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Abstract

Spatial Analysis of Exposure Coefficients with

Applications to Stomach Cancer

Maria Martinho D.Phil. Thesis

St Hugh’s College, Oxford Hilary Term, 2007

Earlier ecological studies on the relation between H. pylori infection and stomach

cancer have considered that the relation between these two variables, as esti-

mated by the exposure coefficient, is constant. However, there is evidence to

suggest that this relation changes geographically due to differences in strains of

H. pylori. Since the prevalence of H. pylori varies with socio-economic status,

the association between the latter and stomach cancer mortality may also vary

geographically. This thesis studies stomach cancer by taking into account the

geographical variability of the exposure coefficients.

The study proposes the use of regression mixtures, clustering models and

spatially varying regressions for the study of varying exposure coefficients. The

effect of transformations of variables in these models appears to have been little

considered. We provide new necessary conditions for invariance under transfor-

mations of variables for mixed effect models in general, and for the proposed

models in particular. In addition, we show that varying exposure coefficients may

induce a varying baseline risk.

The regression mixtures and the clustering model are applied to a data set

on stomach cancer incidence and H. pylori prevalence in 57 countries worldwide.

We extend the clustering model to reflect any distance measure between the



geographical units, including the Euclidean distance, in the formation of clusters.

We also show that the clustering model performs better than the regression

mixture model when the aim is to identify connected clusters and the observations

present large variance. The results obtained with the clustering model supported

the existence of three clusters where the interaction between the human and H.

pylori populations have similar characteristics.

Spatially varying regressions are applied to a data set of areal death counts

of stomach cancer and spending power in 275 counties in continental Portu-

gal. We provide an original strategy for implementing multivectorial intrinsic

autoregressions as the distribution for the random effects. The results obtained

with the application of this methodology were consistent with a varying exposure

coefficient of spending power.
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Chapter 1

Introduction

The topic treated in this thesis was inspired by the study of two data sets on

stomach cancer. The first data set consists of stomach cancer incidence rates and

prevalence rates of the H. pylori infection in 57 countries worldwide. The second

data set comprises death counts attributed to stomach cancer and spending

power indexes for 275 counties in continental Portugal.

The methodology developed is meant to respond to the questions raised from

the data analysis. In particular, we aimed at investigating the association between

stomach cancer and the H. pylori infection. If the characteristics of the infectious

agent and the susceptibility of the sub-population are unknown but believed to

vary spatially, the relation between the exposure (as estimated by the prevalence

of infection in the population) and the disease outcome will also vary spatially. In

addition, exposure coefficients of variables associated with the prevalence of the

H. pylori infection, like socio-economic status, may also display spatial variation.

Therefore, the emphasis of this thesis is on (spatially) varying coefficient models,

and their application to the analysis of varying exposure coefficients.

Since the H. pylori bacteria spread at a slow pace, the geographical distribu-
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tion of the exposure can be assumed constant for the periods of time covered in

the two data sets. Thus, we do not consider methods modelling the spread of

the infection.

We propose to use techniques such as mixture regressions, clustering models

and spatially varying regressions for investigating geographical variations in ex-

posure coefficients. In such a way we are able to assess the importance of the

exposure in explaining the disease, while accounting for spatial variations of the

exposure-disease relation. It is hoped that the models produced from the two

data sets studied in this thesis will be relevant to other areal health data.

This chapter introduces some key concepts in geographical epidemiology and

provides an overview of the material included in this thesis.

1.1 Definitions

1.1.1 Epidemiology

Epidemiology can be defined as the study of the mortality, prevalence and in-

cidence of disease and related factors to provide clues about the aetiology of

disease. Since, for fatal diseases, routine mortality data are usually the only

source of data, epidemiological studies are often based on the study of mortal-

ity. Alderson (1976) pointed out three main aims of epidemiological studies: to

describe the distribution of disease incidence; to identify aetiological factors; to

provide data to help in prevention, control and treatment of disease.

There are two distinct types of epidemiological studies: observational studies

and intervention studies. The distinction relies on whether the factors involved

are being controlled (intervention studies) or not (observational studies). Only
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observational studies on disease are considered here with the aim of describing the

distribution of disease and investigating hypotheses concerning disease aetiology.

1.1.2 Contagious and non-contagious diseases

The distinction between contagious and non-contagious diseases is an important

one in a probabilistic sense. In non-contagious diseases, cases are generally

considered to be independent, in other words, the occurrence of the disease in

one individual does not cause the disease in another. In contagious diseases, this

independence assumption does not hold.

Recently, however, the distinction between contagious and non-contagious

diseases became blurred as viral and bacterial infections have been linked to some

forms of cancer (Mueller, 1995; Parsonnet, 1995; Correa, 2003). Some infections

spread very fast, causing continuous changes in the proportion and geographical

distribution of the infected population. Others spread so slowly that the infected

population can be assumed constant for certain periods of time.

This thesis will consider non-infectious disease, in its traditional sense, but

considering the influence of infectious agents. From the point of view of the risk

in a given period, most non-infectious diseases are rare.

1.1.3 Geographical epidemiological studies

Geographical epidemiology is the term generally used to define studies of the

distribution of disease in geographical space.

The distribution of a disease typically varies geographically. Since, for a

purely non-contagious disease, the cases are independent this must be a conse-

quence of heterogeneity of environmental, ecological and genetically determined
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risk factors among individuals. Disease risk is, in general, age and sex depen-

dent. All epidemiological studies involve some kind of standardization to take

this into account. However, the disease risk can still show some variation after

this standardization. If this variability can not be explained by chance alone,

then it must be the consequence of different exposures to risk and/or protective

effects and/or genetic differences between the exposed sub-populations (risk vari-

ation). This is a completely different mechanism from the clustering observed in

infectious diseases (genuine clustering), which is caused by contagion. In non-

contagious diseases, any observed clustering can theoretically be “removed”, if all

genetic, ecological and environmental risk and protective factors are used to ex-

plain disease variability. In practice, the complexity of the biological mechanisms

of chronic diseases makes the full knowledge of all relevant factors impossible.

Consequently, there usually exists some unexplained variability.

In diseases whose aetiology involves infectious and non-infectious factors,

clustering may arise in both ways: genuine clustering and risk variation.

1.1.4 Environmental, ecological and infectious factors

One advantage of geographical studies is that the geographic information can

be useful to explain risk variability. In non-infectious diseases, the explanatory

potential of geographic information can come from two distinct types of risk

factors: environmental and ecological factors. Environmental factors are in-

trinsically geographical attributes (e.g. pollution source, radiation source) while

ecological factors are surrogates for individual attributes (e.g. socio-economic

levels and broadly based health indicators). For the latter case, the geography

can be used to provide a surrogate when the individual attributes show a spatial
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pattern. When infectious agents are considered, geographic information can be

used for investigating the pattern of infection.

1.1.5 Areal and point data

Turning now to the data used in geographical epidemiology, it is important to

distinguish between point and areal data. In point data, the precise location of

each individual case is available. In areal data, the cases have been aggregated

into areas, e.g. administrative regions, so that only the areal counts of disease

cases are available. On one hand, areal data are easier to obtain owing to

confidentiality issues. On the other hand, areal data pose statistical challenges

of their own because a part of the geographical information is lost. Since areal

studies implicitly assume that the disease risk is homogeneous within areas, low

or high spatial concentration of cases within an area can be missed. The analysis

of areal data depends on the areal partition chosen. Different areal partitions

may result in different patterns emerging.

This thesis will only treat the analysis of areal data.

1.1.6 Cancer statistics

Age specific death rates, age standardized rates and standard mortality ratios are

widely used to report cancer mortality rates.

The age specific death rate (AR) is calculated simply by dividing the num-

ber of cancer deaths observed during a given time period by the correspond-

ing number of persons in the respective age-group at risk. The result is

usually expressed as an annual rate per 100000 persons at risk. The age

groups tend to be in five or ten year ranges, except for very young or old
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groups where bigger ranges are used because of the small number of cases

or small populations sizes.

The age standardized rate (ASR) is a weighted average of age-specific death

rates of the population of study. The weight for each age category is

the proportion of people in the age category in a standard population.

The standard population is often chosen to be the world population. The

weights are used to adjust for the difference in age distribution in compar-

ing the death rates of two or more populations. The ASR is also expressed

per 100000 persons per year. The distribution of the world population is

given in Prokhorkas (1998) and it is reproduced in appendix B.

The standardized mortality ratio (SMR) is the ratio of the observed num-

ber of cases to the expected number of cases. The expected number of

cases is the number of cases that would be expected if age and sex specific

rates from a standard population were applied to the population of study.

The definitions above can also be used for reporting cancer incidence.

The ASRs and the SMRs are subject to random variability because their

calculation relies on the observed number of cases, which is a random variable.

Therefore, differences of these standardized measures can be observed among

different geographical areas as a result of random variation.

1.2 Outline of the thesis

Chapter 2 introduces basic modelling of areal counts and studies the effect of

within area variability of the risk of disease on the variance:mean ratio of the
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areal counts. It also describes some aspects related to the study of exposure

coefficients.

Chapter 3 reviews the current knowledge of stomach cancer aetiology, es-

pecially regarding the influence of the H. pylori infection on stomach cancer.

The chapter discusses the impact of the virulence of the H. pylori infection on

geographical studies of stomach cancer.

Chapter 4 proposes the use of varying coefficient models to account for the

virulence of infectious risk factors. These models are a special case of mixed

effect models. Some aspects of the modelling are discussed. In particular, the

chapter shows that varying exposure coefficients may induce varying baseline

risks. The chapter presents specific models, which will be discussed in detail in

chapters 6, 7 and 8, and justifies the choice of a Bayesian framework.

Chapter 5 attempts to explain why the results obtained with certain mixed

effect models change with the scale and origin of the covariates. This has been

named in the literature as coding variance. The chapter reviews a known neces-

sary condition to avoid coding variance and advances additional necessary con-

ditions.

Aiming at the study presented in chapter 9, chapters 6 and 7 present two

alternative models for identifying groups of areas with similar exposure coeffi-

cients. Chapter 6 proposes the use of regression mixture models for the study of

varying exposure coefficients, and discusses some aspects of the implementation

of these models. In particular, it provides an explanation for the trapping states

found in the Markov chain Monte Carlo (MCMC) simulation. Chapter 7 adapts

the model developed in Knorr-Held and Rasser (2000) for identifying clusters of

similar exposure coefficient while taking into account the spatial structure of the
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areas. The resulting model is a special case of regression mixtures but includes

information on the adjacency and geographical distance between the areas of the

study. The performance of this model vis-à-vis the regression mixtures is also

evaluated.

Chapter 8 reviews the use of spatial intrinsic autoregressions in varying co-

efficient models. In order to account for the dependence between the intercept

term and the regression slopes, the chapter proposes the use of the multivecto-

rial intrinsic autoregressions which were presented in Gamerman et al. (2003).

We show that these multivectorial intrinsic autoregressions can be obtained as

linear combinations of the usual intrinsic autoregressions. This finding allows us

to develop an original strategy to facilitate the MCMC implementation of these

models. The chapter also assesses the performance of this model within the

context of the application of chapter 10.

Chapter 9 contains an analysis of a world data set on stomach cancer inci-

dence and prevalence of the H. pylori infection. It uses the regression mixtures

and the clustering model, presented respectively in chapters 6 and 7, for assess-

ing the relation between the two variables. The clustering model is applied to

the data for estimating the H. pylori virulence in different countries as well as

for calculating worldwide attributable risks of the H. pylori infection on stomach

cancer.

Chapter 10 consists of an analysis of data on stomach cancer mortality in Por-

tugal in 1985-1998. The chapter studies the association between stomach cancer

mortality and spending power, used here as a surrogate for H. pylori prevalence.

The model discussed in chapter 8 is used for investigating the geographical vari-

ability of that association. The results are compared with those obtained with
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alternative models. We attempt to estimate the number of cases attributable to

lower socio-economic status, on the basis of the selected model.

The thesis finishes with a general conclusion discussing some methodological

aspects and the epidemiological findings of the two studies.
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Chapter 2

Modeling areal counts

The first attempts to analyse areal heath data used transformations of standard-

ized mortality ratios to approximate normality (Cressie, 1993). This approach,

developed primarily for geostatistical data, failed to account for the intrinsic re-

lation between the mean and variance of the Poisson variables (i.e. the counts).

For this reason, current literature models the counts directly. Strictly speak-

ing, the counts are sums of Bernoulli random variables, corresponding to the

individual outcomes. The individual probabilities associated with these variables

are not necessarily identical because the disease risk may not be the same for

all individuals. Thus, conditional on the individual probabilities, the counts are

usually not binomially distributed, and, theoretically, are less dispersed than the

binomial distribution. This chapter explains why areal counts can nevertheless

be approximated by a Poisson distribution, an approximation which is convenient

because the Poisson distribution is easier to handle.

The chapter also studies the consequences of within area variability in the

distribution of the areal counts. In particular, it shows that large within area

variability may compromise the approximation to the Poisson distribution, but it
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concludes that this does not happen in studies where the probabilities of disease

are very small. The chapter further introduces the basic modelling for disease

areal counts, and discusses several aspects related to the study of areal exposure

coefficients.

2.1 The Poisson model

When, independently, all the individuals in an area have the same probability, p,

of disease, then the areal counts of disease events are binomially distributed:

Y ∼ Binomial(n, p),

where n is the number of individuals in the area.

It is well known that when n→ ∞ and p→ 0 so that np remains constant,

the distribution of Y converges to a Poisson(np). Because of this, when n is

large and p is small, the binomial distribution is approximately the same as the

Poisson distribution. For rare diseases, the value of p is small, justifying the use

of the Poisson distribution:

Y ∼ Poisson(np) .

In particular, the variance:mean ratio ψ of the areal counts is approximately

one.

When the disease risk is not equal for all individuals, the areal count is a sum

of n independent Bernoulli variables:

Y =
n∑
k=1

Yk,

Yk|pk ∼ Bernoulli(pk),
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where pk is the probability of disease for the individual k.

It follows that, conditional on the vector of probabilities p• = (p1, . . . , pn),

the areal count satisfies:

E[Y |p•] =
n∑
k=1

pk = np̄,

Var[Y |p•] =
n∑
k=1

pk(1 − pk),

= np̄(1 − p̄) −
n∑
k=1

(pk − p̄)2, (2.1)

i.e. the variance is smaller than what would be expected from a binomial distri-

bution. The variance:mean ratio ψ of the areal counts is then

ψ =
Var[Y |p•]
E[Y |p•]

= (1 − p̄) − s2

p̄
, (2.2)

where

s2 =

∑n
k=1(pk − p̄)2

n
.

The expression 2.2 above implies that the larger the quantity s2

p̄
the smaller

the value of the variance:mean ratio ψ. Hence, it is natural to ask whether

the Poisson approximation is adequate when considerable within area variability,

leading to a large value of s2

p̄
, is present. We will study this issue in the next

section.

2.2 Study of underdispersion

Since the pk are probabilities, they take values on the interval [0, 1] and therefore

s2 must have a (finite) supremum for a given value of p̄. We now investigate

the supremum (i.e. the least upper bound) of the quantity s∗ = s2/p̄ (with
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p̄ �= 0). This establishes how small the ratio ψ can be (see equation 2.2), and

thus how underdispersed the model can be relative to the Poisson distribution.

We consider for this analysis the supremum of s∗ in the finite population case.

2.2.1 Supremum of s∗ in the finite population case

In a population of n individuals, in which individual k has a probability pk of being

a case, what is the supremum of the population variance of these probabilities,

s2 =
1

n

n∑
k=1

(pk − p̄)2, (2.3)

for a fixed value of the areal mean p̄ = 1
n

∑n
k=1 pk?

Formally, this problem consists in finding the supremum of the n-dimensional

function

s2(p1, . . . , pn) =
1

n

n∑
k=1

(pk − p̄)2, (2.4)

subject to the constraint:

p̄ =
1

n

n∑
k=1

pk, (2.5)

where p̄ is fixed and

pk ∈ [0, 1] , for all k = 1, . . . , n. (2.6)

Theorem 2.2.1 If p̄ ∈ [m
n
, m+1

n
), withm ∈ {0, . . . , n−1}, the point (p1, . . . , pn)

defined by:

• p1 = np̄−m,

• pk = 1, k = 2, . . . , m+ 1,
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• pk = 0, k = m+ 2, . . . , n,

maximizes s2 under the constraints (2.5) and (2.6). The order of the pk is

obviously irrelevant. Therefore any permutation of the pk above will maximize

s2 under the same constraints. At the maximum, the expression for s2 is

s2 =
(np̄−m)2 − np̄2 +m

n
. (2.7)

The theorem can be restated in terms of a simple quadratic programmme.

There is a substantial literature on quadratic programming: see for example,

Barankin and Dorfman (1958). A self-contained proof of the theorem is given in

appendix A.

Since

m/n ≤ p̄ < (m+ 1)/n⇒ np̄− 1 < m ≤ np̄ ,

the parameter m in (2.7) can be replaced by np̄− θ, with θ ∈ [0, 1), leading to

s2 =
θ(θ − 1)

n
+ p̄(1 − p̄).

Using this quantity in expressions 2.1 and 2.2, we obtain, respectively,

Var(Y |p•) = θ(1 − θ)

and

ψ =
θ(1 − θ)

np̄
.

Consequently, as θ varies from zero to one, the value of the maximum variance

varies from 0 to 1/4, and the variance:mean ratio ψ varies from zero to 1/(4np̄).

2.2.2 Consequences for areal studies of disease

Equation 2.2 appears to show that when there is strong within area variability,

ψ may not be close to one. By way of illustration, table 2.1 shows the values
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ψ
p̄ s2 = 0 s2 = 0.1p̄ s2 = 0.25p̄ s2 = 0.5p̄ s2 = 0.75p̄

0.5 0.5 0.4 0.25 0 -
0.1 0.9 0.8 0.65 0.4 0.15
0.01 0.99 0.89 0.74 0.49 0.24
0.001 0.999 0.899 0.749 0.499 0.249
0.0001 0.9999 0.8999 0.7499 0.4999 0.2499
0.00001 0.99999 0.89999 0.74999 0.49999 0.24999

Table 2.1: Variance:mean ψ ratio for different values of p̄ and s2.

of the variance:mean ratio ψ of the areal counts for possible values of p̄ and

s∗. These values were calculated from equation 2.2. One entry of the table is

empty because s∗ is always smaller than 1− p̄. This table shows that, when the

ratio s2/p̄ is small, the variance:mean ratio is practically equal to one. As the

ratio s2/p̄ gets larger, the value of ψ decreases substantially. For instance, if

s2 = 0.1p̄, ψ will at most be 0.9. If s2 = 0.75p̄, ψ will at most be 0.25.

However, this simple conditional analysis is misleading. Under-dispersion rel-

ative to the Binomial distribution is only seen when the probabilities for every

individual are fixed and given. In practice, such probabilities are unknown, al-

though in some circumstances we might suppose that they are sampled from a

known population with a known population mean, p̃. In this case, it is easy to

show that the resulting marginal count distribution is Binomial(n, p̃), regardless

of the shape of the population that is being sampled.

Furthermore, in epidemiological applications, the size of the population at risk

is rarely known precisely. Suppose, for example, that demographic information

suggests that there are 10,000 individuals at risk. Can we feel confident that this

figure is accurate? Probably not. More realistically, we might suppose that the

figure is an estimate accurate to within a hundred or so. In other words, we have

an estimated population size with error comparable to that of a Poisson variable.

Taking this uncertainty into account, and assuming a Poisson distribution, we
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see that the count Y has marginal distribution given by

P (Y = k) =
∞∑
n=k

e−λλn

n!

(
n

k

)
p̃k(1 − p̃)n−k =

e−λp̃(λp̃)k

k!
,

where λ is the true population size. In other words, Y ∼ Poisson(λp̃). For these

reasons, under-dispersion of count data is, in practice, almost never observed.

2.3 Generalized linear models

Generalized linear models (GLM) are comprehensively discussed in McCullagh

and Nelder (1989) and have been extensively used in geographical epidemiology

(e.g. Breslow and Clayton (1993)).

In the GLM, the response variable Y = (Y1, . . . , Yn) has a distribution in the

exponential family:

f(y|η) =
∏
i

exp
[(yiηi − g(ηi))

ϕ
+ c(yi, ϕ)

]
, (2.8)

where y = (y1, . . . , yn) are the values of the observed Y . The distribution is

parameterized with respect to the canonical parameters ηi and the dispersion

parameter ϕ. Conditional on parameters ηi the observations Yi are assumed

independent.

The GLM permits the inclusion of covariates through a link function h(.):

h(µ) = Xβ , (2.9)

where µ = E[Y ]. The function h(.) is called the canonical link function when

h(.) is such that h(µ) = η.

We assume throughout this thesis that the Poisson approximation holds for

the distribution of the counts, Y , of rare diseases (sections 2.1 and 2.2). The

16



values of the areal probabilities, p̄, of disease are typically unknown. Assuming

the areal counts are conditionally independent, they can be analysed in a GLM

framework.

2.4 Multiplicative versus additive models

The choice between multiplicative and additive models is part of the more general

topic of model uncertainty. It must be noted that we do not assume that there

is a true model. We can only attempt to find a model that best explains the

variability observed in the data.

In epidemiological models, the covariates are usually assumed to be multi-

plicative (Breslow and Day, 1987, p. 125). In addition, the multiplicative model

is more consistent in the sense that additive models may generate negative rates.

The choice of a multiplicative model corresponds to using a logarithmic link func-

tion in the Poisson GLM, this being the canonical link for this model (McCullagh

and Nelder, 1989). Formally, the risk-exposure multiplicative model is given by:

Yis ∼ Poisson(nispis),

log(pis) = βtxi,

where xi = (1, xi1, . . . , xis,p−1)
t is a vector of covariates, βt = (β0, β1, . . . , βp−1)

is a vector of parameters, Yis, nis and pis are respectively the number of cases,

the number of individuals and the probability of disease in area i and in group s.

There is empirical evidence in a considerable number of epidemiological stud-

ies that age-sex effects are multiplicative (Breslow and Day, 1987, p. 125). Since

estimates for age-sex specific rates are usually available, it is common practice to

introduce them in the modelling of the pis. Under the assumption of multiplica-

17



tive age-sex effects, the pis can be factorized into two terms pis = θips, which

leads to the model:

Yi ∼ Poisson(Eiθi), (2.10)

log(θi) = βtxi,

where the Ei are the areal expected numbers of cases. The parameter θi is

usually named the areal relative risk.

2.5 Individual versus aggregated effects

When exposures of interest are included in the model, the aim is to know what

is the effect of the exposures on the probability of an individual developing a

disease. For areal health data, the exposures of interest are usually not available

for each individual but rather as averages over the areas. If the exposures for

all individuals in the same area are the same, there is no loss of information

in considering areal averages rather than individual exposures. However, the

geographical areas are typically not chosen to correspond to constant exposures,

but are chosen for administrative reasons. When the multiplicative model is valid

and the within area variabilities of the exposures of interest are not negligible,

inference on the effects of the exposures may be biased. To ignore this bias in the

interpretation of the statistical results leads to what is known in the literature as

the ecological fallacy (Robinson, 1950). Wakefield and Salway (2001) discussed

the use of complementary within-area information on exposures for improving

analysis and interpretation of areal data.

Despite the danger of the ecological fallacy, areal studies may be useful for

suggesting hypotheses for further individual studies. Areal studies can be prefer-
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able to individual studies when the factors involved are difficult to measure in-

dividually but are more reliable as averages over groups (Plummer and Clayton,

1996).

2.6 Over-dispersion and spatial correlation

As discussed in section 1.1.3, after the inclusion of relevant covariates in the

model, there might still exist unexplained variability. This unexplained variabil-

ity is usually named overdispersion or extra-Poisson variation (Var[Y ] > E[Y ])

and might be, in some cases, a consequence of spatial correlation between the

areal counts. Extra-Poisson variation should be accounted for to avoid incorrect

inferences about the significance of the effects of the covariates (Cliff and Ord,

1981). In addition, the knowledge of the spatial correlation structure of the data

can be of interest because the structure of this unexplained risk may suggest

possible aetiological factors.

Generalized linear models can easily be extended to capture the spatial struc-

ture and the extra-Poisson variation of the data. A common strategy has been

to introduce random intercepts to account for the extra variation and spatial

pattern of the areal counts.

2.7 Constant versus varying exposure coefficient

Exposure coefficient refers to the effect of an exposure on the risk of disease. The

exposure coefficient is measured by the regression coefficient β in modelling the

effect of an exposure x on the disease outcome, as exemplified in the model 2.10

above.
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In ecological studies, the exposure coefficient is usually assumed to be con-

stant across the region of study. However, this assumption is not always appro-

priate because the exposure coefficient may be modified by other factors, such

as diet, cultural habits or poor living conditions. When bacterial infections play a

role in the aetiology of the disease, the exposure coefficient may change accord-

ing to the virulence of the bacterial agent (chapter 4). If the bacterial infection

is contagious, strains of similar virulence are more likely to be found in points

close in space and the exposure coefficient variation may be suitable for spatial

modelling. In this thesis, we focus on the variation of exposure coefficients that

might result from varying virulence of bacterial infections.
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Chapter 3

Stomach cancer

Clear declines in mortality due to stomach cancer have been observed throughout

the industrialized world over the last few decades. Despite this improvement,

stomach cancer still ranked among the ten top cancer sites for both incidence and

mortality in the 1990s. The great majority of stomach cancers are still detected

at a late stage (Everett and Axon, 1998; Hohenberger and Gretschel, 2003), and

five-year relative survival rates are low (González et al., 2002). In Europe, the

average survival rates are about 24% for females and 21% for males (Berrino

et al., 1999). For this reason, there is great interest in improving prevention and,

particularly, in identifying the aetiology of the disease.

Multiple factors have been linked to the risk of stomach cancer. The He-

licobacter pylori infection is considered a risk factor, established as a result of

consistent positive associations found in several epidemiological studies world-

wide (IARC Working Group, 1994; Correa, 2003). The decrease in stomach

cancer mortality over the last decades suggests that life-style factors might play

a major aetiological role, but the influence of genetic factors is also hypothesized

(González et al., 2002).
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The purpose of this chapter is to present key results and ongoing hypotheses

on the aetiology of stomach cancer. We will end by putting forward the hy-

pothesis that the virulence of H. pylori as well as genetic differences among the

exposed sub-populations may partially explain the inconsistent results obtained in

ecological studies on the association between the H. pylori infection and stomach

cancer.

3.1 The Helicobacter pylori infection

The infection with H. pylori, a bacterium that colonizes the human stomach,

is classified as a human carcinogen by the International Agency of Research

on Cancer (IARC Working Group, 1994). The link with stomach cancer was

recognized in epidemiological case-control and cohort studies using individuals

as the observation units (Correa, 2003). On the basis of an international study,

the EUROGAST Study Group (1993) concluded that, after accounting for sex,

the infection could explain one-fifth of the variation in gastric mortality rates

worldwide (R2 = 0.2), and about one-third of the variation of the incidence

rates (R2 = 0.3).

The H. Pylori infection is both chronic and very common. Not all persons

infected develop stomach cancer (Yamaguchi and Kakizoe, 2001; Correa, 2003),

but due to the high prevalence rates of H. Pylori infection worldwide, the infection

could be responsible for a substantial proportion of the cases of stomach cancer.

In Forman et al. (1991), the attributable risk was found to be high: between

35% and 55% of gastric tumours were attributed to the H. pylori infection.

It is known that the H. pylori bacteria are characterized by high genetic

diversity. Studies conducted at the family and country levels provided some
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insight into the genetic variability of the bacteria. Among members of the same

family, the bacteria can be indistinguishable, or show minor differences, which

is consistent with intrafamilial transmission (Pérez-Pérez et al., 1997; Achtman

et al., 1999; Axon, 1999; Covacci et al., 1999). By contrast, major genetic

differences have been identified at the country level (Van Der Ende et al., 1998;

Van Doorn et al., 1999; Miwa et al., 2002).

Despite the differences found at the country level, the genetic structure of the

bacteria reveals strong grouping according to the continent of origin (Achtman

et al., 1999; Covacci et al., 1999; Van Doorn et al., 1999; Falush et al., 2003). In

a recent study on the genealogical tree of H. pylori, Falush et al. (2003) showed

that DNA sequences differ with the geographical source of isolation and described

how H. pylori has accompanied human migrations since ancient times. Their

study is based on samples of H. pylori from individuals from different countries,

ethnicities and populations with different language families. According to the

results obtained, modern populations of H. pylori appear to have derived their

gene pools from ancestral populations that arose in Africa, Central Asia, and

East Asia, which evolved to four populations as a result of prehistoric migrations

of various human ethnic groupings.

As Covacci et al. (1999) explain, this common evolution of H. pylori and

mankind is maybe due to the particular characteristics of transmission of H.

pylori. When infectious diseases spread quickly, strains from different regions are

fairly similar. By contrast, H. pylori spreads at a slow pace due to its family-

linked mode of transmission. Until fairly recently, the exchanges among different

human communities have been limited, resulting in clear geographical grouping

of human genetic traits, and accordingly, of H. pylori strains.
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Overall, these findings suggest a relation between geographical location and

the populations of H. pylori. This geographical relation has two important as-

pects: (i) strong genetic similarities of the H. pylori strains are expected in lo-

cations close in space; (ii) clear groups of countries with similar H. pylori strains

are expected.

Falush et al. (2003) also claimed that the populations of H. pylori are now

merging more due to globalization. The study has shown coexistence of na-

tive populations of the bacteria with bacteria imported in the last few hundred

years due to recent human migrations, such as the European colonization of the

Americas, Africa and Australia and the slave trade with the Americas.

3.1.1 The virulence of Helicobacter pylori

There are indications that high prevalence of H. pylori infection does not al-

ways go together with high stomach cancer rates. Worldwide ecological studies

searching for an association between the prevalence of the H. pylori infection and

stomach cancer rates have not always found strong correlations between the two

variables (Lunet and Barros, 2003; EUROGAST Study Group, 1993; Pérez-Pérez

et al., 1997). It is also known that in some African and Asian countries, such

as India, stomach cancer rates are low despite the high prevalence of H. pylori

infection. It seems natural to ask why there is such a disparity of results.

Recent findings suggest that genetic differences among distinct bacterial pop-

ulations of H. pylori may correlate with differences in virulence, i.e. not all strains

seem to be equally related to stomach cancer (Ando et al., 2002; Atherton, 1997;

Axon, 1999; Basso et al., 1998; Kidd et al., 1999; Miehke et al., 2000; Parsonnet

et al., 1997). Consequently, the virulence of H. pylori should affect the values of
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the bacteria exposure coefficient of stomach cancer.

As discussed at the beginning of section 3.1, similar strains are likely to be

found in individuals living in locations which are close in space and different

genetic strains of H. pylori with different virulence are likely to exist in different

continents. In view of this, it can be argued that the association between the

prevalence of the H. pylori infection and stomach cancer rates is likely to differ

from one geographic region to another. The association between prevalence and

disease will depend on the varying degree of virulence of the strain and the varying

genetically determined susceptibility of the human sub-populations (section 3.2).

Ecological studies on regions of different bacterial/human sub-populations may

thus miss the impact of the infection if those differences are not taken into

account.

3.2 Genetic susceptibility

González et al. (2002) presented a comprehensive review of published evidence on

the influence of genetic susceptibility on stomach cancer in humans. The authors

claim that gene-environment interactions could explain the variation of stomach

cancer. They report inconsistent results, but argue that these may result from

limitations in design and the presence of confounding factors.

You et al. (2000) reported results of a cross-sectional study in China, in

which precancerous gastric lesions were found to be significantly associated with

blood type A and parental history of cancer. Since blood type is part of genetic

inheritance, this finding seems to support some influence of genetic factors.

A large number of studies have found strong evidence of family aggregation

of cases of stomach cancer (Buiatti et al., 1991; Inoue et al., 1998; Dhillon
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et al., 2001; Yatsuya et al., 2002; Kondo et al., 2003). These could suggest an

aetiological role for genetic factors. However, results presented in Chang et al.

(2002) support a role for H.Pylori infection in family aggregation of stomach

cancer. Without other evidence, it is not possible to disentangle these two

explanations.

3.3 Life-style factors

Some authors have argued that the major causes of stomach cancer are related

to life-style factors. This hypothesis was mainly based on the following facts: (i)

the rapid decrease in rates over recent decades; (ii) the remarkable geographical

variability of the rates; (iii) an observed decrease in risk among migrants from

high-risk areas to low risk areas; and (iv) higher stomach cancer rates in lower

socio-economic classes.

Migrant studies in particular have been used to assess the predominance of

life-style factors over genetic factors in the aetiology of cancer, but even these

studies show inconsistent findings.

Wilkens and Lee (1998) described a study on the mortality from cancer of

Japanese migrants in the United States, in which stomach cancer mortality rates

showed steady reductions from those in the parent country, where rates are high,

to those in the host country, where rates are low. They argued that environmental

and lifestyle factors must be responsible for stomach cancer incidence because

the migrant populations and the people in their country of origin shared the same

genetic background.

On the other hand, Gregorio et al. (1992) observed that among the European

communities in Connecticut (U.S), the Portuguese community presented the
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highest stomach cancer mortality rate. Portugal being the country in Western

Europe with highest stomach cancer mortality, this finding could support the

importance of genetic factors in stomach cancer. However, the prevalence of the

H. pylori infection in Portugal is also very high (82.8% according to Lunet and

Barros (2003)). Since the bacteria tend to spread within families, the prevalence

may be as high in the migrant communities as in the country of origin. This could

explain the high stomach cancer rates in the Portuguese migrant community.

3.3.1 Diet

It seems reasonable to assume that diet must have an influence in stomach

cancer incidence and mortality and several studies worldwide have supported this

hypothesis (Hirohata and Kono, 1997; La Vecchia et al., 1997; Ahn, 1997; Kaaks

et al., 1998; Ji et al., 1998; López-Carrillo et al., 1999; Kobayashi et al., 2002).

Despite the difficulty in obtaining dietary information, it has been possible, in

some cases, to assert consistent results. There is evidence to suggest that an

increased risk of stomach cancer is associated with a dietary pattern characterized

by low intake of animal fat and protein, vegetables and fresh fruit, and a high

intake of complex carbohydrates, hard grains, salt and nitrites, smoked fish and

meat. The role played by nutrients is more difficult to assess, but vitamin A,

vitamin E, vitamin C and carotene have been suggested to have a protective

effect, while risk has been associated with high intake of salt and carbohydrates,

in association with N-nitroso compounds (Azevedo et al., 1999).
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3.3.2 Alcohol drinking

The results on the relation between alcohol consumption and stomach cancer

rates in case-control studies are not consistent. For example, Hoey et al. (1981),

Destefani et al. (1990) and Azevedo et al. (1999) reported a positive association

with wine consumption, but Davanzo et al. (1994) found a non-significant asso-

ciation for wine using data from a case-control study in Northern Italy. Boeing

et al. (1991) reported a decrease in risk with wine and liquor consumption, but

an increase in risk with beer consumption. Lagergren et al. (2000) and Rao et al.

(2002) found no significant association. Jedrychowski et al. (1993) and Muñoz

et al. (2001) found significant results, both reporting a risk about 3-times higher

for regular drinkers when compared to never drinkers.

3.3.3 Smoking

Trédaniel et al. (1997) present a review of the evidence found in epidemiolog-

ical studies on the relation between tobacco smoking and stomach cancer. In

their review, all cohort studies showed a positive association between smok-

ing and stomach cancer, while case-control studies reported inconsistent results.

Kobayashi et al. (2002) argued that the high risk reported for current smokers in

some studies is due to the relative deficit of vegetable and fruit consumption in

smokers. However, recently, a large number of studies have reported significant

increase in risk for smokers when adjusted for dietary items, including vegetables

and fruit (Inoue et al., 1999; Lagergren et al., 2000; Chao et al., 2002; Sasazuki

and Sasaki, 2002; González et al., 2003).
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3.3.4 Socio-economic factors

Apart from dietary factors, lower socio-economic status has been associated with

a higher risk of stomach cancer. Buiatti et al. (1991) and Muñoz et al. (2001)

reported, from results of case-control studies, higher risk in lower socio-economic

levels.

It has been suggested that poor living conditions favourable to H. pylori

infection may explain the association between lower socio-economic status and

risk of stomach cancer (Yamaguchi and Kakizoe, 2001).

3.4 Discussion

The association between the H. pylori infection and stomach cancer appears

to be undeniable. In addition, other factors, usually associated with stomach

cancer, may be so associated through their relation with the H. pylori infection.

For instance, both the H. pylori infection and stomach cancer have been linked

with life-style factors, such as socio-economic status. Previous conclusions on the

aetiological role of genetic factors on stomach cancer can also be reinterpreted

in the light of the H. pylori infection, especially the ones based on the clustering

of stomach cancer within families.

Nonetheless, some geographical studies worldwide failed to find an associa-

tion between stomach cancer rates and the prevalence of H. pylori. It can be

argued that this is due to the existence of strains of H. pylori with different vir-

ulence in different countries or to the variation in the susceptibility to stomach

cancer among populations of different origin and genetic heritage. It is impor-

tant to recognise that disease susceptibility may be genetically determined and
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differentially expressed in various human sub-populations. The spread of human

populations on an evolutionary time-scale will produce geographical variation of

cancer incidence. Effects that are attributed to varying “bacterial virulence” may

therefore reflect varying human genetic susceptibility.
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Chapter 4

Varying exposure coefficient

In the previous chapter, we decided that the virulence of H. pylori for particular

human sub-populations might be important in the analysis of stomach cancer

incidence and mortality worldwide. However, data on the virulence of H. pylori

are inexistent. Although some potential virulence-associated genes have been

identified (Basso et al., 1998; Kidd et al., 1999; Miehke et al., 2000; Parsonnet

et al., 1997), there is not a complete knowledge of the genetic traits of the bac-

teria that are actually responsible for the disease - this undermines any attempt

to obtain data on virulence.

In the absence of information on virulence, models attempting to assess the

association between H. pylori infection and stomach cancer must allow for a vary-

ing exposure coefficient for H. pylori prevalence. The variation in the exposure

coefficient will reflect the variation in the carcinogenic virulence of the strain for

particular human sub-populations.

However, data may not even be available for the prevalence of the bacteria.

In that case, surrogate variables may be considered: for example, several studies

seem to indicate that the prevalence of H. pylori decreases with increasing socio-
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economic status.

This chapter discusses the modelling of varying exposure coefficients within

the framework of mixed effect models. It shows that in some circumstances the

variation of the baseline risk may be caused, at least partly, by the variation of

the exposure coefficient. The chapter further highlights some identifiability issues

in the models presented. Finally, it proposes the use of a Bayesian approach to

address the modelling of varying exposure coefficients.

4.1 The effects of virulence on the exposure co-

efficient

For purposes of illustration, consider that we are in a situation in which three H.

pylori strains with different virulence exist in respectively three different areas,

and that the human populations in these areas are genetically similar. Assume

that the association between the prevalence of the H. pylori infection and the

log relative risk of stomach cancer is approximately linear, although each areal

line has its specific slope reflecting the area-specific virulence of the bacteria.

This scenario is illustrated by the three lines shown in graph 4.1(a). The lines

intersect at one point: when the prevalence of the bacterial infection is zero. At

this point, the risk equals the baseline risk. The differences in virulence from

area to area thus cause a variation in the areal exposure coefficient but not in

the baseline risk.

However, if a surrogate variable for the prevalence of H. pylori infection is

used, the interpretation of the areal regression lines is not so straightforward. For

example, graph 4.1(b) illustrates a hypothetical relation between the log relative
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Figure 4.1: The hypothetical influence of H. pylori virulence on the association be-

tween stomach cancer risk and (a) H. pylori prevalence; (b) spending power.

risk, log(RR), and spending power, SP, on the basis of an inverse linear relation

between the prevalence of the H. pylori infection and socio-economic status.

If it is believed that the prevalence of H. pylori decreases gradually to zero

with spending power, perhaps the simplest way of dealing with this situation is

to recode the surrogate variable to reflect the inverse relationship. For example,

if socio-economic status is measured by spending power, then the inverse of

spending power can be used, or indeed any other negative power of this quantity.

In this way, high socio-economic status translates to low socio-economic poverty,

and vice-versa. After such recoding, the relationship between log(RR) and the

surrogate variable will be similar to that of log(RR) and HP prevalence, with a

constant intercept at 0.

If however zero prevalence is attained at a fixed threshold of spending power,

the problem of using an indicator such as spending power as a surrogate for H.

pylori infection is that the corresponding level for zero prevalence is unknown.

We would in general choose an arbitrary origin. However, with an arbitrary origin

the intercept may not be constant any more. The baseline risk will vary from

line to line (i.e. from area to area). This is illustrated in graph 4.1(b) when the
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origin is moved from SP0 to SP1. Then, not only the exposure coefficient varies

across the different lines but also the baseline risk.

Since all lines in the graph 4.1(b) satisfy

log(RR) = bi1(SP − SP0) + β0, (4.1)

a translation of the origin will lead to the equation,

log(RR) = bi1(SP − SP1) + bi1(SP1 − SP0) + β0, (4.2)

thus indicating that the varying intercept bi0 and slope bi1 are related by

bi0 = bi1(SP1 − SP0) + β0. (4.3)

Hence, the vector b•0 = (b10, . . . , bn0)
t is a linear transformation of the vector

b•1 = (b11, . . . , bn1)
t, where n is the total number of areas. If the two vectors are

assumed random, their distributions are related by a linear transformation of the

variables. For example, if b•1 is multivariate Gaussian distributed, then b•0 will

also be multivariate Gaussian distributed. In general, the parameter β0 would be

captured by the fixed intercept term of the model.

If there were not any other source of variation of the baseline risk across

areas, the assumption b•0 = φb•1 + β01n would be appropriate. In practice this

is unrealistic, as other unknown factors usually contribute to the development

of disease. If the random intercept b•0 were modelled as φb•1 + b̃•0 + β01n,

with b̃•0 a random effect, the first term φb•1 would account for the variation

induced by the variability of the exposure coefficient, and the second term b̃•0

would account for the variability in the baseline risk due to factors other than the

variation of the exposure coefficient. Thus in theory we have a way of separating

the two terms b•1 and b̃•0. However, the model has too many parameters and
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not all of them will be identifiable unless additional constraints are introduced or

a sufficient number of data points per area are available.

An alternative strategy for dealing with an unknown origin is to set the inter-

cept constant but to consider an additional parameter δ that captures the true

origin,

log(RR) = β0 + β1 + bi1(SP − δ).

However, this model is equivalent to a model with a random intercept and a

random slope, as a simple decomposition of the right hand side of the expression

above will show.

As far as we know, none of the formulations above has been used in the

literature. Some varying coefficient models assume that only the slope is varying;

others assume that both the intercept and the slope are random but independent.

Any of these assumptions clearly violate the expected behaviour of the random

intercept in the case of the graph 4.1(b) above. We will study in later chapters

other issues posed by these types of modelling.

A few studies in the literature have assumed multivariate distributions for the

intercept and the slope, although implementation and identifiability issues have

been recurring. We will discuss those issues later in this chapter and throughout

this thesis as they arise in our applications.

4.2 Modelling varying exposure coefficients

We now discuss models for capturing varying exposure coefficients. As with many

statistical studies, the models we propose are meant to be a useful simplification

for understanding the processes underlying the data. Assume, without loss of
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generality, n areas in which we observe random variables Yi, i = 1, . . . , n. In

geographical epidemiology studies, the observations yi are typically disease counts

or log transformations of the disease rates, for which it is usual to assume a

Poisson or a normal distribution, respectively. Both distributions belong to the

exponential family (section 2.3, equation 2.8). They can thus be considered

within the context of generalized mixed linear models. The canonical parameters

η are related to the linear predictor through a canonical link function as follows:

η = Xβ + Zb, (4.4)

where X is the n×p design matrix of independent variables, β = (β0, . . . , βp−1)
t

is the p × 1 vector of parameters for the fixed effects, Z is the n × nq design

matrix of predictor variables for the random effects and b = (b1•, . . . , bn•)t is

the nq × 1 vector of random effects. We will consider models with arbitrarily

many covariates, but total order up to 1 (i.e. we will exclude polynomial terms

of degree superior to 1).

The model above has been explored in geographical epidemiology, mainly for

estimating areal relative risks, in which case only the intercept was considered

random (i.e. Z = I). Although it is fairly common in mixed effect models to

assume b•0 ∼ N(0, σ2I), in geographical studies of disease other assumptions

have usually been considered:

• Clayton and Kaldor (1987) assumed a conditional autoregression for b•0;

• Breslow (1996) assumed an intrinsic autoregression for b•0;

• Besag et al. (1991) assumed a convolution distribution for b•0, defined as

a sum of an independent Gaussian with an intrinsic autoregression.
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In these examples, the aim was to obtain improved estimates of the relative

risks in each area, and better inference on the fixed effects by accounting for

extra variation due to unknown factors. We will now also consider the slope as a

random effect, in an attempt to model the variation of the exposure coefficient.

We assume at this stage that the model only includes one covariate, z, the

same for both fixed and random slopes,

ηi = β0 + ziβ1 + bi0 + zibi1 , (4.5)

with
∑

i bi0 = 0 and
∑

i bi1 = 0. The parameter β0 corresponds to the global

baseline risk, and its value is assumed to be the same in all areas. The variation

in the baseline risk caused by unknown factors or induced by the varying exposure

coefficient is assumed to be accounted for by the parameter bi0, which is area

dependent. The parameter bi1 is also area dependent and reflects the varying

exposure coefficient. One main purpose of this model is to obtain an estimate

of the geographical variation of the exposure coefficient bi1.

Due to the nature of the spread of H. pylori infection, spatial patterns are

expected for the values of the corresponding exposure coefficient. Information

on the expected spatial variation of the exposure coefficient can be introduced

through a prior distribution for the random slopes b•1.

4.3 Discrete versus continuous exposure coeffi-

cient

Depending on our assumptions, it may be reasonable to consider the exposure

coefficient as discretely or continuously varying. For the first, regression mix-
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tures can be considered (chapters 6 and 7). For the second, spatially varying

regressions using Markov random fields may be appropriate (chapter 8).

In particular, regression mixtures may be helpful when the presence of dis-

continuities and a patchy pattern of the exposure coefficients are expected. In

standard regression mixture models, the variables Yi are assumed to belong to one

of M different groups. Each group has a different value of bi1. The geographical

location of the areas is ignored so that members of a mixture component can be

spread over the whole region of study.

As H. pylori infections of the same strain are expected to be found in homo-

geneous ethnic groups in nearby areas, spatial constraints can be appropriate, by

assuming for example the existence of M connected sets of areas with different

values of bi1 (see section 7.1 for a definition of connected set of areas). With

this aim, we propose in chapter 7 the use of a geographical clustering model.

This model is a special case of the regression mixture model. The sample space

is restricted to configurations of connected sets of areas.

Alternatively, the exposure coefficient may be expected to vary at the local

level. Prior distributions introducing local dependence can then be useful. For

example, the vector b•1 may be assumed to have as prior distribution an intrinsic

autoregression. This prior promotes the similarity of the parameter bi1 in adjacent

or nearby areas.

We will discuss these different modelling choices in more detail in the next

chapters.

38



4.4 Random versus constant intercept

We have seen in section 4.1 that a varying exposure coefficient may induce a

varying intercept. However, in some epidemiological studies, there may be strong

evidence for considering the intercept to be constant. For example, in section 4.1,

it was sensible to assume the intercept to be constant when the origin for the H.

pylori prevalence was set at zero.

If there are no a priori reasons for considering the intercept to be constant, it is

preferable to allow for a varying intercept, which may be due to unknown factors

or induced by the varying exposure coefficient. The variation in the baseline risk

can be modelled in a similar way to the variation of the exposure coefficient

itself, by introducing, for example, a spatial or mixture prior distribution on

this parameter. However, there are concerns about the non-identifiability of the

parameters when both intercept and slope are random.

4.5 Parameter identifiability and informative data

Hierarchical models introducing random effects often yield parametric models

of high dimension. For instance, the model displayed above in expression 4.5

includes more than one parameter per area. If only one observation is available

per area, the data may not provide enough information for uniquely estimating

all the parameters, and therefore some parameters will not be identifiable.

Poirier (1998); Gelfand and Sahu (1999) have provided formal definitions of

identifiability and related concepts. Formally, a parameter θ ∈ Θ is nonidentifi-

able when for any θ(1) ∈ Θ there exists θ(2) ∈ Θ with θ(2) �= θ(1) such that for

any y, L(θ(1); y) = L(θ(2); y), where L(.; y) denotes the likelihood function.
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A case in point is the non-identifiability of the parameters of mixture models

(section 6.4.2).

Possible ways to deal with the lack of identifiability include constraints on

the parameter space so that the likelihood is an injective function of θ in the

restricted parameter space. In a Bayesian setting, prior distributions can be used

as an alternative. Since the posterior distribution of a parameter is given by

π(θ|y) =
π(θ)f(y|θ)

f(y)
,

the prior distribution π(θ) can solve the ambiguity in the likelihood. It is sufficient

that π(θ(1)) �= π(θ(2)) for any θ(1), θ(2) that yield L(θ(1); y) = L(θ(2); y).

If the prior does not help in identifying the non-identifiable parameters, the

posterior distribution can be difficult to interpret as for any θ(1) ∈ Θ there will be

θ(2) ∈ Θ and θ(2) �= θ(1) with, for any y, π(θ(1)|y) = π(θ(2)|y). This property

may raise difficulties in the posterior estimation of the parameters (e.g. mixture

models, section 6.4.2).

However, even if the prior promotes the identifiability of the parameters,

others issues can arise. If the likelihood does not depend on θ, the posterior

and the prior will be identical, π(θ|y) = π(θ). In this case, we say that there

is no Bayesian learning or that the data is not informative about θ (Gelfand

and Sahu, 1999). Lack of Bayesian learning can cause computational difficulties

when the prior is improper because the posterior will also be improper. If the

prior is proper, poor Bayesian learning can still lead to models which are too

sensitive to the choice of the prior distributions.

In the case of the model given by expressions 2.8 and 4.5, all parameters are

identifiable when there are more than two observations per area because all the

regression parameters are identifiable if the model is applied separately for each
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area. Priors on the random effects can still be useful for improving the reliability

of the estimates. Spatial priors, which promote the use of the information from

neighbouring areas, have been used with this aim in e.g. Assuncão (2003).

When only one data point is available per area, prior distributions may fa-

cilitate the estimation of the otherwise unidentifiable parameters. Gelfand et al.

(2003) used a Gaussian spatial process prior for the random effects and claimed

that the parameters were uniquely identified. On the other hand, other au-

thors pointed out that spatial autoregressions may not yield all the parameters

identifiable in the sense that the data is not informative about the parameters

(Assuncão, 2003). As a result, the posterior distribution will be very dependent

on the prior choice, which may lead to unreliable estimates (Richardson and Best,

2003).

In complex models, using complex priors, it is not easy to assess whether the

prior will allow for Bayesian learning on the unidentifiable parameters. Simula-

tions may be useful to shed light into the identifiability of the model parameters

and into Bayesian learning. We are especially interested in this thesis in the case

in which the prior on the random effects includes spatial information. Identifia-

bility issues will be discussed for specific models in the next chapters.

4.6 Bayesian framework

We chose to use a Bayesian hierarchical framework to address the modelling of

varying exposure coefficients. First, regarding the applications that we have in

mind, the possibility of incorporating prior information constitutes an advantage.

Secondly, Bayesian methods will facilitate the implementation of the models pro-

posed here. Thirdly, the Bayesian framework is attractive in the proposed setting,
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because we are interested in inference for the random effects. In particular, we

obtain posteriors for all model parameters.

Choice of suitable priors is generally a contentious issue in the application

of Bayesian methodology. Although the possibility to introduce complementary

knowledge through the prior distributions is usually considered as one of the

advantages of Bayesian approaches, much effort has been expended by Bayesians

in the search for non-informative priors. In this thesis, we will assume that we

have some prior information about the exposure coefficient. The challenge is

then how to represent this knowledge mathematically as a prior distribution of

the parameters, while also avoiding an over-informative prior.
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Chapter 5

Invariant mixed effects models

In simple linear models, linear transformations of the covariates do not change

the model class and assessments of model fit are unaffected. We refer to the

models with this property as being coding invariant. However, other models are

generally not coding invariant, like polynomial and mixed effects models, where

transformed covariates can lead to different statistical results. For polynomial

regression models, Peixoto (1990) showed that under general conditions well-

formulated models (section 5.3) are invariant, and vice-versa. For mixed effect

models, no general results have yet been established.

The problem of coding invariance was described by Longford (1993) and

Morrel et al. (1997) in the context of the mixed effects models, but has been

for the most part largely ignored in the literature. Morrel et al. (1997) have

shown that the notion of the well formulated model is also crucial in mixed

effects models, although sufficient conditions for invariance were not given by

these authors. In particular, Morrel et al. (1997) stated that the model should

be well formulated in both fixed and random effects for it to be invariant. This

condition is sufficient for the fixed part of the model, but not for the random
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part.

Longford (1993) noted that patterns in the covariance matrix of the random

effects may change when the explanatory variables are transformed. This phe-

nomenon was illustrated in Morrel et al. (1997) with a model including a random

slope but without a random intercept. We will further show in this chapter that

independence between the random intercept and the random slope also leads to

models which are not coding invariant.

When the interest of the problem is on the study of the structure of the

random effects, the lack of coding invariance constitutes a drawback. For exam-

ple, some spatial regression models used in Assuncão (2003), Gamerman et al.

(2003), and Gelfand et al. (2003) are not invariant under coding transformations.

The spatial pattern of the spatially varying coefficients may indeed vary with the

scale of the covariate.

We illustrate here the impact of the lack of coding invariance with the fol-

lowing example, in which the covariate has been centred about its mean.

Example 1

The data set in this example is the one analysed in chapter 10, fitted with

the model described in expressions 2.8 and 4.4, adapted for Poisson responses,

and with a constant intercept and a random slope distributed as an intrinsic

autoregression (Mollié, 1996). Figure 5.1 shows the pattern of the estimated

random slopes when we used the original covariate (figure 5.1(a)) and when the

covariate was centred about its mean (figure 5.1(b)).

All maps presented here and throughout this thesis were produced with the

package Mapinfo Professional 6.5, using the natural break option for determining
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(a) Non-centred covariate
Posterior mean of the slope

0.003 to 0.014  (70)
-0.001 to 0.003  (86)
-0.005 to -0.001  (73)
-0.014 to -0.005  (46)

(b) Centred covariate
Posterior mean of the slope

0.01  to 0.048   (68)
-0.008 to 0.01   (138)
-0.038 to -0.008   (66)
-0.147 to -0.038   (3)

-0.2

-0.1

0.0
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(c) Posterior means of the slopes

Figure 5.1: Example 1: Posterior means of the areal exposure coefficients measuring

the association between stomach cancer mortality and: (a) spending power; (b) spend-

ing power centred about the mean. (c) Scatterplot of the posterior means obtained

with the non-centred covariate versus those obtained with the centred covariate.
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the range of the intervals (Jenks and Caspall, 1971; MapInfo Corporation, 2001).

This option minimizes the sum of the absolute differences between each point

and the centre of the interval it belongs to. This procedure ensures that the

interval centres reliably represent the data points.

In figure 5.1(a), the analyst may conclude that there is a large cluster of

lower and negative exposure coefficient in the centre of the country, whereas

in figure 5.1(b), the analyst may think that there is a cluster of high positive

exposure coefficient in the same area. Which one should he believe (if any)?

This example illustrates the ambiguity that may be encountered in estimating

varying exposure coefficients. The relation between the slope estimates produced

by the two model fits of example 1 is shown in the scatterplot of figure 5.1(c).

One may ask whether there is a way to transform the estimates displayed in

figure 5.1(a) into the estimates displayed in figure 5.1(b), thus establishing an

equivalence between the two model fits. We argue in this chapter that there is

not. The two model fits used to produce the estimates of figures (a) and (b),

although apparently conceptually identical, are not equivalent.

We continue this chapter by formalizing the notion of transformation of co-

variates. We then discuss the impact of these transformations in mixed effects

models and provide some necessary conditions for coding invariant models.

46



5.1 Coding transformations for fixed effects

Consider a n× p design matrix X of covariates for the fixed effects. Let W be

a linear transformation of X of the form

W = XC + 1ndt , (5.1)

where C = diag(c0, c1, . . . , cp−1) is nonsingular, and dt = (d0, d1, . . . , dp−1).

We will refer to this type of linear transformation of the covariate design matrix

as a coding transformation. If C �= Ip and d = 0, W is a scale transformation

of C. If C = Ip and d �= 0, W is a translation transformation of C.

Let us assume that the first column of X corresponds to the intercept term,

i.e. the first column of X is equal to the unity vector (1, . . . , 1)t. Since it does

not make much sense to rescale or translate an intercept term, the elements c0

and d0 are usually equal to 1 and 0, respectively. The transformation (5.1) is

then equivalent to

W = XT , (5.2)

with

T =



1 d1 d2 . . . dp−1

0 c1 0 . . . 0

...
. . . . . . . . .

...

0 . . . 0 cp−2 0

0 . . . 0 cp−1


.

The equivalence between equations 5.1 and 5.2 is easily established. Assum-

ing equality between the right hand sides of the two equations, i.e.

XT = XC + 1ndt ⇐⇒
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⇐⇒ X(T − C) = 1ndt ⇐⇒

⇐⇒ X



0 d1 d2 . . . dp−1

0 0 0 . . . 0

...
. . . . . . . . .

...

0 . . . 0 0 0

0 . . . 0 0


=



0 d1 d2 . . . dp−1

0 d1 d2 . . . dp−1

...
. . . . . . . . .

...

0 d1 d2 . . . dp−1

0 d1 d2 . . . dp−1


,

we obtain a universal condition because all the elements in the first column of

X are equal to 1.

Coding transformations had been formulated as in equation 5.2 in Morrel

et al. (1997) for the p = 2 case. We proved in this section that the formulation

of equation 5.2 can be used for coding transformations in any dimension, a result

that will be particularly useful for studying coding invariance when the number

of covariates is larger than p = 2 (section 5.4.1).

5.2 Coding transformations for random effects

Consider a n× nq design matrix Z of covariates for the random effects,

Z =



z10 . . . z1,q−1 0 . . . 0

0 . . . 0 z20 . . . z2,q−1 0 . . . 0

0 . . . 0 zn0 . . . zn,q−1


.

Let W̃ be a linear transformation of Z of the form

W̃ = ZC̃ + 1nd̃
t
, (5.3)
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where C̃ is a nq × nq block diagonal matrix, C̃ = diag(C, . . . ,C), with non-

singular blocks C = diag(c0, c1, . . . , cq−1), and

d̃
t
=



d0 . . . dq−1 0 . . . 0

0 . . . 0 d0 . . . dq−1 0 . . . 0

0 . . . 0 d0 . . . dq−1


is a n× nq matrix.

We will use the same terminology as was used before for coding transforma-

tions of the design matrix of the fixed effects, and also refer to these types of

linear transformations of the covariate design matrix Z as coding transforma-

tions. Further, if C̃ �= Inq×nq and d̃ = 0, W̃ is a scale transformation of C̃. If

C = Inq×nq and d̃ �= 0, W̃ is a translation transformation of C̃.

Let us assume that the entries (z10, . . . , zn0) of Z correspond to the random

intercept term, and their value is therefore equal to one. Similarly to section 5.1,

usually c0 = 1 and d0 = 0. The transformation (5.3) is then equivalent to

W̃ = ZT̃ , where

T̃ =



T 0 . . . 0

0 T
. . .

...

...
. . . . . . 0

0 . . . 0 T


is a nq × nq block diagonal matrix, with blocks

T =



1 d1 d2 . . . dq−1

0 c1 0 . . . 0

...
. . . . . . . . .

...

0 . . . 0 cq−2 0

0 . . . 0 cq−1


.
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The equivalence between the transformation W̃ = ZT̃ and the transfor-

mation 5.3 can be shown in a way similar to that used in the case of coding

transformations of design matrices of fixed effects (section 5.1).

It is easy to show that, if T 1 and T 2 are coding transformations then T 1T 2

is also a coding transformation.

5.3 Invariant fixed effects models

In fixed effects regression models that include polynomial and interaction terms,

the model is invariant under coding transformations if and only if it is well-

formulated. This result was proved in Peixoto (1990), the main reference of the

material of this section. By definition, in a well-formulated model,

(i) if a variable Xn is included in the model, then all terms of order less than

n are also included in the model;

(ii) if an interaction term Xn
1X

m
2 is included in the model, then all terms

X i
1X

j
2 , 0 ≤ i ≤ n, 0 ≤ j ≤ m must also remain in the model.

When a model is invariant under coding transformations, the choice of the

covariate origin does not affect measures of goodness of fit such as the coefficient

of correlation R2 or the mean square error. In that case, if T is a coding

transformation and XT = XT is the transformed design matrix, then there is a

linear transformation relating the two sets of estimates, γ and β, of the following

models:

y = XTγ + e (5.4)
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and

y = Xβ + e. (5.5)

5.4 Invariant mixed effects models

Morrel et al. (1997) have shown that in mixed effects models, the fixed effects

part of the model is coding invariant if it is well-formulated. The authors have

also shown that if the random effects part of the model is not well-formulated

then the model is not coding invariant. To illustrate the latter point, we consider

the example presented in the introduction of this chapter. The linear predictor

is given by,

ηi = β0 + xiβ1 + xibi1, (5.6)

where β0 and β1 are the fixed effects and b•1 = (b11, . . . , bn1) is the vector of

random slopes.

Assume that expression 5.6 yields the true model. Then, when we use a

transformed variable xT i = cxi + d, we obtain

ηi = (β0 − β1
d

c
) + xT i

β1

c
− bi1

d

c
+ xT i

bi1
c
. (5.7)

In addition to the fixed intercept β0 − dβ1/c, the fixed slope β1/c, and the ran-

dom slope bi1/c, the linear predictor in expression 5.7 has now an extra random

intercept, −dbi1/c. Therefore, the model without a random intercept does not

correspond any more to the true model. It is thus not surprising that the sta-

tistical results obtained with the linear predictor 5.6 are different according to

whether we use the untransformed or the transformed covariate (Example 1).
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The same reasoning can be applied to random terms of higher order than the

slope.

Consequently, to ensure coding invariance it is usually necessary to include

all random terms of order inferior to the highest order included in the random

effects part of the model. In other words, it is necessary that the random effects

part of the model is well-formulated.

On the other hand, a well-formulated random effects model is not necessarily

coding invariant, as we now show. Consider as part of the true model the well-

formulated linear predictor

ηi = β0 + xiβ1 + bi0 + xibi1, (5.8)

where the random intercept bi0 and the random slope bi1 are independent. Using

again the coding transformation xT i = cxi + d, we obtain

ηi = (β0 − β1
d

c
) + xT i

β1

c
+ (bi0 − bi1

d

c
) + xT i

bi1
c
. (5.9)

There is one main difference between the linear predictors in expressions 5.8

and 5.9: in 5.9, the random intercept bi0 − bi1
d
c

is no longer independent of the

random slope bi1
c

, as these two effects share a common term bi1. Hence, the

model assuming independence between the random intercept and the random

slope is no longer the true model if the transformed covariate is used. This

example shows the importance of allowing for non-zero correlations between the

random intercept and the random slope. For instance, if the random effects are

multivariate Gaussian and the covariance matrix is diagonal, a transformation of

the covariates leads to different results.
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Example 2

The impact of the lack of coding invariance caused by a postulated independence

between the random intercept and the random slope is illustrated in figure 5.2,

which displays the results obtained with the same data set and the same distribu-

tion for the response variables used in the previous example 1, but with the linear

predictor 5.8. The two random effects are independent and their distributions

are intrinsic autoregressions. The maps 5.2(a) and 5.2(b) correspond, respec-

tively, to the use of a non-centred and centred covariate and show that different

spatial patterns of the random slope are obtained in each case. In addition, the

scatterplots (c) and (d) in figure 5.2 show the estimates obtained when using the

non-centred covariates versus those obtained when using the centred covariates.

Although a linear relation between the random slopes is apparent in comparing

expressions 5.8 and 5.9, the independence assumption in the model 5.8 and the

lack of it in the model 5.9 lead to a non-linear relation between the random

slopes (figure 5.2(d)).

We now define parametric family of distributions as a set {p(.|θ), θ ∈ Θ}
specified by a probability density function p(.|θ) and a parametric space Θ of

permissible values of θ. For example, the distributions N(0, σ2) and N(0, 2σ2)

belong to the same parametric family if σ2 ∈ (0,+∞). On the contrary, if

σ2 ∈ (1,+∞) they do not belong to the same parametric family because the

permissible values for the variance are not the same for both densities.

Expression 5.9 indicates that the distributions of the random effects have to

be chosen carefully. First, the postulated distribution for the random slope has

to be closed under scaling. In most applications, the random slope is assumed
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(a) Non-centred covariate
Posterior mean of the slope

0.002 to 0.007   (46)
0  to 0.002   (98)

-0.002 to 0   (102)
-0.005 to -0.002   (29)

(b) Centred covariate
Posterior mean of the slope

0.002 to 0.006  (67)
0  to 0.002  (69)

-0.002 to 0   (82)
-0.006 to -0.002  (57)

(d) Posterior means of the slopes
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(c) Posterior means of the intercepts

Figure 5.2: Example 2: Maps of the posterior means of the areal exposure coefficients

measuring the association between stomach cancer mortality and: (a) spending power;

(b) spending power centred about the mean. Scatterplots of the posterior means of

(c) the random intercepts and (d) the random slopes, obtained with the non-centred

covariate versus the centred covariate.
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to be Gaussian distributed, a distribution which is closed under scaling. If other

distributions are chosen, the random effects model may not be coding invariant.

For instance, the Gamma distribution with unit scale parameter is a case in point

that will lead to a model which is not coding invariant, as the scale parameter

does not remain equal to 1 under scaling. Secondly, the random intercept distri-

bution and the convolution of the distribution of the random intercept with the

distribution of the random slope have to belong to the same parametric family.

Example 3

By way of illustration, we consider two models: in model 1, the random slope is

defined as a convolution of the random intercept with another random variable,

whereas in model 2, the random intercept is defined as a convolution of the

random slope with another random variable. To put it formally,

Model 1

b•0 ∼ IAR(σ2
0)

b•1 = γ + φb•0 (5.10)

γ ∼ MVN(0, σ2
1I) (5.11)

Model 2

b•0 = γ + φb•1

b•1 ∼ IAR(σ2
1) (5.12)

γ ∼ MVN(0, σ2
0I) (5.13)
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where IAR stands for intrinsic autoregression and MVN for multivariate Gaussian

distribution.

The posterior estimates obtained with model 1 are shown in figure 5.3. Al-

though the differences between the two maps are not as striking as in the ex-

amples 1 and 2, the differences are still noticeable. These results support our

previous conclusions, which indicated that the first model is not coding invariant.

Turning now to model 2, similar maps of the estimates of the random slopes

are obtained when using centred covariates or not (figure 5.4). In addition, a

linear relation can be observed between the posterior means of the random slopes

obtained in the models with a centred and non-centred covariate.

5.4.1 Results for q covariates

In the model given by expressions 2.8 and 4.4, a coding transformation T̃ of the

random effects design matrix Z will lead to:

η = Xβ + ZTbT , (5.14)

where ZT = ZT̃ and bT = T̃
−1

b.

The matrix T̃ is block diagonal (section 5.2), and its inverse is,

T̃
−1

=



T−1 0 . . . 0

0 T −1 . . .
...

...
. . . . . . 0

0 . . . 0 T −1


.

Since T is upper-triangular, its inverse is also upper-triangular. It is indeed easy
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(a) Non-centred
Posterior mean of the slope

0.01 to 0.06  (69)
0  to 0.01  (57)

-0.01 to 0   (73)
-0.04 to -0.01  (76)

(b) Centred covariate
Posterior mean of the slope

0.02 to 0.05  (51)
0.01 to 0.02  (68)
0  to 0.01  (68)

-0.03 to 0   (88)

(c) Posterior means of the intercepts
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(d) Posterior means of the slopes
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Figure 5.3: Example 3, model 1: Maps of the posterior means of the areal exposure

coefficients measuring the association between stomach cancer mortality and: (a)

spending power; (b) spending power centred about the mean. Scatterplots of the

posterior means of (c) the random intercepts and (d) the random slopes, obtained

with the non-centred covariate versus the centred covariate.
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(a) Non-centred covariate
Posterior mean of the slope

0.05 to 0.16  (58)
0.01 to 0.05  (82)

-0.03 to 0.01  (73)
-0.1  to -0.03  (62)

(b) Centred covariate
Posterior mean of the slope

0.04 to 0.15  (47)
-0.01 to 0.04  (99)
-0.05 to -0.01  (76)
-0.12 to -0.05  (53)

(c) Posterior means of the intercepts
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(d) Posterior means of the slopes
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Figure 5.4: Example 3, model 2: Maps of the posterior means of the areal exposure

coefficients measuring the association between stomach cancer mortality and: (a)

spending power; (b) spending power centred about the mean. Scatterplots of the

posterior means of (c) the random intercepts and (d) the random slopes, obtained

with the non-centred covariate versus the centred covariate.
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to see that,

T −1 =



1 −d1
c1

−d2
c2

. . . −dq−1

cq−1

0 1
c1

0 . . . 0

...
. . . . . . . . .

...

0 . . . 0 1
cq−2

0

0 . . . 0 1
cq−1


.

Consequently, bT = T̃
−1

b is given by,

bT =



T−1b1• 0 . . . 0

0 T−1b2•
... 0

...
. . .

. . . 0

0 . . . 0 T−1bn•


,

where bi• = (bi0, . . . , bi,q−1) are the random effects associated with unit i. We

use b•j = (b1j , . . . , bnj), j = 0, . . . , q−1, to refer to the random effects associated

with covariate j. Then,

bT =



b10 −
∑q−1

s=1 b1s
ds

cs

b11
c1
...

b1,q−1

cq−1

...

...

bn0 −
∑q−1

s=1 bns
ds

cs

bn1

c1
...

bn,q−1

cq−1


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or, equivalently,

bT•0 = b•0 −
q−1∑
s=1

b•s
ds
cs
, (5.15)

bT•1 = b•1
1

c1
,

. . . (5.16)

bT•q−1 = b•q−1
1

cq−1
.

Therefore, a similar reasoning to the one used in section 5.4 leads us to

conclude that the model given by expressions 2.8 and 4.4 is coding invariant only

if all the following conditions are satisfied:

1. the model contains an intercept term bT•0;

2. the marginal distributions of the random intercept b•0 and the convolution

of this distribution with the distributions of the random slopes b•j, j =

1, . . . , q − 1, must belong to the same parametric family;

3. the marginal distributions of all the random slopes b•j , j = 1, . . . , q − 1

are closed under scaling;

4. the random intercept b•0 is not assumed independent of the random slopes

b•j , j = 1, . . . , q − 1.

5.4.2 Necessary conditions for coding invariance

To sum up, the results discussed and shown in this chapter can be summarized

in the following lemmas:

Lemma 5.4.1 If the model given by expressions 2.8 and 4.4 is not well-formulated

then the model is not coding invariant.
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Lemma 5.4.2 In the model given by expressions 2.8 and 4.4, if the random

intercept is assumed to be independent of the random slope then the model is

not coding invariant.

Lemma 5.4.3 In the model given by expressions 2.8 and 4.4, if the distribution

of the random intercept can not be expressed as the convolution of the distribu-

tion of the random slopes with another distribution then the model is not coding

invariant.

Lemma 5.4.4 In the model given by expressions 2.8 and 4.4, if the distribution

of the random slope is not closed under scaling then the model is not coding

invariant.

We will take into account these results when developing in the next chapters

models for analysing varying exposure coefficients, in applications in which coding

transformations are of interest.

For now, we show in figure 5.5 the estimates obtained with the model devel-

oped in chapter 8, which does not violate the four lemmas above and assumes

in particular that the random effects may be correlated. The lack of coding in-

variance seems not to be present. The two maps of slope estimates are similar

and the relation between the two sets of slope estimates is approximately linear.

The small differences between the two maps in figure 5.5 are possibly due to the

choice of priors and initial values. The priors and initial values were the same for

the model with the non-centred and centred covariate, but they correspond to

different prior information in each of the models. For example, a prior mode at

zero for the exposure coefficient in the non-centred covariate model may not be

equivalent to a prior mode at the same value and for the same parameter in the
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(a) Non-centred covariate
Posterior mean of the slope

0.08 to 0.27  (63)
0  to 0.08  (74)

-0.08 to 0   (78)
-0.24 to -0.08  (60)

(b) Centred covariate
Posterior mean of the slope

0.1  to 0.31  (62)
-0.01 to 0.1   (92)
-0.1  to -0.01  (65)
-0.26 to -0.1   (56)

(c) Posterior means of the intercepts
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Figure 5.5: Maps of the posterior means, obtained from the model developed in

chapter 8, of the areal exposure coefficients measuring the association between stom-

ach cancer mortality and: (a) spending power; (b) spending power centred about the

mean. Scatterplots of the posterior means of (c) the random intercepts and (d) the

random slopes, obtained with the non-centred covariate versus the centred covariate.
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centred covariate model. In addition, the differences between the two maps in

figure 5.5 are also partly due to the sampling error in the MCMC simulation. To

assess the importance of the sampling error, we used the Monte Carlo standard

error of the mean, also known as Monte Carlo error, which is as an output of the

Winbugs 1.4 software (Roberts, 1996; Spiegelhalter et al., 2003). The average

Monte Carlo error for the slopes was about 0.004 in both models with the centred

and non-centred covariate. The average difference in the posterior means of the

slopes between the models with the centred and non-centred covariate was 0.02.

Coding invariance has usually been defined within a frequentist approach. In

some problems, there may be reasons to believe that the choice of units should

not affect the problem (for example, in some problems, it should not matter if

we use centimetres or inches, the results obtained should be the same). The

Bayesian approach has attempted to deal with these type of issues by developing

invariant priors, such as location and scale invariant priors (Berger, 1985; Milne,

1983). However, if the model is not coding invariant, the posterior distributions

obtained with the use of different units may not be equivalent even if appropriate

invariant priors are used.

In a Bayesian perspective, the model should reflect the beliefs about the

problem. If there are reasons to believe that the choice of units should not

change the problem, then the model used should be coding invariant.

For coding invariant models, the likelihood function remains invariant under

coding transformations, i.e.:

f(y|b,Z) = f(y|bT ,ZT ),

where bT and ZT are defined as in equation (5.14).
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Denoting by πB(.) and πB(.|y) the proper prior and posterior distributions,

respectively, of b, it is easy to show by a transformation of variables that

πBT
(bT ) = |T̃ |πB(b)b=T̃bT

and πBT
(bT |y) = |T̃ |πB(b|y)b=T̃bT

.

Consequently, if the prior distribution πT (.), of the parameters bT of the

model using the transformed covariate ZT , is such that πT (bT ) = |T̃ |πB(b)b=T̃bT
,

i.e. the prior information is the same in the models using the original and the

transformed covariate, then the posterior distributions of the original and trans-

formed parameters, b and bT , will be equivalent, πT (bT |y) = |T̃ |πB(b|y)b=T̃bT
.

In particular, there will be a correspondence between point posterior estimates:

ET (bT |y) = |T̃ |−1EB(b|y) and, if b∗ is the posterior mode of the original pa-

rameters, then T̃
−1

b∗ will be the posterior mode of the transformed parameters.
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Chapter 6

Regression mixtures

Mixture distributions are typically used for modelling data in which each obser-

vation is assumed to have arisen from one of a number of different groups, each

group being modelled by a density from the same family. In this thesis, we will

use mixture models in the context of what is usually called cluster analysis, i.e.

identification of different groups in a data set.

We want to take into account the scenario envisaged in chapter 3, which

indicated that groups of countries with similar H. pylori virulence and human

susceptibility may exist. We assume that the population in each group of coun-

tries is characterised by a distinct response to H. pylori infection and that there are

no distinguishable sub-populations. Regression mixtures, like the ones described

in Congdon (2001), p. 215, can be used to identify these groups.

In view of the study we present in chapter 9, we consider the problem in

the context of normal distributions, but it can be adapted to other distributions.

Also, we assume that the variability across areas can be explained by only one

factor, whose exposure coefficient is allowed to vary across groups.
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Formally, the regression mixture model we consider is

Yi ∼
M∑
m=1

pmN(µim, σ
2), (6.1)

µim = β0 + bm1zi,

where the variables zi and Yi correspond to, respectively, the risk factor and the

log disease rate, in area i, i = 1, . . . , n. The probabilities pm, m = 1, . . . ,M are

the mixing proportions which are constrained to be non-negative and sum to unity.

The parameters {bm1, m = 1, . . . ,M} are the group specific parameters and

reflect the various values of the exposure coefficient. For notational convenience,

we denote the vector of random slopes as b•1 = (b11, . . . , bM1). The parameter

β0 corresponds to the global baseline risk, and its value is assumed to be the

same in all areas. We know from chapter 5 that this assumption leads to a

model which is not coding invariant, but the assumption is justified in situations

where the regression lines are expected to cross at a given value of the exposure

and this value is known (e.g. the study in chapter 9). The variation in rates

caused by unknown factors or sampling variation is believed to be accounted by

the parameter σ2.

The components of the mixture have a physical interpretation and the mixture

model analysis will aim at:

1. Estimating the parameters of the individual components of the mixture for

inference on the exposure coefficient;

2. Estimating the classification probabilities for the observed data points;

3. Allocating the data points into sets of “similar” exposure coefficient.
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We will carry out statistical analyses with various fixed values of M .

Problems associated with the maximum likelihood approach to mixture mod-

els have been reported in the literature, mostly resulting from the fact that the

likelihood is unbounded (Robert, 1996; Stephens, 1997; Marin et al., 2005). The

Bayesian approach with weakly informative proper priors is a viable alternative.

In this chapter, we present the implementation of regression mixtures within a

Bayesian approach. Most of the material presented in this chapter relies on

Robert (1996) and on well known results about mixture models. We adapted

most of the results to the context of regression mixtures, and we propose an

explanation for the trapping states we encountered in the Markov chain Monte

Carlo (MCMC) simulation of regression mixtures.

6.1 The Bayesian approach

We write the probability density function of a mixture model for the vector of

observations y = (y1, . . . , yn) as,

f(y|p, θ) =

n∏
i=1

M∑
m=1

pmfm(yi|θm), (6.2)

where p = (p1, . . . , pM) is the vector of the mixing probabilities and θ =

(θ1, . . . , θM) that of component parameters. For the particular case of model 6.1,

θm = (β0, bm1, σ
2) and fm(yi|θm) is the probability density function of a normal

distribution with mean β0 + bm1zi and variance σ2. In a Bayesian framework, the

unknowns p and θ are regarded as random quantities, drawn from an appropriate

prior distribution π(p, θ). It is possible to show that the posterior distribution is
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given by a sum of Mn terms:

π(p, θ|y) ∝ π(p, θ)

n∏
i=1

M∑
m=1

pmfm(yi|θm) (6.3)

= π(p, θ)
∑

(m1,...,mn)∈{1,...,M}n

[ M∏
m=1

(
pcmm

∏
i:mi=m

fm(yi|θm)
)]
,

where cm = #{mi : mi = m, i = 1, . . . , n}.
If fm(.|.) belongs to the exponential family (expression 2.8) and the prior

distributions are such that the vector p and the θs are drawn independently, with

a Dirichlet prior for p,

π(p) ∝ pα1−1
1 . . . pαM−1

M

and the conjugate prior of f(.|.) for θm,

π(θm|κ, ς) ∝ e
θmκ−ςh(θm)

ϕ ,

the equation 6.3 can then be simplified to

π(p, θ|y) ∝
∑

(m1,...,mn)∈{1,...,M}n

M∏
m=1

pαm+cm−1
m π(θm|κ+ cmȳm, ς + cm),

(6.4)

where ȳm =
∑

i:mi=m
yi/cm.

Although the calculation of each individual term in the sum of expression 6.4

is straightforward, Robert (1996) indicated that the computing time required to

evaluate the Mn terms is prohibitive, even in problems of moderate size. A viable

alternative is provided by MCMC methods. As acknowledged by several authors,

the Gibbs sampler is particularly suited for mixture models in the case where M

is considered known (Robert, 1996; Stephens, 1997).
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6.2 The missing data formulation

Model (6.2) can be written in terms of n unobserved allocation variables Vi, i =

1, . . . , n, by assuming that the observation yi arises from the component m with

probability

P (Vi = m|p) = pm.

Therefore, the conditional likelihood of observation y = (y1, . . . , yn) is

f(y|p,v, θ) ∝
n∏
i=1

M∏
m=1

(f(yi|θm))vim , (6.5)

where vim = I(vi = m). Integrating out the variables V leads to model (6.2).

In a Bayesian context, missing data are considered as a random quantity

drawn from an appropriate prior distribution. Since the V s are unknown, we re-

gard them as missing data within the Bayesian context. The posterior distribution

can thus be written as,

π(p, θ,v|y) ∝
n∏
i=1

M∏
m=1

(pmfm(yi|θm))vimπ(p, θ).

6.3 Prior distributions

Although conjugacy is not necessary for using the MCMC techniques, in mixture

models it is common practice to choose the priors in such a way that it is

relatively easy to determine the expression for the full conditional and posterior

distributions. Conjugate, or approximately conjugate, priors are often chosen.

We use the same strategy for the regression mixtures used in this thesis.
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6.3.1 Prior distributions for the mixing probabilities

The usual choice for the vector of group proportions p = (p1, . . . , pM) is a

Dirichlet prior

π(p|α1, . . . , αM) ∝ pα1−1
1 . . . pαM−1

M . (6.6)

When the parameters of the Dirichlet prior are equal, α1 = . . . = αM = α,

the prior information is the same for all the ps. Choosing α = 1 gives a uniform

distribution over the space p1+. . .+pk = 1. However, we will see in section 6.4.3

that this value of α can create difficulties in the MCMC simulation, in which case

larger values may be considered.

6.3.2 Prior distributions for the regression parameters

In the case of a mixture of Gaussian distributions, we can not use independent

improper priors on the component-specific parameters of the mixed model be-

cause it leads to improper posteriors. (Stephens, 1997, p.12) provides a proof

of this statement, which is summarized here for the reader’s convenience. Con-

sider values of the vector v that assign no observation to the first group. The

corresponding vector of completed data, (y,v), thus contains no information

about the parameter b11, and if the b11, . . . , bM1 are a priori independent, then

the posterior distribution π(b11|y,v) will be the same as the prior distribution

π(b11). If this latter distribution is improper, π(b11|y,v) will also be improper,

and hence, π(b11|y) will be improper because

π(b11|y) =
∑

v∈{1,...,M}n

π(b11|y,v)P (v|y).

Among possible proper prior distributions, it is common to choose the nat-

ural conjugate for the univariate Gaussian distribution, in which the mean and
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variance are not independent (Diebolt and Robert, 1994; Robert, 1996). Other

authors considered “approximate conjugate” distributions, in which the mean and

the variance are drawn independently (Richardson and Green, 1997; Stephens,

1997). This is the approach we follow here and in the analysis in chapter 9. Con-

sequently, Gaussian prior distributions are chosen for the regression coefficients

and a gamma prior is chosen for the precision, i.e. the inverse of the variance.

Modelling the precision instead of the variance makes it easier to attribute larger

weights to large values of the variance. The Gaussian distribution, adopted for

the regression coefficients, is symmetrically distributed - a natural prior assump-

tion for these parameters. All these prior distributions can be taken rather flat

with an appropriate choice of hyperparameters. Flat distributions reflect bet-

ter the fact that little or no information is available a priori on the regression

parameters.

6.4 Implementation

6.4.1 Gibbs sampler for regression mixtures

The Gibbs sampler is a commonly used MCMC algorithm for generating se-

quences of samples from the joint probability distribution (Smith and Roberts,

1993). The samples are drawn iteratively from the full conditional distributions.

The full conditional distributions for each parameter can be deduced from the

joint posterior distribution,

π(σ2, β0, b•1,p,v|y) ∝ f(y|v, σ2, β0, b•1)π(v|p)π(p)π(τ 2)π(β0)π(b•1),

(6.7)
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by ignoring the terms which do not depend on the parameter of interest on

the right hand side of the expression 6.7. Explicit derivation of full conditional

distributions in the context of mixture models can be found in Robert (1996).

6.4.2 Label switching

A well known result states that the parameters of mixture models are not identi-

fiable because the likelihood is invariant under permutation of the group labels.

Similarly, in regression mixtures, the value of the likelihood

L(p, β0, b•1, σ2|y) =
n∏
i=1

[p1f(yi|β0, b11, σ
2) + . . .+ pMf(yi|β0, bM1, σ

2)]

is the same for all permutations of the labels of p and b•1, i.e. for every permu-

tation (ν(1), . . . , ν(M)) of 1, . . . ,M ,

L(p, β0, b•1, σ2|y) = L(pν , β0, b•1ν , σ2|y) (6.8)

where pν = (pν(1), . . . , pν(M)) and b•1ν = (βν(1), . . . , βν(M)). In a Bayesian

framework, the posterior distribution will be similarly invariant whenever the prior

distribution of the parameters is also invariant under permutations of the param-

eters. Consequently, the posterior distribution will have M ! modes corresponding

to M ! copies of the “genuine” mode.

It is thus not surprising that the applications of MCMC techniques to mixture

models have often reported that the simulated chain moves between the differ-

ent modes, causing the classification probabilities and the component-specific

parameters to be the same for all components of the mixture. This problem has

been referred to in the literature as label-switching.

Attempts to deal with the problem of label-switching have centred around the

use of identifiability constraints on the parameter space, such as p1 < . . . < pM
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or b11 < . . . < bM1. These identifiability constraints impose an order on the

parameters of expression 6.8, thus excluding permutations and allowing us to

obtain sensible estimates on the individual components of the mixture. As we

aim at studying the variation in the exposure coefficient, we opt for a constraint

on the parameters b11, . . . , bM1 because we expect to find groups with different

slopes, while we have no reason to believe that the sizes of the groups, which

are proportional to the ps, are different from each other. The constraint on the

slopes is introduced with a reparametrization

bm+1,1 = bm1 + δm, δm > 0, m = 1, . . . ,M − 1, (6.9)

where the parameters δ1, . . . , δM−1 are given Gaussian priors, truncated to posi-

tive values.

6.4.3 Trapping states

Some previous analysis of normal mixture distributions using Gibbs sampling re-

ported problems with “trapping states”, i.e. states in which the chain would

require an enormous number of iterations to escape from the state. In extreme

cases, the probability of escape may be below the minimal precision of the com-

puter and the trapping state is truly absorbing. These trapping states appear to

be due to allowing the allocation of very few observations to one of the compo-

nents of the mixture (Robert, 1996; Stephens, 1997), which causes the likelihood

to tend to infinity as the mean of this component is set to be within the range of

the observed data points and the variance of this component tends to zero. This

problem has been avoided by either reparametrizing the Gaussian parameters

(Robert, 1996, p.453-4) or constraining the component variances to be equal

(Stephens, 1997, p.24). In the study presented in chapter 9, the component
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variances are assumed to be equal and the trapping state problem just described

was not observed.

Other authors indicated that there is a danger that, at some iteration, all the

data will go to one component of the mixture, this state being difficult to escape

from (Spiegelhalter et al., 2003). In our view, this problem seems to be due

to two reasons: first, the use of priors for p that give a non-null probability to

setting one of the pi equal to 1 and the others to zero, so that the Markov chain

is eventually allowed to enter this state at some point in the simulation; secondly,

the use of the Dirichlet distribution as the prior for p (section 6.3.1), with all

parameters αm, m = 1, . . . ,M , equal to 1. As a result, the full conditional

distribution for p is given by (Robert, 1996),

Dirichlet(1 + n1, 1 + n2, . . . , 1 + nM),

where ni is the number of observations allocated to group i, i = 1, . . . ,M . We

now show that this choice of parameters is a cause of the absorbing state problem

just described.

Assume, without loss of generality, that all the observations are allocated to

group 1 at some point in the simulation, i.e. nm = 0 for all m = 2, . . . ,M .

The full conditional distribution of p is then proportional to pn1 and does not

depend on any of the other pm (n being the number of observations). This

distribution has a point of maximum at p1 = 1 and even for moderate values of

n the probability of sampling values of p1 which are not near the value one is

very small. Thus the chain will tend to stay in the same state. The state will be

more absorbing the larger the value of n.

We propose avoiding this problem by setting the values of the hyperparam-

eters α1, . . . , αM to be larger than or equal to two. When all observations are
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attributed to the same component, the chain will still favour large values of p1,

but values near one will have very low probabilities because the full conditional

of p, which is proportional to pα1+n−1
1 pα2−1

2 . . . pαM−1
M (Robert, 1996), tends to

zero as any of the pm tends to zero. The larger the value of the αs, the easier

it will be for the chain to avoid the absorbing state.

Values of the αm, m = 1, . . . ,M , larger than or equal to two yield informative

priors which attribute small weight to values of the pms near zero or one. While

large values of the αs lead to highly informative priors, the choice αm = 2, m =

1, . . . ,M provides the less informative prior and may be a reasonable choice in

some cases. For these values of αm = 2, m = 1, . . . ,M , it is easy to show

that the Dirichlet probability density function reaches a maximum at p1 = p2 =

. . . = pM = 1/M . At all other points, the values of the Dirichlet probability

density function are lower. For example, for M = 2, π(1/2, 1/2) = 1.5 whereas

π(0.1, 0.9) = 0.54. For M = 3, π(1/3, 1/3, 1/3) = 4.44 while π(0.1, 0.1, 0.8) =

0.96; and for M = 4, π(1/4, 1/4, 1/4, 1/4) = 19.69 but π(0.1, 0.1, 0.1, 0.7) =

3.53. In general, the prior will favour values of p which are nearer to the point

p1 = p2 = . . . = pM = 1/M , thus favouring groups of similar size.

We note that values of αm between 1 and 2 yield extremely large probabilities

for values of the pm near zero and 1, and are thus not suitable for our analysis.

6.5 Bayesian group allocation or probabilities of

membership

The determination of the posterior probabilities of membership is of interest, to

classify the observations with respect to the components of the mixture. One
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possible strategy for classifying the observations is assigning the ith observation

to that group m for which it has the highest posterior probability of belonging,

v̂i = argmaxm{P (vi = m|y,M)}. (6.10)

According to Richardson and Green (1997), this strategy corresponds to the

Bayes classification of an existing observation yi using the usual percentage cor-

rectly classified loss function.

In the maximum likelihood approach, the derivation of the probabilities of

membership, also called classification probabilities, is done after estimates of the

model parameters are obtained:

P (Vi = m|yi, p̂, β̂0, b̂•1, σ̂2) ∝ p̂mP (yi|Vi = m, p̂, β̂0, b̂•1, σ̂2) .

This approach has also been followed within an empirical Bayes framework

(Schlattman and Böhning, 1993).

In a full Bayesian approach, it is legitimate to take into account the uncer-

tainty associated with the model parameters, by considering the whole posterior

distribution π(p, β0, b̂•1, σ2|y). The classification probabilities for the observa-

tions yi are then given by

P (Vi = m|y) =

∫
P (Vi = m|y,p, β0, b•1, σ2)π(p, β0, b•1, σ2|y) dp dβ0 db•1 dσ2

=

∫
pmf(yi|Vi = m,p, β0, b•1, σ2)∑
s psf(yi|Vi = s,p, β0, b•1, σ2)

π(p, β0, b•1, σ2|y) dp dβ0 db•1 dσ2 .

(6.11)

Instead of monitoring the Vi, one can use the average of the conditional ex-

pectations P (Vi = m|y, . . . , σ2). This method is known as Rao-Blackwellization
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(Gelfand and Smith, 1990; Robert, 2001). Approximations to the P (Vi = m)

can thus be obtained through the monitoring of the quantities

pmf(yi|Vi = m,p, β0, b•1, σ2)∑
s psf(yi|Vi = s,p, β0, b•1, σ2)

, m = 1, . . . ,M, i = 1, . . . , n,

during the MCMC run.
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Chapter 7

Geographical clustering model

In the model discussed in chapter 6, the groups are not necessarily formed by

areas near in space. We now propose a model similar to the clustering model

developed in Knorr-Held and Rasser (2000), but fixing the number of groups and

using a Gaussian distribution instead of the Poisson. In order to avoid confusion

with the common use of the word clustering in the statistical literature, we will

refer to this model as the geographical clustering model. The model is a special

case of mixture regressions, with spatial dependence implicitly introduced at the

level of the allocation variables V . In this sense, it is similar to the one described

in Green and Richardson (2002). Markov random fields have also been used to

model spatial partitions in the context of image analysis (Besag, 1986).

The geographical clustering model was previously used in the context of

Bayesian model averaging, in which a smooth estimate of the risk surface is

obtained from the posterior mean risk surface. Here, we will use it in the con-

text of clustering, and we would thus like to calculate classification probabilities.

Knorr-Held and Rasser (2000) implemented the model using reversible jump

MCMC because the number of groups was unknown. Here, the Gibbs sampler is
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applicable because the number of groups is fixed.

The model was developed because of its capacity in detecting discontinu-

ities. For our study, the main advantage of this model is its capacity to find

solutions which are consistent with the expected spatial structure of the groups

of areas. The support space of the geographical clustering prior is restricted

to configurations in which the areas within each group are geographically close

in some determined sense. Naturally, restricting the support space of the prior

distribution results in an identical restriction in the support space of the poste-

rior distribution. Basically, the prior model assumes that the region under study

can be divided into several connected clusters of constant virulence. Here and

throughout this thesis, we use the term connected cluster to refer to a connected

set of areas (section 7.1).

In this chapter, we start by generalizing the procedure provided by Knorr-Held

and Rasser (2000) for forming clusters, i.e we define a general process of forming

clusters on the basis of any distance measure. We then develop distance measures

which ensure that all the clusters are connected sets. Consequently, we are able to

extend the model of Knorr-Held and Rasser (2000) to a model that depends not

only on the adjacency but also on the the Euclidean distance between the areas.

We consider that the number of clusters is known and implement the model

using the Winbugs software. We further develop an algorithm to calculate the

geographical distance, which reflects the adjacency and the Euclidean distance

between the areas. We also examine whether all configurations of connected

clusters can be found by the geographical clustering model (representability),

and whether they all have the same prior probability (equiprobability). Finally, we

compare the performance of the model with that of the regression mixture model
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discussed in chapter 6. In particular, we show that the clustering model provides

better results than the mixture model when the variance of the observations is

large.

7.1 Paths and connected groups of areas

Let S be a region formed by n areas, S = {1, . . . , n}. For notational convenience,

we use from now on the notation i ∼ j to state that two areas i and j are

contiguous. Assume that all areas are connected, in other words, for any two

areas i, j ∈ S there is a path ξ(i, j) through contiguous areas from i to j,

ξ(i, j) = {i0, i1, . . . , ip−1, ip | i0 = i, ip = j, i0 ∼ i1 ∼ . . . ∼ ip}. (7.1)

In what follows, a path will always refer to a sequence of contiguous areas, in the

way it is formally defined in expression 7.1 above. The set of all paths between

two areas i and j is denoted by Ξ(i, j). We define a set of areas C as connected

when all areas of C are connected by a path in C. Formally, a set of areas C is

connected when for all i, j ∈ C, there is a path ξ(i, j) ⊂ C.

7.2 Defining clusters through a distance measure

This section generalizes the procedure developed by Knorr-Held and Rasser

(2000) to construct clusters. While these authors defined their procedure on

the basis of the number of borders between areas, we consider here any distance

measure between areas. First, we review the well known definition of distance

measure.
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Definition 7.2.1 (Distance measure) A distance measure d : S × S → R is

a function that satisfies the following conditions:

1. d(i, j) ≥ 0, and d(i, j) = 0 if and only if i = j (positivity),

2. d(i, j) = d(j, i) (symmetry),

3. d(i, j) ≤ d(i, s) + d(s, j) (triangle inequality).

Equality in 3. holds if and only if s lies on the segment īj, i.e. on the minimal

path from i to j.

A set of M clusters is defined by a distance measure d(., .) and by M areas,

(g1, g2, . . . , gM) ∈ SM . According to the terminology used in Knorr-Held and

Rasser (2000), the areas (g1, g2, . . . , gM) are referred to as cluster centres. The

distance measure d(., .) is used to allocate every area i ∈ S to one and only one

cluster: an area i is assigned to cluster Cm when it is closer to gj than to any

other cluster centre. Once the cluster centres g are chosen, the distance d is

thus used to assign the remaining n−M areas to one of the clusters.

Definition 7.2.2 (Cluster) Let g = (g1, . . . , gM) ∈ SM be a set of cluster

centres. The cluster Cj, j = 1, . . . ,M is formed by all areas i which have

minimal distance to the corresponding cluster centre gj , i.e.

d(i, gj) ≤ d(i, gl), l ∈ {1, . . . ,M}, l �= j

and for which gj has the smallest index position among all the cluster centres

with minimal distance to area i,

j = min{l | d(i, gl) = min(d(i, g1), . . . , d(i, gM))}. (7.2)
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According to expression 7.2, the areas are assigned to the cluster centre with

the smallest index position, among all the cluster centres with minimal distance

to area i. Since some areas may be equally distant to two or more cluster centres,

expression 7.2 ensures that the vector g uniquely defines a cluster configuration,

i.e. an assignment of all regions to one and only one of the clusters. Therefore,

the order of selection of the cluster centres matters in the definition of the cluster

partition. The same cluster centres may lead do different partitions according to

the order at which their were selected. For example, (g1, g2) = (i, j) may not

lead to the same cluster partition as (g1, g2) = (j, i). In the latter, areas which

are equally distant to areas i and j are allocated to the cluster of area j while in

the former they are allocated to the cluster of area i.

For some distance measures, the attribution rule 7.2 may be irrelevant as it

will be unlikely that one area is equally distant to two other areas. Distances

reflecting Euclidean distances between geographical locations are a case in point

(section 7.3.1).

Finally, we note that the prior probabilities will be defined in such a way that

the vectors g are equally probable (section 7.5.1), so that each area has equal

probability of being a cluster centre.

7.3 Distance measure ensuring connected clus-

ters

The clusters defined in definition 7.2.2 are not necessarily connected. In other

words, a cluster can be comprised by two or more non-connected sets of areas.

For example, usage of the Euclidean distance between the centroids of each area
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would not guarantee that the clusters are always connected.

By extending a procedure developed by Knorr-Held and Rasser (2000), we

now propose a family of distance measures leading to clusters that are always

connected.

Since a path is formed by sequences of adjacent areas, its length can be

defined by a sum of distances between adjacent areas. Formally, define the

length λ of a path ξ(i, j) = (i0, ..., ip) between areas i and j as

λ(ξ(i, j)) =

p−1∑
l=0

dadj(il, il+1) . (7.3)

where dadj(., .) is a function defined on the space SA ⊂ S2 of all pairs of adjacent

areas, and satisfying the first two conditions in definition 7.2.1. For example,

dadj(., .) can be the distance between the centroids of two adjacent areas or

the difference between the socio-economic level of two adjacent areas, or simply

equal to one for all pairs of adjacent areas. In what follows, we will refer to the

function dadj(., .) as the adjacency-distance.

We also define the minimal path between any two areas i and j as the path

ξmin(i, j) with minimal length, i.e. the path that satisfies

λ(ξmin(i, j)) = min{ λ(ξ(i, j)) | ξ(i, j) ∈ Ξ(i, j)} .

The minimal path is not necessarily unique, in other words, there may be more

than one minimal path between two areas.

In what follows, (ξ1, ξ2) denotes path concatenation, i.e the joining of two

paths that share a common extremity, e.g. ξ1 = (i1, . . . , is−1, is) and ξ2 =

(is, is+1, . . . , il−1, il). When they are concatenated they form a new path (ξ1, ξ2) =

(i1, . . . , is−1, is, is+1, . . . , il−1, il).
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We now define a distance measure d(., .) between any two areas i, j ∈ S2 as

the length of the minimal path(s) between them,

d(i, j) = λ(ξmin(i, j)). (7.4)

It can be easily shown that d(., .) is a distance measure according to defi-

nition 7.2.1. Positivity and symmetry result directly from the properties of the

adjacency-distance function dadj(., .). The triangle inequality can be easily shown

by realizing that d(i, s) + d(s, j) is the length of a path between areas i and j

passing through area s and is therefore larger than or equal to the length of the

minimal path between areas i and j, i.e.

d(i, s) + d(s, j) = λ(ξmin(i, s)) + λ(ξmin(s, j))

= λ((ξmin(i, s), ξmin(s, j)))

≥ λ((ξmin(i, j))) = d(i, j). (7.5)

Lemma 7.3.1 Equality holds in expression 7.5 if and only if the area s belongs

to (one of) the minimal path(s) between areas i and j.

Proof. We first prove that if s belongs to a minimal path, ξmin(i, j) =

(i, . . . , s, . . . , j), then equality holds in expression 7.5. Since s ∈ ξmin(i, j), then

ξmin(i, j) = (ξ(i, s), ξ(s, j)). The paths ξ(i, s) and ξ(s, j) are minimal paths;

otherwise, ξmin(i, j) would not be a minimal path because there would exist a

smaller path ξmin(i, j) = (ξmin(i, s), ξmin(s, j)). Therefore, by definition, the

following equations hold:

d(i, j) = λ(ξmin(i, j))

= λ(ξ(i, s), ξ(s, j))

= λ(ξ(i, s)) + λ(ξ(s, j))

= d(i, s) + d(s, j).
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We now prove that if equality holds in expression 7.5, then s belongs to the

minimal path. Note that (ξmin(i, s), ξmin(s, j)) is a minimal path from i to j

because λ(ξmin(i, s), ξmin(s, j)) = d(i, j). Therefore, s belongs to a minimal

path from i to j and this completes our proof.

Adapting the proof of Knorr-Held and Rasser (2000), we now prove that if

the distance function d(., .) in expression 7.4 is used with definition 7.2.2, the

clusters are always connected.

Theorem 7.3.1 (Connected clusters) Let S be a connected set of areas,

d(., .) a distance measure defined by equation 7.4, and C1, . . . , CM a set of

clusters defined by definition 7.2.2. Then each cluster is a connected set.

Proof. Suppose there is a cluster Cm that breaks down into at least two

parts that are not connected, i.e. it can be decomposed into two sets

Cm = Cm1 ∪ Cm2

such that

∀i1 ∈Cm1
∀i2 ∈Cm2

∀ξ ∈Ξ(i1,i2) ∃s∈ ξ s /∈ Cm. (7.6)

Assume, without loss of generality, that the cluster centre gm ∈ Cm1 . Let

i ∈ Cm2 and ξmin(i, gm) be a minimal path between areas i and gm. According

to expression 7.6, it is possible to choose an area s which belongs to the minimal

path but not to the geographical cluster m, i.e.

s ∈ ξ(i, gm), s /∈ Cm.

The area s belongs thus to another geographical cluster which we denote by Cl.
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Since s belongs to the minimal path from i to gm, lemma 7.3.1 ensures that:

d(i, gm) = d(i, s) + d(s, gm).

But s ∈ Cl, which implies that

d(s, gm) > d(s, gl)

and leads to

d(i, gm) > d(i, s) + d(s, gl).

Finally, using the triangle inequality,

d(i, gm) > d(i, gl)

and therefore i1 ∈ Cl, which contradicts our initial assumption, and completes

the proof.

For simplicity, we assumed that the minimal distances were uniquely defined.

The inclusion of the rule of attribution (7.2) to the geographical cluster with

lower order does not invalidate the proof.

7.3.1 Examples of distance measures

Boundary distance

As an example of a distance measure which produces connected clusters, we

describe the distance function used in Knorr-Held and Rasser (2000). The dis-

tance d(i1, i2) between two regions i1 and i2 is defined as the minimal number of

boundaries that have to be crossed to move from area i1 to area i2. According to

expressions 7.3 and 7.4, this distance can be obtained by defining the adjacency-

distance as dadj(i, j) = 1, where i ∼ j. Here and throughout, we will call the

corresponding distance measure d the boundary distance.
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The boundary distance can be computed from the well known adjacency

matrix (Knorr-Held and Rasser, 2000), W = [wij ]i,j=1,...,n, whose entries are

wij = 1 if the areas i and j are adjacent and wij = 0 otherwise. The boundary

distance d(i1, i2) corresponds to the minimum value k that yields a positive

value in the entry (i1, i2) of the k-th power of the neighbour matrix, W k (see

appendix C for the S-PLUS code to calculate the matrix of boundary distances

from the adjacency matrix). To see why this procedure does provide the boundary

distance, notice that the (i, j) entry of the matrix W k is given by,∑
s1

. . .
∑
sk

wis1ws1s2 . . . wskj ,

where wij are the entries of the adjacency matrix W . If this sum is equal to

zero, then ∀s1,...,sk
wis1ws1s2 . . . wskj = 0, i.e. there are no paths from i to j in k

steps. On the other hand, if there is a sequence s1 . . . sk which yields a non-zero

product wis1ws1s2 . . . wskj, then this sequence defines a path between i and j,

and the sum above will be positive. By taking the minimum value of k that

yields the sum above positive, we obtain the length of the minimum path (i.e.

the minimum number of boundaries that have to be crossed to go from an area

to the other).

Geographical distance

Another adjacency-distance that may be of interest is the one defined by dadj(i, j) =

dist(i, j), where i ∼ j, and dist(i, j) is the usual Euclidean distance between

the centroids of areas i and j. We will call the resulting distance measure d the

geographical distance. Less formally, the geographical distance is the length of

the path with minimal Euclidean length among all paths between areas i and j.

The geographical distance is calculated in a less straightforward way than the
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boundary distance. First, we look for the shortest path among paths that cross

the same number of boundaries. With this aim, we create a matrix with the

distances between all pairs of adjacent areas:

D(i, j) =

 d(i, j) if i ∼ j

0 otherwise
.

From the matrix D, we define Dk by recurrence,

D1(i, j) = D(i, j),

Dk(i, j) =

 ∆k
i,j if Dk(i, j) > 0

0 otherwise
, k = 2, 3, 4, . . . ,

where

∆k
i,j = min{s:Dk−1(i,s)>0,D(s,j)>0,s=1,...,n}(Dk−1(i, s) + D(s, j))

and Dk is the k-th power of D (not to be confused with Dk).

Theorem 7.3.2 The entry (i, j) of the matrix Dk contains the length of the

shortest path that crosses k borders from i to j, or is equal to zero if such a

path does not exist.

For a proof of this theorem, see appendix E.

Secondly, by scanning Dk(i, j) for all possible values of k, we then choose

the length of the shortest path, i.e. we choose the (i, j) entry in the matrix

Dk where k is such that Dk(i, j) = minlDl(i, j). Since the minimal number of

boundaries between any two areas is at most n − 1, we only have to consider

values of k smaller than the number of areas n.

The S-PLUS code for the calculation of the geographical distance is displayed

in appendix D. This algorithm is an alternative to the algorithm presented in

Dijkstra (1959) for calculating the shortest path between two vertices.
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7.4 Likelihood

The model we consider is similar to the regression mixture model described in

chapter 6, except that the M groups are replaced by M connected clusters

C1, . . . , CM . Each connected cluster, Cm ⊂ {1, . . . , n}, has constant virulence

bm1. The number of geographical clusters, M , is assumed known. The geo-

graphical clusters C1, . . . , CM cover the whole region and they do not overlap.

Their sizes and locations are unknown.

In the regression mixture model, the groups were defined through the allo-

cation variables V . Here, the geographical clusters are defined by the vector

of M cluster centres, g = (g1, . . . , gM) ∈ {1, . . . , n}M , using the geographi-

cal distance defined in section 7.3.1. In particular, gm is the cluster centre of

Cm, m = 1, . . . ,M .

The conditional likelihood for this model is given by

f(y|θ, g) =
M∏
m=1

∏
i∈Cm(g)

fm(yi|θm), (7.7)

where θ and y are defined as in section 6.1 and (C1(g), . . . , CM(g)) is the set

of geographical clusters.

7.5 Prior distributions

7.5.1 Prior distribution for the cluster centres

We have seen in section 7.2 that the order of selection of the cluster centres

matters in the definition of the cluster partition. The number of possible permu-

tations of the M cluster centres is n!/(n−M)!. We use a uniform distribution
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over all possible permutations, i.e. we assume that each vector of cluster centres

g = (g1, . . . , gM) has equal probability (Knorr-Held and Rasser, 2000),

π(g) =
(n−M)!

n!
. (7.8)

7.5.2 Prior distribution for the regression parameters

The prior distributions for regression parameters are chosen in the same way as

the ones chosen for the regression mixture model in chapter 6.

7.6 Label switching in the clustering model

The clustering model is subject to the same label-switching problem as the mix-

ture model discussed in chapter 6. Consider for example the boundary distance.

Figure 7.1 shows that the configuration defined by g1 = 1 and g2 = 4 is the same

as the one defined by g2 = 1 and g1 = 4, i.e. both pairs of clusters centres lead

to the clusters {1, 2} and {3, 4}. Therefore, we introduce the constraint on the

slopes that was considered in the mixture model (section 6.4.2, equation 6.9).

However, due to expression 7.2, the set of cluster centres g = (g1, . . . , gM) do

not always define the same partition as the set resulting from a permutation of

these cluster centres, g = (gν(1), . . . , gν(M)), where ν(g) is a permutation of

(1, . . . ,M). This is illustrated by the configurations shown in figure 7.2. The

clusters defined by g1 = 2 and g2 = 4 are C1 = {1, 2, 3} and C2 = {4}, which

are not the same as those defined by g2 = 2 and g1 = 4, namely C1 = {3, 4}
and C2 = {1, 2}. Therefore, a constraint b11 < b21 will not necessarily yield the

same results as the constraint b21 < b11.

The problem of the non-exchangeable cluster centres is due to the use of
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the attribution rule for allocating areas which are equally distant to two or more

cluster centres (expression 7.2). The use of this attribution rule is likely to be

common when the clusters are defined by the boundary distance, but the rule

may never be used in practice when the clusters are defined by the geographical

distance, which uses the Euclidean distance. In fact, in the analysis of chapter 9,

we used the geographical distance and observed that the results were the same

when we run the chain with the constraint b11 < b21 or b21 < b11. This is certainly

a positive aspect of the use of the geographical distance for defining the clusters.

 
 
 

1 2 3 4 

 

g1 g2 

C1 C2 

 
 
 

1 2 3 4 

 

g2 g1 

C2 C1 

Figure 7.1: Exchangeable cluster centres.
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g1 g2 

C1 C2 
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g2 g1 

C2 C1 

Figure 7.2: Non-exchangeable cluster centres.
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7.7 Posterior distribution

The joint posterior distribution is given by

π(g, β0, b•1, σ2|y) ∝ f(y|g, β0, b•1, σ2)π(g)π(β0)π(b•1)π(σ2), (7.9)

where π(g)π(β0)π(b•1)π(σ2) denote the prior distributions. Due to the com-

plexity of the model, the posterior distribution is not directly tractable. In the

same way as for the regression mixture model (section 6.2), we use the Gibbs

sampler for inference on the posterior quantities of interest.

Since E[θ|y] = E[E[θ|g,y]], the posterior means of the regression parame-

ters are weighted averages of the posterior means for the regression parameters

for each configuration. The weighting is done through the posterior probability

of all possible configurations. For a given configuration, the regression estimates

are typically weighted averages of the classical estimators and the prior means of

each parameter.

7.8 Full conditionals

As explained in section 6.4.1, the full conditional distributions can be determined

from the joint distribution. Since we decided in section 7.5.2 to choose the same

prior distributions for the regression parameters as those used in the regression

mixture model, the joint posterior distribution for the parameters of the clustering

model, given by expression 7.9, is similar to that of the regression mixtures

(expression 6.7), the difference being in the use of g in the place of the vectors

v and p. In addition, the likelihood for both models is very similar, with the

difference that the products
∏

i:vi=m
in the regression mixture are replaced by∏

i∈Cm(g) in the clustering model (expressions 6.5 and 7.7). The full conditional
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distributions for the regression parameters are then similar to the ones for the

standard regression mixtures.

Turning now to the cluster centres g, the full conditional distribution is given

by

π(g|β0,•1, σ2,y) ∝ exp(− 1

2σ2

M∑
m=1

∑
i∈Cm(g)

(yi − β0 − bm1zi)
2), (7.10)

that is, it privileges configurations g which minimize the sum,

M∑
m=1

∑
i∈Cm(g)

(yi − β0 − bm1zi)
2 .

7.9 Representation of geographical clusters

While the procedure presented in section 7.3 for defining clusters always leads

to connected clusters, there may exist partitions of connected clusters which

can not be defined by a set of cluster centres. In other words, the function

g �→ (C1(g), . . . , CM(g)) of cluster centres into configurations of connected

sets is not necessarily surjective.

(a)

1 2 3

4 5 6

(b)

1 2 3 4

5 6 7 8

9 10 11 12

13 14 15 16

Figure 7.3: Non-representable partitions.

By way of illustration, we present a simple example. Consider a lattice of

6 units such as the one represented in figure 7.3, partition (a), where any two
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adjacent areas are at the same distance. The two clusters C1 = {5} and C2 =

{1, 2, 3, 4, 6} are obviously connected. However, no pair of cluster centres (g1, g2)

could lead to such a partition. It is obvious that g1 = 5 or g2 = 5. In either

case, it is not possible to choose the second cluster centre in such a way that all

other areas are closer to it than to area number 5.

In the same way, there is no pair of cluster centres (g1, g2) which could lead

to the partition represented in figure 7.3, partition (b), C1 = {5, 6, 9, 10} and

C2 = {1, 2, 3, 4, 7, 8, 11, 12, 13, 14, 15, 16}.

7.10 Equiprobability of cluster configurations

In distinction to the standard regression mixtures described in Chapter 6, the

prior probabilities of allocation, P (Vi = m), i = 1, . . . , n, m = 1, . . . ,M , are

not independent of i and m in the clustering model. In fact, some partitions are

more probable than others. This happens because the function g → C1, . . . , CM

is not injective, i.e. two or more different sets of cluster centres g may lead to the

same partition C1, . . . , CM . Since all sets of cluster centres g are taken to have

equal prior probabilities (section 7.5.1), the probability of a partition C1, . . . , CM

depends on the number of gs that lead to that partition.

For instance, in the 4×4 square lattice of Figure 7.4, partition (a), there is only

one pair of cluster centres (g1, g2) which leads to the partition C1 = {4} and C2 =

{1, 2, 3, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16}, namely (g1, g2) = (7, 4). However,

the partition C1 = {1, 2, 3, 4, 5, 6, 7, 8} and C2 = {9, 10, 11, 12, 13, 14, 15, 16}
(figure 7.4, partition (b)), can be represented by several pairs of cluster centres,

for example, (g1, g2) = (5, 9), or (g1, g2) = (6, 10) or (g1, g2) = (2, 14), etc.

We will study the impact of non-representability and non-equiprobability on
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(a)

1 2 3 4

5 6 7 8

9 10 11 12

13 14 15 16

(b)

1 2 3 4

5 6 7 8

9 10 11 12

13 14 15 16

Figure 7.4: Two partitions with different prior probability.

the estimation of probabilities of classification through a simulation study in

section 7.13.

7.11 Bayesian cluster allocation or probabilities

of membership

The determination of the posterior probabilities of membership is of interest, to

assign the observations to connected clusters of identical exposure-coefficient.

In the clustering model, the allocation of areas to clusters is done through

the vector of cluster centres g. Hence, the values of the prior probabilities of

membership P (Vi = m), i.e. the prior probability that area i is allocated to

cluster m, depend on the prior distribution of g and on the spatial configuration

of the areas. Since it is not straightforward to calculate the prior distribution of

the V s, it is not easy to use expression 6.11, provided in chapter 6, to calculate

the posterior probabilities of membership. We can alternatively monitor the

proportion of iterations in which each observation i is allocated to the group m

during an MCMC run. The posterior probabilities of allocation are then estimated
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by the relative amount of simulation time in which area i was allocated to group

m. For this monitoring, we defined for each group m and each observation i

an indicator variable v
(t)
im which equals one when the observation i is assigned to

group m at the t-th iteration and zero otherwise.

In the MCMC run, the distribution of states in the chain will converge to-

wards an equilibrium distribution which is the joint posterior distribution. Hence,

running the chain for a long time, we expect v
(t)
im to be approximately distributed

according to Bernoulli(P (Vi = m|y)). The ergodic theorem on Markov chains

tell us that the average of the values sampled between iterations t1 and t2,∑t2
t=t1

V
(t)
im

t2 − t1 + 1
,

will converge almost surely to E[Vim|y] = E[P (Vi = m|y)] (Robert and Casella,

1999, p.140-1). Under general conditions, the Gibbs-sampler generates Markov

chains. Therefore, we can monitor the quantity
∑t2

t=t1
V

(t)
im

t2−t1+1
in order to estimate

the posterior means of the probabilities of membership.

7.12 Predictive probabilities

Predictive classification addresses the question of classifying a future observa-

tion y∗. If the allocation variable corresponding to this is v∗, then we are in

principle interested in the posterior probabilities of membership of the new ob-

servation y∗ to each cluster m, P (v∗ = m|y, y∗, P ∗
1 , . . . , P

∗
M ,M), where P ∗

j is

the prior probability that the new observation belongs to cluster j. Although it

is common in academic examples to choose P ∗
j as the membership probabilities

Pj = P (Vi = j|y) of the original set of observations, in some cases this may not

be a reasonable choice. As we will see in chapter 9, when the mechanism under-
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lying the generation of the new data is not exactly the same as for the original

set and/or the original data were not a random sample of the population, it may

be more appropriate to choose uniformly distributed probabilities of membership.

In a maximum likelihood approach, the P (v∗ = j|y, y∗, P1, . . . , PM ,M) can

be estimated by

P ∗
mf(y∗|θ̂m)∑
l P

∗
l f(y∗|θ̂l)

,

where θ̂m are the estimates of the regression parameters for cluster m; and the

sum is over the set of clusters to which the new observation y∗ might belong.

In a fully Bayesian framework, we can monitor the P (v∗ = j|y, y∗, P1, . . . , PM)

during the MCMC run to obtain an estimate of

∫
P ∗
mf(y∗|θm)∑
l P

∗
l f(y∗|θl)π(θ1, . . . , θM |y),

where y is the set of the original observations. This quantity reflects better the

uncertainty in the estimation of θ.

Using the percentage correctly classified loss function (section 6.5), the Bayes

classification of a new observation y∗ is then given by

v̂∗ = argmaxj{P (v∗ = j|y, y∗, P1, . . . , PM)}. (7.11)

In the application presented in Chapter 9, we know there are M populations

of H. pylori, found on the basis of the expected geographical distribution of the

bacterium and the relation between the infection prevalence of that bacterium

and stomach cancer. We would like to estimate the probabilities of each strain

in another country, which may have been eventually contaminated by one or

several of the strains from the original set. For this, we will assume in section 9.6

that the prior probabilities of membership P ∗
1 , . . . , P

∗
M of the new country are

uniformly distributed among the different clusters of countries.
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7.13 Performance of the clustering model

In this section, we briefly discuss the performance of the clustering model de-

scribed in this chapter in synthetic data sets. As an illustration, we consider

three different partitions, each formed by two clusters (M = 2):

• Partition 1 consists two clusters of approximately the same size;

• Partition 2 contains one cluster which is about one third the size of the

other;

• Partition 3 can not be represented by a pair of cluster centres (one cluster

about one third the size of the other).

These three partitions were designed to test the performance of the clustering

model in different situations. Comparing the results of partitions (1) and (2) will

allow us to assess the influence of the non-equiprobability of the partitions. For

partition (3), the aim is to investigate how the cluster model behaves when the

partition is not representable by cluster centres.

In all the examples, we analysed a regular square lattice of size 7×7. Note that

in square lattices the boundary distance is equivalent to the geographical distance

(as defined in section 7.3.1), i.e. the distance between any pair of adjacent areas

is the same. For simplicity, we only attempt to estimate areal means. The

existence of covariates is an addition to the complexity of estimation.

We compare the clustering model with the standard mixture model. We

incrementally increased the variance in order to assess the performance of the

clustering model and the standard mixture model when the observations have

large variance but the clusters are known to be connected.
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All computations were conducted in Winbugs 1.4. We used the code shown

in appendix G, adapted for two clusters and for Gaussian responses. In order to

assess convergence, we inspected the sampled values of the means and variance

for several MCMC runs and the corresponding Brooks-Gelman-Rubin convergence

statistics (Brooks and Gelman, 1998). Different initial values were used for each

of the MCMC runs.

The Brooks-Gelman-Rubin convergence statistics is the ratio of the length of

the 80% interval for the pooled runs over the average length of the 80% intervals

for the individual runs. As convergence is approached, the Brooks-Gelman-Rubin

convergence statistics are expected to be near one and the pooled and the average

interval lengths should stabilise. In general, stationarity occurred rather quickly in

the clustering model (often quicker than in the standard mixtures). The Brooks-

Gelman-Rubin convergence statistics were immediately drawn to one even with

very dispersed initial values across runs. A length of 10000 iterations was judged

reasonable for the burn-in period. The 10000 iterations after the burn-in period

yielded reasonable values of the Monte Carlo error, which estimates the sampling

error of the posterior mean in the MCMC run (Roberts, 1996; Spiegelhalter et al.,

2003). Therefore, the total number of iterations was 20000.

We only present the results for a single simulated sample. Replications of

these experiments were conducted and provided similar results.

For each example, we display the posterior mean and standard deviation of the

group/cluster parameters; the number of misclassified areas; and the averaged

posterior mean squared error (MSE) of the areal means (Green and Richardson,

2002), defined as

1

n

n∑
i=1

E[(µvi
− ri)

2|y], (7.12)
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where µvi
and ri are respectively the estimated and the true areal means, y =

(y1, . . . , yn) is the vector of observations, and the expectation is with respect to

the posterior distribution of (µv1 , . . . , µvn).

Example 1 (partition 1)

We analyse two clusters of approximately the same size in a 7×7 squared lattice

(represented in normal font and bold font in the figure 7.5(a)). We set the true

areal means equal to 1 in the first cluster (normal font); and equal to 2 in the

second cluster (bold font). Three different values for the true standard deviation

σ were used: 0.1, 0.3 and 0.5.

(a)

1 2 3 4 5 6 7

8 9 10 11 12 13 14

15 16 17 18 19 20 21

22 23 24 25 26 27 28
29 30 31 32 33 34 35
36 37 38 39 40 41 42
43 44 45 46 47 48 49

(b)

Averaged posterior
MSE

Clustering Mixture
σ model model

0.1 6.52 × 10−4 6.43 × 10−4

0.3 0.018 0.094
0.5 0.095 0.286

Figure 7.5: Example 1: (a) partition 1, 7 × 7 squared lattice; and (b) averaged
posterior mean squared error (MSE) for different values of σ, for the clustering model
and the mixture model.

In figure 7.5(b), we display for each of the models the averaged posterior

MSE calculated according to expression 7.12, for each value of σ. Table 7.1

displays, for each of the models and for three different values of σ, the Bayesian

estimates of the posterior means of the model parameters and the number of

misclassified areas.

Both models give comparable results for low values of σ: the averaged pos-

terior MSE, the number of misclassified areas and the estimates of the model
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(a) σ = 0.1, µ1 = 1, µ2 = 2
Model µ̂1 µ̂2 σ̂ NMA

Clustering model 1.01 2.01 0.11 0
(0.025) (0.022) (0.012)

Mixture model 1.01 2.01 0.11 0
(0.025) (0.022) (0.012)

(b) σ = 0.3, µ1 = 1, µ2 = 2
Model µ̂1 µ̂2 σ̂ NMA

Clustering model 1.01 2.10 0.30 0
(0.069) (0.058) (0.032)

Mixture model 1.09 2.12 0.36 1
(0.16) (1.53) (0.09)

(c) σ = 0.5, µ1 = 1, µ2 = 2
Model µ̂1 µ̂2 σ̂ NMA

Clustering model 0.97 1.92 0.59 4
(0.14) (0.13) (0.06)

Mixture model 1.13 2.61 0.66 11
(0.27) (5.25) (0.11)

Table 7.1: Example 1 (partition 1), 7× 7 squared lattice, with (a) σ = 0.1, (b) σ = 0.3 and
(c) σ = 0.5: posterior means and posterior standard deviations (in brackets) of the regression
parameters µ1, µ2 and σ, and number of misclassified areas (NMA), for the clustering and the
mixture model.

parameters are practically identical for σ = 0.1.

However, as the variance increases, the clustering model gives more accurate

marginal inference on the true areal means than the regression mixtures. In

particular, the averaged posterior MSE of the clustering model and the number

of misclassifications are smaller than those of the mixture model. Regarding the

estimates of the model parameters, the disparity between the estimates of the

clustering and the mixture models increases as the variance increases, with the

estimates of the clustering model being closer to the true values.
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Example 2 (partition 2)

In a 7 × 7 square lattice, we analyse a partition in which one cluster is about

half the size of the other (the larger and the smaller clusters are represented in

normal and bold font, respectively, in the figure 7.6(a)). We set the true areal

means of the larger cluster equal to 1; and those of the smaller cluster equal to

2. As in example 1, three different values for σ are considered: 0.1, 0.3 and 0.5.

(a)

1 2 3 4 5 6 7

8 9 10 11 12 13 14

15 16 17 18 19 20 21

22 23 24 25 26 27 28

29 30 31 32 33 34 35

36 37 38 39 40 41 42

43 44 45 46 47 48 49

(b)

Averaged posterior
MSE

Clustering Mixture
σ model model

0.1 4.40 × 10−4 4.25 × 10−4

0.3 0.019 0.15
0.5 0.022 0.20

Figure 7.6: Example 2: (a) partition 2, 7 × 7 squared lattice; and (b) averaged
posterior mean squared error (MSE) for different values of σ, for the clustering model
and the mixture model.

For each of the models, we calculated the averaged posterior MSE of the areal

means for each value of σ. The values obtained are displayed in figure 7.6(b) and

lead to similar conclusions to those obtained in the previous example 1. Again,

the clustering model performs better than the mixture model for large values of σ,

and shows comparable performance for small values of σ. The summary measures

in table 7.2 also support this fact. Although the configuration in example 2 is

less probable than that in example 1, the performance of the clustering model is

similar in both examples. This suggests that non-equiprobability does not have

a major effect in the identification of the clusters.
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(a) σ = 0.1, µ1 = 1, µ2 = 2
Model µ̂1 µ̂2 σ̂ NMA

Clustering model 0.99 1.98 0.083 0
(0.014) (0.021) (0.008)

Mixture model 0.99 1.98 0.080 0
(0.014) (0.020) (0.008)

(b) σ = 0.3, µ1 = 1, µ2 = 2
Model µ̂1 µ̂2 σ̂ NMA

Clustering model 1.01 1.94 0.33 0
(0.058) (0.087) (0.035)

Mixture model 1.11 3.14 0.36 4
(0.13) (7.06) (0.10)

(c) σ = 0.5, µ1 = 1, µ2 = 2
Model µ̂1 µ̂2 σ̂ NMA

Clustering model 1.05 1.99 0.47 0
(0.08) (0.13) (0.05)

Mixture model 1.10 2.37 0.47 7
(0.15) (3.66) (0.10)

Table 7.2: Example 2 (partition 2), 7× 7 squared lattice, with (a) σ = 0.1, (b) σ = 0.3 and
(c) σ = 0.5: posterior means and posterior standard deviations (in brackets) of the regression
parameters µ1, µ2 and σ, and number of misclassified areas (NMA), for the clustering and the
mixture model.

Example 3 (partition 3)

We analyse a partition of clusters which can not be represented by a pair of

cluster centres, with one cluster about half the size of the other (figure 7.7(a)).

The results displayed in figure 7.7(b) and table 7.3 show that the cluster-

ing model performs worse in this example than in the two previous examples.

This was expected because the cluster configuration in this example can not be

represented by a pair of cluster centres. Despite the non-representability of the

configuration, for large values of σ, the performances of the mixture and the
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(a)

1 2 3 4 5 6 7

8 9 10 11 12 13 14

15 16 17 18 19 20 21

22 23 24 25 26 27 28

29 30 31 32 33 34 35

36 37 38 39 40 41 42

43 44 45 46 47 48 49

(b)

Averaged posterior
MSE

Clustering Mixture
σ model model

0.1 0.069 4.30 × 10−4

0.3 0.13 0.14
0.5 0.13 0.20

Figure 7.7: Example 3: (a) partition 3, 7 × 7 squared lattice; and (b) averaged
posterior mean squared error (MSE) for different values of σ, for the clustering model
and the mixture model.

(a) σ = 0.1, µ1 = 1, µ2 = 2
Model µ̂1 µ̂2 σ̂ NMA

Clustering model 1.00 1.77 0.29 4
(0.054) (0.066) (0.032)

Mixture model 0.99 1.98 0.080 0
(0.014) (0.020) (0.008)

(b) σ = 0.3, µ1 = 1, µ2 = 2
Model µ̂1 µ̂2 σ̂ NMA

Clustering model 1.12 1.64 0.45 4
(0.10) (0.12) (0.05)

Mixture model 1.08 1.96 0.33 4
(0.11) (2.10) (0.08)

(c) σ = 0.5, µ1 = 1, µ2 = 2
Model µ̂1 µ̂2 σ̂ NMA

Clustering model 1.07 1.76 0.55 5
(0.12) (0.16) (0.07)

Mixture model 1.11 2.59 0.48 8
(0.15) (4.69) (0.11)

Table 7.3: Example 3 (partition 3), 7× 7 squared lattice, with (a) σ = 0.1, (b) σ = 0.3 and
(c) σ = 0.5: posterior means and posterior standard deviations (in brackets) of the regression
parameters µ1, µ2 and σ, and number of misclassified areas (NMA), for the clustering and the
mixture model.
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clustering models are comparable. Actually, for σ = 0.5, the clustering model

seems to perform better: the averaged posterior MSE and the number of mis-

classified areas are smaller, and most parameter estimates are closer to the true

values. These results indicate that although some cluster configurations can not

be found with a clustering model, the model may still be preferable to the mixture

model when connected clusters are expected and the variance of the observations

is large.
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Chapter 8

Spatially varying regressions

Recently, some authors have aimed at assessing and modelling the spatial varia-

tion of the regression coefficient b•1. Brunsdon et al. (1998) used kernel func-

tions to explore the spatial variation of regression coefficients, with a technique

known as geographically weighted regression. The parameters of the kernels

were estimated on the basis of data from areas within a circle of radius R, by

minimizing the sum of squared errors. The authors applied this model to data

on the prevalence of long-term illness in the north of England. Assuncão et al.

(2002) assumed that the prior distributions of the random slopes as well as the

random intercept were intrinsic autoregressions. Their hierarchical model, which

also assumes independence between the random slopes and the random inter-

cept, was used for estimating fertility rates by age in Brazil. Assuncão (2003)

and Gamerman et al. (2003) extended the model of Assuncão et al. (2002) to

incorporate within area dependence among the random intercept and the random

slopes. Gelfand et al. (2003) used a p-variate Gaussian spatial process model to

accommodate spatial variation of both the intercept and the slopes, as well as

within location dependence among the random intercept and the random slopes.
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The purpose of their modelling was to explain log selling price of single-family

houses.

In several of the applications above (Brunsdon et al., 1998; Assuncão, 2003;

Gamerman et al., 2003; Gelfand et al., 2003), the data consisted of only one

observed value of the response and one observed value of each of the covariates

per location. Richardson and Best (2003) discussed the modelling of varying

exposure coefficients and pointed out that the parameters may not always be

identifiable and the estimates may not always be reliable, particularly when only

one data point per area is available. Identifiability issues were also referred to in

Assuncão (2003), but unfortunately none of the papers above presented any for-

mal or simulation results. An exception is Gamerman et al. (2003), although the

simulation study provided is relatively limited in scope. A few authors also men-

tioned implementation problems, especially for non-Gaussian responses (Gelfand

et al., 2003; Gamerman et al., 2003).

Our approach in this chapter for modelling spatially varying exposure co-

efficients is to assume that the regression coefficients are a realization from a

spatial intrinsic autoregression, as in Assuncão (2003). We use the findings of

chapter 5 to assess coding-invariance in these models and derive a distribution for

the random effects satisfying the necessary conditions of lemmas 5.4.1 to 5.4.4.

We will refer to the resulting distribution, which was presented in Gamerman

et al. (2003), as the multivectorial intrinsic autoregression because it is based

on two or more random vectors which are distributed as (univectorial) intrinsic

autoregressions (section 8.1).

We prove in this chapter that bivectorial intrinsic autoregressions can be found

as a limiting case of two correlated conditional autoregressions, in the same way
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as univectorial intrinsic autoregressions, which are limiting cases of conditional

autoregressions.

This result can be generalized to any dimension. We also show that multi-

vectorial intrinsic autoregressions can be expressed as a linear transformation of

independent univectorial intrinsic autoregressions. This will inspire the develop-

ment of a hierarchical modelling suitable for easy implementation of an MCMC

sampling scheme. Finally, we discuss the identifiability of the model proposed in

this chapter.

8.1 Univectorial intrinsic autoregressions for vary-

ing exposure coefficients

There is a vast amount of literature on the use of intrinsic autoregressions to

estimate areal means (e.g. Mollié (1996)). Their use in modelling geographically

varying slopes is not so common, though it can be found in Assuncão et al.

(2002).

The slope parameter bi1 in the model of expression 4.5 is assumed here to have

a spatial structure induced by a neighbourhood graph where each site i has a set

of neighbours indicated by ∂i. Following the notation of chapter 6, i ∼ s means

that site i is a neighbour of site s. The prior distribution of b•1 = (b11, . . . , bn1)

is defined as an intrinsic autoregression,

f(b•1|τ) ∝ exp

(
−τ

2

n∑
i=1

∑
s>i

wis(bi1 − bs1)
2

)
, (8.1)

where wis = 1 if site i is a neighbour of site s, and 0 otherwise. The conditional
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distribution is then given by

bi1|{bs1, s �= i}, τ ∼ N

(
b̄i1,

1

τwi+

)
, (8.2)

where wi+ =
∑

s �=i wis and b̄i1 is the mean of the set {bs1 : s ∈ ∂i}.
It is easy to see that the joint distribution (8.1) is invariant under translation of

(b11, . . . , bn1) by a single constant added to all elements, and it is thus improper.

This distribution can be made proper by adding a constraint such as
∑

i bi1 = C,

where C is a constant (Best et al., 1999; Assuncão, 2003).

8.2 Coding invariance

If only the slope is random but the intercept is constant, the model is not well-

formulated (section 5.3). Therefore, we know from lemma 5.4.1 that the model

is not coding invariant. According to lemma 5.4.2, if the random intercept and

the random slope are independent then the model is also not coding invariant.

Hence, if the exposure coefficient is modelled as a random effect as in section 8.1,

the model should also include a random intercept term and allow for a non-zero

correlation between the random intercept and the random slope. Finally, the

family of the distribution of the vector of random effects should be closed under

coding transformations (lemmas 5.4.3 and 5.4.4).

In section 8.4, we present a distribution satisfying these characteristics, the

bivectorial intrinsic autoregression, which is the two-dimensional version of the

multivectorial intrinsic autoregression (Gamerman et al., 2003). The bivectorial

intrinsic autoregression is a limiting case of the bivectorial conditional autore-

gression. As the name indicates, the latter distribution is based on two vectors

which are distributed as (univectorial) conditional autoregressions.
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8.3 Bivectorial conditional autoregressions

For purposes of illustration, we consider the model given in equations 2.8 and 4.5.

Let b•1 = (b11, . . . , bn1) be distributed as a univectorial conditional autoregression

(Richardson, 1992), i.e.

b•1 ∼ N(0, (I − C)−1T ), (8.3)

where T = diag(σ2
1 , . . . , σ

2
n) and (I−C)−1T is symmetric and positive definite.

Equivalently, the conditional distributions of the random slopes are:

bi1|bj1, j �= i ∼ N(
n∑
j=1

Cijbj1, σ
2
i ), (8.4)

where Cij is the entry (i, j) of the matrix C.

Several authors (Besag et al., 1991; Richardson, 1992; Besag and Koperberg,

1995; Mollié, 1996) have suggested, in the context of intrinsic autoregressions,

that the conditional variance for irregular lattices should depend on the number

of neighbours of each area (as for example in equation 8.2). For the conditional

autoregression presented in equation 8.3, this can be achieved by defining C =

ρSDW and T = σ2D, where W is the neighbourhood matrix, with entries

wis = 1, if i ∼ s and 0 otherwise; D = diag(1/w1+, . . . , 1/wn+); and wi+ is

the sum of the entries on row i of the matrix W . This parameterisation leads

to the following model:

b•1 ∼ N(0, (I − ρSDW )−1Dσ2). (8.5)

Since the entry (i, s) of the precision matrix, D−1(I − ρSDW ), is given by wi+ for i = s

−ρSwis for i �= s
,
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the variance matrix in equation 8.5 is symmetric. When ρS is smaller than one,

the matrix is also positive definite (Besag and Koperberg, 1995). The parameter

σ2 determines the order of magnitude of the variances and covariances. Without

loss of generality for the results in the remainder of this chapter, we set σ2 = 1.

Then

E(bi1|bj1, j �= i) =
∑n

j=1 ρS
wij

wi+
bj1,

V (bi1|bj1, j �= i) = 1
wi+

.

In what follows, ρ(i, s) denotes the covariance between sites i and s created by

such a conditional autoregression, i.e. ρ(i, s) corresponds to the entry (i, s) of

the covariance matrix in (8.5), with σ2 = 1.

We assume at this stage that the random intercept b•0 = (b10, . . . , bn0) is

also distributed as a conditional autoregression, with the same covariance matrix

as that used for the random slope, i.e.

b•0 ∼ N(0, (I − ρSDW )−1D).

Then the covariance between the random intercepts at two different sites, for

example bi0 and bs0, is the same as the covariance between the random slopes

at the same two sites, which we have denoted as ρ(i, s).

We want to allow for non-zero correlations between the two vectors b•0 and

b•1. With this aim, and inspired by a construction used in Gelfand et al. (2003)

in the context of covariance functions for spatial processes, we define the distri-

bution of a new vector b = (b10, b11, . . . , bn0, bn1)
t as

b ∼ N(0, ((I − ρSDW )−1D) ⊗ Ψ−1
c ), (8.6)

with ⊗ denoting the Kronecker product and

Ψ−1
c =

 σ2
0 ρcσ0σ1

ρcσ0σ1 σ2
1

 .
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Therefore, the covariance between biu and bst is given by

C(i, s)ut = ρ(i, s)ψ∗
u+1,t+1, u, t = 0, 1; i, s = 1, . . . , n; (8.7)

where ψ∗
u+1,t+1 is the (u + 1, t+ 1) entry of the matrix Ψ−1

c . For instance, the

covariance between the random intercept bi0 in location i and the random slope

bs1 in location s is given by C(i, s)01 = ρcσ0σ1ρ(i, s).

Using one of the properties of the Kronecker product, (A ⊗ B)−1 = A−1 ⊗
B−1, it follows that the distribution in expression 8.6 corresponds to

π(b) ∝ exp
(− 1

2
bt(ΨS ⊗ Ψc)b

)
, (8.8)

where ΨS = D−1(I−ρSDW ). We will refer to this distribution as a bivectorial

conditional autoregression.

8.4 Bivectorial intrinsic autoregressions

By letting ρS → 1 in expression 8.6, the matrix ΨS = D−1(I − ρSDW )

becomes singular (the sum of the entries of each row of the matrix ΨS is 1−ρS,
which equals zero when ρS = 1) and the resulting distribution in expression 8.8

becomes a bivectorial intrinsic autoregression (see appendix H for a proof of this

statement). The bivectorial intrinsic autoregression was formulated in Gamerman

et al. (2003) as:

π(b|Ψc) ∝ |Ψc|n/2 exp

{
−1

2

n∑
i=1

n∑
s=i+1

wis(bi• − bs•)TΨc(bi• − bs•)

}
,

(8.9)

where bi• = (bi0, bi1), i = 1, . . . , n.
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Univectorial intrinsic autoregressions are improper unless appropriate con-

straints are introduced. Likewise, constraints are also appropriate for the mul-

tivectorial case because the right-hand side of expression 8.9 is invariant under

translation of b•u by a constant added to all the elements b1u, . . . , bnu, and thus

the distribution 8.9 is improper. Constraints such as
∑

i biu = C, where C is a

constant, lead to a proper distribution (Assuncão, 2003).

The conditional prior distribution of (bi0, bi1) given all the other (bs0, bs1) and

the hyperparameters is a bivariate normal,bi0
bi1

 |
bs0
bs1


s∈∂i

∼ N

b̄i0
b̄i1

 , 1

wi+

 σ2
0 ρcσ0σ1

ρcσ0σ1 σ2
1

 ,
where wi+ is again the number of neighbours of area i, and b̄i0 and b̄i1 are

respectively the average values of the sets {bs0 : s ∼ i} and {bs1 : s ∼ i}. This

result was presented in Assuncão (2003) for the case in which Ψc is diagonal.

The matrix Ψ−1
c /wi+ represents the covariance matrix associated with the

vector (bi0, bi1) in area i. In particular, the parameter ρc defines the conditional

correlation between the random intercept bi0 and the random slope bi1. Hence,

the matrix ΨS introduces correlation across areas, while the matrix Ψc introduces

correlation between random effects of the same area. Here and throughout this

thesis we will refer to ΨS as the spatial precision matrix, and to Ψc as the

conditional precision matrix. Accordingly, we will refer to the parameter ρc as

the conditional correlation.

As discussed in chapter 5, if Ψc is diagonal the model is not invariant. We

will thus consider the case in which this matrix is not diagonal.

The results of this section can be easily generalized for multivectorial intrinsic

autoregressions of any dimension.
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8.5 Implementation of spatially varying coeffi-

cient models

The computational cost of the implementation of the model 8.9 for Gaussian

responses has been mentioned in the literature (Assuncão et al., 2002; Gamerman

et al., 2003), as well as the computational difficulties associated with other types

of responses (Gamerman et al., 2003).

We propose here a strategy for easily implementing this model. It is based on

the fact that any linear transformation of a multivectorial intrinsic autoregression

is still a multivectorial intrinsic autoregression, with the same neighbourhood

matrix W . To put it formally, assume that T̃ is a block diagonal nq×nq matrix,

T̃ = (T , . . . ,T ), where T is a q × q matrix. The distribution of bT = T̃ b is,

π(bT |ΨcT ) ∝ exp

{
−1

2

n∑
i=1

n∑
s=i+1

wis(bT i• − bTs•)TΨcT (bT i• − bTs•)

}
,

where bT i• = Tbi• and ΨcT = (T−1)TΨcT
−1, and therefore satisfies the distri-

butional form of the multivectorial intrinsic autoregression (expression 8.9).

If Ψc is diagonal, the b•j = (b1j , . . . , bnj), j = 0, . . . , q − 1, are a set of

independent univectorial intrinsic autoregressions (expression 8.1). We can use

the transformation T to obtain a non-diagonal matrix ΨcT , and consequently a

set of non-independent bT•j = (bT1j , . . . , bTnj), j = 0, 1, . . . , q−1. Hence, a set

of q independent univectorial intrinsic autoregressions can be transformed into

a q-dimensional multivectorial intrinsic autoregression in which the components

are not any more independent.

Since independent univectorial intrinsic autoregressions can be easily imple-

mented with existing software, this suggests a procedure for implementing the

model 8.9 for any positive definite q × q matrix ΨTc. It remains only to prove
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that for any positive definite q × q matrix ΨTc, there exist a matrix T and a

diagonal matrix Ψc such that ΨcT = (T−1)TΨcT
−1. To address this issue, we

present in the next section the similar and well-known procedure which is used

to generate a bivariate Gaussian distribution from two independent univariate

Gaussian distributions. This was the procedure that inspired our work in the

context of autoregressions.

8.5.1 Bivariate Gaussian

It is well known that any bivariate Gaussian can be written as a linear transforma-

tion of two independent Gaussian distributions. The bivariate normal distribution

with zero mean is given by,

f(b0, b1) =
1

2πσ0σ1

√
1 − ρ2

exp

{
− 1

2(1 − ρ2)

[
(
b0
σ0

)2 − 2ρ b0 b1
σ0 σ1

+ (
b1
σ1

)2
]}

.

(8.10)

The distribution has a bell shape: it has a peak at the origin and it then falls

symmetrically along two orthogonal directions. The contours of equal probability

will be ellipses and if we rotate the axes in such a way that they coincide with

those orthogonal directions, the cross term in b0b1 in expression 8.10 disappears

(figure 8.1).

In two dimensions, a clockwise rotation through an angle ω of the plane about

the origin, where (b0, b1) is mapped to (z0, z1), is given by:

z0 = b0 cosω − b1 sinω,

z1 = b0 sinω + b1 cosω.

Simple calculations show that the symmetry axes are at an angle

ω =
1

2
tan−1

[
2ρσ0σ1

σ2
1 − σ2

0

]
, (8.11)
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Figure 8.1: Elipse rotation.

as the corresponding rotation eliminates the cross term b0b1 in the probability

density function (8.10).

Therefore, any zero mean bivariate Gaussian distribution can be expressed as

a rotation of two independent univectorial Gaussian distributed variables, z0 and

z1. The inverse of the transformation of coordinates above can be expressed asb0
b1

 =

 �
√

1 − �2

−
√

1 − �2 �

z0
z1

 ,
where � = cosω ∈ (−1, 1), z0 and z1 are independent zero mean univectorial

Gaussian distributions.

Other transformations can be used to generate any bivariate Gaussian distri-

bution. For instance, b0
b1

 =

φρ φ
√

1 − ρ2

1 0

z0
z1

 ,
where z0 and z1 are independent univectorial Gaussian distributions with zero

mean and equal variance σ2, ρ ∈ (−1, 1) and φ ∈ (0,∞). In the latter trans-
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formation, the parameters are directly interpretable: V (b0) = φ2σ2, V (b1) = σ2

and Cov(b0, b1) = ρ.

8.5.2 Bivectorial intrinsic autoregressions

Inspired by the example in section 8.5.1, we show that a bivectorial intrin-

sic autoregression can also be expressed as a linear transformation of two in-

dependent univectorial intrinsic autoregressions. If z•0 = (z10, . . . , zn0) and

z•1 = (z11, . . . , zn1) are two independent intrinsic autoregressions with the same

precision τ 2 (expression 8.1), the joint distribution of (z•0, z•1) will have the

form of a multivectorial intrinsic autoregression (expression 8.9) with conditional

precision matrix Ψc given by

Ψc =

τ 2 0

0 τ 2

 .
Applying a rotation of coordinatesbi0

bi1

 =

φρc φ
√

1 − ρ2
c

1 0

zi0
zi1

 ,
the joint distribution of b•0 and b•1 keeps the form of a multivectorial intrinsic

autoregression (expression 8.9) but the transformed conditional precision matrix

ΨcT will be given by

ΨcT =
1

φ2(1 − ρ2
c)

 τ 2 −ρcτ 2φ

−ρcτ 2φ τ 2φ2


with corresponding conditional covariance,

Ψ−1
cT =

 φ2σ2 ρcφσ
2

ρcφσ
2 σ2

 ,
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where τ 2 = 1/σ2. When ρc �= 0, the two random vectors b•0 and b•1 are not

independent.

The matrix Ψ−1
cT is uniquely defined by the parameters (φ, ρc) of the trans-

formation

T =

φρc φ
√

1 − ρ2
c

1 0


and by the variance σ2 of the distributions of z•0 and z•1. Therefore, for each

bivectorial intrinsic autoregression (b•0, b•1) with a given neighbourhood matrix

W , there is one and only one T with the form above that transforms two

independent univectorial intrinsic autoregressions (z•0, z•1), with variance σ2 and

neighbourhood matrix W , into the bivectorial intrinsic autoregression (b•0, b•1).

8.5.3 Hierarchical structure for implementation

A mixed effects model whose random intercept b•0 and random slope b•1 are

distributed as a bivectorial intrinsic autoregression may thus be fitted by con-

sidering an additional hierarchical level with the two independent univectorial

intrinsic autoregressions vectors z•0 and z•1 and by defining:

b•0 = φρcz•1 + φ
√

1 − ρ2
cz•0, (8.12)

b•1 = z•1.

As explained in section 8.4, the parameter ρc represents the conditional corre-

lation, which can take values in (−1, 1). Possible hyperprior distributions for this

parameter include a Uniform(−1, 1). The vectors z•0 and z•1 are independent

univectorial intrinsic autoregressions, with identical variance. The parameter φ,

which represents the ratio between the conditional standard deviations of the
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intercept and the slope, takes positive values. Gamma distributions can be con-

sidered for this parameter.

In the expressions 8.12, the random intercept is a weighted average of the

random slope b•1 and an additional random term z•0. Therefore, according to

the discussion in section 4.1, the quantity φ2ρ2
c/(φ

2ρ2
c + φ2(1 − ρ2

c)), which is

equal to ρ2
c , can be interpreted as the proportion of the variability of the random

intercept induced by the varying exposure coefficient.

8.6 Evaluation of the proposed methodology and

implementation

We carried out a simulation study for assessing the performance of the bivectorial

intrinsic autoregression in modelling random effects. In particular, we would like

to investigate whether the performance of a bivectorial autoregressive model

depends on: (i) the correlation between the slope and the intercept and (ii) the

ratio between the variability of the slope and the variability of the intercept. A

higher correlation between the intercept and the slope is likely to provide better

results, in the sense that the estimation process produces estimates that are

closer to the postulated means, because the model has more information about

the random effects. The variability of the slope relative to the intercept may also

influence the results.

8.6.1 Data simulation

We simulated a set of county-level disease counts from a Poisson model with

mean Eie
ηi , where the Ei correspond to the expected number of cases in 275
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counties, taken from the Portuguese data set of stomach cancer mortality studied

in chapter 10. We also included the spending power in Portugal in 1993 as the

covariate (figure 10.1).

On the basis of the spatial structure of the 275 counties, we simulated the ηi

as ηi = β0 + bi0 + (β1 + bi1)xi, with β0 = −0.35 and β1 = 0. Spatial patterns

of the exposure coefficient and baseline risk were simulated with a bivectorial

conditional autoregression, defined in expression 8.6, with values of ρS close

to one (ρS = 0.999). The algorithm used for the simulation of a bivectorial

conditional autogression is as follows:

1. Generate ei• = (ei0, ei1) ∼ N(0,Σ), for i = 1, . . . , n, where n is the

number of areas and

Σ =

 σ2
1 r

r σ2
2

 ,
with r = ρcσ1σ2.

2. Determine the matrix L that satisfies LTL = ΣCAR, where ΣCAR =

(I − ρSDW )−1D is the covariance matrix of a univectorial conditional

autogression (as defined in expression 8.5 with σ2 = 1).

3. Calculate the vectors b•0 = LTe•0 and b•1 = LTe•1, where e•0 =

(e10, . . . , en0)
T and e•1 = (e11, . . . , en1)

T .

4. Define b = (b10, b11, b20, b21, . . . , bn0, bn1).

It is easy to prove that the vector b is distributed as a bivectorial conditional

autoregression (expression 8.6).

Proof:
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Since bi0 =
∑n

j=1 lijej0 and ui1 =
∑n

j=1 lijej1, where lij is the (i, j)-entry of

the matrix LT ,

- Cov(bi0, bk1) =
∑n

j=1 lijlkjr;

- Cov(bi0, bk0) =
∑n

j=1 lijlkjσ
2
1;

- Cov(bi1, bk1) =
∑n

j=1 lijlkjσ
2
2.

As cik, the (i, k)-entry of the matrix ΣCAR, is equal to cik =
∑n

j=1 lijlkj , the

covariance of b is,

V (b) =


c11Σ . . . c1nΣ

...
. . .

...

cn1Σ . . . cnnΣ

 = ΣCAR ⊗ Σ,

and the vector b is therefore distributed as a bivectorial conditional autoregression

(expression 8.6).

The S-PLUS code for generating a bivectorial conditional autoregression ac-

cording to the algorithm above is available in appendix I.

For the other parameters of the bivectorial conditional autoregression, we

considered three values for the conditional correlation ρc: 0.9, 0.5 and 0.1, and

two values for the conditional variances: (σ1, σ2) = (0.1, 0.3) and (σ1, σ2) =

(0.3, 0.1). Hence, we considered cases in which the slope and the intercept

are highly, moderately and weakly conditionally correlated, and in which the

conditional variance of the slope is higher or smaller than the variance of the

intercept.

8.6.2 Implementation

Fully Bayesian estimation was carried out using MCMC methods due to the

intractable nature of the marginal posterior distributions. Using the strategy
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described in section 8.5.3, the implementation of a bivectorial intrinsic autore-

gression reduces to that of univectorial intrinsic autoregressions. Fully Bayesian

estimation of the model can be implemented using the Winbugs software. The

Winbugs code developed for this purpose is provided in appendix J. It was de-

veloped for fitting the following model:

yi ∼ Poisson(Eiθi), i = 1, . . . , n (8.13)

log(θi) = β0 + bi0 + (β1 + bi1)xi

bi0 = φρczi1 + φ
√

1 − ρ2
czi0

bi1 = zi1

z•0 ∼ IAR(σ2)

z•1 ∼ IAR(σ2)

where IAR stands for univectorial intrinsic autoregression.

8.6.3 Results

The Winbugs software was used to run the model in the simulation study. In each

case, a burn-in period of 100000 iterations was sufficient to achieve convergence

of the regression coefficients, although mixing was poor for some parameters.

By way of illustration, sampled values of selected model parameters are shown

in figures 8.2 and 8.3, for three MCMC runs and the simulated data set with

ρc = 0.9, σ1 = 0.3 and σ2 = 0.1. Each MCMC run was initiated with different

starting values. The Brooks-Gelman-Rubin convergence statistics (section 7.13)

for the three MCMC runs are presented in figure 8.4.

Due to the practical constraints of repeating this process for all values of

ρc, σ1 and σ2, a single further 50000 iterations were run, yielding acceptable
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Figure 8.2: Sampled values of the parameters β0, β1, σ

2
2 and φ when fitting a spatial

regression to simulated data with ρc = 0.9, σ1 = 0.3 and σ2 = 0.1 in three MCMC

runs.
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Figure 8.3: Sampled values of the parameter ρc when fitting a spatial regression to

simulated data with ρc = 0.9, σ1 = 0.3 and σ2 = 0.1 in three MCMC runs.

 
 

 
 

 
Figure 8.4: Brooks-Gelman-Rubin convergence statistics (red), length of the empirical

central 80% interval of the pooled runs (green) and average length of the empirical

central 80% intervals of the individual runs (blue) for the parameters β0, β1, σ
2
2 , φ

and ρc when fitting a spatial regression to simulated data with ρc = 0.9, σ1 = 0.3 and

σ2 = 0.1.
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Monte Carlo errors. Posterior summaries were based on those 50000 iterations.

We present in detail the results for a single simulated sample (section below and

table 8.1). Results of other replications of these experiments are also summarized

below (table 8.2).

We calculated the correlation between the simulated intercept and the simu-

lated exposure coefficient. For the same value of ρc, the values of this correlation

varied substantially. For the first set of simulated data (table 8.1), we chose simu-

lated datasets for which this correlation was similar to the conditional correlation

ρc. The objective of this practice is to restrict the potential sources of variabil-

ity that may affect the results. For comparison purposes, this practice was not

carried out in the additional replications (table 8.2).

It must be noted that the results are likely to depend on the underlying

geography and spatial pattern of the covariate, and do not necessarily indicate

any general results. The findings presented in this section are however useful for

the interpretation of the results obtained in chapter 10 using the same covariate

and underlying geography, but with real data.

Summary measures comparing the estimated with the true values

In order to assess the difference between the true values of the random effects

and the posterior mean estimates, we used three measures. First, we calculated

the sample mean of the true values as well as the sample mean of the posterior

means of the random effects. The ratio of the latter to the former is displayed in

table 8.1, under the column heading mean ratio. This measure aims at assessing

how well the means of the random effects were captured. Secondly, we calculated

the sample variance of the true values as well as the sample variance of the

125



posterior means of the random effects. Their ratio is displayed in table 8.1 under

the column heading variance ratio, with the purpose of showing how well the

spread of the random effects has been estimated. Thirdly, we calculated the

correlation between the true values of the random effects and the estimated

posterior means. These correlations are presented as well in table 8.1 under the

column heading Correlation. Values near one indicate that the relation between

the estimated and the true values is approximately a linear relation. All three

measures were calculated for the intercept (β0 + bi0) and the slope (β1 + bi1).

Correlations between the true and estimated relative risks were high in all

sets (results not shown). However, correlations between the true and estimated

regression coefficients were somewhat smaller, especially as the conditional cor-

relation ρc decreases and for the regression coefficient with smallest variance.

On the other hand, some of the worst estimates of the mean and variance of the

random effects were obtained when the correlation between the estimated and

true values is actually not too far from one.

Comparison with true values
Intercept Slope

Mean Variance Mean Variance
ratio ratio Correlation ratio ratio Correlation

σ1 = 0.1, σ2 = 0.3
ρc = 0.9 1.1 0.2 0.9 4.5 1.3 0.9
ρc = 0.5 1.1 0.6 0.8 1.4 0.6 0.7
ρc = 0.1 1.1 3.1 0.4 0.8 0.2 0.7
σ1 = 0.3, σ2 = 0.1
ρc = 0.9 0.9 0.6 0.9 4.2 1.0 0.9
ρc = 0.5 1.0 0.8 0.9 1.5 1.4 0.6
ρc = 0.1 1.0 0.9 0.9 1.0 1.1 0.4

Table 8.1: Comparison between county-level posterior means and true values (one simulated
data point per area).

We observed high positive correlations between the posterior means of the

random intercept and those of the random slope in the data sets with σ1 = 0.1

and σ2 = 0.3. This may indicate that the regression coefficients are only weakly
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identified and also explain why the values of Correlation in table 8.1 are better

for larger values of ρc.

Turning now to the hyperparameters, the posterior means do not generally

concentrate around the generated values, even when there is clear evidence of

Bayesian learning on those parameters. By way of illustration, figure 8.5 displays

the estimated posterior densities for the hyperparameters ρc and σ2
2 for the fit to

the simulated data set with ρc = 0.9, σ1 = 0.1 and σ2 = 0.3. These densities

differ considerably from the prior densities for ρc and σ2
2 and indicate that there

was Bayesian learning on the respective hyperparameters.

 
Figure 8.5: Estimates of the posterior density of selected hyperparameters ρc and σ2

2

when fitting a spatial regression to the simulated data set with ρc = 0.9, σ1 = 0.1 and

σ2 = 0.3.

Spatial pattern of the estimated versus the true values

Maps displaying the county-level posterior mean estimates of the regression co-

efficients are shown in figures 8.6 to 8.11, along with the respective true values.

The maps of the regression coefficient estimates generally reflect the geograph-

ical pattern of the underlying values. However, there is a tendency for maps to

show spurious patterns when the correlation between the two regression coeffi-

cients is small. Although the spatial patterns are broadly captured, the mean
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and range of the values are sometimes not accurate. Replications of this study

have lead to similar conclusions. The results of these replications are summarized

in table 8.2. The findings of this section seem to indicate that while a spatial

regression analysis can be useful for suggesting spatial patterns, the magnitude

of the exposure and baseline risk estimates should be handled with care.

Comparison with true values
Intercept Slope

Mean Variance Mean Variance
σ1 σ2 ρc ratio ratio Correlation ratio ratio Correlation
0.1 0.3 0.9 0.8 0.6 0.8 0.7 0.9 0.9

0.9 1.5 0.8 0.6 0.7 0.9
0.5 1.1 0.4 0.9 0.7 0.9 0.8

1.1 0.2 0.5 0.5 0.7 0.8
0.1 1.0 0.6 0.5 1.1 0.5 0.8

1.0 0.6 0.7 0.9 0.5 0.7
0.3 0.1 0.9 1.1 0.6 0.9 1.1 2.5 0.9

1.1 1.1 1.0 2.1 0.4 0.8
0.5 1.0 0.7 0.9 1.1 1.1 0.6

0.9 0.8 0.9 1.4 0.5 0.6
0.1 1.0 0.5 0.9 1.2 0.7 0.0

1.0 1.1 1.0 1.4 0.1 -0.4

Table 8.2: Comparison between county-level posterior means and true values for replicated
simulated data sets (one simulated data point per area).

8.6.4 Conditional and intrinsic autoregressions

In this chapter, bivectorial intrinsic autoregressions were fitted to data that are

actually distributed as a bivectorial conditional autoregression. The bivectorial

conditional autoregression (expression 8.6), which is a proper distribution, is

certainly not the same as the improper bivectorial intrinsic autoregression (ex-

pression 8.9). However, the latter is a limiting form of the former (section 8.4).

If the parameter ρS of the bivectorial conditional autoregression is very close to

one, the generated data will be a reasonable approximation. Since ρS was chosen

equal to 0.999, fitting intrinsic autoregressions to conditional autoregressive data

should not have a considerable impact on the results. To illustrate this point, we
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present here results obtained for univectorial autoregressions.

Data were simulated as described in section 8.6, but with predictors: (I)

ηi = β + bi; (II) ηi = (β + bi)xi and (III) ηi = (β + bi)(1/xi), where b =

(b1, . . . , bn) is distributed as a conditional autoregression (expression 8.5). The

S-PLUS algorithm used for the simulation of the conditional autoregressive vector

b is presented in Kaluzny et al. (1998). Four replications of the vector b were

generated, which we will refer to as sets A, B, C and D. We use these four

replications in each of the predictors I, II and III. We have thus a total of 12

simulated sets.

The three models fitted to the data are presented below. Models 1, 2 and

3 were fitted to data generated with predictors I, II and III, respectively. Since

there are four replications of b, each model was fitted to four data sets.

Model 1

Yi ∼ Poisson(Ei exp(ηi))

ηi = β0 + bi0 (8.14)

bi0 ∼ IAR(σ2)

Model 2

Yi ∼ Poisson(Ei exp(ηi))

ηi = (β1 + bi1)xi (8.15)

bi1 ∼ IAR(σ2)

Model 3

Yi ∼ Poisson(Ei exp(ηi))

ηi = (β1 + bi1)(1/xi) (8.16)

bi1 ∼ IAR(σ2)
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The results are displayed in table 8.3. The mean ratio varies between 1.0 and

1.5, the variance ratio varies between 0.7 and 1.0 and the correlation between the

true and the estimated values varies between 0.9 and 1.0. In general the estimated

regression coefficients are close to the true values. There is only a noticeable

discrepancy between the true and estimated mean for model 2-predictor II with

set C. Apart from this discrepancy, the estimations of the random intercept and

the random slope in respectively models I and II were similar. The estimation

of the random slope slightly improved when an inverse function of the spending

power was used as a covariate (predictor III, model 3). This is possibly due to

the fact that the inverse function is less skewed than the spending power itself.

These results show that the intrinsic autoregressive model captures well the

conditional autoregressive data.

Model 1, predictor I Model 2, predictor II Model 3, predictor III
Intercept Slope Slope

Set Mean Variance Mean Variance Mean Variance
ratio ratio Correlation ratio ratio Correlation ratio ratio Correlation

A 1.0 0.9 0.9 1.0 0.9 0.9 1.0 0.9 1.0
B 1.0 0.9 1.0 1.0 0.8 0.9 1.0 1.0 1.0
C 1.1 0.8 0.9 1.5 0.7 0.8 1.0 0.9 1.0
D 1.0 0.7 0.9 1.0 0.8 0.9 1.0 0.9 0.9

Table 8.3: Results of the fit of models 1, 2 and 3.

8.6.5 Comparison with another model

Data were simulated using the predictor ηi = β0 + bi0 + (β1 + bi1)xi, where

b•0 = (b10, . . . , bn0) and b•1 = (b11, . . . , bn1) are independently distributed as

conditional autoregressions (expression 8.5). The S-Plus algorithm of Kaluzny

et al. (1998) was used for the simulation of the conditional autoregressive vec-

tors b•0 and b•1. Only one replication of the vector b•0 was generated. Four

replications of the vector b•1 were used, which are the same as the sets A, B, C
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and D of section 8.6.4.

We fitted two different models: in the first model, the intercept and the

slope are assumed to be distributed as a bivectorial intrinsic autoregression (i.e.

the model described in expressions 8.13 was applied); in the second model, the

intercept and the slope are assumed to be independently distributed as intrinsic

autoregressions:

Yi ∼ Poisson(Ei exp(ηi))

ηi = β0 + bi0 + (β1 + bi1)xi (8.17)

b•0 ∼ IAR(σ2
1)

b•1 ∼ IAR(σ2
1)

b•0 and b•1 are independent

Model in which the intercept and the slope are assumed
to be distributed as two independent intrinsic autoregressions
Intercept Slope

Set Mean ratio Variance ratio Correlation Mean ratio Variance ratio Correlation
A 1.0 1.1 1.0 0.8 0.2 0.7
B 1.0 0.8 0.9 0.9 0.8 0.8
C 1.0 0.8 0.9 5.3 0.2 0.6
D 1.0 0.7 0.9 0.8 1.2 0.7

Model in which the intercept and the slope are assumed
to be jointly distributed as a bivectorial intrinsic autoregression

(model 8.13)
Intercept Slope

Set Mean ratio Variance ratio Correlation Mean ratio Variance ratio Correlation
A 1.0 0.9 1.0 0.8 0.4 0.8
B 1.0 0.9 0.9 0.9 0.8 0.8
C 1.1 0.8 0.9 6.2 0.3 0.6
D 1.0 0.7 0.9 0.8 1.6 0.7

Table 8.4: Results of the fit of two models: a model in which the intercept and the slope
are assumed to be distributed as two independent intrinsic autoregressions, and a model in
which the intercept and the slope are assumed to be jointly distributed as a bivectorial intrinsic
autoregression (model 8.13).

Since there are four replications of b•1, each model was fitted to four data

sets. Table 8.4 displays the results obtained. The two models yielded comparable
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results. Therefore, the findings of this section indicate that the model 8.13

provides reasonable results, comparable to the results obtained with other well-

established models using univectorial intrinsic autoregressions.

8.6.6 The role of identifiability

Identifiability should not be an issue when there are more than two data points

per area. In order to study the role of identifiability, we repeated the study of

section 8.6.3, table 8.1, using three and ten data points per area. The covariate

values in each area were chosen to be equally spaced and within the range of the

real values of the covariate. For example, for the set with three data points per

area the covariate values were 0.1, 1.3 and 2.5; for the set with ten data points

per area the covariate values also ranged from 0.1 to 2.5 with a difference of 0.3

between consecutive covariate values.

Comparison with true values - 3 data points per area
Intercept Slope

Mean Variance Mean Variance
σ1 σ2 ρc ratio ratio Correlation ratio ratio Correlation
0.1 0.3 0.9 1.0 0.9 1.0 0.4 1.0 1.0

0.5 1.0 0.6 0.9 1.0 1.0 1.0
0.1 1.1 0.4 0.6 1.0 0.9 1.0

0.3 0.1 0.9 1.1 1.0 1.0 0.5 0.8 1.0
0.5 1.0 0.9 1.0 1.0 0.9 0.9
0.1 1.1 0.9 1.0 1.0 0.7 0.8

Comparison with true values - 10 data points per area
Intercept Slope

Mean Variance Mean Variance
σ1 σ2 ρc ratio ratio Correlation ratio ratio Correlation
0.1 0.3 0.9 1.0 1.2 1.0 0.8 1.0 1.0

0.5 1.0 0.8 0.9 1.0 1.0 1.0
0.1 1.1 0.5 0.7 1.0 0.9 1.0

0.3 0.1 0.9 1.0 1.0 1.0 0.7 1.0 1.0
0.5 1.0 1.0 1.0 1.0 0.9 0.9
0.1 0.9 0.9 1.0 1.0 0.8 0.9

Table 8.5: Comparison between county-level posterior means and true values (three and ten
simulated data points per area).

The results, which are shown in table 8.5, improved in comparison with the
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results displayed in table 8.1, especially for the set with ten data points per area.

This supports the view defended by some authors (Richardson and Best, 2003;

Assuncão, 2003) who considered that for models in which both the intercept and

the slope vary across areas, the parameters may not be identifiable when only

one data point is available per area.

8.6.7 Transformation of the covariate

The data on the spending power shows a positive skew. i.e. an elongated tail

at the right. For this reason, the analysis of section 8.6.3 was repeated but

using the inverse function of the spending power as a covariate. The results are

displayed in table 8.6. In comparison with the results presented in table 8.1 (with

the spending power used directly as a covariate), the estimation of the random

coefficients has improved in some instances, but is worse in others; the estimation

is particularly worse for the random intercept. Therefore, the remaining analyses

of this thesis will use the spending power directly as the covariate.

Comparison with true values
Intercept Slope

Mean Variance Mean Variance
σ1 σ2 ρc ratio ratio Correlation ratio ratio Correlation
0.1 0.3 0.9 0.8 0.7 0.9 -0.8 1.1 1.0

0.5 0.9 0.4 0.8 0.9 0.9 0.9
0.1 0.0 0.1 0.2 1.2 0.9 0.9

0.3 0.1 0.9 1.4 0.9 0.9 -0.9 1.1 0.9
0.5 1.6 0.8 0.8 0.6 0.9 0.7
0.1 2.0 0.7 0.9 1.5 0.3 0.5

Table 8.6: Results obtained using the inverse of the spending power as the covariate.

8.6.8 Comparison with non-spatial models

We fitted a Poisson GLM to each area using the simulated data of the sec-

tion 8.6.6 above, with ten data points per area. The results are displayed in
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table 8.7. A comparison with the results presented in table 8.5 above shows that

the spatial model 8.13 provided better estimates of the regression coefficients

than the Poisson GLMs fitted to each area.

Poisson GLMs - Non-spatial model
Comparison with true values - 10 data points per area

Intercept Slope
Mean Variance Mean Variance

σ1 σ2 ρc ratio ratio Correlation ratio ratio Correlation
0.1 0.3 0.9 1.0 2.5 0.7 0.8 1.0 1.0

0.5 1.1 1.8 0.8 1.0 1.1 1.0
0.1 1.2 2.8 0.5 1.0 1.0 1.0

0.3 0.1 0.9 1.1 1.1 0.9 0.5 1.6 0.8
0.5 1.0 1.1 1.0 1.0 1.4 0.9
0.1 0.9 1.1 1.0 0.9 1.8 0.8

Table 8.7: Results of the fit of a Poisson GLM to each area; ten data points available per
area.
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True intercept

-0.23 to -0.07  (74)
-0.28 to -0.23  (81)
-0.36 to -0.28  (71)
-0.53 to -0.36  (49)

Posterior mean
of the intercept

-0.29 to -0.21  (74)
-0.32 to -0.29  (77)
-0.37 to -0.32  (80)
-0.48 to -0.37  (44)

True slope

0.22 to 0.62  (58)
0.05 to 0.22  (77)

-0.16 to 0.05  (73)
-0.6  to -0.16  (67)

Posterior mean
of the slope

0.31 to 0.69  (62)
0.11 to 0.31  (80)

-0.17 to 0.11  (88)
-0.85 to -0.17  (45)

Figure 8.6: True values (left) and posterior means (right) of the regression coefficients

(σ1 = 0.1, σ2 = 0.3, ρc = 0.9).
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True intercept

-0.36 to -0.2   (64)
-0.44 to -0.36  (92)
-0.54 to -0.44  (90)
-0.71 to -0.54  (29)

Posterior mean
of the intercept

-0.4  to -0.27  (60)
-0.46 to -0.4   (72)
-0.52 to -0.46  (82)
-0.71 to -0.52  (61)

True slope

0.31 to 0.82  (43)
0.16 to 0.31  (79)
0  to 0.16  (93)

-0.43 to 0   (60)

Posterior mean
of the slope

0.28 to 0.58  (65)
0.16 to 0.28  (90)
0.04 to 0.16  (81)

-0.35 to 0.04  (39)

Figure 8.7: True values (left) and posterior means (right) of the regression coefficients

(σ1 = 0.1, σ2 = 0.3, ρc = 0.5).
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True intercept

-0.38 to -0.26  (72)
-0.44 to -0.38  (96)
-0.49 to -0.44  (73)
-0.62 to -0.49  (34)

Posterior mean
of the intercept

-0.36 to 0.02  (50)
-0.46 to -0.36  (92)
-0.54 to -0.46  (75)
-0.81 to -0.54  (58)

True slope

-0.05 to 0.46  (66)
-0.21 to -0.05  (77)
-0.39 to -0.21  (76)
-0.87 to -0.39  (56)

Posterior mean
of the slope

-0.06 to 0.09  (43)
-0.15 to -0.06  (97)
-0.26 to -0.15  (90)
-0.52 to -0.26  (45)

Figure 8.8: True values (left) and posterior means (right) of the regression coefficients

(σ1 = 0.1, σ2 = 0.3, ρc = 0.1).
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True intercept

-0.3  to 0.15   (45)
-0.52 to -0.3   (104)
-0.69 to -0.52   (78)
-1.43 to -0.69   (48)

Posterior mean
of the intercept

-0.29 to 0.14   (33)
-0.44 to -0.29  (105)
-0.58 to -0.44   (76)
-0.91 to -0.58   (61)

True slope

0.06 to 0.24  (41)
-0.01 to 0.06  (85)
-0.09 to -0.01  (95)
-0.33 to -0.09  (54)

Posterior mean
of the slope

0  to 0.23   (33)
-0.09 to 0   (117)
-0.16 to -0.09   (72)
-0.3  to -0.16   (53)

Figure 8.9: True values (left) and posterior means (right) of the regression coefficients

(σ1 = 0.3, σ2 = 0.1, ρc = 0.9).

138



True intercept

-0.05 to 0.55  (54)
-0.29 to -0.05  (97)
-0.48 to -0.29  (72)
-1.1  to -0.48  (52)

Posterior mean
of the intercept

-0.08 to 0.37   (46)
-0.29 to -0.08  (100)
-0.44 to -0.29   (65)
-1  to -0.44   (64)

True slope

0.15 to 0.33  (52)
0.06 to 0.15  (97)
0  to 0.06  (74)

-0.14 to 0   (52)

Posterior mean
of the slope

0.22 to 0.38  (54)
0.13 to 0.22  (68)
0.03 to 0.13  (87)

-0.1  to 0.03  (66)

Figure 8.10: True values (left) and posterior means (right) of the regression coeffi-

cients (σ1 = 0.3, σ2 = 0.1, ρc = 0.5).
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True intercept

-0.19 to 0.43  (51)
-0.45 to -0.19  (94)
-0.64 to -0.45  (85)
-1.05 to -0.64  (45)

Posterior mean
of the intercept

-0.23 to 0.32  (58)
-0.5  to -0.23  (97)
-0.65 to -0.5   (81)
-1.06 to -0.65  (39)

True slope

0.12 to 0.23   (55)
0.06 to 0.12  (108)
0.01 to 0.06   (68)

-0.11 to 0.01   (44)

Posterior mean
of the slope

0.14 to 0.37   (16)
0.07 to 0.14  (144)
0.01 to 0.07   (70)

-0.18 to 0.01   (45)

Figure 8.11: True values (left) and posterior means (right) of the regression coeffi-

cients (σ1 = 0.3, σ2 = 0.1, ρc = 0.1).
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Chapter 9

Worldwide variation of

Helicobacter pylori virulence

9.1 Introduction

The purpose of this chapter is to model the worldwide variation in the association

between the H. pylori infection and stomach cancer rates. To accomplish this

goal, worldwide national data on the prevalence of the H. pylori infection and

stomach cancer incidence rates are analysed.

Studies conducted on the genetic variability of H. pylori suggest that sig-

nificant differences exist in the strains between countries (chapter 3). Thus

provided we can assume that all human populations are equally susceptible to

both H. pylori infection and its putative carcinogenic effects, the relation between

the prevalence of the H. pylori infection and the incidence or mortality of stom-

ach cancer in each country may provide estimates of the virulence of the bacteria

worldwide (chapter 4). The assumption of equal susceptibility is perhaps not very

plausible, but this affects only the interpretation of the analyses. In the interests
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of simplicity of description, we assume that the assumption is true and discuss

the variation of virulence, when in fact we may wish to interpret the results as

variation in the effect of different strains of virus on different ethnic groups with

possibly different susceptibilities.

However, other factors are likely to influence the national stomach cancer

rates. If these factors are unknown or unavailable, the resulting extra variability

of the stomach cancer rates can mask the relation between the prevalence of

the H. pylori infection and the stomach cancer rates. Since the virulence of the

bacteria appears to cluster geographically, the geographical structure of countries

can be used to improve the estimates of the virulence of H. pylori.

In chapter 7, we discussed statistical methodology which may be used to

find clusters of similar exposure coefficients. Geographical location was used to

define the prior distribution of the clusters. In this chapter, we further discuss

the applicability of this methodology to the data under study.

The models should be able to describe the dependence of stomach cancer

rates on the prevalence of H. pylori as well as assessing the geographical patterns

of the association between these two variables. Once a model is selected it

can be used to estimate the virulence of H. pylori, under the assumptions of

homogeneous susceptibility.

9.2 Description of the data and initial analysis

Estimates of national prevalence of H. pylori infection and estimates of world

age- and sex-standardized incidence rates (WASR) for 58 countries worldwide

were extracted from a published study (Lunet and Barros, 2003). The data set

is reproduced in appendix K. The two variables are lagged in time to allow for a
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delay between putative exposure and disease. Most of the data on the prevalence

of H. pylori infection were collected in the 1990s. The estimates of WASRs are

projections for the year 2000. The cancer data used in the estimation are from

periods 3-10 years earlier. Details on the calculation of these estimates can be

found in Parkin et al. (2001) and Lunet and Barros (2003).

The rates of incidence of stomach cancer incidence show great differences

worldwide, with national WASRs in the data set ranging from 1.30 to 48.9. The

prevalence of H. pylori varies from 19% to 96.3%.

Figure 9.1 displays a scatterplot of the log-WASRs against the prevalence of

the H. pylori infection. Despite the large variability of the points in this graph,

the observation of Bangladesh seems to be an outlier. A check on the source

of data indicated that the H. pylori infection prevalence was estimated from a

very specific sample of the population, men undergoing a check-up to work as

immigrant workers. There is a possibility that this group is not representative of

the overall socio-economic status in the country. Since the prevalence of the H.

pylori infection depends on the socio-economic status (chapter 3), we excluded

this observation from our study.

An analysis of the whole data set was conducted in Lunet and Barros (2003),

in which a linear regression of the log transformed stomach cancer incidence rates

on the prevalence of the H. pylori infection yielded weak correlations (r2 = 0.01).

Residual Number of
Model Intercept Risk coefficient r2 standard deviation observations
Europe 1.6 0.017 (< 0.01) 0.69 0.23 28
America 1.3 0.020 (< 0.01) 0.65 0.35 9
57 countries worldwide 2.0 0.006 (0.13) 0.04 0.62 57

Table 9.1: Linear regression with log-WASR for stomach cancer incidence as the response
variable and prevalence of the H. pylori infection as the explanatory variable (p-values are
indicated in brackets).
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1 Albania 13 Iceland 25 Switzerland 37 Thailand 49 Brazil
2 Austria 14 Ireland 26 Turkey 38 Vietnam 50 Chile
3 Belgium 15 Italy 27 UK 39 Algeria 51 Colombia
4 Croatia 16 Lithuania 28 Australia 40 Egypt 52 Venezuela
5 Czech Rep. 17 Netherlands 29 China 41 Israel 53 Côte d'Ivoire
6 Denmark 18 Norway 30 India 42 Saudi Arabia 54 Nigeria
7 Estonia 19 Poland 31 Japan 43 Canada 55 South Africa
8 Finland 20 Portugal 32 Korea, Rep. of 44 Jamaica 56 Sudan
9 France 21 Russian Fed. 33 Malaysia 45 Mexico 57 Zambia

10 Germany 22 Slovenia 34 Myanmar 46 United States 58 Bangladesh
11 Greece 23 Spain 35 Nepal 47 Argentina
12 Hungary 24 Sweden 36 New Zealand 48 Barbados
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Figure 9.1: Scatterplot of stomach cancer log-WASR against the prevalence of H.

pylori infection.
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We tried an analysis by continent, which showed that stronger associations

between H. pylori and stomach cancer exist in Europe and in America (table 9.1).

The fact that the regressions in some continents yielded strong correlations sup-

ports the hypothesis that geography is indeed playing a role.

In addition, the range of the log-WASR appears to increase with an increasing

prevalence of the H. pylori infection (figure 9.1). This visual display is typical of a

regression mixture in which the regression lines have different slopes and cross at

some determined point. By way of illustration, figure 9.2 shows 116 data points

simulated according to a mixture of two regression lines with different slopes and

common intercept. In the same way as in figure 9.1, the response variable seems

to increase with an increasing value of the covariate.

0

2

4

0 50 100
z

y

Figure 9.2: Data simulated from a mixture of two regressions (intercept, 1.64; slopes:

0.0019 and 0.0172; standard error, 0.2; covariate, prevalence of H. pylori infection

given in appendix K).

To sum up, the preliminary analysis presented hitherto in this section suggests

the presence of a mixture of regression lines with different slopes in figure 9.1.

As a result, we decided that a linear model was inappropriate for these data and

we went on to investigate a mixture model. Initially, we did not incorporate any
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spatial structure in the model (section 9.3). Subsequently, we introduced spatial

information via a prior distribution (section 9.4).

9.3 Regression mixtures

Mixtures of Gaussian distributions are used here to assess the geographical vari-

ation of the virulence of H. Pylori. We postulate the Gaussian model for the

log-WASR described in chapter 6 and given in detail in expression 6.1. The re-

sponses Y1, . . . , Yn are the observed log-WASRs, and the covariates z1, . . . , zn

are the observed prevalences of the H. pylori infection. Each component in the

mixture is identified by a different value of the covariate coefficient bm1. Thus,

the vector of covariate coefficients b•1 = (b11, . . . , bM1) models the virulence

of H. pylori. Since we aim at identifying groups of constant virulence, we will

assume that M is known and fit a model for different values of M .

Prior distributions

Taking into account the discussions of sections 6.3 and 6.4, we use the following

prior distributions for the regression parameters,

β0 ∼ N(0, 103);

b11 ∼ N(0, 103)I(0,+∞);

b1,m+1 = b1,m + δm, δm > 0, m = 1, . . . ,M − 1;

τ =
1

σ2
∼ Gamma(103, 103).

The choice of the parameters of the prior distributions aimed at providing

the least informative priors possible. The prior distributions of the slopes are
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truncated to non-negative values because the H. pylori is an established risk

factor. The prior for the parameters δm is chosen to be a normal distribution

with mean 0 and variance 103, truncated to the interval (0,+∞).

9.3.1 Results of the regression mixtures

Bayesian estimation of mixtures can be carried out using the Gibbs sampler, which

we use in fitting a regression mixture to the world data set. The computation

is undertaken in Winbugs 1.4 (the code is provided in appendix F). The Gibbs

sampler was run for 20000 iterations for M = 2 and M = 3.

M = 2

To obtain a well identified solution for M = 2, causing no numerical problems as

we iterate to a run length of 20000, prior parameters for the Dirichlet distribution

with α1 = α2 = 2 were taken (expression 6.6). The first 10000 sample points

were discarded as burn-in, and estimates were made using the remaining 10000

sample points. The sampled values of (β0, b•1, σ2,p) are shown in Table 9.2.

Different slopes are clearly identified.

Standard Quantiles
Mean deviation 2.5% Median 97.5%

β0 1.64 0.16 1.33 1.64 1.96
b11 0.002 0.002 0.000 0.002 0.006
b21 0.017 0.002 0.012 0.017 0.022
σ 0.39 0.06 0.30 0.38 0.53
p1 0.33 0.10 0.17 0.32 0.57
p2 0.67 0.10 0.43 0.68 0.83

Table 9.2: Summary measures of the posterior probabilities of the regression parameters
when applying a Gibbs sampler to fit a regression mixture of two normal distributions.

We monitored the posterior mean of the probabilities of membership given

by equation 6.11. We also monitored the proportions of iterations in which each
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observation is allocated to each group (section 7.11). The difference between

these two sets of estimates of the probabilities of membership was at most 0.006.

For consistency with the results of the forthcoming application of the clustering

model (section 9.4), we present in table 9.3 the latter set, i.e. the proportions

of iterations in which each observation is allocated to each group.

p(1, 1) 0.054 p(1, 31) 0.001 p(2, 1) 0.946 p(2, 31) 0.999
p(1, 2) 0.083 p(1, 32) 0.001 p(2, 2) 0.917 p(2, 32) 0.999
p(1, 3) 0.223 p(1, 33) 0.172 p(2, 3) 0.777 p(2, 33) 0.828
p(1, 4) 0.017 p(1, 34) 0.553 p(2, 4) 0.983 p(2, 34) 0.447
p(1, 5) 0.096 p(1, 35) 0.931 p(2, 5) 0.904 p(2, 35) 0.069
p(1, 6) 0.564 p(1, 36) 0.263 p(2, 6) 0.437 p(2, 36) 0.737
p(1, 7) 0.015 p(1, 37) 0.995 p(2, 7) 0.985 p(2, 37) 0.005
p(1, 8) 0.196 p(1, 38) 0.027 p(2, 8) 0.804 p(2, 38) 0.973
p(1, 9) 0.243 p(1, 39) 0.975 p(2, 9) 0.757 p(2, 39) 0.025
p(1, 10) 0.079 p(1, 40) 0.998 p(2, 10) 0.921 p(2, 40) 0.002
p(1, 11) 0.400 p(1, 41) 0.175 p(2, 11) 0.600 p(2, 41) 0.825
p(1, 12) 0.022 p(1, 42) 0.978 p(2, 12) 0.979 p(2, 42) 0.022
p(1, 13) 0.152 p(1, 43) 0.410 p(2, 13) 0.848 p(2, 43) 0.590
p(1, 14) 0.171 p(1, 44) 0.009 p(2, 14) 0.830 p(2, 44) 0.991
p(1, 15) 0.049 p(1, 45) 0.083 p(2, 15) 0.951 p(2, 45) 0.917
p(1, 16) 0.014 p(1, 46) 0.509 p(2, 16) 0.986 p(2, 46) 0.491
p(1, 17) 0.188 p(1, 47) 0.240 p(2, 17) 0.813 p(2, 47) 0.760
p(1, 18) 0.217 p(1, 48) 0.083 p(2, 18) 0.783 p(2, 48) 0.917
p(1, 19) 0.039 p(1, 49) 0.065 p(2, 19) 0.961 p(2, 49) 0.935
p(1, 20) 0.012 p(1, 50) 0.006 p(2, 20) 0.989 p(2, 50) 0.994
p(1, 21) 0.004 p(1, 51) 0.005 p(2, 21) 0.996 p(2, 51) 0.995
p(1, 22) 0.034 p(1, 52) 0.048 p(2, 22) 0.966 p(2, 52) 0.952
p(1, 23) 0.086 p(1, 53) 0.996 p(2, 23) 0.915 p(2, 53) 0.004
p(1, 24) 0.327 p(1, 54) 0.996 p(2, 24) 0.673 p(2, 54) 0.004
p(1, 25) 0.204 p(1, 55) 0.978 p(2, 25) 0.797 p(2, 55) 0.022
p(1, 26) 0.848 p(1, 56) 0.995 p(2, 26) 0.152 p(2, 56) 0.005
p(1, 27) 0.186 p(1, 57) 0.679 p(2, 27) 0.814 p(2, 57) 0.321
p(1, 28) 0.338 p(2, 28) 0.662
p(1, 29) 0.007 p(2, 29) 0.993
p(1, 30) 0.997 p(2, 30) 0.003

Table 9.3: Posterior probabilities of membership when applying a Gibbs sampler to fit a
regression mixture of two normal distributions.

Using the allocation rule given in expression 6.10, 15 and 42 observations were

attributed respectively to the groups with the lowest and the highest exposure

coefficient. However, five of these observations were not very clearly allocated

(i.e. the probabilities of membership were close to 0.5). The larger group has

the highest value of the exposure coefficient (b21 = 0.017), which is almost ten

times as large as the exposure coefficient of the smaller group.
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We now decribe in detail the allocation of countries to the two groups. Ob-

servations 30, 35, 37, 39, 40, 42, 53, 54, 55 and 56 (India, Nepal, Thailand,

Algeria, Egypt, Saudi Arabia, Côte d’Ivoire, Nigeria, South Africa, Sudan) all

have a probability over 0.9 of belonging to the group with the lower exposure co-

efficient (group 1). Observation 26 (Turkey) has a probability of 0.85 of belonging

to this group, and observation 57 (Zambia) a probability of 0.68. Observations 6,

11, 34, 43 and 46 (Denmark, Greece, Myanmar, Canada and the United States),

with probabilities between 0.4 and 0.6, are not clearly associated with either

group. As might be expected, these observations are on the borderline between

the two groups (figure 9.3).

Observations 1, 2, 4, 5, 7, 10, 12, 15, 16, 19, 20, 21, 22, 23, 29, 31, 32, 38,

44, 45, 48, 49, 50, 51 and 52 (Albania, Austria, Croatia, Czech Republic, Estonia,

Germany, Hungary, Italy, Lithuania, Poland, Portugal, Russia, Slovenia, Spain,

China, Japan, Republic of Korea, Vietnam, Jamaica, Mexico, Barbados, Brazil,

Chile, Colombia and Venezuela) all have probabilities over 0.9 of belonging to the

group with the higher exposure coefficient (group 2). Observations 3, 8, 9, 13,

14, 17, 18, 24, 25, 27, 28, 33, 36, 41 and 47 (Belgium, Finland, France, Iceland,

Ireland, Netherlands, Norway, Sweden, Switzerland, United Kingdom, Australia,

Malaysia, New Zealand, Israel, Argentina) all have probability between 0.6 and

0.9 of belonging to the group with the higher exposure coefficient.

Label switching and trapping states in practice

The analysis so far involved fitting a mixture of two normal distributions. First,

we have run the chain without any constraint on the slopes. Throughout the

simulations, the parameters of both groups were interchanged, and yielded the
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Figure 9.3: Scatterplot of stomach cancer log-WASR against the prevalence of H.

pylori infection showing the regression lines estimated by a regression mixture of two

normals and identifying observations in each group (group 1 in grey, group 2 in red,

and country codes as in figure 9.1).

summary measures of the posterior distributions invalid. The constraint on the

slopes described in expression 6.9 solved this problem.

Secondly, we have tried to run the simulation with the identifiability con-

straint and the non-informative Dirichlet(1, 1) prior on the allocation probabili-

ties. However, the chain moved at some point to a trapped state, in which all
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observations were allocated to one group. As expected from the analysis de-

scribed in section 6.4.3, we managed to avoid this by putting more information

on the prior of the pi. Instead of a non-informative Dirichlet(1, 1), we chose a

Dirichlet (2, 2) thus giving density zero to the extremes of the interval (0, 1).

M = 3

We tried to increase the number of groups toM = 3. To avoid the label switching

problem we used the constraint on the slopes (expression 6.9). We initially set

the prior distribution for the probabilities of membership p as in section 6.3.1,

with α1 = α2 = α3 = 2. However, under this assumption, the observations fell

into only two groups. By increasing the parameters of the Dirichlet distribution to

α1 = α2 = α3 = 5, the prior probability of very small values of the ps decreases.

As a result, three groups emerged, but a considerable number of observations

were not clearly associated with any group. The sampled values of (β0, b•1, σ2,p)

are summarized in Table 9.4. The probabilities of membership of the groups for

each observation are displayed in table 9.5. Again, we displayed the relative

simulation time in the interests of consistency, the differences between these and

the values obtained from equation 6.11 being never greater than 0.013.

Standard Quantiles
Mean deviation 2.5% Median 97.5%

β0 1.58 0.15 1.30 1.58 1.87
b11 0.002 0.002 0.000 0.001 0.006
b21 0.015 0.003 0.007 0.016 0.020
b31 0.022 0.004 0.015 0.022 0.030
σ 0.34 0.06 0.25 0.33 0.48
p1 0.28 0.07 0.16 0.28 0.44
p2 0.41 0.13 0.16 0.42 0.64
p3 0.30 0.12 0.11 0.29 0.57

Table 9.4: Summary measures of the posterior probabilities of the regression parameters
when applying a Gibbs sampler to fit a regression mixture of three normal distributions.

Figure 9.4 displays the fitted regression lines and the allocation of each coun-
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try to a group. Group 1 consists of 14 countries, group 2 of 32 countries, and

group 3 of 11 countries. The group with the lowest exposure coefficient coincides

approximately with the group with the lowest exposure coefficient identified when

M = 2. The exposure coefficient of the second group is also almost ten times

the exposure of group 1, as seen for M = 2. Further comparing the results with

the case M = 2, we also observe that the group 3 is a subset of the group 2.

The difference between the exposure coefficients of groups 2 and 3 is also not as

pronounced as the difference between the exposure coefficients of groups 1 and

2.

In the groups formed, it is possible to visualize some tendency for geographical

proximity, but the groups are not fully consistent with the existing knowledge on

the geographical variation of the strains and virulence of H. pylori. For example,

it would be difficult to find an explanation for the allocation of Denmark into a

different group from the rest of the European countries.

9.4 Clustering models

Since the similarity of populations of H. pylori appear to depend on geographical

proximity, we decided to apply a clustering model.

In the clustering model, the clusters are formed on the basis of a distance

between any two areas. One option would be to use the boundary distance,

which depends only on adjacency (section 7.3.1). However, for the countries

included in the data set, the size of the countries is so variable that the notion

of adjacency may be meaningless. We used instead the geographical distance

defined in section 7.3.1. This distance corresponds to the minimal length, in

kilometres, of all paths from a region to another. As defined in section 7.1, a
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p(1, 1) 0.02 p(1, 30) 0.99 p(2, 1) 0.71 p(2, 30) 0.01 p(3, 1) 0.27 p(3, 30) 0.00
p(1, 2) 0.03 p(1, 31) 0.00 p(2, 2) 0.52 p(2, 31) 0.11 p(3, 2) 0.45 p(3, 31) 0.89
p(1, 3) 0.14 p(1, 32) 0.00 p(2, 3) 0.52 p(2, 32) 0.09 p(3, 3) 0.34 p(3, 32) 0.91
p(1, 4) 0.01 p(1, 33) 0.10 p(2, 4) 0.37 p(2, 33) 0.51 p(3, 4) 0.62 p(3, 33) 0.39
p(1, 5) 0.04 p(1, 34) 0.39 p(2, 5) 0.64 p(2, 34) 0.55 p(3, 5) 0.32 p(3, 34) 0.06
p(1, 6) 0.51 p(1, 35) 0.93 p(2, 6) 0.38 p(2, 35) 0.06 p(3, 6) 0.11 p(3, 35) 0.01
p(1, 7) 0.00 p(1, 36) 0.18 p(2, 7) 0.70 p(2, 36) 0.54 p(3, 7) 0.29 p(3, 36) 0.28
p(1, 8) 0.11 p(1, 37) 0.99 p(2, 8) 0.53 p(2, 37) 0.01 p(3, 8) 0.36 p(3, 37) 0.00
p(1, 9) 0.16 p(1, 38) 0.01 p(2, 9) 0.47 p(2, 38) 0.64 p(3, 9) 0.37 p(3, 38) 0.35
p(1, 10) 0.03 p(1, 39) 0.96 p(2, 10) 0.43 p(2, 39) 0.03 p(3, 10) 0.54 p(3, 39) 0.00
p(1, 11) 0.28 p(1, 40) 1.00 p(2, 11) 0.60 p(2, 40) 0.00 p(3, 11) 0.12 p(3, 40) 0.00
p(1, 12) 0.01 p(1, 41) 0.10 p(2, 12) 0.46 p(2, 41) 0.70 p(3, 12) 0.53 p(3, 41) 0.20
p(1, 13) 0.09 p(1, 42) 0.97 p(2, 13) 0.54 p(2, 42) 0.02 p(3, 13) 0.37 p(3, 42) 0.00
p(1, 14) 0.10 p(1, 43) 0.35 p(2, 14) 0.56 p(2, 43) 0.47 p(3, 14) 0.33 p(3, 43) 0.19
p(1, 15) 0.02 p(1, 44) 0.00 p(2, 15) 0.39 p(2, 44) 0.38 p(3, 15) 0.59 p(3, 44) 0.61
p(1, 16) 0.01 p(1, 45) 0.04 p(2, 16) 0.58 p(2, 45) 0.78 p(3, 16) 0.41 p(3, 45) 0.19
p(1, 17) 0.11 p(1, 46) 0.48 p(2, 17) 0.53 p(2, 46) 0.38 p(3, 17) 0.36 p(3, 46) 0.15
p(1, 18) 0.14 p(1, 47) 0.15 p(2, 18) 0.54 p(2, 47) 0.62 p(3, 18) 0.33 p(3, 47) 0.23
p(1, 19) 0.01 p(1, 48) 0.03 p(2, 19) 0.64 p(2, 48) 0.72 p(3, 19) 0.35 p(3, 48) 0.24
p(1, 20) 0.00 p(1, 49) 0.02 p(2, 20) 0.58 p(2, 49) 0.78 p(3, 20) 0.42 p(3, 49) 0.19
p(1, 21) 0.00 p(1, 50) 0.00 p(2, 21) 0.41 p(2, 50) 0.22 p(3, 21) 0.58 p(3, 50) 0.78
p(1, 22) 0.01 p(1, 51) 0.00 p(2, 22) 0.44 p(2, 51) 0.64 p(3, 22) 0.55 p(3, 51) 0.35
p(1, 23) 0.04 p(1, 52) 0.02 p(2, 23) 0.70 p(2, 52) 0.80 p(3, 23) 0.27 p(3, 52) 0.19
p(1, 24) 0.25 p(1, 53) 0.99 p(2, 24) 0.48 p(2, 53) 0.01 p(3, 24) 0.27 p(3, 53) 0.00
p(1, 25) 0.13 p(1, 54) 0.99 p(2, 25) 0.44 p(2, 54) 0.01 p(3, 25) 0.43 p(3, 54) 0.00
p(1, 26) 0.78 p(1, 55) 0.97 p(2, 26) 0.20 p(2, 55) 0.03 p(3, 26) 0.02 p(3, 55) 0.00
p(1, 27) 0.10 p(1, 56) 0.99 p(2, 27) 0.48 p(2, 56) 0.01 p(3, 27) 0.42 p(3, 56) 0.00
p(1, 28) 0.25 p(1, 57) 0.53 p(2, 28) 0.51 p(2, 57) 0.43 p(3, 28) 0.23 p(3, 57) 0.04
p(1, 29) 0.00 p(2, 29) 0.20 p(3, 29) 0.80

Table 9.5: Posterior probabilities of membership when applying a Gibbs sampler to fit a
regression mixture of three normal distributions.

path is a set of segments from centroid to centroid of adjacent regions.

The values of the centroids were taken from the world data provided with

the package Mapinfo Professional 6.5, and using the functions centroidX and

centroidY of this package. These functions return the x and y coordinates of the

centre of each country’s minimum bounding rectangle, which is always oriented

to the x and y axes. The x and y coordinates correspond to longitude and

latitude values (MapInfo Corporation, 2001). Overall, the geographical distance

takes into account adjacencies and Euclidean distances.

A considerable number of countries in this study do not have any adjacent

countries, either because they correspond to islands (Iceland, Japan, UK, etc.)

or due to the sparse data in some continents, such as Africa. Among the five
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Figure 9.4: Scatterplot of stomach cancer log-WASR against the prevalence of H.

pylori infection showing the regression lines estimated by a regression mixture of three

normals and identifying observations in each group (group 1 in grey, group 2 in red,

group 3 in yellow and country codes as in figure 9.1).

African countries included in this study, there is not even one pair of adjacent

countries. To deal with these cases, we generalized the definition of geographical

distance.

While the sea may have been an obstacle for the movement of populations,

small distances in the sea were likely to be crossed easily. Hence, two countries

154



separated by small distances in the sea may well have common strains of H.

pylori. Our first generalization of the notion of adjacency is thus to consider

that two countries are linked when they are adjacent or the minimum distance

in sea between their borders is less than 150 miles. The geographical distance

between any two linked countries is defined as the Euclidean distance between

their centroids, as if the countries were adjacent. An area is thus linked to:

1. all its adjacent countries,

2. all countries at distance by sea less than 150 miles.

In countries for which not all adjacent countries are included in the study, it is

important to account for all the directions through which the H. pylori bacteria

may have spread. Otherwise, the analysis will be biased, as the direction towards

the adjacent countries will be the preferred one for the formation of clusters.

Therefore, when adjacent countries were absent, we ensured that there was at

least one link to a country in each of four quadrants, defined by the crossing of

the directions north-south, east-west (figure 9.5).

To put it formally, for every country s we first checked whether all adjacent

countries and all countries at distance by sea less than 150 miles of the country

s are part of the study. If yes, all directions through which the H. pylori infection

may have spread from and into the country s are already taken into account and

the full set of linked countries is fully defined by rules 1 and 2 above. If not, we

checked whether there is already a linked country in every quadrant among the

linked countries obtained by applying the rules 1 and 2 above. If there are linked

countries in every quadrant, we considered that all directions had been taken into

account. If not, we needed to identify a linked country in the quadrants without

one. With this aim, we identified the country at the shortest Euclidean distance
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to the country s in the quadrants where there was not yet a linked country. The

country at the shortest Euclidean distance is then linked to country s only if

there is a path from the latter to the former that does not pass by any country

chosen by rules 1 and 2 above. If the only paths between the two countries pass

by countries which were already linked then the direction through which the H.

pylori infection may have spread has already been taken into account and there

is no need to establish another link.

 

X 

X 

X 

X 

1st quadrant 

2nd quadrant 

3rd quadrant 
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Figure 9.5: Illustration of quadrants in relation to a country’s centroid. Linked coun-

tries in each quadrant are marked with an ’X’.

For pairs of linked countries, chosen either by rules 1 and 2 or by the proce-

dure just described, the geographical distance between the two countries is the

Euclidean distance between their centroids. In addition, paths are defined here as

sequences of linked countries as opposed to the definition given in expression 7.1,

in which paths were defined as sequences of adjacent countries.
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The resulting structure of links is displayed in Figure 9.6. For example,

Sweden and Denmark, as well as UK and France, are linked because the minimum

sea distance between them is less than 150 miles. Zambia is linked to Senegal,

as the latter is the nearest country in the first quadrant of the former. Similarly,

Saudi Arabia is linked to India, which is the nearest country in the third quadrant

of Saudi Arabia.
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Figure 9.6: Neighbourhood structure for 43 countries in Africa, Asia and Europe.

Country codes as in figure 9.1

We omitted Iceland because it is too far from any country in our study,

and no links could be established to other countries using the rules described

above. Other countries, such as Australia, New Zealand, Israel and the American
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countries, which were targets of large migration movements from other continents

in a recent past, also have to be dealt with in a different way because the H. pylori

strains may have been largely influenced by those of the immigrant populations.

We adopt the following strategy. First, we omit these countries from the fitting

and analyse only the remaining 43 countries. We will thus have a model in which

geographical distance and adjacencies are the only factors taken into account.

Predictive probabilities of membership can then be calculated for the omitted

countries, assuming uniform prior weights among all groups.

Prior distributions

Once the pairs of linked countries are defined (figure 9.6), the prior model for

clustering is the one defined in section 7.5.

As explained in sections 6.4.1 and 7.5, the prior distributions for the slope

components b11 and δm, m = 1, . . . ,M − 1 are assumed to be Gaussian, with

mean zero and a large variance, but truncated to (0,+∞) to reflect the estab-

lished knowledge of the H. pylori infection as a risk factor. The parameters of

the prior Gamma distribution for the precision were also chosen in such a way

that the variance of the prior distribution is very large, in order to obtain a vague

prior.

9.4.1 Results of the clustering model

Three chains of the Gibbs sampler with different starting values were run in order

to assess convergenge. This procedure was repeated for M = 2, M = 3 and

M = 4. In general, the chains seemed to have already converged after 5000

iterations. By way of illustration, the sampled values for selected parameters
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Figure 9.7: Sampled values of the intercept β0 and the slopes b•1 when fitting the

clustering model for M = 3 in three MCMC runs.
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Figure 9.8: Sampled values of the variance σ2 when fitting the clustering model for

M = 3 in three MCMC runs.

 
 

 
 

 

Figure 9.9: Brooks-Gelman-Rubin convergence statistics (red), length of the empirical

central 80% interval of the pooled runs (green) and average length of the empirical

central 80% intervals of the individual runs (blue) for the intercept β0, the slopes b•1
and the variance σ2 when fitting the clustering model for M = 3.
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for M = 3 are displayed in figures 9.7 and 9.8 and the Brooks-Gelman-Rubin

convergence statistics (section 7.13) are shown in figure 9.9. The values of

the Brooks-Gelman-Rubin convergence statistics converged immediatly to one

despite the large difference in the initial values chosen for the MCMC runs.

The Gibbs sampler was run for 15000 iterations for M = 2, M = 3 and

M = 4 with the first 5000 iterations discarded as burn-in. Estimates were made

using the remaining 10000 sample points, which provided acceptable Monte Carlo

errors. The computation was undertaken in Winbugs 1.4 (the code is given in

appendix G).

The response variables were first assumed to be Gaussian distributed. We

have also used as the distribution for the responses the double exponential distri-

bution, which can be seen as a robust version of the Gaussian distribution. The

results obtained using the two types of responses were very similar. We have

opted to present here the results obtained with the double exponential distribu-

tion.

M = 2

The sampled values of (β0, b•1, σ2) are shown in Table 9.6. Different slopes are

clearly identified. We monitored the posterior probabilities of membership, which

are shown in Table 9.7 and denoted as p(m, i) = P (Zi = m|...).
Standard Quantiles

Mean deviation 2.50% Median 97.50%
β0 1.52 0.12 1.28 1.53 1.74
b11 0.002 0.002 0.000 0.002 0.006
b21 0.019 0.002 0.015 0.019 0.024
σ 0.57 0.05 0.49 0.57 0.67

Table 9.6: Summary measures of the posterior probabilities of the regression parameters
when applying a Gibbs sampler to fit a clustering model with two clusters.
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p(1, 1) 0.00 p(1, 24) 0.00 p(2, 1) 1.00 p(2, 24) 1.00
p(1, 2) 0.00 p(1, 25) 0.00 p(2, 2) 1.00 p(2, 25) 1.00
p(1, 3) 0.00 p(1, 26) 0.00 p(2, 3) 1.00 p(2, 26) 1.00
p(1, 4) 0.00 p(1, 27) 0.00 p(2, 4) 1.00 p(2, 27) 1.00
p(1, 5) 0.00 p(1, 29) 0.00 p(2, 5) 1.00 p(2, 29) 1.00
p(1, 6) 0.00 p(1, 30) 1.00 p(2, 6) 1.00 p(2, 30) 0.00
p(1, 7) 0.00 p(1, 31) 0.00 p(2, 7) 1.00 p(2, 31) 1.00
p(1, 8) 0.00 p(1, 32) 0.00 p(2, 8) 1.00 p(2, 32) 1.00
p(1, 9) 0.00 p(1, 33) 1.00 p(2, 9) 1.00 p(2, 33) 0.00
p(1, 10) 0.00 p(1, 34) 1.00 p(2, 10) 1.00 p(2, 34) 0.00
p(1, 11) 0.00 p(1, 35) 1.00 p(2, 11) 1.00 p(2, 35) 0.00
p(1, 12) 0.00 p(1, 37) 1.00 p(2, 12) 1.00 p(2, 37) 0.00
p(1, 14) 0.00 p(1, 38) 1.00 p(2, 14) 1.00 p(2, 38) 0.00
p(1, 15) 0.00 p(1, 39) 1.00 p(2, 15) 1.00 p(2, 39) 0.00
p(1, 16) 0.00 p(1, 40) 1.00 p(2, 16) 1.00 p(2, 40) 0.00
p(1, 17) 0.00 p(1, 42) 1.00 p(2, 17) 1.00 p(2, 42) 0.00
p(1, 18) 0.00 p(1, 53) 1.00 p(2, 18) 1.00 p(2, 53) 0.00
p(1, 19) 0.00 p(1, 54) 1.00 p(2, 19) 1.00 p(2, 54) 0.00
p(1, 20) 0.00 p(1, 55) 1.00 p(2, 20) 1.00 p(2, 55) 0.00
p(1, 21) 0.00 p(1, 56) 1.00 p(2, 21) 1.00 p(2, 56) 0.00
p(1, 22) 0.00 p(1, 57) 1.00 p(2, 22) 1.00 p(2, 57) 0.00
p(1, 23) 0.00 p(2, 23) 1.00

Table 9.7: Posterior probabilities of group membership for 43 countries when applying a
Gibbs sampler to fit a clustering model with two clusters.

Clusters (exposure risk)

Cluster 2 (0.019)
Cluster 1 (0.002)

Figure 9.10: Clusters obtained with a clustering model with two clusters.

The countries were clearly allocated to one of the clusters. Figure 9.10

displays a map with the clusters. A total of 14 observations were allocated to

the group with the lowest exposure coefficient (group 1): observations 30, 33,
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Figure 9.11: Scatterplot of stomach cancer log-WASR against the prevalence of

H. pylori infection showing the regression lines for the two clusters identified by the

clustering model and identifying observations in each group (group 1 in grey, group 2

in red, and country codes as in figure 9.1).

34, 35, 37, 38, 39, 40, 42, 53, 54, 55, 56 and 57 (India, Malaysia, Myanmar,

Nepal, Thailand, Vietnam, Algeria, Egypt, Saudi Arabia, Côte d’Ivoire, Nigeria,

South Africa, Sudan, Zambia). All these have a probability near 1 of belonging

to group 1. The group comprises all African countries, countries from the Middle

East and countries from South East Asia.
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The remaining 29 observations were clearly allocated to the group with high-

est exposure coefficient (group 2). The group comprises the countries from

Europe and Eastern Asia (China, Japan, Korea and Vietnam).

Figure 9.11 displays the regression lines obtained along with the observations

allocated to each group. There are a few differences between these results and

those obtained with the regression mixture (figure 9.3) - figure 9.12 displays

copies of figures 9.3 and 9.11 to aid comparison between the results of these

two models. Contrary to the results obtained with the regression mixture, ob-

servations 33 and 38 (Malaysia and Vietnam) were now assigned to the cluster

with the lowest exposure coefficient (group 1), and observation 26 (Turkey) was

allocated to the cluster with the highest exposure coefficient (group 2). The

countries of observations 26 and 38 are on the border of the clusters found. The

allocation of observations on the border is likely to be influenced by the number

of neighbours in each of the surrounding clusters. The allocation of observation

33 (Malaysia) to group 1 is due to the fact that the country is surrounded by

countries assigned to the group 1.

M = 3

The sampled values of (β0, b•1, σ2) are shown in Table 9.8. Different slopes were

identified. We estimated the posterior probabilities of membership as shown in

Table 9.9. These probabilities indicate clear allocation of each observation to

one of the clusters.

The three clusters of countries are presented in the map of figure 9.13. The

regression lines obtained along with the observations allocated to each group are

shown in figure 9.14.

164



0

1

2

3

4

0 20 40 60 80 100
Prevalence of the H. pylori infection

lo
g(

W
AS

R
)

0

1

2

3

4

0 20 40 60 80 100
Prevalence of the H. pylori infection

lo
g(

W
AS

R
)

38

26

26

38

33

33

(a)

(b)

Figure 9.12: Copies of: (a) figure 9.3 and (b) figure 9.11, to aid comparison between

them.
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Standard Quantiles
Mean deviation 2.5% Median 97.5%

β0 1.58 0.11 1.35 1.58 1.78
b11 0.002 0.001 0.000 0.001 0.005
b21 0.017 0.002 0.013 0.017 0.022
b31 0.025 0.003 0.019 0.026 0.031
σ 0.51 0.04 0.44 0.51 0.60

Table 9.8: Summary measures of the posterior distributions of the regression parameters
when applying a Gibbs sampler to fit a clustering model with three clusters.

Clusters (exposure risk)

Cluster 3 (0.025)
Cluster 2 (0.017)
Cluster 1 (0.002)

Figure 9.13: Clusters obtained with a clustering model with three clusters.

The countries from Africa, South East Asia and the Middle East all have a

probability over 0.9 of belonging to the group with the lowest exposure coefficient

(group 1). The group includes observations 26, 30, 33, 34, 35, 37, 39, 40, 42,

and 53-57 (Turkey, India, Malaysia, Myanmar, Nepal, Thailand, Algeria, Egypt,

Saudi Arabia, Côte d’Ivoire, Nigeria, South Africa, Sudan and Zambia).

The 23 European countries of our study were assigned to the group with the

second highest exposure coefficient (observations 1-12, 14-20, 22-25 and 27).

All other observations, i.e. observations 21, 29, 31, 32, 38 (Russian Federa-

tion, China, Japan, Republic of Korea and Vietnam), belong to the group with
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p(1, 1) 0.00 p(2, 1) 0.97 p(3, 1) 0.03
p(1, 2) 0.00 p(2, 2) 0.97 p(3, 2) 0.03
p(1, 3) 0.00 p(2, 3) 0.98 p(3, 3) 0.02
p(1, 4) 0.00 p(2, 4) 0.97 p(3, 4) 0.03
p(1, 5) 0.00 p(2, 5) 0.97 p(3, 5) 0.03
p(1, 6) 0.00 p(2, 6) 0.97 p(3, 6) 0.03
p(1, 7) 0.00 p(2, 7) 0.97 p(3, 7) 0.03
p(1, 8) 0.00 p(2, 8) 0.97 p(3, 8) 0.03
p(1, 9) 0.00 p(2, 9) 0.98 p(3, 9) 0.02
p(1, 10) 0.00 p(2, 10) 0.97 p(3, 10) 0.03
p(1, 11) 0.04 p(2, 11) 0.93 p(3, 11) 0.03
p(1, 12) 0.00 p(2, 12) 0.97 p(3, 12) 0.03
p(1, 14) 0.00 p(2, 14) 0.98 p(3, 14) 0.02
p(1, 15) 0.00 p(2, 15) 0.97 p(3, 15) 0.03
p(1, 16) 0.00 p(2, 16) 0.97 p(3, 16) 0.03
p(1, 17) 0.00 p(2, 17) 0.97 p(3, 17) 0.03
p(1, 18) 0.00 p(2, 18) 0.97 p(3, 18) 0.03
p(1, 19) 0.00 p(2, 19) 0.97 p(3, 19) 0.03
p(1, 20) 0.00 p(2, 20) 0.98 p(3, 20) 0.02
p(1, 21) 0.00 p(2, 21) 0.02 p(3, 21) 0.98
p(1, 22) 0.00 p(2, 22) 0.97 p(3, 22) 0.03
p(1, 23) 0.00 p(2, 23) 0.98 p(3, 23) 0.02
p(1, 24) 0.00 p(2, 24) 0.97 p(3, 24) 0.03
p(1, 25) 0.00 p(2, 25) 0.97 p(3, 25) 0.03
p(1, 26) 0.96 p(2, 26) 0.03 p(3, 26) 0.01
p(1, 27) 0.00 p(2, 27) 0.98 p(3, 27) 0.02
p(1, 29) 0.00 p(2, 29) 0.02 p(3, 29) 0.98
p(1, 30) 1.00 p(2, 30) 0.00 p(3, 30) 0.00
p(1, 31) 0.00 p(2, 31) 0.02 p(3, 31) 0.98
p(1, 32) 0.00 p(2, 32) 0.02 p(3, 32) 0.98
p(1, 33) 1.00 p(2, 33) 0.00 p(3, 33) 0.00
p(1, 34) 1.00 p(2, 34) 0.00 p(3, 34) 0.00
p(1, 35) 1.00 p(2, 35) 0.00 p(3, 35) 0.00
p(1, 37) 1.00 p(2, 37) 0.00 p(3, 37) 0.00
p(1, 38) 0.02 p(2, 38) 0.02 p(3, 38) 0.96
p(1, 39) 1.00 p(2, 39) 0.00 p(3, 39) 0.00
p(1, 40) 1.00 p(2, 40) 0.00 p(3, 40) 0.00
p(1, 42) 1.00 p(2, 42) 0.00 p(3, 42) 0.00
p(1, 53) 1.00 p(2, 53) 0.00 p(3, 53) 0.00
p(1, 54) 1.00 p(2, 54) 0.00 p(3, 54) 0.00
p(1, 55) 1.00 p(2, 55) 0.00 p(3, 55) 0.00
p(1, 56) 1.00 p(2, 56) 0.00 p(3, 56) 0.00
p(1, 57) 1.00 p(2, 57) 0.00 p(3, 57) 0.00

Table 9.9: Posterior probabilities of group membership when applying a Gibbs sampler to fit
a clustering model with three clusters.

the highest exposure coefficient, with probability higher than 0.9. This group

includes mainly Far East Asian countries.

M = 4

We increased the number of groups to M = 4 and estimated the posterior

probabilities of membership. All observations were allocated to only three groups,
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Figure 9.14: Scatterplot of stomach cancer log-WASR against the prevalence of H.

pylori infection showing the regression lines for the three clusters identified by the

clustering model and identifying observations in each group (group 1 in grey, group 2

in red, group 3 in yellow and country codes as in figure 9.1).

the same groups that were identified with M = 3.
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9.5 The choice of M

To choose the number of groups M that best fits the data with the clustering

model, we calculated the values of the averaged posterior mean squared error

(MSE), defined as

1

n

n∑
i=1

E[(yi − µvi
)2|y]

where yi stands for the log-WASR and µvi
for the estimated posterior mean of

the i-th country.

Averaged posterior
MSE

Posterior CI
M mean 2.5% 97.5%
1 0.46 0.43 0.57
2 0.18 0.17 0.21
3 0.10 0.09 0.13
4 0.11 0.09 0.15 0.0
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Figure 9.15: Averaged posterior mean squared error (bold line) and credible intervals

(dashed lines) when applying a Gibbs sampler to fit a linear regression (M=1) and

clustering models with two (M=2), three (M=3) and four clusters (M=4).

Figure 9.15 displays the averaged posterior MSE for various choices of the

number of groups, M . The fall of the averaged posterior MSE and the fact

that clear groups only appear until M = 3 seem to support the existence of

three groups of different virulence of H. Pylori. The analyses presented from

here onwards are thus based on the results obtained for M = 3.
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9.6 Predictive probabilities

We calculated the probability of membership for the 14 remaining countries,

according to the expressions provided in section 7.12. We assumed that all coun-

tries have equal prior probability of belonging to each of the three groups. The

resulting probabilities of membership are displayed in table 9.10. The results sug-

gest a predominant influence of European H. pylori strains in Israel and in Latin

American countries (Argentina, Brazil, Colombia, Mexico and Venezuela). In the

North American countries, i.e. Canada and the United States, both the African

and the European strains seem to be important, with a slight predominance of

the African strains. The strains in the two countries from Oceania, Australia and

New Zealand, included in this analysis appear to be more mixed, with a slight

predominance of the European strain. The results for Iceland also indicate a mix

of the original strains, with a slight predominance of the European one.

Country P (V = 1|...) P (V = 2|...) P (V = 3|...)
Iceland 0.20 0.44 0.36
Australia 0.35 0.40 0.25
New Zealand 0.30 0.42 0.28
Israel 0.25 0.57 0.18
Canada 0.41 0.38 0.21
Jamaica 0.01 0.49 0.50
Mexico 0.15 0.70 0.15
United States 0.47 0.34 0.19
Argentina 0.29 0.47 0.24
Barbados 0.14 0.65 0.21
Brazil 0.12 0.73 0.16
Chile 0.01 0.35 0.64
Colombia 0.01 0.73 0.26
Venezuela 0.09 0.77 0.13

Table 9.10: Posterior probabilities of membership to the three clusters for the countries for
which the probabilities of membership were estimated by predictive probabilities.

For some countries, these results are consistent with the available information

on the presence of ethnic groups in these countries. According to United Nations

records, the population in Israel in 1983 was 4.038 million. Among these, 1.231
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million were of European origin (30%), and 727,000 were born in Europe (18%).

This may explain why the European strain seems to be predominant in this

country. This finding is also consistent with the results on the isolates of H.

pylori from Israel analysed in Falush et al. (2003), which were indeed similar to

the European ones.

Both New Zealand and Australia have large proportions of their population

with European origin: 86% in New Zealand and 89% in Australia (Table 9.11).

However, our analysis pointed towards a mix of strains of H. pylori in these

countries, including the European strain. This may suggest that different strains

of H. pylori spread differently, with some strains presenting predominance over

others.

Country, Year New Zealand, 1981 census Australia, 1976 census
Total population 3,175,737 13,548,449
Population of European origin (%) 2,723,223 (86%) 12,037,151 (89%)

Table 9.11: Population of European origin in New Zealand and Australia. Source: United
Nations.

9.7 Estimating the virulence of H. pylori

The exposure coefficient of the regression lines fitted to the log-WASRs can be

seen as an estimate of the virulence of H.pylori. The values of the exposure

coefficient for the 43 countries included in the clustering model were shown in

the map of figure 9.13. For all these 43 countries, the allocation to one cluster

was very clear because the probability of membership was very high for one of

the clusters. For the other 14 countries that were not included in the clustering

model, cluster membership is not so clear, with membership being distributed

among two and even three clusters (table 9.10). It is then natural to consider a
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weighted averaged exposure coefficient bi for each country, where the weights are

determined by the posterior probabilities of membership displayed in table 9.10.

To put it formally,

bi = b11p(1, i) + b21p(2, i) + b31p(3, i) , (9.1)

where p(j, i) is the predictive probability of allocation of country i to cluster j and

bj1 is the posterior mean of the exposure coefficient of group j. The weighted

averaged exposure coefficients are displayed in table 9.12.

The map of figure 9.16 shows the estimated virulence of H.pylori, i.e the

country specific estimated exposure coefficients, for the 57 countries included in

the study.

Relative risk
Exposure Posterior CI

Code Country coefficient mean 2.5% 97.5%
13 Iceland 0.017 5.6 3.6 8.8
28 Australia 0.014 4.0 2.7 6.1
36 New Zealand 0.015 4.5 3.0 6.9
41 Israel 0.015 4.5 3.0 6.9
43 Canada 0.013 3.6 2.5 5.4
44 Jamaica 0.021 8.4 4.9 13.8
45 Mexico 0.016 5.1 3.4 7.9
46 United States 0.012 3.2 2.3 4.8
47 Argentina 0.015 4.4 3.0 6.8
48 Barbados 0.017 5.4 3.6 8.5
49 Brazil 0.017 5.4 3.6 8.4
50 Chile 0.022 9.5 5.4 15.8
51 Colombia 0.019 6.9 4.3 11.0
52 Venezuela 0.017 5.5 3.6 8.6

Table 9.12: Weighted averaged exposure coefficient (posterior means) and estimated rela-
tive risk (posterior means and 95% credible intervals) of the countries for which the cluster
membership was estimated with predictive probabilities.
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Exposure coefficient

0.019 to 0.025   (8)
0.017 to 0.019  (28)
0.012 to 0.017   (7)
0.002 to 0.012  (14)

Figure 9.16: Estimated exposure coefficient of the H. pylori infection in 57 countries

worldwide. The estimates were calculated on the basis of a clustering model with three

groups.

9.8 Estimating the relative risk

An estimate of the relative risk (RR) of H. pylori infection can be obtained as

the ratio between the absolute risk in a population with 100% prevalence and

that in a population with no infection. This in turn is provided by e100b1 where b1

is the exposure coefficient or slope of the regression line fitted to the log-WASRs.

Estimation of the RR relies on an extrapolation to the values of prevalence

0% and 100%, which is not without its dangers, since it assumes that the fitted

regression lines are valid outside the range of the covariates available in this

study.

On the basis of the results displayed in table 9.8, an estimate of the RR

for the H. pylori infection was obtained from the selected clustering model with
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three clusters,

Cluster 1: RR = e0.002×100 ≈ 1.2,

Cluster 2: RR = e0.017×100 ≈ 5.5, (9.2)

Cluster 3: RR = e0.025×100 ≈ 12.2.

The 95% credible intervals for the slopes were estimated as (table 9.8),

CI95%(b11) = (0.000, 0.005),

CI95%(b21) = (0.013, 0.022),

CI95%(b31) = (0.019, 0.031),

which leads to the following credible intervals for the relative risks:

Cluster 1: CI95%(RR) = (1.0, 1.6), (9.3)

Cluster 2: CI95%(RR) = (3.8, 8.8),

Cluster 3: CI95%(RR) = (6.6, 22.3).

Expressions 9.2 provided the relative risk for the 43 countries that were in-

cluded in the clustering model. For the other 14 countries that were not included

in the clustering model, the relative risks were estimated as

RRi = e100bi ,

where bi is the weighted averaged exposure coefficient given in expression 9.1

of section 9.7. The country specific relative risks and the corresponding 95%

credible intervals are displayed in table 9.12.
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9.9 Attributable risk

The attributable risk is defined as the excess proportion of incidence among the

population that is associated to a risk factor. Formally, the attributable risk

corresponds to the ratio

AR = (IP − INE)/IP , (9.4)

where IP is the incidence in the population and INE is the incidence of the non-

exposed population. The estimated value of the relative risk (RRi), together

with the available estimates of the prevalence (li) of the infection, can also be

used to estimate the attributable risk (ARi) in each country, using the expression

ARi =
li(RRi − 1)

1 + li(RRi − 1)
. (9.5)

Armitage et al. (2002), p.682, shows that this formulation is equivalent to that

of equation 9.4 by setting RRi = IE/INE and IP = liIE + (1 − li)INE . Ex-

pression 9.5 corresponds to the well known expression for the attributable risk

(e.g. Armitage et al. (2002), p. 682), also known as population attributable risk

(Benichou, 1998).

On the basis of the lower and upper limits of the 95% credible interval for

the relative risks (expressions 9.3 and table 9.12), we calculated 95% credible

intervals (ARl, ARu) for the attributable risk,

ARl =
p

1
RRiL−1

+ p
, (9.6)

ARu =
p

1
RRiU−1

+ p
, (9.7)

where RRiL and RRiU are respectively the lower and upper limits of the 95%

credible interval for the relative risk of country i. The posterior means, calculated
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Attributable risk
Code Country Group 2.5% CI Posterior mean 97.5% CI
1 Albania 2 0.68 0.78 0.85
2 Austria 2 0.57 0.69 0.79
3 Belgium 2 0.50 0.63 0.74
4 Croatia 2 0.63 0.74 0.83
5 Czech Republic 2 0.62 0.73 0.82
6 Denmark 2 0.56 0.68 0.78
7 Estonia 2 0.72 0.81 0.87
8 Finland 2 0.50 0.63 0.74
9 France 2 0.42 0.54 0.67
10 Germany 2 0.52 0.65 0.75
11 Greece 2 0.64 0.75 0.83
12 Hungary 2 0.64 0.75 0.83
14 Ireland 2 0.55 0.67 0.77
15 Italy 2 0.56 0.68 0.78
16 Lithuania 2 0.69 0.79 0.86
17 Netherlands 2 0.51 0.63 0.74
18 Norway 2 0.50 0.63 0.74
19 Poland 2 0.66 0.77 0.85
20 Portugal 2 0.70 0.80 0.87
21 Russian Federation 3 0.83 0.91 0.95
22 Slovenia 2 0.61 0.72 0.81
23 Spain 2 0.66 0.76 0.84
24 Sweden 2 0.45 0.58 0.70
25 Switzerland 2 0.35 0.47 0.60
26 Turkey 1 0.01 0.13 0.34
27 United Kingdom 2 0.45 0.58 0.70
29 China 3 0.77 0.88 0.93
30 India 1 0.01 0.14 0.36
31 Japan 3 0.82 0.91 0.95
32 Korea, Rep. 3 0.80 0.89 0.94
33 Malaysia 1 0.00 0.06 0.19
34 Myanmar 1 0.00 0.13 0.34
35 Nepal 1 0.00 0.10 0.28
37 Thailand 1 0.00 0.12 0.33
38 Vietnam 3 0.81 0.90 0.94
39 Algeria 1 0.01 0.14 0.36
40 Egypt 1 0.01 0.14 0.36
42 Saudi Arabia 1 0.00 0.12 0.32
53 Côte d’Ivoire 1 0.00 0.12 0.33
54 Nigeria 1 0.01 0.13 0.35
55 South Africa 1 0.01 0.13 0.35
56 Sudan 1 0.00 0.12 0.32
57 Zambia 1 0.01 0.13 0.34

Table 9.13: Estimated H. pylori attributable risk for stomach cancer (posterior means and
95% credible intervals) in countries where the estimates of the relative risks were obtained
from a clustering model with three clusters.

with expression 9.5, are shown in Tables 9.13 and 9.14 and displayed in the map

of figure 9.17. The 95% credible intervals obtained are presented in Tables 9.13

and 9.14.
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Attributable risk
Code Country 2.5% CI Posterior mean 97.5% CI
13 Iceland 0.51 0.65 0.76
28 Australia 0.40 0.53 0.66
36 New Zealand 0.44 0.57 0.70
41 Israel 0.57 0.69 0.79
43 Canada 0.36 0.49 0.62
44 Jamaica 0.74 0.84 0.90
45 Mexico 0.66 0.77 0.85
46 United States 0.29 0.41 0.55
47 Argentina 0.49 0.63 0.74
48 Barbados 0.65 0.76 0.84
49 Brazil 0.68 0.79 0.86
50 Chile 0.74 0.85 0.91
51 Colombia 0.76 0.85 0.91
52 Venezuela 0.71 0.80 0.87

Table 9.14: Estimated H. pylori attributable risk for stomach cancer (posterior means and
95% credible intervals) in countries where the estimates of the relative risk were calculated
using predictive probabilities.

Attributable risk

0.75 to 1
0.5  to 0.75
0.25 to 0.5
0  to 0.25

Figure 9.17: Estimated H. pylori attributable risk for stomach cancer in 57 countries

worldwide. The estimates were calculated on the basis of a clustering model with three

groups.

9.10 Discussion

Comparing regression mixtures with the clustering model

The estimated regression coefficients obtained with the standard regression mix-

tures (section 9.3.1) and with the clustering model (section 9.4.1) were very
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similar, in spite of the fact that the clustering model used only a subset of the

57 countries whereas the regression mixture model was applied to the whole set.

The allocation of the 43 countries into groups of similar exposure coefficient

was almost the same in both models, with some differences resulting from the

inclusion of geographical constraints through a prior distribution in the clustering

model. In problems in which geographical continuity is expected, this feature of

the clustering model constitutes an advantage.

Model choice

The issue of model choice is an important one in any statistical study. It is

generally accepted that the choice of the “best” model depends largely on the aim

of the study. We have shown that there is evidence to suggest that geographical

information is relevant in the analysis of the data studied in this chapter, and in

this sense, the choice of the clustering model seems justified. We have conducted

simple linear regressions on each of the groups found by the clustering model,

and found that the prevalence of H. pylori seems to explain a large proportion

of the variability of the log transformed stomach cancer rates in the groups with

the highest exposure coefficient (results not shown).

Coding-invariance

None of the models used in this chapter is coding invariant because they are

not well-formulated, i.e. the models include a random slope but not a random

intercept (section 5.4). However, the choice of models with a constant intercept

is conceptually justified for the data studied in this chapter because there is

obviously no effect of H. pylori infection on stomach cancer when the prevalence
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is equal to zero (section 4.1). At this value of the prevalence, the baseline risk

can thus be assumed common for all groups, which justifies the assumption of a

common intercept when the origin of the prevalence is taken at zero.

Normalization

In the MCMC simulations we did not normalize the covariate values. Normal-

ization is commonly used because it tends to accelerate the mixing of the chain.

In the context of our analysis, if the covariates are not normalized, the intercept

corresponds to the world baseline risk, when the prevalence is equal to zero.

We have seen in sections 4.1 and 5.4 that a change of the origin of the preva-

lence would induce a varying intercept. Therefore, the models considered in this

chapter, in which the intercept was assumed constant, would no longer be valid.

Thus, normalization would complicate the parameterization of the model and we

preferred not to use it.

Label switching

We chose to use constraints on the parameters b•1 to avoid label switching

during the MCMC run (sections 6.4.2 and 7.6). Some authors have suggested

that these constraints may push the estimates apart and lead to biased estimates

(McLachlan and Peel (2000)). Label switching occurred rarely in the model

used in this chapter. In the few cases in which label switching was observed,

we adopted the following strategy. We have run the MCMC with and without

constraints. In the simulation without constraints, different modes were clearly

identified in the monitoring of the MCMC output. We were thus able to separate

the output from one of the modes, which we compared with the MCMC output
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obtained with the constrains on b•1. The results were practically identical. This

is of course a very empirical and somewhat simplistic method of assessment, but

we believe it suggests that any bias in the estimates arising from the contraints

on the parameters b•1 is negligible.

African and Asian enigma

We briefly mentioned in section 3.1.1 the African and Asian enigma, which refers

to the puzzling fact that African and some Asian countries, such as India, have

high prevalence of the H. pylori infection, but low rates of stomach cancer.

Studies aiming at explaining the African and Asian enigma have tried to

introduce other covariates, such as diet and environmental factors, that could

explain the enigma. In this thesis, we propose a different explanation based

on the geographical variation of the virulence of H. pylori. The countries of

Africa and South-East Asia, including India, were assigned to the cluster with

the smaller exposure coefficient, thus suggesting that the virulence of H. pylori

in these countries is lower than in other parts of the world.

H. pylori and confounding factors

Apart from the differences in the strains of H. pylori, geography can also reflect

host genetic and cultural characteristics. The identification of different groups

with different exposure coefficients in this chapter supports the existence of dif-

ferent virulent populations of H. pylori. However, these associations could also be

related to distinct responses of the host, as well as to differences in the life-style

and environmental characteristics, which may be confounding factors.
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Country sizes and sampling error

In the models presented in this chapter, the variance of the observations was

assumed to be constant. However, different variances arise from distinct country

sizes. We also applied a model in which the variances were assumed to be

different (the variance was modelled as in Pocock et al. (1981)), but the sampling

variance accounted for less than one per cent of the total variance and the results

were similar to those provided here (results not shown).

Mortality versus incidence data

Mortality data are usually considered to be more reliable than incidence data.

However, data on mortality due to stomach cancer were not available for the

majority of countries in Africa and Asia. This is the reason why we used data on

incidence.

Ethnic versus geographic data

Although ethnicity is likely to reflect in some degree the H. pylori spread among

humans, ethnicity data are available only for a few countries worldwide. The use

of different definitions across countries and throughout time also compromises

the comparability of the data. In addition, sometimes the ethnic groups for

which data are available do not necessarily reflect the whole range of ethnic

groups present in the country. The ethnic groups can also be mixed, which will

potentially entail the coexistence of several strains of H. pylori. The behaviour

of competing strains of H. pylori is uncertain. This justifies why we did not

use ethnic data. We preferred to use geographical distance and location as a

surrogate of the spread of the H. pylori infection.
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Chapter 10

Association between

socio-economic level and stomach

cancer in Portugal

In chapter 9, Portugal was allocated to a group with considerable virulence of

the H. pylori infection. We know from the same study that the prevalence of

the bacteria in this country is high. Since the stomach cancer mortality shows

considerable variation across the country (figure 10.2), it is reasonable to ask

whether the virulence of the bacteria is constant within the country or not.

However, the prevalence of this infection in the Portuguese population is not

known at a small geographical level. A surrogate measure is used in the analysis.

The choice of the surrogate measure was based on the following evidence: the

prevalence of the H. pylori infection tends to be higher in populations with lower

socio-economic level. Socio-economic level can thus be used as a surrogate for

the prevalence of the H. pylori infection. If the virulence of H. pylori varies across
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the region of study, the association between the risk of stomach cancer and H.

pylori prevalence will vary across the region. As a result, the association between

the risk of stomach cancer and socio-economic level will also vary across the

region. For instance, areas with similar socio-economic level (and, consequently,

similar H. pylori prevalence) may have different stomach cancer risks because of

differences in the H. pylori virulence among the areas.

From the literature, it can be argued that the difference in strains of H. pylori

tends to increase with geographical distance and that the spatial correlation be-

tween geographical areas could be a consequence of areas having similar strains

(chapter 3). By allowing the coefficient of socio-economic status to vary with

location, we can model the foregoing patterns. Therefore, spatially varying re-

gression models can be used to identify areas with similar exposure coefficients

of socio-economic status.

This chapter describes a study of mortality of stomach cancer in Portugal

in the period 1985-1998. The chapter starts with a description of the data,

and proceeds with a study of the association between socio-economic status and

stomach cancer mortality.

10.1 Description of the Data

10.1.1 Study Region

The study region consists of continental Portugal. The geographical partition

considered consists of 275 counties. The population sizes of the counties vary

from 2052 to 663394 inhabitants (1991 Census). Socio-economic data are avail-

able at this scale.
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10.1.2 Stomach Cancer Mortality Data

Mortality registries of stomach cancer were obtained from the General Board of

Health in Portugal (DGS) for the period 1985-1998. These death records were

coded according to the 9th International Classification of Diseases (ICD), which

assigns a 3 digit code to every major disease, injury or cause of death (Rose

and Barker, 1986, p. 31). The data set provided by DGS consists of all deaths

coded as ICD 151, the code for the malignant neoplasms of the stomach. For

each death, age at death, sex and code of the administrative unit of residence

(county) were recorded.

Over the 14 year period there were a total of 37965 deaths caused by stom-

ach cancer. Mortality data are vulnerable to errors in registries as well as to

misreporting (Rodrigues et al., 1992). According to the World Health Organi-

zation, the estimated coverage of death registries in Portugal is 100% and the

percentage of deaths attributed to ill-defined diseases is 9%. This indicates that

misclassification, i.e. the wrong attribution or the lack of attribution of the cause

of death in a death certificate, is a larger problem than misreporting. The geo-

graphical variability of misclassification across Portugal is unknown. In the study

of this chapter, we implicitly assume that misclassification occurs at random.

Incidence data for stomach cancer in the period considered and for the re-

quired geographical precision were not available at the time of this study. How-

ever, the results of a study on the mortality should not differ considerably from

a study on the incidence because the survival rate for stomach cancer is low.

184



10.1.3 Population Estimates

Population counts stratified by age and sex are available by county from the 1991

Census. However, the population sizes change in inter-censal years due to births,

deaths, migration and ageing of the population. Unfortunately, the 1981 Census

data are not available in an exploitable format and the results of the 2001 Census

were not yet published at the time of this study. Therefore, 1991 Census data

were used to estimate population sizes. Since the mortality data relate to deaths

from 1985 to 1998, the year 1991 corresponds approximately to the middle year.

Thus the data from the 1991 census is expected to provide reasonable estimates

of the population sizes.

10.1.4 Spending Power Index

A spending power index, based on 12 variables reflecting income and consump-

tion, is available at county level for the year 1993. This index is provided by the

Portuguese Institute of National Statistics (INE, 1993) and is standardized so

that the average is 100. Its value in each county is shown in figure 10.1.

10.2 Standardized Mortality Ratios

The age-sex specific risk rates for stomach cancer mortality were calculated using

the numbers of registered deaths in 1985-1998 and the population sizes given in

the 1991 Census data. These reference rates are presented in appendix L.

Using the internal method, the expected numbers of cases for each geograph-

ical unit were based on those age-sex specific rates and on the population sizes

given in the 1991 Census data. Therefore, the total expected number of deaths
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Spending Power 1993

98 to 291   (35)
60 to 98   (79)
37 to 60  (105)
18 to 37   (56)

Figure 10.1: Spending power index,

1993.

SMR

1.19 to 2.23  (71)
0.96 to 1.19  (67)
0.8  to 0.96  (66)
0.35 to 0.8   (71)

Figure 10.2: Stomach cancer SMR,

1985-1998.

equals the total number of registered deaths. Maximal and minimal expected

numbers of cases per year at the county level are respectively 284 and 0.85. The

observed counts and the expected number of cases were used to calculate stan-

dard mortality ratios (section 1.1.6). Maximal and minimal SMRs are respectively

0.35 and 2.23. The SMRs in each county are displayed in figure 10.2.
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10.3 Socio-economic level exposure coefficient

We are specifically interested in investigating quantitatively the association be-

tween the mortality of stomach cancer and spending power. The aim of the

analysis is to assess the existence or not of spatial patterns of this association.

We use the spatially varying regression model presented in chapter 8 for this as-

sessment (section 10.3.1). We compare the results with those obtained in models

in which the exposure coefficient is constant or absent (section 10.3.2). In all

models, the observed areal counts are assumed to follow a Poisson distribution,

as in expression 2.10,

Yi ∼ Poisson(Eiθi),

where Yi is the stomach cancer death count and Ei is the expected number of

deaths in county i. We consider different predictors reflecting different model

assumptions.

To facilitate the presentation of the numerical results, we rescaled the spend-

ing power index, described in section 10.1.4, by dividing all values by 100. The

average value of the resulting covariate is thus one.

10.3.1 Spatially varying regression

In this section, the results of applying the spatially varying regression model devel-

oped in chapter 8 to the stomach cancer mortality data are discussed. Formally,
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the model fitted assumed the following linear predictor:

Model 1: log(θi) = β0 + bi0 + (β1 + bi1)xi (10.1)

bi0 = φρczi1 + φ
√

1 − ρ2
czi0

bi1 = zi1

z•0 ∼ IAR(σ2)

z•1 ∼ IAR(σ2)

z•0 � z•1,

where xi corresponds to the spending power index in county i, and IAR stands

for intrinsic autoregression.

The model was implemented in Winbugs (appendix J). This program imposes

the constraints
∑

i zi0 = 0 and
∑

i zi1 = 0, thus making the intrinsic autoregres-

sion priors proper. This is equivalent to imposing the constraints
∑

i bi0 = 0 and∑
i bi1 = 0. We used a weakly informative prior, Gamma(0.05, 0.00005), for the

precision parameters (inverse of the variance σ2) of the intrinsic autoregressions,

and vague Gaussian priors for the fixed effects β0 and β1. A non-informative

Uniform(−1, 1) prior was chosen for ρc. To avoid numerical difficulties, a more

informative prior, Gamma(1, 1), was used for φ. We also run the simulation with

two alternative priors for φ, a Gamma(0.5, 1) and a Gamma(1, 0.5), favouring

respectively larger and smaller variances for the random intercept b•0. The re-

sults obtained with all these priors were similar. Another Gamma prior was also

considered for the precision 1/σ2, a Gamma(0.001, 0.001), but this choice lead

to minor differences on the results. Only the results using a Gamma(1, 1) prior

for φ and a Gamma(0.05, 0.00005) for the precision parameter are presented in

this section.
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Three MCMC simulations with different initial values were run. Figure 10.3

displays the Brooks-Gelman-Rubin statistics (section 7.13) for selected param-

eters. Figures 10.4 and 10.5 show the sampled values for the same selected

parameters. The chains appear to have converged after 50000 iterations.

 
 

 
 

 
Figure 10.3: Brooks-Gelman-Rubin convergence statistics (red), length of the empiri-

cal central 80% interval of the pooled runs (green) and average length of the empirical

central 80% intervals of the individual runs (blue) for the parameters β0, β1, b1,1, σ
2,

φ and ρc when fitting a spatial regression (model 1).

One MCMC simulation was then run for 100000 iterations, with the first

50000 discarded as the burn-in period. Summary measures of the posterior

distributions of the model parameters are presented in table 10.1. Maps of the
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Figure 10.4: Sampled values of the parameters β0, β1, b1,1 and σ2 when fitting a

spatial regression (model 1) in three MCMC runs.
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Figure 10.5: Sampled values of the parameters φ and ρc when fitting a spatial regres-

sion (model 1) in three MCMC runs.

posterior means of the regression coefficients are displayed in figure 10.6. The

estimated exposure coefficients take both positive and negative values. In some

areas in the south and the north-east, there is a strong negative relationship

whereas in most areas in the centre the relationship is positive. The former is

perhaps the relation that one would intuitively expect to observe: spending power

as a protective factor for H. pylori infection and consequently for stomach cancer.

It is possibly not by chance that the areas with negative exposure coefficient

coincide with those with higher stomach cancer risk. These are perhaps the

areas in which the virulence of the strain is higher, and where, as a result, the

protective factor given by a higher spending power may have a bearing on the

stomach cancer rates.
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Standard Quantiles
Mean deviation 2.5% Median 97.5%

β0 -0.039 0.027 -0.092 -0.039 0.013
β1 0.003 0.040 -0.073 0.002 0.085
φ 2.4 0.9 1.4 2.2 5.0
ρc -0.84 0.15 -0.98 -0.88 -0.45
σ2 0.04 0.03 0.01 0.04 0.12

Table 10.1: Summary measures of the posterior distributions of the parameters of the spatial
regression (model 1).

Posterior mean of the intercept

0.25 to 0.91  (46)
0  to 0.25  (83)

-0.26 to 0   (77)
-0.74 to -0.26  (69)

Posterior mean of the slope

0.08 to 0.27  (63)
0  to 0.08  (74)

-0.08 to 0   (78)
-0.24 to -0.08  (60)

Figure 10.6: Posterior means of the areal baseline risks (left) and the areal exposure

coefficients of the association between stomach cancer mortality and spending power

(right) when fitting a spatial regression (model 1).

Induced variation of the intercept

According to section 8.5.3, the proportion of the variability of the random inter-

cept induced by the varying exposure coefficient can be measured by ρ2
c , whose

posterior mean was estimated as 0.7.
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10.3.2 Alternative models

First, we considered a model that accounts for overdispersion and spatial corre-

lation of the areal risks but does not include any covariate. The model includes

a random effect u for unstructured heterogeneity and a random effect v for

structured heterogeneity,

Model 2: log(θi) = β0 + bi0 (10.2)

bi0 = vi + ui

ui ∼ N(0, σ2
u)

v• ∼ IAR(σ2
v),

where IAR stands for intrinsic autoregression and v• = (v1, . . . , vn).

Secondly, we used a link function which contains only fixed effects. In par-

ticular, the model assumes a constant exposure coefficient:

Model 3: log(θi) = β0 + β1xi, (10.3)

where xi is the spending power index in area i.

Thirdly, we consider a predictor including a constant exposure coefficient and

a random intercept accounting for structured and unstructured variability. This

corresponds to the model

Model 4: log(θi) = β0 + bi0 + β1xi (10.4)

bi0 = vi + ui

ui ∼ N(0, σ2
u)

v• ∼ IAR(σ2
v),

where IAR stands again for intrinsic autoregression, v• for (v1, . . . , vn) and xi

for the spending power index.
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In all models 2 to 4, the fixed effects were given vague priors. A vague

prior, Gamma(0.001, 0.001), was used for the precision parameters of the prior

distributions of the random effects u and v, when these terms were included.

 
 

 

Figure 10.7: Brooks-Gelman-Rubin convergence statistics (red), length of the empiri-

cal central 80% interval of the pooled runs (green) and average length of the empirical

central 80% intervals of the individual runs (blue) for selected intercept parameters β0

and b1,0 and variances σ2
v and σ2

u of model 2.

The Winbugs software was used to run all simulations. Convergence of the

MCMC runs was assessed by inspecting the sampled values and the Brooks-

Gelman-Rubin convergence statistics (section 7.13) in three MCMC chains, each

starting with a different set of initial values. Figures 10.7 to 10.12 present the

sampled values and Brooks-Gelman-Rubin convergence statistics of these three

MCMC runs for selected parameters of models 2 to 4. The Brooks-Gelman-

Rubin convergence statistics, whose values are plotted in red colour, were drawn

immediately to one despite the disparities in the initial values. The lengths of
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Figure 10.8: Sampled values of selected intercept parameters β0 and b1,0 and variances

σ2
v and σ2

u of model 2 in three MCMC runs.
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Figure 10.9: Brooks-Gelman-Rubin convergence statistics (red), length of the empiri-

cal central 80% interval of the pooled runs (green) and average length of the empirical

central 80% intervals of the individual runs (blue) for the intercept β0 and the slope

β1 of model 3.

 
 

 

Figure 10.10: Sampled values of the intercept β0 and the slope β1 of model 3 in three

MCMC runs.
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Figure 10.11: Sampled values of the intercept β0, the slope β1, the variances σ2

v and

σ2
u of model 4 in three MCMC runs.
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Figure 10.12: Brooks-Gelman-Rubin convergence statistics (red), length of the empir-

ical central 80% interval of the pooled runs (green) and average length of the empirical

central 80% intervals of the individual runs (blue) for the intercept β0, the slope β1,

the variances σ2
v and σ2

u of model 4.

the central 80% intervals for the pooled runs (in green) and the average lengths

of the central 80% intervals for the three MCMC runs (in blue) appeared to

have stabilized at most after 10000 iterations in all cases. The Monte Carlo

errors showed reasonable values in the following 10000 iterations. Therefore, the

MCMC simulation was run for 20000 iterations, with the first 10000 discarded

as the burn-in period.

Results

Table 10.2 presents posterior means and credible intervals for the model with the

random intercept and no covariate (model 2), the model of fixed effects (model

3) and the model with a fixed slope and a random intercept (model 4). To
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summarize the relative contributions of the spatial random effect v to the total

overdispersion u+ v in models 2 and 4, we calculated the posterior distribution

of the quantity (Mollié, 1996),

ψ =
σ2
v/n∂

(σ2
v/n∂) + σ2

u

,

where n∂ is the average number of neighbours throughout the region.

Without the presence of random effects the spending power seems to have

a protective effect, in line with what is expected from general disease patterns.

However, there is an attenuation in the coefficient of the covariate when the

random effects are incorporated. Further, the variance components are practically

the same in models 2 (without the covariate) and 4 (with the covariate). This

suggests that the covariate is not able to fully explain the variability of the

stomach cancer mortality rates.

In the two models that include random effects (models 2 and 4), the value of

ψ was found to have a posterior mean of about 0.9 and a 95% credible interval

given by (0.61, 0.98). Therefore, spatial variation appears to have a greater

influence on the relative risks than unstructured heterogeneity does.

Model Intercept Exposure coefficient σu σv ψ
2 -0.042 - 0.05 0.32 0.86

(-0.058, -0.026) (0.02, 0.10) (0.26, 0.37) (0.61, 0.98)
3 0.072 -0.072 - - -

(0.055, 0.089) ( -0.086, -0.058)
4 -0.046 0.006 0.06 0.32 0.85

(-0.101, 0.013) (-0.082, 0.09) (0.02, 0.10) (0.26, 0.37) (0.61, 0.98)

Table 10.2: Posterior mean and 95% credible interval (in brackets) for the fixed intercept,
the fixed slope, the parameters σu and σv, and the fraction of conditional excess variation
attributable to spatial effects (ψ).
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10.4 Model choice

Spiegelhalter et al. (2002) proposed the use of the deviance information criterion

(DIC) for comparing Bayesian hierarchical models. The criterion adapts the well

known Akaike information criterion (AIC) (Akaike, 1974), which is a combined

measure of complexity and fit.

AIC uses the number of parameters as a measure of complexity, but in

Bayesian hierarchical models this number may not entirely reflect the complexity

of the model. The prior distribution can introduce dependencies among param-

eters thus decreasing the dimension of the model. Spiegelhalter et al. (2002)

suggested an alternative measure of complexity, pD, defined as the posterior ex-

pectation of the deviance minus the deviance evaluated at the posterior mean of

the model parameters. The DIC was then defined as:

DIC = pD + D̄, (10.5)

where D̄ is the posterior expectation of the deviance, which in turn is defined as

minus twice the logarithm of the likelihood. Smaller values of D̄ correspond to

better model fits. The minimum DIC estimate indicates a preferred model.

Although the interpretation of the DIC criterion is not yet fully understood, it

has produced consistent results in previous applications with exponential family

likelihoods (Spiegelhalter et al., 2002).

We calculated the DIC for comparing the models applied so far in this chapter

to the Portuguese data set. The values obtained are displayed in table 10.3. The

model including spatial exposure coefficient and baseline risk (model 1) seems

to be superior, but only with a slight difference from the DIC of models 2 and

4, which account for overdispersion but not for a varying exposure coefficient.
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Model DIC
1 Spatial exposure coefficient and baseline risk 2151
2 Overdispersion 2190
3 Constant exposure coefficient 4500
4 Constant exposure coefficient and overdispersion 2191

Table 10.3: Deviance information criterion (DIC) over all models.

We continue the analysis of this chapter using model 1 (section 10.3.1), which

includes a spatial baseline risk and a spatial exposure coefficient and shows the

lowest value of the DIC.

10.5 Attributable risk

The posterior mean of the exposure coefficient was negative for 138 counties.

For these counties, the model therefore estimated that the spending power is a

protective factor for stomach cancer. The highest spending power observed in

these counties is 291, and the lowest 36. We estimate in this section how many

cases could be avoided if the spending power were increased to 291 in all these

counties.

With this aim, for each county i, we compared the estimated risk, as given by

θi = exp(β0 + bi0 + (β1 + bi1)xi), with the estimated risk if the spending power

level was 291, i.e. θSP=291 = exp(β0 + bi0 + 2.91(β1 + bi1)).

The attributable risk was defined in section 9.9, equation 9.4. The incidence

in the population IP corresponds to Eiθi, while that of the population non-

exposed to lower spending power level INE can be estimated as EiθSP=291. The

risk attributable to spending power lower than 291 can then be estimated by,

AR =
eβ0+bi0+(β1+bi1)xi − eβ0+bi0+2.91(β1+bi1)

eβ0+bi0+(β1+bi1)xi
.

A map of the estimated attributable risk is given in figure 10.13. The attributable
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Attributable risk

0.24 to 0.43
0.15 to 0.24
0.08 to 0.15
0  to 0.08

Figure 10.13: Estimated attributable risk due to lower spending power for the 138

counties for which spending power was estimated to have a protective effect.

risk varies from 0.0 to 0.42. By multiplying each county attributable risk by the

observed number of cases in each county, we can obtain an estimate of the

excess number of cases associated with lower levels of spending power. The

total number of excess deaths for the 138 counties is 3310, which correspond

to 13 per cent of the total number of deaths observed in these counties in the

fourteen years considered in the study.
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10.6 Discussion

The results obtained with the four models applied in this chapter were very differ-

ent, thus indicating that the conclusions depend substantially on the assumptions

taken. Nevertheless, spatial correlation seems to be a distinctive characteristic of

the data analysed, with models accounting for this phenomenon showing much

better fits.

The model including a spatially varying exposure coefficient showed a superior

fit. Attributable risks calculated on the basis of this model suggested that more

than ten per cent of the cases may be avoided by improving the socio-economic

level, as reflected by spending-power, of the counties in which an increasing

spending power seems to act as a protective effect.

Since socio-economic status is usually a protective factor for stomach cancer

(chapter 3), we restricted the calculation of the attributable risks to counties in

which the posterior mean of the exposure coefficient was estimated as negative.

We have tried to restrict all exposure coefficients to negative values, by using

transformations of the prior distribution. However, the resulting models were

difficult to implement with an MCMC approach. Future research may wish to

focus on spatial models for negative variables.

Many factors usually contribute to the development of the disease. While we

believe that the findings of this chapter provide enriching clues for the potential

role of socio-economic level in stomach cancer, other confounding factors may

also play a role in the associations between socio-economic factors and stomach

cancer.

In the study presented in chapter 2, it was suggested that under-dispersion

may occur when the within-area variability is large. Under-dispersion was not
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observed in the data studied in this chapter, which on the contrary shows evidence

of considerable over-dispersion (large values of the residual deviance in the fixed

effects model presented in section 10.3.2 - results not shown).

Finally, we note that the models considered in this chapter do not violate the

necessary conditions for coding invariance which were established in section 5.4.2.
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Chapter 11

Conclusion

In this thesis we considered the use and implementation of regression mixtures,

clustering models and spatially varying regressions for assessing geographical pat-

terns of the exposure coefficient in studies of stomach cancer. While developing

the methodology for these studies, we provided necessary conditions for coding

invariance in models which include varying exposure coefficients and explained

why certain models are not coding invariant. In particular, we showed that mod-

els which assume independence between the random intercept and the random

slopes are not coding invariant. We also explained that spatial variation of the

exposure coefficient can induce spatial variation of the baseline risk.

In chapter 7, we adapted the clustering model of Knorr-Held and Rasser

(2000) for identifying clusters of similar exposure coefficients on the basis of any

distance measure between adjacent areas. In particular, we applied the model

using the Euclidean distance. For this purpose, we developed an algorithm for

calculating the length of the shortest path between any two areas. The simulation

study indicated that the clustering model is preferable to the regression mixture

model when the aim is to identify connected sets and the observations present
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large variance.

In chapter 8, we proposed the use of the multivectorial intrinsic autoregres-

sions of Gamerman et al. (2003) for modelling the random effects of spatially

varying regressions. We showed that the bivectorial intrinsic autoregressions can

be obtained as a limit of two correlated conditional autoregressions. This result

can be generalized for multivectorial intrinsic autoregressions of any dimension. In

addition, we proved that multivectorial intrinsic autoregressions can be expressed

as a linear transformation of independent univectorial intrinsic autoregressions,

and we used this result for developing an original strategy for implementing the

model. This strategy is less complex than other methods. The results of our

simulation study indicated that the model can be useful for suggesting spatial

patterns of the exposure coefficients. However, many questions still remain open

regarding the reliability of the estimates obtained with the model.

In chapters 9 and 10, we analysed two data sets on stomach cancer. In the

first data set, we investigated the influence of the prevalence of Helicobacter

pylori infection on stomach cancer risk while accounting for the consequences of

potential differences in H. pylori virulence and in human sub-populations. Clus-

tering models were used for identifying groups of countries with similar behaviour.

Three clusters were found. The ratio of stomach cancer risk to H. pylori infection

seems to be highest in Far East Asia, relatively high in Europe and very low in

Africa and South-East Asia. In the latter two regions, there is very little evidence

of an association between infection and the incidence of stomach cancer, even in

countries where the prevalence of H. pylori infection is high. In the other regions,

the evidence for association is strong. It is hoped that this study represents a

step forward on the mapping of host-pathogen interaction. The results obtained
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can be used as a basis for choosing countries for future genetic studies of H.

pylori infection and human populations. Such studies are usually carried out by

comparing the strains in two, or at most, three countries. By choosing coun-

tries that appear to have distinct human-H. pylori interaction it may be easier to

identify the responsible genes, in the human and bacterial sub-populations.

In chapter 10, we assessed the variation of the association between spending

power - a usually protective factor for H. pylori infection - and stomach cancer

deaths in Portugal. Spatial regression models were used to investigate the spatial

variation of the exposure coefficient. The results were compared with alternative

models in which the exposure coefficient was constant or excluded. This compar-

ison selected the spatial varying exposure coefficient model as the one with the

best fit. Although these results seem to support the existence of a non-constant

exposure coefficient, the nature of the data analysed do not permit drawing firm

conclusions. More reliable results could be achieved if more data were available

per area.

Overall, the results presented in this thesis suggest that geographic infor-

mation can be useful in the study of varying exposure coefficients, when these

risks are expected to vary according to a certain spatial pattern. In addition, the

analyses showed that ignoring the existence of different risk-disease associations

in aetiological studies can lead to very different conclusions. If there is back-

ground knowledge to support the existence of different values of the risk-disease

association, this hypothesis should be investigated.

Future work could consider more closely the evaluation of the models studied

in this thesis and focus on ways of assessing the contribution of the exposure

coefficient variation to the total areal risk variation. Another issue which would
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benefit from more research concerns the identifiability of the model parameters

in varying exposure coefficient models.

The models studied in this thesis may be extended in useful ways. First, the

number of clusters could be included as one of the unknown parameters in the

Bayesian analysis of the geographical clustering model. This would lead to a

more comprehensive assessment of the number of clusters. Secondly, the spatial

models for the exposure coefficients could be restricted to negative values. These

models would be appropriate for cases in which the exposure studied is known

to have a protective effect.
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Appendix A

Proof of theorem 2.2.1

First of all, since p̄ ∈ [0, 1], there is always a unique m ∈ {0, 1, . . . , n− 1} such

that p̄ ∈ [m
n
, m+1

n
). Secondly, the solution presented in theorem 2.2.1 satisfies

the constraints (2.5):

1

n

n∑
k=1

pk =
np̄−m+m

n
= p̄

and (2.6):

m ≤ np̄ < m+ 1 ⇒ 0 ≤ np̄−m < 1.

The proof will continue as follows. First, it is proved that the maximum

always lies on the borders of the set defined by the constraints of this problem.

Then, the result will be proved by induction.

The constraint (2.5) defines a hyperplane Hn−1 of dimension n−1 in a space

of n dimensions and perpendicular to the n-dimensional unity vector (1, . . . , 1).

The constraint (2.6) defines an n dimensional cube, which we denote by Cn.

Therefore, we are looking for maxima in the bounded hyperplane H∗
n−1 defined

by the intersection of Hn−1 and Cn.
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The method of Lagrange multipliers gives one stationary point in Hn−1, pk =

p̄, for all k. This stationary point clearly is a minimum of s2 because s2 ≥ 0 and

s2 = 0 at this stationary point.

Since there is no other stationary point, and this point is a minimum, it

follows that s2 will take a maximum value at the border of H∗
n−1. Otherwise, the

method of Lagrange multipliers would have indicated other stationary points in

Hn−1.

The borders of H∗
n−1 are always on the hyperplanes defined by pk = 0 or

pk = 1 because these are the borders of Cn. Note that:

• p̄ < 1/n (i.e. m = 0) implies that all pk are smaller than 1, and therefore

the maximum is on the hyperplanes pk = 0;

• p̄ > (n− 1)/n (i.e. m = n− 1) implies that all pk are larger than 0, and

therefore the maximum is on the hyperplanes pk = 1.

We now prove by induction that the point given in theorem 2.2.1 is the

maximum of s2 over the borders of H∗
n−1. The first part of the proof by induction

proves that the result is true for n = 2, and then that if the result is true for n

then it is true for n+ 1.

Result for n = 2

When n = 2, the border is defined by two points, the extremities of a finite line.

Two cases must be considered: when p̄ ∈ [0, 1/2], the border points are (0, 2p̄)

and (2p̄, 0) and the value of s2 at these points is s2 = p̄2; when p̄ ∈ [1/2, 1], the

border points are (1, 2p̄− 1) and (2p̄− 1, 1) and the value of s2 at these points

is s2 = (1 − p̄)2. Both values of s2 satisfy expression 2.7 in theorem 2.2.1.
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Result for n and n+ 1

The problem for n+ 1 dimensions is to maximize

s2 =
1

n + 1

n+1∑
k=1

(pk − p̄)2

subject to

p̄ =
1

n+ 1

n+1∑
k=1

pk = p̄

Consider the hyperplanes pk = 0 and the values m = 0, . . . , n − 2. Due to

the symmetry of the problem it is enough to find the maximum value at one of

the hyperplanes, e.g. pn+1 = 0. Over this hyperplane, the maximization problem

reduces to

max
1

n+ 1
[
n∑
k=1

(pk − p̄)2 + p̄2]

subject to

1

n + 1

n∑
k=1

pk = p̄ .

Since

n∑
k=1

(pk − p̄)2 =
n∑
k=1

(pk − (n+ 1)

n
p̄)2 +

p̄2

n
, (A.1)

this problem is equivalent to:

max
1

n

n∑
k=1

(pk − n+ 1

n
p̄)2

subject to ∑n
k=1 pk
n

=
(n+ 1)p̄

n
.

Noting that

m

n+ 1
≤ p̄ ≤ m+ 1

n+ 1
⇒ m

n
≤ (n+ 1)p̄

n
≤ m+ 1

n

and using the result from the induction hypothesis, the solution obtained is
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• p1 = (n+ 1)p̄−m,

• pk = 1, k = 2, . . . , m+ 1,

• pk = 0, k = m+ 2, . . . , n.

Since pn+1 = 0, this solution is the same as that given in the theorem 2.2.1.

Now consider the case m = 1, . . . , n−1 and the hyperplanes pk = 1. Again,

it is only necessary to consider one of the hyperplanes because of the symmetry

of the problem. Let’s choose the hyperplane pn+1 = 1. Since

(n+ 1)p̄ =

n+1∑
k=1

pk = 1 +

n∑
k=1

pk ⇐⇒
∑n

k=1 pk
n

=
(n + 1)p̄− 1

n

and

n∑
k=1

(pk − p̄)2 ∝
n∑
k=1

(pk − (n+ 1)p̄− 1

n
)2 + constant, (A.2)

the problem is then to maximize

1

n

n∑
k=1

(pk − (n + 1)p̄− 1

n
)2

subject to ∑n
k=1 pk
n

=
(n+ 1)p̄− 1

n
.

Since

m

n+ 1
≤ p̄ ≤ m+ 1

n+ 1
⇒ m− 1

n
≤ (n+ 1)p̄− 1

n
≤ m

n

the result from the induction hypothesis can be applied for m − 1 and provides

the solution

• p1 = (n+ 1)p̄−m,

• pk = 1, k = 2, . . . , m,
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• pk = 0, k = m+ 1, . . . , n.

As pn+1 = 1, and the order of the ps is irrelevant, this solution is the same as

the one obtained when we started with pn+1 = 0.

This solution is thus the maximum over the borders ofH∗
n, and so the theorem

has been proved by induction.

213



Appendix B

World standard population

Age group World Age group World
(years) population (years) population

0-4 12 000 45-49 6 000
5-9 10 000 50-54 5 000

10-14 9 000 55-59 4 000
15-19 9 000 60-64 4 000
20-24 8 000 65-69 3 000
25-29 8 000 70-74 2 000
30-34 6 000 75-79 1 000
35-39 6 000 80-84 500
40-44 6 000 85+ 500

Total 100 000

Table B.1: World standard population.
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Appendix C

Calculating the boundary distance

Here we give one of the programs written for S-PLUS for calculating the boundary

distance between any two areas (i.e. the path crossing the smallest number of

boundaries).
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N<-49           # Number of areas 
Nbound <- matrix(0,N,N) 
Nweights0 <- spatial.weights(sim.ng$nhbr)  # Adjacency matrix 
Nweights1 <- Nweights0 
nr.bound <- 1         # Number of boundaries 
count <- N*N 
for (i in 1:N) 
{ for (j in 1:N) 
 { 
if (Nbound[i,j]==0 && Nweights1[i,j]>0)  
{ 
 Nbound[i,j] <- nr.bound 
 count <- count-1 
} 
} 
} 
 
while (count>0)  
 {  
  Nweights1 <- Nweights0 %*%  Nweights1 
  nr.bound <- nr.bound + 1 
  for (i in 1:N) 
  { for (j in 1:N) 
   { 
    if (Nbound[i,j]==0 && Nweights1[i,j]>0)  
    { 
     Nbound[i,j] <- nr.bound 
     count <- count-1 
    } 
} 
} 
 
} 
 
for (i in 1:N) 
{ 
 Nbound[i,i] <- 0 
}  
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Appendix D

Calculating the geographical

distance

Here we give one of the programs written for S-PLUS to calculate the geograph-

ical distance between any two areas. The correspondence between the variables

used in the program and those in theorem 7.3.2 is as follows:

S-Plus program Theorem 7.3.2

AdjDist W

D D

Dkminus1 Dk−1

Dk Dk

Dpowerk Dk

k k
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N<-43           # Number of areas 
FinalDist <- matrix(0, N, N)       # Output matrix 
Nweights <- spatial.weights(world43.ng$nhbr)  #  Adjacency matrix 
D <- matrix(0, N, N)        #  Distances between adjacent areas 
Dkminus1 <- matrix(0, N, N)        
Dpowerk <- matrix(0, N, N)         
Dk <- matrix(0, N, N)  
 
for (i in 1:N) 
{ for (j in 1:N) 
 { 
 if (Nweights[i,j]>0) 
 { 
  D[i, j] <- ((Latitude[i]-Latitude[j])^2+ (Longitude[i]-Longitude[j])^2)^(1/2) 
  FinalDist[i,j] <- D[i,j] 
  Dkminus1[i,j] <- D[i,j] 
  Dpowerk[i,j] <- D[i,j] 
}}} 
 
k <- 1    #  Number of boundaries 
 
while (k < N)  
 {  
  k <- k + 1 
  Dpowerk <- Dpowerk %*% D 
   
  for (i in 1:N) 
  { for (j in 1:N) 
   { 
    if (Dpowerk[i,j]==0) {Dk[i,j]=0} 
    if (Dpowerk[i,j]>0) {Dk[i,j] <- min((Dkminus1[i,]+D[,j])[(Dkminus1[i,]>0 & D[,j]>0)])} 
  }} 
  for (i in 1:N) 
  { for (j in 1:N) 
   { 
    if (Dk[i,j]>0)  
    { 
     if (FinalDist[i,j]==0){FinalDist[i,j] <- Dk[i,j]} 
     if (FinalDist[i,j]>0){FinalDist[i,j] <- min(Dk[i,j], FinalDist[i,j])} 
  }}} 
  Dkminus1 <- Dk 
 }   
 
for (i in 1:N) { FinalDist[i,i] <- 0 }  # Output matrix with the geographical distance 
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Appendix E

Proof of theorem 7.3.2

Theorem

Let D be the matrix with the distances between all pairs of adjacent areas:

D(i, j) =

 d(i, j) if i ∼ j

0 otherwise

From the matrix D, define Dk by recurrence,

D1(i, j) = D(i, j),

Dk(i, j) =

 ∆k
i,j if Dk(i, j) > 0

0 otherwise
, k = 2, 3, 4, . . . ,

where

∆k
i,j = min{s:Dk−1(i,s)>0,D(s,j)>0,s=1,...,n}(Dk−1(i, s) + D(s, j))

and Dk is the k-th power of D.

The entry (i, j) of the matrix Dk then contains the length of the shortest path

that crosses k borders from i to j, or is equal to zero if such a path does not exist.
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Proof (by induction)

We will argue by induction, but first note that the non-zero entries of the

matrix Dk are the same ones as the non-zero entries of the matrix k-th power

of the adjacency matrix, W k (section 7.3.1).

• By definition of D, the result is trivial for k=1.

• Now assume that the proposition is true for k. By definition of D, if

Dk+1(i, j) = 0, then there is no path from i to j crossing k + 1 bound-

aries, and therefore the proposition is true for all zero entries of Dk+1.

If Dk+1(i, j) > 0, then there is at least one path from i to j crossing

k + 1 boundaries. If Dk(i, s) > 0, by the induction hypothesis, Dk(i, s)

is the length of the shortest path from i to s crossing k− 1 boundaries. If

D(s, j) > 0, by definition of D, s and j are adjacent, and D(i, s) is the

distance between their centroids. Then, Dk(i, s)+D(s, j) is the length of

the shortest path from i to j that passes by s and crosses k+1 boundaries.

By taking the minimum over all possible areas s for which D(s, j) > 0 -

i.e. over all adjacent areas to the area j - we get the shortest path from i

to j crossing k + 1 boundaries.

Hence the result follows by induction.
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Appendix F

Winbugs program - Regression

mixtures

Here we give one of the programs written for Winbugs 1.4 to fit a regression

mixture of two normal distributions.
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model 
 {  
  for( i in 1 : N ) { 
   y[i] ~ dnorm(lambda[i], tau)     
   lambda[i] <- mu[i,T[i]] 
   
  # Allocation variables 
   T[i] ~ dcat(P[])           
     
  for( j in 1 : J )  
  {  
   Post.proba[j,i] <- equals(T[i],j)         
   mu[i,j] <- beta0+beta1[j]*(x[i])              
  } 

}    
 
 for (j in 1:J){    alpha[j]  <- 2;} 
 P[1:J] ~ ddirch(alpha[])            

beta0 ~ dnorm(0, 1.0E-3)  
 theta1 ~ dnorm(0, 1.0E-3)I(0.0, ) 
 beta1[2] <- beta1[1] + theta1 
 beta1[1] ~ dnorm(0, 1.0E-3)I(0.0, )  
 tau ~ dgamma(0.001, 0.001)  
 sigma <- 1 / sqrt(tau) 
 } 
 
# Example of initial values 
list(beta0=0, beta1=c(100, NA), tau=0.1, theta1=5, T = c(1, 1, 1, 1, 1, 1, 1, 1, 2, 2,2, 1, 1, 1, 1, 1, 
1, 2, 1, 1, 1, 1, 2, 2, 1, 1, 1, 1, 1, 2, 1, 2, 2, 1, 1, 1, 1, 1, 1, 1, 2, 2, 1, 1,1, 2, 2, 2, 2, 1, 1, 1, 1, 1, 1, 
1, 2)) 
 
# Data  
list(N=57, J=2, y = c( 2.71, 2.52, 2.15, 2.97, 2.51, 1.84, 3.05, 2.20, 2.05, 2.54, 2.20, 2.92, 2.29, 
2.26, 2.71, 3.03, 2.21, 2.15, 2.77, 3.12, 3.42, 2.79, 2.58, 1.92, 2.17, 2.09, 2.20, 1.99, 3.29, 1.46, 
3.89, 3.87, 2.24, 2.28, 1.61, 2.09, 1.36, 2.87, 1.87, 1.22, 2.41, 1.67, 1.90, 3.17, 2.67, 1.72, 2.21, 
2.62, 2.75, 3.30, 3.29, 2.85, 1.28, 1.44, 1.84, 1.28, 2.22),  
x = c(74, 47, 36, 60.4, 58.8, 44.4, 89.3, 36, 25.4, 39.2, 64.3, 63.3, 39.9, 43, 45.1, 78.5, 36.6, 36, 
69.9, 82.8, 88, 54.8, 67.5, 29.6, 19, 81.2, 29.3, 38, 60.4, 87.5, 83.7, 69.6, 35.9, 80, 60.4, 38.6, 
76.4, 73.9, 87.7, 88, 65.6, 75.8, 37.5, 72.2, 81.3, 32.7, 49.1, 72, 84.7, 65.5, 96.3, 92, 77.2, 84, 
86.4, 73, 81)) 
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Appendix G

Winbugs program - Clustering

model

Here we give one of the programs written for Winbugs 1.4 to fit the clustering

model with three clusters.
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model 
{  
 for( i in 1 : N )  

{ 
  y[i] ~ ddexp(lambda[i], tau) 
  lambda[i] <- mu[T[i],i]   
   
  post.proba[1,i] <- equals(T[i],1)  # Posterior probabilities of classification 
  post.proba[2,i] <- equals(T[i],2)  
  post.proba[3,i] <- equals(T[i],3)  
     
  for( j in 1 : J ) { mu[j,i] <- beta0+b1[j]*x[i] } 
 } 
      
 # Priors 
 for (s in 1:N){p1[s]<- 1/N} 
 for (s in 1:(N-1)){p2[s]<-1/(N-1)} 
 for (s in 1:(N-2)){p3[s]<-1/(N-2)} 
    
 aux1 ~ dcat(p1[]) 
 aux2~dcat(p2[]) 
 aux3 ~ dcat(p3[]) 
 
 g[1] <- aux1 
 g[2] <- aux2 + step(aux2-g[1])   # they are the clusters centers 

g[3] <- aux3 + step(aux3-min(g[1],g[2]))+ step(aux3+ step(aux3-min(g[1],g[2]))-
max(g[1],g[2]))   

    
 for ( i in 1:N)  

{ 
  c1[i] <- min(min(Nbound[i,g[1]],Nbound[i,g[2]]), Nbound[i,g[3]]) 
 

# allocating observations to each of the clusters defined by the cluster centers g 
T[i] <- equals(Nbound[i,g[1]],c1[i]) + 2*equals(Nbound[i,g[2]],c1[i])*(1-

equals(Nbound[i,g[1]],Nbound[i,g[2]])) + 3*equals(Nbound[i,g[3]],c1[i])*(1-
equals(Nbound[i,g[1]],Nbound[i,g[3]]))*(1-
equals(Nbound[i,g[2]],Nbound[i,g[3]])) 

 }    
   
 # Prior for the regression parameters 

theta2 ~ dnorm(0, 1.0E-3)I(0.0, ) 
 theta1 ~ dnorm(0, 1.0E-3)I(0.0, ) 
 b1[3] <- b1[2] + theta2 
 b1[2] <- b1[1] + theta1 
 b1[1] ~ dnorm(0, 1.0E-3)I(0.0, ) 
 beta0 ~ dnorm(0, 1.0E-3) 
 tau ~ dgamma(0.01, 0.01)  
 sigma2 <- 1 / sqrt(tau) 
} 
 
# Example of initial values 
list(beta0=10, b1=c(10, NA, NA), theta1=5, theta2=5, tau=0.1, aux1=12, aux2=17, aux3=12) 
 
# Data  
list(N=43, J=3, y = c(2.71, …, 2.22 ), x=c(74, …, 81), Nbound=structure(.Data=c(0,908,…, 

3011,0),.Dim=c(43,43))) 
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Appendix H

Bivectorial intrinsic autoregression

as a limit of a bivectorial

conditional autoregression

The probability density function of a bivectorial intrinsic autoregression is given

in equation 8.9 and corresponds to the limit of the probability density function

in equation 8.8 when ρS → 1. This can be easily shown. First, note that the

term bt(ΨS ⊗ Ψc)b in the exponent of equation 8.8 can be written as

bt(ΨS ⊗ Ψc)b =

n∑
i=1

n∑
s=1

ΨS,isb
t
i•Ψcbs• ,

=
n∑
i=1

ΨS,iib
t
i•Ψcbi• +

n∑
i=1

n∑
s=1,s �=i

ΨS,isb
t
i•Ψcbs• , (H.1)

where ΨS,is is the (i, s) entry of the matrix ΨS.

When ρS = 1, the rows of the matrix ΨS sum to zero, i.e.
∑n

s=1 ΨS,is = 0,

and thus ΨS,ii = −∑i−1
s=1 ΨS,is −

∑n
s=i+1 ΨS,is. The first term in equation H.1
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can then be written as

−
n∑
i=1

i−1∑
s=1

ΨS,isb
t
i•Ψcbi• −

n∑
i=1

n∑
s=i+1

ΨS,isb
t
i•Ψcbi• .

Due to the symmetry of ΨS, a change in the order of summation in the first

term of the latter equation easily shows that

n∑
i=1

i−1∑
s=1

ΨS,isb
t
i•Ψcbi• =

n∑
i=1

n∑
s=i+1

ΨS,isb
t
s•Ψcbs• .

To sum up, the first term in equation H.1 is equivalent to

−
n∑
i=1

n∑
s=i+1

ΨS,isb
t
i•Ψcbi• −

n∑
i=1

n∑
s=i+1

ΨS,isb
t
s•Ψcbs• . (H.2)

Turning now to the second term of equation H.1,

n∑
i=1

n∑
s=1,s �=i

ΨS,isb
t
i•Ψcbs• =

n∑
i=1

i−1∑
s=1

ΨS,isb
t
i•Ψcbs• +

n∑
i=1

n∑
s=i+1

ΨS,isb
t
i•Ψcbs• .

The first term on the right-hand side of the equation above can be written as

n∑
i=1

i−1∑
s=1

ΨS,isb
t
i•Ψcbs• =

n∑
i=1

n∑
s=i+1

ΨS,isb
t
s•Ψcbi•

because of the symmetry of ΨS and by changing the order of summation. As a

result, the second term of equation H.1 is equivalent to

n∑
i=1

n∑
s=i+1

ΨS,isb
t
s•Ψcbi• +

n∑
i=1

n∑
s=i+1

ΨS,isb
t
i•Ψcbs• . (H.3)

Therefore, equation H.1 is equivalent to the sum of equations H.2 and H.3.

Since ΨS,is = −wis, for all i �= s, this sum is equal to:

n∑
i=1

n∑
s=i+1

wis(bi• − bs•)TΨc(bi• − bs•) ,

which corresponds to the expression for a bivectorial intrinsic autoregression given

in equation 8.9.
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Appendix I

Simulating a bivectorial

conditional autoregression

Here we give the programs written for S-PLUS to simulate data from a bivectorial

conditional autoregression.
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Id <- diag(rep(1,275)) # Identity matrix 
 
conctable <- tabulate(conc.ng$nhbr$row.id) # Vector of the number of neighbours per area 
 
conc.nhbr <- conc.ng$nhbr # Neighbourhood structure of the areas 
conc.nhbr$weights <- 1/conctable[conc.nhbr$row.id]  
 
deltaN <- spatial.weights(conc.nhbr, parameters=c(0.999)) # Matrix (rho_S D W) 
 
e.norm <- rmvnorm(275, sd=c(0.1,0.3), rho=0.9) # Bivariate normal 
 
#e.norm <- rmvnorm(275, sd=c(0.1,0.3), rho=0.5) # Other parameter choices 
#e.norm <- rmvnorm(275, sd=c(0.1,0.3), rho=0.1) 
#e.norm <- rmvnorm(275, sd=c(0.3,0.1), rho=0.9) 
#e.norm <- rmvnorm(275, sd=c(0.3,0.1), rho=0.5) 
#e.norm <- rmvnorm(275, sd=c(0.3,0.1), rho=0.1) 
 
conc.carcov <-  solve(Id-deltaN) %*% diag(1/conctable)  
# Covariance matrix of the univectorial CAR 
 
conc.carcovL <- chol((conc.carcov+t(conc.carcov))/2)  
# Cholesky decomposition of the covariance matrix  
# Due to rounding the inverse of the covariance matrix may not be symmetric;  
# the sum with the transpose ensures that the matrix is symmetric. 
 
conc.carsim1 <- t(conc.carcovL) %*% e.norm[,1] 
conc.carsim2 <- t(conc.carcovL) %*% e.norm[,2] 
indice1 <- rep(1:275,rep(2,275)) 
indice2 <- rep(c(0,275),275) 
indice <- indice1 + indice2 
conc.carsim <- c(conc.carsim1,conc.carsim2)[indice]  
# Vector of a simulated bivectorial conditional autoregression 
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Appendix J

Winbugs program - Spatially

varying regression

Here we give one of the programs written for Winbugs 1.4 to fit the spatially

varying regression discussed in chapter 8, i.e. a mixed effects model in which the

prior distribution of the random effects is a bivariate intrinsic autoregression.
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model 
{  
     for( i in 1 : N )  
     { 

       O[i]  ~ dpois(mu[i]) 
       log(mu[i]) <- log(E[i])+mu.beta[1]+beta1[i]+(mu.beta[2]+beta2[i])*(0.01*x[i])             
       RR[i] <- exp(mu.beta[1]+beta1[i] + (mu.beta[2]+beta2[i])*(0.01*x[i])) 

            beta1[i] <- rho*phi*beta2[i]+phi*sqrt(1-pow(rho,2))*aux[i] 
     }  
   
    # IAR prior distribution for the spatial slope - improper distribution 
    beta2[1:N] ~ car.normal(adj[],weights[], num[], tau2)  
    for(k in 1:sumNumNeigh) {weights[k] <- 1} 
   
    aux[1:N] ~ car.normal(adj[],weights[], num[], tau2)  
      
    # Other priors: 
    mu.beta[1:2] ~ dmnorm(mean[],prec[ , ]) 
    tau2 ~ dgamma(0.5, 0.0005) 
    sigma2 <- 1/tau2 
    phi ~ dgamma(1, 1) 
    rho ~ dunif(-1,1) 
    sigma1 <- pow(phi,2)*sigma2 
} 
  
# Example of initial values 
list(tau2=1, phi=1, rho=0, mu.beta = c(0,0), aux= c(0,0,0,0,0,0,0,0,0,NA,0,… ,0), 
beta2=c(0,0,0,0,0,0,0,0,0,0,0,NA,0,0,…,0)) 
 
# Data 
list(N=275, mean = c(0,0), prec = structure(.Data = c(1.0E-6, 0, 0, 1.0E-6), .Dim = 
c(2, 2)), O   = c(   123,…,53), E = c( 162.69, …, 70.42), x=c(71.12,…,37.3), 
num=c(9,6,…,5), sumNumNeigh = 1464, adj=c(2, 3, …274)) 
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Appendix K

The world dataset

Here we give a listing of the full dataset used for the world analysis of stomach

cancer in chapter 9. The country codes correspond to the coding used in the

figures throughout this thesis.
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World age standardized Prevalence of the

Code Country incidence rate H. pylori infection (%)

1 Albania 15.0 74.0

2 Austria 12.4 47.0

3 Belgium 8.6 36.0

4 Croatia 19.5 60.4

5 Czech Republic 12.3 58.8

6 Denmark 6.3 44.4

7 Estonia 21.2 89.3

8 Finland 9.0 36.0

9 France 7.8 25.4

10 Germany 12.7 39.2

11 Greece 9.0 64.3

12 Hungary 18.6 63.3

13 Iceland 9.9 39.9

14 Ireland 9.6 43.0

15 Italy 15.1 45.1

16 Lithuania 20.6 78.5

17 Netherlands 9.1 36.6

18 Norway 8.6 36.0

19 Poland 15.9 69.9

20 Portugal 22.6 82.8

21 Russian Federation 30.5 88.0

22 Slovenia 16.3 54.8

23 Spain 13.2 67.5

24 Sweden 6.8 29.6

25 Switzerland 8.8 19.0

26 Turkey 8.1 81.2

27 United Kingdom 9.0 29.3

28 Australia 7.3 38.0

29 China 26.8 60.4

30 India 4.3 87.5

31 Japan 48.9 83.7

32 Korea, Rep. 47.9 69.6

33 Malaysia 9.4 35.9

34 Myanmar 9.8 80.0

35 Nepal 5.0 60.4

36 New Zealand 8.1 38.6

37 Thailand 3.9 76.4

38 Vietnam 17.6 73.9
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World age standardized Prevalence of the

Code Country incidence rate H. pylori infection (%)

39 Algeria 6.5 87.7

40 Egypt, Arab Rep. 3.4 88.0

41 Israel 11.1 65.6

42 Saudi Arabia 5.3 75.8

43 Canada 6.7 37.5

44 Jamaica 23.9 72.2

45 Mexico 14.4 81.3

46 United States 5.6 32.7

47 Argentina 9.1 49.1

48 Barbados 13.8 72.0

49 Brazil 15.7 84.7

50 Chile 27.0 65.5

51 Colombia 26.9 96.3

52 Venezuela 17.3 92.0

53 Côte d’Ivoire 3.6 77.2

54 Nigeria 4.2 84.0

55 South Africa 6.3 86.4

56 Sudan 3.6 73.0

57 Zambia 9.2 81.0

58 Bangladesh 1.3 91.7

Source: Lunet and Barros (2003)
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Appendix L

Age-sex specific death rates in

Portugal

Males AR (per 105 persons per year)

Age 0-14 15-19 20-24 25-29 30-34 35-39 40-44 45-49

AR 0.023 0.071 0.27 1.2 3.5 5.9 11 21

Age 50-54 55-59 60-64 65-69 70-74 75-79 80-84 85+

AR 34 54 84 125 197 245 308 376

Females AR (per 105 persons per year)

Age 0-14 15-19 20-24 25-29 30-34 35-39 40-44 45-49

AR 0 0.091 0.34 1.2 2.1 4.4 6.8 11

Age 50-54 55-59 60-64 65-69 70-74 75-79 80-84 85+

AR 14 22 35 54 95 128 183 217

Table L.1: Age-sex specific risks (AR) for stomach cancer mortality in continental Portugal

for the period 1985-1998 (population sizes taken from the 91 census).
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