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Sibling Models, Categorical Outcomes, and the Intra-Class Correlation

Abstract: In sibling models with categorical outcomes the question arises of how best to calculate
the intraclass correlation, ICC. We show that, for this purpose, the random effects linear
probability model is preferable to a random effects non-linear probability model, such as a logit
or probit. This is because, for a binary outcome, the ICC derived from a random effects linear
probability model is a non-parametric estimate of the ICC, equivalent to a statistic called Cohen’s
k. Furthermore, because x can be calculated when the outcome has more than two categories, we
can use the random effects linear probability model to compute a single ICC in cases with more
than two outcome categories. Lastly, ICCs are often compared between groups to show the
degree to which sibling differences vary between groups: we show that when the outcome is

categorical these comparisons are invalid. We suggest alternative measures for this purpose.



Sibling Models, Categorical Outcomes, and the Intra-Class Correlation

In recent years there has been a renewed interest among sociologists in sibling models (early
examples include Hauser and Featherman 1976, Jencks 1979, and deGraaf 1986); this interest
has extended to other social scientists too (Bjorklund et al 2002 among others). Recent
applications in the field of educational sociology, for example, include studies of sibling
correlations in cognitive ability (Duncan, Boisjoly, and Harris, 2001; Bjorklund and Jannti 2012),
years of education (Sieben and de Graaf2001; Marks and Mooi-Reci 2016), and school attainment
(Rasbash et al., 2010; Nicoletti and Rabe 2018). The major value of sibling models is that they
allow us to calculate the overall variation in an outcome that is explained by characteristics
shared by siblings, including genes, parental resources, and neighbourhood features (Breen and
Jonsson 2005: 232-3), and so they are used to study the overall impact of family background on
siblings’ outcomes, rather than the effect of one particular aspect, such as parental income or

parental social class.

In studying sibling data (with twin data being a particular case) the intra-class correlation, the
ICC, is widely used. When the outcome of interest is continuous and we assume that the variance
within sibling pairs is independent of the variance between them, the ICC, calculated as the ratio
of the between-family variance to the overall variance, is equal to the sibling correlation in the
outcome. The ICC is a convenient measure of the proportion of variation in the outcome that lies
between sibling pairs; the larger this is, the greater the strength of common (family) influences.
ICCs for continuous outcomes are also often compared between groups, such as nations (Gratz et
al. 2019), parental background (Conley and Glauber, 2008), or both (Gratz et al. 2019). Some
theories argue that educational attainment should be more similar among siblings from more
advantaged families because they can afford to invest in the weaker-performing sibling to try to

equalise outcomes. This is sometimes called a compensatory strategy (Conley, 2008). Greater



variation between siblings from less advantaged origins might also arise if, because of limited
resources, families invest in the child which promises the greatest returns (Behrman, Pollak, and

Taubman 1982).

However, when the outcome of interest is binary (or, in general, categorical), rather than
continuous, matters are more complicated in respect of both the calculation of the ICC and making
comparisons of ICCs. In this note we have three goals. First, we show that the random effects
linear probability model fitted to a binary outcome is, in fact, a non-parametric estimator of the
ICC, equivalent to a statistic called Cohen’s k (Cohen 1960). This makes the random effects linear
probability model preferable to a random effects non-linear probability model (typically a
multilevel logit or probit model) for calculating the ICC. Secondly, we show that, because k can
be calculated when there are more than two outcomes, we can generate a single ICC in such cases
using random effects linear probability models. Finally, we show that the common practice of
comparing ICCs for different groups is invalid when the outcome is categorical. We suggest the
use of the within-family variance instead, or, equivalently, a measure we develop later and call

1 — g (equal to the proportion of families in which the siblings have different outcomes).

Although sibling models are the focus of this paper, the points we make apply more widely to
situations in which we want to compute ICCs between groups of any kind (not only sibling pairs)
in respect of outcomes of any kind that are categorical rather than continuous. For sociologists,
social classes spring to mind: given sets of unordered social classes as both origin and destination
we might want to compute the ICC of origin classes with respect to destination classes. This
would tell us how much of the variation in class attainment lay between people from different
class origins and how much lay among people from the same origin class. In political sociology
we might ask how much variation in people’s party identification lies between different regions
of the country and how much within them. This might give some insight into the social bases of

party support. An obvious extension in the field of education would be to estimate the variation



between schools, compared with the variation within them, in choice of post-secondary

destinations, where the alternatives are treated as categories.

In our exposition, we focus on sibling data. We assume that we have data consisting of sibling
pairs, nested within families. We begin by considering a binary outcome: Y;; = 1 or 0 where i =
1, ..., N denotes familiesand j = 1, ..., n; denotes individual siblings within a family. Later we deal
with outcomes having more than two categories. In our exposition n; = n = 2 for all families. In

multilevel terminology, siblings are level-1 observations, families are level-2.

The Intra-class Correlation

The ICC is defined as the ratio of the variance in the outcome between families to the total
variance in the outcome. The total variance is equal to the sum of the between-family variance
and the within-family (between sibling) variance. In a random effects linear model the within-

variance is estimated by

ot =X\, Z}lﬂ(}’ij - ¥)?/N(n—1) (1)

where ¥, is the mean within family i.

The total variance is

o2 = L X (i =9)? 2)
Nn

aé

Here y is the overall mean. The ICC can be written 1 — ek However, random effects non-linear

probability models do not estimate 2: instead the level-1 variance is fixed at the variance of the

standard version of whatever distribution has been chosen for the latent variable. In the random



effects logit model the level-1 variance is fixed at 2 /3 and this remains unchanged, regardless of
whether variables are added to the model that might account for some of the level-1 variation

(see, for example, Guo and Zhao 2000: 451; Snijders and Bosker 2004, chapter 14).

To show, for the case where the outcome is binary, that equations 1 and 2 yield a non-parametric
estimator of the ICC, first define g as the proportion of all families in which the siblings’ outcomes
are the same. Now consider applying equation 1 to calculate the within-family variance. For any

family in which both siblings have the same outcome, y;; — y; = 0 butifthe siblings have different

outcomes, y;; —y; = +1/2 and so Z}l:l(yij —¥:)? = 1/2. The within variance is thus equal to

. . e . - e . . 1-
one half times the proportion of families in which the siblings differ in their outcomes, that is Tq.

Let p denote the proportion of observations that have y;; = 1. Then y = p. Because Y is binary,
the total variance is p(1 — p). This is equal to the total variance given in equation 2 because the
proportion of individuals with Y = 1 is ¥ and they contribute (1 — ¥)? to the total variance. The
proportion of individuals with Y = 0 is 1 — ¥ and they contribute ¥ to the total variance. This

gives the total variance = y(1 — ¥)? + (1 — y)¥? and after some algebra this reduces to (1 — ¥)

or p(1 —p).
We find, therefore, that the ICC equals

2 -
_% _q__179 (3)

a? 2p(1-p)

Since g and p are calculated directly from the data, this demonstrates that the random effects

linear probability model is a non-parametric estimator of the ICC.



We can use the delta method (Oehlert 1992) to calculate the standard error of the ICC. Because

p and q are independent the formula is

aICCT? aICCT?
S.e. (ICC) =Jw] 0'5 + [W] 0'5

aicc 2(1-I1CcC)?(1-2 aicc 1-ICC
_ 2 )7(1-2p) . 4 _ _
dp 1-q aq 1-q

With o7 = p(1 —p)/N,0Z = q(1 —q)/N and

Cohen'’s k

The expression we derived for the ICC is also the formula for Cohen’s (1960) k in the case where
n = 2. k is a measure of agreement in the outcome within level-2 units, corrected for agreement
that would be expected by chance. k was developed to address questions of inter-rater reliability,
measuring the degree to which independent judges categorized subjects in the same or a different
way. Compared with sibling studies, the subjects are equivalent to families (level-2 units) and
the judges to siblings (level-1 units). Fleiss (1971) extended k to deal with cases in which there
were several sets of judges, but each of the same number: for example, several pairs of judges
rather than the single pair considered by Cohen. Fleiss and Cuzick (1979) extended this to the
case in which the number of judges of each subject can vary; this is equivalent to multi-level data

with different numbers of siblings nested within families.

A general expression for k¥ can be derived as follows. Because we now allow for more than two
categorical outcomes, we index outcome categories by K = 1, ..., K. Define h;; as the number of
siblings in the it family with y;; = k. The proportion of pairs of siblings whose outcome are the

same, out of all the possible pairs, in the ith family is

1
=03 k=1 P Chix — 1) (4)



The mean proportion of agreeing pairs is then

P=_3L.P (5)

But some agreement in the outcomes of the siblings would be expected by chance, depending on

the distribution of Y. This is equal to

_e = Lik=1 pl% (6)

where py, is the overall proportion in the kt outcome category.

Then,
P-P,
K=17" (7)

“The quantity 1 — P, measures the degree of agreement attainable over and above what would be
predicted by chance. The degree of agreement actually attained in excess of chance is P — P,, so
.. [ is] ... a normalized measure of overall agreement, corrected for the amount expected by

chance” (Fleiss 1971: 379, parentheses added).

1-q
2p(1-p)

In the case in whichn=2andk=2,P=q,P,=1—-2p(1—p)andsok =1 — , exactly

equal to the ICC (see equation (3)). In fact, we can immediately see the link with the ICC when we
consider that 1-q can also be interpreted as the probability that a randomly chosen person has a

sibling with a different value of Y while 2p(1 — p) is the probability of choosing any pair of people



whose outcomes differ. Landis and Koch (1977) derived an ICC by applying a one-way analysis

of variance to binary data, and Fleiss and Cuzick (1979: 538-9) show that this is identical to «,
except for a correction factor of % in the computation of the between mean square of the ANOVA

approach. But, clearly, if N (the number of level-2 units) is even moderately large, this correction

factor approaches 1.1

Example: Sibling Data

We illustrate the statistics with the following example. We match adult siblings from the British
Household Panel Survey (BHPS) data who are aged 22-40 at their last observation in the panel.
Using only families in which we identify exactly two siblings, there are 226 sibling pairs. The
outcome variable is whether the person has a University degree or not, with E(Y) = 0.34 and
var(Y) =0.224 and q = 0.721 (s.e. = 0.030). k is estimated as 0.3775 (s.e. = 0.066), the ICC from
arandom effects linear probability model is 0.3794 (the standard error, computed using the delta
method shown earlier, is 0.070). The agreement between k and the random effects linear
probability model estimate of the ICC is very close: the small difference between them disappears
once the degrees of freedom correction is made. By contrast, the ICC from a random effects logit
model is 0.54. Unlike the ICC from the random effects linear probability model or k, the ICC from
the random effects logit model refers to a hypothetical latent, logistically distributed latent

variable.

More than two outcomes
Fleiss (1971) derived k for the case in which there are more than two outcomes and then showed

that the overall k is equal to a variance-weighted average of the separate ks for each response

! Despite the equivalence between the ICC from the random effects LPM and k, we believe that most
sociologists will find the former method easier and more intuitive; certainly it is more familiar. In addition,
the random effects LPM lends itself easily to the calculation of conditional ICCs, controlling for predictor
variables.
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category. Using the same data, Landis and Koch (1977; see also Fleiss and Cuzick 1979) computed

an overall ICC as a variance weighted average of the ICCs for each outcome.

Because k for more than two outcomes is a weighted sum of ks for binary outcomes, random
effects linear probability models can be used to estimate an overall k which can be thought of as
an overall ICC. Given outcomes, k = 1,..,K, the random effects model is fitted to each of the K
pairwise contrasts (Y, = 1 vs.Y, = 0 V k), the ICC is calculated, and the overall ICC or k is given

by

ICC = k= ’,;1166,(2”’”& (8)

kvar(Yg)

Thus the random effects linear probability model can be used to generate a non-parametric

estimate of the ICC when there are more than two categorical outcomes.

The data in Table 1 were analysed by Fleiss (1971, Table 1) and reanalysed by Landis and Koch
(1977, Table 2). Subjects are level-2 units and they were diagnosed by six raters into one of five
categories. The table shows the number of ratings in each category. In this case, Y has five
categories and there are 6 level-1 observations in each level-2 unit. Fleiss (1971) reports an
estimate of k¥ of 0.43 (se = 0.028) and Landis and Koch (1977) an estimate of the ICC of 0.44 (se =

0.054).
[Table 1 here]

These approaches are exactly equivalent to running a set of binary random effects linear
probability models in which each outcome category is compared with all the others, computing
the ICC for each, and then forming a variance-weighted ICC. Table 2 shows our calculations using

the random effects LPM and k (these can be compared with the estimates reported in Landis and
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Koch 1977, Table 3) applied to the data in Table 1. We computed the standard errors of the

overall ICC and k using the delta method. The two sets of estimates agree very closely.

[Table 2 here]

Because k measures agreement and disagreement, in calculating the overall k as the weighted
sum of binary outcome ks we are treating all forms of disagreement in the same way. For
example, if our outcomes were social classes, the case in which one sibling was in the highest class
and the other was in the second highest class would be treated in exactly the same way as if the
second sibling was in the lowest class. Both would be examples of disagreement. But we might
instead want to treat the disagreement as greater in the second case than in the first. This can
be accomplished by weighting, yielding a weighted x or ICC. In the case of social classes, we might
define weights as a function of the “distance” between the classes. But there may be other
weighting schemes and, unless one of them is compelling, perhaps the best course of action is to

compute a range of ks using different weightings to generate some bounds on the estimate.

As an illustration, we consider the data in Table 3, taken from the Oxford Mobility Study
(University of Oxford 1977). This was a survey of men and the respondents were asked to
provide information about a randomly chosen brother. Their responses have been coded into
the seven Goldthorpe classes, ranging from I Higher Professional and Managerial to VII Semi-
skilled and Unskilled Manual Workers (see Goldthorpe 1980: 40-43 for the full schema). Table
4 shows estimates of the ICC for the unweighted case and for four different weighting schemes.
The first uses the row and column scores from a homogenous (equal row and column scores) RC2
log-multiplicative row and column effects model (Goodman 1979) with the main diagonal of the
table fitted exactly.2 These scores maximize the association between respondents’ and brothers’

class position: thus, this is the scoring that comes closest to maintaining the pattern of association

2 This model fits the data shown in Table 4 with deviance = 36.63, df = 23, p =.036.
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in the data. In the case of DW1 we rank the classes from [ to VII and compute a distance weight
as1l—|i—j|/(k — 1), whereiandjindex the rows and columns of the social class rank of the two
brothers and k is the maximum number of social classes. DW2 uses the same rankings but

li-Jl
k-1

2
computes the distance byl — { } ; these weights make the categories more alike than DW1.

Lastly, the column headed “AW” (“adjacent weights”) gives adjacent social classes a weight of 0.9

and all others a weight of zero.
[Tables 3 & 4 here]

The unweighted ICC (0.15) suggests that England and Wales are rather open societies inasmuch
as the great majority of the variation in class position is between siblings, rather than between
families. The other estimates return an ICC that is larger, though, they too would suggest that by
far the larger share of the variance lies between siblings rather than between families. RC2 and
DW1 give very similar estimates, being about twice the unweighted ICC. They are similar because
the row and column scores estimated under the RC2 model are very close to the rank ordering of
classes. For DW1, for example, when the brothers’ social classes differ by 2 classes (i.e. there is
an intervening social class) the distance is 0.6667, meaning that the brothers’ social classes are
in two-thirds agreement. The ICC using DW2 is larger: this is not surprising because making the
classes more alike (which is what the DW2 weighting does) must increase the between-class
variation. The ICC from AW is smaller because all pairs in non-adjacent classes are considered to
be in disagreement. And, of course, the unweighted ICC is the smallest because all cases where

the brothers are in different classes are considered as disagreements.

Comparing the ICC across groups
Some studies using siblings or twins compare ICCs calculated for different groups (for example,
Karhula 2015, Senghor and Wolff 2017). In studies focusing on educational outcomes, the ICCs

of children from different social origin groups are sometimes compared: “The analysis of
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multilevel models restricted to specific social origin groups tests whether sibling similarity varies
by family socioeconomic background” (Gratz 2018: 255). More generally, many studies compare
group-specific ICCs to establish whether “certain family structures exhibit more ‘clustering’ of
sibling behavioral and developmental outcomes than others” (Conley et al 2007: 1090). In twin
studies, for example, the ICCs of same-sex or mixed-sex twin pairs might be compared or the ICCs

of MZ and DZ twins (Conley et al. 2013; Duncan, Boisjoly, and Harris 2001).

Comparing ICCs in this way when they are computed from categorical outcomes is problematic.
For binary outcomes, equation 3 shows that, when the total variance is large, all else equal, the
ICC will be big and when it is small the ICC will be small. But because the variance of a binary
variable depends on its mean, the ICCs of different groups can differ because of differences in the
proportion of observations in the group with Y = 1 or because the within-family variation differs,
or both. Consider the case of two groups, both with the same within-group variation, (1 — gq)/2.

If, however, 20% of group A have Y = 1 compared with 50% in group B, the ICC for group A will

1-¢q

oo The ICC will be larger in group B. But if our

be 1 — (1)._7621 while for group B it will be 1 —
concern is with group differences in sibling similarity the ICC would obviously be misleading
because, in this case, it differs between the two groups only because of group differences in the
average outcome, not group differences in average within-family variability. This problem
applies irrespective of whether a random effects linear or non-linear probability model is used
but in the latter case the within-family variance is, in any case, fixed and so group differences in
the ICC can only reflect differences in the between-family variance. In our view it would be better
to focus on the within-group variance itself or on 1-gq; both are more informative than the ICC in

telling us if different groups display more or less heterogeneity of outcomes among siblings

within the same families. 3

3 The problem arises because, for binary variables, the mean and variance are not separately identified.
But, as pointed out to us by a reviewer, even in the case of a continuous outcome the ICC might still obscure
the real quantity of interest because it is a ratio measure. If our concern is to compare the variation within



14

When there are multiple outcome categories, similar arguments apply. As we showed above, the

ICC for the case in which there are more than two outcome categories is equal to the general

e

formula for k = }1)_; .k depends on both the mean proportion of agreeing pairs (P) and the

e

average agreement across categories (P,) in each group. Two groups with the same P could have
different values of k because P, differed between the groups. But, when there are two siblings in
each family, P is equal to q regardless of how many outcome categories there are. This follows
because, with two siblings, h;; (the number of siblings in outcome k) is always 0, 1 or 2 and thus
P; in equation (4) is 1 when both siblings are in the same category, 0 otherwise. Then, P is simply
the proportion of families in which P; = 1; in other words, the proportion of families in which
both siblings’ outcomes are the same. But that is our definition of q. If we cross-tabulate the
outcomes of the two siblings (as in Table 3), g (equally, P ) is the proportion of cases on the main
diagonal and P, is the proportion of cases that would be expected to lie on the main diagonal if
the siblings’ outcomes were independent. So, to rephrase: two groups with the same q could have

different ICCs because the marginal distributions of the outcomes differed between the groups.

To illustrate this we use the samples of brothers from the Oxford Mobility Study to make
comparisons of g and the unweighted ICC according to the social class of the father. In other
words, our data consists of a table of the same form as Table 3 but now for each of the seven
father’s social classes. As Table 5 shows, the ranking of similarity between brothers by father’s
social class differs, depending on which of these two measures is used. Brothers are most
heterogeneous in father’s social class Il on the basis of g (they have the largest 1 — g) but, on the
basis of their ICCs, brothers are most heterogenous in father’s social class VII (they have the
smallest ICC). Furthermore, father’s social classes V, VI and VII are all more heterogenous than

Il according to their ICCs, but the opposite is true according to q. Of course, these estimates are

families from different groups we might want to report the average within-family variance in each group
as well as, or instead of, the group ICCs.
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not very precise, so not too much should be made of this difference. The confidence intervals for
the ICCs do, however, indicate that there is more similarity between brothers in father’s classes |
and II then there is in the lower social classes. The main point, however, is that q is, in our view,
a better measure of within-family similarity than the ICC but researchers would be advised to
report both, just as they should show both the ICC and the within-family variance when the

outcome variable is continuous.

Conclusion

We have shown that the random effects linear probability model yields a non-parametric
estimate of the ICC: in our view this makes it preferable to the ICC computed from a random
effects logit (or other non-linear probability) model which, in any case, rests on untestable
assumptions about the variance within sibling pairs. Second, we showed that the random effects
linear probability model can be used to estimate an ICC in cases where there are more than two
categorical outcomes, though this will normally require the use of weights, the choice of which
will have to be justified. Finally, we have also shown that comparing ICCs for different groups is
potentially fraught with problems. If our interest really lies in uncovering variations in within-
family outcomes across different groups it would be more straightforward to use a direct

measure of within-family variation.
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TABLES

Table 1: Diagnoses on 30 Subjects by Six Raters per Subject (from Fleiss 1971, Table 1)

Frequency counts of diagnosis

Personality
Subject Depression disorder Schizophrenia Neurosis Other
1 0 0 0 6 0
2 0 3 0 0 3
3 0 1 4 0 1
4 0 0 0 0 6
5 0 3 0 3 0
6 2 0 4 0 0
7 0 0 4 0 2
8 2 0 3 1 0
9 2 0 0 4 0
10 0 0 0 0 6
11 1 0 0 5 0
12 1 1 0 4 0
13 0 3 3 0 0
14 1 0 0 5 0
15 0 2 0 3 1
16 0 0 5 0 1
17 3 0 0 1 2
18 5 1 0 0 0
19 0 2 0 4 0
20 1 0 2 0 3
21 0 0 0 0 6
22 0 1 0 5 0
23 0 2 0 1 3
24 2 0 0 4 0
25 1 0 0 4 1
26 0 5 0 1 0
27 4 0 0 0 2
28 0 2 0 4 0
29 1 0 5 0 0
30 0 0 0 0 6

20
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Table 2: ICC and kappa estimated using data from Fleiss 1971, Table 1

reLPM K
Outcome: ICC s.e.(ICC) K s.e.(k)
Depression 0.254 0.081 0.245 0.047
Personality disorder 0.254 0.081 0.245 0.047
Schizophrenia 0.530 0.082 0.520 0.047
Neurosis 0.481 0.084 0.471 0.047
Other 0.575 0.079 0.566 0.047
Overall 0.440 0.037 0.430 0.022

Table 3: Respondent’s class by brother’s class, Oxford Mobility Survey

Respondent’s | Brother’s class

class I 11 1l v v Vi Vil

1 272 136 67 58 79 77 67
11 117 114 53 57 28 81 91
1l 64 65 82 45 67 97 126
v 74 73 51 179 77 121 132
v 65 81 59 64 153 187 203
Vi 66 97 79 111 183 474 380
Vil 75 90 107 102 185 373 584

Table 4: Estimates of the ICC for the data in Table 3 using different weightings*

Unweighted RC2 DW1 DW?2 AW
ICC 0.1543 0.3014 0.2843 0.3762 0.2506
s.e. 0.0055 0.0090 0.0087 0.0126 0.0009

* Notes:

RC2: a homogenous (equal row and column scores) log-multiplicative row and column effects
model.

DW1: classes ranked from I to VIl and a distance weightas 1 — |i — j|/(k — 1), where i and j index
the rows and columns of the social class rank of the two brothers and k is the maximum number
of social classes.

k-1
AW: gives adjacent social classes a weight of 0.9 and all others a weight of zero.

132
DW?2: uses the same rankings as DW! but computes the distance byl — {u} ;



Table 5: Estimates of the ICC and q for Social Class of Brothers stratified by Father’s Social Class,

Oxford Mobility Survey data

Father’s
social class | | 11 I11 IV Vv VI VII
q 0.420 0.340 0.258 0.289 0.264 0.294 0.295
ICC 0.224 0.193 0.130 0.139 0.125 0.113 0.101
s.e(ICC) 0.026 0.026 0.022 0.015 0.016 0.011 0.012
95% confidence intervals for ICC
lower 0.172 0.142 0.087 0.110 0.094 0.091 0.077
upper 0.276 0.244 0.173 0.168 0.156 0.135 0.125
N 350 291 372 833 723 1690 1636
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