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Abstract

Conventional computers are invaluable tools for analysing and predicting the be-
haviour of the world around us; from the formation of the Universe at large, to
the motion of subatomic particles. Unfortunately, the latter problem has proved
exceedingly difficult to simulate accurately, due to the computational complex-
ity allowed by the laws of quantum mechanics. There have been a number of
proposals to ‘fight fire with fire’ – to use quantum computers to efficiently sim-
ulate quantum systems of interest. State-of-the-art resource estimates suggest
that it may be possible to simulate classically intractable systems using hundreds
of thousands, or millions, of physical qubits. Unfortunately, such resources are
beyond our current capabilities – and may remain so for the foreseeable future.

This thesis presents a number of approaches to lessen the burden of quantum
simulation. I introduce a hybrid quantum-classical algorithm for ansatz-based
imaginary time evolution, and show how it can be used to find the ground states
of Hermitian and non-Hermitian Hamiltonians of chemical relevance. While
such hybrid algorithms have become popular in recent years, it is still unclear
if they will be able to demonstrate quantum advantage, without the protection
of quantum error correction. To partially address this question, I present a tech-
nique for error mitigation in chemical simulations, that can be used to reduce the
effects of noise, at a modest cost (compared to quantum error correction).

The majority of studies to date have focused on finding the electronic ground
states of molecular systems. It may be prudent to investigate alternative simula-
tion targets, which may turn out to require fewer resources. In this thesis I show
how two alternative physical phenomena can be simulated on digital quantum
computers: the vibrations of molecules, and muon spectroscopy experiments.
For the case of molecular vibrations, I show how to map the problem onto a dig-
ital quantum computer, and extract properties of physical interest. For the case
of muon spectroscopy, I present a quantum algorithm to analyse the data arising
from muon spectroscopy experiments, and use numerical simulations to infer
the error corrected resources required to simulate classically challenging system
sizes.
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1 | Introduction

The underlying physical laws necessary for the mathematical theory of a large

part of physics, and the whole of chemistry, are thus completely known, and the

difficulty is only that the exact application of these laws leads to equations much

too complicated to be soluble.

Paul Dirac, 1929 [1]

Dirac’s statement still rings true today, even in the face of the digital revolu-

tion that has endowed us with computational powers unimaginable in the

1920’s. Despite the exponential growth in computing power resulting from

Moore’s Law, and similarly impressive algorithmic developments, we have

yet to overcome the challenges of simulating ever larger quantum systems.

Storing a general quantum wavefunction appears to require an amount of

classical memory scaling exponentially with the number of particles in the

system. While generations of scientists have devised ever-improving, poly-

nomially scaling approximate solutions to this problem, these are of limited

applicability to many phenomena of interest – including high temperature

superconductivity, transition metal catalysis, and photochemistry.

While superposition and entanglement underpin this problem, they may

also provide its solution. In 1982, Feynman proposed using controllable

quantum systems as a platform to simulate other quantum systems of in-

terest [2]. A simulator is often defined as a device that, when run and then

measured, provides insights into a mathematical model that we believe ac-

curately describes a system of interest [3, 4]. Such a simulator could be

either analog (whereby the parameters describing the system and its evo-

lution are continuous) or digital (described by a discrete, digitized state

space, with discrete transitions between states) [5]. For example, if we

wanted to use a device to learn about how air flows around an aeroplane

wing, we could consider both a model wing in a wind tunnel, and a com-

1



S. McArdle University of Oxford

putational fluid dynamics calculation performed on a classical computer.

We can also divide simulators into those that are ‘universal’, by which we

mean that they can be reprogrammed to simulate any system of interest,

and those that are not. It is typically straightforward to reprogram digital

computers (quantum or classical) to simulate other phenomena, while the

case is more nuanced for analog systems.

When considering analog quantum simulators, a number of different plat-

forms have been developed, that are capable of simulating a multitude of

scientific phenomena of interest [6, 7]. For example, we can use photons

propagating in waveguides to simulate excitation transfer in biological sys-

tems [8], cold atoms in optical lattices to simulate phase transitions in con-

densed matter systems [9] or non-equilibrium dynamics [10], trapped ions

to simulate interacting spin systems [11], and networks of coupled super-

conducting resonators to simulate open quantum systems [12]. In some

cases these simulators are able to provide information that is beyond the ca-

pability of classical digital computers [13, 14]. For example, recent simula-

tions of non-equilibrium dynamics of spin-1
2 particles simulated by trapped

ion [15] and cold atom [16] simulators, appear beyond the classical simu-

lation threshold. Very recently, simulations have been performed with up

to 256 cold atoms [17], considerably beyond what would be possible with

brute force classical computation. It is often possible to engineer a number

of different interactions of interest in these systems, and our ability to ad-

dress individual particles is gradually improving. Nevertheless, there are

two main challenges that may restrict the applicability of analog quantum

simulators in the long term. The first, is that not all of these simulators

are straightforwardly re-programmable (while recent work has shown that

even simple spin models are universal for quantum simulation [18, 19], it

may be extremely challenging to engineer the control required). Secondly,

it is not currently known how to protect analog quantum systems from

2
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the effects of environmental noise and decoherence. It is often claimed

that analog quantum simulators should be considered more robust to noise

than their digital counterparts. There are typically two reasons given for

this. The first, is that the properties we wish to extract are often expected

to be resilient to noise; for example, the magnetization of a spin system,

or the phase diagram of a condensed matter system. It has been noted that

such ‘macroscopic’ observables do often appear robust to noise [20], as they

may correspond to thermodynamic macrostates consistent with many mi-

crostates, allowing them to withstand small perturbations [5, 21]. However,

it has also been shown that ‘microscopic’ observables do appear to be sen-

sitive to noise [20]. The second argument often given as to why noise is less

problematic for analog simulators, is that noise is likely also present in the

real system that we wish to investigate. Unfortunately, counter-examples

exist that show that noise present in the simulator does not always cor-

respond to physical noise in the target system [22]. Given the difficulty in

isolating analog simulators from errors, it is challenging to predict the sizes

to which these systems will be able to scale, as well as whether we are able

to trust the results of a given calculation.

Alongside the development of analog quantum simulation, Lloyd [23], Aspuru-

Guzik [24], and many others [7] have formalised how digital quantum

computers may be used to efficiently simulate problems in physics, chem-

istry, and materials science. These algorithms typically exploit the ability

of qubits to exhibit the same superposition and entanglement that appear

to make classical simulations so challenging. Exploiting this correspon-

dence requires suitable mappings, which I discuss for the case of quantum

chemistry in Chapter 2. Algorithms protected by quantum error correction

have been designed to extract properties of interest, as discussed in Chap-

ter 3. Error correction in digital quantum computers is made possible by

a discretization of the continuum of possible errors. This is facilitated by

3
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restricting ourselves to a discrete set of quantum gates. Achieving both er-

ror correction, and computational universality with restricted gatesets is a

delicate balancing act, as discussed in Sec. 3.2.2. Provable accuracy bounds

on both algorithms, and methods of error correction, enable us to perform

estimates of the resources required to simulate classically intractable sys-

tems – and, perhaps more importantly, to trust the outputs of the compu-

tation. This independent verifiability has previously been suggested as a

distinction between a ‘simulation method’ and a ‘computation method’ [3].

Unfortunately, even the best approaches developed to date appear to sug-

gest that hundreds of thousands, if not millions, of physical qubits may

be required [25–27]. These dauntingly high resources have led some to

question whether it might be prudent to develop algorithms amenable to

noisy quantum computers, foregoing error correction. These NISQ (noisy

intermediate-scale quantum) [21] algorithms are typically heuristic in na-

ture, and often trade circuit depth for an increased number of circuit repeti-

tions. While there has been significant interest in such approaches over the

last 5 years, it is currently unclear whether classically intractable simula-

tions can be performed without quantum error correction. In addition, it is

important to note that while NISQ devices may appear to be faulty digital

quantum computers, they are in fact analog machines, because of the use

of a continuous gateset. As I shall discuss throughout this thesis, NISQ de-

vices simulate physical systems using gate sequences that typically break

up the complicated system dynamics into more tractable parts (for exam-

ple, the Trotterization technique discussed in Sec. 3.1.1). One might ques-

tion why we would expect this approach to have benefits over analog quan-

tum simulators, which do not require such a decomposition of the problem.

One potential advantage of NISQ devices, is that they are straightforwardly

re-programmable. For example, I show in this thesis how the same de-

vice could be used to investigate the electronic structure of Fermi-Hubbard
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models, vibrations in molecules, and muon spectroscopy experiments. But

does this suggest that NISQ devices will be a ‘Jack of all trades, Master of

none’? As the progenitor of error corrected devices, NISQ machines will

need to have precise control over individual qubits, and low gate and mea-

surement errors. This may benefit the accurate determination of electronic

energy levels in molecules, which looks difficult to achieve with recently

proposed analog approaches [28]. Moreover, the control afforded by the

quantum circuit model allows the construction of error mitigation tech-

niques (see Refs. [29, 30] and Chapter 5) that can be used to further improve

the simulation results. Ultimately, the best resource for a given simulation

will depend on what exactly we wish to simulate, and what we want to

learn from the simulation. It will be more constructive to view analog and

NISQ quantum simulations as complementary techniques in a scientist’s

toolbox, rather than as competing platforms in a winner-takes-all scenario.

This thesis investigates a number of ways to reduce the resources required

for quantum simulation on both NISQ, and error corrected, quantum com-

puters. In Chapter 4 I present a hybrid quantum-classical algorithm for

ansatz-based imaginary time evolution, which can be used to find the ground

states of quantum systems, and appears competitive with leading NISQ

approaches. In Chapter 5 I introduce an error mitigation technique that

can be used to reduce the impact of noise in quantum simulations, which

uses modest additional resources. In Chapters 6 & 7 I discuss approaches

to simulate novel phenomena on digital quantum computers; specifically,

molecular vibrations and muon spectroscopy. By considering less widely

studied areas, we may identify new targets for quantum simulation that

require fewer resources than existing proposals (which are largely based

on finding the electronic ground states of chemical systems). I discuss this

topic at length in Chapter 7.
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The investigations presented in this thesis rely on a combination of analytic

work, and numerical simulations. These simulations used conventional

computers to emulate running quantum circuits. The cost of these emu-

lations scales exponentially with the size of the simulated system (as the

emulations store the wavefunction or density matrix of the quantum com-

puter). However, a number of software packages have been developed that

dramatically reduce the cost of these calculations, compared to naively per-

forming the underlying linear algebraic operations. The availability and ca-

pabilities of such packages have evolved rapidly over the past three years,

which has made possible work that would have been prohibitive in the

years prior. In particular, I have made use of:

• QuEST [31], a high performance quantum circuit emulator written

in C. QuEST can be efficiently parallelised using OpenMP, MPI, or

GPUs. Its rapid execution speed made the 29 qubit simulations pre-

sented in Chapter 7 possible.

• Cirq [32] and ProjectQ [33], quantum circuit emulators written in

Python. These packages provide flexible frameworks for manipu-

lating quantum circuits, which proved invaluable for emulating the

hybrid quantum-classical algorithms presented in Chapters 4 & 5.

• OpenFermion [34], a Python package for generating fermionic elec-

tronic structure Hamiltonians, and mapping them to qubits. This

package was used to generate the fermionic Hamiltonians used in

Chapters 4 & 5, to develop the qubit-mapped vibrational Hamiltoni-

ans discussed in Chapter 6, and to construct the spin Hamiltonians

used in Chapter 7.

The rapid emergence of such tools, matched by the equally swift progress

in quantum computing research, has made the last three years an exciting
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time to begin research in this field. The next few years will likely be just as

exciting. In particular, as quantum processors in the cloud become easier

to access, and of higher quality, it may soon become possible to run ex-

periments on real hardware that would be too challenging to numerically

emulate.

This thesis assumes little knowledge of chemistry, and I introduce the rel-

evant background material on computational chemistry in Chapter 2. I as-

sume a basic knowledge of quantum computing, as provided by the initial

chapters of Ref. [35]. I do not presume knowledge of quantum algorithms,

error mitigation techniques, or error correction, which are introduced in

Chapter 3.
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In this chapter, I first introduce the classical approaches to computational
chemistry that are pertinent to this thesis. In particular, I focus on tech-
niques for finding the electronic ground states of chemical systems. I then
discuss how this problem can be mapped onto a quantum computer. The
information presented in this chapter is largely adapted from Ref. [36]:

Quantum computational chemistry
S. McArdle, S. Endo, A. Aspuru-Guzik, S.C. Benjamin, & X. Yuan

Reviews of Modern Physics 92 (1), 015003 (2020)

2.1 Classical approaches

The Coulomb Hamiltonian (in atomic units) of a molecule consisting of G

nuclei and N electrons is given by

H =−
∑
i

∇2
i

2
−
∑
I

∇2
I

2MI
−
∑
i,I

ZI
|ri −RI |

+
1

2

∑
i 6=j

1

|ri − rj |
+

1

2

∑
I 6=J

ZIZJ
|RI −RJ |

.

(2.1)

where MI , RI , and ZI denote the mass (in units of the electron mass), po-

sition (in units of Bohr radii), and atomic number of the I th nucleus, and
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ri is the position (in units of Bohr radii) of the ith electron. This Hamil-

tonian measures the energy in units of ‘Hartree’ (1 Hartree = 27.211 eV).

Eq. (2.1) neglects relativistic effects (e.g. spin-orbit coupling, and the in-

creased mass of the electron at high speeds), and is a valid approximation

for molecules containing light atoms. Analytic solutions for the molecu-

lar Hamiltonian are only known for the most simple systems, such as the

Hydrogen atom. Consequently, we must rapidly turn to approximate nu-

merical methods when dealing with more complex systems. It is common

to incorporate further approximations to lessen the computational burden.

A widely applied simplification is the Born-Oppenheimer approximation,

which separates the nuclear motion from the electronic motion. Protons

and neutrons are three orders of magnitude more massive than an electron,

and so typically move on a slower timescale. As a result, in many systems it

is reasonable to consider the nuclei as being classical point charges, that are

fixed in place. The electrons then interact with each other in the potential

caused by these fixed nuclei, which determines the equilibrium electronic

structure of the system. The electronic structure Hamiltonian for a given

nuclear configuration is

He({RI}) = −
∑
i

∇2
i

2
−
∑
i,I

ZI
|ri −RI |

+
1

2

∑
i 6=j

1

|ri − rj |
. (2.2)

Finding the lowest lying energy levels for a range of nuclear configurations

enables us to map out the potential energy surfaces of the molecule. These

potential energy surfaces can then be taken as the basis for nuclear motion

(vibrational and rotational motion), which provide corrections to the elec-

tronic structure. The vibrational structure of molecules will be discussed

in more detail in Chapter 6. The Born-Oppenheimer approximation breaks

down in a number of scenarios, including at degeneracies between the elec-

tronic potential energy surfaces. I do not consider relativistic or non-Born-
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Oppenheimer effects in this thesis. We typically seek energy eigenvalues to

an accuracy of at least 1.6× 10−3 Hartree, known as ‘chemical accuracy’. If

the energy is known to chemical accuracy, then the chemical reaction rate

at room temperature can be approximated to within an order of magnitude

using the Eyring equation [37, 38]

Rate ∝ e−∆E/kBT , (2.3)

where T is the temperature of the system, and ∆E is the energy difference

between the initial and final states.

Eq. (2.2) describes electrons interacting in continuous, real space – and so

corresponds to an infinite dimensional Hilbert space. In order to make cal-

culations more tractable, it is necessary to discretize the system. One ap-

proach to this discretization would be to use a finite sized grid. While this

approach offers the benefit of being able to treat the nuclei and electrons on

an equal footing (i.e. without the Born-Oppenheimer approximation), the

large number of grid points required restricts this approach to small system

sizes. A more efficient approach is to exploit our knowledge of the system

by projecting onto a set of basis functions.

2.1.1 Basis sets

The most common approach to computational chemistry is to consider a

basis set consisting of M single-particle atomic or molecular spin-orbitals

(although alternative basis sets that utilise multi-particle orbitals are dis-

cussed in Sec. 4.3.2). The spin-orbitals are functions that seek to approxi-

mate the ‘true’ orbitals of the system, such as: exponential functions (Slater-

type orbitals), Gaussian functions (Gaussian-type orbitals), or plane waves.

Different types of functions have their own strengths and weaknesses. For
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example, Slater-type orbitals better approximate the far-field behaviour of

atomic systems than Gaussian-type orbitals. However, the latter functions

provide more efficient evaluation of the integrals required to construct the

Hamiltonian. Similarly, while plane waves are appropriate for describing

periodic systems, they provide an inferior resolution for describing molec-

ular systems than Gaussian-type orbitals, and so require a larger number of

basis functions. A common approach to molecular chemistry (and the ap-

proach taken in this thesis) is to construct a set of approximate Slater-type

orbitals from linear combinations of Gaussian-type orbitals. The larger the

basis set, the smaller the discretization error resulting from projecting onto

a finite basis set.

In order to satisfy the Pauli exclusion principle the electronic wavefunction

must be antisymmetric under the exchange of any two electrons in the sys-

tem. This can be achieved by constructing the wavefunction from a linear

combination of Slater determinants

Ψ(x0 . . .xN−1) =

∑
i

ci
1√
N !

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

φi0(x0) φi1(x0) ... φiN−1(x0)

φi0(x1) φi1(x1) ... φiN−1(x1)

. . . .

. . . .

. . . .

φi0(xN−1) φi1(xN−1) ... φiN−1(xN−1)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(2.4)

where ci are complex amplitudes, and φij specifies the jth basis function

occupied in the ith Slater determinant. Swapping the positions of any two

electrons is equivalent to interchanging two rows of each determinant, which

changes the overall sign of the wavefunction. Each Slater determinant con-

tains only the N occupied orbitals, and not the M − N virtual orbitals.
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Rather than expanding the wavefunction as a sum of antisymmetrised prod-

ucts of single-particle spin orbitals, it is more efficient to just keep track of

which spin-orbitals are occupied in a given Slater determinant, while ‘re-

membering’ that the Slater determinants represent antisymmetrised prod-

ucts.

2.1.2 Second quantisation

It is possible to reformulate our problem into one that involves the manip-

ulation of Fock space occupation number vectors |f〉 that serve as a short-

hand for Slater determinants. For a given Slater determinant, ψ(x0 . . .xN−1),

we write that

ψ(x0 . . .xN−1) := |fM−1, . . . , fp, . . . , f0〉 = |f〉 , (2.5)

where fp = 1 when φp is occupied (and therefore present in the Slater de-

terminant), and fp = 0 when φp is empty (and therefore not present in the

determinant). Electrons are excited into or out of the single electron spin-

orbitals by fermionic creation/annihilation operators, a†p/ap, respectively.

These operators obey fermionic anti-commutation relations which are re-

quired to maintain the correct exchange statistics of the electronic wave-

function
{ap, a†q} = apa

†
q + a†qap = δpq,

{ap, aq} = {a†p, a†q} = 0.
(2.6)
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The actions of these operators on the determinants are given by

ap |fM−1, fM−2, . . . , f0〉

=δfp,1(−1)
∑p−1
i=0 fi |fM−1, fM−2, . . . , fp ⊕ 1, . . . , f0〉 ,

a†p |fM−1, fM−2, . . . , f0〉

=δfp,0(−1)
∑p−1
i=0 fi |fM−1, fM−2, . . . , fp ⊕ 1, . . . , f0〉 ,

(2.7)

where ⊕ denotes addition modulo 2. The phase term (−1)
∑p−1
i=0 fi enforces

the exchange anti-symmetry of fermions. The spin-orbital occupation op-

erator is given by

n̂i = a†iai,

n̂i |fM−1, . . . , fi, . . . , f0〉 = fi |fM−1, . . . , fi, . . . , f0〉 ,
(2.8)

and counts the number of electrons in a given spin-orbital.

The second quantised form of the electronic structure Hamiltonian is ob-

tained by projecting Eq. (2.2) onto the single-particle basis functions [39, 40]

H =
∑
p,q

hpqa
†
paq +

1

2

∑
p,q,r,s

hpqrsa
†
pa
†
qaras, (2.9)

with

hpq =

ˆ
dxφ∗p(x)

(
−∇

2

2
−
∑
I

ZI
|r−RI |

)
φq(x),

hpqrs =

ˆ
dx1dx2

φ∗p(x1)φ∗q(x2)φr(x2)φs(x1)

|r1 − r2|
.

(2.10)

The first integral represents the kinetic energy terms of the electrons and

their Coulomb interaction with the nuclei. The second integral is due to the

electron-electron Coulomb repulsion. In a Gaussian basis set, this Hamilto-
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nian typically contains O(M4) terms.

The Slater determinants are the eigenstates of a Hermitian operator (typi-

cally the non-interacting or mean-field Hamiltonian for the system), and so

form a basis set for the problem Hilbert space. Correspondingly, the occu-

pation vectors form a basis for the Fock space that describes the system. We

can therefore expand the wavefunction as linear combination of occupation

number vectors (representing Slater determinants)

|Ψ〉 =
∑
f

αf |f〉 , (2.11)

where αf are complex coefficients. If all
(
M
N

)
determinants are included,

the wavefunction is known as the full configuration interaction (FCI) wave-

function. However, this wavefunction contains a number of determinants

which scales exponentially with the number of electrons, making large cal-

culations classically intractable. Consequently, many classical computa-

tional approaches to the electronic structure problem seek to approximate

the FCI wavefunction using polynomially scaling methods. There are two

main sources of complexity that make it challenging to construct good ap-

proximations to the FCI wavefunction. The wavefunction must account

for correlation between the electrons, which can loosely be partitioned into

‘static’ and ‘dynamic’ correlation. Static correlation arises when multiple

determinants are equally important in the wavefunction – such as during

bond breaking, or when describing low-spin open-shell excited states [41].

These effects are important in many systems of interest, such as transition

metal catalysts [42]. Methods designed to treat static correlation typically

store as many of the important determinants as possible, which leads to

a large memory cost. In turn, this makes these methods too expensive to

apply in large basis sets.
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Dynamic correlation arises from the Coulomb repulsion between electrons,

which tends to anti-correlate their positions. The most severe manifesta-

tion of dynamic correlation occurs at short inter-electronic distances. As

two electrons approach each other, the Coulomb potential diverges, lead-

ing to sharp features in the wavefunction, known as the ‘electron-electron

cusps’. In order to accurately resolve these cusps, a large set of single-

particle basis functions are required. Methods to treat dynamic correlation

often circumvent the need to store a wavefunction, but are typically de-

signed to work from single determinant reference states. Consequently, we

see that accurately treating both static and dynamic correlation becomes a

computationally difficult task. In Sec. 4.3.2 I discuss an alternative formula-

tion of the electronic structure problem designed to address this challenge.

However, for now I will summarise the conventional classical approaches

to approximate the FCI wavefunction.

2.1.3 Classical simulation techniques

2.1.3.1 Hartree-Fock

The Hartree–Fock (HF) method is a mean-field technique which aims to

find the dominant Slater determinant in the wavefunction. The HF tech-

nique considers each of the N electrons moving in an effective potential

generated by the other N − 1 electrons in the system. The method itera-

tively constructs the mean-field Hamiltonian for the system, and then min-

imises the energy of the single determinant wavefunction by optimising

the spatial form of the single-particle orbitals. This produces a set of or-

thonormal ‘canonical molecular orbitals’ from the initially supplied set of

atomic orbitals. As a mean-field method, the HF technique does not ac-

count for either static or dynamic correlation. The procedure has a modest

cost, and can provide approximate solutions to systems with thousands of

spin-orbitals [39].
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2.1.3.2 Coupled cluster

The coupled cluster (CC) method considers excitations above a single de-

terminant reference, typically taken as the Hartree-Fock state. The CC

wavefunction is given by

|ΨCC〉 = eT |ΨHF〉, (2.12)

where T =
∑

i Ti,

T1 =
∑

i∈virt,α∈occ
tiαa

†
iaα,

T2 =
∑

i,j∈virt,α,β∈occ
tijαβa

†
ia
†
jaαaβ,

...,

(2.13)

where occ/virt denotes orbitals that are occupied/unoccupied in the Hartree-

Fock state, and t are excitation amplitudes. The excitation operator is trun-

cated, typically at the level of single and double excitations (CCSD), to

make the method computationally tractable. The CCSD method does not

store the wavefunction generated by Eq. (2.12), and instead uses this form

as the basis for deriving coupled non-linear equations. Solving these equa-

tions yields the CCSD approximation to the FCI ground state [39, 43]. There

has been significant work to reduce the computational costs of CCSD, which

in its canonical form scales asO((M−N)4N2) [43]. Approximations which

exploit the locality of dynamical electron correlation in certain systems [44,

45] can reduce the scaling to be, in some cases, linear [46].

The CC method is effective at recovering dynamic correlation in the wave-

function, and has been successfully applied to systems containing hun-

dreds of spin-orbitals [47–49]). However, the canonical CC method de-

scribed above utilises a single determinant reference state, and does not
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perform well when applied to systems with a multireference character. As

a result, many CC methods struggle to treat systems with strong static cor-

relation. While there have been efforts to develop multireference CC ap-

proaches, these have their own limitations, and are not in widespread use,

as discussed by Ref. [50]. While CC methods have been successfully ap-

plied to some systems displaying static correlation [51, 52], higher excita-

tion degrees are typically required, increasing the computational cost of the

method.

In Sec. 3.1.3.1 I discuss a modified form of the CC method, known as uni-

tary coupled cluster (UCC). This method is both variational and suitable

for use with multireference states. While no efficient classical algorithms

for the UCC method are known, it can be efficiently implemented on a

quantum computer.

2.1.3.3 Other techniques

There are numerous other methods for approximating the FCI wavefunc-

tion. In this thesis I will make reference to multiconfigurational self-consistent

field (MCSCF) methods, tensor network techniques, and quantum Monte

Carlo methods. I briefly elaborate on these approaches here.

The MCSCF approach considers a multideterminant wavefunction, and

variationally optimises both the amplitudes of each determinant, and the

underlying form of the single-particle orbitals [53]. Because of its multiref-

erence nature, MCSCF is often effective at describing static correlation. To

reduce the cost of the method, we typically consider an ‘active space’ of

only the most important orbitals. We then carry out a MCSCF calculation

on all of the determinants that could be generated from distributing the

active space electrons in these orbitals. This is known as the complete ac-

tive space self-consistent field (CASSCF) method [53], and can be applied
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to active spaces with up to 40 spin-orbitals [54].

Tensor network methods, such as density matrix renormalisation group

(DMRG), consider low rank approximations of the FCI wavefunction gen-

erated by contracting networks of tensors. These methods are particularly

effective at dealing with systems with geometrically restricted entangle-

ment, such as the use of matrix product states for one dimensional sys-

tems [55]. In recent years, tensor network techniques have become compet-

itive with CASSCF methods for describing chemical systems with strong

static correlation. They have been applied to metalloenzyme complexes

with active spaces of over 70 spin-orbitals [56, 57], or Fermi-Hubbard mod-

els with around 100 sites [52]. Nevertheless, challenges still remain for ap-

plying tensor network techniques to 3D systems with long-range interac-

tions, which can lead to a larger spread of entanglement in the system. For

more information on the use of tensor network methods in quantum chem-

istry, I refer the reader to Refs. [58, 59].

There are a number of variants of Quantum Monte Carlo, and I will only

consider the variant known as full configuration interaction Quantum Monte

Carlo (FCIQMC) [60] here. This approach considers a set of ‘signed random

walkers’ in the Fock space of occupation vectors, which spawn and anni-

hilate stochastically according to an update rule that mimics propagation

in imaginary time. The weight of walkers on a given determinant gives its

amplitude in the wavefunction. As discussed in Chapter 4, propagating

a system in imaginary time drives it towards its ground state. FCIQMC

(and related variants) have been used to obtain FCI-level results for both

molecular systems with tens of spin-orbitals [61, 62], and Fermi-Hubbard

systems with around 100 sites [52]. Nevertheless, these methods have their

own shortcomings, including the Monte Carlo ‘sign problem’ [63] (in the

case of FCIQMC, this arises from needing to accurately resolve the sign of

weakly present determinants, which may require a large number of ran-
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dom walkers[64–66]). This leads to difficulties associated with the memory

constraints of storing the coordinates of a large number of random walkers

in some systems.

2.1.4 Systems of interest

As discussed above, it has proven challenging to classically simulate sys-

tems with more than around 100 spin-orbitals that display both static and

dynamic correlation. These features appear to arise in many systems of

physical interest.

For example, the open-shell and spatially degenerate nature of many tran-

sition metals make them difficult to simulate classically [50]. These com-

pounds form crucial parts of many catalysts, particularly transition-metal-

based biological catalysts [42, 67]. Prominent examples that have caught

the attention of the quantum computing community include: the FeMoco

molecule present in the enzyme nitrogenase [27, 68, 69], which is respon-

sible for biological nitrogen fixation at ambient temperatures and pres-

sures [70, 71], and ruthenium catalysts for converting carbon dioxide to

methanol [72]. Simulations of these systems could be performed with 100-

200 logical qubits, although it has been noted that these calculations would

be in small basis sets, that do not fully capture the dynamic correlation in

the system [73].

Other archetypal examples of strongly correlated systems include high tem-

perature superconductors. These systems are not well described by the

Bardeen-Cooper-Schrieffer theory of superconductivity, and in many cases,

the driver of superconductivity is still not fully understood. In the case

of cuprate superconductors, it is widely believed that superconductivity

is driven by the physics of the copper-oxygen planes in the system. Sim-

plified models have been developed that attempt to capture the physics
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of high temperature superconductors [74], including the widely studied

Fermi-Hubbard model [75–77]. The Fermi-Hubbard model considers fermions

hopping between nearest-neighbour lattice sites with strength t. These

fermions feel a repulsive (or attractive) force U when they occupy the same

lattice site, i. The Hamiltonian is given by

H = −t
∑
〈i,j〉,σ

(
a†i,σaj,σ + a†j,σai,σ

)
+ U

∑
i

ni,↑ni,↓ (2.14)

where 〈i, j〉 denotes a sum over nearest-neighbour lattice sites, and σ is a

spin-coordinate. This Hamiltonian has only O(M) terms, where M is the

number of spin-sites. Classical methods have not yet been able to com-

pletely solve this Hamiltonian. Close to half filling, at intermediate inter-

action strengths, it becomes difficult to accurately resolve the phase dia-

gram of the system, due to multiple competing orders [78]. This is the

same regime that is believed to be most relevant to understanding cuprate

superconductors [52]. The most effective classical methods are able to ac-

curately approximate the ground states of 2D Fermi-Hubbard models with

up to around 100 lattice sites, far from the thermodynamic limit [52]. As a

result, there have been a number of investigations into applying quantum

algorithms to simulate the Fermi-Hubbard model [25, 79–84].

2.2 Mapping onto quantum computers

In this section I will discuss methods for mapping second quantised chem-

istry calculations onto quantum computers. The quantum algorithms used

to solve the resulting problems will be discussed in Chapter 3. For a dis-

cussion of other ways of mapping the electronic structure problem onto

quantum computers (e.g. real space or first quantised mappings), I refer

the reader to Ref. [36].
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2.2.1 Mapping to qubits

In this thesis I consider two ways of mapping the second quantised elec-

tronic structure Hamiltonian to qubits. The first is the Jordan-Wigner (JW)

encoding [85], which maps Fock space occupation vectors directly onto

computational basis states. More formally,

|fM−1, fM−2, . . . , f0〉 → |qM−1, qM−2, . . . , q0〉 ,

qp = fp ∈ {0, 1}.
(2.15)

The fermionic creation and annhilation operators are mapped to

ap =
1

2
(Xp + iYp)⊗ Zp−1 ⊗ · · · ⊗ Z0,

a†p =
1

2
(Xp − iYp)⊗ Zp−1 ⊗ · · · ⊗ Z0.

(2.16)

The string of Z operators recovers the exchange phase factor (−1)
∑p−1
i=0 fi .

Consequently, the second quantised Hamiltonian in Eq. (2.9) is mapped to

a linear combination of products of single-qubit Pauli operators

H =
∑
j

hjPj =
∑
j

hj
⊗
i

σji , (2.17)

where hj is a real scalar coefficient, σji represents one of I , X , Y or Z, i

denotes which qubit the operator acts on, and j denotes the term in the

Hamiltonian. Each Pj term is referred to as a ‘Pauli string’, and the number

of non-identity single-qubit Pauli operators in a given string is called its

‘Pauli weight’. The JW mapping produces Pauli strings with weightO(M).

The second mapping considered is the Bravyi-Kitaev (BK) mapping [86–88]

and related BK-tree mapping [89]. Under these mappings, the qubits store

partial sums of orbital occupation numbers. I show how this can be applied

to the LiH molecule in Ref. [36]. These mappings again yield electronic
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structure Hamiltonians that can be written as a linear combination of Pauli

strings, each with weight O(log2M). A thorough comparison of the BK

and JW mappings was performed in Ref. [90] for 86 molecular systems.

2.2.2 Application to H2

In Chapters 4 & 5 I perform electronic structure calculations on the H2

molecule, in a minimal STO-3G basis set. This basis set includes a sin-

gle approximate Slater-type orbital, constructed from a linear combination

of three Gaussian-type orbitals, for each Hydrogen atom. The four spin-

orbitals are denoted

|1sA↑〉, |1sA↓〉, |1sB↑〉, |1sB↓〉, (2.18)

where the subscript A or B denotes which of the two Hydrogen atoms the

spin-orbital is centred on, and the ↑ / ↓ denotes the sz value of the electron

in the spin-orbital. Following convention, I work in the molecular orbital

basis for H2

|σg↑〉 =
1√
Ng

(|1sA↑〉+ |1sB↑〉),

|σg↓〉 =
1√
Ng

(|1sA↓〉+ |1sB↓〉),

|σu↑〉 =
1√
Nu

(|1sA↑〉 − |1sB↑〉),

|σu↓〉 =
1√
Nu

(|1sA↓〉 − |1sB↓〉),

(2.19)

where Ng/u are normalisation factors that depend on the overlap between

the atomic orbitals, Ng = 2(1 + 〈1sA|1sB〉), Nu = 2(1 − 〈1sA|1sB〉). In the

second quantised formalism, the occupation vector describing the Slater

determinants that can be created with these spin-orbitals is given by

|ψ〉 = |fσu↓ , fσu↑ , fσg↓ , fσg↑〉 . (2.20)
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I calculated the integrals that determine the second quantised Hamiltonian

using OpenFermion [34]. The JW mapped Hamiltonian for 4 qubit H2 is

given by

H = h0I + h1Z0 + h2Z1 + h3Z2 + h4Z3

+ h5Z0Z1 + h6Z0Z2 + h7Z1Z2 + h8Z0Z3 + h9Z1Z3

+ h10Z2Z3 + h11Y0Y1X2X3 + h12X0Y1Y2X3

+ h13Y0X1X2Y3 + h14X0X1Y2Y3,

(2.21)

where hi are the coefficients determined by the Hamiltonian integrals. In

the JW encoding, the Hartree-Fock state for H2 is given by

|ΨH2
HF〉 = |0011〉 . (2.22)

This occupation vector represents the Slater determinant

ΨH2
HF(r1, r2) =

1√
2

(σg↑(r1)σg↓(r2)− σg↑(r2)σg↓(r1)), (2.23)

where ri is the position of electron i. This is the model for H2 that I investi-

gate in Chapter 5.

In Chapter 4, I instead consider a BK mapping of the H2 Hamiltonian,

which gives

H = h′0I + h′1Z0 + h′2Z1 + h′3Z2 + h′4Z0Z1 + h′5Z0Z2 + h′6Z1Z3 + h′7X0Z1X2

+ h′8Y0Z1Y2 + h′9Z0Z1Z2 + h′10Z0Z2Z3 + h′11Z1Z2Z3 + h′12X0Z1X2Z3

+ h′13Y0Z1Y2Z3 + h′14Z0Z1Z2Z3.

(2.24)

We can see that this Hamiltonian only acts off-diagonally (i.e. with an op-

erator that is not I or Z) on qubits 0 and 2 [91–93]. As a result, by following
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the procedure detailed in Ref. [93] it can be reduced to a two-qubit Hamil-

tonian

H = g0I + g1Z0 + g2Z1 + g3Z0Z1 + g4Y0Y1 + g5X0X1. (2.25)

2.2.3 Application to LiH

In Chapter 4 I consider simulations of the Lithium Hydride (LiH) molecule,

in a minimal STO-3G basis. This basis contains {1s, 2s, 2px, 2py, 2pz} func-

tions for Lithium, and a single {1s} orbital for Hydrogen – a total of 12 spin-

orbitals. I reduced the resources required by considering only the most

relevant orbitals for LiH – known as an ‘active space’. This was achieved

by first calculating the one electron reduced density matrix (1-RDM) for

LiH, using a classically tractable configuration interaction with single and

double excitations reference state. The 1-RDM with respect to a state |φ〉 is

given by ρ1
ij = 〈φ| a†iaj |φ〉. For LiH at an internuclear distance of 1.45 Å, the

1-RDM (combining the occupancies of spin-up and down orbitals) is given

by



1.99991 −0.00047 0.00047 0 0 −0.00120

−0.00047 1.95969 0.06691 0 0 0.00842

0.00047 0.06691 0.00968 0 0 −0.01385

0 0 0 0.00172 0 0

0 0 0 0 0.00172 0

−0.00120 0.00842 −0.01385 0 0 0.02728


.

(2.26)

The diagonal elements of the 1-RDM are the occupation numbers of the cor-

responding canonical Hartree-Fock orbitals. To determine the active space,
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I diagonalised the Hermitian 1-RDM



1.99992 0 0 0 0 0

0 1.96201 0 0 0 0

0 0 0.03459 0 0 0

0 0 0 0.00005 0 0

0 0 0 0 0.00172 0

0 0 0 0 0 0.00172


, (2.27)

to give the 1-RDM in terms of natural molecular orbitals (NMOs). The di-

agonal entries are called the natural orbital occupation numbers (NOONs).

I used the same unitary matrix that diagonalised the 1-RDM to rotate the

LiH orbitals. This was equivalent to performing a change of basis from the

canonical orbitals to the NMOs. In the NMO basis, the first orbital had a

NOON close to two, and so could be considered doubly occupied. I re-

moved any terms containing a†0, a0, a
†
1, a1 from the LiH fermionic Hamilto-

nian, where 0 and 1 denote the spin-orbitals that correspond to the core spa-

tial orbital. Similarly, the fourth spatial orbital had a NOON close to zero,

and so could be considered unoccupied. I removed the two corresponding

fermionic operators from the Hamiltonian. This yielded a fermionic Hamil-

tonian acting on 8 spin-orbitals. I mapped this fermionic Hamiltonian to a

qubit Hamiltonian using the JW transformation. This gave the 8 qubit LiH

Hamiltonian investigated in Chapter 4. All of these steps were performed

using OpenFermion.
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In this chapter, I discuss some of the main quantum simulation techniques
that are referenced and utilised in this thesis. In Sec. 3.1, I introduce several
quantum simulation algorithms: time evolution methods (Sec. 3.1.1), quan-
tum phase estimation (Sec. 3.1.2), and the variational quantum eigensolver
(Sec. 3.1.3). I then discuss techniques that can be used to protect quantum
simulations from noise in Sec. 3.2. The information presented in this chap-
ter is in part adapted from Ref. [36]:

Quantum computational chemistry
S. McArdle, S. Endo, A. Aspuru-Guzik, S.C. Benjamin, & X. Yuan

Reviews of Modern Physics 92 (1), 015003 (2020)

3.1 Quantum simulation algorithms

In this section I discuss quantum simulation algorithms that feature through-

out this thesis. As discussed in Chapter 2, finding the low-lying energy

levels of chemical systems is a widely anticipated application of future

quantum computers. The first quantum algorithms proposed to solve this

problem used subroutines that evolve the chemical system in time. I dis-

cuss a number of time evolution algorithms in Sec. 3.1.1. I then discuss in

Sec. 3.1.2 how these subroutines are incorporated into the quantum phase
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estimation algorithm, which can be used to find the eigenvalues and eigen-

vectors of chemical Hamiltonians. Unfortunately, initial resource estimates

showed that quantum phase estimation would likely necessitate the use

of deep circuits. The algorithm must then be protected with quantum er-

ror correction, to prevent noise from corrupting the results of the simula-

tion. An alternative solution to this problem was put forwards in Ref. [94],

which introduced a new quantum algorithm for finding ground states; the

variational quantum eigensolver (VQE). As I discuss in Sec. 3.1.3, the VQE

involves approximating the ground state using a short depth circuit, and

then directly measuring the expectation value of the Hamiltonian, term by

term. By reducing the circuit depth required (compared to quantum phase

estimation) the VQE seeks to reduce the level of noise, such that quantum

error correction may not be required. Whether this goal can be achieved is

still an open question, which I discuss in Chapter 5 of this thesis.

3.1.1 Time evolution

Algorithms to propagate a system in time are typically referred to as per-

forming ‘Hamiltonian simulation’. The first such algorithm, by Lloyd [23],

used a product formula approximation (also referred to as Trotterization)

to divide the propagator into a sequence of operators with a known de-

composition into quantum hardware primitives. This algorithm was spe-

cialised to the simulation of fermionic Hamiltonians in Ref. [95], and has

received considerable attention in the years since. Many works have de-

rived tighter bounds on the simulation error arising from Trotterization, as

summarised in Ref. [96]. Below, I report Trotter error bounds from Ref. [96]

that are pertinent to the work presented in this thesis. I consider the case

where the Hamiltonian can be decomposed into a sum of Pauli strings, as

H =
∑

α hαHα, where hα are real coefficients. A first-order Trotter decom-
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position of the time evolution operator is given by

U1(t) :=

(∏
j

e−
it
n
hjHj

)n
, (3.1)

where n is the number of Trotter steps used. The error in the first-order

product formula is upper bounded by

||U(t)− U1(t)|| := ε ∼ O
(

(LΛt)2

n

)
(3.2)

where U(t) is the true time evolution operator, || || denotes the spectral

norm, L is the number of terms in H , and Λ = maxα||hα||. A tighter bound

on the error is given by

ε ∼ t2

2n

∑
i

∣∣∣∣∣∣∣∣∑
j>i

[hjHj , hiHi]

∣∣∣∣∣∣∣∣, (3.3)

which is known to be tight, up to an application of the triangle inequal-

ity. Higher-order product formulae can be used to obtain improved error-

scaling. The second-order product formula is given by

U2(t) :=

( L∏
j=1

e−
it
2n
hjHj

1∏
k=L

e−
it
2n
hkHk

)n
. (3.4)

An upper-bound on the second-order Trotter error is given by

||U(t)− U2(t)|| := ε ∼ O
(

(LΛt)3

n2

)
, (3.5)

and a tighter bound (tight up to an application of the triangle inequality) is

given by

ε ∼ t3

n2

[
1

12

(∑
i

∣∣∣∣∣∣∣∣∑
j>i

∑
k>i

[hkHk, [hjHj , hiHi]]

∣∣∣∣∣∣∣∣)

+
1

24

(∑
i

∣∣∣∣∣∣∣∣∑
j>i

[hiHi, [hiHi, hjHj ]]

∣∣∣∣∣∣∣∣)]. (3.6)
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It has also been shown that introducing aspects of randomized compilation

into these algorithms can lower the gate counts required to obtain results

of a given accuracy. For example, randomly permuting the ordering of

the product formula terms in each step can reduce the error scaling ob-

tained [97].

Alternative time evolution algorithms have been developed that can, in

some cases, perform time evolution asymptotically more efficiently than

Trotterization. In particular, the number of gates required for these ‘post-

Trotter’ methods scales poly-logarithmically with the inverse of the desired

simulation error. One such approach is to expand the propagator as a trun-

cated Taylor series [98–100]. There are a number of ways that this approach

can be realised. For a Hamiltonian that can be expanded as a linear combi-

nation of unitary operators (e.g. as a sum of Pauli strings), the terms in its

truncated Taylor expansion will also be unitary operators. Oracle circuits

(which must be explicitly constructed for the problem at hand) can be used

to implement these unitary operators in superposition, thus realising time

evolution under the Hamiltonian. Alternatively, one can develop oracle

circuits that give access to the non-zero elements of sparse Hamiltonians,

and use these to realise the Taylor expansion. Because a sum of unitary

operators is not necessarily unitary, this algorithm will have a non-zero

failure probability. This can be controlled using techniques such as ampli-

tude amplification [101]. Another post-Trotter method is the combination

of qubitization [102] with quantum signal processing [103, 104]. Qubiti-

zation provides access to the Hamiltonian via a ‘block encoding’, and im-

plements a quantum walk operator with eigenvalues e−iarcsin(Ek/λ) where

Ek is the kth eigenvalue of the Hamiltonian H and λ is the 1-norm of the

Hamiltonian. Quantum signal processing can be used to invert the arcsin

function, recovering the desired evolution eiHt.
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A recent approach to Hamiltonian simulation, known as qDRIFT [105], can

be viewed through either a Trotter or post-Trotter lens. The technique prob-

abilistically selects a number of terms from the Hamiltonian according to

their strength, and then evolves under these terms (each for an equal du-

ration in time). In this way, qDRIFT resembles a randomized product for-

mula, where all terms are applied with the same strength, and not every

Hamiltonian term is necessarily included. However, qDRIFT can also be

seen as a kind of ‘incoherent post-Trotter’ approach1. The error in qDRIFT

depends on the 1-norm of the Hamiltonian, much like post-Trotter meth-

ods. A single step of qDRIFT is equivalent to implementing the channel

E(ρ) =
∑
j

hj
λ
e−i

λt
N
Hjρei

λt
N
Hj , (3.7)

where λ =
∑

j hj is the 1-norm of the Hamiltonian (when applying qDRIFT,

we shift the signs from the hj coefficients to the Hj operators, such that hj

are all real and positive), and N is the number of qDRIFT steps used in this

simulation. The error scaling of qDRIFT is given by

ε ∼ λ2t2

N
. (3.8)

Most notably, the error scaling of qDRIFT is independent of the number of

terms in the Hamiltonian, making it an interesting candidate for systems

with a large number of weakly interacting terms. Techniques have also

been developed that interpolate between Trotterization and qDRIFT [106].

1As discussed by N. Wiebe: https://www.youtube.com/watch?v=mP7HHWk0H5M
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3.1.2 Quantum phase estimation

Quantum phase estimation can be used to obtain the eigenvectors and

eigenvalues of a given unitary operator [107]. In its canonical form, phase

estimation evolves a given state under the specified unitary operator, con-

trolled upon an ancillary register. This process is repeated for evolutions of

varying duration, to learn the phase induced by the evolution, which can

be related to the eigenvalues of the operator. If the state used is an eigen-

state of the unitary operator, then this approach calculates the correspond-

ing eigenvalue. If the state is a superposition of several eigenstates, then

this approach will output a superposition of eigenvalue-eigenstate pairs.

Measuring the ancillary register causes this superposition to collapse. The

ancillary register then yields the eigenvalue, while the main register will

have collapsed to the corresponding eigenstate.

In Ref. [108], it was shown that using the time evolution operator as the

black-box unitary enables us to learn the eigenvalues of the Hamiltonian

that generates the time evolution. This idea was extended to finding the

ground state energies of electronic structure Hamiltonians in Ref. [24]. Us-

ing the canonical approach to phase estimation presented in Ref. [35], the

total evolution time required to achieve an error of ε in the eigenvalue es-

timate is T = 8π
ε . This assumes a success probability of 50%, and neglects

circuit synthesis and unitary approximation errors. In electronic structure

calculations, we typically seek ε ∼ 10−3 − 10−4. As a result, even if each

unit of time evolution could be implemented with a single gate, we would

need thousands of gates to realise phase estimation. In reality, we will need

many gates to implement each timestep. Phase estimation has been exper-

imentally demonstrated for a number of toy chemical systems, including

on: trapped ions [109], superconducting qubits [91], nitrogen-vacancy cen-

tre qubits [110], silicon photonic processors [111, 112], and nuclear mag-
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netic resonance devices [113, 114].

A number of studies have investigated the resources required to implement

phase estimation for molecular electronic structure Hamiltonians. Initial

investigations used Trotterization to implement the time evolution oper-

ator, and found that in a Gaussian orbital basis set, O(M11) gates would

be required [115]. While this was later reduced to O(M5.5) gates [116],

the high gatecount necessitates the use of quantum error correction. In

Ref. [68], it was shown that when considering the overhead of quantum er-

ror correction, applying phase estimation to a 108 spin-orbital active space

of the FeMoco molecule would require around 200 million physical qubits

(assuming physical error rates of 10−3), and take months to implement (us-

ing an optimistic assumption of 100 ns to perform each T gate).

Subsequent investigations have further reduced the complexity of phase

estimation, using a number of techniques. Replacing Trotterization with

the Taylor series approach to time evolution resulted in asymptotically more

efficient algorithms (although potentially with a larger constant factor over-

head) [117–119]. It was later observed that using qubitization directly (i.e.

without using quantum signal processing to fix the phases), would learn

the eigenvalues of arcsin(H) [120, 121]. As this operator is isospectral to

H , it is possible to apply the sine function to the measured eigenvalue, to

recover the desired energy value. This technique has since been used to

reduce the number of gates required to perform phase estimation on elec-

tronic structure Hamiltonians, both for plane wave basis sets [26], and for

Gaussian basis sets [27, 69, 72]. These latter works make use of efficient ten-

sor decompositions of the Coulomb operator to reduce the gate complexity

of implementing the qubitization oracle. Using the most efficient of these

approaches, applying phase estimation to a 152 spin-orbital active space

of the FeMoco molecule would require around 4 million physical qubits

(assuming physical error rates of 10−3), and take four days to implement
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(assuming a more realistic surface code cycle time of 10 µs) [27]. Despite

these significant improvements, it is clear that the deep circuits required

for quantum phase estimation will require the availability of fault-tolerant

quantum hardware. As a result, it is interesting to consider if there are

algorithms for finding the ground states of chemical systems that do not

require error correction.

3.1.3 Variational quantum eigensolver

The VQE in its canonical form is outlined in Fig. 3.1. The algorithm was

proposed and experimentally demonstrated on a photonic processor in

Ref. [94], and later elaborated upon in Ref. [122]. The VQE is a hybrid

quantum-classical algorithm, and typically exchanges an increased num-

ber of circuit repetitions for a reduced circuit depth, compared to quantum

phase estimation. At the core of the algorithm is the Rayleigh-Ritz varia-

tional principle, which states that for a parameterized trial wavefunction

〈Ψ(~θ)|H |Ψ(~θ)〉 ≥ E0, (3.9)

where E0 is the lowest energy eigenvalue of the Hamiltonian. As a result,

if we are able to efficiently prepare good trial states, measure their energy,

and search over the parameter space, we can attempt to find an optimal

approximation to the ground state. We use a quantum computer to prepare

trial states and measure their energy – with the justification that a quantum

processor may be able to prepare more powerful trial states than a classical

algorithm. A classical optimisation routine is then used to optimise the

system parameters, based on their previous values, and measurements of

the energy of the trial state (or related quantities, such as energy gradients).

The trial state is generated using a parameterized quantum circuit known

as the ‘ansatz’ circuit. I denote the ansatz circuit asU(~θ) = UN (θN ) . . . Uk(θk) . . . U1(θ1).
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Figure 3.1: A schematic of the VQE. The VQE attempts to find the ground
state of a given problem Hamiltonian, by classically searching for the op-
timal parameters ~θ which minimise 〈Ψ(~θ)|H |Ψ(~θ)〉. The state preparation
and measurement subroutines (red, upper left, and blue, right) are per-
formed on the quantum computer. The measured observable O(~θ) and pa-
rameter values are fed into a classical optimisation routine (green, lower),
which outputs new values of the parameters. The new parameters are then
fed back into the ansatz circuit. The ansatz circuit can include both parame-
terized and non-parameterized gates. This loop is repeated until the energy
converges. Reproduced with permission from Ref. [36].

Here, Uk(θk) is the kth single- or two-qubit unitary gate, controlled by pa-

rameter θk. Not every gate in the circuit needs to be parameterized, and

parameters can be set to a fixed value as desired. The trial state is then

given by |Ψ(~θ)〉 = U(~θ) |0̄〉. I discuss some of the ansatz circuits considered

in this thesis in Sec. 3.1.3.1.

In order to measure the energy, or related quantities such as the energy gra-

dient, a procedure known as ‘Hamiltonian averaging’ is used. As discussed

in Sec. 2.2.1, the Jordan-Wigner and Bravyi-Kitaev mappings convert sec-

ond quantised fermionic Hamiltonians into a weighted sum of Pauli strings.

We can calculate the energy of a trial state by summing the expectation val-

ues of each Pauli string in the Hamiltonian (multiplied by its corresponding
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coefficient). To obtain each expectation value, we repeatedly reinitialise the

processor, and prepare and measure the trial state. More formally, for a

Hamiltonian decomposed into a sum of Pauli strings, H =
∑

α hαHα

E(~θk) =

N∑
j

hj〈Ψ(~θk)|Hj |Ψ(~θk)〉. (3.10)

Refs. [122, 123] showed that the number of measurements Nm, required to

estimate the energy to a precision ε, is bounded by

Nm =

(∑
i |hi|

)2
ε2

, (3.11)

This leads to a scaling of O(M6/ε2) measurements in a Gaussian basis

set [124, 125]. A number of techniques have recently been developed to

reduce the large number of measurements that may be required to simu-

late realistic systems of interest. These techniques typically group together

terms that commute, and are discussed in more detail in Ref. [36].

As discussed above, a classical optimisation technique is used to update the

parameters in the ansatz circuit. A large number of different approaches

have been introduced, seeking to find the global optimum of the system

with either fewer measurements, and/or greater noise resilience. A selec-

tion of these results are reviewed in Refs. [36, 122, 123, 126]. These include

direct search methods such as: the Nelder-Mead simplex algorithm, sim-

ulated annealing, or particle-swarm optimistion. A number of gradient-

based methods have also been applied, including: vanilla gradient descent,

L-BFGS-B (an approximate Hessian method), and ADAM [127]. In Chap-

ter 4 I introduce an alternative approach to optimising parameterized quan-

tum circuits: ansatz-based imaginary time evolution. A key consideration

for any optimisation routine is what the starting values of the parameters
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should be. It was shown in Ref. [128] that when a randomly initialised

ansatz circuit forms a 2-design (i.e. the ansatz matches the Haar distri-

bution to the second moment), a given observable will concentrate to a

parameter-independent value, which causes energy gradients that are es-

sentially zero in all directions in parameter space. This is known as the

‘barren plateau’ problem, and was originally shown numerically for ‘hard-

ware efficient’-type ansätze (see Sec. 3.1.3.1) composed of single qubit ro-

tations on each qubit, followed by a ladder of entangling gates, repeated

in a number of layers [128]. It was originally claimed that more struc-

tured ansätze, such as the unitary coupled cluster ansatz (see Sec. 3.1.3.1)

may also be able to form a 2-design for systems with more than 10 spin-

orbitals, if the parameters were completely randomised [128]. However,

subsequent work [129] has suggested that the structured unitary coupled

cluster and Hamiltonian variational ansätze discussed in Sec. 3.1.3.1 are

‘usually trainable even when randomly initialized’. Nevertheless, it is im-

portant to bear in mind that this could be an artefact of the modest system

sizes classically simulated to date, and that it may be prudent to consider

analytically if such ansätze do indeed fulfil the conditions required to be

a 2-design. A number of methods have been suggested for mitigating the

barren plateau problem, including: using structured ansätze with good ini-

tial guesses [128, 130], training circuits in a layerwise fashion [131, 132], or

correlating related parameters in the ansatz [133].

The VQE has been experimentally demonstrated on many platforms, in-

cluding: photonic systems [94], trapped ion processors [134–137], and su-

perconducting qubits [91, 92, 138, 139]. While the VQE has enabled ac-

curate calculations of ground state energies of systems with up to twelve

qubits, it is still unclear if it will be able to surpass classical algorithms.

In particular, the ansatz circuits used need to be deep enough to create a
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powerful trial state, but not so deep that noise corrupts the calculation.

Moreover, the number of measurements required may be very large, lead-

ing to an unfeasibly long runtime, if the algorithm is not parallelised across

multiple processors [80].

3.1.3.1 Ansätze

In this thesis I utilise three different ansatz circuits for approximating ground

states on quantum computers. In Chapter 4, Sec. 4.4.1 I utilise ‘hardware ef-

ficient’ ansätze [92] for the simulation of the H2 and LiH molecules. These

ansätze are composed of repeated, dense circuit blocks, and seek to build

a flexible trial state using as few gates as possible. A major limitation of

hardware efficient ansätze is that it is unclear how to best initialise their

parameters in such a way that barren plateaus are avoided. In addition, as

the circuit is not tailored to the chemical problem at hand, it may be less

effective than a more specialised ansatz circuit.

In Chapter 4, Sec. 4.4.2 I use an alternative ansatz circuit, known as the

Hamiltonian variational ansatz [140], to investigate the Fermi-Hubbard model.

This ansatz was inspired by adiabatic state preparation and the quantum

approximate optimisation algorithm (a quantum-classical hybrid algorithm

for combinatorial optimisation problems that is similar to the VQE [141]).

The idea is to Trotterize an adiabatic evolution to the ground state, us-

ing a number of Trotter steps that may be insufficient for accurate results.

One can then variationally optimise the Trotter evolution times to create an

ansatz for the ground state. The ansatz is given by

U(~θ) =

S∏
s

∏
j

eiθ
s
jPj (3.12)

where Pj are the Pauli strings in the Hamiltonian, and S is the total number
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of steps used. Previous work has shown that this ansatz can prepare good

approximations to the ground state of the Fermi-Hubbard model using a

modest number of layers [81, 84, 140], and that each Trotter step can be im-

plemented with a low circuit depth [80–83].

In Chapter 5 I use a unitary coupled cluster (UCC) ansatz to simulate the

H2 molecule. This ansatz circuit is inspired by the classical coupled-cluster

(CC) method described in Sec. 2.1.3.2. While the CC method is non-variational,

and struggles to converge when applied to multireference states, the UCC

ansatz is able to overcome these limitations. As with the CC method, the

UCC ansatz considers excitations above an initial reference state

U(~θ) = eT−T
†
, (3.13)

where T =
∑

i Ti, and

T1 =
∑

i∈virt,α∈occ
tiαa

†
iaα,

T2 =
∑

i,j∈virt,α,β∈occ
tijαβa

†
ia
†
jaαaβ,

...

(3.14)

and occ are occupied orbitals in the reference state, and virt are orbitals

that are initially unoccupied in the reference state. The UCC ansatz was

originally proposed as a classical technique [142, 143], but is not efficient

to simulate on classical computers, as eT−T
†

has a non-terminating Baker-

Campbell-Haussdorf expansion. However, the ansatz has an efficient im-

plementation on quantum hardware – as first noted by Ref. [94]. A com-

prehensive review of the UCC method is given in Ref. [123]. One approach

to implementing the UCC operator is through Trotterization. It is currently

unclear as to whether the optimisation step of the VQE is able to compen-
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sate for the Trotter error introduced, and different conclusions have been

reported in the literature for strongly correlated systems [123, 144, 145].

For the simulations of the H2 molecule presented in Sec. 5.4, I ordered the

spin-orbitals as

|fσu↓ , fσg↓ , fσu↑ , fσg↑〉 . (3.15)

The most general state (with the same spin and electron number as the

Hartree-Fock state) for the 4 qubit Jordan-Wigner mapped H2 molecule is

given by

|ψH2〉 = α |0101〉+ β |1010〉+ γ |1001〉+ δ |0110〉 . (3.16)

This state can be generated using a singlet UCC ansatz, considering single

and double excitations above the Hartree-Fock state (UCCSD). For H2, the

only operators which do not change the sz value of the molecule when act-

ing upon the Hartree-Fock state are: a†1a0, a
†
3a2, a

†
3a
†
1a2a0. Other valid op-

erators are equivalent to these operators, and can be combined with them.

The singlet UCCSD operator then takes the form

U = et10(a†1a0−a
†
0a1)+t32(a†3a2−a

†
2a3)+t3120(a†3a

†
1a2a0−a

†
0a
†
2a1a3). (3.17)

Using the Jordan-Wigner encoding gives

(a†1a0 − a†0a1) =
i

2
(X1Y0 − Y1X0)

(a†3a2 − a†2a3) =
i

2
(X3Y2 − Y3X2)

(a†3a
†
1a2a0 − a†0a

†
2a1a3) =

i

8
(X3X2Y1X0 + Y3X2X1X0 + Y3Y2Y1X0 + Y3X2Y1Y0

−X3Y2Y1Y0 − Y3Y2X1Y0 −X3Y2X1X0 −X3X2X1Y0).

(3.18)

I split the UCCSD operator using a single Trotter step, resulting in a product

of exponentiated Pauli strings. Each of these terms was implemented using
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the decomposition given in Ref. [35]. The resulting singlet UCCSD ansatz

circuit for H2 contains 92 single-qubit gates and 56 two-qubit gates.

3.2 Quantum error mitigation and correction

So far, I have considered noiseless quantum circuits, which can be described

with unitary operators applied to pure state wavefunctions. In order to

treat noise in its fully generality, it becomes necessary to consider quantum

circuits as being represented by completely positive trace preserving maps,

known as quantum channels [35]. These channels are applied to density

operators, which can represent either pure or mixed states. Deviation from

the intended unitary dynamics of the circuit applied can occur for a number

of reasons, which I loosely divide into two categories: decoherence caused

by interaction with the environment, and control errors. In reality, there

will be significant overlap between these two categories. Accounting for

these errors from first principles modelling is a challenging and complex

task [146]. This motivates the use of simple models, designed to capture

the effects of common noise channels. For example, one could approxi-

mate some systematic control errors as coherent over-rotations – as might

result from a miscalibrated microwave pulse. Such an error model could

be described by operations like Rz(θ) → Rz(θ + δ). Alternatively, we can

consider stochastic error models that account for Markovian, incoherent

errors in a system. A simple and commonly used error model, that fea-

tures throughout this thesis, is the depolarising channel. The single-qubit

depolarising channel is given by

E(ρ) = (1− p)ρ+
p

3
(XρX + Y ρY + ZρZ), (3.19)

where X,Y, Z are the Pauli gates applied to the noisy qubit, and p is the

probability of an error occurring. The two-qubit depolarising channel is
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given by

E(ρ) = (1− p)ρ+
p

15

∑
i,j

(Oi,1Oj,2ρO
†
i,1O

†
j,2), (3.20)

where Oi,q is the operator Oi acting on qubit q, and Oi runs over I,X, Y, Z,

and the possibility Oi = Oj = I is not included (this possibility, of no error

occurring, is described by the term outside of the sum). Note that the two-

qubit depolarising channel is not the tensor product of two single-qubit

depolarising channels, and thus represents a correlated noise model. In

some scenarios, depolarising noise has been found to provide a reasonable

approximation for the noise present in real devices – for example, in the

case of random circuits running on superconducting processors [147]. As

discussed above, we can think of the value p as being the error rate of the

hardware in such a noise model. Typical values of p for existing hardware

range from O(10−2) [148] to O(10−3) [147, 149, 150], but have not been

improved below this threshold since it was first achieved.

3.2.1 Error mitigation

If we consider a stochastic and Markovian error model, such as the depo-

larising model discussed above, then one interpretation of the model is that

after each gate there is an independent chance of an error occurring. If we

consider a circuit with 1000 gates, each with an error rate of p = 10−3, then

on average, we would expect one error to occur each time the circuit is run.

Nevertheless, on some executions of the circuit, we would expect no errors

to occur. If our algorithm is one where the results are averaged across mul-

tiple circuit executions (as with the VQE), then it is desirable to extract the

noiseless signal from the noisy data. This is the goal of error mitigation

techniques. These techniques can be distinguished from quantum error

correction, in that they do not correct errors, and so are not scalable tech-

niques. If too many noisy gates are applied, then the noiseless signal will
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be negligibly small. A typical rule of thumb is that on the order of one error

per circuit is an appropriate target for error mitigation techniques [30, 151].

Similarly, unlike dynamical decoupling or spin echos, the approaches dis-

cussed below do not improve the error rate of the gates applied. Neverthe-

less, these techniques effectively reduce the error rate of the calculation, by

combining the results of an increased number of calculations in such a way

that the noiseless component of the signal is amplified.

Figure 3.2: The extrapolation method of error mitigation. The noise in the
system is deliberately increased to measure the value of the observable at a
number of error rates. We infer an underlying error model based on these
results, and use this to predict the noiseless observable value. This extrap-
olation increases the variance of the observable expectation value.

One of the first error mitigation techniques developed was the extrapo-

lation technique [29, 152]. The motivation for error extrapolation is that

the expectation value of the measured observable should change smoothly

with the magnitude of noise in the system. If one source of error can be
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considered as ‘dominant’, then we can imagine a curve plotted out by the

observable value as a function of the error rate, as shown in Fig. 3.2. By

deliberately ‘boosting’ the level of noise in the system, we can measure a

number of data points along this underlying curve. We can then try to de-

vise a model for the data, and use this to model to estimate the noiseless

value of the observable. Initial proposals considered a linear extrapola-

tion, motivated by a Taylor expansion of the observable value [29, 152].

Subsequent works have shown that better fits can be obtained by using

exponential extrapolations [30], or multi-exponential functions [151, 153].

There are a number of possible approaches to boosting the dominant noise

rate. One initial proposal was to convert the noise into a stochastic Pauli

channel through Pauli twirling, and then to ‘drop in’ additional Pauli er-

rors with the appropriate probabilities [152]. Subsequent works have con-

sidered physically stretching the duration of gates implemented via mi-

crowave pulses [138], or by inserting gate-inverse identity resolutions after

each gate (e.g. replacing a CNOT gate by three CNOTs) [154]. I employ the

linear extrapolation technique in Chapter 5, and exponential extrapolation

in Chapter 7.

An alternative error mitigation method known as the ‘quasiprobability tech-

nique’, was introduced at the same time as error extrapolation [29]. The

quasiprobability technique requires the user to learn an accurate error model

for all of the noisy processes in the circuit. It is then possible to express an

inverse channel for each of these noisy channels. In general, these inverse

channels may be unphysical operations. However, the expectation value

with respect to the noiseless circuit (obtained by following each noisy phys-

ical gate with its potentially unphysical inverse channel) can be expanded

as a sum of expectation values, each taken with respect to a different noisy

circuit. By sampling from these circuits, we can estimate the noiseless ex-
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pectation value. The classical process of weighting and summing the dif-

ferent expectation values resembles simulating a probabilistic operation.

However, in this case, some of the probabilities can be negative – thus the

name ‘quasiprobability technique’. A number of follow-up investigations

have developed the error model learning process [30, 155, 156]. I do not

make use of the quasiprobability technique in this thesis, but will briefly

discuss how it could be useful for the work presented in Chapter 7.

A third approach to error mitigation is the quantum subspace expansion [157,

158]. While this technique was primarily introduced to find the excited

states of quantum systems, it was noted that the method could also sup-

press the effects of errors. The subspace expansion works by considering

a set of excitation operators applied to the eigenstate of interest, and us-

ing the states generated to form an incomplete basis. For example, we

could consider the set of all single-qubit Pauli operators. By measuring an

overlap matrix Sij = 〈ψ|PiPj |ψ〉, and the Hamiltonian matrix in this basis

HQSE
ij = 〈ψ|PiHPj |ψ〉, we can construct and solve a generalised eigen-

value problem to better approximate the desired state. If the effect of noise

is small, then the noisy states may live in the subspace spanned by the

states {Pi |ψ〉}, allowing us to mitigate the noise with this procedure.

A number of recent works have considered how error mitigation could be

tailored to the problem at hand. In particular, these works have considered

how we might be able to use our knowledge of the symmetries present in

simulations of physical systems to reduce the impact of noise. I discuss my

proposal for such an approach (Ref. [159]) in Chapter 5. Such approaches

typically seek to filter out circuit executions which lead to a violation of

known symmetries. This can be achieved in a number of ways: by using

stabiliser checks with additional ancilla qubits to detect changes in particle
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number [159, 160], by effectively projecting the density matrix to a ‘physical

state’ manifold through taking additional measurements [139, 160–162], or

by changing into a basis where all Hamiltonian terms commute with the

particle number operator, allowing one to directly post-select on particle

number [163].

3.2.2 Error correction

As discussed above, error mitigation techniques do not provide a scalable

solution for tackling noise. In order to run arbitrarily long circuits it is

necessary to be able to correct errors during the calculation. This can be

achieved through quantum error correction (QEC). In this section I provide

a brief overview of QEC, and direct the reader to Refs. [164–167] for fur-

ther details. Initial approaches to QEC were heavily influenced by classical

error correction techniques. Many of these techniques redundantly store

information by encoding an unprotected bit into an error correcting code,

constructed from several bits. The code is constructed such that measuring

combinations of ‘check’ operators on groups of bits flags when errors have

occurred. These ‘syndrome measurements’ are used in conjunction with a

decoding algorithm to infer the most likely errors that could have occurred,

and thus what corrective action should be taken.

Although protecting quantum information utilises many of the same ideas

as protecting classical information, QEC is more complicated than its clas-

sical counterpart. While classical information only needs to be protected

against errors which flip or lose bits, qubits can undergo bit flips, loss, leak-

age from the computational subspace, and phase flip errors. Furthermore,

while classical information can be copied to provide redundancy, the no-

cloning theorem of quantum mechanics means that redundancy must be

created in quantum codes more carefully. Finally, the syndrome measure-

ments must be carefully constructed such that no information about the
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logical state of the system is learnt, as this would collapse the superposi-

tion that we are trying to protect. The number of single-qubit errors that a

code can detect and/or correct is determined by the ‘distance’ of the code.

In order to ascertain how effective a proposed quantum error correcting

code may be, we need a model for the noise in the system. It has been

shown that if the noise is sufficiently well behaved (e.g. noise is local, and

correlations are limited) then error correction may be performed in a ‘fault

tolerant’ manner [168–170]. This means that even if we assume that all

quantum operations (i.e. syndrome measurement, corrective operations)

are noisy [171], we are still able to suppress noise to an arbitrarily low value

by scaling up the code – provided that the noise is below a code-dependent

value known as the code threshold. ‘Scaling up’ the code can be achieved

by concatenating multiple codes, or by growing some codes (e.g. the sur-

face code).

Fault tolerant gates are typically achieved by using constructions that limit

the spread of physical errors. An example is the use of transversal logi-

cal gates, which can be implemented by applying a physical gate indepen-

dently on the individual physical qubits that encode the logical qubit. As-

suming only one physical gate error occurs, then the logical qubit contains

only one erred physical qubit. This can be identified and corrected using

QEC. For example, the Steane code can implement all single-qubit Pauli

and Clifford operations, and the CNOT gate, transversally [172]. However,

the Eastin-Knill theorem [173] shows that quantum error correcting codes

cannot possess a universal set of gates that can be implemented transver-

sally. As a result, more complex fault tolerant constructions are required

to achieve universal fault tolerant quantum computing (see Refs. [174, 175]

for recent summaries of these approaches).
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One of the most widely studied error correcting codes is the surface code [176].

Its popularity stems from its comparatively high fault tolerant threshold

of around p = 10−2 [177–179], as well as its compatibility with a 2D grid

of physical qubits with nearest-neighbour connectivity. This is a realistic

architecture for many solid state qubits. The surface code possesses sepa-

rate distances against X and Z errors, determined by the length and width

of the 2D array of physical qubits. Universality is typically achieved in

the surface code using a Clifford + T or Clifford + Toffoli gateset. The

Clifford operations can be implemented through approaches including de-

fect braiding [180] or lattice surgery [181], while T/Toffoli gates can be

implemented using a process known as magic state distillation and in-

jection [182]. Magic states are logical qubit states that can be consumed

through gate teleportation to execute non-Clifford operations on other qubits

in the circuit. The gate teleportation process can be implemented using

only Clifford operations. An example magic state is |A〉 = 1√
2

(
|0〉+e

iπ
4 |1〉

)
,

which can be used to implement a T gate. High quality magic states can be

generated through a process known as distillation. This procedure uses

a circuit encoded in a higher-level code with a transversal T/Toffoli gate.

The circuit takes as input a number of noisy magic states (encoded in sur-

face code logical qubits), injects them to perform a transversal non-Clifford

gate, and – subject to check operations of the higher-level code passing

– outputs a less noisy magic state. This higher quality magic state can

be input to further rounds of distillation, or injected into the main com-

putation. If the checks fail, the qubits are discarded, and the process is

repeated. Arbitrary angle single-qubit rotations can be synthesised from

these T/Toffoli gates. The number of T/Toffoli gates required per rota-

tion depends logarithmically on the inverse of the synthesis error [183]. A

reasonable assumption for calculations of the size considered in this the-

sis is that around 100 T/Toffoli gates per single-qubit rotation would suf-
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fice [184]. Magic state distillation was previously believed to account for

the majority of resources in most fault tolerant computations, even if the

T gates were performed in a serial fashion. Recent work has shown that

this is not necessarily the case [185, 186]. However, we can consider adding

additional physical qubits for distilling magic states in parallel to speed up

computations (so-called ‘space-time’ tradeoffs).

Such tradeoffs may be necessary because the clock-speed of error corrected

quantum computers may be significantly slower than that of the underly-

ing physical hardware. For example, in the surface code the time taken to

implement logical operations scales with the code distance (because syn-

drome measurements may be noisy, and so must be repeated a number

of times to determine the most likely error). This is not a property of all

error correcting codes [187] – but clearly implementing logical operations

must take at least as long as implementing the same operations on physical

qubits.

Given the potentially high cost of implementing non-Clifford operations

(like the T or Toffoli gates) in the surface code, the number of such op-

erations in an algorithm is typically taken as an appropriate cost metric.

Together with details such as how quickly magic states can be distilled and

consumed, and the error rate of the physical hardware, this value can be

used to estimate how many physical qubits would be required to protect

the logical qubits from errors for the duration of the computation. Based

on current physical error rates of p = 10−3, many estimates suggest that

around 103 − 104 physical qubits per logical qubit may be required to per-

form interesting tasks in a fault-tolerant manner [174, 188, 189]. This results

in estimates of around 3×109 T/Toffoli gates and 2×107 physical qubits to

factor 2048-bit RSA integers using Shor’s algorithm [190], or around 7×109

T/Toffoli gates and 4×106 physical qubits to simulate classically intractable

models of the FeMoco molecule [27]. Clearly it will be exceptionally chal-
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lenging to build quantum computers of this size, and so it is valuable to ask

if there are useful applications that could be tackled with fewer resources. I

discuss one such proposal – analysing muon spectroscopy data – in Chap-

ter 7.
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4.1 Chapter summary

This chapter investigates a hybrid quantum-classical algorithm for ansatz-
based imaginary time evolution. This algorithm was originally reported in
Ref. [191]:

Variational ansatz-based quantum simulation of imaginary time evolution
S. McArdle, T. Jones, S. Endo, Y. Li, S.C. Benjamin, & X. Yuan
Nature Partner Journal Quantum Information 5 (1), 1-6 (2019)

My contributions in that publication were: conceiving of the idea of im-
plementing imaginary time evolution on a quantum computer, working
with Xiao Yuan to develop the algorithm, performing the initial numeri-
cal simulations on the H2 and LiH molecules, assisting with the follow-up
numerical simulations on LiH (performed by Tyson Jones), and analysing
the asymptotic costs of the algorithm. This algorithm was later generalised
to consider non-Hermitian Hamiltonians, for the purpose of finding the
ground states of ‘transcorrelated’ Hamiltonians, in Ref [192]:

Improving the accuracy of quantum computational chemistry using the
transcorrelated method

S. McArdle & D.P. Tew
arXiv:2006.11181 (2020)
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My contributions to this work were: proposing and developing the idea to
use the ansatz-based imaginary time algorithm to simulate the transcorre-
lated Hamiltonian, and carrying out all numerical simulations.

4.2 Introduction

This thesis is concerned with the quantum simulation of quantum sys-

tems, with a particular focus on finding ground states. A common classical

method for calculating the ground states of quantum systems is to evolve

them in imaginary time [193]. If we evolve a state |ψ〉 =
∑

j cj |Ej〉 (where

|E0〉 is the non-degenerate ground state) in imaginary time

lim
τ→∞

e−Hτ |ψ〉√
〈ψ| e−2Hτ |ψ〉

= lim
τ→∞

∑
j cje

−τEj |Ej〉√∑
k |ck|2e−2τEk

= |E0〉 .

(4.1)

The denominator is required to enforce normalisation of the state. The

amplitudes of higher energy states decay exponentially with the magni-

tude of their energy above the ground state. A number of classical meth-

ods seek to efficiently approximate this evolution for certain systems, such

as the time evolving block-decimation algorithm [194] applied to tensor

network approaches, or the full configuration interaction quantum Monte

Carlo (FCIQMC) technique [60]. An interesting feature of these imaginary

time-based methods, is that they do not rely on the Rayleigh-Ritz varia-

tional principle. This means that these methods can be compatible with

non-Hermitian Hamiltonians, which arise in a number of settings in many-

body physics – including the explicit treatment of electron correlation in

quantum chemistry. I will discuss this application in detail in Sec. 4.3.2.

Unfortunately, it appears inefficient to exactly simulate imaginary time evo-
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lution of a general quantum system, using a classical computer. This stems

from the widely held belief that the memory required to store a general

quantum state grows exponentially with the size of the simulated system.

This is normally the point at which quantum computing is invoked as the

path forwards, as it enables us to store general wavefunctions with poly-

nomially scaling resources. However, implementing imaginary time evo-

lution on a quantum computer is not straightforward. Imaginary time evo-

lution is a non-unitary, but deterministic, process. In contrast, the gates ap-

plied to quantum computers are unitary, while measurements realise non-

unitary transforms with probabilistic outcomes. In this chapter, I will dis-

cuss a hybrid quantum-classical algorithm for implementing ansatz-based

imaginary time evolution. This approach exploits the ability of quantum

hardware to store many-body quantum states, and the ability of classical

computers to simulate arbitrary (including unphysical) processes. I will

then apply this algorithm to the problem of finding the ground states of

electronic structure Hamiltonians, including non-Hermitian explicitly cor-

related Hamiltonians.

4.3 Theoretical background

4.3.1 Ansatz-based quantum imaginary time evolution

The imaginary time algorithm was inspired by a similar approach for sim-

ulating real time evolution [152]. These ‘variational quantum simulation’

algorithms were later formalised in a unified framework in Ref. [195]. They

proceed by using an ansatz circuit, U(~θτ/t), to represent the state of the

quantum system at a given point τ/t on its imaginary/real time trajectory.

To push the state forwards in time, the circuit parameters are evolved ac-

cording to an update rule. This rule is derived from an appropriate varia-

tional principle applied to the corresponding time-dependent Schrödinger
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equation. The algorithms seek the state that is closest in distance to the

state obtained from ‘true’ time evolution, but that can still be prepared by

the ansatz circuit. For the case of imaginary time evolution, the minimisa-

tion of an energy cost function thus happens as a corollary of a sufficiently

long propagation, rather than due to an application of the Rayleigh-Ritz

variational principle. As such, the method should be able to converge to

the ground states of both Hermitian and non-Hermitian Hamiltonians.

Here, I re-derive the evolution of parameters formula corresponding to

imaginary time evolution under a Hamiltonian that may be non-Hermitian,

H ′. We seek to propagate an initial state in imaginary time, according to the

equation

|φ(τ)〉 =
e−H

′τ |φ(0)〉√
〈φ(0)| e−H′†τe−H′τ |φ(0)〉

. (4.2)

We can verify that this state satisfies a modified version of the imaginary

time Schrödinger equation

∂ |φ(τ)〉
∂τ

= −[H ′ −<(Eτ )] |φ(τ)〉 , (4.3)

where <(Eτ ) is the real part of Eτ = 〈φ(τ)|H ′|φ(τ)〉, and is necessary to

maintain normalisation. McLachlan’s variational principle [196] applied to

Eq. (4.3), gives

δ|(∂/∂τ +H ′ −<(Eτ )) |φ(τ)〉 | = 0 (4.4)

where

|(∂/∂τ+H ′−<(Eτ )) |φ(τ)〉 | =
(

(∂/∂τ+H ′−ER) |φ(τ)〉
)†(

∂/∂τ+H ′−ER) |φ(τ)〉
)
,

(4.5)

and ER = <(〈φ(τ)|H ′|φ(τ)〉). We restrict the algorithm to states that can be

created by an ansatz circuit |Φ(τ)〉 = |Φ(~θτ )〉. McLachlan’s principle then
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aims to minimise the Euclidean distance between the updated parameter-

ized state, and the state after true evolution in imaginary time. Replacing

|φ(τ)〉with |Φ(τ)〉, yields

|(∂/∂τ +H ′ − ER) |Φ(τ)〉 |

=

(
(∂/∂τ +H ′ − ER) |Φ(τ)〉

)†(
(∂/∂τ +H ′ − ER) |Φ(τ)〉

)
=

(
∂ 〈Φ(τ)|
∂τ

+ 〈Φ(τ)|H ′† − 〈Φ(τ)|ER
)(

∂ |Φ(τ)〉
∂τ

+H ′ |Φ(τ)〉 − ER |Φ(τ)〉
)

=
∑
i,j

∂ 〈Φ(τ)|
∂θi

∂ |Φ(τ)〉
∂θj

θ̇iθ̇j +
∑
i

∂ 〈Φ(τ)|
∂θi

(H ′ − ER) |Φ(τ)〉 θ̇i

+
∑
i

〈Φ(τ)| (H ′† − ER)
∂ |Φ(τ)〉
∂θi

θ̇i + 〈Φ(τ)| (H ′† − ER)(H ′ − ER) |Φ(τ)〉 .

(4.6)

Choosing to minimise the function with respect to θ̇i, we obtain

∂|(∂/∂τ +H ′ − ER) |Φ(τ)〉 |
∂θ̇i

=
∑
j

(
∂ 〈Φ(τ)|
∂θi

∂ |Φ(τ)〉
∂θj

+
∂ 〈Φ(τ)|
∂θj

∂ |Φ(τ)〉
∂θi

)
θ̇j

+
∂ 〈Φ(τ)|
∂θi

(H ′ − ER) |Φ(τ)〉+ 〈Φ(τ)| (H ′† − ER)
∂ |Φ(τ)〉
∂θi

.

(4.7)

McLachlan’s variational principle requires

∂|(∂/∂τ +H ′ − ER) |Φ(τ)〉 |
∂θ̇i

= 0, (4.8)
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We then let

Aij = <
(
∂ 〈Φ(τ)|
∂θi

∂ |Φ(τ)〉
∂θj

)
=

1

2

(
∂ 〈Φ(τ)|
∂θi

∂ |Φ(τ)〉
∂θj

+
∂ 〈Φ(τ)|
∂θj

∂ |Φ(τ)〉
∂θi

)
,

Ci = <
(
∂ 〈Φ(τ)|
∂θi

H ′ |Φ(τ)〉
)

=
1

2

(
∂ 〈Φ(τ)|
∂θi

H ′ |Φ(τ)〉+ 〈Φ(τ)|H ′†∂ |Φ(τ)〉
∂θi

)
,

(4.9)

and use

−ER
(
∂ 〈Φ(τ)|
∂θi

|Φ(τ)〉+ 〈Φ(τ)| ∂ |Φ(τ)〉
∂θi

)
= −ER

(
∂

∂θi
〈Φ(τ)|Φ(τ)〉

)
= −ER

(
∂

∂θi
1

)
= 0

(4.10)

to obtain an equation for the evolution of the parameters ~θ

∑
j

Aij θ̇j = −Ci. (4.11)

For the case of a Hermitian Hamiltonian H ′ = H ′†, these equations are

identical to those derived in Ref. [191].

We can evolve the state forwards by a timestep δτ in imaginary time by

updating the parameters according to an Euler update rule

~θ(τ + δτ) ' ~θ(τ) + ~̇θ(τ)δτ = ~θ(τ)−A−1(τ) · C(τ)δτ. (4.12)

For this equation to be applied, the matrix A needs to be invertible. It

is often the case that A is underdetermined, in which case regularisation

methods (such as a truncated singular value decomposition, or Tikhonov
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regularisation) are applied. By repeating this process (of calculating A and

C, and updating the parameters) NT = τtotal/δτ times, we can simulate

imaginary time evolution over a duration τtotal.

Following the release of Ref. [191], it was shown that it is necessary to in-

clude an additional parameter, corresponding to the global phase of the

state [195]. This is necessary because even if the trial state is able to ap-

proximate the true evolution up to a global phase, the derivatives of the

two states may differ substantially. More formally, the consideration of

global phase is required to ensure that the metric matrix A is gauge invari-

ant under the global phase gauge transform (see Ref. [197]). As a result, we

must evolve the global phase of the trial state in order to match it to that of

the true evolution. The global phase can be included by either adding an

additional Rz gate to the beginning of the circuit (i.e. applied to a qubit in

the |0〉 state, upon which it acts trivially), or by including additional terms

in the A matrix, as discussed in Ref. [195].

When these additional terms are included in the A matrix, it is equivalent

to the Fubini-Study metric, which is an analogue of the Fisher informa-

tion applied to the ansatz. The matrix A is a metric on the ansatz space,

which encodes how sensitive the ansatz state is to changes in the individ-

ual parameters. When the Hamiltonian H ′ is Hermitian, the vector C is the

gradient vector of the energy cost function. I have not found a similarly

simple interpretation of C for the case of non-Hermitian Hamiltonians. Fo-

cusing on the case of a Hermitian Hamiltonian, we see that our method can

be viewed as updating the parameters according to a gradient descent rule,

with the addition of a metric matrix that re-parameterizes the ansatz space.

Subsequent works have shown that the method is equivalent to a quantum

analogue of ‘natural gradient descent’, a powerful optimisation technique

in classical machine learning [127, 198].
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In addition to being able to prepare the ansatz state on a quantum com-

puter, we need to be able to measure the elements Aij and Ci using quan-

tum hardware. We can often write our ansatz circuit in the form U(~θ) =∏
j Uj(θj), with parameterized gates of the form eiθjPj , where Pj is a Pauli

string. In this case, if |Φ(~θ)〉 = U(~θ) |0̄〉, then

∂ |Φ(~θ)〉
∂θj

=
∂

∂θj
U(~θ) |0̄〉 = i

(∏
k>j

Uk(θk)

)
PjUj(θj)

(∏
i<j

Ui(θi)

)
|0̄〉 = iV̄j |0̄〉 .

(4.13)

That is, we can generate the derivative vector using a unitary circuit V̄j

that differs from the ansatz unitary only in the insertion of the gate Pj at

position j in the circuit. Given quantum circuits that generate the unitaries

W,Λ, we can measure the real part of 〈0̄|WΛ |0̄〉 using the Hadamard test

circuit shown in Fig. 4.1.

|0〉a H • H

|0̄〉 Λ W †

Figure 4.1: A quantum circuit to evaluate the real part of 〈0̄|WΛ |0̄〉, which
forms a core component of the imaginary time algorithm.

Because the circuits used to generate the derivative wavefunctions only

differ from the original ansatz (or circuits that generate derivatives with

respect to other parameters) in a small number of locations, we can signifi-

cantly reduce the number of controlled gates present in the construction of

Fig. 4.1. In order to apply this method to calculate the elements of the vec-

torC, we must first decompose the Hamiltonian into a sum of Pauli strings.

We can then measure the elements of C using circuits such as that shown in

Fig. 4.2. Note that it is necessary to measure the Y operator on the ancilla

qubit when measuring the terms Cj , due to the prefactor of i that enters

Eq. (4.13). We can use a similar construction to measure the terms Aij , as
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shown in Fig. 4.3. These techniques can also be applied to ansätze with

more complicated structure than those discussed above – but the simple

case is sufficient for the examples presented herein.

|0〉a H • • Rx(π2 )

|0̄〉 U(~θ0:j−1) Pj eiθjPj U(~θj+1:n) Hλ

Figure 4.2: A circuit to measure an element of the gradient vector, C. In
this case, we seek Cj , where the jth gate in the circuit is eiθjPj , and are
measuring the Pauli string Hλ in the Hamiltonian. It is also possible to
measure this term without introducing an additional probe qubit [199, 200].

|0〉a H • • H

|0̄〉 U(~θ0:j−1) Pj eiθjPj U(~θj+1:k−1) Pk eiθkPk

Figure 4.3: A circuit to evaluate theAjk element of the metric matrix. When
measuring these terms, we only need to simulate gates up to position k in
the original ansatz circuit, which can reduce the required circuit depth.

These circuits must be repeated many times in order to evaluate each ele-

ment of the A matrix or C vector. Recent work has examined the optimal

way to distribute a fixed number of measurements between the elements,

observing that it is necessary to obtain the highest precision on the ele-

ments of C [201]. As the expectation values are obtained by direct sam-

pling, the error in our estimate will scale as O(1/
√
M), where M is the

number of samples used for a given element. On each iteration of our al-

gorithm, populating C requires O(MCNHNp) measurements, where MC is

the number of measurements required to ascertain a Hamiltonian term to

the required precision, NH is the number of terms in the Hamiltonian, and

Np is the number of parameters in the ansatz. Populating the metric A re-

quires an additional O(N2
pMA) measurements, where MA is the number of
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measurements required to ascertain an element of the A matrix to the re-

quired precision. Typical ansätze for the electronic structure problem can

have a comparable number of parameters to Hamiltonian terms. In these

cases, the additional measurements required to populate the metric do not

alter the asymptotic scaling of the algorithm. In addition, numerical results

indicate that often MA << MC , further reducing the additional cost of this

method over standard gradient descent [191, 202].

A limitation of the algorithm is that the ansatz may not be able to accu-

rately describe all states on the true imaginary time trajectory. If we seek

the ground state of the Hamiltonian, this may not be as problematic as if

we wish to faithfully simulate the imaginary time dynamics. Provided er-

rors due to a constrained ansatz do not cause the simulation to become

trapped in local minima, we do not mind if the evolution deviates from the

path of true imaginary time evolution, as ultimately, it will still be driven

towards the ground state. A similar argument can be made regarding the

effect of both gate and measurement errors on the algorithm; provided the

deviations from true imaginary time evolution caused by noise are suffi-

ciently small, the algorithm should still drive the state towards the ground

state. Although noise is not explicitly investigated in this chapter, it is

likely the case that both gate and measurement errors could be treated on

a similar footing, from an algorithmic perspective. In cases where mea-

surement error dominates, the algorithm may benefit from the fact that we

only measure a single qubit to populate the A and C matrices, thus reduc-

ing the number of fault locations. Moreover, measurement errors can often

be addressed by efficient error mitigation strategies (even if an accurate

model for the readout noise is not known), for example, those presented in

Ref. [203].

This is expected to be the case for both Hermitian and non-Hermitian Hamil-
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tonians. A class of non-Hermitian Hamiltonians that may be of interest are

‘transcorrelated’ electronic structure Hamiltonians, which can be used to

reduce the resources required in quantum chemistry calculations. In the

following section, I review the transcorrelated method, and other related

explicitly correlated techniques. I then apply ansatz-based imaginary time

evolution to such Hamiltonians in Sec. 4.4.2. Benchmark simulations of

Hermitian electronic structure Hamiltonians are presented in Sec. 4.4.1.

4.3.2 Explicit correlation & the transcorrelated method

As discussed in Chapter 2, when solving the electronic structure problem

we typically utilise a basis of single-particle functions. The wavefunction is

then given by an expansion in antisymmetrised products of these functions

(Slater determinants). This approach makes it costly to account for dynamic

correlation in the wavefunction, as this parametrization is inefficient at re-

solving the electron-electron cusps. This inefficiency was formalised by

Kato [204], who specified the conditions that wavefunctions must fulfil to

accurately describe the dynamic correlation in the system. Wavefunctions

constructed from products of single particle orbitals do not fulfil these con-

ditions [205]. Superior convergence can be obtained by including functions

with a dependence on the inter-electronic distances. These methods are col-

lectively known as ‘explicitly correlated methods’, and have been reviewed

in Refs. [41, 206, 207]. These techniques were employed from the earliest

days of computational chemistry [208, 209]. Unfortunately, direct imple-

mentations of such approaches are constrained by the requirement to carry

out N ! N -electron integrals, which restricts calculations to systems with at

most around 6 electrons [41]. Related methods, such as R12 and F12 meth-

ods [210], circumvent this limitation and have been successfully applied to

large system sizes, but introduce approximations that can complicate cal-

culations [41].
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An alternative approach to addressing dynamic correlation in the wave-

function (and the method considered in this chapter) is the transcorrelated

(TC) method. The TC method was introduced by Boys and Handy [211,

212], following the earlier work of Ref. [213]. These works observed that

rather than considering the wavefunction to be transformed by an auxil-

iary function that describes dynamic correlation, it is equivalent to consider

the Hamiltonian to be transformed by the auxiliary function. This can be

likened to transforming between the Schrödinger and Heisenberg pictures

of quantum mechanics. To apply the TC method, we use a trial wavefunc-

tion

|ψ〉 = e
∑
i<j f(ri,rj) |φ〉 = eĝ |φ〉 (4.14)

where |ψ〉 is the wavefunction of the system prior to projection onto a basis,

f(ri, rj) is a symmetric, real function of the positions of electrons i and j

(referred to as a Jastrow factor), and |φ〉 is a wavefunction that does not

explicitly depend on inter-electronic distances. Considering the solutions

of the real space electronic structure Hamiltonian, H (i.e. before projection

onto a basis set), we see that

H |ψi〉 = Ei |ψi〉 (4.15)

→ Heĝ |φi〉 = Eie
ĝ |φi〉 (4.16)

→ e−ĝHeĝ |φi〉 = Ei |φi〉 . (4.17)

I defineH ′ = e−ĝHeĝ as the transcorrelated Hamiltonian. While the explic-

itly correlated wavefunction |ψi〉 is an eigenstate of the original Hamilto-

nian, we can obtain the same eigenvalue by finding the wavefunction |φi〉,

which is an eigenstate of H ′. As |φi〉 is not explicitly correlated, it may be

easier to determine than |ψi〉. As the transformation eĝ is not unitary, the TC

Hamiltonian H ′ is no longer Hermitian. This leads to a number of issues,

most notably a lack of variational lower bound on the ground state eigen-
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value, which arises because non-eigenstates may have complex energy ex-

pectation values. The lack of a variational lower bound precludes the use

of many conventional techniques in classical computational chemistry, as

well as quantum algorithms like the variational quantum eigensolver.

The Jastrow factor is chosen to regularise the Hamiltonian, such that the

TC Hamiltonian is free from singularities, and to ensure that the function

eĝ |φi〉 satisfies the cusp conditions in the region of the electron-electron and

electron-nucleus coincidences. Since the TC transformation is performed

prior to projection onto a basis set, the projected TC Hamiltonian is not

isospectral with the original projected Hamiltonian, except in the limit of

an infinite basis set. If both the TC Hamiltonian and the unmodified Hamil-

tonian are projected onto the same single particle basis set, the TC Hamil-

tonian will yield energies closer to those obtained in the basis set limit. As

a result, transcorrelated calculations are able to achieve a similar accuracy

to an unmodified calculation, while using fewer spin-orbitals. In a quan-

tum setting, using fewer spin-orbitals would correspond to reducing the

number of logical qubits required for the simulation. In a Gaussian basis,

the TC Hamiltonian contains additional two and three-body operators such

that the Hamiltonian contains O(M6) terms [214].

The TC transformation can also be applied after projection onto single-

particle basis functions – for example, when treating the Fermi-Hubbard

model [215, 216]. We can consider a similarity transformation with a Gutzwiller

factor that acts to suppress double occupancies of lattice sites [216]

H ′ =

(
e−J

∑
i ni,↑ni,↓

)
H

(
eJ

∑
j nj,↑nj,↓

)
, (4.18)

where ni,σ is the number operator for the spin-lattice site indexed by i, σ.

While the resulting TC Hamiltonian is still isospectral to the unmodified
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Hamiltonian in this case, Ref. [216] observed that the TC Hamiltonian had

more ‘compact’ right-hand eigenvectors than the regular Hamiltonian. More

precisely, lower weight fermionic excitations were required to obtain a good

overlap with the ground state in the TC case than when considering the

unmodified Hamiltonian. In a quantum setting, the increased compactness

of the right-hand eigenvectors may mean that they can be prepared using

lower depth quantum circuits than eigenstates of the unmodified Hamilto-

nian.

Unfortunately, while the right-hand eigenvectors are made more compact,

the left-hand eigenvectors gain additional dynamic correlation, and thus

may become more difficult to construct from a single-particle basis expan-

sion [205]. The left-hand eigenvector is given by

〈ψi|H = 〈ψi|Ei (4.19)

→ 〈φi| eĝH = 〈φi| eĝEi (4.20)

→ 〈φi| e2ĝH ′ = 〈φi| e2ĝEi, (4.21)

〈φ̃i|H ′ = 〈φ̃i|Ei (4.22)

where 〈φ̃i| = 〈φi| e2ĝ is the left-hand eigenvector of H ′. The differing forms

of the left-hand and right-hand eigenvectors prove problematic for mea-

suring observables other than the energy. For example, we see that

〈O〉 = 〈ψ| Ô |ψ〉 = 〈φ| eĝÔeĝ |φ〉 . (4.23)

As eĝÔeĝ does not have a terminating Baker-Campbell-Hausdorff expan-

sion, we use the expansion Ô′ = e−ĝÔeĝ (which does terminate) to write

that

〈O〉 = 〈φ| e2ĝÔ′ |φ〉 = 〈φ̃i| Ô′ |φ〉 . (4.24)
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As a result, calculating observables other than the energy requires obtain-

ing both the right- and left-hand eigenvectors of the TC Hamiltonian. This

challenge has yet to be resolved in studies on the TC method, which have

mainly focused on finding the ground state energy of various systems.

Early works on the TC method considered a single Slater determinant to-

gether with a Jastrow function, and optimised the form of both parts of the

wavefunction using self-consistent equations [211, 212]. The non-Hermitian

nature of the TC Hamiltonian limits the applicability of this approach. Sub-

sequent works attempted to instead variationally minimise the variance of

the energy [217]. Unfortunately, this approach yields less accurate results

than optimising the energy, and can lead to a cost function with O(M12)

terms (the TC Hamiltonian for a molecular system in a Gaussian orbital

basis contains O(M6) terms, so measuring the variance requires O(M12)

terms).

More recent work attempted to improve the practicality of the TC method,

typically by either: fixing the form of the Jastrow factor and compensating

for this error with a larger Slater determinant expansion [218, 219], or de-

veloping improved optimisation heuristics [215, 220–223], or by discarding

terms to yield a Hermitian approximation to the TC Hamiltonian [224, 225].

The most recent developments in this area use imaginary time-like meth-

ods, such as FCIQMC, to optimise the Slater determinant expansion, while

freezing the Jastrow factor. This circumvents the non-variational nature of

the calculation, and partially ameliorates the difficulties associated with op-

timising the Jastrow function. Imaginary time-like methods can be used to

find the ground state of the TC Hamiltonian, without invoking variational
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properties

|ψ0〉 = lim
τ→∞

e−Hτ |ψ〉 , (4.25)

→ eĝ |φ0〉 = lim
τ→∞

∞∑
k=0

(eĝH ′e−ĝτ)k

k!
eĝ |φ〉 , (4.26)

→ |φ0〉 = lim
τ→∞

e−H
′τ |φ〉 . (4.27)

By transferring the dynamic correlation from the right-side wavefunction

to the TC Hamiltonian, the TC method also yields a more compact Slater

determinant expansion, which is beneficial for the convergence of FCIQMC.

This approach has been applied to simulations of plane wave Hamiltoni-

ans [226], the Fermi-Hubbard model [216], atomic systems in Gaussian ba-

sis sets [214], quantum gases [227], and ultracold atoms [228].

As the TC method is agnostic of the approach used to generate the Slater

determinant expansion, it is natural to investigate replacing the classical

chemistry methods typically used, with a quantum subroutine. From a

quantum perspective, the TC transformation could be beneficial by reduc-

ing the number of logical qubits required (through a reduction in the num-

ber of orbitals required to account for dynamic correlation) and/or reduc-

ing the circuit depth required to prepare a given right-hand eigenstate.

From a classical perspective, the use of quantum computing may enable

the preparation of Slater determinant expansions that would be compu-

tationally expensive to generate using classical methods. However, the

non-Hermitian nature of the TC Hamiltonian appears to preclude its use

in both the variational quantum eigensolver (which relies on having a vari-

ational lower bound when measuring the expectation values of Hermitian

operators), or quantum phase estimation (which evolves the system under

a unitary function of the Hamiltonian). One possible route would be to
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consider approximate, unitary versions of the TC Hamiltonian. This is the

approach recently taken in Ref. [229], which used the ‘canonical transcorre-

lated’ method. However, the severity of these approximations are not yet

fully understood by the chemistry community.

Motivated by the success of imaginary time-like methods at dealing with

the TC Hamiltonian, I consider applying the aforementioned quantum al-

gorithm for ansatz-based imaginary time evolution to solve this problem

in Sec. 4.4.2.

4.4 Results

4.4.1 Initial benchmarks

In order to test the performance of the algorithm, I first considered the sim-

ulation of Hermitian Hamiltonians. I performed classical emulations of ap-

plying the algorithm to find the ground states of small molecular systems:

the H2 and LiH molecules in minimal basis sets. Using the approaches dis-

cussed in Sec. 2.2, I mapped the second quantised Hamiltonians for these

molecules onto qubit systems. For H2, I used the Hamiltonian given by

Eq. (2.25), which acts on two qubits, and describes the behaviour of two

electrons in four spin-orbitals. For LiH, I applied the transforms discussed

in Sec. 2.2.3 to obtain a Hamiltonian on 8 qubits, describing two electrons

in 8 spin-orbitals. Although these simulations did not explicitly account

for global phase (as the necessity of tracking this parameter was not un-

derstood at the time), fortunately overparametrization in the ansätze used

provided a free parameter to serve as the global phase.

The H2 simulation was used to verify that the ansatz-based algorithm was

able to closely track the true imaginary time evolution. The circuit shown

in Fig. 4.4, which can represent any two-qubit state, was used as the ansatz
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|0〉1 RYθ1 RZθ2 • RYθ5 RZθ6 R

|0〉0 RYθ3 RZθ4 RYθ7 RZθ8 R

Figure 4.4: The quantum circuit for preparing the universal two-qubit
ansatz applied in the simulation of the H2 molecule. Figure reproduced
with permission from Ref. [191].

|0〉2 H • • H

|0〉1 RYθ1 Z RZθ2 • RYθ5 RZθ6

|0〉0 RYθ3 RZθ4 Y RYθ7 RZθ8

Figure 4.5: The circuit to measureA2,7 = <
(
∂〈φ(τ)|
∂θ2

∂|φ(τ)〉
∂θ7

)
in the simulation

of the H2 molecule. In practice, the gates in the dashed box may be omitted.
The other terms of A and C can be measured using similar circuits. Figure
reproduced with permission from Ref. [191].

circuit. This separated the performance of the algorithm from the express-

ibility of the ansatz. In Fig. 4.5 I show an example circuit used to measure

an element of the A matrix. These simulations (performed using the Pro-

jectQ package) closely emulated the behaviour of an experimentalist wish-

ing to perform the algorithm. I simulated the full circuit, including the

ancilla qubit, to obtain all elements of the A matrix and C vector. However,

because exact wavefunction simulations were performed, I was able to di-

rectly measure the expectation values, and so shot noise is not present in

these simulations. All 8 parameters were initialised with random values.

The timestep was δτ = 0.01. The results for H2 are shown in Fig. 4.6, and

confirm that the method closely adheres to the true imaginary time evo-

lution, when the ansatz is sufficiently powerful. Deviation from the true

evolution is attributed to the use of an Euler update rule, and finite step
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Figure 4.6: Simulation of imaginary time evolution applied to H2, at an
internuclear separation of R = 0.75 Å, starting with random initial param-
eters. The red line is the exact ground state energy. The dashed black line
is the exact imaginary time evolution. The blue line is the ansatz-based
imaginary time evolution, with the ansatz used shown in Fig. 4.4. The in-
set plot shows the fidelity between ansatz-based and true imaginary time
evolution. The inset plot and main plot share the same x axis label. Figure
reproduced with permission from Ref. [191].

size. These simulations were able to converge to the ground state in all tri-

als.

Simulations were performed on LiH in order to compare the performance

of the algorithm with that of gradient descent. These simulations used a

hardware efficient ansatz, shown in Fig. 4.7, that aimed to create a flexible

trial state using a limited number of gates. For the case of LiH, the ansatz

had 137 parameters, approximately one quarter of those needed to describe

a general 8 qubit state.

The simulation results are shown in Fig. 4.8. These simulations were per-

formed by Tyson Jones, a collaborator on this project, with input from my-

self. These simulations (performed using the QuEST package) did not em-

ulate the actions of an experimentalist. Instead, they used direct access to

the wavefunction to calculate and store the derivative wavefunctions, and
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|1〉 RZ RY RX RZ

U
· · ·

|1〉 RZ RY RX RZ

U
· · ·

|0〉 RZ RY RX RZ

U
· · ·

|0〉 RZ RY RX RZ

U
· · ·

|0〉 RZ RY RX RZ

U
· · ·

|0〉 RZ RY RX RZ

U
· · ·

|0〉 RZ RY RX RZ

U
· · ·

|0〉 RZ RY RX RZ · · ·

Figure 4.7: The general structure of the ansatz used in the LiH simulations.
The circuit structure of the two-qubit rotations block was repeated to depth
M = 3. The form of the U gate was U = eiαY XeiβXY eiγZZeiδY Y eiεXX . In
total there were (3× 5× 7) + (4× 8) = 137 parameters. Figure reproduced
with permission from Ref. [191].

compute the overlaps required to evaluate the elements in A and C. In this

way, a single circuit emulation was able to provide the same information as

would be obtained from many experimental samples. Tikhonov regulari-

sation was used to stabilise the inversion ofA. We considered two different

initial conditions for the simulations: starting from a small perturbation

from the Hartree-Fock state, and starting from completely random param-

eters. The former case closely mimics the approach that could be used if a

good initial guess for the parameters is known, while the latter provides a

more thorough test of the algorithm. As discussed in Sec. 3.1.3.1, random-

izing the parameters will cause the energy gradient to decay exponentially

with the circuit depth, which would render the algorithm ineffective. While

this 8 qubit simulation was not large enough for this effect to become im-

portant, starting from random initial states is not a scalable approach.

For both starting points, the imaginary time method outperformed gradi-
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Figure 4.8: Simulations of LiH at an internuclear distance of R = 1.45 Å.
Simulations in the upper plot begin with a small random perturbation (of
at most, ∆θj = π/50) from the Hartree-Fock state. Simulations in the lower
plot have uniformly random initial parameters. The solid lines (against the
left axis) indicate the fraction of 1280 simulations which, by the given iter-
ation, have converged to within 1 × 10−3 Hartree of the true ground state.
The dashed lines (against the right axis) indicate the average energy error
of those simulations within chemical accuracy of the true ground state. The
maximum stable stepsize was used for each method such that the energy
monotonically decreased in the first 200 iterations. The stable timestep for
imaginary time was 0.225, and for gradient descent it was 0.886. These sim-
ulations were performed by Tyson Jones, with input from myself. Figure
reproduced with permission from Ref. [191].
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ent descent. Imaginary time evolution was able to find the ground state

more quickly, and accurately. This advantage was more pronounced for

random initial states, where the convergence rate was significantly higher

than that obtained by gradient descent. Similar results have been sub-

sequently obtained by Refs. [127, 198], which reported improved perfor-

mance in finding the ground states of spin Hamiltonians when using quan-

tum natural gradient descent (equivalent to the imaginary time algorithm),

compared to using vanilla gradient descent, ADAM, and an approximate

Hessian method (the BFGS optimiser).

These simulations on small molecular systems (with Hermitian Hamiltoni-

ans) confirm that the algorithm captures the desired features of true imagi-

nary time evolution. In the following section, I consider applying the algo-

rithm to non-Hermitian, transcorrelated Hamiltonians.

4.4.2 Application to explicitly correlated Hamiltonians

As discussed in Sec. 4.3.2, classical imaginary time methods have previ-

ously been used to treat transcorrelated Hamiltonians. The non-Hermitian

nature of the TC Hamiltonian makes it difficult to incorporate into black-

box quantum algorithms for finding ground states. As a result, if ansatz-

based imaginary time evolution is able to successfully find the ground

states of TC Hamiltonians, then it may provide a route to simulate explicitly

correlated chemistry using quantum hardware. I tested this by conducting

numerical emulations (performed using the Cirq package) of the algorithm

applied to the transcorrelated Fermi-Hubbard model. As in the case of

the LiH simulations discussed above, I used a finite difference approxima-

tion of the gradient, and directly calculated the inner products required to

populate A and C. The inversion of A was performed using a generalised

inverse of the matrix, obtained from a singular-value decomposition that
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included all singular values above 10−6. A timestep of 0.01 was used for

the Euler update rule.

As discussed in Sec. 2.1.4, the unmodified Fermi-Hubbard (FH) Hamilto-

nian is given by

HFH = −t
∑
〈i,j〉,σ

(
a†i,σaj,σ + a†j,σai,σ

)
+ U

∑
i

ni,↑ni,↓ (4.28)

where 〈i, j〉 denotes a sum over nearest-neighbour lattice sites, and σ is

a spin-coordinate. I selected interaction strengths of t = 1, U = 4 for the

numerical simulations, as this has been observed to be a region of difficulty

for classical simulation methods [52].

The TC Hamiltonian was obtained using the Gutzwiller transformation of

Refs. [215, 216]. The TC Hamiltonian was given by

H ′FH =

(
e−J

∑
i ni,↑ni,↓

)
HFH

(
eJ

∑
j nj,↑nj,↓

)
, (4.29)

where J defined the strength of the transformation. This was simplified

to [216]

H ′FH = HFH

− t
∑
〈i,j〉,σ

(
a†i,σaj,σ × [(eJ − 1)nj,σ̄ + (e−J − 1)ni,σ̄ − 2(cosh(J)− 1)ni,σ̄nj,σ̄]

)
(4.30)

where σ̄ denotes the spin opposite to σ.

Numerical simulations were carried out on 2 × 2 and 3 × 2 lattices, which

were mapped onto 8 and 12 qubits (respectively) using the Jordan-Wigner

transform. The unmodified and TC Hamiltonians were generated and mapped

to qubit operators using the OpenFermion package.
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A Hamiltonian variational ansatz [140] was used. This ansatz has proven

effective in previous numerical simulations of applying the VQE to the FH

model [80, 81, 84, 140]. I used the same ansatz circuit for both the unmod-

ified and TC systems, where the Hamiltonian used in the ansatz was that

of the unmodified system. I prepared the quantum register in the lowest

eigenstate of the non-interacting (U = 0) unmodified Hamiltonian with the

same particle number as the ground state of the full Hamiltonian. This

state was constructed using a network of Givens rotations [79, 82, 83]. The

ansatz was constructed from repeated layers of a Trotterized decomposi-

tion of the time evolution operator. I assigned a different parameter to each

Pauli rotation in the Trotterized decomposition

U =

L∏
l

∏
j

eiθ
l
jPj (4.31)

where L denotes the number of layers in the ansatz, and Pj are the Pauli

strings in the Hamiltonian. I included an additional parameter to represent

the global phase of the wavefunction. The initial values of the parameters

were perturbed from zero by a random perturbation upper bounded by

0.02π, in order to prevent the method from becoming trapped in local min-

ima around the non-interacting initial state.

As a first step, I verified that the algorithm was capable of finding the

ground state of the 2 × 2 TC FH Hamiltonian. I set J = −0.5, similar to

the values used in Refs. [215, 216] (as it was not necessary to use the opti-

mal J value for this trial calculation). In Fig. 4.9, I show a randomly chosen

run of the imaginary time algorithm, applied to the 2× 2 TC Hamiltonian,

with a 3-layer ansatz. The energy rapidly converges towards the ground

state value, and the imaginary part of the energy decays exponentially as

the method moves forwards in imaginary time. The inset of Fig. 4.9 shows
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Figure 4.9: A random instance of finding the ground state of the TC Hamil-
tonian (with J = −0.5) for a 2 × 2 Fermi-Hubbard model, with imaginary
time evolution. Energies were recorded every 10 timesteps of the algo-
rithm. An ansatz circuit with 3 layers was used. The inset plot shows the
evolution of the energy during the final 62.5% of the runtime. Figure repro-
duced with permission from Ref. [192].

that although the algorithm is no longer strictly variational (the real part of

the measured energy no longer upper bounds the ground state value), the

real and imaginary parts of the energy converge towards their true values.

I present the average results of ten repetitions of such calculations in Fig. 4.10,

for a range of ansatz depths. The upper plot of Fig. 4.10 shows that as

the circuit depth was increased, the imaginary time algorithm was able to

find better approximations to the right-hand ground state of the TC Hamil-

tonian. In contrast, the fidelity obtained using gradient descent did not

improve as the circuit depth increased, suggesting that algorithms based

solely on cost function minimisation may struggle to find the ground state

of the TC Hamiltonian. Here, the fidelity was used as a metric, as it can be

used to upper bound the error in any possible observable (through its rela-

tion to the trace distance [35]), and because it explicitly quantifies the dis-
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Figure 4.10: Finding the ground state of the TC Hamiltonian (with J =
−0.5) for a 2 × 2 Fermi-Hubbard model. Lines are included to guide the
eye. The upper plot shows fidelity between the TC right-hand ground state,
and the states obtained from imaginary time evolution, or gradient descent,
for a given number of ansatz layers. A circuit depth of zero denotes the
non-interacting initial state. The lower plot shows the absolute residuals
in the real and imaginary parts of the ground state energy value obtained
from imaginary time evolution, and gradient descent. The non-interacting
initial state gives a TC energy with a negligible imaginary part; this is not
plotted, as it would distort the scale. Figure reproduced with permission
from Ref. [192].

tance from the desired eigenstate. The optimal metric for a variational sim-

ulation may depend on the quantity that we wish to measure. For example,

while we might consider using the energy as a metric, this can have known
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drawbacks; the classical variational unrestricted Hartree-Fock method can

produce lower energies than its restricted counterpart, but at the cost of in-

troducing spin-contamination that leads to the resulting wavefunctions not

being spin eigenstates [39]. A good choice of metric will depend on the pos-

sibility of enforcing known symmetries, and on the information we wish to

extract from the simulation. The number of parameters used in these simu-

lations was 28L+1, where L is the number of ansatz layers. This was much

smaller than the Hilbert space dimension of 28 = 256, for all circuit depths

tested. The lower plot in Fig. 4.10 shows the (absolute) real and imaginary

components of the energy residual. Once again, while imaginary time evo-

lution was able to find better approximations of the ground state as the

circuit depth was increased, gradient descent barely improved upon the

non-interacting initial state. It is interesting to compare the gradient de-

scent and imaginary time datapoints for a single layer ansatz. Although the

methods achieved similar energy values, imaginary time evolution yielded

a much higher fidelity with the true TC ground state. This emphasises how

the algorithm attempts to evolve the state in imaginary time, rather than

simply optimising the energy.

I also investigated the 3 × 2 FH model, as a more thorough test of using

the algorithm to find the ground states of the TC Hamiltonian. I first opti-

mised the J value of the TC Hamiltonian such that it maximised the fidelity

between the right-hand TC eigenvector, and the state produced from an op-

timised two-layer ansatz (the number of parameters was given by 46L+1).

The optimal J value was J = −0.6. Although optimising the J value in

this way is not efficient, or tractable, for larger system sizes, more efficient

classical methods to optimise J have been developed [215, 216]. Moreover,

the expansion of the ground state as a Slater determinant wavefunction

can be used to compensate for any shortcomings induced by choosing a
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non-optimal J value. Fig. 4.11 shows the fidelities obtained by targeting

the right-hand and left-hand eigenvectors of the TC Hamiltonian, and the

ground state of the regular Hamiltonian. The non-interacting initial state

(before random perturbations were applied) had a large overlap with the

TC right-hand ground state. This fidelity was much higher than the fi-

delity of 0.81 between the non-interacting initial state and the ground state

of the unmodified Hamiltonian. This highlights the additional correlation

accounted for when using the TC Hamiltonian.
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Figure 4.11: Finding the ground states of the regular and TC Hamiltonians
for a 3× 2 Fermi-Hubbard model. The TC Hamiltonian has J = −0.6. The
figure shows fidelities between the target states specified in the legend, and
the states generated by the method given in brackets in the legend. ‘Right
(left) TC’ denotes the right (left)-hand lowest energy eigenvector of the TC
Hamiltonian. ‘Regular’ denotes the lowest energy eigenvector of the un-
modified Hamiltonian. Fidelities were obtained from 10 repetitions of each
method (standard error bars are present, but small). Figure reproduced
with permission from Ref. [192].

Once again, gradient descent was unable to find the right-hand ground

state of the TC Hamiltonian. In contrast, imaginary time evolution was able

to successfully find both the right-hand and left-hand eigenstates of the TC
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Hamiltonian. For a given circuit depth, I obtained the highest fidelity by

using imaginary time evolution to find the TC right-hand eigenvector. A

lower fidelity was obtained when using imaginary time evolution to find

the ground state of the unmodified Hamiltonian. I obtained even lower

fidelities when using imaginary time evolution to find the TC left-hand

eigenvector. As noted in Ref. [216], the TC transformation makes the right-

hand eigenvector more compact, while making the left-hand eigenvector

less compact. This is reflected in my numerical results, where the number

of ansatz layers can be likened to the number and degree of fermionic ex-

citations considered. As such, using the TC Hamiltonian may enable us to

obtain accurate energies from a quantum simulation, using a lower depth

circuit. As the circuit depth of quantum hardware is currently limited by

noise, this highlights the potential value of the TC method.

4.5 Discussion

In this chapter, I have presented an algorithm for performing ansatz-based

imaginary time evolution on quantum computers. This algorithm circum-

vents the difficulty of constructing a dissipative imaginary time evolution

from unitary quantum gates by approximating the true evolution over a

short timestep with the closest unitary evolution achievable with a given

parameterized circuit. As with classical implementations of imaginary time

evolution, this algorithm can be used to find the ground states of quantum

systems.

In Sec. 4.4.1 I presented the results of numerical simulations which bench-

marked the behaviour of the algorithm. Numerical simulations on the H2

molecule in a minimal basis set showed that the algorithm closely follows

the true imaginary time trajectory. Simulations of the LiH molecule com-

pared the performance of ansatz-based imaginary time evolution and gra-
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dient descent, for finding the ground state. Imaginary time evolution was

able to converge more rapidly and reliably. In many cases, these algorithms

can have similar resource requirements.

I then applied imaginary time evolution to find the ground states of non-

Hermitian, explictly correlated electronic structure Hamiltonians, in Sec. 4.4.2.

Unlike gradient descent, the imaginary time algorithm was able to success-

fully find the ground states of small transcorrelated Fermi-Hubbard Hamil-

tonians. As expected, using the transcorrelated Hamiltonian enabled the

algorithm to find the right-hand eigenstate with a reduced circuit depth

(compared to the regular Hamiltonian) – but increased the circuit depth re-

quired to approximate the left-hand eigenstate.

Since its proposal in Ref. [191], the imaginary time algorithm has been ap-

plied in a number of settings, and by a number of research groups. The

algorithm was extended to: find excited states [230], simulate general pro-

cesses [231], and propagate mixed states [202]. The algorithm has also been

applied to: recompiling [232] and discovering [233] quantum circuits, train-

ing quantum Boltzmann machines for quantum machine learning [234],

simulating models of quantum field theories [235], solving systems of lin-

ear equations [236, 237], and pricing financial options [238]. An alternative

algorithm was also developed, that approximates imaginary time evolution

on a quantum computer without the use of an ansatz [239]. This algorithm

introduces a Trotterized approximation to the true imaginary time evolu-

tion, and then approximates the imaginary time evolution of the state over

a small time interval with a unitary real time evolution. The unitary ap-

plied is determined through partial tomography of the state, and solving

a resulting system of linear equations. This process remains efficient while

the correlations in the system remain local. This algorithm bears similari-

ties to the one discussed herein, but with a relaxation of the circuit structure
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enforced by the chosen ansatz circuit.

Several open questions remain to determine the practicality of the algo-

rithm introduced in this chapter. Most notably, there remains the challenge

of selecting a suitable ansatz circuit, that is able to well approximate the

true imaginary time evolution. While there have been initial steps made

in this direction [240], there is not yet a conclusive answer for how well a

given ansatz will perform. One route towards this goal may be to take in-

spiration from ansatz classes that are used in classical simulations of imag-

inary time evolution [193].

There are a number of avenues for exploring applications of the algorithm

to transcorrelated systems. It would be interesting to extend the simu-

lations presented herein to treat transcorrelated molecular Hamiltonians.

These simulations are more difficult to perform, due to the large number

of resulting Hamiltonian terms. However, the use of the transcorrelated

Hamiltonian enables us to work in a smaller basis, thus reducing the num-

ber of qubits required for the simulation. Alternatively, one might explore

the open question of how to best measure observables other than the en-

ergy, given the expected difficulty of obtaining the left-hand eigenvectors.

Finally, there are a number of alternative TC transformations [241, 242],

which may be even more effective than the methods discussed in this chap-

ter.

Nevertheless, the imaginary time algorithm introduced in this chapter pro-

vides a competitive method for finding the ground states of quantum sys-

tems on quantum hardware, and is able to circumvent some of the chal-

lenges associated with simulating unphysical imaginary time evolution, on

a quantum computer. These attributes have led to its use in a number of
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follow-on investigations.
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5.1 Chapter summary

This chapter introduces an error mitigation technique that can be used to
reduce the impact of noise in quantum simulation algorithms, by monitor-
ing the conservation of symmetries. The work in this chapter was originally
published in Ref. [159]:

Error-Mitigated Digital Quantum Simulation
S. McArdle, X. Yuan, S.C. Benjamin

Physical Review Letters 122 (18), 180501 (2019)

My contributions were: developing the idea and implementation (with in-
put on circuit design from Xiao Yuan), and performing all numerical emu-
lations.

5.2 Introduction

As discussed in Chapter 3, quantum simulation algorithms can take a num-

ber of forms, including: finding the ground states of electronic structure

Hamiltonians, evolving spin systems in time, or calculating the transitions

between vibrational energy levels. The most thorough investigations into
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the resources required to solve classically intractable instances of these prob-

lems have all reached similar conclusions. While only 50 – 100 logical

qubits may be sufficient, algorithms with provable accuracy bounds yield

deep circuits, requiring at least 107 gates with current approaches [25, 26,

69, 243]. This necessitates the use of quantum error correction, which leads

to a large overhead in the number of qubits required. At the time of writ-

ing, leading approaches for solving challenging instances of the electronic

structure problem require at least O(105) physical qubits, at 10−3 physical

error rates [25].

In contrast, the variational quantum eigensolver (VQE) attempts to extract

maximum value from the limited coherence time available in non-error-

corrected quantum hardware [94]. Nevertheless, while the VQE has been

found to possess some resilience to coherent errors [91, 122], its results can

still be corrupted by even small amounts of stochastic noise [92, 135]. This

is problematic for the viability of quantum algorithms to find the ground

states of chemical systems, where high accuracy (at least one part in 1000)

is required. Errors can act disastrously in quantum simulation algorithms;

creating or destroying particles, or causing spins to relax.

The introduction of quantum error correction or the reduction of physical

error rates both come at considerable cost. An actively error corrected qubit

has not yet been experimentally demonstrated (at time of writing) due to

the difficulties in engineering sub-threshold error rates, measurement feed-

forward, and live syndrome decoding. Moreover, while physical error rates

have been reduced to 10−3 in some systems [147, 149, 150], they have not

improved further since 2016. Given the difficulties in these approaches, it is

desirable to develop alternative, low cost methods to effectively suppress

the effect of errors.
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Prior to the development of the work discussed in this chapter, there were

three main methods proposed to mitigate the effect of errors in quantum

algorithms: error extrapolation [29, 152], the quasiprobability method [29,

30], and the quantum subspace expansion [157, 158]. As discussed in Sec. 3.2.1,

these methods effectively lower the error rate of the simulation by taking

additional measurements, and using post-processing to extract the noise-

less signal from the noisy results. Since the work discussed in this chapter

was proposed, a number of additional error mitigation techniques have

been developed, as discussed in Sec. 5.5.

In this chapter I discuss a method of mitigating errors in quantum simula-

tion algorithms. This approach uses checks on a suitably constructed trial

state to filter errors. It can be used in isolation, or combined with other error

mitigation techniques. In Sec. 5.4 I present numerical emulations of apply-

ing the technique to an electronic structure calculation on the H2 molecule.

The technique is applicable to calculations of both static properties (such as

ground and excited states, and vibrational spectra), and dynamical proper-

ties (such as time evolved correlation functions). Herein I focus solely on

its application to the ground state problem.

5.3 Symmetry verification

Many quantum simulation algorithms exploit the fact that physically rele-

vant states typically reside in a smaller subspace of the full Hilbert space.

For example, in VQE simulations, it can be advantageous to begin in a

mean-field state, and use a particle-number and spin conserving ansatz [128,

144]. Some ansätze, such as those suggested in Refs. [82, 144, 244] are con-

structed from individual gates which conserve particle number. If a single

bit-flip error occurs, it will create or destroy an electron, radically chang-

ing the state. In other number and spin conserving ansätze, like the singlet
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unitary coupled cluster (UCC) ansatz (which, in its canonical form [123], is

constructed from individual gates which do not necessarily conserve par-

ticle number), a single error can spread and degrade the final state even

further. In the absence of errors, states are produced with the correct num-

ber of: electrons,N , spin-up electrons,N↑, and spin-down electrons,N↓. As

these quantities are conserved, their relevant parity operators are also con-

served; P̂N |ψ〉 = (−1)N |ψ〉 and P̂N↑/↓ |ψ〉 = (−1)N↑/↓ |ψ〉. This is similar to

the concept of stabiliser states used in quantum error correcting codes [245].

The error mitigation technique introduced in this chapter (later dubbed

‘symmetry verification’ [246]), uses checks on these conserved quantities

to detect and filter certain errors.

5.3.1 Particle number parity

To detect errors, I introduce an ancilla qubit, and use it to perform mea-

surements of the conserved quantities. The most simple check is of the

total electron number parity. This procedure is shown in Fig. 5.1. The cir-

cuit enables the detection of any error which creates or destroys an odd

number of electrons. In order to derive an error detection rate, I make the

following assumptions:

1. The error model is a two-qubit, symmetric depolarising channel, fol-

lowing two-qubit gates.

2. The error rate is low, such that only one error event occurs.

3. The ansatz circuit is built from individual gates which conserve par-

ticle number and spin (so errors do not spread to multiple qubits).

While symmetry verification is still applicable under higher noise rates,

different noise models, and using other ansätze – as shown by the numer-

ical simulations in Sec. 5.4 – calculating an analytic bound becomes more
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difficult without these assumptions.

↑: |x0〉
U(~θ)

• R

↓: |x1〉 • R

|0〉a

Figure 5.1: A circuit to check the particle number parity of a trial state. The
ancilla should be measured in |12(1− (−1)N )〉. If errors occur, and the mea-
sured value of the ancilla is not correct, we reinitialise the circuit, rather
than measuring the register qubits. The R gates rotate the qubits into the
desired measurement basis, which is not necessarily the computational ba-
sis. Reproduced from Ref. [159], with permission.

Under the assumptions above, this parity check can detect 53% of errors.

In the assumed noise model, the following errors on qubits i, j are equally

likely

XiIj , IiXj , YiIj , IiYj , XiZj , ZiXj , YiZj , ZiYj , (5.1)

ZiIj , IiZj , XiXj , YiYj , ZiZj , XiYj , YiXj .

All of the errors in the top row change the electron number parity. As a re-

sult, this parity check detects 8/15 ≈ 53% of these errors. This is true both

if the error occurs during the ansatz circuit (we can detect XiIj , IiXj , YiIj ,

IiYj , XiZj , ZiXj , YiZj , ZiYj) or during the parity check gate sequence (as-

suming the use of non-local gates for the parity check, we can detect XrXa,

XrYa, YrXa, YrYa, ZrXa, ZrYa, IrXa, IrYa, where r and a denote register

and ancilla qubits, respectively).

This parity check can also be implemented using a different protocol, based

on the Hadamard test. This alternative check is shown in Fig. 5.2, and is

similar to the circuits used in the imaginary time algorithm discussed in

Chapter 4. We can leverage this similarity to perform symmetry verifica-
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|0〉a H • H

|0〉

U(~θ) hj 〈P̂ 〉|0〉
|0〉

Figure 5.2: An alternative circuit to measure the particle number parity,
based on the Hadamard test. Reproduced from Ref. [159], with permission.

tion of these circuits ‘for free’. The circuits to measure elements of the met-

ric matrix or gradient vector used in the imaginary time algorithm generate

the derivative of an ansatz state with respect to one of the parameters. If

we focus on the circuit for the gradient elements, then after measuring the

ancilla the register is in the state

|φ±〉 =
1√
k±

(|ψ(~θ)〉 ± iνHk |
∂ψ(~θ)

∂θj
〉) (5.2)

where |ψ(~θ)〉 is the ansatz state, k± is a normalisation constant, Hk is a

Hamiltonian Pauli string, and ν is a constant for the derivative state vector.

For the ansatz circuits and Hamiltonians discussed in this chapter, both

|ψ(~θ)〉 and Hk |∂ψ(~θ)
∂θj
〉 will have fixed particle number parities (in the ab-

sence of errors). As the register qubits are not normally measured in the

imaginary time algorithm, we can measure their parity at the same time

as measuring the ancilla qubit – providing symmetry verification at no ad-

ditional cost (beyond an increase in the variance of the estimate). This al-

ternative circuit may also be beneficial when readout errors dominate. If a

single readout error occurred in the circuit in Fig. 5.1, it would likely hap-

pen on one of the register qubits. Consequently, we would measure the

correct parity, and thus ‘accept’ an incorrect energy measurement. In con-

trast, using the circuit in Fig. 5.2 the error would be most likely to occur on

the parity check qubits. This would cause us to incorrectly filter a correct
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energy measurement. While this would increase the variance of our result,

it would not bias our energy estimate.

5.3.2 Spin parity

The circuit shown in Fig. 5.3 can detect additional errors by measuring the

parity of both the number of spin-up and spin-down electrons. The spin-

parity checks can detect additional two-qubit errors, that change the value

of either spin-parity. However, we are still not able to detect all two-qubit

bit-flip errors.

↑: |x0〉
U(~θ)

• R

↓: |x1〉 • R

|0〉a

Figure 5.3: A circuit to measure the spin-parities. We compute the spin-
up parity onto the ancilla, and measure it. We then reset the ancilla to
|0〉, and measure the spin-down parity. Reproduced from Ref. [159], with
permission.

In the following analysis, I assume that the ansatz circuit is equally likely

to apply gates between any two qubits. This may not hold for all ansatz

circuits that are particle and number conserving. There are
(
M
2

)
= M(M−1)

2

ways of distributing a two-qubit bit-flip error between the M spin-orbitals.

We are able to detect errors which occur on one orbital of each spin. There

are
(
M/2

1

)
= M/2 ways of distributing a single bit-flip error amongst half of

the orbitals. As a result, there are M2

4 such errors that we can detect. When

M is large, we can detect M2/4
M(M−1)/2 ≈

M2/4
M2/2

= 1
2 of double bit-flip errors. As

there are four possible types of double bit-flip errors, and we can detect half

of the occurrences of each of them, this effectively increases the number of

detectable errors by 2/15, to 10/15 ≈ 66%. This analysis only holds when

the error occurs in the ansatz circuit. However, as the ansatz circuit likely

88



S. McArdle University of Oxford

contains the majority of the gates in the circuit, errors that occur during the

parity check should only have a small impact on this detection rate.

5.3.3 Particle number

We can also measure the electron number and spin numbers directly, using

an iterative procedure. We first write the electron number in binary. We

then use the circuit in Fig. 5.4 to measure the first (i.e. rightmost) bit in N ,

denoted as N1. In the absence of errors, the ancilla is in the state

|φ〉 =
1√
2

(|0a〉+ eNmπi |1a〉). (5.3)

If Nm = 0 we measure the ancilla in |+〉, while if Nm = 1 we measure the

ancilla in |−〉. We then repeat the circuit to measure N2, using the measure-

ment of N1 in the rotation ω2. In general, we can generate ωm using the

measurements of the m− 1 preceding bits in N . In total, M log2(N) control

gates are needed to measure the electron number, or both spin numbers.

↑: |x0〉
U(~θ)

•
↓: |x1〉 •

|0〉a H Rm Rm ωm

Figure 5.4: The circuit which measures the mth bit of the electron number,
Nm. The Rm gates are given by diag(1, eπi/2

m−1
). The gate ωm is given by

diag(1, e−dec(Nm−1...N1)πi/2m−1
), where dec(Nm−1 . . . N1) is the decimal rep-

resentation of the binary string Nm−1 . . . N1. ω1 is taken to be the identity
matrix. The ancilla is measured in theX basis. Reproduced from Ref. [159],
with permission.

I provide a worked example for the case of a system with N = 3 electrons

in M = 6 orbitals. First apply the circuit shown in Fig. 5.5
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|x0〉

U(~θ)

•
|x1〉 •
|x2〉 •
|x3〉 •
|x4〉 •
|x5〉 •

|0〉a H R1 R1 R1 R1 R1 R1

Figure 5.5: The circuit which measures the 1st bit of the electron number,
N1. The R1 gates are given by diag(1, eπi). Measurement of the ancilla is in
the X basis. Reproduced from Ref. [159], with permission.

After this circuit, if no errors have occurred, the ancilla is in the state

|φ〉 =
1√
2

(|0a〉+ e3πi |1a〉) = |−〉 . (5.4)

Measuring the ancilla in the X basis yields N1 = 1. We then apply the cir-

cuit in Fig. 5.6. The ω2 gate is given by diag(1, e−dec(N1)πi/2) = diag(1, e−πi/2).

The state of the ancilla is

|φ〉 =
1√
2

(|0a〉+ eπi |1a〉) = |−〉 . (5.5)

As a result, we measure N2 = 1. The number of electrons is therefore

measured as 3.

It is difficult to determine the detection rate of the particle number / spin

number check. I first assume that the wavefunction consists of only one

Slater determinant, and that the error event occurs in the ansatz circuit. I

also assume an equal number of spin-up and spin-down electrons. We can-

not detect any two-qubit bit-flip error which acts on occupied and unoccu-

pied orbitals of the same spin, as this error mimics a spin conserving exci-

tation operator. Considering the spin-up number, then there are N
2 ×

M−N
2
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|x0〉

U(~θ)

•
|x1〉 •
|x2〉 •
|x3〉 •
|x4〉 •
|x5〉 •

|0〉a H R2 R2 R2 R2 R2 R2 ω2

Figure 5.6: The circuit which measures the 2nd bit of the electron num-
ber, N2. The R2 gates are given by diag(1, eπi/2). The ω2 gate is given
by diag(1, e−dec(N1)πi/2), where dec(N1) is the decimal value of the first
bit of N . Measurement of the ancilla is in the X basis. Reproduced from
Ref. [159], with permission.

such errors. The fraction of undetectable errors, fu, is then given by

fu =
N
2 ×

M−N
2

M
4 (M2 − 1)

=
N(M −N)

M(M2 − 1)

≈
NM(1− N

M )
M2

2

= 2η(1− η),

(5.6)

where η = N
M is the filling fraction of the system, and I have assumed that

M >> 1. This expression obtains a maximum value of fu = 0.5 at η = 0.5.

As a result, in the worst case (at half filling) the spin number check can

detect half of the two-qubit bit-flip errors occurring on orbitals of the same

spin. Overall then, if we were to consider the spin number checks, we

would be able to detect:

• All single-qubit bit-flip errors (8/15 errors in the depolarising model).

• All two-qubit bit-flip errors where each happens on orbitals of a dif-
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ferent spin (as discussed in Sec. 5.3.2, these errors account for 50% of

two-qubit bit-flip errors, so 1.0× 0.5× 4/15 = 2 errors in the depolar-

ising model).

• At least half of the two-qubit bit-flip errors where both errors hap-

pen on orbitals of the same spin (these errors account for the other

50% of two-qubit bit-flip errors, so 0.5 × 0.5 × 4/15 = 1 error in the

depolarising model).

As a result, the spin number check can detect at least 11/15 ≈ 73% of depo-

larising errors, and at most 12/15 = 80% of depolarising errors (this would

correspond to detecting all bit-flip errors).

This analysis only applies to a single Slater determinant, while in reality the

trial state will contain multiple determinants. Unfortunately, double bit-

flip errors can change the electron and spin numbers of some determinants,

while leaving others unchanged. For example, consider the state

|ψ〉 =
1√
2

(|001011〉+ |100101〉 , (5.7)

which has an electron number of 3, a spin up number of 2, and a spin down

number of 1 (the rightmost 3 orbitals are spin-up, the leftmost 3 orbitals are

spin-down). Under the double bit-flip error X0X1, the state becomes

|ψ′〉 =
1√
2

(|001000〉+ |100110〉 . (5.8)

This state has the correct spin parities, so the error is undetectable using

parity checks. While the first determinant has an incorrect particle number,

the second has the correct particle number. Applying the particle number

check described above, we measure N1 = 1. When measuring the second

bit, we measure N2 = 1 with a 50% probability. If we measure N2 = 0, we
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correctly discard the state. However, measuring N2 = 1 would lead us to

believe that no errors have occurred. The wavefunction will collapse to

|ψ′′〉 = |100110〉 , (5.9)

The fidelity of this state with the true wavefunction is related to the prob-

ability of obtaining this measurement outcome. As a result, the detection

rate of the particle number check will be below 80% in almost all cases.

While symmetry verification can filter a fraction of the possible errors, the

results will not be completely noise free. It is possible to combine symmetry

verification with extrapolation by first calculating the expectation value of

the observable at the baseline noise rate, while applying symmetry verifica-

tion. The noise can then be boosted, again applying symmetry verification

to mitigate bit-flip errors. These two expectation values obtained at dif-

ferent noise rates can then be used to estimate the noiseless value of the

observable.

5.3.4 Practical considerations

When experimentally implementing these checks, we must take the lim-

itations of the hardware into account. The circuits are similar to that of

a stabiliser evaluation during quantum error correction, which has been

investigated for trapped ion and superconducting systems [188, 247]. As

can be seen from Fig. 5.1, the optimal implementation requires non-local

gates, which are feasible for some trapped ion systems [248]. As the coher-

ence times of trapped ion qubits are considerably longer than their readout

times [249], it may be possible to carry out the checks using a single ancilla

that is repeatedly measured and reinitialised.

In contrast, superconducting qubits are typically limited to nearest-neighbour
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connectivity. We can then realise the parity checks through a ladder of

nearest-neighbour CNOT gates, which pass the information along the reg-

ister to the ancilla (this was observed by Xiao Yuan and in Ref. [246]). This

requires at most 2M nearest-neighbour CNOT gates for the parity check

in Fig. 5.1. In contrast, the number of gates required for a general UCC

ansatz is O(M3) [250]. For calculations on M = 50− 100 qubits, the ansatz

will be the dominant component of the circuit. In superconducting sys-

tems the measurement time can be of a comparable order of magnitude to

the coherence time [251]. It may therefore be preferable to use multiple

ancilla qubits, rather than to repeatedly reinitialise a single ancilla. This

modest overhead constitutes two ancilla qubits for the spin-parity check,

and log2N ancilla qubits for the spin number check.

5.4 Results

I tested the efficacy of symmetry verification using a VQE calculation on

H2 in a minimal basis set (two electrons in four spin-orbitals, as discussed

in Sec. 2.2.2). I did not consider the parameter update step of the VQE, so

as to examine the effect of errors without consideration of a classical opti-

misation algorithm. Numerical simulations were performed using QuEST,

and simulation code can be found at Ref. [252].

I applied a spin-conserving UCC ansatz to the Hartree-Fock state, as dis-

cussed in Sec. 3.1.3.1. To detect errors, I performed error-prone checks of

both the spin-up and spin-down parities, using the circuit shown in Fig 5.7.

This circuit has nearest-neighbour connectivity, and so lower bounds the ef-

ficacy of the method. The simulations were designed to mimic the actions

of an experimentalist; the energy expectation value was calculated using

the Hamiltonian averaging procedure (see Sec. 3.1.3). The number of mea-

surements used is discussed in Appendix A.1.
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|0〉a

σg↑ : |1〉

U(~θ)

• • R

σu↑ : |0〉 • • R

σg↓ : |1〉 • • R

σu↓ : |0〉 • • R

|0〉a

Figure 5.7: A circuit using a local gateset to measure both the spin-up par-
ity and spin-down parity. The R gates implement the single-qubit basis
rotations required to measure the desired Pauli string.

Initially, I considered energy measurements on a trial state that contained

all four possible vectors with two electrons in four spin-orbitals and sz = 0

(see Sec. 3.1.3.1). A symmetric depolarising noise channel was applied after

all single-qubit and two-qubit gates. The two-qubit gate error rate was set

10 times larger than the single-qubit gate error rate. I compared the error in

the energy value when applying: no error mitigation, only symmetry ver-

ification, only linear extrapolation, and symmetry verification with linear

extrapolation. There were 92 single-qubit gates and 56 two-qubit gates in

the UCC ansatz circuit – which I treat as being equivalent to 65 two-qubit

gates. The parity checks contributed an additional 8 error-prone two-qubit

gates.

Fig. 5.8 shows that symmetry verification alone improved the accuracy of

the energy measurements, but was less effective than extrapolation. A

greater benefit was obtained by combining the two methods. The accuracy

of the combined method only worsened slightly as the error rate increased,

unlike the two individual methods. The inset plot shows the fraction of

detected errors falling approximately linearly with increasing error rate.
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Figure 5.8: Comparing methods of mitigating errors in simulations of H2.
The detection rates shown in the inset were obtained from the numerical
simulations. The true energy value was −1.1227 Hartree. The error bars
upper bound the standard error in the result. Reproduced from Ref. [159],
with permission.

When the error rate was small, symmetry verification detected around 53%

of errors. Assuming that symmetry verification could only detect errors

which occurred in the ansatz circuit (due to the restricted connectivity con-

sidered) then the detection probability can be estimated as the probability

of an error happening in the ansatz circuit (65/73), multiplied by the prob-

ability of detection (10/15), which is roughly 59%. I attribute the deviation

from this value to the use of a UCC ansatz built from gates which do not

individually conserve particle number and spin. This enabled errors to

propagate. At higher error rates, multiple errors were likely to occur in the

circuit, reducing the fraction of detectable errors to around one third.

I also applied symmetry verification to a calculation of the dissociation

curve of H2. I compared the energy values obtained when applying: no
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error mitigation, just extrapolation, and extrapolation with symmetry ver-

ification. The error model consisted of a symmetric depolarising channel

(two-qubit error rate of 0.1%, single-qubit error rate of 0.01%, which have

previously been experimentally demonstrated [149, 150]), combined with

temporally correlated over/under rotations of up to 1%. In the temporally

correlated noise model, each discrete gate in the circuit was replaced by

a parameterized equivalent. For example, the Hadamard gate H was re-

placed with

H =

cos(επ4 ) sin(επ4 )

sin(επ4 ) −cos(επ4 )

 (5.10)

Similarly, the CNOT gates were replaced with

CNOT =


1 0 0 0

0 1 0 0

0 0 icos(επ2 ) sin(επ2 )

0 0 sin(επ2 ) icos(επ2 )

 (5.11)

All rotation gates R(θ) were replaced with R(εθ) (except for those used

to change the measurement basis when measuring a Hamiltonian term).

When the parameter ε = 1 the original gates were recovered. On each

iteration of the circuit, I generated a random δ for each qubit, δq, uniformly

distributed between ±0.01. For all of the single-qubit gates acting on qubit

q in the circuit, I set εq = 1− δq/10. For the target qubit of two-qubit gates, I

set εq = 1− δq. As such, 0.99 < εq < 1.01. In a given iteration of the circuit,

each qubit received the same over or under rotation for each of the gates

where it was the target qubit.

Fig. 5.9 shows that the combination of symmetry verification and extrapola-

tion was able to obtain chemically accurate energies, even when the results

would have otherwise been corrupted by noise. The combined mitigation

97



S. McArdle University of Oxford

0.5 1.0 1.5 2.0 2.5
Interatomic dis ance (Å)

−1.1

−1.0

−0.9

−0.8

−0.7

−0.6

−0.5

E
ne

rg
y 

(h
ar

 r
ee

)

Noisy resul 
De ec ion + Ex rapola ion
Ex rapola ion

0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
In era omic dis ance (Å)

−0.004

−0.002

0.000

0.002

0.004

E
ne

rg
y 

er
ro

r 
(h

ar
 r

ee
)

Figure 5.9: Comparing methods of mitigating errors in simulations of H2.
The inset shows the residual from the true value. The dashed lines mark
chemical accuracy (±1.6 mHartree). The error bars show the true standard
error in the result, given in Appendix A.1. Reproduced from Ref. [159],
with permission.

method yielded a mean absolute residual of 0.2 mHartree. Compared to

the unmitigated results, the deviation from the true value was reduced by

a median factor of 239 (with a range of 141 to 818, and a mean of 340). Com-

pared to just applying extrapolation, the deviation from the true value was

reduced by a median factor of 9.1 (with a range of 6.6 to 35.6, and a mean

of 15.0) by combining the two mitigation methods. As energy differences

are exponentiated when calculating reaction rates, this improvement may

be magnified when performing certain calculations of interest.

5.5 Discussion

In this chapter I have introduced symmetry verification; a low cost method

for mitigating errors in quantum simulation algorithms. Symmetry verifi-

cation detects errors using stabiliser check-like circuits which measure the
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value of quantities that should be conserved during the algorithm. While

it cannot detect all first order errors, it is effective at filtering out bit-flip

errors, achieving detection rates of between 53% - 80% (under idealised

conditions). I tested the method in noisy emulations of a VQE calculation

on the H2 molecule. By combining symmetry verification with linear ex-

trapolation, essentially noiseless results could be recovered. The error in

the energy was reduced by two orders of magnitude compared to the un-

mitigated results, in some cases.

Since my coauthors and I proposed it in Ref. [159], symmetry verification

has been further developed in a number of other publications. Shortly af-

ter the release of Ref. [159], a similar proposal was released in Ref. [246].

That work also introduced an ancilla-free version of symmetry verification,

which utilises additional measurements and post-processing (and was later

experimentally demonstrated [161]). Ref. [253] presented a method that

builds upon the alternative parity check circuit in Fig. 5.2. Rather than mea-

suring the particle number parity of the register qubits, that work applies

the inverse of the ansatz circuit before measuring the register qubits. Mea-

suring the register qubits in |0̄〉 provides a way to ‘verify’ the computation,

yielding one of the most effective error mitigation techniques suggested to

date.

Other works have combined symmetry verification with other error miti-

gation techniques. Ref. [151] showed that by optimising the combination

of symmetry verification and extrapolation, the method could be effective

even when multiple errors were expected to occur in the circuit. Ref. [254]

considered combining error detection codes with symmetry verification,

and using ancilla-free post-processing to realise the desired post-selection.
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Perhaps the most interesting open question from this work (and one which

I have spent considerable time thinking about), is whether monitoring con-

served quantities, such as the particle number parity, could ever be enough

to correct errors, rather than just to detect them. Clearly, for a completely

general noise model this will not be possible, as the symmetry provides

little information about the state. However, if we were to consider a very

specialised noise model, perhaps there are cases where this goal becomes

achievable. For example, consider a fault tolerant setting, and assume that

all logical Clifford operations are noiseless. In this case, the only source of

errors in the circuit would be during non-Clifford logical operations, such

as arbitrary angle single-qubit rotations. For example, consider the circuit

shown in Fig. 5.10, where each qubit is a logical qubit, composed of a num-

ber of physical qubits. This circuit implements a logical eiθX1Y2 gate, which

conserves particle number parity.

↑: |x1〉 H • • H

↑: |x2〉 Rx(π2 ) Rz(θ) Rx(−π
2 )

Figure 5.10: A circuit on logical qubits that implements the particle num-
ber parity conserving logical gate eiθX1Y2 . The Clifford gates in this circuit
are considered noiseless. I imagine implementing the Rz(θ) gate through
a CNOT-ladder construction on the physical qubits, which would not be
fault tolerant. I assume here for convenience that this leads to a single-
qubit depolarising noise channel for the logical qubit. Note that if Rz(θ)
were implemented by magic state injection, then it would suffer from Z
type errors, which symmetry verification is unable to detect.

Under the noise model discussed above, only theRz(θ) gate may lead to an

error. I assume that this noisy gate is followed by single-qubit depolarising

noise. In this case, using a particle number parity check we would be able

to detect an X error on the second qubit. If this were the only possibility,

and the check was performed immediately before and after this circuit, then
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we would be able to correct this error. Unfortunately, a Z error would be

mapped toX1Y2 by the circuit, and so would be undetectable. In general, it

looks difficult (if not impossible) to find a circuit that is able to provide com-

putational universality for the chemistry problem, while spreading errors

in such a way that they would always be detectable using a physical sym-

metry. In some ways, this is reminiscent of the Eastin-Knill theorem [173],

which states that no quantum error correction code can implement a uni-

versal set of quantum gates transversally. Whether these limitations can be

circumvented in this case, by considering alternative circuit constructions

or resource states is an interesting open problem. If a solution were possi-

ble, then perhaps this would enable a reduction in the resources required

for error correction, or the elimination of costly processes like magic state

distillation and injection.
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6.1 Chapter summary

This chapter discusses the use of digital quantum algorithms to simulate
molecular vibrations. This work was originally published in Ref. [255]:

Digital quantum simulation of molecular vibrations
S. McArdle, A. Mayorov, X. Shan, S.C. Benjamin, X. Yuan

Chemical Science, 10, 5725-5735 (2019)

The main novel results in this work were: developing a formulation of the
vibrational structure problem amenable for simulation on digital quantum
computers, introducing a classically inspired ansatz tailored for solving the
vibrational structure problem, considering practical approaches to prepar-
ing vibrational thermal states, and developing techniques to measure ab-
sorption spectra. My contributions were: developing the vibration-to-qubit
mappings, developing methods to evaluate Franck-Condon spectra, intro-
ducing the unitary vibrational coupled cluster ansatz, and considering how
to prepare vibrational thermal states. Numerical emulations of some of
these approaches were reported in the original publication [255], but were
performed by my collaborator, Xiao Yuan, and so I do not discuss them in
this chapter.

6.2 Introduction

So far, this thesis has focused on methods to solve the electronic structure

problem on quantum hardware. However, finding the low-lying electronic
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energy levels of chemical systems is often only the first step in trying to

understand and predict their behaviour. For molecules composed of light

atoms (i.e. those where relativistic effects can be neglected), the vibrational

motion of the nuclei is the next largest contribution to the total energy of

the molecule, after the electronic energy. As a result, calculations of static

properties (such as energy differences between configurations) must often

include the corrections due to vibrational structure in order to obtain accu-

rate results [256, 257].

Vibrations of the nuclei are also important in a number of other chemi-

cal scenarios. They determine absorption properties in Raman or infrared

spectroscopy [258, 259], as well as governing the behaviour of the molecule

in ultrafast laser experiments [260]. Unfortunately, accurately determining

the vibrational structure of many molecules can be just as challenging as

the electronic structure problem.

In a sense, the existence of the vibrational structure problem is a fallacy,

stemming from our use of the Born-Oppenheimer approximation. If this

approximation is not made, then we can simulate the electrons and nu-

clei on an equal footing, and solve for their total energy. Such simulations

can be performed most faithfully by using real-space grid-based methods,

which are limited to small system sizes by their high costs. In many sys-

tems, it is acceptable to introduce the Born-Oppenheimer approximation,

separating the electronic and nuclear motions, due to their vastly different

timescales. This introduces the concept of potential energy surfaces, where

we can consider an electronic energy surface that depends on the positions

of the nuclei, which are assumed to be clamped in place.

The vibrational structure problem then assumes that the system is in equi-

librium at the minima of these potential energy surfaces. Vibrations of

the nuclei consist of small perturbations about this equilibrium geome-
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try. These oscillations are governed by the potential experienced by the

nuclei, which is determined by the shape of the electronic potential en-

ergy surface in the vicinity of the minimum. Evaluating a multidimen-

sional potential energy surface by sampling the electronic energy at a num-

ber of nuclear configurations will require a number of measurements scal-

ing exponentially with the number of vibrational modes [261]. As a re-

sult, the form of the vibrational potential is typically approximated. One

possible approach is to consider sophisticated adaptive sampling [262] or

machine learning [263] techniques. Alternatively, one can consider an-

alytic approximations for the potential (e.g. the Morse potential for di-

atomic systems), or a multivariable Taylor expansion of the potential en-

ergy surface [261, 264]. The latter approach is most commonly used in

the literature, with the Taylor series often being truncated at second order.

This is known as the ‘harmonic approximation’ to the vibrational structure

problem, which treats the potential as that of a harmonic oscillator. Im-

proved accuracy can be obtained by including higher-order ‘anharmonic’

terms in the potential. While the harmonic approximation makes the vi-

brational structure problem more tractable to simulate classically, it breaks

down in many cases – for example, the treatment of non-rigid molecules, or

when considering highly excited vibrational states [259]. Once the poten-

tial has been obtained, approximate wavefunctions can be generated us-

ing a number of electronic structure-inspired methods [265], such as: vi-

brational self-consistent field (VSCF, the vibrational analogue of Hartree-

Fock), vibrational coupled cluster (VCC, the analogue of CC methods),

and vibrational full configuration interaction (VFCI) – which amounts to

exact diagonalisation of the Hamiltonian. As with the corresponding ap-

proaches to solving the electronic structure problem, these methods have

an accuracy-dependent cost, which limits the system size that they can be

applied to. Simulations accurate to VFCI level are contrained to system
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sizes with around 4 atoms [266]. Using approximate methods, accurate

simulations of some non-rigid molecules have been performed on system

sizes of up to 20 atoms [267, 268].

The difficulty of classically solving the vibrational structure problem has

led to the development of several quantum algorithms. Prior to the work

discussed in this chapter, all of the quantum algorithms specialised to the

vibrational structure problem used analog quantum simulators as the sim-

ulation platform [269–276]. These approaches exploit the correspondence

between the harmonic approximation to the vibrational structure problem,

and the Hamiltonian of a bosonic system (such as photons in waveguides,

or energy levels in trapped ions). While these proposals provide a natural

simulation platform for small system sizes, they have two main limitations.

The first is that it can be difficult to move beyond the harmonic approxima-

tion in such systems – for example, it is difficult to engineer non-linearities

(required to generate anharmonic terms) in photonic networks. Secondly,

it is not yet known how to protect analog quantum simulations from errors

in a scalable way. As a result, it seems likely that large-scale vibrational

structure calculations will need to be performed on digital quantum com-

puters, for which methods of fault tolerant error correction are known.

In this chapter, I discuss approaches for simulating molecular vibrations

on digital quantum computers. In Sec. 6.3 I discuss two methods for map-

ping the vibrational problem onto a system of qubits. In Sec. 6.4 I discuss

techniques introduced to calculate vibrational properties of interest, such

as energy levels and transition amplitudes.
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6.3 Mapping vibrations to qubits

As discussed in Chapter 2, the Coulomb Hamiltonian for a molecular sys-

tem containing G nuclei, prior to making the Born-Oppenheimer approxi-

mation, is given by

H = −
∑
i

∇2
i

2
−
∑
I

∇2
I

2MI
−
∑
i,I

ZI
|ri −RI |

+
1

2

∑
i 6=j

1

|ri − rj |
+

1

2

∑
I 6=J

ZIZJ
|RI −RJ |

.

(6.1)

where MI , RI , and ZI denote the mass, position, and atomic number of

the I th nucleus, and ri is the position of the ith electron. I assume that

the wavefunction can be factorized into a tensor product of a nuclear and

an electronic wavefunction |φN 〉 ⊗ |ψe〉. For fixed nuclear positions, one

can integrate out the electronic part of the wavefunction by solving the

electronic Schrödinger equation. For example, solving for the electronic

ground state potential energy surface gives the nuclear Hamiltonian

Hv(R1, ...,RG) = −
∑
I

∇2
I

2MI
+ Ve(R1, ...,RG) (6.2)

where

Ve(R1, ...,RG) =

minψe 〈ψe|
(
−
∑
i

∇2
i

2
−
∑
i,I

ZI
|ri −RI |

+
1

2

∑
i 6=j

1

|ri − rj |
+

1

2

∑
I 6=J

ZIZJ
|RI −RJ |

)
|ψe〉

(6.3)

is the electronic potential energy surface for the molecule. In general, it is

not possible to obtain an analytic expression for the potential energy sur-

face. As mentioned in Sec. 6.2, one of the most simple ways to approximate

the potential energy surface is with a multivariable Taylor expansion about

the equilibrium positions of the nuclei. I denote the displacement of nu-

cleus I from its equilibrium coordinate along each axis as XI = (RI −R0
I).
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The potential can then be expanded as

Ve( ~XI) ≈Ve(~0) +
∑
I

(
∂Ve
∂XI

)∣∣∣∣
XI=0

XI

+
∑
I,J

(
∂2Ve

∂XI∂XJ

)∣∣∣∣
XI ,XJ=0

XIXj + ...

(6.4)

The first term in this expansion is a constant energy offset, while the sec-

ond term is zero because the equilibrium position is a minimum of the po-

tential energy surface. If we truncate the expansion at second order, we

can diagonalise the matrix 1√
MIMJ

∂2Ve
∂XI∂XJ

∣∣
XI ,XJ=0

(known as the Hessian

matrix for the system) to obtain the mass-weighted normal mode coordi-

nates for the system, QI . This is analogous to the way that we solve for

the normal modes of coupled classical harmonic oscillators. For a general

molecule, there are M = 3G− 6 normal modes with non-zero values in the

diagonalised Hessian (M = 3G − 5 for a linear molecule). These normal

modes correspond to the vibrational degrees of freedom. The modes with

an eigenvalue of zero correspond to translational or rotational degrees of

freedom. I neglect these terms in the Hamiltonian. The vibrational Hamil-

tonian is then given by

Hv =
1

2

M∑
m=1

(
P 2
m + ω2

mQ
2
m

)
, (6.5)

where m denotes a vibrational mode. Defining the creation and annihila-

tion operators

Qm =
1√
2ωm

(
am + a†m

)
Pm = i

√
ωm
2

(
a†m − am

)
,

[am, a
†
n] = δmn

(6.6)
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where Pm is the conjugate momentum to the mass-weighted normal mode

coordinate Qm, enables the Hamiltonian to be expressed as

Hv =

M∑
m=1

ωm

(
a†mam +

1

2

)
. (6.7)

The transformation to mass-weighted normal mode coordinates uncouples

the vibrational modes, enabling us to approximate the motion as a set of

independent harmonic oscillators. The eigenfunctions for this Hamiltonian

are tensor products of the Gauss-Hermite polynomials. I represent the nth

Gauss-Hermite function for vibrational mode m as |n〉m, such that

a†mam |n〉m = n |n〉m

am |n〉m =
√
n |n− 1〉m

a†m |n〉m =
√
n+ 1 |n+ 1〉m .

(6.8)

As discussed above, the harmonic approximation breaks down when con-

sidering non-rigid molecules that undergo large oscillations, or when search-

ing for highly excited vibrational eigenstates. These cases necessitate a

higher-order expansion of the potential

Hv =
1

2

∑
α

(
P 2
α+ω2

αQ
2
α

)
+
∑
α,β,γ

KαβγQαQβQγ+
∑
α,β,γ,δ

KαβγδQαQβQγQδ+...

(6.9)

As this Hamiltonian has been obtained from a Taylor series expansion around

a minimum of the electronic potential energy surface, it is expected to only

give a good description of the vibrational dynamics in the vicinity of the

minimum. This Hamiltonian would not be appropriate for describing com-

plex potential energy surfaces, far from the minimum. We can expand each

of the operators Q and P into a linear combination of creation and annihi-

lation operators. This is equivalent to using the harmonic oscillator eigen-

states as basis functions for the vibrational Hilbert space. For an lth order
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expansion of the potential, the Hamiltonian will contain O(M l) terms. Al-

though the creation and annihilation operators have a bosonic commuta-

tion relation, I treat the different vibrational modes as distinguishable par-

ticles, and so do not explicitly consider symmetrising the wavefunction.

I now consider how to map these vibrational energy levels onto qubit states.

The first challenge to overcome is to note that the Hilbert space for this

problem is infinite dimensional, as |n〉 may take an arbitrarily high value.

In practice, one can consider the simulation to take place in a low energy

subspace, by truncating at a finite value of n. This can be considered analo-

gous to the basis set discretisation error for the electronic structure problem.

I denote the maximum energy level considered as d.

I consider two possible mappings: a direct mapping requiringO(Md) qubits

to store the vibrational wavefunction, and a compact mapping requiring

O
(
Mdlog2(d)e

)
qubits. Due to the relatively large number of qubits re-

quired in both mappings, it may be the case that these calculations will

be intractable for NISQ processors, and so would have to wait for fault-

tolerant processors to become available. The direct mapping was origi-

nally introduced in the context of simulating bosonic degrees of freedom

on quantum computers in Ref. [277]. This mapping uses M registers, each

containing d qubits. I represent the Gauss-Hermite polynomial basis state

for mode m as

|i〉m = |0〉md−1
⊗ ...⊗ |1〉mi ⊗ ...⊗ |0〉m1

⊗ |0〉m0
(6.10)

where mi denotes the ith qubit in register m. The creation and annihilation
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operators take a particularly simple form under this mapping

am =
d−2∑
α=0

√
α+ 1

(
|0〉 〈1|mα+1

⊗ |1〉 〈0|mα
)

=
d−2∑
α=0

√
α+ 1

4

(
(X + iY )mα+1 ⊗ (X − iY )mα

)
,

a†m =

d−2∑
α=0

√
α+ 1

(
|1〉 〈0|mα+1

⊗ |0〉 〈1|mα
)

=
d−2∑
α=0

√
α+ 1

4

(
(X − iY )mα+1 ⊗ (X + iY )mα

)
(6.11)

A single creation or annhilation operator is mapped toO(d) weight-2 Pauli

strings. As a result, a vibrational Hamiltonian expanded to lth order will

contain O(M ldl) 2l-weight Pauli strings.

The compact mapping achieves an exponential reduction in spatial resources

over the direct mapping discussed above, at a cost of more complex expres-

sions for the mode operators. The compact mapping was originally intro-

duced in Ref. [278], where it was used as a mapping for Gaussian nuclear

orbitals in ‘nuclear orbital plus molecular orbital’ theory, which attempts to

treat the electronic and nuclear degrees of freedom on a similar footing. The

compact mapping uses M registers, each with dlog2(d)e qubits. I represent

the Gauss-Hermite polynomial basis state for mode m as

|n〉m := |n〉m =

dlog2(d)e−1⊗
i=0

|ni〉mi (6.12)

where n is a binary expansion of integer n, and ni denotes the ith bit of

n (counting from the right). For example, we can store the state |5〉 :=

|1〉 |0〉 |1〉, for d = 8. Under this mapping, the annihilation operators are
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given by

am =
d−2∑
s=0

√
s+ 1 |s〉m 〈s + 1|m

=
d−2∑
s=0

√
s+ 1

(( dlog2(d)e−1⊗
i=0

|si〉mi
)( dlog2(d)e−1⊗

i=0

〈(s + 1)i|mi
))

=
d−2∑
s=0

√
s+ 1

( dlog2(d)e−1⊗
i=0

(
|si〉mi 〈(s + 1)i|mi

))
.

(6.13)

For example, for d = 4,

am =
√

1 |0〉m 〈1|m +
√

2 |1〉m 〈2|m +
√

3 |2〉m 〈3|m

=
√

1 |00〉m 〈01|m +
√

2 |01〉m 〈10|m +
√

3 |10〉m 〈11|m

=
√

1
(
|0〉 〈0|m1

⊗ |0〉 〈1|m0

)
+
√

2
(
|0〉 〈1|m1

⊗ |1〉 〈0|m0

)
+
√

3
(
|1〉 〈1|m1

⊗ |0〉 〈1|m0

)
.

(6.14)

Each term |si〉mi 〈(s + 1)i|mi is a single-qubit binary projector, which can be

mapped to Pauli operators using

|0〉 〈1| = 1

2

(
X + iY

)
|1〉 〈0| = 1

2

(
X − iY

)
|0〉 〈0| = 1

2

(
I + Z

)
|1〉 〈1| = 1

2

(
I − Z

)
(6.15)

A single term |s〉m 〈s + 1|m is thus mapped to 2dlog2(d)e = d Pauli strings,

with weight O
(
dlog2(d)e

)
. There are d such terms for each creation or an-

nihilation operator – so each is mapped to O(d2) Pauli terms. As a result, a

vibrational Hamiltonian expanded to lth order will contain O(M ld2l) Pauli

strings with weight O
(
ldlog2(d)e

)
.

It is evident that the direct mapping makes less efficient use of the avail-
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able Hilbert space, but consequently yields lower weight expressions for

vibrational operators, and fewer terms in the expansion. In contrast, the

compact mapping makes use of all of the available Hilbert space, but at a

cost of leading to an increased number of operators, with higher weight.

Consequently, while the direct mapping may appear to require a greater

number of qubits than the compact mapping, whether this is actually the

case will depend on the context of the simulation performed. For example,

if one were performing an error-corrected simulation of time evolution un-

der the qubit-mapped vibrational Hamiltonian, then the depth of the circuit

becomes as important a metric as its logical ‘width’. It may be the case that

the lower weight, fewer terms, and improved parallelisability of the direct

mapping lead to a significant reduction in the circuit depth, compared to

that required for the compact mapping. In this case, fewer physical qubits

would be required to protect each logical qubit in the direct mapping than

in the compact mapping. There may be scenarios in which this saving is

significant enough to outweigh the exponential reduction in logical qubits

afforded by the compact mapping.

On a similar note, the different mappings may be better suited for differ-

ent hardware systems, when considering NISQ simulations. For example,

superconducting platforms are typically constrained to nearest-neighbour

gates. Moreover, such platforms are often coherence time limited, meaning

that it is favourable to use wide, shallow circuits. This suggests that the

direct mapping may be preferable. In contrast, certain trapped ion systems

are able to perform globally entangling operations, such as the Mølmer-

Sorenson gate. While they have long coherence times, they typically pos-

sess fewer qubits than superconducting systems. As a result, trapped ion

systems may be better suited to using the compact mapping, which can re-

quire operations on all of the qubits in a register to perform a creation or

annihilation operation, and as such is limited to performing some opera-
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tions sequentially.

6.4 Simulating vibrational problems

The techniques introduced in the previous section can be used to map the

vibrational simulation problem onto a quantum computer. As the vibra-

tional Hamiltonian is mapped to a linear combination of Pauli strings, it is

straightforward to apply existing quantum simulation algorithms. For ex-

ample, I could perform a Trotter decomposition of the vibrational Hamil-

tonian, enabling the implementation of quantum phase estimation, to cal-

culate the vibrational energy levels. In this section I discuss techniques

designed specifically for solving problems of molecular vibrations.

The first is a unitary analogue of the vibrational coupled cluster ansatz [265,

279, 280] for approximating low-lying vibrational eigenstates. The ansatz,

denoted as UVCC, is designed for use in a VQE calculation, and is given

by

|Ψ(~θ)〉 = exp(T̂θ − T̂ †θ ) |Ψ0〉 , (6.16)

where the initial state |Ψ0〉 can be either the ground state of the harmonic

Hamiltonian, or a vibrational mean-field or multi-reference state for the full

Hamiltonian. T̂θ is the sum of vibrational excitation operators truncated at

a specified excitation rank, and ~θ are excitation amplitudes. The excitation

operators truncated at second order are given by

T̂θ = T̂ θ1 + T̂ θ2 , (6.17)
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with

T̂ θ1 =
M∑
m=1

d−1∑
i,j=0

θimjm |i〉m 〈j|m ,

T̂ θ2 =
M∑

m<m′

d−1∑
i,j,k,l=0

θimjmkm′ lm′ |i〉m 〈j|m ⊗ |k〉m′ 〈l|m′ .

(6.18)

The operators can be mapped to qubit operators using either the direct or

compact mapping. For example, under the direct mapping the operator

|3〉 〈1| → |1000〉 〈0010|, which has the same effect as the operator 1
4

(
X3 −

iY3

)
⊗
(
X1 + iY1

)
in the computationally relevant subspace. In the com-

pact mapping, the operator |3〉 〈1| → |11〉 〈01| = |1〉 〈0|1 ⊗ |1〉 〈1|0 = 1
4

(
X1 −

iY1

)
⊗
(
I0 − Z0

)
. The UVCC operator can then be Trotterized to split it

into a product of exponentiated Pauli strings, each of which can be easily

decomposed into single-qubit rotations and CNOT gates. Because of the

unitary nature of the ansatz, it obeys the Rayleigh-Ritz variational princi-

ple, and the parameters can be minimised directly. This is in contrast to

the classically tractable VCC ansatz, which is not variational, and is opti-

mised by solving a number of coupled equations. These equations strug-

gle to converge when used with multireference initial states [266, 281–283],

which can be required to describe vibrational resonances in a system. These

resonances can arise from near-degeneracies between different vibrational

eigenstates caused by the anharmonic terms in the Hamiltonian [284, 285].

The quantum-amenable UVCC ansatz can be applied to multireference ini-

tial states, and so provides advantages over the classical VCC ansatz. In

this sense, the correspondence between the VCC and the UVCC ansätze

is equivalent to that between the CC and UCC ansätze used to solve the

electronic structure problem. Although I do not present the results in this

chapter, in the original publication of these results (Ref. [255]) the UVCC

ansatz was used in a VQE emulation to find the vibrational ground state

of H2O (numerical simulations performed by Xiao Yuan, a collaborator on
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this project).

For many molecular systems, the differences between the vibrational en-

ergy levels are of the same order of magnitude as the energy of a room

temperature photon. As a result, we may be interested in preparing vibra-

tional thermal states, as well as pure eigenstates. One possible approach to

prepare these states is to use the algorithm for ansatz-based imaginary time

evolution, discussed in Chapter 4, to prepare a purification of the thermal

state (as discussed in Refs. [195, 234]). I double the number of qubits, and

initialise the registers in the maximally entangled state

|φ(0)〉 =
1

dM/2

∑
i1,i2,...iM

(
|i0〉A0 ... |iM 〉

A
M

)
⊗
(
|i0〉B0 ... |iM 〉

B
M

)
, (6.19)

where A,B denote the two systems, and |iα〉α denotes an eigenstate of the

number operator for mode α. It is simple to generate this state when using

the compact mapping. To place a mode in an equally weighted superposi-

tion of all number states, I apply the Hadamard gate to each qubit. I do this

for each mode independently. To generate the equivalent state under the

direct mapping, I create a d-qubit W state for each vibrational mode regis-

ter. This can be achieved using the algorithm presented in Ref. [286], which

I discuss in more detail for the purpose of preparing Dicke states in Chap-

ter 7. Having prepared these states, I then entangle system A with system

B by performing a CNOT gate between each qubit in system A and the

corresponding qubit in system B. By writing |i0〉0 ... |iM 〉M as |k〉, I denote

the initial state as

|φ(0)〉 =
1√
dM

∑
k

|k〉A ⊗ |k〉B . (6.20)

After preparing this state, I apply the imaginary time algorithm introduced
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in Chapter 4, evolving under the Hamiltonian HA
v ⊗ IB for imaginary time

τ = 1
2T , where T is the desired temperature of the thermal state,

|φ(τ)〉 =
e−H

A
v ⊗IBτ |φ(0)〉√

〈φ(0)| e−2HA
v ⊗IBτ |φ(0)〉

=

1√
dM

∑
k e
−HA

v τ |k〉A ⊗ |k〉B√
1
dM

∑
i,j 〈i|

A 〈i|B e−2HA
v ⊗IBτ |j〉A |j〉B

=

∑
k e
−HA

v τ |k〉A ⊗ |k〉B√∑
j 〈j|

A e−2HA
v τ |j〉A

=

∑
k e
−HA

v τ |k〉A ⊗ |k〉B√
Tr
(
e−2HA

v τ
) .

(6.21)

Tracing out register B then prepares the following mixed state

TrB
(
|φ(τ)〉 〈φ(τ)|

)
=

∑
k e
−HA

v τ |k〉A 〈k|A e−HA
v τ

Tr
(
e−2HA

v τ
)

=
e−2HA

v τ

Tr
(
e−2HA

v τ
)

=
e−

HAv
T

Tr

(
e−

HAv
T

) ,
(6.22)

which corresponds to the thermal state for the system at temperature T .

Because I am using the ansatz-based imaginary time algorithm, the non-

unitary imaginary time evolution of the initial state is implemented by a

unitary ansatz circuit. This ansatz circuit should act on both registers, creat-

ing entanglement between them. This can be distinguished from preparing

the maximally entangled state, evolving just system A in imaginary time,

and tracing out registerB (which is equivalent to removing registerB from

the calculation, and sampling over input states |k〉 in register A), because

the imaginary time evolution implemented by the ansatz-based approach

is normalised, and so would lead to an incorrectly weighted state.
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In vibrational simulations, it is often of interest to calculate the spectra aris-

ing from transitions between different vibrational and electronic states. I

assume that the system is initially in the state |ψi〉e |φi〉N , and seek the prob-

ability of transition to the state |ψf 〉e |φf 〉N upon absorption of a photon.

Using Fermi’s Golden rule, the transition probability is given by

P = | 〈ψf |e 〈φf |N µ |φi〉N |ψi〉e |
2

= | 〈ψf |µe |ψi〉e 〈φf |φi〉N + 〈ψf |ψi〉e 〈φf |µN |φi〉N |
2.

(6.23)

where µe/µN are the electronic and nuclear dipole moments, respectively.

The assumption that µe does not depend on the coordinates of the nuclei is

known as the Franck-Condon approximation [287]. In reality however, the

positions of the electrons are influenced by the locations of the nuclei, and

so we can consider a Taylor expansion of the electronic transition dipole

moment in terms of the nuclear coordinates (known as the Herzberg-Teller

expansion [288]). I do not consider these non-Condon effects in this chap-

ter. For a transition between vibrational levels belonging to the same po-

tential energy surface, the first term is zero, and P = | 〈φf |µN |φi〉N |2. For

vibronic transitions (where an electron is excited to a higher potential en-

ergy surface) the second term vanishes, so P = | 〈ψf |µe |ψi〉e 〈φf |φi〉N |
2.

I focus on the latter case, where the goal of the quantum calculation is to

evaluate | 〈φf |φi〉N |
2. This is complicated by the fact that the coordinate

systems for the harmonic oscillator basis sets of these two states differ. The

excited electronic potential energy surface will likely be displaced, rotated

and stretched relative to the initial potential energy surface. There are two

possible approaches one can consider to solve this problem. The first is to

apply a unitary basis change directly onto the state vector. This is known

as the Doktorov unitary [289]. Unfortunately, this matrix is obtained by
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exponentiating sums of creation and annihilation operators, which means

that Trotterization (or another, related technique, such as the linear combi-

nation of unitaries method) is required in order to decompose the operator

into single- and two-qubit gates. A more straightforward approach is to ex-

press the excited state vibrational eigenstates in the basis of the initial state

vibrational eigenstates. The coordinates of the two systems can be related

using the Duschinsky transform ~Qf = S ~Qi + ~δ, where S is the Duschin-

sky mode mixing matrix, and ~δ is a displacement vector [270, 290]. It may

be difficult to exactly relate the two coordinate systems, and in practice a

number of approximations are used (see Ref. [259] Section 2.2 for further

details). Assuming that an accurate transformation can be found between

~Qi and ~Qf , these can be used to obtain H i
v and Hf

v in the same harmonic

oscillator basis set. I assume the ability to prepare the eigenstates |φi〉 and

|φ′f 〉 (where the prime denotes the use of the same harmonic oscillator ba-

sis set describing the initial state |φi〉) with unitaries Vi and V ′f . The vibra-

tional transition strength can then be calculated using a swap test circuit,

as shown in Fig. 6.1.

|0̄〉 H • H

|0̄〉 Vi
SWAP

|0̄〉 V ′f

Figure 6.1: A swap test circuit to measure the squared-overlap between the
two vibrational states |φi〉 = Vi |0̄〉 and |φ′f 〉 = V ′f |0̄〉.

An alternative approach is to prepare the state V ′†f Vi |0̄〉, and calculate the

probability of measuring all qubits in the |0〉 state, to yield | 〈0̄|V ′†f Vi |0̄〉 |
2 =

| 〈φ′f |φi〉 |2.
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6.5 Discussion

In this chapter, I have discussed how to simulate molecular vibrations on

digital quantum computers. By truncating the Hilbert space to a low en-

ergy subspace, I was able to map a canonical form of the anharmonic vibra-

tional Hamiltonian onto a qubit Hamiltonian that can be expressed as a lin-

ear combination of Pauli strings. This form of the Hamiltonian is amenable

to use in generic quantum simulation algorithms, such as phase estima-

tion and the VQE. To target specific vibrational phenomena, I introduced

the UVCC ansatz as a quantum analogue of the classically tractable VCC

ansatz, for approximating the low energy vibrational eigenstates. I have

also presented methods to prepare thermal states of the vibrational Hamil-

tonian, using the imaginary time algorithm discussed in Chapter 4. Finally,

I showed how these techniques can be used in conjunction with a SWAP-

test style circuit, to calculate absorption spectra in molecules.

This work offers a number of advantages over existing analog quantum

algorithms for simulating molecular vibrations. In particular, it is easy to

incorporate anharmonic terms in the Hamiltonian using the methods intro-

duced herein, whereas this can be difficult in some analog simulation plat-

forms. Moreover, considering digital quantum computation enables the

use of quantum error correction to protect simulations against noise. One

limitation compared to analog simulators is the necessity of truncating the

energy level of the harmonic oscillator. However, this truncation is often

enforced indirectly in analog calculations by experimental limitations. For

example, deficiencies in number resolving photon detectors mean that it

can be difficult to consider arbitrarily high harmonic oscillator eigenstates.

Since the publication of this work, there have been a number of follow-

up investigations by other research groups, which have built on the work
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discussed herein. In Ref. [291], the compact and direct mappings were

compared to alternative approaches; the Gray code, and block unary en-

codings. The authors of that work investigated the resources required to

implement vibrational operators using these mappings. Similar work in

Ref. [292] examined how these resources were affected by constrained con-

nectivity in the underlying hardware. In Ref. [293], an algorithm was pre-

sented to calculate an entire Franck-Condon spectra, rather than just the

intensity of a given transition. This algorithm requires the preparation of

relevant initial states, and so can use the techniques presented herein as

subroutines. More recently, Ref. [294] considered the use of alternative,

more general basis sets for solving the vibrational structure problem. The

authors of that work made use of the direct mapping and UVCC ansatz

to calculate the ground states of small molecular systems, including per-

forming a small calculation on a superconducting quantum processor. Fi-

nally, a recent review [295] investigated how to include non-Condon effects

in vibrational simulations, using methods similar to those discussed here.

Those authors claimed that quantum advantage may be demonstrated for

vibrational structure problems before it is achieved for electronic structure

calculations, due to the difficulties in classically simulating small non-rigid

molecules. These systems may require few logical qubits to simulate, but

will require a high-order expansion of the potential, leading to a Hamilto-

nian with a large number of terms.

The work introduced in this chapter, and the publications described above,

have laid the groundwork for simulations of vibrations on digital quantum

hardware. The next challenge that needs to be overcome is ascertaining

and optimising the cost of these calculations. In particular, it would be

interesting to consider a fault-tolerant resource estimate for a vibrational

calculation, analogous to those performed for the electronic structure prob-
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lem [25–27, 68, 69]. This will help to determine whether the lower gate-

count expected from the direct mapping is able to outweigh the spatial

efficiency of the compact mapping. One limitation of algorithms for the

vibrational structure problem is that the Hamiltonian may contain a large

number of terms, which may translate to a large gatecount. There are at

least two interesting possibilities for mitigating this issue. The first is to use

a tensor factorization of the vibrational potential. Similar factorizations of

the Coulomb operator have recently been used to reduce the cost of quan-

tum algorithms for solving the electronic structure problem [27, 69, 72, 250].

While tensor factorizations have recently been incorporated into classical

vibrational calculations, these have predominantly been used to approxi-

mate the wavefunction itself (as in tensor network methods) rather than to

compress the vibrational Hamiltonian [296–298]. Alternatively, we could

consider using a Hamiltonian simulation algorithm whose cost does not

depend explicitly on the number of terms in the Hamiltonian. For exam-

ple, the cost of the qDRIFT protocol introduced in Sec. 3.1.1 scales with the

1-norm of the Hamiltonian, rather than with the number of terms. As the

vibrational potential is obtained through a Taylor expansion it is likely that

the strengths of terms in the vibrational Hamiltonian will decay rapidly.

Similarly, one can consider locality constraints, which may further reduce

the magnitude of interactions between more distant vibrations. As a result,

qDRIFT and related methods [106] may be able to improve upon the gate-

counts obtained from naive Trotterization of the vibrational Hamiltonian.

Developing methods to simulate molecular vibrations expands the range

of chemical phenomena that we will one day be able to explore using fault

tolerant digital quantum computers. It is hoped that these simulations will

enable us to predict, via simulation, how a given system may interact with

light, or react with another substance. Being able to perform such simu-
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lations may reduce the cost of developing new compounds and materials,

and open up new avenues in autonomous design. The work discussed in

this chapter constitutes a step in this direction, and provides another setting

in which to use some of the techniques discussed in this thesis.
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7.1 Chapter summary

This chapter discusses how quantum computers can be used to analyse the
data arising from muon spectroscopy experiments. This work has been
released as Ref. [299]:

Learning from physics experiments, with quantum computers: Applications in
muon spectroscopy

S. McArdle
arXiv:2012.06602 (2020)

The experimental data analysed as part of this work was obtained by John
Wilkinson and Stephen Blundell [300], who kindly provided me with ac-
cess to their data.
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7.2 Introduction

As discussed throughout this thesis, the majority of work to date on quan-

tum simulation algorithms has focused on solving the electronic structure

problem. Current estimates for the resources required to solve classically

intractable instances of this problem require on the order of 105−106 phys-

ical qubits [25, 27, 69, 72] – well beyond our current capabilities. In this

final research chapter, I consider the quantum resources required to solve

a new class of simulation problem; the analysis of muon spectroscopy ex-

periments. Muon spectroscopy is a technique for quantitatively studying

the interactions present in a sample of interest, by studying the time evo-

lution of spin-polarised (anti)-muons implanted into the sample. Accurate

analysis of these experiments can require a fully quantum treatment of the

system dynamics. In some cases, this problem appears challenging to solve

on classical computers, admitting few simplifications, and often requiring

exact diagonalisation of the system Hamiltonian [300–302].

In Sec. 7.3 I present an efficient quantum algorithm to solve this problem.

In Sec. 7.4 I report classical numerical emulations of this algorithm, to in-

vestigate its scaling behaviour and noise robustness. I used these emula-

tions to analyse muon spectroscopy data produced by a real experiment,

finding good agreement with recent state-of-the-art classical analysis [300].

In Sec. 7.4.3 I discuss both the near-term and error corrected resources re-

quired to run the algorithm for problem sizes of interest.

Before presenting the quantum algorithm for muon spectroscopy analysis,

I provide an introduction to muon spectroscopy experiments in Sec. 7.2.1

and Sec. 7.2.2. I refer the interested reader to Refs. [303, 304] for further

information on muon spectroscopy.
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Figure 7.1: A schematic of a muon spectroscopy experiment, as described
in the main text. Spin polarised muons are implanted into a sample of
interest (a), whereupon they interact with nearby nuclear spins (b). This
causes an oscillation of the muon spin polarisation (c). When the muon
decays, the positron is preferentially emitted in the direction of the muon
spin at the time that it decayed (d). The normalised asymmetry between
positron counts registered by the two detectors gives the time evolution of
the muon polarisation (e).

7.2.1 Muon spectroscopy

Muon spectroscopy, more commonly known as muon spin rotation, re-

laxation and resonance (µ+SR), is an experimental technique closely re-

lated to other spin-based methods for probing magnetic interactions, such

as nuclear magnetic resonance or electron spin resonance. The technique

uses spin-polarised beams of positive (anti)-muons (hereafter referred to as

muons, as the ordinary muon is rarely used in muon spectroscopy exper-

iments) to probe the interactions in a sample of interest. A typical µ+SR

experiment proceeds as follows, and as shown in Fig. 7.1:

• The µ+ is a positively charged, spin-1
2 particle, with a mass approx-

imately 1/9th that of the proton. It can be produced at particle ac-
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celerators, from the decay of pions. As a consequence of the weak

interaction (through which this decay proceeds), the muons are spin-

polarised. Following convention, I choose the initial spin-polarisation

of the muon beam to be along the positiveZ axis, such that the muons

are in the state |0〉 〈0|µ.

• The muons are directed into a sample of interest, and are brought to

rest by electrostatic interactions, which do not depolarise the beam [303].

Muons can be implanted one-by-one (continuous wave beams) or in

a pulse containing hundreds of other muons (pulsed beams). Con-

tinuous wave beams have better time resolution than pulsed beams

(1 ns vs 0.1 µs) but cannot record spectra to the same maximum dura-

tion (10 µs vs 30 µs). As a result, the two beams are better suited for

investigating fast and slow dynamics, respectively.

• The muons interact with nearby nuclear spins, and with the magnetic

fields present at their rest site. This causes the muon spin polarisation

to evolve according to the Schrödinger equation.

• With a half-life of 2.2 µs, the muon decays into a positron, electron

neutrino and muon antineutrino. Due to the weak interaction, the

positron is emitted preferentially in the direction of the muon spin

polarisation.

• The emitted positrons are detected by detectors placed along the Z

axis. The normalised difference between the forward and backwards

detector counts (N+/−, respectively) yields an asymmetry function

A(t) =
N+ − αN−
N+ + αN−

(7.1)

where α accounts for detection inefficiencies and imbalances. This
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value is converted to a polarisation function, using

P (t) =
A(t)−Abg

A0
(7.2)

whereAbg gives the background positron count, andA0 = A(0)−Abg.

The polarisation function is normalised to between ±1, and corre-

sponds to the spin-polarisation of the muon beam at time t

P (t) = Tr
(
Zµρs(t)

)
= Tr

(
Zµe

−iHst[ |0〉 〈0|µ ⊗ ρe(0)
]
eiHst

)
,

(7.3)

where Zµ is the Pauli Z matrix acting on the muon, Hs is the system

Hamiltonian, ρs(t) is the state of the muon-environment system at

time t, and ρe(0) is the initial state of the environment.

• Measuring the time evolution of the polarisation function enables us

to infer the interactions felt by the muon at its rest site.

Experiments can be carried out at high pressures (∼ 1.5 GPa), low tempera-

tures (less than 1 K), with high strength transverse or longitudinal magnetic

fields (∼ 8 T), or with the application of time-dependent radio-frequency

pulses [304]. µ+SR experiments have been used to investigate a range of

physical phenomena. For example, we can measure the temperature de-

pendence of oscillations in the polarisation function (or the lack thereof) in

order to investigate phase transitions in magnetic materials, such as low

dimensional spin chains [305]. Other experiments have measured the po-

larisation function of muons in semiconductors at a range of temperatures,

in order to investigate the diffusion of muons within the sample. The muon

acts as a light proton, so these experiments can be used to examine the ef-

fects of hydrogenic defect diffusion in semiconductors [306]. Similar µ+SR

experiments have examined Li+ ion diffusion in battery materials [307–
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309]. In superconducting systems, µ+SR experiments have been used to:

measure the superconducting electron density, determine phase diagrams,

and characterise vortex lattices [304]. µ+SR experiments have also been ap-

plied to biological and chemical systems; for example, to investigate oxy-

gen dependent effects in the radiation treatment of cancer [310].

Muon spectroscopy is a versatile technique, that has provided insights on

a range of physical systems. The technique is still undergoing active de-

velopment, including the introduction of lower energy muon beams which

can be used to probe surface effects [304]. However, there are also theoreti-

cal challenges for µ+SR that are desirable to address. While some systems

can be analysed using a mean-field, or semi-classical approach, others ap-

pear to require a fully quantum treatment [301, 302, 311, 312]. In the fol-

lowing section, I discuss the simulation and analysis of muon polarisation

functions in more detail.

7.2.2 Muon polarisation functions

In order to analyse the polarisation function arising from a given µ+SR ex-

periment, we can compare it to a theoretical polarisation function obtained

from a physical model of the studied system. The accuracy of these theo-

retical polarisation functions is determined by both the level of detail in-

cluded in the model, and the method used to simulate the model. This can

be likened to the field of computational chemistry, where the accuracy of a

simulation is determined by both the physical effects included in the model

(e.g. the Born-Oppenheimer approximation, or relativistic effects) and the

method used to simulate the system (e.g. mean-field approaches, or exact

diagonalisation). I focus first on the different methods used to obtain the

theoretical polarisation function, before considering other physical effects
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that can be incorporated into the model.

On a most basic level, one can use a semiclassical, mean-field approach,

which considers how the muon polarisation evolves, given a model for the

surrounding magnetic field distribution. This approach can yield analyti-

cally derivable formulae [304, 313] that are widely applied within the µ+SR

field, and are acceptably accurate in many circumstances. If greater accu-

racy is required, techniques have been developed which treat the muon

interactions with its local spin environment semi-classically [314, 315]. In

some circumstances, these methods can yield high accuracy at a modest

computational cost. However, they cannot always account for strong spin-

spin interactions, or the effect of quadrupole interactions [304]. Finally,

the highest level of accuracy for a given model can be obtained by using a

quantum mechanical analysis. The cost of these calculations is believed to

scale exponentially with the size of the system simulated, due to the com-

putational complexity of storing highly entangled quantum states.

In this chapter, I focus on systems which require a fully quantum treat-

ment in order to obtain accurate polarisation functions. Two techniques

have been developed by the muon community for exactly simulating the

polarisation function. The first relies on exact diagonalisation of the muon-

environment Hamiltonian. Because the thermal energies encountered in

µ+SR experiments are typically much larger than the nuclear energy levels,

the environment is normally assumed to be in the maximally mixed state

ρe(0) = Ie/De whereDe is the Hilbert space dimension of the environment.
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The polarisation function is given by

P (t) =
1

Ds
Tr
([
Zµ ⊗ Ie

]
e−iHst

[
|0〉 〈0|µ ⊗ Ie

]
eiHst

)
=

1

2Ds
Tr
([
Zµ ⊗ Ie

]
e−iHst

[
(Iµ + Zµ)⊗ Ie

]
eiHst

)
=

1

2Ds
Tr
([
Zµ ⊗ Ie

]
e−iHst

[
Zµ ⊗ Ie

]
eiHst

)
.

(7.4)

I use a resolution of the identity in terms of eigenstates of the system Hamil-

tonian; |m〉 , |n〉

P (t) =
1

2Ds

∑
m

〈m|Zµe−iHstZµeiHst |m〉

=
1

2Ds

∑
m

∑
n

〈m|Zµe−iHst |n〉 〈n|ZµeiHst |m〉

=
1

2Ds

∑
m

∑
n

| 〈m|Zµ ⊗ Ie |n〉 |2ei(Em−En)t,

(7.5)

where Em is the eigenvalue of eigenstate |m〉. Performing an exact diago-

nalisation of the Hamiltonian can thus be used to calculate the polarisation

function. However, the dimension of the Hamiltonian will scale exponen-

tially with the number of spins considered, which limits the size of these

calculations. These exact calculations have been performed for a range of

systems [300–302, 304, 312, 316–318], with Hilbert space dimensions up to

around 2048 [300, 302].

An alternative method, introduced in Ref. [319], reduces the memory cost

of the calculation, at the expense of introducing statistical uncertainty into

the measured result, which can be reduced through sampling. The tech-

nique makes use of a random-phase-approximation, whereby the wave-

function at time t is set to

|ψs(t)〉 = U1(t)

[
1√
De

∑
j

eiθj |0〉µ |j〉e
]
, (7.6)
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where U1(t) is a first-order Trotter approximation to the time evolution op-

erator, θj are randomly chosen on each sample of the algorithm, and |j〉e
denote unentangled basis states of the environment. In this case, an ap-

proximation for the polarisation function can be obtained from

P (t) ≈ 〈ψs(t)|Zµ ⊗ Ie |ψs(t)〉

=
∑
j

1

De
〈0|µ 〈j|e U1(t)†ZµU1(t) |0〉µ |j〉e

+
∑
j,k

1

De
ei(θk−θj) 〈0|µ 〈j|e U1(t)†ZµU1(t) |0〉µ |k〉e .

(7.7)

The first term is equal to the polarisation function that we wish to measure

(up to an error induced by the Trotterization of the time evolution opera-

tor, which I discuss in more detail in Sec. 7.3). As the phases in the second

term are chosen randomly, many of these terms cancel, leading to a small

error on the polarisation function. This error can be reduced by repeating

the method with independently randomly generated values of θj . The er-

ror also decreases as the Hilbert space dimension of the system increases.

While exact diagonalisation requires manipulating matrices of dimension

Ds × Ds, this product-formula based approach only requires storing the

wavefunction, which has dimension Ds. This has enabled much larger cal-

culations to be performed using this method, including simulations with

Hilbert space dimension ∼ 217 [320] and 226 [321]. This latter calculation

is, to the best of my knowledge, the previous largest µ+SR calculation per-

formed to date with an exact method.

Exact methods for calculating the polarisation function have predominantly

been used for two purposes: locating the muon rest site, and studying

muon diffusion. Determining the muon rest site is an important challenge

in µ+SR experiments [322]. Accurate simulation can be employed in con-
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junction with density functional theory [323–327] and experimental meth-

ods [328] to give greater certainty on the muon location. Exact simulation

has repeatedly been employed when studying fluorinated materials, due

to the strong dipolar interaction between the spin-1
2 fluorine nuclei and

the muon, and the large electronegativity of the fluorine ion which ‘traps’

the muon [329]. This effect has been used to locate the muon rest site in

fluorinated polymers [318, 330], molecular magnets [317], and ionic crys-

tals [300, 331]. Similar calculations were used to identify the muon rest

sites in the high temperature superconductor La2−xSrxCuO4 [321]. Pre-

vious calculations have often included heuristic terms in the polarisation

function, to compensate for the limited system sizes that can be simulated

using these costly techniques.

Polarisation functions calculated from quantum models have also been used

to study muon diffusion. I discuss this topic in more detail in Ref [299].

However, it suffices to note here that using approximate methods can lead

to inaccurate estimates of the diffusion rate [320, 332, 333].

Having established the scenarios where exact calculations are often utilised

in muon spectroscopy analysis, I now consider the interactions typically

included in our models for systems of interest. The include: dipolar inter-

actions between spins, quadrupole interactions between nuclear spins and

electric field gradients in the sample, and the coupling of spins to time-

dependent or independent magnetic fields. The dipolar contribution is

given by

HD =
1

2

∑
i,j

h̄2µ0γiγj
4πr3

ij

[
~Si · ~Sj − 3(~Si · r̂ij)(~Sj · r̂ij)

]
, (7.8)

where µ0 is the permeability of free space, γi is the gyromagnetic ratio of

spin i, ~rij is the vector connecting spins i and j, and ~Si are the vectorized

generalised spin matrices for a particle with spin quantum number s. I
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have moved the factor of h̄ from the spin matrices to the coefficient of the

sum. For example, for a spin-1
2 particle ~Si = 1

2(Xi, Yi, Zi), where Xi, Yi, Zi

are the Pauli matrices acting on spin i. These can be generalised to spins of

higher dimension, which I discuss in more detail in Sec. 7.3. This Hamil-

tonian contains O(N2) terms, where N is the number of spins considered

in the simulation. Some previous calculations have neglected the dipolar

interactions between the nuclear spins, as they are often much smaller than

those between the muon and the nuclear spins [319, 321]. Neglecting these

interactions reduces the number of terms in the Hamiltonian to O(N).

There is also an interaction between the quadrupole moment of nuclei with

s > 1
2 , and any non-zero electric field gradients in the sample. Such electric

field gradients can often by induced by the presence of the muon. The

quadrupole interaction Hamiltonian is given by [300]

HQ =
∑
i∈Q

h̄eQi(1 + Γi)

2si(2si − 1)

(
~Si
T ·G(~ri) · ~Si

)
, (7.9)

where Q is the set of nuclei in the simulation with quadrupole moments,

e is the electron charge, Qi and Γi are the quadrupole coupling factor and

anti-shielding factor (respectively) of the ith spin, and G(~ri) is the electric

field gradient tensor at position ~ri. The elements of G(~ri) are Gαβ(~ri) =

∂2V (~ri)
∂rα∂rβ

, where V (~ri) is the Coulomb potential at position ~ri. This Hamilto-

nian contains O(NQ) terms, each acting on a single spin (where NQ is the

number of nuclei with quadrupole moments).

The Zeeman interactions of each spin with an applied magnetic field are

given by

HM (t) =
∑
i

h̄γi~Si · ~B(t), (7.10)

where ~B(t) is the magnetic field.
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In this section, I have discussed theoretical methods to generate simulated

polarisation functions. The accuracy of these polarisation functions de-

pends on both the model for the system (i.e. which interactions and effects

are included), and the method used to solve the model. The most accurate

calculations require a fully quantum treatment. Unfortunately, the expo-

nentially scaling cost of such methods has restricted simulations to small

systems, with Hilbert space dimensions of less than 230. In Sec. 7.3 I show

how this exponential cost can be circumvented by using quantum hard-

ware as the simulation platform.

7.3 Quantum algorithm for muon spectroscopy analy-

sis

In this section, I discuss how quantum computers can be used to analyse

muon spectroscopy data. The algorithm is illustrated in Fig. 7.2, and can be

summarised as follows:

1. Map the spin system of interest to qubits.

2. Prepare the quantum registers in the desired initial state.

3. Evolve the system in time for the desired duration, t.

4. Measure the muon Z expectation value, P (t).

We can repeat steps 2 − 4 of this process at many different t values in or-

der to obtain a simulated version of the polarisation function for the given

system. Below, I discuss in more detail how each of these steps can be im-

plemented.
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Figure 7.2: An outline of the quantum algorithm for simulating muon po-
larisation functions. I first map the spins onto qubits via the mapping
in Sec. 7.3.1, which yields the qubit operators corresponding to the spin
Hamiltonian of the system. I prepare the desired initial state on these qubit
registers using the techniques described in Sec. 7.3.2. This state can be
propagated in time using the methods in Sec. 7.3.3. Finally, the polarisa-
tion value of the muon qubit can be read out, as described in Sec. 7.3.4.
This diagram shows the most simple form of the algorithm. This circuit
must be repeated many times in order to estimate the Z expectation value
of the muon at a single time value. Repeating this calculation at a number
of different time values will generate a simulated polarisation function.
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7.3.1 Mapping the spin system to qubits

I first consider how to map the spin system onto the quantum computer.

For spin-1
2 particles, this mapping takes a simple form

∣∣∣∣12
〉

:= |0〉∣∣∣∣–1
2

〉
:= |1〉 .

(7.11)

This leads to a natural mapping of the spin operators of particle i

Sxi =
1

2
Xi

Syi =
1

2
Yi

Szi =
1

2
Zi.

(7.12)

When considering particles with higher spin s, there are a number of possi-

ble mappings. One approach is to store the spin of the particle in a register

with log2(2s+ 1) qubits [291] (essentially this approach uses the ‘compact’

mapping introduced for simulating vibrations in Chapter 6). However, this

compact mapping can lead to more complicated expressions for the spin

operators, and may be problematic if the spin multiplicity is not a power

of 2. In this chapter, I employ a spin-to-qubit mapping based on symmetric

quantum states of a given Hamming weight (known as Dicke states) [334].

For example, a spin-1 particle is stored as

|1〉 := |00〉

|0〉 :=
1√
2

(
|01〉+ |10〉

)
|–1〉 := |11〉 .

(7.13)

This mapping can be derived by considering the joint Hilbert space of two

spin-1
2 particles, which can be partitioned into a spin-1 triplet space, and a
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spin-0 singlet space. This mapping is an embedding of the 3-dimensional

triplet space into the 4-dimensional two-qubit Hilbert space. The spin op-

erators for particle i are given by

Sxi =
1

2

(
Xi0 +Xi1

)
Syi =

1

2

(
Yi0 + Yi1

)
Szi =

1

2

(
Zi0 + Zi1

)
.

(7.14)

This mapping can be generalised to the case of a spin-s particle by assigning

each of the states |j〉 , j ∈ [−s, ..., s] to the symmetric superposition of states

with Hamming weight h such that h = s− j. For example, a spin-3
2 particle

can be represented by

∣∣∣∣32
〉

:= |000〉∣∣∣∣12
〉

:=
1√
3

(
|001〉+ |010〉+ |100〉

)
∣∣∣∣–1

2

〉
:=

1√
3

(
|011〉+ |101〉+ |110〉

)
∣∣∣∣–3

2

〉
:= |111〉 .

(7.15)

The spin operator for a spin-s particle i is given by

sSαi =
1

2

2s−1∑
j=0

Pαij , (7.16)

where α ∈ [x, y, z] denotes which of the Pauli matrices Pα ∈ [X,Y, Z] are

used, and j denotes the qubits in register i. For example, the Sx operator

on particle i = 1 with spin s = 3
2 is given by

3
2Sx1 =

1

2

(
X10 +X11 +X12

)
. (7.17)
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The total number of qubits required is given by
∑N

i=1 2si, where si is the

spin of the ith particle, and N is the number of particles in the system. This

mapping can be used to obtain qubit representations of the system Hamil-

tonians given in Eqs. (7.8, 7.9, 7.10). The dipole interaction is the domi-

nant contribution to the number of terms in the Hamiltonian. Each term
sSαi ⊗ s′Sβj is mapped to 4ss′ two-qubit Pauli terms. As a result, the Hamil-

tonian contains up to O(N2s2
max) two-qubit Pauli terms, where smax is the

largest spin value in the system.

7.3.2 Preparing the initial state of the system

I consider two approaches to prepare the system in an appropriate initial

state. As discussed in Sec. 7.2, this is typically taken to be ρ0 = |0〉 〈0|µ⊗
Ie
De

.

The first approach emulates Nature; I prepare the environment register in a

state |k〉e =
⊗

i∈e |ji〉i that is the tensor product of each environment spin in

a randomly selected sz basis state. Each state |k〉e is chosen with probability

pk = 1
De

. Repeating the simulation many times gives

∑
k

pkTr

(
(Zµ ⊗ Ie)e−iHt(|0〉 〈0|µ ⊗ |k〉 〈k|e)e

iHt

)
= Tr

(
(Zµ ⊗ Ie)e−iHt(|0〉 〈0|µ ⊗

Ie
De

)eiHt
)
,

(7.18)

as required. This method converges as 1/
√
ω, where ω is the number of

samples taken.

The second approach to effectively sample from the time evolved mixed

state is a modified version of the random-phase-approximation method [319]

discussed in Eqs. (7.6–7.7). I first initialise the environment register in an

equal superposition of all possible |k〉e states. For the case of spin-1
2 par-

ticles, this can be accomplished by applying a Hadamard gate to each of
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the qubits. For the case of higher-spin particles, I discuss below how to

construct this superposition. These steps will prepare the state

|ψ〉 =
1√
De

∑
k

|0〉µ |k〉e , (7.19)

which can be compared with the state given in Eq. (7.6). In order to gen-

erate the desired random phase for each basis state |k〉e, I apply random

single particleRz(θ) rotations to each particle. This procedure will not gen-

erate a state with completely independent phases for each basis state. If it

is necessary to further randomise the state, one could apply layers of Rz

and controlled-Rz rotations between the different particles. Averaging the

results of several simulations (each with a different set of randomly chosen

θi) yields the polarisation at the desired time, as shown by Eq. (7.7). While

the asymptotic convergence properties of the two methods are the same,

the latter method yields a smaller error for a given number of samples.

For both of the methods discussed above, it is necessary to construct the

states |k〉e, either alone, or in superposition. These states are tensor prod-

ucts of the environment spins each in a arbitrary state |j〉, that is an sz

eigenstate. As discussed in Sec. 7.3.1, I have mapped these spin states onto

qubit Dicke states. Efficiently constructing Dicke states (or superpositions

of Dicke states) on quantum computers has remained challenging for a

number of years [335–338], but has recently been made possible with the

elegant inductive solution of Ref. [286]. This approach can be summarised

as follows, and is explained in more detail in Appendix. A.2.1. I first define

a Dicke state with Hamming weight h, on n qubits, as |Dn
h〉. For example,

the |–1/2〉 state in Eq. (7.15) equates to |D3
2〉. Then observe that

|Dn
h〉 =

√
h

n
|Dn−1

h−1〉 ⊗ |1〉+

√
n− h
n
|Dn−1

h 〉 ⊗ |0〉 . (7.20)
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Assume the existence of a unitary operatorUn,k such thatUn,k |0〉⊗n−h |1〉⊗h =

|Dn
h〉 for all h ≤ k. Through induction, it can be shown that this unitary op-

erator exists, and how to construct it from typical single- and two-qubit

gates. For example, note that

|Dn
h〉 = Un,k |0〉⊗n−h |1〉⊗h , (7.21)

and

|Dn
h〉 =

√
h

n
|Dn−1

h−1〉 ⊗ |1〉+

√
n− h
n
|Dn−1

h 〉 ⊗ |0〉 .

=Un−1,k

[√
h

n
|0〉⊗n−h |1〉⊗h

+

√
n− h
n
|0〉⊗n−1−h |1〉⊗h |0〉

]
=Un−1,kVn,k |0〉⊗n−h |1〉⊗h ,

(7.22)

implying that

Un,k = Un−1,kVn,k. (7.23)

As shown in Appendix. A.2.1, these relations can be repeated recursively, to

obtain a circuit purely in terms of the Vn,k type gates. Ref. [286] show how

these gates can be constructed from CNOT gates and single-qubit rotations

(see also Appendix. A.2.1). The entire state preparation circuit has a depth

of O(n), and requires O(kn) gates, even on a 1D linear chain of qubits. The

algorithm also requires no additional ancillary qubits. Because the unitary

Un,k that creates the Dicke states was defined to work for all input states

with h ≤ k, the unitaryUn,n can be used to construct all Dicke states |Dn
h≤n〉.

As a result, inputting the superposition

√
1

n+ 1

n∑
k=0

|0〉⊗n−k |1〉⊗k (7.24)

outputs an equally weighted superposition of all of the possible Dicke states.

Applying this circuit to each environment spin generates the state shown
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in Eq. (7.19). It is straightforward to generate the state in Eq. (7.24), using

a ladder of control-Ry gates, as shown in Ref. [286]. As a result, a similar

number of gates are required for both of the initial state preparation meth-

ods described in this section.

7.3.3 Evolving the state in time

As discussed in Sec. 3.1.1, there are a number of quantum algorithms for

performing time evolution. In this chapter, I focus predominantly on product-

formula methods (Trotterization), which have previously been observed to

lead to lower gate counts than some asymptotically more efficient algo-

rithms when considering the time evolution of spin systems [243]. In both

this section and Sec. 7.4, I make use of the Trotter error bounds discussed in

Sec. 3.1.1. For a second-order Trotterization of the time evolution operator,

the error in the unitary is upper-bounded by [96]

||U(t)− U2(t)|| := ε ∼ O
(

(LΛt)3

n2

)
, (7.25)

where U(t) is the true time evolution operator, || || denotes the spectral

norm, L is the number of terms in H , n is the number of Trotter steps used,

and Λ = maxα||hα||. As discussed above, the dipolar Hamiltonian can be

decomposed into up to L ∼ O(N2s2
max) two-qubit Pauli terms, where smax

is the largest spin value in the system. Considering a second-order product

formula, the number of Trotter steps required to obtain Trotter-error ε is

upper bounded by

n ∼ N3s3
maxΛ

3
2 t

3
2

ε
1
2

. (7.26)

Each second-order Trotter step requiresO(L) gates to implement, resulting

in a total gate count that scales at worst as

G ∼ N5s5
maxΛ

3
2 t

3
2

ε
1
2

. (7.27)
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This estimate was obtained by considering a loose bound on the second-

order Trotter error, which does not take into account commutativity be-

tween terms. As a result, it is likely that significantly better scaling could be

obtained by using tighter error bounds, and considering favourable com-

pilations of the Trotter ordering. Similar progress has been seen in the con-

text of quantum chemistry calculations. While initial estimates suggested a

scaling of O(N11) [115], more careful analysis reduced the asymptotic scal-

ing to O(N5.5) [116]. Furthermore, the aim of the simulation algorithm is

to obtain an accurate estimate for the value of the muon polarisation func-

tion at a given time. As a result, we are not interested in the Trotter error ε

directly, but in the error it induces on Tr
(
Zµρ(t)

)
. It is likely that the Trotter

error will provide a loose upper bound for this error, as has been seen previ-

ously [96, 339]. It is also interesting to consider if randomized compilations

of the Trotter circuit [97], or related algorithms, such as qDRIFT [105], could

be used to further reduce the gatecount required. As discussed in Sec. 3.1.1,

the scaling of qDRIFT does not depend explicitly on the number of terms in

the Hamiltonian. This makes it an interesting candidate for systems with

a large number of weakly interacting terms – such as the dipolar Hamil-

tonian considered in muon spectroscopy, which exhibits rapid power-law

decay.

7.3.4 Measuring the polarisation

The final stage of the algorithm consists of measuring the Z expectation

value of the muon qubit. The most straightforward way to measure this is

via preparation of the state at time t, followed by a projective measurement

in the computational basis. This process must be repeated O(1/ε2) times,

where ε is the desired precision. The repetition rate of a quantum processor

can depend on a number of factors, including: the depth of the circuit, the
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speed of executing quantum gates, and whether error correction is used.

Alternative quantum algorithms can reduce the time cost to O(1/ε). These

techniques rely on a combination of quantum amplitude amplification and

phase estimation [340, 341]. These approaches use a constant number of

samples, but require a circuit depth of O(dU/ε), where dU is the circuit

depth required to implement the time evolution circuitU(t). This is achieved

by repeatedly evolving the register under a controlled version of the oper-

ator
Ω := Ω1Ω2,

Ω1 = U(t)
[
Is − 2 |Φ〉 〈Φ|

]
U †(t),

Ω2 = ZµΩ1Zµ,

(7.28)

where |Φ〉 is the initial state of the system. This conditional evolution is

controlled by the state of an auxiliary register. Controlling the evolution

on an auxiliary register enables us to perform quantum phase estimation

on the unitary Ω, which we can use to extract the value of Z̄µ to the de-

sired precision. A more detailed discussion of this approach is given in

Refs. [340, 341].

The steps outlined in this section can be used to obtain a simulated polar-

isation function for the system of interest. In order to use this function to

analyse experimental data, the quantum simulation routine can be incor-

porated into an optimisation loop. In Sec. 7.4, I consider the problem of

locating the muon rest site. I first specify the positions of each particle in

the system, and use this information to generate the spin and qubit Hamil-

tonians. I can then use the quantum simulation routine outlined above to

calculate the simulated polarisation function. An optimisation loop can be

used to minimise the value of a loss function between the generated and

experimental data, by updating the positions of the particles in the system.
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7.4 Results

In order to investigate the practicality of the algorithm discussed in Sec. 7.3,

I performed numerical simulations of systems with up to 29 qubits. I con-

sidered a muon interacting with spin-1
2 fluorine nuclei in a sample of cal-

cium fluoride (CaF2) via the dipolar Hamiltonian in Eq. (7.29). The calcium

nuclei in the sample were neglected because they have spin-0 with an abun-

dance of ∼ 99.9 % [300]. The experimental data analysed was obtained in

Ref. [300]1, which then used state-of-the-art classical simulations to deter-

mine the impact of the muon on the system geometry. Those simulations

used exact diagonalisation of an 11 spin Hamiltonian – but scaled the inter-

actions between the muon and more distant nuclei to act as a proxy for the

remaining nuclei in the sample.

The geometry studied consisted of a simple cubic lattice of F− ions, with

a lattice constant of 2.72 Å. The muon implantation site was taken to be

between two adjacent fluorines, as shown in Fig. 7.3. As the system was

composed of only spin-1
2 particles, each particle was mapped to a single

qubit. The Hamiltonian was given by

HD =
1

2

∑
i,j

h̄2µ0γiγj
4πr2

ij

[
~Si · ~Sj − 3(~Si · r̂ij)(~Sj · r̂ij)

]
, (7.29)

where µ0 is the permeability of free space, γi is the gyromagnetic ratio of

spin i (γµ = 2π × 1.355× 108 Hz·T−1, γF = 2π × 4.006× 107 Hz·T−1), ~rij is

the vector connecting spins i and j, and ~Si = 1
2(Xi, Yi, Zi). The polarisation

1The data was taken using the pulsed muon beam at the ISIS Facility, Rutherford Apple-
ton Laboratory, UK. Experiments were performed in zero magnetic field, at a temperature
of 50 K. Around 181 million muon decay events are included in the dataset.
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(a) (b)

(c) (d)

Figure 7.3: A selection of geometries investigated for the CaF2 + µ+ sys-
tem. The calcium ions are spin-0 with an abundance of around 99.9 %, so
I only included the fluorine ions (green in a - c) and the muon (red) in my
simulations. a) The three spin F-µ+-F system. b) The 11 spin F-µ+-F sys-
tem with 8 next-nearest-neighbour fluorines. c) The 21 spin system, which
included the next-nearest 10 fluorines to the muon. d) The 21 spin system,
with fluorines grouped by colour. The distances between the muon and
each fluorine in a given group were the same. When fitting simulated data
for the 21 qubit system to experimental data, I separately parameterised the
F-µ distances according to these groups.
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function was appropriately averaged for this polycrystaline system

〈P (t)〉 =
1

3

[
Tr
(
Zµe

−iHst[ |0〉 〈0|µ ⊗ ρe(0)
]
eiHst

)
+Tr

(
Xµe

−iHst[ |+〉 〈+|µ ⊗ ρe(0)
]
eiHst

)
+Tr

(
Yµe

−iHst[ |+Y 〉 〈+Y |µ ⊗ ρe(0)
]
eiHst

)] (7.30)

where |+〉 = 1√
2

(
|0〉 + |1〉

)
, |+Y 〉 = 1√

2

(
|0〉 + i |1〉

)
. I considered sim-

ulations involving an increasing number of fluorine nuclei. The smallest

system considered required three qubits, representing the muon and its

two nearest-neighbour (nn) fluorines. Additional fluorine nuclei were then

added in ‘shells’ determined by their distance from the muon. In the ‘next-

nearest-neighbour’ (n-nn) shell, there were an additional 8 nuclei (thus 11

qubits total). The ‘next-next-nearest-neighbour’ (nn-nn) shell contributed

an additional 10 nuclei (thus 21 qubits total). The nnn-nn shell added 8 nu-

clei (thus 29 qubits total).

I utilised a range of simulation techniques, in order to investigate a num-

ber of different properties of the proposed algorithm. Simulations of the

random-phase-approximation based approach were carried out using the

QuEST package. These simulations manually generated the initial state

shown in Eq. (7.6), and then carried out quantum circuit emulations of

first and second-order Trotter decompositions of the time evolution op-

erator. Because these simulations used the random-phase-approximation

approach, sampling noise was present in the results.

I also performed quantum circuit-level simulations of running the algo-

rithm on a quantum processor, using the density matrix simulator included

in Cirq. Due to the increased computational cost of storing and manipulat-

ing the density matrix, these calculations were restricted to systems of up
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to 11 qubits. However, these simulations enabled the initialisation of the

environment in a maximally mixed state, eliminating the sampling error

present in wavefunction-based approches. These density matrix simula-

tions also provided a more efficient way to investigate the effects of circuit-

level noise on the algorithm.

I also performed exact diagonalisation of Hamiltonians of systems with up

to 11 qubits. This provided exact results which were used to quantify the

error introduced by Trotterizing the time evolution operator.

7.4.1 Noiseless simulations

The random-phase-approximation method contains two sources of algo-

rithmic error; error introduced by Trotterization, and sampling errors aris-

ing from working with a random-phase augmented wavefunction, rather

than with an actual mixed state. In this section, I present the results of

numerical simulations that quantify the magnitude and scaling of these

sources of error. Given the similarities between the random-phase-approximation

method and the quantum algorithm introduced in Sec. 7.3, these simula-

tions help to quantify the quantum resources required to run the algorithm.

7.4.1.1 Quantifying errors

I first investigated the Trotter error for the 3 and 11 qubit systems. I isolated

the Trotter error from the sampling error using the density matrix simu-

lator. I used both first and second-order Trotter formulae, where Hamil-

tonian terms with the largest magnitude were placed first in the product

formula sequence. These results were compared to those obtained from

exact diagonalisation. I compared the numerically simulated Trotter error

to two different bounds for the Trotter error, given in Sec. 3.1.1. The first

bound is given by Eq. (3.2) for a first order Trotterization, and Eq. (3.5) for

second-order Trotter, and represents a loose bound on the error between
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Figure 7.4: The Trotter error in the 3 (left) and 11 (right) qubit systems. The
error bounds used are described in the main text. Hamiltonian terms with
the largest coefficients were placed first in the Trotter formula.

the exact time evolution operator and the unitary specified by the prod-

uct formula. The second, tighter bound, which considers commutativity
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between Hamiltonian terms, is given by Eq. (3.3) for a first order Trotter-

ization, and Eq. (3.6) for second-order Trotter (but with the norm moved

inside of the sums in both cases, which loosens the bound). These quan-

tities upper bound the error in any observable measured after time evo-

lution, and so were strictly larger than the error in the polarisation value

obtained from the numerical simulations. The Trotter errors for the 3 and

11 qubit systems are shown in Fig. 7.4. I plot the Trotter errors obtained at

time values of 5, 10, and 15 µs.

In all cases considered, the ‘loose’ error bounds were orders of magnitude

larger than the ‘tight’ error bounds, which in turn were at least an order

of magnitude larger than the numerically observed Trotter errors. As dis-

cussed above, this can be partially explained by the fact that the analytic

bounds give errors in the unitary evolution, while the numerical results

give the error in a specific observable. In addition, despite the improved

bounds given by the ‘tight’ formulae, they are still known to not be com-

pletely tight to numerical results [96]. However, the fact that the tight

bounds were still at least an order of magnitude larger than the numeri-

cal results highlights the value in work to bound the error in specific ob-

servables, rather than existing worst-case bounds. While initial steps have

been taken in this direction [96, 339], it would be interesting to consider if

tighter bounds are possible for the case of muon spectroscopy, given the

simple form of the observable measured.

I also investigated the error present in the random-phase-approximation

method, which arises from sampling pure state wavefunctions

|ψs(t)〉 = U(t)

[
1√
De

∑
j

eiθj |0〉µ |j〉e
]
. (7.31)

I considered two possible randomization schemes. The first scheme, re-

ferred to as the ‘random-phase-approximation (RPA) method’ was exactly
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Figure 7.5: The sampling error present in the random-phase-approximation
(RPA) and dephasing methods described in the main text, for the 11 qubit
system with 40 second-order Trotter steps. Each point is the average of 20
values taken in the interval [0, 10)µs.

the same as the classical method of Ref. [319], and considered θj chosen

uniformly at random in the range [0, 2π). The second, referred to as the

‘dephasing method’ (as it bears resemblance to passing an equal superpo-

sition state of qubits through an N -qubit dephasing channel) considered θj

chosen at random from the discrete set {0, π}. The sampling error was iso-

lated by comparing the results from the wavefunction-based approaches

to those obtained from density matrix simulations – using Trotterized time

evolution for both methods. Fig. 7.5 shows that the sampling error aris-

ing from the RPA method was around an order of magnitude smaller than

that of the dephasing method, due to the increased randomization of the

former.

In Appendix A.2.2 I present the results of additional simulations used to

test the convergence of both the Trotter and sampling errors for systems

too large to study with exact diagonalisation.
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7.4.1.2 Analysing CaF2 + µ+ spectra

In Fig. 7.6 I plot the angular averaged polarisation functions obtained for

the 3, 11, 21, and 29 qubit CaF2 + µ+ systems for the first 9.5 µs of evo-

lution. The simulated data points for the 3 and 11 qubit systems were

obtained from a density matrix simulation, using 30 second-order Trotter

steps, which sufficed to measure the polarisation function to an accuracy of

less than 10−2. The polarisation functions obtained from exact diagonalisa-

tion are plotted for comparison. The simulated data points for the 21 and 29

qubit systems were obtained using the RPA method, with 48 samples used

for the 21 qubit system, and a single sample used for the 29 qubit system.

Both of these simulations also used 30 second-order Trotter steps. Fig. 7.6

shows that introducing additional nuclei caused a damping effect on the

polarisation function, which appears well converged by 29 qubits. This ob-

servation supports the numerical results of Ref. [300], which showed that

additional environmental spins act as a source of decoherence, as polarisa-

tion leaks from the muon to the environment.

Having confirmed that the algorithm could produce the qualitative results

expected, I then used it to locate the muon rest site in CaF2. This was

achieved by parametrizing the muon-fluorine distances, and generating a

polarisation function for a given geometry. I used the Nelder-Mead algo-

rithm to minimise the reduced-χ2 value of the simulated data, by optimis-

ing the fitting parameters. It was necessary to use a derivative free optimi-

sation method because of the sampling noise present in the RPA method,

which was larger than the finite-difference steps used to calculate the gra-

dient in many black-box optimisation algorithms. I used this approach to

optimise the geometry of the 21 qubit system. Five geometric fitting pa-

rameters were used, which I describe via the colours used in Fig. 7.3d:
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Figure 7.6: Polarisation functions for the unperturbed 3, 11, 21, and 29 qubit
CaF2 + µ+ systems. All simulations used 30 second-order Trotter steps to
simulate time evolution. The 3 and 11 qubit results were obtained using a
density matrix simulation, that eliminates sampling error. The 21 and 29
qubit simulations were performed using the random-phase-approximation
method, with 48 and 1 samples, respectively.

1. The distance between the muon (red) and the nearest-neighbour flu-

orines (both coloured black).

2. The distance between the muon and the next-nearest-neighbour flu-

orines (all coloured blue).

3. The distance between the muon and the green next-next-nearest-neighbour

fluorines.

4. The distance between the muon and the purple next-next-nearest-

neighbour fluorines.

5. The distance between the muon and the orange next-next-nearest-

neighbour fluorines.
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together with two parameters to fit the asymmetry

A(t) = A0P (θ1, ..., θ5; t) +Abg (7.32)

I used the RPA method to generate the polarisation function, with 40 second-

order Trotter steps, and a single sample for each data point.

The fitted data, shown in the upper plot of Fig. 7.7, is in qualitative agree-

ment with the experimental data, particularly at early times. The fit ob-

tained a reduced χ2 value of 2.13, which suggests an incomplete fit to the

data. I attribute this to a combination of limited experimental data at times

beyond 10 µs, as well as the ineffective nature of the Nelder-Mead optimi-

sation algorithm, which was liable to becoming trapped in local minima.

The fitting procedure caused the nearest-neighbour fluorines to move to-

wards the muon by 0.188Å. This is in excellent agreement with the calcula-

tion of Ref. [300], which yielded a value of 0.190(1)Å for the same quantity.

The results of Ref. [300] were obtained by fitting an 11 spin system to the

experimental data, and considering two physical parameters; the muon –

nearest-neighbour fluorines distance, and a factor that scaled the strength

of the next-nearest-neighbour interactions to act as a proxy for more dis-

tant nuclei. My fit was obtained by moving the next-nearest-neighbour

fluorines towards the muon by 0.206Å. While Ref. [300] did not explicitly

consider the effect of perturbing the positions of the more distant nuclei,

that work carried out density functional theory (DFT) calculations suggest-

ing that the next-nearest-neighbour fluorines only move towards the muon

by around 0.03Å. I carried out additional numerical simulations with this

geometry for the 21 spin system, shown in the lower plot of Fig. 7.7. This

geometry resulted in a worse fit for the experimental data, with a χ2
ν value

of 4.44. This implies that either:

1. The system size of 21 spins was still not large enough to fully capture
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Figure 7.7: Fits of the 21 qubit simulated data (using the RPA method
and 40 second-order Trotter steps) to the experimental data obtained in
Ref. [300]. Upper: The fitting parameters were the 5 muon-fluorine dis-
tance parameters described in the main text, and a scaling factor and offset
to convert the simulated polarisation value to an asymmetry value. The fit
was performed using the gradient-free Nelder-Mead algorithm. 1 sample
of the RPA method was used per point. Lower: The geometry was fixed;
the nn and n-nn fluorines were moved towards the muon by 0.19 Å and
0.027 Å, respectively. The nn-nn fluorines were at their equilibrium posi-
tions. The polarisation function was fitted to the asymmetry data using
A(t) = A0P (t) + Abg, where A0 and Abg were fitting parameters. The fit
was performed using the Levenberg-Marquardt algorithm. 48 samples of
the RPA method were used per data point.
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the continuum extrapolation of Ref. [300], and larger simulations are

required (which are impractical to perform on classical hardware).

2. The fit obtained by the simulation may suggest an inaccuracy in the

DFT results. However, from a physical perspective, it would be sur-

prising if the more distant nuclei were more strongly attracted to-

wards the muon than the nearest-neighbours.

The most likely explanation may be a combination of these factors, together

with the fact that a number of similarly good local minima were present in

the χ2 surface for the parameter space. This highlights the value in utilising

complementary techniques to analyse muon spectroscopy data, as well as

the benefit provided by having access to as large a simulation of the system

as is possible.

7.4.2 Noisy simulations

Figure 7.8: Using exponential extrapolation of data obtained at two differ-
ent noise rates to infer the noise free polarisation function of the 3 qubit
system. The extrapolation was performed using Eq. (7.33). The expected
number of errors in the circuit was 0.79.
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As discussed throughout this thesis, physical noise can corrupt the results

of calculations. To investigate the effects of noise on the algorithm intro-

duced in this chapter, I carried out noisy density matrix simulations of the 3

qubit F-µ+-F system. The circuit used 20 second-order Trotter steps, which

sufficed to obtain an accuracy of less than 10−3 in the polarisation function

at all values within the first 5 µs (in the noiseless case). I merged adjacent

single-qubit gates together, to yield a circuit with 900 single-qubit gates,

and 680 two-qubit gates. The noise model was a single-qubit depolarising

channel applied to each qubit involved in a gate, following every gate in the

circuit. The physical error rate was set at p = 5×10−4, a factor of two better

than the best error rates demonstrated to date [147, 149, 150]. The same

circuit depth was used for all of the points calculated. This meant that the

Trotter error was likely smaller in points taken at earlier times than at later

times, while the effective physical noise rate of the circuit was similar at all

points. In reality, it would be preferable to fix the Trotter error along the

polarisation function, which would enable the use of a shorter depth cir-

cuit to simulate points at earlier times – thus reducing the physical noise in

those datapoints.

To combat the effects of noise, I utilised the exponential extrapolation tech-

nique introduced in Sec. 3.2.1. The stretch factor was heuristically set to

λ = 1.1. The extrapolated expectation value was given by

P0 =

(
P λε
Pλε

) 1
λ−1

, (7.33)

where Pε was the polarisation value calculated with the baseline noise rate,

and Pλε was the polarisation value calculated with the boosted noise rate.

We see from Fig. 7.8 that exponential extrapolation was able to recover al-

most noiseless results, despite the large damping of the polarisation func-

tion in the unmitigated case. The noise strength of p = 5 × 10−4 corre-
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sponded to an expected number of errors per circuit of 0.79. The mean

absolute error in the polarisation function after exponential extrapolation

was 0.011.

In order to probe the noise robustness of the application of the algorithm to

data analysis, I investigated locating the muon rest site using noisy simu-

lated data for the 11 qubit system. Rather than considering the circuit-level

noise model discussed above, I effectively engineered noise in the polar-

isation function through undersampling in the RPA/dephasing method.

As shown in Fig. 7.5, it is possible to generate mean errors of 0.0243, 0.0068,

and 0.0022 in the polarisation function by using the dephasing method with

10 samples, the RPA method with 1 sample, and the RPA method with 10

samples, respectively. There are two important assumptions present in this

noise model. Firstly, it presumes that physical noise would cause the data

points to become normally distributed around the noiseless value, as hap-

pens for the sampling noise. As is evident from Fig. 7.8, this is not neces-

sarily the case; many sources of noise will simply cause a decay in the po-

larisation function. However, we can also see from Fig. 7.8 that performing

extrapolation can change how the data points are distributed around the

noiseless result. When shot noise in the quantum algorithm is taken into

account, this may enable us to approach a normal distribution. Another

path to recover normally distributed results could be to use the quasiprob-

ability method of error mitigation described in Sec. 3.2.1. This approach has

previously been observed to give results that are approximately normally

distributed around the true values [30]. Secondly, the noise model assumes

that the magnitude of the noise is the same for all data points. In reality,

as discussed above, it would be better to fix the Trotter error along the po-

larisation function, and thus consider shorter depth circuits at earlier times.

This would reduce the noise in earlier data points, mimicking the error bars
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present in the experimental results. My simulations used 40 second-order

Trotter steps, and considered two geometric fitting parameters:

1. The muon – nearest-neighbour fluorines distance.

2. The muon – next-nearest-neighbour fluorines distance.

along with two parameters to fit the asymmetry

A(t) = A0P (θ1, θ2; t) +Abg (7.34)

Once again, I used the Nelder-Mead algorithm to minimise the error-weighted

least-squares residuals between the experimental data and the simulated

data.

In Fig. 7.9 I plot examples of the fitted data obtained at the three noise val-

ues listed above. Even at high noise rates of around 2.5% in each data point,

the fitting procedure was able to approximately capture the overall shape

of the polarisation function. As the strength of the noise was reduced, in-

creasingly better fits to the experimental data were obtained.

In order to better quantify the degree of noise robustness present in the

algorithm, I plot the error that noise induced on the two geometric fit-

ting parameters in Fig. 7.10. The noiseless values of the fitted parameters

were obtained by fitting the 11 qubit polarisation function, generated by

exact diagonalisation, to the experimental data, using the Nelder-Mead al-

gorithm. The upper plot in Fig. 7.10 shows that as the average noise in each

individual data point was reduced, an improved estimate of the noiseless

muon – nearest-neighbour fluorine distance was obtained. Interestingly,

the fractional error in the parameter was around an order of magnitude

smaller than minimum fractional error in the polarisation value (the max-

imum value of the polarisation function is 1, so the minimum fractional

error is equivalent to the noise strength of the simulation). I attribute this
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Figure 7.9: Fits of the 11 qubit simulated data with 40 second-order Trotter
steps to the experimental data obtained in Ref. [300]. The noise in each
simulated datapoint was varied by controlling the number of samples used.
The fit was performed using the gradient-free Nelder-Mead algorithm. The
fitting parameters were the muon-fluorine distances described in the main
text, and a scaling factor and offset to convert the simulated polarisation
value to an asymmetry value.

noise resilience to the fact that the fitting procedure was extracting a global

property of the data (the muon – fluorine distance) rather than the value

of any individual data point. The lower plot in Fig. 7.10 suggests that the

muon – next-nearest-neighbour fluorine distance was less resilient to noise,

as the fractional error in the parameter was approximately the same order
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Figure 7.10: The fractional error in the geometric fitting parameters used
to fit the simulated muon spectroscopy data to the experimental data in
Fig. 7.9. The noiseless values of the parameters were obtained through
exact diagonalisation of the 11 qubit Hamiltonian to obtain a polarisation
function, which was fitted using the Nelder-Mead algorithm.

of magnitude as (but larger than) the magnitude of the noise in the polar-

isation function. Nevertheless, I am optimimistic that the algorithm could

be made more noise resilient by: 1) Reducing the noise strength at earlier

times by adapting the number of Trotter steps used (as discussed above),

and 2) Using an optimisation routine known to be more resilient to noise

than the Nelder-Mead algorithm, such as Bayesian optimisation.

Linking back to the earlier simulations of circuit-level noise, I note the fol-

lowing:

1. The fitting routine obtained accurate parameter values when the error
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in each simulated polarisation data point was less than around 0.01

(for the 11 qubit system).

2. Exponential extrapolation provided a mean absolute error in the po-

larisation function of 0.011 when the expected number of errors in the

circuit was around 0.8 (for the 3 qubit system).

Assuming that the circuit-level result holds for larger system sizes (in re-

ality, the results may improve in larger system sizes, as when errors do

occur they will be less likely to occur on the crucial muon qubit), I infer

that the algorithm is able to tolerate an expected error rate of around 0.8

errors per circuit, on average. In the 11 qubit case, this would enable us to

learn the muon – nearest-neighbour fluorine distance to an accuracy better

than 0.1%, and the muon – next-nearest-neighbour fluorine distance to an

accuracy of around 5%.

7.4.3 Resource estimates

In this section I discuss the quantum resources required to perform the cal-

culations described above. For NISQ resource estimates, I consider the

number of two-qubit gates as the cost metric, as they provide the largest

contribution to the circuit error rate in many hardware systems. For error

corrected simulations, I take the approach discussed in Sec. 3.2.2. I consid-

ered a calculation performed using the surface code, and sought to min-

imise the number of T gates. I used the rule-of-thumb that around 100

T gates can be used to generate an arbitrary angle single-qubit rotation,

which is appropriate for the gate count estimates in this chapter. In these

resource estimates, I focus in particular on the 11 qubit system. This system

is too small to be a viable target for beyond-classical simulation (as it can

be solved with exact diagonalisation of the system Hamiltonian) – how-

ever, this means that it is possible to get tight bounds on the Trotter error
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for this system, which makes it possible to obtain more accurate resource

estimates.

7.4.3.1 NISQ resource estimates

As shown in Fig. 7.4, approximately 40 second-order Trotter steps were

required to reduce the Trotter error in the observable to 10−3 when calcu-

lating P (t =15 µs) for the 11 qubit system. I performed a basic compila-

tion of the circuit, by merging adjacent single-qubit gates. This resulted in

a gate count of 5 × 104 single-qubit gates, and 3.9 × 104 two-qubit gates.

Assuming that single-qubit gates have an error rate ten times lower than

two-qubit gates, then this circuit is roughly equivalent to implementing

4.4× 104 two-qubit gates. As discussed in Sec. 7.4.2, I observed that for the

3 qubit system, exponential extrapolation was able to recover acceptably

accurate results when there were around 0.8 expected errors per circuit.

Achieving this circuit error rate for the 11 qubit system with 4.4× 104 two-

qubit gates, would require a two-qubit gate error rate of p = 2× 10−5. This

is approximately two orders of magnitude lower than the current lowest

two-qubit gate error rates [147, 149, 150]. Simulations of larger, classically

challenging system sizes would require an even larger number of gates.

The most promising avenue for realising these calculations before the ad-

vent of quantum error correction is to significantly reduce the gate count

required. One possible route towards this goal would be to consider Trot-

ter orderings that reduce the Trotter error, or that enable a larger number of

gates to be cancelled. We could alternatively consider neglecting the dipo-

lar interactions between the nuclei, retaining only the muon-fluorine dipo-

lar interactions (as has previously been done in classical simulations [321]).

Even if these optimisations can be incorporated, it appears challenging for

NISQ devices to surpass classical µ+SR simulation capabilities. This is not

necessarily reflective of the performance of the algorithm described in this
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chapter, and instead serves to highlight both the quality of classical sim-

ulations of quantum systems, and the challenges inherent in many NISQ

algorithms, resulting from high noise rates in existing quantum processors.

7.4.3.2 Error corrected resource estimates

I followed the approach to surface code resource estimation taken in Ref. [185],

which considers surface code operations implemented using lattice surgery,

complemented with magic state distillation for implementing T gates. I ini-

tially sought to minimise the spatial resources required. I used a ‘compact’

data block of physical qubits to store each logical qubit. For a system with

Q logical qubits, using a compact block results in needing d1.5Q + 3e sur-

face code tiles. For a distance d surface code, each surface code tile consists

of 2d2 physical qubits (d2 data qubits and d2 syndrome qubits).

The circuit for the 11 qubit system, with 40 second-order Trotter steps, con-

tained 1.96×104 non-Clifford single-qubit rotations, which I assumed could

be synthesised from 1.96 × 106 T gates. I used a 15-1 distillation block for

magic state distillation, which produces output magic states with an error

rate of at most 35p3 (where p is the physical error rate), and requires an

additional 11 surface code tiles. For the 11 qubit system, this resulted in

B = 31 surface code tiles in total. With this setup, a magic state could be

consumed every 11d surface code cycles. The calculation therefore needed

to ‘survive’ for T = 11d × (1.96 × 106) code cycles. The size of the surface

code required to perform the calculation was determined using [185]

B · T · 0.1(100p)(d+1)/2 < ε (7.35)

where p is the physical error rate, and ε is the target circuit error rate. The

fault-tolerant resources required are shown in Table. 7.1, for a number of
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p ε d Physical qubits Circuit time (s)
10−3 0.01 22 30,008 474
10−4 0.01 10 6200 216
10−3 0.8 18 20,088 388
10−4 0.8 8 3968 172

Table 7.1: Error corrected resource estimates for simulations of the 11 qubit
CaF2+µ+ system with 40 second-order Trotter steps. Here, p is the physical
error rate, ε is the expected number of errors per circuit, and d is the surface
code distance used.

scenarios. I considered resource estimates with a realistic two-qubit gate

error rate of p = 10−3, as well as a more optimistic error rate of p = 10−4.

I also considered two target noise suppression levels. In the first case, I

considered suppressing the error rate such that there would be ε = 0.01

errors in the circuit, on average. In the second case, I assumed that the

algorithm was able to tolerate a noise rate of ε = 0.8 errors in the circuit,

on average. This choice of target circuit error rate was motivated by the

success of exponential extrapolation in obtaining accurate results for the 3

qubit system in the presence of noise of this magnitude. I assumed a surface

code decoding cycle time of 1 µs. We can see from Table. 7.1 that while the

error robustness of the algorithm reduced the resources required by a factor

of around 1.5, this was overshadowed by the exponential improvements

arising from reductions in the physical error rate.

I also estimated the resources required to simulate the 29 qubit system. I

assumed that 50 second-order Trotter steps would be needed, which led

to a circuit with 2.3 × 107 T gates. I used the same surface code setup de-

scribed above, and considered a physical noise rate of p = 10−3, and a tar-

get circuit error rate of ε = 0.8. I found that a distance 21 surface code was

needed, requiring around 51,000 physical qubits. The calculation would

take 5234 seconds to run. On first inspection, this is a modest number of
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physical qubits, compared to existing resource estimates for solving clas-

sically challenging chemistry calculations with quantum hardware, which

have previously been estimated to require around 105 [25] to 106 [27, 69, 72]

physical qubits at p = 10−3 physical error rates (but admittedly, are solv-

ing more challenging problem instances than the 29 qubit simulations dis-

cussed here).

Unfortunately, there are limitations to the approach taken in my resource

estimates, and it is necessary to think more carefully about how these cal-

culations would be performed on error corrected quantum computers. As

seen in Table. 7.1, performing a single iteration of even the 11 qubit simula-

tion would take several minutes, assuming a surface code decoding cycle

time of 1 µs (which may be optimistic for slower systems, such as trapped

ion quantum computers [342]). Estimating the polarisation value to a pre-

cision of 10−2 would take around 10,000 repetitions using direct sampling.

The calculation must then be repeated at a number of simulated time val-

ues to perform a single step of the optimisation subroutine. In turn, the

optimisation routine may require hundreds of iterations to converge. As

a result, if the methods discussed in this chapter are to prove useful for

analysing experimental data, their runtime must be reduced.

As discussed in Sec. 7.3.4, amplitude amplification can be used to reduce

the time cost of measuring an observable toO
(

1
εm

)
, where εm is the desired

precision. This comes at a cost of increasing the circuit depth required by

a factor of 1/εm. While a full resource estimate of using this technique is

beyond the scope of this work, I performed a rough estimate of how this

approach would compare to that discussed above. I assumed a value of

εm = 10−2, increasing the circuit depth required by a factor of 100. For the

29 qubit system, this increased the T count estimate to 2.3 × 109 T gates.

I neglected the resources required for magic state distillation, and focused

on the resources required to reduce the expected number of errors in the

165



S. McArdle University of Oxford

logical qubits to less than ε = 0.01. Assuming that distilling a magic state

still takes 11d surface code cycles, this was achieved when

d(1.5× 29) + 3e · (11× 2.3× 109) · 0.1(100p)(d+1)/2 < 0.01. (7.36)

This expression is satisfied for d ≥ 29. The compact data block for the 29

logical qubits would correspond to around 98,000 physical qubits. With

this minimal setup, the calculation would take at least 8 days to complete.

As discussed in Ref. [185], it is possible to reduce the runtime of the cal-

culation by exchanging spatial resources for time resources. Adding more

qubits enables faster distillation and consumption of magic states, to the

point where a magic state can be consumed every d surface code clock cy-

cles. The addition of further qubits enables parallelisation of T gates using

quantum teleportation. If the T gates could be fully parallelised into around

8 × 107 layers, and each layer could be implemented in one surface code

cycle, a calculation of the polarisation value along a single axis, at a single

point in time, would finish in 80 seconds. Building a quantum computer

with these capabilities would require billions of qubits [185] – considerably

larger than any machines that are planned within the coming decades.

Given the challenges associated with building even a small error corrected

quantum computer, it is natural to ask whether there are other ways to re-

duce the runtime of the algorithm. The best way to achieve this is with al-

gorithmic improvements. As in the NISQ case, better compilation routines,

or the use of more efficient time evolution algorithms, could reduce the

number of gates required to execute this proposal. In particular, we could

consider alternative Hamiltonian decompositions that reduce the Trotter

error by grouping commuting terms [343], or that exploit the locality of

power law interactions [344]. Similarly, we could utilise techniques that ex-
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ploit symmetries in the Hamiltonian coefficients to reduce the total number

of T gates required for the circuit [25, 345].

7.5 Discussion

In this chapter, I have introduced and investigated a quantum algorithm for

the analysis of data arising from muon spectroscopy experiments, which

can be exponentially costly to perform using classical methods. I carried

out numerical emulations of applying the algorithm to the CaF2 + µ+ sys-

tem, and obtained results in good agreement with recent start-of-the-art

classical analysis [300]. My simulations are the largest to date in the muon

field, with a Hilbert space size of 229.

By considering the impact of noise on the algorithm, I was able to esti-

mate the quantum resources required to perform classically challenging in-

stances of muon spectroscopy analysis. The algorithm appeared to be rela-

tively noise robust, stemming from the aim of extracting a global parameter

from the fitted polarisation function, rather than targeting any individual

data point. These results may find use beyond this work, and suggest that

analysing noisy experimental data may be a good target for future quan-

tum computers.

Nevertheless, the resource estimates presented in this section highlight the

challenges faced by both this algorithm, and many other quantum sim-

ulation algorithms. In the context of NISQ simulations, the gate counts

produced by the algorithm are likely too large to simulate on devices with

realistic noise rates, even if error mitigation techniques are utilised. As

discussed in Chapter 5, this is also a key challenge for NISQ algorithms

targeting the electronic structure problem. While noise can ultimately be

overcome using quantum error correction, challenges also remain in this
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arena. At first glance, analysing muon spectroscopy data appeared to re-

quire fewer fault tolerant resources than solving challenging instances of

the electronic structure problem. However, the large number of repetitions

required resulted in an impractically long runtime. While this runtime can

be reduced by increasing the size of the quantum computer, or parallelis-

ing the calculation across multiple quantum machines, these both come at

significant cost. I would argue that this is not necessarily a limitation of

the algorithm presented here, but a challenge facing many quantum sim-

ulation algorithms. For example, while Ref. [243] performed a more rigor-

ous analysis of the gate counts required to perform classically intractable

simulations of spin-1
2 systems, it stopped short of estimating the resources

required to estimate a given observable. Those gate counts, on the order of

108 T gates, are similar to those presented in Sec. 7.4.3.2. This will lead to

the same problem discussed herein, when taking into account the resources

required to estimate a given observable, or to sample a range of conditions.

Similarly, while existing estimates for solving the electronic structure prob-

lem on small fault tolerant quantum processors [25–27, 68, 69, 72] show

how to obtain the energy of a classically intractable system in hours or

days, these works typically stop short of considering what problem that

actually solves. In order to optimise a molecular geometry, estimate other

observables on the ground state, or elucidate a phase diagram, these calcu-

lations will likely have to be repeated many times – resulting in what may

be a prohibitively long calculation time. As such, I stress that it is impor-

tant to consider the total resources required to solve a given problem with a

quantum computer, and not just the quantum resources required to run the

corresponding circuit once. The embarrassingly parallel nature of many

classical algorithms (including the classical emulations used in this chap-

ter) and the low cost and ubiquity of classical hardware, will place strin-

gent requirements on the performance of future quantum algorithms. Sim-
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ilar arguments were recently made by Ref. [346], in the context of whether

quadratic quantum speedups will be sufficient to show quantum advan-

tage on realistic problem instances.

There are a number of optimisations that could be introduced to make

quantum algorithms more practical for muon data analysis. In particular,

the use of more efficient time evolution algorithms, or improved compila-

tions of the time evolution primitives, could dramatically reduce the num-

ber of gates required to achieve a given accuracy. Liaising with the muon

community might also enable the introduction of problem-specific optimi-

sations of the algorithm. For example, one could consider incorporating

the ideas of Ref. [300], which scaled the interaction strengths of more dis-

tant nuclei to act as a proxy for the rest of the sample.

A related question is whether the quantum algorithm introduced in this

chapter could be simulated efficiently using a classical computer. The envi-

ronment being in a mixed initial state may motivate the belief that approx-

imate classical methods may be able to efficiently simulate this problem.

While answering this question is beyond the scope of this work, the algo-

rithm introduced here has clear links to the ‘one clean qubit’ (DQC1) model

of quantum computing [347], which has so far resisted efficient classical

simulation [348–351].

Finally, it is interesting to ask if other, more complex quantum algorithms

could be applied to analysing muon spectroscopy data. One possibility

could be to use quantum read-only memory (QROM) [26] to load the ex-

perimental data values into the quantum computer. We could then attempt

to compute all of the simulated data in superposition (the state would re-

semble
∑

t |t〉 |P (t)〉, where t denotes the simulated time), and use existing
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quantum machine learning algorithms to extract fitting parameters of in-

terest. While the details of this approach will likely be more complicated

than outlined here, I note that this is a slightly different approach than is

typically considered in quantum machine learning algorithms. We would

be exploiting the exponential speedup in calculating P (t) (and potentially

polynomial speedups in parameter fitting), and do not mind that there is

no speedup for loading in the data. We would seek to load in a number of

datapoints that is generally constant for a given type of muon spectroscopy

experiment (as it is defined by the characteristics of the beam type used).

Given the numerous possible avenues for exploration, I believe that both

muon spectroscopy, and the analysis of data arising from other experiments

underpinned by quantum mechanics, could be promising targets for future

quantum computers.
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8 | Conclusion

Quantum simulation appears to be one of the most exciting and promising

applications of quantum computing. If we are able to tame the spectre of

noise, then we may soon be able to carry out calculations that would be

intractable to perform on classical hardware. Nevertheless, the high over-

heads imposed by current methods of error correction lead to dauntingly

high resources for such calculations. As a result, it is crucial to develop new

ways to tackle quantum simulation problems.

One possible approach is to consider alternative simulation algorithms. In

Chapter 4 I introduced and discussed an algorithm for ansatz-based imag-

inary time evolution, that could be used to find the ground states of chem-

ical systems. The possibility of applying this algorithm to explicitly cor-

related (non-Hermitian) chemical Hamiltonians appears particularly excit-

ing, as it may provide a new way to account for dynamic correlation in

quantum simulations.

Another option is to develop lower cost methods for noise mitigation. I dis-

cussed one such approach, known as symmetry verification, in Chapter 5.

By exploiting our knowledge of symmetries that should be respected by

the simulation, the method is able to filter out a large number of errors, us-

ing modest additional resources. Such error mitigation techniques will be

invaluable as we seek to perform classically intractable calculations using

NISQ algorithms.

An alternative approach to reducing the costs of classically intractable sim-

ulations is to ‘move the goalposts’. Rather than trying to improve the ef-

ficiency of solving the electronic structure problem, we can try to identify

alternative, more promising simulation targets. This is the approach taken

in Chapters 6 & 7 of this thesis. In Chapter 6 I discussed how molecular
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vibrations could be simulated on quantum hardware. Many existing quan-

tum simulation tools can be re-purposed to target vibrational quantities

of interest, where they face new opportunities and challenges. In Chap-

ter 7 I introduced and investigated a quantum algorithm for analysing data

from muon spectroscopy experiments. The algorithm yielded T gate counts

of approximately 2 × 107 (when minimising the footprint of the quantum

computer) for classically challenging simulations of 29 qubit systems. This

can be compared to estimates of around 107 − 108 T gates for simulat-

ing classically challenging instances of time evolution of the Heisenberg

model (30 − 50 logical qubits) [243], around 4 × 106 T gates for phase es-

timation of 8 × 8 Fermi-Hubbard lattices (162 logical qubits) [352], and

around 3 × 1010 Toffoli gates (2196 logical qubits) for phase estimation

of the FeMoco molecule [27] discussed in Sec. 2.1.4. This investigation

showed the value of examining new systems through a quantum lens –

but also highlighted the importance of considering the resources required

to solve a complete simulation problem (rather than just to run a single

circuit instance). When this factor is taken into account, these resource es-

timates may increase significantly. Consequently, we may need to think

carefully about whether the simulations listed above will be able to pro-

vide useful scientific insights, with fewer than 106 physical qubits, in a rea-

sonable timeframe. Based on provable resource estimates, a sufficiently

large error corrected quantum computer will be able to carry out simula-

tions that appear intractable for classical computers. When exactly such a

machine will become available is difficult to predict, and many challenges

remain [353, 354]. Whether the NISQ machines developed en route to fault-

tolerance are able to provide scientific insights for certain systems of inter-

est remains to be seen. Achieving this goal will likely hinge on choosing

simulation targets that maximise the strengths of NISQ hardware – as is

done in the field of analog quantum simulation.
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The last three years have seen rapid change in the field of quantum sim-

ulation, including: repeated drops in fault tolerant resource estimates for

simulation problems [25–27, 69, 72], tightening of Trotter error bounds [96,

97, 243, 344, 355, 356], the development of a number of error mitigation

techniques [139, 159, 160, 162, 253, 357, 358], an explosion in the number

of quantum circuit emulation packages available for use [359–361], the in-

creasing availability of cloud quantum processors [362–364], and the achieve-

ment of quantum supremacy [147].

To sustain the excitement over quantum simulation in the coming years,

we will need to continue to explore ways to lower the resources required

for challenging simulations. The work presented in this thesis has made

contributions towards this goal in a number of ways. Nevertheless, there

is (and likely always will be) much work left to be done. I hope to continue

to contribute to this thriving research area – and look forward to the day

when quantum simulations of quantum systems are commonplace.
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A | Appendices

A.1 Appendix: Error mitigation for quantum simula-

tion

A.1.1 Number of measurements and error analysis

The numerical simulations in Chapter 5, Sec. 5.4 were designed to mimic

the actions of an experimentalist; the expectation value of each term in the

Hamiltonian was found by repeating the circuit and measurement proce-

dure many times.

The number of measurements required was set by the desired precision.

Measurements were distributed optimally among the different Hamilto-

nian terms [122, 123], such that the number of measurements for each term

was proportional to its strength. The standard error in each measurement

is then given as follows.

The standard error in the mean is given by

α =
σ√
N

(A.1)

where N is the number of measurements performed, and σ is the standard

deviation of the result. The standard deviation of a measurement of one of

the Pauli strings in the Hamiltonian, Hj , is given by

σHj =
√
〈ψ|H2

j |ψ〉 − 〈ψ|Hj |ψ〉2 =

√
1− 〈ψ|Hj |ψ〉2 ≤ 1. (A.2)

The standard error in the energy measurement is then upper bounded by

αE =

√∑
i

α2
hi

=

√√√√∑
i

|hi|2
σ2
Hj

Ni
≤
√∑

i

|hi|2
Ni

, (A.3)
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where Ni is the number of measurements used for each term in the Hamil-

tonian, and hi is the coefficient of term i in the Hamiltonian. Measurements

were distributed optimally [122, 123], setting

Ni =
|hi|
hmax

k (A.4)

where hmax is the largest coefficient in the Hamiltonian, and k is the number

of measurements allocated to the largest term in the Hamiltonian. Substi-

tuting this expression into Eq. A.3,

αE ≤
√∑

i

|hi|hmax

k
(A.5)

Solving for k, and substituting back into Eq. A.4 provides an expression

for the number of measurements required per term, as a function of the

standard error

Ni =
|hi|

∑
j |hj |

α2
E

. (A.6)

The total number of measurements is then

N =
(
∑

i |hi|)2

α2
E

. (A.7)

When extrapolation is performed, the standard error is increased by a fac-

tor that depends on the ‘stretch-factor’, λ, used in the extrapolation. When

performing extrapolation, I used the same total number of samples for each

expectation value, which were divided equally between two points for a

linear extrapolation. The extrapolated value is given by

Oextrap =
λO(ε)−O(λε)

λ− 1
. (A.8)
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As such, the standard error was increased by a factor of

ω =

√
2(λ2 + 1)

(λ− 1)
. (A.9)

The stretch factor used in the simulations shown in Fig. 5.8 depended on

the error rate, ε, as

λ = 1 +
0.001

ε
. (A.10)

The stretch factor used in the simulations shown in Fig. 5.9 was

λ = 1.5 . (A.11)

For the results presented in Fig. 5.9, I calculated the standard error using the

expectation values
√

1− 〈ψ|Hj |ψ〉2, rather than the loose upper bound.

The resulting standard errors in the results were: Detection & Extrapolation

= [0.05, 0.07, 0.04, 0.04, 0.04] mHartree, Extrapolation = [0.05, 0.07, 0.04,

0.05, 0.04] mHartree.

For the results presented in Fig. 5.8, I used the loose upper bound for the

standard error, obtained as described above.

A.2 Appendix: Quantum simulation of muon spec-

troscopy experiments

A.2.1 Preparing Dicke states

In this Appendix, I discuss the method developed by Ref. [286] to prepare

Dicke states on quantum computers. As discussed in Chapter 7, to prepare

a Dicke state with Hamming weight h, acting on n qubits, the algorithm

requires O(hn) gates, O(n) depth, and n qubits. Here, I present a slightly

less rigorous, but more pedagogical overview of the algorithm introduced

220



S. McArdle University of Oxford

in Ref. [286], and refer the reader to the original reference for more infor-

mation.

The state preparation algorithm proceeds recursively, making use of the

following expression for Dicke states

|Dn
h〉 =

√
h

n
|Dn−1

h−1〉 ⊗ |1〉+

√
n− h
n
|Dn−1

h 〉 ⊗ |0〉 . (A.12)

Assume the existence of a unitary operatorUn,k such thatUn,k |0〉⊗n−h |1〉⊗h =

|Dn
h〉 for all h ≤ k. As I show below, this operator exists, and can be con-

structed from typical single- and two-qubit gates.

As a first step, note that

|Dn
h〉 = Un,k |0〉⊗n−h |1〉⊗h , (A.13)

and

|Dn
h〉 =

√
h

n
|Dn−1

h−1〉 ⊗ |1〉+

√
n− h
n
|Dn−1

h 〉 ⊗ |0〉 .

=

(
Un−1,k ⊗ I

)[√
h

n
|0〉⊗n−h |1〉⊗h +

√
n− h
n
|0〉⊗n−1−h |1〉⊗h |0〉

]
=

(
Un−1,k ⊗ I

)
·
(
In−k−1 ⊗ Vn,k

)
|0〉⊗n−h |1〉⊗h ,

(A.14)

with

(
In−k−1 ⊗ Vn,k

)
|0〉⊗n−h |1〉⊗h =

√
h

n
|0〉⊗n−h |1〉⊗h +

√
n− h
n
|0〉⊗n−1−h |1〉⊗h |0〉 .

(A.15)

These relations imply that

Un,k =

(
Un−1,k ⊗ I

)
·
(
In−k−1 ⊗ Vn,k

)
. (A.16)

Here, Un−1,k acts on the leftmost n − 1 qubits. Vn,k is defined on n qubits,
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but acts trivially on the first n − k − 1 qubits, so can be considered to only

act on the final k + 1 qubits. We can then recurse this relationship

Un−1,k =

(
Un−2,k ⊗ I2

)
·
(
In−k−2 ⊗ Vn−1,k

)
, (A.17)

where Vn−1,k acts on the leftmost k + 1 of the final k + 2 qubits in the state.

This enables us to write that

Un,k =

(
Uk+1,k⊗In−k−1

)
...

(
In−k−2⊗Vn−1,k⊗I

)
·
(
In−k−1⊗Vn,k

)
. (A.18)

Repeating the analysis above for Uk+1,k, and considering just the k + 1

qubits acted upon gives

Uk+1,k |0〉 |1〉⊗k = |Dk+1
k 〉

=

√
k

k + 1
|Dk

k−1〉 ⊗ |1〉+

√
1

k + 1
|1〉⊗k ⊗ |0〉

=

(
Uk,k−1 ⊗ I

)[√
k

k + 1
|0〉 |1〉⊗k−1 ⊗ |1〉+

√
1

k + 1
|1〉⊗k ⊗ |0〉

]
=

(
Uk,k−1 ⊗ I

)
·
(
Vk+1,k

)
|0〉 |1〉⊗k−1 ⊗ |1〉 ,

(A.19)

where Vk+1,k acts on all of the k+ 1 qubits. Continuing the recursion above

Un,k =

(
Uk+1,k ⊗ In−k−1

)
...

(
In−k−2 ⊗ Vn−1,k ⊗ I

)
·
(
In−k−1 ⊗ Vn,k

)
=

(
Uk,k−1 ⊗ In−k

)
·
(
Vk+1,k ⊗ In−k−1

)
...

(
In−k−2 ⊗ Vn−1,k ⊗ I

)
·
(
In−k−1 ⊗ Vn,k

)
= ...

=

(
V2,1 ⊗ In−2

)
·
(
V3,2 ⊗ In−3

)
· ... ·

(
Vk,k−1 ⊗ In−k

)
·
(
Vk+1,k ⊗ In−k−1

)
·(

I ⊗ Vk+2,k ⊗ In−k−2

)
· ... ·

(
In−k−2 ⊗ Vn−1,k ⊗ I

)
·
(
In−k−1 ⊗ Vn,k

)
.

(A.20)

This can be expressed this more concisely via the expression in Lemma 2 of
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Ref. [286]:

Un,k =
k∏
l=2

(
Vl,l−1 ⊗ In−l

)
·

n∏
l=k+1

(
Il−k−1 ⊗ Vl,k ⊗ In−l

)
. (A.21)

This confirms the existence of the gate Un,k, if we are able to construct the

unitary Vn,k for arbitrary n, k. As discussed in Ref. [286], Vn,k can be built

from standard single-, two- and three-qubit gates as follows.

We have that

(
Vn,k

)
|0〉⊗k+1−h |1〉⊗h =

√
h

n
|0〉⊗k+1−h |1〉⊗h +

√
n− h
n
|0〉⊗k−h |1〉⊗h |0〉 .

(A.22)

• Ry(θ) •

•

Figure A.1: A circuit which yields the unitary operator given by Eq. (A.23).

This unitary only changes the value of the zeroth qubit from the right, and

the hth qubit from the right. First, consider the circuit shown in Fig. A.1.

Setting θ = 2cos−1(
√

1/n) gives the unitary


1 0 0 0

0
√

1
n −

√
n−1
n 0

0
√

n−1
n

√
1
n 0

0 0 0 1

 . (A.23)

Similarly, the circuit in Fig. A.2 with θ = 2cos−1(
√
α/n) acts trivially on all
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n− α • Ry(θ) •
n− α+ 1 •

n •

Figure A.2: A circuit which yields the unitary operator which I refer to as
Wα
n . This operator acts trivially on all input states, except those noted in

Eq. (A.24).

input states, except for

|011〉 →
√
α

n
|011〉+

√
n− α
n
|110〉 ,

|110〉 → −
√
n− α
n
|011〉+

√
α

n
|110〉 .

(A.24)

We can now use these building blocks to construct the unitary Vn,k. First

apply the gate in Fig. A.1 to the final two qubits in the register, and then

repeatedly apply the gate Wα
n shown in Fig. A.2, incrementing the value

of α each time. As we are applying these gates on the state |0〉⊗n−h |1〉⊗h,

the first h qubits encountered are all in the |1〉 state, so these gates act triv-

ially. After these h qubits, the three qubit W h
n gate encounters the state

|0〉n−h |1〉n−h+1 |1〉n, which it transforms into

√
h

n
|0〉n−h |1〉n−h+1 |1〉n +

√
n− h
n
|1〉n−h |1〉n−h+1 |0〉n . (A.25)

The subsequent W i>h
n gates act trivially on both branches of this superpo-

sition. Taken together, these gates carry out the transform in Eq. (A.22),

for all h ≤ k. It is shown in Ref. [286] how the three-qubit W gate can be

decomposed into single- and two-qubit gates, and how the circuit can be

implemented with O(kn) gates, O(n) depth, and n qubits on a linear array

of qubits, with nearest-neighbour connectivity.
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A.2.2 Additional numerical simulations of Trotter and sampling

error

In this Appendix, I present the results of additional simulations to test the

convergence of sampling error and Trotter error, for systems too large to

study with exact diagonalisation.

Figure A.3: Comparing the sampling error obtained using both the
random-phase-approximation (RPA) method and the dephasing method,
at a given number of samples, to that obtained at 9600 samples. The RPA
method rapidly converged to the value obtained at 9600 samples. While
this does not bound the sampling error at 9600 samples, we see from Fig. 7.5
that the RPA method can obtain an accuracy of less than 10−3 for the 11
qubit system with 100 samples. Given that the sampling error decreases
with both system size, and the number of samples, I infer that the error is
likely small for even a modest number of samples with the RPA method for
the 21 qubit system.

As shown in Eq. (7.7), the error in the sampling-based methods decreases

as the size of the simulated system increases. I investigated this by con-

sidering the sampling error in a 21 qubit simulation. This system was too

large to carry out density matrix simulations for comparison. In lieu of this,

I investigated the convergence of the obtained polarisation function as the
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number of samples was increased. In Fig. A.3 I plot this behaviour for both

the RPA and dephasing methods. The RPA method rapidly converged,

and exhibited small fluctuations around its converged value. In particular,

when using the RPA method only 20 samples sufficed to converge the po-

larisation function to within 10−4 of the value obtained with 9600 samples.

I used a similar approach to investigate the convergence of Trotter errors

for systems too large to be exactly simulated. In Fig. A.4 I plot how the po-

larisation function converged as the number of second-order Trotter steps

was increased, for both the 21 and 29 qubit systems. These simulations

were performed using the RPA method, with 48 samples for the 21 qubit

simulation, and a single sample for the 29 qubit simulation. I compared

the polarisation function at a range of Trotter steps to that obtained with 30

Trotter steps. This metric does not provide a bound on the Trotter error at

30 Trotter steps. However, given that the convergence error in both cases is

monotonically decreasing, and less than 10−2 by 20 Trotter steps, this may

be taken as an indication that the polarisation function is rapidly converg-

ing as the number of Trotter steps is increased.
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Figure A.4: Convergence of the second-order Trotter error for both the 21
and 29 qubit systems, as a function of the number of Trotter steps used. I
plot how the polarisation converged towards the value at 30 second-order
Trotter steps (which may still be far from the true value).
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