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Abstract

The last few years have witnessed an exponential increases iavailability and use of
financial market data, which is sampled at increasingly Hirgquencies. Extracting useful
information about the dependency structure of a system frmse multivariate data streams
has numerous practical applications and can aid in impgoour understanding of the driving
forces in the global financial markets. These large and raasy sets are highly non-Gaussian
in nature and require the use of efficient and accurate ictierameasurement approaches
for their analysis in a real-time environment. However, trosquently used measures of
interaction have certain limitations to their practicaéusuch as the assumption of normality
or computational complexity. This thesis has two major aifistly, to address this lack of
availability of suitable methods by presenting a set of apphes to dynamically measure
symmetric and asymmetric interactions, i.e. causalitynuitivariate non-Gaussian signals in
a computationally efficient (online) framework, and sedgyid make use of these approaches
to analyse multivariate financial time series in order toaottinteresting and practically useful
information from financial data.

Most of our proposed approaches are primarily based on emegmt component analysis,
a blind source separation method which makes use of higider-statistics to capture infor-
mation about the mixing process which gives rise to a set eénked signals. Knowledge
about this information allows us to investigate the infotima coupling dynamics, as well as
to study the asymmetric flow of information, in multivariaten-Gaussian data streams. We
extend our multivariate interaction models, using a varadtstatistical techniques, to study
the scale-dependent nature of interactions and to anasendencies in high-dimensional
systems using complex coupling networks. We carry out alddttheoretical, analytical and
empirical comparison of our proposed approaches with sdiex frequently used measures
of interaction, and demonstrate their comparative utiéfficiency and accuracy using a set of

practical financial case studies, focusing primarily onftreign exchange spot market.



Contents

1 Introduction
1.1 Motivation . . . . . . . .
1.2 Overviewofthethesis . . . . . . . . . . . . . .

2 Previous work (with critique)
2.1 Review of fundamentals of statistical inference ..
2.2 Approaches to symmetric interaction measurement . . . ... .. ...
2.3 Approaches to asymmetric interaction measuremenséiay) . . . . . . . .
2.4 Approaches to dynamic interaction measurement . . . .. ... .. ..
25 Concludingremarks . . . . . . . ...

3 Information coupling: A new measure for symmetric interactions
3.1 Measuring interactions using ICA: A conceptual ovemvie . . . . . . . ..
3.2 Independent components, unmixing and non-Gaussianity . . . . . . . .
3.3 Informationcoupling . . . . . . ... ..
3.4 Dynamicinformationcoupling . . . . . . . . .. . ... e

4 Analysis of information coupling
4.1 Properties of financialtimeseries . . . . . . . .. ... ... ...
4.2 Descriptionofdataanalysed . . ... .. ... ... ........ ...
4.3 Analysisofsyntheticdata . . . . .. ... ... ... ... ... ...
4.4 Analysisoffinancialdata . . . . . ... ... ...............
45 Conclusions . . . . . .. e

5 Asymmetric measures of interaction (causality)
5.1 Granger independentcomponentcausality . . . . ... ... ... ...
5.2 \Variational Grangercausality . . . . . ... ... 0 e

6 Analysis of asymmetric measures of interaction
6.1 Analysisofsyntheticdata. . . . ... .. ... ... ..... ... ...
6.2 Analysisoffinancialdata . . . . ... ... ... .............
6.3 Conclusions . . . . . . ..

7 Summary and future directions
7.1 Summary ...
7.2 Futuredirections . . . . . . . . . .

Appendix A Inference in hidden Markov ICA models
Appendix B Inference in variational Bayesian MAR models

Bibliography

33
33
35

43

54

207

211



List of Notations

The following notations are adopted throughout the thesikess otherwise indicated.

X X X X

At

de(W),| W |
p(X)

Tr(X)
veqW)

W |2

xT, XT

x € [0,1]
x~ N (4,07
X=Y
X®Y

Ga(x;b,c)
MN (W, Z)
N (u,0?)
Wi (A;a, B/\)

at)
at)

dij,p

c(t)
C(x,€)
CCOﬂ
Cx

General Notations

scalar value

column vectorx = [xq, Xz, ...,xr] T = [x(t)]\=1
variable

matrix

pseudo-inverse ok

determinant oW

probability density ovek

trace ofX

columns ofW stacked on top of each other
2-norm ofW

transpose of vector or matrix

x lies within the range & x <1

x is drawn from a normal distribution with meanand standard deviation
XandY are causally linked and causey
Kronecker product of matrices andY

gamma distribution over with scale parametetsandc

multivariate normal distribution with vector of meapsand covariance matrix
normal distribution with meap and standard deviatiom

Wishart distribution oveA with parameters andBp
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MAP estimation of model parameters
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Chapter 1
Introduction

1.1 Motivation

The task of accurately inferring the statistical depengestoucture in multivariate systems
has been an area of active research for many years, with aande of practical applications.
Many of these applications require real-time sequentialyais of interactions in multivari-
ate data streams with dynamically changing properties. é¥ew most existing measures of
interaction have some serious limitations in terms of thpetyf data sets they are suitable
for or their computational and analytical complexities.tHé data being analysed is gener-
ated using a known stable process, with known marginal antivawiate distributions, the
level of dependence can be relatively easily estimated. ddew most real-world data sets
have dynamically changing properties to which a singleithstion cannot be assigned. Data
generated in the global financial markets is an obvious el@ofpsuch data sets. Financial
data exhibits rapidly changing dynamics and is highly n@ussian (heavy-tailed) in nature.
Over the last few years, financial markets have also witretbseavailability and widespread
use of data sampled at high frequencies, which require taeotisomputationally efficient
algorithms for analysis in an online environment. Due testhreasons, most commonly used
measures of interaction are not suitable for accurateteal-analysis of multivariate financial
time series.

Interactions can broadly be classified into two distinctugp® i.e. symmetric and asym-
metric. Symmetric interaction measurement approachesca@stimate the common instanta-
neous information content of a set of signals. In contrastyemetric measures aim to estimate
the strength and direction of information flow between slgia non-zero time lags, i.e. they

can be used to infer the presence of causality in a systens tiesis presents the develop-
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ment and application of a set of symmetric and asymmetricsorea of interaction which are
suitable for use with multivariate financial time series. iAteractions in financial systems
show significant variations across time as well as scale,xtend our interaction measure-
ment approaches to efficiently and accurately capture thardically evolving dependency
structure in financial markets as well as to analyse scglestent variations in dependencies.
To analyse interactions in high-dimensional multivarisystems, we make use of static and
dynamic complex networks to extract the underlying higrexal dependency structure. The
interaction measurement approaches which we presentsinhi&sis are not only suitable for
modelling dependencies in multivariate data sets with Ganssian distributions, but are also
computationally efficient, which makes it possible to usnthin an online dynamic environ-
ment, even when dealing with data sampled at high-freqesndihe approaches make use of
various statistical and signal processing techniquesnawst are primarily based on a well-
known blind-source separation method known as indepermdemponent analysis (ICA). The
utility and practical application of these approaches mmalestrated by applying them to var-
ious practical financial problems, and the results obtaaredcompared with other standard
interaction measurement approaches currently used itiggad he implications of accurately
inferring the interaction structure is evident from theules of these applications, which in-
clude, among others, analysing financial portfolios, priolj exchange rates and tracking
financial indices. All applications are simulated usingaile data sets, which include spot
foreign exchange (FX) returns sampled at different fregiemnand an equities data set. All
approaches developed are suitable for use in a causalgpslimironment and (where appli-

cable) all results presented are obtained as such.

1.2 Overview of the thesis

The thesis is divided into seven chapters and is broadlystedtwn two major related topics,
i.e. the development of efficient interaction (symmetricl @symmetric) measurement ap-
proaches which are suitable for real-time analysis of mailiate non-Gaussian data streams,
and the application of these approaches to practical finbpmblems with the aim of extract-
ing interesting and useful information from multivariatedncial time series. This chapter

serves as an introduction to the thesis and gives the miotivedr the research undertaken.
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Chapter 2 provides a critical review of current literatuealihg with existing interaction mea-
surement approaches and sets the foundation for developim@pproaches in later chapters.
Chapter 3 presents an ICA-based symmetric interaction uneaent approach which can be
used to accurately model interactions in non-Gaussiaesysin a computationally efficient
manner. For the purpose of this thesis, we refer to this rmeasu“information coupling” (or
simply “coupling”). The chapter also proposes methodsablst for analysing the dynamics
and scale dependence of information coupling. Moreovelisitusses suitable methods for
analysing information coupling in high-dimensional muadtiiate systems using complex cou-
pling networks. Chapter 4 starts by providing an introduttio the statistical properties of
financial time series and describes the synthetic and fiahdata used to obtain the results
presented in this thesis. It goes on to present a range ofriealgiase studies which demon-
strate application of the information coupling measurewa#i as other existing symmetric
interaction measurement approaches) for analysing raukite financial time series. Chapter
5 presents two approaches to estimate asymmetric intenacti.e. causality, in multivariate
systems across both time- and frequency-domains. One & thdased on a combination of
the principles of ICA, multivariate autoregressive (MARpdels and Granger causality, and
is well suited for efficiently analysing causality in noni@aian dynamic environments. For
the purpose of this thesis, we call this the Granger indepeirtbmponent (GIC) causality de-
tection approach (we also present a variant of the GIC apprfza autoregressive modelling
of univariate time series). The second approach makes usegiafional Bayesian MAR (VB-
MAR) models for time- and frequency-domain causal infeeerithis approach, which we call
variational Granger (VG) causality, enables us to addresseof the limitations of standard
MAR models (such as model overfitting) and provides us witimgpke framework to measure
non-linear asymmetric dependencies. Chapter 6 focusesaimgiuse of these (and other
standard) causal inference approaches to investigated¢senre of asymmetric dependencies
in multivariate financial data streams. The thesis condwdéh Chapter 7 which presents a

summary of the research undertaken and provides diredoomsture work in this area.



Chapter 2
Previous work (with critique)

This chapter presents a literature review of existing cptecand approaches for dynamic mul-
tivariate interaction measurement. We critically analfrsemerits and limitations of various

methods in context of their potential utility for modellinigpendencies in multivariate finan-
cial time series. The chapter goes on to present the thealrbickground of the methods used
to develop a set of symmetric and asymmetric interactionsonegnent approaches, and their
extensions, in later chapters. We start by presenting awevi some fundamental concepts of
statistical inference, which provide us with an overargiframework for the development of

interaction measurement approaches presented later ihekbis.
2.1 Review of fundamentals of statistical inference

Empirical data obtained as a result of real-world processegnerally noisy and finite in
size. Any useful information extracted from such data selishave a degree of uncertainty
associated with it, reflecting the noise and sparsity of t@.d Probability theory provides
us with an elegant framework to deal with this uncertaintyhia observed data, as described

below.
2.1.1 Probability theory

Probability theory is a branch of mathematics concerneld thig analysis of random phenom-
ena. It provides a consistent framework for the quantiticaéind manipulation of uncertainty
[41]. Using probability theory, optimal predictions abaan event can be made using all
the available information, which may be ambiguous or incletgp Here we provide a brief
overview of some basic concepts and principles of prolgliieory; a more detailed review

is presented in [196]. Probability can be measured usirgethe frequentist or Bayesian
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approach. The frequentist approach, also called the cilsgproach, interprets probabilities
in terms of repeatable experiments. It assumes that daaadomly generated by a fixed set
of parameters; these parameters can be estimated fromtthagiag, for example, maximum
likelihood estimation techniques (which we discuss lat€h the contrary, Bayesian statis-
tics makes use of probabilities to quantify tthegrees of beliein different models. Bayesian
statistics takes its name from the commonly used Bayes'rémeowhich was derived from
the work of Thomas Bayes and published in 1764 [30]. An irgtiang comparison of the
frequentist and Bayesian approaches can be found in [183].

Bayesian probability is measured as a probability distrdsuover a given parameter. It
treats the entity or parameter of interest as a random \ariahich makes it possible to
estimate the uncertainty associated with the estimationgss using a single observed data
set [183]. This makes the use of Bayesian approaches muah flerible for most practical
analysis, as in most cases enough real-world data is ndahiei Due to their numerous
advantages for computation in the presence of uncertddayesian approaches are finding
increasing use in time series analysis in general and fiahdata modelling in particular
[299]. Another advantage of using the Bayesian approacheisability to incorporate prior
knowledge about a system into the model, thus improving tstguior probability estimate.
Given a paramete? and data sdD, the posterior probabilityp(6 | D), can be calculated using

Bayes' rule:

p(D|6)p(6)
p(D)

wherep(D | 0) is the likelihood,p(0) is the prior probability angh(D) is the marginal likeli-

p(6| D) = (2.2)

hood, given by:

p(D) = [ (D 6)p(6)do 22)
Inference in Bayesian methods

Bayesian inference can be computationally expensive [32&inly due to the cost associated
with computing the intractable marginal integral, as givsn(2.2). It is possible to esti-

mate this integral using various stochastic Markov chaimtddCarlo (MCMC) techniques,
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however, MCMC methods can be computationally demandingheaveé convergence prob-
lems [15]. Therefore, we need to consider the use of appaberBayes methods. These
methods are generally based on the principle of approxngadtie posterior distribution us-
ing optimisation techniqués A commonly used approximate Bayes approach is the Laplace
approximation which makes a local Gaussian approximationrad a maximum a posteriori
(MAP) estimate (as we discuss later, MAP estimation is synwus to selecting the mode
of the posterior distribution as the best estimate). Howewés approach can be relatively
inaccurate for small data sets [137]. Expectation propayég another technique which relies
on local optimisation of the cost function and can therefmenaccurate in practise [31]. A
few other, less frequently used, methods for obtaining gmagdmation for the posterior are
discussed in [218].

The method of choice used in this thesis for Bayesian appratxons is variational Bayes
(VB) [169]. Using VB techniques, it is possible to get a paedanc approximation for the true
posterior density of an intractable distribution by usimgag@proximate distribution for which
the required inferences are tractable [218]. The appraempasterior distribution can be ob-
tained by finding a distribution, such that it minimises thalKack-Leibler (KL) divergence
between this distribution and the actual posterior digtidn. Denoting the true posterior dis-
tribution by p(8 | D) and its tractable approximate distributiondpyf | D), the KL divergence
(also called relative entropy) gives us a measure of diffleeeor non-metric distance, between
two distributions over the same variables and can be wratgf218]:

q(6 | D)

KLia(6 D) | (6 |D)] = [ a(6 D)log | 331 do @3

whereD is the observed data, aifdis the unknown parameter. All equations assume that log

is to basee, unless otherwise stated. Multiplying the top and bottom @ithe bracketed term

by p(D), (2.3) can be rewritten as:

KL[g(8 | D) || p(6|D)] = /q(g | D)log [q(e |D)

p(D,G)} dy+logp(D) (2.4)

lOptimisation is the process of maximising or minimising @egi function or set of functions by estimating
a set of decision variables. Most practical optimisatioobfems need to take into account multiple constraints
and often require the use of advanced optimisation teclesi{Rb0]. A function can have global as well as local
extrema. Many optimisation techniques can only accuratiytify local extrema, although there are various
global optimisation methods in common use as well [81].
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In the above equation, the joint densip(D, 8), is relatively simple to compute at any given
point. However, in most practical cases, it is somewhat dmaied to evaluate the distribution
of the observed variablg(D), as well as to marginalise the posterior distributigfg | D).
Luckily, p(D) is the same for all models, therefore it is not significantun analysis and can

be ignored by defining a cost function given by:

Ca(D) ~logp(D) - KLa(® D) || (6| D)l = - [ (6| D)log| T2 a6 (25

whereCgy (D) is the cost function for the unknown variatfle This is the fundamental equation
of the VB framework, and the main aim of VB-learning is to nmaise the cost function by
making the approximate distribution as close as possibileetdrue posterior distribution (we
note that the cost function is maximised witg@ | D) = p(6 | D)) [131]. This can be done by
starting with a fixed tractable parametric form &6 | D) and then training the parameters of
this distribution such that the cost function given in (dsbhhaximised (for practical purposes,

g(8 | D) is often chosen as a product of simple terms [291]).
2.1.2 Parameter estimation of probabilistic models

As previously discussed, it is often the case that prolsizlimodels have a set of flexible
parameters which need to be inferred in order to optimisenation or set of functions. This
section provides an overview of some of the basic paramsten&tion methods in common

use.

Maximum likelihood estimation

The likelihood,L(6 | D), of a set of model parametei®, given some observed dafa, refers

to the probabilityp(D | 8), of obtaining that set of observed data given the set of muataim-
eters. Many practical statistical problems relate to fittnmodel, with various parameters, to
some data set. The data set is usually fixed while the paresrezte be fine-tuned to obtain the
best possible results by optimising some statistical nreasthe most commonly used mea-
sure is the log-likelihood of the data. This is because inyaiactical applications, the overall
likelihood function is a product of a number of statistigahdependent likelihood functions,

and as logarithms convert products into summations, ittesxahore convenient to use the log-
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arithm of the likelihood function, i.e. the log-likelihoddnction, /(6 | D). Estimates for the
model parameters can be obtained by varying the parametirshe aim of maximising the
log-likelihood function. This process is referred to as maxm likelihood estimation (MLE)

and can be represented as:

BvLe = argmax/(6 | D) (2.6)
0

whereby g is the MLE of the model parameters. Representing the firssandnd derivatives
of the log-likelihood function by’ and?¢” respectively, estimates fé, g can be obtained by
setting?' (6uLe | D) = 0 and making sure th&t' (6 e | D) < 0. A detailed analysis of the
MLE procedure is presented in [262]. Using the MLE approaxtphrameter estimation has
multiple advantages. The ML estimator is consistent, winaplies that for large data sets
the MLE will converge to the true parameter [351]. It also ki@ smallest variance of all
estimators and can be used to obtain confidence bounds anthkgs tests for the inferred
parameters [96]. However, the MLE approach also has somiations. The likelihood func-
tions can be complex to work out and the numerical estimaifdhe ML can sometimes be
difficult. The MLE approach is also sensitive to the choicestirting values and can give

inaccurate results for small samples [96].

Maximum a posteriori estimation

In Bayesian statistics, estimates for the posterior pritibalp(0 | D), are frequently required.
Maximum a posteriori (MAP) estimation is a procedure thioudnich the mode of the poste-
rior distribution is selected as the best estimate. Nofirgp(D) in (2.1) serves as a normal-

ising term, theByap estimate of model parameters can be written as:

Ovap = argemam(D 1 8)p(6) (2.7)

MAP is closely related to the MLE approach for parametemnastion, with the difference that
MAP can be used to include prior informatiqu(,6), about the model parameters. Hence, esti-
mation of model parameters using the MAP approach can be utatignally less demanding
than the MLE approach. However, if the posterior distribois multi-modal, MAP estimation

will choose the highest mode, which may result in relativebccurate results as the highest
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mode may not correctly reflect the characteristics of theagiosterior [142].
Model order selection

In statistics, model order selection refers to the task tdcsieg the optimal model from a
set of competing models. The main idea behind model ordecseh can best be described
using Occam’s razor [44], which in principle states thategiva set of models all of which
explain data equally well, the simplest, i.e. the model it fewest parameters, should be
chosen. There are various model order selection approadiies are based on this trade-off
between the increase in data likelihood and model ovegittvhen adding parameters to a
model, e.g. the Akaike information criterion (AIC) [310]né minimum description length
[157]. Our preferred approach in this thesis is the Bayesiformation criterion (BIC), also
known as the Schwarz information criterion. BIC provideganfework for estimating the
optimal model order by penalising models with larger nundigrarameters more heavily than
alternate models (such as AIC), hence, models with relstiogver complexity are selected.

For a given data s& with parameter®, the BIC is given by [41, 67]:

BIC = /(6| D)—%Ng logNp (2.8)

whereNg and Np are the number of model parameters and number of data pespec-
tively. An optimum model is one which maximises the BIC; henwe note that BIC selects
a model which maximises the log-likelihood of the ddi@ | D), with respect to the model’s

complexity,3Ng logNp.
2.1.3 Information theory

Probability theory, as discussed so far, provides us wittaméwork to quantify and manip-
ulate uncertainty in real-world settings. However, to ganmowledge about the information
content of a variable (or set of variables) we need to relylengrinciples of information
theory, which is based on the foundations of probabilityotige Information theory offers a
unified framework for the quantification of the flow and “vdlwe information; it allows us,

for example, to quantify the “value” of observed data. Thendations of information theory
were laid in a 1948 paper published by Claude Shannon [31%ad wide-ranging appli-

cations in various sectors, such as communications, ayygpdy, speech processing and (as
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discussed later in this thesis) in multivariate financiaiseries analysis. A fundamental topic
in the field of information theory is information flow, whicas the name implies, is the trans-
fer, or flow, of information from one variable to another.dnhation flow can be measured by
calculating changes ientropy

Information entropy, also known as Shannon’s entropy, isasure of the uncertainty, or
unpredictability, of a variable [319]. Entropy is measunechats if the calculation is based
on natural logarithms; ifans if the calculation is based on base-10 logarithms; dbits,
if base-2 logarithms are used. Onat corresponds t%é}T) bansor @ bits. For a random

vectorx, with a continuous probability distributiop(x), entropy innatsis given by:

H[x] = [Iog } /p )logp(x (2.9)

where E:| is the expectation operator. For multivariate systems, amewlly consider the
joint entropy as a measure of uncertainty of a set of randamblas which are described by
a joint distribution. The information entropy afis given by (2.9). Using this equation, the

joint entropy for two variables can be written as [41]:

Hixy) == [ [ pix.y)logp(x.y)dxdy (2.10

To quantify the amount of information which one random Maleacontributes about another
random variable, we can measure the conditional entropg, laiown as equivocation. For

two variables, the conditional entropy can be written ag:[41

Hx|y]= //p (X,y) Iog ys)/)dxdy (2.11)

An information theoretic measure of symmetric interactioaised on information and condi-
tional entropies, is mutual information. We present furtthetails of this measure in the next
section, in which we discuss the advantages and limitabbmarious approaches to symmet-

ric interaction measurement.
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2.2 Approaches to symmetric interaction measurement

Having reviewed some basic concepts of statistical infexremhich are of relevance to our
work, we now proceed to discuss the advantages and limtagibvarious existing approaches
to interaction measurement, which is the main topic of tlseaech presented in this thesis.
This section critically reviews some of the frequently useghsures of symmetric interaction,
while the next section presents a review of asymmetric nreagif interaction. By far the most
commonly used symmetric interaction measure is linearetation. Rank correlation, copula
functions and information theoretic measures such as rhinfoamation are also widely used.

However, all these measures have some serious drawbacks#atons, as discussed below.

Linear correlation

Linear correlation, also known as Pearson’s product-mawamnelation, is a measure of sim-
ilarity between two signals, and indicates the strengthireddr relationship between them.
Interactions between two signals tends to induce corogldtetween them; however, high cor-
relation does not always occur due to interactions betweetwo signals under consideration,
as the two signals may be causally (asymmetrically) driwea third signal [302]. The three
main limitations of using linear correlation measures &g they cannot accurately model
interactions between signals with non-Gaussian disiohst{171], they are restricted to mea-
suring linear statistical dependencies, and they are \@rgisve to outliers [102]. Financial
time series have non-Gaussian distributions in the logrnstspace [89, 98]. This is especially
true for financial data recorded at high frequencies [24dfatt, as the scale over which re-
turns are calculated decreases, the distribution becamsesaisingly non-Gaussian, a feature
referred to as aggregational Gaussianity. Linear coroglanalysis assumes that the bivariate
time series, between which correlation is being estimédtasi an elliptical joint distribution, of
which the bivariate normal is a special case [116]. Thessfeecond-order correlation func-
tions alone are not suitable for capturing interactions uitivariate financial returns, which
often have heavy-tailed, skewed, distributions [89]. Herany practical measure of interac-
tion used for analysing financial returns needs to take intmant the higher-order statistics

of the data as well.



2.2. Approaches to symmetric interaction measurement 12

Rank correlation

A non-parametric measure of correlation which, unlikedineorrelation, can be used to model
both linear and non-linear (monotonic) interactions, isdzhon the concept of ranking of vari-
ables. This measure estimates the relationship (cowaldbietween different rankings of the
same set of items. It assesses how well an arbitrary mor@fanction can describe the
relationship between two variables, without making anyiagstions about the frequency dis-
tribution of the variables [17]. There are two popular raokrelation measures, Spearman’s
coefficient and Kendall's coefficient, both of which usuagilypduce similar results [87]. How-
ever, as Kendall's rank correlation measure is computaliprmore demanding [87], only
Spearman’s coefficient is used as a measure of rank coorelatthis thesis. Spearman’s rank
correlation measure is only valid for monotonic functiomsl as not suitable for large data
sets, as assigning ranks to a large number of observatiortseceomputationally demanding.
Financial returns often have a large fraction of zero valwdsch result in tied ranks [95].
Rank correlation measures cannot accurately deal with riegepce of tied ranks and hence
the results obtained can be misleading [141]. Moreover,afisanks (instead of the actual
values) can potentially cause a loss of information fromdhta being analysed, leading to
inaccurate results [177]. An interesting study descrilsome other practical disadvantages

of using the rank correlation measure is presented in [225].
Mutual information

Our discussion so far has pointed out various limitationsoofelation measures in relation to
the type of data sets they are valid for or the type of intévastthey can accurately model. It
is possible to address these limitations by making use otiahinformation, an information
theoretic measure of symmetric interaction based on irdtion entropy. Mutual information,
also known as transinformation, can be used to estimatentiogitst of common information
content of a set of variables by measuring the reduction geriainty of one variable due to
the knowledge of another variable [112]. Mutual informatlmetween two (or more) signals
is always positive and is the canonical measure of symmietecaction between the signals.
It is a quantitative measurement of how much information abservation of one variable

gives us regarding another. Thus, the higher the mutualnmdton betweemnx andy, the less
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uncertainty there is i giveny or y givenx. The information entropy of a variable is given
by (2.9) while (2.11) gives the conditional entropy for a etvariables. Using these two

equations, the mutual information betweeandy can be written as:

Iyl =H[X] —H[x]|y]

2.12
— Hly] - Hly | (242

Using Bayes’ theorem, (2.12) can be written as:
1,y = H[X]+H]y] - H[x,Y] (2.13)

Substituting (2.9) and (2.10) into (2.13), the mutual infation betweerx andy is given by
[41]:

I[x,y] = —//p(x,y) log [%} dxdy (2.14)

Mutual information can theoretically be used to accurateasure the level of linear as
well as non-linear interactions in multivariate systennsgspective of the marginal distribu-
tions. However, a major problem associated with using mftdron theoretic measures, such
as mutual information, is the complexity of their computatiespecially in high-dimensional
spaces. Mutual information is exquisitely sensitive to jiiat probability density function
(pdf) over the variables of interest [212]. Various techuag for efficiently estimating the
densities exist, however they all impose a trade-off betwammputational complexity and
accuracy [278]. Therefore, in most practical cases, thectirse of mutual information is not
feasible. The method we use in this thesis for computing atutformation (for compar-
ative purposes) is based on a data-interpolation techriqaen as Parzen-window density
estimation, also known as kernel density estimation [28&&].3 In order to calculate mu-
tual information between two variables we need to obtainstimate for three separate pdfs,
namelyp(x), p(y) and the joint pdip(x,y). Forn samples of a variabbe the approximate pdf,

p(x), can be written as [286]:
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B(X) = %éK <x—x(i),h) (2.15)

whereK (-) is the Parzen window function (a Gaussian window is oftersenpx(!) is thei-th
data sample, arfdlis the window size. Parzen proved that the estimatedggaf, Can converge
to the true pdfp(x), whenn approaches infinity, provided the functié-) and the window
size, h, are properly selected [278]. Similarly, the joint pgfix,y), can be approximated
by using a multivariate Parzen window, for example a mutiata Gaussian window. By
definition, mutual information estimates obtained using,tand other similar approaches, will
not be normalised, which makes it difficult to ascertain ttieal level of dependence between
a set of variables Therefore, in order to compare mutual information withestbommonly
used measures of statistical dependence, we need to rédsealeginal mutual information
values (). This can be achieved by converting each value into a nasethinutual information

coefficient (), given by [108]:

INn=+/1—exp(—2l) (2.16)

It is important to stress here that for many non-Gaussiamassg mutual information is very
difficult to compute accurately, as there will always be s@mer in the approximated pdfs,
especially the joint pdf in high-dimensional spaces. Itlsbamportant to remember that
most real-world data sets, including financial returns faige in size, which can again effect
the estimated value of the pdfs. To calculate mutual infélona we also need to compute
an integral over the pdfs, which can be computationally demfor large data sets. Hence,
direct use of mutual information has very limited practigtlity, especially when dynamically

analysing data in an online environment.
Copula functions

Another widely used approach for multivariate symmetrieiaction measurement, which
overcomes some of the issues of computational complexstycated with estimating the joint

distributions in high-dimensional spaces, is the use olagp[115]. Copulas are functions

2|t is a well-known fact that zero correlation does not imphgdépendence [224]. In contrast, the mutual
information between a set of variables is zero only if thealdes are mutually independent. For completely
dependent signals,has no upper bound, i.e. mutual information varies in thgeah< | < co.
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which join (or couple) multivariate distribution functisrio their one dimensional marginal
distribution functions [72, 269]. In recent years, thers baen a significant interest in the
application of copula functions for modelling statistidaipendencies in multivariate financial
time series [115], including FX spot returns [103, 236]. Glagiunctions can not only model
dependencies between data sets with non-Gaussian disinisbut also capture all scale-free
temporal dependencies in multivariate time series. Howav@ractise it can be very difficult
to accurately compute statistical dependencies usingladpnoctions. This is because com-
putation using copula functions involves calculating nplét moments as well as integration
of the joint distribution, which requires use of numericathds and hence becomes compu-
tationally complex [201]. Copula-based methods suffemfl@her major limitations as well,
namely the difficulties in the accurate estimation of theutafunctions, the empirical choice
of the type of copulas, as well as problems in the design aadtisme-dependent copulas

[126].
2.2.1 Summary: Symmetric interaction measurement approac hes

Our discussion in this section has pointed out various #ittuhs associated with the practical
use of most standard symmetric interaction measuremenvagpes, which we summarise in
Table 2.1. These limitations make most of these approaaiasgtable for real-time dynamic
analysis of multivariate financial time series (especitilyse sampled at high frequencies).
As discussed, mutual information is the canonical measusgrametric interaction. We
also noted the practical difficulties (and high computadiorost) associated with the accu-
rate computation of mutual information. However, as we dbedn the next chapter, it is
possible to use a proxy measure, based on independent centpamalysis (ICA), to esti-
mate mutual information in a computationally efficient frwork. ICA is a blind source
separation tool which makes use of higher-order statistict is therefore able to capture
information in the tails of multivariate distributions. dan be used to extraM mutually in-
dependent sourcea(t) = [ay(t),ax(t),...,am(t)]", from a set ofN observed signalsq(t) =
[X1(t),%2(t), ..., xn(t)] T, such that the mutual information between the recoverettsaignals

is minimised, i.e.:

a(t) = Wx(t) +n(t) (2.17)
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Approaches Limitations

-Linear correlation Can only accurately measure linear raginic interactions
between signals with Gaussian distributions [171], and is
very sensitive to outliers [102]. Therefore, second-oraer
proaches, such as correlation functions, are not suitable f
capturing interactions in multivariate financial returagyich
often have heavy-tailed, skewed, distributions [89].

-Rank correlation Only valid for monotonic functions andwuutationally de-
manding for large data sets. Not suitable for analysing data
which may have tied ranks (such as financial returns) [141].
Use of ranks (instead of the actual values) can also potigntia
cause a loss of information from the data being analysed; lea
ing to inaccurate results [177]. A detailed review of othexrg
tical limitations is presented in [225].

-Mutual information Difficult to accurately estimate diticusing finite data sets,
especially in high-dimensional spaces; this is becausguaem
tation of mutual information requires the estimation of taul
variate joint distributions, a process which is unreliafbleing
exquisitely sensitive to the joint pdf over the variablesnoér-
est) as well as computationally expensive [212].

-Copula functions Computation of copula functions invalealculating multiple
moments as well as integration of the joint distributionjeih
can become computationally complex [201]. Results obthine
can be very sensitive to the empirical choice of the type of
copula. Design and use of time-dependent copulas can also be
problematic [126].

Table 2.1: Summary of limitations of standard symmetrieliattion measurement approaches.

whereW is the ICA unmixing matrix which encodes dependencies il is the observa-
tion noise. ICA has wide-ranging applications, includingli® signal analysis, image feature
extraction and econometrics [189, 337]. Our choice of us®yis based on our hypothesis
that many real-world signals, including multivariate ficad returns, are likely to be gener-
ated as a result of linear mixing of a set of mutually inde@emdon-Gaussian source signals.
ICA can be used to obtain information about this mixing psscerhich gives rise to a set of
observed signals [35]. We use this information to develogtaassymmetric and asymmetric

interaction measurement approaches, which we presentirdtees thesis.
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2.3 Approaches to asymmetric interaction measurement
(causality)

The symmetric interaction measurement approaches detuisghe last section provide no
direct information about the flow of information in a systetman-zero time lags. Knowl-
edge about the asymmetric flow of information between a sganébles makes it possible
to use one (or more) of these variables to improve the prdlittiture values of the others,
i.e. it becomes possible to infer causation between theli@s. Before going any further,
let us first clarify the difference between symmetric andnasyetric dependencies. It is a
well-known fact that correlation does not necessarily yngdusation [174]. Although it is
possible for a pair of correlated signals to be causal, thizot always the case. Commonly
used measures of statistical dependence, such as linealation, mutual information, etc.,
are symmetric and therefore cannot be directly used foctietecausal relationships between
variables [347]. In contrast, most causality detectioryifasetric interaction measurement)
approaches are based on analysis of improvement in pregleticuracy of a variable by in-
corporating prior temporal information about other valesb Causality detection approaches
have a wide variety of applications in financial data analysbme of which we now discuss.
Univariate financial time series, e.g. the spot rate of asnay pair, generally do not contain
much extractable information that can be used independéotipredictive purposes [113].
However, the way different financial instruments asymroatly interact can be used to im-
prove our understanding of what drives the dynamics of firzdungarkets and to develop more
accurate forecasting models. The speed at which new intaymis captured and reflected in
the prices of different financial instruments also induaassal effects in financial data. There-
fore, having knowledge about the strength and directioraatation between a set of signals
can be very useful. There is a vast amount of work which has deee in this area. Here
we provide a list of studies which give us a flavour of the typérancial applications which
make use of these approaches. In [166], the authors exahereatsal relationship between
stock volume flow and price. A study examining the influencémmdncial development on
economic growth in presented in [223]. An interesting stddgcribing the use of wavelets for
inferring frequency-dependent causality between eneogygemption and economic growth

is presented in [275]. Likewise, two independent studiesi$ing on causality detection be-
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tween FX currency pairs are presented in [26, 127]. Theszartes show the wide variety

of financial applications, ranging from macro-economicet@sting to detecting causal links

in high-frequency multivariate data, for which causaligtettion approaches can be used in
practise.

For most practical applications, any causality analysgaegch should not only be able
to detect the presence of causality between a set of signatiglso infer its direction and
strength, and how both these quantities dynamically chavitfetime, possibly across dif-
ferent time-scalés There are three commonly accepted conditions for infgriire presence
of a causal structure in multivariate time series, namehetprecedence, the presence of de-
pendence or relationship, and non-spuriousness of thg2i2& These three conditions are
briefly described below. The first property of time precedeimsplies that the “cause” must
precede the “effect” in time. For example, if a hypothesetest that a variablX causes
Y, i.e. X =Y, then for all values of timet, the relationship — Y.+ must hold, where
t’ > 0. Therefore, unlike many other measures of statisticaédeence, e.g. linear correla-
tion, mutual information, etc., a causal measure is us@jynmmetric, i.eX - Y #Y — X.
Secondly, the constituent variables of any causal systest p@interdependent. The observed
relationship has to be statistically significant in ordentmimise the likelihood of the rela-
tionship being present as a result of random variationsardtta sets. The third condition of
non-spuriousness is one which is most challenging to atayranfer using only real-world
empirical data [105]. It implies that for any two variablésandY to be causal, there should
not be a third (unobserved) varialdewhich is driving bothX andY independently, hence,
leading to the presence of a causal connection beteandY. However, as presence of
a spurious variable (in this caZg can never be excluded empirically when using real data,
therefore, in practise this condition is often ignored whesting for causation [105]. It is also
important to distinguish between a spurious variable anthamvening variable [205]. An
intervening variable is one which is being driven by onealale and at the same time is driv-
ing another. For example, in the relationshfp,—~ Z — Y, Z is referred to as the intervening

variable. In contrast to a spurious variable, an intervgnariable does not necessarily break

3Analysis of causality in temporal data streams at multipegifiencies can lead to interesting results by
extracting multiple hidden causal relationships. In tleispect, we can make use of directed-coherence analysis
approaches to extract frequency-domain information ath@presence of causal links in multivariate time series.
We further discuss these approaches later in the thesis.
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a causal relationship, i.e. in the above exampbkndY are still causally linked, albeit the link
is indirect.

There is a vast amount of literature available which adé®$se issue of inferring cau-
sation between a set of signals [150, 281]. However, mosdsta causality detection ap-
proaches have certain limitations with respect to theirpotational complexity or the type of
data sets they are suitable for. These limitations make ofdsese approaches unsuitable for
real-time dynamic analysis of financial data, especiallpgdampled at high-frequencies. The
goal of this section is to critically analyse and comparepttaetical benefits and limitations of
some commonly used causality detection approaches, véthith of providing a foundation
for developing new, computationally efficient, models foferring causation between multi-
variate financial returns. We make use of the introductorten presented in this section as

the basis for the development of causality analysis appesalater in the thesis.
2.3.1 Model-based approaches

Most standard causality detection approaches are pryrtzaged on the multivariate autore-
gressive (MAR) model. An autoregressive (AR) model deswithe data-generation process
of a univariate time series as a weighted linear sum of a pfie&dd number of its previous
values. A MAR model extends the AR model by describing the-dgneration process of
multiple time series in a similar manner. For the bivariaieez a MAR model can be repre-

sented by the following set of equations:

p p

X(t) = > ougpx(t—j)+ > anzjy(t—j)+ex(t) (2.18)
=1 =1
p p

y(t) = > oo jx(t—j)+ 5 azjy(t—j)+ey(t) (2.19)
=1 =1

wherepis the model order(t) andy(t) are instances of variablésandY respectively at time
t, anda’s represent the model parameters (weights), which can teaed using standard
least squares or other similar approaches. Using thesé@ugidhe MAR model parameters

for a 2-dimensional system, at time lagcan be presented in matrix form as:

Wi = { diij 01z (2.20)

Qz1j 022
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The off-diagonal elements of this matrix contain inforroatabout the degree of asymmetric
dependencies between the two variables at any given timeatadyhence, can be used for
cross-variable causal inference. We now briefly descrilmesstandard causality detection

approaches based on the MAR model.
Linear Granger

The linear Granger causality model, that was originallypmsed by Clive Granger [146], is
one of the most commonly used causality detection appraaochgractise, in part due to its
simplicity and computational efficiency. Granger caugaditiginated from the idea that two
time series are causal if the linear predictability of on¢h&im is improved by incorporating
prior information about the second time series in the amalySlumerous academic studies
have demonstrated utility of this approach for financiall@ggions [60, 80, 166]. A standard
Granger causality regression model is based on the MAR n{d8¢l and for the bivariate
case can be represented by (2.18) and (2.19). Using theaéi@tg) the variabl¥ is said to
Granger-caus¥ if the values ofay, in (2.18) are significantly different from zero; similarly,
X — Y if values ofajz in (2.19) are significantly non-zero. The non-zero valuesf for
example, indicate that the past valuesYohave a positive impact on the predictability of
X. We can also describe causality in terms of the predictioorgre,(t) andey(t). In other
words, if the variance of the error terms for one of the vdealis reduced by including past
terms from the other variable in the regression equaticen the second variable is said to
Granger-cause the first one. A commonly used method of infethe presence of causality
is to use the F-statistic, which can be used to compare tladivielsize of two population
variances [37]. However, using Granger causality has icelirmitations. Firstly, as it is
based on a linear regression model, therefore it is onlydviali linear systems. Secondly,
a Granger causality model making use of standard paramsieration approaches, such as
ordinary least squares (OLS), suffers from model overgjtnd is based on the assumption
of normality of regression residuals, hence, it is unabladourately analyse non-Gaussian
signals [207, 238]. This is a major limitation, as many reafadsets, including financial
returns, have non-Gaussian distributions [98]. Moredber(Granger causality model can only
be accurately used for stationary time series. One possiyeof overcoming this limitation

is to use a windowing technique, whereby causation is iatewithin short-time windows of
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the data with the assumption that within each window the databe considered to be locally

stationary [107, 165].
Non-linear Granger

It is possible to extend the linear Granger causality moal@alyse non-linear causal rela-
tionships in multivariate time series. Non-linear cauganalysis can have important finan-
cial applications, e.g. in [18] the authors show that noedir causality exists between various
currency future returns, while in [166] the authors discaven-linear causal links between
stock price and volume data. Although it is also possibledtect non-linear causal links
using information theocratic approaches (which we distaiss), here we briefly describe a
model-based approach which directly extends the linean@&acausality model by using a
non-linear prediction model. This approach makes use @dirbesis functions (RBF) for non-
linear Granger causality analysis [11, 83nd is essentially based on a two-step algorithm.
In the first step, RBFs are used to map the observed signadsaokeérnel space (using e.g.
Gaussian kernels), and in the second step a MAR model is asethtyse the mapped signals
in order to test for the presence of non-linear causal linksdmparing the variances of the
regression residuals (using e.g. the F test). We describepiproach in more detail later in
the thesis. Theoretically, the non-linear Granger catysafialysis framework discussed above
is straightforward. However, when analysing real-worlthdsets for practical applications, it
has some limitations. Results obtained using the model earety sensitive to the selection
and tuning of various parameters, such as the number of RB#seoalue of RBF scaling
parameter [193]. The algorithms can also result in high agatpnal load [283], which lim-
its their practical utility, especially when dealing witigh-frequency data. Moreover, results

obtained can be (at times) difficult to interpret, as disedsa [25].
Cointegration

In the log-returns space, financial time series can be ceresido be locally stationary [107,
165], therefore the causality analysis approaches predesut far, which are based on the

assumption of stationarity, are suitable for analysingifona log-returns. However, if a large

4A RBF is a function which satisfies the equaligyx) = ¢(|| x||), i.e. its value depends only on the distance
from the origin or any other point. The Euclidean distancasigally used as the norm; however, other measures
of distance can also be used.
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data set needs to be analysed in order to infer causationasrcie mid-prices are used, the
assumption of stationarity may not always hold. This givesto the need for a non-stationary
causality analysis method. One of the popular approachesdtyse non-stationary causal
systems is referred to as cointegration [119], which wordé@selopers Clive Granger and
Robert Engle the Nobel prize in economics in 2003. A detadleskcription of cointegration

is presented in [163], here we only provide a very brief idtrction. A set of non-stationary

signals are said to be cointegrated if their linear comimnas stationary. Hence, the two non-
stationary time serieg(t) andy(t) in the following equation are cointegrated if the regressio

residualse(t) are stationary in the long-run:

y(t) — ax(t) = e(t) (2.21)

wherea’s represent the regression parameters. It is possiblestdde cointegration using
the two-step Engle-Granger approach [119]. In the first,stepOLS values of the regression
parametersd) and the associated values for the regression reside@sdre estimated, and
in the second step the Augmented Dickey—Fuller test (or #mgrasimilar test) is used to test
for stationarity of the residuals; if the residuals areistadry, then the two variables are said
to be cointegrated. For two (or more) cointegrated varglilee lagged values of the regres-
sion residualse(t — 1), can be used as an error correction term weator error correction
model, hence, making it possible to study short-run dynamiche system as well [119]. If
cointegration exists, then at least one directional catysatists [146]. The concept of cointe-
gration can best be explained using a simple example. Cenaidet of three variableX, Y
andZ, all of which denote the share price of three different oihganies. All three variables
will generally follow a common long-run path, effected byetplobal oil price [163]. Any
of these three variables can be cointegrated if their licearbination is stationary, which is
quite possible in this case. It is also possible that oneeddtstock prices changes before the
other two, i.e. the variable is exogenous to the other twialdgs. This variable may actually
be causally driving the other two variables. So, althoughtegration can show the presence
of causality between a set of variables, it cannot be sttfmighardly used to infer the direc-
tion of causation [163]. Having discussed some advantaigg® @ointegration approach, we

now describe some of its limitations. Cointegration is egkoan property, therefore it is best
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applied to long spans of non-stationary data [154]; thise@sak unsuitable for dynamically
analysing multivariate financial log-returns (which aredly stationary). Moreover, although
most cointegration algorithms can detect the presenceusttity, they cannot be directly used
to infer the direction of causation. A more in-depth disems$ocusing on various limitations

of the cointegration approach for causal inference in firsystems is presented in [152].
2.3.2 Model-free approaches

Even though the model-based causality detection appreaddsrribed so far are computa-
tionally efficient, they make implicit assumptions aboug ttata generation process and most
assume normality of regression residuals. They also habe tmatched to the underlying
dynamics of the system in order to avoid giving rise to spugicausality values due to model
misspecification [170]. Itis possible to address some cfegtienitations by developing causal-
ity detection approaches within an information theoretarfework [105, 170]. We briefly

review some of these approaches here.
Transfer entropy

Conditional entropy, as given by (2.11), is an asymmetriasnee. However, it is asymmetric
only due to different individual entropies rather than attiformation flow [315]. Based
on conditional entropy, a better measure for computing ttesd flow of information can be
derived, which also fulfils the condition of time precedentkis measure is often referred to
as the transfer entropy, and for discrete-valued processeslY is given by [315]:

Texsr = 3 POIC): Yo X og | P LY X @22)

wherexm = [x(t —1),...,x(t—m)], yh = [y(t—1),...,y(t —n)] andmandn are the model orders
(it is common practise to sed = n). Transfer entropy can calculate actual transported infor
mation rather than information which is produced due to tifieces of a common driver or
past history, which is the case with mutual information atiteosimilar time-lagged informa-
tion theoretic measures [315]. Although conceptuallyightiorward, information theoretic
measures such as transfer entropy have some major limisaitictheir practical use. These
include complexity of their computation, especially in lMdimensional spaces. This is due

to the fact that these approaches are exquisitely sensitibee joint pdf over the variables of
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interest. Various techniques for efficiently estimating tiensities exist, however they all im-
pose a trade-off between computational complexity andracgy278]. These measures also
require large data sets for accurate estimation of the pdtseover, transfer entropy based

approaches are currently restricted to only bivariateesyst[231].
Correlation integral

It is possible to express transfer entropies in terms of igdised correlation integrals. Cor-
relation integral based entropies are a nonparametricuneasd make minimal assumptions
about the underlying dynamics of the system and the natutteeofoupling [73]. Therefore,
they do not make any assumption about the deterministicegsas underlying the time se-
ries. Correlation integrals were originally designed fetetmining the correlation dimensions
[149], and are often used for analysing systems with nogalirdynamics [179, 206], being
suitable for almost any stationary and weakly-mixed syg9ii]. The generalised correlation

integral (of ordeig = 2) can be expressed as [73]:

T T
Clx,€) = %é;@(e— b =) (2.23)

whereT is length of the time serie§) is the Heaviside function (although a Gaussian or some

other kernel can be used as well),

denotes the maximum norm, aads the length scale
(denoting the radius centred on the poi)t The expressiors} % O(e —||xj —xi||) is a form

of kernel density estimator which gives us the fraction dhcig)lints within a radiug of the
pointx;. Further details about the properties of correlation irgksgwith different choices of

g ande can be found in [73, 297]. Denoting the amount of informataouty(t) contained

in its pastn valuesyn = [y(t — 1),...,y(t — n)] by Ic(yn; ¥(t)), and likewise the amount of
information abouy(t) contained in its past values and the past values of another variable
Xm = [X(t = 1),....,x(t —m)] by Ic(Xm,Yn; ¥(t)), the information theoretic measure of Granger

causality can be written as the gain in information aboutcilmeent value of one variable by

including information about the past values of anotheraldd [117, 170]:

IC,X%Y = IC(va yn;y(t)) - IC(yn;y(t)) (2 24)
= 10gC(Xm, Yn,Y(t)) —109C(Xm, yn) —10gC(yn, y(t)) +10gC(yn) '
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where the variablX is said to Granger-caus¥sf Ic x_,y > 0; to check if this statistic is sig-
nificantly greater than zero, a bootstrapping proceduréearsed, as discussed in [105, 173].
It is common practise to use the following statistic (whislderived using the same approach
as previously described) as a non-parametric Granger lggusat based on correlation inte-
grals [24, 166]:

Cxm,¥n,¥(1)) _ Clyn,¥(1))

T — — 2.25
ey C(Xm, Yn) C(yn) ( )

Tc x—v will have a high value iX contains information about the future valuesyoffurther

information about using this test statistic for inferringusation in real data sets is given in
[106, 166]. However, correlation integral based approadtave some disadvantages to their
practical use. Firstly, they are very sensitive to the presef noise [316]. Secondly, using
data which is even slightly autocorrelated can considgrafiéct accuracy of the correlation
integral estimates [273]. Thirdly, many correlation indgased algorithms in common use
are computationally demanding [92], limiting their use &ralysing data sampled at high-

frequencies.
Causal conditional mutual information

It is possible to gain information about the predictabibfyone time series based on the past
values of another using the principles of mutual infornratian approach generally called
predictive mutual information [292]. Predictive mutuatarmation simply refers to the mu-
tual information between one time serigg), and the lagged values of anothgt — 1), i.e.

I [x(t),y(t—1)], wheret denotes the time lag. However, this approach makes use pttoal
instantaneous values of one time series and the past vdlaesther to infer the presence of
a causal relationship between them. Causal conditionalahutformation is a more accurate
and robust method, similar to predictive mutual informatias discussed in [292]. It infers the
presence of a causal structure by making use of the conditioatual information ok(t) and

y(t — 1) conditioned orx(t — 1) andy(t). This can be written algx(t),y(t— 1) | x(t — 1), y(t)],
and is evident from the graphical model presented in Figute l2owever, as previously dis-
cussed, measuring interactions using information thexapproaches can be computationally

complex and often give unreliable results when using findiadets.
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Fig. 2.1: Graphical representation of causal conditionadual information. The arrows represent the
direction of information flow. Arrows (a) and (e) represergdictive self-information, arrows (b) and
(d) represent zero-lag cross-information, while arrowr@presents the predictive cross-information
[292].

Causal Bayesian network

Graphical models can provide a useful framework for anatysind understanding a causal
network. They can not only facilitate efficient inferencesnfi observations, but also enable
us to represent joint probability functions in a straightfard way [280]. A Bayesian net-
work is a graphical representation of probability disttibos, often represented by a directed
acyclic graph. The nodes of the network represent randorablas, while the links represent
the conditional probability of two variables. Standard Bsign networks are only suitable for
static data; for time series analysis we need to make usenaindic Bayesian networks [260].
A major problem with the practical use of dynamic Bayesiatwoek algorithms is their high
computational cost [128], especially when analysing tdghensional data sets [91]. They
also require large data sets for increased accuracy, whadtesthem unsuitable for dynamic
causal inference [162]. Moreover, as discrete Bayesianargs usually make use of com-
binatorial interaction models, therefore it can be difficolaccurately determine the relative

magnitude and direction of causal interactions [358].
2.3.3 Summary: Asymmetric interaction measurement approa ches

It is important to note that there is no universal causalitglgsis model. Each of the ap-
proaches presented so far has some limitations, as suneshari¥able 2.2. These limitations
make most of these approaches unsuitable for real-timendignanalysis of multivariate fi-
nancial data.

Our discussion in this section has highlighted the compurtat complexities associated
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Approaches

Limitations

Model-based:
-Linear Granger

-Non-Linear Granger

-Cointegration

Model-free:
-Transfer entropy

-Correlation integral

-Causal conditional
mutual information

Can only accurately measure linear cawsationships be-
tween data sets with Gaussian distributions and is very sen-
sitive to outliers [28]. Suffers from the model overfittingpp-
lem [238].

Various parameters, e.g. the numiRB&E or the value of the
RBF scaling parameter, need to be estimated and tuned [193].
Algorithms can be computationally demanding [283]. Result
obtained can be (at times) difficult to interpret [25].

Cointegration is a long-run property, #fere it is best applied
to long spans of data [154]. Moreover, most cointegratien al
gorithms cannot be used to infer the direction of causatan.
interesting study focusing on the limitations of the cognge
tion approach for inferring causation in bivariate finahtirme
series is presented in [152].

Based on information theoretic measwiash are computa-
tionally complex to analyse and require large data setsdor a
curate estimation. Moreover, transfer entropy based nastho
are currently restricted to bivariate time series [231].

Correlation integral based apphescare very sensitive to the
presence of noise [316]. Also, even slightly autocorrel atata
can considerably effect accuracy of the correlation irgkegs-
timates [273]. Moreover, correlation integral based athars
can be computationally demanding [92].

Based on information theoretic measures which are compu-
tationally complex to analyse and require large data sets fo
accurate estimation.

-Causal Bayesian network  Require large data sets for befsirpeance [162]. However,

analysing large multivariate data sets with dynamic Bayresi
networks can result in high computational load [91]. As dis-
crete Bayesian networks usually make use of combinatorial
interaction models, therefore it can be difficult to accelsat
determine the relative magnitude and direction of caugat-n
actions [358].

Table 2.2: Summary of limitations of standard causalitylysigs approaches.

with the practical use of most model-free causality deteciipproaches. On the other hand,

model-based approaches are computationally efficient mmplesto use, which are some of

the primary factors for their widespread use in practiseesehapproaches are often based on
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the MAR model and have been in use for many years, the Graageatty model being one
such example. However, a standard linear Granger modah@ssGaussian residuals and can
suffer from the model overfitting problem. To address th@sédtions, we present a set of
causality detection approaches later in the thesis whidkernae of the MAR model as their
foundation. One of these, which we call Granger independemiponent (GIC) causality, is
based on a combination of the principles of ICA, MAR and Gengpusality. It allows us
to efficiently analyse causal links in multivariate non-Gsian data sets and is therefore suit-
able for dynamically analysing financial returns, whicteafhave non-Gaussian distributions.
The second method, which we call variational Granger (VGJsaéty, is based on varia-
tional Bayesian MAR models. It prevents model overfittingdsgimating the MAR model
parameters within a Bayesian setting, hence, making itilplesto accurately infer causation

in multivariate data sets.

2.4 Approaches to dynamic interaction measurement

Due to the continuously evolving state of interactions iraficial markets, most practical
financial applications require use of computationally effit models which can be used in
an online dynamic environment. In this section we preseatuse of some approaches to
model, and to capture, the complex interaction dynamicsufivariate financial time series
across both time and scale. Most of the statistical modelsgmted in this thesis can be used
effectively within a causal framework. Denoting the cutréme byt;, a causal system is one
in which the output value of a given functidrit) only depends on the current and prior values
of the input time series, i.¢.< t.. Hence, a causal model cannot “look” into the future and

only uses the data available up to titne tc.
Windowing techniques

Many practical statistical inference problems involve mgkuse of real-time sequential data
to infer a specific quantity, such as any given measure ofdatn or for forecasting pur-

poses. To get an idea of the temporal variations in the degraydstructure of such data
sets, windowing techniques have to be used. As financiatdagns are locally stationary
[107, 165], therefore using windowed data also enables nsake use of statistical models

meant solely for stationary data sets. Some popular winagptachniques, together with their
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practical advantages and limitations, are discussed below

It is common practise to use a sliding-window to dynamicatigdel the changing prop-
erties of a single or multiple time series. The simplest métmakes use of a window of
fixed-length which slides through the data at fixed intervassially one datum at each step.
This involves updating some or all of the model parameteesah time step, using a window
in which a fixed number of past data points are used to estithatparameters. We now de-
scribe some major criteria which need to be considered wlecting the appropriate window
length for a fixed-length sliding-window. The window shole large enough so as to accu-
rately capture variation of the signals within it. Howewefarge window also may not be able
to capture rapid changes in the dynamics of the system andesait in computational times
which lead to undesirable latency effects (an importanseration when high-frequency
data is being analysed in real-time). Therefore, the windbauld be small enough so as to
accurately compare disparity of the signals at correspmngoints [272], without leading to
“noisy” results. However, a very small window may not contanough data points for accu-
rate computation of the dependency measure. Hence, angtiabteigh-frequency inference
model carries this complexity-benefit trade-off with resde the choice of window length.

In most cases, using a simple fixed-length sliding-windoshteque is ample; however,
for certain applications (such as those making use of asgnolus data) it may be more use-
ful to use a slightly more complex approach which offers asgale compromise between the
two conflicting criteria (as discussed above) for selectivegwindow length. This approach is
based on using an adaptive window whose size changes wigdi@pending on some proper-
ties of the signals. Various algorithms have been propodddeasing this issue [40, 272]. A
common approach to systematically update the window size ise Kalman filtering tech-
nigues, as discussed in [39]. Kalman filters provide a coatprially efficient framework for
dynamically managing the window length for the purpose afiéng from data streams. The
windowing techniques discussed so far give equal impoetan@ll data points within each
window, irrespective of their temporal placement. We nowatie a method which relaxes
this condition. This windowing technique, known as expdratly weighted moving average
(EWMA), resembles an infinite impulse response in which tleggiwtings of each preceding

time step decrease exponentially with time. Although EWMWse been used for modelling
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the dynamics of financial data [136], they have some linotadito their use. An EWMA based
model uses all available data. This can be a disadvantagmaasial returns have evolving
dynamics and a single major shock in the market can potgntiahtinue to effect results for
some time to come if an EWMA window is used for interactionlgsia. Also, an EWMA
window requires selection of a weight parameter (that isgts the rate at which the weight-
ings decrease) to be set beforehand, which can effects¢$8R]. It is also possible to capture
dynamics of a systems using adaptive EWMAs, in which the itsigf the EWMA change
with time. However, this approach also suffers from proldexssociated with estimating the

parameters of the EWMA [335].
Scale-based dynamics

Having reviewed suitable approaches for analysis of tim&eld dynamics of multivariate data,
we now address the issue of analysis of scale-based dynafiesdependency structure in
multivariate financial time series changes with the fregyeat which data is being analysed
[56]. Studies focusing on analysis of financial time sergagia multiple time-scale approach
show promising results [56, 256, 274]. Knowledge gainecureing the properties of a time
series at different time-scales can be used to build modatsieasure interactions at different
frequencies (as discussed later in the thesis). There amedyof methods that can potentially
be used to determine the time-frequency representationaridial time series. The short-time
Fourier transform (STFT) [68, 90], empirical mode deconipas (EMD) and the Hilbert-
Huang transform [181, 282] are all popular time-frequentglgsis techniques. However, our
method of choice for time-scale decomposition of financeéhds wavelet analysis [267, 331],
due to the reasons discussed below.

Wavelet analysis is capable of revealing aspects of datathar time-scale analysis tech-
niques miss, including trends, breakdown points, disooities, and self-similarity [3]. It can
be used to analyse signals presenting fast local variasiocts as transients or abrupt changes;
this makes them well-suited for analysing financial retustisch exhibit similar properties
(as we discuss in detail later in the thesis). Wavelet amalgdifferent from other related
techniques as in wavelet analysis both the time window ae@titlosed waveform are scaled
together, whereas for other methods, e.g. STFT, the windagth is kept constant and only

the enclosed sinusoid is scaled. A wavelet can therefodisscitself in time for short du-
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ration, i.e. high-frequency, fluctuations [6]. EMD, whilerslar to wavelet analysis in many
aspects, has the disadvantage that it cannot separate saremérgy components from the
signal being analysed, therefore these low-energy compsmaay not appear in the time-
frequency plane [287]. By using wavelets within a Bayesiamiework, prior information
about system dynamics can be included as a prior distribatiothe wavelet coefficients [4].
Thus, any prior knowledge about the system dynamics can &by éacorporated into the
model. In recent years, many studies have shown the ademtdgsing wavelets for decom-
posing univariate financial time series [42, 261]. In thetraapter, we return to discuss the
utility of using wavelets for scale-based analysis of iat#ions in multivariate financial time

series.

2.5 Concluding remarks

Having critically reviewed existing literature in this gitar, we are now in a position to de-
scribe the main objectives of this thesis. There is curyenlhck of availability of suitable non-
Gaussian measures of interaction which can be used to aelyureodel symmetric and asym-
metric interactions in multivariate financial time seriesaicomputationally efficient manner.
The first major objective of this thesis is to address thibfem to some extent by presenting a
set of symmetric and asymmetric multivariate interacticasurement approaches, which can
be used to dynamically analyse dependencies in financialstegams in a computationally
efficient framework. Our second objective is to apply thesel(other existing) approaches to
a set of practical financial problems in order to extractreging and useful information from
multivariate financial time series.

We hypothesise that multivariate financial data may be geeeéras a result of linear mix-
ing of some non-Gaussian latent variables. Therefore, wetairely on the data analysis
power of some blind source separation tools which take iotoant the higher-order statistics
of the data under analysis. To accurately and efficientlysmessymmetric interactions, we
aim to develop a statistical information coupling metricaaproxy for mutual information,
which can be used to dynamically analyse dependencies itivaridte non-Gaussian data
streams. Many real-world signals, including financial resy exhibit time-scale behaviour.

This can potentially result in noticeable changes in depraigs between signals at different
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frequencies. To analyse this effect, we aim to extend o@raction models by making use
of time-scale analysis methods that are best suited forrurancial applications. In high-
dimensional spaces, analysing interactions between fi@anstruments can be problematic.
We therefore aim to make use of network analysis approacheésvielop static and dynamic
complex coupling networks. Understanding the nature arehgth of asymmetric interac-
tions, i.e. causal relationships, in multivariate finahdata streams is of utmost importance
for gaining an insight into the dominant factors affectimgnplex financial systems and for de-
veloping improved forecasting models. We therefore aimeteetbp computationally efficient
causality detection models that are suitable for analysinlfivariate financial returns. Using
a range of practical financial case studies, we aim to showffeetiveness, utility and rela-
tive accuracy of the interaction measurement approackesepted in this thesis by extracting
interesting and useful information from multivariate fical time series. We now proceed to

present an ICA-based information coupling model (and iteresions) in the next chapter.



Chapter 3
Information coupling: A new measure for
symmetric interactions

Our discussion so far in this thesis has pointed out variougdtions associated with the
practical use of standard interaction measurement apipesdor the purpose of dynamically
analysing multivariate financial time series. In this cleaptve present a computationally
efficient independent component analysis (ICA) based agbréo dynamically measure in-
formation coupling in multivariate non-Gaussian dataastie as a proxy measure for mutual
information. The chapter is organised as follows. We firstdss the need for developing an
ICA-based information coupling model and present the tbtacal framework underlying the
development of our approach. Next, we present a brief inrtdn to the principles of ICA
and discuss our method of choice for accurately and effigiemterring the ICA unmixing
matrix in a dynamic environment. We then proceed to preseni@A-based information cou-
pling metric and describe its properties. Later in the chiapte present suitable approaches
for analysing both static and dynamic complex coupling oeks and for dynamically mea-
suring information coupling across both time and scale. Afahstrate the practical utility
and accuracy of the information coupling model (and its esitens) using a range of financial

case studies in the next chapter.
3.1 Measuring interactions using ICA: A conceptual overvie w

Let us first take a look at the conceptual basis on which we sanl@A as a tool for mea-
suring interactions. Mutual information is the canonicaasure of symmetric interaction
(dependence) in multivariate systems [94]. Whilst the cotagon of mutual information is

conceptually straightforward when the full pdfs (the maajipdfs as well as the joint pdf)

33
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of the variables under consideration are available, it isroflifficult to accurately estimate
mutual information directly using finite data sets. Thisspecially true in high-dimensional
spaces, in which computation of mutual information recuifee estimation of multivariate
joint distributions, a process which is unreliable (beixgusitely sensitive to the joint pdf
over the variables of interest) as well as computationalpeasive [212]. The accuracy of ex-
isting approaches to compute mutual information (which wscdbed earlier) is also highly
sensitive to the choice of the model parameters, such asutheer of kernels or neighbours.
Therefore, for most practical applications, the directefs@utual information is not feasible.
However, as we discuss below, it is possible to make use ofrirdtion encoded in the ICA
unmixing matrix to calculate information coupling as a praxeasure for mutual information.
According to its classical definition, ICA estimates an uximg matrix such that the mu-
tual information between the independent source signatsingmised [10]. Hence, we can
consider the unmixing matrix to contain information abdw tlegree of mutual information
between the observed signals. Although the direct comipatat mutual information can be
very expensive, alternative efficient approaches to ICAictvido not involve direct compu-
tation of mutual information, exist. Hence, it is possilderidirectly obtain an estimate for
mutual information by using the ICA-based information cling measure as a proxy. Now
let us consider some properties of financial returns whickenthem well-suited to be anal-
ysed using ICA. Financial markets are influenced by many independentri&cadl of which
have some finite effect on any specific financial time seriégs€ factors can include, among
others, news releases, price trends, macroeconomic todscand order flows. We hypothe-
sise that the observed multivariate financial data may hbaagenerated as a result of linear
combination of some hidden (latent) variables [23, 271]isTgrocess can be quantitatively
described by using a linear generative model, such as pehcomponent analysis (PCA),
factor analysis (FA) or ICA. As financial returns have nond€san distributions with heavy
tails, PCA and FA are not suitable for modelling multivagidinancial data, as both these
second-order approaches are based on the assumption cfi&usiyg184]. ICA, in contrast,

takes into account non-Gaussian nature of the data beingsadaby making use of higher-

LAs this thesis is focused on financial applications, theeefee consider the case of measuring dependencies
in financial data; however, similar ideas can be applied tstmeal-world systems which give rise to non-
Gaussian data.
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order statistics. ICA has proven applicability for multide financial data analysis; some
interesting applications are presented in [23, 229, 274¢sSE, and other similar studies, make
use of ICA primarily to extract the underlying latent sousignals. However, all relevant
information about the source mixing process is containgdenCA unmixing matrix, which
hence encodes dependencies. Therefore, in our analysislywmake use of the ICA unmix-
ing matrix (without extracting the independent compongiatsneasure information coupling.
The ICA-based information coupling model we present in thiapter can be used to directly
measure statistical dependencies in high-dimensionaespaThis makes it particularly at-
tractive for a range of practical applications in which metysolely on pair-wise analysis of

dependencies is not feasible

3.2 Independent components, unmixing and non-Gaussianity

Mixing two or more unique signals, to a set of mixed obseoratj results in an increase in
the dependency of the pdfs of the mixed signals. The margidi of the observed mixed
signals become more Gaussian due to the central limit the2&0]. The mixing process
also results in a reduction in the independence of the miigrakdistribution and hence
increase in mutual information associated with it. Moraptlgere is a rise in the stationarity
of the mixed signals, which have flatter spectra as comparttktoriginal sources [304]. The
block diagram in Figure 3.1 shows the ICA mixing and unmixprgcesses. Given a set of
N observed signals(t) = [xy(t),Xa(t),...,xn(t)]T at the time instantt, which are a mixture of
M source signals(t) = [s;(t),(t), ...,su(t)] T, mixed linearly using a mixing matri&, with

observation noisa(t), as per (3.1):

X(t) = As(t) +n(t) (3.1)

Independent component analysis (ICA) attempts to find anixingymatrix W, such that the

M recovered source signat) = [ay(t),ax(t),...,au(t)]T are given by:

2There is surprisingly little work done towards addressimg important issue of estimating the dependency
structure in high-dimensional multivariate systems, @ltfh there has been interest in this field for a long time
[198]. High-dimensional analysis of information couplinas various important applications in the financial sec-
tor, including active portfolio management, multivarifiteancial risk analysis, statistical arbitrage, and pigcin
and hedging of various instruments [126].
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a(t) = W (x(t) —n(t)) (32)

For the case where observation naige) is assumed to be normally distributed with a mean

of zero, the least squares expected value of the recovetedessignals is given by:

A(t) = Wx(t) (3.3)

whereW is the pseudo-inverse &, i.e.:

-1
WAt = (ATA) AT (3.4)
In the case of square mixingy = A~L.
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Fig. 3.1: ICA block diagram showing a set of observed signalsvhich are obtained by mixing the
latent (unobservable) independent source sigsalssing an unknown mixing matrixd. ICA obtains
the unmixing matrix\W, using only the set of observed signaissuch that the recovered independent
componentsg, are maximally statistically independent.

As an example, Figure 3.2 shows the results obtained whemdweGaussian time series
are randomly mixed, using a normally distributed randomingxnatrixA, and then separated
using ICA. The results clearly show the effectiveness & lhind source separation method in
dealing with non-Gaussian data. This ability to handle @@ussian data is what distinguishes
ICA from PCA, which is another well-known source separat@@proach. PCA, sometimes

also known as the Karhunen-Loeve transform or the Hoteliiagsform, is one of the ear-
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liest known factor analysis methods, and works by finding ponents which maximise the
variance between a set of linearly transformed componé®&][ It extracts principal com-

ponents from a data set by choosing the eigenvectors as=evith the highest eigenvalues
of the covariance matrix of the data [325]. We note that PCK ases second-order statistics
for source separation, whereas ICA implicitly uses highreler statistics; hence, PCA decom-
poses a set of observed signals into a set of decorrelatedlsjgvhereas ICA extracts the
maximally statistically independent source signals siett inutual information between the

recovered source signals is minimised [330].

Source Signal (51) Source Signal (s,)

0 1 2 3 4 5 0 1 2 3 4 5

t 4 4
Observed Signal (x,) x 10 Observed Signal (x,) x10
4 : : : : 4 : : : ‘ :
3 I 3 L
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t 4 t 4
Recovered Source Signal (al) x 10 Recovered Source Signal (az) x10

Fig. 3.2: Demonstration of effectiveness of ICA as a blindrse separation tool. Two non-Gaussian
sources (first row) are randomly mixed together to give theeoked signals (second row). ICA is
applied on these observed signals to extract the origimpandent sources (third row), without any
prior knowledge of the original source signals or the miximgcess.

There are various measures of independence which can beasattact the indepen-
dent source signals via an estimate for the ICA unmixing maty, some of which we briefly
mention here. As previously discussed, mutual informasgdhe canonical measure of depen-
dence. For decoupled signals, mutual information is equzeto, whereas for coupled signals

it has a positive value. ICA can separate the underlyingcgsuny finding an unmixing matrix,
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W, which minimises the mutual information between the recegesource signals. However,
as direct computation of mutual information can be compantally expensive and inaccurate
for finite data sets, therefore this approach to ICA is ratedgful for practical applications.
Another possible approach for estimating the unmixing mgand other parameters of an
ICA model) is by directly maximising the log-likelihood olfi¢ data, which is equivalent to
minimising the mutual information between the recoveragrses [122]. The log-likelihood

of a set of observationX, = [x(t)|{=], is given by [304]:

.
(X |A,0,Rp) = ng p(x(t) | A, 8,Rn) (3.5)
t=

whereT denotes the number of data poinfistepresents the parameters of the source models
(if required) andR;, is the covariance of the white noise ternit). Thus, the variables,
0 andR,, are adjusted until the log-likelihood, is maximised, giving us an estimate for the
unmixing matrixW = A" [304]. Another approach to ICA, which directly makes usehasf t
non-Gaussianity of source signals, is described below. ¢@A only be accurately applied
to those data sets which have at most one Gaussian sour@d, signle all other sources
have non-Gaussian distributions. This property of ICA camubed to extract the independent
sources from an observation set by finding a mixing matrixclviminimises the Gaussianity of
the recovered source signals. Negentropy is a measurembth&aussianity of a signal, being
zero for a Gaussian signal and always positive for a non-Sanisignal. Thus, independent
components can be obtained by maximising the negentdipy, of the recovered sources,
given by [187]:

J(x) = H(xg) —H(x) (3.6)

wherexg is a Gaussian random variable with the same covariancexnaatxj andH (x) is the
entropy (as given by (2.9)). As computation of negentrogynes an estimation of the pdf of
the data, it can be computationally expensive to compugetiy FastiCAis a computationally
efficient algorithm based on the concept of negentropy mestion [189]. It is based on
a fixed-point iteration scheme for maximising the cost fiorctgiven by (3.6). However,
FastlICAalso has some disadvantages. Firstly, it cannot guaratdbal@ptimisation as it is
sensitive to the initialising settings, which limits itsalslity in dynamic systems. Secondly, as

itis not based on a probabilistic framework, therefore wencd get a measure of confidence in
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the estimation of the unmixing matrix (which is required éarr information coupling model).
3.2.1 Inference

Having discussed the limitations of some commonly usedagybres to ICA, we now present
the approach which is best suited for developing our intemaenodels. For our analysis, we
make use of thécadecalgorithm to dynamically infer the unmixing matrix [122,40 Our
choice of this approach is based on three primary reasayises accurate results compared to
other related ICA approaches [122], it offers rapid compaoteand guarantees the unmixing
matrix to be linearly decorrelating by constraining it te tinanifold of decorrelating matrices,
and it provides us with a framework to obtain a confidence onea®r the unmixing matrix.
The benefits of these three points will become clear as we @aogh this chapter. We now
present a brief overview of this algorithm; an in-depth digsion is presented in [122].

The independent source signals obtained using I&#), as given by (3.3), must be at
least linearly decorrelated for them to be classed as indtkgpe [304]. This property of the
independent components can be used to develop efficient IgAitams, which operate on,
or close to, the manifold of decorrelating separation magi[122]. Two signals (each with
a mean of zero) are said to be linearly decorrelated if theegpion of their product is zero,

i.e.:

Elaja] = od? (3.7)

wherea; is the j-th sourced; is a scale factor corresponding to theh source, andjy is

the Kronecker’s delta function, given @y = 1 for j = k and djx = O otherwise. For a set
of observed signals, whereX = [x(t)|}{=]; the set of recovered independent components,
B= [a(t)]%j, is given byB = WX. Using (3.7), the independent components are linearly

decorrelated if:

BB = WXX "TWT =D? (3.8)

whereD is a diagonal matrix of scaling factors. If none of the row8ddre identically zero,

(3.8) can be written as:
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DlwxXTwTD1=| (3.9)

wherel is the identity matrix. IfQ is a real orthogonal matrix, i.QQ" =QTQ =1; andD is

a second (arbitrary) diagonal matrix, then (3.9) can betarias:

DOD*WXX TWTD1QTD = D? (3.10)

Now DQD W is a decorrelating matrix anid~*W makes the rows oB orthonormal. The

singular value decomposition of the set of observed sigiXals given by:

X =UzVvT (3.11)

whereU andV are orthogonal matrices (the columnd.bére the principal components X)),
andZ is the diagonal matrix of the singular valuesXf Let Wq = Z~1UT, then the rows of

WX = VT are orthonormal, so the decorrelating matw, can be written as [122]:

W = DQW =DQz U (3.12)

It is interesting to note that i) = | andD = Z, the decorrelating matrit?V =UT, i.e. a rep-
resentation of PCA. To obtain an estimate for the ICA unngximatrix, we need to optimise
a given contrast function (we use log-likelihood of the datsdescribed later). There are a
variety of optimisation approaches which can be used; oprageh of choice is the Broyden-
Fletcher-Golfarb-Shanno (BFGS) quasi-Newton methodg¢lvigives the best estimate of the
minimum of the negative log-likelihood in a computatiogadifficient manner and also pro-
vides us with an estimate for the Hessian matrix. Howevermpaterising the optimisation
problem directly by the elements @ makes it a constrained minimisation problem for which
BFGS is not applicable. Therefore, to convert it into an urstained minimisation problem,
we constrairmQ to be orthonormal by parameterising its elements as thaxedponential of

a skew-symmetric matrid, i.e.JT = —J (non-zero elements of this matrix are known as the
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Cayley coordinates), whose above diagonal elements péessss [304]°:

Q =exp(Jd) (3.13)

Using the parameterisation given by (3.13) makes it possiohpply BFGS to any contrast
function; the contrast function used as part of ibedecalgorithm is an expression for the
log-likelihood of the data (as described later). To effithgptimise this contrast function,
we need to select a suitable source model. Most ICA appreactade implicit or explicit
assumptions regarding the parametric model of the pdfssohitiependent sources [304], e.g.
Gaussian mixture distributions are used as source modg&2in276], while [122] makes
use of a flexible source density model given by the genehksg@onential distribution. In
our analysis, we use a reciprocal cosh source model as aicahbaavy-tailed distribution,

namely [304]:

B 1
~ rcosh(s)
wheres is thei-th source. Our choice of this source model is based on twomiagtors.

p(s) (3.14)

Firstly, as this analytical fixed source model has no adplstparameters, therefore it has
considerable computational advantages over alternatirece models; and secondly, as this
source model is heavier in the tails, it is able to accuratebglel heavy-tailed unimodal non-
Gaussian distributions, such as financial returns.

Let us now describe the contrast function which is optimisezbmpute the ICA unmixing
matrix. Using (3.1) and assuming that the observation neises normally distributed with a
mean of zero and having an isotropic covariance matrix widtigionf, the distribution of
the observations (as a preprocessing step, we normalibeobaerved signal to have a mean
of zero and unit variance) conditioned Anands (where we drop the time indexfor ease of

presentation) is given by:

p(x | A,9) =N (x;As, ) (3.15)

3For M sources andN observed signals, the ICA unmixing matrix may be optimisedhe M(M + 1)
dimensional space of decorrelating matrices rather th#meifiull MN dimensional space, a}M(M —1) andM
parameters are required to speciyandD respectively. This feature offers considerable compomati benefits
(especially in high-dimensional spaces) and the resuttiatfix hence obtained is guaranteed to be decorrelating
[122].
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whereAs is the mean of the normal distribution afd?l is its covariance. The likelihood of

an observation occurring is given by:

(x| A) = [ plx | A.5)p(s)ds (3.16)

Assuming that the source distribution has a single domipaak,s, the integral in (3.16) can

be analysed by using Laplace’s method, as shown in [342]:

| pOx| A s)p(s)ds= pix| A,8)p(s)(2m) ¥ det(F) 2 (3.17)
where:
~ [0%logp(x | A,s)p(s)
" { 05 0s; o3 349

For ease of computation, it is common practise to make us#erhate forms of Laplace’s
method; most of these methods are based around the prooasstiifig part (often the com-
paratively less informative) of the integrand from the ex@at when performing the Taylor
expansion, as described in detail in [204]. For our analyses use a simplified (computa-
tionally efficient) variant of the Laplace’s method whictaéfes us to replace the matixin
(3.17) by the Hessiard) of the log-likelihood (which is evaluated at the MLE of theusce
distributions, i.e3= (ATA) ATx) [204, 304];

2
G—_ dclogp(x | A,s) (3.19)
(93081' -

S

Taking log of the expanded form of (3.15) gives:

2m) 2
which, via (3.19), results i = BATA. The log-likelihood/ = logp(x | A), is therefore:

logp(x | A,s) = glog( B ) — E(X—AS)T(X—AS) (3.20)

(=l ; M log (51) a g<>< —AY)T(x—AY) +logp(3) — %Iogde(ATA) 5.2

By using (3.12), we obtaiA = UZQTD~1. Hence, the log-likelihood becomes [304]:

_N-M B . -1
(= 5 log <2ne) +logp(8) +logde{= D) (3.22)
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Noting that we use a reciprocal cosh source model (as givéB.tiy)), it can be shown that
taking the derivative of this log-likelihood expressiorthiespect t® andJ (which parame-
terisesQ), and by following the resulting likelihood gradient usiad3FGS optimiser, makes
it possible to efficiently compute an optimum value for thé\lGnmixing matrix; details of
this procedure are presented in [122]. The same approadiecased to estimate the optimum
number of ICA source signals if the mixing is non-squarehwiite optimum model ordeM)

being one which maximises this log-likelihood term.
Dynamic mixing

The standard (offline) ICA model uses all available data $asngt times = 1,2,..., T of the
observed signal(t), to estimate a single static unmixing matri%,. The unmixing matrix
obtained provides a good estimate of the mixing processhimcomplete time series and is
well suited for offline data analysis. However, many timeesersuch as financial data streams,
are highly dynamic in nature with rapidly changing propestand therefore require a source
separation method that can be used in a sequential manneris$he is addressed here by
using a sliding-window ICA model [7]. This model makes usadaliding-window approach
to sequentially update the current unmixing matrix usirfgrimation contained in the previ-
ous window and can easily handle non-stationary data. Thaximg matrix for the current
window, W (t), is used as a prior for computing the unmixing matrix for trextrwindow,

W (t+ 1). This results in significant computational efficiency asdeiterations are required
to obtain an optimum value foN (t + 1). The algorithm also results in an improvement in
the source separation results obtained when the mixingepsois drifting and addresses the
ICA permutation and sign ambiguity issues, by maintainirftx@d (but of course arbitrary)

ordering of recovered sources through time.

3.3 Information coupling

We now proceed to derive the ICA-based information couphiggric. Later in this section we
discuss the practical advantages this metric offers whed tesanalyse multivariate financial

time series.
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3.3.1 Coupling metric

Let W be any arbitrary square ICA unmixing mathix

W e RN*N (3.23)

Since multiplication oW by a diagonal matrix does not affect the mutual informatibthe
recovered sources, therefore, we row-normalise the umgpimiatrix in order to address the
ICA scale indeterminacy probléim Row-normalisation implies that the elememts of the
unmixing matrixW are constrained, such that each row of the matrix is of ungtle, i.e.:
N
> Wi =1 (3.24)
j=1
for all rowsi. For a set of observed signals to be completely decouplent |#tent independent

components must be the same as the observed signals, teeteéorow-normalised unmixing

matrix for decoupled signal$\(p) must be a permutation of the identity matrby:(

Wg = Pl ¢ RN*N (3.25)

whereP is a permutation matrix. For the case where the observedlsigne completely cou-
pled, all the latent independent components must be the,saerefore, the row-normalised

unmixing matrix for completely coupled signal#/¢) is given by:

1
Wy = WK e RN*N (3.26)

whereK is the unit matrix (a matrix of ones).
To calculate coupling, we need to consider thetancebetween any arbitrary unmixing
matrix (W) and the zero coupling matriX\(p). The distance measure we use is the gener-

alised 2-norm, also called the spectral norm, of the diffeesbetween the two matrices [167],

4For the purpose of brevity and clarity, we only consider thgecof square mixing while deriving the metric
here. However, the metric derived in this section is validrfon-square mixing as well, and the corresponding
derivation can be undertaken using a similar approach asepted here but converting the non-square ICA
unmixing matrices in each instance into square matricesading them with zeros.

5ICA algorithms suffer from the scale indeterminacy problém the variances of the independent compo-
nents cannot be determined; this is because both the urgnixatrix and the source signals are unknown and
any scalar multiplication on either will be lost in the migiprocess.
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although we can use some other norms as well to get similattsesThe spectral norm of
a matrix corresponds to its largest singular value and isnth&ix equivalent of the vector

Euclidean norm. Hence, the distandéW,Wy), between the two matrices can be written as:

d(W,Wo) = ||W —Woll, (3.27)

where||-||, is the spectral norm of the matrix. A¥ is a permutation of the identity matrix,

therefore:

d(W,Wg) = ||W —PI||, (3.28)

As the spectral norm of a matrix is independent of its pertruta, therefore, we may define

another permutation matri®j such that:

d(W,Wo) = |[PW—1]|, (3.29)

For this equation, the following equality holds:

d(W,Wo) =||PW||,—1 (3.30)
Again, noting that|[PW||, = [|W||,, we have:
d(W,Wo) = [[W][;—1 (3.31)

We normalise this measure with respect to the range ovelhwhe&distance measure can vary,
i.e. the distance between matrices representing complstebled (W1) and decoupledW o)

signals. From (3.26) we have that; = LNK, therefore:

\/_
d(W1,Wp) = |[W1—Wy|| H L K—PI (3.32)
1, Wo) = [[W1—Wpl||p = || —7=K — :
2 lIWN 2
Using the same analysis as presented previously, thisiequen be simplified to:
d(W1,Wo) = ——[|K||,— 1 (3.33)

For aN-dimensional square unit matrix, the spectral norm is glwefiK ||, = N. Therefore,
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for a row-normalised unit matrix, the spectral normjﬁ IK||, = v/N. Hence, ifW is row-

normalised, (3.33) can be written as:

d(W1,Wp) =vN-1 (3.34)

The normalised information coupling metrig)is then defined as:

~d(W, W)
1= d(we, Wo) (3.35)

Substituting (3.31) and (3.34) into (3.35), the normaliggdrmation coupling betweehl
observed signals is given by:
IW[;—1

=T (3.36)

We can consider the bounds gfas described below. Suppobg is an arbitrary real
matrix. We can look upon the spectral norm of this matfj¥||, = ||M —0||,) as a measure

of departure (distance) &l from a null matrix Q) [99]. The bounds on this norm are given

by:

0 < [[Mflz < (3.37)

If M is a row-normalised ICA unmixing matri¥\{), then (as discussed earlier) it lies between

W andW 1. Hence, the bounds AN are:

[[Woll < [IWll < [[W4l|, (3.38)

Using (3.25) and (3.26), we can write:

1
Pl||, <[|W[], < || ==K (3.39)
Pl < I, < || |
which can be simplified to:
1< W, < VN (3.40)

Rearranging terms in this inequality gives:
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_IWip-1
VN—-1

which gives us the same coupling metric as in (3.36) and stibaigshe metric is normalised,

0 (3.41)

i.e. 0< n < 1. For real-valuedV, ||W||, can be written as:

IW[]; = 1/ Amax{ WTW) (3.42)

whereAma W TW) is the maximum eigenvalue 8 TW. The unmixing matrix obtained us-
ing ICA suffers from row permutation and sign ambiguity deobs, i.e. the rows are arranged
in arandom order and the sign of elements in each row is unkiib22, 304]. We note that as
||W|], is independent of the sign and permutations of the row¥ ptherefore our measure of
information coupling straightaway addresses the probleht€A sign and permutation am-
biguities. Also, as the metric’s value is independent ofrtive permutations o¥V, it provides
symmetric results. The information coupling metric is gdbr all dimensions of the unmixing
matrix,W. This implies that information coupling can be easily meadun high-dimensional
spaces.

It is possible to obtain a measure of uncertainty in our ediionm of the information cou-
pling measure. We make use of the BFGS quasi-Newton opftilmmsapproach over the most
probable skew-symmetric matrig, of (3.13), from which estimates for the unmixing matrix,
W, can be obtained, and thence the coupling meagwaculated. We also estimate the Hes-
sian (inverse covariance) matrid, for J, as part of this process. Hence, it is possible to draw

samples)’, say from the distribution ovelas a multivariate normal:

I~ MN (I HT (3.43)

These samples can be readily transformed to sampleausing (3.13), (3.12) and (3.36) re-
spectively. Confidence bounds (and here we use the 95% bomagshen be easily obtained
from the set of samples fay (in our analysis we use 100 samples).

In multivariate systems, it is quite likely that a given séfNbobserved signals may have
a different numberNl) of underlying source signals, i.e. the mixing process is-square.

The ICA-based information coupling model can be used evéheifsource mixing process



3.3. Information coupling 48

is non-square (as we describe below). There are three p®ssiking cases, i.e. square,
undercomplete and overcomplete. Undercomplete ICA mixeigrs to the case when the
number of latent source signals is less than the number efebd signals, i.eM < N. For the
undercomplete case, information coupling can dynamidslgomputed in three steps. In the
first step, the ICA log-likelihood based model order estioratlgorithm is used to estimate
the optimum number of latent source signals within eaclirgjidvindow at each time step; this
is achieved by calculated the log-likelihood for differenimber of source signals, ranging
from M = 2 to M = N, and the value oM associated with the maximum log-likelihood is
selected as the optimum model order. In the second stepothequare ICA unmixing matrix
at timet, W(t), is estimated which has dimensiavis< N. Finally, in the third step, the metric
presented by (3.36) can be used to compute information mwyp} (t). In some instances,
the mixing process may be overcomplete, i.e. the optimumbauraf source signals may be
greater than the number of observed signi&ls N). Although there is no simple solution
for the overcomplete ICA problem (as no unique solutionst@xmany studies have focused
on finding an optimum estimate for the unmixing matrix andstlioe source signals [221,
340]. For the purpose of results presented in this thesespWiercomplete mixing case is not
considered. This is because (as we show later in the thésigstimated number of optimum
ICA source signals for multivariate financial data has arcf@sak at a value much lower
than the number of observed signals, i.e. the mixing prosesten undercomplete; also, the
lack of any robust (and computationally efficient) algamih for overcomplete ICA means
that results obtained may be misleading and computatipoathplex to obtain (especially in

high-dimensional spaces).
Computational complexity

The information coupling algorithm achieves computatla@fciency by making use of the
sliding-window based decorrelating manifold approach@é.l Making use of the recipro-
cal cosh based ICA source model also results in significamipcational advantages. We
now take a look at the comparative computational complexityhe information coupling
measure and three frequently used measures of statistipahdence, i.e. linear correlation,
rank correlation and mutual information. For bivariateadék data points long), for which

these four measures are directly comparable, linear etiwaland rank correlation have time



3.3. Information coupling 49

complexities of orde®(ns) andO(nslogns) respectively [50], while mutual information and
information coupling scale a8(n2) andO(ns) respectivel§ [345]. Hence, even though the
time complexity of the information coupling measure is of game order as linear correla-
tion, it can still accurately capture statistical deperwiesin non-Gaussian data streams and
is a computationally efficient proxy for mutual information

For N-dimensional multivariate data, direct computation of naltinformation has time
complexity of order®(nY) compared ta?(nsN?3) for the information coupling measure. In
high-dimensions, even an approximation for mutual infdraracan be computationally very
costly. For example, using a Parzen-window density esamgte mutual information compu-
tational complexity can be reduced@nsn))), wheren, is the number of bins used for esti-
mation [264], which will incur a very high computational ¢@ven for relatively small values
of N, np andns. As a simple example, Table 3.1 shows a comparison of cormputame (in
seconds) taken by mutual information and information cimgpineasures for analysing bivari-
ate data sets of varying lengths. As expected, mutual irdtion estimation using the Parzen
window based approach (which is considered to be a relgtefétient approach to compute
mutual information) becomes computationally very demagavith an increase in the number
of samples of the bivariate data set. In contrast, the inddion coupling measure is compu-
tationally efficient, even when used to analyse very larggfdimensional multivariate data

sets.

Computation time (sec)ns=10* ns=10° ns=10" ng=10°
Mutual information 0.0214 2.8289 17.0101 119.5088
Information coupling 0.0073 0.0213 0.0561 0.5543

Table 3.1: Example showing comparison of average computétne (in seconds) of mutual informa-
tion and information coupling, when these measures are tasadalyse bivariate data sets containing
different number of samples). The approach used to estimate mutual information is based
Parzen window based algorithm, as described in [346]. Thepctational cost of this algorithm is
dependent on the window-sizB)( The values oh used for the simulations aré:= 20 for ns = 107,
andh = 100 for all other simulations. Results are obtained usingsé &Hz processor as an average
of 100 simulations.

5There have been various estimation algorithms proposedfficient computation of mutual information,
however, they all result in increased estimation errorsraqgire careful selection of various user-defined pa-
rameters [120].
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Discussion

The information coupling model offers us with multiple adta@ges when used to analyse mul-
tivariate financial data. Here we summarise some of the nraipgsties the model, while the

empirical results presented in the next chapter demorstsaaccuracy and practical benefits.

e The information coupling measure, a proxy for mutual infation, is able to accurately
pick up statistical dependencies in data sets with non-Saiglistributions (such as

financial returns).

e The information coupling algorithm is computationally eént, which makes it par-
ticularly suitable for use in an online dynamic environmenhis makes the algorithm
especially attractive when dealing with data sampled dt figguencies. Thisis because
with the ever-increasing use of high-frequency data, awerog sources of latency is of

utmost importance in a variety of applications in modernrfmal markets.

¢ It gives confidence levels on the information coupling meashis allows us to esti-

mate the uncertainty associated with the measurements.

e The metric provides normalised results, i.e. informationming ranges from O for de-
coupled systems to 1 for completely coupled systems. Thiem# easier to analyse
results obtained using the metric and to compare its pedno@with other similar mea-

sures of association. The metric also gives symmetric t&sul

e The metric is valid for any number of signals in high-dimemsil spaces, i.e. it con-
sistently gives accurate results irrespective of the nurabgme series between which
information coupling is being computed. This makes it dalédor a range of financial

applications.

e Itis not data intensive, i.e. it gives relatively accurasults even when a small sample
size is used. This allows the metric to model the complex apilty changing dynamics

of financial markets.

’Although a symmetric measure, the information couplingrinetin give us an indication of the presence of
asymmetric interactions in a set of signals by making useadlag relationships between them; we refer to this
approach apredictive information coupling
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e It does not depend on user-defined parameters which caictréstpractical utility, as
the evolving market conditions may require the parameteiset constantly updated,

which may not be practical.
3.3.2 Complex coupling networks

The ICA-based information coupling model can be used to oreabe overall mutual sym-
metric interactions in multivariate systems. However, xtract the hierarchical interaction
structure in multi-dimensional systems, we need to makeotisemplex coupling networks.
This is because, unlike in low-dimensional systems, in &iglimensions analysing and under-
standing the nature of dependencies between variablesecarcbmplex undertaking, as the
number of pair-wise relationships variesgé\s\l —1) for N variables. For example, for a 100
dimensional system, the number of pair-wise coupling temii9e 4,950. Clearly analysing
the overall structure of interdependencies within suchséesy using only the numerical cou-
pling values is not practical. Therefore, we make use of dexn@upling networks to extract
the hierarchical interaction structure of a system in otdestudy the characteristics of re-
lationships in high-dimensional multivariate financiak®ms. The primary method used in
this thesis for analysing financial networks is the minimymarsing tree (MST) approach.
The MST approach to complex network analysis has numerotenéabes. MSTs are attrac-
tive because they exhibit only the most relevant connestfoneach node, thus simplifying
the presentation and comprehension of results. Also, th& &ffproach is deterministic and
straightforward to implement while most other network gse methods are not [74]. More-
over, MST algorithms are computationally efficient [133)dehence allow us to develop ef-
ficient dynamical coupling networks (which we discuss inaddater). MSTs have diverse
applications and proven applicability in the financial secAnalysis of multivariate financial
returns using a MST can be useful for constructing a podfofifinancial instruments, such
as currencies [251] or equities [48]. MSTs can also revdarmation about the equities or
currencies which are driving the market, i.e. are “in plaat’any given time [199, 243]. Ex-
amining the properties of a dynamical MST can inform us altbetdegree of stability of a
financial market [199, 248]. Using a MST, we can also extraopalogical influence map of
different currencies [268].

Let us now describe our approach for constructing a MST basdtie information cou-
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pling measure. A spanning tree of a graph witlvertices (nodes) is a subsetf- 1 edges
(links) that form a tree. The MST of a weighted graph whtlvertices is a set dfil — 1 edges
of minimum total weight which form a spanning tree of the d¢rfp52]. There are two stan-
dard methods for constructing a MST, namely Kruskal’s atgar and Prim’s algorithm. The
method we use in this thesis is based on Prim’s algorithm duies relatively low computa-
tional cost [195]. Prim’s algorithm grows the MST one edga éime by adding a minimal
edge that connects a node in the growing MST with any otheenbdt us denote the set of
vertices of a graph by and the set of edges ly. Then, for a given fully-connected, undi-
rected grapl = (V, E), with each edgéu, v) having positive weighta/(u,Vv), a spanning tree
is a tree composed of the edges3that touches every vertex &[330]; a MST is a spanning
tree which minimises the sum of its edge weights. Some restadies have analysed FX cur-
rency interactions using the MST approach, with the edge®senting the linear correlation
between the currency pairs [243, 251]. However, (as preWaliscussed) linear correlation is
not a suitable approach for measuring interactions betwggrals with non-Gaussian distri-
butions, such as financial returns. Therefore, we combmé&2A-based information coupling
model with techniques used for building a MST to produce tiogmetworks which are better
suited to analyse the dependency structure in multivafiimaecial systems. A MST provides
information about the subdominant ultrametric hierarahazcganisation of each node in a net-
work; the subdominant ultrametric distance between nodesl j is the maximum value of
a distance metriccfj) detected when moving in single steps fromo j through the shortest
path connecting the two nodes in the network [139]. We cateuthis distance (representing
weights of the edges in a MST) between nodasd j using the following non-linear distance

metric [237]:

dij = 2\/1— njj (3.44)
wheren);; is the information coupling obtained using the ICA-basedptimg model. We use
this non-linear distance metric in order to remain consistgth some other studies focusing
on building correlation networks using MSTs [237, 243, 25A% 0 < njj < 1, therefore the
pseudo-distance is bound in the rangg @; < 2. A higher value of information coupling,

nij, between any two nodes in a network translates into a snpsiéardo-distancelj, between
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them; hence, the metrit; can be viewed as a measure of the “statistical similarityamy
two nodes. Also, agj; = nji, therefored;j = dji, andd;; = 0 iff i = j. Moreover, this distance

metric meets the triangular inequality, idg < dij + djx.
Dynamic coupling networks

We have so far described the development and use of statmicguetworks. However,
studying the properties of a MST with a dynamically evolvstgucture can be useful for
finding temporal dependencies in multivariate financiaktsaries in high-dimensional spaces.
The dynamically changing structure of a MST can be used tatoroime characteristics of a
financial network in an online environment and to learn alibatdominant and dependent
nodes at any given time. However, a high-dimensional nétwan contain more than 100
nodes. Observing and analysing the dynamically changmgtsire of such a network can
prove to be difficult. Therefore, we make use of the conceguofival ratio of a MST, which
gives us information about the sequentially evolving stiteof a MST in a concise and clear
way. The survival ratio of the edges of a MST can be used as aureaf the temporal
stability of its structure [158]. A single-step survivatkiacoefficient,osg(t), at timet, is

defined as:

osK(t) = ﬁ |E(t)NE(t—1) | (3.45)

whereN is the number of nodes in the MST, an¢t Erepresents the set of edges (or links) of
the MST at timet. The survival ratio ranges between 0 and 1, giving(t) = 1 if all links
stay exactly the same between time stepd andt. Similarly, osg(t) = 0 occurs if all links
change during this time interval. Likewise, the multi-sgepvival ratio coefficient is defined

as.

osR(t,K) = ﬁ | E(t)NE(t—1)...E(t —k+ 1) NE(t —K) | (3.46)

wherek is the number of time-steps over which the ratio is calcdlat8urvival ratios can
be helpful to predict the likelihood of a market's dependestcucture remaining stable over a
given time period. An interesting study demonstrating dssiovival ratio of MSTs to analyse

the interdependencies and stability in the global equitykets is presented in [86]. Later in
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this thesis we make use of information obtained using ssattcdynamic coupling-MSTs in a

variety of financial applications, which showcase some eirthumerous practical uses.
3.4 Dynamic information coupling

Most practical financial applications require the use o¢nattion analysis models in an on-
line dynamic environment, often across different timelesaln Chapter 2 we had presented
an overview of various approaches to time- and scale-bageghuic interaction measurement
and discussed their respective merits and drawbacks. Wesrpand on that work to present
approaches which are best suited for modelling dynamiastefactions in multivariate finan-

cial time series and which we use to obtain results presdatedin the thesis.
3.4.1 Time-based dynamics

We start by discussing our preferred windowing techniquesémuentially capturing the fast
local variations in information coupling in multivariatenéincial data streams. Later in this
section we present use of the hidden Markov ICA (HMICA) maaieh suitable discrete state-

based approach for modelling the temporal variations iormftion coupling.
Choice of sliding-window

Some inference problems involve analysing data which lraady been collected. This means
that data points from the future may be used to improve théopeance of an algorithm,
a process known as offline inference. In contrast, many igedctlgorithms make use of
sequential data which is being obtained in real-time, aggs&nown as online inference. In
most practical applications, parameters of a statisticadlehneed to be updated as soon as
new data is available. This requirement means that only fedtat can carry outolling
regressiorfor online inference are useful. For computational efficieand higher precision,
it is useful to use a sliding-window technique for this puseo In such a model, only data
within the window is used to calculate the model parameterg. (o measure interactions)
at each time step, hence dynamically capturing evolvingcsire of the signals and doing
away with the need to use large amounts of data. Our choideedfype of sliding-window
is based on some properties of financial markets, which wediseuss. Financial markets

give rise to well defined events, such as orders, trades aotd gavisions. These events
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are irregularly spaced iolock-time i.e. they are asynchronous. Statistical modelslatk-
time make use of data aggregated over fixed intervals of time [bhg time at which these
events are indexed is called theent-time Hence, for dynamic modelling, iavent-timehe
number of data points can be regarded as fixed while time s;anile in clock-timethe
time period is considered to be fixed with variable numberattgoints. Although we may
need adaptive windows idlock-time we can use sliding-windows of fixed-length éwent-
time Using fixed-length sliding-windows iavent-timecan be useful for obtaining consistent
(and unbiased) results when developing and testing diftestatistical models and algorithms.
Also, statistical models deployed for online analysis cdificial data operate bestenent-time
as they often need to make decisions as soon as some new méskeiation (such as quote
update etc.) becomes available. Consider an online tradodgel making use of an adaptive
window inevent-time At specific times of the day, e.g. at times of major news annements,
trading volume can significantly increase. Hence, more @étde available to the algorithm
and thus results obtained can be misleading [284]. Usingdangtwindow of fixed-length
in event-timecan overcome this problem. Another possible approach weusked earlier
was use of the EWMA. However, using the EWMA approach can gwéiased results, as
a single major market shock can potentially affect resutiioed well into the future; in
comparison, a fixed-length sliding-window is well-suitent tapturing the rapidly changing
dynamics of financial markets. Also, unlike the EWMA, resubtained using a fixed-length
sliding-window are not dependent on any user-defined pasmerhe length of the sliding-
window needs to be selected appropriately. The financidicgtipn for which the model is
being used is one of the factors which drives the choice oflexwwnlength. As a general rule, for
trading models a window of approximately the same size aavtheage time period between
placing trades (inverse of trading frequency) is often u3édks makes it possible to accurately
capture the rapidly evolving dynamics of the markets overdbrresponding period, without
being too long so as to only capture major trends or too sbhaapture noise in the data. The
interaction approach being used to model dependenciesdlisences the choice of window
length, as some approaches, such as mutual informationransfér entropy, require large

data sets for accurate estimation.
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Capturing discrete state-based coupling dynamics

By using sliding-windows we can accurately and preciselptwe fast local variations in
information coupling in an online dynamic environment. Her, for certain applications
(some of which we later discuss), it may be more useful toysealhe temporal variations
in information coupling over a large section of data in ortteobserve different regimes of
interaction, i.e. discrete state-based information alblmeitevel of coupling may be required.
For this purpose, we need to make use of alternate appro&zligymamic interaction mea-
surement. Here we discuss one such approach which is wedsior analysing financial
returns. Many real-world signals, including financial res; exhibit rapidly changing dy-
namics, often characterised by regions of quasi-stalplityctuated by abrupt changes. We
hypothesise that regions of persistence in underlyingimé&tion coupling may hence be cap-
tured using a Markov process model with switching stateser&fore, we make use of the
hidden Markov ICA (HMICA) model, which is a hidden Markov meldHMM) with an ICA
observation model, to capture changes in information ¢gogmlynamics [317]. As we show
later in this section, this is possible because a HMICA medélacts latent states based on
the determinant of the ICA unmixing matrix, which in turn edes dependencies.

Let us first take a brief look at the foundations of a HMICA mbadeMarkov model is a
statistical process in which future probabilities are deieed by only its most recent values
[41]. A hidden Markov model (HMM) is a statistical model castgg of a set of observations
which are produced by an unobservable set of latent staes;ansitions between which are
a Markov process. The typical goal of a HMM is to infer the feddstates from a set of
observations. It is widely used within the speech recognisector [202, 298], and is finding
increasing use in a range of financial applications [38]hsas finding regions of financial
market volatility clustering and persistence [308]. Thetmeanatical details of a HMM can
be found in Appendix A and in [41], here we focus on the congapbasis of the model.
A HMM is represented in graphical form in Figure 3.3, showthg hidden (latent) layer of
Markov states and the layer of observed data. As the figurershan observed variable,
X(t), in a HMM depend®nly on the current state(t), and the current state deperady on
the previous state(t — 1) [288]. Also shown in the figure is the state transition praligb
p(z(t+1) | z(t)) and the emission model probabilipfx(t) | z(t)). The HMM state transition
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probability matrix,Phmm With elementsp;j, gives the probability of change of state from state

i to statej, i.e.:
pij =pzit+1)=j|zt)=i) (3.47)
State Transition Probability
Hidden Layer p(z(t+1)lz(1)) @

Emission Model Probability
p(x(1)lz(1))

Observed Layer @

Fig. 3.3: Hidden Markov model (HMM) graphical represeruati

We may combine ICA and HMM to form the hidden Markov ICA (HMIGAodel [288],
which can be seen as a HMM with an ICA observation model. Thd®MNmodel is well-
suited for analysis of non-stationary multivariate timgesand can provide information about
discrete state-based changes in either the ICA source dgs@mthe mixing process or both
[288]. Detailed mathematical framework of the HMICA modglpresented in Appendix A,
here we only outline the main steps which are relevant to aarkwThe HMICA auxiliary

cost function for staté& is given by [288]:

3 Vilt] IZlog p(ait])
3 Wlt]

whereWy is the ICA unmixing matrix for stat&, a;[t] is thei-th ICA source andx|t] is the

Qk = log|detW\)| +

(3.48)

probability of being in statd at timet. The auxiliary function, summed over all states, is

hence:

Q=3 Q (3.49)

The HMICA model finds the unmixing matri/y, for statek, by minimising the cost function

given by (3.49) over all underlying parameters using a seatevhted update equations, as
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described in detail in [288]. The optimal number of hidden MMtates can be estimated
using the approach described in [309]. As the cost functlmws, the HMICA states are
influenced by the ICA unmixing matriX/Xy), which encodes information about the source
mixing process, and hence can be used to capture changésrmation coupling dynamics in
multivariate systems (as previously discussed). The HMih@Alel can be useful for detecting
regions of information coupling persistence and to idgnsiéctions of data which exhibit
abrupt changes in mixing dynamics (the Viterbi algorithm a& in this process, using which
we can infer the most likely sequence of hidden states).sti pfovides us with an estimate
for the state transition probability matrix which contaths state transition probabilitiep()

as its elements. It is possible to use this matrix to infettitine (Tij) in any given state:

1
1-pij
Lower values ofTj; indicate a higher frequency of state transitions and (as meirecally

Tij (3.50)
demonstrate later in the thesis) are indicative of rapidadyic variability of the ICA-based

information coupling measure. To simultaneously captiw@nges in dynamics across both

time and scale, we develop the wavelet-HMICA model, as dised in the next section.
3.4.2 Scale-based dynamics

Earlier we discussed the suitability of using wavelets ifoiet scale decomposition of financial
data. It is possible to combine wavelets with ICA to form thevelet-ICA model, which can
be used to infer the ICA unmixing matrices using the wavebetficients of a set of observed
signals; hence, information about a frequency-dependexmgprocess can be gained. It will
therefore be possible to compute information coupling #edint time-scales. Knowledge
gained about the scale dependence of information coupingyuhe wavelet-ICA model can
have numerous practical applications in the financial mark8tudies have shown the possi-
bility of using wavelet-correlation models for optimisipgirs trading strategies [70, 360]

the wavelet-ICA model can be used to estimate the optimure-toale for executing trades

8pairs trading algorithms continuously monitor the markétgs of two or more closely coupled instruments,
usually belonging to the same sector of the economy, anckfltacles as soon as these instruments become
decoupled for short time periods. This is a well-known mareutral trading strategy and is frequently used in
the equities and to some extent the FX markets. Market-alksitategies are typically not affected by the overall
market direction as they employ some sort of hedging mesharin the case of pairs trading, simultaneously
going long and short two coupled stocks.
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using such strategies. Another possible area of applicati@pproaches to scale-dependent
analysis of interactions is financial risk management upmigfolio optimisation techniques
[88]. To minimise risk, it is often the case that assets armta@med as a portfolio. The return-
to-risk characteristics of such a portfolio are dependearthe coupling of the instruments in
the portfolio. As coupling varies with scale, the waveléAlmodel can be useful for estimat-
ing the time-scale which is best suited for obtaining a pdidfwith the required return-to-risk
profile. It is also possible to make use of wavelets for theppse of portfolio allocation, as

discussed in detail in [246].

Choice of wavelet function

Let us now provide a brief description of some basic propsraf wavelets. Wavelets are
continuous functions, usually representedyny), which meet the following two conditions

[6]. They have a mean of zero and a finite energy, i.e.:

/t,u(t)dt:O, /| w(t) 2 dt < oo (3.51)

The normalised wavelet function is given by:

wolt) = 0 () 352

whereu is the scale, also known as the dilation parameter,taisdthe localisation parame-
ter. The functiong(t), from which different dilated and translated versions & tavelets
are derived, is called the mother wavelet. In this thesis gethe continuous wavelet trans-
form (CWT) instead of the discrete wavelet transform (DWeE&gause the CWT can more
efficiently handle high-frequency data with abrupt chan@és, 321]. The CWT is a pow-
erful signal processing tool that can be used to analyseeptiep of a financial time series at
different time-scales. Results obtained by using the CVéToften easier to interpret, since its
redundancy tends to reinforce the traits and makes allnméition more visible [253]. Also,
for analysis purposes, the main concern is not numericabosmission efficiency or repre-
sentation compactness, but rather the accuracy and aelgptiperties of the analysing tool,
leading to the CWT being mostly used for the purpose of ara[@81], whereas the DWT is

commonly used for coding purposes or for data compressidriransmission. Using CWT,
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the wavelet coefficients of a functioft), at scaleu and positiorb, are given by:

b
Cub = % / X)W (tT) dt (3.53)

We now proceed to discuss our choice of the wavelet functlgt),. This choice depends
on the application for which wavelets are meant to be usedHor high-frequency financial
time series analysis for example, a wavelet which has gazaligation properties in both time
and frequency is required. There are many types of wavetettifans in common use, e.g.
Haar, Mexican hat, Shannon, Morlet to name but a few. The Maselet has poor decay in
frequency, whereas the Shannon wavelet has compact supgetuency with poor decay
in time [334]. Other wavelets typically fall in the middle dfese two extremes. Having
exponential decay in both time and frequency domains, thedflwvavelet has optimal joint
time-frequency properties [334]. It represents a moddl&aussian function with exponential
decay and has proven applicability for financial data amaly&l, 136, 334]. Therefore, we
use the Morlet wavelet for our analysis. Morlet wavelet isom-+orthogonal wavelet which
has both a real and a complex part, such wavelets are alsoegtte as analytical wavelets.
Due to the complex component, Morlet wavelets can be usedgarate both the phase and
amplitude parts of a signal. The Morlet wavelet (with a cerfitequency off,) is represented
by (3.54); the first part of the equation represents a nogatidin factor, the second part is a

complex sinusoid, while the third part represents a Gangse curve [6].

Y(t) = n‘zllexp(iZHfOt)exp<—§) (3.54)

Using (3.52), we can convert the Morlet mother wavelet (gibg (3.54)) to a normalised

Morlet wavelet function:

A=

L.Uu,b(t> - :[/G

A Morlet wavelet, with a scale ai = 1, is plotted in Figure 3.4. The exponentially decaying

exp {iano@} exp {—Lb)Z} (3.55)

2u?

sinusoidal shape of the wavelet is evident from the figurehBeavelet is characterised by a
particular scale. For ease of data analysis, it is impottahtaive an idea of what time length
each scale represents. A wavelet seaan be converted to a pseudo-frequemgyn Hz as

follows:
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fo
fu= 2 (3.56)

whereA is the sampling period. The centre frequenty) 6f a Morlet wavelet is equivalent to
that of a periodic sine wave fitted to the wavelet, as showrignré 3.4. This method gives
the period of the Morlet wavelet as2ZB08 seconds, which corresponds to a centre frequency
of 0.8125 Hz. As an example, if using high-frequency financiahdampled at 2 samples per
second, the sampling periodAs= 1, and the pseudo-frequency (in Hz) at saais given by

fu= %’ (calculated using (3.56)). The time period correspondingcialeu is simply the
reciprocal of this term. Thus, for a scalewf= 1, the pseudo-frequency is6P50 Hz, while

the associated time period 165054 seconds.

Morlet wavelet and centre frequency based approximation
T T T T T

0.6 4
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T
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Period: 1.2308; Centre Frequency (fo): 0.8125

Fig. 3.4: Scale to frequency conversion of a Morlet wavelith & scale ofu = 1, and a localisation
parameter ob = 0. The Morlet wavelet (real part) is represented by the blaek and the red line
represents a periodic sine wave.
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Wavelet-ICA model

We are now in a position to develop the wavelet-ICA model clldan be used to analyse cou-
pling at different time-scales. For observed signals(t) = [x1(t),%(t),...,xn(t)]T, analysed
using the CWT at a scale of the wavelet coefficients can be combined into a single vecto
cxu(t) = [Cru(t), Cou(t), ....cnu(t)] T, whereci (t) represents the wavelet coefficient for tHé
time series at timé. The location parametdris dropped in this analysis for clarity. Using

(3.53), we can represent the multivariate set of wavelefficamnts at a scale af as:

Cru= [ x(Oul0)t (3.57)

Substitutingk(t) = Ays(t) (whereA, denotes the mixing matrix at scalein this case corre-

sponding to sampling frequency of the data):

Cru= [ Ausit)dult)dlt (3.58)

As the mixing matrix,A, is time-independent and both ICA and CWT are based on linear

transformations, therefore:

Cru=Au [ SOt (3.59)

The term within the integral represents the CWT of the sebafee signalsCs ), hence:

Cx7u - Aqu,u (3-60)

As CWT represents a linear transformation, therefore, mstituent signals o€s, are mu-
tually independent. Thus, (3.60) represents an ICA mod#i @j , representing the set of
observed signalCs, representing the latent independent components Aanepresenting
the mixing matrix which contains information about the fneqcy-dependent mixing process.
The ICA unmixing matrix W, = A, can now be obtained using ti@decalgorithm. This
matrix contains information about the frequency-depehdgring process, hence, it can be
used to calculate information coupling between a set ofadgyat different time-scales (using

the analysis presented earlier).
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Wavelet-HMICA model

Combining the HMICA model with a wavelet basis allows us tadelcchanges in the HMICA
latent states at different frequencies, hence, simuliasigaapturing both time- and scale-
based dynamics of the system. This can be achieved by mugléie wavelet coefficients
at different time-scales as being generated by a HMICA madigl switching states. The
resulting wavelet-HMICA model can best be described usieggraphical model shown in
Figure 3.5. The graphical model shows a series of obsengti¢t), which are generated via
a CWT with a set of wavelet coefficientét). The HMICA model infers the most probable set
of latent states using the wavelet coefficients as the “oesédata. It achieves this by esti-
mating an unmixing matrixVy (for statek) by minimising the cost function given by (3.49).
Hence, discrete state-based, frequency-dependent, dynafrinformation coupling may be
captured using the wavelet-HMICA model. We empirically a@erstrate this process later in
the thesis, where we show that the Viterbi state sequenegnelot using the wavelet-HMICA
model is indicative of temporal persistence in scale-basidmation coupling dynamics in

multivariate financial data streams.
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State Transition Probability

Hidden Layer @ p(z(t+1)Iz(1)) @
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Fig. 3.5: Graphical representation of the wavelet-HMICAd®mlo With each of thé& latent states of the
model (with state at timedenoted byz(t)), there is an associated ICA mixing matdx = W,", and a
set of generalised AR (GAR) model coefficiemt'g (for each sourcé) which are used to generate the
source estimatea(t) at timet using a GAR model with non-Gaussian noise. The wavelet ciefitis
(at any given scale) are then generated(8s= Aga(t) and the observed daidt) can be regarded as
being generated as a result of application of the inverse @\ETt). Further details are presented in
Appendix A and in [288].




Chapter 4
Analysis of information coupling

We start this chapter by providing an overview of propertieBnancial time series, focusing
on the spot foreign exchange (FX) market. We then descridsyhthetic and financial data
used for analysis presented in this thesis. The rest of thptehis focused on the analysis of
symmetric interactions in multivariate synthetic and ficiahdata sets, and includes a set of
practical financial case studies using which we demonaitdity of our proposed approaches
for extracting interesting and useful information from tiuariate financial data streams. We
end the chapter by providing concluding remarks focusedemrterits and limitations of our

proposed approaches.
4.1 Properties of financial time series

Financial markets are highly complex and dynamic systemshwplay a pivotal role in the
globalised economy. Due to the vast scale of the global fiahntarkets and their constant
evolution, research in this sector presents unique ctggdieand opportunities. This section
provides an overview of the basic stylised statisticaldaftfinancial time series, in particular
FX log-returns (as most of the analysis presented in thisish@akes use of FX data). We
start by providing a brief description of the global FX mark&he FX market is by far the
largest financial market in the world, accounting for oveti#fon in average daily turnover,
which includes $1.5 trillion worth of spot transactions.[T]he FX market operates on a 24
hour basis, and spans all time zones. It is active for five daysek and each day is generally
considered to comprise of three 8-hour trading sessionsteldre over 33 currencies that are
actively traded [1]. However, a large bulk of the global FXding volume is accounted for by
four major currencies, the United States dollar (USD), H#OR), Japanese yen (JPY) and
the British pound (GBP). These four currencies togethes@atifor some 77% of all global FX

65
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trading volume [1]. FX currencies are traded in pairs. Asxangle, the EURUSD rate refers
to the number of EUR one USD can buy. The FX rate is adjusteordicg to the strength or
weakness of each component of a currency pair. So the EURW&I2 will increase if the
EUR is strengthened with respect to the USD or the USD is weskwith respect to the EUR.
The three most liquid currency pairs are EURUSD, USDJPY aB&&SD, which together
account for close to 51% of all trades placed. FX data is edaatally provided by financial
data providers such as Reuters and Electronic Broking &3(EBS). The FX market is a
highly dynamic and liquid entity, which has over time becomereasingly interlinked with
the wider economy, due to which even a slight variation infamncial index can influence the
exchange rates of various dependent currencies and vis& v&his has resulted in significant
interest, amongst practitioners and academics alikejnrgstigating the structural properties
of the FX market, in particular the nature of symmetric angh@®etric interactions between
various currency pairs [69, 257, 284]. Interest in this figlsb stems from the fact that the
exchange rate of a single currency pair generally does maagomuch (practically useful)
extractable information [113]. However, knowledge abdw way in which exchange rates
of different currency pairs interact can be used to impraveunderstanding of the driving
dynamics of the FX market.

One of the most prominent changes in the FX market (and anrasyg other asset classes)
in recent years has been the rapid growth of algorithmidriggd Until recently, algorithmic
trading strategies usually made use of low- or mid-frequetata. However, due to the easy
and relatively cheap availability of high-frequency mdritata, some of the latest algorithmic
trading engines trade on a sub-second or even tick by tickigs$t time interval between quote
updates) basis. The dominance of algorithmic trading ntalgse of high-frequency data can

be judged from the fact that it currently accounts for oveotf all trading volume in the U.S.

1As an example, U.S. consumer price index (a measure of nflatithe U.S.) can affect the relative exchange
rates of numerous currency pairs across the globe. Likewisee are many other underlying factors which can
effect the global FX markets, e.g. the interbank interegssainterest rate differential, relative liquidity of the
currencies, overall market sentiment, inflation, variatiothe gross domestic product of a country, U.S. non-farm
payroll data, house price indices, political stability akgion, among many others [118, 233].

2Algorithmic trading refers to an automated trading platfowhich relies on statistical signal processing
algorithms to make online trading decisions. Since theodhiction of electronic trading in 1971 [329], the
proportion of trades that can be attributed to algorithmaaling has steadily increased. Initially algorithmic
trading strategies were deployed primarily in the equitieskets, however, recently they are being increasingly
used in the FX market as well [69]. Many of the algorithmidadiregy engines currently in use harness market
inefficiencies in order to generate positive returns.
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capital markets [361]. High-frequency financial data ipaoates the rapidly changing dynam-
ics of financial markets, which allows practitioners to depemore robust trading algorithms
based on the micro-structure of the markets [135]. Most esé¢halgorithms, often deployed
as part of “real-time trading” (RTT) models, use real-tim&@ information, electronically
provided by brokerage firms such as Reuters and EBS, to mdk® drading decisions. A
comprehensive analysis of the use of RTT models in the FX etaslpresented in [135], em-
pirical results (obtained using seven years of high-fregyelata) presented in this study show
that RTT models can consistently generate positive retwhlke deployed in the FX market.
Many of these RTT models capture statistical inefficientig¢le financial markets to generate
a risk-free return, a process commonly known as statisaitairage [294]. Use of interaction
measurement approaches can aid in identifying statistibatrage opportunities, for example,
by estimating the coupling or causal links between the tiea-bid and ask quotes being pro-
vided by various brokers and selecting a broker which cowtiisly provides a favourable rate;
thus, information obtained using interaction measurerapptoaches can be used to predict
the availability of statistical arbitrage opportunitiegdao capture these opportunities as soon

as they arise.
4.1.1 FX market terminology

In this thesis, all currencies are referred by their stasidad international three-letter codes,
as described by the 1ISO-4217 standard. For the currencie8aned in this thesis, the three-
letter codes are: USD (U.S. dollar), EUR (Euro), JPY (Japaryen), GBP (British pound),
CHF (Swiss franc), AUD (Australian dollar), NZD (New Zeathdollar), CAD (Canadian
dollar), NOK (Norwegian krone) and SEK (Swedish krona). §ibgr, these ten currencies are
often referred to as the G10 (Group of Ten) currencies. Samamonly used terms which are

associated with FX data (and which we use in this thesis)afell@ws:

e Spot price The price which is actually quoted for a transaction to tpkee is called

the spot price or spot rate.

3A specific type of statistical arbitrage is commonly knownrangular arbitrage. Triangular arbitrage trad-
ing is a process by which profit is made by exploiting statétdifferences between exchange rates of three FX
currency pairs [8]. The currency pair used as the third, aral,fieg of a set of triangular arbitrage trades is often
referred to as the arbitrage-leg currency pair.
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e Bid price The highest price that a buyer, e.g. a market maker, isngilio pay to buy a

currency is called the bid price or buy price.

e Ask price The lowest price at which a seller, e.g. a market maker, isngito sell a
currency is called the ask price or sell (offer) price. Aslceiis almost always higher

than the bid price.

e Mid-price: Mid-price is the average of the bid price and ask price of rency pair at

any given time. It is a non-stationary process.

e Spread Spread is the difference between the ask price and bid pfiaecurrency pair
at any given time. It is generally known as the bid/ask, Wfdfamr buy/sell spread. It is

also a pseudo-measure of the liquidity of the market for amgrgcurrency pair.

e \olatility: Volatility is defined as the standard deviation of a finahtiae series. In
financial markets, volatility is often referred to as theta coefficienand is commonly
used to calculate the risk associated with the underlyisgtagn practise, volatility is
often predicted using a generalised AR conditional hekeaasticity (GARCH) model
[178].

e Liquidity: Liquidity refers to general interest in the market for buyior selling any
given currency pair. Liquidity is generally inversely pavponal to the spread of a
currency pair, i.e. more liquid currency pairs generallyehbpwer spreads (on average)

than less liquid ones.

e Pip: FX spot prices are typically quoted to the fourth decimainpoe.g. EURUSD
bid/ask rate is generally quoted as 1.3500/1.3501. A majoepion to this rule are
JPY crosses which are quoted to the second decimal point.etwrecently prices
are being quoted to the fifth decimal place for some liquidengy pairs. The smallest
price change in the exchange rate, by convention the fowtimthl place (second for
JPY crosses) for most currency pairs, is defined as a pipiretige EURUSD example
the spread is 1 pip. FX pairs are generally traded in lots ofillom. So a+1 pip move
in one lot of EURUSD will translate into a profit and loss (Prif)+100 USD.
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e Implied price Data for two “direct-leg” FX currency pairs, i.e. each aircy pair con-
tains a common currency, can be used to generate data fod @&, giving an “implied
price”. For example, if we have data for the direct EURUSD &tRCHF exchange
rates, then we can obtain implied price for USDCHF simply byding values of one

data set by the corresponding values of the other, a prooesskadriangulation, i.e.:

_ Peurcen F(t)
Peurusdt)

whereP(t) refers to the mid-price at time Similarly, if we have data for a particular

RuspchF(t) (4.1)

currency pair, e.g. USDCHF, we can obtain data for CHFUSDpkirby taking the

reciprocal of the exchange rates, i.e.:

1
Penrusolt) = Fosoerr (0

The analysis presented above can be used to obtain data foplenaombinations of

(4.2)

various currency pairs. For multiple currency pairs camtag a total ofN unique cur-

rencies, the number of possible combination% (8! —1). In the example above, there
are 3 unique currencies, EUR, USD and CHF, therefore thé totaber of possible

currency pairs which we can obtain using this data is 3. Fanfiral applications, such
as analysing financial networks, different permutationthefcurrency pairs are not im-
portant to consider, as the information coupling betweeareaey pairs is independent
of their permutations. We make use of implied FX prices in smhthe examples pre-

sented later in the thesis.
4.1.2 Properties of FX log-returns

As already stated, the price which is actually quoted for raericy transaction to take place
is called the spot price or spot rate. Return is the fractichange in the exchange rate of
a currency pair at any given time. For an exchange rat(Dfat timet, the arithmetic spot

return is given by:

(4.3)
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It is common practise to use the log of returns in most catmna. Using log-returns makes
it possible to convert exponential calculations into lineaes, thus significantly simplifying
relevant analysis. A normalised log-returns data set, withean of zero and unit variance,
can generally be regarded as a locally stationary [114, 248]locally linear [300] proces
Therefore, many signal processing techniques meant doletyationary and linear processes
can be successfully applied to the normalised log-retums series in an adaptive environ-

ment. FX spot returns in the log-returns space can be wrditen

r(t) =log [%} (4.4)

FX log-returns have many inherent properties which can leel us extract valuable infor-
mation from within FX data sets. They show time-scale behavin the log-returns space
and exhibit rapidly changing dynamics. They often have lyigbn-Gaussian distributions, as
discussed below.

Many statistical models are based on a prior assumptiontabeshape of the distribution
of the data being analysed. As an example, linear correlati@lysis assumes that the bivari-
ate time series between which correlation is being comphiée@ elliptical distributions, of
which the multivariate Gaussian is a special case [197]. liffear correlation measure will
give misleading results if the multivariate Gaussian cbaodiis not met, even if individual
distributions of the signals are Gaussian [116]. For th@pse of analysis, it is safe to assume
that a set of signals, each of which have individual non-Giamsdistributions, also have mul-
tivariate non-Gaussian (non-elliptical) distributioasd hence are not suitable to be analysed
using the linear correlation measure. Therefore, it is irtgyd to briefly look at properties
of the pdfs of FX time series. FX log-returns have unimodal-@aussian distributions with
heavy-tails and generally tend to be leptokurtic [89, 298{-returns of data belonging to
other asset classes (such as equities) also exhibit siprdgerties. The distributions tend to

be slightly skewed and become increasingly non-Gaussi#imealsequency at which the data

4Financial time series representing the mid-price of ant@ssgalue are usually non-stationary [249]. How-
ever, in the log-returns space financial time series areideres! to be locally stationary, i.e. they display quasi-
stationarity [85]. As the models presented in this thesikamsse of normalised log-returns data sets within an
adaptive environment to dynamically measure interactitesefore within each window the data can be consid-
ered to be stationary [132]. Moreover, the sliding-wind@#Alalgorithm used in our models is good at handling
non-stationary data, allowing the ICA-based informatioogling model to deal with any non-stationary dynam-
ics.
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is being analysed increases [244]. Therefore, to accyraggture information in the tails
of these non-Gaussian data sets, statistical approacipdisitty making use of higher-order
statistics (such as those proposed in this thesis) needusdie

To test the hypothesis that a set of samples from a FX logaetdata set come from a
non-Gaussian distribution (and to measure their “degréeioo-Gaussianity), we can make
use of the Jarque-Bera (JB) statistic [338]. The JB test timeskewness and kurtosis of a
data set to calculate a value for the degree of non-Gaussiasi most commonly used tests
for normality make use of a sample’s skewness and kurto8i8][2herefore the JB statistic
is a useful measure of a sample’s non-Gaussianity. The iBt&tas calculated using the

following equation:

JB= % {y2+ “(%43)1 (4.5)

whereng is the number of samples under consideratiois the skewness of the distribution
andk is its kurtosis. For normal distributions= 0 andk = 3, thereforeJB= 0. For large
data sets, the Jarque-Bera test uses the chi-squaredbwtisini to estimate a critical value
(JB) at a particular significance level. If value of tBB statistic is equal to, or greater than,
this critical value, i.eJB > JB, then the null hypothesis that the sample comes from a normal
distribution is rejected. A larger value @B implies a higher degree of non-Gaussianity. As
an example, Figure 4.1 shows log-returns and their assaocadfs for EURUSD (the most
liquid currency pair) at two different sampling frequerscieThe pdf plots clearly show the
non-Gaussian nature of the data at both sampling frequeniEge this example, we obtained
JB statistic values of.73x 10° and 206 x 10° respectively for the 0.5 second sampled and 0.5
hour sampled data sets, while the associd®&dvalues were 13.92 and 14.06 respectively (at
a significance level of 0.1%); hence, the null hypothesis©iefsamples coming from a normal
distribution is rejected in both cases. The very high vahfabe JB statistic are indicative of
the highly non-Gaussian nature of the data, and agBwalue obtained for the 0.5 second
sampled data is significantly higher than the 0.5 hour sadngéa, we can conclude that
the high-frequency sampled data is more non-Gaussianigthigeneral property of financial
returns, as we discuss in detail later). We describe statigtroperties of financial data (which

we use in this thesis) in more detail in the next section.
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Fig. 4.1: (a,b). Log-returns of EURUSD (0.5 second sampte@r a period of eight hours and its
associated pdf plot. (c,d). Log-returns of EURUSD (0.5 leampled) over a period of two years and
its associated pdf plot.

4.2 Description of data analysed

Having reviewed some basic stylised facts of financial letgins, we now proceed to provide
a detailed description of the data sets used in this thegetlier with their statistical proper-
ties. The first part of this section presents details of theninal data, while the second part
describes the synthetic data used in this thesis. In mosscag normalise the raw data before
analysis. Normalisation is achieved by converting the tiataform such that it has a mean
of zero and unit variance. This is easily achieved by renwptfire mean and dividing by the

standard deviation of the time series.
4.2.1 Financial data

To obtain the results included in this thesis, we make useveffinancial data sets. Four of
these are spot FX data sets sampled at varying frequenoiesijmeg all major (G10) currency

pairs. The fifth is a daily sampled equities data set. The gnymeason for using different
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data sets is based on the practical financial applicatianslicch these data sets are relevant,
as a single data set cannot be used to show the efficiencyigatadility and the effectiveness
of the different interaction models presented in this thedising data sampled at different
frequencies also allows us to test for robustness of theadatien models in dealing with
financial data at a range of sampling frequencies. The d#é$a tegether with their salient

features, are described in Table 4.1.

Asset Sampling Number of Length of
class period samplés dataset

FX (spot) 0.25sec 130,000 9 hobirs
FX (spot) 0.50sec 58,000 8 hours
FX (spot) 0.50 hour 25,000 2 years
FX (spot) 1 day 2,600 10 years
Equities 1 day 2,600 10 years

Table 4.1: Salient features of the data sets used to obta&irrdbults presented in this thesis.
aApproximate number of samples available; depending on pipéication, not the whole data set is
always usedPFor this data set, data for five trading sessions (over five)dayused in analysis (total

of 5x 130 000 data points).

Financial returns have non-Gaussian (fat-tailed) distitims, as is evident from the sum-
mary statistics presented in Table 4.2. The table shows#rage kurtosisk), a measure of
the tail distribution, as well as the average JB statistlaes for four major liquid currency
pairs from each of the four spot FX data sets analysed inhbis$. Also included in the table
are the 25th and 75th percentile kurtosis values as welleap-tralues associated with the JB
statistic estimation. Noting that a standard normal distion has a kurtosis of 3, it is clear
that all the kurtosis values in the table show the presentat-¢diled distributions. Likewise,
all the JB statistic values at higher frequencies point éhighly non-Gaussian nature of the
data, with non-Gaussianity generally increasing with tlegdiency at which the data is sam-
pled, a well-known stylised fact as described in [98]. Allues are obtained using averages
over 50 data point long samples, in order to reflect propedi¢he data analysed dynamically
using various interaction models later in the thesie now take a more in-depth look into the

distribution of FX data which we analyse. Figure 4.2 shovesdbmulative distribution plots

SSimilarly, for the daily sampled equities data set analyisetthis thesis, the average kurtosis for a sample
size of 50 data points is 3.72 wiltyse, — K750, range of 2.93-4.37. The average JB statistic value is 7. 2/Alje
of 0.2160) which is higher than the JB critical valudg) of 4.95 (at 5% significance level). Hence, the equities
data analysed is also non-Gaussian in nature with healedtdistributions.
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of normalised log-returns for the four FX data sets samptadiferent frequencies; for ease
of presentation, the plots only show distribution of EURU&a representative example. The
plots clearly show non-Gaussian nature of the data, edpyeatehigher frequencies. The re-
sults presented in Table 4.2 and Figure 4.2 show that these@and and 0.5 second sampled
data sets have broadly similar summary statistics and sb&©.6 hour and daily sampled
data sets. Therefore, for most of the general results preganthis thesis, we make use of the
0.5 second and 0.5 hour sampled data sets as represenkatimples of FX data sampled at
high and medium frequencies respectively; however, asqusly mentioned, when present-
ing specific financial case studies, we make use of data séth ate practically relevant for

that application domain.

K IBavg (3B = 4.95)
(K25% — K75%) (p-value)
Data EURUSD GBPUSD USDJPY EURCHF EURUSD GBPUSD USDJPY EURCHF
FX:0.25sec 13.2 10.1 14.8 13.2 338.7 155.5 459.9 363.1
(7.6-15.8) (5.3-10.8) (8.3-18.0) (6.9-14.6)  (0.0070) O(®0) (0.0073) (0.0147)
FX:0.5sec 15.3 15.6 16.1 21.0 630.0 598.6 658.3 1200.7
(6.3-21.8) (7.7-18.0) (7.1-21.8) (6.6-27.5)  (0.0086) 0QTO) (0.0054) (0.0022)
FX:0.5hour 7.3 6.3 6.7 5.6 102.4 60.3 77.8 35.7
(3.9-83) (3.9-7.1) (3.7-65) (3.6-65)  (0.1077) (0.1p560.1457) (0.1532)
FX: 1 day 3.2 3.7 4.8 4.9 2.6 2.4 46.9 32.1

(2.6-33) (2.7-3.7) (3.3-45) (2.7-5.7) (0.3386) (0.3%250.2453) (0.1877)

Table 4.2: Table showing summary statistics of the datausstd in this thesis. The average kurtosis
(k) together with its 25th K250,) and 75th K7s0,) percentile values show the fat-tailed nature of the
distributions. The average JB statistid{,g) values, which take into account the skewness and kurtosis
of the data, show the highly non-Gaussian nature of the figluency sampled data sets. The critical
values of the JB statisticlB.) are calculated at a significance level 00® (5%). The results show
average values for 50 data points long samples, in ordefleztgeneral properties of the data analysed
dynamically using various interaction models later in tinesis.

It is important to note that the degree of non-GaussianitizXfspot returns varies dy-
namically with time (i.e. the distributions are not stabtgass time), as shown by the four
representative examples presented in Figure 4.3. The ghois significant variations in the
temporal value of the JB statistic. The critical value of dBestatistic B) is 5.88 (at 5% sig-
nificance level) for the results presented, which is muctelaivan the value of the JB statistic
at all times for all four plots. These results once again sti@mnon-Gaussian, dynamically
changing, properties of FX spot returns. Similarly, in Figd.4 we show the distribution of
two higher-order moments, i.e. skewnegsand kurtosisK) for data sets sampled at three dif-

ferent frequencies. The results are obtained using a ghdindow of length 50 data points,
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Fig. 4.2: Plots showing the empirical cumulative densitydiion (cdf) of normalised log-returns for
EURUSD at different frequencies. Also included is a plotwgimg the cumulative distribution for a
Gaussian distribution. The non-Gaussian nature of the idatkearly visible, with non-Gaussianity
generally increasing with the frequency at which the datampled.

as an average of all G10 currency pairs, covering a periocho8s in the case of 0.25 second
and 0.5 second sampled data and 2 years in case of 0.5 houegatafa. Once again, the non-
Gaussian (heavy-tailed, skewed) nature of the data idghaible. Itis interesting to note that
the kurtosis value almost never goes below three for anyetitiia sets, signifying the tem-
poral persistence of non-Gaussianity for medium and higépfency sampled FX log-returns.
These results once again signify the need for developinguaimdy interaction measurement
approaches which take into account higher-order staistiche data being analysed. With
the widespread availability and use of high-frequency dadthfinancial data over the last few
years, standard second-order approaches which previmasiyrave been reasonably accurate
when used for analysing low-frequency sampled data, wik gnisleading results when used

for analysing high-frequency data (especially within aa@yic environment).
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(a). EURUSD (sampled at 0.5 seconds)

(b). GBPUSD (sampled at 0.5 seconds)
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Fig. 4.3: Snap-shots of plots representing temporal variadf the JB statistic for FX log-returns.

Plots (a) and (b) represent results obtained using 0.5 desampled EURUSD and GBPUSD data
sets respectively. Plots (c) and (d) represent resultsr@atausing 0.5 hour sampled EURUSD and
GBPUSD data sets respectively. All the plots were obtairsagua sliding-window 600 data points in

length. JB; = 5.88 (at 5% significance level) for all four plots. Note the éifint y-axes for all plots.
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Fig. 4.4: Plots showing the normalised pdfs of: (a). kugdg) and (b). skewnesg/), obtained using
a sliding-window of length 50 data points, as an averagelda0 currency pairs, covering a period
of 8 hours in case of 0.25 second and 0.5 second sampled dhfayaars in case of 0.5 hour sampled
data. The red vertical lines show values for a Gaussianlaision. The plots clearly show persistence
in non-Gaussianity (heavy-tailed) of FX log-returns athiee sampling frequencies.
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4.2.2 Synthetic data

Data generated from a Gaussian distribution can be uniglesgribed by the mean and vari-
ance of the distribution. However, for non-Gaussian dagaetitan be a range of different
distributions which approximately fit the data with variquesameters. For such data sets, the
higher-order moments also need to be taken into accountreTibea vast amount of work
which has been done with the aim of explaining the behaviddimancial returns using a
variety of parametric distributions. However, it is impeant to note that there is no global
distribution which fits all types of financial returns [27]e@erally, different asset classes and
individual instruments within each asset class exhibfiedgnt distributions. These distribu-
tions are not stable and can rapidly change with time depgnali the market conditions (as
we empirically demonstrated earlier). Moreover, theregseat deal of variation in the prop-
erties of these distributions conditioned on the frequeatayhich the data is being analysed.
From Table 4.2 and Figure 4.4, we can see that the averageslaidf FX data sampled at
higher frequencies (0.25 sec/0.5 sec/0.5 hour), which wdarsmajority of the examples pre-
sented in this thesis, is 12.1. Our analysis also showslllead\terage skewness for this data
is -0.24; the slight negative skewness of financial retuassdiso been noticed previously in
[285]. These skewness and kurtosis values give us an avéBagtatistic value of 173.0 for the
data analysed, which is much higher than the critical vaiuk b (at 5% significance level),
showing the highly non-Gaussian nature of the data (as wearsealised data, therefore the
first (mean) and second (variance) moments stay constanamadl A respectively). We use
these estimates for the higher-order moments as a guidentraje synthetic data to test our
models (as described below).

As already mentioned, there is no single distribution wiikshfinancial returns, especially
those sampled at higher frequencies which tend to be higbihy®aussian [61], although
there have been attempts to model returns using a varietgtibaditions [151]. In this thesis,
we aim to capture the heavy-tailed, skewed, properties ahtiral returns using a Pearson
type IV distribution [76, 263], which can be used to geneddéa with the desired mean,
variance, skewness and kurtosis values, and thus is usefuépresenting distributions of
financial returns [322]. The first four moments of this distition can be uniquely determined

by setting four parameters which characterise the digtabuwhich is analytically given by
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[332, 348];

v (X) = al;(rrf—)%',%) [1+ <%)2] exp l—v arctan(X;A )} (4.6)

whereA anda are thelocation(mean) andcale(variance) parameters respectivetyandv

are theshapeparameters (skewness and kurtosis), whiknd B denote the Gamma and Beta
functions respectively. Until recently, due to its mathéioe and computational complexity,
this distribution has not been widely used in financial &tere [327], although this is rapidly
changing with advances in computational power and propoisakw, improved analytical
methods and related algorithms [76, 200, 354]. Unless wikerstated, we use data sampled
from a Pearson type IV distribution (denoted jmy ), with properties described earlier in this

section, for all the synthetic data examples presentedilatae thesis.

4.3 Analysis of synthetic data

Earlier we presented a theoretical overview of some comynased approaches to symmet-
ric interaction measurement, and compared their relativamtages and limitations. We now
delve further into this topic by empirically comparing tbeespproaches with the ICA-based
information coupling measure. Unless otherwise indicatiee following notations are used
for different measures of symmetric interaction in thissisel CA-based information coupling
(n), linear correlation ), Spearman’s rank correlatiopg) and normalised mutual informa-

tion (In).
Comparative analysis

To test accuracy of the symmetric interaction models, welieegenerate correlated non-
Gaussian data with known, pre-defined, correlation vallieere is no straightforward way to
simulate correlated random variables when their jointitistion is not known [160], as is the
case with multivariate financial returns. One possible etthat can be used to induce any
desired pre-defined correlation between independent ¢ralyddistributed) variables, irre-
spective of their distributions, is commonly known as thehyConover method, as presented

in [190]. This method is based on inducing a known dependstragture in samples taken
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from the input independent marginal distributions usingrdering techniques. The multi-
variate coupled structure obtained as the output can thusde as the input data in various
interaction models to test their relative accuracies. Végtlhis Iman-Conover method to induce
varying levels of correlation between 1000 data points Isaigples taken from an indepen-
dent (randomly distributed) bivariate Pearson type IVribstion. A 1000 data points long

sample makes it easier to accurately induce pre-define@lations in the system as well as
makes it possible to generate data using a Pearson typethibdigon with relatively accurate

average kurtosis and skewness values. Figure 4.5 showesegyative scatter plots for the

coupled data for different levels of “true correlatioprg).
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Fig. 4.5: Scatter plots showing a representative sample toskest the accuracy of the different inter-
action measuregrc is the true correlation induced into the system. The undeglynarginal distribu-
tions are sampled from an independent (randomly distobytbivariate Pearson type IV distribution.

Four different approaches are now used to estimate the dé\d#pendence between the
output coupled data. The process is repeated 1000 timesdbrlevel oforc. The average
kurtosis values for the 1000 simulations of the two coupladables were 12.00 and 12.17
and mean skewness values were -0.0540 and -0.0966 whiai\clostch properties of the
financial data sets (as presented earlier). Figure 4.6 sh@trsbution of the kurtosis and

skewness of the two variables for different simulations. Wfe the similarity of these plots
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with the (average of) corresponding distributions of higbeler moments for financial data,
as presented in Figure 4.4. Once again, this shows the igéfieess of using synthetic data
sampled from a Pearson type IV distribution for capturingpler-order moments of financial
returns. Results of the comparative analysis are presentédble 4.3. The results show
accuracy of the information coupling measure when used &yse non-Gaussian data. For
this synthetic data example, on average, the informatiaploog measure was 53.7% more
accurate than the linear correlation measure and 25.6% acorgate with respect to the rank

correlation measure. The normalised mutual informati@vigied the least accurate results.
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Fig. 4.6: Normalised pdf plots showing the average kurtfs)sand skewnessyf values for the data
used to test accuracy of the dependency measures. The teziémes show values for a Gaussian
distribution. We note that the data has properties similgaverage of) the distributions of financial re-
turns sampled at higher-frequencies, as presented ind={gdr The results of the comparative analysis
are presented in Table 4.3.

We now extend this example by incorporating data dynamite Same data generation
process (as described above) is now used to construct a 32@@@oints long bivariate data
set in which the induced true correlation changes every 80@® steps, i.eprc = 0.2 when
t=1:8000, ptc = 0.4 when t=8001:16000ptc = 0.6 when t=16001:24000 andrc = 0.8
when t=24001:32000. A 1000 data points wide sliding-windewsed to dynamically mea-
sure dependencies in the data set. The resulting tempdoaiiation coupling plot, together
with the 95% confidence bounds, is presented in Figure 4.7(ag four different coupling
regions are clearly visible, together with the step chamge®upling after every 8000 time
steps; showing ability of the algorithm to detect abruptrges in coupling. The normalised

empirical probability distributions ovey for the four coupling regions are shown in Figure
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prc n p PR In lorc—n| |prc—p| [Prc—prl |Prc—IN|
0 0.0046-0.0026 0.00380.0022 0.01470.0115 0.18540.0401 0.0046 0.0038  0.0147  0.1851
0.1  0.1079:0.0073 0.09170.0058 0.09420.0184 0.168%0.0412 0.0079 0.0083  0.0058  0.0687
0.2  0.21430.0102 0.18620.0093 0.18990.0177 0.113+0.0464 0.0145 0.0138  0.0111  0.0869
0.3  0.31760.0138 0.28120.0130 0.28630.0167 0.16440.0538 0.0176 0.0188  0.0137  0.1356
04  0.4166:0.0210 0.37640.0165 0.38350.0153 0.27820.0500 0.0166 0.0236  0.0165  0.1213
0.5  0.5135:0.0196 0.472@0.0197 0.48180.0136 0.38120.0475 0.0135 0.0280 0.0182  0.1181
0.6  0.6076-0.0347 0.56880.0226 0.58150.0117 0.47880.0458 0.0070 0.0312  0.0185  0.1212
0.7  0.7013#0.0232 0.667@0.0242 0.683@0.0093 0.57280.0483 0.0011 0.0330  0.0170  0.1272
0.8  0.7936:0.0239 0.7676:0.0249 0.78640.0066 0.66520.0490 0.0064 0.0324  0.0136  0.1348
0.9  0.88640.0252 0.87130.0249 0.89190.0034 0.75950.0501 0.0136 0.0287  0.0081  0.1405
1.0  1.0006-0.0000 1.00080.0000 1.00080.0000 0.960+0.0185 0.0000 0.0000  0.0000  0.0399
MAE 0.0093 00201 00125 0.1163

Table 4.3: Table showing accuracy of four measures of depe] i.e. information couplingj,
linear correlation @), rank correlation §r) and normalised mutual informatiory(, when used to
estimate the level of dependence in a coupled system wittingalevels of true correlationofc). prc

is induced in an independent (randomly distributed) batarsystem using the Iman-Conover method
as described in the text. The dependence estimates, togéthetheir standard deviation confidence
intervals, shown in the table are obtained using 1000 inugr@ simulations using 1000 data points
long data sets for each simulation. The last row of the tablesgvalues for the mean absolute error
(MAE).

4.7(b). Also plotted in the same figure are the normalisedigcappdfs for linear correlation
(p) and rank correlationgr); the mutual information pdf is omitted for clarity as it giwrel-
atively less accurate results (as presented in Table 4.8 .irteresting to see how the peaks
of the n distribution correspond very closely g ¢ values, showing ability of the information
coupling model to accurately capture statistical depeciésrin a dynamic environment. The
least accurate measure in this example is the linear coaela

Let us now consider another comparative empirical examyle.know that the ranking
order of a variable under a monotonic transformation isgrexd [156], implying that the rank
correlation of two variables, which are both transformehgishe same monotonic transfor-
mation, will be the same as the rank correlation of the oabwariables. This example makes
use of this property of rank correlations to compare theixeaccuracy of different measures
of symmetric interaction. Consider a normally distributaddom variablex; (t) ~ A(0,1),

which is linked to another variablg;(t), as follows:
Xo(t) = axq(t) + (1—oa)n(t) (4.7)

wheren(t) is white noise. For the analysis which follows, we use 100 gints long

samples of the two variables for each simulation, denoted; andx, respectively. For each
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Fig. 4.7: (a). Temporal variation of information coupling(t), plotted as a function of time. Step
changes in coupling are visible after every 8000 time stepsprc = 0.2 when t=1:8000p7¢c = 0.4
when t=8001:16000pt¢c = 0.6 when t=16001:24000 angc = 0.8 when t=24001:32000. Also plot-
ted are the mediafi) ()] hedian @nd the 95% confidence interval contourst)]25,%. (b). Normalised
empirical pdf plots for information couplingj{, linear correlation ), and rank correlationog). The
vertical lines represent the true correlatign €) values. The relative accuracy of the information cou-
pling measure is evident from these results.

value ofa from 0O to 1, in steps of 0.001, we calculate the rank cormetafpr) between
normalised values of two different transformations of theables, i.e. between efp ) and
exp(xz), and betweens andx3; we repeat this process 100 times for each value.ofAs
these are monotonic transformations, therefore, for eatirevofa, rank correlation will be
the same for all three set of variables, pR(x1,2) = pr(exp(X12)) = pR(xiz). Figures 4.8(a)
and 4.8(c) present a representative examplex(at 0.5) of the pdf plots for the variables
after the transformations, which clearly show the non-Gmumsnature of the data. We also
estimate the information coupling, linear correlation amgtual information at each value of
a, and calculate the absolute error (AE) between the resbtamed and the corresponding
rank correlation value. Figures 4.8(b) and 4.8(d) show threnalised pdf plots for the AEs
obtained, while Table 4.4 gives values for the mean abs@ut® (MAE) obtained using
different measures of interaction. Once again, we noteracgwof the information coupling
measure compared to standard dependency measures.

It is clear from our discussion so far that any practical measf interaction for analysing

financial data needs to be able to handle non-Gaussian dataamputationally efficient



4.3. Analysis of synthetic data 83

() (b)
20
X 7["
1.2 1 -
X, P
~ 1 15 7IN
N
i —
% 0.8 %J/lo
x Pt
2 06 =
E
0.4 5t
0.2
0] ; 0 h -
-2 -1 0 1 2 3 4 5 0 0.1 0.2 0.3 0.4 0.5
exp(x, ,) absolute error (AE): exp(x, ,)
(c) (d)
8 ; ; ; : 12 T T
—X —n
10 —ph
X P
6 2 oy
8, il
N my
L S
g g
4+
2
2,
0 ‘ : : 0 : :
-2 -15 -1 -05 0 05 1 15 2 0 0.1 0.2 0.3 0.4 0.5

X absolute error (AE): xi )

Fig. 4.8: (a,c): Normalised pdf plots showing distribugoof a representative sample (obtained for
a = 0.5) of the data analysed in this example. Notice the non-Gaussature of all distributions.
(b,d): Normalised distribution of absolute errors (AE)aibed using different measures of interaction.
The accuracy of the information coupling)(measure is evident, as it gives the lowest average AE
values as compared to linear correlatigr) &nd normalised mutual informatiohyg.

MAE n P IN
exp(xy2) 0.0335 0.0522 0.1998
x?z 0.0454 0.0667 0.1985

Table 4.4: Table showing accuracy of three measures of depen, i.e. information coupling){,
linear correlation ) and normalised mutual informatiomy(, when used to estimate the level of de-
pendence in a correlated system (as given by (4.7)) withinguyalues ofa. The results show the
mean absolute errors (MAE) obtained over 1000 differenteslofa ranging from O to 1, using 100
independent simulations at each valuexof

framework. The comparative study presented in this sectmws that of the four measures
of symmetric interaction considered, the only one whicliiltithese requirements is infor-
mation coupling. Other measures have certain limitati@ssgreviously discussed) which
make them less suitable for analysing financial data. Ligearelation, although computa-
tionally efficient, is not suitable for analysing non-Gaassdata, while both rank correlation

and mutual information can be computationally complex aqukasive to compute accurately.
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Mutual information also requires large data sets for adeueatimation, which are often not

available in practise.
Non-square source mixing

The synthetic data examples presented so far make use oflbévdata. However, the infor-
mation coupling measure is also well-suited for measumtgractions in higher-dimensional
spaces. When analysing data in high-dimensions, we neatihoage the optimum number of
latent sourcegyl, given a set oN observed signals. Therefore, we now empirically demon-
strate accuracy of the ICA model order estimation algoridomd the effect of non-square
mixing (M # N) of ICA source signals on the information coupling metrics &n example,
consider a synthetic non-Gaussian data set sampled froraradPetype 1V distribution with
the same properties as those described in the previousseEight of these independent 1000
data points long data sets are used to mimic a set of sounsalsjgiving usS (a 8 x 1000
dimensional matrix). We now generate a:28 dimensional normally distributed random
mixing matrixA. The 20x 1000 dimensional set of observed signals can then be coohpute
asX = AS. Non-Gaussian noise (at 10% amplitude), sampled from aratpedependent
Pearson type IV distribution, is also added to the obserigrthts. The log-likelihood of the
observed data is calculated for different number of souigeass, i.e. forM = {2 : 20}, and
the average results over 100 independent simulationseplatt Figure 4.9(a) together with
the standard deviation contours. As expected, the lodjtiked (on average) is maximum for
M = 8, the number of predefined source signals. We repeat thigsaasing 12 sources and
present the results in Figure 4.9(d), once again showingracg of the model order estimation
algorithm for estimating the correct number of ICA sourgmnsis.

We now extend this example to show the need for accurate a&stimof the number of
sources. Figures 4.9(b) and 4.9(e) show the variation @frimétion coupling for different
number of source signals for the same data sets which wedetasdbtain the log-likelihood
plots in Figures 4.9(a) and 4.9(d) respectively. Averagalts for 100 independent simulations
are plotted together with the standard deviation contouesieh value oM. It is evident that
information coupling varies significantly for differentmier of sources. Therefore, using the
correct number of source signals for computing informatonpling in higher-dimensional

systems is very important. We also note that coupling iregsaradually abl approaches
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the correct number of sources, i.e. eight for Figure 4.9() wvelve for Figure 4.9(e), be-
fore experiencing a sudden jump in magnitude. Figures %&(d 4.9(f) show the difference
in information coupling fny) for serially increasing values of the number of source aligin
(M). Anwm clearly peaks at the correct model order in both cases; we dlaserved this gen-
eral property of the metric for different number of actualis® signals and it can potentially
be used in itself for model order estimation purposesiiag may have a clear peak even
when the log-likelihood plot does not. These results ingichat when the estimated number
of source signals is less than (or equal to) the optimum nunifermation coupling gradu-
ally increases as information contained in more sourcascisided in the analysis; however,
as soon as the estimated number of sources becomes greateh¢éhoptimum number, in-
formation coupling experiences a sudden jump in magnitusetd inclusion of information

contained in “redundant sources”.
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Fig. 4.9: (a,d): ICA log-likelihood 4) plotted as a function of the number of source sign&$ for
the purpose of model order estimation. The true number afcsosignals for the two data sets are 8
and 12 respectively. As expected, the log-likelihood is imaxn atM = 8 andM = 12 respectively for
the two examples. The standard deviation contours for 188pendent simulations are also plotted.
(b,e): Effect of number of ICA sources on information conpliiny). The large variation ofjy with

M shows the need for accurate model order estimation. Onde,aba contours reflect the standard
deviation ofny for 100 independent simulations. (c,f): Difference in imf@tion coupling £ny) for
serially increasing values of the number of source sigidls €.9.Any atM = 8 implies the difference
in N asM goes from 8t0 9, i.eAng = ng — Ng.



4.3. Analysis of synthetic data 86

Scale-dependent information coupling

So far we have considered cases of scale-independenteasialf information coupling. We
now proceed to extend our analysis to the scale-dependsatlyapresenting some time-
scale analysis results obtained using synthetic data. Bfepfiesent a simple example of the
continuous wavelet transform (CWT), which exhibits itslig§pito analyse data at different
frequencies. The example presented in Figure 4.10 showsfuse CWT, with a Morlet
basis function, for the time-scale analysis of two combiegdisoidal signals. The two si-
nusoidal signalsx(t) = cogt) andx,(t) = cos(%), are mixed together and analysed using
the CWT at scales af = 1 to u = 400. The data is sampled at 10 samples per second, i.e.
A = 5. The pseudo-frequencies, in Hz, for the two mixed signasfar= - and fy, = 13-
respectively, with a centre frequency &f = 0.8125 Hz. As given by (3.56), we may write
the scale asl = fZ_OA' Therefore, for the two mixed signals, the scales shouldype- 51.05
anduy, = 25525 respectively. The scalogram in Figure 4.10 and t