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.uk1 Introdu
tionWe 
onsider the following problem, referred to as MaxFS:Given an infeasible linear system Ax � b with A 2 Rm�n and b 2 Rm , �nd a Feasible Subsystem
ontaining as many inequalities as possible.This problem has a number of interesting appli
ations in various �elds su
h as operations re-sear
h [7, 12℄, radiation therapy [13℄, image and signal pro
essing [15℄, statisti
al dis
riminantanalysis and ma
hine learning [4, 14℄. The growing interest for MaxFS is due to the fa
t thatmany 
omplex phenomena that 
an be well approximated with linear models yield formulationsinvolving large and generally infeasible linear systems for whi
h approximate solutions in termsof l1 or l2 norms are not meaningful. Note that, sin
e linear system feasibility 
an be 
he
ked inpolynomial time, the MaxFS stru
ture di�ers substantially from that of Max SAT, the well-known problem of satisfying a maximum number of Boolean 
lauses. Like Max SAT thoughMaxFS 
an be approximated within a fa
tor of 2 but it does not admit a polynomial-timeapproximation s
heme, unless P = NP [2℄.Besides the large-s
ale instan
es arising in 
lassi�
ation problems [4, 14℄ and when 
opingwith infeasibility in linear programming [7, 12℄, in several re
ent and 
hallenging appli
ationsto tele
ommuni
ations (digital video and audio broad
asting [21℄) and to 
omputational biol-ogy (modeling the energy fun
tion underlying the folding of proteins [16℄) one fa
es very largeMaxFS instan
es with tens of thousands up to millions of inequalities in hundreds up to thou-sands of variables. Su
h instan
es are beyond the rea
h of available 
omputational approa
hes,in
luding state-of-the-art MIP solvers applied to big-M formulations, the best available heuris-ti
s [7℄ and the latest polyhedral te
hniques based on partial set 
overing formulations [19, 3℄and 
ombinatorial Benders' 
uts [8℄.To ta
kle large-s
ale instan
es of MaxFS, we 
onsider randomized and thermal variantsof the 
lassi
al Agmon-Motzkin-S
hoenberg (AMS) relaxation method for solving systems oflinear inequalities. Deterministi
 AMS relaxation versions have been extensively studied inthe mathemati
al programming literature, often as spe
ial 
ases of subgradient methods (seee.g. [11, 22℄), and in the ma
hine learning literature under the name of per
eptron pro
edures(see e.g. [5, 17℄). The algorithms we propose and investigate here extend the thermal per
eptronheuristi
 [10℄. It is worth pointing out that the power of randomization in relaxation/subgradienttype methods, whi
h was �rst exploited by the ma
hine learning 
ommunity, has also beenre
ently studied in [20℄ for feasible systems of 
onvex inequalities and in [18℄ for minimizing a
onvex fun
tion that 
onsists of a sum of a large number of 
onvex 
omponent fun
tions. Herethe fo
us is on a diÆ
ult 
ombinatorial optimization problem.1



After des
ribing the randomized and thermal relaxation methods, we establish lower boundson the probability that they yield and optimal solution of MaxFS within a given number ofiterations as a fun
tion of the input data. These bounds imply �nite termination to an optimalsolution with probability one. To show that these methods do also perform very well in pra
ti
e,we report in Se
tion 4 some 
omputational results obtained for large-s
ale instan
es arising fromdigital video broad
asting and modeling protein folding potentials.2 Randomized and thermal relaxation methodsThe relaxation method is a simple algorithmi
 framework for solving systems of linear inequalities,see e.g. [11, 22℄. The idea is to iteratively relax all but one violated inequality and to updatethe 
urrent approximate solution by moving along the orthogonal dire
tion to the 
orrespondinghyperplane until a feasible solution is found. Given a feasible system Ax � b with A 2 Rm�n andb 2 Rm , and a starting point x0 2 Rn , the method generates a sequen
e of iterates �xi�N � Rnas follows: at iteration i an index ki 2 f1; : : : ;mg is sele
ted a

ording to some spe
i�ed rule,the 
orresponding inequality akix � bki is 
onsidered, and the next iterate is determined viaxi+1 = � xi + �i aki with probability pi if akixi < bkixi otherwise (2.1)where �i > 0 and pi 2 [0; 1℄ may be 
hosen di�erently in every iteration. When xi+1 6= xi wesay that an update has o

urred.Let us brie
y explain the motivation behind the parameters �i and pi. The step lengthmultipliers �i > 0 provide a tool to a

ount for varying degrees of urgen
y to "�x" the violationof the sele
ted inequality. For example, in the 
y
li
 proje
tion method �i = (bki�akixi)=kakik is
hosen so that akixi+1 = bki . In 
lassi
al versions, the inequalities are 
onsidered in 
y
li
 orderor at ea
h iteration one of those with largest violation is sele
ted. In the randomized relaxationmethod, we assume that ki is 
hosen uniformly at random. We also 
onsider a se
ond level ofrandomization by introdu
ing the updating probability pi that an update is a
tually 
arried out.When pi < 1, we speak of a doubly randomized method, while pi � 1 
orresponds to the standard(singly) randomized relaxation method. In theMaxFS 
ontext where we apply variants of thesemethods to infeasible systems, double randomization 
an avoid roundo� problems by making itpossible to repla
e a large number of small updates by updates of moderate size that o

ur withsmall probability.To look for maximum feasible subsystems of infeasible systems Ax � b, we 
onsider thermalvariants of the randomized relaxation method (RTR). In these variants the 
hoi
e of the step-length multipliers �i aims at favoring updates that are due to unsatis�ed inequalities with arelatively small violation vi = max�0; bki � akixi	. The rationale is that, if previous iterationsled xi in a region of the solution spa
e 
ontaining good approximate solutions of the MaxFSproblem, then xi should be improved by small lo
al updates. The large modi�
ations of xi thatwould be required when vi is large 
ould indeed destroy mu
h of the progress that has previouslybeen a
hieved. A natural way to gradually redu
e the attention paid to unsatis�ed inequalitieswith large violations is to introdu
e a de
reasing temperature s
hedule (ti)N � R+ and to 
hoose(�i)N as a fun
tion of ti and vi, for example, by setting:�i = tit0 exp(�vi=ti): (2.2)For large values of ti, any violated inequality yields a signi�
ant update, while for low values,only those with small violations with respe
t to ti yield signi�
ant updates. Like in simulated2



annealing (SA) ti 
an be seen as a temperature that gradually \
ools down" the a
tivity level ofthe algorithm and for
es it to pursue more lo
alized sear
hes. The similarity, however, stops atthis intuitive level and the algorithms di�er in important ways. In the doubly randomized RTRvariant, whi
h seems to resemble SA, the updates are 
arried out with exponentially de
reasingprobability irrespe
tively of whether the overall obje
tive fun
tion improves or worsens. Theanalysis of Se
tion 3 is based on ideas that do not appear in the SA literature and our proba-bilisti
 �nite termination results are mu
h stronger than SA asymptoti
 
onvergen
e guarantees.When RTR variants are applied to infeasible systems, the best iterate x found up to iteration ineeds to be stored in a so-
alled rat
het ve
tor zi. In pra
ti
al implementations the rat
het ve
torobtained after a predetermined maximum number of iterations is returned as an approximatesolution of MaxFS.In summary, di�erent RTR variants are 
hara
terized by:� the randomized sele
tion rule whi
h spe
i�es the way a single inequality is sele
ted at ea
hiteration (e.g., uniformly at random with or without repla
ement),� the step-length multiplier rule whi
h spe
i�es how the sequen
e of �i is determined (e.g.,�i is 
onstant or de�ned as in (2.2) while ti is linearly/exponentially redu
ed from t0 to 0),� the de
ision rule whi
h is 
hara
terized by the probability pi, 0 � pi � 1, that the updateat iteration i is a
tually 
arried out.It is worth pointing out that RTR methods 
an be naturally viewed as randomized sub-gradient homotopy method in whi
h subgradients are 
omputed in
rementally. The inherentparallelism of these methods make them well-suited to ta
kle even very large MaxFS instan
essu
h as those arising, for example, when designing protein folding potentials [16℄. See [6℄ forparallel versions of relaxation methods for linear (
onvex) feasible systems.3 Probabilisti
 termination guaranteesIn this se
tion we give an example of the type of probabilisti
 termination guarantee to an optimalsolution of MaxFS that we established for several RTR variants. In this extended abstra
t wewill fo
us on the doubly randomized RTR variant with 
onstant �i applied to homogeneoussystems with stri
t inequalities Ax > 0. Relevant appli
ations and 
omputational results willbe dis
ussed in Se
tion 4. W.l.o.g. we may assume that all row ve
tors ak of A have unit length.By abuse of language we write a 2 A to indi
ate that a is one of the row ve
tors of A, and wewrite ai for the row ve
tor that 
orresponds to the inequality sele
ted at iteration i. For thepurposes of 
larity, let us now summarize the algorithm we intend to analyze.Algorithm 1. Let (ti)N be a de
reasing temperature s
hedule, x0 2 Rn a starting point withunit norm, and z0 := x0. Let (ai)N be i.i.d. random ve
tors with uniform distribution overA. Then the sequen
e (Ui)N of binary random variables that formalize the updates and thesequen
es (xi)N and (zi)N of random ve
tors in Rn are evaluated via the following re
ursiverelations:i) Ui is �(ai;xi)-measurable and su
h thatpi := P�Ui = 1

ai � xi � 0� = tit0 exp�� jai�xijti �, P�Ui = 0

ai � xi � 0� = 1� pi,P�Ui = 1

ai � xi > 0� = 0 and P�Ui = 0

 ai � xi > 0� = 1,ii) xi+1 = xi + Ui ai, 3



iii) zi+1 = xi+1 if #Axi+1 > #Azi , and zi+1 = zi otherwise.Thus, the algorithm uses the step-length multiplier sequen
e (�i)N = (1)N .In Theorem 2 below we will bound the probability that the rat
het ve
tor zi be
omesMaxFS-optimal in at most i iterations, and we will establish that Algorithm 1 almost surely�nds an optimal solution in �nite number of iterations. Before we formulate this result, let usoutline the general line of atta
k we adopt for its analysis.For any x 2 Rn let Ax := fa 2 A : a � x > 0g denote the 
oeÆ
ient ve
tors of thesubset of inequalities satis�ed by x and #Ax its 
ardinality. Let ~x be an optimal solution ofthe MaxFS problem, that is, #A~x = m� := max f#Ax : x 2 Rng, and let x� := ~x=�, where� := minfa � ~x : a 2 A~xg. Let us now fo
us our attention on an optimal solution x� andthe asso
iated feasible subsystem Ax�x > 0. As long as the iterate xi satis�es #Axi < m�,there exists at least one a 2 Ax� su
h that a � xi � 0. Under uniform sampling this parti
ularinequality is drawn with probability 1=m, and then xi+1 6= xi with probability pi. A

ording toLemma 3 below no more than a 
ertain number ~
 of 
onse
utive su
h updates 
an o

ur beforethe algorithm �nds an xi su
h that a�xi > 0 for all a 2 Ax� , and hen
e xi is optimal forMaxFS.Subdividing the sequen
e of iterates into epo
hs of length ~
, optimality is a
hieved with positiveprobability in ea
h epo
h. Although the law of large numbers 
an be seen as the motivating ideaof our approa
h, the analysis is more 
ompli
ated be
ause the events that optimality is a
hievedin iteration i are not independent for 
onse
utive iterations.The 
onvergen
e speed 
laimed in Theorem 2 will be expressed as a fun
tion of the 
onditionnumber �(A) that we de�ned in [1℄ as the inverse of the smallest stri
tly positive k-dimensionalvolume of the parallelepiped generated by any subset of k row ve
tors of A for all k = 1; : : : ;m.In the 
ase where A 
onsists of rational data of total bit length L , the inequality �(A) � 2Lholds, see [1℄ for details.Theorem 2. Let M := 2�(A)23n=2 + 1 and 
 := (M + kx�k)2. If the temperature s
hedule ofAlgorithm 1 satis�es ti � 
log i for i � 2 and ti � 
log 2 for i = 0; 1 for some 
onstant 
 � 2M
,theni) for all k 2 N, we have: P �#Azk
 = m�� � 1�Qkj=2+b r
 
 �1� 1j
� where r > 0 is largeenough for m log xlog 2 < x 12
 to hold for all x > r.ii) almost surely the rat
het ve
tor be
omesMaxFS-optimal after a �nite number of iterations.Before we 
an prove Theorem 2, we need to introdu
e two lemmas. The �rst result dealswith the �nite termination of the relaxation method on feasible problem instan
es.Lemma 3. Let (any variant of) the relaxation method be applied to a feasible linear sys-tem Ax > 0 and let �i(l)�N � N be the sequen
e of iterations in whi
h updates o

ur. Iflimu!1Pul=1 �i(l)�2 � �i(l)� = +1 then xi(l) be
omes a feasible solution for some l � ~
 :=maxnu 2 N :Pul=1 �i(l)�2� �i(l)� � �kx0k+ kx�k�2o.Note that ~
 = ~
�kx0k; kx�k; A; (�i(l))N� is a monotone in
reasing fun
tion of kx0k if allother entries are �xed. Lemma 3 
an easily be shown by adapting the proof of a similar resultfrom [5, 17℄ that was given for 
onstant �i � 1. It has long been known that the number ofupdates required 
an grow exponentially in the input size [22℄, but we note that a variant of therelaxation method in whi
h the underlying spa
e is periodi
ally res
aled was re
ently shown tobe polynomial in a probabilisti
 framework [9℄.4



In the 
ase of infeasible systems, in�nitely many updates o

ur due to violated inequali-ties. However, our se
ond lemma shows the interesting fa
t that under bounded step-lengthmultipliers the sequen
e of iterates �xi�N remains bounded.Lemma 4. Let Ax > 0 be an arbitrary homogeneous system, x0 2 Rn and (xi)i2N the sequen
eof iterates generated by any version of the relaxation method that uses a bounded sequen
e ofstep-length multipliers 0 < �i � � for some � > 0. Then for all i, we havekxik �M(A;x0) := 2maxnkx0k ; � (�(A) 23n=2 + 1)o:For a proof see Theorem 6.1 in [1℄. Lemma 4 is a generalization of the 
lassi
al per
eptronboundedness theorem [5, 17℄ to non-
onstant step-length multipliers, but its proof is based on adi�erent approa
h in order to settle the open question of expressingM as an expli
it fun
tion ofthe input data (A;x0). This expli
it expression is a 
ru
ial ingredient in our proof of Theorem2, whi
h we are now ready to present.Proof. (Theorem 2) Under the assumptions kak = 1 8a 2 A and kx0k = 1, Lemma 4 impliesthat kxik �M for all i 2 N. The above-mentioned monotoni
ity of ~
 implies that~
�kxk
k; kx�k; A; (1)N� � 
; 8k 2 N: (3.1)Sin
e (1)N is shift-invariant, we 
an 
on
entrate on epo
hs of 
onstant length 
 under the generalframework outlined above.i) Denoting the 
omplement of a set B � A by B
 = A n B, we de�ne the events Ei :=f#Axi = m�g [ �ai 2 Ax� \A
xi ; Ui = 1	. We 
laim that for all k 2 N,E[k℄ := Ek
�1 \ � � � \E(k�1)
 � �#Azk
 = m�	 : (3.2)Indeed, suppose that E[k℄ o

urs. If #Axi = m� for some index i 2 [(k � 1)
; k
 � 1℄ then therat
het will assure that #Azi = m� and a fortiori #Azk
 = m�. Otherwise, in 
 
onse
utiveiterations, a violated inequality ai �xi � 0, ai 2 Ax� is drawn and xi is updated to xi+1 = xi+ai.But then (3.1) and Lemma 3 imply that Axi = Ax� o

urs for some i 2 [(k � 1)
 + 1; k
℄, andthen it is again the 
ase that #Azk
 = m�, establishing the truth of our 
laim.Equation (3.2) impliesP h#Azk
 < m� 

#Az(k�1)
 < m�i � 1� P hE[k℄ 

#Az(k�1)
 < m�i : (3.3)Our next goal is to bound the right-hand side of (3.3). As long as #Axi < m, we have Ax�\A
xi 6=;, so that for any �(x0;a0; : : : ;ai�1;U0; : : : ; Ui�1)-measurable event F � f#Axi < m�g it is truethat P�Ei 

F � = P�ai 2 Ax� \A
xi ; Ui = 1 

 F � � 1m � tit0 exp��jai � xijti � : (3.4)In parti
ular, Bi\f#Axi < m�g is �(x0;a0; : : : ;ai�1;U0; : : : ; Ui�1)-measurable for i > (k�1)
,where Bi := �Ti�1j=(k�1)
 Ej� \ n#Az(k�1)
 < m�o.Therefore,P�Ei 

Bi� = P�Ei 

#Axi < m�; Bi�� P�#Axi < m� 

Bi�+P�Ei 

#Axi = m�; Bi�� P�#Axi = m� 

Bi�(3.4)� timt0 exp��jai � xijti �� P�#Axi < m� 

Bi�+ 1� P�#Axi = m� 

Bi�� timt0 exp��jai � xijti � ; 5



so thatP�E[k℄ 

#Az(k�1)
 < m�� = P�E(k�1)
 

#Az(k�1)
 < m�� � k
�1Yi=(k�1)
+1P�Ei 

Bi�� k
�1Yi=(k�1)
 timt0 exp��jai � xjti � : (3.5)We wish to bound this quantity solely in terms of the epo
h k. The assumption on the temper-ature s
hedule implies jai�xijti < M log i2M
 = log i2
 , and hen
e,timt0 exp��jai � xijti � > log 2m log i � i� 12
 :Let r > 0 be su
h that m log xlog 2 < x 12
 for all x > r. Then for i > r, timt0 exp�� jai�xijti � > i� 1
 .Using this inequality in (3.5), it follows that for k > 1 + r
 ,P�E[k℄ 

#Az(k�1)
 < m�� > k
�1Yi=(k�1)
 i� 1
 > �(k
)� 1
 �
 = 1k
 :This �nally provides the desired bound on the right-hand side of (3.3), so thatP�#Azk
 < m� 

#Az(k�1)
 < m�� � 1� 1k
 : (3.6)Using (3.6), we now �ndP�#Azk
 < m�� = P�#Az0 < m��� kYj=1P�#Azj
 < m� 

#Az(j�1)
 < m�� (3.7)� kYj=2+b r
 
�1� 1j
� ; (3.8)whi
h settles the 
laim of part i).ii) Sin
e limk!1 log kYj=2+b r
 
�1� 1j
� � � limk!1 kXj=2+b r
 
 1j
 = �1;the right-hand side of (3.8) 
onverges to zero when k !1, and sin
e the events f#Azi < m�gare nested, we have P"\i2Nf#Azi < mg# = limk!1P �#Azk
 < m� = 0:We note that the proof of Theorem 2 
an be modi�ed to obtain similar 
onvergen
e resultsfor other variants of the RTR method applied to the MaxFS problem. In parti
ular, for thesingly RTR variant with pi = exp��vi=ti� and �i = ti=t0 additional diÆ
ulties arise sin
e pi and�i jointly de
rease. 6



4 Some 
omputational resultsIn our theoreti
al analysis, we have 
onsidered long non-overlapping sequen
es of updates andvery slow temperature de
reasing s
hedules. By weakening the mutual dependen
e of the eventsof �nding an optimal solution during parti
ular epo
hs, we made it possible to use arguments akinto the law of large numbers. It is however important to stress that our theoreti
al bounds on thetemperature s
hedules are overly 
autious in pra
ti
e, and that our RTR methods perform verywell with mu
h faster linearly de
reasing temperature s
hedules. We have devised a simple wayto sele
t the initial temperature based on the average inequality violation: t0 is renormalizedafter ea
h random 
y
le through all the inequalities as t0 := 13 t0 + 23 Pk vki . We also use anadaptive s
heme to de
rease ti to zero over a maximum number of 
y
les, max 
y
les, whi
h ise�e
tive on infeasible systems 
oming from a variety of appli
ations: ti := �1� 
y
le indexmax 
y
les� t0.To ta
kle large-s
ale instan
es of MaxFS, we have developed an eÆ
ient RTR implemen-tation. Good sub-optimal solutions are obtained more rapidly by 
onsidering a blo
k-iterativevariant in whi
h the update dire
tion is given by a (
onvex) 
ombination of the ak's of theviolated inequalities in a blo
k and the size of the blo
k is de
reased over the iterations. Seee.g. [6℄ for the blo
k idea in the feasible 
ase.At ea
h iteration we 
an look for a point of the segment f�xi + (1 � �)xi+1; � 2 [0; 1℄g
onne
ting xi and xi+1 that satis�es the largest number of inequalities. Despite the higher
omplexity (nm for the group subgradient version), this simple 1-D sear
h yields moderateimprovements.After a 
ertain number of non-improving iterations, a lo
al sear
h step is applied w.r.t. singlevariables. Given the 
urrent solution x = (x1; x2 : : : ; xn), we look for a variable index h, 1 �h � n, and a s
alar Æ su
h that the number of inequalities satis�ed by (x1; x2 : : : ; xh+ Æ : : : ; xn)is maximum. These lo
al sear
h steps, whi
h have a 
omplexity of nm, lead to better solutions.En
ouraged by the performan
e of the RTR blo
k version, we have adopted a grouping strategyalso for this variable-based lo
al sear
h.We now outline the results obtained for large-s
ale MaxFS instan
es arising from digitalbroad
asting [21℄ and from modeling protein folding potentials [16℄. All inequalities that werenot 
ompatible with the variable upper and lower bounds have been eliminated in a prepro
essingstep. Moreover, additional orthogonal proje
tions were used to take into a

ount the upper andlower bounds on the variables.Digital Video Broad
asting (DVB). In planning a DVB network, an interesting problemis that of determining the emission power of a given set of n transmitters so as to maximizeterritory 
overage [21℄. Suppose the territory is subdivided into q suÆ
iently small squared areas,
onsidered as test points (TPs). A signal emitted from a transmitter is useful or interfering ata TP depending on the arrival delay. In the single frequen
y and �xed window model [21℄, forea
h TP i the signal quality 
onstraint 
an be linearized as follows:nXj=1 aij xj � bi; (4.1)where the variable xj indi
ates the emission power of the jth transmitter, the �eld strength aijof the signal arriving at TP i from transmitter j is positive (negative) for the useful (interfering)part of the signal, and bi is the minimum �eld strength required to 
over TP i with probability0:95. Sin
e total 
overage is usually not a
hievable, one fa
es sparse instan
es of MaxFS withone inequality per TP, a variable per transmitter and mandatory upper (maximum power) and7



lower bounds for ea
h variable. A reasonable dis
retization yields instan
es for the whole Italianterritory with of the order of 55000 inequalities in a few thousands of variables. To maximizethe population 
overed, a weight 
an be assigned to ea
h inequality (4.1) and one sear
hes aFeasible Subsystem (FS) of maximum total weight. See [21℄ for the modeling details.Tests were 
arried out with a 2.8 GHz pro
essor and 2 GB RAM on instan
es of di�erentsize m and n. In Table 1 the largest feasible subsystems obtained with RTR and the CPUtime to �nd them are reported for a sele
tion of instan
es. The results and performan
e are
ompared with Cplex 8.1 MIP solver applied to the big-M formulations. Although a reasonablevalue of M is easily derived from the variable bounds, it is quite large due to the problemnature and it makes the linear relaxation very poor. The time limit of 2 hours allowed Cplex tosolve optimally only the smallest instan
es and one medium-size instan
e, and the best primalsolutions (reported in the table with the time needed to �nd them) are often mu
h worse thanthe approximate solutions provided by the RTR method. Moreover, RTR typi
ally �nds a goodsolution almost immediately and improves it subsequently. As an example, for instan
e dvb5RTR �nds a FS of size 3346 after 0.16 se
. and improves it to 3354 within 2.33 se
., while Cplex�nds a FS of size 3314 after 41.13 se
. and improves it to 3336 after 77089.65 se
. It is worthpointing that, be
ause of the wide range of values the system 
oeÆ
ients 
an take, the bestavailable (LP-based) heuristi
 [7℄ and the exa
t method presented at IPCO 2004 [8℄ failed outof numeri
al problems on all these instan
es.rtr 
plexm n FS size time in se
. FS size time in se
.digital video broad
astingdvb1 550 487 538? 0.01 537 / 538? 0.02 / 0.36dvb2 912 487 867 / 870? 0.01 / 19.58 850 / 870? 0.02 / 14.28dvb3 1580 487 1531 / 1533 2.09 / 13.99 1515 / 1534? 2.00 / 24.38dvb4 3767 487 3346 / 3354 0.16 / 2.33 3314 / 3336 41.13 / 77089.65dvb6 6649 487 5757 46.88 { {dvb7 14057 487 12819 128.38 12365 58.20dvb8 14605 487 9475 1.16 9480? 36.97dvb9 19916 487 17154 167.49 15754 246.75dvb10 8701 487 7479 12.09 { {dvb11 48758 487 41884 110.94 40082 1562.43dvb12 54896 1681 42740 159.10 { {protein folding potentialsprot1 19404 12 16772 1.22 { {prot2 92890 212 92383 242.80 { {prot3 250233 150 250225 92.85 { {Table 1: Comparison between the RTR method and Cplex 8.1 MIP solver applied to big-Mformulations for some DVB and Protein Folding instan
es; ? indi
ates proved optimal solutionsand { no feasible solution.Protein Folding. As des
ribed in [16℄, the problem of modeling the energy fun
tion (potential)underlying the folding of amino a
id sequen
es into proteins gives rise to large and dense linearsystems with millions up to tens of millions inequalities in hundreds of variables. Let E(s; t)denote the energy of sequen
e s when folded into the three-dimensional stru
ture t and let t�s8



be the native stru
ture of sequen
e s. The premise that the energy of the native stru
ture islower than that of any stru
ture 
hosen from a set of \de
oys" amounts toE(s; t) �E(s; t�s) > 0 8s; 8t 6= t�s: (4.2)Fo
using on the 
ommon features, potential modeling 
an then be formalized as the problem ofapproximating the unknown energy E by a linear 
ombination of some appropriate basis fun
tionset f�i(s; t)g1�i�n, i.e., by ~E(s; t) = Pni=1 xi�i(s; t) where x is the ve
tor of parameters. Asa simple example, �i(s; t) may 
ount the number of 
onta
ts between a 
ertain pair of aminoa
ids that appear when s is folded into stru
ture t. Thus, by requiring that the potential models~E satisfy (4.2), we have Pni=1 xi(�i(s; t) � �i(s; t�s)) > 0 for all s and all t 6= t�s. Sin
e perfe
tstru
ture re
ognition is unrealisti
, these dense homogeneous systems are generally infeasibleand one is interested in �nding an x satisfying as many inequalities (4.2) as possible [16℄.As shown in Table 1, these instan
es are mu
h larger than those from the DVB set, andthe three 
orresponding big-M formulations 
ould not be solved within the time limit of twohours and did not provide any primal solution. It is worth noting that for prot3, the FS of size249,865 found by the RTR variant after 9 se
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