perform DFA estimates of H. For each intra-day series, we perform
this task by plotting F'(m) versus m on doubly logarithmic axes, for logarithmically
spaced values of m € [4, N].

For the intra-day return and absolute-return series, the plots follow an approxi-
mately straight line for all values of m in this range (see the top left and top right
panels of Figure 5.8 for EUR/USD; other currency pairs are similar). For the intra-day
limit order sign series and cancellation sign series, the plots follow an approximately

straight line for values of m larger than about 80, but they differ for smaller values
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Figure 5.6: Box plots of Lo’s modified rescaled-range test statistic V(q) for the
EUR/USD (top) return series, (middle) limit order sign series, and (bottom) can-
cellation sign series for several choices of ¢ (see Section 5.3.2). The boxes indicate
the lower quartile, median, and upper quartile of V(q) across all 30 days at the given
choice of g. The whiskers indicate the minimum and maximum of V' (g) across all 30
days at the given choice of ¢q. The grey shading indicates the critical region for Lo’s
modified rescaled-range test at the 5% significance level.
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Figure 5.7: Box plots of Lo’s modified rescaled-range test statistic V' (¢) for the (top)
EUR/USD, (middle) GBP/USD, and (bottom) EUR/GBP absolute-return series for
several choices of ¢ (see Section 5.3.2). The boxes indicate the lower quartile, median,
and upper quartile of V(q) across all 30 days at the given choice of ¢q. The whiskers
indicate the minimum and maximum of V(q) across all 30 days at the given choice
of q. The grey shading indicates the critical region for Lo’s modified rescaled-range
test at the 5% significance level.
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of m due to the negative short-range autocorrelations in these series (see the bottom
left and bottom right panels of Figure 5.8 for EUR/USD; other currency pairs are
similar). We therefore perform our DFA estimates of H using the values m,;, = 4 for
the intra-day return series and absolute return series and m,;, = 100 for the intra-day
limit order sign series and cancellation sign series. We list our DFA estimates of H

using these values of m,;, in Section 5.6.1.6.

5.6.1.5 Log-Periodogram Regression

To investigate the sensitivity of the log-periodogram regression estimates of H to
the number of Fourier frequencies ¢ included in the regression (see Section 5.3.4),
we plot the log-periodogram regression estimates of H for several different values of
¢ € [100,5000]. For the intra-day return series, the estimates of H are similar for all
choices of ¢ larger than about 1500 (see the top left panel of Figure 5.9 for EUR/USD;
other currency pairs are similar). For the intra-day absolute-return series, limit order
sign series, and cancellation sign series, however, the estimates of H tend to decrease
as ¢ increases (see the top right, bottom left, and bottom right panels of Figure 5.9
for EUR/USD; other currency pairs are similar), and there is no obvious plateau
over which the estimates of H are stable. Therefore, the log-periodogram regression
estimates of H for these series depend heavily on the choice of c.

As we discussed in Section 5.3.4, there is no universal rule for choosing a value
of ¢ that captures only the small-\ behaviour of the periodogram. In the absence of
an obvious choice for ¢, we try two popular rules of thumb, namely ¢ = /N [91] and
c=0.1 x (N/2) [194]. We stress that although these rules of thumb are used widely
in the empirical literature, neither are based on a rigorous derivation or optimization.

For the intra-day return series and absolute-return series, ¢ = v/N results in high
variance between the estimates of H on different days, but ¢ = 0.1 x (N/2) provides
relatively stable estimates (see the top right and top let panels of Figure 5.9 for
EUR/USD; other currency pairs are similar). Therefore, we use ¢ = 0.1 x (N/2) to
estimate H for these series. For the intra-day limit order sign series and cancellation
sign series, both rules of thumb produce estimates with relatively low variance but
¢ = 0.1 x (N/2) produces estimates of H ~ 0.5 due to the extremely large size
of the series (and, therefore, the inclusion of too many Fourier frequencies far from
A = 0). Given the results of our other statistical tests in this chapter, we do not
regard H ~ 0.5 to be sensible, so we use ¢ = /N to estimate H for the intra-day
limit order sign series and cancellation sign series (see the bottom left and bottom

right panels of Figure 5.9 for EUR/USD; other currency pairs are similar). We list our
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Figure 5.8: Doubly logarithmic plots of the length-m mean detrended standard devia-
tion F'(m) for logarithmically spaced values of m € [4, N| for the EUR/USD intra-day
(top left) return series, (top right) absolute-return series, (bottom left) limit order
sign series, and (bottom right) cancellation sign series. For the intra-day return series
and absolute-return series series, we perform our DFA estimates of H using logarith-
mically spaced values of m € [4, N]. For the intra-day limit order sign series and
cancellation sign series, we perform our DFA estimates of H using logarithmically
spaced values of m € [100, N].
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in the main text).
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log-periodogram regression estimates of H using these values of ¢ in Section 5.6.1.6.
We stress that our results depend heavily on these choices, and that other values of
c result in different estimates of H. The absence of a clear choice for ¢ highlights a

weakness of log-periodogram regression in the present application.

5.6.1.6 Comparing DFA and Log-Periodogram Regression

For each of the three currency pairs, both the DFA and log-periodogram regression
estimates of H for the intra-day return series cluster around H =~ 0.5 (see the top
left panel of Figure 5.10 and Table 5.2). This provides strong evidence that the
intra-day return series are short-memory processes. For the intra-day absolute-return
series, both the DFA and log-periodogram regression estimates of H vary substantially
across the three currency pairs (see the top right panel of Figure 5.10 and Table
5.2), but in all cases suggest that the absolute-return series exhibit long memory.
The DFA estimates suggest that the Hurst exponent is H ~ 0.6 to H ~ 0.7 for
EUR/USD and GBP/USD, but that it is only slightly larger than 0.5 for EUR/GBP.
The log-periodogram regression estimates of H tend to be slightly lower than the
DFA estimates, but we stress that the log-periodogram estimates depend heavily on
the choice of ¢ (for which we use a rule of thumb). Therefore, we believe that DFA
provides more robust estimates of H than log-periodogram regression.

For the intra-day limit order sign series and cancellation sign series, both DFA
and log-periodogram regression strongly support the hypothesis of long memory. The
DFA estimates suggest that H ~ 0.7 for each of the three currency pairs (see Table
5.2). Again, we believe that DFA provides more robust estimates of H because the

log-periodogram regression estimates depend on the choice of c.

5.6.2 Cross-Day Series

To assess how aggregating data from different trading days impacts our results, we
repeat all of our calculations using the cross-day series (see Section 5.5). In all cases,
we find that the sample ACFs, rescaled-range plots, and results from Lo’s modified
rescaled-range test are qualitatively the same as those for the intra-day series (thus,
we do not show these plots). Moreover, we find that the DFA and log-periodogram
regression estimates of H for the cross-day series are qualitatively the same as those
for the intra-day series (see Figure 5.11 and Table 5.2).
To provide benchmarks against which to compare the performance of the cumulative-

sum change-point estimator (5.37) for the cross-day series, we simulate the series
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Figure 5.10: DFA and log-periodogram regression estimates of the Hurst exponent
H for the EUR/USD, GBP/USD, and EUR/GBP (top left) return series, (top right)

absolute-return series, (bottom left) limit order sign series, and (bottom right) can-

cellation

sign series.
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EUR/USD

Intra-Day Cross-Day
DFA LP DFA LP
Returns 0.48 (0.03) | 0.48 (0.02) | 0.48 (0.03) | 0.48 (0.02)
Absolute Returns | 0.67 (0.04) | 0.64 (0.04) | 0.68 (0.04) | 0.64 (0.04)
Limit Order Signs | 0.70 (0.04) | 0.74 (0.03) | 0.71 (0.03) | 0.74 (0.03)
Cancellation Signs | 0.70 (0.04) | 0.74 (0.03) | 0.70 (0.03) | 0.74 (0.03)
GBP/USD
Intra-Day Cross-Day
DFA LP DFA LP
Returns 0.48 (0.02) | 0.49 (0.02) | 0.47 (0.02) | 0.49 (0.02)
Absolute Returns | 0.64 (0.03) | 0.62 (0.04) | 0.64 (0.04) | 0.62 (0.04)
Limit Order Signs | 0.72 (0.04) | 0.74 (0.03) | 0.73 (0.03) | 0.74 (0.03)
Cancellation Signs | 0.72 (0.03) | 0.74 (0.03) | 0.73 (0.03) | 0.74 (0.03)
EUR/GBP
Intra-Day Cross-Day
DFA LP DFA LP

Returns 0.48 (0.02) | 0.50 (0.02) | 0.48 (0.02) | 0.50 (0.01)
Absolute Returns | 0.55 (0.03) | 0.54 (0.03) | 0.55 (0.04) | 0.54 (0.03)
Limit Order Signs | 0.72 (0.02) | 0.79 (0.04) | 0.72 (0.03) | 0.79 (0.04)
Cancellation Signs | 0.71 (0.02) | 0.78 (0.04) | 0.72 (0.03) | 0.78 (0.04)

Table 5.2: DFA and log-periodogram regression estimates of the Hurst exponent H
for the EUR/USD, GBP/USD, and EUR/GBP intra-day and cross-day return series,
absolute-return series, limit order sign series, and cancellation sign series. The entries
in each column indicate the mean of the estimates across all intra-day or cross-day
series and the numbers in brackets indicate 1 standard deviation of the estimates
across all intra-day or cross-day series.
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Figure 5.11: DFA and log-periodogram regression estimates of the Hurst exponent
H for the EUR/USD, GBP/USD, and EUR/GBP cross-day (top left) return series,
(top right) absolute-return series, (bottom left) limit order sign series, and (bottom

right) cancellation sign series.
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{Xh Xo, ... ,X32400} and {Yl, Ys, ... >Y32400}; where

Xi ZZvd N(L 1>a for i = ]-7 27 LRI 32400’

y, i N(1,1), fori=1,2,...,16200,
i N(=1,1), fori=16201,16202,...,32400.

We calculate the normalized cumulative-sum change-point estimates (see Section
5.3.5) for {X1,Xa,..., X300} and {Y7,Y5,..., Y3000}, and then repeat this pro-
cess 100000 times and calculate the ECDFs of these estimates. The ECDF for
the {X1, Xs,..., X30400} series provides a benchmark of the estimator’s output for
a second-order stationary series with no structural breaks, and the ECDF for the
{Y1,Ys, ..., Y0400} series provides a benchmark of the estimator’s output for a short-
range dependent series with a structural break.

In all cases, the shape of the ECDF's for the cross-day series is similar to that
for the {X1, Xo,..., X30400} series (see Figure 5.12), albeit with a larger step size
because there are only 29 cross-day series in our data set. Therefore, the cumulative-
sum change-point estimator performs very poorly at detecting the true locations of
the daily boundaries in the cross-day series.

For all intra-day and cross-day limit order sign series and cancellation sign series,
Berkes’ change-point test strongly rejects the null hypothesis of a single structural
break in favour of the alternative hypothesis of true long memory (see Figure 5.13).
The test thereby provides strong evidence against the hypothesis that the apparent
long-memory properties of these series are an artifact caused by structural breaks at
daily boundaries. For EUR/USD and GBP/USD, the test also rejects the null hy-
pothesis for the vast majority of intra-day and cross-day absolute-return series. The
results are less clear for the EUR/GBP absolute-return series, but this is unsurpris-
ing given that the strength of long memory in absolute returns (and, therefore, the
plausibility of the alternative hypothesis) is much weaker than for EUR/USD and
GBP/USD. The test does not reject the null hypothesis for the intra-day or cross-day
return series, but this is again unsurprising given that long memory in the return

series is highly implausible.
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Figure 5.12: ECDFs of the normalized cumulative-sum change-point estimator (5.41)
for the EUR/USD, GBP/USD, and EUR/GBP cross-day (top left) return series, (top
right) absolute-return series, (bottom left) limit order sign series, and (bottom right)
cancellation sign series. The dashed black curve illustrates the estimator’s output for
a second-order stationary series with no structural breaks and the dotted black line
illustrates the estimator’s output for a short-range dependent series with a structural
break (see the description in the main text).

92



Intra-Day Return Series

EUR/USD - }I
GBP/USD - }I{
EUR/GBP - }{”{
T T T T T T T
0 2 4 6 8 10 12 14
M
Intra-Day Absolute—Return Series
EUR/USD - }.{
GBP/USD - I{
EUR/GBP - }{}{
T T T T T T T
0 2 4 6 8 10 12 14
M
Intra—Day Limit Order Sign Series
EUR/USD - }- ——————————————— !
oo ||
EUR/GBP |- !
T T T T T T T
0 2 4 6 8 10 12 14
M
Intra-Day Cancellation Sign Series
o T
o ||
EUR/GBP - L !
T T T T T T T
0 2 4 6 8 10 12 14
M

Cross-Day Return Series

EUR/USD - }I{
GBP/USD A }I
EUR/GBP | m
T T T T T T
0 4 6 8 10 12 14
M
Cross—-Day Absolute—Return Series
EUR/USD - I ,,,,,, {
GBP/USD - I ,,,,,,,,,,, {
EUR/GBP | {
T T T T T T
0 4 6 8 10 12 14
M
Cross—Day Limit Order Sign Series
EUR/USD - }. ,,,,,,,,,,,,,,,,,,,,,,, |
GBP/USD | }> 7777777 - 777777777777777777
EUR/GBP - } ,,,,,,,,,,,,,,,,,, {
T T T T T T
0 2 4 6 8 10 12 14
M
Cross—-Day Cancellation Sign Series
EUR/USD - }. ,,,,,,,,,,,,,,,,,,,,,,, {
GBP/USD | }> 777777777 - 7777777777777777
EUR/GBP -| } ,,,,,,,,,,,,,,,,,, {
T T T T T T
0 2 4 6 8 10 12 14

Figure 5.13: Box plots of Berkes’ change-point test statistic M (see Section 5.3.5) for
EUR/USD, GBP/USD, and EUR/GBP (top) return series, (second) absolute return
series, (third) limit order sign series, and (bottom) cancellation sign series. The left
plots show the results for the intra-day series and the right plots show the results
for the cross-day series. The boxes indicate the lower quartile, median, and upper
quartile of the values of M across all intra-day or cross-day series. The whiskers
indicate the minimum and maximum of the values of M across all intra-day or cross-
day series. For all series, we use Andrews’ [5] data-driven plug-in estimator § from
Equation (5.30) to calculate M. The grey shading indicates the critical region for

Berkes’ change-point test at the 5% significance level.
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5.7 Discussion

5.7.1 Returns

For each of the three currency pairs that we study, we find no evidence for autocor-
relations in the return series at any time lag k& > 1 second (see Figure 5.3). Several
other empirical studies (see Section 5.4.1) have reported low-order negative autocor-
relations in returns in a wide range of different markets, but we do not find evidence
of this effect on Hotspot FX. We propose two possible reasons why this could be the
case.

First, the quasi-centralized structure of trading on Hotspot FX (see Chapter 2)
may influence the statistical properties of the return series. Several authors [40, 55,
96] have argued that low-order negative autocorrelations in returns are at least in
part due to “bid-ask bounce” (i.e., the tendency for consecutive trades to “bounce”
between b(t) and a(t)). The Hotspot FX trade-price series describes the prices of
all trades that occur, but different traders on the platform have access to different
trading opportunities at the same time. Superimposing the activity generated by
different traders into a single trade-price series may eliminate the low-order negative
autocorrelations that are present in data from centralized markets.

Second, the increasing popularity of electronic trading algorithms [12, 14, 125]
may cause autocorrelations in returns to disappear more quickly in more recent data.
Several authors [55, 56, 153] have argued that the lack of autocorrelations in returns
can be explained by traders searching for statistical arbitrage opportunities.” Elec-
tronic trading algorithms are able to detect and capitalize on such opportunities in
a tiny fraction of the time that it would require a human to perform the same tasks.
Therefore, the increased use of such algorithms may reduce the length of time for

which negative autocorrelations persist in the return series.

5.7.2 Absolute Returns

Our calculations suggest that the absolute-return series for EUR/USD and GBP/USD
exhibit moderate long memory, with a Hurst exponent of H ~ 0.6 to H ~ 0.7 (see
Table 5.2). For EUR/GBP, by contrast, long memory in the absolute-return series
seems to be much weaker, with a Hurst exponent slightly above 0.5. We propose two

possible reasons for why this may be the case. First, traders may employ different

91f traders detect predictability in returns, then they can implement simple strategies with positive
expected earnings. By repeatedly exploiting these possibilities, such traders reduce the strength of
the autocorrelations until they no longer persist.
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strategies when trading EUR/GBP than when trading EUR/USD and GBP/USD.
However, given that there are many strong similarities between the statistical prop-
erties of order flow for the different currency pairs (see Chapter 4), we do not find
it plausible that this explanation would account for the relatively large differences in
H that we observe. Second, the lower levels of trading activity for EUR/GBP may
influence the estimates of H. The mean inter-trade time for EUR/GBP is several
times larger than it is for both EUR/USD and GBP/USD (see Table 4.1), which
causes the absolute-return series for EUR/GBP to contain a much larger fraction of
0 entries than do the corresponding series for EUR/USD and GBP/USD. This data
sparsity may reduce the strength of long memory for EUR/GBP when compared to
EUR/USD and GBP/USD.

To assess the plausibility of this explanation, we repeated our calculations for
intra-day absolute-return series sampled once every 10 seconds (rather than once per
second). This caused the variance among the estimates of H to increase considerably
(which is unsurprising given that lower-frequency sampling produces series with fewer
entries), but it also caused the mean of the estimates to increase. In particular,
both DFA and log-periodogram regression produced mean estimates of H =~ 0.7 to
H =~ 0.75 for EUR/USD and GBP/USD and H =~ 0.6 for EUR/GBP. Moreover,
other empirical studies, which have all sampled absolute-return series on much lower
frequencies than once per second, have all reported larger Hurst exponents than those
that we estimate for Hotspot FX (see Section 5.4.2). Together, these results suggest
that the long-memory properties of absolute returns are influenced by the number of

trades that occur between successive samplings of the series.

5.7.3 Limit Orders and Cancellations

For each of the three currency pairs that we study, the limit order sign series and
cancellation sign series exhibit strong long memory that persists over several thou-
sands of events (see Figure 5.4). Our calculations suggest that the Hurst exponent
for these series is H ~ 0.7 (see Table 5.2), which is similar to the estimates reported
by several other empirical studies of order flow in different markets [34, 136, 167].
There are two main hypotheses for why order-flow series exhibit long memory. The
first hypothesis is that traders monitor each other’s actions and update their strategies
by imitating those of their most successful competitors [135]. This hypothesis suggests
that long memory in order flow is caused by traders who deliberately replicate previous
market activity. The second hypothesis is that traders who wish to perform large

trades split them into smaller chunks, which they submit over several days (or even
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months) to minimize their market impact [33, 34, 137]. This hypothesis suggests that
long memory in order flow is caused by individual traders submitting many different
orders with the same sign.

Gerig [90] assessed the plausibility of these two hypotheses by studying order-
flow data that identifies order ownership. He reported that the order-sign series
for orders that originate from the same brokerage exhibit strong long memory but
that order-sign correlations for orders that originate from different brokerages decay
quickly to 0. He thereby argued that the second hypothesis provides a more plausible
explanation of long memory in order flow than does the first. Importantly, the first
hypothesis requires that traders are able to monitor the temporal evolution of the
market, whereas the second hypothesis does not. Given that traders on Hotspot
FX are only able to view the order flow generated by their trading partners and
that the Hotspot FX platform does not disseminate any information regarding order
ownership, we believe that our findings provide further evidence that long memory in
order flow is due to order splitting rather than imitation.

We also find strong evidence of low-order, negative autocorrelations in each of
the three currency pairs’ limit order sign series and cancellation sign series (see Fig-
ure 5.3). To our knowledge, this behaviour has not been reported by other empirical
studies of order flow in different markets. Understanding the origins of this behaviour
could help to illuminate how order flow on Hotspot FX differs from that of other mar-
kets, and we therefore believe that further study of this phenomenon is an important

avenue for future research (see Section 5.8.1).

5.7.4 Intra-Day versus Cross-Day Series

For each of the three currency pairs that we study, we find no evidence that the
autocorrelation properties of the cross-day series differ from those of the intra-day
series (see Section 5.6.2). Moreover, we find no evidence that the apparent long-
memory properties of the data are an artifact caused by a structural break (see
Figures 5.12 and 5.13).

In a recent study, Axioglou and Skouras [7] concluded that the apparent long
memory of order flow on the LSE is an artifact caused by structural breaks between
different trading days. This raises the interesting question of why our results for
Hotspot FX should contrast with these findings. We conjecture that the answer to
this question lies in the fact that trading on the LSE commences at 08:00:00 and
ceases at 16:30:00 [199] whereas trading in the FX spot market occurs 24 hours a day.
Although we restrict our attention to the peak trading hours of 08:00:00 — 17:00:00
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GMT each day (see Section 3.3.2), the absence of a market-wide closing time has
several important consequences for the way that traders act.

First, many financial institutions require that traders unwind their positions (i.e.,
rebalance their net daily holdings to 0) before the end of each trading day [148]. The
LSE market closing at 16:30:00 constitutes a hard deadline by which any traders who
seek to unwind their positions must fulfil this goal, even if doing so requires them
to trade at unfavourable prices. This could cause the statistical properties of order
flow late in the trading day to differ substantially from those early in the trading
day, and could therefore result in a structural break at the daily boundaries when
concatenating data from different days. In the FX spot market, by contrast, there
is no market-wide closing time by which traders who seek to unwind their positions
must complete this task.

Second, the absence of market opening and closing times in the FX spot market
enables traders in different time zones to begin and end their trading days at different
times. Hsieh and Kleidon [119] noted that many traders spend the early part of their
trading day assessing the state of the market, the middle part of their trading day
performing the majority of their trades, and the late part of their trading day resetting
their net inventory to 0. In markets with specified opening and closing times (such
as the LSE), all traders progress through this cycle in phase. In the FX spot market,
by contrast, traders in different time zones are able to choose the length and timing
of their trading days as they wish. The flux of traders from different time zones into
and out of the FX spot market could cause the statistical properties of order flow to
differ from those in markets where all traders’ trading days are aligned by the market
opening and closing times.

Third, Axioglou and Skouras [7] conjectured that most traders on the LSE reassess
their trading strategy once per day, while markets are closed, then implement their
chosen strategy throughout the next trading day. This is not a feasible description of

the actions of traders in the FX spot market, which is always open.

5.8 Summary and Future Work

In this chapter, we have investigated the autocorrelation properties of returns, ab-
solute returns, limit order signs, and cancellation signs on Hotspot FX. Due to the
extremely high levels of activity on the platform, and in contrast to other empirical
studies, we were able to study the long-memory properties of intra-day series without

needing to aggregate data from different trading days. For each of the three currency
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pairs that we studied, we found that autocorrelations in the return series disappear
within less than 1 second. We found moderate long memory (with a Hurst exponent
of H~ 0.6 to H~0.7) in the EUR/USD and GBP/USD absolute-return series, but
we found only weak long memory (with a Hurst exponent slightly above 0.5) in the
EUR/GBP absolute-return series. We found that all three currency pairs’ limit order
sign series and cancellation sign series possess relatively strong long memory, with a
Hurst exponent ranging from H ~ 0.7 to H ~ 0.8. We also uncovered a low-order,
negative autocorrelation in the limit order sign series and cancellation sign series,
which (to our knowledge) has not been reported previously.

We found that all of our results for data that spans different trading days were
similar to those for intra-day data, and we strongly rejected the hypothesis that
the apparent long memory is an artifact caused by structural breaks at the daily
boundaries. Therefore, we conclude that long memory is a robust statistical property
of absolute returns, limit order signs, and cancellation signs that persists across daily

boundaries.

5.8.1 Future Work

Our findings suggest several possible avenues for future research.

e Investigations of other markets: It is crucial that researchers perform fur-
ther empirical investigations of recent, high-quality data from other markets.
Such work will help to develop an up-to-date understanding of the short- and
long-range autocorrelation properties of order flow and price formation. It will
be interesting to see whether the low-order, negative autocorrelations that we
detect in the limit order sign series and cancellation sign series on Hotspot FX

are present in other markets.

e Formulating and testing models: There exist several models that attempt
to explain long memory in financial markets [33, 34, 88, 109, 127, 135, 137,
146]. However, most such models rely on auxiliary assumptions or unobservable
parameters that make it difficult to relate their output to market data. The
development of new models that make falsifiable predictions and thereby enable
quantitative comparisons of competing hypotheses will help to clarify the true

origins of the various interacting forms of long memory in financial markets.

e Understanding cross-day series: We have conjectured that the differences

between our findings and those reported by Axioglou and Skouras [7] for the LSE
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are caused by differences in the structure of trading days in the two markets.
Further empirical study of data from other markets will clarify whether our
conjecture is correct and will help to illuminate the role of daily periodicities in

financial markets.

The efficiency paradox: It is an important open question to reconcile the so-
called “efficiency paradox”: how can return series remain unpredictable given
that order flow exhibits long memory? To date, there exist two main hypotheses.
Bouchaud et al. [34, 35] proposed that markets reside at a self-organized critical
point in which liquidity takers cause long-range autocorrelations in order flow
that exactly balance the long-range negative autocorrelations caused by liquid-
ity providers. Alternatively, Lillo and Farmer [136] proposed that predictability
in order flow is offset by a negative correlation with available liquidity. Although
several authors have noted that these two hypotheses can be regarded as equiv-
alent [33, 77, 90], Bouchaud et al.’s explanation portrays price impact as fixed
and temporary, whereas Lillo and Farmer’s explanation portrays price impact
as variable and permanent [77]. To date, there exists no clear consensus as to
which approach best describes the temporal evolution of real markets. Further
empirical and theoretical study of the efficiency paradox is an important avenue

for future research.
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Chapter 6

Price Formation on Hotspot FX

In this chapter, we perform an empirical study to investigate how heterogeneity in
traders’ access to trading opportunities impacts price formation on Hotspot FX. The

work in this chapter is also described in the jointly authored paper [101].

6.1 Introduction

During the past decade, price formation in LOBs has received considerable attention
across a wide range of disciplines (see [98] for our recent review). To date, however,
almost all work on this topic addresses centralized LLOBs, in which all traders have
access to the same trading opportunities at the same time. Although many electronic
trading platforms (including the LSE Electronic Trading Service [199], NASDAQ
[171], and the Euronext Universal Trading Platform [74]) utilize this mechanism,
many others employ alternative LOB configurations with different trading rules.

One such alternative is a quasi-centralized LOB. Recall from Chapter 2 that a
quasi-centralized LOB is an LOB in which each trader’s orders can only match to
those of a specified set of trading partners but in which the price of each trade is
announced publicly. In the extreme case where a quasi-centralized LOB’s trade-
partnership network (see Section 2.4) is complete, all traders are able to trade with
all others and price formation is equivalent to that in a centralized LOB. Otherwise,
different traders in the same quasi-centralized LOB have access to different trading
opportunities at the same time.

In this chapter, we investigate how heterogeneity in traders’ access to trading
opportunities impacts price formation for the EUR/USD, GBP/USD, and EUR/GBP
currency pairs on Hotspot FX. Specifically, we calculate the difference between the
price at which each trade occurred and the price at which it would have occurred if

the owner of the relevant market order had had access to all trading opportunities on
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the platform at its time of its submission. We call this difference the bypassing price
of a trade. We calculate both the difference between the bypassing prices of successive
trades and the difference between the best quotes at their times of execution, in order
to calculate the relative importance (in a sense that we make precise in Section 6.4)
of these factors for explaining changes in trade price.

Although we identify a small number of trades that have a large bypassing price,
we find that the vast majority of market orders match at a price that is close to the
best quotes at their time of execution. For each of the three currency pairs, we find
that the relative importance of changes in the best quotes for explaining changes in the
trade price is much higher than that of changes in the bypassing price. We conclude
that most traders on Hotspot FX are sufficiently well-connected with other traders
on the platform that the restriction of trading activity to their trading partners does
not strongly affect the prices of their trades.

The remainder of this chapter is organized as follows. In Section 6.2, we discuss
price formation in a quasi-centralized LOB and give several definitions that we use
throughout the chapter. In Section 6.3, we describe our data and methodology. In
Section 6.4, we discuss the concept of relative importance. We present our empirical
results in Section 6.5 and discuss these results in Section 6.6. In Section 6.7, we

summarize our findings and discuss several possible avenues for future research.

6.2 Price Formation in a Quasi-Centralized LOB

Since the widespread uptake of limit order trading, many empirical and theoretical
studies have provided answers to important questions regarding price formation in
centralized LOBs, such as the nature of large price movements [202], the price impact
of market orders [34, 204], the lagged impact of trading [35], and the possible origins
of widely observed stylized facts [55, 202] (see [33] and [98] for surveys). By contrast,
the current literature on price formation in quasi-centralized LOBs consists of little
more than technical descriptions of the matching mechanisms and trading interfaces
on specific platforms [14, 85, 185, 189]. Although these publications describe how
each trader’s access to trading opportunities depends on his/her trading partnerships,
they do not provide any empirical analysis of real markets. Given the extremely large
trading volumes that they facilitate [13], understanding price formation in quasi-

centralized LOBs is an important task.
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6.2.1 The Bypassing Price of a Trade

Recall from Chapter 2 that whenever a trader in a centralized LOB submits a sell
(respectively, buy) market order = (p,,ws, t,), the order at least partially matches
to the highest-priority active buy (respectively, sell) order, which resides at the price
b(t,) (respectively, a(t,)). In a quasi-centralized LOB, by contrast, an arriving sell
(respectively, buy) market order x submitted by a trader 6; € © matches to the
highest-priority active buy (respectively, sell) order that is owned by a trader 6; such
that ; <> 6;, but it bypasses any higher-priority active buy (respectively, sell) orders
that are owned by traders 6y such that 6; <» 0.

Throughout this chapter, we perform all of our calculations in transaction time,

whereby we advance the clock by 1 unit whenever a trade occurs. Let

B _ ;B 4B B
TB =B 4D . 4B,

A A A A
T :t17t27"'7tNA

denote respectively the times of N? successive seller-initiated trades' and N4 suc-
cessive buyer-initiated trades in a quasi-centralized LOB, and let pf’,p¥, ..., p% 5 and

pps ., pﬁ 4 denote the prices of these trades.
Definition. The traded-bid-price series s the time series

{pf:teT?y =pl.p%, ... 0N (6.1)
The traded-ask-price series is the time series

{pt:teT*} =pl s, pja. (6.2)

Definition. The bid-price series

{p):teT?} =plp5,....00%s, (6.3)
b = b(TP), i=1,2,...,NB

is the time series of bid prices, sampled immediately before the times of the NB seller-
initiated trades. The corresponding definition for the ask-price series {pg 't e TA} 18

similar, using the N4 buyer-initiated trades instead of the NP seller-initiated trades.

LA seller-initiated trade occurs when an incoming sell market order matches to an active buy
order, which resides on the bid side of the LOB. Therefore, we use the superscript B to denote
such trades. Throughout this chapter, we study buyer-initiated trades and seller-initiated trades
separately, in order to avoid difficulties associated with bid-ask bounce [40, 55, 96].
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Definition. The bid-bypassing-price series

{¢f :teT?} =q7. 4. ... .axs, (6.4)
qf:pf—pf, i:1,2,...,NB

15 the time series of differences between the traded bid price and the bid price. The

ask-bypassing-price series

{gf teT =qt g5, ..., qua, (6.5)
gt =pt —p, i=1,2,...,N4

is the time series of differences between the ask price and the traded ask price.

Observe the difference in signs between the bid-side and ask-side definitions: ¢”
measures how far behind the bid price an arriving sell market order matches (i.e., how
much smaller p? is than p?) and ¢! measures how far behind the ask price an arriving
buy market order matches (i.e., how much larger p;' is than p¢). Therefore, all trades
in a quasi-centralized LOB have a non-negative bypassing price. In the extreme case
of a complete BTA network (where every pair of traders possesses a BTA), all trades
have a bypassing price of zero, so price formation is equivalent to that in a centralized
LOB.

6.2.2 Price Changes

Throughout this chapter, we calculate the (appropriately signed) changes between

successive entries in the trade-price, bypassing-price, and quote-price series.

Definition. Given the traded-bid-price series {ptB teTh }, the change-in-traded-
bid-price series is the time series
{Apf it e TB} = Apf,ApZB,...,ApﬁBfl,

6.6
Ap? =pl —p2,, i=12,...,N° -1 (00

Given the traded-ask-price series {pf‘ 't e TA}, the change-in-traded-ask-price series

s the time series
{Ap;4 te TA} = Api, Apy, . 7ApﬁA—1a

(6.7)
Apf = ph - pl, i=1,2,...,N*—1.
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Definition. Given the bid-price series {pf 't e TB}, the change-in-bid-price series

18 the time series
{Api’ it e TB} = Ap, Aps, - ApRe g,

(6.8)
Apl=p} —ply, =12 NP -1

Given the ask-price series {p? te TA}, the change-in-ask-price series is the time

series A
{Ap? te’l } = ApY, Aps, ..., Apya_y,

6.9
Ap?:p?+1—p?’ i:172,...,NA—1. ( )

Observe the differences in signs between the bid-side and ask-side definitions: Ap?
measures how far behind the previous traded bid price an arriving sell market order
matches (i.e., how much smaller p2, is than p?) and Ap;* measures how far behind
the previous traded ask price an arriving buy market order matches (i.e., how much
larger pffH is than p7'). Similarly, Ap? measures how far behind the previous bid price
an arriving sell market order matches (i.e., how much smaller p?, , is than p?) and
Ap¢ measures how far behind the previous ask price an arriving buy market order

matches (i.e., how much larger p¢, , is than pf).

Definition. Given the bid-bypassing-price series {th teTh }, the change-in-bid-
bypassing-price series is the time series
{Ag7 1 eTP} = Agl, Agy, .., Aqys_y,

(6.10)
AgP =42, —q?, i=1,2,...,N8 -1

The corresponding definition for the change-in-ask-bypassing-price series {Ath 't e TA}
18 similar, using the ask-bypassing-price series {qg4 teT A} instead of the bid-bypassing-
price Series {qgB it e TB}.

The signs of the bid-bypassing-price and ask-bypassing-price series are already

aligned by (6.4) and (6.5), so no further sign modification is required.

6.3 Data

For each of the EUR/USD, GBP/USD, and EUR/GBP currency pairs, we use the
Hotspot FX data to study market activity during the peak trading hours of 08:00:00
— 17:00:00 GMT on each of the 30 days in our sample.
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6.3.1 Inferring matches

Recall from Chapter 3 that the Hotspot FX data consists of two separate files: the
trade-date file, which describes all trades that occur, and the tick-data file, which
lists all updates to £(t). Whenever a market order matches to a visible active order,
this is reported in both the tick-data and trade-data files.

Both files record all events with millisecond time stamps, but (as is common with
LOB data [114]) the two data files are recorded by different servers, so the time
stamps for the two files differ by a small, variable amount. In order to calculate the
quote-price and bypassing-price series that we study in this chapter, it is necessary
to infer which updates in the trade-data file correspond to which updates to £(t), as
reported in the tick-data file. We perform this inference using Algorithm 6.1.

For each trade listed in the trade-data file, Algorithm 6.1 searches for all possible
updates to L£(t) listed in the tick-data file that could correspond to the given trade and
that occur within a given time interval of the trade time (as reported in the trade-data
file). If the algorithm finds exactly one suitable update to £(¢) within the given time
window, then it records a strong pairing between the events listed in the two files.
If the algorithm finds more than one suitable update, then it records a weak pairing
for the event in the trade-data file. In order to minimize the error associated with
incorrect pairings, in this chapter we study only the trades for which Algorithm 6.1
reports a strong pairing, and only the price changes for which Algorithm 6.1 reports a

strong pairing for both the corresponding trades (i.e., the i*® and the (i +1)*® trades).

6.3.1.1 Choosing 7

The output of Algorithm 6.1 depends on the parameter 7, which controls the width
of the time window over which the algorithm searches for suitable pairings for each
trade listed in the trade-data file. In order to identify a suitable choice of 7 (i.e., a
choice that results in a small number of trade-data file events for which Algorithm
6.1 identifies no suitable pairings but that also results in a high proportion of strong
pairings among the trade-data file events that are paired) we perform the following

two tests.

6.3.1.2 Test 1: Tracking Unique Trade Sizes

To perform the first test, we create two lists for each of the three currency pairs each
day. The first list contains all trade sizes reported in the trade-data file. The second

list contains all amounts by which the depth was modified due to cancel-order or
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Fix 7 > 0.

for each trade reported in the trade-data file do
Denote the trade time by ¢;.

Denote the trade price by p;.

Denote the trade size by w;.

Let 5 <= 0.

for each active order departure reported in the tick-data file do
if the departure meets all of the following criteria:

occurs within the time window [t; — 7,t; + 7|;

has the opposite sign as wj;
e has size with magnitude less than® or equal to |w;|;

e occurs at price p;;
then
| Let j <=7+ 1.
end

end
if 7 =0 then

| Record that there exists no suitable pairing for the trade.
end

else if j =1 then
| Record that the trade is strongly paired.

end

else
| Record that the trade is weakly paired.

end

end

“We include depth modifications with size less than |w;| because part of the reported trade
size may have matched to hidden liquidity, whereas the tick-data file only lists the portion
of the modification that influences visible liquidity (see Section 3.2.2).

Algorithm 6.1: Algorithm to infer which entries in the tick-data file correspond to
which entries in the trade-data file.
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modify-order events (as reported in the tick-data file). We then identify any sizes
that appear exactly once in each list and calculate the difference between the time
reported for the corresponding events in the trade-data and tick-data files. Fewer
than 5% of all trade-data file events can be paired with tick-data file activity in this
way, but such pairings are likely to be correct because the small number of events
with unique sizes in each of the two lists makes coincidence improbable. Figure 6.1

shows how the fraction of paired unique-sized market orders varies with 7.

Fraction of Unique—Sized Market Orders that are Paired for Given Choices of 1

—— EUR/USD Buy Market Orders
—— EUR/USD Sell Market Orders
- -- GBP/USD Buy Market Orders
- -- GBP/USD Sell Market Orders
----- EUR/GBP Buy Market Orders
<<<<< EUR/GBP Sell Market Orders

0.0 0.2 0.4 0.6 0.8 1.0
T (seconds)

Fraction of Unique-Sized Market Orders
0.2

0.0

Figure 6.1: Fraction of unique-sized market orders that are paired for given choices
of 7 for EUR/USD, GBP/USD, and EUR/GBP.

6.3.1.3 Test 2: Fractions of Strong and Weak Pairings

To perform the second test, we compare the fraction of trade-data file events for which
Algorithm 6.1 assigns strong and weak pairings for discrete choices of 7. Figure 6.2

shows these fractions for each 7 € {0.1,0.2,...,1.0} seconds.

6.3.1.4 Analysis of the Tests

About 80%-90% of each currency pair’s unique-size market orders identify their pair-
ing within 7 = 0.1 seconds, and about 99% of each currency pair’s unique-size market
orders identify their pairing within 7 = 0.3 seconds (see Figure 6.1). The percentage
of trade-data file events for which Algorithm 6.1 identifies no suitable pairings de-
creases monotonically as 7 increases (see Figure 6.2), but choosing too large a value

of 7 increases the likelihood that pairings are recorded as weak rather than strong,
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Figure 6.2: Fraction of events in the (top) EUR/USD, (middle) GBP/USD, and
(bottom) EUR/GBP trade-data files that Algorithm 6.1 reports as strongly or weakly
paired for each 7 € {0.1,0.2,...,1.0} seconds.
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because a wider range of tick-data file events are considered for pairing to each trade-
data file event. Based on these results, we deem the optimal choice of 7 to lie within
the range 7 € [0.1,0.5].

We perform all of our calculations throughout this chapter using three different
choices of 7, namely 7 = 0.1, 7 = 0.3, and 7 = 0.5. We present the results for 7 = 0.3
in the main text and the results of our main statistical calculations for 7 = 0.1 and
7 = 0.5 in Appendix A.3. All of our results using 7 = 0.1 and 7 = 0.5 are qualitatively

similar to those for 7 = 0.3.

6.3.2 Excluded Entries

Market orders that walk up the book (i.e., that match to multiple active orders across
several different prices) pose two conflicting problems for our calculations. First, the
partial matchings of such market orders are often separated by additional bypassed
active orders. Therefore, it is not appropriate to assign a single bypassing price
to the whole trade. Second, some market orders match to a very large number of
active orders. The bypassing prices of each such partial matching are correlated,
because each subsequent partial matching bypasses all the same active orders as its
predecessors. Long sequences of correlated data points generated by a single market
order obscure the statistical properties of other orders, so it is not appropriate to
regard each partial matching as a separate market order.

In order to avoid these difficulties, we include in our calculations only the first
partial matching of each market order. Cleaning the data in this way does not cause
us to discard a large number of trade-data file events because relatively few market
orders walk up the book (the percentage ranges from 8.54% for EUR/USD sell market
orders to 3.93% for EUR/GBP buy market orders — see Table 4.1).

When calculating the price-change series, we also exclude any entries that reflect
inter-day price changes (i.e., where the (i + 1) entry of the price series corresponds

to a different trading day than the i*" entry).

6.4 Relative Importance

Throughout this chapter, we perform several multiple regressions to identify rela-
tionships between the price-change series that we study. The relative importance of
the input variables in such a multiple regression describe their relative contributions

to some specified aspect of the model’s output [21, 65]. There are several different
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measures of relative importance, and the type of relative importance measured in a
given situation depends on the purpose of the analysis [1].

We seek to understand the proportion of the explained variance in the multiple
regressions that is attributable to each of the input variables. This measure of relative
importance is called the “dispersion importance” [1]. We provide a discussion of
relative importance and a formal definition of dispersion importance in Appendix
Al

Each relative importance calculation that we perform compares the dispersion im-
portance of two input variables. For brevity, we normalize the dispersion importance
of the two input variables so that they sum to 1, then report only the normalized
relative importance I; of the first input variable. The normalized relative importance

of the second variable is therefore equal to I, =1 — I;.

6.5 Results

6.5.1 Trade-Price Series

Figure 6.3 shows the change-in-traded-bid-price and change-in-traded-ask-price series
for EUR/USD, GBP/USD, and EUR/GPB. The trade prices for each of the three
currency pairs undergo many large changes, several of which exceed the sample stan-
dard deviation by a factor of more than 5 and some of which exceed the sample
standard deviation by a factor of more than 10. It is not clear from studying these
series in isolation whether the large price changes are due to market-wide volatility
spikes that affect all traders’ local LOBs, or whether they are due to some traders
having poor access to liquidity due to their (lack of) trading partnerships. We return

to this question several times throughout the chapter.

6.5.2 Bypassing Prices

Table 6.1 lists summary statistics about the bypassing prices of trades. More than half
of the trades that we study have a bypassing price of 0 ticks, and the mean bypassing
price for each of the three currency pairs is small. The bypassing price of some market
orders is extremely large (particularly for EUR/USD), but the bypassing-price ECDF's
and survivor functions? (see Figure 6.4) reveal that most market orders match at a

price that is close to the best quotes at their time of execution.

2Given a set of observations z1, s, ..., zy with ECDF F(x), the survivor function is 1 — F(z) =
% Zf\;l I,>x, where I is the indicator function.
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Figure 6.3: Change-in-traded-bid-price and change-in-traded-ask-price series for (top)
EUR/USD, (middle) GBP/USD, and (bottom) EUR/GBP. The dashed (respectively,
dotted) red lines denote 5 (respectively, 10) standard deviations of each series.
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EUR/USD GBP/USD EUR/GBP

o | @ | & | & | o | 4

Mean (ticks) 258 | 248 | 3.19 | 3.17 | 2.00 | 1.80
Standard Deviation (ticks) | 5.46 | 592 | 6.41 | 6.89 | 4.30 | 3.89

Maximum (ticks) 363 335 119 142 73 43
Percentage Non-Zero 44.5% | 43.9% | 40.2% | 37.4% | 34.6% | 32.6%

Table 6.1: Summary statistics for bid-side bypassing prices g7 and ask-side bypassing
prices ¢/ for EUR/USD, GBP/USD, and EUR/GBP.
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Figure 6.4: (Left panels) ECDFs for (top) bid-bypassing prices ¢ and (bottom) ask-
bypassing prices ¢. (Right panels) survivor functions 1 — ECDF for the same series,
plotted in doubly logarithmic coordinates.
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For each of the three currency pairs, the ECDF of bid-bypassing prices is quali-
tatively similar to that of ask-bypassing prices, except that EUR/USD has a small
number of buyer-initiated trades with extremely large ask-bypassing prices for which
there are no corresponding seller-initiated trades with such large bid-bypassing prices.
Bypassing prices tend to be smallest for EUR/GBP, slightly larger for EUR/USD,
and largest for GBP/USD.

6.5.3 Price-Change Distributions

Table 6.2 shows the percentage of trades that cause non-zero change in trade price,
bypassing price, and quote price for each of the three currency pairs. Non-zero price
changes are more common in the trade-price and quote-price series than they are in
the bypassing-price series. Figure 6.5 shows the ECDFs for changes in trade price,
bypassing price, and quote price for each of the three currency pairs. Each bid-
side ECDF is qualitatively similar to the corresponding ask-side ECDF, but there
are several interesting differences between the different price-change series and the

different currency pairs.

EUR/USD GBP/USD EUR/GBP
Bid Side | Ask Side | Bid Side | Ask Side | Bid Side | Ask Side
Trade Price 78.7% 79.4% 79.5% 81.1% 76.3% 81.4%
Bypassing Price | 55.0% 54.7% 51.6% 48.9% 44.0% 45.2%
Quote Price 77.5% 77.8% 80.1% 80.8% 75.4% 81.0%

Table 6.2: Percentage of non-zero entries in the change-in-trade-price, change-in-
bypassing-price, and change-in-quote-price series for EUR/USD, GBP/USD, and
EUR/GBP.

To help identify similarities between changes in trade price, bypassing price,
and quote price, we construct quantile-quantile (Q-Q) plots to compare the three
price-change distributions (see Figure 6.6 for seller-initiated trades; results for buyer-
initiated trades are similar). For each of the three currency pairs, the distribution of
changes in trade price is similar to that of changes in quote price. By contrast, the
magnitude of changes in bypassing price tends to be smaller than the magnitude of
changes in the other two series.

We also normalize each price-change series by subtracting the sample mean and
dividing by the sample standard deviation. Figure 6.7 shows the ECDFs for nor-
malized changes in traded bid price, bid-bypassing price, and bid price (results for

buyer-initiated trades are similar). In all cases, the normalized distributions have

114



ECDF
0.4

ECDF
0.4

ECDF
0.4

08 1.0

0.6

0.2

0.0

08 1.0

0.6

0.2

0.0

08 1.0

0.6

0.2

0.0

—— EUR/USD
| — GBP/USD
EUR/GBP
| ; N
)]
O
| L
- __—"_,.r‘fr
T T T
-40 -20 0 20 40
Ap? (ticks)
B
Adg;
—— EUR/USD £
| — GBP/USD
EUR/GBP i
N L
[a)
O
B L
) F
— et T T
-40 -20 0 20 40
Aq? (ticks)
b
Ap;
—— EUR/USD
| — oGBPIUSD
EUR/GBP
| 1 N
o
O
B L
T T T
-40 -20 0 20 40
ApP (ticks)

08 1.0

0.6

0.4

0.2

0.0

06 08 1.0

0.4

0.2

0.0

08 10

0.6

0.4

0.2

0.0

—— EUR/USD
| — &BP/USD
EUR/GBP
T T T
-40 -20 0 20 40
Ap? (ticks)
A
Adq;
—— EURIUSD
| — &BP/USD ;
EUR/GBP o
E
T — T T
-40 -20 0 20 40
AqP* (ticks)
ap?
—— EUR/USD
| — GBP/USD
EUR/GBP
A
_‘_4-"
T T T
-40 -20 0 20 40
Ap] (ticks)

Figure 6.5: ECDFs for (top left) changes in traded bid price ApZ, (top right) changes
in traded ask price Ap?', (middle left) changes in bid-bypassing price Ag¢?, (middle
right) changes in ask-bypassing price Ag, (bottom left) changes in bid price Ap?,

and (bottom right) changes in ask price Ap?.
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Figure 6.6: Quantile-quantile (Q-Q) plots for (top left) changes in traded bid price
ApP against changes in bid-bypassing price Ag?, (top right) changes in traded bid
price Ap? against changes in bid price Ap?, and (bottom) changes in bid-bypassing
price AqP against changes in bid price Ap?. The points denote the 0.01,0.02,...,0.99
quantiles of the empirical distributions. The dashed black lines denote the diagonal.
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The corresponding plots for buyer-initiated trades are qualitatively similar.
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greater mass close to 0 and heavier tails than a standard normal distribution. The
distribution of normalized changes in bypassing price has heavier tails than the other

two normalized distributions.

6.5.4 Relative Importance of Price Changes

In this section, we calculate the dispersion importance (see Section 6.4) of the input

variables Ag?, Ap?, Ag#, and Ap? in the multiple regressions

Z)F:BO+BlAq1B+B2Apfa Z:17277NB_17 (611)
I = g + a1 Agt + aAPY, i=1,2,..., N4 -1, (6.12)

where §2 and g are the predictions of the output variables Ap? and Ap#, respec-
tively, and B, 51, B2, g, a1, ip € R are the least-squares parameter estimates.?

For each seller-initiated trade i = 1,2,..., N® — 1, observe that

AgP + Apl =ply — pl — Pl ol + ) — Pl

_ . B B
=D —Piy1s

= Ap?.
Similarly, for each buyer-initiated trade i = 1,2,..., N4 — 1,

Aglt + Apf = piyy — Pl — o+ ¢+ Dl — DY

Therefore, the regression equation (6.11) has the exact solution

Bo=0, pfr=p=1 (6.13)
foralli =1,2,..., NP and the regression equation (6.12) has the exact solution
Qo = O, a1 = Qg = 1 (614)

for all i = 1,2,..., N4, This implies that both multiple regressions (6.11) and (6.12)
have a coefficient of determination R? = 1.

In order to calculate the dispersion importance, we first perform separate ordinary
least-squares (OLS) regressions between each pair of price-change series (see Figure
6.8). Table 6.3 lists the coefficient of determination R* for each of these types of
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Figure 6.7: (Left panels) ECDFs for (top) changes in traded bid price Ap?, (middle)
changes in bid-bypassing price Ag?, and (bottom) changes in bid price Ap?, after first
normalizing the data by subtracting its mean and dividing by its standard deviation.
(Right panels) survivor functions 1 — ECDF for the same series, plotted in doubly
logarithmic coordinates. In the right panels, the solid lines denote the normalized
data (i.e., they show the upper tails of the normalized distribution) and the dashed
lines denote the normalized data multiplied by —1 (i.e., they show the lower tails of
the normalized distribution). The solid black lines denote the standard normal dis-
tribution. The corresponding plots for buyer-initiated trades are qualitatively similar
in each case.
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Figure 6.8: Scatter plots of (left panels) changes in traded bid price ApP against
changes in bid-bypassing price Ag?, (middle panels) changes in traded bid price Ap?
against changes in bid price Ap?, and (right panels) changes in bid-bypassing price
AgP against changes in bid price Ap? for (top) EUR/USD, (middle) GBP/USD, and
(bottom) EUR/GBP. In each plot, the dashed black line denotes the diagonal and the
solid black line denotes the ordinary least-squares regression line for the data. The
corresponding plots for the ask side are qualitatively similar.
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EUR/USD GBP/USD EUR/GBP
Bid side | Ask side | Bid side | Ask side | Bid side | Ask side
Multiple Regression 1 1 1 1 1 1
First OLS Regression 0.078 0.087 0.059 0.048 0.022 0.017
Second OLS Regression | 0.900 0.885 0.947 0.949 0.982 0.978
Third OLS Regression 0.001 0.002 0.000 0.000 0.000 0.000

Table 6.3: Coefficients of determination R? for regressions for EUR/USD, GBP/USD,
and EUR/GBP price changes. The multiple regressions are given by Equations (6.11)
and (6.12). The first OLS regressions are for change in trade price onto change in
bypassing price (see left panels of Figure 6.8). The second OLS regressions are for
change in trade price onto change in quote price (see middle panels of Figure 6.8).
The third OLS regressions are for change in bypassing price onto change in quote
price (see right panels of Figure 6.8).

regressions. The R2s for the regressions of changes in quote price onto changes in
trade price are much larger than those for the other two types of regression.

Table 6.4 lists the normalized dispersion importance I; of the change in bypassing
price in the multiple regressions (6.11) and (6.12). We use two different techniques to
estimate the standard error of ;. First, we use a standard, non-parametric bootstrap
[118]. Second, we use a heuristic called the variance-plot method [18, 78], which is
similar to the bootstrap but which takes into account possible serial correlations in

the data. We provide details of both of these techniques in Appendix A.2.

EUR/USD GBP/USD EUR/GBP
Bid side | Ask side | Bid side | Ask side | Bid side | Ask side
I 0.089 0.101 0.056 0.050 0.020 0.019
Bootstrap s.e. 0.013 0.012 0.002 0.002 0.002 0.003
Variance-Plot s.e. | 0.022 0.027 0.008 0.007 0.004 0.005

Table 6.4: Normalized dispersion importance I; of change in bypassing price for
change in trade price, for EUR/USD, GBP/USD, and EUR/GBP. The normalized
dispersion importance of change in quote price is given by 1 — I; in each case. The
second row of the table denotes the standard deviation of 1000 bootstrap samples
of I;. The third row of the table denotes the variance-plot estimate of the standard
error of I; (see Appendix A.2.2).

For both buyer-initiated and seller-initiated trades and for each of the three cur-

rency pairs, the estimates of I; are small. Therefore, changes in bypassing price

3For a detailed discussion of multiple regressions, see [24].
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explain a much smaller fraction of the variance of changes in trade price than do
changes in quote price. In all cases, the variance-plot estimates of the standard er-
rors are larger than the corresponding bootstrap estimates, which suggests that the
data contains serial correlations that are not reflected in the the bootstrap estimates.
Nevertheless, even the variance-plot estimates of the standard errors are small, so
we are able to draw our conclusion about relative importance with a high degree of

confidence.

6.6 Discussion

Although more than half of all trades that we study occur at the best quotes (see
Table 6.1), the bypassing prices of the remaining trades vary over several orders of
magnitude (see Figure 6.4). This suggests that some traders on Hotspot FX have
access to relatively few trading opportunities on the platform.

There are two possible reasons that a trade could have a large bypassing price.
First, the owner of the market order involved in the trade could have few trading
partners, causing their order to bypass active orders across many prices and match
deep into the LOB. Second, a trader with few trading partners could place an ac-
tive buy order far above the previous bid price (respectively, an active sell order far
below the previous ask price) without receiving a matching, then a subsequent sell
(respectively, buy) market order from another trader could bypass this active order
and match at a price near the previous bid (respectively, ask) price. Figure 6.9 shows
a schematic of these two possibilities.

It is difficult to disentangle these effects for the large number of trades that cause
small changes in trade price, bypassing price, or quote price, because it is common for
these series to fluctuate slightly between subsequent market order arrivals due to the
small changes in £(t) that occur frequently throughout the trading day. However, we
are able to study more clearly the trades that cause large price changes. If the second
scenario arose frequently on Hotspot FX, then some of the trades that cause a large
change in bypassing price would also cause a large change in quote price. We find
no evidence of any such trades for any of the three currency pairs (see right panels
of Figure 6.8). Therefore, we conclude that trades with large bypassing price are
typically caused by the arrival of an extreme-priced market order whose owner has
few trading partners.

The vast majority of market orders that we study match at or near the best

quotes at their time of execution (see Section 6.5.2). Moreover, changes in quote
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Figure 6.9: Schematic to illustrate the possible causes of large bypassing prices. (Top)
An incoming sell market order owned by a trader with few trading partners bypasses
active buy orders across many different prices and matches deep into the LOB. (Bot-
tom) A trader with few trading partners places an active buy order far above the
previous bid price, then a subsequent sell market order from another trader matches
at a price near the previous bid.
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price account for a much higher fraction of the variance of changes in trade price
than do changes in bypassing price (see Table 6.4). These findings imply that the
heterogeneity in traders’ access to trading opportunities on Hotspot FX has a small
aggregate impact on price formation. However, we also identify a handful of market
orders that have very large bypassing prices (see Figure 6.4).

Although traders are not able calculate the exact bypassing prices of their trades,
they are able to infer whether they are trading at worse prices than those available
to their better-connected peers by monitoring the trade-price series. This prompts
the question of why some traders submit market orders with large bypassing prices
when they know this to be the case. We believe that the answer lies in fact that
Hotspot FX provides direct market access to a wide variety of different financial
institutions, many of whom do not have access to the traditional inter-dealer market.
For example, small financial institutions such as hedge funds are not able to trade
on the Reuters Dealing 3000 or EBS platforms (see Chapter 1), nor do they have
access to inter-dealer voice-broking or direct-trading services [43]. Therefore, they
may regard the relatively large bypassing prices that they experience on Hotspot FX
to be an acceptable cost of trading, particularly if the bypassing prices are smaller
than the costs that they would incur if they traded via a different mechanism, such
as a retail aggregator platform [14].

An alternative possibility is that market orders with large bypassing prices origi-
nate from traders who implement complicated strategies that involve the submission
of several different orders. A popular example of one such strategy is a volume-
weighted average price (VWAP) strategy [151], in which a trader submits several
different orders to achieve a target average price. Traders implementing a VWAP
strategy may not scrutinize all constituent orders that they submit, which could

cause a small fraction of their trading volume to match at an unfavourable price.

6.7 Summary and Future Work

In this chapter, we have investigated how the heterogeneity in traders’ access to
trading opportunities on Hotspot FX influences the price of trades on the platform.
We decomposed each change in trade price into two constituent parts: the change
in bypassing price and the change in quote price. We found that although some
trades bypass active orders across many prices and match deep into the LOB, the
vast majority of arriving market orders match at or close to the best quotes at their

time of execution. Therefore, the vast majority of trades are conducted by traders
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who have sufficiently many trading partners on the platform to experience little or
no impact on the price, compared to the best quotes.

We found that changes in bypassing price had much lower relative importance for
explaining the variance of changes in trade price than did changes in quote price.
However, we also identified a small number of trades that had a large bypassing
price, which we argued could be regarded as a substantial cost to the owners of the
relevant market orders. We conjectured that such market orders were likely to have
originated from financial institutions who do not have direct access to the traditional
inter-dealer market, and who therefore regard the high bypassing price of their trades

as an acceptable cost of trading.

6.7.1 Future Work

Our findings suggest several possible avenues for future research.

e Understanding large price movements: Several empirical studies from a
wide range of different markets have reported that the tails of the distributions
of price changes decay like a power law with exponent o ~ 3 [64, 94, 95, 123,
144, 145]. To our knowledge, however, all empirical publications on this topic
have studied data from centralized markets. Assessing whether this is also
the case on Hotspot FX would be an interesting task, because many of the
largest price movements in the Hotspot FX data are caused by trades that have
a particularly large bypassing price, whereas all trades in centralized markets
have a bypassing price of 0. Understanding the functional form of the tails of
price-change distributions is important to both investors and regulators, because
risk calculations and hedging strategies depend on the probability of large price

changes.

e Investigating other currency pairs: Our data describes only the EUR/USD,
GBP/USD, and EUR/GBP LOBs, all of which have large numbers of trades
each day. It is plausible that traders of less heavily traded currency pairs could
have far fewer trading partners than traders of these three currency pairs, which
could cause bypassing prices to play a more prominent role in the prices of

trades.

e Understanding autocorrelations: Due to the structure of the Hotspot FX
data, we use Algorithm 6.1 to infer which updates to £(t) correspond to which

trades. In order to minimize the error associated with incorrect pairings, we
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study only the entries of the quote-price and bypassing-price series (and the
corresponding changes in these series) for which Algorithm 6.1 reports a strong
pairing. Therefore, it is not possible for us to study the autocorrelation proper-
ties of these series due to their many missing entries. Comparing the temporal
properties of bypassing-price and quote-price series to those of trade-price series

could help further illuminate their interactions.
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Chapter 7

An Agent-Based Model of Trade
on a Quasi-Centralized Trading
Platform

In this chapter, we introduce an agent-based model of trade on a quasi-centralized
trading platform! and investigate the volatility of the trade-price series that the model
generates. The work in this chapter is also described in the jointly authored paper
97].

7.1 Introduction

Loosely speaking, “volatility” is a measure of the variability of the price of a traded
asset [15]. All else held equal, a high-volatility asset is expected to undergo larger
price changes than a low-volatility asset during a given time interval . Volatility is
an important consideration for market practitioners, as it often plays a central role
in optimal portfolio construction [163], forecasting future price movements [26], and
the pricing of derivatives contracts [180].

The measurement and modelling of volatility in financial markets have remained
active areas of research for several decades (see [15, 180, 184] for recent surveys).
The literature contains a wide selection of different volatility estimators, and the
exact form of volatility studied in a given situation often depends on both the data
available and the purpose of performing the estimation [190]. The possible sources

of volatility in financial markets have been discussed extensively; common topics in

'Recall from Chapter 2 that a quasi-centralized trading platform is an electronic trading platform
on which each trader can only trade with a specified set of trading partners but in which the price
of each trade is announced publicly.
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this area include macroeconomic or political activity [63], news arrivals [124], and the
market impact of trades [34, 204].

On a quasi-centralized trading platform, each trader can only access the trading
opportunities that are offered by his/her trading partners. As a result, the volatility
that traders on such a platform experience depends on the network of trading part-
nerships between them. Understanding how a trade-partnership network’s structure
influences volatility is an important task, because it could provide insight into several
important properties of price formation and illuminate the origins and nature of large
price changes. However, very little is known about trade-partnership networks on
real trading platforms, so empirical study of historical market data does not provide
clear insight into this problem.

In this chapter, we introduce an agent-based model (ABM) of trade on a quasi-
centralized trading platform to investigate this question in an artificial market. Our
model’s temporal evolution is governed by the agents’ trade-partnership network and
a trade-price-reversion parameter, which controls how agents regard the previous
trade price when deciding how to act. We design our ABM to be sufficiently simple
to enable us to derive several analytical results about its behaviour. We simulate
our ABM using different trade-partnership networks and different values of the trade-
price-reversion parameter, and we calculate three different measures of volatility from
the resulting trade-price series.

We find that volatility in trade prices is lowest when the trade-partnership network
is complete (which corresponds to a centralized trading platform, where all traders are
able to trade with all others). In most cases, we find that reducing the total number
of edges in the trade-partnership network leads to an increase in all three volatility
measures that we study, but we also uncover some network configurations for which
this is not the case. This implies that the topology of the network, and not just the
density of edges, influences price formation in the model. We find that particularly
small choices of the trade-price-reversion parameter tend to produce large trade-price
volatility. We note that the case in which the trade-price-reversion parameter equals
zero corresponds to a situation in which traders are not able to view the trade-price
series in real time, and we thereby argue that providing this information to traders
constitutes a strong stabilizing force.

The remainder of this chapter is organized as follows. In Section 7.2, we discuss
volatility on quasi-centralized trading platforms and introduce the three volatility
measures that we study throughout the chapter. In Section 7.3, we discuss several

other ABMs of price formation in financial markets. In Section 7.4, we introduce

128



our ABM and discuss several of its features. In Section 7.5, we derive several results
about the temporal evolution of our model. We present our simulation results in
Section 7.6 and discuss these results in Section 7.7. In Section 7.8, we summarize our

findings and discuss several possible avenues for future research.

7.2 Volatility on A Quasi-Centralized Trading Plat-
form

In contrast to centralized trading platforms, in which all traders face the same trading
opportunities, the quasi-centralized? structure of multi-institution trading platforms
in the FX spot market causes different traders to face different trading opportunities at
the same time. This heterogeneity in access to trading opportunities makes it difficult
to estimate (or even define) volatility on such a platform, because the volatility that
each trader experiences depends on his/her trading partnerships.

We propose two possible approaches to this issue: to calculate an individual
volatility estimate for each trader or to calculate a single volatility estimate for a price
series that is common to all traders. By comparing the volatility that different traders
experience, the first approach may help to quantify how a trade-partnership network’s
structure influences local price variability. However, this approach involves studying
a high-dimensional, computationally intensive problem for all but small numbers of
traders, and empirical investigations using this approach would require knowledge of
both the full trade-partnership network and the identities of the traders associated
with specific market activity. The second approach is much less computationally in-
tensive, but the market-wide volatility estimate may not reflect the volatility that
individual traders experience.

These two approaches lead to different statistical and modelling frameworks, both
of which have advantages and drawbacks. Given the large number of traders in the
FX spot market (see Section 7.6.3), detailed study of local volatility measures would
require extremely intensive computations that involve large numbers of interacting
components. Therefore, we adopt the second approach. Specifically, we design and
implement an ABM of trade on a quasi-centralized trading platform, calculate several

statistics related to the variability of the trade-price series that it generates, and

2Recall from Chapter 2 that a quasi-centralized trading platform is an electronic trading platform
in which each trader can only access trading opportunities that are offered by his/her trading partners
but in which the price of each trade is announced publicly.
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perform direct comparisons between the values of these statistics for different trade-
partnership networks.

In contrast to our calculations in the previous chapters, our model does not distin-
guish between buyer-initiated and seller-initiated trades. In this chapter, we therefore
study all trades together, irrespective of their direction. We write ¢(t) to denote the
price of the most recent trade at or before time t. All traders on a quasi-centralized
trading platform are able to calculate ¢(t) in real time, so their perceptions of the
price variability of a given currency pair may be influenced by their observations of
this series.

There are several other time series (such as the global-mid-price series m(t), the
global-bid-price series b(t), and the global-ask-price series a(t)) that we could use to
study volatility. However, our results in Chapter 4 suggest that some traders submit
and rapidly cancel large numbers of orders near the best quotes, and thereby cause
the values of m(t), b(t), and a(t) to fluctuate rapidly without any trades occurring,.
These fluctuations could result in misleading volatility estimates. Moreover, traders
on a quasi-centralized trading platform do not know the values of m(t), b(t), or a(t) in
real time, so their perceptions of price variability cannot be influenced by observations

of these series.

7.2.1 Our Volatility Estimates

In this section, we describe the statistics that we calculate to asses the volatility of

the trade-price series. Let
{Pt}:{PbPQ;"'} (71)

denote the times series of trade prices, and let

{Dt} = {D17D27"'}7 (72)
Di:|-Pi+1_-F)i|7 i:1a27"'7

denote the time series of absolute price differences between successive trades. Given
a finite-length realization {d;,ds,...,dn} of {D;}, we calculate the following three

statistics:

e The mean absolute price change
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e The standard deviation of absolute price changes

(d; — 1), (7.4)

- 1
2TAIN T

=1

e The percentage of non-zero price changes

N
100
U3 = W ; ]Idﬁéoa (7-5)

where I, 40 is the indicator function

0, if dl - O, .
]Idﬁgo = { 1’ otherwise, 1= 1, 2, ceey N. (76)

Our empirical results in Chapter 6 suggest that ECDF's of absolute price changes
on real quasi-centralized trading platforms exhibit a roughly exponential shape (see
Figure 6.5). The statistics vy, va, and vs describe, respectively, the first and second
moments and the vertical intercept of such distributions, and thereby facilitate sim-
ple comparisons between important statistical properties of the trade-price volatility

generated by our model using different trade-partnership networks.

7.3 Agent-Based Models of Price Formation

An agent-based model (ABM) [28, 46, 49] is a model in which a large number of
possibly heterogeneous agents interact in a specified way. For a given choice of input
parameters, a single run of an ABM generates a (possibly stochastic) realization of
the model’s output, according to the rules governing the behaviour and interactions
of the individual agents.

Several important features of ABMs make them attractive for modelling price
formation in financial markets. First, ABMs do not require assumptions regarding
market stability or efficiency. Second, they do not require assumptions that price se-
ries are ergodic or converge to some form of equilibrium as t — oo [76]. Third, ABMs
enable explicit specification of heterogeneity in agents’ behaviour, and can thereby
provide insight into the consequences of complex, heterogeneous interactions between
agents [38]. Fourth, ABMs facilitate study of both the behaviour of individual agents
and the emergent, system-level properties. Therefore, ABMs of price formation facil-

itate quantitative comparisons between different market scenarios [76]. Fifth, agents’
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strategies can mimic complex, real-world behaviours that are difficult to study using
other types of model [49].

During the past 50 years, the study of ABMs has helped to illuminate many
aspects of price formation in financial markets. The literature on this topic is very
large, and several recent surveys have discussed specific models in detail. Chakraborti
et al. [46] presented a chronological record of major developments in the field, from the
earliest ABMs of financial markets in the 1960s to the market-microstructure models
that have become popular in recent years. Chen et al. [49] presented a taxonomy of
ABMs, reviewed a wide selection of ABMs of financial markets, and discussed which
existing models are able to reproduce several widely observed stylized facts [55]. In
our recent survey [98], we discussed how ABMs provide insight into several important
elements of trading via LOBs. In this section, we review a small selection of ABMs

most relevant to the present work.

7.3.1 Agent Heterogeneity

Several publications have addressed how heterogeneity between agents’ actions affects
price formation. Some authors (see, e.g., [10, 146]) have studied ABMs with a small
number of different agent types and investigated how the statistical properties of
price formation vary according to the fraction of each agent type. An ABM with k
different types of agents is often called a k-type ABM [49]. For example, Bak et al.
[10] studied how the fraction of “rational traders” (who seek to optimize personal
utility functions) and “noise traders” (who randomly update their private valuations
of the asset) affect the statistical properties of the trade-price series in a 2-type ABM.
Other authors (see, e.g., [69, 134]) have studied ABMs in which all agents are different.
For example, LeBaron [134] studied an ABM in which each agent decides how to act
based on m previous observations of the price series, where m varies across agents.
Cont and Bouchaud [58] studied an ABM in which agent interactions are het-
erogeneous. Specifically, they assumed that agents form groups (which the authors
modelled using a random graph [27]) and that each agent aligns his/her decisions to
buy or sell according to the actions of his/her group. The authors provided a quan-
titative link between the strength of agents’ herd behaviour and the price-change

distribution that the model generates.
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7.3.2 Price Formation in the FX Spot Market

Perraudin and Vitale [179] studied how knowledge of other agents’ actions affects
price formation in a highly stylized ABM of the FX spot market. In their model,
each agent is either a customer or a dealer (see Section 1.1). A specified fraction
of customers are informed about the fundamental value of the currency pair; the
remaining customers and all dealers are not. The authors compared the temporal
evolution of the model in two different scenarios: one in which information about
all dealers’ trades is available to all other dealers, and one in which it is not. They
reported that their model generates wider bid-ask spreads and higher volatility when

dealers do not have access to the information.

7.3.3 Perfect Rationality Versus Zero Intelligence

Different ABMs adopt different modelling assumptions with regard to the actions of
individual agents. Some authors assume that agents are perfectly rational decision-
makers who seek to achieve trading goals or maximize utility [80, 131, 177, 187]. These
models help to identify possible links between agents’ strategies and the temporal
evolution of the market. However, perfect-rationality assumptions have come under
scrutiny because utility maximization is often inconsistent with empirical observations
of real traders’ behaviour [93, 147].

At the other extreme lies a zero-intelligence approach, in which agents are as-
sumed to make their decisions according to specified stochastic processes. In this
way, agents’ actions can be regarded as a consequence of them following a set of
rules without strategic considerations. Much like those regarding perfect rationality,
zero-intelligence assumptions are extreme simplifications that are inconsistent with
empirical observations. However, a zero-intelligence framework has the appeal of
leading to models that can yield quantifiable and falsifiable predictions without the
need for auxiliary assumptions. It is, therefore, a useful starting point for building
models.

Between the two extremes of perfect rationality and zero intelligence lies a broad
range of other approaches that make weaker assumptions about agent behaviour,
often at the cost of resulting in models that are more difficult to study. Although
such models still motivate interesting observations, it is often difficult to trace how

their input parameters influence specific elements of their output [46].
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7.3.4 Difficulties of Studying ABMs

Although ABMs of price formation provide many important benefits, they also suffer
from several drawbacks. First, it is difficult to encode a quantitative set of rules that
describe the complex and interacting strategies used by real traders [46]. Second,
finding a set of rules that produces a specific behaviour provides no guarantee that
such a set of rules is the only one to do so [182]. Third, the large number of interacting
components in some ABMs makes it difficult to track how a specified input parameter
affects the output [46]. Fourth, many ABMs are intractable, so it is often impossible
to derive results about their temporal evolution or to prove that their output will
satisfy certain conditions [84]. For example, unexpected interactions between agents
could prevent trades from occurring. It is important to consider these issues when
designing an ABM, in order to understand their potential impact on the model’s

output. We return to some of these issues in the context of our ABM in Section 7.4.5.

7.4 Our ABM

7.4.1 An Introduction to our Model

In this section, we present a qualitative description of the main features of our model.
Consider trade for a single asset on a quasi-centralized trading platform. Let © =
{61,05,...,0)} denote the set of M agents who trade on the platform and assume
that each agent has at least 1 trading partner in ©. For each ¢t = 0,1,2,..., let
¢(t) € Z denote the price of the most recent trade at or before time ¢, and for each
i=1,2,...,M,let p_;(t),p:(t) € Z denote, respectively, agent 6;’s buy price and sell
price (i.e., the prices at which agent 7 is willing to buy and sell the traded asset at
time t).3

In our model, each agent #; updates his/her buy price p_;(¢t) and sell price p;(t)
according to a discrete-time random walk with drift on a discrete pricing grid. For
each price, the strength of the drift is determined by the trade-price-reversion pa-
rameter k and the (signed) difference between the given price and ¢(t) (see Section
7.4.3). At any time, if there exists an agent 6; whose buy price is equal to the sell

price of another agent #; such that ; <+ 6;, then 6; and 6; perform a trade. Any pair

3The temporal evolution of our model and the statistics that we calculate all correspond to price
differences, not to prices themselves. Therefore, our model’s output is price-translation invariant.
We simulate our model using an integer price grid to avoid difficulties associated with prices reaching
a boundary. An alternative approach is to simulate the model using a natural-number price grid,
but to choose the initial conditions in Equation (7.7) such that there is negligible probability that
any trader’s buy or sell price reaches 0.
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of agents 6; «» 6; (i.e., any pair of agents that are not trading partners) are unable
to trade with each other.

Flowchart 7.1 describes the main features of our ABM’s temporal evolution. We
list several definitions and present a formal description of the model in the next

section.

7.4.2 Our ABM

At any time t = 0, 1,2, ..., the state of our ABM is determined by the M agents’ buy

and sell prices and the most recent trade price.

Definition. For each time t = 0,1,2,..., the model state at time t is the vector

M(t) = (p*M(t% cet ’p*2(t)7p*1(t)apl(t)7p2<t)a cee 7pM(t)7 ¢<t))

For constants by, ag such that by < ag, the initial model state M(0) is given by

p-i(0) = bo, (77)
pi(0) = ao,
for each 6, € © and
¢(0) = (bo + ao)/2. (7.8)
At each time step t = 1,2, ..., choose a number u;(t) uniformly at random from

the set {1,2,..., M}. Call the agent 0, () the active agent at time t and call all other
agents the inactive agents at time t. Independently, choose a number us(t) uniformly
at random from the set {—1,+41} and calculate the active index u(t) = uy(t)us(t).
Call py) the active price at time t and call all other prices the inactive prices at time
t.

Calculate the revised price at time t

R(t) = pu(t = 1) + G(2), (7.9)
o 1 with probability P(w(t))
| —1 with probability P(w(t)),

Gt = { +1 with probability 1 — P(w(t)) (7.10)

is the price revision at time t, the function P : Z — [0, 1] is the price-update function
(see Section 7.4.3), and

w(t) =pit —1) —o(t — 1) (7.11)

is the price discrepancy at time t.
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( Set the initial conditions. J
[ Increment the time step.

l

Choose the active agent
uniformly at random.

|

[ Choose between the ac-

tive agent’s buy and sell
price uniformly at random.

l

[ Calculate the revised price.

~— S

|

Does the revised price enable the
active agent to identify a trading
partner with whom to trade?

Is the only suitable trading partner

Set the active price to
the agent him /herself?

equal the revised price.

Yes

( Record that a trade occurs. }

The active price re-
mains unchanged.

All inactive prices re-
main unchanged.

Have sufficiently many trades
occurred?

Flowchart 7.1: Qualitative description of the main features of the temporal evolution
of our ABM.
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Calculate the set

Sl R = pi(t = 1),0u,0) <> 0,6, € O}, ifug(t) = —1,
cw= { Ui | R(t) = pi(t — 1), 04,0 > 0:,0: € O) | if un(t) = 1. (7.12)

Consider the following three cases.

e If C(t) is empty, then the price revision does not enable the active agent to
identify any suitable trading partners, so no trade occurs. The active agent

adopts the revised price as his/her new buy or sell price.

o If C(t) contains only the element u;(¢), then the price revision does not enable
the active agent to identify any suitable trading partners, so no trade occurs.
However, adopting the revised price would cause the active agent’s buy and sell

prices to become equal, so the active agent reverts to his/her previous price

Put)(t) = pugy(t — 1).

e If C'(t) contains at least one element not equal to u(t), then the price revision
enables the active agent to trade. After trading, the active agent reverts to

his/her previous price py)(t) = pu) (t — 1).

At the end of each time step, all inactive prices adopt the same value as they
took in the previous time step. Repeat this process until the model has generated

the required number of trades (see Algorithm 7.1).

7.4.3 The Price-Update Function

In our ABM, we do not explicitly model the decision-making process that the active
agent undertakes when choosing the value of the price revision. Instead, we model
the outcome of this process using the binary random variable G(t), for which the
probability mass function (7.10) depends on the price-update function P. Throughout

this chapter, we use the logistic sigmoid function

1

Pw(t)) = P

(7.13)

as the price-update function for our model, where x > 0 is the trade-price-reversion

parameter. Figure 7.1 illustrates the shape of P for several different choices of .
We choose the logistic sigmoid function as our price-update function for several

reasons. First, the function’s range is [0, 1], which ensures that its output is always a

valid probability. Second, the function has a simple analytical form that enables the
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Fix k > 0.
Set the initial model state M (0).

for eacht =1,2,... do
Choose u;(t) uniformly at random from the set {1,2,..., M}.

Choose uy(t) uniformly at random from the set {—1,1}.
Let u(t) = uq (t)us(t).
Let w(t) = pue(t — 1) — 6(t — 1)
Calculate G(t) according to Equation (7.10).
Let R(t) = pu(t)(t = 1) + G(t)
Calculate C(t) according to Equation (7.12).
if C(t) =0 then
Let o(t) = o(t — 1).
Let Du(t) (Zf) = R(t).

end
else if C(t) = {ui(t)} then
Let ¢(t) = o(t — 1).
Let pu)(t) = puy (t — 1).
end
else
Let ¢(t) = R(t).
Let pu(t) = pu (t — 1).
end
Let p_i(t) = p—i(t — 1) and p;(t) = p;(t — 1) for all inactive prices at
time ¢.
end

Algorithm 7.1: Our agent-based model of trade on a quasi-centralized trading plat-
form.
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Figure 7.1: Logistic sigmoid price-update functions for several different choices of .

derivation of several results about the temporal evolution of our model. Third, for

any fixed x > 0, it holds that

w(t) > 0= P(w(t)) > 1/2,
w(t) =0= P(w(t)) =1/2,
w(t) < 0= Pw(t)) < 1/2.

Therefore, if the price discrepancy is positive (respectively, negative), then the price
revision is more likely to be negative than positive (respectively, positive than nega-
tive). Fourth, for any fixed x > 0, the function P is smooth, monotonic, and satisfies

lim P(w(t)) =1,

w(t)—o00

lim  P(w(t)) =0.

w(t)——o0

Therefore, prices with larger price discrepancies experience stronger drift towards

¢(t). Fifth, P satisfies

I}erolo P(w(t)) =1 for w(t) > 0,
lim P(w(t)) = 1/2 for w(t) =0,
lim P(w(t)) =0 for w(t) <0,
lim P(w(t)) = 1/2 for all w(t).

Therefore, for any non-zero price discrepancy, larger values of x increase the proba-

bility of a price revision towards ¢(t).
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Using the logistic sigmoid price-update function (7.13) is equivalent to assuming

that the log odds of downward and upward revisions of the active price satisfy

Plw(t))
log (T(w(t))) = —rw(t).

Although we regard our ABM as a zero-intelligence model, the logistic sigmoid func-
tion also arises as the solution of a decision problem in which agents are assumed to
be perfectly rational [165]. We provide details of this formulation in the context of
our ABM in Appendix A.4.

7.4.4 An Alternative Price-Update Function

Our ABM shares many similarities with a special case of the model studied by Bak et
al. [10], in which agents revise their buy and sell prices independently and at random
according to the price-update function

(1+&)/2, ifw(t)>0,

Qw(t) ={ 1/2, if w(t) = 0, (7.14)
(1-R)/2, ifw(t) <0,

for a drift constant # € (0,1]. We also simulated the temporal evolution of our
ABM using Bak et al.’s price-update function (), and we found that our results
were qualitatively similar to those for the logistic sigmoid price-update function (see

Section 7.6).

7.4.5 Discussion of the Model

Figure 7.2 shows an example simulation of 20000 time steps of our ABM with M = 12
agents, k = 0.0025, and the trade-partnership network shown in Figure 7.3. The
model’s temporal evolution is governed by the trade-price-reversion parameter s,
the trade-partnership network, and the agents’ price revisions (which arise according
to the price-update function P). Although all agents act according to the same
rules, each agent’s access to trading opportunities is governed by his/her trading
partnerships, which vary across agents in all but the extreme case of a complete
trade-partnership network (which corresponds to a centralized trading platform).
The purpose of our investigation is to examine how the structure of the trade-
partnership network and the choice of x influence volatility in the trade-price series
generated by the model. We seek to keep our model as simple as possible while

retaining the key features that characterize a quasi-centralized trading platform: each
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agent can only trade with his/her trading partners and all agents know ¢(¢) at all
times t.

Importantly, we do not seek to reproduce the statistical properties of volatility
from empirical data. Therefore, we do not incorporate other sources of volatility —
such as macroeconomic activity or news announcements — into our ABM. Instead,
we model all price revisions (irrespective of their cause) using the stochastic process
G(t) (see Section 7.4.2). Similarly, we do not consider the trading mechanism that
agents use to conduct trades, nor do we consider the size of trades that occur. We
design our model in this way to highlight how the trade-partnership network and
trade-price-reversion parameter  influence volatility in ¢(t), without incorporating
more complicated aspects of trading that could make our results harder to interpret.

Designing our model in this way helps to address two common criticisms of ABMs
(see Section 7.3.4). First, it provides a quantitative measure of how changes in the
trade-partnership network and x impact volatility, and thereby helps us to identify
links between the model’s inputs and outputs without the influence of other factors.
Second, it enables us to derive analytical results that guarantee the existence of sev-
eral important statistical quantities and highlight interesting features of the model’s
temporal evolution (see Section 7.5). For example, for any trade-partnership network
and any choice of k, we are able to prove that the expected length of time between a
successive pair of trades is finite, and that all moments of the price-change distribution

exist.

7.5 Mathematical Results

In this section, we list several analytical results about the temporal evolution of our
ABM.

Definition. A model state M(t) is feasible if for all traders 0;,0; € O such that 6; <
8;, trader 0;’s buy price p_;(t) and trader 8;’s sell price p;(t) satisfy p_;(t) < p;(t).

Proposition 7.1. For any trade-partnership network and any k > 0, the model state
M(t) is feasible for all timest =0,1,2,....

Proof. By the initial conditions, M (0) is feasible.
Assume that M(t) is feasible for some ¢ > 0. It follows that p_;(t) < p;(¢) for all
0;,0; € O such that 6; <> 0;. Construct the set C(t + 1) according to Algorithm 7.1.

Consider the following two cases:
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L. If C(t+1) # 0, then py41)(t+1) = pus1)(t). For all inactive prices, p_;(t+1) =
p—i(t) and p;(t + 1) = p;(t). Therefore, all prices are the same at time ¢ + 1 as
they were at time t. By assumption, M(t) is feasible. Therefore, M(t + 1) is

feasible.
2. If C(t + 1) = 0, then consider the following two cases.

(a) Ifus(t+1) = —1, then R(t+1) < p;(t) for all §; € © such that by, 1) <> 0;.
(b) If ug(t+1) =1, then R(t+1) > p_;(¢) for all §; € © such that 0, ;1) <> 6;.
In either case, py(+1)(t+1) = R(t+1). For all inactive prices, p_;(t+1) = p_;(t)

and p;(t+1) = p;i(t), so p_;(t+1) < p;(t+1) for all §;, 6, € © such that 6, <> 6;.
Therefore, M(t + 1) is feasible.

In both cases, M(t + 1) is feasible. The result follows by induction. O

7.5.1 Temporal Evolution of the Model

Lemma 7.1. For any trade-partnership network and any v > 0, the unconditional

expectation of ¢(t) at each time t = 0,1,2,... exists and is given by

Proof. Let t; denote the time of the first trade. For all times ¢ < t1, ¢(t) = ¢(0) < 0.
At each time step t, the active agent revises his/her active price according to G(t),
which takes the values +1 or —1. Therefore,

Ip—i(t) — bo| <°t,
|pi(t) —aol <t
foralli,7 =1,2,..., M. A trade can only occur at a price at which either an agent’s

buy price or an agent’s sell price resides, so for all times ¢ > ¢y, it follows that

(L) — bo| < t,
[9(t) — aol <t

Hence, for all times t = 0,1, 2, ..., it holds that
bo—t < d(t) < ap + 1,
so ¢(t) is bounded. Therefore, E (¢(t)) exists for all t = 0,1,2,....
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Fix a time ¢. For a given simulation of ¢ steps of the model, let

denote the sequence of active indices and price revisions at times 1,2,...,¢t. Let T
denote the set of all possible sequences of this type that correspond to feasible model
states at all times up to and including ¢. For every such sequence F € T, there exists

a sequence I € T such that

For each element in the sequence E that describes an agent revising his/her buy
price upwards (respectively, downwards), the corresponding element in E describes
an agent revising his/her sell price downwards (respectively, upwards). Therefore,
if the sequence of events in F produces the price change ¢(t) = ¢(0) + k, then the
sequence of events in E produces the price change ¢(t) = ¢(0) — k. By symmetry,
the probability of observing the sequence E during a given simulation of ¢ steps of
the model is equal to that of observing the sequence E.

All possible sequences of feasible model states M(0), M(1),..., M(t) can be
described by a sequence of the form F € Y. For all possible paths such that
¢(t) = ¢(0) + k (of which there are countably many because there are countably
many agents), there exists a corresponding path E € T that occurs with the same

probability as E and such that ¢(t) = ¢(0) — k. Therefore,

P (o(t) = ¢(0) + k) = P (o(t) = ¢(0) — k) (7.15)

for all k € Z.
For any t =0,1,2,...,

= ;Z)P (6(t) = 6(0)) + Y ($(0) + k) P (6(t) = $(0) + k)
+) (6(0) + k)P (df(?)) = ¢(0) + k)

= ¢<O);<(;(t) = 6(0)) + Y (6(0) + k) P (6(t) = $(0) + k)
+ ;} (6(0) — k)P (f;(z) = 6(0) — k).
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= ¢(0), as required.

Definition. The trade times T} is the set of times at which trades occur.

Proposition 7.2. For any trade-partnership network and any k > 0, given any time
t such thatt+1 ¢ T,, then

E[Ip-i(t+1) = ot + 1)| | pa(t). 6(8)] < Ip-i(t) - 6(t)
for all 0; € © such that p_;(t) # ¢(t) and
E[ lps(t + 1) = o{t + 1)l | s(), 6(8)] < Ip(t) — o(2)
for all 0; € © such that p;(t) # ¢(t).

Proof. We prove the result for buy prices. The result for sell prices follows by sym-
metry. For buy prices, all expectations are conditional expectations given p_;(¢) and
¢(t). To keep the notation uncluttered, we do not display this conditioning.

For any 6, € O,

Elp—i(t+1) = ¢t + D] =E[p_i(t + 1) — ¢(t) + o(t) — o(t + 1)]
=Elpi(t+1) = o(t)] + E[o(t) — o(t +1)].

By the statement of the proposition, a trade does not occur at time ¢ + 1. Therefore,
ot +1) = 8(t), 50 E[6(t) — 6(t +1)] = 0 and

Elp-i(t+1) =t +1)] =E[p_i(t+1) — ¢(t)] . (7.16)
Consider the following two cases.

e If p_;(¢) is an inactive price, which occurs with probability (2M — 1)/2M, then
p_i(t+1) =p_i(t).
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e If p_;(t) is the active price, which occurs with probability 1/2M, then

(t+1) = p_i(t) — 1, with probability P(w(t)),
b | pi(t) +1, with probability 1 — P(w(t)).

Therefore,
Elp-i(t+1) — 6()] = 20 (p-ilt) — 6(1)
45 (i) = 00) = ) T
57 000 = 600+ (1= 1=y
— i) — (1) + ﬁ (1 - e_ﬁ(pzi(t)_ W))) S (7a7)

When p_;(t) — ¢(t) > 0, we seek to show that E [p_;(t + 1) — ¢(t + 1)] < p_;(t) — &(t).
By (7.16) and (7.17), this is equivalent to

1 2
oM (1 14 en(pxtw(t))) <9

which is satisfied for any x > 0 and any p_,;(t) — ¢(t) > 0.
When p_;(t) — ¢(t) < 0, we seek to show that E [p_;(t +1) — ¢(t + 1)] > p_i(t) —
o(t). By (7.16) and (7.17), this is equivalent to

1 2
oM (1 1+ en(pxt)as(t))) 20,

which is satisfied for any x > 0 and any p_;(t) — ¢(t) < 0. O

7.5.2 Movement and Trade Times
Definition. For each 6; € ©, the buy movement times
T = {talu(th) = —i) (7.18)

1s the set of times at which trader 0;’s buy price is the active price, and the sell

movement times
Ty = {tplu(tn) = j} (7.19)

is the set of times at which trader 0;’s sell price is the active price.

Lemma 7.2. For any trade-partnership network, any k > 0, any 0;,0; € ©, and any
time (tp, + 1) € T_; U T} such that p_;(ty) # pj(tn) and t, + 1 ¢ Ty, it holds that

P(|lp—i(tnh + 1) = pi(tn + V| < |p—i(tn) — p;i(tn)]) > 1/2. (7.20)
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Proof. By the statement of the lemma, p_;(t;) # p;(ts). Without loss of generality,
assume that p_;(t,) < p;j(ts). Given that (¢, +1) € T_; U T}, it follows that either
p_i(th + 1) # p_i(ty) or pij(tn + 1) # p;(ty). Therefore, there are four possible
combinations of values of p_;(t; + 1) and p;(t, + 1):

p-i(th + 1) = p_i(tn) + 1 and p;(tn + 1) = p;(ts)

p—i(th +1) = p_i(tn) — 1 and p;(t, + 1) (tn)
+1) = p-i(ts) and p;(tn + 1) = p;(ta) +
1) = ( ) =pj(tn) —

p—i(tn) and p;(t, +1

(7.21)

p-i(tn
p—i(tn +
Let the probabilities of these four events be denoted P;,Po, P3, and Py, respec-

tively. Because the active agent is chosen uniformly at random and given that
(th +1) € T_; U Ty, it follows that

Pi+Py+Ps+Py=1 (7'22)

and

Py Py Pyt Py = 12 (723
Observe that P (|p_;(t, + 1) — pj(tn + 1)| < |p—i(tn) — p;(tn)|) = P1 + Py Therefore,

we seek to show that

1
P+ Py > 5 (724)

By Equations (7.22) and (7.23), this inequality holds if and only if
Pi+ Py > Py + Py, (7.25)

Consider the following three cases.

L If poi(tn) < o(ta) < pj(ta), then p;(tn) — ¢(tn) > p—i(tn) — &(tn). For any
c1,Co € Z and any k > 0, observe that

Cl1 > Co &= P(Cl) < P(CQ). (726)
Therefore, P; > P3 and Py > P, so P; + Py > P> + Ps, as required.

2. If ¢(tn) < p_i(tn) < p;(ts), then by Equation (7.13):

1 1 1 1
Pr+ Py = 2 ( 1+ e nlp—iltn)- (th))) ™ 2 <1 i eﬁ(pj(th)d)(th)))

e r(P—i(th)=d(tn)+p;(tn)=¢(tn)) 1 9p—r(p—i(tn)=0(tr)) 4 1
a 2(1+ @*’f(pfi(th)*d’(th))) (1 + e*ﬂ(pj(th)*¢(th))) ' (7.27)
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Similarly,

o p ] 1 L, 1
2t =5 \ T emomm—emn ) T3\ T T e @ sty

e F(P—i(tn)=d(tn)+pj(tn)=d(tr)) | 9e—=r(Pj(tn)=d(tr)) 4 1

T 2(1 e ra 0 (14 e mpao)—o(B))) (7.28)

The right hand sides of Equations (7.27) and (7.28) differ only in the middle term
in the numerator. Because p;(t,) > p_;(t), it follows that Py + Py > Py + Ps,

as required.

3. I p_i(tn) < p;(tn) < @(tn), then the same result as in case 2 applies by symme-
try.

]

Proposition 7.3. For any trade-partnership network, any x > 0, and any feasible
model state M(t), the expected length of time until the next trade is finite.

Proof. Let 7 > 0 denote the time of the first trade at or after time ¢. We seek to
show that E(r —¢) < oc.
If t € Ty, then 7 =t¢, so E(t —t) = 0 < 0.
If t ¢ T, then consider any buy price p_;(t) and any sell price p;(¢) such that
8; <+ 0;. Define
Tijoy = {taltn € (T, UT})  ty > t}. (7.29)

For each time t), € T(_; ), let

Y(tn) = pji(tn) — p—i(tn).

If ¢(ty) = 1, then 6; and 6, trade at time t; if either ¢, € T; and G(t,) = +1 or
tp, € T; and G(t,) = —1.

Observe that 7 is a stopping time [174]. Note also that until the next trade occurs,
the evolution of 1 (t;) is a discrete-time Markov process on the state space N with

transitions
U(ther) = Y(tn) —1 with probability Py + P,
S W(ty) +1  with probability Py + Ps,

where Py, Py, Ps3, and P, are defined by Equation (7.21).

Let @(t) be a discrete-time Markov process on the state space N with transitions

~ { Y(t) +1 with probability P,

t+1) =
vE+1) ¥(t) —1 with probability 1 — P.
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Let ¢(0) = n for some n € N, and let 7; denote the first time that ¢ visits the state
f foreach f =0,1,2,...,n. Observe that 7,, = 0 and that each of my, 7,...,7,_1 are
stopping times. By standard results from Markov chains (see, e.g., [174]), if P < 1/2,

then
1

20—-P)—1
Therefore, applying the strong Markov property at each of 7y, 7,...,7,1 and by

]E(Tnfl - Tn) =

linearity of the expectation, it follows that

n

Bm) = a1

Therefore, E(7y) < oo for all P < 1/2.

Unlike 4, the transition probabilities of ¢ are not constant because they depend on
the values of p_;(t5) and p;(t,). However, by Lemma 7.2, it follows that Py +P4 > 1/2
and P, +P3 < 1/2 for all times t, € T(_; ;4. Therefore, if no trade between any other
pair of agents occurs before the next trade between agent 6;’s buy price and agent
6,’s sell price, then 7 denotes the time of this trade and E(7 — ¢) is finite. Otherwise,
a trade occurs between some other pair of buy and sell prices before a trade occurs
between agent 6,’s buy price and agent 6;’s sell price, so E(7 —t) is finite. Therefore,
E(7 — t) is finite in both cases. O

7.5.3 Price-Change Moments

Proposition 7.4. For any trade-partnership network, any x > 0 and any successive
trade times tp,thy1 € Ty, it holds that

E[(@(thr1) — ¢(tn))"] < o0 (7.30)
foralln=1,2,....

Proof. By Proposition 7.3, the expected length of time between any successive pair
of trades is finite. By Proposition 7.2, the distance that any agent moves away

from the previous trade price before the next trade occurs is bounded. Therefore,
(o(the1) — o(t)) is always finite, so

E[(¢(ths1) — ¢(tn))"] < o0

foralln=1,2,.... O]
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7.6 Simulation Results

In this section, we study simulated output from our ABM to investigate how volatil-
ity in the trade-price series depends on both the structure of the trade-partnership

network and the trade-price-reversion parameter k.

7.6.1 Methodology

Before we begin our simulations, we fix 100 different seeds (i.e., initial conditions)
Q1,0 ..., Q0 for the pseudo-random number generator. For each trade-partnership
network and each value of k that we study, we simulate 100 independent repetitions
of our ABM, where the i repetition uses seed );, for i = 1,2,...,100. We use the
same seeds 21, €, ..., Qg for all trade-partnership networks and all values of x to
ensure that differences between the simulation outputs reflect only differences in the
model’s inputs rather than differences in the (pseudo-)random number draws.

For the results that we present in this section, we use the initial conditions by =
100000 and ag = 101000. For each repetition, we simulate 20000 trades, then we
discard the first 10000 trades as a burn-in period to remove the transient behaviour
of the model.* For each repetition i = 1,2, ..., 100, we use the remaining 10000 trades
to calculate the mean absolute price change, the standard deviation of absolute price
changes, and the percentage of non-zero price changes (see Section 7.2), which we
label vi, v}, and v§. In this section, we investigate the means and standard deviations

of the v?,

100

_ 1 i
V; = m izl’Uj, (731)
1 100 )
0=\ o D (- )" (7.32)
i=1

for j =1,2,3.

We also repeated all of our simulations using different numbers of trades in the
range 500 to 100000 and different numbers of independent repetitions of the model
in the range 10 to 200. We found that our results were qualitatively similar for all

simulations with more than about 1000 trades and more than about 20 independent

4We calculated the values of vy, vg, and vz using a rolling window, and we found that the transient
behaviour (characterized by very small or very large values of vy, vy, and v3) was no longer detectable
after approximately 1000 trades. We use a burn-in period of 10000 trades to be prudent.
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repetitions of the model. Therefore, we deem our simulations for 10000 trades and

100 independent repetitions of the model to produce statistically stable results.

7.6.2 The Networks

For a given number of agents M, there are

(2) = zor-2

possible edges in the corresponding trade-partnership network. Therefore, there are
92(%) different trade-partnership networks (up to isomorphism) for a given choice of M.
Even for small values of M, it is computationally infeasible to perform an exhaustive
search across all such networks.

Instead, we study the simulated output of our ABM using three different classes
of trade-partnership networks, which we call “gangs networks”, “tiers networks”, and
“core-periphery networks”. For each of these three classes, a scalar-valued network
parameter determines the entire trade-partnership network for a given M. We de-
scribe these network classes in Sections 7.6.2.1, 7.6.2.2, and 7.6.2.3, respectively.

We chose these network classes because they are extremely simple, deterministic,
1-parameter models that help to illustrate how volatility of the trade-price series varies
according to the topological properties of the trade-partnership network. Although
they represent extreme simplifications of the structure of real trade-partnership net-
works, we provide some simple motivations for our choices of these model classes in

the subsequent sections.

7.6.2.1 Gangs Networks

Definition. For a given number of agents M and choice of network parameter ng €
{1,2,...,M/2}, a gangs network is a trade-partnership network that consists of ng
equal-sized gangs,® such that each node is connected to all other nodes in its gang but

18 not connected to any nodes not in its gang.

Figure 7.3 shows a schematic of a gangs network. We use this network class to
model a quasi-centralized trading platform on which each trader only trades within
a fully-connected group. For example, if a quasi-centralized trading platform is pop-

ulated by equal numbers of large banks and small banks, and if

SIf ng does not divide M exactly, then the gangs are as close to equal-sized as possible (i.e., no
pair of gangs differ in size by more than 1).
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e all large banks trade with all other large banks,
e all small banks trade with all other small banks,
e no large banks trade with any small banks,

then the resulting trade-partnership network is a gangs network with 2 gangs.
When 7ne = 1, there exists only one gang, so the trade-partnership network is

complete and all agents are able to trade with all others. When ng = M/2, a gangs

network consists of M/2 pairs of agents, each of whom is only able to trade with

his/her single trading partner.

/\

Figure 7.3: Schematic of a gangs network with M = 12 and ng = 4. The nodes that
belong to the first, second, third, and fourth gang are coloured red, blue, yellow, and
green, respectively.

7.6.2.2 Tiers Networks

Definition. For a given number of agents M and choice of network parameter ny €
{1,2,..., M}, a tiers network is a trade-partnership network that consists of a se-
quence of ny equal-sized tiers,® such that each node is connected to all other nodes in

its tier and in the neighbouring tiers, but is not connected to any other nodes.

Figure 7.4 shows a schematic of a tiers network. We use tiers networks to model
a quasi-centralized trading platform on which traders reside in one of several tiers
(which could, for example, reflect a trader’s size or perceived creditworthiness) and
in which each trader only trades with traders in their own tier or a neighbouring tier.
For example, if a quasi-centralized trading platform is populated by equal numbers

of large banks, small banks, and small financial institutions, and if:

e all large banks trade with all other large banks and all small banks,

STf nr does not divide M exactly, then the tiers are as close to equal-sized as possible (i.e., no
pair tiers differ in size by more than 1).
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e all small banks trade with all large banks, all other small banks, and all small

financial institutions,

e all small financial institutions trade with all small banks and all other small

financial institutions,
e 1o large banks trade with any small financial insitutions,

then the resulting trade-partnership network is a tiers network with 3 tiers.

When ny = 1, there exists only one tier, so the trade-partnership network is
complete and all agents are able to trade with all others. Similarly, when ny = 2, all
agents are in either the first tier or the second tier, but these tiers are adjacent so the
trade-partnership network is complete. When nr = M, a tiers network corresponds
to a straight line in which each agent is only able to trade with his/her immediate

neighbours.

Figure 7.4: Schematic of a tiers network with M = 12 and 1y = 4. The nodes that
belong to the first, second, third, and fourth tier are coloured red, blue, yellow, and
green, respectively.

7.6.2.3 Core-Periphery Networks

Definition. For a given number of agents M and choice of network parameter ng €
[0,1), a core-periphery network is a trade-partnership network that consists of Mnc
periphery nodes and M (1 — n¢) core nodes,” such that all core nodes are connected
to all other core nodes and all periphery nodes are connected to exactly one core node,

and such that the degree of no two core nodes differs by more than 1.

Figure 7.5 shows a schematic of a core-periphery network. We use core-periphery
networks [62] to model a quasi-centralized trading platform on which all agents are

either core agents or periphery agents. All core agents are trading partners with all

"If Mnc and M (1 —nc) are not integers, then the periphery consists of |M#nc| nodes and
the core consists of [M (1 —n¢)]|, where | Mnc] and [M (1 — n¢)] denote, respectively, the largest
integer smaller than Mne and the smallest integer larger than M (1 — n¢).
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others, but each periphery agent is trading partners with exactly one core agent. For
example, if a quasi-centralized trading platform is populated by large banks and small
banks, and if:

e cach small bank only trades with one large bank,
e all large banks trade with all other large banks and a subset of small banks,

then the resulting trade-partnership network is a core-periphery network.
When ne = 0, all nodes reside in the core, so the trade-partnership network is
complete and all agents are able to trade with all others. For all no > (M —1)/M,

the core consists of a single node, so the trade-partnership network is a star network.

Figure 7.5: Schematic of a core-periphery network with M = 12 and ne = 0.75. The
nodes in the core are coloured red and the nodes in the periphery are coloured blue.

7.6.3 Number of Agents

The aim of this chapter is to help understand the relationship between the struc-
ture of the trade-partnership network, the trade-price-reversion parameter , and the
volatility of the trade-price series. Therefore, we fix the same value of M for all of our
simulations to ensure that our results do not reflect changes in the number of agents.

To identify a suitable choice of M, we first performed all of our simulations with
different numbers of agents in the range M € [10,1000]. The shapes of the model-
output surfaces that we present in Section 7.6.4 are qualitatively similar for all choices
of M greater than about M = 100. For M < 100, small-sample effects play a

substantial role in the temporal evolution of the model. However, given the large size
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of the FX market® and the widespread use of Hotspot FX [176], we do not believe that
M < 100 is a sensible choice. For the simulation results that we present in Section
7.6.4, we use M = 200 agents.

With this number of agents, the possible choices of network parameters are

ngé{l,Q,...,loO},
nr € {1,2,...,200},
N € [0,1).

To help facilitate comparisons between the different network classes, we parameterize

NG, Nr, and ne using the scalar parameter z € {1,2,...,100}, according to
e = z,
nr =%z,

ne = (z — 1)/100.

For example, the value z = 5 corresponds to a gangs network with 5 gangs, a tiers
network with 5 tiers, or a core-periphery network in which 4% of agents are core
agents. Although a tiers network with M = 200 agents can have up to 200 tiers,
we restrict our attention to nr < 100 to enable comparisons with the corresponding

gangs networks.

7.6.4 Results

In this section, we compare the simulated output of our ABM for the gangs, tiers, and
core-periphery networks, with different choices of z and . Figures 7.6, 7.7, and 7.8
show how the values of Uy, Uy, and D3, respectively, vary according to z and . Figure
7.9 shows how the values of vy, Uy, U3, 01, 09, and o3 vary along the hyperplanes
rk = 0.0025 and z = 50.

For each of the three network classes, z = 1 corresponds to a complete trade-
partnership network. For a given choice of k > 0, the gangs, tiers, and core-periphery

networks all produce identical values of vy, Us, U3, 01, 02, and o3 in this case, because

81t is difficult to estimate the number of active FX spot traders worldwide. To protect the privacy
of their clients, electronic trading platforms do not release information regarding their numbers of
users, and large-scale market surveys such as the BIS Triennial Central Bank Survey [13] restrict
their attention to large banks. A very rough proxy for the number of traders that use electronic FX
spot trading platforms is the number of subscribers to Continuous Linked Settlement (CLS) [52],
which is a popular market infrastructure that facilitates settlements of FX transaction payments.
At present, the number of institutions that subscribe to CLS is in the hundreds.
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Figure 7.6: (Left column) Surface plots and (right column) heat maps of the values
of 7y for the (top row) gangs, (middle row) tiers, and (bottom row) core-periphery
networks with given values of z and k.
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Figure 7.7: (Left column) Surface plots and (right column) heat maps of the values
of Ty for the (top row) gangs, (middle row) tiers, and (bottom row) core-periphery
networks with given values of z and k.
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Figure 7.8: (Left column) Surface plots and (right column) heat maps of the values
of T3 for the (top row) gangs, (middle row) tiers, and (bottom row) core-periphery
networks with given values of z and k.
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Figure 7.9: Values of (top row) 7; and oy, (middle row) 7, and o9, and (bottom row)
73 and o3 for the gangs, tiers, and core-periphery networks. The left column shows
the volatility statistics along the hyperplane x = 0.0025 and the right column shows
the volatility statistics along the hyperplane z = 50. In each plot, the dashed lines
denotes the sample mean and the shaded regions denote the sample mean plus or
minus one sample standard deviation.
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we use the same 100 seeds for our simulations (see Section 7.6.1). When the trade-
partnership network is complete, U; &~ Uy & 0.5 ticks for all £ > 0.

For all other choices of z and for all K > 0, the values of v; and v, for the gangs
networks are greater than or equal to the corresponding values for the tiers networks.
This suggests that the inter-tier edges in the tiers networks constitute a stabilizing
feedback mechanism for the trade-price series. The buy (respectively, sell) prices of
agents in a given tier are bounded by the sell (respectively, buy) prices of agents in
the same tier and in the adjacent tiers. This prevents the different tiers from drifting
apart and thereby from generating large price changes when trades occur. In a gangs
network, by contrast, the buy (respectively, sell) prices of agents in a given tier are
only bounded by the sell (respectively, buy) prices of agents in the same tier. The
only feedback mechanism between different gangs is the common trade price ¢(t), and
the behaviour of agents in different gangs is conditionally independent, given ¢(t).

Despite this difference, both the v; and v, surfaces have qualitatively similar
shapes for the gangs and tiers networks. Increasing z (which corresponds to the
agents dividing into a larger number of gangs/tiers) tends to produce larger values of
v1 and Uy. Decreasing k (which corresponds to the agents undergoing weaker reversion
towards ¢(t)) tends to produce larger values of ¥; and Ty. The values of 7; and Ty
are particularly large when « is close to 0.

The behaviour of v; and v, for the core-periphery networks is less straightforward.
Decreasing x tends to produce larger values of 7, and vy, but the shape of the v; and
vy surfaces differ because of their different behaviour for large z. For any fixed x > 0,
increasing z tends to produce larger values of vy until z ~ 95. For values of z larger
than about 95, increasing z tends to produce smaller values of v;. By contrast,
increasing z tends to produce larger values of v, for all values of z.

When the trade-partnership network is complete, v3 ~ 50, which implies that
approximately half of all trades occur at the same price as the previous trade.® For
the gangs networks, increasing z tends to produce larger values of v3 until z ~ 20,
beyond which 75 reaches a plateau then decreases slightly. This suggests that when
agents split into large numbers of gangs, further increasing z tends to increase the
percentage of trades that occur at the same price as the previous trade. For the tiers
networks, increasing z tends to produce larger values of v3 for all choices of z. For

the core-periphery networks, increasing z tends to produce larger values of T3 until

9For all k > 0, the exact percentage of non-zero price changes in this case is slightly below 50%
because active buy prices p_;(t) # ¢(t) and active sell prices p;(t) # ¢(t) undergo strictly positive
drift towards ¢(t), whereas any active buy or sell prices that equal ¢(t) have 0 drift.
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z =~ 80. For values of z larger than about 80, increasing z tends to produce smaller

values of 7s.

7.7 Discussion

In this section, we discuss several interesting features of our simulation results.

7.7.1 Complete Trade-Partnership Networks

All three volatility measures that we study are smallest when the trade-partnership
network is complete. In this case, approximately half of all trades occur at the same
price as the previous trade and 7; ~ Ty & 0.5 ticks. By Proposition 7.1, M(t) is
feasible at each time t = 0,1,2,... for any trade-partnership network. Given the
discreteness of the pricing grid, for M(t) to be feasible when the trade-partnership
network is complete requires p;(t) —p_;(t) > 1 for all §;,0; € ©, so s(t) = 1 is a lower
bound on the bid-ask spread in this case. Therefore, our results suggest that when
all agents are able to trade with all others, the vast majority of the variability in ¢(t)
is due to bid-ask bounce [96] (i.e., the tendency for consecutive trades to “bounce”
between b(t) and a(t)). This case provides a useful benchmark against which to

compare our results for other trade-partnership networks.

7.7.2 The Role of &

In all cases that we study, decreasing x tends to produce higher volatility in the
trade-price series. Particularly small choices of x produce high trade-price volatility.
In the perfect-rationality interpretation of our model that we discuss in Appendix
A4, smaller choices of k correspond to agents assigning less utility to the value of
w(t). Although we restrict our attention to choices of x that are strictly positive,'®
we note that the case kK = 0 can also be interpreted as the agents not knowing the
value of ¢(t) (and thus being unable to use this information). Therefore, our results
suggest that providing traders with information of ¢(t) creates a strong stabilizing
force on the trade-price series on a quasi-centralized trading platform. Although our
model is quite different from theirs, Perraudin and Vitale [179] arrived at a similar

conclusion from their ABM of trade in the FX spot market (see Section 7.3.2).

0For any configuration of the trade-partnership network, if £ = 0 then the expected length of
time between a successive pair of trades is infinite (see the result for a simple symmetric random
walk in [174]). Therefore, we do not study this case.
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7.7.3 Large-z Behaviour of Core-Periphery Networks

In the core-periphery networks, when z becomes close to 100, further increasing its
size leads to an increase in U5 but a decrease in both 7; and v3. Given that all absolute
price changes are, by definition, non-negative, this result suggests that core-periphery
networks with very small cores produce more trades with very small (or zero) and
very large price changes than do those with slightly larger cores.

Although we are unable to provide a rigorous proof due to the complicated, non-
linear temporal evolution of the model, we conjecture that this behaviour occurs
due to the antagonistic interaction of two opposite tendencies. On the one hand,
increasing z reduces the total number of edges in a core-periphery network. This
tends to increase the values of Uy, Uy, and U3. On the other hand, all trades in a
core-periphery network must involve the buy or sell price of at least one core agent.
We call such a price a core price. Increasing z reduces the number of agents in the
core, and therefore reduces the total number of core prices.

We conjecture that in a given run of the model, the number of pairs of subsequent
trades that involve the same core price is likely to be larger for larger values of z, and
that the absolute price change caused by such pairs of subsequent trades is likely to
be smaller (and more likely to be 0) than for other pairs of subsequent trades. For
example, assume that a pair of subsequent trades both involve core agent ¢; selling
the asset, and that the first such trade occurs at time t’. Immediately after the first
trade, the absolute price difference between p;(t') and ¢(t') is at most 1. This is not
necessarily the case for the other core prices. Therefore, given that the next trade
also involves p;, the next trade is likely to occur at or close to ¢(t').

With M = 200 agents, the parameterization ne = (2 — 1)/100 (see Section 7.6.3)

implies that the total number of edges in a core-periphery network is given by

(%O—%z—w

) )+2®—1% (7.33)

where the first term counts the edges between the core agents and the second term
counts the edges that connect the periphery agents to the core. For small values of
z, increasing z causes a large decrease in the total number of edges, but for large
values of z, increasing z causes a much smaller decrease in the total number of edges.
Similarly, when z is small, it seems likely that increasing z would only slightly increase
the number of pairs of subsequent trades that involve the same core price, because
there are still many other core prices. When z is large, by contrast, it seems likely

that increasing z would lead to a much greater increase in the number of pairs of

162



subsequent trades that involve the same core price. Therefore, the influence of the
first effect is strong when 2z is small and small when z is large, whereas the opposite
seems to be true for the second effect. We believe that the reduced influence of the
first effect and the increased influence of the second effect explains the behaviour that

we observe for vy, and v3 for large values of z.

7.8 Summary and Future Work

In this chapter, we introduced and studied an ABM of trading on a quasi-centralized
trading platform. In our model, agents revise their buy and sell prices according to a
zero-intelligence update rule based on their observations of the trade-price series ¢(t)
and a trade-price-reversion parameter k. Importantly, the only sources of volatility
in our model are updates to agents’ private valuations and the agents’ heterogeneous
access to trading opportunities. We derived several analytical results about the state
and temporal evolution of our model, and we simulated our model using several
different classes of trade-partnership networks and with several different choices of
the trade-price-reversion parameter k.

We identified several links between both the trade-partnership network and trade-
price-reversion parameter x and volatility in the trade price series. In some cases, we
found that decreasing the total number of edges in the trade-price network produced
lower volatility, but in other cases we found that the opposite was true. Moreover,
we identified clear differences between the volatility produced by the three different
classes of trade-partnership networks that we studied. Therefore, our results illustrate
that the topology of the trade-price network, and not just the total number of edges,
plays an important role in the volatility of the trade-price series generated by the
model.

Our results suggest that even when agents do not seek to optimize “utility” or
achieve trading goals, providing them with access to the trade-price series can help to
reduce volatility. This finding is particularly interesting given that our results from
Chapter 4 suggest that traders on Hotspot FX regard the trade-price series to contain

important information.

7.8.1 Future Work

Our results suggest several possible avenues for future research.
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e Different trade-partnership networks: For our simulations, we restricted
our attention to three simple classes of trade-partnership networks. It would be
interesting to investigate other classes of trade-partnership networks to help un-
derstand how other configurations influence volatility. Studying random graphs
or networks with less regular structure than those that we have studied would

be a particularly interesting area for future research.

e Real trade-partnership networks: If it were possible to obtain informa-
tion regarding the structure of a real-world trade-partnership network on an
electronic trading platform, then it would be interesting to examine how the
volatility of the trade-price series generated by our model compares to that of
real data. For confidentiality reasons, exchanges do not disclose any informa-
tion regarding trade partnerships between traders. However, a small survey
of financial institutions could help to illuminate some local properties of the

trade-partnership network, and could thereby provide a useful starting point.

e Local volatility: Although our calculations highlight several interesting fea-
tures of the volatility of the trade-price series, they do not provide insight into
the local volatility that individual traders experience. It would be interesting
to investigate how local volatility varies across traders and to understand how

volatility depends on the structure of a trade-partnership network.

e Other sources of volatility: Several factors influence volatility in financial
markets (see Section 7.1). Extending our model to better reflect these factors

could help it to reflect more closely the volatility observed in real markets.

o Agent heterogeneity: All agents in our model update their buy and sell prices
according to the same set of rules and using the same trade-price-reversion
parameter k. Incorporating heterogeneity between different agents could help

to generate more realistic price dynamics.

e Trading mechanisms: Our ABM does not consider the trading mechanism by
which agents interact. It would be interesting to extend our model to consider
a specific trading mechanism, such as an LOB, to examine whether this affects

volatility in the trade-price series.
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Chapter 8

Conclusions

The introduction of electronic trading has been one of the most important changes in
the global FX market since the collapse of the Bretton Woods Agreement in the early
1970s [53, 85]. The rapid rise in popularity of ECNs has blurred the lines between
the traditional customer and dealer roles and thereby catalysed profound structural
change: as barriers to entry have fallen, a wide new class of financial institutions have
begun to participate in a market that is more accessible, more transparent, and more
liquid than ever before [125].

The aim of this thesis was to address several questions regarding the use of multi-
institution trading platforms in the FX spot market. In Chapter 2, we discussed
the microstructure of such platforms. We highlighted several important features of
quasi-centralized LOBs that distinguish them from the centralized LOBs that are
commonly used in other financial markets, and we introduced an undirected network
representation of the trading partnerships on a given platform. In Chapter 3, we listed
several important features of the Hotspot FX platform and provided a detailed dis-
cussion of the data that we studied in the subsequent chapters. We also described our
methods for pre-processing and cleaning the Hotspot FX data and for reconstructing
the global LOB at a given moment in time.

In Chapter 4, we performed an empirical study of order flow and LOB state on
Hotspot FX. We uncovered several statistical regularities in both quote-relative and
trade-relative coordinates, and we highlighted how the quasi-centralized structure of
trading on Hotspot FX contrasts our findings to those reported by empirical stud-
ies of centralized LOBs in other markets. The extremely high levels of activity on
Hotspot FX enabled us to calculate several interesting statistics and distributions on
each trading day separately and to identify differences between the results for each
day and the results for the whole period. We argued that these findings bring into

question whether models that are designed to reproduce long-run statistics generate
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useful output on shorter time horizons. We found substantial differences between the
distributions of limit order arrivals and cancellations on different days, but we also
found that rescaling the data to account for differences in location and scale caused
the distributions from each day to collapse onto a single curve. We investigated the
strength of this collapse by comparing the out-of-sample performance of two statis-
tical models. We concluded that the first two moments of the distributions provide
significant explanatory power for daily order flow.

In Chapter 5, we investigated the autocorrelation properties of returns, absolute
returns, and order flow on Hotspot FX. We found that returns do not exhibit any
significant autocorrelation at even a 1-second lag, but we found strong, statistically
significant evidence for long memory in absolute returns and order flow. We tested
and rejected the hypothesis that this apparent long memory was an artifact caused
by structural breaks at daily boundaries. This result contrasts to the findings of a
recent study of order flow on the LSE [7]. We conjectured that this contrast could
be caused by differences between the structure of trading days in the two markets.
We argued that the quasi-centralized structure of trading on Hotspot FX undermines
an argument that long memory in order flow is a consequence of different traders
mimicking each other [135], and instead favours the hypothesis that long memory is
a consequence of strategic order splitting [33, 34, 137].

In Chapter 6, we performed an empirical study of price formation on Hotspot FX.
We found that the bypassing price of the vast majority of trades on the platform was
small or zero, and we argued that the handful of trades with large bypassing prices
were caused by market order submissions from traders with very few trading partners.
We showed that changes in the trade-price series can be decomposed exactly into cor-
responding changes in the quote-price and bypassing-price series, and we found that
the dispersion importance of changes in the quote-price series for explaining changes
in the trade-price series was much higher than that of changes in the bypassing-price
series. We thereby concluded that most traders on Hotspot FX are sufficiently well-
connected with other traders on the platform that the restriction of trading only with
their trading partners does not strongly affect the prices of their trades.

In Chapter 7, we introduced and studied an ABM of trade on a quasi-centralized
trading platform. In our model, the temporal evolution of the agents’ buy and sell
prices is governed by the network of trading partnerships and a scalar trade-price-
reversion parameter. Importantly, the only sources of volatility in our model are
the updates to agents’ private valuations and the heterogeneity in agents’ access to

trading opportunities. Therefore, our ABM enabled us to investigate how changes in
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the trade-partnership network influence the volatility of the trade-price series. We
designed our model to be sufficiently simple to enable us to derive several results
regarding its temporal evolution. We simulated our ABM using several different
trade-partnership networks and several different choices of the trade-price-reversion
parameter. We found that the topology of the network, and not just its number of
edges, influences volatility in the model. We noted that small choices of the trade-
price-reversion parameter tend to produce particularly high volatility, and we thereby
concluded that providing traders on quasi-centralized trading platforms with real-time
access to the trade-price series constitutes a strong stabilizing force.

Throughout this thesis, we have employed a wide range of techniques, estima-
tors, and models to help illuminate several important aspects of trading via multi-
institution trading platforms in the FX spot market. Our results highlight many
important differences between these platforms and the electronic trading platforms
used in other markets. Although our ABM suggests that the quasi-centralized struc-
ture of trading could exacerbate trade-price volatility in extreme situations, our em-
pirical calculations indicate that the vast majority of traders on Hotspot FX have
sufficiently many trading partners on the platform to experience little or no impact
on price formation when compared to that in a centralized LOB. We thereby conclude
that multi-institution trading platforms in the FX spot market retain many desirable
features of centralized markets while providing traders with explicit control over their

personal trading partnerships.

8.1 Future Research

As we have noted in Chapters 4-7, our results suggest many possible avenues for
future research. To conclude, we discuss a selection of open problems related to our
findings.

Developing market safeguards: Although there are many clear benefits to
electronic trading, there are also some important drawbacks. For example, some
electronic trading algorithms have caused so-called “flash crashes” [126], during which
markets have undergone extreme price changes over short time intervals. Although
some authors have studied possible regulatory interventions (such as “limit up/limit
down” rules [66, 110] and circuit breakers [133]) that could help to safeguard against
possible instabilities, much more work in this area is needed, given the potential

disruption that these market malfunctions can cause.
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The technology arms race: Our results in Chapter 5 suggest that electronic
trading algorithms are extremely quick to detect and capitalize on statistical arbi-
trage opportunities. Competition between traders who seek to identify such oppor-
tunities has led to many financial institutions investing enormous sums of money in
order to shave mere milliseconds from their trading latency [50]. Given that many
traders cannot afford the large investments required to compete in this technology
arms race, some authors have claimed that continuous-time LOB trading is a flawed
market design [6, 39]. By contrast, others have concluded that such electronic trading
algorithms provide a positive impact on markets by accelerating the price-discovery
process and increasing liquidity [44, 115]. Detailed study of the impact of such trading
algorithms could provide useful input into the ongoing regulatory debate regarding
this issue.

Understanding prime brokerage: In recent years, a new market service has
arisen to provide traders with few trading partnerships the ability to access better
prices on quasi-centralized trading platforms. A prime broker is a large trading insti-
tution that, in exchange for a fee, allows smaller institutions to trade using its credit
lines, thus widening the smaller institutions’ access to trading opportunities [43, 54].
According to the 2013 BIS Triennial Central Bank Survey [13], about 16% of all
FX transactions occur via a prime-brokerage relationship. Given the extremely large
turnover of the market, this represents an enormous volume of trade. Understanding
how prime brokers impact the market is therefore an important question for future
research [54].

Temporal evolution of the trade-partnership network: Throughout this
thesis, all of our investigations have assumed that the structure of the trade-partnership
network remains fixed. However, both the number of traders who access a given multi-
institution trading platform and the trading partnerships between traders are likely
to change over time. At present, temporal networks are an active area of study in
several different disciplines [117]. Understanding the temporal evolution of trade-
partnership networks presents a rich set of modelling challenges regarding how and
why traders forge and sever trading partnerships with their peers.

Emergent instabilities: It remains an important open question to understand
how market-wide instabilities emerge from the microscopic-scale interactions between
individual traders. This question is particularly pertinent for electronic trading plat-
forms in the FX spot market because the widespread uptake of such platforms has

encouraged market participation from a broad new class of financial institutions,
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many of whom use highly leveraged strategies and are therefore particularly vulnera-
ble to market turbulence. Models that explicitly incorporate heterogeneity in different
traders’ motivations and trading styles are required to help understand the mecha-
nisms by which changes in local interactions amplify into system-wide destabilizing
forces that impact market stability.

Understanding market structure: The notion that price formation can de-
pend on market structure is a central theme of the market microstructure literature
[189]. Many studies assume that markets are either fully centralized, with all traders
able to trade with all others, or fully decentralized, with disjoint pockets of local
liquidity. In reality, however, trade for most assets occurs via a complicated hybrid
of different styles that reside somewhere between these two extremes. For example,
trade for most equities occurs primarily on a central exchange such as the LSE or
NYSE, but many equities are also traded off-exchange, in over-the-counter markets
[167]. Moreover, many assets are traded on several different trading platforms simul-
taneously. Even if each such trading platform is fully centralized, the overall market
for the asset is not. Investigating the wide spectrum of structures in modern financial
markets presents many opportunities for future research.

Other currency pairs and other platforms: All of our empirical calcula-
tions have been based on the activity of the EUR/USD, GBP/USD, and EUR/GBP
currency pairs on Hotspot FX. Further empirical study could help to illuminate sim-
ilarities and differences with the behaviour of other currency pairs and other multi-
institution trading platforms. It would be particularly interesting to compare our
estimates of dispersion importance in Chapter 6 to similar estimates for less liquid
currency pairs or for activity on the Reuters Dealing 3000 and EBS platforms (which
are more heavily geared towards the traditional inter-dealer market).

This selection of open questions represents just a small subset of those related to
the ongoing transformations in global financial markets. In the coming years, it will
be interesting to see how new technologies shape the markets of the future, and, in

turn, what new challenges these developments will present for future research.
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Appendix A

Appendices

A.1 Relative Importance

A common goal of fitting a multiple-regression model is to quantify the relative contri-
butions of the input variables to some specified aspect of the model’s output [24, 65].
The relative contribution of each input variable is called its relative importance [21].
There are several different measures of relative importance (see [21] for a recent re-
view), and the type of relative importance measured in a given situation depends on
the purpose of the analysis. In this appendix, we provide details of how to calculate
the dispersion importance, which is the type of relative importance that we study in
Chapter 6. The dispersion importance measures the fraction of the variance of the
output variable that each input variable explains. For a discussion of several other
types of relative importance, see [1].

Consider a multiple regression between k input variables xy, s, ..., x; and one
output variable y. Given asampleofi = 1,2,..., N observations (x; 1, Z;2, ..., Tik, Yi)s
let

Ui =0ap+oa1xi1 + oo+ ...+ i, (A1)

where ag, aq, ..., a, € R are the least-squares parameter estimates that minimize the

mean squared error
1N
A 2
N Z (9 —vi)™ -
i=1
Let

1 N
Yy = N;% (A-Q)
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denote the sample mean of the y; and let

N

SSumon = > (6 — 4)°. (A.3)
=1
N

12
SStot = Z (yi — ) (A.4)
i=1
denote respectively the multiple regression’s model sum of squares and total sum of

squares. The coefficient of determination

o SSmod

R* =
SStot

(A.5)

measures the fraction of the sample variance of the output variable that the multiple
regression equation (A.1) explains.

We use a technique called the Lindeman—Merenda—-Gold (LMG) measure [138] to
compute the dispersion importance of the input variables in the multiple regressions
that we study in Chapter 6. Calculating the LMG measure is computationally infea-
sible for multiple regressions with large numbers of independent variables, but each
of our multiple regressions contains only two independent variables, so we are able to
perform the necessary calculations with relative ease.

Let S = {x1,x9,...,2;} denote the set of k input variables in the full multiple
regression. Let s C S denote a subset of S, and let R? denote the coefficient of
determination from the multiple regression using only the input variables in s. For
example, if S = {z1, 79, 23,74} and s = {z;, x5}, then R? is the coefficient of the

determination from the multiple regression

Ui = Po + brzig + Baxia. (A.6)

For a set s C S and an independent variable z; € S but x; ¢ s, the sequential

sum of squares for x; given s is
RE (I‘]) = R%SUIL’]'} - R? (A7)
That is, f?g (x;) measures the additional variance of the output variable that a multiple
regression including the input variables in s U x; explains, compared to that of a
multiple regression including only the input variables in s.

Let r denote a permutation of the integers 1,2, ..., k, and let s;(r) denote the set
of input variables whose indices appear before the index 7 in r. For example, if &k =5
and r = (2,5,3,1,4), then s1(r) = {xo, x5, x3}.
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For each input variable z;, the dispersion importance 21, 138]
1 A
I = 7l Z sz(r)(xj) (A.8)

is the mean sequential sum of squares, averaged over all possible permutations of the

input variables in the full multiple regression.

A.2 Estimating Standard Error

In this section, we provide details of the two methods that we use to estimate the

standard error of the dispersion importance I; in Chapter 6.

A.2.1 The Non-Parametric Bootstrap

The first technique that we use to estimate the standard error is the non-parametric
bootstrap [118]. The technique is performed as follows. For each d = 1,2,. .., dpax,
draw (with replacement) a bootstrap sample (i.e., a random sample of size N from
the N observations (z;1,%;2, ..., %k, ¥i)). Let l:jd denote the normalized dispersion
importance for the input variable z; given the d'" bootstrap sample. For each j =
1,2,...,k, the non-parametric bootstrap estimate of the standard error of fj is the
standard deviation of the fjd across d = 1,2, ..., dpax.

For our calculations in Chapter 6, we use d., = 1000 bootstrap samples. To
verify that this choice produces a statistically stable estimate of the standard error,
we repeated all of our calculations using only d.. = 500 bootstrap samples. In
all cases, we found that our estimates of the standard error using d,.. = 500 and

dmax = 1000 were equal to 3 decimal places.

A.2.2 The Variance-Plot Method

A possible problem with using the non-parametric bootstrap to estimate the stan-
dard error of an estimator is that the bootstrap samples do not posses the same
autocorrelation structure as the original observations. Therefore, the non-parametric
bootstrap can produce misleading estimates of an estimator’s standard error if the
original observations are serially correlated.

If the original observations contain only short-range autocorrelations (see Section
5.2.1), then so-called “block bootstrapping” techniques can help to retain the auto-
correlation structure in the bootstrap samples (see [132] for a review). If, however,

the original observations contain long-range autocorrelations (which our results in
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Chapter 5 suggest could be the case), then block-bootstrap methods also produce
misleading estimates [111].

To help overcome this problem, Beran [18] introduced a heuristic called the
“variance-plot method”.! The method is performed as follows. For each n = 3,4, ...,
divide the original N observations into N/n non-overlapping blocks.? For each input
variable z;, estimate f] on each block separately and calculate the sample standard de-
viation of the estimates across the N/n blocks. Plot this standard deviation against
n/N on doubly logarithmic axes, and fit an OLS regression line to the plot. The
variance-plot estimate for the standard error is given by the value of the OLS line at
the point N/n = 1. Figure A.1 illustrates this process for the bid-side calculations in
Table 6.4.

A.3 Results for Alternative Window Lengths

The results that we present in the main text of Chapter 6 correspond to the window
length 7 = 0.3 seconds in Algorithm 6.1. Tables A.1 and A.2 list the corresponding
results of our main statistical calculations from the chapter for 7 = 0.1 and 7 = 0.5,

respectively.

A.4 The Logistic Sigmoid Function

Throughout Chapter 7, we present our ABM as a zero-intelligence model in which
agents update their buy and sell prices according to the stochastic process G(t).
However, the model formulation that we adopt also arises as the solution of a decision
problem in which agents are assumed to be perfectly rational [165]. In this appendix,
we provide details of this result for the specific case of our ABM, in which agents
choose between binary outcomes (i.e., a price revision of +1), the only property of
the model state that influences agents’ utility of a given alternative is w(t), and all
agents use the same utility function. McFadden [165] derives the solution for the
general case, which results in the popular multinomial logit model.

Recall that P(w(t)) denotes the probability of a downward revision to the active

price. Let U(w(t)) denote the utility that the active agent experiences for revising

Farmer et al. [78] also provide a detailed discussion of this technique.
2If n does not divide N exactly, ensure that the blocks are as close to equal-sized as possible (i.e.,
that no two blocks differ in size by more than 1).
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Figure A.1: Variance plots for the standard error of the normalized dispersion impor-
tance I; of the change in bypassing price for the change in trade price for (top)
EUR/USD, (middle) GBP/USD, and (bottom) EUR/GBP seller-initiated trades.
The points denote the standard deviation of the estimates of I; among blocks of the
given length. The solid black line denotes the OLS regression line. The corresponding
plots for the buyer-initiated trades are qualitatively similar.
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EUR/USD GBP/USD EUR/GBP
Bid side | Ask side | Bid side | Ask side | Bid side | Ask side

Mean (ticks) 2.73 2.64 3.30 3.36 2.47 2.27

Bypassing Price St. Dev. (ticks) 5.59 5.97 6.62 7.33 4.86 4.54
Maximum (ticks) 363 335 107 123 73 43

Percentage Non-Zero 45.8% 45.1% 39.3% 36.3% 37.3% 35.7%

Trade Price 76.7% 77.3% 74.9% 75.8% 61.4% 66.2%

Percentage Non-Zero Changes Bypassing Price 55.0% 54.6% 48.9% 45.0% 41.3% 41.0%

Quote Price 76.0% 76.2% 76.8% 76.1% 61.4% 67.7%

First OLS Regression 0.083 0.088 0.055 0.053 0.030 0.023

OLS R? Second OLS Regression | 0.895 0.884 0.942 0.944 0.974 0.975

Third OLS Regression 0.001 0.002 0.000 0.000 0.000 0.000

I 0.094 0.102 0.056 0.054 0.028 0.024

Dispersion Importance Bootstrap s.e. 0.012 0.011 0.002 0.002 0.004 0.004

Variance-Plot s.e. 0.018 0.025 0.011 0.009 0.003 0.003

Table A.1: Results of our main statistical calculations from Chapter 6 when using a window length of 7 = 0.1 in Algorithm
6.1. The results regarding bypassing price, percentage of non-zero changes, OLS R?, and dispersion importance correspond to
Tables 6.1, 6.2, 6.3, and 6.4, respectively (for which we use 7 = 0.3).
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the active price downwards. If there exists a constant s such that at each time ¢, the

utility function U(w(t)) can be written in the form
Uw(t)) = kw(t) + (t), (A.9)

where the ¢(t) are independent Logistic(0,1) random variables and such that the

agent chooses a downward price revision if and only if U(w(t)) > 0, then

Pw(t)) =P (U(w(t)) > 0),
=P (kw(t) +e(t) >0),
P
1-

(e(t) > —rw(t)),
P(e(t) < —kw(t)),
1

- 1+ erw(t)’
1

- 1+ e—rw(t)’
Therefore, if all agents in our model are assumed to be perfectly rational and have a
common utility function of the form shown in Equation (A.9), then the price-update
function P is given by a logistic sigmoid function with parameter xw(t), where & is

determined by the relationship in (A.9).
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